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Abstract. We prove exponential convergence in the energy norm of hp-finite element discretiza-
tions for the integral fractional Laplacian of order 2s € (0,2) subject to homogeneous Dirichlet
boundary conditions in bounded polygonal domains Q C R?. Key ingredients in the analysis are the
weighted analytic regularity from [M. Faustmann, C. Marcati, J. M. Melenk, and C. Schwab, SIAM
J. Math. Anal., 54 (2022), pp. 6323-6357] and meshes that feature anisotropic geometric refinement
towards Of.
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1. Introduction. In recent years, mathematical and computational modelling
in engineering and natural sciences has witnessed the emergence of nonlocal boundary
value problems and their mathematical and numerical analysis. For applications of
fractional models, we refer the reader to the surveys [14, 9, 32, 28] and the references
therein.

A typical nonlocal, elliptic operator is the so-called fractional Laplacian. In a
bounded domain Q c R%, and for s € (0,1), the Dirichlet problem of the fractional
Laplacian reads, informally, for given f:Q — R, as follows: find u:R? — R such that

(1.1) (=A)Y’u=f in Q, u=0 in Q°:=RNQ.

Nonlocality manifests here in that the operator (—A)® acts on u globally (see (1.2)),
and that the Dirichlet “boundary” condition is, in fact, a condition on the unknown
on the whole exterior of €.

1.1. Integral fractional diffusion. We consider a bounded, open polygon 2 C
R? with Lipschitz boundary 9§ consisting of a finite number of straight sides (the
edges of the polygon) and vertices. For s € (0,1), there are various different possible
definitions of the fractional Laplacian (—A)® (cf. [27]), which are equivalent on the
full-space, but may differ on bounded domains. Here, we study the integral (Dirichlet)
fractional Laplacian (—A)® that, acting on a sufficiently regular function u in Q, reads
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u(z) —u(z) 2 T(s+1)
1.2 —A)? :=C(s)P.V. ———d C(s):=—-2———=.
(12) (A u@)=CEPV. [ TP o= -2t
Here, P.V. denotes the Cauchy principal value integral.
In order to state a variational formulation of (1.1), fractional order Sobolev spaces
are required. For an integer order ¢ € Ny and a domain w C R?, we denote by H'(w) the
Hilbertian Sobolev spaces. Fractional order Sobolev spaces for ¢ € (0,1) are defined

through the Slobodeckij seminorm | - |z, and the corresponding norm || - || g+ ()
given by

v(z) —v(2)]?
(1.3) [0 ) :/w/wmdw% [0l 7ty = 001220y + [0 )

For ¢ € (0,1), we employ the spaces
~ — 2 2 2
(1.4) HY(Q):= {u € Ht(R2) :uEOOHRQ\Q} , ||Upr(Q) = ||vHHt(Q) + Hv/rtHLz(Q) .

Here and throughout, r(x) := dist(x,012) denotes the Euclidean distance of a point
z € () from the boundary 9. For ¢ > 0, the space H ~t(Q2) denotes the dual space
of HY(Q), and (") p2(q) denotes the duality pairing that extends the L?(Q)-inner
product. _

The variational form of (1.1) reads as follows: find u € H*(§2) such that, for all
ve H*(Q),

(15) a(u,v) = Cés)/]R2 /}R2 (u(r) —u(2))(v(z) —v(2)) dzdz = (£,0) 120y -

|z — 2|2+2s

Existence and uniqueness of u € H *(Q2) follow from the Lax-Milgram lemma for any
f € H%(2), upon the observation that the bilinear form a(-,-) : H*(2) x H*(Q2) = R
is continuous and coercive; see, e.g., [2, sect. 2.1]. _

This observation implies that, for any subspace Vy C H*()) of finite dimension
N, the Galerkin discretization

(1.6) uy €Vt a(un,v) = (f,0)12q) YWEVN
admits a unique solution uy € Vy. Whence
(1.7) Yoy € Vi : Hu—uNHﬁS(Q)§C||u—vN||I§S(Q).

Convergence rates depend on the regularity of u and on the structure of {Vy}nen.
We establish exzponential convergence rate bounds for the right-hand side of (1.7)
under weighted, analytic reqularity of uw in vertex- and edge-weighted spaces in ().
This requires {Vi}nen to be a family of finite-dimensional subspaces of hp-type.
In particular, we construct a family {IIx}nen of spectral element approximation
operators such that exponential convergence rate bounds are attained in (1.7) with
UN = HNUN.

1.2. Previous results. In the recent work [11], the regularity of the solution u
of (1.1) in a certain (isotropic) Besov space on Lipschitz domains Q was shown. This
was subsequently used in [12] to infer algebraic convergence rates of Galerkin finite
element methods (FEMs) in (1.7), where, in [12], the spaces {Vn } nen are a family of
continuous, piecewise affine Lagrangian first order finite elements (FEs), on a sequence
of shape-regular triangulations in  with judicious, isotropic boundary refinement.
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The necessity of such refinement can be expected by the boundary asymptotics of the
solution shown, e.g., in [33], where u(x) ~ dist(z, 0Q)® was established.

The anisotropic nature of the edge-singularities of the solution w in € precludes
high convergence rates (in terms of error versus number of degrees of freedom) for FE-
discretizations based on shape-regular mesh families: anisotropic boundary refinement
is necessary to this end.

The regularity of solutions to (1.1) has been studied intensively in recent years.
The works [33, 1] established Holder regularity of solutions in Q, when 9Q is C!, with
asymptotic behavior as dist(z,d9)* for z € Q (corner domains Q C R? as considered
here are not covered by these results). In [19, 36] vertex- and edge-singularities of
solutions to (1.1) have been investigated formally, and the dominant singular terms of
weak solutions v € H*(Q2) of (1.5) have been calculated, under provision of sufficiently
high (finite) regularity of f in (1.1).

In [17], we studied elliptic regularity for (1.1) in the case that (a) Q C R? is a
polygon, with (a finite number of) straight sides, and (b) the data f in (1.1) is analytic
in Q. We detail the results of [17] in section 2; they constitute the basis of the proof
of our main result, the exponential convergence rate bound (1.8).

We recall that there are are several constructions of fractional powers of the
(Dirichlet) Laplacian. In addition to the integral fractional Laplacian considered
here and, e.g., in [33, 11, 19], we mention the related, so-called spectral fractional
Laplacian, for which regularity and FE-analysis was considered, e.g., in [31, 4, 6, 8]. In
[6, 8], exponential convergence of hp-FEMs for spectral fractional diffusion problems
in so-called curvilinear polygonal domains, subject to analytic data, was proved. The
mathematical analysis and the numerical method in these references leveraged the
reformulation of the nonlocal boundary value problem in terms of a degenerate, elliptic
local boundary value problem, which can be approximated by a collection of (still
local) elliptic singular perturbation problems, for which hp-FEMs have been shown
to deliver exponential convergence rates in [30, 7].

Numerical analysis for the integral fractional Laplacian was developed also in the
recent contributions [10, 2, 16, 26]. We refer the reader to the surveys [9, 28] and
the references therein for a comprehensive presentation and references. None of these
references establishes, in space dimension d > 1, exponential rates of convergence. In
space dimension d = 1, higher order spectral methods have been proposed and ana-
lyzed, in particular for settings that imply an explicit, separable singularity structure
of solutions in [3, 29] and the references therein. In the presently considered polygonal
domains Q with analytic right-hand side, such approaches [3, 29] are not applicable,
due to the more involved singularity structure in 2.

1.3. Contributions. We prove exponential rate of convergence of hp-FEMs to
solutions of the homogeneous Dirichlet problem for the integral fractional Laplacian
of order 2s € (0,2) in polygonal domains 2 C R?, subject to a source term f that is
analytic in Q.

We resolve the vertex- and edge-singularities, which are well known to occur
due to the singular support of the solution u being all of 9 (see, e.g., [22, 1, 19]) by
anisotropic, geometric mesh refinement towards 0S2. The class of admissible geometric
meshes in 2 will consist of a finite union of patchwise structured geometric partitions
that are images of partitions from a finite catalog 3, as depicted in Figure 2, similar
to the construction in [7, 8]. The structured, anisotropic geometric partitions in the
patches are assumed to be obtained by a finite number L of bisections. On the
corresponding global geometric partition in €2, the hp-approximation space Vy in
(1.6), (1.7) consists of continuous, piecewise polynomials of degree ¢ ~ L > 1.
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The principal result of the present paper can be stated as follows.

THEOREM 1.1. Let Q C R? be a polygon. There is a sequence {Vn}n>1 of hp-
FE spaces, with dimension not exceeding N, such that for f that is analytic in Q
and the solution u of (1.5), the Galerkin approxzimations uy € Vi of (1.6) converge
exponentially to u, i.e., there are constants b, C >0 (depending on s, 2, and f) such
that

(1.8) lu = un|l o) < Cexp(=bVN).

The spaces Viy can be taken as the spaces WqL (see (5.1) for the precise definition),
which are spaces of globally continuous, piecewise mapped polynomials of degree q
on boundary-refined meshes Tgﬁoﬁ (see Definition 4.2) with L layers of geometric
refinement, for L ~q~ N'/*.

We remark that the exponential rates of convergence (1.8) have recently been
reported in computations in [20, sect. 8]. See also [5] and [36].

1.4. Layout. In section 2, we recapitulate the weighted, analytic regularity re-
sults of [17], which form the basis of the proofs of the exponential convergence. In
section 3, we state an embedding result of weighted, integer order spaces H é(Q) into
fractional ones, which will be instrumental in the ensuing analysis as global error
bounds are obtained from adding scaled local error bounds in these spaces. Section 4
contains the definition of the hp-FE spaces, in particular of the structured geometric
meshes on the reference mesh patches. They are simplifications of the constructions
used in [7, 8]. Section 5 has the key exponential approximation error bounds in the
weighted, local H é(Q)—norm for the hp-FE spaces on the geometric, boundary-refined
meshes in the patches. This is followed by the proof of Theorem 1.1.

Appendix A recapitulates the Gauss—Lobatto interpolants in the reference ele-
ments together with their basic approximation and stability properties from [30, 7].
In Appendix B, we show some technical lemmas used in the proof of the main result.

1.5. Notation. Constants C' may be different in each occurrence but are inde-
pendent of critical parameters of the discretization such as N,p, L. We denote by
S :=(0,1) the reference square and by 7' := {(z,y) € (0,1)? : y < z} the reference
triangle. Sets of the form {x =y}, {z =0}, {z =y}, etc. refer to edges and diagonals
of S or T and analogously {y<az}={(z,y) € S:iy<al}.

For g € N, P, = span{z’ y7 |i,5 >0,i+ j < q} denotes the space of polynomials of
total degree q and Q, = span{z’y’ |0 <i,j < q} denotes the tensor product space of
polynomial of maximum degree g in each variable separately.

For z € Q, we recall r(z) = dist(z,09Q). Finally, for ¢ > 0, we denote a t-
neighborhood of 9Q2 by

={xeQ:r(x) <t}

2. Analytic regularity in polygons with straight sides. We start by reca-
pitulating the weighted spaces from [17] used to describe the analytic regularity.

Recall that 2 C R? is a bounded polygon with a finite number of straight sides,
whose boundary 02 is Lipschitz. By V, we denote the set of vertices of the polygon
Q2 C R? and by & the set of its (open) edges. For v € V and e € £, we define the
distance functions

rv(@)=le—vl,  re(w):=infle -yl pre(w) =re()/rv(2)-
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For each vertex v € V, we denote by &, := {e € £ : v € €} the set of all edges that
meet at v. For any e € £, we define Ve :={v €V : v €€} as the set of endpoints of e.
For fixed, sufficiently small £ >0 and for v €V, e € £, we define vertex, vertex-edge,
and edge neighborhoods by

(2.1) WEi={reQ:r(z) <& A peelz)>E Vee&},
(2.2) Wher={zeQ :ry(2) <€ A pyelz) <&},
(2.3) wWwi={zeQ r(x)>¢ A re(z) <& YVEV)

Figure 1, taken from [17], illustrates this notation near a vertex v € V of the polygon.
Throughout the paper, we will assume that ¢ is small enough so that w$ ﬂws, = () for
all v # v/, that w§ NwS, =0 for all e # ¢, and wé, NwS,, =0 for all (v,e) # (v, €).
We will also drop the superscripts £ unless strictly necessary.

The polygon €2 may be decomposed into sectoral neighborhoods of vertices v,
which are unions of vertex neighborhoods wy and vertex-edge neighborhoods wye
(as depicted in Figure 1), edge neighborhoods we (that are properly separated from

vertices v), and an interior part Qi i.e., we may write

0= U (wvu U wve> U UweUQint.

vey ecé, ecé

Each sectoral and edge neighborhood may have a different value £, but we shall work
with one common (positive) value for all neighborhoods. The set Qi C 2 has a
positive distance from the boundary 0f2.

In a neighborhood we or wye, we denote by e and e unit vectors such that e
is tangential to e and e is normal to e. We introduce the differential operators

Dx”v:: e| - Vv, Dy vi=e; - Vv

corresponding to differentiation in the tangential and the normal direction. Higher or-
der tangential and normal derivatives in we Or wye are defined by DQ{.” vi= Dy, (Da{ilv)
and DI v:=D, (D 1v) for j>1.

The analytic regularity result in weighted local norms is [17, Thm. 2.1].

THEOREM 2.1. Let  C R? be a bounded polygonal Lipschitz domain. Let the data
feC>®(Q) satisfy with a constant v¢ >0

FiG. 1. Notation near vertexr v € V.
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(2.4) Vj € No: Z 102 fllz2(0) < ’Y}Jrljj-

lee|=4

Let u be the solution of (1.5). Let v € V, e € £, and wy, Wye, we be fized verter,
vertez-edge, and edge neighborhoods. Then, there is v > 0 depending only on ~y, s,
and € such that for every e >0 there exists C. >0 (depending only on & and ) such
that the following holds:

(i) For all « € NZ,

< Cﬂ“"|+1|a|la|.

(2.5) Hr'va‘—1/2—8+8a;u <
LQ(WV)

(ii) For all (p1,py) € N3, it holds, with p=p, +py, that

(2.6)

—1/2—s+ 1l +1
e 0 AT Lt

(2.7 e D Dl < OaPt,

(iii) In the interior Qing, for all a € N3,
(2.8) 105 ull L2y <V .

3. Embedding into weighted integer order space. The nonlocal nature
of the H*(Q)-norm (1.3) is well known to obstruct the common FE-approximation
strategy to obtain global error bounds by adding scaled, local error estimates on
subdomains. Accordingly, as proposed in [5, sect. 3.4], we localize this norm via an
embedding into a weighted integer order space. While such embeddings are known
(e.g., [37, sect. 3.4]), we provide a short proof to render the exposition self-contained.

Recall r(z) := dist(x,9Q) for z € Q. For 8 €[0,1) and an open set w C 2, denote
by Hj(w) the local Sobolev space defined via the weighted norm | - ||Hé(cu) given by

(3.1) ||U||i1;j(w) =[P Vol[T2 0y + 1777 0120

PROPOSITION 3.1 ([5, Lem. 8]). Let Q C R? denote a bounded domain with
Lipschitz boundary 092, and assume o € (0,1]. Denote by Hé () the closure of C§°(€2)
with respect to the norm || - ||H§(Q) in (3.1).

Then, for all B € [0,1 — o), H(Q) is continuously embedded into H°(Q), and
there exists a constant Cg »(2) >0 such that

(3.2) Vo€ HYQ):  [[oll oy < Coollollims o)

The estimate (3.2) remains valid in the limit case (o,5) =(1,0).

Proof. We present the argument from the univariate case [5, Lem. 8], with the
minor adaptations to the present setting. For Banach spaces X; C X with continuous
injection, and for v € Xy, t > 0, the K-functional is given by K(v,t; Xo,X;) :=
infuex, |[v—w|x, + t|wlx,. For 6 € (0,1) and ¢ € [1,00), the interpolation spaces
(e.g., [37, Chap. 1.3]) Xp,4:=(Xo,X1)g,4 are given by the norm

< dt
(33 ol = [ (K6 X0, X0)" 5
' t=0

We now choose Xy = L*(Q) and X; = H}(Q) and fix B8 € (0,1 — o). We note
that the function r is Lipschitz. For each ¢ > 0 sufficiently small, we may choose

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Xt € C°°(R) such that x or =0 on the strip Sy/5 and x;or =1 on Q2 \ S as well as
VI (xt 07| Loerzy < Ct™7, j €{0,1}. Decomposing v = (x;or)v+ (1 —(xso7))v, we
have (x: or)v € Hy(Q) and (1 — (x; o7))v € L*(Q) for v e Hy(9).

A calculation shows that there exists a constant C' > 0 such that

Vo e Cge(): [[V((xeor)v)llr2a) < CtiﬂHU”Hé(Q)v
(1 = (xe o))l p2) < CE P Ir? 10| L2 (.-

This implies that K (v,t; Xo,X;) < Ctl’ﬁHvHHé(Q) for small ¢t > 0. Since X; C Xo,
replacing the integration limit oo in (3.3) by a finite number T leads to an equivalent
norm [15, Chap. 6, sect. 7]. Hence,

dt

T
2 1-28-20
: §C||UHH}3(Q)/O t dt,

T
,[, 2
ol = [ K 0t X0, 1)
and the latter integral is bounded for all 3 <1 — 0. We conclude by remarking that
H? () = X, 2 with equivalent norms [13, Prop. 4.1 and Thm. 4.10].
The validity of the assertion in the limiting case (o, 8) = (1,0) follows from [21,
Thm. 1.4.4.3). 0

4. Geometrically refined meshes. We review here briefly the patchwise con-
struction of geometrically refined meshes from [7, 8]. We admit both triangular and
quadrilateral elements K € T, but do not assume shape regularity: anisotropic, geo-
metric mesh refinement towards 0S) is essential to resolving edge-singularities (gener-
ically present in solutions of fractional PDEs) at exponential rate.

4.1. Macro triangulation. Mesh patches. We recapitulate the hp-FE ap-
proximation theory on geometrically refined meshes generated as push-forwards of
a small number of so-called mesh patches, similar to those introduced (for the hp-
approximation of singularly perturbed, linear elliptic boundary value problems) in
[30, sect. 3.3.3] and [18]. These mesh families are based on a fized macro-triangulation
TM of the domain Q. The macro-triangulation 7™ consists of mapped triangles and
quadrilaterals K which are endowed with patch maps (to be distinguished from the
actual element maps) Fram : S — K™, for quadrilateral patches, and Fygam : T — KM,
for triangular patches, that satisfy the usual compatibility conditions.! Each element
of the fixed macro-triangulation 7™ is further subdivided according to one of the
refinement patterns in Definition 4.1 (see also [30, sect. 3.3.3] or [18]). The actual
triangulation is then obtained by transplanting refinement patterns on the refer-
ence patch into the physical domain by means of the patch maps Fya of the
macro-triangulation. That is, for any element K € T, at refinement level L € N,
the element map FE is the concatenation of an affine map—which realizes the map-
ping from the reference square or triangle to the elements in the patch-refinement
pattern and will be denoted by A%— and the patch map (denoted by Fygm), ie.,
FE=FmoAL : K — K. We introduce the refinement patterns; see also [25] and |7,
Def. 2.1].

DEFINITION 4.1 (catalog P of refinement patterns). Given o € (0,1), L € Ny, the
catalog B consists of the following patterns:

17M does not have hanging nodes and, for any two distinct elements K{V‘,Ké\" € TM that
share an edge e, their respective element maps induce compatible parametrizations of e (cf., e.g., [30,
Def. 2.4.1] for the precise conditions).
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VL
7;]80,0’

trivial patch

z

Fic. 2. Catalog P of reference refinement patterns. Top row: reference edge patch 7}%’&0 with
L layers of geometric refinement towards {y = 0}; reference vertex patch E\Q}){‘U with L layers of
geometric refinement towards (0,0); vertez-edge patch '7';’-\2%’,? with L layers of refinement towards
(0,0) and L layers of refinement towards {y = 0}. Bottom row: trivial patch. Geometric entities
shown in boldface indicate parts of 98 that are mapped to 0S2. These patch meshes are transported
into the polygon ) via patch maps Fyepm.

L. The trivial patch: The reference square S= (0,1)2 is not further refined. The
corresponding triangulation ofS consists of the single element: T rivial — {S}

2. The geometric edge patch EEOLU S s refined anisotropically towards {y =
0} into L elements as depicted in Figure 2 (top left). The mesh TgEOLU ;
characterized by the nodes (0,0), (0,0%), (1,0), (1,0%), i =0,...,L, and the
corresponding rectangular elements generated by these nodes.

3. The geometric vertex patch E\QOLU T is refined isotropically toward (0,0) as
depicted in Figure 2 (top middle). The reference geometric vertex patch mesh
’Tg\éoLa in T with geometric refinement toward (0,0) and L layers is given by
triangles determined by the nodes (0,0), (¢%,0), and (o%,0%), i=0,..., L.

4. The geometric vertex-edge patch ’7;,\455 the triangulation, depicted in Figure
2 (top right), consists of both anisotropic elements and isotropic elements. It
is given by the nodes (0,0), (¢%,0), (0%,07), 0<i< L, i<j <L, and consists
of anisotropic rectangles and uniformly shape-reqular triangles.

2. Geometric boundary-refined mesh 7;;0 -+ We now define the global,
boundary-refined meshes 7;@ »» which will be used in the definition of the FE-space
(5.1). These meshes are built by assembling possibly anisotropic, geometric patch
partitions from the catalog B in Definition 4.1. To ensure inter-patch compatibility,
all partitions from B are taken with the same values of ¢ and L. The resulting
partitions of {2 are regular and feature anisotropic, geometric refinement toward the

edges e C 92 and isotropic geometric refinement toward the vertices v C 990.

DEFINITION 4.2 (geometric boundary-refined mesh [7, Def. 2.3]). Let T™ be a
fixed macro-triangulation consisting of quadrilateral or triangular patches with bilinear

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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VE v
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E e
VE VIV
g B lve v E
v
¥ E
E E
VE VE
gl E v

Fic. 3. Patch arrangement in 2. Left panel: example of an L-shaped domain decomposed into
patches (V, E, VE indicate vertez, edge, vertex-edge patches, empty squares signify trivial patches).
Right panel: zoom-in near the reentrant corner v. Solid lines indicate patch boundaries, dashed
lines indicate mesh lines.

or affine patch maps, depending on the patch (see the end of this definition). Patch-
refinement patterns are specified in terms of parameters o and L.

Given o € (0,1), L € Ny, Tg%o,a is called a geometric boundary-refined mesh if the
following conditions hold:

1. ’Tgﬁoﬁ is obtained by refining each element K™ € T™M according to the finite
catalog P of patch-refinement patterns as specified in Definition 4.1.

2. TgLeo,U is a regular partition of €, i.e., it does not have hanging nodes. Since
the element maps for the refinement patterns are assumed to be affine or
bilinear, this requirement ensures that the resulting triangulation satisfies [30,
Def. 2.4.1].

For each macro-patch KM € TM, exactly one of the following cases is possible:

3. KMNoQ=0. Then, the trivial patch is selected as the reference patch. We
denote T M the set of such macro-elements.

4. KMNoQ = {P} is a single point, where P can be a vertez of Q0 or a point
on the boundary. The refinement pattern is the vertex patch 724;)’?0 with L
layers of geometric mesh refinement toward the origin O; it is assumed that
Frm(0) =P € 9Q. We denote T the set of such macro-elements.

5. KM N OO =€ for an edge e of KM, and neither endpoint of e is a vertex
of Q. Then, the refinement pattern is the edge patch ’71;'%0%6 and additionally
Frm({7=0}) C 0. We denote T2 the set of such macro-elements.

6. KMNOQ =€ for an edge e of K™, and exactly one endpoint of e is a vertexr v
of Q. The refinement pattern is the vertex-edge patch 7;\,255 and additionally
Frem({7=0}) C 0N as well as Fxam(O) =v. We denote Ty the set of such
macro-elements.

We assume that Fram is bilinear for all K™ € TX and that it is affine for all
KMeTMUTMUTHE.

Ezample 4.3. Figure 3 shows a so-called “L-shaped domain” with macro-
triangulation and patch-refinement patterns in the vicinity of a reentrant corner v.

5. hp-Approximation on geometric boundary-refined meshes. The ex-
ponential convergence of hp-approximations for functions v € H*(2) that satisfy the
weighted analytic regularity (2.5)—(2.8) will be developed in several steps. As is cus-
tomary in proofs of FE-error bounds, we shall obtain exponential convergence from
the quasioptimality (1.7) by constructing vy = IIyu in a subspace Vy C H*(£2) which
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is designed to exploit (2.5)—(2.8). Specifically, we shall use an hp-patch framework
similar to the one developed in [7, 8] for exponentially convergent approximations of
solutions to singular perturbation problems and of spectral fractional diffusion in €.
We recapitulate in section 5.1 this hp-approximation framework.

5.1. hp-FE spaces in (). On the geometric partitions 73;0,0 introduced in sec-
tion 4, we consider Lagrangian FEs of uniform polynomial degree ¢ > 1, i.e., we choose
the global FE-space W in (1.7) as

(5. 1)
=S40, TL

geo,o

)= {UEC( )ivli o P e Vy(K) VK eTk, ., v|aQ:0}.

Here, for ¢ > 1, the local polynomial space is

V,(R) = {Pq it K =T,
Q, if K=S2.

5.2. Definition of the hp-interpolation operator HqL. The global hAp-
interpolator Hg :H é(Q) — WqL will be obtained by assembling local Gauss—Lobatto—
Legendre (GLL) interpolants in the reference patches. The global error estimate will
follow from adding patchwise error bounds in H L in the reference patches. Addition of
elementwise and patchwise error bounds is p0551ble due to the locality of the H -norm.
In possibly anisotropic quadrilateral elements, the GLL interpolants are generated by
tensorization of univariate GLL interpolants. We review their definition and proper-
ties briefly in Appendix A. Recall that all triangular elements are shape-regular. Only
quadrilateral elements may be anisotropic.

5.2.1. Definition of the hp-interpolator ﬁg on reference patches. The
hp-approximation operators on reference patches are obtained by assembling elemen-
twise GLL interpolants (cf. [7, eq. (3.6)]). Recalling A% K - K = AIL?(K) €
’7'g'eoLU U 7oVl with e € {V,E VE} the affine bijection between the reference element
K and the corresponding element K on the reference patch, we set

SIa HqA(UoA%) if K is a triangle,
()| gv =

5.2 ~ ~
(5:2) [If(vo AL) if K is a rectangle.

The elemental GLL interpolators l_[A and HD defined in Lemmas A.1 and A.2 coincide

with univariate GLL interpolants of traceb on the edges of K. This ensures global
H} s-conformity of the reference patch interpolator HqL.

5.2.2. Definition of the global hp-interpolator Hl’;“. With the hp-patch-

interpolants in (5.2) in place, the global hp-interpolator Hg is assembled from ele-
mentwise projectors on an element K via

ﬁqA (uo FE) if K is a triangle,

(HqLu)|KoFIL( = {A

IZ(uo Ff) if K is a rectangle,

where ﬁqA is defined in Lemma A.1 and ﬁg in Lemma A.2. Since ﬁqA and ﬁg’ reduce
to the Gauss—Lobatto interpolation operator on the edges of the reference element,
the operator Hé indeed maps into Sg(€2, 7;’150 »)- We recall that the element maps FZ
have the form

Ff =Frmo AL,
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where AL : K — K = AL (K) = Fru(K) € Tak, uTtviel is an affine bijection, and
Fpam is the patch map.
Furthermore, u denotes the pull-back of u to the reference element, i.e.,

(5.3) U:=u|g o FE,
whereas
(5.4) U= (uo Frm)|z =10 (A))™"

is the corresponding function on K. With the patch-interpolant ﬁg from (5.2), we
obtain on a macro-element KM € TM

(5.5) (ITrw) o Freamn =TIEa

q

For k € Ny, we have the following for all elements K ¢ KM with K= FI;'}VI (K):
(5.6a) voe H*(K): |Jvo Fgeml| ey ~ 0ll a6

(5.6b) Vo e WHS(K): (00 Fremllypre ity ~ [0l (50,

where in both cases the constants implied in ~ depend solely on k, the patch maps

Fym, and the macro-element KM,
The equivalences (5.6) show that the approximation error v — Hg v on K is equiv-

alent to the corresponding error v — Héﬁ on K.

5.3. Mesh layers and cutoff function. For L € N, we subdivide the mesh
7;%076 into boundary layer L&, transition layer £, and internal mesh elements L& .
Specifically, we let

L= {KEngO,U:Fﬂ(?Q#@},
Lk = {KEELGO’G\KOL:HJEQI% such that K NJ#0},
‘Cilrllt = 7~g€0,o‘\ (‘C(% U‘C{J) N

Furthermore, we introduce the continuous, piecewise linear, cutoff function g% : Q —
[0,1] satisfying

(5.7)  gte Sé(Q,Tgﬁoya), gh=0onall K € £}, g¥=1onall KeLk,.

Finally, the subdomain comprising the union of all mesh elements touching the bound-
ary is

(5.8) of= |J K.

KecLk

5.4. Exponential convergence of the hp-approximation. We aim to con-
struct an approximation v € WqL , with WqL as defined in (5.1), to the weak solution
u of the fractional PDE (1.1) that converges exponentially in the H*(Q)-norm. By
Proposition 3.1, we fix 8 €[0,1 — s) and apply the triangle inequality to obtain

inf u vl < infllg"u— vl o + 10— 9")ulz.0

(5.9) vewy i . i
< Cpallg™(u =Tl sy + 11 = 9"Vl g
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where we have used g” € §§(Q, Tk, ) so that g"IIY ju € WE for ¢ > 2. In the
next section, we estimate the second term in the right-hand side of the above in-
equality. Then, in the following sections, we proceed with an estimate of the first
term in the right-hand side of (5.9). We will consider separately the reference vertex
(section 5.4.2), edge (section 5.4.3), and vertex-edge (section 5.4.4) patches. Finally,

in section 5.4.5 we bring all estimates together in €.

5.4.1. Estimate of the term (1 — g¥)u. The following statement is an esti-
mate of the H*(Q2)-norm of the term u — glu.

LEMMA 5.1. Let u be the solution to (1.5) for s € (0,1). Let L € N and g* be
defined as in (5.7). Then, there exist C,b> 0 independent of L such that

(5.10) ||u—gLu||I§S(Q) < Cexp(—bL).

Proof. We fix 8 € [0,1) additionally satisfying 8 € (1/2 — s,1 — s) and estimate
the Hé(ﬂ)-norm of u — gfu. From Lemma B.2 it follows that there exist constants
¢,C' >0 independent of L such that

[(1— QL)UHHg(Q) <Cllullmys,, o)

We now decompose S, & into its components belonging to vertex, edge, vertex-edge,
and internal neighborhoods:

Seor = J ((wv NSerr)U | (wre N SCUL)> U (J (We N Seor) U (Qint N S

vey ecéy ecE
We start with vertex neighborhoods wy: Since 8 > 1/2—s, we may choose ¢ sufficiently
small such that 8 —1/2+4 s—¢ > 0. For any v € V, we obtain using the weighted
regularity estimate (2.5) for p=0,1

lull g3 wons,, o) S lrg 2SR o sy

+ ||’I“‘1,/2_S+E+’6—1/2+S_Evu||L2(

< (eo™) T gy

UJVI’TSC”L)

(w‘,ﬂSCUL)
(2.5)
5 (CO_L),@—]./2+S—E.

We next estimate the H é—norm of the interpolation error on edge neighborhoods we:
for any e € £, we use the weighted regularity (2.6) with p; =0 and p, = 0,1 to bound
Hu”Hé(weﬂSwL)

> ||rg~ | 2 (wens,, o) + 178 Doy ull L2(wens,, ) + 178 Doyl L2 (wanis, 1)
< Hre—1/2—s+a+ﬁ—1+1/2+s—eu

LQ(WeﬂSCUL)

+ ,r,;1/27s+5+,3+1/2+5751)3j

I “‘
L2(wenS, 1)

1/2—s+e+B—1/24s5—¢
s,

Lz(weﬂSCgL)

< (CGL)ﬂ+1/2+578 ,,,;1/275+el)3jH u‘

L2(wenS,, 1)

—1/2—s+e
To U

+ (CO,L)ﬁl/2+ss<

(2.6)
/S (CO_L)ﬂfl/QJrsfe.

1/2—s+e
To Da:LU‘

Lz(weﬂSCGL) ’ L2(weﬂSwL)>
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The error on the vertex-edge neighborhood wye can be bounded for any v € V and
any e € &, using ry(x) = re(x) for all x € wye as well as the weighted regularity (2.7)
with py,p1 satisfying p +p1 <1. We have

el 3 wvens,, 1)
+[|re D

= ||7‘§_1u ’Lz(wveﬂSmL) + ||7‘5D$H“’|L2(wvenswm uHL2(wveﬁSwL)

< Hre—l/2—5+£+B—1+s+1/2—5ri—5u

L2(wyeNS, 1)
n ",re—1/2—s+s+,8+s+1/2—6,r‘1,+6—1—6D

oy
! L2(ernSCUL)

1/2—s+e+pB—1/24s5—¢€,.e—¢
—|—Hre/ / Ty Duu’

L2(wveNS,_ 1)

2.7)
g (CUL)B—1/2+S—25’

where we assumed ¢ to be chosen small enough such that §—1/2+s—2¢ > 0. Finally,
as ¢, o are fixed, we may assume that Qi NS,z =0 by replacing L by L + Lo with
a fixed Ly € N large enough and independent of L, which only changes the constant
b in the exponential estimate. We have thus obtained that

(1 - gL)UHH,g(Q) < Cllullmys,, ) < C"exp(—bL).
Applying Proposition 3.1 concludes the proof. ]
. . . - V,L
5.4.2. hp:FE approximation in reference vertex patch Eeo’a. We denote
v =(0,0) and 7, =dist(v,-). Furthermore, let
AV, VL FV.L B e
Lyt ={KeTll, Knv#£0}, Ty'=T\ |J K
Kelyh
be, respectively, the elements abutting the singular vertex and the interior part of the
vertex reference patch; see Figure 4a.

LEMMA 5.2 (hp-FE approximation in reference vertex patch 7?&50). For fized
s € (0,1) and v > 0, let u satisfy the following: for all € > 0 there exists a constant
C. >0 such that for all « € N} it holds that, with |a| = p,

< C’Efpr“lpp.

~€71/275+56aﬁ‘ <
L2(T)

(5.11) ‘7’

«
(a) (b) (©)

) SV,L  FE,L SVE,L
FIG. 4. Boundary elements (displayed shaded) Ly~ L, L

edge, and (c) vertez-edge reference patches.

, and in the (a) vertex, (b)
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Then, for all B> 1/2 —s and all 0 < e < 8+ s —1/2, there exist constants by > 0
(depending only on v, B, s, o) and Cy > 0 (depending additionally on €) such that
for every L, g€ N

(5.12) H?@*l (a - ﬁLa) ’

q +

o < CvCeexp(—bvq).

~B ~ L~
oV (u - 11, u) HLQ(TX;tL)

Proof. All elements K € ’@é;fo are shape-regular: we denote by hz their diameter.

iyt + ~V.,L ~ . . .
For all K € 7;%6’:“0 \ Ly, we have 7|z ~ h with equivalence constant uniform over

’7;\&50 \EO/L From this equivalence and (5.11) it follows that, for all K € ’7'g\é;fa EX’L
and all o € N, there exists a constant C; > 0 such that
|Fctora

‘LQ(K)

< CLChLPH oyl g ol

By a scaling argument, then, there exists a constant «; > 0 such that for all

a €N} and all KeTYE ZX’L,
< CICRG oo lel4 g e

geo,o
Do [~ L
’ g <uOAf~()‘ L2(R) ~
with K =T = (A%)*l(f() Recalling u =1 o A%, we can now exploit the embedding
of H2(K) into L>®(K) to obtain the existence of constants Cy,7s >0 such that
Ao~ s—1/2— al+3 a
YaeNG: [0l () < Cahs /25 0] 4+ 2) 2142,

It follows that there exist C'5, y3 > 0 such that
(513) VK € Tl \Ly", VaeNd: 0%l gy < Csh? 25 oo,

geo,o

From Lemma A.1 and a scaling argument, it then follows that, for all L,q € N,
o1 (gf ﬁga)’ 2 2 < 2B+2s—1-2¢ ,~2bg

+ Lz(f()"’ K

L*(R)

v (@ Tika)|

Since # > 1/2 — s, the power of hz is nonnegative for every ¢ < 8+ s —1/2 and
summing the bound over all elements K € 7?&% EO/ 'L concludes the proof by a

geometric series argument. ]

. . . - E’L .
5.4.3. hp-FE approximation in the reference edge patch Eeo’g. In this

section, we denote e = {y = 0} and 7e = dist(e,-). Let D, = 9, and D,, = 0,.
Furthermore, let

SE,L > = SEL_ & =

Lot ={KeTSl, Kne#0}, Su'=5\ |J K

Kelgh

be, respectively, the elements abutting the singular boundary and the interior part of
the edge reference patch; see Figure 4b.

LEMMA 5.3 (hp-FE approximation in reference edge patch ’7;%(50). Let s € (0,1)
and v >0 be fived, and let w be such that for all € >0 there exists Cc >0 such that

(514)  V(pop)eNG: ||t 2D Di\\aHLQ@) < CAP P,

with p=p1 +py. Then, for all $>1/2 s and all 0 <& < B+ 5 —1/2, there exist
constants bg > 0 (depending only on v, B, s, o) and Cg > 0 (depending additionally
on ) such that for every L, ¢ €N

(5.15) HFQ* (a-Tia) ‘

raEn

int

v (a-Tka))|

L2 < CeCrexp(—beq).

int )
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Proof. We denote by h\|7 7 and h LR the edge-lengths of the rectangle Ke 722’(50

SE,L
Ly,

in, respectively, parallel and perpendicular directions to e. For all K € TEL, we

have 7e|;z ~ h | r with equivalence constant uniform over 7;'56;)%0 \ Eg L From (5.14),
an anisotropic scaling argument, and a Sobolev embedding it follows that there exist
C,~ >0 such that

(5.16) VK € Tl \ L5, V(pr.py) €Ng:  [0V1PDA] ) < OBSZFPHpP

with K =8 = (A%)_l(f() and p=p|+pL (see the derivation of (5.13) for the detailed
steps). From Lemma A.2 and a scaling argument, it then follows that

7o (3= 05) iy + 29 (-5

Summing this bound over all K € '722&0 \ ZE’L using a geometric series argument
concludes the proof since §+s—1/2 —e> 0. 0

~ §h2ﬁt257172€672bq'
L2(K) 1,K

LZ(K)

VE, L
5.4.4. hp-FE approximation in the reference vertex-edge patch ’7;60 o

In this section, we denote v = (0,0), e = {y = 0}, 7y = dist(v,-), and 7, = dist(e,-).
Let DgCII =09, and Dx . = 0y. Furthermore, let

LyFF ={KeTEL Kn(euv)£0}, Ty'=T\ K

geo,o

be, respectively, the elements abutting the singular boundary and the interior part of
the vertex-edge reference patch; see Figure 4c.

LEMMA 5.4 (hp-FE approximation in reference vertex-edge patch 7;\455) Let
€ (0,1) and v > 0 be fized, and let w be such that for all € > 0 there exists C. > 0
such that for all (py,pL) € N2 with P +pL=Dp,

o s +
(5.17) ‘rpi- 1/2— +5“pH ED“‘D?Z” p+1pp

loocr, <

Then, for all 3>1/2—s and all 0 <e < B/2+5s/2—1/4, there exist constants byg >0
(depending only on v, B, s, o) and Cyg > 0 (depending additionally on €) such that
for every L, g e N

(5.18) |72~ 1(u—HL )HLQ(TVEL +||rﬁV(ufH u)||L2 FVEL) < CveCe exp(—bveq).

SVE,L
Ly,

Proof. Let K be an element not belonging to We denote by hH 7 and

h LR the size of K in, respectively, parallel and perpendicular directions to e. We
have 7e| z~h, and rv| & =Ny g with uniform equivalence constants. From (5.17),

a scaling argument, and a Sobolev imbedding, it follows that there exist C,5 ,¥ > 0 such
that for all (p1,p)) € N3 with p=p|+pL

NVEL s 1/2—e~
(5.19) VK e TUSENLY® s |1 DE) DRl ey < OB R TP
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By a scaling argument (dropping temporarily the subscript - z)

||TB 1(U_HL )HLz(K) + HFBV(Q )||L2(K)

shiﬁ( (1= L1, , + 1D (@~ TL,0)

L2(K) L2(K) )

" ||D|<a—nqa>||iz(f<))

2 1 ~ O~

where the penultimate estimate follows from h; ~7 S7y ~h) in 7225(5 Zg &L From
Lemmas A.1 and A.2, using (5.19) then gives

2
~B—1 ( ~ =TI ~ ~ I~ 2[3+2a 1—2e; —2¢ _—2b
(5.20) Hre (u—Hq u)‘ (u—Hqu)‘ e ) LR hH ze L

2

L*(K)

From 5 > 1/2 — s it follows that £ > 0 can be chosen so that 25 +2s—1 > 4e. In

addition, h h” - Hence, there exists § > 0 such that, for all € as specified above,
p2B2s—1— 2€h—25 < h5 Then
1K I,K — ’ ’
L-1L-1 5
s 85 (1 —0)
SIS w) ST I P e
KGTgeo’,{}\ZXE’L =0 j=1 i=0

TVE.L EVE,L

geos \ Lo~ concludes the proof. |

Summing (5.20) over all elements in

Remark 5.5. The dependence on € of the constants Cy, Cg, Cye of Lemmas 5.2,
5 3, and 5.4 can be dropped if, for e € {V,E,VE}, the constant C, is replaced by CVL
n (5.12), by CeL in (5.15), and by Cvel? in (5.18). The newly introduced constants
C. are independent of the choice of ¢.

This has no effect on the final result. Considering the dependence of Cy on €, a
fixed value of ¢ is chosen in the proof of Theorem 1.1, independently of 8 and s. If
one were to use instead the results with the constants C,, the terms in L and L? can
be absorbed in the exponential e~b*? after having set ¢ ~ L.

5.4.5. Global error bound (proof of Theorem 1.1). Recall that W} =
S4(Q, Tgﬁo ) is the space of continuous, piecewise polynomials of maximum degree g
on a mesh with L levels of refinement. From (5.9), Lemma 5.1, and Lemma B.1 it
follows that for all 8 €[0,1—s)

(5.21) nf =l g ) S e =TIyl gy o0 + exp(—biL)
q

Remark that we can choose (potentially overlapping) wy, we, and wye so that for
all KM ¢ TEM, KM C we; for all KM e TM KM C wye; and for all KM e 7(,M7
either KM C wy or K™ C we. In other words, the edge and vertex-edge patches in
the domain 2 are, respectively, contained in we and wye; the vertex patch is either
contained in wy or we, with origin mapped to a point on a vertex or along an edge.

Suppose now that u satisfies (2.5)—(2.8). Consider a patch K™ € T™ and denote
u=uoFrm. Let Oz be differentiation with respect to the variable T = FI;}V, (z), and let
Dz, and Dz be differentiation in directions respectively perpendicular and parallel
to an edge pulled back to the reference patch. Let also v = (0,0), €= (0,1) x {0} and
denote 74, (Z) = |T — V| and 7 (z) = dist(z,€) for all T € F_ M(KM)
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Case KM ¢ TM Since F o is affine and since it maps the closure of {(x1,22) €
S: x9 =0} to 92N 8KM its Jacobian Jg_,, can be written as the composition of an
upper triangular matrix Ugm and a rotatlon Ry

JFKM :RKMUKM

Without loss of generahty, we may assume the coordinate systems are oriented such
that the vector (1,0) ", parallel to the singular edge in S is mapped to e = R (1, 0)"
We remark that, since Uxm is upper triangular, there exists ngam € R such that

Uga(1,0)" =ngm(1,0)7

Hence,

1 1 1
Dy, = (o) Vi = (0> (T 0 Vi) = s (0) (RaVa) =ngcrne) - Vo =g Dy,
By a similar argument, there exist 31,32 € R such that
Dl'J_ :ﬁlDwu +ﬁ2DwL

Finally, there exists cx,, > 0 such that for all x € s,

1
CMm

Te(2) <re(Frm(x)) < cpmTe(z).

Hence,

~ p
‘ TpL 1/2— s+5DPLD~Hu‘
T :L’H

L2(F 3, (KM))
2—s+e — s
< CC L 1/ + pH Her_ 1/2- +€(51Dw” —‘rﬁgD )pngHqu(KM)

<C’cp*_1/2 s+e pu w(Br =+ B2)Pt ,_m_?_XM [|r2s— 1/2— stepi Dgnﬂu ]UHLZ(KM)

It follows then from (2.6) that there exist C.,% > 0 such that, for all (pL,py) € N2
with p=p, +p| and for all KM e TM, we obtain

Case KM ¢ ’7(/,‘5/‘ This case is treated as the previous one, noting that in addition

< CAPTpP.

L2(F 4, (K M)

| — Dy ~
rpL 1/2— ste ppbL pPI ’LL‘
T x|

1

22
(5.22) "

Ty (@) <7y (Frm () < cpmiy ().

We obtain from (2.7) that there exist éaﬁ > 0 such that, for all (pL,p)) € Ng with
p=p1 +p and for all KMeTH,

< CAPTpP.

P 1/2— s+s4>u+€DmDPHu
X | IH

L2(F 3 (KM)

Case K™ ¢ TM. If KM C wy, then (5.22) holds. In addition, there exists a
constant ¢ such that, for all o € N3,
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(5.23)
[Flet-r/2sregzq < clal1/2=steglal pay

B<a

al|—1/2—s+e 9B
rled=1/ Bxu‘

L2(F,_3 (KM)) L2(KM)

Therefore, (2.5) implies

~lal—1/2—s+€ ga~
Hrv oz

<O ol

L2(FZ, (KM))
If instead KM C we, there exists czpm such that

1
CgMm

Tv(2) <re(Frm(z)) < cpmTy(x)

for all z € K™, with e being the edge such that e NdK™M #£ (). It follows from (5.23)
and (2.6) that, for all a € N2,

~la|—1/2—s+e 90~
Hrv 05U

< CAlal+1 g lal
el ey o

Case KM e TM. 1f KM e TM, then E\Ffjlw (M I8 analytic.
K
Since the macro-triangulation 7™ is fixed, all constants depending on K™ can
be taken uniformly over the macro-triangulation. We have obtained that for all KM ¢
TM, the restriction of U to FI;}V’ (KM) satisfies the hypotheses of Lemmas 5.2-5.4.
Restricting 5 € (1/2—s,1—s) in (5.21) and using Lemmas 5.2-5.4 therefore gives

B8, =0l < O xp(—bag) +exp(~h L),

Choosing g~ L, Vy := WqL and remarking that dim(WqL) ~ ¢?>L? concludes the proof.

6. Conclusions. We proved ezponential rates of convergence for a class of hp-
finite element approximations of the Dirichlet problem for the integral fractional
Laplacian in a bounded, polygonal domain © C R?, with analytic source term f,
based on anisotropic, geometric boundary-refined meshes. The realization of corre-
sponding hp-FE algorithms will incur significant issues of numerical quadrature for
stable numerical evaluation of the bilinear form a(-,-) in (1.5) on pairs of large aspect
ratio rectangles in the geometric boundary mesh patches shown in Figure 2. While be-
ing in principle known (see, e.g., [34] for a related discussion in hp-Galerkin boundary
element methods on polyhedral domains), the corresponding consistency analysis for
the form a(-,-) in (1.5) in the space H*(Q2) in (1.4) will be the topic of a forthcoming
work. We remark also that, even for the h- or p-version of the FEM, the matrices as-
sociated with the bilinear form are dense. This makes the importance of the reduction
in the number of degrees of freedom obtained with hp-methods even greater. Even if
the dense linear system resulting from the presently proposed Galerkin discretization
were to be solved directly with a Cholesky algorithm, the overall complexity of the
hp-FEM would grow like a polynomial of the logarithm of the H*(Q)-norm of the
error.

Here, we analyzed only the convergence rate of the hp-Galerkin discretization (1.6)
based on the subspaces WqL in (5.1) with geometric, boundary-refined triangulations
’7;%070 and with uniform polynomial degree ¢ in all elements. As it is well known (see,
e.g., [23, 24, 35, 20]), exponential rates of convergence of the hp-FEM for problems
with weighted analytic solutions are also achievable with wariable, so-called linear
polynomial degree distributions in the geometric partition Tgé(w. Similar techniques,
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based again on the anisotropic, weighted high order Sobolev regularity of the solution
u of (1.1) proved in [17], allow us to infer optimal algebraic rates of convergence
O(hat1=%) = O(N~(a+1=5)/2) in the H*(Q)-norm for continuous, piecewise polynomial
Lagrangian FEs of order ¢ > 1. To this end, however, the geometric boundary-refined
partitions ngoﬂ in the design of the spaces WqL in (5.1) must be replaced by boundary-
refined graded partitions. Details shall be reported elsewhere.

Appendix A. Polynomial approximation operators on the reference

element. The following two lemmas are consequences of [7, Lemma 3.1, 3.2].

LEMMA A.1 (approximation on triangles). Let T be the reference triangle. Then,

for every q € N, there exists a linear operator ﬁqA : C’O(f) — Py with the following
properties: o
1. For each edge e of T, (Hun)\e coincides with the Gauss—Lobatto interpolant
iq(ule) of degree q on the edge e.
2. (projection property) ﬁqu =v for allveP,.
3. Letue C‘X’(f) satisfy, for some Cy, v>0

Vn € Np: ||V"u\|Loc(f) <Cyy"*(n+1)™.
Then, there exist C,b >0 such that for all ¢ >1
[t = T | g1 o 7y < CCue ™.

LEMMA A.2 (approximation on quadrilaterals). Let S be the reference square.

For each q € N, the tensor-product Gauss—Lobatto interpolation operator ﬁg’ : CO(§) —
Q, satisfies the following:
1. For each edge e C 05, (IIju)|e coincides with the univariate Gauss—Lobatto
interpolant ig(ul) on e.
2. (projection property) ﬁ[qjv =v for allve Q.

.

3. Let u€ C(S) satisfy for some C,,, >0 and all (n,m) € N
(A1) 105" 05 ull o< 3 <C"(n+1)"(m+1)™.
Then, there exist C,b> 0 such that for all ¢ > 1

lu = T ully1, (5 < CCue ™.

Appendix B. Estimates of norms with cutoff function. We introduce two
technical lemmas.

LEMMA B.1. Let g* be defined as in (5.7) and let B € [0,1). Then, there exists
C > 0 such that with QF defined in (5.8), it holds that, for all w € Hé(Q) and all
LeN,

”ng”Hé(Q) < C||w\|H,§(Q\Qg)~
Proof. By definition of g” we have for all L >1

g™ (|~ () =1, IVg" || ooy =0~ ".
In addition, there exists ¢ > 0 such that for all L > 1

supp(Vgh) € Soor \ QF,  supp(1—g%) C S.or,  supp(gh) C Q\ QF.
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Hence, for all L >1,
B—1_L |2 B L 2
[~ g wHL2(Q) +Ir"V (g w)HLz(Q)

_ 2 2 2 2
< Hrﬁ leLz(Q\Qg) + HVgLHLOC(Q) HrﬁwHLZ(SWL\Qg) + HrﬁvaL%Q\Q{;)

2 —2L 2

S ||wHHé(Q\Qg) to HTBU’HH(SC,,L\Q&)
2 2 —1,.12

S ||wHHé(Q\Qg) +c Hrﬁ wHLZ(SmL\Qg) ’

with constants hidden in < independent of L. |

LEMMA B.2. Let g* be defined as in (5.7) and let B € [0,1). Then, there exist
C,c> 0 independent of L such that, for all w € Hé () and all L €N,

1= g™l < Cllwllayes, .-

Proof. The proof proceeds along the same lines as the proof of the previous lemma.
We have

177711 = g"M)wl p2) < PP wlizes L),

where c is defined as in the preceding proof such that r(z) < co” holds for all x €
supp(1 — g%). Similarly, we obtain

1PV (1 = g")w)llFa ) S I Vwlias, )+l wlzas, ),

which finishes the proof. ]
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