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Analysis of Staggered Evolutions for Nonlinear
Energies in Phase Field Fracture

STEFANO ALMI & MATTEO NEGRI

Communicated by M. ORTIZ

Abstract

We consider a class of separately convex phase field energies employed in frac-
ture mechanics, featuring non-interpenetration and a general softening behavior.
We analyze the time-discrete evolutions generated by a staggered minimization
scheme, where fracture irreversibility is modeled by a monotonicity constraint on
the phase field variable. After recasting the staggered scheme by means of gradient
flows, we characterize the time-continuous limits of the discrete solutions in terms
of balanced viscosity evolutions, parametrized by their arc-length with respect to
the L2-norm (for the phase field) and the H'-norm (for the displacement field). By
a careful study of the energy balance we deduce that time-continuous evolutions
may still exhibit an alternate behavior in discontinuity times.

1. Introduction

In recent decades the use of phase field models in computational fracture me-
chanics has been constantly increasing and has found many interesting applications.
In the original formulation of [10] for quasi-static evolution of brittle fracture in
linearly elastic bodies, the propagation of a crack, here represented by a phase field
function z, is described in terms of equilibrium configuration (or critical points) of
the Ambrosio-Tortorelli functional

Golu, 2) = %/Q<z2+ng>o<u>:e<u)dx+GC/S28|Vz|2+ﬁ(l — 2P dx. (1)
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where §2 is an open bounded subset of R"” with Lipschitz boundary 9£2, u €
H'(£2; R") is the displacement field, € (u) denotes the symmetric part of the gra-
dient of u, o (u) := Ce(u) is the stress, C being the usual elasticity tensor, ¢ and 7,
are two small positive parameters, and G, is the toughness, a positive constant
related to the physical properties of the material under consideration (from now on
we impose G. = 1). In (1) the function z € H'(£2) is supposed to take values
in [0, 1], where z(x) = 1 if the material is safe at x, while z(x) = 0 means that the
elastic body 2 presents a crack at x. Hence, the zero level set of z represents the
fracture and z can be interpreted as a regularization of a crack set.

The advantage in using phase field models like (1) lies in their ability to han-
dle the complexity of moving cracks, making the numerical implementation of the
fracture process feasible even in rather involved geometrical settings. Indeed, en-
ergies of the form G,, defined on Sobolev spaces, can be easily discretized in finite
element spaces or by finite differences. Furthermore, equilibrium configurations
for G, can be efficiently computed by means of alternate minimization algorithms
(see, for example, [9,10,12]), where G, is iteratively minimized first with respect
to u and then with respect to z. This implies, in view of the quadratic nature of the
functional, that at each step of the algorithm only a linear system has to be solved.

Starting from the seminal paper [5], the connection between (1) and brittle
fracture mechanics has been drawn from a theoretical point of view by studying
the I"-convergence as ¢ — 0 of G, in BV-like spaces. A first result has been
obtained in [13] in an S B D> setting, while the generalization to GSB D? [17] has
been presented in [15,22]. In this context, the limit functional Gy is defined as

Gou) := %/Qa(u):e(u) dx + H"'(J,)  foru e GSBD*(2),  (2)

where J, denotes the approximate discontinuity set of # and therefore represents,
in a suitable sense, a crack set.

While the I"-convergence analysis ensures the convergence of minimizers of (1)
to minimizers of (2), and hence provides a rigorous justification of the phase field
model (1) at a static level, not so much is known for the convergence of evolu-
tions, in particular for those obtained by alternate minimization schemes. A first
analysis of the convergence of these algorithms has been carried out in the recent
paper [24], together with a full description of the limit evolutions in the language
of rate-independent processes (see, for example, [29,31] and reference therein).
The techniques developed in [24] have then been applied to a finite dimensional
approximation of (1) in [1].

Let us briefly discuss the result obtained in [24]. In dimension n = 2, let [0, T']
be a time interval and consider, for instance, a time dependent boundary condition
u = g(r) on 382 and initial conditions ug and zg, with 0 < zo < 1. Proceeding by
time discretization, for every k € N\ {0} let 7x:= T/ k be a time increment and
denote tik =it fori =0,...,k. Adiscrete in time evolution is constructed using

the following procedure: at time tik for j = 0 we define the sequences u*

k
i,jand z; ;
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setting uk io = uf‘_l, Zf'{,o = f.‘_l, and

uf g o=argmin {Ge(u, 2} ) : u€ H'(2:R?), u=g(tf)on a2}, (3)

2f iy =argmin (Ge(uf ;1. 2) : z€ H'(2), 2 S 2 ). 4)

In the limit j — oo, the algorithm (3)—(4) computes a limit pair (uf.‘ , zf.‘) €
HY (2:R?») x H! (£2), which turns out to be an equilibrium configuration of G,. We
notice here that in the minimization (4) a strong irreversibility is imposed, which
forces the phase field variable z to decrease at each iteration. A complete conver-
gence result for the scheme (3)—(4) with the weaker constraint z < zf.l] is still out
of reach in our quasi static setting. We mention that a first result in this direction
has been obtained in the work [2] in the context of gradient flows, that is adding to
the minimum problem (4) an L?-penalization of the distance between z¥ Z; and zl_l
Clearly the two above constraints are equivalent if we consider the 51mpler scheme
with only one iteration of (3)—(4), that has been employed in many mathematical
papers (see, for instance, [7,20,25-27,34]). We also point out that the restriction
to a two dimensional setting is rather technical, and is due to Sobolev embeddings
that hold only in £2 C R?.

In order to study the limit as the time step 7 tends to O, it is not technically
convenient to investigate the limit of each configuration (u i % /) On the contrary,
in [24] the authors provide a global description of the evolutlon by introducing
an arc-length reparametrization of time, that is, a reparametrization based on the
distance between the steps of the scheme (3)—(4). This is reminiscent of the usual
approach to viscous approximation (see, for example, [25-27] in the context of
phase field). The crucial point in [24] is the choice of the norms used to compute
the arc-length of the algorithm: while in the viscous setting it is natural to employ
the viscosity norm, in (3)—(4) it is not clear whether there are preferable norms.
Nevertheless, by its quadratic structure, the functional G, induces two weighted
H'-norms for u and z, respectively, that are therefore referred to as energy norms.
With respect to these particular norms, it turns out that the affine interpolation
curves between two consecutive states of the algorithm (3)—(4) are actually gradient
flows of G., whose lengths can be uniformly bounded. Gluing together all the
interpolations and reparametrizing time, we obtain a piecewise linear curve with
bounded velocity connecting all the states of the minimizing scheme and satisfying
a discrete energy balance. As k — oo, the limit of these interpolation curves
is a parametrized Balanced Viscosity evolution complying with an equilibrium
condition and an energy-dissipation balance (we refer to [30,31] for more details
on this kind of solutions).

Despite the sound mathematical result, when reading [24] one immediately
notices that the whole convergence analysis strongly depends on the specific struc-
ture of the functional (1). This remark becomes clear if we try to repeat the above
strategy with a different phase field energy, such as

T.(u, 2) :=%/QW(z,e(u»dx+/Qe|vZ|2+fs(z)dx, 5)
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where some nonlinearities W and f. have been introduced, which make the func-
tional 7, not separately quadratic. In this new context, there is no clear notion
of energy norms. Hence, when trying to define an arc-length reparametrization
of time, we would be forced to choose a priori some norms in order to estimate
the distance between two steps of the alternate minimization algorithm. Moreover,
being Z, strongly nonlinear, we can not anymore expect that the linear interpola-
tion between two consecutive states of the minimization algorithm can represent
a gradient flow of Z,. Therefore, the convergence of a numerical scheme of the
form (3)—(4) for Z, does not trivially follow from the results of [24] and needs
further analysis, which is indeed the goal of the present paper.

More precisely, we focus, always in a two dimensional setting, on the phase
field model introduced in [6,16]. The basic idea of the model is that an elastic
material behaves differently under tension or compression, and a crack can appear
or evolve only under tension. This means that the presence of a phase field should
not affect the ability of the elastic body to store energy under compression. Hence,
differently from (1), the factor z> + 1. can not pre-multiply the whole stress o (ut).
On the contrary, a splitting of €(u) into its volumetric €,(u) := Ltre)I and
deviatoric €4(u) := €(u) — €,(#) components has to be considered, where the
symbol tr stands the trace of a matrix. In order to further distinguish between
tension and compression, we introduce evi(u) = %(tre(u))il , ()x denoting the
positive and negative part, respectively. With this notation at hand, the elastic energy
density W in (5) takes the form

Wz, €) = h(Z)(pL|€d|2 +klef?) +xley I*
for every z € R and every € € Mf, ©6)

where £ is a suitable degradation function, u, k > 0 are two positive constants
related to the Lamé coefficients of the material, and Mf denotes the space of
symmetric matrices of order two with real coefficients. Introducing a time depen-
dent boundary condition g: [0, T] — H'(£2; R?), the complete energy functional
reads, fort € [0, T], u € HOI(.Q; Rz), and z € Hl(.Q), as

Fe(t,u,z) :=%/QW(z,e(u+g(t)))dx+/Q£|Vz|2+fg(z)dx. (7

We note that the explicit time dependence in F, has been introduced in order to
fix once and for all the ambient space HO1 (£2; R?) for the displacement variable u.
This means that the real displacement will be u + g(¢), but the unknown of the
problem is only u. The advantage of this choice will be clear in the discussions
of Section 4. More important, we again remark that in (6) and (7) we allow for
nonlinearities 4 and f; different from the usual 2+ ne and % (1—2z)2. This freedom
is well justified by the existing literature on phase field fracture mechanics (see, for
instance, [3,23,35]), where the modeling of different phenomena, such as brittle
or cohesive fracture growth, results in the choice of different degradation profiles.
Here, we will assume & € Cllo’c1 (R), convex, positive, non-decreasing in [0, +00),
and with minimum in 0, and f; € Clldcl (R) strongly convex, non-negative, and with
minimum in 1. We refer to Section 2 for the precise setting.
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The asymptotic behavior of F, has been recently investigated in [14]. In di-
mension n = 2 and with the usual degradation functions h(z) = 22+ ne and
f:(2) = %(1 — z)2, it has been shown that F, I'-converges as ¢ — 0 to the
functional

%/ (ulea@)* +xley)|?) dx +H' (J,)
2

ifu e SBD(82), [u]-v, = 07H!-almost everywhere in J,,,
+o00 otherwise,

Fo(u) =

where [u] stands for the approximate jump of u# on J, and v, is the approxi-
mate unit normal to J,,. The condition [u]-v, = 0 on J, represents a linear non-
interpenetration constraint which, in the fracture mechanics language, forces the
lips of the crack set J,, to not interpenetrate.

In this paper we are interested in the study of the convergence of alternate
minimization algorithms for the evolution problem of the phase field model (7). To
simplify the notation, we fix ¢ := % and denote with F the functional F 1 Given

T >0,t :=T/k,and tl.k := i1, we consider the following iterative procedure,
similar to (3)—(4): at time tl.k, we set uf.‘o = u{.‘_l, zf.‘o = zf.‘_l and, for j = 1, we
define

uf ;== argmin (F(tf,u,2f ;) : u € Hj(2: R}, (®)

L

zfj := argmin {F(tf, ufj, 2):ze HY(R), z < zf-ijfl}. 9)
In the limit as j — oo we detect a critical point (uf, zf.‘ ) of F. In order to analyze
the limit of the time-discrete evolution (ui.‘ , zf.‘ ) as the time step 7y — 0, we follow
the general scheme of [24]. First, we want to interpolate between all the steps of
the scheme (8)—(9) and reparametrize time with respect to an arc-length parameter.
As already mentioned, we have to face here the fact that the energy F is highly
nonlinear and not separately quadratic. This implies that there are no intrinsic
norms stemming out from the functional, as it happens in [24]. In our framework,
instead, we a priori fix the H'-norm for the displacement field u and the L2-norm
for the phase field z. Our choices, made clear in Section 4, are guided by the
possibility to construct suitable gradient flows connecting consecutive states of our
alternate minimization algorithm. In particular, 7 being differentiable with respect
to u, by classical results we get the existence of a gradient flow of F in the H'-
norm starting from uf‘ i—1 and ending in uf‘ j When constructing a gradient flow

for z connecting zf."j_l and zfﬁj,
condition z < zf" i1 which forces us to work with the weaker L2-norm (we refer
to Theorem 4 for more details). As a byproduct of our construction, the total length
of the scheme is uniformly bounded in k. Hence, gluing all the gradient flows
together and reparametrizing time we obtain a sequence of curves (fx, uy, zx) with
bounded velocity interpolating between all the states of the minimization scheme
and satisfying, once again, discrete in time equilibrium and energy balance.

In the limit as k — oo, we prove the convergence to a parametric BV evolution
(t,u,2): [0, S] — [0, T1x HJ (£2; R?) x H'(£2), which we characterize in terms

instead, we have to deal with the irreversibility
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of equilibrium and energy-dissipation balance as follows (see Theorem 1 for further
details):

(i) for every s € (0, S) such that ¢'(s) > 0
10, F1(2(s), u(s),z(s)) =0 and  [3; F[(t(s), u(s), z(s)) = 0;
(ii) for every s € [0, S]
F(t(s), u(s), z(s))
= F(0, uo, z0) — /OS 19, F1(t (o), u(0), 2(0)) I’ (5)ll 1 do

—/0 10, F|(t(0), u(o), 2(0)) I2'(s) |l p2do
+/P(t(o),u(o),z(o)) ' (o) do,
0

where |9, F | and |3, F| denotes the slopes of F with respect to u and z, respectively
(see Definition 1) and P is the power expended by the external forces (boundary
datum g in our case), and is defined in (19).

Roughly speaking, the equilibrium condition (i) says that at continuity times,
that is, when ¢’(s) > 0, the pair (u(s), z(s)) is an equilibrium configuration for F,
while the energy-dissipation balance (i7) gives us a complete description of the
behavior of a solution at discontinuity times. As was already noticed in [24], the
characterization (i)—(ii) is very similar to the one obtained in [25-27] with a van-
ishing viscosity approach. The main advantage of the iterative minimization (8)—(9)
is that we do not have to add a fictitious viscosity term. Moreover, our construc-
tive scheme is closer to the numerical applications, where alternate minimization
schemes are usually adopted.

We conclude here with a short description of main steps of the proof of (i)
and (i7). The convergence of (f, u, zx) is obtained by a compactness argument.
By the nonlinearity of F, we actually need a pointwise strong convergence of uy
in H'(£2; R?), which is shown in Proposition 6 by studying convergence of gra-
dient flows. The equilibrium (i) and the lower energy-dissipation inequality fol-
low then from lower semicontinuity of the functional F and of the slopes |0, F|
and |9, F|, discussed in Section 3.4. The technically hard part comes with the upper
energy-dissipation inequality, where we pay the choice of the L?-norm to estimate
the arc-length of the algorithm (8)—(9) with respect to z. Comparing with [24],
indeed, we can not employ a chain rule argument, since the evolution z is qual-
itatively the reparametrization of an L2-gradient flow, instead of an H'-gradient
flow. For this reason, we need to exploit a Riemann sum argument (see, for ex-
ample, [18,32]). In this respect, we have to face the lack of summability of the
slope 3, F[(z(-), u(-), z(-)), which does not follow from energy estimates, since
we are only able to control [0 F|[(r(-), u(-), z(-))[IZ(-)|l 2. This problem is over-
come by a careful analysis of the evolution of z. The idea is to gain the summability
of [0 FI(t(-), u(-), z(-)) outside the set {||z'|| ;2 = 0}. This allows us to perform a
further change of variable and employ a Riemann sum argument in the new variable.
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As a byproduct of our analysis, we also show that a limit evolution (z, u, z) may
still exhibit an alternate behavior in discontinuity times. We refer to Section 5.3
and Appendix B for the full details.

2. Setting and Statement of the Main Result

2.1. Elastic Energy Density with Anisotropic Softening

Let us first introduce some notation. We denote by M? the space of squared ma-
trices of order 2 (with real entries) and by Mf the subspace of symmetric matrices.
For every F € M?, its volumetric and deviatoric part, respectively, are denoted by

Fy:=3tF)I and Fq=F-F,,

where tr F' stands for the trace of F and I is the identity matrix. We notice that
F,: F; = 0, where the symbol : indicates the usual scalar product between matri-
ces. As a consequence, we have that

|F|?> = |F,|> +|Fq> forevery F € M?,
where | - | denotes Frobenius norm. Furthermore, we set
Ff=lrF).l,

where (-)4 and (-) _ denote positive and negative part, respectively. Clearly, | F,|> =
|FF12+|F, 2

With this notation, for a (strain) matrix € € Mf. we first rewrite the linear elastic
energy density as

W(e) = 5ltre” + plel* = A(l€f 1 + ley 19 + ndlel 1> + e, |* + leal®)

pleal® +lef > +xley 1> = wy(e) + W_(e), (10)

where we have set k:= A + 11, W (€):= uleq|> + K|€3_|2, and ¥_(€):= K|ev_|2.
We assume that > 0 and that « > 0.

Our phase field model, inspired by [6,14], does not allow for fracture under
compression, that is where (tre)_ # 0; this is obtained employing an elastic
energy density of the form

W(z, €):=h(z)¥s(e) + ¥ (¢) forzeRande e M, (11)

where z is the phase field variable and / is the softening or degradation function.
We assume that / is convex, of class Cllo’c1 (R) and that

h(z) = h(0) > 0 for every z € R. (12)

Note that, under these assumptions, 4 is non-decreasing in [0, 4-00). We denote
n := h(0) > 0. Note that W (z, -) is differentiable with respect to € and that

3 W(z, €) = 2h(z)(neq + kel) — 2ke, . (13)

Further properties of the energy density W are provided in Section 3.2.
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2.2. Energy, Slopes and Power

The reference configuration £2 is assumed to be a bounded, connected, open
subset of R? with Lipschitz boundary 32. We denote by dp 2 a non-empty subset
of 0£2 made of finitely many, relatively open, connected components. We consider
a time interval [0, T'] and, for every ¢t € [0, T'], admissible displacements of the
form u + g(t) where u belongs to U := {u € H'(£2; R?) : u = 0 on dp£2} while
the “boundary datum” g belongs to wla(o, T1; Wh?(£2; R?)) withg € (1, +00)
and p € (2, 400). The phase field z belongs instead to Z:= H'(£2) N L>®(2)
(even though in the evolution it will take value in [0, 1]).

For p € [1, +00], we denote by || - || y1.» and by || - || » the usual W7 and LP-
norms, respectively; we use also the notation || - || 1 for the H L_norm.

Then, for every (¢, u, z) € [0, T] x U x Z we define the elastic energy as

E(t,u,z):zfﬂW(z,e(u+g(t))) dx
= [ W (etw+ ) + - et + 2() d
= /Qh@(md(u + 8O + kclef (u+ g@)?) dx
+/Qx|e;(u+g(r>>|2dx, (14)

where € (u 4 g(t)) denotes the symmetric part of the gradient of the displacement
u+g(t) € H'(£2; R?). We introduce the dissipation pseudo-potential for the phase
field z € Z as

D(z):= %/Q V2] + f(2) dx. (15)

We assume that f : R — R is strongly convex, of class Cllo’c1 and that 0 < f(1) <
f(z) forevery z € R. The total energy of the system F: [0, T]xU x Z — [0, +00)
is defined as the sum of elastic energy and dissipation pseudo-potential. Hence, for
every t € [0, T], every u € U, and every z € Z we set

F(t,u,z):=E@,u,z) +D(). (16)

In our study of quasi-static evolutions we will often employ the following slopes
for the functional F, with respect to the displacement u and the phase field z:

Definition 1. Let (¢, u, z) € [0, T] x U x Z. We define

t’ » &) T t’ s &))—
|0, F|(t, u,z):= limsup Ft,w,2) = Ft,u,2) , (17
w—uin H! lw — ull g

(F(t,u,v) — F(t,u,z))_
lv—zll2

107 F|(t,u, z):= limsup , (18)

v—>z~ in L2

where v — z~ in L% means that v < z and v — z in L? (with v € 2).
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For the properties of the slopes we refer to Section 3.4.

Remark 1. Note that here we employ a unilateral L>-slope while in [24] we used
a unilateral H'-slope.

In order to simplify the notation later on, for almost everywhere t € [0, T],
every u € U, and every z € Z, we define the power functional

P(t,u,z):= / 0cW(z,e(u+ g(t))):€(g(t))dx, (19)
2

where ¢ denotes the time derivative of g. We notice that for almost everywhere ¢ €
[0, T], every u € U, and every z € Z, we have

o F(t,u,z) =P(t,u,z). (20)

2.3. Time-Discrete Evolutions and Their Time-Continuous Limit

First, let us briefly describe the discrete alternate minimization scheme, without
entering into the technical details. Let the initial condition be ug € U and zg € Z
with 0 < zg < 1 and

ug = min {F(0, u, z0) : u € U}, zo = min {F (O, ug,z) : z € Z, z < zp}. (21)

For k € N, k # 0, consider a time step 7 := T/k and let tl.k = ity for every
i = 0,...,k. The time-discrete evolution (uf-‘ , sz) is defined by induction with
respecttotheindexi € N, as follows: we setu’é ‘= up, g ’5: 20- In order to define uf‘
and zf‘ , known uf.‘_ | and z¥ z;_,,» we need the auxiliary sequences u and Z; deﬁned
in this way: set uf‘ 0= uf.‘_l and Zi,o = zf.‘_l, and, by induction w1th respect to the
index j € N, define by alternate minimization

”ﬁ'{,j+1 := argmin {F(tF, u, zfﬁj) cuelU),

k . . k k . k
Zj jpr = argmin {F (7, u; 44,21 2€Z, 2 < z; j}-

We set z =lim; z i and u =lim; u (the existence of these sequences
and of the1r limits will be proven in the sequel)

In order to study the limit as k — oo, that is as the time step 'Ck Vanishes, it
will be technically convenient to interpolate all the configurations u and z by
suitable rescaled gradient flows; this will ultimately provide, for every mdex k an
“arc-length” parametrization s +— (fx(s), ux(s), zx(s)) from a fixed inteval [0, S]
to [0, T] x U x Z which interpolates all the configuration uf j and zf i

In the parametrized framework, we have

Definition 2. A point s € [0, S]is a continuity point for (¢, u, z) if for every § > 0
there exists s5 such that |ss — s| < § and 7(s5) 7# ¢(s). On the contrary, s € [0, S]
is a discontinuity point of (t, u, z) if t is constant in a neighborhood of s.

We are now ready to give the main result of this paper.
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Theorem 1. Up to subsequences, the parametrizations (ty, ux, zx) converge to a
parametrization (t,u,z): [0, S] — [0, T] x U x Z with (t(0), u(0), z(0)) =
(0, ug, zo), which satisfies the following properties:

(a) Regularity: (, u, z) belongs to WH2°([0, S1; [0, T] x H'(£2; R?) x L*(2)),
z belongs to L*°([0, S1; Hl(.Q)), and, for almost everywhere s € [0, S],
1)+ Nl )l + 112" )2 =1,

where the symbol ' denotes the derivative with respect to the parametrization
variable s;

(b) Time parametrization: the function t: [0, ST — [0, T] is non-decreasing and
surjective;

(¢) Trreversibility: the function z: [0, S] — Z is non-increasing and 0 < z(s) < 1
forevery0) <s < S;

(d) Equilibrium: for every continuity point s € [0, S] of (¢, u, z)

[0, F[(t(s), u(s),z(s)) =0 and  [9; F|(t(s), u(s), z(s)) = 0;
(e) Energy-dissipation equality: for every s € [0, S]
F(t(s), u(s), z(s))
= F(0, uo, zo) —/0 10, F|(2(0), u(0), 2(0)) ||u' (5|l jy1 do
—/Olaz_fl(t(a),u(U),Z(J)) 12" (@)l 2do
+/‘73(t(cr),u(a),z(a))t’(o)dcr, 22)
0
where we intend that |0 F|(t (o), u(o), z(0)) 122 =001z (@)2=0

(including the case |0, F|(t(0), u(0), z(0)) = +00).

Any evolution satisfying the above properties, will be called parametrized Balanced
Viscosity evolution [30].

The proof of this theorem is contained in Section 5.

Remark 2. We note that the equilibrium condition (21) is not strictly necessary.
However, it allows to shorten some proofs, without affecting the convergence anal-
ysis and the behavior of solutions.

Remark 3. The convention |3, F|(t(c), u(c), z(0)) [l (&) || g1 = O if ||’ (o) || g1
vanishes is not necessary, since the fact that u(oc) € H L2:R?) implies that
|0, F|(t(0),u(o), z(c)) < +oo for every o € [0, S].

Remark 4. In Section 5.3 we prove a refined energy-dissipation identity which
implies (see Appendix B) that the limit evolution may still present an alternate
behavior in discontinuity points.
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3. Lemmata

In this section we collect some technical results that will be useful in the forth-
coming discussions.

3.1. Properties of the Energy
We first show some basic properties of the elastic energy density W.

Lemma 1. The function W: R x M% — [0, +00) is of class Cllo’cl. Moreover, there
existtwo positive constants c, C such that forevery z € [0, 1]andeverye, €3 € I\\/JIE
the following holds:

(@) (W (z, €1) — 0 W (z, €2)): (€1 — €2) = cle) — €2]%;
(b) |0 W (2, €1) — 0 W(z, €2)| < Cler — €.

Since 9¢ W (z, 0) = 0 it follows also that for every € € M? we have
(©) 10 W(z, €)] = Clel.
Proof. Write

0eW(z, €1) — 30 W(z, €2)

=2h(2)(1(€1.a — €2.4) + (e, — €5 ) — 2c(e], — €5,).

By linearity and orthogonality, to prove (a) it is enough to check that
h(D)(€er.a — €2.0): (€14 — €2.4) Z ntlera — €241,
h@)k(ef, — €3 )i (€10 — €2,0) — k(€] , — €5 )i (€10 — €2.) = cler, — €2,

The first inequality is straightforward. For the second we can write the left hand
side in terms of traces as

Sh(z)k((tren)y — (trex)y)(tre; — tre)

23
— %K((trel), — (trez),)(trel —trej). 3

1

Let ¢ = 5« min{h(z), 1} > %KT} > 0. Since (-)+ is monotone non-decreasing, we

get

$h@r((tre)s — (rex)y)(tre) —trez) = c(treg)y — (trez)y)(treg — tren).

Using the fact that —(-)_ is non-decreasing, we can argue in a similar way for the
second term in (23) and get

—%K((U’e])_ — (trez)_)(trel —trey) 2 —c((trel)_ — (trez)_)(trel —trep).

Taking the sum of the last two inequalities gives the required estimate.
Finally, (b) follows from (13) thanks to the fact that z € [0, 1] and 4 is contin-
uous. O
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We notice that for every t € [0, T], every u, ¢ € U, and every z, ¥ € Z we
can express the partial derivatives of F(¢, -, -) with respect to u and z as

00,1, 2lp] = [ 9W Gz, e+ g€ d
—2 /Q h@)(eau + (1)) €a(p) + keF u + g()):€0(9)) dx
—2x/9e;<u+g(t>):ev(go)dx,
azf(t,u,z)[w]=/QaZW(z,e(u+g(t)))wdx+/Qvz.v;//dx+/gf’(z)wdx
:f B ()Y ¥y (e(u+g(t))) dx—i—/ Vz~V1ﬁdx+/ (@ dx.
° o o

Remark 5. It is important to note that the energy F (¢, -, -) is separately strongly
convex in U x Z, with respect to the H'-norms. More precisely, there exists C > 0
such that, uniformly with respect to ¢ € [0, T] and u € U, it holds that

SF(tu, )2 —al— 0. F(tuz)lza — 21l Z Cla — 21l (24)

indeed, by convexity of & and strong convexity of f, we can write the left hand
side as

/ﬂ[h/(m) — W @D(z2 — 20 W (€ + g(1) + V(22 — 2D
+1f(z2) = £/ @Dz — z1)dx = fg IV(z2 — z21)|> + ¢ (z2 — z1)* dx.

In a similar way, there exists C > 0 such that, uniformly with respectto ¢ € [0, T']
and z € Z, it holds that

QuF(t,uz, )[ur — url — 9, F (t, ur, 2)[uz —u1] 2 Clluz — ui| (25)

2 .
HD

indeed, by (a) in Lemma 1 the left hand side reads

/9 (0 W (z, €(uz + g(1))) — 8 W (z, €(ur + g(1)))): €(ua — u1) dx

> Clle(uz + (1) — €(u1 + g0)|7

2 2
> Clle(z — up)2s 2 C'lluz — w1,

where we used Korn inequality for the last estimate. In particular, the elastic energy
E(t, -, z) is strongly convex.

Lemma 2. Let (t,, Uy, zm) € [0, T1 XU X Z. Ifty, — t, 4y — u in H' (2, R?),
and z,, — z in H' () then

g(ta u, Z) § hmlnfg(tm5 Um, Zm), f(t9 u, Z) § hmlnff(tn% Um, Zm) (26)
m— 00 m—00
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Proof. Recalling the definition (11) of the elastic energy W (z, -) is convex in M2
for every z € R. Hence, we are in a position to apply [19, Theorem 7.5] in order to
deduce the first inequality in (26). The second inequality follows immediately since
the dissipation pseudo-potential D is lower semicontinuous with respect to weak
convergence in H (). o

3.2. Higher Integrability and Continuity of the Displacement Field

‘We now establish a uniform, continuous dependence estimates for the minimizer
of the functional F(t, -, z) which follows from [21, Theorem 1.1].
In the following, for every § € (1, 400) we denote

WP (2:R?) = fu e WP (2;R?) : u=00ndp2}

and let W[_)l’ﬂ/(.Q; R?) be its dual. Furthermore, given g € WA (2; R?) and
z € Z, we define the operator A, : Wll)’ﬂ(.Q; R?) — W;)]’ﬁ(.Q; R?) as

(Az,g(u),@::/ W (z, €(u + 2)): €(p) dx, forp € WP (2:RY). (27)
2

With this notation, if § € W, "’ (2:R?) then u = AZL(§) if and only if u €
Wll)”3 (£2; R?) is the solution of the variational problem

/ 0W(z,e(u+ g)):e(p)dx = (&, @), forevery ¢ € W[l)’ﬁ/(.Q; R2).
2

Lemma 3. Let us fix p > 2 and M > 0. Then, there exists p € (2, p) such that the
operator A g Wll)'ﬁ(.Q; R?) — W;l’ﬂ(Q; R?) is invertible for every B € [2, pl,
every g € WhP(2:R?), and every z € Z with ||z|lee < M. In particular, there
exist two constants C1, Cy > 0 (independent of g, z, and B € [2, p]) such that

1AZ g @©)llws §C1(|ISIIW51./3 +lIgllwe)

-1 -1 (28)
1Az — Az g ) lwie SC2ll1 = Eally-1

forevery £,&1,& € WP (2; R,

Proof. The inequalities (28) follow from a direct application of [21, Theorem 1.1
and Remark 1.3], whose hypotheses are satisfied in view of Lemma 1. O

By a direct application of Lemma 3, for M = 1, we deduce the next corollary.

Corollary 1. Let g € Wh4([0, T]; WhP(82; R?)) for g € (1,400) and p €
(2, +00). Let p € (2, p) be as in Lemma 3. Then, there exist a positive constant C1
such that for every for every B € [2,pl, t € [0, T], andz € Zwith0 < z < 1t
holds that

lullwis = Crllg®llwr, (29)
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where u := argmin {F (¢, w, z) : w € U}.

Moreover, there exists v € (2, +00) and a positive constant Co such that for
every B € [2,p), t1,tp €[0,T], and z1,z2 € Zwith0 < z; < 1 (fori = 1,2) it
holds that

lur — uallwis = C2(lig(t) — g@)lwrr + 21 — 22llL0), (30)
1
;.
Proof. The inequality (29) is a direct consequence of Lemma 3. Indeed, with

i £ B’ < 2 the Euler-Lagrange equation

where u; = argmin {F(t;, w, z;) : w € U} (fori =1,2) and% = % —

/Q BeW (2, €+ g(1))): €(@) = (&, ) = 0,

foreveryp e U = Wll)’z(.Q; R?), gives £ = 0. Applying Lemma 3 we deduce that
u e Wll)’ﬁ(.Q; RR?) for every B € [2, p) and (29) is satisfied.
Let us now show (30). Using the Euler—Lagrange equation for u;, we get

/QaeW(zl,e(uz+g(n))):e(<p>dx
= /Q h(z1)(1n€q(ua + g(t1)): €a(9) + k€ (ua + g(t1)): €,(p))dx
—/Qh(zz)(l“d(UZ + g(12)): €a(p) + k€ (U + g(12)): €4(¢))dx
+K/Q(€J(uz +8(1)) — €, (uz + g(11)): €,(p) dx
- fﬂ (hz1) — h(z) (ea(ua + g(11)): €a(@) + kel (wa + g(1): €, (9) dx
+u /Q h(ea(g(tn) — g(12)): ea(p) dx
o [ he) (e + g0) — €l -+ i) dx

ey /Q (€ (2 + 8(12) — € (ur + g(1)): €2(@) dx = (£, @),

where £ € LP(£2; M?) for every S € [2, p). Therefore, uy = Az_llgm)(é) while
u, = Az_llg(tl)(O); applying the second estimate of Lemma 3, we get that there
exists a positive constant C, (independent of z;, t;, and B8 € [2, p)) such that

lur — uallyis = Call€ll s €19}
Let % = % + %, then by Holder inequality we have
1Els = Ih(z1) — h(z2) v lluz + g (@)l s
+ CA + 1hllze©,1) 18 — g @) lwip-

Since0 < z; < landh € Cllo’c1 (R), wehave that ||h(z1)—h(z2)|l» < Cllzi—z2llLy
for some positive constant C. Combining (31) and (32) we obtain (30), and the proof
is concluded. 0O

(32)
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3.3. Continuous Dependence of the Phase Field

Progosition 1. Let p € (2, 4+00) be as in Lemma 3. Let t1,t, € [0,T], uy,ur €
WLP(2:R?), and z9, 21, z2 € H'(82; [0, 1]) be such that

zi = argmin {F(t;,u;,2): z€ 2, z; Szi—1} fori=1,2. (33)
Then there exist a positive constant C, independent of t, u;, and z;, such that

lzi = 220l g1 = Cllur + gD yrp(lur — ull g + g (1) — g@)ll 1)

34)
+ Clluz + g@)lyw1.5 (lur — uallgr + g (1) — g@) 1 51)-

Proof. We adapt the proof of [24, Lemma A.2]. By (33), for every ¢ € H'(£2),
¢ <0, we have

0, F(ti,ui,z)[9l 20  fori =1,2. (35)
Moreover, for ¢ = zp — 21 we get
0, F(t2, u2, z2)[z2 — 211 = 0. (36)
Therefore, combining (35) and (36), we obtain
(0:F (12, u2, 22) — 3. F(t1, u1. 21))[z2 — 211 £ 0.

Adding and subtracting the term 9, F (¢1, u1, z2)[z2 — z1] to the previous inequality,
we get

(0:F (1, ur, z2) — 9. F (11, ur, z1))[22 — z1]
S (8 F (11, u1, 22) — 0. F (12, u2, 22) ) [z2 — 1] (37

The left-hand side of (37) reads as
Vz1 — szlliz + /Q(f’(zz) — f'z))(z2 — z1) dx
+ /ﬂ(h/(zz) — 1 (@) (22 — 21) (nleaur + g + kle (ur + g(11))|?) dx,

being / convex, the second term in the previous expression is positive. By the strong
convexity of f we have

(f'(@2) = f@)(z2 —z21) 2 Clza — 211
Thus, we can continue in (37) with

C'llz1 = 22050 < (9;F (11, ur, 22) — 9, F(t1, ur, 20)) 22 — z1]
< (0. F (11, ur,s 22) — 9. F (2, u2, 22))[z2 — 21],
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where the right hand side reads as
(8- F (11, 1, 22) — 9. F(t2, u2, 22)) 22 — z1]

= /Qh%zz)(zz — z1) (pleq(ur + g(t))|* — plea(ua + g(12))]%)dx
+ /Q W (22)(z2 — z0) (k€ (w1 + g(t)* — «l€ (ua + g(12))]%) dx.

Since zo € H! (£2; [0, 1]), we have that 4’ (z») is bounded. Moreover,

e (u1 + g(11)| — le; (uz + g(02))]
= (tr(e(u1 + g(11))))4 — (tr (e (u2 + g(12)))+
< Jtr(euy + g(t) — ua — g(12)))|
= |ey(u1 + g(t1) —uz — g(12))|.
Thus, there exists a positive constant C such that

2
lz1 — z2ll%

< C/Q |22 — z1ll€q(ur + g(t1))] le(uy + g(t1) — uz — g(t2))|dx
+C/QIzz—Z1||€d(M2+g(t2))||€(u1 +g(t1) —ux — g(r))|dx
+C/Q|Z2—lel€v+(u1+g(l1))||€(u1+g(t1)—u2—g(f2))|dx

+Cfg|Zz—21||€U+(M2+g(t2))||€(M1+g(t1)—u2—g(t2))|dx~

By hypothesis, we have uy, uy € W'7(52; R?). Hence, applying Holder in-
equality with é + % + % = 1 we get that

lzt — 220131 < Cllza = zillzellur + g @) s llur + g(t) — uz — g(82) |l

+ Cllz2 — zillizelluz + g@) lw1.5llur + g(t1) —uz — g(2) 1

Inequality (34) follows by triangle inequality and by Sobolev embedding in dimen-
sion2. O

Proposition 2. Let p € (2, 400) be asin Lemma 3. Let (ty, uy, z) € [0, T]xU X Z
with0 < zx < 1 and

ur = argmin {F(t, v, 2k) : v €U}  foreveryk.

Ifty > t, zx — zin HY(2), and u:= argmin {F(t,v,z) : v € U}, thenuy — u
in WhB(82; R?) for every B € [2, p).

Proof. In view of the hypotheses of the proposition and of Corollary 1, we have
that the sequence uy, is a Cauchy sequence in W!-#(£2; R?) for every 8 € [2, p).
We denote by u the limit function. By the strong convergence in W8 (2; R?), it is
easy to see that u is the solution of min {F (¢, v, ) : v € U}. Hence, by uniqueness
of minimizer we have v = u. 0O
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3.4. Properties of the Slopes

Now, we can give a convenient characterization of the slopes introduced in
Definition 1.

Remark 6. Let (r,u,z) € [0, T] x U x Z, then

|0 FI(t, u, 2) = max {—0, F (t,u, D)lel: ¢ €U, llglly =1}, (38)
|0, FI(t,u,z) =sup{=0,F(t,u,)[Y¥]: y € Z, ¥y =0, [¥ll2 =1} (39
For the proof of (38) we refer for instance to [4, Proposition 1.4.4]. For the proof

of (39) it is sufficient to employ the arguments of [2, Lemma 2.3] or [32, Lemma
2.2].

Next two lemmata are devoted to lower semicontinuity and continuity of the
slopes.

Lemma 4. Let (t;, up, zx) € [0, T] x U x Z such that ty — tin[0,T], up — u
weakly in H'(£2, R?), and zj — z weakly in H'(£2) with 0 < z; < 1, for every k.
Then

|0, FI(t, u, z) < liminf |8, F|(t, uk, zx)-
k— 00

Proof. By Remark 6, for every ¢ € Z such that ¥ < 0 and ||y [|;2 < 1 we have
that

107 Fl(te, g 20) = — / W @YW (e + 8(11))) dx

- (40)

—f Vi -V + f/(zp)y dx.
2

Since h € Cllo’c1 (R) is non-decreasing in [0, +00) and z; — z in L"(£2) for every
r < 4+oo with 0 £ zx < 1, we deduce that —h'(zx)¥ = 0 for every k and
that 7’ (zx) — h'(2)y in L" (2) for every r < +00. In a similar way f'(zx)y¥ —
f(z)¥ in L' (£2). Hence, passing to the liminf in (40) as k — +o0 and applying
for instance [19, Theorem 7.5] we deduce that

likminf 10 Fl(tr, uk, zx) 2 —/ h/(Z)W‘I’+(€(“ + g(t))) dx
— 00 02
_/ Vi VY + fy dx = —0.F(t, u, )],
Q

We conclude by taking the supremum over v in the previous inequality. O

Lemma 5. Let (ty, ug, zx) € [0, T] x U x Z such that ty — tin [0, T), upy — u
in H' (2, R?), and zx — z in H'(£2) with 0 < zi < 1, for every k. Then

10, F1(t, u,2) = lm |0, F[(tk, ur, zi)-
k—o00
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Proof. By Remark 6, for every ¢ € U with ||¢|| ;1 < 1 we have that
|00 F | (te, ug, zx) 2 —/ 0e W (zk, € (uk + g(1x)): €(¢) dx. (41)
Q

Remember that d¢ W(z, €) = 2h(z) (p,ed +K€v+) —2ke€, . Asuy — uin HY(£2, Rz)
and since g belongs to wha(0, T1; WP (§2; R?)), we have that €4 (ux +g(1)) —
€q(u+g () and € (ux +8 () — € (u+g(1)) in L?(£2; M?). Being 0 < z; < 1
and z; — z in L?(£2), we have that h(z) (ueq(ux + g(t)) + kel (ur + g(t)))
converges to h(z)(ueq(u + g(t)) + ket (u + g(1))) in L?(£2; M?). Therefore,
0e W (zk, €(ug + g () converges to d¢ W (z, € (u+g(¢)) in L2(§2; M?) and, passing
to the liminf in (41), we obtain

lim inf |0, F[(ti uk. 2k) z —/ 0 W(e(u +g(n)):€(p)dx = =09, F (1, u, 2)[¢].
— 00 2

Passing to the supremum over ¢ € U with ||¢||;1 < 1, we deduce that

10u FI(t, u, z) < liminf |8, F|(t, uk, zk)- (42)
k—o00

As for the opposite inequality, for every & let gx € U with ||gk || g1 < 1 be such
that |9, F|(tx, uk, zk) = —o,F (tr.ux, zx)[@r]. Up to a subsequence, we have that
or — ¢ weakly in H'(£2; R?) for some ¢ € U with lellgt £ 1. Hence, by the
strong convergence of d¢ W (zx, € (uy + g(tx)), we get that

lim sup (8, F|(#, uk, zx) = lim sup —0, F (tx, g, zi) @il

k—o00 k— 00

— Jimsup — /9 BeW (e (ux + g(1))): €() dx

k— 00

= —f 0eW(z, €(u + g(1)): €(p) dx
2

= =0, F(t,u, 2)p] = [0,F|(t, u, 2). (43)

This concludes the proof of the proposition. O

4. Auxiliary Gradient-Flows

In this section we present some auxiliary results for two gradient flows which
will be employed in the interpolation of the discrete evolutions obtained by alternate
minimization.
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4.1. An H'-gradient flow for the displacement field

Given, t € [0,T] and z € Z, we start with recalling some results about the
system

W () ==V, F(t,ul),z) = —V.E(t, ul), 2),
u(0) = uY,

where u° € U and V. F(t,u,z) denotes the H I_element representing, by Riesz
Theorem, the functional 9, F (¢, u, z), thatis, 8, F (¢, u, 2)[¢] = (VuF(t, u, 2), ¢)
for every ¢ € U. Note that ||V, F(t, u, 2)|| g1 = [0, F|(¢, u, ).

Theorem 2. Let (¢, ul, 7) € [0, T] x U x Z. Then, there exists a unique evolution
u: [0, 4+00) — U such that the following facts hold:

(@) u € WH([0, +00); H'(2; R?)) and u' € L*([0, +00); H'(2; R?));
(b) u(0) = u® andforalmosteveryl € [0, +00) we haveu' () = —V, F(t, u(l), z);
(c) for every £ € [0, +00)

4
Ft,u@),z)=F,u’ z)— 1 / 0 F 12 (2, u (), 2) + lu' D17, dI; (44)
0

(d) u(l) converges strongly to u in HY(2;R?) asl — +oo, where U belongs to
argmin {F(t,u, z) : u € U}. Moreover,

+00
Ftu,z0)=Ft,u’z)— % / 10 F 1P (2, u (), 2) + llu' D)3, dI, (45)
0
lu@) =@l < e fu® =) 1, (46)
where ¢ depends only on the constant appearing in (a) of Lemma 1.

Proof. We invoke [11, Theorem 3.1, Lemma 3.3, and Theorem 3.9] for the operator
A = V,E(,-,z): U — U. Indeed, A is maximal monotone, by convexity and
continuity of £(z, -, z). Moreover, by (@) of Lemma 1 and by Korn inequality, the
operator A is strongly monotone, that is,

(Au — Av,u —v) Z cllu —v|%,. 47)

Therefore, we are in a position to apply [11, Theorem 3.1 and Theorem 3.9] which,
put together, prove (b), that u’ € L ([0, +00); H!(£2; R?)), and that u (/) admits
the limit % = argmin {F(t,u,z) : u € U} in H'(£2; R?) as | — +o0, and the
exponential decay (46), where the constant ¢ coincides with the ellipticity constant
of (47). In view of [11, Lemma 3.3] we get (¢) and the uniform boundedness of u(-)
in H'(£2; R?). Passing to the limit in (44) as £ — +o0 and applying monotone
convergence theorem, we deduce (45) and thatu’ € L%([0, +00); HY(£2; R?)). O

Moreover, by a Lojasiewicz [28] argument we have the following result on the
length of the flow:
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Theorem 3. Let u be the solution of the above gradient flow. Then, either u(l) = u®
or [u' (D g1 # 0in [0, +00). Moreover, there exists a constant C (independent of
t, u®, and z) such that

+0o0 o
/ 1 Ol 1 dl < CTla® = Tl 1, 48)
0

Proof. If u° = u, then u(l) = u, since u = argmin {F(t,u,z) : u € U}. Let us
therefore assume that u” # 7. In what follows we denote by C a generic positive
constant which could change from line to line. Let s(/) = %Hu(l) - ﬁllzl. Then,
with V, F(t,u, z) = 0, and by (b) in Lemma 1, we have
s'() = () —w,u' () = (ul) —u, =V, F(t,ul), z) + Vu F(t, 4, 2))
> =Cllu(l) — ull3, = —C's().
It follows that s (/) = s(0)e~ € > 0 and then u(l) # u for every [ € [0, +00). As
a consequence u’' () = —V, F(t,u(l), z) # 0 for almost every [ € [0, +00).
We now prove the bound (48). By convexity, for every / € [0, +00) we have
0= F(t,ull),2) — Ft,u,z) = (VuF(t,ul), 2), ul) —u)

49
S IVuF @ u®), Dl g llu@) =l g @

By (a) of Lemma 1 and by Korn inequality, we get

Cllu) —ull3,; < (VuF(t.1,2) — Vu F(t,u(l), 2), 1 — u(l))
= - <Vuf(ts l/t(l), Z)vﬂ_ M(l))
S IVuF @t ud), D)l grllud) —ull g

which implies
Clu) —ull g1 = IVuF(t, ud), 2l 1 (50)

Combining (49) and (50) we deduce that

CF(t, ul).2) — F(t.7,2)7 < |VuFt, uld). 2l - &1V}

We now apply a Lojasiewicz argument: in view of (b) of Theorem 2 and of the
monotonicity of [ — F(z, u(l), z), for almost every [ € [0, +00) we have

—2%(]—'0, u(l),z) — F(t,u, z))%

1

= —(F@. ul),2) — F(t,1,2)) >V F(t,ul),z),u' ()

= (F(t, u), 2) — F, 7 9) IV F @, uld), I
> CIVuF(t, ull), D) = Cll' Dl 1. (52)
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Hence, inequality (52) implies that for every £ € [0, 4-00),

14 tq 1
C/ ' D) dl < —2[ E(]—'(r, u(l),z) — F(t,u, z))2 dl
0 0
1
S 2(F@,u’ 2) - F(t,w,2)7, (53)
In the limit as £ — 400 in (53) we obtain by monotone convergence theorem
+00 1
C [ W@ < 2F s - Fem ), (54)
0

By convexity and minimality of # we have that

1

(Ft.u®,2) — F1.7.2))? < (— <Vu.7:(t, W0, 2). 7 — uo))7

=

- ((vuf(t, T, 2), 5 — u0> - <Vu.7-'(t, W0, 2), 7 — u0>> ,
< Cllu® =l g, (55)

where in the last inequality we applied (b) of Lemma 1. Combining (53) and (55) we
conclude (48). In particular, we notice that all the constants appearing in (50)—(55)
do not depend on ¢, u® z,andl. O

As a corollary of Theorems 2 and 3, we define a suitable reparametrization of
[ € [0, +00) which makes the gradient flows computed in Theorem 2 1-Lipschitz
continuous. This reparametrization will be exploited in Section 5 for the proof of
Theorem 1.

Corollary 2. Let ¢, u®, and z be as in the statement of Theorem 2. Let u be the
gradient flow computed in Theorem 2 with initial condition u®. Let us assume that
u £ 7= argmin {F(t,u,z) : u € U}, and let us set

+00 ¢
L(u) = / lu' D) grdl,  AL) = / lu' ()|l 1 dl,  for € € [0, +o00].
0 0

Moreover, let p: [0, L(u)] — [0, +00] be defined by p = 2L Then, the function
w = u o p belongs to W-*([0, L(u)]; H'(£2; R?)), &' ()1 = 1 for almost
every s € [0, L(u)], w(0) = u°, w(L(u)) = u, and

F(t, w(s),2) =f(t,M0,Z)—/ 10, F|(t, 0(0), 2) &' (@)l g1 do (56
0

foreverys € [0, L(u)].

Proof. We notice that the function p: [0, L(u)] — [0, +o0]is well defined since A
is monotone increasing thanks to Theorem 3, and hence invertible. As a conse-
quence, also w: [0, L(u)] — U is well defined, continuous, with @ (0) = u0 and
w(L (1)) = u. Moreover, by Theorem 3 p is Lipschitz continuous in [0, s] for ev-
ery s < L(u). Thanks to Theorem 2, we have that o € W1°([0, s]; H'(£2; R?))
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with [|@'(0)| ;1 = 1 for almost every o € [0, s] and every s € [0, L(u)). Hence,
we deduce that @ € Wh°([0, L(w)]; H'(£2; R?)). Furthermore, by (b)—(d) of
Theorem 2, we know that, for every £ € [0, +o0],

l
F(t,u@),z) = Ft,u, z) —/ 10, F| (2, u(l), 2)|lu’ (D] g1 di.
0

By the change of variable [ = p (o) for o € [0, L(u)] we deduce (56). O

Remark 7. In the no_tation of Corollary 2, we notice that, as a consequence of
Theorem 3, L(u) < C|lu® — || 1.

We now prove a continuity property of the gradient flows with respect to the
data.

Proposition 3. Let (4, u%), z,y) € [0, T1 x U x Z be such that t,, — te in [0, T,
u?n — ugo in HY($2: R?), and 2, — Zoo weakly in HY Q). Letuy,, us: [0, +00) —
U be the gradient flows computed in Theorem 2 with initial data u,, (0) = u,% and
Uso(0) = ugo and parameters (ty, Zm) and (tso, Zoo), respectively.

Then, u,, converges strongly to u~, uniformly in [0, 400), that is, in the space
C([0, +00); HY(£2; R?)). Moreover; ifly, > 4ooasm — 00 and Uy =
argmin {F (oo, U, Zoo) : U € U} then uy, () — oo in H'(82; R?).

Proof. To prove the desired convergence we want to apply [11, Theorem 3.16].
In the notation of [11], we consider the operators A,, = V,F(tn,:, 2m) =
Vil (tm, - 2m), and A = V, Fl(tso, ', Z00) = Vu€(too, *, Zoo). In view of the
hypotheses on & and W, the operators A,, and A, defined on the Hilbert space U/
(endowed with the H'-norm) are maximal monotone. For A > 0 and w € I/, let us
denote with ¢,, (A, w) the solution of

min (L1911, + At @, zm) — (w, 9) = ¢ € U}, (57)

where (-, -) is the usual duality pairing in{. By the strict convexity of £ inl/, ¢;, (A, w)
is well-defined, since the solution of the minimum problem (57) is unique. More-
over, ¢, (A, w) solves the equation

(ﬂm()h w) + )\Amﬁom()\a w) =w, (58)

so that ¢, (A, w) = (I + AA,) " 'w. In the same way, we can define @oo (X, w)
as the solution of (57) where we replace (#,,, z,) With (f0, 200). Again, we have
Goo(hy w) = (I 4+ LAs) "' w.

To make use of [11, Theorem 3.16], we have to show that for every 1 > 0
and every w € U the function ¢, (%, w) converges to ¢oo (A, w) in H L(2; R?).
Using (57) it is easy to see that the sequence ¢, (A, w) is bounded in HY(£2;R?),s0
that, up to a subsequence, we may assume that ¢, (A, w) — @ weaklyin H!(£2; R?)
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for some @ € U. We now show that g = ¢ (X, w). Indeed, by (57) and by Lemma
2 for every ¢ € U we have that

13,1 + AE(tos, B 200) — (w, B)
< timinf 3l@m (L, w131 + AE Uty @ (hy W), Zm) — (W, G (X, w))
m—0Q

< limsup 3 [l@m O, w131 + AE(tm . @m (A, ), Zm) — (W, @ (A, w))

m— 00

< limsup Ligl% + AEWtm, ¢ zm) — (w, @)
m—0o0

= Lol + A (too, ¢, 200) — (W, @), (59)

which implies that ¢ = @ (A, w) by uniqueness of minimizer. Repeating the
argument of (59) with ¢ = @, we also deduce that

i 3l G w31+ AE (s @ Gy ), Zm) — (W, o (h, w))

= 3 lgoch, w171
FAE(too, Yoo (A, W), Zoo) — (W, Yoo (X, w)).  (60)

As a consequene of (a) in Lemma 1, there exists a constant § = B(A) > 0 such
that for every ¢, s € [0, T], every z € Z, and every u1, uo € U we have

At uy,2) — AE(s, u2,2) Z A (VyE(s, uz,2), uy + g(t) — uz — g(s))
+ Bl + g() — €(uz + g())7.-

Therefore, for every m, we can write

oo Gy w121 + A€ (too, Poo Ay W), Zm)
=S em O, w31 = AE (tm @m Oy W), Zm)
Z (om (A W), Poo Oy w) — @ (1, w))
A AVUE (s (A W), Zim), Poo (M W) — @ (A, w))
+B1€(@m O, w) + g(tm)) — €(Poc (A, w) + g(toc)) 75
= Blle(@m O w) + g(tm)) — €(@oo (O, w) + glt)) |72 (61)

where, in the last inequality, we have used the minimality of ¢,, (A, w). We now
pass to the limit in (61) as m — oo. In view of (60) and of the convergences
of t,, and z,,, the left-hand side of (61) tends to 0, so that € (¢, (A, w) 4+ g(tm))
converges to € (oo (A, W) + g(to)) in L2(£2; M?). By Korn inequality, we get that
Pm (O, w) = Poo(h, w) in H'(2; R?).

Therefore, we are in a position to apply [11, Theorem 3.16], from which we
deduce the convergence of u,, to s uniformly in H'(§2; R?) on compact subsets
of [0, +00). To show the convergence in L> ([0, +-o0); H'(£2; R?)) it remains to
control what happens in a neighborhood of +oc0. Let us fix § > 0. By (46), for
every [ € [0, +00) and for every m € N U {oo} we have

et (1) = T |l 1 < €Nl — Tl 1 (62)
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where the constant ¢ > 0 does not depend on m. By hypothesis u% — 1%, while

applying Proposition 2 we get that i,, — U in H'(£2; R?) as m — oo, which
implies that u% — Uy, is bounded in H'! (£2; Rz). Hence, by (62) there exists {5 €
[0, +00) such that [|u,, (1) — tp |l g1 < % for every | 2 £5 and every m € N U {oo}.
By triangle inequality, for every [ = £5 we have

lum (D) = oD g1 = Ntm (D) — Ul g1 + litm — ool g1 + oo — oo (Dl 1
< 5+l — Tooll 1
from which we deduce that there exists ms € N such that
lum @) —uocDllgr <8 forevery m = ms and every | = £s.

Combining the previous estimate with the uniform convergence of u,, to us, on
compact subsets of [0, +-00) we conclude that u,, — 1y uniformly in [0, +00).

Finally, the last part of the thesis follows from (62) and from the convergence
of iy, t0 s in H'(2; R%). O

As a corollary of Proposition 3, we deduce a convergence result for the
reparametrized functions defined in Corollary 2.

Corollary 3. Let (t,,, u%, Zm), (too, u(o)o, Z00), Um, Uoso, and Uso be as in Proposi-
tion 3. Let L(uy,), o, and p,, be as in Corollary 2. Then, for every s,, € [0, L(u;;)]
such that py, (sy,) — p € [0, +00], we have that wy, (sy,) — Uso(p) in H! (£2; Rz),
where we intend tso (+00) = Uno.

Proof. Let p,, and p, be as in Corollary 2. For every m let £,,, := p,;, (sp,), so that
Om (Sm) = Uy © P (Sm) = um(€,y). By assumption £,, — p. Hence, the thesis
follows by applying Proposition 3. O

4.2. A Unilateral L*-Grandient Flow for the Phase Field

A result similar to Theorem 2 holds also for the phase field z when we consider
the time ¢ € [0, T'] and the displacement u# € U/ as fixed parameters. In this case,
however, we will need a unilateral gradient flow in the topology of L?(£2), mainly
to take care of the irreversibility condition imposed on the phase field. For this
reason, the following result, similar in nature to Theorem 2, needs to be proven.

Theorem 4. Let p € (2, +00) be as in Lemma 3, and let (t,u,z°) € [0, T] x

WP (82: R2) x Zwith0 < 20 < 1. Then, there exists an evolution z: [0, +00) —

Z satisfying the following conditions:

(@) z € L*®([0, +00); H'(£2)) and 7/ € L'([0, +00); L2(2)) N L3([0, +00);
L*(2));

(b) 2(0) = 2° z is non-increasing, 0 < z < 1, |2/ (D2 = 137 FI(t, u, z(1)) for
almost every | € [0, 400);

(c) for every £ € [0, +00) it holds that

l
Ft,u,z(0) = F(t,u, ) — 3 / 107 FI2(t, u, z(1) + 112/ (D172 dI; (63)
0
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(d) z(I) converges to 7 strongly in HY(2) as | — 400, where 7 belongs to
argmin {F(t,u,z): z€ 2, 7 < ZO}. Moreover,

+o00
f(t,u,Z):]:(t,u,zo)—%/ 107 F1*(t,u, z(D) + 12 D117, dl; - (64)
0

(e) there exists € € [0, +00] such that ||_z/(£)||Lz # 0 for almost every £ < € and
12Ol L2 = 0 for almost every £ = £;
(f) there exists a constant C > 0 such that

+00 o
/0 12Dl 2 dl £ CU + flu+ gOlly1p)12° = Zll 1 (65)

Proof. We set 7 = argmin {F(t,u,z) : z € £,z < zo}. In order to construct a
gradient flow / +— z(/) as in the statement of the theorem, we proceed by time-
discretization. For k € N\ {0}, and every i € N we set ll{‘ := i/k and we solve
iteratively the minimum problem

min{]-'(t,u,z)+§||z—zf~‘|liz cze 2, 7524, (66)

where z'o‘ := 70, First, let us prove that zf‘ > zforevery k, i. We proceed by induction
with respect to i. A similar proof is contained in [33]. By definition, 20 > 7. Let
zf‘ > 7. Let us introduce the sets 21 = {zf.‘Jrl 27, 2 = {zf,‘+1 < 7}, and the
corresponding energies

Flo=(t,u,2) = / Wz e+ g1) dx + /Q V2 + f(2) dx.

2
Let
. 3 z in2-, . it 7} ., ineT,
Z := max Zi+1’Z = k . Z = minyz; L2 =3_ .
+ i+1 +
Zip In27, z in 27,

By the minimality of 7 we can write

Ft,u,2) = Fo+t,u,2) + Flo-(tu, 2k ) = F(t,u,7)
= Flo+t,u,2) + Flo-(t,u,2),

from which we deduce th?.t Flo-(t u, z{fﬂ) 2 Fio-(t, u, 7). Since sz <7< zf.‘
in the set 2, we can write

ay o ks k)2 k = o ks kg2
F(t,u,2) + 5012 =zl = Flo+t,u, ;) + Flo-(t,u,2) + 512 — 772

k ki k k2
S F(t,u, Zi+1) + §||Z,'+1 — % ”L2‘

Hence Z is the minimizer of (66). By uniqueness it implies that zf.‘ =227
Defining the usual piecewise affine interpolant z¥, we get a sequence z* bounded

in H! ([0, +00), L?(£2)) and in L°([0, +00); H'(£2)) with zX() = Z for every

l € [0, 400). Passing to the limit (up to subsequences) we identify a limit function
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€ HILC([O, +00); L2(£2)) N L ([0, +00); H'(£2)), satisfying z(/) = 7 for every
[ € [0, +00) and

14
Ftou,z(0)) £ Ft,u, 2% -3 / 07 F1P(t u, z()) + 12 D13, (67)
0

for every ¢ € [0, 400). With the usual Riemann sum argument we can show that
in (67) the equality holds, see for example [32], we deduce that

4
Ft,u,z(0) = Ft,u, %) — %/ 107 FI(t, u, zD) 12 D)l 2 dl,
0

which implies, by Young’s inequality, the energy equality in (63) and the following
identities, valid for almost every [ € [0, +00):

12/l 2 = 197 FI(t, . 2()
d . , (68)
Pz 0) = =1 FI w2 D2

Since [ — z(I) is decreasing, there exists alimitZ € Z, asl — 400, weakly in
H'(£2) and strongly in L>(£2). In particular, 7 > Z; we want to show that equality
holds. To this end, passing to the liminf as [ — 400 in (63) we easily obtain that

+oo
Ftou,?) S Ftou, %) -5 / 07 F1*(tu, zD)) + 12 D172 dl. (69)
0

Coupling (68) with (69) we get that 7/ € L2([0, +00); L2(£2)). Moreover, be-
ing F = 0, from (69) we obtain that

liminf |3, F|(t, u, z(I)) = 0. (70)
[—+00

By Lemma 4 we have that |0 F|(t, u,7) = 0, that is, 7 is a solution of
min {F(t,u,z): z€ Z,z 7). (71)

Since 7 < Z, by uniqueness of solution of (71) we get that 7 = 7.
Now, we show that z(I) — Zz strongly in H 1(£2). Indeed, for every !/ € [0, +00)
we have, by convexity of z — F(¢, u, z),

0= F(t,u,z(D)) — Ft,u,z) £ -9, F(t,u,z))[z—z(D]

- - (72)
= |0, Fl, u, zU)lz) = Zll .2,

where, in the last inequality, we have used the characterization (18) of the slope
with respect to z. By (70), we know that along a suitable subsequence /; — +o00 we
have [a_ F|(t, u, z(I;)) — 0, so that F (¢, u, z(lj)) — F(t, u, 7). By monotonicity
of | — F(t,u,z(l)), we therefore get that F(t,u,z(l)) — F(t,u,z) asl —
+o00. Hence, we deduce that |Vz(/)||;2 — [IVZ| 2, which in turn implies the
convergence of z(I) to 7 in H'(£2).

In order to prove (e), we define € := inf {l > 0 : F(t,u, z()) = F(t,u,2)}.
If ¢ < +oo then, being Z the unique minimizer of {F(t,u,z) : z € Z,z <
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zo}, we have z(I) = 7z for every I = £. In general, for almost every [ < 7, we
claim that |0 F|(z, u, z(l)) # 0. By contradiction, if |3 F|(z, u, z(I)) = 0, then
z(l) = argmin {F(t,u,z) : z € Z, z < z(I)}. Since 7 < z(I), we would get that
z(l) = 7, which contradicts the assumption/ < €. Therefore, [0 Fl(t,u,z()) #0
for almost every / < £. This implies, together with (68), that ||z/(1)| ;2> # O for
almost every [ < £.

The proof of property (f) is similar to the proof of (48) in Theorem 3, but we
have to take care of the monotonicity of / + z(/) and of the different norm of
the gradient flow. By strong convexity, see (24), there exists a positive constant ¢
independent of z, u, and ¢, such that

cllz =zl £ @F @, u,2) — 0.F @, u, z(ONIE — 2]
=0 F(t,u, z()[z — z(D)]
10, FI, u, zU)NZ — 2Dz = 107 FIt, u, z)IZ = 2Dl g1,

A

A A I

which implies
IZ = zDll g = Clo; FI(t, u, z(1) (73)
for some positive constant C. Combining (73) with (72) we get
(F(t,u, z(D) — F(t,u, 20" < Cla; Fit, u, z(1)). (74)

Exploiting (74), we can now perform a Lojasiewicz argument: by (68), (74),
and by the monotorlicity and absolute continuity of [ — F (¢, u, z(l)), for almost
everywhere / € [0, £) we have

— 2%( F(t,u, z() — F(t, u,Z))%

= (F(t,u,z()) = F(, M,Z))_%If?{fl(t, u, zNNZ D2
2 CllZ Dl 2 (75)

Therefore, inequality (75) implies that for every £ € [0, £),
4 l d 1
f Z' (D] 2dl —ZC/ 5(]-"0, u,z(1)) — F(t,u,2))* dl
0 0
1
<2C(F(tu, 2% — Ft,u,2)?.
In the limit as £ — 400, from the previous inequality we get
+o0 1
/ 12Dl 2 dl < 2C(F(t,u, 2% — F(t,u,2))?. (76)
0
By convexity, we have that
1
(Ftu, 2% = F(t,u,2)?
< (= 8.F(t,u, 00z — )2
1
< (0:F (1, u, DIE = 21 = 9. F (t,u, 20z = 2°1)2, (77)
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where, in the last inequality, we have used the fact that 9, F (¢, u, Z)[zo —7] =0,
by minimality of Z.
The right hand side of (77) is

(0. F(t,u,2) — 8. F(t,u, 2%z - 2°1

= [Q (W@ — 1 &)@~ ") (uleam + g + clel u + g(1)?) dx

+/X2 (f@ - &)@ -"dx +VZ - V3,
Applying Holder inequality to the first term of the right-hand side of previous
inequality with % + % = 1 and recalling that 0 < z(I) < z¥ < 1, and that
h, f € CL1([0, 1]), we deduce that

(0.7 1.2 = 0.7, 20) 2 = 2]
< /Q W' @) — 1 E)N1Z - 2O (ulea(u + g + klef (u + g())?) dx

= 02
+ Cllz— 2 (78)

< C/ 7= P (uleau + gD + kled (u+ g)P) dx + Cllz = 20|13,
2

< Clz =205, llu + g5 + Cliz = 213,

SCA+ llu+ g3 )Nz =203,

Thus, combining inequalities (76)—(78) we get

+0o0 1
/0 12 Dl2ds < CA+ llu+ gD 17 = 2l 1.

This concludes the proof of the theorem. 0O

As in Corollary 2, we define here a reparametrization of [ € [0, 400) which
makes the gradient flow of Theorem 4 1-Lipschitz. Again, this reparametrization
will be used in Section 5.

Corollary 4. Let p € (2,400) be as in Lemma 3, let (t,u, zo) e [0,T] x
WP (2, R2) x Zwith0 < 20 < 1, let 7 := argmin {F(t,u,z): z € Z, z < 70},
and let z be the gradient flow computed in Theorem 4 with initial condition z° and
parameters t and u. Given le [0, +o00] as in (e) of Theorem 4, let us set

l 14
L(2) :=/ 1Dl 2dl and  A(£) :=/ 1z' (D]l 2dl for e € [0, £].
0 0
Moreover, let p: [0, L(z)] — [0, €] be defined by p = 271 Then, the function
¢ = 7z o p belongs to the space WH>°([0, L(z)]; L*(2)) with ||’ (s)]|,2 = 1
almost every in [0, L(z)], £(0) = z°, ¢(L(z)) =7, and

f(t,u,é(S))=f(t,u,zo)—/0 10 FI(t, u, $(@)Ig" (@)l 2 do. (79)
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Proof. We notice that p = 2~ is well defined in view of (e) of Theorem 4. As
a consequence, also ¢: [0, L(z)] — Z is well defined and satisfies {(0) = 20,
C(L(z)) = Z,and ||£'(s)|l;2 = 1 for almost every s € [0, L(z)]. By (b)—(d) of
Theorem 4 we have that

¢
F(t,u,z(£)) = F(t,u, ZO) —/ [0, FI(t, u, zNZ D) 2dl - fore e [0, 7].
0

By the change of coordinate / = p (o) for o € [0, L(z)] we deduce (79). O

Remark 8. In the notation of Corollary 4, we notice that, as a consequence of
Theorem 4,

L(z) SCU A+ u+ gDy’ = Zl 1.

5. Proof of the Convergence Result

We develop in this section the proof of Theorem 1. We follow the main struc-
ture of [24]. We start with constructing a time-discrete evolution by an alternate
minimization algorithm. Next we interpolate between all the steps of the scheme
with respect to an arc-length parameter in a suitable norm. Since the energy F is
not separately quadratic, in this context there are no intrinsic norms stemming out
from the functional, as it happens in [24]; in our framework, instead, it is natural to
use the H '-norm for the displacement field « and the L>-norm for the phase field z.
The latter technical choice is due to the existence of a unilateral L?-gradient flow
(see Theorem 4) which in turn is related to the irreversibility of z along the whole
algorithm.

In Proposition 6 we prove compactness of the discrete parametrized evolutions.
We characterize the limit evolution in terms of equilibrium and energy-dissipation
balance (see (d) and (e) of Theorem 1). The proof of equilibrium and of the
lower energy-dissipation inequality follows from lower semicontinuity of the func-
tional F and of the slopes |3, F| and |0 F|. The technically hard part comes with
the upper energy-dissipation inequality (see Section 5.3). Comparing with [24],
here we can not employ a chain rule argument, since the evolution z is quali-
tatively the reparametrization of an L>-gradient flow, instead of an H'-gradient
flow. For this reason, we need to exploit a Riemann sum argument (see, for ex-
ample, [18,32]). In this respect, the starting point would be the summability of
[0, FI((-), u(-), z(-)), which does not follow from the energy estimates, since
we are only able to control [3. F[((-), u(-), z(-))[|z'(-) |l 2. Nevertheless, we can
show that [3; F[(¢(-), u(-), z(-)) belongs to L' in the set where ||Z/[;2 # 0. At
this point, we can apply a Riemann sum argument in an auxiliary reparametrized
setting which, roughly speaking, concentrates the intervals where [|z'[|;2 = 0 to
an at most countable set of points, at the price of introducing discontinuities in the
displacement evolution, which, however, can be controlled a posteriori via chain
rule.
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5.1. Parametrization and Discrete Energy Estimate

Fork e N, k # Olet T :: T/k and tik = irk fori =0,...,k. We deﬁnethe
discrete evolutions u and v (in the time nodes L ) by induction. We set “0 = u
k 1 and z;_, we define u and z with the a1d of two auxiliary
sequences u and Z i defined as follows: let uk to = uf.‘_

for every j e N let

and zé = z() Given u
| and Zi,O = Zf‘_l, then

uj oy o= argmin {F @ u,zf ) u €U}, (80)
Zi(,j+1 := argmin {F(tF, uffj+1,z) cz€Z2,z5 Zf,j}- (81)

Note that 0 < 1.‘ i < 1 for every k, i, j and that the sequence z . is bounded

in H! (Q) and non- 1ncreasmg with respect to j; hence in the hmit as j — oo,
zf"j — zl weakly in H'(£2) and, by Proposition 2, ul‘j — "‘1 in WhA(2; R?) for

B € [2, p), where ui‘ solves
min {F (X, u, 2) : u e U}. (82)

Moreover, being g € W4 ([0, T]; WP (£2; R?)), by Lemma 3 we deduce that uf‘j
is bounded in W17 (£2; Rz), uniformly with respectto k, 7, j. By (81) we know that
|3‘]~"|(rk, k ,zk ;) =0for j = 1. Since ukj — uf in WA (2; Rz) and zk

z in H! (.Q) as a consequence of Lemma 4 we deduce that |3 F| (t k z;) =0.
Hence, zl is the solution of

min {}"(t z) z€eZ,z=< zk} (83)

Remark 9. In general it may happen that the alternate minimization algorithm (80)—
(81) converges after a finite number of iterations. Any way, this case is a special
one of the above scheme and it will not be treated separately.

Recalling the results and the notation of Theorem 2 and Corollary 2, for every
k, i, j there exists an auxiliary parametrized gradient flow a) e whe(o, L (a) )]

H'(£2; R?)) such thatw. .(O) = u a)i’j(L(a)i’j)) = 5(,/-5-1’ ”(ww) g =1
for almost every s € [0, L(a) )] and

f( a) (s) z )—.7:(1‘ /’ZlJ)
- /O 0, FI(tf . of (), 25 DIl @f ) (@)l do (84)
for every s € [0, L(wf{ j)]. Moreover, in view of Theorem 3 and Remark 7,
L(f ;) < Clluf; —ub il (85)

for some positive constant C independent of k, i, j.
Ina similar way, by Theorem 4 there exists an auxiliary parametrized gra—

dient flow { belonglng to WLo([0, L(; )] L2(£2)) such that ; (O) = zl E
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GSE ) = 2 @) 6) £ 0 and (161 @)ll2 = 1 for almost
every s € [0, L(g“l.’fj)], and
FOE s s Gy (90) = F w41, 21 )
N
— /0 07 FItf uf 10 &5 oD@ ) (@) 2 do
(86)

for every s € [0, L({l.”c j)]. Furthermore, by Theorem 4 and Remark 8 we have
LGt ) S CA A+ uf ; + gDl izl ; — 281 lan (87)

for some positive constant C independent of k, i, j.In view of the uniform bounded-
ness of uf -in W2 (£2; R?) (see Corollary 1) and of the regularity of the boundary
datum g, inequality (87) can be rewritten as

L(g!) S Clizf ;= 2l (88)

for some positive constant c independent of k, i, j.
We now start showing a uniform bound on the arc-length of the alternate min-
imization scheme (80)—(81). This is done by estimating the term

k oo
Sei= )Y L(af )+ L5k (89)

i=1j=0
uniformly with respect to k € N.
Proposition 4. There exists S € (0, +00) such that Sy <'S for every index k.

Proof. In this proof we denote with C a generic positive constant, which could
change from line to line.
Thanks to (85) and (88) we deduce that

k oo
k k k k
Sk é C E E (”Z,‘J - Zi,j.H”Hl + ””i,j - '4,‘,./.,_1”111)7 (90)
i=1 j=0

for C independent of k. Therefore, it is sufficient to prove that the right-hand side
of (90) is uniformly bounded.

For j = 0, applying Corollary 1, recalling that zf’ 0= zﬁ.‘_l and that the boundary
datum varies, we have that

k k k k
||ul-)1 - ui,()“Hl < Cllg(t) — gt;_Dllwrp-
Moreover, by Proposition 1,

Iz — zEolig < CUluky — uf ol + g — gt Dl
< Cllgth) — g Dl
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For j 2 1, in view of Proposition 1, we have

k k k k
||Z,',j 3 j+1 Il g1 < C””,',j — Ui 41 g1 oD

By (30) in Corollary 1, recalling that for fixed £ the boundary datum does not
change, we can continue in (91) with

lzf; — 2k il S Clizk; — 2yl 92)
for some exponent v > 1. The rest of the proof follows [24, Theorem 4.1]. O

At this point we are ready to define a new paramctrization of the graph of the
evolution in terms of the arc-length of the curves a) . and ;“ , connecting all the
intermediate steps of the alternate minimization scheme (80) (81)

We set S() =0, 7(0):= 0, up(0): = u(), and 7z (0): = z() For every i = 1,

assume to know sk | and let us construct s . We define s = sf‘_ | and, for
jz0,
k ._ k k ok k |
SL0°= St T T S 1= S+ L@ ), = u+‘ + L&) (93)
In view of Proposition 4, we have that there exists a finite limit sf of the sequence sf j
as j — oo. For every s € [sl 1 .0] we define
ok k ok ok
()=t +(—s_p, uls)=u;_y,  zk(s):=2z_. 94)
S ko
For j 20ands € [st’],si’H%] we set
. k k
i (s):=1; = ty(s; j)s
kN ip ok k
a) (s—s Niful . #Fut .,
up(s):= 14 I howi bt
ij uw+1 otherwise,
k k
2wls)i=zf ;= 2k ). (95)
: k
Finally, for s € [si’j Si.j +1] we define
f(s):=tf = tk(s |)
ue(s):=uk = ups* )
=+ K3 s
k k ek k
Ci (s =8, pifzi . #F=5 .,
)] 5 1] i,j+1
u@y={k Rias: . (96)
% =24 otherwise.

In the limit as s — s , we have that 7. (s) — tk(sk) = tk and zk(s) — z = zk(sk)
in H'(£2). As for uy, by Proposition 2 we know that u Fie u inwhp (.Q R?) for
every B € [2, p). As a consequence of the exponentlal decay (46) in Theorem 2,
we also deduce that uy(s) — u¥ =: ux(sF) in H'(2; R?).
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In view of Proposition 4, we may assume that there exists 0 < S < +oo
such that, up to a constant extension, for every k € N the triple (i, ug, zk) is
well defined on the interval [0, S], takes values in [0, T] x U x Z, and satisfies

t(S) = T. We notice that since uf‘ j are uniformly bounded in WLr(2; R?),

Theorem 2 implies that uy (s) is bounded in H L(2; R?) uniformly with respect to k
and s. It follows that also zfﬁ jare bounded in H'(§2) and hence, by Theorem 4, zx (s)

is bounded in H ! (£2) uniformly with respect to k and s. Moreover, as a consequence
of Corollaries 2 and 4 and of the above construction, we have

1(8) + lup g + Iz l2 <1 for almost everywhere s € [0, S1,
7

so that the triple (tx, ux, zx) € WH([0, S1; [0, T] x H'(£22;R?) x L*(R2)) is
bounded. We notice that #;, ug, and z; coincide with their Lipschitz continuous
representatives.

We collect in the following proposition the equilibrium properties and a discrete
energy-dissipation inequality satisfied by the triple (¢, ug, zx)-

Proposition 5. For every k, i it holds that
|00 F 1t (sF), ur (59 2 (s5)) = 0, 10 FI(t (), ur(s)). 2 (s5) = 0. (98)
Moreover, for every s € [0, S], we have
F (1 (s), ui(s), zk(s))
N
< F(0, ug, zo0) — /0 10, F|(tr (0), ur (o), 2k (0)) luy(s)|l 1 do
N
—/0 10, FI(tr(0), uk(0), zx (0)) llz3 (o) || 12 do

+ /0 P (0), ur(0), z2(0)) £(0) do, (99)

where we intend |3 F|(tx (o), ux (0), 2k (0)) llzj (o)l .2 = 0 if [z (o) 2 = 0.

Proof. The equilibrium equalities in (98) follow from the construction (94)—(96)
of the interpolation functions #, ug, and z; and from the minimality properties
of uy (sF) = u and z(s¥) = 2§ summarized in (82)—(83).

Let us show (99). Without loss of generality, we consider s € [0, S], where Sy
is defined in (89). Let k and i € {l,...,k} be fixed. For j = —1, for every



STEFANO ALMI & MATTEO NEGRI
s e[sk sk 1=1[s5, s5.] we have u (s) = z,(s) = 0 and, therefore
i,—10°i0d = 1220 k = <k = ) >

F(tr(s), ur(s), 2k (s)) = Ftx (s D), ur sk ), zu(sE )
+ f 0, F (), wk(0), 2(0)) (0) do

k
Si—1

= Flte (s D)o ur (¥ ), zi(sf)))

+/k Pt (0), ur(0), zk(0)) 1, (o) do

Si—1

= [ 10, F100). ). 21 Nt 5 o
Si—1

- /k 10, Fl(tr(0), uk(0), 2k (0)) llz ()| 2 do,  (100)
Si—1

where, in the last equality, we have used the definition of the power functional P

in (19) and (20). For every j = 0, we distinguish between s € [sfj, s:‘jJr Jands €
bt

[S;TH%’ sﬁj+1]. In the first case we have 7 (s) = z;(s) = 0 while [lu} (s)[l;1 = 1

for almost every s € [s¥

k 'h . .
. n, in vi f (84
,,J,Si’H%],te, view of (84),

F(tr(5), ur(s), 2 () = F (s )i (sy ), 2 sy ;)
— / uF1(1(0), ui(0), 2(0)) 1 (5) | 1 do

= Fu(sf ), ui(sy ), 2 st )
— / uFI(1(0). ui(0), 2(0)) 1 (5) 1 1 do

- /k |9 Fl(t(0), ur (o), zx(0)) 23 ()l 2 do

L]

+/kP(tk(a),uk(a),Zk(a)) 1 (o) do. (101)

In the second case we have 7, (s) = u;(s) = 0 while [z, (s)||;2 = 1 for almost
every s € [s;fj+%, sfj+l]; then, by (86),

Ft(s), uk (), 26(0) = Flue(sy 1)y, 1) 2675, 1)

- /k 10, Fl(tx(0), uk (), 2 (0)) llz3. () || 12 do
%J+%

_ k k k
= f(tk(si’j_,_%), uk(sl.+%), Zk(SH_%))
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- /k 19 Fl(t (), ur (o), 2k (0)) |z () 2 do

1

i<j+7

- /k 10uF (1 (0), ug (), 25 (0)) lluy(s)|l g1 do
Si,j+%

+ /k P(tx(0), uk(0), zk(0)) t;. (o) do. (102)
ST
Ljt5

Summing up (100)-(102), we deduce that for every s € [sk sk) it holds

i—1°°i
F(tr(s), u(s), 2k (8)) = Fte(sE_ ), ur(sF_ ), ze(sE)))

- /k 10 F (1 (0), ur (), 25 (0)) lluy(s)|| g1 do
Si—1
—fk 10, Fl(1x(0), ux (0), 2k (0)) llzx ()]l 2 do
+/k Pt (0), ur(0), zk(0)) ; (o) do.
Si—1

Passing to the limit as s — s;" by Lemma 2 we get

Ftr(sh), ur (s, 215 £ Foesk ), usF_ ),z sk )
s
-~ / | uF|(1:(0), (@), 2(@)) luj () g1 do
Si—1
k

- / 107 Fl0(0), uk (@), 26(0)) 124 (9)] 2 do

Sie1
;

+ [, P ). 20 o) do
Si—1

observing that the passage to the limit in the power integral is straightforward

since 7;(0) =0 foro € (slko, sf).

Finally, iterating the previous estimate with respect to i and combining again (100)—
(102) we deduce (99). O

5.2. Compactness and Lower Energy Inequality

In the following proposition we show the compactness of the sequence (#, ux, 2k )-

Proposition 6. There exist a subsequence of (ty, uy, zx) and a triple (t,u,z) €
Wl’oo([O, S1; [0, T] x Hl(.Q; R2) X L2(.Q)) such that for every sequence sy con-
verging to s € [0, S] we have

te(sx) — t(s), ur(sg) — u(s) in Hl(.Q; ]Rz), 2k (sk) — z(s) weakly in Hl(.Q).
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Moreover,

|t ()] + ||u/(s)||H1 + IIZ/(S)IILz <1 foralmosteverys € [0, S].
(103)

In particular, s — t(s) is non-decreasing and t(S) = T

Proof. In view of (97), we have that there exists a triple (¢, u, z) in the space
Wl’oo([O, S1; [0, T1x H! (£2; ]R2) X Lz(.Q)) such that, up to a subsequence, (f, ux,
2%) — (t,u, z) weakly* in WH>°([0, S1; [0, T] x H'(£22;R?) x L?*(£2)). In par-
ticular, for every s € [0, S]if sy — s we have

fi(sk) = £(s), ug(sp) — u(s) in H'(2; R?), z¢(s) — z(s) in H' (),
(104)

the latter being a consequence of the boundedness of z; (') in H'(£2) uniformly
for o € [0, S]. Inequality (103) can be obtained from (97) by integration and by
weak lower semicontinuity of the norms. It is easy to check that s +— 7(s) is
non-decreasing and that 4. (S) =T — #(S) =T.

It remains to show that, along the same subsequence, uj; converges strongly
in H($2; Rz) pointwise in [0, S]. Let us fix s € [0, S] For every k, let iy €
{1,...,k} and j € NU{—1} be such thats € [s +1)- We have to distin-

. ks Jk’ lk Jkt
guish between three dlfferent cases: up toa further (non- relabelled) subsequence,
k k
either s € [slk —1 S0, 0) ors € [slk X sl, et 1) ors € [s +,,s1k jk+1) for
every k, see (94)—(96).
In the first case, for every index k we have that ui(s) = ufk | = Uk (sl]i D

and zx(s) = sz 1 zk(slk - If iy = 1 for infinitely many k, then uk(s )=
ur(0) = ug and there is nothing to show. Let us therefore assume that iy 2 2 for
every k. Hence, by (82) we have

k : k k .
u(s) = u; _y = argmin {F(&; ., u,z; ) u €U}

= argmin {.7-"(t u, zx(s)) 1 u € U}.

ir—1°
Sincesl.kk’o—sli_1 =1 — 0ask — oo and f;(s) :t l—i-(s—s _1), we
have that#;, -1 — #(s). Moreover, z(s) — z(s) weakly in H (£2) by (104). Thus,
applying Proposition 2 we deduce that uy (s) — i strongly in H'(£2; R?) where
u € argmin {F(¢(s), u, z(s)) : u € U}. Since ui(s) — u(s) by (104), it follows
that i = u(s) and that the ux(s) — u(s) strongly in H'(£2; R?).

In the second case we have s € [slk X sk 4l ) for every k. Here we want to
Uy JkT73

apply Proposmon 3, and we use explicitly the parametrization pj of the gradient
flow a) from Corollary 2. As a first step, we show that, up to a subsequence, the

initial COHdlthIla) (O) = u j, converges to some u strongly inH! (.Q R2). If,

up to a further subsequence ]k = 0 for every k, we have w O(O) uf?kfl ,
thus by (82) we know that

k ; k k .
uj,_y = argmin {F (& _y,u,z; ) u €U}
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Given that t,k _1 = tx(s) — T, we have that tl.’;_l — t(s) ask — oo, while, along a

k

subsequence, we have zX . — z* weakly in H'(£2) for some z* € Z. Therefore,

ir—1
again by Proposition 2 we get that u} o — u* in H' (.Q' R?). In a similar way,
if jr = 1 for every k large enough, we have a)lk i 0) = ulk i and, using (80), we

get

uk = argmin (Fk u, 2 ):u €U}

ik Jk i o Zig, ji—1

*

Then tk = t;(s) — t(s) as k — oo, while, up to a subsequence, ZF -z

ik Je—1
weakly in H'(£2) for some z* € Z. As above, by Proposition 2 we conclude that

ui.‘k e u* in H'(£2; R?). In all the cases, we have that the initial condition of the
k

reparametrized gradient flow w; e

us consider the parametnzatlon P (s —

converges in H'(£2; R?) to some u*. Now, let

sk
Si. Jk

2 Ik) — p € [0, +o00]. Since t (s) — 1(s), zx (s) — z(s)
weakly in H'! (.Q) and a),k i (0) — u* in H'(£2; R?), from Corollary 3 we deduce
thatug(s) = a)lk i (s— Sic. jk)admltsastrong limit & in H!(§2; R?). In view of (104)
W = u(s) and uy (s) — u(s) strongly in H'(£2; Rz)

Finally, let us consider the case s € [sk

) € [0, +00). Up to a subsequence, we
may assume that pg (s — sk

et d lk jk_H)foreveryk Then, 1, (s) =
Jk

and ui(s) = uk By the construct10n of u¥ | in (80), we have that

i i, jk+1° ik, jk+

T u e Ul

ur(s) = lk 1 = = argmin {]—"(tlk, Z,. jk) :

k
ik, Jk

in H'(£2) for some z* € Z. We are in a position to apply again Proposition 2,
which implies the strong convergence of uy(s) to u(s) in H L2: R?).

Combining the three cases described above, we have shown that every subse-
quence of uy(s) admits a further subsequence converging to u(s) in H'(£2; R2).
Hence, the whole sequence uy(s) converges to u(s) in H 1(§2; R?) for every s €
[0, S]. Noticing that, by (97), llug(sk) — ux ()l g1 < sk — s|, we conclude the
proof. O

Again, we know that tk — t(s) and that, up to subsequence, z: . — z* weakly

We are now in a position to prove the lower energy-dissipation inequality for
the triple (¢, u, 7).

Proposition 7. Let g, ug, and zg be as in Theorem 1. Let (t, u, z): [0, S] — [0, T]x
U x Z be given by Proposition 6. Then (t, u, z) satisfies (a)—(d) of Theorem 1 and
for every s € [0, S] it holds that

F(t(s), u(s), z(s)) = F(0, uo, zo) —/0 |9, F1(2(0), u(0), 2(0) llu' () 1 do
—fOA 92 FI(t(0), u(0), z(0)) 12'(s) ]| 2 do

+/ P(t(0),u(0), z(0)) 1 (o) do. (105)
0



STEFANO ALMI & MATTEO NEGRI

Proof. We have already seen that the function s + #(s) is non decreasing and
such that 7(S) = T. Thus, condition (b) is satisfied.

From inequality (103) we get (a). Moreover, being s +— zx(s) non-increasing
for every k € N, it is clear that the pointwise limit s — z(s) is non-increasing, so
that (¢) holds.

Let us now show property (d). For every s € [0, S] of continuity for (z, u, z)
we can find a sequence s,,, € [0, S]suchthats,, — s andz(s,,) # t(s) for every m.
Withoutloss of generality, we may assume thats,, < s. Since #; converges pointwise
to ¢, we can construct a subsequence kj, such that #, (s,) # #,, (s) for every m.
By construction of the interpolation functions f, (see (94)—(96)), there exists a

sequence of indexes i, € {1, ..., k;,} such that, up to a further subsequence, one
of the following conditions is satisfied:
m km km km km km
s €l 15" ) Or Sy < ;" <8 <sor 5;" 1 < Sm < 5;"0 <.

: ki ki ki
In any case, since |sim’0 — sim_1| < 1, and s, — s, we have that s;" ) > sas

m — 00. In view of (98) of Proposition 5, we know that

k k k
|0uF | (1, (3" )tk (85D 2k, (537 )) = O,

ik,
- km kU‘I km —_
107 F 1tk (3" )tk (55" ). 2k, (537 ) = O

(106)

By Proposition 6 we know that #,, (sfr::’_l) — t(s) in [0, T'], u,, (sikn’l"_l) — u(s)
in H1(£2; R?), and ko (s{c'" ) — z(s) weakly in H(£2). Hence, applying Lem-

il —1
mata 4 and 5 and passing to the limit in (106) as m — oo we get the equilibrium

conditions (d).
The proof of the lower energy-dissipation inequality (105) is divided into two
steps. Clearly, the starting point is (99), that is,

F(tr(s), u (s), zx () = F(O, uo, zo)
—/0 10, F (1 (0), ur (o), 2k (0)) luy ()|l g1 do
—/0 10, FI(tr(0), uk(0), 2k (0)) llzx ()l 2 do

+ /0 Pte(0), ug (o), 2 (0)) (o) do. (107)
Step 1: Slopes By (104) and Lemma 2 we get
F(t(s), u(s), z(s)) < likm inf F(te (s), ur(s), zix(s)).

Let us take the limsup in the right hand side of (107). The inequality
N
/0 10, F|(2(0), u(0), 2(0) lu' ()l g1 + 197 FI(2(0), u(0), 2(0)) 12/ () ;2 do
N
< timinf ([ 10,1000 1400, 210D a5
k— o0 0

+ 10, Fl(tr(0), uk (@), 2 (0)) Iz ()1l .2 dU) (108)
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follows, for instance, from [8, Theorem 3.1]. Let us see how our setting fits into
the framework and the notation of [8]. We set X = [0, T] x H'(£2; R?) x {z e
H'(£2;10,1) : llzllg1 £ R} and & = H'(£2; R?) x L?(£2). The space X is
endowed with the strong topology in [0, T'] x H'(£2; R?) and the weak topology
in the ball of H'(£2). Being the latter metrizable, X is a metric space. The space &
is endowed with the weak topology. For x = (¢, u, z) and for & = (u/, 7') the
integrand is

I(x, &) = 102 FI(t, u, 2) 'l g1 + 197 FI(t, u, 2) 12 M2 3f 12l 2 # 0,
’ 10 FI(t, u, 2) [l g1 if 2"l L2 = 0.

Clearly! > 0.Letuscheckthatl(x, -) = [(t,u, z, -, -)isconvexin & = H!(£2; R2)x
L2(£2).1f |97 F|(t, u, z) = +00, then

[ +oo 12 #0,
M. 8) = { 19, F 1t 10, 2) |1 it 122 = O

= 10, FI(t, u, 2) lu'll g1 + X=0y

where x denotes the indicator function. Hence, /(x, -) is convex, since it is the sum
of convex functions. If |0 F|(t, u, z) < 400, then

1(x, ) = |0 F|(t, u, 2) llu'll g1 + 10, FI(t, u, 2) 12 2,

which is convex w.r.t (u/, 7). We now show that /(-, -) is sequentially lower semi-
continuous in X x 5. Let (u, z;) — (u', ') (weakly) in & and let (#x, ux, zx) —
(t, u, z) in the metric of X, thatis, fy — ¢, uy — u in Hl(.Q; ]Rz), and z; — 2
in H'(£2). We notice that by Lemma 5 and the fact that |3, F| < +00 on X,

19 FI(t, u, 2) 1| g1 = lim inf |0, F[(ti, u. 2k) [AE (109)
— 00

If ||z'|| ;2 = 0, then (109) is enough to show lower semicontinuity of . If ||z'|| ;2 # 0
and |0 F|(t, u, z) = 400, by the lower semicontinuity of the L2-norm we have
that [|z; [|;2 > 8 > 0 for some positive § and for every k sufficiently large. Thus,

1ikminf 10, FI(tk, uks zi) lzg ll 2 2 31ikminf 10, F1(tk, uk, zx) = +00, (110)
— 00 — 00

where the last equality follows from Lemma 4. If, instead, [|z'|| ;2 # Oand |9 F|(z,
u,z) < +oo, then Lemma 4 implies

19 FI(t,u, 2) 1212 = lim inf [3;" (¢, ug. 2i) lzill 2 (111)

Collecting inequalities (109)—(111) we deduce the lower semicontinuity of /.

By Proposition 6 we know that x; = (#, ux, zx) converges pointwise in [0, S]to
x = (¢, u, z) with respect to the metric of X, and thus in measure. Moreover, again
by Proposition 6, we have that & = (u}, z;) converges to & = (u', z') weakly*
in L®((0, S); H'(£2; R?) x L?(£2)) and thus weakly in L'((0, S); H'(£2; R?) x
L2(£2)). Hence, (108) holds.
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Step 2: Power We claim that

f P(t(o), u(o),z(0))t'(c)do
0
= lim / Pte(0), ux(0), 24 (0)) (o) do. (112)
— 00 0

Let us fix s € [0, S]. By definition (19) of P we have that

/OA Ptk (0), ux(0), zx(0)) t;.(0) do
Z/o LaeW(Zk(O’),G(Mk(O')+g(tk(O')))):e(g(tk(g)))tlé(a)dxdo,-

In order to show (112), we will prove that €(g(tx ()7, (-) — €(((-))'(-) in
L9([0, S]; L?(£2; M2)) and that 8¢ W (zx (-), € (ux (-) + g(t(-)))) converge to d¢ W
(2(), €(() + g(t()))) in LI ([0, ST; L?(£2: M2)).

Let us start with the latter. Remember that

0eW (2, €(u + 8)) = 2h(2) (neau + g) + kel (u + 8)) — 2ce, (u + ).

For every o € [0, S], by Lemma 1 and since #x — ¢, uy — u in Hl(.Q; Rz),
and zz — 2z In L2(.Q), we have that, up to a not relabelled subsequence,
0e W (zk (0), €(ug(0) + gtk (0)))) — 3¢ W(z(0), €(u(o) + g(t(0)))) almost ev-
erywhere in £2. Since zx (o) takes values in [0, 1], we can apply (c¢) of Lemma 1 to
deduce that

|0 W (24 (0), €(ug (o) + g (0)))| < Cle(ug (o) + g (o)) (113)

for some positive constant C independent of k. Therefore, by dominated con-
vergence 0e W (zx(0), €(ur (o) + g(1x(0)))) — 9eW(z(0), €(u(o) + g(1(0))))
strongly in L2(.Q; Mf). Next, uy and g ot are bounded in L*° ([0, ST; H! (£2; Rz)),
in view of (113) and of the previous convergence we deduce that

0e W (zk (), € (i (1) + (1 (1)) = 3 W(z(), €(u () + g(1(1))))

strongly in Lq,([O, S1: L2(£2: Mf)) (actually, in L" ([0, S]; L*(£2; Mf)) for every
vV < 400).

As for e(g(tx(+))) t,/c(-), we proceed by a density argument. Indeed, by den-
sity of C1([0, T1; L?(£2; M2)) in L9([0, T]; L*(£2; M2)), for every § > 0 there
exists E € CL([0, T1; L?(£2; M2)) such that

lE — f(g)”m([oj];LZ(Q;Mg)) <6, (114)
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Using a change of variables, that t,é (o) £ 1 for almost every o € [0, S], and (114),
we have that

S
/0 IE@(@) () — @@ @)%, do
S
< [C1EG @) — eI o) do

T
= /0 IE@) — €(g0))},dr < 87. (115)

The same inequality holds for E(7(-)) '(-) — €((t(-))) ().
Letus now fix ¢ € L9 ([0, S]; L2(82; M?)). Simply by adding and subtracting
(E oty) t and (E o 1) t', we have that

N
| [ (cewomiio - et@ni©)pardo
0 J
S
= /0 /Q (Gt (@) - E@(©@) f(©)): g dx do
S
+ / f (E@@) 1(0) ~ Et(©) ' ©@)): ¢ dx do
0 Jg

S
+/ / (E(t(a))t’(a)—e(g(t(o)))t’(a)):<pdxdo. (116)
0 2

By (115), the first term on the right-hand side of (116) can be estimated by

S
/0 /Q (€GN @) = E@@) 1(@)): 9 dxdo < 810l 0 o 511222

The same estimate holds for the third term on the right-hand side of (116). Recalling
that z; — t weakly* in W1°°(0, §) and that E € C([0, T1; L*(£2; M2)), we get
that E oty — E ot strongly in L7([0, S]; L?(£2; M2)) and trp — t'¢ weakly in
L9([0, S]; L2(£2; M2)), so that

S
lim / f (E(tk(a))z,g(a)—E(t(a))t’(a)):gpdxdo=0.
0 2

k— 00

Collecting the above inequalities, taking the modulus of (116) and passing to the
limsup as k — 0o we obtain

S
tim sup | /O /Q (G@©@N) ©) - @U@ '©@)):pdrdo|

k— 00
= 2809l o.s1: L2202
Hence, passing to the limit as § — 0, by the arbitrariness of the function ¢ €

Lq/([O, ST L2($2: Mf)) we deduce that e (g(# () 1, (-) convergestoe(g(¢(-))) t'(-)
weakly in L4([0, S]; L2(.Q; Mf)), and this concludes the proof of (112). O



STEFANO ALMI & MATTEO NEGRI

5.3. Upper Energy-Dissipation Inequality

This section is devoted to the proof of the inequality
S
F(t(s), u(s), z(s)) = F (0, uo, z0) — /0 10, F1(2(0), u(0), 2(0)) [l (s) | g1 do
N
—/0 10, Fl(1(0), u(0), z(0)) 12 (s) | 12 do
N
+ [ Pe@.u@). o0 @)t
0
for the triple (¢, u, z) defined in Proposition 6.
The function z belongs to W1-°([0, S1; L2(£2)) N L>([0, S]; H'(£2)). There-
fore, z is differentiable almost everywhere in (0, S) with z/(s) € L?(£2). We set

7/(s) = 0 for every s € (0, S] of non-differentiability for z. Clearly, this does not
change the differentiability properties of z, the representation

z(s) = z0 +/ 7 (0)do,
0

and the energy-dissipation inequality above. In what follows we need the following
auxiliary piecewise constant interpolation functions

ko k

i llfae[l 1S l)
k
l

t (o) = tik ito els k) (117)
5
uf_y ifo e lsf_y s ),
u, (o) == iy i ] (118)
Wi ity ifo e [sk ]+§’Sz H%) j =20,
wheretk lj, lj,ands ,j,keN,i =0,...,k,have been defined in Section 5.1.

We now discuss the convergence of ¢; and u;.

Lemma 6. The sequence t; converges pointwise in [0, S and weakly* in L*°(0, S)
to the function t (-) defined in Proposition 6.

Proof. Recalling the definition of the affine interpolation function 7 in (94)—(96),
we have that 1, (o) = (o) if o € [s L l] while |1, (o) — (o) S 1 if
o€ [sf’_l,s;‘l]. |

°2

Lemma7. Let 0 € (0,5) be such that 7'(6) # 0. Then, u;(c) — u(o) in
HY(£2:R?).

Proof. We actually show that there exist a subsequence &, and a sequence 0;,, — o
such that o, < o and uy, (o) = u ko (o). From this property and Proposition 6
the thesis follows.
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Since 7/(0) # 0, there exists § > 0 such that z(s) # z(o) for every s €
[c — 68, 0). Let us fix a sequence §,, N\ 0. Since, by Proposition 6, z; converges
to z in L2(.Q) pointwise in [0, S], for every m we can find k,,, > k;;,—1 such that

2 (O — 8) # 24, (0).

We deduce that there exists a point o,,, € (0 —34,,, o) with z,’(m (0,,) # 0. Moreover,
by definition of the interpolation function zx in (94)—(96), zk, changes only in

intervals of the form [s("‘? 1)- Therefore, there exist suitable indexes iy, jm

lj+

k
m
such that o, € [slm el zm,/m+l)

For every m, there exist two indexes A, Vi such that o belongs to

T T , ,
[s;" Yn? S Yt ). We now distinguish three different cases, according to the value

of y,, (along an infinite sequence of indexes m, not explicitly indicated):

— ifyy, = —1,theno € [s]/{z_l, sfz o) and uy (o) = ui’;_l = uy,, (o), so that
we could simply set crm =0,

k
—if > 0and o €[5 , 85"
Ym = [ }-m»V;71+1 )L Yt

and, as before, we set 0y, := 0;

i > Kim
if 5, 2 0and o € [skm,ym’s,\m Ytk

k
), then Uy (o) = )\m 1 = Uk, (0),

k
" 1), then we have uy (o) = x’,’; =
km k"l

K . -
Uk, (S, ). Since 0, < o with 0, € [Sim,jer%’ i im

either i, < Ay, Or iy, = Ay and j,, < yp; in any case

+1), we have that

- Lk <k <
Om = Slma]rn+1 = S)tm»Vm =0

. _ k
Since o, — o, we also deduce that 5" > 0550 that we set oy, = s,
msym

msYm”

O

Lemma 8. Let 0 € (0, S]. Assume that there exists a sequence oy, /' o such that
om < o and /(o) # 0 for every m. Then, u;, (o) — u(o) in H'(£2;R?).

Proof. For every o, we have u; (6,,) — u(cy,) in H'($2; R?) for every m € N.
Hence, we can extract a subsequence k, such thatu; (o) — u(o) in H L2:R?)
asm — 00.

To conclude also that u; (o) — u(o) we discuss the mutual position of oy,
and o. As in the previous Lemma, we could have:

—ifo e [sy” _ .5y ) thenwy (0) = uy" | = uy,, (o) and uy,, (6) — u(0)
in H'(2: RY);
. o o _ _
- ifo € [skm,ym-i-%’ Sxm,ym+1)’thenﬂkm (o) = Uyt = Uy, (o)anduy,, (o) —
u(o) in H'(£2; R?);
— om0 € sy, s Ditheny (0) = g, (o) — u(e)in H' (21 R);
ms ym ms¥Ym 7 m
ki ki ki km
— ifo e [S)W Y sknhym+%)andam € [s ]m,slm ]m+1)Wlth ms Jm) Z Qs Ym)

then, being 0, < o, we have that elther Im < Am O iy, = Ay and ji < Vi

< k < k»l <
In both cases we have oy, < s; Sl =S, S 0. Thus, the sequence of



STEFANO ALMI & MATTEO NEGRI

nodes s])f’; . converges to 0. We deduce that ko (o) = ug, (s])f: ym) — u(o)

in H'(£2; R?).

Repeating the above argument for any subsequence k; of k we conclude the
thesis. O

Let us define the set
U :={o € (0, 5] : there exists 6, /' 0 s.t. 6, < o and /(o) # 0}. (119)

Inview of Lemmata 7 and 8, forevery o € U wehaveu; (o) — u(c)in H'(2;R?).
Viceversa, we still have no information on the set U¢ := (0, S]\ U. In the following
lemma we show the structure of U°€.

Lemma 9. There exist countably many s; < si+ in [0, S] such that

v =Jes s,

ieN
where the intervals (s; sl.+ ] are pairwise disjoint.
Proof. First, note that
U¢={oe(0,S]: Z(c) =0and there isno 5,, / o s.t. 7' (0,,) # 0}.

Clearly o € U¢ if and only if there is no sequence o, ' o such that 7’ (o) # 0.
This implies that z is constant in a left neighborhood of o. Then, if z is differentiable
in o we have 7' (o) = 0, if it is not differentiable in o then z'(0) = 0 by convention.

It follows that for every o € U there exists a left-neighborhood U, of o
in (0, ST such that U, C UF¢. Indeed, for every o € U° we have that 7’ has to
vanish in a left-neighborhood of ¢ in (0, S]. We denote this left-neighborhood
with U, C U°.

We first write U€ as the union of its connected components

U= L,
acA
where A is some set of indexes. From what we have seen above, each I, contains

at least an interval. Therefore, U¢ can be actually written as the union of countably
many connected components:
ve=Jn.

ieN

For every i € N there exist s < si+ such that (s; , si+) CL Cls, si‘"]. Since
every point in U admits a left neighborhood contained in U¢, we deduce thats;” ¢
I;. On the other hand, sl.+ € I;. Indeed, 7'(o) = O for every o € I;, so that z is
l.+ we get z’(si+) = 0, if z is not
differentiable in sf then z’(s;r) = 0 by convention. This implies that s;r e I;. All
in all, we have proved that each connected component /; is of the form (s;”, sl.+ ]
for suitable 5;” < s;r e [0,S8]. O

constant on [;. Hence, if z is differentiable in s
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We set R := § — |U¢| and define the absolutely continuous function
N
B(s) = / 1y(c)do  forevery s € [0, S]. (120)
0

Lemma 10. The following facts hold:

(a) B: [0, S] — [0, R] is 1-Lipschitz continuous, non-decreasing, and surjective;

(b) let B := {0 € [0, S] : B is not differentiable in o or B'(c) # 1y(o)} U U,
then |B(B)| = 0;

(c) if B is constant in [a, b), then z is constant in [a, b] and (a, b] C U€.

Proof. It is clear that 8 is non-decreasing and 1-Lipschitz continuous. More-
over, 8(0) =0 and B(S) = |U| = S — |U¢| = R, so that 8 is onto [0, R].

Since |{oc € [0, S] : B is not differentiable in o or f'(c) # 1y(o)}| = 0
and B is Lipschitz, we have that

|IB({o € [0, S]: B is not differentiable in o or B'(0) # 1y (0)})| = 0.

As for B(U¢), we have thatif s € U, then there existi € Nands; < sl.+ such that
s € (57,571 € UC Hence, B(s) = B(s7) = B(s;) and BWUC) = (B(s])}ier,
thus |8(U€)| = 0. All in all, we have shown that |8(B)| = 0, so that (b) holds.

As for (c), we have that if 8 is constant in [a, b] then B/ = 0 in (a, b). Be-
ing B'(0) = 1y (o) almost everywhere in (0, S, we deduce that |(a, b) \ U¢| = 0.
Therefore, for almost everywhere o € (a, b) we have 7/(o) = 0, which, together
with the continuity of z in [0, S], implies that z is constant on [a, b]. From this we
get that 7'(0) = 0 for every o € (a, b). Hence (a, b) C U°€. As for the point b, the
only possibility to have b € U is that z is differentiable in b with z/(b) # 0. But
this can not happen, since z is constant on [a, b]. Thus, b € U¢. 0O

We now introduce the “right-inverse” of §:
a(r) :=min{s € [0, S]: B(s) =r}. (121)

The function « is well-defined on [0, R] because of the continuity of . Its main
properties are listed in the next lemma, where we denote with ™ the left and right
limit of «, where they exist.

Lemma 11. The following facts hold:

(a) « is strictly increasing and left-continuous,

(b) Bla(r) = Bla™(r) = rforeveryr € [0, R], a((s)) < sforeverys € [0, S]
and a(B(s)) = s foreverys € U;

(¢) « is differentiable in (0, R) \ B(B) witha/(r) = 1.

Proof. The function « is strictly increasing since S is increasing. Hence, left and
right limits of « exist in every point of (0, R).

In order to prove the left-continuity of «, we first notice that, by construction,
we have B(a(r)) = r for r € [0, R]. Since « is strictly increasing, it is clear that
o~ (r) = lim, A7 a(r) < a(F). To show the opposite inequality, we consider the
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equality B(x(r)) = r and pass to the limit as » 7 7, which gives B(a™ (¥)) = 7.
From the definition of o we deduce that a(¥) < o~ (¥). Therefore, o~ (7)) = «(7)
and « is left-continuous.

Let us now prove (b). The equality S(«(r)) = r has been already shown while
the equality B(a™(r)) = r follows by definition of @™ () and the continuity of 8.
For every s € [0, S], it is clear by construction that a(B(s)) < s. Let us now
consider s € U. By contradiction, let us assume that «(8(s)) < s. Then, the
function B is constant in the interval [« (B(s)), s]. By (c¢) of Lemma 10 we have
that z is constant in the interval [ (B8(s)), s] and (a(B(s)),s] € U€, which is a
contradiction. Therefore, it has to be «(S(s)) = s.

Let us now show (c). We start by proving that every 7 € (0, R) \ B(U°) is of
continuity for «. In view of (a), we only have to show that o (r) — «(7) forr \ 7.
By contradiction, let us assume that

a(F) < lim a(r) = a™ (7).
N7

Then by (b) and by monotonicity of 8 we have that 8 is constant in the interval
[o(7), at(#)]. From (c) of Lemma 10, we deduce that z is constant on the same
interval and («(7), « ™ (¥)] € U€. Therefore, 7 € B(U¢), which is a contradiction.
Hence, « is continuous in 7. In view of (a), we already know thatoe € BV (0, R). We
now prove that every 7 € (0, R) \ B(B) is of differentiability for & with o’ () = 1.
By the previous argument, 7 is of continuity for «. For 4 € R with || small enough,
let us write

af +h)—a@) aF+h)—aF)  aF+h)—al)
h =T B+ ) = Bar)

As h — 0 we have, by continuity of « in 7, that « (¥ + h) — « (7). Hence, passing
to the limit in the previous equality we get

. a@F+h) —ar) 1

lim = — =
h—0 h B/ (a(r))
where we have used the fact that ¥ ¢ B(B), so that «(r) ¢ B and B is differen-
tiable in a(F) with B8/ (a(7)) = 1y(a(F)) = 1. Thus, we have proved that « is
differentiable at every ¥ € (0, R) \ B(B) and &/(F) = 1. O

)

We now consider the reparametrized functions

t:=toux, Z:=zod, U'=uod.

Lemma 12. 7 € W°([0, R]; L?>(£2)) with Lipschitz constant 1. Moreover, 7 =
7' o a almost everywhere in [0, R].

Proof. Let p < r € [0, R]. Being z € W12°([0, S]; L>(£2)), we have that

a(r)
12(r) = Z(P) I L2 = Nlz((r)) — z(@ (P2 = /( : lIz'(0) |2 do.
a(p
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Since 7/ = 0in U€ and ||Z'(s) |2 < 1 for almost every s € [0, S] by (103), we can
continue in the previous chain of inequalities with

a(r) a(r)

12'@)ll 121y (0) do </() 10(0) do
alp

1) = 202 < /

a(p)

= Bla(r) — Bla(p)) =r —p,

where we have used the definition (120) of 8 and (b) of Lemma 11.

Let us denote with C := {s € [0, S] : z is not differentiable in s}. Since |C| =
0 and B is Lipschitz continuous, we have that |3(C)| = 0. Let us show that 7 is
differentiable in every 7 € (0, R)\ (B(B)UB(C)). Indeed, we notice that for such r
we have, by (¢) in Lemma 11, that « is differentiable in 7 with o’ (F) = 1. Moreover,
since 7 ¢ B(C), from the definition (121) of o« we deduce that «(7') ¢ C, so that z
is differentiable in « (7). Therefore, for » # r we can write

2(a(r) —z(a() _ z(a(r)) —z(a(r)) alr) —a)

r—r  a(r) —a(f) r—r

(122)
since « is strictly increasing by (a) of Lemma 11. In view of the previous consid-
erations, we can pass to the limit in (122) as » — 7 obtaining

lim 2@ —2@@) _
1m - =

r—r r—r

Z (@) &' () = 2 (a(P).

In conclusion, we have shown that 7 is differentiable in every r € (0, R) \ (8(B) U
B(C)) with Z'(F) = Z/(a(F)). Since |B(B) U B(C)| = 0, we getthat 7 = 7 o«
almost everywhere in [0, R], and this concludes the proof of the proposition. O

We now go back to the proof of the upper-energy inequality. In the following
two lemmata we further investigate the summability of the unilateral slope |3, F|
on the set U.

Lemma 13. The function s — |37 F|(t(s), u(s), z(s)) 1y (s) belongs to LY, S).

Proof. To prove this property, we slightly modify the energy inequality (99) of
Proposition 5 making use of the piecewise constant interpolation function u;, defined
in (118) on the interval [0, S].

Letkandi € {1,..., k} be fixed. For j = —1, for every s € [sll‘fl,sl(fo] we
have u; (s) = z;,(s) = 0 and, by (98), [0 F|(t,(s), uy(s), zx(s)) = 0. Therefore,

F(tr(s), ug(s), 2 (s)) = Flt(sk_ )y ur (¥ ), zi(sF)))

—/k |9 F (1 (0), e (0), 2k (0)) g ()| 1 do

Si—1

—/k [0, Fl(ty(0), uy (o), zx(0)) do
Si—1

+/k P(tr(0), ur(0), zx(0)) t;.(o) do. (123)
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For every j 2 0, we distinguish between s € [s, S 1]ands € [s e lj+1]
2

In the ﬁrst case we have 7 (s) = z;.(s) = Oand ||uk(s)||H1 =1 for almost every s €

[k .. s ,] For j = 0 we have 1,(s) = tl.k_l, u(s) = uf.‘_l, k(s) = zf_l,

ijS;
and |8 .7-"|(_k(s) uk(s) zk(s)) = 0 again by (98). If j = 1, then t;(s) = tik,
u(s) = M o 2k(s) = Z, > and |37 F[(1.(5), uy (s), 2 (s)) = 0 by (81). Hence, we
rewrite (84) as

F(tr(s), ur(s), 2 () = F(t(sy ) (s ), 2x(sy ;)
f 10, F1((0), u (), 2x(0) |y (@) 1 dov

ij

= F(ti(sf ), ur(sf ), 2 (sp ;)

- /k 10, F|(tx(0), ur (o), 2 (0)) llu} () || g1 do

- /k 19, Fl(t(0), uy(0), 2 (0)) do

N
+ [, P@m). w@@)de. 24
R
In the case s € [s o 1/+1) we have 7;(s) = uj(s) = 0, [z, ()2 =1
for almost every s € [s e ”H] t,(s) = t ,and u(s) = “{(1+1 Then, we

rewrite (86) as

Ft(5), uk(5), 2(8)) = FlueCsy s urst s 2k, 1))

- /klaz_fl(zk(a),zk(a), 2k(0)) lzi (@)l 2 do
st
z,j+2

=]—“(rk(s 1)1/lk(5 1)Zk(5 1))

/ |9 F 1t (), (), 2k (0)) g ()| g1 do

lj+%

— [ Fle@).14(0). 21000 do
Si,j+%
+ [ Pa we aen i@ a9

ST
Ljt+y

Summing up (123)—(125), we deduce that for every s € [sf_ > sf) it holds that
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Ftx(s), ur(s), 26 () = Ft(si_p) ur (s, zi (s )

s

— | 18 F (1 (0), uk (9), z&(0)) lup (o)l g1 dor
sk

- [ 0710 @), o) o
IS—I

+/kP(tk(a),uk(a),Zk(o))tlé(a)do.
Sic1

Passing to the limit as s — s{‘ by Lemma 2 we get

Fte(s5), un (s, 21 (%)) £ Flae(sE )y un (55 ), zie(sE )

- /k |9 F|(t5(0), ug (), 2k (@) llup ()| 1 do
‘l;(l

—/k 10, F1(ty (), uy (0), zx(0)) do
Sl‘*l

"
+/kP(lk(G),Mk(G),Zk(G))t;i(G)dG-
Si—1

Iterating the previous estimates we deduce, for every s € [0, S],
F(tr(s), u(s), zk(s)) = F(0, uo, 20)

- fo 19 F 1t (@), 1 (), 2 (0)) 14, (@) g1 dov
_ /0 107 FI(t(0). 1, (0, 24(0)) do

+ /O Plo), ur (), 22(0)) 14(0) do. (126)

We take the liminf on the left-hand side of (126) and use lower semicontinuity of
the energy. We take the limsup on the right-hand side of (126) and apply the same
argument as in the proof of Proposition 7 for the first and the last integral, while

we apply Fatou to the second integral. Thus we obtain
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F(t(s), u(s), z(s)) = F(0, uo, z0)

~ limnt /O 190 11 0), (@), 24 (0)) [ty (o) | 1 do
N
_ liminf f 197 Fl(t(0). 1 (0), (@) do
k—o00 0 .

+ lim sup /AP(tk(U), ur (o), zx(0)) t.(o) do
0

k— o0

< F(0, ug, zo) — /(;Alaufl(t(d), u(0), z(0)) [[u'(0) || g1 do
- /ii}(minf |0 F(ty(0), uy(0), 2k (0)) do
0 — 00

+/A73(t(cr),u(a),z(a))t’(cr)da.
0

For every 0 € U we know thanks to Lemmata 7 and 8 that u;(0) — u(o)
in H'(£2; R?), while from Lemma 6 we get that ¢, — ¢ pointwise in [0, S]. Hence,
by Lemma 4 we can continue in the previous inequality with

F(t(s), u(s), z(s)) = F(0, uo, z0) — /Oslaufl(t(o),u(a),z(O)) ' (@)l 1 do
- /(;X|8;.7:|(t(o),u(a),z(0)) 1y (o) do
_ /0 Xliknl) inf 13 F(t,(0), 1,(0), 2(0) 1 (@) dor
+f05 P(t(o), u(o), z(0)) t' (o) do. (127)

Since u € Wh([0, S1; H'(£2; R?)), g € Wh4([0, T]; WP (£2; R?)) for some
p>2andg > 1,and 0 < z(s) < 1 for every s € [0, S], the power func-
tional P(z(-), u(-), z(-)) t'(-) belongs to L0, S). Therefore, being the energy func-
tional F and the slopes [d,F]| and |3, F| positive, we deduce from (127) that
107 FI( (), u(), z() 1y () € L0, S). O

Lemma 14. (Riemann sum) The function r +— |3 F|(1(r), i(r), Z(r)) belongs to
L'(0, R). Moreover, for every R’ € (0, R ] there exists a sequence of subdivisions
{r", forn =0, ..., Ny} with

m m / . m m
rhy, =0, ry =R, lim max r —-r — 0,
0 Ny s 00 (n=0 .... Nm71( n+1 n ))

such that the simple functions

N‘m*1 S(+M = m
_ ~ ~ ~ z(r +1)_Z(rn
F™(ry = Y |07 FIG", drh), 20rh) HW Lo pm ()
n=0 n+1 n 12

converge to |07 F| (1 (), i(-), Z(DIZ' ()l 2 strongly in L'(0, R') (as m — 00).
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Proof. Since B: [0, S] — [0, R] is Lipschitz continuous, surjective, and B’ = 1y
almost everywhere in [0, S], by the change of variable formula we have for every
Borel measurable function g: [0, S] — [0, 4+00]

/[0 g(o)lU(a)da—/ Y. glo)dr.

oep=l(r)

If r € [0, R]\ B(U®), then {o € B~'(r)} = {a(r)}. Indeed, B(a(r)) = r and if
there exists s > o(r) such that B(s) = r, then («x(r), s] C U€ by (c¢) of Lemma 10
and r € B(U°), which is a contradiction. Since |8(U€)| = 0, from the previous
equality we obtain

/ g(G)IU(G)d(f:/ gla(r))dr. (128)
[0,5] [0,R)

We now apply (128) to the function |3, F|(z(-), u(-), z(-)):

R

s
/0 |0, FI(t(s), uls), z(s)) 1y (s) ds =/0 |9, FI(E(r), i(r), Z(r)) dr.

Hence |8;]—"I(f(~), (), Z(-)) belongsto L' (0, R") forevery R’ € (0, R | by Lemma 13.
Thus, by classical results (see, for example, [18, Lemma 4.12]) there exists a se-
quence of subdivisions {r)'} with

m m 1 . m m
ry =0 r =R lim max r —r — 0
0 ’ N ’ - (n 0. Npy—1 ( n+1 n )) s

,,,,,

such that the simple functions

Np—1

F™(r) = 3 (07 FIGR, ), 207) g ) (7)

n=0

converge to [ F|(7(-), @(-), Z(-)) strongly in L'(0, R').
Invoking for instance [33, Lemma D.1], for almost every r € (0, R’) it holds
that

m) =2 )
L) ZXD ] ) = 1Ol
L2

_ pm
n+1 Tn

The thesis follows by dominated convergence, since ||Z'(r)|l2 < 1 for almost ev-
erywhere r € [0, R']. O

We are now in a position to prove the upper energy-dissipation inequality.
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Proposition 8. Let s € (0, S| and (t, u, z) be the triple obtained in Proposition 6.
Then,

F(t(s), u(s), z(s)) = F(0, uo, 20) —/0 10, F(t(0), u(o), z(0)12'(0)]l 2 do
_/0 10, F|(t (o), u(o), z(a))|u' (o) ;1 do
+ f P(t(0), u(o), 2(0)) (o) do.
0

Proof. We divide the proof in two steps.

Step 1: s € U, Let R' = B(s). Since s € U, then R’ > 0. Let {r)"} a sequence
of subdivision of [0, R] provided by Lemma 14. We recall that u(r) =uour)
and Z(r) = z o a(r). Thus, by the regularity of 7 and of u we can write, by chain
rule,

F(ry ), a(rpt ), 20 ) = Ftoa(ry ), uoar ), zoalr )
=F(toalry), uoa(r)),zoalr,))

oz(r;L" )
+ / Y WF () (@), 2 0 (! D' ()] do
oz(rm)

a(rn-H)

+f P(t(0), u(0), zoa(r), )t (o) do
a(r)

= F(t(ry"), a(ry"), Z2(rp'y))

a(rlyy)
+/ Buf(t(o),u(a),zoot(r,’ln+1))[u/(a)]do
a(rih)

alrn’yy)
+ / Pt(0). u(@). 20 a(r, 1)) {'(0) do.
a(rm)

Using the convexity of the energy F (¢, u, -) we can write

FA. arh, 200))
> FEO, i), 200)
O F G, G0, ZNECT ) — 2]
> FEO, i, 200
— 18 FIGE, a2 12 ) — 2 2
= FEG, a2

z(r ,,+1) —z(r
i rm

- f 07 FIGC, ), 26 p-

n+1 L2

In conclusion, for every indexn =0, ..., N;; — 1 we have
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f(;(r,r,n+1) ﬁ(”,ﬁ.]) Z(r,’,"+1))
= F@(ryh), a(ryh), z2(rh)
—/ |8 FIEE, a@r, 2(rlh) "—( nrn) = 20

m r

a(m' )
+ / UF (@), ul@), 2 0l ) ()] do
oc(r”’)

a(rn-H)
+f P(t(a),u(o),zoa(r,’l’z_l))t/(a)da.
a(rim)
Note that i#(rj') = #(0) = ug and that «(R") = «a(B(s)) = s because s € U.
Thus,
i(ry ) =u(R) =uoa(R") =u(s).
In a similar way, Z(r)") = zo and Z(rj’\','m) = z(s). Therefore, iterating the previous

inequality forn =0, ..., N, — 1 yields

F(t(s), u(s), z(s)) = F(0, ug, zo)
No—1

- Z / 0 FIEGrh. w20

z(r ,,H) z(rh)

_ pm
r}’l

n+1 12
+ Z / auf(z(a) u(0), zoa(r", )l (0)]do
Nn=1 ca(m, )
+ Z / P(t(0), u(0),zoa(™ )1 (0)do. (129)
n=0 alry’)

We now pass to the limit as m — oco. By Lemma 14 we know that the first sum
in (129) converges to

R/
/0 19 FI(@(p), @(p), Z(NIZ' (p) I 2 dp.
By the change of variable formula (128) with
g(a) = |3, Fl(t(0), u(o), z@)llz (o)l .2,

and recalling the definition of 7, i, 7 and that 7’ = z’ o « almost everywhere in
[0, R] by Lemma 12, we get

R/
/0 19 FI((p), @(p), Z(N)IIZ (p)ll 2 dp
=/0 197 FI(t(0), u(o), z(eN)2' (@)l 2 1y (0) do

=/0 197 FI(t(0), u(0), 2(o)1Z (@)l 2 do, (130)
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where in the last equality we have used the fact that z/ = 0 in [0, ST\ U, and hence
107 FllIz"ll 2 = 0.
We claim that the second and the third sums in (129) converge to

/ 9. F(1(0), u(0), 2(0) [k ()] do and / P(t(0), u(@), 2(0)) (o) do,
0 0
(131)

respectively. We notice that if the claim holds, then, passing to the limit in (129)
as m — oo and using (130) we would get

F(t(s), u(s), z(s)) = F(0, uo, z0) — /OA |0, F1(t(0), u(0), (N |[u' (@) || 1 do
—/0. 102 FI(t(0), u(o), z()2' (@)l 2 do

+/ P(t(0), u(o), z(0))t' (o) do.
0

Let us prove the claim. Fix ¢ € (0, s) and let n (depending on ¢ and k) be such
that o € [a(r]"), ot(rr’l”ﬂ)). Note that, being « discontinuous, it may happen that
a(ry ) —a(r)') 7> 0. However, we can write

o

2(6) = z(a(r)")) +f Z'(0)do,

a(ri)

and thus

lz(0) — z(a(ry' N2 = / 12" (@)l 2 do = / 2 (@) 2 1y (o) do

(G) a(ry)

a(r )
gf " y(eydo = Boal™ ) — poalr™)

")
=r,—r =0,
where in the last limit we have used the property of the subdivision r}'. Arguing

in the same way, we also prove that [|z(a(r)", ) — z(a(r;"))|l2 — 0 as m — oo,

which implies that ||z () — z(a(r;l"H)) ll2 = 0 as well. Hence, we have shown that

the sequence Z,’,VQO" z(ax (r,’l"+1)) l[a(r’rln)’a(r;:ﬂrl)) converges pointwise to z in L2(£2).

Recall that
3 F(t(0), u(0), zoa(r,' Nu'(o)]
= f 8€W(z o 0‘('";’1"+1)v e(u(c)+go t(a))): €' (o)) dx.
Q
By (¢) inLemmalwehave|8€W(zoo¢(rl’1”+1), e(u(a)+got(a)))| < Cle(u(o)+go

t(0))|. Let us consider a subsequence (not relabelled) such that z o« (rr’l”H) — z(0)
almost everywhere in £2. Then, W being of class C 1

W (zoa(r ), €(o) +got(0)))
— SEW(z(a), €u(o)+go t(o))) almost everywhere in £2.
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By dominated convergence for almost every o € [0, s],
W F(1(0), u(0), zoa(r,' N (0)] = 3, F(t(0), u(o), z(0))[u'(0)].

Applying again dominated convergence (in the integral over [0, s]) we prove
the first part of the claim (131), that is,

Nl patil))
lim Z/ duF(t(0), u(0), zoa(rl, Nu'(o)]do
m—0Q =0 Ot(}",rln)

2/0 19, F1(2(0), u(0), 2(0)) [’ (0)] do.

Following the proof of (112) we also obtain the second part of the claim (131),
that is,

Nl patiy)

lim )" / P(t(0), u(0), zoa(r" )1 () do

m—0oQ m
n=0 o)
N

- / P(), u(0), 2(0)) (') do.
0
Step 2: s € U¢. Inthis case s € (s; , sl?L] for some index i € N. In the interval

[s; . s] we have z(o) = z(s; ) and Z/(o) = 0, while 7 and u are of class W1,
Thus, we can write

F(t(s), u(s), z(s)) = F(t(s), uls), z(s; ) = F@t(s; ), uls; ), z(s;))
+/ duF (t(0), u(0), z(s; N (o)1 do

+ [ Pe@.u@). 26701 @)t

> f(}i(sj),u(s[),z(Sf))
- / (0,F1(1(0). 1(0). 2(0)) /@)1 1 do
_ / 107 FI(t(@), u(0). 2(0) | (@)l 2 do
+ [ Pe@.u@)z0) 1 @) do

Since s; € U we can apply the previous step and we conclude the proof. O

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional
claims in published maps and institutional affiliations.
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A. Comparing Different Parametrizations

In this appendix we will compare, qualitatively, the evolutions of Theorem 1
with those of [24, Theorem 4.2], or, more precisely, we will compare the evolutions
obtained here, employing H'-norm for u and L?-norm for z, with those obtained
employing energy norms. As we will see, the evolutions will be qualitatively the
same (up to subsequences) even if these norms are not equivalent.

We need to consider the setting of [24], otherwise energy norms would not be
defined. Let 7 : [0, T] x Hj (2, R?) x H'(£2;[0, 1]) — [0, +-00) given by

T(tu,z) = %/Q(zzm)a(u+g(z>):e(u+g<z))dx+%/ﬂ|VZ|2+(z— 1)? dx,

where we assume that the boundary datum g belongs to cl! ([0, T1; wlr (£2; Rz)),
p > 2. Note that this energy is separately quadratic, thus it is natural, and technically
convenient, to introduce a couple of energy (instrinsic) norms

||u||§=/ (22 + n)o (u): €(u) dx, ||z||5=/ IVz]2 4+ 22(1 + o (u): €(u)) dx,
2 2

which correspond, respectively, to the quadratic part of the energies J (¢, -, z) and
J(t,u,-). Accordingly, we employ the slopes

12T |2 (2, u, 2) = max {—8, T (1, u, D] : ¢ € Hy(2;R?), llgll; < 1},
107 T lu(t, u, 2) = max {—d, T (t,u, 2)[E] : £ € H'(2), £ S0, |E]l, < 1).

Let us consider again the alternate scheme (at time tl.k )

uﬁjH = argmin{J(tik, u, zf’j) Tuel},
k ) . k  k . k
zj jyp = argmin{J (¢ u; ;1,20 2 € 2, 25 75 )

We remark that, given 7y, the families uf -and zf jare uniquely determined (by strict

separate convexity of the energy). Folléwing [24], we interpolate and parametrize

the discrete configurations ui‘ j and zf’ j with respect to the energy norms || - ||§

(for the displacement field) and || - ||3 (for the phase field). We remark that in
this case it is enough to consider piece-wise affine interpolation, which actually
coincides, for both u and z, with the gradient flow in the energy norm. As a
result, we get a sequence of arc-length parametrizations (7, itx, Zx), bounded in
W12°([0, R1; [0, T1x Hy (£2; R?) x H!(£2)) and of uniformly finite length, that s,
with R independent of k € N. Invoking [24, Lemma 4.3], there exists a subsequence
(nonrelabelled) and alimit (7, i, Z) in W1°([0, R1; [0, T1x Hj (22; R?)x H'(2))
such that for every sequence r converging to r € [0, R] we have

fe(ri) — 1(r), i (re) — i(r) in Hy (2; R?), Zx(rg) — Z(r) in H'(£2).
(132)

Moreover, invoking [24, Theorem 4.2] the limit evolution satisfies the following
properties:
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(@) Regularity: (,,7) € Wh([0, R1; [0, T1x Hj (2 R*) x H'(£2; [0, 11)),
and for almost everywhere r € [0, R]

£+ 17 Oz + 12 ) laey £ 1,

here the symbol ’ denotes the derivative with respect to the parametrization
variable r;

(b) Time parametrization: the function 7: [0, R] — [0, T] is non-decreasing
and surjective;

(¢) Irreversibility: the function Z is non-increasing and 0 < z(r) < 1 for every
0<r <R

(d) Equilibrium: for every continuity point r € [0, R] of (7, i, Z)

100 T |20y (2 (r), u(r),z2(r)) =0 and [ Tlae)t(r), u(r),z(r)) = 0;
(&) Energy-dissipation equality: for every r € [0, R]
J(t(r), u(r), z(r)) =J (0, uo, z0)
- /Or 19T Iz0) (E(P), (p), Z(p)) it () |y dpo

—/0 10, T lico) @ (0), (), Z(0)) 12/ () la(oydp
+/0P(f(p),ﬁ(p),Z(p))t'/(p)dp. (133)

In [24] the authors showed property (d) for every r € [0, R] with #'(r) > 0.
However, it is not difficult to see that the same equilibrium condition is verified at
continuity points.

Moreover, by [24, Proposition 4.1] we have

(f) Non-degeneracy: there exists C > 0 such that for almost every r € [0, R]
C<i'r)+ 1@ M)z + 12 ) laer- (134)

Finally, note that, by the separate differentiability of the energy, the equilibrium
conditions (d) can be written in an equivalent “norm-free” fashion as

(cf’) Equilibrium: for every continuity point r € [0, R] of (Z, i1, Z)
T (r), u(r), z(r)lel =0, and 3, T (t(r), u(r),z(r))[E] =0,

for every ¢ € H(} (2;R?) and every & € H'(£2) with & £ 0.

At this point, consider the subsequence (not relabelled) converging to (¢, u, z) and
let us re-interpolate the discrete configurations uf . and zf.f j with respect to the
norms || - || g1 (for the displacement field) and || - || ;2 (for the phase field) as we did
in Section 5.1. In this way we get a new sequence of parametrizations (f, ug, zx)
bounded in W1-2°([0, S1; [0, T x H] (£2; R?) x L?*(£2)). Clearly, we can apply
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Proposition 6 which provides (up to a further subsequence) a limit parametrization
(t,u,z) € Whoo([0, ST; [0, T1 x Hy (£2; R?) x L*(£2)) such that

fe(sk) = £(s), ur(sg) — u(s)in H'(2;R?), zx(si) — z(s) weakly in H'(£2),

for every sequence s convergingtos € [0, S]. The limit (¢, u, z) satisfies properties
(a)—(e) of Theorem 1.

We recall that (#;, uy, zx) is defined in the points s{fj and s¥ | (see Section5.1).

i,j+3

In a similar way, the interpolation (#, i, Zx) is defined in points of the form rl.k j

and r¥ L (see Section 4.3 in [24]). Moreover, we notice that the interpolation
L, JT75

2
nodes are different since the underlying parametrizations are different. However,
the configurations computed by the alternate minimization scheme are the same.
Therefore, we have that

kN _ 7k kN _ = .k kN _ s (k

tk(si,j) = tk(ri’j)v Uk(si,j) = uk(ri,j)a Zk(si,j) = Zk(r,"j)~
ko andrk .
_ i,j+> i,jt+>5

Since (#, ug, zZx) is piecewise affine while (¢, uy, zx) is not, a direct comparison

of the triples (7, i, Z) and (¢, u, z) is not immediate. Nevertheless, we can show the
following “equivalence” of the reparametrizations.

The same holds for nodes of the form s

Lemma 15. There exist two positive constants Cy, Ca such that for every k € N\ {0}
and everyi € {1,...,k}

Cilsfoy —sH) Srfyy —rf S Calsfyy = D). (135)
Proof. Using the fact that || - ||; and || - || 51 are equivalent, by Korn’s inequality,
while || - ||, and || - | 1 are equivalent by [24, Lemma 2.3], by (90) we can write

00 o

k k k k k k

Siy1— 8 =+ Zl‘(é‘i,j) + L(wi,j) Su+C Z ||Z[,j i j+1 Il g1
Jj=0 Jj=0

k k
+ ||ul-’j —Mi’j+1||H1
o
k ' k k
Su+C Y rf —rl SCCE =1
—~

On the other hand, by Proposition 1 and Corollary 1 we have that

k _ k >
ek, = 2kl < | I~ e 1072 1

ij ij+ =\ Ccrn if j =0.
Hence, again by equivalence of norms, we get

oo
k k k k k k
rigg—r =u+C Z lZi ; — 2 j41 ““fﬁjﬂ + llug ;= w4 ”zf.‘_j
j=0

A

o
’ k k 1ok k
C' 7+ D0k =kl ) = CsEy = 5.
i=0

This concludes the proof of (135). O
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Let us consider an interval of the form (s(c PauE s{jc i + C (0, S) and the

corresponding interval (r T lk it +1) C (O, R) By definition, we have

+

k _ < k i
tik = tk(}") = tk(s) and uik,jk+1 = Mk(r) = Mk(s),

k
+1’ Vi i+l +1’ lk Jet1

the phase field mterpolatlons coincide only in the extrema that is,

forevery r € (r ) and every s € (s ). On the contrary,

= (k = -k _ k _ k
Al ) = Zk(s, i) = 2y 0T o) = Gl an) =240
(136)

Now, up to subsequences (non relabelled), we can assume that, as k — oo,

k - k + k - k +
Sik,/k+% e Sisjirt 75 rik’jk"l‘% - Tl 7T

Since parametrizations are different, in general we should distinguish between all
the following cases: s~ = s*, s~ < sT,r~ = r¥,and r~ < r™; however the
situation is much simpler, thanks to the following lemma.

Lemma 16. We have r~ = r™ ifand only if s~ = s©

Proof. Assume that r~ = r*. By compactness, we know that Z; (r* Jrl) =
U JkT 7

& z(r7) weakly in H'(£2) and that 7 (r — z(r™) weakly

lks]k ifs Jk+1) lk Ji+1
in H(£2). Since r— = r*, we have 2(r~) = z(+1) and

k k = (rf '
12Geie = Ziger et = (s =73 1) = 0

By (88) we know that
k k k
(St =S o) = L) = Cl = 2yl

Thus s~ = st.

Assume that s~ = s. Hence, arguing as above, by (136) we have z(s™) =
Z(r7) = z(s™) = z(r™). Moreover, being , , iy and u; constant in the cor-
responding intervals, in the limit we have t(s™) = f(r7) = t(s*) = f(+rT) and
u(s™) = a(r~) = u(st) = u(r*). Then, if r~ < r* we would contradict the
non-degeneracy condition (134). O

As a consequence of Lemma 15, the solutions (7, i, Z) and (¢, u, z) coincide in
continuity points.

Proposition 9. Let r be a continuity point for (t, it, 7). Then, there exists a continuity
point s for (t, u, z) such that (t(r), u(r), z(r)) = (¢(s), u(s), z(s)).

Viceversa, if s is a continuity point for (t, u, z), then there exists a continuity
point r for (t, it, 7) such that (t(s), u(s), z(s)) = ((r), u(r), z(r)).
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Proof. Fix § > 0. Since r is a continuity point, by monotonicity of 7 we have
t(r+8) > t(r).Since f; converges pointwise to £, we have f (r+8) —f (r) = %(t_(H—
8) —t(r)) > 0 for every k sufficiently large. As #; changes only in parametrization
intervals of the form (rl.k’fl, r{fo) and since 1, — 0, there exist two indexes iy < i ,’c
such that,

k k k k k
rik71§r<rik<rik’0§~-~§ril,{§r+6§ril,{+1. 137)
Hence for every index j € N, we have
k <y k < .k
r< rlk j+b = Fiv ji+1 = Tipg1,0 < r+34.

Since § can be arbitrarily small, we can find a sequence (i, jix) such that

k k
T itk —r and 1y oo T
Then Zk(rzk i 4+1) — 2(r) weakly in H'(£2). Since zk(rl ijrl) Zk(sli»,/k"‘l) we
have z; (slk P 1) — z(r) weakly in HY(0). Up to a subsequence (not relabelled)
k

Si et S and thus zk(slk ]k‘H) z(s). We conclude that z(s) = z(r). In a
similar way 7(r) = 7(s) and u(r) = u(s).
It remains to show that s is a continuity point for (t u, 7). To this aim, let us set,

up to subsequence, s5:= limy sk i where the indexes i, + have been defined in (137).
Hence, applying Lemma 15 we deduce that

i, jk+1

Is —ss| = lim |sF — 581 < lim |sl{‘ — sk <C lim |rl-k —rk1 < cs.
k—o00 ' T k—oo 'K b = k—oo 'k e =

By definition of ss we have that 7 (ss) = limg— oo % (sl.k, ) = limg_ 00 Tk (rik, ).By(137)
k k
we get that |t_k(rl.k, )=t (r +8)| < 11, from which we deduce that ¢ (ss) = 1(r +8) >
k

t(r) = t(s). This implies that s is of continuity for (¢, u, z).
The viceversa can be shown in a similar way. O

On the contrary, in discontinuity points the evolution (¢, u, z) and (7, i, Z) in-
terpolate the same configurations but with different paths. To better understand, let

us consider an interval of the form (r . rk 1) such that r o, >,
Jkts Fik. et ikt s
ok

il rtwithr™ < rT. As a consequence both ¢ and @ are constant in

(r—,rT) and thus every r € (r—,rT) is not a continuity point. In this case, we
have

wlry 4P = 207) and 2l o) = 20,

By the non-degeneracy property of (7, iz, ), we deduce that Z(r ) # z(r™). More-
over, up to subsequence we have

k — k +
Zk(sik,jk-k%) —z(s7) and Zk(sik,jk+1) — z(s™).
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Since z € WLo([0, S]; L2(2)), we get that s~ # s, Recalling that ¢ and u are
constant in (s, sT), the energy balance of Theorem 1 reads as

T ), uls™), z6T) =T @(s7), u(s7), z(s7))
- f_ 12 (@)l p2 10, Tt (s7), u(s™), z(0)) do.

Thus z is a (normalized) unilateral gradient flow in L2, with initial datum z(s ™).
On the contrary, Z is the affine interpolation of Z(+~) and Z(+*). Thus, in general,
z and z do not coincide in the corresponding intervals (+~, 77) and (s, sT) even
if they coincide in the extrema.

B. On the Alternate Behavior in Discontinuity Points

Let us consider the set U defined in (119) and denote by 1y its characteristic
function. From (127) we know that

F(t(s), u(s), z(s)) = F(0, uo,Zo)—/OIaufl(t(a),u(a),Z(U)) lu' (o))l g1 do
—/(‘)Iagfl(t(ﬁ)yu(d),Z(G)) 1y(o)do
_ /Slikm inf |8;f|(£k(0)’£k(a)’ zk(0)) 1yc(o) do.
0 —> 00

Note that z’(c) = 0 for every o € U° (see Lemma 9), thus, being ||z/[|;2 < 1
almost everywhere in [0, S], we have [|Z'||;2 < 1y almost everywhere in [0, S]; as
a consequence, the above estimate together with (22) yields

F(t(s), u(s), z(s))
< F(0, uo, z0) — /0‘|3ufl(t(a), u(0), z(0)) [[u'(0) |l g1 do

- /0 107 FI(1(0), u(0), 2(0) 1y (0) do
+ /0 "Plt(0), u(0), 20)) (o) do.

< F(0,u0,20) - /0 18, F10(0), (0, 2(0)) /@) | 1 do
- /0 107 FI(1(0), 4(0), 2(0)) 12/ (@)1l 2 do

+/‘ P(t(0), u(o), 2(0)) '(6) do
0
= F(t(s), u(s), z(s)).
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Therefore, all inequalities turn into equalitites and thus
N
0= / 19, FI(t(0), u(0), 2(0)) (ly (o) = [1z'(0) | 2) do = 0;
0

hence [0 F|(t(0), u(o), z(0)) Ay (o) — 12 (6)|l;2) = O almost everywhere in
[0, S].

Therefore, if [0 F|(t(0),u(o),z(c)) # 0 for every 0 € (01,02) C U
then ||z/(¢)|l;2 = 1 almost everywhere in (o1, 02) and then both #'(o) = 0 and
u'(0) = 0 almost everywhere in (o1, 03), by (a) in Theorem 1. This means that
in the discontinuity interval (o1, 02) only z changes, following a normalized, uni-
lateral L? gradient flow. In view of this observation, excluding the cases in which
[0, Fl(t(o), u(o), z(0)) = 0, we expect that in the presence of time-discontinuties
the limit evolution is still alternate, and thus it is not simultaneous in # and z. More
precisely, consider a discontinuity at time ¢, with a transition from (¥, z7) to
(u™, z1), parametrized in the interval (o0 ~, 0 ™). With ¢ being the limit of conti-
nuity points, the left limit («™, z7) is an equilibrium configuration at time . We
expect that the parametrizations of u and z, in a right neighborhood of o ~, provide
an alternate interpolation of sequences z,, \y z~, with z,, # z~,and u,, — u~
such that

u, _, €argmin {F(t,u,z,)}
Z2,,_y €argmin {F(t,u, _.2):2=z,}.

The non-degeneracy condition z,, # z~ is due to the fact that (u™, z7) is an
equilibrium configuration, and thus a separate minimizer of the energy F (¢, -, -).
Indeed, if z,, = z~, for some index m € N, then, by uniqueness of the minimizer,
u,  =u andthen z,, |, = z~. By induction and by monotonicity, z,, = z~
for every index m € N and then u,, = u~ for every m € N; thus, there would be
no transition between (1 ~, z7) to (u™, z1). In a similar way, we expect sequences
zh /' z" and u); — u™ in aleft neighborhood o such that

w1 € argmin {F (1, u, ;1) },

Z;;+l € argmin { F(z, u;;_H, 2:z5 g0}

u

However, in this case we cannot exclude that z;{l =zt for some index m € N. We
remark that this qualitative behavior is confirmed by numerical computations.

References

1. Avrmi, S., BELz, S.: Consistent finite-dimensional approximation of phase-field models
of fracture. Ann. Mat. Pura Appl. (4) 198(4), 1191-1225, 2019

2. Armr S., BELZ, S., NEGRI, M.: Convergence of discrete and continuous unilateral flows
for Ambrosio—Tortorelli energies and application to mechanics. ESAIM Math. Model.
Numer. Anal. 53(2), 659-699, 2019

3. AMBATI, M., GERASIMOV, T., De LORENZIS, L.: A review on phase-field models of brittle
fracture and a new fast hybrid formulation. Comput. Mech. 55(2), 383-405, 2015



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Staggered Evolutions for Nonlinear Energies

AMBROSIO, L., GIGLI, N., SAVARE, G.: Gradient Flows in Metric Spaces and in the Space
of Probability Measures. Lectures in Mathematics ETH Ziirich. Birkhduser Verlag, Basel
2005

. AMBROSIO, L., TORTORELLI, V.M.: Approximation of functionals depending on jumps

by elliptic functionals via I"-convergence. Commun. Pure Appl. Math. 43(8), 999-1036,
1990

AMOR, H., MARIGO, J.J., MAURINI, C.: Regularized formulation of the variational brittle
fracture with unilateral contact: numerical experiments. J. Mech. Phys. Solids 57, 1209—
1229, 2009

. BaBADJIAN, J.F., MILLOT, V.: Unilateral gradient flow of the Ambrosio—Tortorelli func-

tional by minimizing movements. Ann. Inst. H. Poincaré Anal. Non Linéaire 31(4),
779-822, 2014

BALDER, E.J.: An extension of Prohorov’s theorem for transition probabilities with
applications to infinite-dimensional lower closure problems. Rend. Circ. Mat. Palermo
(2) 34(3), 427447, 1985

Bourpin, B.: Numerical implementation of the variational formulation for quasi-static
brittle fracture. Interfaces Free Bound. 9(3), 411-430, 2007

BoURDIN, B., FRANCFORT, G.A., MARIGO, J.J.: Numerical experiments in revisited brit-
tle fracture. J. Mech. Phys. Solids 48(4), 797-826, 2000

BRrEzis, H.: Opérateurs Maximaux Monotones et Semi-groupes de Contractions dans les
Espaces de Hilbert. North-Holland Mathematics Studies, No. 5. Notas de Matematica
(50)North-Holland Publishing Co., Amsterdam 1973

BURKE, S., ORTNER, C., SULL E.: An adaptive finite element approximation of a varia-
tional model of brittle fracture. SIAM J. Numer. Anal. 48(3), 980-1012, 2010
CHAMBOLLE, A.: An approximation result for special functions with bounded deforma-
tion. J. Math. Pures Appl. (9) 83(7), 929-954, 2004

CHAMBOLLE, A., CoNTI, S., FRANCFORT, G.A.: Approximation of a brittle fracture
energy with a constraint of non-interpenetration. Arch. Ration. Mech. Anal. 228(3),
867-889, 2018

CHAMBOLLE, A., CRISMALE, V.: A density result in GSBDP with applications to the
approximation of brittle fracture energies. Arch. Ration. Mech. Anal.232(3), 13291378,
2019

Cowm, C., PEREGO, U.: Fracture energy based bi-dissipative damage model for concrete.
Int. J. Solids Struct. 38(36), 6427-6454, 2001

Dal Maso, G.: Generalised functions of bounded deformation. J. Eur. Math. Soc. (JEMS)
15(5), 1943-1997, 2013

Dal Maso, G., FRANCFORT, G.A., TOADER, R.: Quasistatic crack growth in nonlinear
elasticity. Arch. Ration. Mech. Anal. 176(2), 165-225, 2005

FONSECA, 1., LEONI, G.: Modern Methods in the Calculus of Variations: LP Spaces.
Springer Monographs in MathematicsSpringer, New York 2007

G1AcoMINI, A.: Ambrosio—Tortorelli approximation of quasi-static evolution of brittle
fractures. Calc. Var. Partial Differ. Equ. 22(2), 129-172, 2005

HERZOG, R., MEYER, C., WACHSMUTH, G.: Integrability of displacement and stresses
in linear and nonlinear elasticity with mixed boundary conditions. J. Math. Anal. Appl.
382(2), 802-813, 2011

IurLANO, F.: A density result for GSBD and its application to the approximation of
brittle fracture energies. Calc. Var. Partial Differ. Equ. 51(1-2), 315-342, 2014
KaRrMA, A., KESSLER, D.A., LEVINE, H.: Phase-field model of mode III dynamic fracture.
Phys. Rev. Lett. 87, 045-501, 2001

KNEES, D., NEGRI, M.: Convergence of alternate minimization schemes for phase field
fracture and damage. Math. Models Methods Appl. Sci. 27(9), 1743-1794, 2017
KNEES, D., Rossi, R., ZANINI, C.: A vanishing viscosity approach to a rate-independent
damage model. Math. Models Methods Appl. Sci. 23(4), 565-616, 2013



26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

STEFANO ALMI & MATTEO NEGRI

KNEES, D., Rossl, R., ZANINI, C.: A quasilinear differential inclusion for viscous and
rate-independent damage systems in non-smooth domains. Nonlinear Anal. Real World
Appl. 24, 126-162, 2015

KNEES, D., Rossi, R., ZaNing, C.: Balanced viscosity solutions to a rate-independent
system for damage. Eur. J. Appl. Math. 30(1), 117-175, 2019

OJASIEWICZ, S.: Sur la géométrie semi- et sous-analytique. Ann. Inst. Fourier (Grenoble)
43(5), 1575-1595, 1993

MIELKE, A.: Evolution of rate-independent systems. In: DAFERMOS, C., FEIREISL, E.
(eds.) Evolutionary Equations. Handbook of Differential Equations, vol. II, pp. 461—
559. Elsevier, Amsterdam 2005

MIELKE, A., Rossi, R., SAVARE, G.: Balanced viscosity (BV) solutions to infinite-
dimensional rate-independent systems. J. Eur. Math. Soc. (JEMS) 18(9), 2107-2165,
2016

MIELKE, A., ROUBICEK, T.: Rate-Independent Systems: Theory and Application. Applied
Mathematical Sciences, vol. 193. Springer, New York 2015

NEGRI, M.: A unilateral Lz—gradient flow and its quasi-static limit in phase-field fracture
by alternate minimization. Adv. Calc. Var. 12(1), 1-29, 2019

NEGRI, M., KIMURA, M.: Weak solutions for gradient flows under monotonicity con-
traints. arxiv:1908.10111

THOMAS, M.: Quasistatic damage evolution with spatial BV-regularization. Discrete
Contin. Dyn. Syst. Ser. S 6(1), 235-255, 2013

Wu, J.Y.: A unified phase-field theory for the mechanics of damage and quasi-brittle
failure. J. Mech. Phys. Solids 103, 72-99, 2017

STEFANO ALMI
Fakultit fiir Mathematik - TUM,
Boltzmannstr. 3,

85748 Garching bei Miinchen
Germany.
e-mail: almi@ma.tum.de

and

MATTEO NEGRI
Department of Mathematics,
University of Pavia,

Via A. Ferrata 1,
27100 Pavia
Italy.
e-mail: matteo.negri @unipv.it

(Received April 2, 2019 / Accepted October 29, 2019)
© Springer-Verlag GmbH Germany, part of Springer Nature (2019)


http://arxiv.org/abs/1908.10111

	Analysis of Staggered Evolutions for Nonlinear Energies in Phase Field Fracture
	Abstract
	1 Introduction
	2 Setting and Statement of the Main Result
	2.1 Elastic Energy Density with Anisotropic Softening
	2.2 Energy, Slopes and Power
	2.3 Time-Discrete Evolutions and Their Time-Continuous Limit

	3 Lemmata
	3.1 Properties of the Energy
	3.2 Higher Integrability and Continuity of the Displacement Field
	3.3 Continuous Dependence of the Phase Field
	3.4 Properties of the Slopes

	4 Auxiliary Gradient-Flows
	4.1 An H1-gradient flow for the displacement field
	4.2 A Unilateral L2-Grandient Flow for the Phase Field

	5 Proof of the Convergence Result
	5.1 Parametrization and Discrete Energy Estimate
	5.2 Compactness and Lower Energy Inequality
	5.3 Upper Energy-Dissipation Inequality

	A Comparing Different Parametrizations
	B On the Alternate Behavior in Discontinuity Points
	References




