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A SPACE-TIME TREFFTZ DISCONTINUOUS GALERKIN METHOD
FOR THE LINEAR SCHRODINGER EQUATION *

SERGIO GOMEZ! AND ANDREA MOIOLAT

Abstract. A space-time Trefftz discontinuous Galerkin method for the Schrédinger equation
with piecewise-constant potential is proposed and analyzed. Following the spirit of Trefftz meth-
ods, trial and test spaces are spanned by non-polynomial complex wave functions that satisfy the
Schrédinger equation locally on each element of the space-time mesh. This allows for a significant
reduction in the number of degrees of freedom in comparison with full polynomial spaces. We prove
well-posedness and stability of the method, and, for the one- and two-dimensional cases, optimal,
high-order, h-convergence error estimates in a skeleton norm. Some numerical experiments validate
the theoretical results presented.
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1. Introduction. In this work we consider the following initial boundary value
problem for the homogeneous, time-dependent Schrédinger equation on a space—time
cylinder Q = Q x I, where Q is an open and bounded domain in R?, d € N, with
Lipschitz boundary 0Q and I = (0,T), for some T > 0:

oy

(1.1a) %E + Ay —Vip =0, in Q,
(1.1b) ¥ = gp, on 00 x I,
(1.1c) P(x,0) = o(x), on Q.

Here the Dirichlet boundary datum gp and the initial condition v are given functions;
V : Q — R is a piecewise-constant potential and the Laplacian operator A refers to
the space variable x only. Problem (1.1) is well-posed if, e.g., v € HZ(2) and
gp = 0, by [20, Chapter 3, Thm. 10.1, Rem. 10.2]; in this case 1 € C°(0,T; H}(2)) N
CL(0,T; H-1(Q)).

The model (1.1) arises from a wide number of applications: it is the fundamental
equation of quantum mechanics [19], in optics it is known as “paraxial wave equation”
and approximates the Helmholtz equation when the optical field acts mostly along
one specific axis (Fresnel’s approximation) [12], while in underwater acoustics it is
called “parabolic equation” [18].

The aim of this work is to propose and analyze a space—time Trefftz-DG method
for the numerical solution of (1.1). The main feature of Trefftz methods is that they
seek approximations in spaces spanned by local solutions of the partial differential
equation considered. This typically requires non-polynomial basis functions. Trefftz
schemes are mainly motivated by their significant reduction in the computational cost
and number of degrees of freedom with respect to traditional polynomial approxima-
tions, and by their effectiveness in dealing with the intrinsic highly oscillatory behavior
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in the solution of certain problems. On the other hand, Discontinuous Galerkin (DG)
is a class of finite element methods that do not impose continuity in a strong sense
on the approximation, making them specially suitable to be combined with Trefftz
bases, which are naturally discontinuous.

Trefftz-DG methods have been successfully derived for many important equations;
among others, the Helmholtz equation [11, 15], the time-harmonic and time-dependent
Maxwell’s equations [9, 14], the second- and first-order formulations of the acoustic
wave equation [3, 23]. However, to the best of our knowledge, this is the first attempt
to study the application of a Trefftz-DG method to the linear Schrédinger equation.

The well-posedness and quasi-optimality error analysis of the Trefftz-DG scheme
closely follows the analysis previously developed for the wave [23, §5.2] and the
Helmholtz [15, §2.2.1] equations. This part admits the use of any discrete Trefftz
space. The chosen DG formulation admits general polytopic space meshes that are
shape-regular, locally quasi-uniform and aligned to the discontinuities in the poten-
tial V. Inverse estimates are not needed in the analysis: this is a strong advantage
in comparison to other DG formulations (such as interior-penalty, see [3] for a Trefftz
example) because inverse estimates for non-polynomial discrete Trefftz spaces are in
general hard to obtain (see [11, §3.2]).

Differently from the acoustic wave equation [23], the presence of derivatives of
different orders in (1.1a) prevents the existence of non-trivial polynomial solutions of
the Schrodinger equation, so we construct Trefftz basis functions as simple complex
exponentials (4.1). In order to establish convergence rates in the mesh size h, the
key ingredient is the analysis of the approximation properties of carefully designed
discrete spaces. The key idea was introduced by O. Cessenat and B. Després in the
proof of [7, Thm. 3.7] (in the case of the ultra weak variational formulation (UWVF)
applied to the Helmholtz equation): given any smooth PDE solution ¢, if the local
discrete space contains an element with the same degree-p Taylor polynomial of v,
then the space enjoys the same h-approximation properties of the space PP of degree-p
polynomials. We prove that this condition is satisfied by a simple discrete space T? in
low space dimensions d = 1 and d = 2 (we comment on the case d > 3 in Remark 4.10).
Additional difficulties are due to the fact that we only assume Sobolev regularity of
the PDE solution, so the Taylor polynomial has to be understood in an “averaged”
sense. It turns out that dim TP <« dim PP: the Trefftz scheme allows for much faster
convergence in terms of degrees of freedom than classical polynomial DG schemes,
see Remark 4.14. This approach to the Trefftz approximation theory is completely
different from that used for the Helmholtz equation in [22], which is based on the use
of an integral (Vekua) transform and circular wave expansions. A shortcoming of the
Taylor-polynomial approach of [7] and the present paper, in contrast to the Vekua-
transform technique of [22], is that the approximation analysis does not extend to the
p-convergence case. This is a difficult task that, in the context of Trefftz schemes, has
been achieved for time-harmonic equations but not yet for the wave equation.

The paper is structured as follows: in Section 2 we introduce some standard
notation and present the proposed Trefftz-DG method whose numerical fluxes are
chosen as upwind in time and classical average in space with an appropriate complex
penalization. In Section 3 we prove the well-posedness and quasi-optimality of the
Trefftz-DG approximation for arbitrary dimensions and discrete Trefftz subspaces.
Section 4 is devoted to the error analysis for discrete subspaces spanned by complex
exponentials satisfying the Schrodinger equation. In Subsection 4.2 we present a
condition which guarantees optimal local approximation of the exact solution in a
general discrete Trefftz space; assuming that such condition is satisfied we prove an
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h-estimate in a mesh-skeleton norm in Subsection 4.5. In Subsections 4.3 and 4.4 we
prove that the assumed condition is indeed true for the (141) and (24 1) dimensional
cases under some restrictions of the tuning parameters for our basis choice. Some
numerical experiments validating our theoretical results are presented in Section 5.

We propose some possible future extensions of the method and its analysis in Section 6.
2. Trefftz-discontinuous Galerkin method.

2.1. Mesh and DG notation. Let the time interval (0,7T") be partitioned as

0=t < t1 < ... <ty =T,
I, = (th-1,tn), hp =ty — tn_1, ht ;= max h,.
1<n<N
We denote the time-slabs D,, := Q x I,,. For each n =1,..., N, we assume to have a

polytopic partition 7% = {Kx} of Q such that for all Kx € 7;X , the restriction of
the potential V to Ky is constant and

hk, = diam(Ky), hy = KxET;i‘xrilfizzl ..... N hi. .
Additionally we also assume that each 7, satisfies the following properties:

e Shape-regularity: there exists a number sr(7;) > 0 such that hg, <
pr,sr(Tn) for all elements Kx € T3  where pg, is the radius of a d-
dimensional ball contained in K. 1

e Local quasi-uniformity in space: there exists a number Iqu(7;) > 0 such
that hg1 < hgzlqu(Ty) for all n = 1,..., N and KLl K2 ¢ Tie  such that
Kl N K2 has positive (d — 1)-dimensional measure.

We define the space-time finite element mesh

Th(Q) = {K:Kxxln D Ko e T n:l,...,N}.

1

Each internal mesh face F' (i.e. any F' = 0K1 N 0K, for K1, K2 € T,(Q), with
positive d-dimensional measure) is either

a space-like face: if F' C Q x {t,}, for 0 <n < N, or
a time-like face: if F C 8 (KL x I,) N0 (K2 x 1),
for K3, K;eTX ,1<n<N.

We denote the mesh skeleton and its parts as

Fo= |J 0K, F=0x{0}, Fl=Qx{T}, FP:=02x(0,T),
KeTn(Q)
Fime .— the union of all the time-like faces,

JFP2¢ .= the union of all the space-like faces.

We also employ the standard DG notation for the averages {{-}} and space [-]y
and time [-], jumps for piecewise-continuous complex scalar w and vector 7 fields:

{{{w}} =1 (w|x, +wlx,)

1
2 0K, NOKy C Flime,
{rh =1 (rlie, +7li) on eI =
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wly = Wk, Bf, + wlk, 0,
T]]N _T‘Kl nK +T|K2 an

[
[
{ %w]]t —w’ on fzpace’

7], : R

on O0K1 NOKy C ]:;tbimc,

where 1}, € R? is the space component of the outward-pointing unit normal vector
on 0K N Fime and the superscripts “—” and “+” are used to denote the traces on
Q x {t,} of scalar and vector fields from the time-slabs D,, and D,,+1, at lower and
higher times, respectively.

2.2. Formulation of the Trefftz-DG method. We define the local and global
Trefftz spaces:

T(K) = {w € H' (I;; L*(Ky)) N L? (I; H (Ky)) such that
(2.1) i%—w+Aw—Vw:O onK:KxxIn},
T(Th) = {w e L2 (Q)* \ wlx € T(K), VK € Th(Q)}.

For any finite-dimensional subspace Ty, (75,) C T(7},) the proposed Trefftz-DG method
applied to (1.1) seeks an approximation ¥n,(x,t) € T,(7s) of the exact solution
Y(x,t) € T(Ty) such that for any test function sp, € Tp(7,) the following equation
is satisfied for all K € T (Q)

83
/ np (i S Asyy — V) dV
(2.2) +j§ [iihp%nf,{ + (ﬁhp% - %,N%) -ﬁ’;{} ds =0,
OK

where = denotes the complex conjugate, n’ is the time component of the outward-
pointing unit normal vector on dK (so nt. = £1 on 0K N (F,7*° U FP U FI) and
nt, = 0 otherwise). Equation (2.2) is obtained integrating by parts the product of
(1.1a) and Sp, twice in space and once in time, noting the sign change in the time-
derivative term due to the conjugation of i. The so-called numerical fluves Qth and
W}hp are approximations of the traces of ¢y, and Vi, on Fj,. We choose them as:

s on Fpree,
Yhps on Fl',
Unp = Yo, on Fp,
{mpty — B [Vinplyn, on J:}tnim67
gD, on FP,

ﬁhp = { {Vnplt +ia [thnp], on Flime

Vipnp +ia (Ypp — gp) g,  on FP,

where v € Lo (FimeUFP) and § € L>(Ffme) are some mesh-dependent stabilization
parameters with essinf zuime 7o & > 0 and essinfzume 5 > 0. These stabilization
parameters play an important role in the convergence of the method; in Theorem 4.12
we present a choice that ensures optimal h-convergence in a mesh-skeleton norm.
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Since all s, € Tp(Tp) satisfy (1.1a) in each mesh element, the volume integral
in Equation (2.2) vanishes and thus the Trefftz-DG method only involves integrals on
the mesh skeleton. Consequently, after summing Equation (2.2) over all the elements
K € Tn(Q) and substituting the definition of the numerical fluxes, the following
Trefftz-DG variational formulation is obtained:

(2.3) Seek 9pp € Tp(Tr) such that: A (Vnp; swp) = (snp), Vsnp € Tp(Th),

where

A (Ynp; snp) 1= / Wy, [Shsl, dx—|—/ WhpShp dx
]_—}ipacc ]_‘T

h

+ /}_“mc <{{V¢hp}} Epln + 0 [Wnply - Brln — {np ) [VEnln

+iB [Vinpln [[V%]]N) ds + / (Vippp - B + iathpy ) Shp dS,
F
Uspp) = /fo 190Shp dx + /fD gp (V3np - 1§ + iaiSy,) dS.

h

As a result of the Trefftz property, the definitions of A (+; -) and £(-) in the variational
formulation (2.3) are independent of the potential V| which has an effect only on the
discrete space.

3. Well-posedness, stability and quasi-optimality of the Trefftz-DG
method. The theoretical results in this section are derived for arbitrary space di-
mension d and are independent of the specific choice of the discrete subspace T,(75),
whose elements are local solutions of the Schrodinger equation (1.1a).

The following identities will be used

(3.1a) e (w [al,) 3 [[lwl?] =510, on FP,

(3.10) {wh [l + Al [oly = w7y, on F5™

Recalling that the numerical flux parameters o and  are positive, we define the
following mesh-dependent semi-norms:

2 [ 2
32 el = N Zagmmsy + 5 olBacerom + o2,
1/2 2 1/2 2
ot Bt ey 82 09
[[ ]]N LQ(]:}tLime)d ﬁ [[ ]]N LQ(J:}tLime)
2 o 2 —12 —1/2 2
llZ = Mll + o™ sy + [0 HTB L,
1/2 1/2 2
2w
+ Ha w - g 12D + |8 {w}} L(Fme,
Even though ||| - |||, and ||| - |||, are just seminorms on H' (7y), the following

lemma shows that they are indeed norms on T(7). Furthermore, continuity and
coercivity of the sesquilinear form A (-;-) with respect to these norms are proven in
Propositions 3.2 and 3.3.

LeMMA 3.1. ||| [llpe and ||| - ||,y are norms on T(Tx).
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Proof. It is enough to prove that |||v|||,e =0, v € T(7T4), implies v = 0. Indeed,
if |||v||lpe = O, then, by the definitions (2.1) and (3.2) of the Trefftz space and the
DG norm, v € H'(0,T; L*(Q)) N L%(0,T; H}(2)). Then, for all w in the same space,

0= Z/ —+Av—vu)wdv /(z%w Vo - Vo — va)dV

KeTy,

by the Trefftz property, where the boundary terms on ]-",tlimC arising from the in-
tegration by parts cancel because [Vv]n = 0 is implied by |||v]]|p,e = 0. Moreover
v(+,0) = 0. This means that v is a variational solution of the homogeneous Schrédinger
problem (1.1) (i.e. with gp = 0 and 99 = 0). By the uniqueness of the solution in [20,
Chapter 3, Thm. 10.1], it follows that v = 0. 0

PROPOSITION 3.2 (Coercivity). For all w € T(Ty) the following identity holds
(3.3) Im (A(w; w)) = [[[wl]2,
Proof. Elementwise integration by parts for w € T(7}) gives the identity:

— (Z/ z—+Aw Vw)dV)

KeTnh(Q)

DY /6“"' dV+3m</ [V dS+/ wvu;-ﬁ;gds>
]:}tlime ]:’E)

KeT (Q)

- ;</fhp H:|U)|2Ht bt /fg ul* ax - /fg J]® dx)

(3.4) +Jm (/ [wVw]y dS +/ wVw - 1 dS).
]:;,”ime ]:D

h

Together with the jump identities in (3.1), this gives

Z/ z—+Aw Vw)dv>

KeTn(Q)

- /f (98e (w 1) = 5 [ef]] ) e
5 [ o s [l ax)+ [ aluf as
Fr 7R Fi

+ /]__ﬁmc (O‘ \[[w]]N|2 +0 |[[Vw]]N|2> ds
+ /}_ﬁmc Jm ( {Vwl} - [w]y — {w}} [Vo]y + [[wv@]]N) as

(A (w5 ) = (A

(3.1)
lwll2 0

PROPOSITION 3.3 (Continuity). The sesquilinear form A(-; -) and the linear
functional £(-) are continuous in the following sense:

(3.5a) A (v; w)| < 2[[olll, .. Nwllloe Vo, w € T(Th),
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2 1/2
(35b) |6w)| < (2lvolzacrg +2 [0 20| , ) wlllyges Yo € T(TR).

L2(FR)

Furthermore, if g = 0, then |((v)] < \/§||¢0||L2(]_-2) Il|w]||pe -

Proof. Let v,w € T(Tp). After applying the triangle and the Cauchy—Schwarz
inequalities several times we obtain

|A (v; w)| < ||U7||Lz(]:}slpace) ”[[w]]t”[,?(]:ZPaCE) + ||U||L2(fg) HwHL?(f}f)

+< HOF%VU -1
(ot 4o
+( |5 ton

L P
L2(Fp) L2(FP)

o

L2(FR)
o
L2(]:’t1ime)d) Ha [[w]]N

’5% [[VU’]]N‘

L2 (]:’tlime)d

) + Hﬂé [[VU]]N’

L2 (]:}tlime)d

Lz(]:}tzjmc LZ(.F;iimC) ) ‘ L2 (]:;lec) °
Bound (3.5a) is then obtained by using Cauchy—Schwarz inequality once again. The

bounds for the linear operator ¢(-) can be obtained in a similar way. |

The following well-posedness and quasi-optimality theorem is a direct consequence
of the Lax—Milgram theorem and Propositions 3.2 and 3.3.

THEOREM 3.4 (Quasi-optimality). For any finite-dimensional subspace T,(Tp)
of T(Ty,) there exists a unique solution vy, € T,(Ty) satisfying (2.3). Furthermore,
the following quasi-optimality condition holds:

.6 — < inf - .
(36) 10 = nplllon <3 inf e = snpllogs

Theorem 3.4 allows us to obtain an estimate of the error in the mesh-skeleton norm
Il - lllpe by studying the best approximation of the exact solution in T,(7) in the

(slightly stronger) ||| - |||, norm; this is the subject of the next section.

Remark 3.5 (Error bounds at time t,). Theorem 3.4 allows us to control the
L?(Q) norm of the Galerkin error at final time ¢ = T, but only the L? norm of
the time jump [¢b — ¥pp]r on each space-like mesh interface ©Q x {t,} (recall the
definition of the ||| - ||| 5 norm (3.2)). However, a similar bound on the stronger error
norm ||¢~ — 'l/};pHLZ(QX{tn}), involving only the trace of the error from the time-slab
D, = Q x (ty—1,t,), can be obtained by extending the argument of this section to
the partial cylinder © x (0,t,) (as opposed to the full cylinder @), precisely as in [23,
Prop. 1].

Remark 3.6 (Energy dissipation). It follows from integration by parts that Equa-
tion (1.1) with homogeneous boundary conditions gp = 0 preserves the energy (or
probability) functional E(t; ) := %fﬂ [(x,1)]? dx, i.e. %S(t; 1) = 0. Unfortunately,
the Trefftz-DG method is not conservative. However, as in the case of the acoustic
wave equation [23, §5.3], it is dissipative and the energy loss can be quantified in
terms of the initial condition error, the jumps of the solution on the mesh skeleton
and the error on ]-",? due to the weak imposition of the boundary conditions, which,
as stated in Remark 4.13, all converge to zero as we refine the space—time mesh. More
precisely, for gp = 0 the Trefftz-DG solution of (2.3) satisfies

1
E(0;90) — E(T;¢np) = Eioss = e + 3 10 — ?ﬁthzfg ;
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— 2 1/2 2
55 — || Hwhp]]tHLQ(fzpace) + Ha whp‘ LQ(F;?)
V2 [l B2 [Vl
PIN LZ(]:}tLune)d PIN LQ(]:’tlee)
This follows from the definition of the ||| - |||, norm of the solution vy, the coercivity

of the sesquilinear form A (-; -), the definition of ¢(-) and simple manipulations:

E(0;Unp) + E(T30mp) + 08 = lompl|2e = Tm (A (s ) E Im (U(ang))

(9p=0)

1
= 9%/ Yothnp dx = E(05100) + E(0;np) — 5 %0 — Ynpl| 5o -
Ty h

Further manipulations give the identity Eoss = [|[t) — Ynpl|[2, — E(T, 0 — Vnp).
Remark 3.7. We briefly explain how to modify the method to allow for other
boundary conditions. Let €2 x I be partitioned in three parts with Dirichlet, Neumann
and Robin conditions:
1/J:gD on f}?:FDXI,
Vi -nd =gn  on Fy=IyxI,
Vip-ng —ip =gr  on FR=TgxI,
for some positive “impedance” function o € L>°(F). We extend the numerical flux

parameter 3 to Fime U FN, fix a function § on F;¢ such that 0 < § < 1 and choose
the numerical fluxes on 002 x I as

gD, on FP,
Drp = Wnp — 1B (Vbny - 18y — g), on FY,
Ynp + 6(i0) 1 (Vipny - BE — i0bny — gr), on FE,
Vibny - 18 + i ($np — 90), on FP,
ﬁhp ‘g = gN, on ‘7-'}:]7

Vippp - ﬁa — (1 — (S) (V’(/)hp . ﬁé — iﬂwhp - gR), on .7:;13

This amounts to adding the following boundary terms to A (¢np; Snp) and £(spp) in
(2.3), respectively:

. / (= oy Vi - 188 + i (Vb - 155) (Vi - 65)) A
y

T

+ /f . (thp R4 (1 5)wwhp) (%Jr sy ﬁg) ds,

. N 7 N
o/ 9N (=Shp +18Vsh, - 1) dS + / gR((6 — 1)Shp + 5Vshp . nQ> ds.
]:N ]:R

h h
In (3.2) both norms ||[¢hsp|[12, and |[|1ny| \ZDG+ have to be supplemented by the terms

2 2
1/2 .
Vibpyp - 1ig

)
L2 (1)

2
1/2V L RT
H”B Vhp - 1) Lo(FY)

o (G R S (G

L2 (F1)
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and a further term ||ﬂ*1/21/1hp||12(]__N) has to be added to |||¢np][|? If Fi* £ (), the
h

pat’
continuity constant 2 of the sesquilinear form A (-; -) in Proposition 3.3 becomes

—o0\1/ ) /
e[ (5], 1659,

Then the a priori analysis carried out in this section can be extended to this setting.

4. Approximation and convergence analysis of the Trefftz-DG method.
In this section we prove h-estimates on the || - ||| ,, norm of the best approx-
imation error of Schrédinger solutions by discrete Trefftz functions in T,(7) =
ke, (@) Tp(K). The local space T, (K) is defined for each K = Kx x I;, € Th(Q)
and for p € N as the following set of complex exponentials:

(4.1) T,(K) :=span {d)g(x, t), L=1,... ,ndm}, where
do(x,t) ==exp [i (ked) x — (k] + V|g)t)] for £=1,...,n4,,

for some parameters {k;} C R and directions {d,} C S{ := {v € R, |d| = 1}, which
can be chosen differently in each cell K. It is immediate to verify that i% + A¢y —
V¢y = 0 in K. These exponential solutions are called “pseudoplane waves” in the
context of Fresnel optics in [12, eq. (11)].

In the following we choose the local dimension n4 5, in dependence of the dimension
d of the problem and a “degree” parameter p. The parameter p is to be understood
as the degree of the polynomial space PP(K) providing the same h-convergence rates
of T,(K). The Trefftz property allows us to construct T, (K) with dimension ng, <
dim (P?(K)).

The approximation theory in subsection 4.2 is not restricted to the complex-
exponential basis functions in (4.1), in fact it allows for any Trefftz basis satisfying
Condition 4.4. This condition requires that the discrete space can “replicate” the
Taylor polynomial of degree p of any Schrodinger solution. We expect that the same
condition can be shown for other Trefftz bases that can be computationally convenient
for some geometries €2 or potentials V. For instance, in two space dimensions, in the
presence of circular symmetries, one could define a discrete Trefftz space with basis
bem (1, 0,t) = Jo(kmr)e®@e 0t for a set of £ € Z and ky, € R, where Jy(-) is the fth
first-order Bessel function and (r, 8) are the polar coordinates in the plane.

4.1. Notation and preliminary results. We use the standard multi-index
notation for partial derivatives and monomials, adapted to the space-time setting:

for j = (4> dt) = (s s Juar di) € NGTY,
.7' = ]xlljwd'jt" |]| = |Jx| + Ji = jwl + - +jzd + Jts
Dif .= 8;?1 ~~'8iﬂ;d8gtf, xIx it = xi” ~-~xff‘itjf.

DEFINITION 4.1 (Taylor polynomial). On an open and bounded set D C R4+,
the Taylor polynomial of order m € N (and degree m — 1), centered at (z,s) € D, of
a function ¢ € C™~1 (D) is denoted

T [ (o) = 3 2Dl 5)(x — 2 (t — s

lgl<m
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If ¢ € C™ (D) and the segment [(z, s), (x,t)] C D, the Lagrange’s form of the Taylor
remainder (see [6], Corollary 3.19) is bounded as follows:

m 1 : .
P06 1) = Tl el (1) < Ielempy D 57|06 =2 (1 = )"

l3|=m

(d+1)m/?
(4.2) < Thg [®lem(py »

where hp is the diameter of D, and we used the multinomial theorem (( fg vy )™
> ljl=m %!Vj) and |v|; < (d+ 1)/2|v]y Vv € CIFL,

In order to prove approximation results for solutions belonging to spaces more
general than C™ (Q), we introduce the averaged Taylor polynomial as presented in [8]

(see also a refined version in [5, Def. 4.1.3]).

DEFINITION 4.2 (Averaged Taylor polynomial). Let D C R¥! 1 < d € N,
be an open and bounded set, with diameter hp, star-shaped with respect to the ball
B := By, (z,s) centered at (z,s) € D and with radius php, for some 0 < p < .
If p € H™ 1 (D), the averaged Taylor polynomial of order m (and degree m — 1) is

defined as
1
(43) Q" [¢l () = o [ Tty [ (e 0) AV (2.9)
We recall the result of [5, Prop. (4.1.17)]:

@4) DIty Pl =10 P [Dig],  DIQm[g]=Qm Tl [Dig),  |j| <m.

The following Bramble—Hilbert lemma provides an estimate for the error of the aver-
aged Taylor polynomial, see [8] and [5, Thm. 4.3.8].

LEMMA 4.3 (Bramble-Hilbert). Under the conditions in Definition 4.2, if ¢ €
H™ (D), then

145) D9~ Q" Dy < Camn B~ eliguiy. for 3] < m.

The explicit value of Cg,y,,, > 0 is stated in [8, p. 986] in dependence of d, m and
p, with the last of these parameters as in Definition 4.2. The last key ingredient
is the trace inequality, [5, Theorem 1.6.6], which can be written for any element
K = Kx x I, € Tp(Q) in our space—time setting as

(4.6)
2 - 2 2
H‘PHL2(KX><{tn_1,tn}) < Cu (hn1 ||90||L2(K) + hn ||8t‘PHL2(K)) , Vo e H' (In?Lz(Kx)) )

2 - 2 2
||§0||L2(8Kx><1n) < Cie <hK,1( ||<P||L2(K) + hk, HVSDHH(K)d) , Vo € L? (ImHl (Kx)) )

where C}, only depends on the shape-regularity parameter sr(7) of the space mesh.

4.2. General approximation estimate. We now give a condition on the dis-
crete Trefftz space T,(K) and show how it entails h-approximation estimates. In the
next sections we describe concrete spaces that satisfy this condition.

Condition 4.4 states that for any sufficiently smooth Schrodinger solution ), for
each element K € T, and almost every point (z,s) in a ball B C K, the discrete
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Trefftz space contains an element whose Taylor polynomial centered at (z, s) matches
that of 1. We also require the coefficients (a1, ...,an, ) of this approximant to be
uniformly bounded with respect to the points (z, s) in the aforementioned ball B, so
this is a condition on the basis rather than on the discrete space itself. To allow for
general ¢ € HPT1(K), whose Taylor polynomial might not be defined everywhere and
does not guarantee enough approximation, we match T(’; +g1) [¢] in almost every point
in a ball B (see Remarks 4.5 and 4.7).

CONDITION 4.4. Let B C K be a (d + 1)-dimensional ball such that K is star-
shaped with respect to B. Let {¢1,...,¢n,,} CC®(K) be a basis of TP(K). For every
€ T(K) N HPTYK), there exists a vector-valued function a € L'(B)"4» satisfying
the following two conditions

nd,p
(4.7a) DIz, s) = Z ar(z,8)DI¢y(z,5) for all |j| <p and a.c. (z,5) € B,
=1

’I‘Ldp

(475)  lal s = / D l0a(2,8)] 4V (2.5) < CKT Wles s

where Cy > 0 might depend on d,p, and {¢¢} but is independent of K and 1.

Multiplying (4.7a) with M and summing over j, we observe that Con-
dition 4.4 implies that for every smooth Schrédinger solution ¢ there is an element of
the discrete space T,,(K) whose Taylor polynomial at (z, s) coincides with that of :

T Wl (k1) = T

(z,s) (z,s)

Zag (z,s ¢g‘| x,t) = Zag(z,s)T(’:rsl) [¢e] (x,1)

=1
(4.8) for a.e. (z,s) € B, V(x,t) € K.

Remark 4.5. Condition 4.4 requires the point value of the partial derivatives of a
Sobolev function in almost every point of B. This is to be understood as follows.

Let v € HPT(K). By Calderén’s extension theorem [21, Thm. A.4], v can be ex-
tended to a QZ € HPH1(R4*+1). This allows us to apply [1, Thm. 10.1.4], which implies
that there exists a zero-measure set T C R¥*! such that {/; admits a “differential of
order p” at every point (z, s) of the complement of Y. The differential of order p, as
defined in [1, Def. 10.1.3], is a polynomial that coincides with the Taylor polynomial

T(’; +S1) [1;] whenever this is defined. With a small abuse of notation, this is the polyno-

mial appearing on the left-hand side of (4.8) for all (z,s) € B\ T (while ¢, € C*(K)
so their Taylor polynomials are the classical ones). The partial derivatives D71)(z, s)
in (4.7a) are the partial derivatives of T(’; +81) [¢] evaluated in (z, s).

PROPOSITION 4.6. Let K € Tp(Q) and ¢ € T(K) N HPTY (K), with K satisfying
the conditions in Definition 4.2. Assume that T,(K) satisfies Condition 4.4. Then,
there exists an element ® € T,(K) and C > 0, which depends on the constant C, in
(4.7b) but is independent of hx and v, such that:

. 1 .
(4.9) 193 (@ = )| 2 ey < OB Tl gpin ey s 0 <l <

Proof. Let a € L'(B) be the coefficient function defined by Condition 4.4. We
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define the discrete Trefftz function ® € T, (K) as
1 [ X
(I)(X7 t) = @ / Z CL@(Z, S)st(xa t) dV(Z7 5)
=1

Nd,p

(4.10) |B| Z </ a(z,s)dV (z, s)) bo(x,t).

Since ® € C* (K), by the triangle inequality, for |j| < p we have
(4.11) . .
D96 = )y < 1576 = @ 1) g+ 19724 161 = )

where QP*![] is the averaged Taylor polynomial of order p + 1 defined in (4.3).

The first term is bounded by the Bramble—Hilbert Lemma 4.3, while for the
second term we first derive a pointwise estimate for all (x,t) € K and |j| < p using
the multivariate Taylor’s theorem and the fact that ¢, € C* (K):

|D7(Q7 [¥] (x,1) — @(x,1))]

(4.3),(4.10) | 1 nd,p
= B / DI (T(P;{) [¥] (x,t) — Zz:; a(z, s)ng(x,t)) dV (z, s)
(4.8) B /B ; ay(z,5)D? (T(P:rsl) [Be] (x,1) — Po(x, t)) dV(z,s)
(4.9) ) '
|B| /B;az Z,s (T(Pztl) K [Djéf)e] (x,1) _ng)g(X,t)) AV (z, )

(42) (d + 1)(pH1-13D/2 p1—|3]
|B| (p-‘r 11— |J|)' hK Z:lr,r.l.;.i,)ritd,p {|¢£|Cp+1(K)} /B |a(z,s)|1 dV(Z,s)
(47b) | K|V/2(d + 1) +1-131)/2 »

+1-|4]
Bpriogr s, (oo} O Il

Then
D7 (QPH [] = @)] 1o

K| (d+1)PH=ldbz )
> ﬁ (p+1— |.7D' K ezlrvr_lifldyp{wzv"cwl(;()}c* ||¢HH11+1(K);

which, combined with |K| < |Bp,| < p|Byn,| = p¢T1B], the triangle inequality
(4.11) and Bramble—-Hilbert lemma estimate (4.5), completes the proof. ad

No special property of the Schréodinger equation has been used in the proof of
Proposition 4.6: the same result extends to any linear PDE for which one has at
hand a discrete Trefftz space that can reproduce the Taylor polynomials of any PDE
solution.

Remark 4.7. The use of averaged Taylor polynomials Q™ [-] (4.3) allows us to
treat any ¢ € HPT1(K). Under the stronger assumption ¢ € CPT1(K) the argument
of Proposition 4.6 simplifies considerably: one could use the standard Taylor polyno-
mial 10 o [[], assume that K is star-shaped with respect to a point, and require the

identity (4.7a) for a single point (z, s) only.
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4.3. Best approximation in the (1+41)-dimensional case. The next propo-
sition shows that, in one space dimension, the choice of exponential basis functions
(4.1) with different values of k; (and equal direction dy = 1) is enough to ensure
Condition 4.4 and the approximation properties of T?(K). Only 2p + 1 degrees of
freedom per element are needed to obtain h” convergence. An example of the basis
(4.12) for p = 3 is plotted in Figure 1.

PROPOSITION 4.8. Letd =1, p € N, ny , = 2p+1 and the parameters {kg}?’;l_l C
R be all different from one another. Let

(4.12) do(x,t) = exp [i(kex — (k§ + V]x)t)], =1,...,2p+1,
be the basis of the discrete Trefftz space TP(K). Then Condition 4.4 is satisfied.

k‘(:73 k‘[/:72 kp:*I k/:O k’[i:]. k‘(:2
1 ‘ 1 1 ‘ 1 1 1 1
= 0 0! i 0 0 0 0’ ' 0
-1 -1 -1k -1 -1 ‘ -1 L

-1 0 1 -1 0 1 1 0 1 -1 0 1 1 0 1 1

k=3
—
o

Fig. 1: The real parts (cos(kex — k7t)) of the Trefftz basis functions ¢, of (4.12) for
the potential V' = 0 and p = 3, plotted on the space—time square (z,t) € (—1,1) X
(=1,1). The parameters k; are chosen as ky = —3,—2,...,3. These functions can

0
xr

be thought as plane waves ¢y(x,t) = eif(vave) "(#.8) iy the wt plane with different
wavenumbers k = /k? + k} and directions (v,, v¢) = (k¢, —k7)/+/k2 + k}. The space-
and time-frequencies increase linearly and quadratically with |ke|, respectively. The
space spanned by these n; 3 = 7 basis functions approximates Schrodinger solutions
with the same convergence rates of cubic polynomials.

Proof. Let 1 € T(K)N HPT'(K) and let T be the zero-measure set introduced
in Remark 4.5. Let (z,s) € B\ Y. Since all the derivatives of ¢ of order at most
p are defined at (z,s) and each basis function ¢, € C* (K), the Taylor polynomials
centered at (z,s) of order p 4+ 1 of ¢ and each ¢, can be written as:

P p—ja

(4.13a) T(’;Sl) [¢] (x,t) = Z Z bj(x — z)7=(t — s)t, where j = (Jz, jt)s
J2=0 j;=0
P P—J«

(4.13b) T(pz'j_sl) [Pe] (x,t) = Z Z Mjo(x — 2)7=(t —s)7t  for b=1,...,n1,,
Je=0 j:=0

where {b;} and {M; ,} denote the Taylor polynomial coefficients for ¢ and ¢y, re-
spectively, as in Definition 4.1. We aim to prove that there exists a(z,s) € C?**! that
satisfies (4.7a), i.e.,

ni,p

Zal(zus)Mj,f = ij for |J| S b, .7 = (]zv]t)
£=1

This can be arranged as a rectangular linear system of the form M a(z, s) = b, with
beC»and M e C»*"r r, = (p+1)(p+2)/2> n1,p.
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The case p =1 is rather special, since n;,; = r1 = 3 and the matrix M is square;
hence we just need to show that it is not singular. For p > 2, in order to prove the
existence of such an a(z, s), we need to show that b € Im (M). To this purpose, after
equation (4.15) below, we define a set D C C"™ that contains {b} UIm (M), and the
rest of the proof is devoted to show that dim D = rank (M).

We first note that for all smooth ¢ € T(K) and each multi-index j, with |j| < p,
Dip(z,s) = DjT("Qle) [©](z,8). Since ¢ and its derivatives satisfy the Schrodinger

equation, this implies that D7 T(pz ':1) [] satisfies the same equation at the single point

(z,8):

0 .
(4.14) <(zat +A- V)DJTg'j;) ] ) (z,) =0, forp>2 and |j| <p-—2.
We want to express these equations in terms of the coeflicients of T(’; 51) [] (z,1).
Setting C € C™ to be the vector with components C;_ ;, = %D’lp(z’,s) with j =
(Jo»je), so that TPE [¢] (2,8) = 375 <, Ci, i (z — 2)7= (t — )7, we have

9 P p—1-ja ‘ ‘ ‘
S el @ =32 > Ciganle+ i@ =2t = s),
Je=0 ;=0
92 p—2 p—2—ja ' '
o T2 el @)= 37 D Cliurayin (e + DU+ 2)( = 2) (£ = 5)".
Jj==0 7+=0

Expanding (4.14), we get the following p(p — 1)/2 relations between the coefficients
of the Taylor polynomial of ¢:

(4.15) i(Je + 1)Cy, o1y + (Jz + )Gz +2)C,42)5, = Vi, s
for | <p—2, 3= (Jau,Jt)-

We define D := {C € C"» ‘ C satisfies (4.15)}: since ¢, ¢y € T(K), it is evident that
b € D and Im (M) C D.
The key point of the proof is to show that rank (M) = dim(D) = 2p + 1, which
guarantees that the overdetermined linear system Ma(z, s) = b has a unique solution.
Figure 2 illustrates the relations that define D for both cases V =0 and V # 0.
It shows that given the 2p + 1 entries C;_;, of C € D corresponding to j,€ {0, 1}, all
other entries are uniquely determined by the conditions (4.15). Therefore

rank (M) < dim (D) < 2p+ 1.

The rest of the proof consists in proving that rank (M) > 2p + 1, i.e. that M is
full-rank. To do so, we first recall that ¢, (z,t) = expli(kex — (k7 + V) t)] from the
basis definition (4.1), and observe that the entries of matrix M are given by

1 L
Mje == ,jt,D’¢z(Z78) = 5. (ke)pe(z,8), 3=z, de)y £=1,....2p+1,

where g;, j, (k) = ﬁ(zk‘)]“ (=i (K*+ V))jt is a complex-valued polynomial of degree
exactly j; + 2j:. We define a square submatrix M of the matrix M by taking the

rows corresponding to j, € {0,1}. This, in turn, can be decomposed as M = VD, ,,
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J s Ci j J D Cia ju
]
§ ® coefficient
S ® cocf
N relation
-
X
0 o s 0 i
0 p 0 p
(a) Case V=0 (b) Case V #0

Fig. 2: Tllustration of the relations defining the set D in the (141)-dimensional case.
The black dots in the (j,, j;) plane represent the coefficients C;, ;, of C € D C C'»,

Tp = w. In the case V' # 0 (right panel), each shape :))\¢ connects three black
dots located at the points (ja, j:+1), (Ju, jt) and (j+2, j¢): this shape represents one
of the equations (4.15) which, given C;_(;,4+1) and Cj, j,, allows to compute C(;, 12);, -
If the 2p+ 1 values with j, € {0,1} (corresponding to the nodes in the shaded region)
are given, then these relations uniquely determine all the other coefficients, which can
be computed sequentially by proceeding left to right in the diagram. In the figure
p = 7, the number of nodes is 7, = 36, the number of nodes in the shaded region is
nip = 15, the number of relations is 7, — n1, = 21. The case V = 0 (left panel)

is slightly simpler: the coefficient C;, 12);, is determined by C}_;,41) only and each

relation in (4.15) is depicted as a segment

where D, ; = diag(¢1(2,5),...,¢2p+1(2,s)) and the Vandermonde-like matrix V €
CCr+xCEr+D) 5 given by

qo,0(F1) qoo(ka) ... 90,0 (k2p+1)

q1,0(k1) qro(ke) ... q1,0(k2p+1)

40,5, (kl) q0,j, (kQ) (R q0,j, (k2p+1)

(4'16) V= a1,j, (kl) q1,j, (kQ) s q1,j, (k2p+1)
qop-1(k1)  qop-1(k2) ... qopi(kopy1)
q1p-1(k1)  qrp-1(k2) ... qp-1(k2pt1)

q0.p(k1) q0.p(k2) s q0,p(k2p+1)

We observe that Vi, ¢ = pm—1(ke), m =1,...,2p + 1, for some polynomials p,, () of
degree m. Therefore there exists a lower triangular matrix P such that PV = \7,
where V,, , = kf_l for m,¢ = 1,...,2p + 1. (The entries of the mth row of the
inverse of P are the coefficients of the monomial expansion of the polynomial p,,_1.)
This means that V is a Vandermonde matrix, so it is invertible [13, §22.1] (recall that
all ky are different from one another). We conclude that the matrix V is invertible,
independent of (z,s) and M is full rank (namely, rank (M) = 2p + 1).



16 S. GOMEZ AND A. MOIOLA

Denoting by by, the subvector of b corresponding to the indices j, € {0,1}, the
unique solution of the linear system Ma(z,s) = b is a(z,s) = M;'by and satisfies
condition (4.7a). Moreover, the following bound holds

(4.17) la(z, )|, < [[IV7HIIDZ ) bgl,

where |[|[D;{|]|; = 1 for all (z,s) € B. We now recall that (z, s) was chosen arbitrarily
in B\ Y. Setting a(z,s) = 0 and b(z, s) = 0 for (2,s) € T (which has zero measure),
recalling from (4.13a) that b; = %Djw, and integrating (4.17) over B, we obtain

kil sy < IVl gl gy < VM 1v20 1 boly 1

< VI V2e + WIBE o () -

This implies the assertion (4.7b) with C, = |||V ~!||[1v/2p + 1, since |B| < |K]. 0

Since the constant C, depends on the norm of the inverse of the Vandermonde
matrix V, which in turn depends on the parameters {k@}?i Jlrl, the choice of the param-
eters defining the Trefftz basis functions has an important influence on the accuracy

of the method; this is illustrated in the numerical experiments in Subsection 5.1.

4.4. Best approximation in the (241)-dimensional case. Following the
same strategy of the previous section, in Proposition 4.9 we show that, for a sensible
choice of the parameters {k¢} and the directions {d,} in (4.1), Condition 4.4 is true
for Tp,(77) in the (2 4 1)-dimensional case.

The basis functions ¢,  are plane waves in space indexed by two parameters: m
identifying the wavenumber £,,, and X identifying the propagation direction 6,, . For
every wavenumber we take a different number of directions following a strategy similar
to that used for the construction of plane-wave Trefftz bases for the 3D Helmholtz
equation in [22, Lemma 4.2]. The time-dependence of each basis element is harmonic
with frequency k2, + V|x. A sample basis for p = 2 is shown in Figure 3.

PROPOSITION 4.9. Let d = 2 and nap, = (p + 1)%. Let the parameters k,, and
Om,x satisfy the following conditions:

km €R form=0,...,p, with kfnl7ék72n2 for my #my and k., # 0,
Omx €10,21) form=0,....p, A=1,....2m+1, with Oy x, 7# Om.r, for A1 # Aa.

Define the directions dp, x = (o8 0y, »,sin0,, 1) and the basis functions
GmA(x,1) = exp [z (kmd;)\x — (k2 + V|K)t)] form=0,...,p, A\=1,...,2m + 1.
Then Condition 4.4 holds true.

Proof. Let v € T(K) N HPY(K) and (z,s) C B\ Y, with the set T as in
Remark 4.5. As in Proposition 4.8 we can arrange the coefficients of the Taylor
polynomials of ¢ and each basis function ¢y in a vector b € C"™» and a matrix M €
Crr*™2r with r, = (p+ 1)(p + 2)(p + 3)/6. In order to prove (4.7b), we look for a
vector a(z,s) € C"2» such that Ma(z, s) = b.

Similarly to the (1 + 1) dimensional case, b € D and Im (M) C D for D the set
of all the vectors C € C"» satisfying the following relations

i(Je + 1)C5, 5, Gy T Uz + 1)z +2)C1,42)5, 4.
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k=1, 0,,=0 =2, 6,0 =0-21/3 By =2, 0, =1-21/3 k=205 =2 20/3

2

1
bsoI I g

-1

2

-2 0

x
S =3, 00y = 027r/5 Fp =3, 0pr=1- 27\'/5 SR =30, =221/5 k=300, =321/5  kn=3,001= 421r/5

nxz

Fig. 3: The real parts of the Trefftz basis functions defined in (4.9) for V' = 0 and
p =2 at time t = 0 on the space domain (—2,2)2. Here k,, = m + 1 for m = 0,1,2
and 6, )\ = 27T2 7 for A=1,...,2m + 1. Note that, differently from Figure 1, here
we only plot the space dependence of the ¢,.

NL

L

(4.18) + Uy + DUy +2)Cj, 6, +2)5 = VCiuiyie
for || <p—2, j = (o, Jy jt)-

Figure 4 depicts the equations (4.18) as relations between the coefficients of the vector
C, which are represented as points in the (jz, jy, j¢) space. In particular, it shows that
the (p + 1)? entries of any C € D with j, € {0,1} determine all the other entries of
C, thus rank (M) < dim (D) < (p + 1)%

Now it just remains to prove that rank (M) > (p + 1)2.

We fix an arbitrary ordering £ = 1,...,(p + 1)? of the “triangular” index set
{(m,A\) :m=0,...,p, A=1,...,2m+ 1}, so that we can write ¢, ky and 6, for the
basis functions ¢, » and the parameters k,, » and 6, x.

First, from the basis function definition, the matrix M can be decomposed as
M = GD, for the diagonal matrix D, , = diag(¢1(z,s),...,Pp+1)2(2,5)) and a
matrix G € C">"2» with entries independent of (z, s) given by:

(4.19) G, = (ike cos )" (ike sin 00)™ (= i(kZ + V))*, G = (u dy» o)

jx']y']t'

+
We define a square matrix S € C"2»*"2»r with the block structure S = (2), where

St e CEHE xnmap and 8- € CP5 2 %20 are defined as
+ Jt 1.0x l@z]x jx = 07 s Dy _ 2
S(Jth)e (kl—i_v) k for jt:O,...,p_jxa E_l”(p—i_l) ’
— _ 2 Jt 7.9x —107x jx = 17"'7p7 _ 2
St = (ke +V) " ke for jtzo,...,p—jx,g_l""’(erl)'

The binomial theorem allows us to relate the blocks ST to G:

S(ng,jt),e = (ki + V)jt (k¢ cos 0 + ikg sin 0,)7
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ot

Fig. 4: A representation of the relations defining the set D in the (2+1)-dimensional
case. The colored dots in position j = (ja, jy, jt), |4| < p, correspond to the entries
Cj, j, j. of the vector C € D C C'™ (here p = 5 and 7, = 56). Each white circle
is connected by the segments to four nodes and represents one of the equations in
(418) given Cj’l‘ Jy Js ij Gy (Ge+1) and Clm(jy+2)jt’ it allows to Compute C(]L+2)3y i
(the leftmost of the four nodes connected to a given white circle). The red dot
exemplifies one of these relations, for 5 = (0,1,2). Given the (p + 1) coefficients
with j, € {0,1} (the blue dots), all other coefficients are uniquely determined and
dim (D) < (p+1)%.

- , 4 4
= Z ‘jx. (k?z Ccos 9@)31 (ik@ sinee)h/ (kg + V)Jt,

151
jm+jy:jx ]x]y
Ji! Jx! jx=0,...,p, )
> WGM» ]tZO,...,p—jx’Q
ot (=1, (p+ 107
SGth)’g = (kf + V)jt (kg cos Oy — kg sin 67>
o] ) ) .
= 3 P (hycos ) (—ikesin ) (k7 + V)"
" jx:l,...,p7
= Z LGJ}@ jt:O;~~~7p_jx,

jm+j1/:jx ZJ ( 1) ( Z)] é == 17 ceey (p+ 1)2.

This means that there exists a matrix P € C"2.»*"» guch that S = PG.
Next, we prove that S is not singular. If ST ¢ = 0 for some vector ¢ € C*2», then
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for each pair (ky,, 0.,,1) in the definition of the basis functions we have

P p—|n| ‘ »
420 0= 3 (3w (R + V) H e = 3 Gl e,

n=-—p * j;=0 n=-p
m=0,....,p, A=1,....2m+1,

If we fix m = p in Equation (4.20), the (,(k,) are the coefficients of a trigonometric
polynomial of degree p with 2p+ 1 different zeros 6, », which implies that (,(k,) = 0,
for n = —p,...,p. In particular 0 = (1, (kp) = cip0kh = cipo = 0, since kj, # 0 by
hypothesis.

We now proceed by (backward) induction. Assume that for some n € {1,...,p}
we have:

(4.21a) Cinj, =0, forn=p—n+1,...,p and 5 =0,...,p—|n|,
(4.21b) Cnlkm) =0, forn=—p,....p and m=p—n+1,...,p.

Then (4.20) gives

pP—n )
S s =0

n=—(p—n)

and for m = (p — ), the (,(kp,—,) are the coefficients of a trigonometric polynomial
of degree p —n with 2(p —n) + 1 different zeros 6,_, . Therefore assumption (4.21b)
also holds for m = p —n. For n = £(p —n) in (4.21b) we have

n .
KD eapony, (b + V) =0;

Jt=0

therefore ci(,_,), j, are the coefficients of a complex-valued polynomial of degree n
with i+ 1 different zeros (k‘,zn + V), m=p-—r,...,p; which implies that assumption
(4.21a) holds for n = p — 7. Recursively, this leads to ¢ = 0; therefore the matrix S
is invertible and, since S = PG and M = GD, , for a nonsingular D, ,, the matrix
M has rank at least nay so it is full rank.

The solution a(z, s) of the rectangular linear system Ma(z,s) = b is a(z,s) =
D, !S™!'Pb, satisfies (4.7a), and the following bound is obtained

la(z, s)[; < [[[STH I /IDZ 3l [P, ,

where |[|[D;1|||1 =1 for all (z,s) € B. Writing b; = %Djw(z, s) and integrating over
B as in the proof of Proposition 4.8, we obtain (4.7b) with C, = [|[S™!|[|1|[|P|[|1/75-0

Analogously to the (141)-dimensional case, the constant C, depends on the norm
of the inverse of the matrix S, which depends on the choice of both the parameters
{km} and the directions {d,, »}. This indicates that finding an appropriate choice of
these parameters is crucial in order to get accurate and stable approximations.

Remark 4.10. In order to extend Condition 4.4, and thus the Trefftz approxima-
tion theory, to (d+ 1)-dimensional problems with d > 3, one has to provide conditions
on the parameters defining the local basis functions. Not only one has to determine
the minimal number of directions {d,, »} C S associated to each parameter k,,, but
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also the mutual relations that the directions have to satisfy (e.g. not too many of
them can belong to the same (d — 1)-dimensional hyperplane). Work in this direction
is currently in progress.

4.5. Error bounds in DG norm. The next proposition provides a bound on
the |[| - [|[,,, norm in terms of volume Sobolev seminorms and norms and is a direct
consequence of the trace inequalities (4.6).

PROPOSITION 4.11. For all ¢ € [[ e, (o) H' (Ins L*(Kx)) N L (In; H?(Kx)), the
following bound holds

_ 2 2
Hell2, <3Ce > [t Ieliaue +hn 100l 3
KeTn(Q)

— 2 2
+afchg, lellzzx) + ajchi, Vol L2 k)

— 2 2
+ b%(hK,l( ||VSOHL2(K)d + b%(h’Kx HD2SD||L2(K)d,><d :|7

where D? () is the space—time Hessian of ¢ and

aKf = essinf a, ﬂ-Kf ;= essinf f3,
m time| | D m HK N Ftime
OKN(FLmeuFpP) NF}
agp = esssup  «, BSKup := esssup S,
KN (FmeuFpP) DK NFLime

arc = max { (aX) %, (8K) T}, b= max { (o) T2, (85,)" )

The factor 3 appearing in the bound of Proposition 4.11 is due to the integral
terms with arguments [w]? + (w™)? on FiP*° o |[w]n| 2+ 87! {w}}® and S[Vw]Z +
oL [ {Vwl}® on Fiime in the definition (3.2) of the ||| - |||, norm.

Theorem 4.12 provides the error estimate for the Trefftz-DG approximation of
(1.1) in the ||| - ||| pe norm assuming that Condition 4.4 holds true. It is consequence
of Propositions 4.6 and 4.11, Theorem 3.4 and the “local quasi-uniformity in space”
assumption on the mesh.

THEOREM 4.12. Let p € N. Let ¢ € T(T,) N HPYL(Ty) be the exact solution of
(1.1) and vnp € Tp(Ty) be the Trefftz-DG approzimation solving (2.3) with T, (7p)
satisfying Condition 4.4 for all K € Tp(Q). Set the stabilization parameters as

1 : :
o|,=— VFcCFm™ UFP, ,3} =hgp, VF CF™ where
F™ hp F x
for FCOKNFY: hp, =hg,
for F =KL x (th_1,tn) N K2 X (tp_1,t,) C Fime:

hr, is any constant satisfying: min{hgi, hgz} < hp, < max{hgy, hgz}.

Then there exists a constant C independent on the mesh size such that

1% = ¥l < C > mac{ s, b} 9] g i)
K=KxX(tn—1,tn)ETH(Q)

Remark 4.13. The last formula in Remark 3.6 shows that, if gp = 0 and the
assumptions of Theorem 4.12 are satisfied, the energy dissipated by the Trefftz DG
method (i.e. £(0;%0) — E(T, ¥np)) converges to zero proportionally to the square of
the error in the DG norm, i.e. as max e, (@) max{hg,, hn}?.
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Remark 4.14. The previous sections show that for d = 1,2 the local space T?(K)
has dimension Op_mo(pd) and approximates Schrodinger solutions with the same rates
of the space PP(K) of the degree-p polynomials on K, which has larger dimension
dimPP(K) = Op_,00 (p?*1). More precisely, T?(K) has the dimension of the space of
the harmonic polynomials of degree p on K. We expect the same to hold for d > 2.
This is a major advantage of the Trefftz approach: it achieves the same convergence
rates of standard methods with considerably fewer degrees of freedom. The same
situation is well-known for other PDEs, see e.g. [22], [24, Fig. 4], [17, Rem. 4.11].

5. Numerical experiments. We present some numerical experiments validat-
ing the error estimates in the mesh-dependent norm |||+, derived in Subsection 4.5.
We also numerically assess the error behavior with respect to h := max {hy, h:} in
the final-time, mesh-independent ||-|| Lo(Fr) Borm and evaluate the energy dissipation
of the proposed method. All experiments have been implemented in Matlab.

A direct implementation of the variational problem (2.3) leads to a large global
linear system involving all the degrees of freedom of the expansion coeflicients of 1y,
in the basis of Tp(7r), over the full space-time cylinder ¢). Due to the choice of the

upwind-in-time numerical flux ¢5, = 1, on F;P**°, this system can be decomposed as
a sequence of IV smaller linear systems: each of them arises from solving sequentially
for )y, in each time-slab Q X [t,_1,t,], and using the trace of the solution from the
previous slab as initial datum.

Furthermore, by choosing the same space mesh 7% ~and time step 7 = t, — 1,1
forallm =1,..., N, we can apply a time translation for each time-slab Q x [tn—1,tn]in
the definition of the basis functions (4.1), as ¢¢(x,t) := expli(ked] x — (k7 + V|K)(t -
tn—1))]. This makes the matrices of the linear systems for all the time-slabs to be
the same, which represents a substantial reduction in the computational cost of the
method. To solve these systems we perform the LU factorization of such matrix once
using the Matlab’s function lu with scaling and row—column permutations, which
produces sparser and stable factorizations; then we solve for each time slab applying
forward and backward substitutions.

As it is usual for plane-wave approximations [15, §4.3], the time-stepping ma-
trix is ill-conditioned. We observe O(h~(P*1)) growth of the 2-condition number o
under uniform space-time mesh refinement for both the (1 4+ 1)- and the (2 + 1)-
dimensional cases. A theoretical study of this matter as well as suitable precondition-
ing (or condition-number reduction) techniques for this method is highly relevant and
will be the subject of future work.

The stabilization parameters o and 3 are taken as in Theorem 4.12 with hp, =
min{hg1, hg2} for the faces in Fp™e.

The integrals in the assembly of the Galerkin matrix and load vectors are com-
puted with Gauss—Legendre quadratures (combined with the Duffy transform for the
integrals over triangles). On polytopic meshes, thanks to the choice of exponential
basis functions (4.1), closed formulas for all the integrals appearing in the matrix
assembly could be written, following the ideas in [15, §4.1]: the implementation of
these formulas is non-trivial, particularly in higher dimensions, but it could consid-
erably speed up the computations. We recall that the Trefftz-DG formulation (2.3)
does not involve (d + 1)-dimensional integrals over mesh elements but only on the
d-dimensional element faces.

5.1. Square potential well in 1+ 1 dimensions. Let us consider the (141)-
dimensional Schrédinger equation (1.1) on Q = (—2,2) x (0,1) with homogeneous
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Dirichlet boundary conditions and the following square-well potential:

0, T e (7171)7
(5.1) V(x)={ V., z€(=2,2)\ (-1,1),

for some V. > 0. The initial condition is taken as an eigenfunction (bound state) of
—02 4V on (—2,2):

cos(k.x), x e (-1,1),
Yo(z) = { %sinh(m& —|zl)), ze€(-2,2) \ (-1,1),

where k, is a real root of the function f(k) := vV, — k? — ktan(k) tanh(v/V, — k2).
The solution of the corresponding initial boundary value problem (1.1) is ¥(x,t) =
to(z) exp(—ik?t). For each V. there is a finite number of such values k.: in the nu-
merical experiments below we take the largest one, corresponding to faster oscillations
in space and time. In Figure 5 we present the plot the function f(z) for V, = 20 and
V. = 50 with the values of k, used in this experiment.

f(k)
(k)

k
(a) Ve =20

Fig. 5: Plot of f(k) for different values of V.. The red dots are the values of k taken
in the numerical experiments: k. =~ 3.7319 (V. = 20) and k., ~ 6.6394 (V. = 50) .

From the definition (4.12) of the Trefftz basis, we observe that if the parameters &,
are chosen very close to one another then the corresponding basis functions approach
mutual linear dependence. The consequence is that the Trefftz-DG method becomes
more and more ill-conditioned. This is confirmed by the Vandermonde-like matrix V
in (4.16), which is singular in the limit |ks, — k¢,| — 0. In the experiments we take
2p + 1 equally spaced values ky € {—p,—(p —1),...,0,...,p—1,p}.

In Figures 6a and 6b we plot the Trefftz-DG numerical approximations ), ob-
tained for p = 3 on the finest mesh (described below) with V. = 20 and V. = 50
respectively. It can be observed that for increasing Vi the solution oscillates more
with respect to z in (—1, 1), while it decays monotonically to 0 in (—2,2) \ (=1, 1).

In Figure 7a we plot the DG norm of the Galerkin error obtained for V, = 20 and
a sequence of space—time, uniform, Cartesian meshes with h, = 0.2, 0.1, 0.0667, 0.05,
hy = 0.25hy and p = 1,2, 3.
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-0.5

(a) Re (Ynp) for Vi =20 (b) Re (¢pyp) for Vi =50

Fig. 6: Trefftz-DG approximation ¢y, in the space-time cylinder @ for the (1 + 1)-
dimensional square-well potential problem (5.1) computed with p = 3.
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Fig. 7: Trefftz-DG error for the (1+1)-dimensional problem with square well potential
(5.1) with Vi, = 20. The numbers in the yellow rectangles are the empirical algebraic
convergence rates in h.

Since we have homogeneous Dirichlet boundary conditions, the continuous model
preserves the energy functional £(¢,1), recall Remark 3.6. In Figure 8a we show the
time-evolution of the energy error for the Trefftz-DG approximation for the finest
mesh , which is smaller for larger p, as expected. Moreover, in Figure 8b we numer-
ically observe that &,ss converges to zero as O(h?P), as it can be proved combining
Theorem 4.12 and Remark 3.6.

In order to see the effect of the choice of the parameters k;, we first note that in
this experiment we know the time frequency of the exact solution, which is w = k2.
Therefore it is natural to expect the approximation to be better if our basis functions
oscillates at the same time frequency. To numerically illustrate this, in Figures 9a
and 9b we show that the convergence rates clearly degrade for p = 1, V, = 50 and
V. = 100, and our previous choice of the parameters kg, as the time frequencies of the
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Fig. 8: Time-evolution of the energy error and dependence on h and p for the problem
with square-well potential and V, = 20.

basis functions are too far from those of the exact solution. On the contrary, by taking
the parameters k; as {—k., 0, k.} we recover the expected rates. This clearly suggests
that a sensible tuning of the basis function parameters can significantly improve the
accuracy of the method.
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Fig. 9: Trefftz-DG error measured in DG norm for the (1 4+ 1) dimensional problem
with square-well potential (5.1) with Vi, = 50 (k. = 6.6394) and V, = 100 (k. =~
9.6812), and for ky € {—p,...,p} (continuous line), which is the same choice of the
previous plots, and ky € {0, +k.} (dashed line).

5.2. (2+1)-dimensional transient Gaussian distribution. We consider the
linear Schrodinger equation (1.1) with zero potential V' =0 on Q = Q x (0,2), with
Q= (-2,4)x(—2.5,2.5). Following [2], the initial and boundary conditions are chosen
such that the exact solution is

1
U(z,y,t) =

— i (@ 4y +iz+it)
1 — 4t

e
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The basis function parameters are chosen as p + 1 equally spaced space wavenumbers
km = 1,2,...,p+ 1, and the equally spaced angles 0, » = 2;(2:11) in (0,27], A =
1,...,2m+1, as in Figure 3.

In Figure 10a we show the convergence rates of the Trefftz-DG approximation
for a set of structured triangular meshes generated by halving each rectangle in a
Cartesian partition of © with equal number of divisions (20, 40, 60, 80) in both 2 and
y directions. In this experiment h; ~ 0.5hx. The O(h?) convergence rates obtained
are in agreement with Theorem 4.12. Similarly to the (1 + 1)-dimensional example in
the previous section, in Figure 10b we observe O(hPT1) convergence rates in the Ly ()
norm at the final time. Not shown here, similar results were obtained for rectangular
meshes in space.

In Figure 11 we study the p-convergence of the method: for the two coarsest space
meshes with h: &~ hy/8, and for p € {1,2,3,4}, the DG norm of the error is plotted
against the total number of degrees of freedom in Q. We observe O(e tV#DPOF)
convergence when the “local degree” p is raised. This is in strong contrast with
what one might expect from a polynomial method: in that case only the slower rate
O(e PV#DOF) can be achieved (recall Remark 4.14). The Trefftz-DG approximations
for p = 3, at the initial and final times, are shown in Figure 12.
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Fig. 10: Trefftz-DG error for the (2 4+ 1)-dimensional transient Gaussian problem.

6. Concluding remarks. We have introduced a Trefftz DG method for the ap-
proximation of the time-dependent, linear Schrodinger equation. We have analysed its
well-posedness, stability and h-convergence properties. As this is the first description
of such a numerical scheme, several extensions and improvements of the method and
its analysis might be addressed. We list here a few possible future research directions.

e The extension of the h-convergence bounds to space dimensions higher than 2.
e The proof of optimal error estimates in mesh-independent norms such as
L?(Q) (cf. the duality approach used in [23, §5.4] for the wave equation).

e The analysis of the method in locally refined space—time meshes, as in [23].
e The p-convergence analysis, i.e. the proof of convergence rates for sequences

of discrete spaces obtained by local enrichment on a fixed mesh (the Tre-
fftz equivalent of increasing the local polynomial degrees). Only the best-
approximation bounds are missing, as the quasi-optimality bound (3.6) is
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Fig. 11: p-convergence of the Trefftz-DG error against the squared root of the total
number of degrees of freedom for the (2 + 1)-dimensional transient Gaussian problem.
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Fig. 12: Trefftz-DG approximation of the (2 + 1)-dimensional transient Gaussian.

independent of the discrete space. This is a very challenging task, given the
nature of the Trefftz basis functions. In fact, this was accomplished for the
Helmholtz equation [22] but not yet for the wave equation.

e The “sparsification” of the scheme, i.e. the combination with sparse-grid tech-
niques in space-time to improve its efficiency, e.g. along the lines of [4].

e The extension to non-piecewise-constant potentials V', in particular to smooth
potentials that are relevant for applications (e.g. Coulomb-interaction poten-
tials in quantum mechanics). Useful tools towards this goal are the “gener-
alized plane waves” developed for the Helmholtz equation in [16] and subse-
quent papers, and the closely related “quasi-Trefftz” approach developed for
the wave equation in [17].

e Efficient implementations, e.g. using the closed-form integration of [15, §4.1].

e A more accurate analysis of the Trefftz discrete spaces in order to optimise
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the choice of the parameters (k; and d; in (4.1)), improving conditioning,
robustness and accuracy. Basis different from complex exponentials might
also be devised and analysed. The poor conditioning of the time-stepping
matrix is likely to be the main bottleneck for the use of the proposed scheme
in demanding applications: the Trefftz technologies recently developed for
time-harmonic wave problems might greatly help under this respect.

e The extension to initial boundary value problems with non-reflecting bound-

w)

L.

L.

J.

& @ oz 7 Q

ary conditions, which are often used to truncate unbounded domains (e.g.
[2]). Under this respect the Trefftz approach is promising as it allows for the
selection of outward-propagating basis functions on boundary cells, as in [10].
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