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Abstract

This paper is devoted to the study of multi-agent deterministic optimal control problems. We initially
provide a thorough analysis of the Lagrangian, Eulerian and Kantorovich formulations of the problems, as
well as of their relaxations. Then we exhibit some equivalence results among the various representations
and compare the respective value functions. To do it, we combine techniques and ideas from optimal trans-
portation, control theory, Young measures and evolution equations in Banach spaces. We further exploit
the connections among Lagrangian and Eulerian descriptions to derive consistency results as the number
of particles/agents tends to infinity. To that purpose we prove an empirical version of the Superposition
Principle and obtain suitable Gamma-convergence results for the controlled systems.
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1. Introduction

In recent years there has been an impressive increase in the analysis of models with interac-
tions and associated optimal control problems. The motivations and fields of interest are various
and range from statistical mechanics to biology, from crowd dynamics to the description of eco-
nomical and financial phenomena, and many others. A lot of different mathematical models and
techniques have been proposed in the literature and it seems impossible to be exhaustive in ac-
counting here all the developments. We refer to [16,19,34,35] and the references therein for some
of the recent results.

A large part of the literature concentrates the attention on the evolution of populations of sim-
ilar individuals where the single agent feels the interaction with the others through an averaged
term. In this case, when the number of individuals is very large, an aggregation effect takes place
and the (discrete) collection of agents is usually replaced by its spatial density. This idea comes
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from the so called mean field approach in statistical physics where it has been fruitfully used to
develop a limit theory when the number of particles goes to infinity.

Within this framework, optimal control problems, both at the microscopic and macroscopic
levels, are naturally considered, see e.g. [18,21,24,35,39,47]. A first motivation for the introduc-
tion of (centralized) controls is the incompleteness of the concept of self-organization. In fact,
for a population of interacting particles/agents, global coordination or pattern formation is not a
priori guaranteed and the intervention of a central planner on the dynamics could promote these
mechanisms: this leads to the definition of multi-agent control problems. A further motivation is
the analysis of interacting rational agents with similar optimization goals. In this case, the mean
field approach consists in approximating a large number of agents with a single representative
individual, whose aim is to solve a control problem constrained to a field equation (encoding
the averaged behavior of the population). The mean field term influences both the dynamics and
the cost functional. Whether the representative agent can or cannot influence the mean field term
depends on the model under consideration. The interested reader is referred to the books [6,16]
for a detailed description of various aspects of mean field models.

In the present paper we study different formulations of multi-agent optimal control problems,
that we denote respectively with Lagrangian, Eulerian and Kantorovich as well as the corre-
sponding limit theory.

As already mentioned above, multi-agent optimal control, also known in literature as cen-
tralized optimal control of Vlasov dynamics, represents non-standard optimal control problems
where each individual is influenced by the averaged behavior of all the others and the central
planner aims at minimizing a cost functional which depends on the distribution of all the agents.

A large effort has been devoted in the last years to extend results of classical optimal control
theory to the mean field setting, with a particular attention to the measure-formulation of the
problems in Wasserstein spaces. In this direction, let us mention [11,48] for necessary conditions
for optimality in the form of a Pontryagin maximum principle, [21] for a generalized version
of dynamic programming, [10] for the study of differential inclusions and the contribution [39]
for the analysis of necessary and sufficient conditions for optimality in the form of a Hamilton-
Jacobi-Bellman equation in the Wasserstein space.

Lagrangian, Eulerian and Kantorovich refer to different points of view that can be adopted
to study the dynamics of the problems. The Lagrangian and Eulerian terminologies come from
fluid-dynamics and they have been recently adopted in the theory of optimal transport, from
which we also took inspiration for the Kantorovich formulation. In general terms, the Lagrangian
approach consists in labeling each particle and following the corresponding trajectory. The Eule-
rian description, on the other hand, aims at measuring the velocity of particles flowing at a point
at a fixed time. In this paper we introduce a further point of view, that we name Kantorovich in
analogy with the Kantorovich extension of Monge problem (in the same spirit, see also [1,3,5]).
The Kantorovich formulation turns out to be fundamental in connecting the Lagrangian and Eu-
lerian points of view and it is based on the representation of solutions of the continuity equation
provided by the superposition principle (see e.g. [3, Theorem 8.2.1] or [7, Theorem 5.8]).

Limit theory refers instead to the question of connecting optimal control problems with a finite
number of agents with the infinite dimensional description given by a continuum of players. The
study of interacting particle systems becomes intractable when the population is very large and, in
many circumstances, the connection with a limit (mean field) approximation heavily simplifies
the study. For this reason, many results concerning asymptotic behavior when the size of the
system grows have been developed in the literature, both from the theoretical and applicative
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point of view. Even if mean field approximations are mainly proved in the uncontrolled stochastic
setting, some applications to deterministic models can be found e.g. in [44] and [25]. Concerning
the controlled case, an important effort has been directed to the case of mean field games (see
below for some references) but, to the best of our knowledge, only few rigorous results for
deterministic multi-agent systems can be found in the literature. Let us mention [35], [34] for
Gamma-convergence techniques under different assumptions on the controls and velocity fields,
and [22] for an extension when distance constraints among the agents are imposed.

The analysis we develop here aims at providing a unifying framework for the study of deter-
ministic multi-agent optimal control problems and surely benefits from the connections with the
theory of optimal transport. This is more evident when dealing with a measure-formulation of the
problem, where a non-local continuity equation is guiding the dynamics, or with the Kantorovich
description, where a superposed measure in the space of continuous paths selects the trajectories
of the system. Another source of inspiration is the theory of Young measures, classically used in
control theory, which plays a crucial role in the description of relaxed problems.

Apart from its theoretical interest, we trust the present investigation could serve as a founding
step into a general treatment of optimality conditions in the rapidly-growing context of Wasser-
stein spaces. Within this context a major role is played by the Hamilton-Jacobi-Bellman (HJB)
equations in the space of probability measures, for which different notions of solution have been
already proposed in the literature. We think that the analysis of HIB equation could benefit from
the equivalence results and the limit theory developed here and we leave it to future investiga-
tion. Let us just briefly mention some contributions in this direction: a general analysis in metric
setting can be found in [2,36], see also [37] for the particular choice of the Wasserstein space.
Viscosity solutions for HIB are studied e.g. in [14,23] for the case of random differential games
and in [39] for multi-agent systems.

Let us finally report on the stochastic counterpart of the theory (that we do not treat herein)
and make some further comments on the connections with mean field games.

Stochastic counterpart. In the stochastic setting, mean field behavior of interacting particles
systems is classically referred to as propagation of chaos. The literature on the subject is far too
vast to be discussed here and the interested reader is referred to Sznitman’s Saint-Flour lectures
[53] for a beautiful treatment of the subject and to the references in e.g. [29,45] for some of the
more recent developments.

Concerning stochastic control problems, a rigorous consistency result for controlled McKean-
Vlasov dynamics has been obtained by Lacker in [40] using martingale problems and relaxation.
It is interesting to notice that the result contained in [40] allows also for degenerate diffusion.
Further extensions have been pursued in [29], where a common noise is also introduced, and in
[27] where the state dynamics depends upon the joint distribution of state and control.

For what concerns equivalence results, to the best of our knowledge, the more general study
in the stochastic setting is formulated in [29]. There, the authors prove existence of optimal
controls and show the equivalence at the level of value functions of the so-called strong, weak (in
a probabilistic sense) and relaxed (Lagrangian) formulations of the stochastic control problems.
Notably, the results contained in [29] extend the ones in [40] to the far more general case of
common noise. Observe also that the equivalence between the weak and strong formulations has
a fundamental role in establishing a dynamic programming principle in [28]. Let us precise that
the results obtained in the stochastic setting [29,40], even in the case of degenerate noise, do not
subsume the ones investigated in the present manuscript neither in the equivalence part nor in
the study of the limit theory (see Remarks 8.3 and 9.12 for a more detailed comparison). Finally
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notice that the techniques adopted in the stochastic setting substantially differs from the ones
adopted in the present manuscript. The analysis and techniques we develop here, surely benefits
of the genuine deterministic evolutions of the control systems. This permits a more general and
neater description of both equivalences and consistency results.

To conclude, let us just remark on a possible application of deterministic convergence results
to the study of limit behavior of uncontrolled stochastic particle systems. The idea stems from the
link between Gamma-convergence and large deviations developed by Mariani in [43]. If a consis-
tency result for deterministic control problems is proved in terms of Gamma-convergence, then
it is possible to translate the I' — liminf and I" — lim sup inequalities in corresponding lower and
upper bound estimates for suitable associated stochastic systems. An example of this technique
is contained in [45] (see also [12] for a recent extension) where the limit theory developed in [34]
has been used to prove a large deviations principle for stochastic equations in the mean-field and
small-noise regime.

Connections with MFGs. The theory of Mean Field Games (MFGs), separately introduced
by Lasry and Lions [42] and Huang, Caines, Malhamé [38] aims at describing non-cooperative
indistinguishable players interacting through their empirical distribution. Opposed to Vlasov con-
trol problems, the optimization problem of each agent in mean field games leads to the notion
of Nash equilibrium for the system. Differences and similarities between centralized optimal
control of (McKean)-Vlasov dynamics and equilibria in MFGs are discussed in the literature,
see e.g. [17], [6] and [15]. For what concerns the limit of N-players differential games towards
the MFG system, a fundamental result was obtained in [13] via the so-called Master equation.
Among the various extensions of [13], let us mention the convergence of open and closed-loop
Nash equilibria to MFGs equilibria obtained respectively in [32] and [41]. The case of first-order
MFGs has been taken into account in [33].

We now briefly describe the various formulations of the optimal control problems we deal
with and we present the main results contained in the paper.

To improve the readability of the introduction, we just sketch the essential features of the
problems, omitting the details and heavily simplifying the setting and theorems whenever pos-
sible. Precise statements are given in the forthcoming sections. Throughout the paper we use
interchangeably the terms particles/agents as they differ only in view of the different applica-
tions.

Lagrangian formulation (L). The Lagrangian formulation has a probabilistic flavor and it is
built upon a probability space (€2, ‘B, ) which acts as a parametrization space for the particles.
More precisely, given a finite time horizon T > 0 and a (compact metric) space of control actions
U, the controlled dynamics X : [0, T] x  — R is given by

1.1
X j—0(@) = Xo(@), (-1

!X,(w) = f( X/ (), us(w), (X;)3P), forae.te(0,7)
where the dependence of the vector field f on the measure (X;);P models the interaction among
particles and/or the interaction of the mass with the surrounding environment and it is usually
referred to as a mean field interaction.

A natural motivation for the introduction of a parametrization space comes from a large va-
riety of problems where a finite number of particles/agents are involved. In this case €2 can be
simply interpreted as a set of labels QN = {1,..., N}, with BN the associated algebra of parts
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and PV ({w}) = %, w=1,..., N, the normalized counting measure. Each particle is indistin-

guishable from the others and the interaction enters the system through the empirical measure
N .

N =130 8x, (@, with t € [0, T

Given Xg € L?(2; R), for p > 1, an admissible pair (X, u) € AL (Xp) for the Lagrangian
optimal control problem (L) consists in a measurable control  : [0, T] x £ — U and a solution
(in a suitable sense) of (1.1). Associated to the dynamics, the cost functional to be minimized has
the form

T
J(X,u) = / / C(X, (@), s (@), (X):P) di dP (@) + / Cr (X7 (@), (X7):P) dP (@),
Q0 Q

where the running cost C and the final cost C7 are non-local as they could depend on the measures
(X)4P and (X7):P.

The optimization of the cost functional among admissible pairs leads to the definition of the
so-called value function which, for the Lagrangian problem, can be written as

WL (Xo) :=inf{JL(X,u) : (X,u) € AL(X0)}. (1.2)

Let us notice that existence of optimal pairs (X, u) (for which the minimum is achieved in (1.2))
is not guaranteed in general. A counterexample for the Lagrangian problem, even in the relaxed
formulation, is given by the Wasserstein barycenter problem with suitable initial distribution (see
Section 8.3 for details). From a probabilistic point of view, the Lagrangian formulation can be
thought as a random optimal control problem in strong formulation, where the randomness is
encoded in the initial distribution of the dynamics. In this context, we do not consider stochastic
perturbation of the dynamics given e.g. from independent Brownian motions and/or common
noise.

Relaxed Lagrangian formulation (RL). A classical generalization of optimal control prob-
lems is the so called relaxed version, where controls are allowed to take values in the space of
probability measures o : [0, T] x @ — Z(U). This greatly enlarges the class of admissible pairs
(classical controls can be recovered choosing o :=§,, with u € U) and provides a convexifica-
tion of the problem under consideration. Indeed, the controlled trajectories satisfy the linear (in
the control action) dynamics

X/ (w) = / f(Xi(w), u, (X;)sP)doy o (u), forae.tel0,T]
U
Xji=o(@) = Xo(w),

with control o; o, := 0 (¢, w) € & (U). Furthermore, the cost functional takes the form

T
JrL(X, 0) ::///C(Xt(w)»u’(Xt)jP)dUt,w(“)dtd]P(w) +/CT(XT(w),(XT)ﬁP)d]P’(w),
Qo0U Q

with associated value function Vyy, : L? ($2; R9) — [0, +00) given by
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WRL(Xp) :=inf{JRL(X,0) : (X,0) € ArL(X0)}.

Relaxation is a fundamental concept in optimal control theory and has its roots in the theory of
Young measures. In Section 5 of the paper, we provide a detailed analysis of the relaxation pro-
cedure in the context of multi-agent systems, emphasizing its connections with the Lagrangian
problem. Of particular interest is the extension of a suitable version of the chattering theorem,
which permits to approximate the Relaxed Lagrangian formulation with a sequence of (not
relaxed) Lagrangian ones. This readily implies the equality of the respective value functions:
VRL(X0) = VL(X0) for any X € LP(Q; RY).

Let us finally notice that the Relaxed Lagrangian formulation is the prototype for the class
of control problems satisfying suitable Convexity Assumptions (see Assumption 3.4 below). In
this particular case, the control space is the convex space of measures &?(U), the dynamics is
affine in the controls and the cost functional is convex (actually linear). However, as already
observed before, this relaxation procedure is not sufficient to guarantee existence of minimizers
for a general optimal control problem (see Section 8.3). A further step in this direction is the
introduction of the Eulerian formulation of the problem.

Eulerian formulation (E). To simplify the presentation, here we suppose to directly deal with
relaxed controls, which are represented by a Borel measurable map o : [0, T] x R? — 2 (U):
this is fundamental to get existence of minimizers. Then, the evolution of the system is guided
by the following non-local Vlasov equation

3 pte +div () =0, in [0, T] x RY
MHt=0 = M0,

where the controlled vector field v depends on the evolving state itself and it is given by v;(x) :=
f y S (xsu, pe)doy x (u). Within this framework, the cost functional takes the form

T
Je(,0) :=///C(x,u,m)dar,x(u)dm(X)dt+/Cr(x,ur)dMT(X),
Rd

0 R4 U

and the value function Vg : &, (R?) — [0, 400) is given by

VE(o) :=inf{Jg(u, o) : (1, 0) € Ag(uo)}.

In the Eulerian description of the optimal control problem, the system can be described by
a curve of probability measures. This point of view is intimately connected with the theory of
optimal transport from which ideas and techniques are borrowed.

Kantorovich formulation (K). A somewhat intermediate formulation is given by the Kan-
torovich optimal control problem (in analogy to the Kantorovich formulation of the optimal
transport problem). This formulation has its roots in the representation of solutions of the con-
tinuity equation by superposition of continuous curves belonging to 'y := C([0, T]; R¢). An
admissible pair for the Kantorovich problem is given by (, 0) where n € &(I'r) is a proba-
bility measure on the space of continuous curves, and o : [0, T] x I'r — Z(U) is a relaxed
control. Furthermore, given pg € Z(R4) with finite p-moment, an admissible measure 5 has to
match the initial condition in the form (ep)zn = . Even more important, defining u; := (e;)1n
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for all t € [0, T'], n has to be concentrated on the set of absolutely continuous solutions of the
differential equation

y (1) =/f(y(t), u, py)doy ,, (1), for Lr-ae.t€[0,T].
U

This clearly links the Kantorovich formulation with the Eulerian one via the superposition prin-
ciple (see Theorem 2.5). The cost functional associated to the Kantorovich formulation is written
in the form

T
JK(.0) = / / / COy (), tg) oy () di () + / Cr (e, pr) dpur (),
U R4

r'r 0

where ' act as a parametrization space (as in the Lagrangian framework), but the minimization
involves measures 5§ € & (I'r) instead of trajectories, in line with the Kantorovich formulation
of the optimal transportation problem: j; = (e;)43 can be considered as a time dependent family
of marginals of 5. The associated value function is given by

Vk (o) := inf{Jx(n,0) : (n,0) € Ak (10)}-

Let us stress that, also in this setting, the choice of relaxed controls is sufficient to prove the
existence of minimizers.

Equivalence results. A natural question is whether the problems introduced above are some-
what related. One of the aims of the present paper is to prove equivalences among the various
formulations introduced above. At the level of the value functions, we can summarize the main
result in the following theorem (see Theorem 8.2 for a precise statement)

Theorem (equivalence). Let (2, B, P) be a Polish space such that P is without atoms. If Xo €
LP?(S2; RY), then

VL(X0) = VRL(X0) = VE((X0)3P) = VK ((X0):P).

The first step of the proof consists in the approximation of the Lagrangian problem by piece-
wise constant controls (see Theorem 4.17). This is possible whenever the probability space
(K2, B, P) under consideration satisfies a suitable finite approximation property (Definition 4.15),
which surely holds in the Polish framework. Once the piecewise approximation is established, we
are able to formulate a suitable version of the chattering theorem (see Theorem 5.6) where tra-
jectories, controls and cost functional of the Relaxed Lagrangian formulation are approximated
by the corresponding objects in the Lagrangian setting.

The comparison between the Lagrangian and Eulerian formulations (see Theorems 8.1, 8.2
and Section 8.1) is more delicate and it is achieved by exploiting the Kantorovich description
of the control problem on the space of curves I'7. The idea is to separately connect the Eule-
rian and Kantorovich descriptions (Theorem 7.3) and then the Kantorovich and Lagrangian ones
(Theorem 8.6).
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Starting from an admissible pair for the Eulerian problem, the application of the superposition
principle given in Theorem 2.5 easily provides a candidate admissible pair for the Kantorovich
problem paying the same cost (see the proof of Proposition 7.4 for details). Conversely, if a
pair (1, o) for the Kantorovich problem is given, the Eulerian control action can be obtained by
averaging with respect to a suitable disintegration of the measure 7 on curves, as it is shown in
the proof of Proposition 7.5.

For what concerns the Kantorovich/Lagrangian comparison, in Lemma 8.5 we firstly interpret
the Kantorovich problem as a Lagrangian one with parametrization space given by I'r, i.e. the
space of curves, and with trajectories given by the evaluation map. Due to the continuity of the
initial datum (i.e. the evaluation map egp), we then approximate controls with continuous ones (see
Proposition 4.22 for a general result in this direction) and finally we approximate the obtained
Lagrangian problem in I'r with Lagrangian ones which are set in a generic parametrization space
2, not necessarily the space I'r. A precise description of this technique is contained in the proof
of Theorem 8.6.

An immediate consequence of the equivalence theorem is the equality of the value functions
for different initial data, whenever the respective laws coincide (see Theorem 8.1). In fact, if
o = (Xo)zP = (X());P, then it holds that

VL(X0) = VL(Xp) (= VE(1o)).

A further consequence is the continuity of the value functions with respect to the initial data, see
Theorems 8.8 and 8.9 for precise statements.

Equivalence results between Lagrangian, Eulerian and Kantorovich formulations represent a
first step towards a general analysis of optimality conditions for multi-agents control systems. A
second step in this direction is the study of the corresponding limit theory.

Approximation by finite particle systems. We aim to provide a rigorous limit theory for
multi-agent optimal control problems both for the Lagrangian and Eulerian formulations. To do
it, we have to define appropriate discrete versions of the two formulations. The N-particle La-
grangian control problem LY simply relies on the choice of @V = {1, ..., N} as parametrization
space. On the other hand, a genuine discrete Eulerian problem EV requires the introduction of
a constraint on the number of particles (see Definition 9.1), precisely an admissible trajectory u
satisfies u; € 2V (R?), where

N
1
PYRY ={pu= I Z&xi for some x; € RY } .
i=1

The discrete Eulerian and Lagrangian control problems L" and EV turn out to be equivalent (see
Theorem 9.3) in the sense that

Vv (Xo) = Vn (X0)¢PY),  forany Xo € LP(QY; RY). (1.3)
Note that this is not a direct consequence of the general equivalence result given above, where
the reference probability measure P was required to be without atoms. To prove the equality
in (1.3) we derive a discrete formulation of the superposition principle for empirical probability

measures (see Theorem C.1) that we believe might be of interest in itself.
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Once the equivalence at the level of N-particle systems is established, we derive Gamma-
convergence results respectively for the Lagrangian and Eulerian problems as the number of
particles diverges (see Propositions 9.9 and 9.14). A major consequence is contained in the fol-
lowing theorem (see Theorem 9.13 for a detailed description).

Theorem. Let (2, B, P) be a Polish space such that P is without atoms. Assume that the Con-
vexity Assumption 3.4 holds.

o IfXoe LP(Q;RY) and X} : @V — R, N € N, satisfy X)) — Xoas N — +00 (see (9.10)),
then

lim Vv (X)) = ViL(Xo).
N—+o00
o Ifup€ @,,(Rd) and uév e ZNR?), N e N, satisfy Wp(uév, o) = 0as N — 400, then
. Ny
lim Vv (g ) = VE(o).
N——4o00
e Moreover, if(X(})V)nIP’N = ;LS] it holds that

. Ny _
NETOO Vv (Xg ) = Ve(ro)-

Notice that the usual mixed Lagrangian-Eulerian consistency in the third item is a simple
byproduct of the equivalence in (1.3).

Structure of the paper. The paper is organized as follows. In Section 2 we fix the notation
and present some preliminary material. We start by revising some properties of Borel probability
measures and we recall a refined version of the Skorohod representation theorem. We further
provide some material on optimal transport, Wasserstein spaces and we present the classical
superposition principle. Finally, we discuss the disintegration theorem and give some properties
of Young measures.

Section 3 contains our standing hypotheses, divided into two sets: the Basic Assumptions
and the Convexity Assumptions. The first ones require compactness of the metrizable space of
controls and Lipschitz continuity of the velocity field with respect to the state and the mass
distribution. The cost functional has to be continuous and to satisfy a polynomial growth condi-
tion. The convexity assumptions impose convexity of the control set and of the cost functional
(with respect to controls). Furthermore, the dynamics has to be affine with respect to the control
actions. The relaxed setting is the guiding example of the convex case.

In Section 4 we present and study the Lagrangian optimal control problem. In particular, we
exhibit two different approximation procedures: the first one by piecewise constant controls and
the second one by continuous controls and trajectories.

The Relaxed Lagrangian problem is defined in Section 5, where its representation as a La-
grangian problem in the lifted space of measures is also discussed. We prove the equivalence
between Lagrangian and Relaxed Lagrangian formulations of the control problem by approxi-
mating relaxed controls with (non-relaxed) ones in the sense of Young convergence. This pro-
cedure, known as chattering theorem, exploits the approximation by piecewise constant controls
developed in the Lagrangian setting.
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Section 6 contains the definition and properties of the Eulerian control problem. Under the
convexity Assumptions we are able to prove existence of minimizers for the control problem via
a direct method.

In Section 7 we introduce the Kantorovich problem and we prove its equivalence with the
Eulerian one under the convexity assumptions.

The main equivalence results are contained in Section 8. Exploiting the Kantorovich formula-
tion, we firstly show the equality between value functions of Lagrangian and Eulerian problems
under the Convexity Assumptions. The general case is then obtained by interpreting the Relaxed
Lagrangian as a (convex) Lagrangian problem in the space of probability measures. As a conse-
quence, we also get the continuity of the value functions, with respect to the initial condition, for
the various formulations. In Subsection 8.3 we discuss the possible non-existence of minimizers
for the Lagrangian and Relaxed Lagrangian problems. This is not guaranteed, if the initial con-
dition is assigned, even under the Convexity Assumptions. We produce a counterexample to the
existence of minimizers given by the Wasserstein barycenter problem.

Section 9 contains all the material regarding finite particle problems and the respective limit
theory. We define a discrete version of the Eulerian control problem imposing a constraint on
the number of particles. To connect the Eulerian and Lagrangian formulations in the N-particle
case we introduce a Feedback Lagrangian control problem, where control actions are indeed
in feedback form, and we make use of the already mentioned discrete superposition principle. A
Gamma-convergence result both for the Lagrangian and Eulerian formulations is then established
as the number of particles tends to infinity. We finally conclude proving the convergence of the
associated value functions.

The appendix contains various technical tools. In particular, in Appendix C we state and prove
the superposition principle for the evolution of empirical measures.

2. Preliminaries and notations

We list here the main notation.

#A the cardinality of a set A;
ix() the identity function on a set X, iy : X — X defined by ix (x) = x;
La() the characteristic function of A C X,

Lp: X —>Rdefinedby La(x)=1ifxeA, La(x)=0ifx € X\ A;
(S,B) measurable space S with o-algebra B;
(S, Bs) topological space S with Borel o -algebra Bg;
M(X;Y) the set of measurable functions from the measurable space X
to the measurable space Y
B(X;Y) the set of Borel measurable functions from the topological space X
to the topological space Y;
cX;Y) the set of continuous functions from the topological space X
to the topological space Y;
Ce(X;Y)  the set of continuous compactly supported functions from the topological space X
to the topological space Y;
Cp(X;Y) the set of continuous bounded functions from the topological space X
to the metric space Y;
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ACP([0,T]; X) the set of absolutely continuous functions from [0, 7] to the metric space X
with metric derivative in L? ([0, T]; R);

Ir the set of continuous curves from [0, T'] to RY ie., 'r=C(0,T], Rd);
et the evaluation map at time r € [0, T], ¢; : ' — RY defined bye:(y)=y(@);
P(X) the set of probability measures on the measurable space X;
N (Rd) the set of empirical probability measures on R defined in (9.2);
mp () the p-th moment of a probability measure u € 2 (RY), defined by
mp () = (fra 117 du())"/?;
rep the push-forward of the measure yu € & (X) by the measurable map r € M(X; Y);
JTRRY the product measure of u € #(X) and v € Z(Y);
7t the i-th projection map 7i: X1 X -+ x Xy — X; defined by ni(xl, C XN) =X
mhd the (i, j)-th p_rgjection map A X x o x Xy — Xj X X
defined by 7"/ (x1, ..., xn) = (x;, X);
Wp (e, v) the p-Wasserstein distance between p and v (see Definition 2.2);
Z, (RY) the metric space of the elements in &?(X) with finite p-moment,
endowed with the p-Wasserstein distance;
Lr the normalized Lebesgue measure restricted to the interval [0, T'],

ie. L7 = +LL[0,T].
2.1. Borel probability measures

Let (S, B) be a measurable space. When S is a Polish topological space, we will implicitly
assume that B coincides with the Borel o-algebra By of S. We say that (S, *B) is a standard
Borel space if it is isomorphic (as a measurable space) to a Borel subset of a complete and
separable metric space; equivalently, one can find a Polish topology t on S such that 8 = Bs ).

If (E, %) is another measurable space, we denote by M(S; E) the set of measurable functions
from S to E. If S is a topological space we denote with B(S; E) the set of Borel measurable
functions. Z2(S) is the set of probability measures on S; when S is a Polish space (and B = By)
we will endow & (S) with the weak (Polish) topology induced by the duality with the continuous
and bounded functions of Cp(S) := Cp(S; R).

Given u € Z(S) andr : S — E ameasurable map, we define the push forward of  throughr,
denoted by rzpu € P (E), by ryu(B) 1= w(r~1(B)) for all measurable sets B € B (the o-algebra
on E), or equivalently,

/ FOre) du(x) = / FO)drau(y).
S E

for every positive, or ryu-integrable, function f : E — R.
Given another measurable space Z, u € #(S),andr : S — E, s : E — Z measurable maps, the
following composition rule holds

(sor)su =sz(rpp). 2.1

Moreover, if r : § — E is a continuous map (with respect to suitable Polish topologies in S and
E) then ry : Z(S) — Z(E) is continuous as well.

The following proposition generalizes to some extent the classical Skorohod representation
Theorem, see e.g. [9, Theorem 6.7]. For a (more general) result and the proof we refer to [8,
Theorems 3.1 and 3.2].
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Proposition 2.1. Let (2, B, IP) be a probability space such that P is without atoms and let S be
a Polish space.

(i) If ve P(S), then there exists a measurable map X : Q — S such that X:P = v.
(ii) If v, v € P(S) with v — v weakly, then there exist measurable maps X", X : Q — S,
n € N, such that XgIP’ =", X3P =v and X" (0) - X () for P-a.e. v € Q.

Notice that, when (€2, *B, IP) is a standard Borel space, t a Polish topology on 2 such that
B = B(q,r), then the maps X and X" in Proposition 2.1 are Borel measurable. A particular and
significant case occurs when we choose (€2, 8, P) = ([0, 1], B, L), with B the Borel o -algebra
and £ the Lebesgue measure restricted to [0, 1].

If m € 2(S) and E is a separable Banach space, we denote by L%, (S; E) the space of (the
equivalence classes of) m-measurable functions f : S — E such that f s If P dm(x) < +o00.
Since E is separable, the notions of weak and strong measurability coincide. We will often adopt
the notation L?(S; E) in place of L%, (S; E) when the measure m is clear from the context.

We say that a sequence of measurable functions u, € M(S; E) converges in m-measure to u €
M(S; E) if

Ve>0, lim m({xeS: lun(x)—u@)|>e})=0. 2.2)

n——+00

If u, take values in a compact subset U of E, u, € M(S; U), the convergence of u, to u €
M(S; U) in m-measure is equivalent to the convergence of u, to u in L?P(S; E) for every p €
[1, +00).

Given (S, d) a metric space and p € [1, +00], we say that a curve y : [0, T] — S belongs to
ACP([0, TT; S) if there exists m € LP (0, T'; R) such that

%)

Ay (1), v (1)) s/m(s)ds, Vi, e[0,T], i < b,

3
2.2. The Wasserstein metric and the Superposition Principle

We provide a brief collection of the main notions on optimal transport and Wasserstein dis-
tance, addressing the reader to [3,51,55].

Given u € Z(R%) and p > 1, we define the p-moment of u by
1/p

my () = /le"du(X)
d

We define ﬁp(Rd) ={pne 2RI : m,(u) < +oo}. The set QZP(R") can be metrized by the
following distance.

Definition 2.2 (Wasserstein distance). Let p > 1. Given 1, 2 € &) (R?), we define the p-
Wasserstein distance between 1 and py by setting
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1/p

Wy (i1, 12) := | min / |x1 —x2|P dy (x1,x2) : y € T(11, 12) , (2.3)
R4 xR4

where the set of admissible transport plans T'(1, o) is given by
o d dy. 1. _ 2.
C(er, pn2) -—[V € Z(RY xRY): nﬁy—m,nﬁy—u«z},
with 7/ : RY x R? — R9, 7 (x!, x?) = x', the projection operator, i = 1, 2.

By the previous definitions, given a measurable space Q2 and P € £(Q), it follows immedi-
ately that for any Z € L?(; R9), we have pu = ZyP e Qp(Rd) and

my(p) = ”Z”LP(Q;RJ)’ 24

moreover
Wp(ZiP. ZiP) <I|Z' = 22| oqrey.  VZ'.Z% € LP(:RY). 2.5)

The space @P(Rd ) endowed with the p-Wasserstein metric W), is a complete and separable
metric space.

The existence of a minimizer in (2.3) can be proved by the direct method in Calculus of
Variations. When the measure 11 is absolutely continuous with respect to Lebesgue measure £¢
on R?, the minimizer y is unique and it is concentrated on the graph of a map, y = (iga, T)z 1,
where iga is the identity map of R? and T is a minimizer in the Monge transport problem

inf /|x = S)IPdp1(x) @ Sgpr =2 g - (2.6)
R4

The Wasserstein distance has the following characterization, known as Benamou-Brenier for-
mula:

1
W} (1o, w1) = min //Ivz(X)lpdm(X)dt:(u,v)ECE, =0 = Mo, =1 =1 ¢, (2.7)
0 R4

where
CE = { (. v) 1 1 € C(0, TT; 2, RD), v € L7 (0, 1] x RY; sy @ dr)
such that 9, u; + div(v; ;) = 0 in the sense of distributions ]

Notice that the minimizers are the constant speed geodesics joining o to (1, i.€. {07 }s¢[0,1] such
that g = 10, 01 = 1 and Wy (o, o5) = [t — s| W (1o, 1) for any ¢, s € [0, 1].
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We recall the following definition as in [34, Definition 2.2].

Definition 2.3. We say that ¢ : [0, 400) — [0, 400) is an admissible function if ¥ (0) =0, ¥ is

strictly convex and of class C! with ¥'(0) = 0, superlinear at +00, i.e., lim, s 4 oo @ =400,
and doubling, i.e., there exists A > 0 such that
Yv(2r) <A1+ ¢ (r)) foranyr € [0, +00).
We observe that an admissible function i satisfies
ry' () < AQ+ 9 (),  VYrel0, +o0). 2.8)

The following result provides equivalent conditions for the convergence in the space &, (RY)
and the characterization of compactness.

Proposition 2.4. Let {11, },eN € &) (R?) and 11 € Z, (RY), the following assertions are equiv-
alent:

(1) lim Wp(n, 1) =0;
(2) wn weakly converges to p and mp () — mp () as n — +00;

(3) nEToo/w(x) du,(x) = /go(x) du(x), for every continuous function ¢ : R¢ — R s.t.
R4 R4
lp()] < C(1 +|x|7) for any x € RY,;
(4) wn weakly converges to | and there exists \ : [0, +00) — [0, +00) admissible, according
to Definition 2.3, such that

sup/l/f(lxl”)dun(x) < +o0. (2.9)
neN
Rd

Moreover, a family % C &), (R?) is relatively compact if and only if there exists an admissible
Sfunction ¥ : [0, +00) — [0, 400) such that

sup [ ¥ (x|P)dp(x) < +oc. (2.10)
ME%]R(I

The proof can be carried on using [3, Lemma 5.1.7, Proposition 7.1.5]. Concerning the impli-
cation (2) to (4), it follows by De la Vallée Poussin and Dunford-Pettis theorems together with
[34, Lemma 2.3] for the admissibility property.

The following representation result for the (absolutely continuous) solutions of the con-
tinuity equation will play a key role in the sequel (see [3, Theorem 8.2.1]). We denote by
I'r =C(0, T]; ]Rd) the Banach space of the continuous functions, endowed with the sup norm.
We denote by ¢, : 't — R4 the evaluation map at time ¢ € [0, T'] defined by e;(y) := y(¢). We
say that n € Z(I'r) is concentrated on a set B if n(I'7 \ B) =0.
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Theorem 2.5 (Superposition principle). Let p > 1. Let i = {us}se0,71 € C([0, TT; 22, (R%)) be
a distributional solution of the continuity equation d;uu; + div(v; ;) = 0 for a Borel vector field
v:[0, T] x R¢ — RY satisfying

T

//Ivt(x)l”dut(x)dt<+oo. 2.11)
0 R4

Then there exists a probability measure y € & (U'r) such that

(i) e = (er)ym for everyt €[0,T];
(ii) n is concentrated on the set of curves y € ACP ([0, T]; RY) satisfying

y (@) =v(y(@)), for L7-a.e.t €[0,T].

Conversely, given n € &(I'r) satisfying item (ii) and (2.11) with w; := (e;)sn for every t €
[0, T'], then (u,v) is a distributional solution of 9;j4; + div(v: ;) = 0.

In Theorem C.1 in Appendix C, we prove a version of the superposition principle in the
discrete setting.

2.3. Disintegration and Young measures

Let S and S be Polish spaces. We say that a map x € S — u, € Z(S) is a Borel map if
X = wx(A) is a Borel map for any open set A C S.

Ifxe St u, € Z(S)is aBorel map and A € Z(S) we define the measure uy @ L € Z(S)
by

(nx ® 1)(A) := /MX(A) da(x)

N

for any Borel set A C S. Equivalently

/ 0 d(r ®1)(2) = / / 0(2) djas (2) dA(x)
S S S

for any bounded Borel function ¢ : S — R.
We state the following disintegration result (see for instance [3, Section 5.3]).

Theorem 2.6 (Disintegration). Let S and S be Polish spaces. Let u € &(S) andr : S — S
a Borel map. Then there exists a Borel measurable family of probability measures {{ix}xes C
P(S), uniquely defined for rypi-a.e. x € S, such that py (S \r~1(x)) =0 for rgp-a.e. x € S, and
U=y ® (ryu). In particular, for any bounded Borel map ¢ : S — R we have

/ o) du(z) = / / (@) it (2) d(ra0) (3. (2.12)
S S r—1(x)
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Remark 2.7. A typical case is given by S = § x Y, where Y is a Polish space, and r = 7!,

Since (71)7!(x) = {x} x ¥ for all x € S, we identify each measure 11, € (S x Y), which is
concentrated in {x} x Y, with a measure u, € Z2(Y). With this identification, the formula (2.12)
takes the form

/ o(x, ) du(x, y) = / / o0, y) i (0) d(rep) (x). 2.13)
S Y

SxY

Let T and S be Polish spaces, A € Z2(T) and E be a Banach space. We say thath : T xS — E
is a Carathéodory function if

for A-ae. teT, x = h(t, x) is continuous,

Vxes, t — h(t, x) is A-measurable.

Let us now recall the definition of Young measure (see [7,20]) and an important density result
which will turn out to be a crucial tool in our treatment.

Definition 2.8. Let T and S be Polish spaces and A € &(T'). We say that v € (T x §) is a
Young measureon T x S if nﬁl v = A. Furthermore given v", v € Z(T x §) Young measures, we

say that v" % vasn— +ooif

lim h(z,u) V" (t,u) = /h(r,u)dv(r,u),

n—+00
TxS TxS

forany 2 : T x § — R Carathéodory and bounded.

Remark 2.9. Let T, S be Polish spaces, A € Z(T) and v", v Young measures on T x S. Then

V" B v in the sense of Definition 2.8 if and only if v — v weakly. One implication follows
immediately from the definitions, while the other comes from [54, Theorem 7] (see also [20]).

We also recall that weak convergence in £ ([0, T] x S) is induced by a distance §. When S is
compact, we can choose as § any Wasserstein distance on Z([0, T'] x S).

To any Borel map u : T — § we can associate the Young measure v := (i, u)sA, which is
concentrated on the graph of u. In this case, v can be written as v = §,(;) ® A and, using the
disintegration Theorem 2.6, we have that v; = §,,() for A-a.e. T € T. Given a Young measure v,
in general the disintegration v; of v w.r.t. A is not of the form §,(r) on a set of A positive measure,
for some u : T — §. The following classical Lemma states that the Young measures induced by
maps are “dense”, in the set of Young measures, provided A is non atomic. We say that a measure
r e Z(T) is non atomic if A({r}) =0 forany t € T.

Lemma 2.10 (see [20, Theorem 2.2.3]). Let T and S be Polish spaces and ) € Z(T) non

atomic. If v e P(T x S) is a Young measure, then there exists a sequence of Borel maps
u" : T — S such that

V=G, u")gh AN v=1; Q.

284



G. Cavagnari, S. Lisini, C. Orrieri et al. Journal of Differential Equations 322 (2022) 268-364

Precisely,

n——+00

lim h(z,u" (7))dr(T) = //h(l’, u) dvy (u) dr(7), (2.14)
T T S
forevery h: T x S — R Carathéodory and bounded.
3. Structural assumptions for the dynamics of the optimal control problems

In this section we collect our main structural assumptions on the system S = (U, f,C,Cr)
characterizing the dynamics and the cost of the control problems under study, where U is the
space of controls, f is the vector field driving the particles motion, C and Cr are the running and

terminal cost functionals.
We fix p € [1, +00) and denote by d,, the following metric on RY x Z, (RY):

1
dp (. ), (o) = (= yI7 + Wh () /7.
Assumption 3.1 (Basic Assumption). We assume that the system S := (U, f, C, Cr) satisfies:
(A.1) U is a compact metrizable space;

(A2) f:RIxUx Z, (R9) — R is continuous and Lipschitz continuous w.r.t. the metric d,
uniformly in 4 € U. Precisely, there exists L > 0 such that

[f (e u, ) — f(y,u,v) < Ldp((x, @), (y,v)), 3.1
for every u € U and (x, 1), (y,v) € R x 2,(R9).
(A3) C:RY x U x Z,(R?) — [0, 4+00) and Cr : RY x 2,(R?) — [0, +00) are continuous

functions such that

Clx,u, ) <D (14 |x|” + mp(w)) Y (x,u, 1) € R x U x 2,(RY) 32
Crx,w) D (1+[x17 +mp(w)) V(xR x 2,RY, '
for some D > 0.
Remark 3.2. From Assumption 3.1 it holds

|f G u, )| < C (14 ]x] +mp(p), V(x,u,p) eRYx U x Z,RY,  (3.3)

for some C > 0. Indeed, it is sufficient to choose (y,v) = (0,8g) in (3.1) and observe that
f(0,u, 8) is bounded and W, (i, 8o) = mp (u).

Concerning item (A.1) of Assumption 3.1, let us recall the following result.
Proposition 3.3. If U is compact metrizable space then, for every distance dy inducing the
original topology of U, there exists a separable Banach space V and an isometry j : U — V. In

particular, the image j(U) is a compact subset of V.
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Proof. Fix a point ug € U and consider the Banach space B := {F € Lip(U) : F(ug) = 0} en-
dowed with the norm

. |F(u) — F(v)]
|Fllp:= sup ———.
u,vel,u#v dy (u,v)

Denoting by B’ the dual space of B, we define the map j: U — B’ by (j(u), F)p g := F(u).
By the definition of dual norm, it is immediate to check that

1j@) —jWllp =dy(u,v), VYu,velU

On the other hand, evaluating (j (u) — j (v), F) g p With F(z) := dy(z, u) —dy (u, up), we obtain
that

Ij ) — jW)llp =dy(u,v),

so that j is an isometry from U to j(U) C B’. We eventually set V := span(j(U))B , which is a
separable Banach space since U, and therefore j(U), is separable. O

When specified, we will assume the following further hypothesis.

Assumption 3.4 (Convexity Assumption). We say that S = (U, f, C, Cr) satisfies the convexity
assumption if S satisfies Assumption 3.1 and

(C.1) U is a compact convex subset of a separable Banach space V;
(C.2) forany x € R and p € Z, (R%), the map u — f(x, u, n) satisfies the affinity condition:

fx,ou+ (1 —a)v,w)=af(x,u,u) + (1 —a)f(x,v,n), Yu,veU, Vae]l0,1];
(C.3) forany x e R? and u € P, (R?) the map u — C(x, u, i) is convex:
Cx,au+ (1 —a)v,u) <aClx,u,u)+ A —-a)C(x,v,un), Yu,velU, Vael0,1].
3.1. The relaxed setting
For later use, we define a so-called relaxation/lifting of S as follows.

Definition 3.5. Given the system S = (U, f, C, Cr) satisfying Assumption 3.1, we define S’ =
(U, F,%,%r) as follows:

G % :=2WU);
(i) F:RYx U x Z,(R?Y) — RY with

F(x,0,1) :=/f(x,u,u)d0(u);
U
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(iii) € :RY x % x 2,(R?) — [0, +00) with
C(x,0,n):= /C(x, u, )do (u).
U

(iV) ch = CT.

Proposition 3.6. If S = (U, f,C, Cr) satisfies Assumption 3.1, then its relaxation S’ = (% , F,
€, Cr), given in Definition 3.5, satisfies the Convexity Assumption 3.4. Moreover, defining Dy :=
{8y :u €U} C U, the maps F and € restricted to RY x Dy x Z, (R?) coincide with f and C
respectively.

Proof. The space % := Z(U) can be identified with a subset of the dual space B’, where
B is the Banach space B := {F € Lip(U) : F(ug) = 0 for some up € U}. The identification is
given associating to o € & (U) the continuous linear functional F f y F(u)do(u). With this
identification, the norm in &2 (U) is given by

loll=  sup /F(u)da(u).

FeB,|Flp=1
U

By the Kantorovich-Rubinstein Theorem (see e.g. [55, Theorem 1.14]) it holds that ||o|| =
Wi (o, 8y,) and lo! — 62| = Wi(a!, o2). Hence, the topology on Z(U) induced by B’ co-
incides with the topology induced by the Wasserstein distance W;. Since U is compact, this
coincides with the topology induced by the weak convergence. By Prokhorov Theorem, & (U)
is compact. Finally, (Z(U), || - ||) is a separable Banach space thanks to the separability of the
(complete) metric space (£ (U), W1). The convexity of %, the affinity of .% and the convexity
of € with respect to o easily follows from their definitions. O

4. Lagrangian optimal control problem

In this section we deal with a (finite-horizon) optimal control problem in Lagrangian formu-
lation. It relies on a system S = (U, f, C, Cr) satisfying Assumptions 3.1 and on a probability
space (2, 2B, IP), whose elements act as parameters of the particles. We also fix a final time hori-
zon T > 0 and we denote with Lebyg, 7] the o -algebra of Lebesgue measurable sets on [0, 7'] and
with L7 the normalized Lebesgue measure restricted to [0, T]. Recall that M([0, T] x ©; U)
denotes the set of measurable functions with respect to the product o -algebra Lebjg 71 ® 5.

Definition 4.1 (Lagrangian optimal control problem (L)). Let S := (U, f,C,Cr) satisfy As-
sumption 3.1 and let (€2, B, IP) be a probability space.
Given Xg € L?(2; R?), we say that (X, u) € Ay (Xo) if

(1) ueM(0,T] x Q;U);
(i) X € LP(Q2: ACP ([0, T]: R?)) and for P-ae. w € Q, X (w) is a solution of the following
Cauchy problem
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{X,(a)) = f(Xi(w), u;(w), (X;)3P), for Lr-ae.te(0,T) @1

X|i=0(w) = Xo(w),

where X, : @ — R is defined by X;(w) := X (t, w) for P-a.e. w € Q.

We refer to (X, u) € Ar,(Xo) as to an admissible pair, with X a trajectory and u a control.
We define the cost functional Jy, : L?(2; C([0, T']; Rd)) x M([0, T] x @; U) — [0, +00), by

T
JL(X, u) 3://C(Xt(w)»”t(w)v(Xt)ﬁP)dth(w)+/CT(XT(CU)7(XT)I:]P))dP(CU)a
Q0 Q

and the value function Vi, : L? (€2; R?) — [0, +00) by

WL (Xo) :=inf{JL(X,u) : (X,u) € AL(X0)}. “4.2)

In the following, L(€2, B, IP; S) denotes the Lagrangian problem given in Definition 4.1. We
will frequently shorten the notation to L(€2, B, P) when the system S is clear from the context.

Remark 4.2. Observe that, thanks to condition (3.2), the functional Jj, is finite. Moreover, from
Proposition 4.8 below it follows that Ay, (Xo) # @, for any Xg € L?(L2; R?), and so the value
function V1, is well defined. We point out that existence of minimizers for the Lagrangian prob-
lem is not guaranteed in general, even under the Convexity Assumption 3.4. This will be further
discussed in Section 8.3.

Remark 4.3.In view of Proposition A.3 in Appendix A, we will frequently identify X €
LP(2; ACP([0, T]; R9)) and X € ACP ([0, T]; L”(S2; R?)), depending on the convenience.

Let us introduce a suitable equivalence relation among Lagrangian problems when the
parametrization space is varying.

Definition 4.4 (Equivalence of Lagrangian problems). Let S := (U, f,C,Cr) satisfy As-
sumption 3.1. Let (21,81, Py) and (£2;, B2, P») be probability spaces. We say that L :=
L(21,B1,P1;S) and L, :=L(2>, B3, P; S) are equivalent (and we write L; ~ L) if

(i) for every X} € LP(Q1;RY) and every (X!, u') € Ay, (X]}) there exist X} € LP(Q2; RY)
and (X2, u?) € Ar, (Xé) such that

J (XY uty =, (X2 u?), Vi, (X3) = Vi, (X3);

(i1) for every X(% € LP(2: R?) and every (X%, u?) € ALZ(X(%) there exist Xé € LP(Q; RY)
and (X', ul) € AL, (X(l)) such that

JL, (X2 u?) = I (X uby, Vi, (X3) = Vi, (X)).
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Remark 4.5. The relation ~ of Definition 4.4 is an equivalence relation on the set of Lagrangian
problems {L(£2, B, P) : (2, B, P) probability space}.

Proposition 4.6. Let S := (U, f,C,Cr) satisfy Assumption 3.1. Let (21,B1,P1) and
(22, B3, Py) be probability spaces. Suppose there exist measurable maps  : Q1 — Qp and
¢ : Qo — Qq such that Y3 IPy =P, ¢¢IPr =P and

VX) e LP(Q;RY) it holds X = X, opoyr; 4.3)
V X3 € LP(Q2; RY) it holds X5 = X} oy o ¢. (4.4)

Then L(21, B1, P13 S) ~ L(S2, B, P2 S).
The proof of Proposition 4.6 is postponed to Appendix A.2.
Remark 4.7.

(1) Notice that the assumptions of Proposition 4.6 are satisfied if there exists a bijective function
¥ : Q1 — Q) such that ¢ and ¥ ~! are measurable and Y¢IP1 = IP,. Indeed, it suffices to
choose ¢ = ¢~ 1.

(2) Proposition 4.6 still holds when the maps ¥ and ¢ are defined up to sets of null measure,
meaning that

Vi \N = 0 \N, ¢ \M - Q1\N
for some N € 9B such that P; (NV7) = 0 and NV, € B, such that P,(N3) = 0.
4.1. Basic results

Here we state some properties of the Lagrangian problem. For detailed proofs, we refer to
Appendix A.2. In particular, we show existence and uniqueness of solutions, a priori estimates,
compactness for the associated laws and we derive a stability result for trajectories and cost when
initial data and control converge in a suitable sense.

Proposition 4.8 (Existence and uniqueness). Let S := (U, f,C, Cr) satisfy Assumption 3.1 and
(2,98, P) be a probability space. Let Xo € LP(R; RY) and u € M([0,T] x Q;U) be given.
Then there exists a unique X € LP(2; ACP([0, T, Rd)) such that (X, u) € Ar,(Xo). Moreover,
if (X', u') e AL(Xo), i =1,2, and u' = u? L7 @ P-a.e., then X' = X2.

Proposition 4.9 (A priori estimates). Let S := (U, f,C,Cr) satisfy Assumption 3.1 and
(22,8, P) be a probability space. Let Xo € LP(2;R?) and (X, u) € AL(Xo). Then there ex-
ist C and Ct independent of u and X such that

sup | X¢llzr(@:ray < T (”XO”LP(Q;Rd) + CT) ) 4.5
te€[0,T]
1X; — XS”LP(Q;Rd) <Crlt—s| (1 + ||X0||Lp(Q;Rd)) Vs, tel0,T], (4.6)
sup |X;(@)] < e“T (1Xo(@)| + Cr(1+ IXoll Lo o.rey)) . forP-ae weQ. (4.7)
te€[0,T]
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In the following Lemma, we derive a compactness result for the laws of Lagrangian trajecto-
ries, when the initial data belong to a compact subset of L?(£2; R%).

Lemma 4.10. Let S := (U, f,C,Cr) satisfy Assumption 3.1 and (2,8, P) be a probability
space. Let K C LP(Q; R4 ) compact. Then the set

Kk = {1 € ACQ0. T); Z,RM) : = (X):P, (X.w) € AL(Xo), Xoe K| (48)
is relatively compact in C([0, T1; &, (R%)).
Proof. Let {11"},cn C Kk be asequence. By definition, there exist (X", u") € AL(X(), Xj € K
such that 1, = (X;)zP for all ¢ € [0, T]. Since sup,cn 1 Xl Lr:re) < +00, by the estlmate
(4.7) there exists a constant C > 0 such that

X! (@)|? < C(1+|Xi(@)|?), VneN,Viel0,T], for P-ae. we Q. 4.9)

Since K is compact in L?(2; ]Rd), there exists an admissible  : [0, +00) — [0, +00), accord-
ing to Definition 2.3, such that

sup/Ip(ng(a))W)d]P’(a)) < +o00.
neN
Q

By the doubling and monotonicity property of i and (4.9) we have
V(X! @)P) <C(1+ ¢y (X @), ¥YneN,Viel0,T], forP-ae we L,

and then

sup /I/f(IX"(w)I”)dJP’(w)<+oo
1€[0,T],neN

that can be rewritten as

sup /W(lep)dut (x) < +o0.

€[0,T] neN

By Proposition 2.4 there exists a compact % C &2, (R?) such that uy € & forany t €[0,T]
andn € N.
Moreover, by (4.6) and the boundedness of || X || Lr(9:R4) there exists C > 0 such that

Wy (s 1) < IX0 = X2l 1o qumey < Cli —sl,  Vs,1€[0,T], VneN.
We can thus apply Ascoli-Arzela theorem in C([0, T']; &, (R%)) to conclude. O
We conclude the subsection proving a first stability result for the Lagrangian problem.
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Proposition 4.11 (Stability for L). Let S := (U, f,C, Cr) satisfy Assumption 3.1 and (2,8, P)
be a probability space. Let Xo € L?(S:; RY) and (X,u) € Ar(Xo). Let Xi € LP(%2; RY) be
a sequence such that | Xg — Xollprq:ra) = 0, as n — +oo. If (X", u") € AL(Xp), for any
neN, andu" — uin L7 ® P-measure as n — +00, then

sup || X} — X¢llpp:rey = 0,  asn— +o00, (4.10)
t€l0,T]
and
X" u") = JL(X,u), asn— +oo. 4.11)

Proposition 4.12 (Upper semicontinuity of the value function). Let S := (U, f,C,Cr) satisfy
Assumption 3.1 and (2,8, P) be a probability space. If X, Xo € L?(Q; R?) satisfy 1 Xo —
Xollpr(@:rey = 0 as n — +o0, then

lim sup Vi.(Xp) < VL(Xo).

n——+00

4.2. Approximation by piecewise constant controls

In this subsection, we approximate admissible controls for the Lagrangian problem with a
sequence of suitable piecewise constant controls (i.e. measurable with respect to finite algebras
of Q) so that the corresponding trajectories and costs converge. This is the content of Theo-
rem 4.17. The same result is then rephrased in the context of finite particle approximations in
Proposition 4.18.

Let (2, B, P) be a probability space with B a finite algebra. It can be shown that B induces
a unique minimal (with respect to the inclusion) partition of €2, that we denote by

PEB)={Ar:k=1,...,m}. (4.12)

Given a topological space E, observe t_hat, since B is finite, g € M((£2, E_B); (E, Bg)) if and only
if g is constant on the elements of P(B).
Let us give the following definition.

Definition 4.13. Let (2,8, P) be a probability space With_E_B a finite algebra and P(B) the
associated unique minimal partition (4.12). Given m := #P(*5), we define the probability space
(Qm, S(Q™), P™), where Q™ :={1,...,m}, S(R™) is the algebra generated by ({1}, ...{m})
and P ({k}) :=P(Ap), k=1,...,m.
Proposition 4.14. Let S := (U, f,C,Cr) satisfy Assumption 3.1. Let (S, __, P) and
("M, S(Q™M), P™) as in Definition 4.13. Then the Lagrangian problems Lg :=L(R2, B, P) and
L™ :=L(Q™, S(Q™), P™) are equivalent in the sense of Definition 4.4.
Proof. Let ¢ : 2 — Q™ the function given by

Y(w)=k, ifweAr, k=1,....,m
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and ¢ : Q" — Q defined by

ok)=wr, k=1,...,m,

for a fixed wix € Ar. We prove that the maps y and ¢ satisfy the assumptions of Proposition 4.6.
Measurability of the map v follows from the fact that ¥~ ! ({k}) = A for any k =1,...,m,
while the measurability of ¢ is trivial since Q™ is equipped with the algebra S(2™). Moreover,
it is immediate to verify that i o ¢ = ign, which implies (4.3). We have to verify (4.4): given
Xo € LP(€2: R?), we have that X is constant on the elements Ay of the partition P(B), hence
it easily follows that Xo = X o ¢ o ¥. Let us verify that y4yIP =P™: forany k =1, ..., m, we
have (y:P)({k}) = Py~ ({k})) = P(Ax) = P™({k}). Finally, we verify that ¢;P" =P for
any measurable function g : 2 — R, recalling that g is piecewise constant on the elements of
P(B), we have

/ g(@) d(@sP™) () = / (@) dP" (k) = > g(@)P(Ar)

Q Qm k=1

=/g(a))dIP’(a)). O

Q

We recall the notation Bjg, 7 for the Borel o-algebra on [0, T'].

Definition 4.15. [Finite Approximation Property] Let (2, 8, IP) be a probability space. We say
that the family of finite algebras B" C B, n € N, satisfies the finite approximation property if
for any Banach space E the following properties are satisfied:

e forany g € L]%,(SZ; E), there exists a sequence g” : 2 — E such that

(i) g" is ®B"-measurable for any n € N;
(i) g"(2) cco(g(L2)), where co (g(€2)) denotes the closed convex hull of g(2);
(iii) [|g" — g||L%P,(Q;E) — 0, as n — +00;

e for any G :[0,T] x Q — E, (Bjo, 7] ® B)-measurable, with g;(-) := G(z,-) € L]IP,(Q; E)
for any ¢ € [0, T'], there exists a sequence G" : [0, T] x Q@ — E such that, defined g/'(-) :=
G"(t,-) for any t € [0, T], we have

(iv) g} satisfies items (i), (ii), (iii) w.r.t. g; and G" are (Bjo,7] ® B")-measurable for any
neN.

Proposition 4.16. Ler (2, B, IP) be a standard Borel space.

(1) Then there exists a family of finite algebras B" C B, n € N, satisfying the finite approxima-
tion property of Definition 4.15.

(2) If P is without atoms, then there exists a family 8" C B, n € N, satisfying the finite ap-
proximation property of Definition 4.15 such that the associated minimal partition P (5") =
{AZ :k=1,...,n} contains exactly n elements and
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1
n b

P(A}) = k=1,...,n. (4.13)

The proof of Proposition 4.16 is postponed in Appendix D. Results similar to item (1) of
Proposition 4.16 can be found in [52, Theorem 6.1.12], where a martingale approach is em-
ployed.

Theorem 4.17 (Approximation by piecewise constant controls for L). Let S := (U, f,C,Cr)
satisfy Assumption 3.1 with U a convex compact subset of a separable Banach space V.
Let (2,8, P) be a probability space and assume that there exists {8"},cN satisfying the fi-
nite approximation property of Definition 4.15. Let Xo € LP(Q2;R?) and (X, u) € AL(Xo).
If {Xghen C LP(Q2;RY) satisfies X0 — XollLr:ray — O, then there exists a sequence
(X", u") € AL(X() such that

(1) u" is (B, 1) ® B")-measurable;

(2) u" > uin (Lt @ P)-measure, as n — +00;

(3) sup;epo, 71 1X7 — Xellpp(@:ray = 0, as n — +00;
(4) JL(X", u™) — J(X,u), as n — +o0.

Moreover, ifXS is B -measurable, n € N, then X} is B"-measurable for any t € [0, T'].

Proof. For any ¢ € [0, T'], we denote with u, : 2 — U the measurable control function u at
time . Forany n e N and ¢ € [0, T'] let u} : 2 — U be the B"-measurable approximation of u,
given by Definition 4.15. By the convexity of U and its compactness, from the Property (ii) of
Definition 4.15 it follows that u} (2) C U. Defining u" (t, ) := u} (w), thanks to the Property (iv)
of Definition 4.15, we have that u" is (Bjo,7] ® 8" )-measurable. By Proposition 4.8 we have the
existence of X" with (X", u") € AL(Xy).

From the compactness of U and the dominated convergence theorem it follows that |[u" —
ullprqo.r1xe:vy = 0, as n — +oo. Consequently, (2) holds. Properties (3) and (4) follow by
Proposition 4.11. O

In the following, we reformulate the approximation result of Theorem 4.17 with the lan-
guage of particles. Let (2,8, P) be a probability space and 8" a finite algebra, n € N. De-
note with P(B8") :={A} : k=1,...,k(n)} the associated unique minimal partition and define
(QKM  S(Qkm)y Pk by

QKW =11, k(m)), SQMy.=o{1},... (k)

ko) . 4.14)
PV ({k}) :=P(AY), k=1,..., k).
In order to approximate trajectories, controls and costs of a Lagrangian problem L = L(<2, B, P)
with the respective quantities in LFW = L(Qk™W  S(QkM) Pk we introduce, for every n €
N, the maps ¥", ¢ and K". This is necessary due to the fact that the trajectories are not defined
on the same space.
For every n € N, we denote with ¢", ¢" the maps

U QW y )=k, ifweA?, k=1,... kn);

(4.15)
P QKW Q. @) =wf, k=1,...,k(n), forafixed ] € AL
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Moreover, for every n € N, we introduce the map K" : L”(Qk("); C(0,TY; Rd)) x M([0, T'] x
QKM Uy — LP((Q, B", P); C([0, T1; RY) x M([0, T] x €; U) given by

K'Y, v):= (Y oy, D),

(4.16)
where (t, w) :=v(t, ¥y (w)), V(¢ w) el0,T]x Q.
Proposition 4.18. Let S := (U, f, C, Cr) satisfy Assumption 3.1 with U a convex compact subset
of a separable Banach space V. Let (2,8, IP) and be a probability space and assume that there
exists {B"},eN satisfying the finite approximation property of Definition 4.15. For every n € N,
let (QFMW | S(QKMY Pk s jn (4.14).
Let X € LP (2 RY) and (X, u) € AL(Xo). If Y} € LP(QK™W; R?), n € N, satisfies

. n n _
lim 1Y 09" — XollLoomey =0,
then there exists a sequence (Y",v") € A; xm (Yy)) such that

(1) K"(Y",v") — (X, u) in C([0, T]; LP(L2; ]Rd)) x LY([0, T] x Q: V), as n —> +00;
(2) Jpro (Y™, 0") = JL(X, u), as n — +00.

Proof. For every n € N, by Proposition 4.14 it holds that Lez» ~ L*® in the sense of Def-
inition 4.4. Thanks to Proposition A.3 we have that X € ACP ([0, T]; L?(Q2; R%)), hence we
conclude applying Theorem 4.17. Since U is compact, recall that the convergence u”" — u €
L'([0, T] x Q; V) is equivalent to the convergence in (L7 ® P)-measure. [

Remark 4.19. If (2,8, P) is a standard Borel space, the existence of a sequence of finite al-
gebras B”" is guaranteed by item (1) in Proposition 4.16. Moreover, if P is without atoms, it
is possible to choose B”" s.t. #B" = n and satisfying the property (4.13) given in item (2) in
Proposition 4.16.

Notice that the assumption P without atoms is necessary to get a sequence of B” with the
property (4.13). Indeed, if there exists wg € 2 such that P ({wp}) = o > 0, then for n € N big
enough the property (4.13) fails.

4.3. Approximation by continuous controls and trajectories

The objective of the subsection is twofold. In Proposition 4.2 1, under continuity assumptions
on both the initial datum and the control, we exhibit a stability result for a Lagrangian problem
L(£2,‘B, P) when P is approximated by a sequence of probability measures P”. Then, in The-
orem 4.22 we approximate admissible controls with continuous controls so that the associated
trajectories are continuous as well and the associated costs converge. These results are useful to
prove the equivalence between Lagrangian and Eulerian optimal control problems (see the proof
of Theorem 8.6).

Throughout the section, we assume that

(2, B, IP) standard Borel space, T a Polish topology on €2 such that 8 = B(q ). 4.17)
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In the following regularity result, we prove the existence of a continuous trajectory for the La-
grangian dynamics whenever both the initial datum and the control are continuous.

Lemma 4.20 (Continuity). Let S := (U, f,C, CT) satisfy Assumption 3.1 and let (2,83, P)
satisfy (4.17). Let Xo € C(;RY) such that Xo € LP(Q;RY) and u € C([0,T] x ; U). If
(X, u) € AL(Xo) and Wy = (X;)4P then there exists a unique X eC([0,T] x ; RY) satisfying
forany w € Q

Jj(;(w)=f(5{z(w),uz(w)7ﬂz)7 Vie@©.T) (4.18)
Xji=0(®) = Xo(®).

Moreover, f(, (w) = Xt (w) for everyt € [0, T] and P-a.e. w € Q.

Proof. For any w € 2, there exists a unique solution X (@) € CL([0, TT; RY) of (4.18) thanks

to the Lipschitz assumptions on the vector field f. Since u, (i4s):cf0,7] and X, are fixed, the

solutions of (4.1) and (4.18) coincide, hence X, (w) = Xi(w) forany ¢ € [0, T], for P-a.e. w € 2.
Denoting with X: [0, T] x © — R¥ the function X (t,w) = X +(w), we prove the continuity

of X. We fix (t,w) € [0,T] x Q, and a sequence (t,, w,) € [0, T] x Q converging to (¢, w) as

n — +o0. By triangular inequality,

1 X, (@n) — X (@) < | Xy, (@n) — Xy, (@) + X, (@) — Xi(0)].

The second term is estimated by

n
%00~ K@) = [ [FE@.n@. 0| ds
t

Concerning the first term,

1X, (0n) — X, ()] < [ Xo(wn) — Xo(w)|

+ / £ Re@n)us@n), 1) = f (@), s @n), )] ds
0

+ / £ Ko@), @), 1) = £ (R (@), (@), )] ds
0

< |5fo<wn)—Xo<w>|+L/|5fs(wn)—Xs(wnds
T

+ [ om0 - FE @) @) 1) ds.
0
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By Gronwall lemma we have

T
1X,, (0n) — Xy, (@)] < 5T | | Xo(wn) — Xo(w)| + / Ry(wy, w)ds |,
0

where Ry (wy, ©) = | f(X(@), ug(@p), 1t5) — f(Xs(@), us(w), 1t5)
equalities we get

. Collecting the previous in-

T
X, (0n) — Xi ()] < "1 | [ Xo(wn) — Xo(w)] + / Ry (wy, ) ds
0
ty

+ / ’ f(X(@), us (@), ps)

t

ds.

By the continuity of X, the growth property (3.3) and the continuity of u we can pass to the
limit in the right hand side and we conclude. 0O

Proposition 4.21 (Stability for P). Let S := (U, f,C, Cr) satisfy Assumptionj.] and (2,8, P)
satisfying (4.17). Let P*, P € WQQ), n € N, such that P"* — P weakly. Let X9 € C(2; RY) and
u e C([0,T] x Q; U) such that Xo € [[,en Lpa (2 RD] N LY (2 RY) and

1Xoll 2, vy = I XollL2 @mey i 1 — +00. (4.19)
We denote by L :=L(22, B, P") and L .= L(Q, B, P).

Let (X,u) € AL(Xo) and (X", u) € Ay (Xo) and denote with X, X" € C([0, T] x Q; R4)
the corresponding solutions given in Lemma 4.20 associated with P and P", respectively. Then

sup X" (w) — X, (0)| = 0, asn — 400, (4.20)
(t,w)€[0,T]x R
Jin (X" u) — Ju (X, u), as n — +oo. 4.21)

Proof. We denote ) := (X)4P" and pu; 1= (X)) P.

Since Xo : Q@ — R9 is continuous, the weak convergence P" — P implies that ny =
()?o)nIP” — g = (f(o)tIP’ weakly and (4.19) guarantees m,(uy) — mp(up). Consequently,
by Proposition 2.4, it holds Wp(ug, o) — 0 as n — 400 and there exists an admissible
¥ 1 [0, 400) — [0, +00), according to Definition 2.3, such that

sup /w(|x|p) dpg(x) < +o0. 4.22)
neN
RY

Using the same argument of the proof of Lemma 4.10, thanks to the estimates (4.7) and (4.6)
there exist i € C([0, T]; &2, (R%)) and a (not relabeled) subsequence such that
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lim  sup Wp(uy, i) =0. (4.23)
n—>+oos€[0’T]

We define X € C([0, T] x Q: RY) through the system (4.18) using i, instead of u;, i.e., for
any w € 2, t — X (¢, w) is the solution of the problem

X,(@) = f (X (@), ur(@). fir), V1€ (,T)

. g (4.24)
Xjr=0(w) = Xo(w).

We show that

sup XM (w) — X, (@) = 0, as n — +00. (4.25)
(t,w)€[0,T]x 2

Indeed, for any w € Q and ¢ € [0, T'],

t

X7 (@) = X ()] s/\f(ff?(w),us(wm@ — [(Xs(@), u5(@), jis)
0
t

< [ (1)~ Ko@)+ Wy ) ds.
0

ds

and, by Gronwall inequality, we obtain

IX"(w) — X (@) < LTeET sup W, (u?, i),
s€[0,T]

which, by (4.23), proves_(4.2§). ~

We have to show that X = X. We first prove that i, = (X;);PP. By the uniform convergence
(4.25), the continuity of X, and the weak convergence P — P, we obtain that (see [3, Lemma
5.2.1])

/¢(?~(?(w))dﬂ””(w)—> /¢(5(z(w))dIP’(w), Vo € Cp(R*; R).
Q Q

Since / ¢>()~(;’ (w)) dP"(w) = / ¢ (x)dut (x), by the uniqueness of the weak limit we obtain
Q

Rd
that i, = ()_(,)ﬁIP’. Then, X, (w) satisfies

(4.26)

??z(w) = f(?_{t(w),ut(w), (X):P), Vte(0,T)
Xji=0(®) = Xo(®).

By the uniqueness result of Proposition 4.8 and the definition of the Lagrangian problem, we
obtain that X; = X; in LI{;,(Q; R4) for any ¢ € [0, T']. In particular we have that ji; = u; for any
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t € [0, T]. It follows that the systems (4.24) and (4.18) are the same, and then X, (w) = X ()

for any (¢, w) € [0, T'] x 2. Finally, the convergence (4.20) follows by (4.25), because the limit

[ given by the compactness is uniquely determined and it is independent of the subsequence.
For what concerns (4.21), we first observe that

Jo (X" u) = Jpn (X" w),  Ju(X,u) = Ju(X, u).

We write the running cost as

[ [ecq@ . @

Q0
Q

+ / / C(X; (), ur(w), f1r) dt dP" (w).

(CRr @)@, 1) = CRi (@), s @), 1)) i dP” (@)

~ o\'\]

Q
=}

By (4.20) and the continuity of C, we have that (C(X" (W), ur(w), uy) — C(X; (), us(w), Mz)) —

0 uniformly on compact sets of [0, 7] x 2. By the weak convergence of P” towards P we con-
clude that

T

tim_ [ [ (6@ (@), 1)~ CCu0). (@), 1)) dr 4" () =

n—+00

Q 0

We have to prove that

T T
lim //C(f(t(a)),ut(a)),u,)dtd]P’"(a)) =//C(f(t(a)),ut(a)),ut)dtd]P’(a)). 4.27)
0

n—-+00
Q0

By (4.22), which can be rewritten as

SUP/w(Iio(w)lp)d]P’”(w) < +o00,
neN
Q

by estimate (4.7) and the doubling property of y» we get

sup Sup/w(lxr(w)lp)dw(w)<+oo
te[0,T1neN
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By the growth condition (3.2) and the doubling property of ¢ we obtain that the map (¢, w)
C(X; (), us(w), W) is uniformly integrable w.r.t. {L7 ® P"}, . Since this map is also continuous,
by [3, Lemma 5.1.7] we obtain (4.27).

Analogously one proves that

Jim [ er (@) ab@) = [ erGr). @, o
Q Q

Proposition 4.22 (Approximation by continuous controls). Let S := (U, f,C,Cr) satisfy As-
sumption 3.1 with U a convex compact subset of a separable Banach space V, and (L2, B, P)
satisfying (4.17). Let Xo € C(Q; RY) and u € M([0, T] x 2 U) such that Xo € L?(S2; RY). If
(X, u) € AL(Xo) then there exists a sequence (X", u") € AL(Xo) such that

(1) u" € C([0,T] x Q; U) and X" € C([0, T] x Q; RY) for any n € N;
(2) u"(t,w) — ul(t, w)for:(ET ® P)-a.e. (t,w) € [0,T] x Q; .
(3) hmn_>+oo SuptE[O’T] |X;l(a)) — Xl(a))l = Ofor P-ae we Q, limn_>+oo Supte[O’T] ”X;l —
p .
Xt ”L~]7(Q;Rd) = 0;
(4) (X", u") — (X, u), as n - —+oo.

Proof. Since u € M([0, T] x @; U), by Lusin’s theorem applied to the space [0, T'] x 2 with
the measure L7 ® P, there exists a sequence of compact subsets A, C [0, 7] x 2 such that
Ap CA1, LTRP(0, T x 2\ Ay) < % for every n € N and u|4, : A, — U is continuous.
Applying Dugundji’s extension theorem [30, Theorem 4.1] we can extend u|4, to a continuous
map u" : [0, T] x 2 — V such that u” ([0, T] x €2) is contained in the closed convex subset U
of V. Moreover, for (L7 @ P)-a.e. (¢, w) € [0, T] x 2 it holds that u”" (¢, w) — u(t, ®), thanks to
the convergence L7 @ P ([0, T] x 2\ A,) = 0as n — 4o00.

Thanks to Proposition 4.8 and Lemma 4.20, for any n € N there exists a unique X" e
C([0, T] x ©: RY) such that (X", u") € AL(Xo). Defining u} := (f({')ﬁ]P’, by Lemma 4.10 there
exists L € C([0,T]; &, (R?)) such that, up to subsequences,

sup W,(uy, i) = 0, as n — +00. (4.28)
1€[0,T]

For every w € Q we define X (w) as the unique solution to the problem

)i(,(a)) = f()_{t(w), ur(w), fiy), forae.t€(0,T)
X|i=0(w) = Xo(w).

Then for any (¢, w) € [0, T'] x 2 it holds
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t

X} (@) = X ()] 5/\f<>??(w),u;‘<w>,u?>—f()h(wxu;’(w),/:es) ds
0
t
+ / | f (X (@), u} (@), fis) — (X5 (@), ug(®), iLs)|ds (4.29)
0

t

<L / (1%2@) = o @)+ Wyl ) + Goo (4 (@), 1, (@) ) ds,
0

where G, (uf (@), us(@)) := \f()_fs(_w), ul (@), fiis) — f(Xs(@), us(®), iL)|. Since by (3.3) we
have G ., (u} (), us(®)) < C(1 + | X5(w)| + m(fLg)), by the convergence in item (2) we get
that
T
lir}: Gs.oWf (), us(w))ds =0, forP-ae. we. (4.30)
n——+0o0
0

By Gronwall inequality, from (4.29) we have

T
1% (@) = Xi(@)] < LT sup Wl i) + / Gool (@), us@)ds).  (431)
s€[0,T]
0

which, by (4.28) and (4.30), implies

lim  sup |X"(w) — X;(w)|=0, forP-ae weQ. (4.32)
n_>+°°te[O,T]

From (4.32) we have that u} weakly converges to ()_(t)ﬁIP’ and by (4.28) it follows that u, =
()_(,)ﬁ]P’ for any ¢ € [0, T']. By the definition of X and = ()_(,)ﬁ]P’ and by the uniqueness result
of Proposition 4.8, we obtain that X (w) = X;(w) for P-a.e. w €  and for any ¢ € [0, T]. The
first convergence in item (3) follows from (4.32), while the second convergence comes from the
first one and Proposition 4.9 through dominated convergence.

Finally, item (4) follows by the same argument as in the proof of Proposition4.11. O

5. Relaxed Lagrangian optimal control problem

In this Section we define a relaxed version of the Lagrangian problem analyzed in Section 4,
then we study its properties and its relation with the non-relaxed one.

Definition 5.1 (Relaxed Lagrangian optimal control problem (RL)). Let S := (U, f,C,Cr) sat-
isfy Assumption 3.1 and let (£2, B, P) be a probability space. Given X € L”(Q; R?), we say
that (X, o) € Arr(Xp) if

(i) o eM(0, T] x 2; Z(U));
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(i) X € LP(Q; ACP([0, T]; R?)) and for P-ae. w € Q, X (w) is a solution of the following
Cauchy problem

Xt(w)=/f(xt(w),u,(X,)tP)dat,w(u), for Lr-ae. 1 €10, T]
J (5.1)

Xji1=0(w) = Xo(w),

where X, : Q — R? is defined by X;(w) := X(t,w) for P-ae. w e Qand o7 ;=0 (t,w) €
ZU).

We refer to (X, u) € ARL(Xo) as to an admissible pair, with X a trajectory and o a relaxed
control.

We define the cost functional Jgyy, : LP(2; C([0, T]; R9)) x M([0, T] x ; £(U)) — [0, +00),
by

JRL(X, 0) ::/
Q

+

/C(X;(a)), u, (X¢)¢lP)doy,(u) dt dP (w)
U

Cr (X7 (@), (X7)pP) dP (),

O — "~~~

and the value function Vgy, : L? (S2; R?) — [0, +00) by

VRL(X0) :==inf{JRL(X,0) : (X,0) € ArL(X0)} . (5.2)

Remark 5.2. By Proposition 3.6 the Relaxed Lagrangian problem RL in S = (U, f,C,Cr) is
a particular Lagrangian convex problem L’ in the lifted space S’ = (%, #,%,Cr) defined in
Definition 3.5. In particular, the system (5.1) can be rewritten as

X, (@) = F (X,(0), 01 (), (X,):P), forae.te(0,T]
Xji=0(w) = Xo(®).

and the cost functional as

T
JrRL(X, 0) :=//C€(Xt(a)),a(t,w),(X,)ﬁ]P’)dth(a))+/CT(XT(a)),(XT)ﬁP)dP(a)).
0

Q Q

As a consequence, the results proved for the Lagrangian problem L also apply to the Relaxed
Lagrangian problem RL. We further point out that even in the relaxed Lagrangian setting, exis-
tence of minimizers is not guaranteed in general (see also Remark 4.2). We refer to Section 8.3
for a detailed discussion and in particular to Remark 8.11.
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5.1. Equivalence of L and RL. Chattering result

In this subsection we prove that the value functions for the Lagrangian and the Relaxed La-
grangian optimal control problems, set in the same parametrization space (€2, B, IP) and same
system S, coincide. Precisely, we aim at showing the following theorem whose proof is post-
poned at the end of the section.

Theorem 5.3. Let S := (U, f,C,Cr) satisfy Assumption 3.1 and (2,8, P) be a probability
space such that there exists {B"},cN satisfying the finite approximation property of Defini-
tion 4.15. If Xo € LP(S2; RY), then Vi.(Xo) = VrL(Xo).

The proof of Theorem 5.3 easily follows from the combination of Theorem 5.6 and Proposi-
tion 5.4 given below. Theorem 5.6 is a suitable extension of the classical (in optimal control the-
ory) chattering theorem which permits to approximate relaxed controls with piecewise-constant
controls.

Notice that Theorem 5.3 holds in particular if (€2, ®8, IP) is a standard Borel space thanks to
Proposition 4.16.

Let us start with the following proposition.

Proposition 5.4. Let S := (U, f,C,Cr) satisfy Assumption 3.1 and (2,8, P) be a probabil-
ity space. Let Xo € LP(S: R?). If (X,u) € AL(Xo), then, defining o :[0,T] x Q@ — ZU)
by o(t,w) = 8u¢1,0) we have (X,0) € ArL(Xo) and JL(X,u) = JrL(X,0). In particular
VRL (X0) < VL.(X0).

Proof. The result follows immediately by Proposition 3.6. 0O

Recall that if B is a finite algebra on Q and E is a Banach space, a function g : Q@ — E is
B-measurable if and only if g is constant on the elements of a partition of €2 contained in 5.

In the following proposition, given a piecewise constant relaxed control we approximate it
with a sequence of piecewise constant (non-relaxed) controls so that the associated trajectories
and costs converge.

Proposition 5.5. Let S := (U, f,C, Cr) satisfy Assumption 3.1 and (2,5, P) be a probability
space. Let X € LP(Q;RY), BCB a finite algebra, (X, o) € ArL(Xo) such that o is (Bjo,r1 ®
B)-measurable. Then there exists a sequence {(X™,u™)}neN C AL(X0) such that

(1) u™ are (Bjo,71 ® B)-measurable;

(2) forany w € 2, (ijo, 1], " (-, w))s+ LT X) Oy, Where o, =0 (t,w) @ L7 € Z([0,T] x U);
(3) sup;epo. 7y 1X3" — Xell Lo (:rey = 0 as m — +o00;
(4) JL(X"™, u™) — JrL(X, 0), as m — +o0.

Moreover, if X is B-measurable then X, X" are %-measumblefor anym e N andt €[0, T].
Proof. We fix the minimal (w.r.t. inclusion) partition associated to the finite algebra B that
we denote by P :={Ay:k=1,...n} C*B. Forany k =1, ...n we select w; € A and apply
Lemma 2.10 (with T = [0, T], S = U and A = L) to the measure v =0y, =0 (t,wr) ® LT €

302



G. Cavagnari, S. Lisini, C. Orrieri et al. Journal of Differential Equations 322 (2022) 268-364

Z([0,T] x U). This yields a sequence of Bjp,7j-measurable functions uf :[0,T] — U such
that

. Yy
(0,77, up (LT = 04y

Thus, we define u™ : [0, T] x Q — U setting u™ (t, w) := uj’ (¢) if @ € A;. By construction, the
function w — u™ (¢, w) is constant on Ay, for any k =1, ..., n. Furthermore, for any w € Q the
maps ¢t — u" (¢, w) are Bjp,r]-measurable. The sequence of controls u™ € M([0, T'] x €2) readily
satisfies items (1) and (2).

Given u™ constructed above, by Proposition 4.8 there exists a unique X™ € L?(Q2; ACP ([0, T];
R?)) such that (X", u™) € Ay (Xo). Thanks to Remark, 4.3 we interpret X" € AC? ([0, T];
LP(Q; R?)) and define u™ € ACP ([0, T1; Z,(RY)) by u := (X");P. By Lemma 4.10 there
exists a (non relabeled) subsequence u™ and i € C([0, T']; &) (R%)) such that

lim sup W,(u, i) = (5.3)

M=>004[0,T]
We define g : [0, T'] x R4 x U — R4 by

g(t1y7u) = f(y7u9/11)'

Selecting a representative X defined for every w € Q, let Y (w) € ACP ([0, T]; R?) be the
unique solution of the Cauchy problem

{Y’"(a)) =g(t, Y™(w), u"(t,w)), forae.te(0,T) 5

|t 0(“’) Xo(w).

For any w € , let also ¥ (w) € ACP ([0, T1]; R¥) be the unique solution of the Cauchy problem

Y (w) = / g(t, Yi(w), u)do; o, (u), forae.re(0,T)

i 5.5
Yji=0(w) = Xo(w).
Hence, by item (2) and assumptions (3.1) and (3.3) we can apply Lemma B.1 to obtain
lim sup |Ym(a)) Y (w)| =0, YoeQ. (5.6)

m%Jroote

Since (X™,u™) € Ay, (Xop), by definition of the Lagrangian problem, for P-a.e. w € Q X" (w) €
ACP ([0, T]; RY) and

X" () = f(X" (o), u" (), 1), forae.re(0,T)

5.7
|[ O(w) Xo(w). ©7)

Then
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t
Y/ (@) = X7 ()] E/If(Yf(w),um(S,w),/ls)—f(Xﬁ”(w),um(S,w),Mg”)ldS
0

t

<L / ([Y! (@) — XM (@)] + Wy (L5, 1)) ds
0

t
5L/|Y;"(w)—x;"(w)|ds+LT sup W (iLs, ui).
0 s€[0,T]

By Gronwall inequality we get

sup ¥/ (w) — X" (w)| < LTe"" sup W (fis, uh). (5.8)
1€[0,T] s€[0,T]

From (5.8), (5.3) and (5.6) it follows that

lim  sup |X/"(®)—Y(0)| =0, for P-a.e. w € Q. (5.9)
]

m—>+oot€[0’7~

By (5.9) it follows that u}" = (X/")z P — (¥;)zP weakly for any ¢ € [0, T'], and then, by (5.3),
it holds that fi; = (¥;)3P for any ¢ € [0, T]. Thus, thanks to (5.5) and the definition of g we
conclude that (Y, o) € Arr(Xp). Since (X, o) € ARy, (Xp), by the uniqueness result of Proposi-
tions 4.8 we have that Y = X and

lim  sup |X"(®) — X;()| =0,  forP-ae weQ. (5.10)

m—~+00 40,7

Finally, to prove item (3) it is enough to observe that

sup ||X;"—Xt||zp(Q;Rd)§/ sup | X/ (@) — X (@)|” dP (). (5.11)
1€[0,T] J ielo.)

By (5.9), and (4.7) we can pass to the limit in (5.11) by dominated convergence.

To prove item (4) we write

T T
//C(XT(w),ui"(w),ui”)dth(w)—///C(Xz(w),u,Mz)doz,w(u)dth(w)
Q0 0 U

Q

T
< / / COX (@), ul" (@), 1) — C(Xs (@), u" @), o) di | dP (@) 5.12)
Q 0

T
+/ /C(Xz(w),u'fl(w)»ﬂz)dt— / C(Xi(w),u, uy) dog(t,u) | dP(w)|.
0

Q [0,T1xU
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Since (5.10) holds, for P-a.e. w € €2, there exists a compact K, C R such that X" (w), X/ (w) €
K, for any m € N and ¢ € [0, T']. Analogously, by (5.3) there exists a compact K C @p(Rd)
such that )", u; € K forany m € N and ¢ € [0, T']. By Proposition 2.4 there exists an admissible
Y such that

sup_ sup / Y(X) (@) dP(@) = sup sup / V(I du' () < 400 (5.13)
te[O,T]meNQ t€[0,T] meN

By the continuity of C there exists a modulus of continuity «,, : [0, +00) — [0, +00) for the
restriction of C to the compact set K,, X U x K. Then, for P-a.e. w € €,

sup [C(X{" (@), uf" (@), pui") — C(X (@), uy" (@), pr)]
t€[0,T]

<au( sup (IX7"(@) — Xi(@)| + W, (uf", 111))).
tel0,T]

Taking into account the previous consideration together with (5.10), (5.3), the growth condition
(3.2) and (5.13), we obtain

/ /C(X,m(a)),u;”(a)),,u;")—C(X,(a)),u;”(a)),,u,)dt dP(w)| — 0.

For the second term in the right hand side of (5.12), for P-a.e. w € Q we define A, : [0, T]x U —
R by he(t, u) :=C(X;(w), u, (X;):P). Notice that h,, is continuous and bounded in [0, T'] x U,
hence from the Young convergence of item (2) we get

T

/hw(t, u' (w))dt — / he(t,u)do,(t,u)| — 0, for P-a.e. w € Q. (5.14)
0 [0,T]xU

From the growth assumptions (3.2) and dominated convergence theorem we obtain that

T
/ /C(Xt(a)),u;"(a)),m)dt— / C(Xi(w),u, ) doy(t,u) | dP(w)| — 0.

e \o [0,T1xU

Finally, thanks to (5.10) and (5.3) we also obtain that

lim /CT(X’%’(w), wr)dP(w) = /Cr(Xr(w), wur)dP(w).
m—400
Q Q
For what concerns the last statement, since X is %-measurable, (hence constant on the elements
of the partition P), the measurability of X" with respect to the algebra ‘B follows by uniqueness

of solutions to (5.7). The same argument also yields that X; is B-measurable. O
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Combining Theorem 4.17 and Proposition 4.11 applied to the Relaxed Lagrangian problem
RL, with Proposition 5.5, we can prove the following Theorem.

Theorem 5.6 (Chattering). Let S := (U, f,C,Cr) satisfy Assumption 3.1. Let (2,5, P) be a
probability space and {*8"},cN satisfying the finite approximation property of Definition 4.15.
Let Xo € LP(2; RY), (X, 0) € ArL(X0) and {X{},en C LP (2 RY), such that

||X8 — XO“LP(Q;Rd) e 0 asn — +oo. (515)

Then there exists a sequence {(f(”, ")} eN such that (X", 0" € AL(X}) for every n € N and
the following hold

(1) u" are (Bjo, 11 ® B")-measurable;

(2) for P-a.e. w € Q, (ijo,17, " (-, w))s LT 2) Oy, as N — +00, where o, :=0(t,w) LT €
P2(0,T] x U);

(3) sup;epo. 1y 1X7 — Xell Lo(@:ray = 0 as n — +o00;

(4) Ju(X", i) — JrL(X, 0), as n — +oc.

Moreover, ifX(')’ is B"-measurable, n € N, then )};’ is B"-measurable for any t € [0, T].

Proof. Let (X, 0) € ArL(X0) and {X{j},cn satisfying (5.15). Applying Theorem 4.17 to the re-
laxed problem RL (which is a Lagrangian problem in a lifted space as discussed in Remark 5.2),
there exists a sequence {(X",0")},eN such that (X", 0") € ArL(X{)) for every n € N. More-
over o are (Bjo,r] ® B")-measurable, 6" — o in (L7 ® P)-measure and, as a consequence,
we have that 0" (¢, w) — o (¢, w) weakly in Z(U) for L1 ® P-a.e. (¢, w), up to a non-relabeled
subsequence. Thus, by Remark 2.9, we get (up to a non-relabeled subsequence)

ol =0"(t,w)QLr EA Ow, for P-a.e. w € Q. (5.16)

By Proposition 5.5, for any fixed n € N, there exists a sequence {(Y""",u""")},eN C
AL(Xp), with ™™ (Bjo,r1 ® B")-measurable, such that

(i) forany w € 2, (ij0.77, u™" (-, 0))2L7 > 7, as m — +00;
(i) sup,cpo.71 1X) = Y"" | Lo(@.re) = 0. as m — 400;
(i) JL(Y™", u™™) = Jre (X", o™, as m — +o0.

Let us denote by P(5") :={A7,k=1,..., k(n)} the minimal (finite) partition induced by B".
Let also o)™ := (ijo,77, ™" (-, ®))s L1 and observe that the map w — o, is constant on the
elements of P". Then, if we select a representative wy € AZ forany k =1, ..., k(n), from item

(i) it follows that

li S(e™ ol y= i (™, oy = A7
B P, SO0 = B ST ) =0 6D

where § metrizes the Young convergence in [0, 7] x U. Recall that Young convergence is indeed
equivalent to the weak convergence in [0, T'] x U, see Remark 2.9.
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For any n € N, let m(n) be such that

1
sup X7 =¥l Ly quray < —
t€[0,T] n

1
|JL (Ym0 mmmy ey (X", 0| < -
and

1
sup 8(o£’m(”), ol < —.
weR n

Let us define X" := ymmm) | the control function & = u™™™ : [0, T] x € — U and o) =

o (if0,77, " (-, w))¢ L7 Notice that, by construction, (X", &") € Ar(XP).
Fix now ¢ > 0. By Theorem 4.17 there exists n, such that

sup || X7 — X¢llppray <&  Vn>ng,
1€[0.T]

and
[JRL(X",0") — JRL(X,0)| <&, Vn>n,.
Then, using the definition of X" and u", for any n > n, it holds

Ytn,m(n)

sup || X} — Xt”LP(Q;]Rd) = S[l(;pr] Il - X;Z”LP(Q;]Rd)
relo,

t€[0,T]

1
+ sup [X} — Xillpr Ry < = + &,
te[0,T] n

and
|JLX", i) = JRL(X, )| < [T ™™ ™) — Jri (X", 0™
1
+[JRL(X", 0") — JRL(X, 0)| < S te
If we send n — 400, items (3) and (4) follow by the arbitrariness of ¢ > 0.
It remains to show item (2). Fix again & > 0 and choose w € Q2 for which the convergence in
(5.16) holds. Then, there exists n.(w) > 0 such that
8(o,,00) <&, Vn>ng(w),
and
~n ~n n n 1
8(c,,,04) <8(0,,,0,) +8(0,,,04) < o +e, Vn>ng(w).

Sending n — 400 we getitem (2). O
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6. Eulerian optimal control problem

In this Section we describe the Eulerian formulation of the optimal control problem and we
study its properties under the Convexity Assumption 3.4. In particular, as stated in Theorem 6.8,
in this setting we get the existence of minimizers. Recall that B([0, T'] x R4: U) denotes the set
of Borel measurable functions.

Definition 6.1 (Eulerian optimal control problem (E)). Let S = (U, f,C, Cr) satisfy Assump-
tion 3.1. Given ug € @p(Rd), we say that (u, u) € Ag(uo) if

(i) ueB(0,T] x R% U);
(i) u e ACP([0,T]; &) (R%)) is a distributional solution of the Cauchy problem

{3,,&; + le (UZMI) = Oa in [0’ T] X Rd (61)

Mt=0 = 10,
where v € B([0, T] x R?; R?) is defined by v, (x) := f(x, u(t, x), us) and p; := u(z).

We refer to (u, u) € Ag(uo) as to an admissible pair, with u a measure trajectory and u a
Eulerian control.
We define the cost functional Jg : C([0, T1; &, (R9)) x B([0, T] x R%; U) — [0, +00) by

T

Je(uou) = / / Cr, (e, x). ) dpy (v) df + / Cr (e ur) dur (x),

0 R4 R4

and the value function Vg : ,(R%) — [0, +00) by

VE(1o) :=inf{Jg(u, u) : (n,u) € Ag(1o)}.

Remark 6.2. Notice that, given u € B([0, T] x R¢; U), u € C([0, T1; ,gzp(Rd)) and setting
v (x) ;= f(x, u(t, x), ut) as in Definition 6.1, we have

/Ivt(x)lpd,uz(x)=/If(x,z(l,x),/ir)lpdm(x)
R4 G

< 1+/|X|”duz(X) <C, Viel0,T]
Rd

for some constants C ,C > 0, thanks to the growth condition (3.3) and since u € C([0, T];
Z, (R%)). In particular, we get v € L?(0, T; Lﬁ, (R?: R9)). Thus, if p is also a distributional
solution of (6.1), then u € ACP([0,T1]; &, (R%)). Hence, in Definition 6.1(ii) we could have
just required u € C([0, T1; 22,(R%)).

Observe also that the functional Jg is finite thanks to the growth condition (3.2).
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Proposition 6.3. Let (1o € 2,(RY). Then Ag(j10) # 9.

Proof. Let us fix ug € U and define u(t,x) = ug for any (z,x) € [0, T] x R, Applying
Proposition 4.8 with Q = R, P = 1o, Xo(x) = x for any x € R? and u = u, there exists
X € LI, (RY; ACP ([0, T1; RY)) such that (X, u) € Ar(Xo). Defining s, := (X;)z0, from the
definition of the Lagrangian problem it holds

t
Xi(x)=x+ / f(Xs(x), ug, pus)ds, Vit €[0,T] and pp-a.e. x € RY. (6.2)
0

Furthermore, in view of Proposition A.3 we have that X € ACP ([0, T']; LZO (Rd; ]Rd)) and from
(2.5) we get Wy (s, ps) < 11Xy — X ”LZ (R4 Rd) for any t, s € [0, T']. This readily implies that
o R

uweACP([0,T1; @p(Rd)). If we define v; (x) := f(x, ug, i¢), it remains to show that y is a dis-
tributional solution of (6.1). This is a standard argument, in view of the fact that (6.2) represents
the system of characteristics of (6.1) (see e.g. [3, Lemma 8.1.6]). O

Remark 6.4. Given uo € &, (R?), general results granting the existence of solutions to the
Cauchy problem (6.1) are provided for instance in [45, Theorem A.2] when u € B([0, T] x
R?; U) is also a Carathéodory function.

Definition 6.5. Let U be a subset of a separable Banach space V, and denote with V' the dual
of V. Let (1", u™), (1, u) € C([0, T]; 2,(R?%)) x B([0, T] x R?; U). We say that (1", u") con-
verges to (i, u) if

e 1" converges to u in C([0, T']; sz(]Rd)),
e forany ¢ € C.([0, T] x RY; V') we have

T T
lim //<¢(I,X),£"(I,X)>du?(X)dt=//(¢(I,X),z(t,X))sz(X)dt- (6.3)

n—-+00
0 Rd 0 R4

Proposition 6.6 (Compactness). Let S = (U, f,C, Cr) satisfy the Convexity Assumption 3.4. Let
05 gy € @p(Rd) such that Wy (g, o) — 0, as n — +oo. If (1", u") € Ag(ug), n € N, then
there exist (L, u) € Ag(uno) and a subsequence (U, u"**) such that (u"*, u" ) converges to
(u,u), as k > 400, according to Definition 6.5.

Proof. Let (1", u") € Ag (). Since W), (115, o) — 0, by Proposition 2.4 it holds that

sup / [x[Pdpug(x) < 400 (6.4)
nENRd

and there exists an admissible i : [0, 4+00) — [0, +00), in the sense of Definition 2.3, such that

neN

sup /w(|x|p)d,u8(x) < 4o00. (6.5)
R4
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In order to apply Ascoli-Arzela Theorem to the sequence {1}, <N, we show that

sup sup /1/f(|x|1’)dul (x) < +o0 (6.6)
neN rel0, T]

and there exists a constant C such that

Wy, uf) <Clt—sl,  Vs,1€[0,T]. (6.7)

We start by estimating fRd |x|7du} (x). We formally use the map x — |x|” as a test func-
tion for the weak formulation of the continuity equation (a rigorous approach would require an
approximation of this map through cut-off functions, see [34, Section 5]). Defining v”" (¢, x) :=
fx,u(t,x), ut), using the growth condition on f given in (3.3) and Young inequality we ob-
tain that

t
/IXI”du?(x)S/ledeS(X)+p//Iv"(s,X)IIXI”_ldM?(X)dS

R4 R4 0 R4

/le”du (x)+Cp// + x| 4+ mp (D) [x]P~ dul (x) ds

0 R4

/|x|pdu0(x)+C//|x|pd,u (x)ds,

0 R4

for some C > 0 independent of n and ¢ € [0, T']. By Gronwall’s inequality and (6.4) we get that

sup sup /|x|pd,u (x) < +o0. (6.8)
neN te0, T]

Formally using the map x — 1 (|x|?) as a test function for the weak formulation of the continuity
equation, by the growth condition on f in (3.3) and the bound (6.8), we have

/w(IXI”)dM?(X)

/w(|x|f’>du0<x>+//|v (5, OV @ (%17 di (o) ds

0 R4

/lﬂ(IXI”)d/LO(X)+pC// (1 x| +mp(ed) ¥/ (1P P~ dpf (x) ds
0 R?
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/W(IXI”)dMO(X)JrCl// IXIP 1+|x|P)g/f(|x|P)duS(x)ds (6.9)
0 R

for some C; > 0 independent of n and ¢ € [0, T']. Notice that by the monotonicity of ¥’, denoting
by B the unitary ball of R¢, we have

/IXI” ll/f(IXI”)dus(X)</IXI” " (1 1P) dpaf () + / P (1x|17) dpeg (x)

By R4\ B,

sw/(l)+/|x|ﬂw//(|x|f’)du?(x>.

R4

By the previous inequality and (2.8), from (6.9) we get

/W(IXI”)dM (X)</1ﬂ(IXI”)dM0(x)+C2// L+ ¢ (1x17)) duf (x) ds

0 R4

for some C3 > 0 independent of n and ¢ € [0, T]. By Gronwall’s inequality and (6.5) we obtain
(6.6).

Using Benamou-Brenier formula (2.7), the growth condition on f in (3.3), for s, € [0, T],
s <t, it holds

t
WP ) < / / " (.01 Ayl ()dr
s Rd

t
< c// (14 11+ mp ()" dpeg (x)dr,
s R4

for some C > 0 independent of n, s and ¢. Using the bound (6.8) we obtain (6.7).

By Ascoli-Arzela theorem in &7, (R?) there exists nweC(0,T]; 2, (Rd)) and a subsequence
w"* (not relabeled) such that " — w in C([0, T1; &2, (R%)).

For what concerns the weak compactness of u” (in the sense of convergence (6.3)), we denote
by i" =ut @ Lr € ([0, T]x RYand i=u QL7 € @([O, T]x R%). From the convergence
of " to u it follows that @" — [ weakly Defining y" := (i|, T R, UMl € Z(([0, T] x
]Rd) x U), we observe that rrjy =n"e Z(0,T] x Rd) and rrﬁy = uﬁu € Z(U), where

00, TIxRIx U — [0, T] x RY is the projection on [0, 7] x Rand72:[0,TIxRYIx U —
U is the projection on U.

Since nﬁl y" weakly converges and U is compact, the families {nﬁ] y"}eN and {nl:zy”}neN are
tight. Thanks to [3, Lemma 5.2.2] it follows that {y"},,cN is tight and, by Prokhorov’s Theorem,
there exists y € Z2([0, T] x R? x U) and a subsequence y” (not relabeled) such that, y" — y
weakly, as n — 400.
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Let ¢ € C.([0, T] x RY; v’ ). Recalling that U is compact, using the continuous and bounded
test function (¢, x, u) — (¢ (¢, x), u), by the weak convergence of y" to y we have

T
//(¢(I,X),£"(t,X))dﬂ"(t,x)=

0 R4

; . (6.10)
:///(qb(t,x),u)dy”(t,x,u)—)/// (p(t,x),u)dy(t, x,u),

0 R U R U

as n — +o00. Using Theorem 2.6 (specifically Remark 2.7) and observing that nn]y =L, we

disintegrate y with respect to ! to get

T T
///((i)(t,X),u)dV(l,x,u):/// ¢ (t, x), u) dyy x (u) da(r, x).
RI U

0 R4 U 0

We define now u : [0, T] x R¢ — U by

u(t,x) :=/udyt‘x(u), V(t,x)€[0,T] x RY, 6.11)
U

where the integral in (6.11) is a Bochner integral. Since the map (¢, x) € [0, T'] x RY > Vix €
ZP(U) is a Borel map, then u € B([0, T'] x R¢; U). We call the map u the barycentric projection
of y with respect to nul y . Since the Bochner integral commutes with continuous linear function-

als, it holds
T T
///((Iﬁ(l,X),M)d%,x(u)d/l(t,X)=//((Iﬁ(t,X),z(t,X))d/i(t,X)-
0

Rd U 0 Rd

Using (6.10) we obtain the convergence of u” — u in the sense of (6.3).
In order to prove that (u, u) € Ag(rp) we show that (6.1) is satisfied. Let ¢ € Cg([O, T] x
R9). Since (1", u") € Ag (1), for every t € [0, T it holds

t
/(/)(t,X)du?(x) - /w(O,X)dMS(x) = / / (05p(s, x) + V" (5, x) - Voo (s, x)) duuf (x) ds.
R4 R4 0 R4
(6.12)
By the convergence u" — p in C([0,T]; &2, (R%)) we immediately pass to the limit, as n —
+00, in the left hand side of equation (6.12) as well as on the term fo Jra 059 (s, x) duff (x)ds.
Finally, let us rewrite
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t
//v"(s,x) -Vo(s, x)du} (x)ds

0 R4

t
=//f<x,z"<s,x>,u;’>-W(s,x)dug’(x)ds

0 R4
= / f(x,u,uz,’)-V(p(s,x)dyn(s,x,u)

[0,6]xRIxU

_ / (F Gty i) = £t 1)) - Vep(s. ) dy" (5. x, 0)

[0,/]xRIxU

+ / fx,u, pwg) - Vo(s, x)dy" (s, x, u).
[0,/]1xR4xU

By (3.1), the first term on the right hand side can be estimated by

/ (fCou, ) — f(x,u, pg), Vo(s, x))dy™ (s, x, u)
0,t]xRIxU
SL Sup W[?(/'Lfa I’Lr) / |Vg0(s,x)|d)/"(s,x,u)

rel0,T]
[0,/]xRIxU

=L sup WGl i) / Vs, )] dul (x) ds,
rel0,7T]
[0,1]x R4

which goes to zero as n — +oo by the convergence u”" — p in C([0, T1; &, (R%)). Hence

n—+00

0 R4

t
lim //v"(s,x)'V(p(s,x)d,u;’(x)ds

= lim / f O u, ) - Vo(t, x)dy" (s, x, u)

n——+00
[0,:]1xRxU

= / f(xﬂ"aﬂs)'VQD(t,x)dV(va’u),
[0,/]1xR4xU
by the weak convergence of y" to y. Recall that, by the Convexity Assumption 3.4, for any
(x,s) € R? x [0, T] the map u — f(x,u, us) is affine. Thus, using that y;  is a probability

measure, we have

313



G. Cavagnari, S. Lisini, C. Orrieri et al. Journal of Differential Equations 322 (2022) 268-364

/f(x,u,us)dys,x(u)=f x,/udys,x(u),us ,  for fi-ace. (s,x) € [0, T] x R?.
U U

Hence we get

/ /f(x,u, Ms)'VQO(Ssx)st,x(M)dﬂ(S,X)

[0,6]xR4 U

= / f x’/udyS,x(u)a Ms 'V(p(svx)dll(svx)

[0,1]xRd U
'
= / / f(x,uls, x), pg) - Vo(s, x) dpug (x) ds.
0 R4
Defining v(¢, x) := f(x, u(t, x), is), we have proved that

! !
lim //v"(s,x)~V(p(s,x)d,u?(x)ds://v(s,x)~V(p(s,x)d,us(x)ds

n——+00

0 Rd 0 Rd

and this concludes the proof. O

Proposition 6.7 (Lower semicontinuity for convex Jg). Let S = (U, f, C, Cr) satisfy the Convex-
ity Assumption 3.4. If (u", u™) converges to (i, u) according to Definition 6.5, then

liminf Jg (1", u") = Jg(n, w). (6.13)
n

—+00

Proof. Denoting by fi" = u}! ® L1 € Z([0,T] x RY) and i = pu; @ L7 € Z([0, T1 x R?), we
define y" := (ijo, r1xRra> w")zt" € ([0, T] x R?) x U). Reasoning as in the proof of Propo-
sition 6.6, we obtain that there exists y € Z2(([0, T] x R?) x U) such that nﬁly = [t and, up
to subsequences, y" — y weakly as n — +o00. Moreover, defining u,, by (6.11), up to subse-
quences, (1", u") converges to (i, u,) according to Definition 6.5. Then,

T
//(fﬁ(t,X),ﬂ(t,X))d/l(t,X)

0 R
T
=//(qﬁ(t,X),ﬁb(l,X)N/l(LX), V¢ e Co([0,T] x R V),
0 R4
which implies that u, (¢, x) = u(t, x) for ji-a.e. (t,x) € [0, T] x R,
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Let K C &, (R?) be a compact set containing u}, u; for any n € N and ¢ € [0, T]. Then,
for any compact K C R?, thanks to the continuity of C, there exists a modulus of continuity
a: [0, +00) = [0, +00) for the restriction of C to the compact set K x U x K so that

sup IC(x,u, ) — Clx,u, )| < a( sup Wp(uy, Mt)) —0 asn— +oo.
(t,x,u)el0,T]xK xU te[0,T]

Then, taking into account that C > 0, we get

T

liminf//C(x,g"(t,x),,uf)du?(x)dt

n——+00

0 R4

> liminf / Clx,u, uy)dy"(t, x, u)

n—+00
[0,T]xKxU

Z / C(x,“’l/«t)dy(t,xvu)-
[0,T]1x K xU

Since K is arbitrary we obtain

T
timint [ [c v oz [ oyt 614
n——+o00o

0 R4 [0,T1xRIxU

Denoting y; ., the disintegration of y with respect to 77! (as in the proof of Proposition 6.6), the
convexity of the map u > C(x, u, j1;) for any (¢, x) € [0, T] x R? and Jensen’s inequality yield

T
/ C(x,u,mmy(t,x,u):///C(x,u,m)dyf,x(u)du,(x)dr

[O,T]dexU 0 R4 U
T
> /C x,/udyz,x(u),uz dp, (x) de
0 R4 U

T

//C(x,gb(t,x),u,) duy(x)ds
0 R4

T

= C(-xvﬂ(tsx)9 /-'LI) d,bL[(x)dt
0 R4

By the continuity of Cr, using the same argument of the proof of (6.14), we obtain
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liminf / Cr(x., i) dut (x) = / Cr@. ur)dur(x). O

Propositions 6.6 and 6.7 give immediately the existence of optimizers for our optimal control
problem in Eulerian formulation.

Theorem 6.8 (Existence of minimizers for convex E). Let S = (U, f, C, Cr) satisfy the Convexity
Assumption 3.4. If jno € &, (R?), then there exists (., u) € Ag (o) such that

Je(i, u) = Vg(uo).

As a consequence, we derive the lower semicontinuity of the value function for the Eulerian
problem.

Proposition 6.9 (Lower semicontinuity of Vg). Let S = (U, f,C, Ct) satisfy the Convexity As-
sumption 3.4 and py € &) (RY). If {uglnen C P (RY) is a sequence such that Wy (iag» o) —
0asn— +oo, then

liminf Vg (ug) > Vi(ro).
n——+00

Proof. From Theorem 6.8 there exists a sequence (u",u") € Ag(ug) such that Vg(ug) =
Je(u", u™). By Proposition 6.6 there exists (u,u) € Ag(wp) such that, up to subsequences,
(u", u™) converges to (i, u) according to Definition 6.5. Then, using Proposition 6.7, we have

liminf Vg (ug) = liminf Jg(n", u") > Je(p, w) > Ve(no). O
n—-+00 n——4o00
7. Kantorovich optimal control problem and equivalence with the Eulerian

In this section, we provide a further formulation of optimal control problems which we call
Kantorovich formulation in analogy with the terminology used in optimal transport theory. This
formulation acts as a bridge between the Lagrangian and the Eulerian formulations and it is
based on the representation of solutions of the continuity equation by superposition of continuous
curves in 'y = C([0, T]; RY) (see Theorem 2.5). This formulation turns out to be equivalent to
the Eulerian one and it will be useful in Section 8 to prove the equivalence between the Eulerian
and the Lagrangian problems.

We recall that, for any t € [0, T], ¢, : 'r — R4 denotes the evaluation map ¢, (y) :=y ().

Definition 7.1 (Kantorovich optimal control problem (K)). Let S = (U, f,C,Cr) satisfy As-
sumption 3.1. Given ug € &) (R?), we say that (5, u) € Ag (o) if

(1) ueB(0, T xI'r;U);
(i) n € P('r), (e0)sn = o and, defining u; := (e;)z7 for all r € [0, T'],

T
//le”dut(x)dt<+oo. (7.1)
0 R4
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1 is concentrated on the set of absolutely continuous solutions of the differential equation

y(@) = fr@®,ult,y), ), for L7-ae.t €[0,T].
We define the cost functional Jg : (U'7) x B([0, T] x I'7; U) — [0, +00] by

T

YURD) 3=//C(V(t)»u(tsV)vﬂt)d”(y)dt+/CT(vaT)dMT(x)»

0 I'r R4

and the value function Vx : ,(R?) — [0, +00) by

Vk (o) := inf{Jg (m, u) : (,u) € Ak (o)}

Remark 7.2. We observe that, by the growth condition of f in (3.3) and condition (7.1), » is
actually concentrated on ACP ([0, T']; R4 ), indeed

T T

//I?(I)Ipdﬂ(y)dlS//If()/(l),u(t,)/),ut)l”dﬂ()/)dt

0 I'r 0 TI'r

T
sc//|1+|y<r>|+mp<m|f’dn<y>dt
0 I'r
T

§C~'<1+//|x|pdut(x)dt).

0 R4

Hence, by Fubini theorem, for y-a.e. y € I'r, y € LP([0, T']; ]Rd).

Moreover, thanks to (7.1) and the growth condition (3.2), Jk(n, ) < +o0o for every (y, u) €
Ak (o) (the proof of fRd |x|?” dpr (x) < 400 follows by items (i) and (ii) and the same argument
used to show (6.8) in Proposition 6.6).

Finally, the value function Vi is well defined since Ak is non empty (see Proposition 7.4).

The aim of this section is to prove the existence of minimizers for the Kantorovich optimal
control problem under the Convexity Assumptions 3.4 and to show the equivalence with the
Eulerian formulation of the problem described in Section 6. In particular, we get the equality of
the corresponding value functions. This is the content of the following theorem.

Theorem 7.3. Let S = (U, f,C, Cr) satisfy the Convexity Assumption 3.4. If uo € &, RY), then
there exist (, u) € Ag (o) and (i, u) € Ag(wo) such that

Jx(m, u) = Jg(u, u) = Vk (o) = VE(1o)-

The proof of Theorem 7.3 follows by the combination of Theorem 6.8 and Propositions 7.4,
7.5 below.
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Proposition 7.4. Let S := (U, f,C,Cr) satisfy Assumption 3.1. Let uy € &, (RY). If (u,u) e
Ag (o), then there exists (y,u) € Ax(no) such that Jx(m,u) = Jg(u,w). In particular
Ak (o) # ¥ and Vi (10) < VE(1o)-

Proof. Let (i, u) € Ag(uo). Applying Theorem 2.5 to p and v, (x) = f(x, u(t, x), us) we get
n € Z('r) such that (e;)sn = u; for every ¢t € [0, T] and 5 is concentrated on the absolutely
continuous solutions of y () = v,(y(¢)). Condition (7.1) is automatically satisfied in view of the
fact that (i, u) € Ag (o). Then, for every (¢, y) € [0, T] x I'r we define u(z, y) := u(t, y(t)) so
that « is Borel measurable and we have (3, u) € Ak (o). Finally, from the evaluation (e;): 5 = 1,
it holds that Jx (g, u) = Jg(u,u). O

Under the Convexity Assumption 3.4 it also holds that Vk (o) > VE(uo).

Proposition 7.5. Let S = (U, f,C, Cr) satisfy the Convexity Assumption 3.4. Let juo € &) (RY).
If (n, u) € Ak (1), then there exists (i, u) € Ag(uo) such that Jg(u, u) < Jx(n, u). In partic-
ular Vg (o) = Ve (uo)-

Proof. Let (n, u) € Ag(uo). We firstly define p, := (e;)47, for every ¢ € [0, T]. We introduce
the continuous evaluation map e : [0, T] x 't — [0, T'] x R4 by setting

e(t,y) =,y () = (ijo,71(1), e, (¥))
and we denote by (¢, x) — 1, , the Borel map obtained from the disintegration of L7 ® 5 with
respect to e, see Theorem 2.6. Then we define the function u : [0, T] x RY — U by
u(t, x) = / ult,y)dm, . (y).
[0,T]xT7
Notice that u is Borel measurable thanks to the Borel measurability of (¢, x) > 7, . The measure
7, . is concentrated on {t} x {y : y(¢) = x}, so that i}, , = &; ® 1, ,, where for any ¢ € [0, T], the

function x — 1, , is the Borel map given by the disintegration of 5 with respect to the continuous
map e;. Hence we have also that

u(t.0) = [utt.y)dn, () 12)
r'r
Defining the set A :={(¢,y) € [0, T] x ' : 3y (¢) and y(¢t) = f(y (), u(t,y), i;)}, by item

(ii) of Definition 7.1 we have that L7 ® n(([0, T] x I'7) \ A) = 0. Then, for Lr-a.e. t € [0, T]
we have

y@) = fy@®),u, ), ), forp-ae.y €I'r.
Letgp € Cl (R4: R). For any 5,1 € [0, T], s <t, we have
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/sﬂ(X)d/Lz(X)—/w(X)d/Ls(X)Z/(ﬁﬂ(V(t))—w(V(S)))dn(V)

R4 R4 I'r
/ d
Z//d—w(y(r))drdn(y)
p

I'r s

, (1.3)
://V(p(y(r)) <y (r)drdn(y)

I'r s

t
=//V¢(y(r))-f(7/(r),u(r, ¥), up)dy(y)dr.

s Ty

Using the growth condition of f in (3.3) we have

t
/w(X)duz(X)—/w(X)dus(x) scnwnw//<1+|y<r>|+mp<ur>>dn<y>dr.

d R4 s I'r

By (7.1) the map r — fFT(l + ly (r)| + mp(u,r)) dy(y) belongs to L0, T) and then the map

t— fRd @ (x) duy(x) is absolutely continuous.
Thanks to (7.3), for Lr-a.e. t € [0, T] we have

d

T / @(x)dp(x) = /Vw(y(t)) f @, ut, ), ) dy(y).
R4 I'r

Using the affinity of f, the disintegration of 5 with respect to e;, recalling that #, , is concentrated

on {y : y(t) = x}, and by (7.2) we obtain

/Vw(y(t)) fy@),ut,y), u)dy(y)

Ir
=//Vw(y(t))~f(y(t),u(t,y),uz)dm,x(y)duz(x)
Rd I
=//Vgo(x)-f(x,u(t,V),m)dm,x(y)duz(x)
Rd I
=/V¢(x)-f x,/u(t,y)dm,x(y),m dpg (x)
R4 r'r
=/V¢(X)~f(x,z(t,x),m)duz(x)-
Rd
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Then p satisfies the continuity equation d;u; + div(viu;) = 0 for the vector field v, (x) =
f(x,u(t,x), uy) in the sense of distributions (see e.g. [3, equation 8.1.4]). Since |v;(x)|P <

C(1+ |x|P + mg(ul)), from (7.1) it follows that ¢ — ||Ut||L,’j (R4:R4) belongs to L”(0, T) and

then u € ACP ([0, T1; 2,(R%)). Hence, (i, u) € Ag(1o).
Finally, by the convexity of C with respect to u# and Jensen’s inequality we obtain

T
//C(V(t),u(t,y),m)dn(y)dt
0rI'r
T
=///C(x,u(t,V),m)dm,x(y)dut(X)dt
0 RATl'r
T
z//C x,/ua,y)dm,x(y),m djar (o) dt
0 R4 I'r
T
://C(x,g(t,x),,u,) d“t(-x)dt-
0 R4

Hence we obtain Jx(n, u) > Jg(u,u). O
8. Equivalence of Eulerian and Lagrangian problems

In this Section we study the equivalence between the Eulerian and Lagrangian formulations
of the optimal control problem. We anticipate here the main results of this section.

Theorem 8.1. Let S = (U, f,C,Cr) satisfy the Convexity Assumption 3.4 and (2,8, P) be a
standard Borel space such that P is without atoms. If Xo € L? (R2; ]Rd), then

VL(X0) = VE((X0):P).

In particular, given Xo, X, € LP(; RY) s.1. (X0)gP = (X{):P, then

ViL(X0) = VL(X().

The proof of Theorem 8.1 follows immediately by Proposition 8.4, Theorem 8.6 and Theo-
rem 7.3.

We stress again that the Convexity Assumption 3.4 is sufficient to prove the existence of a
minimizer for the Eulerian and Kantorovich optimal control problems (see Theorems 6.8 and
7.3). However in general, even assuming the Convexity Assumption 3.4, the Lagrangian optimal
control problem could not have minimizers as we show in Section 8.3.
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If we remove the Convexity Assumption 3.4, we can still give the following equivalence result.

Theorem 8.2. Let S = (U, f,C,Cr) satisfy Assumption 3.1 and S' = (% , F, ¢, 6r) as in Def-
inition 3.5. Let (2,8, P) be a standard Borel space such that P is without atoms. Let L, RL
be the Lagrangian and Relaxed Lagrangian problems associated to S. Let also L', E’ the La-
grangian and Eulerian problems associated to S'. If Xo € L?(Q2; RY), then

V.(Xo) = VRL(X0) = V1 (X0) = Vi (X0):P) = Vi ((X0): P).
The proof of Theorem 8.2 is postponed at the end of Section 8.1.

Remark 8.3 (Comparison with the stochastic case). As already mentioned in the Introduction,
an equivalence result in the stochastic setting (accounting for degenerate diffusion) has also been
established in [40] and subsequently generalized in [28].

The main difference with respect to the deterministic setting discussed in the present paper
concerns the study of the Eulerian problem, which is not discussed in the probabilistic literature.
The equivalence between Lagrangian and Eulerian formalism is indeed one of the main motiva-
tions of the deterministic literature and the introduction of the Kantorovich and related relaxed
formulations are finalized to that equivalence.

Apart from the Eulerian problem, in [28,40] the equivalence between the strong and relaxed
control problems is obtained via a reformulation in the so-called canonical space (here I'r). More
precisely, the authors introduce a new cost functional where control actions are suitable measures
me Pt x V), where V is the space of Young measures v € Z([0, T] x U). This way, the
equivalence result is insensitive to the choice of the probability space and cannot be compared
to the Lagrangian setting introduced herein, where the probability space remains fixed. The con-
struction resembles instead the Kantorovich formalism introduced in Section 7 above, where
the information on the strong or relaxed character of the problem is contained in the associ-
ated system S or S’. Let us also notice that in [40] the author exhibits existence of minima in
the relaxed setting. Within our approach, existence of minimizer for relaxed Lagrangian prob-
lems is false in general (the formulation is indeed stronger) whether for relaxed Kantorovich
is known to be true, see Section 8.3 for details. For a detailed analysis on the relations be-
tween the Kantorovich and Lagrangian formulations we refer to Lemma 8.5 and Theorem 8.6
below.

To sum up, in [28,40] the equivalence result is provided only at a “Kantorovich” level, whereas
in Theorem 8.2 all the Lagrangian, Kantorovich and Eulerian formulations are taken into account.

For what concerns the dynamic of the state, in [40] compactness of the space of controls is re-
placed by suitable coercivity conditions on the functional and in [28] the authors also account for
the presence of two different sources of noise and for non-Markovian controlled process. This is
more general with respect to Hypothesis 3.1 used herein; however, the compactness assumption
has the advantage of simplifying the structural Assumptions 3.1 and of unifying the treatment of
the convex and the relaxed setting respectively of Assumptions 3.4 and Section 3.1 by lifting the
system S at the level of probability measures S’. Let us finally remark that in [28,40] the presence
of the noise(s) motivates the introduction of the so-called weak formulation (in the probabilistic
sense) of the control problem. This problem is not directly discussed here, due to the genuine
probabilistic nature of its formulation.

321



G. Cavagnari, S. Lisini, C. Orrieri et al. Journal of Differential Equations 322 (2022) 268-364

8.1. Comparison among L, E and K

We start by comparing the Eulerian and Lagrangian problems under the Convexity Assump-
tion 3.4. Assuming P without atoms, we further exhibit the equivalence between the associated
value functions exploiting the Kantorovich formulation introduced in Section 7.

The following is a first comparison between the Eulerian and Lagrangian problems.

Proposition 8.4. Let S = (U, f,C,Cr) satisfy the Convexity Assumption 3.4 and (L2,B,P)
be a probability space. If Xo € LP(Q2;R?) and (X,u) € AL(Xo), then there exists (i, u) €
Ag((X0)3P) such that Ji.(X, u) > Jg(w, w). In particular, V1,(Xo) > Ve((Xo):P).

Proof. Let (X, u) € Ay (Xo). We firstly define p, := (X,):P, for every ¢ € [0, T']. Thanks to
Proposition A.3 in Appendix A, X e ACP ([0, T]; L?(2; RY)) so that u € ACP ([0, T]; Z, (R%)).
We define o € Z([0, T] x  x U) by 0 :=6,(1,0) P ® L7 and 6 € L ([0, T] x RY x U)
by 0 := (ij0,11. Xs, iv)zo. Let 712:00,T] x R? x U — [0, T] x R? be the projection map
(t,x,u) — (t,x), observe that nﬁl’ze = ;s ® Lr. If we denote 6, , the disintegration of 6 with
respect to 712, then we have § = 0rx @ ur ® L. We define now u : [0, T] x RIS U by

u(t, x) ::/ud@,,x(u). 8.1)

U

Thanks to Theorem 2.6, the map (¢, x) — 6; , is Borel measurable, so that u € B([0, T] x
RY; U).

The rest of the proof follows the same line of the proof of Proposition 7.5. We write the details
for the reader’s convenience. ) )

Defining the set A :={(t,w) € [0, T] x Q: I X;(w) and X;(w) = f(X;(w), u(t, w), us)}, by
item (ii) of Definition 4.1, we have that L7 Q P(([0, T] x 2\ A) = 0. Then, for Lr-a.e.t € [0, T]
it holds

Xi() = f(X; (), u(t, ®), 1), for P-a.e. w € Q.
Letg € CCI(Rd; R). Forany 5,1 € [0, T], s < t, we have
/co(x) dus(x) — /qo(x) dps(x) = /(V?(Xt () — p(X5(w))) dP(w)

R4 R4

Q
t
= / / iso(Xr(w»drdIE”(w)
dr
Q s
t
= / / Vo (X, (@) - X, (w) dr dP(w)
Q s

t
=//V</)(Xr(w))~f(Xr(w)),M(V, w), pr) dP (w) dr.
s Q

(8.2)
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Using the growth condition of f in (3.3) we have

t
/w(X)sz(x)—/sv(X)dus(x) scnwnoo//a+|Xr<w>|+mp<ur>>dP<w>dr.

d R4 s Q

Thanks to (4.5) in Proposition 4.9, it follows that the map » — fQ(l + X, ()| +mp(u,)) dP (o)

belongs to L'(0, T) so that the map t — fRd @(x)du,(x) is absolutely continuous. Then, from
(8.2) it holds that

d
affﬂ(x)duz(X)=/V<P(Xz(w))'f(Xz(w)),M(t,w),,uz)d]P’(w), for Lr-a.e.r €0, T].
Q

For Lr-ae. t € [0, T], we denote now o; € Z(Q2 x U) and 0, € 2(RY x U) the disin-
tegratlons of o and 6 with respect to the projection maps JTQ [0,T] x @ x U — [0,T],

”]Rd [0, T1 x R? x U — [0, T, respectively. It can be shown that 6; = (X, iy)gor =01 x ® Uy,
for Lr-ae.t €[0,T].
Using the affinity of f, and the definition of u in (8.1) we obtain

/Vw(Xz(w)) (X (), u(t, w), u) dP(w)

Q

= / Vo(Xi(0) - f(Xi(w), u, ;) dor (@, u)

QxU

= / V(p(.x)'f(x,u,ﬂt)det(xau)
RxU

=/V(/)(x)-/f(x,u,u,)d@t,x(u)d,u,(x)

R? U

=/V¢(x)~f x,/udé’t,x(u),m duy(x)

R4 U

=/V(D(x)-f(x,g(t,x),m)dut(x)-

Rd

Then p satisfies the continuity equation 9;u; + div(vs ;) = O for the vector field v, (x) :
f(x u(t, x), ,u,) in the sense of distributions (see e.g. [3, equation (8.1.4)]). Since |v;(x)|” <
C(l + |x|? + mp(u,)) from (4.5) it follows that ¢t — ||v; ||L” (R4:R4) belongs to L”(0, T) and
€ ACP([0, T1; 22,(R%)). Hence, (11, u) € Ag(io)-

Finally, by the convexity of C with respect to u and Jensen’s inequality we obtain

IA
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T

/ / CX (@) (@), 12) AP () dr
0 Q
T
:/ / C(X;(w), u, py)dos(w, u) dt
0 QxU
T
=/ / C(x,u, us)db;(x,u)ds
0 RixU
T
=///C(x,u,u,)d@,,x(u)d,u[(x)dt
0 Rd U
T
> / / c|x / w6, o), s | dpue(ryde
0 R4 U
T
=//C(x,z(t,x>,m) Ay (o) dr.
0 R4

This readily implies that Jp (X, u) > Jg(n,u). O

In the next Lemma, we are given an admissible pair (3, #) for the Kantorovich problem.
Considering the evaluation map Z;(y) = y (t), we associate to (3, u) the pair (Z, u) which is
admissible for the Lagrangian problem with parametrization space (I'r, Br;, ) and with the
same cost as (1, u).

Lemma 8.5. Let S = (U, f,C,Cr) satisfy Assumption 3.1. Denote with Z(t,y) = e;(y), for
every t € [0,T] and y € T'r. If no € ,@p(Rd), (m, u) € Ag(uo) and we denote with Ly =
L(I'r, Br;, n), then (Z, u) € Ay, (eo). Moreover,

I, (Z.u) = Jg(n, ).

Proof. Let (y, u) € Ak(1o) and denote by L, = L(I'r, Br;, 5). Denoting with Z : [0, T'] x
't — RY the map defined by Z(¢, y) := y(¢t) = e;(y), let us show that (Z,u) € AL” (eo). Since
Z0,y)em = o € e@p(Rd) then eg = Z(0, -) € Lf,’(FT). By item (i) in Definition 7.1 we have
u € B([0, T] x I'r; U). Thanks to (7.1) it readily follows that Z € Lﬁ(FT; LP(0, T; R%)) and
from Remark 7.2 we actually have that Z € Lf; (Tr; ACP ([0, TT; R?)). Moreover, from item (ii)
of Definition 7.1, for y-a.e. y € I'r, we have

Z(t.y) = f(Z(t,y).ult,y), Z(t,)sm) for Lr-aet [0, T].
Hence (Z,u) € AL” (e0) and, by definition of Z, Ji,, (Z,u) = Jxk(n,u). O
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When the parametrization space (2, B, IP) is fixed a priori, an interesting first comparison
between the Kantorovich and Lagrangian problems is given below.

Theorem 8.6. Let S = (U, f,C, Cr) satisfy Assumption 3.1 with U convex compact subset of
a separable Banach space V. Let (2,8, P) be a standard Borel space such that P is without
atoms. If 1 € ,@p(Rd) and (n, u) € Ak (o), then for every Xo € LP(2; R?) with (X0)4P = o
there exists a sequence (X", u") € Ap(Xo) such that

lim J (X", u™) = Jg(n,u). (8.3)
n—-+00
Moreover, for every uo € &, (R and every Xo € LP(Q; RY) with (X0)sP = o it holds

Vi (1o) = VL(Xo). (8.4)

Proof. Step 1. Let (, u) € Ak (o). We denote by Ly := L(I'r, Br,, 5). Defining Z(¢, y) :=
y(t) =e;(y), by Lemma 8.5 it holds that (Z, u) € ,AL,, (ep) and

Ji,(Z,u) = Jx(n, u). (8.5)

Thanks to the continuity of the evaluation map eg : 'y — R%, we apply Proposition 4.22
for the problem L,,_in the Polish space (I'7, Br;, n). Then there exists a sequence (Z™,u™) €
AL,, (eg) such that Z™ : [0, T] x 't — R% and @™ : [0, T] x 't — U are continuous and

lim Jg, (Z™, ™) = Ji,(Z, u). (8.6)

m—+00

Step 2. Let (€2, B, P) be a standard Borel space such that IP is without atoms and t be a Polish
topology on €2 such that B = B(q ;). Denote with L = L(2, B(q,), P) the Lagrangian problem
for the system S. Let X € LP(%; ]Rd) with (X¢):P = po. Given Z € C([0,T] x I'r; RY) and
u € C(0,T] x I'r; U) such that (Z u) € AL” (ep), let us prove that there exists a sequence

(X", ") € Ar(Xo) such that
lim Ju(X",@") = Ju,(Z, D). (8.7)
n——+oo
We define the sets

o Mi={(, ) eRIXTr 1 x=y0) =eo(y)};
o I'og:={yelr :y0)=ey(y) =0},

and the continuous maps

o r: "= R x Iy, r(x, y) = (x y — x), where y — x is the curve f — y (¢) — x. Notice that

r admits a left inverse r~! : RY x Ty — r,r —1(x, Y0) = (x, Yo + x), that obviously satisfies
-1 .
reior =ip;

o 5:QxRYx 'y — 2 x f‘, s(w, x, y0) = (w, x, Yo + x). Observe that s = (iq, r*]).
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Let us consider the couplings
pi=(ig. X0):P € (@ xRY), = (eo,ir)m e P(D), f:=rije PR x T).

Notice that nﬁzp = nt}ﬁ = nt}ﬁ = 1.
We define a measure 6 € Z(Q x RY x I'y) satisfying nﬁl’z& = p and n§’38 = 1. Since P is
without atoms and nﬁl o =P then also p € 2(Q x R?) is without atoms. Applying Lemma 2.10

with T=Q x R?, § = o, A = p and v = &, there exists a sequence of Borel maps w,, : Q x
R4 — Iy such that

Gy = (igxRrd> Wn)2p X) o, asn— +oo. (8.8)
Define w,, :  x R?Y = I't by w,(w, x) := W, (w, x) + x and note that s(w, x, W,(w, X)) =

(w, x, wy(w, x)). Thanks to the continuity of s, then sy is weakly continuous. From Remark 2.9,
by the composition rule (2.1) and (8.8), we have that

G := 5400 = (igxRd> Wn)iP B §46 =16 € (2 X R? x T'7), asn— +oo. (8.9)
From (2.1), a direct computation shows

7,25 =p,

n= r;lﬁ = (r*1 o n2’3>j8 = (rfl o230 s71>II 6= 71112’3&.
We define 5" := nf&n € Z(I'r). Observing that nf& =1, by (8.9) we have " — n weakly
in Z(I'r). Notice also that (eg):5" = (e o w, o (ig, X0))sP = (Xo)sIP = o and (ep):n = po.
For every n € N, denote by Ly» := L(I'r, Br,, #") the Lagrangian problem for the system S.

Since ey, i are continuous, we can apply Proposition 4.21 in the probability space (I'r, Br;, 1),
with 9", n € £(I'r) and initial datum eq. Thus if (Z", i) € .AL”n (eo), we have that

lim Jy,, (2", @) = J,(Z, ). (8.10)

n—+o00

Finally, for any n € N, we define the pair (X", ii"") by

X":[0,T] x Q — R?, X'(t, @) = Z"(t, wp (@, Xo(@)));
B0, TIx Q= U,  i"(t,0) = i(t, wy(, Xo(®))).

Observe that X" (0, @) = Z" (0, wy (w, Xo(w))) = eo(wy (@, Xo(®))) = Xo(w). Moreover, thanks
to the composition rule (2.1) we have rrﬁo’&n = (wy)zp so that

(X1)eP = (Z} 0wy 0 (ig, X0):P = (Z))e1".
By construction we have (X", i") € Ay, (Xo) and it is immediate to verify that
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JLX", ") = T, (2", ).
Then, by (8.10) we obtain (8.7).

Step 3. We apply Step 2 to the sequence zm, u™) constructed in Step 1. Fix m € N, then
there exists a sequence (X™" ™™"), N such that (X™" g™") e Ar(Xo) for every n € N and

lim JL(X™", @™ = Iy, (Z", @™, Vm e N.
n——400

Thanks to (8.6), by a simple diagonal argument we can select a (not relabeled) sequence
(X", u"™) € AL(Xp) satisfying

lim JL(X",u") = J,(Z, u),
n—400

where (Z, u) are defined in Step 1. From (8.5) we finally get (8.3).
Step 4. By (8.3) and the definition of Vi, for any & > 0 there exists n, > 0 such that for n > n,

VL(Xo) < JL(X", u") < Jk(n, u) +e.
From the arbitrariness of ¢ > 0 we have
VL(Xo) < Ik, u), YV (n,u) € Ak (ro),

hence the required inequality. O
Remark 8.7. Under the Convexity Assumption 3.4, if (n, u) € Ak (o) is an optimal pair, then
(Z,u) given by Lemma 8.5 is optimal for the Lagrangian problem L. This is a consequence of
Theorem 7.3, Proposition 8.4 and of (8.4) in Theorem 8.6.

We conclude the section with the proof of Theorem 8.2.
Proof of Theorem 8.2. Thanks to Proposition 3.6 and Remark 5.2 the relaxed Lagrangian prob-
lem RL in S coincides with L in S. Precisely, for every Xo € L?(Q; R?) it holds ARy, (Xo) =
Ay, (Xo). Moreover, Jr(X,0) = Jp/ (X, 0) for every (X,0) € ArL(Xo) = Ap/(Xo). Hence,
WRL(X0) = V1/(X0). The equality V1,(Xo) = VRL (X)) follows from Theorem 5.3. Finally, The-
orem 8.1 yields Vy/(Xo) = Vg ((X0)tP) = Vg (X0)zP). O
8.2. Continuity of Vg, Vk and V1,

Here, we prove continuity results for the value functions of the various proposed formulations.
Theorem 8.8 (Continuity of Vg and V). Let S = (U, f,C,Cr) satisfy the Convexity Assump-

tion 3.4. If uo € ,@p(]Rd) and {pgnen C @,,(]Rd) is a sequence such that Wy, (g, o) — 0 as
n — +oo, then

. ny __ . ny __
nlll}rloo VE(g) = VE(10), nl}ffoo Vk (ng) = Vk (1o)-
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Proof. Let pg converge to po in :@p(Rd). By Proposition 2.1 with § = R¢, there exist
Xo, X§ € B([0, 11; RY) such that (X0)s L1 = o, (X0)sL1 = g and X3 (w) — Xo() for L£;-a.e.
w € [0, 1]. Since pug, po € ?}’,,(Rd) we have X%, Xo € LP([0, 1]; RY). Moreover by the conver-
gence W, (Mg, o) — 0 and Proposition 2.4 there exists ¥ : [0, +00) — [0, +00) admissible
(according to Definition 2.3) such that

neN neN
[0,1]

sup / Y(XoOIP)dLi (1) = SHP/W(IXI”)dMS(x)<+Oo. (8.11)
R4

Thanks to Vitali theorem we get
1X6 = Xollro, 1Ry > O as n — +00.

Applying Proposition 4.12 to the Lagrangian problem in S with (€2, B, P) = ([0, 11, Bjo,17, £1)
we get limsup, , , ., VL (Xg) < VL.(Xo). Theorem 8.1 yields

lim sup Vg (o) = limsup VL (Xg) < VL(X0) = VE(10)-

n— 400 n—-+00

By Proposition 6.9 we get lim,,—, + 0 VE(1g) = VE(10). Finally, the continuity of Vk follows by
Theorem 7.3 and the continuity of Vg. O

Theorem 8.9 (Continuity of V,). Let S = (U, f,C, Cr) satisfy Assumption 3.1 and (2,8, P)
be a standard Borel space such that P is without atoms. If Xo € LP(2; Rd) and {XS}HGN C
LP (2 RY) is a sequence such that X5 — XollLr(@:rdy — 0 as n — +o0, then

lim VL(XS) = W.(Xp).
n—-+00

Proof. From Theorem 8.2 we have VL(X{) = Vi ((X()4P) and VL(Xo) = V' ((X0):IP). The
application of Theorem 8.8 to E' in S' = (%, .#, %, %r) (see Definition 3.5) concludes the
proof. O

8.3. A counterexample: non-existence of minimizers for L

In the previous sections we have shown that, under the Convexity Assumption 3.4, the Eu-
lerian and Kantorovich problems always admit a minimizer, see Theorems 6.8, 7.3. This is not
always true in the Lagrangian setting. Existence of minimizers has been shown in Remark 8.7
in the very particular case L. = L;, where 7 is optimal for a Kantorovich problem. In general,
for a given parametrization space (€2, B, IP), the choice of the initial condition is relevant as
highlighted in the following.

Theorem 8.10. Let S = (U, f,C,Cr) satisfy the Convexity Assumption 3.4 and (2,8, P) be

a standard Borel space such that P is without atoms. If o € f@p(Rd) then there exists X €
LP(Q; RY) with (X0):P = o and (X, u) € Ar(Xo) such that

JL(X, u) = VL(X0) = VE(10)- (8.12)
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Proof. Let ug € @p(Rd), by Theorem 7.3 there exists (5, i) € Ag(uo) such that Jg(n, i) =
Vk (o). Fix T a Polish topology on € such that B = B(q ). Since P is without atoms, thanks to
Proposition 2.1 there exists a Borel map v : & — I'r such that ¢3[P = 5. For every ¢ € [0, T'] we
define X, := ¢, o ¥ and the Borel map u(t, ) := u(¢, ¥ (w)). Using the same techniques as in
the proof of Lemma 8.5 we deduce that (X, u) € AL (Xo) (where Xo:=ep o ¥) and Jp(X, u) =
Jk(n, ). By Theorems 8.1 and 7.3 we finally get (8.12). O

In general, if the initial condition X is assigned a priori, existence of minimizers for the
Lagrangian problem is not guaranteed. We consider the Wasserstein barycenter problem, for
which we study the Eulerian and Lagrangian formulations. In particular, we exhibit an initial
datum X whose corresponding Lagrangian problem does not admit minimizers. We stress that
the system under consideration satisfies the Convexity Assumption 3.4.

8.3.1. Wasserstein barycenter problem: Eulerian formulation

We consider the setting S = (U, f,C, Cr) as follows: let U := Bg(0) C R4, for some R > 0
sufficiently large, T = 1 and p = 2. We fix v € Z(R?) with compact support. We consider the
velocity field £ : R? x U x 2,(R%) — R¥, the cost functions C : R? x U x Z2,(R?) — [0, +00)
and Cr : R4 x 2, (R%) — [0, +00) defined by

fauw=u,  Caupy=uf,  Crx.pw=Wiu,v).
In this setting, the cost functional has the form

1

JE(HaE)Z//|£(t»x)|2dﬂt(x)dt+sz(ﬂlav)~

0 R4

For any 19 € 22,(R?), the associated value function is given by

Ve (o) := inf Je(u, u), (8.13)
(u,u) €A (1o)

and recalls that by Theorem 6.8 the infimum in (8.13) is actually a minimum.
Let us now fix 119 € 2(R?) with compact support and characterize the value function and the
corresponding minimizers. By the Benamou-Brenier formula (2.7), we have the lower bound

1

inf / / lu(t, x)Pdps (x)dt + W3 (1, v)
(n,u)€Ag (o) 5 fa (8.14)

> it [WE o i) + WG, )]
ni€P(R9)

Using the triangle inequality, it is easy to prove that

1
W3 (o, 1) + W2 (ur, v) > EWQZ(MO» V),  Yuie 2 (RY, (8.15)
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and, for any constant speed Wasserstein geodesic {o;}¢[0,1] such that o9 = o and o1 = v, the
measure (1| = o012 realizes the equality in (8.15). Since the supports of 1 and v are compact,
then the support of o1/ is compact and, denoting by {i,},[0,1] @ Wasserstein geodesic joining
Mo to 01,2, we also have that a vector field u realizing the equality

1
/ / lu(t, )1*dp, (x)dt = W3 (1o, 01/2) (8.16)
0 Rd

is bounded (see e.g. [51, Section 5.4]). Then, using u satisfying (8.16) and choosing R suffi-
ciently large, we obtain the equality in (8.14). The value of the minimum is

1
Vi (10) = W3 (o, 01/2) + Wi (012, v) = EWQZ(MO, V). (8.17)

Notice that the minimizer (u, u) is not unique a priori. If at least one of the measures v and
o is absolutely continuous with respect to £4, then the geodesic {o;};¢[0,1] is unique and the
map n sz(n, v) is strictly convex. In this case o073 is the unique minimizer of the functional
n sz(uo, n) + sz(n, v) and the pair (i, u), with u; := 0,2 for all ¢ € [0, 1], is the (unique)
minimizer for the Eulerian problem.

8.3.2. Wasserstein barycenter problem: Lagrangian formulation
Let (2,8, P) be a standard Borel space such that P € &(€2) is without atoms. The La-
grangian cost functional of the Wasserstein barycenter problem is given by

1

Ju(X, u) :=//|u,(w)|2d]P’(a))dt+W22((X1)t¢IP’,v). (8.18)
0 Q

For any X € L?(2; R¥), the corresponding value function is

.(Xp) = inf JL(X, u).
(X, u)eAL(Xo)

Since (X, u) € Ap(Xo) satisfies, for P-a.e. o € €, the system

{X,(a)) =u,(w), for Li-a.e.t € (0, 1)
X|i=0(w) = Xo(w),

we have

1 1 2
/ / iz ()2 dP (w)dr > / / ur (w)dt| dP(w)
0 Q 0

Q

(8.19)

1 2

=/ /Xt(w)dt dP(w)=/|X1(w)—Xo(w)lzdP(w)
Q

Q 10
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where we have applied Fubini theorem and Jensen’s inequality. Notice that the inequality in
(8.19) becomes an equality if (X, u) belongs to the restrict admissibility class given by

AL(Xo) == {(X, u) € AL(X0) : us(®) = ii(w), Vt € [0, 1], for P-ae. w € Q).

Suppose now that 1o := (Xo)z P has compact support (i.e. Xo bounded), then we can compare
the Lagrangian and Eulerian formulation of the Wasserstein barycenter problem. Indeed, for R
sufficiently large we have

VL(Xo)=  inf / 1X1(®) — Xo(@)|*dP () + W3 ((X1)4P, v)
(X,i)e Ay, (Xo) o

(8.20)

. 1
=Ve(uo) = min (W30, ) + Wi (u1,v)) = 3 W30, ).
€2 R 2

where the first equality follows by the choice (X, &) € Ay (Xo), the second equality is given by
Theorem 8.1 and the last two equalities are exactly (8.17).

We now exhibit an example where the infimum for the Lagrangian problem is not a minimum.
Let us consider 2 = [0, 1], P = £; and fix the dimension d = 2.
We set v := L2L[0, 1], X : [0, 1] — R? defined by Xo(w) = (1/2, w). We observe that po :=
(Xo)lP = HN_({1/2} x [0, 1]). We also notice that XO_1 :R? — [0, 1], defined po-a.e. has the
form Xal 1/2, w) = w.

Since
2 —1 2
[X1(@) = Xo@PdP@) = [ |X1(X5" @) = x| duuot),
[0,1] R2
and defining
By =1X10Xy" 1 X1 = Xo+i and (X, i) € Ap(Xo)} 821)
—{Y € L2((R%, 110); R?) : |Y (x) — x| < R, for uo-a.e. x € R?}, '
we easily get
VL(Xo) = inf JL(X, i)
(X,i)e Ay (Xo)
(8.22)

= int | [ 1700 = 2P dpaoto) + W3 o,
YeBy,
RZ

As already observed at the end of subsection 8.3.1, since v is absolutely continuous with respect
to £2, there exists a unique geodesic {07 };¢[0,17 joining po to v. Furthermore, o7y/; is the unique
minimizer of the functional n sz(uo, n) + sz(n, v). Then, for R sufficiently large, from
(8.20) and (8.22) we know that
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W3 (1o, 012) + Wi(o12,v) = YEH}Jf / ¥ (x) — x> dpo(x) + W3 (Yzpa0, v)
Ao
R (8.23)

inf /|Y(x)—x|2duo(x)+W22(01/2,v).
Ye%uo

Yz po=01/2R?

IA

On the other hand, since supp(o1,2) C [0, 113, by [49, Theorem B] we have

W22(/L0, o12) = Yell(ljf / Y (x) — x| duo(x) (8.24)
w
onzof/zR"

and, consequently, equality holds in (8.23). Moreover the infimum in (8.24) is not attained. In-
deed, the map T : R2 — R? defined by T (x1,x2) = (1/2, x2) satisfies Tyv = pup and 7 = Vo
for o (x1, x2) = %(xl + x%), therefore T is the optimal transport map from v to pg. The unique
geodesic joining o to v is oy = (1(x1,x2) + (1 —£)(1/2,x2))zv and 012 = (%xl + %,xz))gv
coincides with the uniform probability measure on [1/4,3/4] x [0, 1]. The map T is still the
optimal transport map from o7, to uo and the unique optimal transport plan between 01,2 and
wo is ((x1,x2), (1/2, x2))z01,2. Then the unique optimal transport plan between g and o712 is
y = ((1/2, x2), (x1,x2))401,2. Since y is not concentrated on the graph of a map, the optimal
transport map from g to o1, does not exist.

Since (8.24) has not minimizers, then (8.22) cannot have minimizers. Indeed, suppose there
exists a minimizer (X, u) € AL (Xo) for Ji, in (8.22). Then X : [0, 1] — R? satisfies X1lP =
o12,u = X1 — Xg and X; =tu + Xo. Defining ¥ = X; o Xo_l, we have that Yo = o012 so that
Y is a minimizer in (8.24), which is absurd.

Remark 8.11. Notice that existence of minimizers is not guaranteed even for Relaxed La-
grangian problems. Indeed, the same results obtained for the Wasserstein barycenter prob-
lem in S = (U, f,C,Cr) given in Section 8.3.1, can be easily extended to the lifted system
S'=(%,.F,%,%r) associated to S (see Definition 3.5).

In the proposed example, the Lagrangian and Eulerian problems L', E’ associated to S’ can
be treated as the problems L, E associated to S thanks to the following simple observation: given
a probability measure p € & (U), by Jensen’s inequality we have

2

/|u|2dp<u>z /udp(u) ,
U

U

and the equality holds if and only if p = §, for some u € U. This guarantees that possible control
minimizers for L', E’ are of the form 8, with u non-relaxed control for L, E, respectively. The
corresponding trajectories for L', E” with control §, coincide with the ones associated to u for
problems L and E, respectively. Finally, thanks to Remark 5.2, non-existence of minima for L’
corresponds to non-existence of minima for RL.
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9. Finite particle systems and Gamma-convergence

To model the evolution of a finite number of particles, we introduce a discrete finite space QV
with the corresponding normalized counting measure PV In this setting, in order to prove equiv-
alence between Eulerian and Lagrangian problems, we cannot directly apply the results given in
Theorem 8.1 due to the requirement on the probability measure P to be without atoms (see in
particular Theorem 8.6). Hence, we introduce a further formulation of the Lagrangian problem
in the context of feedback controls (see Definition 9.5) and we exploit a discrete formulation of
the superposition principle for which we refer to Theorem C.1.

Furthermore, in Subsections 9.2 and 9.3, we prove a (discrete to continuous) I'-convergence
result respectively for the Lagrangian and Eulerian cost functionals when the number of particles
goes to infinity.

9.1. Equivalences between N -particles problems
Let (QV,S(QY), PV) given by

QV.={1,...,N}, S&©@Y):=c({1},...(N}),

.1

IP’W{/«})::%, k=1.....N.

We will refer to PV as the normalized counting measure, which can be written as

1 N
PN =— ZSk.
Nk:l

Let us denote with LV = L(Q", S(Q"), PV) the Lagrangian problem associated to the proba-
bility space (N, S@N), PV). Notice that the problem LY coincides with the classical formu-
lation of an optimal control problem with N particles interacting through the so-called empirical
measure (X,)ﬁ]P’N, t € [0, T], where (X, u) € Ay~ (Xo). Notice also that the functional space
LP(QN : Rd) coincides with the space of all maps g : QY — R4, which can be identified with
RN,

Differently from the Lagrangian problem LY, where we just need to fix the parametrization
space, the definition of the N-particle Eulerian problem requires the introduction of a further
constraint. Let us firstly define the subspace of Z2(R?) given by the discrete measures as

N
1
2N (RY) = {,u =N Zax; for some x; € R} . 9.2)

i=1

Definition 9.1 (Discrete Eulerian optimal control problem (EM)). Let S = (U, f,C,Cr) satisfy
Assumption 3.1. Given p9 € 2V (R?), we say that (i, u) € Agn (110), if

(i) (u,u) € Ag(po);
(i) u; € 2N R, for every 1 € [0, T].
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We define the cost functional Jgy := Jg and the value function

Vin (o) :=inf{Jgn (i, w) © (1, u) € Agn (o)}

Remark 9.2. Notice that item (ii) in Definition 9.1 does not follow from the requirement pg €
2N (R?). Indeed, the control map u in general is not Lipschitz continuous so that uniqueness of
characteristics is not guaranteed.

Observe that, for every N € N, it holds

Vv (o) = Ve(no), Yo e 2V RY. ©.3)
The main result of this section is given in the following theorem.

Theorem 9.3. Let S = (U, f,C, Cr) satisfy Assumption 3.1. Let p > 1 and X¢ € LP(QN; ]Rd).
Then

Vin (Xo) = Vgn ((X0):PMY).

The proof is a direct consequence of Propositions 9.4, 9.7 and 9.8 below.

Exploiting the argument contained in [34, Lemma 6.2] we derive a first comparison between
Vi~ (Xo) and Vgw ((X0):PV).

Proposition 9.4. Let S = (U, f,C,Cr) satisfy Assumption 3.1 and let Xg € LP(QN; Rd). If
(X, u) € Ap v (Xo), then there exists (i1, u) € Agn ((XO)nIF’N) such that Jyn (X, u) > Jgv (1, ).
Moreover, Vi n(Xo) = Vpn ((Xo)ﬁIP’N).

Proof. Let (X, u) € .ALN (Xop). Let us define X (¢) :={x € R? : X,(w) = x for some w € QN}
and

J(t,x) :={we QN : X, () = x}, for any (1, x) € [0, T] x RY, 9.4)

and denote by P the collection of partitions P of QN . Itis clear that the family Px (¢) := {J (t, x) :
x € X(t)} belongs to P. As proved in [34, Lemma 6.2], there exists a finite partition on Borel
sets of the interval [0, T'] of the form {Sp : P € P}, where Sp :={t €[0,T]: Px(t) = P}.
Given w, o’ € QN and a Borel set S C [0, T], if X;(w) = X;(«') for any ¢ € S then, by the
absolute continuity of the curves 7 — X,(w) and ¢ — X;(®'), we have X,(w) = X, (&), for
Lr-ae. teS.
We define yu,; := (X,)nIP’N and we observe that

1
= > #I(tx)8,. 9.5)
xeX (1)

Moreover, defining for any (¢, x) € [0, T] x R?
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d)t,x € argminc(-xa u(t7 (,()), /‘L[)a
wel(t,x)

we set

u(t,x) :=u(t, o x). 9.6)

We show that (i, u) € AEN((X())TI]P)N). Letus fix ¢ € CCl (R?). For L7-ae. t € [0, T] it holds

d
5 / () d((X)sPV)(x) = / Vo (X (@) - f(X(w), u(t, »), 1) dPY ()

R4 QN

== Z Vo(Xi (@) - f(Xi (@), u(t, o), w) ©.7)

== Z Vo) Y flult o). w).

xeX(t) weJ(t,x)

Since f(x,u(t, w), ur) = f(x,u(t, x), u;) for every w € J(¢, x), we can rewrite the right hand
side of (9.7) to get

% D Ve Y f(x,u(r,wmt):% Do #IEX) V@) - f O, ult,x), )

xeX(t) welJ(t,x) xeX (1)

=/V<P(X)~f(x,£(t,X),Mz)d/Lt(X),

]Rd

where the last equality is a consequence of (9.5).
For what concerns the cost functional, we have

T

//C(X,(a)),u(t,a)),,ut)dIP’N(a))dt

0

DD Clxultw), w)de

T

0/ eX (1) weJ(t,x)
T

0

= |

v

z| -

D #I(X)CCxu(t x), ) dt
xeX(t)

O\m

/C(xs E(tax)v l/«t)d//«t(x) dt,
R4
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where the inequality comes from the definition of u in (9.6) and the last equality follows from
(9.5). Since

/ Cr (X (@), ur) dBY (@) = / Cr (e wr) dur (o),
QN R4

we conclude that Jy v (X, u) > Jgnv (1, u). O

Here we introduce a feedback formulation of the Lagrangian optimal control problem in
order to prove the reverse inequality V;~(Xo) < VEN((X())nPN ). We firstly show its relation
with the Lagrangian and Eulerian problems in a general context, i.e. where the probability space
(22,8, P) is not necessarily the space (Y, S(QY), PV) associated to the N-particles frame-
work.

Definition 9.5 (Feedback Lagrangian optimal control problem (FL)). Let S = (U, f,C,Cr) sat-
isfy Assumption 3.1 and let (€2, B, P) be a probability space. Given Xo € L?(2; R?), we say
that (X, u) € Apr(Xg) if

(i) ueB([0,T] x R% U);

(i) X € LP(Q2: ACP ([0, T]: R?)) and for P-ae. w € Q, X (w) is a solution of the following
Cauchy problem

in(a)) = f(Xi(®), u,(Xi (@), (X;)3P), for Lr-ae.1€]0,T] ©.8)

Xji=0(@) = Xo(w),
where X, : @ — R4 is defined by X;(w) := X (t, w) for P-a.e. w € Q.
We refer to (X, u) € ApL(Xo) as to an admissible pair, with X a trajectory and u a feedback

control.
We define the cost functional Jgr, : L?(€2; C([0, T1; R%)) x B([0, T] x R4; U) — [0, +00) by

T
JrL(X, u) i=//C(Xz(w),zt(Xz(w)),(Xz)u]P’)dtd]P’(w)+/CT(XT(0)),(XT)nP)dP(w),
Q0 Q

and the corresponding value function Vgy, : L?(Q2; RY) — [0, +00) by

VEL(Xo) == inf {JpL(X, u) : (X, ) € ApL(X0)}. 9.9

In the following, FL(£2, 98, IP) denotes the Feedback Lagrangian problem given in Definition 9.5.
We short the notation to FL. when the probability space is clear from the context.

Remark 9.6. Observe that, choosing a constant (feedback) control function u, from Proposi-
tion 4.8 it is immediate to prove that Apy,(Xo) # ¥. In general, given u € B([0, T] x R4 U ), the

existence and uniqueness of solutions to the Cauchy problem (9.8) is not guaranteed.
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The following result follows directly from Definitions 4.1, 6.1 and 9.5.

Proposition 9.7. Let S = (U, f,C, Cr) satisfy Assumption 3.1 and (2,8, P) be a probability
space. Let Xo € LP(Q2; RY). If (X, u) € Apr,(Xo), then

(i) defining u:[0,T] x Q — U by u(t,w) := u(t, X;(w)), we have that (X, u) € Ar,(Xo) and
JrL (X, u) = Ji (X, u). In particular it holds Vyr,(Xo) > V1,(X0).

(ii) defining p; := (X;)3P foranyt € [0, T, we have that (., u) € Ag((Xo)3P) and JpL (X, u) =
JE(w, u). In particular it holds Vyr,(Xo) > VE (o).

Taking advantage of Proposition 9.7 and of the discrete superposition principle given in The-
orem C.1, we have the following equivalence result between FL" := FL(Q", S(Q"), PV) and
E" defined in Definition 9.1.

Proposition 9.8. Ler S = (U, f,C, Cr) satisfy Assumption 3.1. Let p > 1, Xg € LP(QN; R?) and
1o =+ SN Sxow) = (X0)ePN.If (. 1) € Agn (10), then there exists X € C([0, T1; LP(QN))
such that yu; = (X,)nIP)N forallt €[0,T], (X,u) € AFLN(XO) and Jgn (@, u) = Jpp v (X, u).
Moreover, Vpn (1o) = Vv (Xo).

Proof. Let (11, u) € Agn (10). By the superposition principle given in Theorem C.1 applied to
w and the vector field v(¢, x) = f(x, u(t, x), i), there exists n € & (I'r) such that

where y, € 'r,w=1,..., N. We define X : [0, T] x QN - R4 by X (¢, ) := y,(¢) that satis-
fies (X, u) € Agy v thanks to (C.4) in Theorem C.1. Hence it readily follows that Jgy v (X, u) =
Jgn (e, u) and Vi v (Xo) < Vign (o). By Proposition 9.7 we have that Vi v (Xo) = Vin (120)
and we conclude the proof. O

9.2. Finite particle approximation for L

The aim of this section is to approximate a general Lagrangian problem L = L(€2, 8, P) with
finite particle Lagrangian problems LY = L(QN, S(QV), PV), N € N, where (@Y, S(QV), PN)
is defined in (9.1). A first result in this direction has been already obtained in Proposition 4.18
(see also Remark 4.19) in Section 4.2. Here, we specialize the result in the case of equally
distributed masses which is suitable for the application to a finite particle/agent model.

Recall that if (€2,8, P) is a standard Borel space and P is without atoms, thanks to item
(ii) in Proposition 4.16 there exists a family of finite algebras BY C B, N € N, satisfying the
finite approximation property of Definition 4.15 and }P’(A,](V )= %, with k=1, ..., N. Recall the
definition of ¥V, ¢V and KV in (4.15) and (4.16), respectively.

A Gamma-convergence result for the functional Ji, is given in the following proposition.
Proposition 9.9 (Finite particle approximation for L). Let S = (U, f,C,Cr) satisfy Assump-
tion 3.1. Let (2,'B, P) be a standard Borel space such that P is without atoms. The following
holds:
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(i) Suppose that (X,u) € LP(Q; ACP([0,T];R%) x M([0, T] x Q;U) and (XN, uN) €
C([0, T1; LP(2N; RY)) x M([0, T] x QN; U) such that

Nlir_r: KNV, uNy = (X, u), inC(0,T]; L?(S2:RY)) x L'([0, T] x Q: U).

Then

lim Jpv (XN, u™) = JL(X, u).
N—+o00

(ii) Assume that U is a compact convex subset of a separable Banach space V. Suppose that
Xo € LP (2 R?) and (X, u) € AL(Xo). If X} € LP(QN; RY) such that

. N N _ _
Jim 10X oy = Xollp g re) =0 9.10)

then there exists a sequence (X N ouMye ALN (Xév ) such that

Nm}: KNV, uMy= (X, u), inC(0,T]; LP(S2:RY)) x L'([0, T] x Q; U)

and

lim  Jx (XN, u) = J(X, w).
N—+00

Proof. Thanks to Proposition A.3 it holds that X € C ([0, T']; LP(; R4)). Item (i) can be proved
exactly by the same technique used in the second part of the proof of Proposition 4.11 ap-
plied to the sequence KN (X", u™) and recalling that Jg, (KN (X", u™)) = Jy v (XN, u) (see
Proposition 4.14). Notice that, since U is metrizable and compact the convergence u” — u in
L'([0,T] x Q;U) is equivalent to the convergence in (L7 ® PP)-measure. Item (ii), is a direct
application of Proposition 4.18 to the sequence of finite algebras B" given in item (ii) of Propo-
sition 4.16. O

Proposition 9.10 (Convergence of the value functions). Let S = (U, f,C,Cr) satisfy Assump-
tion 3.1 with U a compact convex subset of a separable Banach space V. Let (2,8, P) be a

standard Borel space such that P is without atoms. If Xo € L? (%; RY) and X(I)v e LP(QN; RY)
satisfy

N 1m || 0 Ow O”lp(Q,]Rd) O, ( )
then

limsup Vy v (X§) < VL(X0).
N—+o00

Moreover, if S = (U, f,C,Cr) satisfies the Convexity Assumption 3.4, then
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liminf Vv (X3) > VL(X0).
N—+o00
In particular, under the Convexity Assumption 3.4,
lim Vpn (X)) = VL(Xo).
N oo L ( 0 ) L(Xo)

Proof. By definition of inf, for every & > 0 there exists (X,, u,) € A (Xp) such that Vg, (Xo) >
JL(Xg, ue) — €. Moreover from item (ii) in Proposition 9.9 there exists (X é\’ , uév ) such that
Jv (XY, ul) — JL(Xe, ue), as N — +o00. Hence

limsup Vy v (X§) < limsup Jy v (XY, u) = JL(Xe, us) < VL(X0) + &
N— 400 N—400

By the arbitrariness of ¢ we conclude.
By Proposition 9.4 and (9.3) we get

Vv (XY = Vv (ul)) = Ve(ud).

In the convex setting, by the lower semicontinuity of the value function Vg (see Proposition 6.9)
and by Corollary 8.1 (IP is without atoms by assumption) we have the desired convergence. O

Remark 9.11. A natural choice for X(I)V in Proposition 9.10 is given by X(I)V = X(])v o ¢ where

A
For a proof of the convergence (9.11) we refer to Lemma D.3 and Proposition D.1 in Appendix D.

Remark 9.12 (Comparison with the stochastic setting). The limit theory developed here con-
siderably differs from the stochastic one given in [28,40] (when the diffusion is degenerate).
In [28,40] the convergence is studied at the level of Z2(I'y x V), where V denotes the space
of Young measures v € £ ([0, T] x U). This is indeed natural in view of the “Kantorovich”
reformulation of the control problems considered by the authors (see Remark 8.3 for a de-
tailed explanation). The results we obtain in Propositions 9.9, 9.10 are instead formulated in
the stronger Lagrangian setting where e.g. a recovery sequence for non-relaxed controls is re-
trieved. Furthermore, the convergence for Eulerian problems studied below does not seem to
have a counterpart in the stochastic literature. A last notable difference concerns the techniques
used in the proofs of the convergence results. The strategy adopted here is based on the finite ap-
proximation property of Definition 4.15, which has not a direct counterpart when the dynamics
is stochastic.
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9.3. Finite particle approximation for E

In this section, we show that the Eulerian problem E can be approximated by finite parti-
cle Eulerian problems EV defined in Definition 9.1. Thanks to Theorem 9.3, we are able to
approximate the Eulerian problem also with a sequence of finite particle Lagrangian problems
LY =LQV,S(QN),PY), N e N, with (QV, S(QV), PV) as in (9.1). This is relevant from the
point of view of applications. The main result of the section is stated in the following theorem.
Theorem 9.13 (Convergence of the value functions). Let S = (U, f, C, Cr) satisfy the Convexity

Assumption 3.4. Let g € Qp(Rd) and ,u(l)v e 2N R?) such that Wp(,u(l)v, no) —> 0as N —
400, then

lim  Ver (1) = Ve (o).
N—+00
Moreover, for every X(])v € LP(QN; R?) such that (Xév)ﬁ]P’N = /,Lév it holds that
lim  Vpv (X)) = V(o).
ym LN (Xy) = VE(uo)
In order to prove Theorem 9.13, we start with the following proposition.

Proposition 9.14 (Finite particle approximation for E). Let S = (U, f,C,Cr) satisfy the Con-
vexity Assumption 3.4. Let i € &p (R?) and /Lév e ZNRY), N €N, such that

lim W,(uY, uo) =0. 9.12
yim Wy (g #o) ©.12)

If (u, u) € Ag (o), then there exists a sequence (uN, EN) € AEN (u(l)v) such that

(1) (uN,u) converges to (i, u) according to Definition 6.5;
(2) tim Jgn (N, u™) = Ji(p, 0.
N—+o0

Pgoof. Step 1~ Let (u,u) € Ag(o). In this step we associate to (u,u) an admissible pair
(X, u) € AL(Xp) for the Lagrangian problem L :=L([0, 1]; Bjo,1}, £1) such that

X, @) = Je(p, w). (9.13)
By Proposition 7.4, there exists (3, u) € Ak (wo) such that u(t, y) =u(t, y (1)), (e))sn = s
and Jk(n,u) = Jg(u,u). Thanks to Lemma 8.5, the map Z : [0,T] x 't — R4 defined by
Z(t,y) ==y () = e/ (y) satisfies (Z, u) € A, (eo) with Ly :=L(I'r, Br;, n) and
Ju, (Z,u) = Jx(n, u). 9.14)
By Proposition 2.1 applied to S = I'r and v = 5, there exists a Borel map P : [0, 1] — I'7 such
that Pﬁﬁl =1.
We define X : [0, T] x [0, 1] = R4 by X;(w) := Z,(P(w)) and @ : [0, T] x [0, 1] = U by
ity (w) := us; (P(w)). Notice that
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(X1):L1 = (e, 0 P)s L1 = (e)sn = jur, (9.15)

and it is easy to prove that (X, 1) € Ar(Xo). Moreover Ji(X, it) = J,(Z, u) and, by (9.14), we
obtain (9.13).

Step 2. VYe use the partition of [0, 1] defined in Lemma D.3. We define the piecewise constant
initial data X(I)V :[0, 1] = R4 and controls &V : [0, T] x [0, 1] = U by

N
Xo =) 1y ][Xo(w) ALy (o),
k=1

N
I

N
i =) Ly ][zz,(w) dLi(w), forallz €0, T].
k=1

N
Ik

From the definition of f(év and Lemma D.3 we have

Wy (g s o) < I1Xg" = XollLrqo.1prey = 0 as N — 400, 9.16)
where
N
Ay =XV = 5 ZS%V, iy ::fxo(w) dLi(w) € RY.
k=1 N
I
Since ,u(/)V = % Z;{V:l 8x£” there exists a permutation of indexes o™ : {1,..., N} = {1,..., N}

and a map X(l)v :[0, 1] — R¥ defined by X(’)V = Z,ivzl X;VN(k)]llkN such that

Wpid's 1) = 1X5" = X§ oo, 1) (9.17)
Using (9.12), (9.16) and (9.17) we obtain
||X(1)V - )N(O”Lp([oJ];Rd) = ||X(1)v - X(I)V”LP([()J];Rd) + ”5((1)\/ - XO“LP([OJ];Rd)

=Wy (g’ 1)+ 1X3" = Xoll Loo.11:re) 9.18)
< Wyl o) + Wy (o, i) + 11X — XO”LP([O,I];R”’) — 0.

Let (XN, aMN) e .AL(X{)V ). By Lemma D.3 and dominated convergence we have that ||i" —
ull 1o, 11x[0.73:v) — 0 as N — +o0. Then, by Proposition 4.11, we have

sup 11X — X¢llLro. 1Ry — O as N — 400 9.19)
t€l0,T]

and
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. N ~Ny _ S .
lim JoxV, @) = (X, ). (9.20)
N—+o00

We observe that, for any ¢ € [0, T], X ,N is constant on the elements I,ﬁv of partition {7, kN k=
1,..., N} sothat it is of the form

N
XtN = Z(xtN)kﬂlkN
k=1

for some (x)x € RY.
We define u := (XN);£1 € 2,(RY). From the observation above,

N
N_ _
My —NI;S(x,N)k

By (9.19) we obtain that /,LN — uin C([0, T]; e@p(Rd)) as N — +oo.

Step 3. For any ¢ € [0, T] we define ,otN = (X,N, ﬁ;v)ﬁ[,] e 2(RY x U), and notice that
71111 oN = 1. Denoting by p,IYX € 2 (U) the disintegration of p¥ w.r.t. 7!, we define the Borel

map u™ : [0, T] x RY - U by

uM (1, x) = /udp,’}’x (u).

U

By the definition of y,iv and u”, from item (2) of the Convexity Assumption 3.4, we obtain that
N, uy e Agn (/L(j)v). Indeed, given ¢ € CCl (R?; R), for L7-ae. t € [0, T], we have

d d
a/so(x)dufv(x):E / o(XN ())dL) (w)
R4 [0,1]

= / V(XN () - XN (w) dL(w)

[0,1]

_ / Vox¥ @) - FXN @), @ @), 1) dL(w)
[0,1]

= / Vox) - fx,u, 1NydoN (x, u)

RixU

= / Vo(x) - / FGou,w)ydpl ) du (x)
U

R4

= [ Vot £ (. [uaplia.u | auco

R4 U
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= / Vo) - f (v, 1) dul (o).
]Rd

Let us conclude the proof of the convergence showing that (6.3) holds. For any ¢ € [0, T], us-
ing (X, &) introduced in Step 1, we define p; := (X,, i)l € Z(R? x U). By the convergence
(9.19) and the convergence of #" to i, it easily follows that p" := p/ ® L1 weakly converges
to p:=p @ L7 in ([0, T] x R? x U).

Let now ¢ € C.([0, T] x RY: V). Using the definition of p" and the weak convergence of
oV to p we have that

lim //((ﬁ(t,x),ﬁN(t,x))dut (x)dr
N—+o00

0 R4

= hm //<¢(r x), /udp,x(u)> dM; (x)drt

0 R4

T
= lim ///<¢(t,x),u> dpN () dulN (x)dr
N— 400 ’

0 R4 U

= lim / (@1, x), u)dp™N (¢, x, u),

N— 400
[0,TIxRIxU

- / (6 (1, x), 1) dp(t, x, ).

[0,T1xR4xU

Usingﬁ € Z2(C(0,T; R?Y)), P:[0,1] —> Ty and (9.15) introduced in Step 1, recalling that
o= (Xs,0:)sL1 ® LT we get

T 1
/ @, x), 1) dp(t, x, u)=//<¢>(r,X,(w»,at(w»dﬁl(w)dr
00

[0,T1xR4xU

(@@, e:(P (@), us (P(w))) dLy (w) dr

o—__

—= T~

/<¢(h€z(J/))»Mt(V))d77(V)df
0TI'r
T

=//(qﬁ(t,ez(y)),ﬂ(t,ez(V)))dﬂ(V)dt

0TI'r
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T

=//(¢(I,X),z(t,X))dm(x)dt.
0

Rd

Step 4. Finally we prove that Jgnv N, u™y — Jg(u,u), as N — +oo.
Using item (3) of the Convexity Assumption 3.4, we have

T
Tgn (™, N)—//C(x i (@, x), 1) dpy (X)dl-i-/CT(x 1y dpg (x)
0 R R4
T
-/ /e / wdpllu. e | ¥ war+ [ eroef @, uhati@
0 R4 [0,1]

5/ / Clx,u, i) dp)Y (x, w)dr + /@(X?(co),u%dﬁl(w)

0 RIxU [0,1]

= / / CXN(w), @l (@), uN)dLy(w)dt + / Cr(XY (o), uY)dL(w)

0 [0,1] [0,1]
= JL(xV,a").

By the previous inequality, recalling (9.20) and (9.13), we get

limsup Jgv (u, ™) <Timsup Jp (X", @) = Jp.(X, &) = Jg (., w).
N—+o00 N—+o00

By Proposition 6.7 we conclude. 0O
We conclude this section with the proof of Theorem 9.13.

Proof of Theorem 9.13. Observe that Vpy (uf)v ) > VE(,LL(I)V ), then by Proposition 6.9 we obtain
liminf Vv (ud) > W )
minf Vg (g ) = VE(10)

Let us prove that limsupy _, , o, Vg» (/L(I)V ) < VE(uo). Fix € > 0. By definition of Vg there
exists (ug,_g) € AE(,uo) such that Vi (o) > JE(P«S:Z ) — €. By Proposition 9.14 there exists
(,us Uy Nye Agn (,uo ) such that limy 4 o0 Jgv (,LLE , N) = Jg (e, u,). Thus,

llmsup VEN (MO ) = llmsup ‘]EN (l’l’); ’ _g ) - JE(/’LSa —8) = VE(I’LO) +e.

N—+o00 N—+o00

By the arbitrariness of ¢ we conclude.
Finally, thanks to Theorem 9.3 it holds that Vi~ (“0 ) = Vv (X, VY for every N € N, so that

limy 400 Vin (X3 = Vi(po). O
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Appendix. Appendixes

We organize the material of the appendixes as follows. Appendix A deals with vector-valued
Sobolev spaces and Cauchy problems for ODEs in Banach spaces. A further stability property
of Cauchy problems is then established in Appendix B. In Appendix C we state and prove the
superposition principle for the evolution of empirical measures. Appendix D is devoted to the
proof of Proposition 4.16 where we construct (equipartite) finite algebras satisfying the Finite
Approximation Property of Definition 4.15.

Appendix A. Ordinary differential equations in Banach spaces

Let E be a Banach space with || - || the associated norm. In the following, if u : [0, T] - E
is a Bochner integrable function, we denote by fOT u(t)dr its Bochner integral. We recall the
following criterion of integrability: u : [0, T] — E is Bochner integrable if and only if there exists
a sequence u, : [0, T] — E of simple measurable functions such that lim,,_, oo u,, () = u(t) for
Lr-ae.1€[0,T],and [ u()]dr < +oc.

We recall that, if u : [0, T] — E is Bochner integrable, then

b b
/u(t)dt §/||u(t)||dt, for any [a, b] € [0, T], (A1)
] t+h
girrbz/ﬂu(s)—u(t)nds:O, for Lr-a.e.t €0, T], (A2)
t

and the above limit exists in every point of continuity of u. Moreover, for every continuous linear
operator A : E — E, with E a Banach space it holds that

T T

A /u(t)dt :/A(u(t))dt. (A.3)

0 0

For the definition of Bochner integral, properties and related proofs, see for instance [26].
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We say that u € WP (0, T; E) if u € LP(0, T; E) and there exists g € L?(0, T; E) such that

T T

/ o Ou(t)ydi = — / o8 dr, Yo C((O0.T):R).

0 0

We recall a classical result (see e.g. [4, Theorem 1.17])

Proposition A.1. u € Wl’p(O, T; E) if and only if there exists u € ACP ([0, T]; E) such that
u(t) = u(t) and u is differentiable for Lt-a.e. t € [0, T.

Let now (£2, ‘B, IP) be a probability space with 2 standard Borel. Fix T > 0, let Lebjo, 7] be
the o -algebra of Lebesgue measurable sets on [0, 7] and L7 the normalized Lebesgue measure
restricted to [0, T']. Consider (27, B, m) the product space with Q7 := [0, T] x €2, endowed
with the product o -algebra B = Lebjp, 71 ® B and probability measure m := L7 @ P € Z2(Qr).

Lemma A.2. Let p > 1, and g € L5, (Q27; R?) and § a Borel representative of g. Let g the map
defined by g(t)(w) = &(t, w) for every (t, w) € Q7. Then § € L'(0, T; L?(2; RY)) and, denoting
by G := [} §(t)dt, it holds

T
G(w) = /g’(t, w)dt, forP-a.e. w e Q. (A4)
0

The proof of the Lemma follows by Fubini’s theorem and the definition of Bochner integral
(notice that (A.4) holds for simple functions).

Proposition A.3. Let y € L5 (Q7; RY). The following are equivalent:
(1) There exists g € LY (Qr; RY) such that
/ n'()¢() y(t, ) dm(r, 0) = — / Nt (w) g(t, w) dm(t, w),
Qr Qr
for every n € Cg (0, T); R) and ¢ € M(2; R) bounded;
(2) ye WhP(0, T; Lp (2 RY);
(3) there exists a Borel representative y of y such that y € ACP ([0, T]; L%(Q; R%)) and differ-
entiable for Lt-a.e. t € [0, T] (differentiability is redundant for p > 1);
(4) y € LB (Q: WP (0, T; RY));
(5) there exists a Borel representative y of y such that y € L%(Q; ACP([0, T1; RY)).

Moreover,

(i) If (3) holds, there exists a Borel function § € L5 (Qr: RY) such that §(t,-) = y'(t, ) in
L]’; (2; Rd),for Lr-a.e. t €0, T]. Hence, for every t € [0, T
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t

y(t, )=y, + /g(s, )ds, in L%(Q). (A.5)
0

(ii) If (5) holds, there exists a Borel function § € L% (Q27; R?) such that for every w € Q,
g(t,w) = (-, w)) (), for LT-a.e. t € [0, T). Hence, for every w € Q it holds

t

y(t, w) =y(0, w) + /g(s, w)ds, foreveryte[0,T]. (A.6)
0

(iii) If one of the five conditions above is satisfied, then g = g = g, m-a.e. in Q.

Proof. (5) = (4) and (3) < (2) follow from Proposition A.1. (4) = (2) follows from the defi-
nition and Fubini’s theorem. (2) = (1) is a consequence of property (A.3). Finally, the proof of
(1) = (5) is contained in a more general form in [46, Lemma 4.3].

Items (i)-(ii) are a consequence of the definition of ACP? ([0, T]; L?(%; R4)) and
ACP([0, T]; RY), respectively. To show (iii), denote with yg(w) the trace of y in t = 0, which is
well defined thanks to (1). Then, yp(w) = y(0, w) = y(0, w) for P-a.e. w € Q2 so that comparing
(A.5) and (A.6) it holds g = g m-a.e. in Q7, thanks to (A.4). O

A.l. Cauchy problem in Banach spaces

We are interested in a Cauchy problem of this form

z=F(t, z,), for Lr-ae.t €[0,T]
Zt=0 = 20,

(A7)

where a Carathéodory function F : [0, T] x E — E and zg € E are given. For z : [0, T] — E we
frequently use the notation z; := z(z).

In the following, we present some classical results concerning the Cauchy problem (A.7) and
we provide a sketch of their proofs.

Proposition A4. Let F : [0, T] x E — E be a Carathéodory function such that

T
/ I1F(,z) |l df < +o0, VzeC(0,T]; E). (A.8)
0

The following assertions are equivalent:

e 7€ C([0, TY; E) satisfies

t
Z;=Zo+/F(s,zs)ds, Vi elo,T]. (A.9)
0
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e 7€ AC! ([0, T1; E), it is differentiable for Lt-a.e. t € [0, T] and

z=F(t, z,), for L7-a.e. t €[0,T]
Zt=0 = Z0-

Since F is a Carathéodory function and the curve ¢ + z; then the map ¢ — F (¢, z;) is
(strongly) measurable as a map with values in L7 (; R9). Notice also that if E satisfies the
Radon-Nikodym property (for instance when E is reflexive) then a.e. differentiability of z in the
second item is redundant.

Theorem A.5. Let F : [0, T] x E — E be a Carathéodory function such that
IF(t.z) = F.2) <Lliz' =221, Y(.2). (t.z%) €[0, T1 x E, (A.10)
for some L> 0, and there exists Co > 0 such that

sup |[[F(¢,0)|| < Co < +o00. (A.11)
te[0,T]

Then, for any zo € E there exists a unique 7 € AC®([0, T; E) and differentiable for Lr-a.e.
t € [0, T] such that

zr = F(t,z¢), for L1-a.e. t €[0,T] (A.12)
z(0) = zo.
Moreover, the following estimates hold:
sup z/ll < ™" (lzoll + CoT) (A.13)
tel0,7T]
iz = zell < It =51 (Co+ Let ™ (llzoll + CoT)) ~ Vs,1€[0,T]. (A.14)
Proof. We provide only a sketch of the proof.
Assumptions (A.10) and (A.11) yield the following growth property
IF(t, )] <Co+Llzll. V(1,2 €[0.T]x E. (A.15)

We define the Banach space (., || - ||.&) as follows

S :=12€C(0,TLE) : |zl := sup e ™|z <+oo},
t€[0,T)

and the operator S : . — . by

t
SO =20 +/F(s, ys)ds.
0
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By (A.10) and (A.15), using (A.l), it is classical to prove that S is well defined and it is a
contraction. Then, by Banach fixed point Theorem we get the existence and uniqueness of z € .
such that (A.9) holds. The estimates (A.13) and (A.14) follow from (A.9), (A.15), and Gronwall

inequality. Finally, z belongs to AC*([0, T]; E) thanks to (A.14). O

Proposition A.6. Let F, F" : [0,T] X E — E, n € N, be Carathéodory functions satisfying
(A.10), (A.11) with the same constant L and Cy. Let 7, zg € E, 7€ AC*®([0, T); E) the solution

of (A.12) and 7" € AC*([0, T1; E) the solutions of

2 =F"(t, 7", for Lr-a.e. t €[0,T)
7"(0) = z;.

Then

tel0,7T]

In particular, if lim,,— 4 |1z — zo0ll = 0 and

T
lim [ [[F"(t,z;) — F(t,z,)||dt =0,
n——+00

then

Proof. We have

t
12—zl = [ = 20 + /(F”(s,z?) ~ F(s,2,))ds
0

t
<llzg — zoll +/|IF”(S,Z?) — F(s,z5))[l ds.
0

Using (A.10) it holds

[ F"(s,2") — F(s,25))l
<|IF"(s,2") — F"(s, 2l + 1 F" (s, 25) — F (s, 29))l
< L|IZ" =zl + 1 F™ (s, z5) — F (s, z5)) I

The last two inequalities yield
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T t
12— 2 < ||zg—zon+/||F"(s,zs>—F(s,zs>>||ds+11/||z§?—zs|| ds.
0 0

By Gronwall lemma we obtain (A.16). O

Proposition A.7. Let F : [0, T] x LP(L; Rd) — LP(L; ]Rd) be a Carathéodory function satis-
fying (A.11) Let Yo € LP(Q2; RY). Then the following assertions are equivalent:
(1) Y € C([0, TT; LP(S: RY)) and

t
YI:Y0+/F(S,YS)ds, Vtel0,T]; (A.18)
0

(2) Y e ACP([0, T]; LP(L2; ]Rd)) (if p = 1 it is also differentiable for a.e. t € [0, T]) and

{Yt =F@,Y), for Lr-a.e.t €[0,T] (A.19)

Yi—o = Yo;

(3) Y € LP(S; ACP([0, T1; R%))) and
t
Yz(a))=Y0(a))+/F(S»Ys)(w)ds, Vtel0, T, forP-aeweQ,  (A20)
0

where Y; : Q — R? is defined by Y;(w) := Y (t, ®) for P-a.e. w € Q.
(4) Y € LP(Q2; ACP([0, TT, R9))) and for P-a.e. w € Q it holds

{Y,(a)) =F(@t,Y)(w),  forLr-aet€l0,T] (A21)

Yi—o(w) = Yo (@),
where Y; : 2 — RY is defined by Y;(w) :=Y (t, w) for P-a.e. w € Q.

Proof. The assertions (1)-(2) and (3)-(4) are equivalent by Proposition A.4. The equivalence (1)-
(3) is a consequence of the equivalences (3)-(5) in Proposition A.3 and items (i)-(ii)-(iii)). O

A.2. Proofs of the basic results for the Lagrangian problem of Section 4

We collect here the proof of Proposition 4.6 and the proofs omitted in Section 4.1 and which
make use of the general results contained in Section A.1.

Proof of Proposition 4.6. For every x'uly e AL,(X(])), we define X2 := X! o ¢, and
u*(t, ) = u'(t, p(wy)), for every (t,wy) € [0,T] x . Using that ¢;P, = PPy, it eas-
ily follows that (X2,u?) € ALZ(X(l) o ¢) and JLI(Xl,ul) = JLZ(Xz,uz). Hence, for every
X} € LP(Q1; RY), we have
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VL, (X)) = Vi, (X} 0 9). (A.22)

Analogously, for every (X2%,u?) e ALZ(X%), we define X! := X2 o ¢, and ul(t, 1) :=
u*(t, ¥ (wy)), for every (¢, w;) € [0, T] x 1. So that, from ;| = P, it holds (X', u') €
Ar, (X(% oY) and Ji,, x'ul = Ji, (X2, u?). Moreover, for every X(z) € LP(Q2: RY) we have

VL, (X3) = Vi, (X5 o). (A.23)
The combination of (A.22) and (A.23) gives
Vi, (X§) = Vi, (Xg 0 ¥) 2 Vi, (Xg o Y 0 9)
hence, using (4.3) we have
Vi, (X3) = Vi, (X3 o). (A.24)
Thanks to (4.4) and (A.24) we finally get
Vi, (X0) = Vi, (Xg o g o) = Vi,(Xgo ). O
Proof of Proposition 4.8. We define F,, : [0, T] x LP(Q; R?) — L?(Q; R4) by
We observe that the continuity of f and the measurability of u imply that F,, is a Carathéodory
function. Moreover, by (3.1) and (2.5), F, satisfies condition (A.10). Since F,(z,0)(w) =
£, u;(w), 80), by continuity of f and compactness of U it follows that F), satisfies (A.11).

Theorem A.5 with the choice E = L?($2; R?) and F = F, yields the existence and uniqueness
of a curve X € ACP([0, T1; L?(£2; R?)) solving

t
thXo—i—/Fu(s,Xs)ds, Vtel0,T].
0

Thanks to Proposition A.7 we finally get X € L?(2; ACP ([0, T]; R¢)) which is the unique so-
lution of (4.1). The last assertion follows from the equality F,i(t, Z) = F,2(t, Z) for Lr-a.e.
t €[0, T] and for every Z € LP(Q2; RY). O

Proof of Proposition 4.9. The estimates (4.5) and (4.6) follows from (A.13) and (A.14) for F =

F, defined in (A.25) and E = L?(Q; RY).
In order to prove (4.7) we write (4.1) in integral form

t
Xt(a)):Xo(a))+/f(Xs(w),u(s,a)),(Xs)ﬁIP’)ds, Vi e[0,T] forP-ae. weQ. (A26)
0

Then by (3.3) we have
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t
|X: ()| = Xo(w)+/f(Xs(w),u(s,w),(Xs)uP)ds
0

t
< IXo(w)I+/If(Xs(w),u(s,w),(Xs)nP)lds
0

t

<1 Xo(@)| + / C (14 1X, @) + X, o) ds.
0

Using (4.5) and Gronwall inequality we obtain (4.7). O

Proof of Proposition 4.11. In order to prove (4.10) we apply Proposition A.6 with the choice
E =LP(Q2:RY), F=F, and F" = F,n, defined as in (A.25). We have to check that (A.17) holds.
Defining G", G : [0, T] x Q — R? by G"(t, w) := Fun (t, X;)(w) and G (¢, w) := F, (1, X;)(w),
it is sufficient to prove that G* — G in L? ([0, T'] x ; Rd). Since u" converges to u in L7 Q P-
measure, there exists a subsequence u”* such that u:”‘ (w) converges to u;(w) for L7 ® P-a.e.
(t,w) € [0, T] x 2. By the continuity of f, we have that

|G" (1, w) — G(t, w)| = |Fyme (t, X1) (@) — Fu(t, X)) (@)| — 0
for L7 ® P-a.e. (t, w) € [0, T] x Q. Moreover

1G"(1,0) = Gt )" = |Fn (1, X))(@) = Fut, X) @)1 = € (141X @)1 + X7, 6, ) -

By dominated convergence we conclude that G* — G in L? ([0, T] x ; IR‘[). Since the limit is
independent of the subsequence, we conclude that

T

//lFun(t,Xt)(a))—Fu(t,Xt)(w)|Pd]P’(a))dt—>0.
Q

0

Let us prove (4.11). For any ¢ € [0, T'], we use the notation uf := (X})4P and p; := (X;)sP.
By (4.10) we have

sup Wp(uy, i) =0, asn— +oo. (A.27)
1€[0,T]

We focus on the running cost C. Since

T
//(C(Xf(a)),u?(w),ﬂf) —C(X(w), us (@), uy)) dP () dt
¢ (A.28)

0
T

< / / ICOX! (@), ul (@), 1) — C(Xi (@), ur (@), )| dP (@) dr,
0 Q
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defining H",H : [0,T] x Q — R4 by H"(t,w) := C(X}(w), u} (), u}) and H(t,w) =
C(X;(w), us(w), juy), it is sufficient to prove that H" — H in L' ([0, T] x ; R9). Since u"
converges to # in L7 ® P-measure, (4.10) and (A.27) hold, and C is continuous, then there exists
a subsequence H"* such that H" (¢, w) converges to H (¢, ) for LT ® P-a.e. (f,w) € [0, T] x Q2.
Moreover, by the growth assumptions (3.2) we have

H"(1,0) < C(L+|X] @7 + X[ 11}, . pay)-

By a variant of the dominated convergence Theorem (see Theorem 1.20 in [31]) we conclude
that H"* — H in L1([0, T] x ; ]Rd). For the same argument as before we obtain that the whole
sequence H" — H in Ll([O, T] x R; ]Rd).

The proof that

/CT(X'}(w),M’})dP(w) - /CT(XT(w),uT)dIP’(w), as n — +00
Q Q

follows from the same argument. O

Proof of Proposition 4.12. Let ¢ > 0 and (X?, u®) € AL (X¢) such that J,(X?, u®) < VL,(Xo) +
&. By Proposition 4.8, for any n € N there exists X*" such that (X*", u®) € Ap(X(). By Propo-
sition 4.11, J,(X*™, u®) — Ji, (X%, u®), as n — +00. Hence

limsup Vi,(X) < limsup Jp,(X*", u®) = JL(X*, u®) < VL.(Xo) +&.

n—+00 n——+00

Since ¢ is arbitrary, we conclude. O
Appendix B. A convergence result for solutions of Cauchy problems
We state and prove the following well known result, for sake of completeness.

Lemma B.1. Let U be a Polish space. Let u" : [0, T] — U be a sequence of Lt-measurable

Sfunctions such that (ijo, 17, u")s L1 Z) v Ly e (0, T] x U).
Let g :[0,T] x (RY x U) — R? a Carathéodory function such that

lg(t, x1,u) — g(t, x2,u)| < L|x; — x2l, V(t,x1,u), (t,x,u) €[0, T x RY x U, (B.1)
for some L > 0, and

Co:= sup |g(t,0,u)| < —+oo. (B.2)
(t,u)el0, TIxU

Given X\ € RY and n € N, we denote by X" € ACl([O, TI; Rd) the unique solution of the
Cauchy problem

X' =g(t, X", ul'), forae te(0,T)

X"(0) = Xo. (B.3)
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and by X € AC' ([0, T1; R?) the unique solution of the Cauchy problem

X, = /g(t, X, u)dv,(u), fora.e.te(0,T)
U
X (0) = Xo.

Then

lim sup |X} —X;|=0.
=100 1¢[0,T)

B.4)

(B.5)

Proof. Observe that existence and uniqueness of solutions of Cauchy problems (B.3) and (B.4)
is consequence of the fact that G, G : [0, T] x RY — RY, defined by G"(t,x) :=g(t, x,u}) and

G(t,x):= / g(t, x,u)dv;(u), are Charathéodory and L-Lipschitz continuous w.r.t. x € R4,

U
Moreover, by (B.1) and (B.2) it holds

lg(t, x,u)| < Co+Llx|,  V(t,x,u)e[0,T]xRYxU.

We define Y € C ([0, T]; R¥) by

t
Y = Xo +/g(s, Xy, ug)ds.
0

From the convergence (i[o, 7], u™")s LT i ve Z(0,T] x U) it follows that

n—-+00

Denoting by C := sup,¢[o 71 1X;!, from (B.2) and (B.1) it is simple to prove that
IY]'| < (1 Xol 4+ (Co+ LC)T), vVt e[0,T]
and
Y =Y <|t —s|(Co+ LO)T, Vt,s €[0,T].
By (B.9) and (B.10), Ascoli-Arzela theorem and (B.8) imply that

lim sup |¥)'—X,|=0.
n—>+00¢10,T]

Since
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t
lim y,n=x0+//g(s,xs,mdvs(u)ds:X,, Viel0,T].
0 U

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)
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t
X0 = X/ < X =Y+ 1Y = Xi| < / |9 (s X2 ul) — g(s, Xyou)| ds + 1Y) — X,
0

t
§L/|X;,’—Xs|ds+ sup |Y! — X;l,
/ 5€l0,T]

by Gronwall inequality we have that

IX" — X,| <el sup |¥Y" — X (B.12)
s€[0,T]

The convergence (B.5) follows from (B.12) and (B.11). O
Appendix C. An empirical Superposition Principle

In this appendix, we give a refined version of the Superposition Principle (see Theorem 2.5
for the classical result) in the case of trajectories of the form u; € 2V (R?) for any t € [0, T,
where 22V (R?) is the space of empirical probability measures

N
1
2PN RY) = {,u =5 Zax; for some x; e R } .

i=1

The novelty consists in proving that if u; € PN (Rd ) for every ¢ € [0, T], then there exists
representative € &V (I'7). This result has been used to prove the important Proposition 9.8
and Corollary 9.3.

Theorem C.1. Let N € N and u € AC([0, T1; 221 (RY)) such that ji; € 2N (R?) for every t €
[0, T].

(1) There exists a unique (up to L1 ® w,-negligible sets) Borel vector field v : [0, T] x RY — R4
satisfying

T

//Ivz(x)ldm(x)dt < +o0, (C.1)

0 R4

such that u is a distributional solution of the continuity equation

3y +div(ois) =0, in[0, T] x RY. (C.2)

(2) There exists n € 2PN (T'r) of the form

1
== Z(sy,., (C.3)
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such that (e;)yn = s for every t € [0,T] and for any i =1,...,N, y; € AC([0,T]; Rd)
solves the differential equation

yi(t) = v (y;(t)) for Lr-a.e.t€[0,T]. (C4)
Proof. Let us recall that the metric derivative |u’| of the absolutely continuous curve w, given
by
w ,
1/1(¢) := lim % forae. te[0,T],
e —

belongs to L'(0, T) and satisfies

Wl(ml,mz)f/lu’l(t)dt, forany0 <t <1 <T, (C.5)

n

in particular there exists ¥ : [0, +00) — [0, 400) increasing, convex and superlinear at +oo
such that

T
/w (11(0)) dr < +o0. (C.6)
0

First of all we prove the existence of n € &(I't) such that (e;)sn = p, for all ¢ € [0, T] and
n is of the form (C.3) for some y; e 'y, i =1,..., N.

Let M € N and consider the diadic discretization of the interval [0, T], with time step Ty =
T2 M Since u, € 2N (R?) for every t € [0, T'], there exists x; (¢) € R?,i=1,...,N,such that

N
1
we= Esx,.m, Viel0.T].

For n=0,...,2M and i = 1,..., N, we set ng,i = xi(nty), and @'y, = pyg,. For n =
1,...,2M" let Q" Ln e r, (u"_l ui;) be an optimal plan for the 1-Wasserstein distance. Since
1" and ul, belong to 2V (R?), then ¢}, L7 s of the form

n 1n
8 o i
Z i ®8, (C.7)
for some permutation oy, of {1,..., N}. Let us define o]?,l’ =000y To... 001},[ and 61?4’0(1') =
ifori=1,...,N.
Fori=1,..., N we define the curves y; € I'r by linear time interpolation as
nty —t ,_ t—(—-Dty ,
(1) i=——x _ —_— X W, forte[(n— Dy, ntyl,
ym,i (1) Y o Mo [( )Tm, ntml
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n=1,...,2M,

We claim that, forany k =1, ..., N, the sequence {ya «} yeN uniformly converges to a curve
vk € AC([0, T1; R9). Indeed,

T | T | N
[o(tmaon)a = [v(5 X i) a
0 o i—1

n n—1
X — X
Mo (i) Mol (i) ‘ )

™

ZZTMlﬁ(%XN:

n=1 i=1

—Zrzw/f( / Ix—yIdQ"Ml”(x,y))

n=1 Rd YR C8)

—Zw( Wiy i)

nty

oM
waw(é / Wi )
(n—Dty

nty

oM T
= [ vaianar= [vaionar.
0

"=l _Tyry

where we employed the definition of the optimal plan in (C.7), (C.5), Jensen’s inequality, and
(C.6).

Since yu.x(0) = x;(0) for any M € N, and (C.8) and (C.6) hold, by Ascoli-Arzela Theorem the
sequence {yam k}meN 1s compact in C([0, T']; RY). Furthermore, by (C.8) and the lower semi-
continuity of the functional

T
I .
ye [0 (ﬁ|y<r>|> d
0
w.r.t. weak convergence in AC([0, T]; Rd), we get yx € AC([0, T']; ]Rd). Moreover, if t = noty,

for some My e N and ng € {0, 1, ..., 2M0}, then yas x(¢) is constant for any M e N, M > M)
and the claim is proved.

Defining

M = % Z(SVMJ’ n-= % Z(SVH (C9



G. Cavagnari, S. Lisini, C. Orrieri et al. Journal of Differential Equations 322 (2022) 268-364

from the convergence of yyy ; to y; it follows that 1), weakly converges to n as M — +00. More-
over, if t = noty, forsome My e N andng € {0,1,..., 2Mo} then (e/)snm = p; forany M e N,
M > My. Then, by the continuity of # — w, and of ¢ — (e;)zn, we conclude that (e;):n = u;
and p, =+ 3N 8, forallt € [0, T1.

It remains to define a vector field v such that (C.4) and (C.2) hold, also showing that v is
uniquely characterized by (C.2).

Since y; € AC([0, T]; R?) for any i = 1,..., N, the Borel set A := {r € [0,T]: 3k €
{1, ..., N} such that y is not differentiable at ¢} is L7-negligible. Moreover, the sets

Nig:={t [0, TI\ Ay (1) = v (), i (1) # v (D)} (C.10)

ing that £7(N) =0 so that L7 ® u;(N x R?) =0, and S := {(t,yi(t)) : t € [0,T], i €
{1,...,N}} = supp(us ® L7). We can thus define a Borel vector field v : [0, T] x R¢ — R?
by

N, ift e Nor(t,x)e([0,T] x RY)\ S,
U i) ifx =yi(r) fort € [0, T]\ N and some i € {1,..., N},

so that y; () = v, (y;(t)) for every t € [0, T] \ N. It is then easy to check that (C.1) and (C.2)
hold.

_Let us eventually check that (C.2) uniquely characterizes v(fo, xo) for every (fo, xo) € S\
(N x R9). Notice that for every p € CX° (R?) we have

d

— d
dr @Ay

Rd

1 Y . 1Y
=% ;wm (10)) - 71(10) = = 2 V(i) - v(t0, 7). (C.1D)

1= .
i=1

Setting K :={k € {1,..., N} : v (to) # xo} and r¢ := min{|yx (o) — x0| : k € K} > 0, for every
£ € R? we can find a test function ¢ € cx (R9) such that supp¢ C By, (xp) and Vo(xg) =&:
(C.11) then yields

d

— d
dr @ auy

Rd

=%s.v(zo,x0) where n:=N —#K. (C.12)

1=ty

Since £ is arbitrary, (C.12) uniquely characterizes v(fg, xo) in terms of u. O
Appendix D. Finite partitions

In this section we provide a proof of Proposition 4.16. For sake of clarity, we divide the
statement of Proposition 4.16 in three separate lemmas of independent interest.

Given a standard Borel space (€2, 98, IP), in Lemma D.2 we construct a family of algebras 8",
n € N, satisfying the finite approximation property of Definition 4.15. Then we fix (2,8, P) =
([0, 11, B, L1), where B is the Borel o-algebra and £; the Lebesgue measure restricted to the
interval [0, 1]. With this choice of parametrization space, in Lemma D.3 we show that the family
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of algebras BN associated to the uniform partition of [0, 1] with elements’ size 1/N satisfies the
finite approximation property. Finally, we combine the previous results in Lemma D.4, where
we consider a general standard Borel space (€2, ‘B, P) and P is without atoms. This is possible
thanks to the following fundamental result on Borel equivalence of Probability spaces (see e.g.
[50, Chapter 15, Theorem 9]).

Proposition D.1. Let Q be a Polish space and P € 22 (2) without atoms. Then there exist a Borel
set Qo C Q2 such that P () =0, a Borel set Iy C [0, 1] such that L1(Ip) = 0 and a bijective
function ¥ : Q\ Qo — [0, 11\ Iy such that Y and y~" are Borel, YplP =Ly and (w_l)ﬁ/:] =P.

The first part of Proposition 4.16 is restated in the following Lemma.

Lemma D.2 (Proposition 4.16, part 1). Let (2,8, P) be a standard Borel space. Then there
exists a family of finite algebras B" C B, n € N, satisfying the finite approximation property of
Definition 4.15.

Proof. Since (2,5, P) is standard Borel we can choose a Polish topology t such that 5 =
Bq.1), then there exists a countable basis A = {B' :i € N} of its topology. Then B(q ;) =
o({B' :i € N}). We define B! := o (B!) and B" := o ({B"} UB" ). It follows from the defi-
nition that 8" C B"*! for any n € N and B(q r) = o (U2} B").

For any n € N, the finite algebra 8” induces a minimal (with respect to the inclusion) partition
of 2, denoted by P" = {AZ tk=1,...,k(n)} C B". Then for any AZH € P"*! there exists
h € N such that A} € P" and A} " C AL

We define the sequence of linear operators P, : LY E) - LY (2 E) defined by

k(n)
Pigi=> 1 + g(@)dP(w),
k=1 AZ

with the convention that f Al g(w)dP(w) =01if JP’(AZ) =0.
It is simple to prove that

”P”g”L]lP(Q;E) =< ”g”L]lP(Q;E)v Vg € L]lp(Qv E). (D.1)

Given a Borel function g : 2 — E such that g € L]IP,(Q; E), we define g" := P,g and we
prove that the properties of Definition 4.15 hold.

Property (i) is obvious since g" is constant on the elements of the partition P" C B".

Property (ii) follows from the fact that (see for instance [26, Corollary 8, p. 48])

][g(a)) dP(w) eco(g(A)), VYAeDBr:P(A)>0.
A

In order to prove Property (iii) we start with the particular case g = al 4 for a given Borel
set A and a given a € E. Since (€2, 7) is Polish, for any ¢ > 0 there exists an open set A, and a
compact set K, such that K, C A C A; and P(A, \ K;) < ¢. Since A is union of elements of
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the basis A, there exists a finite covering of K, of the form {B/ : j € J} C A, for a suitable finite
J C N, such that Uje; B/ C A,. Since

W PAr N A)

P,g—g=
n8 —8=4d ]P’(AZ)

an—aly,
k=1

by setting n, := max J, it holds that
1Pag = 8l ) = lala, —alally g < lalle P(A:\ A) < llallge ., Ynzn,.

Since P, is linear, then (iii) holds for any g simple function. In the general case, take g €
L]lP,(Q; E) and ¢ > 0, and let g, : 2 — E be a simple function such that ||g — g8||L11P(Q;E) <e.

Observing that

| Png — g||L£P(Q;E) <|IPng— Png&‘”L%P(Q;E) + | Prge — gé‘”L%P(Q;E) +11ge _g”L]lP,(Q;E),

by (D.1) and Property (iii) applied to g it holds that limsup, _, , ., | P.g — gll; L(QE) <2¢ and
we conclude.

Finally, Property (iv) follows from the measurability of G, Fubini Theorem and the definition
of P,, O

Consider now the Polish space ([0, 1], B, L1).

Lemma D.3 (Proposition 4.16, part 2). For any N € N we define I,fv = [(k —1)/N,k/N),
k=1,...,N —1, I]I\\,’ :=[(N —1)/N, 1]. If E is a Banach space, g € Ll([O, 1]; E) and

N
= Zn,k,v ][g(s) ds,
k=1

Y
then

lim ||gV — . =0. D.2
N_)+oo||g gllLiqo.1y: k) (D.2)

Moreover; the family of finite algebras BY := o({l,ﬁV :k=1,...,N}), N € N, satisfies the finite
approximation property of Definition 4.15.

Finally, if g € LP([0, 1]; E), for some p € (1, +00), then limy_ o0 18" — gllLr(0,1):£) = 0.
Proof. For any x € [0, 1] and N € N, there exists a unique k(x, N) such that x € I,f\(’x’N). From
the definition of I ,ﬁv it follows that / ,?(’x ~n C By/n(x). Since

N
V@ =g =Y 150 ][ (8(s) — g(x)) ds,
k=1

N
I
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then

16" () — g0 lE <2 ][ lg(s) — g()l£ ds.

By/n(x)
By the Bochner version of the Lebesgue differentiation Theorem (see for instance [26, Theorem

9, p. 49]) we obtain that limy_, o [|g" (x) — g(x)||g =0 for L;-a.e. x € [0, 1].
Since fol lg(x)||gdx < +oo there exists a convex, increasing, superlinear function i :

[0, +00) — [0, +00) such that fol ¥ (lgx)]lg) dx < 4o00. Since
N
eV @)lle <2 f 12l ds,
By (x)

by Jensen’s inequality,

1 1
/vf 18V o)l 2/vf ][ el pds | dx
0 0

1/N (X)

1
2/ ][ ¥ (lg()llE) dsdx
0B

1/N(x)

IA

1 1
N / / Lo tynasym OV (gl 5) ds dx
00

1
/ Lot /wsstym GOV (1g(5)]1£) ds dx
0

—

N

=2 [ ¥ g®Er) ds < +oo,

o—_ =

which implies the equi-integrability of the sequence ||g" || z. Then (D.2) holds.
The finite approximation property for BY follows as in the proof of Lemma D.2. The final
assertion is a consequence of the equi-integrability of the sequence || g"v ||’,;. O

Lemma D.4 (Proposition 4.16, part 3). Let (2,8, P) be a standard Borel space and P without
atoms. Then there exists a family BN C B, N € N, satisfying the finite approximation property
of Definition 4.15 such that the associated minimal partition PN = {A,iV tk=1,..., N} contains
exactly N elements and IP’(A,ICV) = %,for k=1,...,N.
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Proof. Let t be a Polish topology on 2 such that B = B(q ;). Let also 9, Io, ¥, ¥~ ! be given
by Proposition D.1. Using the notation of Lemma D.3 we define the sets A{V =y (I]N \ lp) U
Qoand AY ==y~ 1IN\ Ip) fork=2,...,N.

It is immediate to prove that ]P’(Aj.v) = % for j=1,...,N and {AN, e A%} is a partition
of Q. Moreover, given a Banach space E and g € L]IP,(SZ; E), we denote by g :=goy ' €
L'([0, 1]; E). Denoting by gV the sequence given by Lemma D.3 applied to g, we define g/ :=
g" oy and the finite approximation property for (2, B(q.r), P) follows by Lemma D.3. O
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