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Adaptive Control of Multivariable Networked
Systems with uncertain Time Delays
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Abstract—A discrete-time adaptive control approach for un-
certain linear multivariable networked systems is proposed. It
is capable of dealing with unknown time-delays introduced by
a communication network between plant and controller. Based
on the idea of model reference adaptive control, two adaptive
laws are presented to reduce the conservativeness that is usually
introduced when the time-delays are unknown. The stability of
the closed loop system is proven. Simulation examples provide
a comparison of the proposed techniques to a non-adaptive
algorithm.

Index Terms—Networked Control, Time Delay System, Adap-
tive Control, discrete-time Sliding Mode Control.

I. INTRODUCTION

In the emerging field of networked control, controllers
are linked to plants via (wireless) communication networks.
This allows to gain more flexibility but also introduces new
challenges related to network protocols and controller design,
see, e.g., [1], [2] for an overview. This has led to a big variety
of different approaches dealing with time-delays introduced
by the communication medium in a networked control system
(NCS). For example, [3] uses Lyapunov-Krasovskii analysis
to ensure stability of the closed loop system affected by time-
delays. In [4], a prediction based scheme is used, [5] proposes
the structure of filtered Smith predictors to treat the effect
of time-delays. An approach using over-approximation tech-
niques is presented in [6] to deal with time-varying network
delays. A good overview of different approaches is given in
[7]. In addition, simulations of NCS subject to time-delays
have to be done with care as pointed out in [8].

Since sliding mode control is known to exhibit outstanding
robustness properties, different steps towards networked slid-
ing mode control were pursued in the last years. In [9], event
triggered sliding mode approaches are proposed to reduce
the network load. Furthermore, continuous-time sliding mode
techniques are proposed for systems with input and/or output
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delays to achieve output tracking [10], [11] and an estimation
of the associated time delay [12]. A different approach was
followed in [13], [14] where discrete-time sliding mode algo-
rithms were introduced to deal with time-varying delays and
external perturbation in networked systems. This approach was
extended in [15] for multi-variable systems yielding controllers
that can be implemented in a spatially distributed fashion. A
main ingredient for those approaches is a buffering mechanism
that ensures a constant time-delay that is utilized in the
controller design.

To reduce the conservatism introduced by buffering, adap-
tive control [16]–[18] is considered in the present paper. For a
comprehensive overview of existing adaptive control methods
see [19] and the references therein. Adaptive methods are
applied in the context of event-triggered networked control
[20], [21], where the network delay is typically not considered.
In [22], the output regulation of linear systems subject to
known input time delays is covered. Bounded unknown state
delays can be treated by using the adaptive tracking design
presented in [23]. In contrast, unknown time delays in the
input channel will be considered in the present work. This
goal is also followed in [24] for continuous-time systems by
employing a reduction approach. However, the assumptions
imposed on the input delay are very strict. This may be
circumvented by using an alternative technique proposed in
[25], where a multiple-model adaptive approach is followed
by generating a set of adaptive controllers for all possible
actuator delays. Eventually, one controller is selected based
on an actual performance index.

As shown in literature, adaptive sliding mode techniques are
very effective to achieve desired control performance, see, e.g.,
[26]–[28]. However, discrete-time versions are available to a
lesser extent. They have advantages in real-world networked
control systems where the sampled states are sent in discrete
packets over a communication medium. The notion of ideal
sliding motion is replaced by quasi-sliding modes, where the
trajectories are forced to a (quasi-sliding-mode) band in a finite
number of steps. Usually this is also referred to as discrete-
time sliding mode, see, e.g., [29], [30]. In [30], discrete-time
MRAC is used to accomplish a desired sliding behavior. A
gain adapting approach using equivalent control is proposed
in [31]. An adaptive sliding mode controllers design based on
transfer functions is shown in [32] and [33].

In the present paper, a new adaptive algorithm based on
the ideas of [34] is proposed for linear multi-input discrete-
time networked systems in state space form that are subject
to uncertain time-delays. The major contributions of the paper
are the extension to multivariable systems in networked envi-
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Fig. 1. Networked control system: a continuous-time plant is connected to a
controller via a communication network that is subject to unknown delays. S
represents a sample element, H a zero-order hold element.

ronments and a novel stabilizing adaptive control algorithm.
The proposed control approach consists of the following main
parts:

(i) First, a virtual output variable is designed. From a sliding
mode perspective, this output can be regarded as the so-called
sliding variable. Two ways how to design this virtual output for
unknown but time-invariant multi-input networked systems are
presented and compared - the stabilization and the reference
tracking approach. Consequently, the dynamics can be split
into dynamics related to the virtual output and the remaining
dynamics.

(ii) In a second step, adaptive laws are proposed to force
the virtual output to zero and, as a consequence, to stabilize
the closed feedback loop that is subject to unknown time-
delays in the communication network. This can be achieved by
exploiting model reference adaptive control for the previously
designed virtual output. Hence, the adaptive laws operate on
a space of reduced dimension which allows computationally
cheap implementations.

(iii) The stability of the closed loop consisting of multi-
input plant, communication network, controller and adaptation
laws, is proven. A comparison between the presented adaptive
control approaches and a non-adaptive algorithm is conducted
using simulation examples to highlight the achieved properties.

II. PROBLEM STATEMENT

Consider a continuous-time linear multi-input plant

dx(t)

dt
= Ãx(t) + B̃u(t) (1)

with states x(t) ∈ Rn and input vector u(t) ∈ Rm at time
t, and constant system matrices Ã ∈ Rn×n, B̃ ∈ Rn×m that
might be partially unknown due to some uncertain parameters
or completely unknown. The plant state is sampled with a
constant sampling period h resulting in a sequence (xk) with
elements xk = x(kh) for k ∈ N. The states are sent over a
network with delay τsc to a controller as shown in Fig. 1. The
calculated control signals are forwarded to the zero-order hold
element at the plant through the network that introduces an
additional delay τ ca. Since the arrival times of the packets (uk)
do not have to coincide with the sampling times, controller and
zero-order hold element operate in an event-triggered way.

Assumption 1 (Network): The overall time delay τ =
τsc + τ ca ∈ R is constant but unknown. It is upper and lower
bounded, i.e. τ ≤ τ ≤ τ , with τ > h (large delay case).

Remark 1: Assumption 1 is reasonable because of the
existence of a minimum time for transmission of data packets

in real networks due to physical constraints and the used
protocols. Unstable plants should be controlled over reliable
networks, e.g., using WirelessHART [35] that ensures constant
delays for a specific task class. The delay only changes if, e.g.,
additional tasks with higher priority are started or stopped.

Remark 2: It is possible to combine both delays to an
equivalent round-trip delay τ due to the fact that they are
assumed to be constant. In the case of variable-time delays,
one would have to impose additional assumptions on the
change rate of the delays as pointed out in [7].

Due to the upper bound of the communication delay, one
can combine the discretized plant and the network as explained
in detail in [7]. This yields xk+1 = eÃhxk + M0(τ)uk−d +
M1(τ)uk−d+1+. . .+Md−1(τ)uk−1+Md(τ)uk with matrices
Mj depending on the unknown network delay τ, where d =
dτ/he represents the smallest integer larger than τ/h. Hence,
a model of the networked plant can be stated as

vk+1 = Avk + Buk with (2a)

A =



eÃh Md−1 Md−2 · · · M2 M1 M0

0 0 0 · · · 0 0 0
0 Im 0 · · · 0 0 0

0 0 Im
. . . 0 0 0

...
...

. . .
. . .

. . .
...

...

0 0 0
. . . Im 0 0

0 0 0 · · · 0 Im 0


, (2b)

B =
[
MT

d
Im 0 0 · · · 0 0

]T
, (2c)

and augmented state vector

vk =
[
xTk uTk−1 uTk−2 · · · uT

k−d

]T
∈ Rn+md, (3)

which combines the plant states and the old control signals.
Constant Im symbolizes the identity matrix with dimension
m. System matrix A ∈ R(n+md)×(n+md) and input matrix
B ∈ R(n+md)×m are constant but unknown because of the
unknown network delay, see Assumption 1. Note that the ma-
trix dimensions increase with the maximal admissible network
delay d. The main goal is to design a control algorithm that

(a) allows plant states xk to track given reference values x̂k
under the presence of unknown time-delays induced by the
network and unknown system data Ã and B̃;

(b) minimizes the computational complexity and the corre-
sponding number of adaptation laws to a minimum by splitting
the dynamics into two parts;

(c) ensures stability of the closed loop system for all times.
Assumption 2 (Plant): The pair (Ã, B̃) is controllable.

Sampling is done with a non-pathological sampling period h
in the sense of [36] so that the full rank of the input matrix
is preserved during discretization.

Remark 3: Assumption 2 ensures that the remaining dy-
namics can be specified arbitrarily by the design of the
corresponding virtual output, see also Proposition 1.

III. ADAPTIVE TRACKING

A control algorithm based on the idea of model reference
adaptive control [16], [18], [37] for multi-input NCS (2) is
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introduced in this section. Hence, the augmented state vector
(3) is rearranged such that

zk =
[
zT1,k zT2,k

]T ∈ Rn+md , (4)

with z1,k =
[
xTk uT

k−d · · · uTk−2

]T ∈ Rn+m(d−1) and
z2,k = uk−1 ∈ Rm. Using (4), model (2) turns into

zk+1 = Azk +Buk with (5a)

A =



eÃh M0 M1 M2 · · · Md−2 Md−1

0 0 Im 0
. . . 0 0

...
...

. . .
. . .

. . .
...

...

0 0 0 0
. . . 0 0

0 0 0 0
. . . Im 0

0 0 0 0 · · · 0 Im
0 0 0 0 · · · 0 0


, (5b)

B = [Md 0 · · · 0 0 0 Im]
T
, (5c)

where matrices Mj , with j ∈
{

0, 1, . . . , d
}

, depend on τ .
Assumption 3 (Lower bound of delay):

The unknown network delay τ is lower bounded by τ = h ≤ τ
As a consequence of Assumption 3, Md(τ) = 0 due to the

structure of Md, see [7]. This yields a perfectly known B
(5c). A generalization of [34] to the case of multiple-input
systems is proposed and applied to (5) to design a tracking
controller for the considered NCS. Hence, (5b) and (5c) are
split to comply with (4) resulting in[

z1,k+1

z2,k+1

]
=

[
A11 A12

A21 A22

] [
z1,k

z2,k

]
+

[
B1

B2

]
uk (6)

where B1 = 0 due to Assumption 3. Matrices A11, A12, A21

and A22 represent submatrices of A in accordance with the
dimensions of (4). A virtual output variable

σk = Czk =
[
C1 Im

]
zk (7)

is designed by specifying matrix C ∈ Rm×(n+md) such that
CB has full rank. The resulting dynamics is given by

σk+1 = A1z1,k +A2σk + CB uk (8)

with matrices A1 = A21 − A22C1 + C1A11 − C1A12C1 and
A2 = A22 + C1A12. Similar to (8), the reference dynamics

σM,k+1 = AM1z1,k +AMσM,k +BMrk (9)

is defined with respect to z1,k, σk and, in addition, to reference
rk incorporated via a non-singular matrix BM . From a sliding-
mode perspective, a so-called discrete-time quasi-sliding mo-
tion is achieved for AM1 = 0, AM = 0 and BM = Im as,
e.g., in [29] for the single-input case. This can be regarded
as a non-switching discrete-time reaching law that forces the
virtual output to zero in a finite number of steps. As shown in
[14], non-switching reaching laws may have some advantages
for networked sliding mode control. Especially, the achievable
size of the resulting quasi-sliding mode band is reduced for
the non-switching approach in [14], whereas the considered
switching reaching law yields a larger band.

The error between actual and desired output is defined as

ek = σk − σM,k . (10)

A. Nominal control

Following the idea of MRAC [18], [34], a nominal con-
troller is designed first. Combining (5), (7), (9) and (10)
yields the error dynamics ek+1 = AMek + (A1−AM1)z1,k +
(A2 − AM )σk − BMrk + CBuk that should be, in the end,
independent of the states and references. This is possible by
using a nominal control law ūk = θ̄1z1,k + θ̄2σk + θ̄3rk with

θ̄1 = − (CB)
−1

(A1 −AM1) , (11a)
θ̄2 = − (CB)

−1
(A2 −AM ) , θ̄3 = (CB)

−1
BM (11b)

that can be written in vector form as

uk = θ̄ωk + θ̄3 rk , (12)

where matrix θ̄ =
[
θ̄1 θ̄2

]
∈ Rm×(n+md) depends on the

actual values of A1, A2 that are unknown because A is
unknown. Vector ωTk =

[
zT1,k σTk

]
∈ Rn+md consists of

known entities. An implementable version of control law (12)
is

uk = θkωk + θ̄3 rk (13)

whereas θk can be seen as the sum of θ̄ (which is unknown
due to the unknown network delay τ ) and an additional part
φk =

[
φ1,k φ2,k

]
, i.e.

θk =
[
θ1,k θ2,k

]
= θ̄ + φk . (14)

Using (14) and (13) instead of the nominal control (12)
results in the error dynamics that can be written as

ek+1 = AMek+CB φkωk, ek = WM

[
B−1
M CBφkωk

]
(15)

using transfer matrix

WM (z) = (zIm −AM )
−1
BM . (16)

Matrices AM and BM represent the system matrix and input
matrix of an equivalent state-space representation of (16).
Notation WM [·] in (15) implies that m inputs B−1

M CBφkωk
result in m outputs ek.

Assumption 4 (Properties of WM ):
Transfer matrix WM (z) is stable and diagonal with identical
entries, i.e. AM = diagm(aM ) = aMIm, BM = diagm(bM )
with 0 ≤ aM < 1, bM = 1 − aM . Hence, the desired error
dynamics exhibits no steady state error with respect to ek.

B. Adaptive Law

In a second step, an adaptive law is designed to guarantee
that ek converges to zero.

Proposition 1: (Controllability of (A11, A12))
Let Assumptions 1, 2 hold. Then, the pair (A11, A12) is
controllable for any value of delay τ .

Proof: The proof is given in Appendix A.
This proposition serves as a basis for the following theorem

for adaptive tracking.
Theorem 1 (Adaptive tracking):

Let Assumptions 1-3 hold for the networked control system
with m inputs represented by (5). The desired transfer matrices
WM (z) (dimension m×m) and WN (z) (dimension n+md×
n+md) comply with Assumption 4.
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(a) The virtual output (7) is designed by selecting matrix
C = [C1 Im] such that (A11 − A12C1) is Schur for all
delays τ corresponding to Assumptions 1 and 3.

(b) Adaptation laws

θk+1 = θk − εkξTk Γ1 ∈ Rm×(n+md), (17a)

Υk+1 = Υk +B−1
M CBεkη

T
k Γ2 ∈ Rm×m (17b)

with

ξk = WN (z) [ωk] ∈ Rn+md, (18a)
ηk = WM (z) [θkωk]− θkWN (z) [ωk] ∈ Rm, (18b)

εk =
ek −Υkηk

1 + αξ̃Tk Γξ̃k
∈ Rm, (18c)

ξ̃k = [ξTk ηTk ]T ∈ Rn+md+m, (18d)

Γ =

[
Γ1 0
0 Γ2

]
,

Γ1 = ΓT1 > 0
Γ2 = ΓT2 > 0

(18e)

with Γ1 ∈ R(n+md)×(n+md), Γ2 ∈ Rm×m and

2αIm > B−1
M CB , (19)

where α is a positive constant.
Then, the closed loop system consisting of the networked

plant (5) and controller (13) is stable despite unknown system
data A. The tracking error ek (10) tends to zero asymptotically
under the presence of an unknown network delay τ ≤ τ ≤ τ .
Parameters θk and Υk tend to constant values.

Proof: The proof is given in Appendix B.
Remark 4: Please note that CB = Im holds due to the

structure of (5c), the definition of σk (7), and Assumption 3.
As a consequence, a strict positive real requirement as in [30]
is not needed.

Remark 5: The adaptive laws are inspired by [37] and
extended to multivariable systems with additional uncertain
network delays under consideration of a suitably constructed
virtual output σk.

Remark 6: Relations (17a) and (17b) are of lower dimension
than classical ones, cf. [19], because only the dynamics related
to the virtual output is stabilized in this approach. For σk = 0
for k ≥ k?, the remaining dynamics is fixed by the choice
of matrix C = [C1 Im]. Matrix C1 is designed such that
(A11−A12C1) is Schur for all τ and, e.g., the corresponding
spectral radius is minimized.

Remark 7: It is also possible to, e.g., include xk into z2,k

and define z1,k differently so that

z1,k =
[
uTk−2 uTk−3 · · · uT

k−d

]T
∈ Rm(d−1), (20a)

z2,k =
[
xTk uTk−1

]T ∈ Rn+m. (20b)

This yields the corresponding partitioning of matrix A as

A11 =



0 0 · · · 0 0 0
Im 0 · · · 0 0 0

0 Im
. . .

...
...

...

0
. . .

. . . 0 0 0

0
. . .

. . . Im 0 0
0 · · · · · · 0 Im 0

 , A12 =


0 Im
0 0
...

...
0 0
0 0
0 0

 ,

A21 =
[
Md−2 Md−3 · · · M0

0 0 · · · 0

]
, A22 =

[
eÃh Md−1

0 0

]
,

and matrices B1 = 0, B2 =
[
MT
d

0
]T

with appropriate
dimensions. As a result, a modified virtual output σk =
Czk = C1z1,k + C2z2,k with C1 ∈ Rm×(m(d−1)) and
C2 ∈ Rm×(n+m) can be designed allowing to further improve
the performance at the price of a more sophisticated design
problem for C1 and C2. The adaptive laws are then employed
for sk = C2z2,k ∈ Rm×(n+m); the remaining dynamics
is linked to states

[
zT1,k s⊥Tk

]T
where s⊥k = C⊥2 z2,k ∈

Rn×(n+m) with C⊥2 spanning the right null space of C2.

IV. ADAPTIVE STABILIZATION

In the previous section, adaptive tracking of virtual output
of (5) is considered. An alternative approach is to define the
virtual output with respect to a desired reference vector for
the states ẑk of the networked plant, i.e.

σk = C(zk − ẑk) =
[
C1 Im

]
(zk − ẑk) , (21)

and aim for stabilizing σk = 0. Signals ẑk are chosen such that
they are consistent for (5) as shown, e.g., in [38]. Subsequently,
the same line of calculations as in the tracking case is followed
to get dynamics σk+1 = A1z1,k + A2σk + CB uk − Cẑk+1

and the dynamics of error (10) as

ek+1 =AMek + (A1 −AM1)z1,k + (A2 −AM )σk−
BMrk + CBuk − Cẑk+1 , (22)

with matrices A1, A2 according to (5). The nominal control
is then given by ūk = θ̄1z1,k + θ̄2σk + θ̄3ẑk+1 + θ̄4rk, θ̄3 =
(CB)

−1
C, θ̄4 = (CB)

−1
BM and θ̄1, θ̄2 as in (11). Using

control law

uk = θkωk + θ̄4 rk with (23a)

θk = θ̄ + φk , ω
T
k =

[
zT1,k σTk ẑTk+1

]
∈ R2(n+md), (23b)

θk =
[
θ1,k θ2,k θ3,k

]
, θ̄ =

[
θ̄1 θ̄2 θ̄3

]
and φk =[

φ1,k φ2,k φ3,k

]
yields the same structure of error dy-

namics (15) but with different dimensions of the matrices
involved. This is stated in the following corollary that is a
direct consequence of Theorem 1.

Corollary 1 (Adaptive stabilization):
Consider Theorem 1 where the control law is replaced by (21),
controller (23a), θk ∈ Rm×2(n+md) and ωk ∈ R2(n+md) as in
(23b), ξ̃k ∈ R2(n+md)+m, Γ ∈ R(2(n+md)+m)×(2(n+md)+m),
and transfer matrix WN (z) of dimension 2(n+md)× 2(n+
md). Let condition (19) hold.

Then, the closed networked control system consisting of
augmented plant (5) and controller (23a) is stable despite
unknown system data A. The tracking error ek (10) tends to
zero asymptotically under the presence of an unknown network
delay τ ≤ τ ≤ τ . Parameters θk, Υk tend to constant values.

Proof: The proof is a direct consequence of Appendix B
adopted to the use of (21) and the different matrix dimensions
involved. Because the remaining dynamics for σk → σM,k is
z1,k+1 = (A11−A12C1)z1,k+A12σM,k+B1uk+A12Cẑk+1,
the same considerations have to be taken into account as in
Theorem 1 to achieve stability.

Remark 8: Note that one have to deal with a larger matrix
θ ∈ Rm×2(n+md) in (17a) instead of θ ∈ Rm×(n+md) in
Theorem 1.
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Fig. 2. Example 1: Tracking σk for different network delays τ
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Fig. 3. Example 1: Control signals uk and resulting error signals ek for
network delay τ = 0.15 s.

V. SIMULATION EXAMPLES

In this section, two examples are used to show the differ-
ences between the adaptive tracking and adaptive stabilization
approach presented for NCS. First, sampling period h = 0.1 s
and system data

Ã =

 1.2 −0.5 0.5
−1.0 −0.4 −1.2
0.2 −0.8 −1.0

 , B̃ =

 0.3 1.5
−1.2 −1.7
0.4 0.4

 (24)

is used. The eigenvalues of the continuous-time plant are
1.6562, −0.1362 and −1.7200. A delay equal to the sampling
period is chosen to calculate nominal values θnom and Υnom.
Desired values for x1,k and x2,k are converted into references
rk for σk using [38], aM = 0 and parameter α is chosen
as α + 1, where α corresponds to the minimal value of α
given by condition (19). Matrix C1 is designed such that
(A11−A12C1) is Schur for all τ and the corresponding spectral
radius is minimized. In addition, the largest imaginary part
is penalized in the underlying optimization problem to avoid
strong oscillations during parameter adaptation.

Figure 2 presents a comparison of the tracking performance
for different (unknown) delays τ . Control signals uk, errors
ek as well as the relative change of the adapted parameters
θ1,k, θ2,k, Υk to their nominal values are shown in Fig. 3
and 4 for the case τ = 0.15 s. As shown in Theorem 1,
Stability is achieved for all admissible delays, σk converges to
its desired reference and the adaptation parameters converge to
constant values. Figure 5 shows results achieved for the second
algorithm that stabilizes σk = 0, according to Corollary 1.
Figure 6 allows a comparison of the tracking approach (track
σk, red) and the stabilization approach (stab σk, green) with
results obtained with a basic linear time-invariant non-adaptive
state controller that is shown in blue (non ad). This basic
controller is designed in the same way as C1 for the remaining
dynamics for the other approaches, i.e. the spectral radius
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i ∈ {1, 2}, and Υrc where r and c are the numbers of the corresponding
rows and columns in matrices Θi = Θi,k − Θ̄i and Υ = Υk − Ῡ for a
network delay τ = 0.15 s.
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Fig. 5. Example 1: Stabilization of σk = 0 for different network delays τ .
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Fig. 6. Example 1: Comparison of the approaches in terms of the plant
states xk . The curves with the same color represent results for different actual
network delays τ as stated in Fig. 2.

is minimized to get one controller for all possible τ that
guarantees stability. Adaptive tracking results in improved
performance when compared to the basic controller. Using the
stabilization approach allows to further speed up the response
time of the closed loop but resulting in a larger overshoot
as seen in Fig. 6. The differences become clearly visible by
inspecting the resulting error between desired x̂k and actual
plant states xk, using measure

√∑
(xk − x̂k)2 as well as the

related control energy as shown in Table I. No specification
of a maximal admissible overshoot was taken into account in
the design of C1. Please note that example 1 represents a case
with moderate improvements compared to the basic controller.
Figure 7 plots a representative case when the plant dynamics
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TABLE I
RESULTS FOR THE NON-ADAPTIVE CONTROLLER (NON AD) IN

COMPARISON TO ADAPTIVE TRACKING (TRACK) AND ADAPTIVE
STABILIZATION (STAB) IN TERMS OF TRACKING ERROR AND CONTROL

ENERGY.

example example 1 example 2
approach non ad track stab non ad track stab√∑
(xk − x̂k)2 23.18 18.96 16.10 31.43 16.28 13.23√∑

u2k 38.16 42.19 44.33 5.58 15.94 19.83
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Fig. 7. Example 2: Comparison of the approaches in terms of the plant
states xk . The curves with the same color represent results for different actual
network delays τ as stated in Fig. 2.

does not allow fast tuning. In this second example,

Ã =

−0.5 −1.0 1.1
−0.7 −0.8 −1.9
0.5 0.1 1.8

 , B̃ =

−0.9 1.3
0.6 −0.5
1.0 0.0

 (25)

with corresponding eigenvalues 2.0903, −1.3501 and
−0.2402. It emphasizes that fact that, in any case, the
proposed adaptive methods outperforms the basic controller
that has to be designed for the worst case scenario. The
related measures can be found in Table I.

VI. SUMMARY AND OUTLOOK

Adaptive controllers for linear multivariable networked
plants with constant but uncertain network-induced trans-
mission delays are proposed. The developed controllers and
adaptation laws allow to stabilize the dynamics related to a
virtual output, independent of the unknown time-delay present
in the network. The remaining dynamics can be influenced by
a proper design ot the virtual output as outlined in the paper.

Two algorithms are introduced and compared to each other.
They differ both in terms of the definition of the virtual
output (that is related to the states) and with respect to the
choice of the desired reference values for σk. Using adaptive
stabilization of σk = 0 yields faster transient responses
compared to adaptive tracking of σk at the price of increased
control energy. Only computationally cheap manipulations are
needed and no online optimization is involved. As shown by
means of simulation examples, the proposed algorithms enable
to considerably improve the closed loop performance when
compared non-adaptive to controllers that have to be designed
for worst case scenarios.

Further developments may take into account additional
external perturbations and packet dropout occurring due to
imperfect network communication.

APPENDIX A
PROOF OF PROPOSITION 1

Submatrices A11 ∈ Rδ×δ and A12 ∈ Rδ×m with δ = n +
m(d− 1) in (6) for model (5) read as

A11 =



eÃh M0 M1 M2 · · · Md−2

0 0 Im 0
. . . 0

...
...

. . .
. . .

. . .
...

0 0 0 0
. . . 0

0 0 0 0
. . . Im

0 0 0 0 · · · 0


, A12 =



Md−1
0
...
0
0
Im


.

(26)
The controllability matrix S ∈ Rδ×δm for
the pair (A11, A12) is defined as S =[
A12 A11A12 A2

11A12 · · · Anδ−1
11 A12

]
. Using the

specific structure of (26) yields

A11A12 =
[
KT

1 0 · · · 0 Im 0
]T

,

K1 = eÃhMd−1 +Md−2 ,

A2
11A12 =

[
KT

2 0 · · · Im 0 0
]T

,

K2 = eÃhK1 +Md−3 , . . . ,

Ad−1
11 A12 =

[
KT
d−1

0 · · · 0 0 0
]T

, (27)

Kd−1 = eÃhKd−2 +M0 . (28)

As a result, S exhibits a very special structure such that

S =


Md−1 K1 · · · Kd−3 Kd−2 Kd−1 K̃

0 0 · · · 0 Im 0 0

0 0 . .
.

Im 0 0 0
... . .

.
. .
.

. .
. ...

...
...

0 Im 0 0 0 0 0
Im 0 0 0 0 0 0

 (29)

with Kj =
∑j
i=0 e

iÃhMd−1−j+i(τ) and a matrix K̃ consid-
ered later. Matrices B, eÃh and matrices Mj [7] are full rank,
due to Assumption 2. Matrix Kd−1 consists of the summation
of different Kj multiplied by powers of eÃh, e.g. for d = 5 one
gets K4 = M0+eÃhM1+e2ÃhM2+e3ÃhM3+e4ÃhM4. For a
constant τ either (i) one M` or (ii) two matrices M` and M`−1

can be different from zero. In case of (i), e.g. eÃhM1 with
eÃh ∈ Rn×n and M1 ∈ Rn×m are full rank. Hence, eÃhM1

has also rank m because of the rank properties of a matrix
product [39], i.e. rank eÃh rankM1 − n ≤ rank

(
eÃhM1

)
≤

min
{

rank eÃh, rankM1

}
. This holds for for all ` in (i). In

case (ii) two matrices M` and M`−1 are different from zero,
e.g. M0 + eÃhM1. Then, M0 can be subtracted of the first
n rows in (29) redirecting to (i). As a result, Kd−1 has full
rank, independent of τ . All remaining columns of (29) are
gained by multiplications of Kd−1 by powers of eÃh such
that

[
Kd−1 K̃

]
=
[
In eÃh · · · e(δ−d)Ãh

]
Kd−1. This

matrix has full rank because h 6= 0 and A 6= 0 due to
Assumption 2. This shows that (29) has full rank for any
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value of τ and so (A11, A12) is controllable. This completes
the proof. �

APPENDIX B
PROOF OF THEOREM 1

The proof is given in three parts: In (i), the error dynamics
is modified, in (ii) it is shown that ek tends to zero asymp-
totically. Finally, the properties of the remaining dynamics as
well as concluding manipulations are shown in (iii). It follows
the main ideas as in [34] but takes care of additional aspects
that arise due to the networked multi-input system.

Part (i): An auxiliary signal sA,k is defined such that

sA,k = Υkηk + ϕk (30)

with time-varying matrix Υk ∈ Rm×m, ηk as in (18b) and
vector ϕk ∈ Rm. It is used to stabilize error dynamics (15)
utilizing an auxiliary error signal

εk = ek − sA,k . (31)

Combining (16), (30) and (31) results in

εk = WM

[
B−1
M CBφkωk

]
−Υkηk − ϕk . (32)

Next, the first term on the right hand side in (32) is investi-
gated. Relation (15) is multiplied by (CB)−1BM yielding

(CB)−1BMek+1︸ ︷︷ ︸
ẽk+1

= AM (CB)−1BMek︸ ︷︷ ︸
ẽk

+BM φkωk (33)

where a new error variable ẽk such that ẽk = WM [φkωk]
where the structures of AM and BM are exploited. From the
definition of ẽk, see (33) with constant matrix (CB)−1BM ,
one gets ek = CBB−1

M ẽk = B−1
M CBWM [φkωk] and (32)

changes into

εk = B−1
M CB

{
WM [φkωk]−(CB)−1BMΥkηk

}
−ϕk . (34)

Combining new variable

ψk = Im − (CB)−1BMΥk (35)

with (14), (18b) and (34) yields

εk = B−1
M CB

{
WM [φkωk]−WM (z) [θkωk] +

θkWN (z) [ωk] + ψkηk

}
− ϕk

= B−1
M CB

{
−WM (z)

[
θ̄ωk

]
+ (36)

θ̄WN (z) [ωk] + φkWN (z) [ωk] + ψkηk

}
− ϕk .

Due to the fact that θ̄ is constant and Assumption 4 is
introduced, relation

WM (z)
[
θ̄ωk

]
= θ̄WN (z) [ωk] (37)

holds. This can be seen by using (15) in
(37) such that (zIm −AM )

−1
BM θ̄Z{ωk} =

θ̄
(
zIn+md −AN

)−1
B̃NZ{ωk}, where Z{ωk} symbolizes

the z-transformation applied component by component to
vector ωk. Consequently,

diag
m

(
bM

z − aM

)
θ̄ = θ̄ diag

n+md

(
bM

z − aM

)
(38)

has hold for all non-square matrices θ̄ ∈ Rm×n+md. By
Assumption 4, the diagonal elements of WM and WN are
equivalent, i.e. the left diagonal matrix in (38) multiplies the
rows of θ̄ and the right diagonal matrix multiplies the columns
of θ̄. Hence, (38) is fulfilled and (36) turns into

εk =B−1
M CB

{
φkWN (z) [ωk] + ψkηk

}
− ϕk

=B−1
M CBφ̃k ξ̃k − α ξ̃Tk Γ̃ξ̃k εk with (39)

ϕk = α ξ̃Tk Γξ̃k εk , φ̃k =
[
φk ψk

]
∈ Rm×(n+md+m) (40)

and ξ̃k as stated in (18d) and Γ as (18e), cf. [34], [40].
Part (ii): An adaptation law depending on the auxiliary error

εk and ξ̃k is defined as

∆φ̃k = φ̃k+1 − φ̃k = −εk ξ̃Tk Γ ∈ Rm×(n+md+m) . (41)

To show stability, the squared Frobenius norm of the
weighed parameter matrix φ̃k is used as a Lyapunov func-
tion candidate, i.e. Vk =

∥∥φ̃kL∥∥2

F
= tr

(
φ̃kLL

T φ̃Tk

)
,

with Γ−1 = LLT . Such a separation of Γ−1 is al-
ways possible because Γ is assumed to be positive defi-
nite. The forward difference of Vk taking into account (41)
and symmetry properties of the trace operator is given by
∆V = Vk+1 − Vk = tr

(
φ̃k+1Γ−1φ̃Tk+1 − φ̃kΓ−1φ̃Tk

)
=

tr
(
−2εk ξ̃

T
k φ̃

T
k + εk ξ̃

T
k Γξ̃kε

T
k

)
and using (39) yields

∆V = tr

−2
B−1
M CBφ̃k ξ̃k

(
φ̃k ξ̃k

)T
1 + α ξ̃Tk Γξ̃k

+ (42)

B−1
M CBφ̃k ξ̃k ξ̃

T
k Γξ̃k

(
φ̃k ξ̃k

)T (
B−1
M CB

)T(
1 + α ξ̃Tk Γξ̃k

)2

 .

Definitions Pk = B−1
M CBφ̃k ξ̃k

(
φ̃k ξ̃k

)T
and N = 2αIm −

B−1
M CB allow further simplifications resulting in

∆V = − 2 tr (Pk)(
1 + α ξ̃Tk Γξ̃k

)2 −
ξ̃Tk Γξ̃k tr

(
PkN

T
)(

1 + α ξ̃Tk Γξ̃k

)2 (43)

Corresponding to condition (19) in Theorem 1 and Assump-
tion 3, N > 0 and symmetric because CB > 0 and
symmetric. With that, B−1

M CB is split into B−1
M CB =

XTX > 0. Exploiting the properties of the trace op-
erator [39] yields tr (Pk) = tr

(
Xφ̃k ξ̃k ξ̃

T
k φ̃

T
kX

T
)
≥ 0

and for the second term on the right hand side of equa-

tion (43) tr (PkN) = tr
(
NB−1

M CBφ̃k ξ̃k

(
φ̃k ξ̃k

)T )
=

tr
(
Y TY φ̃k ξ̃k ξ̃

T
k φ̃

T
k

)
= tr

(
Y φ̃k ξ̃k ξ̃

T
k φ̃

T
k Y

T
)
≥ 0. Hence,

(43) gives ∆V ≤ − 2

(1+α ξ̃Tk Γξ̃k)
2 tr (Pk) ≤ 0 so that φ̃k

is bounded for any bounded initial value φ̃0. Vk is non-
increasing and bounded below and has, therefore, a limit
V∞ as k → ∞, i.e. limk→∞

∥∥φ̃kL∥∥2

F
= V∞ < ∞, and

so, the squared Frobenius norm of scaled φ̃k converges to a
limit. The difference between initial value V0 and this limit is
limk→∞

∑k
i=1 |∆Vi| = V0 − V∞ <∞, causing that ∆Vi has

to tend to zero. Implied by this, Pk has to approach zero as
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can be seen in the first line of (43). According to the definition
of Pk and the fact that B−1

M CB is non-singular, it follows that
this is only possible if φ̃k ξ̃k tends to zero. Then εk is zero for
k →∞, cf. (39), ∆φ̃k → 0 and φ̃k tends to a constant value.

Part (iii): As a result of (ii), parameter matrix θ̃k tends to a
constant value θc. Combining (30), (31) and (40) gives εk =
ek−Υkηk−α ξ̃Tk Γξ̃k εk, see (18c) in Theorem 1. In addition,
ηk = WM (z) [θkωk] − θkWN (z) [ωk] → 0 as θk → θc and
εk → 0. This means that the error ek → 0 for k → ∞ and
σk → σM,k. The remaining dynamics reads as

z1,k+1 = (A11 −A12C1)z1,k +A12σM,k +B1uk (44)

where (6) and (7) are used. Matrix (A11−A12C1) in (44) has
to be Schur for all delays to assure bounded-input bounded-
state stability, which is assured by the assumptions made in the
theorem. Combining (18d), (18e), (40) and (41) yields φ̃k+1−
φ̃k = −εk

[
ξTk ηTk

] [Γ1 0
0 Γ2

]
, φk+1 − φk = −εkξTk Γ1 as

in (17a) and ψk+1 − ψk = −εkηTk Γ2 that is converted into
(17b) using (35) so that Υk+1 −Υk = B−1

M CB εkη
T
k Γ2. This

completes the proof. �
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