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Abstract—One of the most important tasks in hyperspectral imaging is the estimation of the number of endmembers in a scene, where the endmembers are the most spectrally pure components. The high dimensionality of hyperspectral data makes this calculation computationally expensive. In this paper, we present several new real-time implementations of the well-known Harsanyi-Farrand-Chang (HFC) method for virtual dimensionality (VD) estimation. The proposed solutions exploit multi-core processors and graphic processing units (GPUs) for achieving real-time performance of this algorithm, together with better performance than other works in the literature. Our experimental results are obtained using both synthetic and real images. The obtained processing times show that the proposed implementations outperform other hardware-based solutions.
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1. Introduction
Hyperspectral images comprise hundreds of contiguous spectral bands [1]. Each pixel can be represented as an L-dimensional vector, where L is the number of bands. There are different techniques to determine the content of a hyperspectral image; one of the most popular ones is the linear mixing model. It assumes that each pixel can be modeled as a linear combination of a finite set of spectrally pure constituents (endmembers). In a hyperspectral image, there are generally two kinds of pixels: pure and mixed. The pure pixels contain only one pure signature corresponding to an endmember, while the mixed pixels are given by a superimposition of different endmembers. Typically, the number of endmembers in a scene is significantly lower than the number of bands [2]. The identification of the number of endmembers is a crucial issue in hyperspectral imaging, since it allows representing the data in a lower dimensional subspace. This is a very important aspect, due to the benefits that can be achieved in computational time, data storage and complexity. Moreover, a good estimation is fundamental for different applications, such as classification, target detection and spectral unmixing. In the literature, different algorithms can be found to perform this estimation, including objective function minimization [3], adjacent bands correlation [4], and a minimum squared error approach [5].
A widely used technique is the estimation of the virtual dimensionality (VD) of a hyperspectral image [6]. A commonly used algorithm for this computation is the Harsanyi-Farrand-Chang (HFC) method [7], which is based on the Neyman-Pearson detection theory [8]. 
The data amount provided by modern hyperspectral sensors makes the development of real-time algorithms a desired goal for hyperspectral imaging. In the literature, several high performance computing (HPC) architectures have been used for achieving this goal, such as field programmable gate arrays (FPGAs) [9], multi-core CPUs [10], supercomputers and clusters [11], GPUs [12] [13] or even hybrid solutions [14].
In this paper, we propose several new parallel real-time implementations for the computation of the VD through the HFC method. The algorithm is described in Section 2, while Section 3 contains details about our implementations. The first is based on OpenMP API for multi-core devices, while the second exploits GPU parallelism using the popular NVIDIA compute unified device architecture (CUDA) and its basic linear algebra subroutines (CuBLAS). We also describe an OpenCL implementation that can be executed on both multi-core CPUs and GPUs. Finally, we also evaluated Python, since this language is gaining importance in the scientific community. Section 4 describes the conducted tests and the experimental results. Section 5 gives exhaustive results analysis and provides comparisons with other works in literature. We tested this implementation with both synthetic and real data, obtaining real-time performance, which also outperforms other VD implementations [15] and other previously developed techniques for estimating the number of endmembers [10]. Those issues are discussed in Section 6, which concludes this paper and provides hints at plausible future research lines.
2. HFC-VD Algorithm
The HFC-VD algorithm has been widely used for computing the number of endmembers within a scene. Let us denote a hyperspectral pixel with y=[r1,r2,…,rL], where ri is the reflectance value acquired on the i-th band; a hyperspectral image is given by Y=[y1,y2,…,yN] where N is the number of acquired samples. This method is based on the eigenvalues computation of the sample data correlation matrix (CM) and the covariance matrix (VM), defined as follows:


where  is the zero-mean hyperspectral image. It is important to notice that those two matrices are LxL-dimensional. The next step is the computation of the eigenvalues of the CM and the VM. Each matrix has L eigenvalues, so it is possible to say that each eigenvalue is related to a specific band. In the following, we will denote the i-th eigenvalue of CM with λiCM and the i-th eigenvalue of VM with λiVM. The HFC method assumes that the presence of a signal source in the i-th band is indicated by the positive difference between λiCM and λiVM. The number of signal sources (or endmembers) is computed by counting, for each band, how many times the following condition is verified:

The HFC method tests, for each band, how many times the condition given by eq. 3 fails for a given false alarm probability (Pfa).
Algorithm 1 shows the pseudocode of the HFC-VD algorithm.
In Algorithm 1, steps 1-2 compute the sample data correlation matrix and covariance matrix, respectively. After that, there is the eigenvalues computation (steps 3-4). For each band the variance is computed (step 7) and the threshold is computed from Pfa . This threshold prevents the detection of false positives and is obtained by the normal cumulative distribution function. The solution of the integral equation of step 8 (x) is the tolerance for a false positive. The value is used for the hypothesis test (step 10); if the test is positive, the number of endmember is incremented (step 11).
Algorithm 1 – HFC-VD
INPUT: 
1: ;
2:  ;
3: ; {compute the eigenvalues of }
4: ; {compute the eigenvalues of }
5: ; {initialize the number of endmembers}
6: for i:=1 to  do
7:			; 
8:			solve  to find ;
9:			;
10:		if  then
11:			;
12:		end if
13: end for
OUTPUT: 

3. Algorithm implementations
In this section, we describe the different implementations of the HFC-VD algorithm, together with some algorithmic choices for carrying out some processing steps, such as the computations in steps 3-4 of Algorithm 1. Moreover, we will motivate our design choices such as the part of the code that must be executed by the CPU and the GPU.
3.1. Code profiling
First, we generate a set of synthetic hyperspectral images for profiling the code and identifying the most time consuming computations. Those images size ranges from 1.7 MB to 427 MB and have been generated using the MATLAB script developed by Nascimento et al. [5] for algorithm testing. The endmember signatures contained in the images are randomly extracted from the United States Geological Survey (USGS) digital spectral  library (https://speclab.cr.usgs.gov/spectral-lib.html). We use those images as input for the MATLAB version of HFC-VD contained in the Endmember Induction Algorithms Toolbox for MATLAB. After code profiling, we found that the most computationally expensive parts were the correlation and covariance matrices computation, which took about 90% of the execution time (which is about 25 s for an image of about 140 MB). 
It is important to notice that all of those computations can be parallelized. The high data dimensionality suggests exploiting a massively parallel processor, such as the GPUs. Moreover, the data dimensionality, involved into those computations, should be taken into account. The matrices CM and VM are of dimensions LxL where L is the number of bands. Typically, a hyperspectral image is made up of more than 200 bands, so the CM and VM matrices are about 310 KB each. The amount of data on which the next step of the algorithm will work is not big. The use of a GPU for extracting eigenvalues from those matrices will degrade performance, since there is a low degree of data parallelism. For this reason, the best choice is to transfer the results obtained by the GPU (i.e. VM and CM matrices) to the CPU and identify suitable algorithms for performing the other operations as fast as possible. Another critical issue that we considered is the precision of results. In particular, our tests show that a single precision floating point arithmetic is not sufficient for a correct calculation. Those tests have been conducted with the synthetic dataset, since we have a priori knowledge of the number of endmembers contained in each image. Single precision floating point arithmetic is suitable only for the smallest images (till 50 MB) and causes an underestimation of the virtual dimensionality with bigger images. A similar test shows that double precision floating point arithmetic does not suffer this issue. 
3.2. OpenMP implementation
OpenMP is a paradigm for exploiting shared memory systems. It is based on a set of directives that indicates to the compiler the code parts to parallelize. In our work, we chose to parallelize the routines for computing the CM and the VM matrices, which are the most time consuming steps. In particular, we used the #pragma omp parallel for statement on the outer for cycle for the matrix-matrix multiplication. We also specified which variables must be stored in the shared memory and which ones in the private memory, using suitable options. Finally, we also chose to divide loop iterations into equal-size chunks, by specifying the static schedule mode. 
As already discussed, the next steps work on reduced data size, so it is more convenient to perform them serially. For achieving better performances, we considered different approaches for eigenvalues computation, including SVD based techniques and Householder reductions. We conducted simulation with different techniques, identifying the one with the best tradeoff between precision and processing speed. 
In particular, we used the method described in [16]. The computation is performed by two subroutines: tred2 and tqli. The first one performs a Householder reduction of the input matrix. The result is a tridiagonal matrix. This matrix is given as input to the tqli function, which performs a QL algorithm with implicit shifts for determining eigenvalues and eigenvectors. Since we need only the eigenvalues, we removed the instruction, from both the subroutines, for eigenvectors computation.
3.3 CUDA implementation
For the GPU implementation, we chose to use NVIDIA CUDA. In this paradigm, the GPU (called device) is seen as a coprocessor, with private memory, capable of executing hundreds or even thousands of threads in parallel. The execution of a CUDA application always starts from a traditional CPU (called host). When the execution reaches a parallel code section, the host transfers data to the device memory, through the PCI-express bus. After that, the device starts its computation and, when its elaboration ends, results are transferred back to the host.
As already said, the most intensive calculations are the computation of Eqs. (1) and (2), which are the first steps of the algorithm. The host transfers the input image to the device memory. To compute Eqs. (1) and (2), we used the CuBLAS library [17], which provides highly optimized kernels for linear algebra routines. In particular, we used the cublasSgemm routine, which computes the expression:
	
Where A and B are the input matrices, C is an input/output matrix, and  and  are scalar values. The notation op() indicates the possibility of reading the matrix as transpose or not. It is important to notice that if the scalar value  is equal to zero, the matrix addition is not performed and the matrix C is considered only as an output parameter. To implement eq. (1) and eq. (2), we do not need matrix addition, so we set  to zero.
The scalar value  has been set to 1/(N-1) and to 1/N to compute CV and VM, respectively. An important issue to deal with when using CuBLAS library is that it uses column-major indexing instead of row-major indexing. In our implementation, developed in CUDA C language, we use the standard array storing of C language, which is row-major. Thus, in order to convert a row-major matrix into a column-major matrix, the transposition operation is used. The input matrices are converted into the column-major format by the cublasDgemm function by properly setting the op() parameters. On the other hand, the results are also stored into column-major format, but the next steps require row-major format. We do not need to convert the storage format this time, since the output matrices are both symmetric and, in this specific case, it is not necessary to perform the conversion. Results are now transferred back to the host for the next computations. Before computing eq. (2), it is necessary to compute the zero mean image. This is done by using a CuBLAS function for summing up all the samples of each band (cublasDasum). It is important to notice that this function allows storing the result in the host memory or in the device memory. This choice is specified by the function cublasSetPointerMode; in our case, we choose to store the results in the device memory, to avoid unnecessary memory transfers. At this point, in the GPU memory, there is an array that stores the sum of each element of each band. After that, a custom CUDA kernel computes the mean of each band and another custom kernel carries out the computation of the zero mean image. Fig. 1 depicts the steps of the CUDA implementation, clearly pointing out memory transfers.
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Figure 1 – CUDA implementation diagram. Functions are indicated in italic, while data instances are indicated in normal font.
3.4 OpenCL implementation
OpenCL is a framework for heterogeneous computing. Similarly to CUDA, it adopts a model where a host processor executes the sequential code parts, while the intrinsically parallel code sections are processed by a device. In this scenario, a device is, typically, a GPU (not necessarily developed by NVIDIA) or a multi-core CPU. The approach adopted for this implementation is the same of CUDA, since we initially transfer the image to the device memory and perform the computation for obtaining the CM and VM matrices. It is important to notice that we cannot use the CuBLAS library in this case and we chose to write OpenCL kernels by hand. This choice is related to the fact that we want to develop a code that is as portable as possible to different OpenCL platform. However, for obtaining better performance on different devices, we needed to develop two different OpenCL codes. The first one targets GPUs platform and uses OpenCL APIs that allow data transfers from the host memory to the device memory. The latter targets multi-core devices and GPUs that share memory with the host. In this scenario, it is not necessary to transfer data, since it is possible to share data stored in the unified memory. Therefore, we chose to use OpenCL APIs that do not cause a data transfer, but automatically share data pointers between host and device. We highlight that the steps performed on the device are conceptually the same described for the CUDA implementation. OpenCL is a framework that makes of portability the major point of strength, so we decide not performing device specific optimizations.
3.5 Python implementation
Finally, we carried out parallel versions through the popular Python language. The first one exploits the NumPy package [18], while the latter exploits NVIDIA GPUs through the PyCuda package [19]. NumPy contains routines for both matrix multiplication and eigenvalues computation. NumPy is based on BLAS library, so it automatically exploits multi-core processors. This drastically improve code development times, since our code simply calls pre-built functions.
For what concerns PyCuda, the Reikna package [20], which contains highly optimized GPU algorithms, has been used to perform the matrix multiplication. We used these functions for carrying out the most expensive code parts. In addition, in this case, the code development was faster, since all the necessary functions are available in the packages.
However, it is important to highlight that, as discussed in the next section, Python and PyCuda performance are lower than CUDA.
4. Experimental results
The set of synthetic images, used for profiling the MATLAB code of HFC-VD has also been used to validate the code. In particular, we developed a serial C version, to serve as a fair comparison with the OpenMP, CUDA, OpenCL and Python applications. It is important to highlight that the MATLAB reference code and all our versions produce the same results for all the images (both real and synthetic ones). The real images used in our testing phase are a Hydice image collected over a forest (referred to as Hydice in the following), five AVIRIS scenes, two ROSIS images and one EO-1 scene. The five AVIRIS images are: the well-known Cuprite mining district, the World Trade Center, the Kennedy Space Center, the Indian Pines over the test site of Indiana and a Salinas Valley scenes (referred to in the following as Cuprite, WTC, KSC, Indian Pines and Salinas, respectively). The ROSIS images are acquired over the center of the Pavia city in Italy and over the Pavia University (referenced as PaviaC and PaviaU in the following). The EO-1 image was acquired over Okavango Delta, Botswana (referenced as Botswana in the following). Moreover, we used two images, obtained by joining multiple Indian Pines images (indicated in the following as Indian Pine_EW-line_R and Indian Pine_NS-line).
The number of pixels in the synthetic images ranges from 2 000 to 500 000 with the number of bands fixed to 224. The number of pixels in the real images ranges from 4 096 to 1 024 000 with a variable number of bands (from 102 to 224).
Our tests have been conducted on two different PCs. The first one (PC1) is equipped with an Intel i7 3770 processor (4 physical cores) working at 3.40 GHz, with 8 GB of DDR3 RAM. The processor is connected to an NVIDIA Tesla K40 GPU through a PCI-express 2.0 bus. The GPU is equipped with 2880 CUDA cores working at 875 MHz, with 12 GB of DDR5 RAM and a bandwidth of 288 GB/s. The second PC (PC2) is equipped with an Intel i7 6700 processor working at 3.40 GHz, with 32 GB of DDR4 RAM. The processor also integrates a graphics module, called Intel HD Graphics 530 Skylake GT2 equipped with 192 shade units working at 300 MHz. The processor is also connected to an NVIDIA GTX 1060 GPU through a PCI-express 3.0 bus. The GPU has 1152 cores working at 1.5 GHz, with 3 GB of DDR5 RAM and a bandwidth of 192 GB/s. All the features of those two systems are summarized in table I. 
Table I – Systems features.
	
	PC1
	PC2

	
	Intel i7 3770
	Tesla K40
	Intel i7 6700
	HD Graphics 530
	GTX 1060

	Cores number
	4
	2880
	4
	192
	1152

	RAM [GB]
	8
	12
	32
	-
	3

	Working frequency [GHz]
	3.40
	0.875
	3.40
	0.300
	1.5



We developed and tested all the versions (both serial and parallel) under 64 bit Microsoft Windows 10. We compiled the code using the vc140 compiler under Microsoft Visual Studio 2015 integrated development environment. The CUDA environment 8.0 is used for the GPU version. Concerning Python, we used the 3.5 version. 
We use optimization flags such as /Ox to perform advanced optimization and we included the SSE2 advanced instruction dataset for maximizing serial code execution speed. Moreover, we enable the OpenMP 2.0 support for the parallel CPU version using the flag /openmp. We measured execution times using suitable functions such as ompgetwtime for the parallel version of the C code. We tested the serial, OpenMP, CUDA, OpenCL, Phyton and PyCuda versions on PC2, while we did not test OpenCL on PC1 since it has an old hardware that does not fully support this paradigm.
Tables II and III report the processing time for real images obtained with PC1 and PC2, respectively. The speed-up compared to the serial implementation is indicated between brackets.
Table II – Processing times for real images on PC1.
	Image
	Size [MB]
	Serial [s]
	OpenMP [s]
	CUDA [s]
	Python[s]
	PyCuda [s]

	Hydice
	2.64
	0.197
	0.098 (2.01x)
	0.023 (8.52x)
	0.032 (6.17)
	0.103 (1.91x)

	Indian Pines
	17.64
	1.596
	0.711 (2.24x)
	0.062 (25.74x)
	0.270 (5.9x)
	0.133 (12.0x)

	Cuprite
	34.24
	2.605
	1.035 (2.52x)
	0.062 (40.01x)
	0.499 (5.22x)
	0.180 (14.47x)

	PaviaU
	81.49
	3.401
	2.954 (1.51x)
	0.077 (44.17x)
	0.624 (5.45x)
	0.244 (13.93x)

	Salinas
	94.94
	8.639
	4.528 (1.90x)
	0.165 (52.36x)
	1.304 (6.625x)
	0.296 (29.18x)

	Botswana
	209
	13.628
	11.677 (1.17x)
	0.200 (68.14x)
	2.419 (5.63x)
	0.474 (28.75x)

	KSC
	211.06
	16.734
	13.689 (1.22x)
	0.233 (71.82x)
	2.642 (6.33x)
	0.510 (32.81x)

	WTC
	268.63
	27.071
	23.082 (1.17x)
	0.358 (75.62x)
	4.878 (5.54x)
	0.671 (40.34x)

	PaviaC
	398.44
	22.542
	17.654 (1.28x)
	0.345 (65.34x)
	3.431 (6.57x)
	0.802 (28.11x)

	Indian Pines-EW_lineR
	952.25
	97.290
	91.154 (1.07x)
	2.740 (35.51x)
	16.693 (5.82x)
	3.240 (30.03x)

	Indian Pines-NS_line
	1379.94
	141.184
	127.080 (1.11x)
	7.631 (18.50x)
	26.485 (4.95x)
	9.182 (15.38x)



Table III – Processing times for real images on PC2.
	Image
	Size [MB]
	Serial [s]
	OpenMP [s]
	CUDA [s]
	Phyton [s]
	PyCuda [s]

	Hydice
	2.64
	0.289
	0.082 (3.52x)
	0.035 (8.26x)
	0.041 (7.05x)
	0.120 (2.41x)

	Indian Pines
	17.64
	2.360
	0.627 (3.76x)
	0.119 (19.83x)
	0.363 (6.50x)
	0.208 (11.35x)

	Cuprite
	34.24
	3.880
	0.857 (4.53x)
	0.130 (29.85x)
	0.506 (7.67x)
	0.239 (16.23x)

	PaviaU
	81.49
	4.941
	2.083 (2.37x)
	0.226 (21.86x)
	0.734 (6.73x)
	0.354 (13.96x)

	Salinas
	94.94
	13.077
	3.124 (4.19x)
	0.389 (33.62x)
	1.853 (7.06x)
	0.480 (27.24x)

	Botswana
	209
	17.548
	7.635 (2.30x)
	0.534 (32.86x)
	2.568 (6.83x)
	0.756 (23.21x)

	KSC
	211.06
	21.235
	8.961 (2.37x)
	0.520 (40.84x)
	2.952 (7.19x)
	1.183 (17.95x)

	WTC
	268.63
	36.068
	16.013 (2.25x)
	0.995 (36.25x)
	5.288 (6.82x)
	1.107 (32.58x)

	PaviaC
	398.44
	24.133
	11.783 (2.05x)
	0.838 (28.80x)
	3.628 (6.65x)
	1.258 (19.18x)

	Indian Pines-EW_lineR
	952.25
	121.513
	65.889 (1.84x)
	2.991 (40.63x)
	18.558 (6.55x)
	3.522 (34.50x)

	Indian Pines-NS_line
	1379.94
	176.023
	91.472 (1.92x)
	7.838 (22.46x)
	27.508 (6.40x)
	8.203 (21.46x)



Table IV shows the processing times obtained by the OpenCL implementation considering different devices. It must be noted that the reported times are obtained considering the best OpenCL implementation for the considered device (the Intel i7 6700 CPU referenced as CPU, the Intel HD Graphics 530 referenced as GPU1 and the NVIDIA GTX 1060 referenced as GPU2). 
Table IV – OpenCL processing times.
	Image
	GPU2 [s]
	GPU1 [s]
	CPU [s]

	Hydice
	0.194
	0.147
	0.170

	Indian Pines
	0.573
	0.386
	0.595

	Cuprite
	0.976
	0.937
	0.924

	PaviaU
	1.258
	2.441
	3.546

	Salinas
	3.280
	3.441
	3.539

	Botswana
	4.514
	4.585
	5.357

	KSC
	5.585
	5.632
	6.181

	WTC
	8.310
	8.632
	9.091

	PaviaC
	6.225
	6.800
	7.240

	Indian Pines-EW_lineR
	30.622
	31.504
	37.420

	Indian Pines-NS_line
	49.247
	52.821
	54.380



For what concerns synthetic images, the processing times are shown in Fig. 2 using a logarithmic scale. For clarity of interpretation, we only show results related to the best implementations, compared with the serial one. In all the cases, the reported times are obtained as the mean of multiple execution, with a standard deviation less than 1%.
[image: ]
Figure 2 – Processing times for the synthetic images.
5. Discussion
In this section, we conduct an exhaustive analysis and comparisons between the proposed versions, together with the works available in the literature. We also describe a careful profiling carried out for the CUDA version, which is the one that reaches the best performances in terms of processing times.
It is important to highlight that a typical hyperspectral sensor acquires about 140 MB of data in less than 5 s, so this is the threshold for real-time processing.
[bookmark: _GoBack]As shown in Tables II, III and IV, the CUDA implementation on the NVIDIA Tesla K40 board achieves the best performance. On this board, the PyCuda implementation achieves higher processing times than the CUDA one. This is due to the fact that the Reikna library is not as optimized as CuBLAS; moreover Python has a higher level of abstraction and memory transfers are managed by the functions and not directly by the programmer. The Hydice image is an exception for what concerns Python and PyCuda performance. This is the only image where Python is faster than PyCuda. This is due to the fact that NumPy has different optimizations with respect to Reikna, so it is more performant on smaller images. It is important to notice that this behavior is only shown with the Hydice image, which is the smallest one of the dataset.
The OpenMP version does not take advantage of the multi-core CPU as NumPy does. However, it is important to highlight that NumPy is based on highly optimized parallel functions; instead, the OpenMP version uses routines written by hand. The OpenCL version performs worst than the other, except OpenMP. The explanation is that the kernel is the same for all the devices, without device-specific optimizations. This choice is due to the fact that we want to develop an OpenCL code as portable as possible.
Our time execution analysis highlights that the proposed CUDA implementation outperforms the other versions. It is important to notice that this version is also real-time compliant. For example, WTC acquisition time is about 5 s, while we process it in about 0.358 s. On the other hand, the two synthetic Indian Pines images are five and six times bigger than WTC, respectively, so it is possible to assume that they are acquired in about 30 s. Also under this hypothesis the proposed implementation is real-time compliant. Moreover, for the two biggest images, the speedup is of about one order of magnitude with respect to serial and OpenMP implementation. CUDA also outperforms Python based versions.
We also perform code profiling using NVIDIA Visual Profiler, for characterizing the different activity performed while using the GPU. For both considered GPUs we found that the memory transfers took a time that ranges, in percentage, from 30% to 10%, while the effective computation took from 70% to 90%. Memory transfers have bigger impact on the total processing time when considering smaller images, since the time needed to transfer the data is close to the effective computation time. 
We chose to evaluate two different platforms (PC1 and PC2) in order to characterize the performance of two different kinds of GPUs. The NVIDIA Tesla K40 is based on the Kepler architecture and has been designed for scientific computations. Instead, the NVIDIA GTX 1060 is a more modern GPU, based on the Pascal architecture, and is a general purpose device, not optimized for scientific applications. 
In the literature, to the best of our knowledge, the most recent works about real-time estimation of the number of endmembers are [10], [15] and [21].
Authors of [15] proposed a FPGA based implementation of HFC-VD algorithm. They used a Xilinx Virtex 7 XC7VX690T FPGA. The designed architecture works at the frequency of 75 MHz. Experiments have been conducted using the Cuprite and the WTC images. For Cuprite, the processing took about 1.64 s, while for WTC it took 4.26 s. Our implementation outperforms this one, since, for the same computation, we need 0.062 s and 0.358 s, respectively. 
The speedup of our implementation with respect to the work proposed in [15] is about 26 for the Cuprite and 4.5 for the WTC. It is important to notice that both works are real-time compliant. However, for what concerns the WTC image, the constraint of processing the image in less than 5 seconds (required for real-time performance) is respected but with a smaller margin than our implementation. This is a critical issue, since the estimation of the number of endmembers is often the first step for further processing steps such as hyperspectral unmixing or hyperspectral data compression. 
Regarding the work proposed in [10], the number of endmembers estimation is performed using hyperspectral subspace identification with minimum error (HySime). Authors evaluated different technologies: multicore CPUs and DSPs and GPUs. The best performance is obtained using the Automatically Tuned Linear Algebra Software (ATLAS) library, which exploited multicore CPUs. They reported results for the Cuprite image, whose processing took about 0.549 s. Our implementation is about 8 times faster than the one proposed in [10]. This is due to the fact that HFC-VD algorithm has lower complexity than HySime, but also to the solutions carried out in our implementation for achieving real-time elaboration (i. e. CuBLAS library and eigenvalues computation method).
For what concerns the work reported in [21], authors introduced both VD and HySime implementation on an NVIDIA GTX 580 GPU. Experimentation have been conducted on the Cuprite and WTC images. The reported times are of 0.43 s and 1.07 for the VD algorithm and of 1.29 s and 2.81 s for HySime. In both cases we outperform the implementations proposed in [21]. Moreover, it is important to highlight that authors of [21] adopted single precision floating point arithmetic, while we adopted double precision floating point arithmetic, in order to provide accurate results even using bigger images. As already said in Section 3.1, our tests show that single precision floating point arithmetic is not adequate for images bigger than 50 MB.  
  
6. Conclusion
In this paper, we present several new parallel implementations of the well-known HFC-VD algorithm for estimation of endmembers number. The best version exploits NVIDIA CUBLAS using CuBLAS library for performing general matrix multiplication operations, which are the most time-consuming code parts. We presented a code profiling that motivates our design choices, i.e. which computations to perform on the GPU and which ones to perform on CPU. Our tests have been conducted using both synthetic and real images. 
Our obtained results show the effectiveness of our implementation, that is real-time compliant. 
This is a very important contribution, since it allows executing the estimation of endmembers (an important step for hyperspectral unmixing) in computationally efficient form. 
We also compared our work with recent ones [10], [15], [21], showing that our implementation is faster than those proposed in these works. In particular, we showed that our GPU implementation outperforms other implementations based on FPGAs and multicore CPUs concerning the estimation of the number of endmembers. 
Future works will be focused on developing further algorithms on GPUs and building fully customizable analysis chains, such as the one proposed in [22]. Moreover, we will exploit multi-GPU systems for allowing fast and complex analysis of hyperspectral images, such as unmixing, classification and compression.
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