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Abstract

This paper is concerned with a non-isothermal Cahn-Hilliard model based on a microforce balance.
The model was derived by A. Miranville and G. Schimperna starting from the two fundamental laws of
Thermodynamics, following M. Gurtin’s two-scale approach. The main working assumptions are made
on the behaviour of the heat flux as the absolute temperature tends to zero and to infinity. A suitable
Ginzburg-Landau free energy is considered. Global-in-time existence for the initial-boundary value prob-
lem associated to the entropy formulation and, in a subcase, also to the weak formulation of the model
is proved by deriving suitable a priori estimates and by showing weak sequential stability of families of
approximating solutions. At last, some highlights are given regarding a possible approximation scheme
compatible with the a-priori estimates available for the system.
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1. Introduction

In this paper we study a diffuse interface Cahn-Hilliard-type model for non-isothermal phase
separation. Namely, we consider the following evolutionary PDEs system:

u; =mAX, (L.1)
X0 =—aAu—210+ f(u), (1.2)
(00)); +mOAX (X + 1) + div (k(@)Vé) =0, (1.3)

in Q x (0, T), being 2 a bounded, connected, open subset of R3 with a smooth boundary 9€2,
and T > 0 a given final time which may be arbitrarily large. Here, u represents the so-called
order parameter or phase variable, i.e., the difference between the rescaled densities of atoms or
concentrations of the two components. At least in principle, u should take values between —1
and 1, where —1 and 1 correspond to the pure states. The variable 6 denotes the (absolute) tem-
perature of the system, while X is an auxiliary variable, defined through equation (1.2), which
helps for the statement of the weak formulation of the model. In particular, X stands for the
rescaled chemical potential £, where  is the chemical potential or, more precisely, the differ-
ence of chemical potentials between the two components. The positive constants m, o and A are
related to the mobility, the thickness of the interface between different phases and the latent heat,
respectively. Moreover, f is the derivative a non-convex double-well potential 7 whose minima
are in most cases attained in proximity of pure phase configurations, while &, as a function of 6,
is related to the heat conductivity. Lastly, O, as a function of 6, refers to pure heat conduction.
The expressions for F, k and Q will be specified below. System (1.1)-(1.3) will be closed by
adding the initial conditions and suitable boundary conditions. Namely, the Cahn-Hilliard and
“heat” equations will be complemented by no-flux conditions. As we will see (cf. Subsec. 3.2 for
more details), these choices are crucial as we formulate the weak version of the model. Neverthe-
less, some other choices could be considered as well (for instance, the case of periodic boundary
conditions can be treated similarly). It is also worth noting that, integrating (1.1) in space and
using the no-flux condition, one obtains the mass conservation property (cf. (2.4) below).

Before entering the mathematical details, let us give a description of the physical bases of
this model, which belongs to a new family of Cahn-Hilliard type system of equations derived by
A. Miranville and the second author in [17] and based on a balance law for internal microforces
proposed by M. Gurtin in [10]. Such models have been introduced with the main purpose of
describing some non-isothermal processes of phase transition in a thermodynamically consistent
way. More precisely, these models generalize those derived by H.W. Alt and 1. Pawlow in [1] to
anisotropic materials and to systems that are far from equilibrium. We refer to the recent mono-
graph [16] (see in particular Subsec. 9.1.3) for an overview of Cahn-Hilliard models accounting
for thermal effects.

Following Gurtin’s approach (cf. [10]), the model is derived by considering the following
internal microforce balance:

dive +7 =0, (1.4)

where ¢ (a vector) and 7 (a scalar) correspond respectively to the microstress and to the internal
microforces, i.e., forces associated to the power expended on the atoms by the lattice (for exam-
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ple, in the ordering of atoms within unit cells of the lattice or the transport of atoms between unit
cells of the lattice). Note that this relation provides a balance for interactions at a microscopic
level, whereas standard forces are associated with macroscopic length scales. Gurtin’s approach
is based on the belief that fundamental physical laws involving energy should account for the
work associated to each operative kinematical process. In the Cahn-Hilliard theory the kinemat-
ics is associated with the order-parameter u. Therefore, it seems plausible that there should be
“microforces” whose work accompanies changes in u. Indeed, if the only manifestation of atom-
istic kinematics is the order parameter u, then it seems reasonable that such interatomic forces
may be characterized macroscopically by fields that perform work when u undergoes changes.
This work is expressed through terms of the form (force)- %—’:, so that the microforces are repre-
sented by scalar rather than vector quantities (cf. [10]). To describe the precise manner in which
these fields expend power it is useful to consider the body as a lattice or network together with
atoms that move, microscopically, relative to the lattice (see [13]). Note that it is important to
focus attention not on individual atoms but on configurations (i.e., arrangements or densities)
of atoms as characterized by the order parameter u. In other words, Gurtin’s approach is essen-
tially a two-scale approach. If standard forces in continua are associated with macroscopic length
scales, microforces describe forces associated with microscopic configurations of atoms. These
different length scales motivate the introduction of a separate balance law for microforces.

In order to have a full description of the dynamics of the phase separation process, the micro-
force balance (1.4) has to be complemented with the mass balance and the fundamental laws of
Thermodynamics. Clearly, these laws, and especially the energy equality, have to be expressed
in a form which takes into account the action of the internal microforces. The mass balance reads
as

U _ v (1.5)
— =—divj, .
a1 /

where j represents the mass flux. As for the laws of Thermodynamics, they reduce to

e Balance of energy:

de ou ou
— = —di ) —+(-V——j-Vpu, 1.6
” g+ (n n)atﬂ“ o VK (1.6)

where e is the internal energy density and g is the heat flux.
e Clausius-Duhem entropy production inequality:

as
Jat

> —div(%), (1.7)

where s is the entropy density, which is related to the Helmholtz free energy density by the
Gibbs relation, i.e.,

Y =e—0s.
Still following the approach of [17], one can specify which is the most general class of free
energies, of chemical potentials and of heat flux laws that are compatible with the fundamental

laws in the non-isothermal setting. This leads to the following relations:
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u=0,¥ —div (Ov, V), (1.8)

. ¥

6—855— — 009, (1.9)

— _av? _pvl (1.10)

.]_ 9 95 .
1

q~|—,uj=CV%+DV (1.11)

5’
where the matrices A, B, C, D depend on the constitutive variables and A, D are, in some
sense, positive semi-definite. We refer the interested reader to [10] and [17] for more details on
the derivation of the above relations.

Combining the mass balance and the first law of Thermodynamics (energy equation) with the
above constitutive relations, one may deduce the following system of equations:

ou . " 1

E_dw(AVE—G—BVE), (1.12)
e . 1% 1 du
5——le(CV5+DV§—§3vu1//>, (1.13)
=0, —div(dv, V), (1.14)

e=3%%=1ﬂ—9391/f. (1.15)

Starting from these relations and properly specifying the parameters (matrices) A, B, C, D and
the expression of the free energy ¥ one can obtain a vast class of non-isothermal Cahn-Hilliard
models. For several examples, we refer to [17,18], where a comparison of these models with
other models studied in literature (e.g. Alt and Pawtow’s ones proposed in [1-3]) is also given.
In our case, in order to get back our system (1.1)-(1.3) from (1.12)-(1.15), we assume A =ml
(I identity matrix), m >0, B=C =0 and D = D(0) = k(0)I, where k is a suitable function of
0. The free energy density ¥ is chosen in the following form:

w(u,Vu,9)=%|Vu|2—Q(@)—k@u—i—F(u), (1.16)

where Q and F are suitable functions of 6 and u, respectively, and «, A are positive constants.
These choices for k and i will be physically and mathematically motivated below. At last, in
order to get back a system of three equations instead of four, it is sufficient to insert the explicit
expression for the internal energy provided by (1.15) into (1.13). Then, performing standard
manipulations, we obtain our system (1.1)-(1.3).

We now present in some more detail our specific assumptions on parameters and data and
justify them from the physical and mathematical viewpoints.

The free energy density expression (1.16) is motivated by the Ginzburg-Landau theory for
phase transitions and resembles the choice already done in [7]. The first term in (1.16) is the
so-called inhomogeneous (or gradient) part, which has been proposed in [5] to model the sur-
face energy of the interface in relation with capillarity phenomena. In such a setting, different
phases are separated by (thin) layers, which are small subregions with rapid changes of u. As
already observed, the thickness of these layers is related to the value of « (typically it goes as
J/@). The second term in (1.16) represents the main (concave) part of the free energy referring

927



A. Marveggio and G. Schimperna Journal of Differential Equations 274 (2021) 924-970

to pure heat conduction and it is linked to the specific heat Cy (0) = Q’(9), where the prime
" denotes the derivative with respect to 6. According to [1], we take Q(9) = %‘/92, cy >0,
so that Cy () = cy8. The quantity Afu is related to the latent heat of the phase transition. In
several concrete physical situations (see [22] for more details), a more general expression like
—0(au? — Mu + ro), A, A1, Ao > 0, is considered. However, some articles have been devoted
to the case where A, = 0, so that the coupling term with the temperature is linear in u, i.e.,
O(Au — Ao), A1, Ao > 0 (see for example [7]), which is mathematically more tractable. Finally,
F represents a potential associated with the phase separation process, which is possibly non-
convex in order to assign lower energy values to configurations close enough to pure states. In
particular, here we take F to be a fourth degree polynomial, more precisely, F (u) = %(u2 — 12
We recall that a commonly used thermodynamically relevant potential is the so-called “loga-
rithmic potential” (cf., e.g., [5]), i.e., F(u) = —yu2 + [(1 —u)log(1 —u) + (1 4+ u)log(l + u)],
y >0, for u € (—1, 1). However, because of its singular character, such a function is very often
approximated by a polynomial one like the above. We also observe that in other physical situ-
ations (i.e. the description of some metallic alloys), fourth or sixth order polynomials in u, are
phenomenologically justified choices for F (see, e.g., [19-21]).

Regarding the function k describing the heat conductivity, one may note that the case corre-
sponding to Fourier’s law is

k(0) = k02, ky> 0. (1.17)
However, several papers have been devoted to the case where
k@) =ko, (1.18)
where ko is a positive constant (see e.g. [12,14,24]), or more generally
k@) =k16°, §€0,1), (1.19)

still for k1 > 0 (see e.g. [15]). Indeed, the law (1.18) (and similarly (1.19)) turns out to be satisfac-
tory for low and intermediate temperatures and offers some advantages from the mathematical
point of view. However, it does not look acceptable for large temperature regimes, where one
would rather expect an evolution similar to that driven by the linear heat equation correspond-
ing to (1.17). Based on these considerations, and partly following an idea devised in [6,9], we
combine the above assumptions by taking

k(0) =ko +ki16?, Bel0,2), (1.20)

where ko, k1 > 0. Unfortunately the (physically relevant) case 8 = 2, corresponding to (1.17) for
large temperature regimes, does not seem to be mathematically tractable by our approach.

Our work is devoted to the proof of global-in-time existence for the initial-boundary value
problem associated to the “entropy formulation” (cf. Definition 3.1 below) and to the “weak
formulation” (cf. Definition 3.3) of our model (1.1)-(1.3) under suitable assumptions on the pa-
rameters involved, in particular, k(6), Q(0) and F (u). The notion of “entropy solution” will be
introduced in full detail in Subsection 3.2. In simple words, these solutions are characterized by
the fact that they satisfy an integral form of the “entropy” inequality (cf. (3.8) below) in place of
the “heat” equation (1.3). This notion of solution is not completely satisfactory because it does
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not seem to contain all the information of system (1.1)-(1.3), even if additional smoothness holds
(see Remark. 3.2 below for more details). Nevertheless, under general assumptions on parame-
ters, and particularly on k, this is the only existence result we are able to prove. On the contrary,
it is possible to conclude about “weak solutions” if we assume 8 € (%, 2) in (1.20). Indeed, in
this regime, better regularity properties are expected to hold. As mentioned, despite the termi-
nology, this notion is in fact stronger than that of “entropy solution”; in particular it involves the
validity of the “heat” equation as an integral equality (cf. (3.10) below) in place of the mentioned
“entropy” inequality.

Our existence proofs for “entropy” and “weak” solutions are carried out together and orga-
nized in two steps. At first, we derive suitable (formal) a priori estimates holding for a hypo-
thetical solution to the strong formulation of the model. We work directly on system (1.1)-(1.3)
without referring to any explicit regularization or approximation of it. An approximated for-
mulation compatible with the estimates will be proposed at the end of the paper. Regarding a
priori estimates, unlike other Cahn-Hilliard-based models, the basic information deriving from
the physical principles (balances of internal energy and entropy) is not sufficient to pass to the
limit in a hypothetical approximation by means of compactness arguments, even if one looks
for the minimal notion of solution, i.e., the “entropy” one. The main issue is represented by the
nonlinear coupling between the rescaled chemical potential X and the temperature 6, for which
poor regularity properties are available. For this reason one needs to devise some further a pri-
ori estimates yielding additional regularity properties uniformly with respect to approximation
parameters. Usually, for Cahn-Hilliard-like models, this piece of information is achieved by de-
ducing the so-called “second energy estimate”, basically corresponding to testing (1.1) by X;
and exploiting (1.2). This procedure, however, does not seem available in this case due to the
occurrence of the rescaled chemical potential X. On the other hand, it is possible to deduce an
intermediate regularity property (see Subsec. 4.2.1 below), which provides a control of solutions
in a regularity class that is unusual for the Cahn-Hilliard equation and stands between the regu-
larity corresponding to the natural “energy” class and that corresponding to the “second energy
estimate”. The procedure used to get this regularity property is highly nontrivial and exploits
very much the particular structure of the coupling terms by relying on ad-hoc techniques. Such
a set of “key estimates” represents in our opinion the most relevant advancement contained in
this paper; indeed, based on it we are able to obtain, under general assumptions, existence of
“entropy solutions”, and, thanks to the better summability on 0 for g € (%, 2), also existence of
“weak solutions” in that subcase. As a drawback, the very special nature of this argument makes
difficult to describe an effective approximation argument that is fully compatible with all the
estimates. In the last section, we give some ideas about a possible scheme, but we have to admit
that developing the details in a completely rigorous way might be an extremely hard task. For
this reason, in order to outline the scheme of our existence proofs, we have decided to proceed
by just showing a “weak sequential stability” property. Namely, we shall prove that families of
solutions to the “original system” (1.1)-(1.3) that are sufficiently smooth and satisfy the a priori
estimate in a uniform way converge, up to extraction of subsequences, to some limit functions
that satisfy the entropy (or, in the subcase > %, the weak) formulation. This scheme should in
fact be applied to approximating families in order to get a fully rigorous argument, but, as already
said, this may involve very hard technical difficulties. Finally, it is worth noting that, in view of
the highly nonlinear structure of the system, we also expect that proving uniqueness might be
also extremely difficult, even in the somehow smoother class of “weak solutions”.

The remainder of the paper is organized as follows. The strong formulation of the problem is
presented in Section 2. In Section 3 we specify the main assumptions on coefficients and data,
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which allow us to introduce both the “entropy” and the “weak” formulation of the problem.
Then, we state the related main existence theorems. The proof of these results occupies the rest
of the paper and is split into two steps: a priori estimates, which are described in Section 4, and
weak-sequential stability, which is proved in Section 5. At last, Section 6 is devoted to sketching a
tentative approximation of the strong formulation of the model and to discussing its compatibility
with the a priori estimates.

2. Setting of the problem

The strong formulation of our problem is represented by the PDEs system (1.1)-(1.3). From
now on we will refer to it as our non-isothermal Cahn-Hilliard model.

2.1. Boundary and initial conditions
In order to get a well-posed problem, we have to specify suitable initial and boundary con-
ditions. Consistently with the physical derivation (cf. [17]), we will essentially assume that the

system is insulated from the exterior. In particular, we have no mass flux through the boundary,
which leads to the condition

VX -v=0 on 0%, 2.1

where v denotes the outer normal unit vector to the boundary 0€2. Next, we assume that

Vu-v=0 on df. 2.2)

This condition essentially prescribes that the diffuse interface is orthogonal to the boundary of
the domain. Moreover, we take no-flux boundary conditions for the temperature:

k(Q)Vé -v=0 on dQ. (2.3)
Finally, the system is complemented by the initial conditions
u(-,0)=up, 6(,0)=0.
2.2. Balance laws

The boundary condition (2.1) leads to the conservation of mass (2.4), which is a characteristic
feature of Cahn-Hilliard-type models. Indeed, integrating (1.1) in space and time, we obtain

1
(u(1)) Em/u(x,t)dxz(u(O)) =m, Vte|0,T]. 2.4)
Q
Next, multiplying (1.1) by X6 and (1.2) by u,, then taking the difference, we obtain

Fu); —aAuu; — 2,0 —mXOAX =0. 2.5)
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Summing (1.3) to (2.5), then using (1.1), it follows:

1
—aAuuy + Q) + F (), + div (k(@)Vg) =0. 2.6)
Then, noting that, by (1.16), the internal energy density is given by
o 2
= EIVMI + Q(@0) + F(u),

integrating (2.6) over 2 and using the boundary conditions (2.2), (2.3), we recover the conserva-
tion of internal energy

/ - i[ (5 1Val + Fa + 0@ ]ax =0, @.7)
Q Q

Q|Q_

dr

A key point in the statement of the “entropy formulation” of our model (see Definition 3.1)
consists in replacing the heat equation (1.3) with the balance of entropy. To derive it, we multiply
(1.3) by é and use the chain rule to obtain

2

(A(e))t+mA(%+xx)+d ((9) 9) m|Vx 2 —|—k(0)‘V 2.8)

where A(f) = cy6, owing to the fact that Q(0) = %VOZ. Hence, using (1.1), we deduce the
balance of entropy:

(A(9)+,\u);+mA(X;)+d (k(e) 0):m|VX|2+k(9)‘Vé‘2. (2.9)

Indeed, being the Helmholtz free energy i given by (1.16), we can note that the entropy den-
sity takes the form s = —dpyy = A(6) + lu. Integrating (2.9) over 2 and using the boundary
conditions (2.1) and (2.3), we then obtain the balance of entropy in integral form:

%/(A(@)—l—ku)dx=/m|VX|2dx+/k(9)‘Vé‘2dx. (2.10)
Q

Q Q

Remark 2.1. It is worth noting that (2.8), or equivalently (2.9), is an equality at this level, but
it will turn to an inequality in the framework of the rigorous definition of entropy solution that
will be introduced later on (see Definition 3.1). Of course, this phenomenon is related to the
occurrence of quadratic terms on the right hand side, which do not behave well with respect to
weak limits.
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3. Main results
3.1. Assumptions on coefficients and data
First of all, just for the sake of simplicity but without loss of generality, we assume the positive

constants m and o be normalized to 1. Next, we assume that the potential F has the following
standard polynomial expression:

1
F(u)=1(u2— 1?2, 3.1)
so that its derivative reads
fw) =u’—u. (3.2)

As discussed in the introduction, we assume the following expression for the pure heat Q and
for the function k related to the heat conductivity:

0() = %02, (3.3)
k(©) = ko + k167, (3.4)

where cy, ko, k1 > 0 and B € [0, 2). As noted above, such restrictions on the exponents are
essential for the purpose of obtaining the a priori estimates of Section 4 below.
We conclude by specifying our hypotheses on the initial data:

ug € HI(SZ), 6p > 0 almost everywhere in €2,
f(uo) — Aug
1

%

6o € L*(Q), Qi e L'(Q) and e LX(Q). (3.5)
0

Notice that the regularity conditions provided by (3.5) are satisfied in particular when
ug € HZ(SZ), 6y € LZ(Q), 0p>6 >0 almost everywhere in €2,

where 6 > 0 is a given constant.

3.2. Entropy and weak formulations

First of all, we introduce the notion of “entropy solution” to our problem. Precise regularity
conditions will be specified in the existence result (Theorem 3.4 below):

Definition 3.1. An entropy solution to our non-isothermal Cahn-Hilliard model is a triple
(u, X, 0) of sufficient regularity satisfying equations

u; = AX in LZ(Q), almost everywhere in (0, T), 3.6)
X0 = f(u)— A0 — Au in LZ(Q), almost everywhere in (0, T), 3.7
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with the boundary conditions (2.1)-(2.2), the initial condition u(-, 0) = ug, and the entropy pro-
duction inequality:

T T
//A(G);tdxdt +f/ +AX v;dxdr +f/@v -V dedr
0 0 Q
T T
—//|VX|2§dxdt —//k(@)‘vé‘zg“dxdt —/A(@o)g“(-,O)dx,
0 Q 0 Q Q
Vi € C®°(Q2 x [0, T]) such that ¢ >0, ¢(-, T) =0. (3.8)

It is worth noting that (3.8) incorporates both the initial condition 6 (-, 0) = 6y and the no-flux
condition (2.3). As for the boundary conditions (2.1)-(2.2), they are actually intended in the usual
sense of traces.

Remark 3.2. Observe that the above notion of “entropy solution” is in fact weaker than other
corresponding notions appearing in related contexts. What is lacking in the above setting is the
validity of a relation stating, in a weak form, the conservation of the internal energy of the system
(which, in our specific case, corresponds to what is usually noted as “total energy balance”). We
refer, e.g., to the papers [4,7,8] for situations where, differently from here, “entropy solutions”
are complemented with the balance of total energy. As a consequence, differently to related
situations, here “entropy solutions” satisfying additional regularity do not automatically gain the
status of “weak solutions”. In particular, we cannot prove the balance of the internal energy
mainly because, in our specific case, it would read as follows (cf. (1.13) and (2.6))

1
(0O + fwuy — Auuy = —div(k(@)Vg) (3.9)

with Q(0) = %92. Even if the above is restated in the distributional sense, the available infor-
mation on 6 seems not sufficient to take the limit of Q(@). This issue is overcome under more
restrictive assumptions on the exponent 8 (cf. (3.4)), leading to “weak solutions” introduced
below.

Another notion of solution to our problem can be introduced, i.e. that of “weak solution”. De-
spite the terminology, this concept is “stronger” than the previous one. Still, regularity conditions
on solution components will be specified later on.

Definition 3.3. A weak solution to our non-isothermal Cahn-Hilliard model is a triple (u, X, 6)
of sufficient regularity satisfying equations (3.6)-(3.7) with the boundary conditions (2.1)-(2.2),
the initial condition u (-, 0) = ug, and the weak form of the heat equation:

T

f/Q(G)Sth+/Q(90)E(~,0)dx—/Q(Q(nT))E(nT)dx
Q Q

0 Q@
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T T
—//e(x +A)AX§dxdt+//k(9)V . VE dxdt =0,
0 Q 0

VEeC®(Q x [0,T)). (3.10)

Also in this case, (3.10) incorporates both the initial condition 6 (-, 0) = 8y and the boundary
condition (2.3), whereas (2.1)-(2.2) are still assumed to hold in the sense of traces.

3.3. Main existence theorems
Our main results read as follows:

Theorem 3.4 (Existence of entropy solutions). Under the assumptions stated in Subsection 3.1,
for B €[0,2) in (3.4), our non-isothermal Cahn-Hilliard model admits at least one entropy so-
lution, in the sense of Definition 3.1, belonging to the following regularity class:

we HYO0,T; L2(Q) N L=, T; W*1 (@) N L3(0, T; HX(Q)),

X € L*(0,T; HX(RQ)), x* € L*(0, T; H ()),

0 eL>®0,T; LZ(Q)) 0 > 0 almost everywhere in Q x (0, T),

log6 € L*(0, T; L*(2)), eL 0,T; H (),
912 e L*(0,T: H (Q)), Lﬁ e L*(0,T; HY(Q)). 3.1

Theorem 3.5 (Existence of weak solutions). Under the assumptions stated in Subsection 3.1, for
B e (% 2) in (3.4), our non-isothermal Cahn-Hilliard model admits at least one weak solution,
in the sense of Definition 3.3, belonging to the following regularity class:

we HY(0,T: LA(R) N L0, T: W23 () N L3(0, T; HX()).

X e L0, T; HX(Q), x> € L*(0,T; H' (),

6 € L0, T; LX) NLI(Q2 x (0,T)), Vg €[1, ),

0 > 0 almost everywhere in Q x (0, T),

log6 € L*(0, T; L*(2)), eL 0,T; H (),

912 e L*(0,T: H(Q)), Lﬁ e L>(0,T; HY(Q)). (3.12)

4. A priori estimates
The remainder of the paper is devoted to the proof of Theorems 3.4-3.5. We start by briefly
sketching our strategy. In this section, we will prove some formal a priori estimates holding for

a hypothetical triple (u, X, 6) solving the “strong” formulation of the model, i.e., the system of
equations (1.1)-(1.3) complemented with the initial and boundary conditions. While the basic
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estimates arise as direct consequences of the physical principles of conservation of mass (2.4),
conservation of energy (2.7), and balance of entropy (2.10), some higher regularity estimates are
also needed. The derivation of such “key estimates” requires a notable amount of technical work
(see Subsection 4.2 below). Of course, to make the whole procedure fully rigorous, one should
rather consider a proper regularization or approximation of the “strong” system and prove that
it admits at least one solution being sufficiently smooth in order to comply with the estimates.
However, system (1.1)-(1.3) is rather complex and, as a consequence, the related approximation
would be particularly long and technical. For this reason, we decided to skip this argument and
rather proceed formally. A possible strategy for building an explicit approximation will be out-
lined in Section 6.

In Section 5, having the a priori estimates at disposal, we will then prove that any sequence
(un, Xn, 6,) complying with the bounds uniformly in #» admits at least one limit triple (u, X, 6)
which solves the “entropy formulation” of the system (i.e., satisfies the conditions stated in Def-
inition 3.1). Furthermore, in the subcase when g € (%, 2) in (3.4), we will be able to show that
a limit triple (u, X, 0) solves also the “weak formulation” of the system (i.e., satisfies the con-
ditions stated in Definition 3.3). This procedure, which will be referred to as “weak sequential
stability” of families of solutions, can be seen as a simplified version of the compactness argu-
ment that one should use to pass to the limit in a regularization scheme.

Notation. From now on, in order to simplify the notation, we will denote by L?(£2), instead
of LP(Q2: R3), the space of R3-valued functions whose components belong to L”(€2). Given a
generic Banach space X, (-, -)x’ x will stand for the duality product between X and its topolog-
ical dual X’. In case of integrations over 2 or with respect to time, the volume elements dx and dr
will be generally omitted. As for the mean value of a function over 2, we set (-) = Vo+(§2) fQ -dx.
Furthermore, the same letter ¢ (and, sometimes, c,, ¢, ¢35, Ce OF ¢, when accounting for the
dependence on a parameter p, o, §, € or p) will denote positive constants whose actual value
may vary from line to line and which do not depend on any eventual approximation parameter.

4.1. Energy and entropy estimates

Integrating the conservation of energy (2.7) with respect to time, using (3.5), we deduce the
following a priori estimates:

101l oo, 7;02(02)) = € 4.1)
IVullpooo,7:02(0)) < “4.2)
I1F @)l poo0,7:11 (@) = ¢ 4.3)

From (2.4) and (4.2) it follows that

”u”LOO(O,T;Hl(Q)) <c. (44)
Hence, thanks to the classical Sobolev embedding theorems,

||u||L°°(0,T;L6(Q)) <c. (45)
Since f is given by (3.2), we can conclude that
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ILf @l oo, 7; L2(0)) = ¢ (4.6)

Integrating with respect to time the balance of entropy (2.10) and using (4.1), (4.4) to control
the left hand side, we readily deduce

||VX||L2(0,T;L2(Q)) =c, 4.7
T

112
//k(e)‘vg( <c. 4.8)
0 Q

Since k is given by (3.4), from (4.8) it follows that

75

<c
L2(0,T; L3 () —
and
84
IVO2 20,7 12(02)) = ¢- (4.10)
4.2. Further a priori estimates

4.2.1. Key estimates

2
First test function for the entropy equation. Firstly, we multiply (2.8) by —(XT + AX) and
integrate the result over €2, obtaining

—/cve,(%z +Ax>+/(v(§+xx)+@vé)-v(%z +AX>

Q Q
5 X2 12/ x?
+/|VX| (7+AX>+/k(9)’V§’ (7+xx)=o. 4.11)
Q Q
Taking the partial derivative of (1.2) with respect to time, we get
Xf@ + XQ; +)\.9t = —Au, + f’(u)ut.
Multiplying the above equation by X, we obtain
x2
(7) 0+ X20, + AX6 = —X Ay + f@wuX. (4.12)
t

On the other hand, multiplying (1.1) by u; and integrating over €2, thanks to (2.1), we have

||u,||iz(9)=—/Vut~VX. (4.13)
Q

Integrating (4.12) over €2 and combining it with (4.13), we infer
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d [ x2 X2 ) ) ,
o 79 — 79, + | X204 [ AXO A+ el = | f @urX. (4.14)
Q Q Q Q Q

Finally, multiplying (4.14) by cy and summing the result to (4.11), we obtain

% CVX?29+/(V(%2+AX>+@V%)-V(X?2+)»X)+cv|lu,||iZ(Q)
Q Q
+/|VX|2(X72 +AX>+/k(0)‘V%‘2(X72 +AX> =cV/f’(u)utX. (4.15)
Q Q Q

2
Note that b1 X2 — by < XT + A X for by, by > 0 such that 2b,(1 —2by) > 22.In particular, —% <
2
XT + AX. Hence, for such by, b, we have

d X29 v x AX k(e)vl v x2 AX 2 by | X3 vx|?
oS0+ [(V(5+0) +==V5) - V(5 +00) +evluliag, +b1 [ X21Vx]
Q Q Q

12 12
5b2||v><||iz(9)+7fk(9))v5‘ +c‘,/f/(u)utx.
Q

Q
(4.16)

We now control the last term on the right hand side of (4.16). Using (1.1), then integrating by
parts, thanks to (2.2), we can rewrite it as

cV/f/(u)u,X :—CV/f/(u)|VX|2— cV/f”(u)xvu-vx, 4.17)
Q Q Q

where, by (3.2), one has f’(u) =3u? — 1 and f”(u) = 6u. From (4.17) it then follows that

cV/f/(u)utX:—cv/3u2|VX|2+cv||VX||i2(Q) —CV/6uXVu~VX. (4.18)
Q Q Q

Observe that, inserting (4.18) into (4.16), we can move the first term on the right hand side of
(4.18) to the left hand side of (4.16), hence the only term to be controlled is the last one of (4.18).
Holder’s inequality and interpolation yield

—CV/6uXVu-VX ch/3|u||Vu||VX2|
Q Q

= C||M||L6(Q) ||Vu||L3(Q) ||VX2||L2(Q)
1 1
< cllul oI Vel o ) 1 Vetl 72 ) IV XN 120
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2
< CHV“ ”L()(Q) ”VX ||L2(S2)a

where in the last inequality we used (4.4) and (4.5). Using the continuous embedding H Q) —
L%(R) jointly with classical elliptic regularity results and Young’s inequality, we obtain

Q

for o > 0 small enough to satisfy by — 4o > 0 for b; as assigned in (4.16).
Our aim is now to control [|Aul[;2(q) in (4.19). Due to (1.2),

1 Aull 20y < MOl 2y + 1 F @l 2y + 1X0] 2 < €+ €l X, (4.20)

where in the last inequality we used Holder’s inequality together with (4.1) and (4.6). Using
the Gagliardo-Nirenberg inequality together with classical elliptic regularity results, and then the
continuous embedding H'(Q) — LO(), from (4.20) we deduce

[Aullp2qy < c+cllX — (X)L +cl(X)]

=c+cllAX] +ellX = (O L2(g) + cl{X)]

2
LZ(Q)” < >||L6(Q)

1
<C+C||AXIIL2(Q)(IIX - <X>”L2(Q) F IV 2(0) +ellX = OOl 2@ + cl(X)]

=c+cllAX] IVXII + VXl L2 + (X

L2(Q)| LX)

where in the last line we also used the Poincaré-Wirtinger inequality. Using Young’s inequality
and (1.1), we then obtain

I Aull 20y < € + ol VX 20y + plluell 2y + cl(X)] @.21)

for p > 0 small enough as we need below.
Multiplying (1.2) by % and then integrating it over €2, it follows that

)= [/V -v1+/”3_”]—,\
~ Vol(Q) VY o ’

Q Q

whence, using Holder’s inequality and then (4.4),

001 = ell Vull 2y |V 5|

R

C C C —

L2(Q) 0 - 0
Q

Combining together (4.16), (4.18), (4.21) and (4.22), we deduce

3_
+c/ |’ — ul n
L2(Q) 0
Q

4.22)

938



A. Marveggio and G. Schimperna Journal of Differential Equations 274 (2021) 924-970

_/cv—9+/ (2 +kX)+k(:)V9> (X;me)

L2(9)+ cv/3u2|VX|2
Q

sevlnls g + (b — o) | V|

A2 112
< b2+ en)IVA gz + > / KOV ] + coc IV X200,
Q

o+ /'”3_”'+ (4.23)
ol ™ ) Co- '
Q

+eopllurllp2g) + co ||V

3
Observe that in order to close the estimates we should find a way to control ¢, [, lu - “l To this
aim, we adopt the following strategy. Firstly, we multiply (1.2) by 7 and then integrate the result
over €2, obtaining

2 2 4
|Vu| u
— + uVu - V + | uX + 3 + A u=: E 1, 4.24)
Q Q j=l

where 14 = Am due to the conservation of mass (2.4). Using Holder’s inequality, then interpola-
tion together with (4.4) and (4.5), we deduce

1
2 _
. ||W||L6(Q) IVl | V5|

L < ||u||Lo(Q)||VM||L3(Q) va ‘

LX)

<CIIVMII

LO(Q) H LX)
The continuous embedding H'(2) < L%(R), classical elliptic regularity results and Young’s
inequality together with (4.2) then yield

12
2 §C5HV— + 8]l Aull 2 + S,

0 ‘ L2(Q)

whence, using (4.21) and (4.22),

u? — ul

el

IV X 2@ + B0l 2y + 5ch

9’LZQ)

(4.25)

for 6 > 0 small enough as we need below. Integrating (1.1) with respect to time gives

t
u=ug+ A(l *xX), where I*X(x,t)zfx(x,r)dr. (4.26)
0

939



A. Marveggio and G. Schimperna Journal of Differential Equations 274 (2021) 924-970

Multiplying (4.26) by X and using (2.1), we obtain

/uX:/u()X—/VX-V(l*X),
Q Q Q

which can be rewritten as

qu:/(uo—nﬁ)X—i—/th—/VX-V(I*X)
Q Q Q Q

:/(uo—n_l)(X — (X)) + 1 Vol () (X) —/vx V(1% X),
Q

Q

due to the conservation of mass (2.4). As a consequence, Holder’s inequality and (3.5) together
with the Poincaré-Wirtinger inequality yield

uﬂ=\fMXLsﬂvxmygy+dman+wvxmﬂmnvu*xnuam
Q
=clVXI2 ) + clm(X)| + cllVXI 2@ IV Xl 20,722 (02))

<l VXl 20y +climiX)], 4.27)

where in the last inequality we used (4.7). Combining together (4.24), (4.25), (4.27) and (4.22),
it follows that

/u4+/|Vu|2< Hvl 2
u el =
0 o —l"g
Q Q

LX)

+ Bcp + VXl 20 +dpllull 2@

u? — ul
+ 8¢

+C(8+|m|)HV ‘

+C(8 + |r?z|)f
Q

uZ
+ [ 5+ ool (4.28)
Q

We now sum (4.28) to (4.23), obtaining

k() x? 2

u |Vu|?
3u?|vx|? /— /
L2(9)+CV/ u“|VX|©+ 5

Q

+w14®H

|3—I,t| u2
<®+%MW&U®+NOSM/‘ +f5wwm+mwvm;®

Q
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—/k(@)‘v ( +c(o, p, 5)||VX||L2(Q)+C(8)HV

2 ‘ L2(9)

+ c(o, §, m)HV ‘

+ c(A,0,8,m), (4.29)

where the positive constants ¢ depend on the parameters in the brackets. Note that if p,é > 0
are small enough so that cys> — p(8 + ¢, )s > dis> — d, for any s € R* and for some properly
assigned 0 < d; < cy,dr =dr(p,5,0) > 0, then (4.29) becomes

_/CV_9+/ (2 )+ v, v(%2 ) g o

4 2
u [Vu|
3u?|VX)? /— /
Lz(g)—i—cv/ul |© + 9—1- P
Q Q

Q

T (b — 45)Hv ‘

| 3

—u| u? 2 Az
< dy+ (o, 8,1) [ttt eIV + 5 [ ROV
Q Q
- 1 -
+¢(@.p, 6)||VX||L2(Q)+c<a)Hv9\m)+ co. 8. V5| o +eGo8m).

Furthermore, observe that there exists a positive constant C (o, 8, ) such that

B
c(05m)/| ul | 0_2/—+C(06m)f

whence we finally obtain

d x29 x2 X k(@)v x2 <\ 1 d )
al T ((2+k)+—9 9) (7“)*1””‘”“(9)

Q Q
2, |Vu|2
+cy 3u? IVX|~+
L2(Q)

Q

+ (b — 40)HV

AZ 12
<d,+C(o,8, m)/ +(bz+cv)IIVX||Lz(Q) /k(@)’vg( +c(0, 0, )VXI 20
Q Q

1 Vl ’
+e®|5]

+c(o. 5, m)”V

+c(h, 0,8, m). (4.30)

0 ‘ L2(Q)

Second test function for the entropy equation. Next, we multiply (2.8) by —g(8), where g is a
positive function of 6§ whose gradient is equal to @Vé. Recalling that k is given by (3.4), we
actually have

kO) o 1 —V( ko ki ) 431)

0 0 Wﬂz-meﬂ—ﬁ’

941



A. Marveggio and G. Schimperna Journal of Differential Equations 274 (2021) 924-970

hence g is given by

0 P N
80)= 202 2—pez—F’
If B €[0, 1) U(1,2), multiplying (2.8) by — ( + W) and integrating over €2, we obtain
4 (fo koL / w)-v(ao g )
dt 20 2-B8)(B-— 1) - \202 2 —p)e2-~
Q
k@®) _1 ko ki ko ki 2
+ / o Vg’ V<292 + Q- ﬁ)92—ﬂ) +/ (ﬁ + Q- ﬂ)e2—ﬁ>|vx|
Q Q
ky 132
/ ® )(292 Q- ﬂ)92—ﬂ))vé‘ =0 (4.32)
Q

Otherwise, if 8 = 1, multiplying (2.8) by — (— + %) and integrating over £, we get

2

5’9 CV(I;—Z—klloge)Jr/V(%erx)-V(zkez+];1)+Q/@V0 v(212)2+k91)

Q
ko ki 5 0 kiyol)2
+/(ﬁ+§)|w| +/k(9)<292 )‘Ve‘ =0.
Q Q
(4.33)

Sum of the first and the second test function for the entropy equation. Summing (4.30) and
(4.32), recalling (4.31), for 8 € [0, 1) U (1, 2), we obtain

2

d X2 ko k681

e (Zorlo Ko _

dt 2 20 2-BB-1
Q

+/(%+(2—2W>|W|2+/k(9)(292 Q/I;W)‘v ‘ + il
Q Q

u |Vu|?
3u?|VX|? /— /
L2(9)+CV/ u|\VX|©+ < 7

Q

>+HV( fax 4o +k71)

202 " 2-p)e2-F/ e

2
by —4 H 2
+ (b1 —40) >
B 1
5d2+cco,5,m>/5+<bz+cv)||vxniz(m f O3] +c.0. 91Xl 20
Q

|
+c(a,a,n‘1)HV— +c(h,0.8.1), (4.34)

6 1 L2(Q)

+c(8) Hv

L%(Q)
whereas, for § =1,
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_/CV _9+ _k11°g9>+Hv( +Ax+2];°2+’;1> 2

ko 1 2 kl 12 2
+ [ (et Ivar+ [xo (5 + 5)|v5] + i,

Q Q

L2(Q)

X
+ (b ““’)HV?‘

22 1 [ u* |Vul?
3|V + = | —
Lz(m+cV/u| |+2/9+/ 5

Q

_ 1 A2
sd2+C<o,8,m>/5+<b2+cv>||vxniz(g) fkw)(v (
Q

192 _ 1
+ (0, 0, IV XIl2(0) + () va‘ re T c(, 3, m)HVE‘ LX)

+c(X,0,8,m). (4.35)

Let us consider the cases € [0, 1), 8 =1 and 8 € (1, 2) separately.
Starting with the case g € [0, 1), we integrate (4.34) with respect to time. Assuming sufficient
regularity (see also Remark 4.1 below), we can evaluate (1.2) at t = 0 so to deduce that Xy =

%{)—A”O — A. Using the hypotheses on the initial data provided by (3.5), we can conclude that

1
Xod3 € L*(R). (4.36)

Moreover, from (3.5), (4.7), (4.8), (4.9) and (4.36), it follows that all the terms on the right hand
side of (4.34), apart from the second one, are controlled. On the other hand, the term fof f Q é for
T € [0, T'] can be estimated by means of Gronwall’s Lemma. Hence, the procedure gives

x20 ko k1
/CV(T(” + %O T pa =g )

Q

f”v g o, R
202 T 2= B)o2-F

ki >
L2(9)+// 202 - B)6>~ ﬂ)WX'
Q
X2
//k(e) 202 T 2o ,3)62 ﬁ)‘ve’ +d1/””‘f”L2(n>+(b1 4")/”V 2@

2
+CV//3M |VX|2 //‘_+/‘/|V| <c(r,o0,p,6,m,T), YTel0,T], (4.37)

where c(X, 0, p, §,m, T) is a constant depending on the parameters A, o, p, §, m and 7.

Remark 4.1. Recall that the a priori estimates deduced in this section are intended to hold for
sufficiently smooth solutions to a proper regularization or approximation of the “strong” system
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(1.1)-(1.2)-(1.3). For this reason, (4.37) and other estimates in the following are supposed to hold
true for every T € [0, T'], and not just almost everywhere in (0, 7). However, passing to the limit,
thus recovering an entropy or weak solution (u, X, 6), several properties will hold only almost
everywhere in (0, 7) in that setting.

Let us now consider the case 8 = 1. Then, noting that, Vt € [0, T]

/kl logf(r) < /klé(r) <c, VT el0,T],
Q Q
due to (4.1), and observing that | logs| < % + s, Vs e RT, so that, in particular,

1
_fCVkl 10g90§/cvk1|10g90| S/Cvkl(% +90),
Q

Q Q

applying to (4.35) a simple variant of the above argument we obtain

f <X29()+k0() /Hv +AX+k +f/ |vx|2
AT IR VA 202 T LZ(Q) 202 "

Q Q

+f/k 202 é)‘v ‘ +d1/”“f”L2(Q)+(bl 40)/” 2‘
Q
|v |2

Finally, in the case 8 € (1, 2), the analogue of (4.37) and (4.38) can be obtained similarly and
takes the expression

X260 ko kof ™!
/cv(T(t)+%(r)) + 5o
Q

Q

LX)

(=)

/Hv g, Rk
202 T 2= B)o>F

ki 2
L2<sz>+f/ 00 T Q- B2~ ﬁ)'vx|
X2
//k(e) 207t = ﬂ)62 ﬂ)‘va) +d1/””f”L2<sz>+(b1 4")/”V L2(Q)

2
—i—cV//?au |VX| + - // //|V| <c(A,0,p,8,m,T), Vtel0,T]. (4.39)
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Using (4.37), (4.38) or (4.39) depending on the value of 8 € [0, 2), and recalling that k is given
by (3.4), we deduce the following bounds:

”XZQHLOO(O,T;LI(Q)) <c, (440)
1
- H <e, (4.41)
O L, T;L1(Q))
V(X2+,\x+ kK )’ < (4.42)
- = D ET-— C, .
2 202 (2—p)orA/lLro0 @) ~
A4
— <c, (4.43)
6 I1L20,T;L2()
VX
- <c, (4.44)
6'=2 llL2.7:2(2)
”Mt ”LZ(O,T;LZ(Q)) <c, (445)
”VXZ ”Lz(O,T;LZ(Q)) <c. (446)
1
V- ‘ <, 4.47
02l 20, 7;L2(2) — ¢ “.47)
1
V— <c, (4.48)
02~ lL2(0,1:L2(%2))
1
vV ’ <c. 4.49
02=B Il L20,T:L2(Q)) — ¢ (4.49)
Moreover, from (4.7) and (4.46) we have
X2
v(— xx) ‘ <e. 450
H 2 + L2(0,T;L2(Q) — ¢ (4.50)

Combining this with (4.42), we then infer

<c. 4.51)
L2(0,T;L2(RQ))

UW%*MW)

4.2.2. Consequences

Higher regularity for X. Firstly, observing that X = XG%Qf%, from (4.40) and (4.41), using
Holder’s inequality, we deduce

IX W ooo,7: L1 () < C- (4.52)
At this point, (4.7) and (4.52) together with the Poincaré-Wirtinger inequality yield

I1X 1200, 7: 0 (@) = C- (4.53)
Furthermore, from (4.45), using (1.1), we obtain
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lAX ||L2(0,T;L2(Q)) <c. (4.54)
By classical regularity results for elliptic equations, (4.53) and (4.54) imply
1 XN 20, 7: H2(02)) = C (4.55)

whence, using the continuous embedding H 2(Q) — C(RQ),
X ”LZ(O,T;C(ﬁ)) =c, (4.56)
while, thanks to the continuous embedding H 2(Q) — WO(Q), we infer

|IX ||L2(O,T;W1~6(Q)) f C. (457)

Let us now estimate [|X |74 7.72(q))- Using standard interpolation, from (4.52) and (4.56) we
deduce

T
4 1 1 4
”X ”L4(0,T;L2(Q)) S f(”X ”21(9) ”X ”zoo(g))
0
<113 1117 <c
- L%(0,T;LY()) L2(0,T;L®(Q) — =2
namely,
I1X 140, 7:02(02)) <€
or, equivalently,
1 20,7211 (@) < C (4.58)
Combining this with (4.46), we then obtain
||X2||L2(0,T;Hl(gz)) =c. 4.59)
Moreover, thanks to the continuous embedding H L) — L6(Q),
||X2||L2(0,T;L6(Q)) <c, (4.60)
or equivalently,
I1X 140, 7:L12(2)) = C- 4.61)

Next, using the Gagliardo-Nirenberg interpolation inequality and (4.52), we obtain

1 2 1 2

2513 3 2513 3
X1z (@) < clID™X]| X0} 12y + €l Xl 1 (@) < ID X 5 g I1X]

3 3 3
L2(Q) LX(Q) L12(Q) Te
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whence, using also Young’s inequality,

1X 11700 () < €D Xl 21X 17 12 + € < €ID* X172 + €N X712y + -

Using (4.55) and (4.61), we can conclude that
I1X 1230, 7: L0 (0)) < C- (4.62)
Higher regularity for u. Let us consider (1.2), namely,
Au= f(u) — 10 — X6. (4.63)

Noting that X6 can be written as XG%H%, from (4.40) and (4.1), using Holder’s inequality, it
follows that

1 1
S ”XG2 ||L°°(O,T;L2(Q)) ||92 ||L°°(O,T;L4(Q)) S C. (464)

X0

Lw(O,T;L%(Q))

On the other hand, (4.6) and (4.1) hold true. Hence, we obtain

[ Aul 4 =c. (4.65)
L*°(0,T;L3 ()
Combining (4.65) with (4.4), by classical elliptic regularity results, we deduce
<c. 4.
11, g o4 gy =€ (4.66)
Furthermore, from (4.62) together with (4.1) it follows that
X601 30, 7:L2(02)) < €5 4.67)
whence, comparing terms in (4.63), we deduce
” Au ”L3(0,T;L2(Q)) <c. (468)
Finally, taking (4.4) into account and using classical elliptic regularity results, we obtain
Nl 30,7 52(0)) = C- (4.69)
Higher regularity for powers of 6.  Firstly, note that (4.1) and (4.54) imply
”0AX”L2(0,T;L1(Q)) <c. (470)
Using (4.62) and (4.70), we deduce that
IOXAX] s <c. “4.71)

L50,T;L4() —
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Combining (4.70) and (4.71), we can conclude that

(X +21)AX <c. 4.72
10+ DAXN g o< “.72)

On the other hand, (4.54) and (4.62) imply

[XAX] s <c. “4.73)
Li 0,T;L2(Q)) —

Let us now multiply (1.3) by —0~¢, where € € (0, 1) is such that 8 # 1 + ¢, and integrate the
result over €2, obtaining

(&%

_6/(92—6), _/el—f(x +A)AX +/k(9)Vé-V0‘€=O,
Q Q

Q

which can be rewritten as

/k(e)eel €

Q

CV d 1—e
4 0 (X +1)AX. (4.74)
Q
Integrating (4.74) with respect to time, we deduce

T
ZCV /92 e //k(@)e@l e ‘ =2CTV6f92_€(T)+//91_6(X T A)AX,
0 Q

Q
whence it follows that

T
//k(@)eel* v
0 Q

9‘ T 2—¢€
Q

T
(T)>+//|(1+9)(x + X
0 Q

T
//|(x +/\)AX|+/|0(X +AMAX].
0 Q Q

Using (4.1), (4.54), (4.72) and (4.73), we deduce

T
//k(e)ee‘*é \%
0 Q

Since k is given by (3.4), (4.75) becomes

2
‘ <c.. (4.75)

1
0

T

//6(/(091 6+k191+/3 6)

0

T
f f (ko 3¢ + k0P 7379 |VO 1 <,
0 Q
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whence

T

T
4 B=l-e
Q 0 Q

0

which is
B—1—€
VO "2 |20, 7:12(02)) = Ce- (4.76)

Using the Poincaré-Wirtinger inequality, from (4.9) and (4.41) we can deduce that
I3
0
whence, using the continuous embedding H'(Q) — LO(S),
|
0

Using once more the Poincaré-Wirtinger inequality and (4.9), from (4.47) and (4.49) we can
deduce that
1
||

<c, “4.77)
L2(0,T;H ()

<ec. (4.78)
L2(0,T;L5())

<c (4.79)
L20,T;H' (%)

and that

(4.80)

1
— <
H 92-8 ‘ L2(0,T;HY(Q)) — <

respectively. Moreover, using the continuous embedding H LQ) — L6(Q), (4.79) and (4.80)
yield

<c (4.81)

2
L2(0,T;L5())

E -|3
ol r:L12) ~ 1162

and

<c, (4.82)
L2(0,T;L5(2)

1
||
respectively.
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4.2.3. Consequences for B € [0, 1)
Consider the case when 8 € [0, 1) in (3.4). Note that VO£~ = (1 — /B)GﬂV%. Using Holder’s
inequality together with (4.1) and (4.9), we obtain

Nz » < (1=p)eP

< ) v—’ <c. 4.83
L2(0,T;LB+1(Q)) L°°(0,T;Lﬁ(sz))H % ( )

L20,T;L2(Q) —

Since B €[0, 1), (4.41) and (4.83) together with the Poincaré-Wirtinger inequality yield

o2~ ) <c. (4.84)
L200,7: W B ()

Let ve WP(Q), p > 3. Multiplying (2.8) by gz%ﬂv and integrating over €2, we obtain

Cy Bfl X2 1
ﬁ((e )[,U)(Wl,p)/(Q)’Wl,p(Q) = V(7+)\,X> v<92—_ﬂv)

Q
k() 1 [VX|? k@) |_ 12
+/Tve (7 ﬂv)+/ 92—ﬂ”+/92——ﬂvé‘ "
Q Q Q

namely,

9% B—1 x? 1 1
j((@ );, U)(Wl,p)/(Q)’Wl,p(Q) = V<7 +)uX) . (vvm—_ﬂ + 92—_ﬁVv)
Q

Vx|? k@©) 1 I 1 1
vt TVE-((HZ_ﬁ)vaH + o5 Vo). (489)

Q Q

Firstly, consider the first right hand side term of (4.85). Using Holder’s inequality, we can deduce
\Y% & AX V—l —1 \Y%
‘ <7+ )(v o7 F T g p v)’
Q

x2
V(G )] oo (1571
H + L2() 92-#

x2
<cpHV( +AX)

1
vl oo —— Vv )
N RS ] I A P

L2 H 92F H oVl @ (4.86)

where in the last inequality we used the continuous embeddings H'!(Q) — L%(2) and
whr(Q) < C (2), which holds true for p > 3, and we denoted by ¢, an embedding constant
depending on p > 3 and possibly exploding as p N\ 3.

As for the second right hand side term of (4.85), Holder’s inequality and H L) — LO(Q) yield

‘|vx|2 ‘ vx |?
62 B 9]—%

2

lvliwr(g)- (4.87)
LX)

lvllLee@) < cp

L2(Q) -5

2
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Finally, let us consider the third right hand side term of (4.85). Using (4.31), we can rewrite it as

kK@) 1 3—p _ 1 1
/Tvé'(z—ﬂ”vez—ﬂ +92_ﬁw)

Q

:/V(% * (2—,];1)92—/3) ' Gigvve;—ﬂ * 921—/3 V”)'
Q

Using Holder’s inequality, we obtain

/ ‘M) ; ﬁ Vezl—ﬂ +92]—ﬂvv>‘

Lz(Q)ll (@)

ko k1
<72+ ) (5
- H (292 + 2- 5)92—/3) Lz(sz)(z B 02 p

oIVl

+| =
(4.88)

ko ki
<] (3 + g ) |l 777 @
=eo|¥ (502 + G ) | e 775 | o I

where in the last inequality we used once more Sobolev’s embeddings.
From (4.85), using (4.86), (4.88) and (4.87), we can deduce that

X2
=a(|¥(7 +4)

+[v (g + =)

14 —
—1|((9ﬂ l)t,U)(Wl-p)/(g),wlyp(gﬂ

vx |?

p1-4

L2(R) H 92—+ H HY() L2(Q)

L2(Q) H 92—B HHI(Q)) ollwrr ()

Taking the supremum with respect to v ranging in the unit ball of W!7() and integrating in
time, also using Holder’s inequality, we obtain

T
1 x?
My = en(|V(5 +2%)

L2(0,T;L2(2)) H 92-8 ‘ L2(0,T; H'(R))

0
VX
91

2

+ |9+ a=pyars)|

202 (22— p)9r-p L2<0,T;H1<sz)>>'

L2(0,T;L2(Q)) H 62-p ‘

L2(0,T;L2())

Taking into account (4.51), (4.50), (4.80) and (4.44), we can conclude that
1O Dl 10,72 (whoryqyy < cp for every p > 3. (4.89)
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4.2.4. Consequences for =1
Consider the case when 8 =1 in (3.4). Note that Vlog6 = —GVé. Using Holder’s inequality
together with (4.1) and (4.9), we obtain

1
Vlog6 . <101 oo Hv-‘ <c. 4.90
IVIogOllp200.7:L1(2)) < 101l Lo, 7:12(02)) 5 LQ(O,T;LZ(Q))_C (4.90)
On the other hand, since|10gs|§s+%,VseR"’,then
llogé] <16l +]z] < (*91)
o 00 . 00 . — C, .
gUlLe. 7Lt @) = 19l r:Ll@) T || 5 Loo@O.T: L1 (Q)) —

where in the last inequality we used (4.1) and (4.41). Using the Poincaré-Wirtinger inequality,
(4.90) and (4.91) yield

||10g9||L2(0,T;W1*|(Q)) <c. (492)

Let v e WP(Q), p > 3. Multiplying (2.8) by év and integrating over 2, we obtain

e = 75 130) () [ 405L (1)
Q

Q
+f|v><|2 +/k(9)‘v1)2
v —| v,
0 6 1 6
Q

Q

namely,

x? 1 1 [VX|?
cy{(log0)s, v) (wiry (). wr) = V(7 -H»X) : (UV§ + EVU) + gV
Q Q

+fk(9)v1 (2v1+1v) 4.93)
—=V—.(2vV=+ —Vuv). .
o 0 6" 0

Q

Note that the right hand side of (4.93) is equal to that of (4.85) with § = 1. Hence, proceeding
analogously as done in the case 8 € [0, 1), it is not difficult to conclude that

llogO):ll 10,7 (wi-ry () < cp forevery p >3, (4.94)

where ¢, is an embedding constant depending on p > 3 and possibly exploding as p “\ 3.
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4.2.5. Consequences for p € (1,2)
Consider the case when 8 € (1, 2) in (3.4). Let € > 0 be such that 8 > 1 + ¢ (the choice of €
will be better specified below). Then, noting that ,3—4T > 2, from (4.1) we deduce

p—1—¢ B—1—¢
102" 20,7220 =cll® 2|l 4 =cCe. (4.95)
L4(0,T;L*(2)) Lo0.7:LF17¢ (@) €

From (4.76) and (4.95) it follows that
B—1—-€
e —=— ”LZ(O T:H\(Q)) = Ce> (4.96)
whence, using the continuous embedding H 1(Q) — LO(), we obtain

p—l—€
102" 20, 7;16(2) = Ce- (4.97)

Using (4.95) and (4.97) together with the continuous embedding

L0, T; LFT (Q@)NLY0,T; L)) — LI(Q x (0, T)),

where g = % 3?:}::’6 , we can conclude that
364+1—3¢
||8||L‘1(Q><(0 7)) = <c, where ¢ q = f (498)
Observe that
- 5
q>2<:>,3>§+6. (4.99)

Thus, for § > § we can take € > 0 such that 8 > i + € so to obtain an additional regularity for 6

that will play a crucial role in Subsection 5.1. Indeed rewriting k(0)V 5 L — k) (0) Va L — 9V< 2]2’2
m), using (4.31), (4.98) and (4.51) together with Holder’s inequality, we deduce
2g 14
Hk(e)v ‘ <c, whereF= —3_ ¢ ( ) depends only on . (4.100)
L7 (Qx(0,T)) 2+4q 13
Using again that 8 > 1 4 €, from (4.1) we also deduce that
3-p
62 4 = Ce. (4.101)
Lo(0,T; L3P+ ()
3—pte B—1—

Observe that VO = #9 TV T Using Holder’s inequality together with (4.76) and
(4.101), we obtain
2 3—g+g p—1—

Vo 4 < z—5— 4 Vo 2 - 2 .12 < Ce.
l l 200.7: L5 (@) — B—1—¢ l l 0.7:L 757 () Il ”1 (0,T;L%(Q)) = ‘€
(4.102)
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Note that, since € > 0 is such that 8 > 1 +€ and 8 <2, then 1 < 5— 2 < 3 Hence, using (4.1)
and (4.102) together with the Poincaré-Wirtinger inequality, we can conclude that

0 < ce. 4.103
11, 0 oty = (4.103)

Testing (2.8) by v e W-P(Q), p > 3, we obtain

x2 k(8)
cy <91, v)(lel’)’(Q),Wl-l’(Q) = V<7 + )\,X) -Vv+ Tvg -Vo

Q Q

12
+/|VX|2U+/I<(9)‘V§‘ v. (4.104)

Q Q

Using Holder’s inequality and (4.31), we deduce

2 2
/‘V<X7—H»X)~VU‘S HV<X7-H»X) L2(9)||VU”L2(Q)<CPHV< -H» ) LZ(Q)HUHWLP(Q),
Q
/)k(g)v Vv ‘ Hv( P N )‘ Vol 2
202 7 2-po2-Bllpe’ @
k1
=a[ V(5 + eyree)| BT

/||VX|2v|dx < IVXPlli@llvllize@) < cpl VX172 0 llwin ey,

12 12 12
[ k@95 ] 4] < vt [k@|v5] <crtotyie, [r@]v],

Q Q Q

where in the last inequalities we used once more the continuous embeddings H Q) — LoQ)
and W' P () < C(), which holds true for p > 3, and ¢p depends on p > 3 and blows up as
p \\ 3. From (4.104) it then follows that

ko kq
v(=o M ‘
L2(Q) + H (292 + 2 - ,8)92—/3)

X2
1O ) yrayian wionanl <cp |95 +3) .

12
Q

Taking the supremum with respect to v ranging in the unit ball of W7 (), integrating in time
and using the regularity given by (4.50), (4.51), (4.7) and (4.8), we can conclude that

||91||LI(O,T;(W1’1”)’(Q)) < Cp for every p > 3. (4105)
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5. Weak sequential stability

In this section, we assume to have a sequence {(u,, X, 6,)}, of solutions satisfying a proper
approximation of the “strong” system of equations (1.1)-(1.3). This family is assumed to comply
with the a priori bounds proved in Section 4 uniformly with respect to n € N. Our aim is show-
ing, by weak compactness arguments, that at least a subsequence converges in a suitable way
to an “entropy solution” to our problem, i.e., to a limit triple (u, X, ) satisfying the properties
specified in Definition 3.1. Furthermore, in the subcase when g € (%, 2) in (3.4), we will be able
to show the convergence to a “weak solution”, according to Definition 3.3. Actually, to further
simplify the notation, we intend that all the convergence relations appearing in the following are
to be considered up to the extraction of (non-relabelled) subsequences.

Collecting the bounds proved in the previous section, we now deduce a number of convergence
properties. In particular, from (4.66), (4.69) and (4.45) we infer

Uy =~ in L0, T; W23 (Q)) N L3(0, T: H2(Q)) N H' (0, T; L2(R)), (5.1
whereas, from (4.55) and (4.61),
X, — X in L?(0, T; H*(Q)) N L*(0, T; L'*(Q)), (5.2)
and from (4.1)
0, =~ 0 in L0, T: L2()). (5.3)
Noting that
W23(Q) cCc LI(Q) — LY(Q), 1<q <12,
(5.1) together with the Aubin-Lions Lemma yield
u, — u strongly in C([0, T]; L1(R2)), 1 <q < 12. 5.4
Then, recalling the expression (3.2) for f, we deduce
f(uy) = f(u) strongly in C([0, T]; L" (), 1 <r <4. (5.5)
Furthermore, since
W2i(@) cc W (@) — L), 14" < 15—2
and
HY(Q) cc W (@) — LY(Q), 1<r* <6,
then we can use again (5.1) and the Aubin-Lions Lemma to conclude that
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¥ 12
un, — u strongly in C([0, T]; W9 (Q)), 1<q* < = (5.6)
and that

un — u strongly in L>([0, T]; W' (), 1<r* <6. (5.7)

We now show that {é}n converges to é almost everywhere in 2 x (0, T).
To this aim, let us consider the cases 8 € [0, 1), 8 =1 and B € (1, 2) separately.

e B €0, 1): From (4.84) and (4.89) we deduce that {7 "}, and {6 ~"),}, are uniformly

2
bounded in L2(0, T; WI’W(Q)) and in L'(0, T; (W'P) (Q)), for any p > 3, respectively.
Noting that

I,L s* 1,py/ * 6
WhET(Q) cc L (Q) <= (WIPY(Q), 1< <35 . p>3,

+1

and using the Aubin-Lions-Simon Lemma (cf. [23, Sec. 8, Cor. 4]), we obtain

6/~! — n strongly in L?(0, T; L (Q)), 1 <s* .

n n gly in L*( (€2), I=s <3ﬂ+1
1

In particular, 6,’? LN n almost everywhere in Q x (0, T), thus 6, — n#=T almost ev-

1
erywhere in  x (0, T). Since (4.1) holds true, we deduce that 6, — n#-T weakly in
LP(0, T; L3(Q)), p < +00. On the other hand, we have convergence relation (5.3). Hence,

1
due to the uniqueness of the weak limit, we can conclude that 6 = n#-T almost everywhere
in 2 x (0, T). It then follows that

6/~! — 6P~ strongly in L>(0, T; L* (Q)), 1 <s* < (5.8)

3+1°
Thus, 9,‘,3 -l 08-1 almost everywhere in 2 x (0, T), whence 6,, — 6 and %n — % almost
everywhere in 2 x (0, 7).

e B =1: From (4.92) and (4.94) we deduce that {log6,}, and {(log6,);}, are uniformly

bounded in L2(0, T; Wh1()) and in L' (0, T; (W'-P) (), for any p > 3, respectively.
Noting that

. 3
wWhi(Q) cc L (Q) — (WhPY(Q), 1 <s* < > p >3,

and using the Aubin-Lions-Simon Lemma, proceeding as done in the previous case, we can
conclude that

* 3
log6, — log® strongly in L*(0,T; L (Q)), 1 <s* < 7 5.9

It follows that log 8, — log 6 almost everywhere in Q2 x (0, T'), whence 6,, — 6 and %n — %
almost everywhere in 2 x (0, T').
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e B € (1,2): From (4.103) and (4.105) we deduce that, for any arbitrary small € > 0 such

4
that 8 > 1 + €, {6,}, and {(6,,);}, are uniformly bounded in L%(0,T; W 5FTe (R2)) and in
L! O, T; (Wl’f’)’(Q)), for any p > 3, respectively. Noting that

12

IL K 1 , x
W=t (Q)CcC L’ () —= (W'PY(Q), 1< _
(€2) (€2) = ( ) (), I=s <11—3ﬂ+3e P>

’

and using the Aubin-Lions-Simon Lemma, taking € small enough, we can conclude that

12
11-38"

6, — 0 strongly in L2(0, T; L Q), 1<s* < (5.10)

As above, it follows that 6, — 6 almost everywhere in €2 x (0, T'). Thus, én — % almost
everywhere in 2 x (0, 7).

Next, from (4.81) we deduce that {9%},, is uniformly bounded in L*0, T; L'2(R)). Since én —
% almost everywhere in 2 x (0, T'), we can conclude that

1 1 L

9— — 5 strongly in L*(0, T; LY(Q2)), 1 <s <4, 1 <g < 12. (5.11)

n

From (4.77) we deduce that {é}n is uniformly bounded in L2(0, T; H'(R)), hence it weakly
converges to a function ¢ in L2(0, T; H'(R)). Since L>(0, T; H'(Q)) — L*(0, T; L1(Q)), 1 <
s <2,1<qg <6, from (5.11) and the uniqueness of the weak limit it follows that ¢ = é almost

everywhere in €2 x (0, T). Since V can be considered as a continuous linear operator from
L20,T; HY(Q)) to L%(0, T; L*(2)), then we can conclude that

1 1

V— —~ V= in L%(0, T; L*(Q)). (5.12)
6, 0

From (4.82) we deduce that {92%}3 }n is uniformly bounded in L?(0,T; L6(Q)). Since % — %
almost everywhere in 2 x (0, T), then 92%/3 — 92%;‘3 almost everywhere in Q2 x (0, T'). Thus, we
obtain !

1 1 . 2 6
n

From (4.80) we deduce that {92%‘*}” is uniformly bounded in L%(0, T; HY(Q)), hence it weakly

converges in L20, T; HY(Q)). Proceeding as done above, we can conclude that

1 L o,
Vez—_ﬁ Vg inL70.T: L7(%)). (5.13)

n

Analogously, if we consider {91—2},,, from (4.81) and the almost everywhere convergence we de-
duce ’
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! L L%*(0,T; L%(Q))
— — — 1 bl ; 3
62 62

then, thanks to (4.79), we can conlude that

1 1
v@ N v? in L0, T; L*()). (5.14)

Note that in Section 4, we implicitly assumed the temperature 6 to be (almost everywhere)
positive. This fact is used in several estimates which, otherwise, would not make sense. Positivity
of {6,},, should be shown, indeed, at the n-level, i.e., for the hypothetical regularized problem
which we decided not to detail here. We cannot give here a proof of this fact, since this would
require to provide the details of the regularization. However, we can at least show that, if {6,},
is almost everywhere positive, and satisfies the estimates given in Section 4, then positivity is
preserved in the limit. To see this, we first notice that, for § = 1 we have convergence relation
(5.9), hence the integrability of logf allows us to conclude that & > 0 almost everywhere in
Q x (0, T). As for the cases B €[0, 1) or B € (1, 2), note that |logs| <s + %, Vs € RT. Thus,
(4.1) and (4.77) imply ||log 0n||L2(O,T;Lz(Q)) < ¢,Vn € N. Since we showed that 6,, — 6 almost
everywhere in 2 x (0, T'), we obtain

log6, — log6 strongly in L™ (0, T; L™ (2)), r < 2.

Once again, due to the integrability of logf, we can conclude that 6 > 0 almost everywhere in
Qx(0,7).

Strong convergence of X. In this part we derive a strong L”-convergence of for the variable X.
Such a property is not trivial because a control on the time derivative X; is not available and,
consequently, a direct application of the Aubin-Lions lemma is not possible. Hence to deduce
such a property we need to use a different method based on the derivation of a Cauchy-type
estimate.

From now on, in order to simplify the notation, we will denote exponents such as p — § and
p + 8, for a properly chosen small § > 0, by p~ and p™, respectively.

Let us now consider the difference between X, and X,,, Vn,m € N, which is given by (1.2),
namely,

_ AUy — )
On

1 1

LN f ) = f ()
It bn Om

—Aum(— o,

K= om = o, 0
n m

+f(um)( ) (5.15)

Testing (5.15) by v € WI-P(Q), p > 3, and integrating by parts the second term on the right hand
side, we obtain

/(xn —xm)vszun —um)(uvel eiw) —/Aum(ei - Gi)v

Q Q Q

f(”n)_f(um) 1 1
+/Z__75___u+/fwmmar—@)u (5.16)
Q Q
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Let us consider the first term on the right hand side of (5.16). Using Holder’s inequality, from
(4.77) we deduce

1 1 1 1
Y (uy — (vV— —Vv)‘< V (it — - (HUV— ‘—Vv‘ )
/‘ (tn = ) 6 o = IV =l ) P8 P AP P P P
Q
1 1
<190 =l g5y ([ V5| oy 1P @ + 1|1 V0 @)
1
<V =l 5 @y | 5| 1 g PPN 00 (5.17)
n

where we denoted by ¢, an embedding constant depending on p > 3 and possibly exploding as

JZNICE
As for the second term on the right hand side of (5.16), using Holder inequality, it follows that

T
[ [l (G =57 ) el =18t | (5 =51
Up | ——— v u ——— v
" 6, O - rllL2(@) 6, O L2(Q)
0 Q
1 1
< lAunliz2(q) ”9— - 9—’ LZ(Q)”U”L"C(Q)
n m
1
< cpllAunllr2 () o o Lz(Q)”v”WLP(Q)’ (5.13)
n m

where in the last inequality we used the continuous embedding W' P() — C(L), holding for
any p > 3.

Let us consider the third term on the right hand side of (5.16). Using Holder’s inequality together
with the continuous embedding above, we obtain

L2(Q)

/‘%ﬂﬂ”m% 5||f(un)—f(um)an(Q)”év‘
Q

1
< 1f ) = Famlizg | 5| o o I01E=@

LX)

1
< epllf @) = flz@| | ooy P IWir@y 19)

L2(Q)

Lastly, we consider the last term on the right hand side of (5.16). Using Holder’s inequality, we
deduce

1

[l (5 -3,)=15
Q

On Om
1
=|

On

LZ(Q)IIf(um)vlle(m

I1f )l 2 V]l Lo ()

a‘ L2(Q)
1 1 ‘

6 Om

=¢p I @)l L2 IVl ), (5.20)

LX)
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where in the last inequality we used once more Sobolev’s embedding.
Collecting (5.17), (5.18), (5.19), and (5.20), from (5.16) it follows that

{Xn — Xm., U)(lep)/(gz),wlyp(gﬂ

1 Xn — Xm||(wl,p)/(g) = sup
veWl.P(Q) ||v||W1-p(Q)
v#£0
<ep (VG0 — +A |
C u _
P " 0, I 1) W O 1222
1L ) = f )] -
tn U2 @9 | 12 6, Oy llL2)

Integrating (5.21) with respect to time and using Holder’s inequality, we obtain

T
/”Xn = Xmllwiry @ <Cp(||v(un um)ll 2,

1
N ) L30.7:2@)

+ 1 Aunllz30,7:22(02)) He_ N
n

1
+ 1 un) = fum)ll oo, 1:0292) H o H
n

1 1

+a -4l
Op  Op 1LV O, T;L2())

Hence, using (4.6), (4.68) and (4.77), it follows that

1

/”Xn — Xmllowiry @ SCp(HV(Un —um)llp20. 7.
L) = S lsiorazan + | 5 -

Passing to the limit in (5.22), convergence relations (5.5), (5.7) and (5.11) yield

X, — X,n”Ll(O’T;(Wl,p)/(Q)) — 0, for every p > 3.

Let us consider || X, — X[l 11 (0.7:L2()) which can be rewritten as

T
1
||Xn m”Ll 0,7; LZ(Q) / m7 n - Xm)(sz)/(Q)’Hz(Q)'
0

Thus,

960

0, l220, 7: 5 ()

LY(0,T;L2(R))

1m0,z )-

0, Om HL%(O,T;LZ(Q))

I @nlag)s p >3 (521)

1
HL‘(O T; LZ(Q)))

(5.22)

(5.23)
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T
1

1 L
”Xn - Xm”Ll(()’T;LZ(Q)) =< / ”Xn - Xm”(sz)/(Q) ”Xn - Xm“,Z_]z(Q)
0

T T
2
< (/HX"—XmII(Hz)/(Q)) (/”Xn_xm”Hz(Q))
0 0

L

< WX =Xl L0, 7 a2y ) (IXnllzro.7: 5200 + 1 Xmll 0.7 5200 )2 (5:24)

Bl—

where in the second inequality we used Holder’s inequality. Note that H2(Q) — W'P(Q) for
p < 6, hence WPy (Q) — (H?) () for p < 6. Using (4.55) and (5.23), from (5.24) we de-
duce

X, — Xm”Ll(O’T;LZ(Q)) — 0. (5.25)

By completeness, it follows the existence of v such that X,, — v strongly in L' (O, T; LZ(Q)).
In view of (5.2), by the uniqueness of the weak limit, we deduce that v = X almost everywhere
in Q x (0, T). Hence, X, — X strongly in L! (0, T, LZ(Q)), which implies in particular that
X, — X almost everywhere in Q x (0, 7).

Since {X,}, is uniformly bounded in L3 (0, T'; L°°(2)) due to (4.62), then we deduce

Xn — X strongly in L' (0, T; L"*(2)), r1 <3, ry < +00. (5.26)
Combining (5.3) together with (5.26), we can conclude that
X0y — X0 in L"(0,T; L"*(Q)), r1 <3, rn<?2. 5.27)

Since X, — X almost everywhere in 2 x (0, T), then X,% — X% almost everywhere in Q2 x (0, T').
Thus, from (4.60) we deduce that

X2 — x? strongly in L91(0, T; L2(R2)), q1 <2, q2 <6. (5.28)

On the other hand, from (4.59) it follows that {X2},, is uniformly bounded in L? (0, T; H'()),
hence it weakly converges in L%(0, T; H'()). Due to the uniqueness of the weak limit, we can
conclude that

X2 —~x%in L%(0,T; H (),
and, as a consequence,

VX2~ vx%in L*0,T; L*(Q)). (5.29)
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5
5.1. Subcase B € (g, 2)

As already observed, for 8 € (%, 2) in (3.4) we have additional regularity for 6. In particu-
lar, we refer to (4.98), which implies (4.100). In this subsection, we derive some convergence

relations which directly follow from (4.98) and thus hold only for 8 € (%, 2). These will be fun-
damental in order to pass to the limit in the weak form of the “heat” equation (3.10) and thus
conclude about the existence of a “weak solution” in the sense of Definition 3.3, as stated in
Theorem 3.5.

Letve WP (Q), p= ;qu, where g is given by (4.98) with € > 0 taken so small that 8 >

3 + €. Thus, as B € (3,2), it follows that p € (14, +00). Testing (1.3) by v, we obtain

1
(Q(Qn)ta U)(Wl,p)/(Q)’Wl,p(Q) = —f@,,(Xn —I—A)AX,W +/k(9n)V0— - Vo. (530)
n
Q Q

Integrating (5.30) with respect to time between arbitrary 7, ¢ € [0, T'], T < ¢, we deduce

(Q6n (1)), U)(WLP)’(Q)’WLP(Q) —(Q6n (7)), U)(WLI’)’(Q)’WLP(Q)

t t
1
=—f/9,,(x,,+A)Axnv+f/k(9,,)v9— - Vv,
T Q T Q "

whence, using Holder’s inequality,

[{Q6n(1)), U)(Wl,p)/(g),wl»p(gz) —{(Q6n (1)), U)(Wl,p)/(gz),wl,p(gﬂ

t

1
< [ (16000 + 08X ls @y 0l + KOOV IV0lL@). 63D
n LT (2)
T

where r € (1, %) is the conjugate exponent to p € (14, +00). Namely, 7 has the same expression

as in (4.100). Using the continuous embedding W' 7(Q) — C(Q), p € (14, +00), from (5.31)
it follows that

19O (1)) — QO (Ol (wiry (@)
|<Q(9n (t))7 v>(W1'p)/(Q),le/’(Q) - (Q(@n (T)), U>(W"”)’(Q),W1~P(Q)|

veWlr(Q) Ivliwir )
v#£0

t

< [ (10,06 + 08Xl @) + [0

T

1
On

LNQ))'

Noting that 7 > 1 and using Holder’s inequality, we obtain
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12 (1) — QO (XDl wiry ()

1
< 10 X+ ) AXnll 7.1 1 Hk@V— e,
_C” n( n+ ) n”L ((),T,Ll(Q))” ||L1’(r,t)+c (n) en LF((O,T)xQ)” ”Ll(r,t)
(5.32)
Since r < g, from (5.32) it follows that
1QEn (1)) — QEn (TNl (w1.ry ()
1
<c|6,(X MAX 1 k(6,)V— 1 .r
<cllfp(Xn+2) n”Lg(O,T;L'(Q))” lLr(s,ry +c| k@) 0, L;((O,T)XQ)” lLres.0
1
<clt—t|7, t,7€]0,T], (5.33)

where in the last inequality we used (4.72) and (4.100). From (5.33) we infer

Q@) llco.c o, 71;(w-ry 2))

1QEn () — QOn ()l wi.ry
= ”Q(Qn)”C([O’T];(Wl,p)/(g)) + sup " " WPy (§2) <

1,7€[0,T] |t —|*
1#T

c, (5.34)

where o = % € (0, ﬁ). Recall that, according to Remark 4.1, sufficient smoothness properties
are always assumed at the approximate level.

Observe now that, from relation (5.33), it follows that the sequence {Q(6,)}, is equicontinu-
ous with values in (W1-?)’(2). On the other hand, consider a generic Banach space X such that
(WL-PY(Q) cc X, for instance, X = (H?)' (). Then, from the compact embedding H3(Q) cc
W23(Q) cc Whi(Q), ¢ € [1, +00), we deduce H3(2) cc WP(Q), p € (14, +00). Conse-
quently, (WP (Q) cc (H3)(R), p € (14, +00). In general, having (W!-?)'(Q) cC X, from
(5.34) we obtain that { Q(6,,)},, is pointwise relatively compactin X, i.e., {Q(6,(¢))}, is relatively
compact in X, V¢ € [0, T]. We then use the Ascoli-Arzeld Theorem to conclude that {Q(6,)}, is
relatively compact in C([0, T']; X). Hence, there exists ¢ € C([0, T']; X) such that

Q(6,) — ¢ strongly in C([0, T']; X). (5.35)
On the other hand, for 8 € (%, 2), from (5.10) we can deduce that
67 — 67 strongly in L'(0, T; L' ()). (5.36)

Recalling that Q(6,) = %V@,f and combining (5.35) with (5.36), we can conclude that { = %02

almost everywhere in  x (0, T). In particular, ¢ € C([0, T']; X) is a representative of %"92 €
LY(0, T; LY()) in the distributional sense. It follows that

Q(6,) = Q(6) strongly in C([0, T]; X). (5.37)
As a consequence, we have
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Q(6,(t)) = Q(6(1)) strongly in X, Vr €[0, T]. (5.38)
Next, combining (4.1) with (4.98), we obtain

* . 00 2 g

0, =60 1in L=, T; L~ ()N LI(Q x (0, T)), (5.39)

where g = w > 2 for € > O such that 8 > 3 + €. Using standard interpolation, from (5.39)
we deduce that Vg € (g, +00) 392 = q2(q1) > 2 such that

6, — 6 in L (0, T; L9 (2)). (5.40)
More precisely, g1 = £, while g, = = (Xz); 55 = az)‘;qll 55> Where a € (0, 1) is an interpola-
tion coefficient. Belng q > 2,then g > 2, Vg1 € (g, +00). Since we showed that 8, — 6 almost
everywhere in  x (0, T), then it follows that

6, — 0 strongly in L' (0, T; L”2(2)), p1 <q1, p2 < q>2. (5.41)
In particular,
0, — 0 strongly in L®" (0, T; L* (). (5.42)

We now show that {6, X,}, strongly converges to 6X in L0, T; L%()). Using Young’s in-
equality, we obtain

”9an —0X ||L2(0,T;L2(Q)) = ||9 X - 9 X ||L2(0 T; LZ(Q)) + ||9 X —0X ||L2(0 T; LZ(Q)) (543)
Now, by Holder’s inequality,

160 Xn — Op X ||L2(0,T;L2(Q)) < 116, ||L6+(0 T L2+(Q))||X X||L3*(O’T;Loo*(9))s (5.44)

whereas

”611)( —-6X “LZ(O,T;LZ(Q)) = ”0 -6 ”LGJr (0, T;LTL Q) ”X “LS* (0,T;L® ()" (545)

Then, combining (5.43) with (5.44) and (5.45), then using convergence properties given by (5.26)
and (5.42), we can conclude that

0, X — 60X strongly in L*(0, T; L*(Q)). (5.46)

At last, in order to deduce a convergence relation for {k(6,)V % }n, recalling (4.31), we have

1 k(6 1 k k
k@)L =g, KOG L _ env(—°2 + 41H)
6, 6, 6 20; (22— B)b;
Letus set - = p 2 and 1 = p— + 2, where p; and p; are as in (5.41) and in particular can

be assumed larger than 2. Consequently, 51,52 > 1. Combining (5.14) and (5.13) with (5.39), we
obtain
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1 1
k(@n)Ve— — k(Q)Vé in L*1(0, T; L*2(2)), for some 51,52 > 1. (5.47)

n

5.2. Limit of the non-isothermal Cahn-Hilliard model

Assuming that, for every n € N, (u,, X, 6,) fulfils (a hypothetical approximation of) system
(1.1)-(1.3) and that the a priori estimates deduced before are satisfied, we now take the limit
n /' oo and prove the desired weak sequential stability property.

5.2.1. Limit of the Cahn-Hilliard system
The approximate solution (u,, X,, 6,) satisfies, Vn € N, a “strong version” of (1.1) and (1.3),
namely

(un): = AX,, almost everywhere in 2 x (0, T'), (5.43)
Xnbn = f(uy) — A6, — Au, almost everywhere in Q x (0, T), (5.49)

with the initial condition u, (-, 0) = u,_ o, the boundary conditions VX, - v=0 and Vu, - v =0,
where v is the unit outer normal to d€2. Since we have the convergence relations provided by
(5.1) and by (5.2), taking the limit in (5.48), we directly obtain (3.6).

As for equation (5.49), combining (5.5) with (5.3) and (5.1), we obtain

Ftn) — A0y — Aty > F) — 20 — Au in L0, T: L3 (Q)) N L3(0, T; L2(RQ)).

On the other hand, using (5.27) we can take the limit in (5.49) to deduce (3.7).

At last, we recover the initial and the boundary conditions given in Definition 3.1. Observe that
u(-,0) = ug directly follows from the convergence relation (5.4). Finally, it is readily seen that
the boundary conditions pass to the limit thanks to (5.1), (5.2) and standard continuity properties
of trace operators in Sobolev spaces.

5.2.2. Limit of the balance of entropy
Assume that (2._8) is satisfied by the approximate solution (u,, X,, 6,), Vn € N. Then we can
testit by ¢ € C*°(2 x [0, T]) such that ¢ >0, ¢(-, T) = 0. Integrating by parts, we obtain

T

O//A(e);, // o) VH//k(e) o
—szwxnﬁc—()/!

Our aim is taking the supremum limit in (5.50). Firstly, recall that A(6,) = cy6,, cy > 0, and
that k(9 )V L _ v292 + Vﬁ, ko, k1 > 0, as shown in (4.31). Hence, using convergence
relatlons 5. %) (5.29), (5.2), (5.14) and (5.13), the first row of (5.50) passes to the desired limit.
Indeed, we recover the first row of (3.8) not only as a supremum limit, but as a true limit.

As for the first two terms in the second row of (5.50), we apply a useful lower semicontinuity
result due to A.D. loffe [11], whose statement is reported for the reader’s convenience:

- [ AOn(-,0)8(, 0). (5.50)

Q

V—
On
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Theorem 5.1 (Ioffe’s theorem). Let Q C RY be a smooth, bounded, open subset and let f
0 x R! x R™ — [0, 400], d,l,me N, d,l,m > 1, be a measurable non-negative function such
that:

f(y, -, ") is lower semicontinuous on R! x R™ foreveryy e Q,

f(y,w,") is convex on R™ for every (y, w) € Q x R.

Let also (wy, v,), (w, v) : Q@ — R x R™ be measurable functions such that

wy — w almost everywhere in Q, v, — v in Ll(Q).

Then,

llmlnf/ O wa(y), vn(y))dy>/f(y,w(y) v(y))dy.

Referring to the notation used in Theorem 5.1, Q = Q x (0, T), while f: Q x RT x R3 -
[0, +00] is such that (x,7) x w X v > w|v|2. Observe that f is measurable and non-negative.
Moreover, f((x,1), -, -) is lower semi-continuous on R+ x R3, V(x,1) € Q,and f((x,t),w,")
is convex on R3, V((x, 1), w) € Q x R*. Let us now consider the first two terms in the second
row of (5.50) separately. In particular, referring to the first term, w, = ¢ and v, = VX,, Vn € N.
The almost everywhere convergence of {wj}, in Q is then obvious, and the weak one of {VX,},
to VX in L1(Q) easily follows from (5.2). Thus, we can conclude that

T T
liminf//|VXn|2§2//|VX|2§. (5.51)
n—+o00o

0 Q 0 Q

As for the second term, w,, = ¢k(6,) and v, = V , Vn € N. Since we showed at the beginning
of Section 5 that 6,, — 0 almost everywhere in 2 >< (0 T), then k(6,)) — k(0) almost everywhere
in Q x (0, T'). That implies the almost everywhere convergence of {¢k(6,)}, in Q. On the other
hand, convergence relation (5.12) gives us the weak convergence of {Vé}n to Vé in L1(Q).
Then, it follows that

hmmf//
}14) o0

At last, assuming that 6, (-, 0) converges properly to 8y (cf. Remark 4.1), the last term in the
second row of (5.50) passes to the desired supremum limit and we recover (3.8). Observe that
the inequality sign in (3.8) is due to the application of Ioffe’s Theorem, in particular, to relations
(5.51) and (5.52).

Vo c>f/k(e>\v9\ 3 (5.52)
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5.2.3. Limit of the “heat” equation

We consider here the case when € (%, 2); under such a condition we can pass to the limit in
the “heat” equation exploiting the available additional regularity.

Since the approximate solutions (u,, X, 6,) fulfil (1.3) (actually, its hypothetical approxima-
tion) in a sufficiently strong sense, we can test it by & € C*°(Q x [0, T]), and, integrating by
parts, we obtain

T
//Q(9n)’§z+/Q(9n(-,0))5(-,0)—/Q(é’n(',T))E(-,T)
0 Q Q Q

T T
—ffe,,(x,, + A)AXLE +//k(e,,)v9i . VE =0. (5.53)
0 0 Q "

Q

Taking the limit in (5.53), using convergence relations (5.39) and (5.38), the first row of (5.53)
passes to the desired limit, i.e., we recover the first row of (3.10). Next, we consider the second
row of (5.53), which is managed by taking advantage of the additional regularity provided by
(4.98) and (4.100). Indeed, in order to pass to the limit in the first term we can use (5.46) and
(5.41) combined with the first of (5.2). As for the second term, it is sufficient to exploit relation
(5.47). Thus, we recover (3.7), which concludes the proof.

6. A tentative approximation of the strong system

At least in principle a reasonable approximation strategy could be based on the following
steps:

(i) Introducing a regularized version of system (1.1)-(1.3) containing a number of smoothing
terms that are supposed to be removed when taking the limit;

(i) Checking that the regularized system is fully compatible with the a priori estimates per-
formed in the previous part. Namely, the regularizations should be designed in such a way
that, if remainder terms appear, they should be somehow tractable;

(iii)) Proving (for instance by means of a fixed point argument) existence of a solution to the
regularized system, at least locally in time. Such a solution should be smooth enough so
that the a priori estimates performed formally in the previous sections could be justified
from the point of view of regularity of test functions. Then, since global estimates are at our
disposal, by standard extension argument it would be possible to show that the limit solution
attains in fact a global in time character.

We do not discuss here the step (iii), because fixing all details may be so complicated to require
a further paper just devoted to that; rather, we sketch the main difficulties related to points (i) and
(ii). Actually, in constructing a suitable approximation one should take care of the following two
main issues:

(a) Inthe a priori estimates both the “heat” (1.3) and the “entropy” (2.8) (or, equivalently (2.9))
form of the equation for the temperature 6 are used. Hence the approximation scheme should
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be designed in such a way that solutions satisfy both these relations or, in other words, that
it is still possible to “divide” equation (1.3) by 6 in the regularized setting;

(b) The introduction of regularizing terms should be compatible not only with the basic energy
and entropy estimates, which are somehow natural properties corresponding to physical prin-
ciples, but also with the “key estimates” of Subsection 4.2.1. This is much more difficult for
at least two reasons: first, the procedure involves higher order terms; second, it is based on
a delicate and somehow ‘““ad-hoc” argument, which may be affected by the occurrence of
additional quantities.

On the basis of the above considerations, and in particular of (b), we propose to modify the
system by regularizing equations (1.1) and (1.3), but leaving (1.2) unaffected. Indeed, the “key
estimates” require time differentiation of (1.2), and such a procedure might no longer be allowed
if additional terms are present. This leads us to introduce the following regularization of system
(1.1)-(1.3) (recall m = = 1):

u; = AX + R1(X), (6.1)
X0 = —Au— 20+ f(u), 6.2)
(0O +OAX(X +3) + div (k(@)vg) + Ra(0) =0, 63)

where the regularizing terms R and R, should be chosen in such a way to be compatible with
the constraints outlined above. Moreover, Ry and R, should provide sufficient regularity both
for implementing a fixed point argument and for making the a priori estimates fully rigorous. Of
course, the regularizing quantities will depend on “small” parameters that will be let tend to 0 in
such a way to get a weak (or an entropy) solution in the limit.
In order to understand which may be feasible choices for R and R;, one has to look at the test
functions that are used in the estimates. Actually, the choice of R; should take into account that
our procedure requires multiplication of (6.1) by X6 to get energy conservation and by u; (or,
equivalently, by AX) in the “key estimates”. Regarding, instead, (6.3), one should take R; in
such a way that, dividing that relation by 6 (as one needs to do to get the entropy equality), no
“bad” remainder terms occur.

On account of the above discussion, an effective choice for the regularizing terms could be
provided by power-like quantities of the form

1
Ri =& |AXIPVTVAX — en) X727 X, Ry = g3073 arrn (6.4)
with positive exponents p;, i =1, ..., 4, to be appropriately chosen and positive parameters ¢;,

i=1,...,4, to be let go to O (separately or together) in the limit. With these choices system
(6.1)-(6.3) takes the explicit form

up=AX + e |AX|IP7TIAX — en X127 X, (6.5)
X0=—Au—x10+ fu), (6.6)
1 1
1 _ pP3 _ _
(00)); +OAX (X + 1) + div (k(@)Ve) + 63070 — 4o =0, (6.7)
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Note that the power-like regularizations of the temperature provided by R» give more summabil-
ity both of 6 and of #~! at the regularized level. Moreover, they keep their monotonicity when
(6.7) is divided by 6 to get the entropy relation, and they do not give rise to “bad” remainder
terms (as would happen if one considers, e.g., elliptic regularizations). In addition to that, the
additional contributions one may obtain when performing the “key estimates” (and, in particular,
the cross terms depending on both 6 and X) could in principle be treated in view of the better
regularity provided by R;.

Actually, coming to the choice of Rj, we may notice that, at the energy level, the first sum-
mand in R; seems to behave badly when it is multiplied by X6. On the other hand, the “good”
information provided by that quantity at the level of “key estimates” (i.e., when relation (6.5) is
tested by AX) is of higher order and may permit us to control the remainder term in the energy
relation as far as the “energy” and “key” estimates are performed together, rather than separately.
This would constitute a somehow relevant difference in the development of the estimates when
dealing with this type of regularization. Note also that, in terms of X, equation (6.5) is a fully
nonlinear elliptic relation and that the summability information on the Laplacian of X provided
by the pi-power of AX helps also for the sake of controlling the mixed term in the heat equa-
tion (6.7). More precisely, setting Z = Z(60, X) :=0AX(X + 1), we may expect that Z may be
estimated in L? for a suitable exponent p. Hence, setting Q = Q(6) and treating Q as a new
variable, the “heat” equation may be rewritten in the form

0 —AHQ)+M(Q)=-Z, (6.8)

where the function H (depending on k) and the contribution M (coming from the regularization
R») are readily checked to be monotone in Q. As a consequence, as far as the right hand side
is, say, in L2, an L?-regularity theory for (6.8) is available (corresponding to the use of the test
function H (Q);). This would provide good regularity of the temperature at the approximate level.
In particular, the resulting information on 8, would be important since one needs to differentiate
(6.6) when deriving the “key estimates”.

We omit any further discussion on the approximating scheme, being conscious that fixing all
details in a rigorous way would probably involve a notable amount of technical work. We just
point out, as a final remark, that most of the additional difficulties involved by the present PDE
system (compared with other families of non-isothermal phase-field and Cahn-Hilliard models)
arise from the occurrence of the rescaled chemical potential. Indeed, if equations (1.1) and (1.2)
are combined into a single relation by eliminating X, one faces a very bad term where a Laplacian
acts on a product of two variables, i.e. A(0~!'Au). The occurrence of this nonlinear quantity
(which is even singular with respect to #) is what prevents us from using, for instance, standard
approximation arguments like Faedo-Galerkin or time-discretization.
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