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ABSTRACT
In this paper we establish periodic homogenization for Hamilton-
Jacobi-Bellman (HJB) equations, associated to nonlocal operators of
integro-differential type. We consider the case when the fractional
diffusion has the same order as the drift term, and is weakly elliptic.
The outcome of the paper is two-fold. One one hand, we provide
Lipschitz regularity results for weakly elliptic nonlocal HJB, extending
the results previously obtained. On the other hand, we establish a
convergence result, based on half relaxed limits and a comparison
principle for the effective problem. The latter strongly relies on the
regularity and the ellipticity properties of the effective Hamiltonian,
for which a fine Lipschitz estimate of the corrector plays a cru-
cial role.
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1. Introduction

In this paper we are interested in periodic homogenization of parabolic nonlocal
Hamilton-Jacobi equations of the form

uet x, tð Þ þ H x,
x
e
,Due, ue �, tð Þ

� �
¼ 0 in Rd � 0,Tð Þ

u x, 0ð Þ ¼ u0 xð Þ in Rd,

8><>: (1)

where T> 0, the initial condition u0 : Rd ! R is a bounded uniformly continuous func-
tion and H is a continuous Hamiltonian, periodic with respect to its fast variable n ¼
x=�: The unknown functions ue : Rd � ½0,T� ! R depend on a homogenization scale

e > 0: The function H ¼ Hðx, n, p,/Þ is a Hamilton-Jacobi-Bellman operator H :

Rd � Rd � Rd � C2ðRdÞ \ L1ðRdÞ ! R, depending non-locally on a function / 2
C2ðRdÞ \ L1ðRdÞ, through an integro-differential operator associated to L�evy processes.
More precisely, given a compact metric space A, the Hamiltonian takes the form

Hðx, n, p,/Þ ¼ sup
a2A

�Laðx, n,/Þ � baðx, nÞ � p� f aðx, nÞ� �
: (2)
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The integro-differential operator is given by

Laðx, n,/Þ ¼
ð
Rd
ð/ðx þ zÞ � /ðxÞ � 1BðzÞD/ðxÞ � zÞKaðn, zÞdz, (3)

where 1B denotes the indicator function of the unit ball B in Rd, and Kað�Þ ¼ Kða, �Þ is
a family of kernels generated by a function K : A� Rd � Rd ! Rþ: The kernels are
possibly singular at the origin, satisfying the uniform L�evy condition

sup
a2A

sup
n2Rd

ð
Rd
min 1, jzj2

� �
Kaðn, zÞdz < þ1:

Similarly to ðKaÞa2A, the families of functions ðf aÞa2A and ðbaÞa2A are given respect-

ively by the bounded functions f : A� Rd � Rd ! R and b : A� Rd � Rd ! Rd:

Nonlocal equations find applications in mathematical finance and occur in the the-
ory of L�evy jump-diffusion processes. The theory of viscosity solutions has been
extended for a rather long time to integro-differential equations. Some of the first
papers are due to Soner [1, 2] in the context of stochastic control jump diffusion
processes. The connection of such nonlocal equations with deterministic and stochas-
tic singular perturbations of optimal control problems appears in [3–5]. Existence
and comparison results for second order degenerate Hamilton-Jacobi-Bellman equa-
tions were provided by Benth, Karlsen and Reikvam in [6]. The viscosity theory for
general partial integro-differential operators has been revisited and extended to solu-
tions with arbitrary growth at infinity by Barles and Imbert [7]. Nontheless, the ques-
tion of comparison principle for viscosity solutions has remained one of the most
important questions in the field, especially when the kernels have a very general x�
dependence. Recent progress has been made in this direction by Guillen, Mou and
Swiech in [8] (see also [9]).
In this paper, we deal with Hamilton-Jacobi-Bellman equations where the diffusion is

given by a general L�evy nonlocal operator, with a kernel depending on the space vari-
able x and we would like to place ourselves in a “critical” regime, where both the nonlo-
cal diffusion and the Hamiltonian are of order 1. A key issue is the establishment of the
concept of the “order” of the diffusion. It is known [10] that the behavior of the kernel
near the origin determines such an order. The typical example of an integro-differential

operator of order 1 is given by the square root of the Laplacian, whose kernel Kðn, zÞ ¼
1=jzjdþ1 is symmetric, and independent of n:

ð�DÞ1=2uðxÞ ¼
ð
Rd
ðuðx þ zÞ � uðxÞ � 1BDuðxÞ � zÞjzj�ðdþ1Þdz

¼ P:V:
ð
Rd
ðuðxþ zÞ � uðxÞÞjzj�ðdþ1Þdz,

where P:V: stands for the Cauchy Principal Value, see [11]. More generally, uniformly
elliptic kernels could be considered, i.e. kernels for which there exist a constant CK > 0
such that

1

CK jzjdþ1 � Kaðn, zÞ � CK

jzjdþ1 for all z 2 Bn 0f g: (4)
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In the “critical” regime of uniformly elliptic kernels satisfying Eq. (4), the nonlocal and
gradient terms in (2) have the same scaling properties, and therefore the diffusive role
of La enters into competition with the transport effect of the drift term. The critical
regime was already studied by Silvestre in [12] and [13], where regularity of solutions is
shown and the result is used to establish the existence of classical solutions. The above
ellipticity assumption is the equivalent of its local version, which roughly speaking
requires all the eigenvalues associated to the diffusion matrix to stay bounded away
from zero. We aim at dealing with more general kernels, where the pointwise ellipticity
assumption (4) is replaced by an integral condition. We require kernels to be weakly

elliptic only, i.e. there exists a constant CK > 0 such that for any given direction p 2
Rd, there exist an ellipticity cone Cg,qðpÞ :¼ z 2 Bq; ð1� gÞjzjjpj � jp � zj� �

of aperture
g 2 ð0, 1Þ where ð

Cg, qðpÞ
jzj2Kaðn, zÞdz � CKg

d�1
2 q, for any n 2 Rd:

Here, the quantity g
d�1
2 measures the volume of the cone in the unit ball relative to the

volume of the unit ball, while q is related to the order/scaling of the nonlocal operator
(see Example 1 in [14] for more details). In particular, any uniformly elliptic operator is
weakly elliptic. Solutions associated with this type of weakly elliptic kernels are shown
to be Lipschitz [14] in the case when the nonlocal diffusion has order larger than 1;
nonetheless, the critical case remained open. A weak ellipticity condition in the same
flavor, was introduced by Schwab and Silvestre in [15], for which the upper bound in
(4) is relaxed to hold on average on annulae, while the lower bound only needs to hold
on a subset with positive density, symmetric with respect to the origin. However, our
weak ellipticity condition and the one by Schwab and Silvestre are not equivalent, see
example 4.
We show that the family of solutions ðueÞe of the Cauchy problem (1) converges

locally uniformly on Rd � ½0,T�, as e ! 0, to the solution u of an effective problem

utðx, tÞ þHðx,Du, uð�, tÞÞ ¼ 0 in Rd � ð0,TÞ
uðx, 0Þ ¼ u0ðxÞ in Rd,

(
(5)

where the limiting Hamiltonian H is to be implicitly defined. This main result is pre-
sented in Theorem 5.3. The ansatz is classical, and falls into the lines of the celebrated
preprint of Lions Papanicolau and Varadhan [16] and the seminal papers of Evans [17,
18]. The oscillatory solution can be writen as ueðx, tÞ ¼ uðx, tÞ þ ewðx=eÞ þ � � � , and the
effective Hamiltonian H is to be found by solving a cell problem whose solution is the
(periodic) corrector w. Properties of H ar then established in order to ensure well-pos-
edness of the limiting problem (5) and the convergence follows by the means of a com-
parison principle.
Though such results already exist in the literature, addressing the question of com-

parison to conclude convergence in homogenization remains subtle, and this is the diffi-
culty we try to overcome in this paper, by exploiting the properties of the effective
Hamiltonian. In [19], Schwab established periodic homogenization for uniformly elliptic
Bellman-Isaacs equations dealing with symmetric kernels, and already set up and solved
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the corrector equation. We here extend his results to the case of weakly elliptic integro-
differential operators, having nonsymmetric kernels and competing with a drift term.
Aside the structural differences, the main difficulty of our setting is related to the ques-
tion of comparison of solutions at the effective level in order to achieve the convergence
result. In this respect, our methods are more in the line of [20], where nonlocal
Hamilton-Jacobi equations are studied, but in the case where the gradient is coercive
and dominates the diffusion at all scales. This is not the case in the present paper,
where at each scale the diffusion competes with the transport term, and the (weak)
ellipticity plays a key role. The works of [20] extend those of Arisawa in [21, 22] for
equations with purely L�evy operators, and a rather light interaction between the slow
and fast variable. Homogenization results for nonlocal equations with variational struc-
ture have also been studied, for instance in [23–25]. Stochastic homogenization for non-
local equations has been established in [26], where the arguments are based on the
obstacle problem method, previously introduced in [27, 28] in order to establish sto-
chastic homogenization and rates of convergence for fully nonlinear, uniformly elliptic
partial differential equations.
While the above mentioned result is expected in periodic homogenization, a series of

difficulties arise, due to the general form and the weak ellipticity of the nonlocal oper-
ator (3): (i) the implicit definition of H which does not say much about its nonlocal
dependence on the whole function u, (ii) the absence of comparison principles for equa-
tions with integro-differential operators having general x- dependent kernels, and in
particular the lack of comparison results for the limiting problem and (iii) the lack of
Lipschitz regularity of the oscillatory solutions and of the corrector. We discuss each of
these points in turn and the interplay in-between.
We first focus on the cell problem and accordingly on the construction of the effect-

ive Hamiltonian H , which here reads: given x, p 2 Rd and a function u 2 C2ðRdÞ \
L1ðRdÞ show that there exists a unique constant k ¼ Hðx, p, uÞ so that the following
problem has a Lipschitz continuous, periodic, viscosity solution

sup
a2A

�Iaðn,wÞ � ~b
aðn; xÞ � DwðnÞ � ~f

aðn; x, p, uÞ
n o

¼ k in Rd,

where ~b
a
and ~f

a
are to be computed. Note that, in the critical case, general non-sym-

metric kernels give rise to an extra drift term in the cell problem and ~b
a ¼ ba þ bK , for

some bK determined by the properties of K, due to the presence of the compensator
term 1BðzÞDuðxÞ � z in (3). Contrarily, in the case of symmetric kernels, the lack of the
compensator keeps the drift term unchanged. In both scenarios, we give a Lipschitz
regularity result for the corrector, with a fine estimate of the Lipschitz seminorm. This
will play a crucial role in establishing an ellipticity-growth property for the effective
Hamiltonian and a comparison principle for the effective problem. This has an import-
ant echo in the proof of convergence, since once comparison holds the homogenization
result is standard.
We then turn to the limiting problem (5). In fact, well-posedness for problem (5) is

not obvious, mainly due to points (i) and (ii) mentioned above. This is overcome with
a linearization of the effective Hamiltonian H via the extremal Pucci operators, and is
intimately related to the Lipschitz regularity of the corrector and the ellipticity growth
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property of the effective Hamiltonian. Alternatively, in some particular cases, one can
have representation formulas for the effective Hamiltonian, such as in [20, 24]. Min-
max repesentation formulas for nonlocal elliptic equations on Riemannian manifolds
and in the Euclidian space were provided by Guillen and Schwab in [29, 30]. However,
their results cannot be directly invoked here and further be used to conclude uniqueness
of solutions of the effective problem, because of lack of translation invariance of the
effective Hamiltonian.
As pointed out above, both solving the cell problem and showing the convergence

requires Lipschitz regularity of solutions. To the best of our knowledge, no Lipschitz
regularity result had been proven before for this kind of elliptic nonlocal equations in
their full generality. In [15], Schwab and Silvestre obtained H€older regularity results for
parabolic integro-differential operators dealing with irregular kernels which satisfy a
similar weak ellipticity assumption (as mentioned above), but which does not cover
some of our cases, such as example 4. In [14], Lipschitz regularity is proven for equa-
tions involving fractional diffusions with order strictly bigger than 1 using the nonlocal
version of the classical Ishii-Lions method. We follow this procedure by a slight but
technical modification of the test function involved in the proof. This allows us to get a
rather general Lipschitz regularity result for weakly elliptic integro-differential operators
(at the expense of some modulus of continuity on the data) in Theorem 3.1, which has
an interest in its own, extending to the critical case Lipschitz estimates obtained in [14].
We stress that the methods presented in this article can be extended to other nonlo-

cal homogenization problems and they are not exclusively circumscribed to the critical
case described here. We emphasize on the “linearization” of the effective Hamiltonian,
which reveals important information about the limiting problem. Related to this, it
would be interesting to describe the effective problem in terms of an associated optimal
control problem. This has been addressed in the deterministic case via the so-called
limit occupational measures, see [31, 32] and references therein. Finally, note that the
results presented do not rely on the convexity of H, and therefore they can be readily
adapted to Hamiltonians H of Bellman-Isaacs type, related to differential games
(see [33]).
The paper is organized as follows: in Section 2 we introduce some notation and

define the notion of solution to our problems. In Section 3 we establish a Lipschitz
regularity result for integro-differential equations dealing with nonlocal L�evy operators
of order one. In Section 4 we solve the cell problem and provide useful regularity and
ellipticity properties of the effective Hamiltonian. In Section 5 we establish the hom-
ogenization result associated to Eq. (1).

2. Preliminaries and assumptions

2.1. Notations

We denote the d�dimensional Euclidean space by Rd, and by Pd ¼ Rd=Zd the thorus

on Rd: For x 2 Rd and q > 0 we denote BqðxÞ the ball centered at x with radius q, and
we simply write B if x¼ 0 and q¼ 1. We use the notation 1B for the indicator function

of the unit ball B in Rd: By abuse of notation, we denote the cylinder Bqðx, tÞ :¼
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BqðxÞ � ðt � q, t þ qÞ: For a metric space X we denote respectively USC(X) and LSC(X)
the sets of real-valued upper and lower semicontinuous functions on X, BUC(X) the set
of bounded uniformly continuous real-valued functions on X. The set of s� H€older
functions on X is written C0, sðXÞ, the set of continuous functions is written CðXÞ and
we denote CrðXÞ the set of functions, with continuous differentials of order r> 0. The
space of essentially bounded measurable functions on X is denoted L1ðXÞ and its
norm jj � jj1:

2.2. Viscosity solutions

To cope with the difficulties imposed by behavior of the measure at infinity, as well as
its singularity at the origin, we often split the nonlocal term into

Lðx, n,/Þ ¼ L Bq½ �ðx, n,/Þ þL Bq
c� 	ðx, n,/Þ,

with 0 < q < 1, where for any D � Rd measurable, we write

L D½ �ðx, n,/Þ ¼
ð
D
ð/ðxþ zÞ � /ðxÞ � 1BðzÞD/ðxÞ � zÞKaðn, zÞdz:

We work in the setting of viscosity solutions, as described in [7]. In this setup, the non-
local term is evaluated in terms of a smooth test function on Bq and on the function
itself on Bc

q: We give below the definition for a slightly modified equation

utðx, tÞ þHðx,Du, uÞ ¼ 0 in Rd � ð0,TÞ
uðx, 0Þ ¼ u0ðxÞ in Rd,



(6)

where H is to be properly defined in each context (for the original oscillating problem
(1), for the cell problem (21), and for the limiting problem (5)).

Definition 1 (Viscosity solutions).

(1) We say an upper semi-continuous (usc) function u : Rd � ð0,T� ! R is a viscosity
subsolution of (6) iff for any / 2 C2ðRd � ½0,T�Þ, if (x, t) is a maximum of u� /
in Bqðx, tÞ then

/tðx, tÞ þHðx,D/ðx, tÞ, 1BqðxÞ/ð�, tÞ þ 1Bc
qðxÞuð�, tÞÞ � 0:

(2) We say a lower semi-continuous (lsc) function u : Rd � ð0,T� ! R is a viscosity
supersolution of (6) iff for any / 2 C2ðRd � ½0,T�Þ, if (x, t) is a minimum of u�
/ in Bqðx, tÞ then

/tðx, tÞ þHðx,D/ðx, tÞ, 1BqðxÞ/ð�, tÞ þ 1Bc
qðxÞuð�, tÞÞ � 0:

(3) We say u is a viscosity solution if it is both a viscosity subsolution and
supersolution.

This definition has been formulated so it literally applies to the effective Hamiltonian
H , provided we show before hand that H is well defined. A similarly definition can be
given for the stationary case and henceforth, for the cell-problem.
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2.3. Formal expansion

In order to introduce the set of assumptions, and make precise our results we begin
with the usual formal asymptotic expansion

ueðx, tÞ ¼ uðx, tÞ þ ew
x
e

� �
þ :::

where uðx, tÞ is the average profile and wðnÞ is the periodic corrector. Though this com-
putation already appears in [20], for the readers’ convenience we develop it here, in
order to emphasize on (i) the interference between the order of the nonlocal operator
and the homogenization scale e and (ii) the need to distinguish within the set of
assumptions between the symmetric and non-symmetric case and the fact that in the
case of non-symmetric kernels the expansion gives rise to an extra drift term in the cor-
rector equation.
Plugging the previous expression into the nonlocal term, it follows that

La x,
x
e
, ueð�, tÞ

� �
¼
ð
Rd

ueðxþ z, tÞ � ueðx, tÞ � 1BðzÞDueðx, tÞ � zð ÞKa x
e
, z

� �
dz

¼
ð
Rd

uðx þ z, tÞ � uðx, tÞ � 1BðzÞDuðx, tÞ � zð ÞKa x
e
, z

� �
dz

þ e
ð
Rd

w
x þ z
e

� �
� w

x
e

� �
� 1BðzÞDw x

e

� �
� z
e

 !
Ka x

e
, z

� �
dz:

Therefore, denoting the fast variable x=e ¼ n, we can write the nonlocal term as

La x, n, ueð�, tÞð Þ ¼ La x, n, uð�, tÞð Þ þIa
e ðn,wÞ,

where

Ia
e ðn,wÞ ¼ edþ1

ð
Rd

wðnþ zÞ � wðnÞ � 1B1=e
DwðnÞ� �

Kaðn, ezÞ dz:

To keep the ideas clear in this formal expansion assume the kernel is of the following
form, regardless its symmetry

Kaðn, zÞ ¼ kðn, zÞ
jzjdþ1 :

Note further that

(I) if kaðn, ezÞ ¼ kaðnÞ, the compensator term in the nonlocal expression Ja
e ðn,wÞ

vanishes and

Ia
e ðn,wÞ ¼ Laðn, n,wÞ ¼ kaðnÞð�DÞ1=2wðnÞ:

(II) if kaðn, ezÞ is not independent of z, we employ a modulus of continuity of k

xkðrÞ ¼ sup
a2A

sup
n2Pd

sup
jzj�r

kaðn, zÞ � kaðn, 0Þj j:

to separate the nonlocal term into
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Ia
e ðn,wÞ ¼ kaðn, 0Þð�DÞ1=2wðnÞ þJa

e ðn,wÞ,
where

Ja
e ðn,wÞ ¼

ð
Rd

wðnþ zÞ � wðnÞ � 1B1=e
ðzÞDwðnÞ � z� � kaðn, ezÞ � kaðn, 0Þ

jzjdþ1 dz:

The term Ja
e ðn,wÞ can be split into

Ja
e ðn,wÞ ¼ Ja

e B½ �ðn,wÞ þJa
e B1=enB
� 	ðn,wÞ þJa

e Bc
1=e

� 	ðn,wÞ,
where we use the notation J½D� to indicate the domain on which the integral
is computed. Assuming that w 2 C2ðRdÞ \ L1ðRdÞ with bounded kDwk1 and
kD2wk1 the following estimates hold

jJa
e B½ �ðn,wÞj � 1

2
kD2wk1

ð
B
jzj2 jk

aðn, ezÞ � kaðn, 0Þj
jzjdþ1 dz

� 1
2
kD2wk1xkðeÞ

ð
B
jzj2 dz

jzjdþ1 ¼ oeð1Þ,

jJa
e Bc

1=e

� 	ðn,wÞj � 4kwk1kkk1
ð
Bc
1=e

dz

jzjdþ1 ¼ oeð1Þ,

whereas

Ja
e B1=enB
� 	ðn,wÞ ¼ ð

B1=enB
wðnþ zÞ � wðnÞð Þ k

aðn, ezÞ � kaðn, 0Þ
jzjdþ1 dz

þ
ð
B1=enB

DwðnÞ � z kðn, ezÞ � kaðn, 0Þ
jzjdþ1 dz

¼ oeð1Þ þ
ð
BnBe

DwðnÞ � z k
aðn, zÞ � kaðn, 0Þ

jzjdþ1 dz

¼ oeð1Þ þ DwðnÞ � baKðnÞ,
where

baKðnÞ ¼
ð
B
ðkaðn, zÞ � kaðn, 0ÞÞ z

jzjdþ1 dz

is well-defined provided that
Ð 1
0
xkðrÞ
r dr < 1: To conclude, we have that

Ia
e ðn,wÞ ¼ kaðn, 0Þð�DÞ12wðnÞ þ DwðnÞ � baKðnÞ þ oeð1Þ:

Plugging everything in (1), we arrive to the following equation which must be satis-
fied both with respect to the slow variable x and the fast variable n simultaneously

utðx, tÞ þ sup
a2A

��Laðx, n, uð�, tÞÞ � kaðn, 0Þð�DÞ1=2wðnÞ

� baðx, nÞ � Duðx, tÞ � baðx, nÞ þ bKðnÞð Þ � DwðnÞ � f aðx, nÞ� ¼ 0:

We are lead, in this context, to solving first the following cell problem: given x, p 2 Rd

and a function u 2 C2ðRdÞ \ L1ðRdÞ show that there exists a unique constant k 2 R so
that the following problem has a Lipschitz continuous, periodic, viscosity solution

8 A. CIOMAGA ET AL.



sup
a2A

�kaðn, 0Þð�DÞ1=2wðnÞ � ~b
aðn; xÞ � DwðnÞ � ~f

aðn; x, p, uÞ
n o

¼ k,

where the source term is given by ~f
aðn; x, p, uÞ ¼ f aðx, nÞ þ baðx, nÞ � pþLaðx, n, uÞ,

and the drift adds an extra term ~b
aðn; xÞ ¼ baðx, nÞ þ baKðnÞ: The constant k is known

in the literature as the effective Hamiltonian and denoted by k ¼ Hðx, p, uÞ: This impli-
citly defines the effective equation (or the limit equation) (5), which is shown to be sat-
isfied by the average profile u: Once well posedness is established for the effective
equation, the convergence of the whole sequence ðueÞe>0 toward the average profile u
is shown.
Going back to the points raised in (i) and (ii), we have seen above that nonlocal

terms having kernels with a general dependence on the fast and slow variables give rise
to an extra drift term. This is due on one hand to the fact that the homogenization
scale e has the same order as the nonlocal diffusion (in occurence 1) and on the other
hand to the fact that the kernel has a non-symmetric behavior in the slow variable. This
is not the case if the kernel is symmetric, when the compensator is not needed.

2.4. Assumptions

Homogenization results are established both for symmetric and non-symmetric kernels,
though the formal expansion has been given only for the non-symmetric case. To this
end, we make two set of assumptions, corresponding to each setup.

ðKsÞ For each a 2 A, Ka is symmetric with respect to z, i.e. for all n 2 Rd and

z 2 Rdn 0f g,
Kaðn, zÞ ¼ Kaðn, � zÞ

and homogeneous with respect to z, i.e. for all n 2 Rd, z 2 Rdn 0f g and any � > 0,

Kaðn, �zÞ ¼ 1
�ðdþ1Þ K

aðn, zÞ:

ðKnsÞ For each a 2 A, there exists ka 2 CðR2dÞ \ L1ðR2dÞ such that, for all n 2 Rd

and z 2 Bn 0f g,

Kaðn, zÞ ¼ kaðn, zÞ
jzjdþ1 ,

and there exists a constant CK > 1 such that

sup
a2A

sup
n2Pd

ð1
0
sup
jzj�r

kaðn, zÞ � kaðn, 0Þj j dr
r
� CK :

To the scaling and symmetry assumptions above, we add a series of assumptions for
the family of L�evy kernels, in order to ensure periodicity, existence of solutions, com-
parison results and regularity. These have now become classical, see [7, 14, 34].

ðK0Þ For any a 2 A, the mapping n 7! Kaðn, zÞ is Zd periodic, for all z 2 Rd:
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ðK1Þ There exists a constant CK > 0 such that,

sup
a2A

sup
n2Rd

ð
Rd
minð1, jzj2ÞKaðn, zÞdz � CK :

ðK2Þ There exist a constant CK > 0 such that for any p 2 Rd, there exist a 0 < g < 1

such that the following holds for all a 2 A, for any n 2 Rd and for all q > 0,ð
Cg, qðpÞ

jzj2Kaðn, zÞdz � CKg
d�1
2 q,

with Cg,qðpÞ :¼ z 2 Bq; ð1� gÞjzkpj � jp � zj� �
:

ðK3Þ There exist a constant CK > 0 and an exponent c 2 ð0, 1� such that for all a 2 A,

for any n1, n2 2 Rd and all q > 0,ð
Bq

jzj2jKaðn1, zÞ � Kaðn2, zÞjdz � CK jn1 � n2jcqð
BnBq

jzkKaðn1, zÞ � Kaðn2, zÞjdz � CK jn1 � n2jcj ln qjð
RdnBq

jKaðn1, zÞ � Kaðn2, zÞjdz � CK jn1 � n2jcq�1:

Finally, we assume the following for the drift term and the running cost.

ðH0Þ For each a 2 A, the mappings n 7! f aðx, nÞ, n 7! baðx, nÞ are Zd periodic, for

all x 2 Rd:

ðH1Þ Let f a : R
~d ! R and ba : R

~d ! R
~d be two families of bounded functions. There

exist two constants Cf ,Cb > 0 and exponents a, b 2 ð0, 1� such that, for all a 2 A

and x1, x2 2 R
~d ,

jf aðx1Þ � f aðx2Þj � Cf jx1 � x2ja, jbaðx1Þ � baðx2Þj � Cbjx1 � x2jb:
Uniform continuity is a classical condition to have existence of global solutions of
Bellman equations related to finite/infinite horizon control problems. Here we assume
uniform H€older continuity in order to obtain Lipschitz regularity of solutions (see
Theorem 3.1). Note that we write assumption ðH1Þ in a general form, since that we
alternatively use on variables x and n.

2.5. Examples

Here are some typical examples of kernels that correspond to our setup.

Example 1. Let ðKaÞa2A be a family of kernels of the form

Kaðn, zÞ ¼ 1

jMaðnÞz � zjðdþ1Þ=2 n 2 Rd, z 2 Rdn 0f g,

where Ma : Rd ! Sd is a family of periodic C1 matrices, and with eigenvalues uniformly

bounded above and below: there exists cK > 1 such that for each a 2 A, n 2 Rd, all the
eigenvalues of MaðnÞ belong to the interval ½1=cK , cK �:
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Example 2. Let ðKaÞa2A be a family of kernels of the form

Kaðn, zÞ ¼ kaðn, z=jzjÞ
jzjdþ1 n 2 Rd, z 2 Rdn 0f g,

where ka : Rd � Sd�1 ! R is a family of bounded continuous functions, periodic and
H€older continuous with respect to their first variable and symmetric with respect to
their second variable.

Example 3. Let ðKaÞa2A be a family of kernels of the form

Kaðn, zÞ ¼ kaðnÞe�ipiðzÞ

jzjdþ1 n 2 Rd, z 2 Rdn 0f g,

where ka : Rd ! R is a family of bounded H€older continuous and periodic functions,

and pi : R
d ! R is the projection function onto the i�th component, piðz1, :::, zdÞ ¼ zi:

Finally, as announced in the introduction, we aim at dealing with degenerate kernels,
such as kernels whose measure is supported only in half space, as in the example below.

Example 4. Let ðKaÞa2A be a family of kernels of the form

Kðn, zÞ ¼ 1 zi>0f g
kaðnÞ
jzjdþ1 z 2 Rdn 0f g,

where, as before, ka : Rd ! R is a family of bounded H€older continuous and periodic
functions, and zi is the i� th component of z.

3. Regularity estimates

In this section we establish Lipschitz regularity of viscosity solutions of nonlocal
Hamilton Jacobi equations, when the order of the integro-differential operator is one.
To this end, we apply Ishii-Lions’s method, as for previously obtained results in [14,
34]. If in the case of fractional diffusions of order larger than one (also known as sub-
critical) it was necessary to show first that the solution is C0, s for some small s > 0,
and employ this estimate to get Lipschitz, the technique failed for the critical case. We
now complete this work and show below that, with a proper choice of control function,
Lipschitz estimates can be directly obtained in the critical regime for drift fractional-dif-
fusion equations, and their extension to Bellman equations. This will be further used
when solving the cell problem, and establishing the homogenization results.
Consider for any d � 0, the following stationary problem

duþHðx,Du, uÞ ¼ 0 in Rd, (7)

where the Hamiltonian takes the Bellman form

Hðx, p, uÞ ¼ sup
a2A

�Iaðx, uÞ � baðxÞ � p� f aðxÞ� �
, (8)

with the nonlocal operator given by
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Iaðx, uÞ ¼
ð
Rd
ðuðx þ zÞ � uðxÞ � 1BðzÞDuðxÞ � zÞKaðx, zÞdz: (9)

The main Lipschitz regularity result is given in the theorem below. Note that we do not
assume periodicity. Assumptions (Ks) and (Kns) play no role in establishing the regular-
ity of solutions, whereas the weak regularity assumption ðK2Þ is crucial.
Theorem 3.1. Let ðf aÞa2A, ðbaÞa2A two families of bounded functions on Rd satisfying
ðH1Þ with H€older exponents respectively a, b 2 ð0, 1� and constants Cf, Cb, and ðKaÞa2A
be a family of kernels satisfying ðK1Þ � ðK3Þ with H€older exponent c 2 ð0, 1� and con-

stant CK. Then any viscosity solution u 2 BUCðRdÞ of (7) is Lipschitz continuous, satisfy-
ing the following estimate: for every r 2 ð0, aÞ there exists a constant Cr > 0 such that,

for all x, y 2 Rd,

juðxÞ � uðyÞj � CrC
1

1þr

f jx � yj: (10)

The constant Cr depends on a, kuk1 and on the constants Cb, CK, but is independent
of d, b, c:

Proof of Theorem 3.1. The method, which has now become classical, consists in shifting
the solution u and showing that the corresponding difference can be uniformly con-
trolled by a concave function. This translates into a doubling of variables technique,
leading to viscosity solutions equations estimates. The proof will be divided in sev-
eral steps.

Step 1. Doubling of variables. Let

Uðx, yÞ ¼ uðxÞ � uðyÞ � L/ðx� yÞ � wfðxÞ,
where / is radial function /ðzÞ ¼ uðjzjÞ with a suitable choice of a smooth, increasing,
concave function u, and wf is a smooth localization term. The penalization function
u : Rþ ! Rþ is given here by

uðrÞ ¼
0 r ¼ 0

r þ r log �1ðrÞ r 2 ð0, r0�
uðr0Þ r � r0,

8><>:
where r0 2 ð0, 0:04Þ, so that the function u is concave and increasing, and for all
r 2 ð0, r0�,

r=2 < uðrÞ < r,

1=2 � u0ðrÞ < 1

�ðr log2ðrÞÞ�1 � u00ðrÞ � �ðr log2ðrÞÞ�1=2:

The localization term is given by wfðxÞ ¼ wðfxÞ, where w 2 C2ðRd;RþÞ with bounded

w, Dw and D2w on Rd, such that

wðxÞ ¼ 0 jxj � 1

3 oscRdðuÞ jxj � 2:

(
Our aim is to show that there exists an L> 0 such that
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juðxÞ � uðyÞj � L/ðx� yÞ if jx � yj � r0:

We argue by contradiction and assume that, for any choice of L > 2kuk1 large enough,
and f 2 ð0, 1Þ small enough, U has a positive maximum, that we denote

ML ¼ sup
x, y2Rd

Uðx, yÞ ¼ Uðx, yÞ > 0:

To simplify the notation we drop the dependence on L and f for the point ðx, yÞ where
the maximum is attained. It is immediate to see that

Ljx � yj=2 � Lu jx � yj� � � 2kuk1,

Ljx � yj=2 � Lu jx � yj� � � xu jx � yj� �
,

(11)

where xuð�Þ is the modulus of continuity of u (the solution being uniformly continu-
ous). This implies in particular that jx � yj is uniformly bounded above and away from
zero as f ! 0, and jx � yj ! 0 as L ! 1, but also that Ljx � yj ! 0 as L ! 1: In
addition

ML � uðxÞ � uðyÞ � xuðjx � yjÞ: (12)

Step 2. The viscosity inequalities. Let

p ¼ x � y, p̂ ¼ p=jpj, p ¼ D/ðpÞ ¼ u0ðjpjÞp̂, q ¼ DwfðxÞ,
/yðxÞ ¼ L/ðx� yÞ þ wfðxÞ and /xðyÞ ¼ �L/ðx � yÞ:

Note that u� /y has a global maximum at x, respectively u� /x has a global min-

imum at y and D/yðxÞ ¼ D/xðyÞ ¼ Lp: It follows from the viscosity inequalities that,

for any � > 0, there exists a 2 A such that, for all 0 < q0 < 1, we have

duðxÞ �Ia Bq0½ �ðx,/yÞ �Ia Bc
q0

� 	ðx, uÞ � LbaðxÞ � p� f aðxÞ � 0

duðyÞ �Ia Bq0½ �ðy,/xÞ �Ia Bc
q0

� 	ðy, uÞ � LbaðyÞ � p� f aðyÞ > ��,

where we have used the notation Ia½D�ðx, uÞ to denote the nonlocal operator (9) com-
puted on the set D. Denote

Ta Bq0½ �ðx, y,/Þ :¼ Ia Bq0½ �ðx,/yÞ �Ia Bq0½ �ðy,/xÞ
Ta Bc

q0
� 	ðx, y, uÞ :¼ Ia Bc

q0
� 	ðx, uÞ �Ia Bc

q0
� 	ðy, uÞ:

Subtract the two inequalities and use the regularity assumption ðH1Þ and (12), to get
that

dML � Ta Bq0½ �ðx, y,/Þ þTa Bc
q0

� 	ðx, y, uÞ� �
< � þ L baðxÞ � baðyÞ� � � pþ f aðxÞ � f aðyÞ
< � þ LCbjx � yjbjpj þ Cf jx � yja

< � þ LCbjpjb þ Cf jpja:
(13)

Step 3. The nonlocal estimate. We first let q0 ! 0 and see that the term Ta½Bq0 �ðx, y,/Þ
is oq0 ð1Þ: We then let f ! 0 and we note that the nonlocal terms corresponding to wf

are of order ofð1Þ: In what follows, we drop the dependence and all terms in q0 and f.

To simplify notations, we write Taðx, y, uÞ instead of Ta½Rd�ðx, y, uÞ: It is useful to
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already see that the maximum of U gives the following bounds for the expressions in u,
appearing as the integrant of the nonlocal terms composing Taðx, y, uÞ: Namely, for all

z 2 Rd,

uðx þ zÞ � uðxÞ � p � z � L /ðp þ zÞ � /ðpÞ � p � z� �
uðyÞ � uðy þ zÞ þ p � z � L /ðp � zÞ � /ðpÞ þ p � z� �

:
(14)

Here again, we dropped the terms in wf to simplify the presentation.
It is within the nonlocal difference Taðx, y, uÞ that we will see the role of the critical

fractional diffusion in obtaining the right Lipschitz estimates. The key bound comes
from the weak ellipticity in the gradient direction, given by assumption ðK2Þ: To make
this clear, we proceed as in [14, 34] and split the nonlocal difference into

Taðx, y, uÞ ¼ Ta Cg,qðpÞ
� 	ðx, yÞ þTa BqnCg,qðpÞ

� 	ðx, yÞ
þTa BnBq

� 	ðx, yÞ þTa Bc½ �ðx, yÞ, (15)

where Cg,qðpÞ is the ellipticity cone in the direction of the gradient, given by ðK2Þ with
p ¼ x � y, and g 2 ð0, 1Þ and q > 0 yet to be determined. We estimate below each of
these terms.
In order to estimate the nonlocal term on the ellipticity cone, we rely on assumption

ðK2Þ and let q ¼ c1jpj log �2ðjpjÞ, g ¼ c2 log �2ðjpjÞ, with c1, c2 > 0 sufficiently small.
Fix a 2 A: Note that, in view of (14),

Ta Cg,qðpÞ
� 	ðx, yÞ � L

ð
Cg, qðpÞ

/ðp þ zÞ � /ðpÞ � D/ðpÞ � z� �
Kaðx, zÞdz

þ L
ð
Cg, qðpÞ

/ðp � zÞ � /ðpÞ þ D/ðpÞ � z� �
Kaðy, zÞdz:

Using Taylor’s integral formula, the term above can be further bounded by

Ta Cg, qðpÞ
� 	ðx, yÞ � sup

a2A

L
2

ð
Cg, qðpÞ

sup
jsj�1

D2/ðp þ szÞz � z� �ðKaðx, zÞ þ Kaðy, zÞÞdz:

Recall that /ðzÞ ¼ uðjzjÞ and use the notation ẑ ¼ z=jzj: It follows that

D2/ðp þ szÞz � z ¼ u00ðjp þ szjÞj dðp þ szÞ � zj2 þ u0ðjp þ szjÞ
jp þ szj jzj2 � j dðp þ szÞ � zj2

� �
:

Taking into account that u00 < 0 and u0 > 0, we establish below a lower bound for the
first term in the sum above, and an upper bound for the latter term. Take q ¼ jpjq0
with q0 2 ð0, 1Þ, yet to be determined. Then, for all z 2 Bq and for all s 2 ð�1, 1Þ, we
have

jpjð1� q0Þ � jp þ szj � jpjð1þ q0Þ,
whereas, for all z 2 Cg,qðpÞ ¼ z 2 Bq; ð1� gÞjzkpj � jp � zj� �

and for all s 2 ð�1, 1Þ,
p þ szð Þ � zj j � ð1� g� q0Þjpkzj:

These upper and lower bounds lead to the following estimate
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D2/ðp þ szÞz � z � cðg,q0Þ2u00ðjp þ szjÞjzj2 þ 1� cðg,q0Þ2
� �u0ðjp þ szjÞ

jp þ szj jzj2,

with cðg, q0Þ ¼ ð1� g� q0Þ=ð1þ q0Þ: Note that cðg, q0Þ2 � 1� 2ðgþ 2q0Þ=ð1þ q0Þ �
1=2 for g > 0 and q0 > 0 sufficiently small. This implies that

D2/ðp þ szÞz � z � 1
2
u00ðjp þ szjÞjzj2 þ 2ðgþ 2q0Þ

u0ðjp þ szjÞ
jp þ szj jzj2,

� � 1
4

jzj2
jp þ szj log 2jp þ szj þ 2ðgþ 2q0Þ

jzj2
jp þ szj

� � 1
4

jzj2
jpjð1þ q0Þ log 2 jpjð1þ q0Þ

� �þ 2ðgþ 2q0Þjzj2
jpjð1� q0Þ

:

For the choice of constants q0 ¼ c1 log �2ðjpjÞ and g ¼ c2 log �2ðjpjÞ, with c1, c2 2
ð0, 0:001Þ sufficiently small, there exists a constant c> 0, such that, the following esti-
mate holds uniformly for s 2 ð�1, 1Þ,

D2/ðp þ szÞz � z � � 1
64

jzj2
jpj log 2jpj þ

ð8c1 þ 4c2Þjzj2
jpj log 2ðjpjÞ � �c

jzj2
jpj log 2jpj :

Finally, in view of assumption ðK2Þ, there exists C> 0 depending only on CK, such that

Ta Cg,qðpÞ
� 	ðx, yÞ � sup

a2A

L
2

ð
Cg, qðpÞ

� c
jpj log 2jpj

� �
jzj2 Kaðx, zÞ � Kaðy, zÞj jdz

� �Lc jpj log 2jpj� ��1
CK c2 log

�2ðjpjÞ� �d�1
2 c1jpj log�2ðjpjÞ

� �CL log �2ðjpjÞ� �dþ3
2 :

(16)

The nonlocal kernel is not bounded in B, but it only has a bounded second momen-
tum. Outside the ellipticity cone, it is necessary to keep the estimate small. In order to
obtain an optimal bound for the rest of the terms, we will use a measure decomposition
as in [14, 34], that we briefly discuss next for completeness. Let

DKaðzÞ :¼ DKaðx, y, zÞ ¼ Kaðx, zÞ � Kaðy, zÞ,
which is now a changing sign singular kernel. Define Ka

þ,K
a
� as the nonnegative, mutu-

ally singular kernel measures satisfying DKa ¼ Ka
þ � Ka

� and let Ha ¼ suppðKa
þÞ: Let

Ka
min be the minimum of the two kernels, with support Rd: It follows that

Kaðx, zÞ ¼ Ka
minðzÞ þ Ka

þðzÞ and Kaðy, zÞ ¼ Ka
minðzÞ þ Ka

�ðzÞ,
where we have dropped the ðx, yÞ dependence on the kernels, to keep the notation

short. Note that for each pair of appropriate measurable functions l1, l2 : Rd ! R and

D � Rd measurable we can writeð
D
l1ðzÞKaðx, zÞdz �

ð
D
l2ðzÞKaðy, zÞdz

¼
ð
D
l1ðzÞ � l2ðzÞð ÞKa

minðzÞdz þ
ð
D
l1ðzÞKa

þðzÞdz �
ð
D
l2ðzÞKa

�ðzÞdz:
(17)
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We further estimate the nonlocal term outside the ellipticity cone in Bq: To this end,
we rely on assumption ðK3Þ and take q 2 ð0, 1Þ as before. Note that, in view of (14),
and remark (17) above, the nonlocal term outside the ellipticity cone in Bq is bounded
by

Ta BqnCg,qðpÞ
� 	ðx, yÞ � L

ð
BqnCg, qðpÞ

/ðp þ zÞ � /ðpÞ � D/ðpÞ � z� �
Ka
þðzÞdz

þ L
ð
BqnCg, qðpÞ

/ðp � zÞ � /ðpÞ þ D/ðpÞ � z� �
Ka
�ðzÞdz:

Using a second-order Taylor expansion of / and taking into account that u is smooth,
u0 � 0 and u00 � 0, the following bound holds

Ta BqnCg,qðpÞ
� 	ðx, yÞ � L

ð
BqnCg, qðpÞ

sup
jsj�1

D2/ðp þ szÞz � z� �
Ka
þðzÞ þ Ka

�ðzÞ
� �

dz

� L
ð
BqnCg, qðpÞ

sup
jsj�1

u0ðjp þ szjÞ
jp þ szj jzj2jKaðx, zÞ � Kaðy, zÞjdz:

In view of assumption ðK3Þ, it follows that there exists C> 0 depending only on CK,
such that

Ta BqnCg,qðpÞ
� 	ðx, yÞ � L

jpj � q

ð
BqnCg, qðpÞ

jzj2jKaðx, zÞ � Kaðy, zÞjdz

� L
jpj � q

CK jpjcq ¼ CKLjpjc c1jpj log �2ðjpjÞ
jpj 1� c1 log �2ðjpjÞ� �

� CLjpjc log�2ðjpjÞ:

(18)

We now turn to the nonlocal estimate on the circular crown BnBq, for which we rely
again on assumption ðK3Þ with the same choice of q 2 ð0, 1Þ: In view of (14), and
remark (17) above, the nonlocal term on the circular crown is bounded by

Ta BnBq
� 	ðx, yÞ � L

ð
BnBq

/ðp þ zÞ � /ðpÞ � D/ðpÞ � z� �
Ka
þðzÞdz

þ L
ð
BnBq

/ðp � zÞ � /ðpÞ þ D/ðpÞ � z� �
Ka
�ðzÞdz:

Using the monotonicity, the concavity and the Lipschitz continuity of u, the following
holds

Ta BnBq
� 	ðx, yÞ � L

ð
BnBq

uðjpj þ jzjÞ � uðjpjÞ þ u0ðjpjÞjp̂kzj� �
Ka
þðzÞ þ Ka

�ðzÞ
� �

dz

� L
ð
BnBq

2u0ðjpjÞjzjjKaðx, zÞ � Kaðy, zÞjdz:

Employing now the regularity assumption ðK3Þ, this further leads to the existence of a
constant C> 0 so that
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Ta BnBq
� 	ðx, yÞ � 2L

ð
BnBq

jzjjKaðx, zÞ � Kaðy, zÞjdz

� 2L CK jpjcj ln ðc1jpj log �2ðjpjÞÞj
� CLjpjcj log ðjpjÞj:

(19)

It is immediate to see that, in view of the integrability assumption, we have a uniform
bound outside the unit ball. The same measure decomposition as before, gives, in view
of assumption K3, there exists a constant C> 0 depending only on CK, such that

Ta Bc½ �ðx, yÞ � L
ð
Bc

/ðp � zÞ � /ðpÞ� �
Ka
þðzÞdz þ L

ð
Bc

/ðp þ zÞ � /ðpÞ� �
Ka
�ðzÞdz

� 4Lk/k1
ð
Bc
jKaðx, zÞ � Kaðy, zÞjdz

� �
� LCk/k1jpjc:

(20)

Plugging the estimates obtained in (16, 18, 19) and (20), we conclude that there exists
a universal constant C> 0, depending on the constants CK given by assumptions
ðK1Þ � ðK3Þ, such that, for jpj sufficiently small,

Taðx, y, uÞ � �CLj log ðjpjÞj�ðdþ3Þ þ CLjpjc log�2ðjpjÞ þ CLjpjcj log ðjpjÞj þ CLjpjc

� �CL log �2ðjpjÞ� �dþ3
2 þ CLjpjcj log ðjpjÞj þ CLjpjc:

Step 4. The conclusion. Plugging the above inequality into (13), it follows that

dML þ CLj log ðjpjÞj�ðdþ3Þ � CLjpjcj log ðjpjÞj � CLjpjc < � þ CbLjpjb þ Cf jpja:
In view of (12), jpj ! 0 when L ! 1, and taking into account that for any b > 0 we

have that limjpj!0ðjpjb jlog ðjpjÞjÞ ¼ 0, it follows that, up to a modification of the uni-
versal constant C> 0 depending on Cb, for sufficiently large L,

dML þ CLj log ðjpjÞj�ðdþ3Þ < � þ Cf jpja:
Again in view of (12), ML ! 0 when L ! 1, and choosing � arbitrarily small, the pre-
vious inequality leads to

CLj log ðjpjÞj�ðdþ3Þ � Cf jpja:
In particular, for any 0 < r < a, it follows that CLjpjr � Cf jpja: Employing further
inequality (11) we have jpj � CL�1, from where the following constraint holds for L,
(up to a modification of the universal constant C)

L � Cf

C
jpja�r � Cf

C
L�aþr:

Let h ¼ 1=ð1þ a� rÞ 2 ð1=ð1þ aÞ, 1Þ: Choosing then L > ðCf =CÞh þ 1, we arrive to a
contradiction. By simply taking ~r ¼ a� r, the conclusion follows. w

Remark 1. It is easy to see, from the proof above, that the H€older continuity of the
data can be weakened to a logarithmical modulus of continuity.
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Remark 2. Notice that, if we assume a ¼ 1, then r in the statement of the theorem can
be chosen arbitrarily close to 1, and the exponent 1=ð1þ rÞ in the Lipschitz bounds is
arbitrarily close to 1/2. This is a crucial estimate to be used in the next section.

The proof previously developed applies literally to parabolic integro-differential equa-
tions. The following holds.

Theorem 3.2. Let ðf aÞa2A, ðbaÞa2A two families of bounded functions on Rd satisfying
ðH1Þ with H€older exponents respectively a, b 2 ð0, 1� and constants Cf, Cb, and ðKaÞa2A
be a family of kernels satisfying ðK1Þ � ðK3Þ with H€older exponent c 2 ð0, 1� and con-

stant CK. Let u 2 BUCðRd � ½0,T�Þ be a viscosity solution of

ut þHðx,Du, uÞ ¼ 0 in Rd � ð0,T�
uðx, 0Þ ¼ u0ðxÞ in Rd,

(
with H is as in (7). If u0 2 LipðRdÞ, then u is Lipschitz continuous with respect to x
uniformly on ½0,T�, satisfying estimate (10) with a Lipschitz constant depending only
on a, kuk1, and on the constants Cb, CK, but is independent of b, c:

Proof of Theorem 3.2. We proceed similarly to the proof of Theorem 3.1, with the fol-
lowing function which doubles the variables

Uðx, y, t, sÞ ¼ uðx, tÞ � uðy, sÞ � L/ðx � yÞ � Cjt � sj � wfðxÞ,
where C> 0 is a constant and / is defined as in the proof of Theorem 3.1. The previous
proof literally adapts to the parabolic case, since the non linearity H is independent of
time. w

4. The cell problem and the effective Hamiltonian

In this section we establish the well-posedness of the cell problem and give a fine
Lipschitz regularity estimate for the corrector, that will later play a crucial role in the
proof of convergence. Further, we set forth a series of properties for the effective
Hamiltonian, which shall have an implicit nonlocal dependence on the the aver-
aged profile.

4.1. The cell problem

As made precise in Section 2, the cell problem both in the symmetric and the non-sym-

metric case can be formulated as follows. Given x, p 2 Rd and a function u 2 C2ðRdÞ \
L1ðRdÞ show that there exists a unique constant k 2 R so that the following problem
has a periodic, continuous viscosity solution

sup
a2A

�Iaðn,wÞ � ~b
aðn; xÞ � DwðnÞ � ~f

aðn; x, p, uÞ
n o

¼ k in Rd, (21)

where the source term is given by

~f
aðn; x, p, uÞ ¼ f aðx, nÞ þ baðx, nÞ � pþLaðx, n, uÞ,
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with La defined by (3). However, the nonlocal operator Iaðn,wÞ and the drift term ~b
a

are defined differently according to the symmetry of the nonlocal kernel.

(1) In the case of symmetric kernels – assumption (Ks), the nonlocal operator is given
by

Iaðn,wÞ ¼
ð
Rd
ðwðnþ zÞ � wðnÞ � 1BðzÞDwðnÞ � zÞKaðn, zÞdz,

and the drift is ~b
aðn; xÞ ¼ baðx, nÞ:

(2) In the non-symmetric case – assumption (Kns), the nonlocal operator is just

Iaðn,wÞ ¼ �kaðn, 0Þð�DÞ1=2wðnÞ
whereas the drift adds an extra term ~b

aðn; xÞ ¼ baðx, nÞ þ baKðnÞ, with baK : Rd !
Rd given by

baKðnÞ ¼
ð
B
kaðn, zÞ � kaðn, 0Þð Þ z

jzjdþ1 dz:

In what follows, proofs are nowhere different in the symmetric or the non-symmetric
case. This explains why we want to keep everything under a unified notation.
The well-posedness of problem (21) is standard [14, 16, 20], except for few arguments

due to the lack of comparison. We show that the corrector is Lipschitz continuous and
give in addition a fine estimate for the Lipschitz constant. This estimate plays a central
role in establishing a comparison principle for the effective equation, which in turn will
be helpful in establishing homogenization.

Theorem 4.1. Let ðf aÞa2A and ðbaÞa2A be two families of bounded functions on R2d, sat-
isfying ðH0Þ, ðH1Þ with respect to the fast variable n and with H€older exponents respect-
ively a, b 2 ð0, 1�. Let ðKaÞa2A be a family of kernels satisfying ðK0Þ � ðK3Þ with H€older

exponent c 2 ð1=2, 1�. Then, for any x, p 2 Rd and u 2 C2ðBqðxÞÞ \ L1ðRdÞ for some
q 2 ð0, 1�, there exists a unique constant k 2 R so that problem (21) has a Lipschitz con-
tinuous, periodic viscosity solution w. Moreover, w satisfies the following Lipschitz bound:

there exists r 2 ð0,minða, b, cÞÞ such that, for all n1, n2 2 Rd,

jwðn1Þ � wðn2Þj � Crð1þ jpj þ Cx, u
q Þ 1

1þrjn1 � n2j, (22)

where Cr > 0 is a constant depending on a, kwk1, and Cx, u
q is given by

Cx, u
q :¼ kD2ukL1ðBqðxÞÞqþ jDuðxÞk ln ðqÞj þ kuk1q�1: (23)

Remark 3. In the case of symmetric kernels, the compensator is not needed and the
constant writes

Cx, u
q :¼ kD2ukL1ðBqðxÞÞqþ kuk1q�1:

Proof of Theorem 4.1. In view of the available regularity estimates, we rely on a new
comparison principle for general L�evy measures, shown in Proposition A.1 of the
Appendix. Then, the proof follows the same arguments as for instance in [35, 36],
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where measures were of L�evy-Itô type and comparison was for free (see [7]). We pro-
vide here the main ideas of the proof.
Fix x, p 2 Rd and u 2 C2ðBqðxÞÞ \ L1ðRdÞ with q 2 ð0, 1�: Let d > 0 and consider the

approximated problem

dwd þ sup
a2A

�Iaðn,wdÞ � ~b
aðn; xÞ � DwdðnÞ � ~f

aðn; x, p, uÞ
n o

¼ 0: (24)

Lemma 4.2. There exists a Lipschitz continuous viscosity solution wd of problem (24).

Proof of Lemma 4.2. We use a vanishing-coercivity argument in order to establish the
existence of a uniformly continuous solution. More precisely, for any g > 0, consider
the coercive problem

dwd, g þ sup
a2A

�Iaðn,wd, gÞ � ~b
aðn; xÞ � Dwd, gðnÞ � ~f

aðn; x, p, uÞ
n o

þ gjDwd, gj2 ¼ 0,

(25)

which in view of the results of [36] admits a H€older continuous viscosity solution. In
view of Theorem 3.1 the solutions are Lipschitz continuous, with a Lipschitz norm inde-
pendent of g. Indeed, in order to cope with the quadratic (but autonomous) gradient

term, one should look at the approximated equation with jDwd, gj replaced by

maxðjDwd, gj,RÞ, for R> 0, and remark that its solutions are Lipschitz continuous, with

the Lipschitz norm independent of R. Moreover, if we denote M ¼ supa2A k~f ak1, we

note that kwd, gk1 � M=d: Thus, passing to the limit, it follows that there exists a

Lipschitz continuous solution of (25) which satisfies kwdk1 � M=d: w

Consider the sequence of functions

~w
dðnÞ :¼ wdðnÞ � wdð0Þ,

which satisfy the equation

d~w
d þ sup

a2A
�Iaðn, ~wdÞ � ~b

aðn; xÞ � D~w
dðnÞ � ~f

aðn; x, p, uÞ
n o

¼ �dwdð0Þ:

In view of the strong maximum principle (see [37]), it can be shown as in [35] that the
above family of functions is precompact. Indeed, the following holds.

Lemma 4.3. The sequence f~wdð�Þgd is uniformly bounded and uniformly Lipschitz continuous.

Proof of Lemma 4.3. We argue by contradiction and assume there exists a subsequence

for which the associated sequence of norms blows up, i.e. k~wdk1 ! 1, as d ! 0:
Consider the renormalized functions

ŵ
dðnÞ ¼

~w
dðnÞ

k~wdk1
,

which satisfy the equation
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dŵ
d þ sup

a2A
�Iaðn, ŵdÞ � ~b

aðn; xÞ � DŵdðnÞ �
~f
aðn; x, p, uÞ
k~wdk1

8<:
9=; ¼ � dwdð0Þ

k~wdk1
:

Since the renormalized functions all have norm kŵdk1 ¼ 1, it follows from Theorem
3.1 that the family is equi-Lipschitz continuous. Thus, by the Ascoli-Arzela theorem,

there exists a subsequence of periodic functions ŵ
dnð�Þ

n o
dn

which converges locally uni-

formly – and globally in view of the periodicity –, to a function ŵ satisfying the equa-
tion

sup
a2A

�Iaðn, ŵÞ � ~b
aðn; xÞ � DŵðnÞ

n o
¼ 0:

The latter equation satisfies the strong maximum principle (see [37]), while its solution

has kŵk1 ¼ 1 and ŵð0Þ ¼ 0, which leads to a contradiction. Thus, the sequence of

functions ~w
dnð�Þ

n o
dn

is uniformly bounded. In view of Theorem 3.1, the family is also

uniformly Lipschitz continuous. w

In view of Ascoli-Arzela theorem, there exists a subsequence ð~wdnÞdn which converges
locally uniformly (and globally due to periodicity) to a periodic, Lipschitz continuous
function

w ¼ lim
dn!0

wdn :

Moreover ðdnwdnð0ÞÞdn is bounded and, up to a subsequence, there exists a constant k 2
R, so that

k ¼ � lim
dn!0

dnw
dnð0Þ:

The uniqueness of the constant k follows from the comparison principle stated in
Proposition A.1.
Furthermore, in view of Theorem 3.1, we obtain the following Lipschitz estimate for

the corrector. In view of ðK3Þ, there exists a constant C> 0 such that, for any a 2 A,

and for all n1, n2 2 Rd,

jLaðx, n1, uÞ �Laðx, n2, uÞj � kD2ukL1ðBqðxÞÞ

ð
Bq

jzj2jKaðn1, zÞ � Kðn2, zÞjdz

þ jDuðxÞj
ð
BnBq

jzkKaðn1, zÞ � Kðn2, zÞjdz

þ 2kukL1ðBc
qðxÞÞ

ð
RdnBq

jKaðn1, zÞ � Kðn2, zÞjdz

� CKðkD2ukL1ðBqðxÞÞqþ jDuðxÞk ln ðqÞj þ 2kuk1q�1Þjn1 � n2jc

� 2CK Cx, u
q jn1 � n2jc,

where Cx, u
q is given by (23). In view of assumption ðH1Þ it follows that, for any a 2 A,

and for all n1, n2 2 Rd,
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j~f aðn1; x, p, uÞ � ~f
aðn1; x, p, uÞj � Cf jn1 � n2ja þ Cbjpkn1 � n2jb þ 2CK Cu, x

q jn1 � n2jc
� �

� maxðCb,Cf , 2CKÞ 1þ jpj þ Cx, u
q

� �jn1 � n2jminða,b, cÞ:

Thus, ~f
a
is H€older continuous in n, with H€older coefficient ~a ¼ minða, b, cÞ: In view of

Theorem 3.1, we conclude that for each r 2 ð0,minða, b, cÞÞ, there exists Cr > 0

depending on kwk1 such that, for all n1, n2 2 Rd, it holds

jwðn1Þ � wðn2Þj � Cr 1þ jpj þ Cx, u
q

� � 1
1þrjn1 � n2j:

Remark 4. The Lipschitz estimate (22) holds for the approximate corrector wd as well.

4.2. The effective Hamiltonian

The ergodic constant in Theorem 4.1 has a local dependence on x, p 2 Rd, and a nonlo-

cal dependence with respect to u 2 C2ðRdÞ \ L1ðRdÞ: To display explicitly this depend-
ence, we hereafter write

k ¼ Hðx, p, uÞ,
and call H the effective Hamiltonian, which is well defined as a global function

H : Rd � Rd � C2ðRdÞ \ L1ðRdÞ ! R:

Remark 5. In fact, in view of Theorem 4.1, for fixed ðx, pÞ 2 R2d, the effective
Hamiltonian is well defined for functions which are only in C2ðBqðxÞÞ \ L1ðRdÞ ¼: Ex

q,

for some q 2 ð0, 1�: Denote Ex ¼ [q>0 E
x
q and introduce the space

E :¼ ðx, uÞ 2 Rd � L1ðRdÞ : there exists q > 0 s:t: u 2 C2ðBqðxÞÞ
n o

One could consider H as a function

H : Rd � E ! R

Hðp, ðx, uÞÞ ¼ k:

This turns out to be useful when viscosity solutions associated to the effective
Hamiltonian are employed. Similar to viscosity solutions associated to the original prob-
lem (1), or its stationary variant, when dealing with the nonlocal term it is often con-

venient to replace C2ðRdÞ test functions / by their local truncation around x in a small
neighborhood, namely by 1BqðxÞ/þ 1BqðxÞu: However, since the nonlocal dependence of
the effective Hamiltonian is not explicit, we will not to be able to give (later on) equiva-
lent definitions of viscosity solutions in terms of smooth or less regular test functions.
In this sense, it is crucial for H to make sense for locally C2ðBqðxÞÞ functions.
Remark 6. Note in addition that, for fixed p 2 Rd, one can write H as a function

Hp : C
2ðRdÞ \ L1ðRdÞ ! FðRdÞ

Hp u½ �ðxÞ ¼ Hðx, p, uÞ,
where FðRdÞ is the space of all functions h : Rd ! R:
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We will see below that in fact H maps C2 functions into continuous functions, is
convex in u and in p, and it satisfies a global comparison principle. We will use the

space C2,rðRdÞ to be the collection of functions u, with continuous second derivatives

on Rd with kukC0, rðRdÞ, kDukC0, rðRdÞ, kD2ukC0, rðRdÞ all finite. More precisely, the follow-

ing structural properties hold for H :

Proposition 4.4. Let ðf aÞa2A and ðbaÞa2A be two families of bounded functions on R2d,

satisfying ðH0Þ and ðH1Þ with respect to both variables with ~d ¼ 2d and with H€older
exponents respectively a, b 2 ð0, 1�. Let ðKaÞa2A be a family of kernels satisfying ðK0Þ �
ðK3Þ with H€older exponent c 2 ð1=2, 1�. Then, the effective Hamiltonian satisfies the fol-
lowing properties.

(1) Fix ðx, pÞ 2 Rd and let u1, u2 2 Ex. Then

Hðx, p, u1Þ �Hðx, p, u2Þ � � sup
a2A

sup
n2Rd

ðLaðx, n, u1Þ �Laðx, n, u2ÞÞ:

In particular, H satisfies the global comparison principle: if u1, u2 2 Ex such that
u1 � u2 in Rd and u1ðxÞ ¼ u2ðxÞ, then Hðx, p, u1Þ � Hðx, p, u2Þ:

(2) For any ðx, pÞ 2 R2d, Hðx, p, �Þ is convex, i.e. for any u1, u2 2 Ex and s 2 ð0, 1Þ,
Hðx, p, su1 þ ð1� sÞu2Þ � sHðx, p, u1Þ þ ð1� sÞHðx, p, u2Þ:

(3) There exists a constant B > 0 such that for all x 2 Rd, u 2 Ex and p1, p2 2 Rd,

jHðx, p1, uÞ �Hðx, p2, uÞÞj � Bjp1 � p2j:
(4) Fix p 2 Rd. Then Hp : C2,rðRdÞ \ L1ðRdÞ ! C0,rðRdÞ, for any r 2 ð0,minða, b, cÞÞ,

i.e. for any u 2 C2,rðRdÞ \ L1ðRdÞ there exists a constant C ¼ Cðp, uÞ > 0 such that,
for all x1, x2 2 Rd,

jHðx1, p, uÞ �Hðx2, p, uÞj � Cjx1 � x2jr:

Proof. We show each of these points separately, though a global argument could be applied.

(1) Fix ðx, pÞ 2 Rd � Rd and let u1, u2 2 Ex: Consider the triplets ðx, p, u1Þ and

ðx, p, u2Þ and denote their corresponding approximate correctors wd
1 and wd

2, which
solve the equations

dwd
1ðnÞ þ sup

a2A
�Iaðn,wd

1Þ � ~b
aðn; xÞ � Dwd

1ðnÞ � ~f
aðn; x, p, u1Þ

n o
¼ 0,

dwd
2ðnÞ þ sup

a2A
�Iaðn,wd

2Þ � ~b
aðn; xÞ � Dwd

2ðnÞ � ~f
aðn; x, p, u2Þ

n o
¼ 0:

It is easy to see that wd
1 is a viscosity subsolution for

dwd
1ðnÞ þ sup

a2A
�Iaðn,wd

1Þ � ~b
aðn; xÞ � Dwd

1ðnÞ � ~f
aðn; x, p, u2Þ

n o
� sup

a2A
Laðx, n, u1Þ �Laðx, n, u2Þð Þ:

Taking into account that x is a local maximum of u1 � u2 and that u1, u2 2 C2ðBqðxÞÞ,
it follows that Du1ðxÞ ¼ Du2ðxÞ and thus, for all a 2 A,
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Laðx, n, u1Þ �Laðx, n, u2Þ � 0:

Therefore, wd
1 is a viscosity subsolution of

dwd
1ðnÞ þ sup

a2A
�Iaðn,wd

1Þ � ~b
aðn; xÞ � Dwd

1ðnÞ � ~f
aðn; x, p, u2Þ

n o
� 0:

Since the approximate correctors are Lipschitz, it follows from the comparison principle for

Lipschitz functions given in Proposition A.1, that wd
1 � wd

2 in Rd, which further leads to

Hðx, p, u1Þ ¼ � lim
d!0

dwd
1ð0Þ � � lim

d!0
dwd

2ð0Þ ¼ Hðx, p, u2Þ:

(2) In order to prove convexity, under the same notations as above, consider as well

for any s 2 ð0, 1Þ the triplet ðx, p, ð1� sÞu1 þ su2Þ and its approximate corrector wd
s ,

which solves the equation

dwd
s ðnÞ þ sup

a2A
�Iaðn,wd

s Þ � ~b
aðn; xÞ � Dwd

s ðnÞ � ~f
aðn; x, p, ð1� sÞu1 þ su2Þ

n o
¼ 0:

It is standard to check that ð1� sÞdwd
1 þ sdwd

2 is a viscosity subsolution of the above
equation. In view of the comparison principle given in Proposition A.1, it follows that

ð1� sÞdwd
1 þ sdwd

2 � dwd
s ,

which implies, as d ! 0, the convexity of H with respect to u.

(3) Fix x 2 Rd, let u 2 Ex and p1, p2 2 Rd: Denote by wd
1 and wd

2 the approximate
correctors corresponding to p1 and p2, viscosity solutions of

dwd
1ðnÞ þ sup

a2A
�Iaðn,wd

1Þ � ~b
aðn; xÞ � Dwd

1ðnÞ � ~f
aðnÞ; x, p1, uÞ

n o
¼ 0,

dwd
2ðnÞ þ sup

a2A
�Iaðn,wd

2Þ � ~b
aðn; xÞ � Dwd

2ðnÞ � ~f
aðn; x, p2, uÞ

n o
¼ 0:

Then w1 solves in the viscosity sense

dwd
1ðnÞ þ sup

a2A
�Iaðn,wd

1Þ � ~b
aðn; xÞ � Dwd

1ðnÞ � ~f
aðn; x, p2, uÞ

n o
� sup

a2A
j~f aðn; x, p1, uÞ � ~f

aðn; x, p2, uÞj � sup
a2A

kbak1jp1 � p2j:

In view of the comparison principle given in Proposition A.1, it follows that, for
B ¼ supa2A kbak1,

dwd
1 � dwd

2 þ Bjp1 � p2j:
Reverting p1 and p2 we get the bound from below. Letting d ! 0, the conclusion follows.

(4) Fix p 2 Rd, let u 2 C2, rðRdÞ \ L1ðRdÞ and take x1, x2 2 Rd: Let wd
1 and wd

2 be
the approximate correctors corresponding to x1 and x2, thus viscosity solutions of

dwd
1ðnÞ þ sup

a2A
�Iaðn,wd

1Þ � ~b
aðn; x1Þ � Dwd

1ðnÞ � ~f
aðn; x1, p, uÞ

n o
¼ 0,

dwd
2ðnÞ þ sup

a2A
�Iaðn,wd

2Þ � ~b
aðn; x2Þ � Dwd

2ðnÞ � ~f
aðn; x2, p, uÞ

n o
¼ 0:
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Then wd
1 is a viscosity subsolution of

dwd
1ðnÞ þ sup

a2A
�Iaðn,wd

1Þ � baðn; x2Þ � Dwd
1ðyÞ � ~f

aðn; x2, u, pÞ
n o

� sup
a2A

jbaðn; x1Þ � baðn; x2ÞjkDwd
1k1 þ j~f aðn; x1, p, uÞ � ~f

aðn; x2, p, uÞj:

In view of assumption ðK1Þ the following holds, uniformly in n, p 2 Rd and for all
a 2 A,

jLaðx1, n, uÞ �Laðx2, n, uÞj

�
ð1
0
ð1� tÞdt

ð
Bq

jD2uðx1 þ tzÞ � D2uðx2 þ tzÞkzj2 jKaðn, zÞjdz

þ
ð1
0
tdt
ð
BnBq

jDuðx1 þ tzÞ � Duðx2 þ tzÞkzj jKaðn, zÞjdz

þ
ð
BnBq

jDuðx1Þ � Duðx2Þkzj jKaðn, zÞjdz

þ
ð
Bc
jðuðx1 þ zÞ � uðx2 þ zÞÞ � ðuðx1Þ � uðx2ÞÞj jKaðn, zÞjdz

� kD2ukC0, rðBðx1ÞÞjx1 � x2jr
ð
Bq

jzj2 jKaðn, zÞjdz

þ 2kDukC0, rðBðx1ÞÞjx1 � x2jr
ð
BnBq

jzj jKaðn, zÞjdz

þ 2kukC0, rðRdÞjx1 � x2jr
ð
Bc
jKaðn, zÞjdz

� CkukC2, rðRdÞjx1 � x2jr,
where C is a universal constant. In view of the regularity assumption ðH1Þ, the previous
inequality leads to

j~f aðn; x1, p, uÞ � ~f
aðn; x2, p, uÞj � Cf jx1 � x2ja þ Cbjx1 � x2jbjpj þ CkukC2, r jx1 � x2jr

� Cð1þ jpj þ kukC2, rðRdÞÞjx1 � x2jr:
The Lipschitz regularity of the approximate corrector, implies that, for any q 2 ð0, 1Þ,

kDwd
1k1 � C 1þ jpj þ Cx1, u

q

� � 1
1þr:

In particular for q¼ 1, we have Cx1, u
1 � kukC2ðRdÞ and hence there exits C> 0 so that

kDwd
1k1 � Cr 1þ jpj þ kukC2ðRdÞ

� � 1
1þr
:

Therefore, we conclude that wd
1 is a viscosity subsolution, in Rd, of

dwd
1ðnÞ þ sup

a2A
�Iaðn,wd

1Þ � baðn; x2Þ � Dwd
1ðnÞ � ~f

aðn; x2, u, pÞ
n o

� Cð 1þ jpj þ kukC2ðRdÞ
� � 1

1þr þ ð1þ jpj þ kukC2, rðRdÞÞÞjx1 � x2jr,
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up to a modification of the universal constant C. In view of the comparison principle
for Lipschitz functions, given in Proposition A.1, it follows that there exists a constant

Cðp, uÞ :¼ Cð 1þ jpj þ kukC2ðRdÞ
� � 1

1þr þ ð1þ jpj þ kukC2, rðRdÞÞÞ

such that, uniformly in d and n,

dwd
1ðnÞ � dwd

2ðnÞ � Cðp, uÞjx1 � x2jr:
Reverting x1 and x2 we get the lower bound. Thus, letting d ! 0, the conclusion follows. w

Remark 7. In most cases, little can said about the nonlocal structure of the nonlocal
operator. It is known, for instance, that if a nonlocal operator satisfies the global max-

imum principle, is linear and maps C2ðRdÞ into CðRdÞ, then it takes the Courr�ege form
(see Theorem 1.5 in [38]). In fact, Courr�ege’s result was recently extended to the non-
linear setting by Guillen and Schwab in [29]. They showed that if an operator maps

C2,rðRdÞ to C0,rðRdÞ is Lipschitz, satisfies the global comparison principle and com-
mutes with translations, then it admits a min-max formula in terms of L�evy type opera-
tors. However, the translation invariance property of the effective Hamiltonian does not
hold (in our case) when the coefficients depend both on the slow and fast-variable, and
the results in [29] cannot be applied to the general setting considered in this paper.

When the coefficients depend on the fast variable only, it can be easily checked that
the following holds, as a direct consequence of Theorem 1.10 in [29].

Corollary 4.5. Let the same assumptions as in Proposition 4.4 hold. Assume in addition
that, for each a 2 A, the functions fa and ba only depend on the fast variable n. Then, H
takes the Bellman form over a family of Courr�ege operators.

We give in the following corollary the global behavior of H with respect to all of its
variables and give an ellipticity growth condition. This turns out to be fundamental in
order to perform later on a linearization for the effective problem (see the following
section). The result strongly relies on the Lipschitz estimate of the solution to the cell
problem (21) given by Theorem 4.1.

Corollary 4.6. Let the same assumptions as in Proposition 4.4 hold. For any

x1, x2, p1, p2 2 Rd, u1 2 Ex1
q and u2 2 Ex2

q with q > 0, the following holds, for any

r 2 ð0,minða, b, cÞÞ,
Hðx2, p2, u2Þ � Hðx1, p1, u1Þ � Cð 1þ jp1j þ Cx1, u1

q

� � 1
1þr þ ð1þ jp1jÞÞjx1 � x2jminða, bÞ

þ sup
a2A

kbak1jp1 � p2j þ sup

n2Pd
a2A

ð�Laðx2, n, u2Þ þLaðx1, n, u1ÞÞ,

where Cx1, u1
q ¼ kD2u1kL1ðBqðx1ÞÞqþ jDu1ðx1Þk j ln ðqÞj þ ku1k1q�1:

Proof. It is easy to see from the previous proof that, the following improved estimate
holds for the global variables. This is due to the fact that we drop the estimate of the

nonlocal terms La which appear in the definition of ~f
a
: Indeed, the C2,r norm of u
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appearing in the computation at the end of the proof of Proposition 4.4 and stemming
from the estimate of the nonlocal terms does not appear in the statement of the corol-
lary. However, we need to keep the original estimate of the Lipschitz constant for the

corrector Dwd
1, namely Cx1, u1

q : w

5. The homogenization

We establish in this section the homogenization result for problem (1). More precisely,
we show that the viscosity solutions ðueÞe>0 of (1) converge locally uniformly to the
solution of the averaged Eq. (5). The proof uses the perturbed test function method,
which is standard and we do not detail here. Nonetheless, the uniqueness of the limit
for convergent subsequences is not straightforward, since linearization does not go hand
in hand with the viscosity solution theory approach and difficulties imposed by the x
dependence and the behavior of the measure near the singularity might appear. This is
due to the fact that the effective Hamiltonian is implicitly defined and its linearization
is based on the variable-dependence given in Corollary 4.6. The Lipschitz regularity
result and in particular the fine estimate of the Lipschitz constant play a central role in
the linearization procedure.
We start by noting that, in view of Corollary 4.6, the regularity results for weakly

elliptic nonlocal operators obtained in [14, 34] apply and solutions for the effective
problem are H€older continuous.

Proposition 5.1. Let ðf aÞa2A and ðbaÞa2A be two families of bounded functions on R2d,
satisfying ðH1Þ with respect to both variables with a, b 2 ð0, 1�. Let ðKaÞa2A be a family
of kernels satisfying ðK1Þ � ðK3Þ with c 2 ð0, 1�. Then any bounded continuous viscosity

solution u : Rd � ½0,T� ! R of (5) is H€older continuous in space, i.e. there exists s 2
ð0, 1Þ such that for all t 2 ½0,T�, uð�, tÞ 2 C0, sðRdÞ:
Proof. Note that we cannot literally apply Theorem 1 of [34] as we do not have an
explicit formulation for H and hence the ellipticity-growth condition (H) of [34] cannot
be checked. Nonetheless, it is enough to remark that the right hand side of the ellipti-
city-growth condition (H) plays the central role in getting the regularity. Making use of
Corollary 4.6 we get a similar expression for the effective Hamiltonian H : Namely, in
our case the functions K1 	 0 and K2 	 1 and the nonlocal difference l1 � l2 in (H) is
just the explicit expression sup

n2Pd
a2A ðLaðx1, n, u1Þ �Laðx2, n, u2ÞÞ (which could have

also been directly written in [34]). The only term we need to exploit in our case is the
(first) one having a nonlinear dependence between the space variable x, the gradient
variable p and the function u – given in terms of the constant Cx, u

q :

Recall that in order to prove H€older regularity a radial penalty function of the form
uðjx � yjÞ ¼ Ljx � yjs is considered and estimates are made within the viscosity
inequalities. In our case, it is enough to consider the following parameters in Corollary
4.6 above, q ¼ q0jx1 � x2j, and u1 a fonction satisfying p1 ¼ Du1ðx1Þ, and
kD2u1kL1ðBqðx1ÞÞ � Cjp1jq�1: The constant Cx1, u1

q then becomes Cx1, u1
q ¼ Cjp1j þ

jp1j j ln ðq0jx1 � y1jÞj þ Cq�1
0 jx1 � y1j and the first term in the bound of Hðx2, p2, u2Þ �
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Hðx1, p1, u1Þ is given, up to a modification for the universal constant C, by

Cð 1þ jp1j þ jp1j j ln ðq0jx1 � y1jÞj þ Cq�1
0 jx1 � y1j

� � 1
1þr þ ð1þ jp1jÞÞjx1 � x2jminða, bÞ:

This is enough to reach the same conclusion. w

A priori regularity of the solution further permits to establish a linearization result
for the effective problem, which is formulated in terms of the extremal Pucci operators

Mþðx,/Þ ¼ sup
a2A

sup
n2Rd

Laðx, n,/Þ,M�ðx,/Þ ¼ sup
a2A

inf
n2Rd

Laðx, n,/Þ:

Proposition 5.2. Let ðf aÞa2A and ðbaÞa2A be two families of bounded functions on R2d,

satisfying ðH0Þ and ðH1Þ with respect to both variables with ~d ¼ 2d and a ¼ b ¼ 1. Let
ðKaÞa2A be a family of kernels satisfying ðK0Þ � ðK3Þ with c¼ 1. Assume in addition

that (Ks) or (Kns) hold. Let u 2 USCðRd � ½0,T�Þ and v 2 LSCðRd � ½0,T�Þ be respect-
ively a viscosity subsolution and viscosity supersolution of Eq. (5).

(1) If vð�, tÞ 2 C0, sðRdÞ for all t 2 ½0,T� with s 2 ð0, 1Þ, then w ¼ u� v is a viscosity
subsolution of

wt �Mþðx,wð�, tÞÞ � BjDwj ¼ 0 in Rd � 0,T½ �,
(2) If uð�, tÞ 2 C0, sðRdÞ for all t 2 ½0,T� with s 2 ð0, 1Þ, then w ¼ v� u is a viscosity

supersolution of

wt þM�ðx,wð�, tÞÞ þ BjDwj ¼ 0 in Rd � 0,T½ �,
where B ¼ supa2A kbak1:

Proof. Fix ðx0, t0Þ 2 Rd � ð0,TÞ and q0 > 0 and let u 2 C2ðRd � ½0,T�Þ such that w� u
has a strict maximum at (x0, t0) in Bq0 ðx0, t0Þ: We want to show that

utðx0, t0Þ �Mþðx0, 1Bq0 ðx0Þuð�, t0Þ þ 1Bc
q0 ðx0Þwð�, t0ÞÞ � BjDuðx0, t0Þj � 0: (26)

Consider, for � > 0, the function

/ðx, y, t, sÞ ¼ uðx, tÞ þ jx� yj2
�2

þ ðt � sÞ2
�2

þ wfðxÞ,

where wfðxÞ :¼ wðfxÞ is a localization term, with a choice of a smooth function w � 0,
satisfying w¼ 0 in B and w � 1þ kuk1 þ kvk1 þ kuk1 outside B2.
Since (x0, t0) is a strict global maximum for uðx, tÞ � vðx, tÞ � uðx, tÞ, for � suffi-

ciently small, there exists a sequence of points ðx�, y�, t�, s�Þ which are local maxima
respectively for

Uðx, y, t, sÞ :¼ uðx, tÞ � vðy, sÞ � /ðx, y, t, sÞ:
It follows, from the inequality Uðx�, x�, t�, s�Þ � Uðx�, y�, t�, s�Þ and the regularity of v,
that

jt� � s�j2
�2

� vðx�, s�Þ � vðy�, s�Þ � 2kvk1,
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and

jx� � y�j2
�2

� vðx�, s�Þ � vðy�, s�Þ � Cjx� � y�js:

Therefore, the following holds

jt� � s�j � C�2, jx� � y�j � C�2=ð2�sÞ: (27)

In particular, ðx�, y�, t�, s�Þ ! ðx0, x0, t0, t0Þ as � ! 0 for any fixed f > 0: To simplify
notation we dropped their dependence in f.
Let

/uðx, tÞ ¼ vðy�, s�Þ þ /ðx, y�, t, s�Þ,
/vðy, sÞ ¼ uðx�, t�Þ � /ðx�, y, t�, sÞ,

where for convenience of notations we have dropped the �-dependence in /u and /v:

Note that ðx�, t�Þ is a maximum of u� /u in Bqðx�, t�Þ, whereas ðy�, s�Þ is a minimum
of v� /v in Bqðy�, s�Þ, for q 2 ð0, q0Þ sufficiently small. We will eventually choose q ¼
�r with r> 0 yet to be determined, and let � ! 0, then f ! 0:
Let

~uqð�, tÞ ¼ 1Bqðx�Þ/
uð�, tÞ þ 1Bc

qðx�Þuð�, tÞ,
~vqð�, sÞ ¼ 1Bqðy�Þ/

vð�, sÞ þ 1Bc
qðy�Þvð�, sÞ:

The viscosity inequalities for the sub and supersolution then read

/u
t ðx�, t�Þ þ Hðx�,D/uðx�, t�Þ, ~uqð�, t�ÞÞ � 0,

/v
t ðy�, s�Þ þ Hðy�,D/yðy�, s�Þ,~vqð�, s�ÞÞ � 0:

Subtracting the two inequalities above, it follows, in view of Corollary 4.6, that

utðx�, t�Þ � Hðy�,D/vðy�, s�Þ,~vqð�, s�ÞÞ � Hðx�,D/uðx�, t�Þ, ~uqð�, t�ÞÞ
� Qu

� jx� � y�j þ BjDuðx�, t�Þj þ sup

n2Rd
a2A

Laðx�, n, ~uqð�, t�ÞÞ �Laðy�, n,~vqð�, s�ÞÞ
� �

,

(28)

where B ¼ supa2A kbak1 and

Qu
� :¼ Cð1þ jD/uðx�, t�Þj þ Cq, �Þ

1
1þr þ 1þ jD/uðx�, t�Þj,

with C> 0 a universal constant and Cq, � a constant depending on ~uq given by (23).
Each of the terms above is further estimated as � ! 0: We start with the first term.

Note that the constant Cq, � herein translates into

Cq, � ¼ kD2/ukL1ðBqðx�, t�ÞÞ qþ jD/uðx�, t�Þj j ln ðqÞj þ kuk1q�1

� ~Cðð1þ ��2 þ ofð1ÞÞqþ ð1þ jp�j þ ofð1ÞÞ j ln ðqÞj þ q�1Þ,
where p� ¼ ðx� � y�Þ=�2 and ~C > 0 is a constant depending on kukC2ðBq0 ðx0, t0ÞÞ and

kuk1: Using (27) and the fact that we will chose q of the form q ¼ �r with r> 0 such
that all the terms will be bounded, it follows, up to a modification of the constant C,
that
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Qu
� jx� � y�j � Cð1þ jp�j þ ð1þ ��2Þqþ ð1þ jp�j þ ofð1ÞÞ j ln ðqÞj þ q�1 þ ofð1ÞÞ

1
1þrjx� � y�j

þ C 1þ jp�j
� �jx� � y�j þ ofð1Þ

� Cðo�ð1Þ þ jx� � y�jrþ1��2qþ jx� � y�jrþ2��2j ln ðqÞj þ jx� � y�jrþ1q�1Þ 1
1þr

þ o�ð1Þ þ ofð1Þ
� Cðo�ð1Þ þ �

2ðrþ1Þ
2�s �2þr þ �

2ðrþ2Þ
2�s �2j ln ð�Þj þ �

2ðrþ1Þ
2�s �rÞ 1

1þr þ o�ð1Þ þ ofð1Þ:

Let r ¼ 2ðrþ1Þ
2�s � s

2�s and choose r > 1� s=2: Note that we strongly rely on the estimate
of the Lipschitz constant for the corrector to control the terms above: the exponent r in
Qu
� can be chosen arbitrarily close to one. The above estimate then writes

Qu
� jx� � y�j � Cðo�ð1Þ þ �

4rþs
2�s þ �

2ðrþsÞ
2�s j ln ð�Þj þ �

s
2�sÞ 1

1þr þ o�ð1Þ þ ofð1Þ
¼ o�ð1Þ þ ofð1Þ:

(29)

We now estimate the nonlocal difference. To this end, we split the domain of integra-
tion into Bq, Bq0nBq and Bc

q0 and evaluate Taðx�, y�Þ :¼ Laðx�, n, ~uqÞ �Laðy�, n,~vqÞ:
As usual, we use the notation Ta½D� to specify the domain of integration D on which
the nonlocal difference is computed.

Ta Bq½ �ðx�, y�Þ ¼
ð
Bq

ð/uðx� þ z, t�Þ � /uðx�, t�Þ � D/uðx�, t�Þ � zÞKðn, zÞdz

�
ð
Bq

ð/vðy� þ z, s�Þ � /vðy�, s�Þ � D/vðy�, s�Þ � zÞKðn, zÞdz

¼
ð
Bq

ðuðx� þ z, t�Þ � uðx�, t�Þ � Duðx�, t�Þ � zÞKðn, zÞdz

þ 2
�2

ð
Bq

jzj2Kðn, zÞdz þ
ð
Bq

ðwfðx� þ zÞ � wfðx�Þ þ Dwfðx�Þ � zÞKðn, zÞdz

� La Bq½ �ðx�, n,uð�, t�ÞÞ þ 2
�2

ð
Bq

jzj2Kðn, zÞdz þLa Bq½ �ðx�, n,wfÞ:

To estimate the nonlocal difference on Bq0nBq and on Bc
q0 we use again the maximum

property and deduce from the inequality Uðx� þ z, y� þ z, t�, s�Þ � Uðx�, y�, t�, s�Þ that

Ta Bq0nBq
� 	ðx�, y�Þ ¼ ð

Bq0 nBq

ðuðx� þ z, t�Þ � uðx�, t�Þ � 1BðzÞD/uðx�, t�Þ � zÞKðn, zÞdz

�
ð
Bq0 nBq

ðvðy� þ z, s�Þ � vðy�, s�Þ � 1BðzÞD/vðy�, s�Þ � zÞKðn, zÞdz

�
ð
Bq0 nBq

ððuðx� þ z, t�Þ � uðx�, t�ÞÞ þ ðwfðx� þ zÞ � wfðx�ÞÞ

� 1BðzÞðDuðx�, t�Þ þ Dwfðx�ÞÞ � zÞKðn, zÞdz
¼ La Bq0 nBq

� 	ðx�, n,uð�, t�ÞÞ þLa Bq0nBq
� 	ðx�, n,wfÞ,

whereas
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Ta Bc
q0

� 	ðx�, y�Þ ¼ ð
Bc
q0

ððuðx� þ z, t�Þ � uðx�, t�ÞÞ � ðvðy� þ z, s�Þ � vðy�, s�ÞÞ

�1BðzÞðDuðx�, t�Þ þ Dwfðx�ÞÞ � zÞKðn, zÞdz:
The overall estimate becomes

Taðx�, y�Þ � La Bq0½ �ðx�, n,uð�, t�ÞÞ þ 2
�2

ð
Bq

jzj2Kðn, zÞdz þ ofð1Þ

þ
ð
Bc
q0

ððuðx� þ z, t�Þ � uðx�, t�ÞÞ � ðvðy� þ z, s�Þ � vðy�, s�ÞÞ

� 1BðzÞðDuðx�, t�ÞÞ � zÞKðn, zÞdz:

Let q ¼ �
2ðrþ1Þ�s

2�s and r > 1� s=2 as above. In view of (Ks) or (Kns), it follows that

2
�2

ð
Bq

jzj2Kðn, zÞdz � CK
2
�2
q � ~CK�

2r
ð2�sÞ�1 ¼ o�ð1Þ:

Employing the dominated convergence theorem and the semi-continuity of u and con-
tinuity of v, it follows that as � ! 0,

lim sup
�!0

Taðx�, y�Þ � La Bq0½ �ðx0, n,uð�, t0ÞÞ

þ
ð
Bc
q0

ðwðx0 þ z, t0Þ � wðx0, t0Þ � 1BðzÞDuðx0, t0Þ � zÞKðn, zÞdz þ ofð1Þ

¼ La Bq0½ �ðx0, n,uð�, t0ÞÞ þLa Bc
q0

� 	ðx0, n,wð�, t0ÞÞ þ ofð1Þ:

Therefore, the following overall estimate holds for the nonlocal difference

lim sup
�!0

sup

n2Rd
a2A,

Laðx�, n, ~uqð�, t�ÞÞ �Laðy�, n,~vqð�, v�ÞÞ
� �

� Mþðx0,uð�, t0Þ1Bq0 ðx0Þ þ wð�, t0Þ1Bc
q0 ðx0ÞÞ þ ofð1Þ:

(30)

We conclude, from Eqs. (28)–(30), letting � ! 0 and then f ! 0 that (26) holds. w

Remark 8. Lipschitz regularity of the data is necessary to linearize. This appears already
in [37] when a strong comparison between subsolutions and supersolutions is shown,
for L�evy-Itô integro-differential equations. However, for more general L�evy measures, as
above, the result is unknown. We are able here to prove it for the effective Hamiltonian
since there is an explicit dependence on the Lipschitz bound of the corrector. Recalling
that the Lipschitz estimate (10) depends only on the exponent a of the source term

(and other constants), which in the case of the corrector is ~f
a
and hence it involves all

the datum, it is crucial that r 2 ð0,minða, b, cÞÞ is as close as possible to 1, from where
the requirement that a, b, c ought to be 1.

We are now in shape of proving the main homogenization result.

Theorem 5.3. Let ðf aÞa2A and ðbaÞa2A be two families of bounded functions on R2d, sat-

isfying ðH0Þ and ðH1Þ with respect to both variables with ~d ¼ 2d and with a ¼ b ¼ 1.
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Let ðKaÞa2A be a family of kernels satisfying ðK0Þ � ðK3Þ with c¼ 1. Assume in addition
that (Ks) or (Kns) hold. Then, the viscosity solutions ðueÞe>0 of (1) converge locally uni-
formly to the unique, bounded continuous viscosity solution u of (5).

Proof. Note first that, by means of a vanishing coercivity argument (as in the proof of
Lemma 4.2), for each e > 0 problem (1) admits a bounded continuous viscosity solution
ue, which in view of Theorem 3.2, is Lipschitz continuous for all times t 2 ð0,TÞ:
Comparison principle given in Proposition A.2 for the class of Lipschitz functions (in
space) further asserts the uniqueness of ue:
It is easy to see that the sequence is uniformly bounded. If M ¼ supa2A kf ak1, note

that

uðx, tÞ ¼ ku0k1 þMt, uðx, tÞ ¼ �ku0k1 �Mt

are respectively supersolutions and subsolutions of ð1Þ: Hence

sup
e>0

kuek1 � ku0k1 þMT:

However, since the nonlocal operator is only weakly elliptic, in the sense of assump-
tion ðK3Þ, uniform H€older or Lipschitz estimates are not available. In order to show
that the sequence ðueÞe>0 converges uniformly to a viscosity solution of the effective
problem, we employ half-relaxed limits, introduced by Ishii [39] and Barles and
Perthame [40, 41]. Let

u
ðx, tÞ ¼ lim sup

ðy, sÞ!ðx, tÞ
e!0

ueðy, sÞu
ðx, tÞ ¼ lim inf

ðy, sÞ!ðx, tÞ
e!0

ueðy, sÞ:

Then u
 is bounded and upper semi-continuous, u
 is bounded and lower-continuous.

By definition, for all ðx, tÞ 2 Rd � ð0,TÞ,
u
ðx, tÞ � u
ðx, tÞ:

Moreover, in view of the comparison principle for Eq. (1) and the fact that ue are
Lipschitz continuous in space, it follows that there exists a modulus of continuity inde-
pendent of e, given by xðtÞ ¼ Mt for t 2 ½0,T�, with M as above, such that

sup
x2Rd

jueðx, tÞ � u0ðxÞj � xðtÞ:

Hence, the following holds for the initial condition

u
ðx, 0Þ � u0ðxÞ � u
ðx, 0Þ:
Employing the perturbed test function method, it is possible to check that u
 is vis-

cosity subsolution and u
 is viscosity supersolution of the effective problem (5), in the
sense of Definition 1. Nonetheless, the lack of comparison principle for the effective
problem does not allow us to conclude directly that u
 � u
:
To overcome this difficulty, we note that, in view of the structural properties of the

effective Hamiltonian, the same vanishing coercivity argument as in the proof of
Lemma 4.2 applies and we conclude, in view of Proposition 5.1, the existence of a vis-
cosity solution u of the effective problem (5), which is s� H€older continuous in space.
The linearization result stated in Proposition 5.2, applied on one hand to u
 and u, and

32 A. CIOMAGA ET AL.



on the other hand to u and u
, further gives

u
ðx, tÞ � uðx, tÞ � u
ðx, tÞ, for all x 2 Rd, t 2 0,T½ �:
Hence u
 ¼ u
 ¼ u and the whole sequence converges locally uniformly in Rd � ½0,T�: w

Remark 9. In the uniformly elliptic case, i.e. when the kernel satisfies

1

CK jzjdþ1 � Kaðn, zÞ � CK

jzjdþ1 for n 2 Rd, z 2 Bn 0f g,

the uniform convergence is immediate, in view of the space-time regularity results of
Chang-Lara and Davila (see Corollary 7.1 in [42]). More precisely, in the proof above
the equi-bounded family of solutions ðueÞe>0 becomes uniformly s-H€older continuous
in space and time, i.e. there exists s 2 ð0, 1Þ such that

sup
e>0

kuekC0, sðRd� 0,T½ �Þ < 1:

In view of Arzela-Ascoli theorem, there exists a subsequence ðekÞk>0, such that ðuekÞk
converges locally uniformly in Rd � ½0,T� to a function u 2 C0, sðRd � ½0,T�Þ \
L1ðRd� ½0,T�Þ

Funding

Adina Ciomaga was partially supported by the ANR project ANR-16-CE40-0015-01. Erwin Topp
was partially supported by Conicyt PIA Grant No. 79150056 and Foncecyt Iniciaci�on No.
11160817. Daria Ghilli was partially supported by the Starting Grant 2015 Cariparo” Nonlinear
partial differential equations: asymptotic problems and mean-field games.”

References

[1] Soner, H. M. (1986). Optimal control with state-space constraint. I. SIAM J. Control
Optim. 24(3):552–561. DOI: 10.1137/0324032.

[2] Soner, H. M. (1986). Optimal control with state-space constraint. II. SIAM J. Control
Optim. 24(6):1110–1122. DOI: 10.1137/0324067.

[3] Alvarez, O., Bardi, M. (2002). Viscosity solutions methods for singular perturbations in
deterministic and stochastic control. SIAM J. Control Optim. 40(4):1159–1188. DOI: 10.
1137/S0363012900366741.

[4] Bardi, M., Cesaroni, A., Scotti, A. (2016). Convergence in multiscale financial models with
non-Gaussian stochastic volatility. ESAIM Control Optim. Calc. Var. 22(2):500–518. DOI:
10.1051/cocv/2015015.

[5] Bayraktar, E., Song, Q. (2018). Solvability of the nonlinear Dirichlet problem with integro-
differential operators. SIAM J. Control Optim. 56(1):292–315. DOI: 10.1137/17M1130241.

[6] Benth, F. E., Karlsen, K. H., Reikvam, K. (2001). Optimal portfolio selection with con-
sumption and nonlinear integro-differential equations with gradient constraint: a viscosity
solution approach. Finance Stochast. 5(3):275–303. DOI: 10.1007/PL00013538.

[7] Barles, G., Imbert, C. (2008). Second-order elliptic integro-differential equations: viscosity
solutions’ theory revisited. Ann. Inst. H. Poincar�e Anal. Non Lin�eaire. 25(3):567–585. DOI:
10.1016/j.anihpc.2007.02.007.

COMMUNICATIONS IN PARTIAL DIFFERENTIAL EQUATIONS 33

https://doi.org/10.1137/0324032
https://doi.org/10.1137/0324067
https://doi.org/10.1137/S0363012900366741
https://doi.org/10.1137/S0363012900366741
https://doi.org/10.1051/cocv/2015015
https://doi.org/10.1137/17M1130241
https://doi.org/10.1007/PL00013538
https://doi.org/10.1016/j.anihpc.2007.02.007
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Appendix

General comparison results have been established by Barles and Imbert in [7] for L�evy-Itô inte-
gro-differential operators, but it continues to be an open problem for nonlocal L�evy operators
with x dependent kernels. However, under a priori Lipschitz regularity assumption on the sub/
super-solutions, comparison can be established by standard arguments. Though results apply for
parabolic problems as well, we give a sketch of the proof in the stationary case, to simplify ideas.

Proposition A.1. Let ðf aÞa2A and ðbaÞa2A be two families of bounded functions on Rd satisfying
ðH1Þ with a, b 2 ð0, 1�. Let ðKaÞa2A be a family of kernels satisfying ðK1Þ and ðK3Þ with
c 2 ð12 , 1�. If u 2 USCðRdÞ and v 2 LSCðRdÞ are respectively a bounded viscosity subsolution and a

bounded viscosity supersolution of Eq. (7), such that u 2 C0, 1ðRdÞ or v 2 C0, 1ðRdÞ, then u � v
on Rd:

Proof. We argue by contradiction and assume that M :¼ supx2RdðuðxÞ � vðxÞÞ > 0: Doubling the
variables we consider
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M�, f ¼ sup uðxÞ � vðyÞ � /�ðx� yÞ � wfðxÞ
� �

,

where �, f are small parameters that will eventually go to 0. The penalization function /� : R
d !

Rþ is given by

/�ðx� yÞ :¼ u
jx� yj2

�2

� �
,

where u is a smooth nonnegative function on Rþ, with kuk1, ku0k1 and ku00k1 all finite and

uðsÞ ¼
s if s � s0

2kuk1 þ 1 if s � 2s0:

(
The localization function wf is given by wfðxÞ ¼ wðfxÞ, with w 2 C2ðRd;RþÞ with kwk1, kDwk1
and kD2wk1 all finite, such that

wðxÞ ¼ 0 jxj � 1

kuk1 þ kvk1 þ 1 jxj � 2:

(
Since the localization function only gives terms in ofð1Þ, we drop the dependence in f in what
follows. In view of the properties of the localization term wf, the supremum M�, f is actually a
maximum, achieved at a point that we denote ðx�, y�Þ 2 Bs0 � Bs0 : For � small enough

M
2
� M�, f � uðx�Þ � vðy�Þ � kuk1 þ kvk1, (A1)

whereas the maximum property together with the assumption that u 2 C0, 1ðRdÞ give
jx� � y�j2

�2
� juðx�Þ � uðy�Þj � Cjx� � y�j,

hence jx� � y�j � C�2: Let a� ¼ x� � y�, p ¼ x��y�
�2 , q ¼ Dwfðy�Þ: Denote

/uðxÞ :¼ vðy�Þ þ /�ðx� y�Þ þ wfðxÞ,
/vðyÞ :¼ uðx�Þ � /�ðx� � yÞ � wfðx�Þ,

and observe that

D/�ða�Þ ¼ u0 ja�j2
�2

� �
p,D/uðx�Þ :¼ D/�ða�Þ þ q, D/vðy�Þ :¼ D/�ða�Þ:

In view of the maximum property, there exists q 2 ð0,minð1, s0ÞÞ sufficiently small such that x�
is a local maximum for u� /u in Bqðx�Þ, and y� is a local minimum for v� /v in Bqðy�Þ: It fol-
lows from the viscosity inequalities that, for any � > 0, there exists a 2 A such that, for all
0 < q0 < q,

duðx�Þ �Ia Bq0½ �ðx�,/uðx�ÞÞ �Ia Bc
q0

� 	ðx�, uÞ � baðx�Þ � D/uðx�Þ � f aðx�Þ � 0,

dvðy�Þ �Ia Bq0½ �ðy�,/vðy�ÞÞ �Ia Bc
q0

� 	ðy�, vÞ � baðy�Þ � D/vðy�Þ � f aðy�Þ � ��:

Denote

Ta Bq0½ �ðx�, y�,/Þ :¼ Ia Bq0½ �ðx�,/uðx�ÞÞ �Ia Bq0½ �ðy�,/vðy�ÞÞ,
Ta Bc

q0
� 	ðx�, y�, u, vÞ :¼ Ia Bc

q0
� 	ðx�, uÞ �Ia Bc

q0
� 	ðy�, vÞ:

Subtracting the two inequalities, it follows that
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duðx�Þ � dvðy�Þ � � � Ta Bq0½ �ðx�, y�,/Þ þTa Bc
q0

� 	ðx�, y�, u, vÞ
þ u0 ja�j2

�2

� �
ðbaðx�Þ � baðy�ÞÞ � pþ baðx�Þ � qþ f aðx�Þ � f aðy�Þ

� �
,

whose last terms are further bounded by, in view of assumption ðH1Þ and previous notations,

Cbu
0 ja�j2

�2

� �
ja�jbjpj þ kbak1jqj þ Cf ja�ja � Cbku0k1�2b þ Cf �

2a þ ofð1Þ ¼ o�ð1Þ þ ofð1Þ:

In order to estimate the nonlocal terms, we make use of the following inequalities coming
from the maximum property

uðx� þ zÞ � uðx�Þ � D/�ða�Þ þ q
� � � z � /�ða� þ zÞ � /�ða�Þ � D/�ða�Þ � z

þ wfðy� þ zÞ þ wfðy�Þ � q � z
� vðy� þ zÞ � vðy�Þ � D/�ða�Þ � z
� � � /ða� � zÞ � /ða�Þ þ D/�ða�Þ � z:

Letting first q0 ! 0, it is immediate to see that the term Ta½Bq0 �ðx�, y�,/Þ is oq0 ð1Þ: To simplify
notations hereafter, we write Taðx�, y�, u, vÞ instead of Ta½Rd�ðx�, y�, u, vÞ and split it into

Taðx�, y�, u, vÞ ¼ Ta Bq½ �ðx�, y�, u, vÞ þTa Bc
q

� 	ðx�, y�, u, vÞ:
Using the measure decomposition as in the proof of Theorem 3.1 with the total variation meas-
ure satisfying jKðx�, zÞ � Kðy�, zÞj ¼ Ka

þðzÞ þ Ka
�ðzÞ, and in view of (17) and the above inequal-

ities, the following estimates hold.

Ta Bq½ �ðx�, y�, u, vÞ �
ð
Bq

ð/�ða� þ zÞ � /�ða�Þ � D/�ða�Þ � zÞKa
þðzÞ dz

þ
ð
Bq

ðwfðx� þ zÞ � wfða�Þ � Dwfða�Þ � zÞKa
þðzÞ dz

þ
ð
Bq

ð/�ða� � zÞ � /�ða�Þ þ D/�ða�Þ � zÞKa
�ðzÞ dz

¼ 1
�2

ð
Bq

jzj2 jKaðx�, zÞ � Kaðy�, zÞj dz þ ofð1Þ,

which in view of assumption ðK3Þ and of the choice of u, is further bounded above by

Ta Bq½ �ðx�, y�, u, vÞ � CK
1
�2
ja�jcqþ ofð1Þ � CK�

2c�2qþ ofð1Þ:

Similarly, we obtain

Ta Bc
q

� 	ðx�, y�, u, vÞ � ð
Bc
q

ð/�ða� þ zÞ � /�ða�ÞÞKa
þðzÞ dz �

ð
BnBq

D/�ða�Þ � z Ka
þðzÞ dzð

Bc
q

ð/�ða� � zÞ � /�ða�ÞÞKa
�ðzÞ dz þ

ð
BnBq

D/�ða�Þ � z Ka
�ðzÞ dz

� 2k/�k1
ð
Bc
q

jKaðx�, zÞ � Kaðy�, zÞj dz

þ 2jD/�ða�Þj
ð
BnBq

jzj jKaðx�, zÞ � Kaðy�, zÞj dz þ ofð1Þ,

which in view of assumption ðK3Þ and of the choice of u, is further bounded above by
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Ta Bc
q

� 	ðx�, y�, u, vÞ � 2CKðkuk1ja�jcq�1 þ ku0k1jpka�jcj ln ðjqjÞjÞ þ ofð1Þ
� Cð�2cq�1 þ �2cj ln ðjqjÞjÞ þ ofð1Þ:

Putting together all the previous estimates and taking q ¼ q0�
2r with r < c, it follows that

Taðx�, y�, u, vÞ � C�2cð�2r�2 þ j ln ðjq0�2rjÞj þ ��2rÞ þ ofð1Þ ¼ o�ð1Þ þ ofð1Þ:
Going back to (A1),

0 < d
M
2
� duðx�Þ � dvðy�Þ � � � o�ð1Þ þ ofð1Þ,

and letting �, f and � go to zero we arrive to a contradiction. w

The proof previously shown applies literally to parabolic integro-differential equations and the
following theorem holds.

Proposition A.2. Let ðKaÞa2A, ðbaÞa2A, ðf aÞa2A satisfy the same assumptions as in
Proposition A.1. If u 2 USCðRd � ½0,T�Þ and v 2 LSCðRd � ½0,T�Þ are respectively a bounded vis-
cosity subsolution and a bounded viscosity supersolution of Eq. (6) with H given by (8) such that
for all times t 2 ½0,T�, uð�, tÞ 2 C0, 1ðRdÞ or vð�, tÞ 2 C0, 1ðRdÞ and uðx, 0Þ � vðx, 0Þ, then uð�, tÞ �
vð�, tÞ for all t 2 ½0,T�:
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