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Abstract: We investigate the massive sine-Gordon model in the finite ultraviolet regime
on the two-dimensional Minkowski spacetime (Rz, n) with an additive Gaussian white
noise. In particular we construct the expectation value and the correlation functions of
a solution of the underlying stochastic partial differential equation (SPDE) as a power
series in the coupling constant, proving ultimately uniform convergence. This result
is obtained combining an approach first devised in Dappiaggi et al. (Commun Con-
temp Math 24(07):2150075, 2022. arXiv:2009.07640 [math-ph]) to study SPDEs at a
perturbative level with the one discussed in Bahns and Rejzner (Commun Math Phys
357(1):421, 2018. arXiv:1609.08530 [math-ph]) to construct the quantum sine-Gordon
model using techniques proper of the perturbative, algebraic approach to quantum field
theory (pAQFT). At a formal level the relevant expectation values are realized as the
evaluation of suitably constructed functionals over C* (R2). In turn, these are elements
of adistinguished algebra whose product is a deformation of the pointwise one, by means
of a kernel which is a linear combination of two components. The first encompasses the
information of the Feynmann propagator built out of an underlying Hadamard, quantum
state, while the second encodes the correlation codified by the Gaussian white noise.
In our analysis, first of all we extend the results obtained in Bahns et al. (J Math Anal
Appl 526:127249, 2023. arXiv:2103.09328 [math-ph]) and Bahns and Rejzner (Com-
mun Math Phys 357(1):421, 2018. arXiv:1609.08530 [math-ph]) proving the existence
of a convergent modified version of the S-matrix and of an interacting field as elements
of the underlying algebra of functionals. Subsequently we show that it is possible to
remove the contribution due to the Feynmann propagator by taking a suitable i — 0*-
limit, hence obtaining the sought expectation value of the solution and of the correlation
functions of the SPDE associated to the stochastic sine-Gordon model.
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1. Introduction

The investigation of nonlinear stochastic partial differential equations (SPDEs) repre-
sents one of the most thriving branches of research in mathematics, mostly thanks to
the formulation of different successful frameworks aimed at studying their underlying
solution space. Regularity structures [21] or paracontrolled calculus [18] have proven to
be two complementary, albeit rather different, approaches which have allowed to prove
existence and uniqueness of the solutions of a large class of nonlinear elliptic or parabolic
SPDEs. More recently, a novel approach using flow equations has been introduced to
handle this class of equations and related problems [12,13]. At the same time these
equations are remarkably important in many physical models, stemming from interface
dynamics to stochastic quantization. Yet, in order to build a solid and longstanding bridge
between the probabilistic and analytic approach to SPDEs and the physical models, it is
mandatory to be able to provide as much explicit information as possible on the under-
lying solutions and on their correlation functions. With this goal in mind, in [11] it has
been proposed a new method for the construction of the solutions and of the correlation
functions of nonlinear SPDEs, largely inspired by the algebraic approach to quantum
field theory. On the one hand this framework has the advantage of allowing to encom-
pass the renormalization procedure and freedoms which are often a key ingredient in the
solution theory of a nonlinear SPDE, without resorting to any specific e-regularization
scheme. On the other hand, it allows to establish an algorithmic procedure to construct
both the solutions and the n-point correlation functions, though as a formal power series
in the coupling constant which rules the nonlinear term in the equation of motion.

It is important to highlight that the algebraic approach, devised in [11] has the ad-
ditional net advantage to be applicable also to nonlinear SPDEs which do not lie in
the subcritical regime, a necessary prerequisite instead when applying the theory of
regularity structures or of paracontrolled calculus, see, e.g., [5S] and [6]. One might be
tempted to perceive subcriticality essentially as yielding a constraint on the nonlinear
potential ruling the underlying dynamics, but this viewpoint is correct provided that the
fundamental solutions associated to the operator ruling the linear contribution to the
underlying SPDE is regularizing. This is indeed the case when considering second order
elliptic or parabolic differential operators with smooth coefficients, as it occurs in the
vast majority of the models in the literature. On the contrary this feature is no longer
present when one considers hyperbolic SPDEs, for example the stochastic, nonlinear
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wave equation. In this case one has often to resort to a case by case analysis, see for
example [19,20] in order to prove existence and uniqueness of the underlying solutions.

For this reason, in comparison to the elliptic and parabolic scenarios, hyperbolic
SPDEs have been analyzed less in depth. In this paper we shall focus our attention on
a specific instance of this class of equations, which is known as the stochastic massive
sine-Gordon model in the so called finite ultraviolet regime. Its parabolic counterpart has
been studied in [8,21], while the hyperbolic scenario in two space dimensions has been
investigated recently in [27]. If one focuses instead the attention on one space dimension,
the sine-Gordon equation without an additive Gaussian, white noise as a source, is a very
important and thoroughly studied model in quantum field theory, especially due to the
underlying integrability properties and to its connections with the Thirring model, which
is at the heart of a phenomenon known as Bosonization [9,30]. In particular, within the
framework of the perturbative, algebraic approach to quantum field theory, it has gained
a lot of attention in the past decade since it represents one of the few notable examples
where it is possible to prove convergence of the perturbative series defining the S-matrix
of the model, see [3,4]. This result prompts naturally the question whether the techniques
used in these papers can be adapted to be applicable also to the analysis of the stochastic
sine-Gordon equation on the two-dimensional Minkowski spacetime. In this work we
shall prove that this is indeed the case and this allows us to obtain two notable, connected
results. On the one hand we are able to establish for the first time the convergence of the
perturbative series which lies at the heart of the algebraic approach to the construction of
the solution and of the correlation functions of the stochastic sine-Gordon equation. On
the other hand, this opens the path to the possibility of combining the recent analysis in [5]
on the stochastic Thirring model to establish a stochastic counterpart of the phenomenon
of Bosonization using techniques inspired by the algebraic approach to quantum field
theory.

More in detail, our approach to the stochastic sine-Gordon equation can be divided
in two main steps. In the first one, we follow the rationale of [3,4], namely we consider
a suitable algebra of functionals defined on C*°(RR?), where R? plays here the role
of the underlying Minkowski spacetime. At the beginning we consider a commutative
pointwise product and, subsequently, in the spirit of the perturbative, algebraic approach
to quantum field theory, we deform it by means of a suitable kernel which encompasses
the information both of an underlying Feynmann propagator, the building block of the
time-ordered product in an interacting quantum theory, and of the correlation function
of the Gaussian process codified by the underlying white noise. It is important to stress
that this entails a deviation from the approach in [3] since, in this paper, no stochastic
effect has been considered. Yet we are able to show that all convergence results for
the S-matrix and for the interacting quantum field can be generalized to this scenario,
although they hold true in an arbitrary, but fixed compact region of the two-dimensional
Minkowski spacetime. The outcome is a model which mixes both a quantum and a
stochastic behaviour. Yet the effect of the former can be sharply disentangled from the
latter since the action of the Feynman propagator is always tagged by the presence of a
multiplicative constant, namely /. This feature leads to the second step of our approach in
which we investigate the limit as / tends to O of all relevant functionals and we prove that
such limit is always well-defined. In this way we are also able to show that we are actually
constructing explicitly the functionals encoding the information on the expectation value
of the interacting solution of the stochastic sine-Gordon equation and on the associated
n-point correlation functions. Observe that taking the expectation value corresponds in
the algebraic approach to considering the evaluation of the corresponding functional on
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the zero configuration. The detour over the quantum world, in order to prove a classical
result, might appear as surprising. At an intuitive level, the advantage stems combining
the Bogoliubov formula for the interacting field with the complex exponential form of
the interaction. Indeed, since thee S-matrix and the quantum products are built out of
exponential structures, the arising series is convergent in a suitable topology. To our
knowledge, this exponential structure does not translate slavishly at the classical level.
It is also worth recalling that the low dimension of the underlying spacetime plays a
pivotal r6le in the whole construction.

The paper is organized as follows: in Sect.2.1 we review the building blocks of the
algebraic approach to an interacting quantum field theory, in particular the S-matrix and
the Bogoliubov map in Sect.2.1.1. The goal of Sect.2.2 is instead to present succinctly
the content of [11] and the interplay with microlocal analysis. The specialization of the
structures outlined in the first sections to the specific case of the sine-Gordon model
is the content of Sect.2.3, while in Sect.2.4 we present the strategy that we plan to
follow to construct the solutions and the n-point correlation functions of the stochastic
sine-Gordon equation. Section 3 contains the first of our main results since we introduce
the notion of the Q — S-matrix first as a formal power series in the underlying coupling
constant. Subsequently in Sect. 3.1 we prove uniform convergence in Theorem 3.4 and in
Corollary 3.5. This allows us in turn to establish also convergence both of the interacting
field in Sect. 3.2 and of the n-point correlation functions in Sect. 3.2.1. The main result of
our work is discussed instead in Sect. 4, namely in Theorem 4.7, we prove that the limit
as i — 0% of all relevant functionals exist and this allows us to establish the existence
of the expectation value of the solutions of the stochastic sine-Gordon equation as well
as of the associated n-point correlation functions, as suitably convergent power series in
the underlying coupling constant.

1.1. Notation and conventions. In this short section we introduce the stochastic sine-
Gordon equation and we take the chance to fix the notation and the conventions that
we use in this work. Throughout the paper we denote by M, a generic d-dimensional
globally hyperbolic spacetime. With £(M) := C* (M), D(M) := C3°(M) we indicate
respectively the space of smooth field configurations and of test functions. In addition
D' (M) is the space of distributions over M, dual to D(M), while £’ (M) is the space of
compactly supported distributions dual to £(M). We will be particularly interested in
the case where the rdle of M is played by the two-dimensional Minkowski spacetime
R? which is endowed with the standard Minkowski metric 1 of signature (+, —). On top
of it we consider the stochastic sine-Gordon equation

(O+m>) V¥ +rgasin(ay) = &, (1.1)

where ] = 8,2 — 8)% is the d’ Alembert wave operator, 1} is a random valued distribution,
whereas a € R is chosen according to the finite ultraviolet regime, namely a” < 47/,
while g € D(R?). In addition é‘ denotes a space-time white noise, namely a Gaussian
centered random distribution whose two-point correlation function is, at the level of
integral kernel,

E[£(2)é(z)] = 8(z — 2), (1.2)

where we adopt the notation z = (¢, x), ¢ being the time coordinate.
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2. Setting

The goal of this section is both to fix the notation and the conventions adopted in this
work, and to give a succinct overview of the key definitions and results concerning
the algebraic approach to interacting quantum fields (AQFT). For more information,
see [3,7,10,29]. Subsequently we sketch the key ideas at the heart of an approach to
stochastic PDEs inspired by AQFT and analyzed in [5,6,11]. These frameworks will
serve as the foundation for the analysis of the stochastic sine-Gordon model.

2.1. Interacting algebraic quantum field theory. Algebraic Quantum Field Theory
(AQFT) is a two step approach to quantization, which is tailored to be applicable to
as many models as possible, regardless whether they are defined on a Lorentzian or an
Euclidean manifold. At first, given a physical system, one needs to construct a suitable
x-algebra of observables, say A which encompasses all structural properties, ranging
from dynamics to causality or to the canonical commutation or anti-commutation rela-
tions. Subsequently, on top of A, one must identify an algebraic state, that is a linear,
normalized and positive functional w : A — C. As a consequence of the renown GNS
theorem one can recover from the pair (A, w) the standard probabilistic interpretation,
proper of quantum theories. In the past decade, especially in connection to interacting
quantum field theories, it has become clear that an advantageous way to construct a
concrete *x-algebra A consists of identifying it as a collection of suitable functionals on
the underlying space of smooth field configurations. This procedure allows, on the one
hand, to encompass the above mentioned structural properties in terms of a deformation
of the pointwise product among functionals, while, on the other hand, it facilitates the
possibility of including specific constraints on the existing singular structures, a feature
which is of paramount relevance to deal with renormalization in the algebraic setting —
see, e.g., [7,29].

We denote by F (M) the space of complex-valued, continuous, linear functionals
over £(M). It is worth recalling that (M) comes with a natural notion of functional
derivative, which allows to identify a class of distinguished functionals, namely the
polynomial ones.

Definition 2.1. Given F € F(M), we call F®_ k > 1, its k-th order functional deriva-
tive, namely F® e &M x --- x M; F(M)) such that
—
k

k

d
FOM® - @msn) i= ————F0+siq +- - +seme) . (20)
8S1 A BSk s1=--=5,=0

for all n, n1, ..., nx € E(M). Accordingly, we define the directional derivative along
¢ € EM) as

8y F(M) — F(M),  [8,F1(n) := FV(g; n).

A functional F' € F (M) is said to be polynomial, F' € Fpo (M), if there exists n € Ny
such that F® = 0 for all {k > n}. In addition we define the (spacetime) support of a
functional F as

supp(F) := {x € M | VU € N, g, ¢y € E(M) with supp(¢) C U,
such that F (¢ + V) # F(¢)}, 2.2)

where N, denotes the family of all open subsets of M such that x € N,.
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In the applications both to interacting quantum field theories and to non-linear
stochastic partial differential equations, we will be forced to consider either products
among the derivatives of suitable functionals or their composition with specific prop-
agators. Some of these operations are a priori ill-defined and one needs to resort to
techniques proper of microlocal analysis to overcome these hurdles. In order to keep
the length of this work at bay we shall assume that the reader is familiar with the basic
concepts of this framework and we refer to [25] for all information or to [11, Appendix
B] for a succinct summary of the key ingredients. In view of these considerations, we
look for a restricted class of functionals, characterized by a constraint on the singular
structure of the functional derivatives.

Definition 2.2. Denoting with 7 (M) the space of continuous, complex-valued function-
als on £(M), we define

e the microcausal functionals as
FueM) = IF e FM) | F™ e &M, WFF™M)n [ U wpu \7;)} =0, ne N] ,
peM

where F™ is the n-th functional derivative of F as per Definition 2.1, while \_/[;’ and

\_/p_ are, respectively, the sets of future-pointing and past-pointing covectors in T;‘M;
o the regular functionals as

Freg@®D := | F € FueWD) | F® e D™ > /04", n e NJ;
e the local functionals as
Floc (M) := {F € Fue) | FO e M) < D' (M), supp(F™) C Diag, c M", n e N} ,
where Diag, denotes the total diagonal of M", namely
Diag, := {(x,...,x) € M" | x € M]}.

Remark 2.3. With reference to Definition 2.1, when we need to consider in addition only
polynomial functionals, we shall employ the symbol F 5 ¢/reg/loc (M) = Fuc/reg/iocMN
Fpol(M).

Example 2.4. In order to introduce functionals which will play a prominent réle in our
construction, let us delve in two simple, yet informative examples. The first one is the
so-called smeared linear field: Given f € D(M), we set

Qrip> Prlp) = /Mdux FX)e(x),

with duy is the metric induced measure. A direct computation of the first functional
derivative, see Eq. (2.1), entails that its integral kernel reads

@ (x, y) = £ (*)8Diag, (x, ¥),

where 8piqg, € D'(M x M) acts as

SDiagy (h) := / duy h(x,x),  Yh e DM x M), 2.3)
M
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while all higher order derivatives vanish. Hence the smeared linear field is a polynomial
local functional, ® ¢ € .’Flg M) for all f € D(M). As a second example of local
functional we consider the smeared vertex operator

Vay i 9 > Vo p(g) = f Qs F)ED . a e R, and f e DO,  (24)
M

where locality is once more a by-product of Definition 2.1. We observe that Eq. (2.4)
does not identify a polynomial functional, but it is of primary relevance since it encodes
the information of the interaction term in the Lagrangian of the sine-Gordon model, cf.
Eq. (1.1),

Vag+Voug
V=7

with g € D(M) and a € R,.

Starting from Definition 2.2, we can endow F,. (M) with the structure of a commu-
tative x-algebra denoted by A, (M) = (Fj.(M), -, ) and constituted by the following
data:

e ax-operation * : F; (M) — F,.(M) such that, for all ' € F,,.(M)

F*(p) := F(p).
e aproduct - : Fj (M) x F e (M) — Fj e (M) such that, forall F, G € F,.(M),
F.-G=MF®G), (2.5)
where M denotes the pullback on F,. ® F . via the diagonal map

t:EM) - EM) x EM)
L) == (¢, ).

Observe that we call -, as per Eq. (2.5), the pointwise product between functionals since,
for all ¢ € E(M),

(F-G)(¢) = F(p)G(9). (2.6)

Definition 2.5. Let A (M) be the algebra of microcausal functionals. We say that a
family {F, }nen, Fn € A (M) converges to a functional F € A (M) for n — oo if, for
all £ € N and for any ¢ € £(M) it holds that F,Se) (¢) converges to F ® (p) asn — o0
in the weak *-topology of £ (M*).

We observe that in the above definition the subscript cl stands for classic since the
product is the classical pointwise one.

Up to this point, all algebras that we have considered do not carry any specific
information either on an underlying dynamics or on a quantization scheme. In order to
encode eventually these data, the algebraic approach calls for considering a deformation
of the product - introduced above. This is codified by means of a formal deformation
parameter which is denoted by /4 and by a bidistribution K € D'(M x M) whose
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explicit form depends on the case in hand. More precisely one switches from A, (M)
to (Fuc(M), x5k, *) such that, for all F, G € F (M),

) )
Fxx G = MoeP""[F®G], Dpg :=(hK, —® —

dp ~ dg
)

50 2 3900’

where K (x, y) is the formal integral kernel of K. Henceforth we shall also refer to this
class of products as exponential products.

::/ duxduyhK (x,y) 2.7)
M2

Remark 2.6. Observe that the exponential productin Eq. (2.7) can be conveniently rewrit-
ten as

F g G = Tpg[Tpg (F)T 4 (G)], (2.8)
where we introduced the deformation map I'px : Fe (M) — Fc (M) defined as
2

1)
ik = e3P0 Dig =<hK, —2>= f djacdiey K (x, y)
5(p M2

52

Sp(x)8¢(y)
(2.9)

Observe that Eq. (2.7) is a priori only a formal expression on account of two potential,
distinct issues:

1. since K € D'(M x M), the action of Dy g and of its powers might be ill-defined. This
is subordinated to the singular structure both of K and of the functional derivatives of
the underlying functionals. As we shall see, in our investigation, being the background
of low dimension, this will not be an issue. More in general, this is handled by
resorting, if necessary, to a renormalization procedure.

2. the action M o ePk yields a priori only a formal power series in 4 unless one proves
convergence with respect to a suitable topology or considers polynomial functionals
which entail that only a finite number of non vanishing contributions exist.

Remark 2.7. In the preceding discussion, particularly in defining F (M) and its distin-
guished subspaces as per Definition 2.2, we have only considered kinematic configu-
rations ¢ € £(M) and no information on an underlying dynamics has been assumed.
Yet, in many concrete models, among which the sine-Gordon, one assumes that the field
abides by suitable equations of motions of the form

Pe+ VP[] =0, (2.10)

where V : R — R is a non linear potential while P is a normally hyperbolic operator,
see [1]. In the following and in view of the application to the Lorentzian sine-Grordon
model, we shall always assume that an underlying dynamics of the form of Eq. (2.10)
has been chosen. For definiteness a reader can think of P as being the Klein-Gordon
operator, namely P = [J — m? where [ is the d’ Alembert wave operator built out of
the underlying metric, although such assumption is not strictly necessary as far as the
content of this section is concerned.

This entails that, being M globally hyperbolic, there exists unique advanced and
retarded fundamental solutions A4/R : D(M) — £(M) such that supp(A4/R(f)) <
JF (supp(f)) for all f € D(M).
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As discussed, e.g. in [2], these propagators are the building block for implementing
in a covariant way the canonical commutation relations (CCRs). More precisely, with
reference to Eq. (2.7), we can make the identification K = ’Z;A, where A ;= AR — A4
again is the causal propagator. As a matter of fact, one can observe that, considering
the smeared linear fields as per Example 2.4, it holds that V f1, f>» € D(M)

[P, q)f2]*,~2—lhA =@f *-1pa P = Ppy *ip-1pa Py
=il{®p, Ppt =ih(f1,Af2),. (2.11)

where we have also introduced the symbol {, } denoting the classical Poisson brackets.

Observe that, if we stick with the choice of K = %A as deformation kernel, the
product ;5-15 5 as per Eq. (2.7) is well-defined provided that we consider functionals
lying in ]—}‘Zg (M) as per Remark 2.3. Yet, such class is too small to encompass all relevant
observables proper of a quantum field theory and, therefore, one needs to account for
more singular functionals. Observe that [28]

WF(A) = {(x, ky, y, —ky) € T* M x M)\ {0} | (x, ko) ~ (v, k), (2.12)

where ~ entails that the point x and y are connected by a lightlike geodesic y such that
ky is coparallel to y at x while k, is obtained by means of a parallel transport of ky
along y. This implies that, in general, given F, G € F,c (M), F x;p-1;5 G is ill-defined
at a microlocal level. This hurdle can be circumvented by means of a normal ordering
procedure [10,23]. Restricting to regular functionals, it amounts to considering, at the
level of formal power series in A,

L F =T, F € FregllH], F € Freg, (2.13)

where Ty, is defined as in Eq. (2.9). Here w € D'(M x M) denotes the so-called
Hadamard parametrix, characterized by (P @ Dw = (I ® P)w € C®M x M) and
whose anti-symmetric part is i2~! A. Moreover, it satisfies the microlocal spectrum
condition, namely

WE(@) = {(x, y; ke, ky) € T*MZ\ {0} | (x, ko) ~ (3, k), ke >0}, (2.14)

where ~ has the same meaning as in Eq. (2.12), while &, I> 0 entails that the covector &
is future pointing. This condition on the wavefront set of the Hadamard parametric entails
that Eq. (2.13) is well-defined also for microcausal functionals F,. (M) as in Definition
2.2. This feature is thoroughly examined in [16] and therefore we omit entering into the
technical details. To conclude this succinct overview, we highlight the following two
comments:

1. In view of the preceding comment we shall denoted by F,,.[] the normal ordered
space of microcausal functionals and the ensuing algebra as the triple (F ¢ [1], *he, *)

2. most notably the product %, does not affect the canonical commutation relations,
since, in view of Example 2.4, for any f1, f» € D(M), it holds that

[q)fl ) q)fz]*hw = lh(flv Af2)
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2.1.1. S-matrix and Bogoliubov map Keeping in mind Eq. (2.10), the algebras of func-
tionals defined in the previous section do not allow to account for the non linear con-
tribution encoded by VM [¢]. To encompass this information a key structure in the
perturbative approach to quantum field theory is the S-matrix and the associated Bo-
goliubov map. In order to keep the length of this paper at bay, we shall not discuss
the whole framework in detail, leaving an interested reader to [7,14,29] for a thorough
analysis. We shall limit ourselves to introducing all the relevant structures necessary for
our analysis to be self-consistent.

The starting point is the time ordered product which is here defined in terms of a time
ordering map T acting on the space of multi-local functionals, which are tensor products
of elements lying in Fjoc (M) as in Definition 2.2. More precisely 7 is constructed out
of a family of multi-linear maps

T+ Floe M) — Fpue(MD),

loc

which satisfy the constraints 7) = 1 and 7; = id. The link between 7" and 7,, is codified
by the identity

n

TI[]F|=7|QFi|- (2.15)
j=1

j=1

In addition, one requires the maps 7,, to be such that 7 is symmetric and to satisfy a causal
Jfactorization property. This can be stated as follows: consider {F; };=1,...n, {Gj}j=1,..m C
Fioc (M) two arbitrary families of local functionals such that F; 2 G forany i, j, where

the symbol 2 entails that supp(F;) N J~ (supp(G)) = ¥, where the support of a func-
tional is as per Eq. (2.2). It descends that

TIQRFQG; =T<®E~)*T Xa;|. (2.16)
i J i J

where * is defined in Eq. (2.7). We stress that, whenever the hypotheses at the heart of
Eq. (2.16) are not met, one needs to devise a suitable extension criterion for 7', which
requires in turn a renormalization procedure. In this work we abide by the Epstein-Glaser
inductive procedure [10,15,24], although, as highlighted in [3,4], when one considers
two-dimensional self-interacting, scalar field theories, renormalization is unnecessary if
one restricts the attention to local functionals not containing derivatives of the field. As
a consequence, for these classes of local functionals the causal factorization property
suffices to fully determine the map 7.

As discussed in [3,29], if we work with the algebra (F.[h], *he. *), an explicit
realization of the time-ordering map is completely characterized by the identity

-
TP (FI ® - ® Fy) i= Fi *pay - - *nay Fr i= M 0 el DhAF(Fl ®: - Q Fy),
(2.17)

where F; € Fyc[h], foralli =1, ..., n while Ap € D'(M x M) denotes the Feynman

parametrix, linked to w € D’ (M x M) and to the advanced propagator A4 € D’ (M x M)
associated to P as per Remark 2.7 via the defining relation

Ap =w+iA2. (2.18)
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In addition in Eq. (2.17) M is defined as in Eq. (2.5) while

¢ 82
D = h 5 )
hoor < “r 5§0£5<ﬂj>

which is manifestly symmetric under exchange of i and £. We have all the data necessary
to define two key ingredients in the perturbative investigation of a self-interacting, scalar
field theory whose dynamics is ruled by Eq. (2.10):

1. the S-matrix as

i 1 /ir\"
S(AV)::exp*hAF ﬁAV :ZH W V xtiap - *nap V

n=0 n
1 ')\’ n
=3 <%> Thar(y®ny (2.19)
n>0 -

where here with V = V[¢p] we denote the interaction potential lying in Fioc(M). A
priori, the S-matrix is a formal power series in the coupling constant A and a Laurent
series in h.

. The interacting classical field, which is a perturbative solution of Eq. (2.10) with
vanishing initial conditions, written as a formal power series in A with coefficients
lying in Fioc[M]:

rave (@) ()

= Zl"/< e Aty - Ay, 8(x1) - gGen){V () AV (x2), .. AV (xn), @(0)} .. 3},
n>=0 ns-shst

(2.20)

where d i1, is the metric induced measure, the curly brackets are the classical Poisson
brackets as per Remark 2.7, while g € D(M) is a cut-off function which is introduced
to avoid infrared divergences. In addition, the dependence of the interaction vertices
from the field configuration has been omitted to simplify the notation. Observe that
AR is also referred to as classical Moller map [22,29].

Example 2.8. The formal expression in Eq. (2.20) is analogous to the standard notion of
perturbative solution of a nonlinear partial differential equation adopted, e.g., in [11].
As an example, consider

1
V)= /M diy g6 ().

The perturbative solution is defined in terms of the following power series in the

coupling constant A

P[AJ(@)(x) = Y A Fu(p)(x),

n=0

where

Fo@)(x) = (@) (x) = p(x), Fal@)):=— Y AR«[F; (0)F;,(0)Fjy(0)]).

Jitj+jz=n—1
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where * here denotes the convolution while A® denotes the retarded fundamental solu-
tion associated to P as in Remark 2.7. By direct inspection, it can be seen that, order by
order in A, it holds that

QA](p) (x) = rav, (@) (x).

The information carried by the S-matrix and by the classical Mgller map can be
brought together extending Eq. (2.20) to the whole algebra of observables of the theory.
More precisely, given F € ]—"ffc’” (M) and, adopting the notation ¥ = (y1,...,ym) €
M™ | the associated interacting classical observable can be written as

v, (F)(Y)

= Z k"/ dptyy o dpey, 8(x1) - g {V (1) AV (x2), .. AV (xn), F(Y)}. . 3}
I’L}O I|<‘“<tn<l‘

221

Having established the algebraic formulation of a classical interacting field theory, an analogous
procedure carries over to the quantum scenario, with the notable difference that one needs to work
with (Fye[h], *p g, *). To this end we introduce the Bogoliubov map R,y associated with the
interaction V € Fj,. (M), which maps any observable of the free field theory whose dynamics is

ruled by P into its interacting quantum counterpart [29]. The action on any F € ]:l%cm (M) reads
as

d
R,y (F) = —ihd—S(AV)*ﬁw_l *ho SOV +aF)lg—o
o
= SVl s (S(AV) % F), (2.22)

where S(AV)*he ~1 denotes the inverse (in the sense of formal power series) of S(A V) with respect
to the product xz,.

Remark 2.9. For later convenience we need to give an explicit expression of S(AV)*ho~L This
requires the anti-Feynman parametrix

AR = o — i AR, (2.23)

where AR is the retarded fundamental solution associated to P as per Remark 2.7. Consequently
it holds that

el L[ in)" U (A" hage yen
SOVyrhel= %" =) Vrnane o than V= > (-7 T (vem,
n=0"" M n=0""

As a consequence, Eq. (2.22) can be written as a formal power series in the coupling constant A:
A ®
— - n
Ryv(F) =3 Ram(VE", F),
n>=0

where Ry, (V®", F) are the so-called retarded products

n n
Rum (VO F) = (}%) 3 (Z)(_l)fTﬁAAF(V ® @ V) TN (VO ..oV F).
=0
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The notation 7, h}[ m(V ® - ®V ® F) keeps track of the fact that its argument contain n — £

copies of the interaction V and that F is a multi-local functional of order m € N. Hence, on
account of Eq. (2.17)

hA
Tn_[m(V®~-®V®F) =V pap---*hap V *rap F.

Remark 2.10. Animportant feature of the retarded products, which underpins their name, concerns
their support properties. More precisely, Ry, (V®", F) vanishes if at least one of the first n
arguments is not supported in the past light cone of one of the last m ones [14,15].

2.2. Microlocal approach to SPDEs. In this section we give a succinct overview of a recent
approach to the construction at a perturbative level of both the expectation value of solutions and
the correlation functions of a class of nonlinear stochastic partial differential equations (SPDEs),
first introduced in [11] for scalar theories and later extended in [6] to the analysis of the nonlinear
stochastic Schrodinger equation and in [5] to that of spinors. This framework can be seen as a
transliteration to the analysis of SPDEs of the algebraic approach to quantum field theory outlined
in Sect.2.1 and, as such, it has the main advantage of allowing to encode all renormalization
ambiguities intrinsically without resorting to any specific e-regularization scheme. The reason
lies in the possibility of adapting to the case in hand the microlocal approach to Epstein-Glaser
renormalization, see e.g., [10,24,26].

It is worth emphasizing that, in [5,6,11], the focus has always been on the analysis of elliptic
or parabolic SPDEs and therefore we feel worth revisiting the content of these works when the
linear part of the dynamics is ruled by an hyperbolic partial differential operator. For this reason,
in this section, we start by considering a simple toy model, namely a linear, scalar, SPDE on R4
endowed with the flat Minkowski metric of signature (—, +, ..., +):

— —

d—1
O —m®P = x&, (2.24)

with vanishing initial condition. Here [J is the d’Alembert wave operator, while m? > 0isa
fixed parameter, which can be interpreted in concrete models as playing the role of a mass term.
Furthermore é denotes a space-time white noise as per Eq. (1.2). The last ingredient x : M — R
is the smooth cutoff function

x (@ x) = x(0H1kx),
where ¥ : R — R is a positive smooth function such that there exists T € R for which

0 if r<T,

XO=V1 4 >T+1 (2.25)

Observe that O — m?2 plays the role of the operator P in Remark 2.7 and, in particular, we can
associate to it unique advanced and retarded fundamental solutions, still denoted by A4 and
AR respectively. The latter allows to solve Eq. (2.24) forward in time as, with vanishing initial
condition for simplicity,

N

¢ = AR ).
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We can infer that the solution ¢3 is a Gaussian random distribution with vanishing mean, while,
given f, f' € D(RY), the covariance reads

0. /) = / du=dp B QS0 f ()
R4 x R4
=/ duzduz/f dug, x2pakz — At - @ r@)
RY x R4 R4
=/ duzduz// dus, x2epaR@ —z2pakE -2 @ 1@, (2.26)
RY x R4 R4

where, in the last equality, we used the following structural properties of the advanced and retarded

fundamental solutions associated to a second order, hyperbolic, partial differential operator on a

globally hyperbolic manifold M, (f, AR f/y = (AAf, f/) forall f, f' € D(M), see [2].
Observe that Eq. (2.26) entails that the covariance Q € D’ (Rd x R4 ) can be written as

0 :=ARoy A4, (2.27)
where the symbol o denotes the composition of distributions, while the subscript x keeps track

of the cut-off function. A direct application of [25, Thm. 8.2.14], combined with a propagation of
singularity argument entails that

WF(Q) = {(z. ke 2/ k) € T (R < RY) \ {0} | (20 k) ~ (. —k)} U WE(8).
(2.28)
where ~ means that z and z’ are connected by a lightlike geodesic y, —k, is the parallel transport

of k; along y, while k; is cotangent to y. In addition é; is the Dirac delta along the diagonal of
RY x R4 and, for the sake of completeness, we recall that

WE(5) = {(z, ks, 2, —kz) € T*(RY x RY)\ {0}).

In addition the covariance Q enjoys the property of being positive, a feature which will be used
extensively in the following sections.

Lemma 2.11. The bi-distribution Q € D'(R? x RY) as in Eq. (2.27) is positive, namely, for all
f e DRY,

of. f)=0.

Proof. Working at the level of integral kernels, it holds that
O, )= [, s dueydinz, AR 1 = 2202 @2 = 2 F G f @)
- f duzzxz(zz)(/ duz]AR(m—zz)f(m)) (/ dMZ3AA(ZZ—Z3)f(Z3)>
Rd Rd Rd
- f dﬂzzxz(zz)</ d.U«zlAA(Zz—Zl)f(Zl)> (/ d/tz3AA(Z2—Z3)f(Z3))
R4 R4 R4

= fR L dusy @) (A N4 (2
= A4 x @A) 2wy 2 0,

where, in the third line, we used the identity AR(zl —277) = AA(zz —2z1). O
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Equation (2.26) gives a complete control on the solution theory of Eq. (2.24) and, in the
following, we reformulate its content using the rationale at the heart of the approach to SPDEs
inspired by algebraic quantum field theory, adapting to the case in hand the procedure of [11].
More precisely we define the functional-valued distribution F : € RY) x DRY) x DRY) — C
on the space of smooth configurations

ERY) x DRY) x DRY) 3 (¢, f, f)) = Fll(f, 1)
=/ dpzdu (e f(2) f(Z) € C. (2.29)
R4 x R4

Observe that, on the one hand the functional F, despite being regular, can also be interpreted as
an element lying in the space of microcausal functional as per Definition 2.2 which is endowed
with an algebra structure in terms of the pointwise product as per Eq. (2.6). On the other hand,
this rationale allows us to follow Eq. (2.7) as well as Remark 2.6 to introduce a deformed product
encompassing the information carried by the underlying white noise £ by means of the map

r Do p 0 o2 / dpzdu. 0z, 7) 52
—=e s = ,——= ) = ’ s _
¢ ¢ 892 |~ Jrasma s 80 ()

(2.30)
Applying Eqgs. (2.30)—(2.29) yields
ToPlelf, [ = f duzduy (e) f(2) f(2)
R4 xRd
+/ duzduy Q(z,2) f(2) f(2), (2.31)
R4 x R4

where Q(z, z') denotes the integral kernel of Q € D’ (]Rd X Rd) introduced in Eq. (2.26). As
one can infer by direct inspection, the action of I'¢ is that of encoding the information of the
correlation function on the underlying stochastic process. Yet, a last bit of information is missing,
namely the expectation value [E corresponds to evaluating Eq. (2.31) at the configuration ¢ = 0.
In other words

evo(Co F)(f, f) := (T PIOICS, f) = /R i dpzdu, 0@z, 2) f(2) f(2)
= O(f. f).

Observe that the procedure, just highlighted, strongly enjoys from F' being regular and, if one tries
to apply it to a local, non-linear polynomial functional, such as

D[] (f) = / duz9? () f(2),
]Rd

it does not carry over slavishly. A formal application of Eq. (2.30) yields

To@))lpl(f) = ®*[¢](f) + fR 410 2 f ().

which is a priori ill-defined since, on account of Eq. (2.26), this would be equivalent to testing Q
against a distribution of the form f(z)8(z — z’). This yields

/d#zQ(z,z)f(z)=/ dl/-z/ A x2ARG - P f) = xaB (o).
R4 R4 R4
(2.32)
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Yet the last expression in Eq. (2.32) encompasses the square of x AR which is not a well-defined
distribution due to the singular structure of AR, Bypassing this hurdle requires a renormalization
procedure and this feature cannot be ascribed to the hyperbolic nature of the problem in hand,
since it occurs also when analyzing elliptic or parabolic models, see e.g. [5,6,11].

Yet it is important to stress that, in lower dimensional scenarios, typically when d < 2, the
singularities encoded in the fundamental solutions of the Klein-Gordon operator are rather mild,
being of logarithmic type, and, in this case, a renormalization procedure is not necessary. This is
exactly the scenario that we shall consider when working with the sine-Gordon model.

2.2.1. On the covariance Q in two-dimensional Minkowski spacetime 1In the following
we shall investigate some notable structural properties of the bi-distribution Q in the case when
the spacetime dimension is d = 2. It is also convenient to consider in this scenario the massless
d’ Alembert wave operator [J and, repeating in this case the analysis of Sect.2.2, we denote the
counterpart of Q as Qg = Ag oy A(‘)“, Ag /4 being the advanced and retarded fundamental

solutions associated to [J. Denoting with z = (¢, x) an arbitrary point of R, the integral kernel
of Ag reads [4]

1 1
AR @) = =500 = Ix]) = =560 — )0 + ), (2.33)

where 6 denotes the Heaviside step function. The counterpart in the massive case reads instead

[3]
AR@ = af@+ (1= 1o (mV2)) af @ = (2 - 1o (mV22)) af @),

where [ is the modified Bessel function of first kind, while 72 = —12 + x2 is the Minkowskian

square. Since SUPP(A(I)e (z)) € J*(0), we consider only the region —2 + x2 < 0 and, thereon,
I (m\/;z) =1 (im |z2|>. Since I (m\/;z) is a real, smooth, damped oscillating function in

z with sup, |Io (m\/ zz)‘ = 1, it holds that

067 = /Rz dus2OaR G~ AR - 3)
= /Rz duzx>@af - a8 @ -2 (2 —1Iy (z‘m\/|(z - 2>2|))
x (2— I (im,/l(z/ —z)2|)>. (2.34)

Since XZ(Z) has past-compact support according to Eq. (2.25) and since Eq. (2.33) entails that
AJ @ = DAFE =2 = 1y=ns-@n @

where 14 - (07— () (Z) denotes the characteristic function on the subset J ~(z) N J ~(z/) C R2,
we can conclude that the integral in Eq. (2.34) is convergent. In addition, Q(z, ) is a continuous
and positive function, which is translation invariant along the space direction. These data can be
summarized in the following lemma.

Lemma 2.12. On the two-dimensional Minkowski spacetime the covariance Q € D’ (R? x R?)
introduced in Eq. (2.27) is positive and in turn it is generated by a continuous and positive function
0(z, 7). The coincidence limit Q(z, z) is a smooth positive function, namely Q(z,7) € S(Rz)
and Q(z,z) > 0 forall z € R2.
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Proof. We only discuss the smoothness with respect to z of the coincidence limit Q(z, z). We
observe that, on account of Eq. (2.34), we can write at the level of integral kernel

06z, 2) =f duz 2 G)(aR @ — 22,
R2

On account of the above discussion and of the explicit form of the retarded propagator in two
spacetime dimensions, the distribution generated by (A®)Z is well defined even though not using
a microlocal argument. The smoothness of Q(z, z) follows from the form of the wave-front set of
AR together with [25, Thm. 8.2.12] since the integration with respect to the variable 7 plays the
role of a composition with the function identically equal to 1. O

2.3. The algebra of functionals for the sine-Gordon model. InSect.?2.1 we have emphasized
how the analysis of an interacting field theory requires in the language of algebraic quantum
field theory the identification of a distinguished algebra of functionals and in Sect.2.2 we have
emphasized how the same structures come into play when studying a nonlinear stochastic partial
differential equation along the lines of [11]. Hence, in the following we introduce the set of
functionals which is necessary to investigate the sine-Gordon model as per Sect. 1.1.

The rationale that we follow is strongly inspired by to the one discussed in [3, Sec. 1.4] and,
for this very reason, we shall refer to this reference for the proof of many statements, limiting
ourselves to highlighting the main differences with our setting.

Definition 2.13. We denote with FV (R?) the vector space of functionals generated by elements
of the form

Fa.nm(¢)

m
— /Mn+m dMX,Yel py = ajp(x;j) ,~i Di<e<j<n azaj(Q(xz>xj)+hH0(Xe,x,/)){(X’ Y) l_[ o),
k=1

where duy y = dpy, ... diy,, X = (1, ..., x0), Y = V1, ..., Ym),a C (—=n, n)" is a multi-
index with < 4% ~!. Furthermore ¢ is a distribution generated by bounded and compactly
supported function such that

WF(¢) C Winsn
n+m
= e X K ) € TARICTIA(O) | Y Tk =0 (235)
=1

Observe that, in Eq. (2.35), the condition

n+m
> k=0
=1
surmises that all covectors have been parallel transported at a common base point.

Remark 2.14. For future convenience, it is worth highlighting that a comparison between Egs. (2.35)
and (2.28) entails that

WF(Q) C Wa. (2.36)

Proposition 2.15. Denoting with F,¢ (R2) the set of microcausal functionals on R? as per Defi-
nition 2.2 and with FV (RZ) that introduced in Definition 2.13, it holds that
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1. FV C Fue;

2. FV(R?) identifies a x-subalgebra of (Fyc (R?), *p K, %) if K is one among the following bi-
distributions Q + hw, Re(Q + hw), Q+hAp,Re(Q +hA ) where w is the two-point function
of the Poincaré invariant ground state on the two-dimensional Minkowski spacetime and A g
the associated Feynmann propagator:

In particular we set
AL o ®) = (FY R?), *pps0, %), (2.37)

Proof. The proof follows the same lines of [3, Prop. 1.2, 1.3], the only difference being that the
generators in Definition 2.13 encompass also Q € D’ (]R2 X Rz) defined in Eq. (2.26). Nonetheless,
the line of reasoning extends slavishly to our scenario on account of Eq. (2.36). O

2.4. The model and the strategy. We reckon that it is desirable to outline succinctly the goal
of our analysis as well as the strategy employed to reach it, before delving in all the technical
details. Henceforth we shall fix the background M to be the two-dimensional Minkowski spacetime
(R2, n) and, as already mentioned in Sect. 1.1, on top of it we consider the stochastic sine-Gordon
equation with coupling constant A

(D+m2)1/A/+)\ga sin(ayr) = x&, (2.38)

where [ = 3,2 - 83 is the d’Alembert wave operator and where we assume vanishing initial
condition. In addition,a € R, while g € D(R?). Finally the spacetime with noiseé and x € E(R?)
enjoy the properties discussed in Sect.2.2.

Following and actually combining the rationale of Sect.2.2 and in particular of Sect.2.1, we
start from Eq. (2.38) and we construct the classical interacting field

v, (0) (x)

= Zk"/< e dpexy - dpy, g(xp) - gGe){V (x), {V(x2), .. AV (), @)} .. 3}
n}o N Shst

(2.39)

This is an application of Eq. (2.20) in which the role of V[¢](x) is played by cos(a¢(x)) and,
heuristically, this amounts to (perturbatively) constructing a solution of the classical PDE (O +
m2)<p +Xigasin(ap) = 0. Subsequently, as seen in Sect. 2.2, we can start from Eq. (2.39) encoding
the stochastic properties of the noise by acting with the map I"p defined in Eq. (2.30), namely

Lolry, (@)1(x)

= }»"FQ/ dpxg(xr)... g {V(x1), {V(x2), .. .{V(xn), ()} .. .}}.

n>=0 NSy <t
(2.40)

In agreement with the formulation of [11], evaluating Colray, (p)](x) at ¢ = 0 yields
the expectation value of the solution of Eq. (2.38) as a formal power series in A. Yet, a
natural question pertains the convergence of the formal power series in Eq. (2.40). To
answer this question, we adopt an unconventional strategy which consists of building
Colrv, (¢)] as the classical limit of ColRyv, (9)], where R)wg (¢) is the interacting
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quantum field defined in Eq. (2.22) via the Bogoliubov map for the specific choice of
the observable F' = &. In other words, we shall prove that

Colrv, ()] = hli)llé+ ColRyv, (9)]. (2.41)

The net advantage of this unusual strategy is that, adapting to the case in hand tech-
niques introduced in [3,17], we are able to prove absolute convergence of the formal
power series defining I'g[Ryv, (¢)] for any field configuration ¢ € £(M). The subse-
quent investigation of the classical limit procedure will be discussed in Sect.4. As a
consequence, the non-perturbative expectation value of the solution can be written as

Colrwv, (@)lp=0 = hli)n%+ FolRyv, (¢)]p=0-

The same line of reasoning shall be shown to be applicable also to the analysis of the
n-point correlation functions of the solution of Eq. (2.38), see Sect.3.2.1.

3. Interplay Between Quantum and Stochastic

As outlined in Sect.2.4, we shall investigate the construction of the expectation value
and of the correlations of the solutions of Eq. (2.38) following a two-steps procedure.
In the following we address the analysis of the first part. This consists of an unconven-
tional combination of the frameworks outlined in Sects.2.1.1 and 2.2. More precisely
we start by considering F € Fioc(R?) as per Definition 2.13 and we associate to it its
quantum counterpart via the Bogoliubov map as per Eq. (2.22):

Ryv (F) = SAV)™ ™ apyy (SAV) *nay F),

where here we are implicitly thinking about V = cos(ag) and where @ and AF are in
the previous sections. On account of Remark 2.6, the last expression can be written as

Rov (F) = D[ TR (SGV )™ (T, (DA, (SGVDTZA, (F)D]

Subsequently, by applying the rationale outlined in Sect. 2.2, we can codify the informa-
tion on the correlations of the Gaussian white noise in Eq. (2.38) by applying the map
I'p as per Eq. (2.30):
POl Ry (F)] =TT [T (SGY) ho ™ YT L (Tpp L [TA (SGVITA L (FID]
= T[T (T T oSGV Mo I PG T o (T p [TA L (SGVITA L (F)D]
=T e[ T bny T SGY) 0T GLL (T oinap (Tpa, (SGVIT;A L (F)D]
= FQ%,[rélhw(rg(mv»*ﬁw—l)Félhw(erAF[r,;gFré‘rQ(S(xv»rggFr;rQ(F)])}

= rQ+hw[ré}rhw(rQ(S(w))*hw*I)FQ}rhw(erAF[réimFFQ(S(,\V))FaMFFQ(F)])]

Exploiting once more Eq.2.8, I'g[R; v (F)] can be rewritten as

Tol[Ruv (F)] =To((SOV)*™ ™) %gsno [(T(SOV)) *gsna, To(FN1. (3.1)
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Giving a closer look to this expression and focusing on I'g(S(AV)), on account of
Eq. (2.19) we can decompose this term as

IINADEDY % (%) LoT,AF (VE™), (32)
n>0

where, in view of Eq. (2.17),
hAF _ -1 —1
TV @@ V) =Tha,Thh (V)...Thd (V)]

The action of I' yields

P2 (V- ® V) =Tolhap[Tya, (V) ... Tpa (V)]

= FQFhAF[ngFFéIFQ(V) . rggfrélrQ(V)]

= Tounar T gina, To) - Tgina, To(V)]
=T o(V) xgsnap ---*0+har Fo(V)
=TT o(V)® ... To(V)). (3.3)

To summarize we have constructed the Q — S-matrix as

1 /ir)”
Fo(SAV) =) (%) T o(V)®---®@To(V).  (3.4)
n=0

Bearing in mind that our primary goal is to prove the convergence of the series defining
an interacting field associated to the sine-Gordon model, it is convenient to give an
analogous characterization of the %j,-inverse of S in terms of anti-time ordered products,
namely

. —ir\"
SOVl = Z - (T) V xhaap - - *hiaap V

1 /—ix\"
N _(71> T (V @@ V),

where Aafr denotes the anti-Feynman propagator, see Eq. (2.23). As a matter of fact,
mirroring the computations in Eq. (3.3), it descends that we can rewrite the *p,,-inverse
of the Q — S-matrix

1 (—=ir)"
Po(SAVyre™hy =3 = <_”;> T (T (V) ® ... @ To(V)), (3.5)
n>0 "

where

ZlhAAF+Q(FQ(V) R...Q FQ(V)) = FQ(V) *O+hAAF - - - XO+hAAR FQ(V).
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3.1. Convergence of the Q — S-matrix. In the preceding section the main result has
been the definition in Eq. (3.4) of the Q — S-matrix I'g (S(AV)) as a formal power series
expansion in the coupling constant X. In this section we prove absolute convergence of
the series for the two-dimensional sine-Gordon model. This amount to choosing

1
Velp) = /R2 dpz c0s(a9(2))8(2) = 5 (Vag + Voag): Vag(@)

= /R i dp.e'@g(z). (3.6)

Henceforth, for simplicity and without loss of generality, we shall assume that g > 0.
Our strategy consists of extending to the case in hand the methods devised in [3], so to
account also for the contribution of the correlations codified by Q, see Eq. (2.27). To this
end a few preliminary considerations are necessary. First of all, in view of Egs. (3.6), (3.4)
takes the form

1 A\ n
FoSGVe) =D — (’z—h) > (Z)%““Q«FQ(Va,g))@k ® (o (Vo) @),
n>0" k=0

3.7)

Focusing on the single elements appearing in the tensor products and recalling Eq. (2.30),
it descends

1 82 +iap(x)
o (V4a,g)(p) = exp 5 0(@z, ), 502990 [;&2 duxe g(x)

(Fia)?k d +iap(x)
= Z K12k 2(2k+1) dptx H dug; duy; l_[ S(x —zg)8(x — yo) Q(z¢, yo)e g(x)
>0 © R i=1 =1

1 / +iap(x),_ 2 k
= E — duxe™ Y (—a” 0 (x, x)) g(x)
k
>0 k125 Jr2

a? k
_ +iap(x) — 70k, X))
= fR ,durg()e > .
k>0

2
:/ dp g (r)etiavtn =T 0w,
R2

where the last identity is a byproduct of the regularity of Q(x, x), see Lemma 2.12, and

_da k
of g lying in D(R?). These entail that the series Zk>0 g(x)w
convergent. In other words, introducing

is uniformly

a2
go(x) == g(x)e” 7CWY e DM, (3.8)
we have thus proved that
l—‘Q(V:I:a,g) = V:ta,gQ, 3.9
which entails in turn that

To(Ve) = Ve, (3.10)
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Furthermore, the n-th order coefficient of the formal power series in Eq. (3.7) can be
written as

ZIEAF-FQ(FQ(VC!],(S’) ® e ® FQ(Van,g))

:/Rz i, ... iy, @ Zkakw(xk)e—215i<j5na,aj(hA (“‘”"1)+Q(X"“‘-’))gQ(X1)...gQ(xn),

where g; can acquire the values +a depending on the case under investigation. Observing
that the positivity of Q(x, x) as per Lemma 2.12 entails that 0 < go(x) < g(x) and
denoting by H := Re(AF), we can estimate the absolute value of the time-ordered
product as follows

|7:1HAF+Q(FQ(Va],g) Q- ® FQ(Vamg))|
< /2 d,UvXeleﬁ’(/'f" uiﬂj(ﬁH(Xi,Xj)+Q(Xi~,Xj))gQ(xl) .g00x)
R n
< /2 dMXe—lei<j§naiaj(hH(Xi,Xj)+Q(Xi,xj))g(xl)...g(xn)
R n

= evo (T, (Vo ® ... ® Vi o)),

where diuy = dpy, ...duy, and where evo(F) = F(0) is the evaluation map at the
field configuration ¢ = 0. As a consequence, denoting with [I"g (S(AV,))], the n-th
order coefficient in A of the expansion in Eq. (3.4), for any configuration ¢ € £(R?), it
holds that

1 /)"
Fo(SAVeIll < — (ﬁ) evo[ I (V, @ - @ V)l (3.11)

Remark 3.1. Both H := Re(AF) and Q are symmetric bi-distribution. This entails that
convergence of the Q — S-matrix, which is built out of a non-commutative product, is tan-
tamount to that of the exponential series of V, computed with respect to the commutative
product x5 7+, eventually evaluated at the zero configuration.

The analysis in [3] is mainly based on techniques of conditioning and inverse condi-
tioning borrowed from Euclidean quantum field theory [17]. They allow one to control
the convergence of the S-matrix of a massive theory in terms of the one associated to the
massless counterpart. Before delving into the application of such methods to the case in
hand, we report for the sake of completeness a notable result.

Theorem 3.2. (Thm. 2.2, [3]) Let wo, wi € D' (RZxR2) be positive, real and symmetric.
Let

wg—w; =P —N,
where P, N € D'(R? x R?) are once more positive and symmetric. Moreover, assume

both that 3 N|p,g, € L*®(R?) where Diag, is the diagonal of R? x R2. Hence, for Vg
as in Eq. (3.6), it holds that, setting vo = wo + N,

a2
evolexp,, (AVg)] < evp [expvo AVl <2 evo[expwo (2re? K Vel
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We review succinctly the strategy adopted in [3] and, subsequently, we show how
to adapt it to the case of our interest. In [3] the authors consider the distributions in
Theorem 3.2 as being

wo = Hp := Re(AF ), w; = H := Re(AF),

where A o denotes the Feynman propagator associated with the massless theory while
AF is the one associated with the massive counterpart. To avoid possible sources of
confusion, we shall adopt the following convention to distinguish a bi-distribution from
its integral kernel: V f, f € D(R?)

Ho(f ® f/) = /R i, Hoz — 20 @) ),
H(f® f) = /R dudp M = o) fQ f G, (3.12)

It can be seenthat H € D'(R? xR?) is positive, translation invariant and symmetric being
generated by H(x) = L Re (Ko (m«/x2)>, where K¢ is a modified Bessel function of

- 2m
second kind and where x? is the Lorentzian distance between the point x € R? and the
origin, c¢f. [3, Prop. 2.4]. Considering instead the massless case, the integral kernel of
Hj reads

2

el (3.13)

1
Ho(x) = ~ 1 log

where 11 is a positive, reference length scale. By direct inspection, Hy € D' (R* x R?)
is symmetric in its arguments, but it fails to be positive. Nonetheless, as proven in [3,
Prop. 2.3], if we consider the space-time diamond of size

DM:={(t,s)e]R2|—u<t—s<u, and—,u<t+s<u], (3.14)

then the restriction thereon of Hj is positive. In other words, Hy is both symmetric and
positive if we consider test-functions lying in D(Di). This lack of positivity of Hy on
the whole space-time requires to restrict the support of the interaction to the space-time
diamond defined in Eq. (3.14). This is tantamount to choosing the cutoff function g in
Eq. (3.6) to be positive and such that supp(g) € D,,.

In order to apply Theorem 3.2, we must decompose the restriction of Hy — H to
D(Di) in the positive and negative components. To this end, let us consider a smooth,

symmetric, positive and compactly supported function € D(R?) such that, denoting by
1 : R? x R? — R? the map defined as ¢ (x, y) = x — y, the function o Upy,xDy, = 1

Focusing on (Hy — H)Q € D' (R? x R?), we set
Wi 1) = [ ducding (Hofz = 20) = HG = 200206 = 2@ (o).
By direct inspection and on account of Eq. (3.12), W(f ® f') = (Hy— H)(f ® f') for

f, f' € D(D,). Being Ho — H locally integrable, (Ho — H)<2 is a measurable function
and thus 3C > 0 such that

W ® fOI < ClFflz@)lf 12w
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Therefore one can extend per continuity W to a bounded quadratic form over L2(D,L).
In turn, on account of the Riesz representation theorem W can be written in terms of a
bounded linear operator over L2(DM) which acts as a multiplication in Fourier space,

i.e., there exists W € L®(R?) such that, for all f, f' € L2(R?),
Wifef)= /R AV f o f' k).

Observe that, combining the Riemann-Lesbegue theorem with (Hy — H)S2 being sym-
metric and real-valued, one can show that W is in addition continuous, it vanishes at
infinity and it is real-valued.

With these premises, the decomposition in positive and negative parts of (Ho — H) 2
follows suit. As a matter of facts, it suffices to decompose the real and continuous

function W in its positive and negative parts, i.e.,
Wop A,
where P > 0 and N > 0. In turn, it descends that for all f, f’ € D(R?)
NG = [t NG =0 f @ o)
PUFY = [ didin P = 3700 )
We also observe that

N, x) = N(0) = /R Al ) = 1A 1.

In addition, as discussed in [3, Prop. 2.5], W e LI(R2), implying in turn that N s
integrable. Thus 3K > 0 such that

N(x,x) = [Nl < K.

It is noteworthy that this constant can be chosen to be K = [|[W)|| 1.

The analysis sketched above is tailored to the investigation of an interacting quantum
field theory, but, since we are interested in proving the convergence of the Q — S-
matrix, we need to improve it. To start with, we underline that, in view of Lemma 2.11
and restricting ourselves to the compact region D, as per Eq.3.14, both Q + hH( and
QO + hH are positive, symmetric and real bi-distributions as required by Theorem 3.2.
In addition we observe that the difference between Q + hHy and Q + hH is nothing
but Hy — H. This entails that the operators N and P appearing in Theorem 3.2 are left
unmodified by the kernel Q.

Before delving into the detailed proof of convergence of the Q — S matrix, we need
a technical result which will play a pivotal rdle in the forthcoming discussion.

Lemma 3.3 (Cauchy determinant). Consider ;v > 0 and g € D(D,,), where D, is

chosen as per Eq. (3.14). Moreover, denoting by V the vertex functional introduced in
Eq. (2.4), let us define

) g g g g
O = evo(Vi *rHy+Qu - - - *hHo+Qm Va *RHo+Qm Va *EHo+Om -+ - ¥hHo+Om Vo)
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where a; = a ifi € {1,...n},a; = —a ifi € {n+1,...,2n} and where a is chosen

such that o 1= ‘f—ﬂh < 1. Then, for any p € [1, a’l), there exist two constants Co (i),

depending on w in Eq. (3.14) and C such that

101 < (Co ()™ 4u)™ |1l (C¥ (n)»)'17, (3.15)
where g satisfies 1/q +1/p = 1.

Proof We follow [3, Thm. 2.7 ], though we need to account also for Q. First of all we
observe that, on account of the specific form of Hy, cf: Eq. (3.13),

O = eVo(Vag *EHg+Q - - - *ho+Q Vag *1Ho+Q Vfa *BHo+Q - - - XhHy+0 V§a>

n n

_ A‘y ey . dpey e Pl<izj<om a,-aj(hHo(Zi,Zj)+Q(Zi,Zj))g(Zl) ... g(zon)

_ (4u2)"°‘/4 dpiy yeXisiien WY o= Tocijn 1004+ Q01.)]
]Rn

9 Micicjn |G = X)) Gi = ¥)?
[T [Tz 1Ga = y)?

where we introduced the notation X = (x1,...,x,), Y = (y1,...,¥n), duxy =
dpty, ...duy,, and G(X,Y) = g(x1) ... g(y). Furthermore, we exploited the fact that
fori < nand j > n it holds that a;a; = —a? while, in all the other allowed regimes,
aja; = a?. Considering a point z = (f,s) € R? in Euclidean coordinates, we can
represent it with respect to null counterparts by setting z* = t — s and z” = ¢ + 5.
Hence z = (2%, z¥) and the squared Lorentzian distance factorizes as |z%| = |z%||z"|.
By defining the n x n matrices

) G(X,Y) (3.16)

1 1

v u

N » | —
Y=y RENC )
one can write [3,4]

Micicjen |G = x)2 (G = y)?

= |det D"|| det D¥|,
[Ti- H?:l |(xi = yj)?|

where
det Db = Z]_[ (- b € {u, v},
i OF = b))
and where 7 runs over all partitions of {1, ..., n}. As a consequence Eq. (3.16) can be

rewritten in terms of Cauchy determinants as

O = @u?) /RM duy peZtsi<zn Qi) = Tisi<jzn 210015+ Q013)))| 4o DU dot DU G (X, ).

(3.17)
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In order to obtain a bound on the absolute value of O, first of all we introduce

1

2
Co() ::( sup eazQ(x’y)> ,

x,yeDy

observing that, on account of the local boundedness of Q inherited from its continuity,
Co () < oo for every finite p. This entails that

2005 v, 2000 v; 2
ei<ij<n @ Q0¥ _ l_[ e@ Uiy < (CZQ(M))"

I<i,j<n

Combining this information with the estimate

e~ POEY) <
we can rewrite Eq. (3.17) to obtain
< (Co()* @y / djux.y|det D*|¥| det D'*G (X, Y).
R4n
In view of [17, Thm. 3.4] it holds that, for any p and ¢ such that 1/g +1/p =1,

2
< (CoU0Y™ @)™ |Gl 4z I det DV [ det D*|*| 1 pan)-

Having assumed that o = 4—h < 1, we choose p > 1 so that ap < 1. This entails that
the product

li[ 1
b b ’
izt = Y 17
is locally integrable and, thus, ||| det DV|%| det D*|%|| Lro2y S < 1. More precisely,

n

1
P
1
O <(Cou)? @Gl 4 o / diux.y
9] L4(D") ZZ an 1_[ \x _}H(l)l ap 1_[1 |xz_y71;,([)|ap

<(Couun™ @ty ||G||Lq(Dﬁn)<cz"<n!> e,

where the factor (n!)? comes from counting the number of admissible permutations 7
and 7/, while K is a constant such that

n
1
[, anx Yl_[|x | Y

_ynu)'a et e = Va7

Finally, observing that

_ 2n
||G||L‘i(DIZL") = ”g”Lq(DM)’
we conclude that

<(CQ™ (u®)™ g1, (€2 ()7
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We are in a position to prove a key result on the convergence of the Q — S-matrix
introduced in Eq. (3.4).

Theorem 3.4 Let ¢ € D(Dy) be a positive test-function supported on the compact
domain D, as per Eq. (3.14) and let [I" g (S(AV))], be the n-th perturbative coefficient
of the Q — S-matrix introduced in Eq. (3.4) with the interaction functional

Ve (o) :=/ dp cos(ag(z)),
R2

2 ~
with0 < a < 4wh~". Then, setting a := %, there exist positive constants C, Co ()
and K such that

2(2 naC n2 2A 27142k
T o(SAV) (@] < 22" (Co) ( ¢

n
n cnl/p 2
(n)1-1/p 3 ) lgllzC"'P, VYo e ERY),

(3.18)

forany p € [1,a7") such that 1/g +1/p = 1.
Proof As highlighted by Eq. (3.11), it suffices to exhibit a suitable bound for the n-th

term in the expansion of
A
evo | eXPra+0 i—ng ,
1

)\‘ n
l (ﬁ) evo[ 7,0 (Ve ® - ® V).

namely

On account of the discussion about the positive and negative parts of the integral kernels
under scrutiny as per Theorem 3.2 and as per the following discussion, we can conclude

that
A 2ae? '@’K
evo | eXPrp+0 ﬁVg < 2evp eXPhHy+0 TVg ,

with K a suitable constant, whose dependence on the underlying data has no relevance
in the current analysis. Hence, thanks to conditioning, it suffices to control the series
associated to the massless theory in order to bound the massive one. Following the
strategy outlined in [3], we can exploit the Cauchy-Schwartz inequality, whose validity
is guaranteed by the positivity of 7iHy + Q on the support of g®2. More precisely, for
any functionals A and B in the algebra A:{HO +o- see Eq. (2.37), it holds that

levo(A *nero B) < /1evo(A* xnmyro A)ly/|evo(B* *hgro B)I,
which yields, setting B = 1,

levo(A)[* < | evo(A* *pppro A). (3.19)
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As aconsequence, observing that V/ ¢ = V—a,g,adirectapplication of Eq. (3.19) implies

evo(Vg *hHg+Q - - - *hHy+0 V) =

n

1 n
= Z (k) evo | Va,g *hHy+Q - - - *hHo+Q Va,g *hHy+Q V—a,g *hHy+Q - - - *hHy+Q V—a,g
k=0

k n—k

1
n 2
1 n
< o E (k) evo | Va.g *hHy+Q - - - *hHy+Q Va.g *hHy+Q V—a.g *hHy+Q - - - *hHy+Q V—a.g

k=0
n n

1

2
= {GVO (Va,g *EHy+Q - - *hHy+Q Va,g *hHo+Q V—a,g *hH+Q - - - *hHy+Q V—a,g)} .

n n

Since all hypotheses of Lemma 3.3 are met, we apply the estimate in Eq. (3.15) to obtain

2
evo(Vy %hHp+0 - - - *hHp+0 Vg) < (Co)" (2u)™ [lgllt o (C"n!)V/P.

As a consequence, it descends that

2)\62’15121(

2
- ) (Co)™ W™ lIgltq (C"n)Y/P

2
P (SAVI@)al < - (

2(2,&)”“(CQ)”2 Z)LeZ*lazK n " n/p
= (n!)l—l/[? h ”g”L‘]C ’

which concludes the proof. O

As a consequence Theorem 3.4, we state the following crucial corollary.

Corollary 3.5 For any, but fixed p € [1,a™") with o defined as in Theorem 3.4, the
series

Fo(SAV)(9) = Y [Fo(SAV)(@]a,

n=0
is uniformly convergent for any ¢ € E(M).

Proof Absolute convergence directly follows from the observation that, as inferred from
Stirling formula, the factorial (n!) 1=1/p at the denominator of Eq. (3.18)for p > 1,tames
the exponential growth due to the other factors. O

Remark 3.6 We observe that the argument yielding absolute convergence of the Q — S-
matrix holds true also for the case of I' o ((S (A V))*ho~1). As we have shown in Eq. (3.5),

1 /—ix\"

*ho—1y __ hA

LSOV =3" = <T) TR (T (V) ® ... @ To(V)).
n>0

The only difference with respect to I'g (S(AV)) lies in the fact that we have to work with

the anti-Feynman rather than the Feynman propagator. Nonetheless, since Re(Aaf) =

Re(Afr) = H, the convergence result follows suit.
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Remark 3.7 Observe that the convergence of the Q — S-matrix proven in Theorem 3.4 is
guaranteed only if we restrict the attention to the diamond D), as per Eq. (3.14), where 1
is arbitrary but fixed. In [3] this limitation has been removed, though the relevant proof
strongly relies on the underlying kernels being translation invariant both in time and in
space. Alas, we cannot extend this result to the case under scrutiny since the covariance
Q as per Eq. (2.27) is defined in terms of cut-off along the time directions which inhibits
translation invariance. This limitation is not a major hurdle as far as the construction of
solutions for the stochastic sine-Gordon model is concerned as we discuss in Sect. 4.

3.2. Convergence of the interacting field. Goal of this section is to elaborate on Theorem
3.4 deriving a convergence result for the formal power series in Eq. (3.1). We recall that
the Q-deformed version of the Bogoliubov map, for F € ]—'lfé” R?):

LolRiy (F)] = To((SAV) ™ ™) %04hw [(T(SAVe)) *gsnar To(F))].
(3.20)

In this section we focus on the functional Fy = @y, f € ’D(IRz), see Example 2.4,
whose interacting version reads

PolRuv(® )] = To((SAV)) ™ ™) % i [(To(SAVe)) *gsnay To(® ).
In order to simplify the notation, we write
Q7 :=TolRuv(Pp)].

The starting point consists of exhibiting a series expansion for the interacting field which
is suitable for studying its convergence. On account of the linearity of the field functional,
it descends that, since only the first order functional derivative of ® ¢ is non vanishing,

Co(S(AVe)) xg+hap T'o(@f) = Lo(S(AVy)) xp+hap O
=TSV + (Lo(SAVND, (0 +hAp) @),

where, in the first step, we used that ' (P y) = ® r. As a consequence

@ p = To((SAV) ™ ™) %01hw (To(SGV))® )
+To((SAV ) ™Y %0inw (T (SAV) D, (Q + hAF)cb}"))

ST (Ve, @)+ M(Vy, @ ).

(3.21)

We study separately J(Vg, ® ) and M(V,, @ 7). Starting with the first term, we shall
exploit the following lemma, which is an immediate consequence of the Leibniz rule.
In the next section we shall prove Lemma 3.14 as a generalization.

Lemma 3.8 (Lemma 9, [4]). Let K be a generic integral kernel and let A, B, C be
smooth functionals as per Definition 2.2, with C linear. Then

Mo ePX[A® (BC)] = [MoePX(A® B)IC + Mo Pk [(AV, kcV) g B],
(3.22)

where AV, CW are first-order functional derivatives.
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Thanks to the defining properties of the deformation map I'g as per Eq. (2.8) and
applying Lemma 3.8, it descends that

J(Vg, ®f) = To((SOVe)* ™) x4 hey (T (SAV) D )
= Mo ePesmo [l o ((S(WVg))* ™) @ (Mo (S(AVg) @ f)]
= Mo ePomo[I o (SGVe) o™ 1) @ (T (SGVe)® p+ (3.23)
+M o ePorto (Do ((SGV) e~ HD, (0 + ) @) ® To(SVe)I.

Exploiting once again that the deformation map acts as an homomorphism on the de-
formed algebra, see Remark 2.6, the first term in Eq. (3.23) can be further expanded
as

Mo ePora[F o ((SGVe))™ ™) @ (Mo (SAVe)Id
=To((SAV) ™™ % gsnew To(S(AVy)) @
= P o0l g Mo (SO ™ NG, PSRV
= [T hlTjp SV ™ OISV 1Py
= Tol(SAV))"™ ™ wpyy SAV)I® s = To()Df = .

Therefore the first term on the right hand side of Eq. (3.23) coincides with @ f itself.
Focusing on the second contribution, we observe that

Mo ePorte[(Do((SV)™ ™D, (Q + he) @) @ To(SAV,))]
= (Co SOV D (Q + )@ %ghw To(SGVe)),

Replacing the O — § matrix and its xp,, inverse with their formal power series in A as
per Egs. (3.4) and (3.5) we obtain

i n n
J(Vg, @) =Dy + ) (%) > (’Z)(—l)ﬁe

n=0 =0
X (T MoV ® ... 8 To(V)V ® ... ® To(Vy)), (Q + ) @)
*0+ho T, 50, (3.24)

where the symmetry property of the map ZZFLAA”Q in its arguments has been used.

Observe that, on account of Example 2.4, it holds by direct inspection that

((Q + ha) @i )(y) = /R duz(Q + o) (y = 2) f (2)-

Focusing on the interacting vertex functional

£l a9 () 4 p—iap(x)
Ve =/ dpy —————g ),
R2 2

a formal computation entails that

i elap(x) _ p—iap(x)
Vo ) = | diy———F———iad(x = y)g(x)
R2 2
elav(x) _ p—iagp(x)

= ia)= V'(ngO), (3.25)
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where we introduced
lav(y) _ p—iagp(y)
2i
Since any deformation map acts as the identity on local functionals, Eq. (3.10) allows
us to write the n-th order contribution to Eq. (3.24) as

V() := —asin(ap(y)) = —a

(I MM (V) @ -+ @ Tp(Ve) ) ® ... ® To(Vy)). (Q + hao) @)
=TV, ®...® (Vg0 (Q+ 1) [) ® ... ® V),
yielding

J(Vg, @) = cbf+z< )Z(’D(_l)ﬂe
=0

n=0
x T“’“”Q(Vgg ®...8 (Vg0 (0 +hw)f)
® - ® Vo) %04h0 T, 3 0 (Vey ® ... ® Vi) (3.26)

Focusing on M (Vy, ® ) in Eq. (3.21), its analysis is similar to that of J(V, ® ). It can
be expressed as a formal power series, since

(Co(Ve) D, (Q + hAr)®')) = (V/go, (Q + hAF)f),

and thus, mutatis mutandis,

iV e (n
M(Vg.@p) =Y <g> ) (Z)(—l)z(n—a
=0

n>0

hA hA .
< TR e ® Vo) i [Tk Ve ® ... ® (Vg0 (Q+hAR) /) © ... ® Vel

Overall, we proved the following result.

Theorem 3.9 Let

®7.p = TolRiv (@ )] = To((SAV)*™ ™) xgun [(T(SAV)) xgana, To(@p)1.
It holds that

1y =J (Ve @)+ M(Vy. @)

e 2
=y + X0 (7) TV @)+ X0 (7)" Ma(VE" @), 327

where
u n
T (VE ®p) =" (e)(—l)(l
£=0

hA hA
x T @ @ (V0. (Q+ho) /)@ ® Vo) i Ty g 0 (Ve ® .. Vi),

(3.28)
and
- n
My (VI @ p) =" <Z)(—l)e(n )
=0
<INV @ @ Vo) 2 Tyt (Ve @@ (Vg0 (Q+RAR)) ® ... ® Vgg).

(3.29)
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Therest of this section is devoted to proving that the series expansion of the interacting
field introduced in Theorem 3.9 is absolutely convergent. Eventually, we shall show that
the series in Eq. (3.27) shares the same form as the one appearing in the construction of
the O — S-matrix. Once this correspondence has been settled, the proof is analogous to
the one of Theorem 3.4 and therefore we shall omit it.

Since the perturbative expansion of the interacting field is split in two separate contri-
butions, see Eq. (3.27), we shall start by further manipulating the n-th perturbative order
of J(Vg, @) as per Eq. (3.28). Discarding the combinatorial coefficients, we consider
a generic element of the sum, namely

hA
72 AF+Q(VgQ
®...®(Vgo, (Q+h0) ) ® ... ® Vo) x0sho T 3 0 (Vey ® -+ ® Vy,).
(3.30)
For later convenience, let us introduce the modified test function
g(y) == goWMIQ + hw) f1(y), (3.31)

which inherits from g¢ the property of being smooth and compactly supported. Hence
Eq. (3.30) can be rewritten in a concise form as

RAAR+Q hAp+Q
T C (Ve ® .. @ VL@ - ® Viy) %0sho T, 4 (Vep ® ... ® Vip)
h
=TV @ @ Vop @ ® Vo) %0uo T3 ™ (Vep ® - ® Vi),
(3.32)

where we used that the time-ordered product is commutative. As in the analysis of the
S-matrix in Sect.3.1 and recalling the explicit form of the vertex functional V,, =

271, 2o T V—-a,g0), a direct computation shows that

1 m—t e

h h 4

T Ve ® . ® Vig) = 3 ( ) )z_ﬁf*Q(va?gg ® VA,
p=0

while

RAp+Q 1, Qp ®(n—L—p)
7,5" (VaqgQ®V—a,gQ )

RA iyt (lP) .
=75 |:/2( o ol it (p(h)gQ()’I)'ngQ()’nK)d,U«Y,lgi|
R=(n—

i =l (p) o ) (p)_(p) RA .
— /2( Y El ZJ:laj w(y,,)e Zl§m</<n—(l Gm 4 (0+ F)(ym’y'/)gQ(Yn—f)d/LYn_g~
R n—

where we adopted the notation

a(P) — {a(l’)

=
1 ,...,aén [7)}=

{a,...,a,—a,...,—a}.
——
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Starting from the first factor ’]ZMAF +Q(Vg~’ ® - ® Vgy @+ ® Vg,) it holds that

h
TV @ @ Ve ® - ® V)
1S e—1
- RA k RU—1—k)
24 > < k )72 M (Vag = Vea) ® Vigo ® Voagg )
k=0

-1
1 Z =1\ __na —1—k
k=0

TV @ VE, @ VEL T (3.33)

Considering separately the two terms on the right hand side of Eq. (3.33), the first one
reads

hA —1—k
T/ (v, @ vEE @ vELITY)

. .l (k) .
= ZzhAAFJrQ [[ 2 POV L2 D g (xy) ~gQ(xe)deJ
R

. 4 (k)
[ dun Gotroelown i)
R2¢
(k

k k)
x e Zzgjgz Wl; )(Q"'FLAAF)(X] ,xj)e— Zzgmq‘gg am)a;. (Q"'RAAF)(Xman) ,

where dpx, :=dpy, ... duy,, él(Xg) = g(x1) ... go(x¢) and where this time

a® = {aék), ...,aék)} ={a,...,a,—a,...,—a}l.
— ——
k —1—k

Focusing on the second term in Eq. (3.33), we obtain

hA —1—k
T 0 Ve, 8 V)

. b )
=70 [/zee e w(x")g(xl)..-gQ(Xe)dMXz:|
R

- . . 0
—iap(x))+i Y a! (x;)
=/2€ dpex, G o(Xg)e 100V Ljm a0
R
Yocjceaal? (Q+haam (x1,x)) ,— ¥ 5@ (Q+hAAR) (o X))
X e 2€j<e 944 AF)(X1,X e 2<m<j <L 4m ”j AF) (X, X j .

As alast step we consider the xg.p-product of the last two identities computed above.
This amounts to

%hAAF-'-Q(VgQ ®R...Q Vé R Q VgQ) *O+hw 7;1h_AZF+Q(Vg ®--® Vg)

{—1n—¢
2 =0 r0 k p
®(n—L—p)

hA —1—k hA
X [T (Vg @ Vi, ® VL) ™) wouno TG 0 (Vid, @ VEL) ™+

hA —1—k hA ® RMm—L—
—TOW 5 @ VS, @ VI T ke TRV, @ VERTTY].

(3.34)
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From the point of view of convergence, the reader can easily convince him/herself that
the two terms in Eq. (3.34) behave analogously. Thus we shall focus only on one of them,
the convergence of the other following suit. A direct application of Eq. (2.7) entails that

RAAF+QO - Rk RU—1—k) RAF+Q ,,®p Qnm—L—p)
7} (Va,g ® Va,gQ ® V—a,gQ )*Q+hw 7;1_[ (Va,gQ ® V—a,gQ )

; ; (k) (k)
iap(x))+i sz a
- /]’QZ): d,uxne =

. (p)
H <ﬂ(x/-)et ;{:hl ajp ¢(XI>GQ(XH)€_22<j<Kaaj (Q+RAAR) (x1,X;)

k) (k
o~ agmej<t ajn)a; >(Q+hAAF)(xm,xj)e— Y tsi<mej<n ar(nf’)a;]’)(Q+hAp)(xm,x/-)

= Y o<m<l1<< za»(;]f)a(-p)(Q+hw)(Xm,xe+') =2I<i< zaa(-p)(Qﬂiw)(n,xu')
X e sm<L I jsn— J J e SJsn— J 77 (335)

We shall estimate the absolute value of the expression in Eq. (3.35) as follows

RAAR+ k RMU—1—k hAp+ ® QR(n—L—p)
TPV, 5 @ VR, ® VEL T koo T, OV, @ VEL T

S

k SIC;
< / duy, 1G(Xn)le™ o<t aa; )Re(Q+hAAF)(X1»Xj)e* D o<u<j<e al )a_(i ) Re(Q+RAAF) (Xu,X )
R2n

k
xe Zg+1g,,<jgn alﬁp)a;p) Re(Q‘*‘hAF)(xuaxj)e— Zzguge,lgjgnfz at(l )a;p) Re(Q‘Fhw)(xuvaj)

% e‘Zlgjgn—l aa;p) Re(Q+hw)(x1,xg+j)' (3.36)

Recalling that Q is real-valued and that

Re(w) =: H Re(AF)

=Re i(AR+A*‘)+H = H, Re(Aar) = Re(w —iAR) =Re(w) =
= 7 =H, AF) = Re(w —iA") =Re(w) = H,

Equation (3.36) can be further improved as follows

RAAR+Q k ®—1-k) hAF+Q y ®p Blw=t=p)
17, A5 (Va3 ® Vfgg ®Vioagy ) *0+ho 7,5 (Vag ® Voage )

~ k k) (k
< / A, 1G (X, e~ Zasice 44y (@13 o= Taycjr i 'a) (CHHDxu,5y)
WG

k
o o= Zericucjcn @@ QR () )= Yacuceijnms did @l (Q+RH) (v xer)

% e~ 2i<jgn—t aﬂ_g-p)(Q+hH)(X1»Xz+j)

L—1—k —0—
= evo(ZH* 2V, 15 @ VE @ VELTTN @ ViEL @ VEITTP),

Considering the second term in Eq. (3.34), an analogous procedure entails

hA {—1—k hA ® R(n—L—
1TV g @ VEE, @ VE ) woinn T (Viky @ VE T

—1—k ® Rn—L—
<evo(THO(V_, 15 @ VE @ VELTITP @ v @ vEIT ).
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Using Eq. (3.34) as well as the estimates above, we obtain

|,Z;ZhAAF+Q(VgQ R - ® Vg’ QR -® VgQ) *O+hw '];l}i_A,ZF+Q(VgQ Q& VgQ)|
£—1n—¢

1 L—1\(n—1¢
et
k=0 p=0
% [eVO(%hHJrQ(VaﬁIE\ ® Va?g ® V?a(fzg_l_k) ® Va?gf ® Vg(?g_g_p)))

1k e
+ev0(’1;th+Q(V_a’|§\ ® Vfg ® V?,;jég ) ® Va?gf ® Vi@zl(,ng p)))]

1 _ _
= Slevo (T (Va3 @ V™) + evo(T (Vg iy ® VD)

Eventually, using Eq. (3.28) we obtain

1 & (n _ _
(V@)1 < 5 Y (z)g[ev‘)(z’hmg("a,\g\ @V ) +evo(T TV 5 @ VE)]
=0

_ ”Zniz[eVO(ZzhHJrQ(Va,\g\ ® Vg®”71)) +ev0(’2:1hH+Q(V,a,|g,| ® Vf’"il))]. (3.37)

With this estimate we are in a position to prove a bound strictly related to the absolute
convergence of the series defining J(V,, ® ).

Theorem 3.10 Under the assumptions of Theorem 3.4 and recalling J,,(Véﬁ@”, D) as
per Eq. (3.28), the following bound holds true:

I (VE", ® )] <

n2n (ZM)noz (CQ)"Z ZAeZ’laZK
2(n)1=1/p h

n
) lglns gl cm/P.

Proof The proof of this result is closely related to the one of Theorem 3.4. Since we
are going to adopt the same strategy, we discuss only the main steps of the proof. On
account of the analysis performed in this section, in particular of Eq. (3.37), it suffices to

exhibit a suitable bound for ev (LRHJ'Q Va,121® Vg®”’1 )) and for evg (Z,hHJrQ (V_a15®

Vg®"_1)). Since the analysis of these two contributions is analogous, we limit ourselves
to discussing the first one, as an identical argument applies to the other.

We observe that, as in the proof of Theorem 3.4, the conditioning and inverse con-
ditioning results stated in Theorem 3.2 can be applied, guaranteeing the validity of the
following inequality:

eV()(']:th+Q(Va,‘§| ® Vg@fl*l ))

_ _ ®n—1
2)»62 la2k 2)»62 la2k
g ZCV() ’];th+Q (T Vav|é~’| X TVg (338)

As a matter of fact, Eq. (3.38) suggests that controlling the massless case entails an
analogous control of the massive counterpart. Applying mutatis mutandis Lemma 3.3,
the sought after estimate descends. This concludes the proof. O
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Starting from Eq. (3.29) and iterating the analysis applied to J,,(Vg®”, ® r), an anal-
ogous expression can be obtained for M, the only difference being the explicit form

of the effective test-function §, which is defined in this case in terms of the Feynman
propagator as

2() = goMI(Q + hAF) F1(). (3.39)

Without going through the detailed procedure once more, we directly state the resulting
estimate on the absolute value of Mn(Vg®", D)

n

1 n
® hH ®n—1
IMu (V" @ p)| < 3 ;0 <£>(n Olevo(7, +Q(Va’|§‘ ® V")

+ eV()(T,,’L”LHQ(V_a_’‘g,| ® Vg®n_l))]
_ =2 hH+Q N ®n—1
= n2"2[evo(T,"H* V5 ® Ve "))
hH+Q 5 ®n—1
+evo(7, V_m® Ve Nl

where the second line descends from the identity

n

3 (';) (n— ) =n2" 1.

=0

Theorem 3.11 Under the assumptions of Theorem 3.4 and recalling Mn(Vg®”, ®y)as
per Eq. (3.29), the following bound is satisfied:

n2" 2u)"* (Co)" (ZAeZ_I”ZK)n -
8

® X = /
|M,1(Vg " q)f)| < 2(71!)1_1/17 7 L4 ”g”L‘icn P,

From Theorems 3.10 and 3.11, the following corollary follows.

Corollary 3.12 Under the assumptions of Theorem 3.9, the power series defining the
interacting field ®; y(¢) as per Eq. (3.27) is absolutely convergent, for all field config-
urations ¢ € ER?).

Proof In complete analogy with the proof of Corollary 3.5, convergence is a direct con-
sequence of the estimates in Theorems 3.10 and 3.11, combined with the decomposition
inEq. (3.27). O

3.2.1. Convergence of the n-point correlation functions In this section we shall extend
the convergence result proven in Sect. 3.2 at the level of the n-point correlation functions
of the interacting field. To wit, in this section we shall prove convergence of the power
series defining the interacting counterpart of algebra elements of the form

Pj...Pf, peN, fieDRY, Viefl,...,p}

Throughout this section we adopt the notation @ ... ¢, := @y ... P . Onaccount of
Eq. (3.20), the Q-deformed interacting version of the product of fields ' = ®;... ®,
reads

Co[Ruv(P1...Pp)]
=To((SAV)™ ™ 1) *giho [(To(S(AVy)) *genap To(®1 ... @)1
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As a first step let us observe that, splitting the deformed product xg,pa - into the sum
between the pointwise counterpart and higher order contracted contributions, we obtain

FQ(S()\Vg)) *Q+ﬁAF FQ(@] e d)F)
=T o(SAV )T o(®Py ... D))

p
+Z<FQ(S(/\Vg))(”>, (Q+hAR)®" To(®...0,)™).

n=1
As a consequence,

TRy (@1 ... ®p)] =T ((SGVg)ho ™) xp e [T (SGVe)IT (@) ... @ p)]
4
+ Y To(SGV)* o™ wo e, (T SOV ™, (Q + RAR)®' T o (@ ... 0,)™)
n=l1
V4
= J(Vg, ®p...0p)+ > M (Vg, By ... D), (3.40)

n=1

where the arguments of J and M" remind us of the specific functional under scrutiny.
Mirroring the analysis of the interacting field, let us start working with J (V, &1 ... ®)),
namely

J(Vg, P1...Dp) = FQ((S(AVg))*’Lw_l) *0+hiw [To(SAV )T (@1 ... Dp)].
(3.41)

Note that, setting I = {1, ..., p}, I1 = I\{i1, j1} and, iteratively, I, = I,_1\{i¢, je},
the deformed product I'g (®; ... @) can be written as

To(®@)...0p) =|... 0

DY Q<f>1~fin>{l'[<bkl+ Yoo U S| TT @+

ir<jisit.j1€l kel ir<jpsiz.jo€ly kyelp

+ Z QUi Fitppa) @2l | |- (3.42)

i\p/2) <Jlp/2)iiLp/2l-JLp/21€l1p/2)

which is nothing but Wick’s theorem adapted to the map I' g, see Eq. (2.30). In Eq. (3.42),
with the notation ®|,/2; = 1 we mean that, whenever p is even, then ®|,2) = 1. At
this level, Eqs. (3.41) and (3.42) suggest that, in order to prove the convergence of the
series defining J (V,, @1 ... ®)), it suffices to check convergence of the products

Lo((SAV) ™ ™) %01ho [To(SAV )P ... Dy, (3.43)

form < p.Indeed, this statement stems from replacing Egs. (3.42) into (3.41), observing
that the factors Q(f;,, fj,) are constant functionals. Hence they are not affected by the
contractions defining the product x4 .

To better grasp the underlying rationale, an example is in due order.
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Example 3.13 The simplest contribution to Eq. (3.42) is the one where a single contrac-
tion occurs, namely

Y TSV ™ Y xgine | Q- i) ] ©x

i1<jisir, j1€l kiel

= Y QUi fi) | ToSOV)™ Y xouno [ @

i1<jisi1,j1€l kiely

The only term to be tamed is the one under square brackets which falls in the class of
those considered in Eq. (3.43).

As a consequence, the analysis of J(Vg, ®1... ) boils down to that of terms of the
form

Lo ((SAV) ™ ™) %0iho [To(SAV))®1 ... Dy, (3.44)

form < p. Observe that J(V,, ®1...®,) is a finite sum of contributions of this kind,
see Eq. (3.41) and (3.42). Hence, we need a generalization of Lemma 3.8 to deal with
this scenario.

Lemma 3.14 Let K be an integral kernel and let A, B € Fj,c be regular functionals,
meNandI ={1,...,m}. Then

Axg (BO|...®p) =(Axg B)D|... Dy

m
1
) g (1) .
Y 3 [(a©. k%D, oDV ac 8] [] @
=1 ",y igelij<...<ip jel\iy,..., ip}

where
[[ei=1
jev

Proof The statement descends directly from an iterative application of the Leibniz rule.
It suffices to recall the identity

n
n _
(BOy... )" =) <k>B<” D(@)... 0",

k=0

observing that it is non-vanishing only for k£ < m. On account of the explicit expression
of xg as per Eq. (2.7), it holds that

1
Axg (BOy... D) = Z ;(A("), K®"(B®;...®D,)™) (3.46)
n=0

n:
n>0 k=l

1 < (n
= Z _' Z <k) (A(n)’ K®HB(Il—k)(q)1 L q)m)(k)) (347)
0
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We observe that the case k = 0 in Eq. (3.46) coincides with the first contribution on
the right hand side of Eq. (3.45), obtained when all the functional derivatives act on
B. Considering instead a generic k, such tat 1 < k < m, and exchanging the sums in
Eq. (3.46) we write the inner series as

Z i(n) (AW K@ =0 (g, . d,)®)

|
n>kn. k
1
=Y o o (A k(e o)) [T o
n>k in — )'i‘l ..... ivel Fel\{ityoix)
n<..<ip
Y ke (e a0 T e
o , PR 2
h>0 kih! i1,eir€l jel\{i1,....ix}
i1<...<ig
1
=5 2 (a9 k%o o) B] ®;.
’ i1,y ikG_I jel\{i1,..., ir}
i1<..<iy

Summing over all values of k, the proof is concluded. O

We can apply Lemma 3.14 directly to Eq. (3.44) by choosing A = I" o ((S (A Vg))*ﬁw_l),
B =Tg(S(AVg))and K = Q+hw. As aresult, the deformed products of interest assume
the form

Lo SOV ™0™ ) w041 [T (SAV) D ... Byl = By ... By
m
1 o 1 1
DI [T @ {rowseve e H® @+ 1o el o) «pin, ToSGVe).
=1 iy igel jel\{iy,..., io}
i1<..<ip £—th term

(3.48)

Considering the ¢-th term in Eq. (3.48), we can rewrite it as
<FQ((S(ng))*hw*1)“>, (Q +ha)®'@fl. . cpﬁ(”) *0+ho ToS(AV,)
ir\" (1 :
-2 (7)) 2 ()
n>0 Jj=0

« <7}EAAF+Q(Vg‘%j)(€)’ (0 + hw)®e(b§11). . q)l(zl)> *0sho TﬁA

n—j

F+0 (Vg%(n_j)),
(3.49)

where we have exploited Eq. (3.10). Observing that the j-th functional derivatives acting

on Vg%j are distributed on the factors according to the Leibniz rule, the ¢-th derivative
of the modified time ordered product of the vertex functionals reads

hA ®j hA
7} AF+Q(VgQJ)(€) — 7—] AF+Q(VgQ Q- ® VgQ)(@)

¢ b—ij—..—ij . . ;
2\ (¢ — iy C—iy = =02\ hAAR+Q 1 (i)
; ; i Jj 80
= i=o 1 2 j—1
b—iy—...—ij_
®®Vg(Q 1 l] 1))7
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giving rise to a finite number of contributions. These ought to be contracted with (Q +
ha))wdbﬁll). .. Cbl((l), yielding

¢ e—i;

ir\" = (n ~
(3.49) = Z <E> Z <j)(—1)f Z Z
n>0 =0 i1=0i=0
b—ip—...—ij_

i1 i 2<£><K—i1> (ﬁ—il—...—ij—2>

ij*l:O h 2 lj_l

RAAF+Q ((1/(i1) (E=it=e=ij-1) PAFHC (B
o <7-] AF ( Ne-e Ve, J )>*Q+hw 7,0 Ve ),

(3.50)

where, for simplicity of the notation, we introduced

8, () = 20I(Q + ho) £, 1" (v) € D(R?).

Remark 3.15 At this point, convergence of the series in Eq. (3.50) descends by mirroring
the analysis of the interacting field in Sect.3.2. This can be seen by noticing that, apart
from an irrelevant coefficient, functional derivatives of V,, are either cosine or sine
functionals. Hence we have to cope with a finite number of terms whose structure closely
resembles the one of the interacting field.

This concludes our investigation on the absolute convergence of the series defining
J(Vg, @1...®)p). As in the case of the interacting field, an identical procedure applies
to the analysis of M" introduced in Eq. (3.40). Indeed, by means of the same argument,
discussed after Eq. (3.42), one can restrict the attention to studying

Co((SAV ) ™Y % gine (o (SAV) ™, (Q + hAR)E" (1 ... D ,)™),

forn < p. Ashighlighted by Eq. (3.39), the only difference with respect to the analysis of
J lies in the fact that the modified test-functions are built out of the Feynman propagator,
namely

gk () = goMUQ +hAR) f;,1" (v) € DR).
The content of this section culminates in the following result.

Corollary 3.16 The power series defining the interacting observable T'g[Ryy (P ...
® )] is absolutely convergent for any field configuration ¢ € £ (R?) and for any p € N.

4. The Classical Limit 7 — 0*

The previous section has been entirely devoted to showing absolute convergence of the
formal power series defining the interacting field and the associated correlation functions
within the perturbative quantum approach to the stochastic sine-Gordon model. Our next
objective is to retrieve the information concerning the classical stochastic Sine-Gordon
model via a limit procedure. In this endeavor we shall adapt to our setting the approach
discussed in [14].
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As anticipated in Sect.2.4, our ultimate goal is to compute the expectation value of
the solution of the stochastic sine-Gordon equation on the two-dimensional Minkowski
space-time. As extensively discussed in [5,6,10] this is achieved by applying the de-
formation map I'p, whose effect is to codify the probabilistic information of the free
stochastic equation at the level of the algebra of classical interacting observables. In
turn, these can be seen as the classical limit of their quantum interacting counterparts.
Having proven absolute convergence of the stochastic, quantum interacting field, exis-
tence of the classical limit would imply the absolute convergence of the formal power
series representing the expectation value of the perturbative solution of the stochastic
sine-Gordon model.

Before investigating classical limit of Eq. (3.20), one must check that such limit is
well-defined. In the following we shall prove that the only non-vanishing contributions
to the series defining Eq. (3.20) involve non-negative powers of 7 ruling out possible
blow-ups as i — 0*. To keep the discussion as general as possible, in this section we
shall consider arbitrary multi-local observables F' € .7-"1%:” (R?), which encompasses the
relevant examples of the interacting field and of its correlation functions.

As discussed in Sect. 2.1, the starting point is the power series expansion in A > 0 of

the quantum interacting observable F € ]-'%cm (Rz), meN,

)Ln
Rivy(F) =)~ Rum(VE", F), 4.1)
n=0

where R, (Vg®”, F) are the so-called retarded products, namely

Rnm(VE", F)

\n N

1 n

- <%) 5 (4)(—1)%“”(% ® .. ® Vo) who T, (Ve @ ® Vg @ Fp),
£=0

4.2)

where with Tn}iAZ’Fm (Vg ®...®V, ® F) we mean that the argument of ’];lFiAfm is given by
n — £ copies of V,, so to keep track of the fact that F depends on m points. Accordingly,
per consistency f must lie in D(R>™). In the following we prove that all contributions
to Eq. (4.2) are of order O (K%), which is tantamount to the existence and finiteness for
any n > 0 of the limit

: ®n
hhf(%+ Rn,m(vg , Fr).

Remark 4.1 If we consider in the previous discussion the functionals codifying the in-
teracting field and the n-point correlation functions, we can combine the existence of
the limit as i — O to the proof that the underlying power series in the coupling constant
A is absolutely convergent is a suitable regime. This two ingredients are the cornerstone
of our construction of the solutions and of the correlation functions of the stochastic
sine-Gordon equation on two-dimensional Minkowski spacetime.

A central notion in this section is that of connected products. Hereafter, a connection is
represented by a contraction of fields by means of a suitable integral kernel.
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Definition 4.2 Let F, ..., F, € Fioc(R?) and let %5, be the deformed product intro-
duced in Eq. (2.7). In addition, for any n > 1, we denote by op the collection of all

partitions P = Ul;zl Pjofthe set {1, ..., n}into k disjoint, non-empty subsets P; with
1 < k < n. We call connected product between the functionals F1, ..., Fy

(F1 %k -+ - *fiw Fp)¢ = F1 %k -+ . %k Fy — Z l_[(FP1 *hw -+« *ho Fp‘p‘)c,

|P|>2 peP
4.3)
where p = (p1, ..., p|p|)» P1 < ... < P|p|» the sum runs over the set of all partitions
P of the set {1, ..., n} containing at least two sets and where [ ] denotes the classical

pointwise product. Similarly, given the time-ordering map 7, as per Eq. (2.17), we define
the connected time-ordered and anti-time-ordered products as

TKFP e - ®F)=TfKF o -®F) - Z nT\;Iaﬂ(Fm ® - ®Fp,)"
|P| 22 peP

for K = hAf and K = hAAF.

As proven in [14, Prop. 1] and in the following comments, whenever one considers

local functionals Fi, ..., F, of order K0, then
(Fi %o - - *ho F)* = O™, (4.4)
X ® @ F) =00, (4.5)

regardless whether K = hAAF or K = hAar. Heuristically, this statement relies on
the observation that a fully connected product of functionals accounts for at least n — 1
contractions, each of which carries a factor h.

Proposition 4.3 For any F € F2" (R?) it holds that

1. any non-vanishing contribution to Rn,m(Vg®”, F) in Eq. (4.2) is such that each one
among the n functionals Vy is contracted at least once with one of the entries of F;
2. foranyn > 0,

Rym(VE", F) = O1).

Proof Starting from 1., observe that it suffices to prove that, if one of the n factors V,
in Rn,m(Vg@’”, F) is not contracted with all the other factors V, and with F, then its

contribution to Ry, (V®", F) vanishes.

Denoting the non-contracted vertex functional by Vg to distinguish it from the others,
Eq. (4.2), takes the form

.\n n
i
Rn,mw?”,Ff):(%) S O e, T (VT @ Fp),
=0 (p1,p2)€Pe.n—re
(4.6)
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where Py ,—¢ is the collection of partitions of the set {1, ..., n} into subsets of size £
and n — ¢, respectively. We stress that, if all the factors V, are identical, then Eq. (4.6)
turns into Eq. (4.2) due to the relation

> =)

(P1,p2)€Pe.n—e

Nonetheless, the expression in Eq. (4.6) is more convenient since it allows to keep track
of the fact that one of the factor V, is different from the other ones as it is the only one
not connected with the other ones. For a fixedn > 1and 0 < £ < n,thecasen =0
being trivial, we consider

Yo DA VE) s TS (VEP @ Fp). 4.7)
(P1,02)€Prn—t

Notice that there are precisely (2:11) cases where the factor Vg lies in the argument of

’]zhAAF and
n n—1\ (n—-1
14 e—1) \ ¢ )
cases where \7g is acted upon by T[LAF. This combinatorial argument is direct conse-

quence of the property of the n — 1 factors V, of being indistinguishable. As a result it
holds that

4.7 = (— 1)Z|:<E ~ 1>7'KhAAF(V ® V®(€ 1)) " ThAF (V®(n 0) ® Ff)
’ (n ¢ )72“”("5") *ho TS0 (Ve @ VD g FfJ
- [/n—1 _ _
=0T (32 )T TP 0 Fp)

n—1 o
+< . )%ﬁAAF(Vg®6) *heo ThAgFlm(Vgg)(n —1) ® Ff):|’

where we exploited that the (anti)time-ordered products are symmetric and that Vg is
not contracted with the other vertices, i.e., it multiplies them via the pointwise product.
Focusing once more on the retarded products, Eq. (4.6) reads

i n ~ B B
Rum(Ve™" Fp) = (g) Vg[ﬁﬁfm("?(" D@ Fp)+ (D" TN (VD) wny T (Fy)
n—1
+ Z((—1)£< )ThAAF(V®(Z 1)) *hoo Th (V®('l 0) ® Fy)
=1

+ (_1)5(” B 1)77“”(\/,;@5) *ho T (VE T @ Ff))} (4.8)
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where, for later convenience, in the first line of Eq. (4.8) we have isolated the terms due
to £ = 0 and £ = n. Observe that the sum in Eq. (4.8) is telescopic: the contribution
from £ = j in the first term under the sum is

( 1)] < )THAAF(V®(] 1)) Z,h;Aj,Fm(V,‘?(n_J) ® Ff)’
while the case £ = j — 1 in the second term under the sum reads
(— l)j 1(] >ThAAF(V®(J 1))* - /]-hAl- (V®(” 7 QF )

A direct inspection entails that these two contributions cancel each other. As a conse-
quence, only the case £ = 1 in the first term and the case £ = n — 1 in the second term
survive yielding
Rym(VE", Fy)
i

= <ﬁ) [T“F (VED @ Fp) + ()" T (VE D) iy Ty (Fp)

TﬁAF (V®(n 1) ®Ff)+( 1)n lTﬁAAF(V(X)(n l)) *hw AF(F )i|

This concludes the proof of item 1.
Focusing instead on item 2., the rationale at the heart of the proof consists of writing

T (Ve ® ... ® Vo) %10 T35 (Ve ® - @ Vg ® F),

in terms of connected time-ordered products, see Definition 4.2, and to use the ensuing
expression in Eq. (4.2) obtaining

Rn,m(Vg®n, F) = (%)n Z (_1)|1| Z Z

Ic{l,...,n) PcPart{l} gcPart{I¢| |{1,....m}}

[T 75 @ | #o | [T 701 @
peP qeQ

On account of the dependence of (anti)time-ordered products on & as per Eq. (4.5), it
follows that

[T 72 (e = 0i!=17Y), [1700 @° = 0@ =12 (4.9
peP 9€Q

Yet, resorting to point 1. of this proposition, the only non-vanishing contributions are
those where all the vertices associated with V, are contracted with at least one of F'. Since
F has m vertices, among these contributions the one with lowest order in 7 are those
with m disconnected components, each of which encompasses precisely one vertex of
F. Hence we can infer that, overall, there exist at least n > | P| + | Q| — m contractions.
This is due to the fact that, denoting by (X;, Y;,y j)’}’: | the vertices associated with
such connected components, there are at least |X ;| + |Y;| — 1 contractions for any
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j =1,...,m. As a consequence, since Z;’Ll |X;| = |P| and 27‘1:1 IY;| = |0l, we
conclude that the minimum number of contractionsisn > |P| + |Q| — m.
To conclude, on account of Eq. (4.9), the lowest order in /4 contributing to the sum is

(I =1PD+ (Il +m — QD+ (IP|+|Q| —m) = [I| +|I°] = n,
compensating exactly the overall factor (lﬁ)n O

Remark 4.4 1t is important to observe that Proposition 4.3, and in particular point 2.
entails that, at any perturbative order in A > 0, the classical limit exists.

On top of Remark 4.4, being the classical limit of Ry, (F)) well defined, the remaining
task is to prove that it coincides with ryy, (F) obtained via the classical Moller map as
per Eq. (2.20). To this end, we recall that the algebra of classical observables is endowed
with the Poisson brackets

lp(x), o(n)} = Alx = y).
Classical interacting observables are obtained as formal power series in the coupling
parameter A having coefficients in F V(R?), see Eq. (2.20). For the sake of readability
we recall the formula here, at the level of integral kernel and adopting the notation
=1 es Ym)s

P (YY) = 3 a8 / dee,
n>0 ll\ \fngt
o ditg, () g VD), (V). - (V(), F(V)}.. ).
(4.10)

where the dependence of the interacting vertices from the field configuration has been
omitted to simplify the notation. As already stated above, we focus on proving that the
quantum interacting observables built in terms of retarded products via the Bogoliubov
map, see Eq. (4.2), converge to their classical counterpart represented by Eq. (4.10), see
[14, Sec. 5.3] for further details. The main ingredient that we employ is the following
lemma.

Lemma 4.5 Let h, f, g € D'(R?) be such that supp(h) is contained in the past of a fixed
Cauchy surface T, while supp(f) and supp(g) are contained in its future. Then, for any
n €N, if holds that

i
Rn+1,m(Vh ® Vg®n’ Ff) = _ﬁ[th Rn,m(Vg®na Ff)]hw-

Proof A key rdle in this proof is played by the combinatorial argument in the proof of

item 1. of Proposition 4.3, the factor V,, being replaced by V. Mutatis mutandis, it holds
that

Rustm (Vi @ VE", Fp)
i n+l
N <_> [T"W (Vi ® VE" ® Fy) + (=)™ T (V) @ V) sy T (Fy)

I n+l,m n+l

n
n _ —

+(= 1%( )T“AF(VW)% T o (Vi @ VECTE “@Ff)} @.11)
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Resorting now to Eq. (2.16) and to its anti-time ordered counterpart, we can reformulate
Eq. (4.11) as

Ryv1.m (Vi ® Vg®n’ Ff)

.\ n+l
1 ;
= (ﬁ) [if,,’?,ﬁF(vg@" & Fp) ity Vi + (=1 Vi wny T (VED) iy T (Fp)

n
n h — hAF —
+ Z(_l)l (z - 1) Vh *hoo ELAAF(vg@(@ l)) *he 7;,+?il'm(vg®(n+l 0) ® Ff)
=1

n - =
+ (—1)[(£>’Z’[LAAF(Vg®Z) st 10 (VEMD @ Fp) iy Vh]

i i
= %[Rn,m(vgébn, Ff)] *heo Vi — %Vh *haw [Rn.m(vggms Ff)]

i
= _?i[vhv Rn,m(vgm’ Ff)]hwv

which entails the sought statement. O

Let us consider a family of points (x1, ..., x,) € R?" such that x; # x jifi # j.At
the level of integral kernels and, out of an iterative application of Lemma 4.5, cf. [14,
Sec. 5.3], denoting by X' = (x{, ..., x,,) and by t' := min{t{, ..., t,,} we obtain

’ tm

Rum(V(x1) ... V(xn), F(X"))

i\" ,
=" D00 = ta )P () — trn1) - O (@) — (1)) X

TeS,
X [V(xz)s [V(xz@), - [V&zm)s F(X)]he - - Jholho, (4.12)

where S, is the group of permutations of n-indices. Eq. (4.12), together with the conver-
gence result for the series defining the quantum interacting observables, see Remark 4.4,
entails that [14]

hliI%+ Ry, (F) = ryy, (F), (4.13)
since the quantisation procedure is designed in such a way that
— Lo = G as h— 0.

Remark 4.6 This argument confirms the result of Proposition 4.3 since it shows that the
above is a Taylor series expansion in 7 and not a Laurent one as for the S-matrix. We
stress that, for a finite value of 7, Eq. (4.12) involves a number of contributions which
is strictly larger than that of those involved in its classical counterpart, Eq. (4.10). This
is due to the fact that the quantum commutators [-, -]p,, are constructed with respect to
an exponential product, while this is not the case for the classical Poisson bracket {-,-}.
Using a language typical of quantum field theory, we could rephrase the statement as a
consequence of the fact that, in an interacting quantum theory, at a perturbative level, one
has to take into account loop diagrams, which do not have a counterpart in the classical
scenario.

As a last step the existence of the classical limit must be translated to the study of the
underlying stochastic sine-Gordon model.
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Theorem 4.7 Let F = ®®" ¢ F, -(R?), m € N. Denoting by g the deformation map

asper Eq. (2.30), by R,w (F) the interacting version of the observable F € F ¢ (R ), see
Eq. (2.22) and by TV, (F ) the corresponding classical interacting observable obtained
via the classical Moller map introduced in Eq. (2.20), it holds that

Jlim To[Ryy, (F)] = Tolry, ()]

Proof This result is a direct consequence of Proposition 4.3. As a matter of fact we
observe that

k k
lim To[Ruy,(F)] = lim lim Y To[Ruy,(F)l, = lim_ Tim " To[Ry . (F
Jim To[Ryv, (F)] hgg”fkl)n;oz(:) o[ Ry, (Pl nl%wl“;o% o[ Rum (F)],
n= =

and we recall that R, ,, (F) can be decomposed in the sum of a term of order zero in
h, which coincides with r,_,, (F'), and of additional terms all of order O (%), denoted by
Oy

Rn,m(F) = rn,m(F) +Dn,m(F)'
Thus,

Jim_ lim Z{)Fg[rn,m(F)] = lim ;rg[rn,mm] = Tolry, (F)].

where, in the first step, we exploited that limy_, oo Zﬁ:o I olrn,m (F)]does notdepend on
h while the second one is a direct consequence of Eq. 4.13) together with the convergence
results proven in Sect. 3. Then, the following chain of identities is satisfied
k
Jim TolRy, (F)] =Tolry, (F)l+ lim_lim Zj TolD,]

k
_ . . -1
= Lolrv, (F)]+ hll)né+ klggo nz_o AL o[h™ Oyl

k
=T F)]+ lim A li Colh™'9,].
olrv, (F)]+ lim kgr;o; olh™'9,]

We observe that, on account of Proposition 4.3, limy_, oo Zﬁ:o FQ[h’an] is abso-
lutely convergent and bounded for i — 0* and therefore limp_, o+ A limg_, oo Zﬁ:o o
[A~1D,1=0.Asa consequence

hliﬁna+ LColRyv, (F)] = Tolrav, (F)],

which is the sought after identity. O
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A. Comparison with a Perturbative Approach

In this short appendix, we compare the non-perturbative results concerning the stochas-
tic sine-Gordon model constructed in this work with the one that would be obtained
by means of a purely perturbative approach to the solution theory of the stochastic
Sine-Gordon equation (2.38). We observe that Proposition 4.3 provides a rationale for
computing at a perturbative level the coefficients I g[r,, » ()] of the expectation value
of any observable F. Yet, for the sake of simplicity, we shall discuss here only the case
of an interacting field I' g [rav, (@ )], i.e., a solution to Eq. (2.38). Our goal is to confirm
that the results in this paper are in agreement with a perturbative approach at any order
in the coupling parameter. Hence we first compute the lower order contributions to the
solution of the functional version of Eq. (2.38), i.e.,

v

raAR ® gsin(aW) + @

o0
AR VOW) +0p, W] =) AW, W, € Fipe (ALl
n=0
where ® denotes the stochastic convolution, seee.g. [11], ® y is the functional introduced

in Example 2.4 with f € D(R?), while Vg(l) is the first order functional derivative of the
vertex functional introduced in Eq. (2.4). The coefficients of the perturbative expansion
W [A] can be computed via the formula

. 1 d"
T onldan

Focusing the attention on to the lower order contributions, Eq. (A.2) yields

n

YR (A2)

Yy = P,
v =AReyD
U =ARe (vPaRe V), (A.3)

where Vg( Disas per Eq. (3.25), while the second order functional derivative Vg(z) can be
defined accordingly. We claim that these coefficients coincide with those obtained via the
classical Moller map as per Eq. (2.39). To wit, we calculate the quantum counterpart of
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the interacting field at a given order and, subsequently, we take the classical limit which
has been proven to coincide with A (), see [14]. Specializing Egs. (4.1) and (4.2) to
F = @y, it holds that

)Ln
Riv, (@) =D Ram(VE", @),
n=0

where
Rym(VE" @)
.\n n
4
:(ﬁ> Z(ﬂ)( DTN (Ve ® .. ® V) why Ty (Ve ® - @ Vg ® P ),
£=0

is the n-th perturbative contribution to the interacting field, up to a factor n! at the
denominator. Proposition 4.3 highlights how the only non-vanishing contributions are
those for which all the n terms V, are contracted at least once with the linear field ® .
This implies that R, ,,, (Vg®", F) = O(I). The only contributions surviving the limiting
procedure are those with exactly n-contractions, the terms with more being multiplied by
a positive power of A, in agreement with the absence of loops in the classical framework.
The trivial case n = 0 yields Rg,1(® ) = ®y. Considering the case n = 1, it holds that

[
Rii Ve, @) = SITIP (Ve ® @) = T (V) mio Ty (9)]

i
= f_i[Vg *iap Pr— Ve *pe @1l

Since only the contributions with exactly one contraction contribute to the classical case,
it descends that

ra(Ve, @p) = <V“> MAF — o) f) = —(V{V, A% ),
where, in the last identity, we used that A —w =i A4 see Eq. (2.18). We conclude
that
Ve, @) = —(ARVD | 7y, (A.4)
1,1(Vg, @y o > f

To better grasp the structure of a perturbative solution of Eq. (2.38), the analysis of the
second order is way more enlightening. At the quantum level it reads

Ryi(Ve® V, @) = — —[T"mw ®V, ®<1>f>—2TMAF<V>*m T (Ve @ @)
+T“AF(Vg®vg> who Ty 0 F (@ )]

1
72V *nar Ve *nar @1 = 2Vg %ho (VG *har )
+ Vg *hiasy (Ve %o @ )1,

As proven, the only non-vanishing contributions to the classical limit are those where
there are exactly two contractions and where all the interacting vertices are contracted
with @ ¢. To analyze this scenario, we can resort to a graphical representation. The
rationale is to encode the information carried by the underlying kernels within graphs
subordinated to the following rules:
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e black dots represent occurrences of the vertex functionals V,, while purple dots
indicate the linear field ® ¢,

e the occurrence of a kernel is denoted by a segment joining the contracted functionals.
To distinguish all possible bi-distributions involved in the computation, we associate
black edges to AA F, green edges to iw and red ones to AA A F.

In view of these rules, taking into account the relevant multiplicities and the Leibniz
rule, we obtain

.7 € / [ 3 d e—n
1
5721 (Ve ® Ve, @) = — + + o - & . (A9

At the level of integral kernels the expression for the classical solution at second order
in perturbation theory reads

1
5r2y1(vg ® Vg, be)

= Ve Ap v Ap )+ VD w0V, A ) + (V). of. VD)
~ (VD aarvE® of)
= (V" (A =)V AR ) + (V) of, VD) — (VD Aprp (VP wf)
— (v a2, ap )+ (VD (aar —iaM VP, of) — (VD Aar (v, wf))
= (VA VED Ap ) + (Ve i A vP of)
— (v At v @, At gy, (A.6)

where, in the third equality, we used once more the identity Ay — w = i A4 as well as

(V& of), V") = (@VD (VP of)) = ((Aar +iA VD (VP wf)
= (V" (Aar +iaH VP, wf)).

A direct inspection shows that, up to tje second order in A, the perturbative coefficients
calculated both via the perturbative expansion as per Eq. (A.3) and via a classical limiting
procedure, as per Egs. (A.4) and (A.6), coincide.

Eventually, an analogous comparison can be carried over at the level of expectation
values, the only difference being the action of the map I'g implementing additional
contractions. Even if from the standpoint of a perturbative analysis of the SPDE this
boils down to an algorithmic procedure, its field theoretical counterpart relies heavily
on Theorem 4.7.

Remark A.1 This graphical representation of the contributions to the classical version
of the interacting field has the net advantage of allowing for an immediate extension
to the computation of expectation values. As explained in Sect. 2.2, such information is
encoded at the algebraic level by contracting pairs of fields into akernel Q € D’ (R* xR?)
which encodes the stochastic properties of the free random field. Hence the graphical
counterpart of this operation amounts to adding a colored edge representing Q. At a
practical level the problem of computing expectation values of products of fields boils
down to finding all admissible maximally connected graphs having a fixed number
of vertices and edges, including the two-point function of the free random field. This
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viewpoint, which sheds light on how the stochastic information is handled at the same
level of the quantum features of the problem, simplifies a two-steps procedure within the
perturbative study of the solution, namely building the desired perturbative coefficients
and applying the deformation map I',, evaluated at the zero configuration.
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