Optimal control of compartmental models: the exact solution
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Abstract

We formulate a control problem for positive compartmental systems formed by nodes (buffers) and arcs (flows). Our main result is that,
on a finite horizon, we can solve the Pontryagin equations in one shot without resorting to trial and error via shooting. As expected, the
solution is bang-bang and the switching times can be easily determined. We are also able to find a cost-to-go-function, in an analytic form,
by solving a simple nonlinear differential equation. On an infinite horizon, we consider the Hamilton-Jacobi-Bellman theory and we show
that the HIB equation can be solved exactly. Moreover, we show that the optimal solution is constant and the cost-to-go function is linear
and copositive. This function is the solution of a nonlinear equation. We propose an iterative scheme for solving this equation, which
converges in finite time. We also show that an exact solution can be found if there is a positive external disturbance affecting the process
and the problem is formulated in a minsup framework. We finally provide illustrative examples related to flood control and epidemiology.
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1 Introduction

A compartmental system is a positive system whose state
variables are associated with nodes representing reservoirs
(compartments), where resources are stored, and whose
dynamics is due to flows circulating on the arcs among the
nodes. In the linear case, the flow from one node to another
is proportional to the amount of resource in the departure
node. Deeply investigated and encountered in many fields
[25], compartmental models are important in the control [30]
and structural analysis [6] of biological systems, in pharma-
cokinetics and toxicokinetics [39], and in the analysis and
the control of infection dynamics [8,29,33,34,36,37]. The
COVID-19 pandemic has recently spurred renewed interest
in the control of epidemic models [2,7,9,12,13,19,20,24,26],
leading to countless new contributions, see for instance
[3,14,21,27,32]; we refer to [1] for a very recent survey.

Preprint submitted to Automatica

We consider here the control problem in which some of the
coefficients governing the flows among the nodes are control
variables. This type of situation is encountered in controlled
drug delivery and treatment planning, formulated as the con-
trol of a positive switched system in [10,22,23] for HIV mit-
igation and then in [11,18] for cancer therapies. Indeed, our
problem could be framed in the context of positive linear
controlled switching systems. These systems have several
other applications besides those mentioned, including fluid
networks, thermal systems and traffic control. We refer to
[5] for a survey and more references on the topic of positive
switching systems. The optimal control of compartmental
models has been successfully applied to drug administration
[28] and controlled cancer chemotherapic treatment [38].

The control problem for positive switched systems is by no
means an easy one, but it can be efficiently solved under par-
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ticular assumptions. The optimal control problem on a finite
horizon can be solved via dynamic programming methods
[22] and, as long as the switching controlled coefficients are
on the diagonal of the system matrix, the control reduces to
a convex optimization problem [10,35]. Unfortunately, this
result does not apply in the case of switched compartmental
systems with controlled arcs, because coefficients outside
the diagonal are modified by the control.

We formulate the control problem for linear controlled com-
partmental systems with a linear cost on both finite and infi-
nite horizon. In general, Pontryagin theory requires a shoot-
ing approach to solve the state equations, forward in time,
and the co-state equations, backward in time. The conver-
gence of the shooting scheme is a critical issue. The dynamic
programming approach is even harder, since it requires the
solution of the HJB equation, which, in general, involves
a numerical brute-force scheme. We show that, quite sur-
prisingly, for controlled compartmental systems, both prob-
lems can be solved efficiently via Pontryagin theory and
Hamilton-Jacobi-Bellman theory. The contributions of the
manuscript are summarized next.

e In the finite horizon problem, the state and co-state
equations are decoupled, and the Hamiltonian mini-
mizer control depends on the co-state only. This means
that the co-state equation is integrated just once, thus
producing directly the optimal control input.

o The optimal control does not depend on the initial state.

e Pontryagin equations give necessary conditions for op-
timality. To support the theory, we formulate the HIB
equation on a finite horizon, which provides sufficient
conditions. The solution is the same achieved via the
Pontryagin maximum principle, which ensures the op-
timality of the solution. The control is switching.

e On an infinite horizon, we consider the HIB equation
and we show that it reduces to an algebraic equation.
The derived cost-to-go function is linear co-positive.
Hence, the optimal control is constant in the long run.

e The proposed algebraic equation may have multiple so-
lutions. Yet, we prove that there is a single stabilizing
one (the only one that can be accepted). Our construc-
tive proof provides an iterative scheme that converges
to the stabilizing solution in a finite number of steps.

e When the system is affected by an additive positive
external disturbance, a similar approach is proposed to
solve a minsup control problem.

e The HIB approach requires stabilizability. We show
how to check this assumption by solving the problem
of minimizing the Frobenius eigenvalue.

We apply our results on two illustrative examples. The first
is a flood control problem with 6 states. In the second, in-
spired by the COVID-19 pandemic, we analyze the sensitiv-
ity of the IDART model [15], having 5 state variables, with
16 uncertain parameters treated as “control variables”, and
we determine minimum and maximum values of relevant
variables via a minimization/maximization problem.

A very preliminary version of these results has been pre-
sented at a conference [4].

1.1 Notation

Given a vector v = [v},v2,...,v,] € R™, we denote
vi0...0 sign(vy)
Ov... 0 sign(va)
diag(v) = and sign(v) = _ )

sign(vi)

where
. 1 if Vi Z 0
sign(v;) =
—1if v; <0

The inequality # < v (u < v) has to be interpreted compo-
nentwise. We write |U| = I to mean that U belongs to the set

{U:|U| =1} = {diag(uy,uz,...,um), |ux]=1}

and |U| <1 to mean that U belongs to the set

{U :|U| <T} = {diag(uy,up,...,um), |ux|<1}.

A square matrix M is Metzler if M;; > 0 for i # j and it is
irreducible if there is no variable permutation that brings M
in a block-triangular form.

2 Model description

The class of models we consider can be written as
%(t) = Ax(t) + FV (t)Gx(t), (1)

where the state x(¢) € R” represents the amount of resource
stored at the nodes (compartments) and the diagonal matrix
V(t) of control variables is associated with the flows along
some of the arcs connecting the nodes. For example, in a
fluid network (cf. Section 8.1), each state component rep-
resents the fluid level in a reservoir, while the arc control
variables represent the opening of the valves that regulate
the flow along some of the pipes connecting the reservoirs.

We consider the following assumptions.

Assumption 1 Matrix V(t) € R™™ s diagonal and has
elements v; <vj(t) < v?.

Assumption 2 Matrix A+ FVG € R™" is Metzler for all
choices of vi € v ], i=1,...,m. Matrix G € R"™" is
nonnegative.

Assumption 3 The initial state x(0) = x¢ is nonnegative.

We consider the problem of minimizing the positive cost
T T .
J=h"x(T)+ / (" x(t)dr + / rV()Gx(r)dt, (2)
0 0

with nonnegative weight vectors h, / and r. The first two



terms of the cost are linear functions of the state, while the
last term is bilinear. This cost penalizes both the presence
of fixed assets (for instance, fluid) that remain stored at the
nodes over time, weighted by ¢, and the controlled flows
V (t)Gx(t) representing the control effort, weighted by r.

To simplify the notation, we can parameterize matrix V, with
bounds V- <V <V, as

Vo+VT Vt—v-
= + +U s

2 2

Vv

with
Ul <I (ie., U=diag[u], |u| <1). 3)

Adding the constant part to A and scaling G yields

VT +VT

+_ - ~
A+ FVG—A+F rpY =V

5 G+FU 5 G=A+FUG,

by defining the new matrices A=A+ F (V- +V*1)G/2, F =
Fand G= (VT -V7)G/2.

Henceforth, we thus consider a model of the form

x(t) =Ax(t) + FU(1)Gx(t), |U|<I 4

Note that the cost (2) remains of the same form
T T
J=h"x(T)+ / 0T x(t)dt + / rlU(t)Gx(t)dt,  (5)
0 0

with T =77 +7T(V=+V*+)G/2, and the new matrix G is
still nonnegative.

Remark 1 System (4)-(5) encompasses (1)-(2) and Assump-
tions 1-3 remain valid: we just assume —v~ =v' =1, the
all-ones vector. The change of variables is useful to make
the final formulas much more compact.

Positivity of the cost implies that, in the new variable U, the
following assumption holds.

Assumption 4 For all |U| <1, it holds componentwise that

" +rTUG > 0.

We will reconsider this assumption later on.

We consider the control problem with a finite horizon T < oo
and with an infinite horizon 7' = c; in the latter case, h = 0.

3 Finite horizon control

The main result of this section shows that we can solve the
finite horizon problem directly with a single integration of
the co-state equation, without resorting to shooting.

The Hamiltonian is

H(x,Eu)=E  [A+FUG)x+r UGx+("x.

The minimum is achieved componentwise by solving

min [éTFU n rTU} Gr. ©6)
Uit

Lemma 1 The minimizer in (6) is given by
U* =diag (u*) = diag (—sign[FTé + r}) . (7)

The maximizer is U* = diag (sign[F "€ +r]).

Proof. The minimizer U* is found by considering only the
part depending on U: [§ " F +r"|UGx. Since Gx is nonneg-
ative by assumption, we immediately have (7). The same
proof holds for the maximizer. ]

Remark 2 In view of the definition of the sign function, U*
is uniquely defined.

Since u*(&) = —sign [F "€ +r| does not depend on x, the
adjoint equation is

—E()" =ETA+FU ()G +rTU ()G + 1T (8)
U* = diag [u* ()] 9)
E(T)=nh (10)

which has to be solved backward in time and can be solved
independently of x.

Proposition 1 Let Assumptions 1-4 be satisfied. Then the
optimal control function u* can be computed by means of
a single integration of (8)-(9), backward in time, with final
condition (10). The optimal control is independent of x(0).

The proof is given in the next subsection.

The same property holds if we wish to maximize the cost
function: we just need to replace u*(§) = —sign [FTé + r]

by u*(€) =sign[F'&+r].
Example 1 Consider a system of the form (1) with

A=o, Fv(a,ﬁ)—l“ 2] G=1.
a_

With T = 1, take the parameters & € [1,4] and B € [2,3] as
control variables and assume the cost weights h' = [0 1],
r=0and ¢ =0 in (2). The differential equation (8) is
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Figure 1. Time evolution of: the minimizer functions a(t), blue,
and P(z), orange (upper panel); the maximizer functions o(t),
blue, and (), orange (middle panel); curves generating the lower-
(blue) and upper- (red) bounding values for x,(7’), along with a set
of randomly generated (black) curves (lower panel). It is important
to note that the bounds only hold at the final time 7 = 1.

If we take u* = —sign[E " F), we obtain the minimizer func-
tions a,B in Fig. I, upper panel. To maximize, we take
u* = sign[& T F), leading to the maximizer functions o, in
Fig. 1, middle panel. While B is constant, o switches at
some point. The lower panel of Fig. 1 reports the bounds on
the state evolution and a set of randomly generated curves,
obtained by extracting random constant values of parame-
ters o € [1,4] and B € [2,3] from uniform distributions. It
is worth stressing that the bounds are valid only at the final
timet =T =1, as can be seen in Fig. I (lower panel).

To achieve bounds valid at an intermediate time 0 <T' < T,
one should re-run the procedure with the new final time T’
and the curves would be different on [0,T’]. So, to have
an overall bounding function at intermediate times, we just
need to iterate over different values of the final time: the
computation is so fast that this goal is straightforward.

The example shows that the maximum and the minimum are
not achieved for constant values of the control parameters
on a finite horizon. This is not the case for infinite horizons,
as we will see later.

Pontryagin’s maximum principle provides a convenient
theoretical framework to solve the problem. Unfortunately,
in general, it provides necessary conditions only [31]. To
show that these conditions are also sufficient, we exploit
the Hamilton-Jacobi-Bellman theory.

3.1 The finite-time Hamilton-Jacobi-Bellman equation

Sufficient conditions can be derived by considering the
Hamilton-Jacobi-Bellman equation on the finite horizon

[0,T], which turns out to be

iy { 2222

i< t
=0. (11)

+V¥(x) [A+FUG]x+€Tx+rTUGx}

For this equation, we try a solution of the form
W(x,t) =z (t)x. (12)

By substituting (12) into (11), we get

min T+ (O A+FUG)+ ¢ +r7UG|x=0. (13)
<

From Lemma 1, the minimizer is u* = —sign[F "z(t) +r].
Setting U* = diag[u*] in (13) yields the following ordinary
differential equation, with final condition /" :

() +z2 (VA= (OF+r"|G+LT =0 (14)
2 (T)=h' (15)

Equation (14) is nonlinear. However, it is Lipschitz, hence it
admits a unique solution z(¢). We are therefore in a position
to prove the following result.

Theorem 1 Let Assumptions 1-4 be satisfied. The cost-to-
go function of the finite-horizon optimal control problem
is given by (12), where z(t) solves (14)-(15). The optimal
control is given by (7) with & = z. The optimal cost is Jop; =
2" (0)x(0).

Proof. The HIB theory provides sufficient optimality condi-
tions, while the solution of (14)-(15) exists and it is uniquely
defined, yielding ¥ = z ' (¢)x. [ |
Note that the solution z(¢) of (14)-(15) is the same we get

with (8)-(10) if we consider the corresponding, uniquely
defined, U*(t) = diag[sign(ETF +r")].

3.2 Model generalization

The model can be generalized to the case in which the Met-
zler matrix A(¢) and the nonnegative matrix G(¢) are time-
varying, also in the presence of a linear control term Ec(7)
and of a nonnegative drift term d(z) > 0:

x(t) =A@0)x(t)+FU(@)G(t)x(t) +Ec(t) +d(t), (16)

where matrix E is given and c is a control vector.
Assumption 5 Vector c(t) has elements —1 < ¢;(¢t) < 1 and
Ec(t)+d(t) > 0 for all c(r).

Again, normalizing to unitary lower and upper bounds is not
a restriction, since we can scale E and absorb any constant
term into d.

Remark 3 If, in the original model (1), the bounds on V (r)
are time-varying, v; (t) < v;(t) < v (t), we can still reduce



the analysis to the constant bound case
x(t) =A@)x(t) +FU@)G(t)x(r), with |U(t)| <I,

with A(t) Metzler, G(t) nonnegative as we did in Section 2.
We consider the problem of minimizing the positive cost
T

sTe(t)dt,

A7)
with the additional term s c(¢), where s is a nonnegative
vector. The new Hamiltonian is

J=hTx(T)+ /0 T TU ()Gl de + /0

H(x,E u,c,d,t) =ET [A(t)x+FUG(t)x+ Ec +d|
+r'U@O)G(O)x+ L x+s"c.

As long as x(¢) > 0, the minimizers of the expression are:

u* (&) = —sign [FTé' +r} ,

¢*(&) = —sign [ETE+s],
while the adjoint equation is the same as before:

ET =T [A(t) FFUA (G +r U ()G +¢T]  (18)
U* = diag[u* (&) (19)
&(T)=nh (20)

Again, this equation does not depend on x, and hence no
shooting is required. However, since variable x(¢) is assumed
nonnegative, the control is optimal as long as x(¢) > 0.

Proposition 2 Under Assumptions 1-5, the control func-
tions u* and c* can be computed by means of a single inte-
gration of (18)-(20), backward in time. The obtained control
is independent of x(0) and it is optimal as long as we have

x(t) > 0o0n [0,T].

Conditions (18)-(20) are quite convenient for computation,
but they are only necessary in principle. As done before, to
guarantee that the achieved solution is indeed the optimal
one, we resort to the Hamilton-Jacobi-Bellman theory, which
gives sufficient conditions, and leads to the same solution.

4 Infinite horizon problem

We now consider system (4) and wish to solve the infinite
horizon problem of minimizing the cost

_ [T © T
Jf/o ¢ x(t)dt+/0 TUWGHd, @)

under Assumptions 1-4.
For infinite horizons, we need a stabilizability assumption.

Assumption 6 There exists a matrix U such that A+FUG
is Hurwitz.

We consider again the Hamilton-Jacobi-Bellman theory.
Since we assume a nonnegative initial condition, we con-
sider a cost-to-go function ¥ defined in the positive orthant.
The infinite-horizon HIB equation is

min {V‘P(x) A +FUG]x+€Tx+rTUGx} 0. (22
Ul

With an abuse of notation, we consider VW as the gradient
of ¥, which is not necessarily differentiable. The utmost
regularity we can ensure to W is its concavity.

Proposition 3 Under Assumptions 1-4 and 6, ¥ is con-
cave and copositively homogeneous of order 1: for A > 0,
Y(Ax) = A¥(x).

Proof. It goes as in [22], where the proof is given for
discrete-time systems. Let xy be a convex combination of
xa and xp, xg = oxa + Bxp, a+ B =1, o, > 0. Denote by
J(x,u) the cost with initial condition x and control u and de-
note by J*(xo,ug), J*(xa,u}), J*(xp,up) the optimal costs,
with the corresponding optimal controls ug, u}, up. Then

T (xo0,u”) = o (xa,u”) + BJ (xp,u)
> o (xa,uy) + BJ (xp, up),
where the first equality is due to the linearity of the cost for

fixed u*. The fact that ¥ is copositively homogeneous of
order 1 is immediate. |

Concavity ensures that the gradient V¥ (x) is defined almost
everywhere. Consider a point x where

7 =V¥(x)
is defined and let us study it locally, relying on the next
important lemma, whose proof is immediate.
Lemma 2 The minimum in (22) is obtained on the vertices
U*(x)= arg‘m‘in {ZT A +FUG]x+€Tx+rTUGx}
Ul<I
= arg min {zT [A—l—FUG]x—!—KTx—&—rTUGx}

0]=1

Letting U* denote the optimal control, the HIB equation
becomes an algebraic equation

2 [A+FU*Glx+{ " x+r"U*Gx =0, (23)

which is valid for z" = V¥(x), namely for the specifically
chosen x.

Motivated by these considerations we wonder whether the
quantity z can be constant for all x; equivalently, we look
for a solution of the form

Y(x)=z"x,



with a common z > 0. By eliminating x, we get
2 [A+FUGI+LT +r"U*G =0. (24)

Substituting the expression (7) of U* into equation (24)
yields

Z'A- ’ZTF-FI’T G+{" =0. (25)

To find the solution of (25) we proceed as follows.

Theorem 2 Let Assumptions 1-4 and 6 be satisfied. Assume
that equation (25) admits a single solution zgpt > 0, and that
u* = —sign[F "z + 1] is stabilizing, namely, A+ FU*G is
Hurwitz with U* = diag[u*]. Then the function

Y(x) = onp,x

satisfies the HIB equation and control (7) is optimal with
the constant control law U*.

The theorem has to be completed by showing the existence
and uniqueness of the solution, as we discuss in the next
section.

Remark 4 7o solve the maximization problem, we just need
to consider U* = sign[FTzop, + 1], where zop; now solves

A+ ’ZTF—l—rT‘G—&—ET =0. (26)

Clearly, this solution has no practical significance if U*
destabilizes the system: hence, in the infinite horizon case,
we need to assume that A+ FUG is Hurwitz for all |U| < I.
Note that this new assumption is limited to the claim of this
remark and needed nowhere else.

5 Uniqueness and existence of a stabilizing solution

We now tackle the issue of existence and uniqueness of the
solution of equation (25). We first consider the problem of
the existence of a vector z along with a stabilizing U*. To
keep the presentation simple we strengthen Assumption 4
as follows; we will comment on this aspect later on.

Assumption 7 For all |U| < I, componentwise,

" +rTUG > 0.

To find a solution to (24), we propose a procedure de-
scribed as pseudo-code that generates sequences z; > 0,
k=1,2,3... and U}, k=1,2... converging to the solution.

Procedure 1 Inputs: [r, (, A, F, G, U ], with U stabilizing.
Step 0. Check the stability of [A+ FU;G) and compute

== [ﬁ +rTU6‘G] [A+FUSGI™ "

(where le is the solution 7' to (24) with U* = Us.)
Set k:=1.

Step 1. Compute
Ui = —diag{sign[r" +z, F]}; (27)

(i.e., U is the minimizer argmin,y|<; [r" +2z] FUGx.)
Step 2. Compute the solution z,L_l > 0 to the linear equation

wn[A+FULGI+r UGH+LT =0.  (28)

Step 3. IF 73| = zx STOP and provide as Output: 7' = ZkTH
and U* = Uy, ELSE set k := k+1 and GOTO Step 1.

Theorem 3 Under Assumptions 1-3, 6 and 7, the proposed
Procedure 1 converges to the solution 7' > 0 to equation
(24), and provides a stabilizing U*.

Proof. We need three steps.

Step a) We first show that equation (28) can be solved for
all k£ to find ZkTH’ which is positive, because the considered
matrix A+ F U,j G is Hurwitz and Assumption 7 holds, and
therefore —(r'U;G+(")[A+FU{G]"! > 0.

Matrix A + FU;G is Hurwitz because Uy is stabilizing.
Hence there exists zi'— > 0 solving the equation. For k > 1,
given U} computed as in (27), and assuming [A + FU;/G]
Hurwitz, so that we can compute z;,, > 0 from (28), we
show that [A + FU, G| is Hurwitz as well. Indeed

G [A+FUL Gl = 20 [A+ FULG]
*ZILIF[UI:*UI:H]G: *gT*”TUIjG
*ZZ+1F[UI:*UI:+1]G:‘:”TU;+1G
=" _rTUf+1G_[rT+ZZ+1F][UZ = Uil

<0 (Assumpt. 7) <0 (U{,, minimizer)
This implies that A + FU[", |G is Hurwitz, hence a positive

z,Ll can be found. This proves that matrices A+ FU[G re-
cursively generated by the procedure are Hurwitz and vec-
tors z; are positive.

Step b) We now prove that the positive sequence is non-
increasing: zx41 < zi for all k.

& — % l[A+FU;Gl = [A+ FUG] +r"U; G+ '
+r' U G+ FUL G = [ F+r|[Uf = UG

<0 (U} minimizer)

+7 [A+FU; (G)+L" +rTU; G<O

=0, because of (28)

Since [z} —z.,][A+ FU{G] <0, we multiply by the non-
negative —[A + FU;G] ™!, preserving the inequatity, to have

o — 2l [A+FULG|[~(A+FU;G) ']

= _[ZkT _Zl—cr+1] <0



Step c) Since z; > 0 decreases, it has a limit 7 > 0. Now
we need to prove that 7 > 0, strictly (in principle, it might
have some zero components). We have to remind that U is
always assumed on the vertices, therefore there are finitely
many possible solutions sz of (28). Therefore the sequence

Z,;r takes values in a finite set.

As a consequence, convergence occurs for finite k, i.e. there
exists k such that z; =z/,; =z'. On the other hand z; >0
for all k hence the limit is positive, Z > 0. |

Remark 5 In principle one could consider all possible so-
lutions to (28) for U on the vertices in a combinatorial way
and find a stabilizing one. It turns out that Procedure 1 con-
verges quickly to the right solution in a finite number of steps
and is much more efficient than the combinatorial approach.

The procedure converges to some Z that might depend on
the initial choice of U;. However, we can prove uniqueness,
regardless of Ug.

Theorem 4 Under Assumptions 1-3, 6 and 7, there cannot
be two distinct positive solutions z, and zj, with the property
that u, = —signlz) F +r'] and u, = —sign[z) F +r'] are
both stabilizing.

Proof. By contradiction, consider the corresponding U, and
U; and assume both

2 [A+FUGIx+ 0 x+r"UGx =0,
7 [A+FUSGIx+ £ x+r U Gx = 0.

TN DAt FuG
= 7 [A+FU |G-z [A+FU}|G
425 [A+FUIG -z [A+FU}]G
=—r'UlG+r'UiG+2z, FU;G—z) FU;G
= —(r" +2,F)[Uf —U}]G <0,

where the last inequality holds because Uj; is the minimizer.
Again, since (z) —z} )[A+FU;G] <0, we multiply by the

a
nonnegative —[A+FU;G| ™!, to get z; <z, . With the same
approach, we can show the opposite inequality, z, < z, .

Hence, it must be z; = zaT. |

Remark 6 Assumption 7, a stronger version of Assumption
4, is fundamental to ensure 7' > 0 and the overall system
stabilization. This issue is similar to the one with LQ control,
when the control may be non-stabilizing if the state cost is
assumed positive semi-definite. A possible relaxation is that
the solutions to (28) are positive for all |U| = I: this can
happen even if we weakly assume nonnegativity of the cost
as in Assumption 4.

6 Optimality with an external disturbance

Consider the system with an additive external disturbance:

x(t) = Ax(t) + FU(t)Gx(t) + Bw(t), (29)

with B a nonnegative matrix and vector w(¢) a nonnegative
external disturbance. We introduce the objective function

I €7 x(t) +r " U (£)Gx(1t)]dt
e T w(n)dr

(30)

and we aim to solve minjy|<; sup,,J, for some stabilizing
U. The ratio in (30) is an input-output amplification measure
that weighs the performance integral with the disturbance
amplitude. For instance, in a flood problem, such as the
one considered in Section 8.1, the numerator could be the
weight of a persistent incoming flow (e.g., rain), instead of
a flooding action concentrated at + = 0. We derive the next
result.

Theorem 5 Let Assumptions 1-3, 6 and 7 be satisfied. As-
sume x(0) =0 and w(t) >0, w € L. Then

min supJ =max §' Be, 3D
U<t w k

where we denote by ey, the k-th vector of the canonical basis,
while vector § > 0 solves the equation

G"A=g"F+rT|G+L" =0. (32)
The optimal control is constant,
U* = diag [—sign[c}TF—i— |, (33)
and the worst-case disturbance is
w* =38(t)ey,
where 6(t) is the Dirac function and

V= argml?x[qTBek].

Proof. Consider the function V (x) = ¢'x, ¢ > 0. We have
V+(" +rUG)x= (qTA —|q"F+ rT|G+€T) x
+lg"F+r"|(I-U'U)Gx+q' Bw
for all w > 0 and |U| < 1, where we set
U* = —diag [sign(¢' F +r")].

Take ¢ > 0 that solves (32), to annihilate the term in round
backets and get

V(" +r"UG)x—¢"Bw=1|g"F+r"|(I-U"U)Gx>0.

Note that (I —U*U) > 0 and the inequality becomes an
equality for U = U*. Now integrate, divide by [5° 17 w(t)dt



and consider that x(0) =0, so V(x(0)) = V(x(ee)) =0 and

J5 (T +rTU1)G)x(t)dt S I g Bw(t)at

Fiwa o e Twiar e

(34)

where the equality holds if and only if U(z) = U*.

The fraction in the right-hand side of (34) is maximized for
w*(t) = 8(¢) ey,

where V is the index corresponding to the largest component
[¢"B]i of ¢" B, formally v = argmax; ¢ ' Be. Therefore

Jo T +rTU®)G)x(t)d

! AT
=Y =g B
I~ 1Tw(r)dr V' =4 Bey,

inf su
UMI<lywe

where § satisfies equation (32) and the infimum is achieved
for U(r) = U™ [ |
Remark 7 Consistently with the results of the previous sec-
tions, the optimal control is constant, U = U*, and does
not depend on B. Conversely, the worst case disturbance
w* = §(t)ey does depend on B.

7 Minimization of the Frobenius eigenvalue

This section considers the problem of minimizing, over
|U| <1, the Frobenius dominant eigenvalue A" (A +FUG)
of matrix A + FUG, namely the eigenvalue with maximum
real part, which is real because A+ FUG is a Metzler ma-
trix. Besides being of interest on its own, the solution to
this problem is useful to check Assumption 6 and to find a
starting Uy in Procedure 1.

To this aim, consider the functions p~ (A1) and pT (1) of a
real variable A

{ p~(A) = miny <, det{Al — A~ FUG], 5)

pF(A) =maxy <, det]A] —A - FUG],

which are tight lower and upper bounds for the characteristic
polynomial

p(A,U) =detAl —A—FUG];

precisely,

p~(A) < p(A,U) < p*(A).
We notice that limy_,., p™(1) = +oo. So let A* be defined
as the largest real root of function p™(1):

A* =max{1:pT(1)=0}.
We claim that the smallest Frobenius eigenvalue is

min A" (A+FUG) = 1"
|U|<1

By construction, p(A*,U) < p*(A*) =0.

Since any characteristic polynomial diverges, p(A,U) —
+oo for A — oo, it must have a root larger or equal to A*.
Hence,
A* < min Af(A+FUG).
U<t

Now, since |U| <1 is a compact set, the maximum p* (1)
is achieved for some U*, hence p(A*,U*) = p™(1*) =0.
Therefore, A* is the Frobenius eigenvalue of A+ FU*G, the
minimum possible one.

We conclude with this proposition.

Proposition 4 Under Assumptions 1 and 2, the value of U
that minimizes the Frobenius eigenvalue is on the vertices:

min A (A+FUG) = min A¥ (A+FUG).
u|<t U|=1

Proof. For fixed A = A%, p(A*,U) is a multiaffine function
of the diagonal entries u; of U. A multiaffine function defined
on a hypercube (in our case |U| < I) reaches its minimum
and maximum on the vertices [17], |U| =1. |

The problem of minimizing the Frobenius eigenvalue is thus
solved by considering all possible vertices of U, computing
all the corresponding Frobenius eigenvalues AF (A + FUG),
and taking the minimum one. A stabilizing U exists if and
only if the minimum Frobenius eigenvalue is negative.

The problem of maximizing the Frobenius eigenvalue,
which is important to check stability for all |U| < I, has
an analogous vertex solution: max ;A" (A +FUG) =

max|y_; A" (A+ FUG).

8 Illustrative examples and applications
8.1 A flood control problem

Consider a fluid network with six compartments, modeled as

x(t) = Ax(t) + FV(t)Gx(1),

with
—a 0 0 0 0 0
0 —B 0 0 0 0
4 0 0 —(y+p) 0 0 0
0 0 0 —(8+v) 0 0
0 0 u 0 - 0
L0 0 0 v 0 —o |
(-1 -1 =1 0 o0 ]
100000
1 0 0 -1 0
100000
0O 1 0 0 -1
F= G=]100000
0o 0 1 1 1
010000
0 0 0 0 0
001000
L0 0 0 0 0 |
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Figure 2. Fluid network. The first compartment gets flooded: the
fluid should flow outside reservoirs 1, 2, 3 and 4, while the presence
of fluid in reservoirs 5 and 6 is undesired.
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Figure 3. The optimal (switching) control evolution on the horizon
T = 12 (top), the corresponding optimal state evolution (bottom).

The state components represent the fluid level in the reser-
voirs (compartments, associated with the nodes), while the
control u(t) has components that represent the opening frac-
tions of the valves regulating the flow along some of the
pipes that connect the reservoirs: u; = —1 if the valve is
minimally opened and u; = 1 if the valve is fully opened.

Weseta=f=y=0=e=u=v=0.1and ¢ =0.2. The
bounds on the control parameters v are

v- =10.150 0.160 0.170 0.180 0.190],
vt =[1.150 1.160 1.170 1.180 1.190].

1 We consider the scenario where an excessive fluid level
is initially present in the system (flood) and we study the
optimal emptying strategy. We assume that the presence of

fluid in some compartments has to be avoided, yet it is tem-
porarily necessary, in order to clear the system. Taking as a
cost the integral over a finite interval of a linear functional,
we penalize the weighted average of the fluid levels in the
Ieservoirs.

We consider the cost J = folz ¢7x(t)dt, over [0,12], with

("=[1000 12 1],
which penalizes the presence of fluid in reservoirs 1, 5 and
6.

The fluid is initially present in reservoir 1, while the others
are empty:
x(0)=[10000 0.

Fig. 3 shows the time evolution of the control variables (top)
and of the optimal state (bottom).

If we consider the infinite horizon problem (7 = o), then,
solving (23), we get the cost-to-go function V =z x with

2 =[3.2067 2.3571 4.5779 3.6667 20.0000 7.3333].
Correspondingly, the optimal constant control is

v=[ vy vy v vl
meaning that, in the long run, the best strategy is to open

pipes 1 and 5, and close 2, 3 and 4, as much as possible.
Simulations over long horizons confirm this property.

8.2 Sensitivity analysis in epidemic evolution

Consider the SIDARTHE epidemiological model proposed
in [15,16], rearranged as

[~ 0 0 0 0] (1]
e-rn 0 0 0 0
)= ¢ 0-r; 0 O0|x(1)+|0]| () (36)
0 n 6-rg O 0
| 0 0 u v —rs| | 0|
o(t) = S(t)c x(1) (37)
S(t) = —S(t)c " x(z) (38)
cT:[aﬁy8O} (39

where ri =e+C+A, n=n+p, n=0+Uu+K, ry =
v+&, rs=0+1. Vector x = [IDART]" includes the frac-
tions of Infected (not diagnosed), Diagnosed infected, Ail-
ing (not diagnosed), Recognized (diagnosed with symptoms)
and Threatened (diagnosed with severe illness, needing in-
tensive care). S is the fraction of susceptible population. We
wish to analyze the sensitivity of the model with respect to
the parameters under either of the following assumptions:



e the susceptible population S(¢) is slowly varying on
the interval, therefore it is assumed constant with some
uncertainty;

e the susceptible population is S(¢) is controlled, e.g. by
a vaccination campaign, hence it is known with some
uncertainty.

Slowly varying S. In this first case, we can absorb the uncer-
tainty on S in the contagion parameters: o := Sa, 3 := SB,
Y:=8Y, 6 := §6. Taking into account the uncertainty of S
results in an additional modest uncertainty of these param-
eters. We then get a model of the form

[—ri+a By & 0]
€ -n 0 0 O
X= ¢ 0 -1 0 0 | x
0 n 6 —r 0
L 0 0 u v —rs|

The adopted nominal values of the parameters (i.e., the
components of Vector i) are: Qpom = 0.40; Byon = 0.005;
Yoom = 0.110; 80 = 0.0057; €,0m = 0.171; Lo = 0.034;
z'm)m = 045’ Nnom = 0347 Prom = 0.40; en()m = 0.371;
Wiom = 0.007; Kuom = 0.017; Vo = 0.007; &0 = 0.017;
Cnom = 0.034; 1,,,, = 0.01.

These parameters are uncertain and time-varying and we
consider them as the components of u. We assume that an
uncertainty is present in all parameters. Parameter o, the
main infection parameter, associated with the contact be-
tween susceptible and infected asymptomatic people, is no-
toriously the most crucial one. It deeply affects the behavior
of the disease spread. On the other hand, it is typically accu-
rately estimated, possibly passing through the well known
R; parameter. According to [15],

_ ot Be/ra+yl/rs+8(ne/(rara) +86/(r3r4))

r

Rt:

b

where parameters r; have been defined above. According to
our data, assuming the initial susceptible population fraction
to be almost 1, we get R, = 0.6315. This number is mostly
dominated by the term R=a /r1 = 0.6107. From the com-
putation of R;, we have a reasonable estimation of o. Hence,
we assume an uncertainty of £10% for .

Conversely, the other parameters are less accurately esti-
mated, although less crucial for the evolution. For these,
we assume an uncertainty of +20%: f € [0.8B,om, 1.2Buom]
Y € [0-8%10m, 1.2%0m], and so on.

To find the exact bounds of the evolution, we solve an opti-
mal control problem with n =5 state variables and m = 16
control inputs. Note that the co-state equation introduces 5
new variables. With the proposed method, we need a single
integration of the co-state equation to find the optimum.

Given a horizon of 60 days, we wish to determine bounds
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=== Final upper bound
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Figure 4. Curves generating the infected upper and lower bounds
(red and blue) valid at time 7 = 60 days, with &t = 0o, == 10% and
all other parameters considered with £20% uncertainty. Randomly
generated trajectories are shown in black.
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Figure 5. Curves generating the upper and lower bounds for ICU
occupancy (red and blue) valid at time 7' = 60 days, with £10%
uncertainty for o, £20% uncertainty for all other parameters.
Randomly generated trajectories are shown in black.

for the final number of infected people by selecting
('=0, ' =[11110].

Fig. 4 reports the bounds (red and blue) for the infected
population, which are valid at time T'.

Among the maximizer parameters, just one (ug = ()
switches from the maximum value 0.0408 to the minimum
value 0.0272 at time ¢t ~ 58 days: we denote this switching
behavior by =+ in the table below. The other parameters are
constant, according to the pattern:

aBydle|llA|n|plo|u|k|v|é|ao|T
+ |-

The minimizer parameters are constant:

aBydlel|A
— ||

=
he)
>
=
A
<
('
Q
3
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Figure 6. Curves generating the bounds for the in-

fected population, valid at time 7 = 120 days, with
a(t) =oag—(t/T)[oo — afin] = 10% and all other parameters con-
sidered with £20% parameter uncertainty.

We have also considered the bounds for the final values of
ICU occupancy, by setting

(=0, w =[o0001].

The results are shown in Fig. 5. The maximizer parameters
are constant, with pattern:

aBydle|ll|An|plOlulk|v|élo|T
I e e e e B B e e e e e

As for the minimizer parameters, us = € switches from the
lower to the upper bound at time z = 51 days, while ug = {
switches from the lower to the upper bound at time 7 ~ 15
days; we denote this behavior by = in the table below. The
remaining parameters are constant, with pattern:

aBydle|ll|A|n
— | FF| |||+

0lulx|vié|lo|t

he)

Controlled S: vaccination campaign. In the second case,
the infection parameter ¢ is assumed to decrease due to
a vaccination campaign. This parameter is proportional to
the fraction of susceptible population, & = S, and deeply
subject to uncertainty. We assume the initial value S = 1 and
the final value, after 4 months, S¢;, = 0.5, so Qi = XS fin,
meaning that 50% of the population has been immunized.
The term o is assumed to have a linear decreasing behavior
with uncertainty of 10%:

t
ot)=o0p— ?[ao — Ofin] £ 10%.

Fig. 6 reports upper and lower bounds for the infected pop-
ulation (valid at time 7). The maximizer parameters do not
switch and follow the pattern:
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=== Final lower bound
=== Final upper bound

Fraction of people in ICU

0 20 40 60 80
Time (days)

100

Figure 7. Curves generating the bounds for ICU occupancy, valid at
time 7 = 120 days, with o(r) = ap — (t/T)[0to — Qi) £ 10% and
all other parameters considered with £20% parameter uncertainty.

aBydle|ll|An|p|lOlu|k|v|éE|lalT
e el et et el et el el e el e B

The minimizer parameters are all constant but us = €, which
switches twice from the upper to the lower value at time
t = 78 days, and back to the upper value at time ¢ ~ 115
days. We denote this behavior by +7:

afByéd| e |C|A(n
= |EF| ||| || ]+

0lulx|viélo|t

©

Finally we consider ICU occupancy. The maximizing pa-
rameters are all constant but us = € and ug = {, which switch
from the lower to the upper bound (a behavior denoted as
as F) at time t ~ 39 days and ¢ ~ 104 days, respectively:

aBydle|llA|n|plo|u|k|v|é|ao|T
e G e e e e e e e el e

The minimizing parameters are all constant but us = €,
which switches from the upper to the lower bound (a behav-
ior denoted as +) at time 7 ~ 4 days:

aBydle|ll|An|plOlu|k|v|é|lalT
+ | |

Infection and ICU occupancy curves initially increase and
eventually decrease, once the vaccination coverage reaches
a sufficient level.

9 Concluding discussion

We have solved an optimal control problem for linear com-
partmental systems in which some of the coefficients are
control variables. This type of problem was previously ad-
dressed successfully under the assumption that the control
coefficients appear on the diagonal: in this case, the problem



is convex [10,35]. In general, however, the problem is harder
to solve. We show that, over both a finite and an infinite
horizon, the problem can be solved by finding exact solu-
tions to the Pontryagin equations and to the HIB equations.
The key observation is that the state and co-state equations
are decoupled. This is one of the few cases in which the
HJB and Pontryagin equations admit a computable solution,
without resorting to brute force numerical methods.

We have seen that the optimal solution in general may switch
in the finite horizon problem, but it is constant in the infinite
horizon case, meaning that, in the long run, the best strategy
is to keep all the control parameters constant.

A limitation of the proposed theory is that the considered
cost on the control action u; associated with an arc leaving
node i has been imposed on the flux ux;, and not directly
on uy; in this latter case, the state and the co-state would no
longer be decoupled. This more general problem is left for
future investigation.
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