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On the Phase Noise Performance of

Transformer-Based CMOS Differential-Pair

Harmonic Oscillators
Andrea Mazzanti, Senior Member, IEEE, and Andrea Bevilacqua, Senior Member, IEEE

Abstract—The white noise to phase noise conversion of one-
and two-port CMOS differential-pair harmonic oscillators with
transformer-based resonators is addressed in this paper. First,
the operation of double-tuned transformer resonators is reviewed
and design guidelines are proposed to maximize the quality
factor. A rigorous approach is then employed to approximate
the transformer network with a second order RLC model near
the resonances, greatly simplifying the problem of handling the
complex equations of a higher order resonator. The results
are applied to phase noise calculations, leading to simple, yet
accurate, closed-form 1/f2 phase noise expressions in excellent
agreement with the simulation results. It is formally proved, in
a general case, that high-order resonators do not provide any
fundamental advantage in comparison with simple LC-tanks.
The two-port transformer based oscillator may be exploited to
limit the phase noise contribution of the core transistors through
optimization of the bias point and by leveraging the transformer
voltage gain.

I. INTRODUCTION

Oscillators are fundamental components for any commu-

nication system and steadily attract a wide research interest

to improve their performance. A variety of new harmonic

oscillators has been proposed in the last decade. Among

them, circuits based on higher order resonators realized with

double-tuned transformers have been investigated to address

wide tuning range, or low phase noise. While the advantage

in terms of frequency tuning is evident, being them able

to operate over wide bands [1]–[6], the benefit for spectral

purity is not clear and still debated. An improvement in the

phase noise has been claimed, in comparison with oscillators

based on a single inductor resonator, due to the higher quality

factor related to the additional magnetic energy stored in

the mutual inductance between the transformer coils [7]–

[10]. On the other hand, it has been shown that an inductor

occupying the same silicon area of the transformer (straight-

forwardly achieved, for example, by connecting in series the

two windings of the transformer itself) may display the same

quality factor [11], [12]. The resonator quality factor is a key

parameter determining oscillator frequency stability, but, to

precisely estimate the phase noise, additional features, such as

circuit topology, resonator impedance and power dissipation,

have to be considered.
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Fig. 1. Schematic of oscillators with transformer-based resonators: (a) one-
port oscillator, (b) two-port oscillator.

The phase noise of LC-tank oscillators has been extensively

studied and accurate equations are now available for most

topologies [13]–[17]. On the contrary, the performance of

the transformer-based oscillators has not been investigated as

much. The task is made challenging by the complex equations

describing the high order resonator. In [5], [9], [10], the

problem is addressed by approximating the resonator as a

second order LC-tank in a narrow band around the resonance

frequency. However, it is erroneously assumed, as proved

in this paper, that the equivalent LC-tank features the same

capacitance as the one in parallel with either the primary

or secondary winding of the two transformer (C1, C2 in

Fig. 1). As a consequence, the equivalent circuits do not

capture the resistance at resonance and the quality factor of

the transformer resonator simultaneously.

This paper reviews the operation of the transformer-based

resonator and proposes accurate, yet simple expressions, rig-

orously derived, for the components of an equivalent second-

order circuit that approximates very well the transformer

network near the resonances. The results are applied to phase

noise formulation in the 1/f2 region for the two oscillators

in Fig. 1, where the transformer is used as a one-port, or

a two-port resonator, respectively. The performance of these

oscillators is then discussed and compared against the well-

known LC-tank topology. It is formally concluded that, as

far as the 1/f2 phase noise or oscillator Figure-of-Merit
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Fig. 2. Schematic of the transformer-based resonator.

are considered, there is not any intrinsic benefit from the

multi-resonance nature of higher-order networks. The one-

port transformer-based oscillator does not provide advantages

in comparison with the simple LC-tank topology while the

two-port configuration may be exploited to limit the phase

noise contribution of the core transistors only by leveraging the

transformer voltage gain in combination with optimal biasing.

The paper is organized as follows. The analysis of the

transformer-based resonator is reported in Section II. Sec-

tion III describes the simplified circuit proposed to ease phase

noise calculations, as well as the computation of phase noise

for the one-port and two-port oscillator topologies. In Sec-

tion IV, transistor-level simulations are carried out to validate

the proposed theory. Finally, a discussion is carried out in

Section V, which wraps up the paper.

II. ANALYSIS OF THE TRANSFORMER-BASED RESONATOR

The transformer-based resonator is shown in Fig. 2. First,

the most relevant parameters of the resonator are analytically

derived. Then, guidelines for the optimum design, i.e. quality

factor maximization, are hereto provided. In Section III-A, a

rigorous procedure to approximate the network in a narrow

band around the resonance frequencies with the equivalent

circuit in Fig. 6 to the aim of studying phase noise is described.

A. Oscillation Modes and Resonator Parameters

The resonator displays two possible modes of oscillation

with angular frequencies given by [1]:

ω2
L,H =

1 + ξ ±
√

(1 + ξ)2 − 4ξ(1 − k2)

2(1 − k2)
ω2

2

= Ω2
L,H(ξ, k) · ω2

2

(1)

where ω2
1 = (L1C1)

−1, ω2
2 = (L2C2)

−1, ξ = (ω1/ω2)
2, k

is the magnetic coupling between L1 and L2, and ΩL,H =
ωL,H/ω2.

When the resonator is embedded in the two oscillators in

Fig. 1, the impedance at port 1, Z1 = (G1 + jB1)
−1, and the

transimpedance Z21 = (G21 + jB21)
−1 are of interest. Notice

that the capacitive parasitics of the active devices are assumed

to be taken into account by embedding them in C1 and C2

in Fig. 2. Assuming all the resonator losses come from the

magnetic components, and a moderately high quality factor

for the two transformer inductors, i.e. Q1 = ωL1/R1 ≫ 1,

Q2 = ωL2/R2 ≫ 1, the analysis of the circuit in Fig. 2 yields:

G1 ≈ 1

R1Q2
1

·
Ω4

(

1 +
Q1

Q2

k2

)

− 2 Ω2 + 1

[Ω2(1 − k2) − 1]2
, (2)

B1 ≈ 1

ωL1

·

(

Ω2

Ω2
L

− 1

)(

Ω2

Ω2
H

− 1

)

Ω2(1 − k2) − 1
, (3)

G21 ≈ 1

R1Q2
1

·
−Ω4

(

1 +
Q1

Q2

)

+ Ω2

(

1 +
Q1

Q2

ξ

)

ξk · n , (4)

and

B21 ≈ − 1

ωL1

· Ω4(1 − k2) − Ω2(1 + ξ) + ξ

ξk · n , (5)

where Ω = ω/ω2 and n =
√

L2/L1.

As discussed in [1], in the one-port oscillator of Fig. 1(a),

when port 1 is terminated on a negative resistance (e.g. a cross-

coupled differential pair), oscillations will build up in the lower

frequency mode or in the higher frequency mode, i.e. at ωL

or at ωH , depending on the value of ρ = G1(ωL)/G1(ωH). If
ρ < 1, the oscillator will work at ωL, otherwise it will work at

ωH . As such, there is a set of values of the parameters (ξ, k)
for which oscillations occur at ωL, and a set of (ξ, k) for which
oscillations occur at ωH . When, instead, port 2 is terminated

on a negative resistance, the behavior is symmetrical, with

ρ > 1 yielding oscillations at ωL, and oscillations starting

up at ωH otherwise. Conversely, in the case of the two-port

oscillator of Fig. 1(b), the mode of operation is selected by

the connection of the active feedback network around the

resonator, as in this case the phase shift introduced by the

resonator in the feedback loop is 0◦ at ωL, and 180◦ at ωH .

B. Design for Maximum Quality Factor

The resonator quality factor is computed as [1], [18]:

Q =
ω

2

∣

∣

∣

∣

d

dω
ln

(

1

Z1

)
∣

∣

∣

∣

ω=ωL,H

≈ ω

2

∣

∣

∣

∣

∣

dB1

dω

G1

∣

∣

∣

∣

∣

ω=ωL,H

(6)

leading to1:

Q ≈ Q1

[

2Ω4
L,H(1 − k2) − Ω2

L,H(1 + ξ)
] [

Ω2
L,H(1 − k2) − 1

]

ξ
[

Ω4
L,H

(

1 + Q1

Q2

k2

)

− 2 Ω2
L.H + 1

]

= Q1 · Ψ(ξ, k, Q1/Q2)
(7)

Equation (7) gives the network Q at the two resonance

frequencies as a function of primary and secondary quality

factors, coupling between coils and the design parameter

ξ. For any value of Q1/Q2, Ψ(ξ, k, Q1/Q2) in (7) cap-

tures the dependence of Q on ξ and k only. The higher is

1The quality factor can be similarly calculated starting from Z21, ob-
taining an equivalent result [1]. Moreover, note that (6) can be recast as

Q = ω
2

˛

˛

˛

d
dω

˛

˛

˛

1
Z1

˛

˛

˛ + j d
dω

∠
1

Z1

˛

˛

˛

ω=ωL,H

= ω
2

˛

˛

˛

d
dω

∠
1

Z1

˛

˛

˛

ω=ωL,H
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Fig. 3. Plot of Ψ(ξ, k, Q1/Q2) for Q1 = Q2 evaluated at: (a) ωL, (b)
ωH . The shaded area is where the oscillation starts at ωH , in the case of a
one-port oscillator topology.

Ψ(ξ, k, Q1/Q2) and the higher is the quality factor of the

double-tuned transformer resonator. Q1 and Q2 are set by

the technology and shape of the coils and are maximized

by optimizing the inductors geometry. If the two windings

of the transformer share the same trace width and the same

metal layers, it is reasonable to assume Q1 ≈ Q2. For any

technology, in practice there is a maximum attainable value for

Q1 and Q2. As detailed in the Appendix, (7) is an increasing

monotonic function of Q1 and Q2, such that Q is maximized

when Q1 = Q2, and they are both equal to their maximum

possible value.

A plot of Ψ(ξ, k, Q1/Q2) is shown in Fig. 3 for Q1 = Q2.

In the case of the one-port oscillator, the shaded area is where

the oscillation builts up at the higher resonance frequency,

ωH . In the case of the two-port oscillator, the two-port con-

figuration allows to select either of the two oscillation modes,

regardless of the values of (ξ, k), as discussed in Section II-A.

Figure 3 shows that, for a given operation frequency it

is preferable to leverage the lower frequency mode to max-

imize the resonator Q. In the lower frequency mode, the

magnetic fluxes generated by L1 and L2 couple construc-

tively increasing the stored magnetic energy, and leading to

Q(ωL) > Q1(ωL), Q2(ωL). The opposite happens at ωH .

Moreover, for any given value of the magnetic coupling, k,
Fig. 3 shows that ξ = 1 is the design condition maximizing

Q.

It is worth noticing that, although Q1 ≈ Q2 is a typical

case, in general the value of ξ maximizing the resonator
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Fig. 4. Plot of Ψ(ξ, k, Q1/Q2) for Q1/Q2 = 2 evaluated at: (a) ωL, (b)
ωH . The shaded area is where the oscillation starts at ωH , in the case of a
one-port oscillator topology.

Q depends on the ratio Q1/Q2. In a scenario where the

operation frequency is fixed, but any of the two oscillation

modes can be employed to obtain the operation frequency (by

properly adjusting the resonator parameters), for Q1 > Q2,

and any given value of k, the maximum Q is obtained for

ξ < 1 leveraging the lower frequency mode, as shown in

Fig. 4, where Ψ(ξ, k, Q1/Q2) is depicted for Q1/Q2 = 2.
For Q1 < Q2, instead, the maximum Q is still obtained using

the lower frequency mode, but for ξ > 1: Fig. 5 illustrates

Ψ(ξ, k, Q1/Q2) in the particular case of Q1/Q2 = 1/2. In
other words, the optimization of the resonator Q is achieved

by pushing at higher frequency the resonance ω1 or ω2 of the

coil showing the lowest quality factor.

Finally, to put the foregoing discussion in perspective, we

consider some numerical examples. First, assume k = 0.5 and

a maximum attainable value of 10 for Q1 and Q2. The optimal

scenario is obviously Q1 = Q2 = 10 with the design choice

ξ = 1, which yields (see Fig. 3(a)) Ψ = 1.5 and thus Q = 15.
Now let us suppose that Q1 = Q2 = 10 is not feasible for

practical reasons (e.g. layout constraints) and the designer can

only choose between the following options: Q1 = Q2 = 7 or

Q1 = 10, Q2 = 5. In the first case, with optimal choice of

ξ = 1, from Fig. 3(a) one gets Ψ = 1.05 and thus Q = 10.5.
In the latter case, keeping ξ = 1 yields (see Fig. 4(a)) Ψ = 1
and thus Q = 10, while using the optimal value of ξ, namely

ξ = 0.5 as shown in Fig. 4(a), gives a 20% improvement:

Ψ = 1.2, hence Q = 12.

This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at  http://dx.doi.org/10.1109/TCSI.2015.2451915

Copyright (c) 2021 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



4

1
.1

1
.2

1
.2

1
.3

1
.3

1
.4

1
.4

1
.5

1
.5

1
.6

1
.6

1
.7

1
.7

1
.8

1
.8

1
.9

1
.9

2

2

2
.1

2.1

2.1

2
.2

2.2

2.2

2
.3

2.3

2.3

2.4

2.4

2.5

2.5

ξ

k

0.2

0.4

0.6

0.8

0.2 0.4 0.60.8 1  2  3  4 50.8

(a)

0.30.3

0.4
0.4

0.5
0.5

0.6

0.6

0.70.7

0.80.8

0.90.9

0
.9

1
1
.11

.21
.31

.41
.51

.61
.7

1.8
1.9

ξ

k

0.2

0.4

0.6

0.8

0.2 0.4 0.60.8 1  2  3  4 50.8

(b)

Fig. 5. Plot of Ψ(ξ, k, Q1/Q2) for Q1/Q2 = 1/2 evaluated at: (a) ωL,
(b) ωH . The shaded area is where the oscillation starts at ωH , in the case of
a one-port oscillator topology.
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Fig. 6. Schematic of the simplified circuit modeling the transformer-based
resonator.

III. SIMPLIFIED CIRCUIT FOR PHASE NOISE ANALYSIS

The goal of the following discussion is to approximate

the behavior of the transformer-based resonator, in the neigh-

borhood of the parallel resonances ωL,H , with an equivalent

second order LC-tank of elements Req, Ceq, and Leq, as

illustrated in Fig. 6. The aim of this effort is to simplify the

analysis of the operation and phase noise performance of the

oscillators in Fig. 1. As a consequence, the model we will

derive is not strictly equivalent to the network in Fig. 2. For

example, reciprocity of the network is not preserved. Rather,

the simplified circuit accurately captures just the relevant

parameters for the oscillator analysis, namely the admittance

of port 1, and the voltage transfer from port 1 to port 2.

A. Derivation of the Simplified Circuit

At resonance, the admittance of port 1 is purely resistive.

Therefore, we have: Req,L,H = 1/G1(ωL,H), where G1 is

given by (2). To derive Ceq and Leq, the idea is to approx-

imate (3) in the neighborhood of ωL,H with a second order

susceptance, so that it that can be interpreted as the parallel

combination of an inductance and a capacitance. To this aim,

in the lower resonance frequency case, we set Ω = ΩL in the

factors of (3) accounting for the parallel resonance at ωH and

the series resonance at ω2/
√

1 − k2:

B1 ≈ 1

ωL1

·

(

Ω2

Ω2
L

− 1

) (

Ω2
L

Ω2
H

− 1

)

Ω2
L(1 − k2) − 1

=
1

ωL1αL

(

ω2

ω2
L

− 1

)

(8)

where

αL = αL(ξ, k) =
Ω2

L(1 − k2) − 1

Ω4
L

1 − k2

ξ
− 1

(9)

From (8) it follows immediately2:

Leq,L = αLL1 Ceq,L =
1

ω2
LαLL1

(10)

Similarly, in the neighborhood of ωH , we obtain:

Leq,H = αHL1 Ceq,H =
1

ω2
HαHL1

(11)

with

αH = αH(ξ, k) =
Ω2

H(1 − k2) − 1

Ω4
H

1 − k2

ξ
− 1

(12)

Remarkably, (10) and (11) show that Ceq differs from C1 (and

C2) in the equivalent circuit for both resonance frequencies.3

Finally, since at resonance B1 = B21 = 0, the voltage signal
transmission from port 1 to port 2 is given by:

Av21,L,H =
V2

V1

=
G1

G21

(13)

where G1 is given by (2), and G21 is given by (4).

In the typical case of ξ = 1, all the previously derived

equations greatly simplify. The resonance frequencies are:

ω2
L,H =

ω2
0

1 ± |k| (14)

where ω0 = ω1 = ω2, the positive sign corresponds to the

lower frequency mode, and the negative sign to the higher

2For k → 0, B1 is only made of the parallel combination of L1 and C1,
such that the approximation (8) becomes inconsistent for small values of k.
For k < 0.2, the presence of L2 and C2 can be practically ignored.

3Notice that Ceq must be larger than C1, C2 for the simplified model to
account for the same stored energy as the transformer-based resonator. Since,
at resonance, the average magnetic and electric energies are equal, the total
energy stored in the resonator in Fig. 2 is Et = 1

2
C1|V1|2 + C2|V2|2 =

1
2
C1|V1|2

“

1 + ξ

n2

|V2|2

|V1|2

”

. Hence, for the circuit in Fig. 6 to show the same

stored energy, Et = 1
2
Ceq|V1|2, Ceq > C1, C2.

With lengthy but straightforward calculations it can be proved that the
quality factor given by (7) also represents the ratio of the energy stored in
the resonator, Et, to the energy dissipated per cycle, Ed = 1

2
G1|V1|2

1
fL,H

,

where G1 is given by (2) and fL,H = ωL,H/(2π): Q = 2πEt/Ed. The
erroneous assumption of Ceq = C1 in [10] led to the misconception that
a transformer resonator would have Q defined as the energy ratio differing
from Q related to the slope of the impedance phase at resonance.
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frequency mode. The parameters of the simplified equivalent

model are:

Leq,L,H =
1 ± |k|

2
L1 Ceq,L,H = 2C1 (15)

and

Req,L,H = Rp1 ·
(1 ± |k|)2

1 +
Q1

Q2

(16)

where Rp1 = R1Q
2
1 is approximately the equivalent parallel

resistance of inductor L1. The voltage signal transmission from

port 1 to port 2, as given by (13), becomes:

Av21,L,H = ±n (17)

The resonator quality factor, given by (7), reduces to:

Q ≈ 2Q1Q2

Q1 + Q2

(1 ± |k|) = ωL,HCeq,L,HReq,L,H (18)

To verify the accuracy of the equivalent circuit derived in

this Section, Figs. 7 and 8 compare the simulated Z11 and Z21

for the networks in Figs. 2 and 6, the latter evaluated both

at ωL and ωH . The transformer-based resonator is designed

to have a lower resonance frequency at 5GHz and ξ = 1.
Primary and secondary coils are L1 = 1 nH and L2 =2 nH,

with k = 0.75, and Q1 = Q2 = 10 at 5 GHz. The components

of the equivalent LC-tank are calculated to fit the transformer-

based resonator at ωL, and at ωH . By using (15)–(17) we

have: Leq,L = 875 pH, Leq,H = 125 pH, Ceq,L,H = 1.158 pF,
Req,L = 481 Ω, Req,H = 69 Ω, and Av21,L,H = ±

√
2. The

simplified circuit fits very well the behavior of the transformer

resonator in the neighborhood of one resonance frequency,

while of course it does not capture the response at the other

resonance frequency.

B. Phase Noise Analysis

Replacing the transformer-based resonator with the equiv-

alent circuit of Fig. 6, the circuits of Fig. 1 simplify to the

well-known differential-pair LC-tank oscillators. Adapting the

results of [13], the phase noise at an offset angular frequency

∆ω in the 1/f2 region is:

L(∆ω) = 10 log10

[

NL,R + NL,mos

2∆ω2C2
eq,L,HV 2

1

]

(19)

where V1 is the oscillation amplitude at port 1. NL,R and

NL,mos (simply referred to as effective noises hereafter) are

the noise contributions from the resonator losses and the cross-

coupled pair, respectively:

NL,R + NL,mos =
2kBT

Req,L,H

F (20)

where kB is the Boltzmann’s constant, and T the absolute

temperature. Using the results in [15], the excess noise factor,

F , is written as:

F =

{

1 + γ one-port oscillator

1 + γ
Av21,L,H

two-port oscillator
(21)
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Fig. 7. Simulated Z11 (magnitude and phase) for the transformer-based
resonator in Fig. 2 and the equivalent circuit in Fig. 6 evaluated at: (a) ωL,
(b) ωH .

F captures the difference between the two oscillators in Fig. 1,

i.e. the effective noise generated by the transistors in the two-

port oscillators is divided by the voltage transfer, Av21,L,H ,

between the two ports of the resonator.

Expressing the resonator quality factor as Q(ωL,H) =
ωL,HCeq,L,HReq,L,H, and replacing (20) and (21) in (19), the

phase noise of the two oscillators is written as:

L(∆ω) = 10 log10

[

kBTFReq,L,H

V 2
1

·
(

ωL,H

Q(ωL,H)∆ω

)2
]

(22)

Equation (22) is valid for arbitrary values of the resonator

parameters, and for oscillators leveraging either of the two

resonance frequencies, ωL,H .

To gain further insight, (22) can be elaborated by consid-

ering a typical design scenario where: first, the transformer

windings have the same quality factor, Q1 = Q2 = Q1,2,

and, second, ξ = 1 to maximize the resonator Q. With

these assumptions, by using (16) and (18), and expressing

V1 in (22) as a function of the bias current Ib and Req,L,H,

the phase noise can be recast as a function of Ib, ωL,H ,

and the parameters of the transformer-based resonator. In

class-B differential LC oscillators, the tank current resembles

a square wave with a fundamental component of (2/π)Ib and

the oscillation amplitude, in the current limited regime, is
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Fig. 8. Simulated Z21 (magnitude and phase) for the transformer-based
resonator in Fig. 2 and the equivalent circuit in Fig. 6 evaluated at: (a) ωL,
(b) ωH .

V1 = (2/π)Req,L,HIb. The phase noise is hence written as:

L(∆ω) = 10 log10

[

kBTF

2(Ib/π)2Rp1(1 ± |k|)4
(

ωL,H

Q1,2∆ω

)2
]

(23)

This equation highlights a strong dependency of the phase

noise on the magnetic coupling coefficient between the trans-

former inductors, k. Note that (23) is substantially valid for

class-C differential LC oscillators as well, the only difference

being that, in class-C operation, the amplitude of the funda-

mental component of the tank current is ≈ Ib as opposed

to (2/π)Ib, i.e. class-C biasing features a higher current

conversion efficiency.

IV. SIMULATION RESULTS

To gain insight and also prove the accuracy of the analysis,

SpectreRF phase noise simulations at 1MHz offset from the

carrier versus the magnetic coupling coefficient k are shown

in Fig. 9, and compared with (23) for oscillators tuned at ωH

and ωL, respectively.

The resonator has been designed with the following param-

eters: 5GHz oscillation frequency, Q1,2 = 10, L1 = 1 nH,
L2 = 2 nH, yielding Av21,L,H = ±

√
2, and ξ = 1. The

excess noise factor is given by (21), in which γ = 2/3 is set.

First, the resonator is operated leveraging the mode at

ωH . For ξ = 1, only the two-port oscillator topology of

Fig. 1(b) is capable of starting up the oscillations at the higher-

frequency mode [1]. Hence, the simulation results in Fig. 9(a)

are reported for this topology only. The plot compares the

calculated and simulated phase noise at 1MHz offset from

the carrier when k is raised from 0.2 to 0.8. When the

resonator is operated at ωH the impedance decreases rapidly

when k is raised (as expected from (16)). To satisfy the

start-up condition up to the highest considered value of k,
the bias current is set to 25mA and a very large transistor

aspect ratio is used (550µm / 0.25µm). The simulated voltage

swing at port 1 decreases from V1 = 2.6V, attained for

k = 0.2, down to V1 = 0.2V, with k = 0.7. Fig. 9(a)

proves a very good agreement between the calculated and

simulated phase noise. As predicted by (23), the phase noise

rises (by some 20dB) as k is increased from 0.2 to 0.7. This

is because, when the transformer resonator is used at ωH , a

higher magnetic coupling results in both a lower quality factor

and lower equivalent resistance, impairing both the phase noise

performance and the oscillator Figure-of-Merit.

Next, the resonator is operated leveraging the mode at ωL.

In this case, the bias current and transistors size are reduced

to 5mA and 70µm / 0.25µm, respectively, and both the

one-port and two-port circuit configurations are considered.

Figure 1(b) compares the simulated and calculated phase noise

at 1MHz offset, still demonstrating very good agreement.

The plot shows an improvement in phase noise of ≈ 10 dB
when k is raised from 0.2 to 1. A similar agreement between

simulations and theory is found over a broad range of design

parameters. When the resonator is operated at ωL, the increase

in the mutual magnetic inductance between the coupled coils

leads to both a higher resonator Q and a larger equivalent

resistance at resonance, Req,L. The latter improves the phase

noise as long as it results in an increase of the oscillation

amplitude i.e. as long as the oscillator works in the current

limited region. In the simulations of Fig. 9(b), the voltage

swing at port 1 ranges from V1 = 730mV, with k = 0.2, to
V1 = 2V, with k = 1.
As with the LC-tank oscillators, (22) shows that for a given

technology and resonator, i.e. Req,L,H and Q, the ultimately

lower phase noise level is achieved when the bias current is

set to maximize V1=V1,max, bounded by the supply voltage.

If a lower phase noise is required, the equivalent resistance at

resonance, Req,L,H, can be scaled down, while increasing the

bias current (i.e. the power dissipation) to restore V1,max.

To further validate the proposed phase noise analysis, a

planar transformer with a 2:1 turn ratio has been laid out

in a 6-layer CMOS metal stack. The geometry is shown in

Fig. 10(a). The two interleaved windings, realized by shorting

together the two topmost metal layers, are 10µm spaced and

12µm wide. The internal diameter is 330µm.

S-parameters have been derived from Electromagnetic (EM)

simulations with the purpose of estimating the component

performance and building an equivalent circuit model used

for oscillator phase noise simulations. The lumped-element

equivalent circuit is reported in Fig. 10(b); the corresponding

component values are reported in Table I. Metal trace and

substrate losses are accounted for by resistors Rs1,2 and

Rsub1,2, respectively.
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oscillators are operated at 5GHz.
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Fig. 10. A 2:1 planar transformer in a 6-metal CMOS technology: (a) layout,
(b) equivalent circuit model.

TABLE I
COMPONENT VALUES OF THE TRANSFORMER EQUIVALENT CIRCUIT

MODEL IN FIG. 10

L1 Rs1 Cox1 Csub1 Rsub1 k

1 nH 2.5Ω 70 fF 16 fF 4 kΩ 0.65

L2 Rs2 Cox2 Csub2 Rsub2 Cw

2.74 nH 4.6Ω 189 fF 43 fF 1.5 kΩ 10 fF
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Fig. 11. Inductances, k, and windings quality factors from EM simulations
(solid line) and from the transformer circuit model in Fig. 10(b) (dashed line).

Figure 11 compares the transformer inductances, k and

quality factors derived from EM simulations with results from

the equivalent circuit model. Despite the simplicity of the

model, good fit is achieved over a wide frequency range.

The two ports of the transformer are tuned with capacitors

to achieve 5GHz lower resonance frequency with ξ = 1.
From the simulations reported in Fig. 11, the primary and

secondary quality factors are Q1 ≈ 10.6 and Q2 ≈ 12.8,
respectively, and k = 0.65. Equation (18) predicts a Q for

the tuned transformer of 19.1 while the simulated value is

17.5. The small discrepancy can be attributed to substrate

losses, not considered in the analysis leading to (18), that limit

the improvement achievable by means of magnetic coupling

between the coils. Substrate losses are also responsible of a

slight overestimation of the equivalent resistance at resonance

of port 1: simulations show Req,L = 445 Ω, while (16) yields

Req,L = 504 Ω.

The double tuned transformer has been used as a resonator

for the one- and two-port oscillator topologies of Fig. 1. With

a 5mA bias current, the simulated oscillation amplitude at

port 1 is V1 = 1.41V and the phase noise at 1MHz offset

from the 5GHz carrier is −128.8dBc/Hz and −129.8 dBc/Hz,
for the one- and two-port topologies, respectively. The cor-

responding values predicted by (22) using the calculated Q
are −129.8 dBc/Hz and −130.5 dBc/Hz, slightly optimistic

because of the overestimation of Q due to (16). Indeed, if the

calculated value of Q is replaced with the simulated one, (22)

estimates a phase noise for the one- and two-port oscillators

of −129 dBc/Hz and −129.8dBc/Hz, respectively, in excellent

agreement with SpectreRF simulations.
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V. DISCUSSION AND CONCLUSION

The presented analysis shows that the phase noise per-

formance of double-tuned transformer oscillators is only de-

termined by the resonator characteristics near the oscillation

frequency. The multi-resonance transfer function of double-

tuned transformers does not provide any intrinsic benefit

because phase noise is only determined by the quality factor

and impedance at the oscillation frequency, exactly as in the

case of simple LC-tank oscillators. Magnetic coupling between

the transformer windings improves the resonator quality factor.

On the other hand, the same magnetic coupling is still present

even if the transformer windings are arranged to form a

single multi-turn spiral, as previously pointed out in [11],

[12]. To gain further insights, we compare the performance

of an oscillator built around a transformer-based resonator

with respect to the use of the two simple LC-tanks shown

in Fig. 12, where the inductor is realized by connecting in

series or in parallel the two coupled coils of a transformer.

As detailed in the Appendix, the condition that maximizes the

tank quality factor is Q1 = Q2, and they are both equal to

their maximum achievable value, similarly to the case of the

transformer-based resonator. Furthermore, if Q1 = Q2, the

value of n that maximizes Q is n = 1. As a consequence, in

the following discussion we assume L1 = L2 and R1 = R2.

First, let us consider the tank in Fig. 12 (a). As shown

in the Appendix, the quality factor is Q = Q1,2(1 + |k|),
the same displayed at ωL by the transformer resonator with

ξ = 1. On the other hand, the equivalent resistances at

resonance are remarkably different. By inspection of the circuit

in Fig. 12(a), Req,tank = 2Rp1(1 + |k|)2. From (16), the

transformer resonator has a fourfold lower resistance: Req,L =
0.5Rp1(1+ |k|)2. As a consequence, the transformer resonator

can be exploited to target a lower phase noise because, as

per (22), the minimum achievable phase noise will as well be

fourfold lower. This phase noise improvement, of course, does

not come for free. In fact the bias current (and hence power

dissipation) needed to obtain V1,max is four times higher.

As a result, the oscillator Figure-of-Merit, normalizing phase

noise to power dissipation, is not improved by the use of the

transformer resonator.

We consider now the LC-tank in Fig. 12(b), where the

inductor is realized by shunting the two transformer coils. The

quality factor is still Q = Q1,2(1+ |k|) (see Appendix), while
the tank resistance at resonance is Req,tank = 0.5Rp1(1+|k|)2,
the same given by (16) for the transformer resonator. Thus,

if the simple LC-tank in Fig. 12(b) replaces the transformer-

based resonator in the oscillator of Fig. 1(a), the same phase

noise is attained, while dissipating the same amount of power.

As a result, even in this case the transformer-based resonator

does not provide any fundamental advantage both in terms of

Figure-of-Merit and minimum achievable phase noise.

We compared, by means of SpectreRF simulations, the one-

port transformer-based oscillator in Fig. 1(a) against two LC-

tank oscillators with the resonators in Fig. 12(a) and (b).

The following design parameters were considered: 5GHz

oscillation frequency, L1 = L2 = 1 nH, k = 0.75, Q1 =
Q2 = 10. The bias current (Ib) was set to achieve the same

1L 2L

k

V1

+

_

I1 1R 2R

C

1L 2L

k

V1

+

_

I1 1R 2R

C

(a)

(b)

Fig. 12. LC-tank using two coupled coils connected in: (a) series, (b) parallel.

oscillation amplitude (V1) in all cases. For the oscillator with

transformer-based resonator we have: Ib = 5mA, V1 = 1.53V,
L(1MHz) = −129.3 dBc/Hz. For the oscillator with the LC-

tank in Fig. 12(a) we get: Ib = 1.25mA, V1 = 1.527V,
L(1MHz) = −123.5dBc/Hz. Eventually, for the oscillator

with the LC-tank in Fig. 12(b) we obtain: Ib = 5mA,

V1 = 1.53V, L(1MHz) = −129.4 dBc/Hz. The LC-tank

in Fig. 12(a) (achieved by connecting in series the two

transformer coils) shows the same Q of the transformer-

based resonator but four times the resistance at resonance.

Therefore, the oscillator needs 4 times lower bias current

to achieve the same voltage swing but yields a 6 dB higher

phase noise. The oscillator with the LC-tank in Fig. 12(b)

(achieved by connecting in parallel the two transformer coils)

yields exactly the same performance of the transformer-based

oscillator: same voltage swing and same phase noise for the

same bias current.

Finally, it is worth to consider the merits of the two-port

configuration. As shown in (21), and confirmed in Fig. 9,

this topology allows reducing the effective noise generated

by the active devices if Av21,L,H > 1. However, it must be

emphasized that the decrease in the phase noise is due to

the voltage gain provided by the transformer, and not to the

higher order of the resonator. Moreover, if the oscillator is

biased to achieve V1,max, reliability concerns might prevent to

set V2 ≫ V1,max, such that the decrease of NL,mos is very

limited. The issue can be partially mitigated by using thick-

oxide devices.

Another remarkable advantage of the two-port configuration

is the dc decoupling between the gate and drain nodes of the

active devices, that allows to optimize the bias point and large-

signal operation of the transistors [15], [19], [20]. Moreover, a

two-port oscillator with transformer-based resonator has been

recently proposed to limit 1/f noise upconversion into phase

noise [21].

In conclusion, the rigorous, yet simple, equivalent model

proposed in this paper discloses a manageable analysis of

harmonic oscillators with transformer-based resonators. The

latter, while being amenable to wide tuning range operation,
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or optimization of the transistors quiescent point and voltage

swings, do not show any fundamental advantage in terms of

minimum achievable 1/f2 phase noise or Figure-of-Merit, as

compared to oscillators with conventional LC-tanks, because

of the intrinsic features of a high-order resonator.

APPENDIX

Connecting the two coupled coils in series as in Fig. 12(a)

turns the transformer in a one-port device, whose impedance

is:

Z1 = R1 + R2 + jω(L1 + L2)(1 +
2nk

1 + n2
) (24)

The quality factor is:

Q = Q1

1 + 2nk + n2

1 + n2 Q1

Q2

. (25)

Notice that (25), likewise (7), can be recast in the form

Q = A
Q1Q2

Q1 + B Q2

, (26)

where A, B ≥ 0, proving that Q is an increasing monotonic

function of Q1 and Q2. Hence, any effort to increase Q1 or

Q2 will result in an increase of Q. The maximum Q is clearly

obtained when Q1 = Q2, and they are both equal to their

maximum achievable value. If Q1/Q2 = 1, (25) shows that

the quality factor is maximized, for any value of k, if n = 1.
If the two coupled coils of the transformer are connected

in parallel as in Fig. 12(b), the impedance of the resulting

one-port device can be approximated as:

Z1 ≈ R1R2

R1 + R2

+ jω
L1L2

L1 + L2

1 − k2

1 − 2nk
1+n2

(27)

Hence, the quality factor is:

Q =
Q2 + Q1n

2

1 + n2

1 − k2

1 − 2nk
1+n2

(28)

Clearly, (28) shows that Q is an increasing monotonic function

of Q1 and Q2. Likewise the case of the transformer-based

resonator, and of the series connected coupled coils, the

condition that maximizes Q is Q1 = Q2, and they are both

equal to their maximum achievable value. If Q1/Q2 = 1, (28)
shows that the value of n that maximizes Q, for any value of

k, is n = 1.
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