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Abstract
This paper focuses on the study of multistage stochastic vector generalized quasi-variational
inequalities with a variable ordering structure. The proposed multistage stochastic vector
quasi-variational problems are defined in a suitable functional setting relative to a finite set
of final possible states and certain information fields; these formulations are a multicriteria
extension of the multistage stochastic variational inequalities. A relevant aspect of these
problems is the presence of the nonanticipativity constraints on the variables of the problem;
stage by stage, these constraints impose themeasurabilitywith respect to the information field
at that stage. Without requiring any assumption of monotonicity, we prove some existence
results by using a nonlinear scalarization technique. On this basis, we analyze multistage
stochastic vectorNash equilibriumproblems: as an example,we focus on a suitablemultistage
stochastic bicriteria Cournot oligopolistic model.

Keywords Multistage stochastic vector variational inequality · Nonlinear scalarization
function · Nonanticipativity · Variable ordering structure · Generalized Nash-Cournot game

1 Introduction

Introduced by Stampacchia and Fichera in 1964, variational inequalities theory has its origins
in the calculus of variations. Thereafter, it was soon recognized its role in the formulation of
the quantitative and qualitative analysis of several mathematical problems such as optimiza-
tion problems, equilibrium problems, complementary and fixed point problems. Nowadays,
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the variational inequalities theory unifies a large range of applications arising in economics,
finance, management, game theory, control theory, operations research, and several branches
of engineering sciences. In 1980,Giannessi [18] introduced the concept of a vector variational
inequality in a finite-dimensional space. In the last decades, vector variational inequalities
have been intensively studied by several authors in different settings in relation to vector
optimization, vector equilibrium, and the duality theory; see, e.g., [2, 13, 32] and references
therein.

However, although some practical problems involve only deterministic data, in most
real-world applications there are many important cases where problem data contain some
uncertainty and randomness. Moreover, in many real-life applications, a decision-maker has
to make sequential decisions, motivating the interest in stochastic variational problems of
multistage nature as a natural extension of deterministic variational inequalities. Indeed, to
capture the dynamics that are essential to stochastic decision processes in response to an
increasing level of information, Rockafellar and Wets [27] introduced a multistage stochas-
tic variational problem. This formulation provides innovative and flexible tools to study
real-life problems complicated by time, uncertainty, risk and allows us to capture the role
of information in the recursive decision processes; see, e.g., [15, 20, 22, 29]. The key con-
cept of this new formulation turns out to be the nonanticipativity: some constraints have to
be included in the formulation of the problem to take into account the partial information
structure progressively revealed. To our knowledge, however, a multicriteria counterpart of
a multistage stochastic variational problem is not present in the literature; in many real-life
applications, such an extension would come in handy and/or necessary. Indeed, it is easy to
imagine real-life situations in which a decision-maker, stage by stage, has to make oppor-
tune choices under several different criteria, uncertain conditions, and partial information.
Motivated by this fact, the aim of this paper is to deal with the analysis of such a multicrite-
ria generalization that could pave the way to a wide range of possible applications with an
approach that is closer to the real-life mechanisms. Following this spirit, we introduce the
study of multistage stochastic Nash equilibrium problems with vector-valued payoff func-
tions and variable ordering structures as a suitable multicriteria extension of the multistage
stochastic Nash equilibrium problems considered in [27]. In doing this, we are inspired by
[1, 3]: in the quoted papers, the authors propose the study of deterministic vector Nash equi-
librium problems with different approaches and assumptions on the structure of the problem.
In addition, as a practical application, we analyze a suitable multistage stochastic bicriteria
generalized Nash-Cournot game. We recall that the Cournot oligopolistic model is one of
the most widely used modelizations to study strategic interactions among non-cooperative
firms: classical real-world applications regards the study of electricity markets problems, gas
markets problems, etc; see, e.g., [24, 25] and the references therein. Moreover, the use of a
vector-valued payoff function could allow us to take into account the well-known approach
of the managerial theory of the firm, where the objectives of the management do not always
coincide with the aims of the shareholders; see, e.g., [6].

We focus on the study of multistage stochastic vector generalized quasi-variational
inequalities with a variable ordering structure. Formally, a variable ordering structure is
a set-valued map with conic values, hence each element of the domain is associated with an
order. The idea of variable ordering structures was firstly introduced by Yu [31] in terms of
domination structures: it is a generalization of the fixed domination structure in multicriteria
decision-making problems. Thereafter, this concept attracted an increasing interest leading to
its theoretical development in different settings; see, e.g., [13, 14, 19] and references therein.
This is due to the fact that, in real-life problems, a variable ordering structure better reflects
the features of a problem than a corresponding formulationwith a constant ordering structure:
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important applications arise in economics, decision theory, portfolio management, medicine,
etc; see, e.g, [30] and references therein. However, it is important to avoid the requirement
of unduly restrictive conditions on such set-valued maps with conic values.

A powerful approach used for analyzing a vector formulation is to reduce it to an easier
scalar problem. Several scalarization methods have been introduced in the literature; see,
e.g., [2]. Here, we focus on nonlinear scalarization methods. The original version of the
nonlinear scalarization function used in this work is due to Gerstewitz [17]. Thereafter,
several versions have been proposed in the literature to generalize the original formulation;
see, e.g., [13, 30]. This is motivated by the fact that nonlinear scalarization functions allow us
to analyze various nonconvex problemswithmultiple objectives. In this paper, we adapt to our
framework the scalarization function introduced in [12] to study multistage stochastic vector
quasi-variational problems without requiring any monotonicity condition on the principal
operator.

The paper is organized as follows. Section2 is devoted to the introduction of some pre-
liminary notions and the multistage-functional framework in which we operate. This allows
us, in Sect. 3, to generalize, in a multicriteria setting and with variable ordering structures,
the multistage stochastic variational inequalities, in basic and extensive form, introduced by
Rockafellar and Wets [27]. In particular, the variable ordering structure C(·), built on the
functional space LP , where the extensive form of the problem is embedded, is transformed
into a corresponding variable ordering structure D(C(·)) on R

P , used in the corresponding
basic form. Under suitable assumptions, the solutions of a vector variational formulation in
the extensive form are linked with those of the corresponding problem in the basic form.
Subsequently, in Sect. 4, a nonlinear scalarization function is introduced in our functional
setting with a variable ordering structure. In particular, to reduce the requirements on the
variable ordering structures, we make use of the concept of cosmically upper continuity
rather than the classical upper semicontinuity. On this basis, a multistage stochastic vector
quasi-variational problem is opportunely studied by the scalarization procedure introduced.
To support our results, in Sect. 5, multistage stochastic Nash equilibrium problems with
vector-valued payoff functions and variable ordering structures are considered; moreover,
as an application of interest, a suitable multistage stochastic bicriteria Cournot oligopolistic
model is analyzed. Finally, a section with the conclusions is given.

2 Preliminary notions

This paper aims to generalize the multistage stochastic variational formulations introduced
in [27] to deal with multicriteria problems. To this goal, for the convenience of the reader,
some preliminary notations, definitions, and tools are recalled.
Let X be a finite-dimensional Hilbert space, 〈·, ·〉 be the corresponding inner product, and
B(0, 1) be the closed unit ball of X . We denote by intA, clA and convA, respectively, the
interior, the clousure, and the convex hull of a set A ⊆ X . Let T ⊂ X be a proper, convex,
and closed cone with intT �= ∅; then, T induces a partial ordering in X so that, for any
x, y ∈ X , the following holds:

x <T y ⇔ y − x ∈ int T and x �<T y ⇔ y − x /∈ int T .

Let X and Y be finite-dimensional Hilbert spaces and Γ : X ⇒ Y be a set-valued map. We
recall some classical definitions thatwewill use in the sequel; for further details, the interested
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reader can refer to [2, 7, 14] and the references therein. A set-valued map Γ : X ⇒ Y is said
to be

• Lower semicontinuous at x ∈ X if for any sequence {xn}n∈N ⊂ X , with xn → x , and
for any y ∈ Γ (x), there exists a sequence {yn}n∈N ⊂ Y , with yn ∈ Γ (xn) for any n ∈ N

and yn → y.
• Upper semicontinuous at x ∈ X if for any open set V in Y containing Γ (x), there exists

an open neighborhood U of x in X such that Γ (x̂) ⊆ V for all x̂ ∈ U .
• Closed at x ∈ X if for any sequences {xn}n∈N ⊂ X , {yn}n∈N ⊂ Y , with xn → x ,

yn ∈ Γ (xn) and yn → y, then y ∈ Γ (x).

We point out that the condition of upper semicontinuity is unduly restrictive for set-valued
maps with conic values; see, e.g., [9, 14]. To overcome this problem, the following concepts
were introduced and analyzed in [21]: Γ : X ⇒ Y is said to be

• Cosmically upper continuous at x ∈ X if the mapping x → Γ (x) ∩ B(0, 1) is upper
semicontinuous at x ∈ X .

• Cosmically closed at x ∈ X if the mapping x → Γ (x) ∩ B(0, 1) is closed at x ∈ X .

From (vi) of Proposition 2.1 in [21], Γ is cosmically closed at x ∈ X if and only if it is
closed at x ∈ X . In general, instead, the cosmical upper continuity of Γ does not imply its
upper continuity; for further details, the interested reader can refer to [14, 21].

2.1 The scalar case: time-uncertainty-information structure and functional space

To study multicriteria multistage problems under uncertainty and partial information, we
preliminarily introduce a suitable multistage-functional framework in which we operate; for
further details, the interested reader can refer to [22, 27].

Let T := {1, . . . , t, . . . , T } and T0 := {0} ∪ T be a finite sets of stages, respectively,

without andwith the initial stage. At each stage t ∈ T ,�t :=
{
ξ1t , . . . , ξ

kt
t

}
=

{
ξ
jt
t

}
jt=1,...,kt

denotes a finite set of all uncertain situations that could occur, while ξ0 represents the unique
initial situation. Let us consider the following sample space:

Ω := {ξ0} × �1 × · · · × �t × · · · × �T such that

ω := (ξ0, ξ
j1
1 , . . . , ξ

jt
t , . . . , ξ

jT
T ) ∈ {ξ0} × �1 × · · · × �t × · · · × �T ,

whereΩ is the finite set of all scenarios, that is, the possible occurrences on the entire history.
Let P = (π(ω))ω∈Ω be a probability measure on Ω such that each ω has an assigned strictly
positive probability π(ω). Let

x := (x0, x1, . . . , xt , . . . , xT ) ∈ R
G0 × R

G1 × · · · × R
Gt × · · ·RGT = R

G ,

where G := G0 + G1 + . . . + Gt + . . . + GT . Then, the following T + 1-stage pattern is
considered

(ξ0, x0), (ξ
j1
1 , x1), . . . , (ξ

jt
t , xt ), . . . , (ξ

jT
T , xT ),

where ξt ∈ �t stands for the information revealed at the t-th stage when the decision xt has
to be made. To opportunely formalize the recursive nature of such a decision process, the
introduction of suitable information fields is needed.

Definition 1 A family of information-partitions of Ω is P := {Ft }t=0,...,T where, for all

t ∈ T0, Ft :=
{
F1
t , . . . , Fkt

t

}
=

{
F jt
t

}
jt=1,...,kt

is a partition of Ω such that
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(i) F0 = {Ω};
(ii) for all t = 1, . . . , T , Ft+1 ⊂ Ft , that is: if F jt+1

t+1 ∈ Ft+1 ⇒ F jt+1
t+1 ⊂ F jt

t for some

F jt
t ∈ Ft ;

(iii) FT = Ω .

For all t ∈ T0, the set F jt
t is called elementary event and the partition Ft is called event.

If two scenarios ωs, ωc ∈ Ω are in the same set F jt
t ∈ Ft , then they are indistinguishable

at stage t on the basis of available information: since they share the same path up to stage t ,
the known information is the same, that is

ωs = (ξ0, ξ
j1
1 , . . . , ξ

jt
t , ξ st+1, . . . , ξ

s
T ) and ωc = (ξ0, ξ

j1
1 , . . . , ξ

jt
t , ξ ct+1, . . . , ξ

c
T ).

To study this time-uncertainty-information structure, in [27] the authors consider the
following linear functional space

LG (Ω,P) :=LG =
{
the collection of all functions x : Ω → R

G
}

=
∏
t∈T0

LGt =
∏
t∈T0

{
the collection of all functions xt : Ω → R

Gt
}

equipped with the following expectational inner product and the associated norm

〈〈x, y〉〉 := E[〈x, y〉] =
∑
ω∈Ω

π(ω)〈x(ω), y(ω)〉, ‖x‖ := (E[〈x, x〉]) 1
2 , (1)

where, for all ω ∈ Ω , x(ω) = (xt (ω))t∈T0 , y(ω) = (yt (ω))t∈T0 , and 〈·, ·〉 identifies the
classical inner product in the G-dimensional Euclidean space; hence, such a structure makes
LG a finite-dimensional Hilbert space.

Definition 2 Given the information-partitions P = {Ft }t∈T0 of Ω , let Ft̄ ∈ P . We say that
x ∈ LG is Ft̄ -measurable with respect to P if, for all jt̄ = 1, . . . , kt̄ , it holds:

∀ωs, ωc ∈ F j
t̄ xt (ωs) = xt (ωc) ∀t = 0, . . . , t̄ .

We say that x ∈ LG is measurable if it is Ft -measurable for all Ft ∈ P and t ∈ T0.

On the basis of Definitions 1 and 2, the following subspace is introduced

NG := {x ∈ LG : xt is Ft − measurable ∀t ∈ T0} .

It is called nonanticipativity constraints subspace and it will play a central role in the
multistage stochastic variational formulation that we are going to study. Moreover, let

MG := {ρ ∈ LG : 〈〈ρ, y〉〉 = 0 ∀y ∈ NG} = (NG)⊥

be the nonanticipativity multipliers subspace; then, according to the Riesz orthogonal decom-
position, it results

LG = NG + (NG)⊥ = NG + MG .

From now on, we pose K := {x ∈ LG : x(ω) ∈ K (ω) ∀ω ∈ Ω}, with K (ω) ⊆ R
G

nonempty, convex, and closed for each ω ∈ Ω . So, in this multistage-functional framework,
Rockafellar and Wets introduced in [27] the following stochastic variational problems.
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Definition 3 Let Φ : LG → LG such that, for each x ∈ LG and ω ∈ Ω , it results
Φ(ω, x(ω)) ∈ R

G . A multistage stochastic variational inequality in basic form, associated
with Φ and K, is the following problem:

find x̄ ∈ K ∩ NG such that 〈〈Φ(x̄), x − x̄〉〉 ≥ 0 ∀x ∈ K ∩ NG; (2)

whereas, a multistage stochastic variational inequality in extensive form, associated with Φ

and K, is the following problem:

find x̄ ∈ NG such that ρ̄ ∈ MG so that

∀ω ∈ Ω 〈Φ(ω, x̄(ω)) + ρ̄(ω), x(ω) − x̄(ω)〉 ≥ 0 ∀x(ω) ∈ K (ω). (3)

Under suitable conditions, a vector is a solution of the basic formulation (2) if and only
if it is a solution of the extensive problem (3); see Theorem 3.2 in [27]. In particular, the
multistage stochastic variational inequality (3) turns out to be relevant from an applicative
point of view, in terms of computation of the solution; see, e.g., [28].

3 Multistage stochastic vector quasi-variational problems

In this section, we aim to formalize a multicriteria extension of the multistage stochastic
variational problems introduced in Definition 3. In particular, since such an extension is
proposed to study applicative problems as close as possible to the dynamics leading the
choices in the real-world, we focus on the study of multistage stochastic vector variational
problems with variable ordering structure. Formally, a variable ordering structure is a set-
valuedmapwith conic values such that each element of its domain is associatedwith an order:
in real-life problems (such as, for instance, in portfolio management, location problems,
medical image registration, etc.), a variable ordering structure better reflects the features of
a problem than a corresponding formulation with a constant ordering structure; see, e.g., [8,
14, 30].

3.1 Variable ordering structures

Let P := {1, . . . , p, . . . , P} be a finite set of criteria. With respect to the functional space
LG , we introduce the variable ordering structures C : LG ⇒ LP as follows:

∀x ∈ LG , C(x) := {z ∈ LP : z(ω) ∈ C(x(ω)) ∀ω ∈ Ω} , (4)

where C(x(ω)) ⊂ R
P is a proper, convex, and closed cone with int C(x(ω)) �= ∅. Hence,

for each x ∈ LG and ω ∈ Ω , (RP ,C(x(ω))) is a quasi-ordered space. In this way, for each
x ∈ LG , it follows that (LP , C(x)) is a quasi-ordered space.

In the sequel, we are going to work with expected values in R
P : starting from C, we are

going to build a variable ordering structure that is suitable to formulate the basic form of
a multistage stochastic vector quasi-variational problem by means of a vector of expecta-
tional inner products in R

P . Hence, starting from the original variable ordering structure
C : LG ⇒ LP with values in the functional space LP , we consider a coherent variable
ordering structure D(C) in the form of a set-valued map from LG to R

P . To this aim, we
consider the transformation

D : LP → R
P such that z → D(z) := ẑ =

∑
ω∈Ω

π(ω)z(ω). (5)
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Then, we introduce the following set-valued map

D(C) : LG ⇒ R
P such that x → D(C(x)), (6)

where D(C(x)) ⊂ R
P is a proper, convex, and closed cone with int D(C(x)) �= ∅. In

particular, for each x ∈ LG , (RP ,D(C(x))) is a quasi-ordered space. Hence, in order to work
in a framework of expected values, we opportunely switch from (LP , C(x)) to (RP ,D(C(x)))
by means of the linear transformation (5).

Moreover, let A ⊆ LP be nonempty. We introduce the following set:

Ã := {z ∈ A :
∑
ω∈Ω

π(ω)z(ω) = 0P }. (7)

We point out that, if A = LP , it follows that Ã = ker D.

Lemma 1 For any x ∈ LG, let (LP , C(x)) and (RP ,D(C(x))) be two quasi-ordered spaces
defined, respectively, throughout (4) and (6). Then, for each z ∈ A, it holds:

z <C(x) 0P ⇒
∑
ω∈Ω

π(ω)z(ω) <D(C(x)) 0P .

The converse implication holds, if Ã ⊆ C(x).

Proof Firstly, we observe that

z <C(x) 0P ⇔ ∀ω ∈ Ω , z(ω) <C(x(ω)) 0P .

For each x ∈ LG , since int C(x) �= ∅, it results that int C(x) = relint C(x); see, e.g., [26].
Then, from Lemma 2.1 (iii) in [10], it follows that

∀ω ∈ Ω , −z(ω) ∈ int C(x(ω)) ⇒ −
∑
ω∈Ω

π(ω)z(ω) ∈ D(int C(x))

⇒ −
∑
ω∈Ω

π(ω)z(ω) ∈ intD(C(x)),

that is,
∑

ω∈Ω π(ω)z(ω) <D(C(x)) 0P . Conversely, let us suppose that−∑
ω∈Ω π(ω)z(ω) ∈

intD(C(x)); since Ã ⊆ C(x), it follows that

−z ∈ int C(x) + Ã ⊆ int C(x) + C(x) ⊆ int C(x);
hence, z <C(x) 0p . ��

3.2 Vector variational formulations

Starting from Definition 3, we use the set-valued map (6) in order to formally introduce the
basic and the extensive formulation of a multistage stochastic vector generalized quasi-
variational inequality: each formulation corresponds to a multicriteria extension of the
corresponding multistage stochastic variational problem in which the principal operator is a
set-valued map and the constraint set is subject to modifications depending on the considered
point.

Preliminarily, let L(LG ,LP ) be the space of all continuous linear operators from LG to
LP , we introduce

Φ := (Φ1, . . . , Φp, . . . , ΦP ) : LG ⇒ L(LG ,LP ), (8)
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where Φp : LG ⇒ LG for each p ∈ P . In particular, we can rewrite the set-valued map (8)
as

Φ : Ω × R
G ⇒ L(RG ,RP ) so that Φ(ω, ·) : RG ⇒ L(RG ,RP ) and

Φ(·, x(·)) : Ω ⇒ L(RG ,RP );
hence, for each ϕ(ω) ∈ Φ(ω, x(ω)), it follows that ϕ(ω) is an P × G matrix. Moreover, we
consider S : K ⇒ K as the set-valued map such that, for any x ∈ K, S(x) is defined as

S(x) : Ω ⇒ R
G such that ω → S(x)(ω) := S(ω, x(ω)) ⊆ K (ω).

Let 〈〈·, ·〉〉P be a P-dimensional vector such that each component is an expectational inner
product defined as in (1); then, we can now formally introduce a multicriteria extension of
Definition 3.

Definition 4 (Basic Form) A multistage stochastic vector generalized quasi-variational ine-
quality in basic form, associated with Φ and S, is the following problem:

find x̄ ∈ S(x̄) ∩ NG such that ∃ϕ ∈ Φ(x̄) and 〈〈ϕ, x − x̄〉〉P /∈ − int D(C(x̄)) ∀x ∈ S(x̄) ∩ NG .(9)

In particular, since ϕ = (ϕ1, . . . , ϕp, . . . , ϕP ) ∈ Φ(x̄), it results ϕp ∈ Φp(x̄) for each
p ∈ P . Then, we can write the expectational inner product in (9) in the following explicit
way:

〈〈ϕ, x − x̄〉〉P := (〈〈ϕ1, x − x̄〉〉, . . . , 〈〈ϕp, x − x̄〉〉, . . . , 〈〈ϕP , x − x̄〉〉)

=
(∑

ω∈Ω

π(ω)〈ϕp(ω), x(ω) − x̄(ω)〉
)

p∈P

.

If S(x) ∩ NG = K ∩ NG for each x ∈ K, problem (9) reduces to a multistage stochastic
vector generalized variational inequality; if Φ is single-valued, problem (9) reduces to a
multistage stochastic vector quasi-variational inequality; if both Φ(x) is a singleton and
S(x)∩NG = K∩NG , for each x ∈ K, problem (9) reduces to amultistage stochastic vector
variational inequality.

Furthermore, we introduce the extensive formulation of a multistage stochastic vector
quasi-variational problem, which may be useful for computational purposes. Such a formu-
lation enables the decomposition of the basic form problem (9) into a separate problem for
each scenario.

Definition 5 (Extensive Form) A multistage stochastic vector generalized quasi-variational
inequality in extensive form, associated with Φ and S, is the following problem:

find x̄ ∈ S(x̄) ∩ NG such that ∃ϕ ∈ Φ(x̄) and ρ̄ ∈ MG so that

∀ω ∈ Ω 〈ϕ(ω) + ¯̄ρ(ω), x(ω) − x̄(ω)〉P /∈ − int C(x̄(ω)) ∀x(ω) ∈ S(ω, x̄(ω)), (10)

where ¯̄ρ(ω) is a P × G matrix whose rows are all copies of ρ̄(ω).

We point out that ρ̄ ∈ MG plays the role of a Lagrangian multiplier for the nonanticipa-
tivity constraints: for each ω ∈ Ω , the multiplier ρ̄(ω) is a G-dimensional vector. However,
in the vector variational formulation (10), ϕ(ω) is an P ×G matrix; hence, for mathematical
convenience, we introduce ¯̄ρ(ω) as the P × G matrix in which all the p rows are copies of
ρ̄(ω).
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Remark 1 If P = 1, C(x̄(ω)) is the non-negative ray for each ω ∈ Ω , Φ(x) is a singleton
and S(x) ∩ NG = K ∩ NG for each x ∈ K, then the vector variational formulations (9) and
(10) reduce, respectively, to the scalar variational problems (2) and (3).

Now, our aim is to investigate the relationships among the solutions of a vector variational
formulation in the extensive form with those of the corresponding problem in the basic form.
A solution to (9) may not be a solution to (10) even in the simplest case of a constant ordering
structure, as it is shown in the following example.

Example 1 We pose T0 = {0, 1}, Ω = {ω1, ω2}, and π(ω1) = π(ω2) = 1
2 . Let x̄ = 02, we

consider:

• for all x ∈ L2 and ω ∈ Ω , C(x(ω)) = R
2+;

• Φ : L2 → L(L2,L2) such that

Φ(ω1, x̄(ω1)) := (Φ1(ω1, x̄(ω1)),Φ2(ω1, x̄(ω1))) =
[−1 1
1 −2

]
and

Φ(ω2, x̄(ω2)) := (Φ1(ω2, x̄(ω2)),Φ2(ω2, x̄(ω2))) =
[
1 1
1 2

]
;

• for all x ∈ L2, S(x) ∩N2 = K∩N2 = K = {
x ∈ N2 : x(ω) = (x0(ω), x1(ω)) ∈ K (ω)

∀ω ∈ Ω
}
such that

K (ω1) := {x(ω1) ∈ R
2 : x0(ω1) ≥ 0 , x0(ω1) = x0

x1(ω1) ≥ 0 ,
x0
2

≤ x1(ω1) ≤ x0}
K (ω2) := {

x(ω2) ∈ R
2 : x0(ω2) ≥ 0 , x0(ω2) = x0 , x1(ω2) ≥ 0

} ;
then, it follows that x̄ ∈ K is a solution of the following multistage stochastic vector varia-
tional inequality in basic form

〈〈Φ(x̄), x − x̄〉〉2 =
(∑

ω∈Ω

π(ω)〈Φ1(ω, x̄(ω)), x(ω) − x̄(ω)〉,
∑
ω∈Ω

π(ω)〈Φ2(ω, x̄(ω)), x(ω) − x̄(ω)〉
)

= (x1(ω1) + x1(ω2), x0 − x1(ω1) + x1(ω2)) /∈ − int D(R2+) ∀x ∈ K

being that x1(ω1) + x1(ω2) ≥ 0 for all x ∈ K. However, x̄ ∈ K is not a solution of
the corresponding multistage stochastic vector variational inequality in extensive form: for
ω1 ∈ Ω and ρ̄ ∈ M2, it results

〈Φ(ω1, x̄(ω1)) + ¯̄ρ(ω1), x(ω1) − x̄(ω1)〉2
= (〈Φ1(ω1, x̄(ω1)) + ρ̄(ω1), x(ω1) − x̄(ω1)〉, 〈Φ2(ω1, x̄(ω1)) + ρ̄(ω1), x(ω1) − x̄(ω1)〉)
= (−x0 + x1(ω1), x0 − 2x1(ω1)) ∈ − int R2+ ∀x(ω1) ∈ int K (ω1),

where 〈〈ρ̄, x〉〉 = 0 for all x ∈ K.

Under some additional assumptions, we prove that a solution to (10) is a solution to (9).
In particular, let (x̄, ϕ) ∈ LG × Φ(x̄) andA(x̄) := {〈ϕ(·) + ¯̄ρ(·), x(·) − x̄(·)〉P ∈ LP : x ∈
S(x̄)

}
; then, the set in (7) is now defined as follows

Ã(x̄) := {〈ϕ(·) + ¯̄ρ(·), x(·) − x̄(·)〉P ∈ A(x̄) : 〈〈ϕ + ¯̄ρ, x − x̄〉〉P = 0P
}
. (11)

123



940 Journal of Global Optimization (2023) 86:931–952

Theorem 1 For any x ∈ LG, let (LP , C(x)) and (RP ,D(C(x))) be two quasi-ordered spaces
defined, respectively, throughout (4) and (6). Let Ã(x̄) be defined as in (11). If x̄ ∈ LG solves
(10) and Ã(x̄) ⊆ C(x̄), then x̄ solves (9).

Proof Let x̄ ∈ S(x̄) ∩ NG be a solution to (10), with ρ̄ ∈ MG the relative nonanticipativity
multiplier. We suppose that there exists x̂ ∈ S(x̄) ∩ NG such that

〈〈ϕ, x̂ − x̄〉〉P ∈ − int D(C(x̄)). (12)

Since x̂ ∈ S(x̄) ∩ NG , it follows that 〈〈 ¯̄ρ, x̂ − x̄〉〉P = 0P ; hence, from (12), it holds

〈〈ϕ + ¯̄ρ, x̂ − x̄〉〉P <D(C(x̄)) 0P . (13)

Thanks to Lemma 1, from (13) it results

∀ω ∈ Ω 〈ϕ(ω) + ¯̄ρ(ω), x̂(ω) − x̄(ω)〉P ∈ − int C(x̄(ω)). (14)

However, (14) contradicts the fact that x̄ is a solution to (10); hence, we conclude that x̄
solves (9). ��

From now on, our focus will be on the study of multistage stochastic vector generalized
quasi-variational inequalities in basic form (9). Froma theoretical andmodeling point of view,
it represents the novelty of our study due to the time-uncertainty-information structure, the
functional space, and the variable ordering structure (6) involved. Moreover, for simplicity of
notation,we denote themultistage stochastic vector generalized quasi-variational inequalities
in basic form (9) by SVGQV I (Φ,SN ), where SN : K ⇒ K is such that SN (x) = S(x) ∩
NG .

4 Nonlinear scalarization approach

In this section, we analyze a suitable scalarization method and we use it to prove the exis-
tence of solutions to a multistage stochastic vector quasi-variational problem. A fundamental
role will be played by a generalization of the well-known nonlinear scalarization function
introduced by Gerstewitz [17] in the framework of vector optimization. However, in order to
study the multistage stochastic vector quasi-variational problems introduced in the previous
section, we point out that we cannot directly apply the nonlinear scalarization technique
introduced in [12]. Indeed, in order to fit with our functional setting and with the ordering
structure (6), we set

ξ : LG × R
P → R such that ξ(x, ẑ) := inf

{
λ ∈ R : ẑ ∈ λê(x) − D(C(x))

}
, (15)

where ê : LG → R
P is defined as

ê(x) =
∑
ω∈Ω

π(ω)e(x(ω)) ∈ intD(C(x)), (16)

with e : LG → LP such that, for all x ∈ LG , e(x(ω)) ∈ int C(x(ω)) for all ω ∈ Ω .
In particular, throughout the particular construction of ê in (16) and the structure ofD(C),

relation in (15) allows us to opportunely work in an expected values framework, that is,
ξ perfectly fits with the time-uncertainty-information structure and the functional space in
which we operate.
As proved in Proposition 2.1 in [12], ξ is a well-defined function and its minimum is attained.
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Remark 2 For all x ∈ LG , if ê(x) = ê and D(C(x)) = T , then (15) reduces to

ξê(ẑ) = inf
{
λ ∈ R : ẑ ∈ λê − T

}
, (17)

that is, the original version of nonlinear scalarization function due to Gerstewitz [17].

Moreover, in our framework, we introduce some important properties on ξ .

Proposition 1 Let ξ be defined as in (15). The following statements hold:

(i) for any η ∈ R and (x, ẑ) ∈ LG × R
P , it results

ξ(x, ẑ) ≥ η ⇔ ẑ /∈ ηê(x) − int D(C(x)),

ξ(x, ẑ) ≤ η ⇔ ẑ ∈ ηê(x) − D(C(x));
(ii) for any x ∈ LG, ξ(x, ·) is positively homogenous;
(iii) for any x ∈ LG and ẑ1, ẑ2 ∈ R

P , it results

ξ(x, ẑ1 + ẑ2) ≤ ξ(x, ẑ1) + ξ(x, ẑ2) and ξ(x, ẑ1 − ẑ2) ≥ ξ(x, ẑ1) − ξ(x, ẑ2).

Proof The claims follow from Proposition 2.3, 2.4, and 2.5 in [12]. ��
At this point, we opportunely introduce the set-valued map W : LG ⇒ R

P such that
W (x) = R

P\int D(C(x)). From now on, we require the following assumptions on the vari-
able ordering structure.

Assumptions A

(A.1) intD(C)−1(r̂) = {
x ∈ LG , r̂ ∈ intD(C(x))

}
is an open set;

(A.2) D(C) is cosmically upper continuous;
(A.3) W is cosmically upper continuous.

Remark 3 For each x ∈ LG , if D(C(x)) is a constant cone, then Assumptions A.2 and A.3
are clearly satisfied.

Since D(C) and W are set-valued maps with conic values, we make use of the cosmically
upper continuity requirement in place of the classic upper semicontinuity assumption. In
particular, inExample 2.3 of [9], the authors observed that the concept of upper semicontinuity
is not appropriate to capture the behavior of set-valued maps with conic values. Recently, the
concept of cosmically upper continuity was used in the study of vector optimization problems
with variable ordering structure; see, e.g., [14].

Proposition 2 Let ξ be defined as in (15). The following statements hold:

(i) for any x ∈ LG, ξ(x, ·) is convex;
(ii) if Assumptions A.1 and A.2 are satisfied, ξ(·, ·) is lower semicontinuous;
(iii) if Assumptions A.1 and A.3 are satisfied, ξ(·, ·) is upper semicontinuous.
Proof (i) ξ(x, ·) is convex. Let ẑ1, ẑ2 ∈ R

P and τ ∈ (0, 1). If one considers ξ(x, τ ẑ1 + (1−
τ)ẑ2), then from (iii) of Proposition 1 it follows that

ξ(x, τ ẑ1 + (1 − τ)ẑ2) ≤ ξ(x, τ ẑ1) + ξ(x, (1 − τ)ẑ2)

and, since ξ(x, ·) is positively homogenous, it results

ξ(x, τ ẑ1) + ξ(x, (1 − τ)ẑ2) = τξ(x, ẑ1) + (1 − τ)ξ(x, ẑ2);
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hence, ξ(x, ·) is convex.
(ii) ξ(·, ·) is lower semicontinuous.

For any η ∈ R, let B̃ := {
(x, ẑ) ∈ LG × R

P : ξ(x, ẑ)≤η
}
. To prove that ξ(·, ·) is lower

semicontinuous, it is sufficient to verify that B̃ is closed: let
{
(xn, ẑn)

}
n∈N ⊆ B̃ and (x, ẑ) ∈

LG × R
P such that xn → x and ẑn → ẑ, we have to prove that (x, ẑ) ∈ B̃. From (i) of

Proposition 1, it results

∀n ∈ N ηê(xn) − ẑn ∈ D(C(xn)).

For each x ∈ LG , since D(C(x)) is convex, int D(C(x)) �= ∅, and Assumption A.1 holds,
it follows that int D(C)(·) has a continuous selection ê(·) according to Browder continuous
selection Theorem; hence, as xn → x , it results that ê(xn) → ê(x). Moreover, we pose

ζ : LG ⇒ R
P such that x → ζ(x) = D(C(x)) ∩ B(0, 1);

since D(C(x)) is closed for each x ∈ LG and the intersection of closed sets is a closed
set, then ζ has closed values. Furthermore, from Assumption A.2, it results that ζ is upper
semicontinuous; thus, thanks to Proposition 7 in [4], it follows that ζ is closed, that is, D(C)

is cosmically closed. From (vi) of Proposition 2.1 in [21], it follows that D(C) is closed;
hence, as xn → x and ẑn → ẑ, it results

(
ηê(xn) − ẑn ∈ D(C(xn))

) → (
ηê(x) − ẑ ∈ D(C(x))

)
,

that is, (x, ẑ) ∈ B̃.
(iii) ξ(·, ·) is upper semicontinuous.

For any η ∈ R, let B̂ := {
(x, ẑ) ∈ LG × R

P : ξ(x, ẑ)≥η
}
. To prove that ξ(·, ·) is upper

semicontinuous, it is sufficient to verify that B̂ is closed: let
{
(xn, ẑn)

}
n∈N ⊆ B̂ and (x, ẑ) ∈

LG × R
P such that xn → x and ẑn → ẑ, we have to prove that (x, ẑ) ∈ B̂. From (i) of

Proposition 1, it results

∀n ∈ N ηê(xn) − ẑn ∈ R
P \ intD(C(xn)).

In (ii) we already proved that, as xn → x , ê(xn) → ê(x). Moreover, we pose

ζ̂ : LG ⇒ R
P such that x → ζ̂ (x) = W (x) ∩ B(0, 1);

hence, since W (x) = R
P\int D(C(x)) is closed for each x ∈ LG , with similar arguments

to the one used in (ii) and thanks to Assumption A.3, it follows that W is closed. Then, as
xn → x and ẑn → ẑ, it results

(
ηê(xn) − ẑn ∈ R

P \ intD(C(xn))
)

→
(
ηê(x) − ẑ ∈ R

P \ intD(C(x))
)

,

that is, (x, ẑ) ∈ B̂. ��
At this point, we exploit a particular composition of ξ that will play a central role in our

results. For any (x, ϕ) ∈ LG × L(LG ,LP ), we consider the following function:

ξ(x, 〈〈ϕ, ·〉〉P ) : LG → R

y → ξ(x, 〈〈ϕ, y〉〉P ).
(18)

We point out that all the results obtained in Proposition 2 are still valid for this particular
composition of ξ , thanks to the continuity of the inner product. In particular, under Assump-
tions A, ξ(·, ·) is continuous and, from the continuity of the inner product, also ξ(·, 〈〈·, ·〉〉P )

is continuous.
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In themultistage-functional framework in which we operate, we characterize the solutions
of SVGQV I (Φ,SN ) in terms of a suitable optimization problem involving the nonlinear
scalarization function ξ .

Theorem 2 For any x ∈ LG, let (RP ,D(C(x))) be a quasi-ordered space defined as in (6).
Let ξ be defined as in (15). Then, x̄ is a solution to (9) if and only if it holds

min
x∈SN (x̄)

ξ(x̄, 〈〈ϕ, x − x̄〉〉P ) = 0. (19)

Proof Let x̄ be a solution to (9). From (i) of Proposition 1, it follows that

〈〈ϕ, x − x̄〉〉P /∈ − intD(C(x̄)) ∀x ∈ SN (x̄) ⇔ ξ(x̄, 〈〈ϕ, x − x̄〉〉P ) ≥ 0 ∀x ∈ SN (x̄).

(20)

Let x = x̄ , it follows that 〈〈ϕ, x̄ − x̄〉〉P = 0P ; hence, it holds

ξ(x̄, 0P ) = min
{
λ ∈ R : 0P ∈ λê(x) − D(C(x̄))

} = 0.

From (20), condition (19) follows. Conversely, if x̄ is a solution to (19), from (i) in Proposition
1, the claim follows. ��

Without requiring anymonotonicity assumption on the principal operator of the variational
formulation, we are going to prove the existence of solutions of the multistage stochastic vec-
tor quasi-variational problem (9). The lack of monotonicity requirements could be a crucial
aspect in the study of some applicative problems. Indeed, as we will study in Sect. 5, some
equilibrium-type problems have a decomposable structure, that is, they can be formulated in
terms of variational problems over the Cartesian product of spaces. However, this particular
structure does not always preserve certain monotonicity assumptions. In our results, as we
do not require any monotonicity assumption, the applicability is not a priori limited for such
problems.

Theorem 3 For any x ∈ LG, let (RP ,D(C(x))) be a quasi-ordered space defined as in (6)
and Assumptions A be satisfied. Let ξ be defined as in (15) andK ⊆ LG be nonempty, convex,
and compact. Let Φ : K ⇒ L(LG ,LP ) be upper semicontinuous with nonempty, convex,
and compact values. Let SN be closed, lower semicontinuous with nonempty and convex
values. Then, the SVGQV I (Φ,SN ) admits at least a solution.

Proof For any (x̃, ϕ̃) ∈ LG × L(LG ,LP ), we consider ξ(x̃, 〈〈ϕ̃, ·〉〉P ) as in (18) and we
introduce the set-valued map � : K × L(LG ,LP ) ⇒ K defined as

�(x̃, ϕ̃) :=
{
x̂ ∈ SN (x̃) : min

x∈SN (x̃)
ξ(x̃, 〈〈ϕ̃, x〉〉P ) = ξ(x̃, 〈〈ϕ̃, x̂〉〉P )

}
.

Since SN is closed, it has closed vales; for any x ∈ LG , as SN (x) ⊆ K, hence SN has
compact values. Moreover, since SN is closed and K is compact, it follows that SN is upper
semicontinuous according to closed graph theorem; hence, as SN is lower semicontinuous,
it follows that SN is continuous. We recall that the minimum value of ξ(x̃, 〈〈ϕ̃, ·〉〉P ) is the
maximum value of−ξ(x̃, 〈〈ϕ̃, ·〉〉P ). Thanks to Proposition 23 in [4],� is upper semicontin-
uous.Moreover,�(x̃, ϕ̃) is the set of all minimizers of ξ(x̃, 〈〈ϕ̃, ·〉〉P ) on SN (x̃); hence, from
(i) of Proposition 2, it follows that �(x̃, ϕ̃) is a convex set, for any (x̃, ϕ̃) ∈ K× L(LG ,LP ).
Therefore, � has nonempty, convex, and compact values. Furthermore, according to Theo-
rem 3 in [7], Φ(K) is compact; hence, we consider the compact set D := convΦ(K) and we
pose

Γ : K × D ⇒ K × D such that (x̃, ϕ̃) → Γ (x̃, ϕ̃) := �(x̃, ϕ̃) × Φ(x̃).
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Since� is upper semicontinuous with nonempty, convex, and compact values, Γ is upper
semicontinuous with nonempty, convex, and compact values; hence, as K× D is nonempty,
convex and compact, according to Kakutani fixed point Theorem, it follows that Γ has a
fixed point, that is

(x̄, ϕ̄) ∈ Γ (x̄, ϕ̄) so that x̄ ∈ �(x̄, ϕ̄) and ϕ̄ ∈ Φ(x̄).

In particular, since x̄ ∈ �(x̄, ϕ̄), it follows that

ξ(x̄, 〈〈ϕ̄, x〉〉P ) − ξ(x̄, 〈〈ϕ̄, x̄〉〉P ) ≥ 0 ∀x ∈ SN (x̄);
then, according to (iii) of Proposition 1, from the last inequality it results

ξ(x̄, 〈〈ϕ̄, x〉〉P − 〈〈ϕ̄, x̄〉〉P ) ≥ 0 ∀x ∈ SN (x̄)

so that, it holds:

ξ(x̄, 〈〈ϕ̄, x − x̄〉〉P ) ≥ 0 ∀x ∈ SN (x̄) ⇒ 〈〈ϕ̄, x − x̄〉〉P /∈ − intD(C(x̄)) ∀x ∈ SN (x̄),

that is, SVGQV I (Φ,SN ) admits at least a solution. ��
In the special case of a constant ordering structure, Assumptions A are trivially satisfied.

Hence, the following existence result holds.

Corollary 1 Let (RP , T ) be a quasi-ordered space defined as in (6), where T = C(x) for
all x ∈ LG. Let ξ be defined as in (17) and K ⊆ LG be nonempty, convex, and compact.
Let Φ : K ⇒ L(LG ,LP ) be upper semicontinuous with nonempty, convex, and compact
values. Let SN be closed, lower semicontinuous with nonempty and convex values. Then, the
SVGQV I (Φ,SN ) admits at least a solution.

Moreover, the results used to prove Theorem 3 (Corollary 1) are not limited to the
multistage-functional framework in which we operate: indeed, in a finite-dimensional set-
ting with a variable ordering structure, such results can be quickly adapted also for the
study of deterministic vector quasi-variational problems. So, let T : R

G ⇒ R
P be such

that, for all x ∈ R
G , T (x) is a proper, convex, and closed cone with int T (x) �= ∅ and let

Φ̃ : RG ⇒ L(RG ,RP ) and S̃ : K ⇒ K be two set-valued maps, with K ⊆ R
G nonempty,

convex, and compact. Then, we introduce the following vector quasi-variational problem:

find x̄ ∈ S̃(x̄) such that ∃h ∈ Φ̃(x̄) with 〈h, x − x̄〉P /∈ − int T (x̄) ∀x ∈ S̃(x̄).

(21)

Corollary 2 For any x ∈ R
G, let (RP , T (x)) be a quasi-ordered space, where T satisfies

Assumptions A. Let Φ̃ : K ⇒ L(RG ,RP ) be upper semicontinuous with nonempty, convex,
and compact values. Let S̃ be closed, lower semicontinuouswith nonempty and convex values.
Then, the vector variational problem (21) admits at least a solution.

Proof From Theorem 3, the thesis follows by setting:

T0 = {0} so that ω = ξ0 and Ω = {ω} with π(ω) = 1. (22)

Indeed, from (22), it follows that LG reduces toRG ; hence,D(C(x)) = T (x) for all x ∈ R
G ,

Φ = Φ̃ and SN = S̃. ��
Remark 4 We point out that, with respect to Theorem 3.2 in [12], our results hold under
different assumptions on the structure of the problem. Moreover, adapting opportunely the
notations to our setting, the authors require that D(C) and W are both upper semicontinuous
while, in Theorem 3, we just require the cosmically upper continuity.
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5 Multistage stochastic vector Nash equilibrium problems

In [27], the authors underlay that multistage stochastic variational inequalities allow char-
acterizing solutions to problems of stochastic optimization and equilibrium when initial
decisions are followed by recursive decisions in later stages. In this section, in order to sup-
port the proposedmulticriteria extension, we focus on the study ofmultistage stochastic Nash
equilibrium problems with vector-valued payoff functions and variable ordering structures.
We recall that incomplete preferences can be represented by vector-valued functions; see,
e.g., [23]. Hence, besides their interest in specific applications, Nash games with vector-
valued payoff functions can be used also to study models of strategic interactions without
any completeness assumption on the preferences of the players; see, e.g., [5]. Here, we are
able to capture equilibrium conditions for Nash games of multistage stochastic nature in
which each player, knowing the other players’ strategies, stage by stage chooses its optimal
strategy under several criteria, uncertain conditions, and partial information.

Let I := {1, . . . , i, . . . , I } be a finite set of players: each i ∈ I has control over a strategy
xi ∈ LGi , where

xi := (xi0, xi1, . . . , xit , . . . , xiT ) ∈ LGi0 × LGi1 × · · · × LGit × · · · × LGiT := LGi .

In the time-uncertainty-information structure considered, through the availability of recur-
sive decisions as information develops, the players interact repeatedly over time by means
of the choices on their strategies. We denote by x ∈ LG the vector of all players’ strategies:

x := (xi )i∈I = (xi , x−i ), where x−i := (x1, . . . , xi−1, xi+1, . . . , xI ) ∈ LG−i ;
the notation −i represents all the players in I except i and G := ∑

i∈I Gi = G−i + Gi ,
where G−i = ∑

î �=i Gî . For each i ∈ I, we consider the vector-valued payoff function

ui : LG → R
P so that

ui := (ui1, . . . , uip, . . . , ui P ) : Ω × R
G → R

P , with uip : Ω × R
G → R.

Then, we introduce the following vector-valued expected payoff function

Ui := (Ui1, . . . ,Ui p, . . . ,Ui P ) : LG → R
P , where Ui p : LG → R;

in particular, for any x ∈ LG , Ui is defined as

Ui (x) := E [ui (ω, x(ω))] =
(∑

ω∈Ω

π(ω)uip(ω, x(ω))

)

p∈P

,

where

Ui (x) ≡ Ui (xi , x−i ) and uip(ω, x(ω)) ≡ uip(ω, xi (ω), x−i (ω)). (23)

From now on, let Ki := {
xi ∈ LGi : xi (ω) ∈ Ki (ω),∀ω ∈ Ω

}
be the feasible region of

each player i ∈ I, with Ki (ω) ⊆ R
Gi nonempty and convex. We pose K := ∏

i∈I Ki =
(K−i × Ki ) ⊆ LG , with K−i = ∏

î �=i Kî , such that K (ω) := ∏
i∈I Ki (ω) ⊆ R

G for all
ω ∈ Ω . Then, we introduce the following constraint set-valued map

S : K ⇒ K such that S(x) :=
∏
i∈I

Si (x−i ), where Si (x−i ) ⊆ Ki ;

in particular, Si : K−i ⇒ Ki is defined as Si (x−i ) := {
xi ∈ Ki : xi (ω) ∈

Si (ω, x−i (ω)),∀ω ∈ Ω
}
. Moreover, we introduce the set-valued map D(Ci ) : LG ⇒ R

P
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so that, for any x−i ∈ LG−i , each player i has the following variable ordering structure

D(Ci (·, x−i )) : LGi ⇒ R
P such that xi → D(Ci (xi , x−i )),

whereD(Ci (·, x−i )) is defined as in (6) by taking all the other players’ strategies x−i ∈ LG−i

given. The aim of each player i , known the other players’ strategies x−i ∈ LG−i , is to find
a strategy x̄i ∈ Si (x−i ) ∩ NGi that minimizes the vector-valued expected payoff function
Ui (·, x−i ) with respect to the partial ordering induced by D(Ci (·, x−i )):

minD(Ci (xi ,x−i ))Ui (xi , x−i ) such that xi ∈ Si (x−i ) ∩ NGi , (24)

that is, x̄i ∈ Si (x−i ) ∩ NGi is a weakly efficient strategy such that

Ui (xi , x−i ) − Ui (x̄i , x−i ) /∈ −intD(Ci (x̄i , x−i )) ∀xi ∈ Si (x−i ) ∩ NGi .

At this point, if we denote by

E := ((Ω,P),P, (ui )i∈I , (D(Ci ))i∈I)

the time-uncertainty-information structure, the vector-valued payoff functions, and the order-
ing structures of the gamedescribed up to now, thenwe can formalize the followingmultistage
stochastic vector Nash equilibrium problem.

Definition 6 A vector x̄ ∈ S(x̄) ∩ NG is a multistage stochastic vector generalized Nash
equilibrium for E if

∀i ∈ I Ui (xi , x̄−i ) − Ui (x̄i , x̄−i ) /∈ −intD(Ci (x̄i , x̄−i )) ∀xi ∈ Si (x̄−i ) ∩ NGi .(25)

If S(x) ∩ NG = K ∩ NG for each x ∈ K, the equilibrium problem in Definition 6
reduces to a multistage stochastic vector Nash equilibrium for E ; in addition, if P = 1 and
Ci (x̄i (ω), x̄−i (ω)) is the non-negative ray for eachω ∈ Ω and i ∈ I, the equilibrium problem
in Definition 6 reduces to the multistage stochastic Nash equilibrium introduced in [27].

In force of the results obtained in the previous sections, we study the multistage stochastic
vector generalized Nash equilibrium problem (25) by using a suitable multistage stochastic
vector quasi-variational problem. To this aim, we preliminarily recall the concept of Gâteaux
differentiability. Let X and Y be two Hilbert spaces, f : X → Y is said to be Gâteaux
differentiable at x ∈ X if the limit 〈Df (x), d〉 = limη→0

1
η
[ f (x + ηd) − f (x)] exists for

all d ∈ X . The Gâteaux derivative of f at x , Df (x), is a continuous linear map from X to
Y ; see, e.g, [2]. In what follows, for each i ∈ I, we require the Gâteaux differentiability of
Ui . In particular, for any x−i ∈ LG−i , Ui (·, x−i ) is Gâteaux differentiable at (xi , x−i ) with
respect to xi if there exists

lim
η→0

1

η

[
Ui (xi + ηdi , x−i ) − Ui (xi , x−i )

] =〈〈Dui (xi , x−i ), di 〉〉P
=

∑
ω∈Ω

π(ω)〈Dui (ω, xi (ω), x−i (ω)), di (ω)〉P

for all di ∈ LGi , where DUi (·, x−i ) : LGi → L(LGi ,LP ), for all xi ∈ LGi , is defined as

DUi (xi , x−i ) : Ω → L(RGi ,RP ) such that

ω → DUi (xi , x−i )(ω) = Dui (ω, xi (ω), x−i (ω))

by using similar arguments to the ones in [27]. We say that Ui is Gâteaux differentiable if it is
Gâteauxdifferentiablewith respect to all the i-variables,with i ∈ I; see, e.g, [1]. Furthermore,
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ifUi (·, x−i ) is Gâteaux differentiable and, for any xi ∈ LGi ,D(Ci (xi , x−i )) ⊂ R
P is a proper,

convex, closed, and pointed cone with int D(Ci (xi , x−i )) �= ∅, we say that Ui (xi , x−i ) is
weakly D(Ci (xi , x−i ))-pseudoconvex at (xi , x−i ) with respect to xi if, for all yi ∈ LGi ,

〈〈Dui (xi , x−i ), yi − xi 〉〉P /∈ −intD(Ci (xi , x−i )) implies

Ui (yi , x−i ) − Ui (xi , x−i ) /∈ −intD(Ci (xi , x−i ));
(26)

see, e.g., [2]. Then, we introduce the multistage stochastic vector quasi-variational problem:

find x̄ ∈ S(x̄) ∩ NG such that

∀i ∈ I 〈〈Dui (x̄i , x̄−i ), xi − x̄i 〉〉P /∈ −intD(Ci (x̄i , x̄−i )) ∀xi ∈ Si (x̄−i ) ∩ NGi .(27)

From now on, for each x ∈ LG and i ∈ I, D(Ci (xi , x−i )) ⊂ R
P is a proper, convex,

closed, and pointed cone, with int D(Ci (xi , x−i )) �= ∅. The following result allows us to
characterize the equilibrium problem (25) in terms of a multistage stochastic vector quasi-
variational inequality: the proof is inspired by Theorem 5.24 in [2].

Theorem 4 For any i ∈ I and x−i ∈ LG−i , let Ui (·, x−i ) be Gâteaux differentiable and
Si (x−i ) ∩ NGi �= ∅ such that, for all ω ∈ Ω , Si (ω, x−i (ω)) is convex. If x̄ ∈ LG is a
solution to (25), then it solves problem (27). Conversely, if x̄ ∈ LG is a solution to (27), then
it solves problem (25) if, for any i ∈ I and x−i ∈ LG−i , Ui (·, x−i ) is weakly D(Ci (·, x−i ))-
pseudoconvex.

Proof Let x̄ ∈ LG be solution to (25). For all i ∈ I, sinceSi (x̄−i ) is convex andNGi is convex
as subspace ofLGi , it follows thatSi (x̄−i )∩NGi is convex; hence, for any xi ∈ Si (x̄−i )∩NGi

and η ∈ [0, 1], we consider x̄i + η(xi − x̄i ) ∈ Si (x̄−i ) ∩ NGi so that

Ui (x̄i + η(xi − x̄i ), x̄−i ) − Ui (x̄i , x̄−i ) ∈ R
P \ −intD(Ci (x̄i , x̄−i )).

Being that RP\ − intD(Ci (x̄i , x̄−i )) is a closed cone, it results that

∀i ∈ I lim
η→0+

1

η

[
Ui (x̄i + η(xi − x̄i ), x̄−i ) − Ui (x̄i , x̄−i )

] ∈ R
P \ −intD(Ci (x̄i , x̄−i ));

hence, since Ui is Gâteaux differentiable at (x̄i , x̄−i ) with respect to x̄i , it follows that

∀i ∈ I 〈〈Dui (x̄i , x̄−i ), xi − x̄i 〉〉P /∈ −intD(Ci (x̄i , x̄−i )).

Conversely, let x̄ ∈ LG be solution to (27); then, it is solution to (25) being that, for all i ∈ I,
relation (26) holds. ��

For any i ∈ I, let Wi : LG ⇒ R
P such that Wi (x) = R

P \ intD(Ci (x)), we opportunely
replicate the Assumptions A introduced in Sect. 4 in order to fit with the study of the equi-
librium problem (25).

Assumptions Ai

(Ai .1) intD(Ci )−1(r̂) = {
(xi , x−i ) ∈ LG , r̂ ∈ intD(Ci (xi , x−i ))

}
is an open set;

(Ai .2) D(Ci ) is cosmically upper continuous;
(Ai .3) Wi is cosmically upper continuous.
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For any i ∈ I, we define ξi : LG × R
P → R as in (15) relatively to D(Ci ), that is

ξi (x, ẑi ) = ξi ((xi , x−i ), ẑi ) := inf
{
λi ∈ R : ẑi ∈ λi êi (xi , x−i ) − D(Ci (xi , x−i ))

}
. (28)

We point out that, for each i ∈ I, Si is independent from player i’s strategy; hence, for
mathematical convenience and simplicity of notation, we could also consider SN ,i : K ⇒ Ki

such that SN ,i (x) = Si (x−i ) ∩ NGi .

Theorem 5 For any i ∈ I, let Assumptions Ai be satisfied, ξi be defined as in (28), Ui be
Gâteaux differentiable, and Ki ⊆ LGi be nonempty, convex, and compact. For any x−i ∈
K−i , let Ui (·, x−i ) be weakly D(Ci (·, x−i ))-pseudoconvex on Ki . Let SN ,i be closed, lower
semicontinuous with nonempty and convex values. Then, the multistage stochastic vector
generalized Nash equilibrium (25) admits at least a solution.

Proof According to Theorem 4, it is sufficient to prove that the multistage stochastic
vector quasi-variational inequality (27) has solutions. Firstly, we pose Φ := DU , with
DU := ∏

i∈I DUi continuous. Moreover, if we set SN := ∏
i∈I SN ,i , it is closed, lower

semicontinuous with nonempty and convex values; see, e.g., [7]. Then, thanks to Theorem
3, the thesis follows. ��
Remark 5 In Theorem 3, we do not require monotonicity assumptions on the multistage
stochastic vector quasi-variational problem: thanks to this fact, in Theorem 5, we can assume
that Ui (·, x−i ) is weakly D(Ci (·, x−i ))-pseudoconvex only with respect to the i-th variable.

5.1 Multistage stochastic bicriteria Cournot oligopolistic model

Cournot oligopolistic model is one of the most widely used modelizations to study strate-
gic interactions among non-cooperative firms. In the classical model, each firm produces a
finite number of homogeneous goods and aims at maximizing its profit by making a quantity
decision for each of them, knowing the quantity produced by the other firms; at the same
time, the price of each good depends on the aggregate output of all the firms; see, e.g., [16].
Then, the resulting problem is formulated as a suitable generalized Nash equilibrium prob-
lem: in the literature, it is commonly denoted as generalized Nash-Cournot game and it is
used to the study of several real-world applications such as electricity markets, gas markets,
etc; see, e.g., [25] and the references therein. In [24], the authors propose the study of a
generalized Nash-Cournot game in a stochastic framework, of single stage nature, by using a
suitable stochastic variational inequality approach; in [11], following the managerial theory
of the firm in which the profit maximization is not the only objective, the authors propose
the study of a deterministic bicriteria Nash-Cournot game, where the revenue (total amount
of income generated by the sale of the goods) and the profit (revenue minus cost incurred in
the production) are the two quoted criteria for each firm. Here, inspired by these works and
thanks to the results obtained in this paper, we aim to introduce the study of a suitable multi-
stage stochastic bicriteria generalized Nash-Cournot game as an application of the analyzed
multistage stochastic Nash equilibrium problem (25). In this way, we are able to capture
the evolutionary aspects of the problem and how the non-cooperative firms, stage by stage,
interact repeatedly through their quantity decisions as information develops. The uncertainty
characterizing the stochastic nature of the model can derive from different sources: geopo-
litical aspects, economic-financial aspects, availability of raw materials, market demands,
etc.

In the time-uncertainty-information structure introduced in Sect. 2, we set a Cournot
oligopolistic model in which a finite number of non-cooperative firms, all with the same

123



Journal of Global Optimization (2023) 86:931–952 949

information, produces a finite number of homogeneous goods. Let I := {1, . . . , i, . . . , I }
be the finite set of the non-cooperative firms andH := {1, . . . , h, . . . , H} be the finite set of
the goods. By using the same notation introduced at the beginning of the section, each firm i
has control over the strategy xi := (xit )t∈T0 ∈ LH(T+1), where xit := (xhit )h∈H ∈ LH for all
t ∈ T0: for each ω ∈ Ω , xhit (ω) ∈ R+ represents the quantity of the good h that firm i choose
to produce at stage t if ω occurs. In the same way, x := (xi )i∈I ∈ LI H(T+1) is the vector
of all firms’ strategies such that x := (xi )i∈I = (xi , x−i ) and x−i ∈ L(I−1)H(T+1). So, we
pose K := ∏

i∈I Ki the feasible region of all firms’ strategies such that, for each i ∈ I and
x−i ∈ K−i , Si (x−i ) ⊆ Ki is the strategy set of firm i if x−i is the quantity produced by the
other firms.

For any h ∈ H, we denote by chi : LT+1 → LT+1 the function such that, for any
xhi , t ∈ T0 and ω ∈ Ω , chit (ω, xhit (ω)) ∈ R+ represents the cost incurred by firm i in
the production of the quantity xhit (ω) of the good h at stage t if ω occurs; we pose ci :=
(chi )h∈H : LH(T+1) → LH(T+1). Moreover, we denote by ph : LI (T+1) → LT+1 the
function such that, for any xh , t ∈ T0 and ω ∈ Ω , pht (ω, xht (ω)) ∈ R represents the price
associated with the aggregate output xht (ω) ∈ R

I+ of the good h at stage t if ω occurs; we
pose p := (ph)h∈H : LI H(T+1) → LH(T+1). For each i ∈ I, we consider the bicriteria
function

ui := (ui1, ui2) : LI H(T+1) → R
2,

where

• ui1 : Ω × R
I H(T+1) → R represents a revenue function such that, for any (ω, x(ω)),

we have

ui1(ω, x(ω)) := ui1(ω, xi (ω), p(ω, xi (ω), x−i (ω)));
• ui2 : Ω × R

I H(T+1) → R represents a profit function such that, for any (ω, x(ω)), we
have

ui2(ω, x(ω)) := ui2(ω, xi (ω), p(ω, xi (ω), x−i (ω)), ci (ω, xi (ω))).

In the literature, the price and the cost functions are defined in various ways and with
different mathematical properties; see, e.g., [11, 25] and the references therein. However, in
this example, we consider general revenue and profit functions, without explicitly specifying
their structures, and p and ci in order to avoid details that are beyond the scope of this work.
At the same time, we point out that now we consider a bicriteria function only for simplicity.
Indeed, we could extend all to a multicriteria problem for each i ∈ I: for instance, we could
opportunely add a risk function as an additional criterion.

Anyway, for each i ∈ I,Ui := (Ui1,Ui2) : LI H(T+1) → R
2 is the corresponding expected

bicriteria function, defined as in (23); moreover, D(Ci ) : LI H(T+1) ⇒ R
2 is considered

variable ordering structure defined as in (6). Then, we formally introduce the following
equilibrium problem.

Definition 7 A vector x̄ ∈ S(x̄) ∩ NI H(T+1) is a solution of the multistage stochastic bicri-
teria generalized Nash-Cournot game up to now described if

∀i ∈ I Ui (xi , x̄−i ) − Ui (x̄i , x̄−i ) /∈ intD(Ci (x̄i , x̄−i )) ∀xi ∈ Si (x̄−i ) ∩ NH(T+1).

(29)

According to Theorems 4 and 5, under suitable assumptions, the existence of an equilib-
rium solution of the problem (29) follows as a natural consequence.
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Corollary 3 Under the assumptions of Theorem 5, the multistage stochastic bicriteria gener-
alized Nash-Cournot game (29) admits at least a solution.

We point out that the use of the variable ordering structure may be of interest for the
considered Nash-Cournot game. Indeed, a model in which the ordering structure of each
firm depends on the production level could be useful to represent situations where the trade-
off ratio between expected profit and revenue changes if a given threshold of production is
reached: for instance, due to a change in the fiscal incentives.

As an example, we can consider the case in which |H| = 1, T0 = {0, 1}, and the variable
ordering structure, for any i ∈ I and x ∈ LI2, is defined as

D(Ci (xi , x−i )) =
{
R
2+ if xi0 + xi1(ω) ≤ αi ∀ω ∈ Ω

Ti otherwise
, (30)

where αi > 0 and

Ti :=
{
(y1, y2) ∈ R

2+ : y2 ≥ 1

qi
y1, with qi > 0

}
.

In particular, y1 refers to a value of the expected revenue function Ui1, while y2 refers
to a value of the expected profit function Ui2. In this way, for any i ∈ I and whenever a
given production threshold αi is exceeded, the variable ordering structure (30) at (xi , x−i )

represents a situation where the preferences of the firm i are such that the trade-off ratio
between the value of the expected profit function and the value of the expected revenue
function is larger than 1

qi
.

6 Conclusions

In this paper, we make use of a suitable nonlinear scalarization approach to study a multi-
criteria generalization of the multistage stochastic variational inequalities. The multicriteria
problems under analysis are complicated by the presence of variable ordering structures and
by the dependence of the constraint set on the current value of the variable. The general-
izations on the formulation of the problem are considered to capture the dynamics and the
issues that can arise from the study of real-world phenomena where time, uncertainty, and an
increasing level of information are widespread features. We use a generalization of the well-
known nonlinear scalarization technique introduced in [17] to the study of such multistage
stochastic vector quasi-variational problems. In order to support the practical applicability of
the proposed multicriteria generalization of the multistage stochastic variational inequalities,
we introduce the study of multistage stochastic vector Nash equilibrium problems: as an
example, we analyze a suitable multistage stochastic bicriteria Cournot oligopolistic model.

This paper is a first approach to the problem. Hence, it is the starting point of our future
researches and developments in more general spaces and under weaker requirements on the
ordering structure, onΦ and S; in addition, we aim to weaken the assumptions on the vector-
valued payoff functions of the multistage stochastic vector Nash equilibrium problem (25).
From an applicative point of view, our results pave the way for a wide range of possible future
investigations in terms of energy market models, network equilibrium problems, economic
equilibrium problems, portfolio management problems, etc, with an approach that is closer
to the real-life mechanisms. Motivated by this fact, our future developments will be on the
study of computational methods to solve numerically the problem and provide numerical
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implementations in support of the approach proposed in this paper. In the literature, several
computational methods are available to solve vector problems with variable ordering struc-
tures; see, e.g., [14, 30] and the references therein. In a stochastic framework, in [32], the
authors proposed a Sample Average Approximation method for solving a class of stochastic
vector variational inequalities. Moreover, for the scalar case, the well-known Progressive
Hedging algorithm is used to study multistage stochastic variational inequalities; see, e.g.,
[15, 22, 28, 29]. In particular, it works on the extensive formulation of the multistage stochas-
tic variational inequality by solving in parallel a problem for each possible scenario. Then, we
aim to investigate how to extend/combine these computational methodologies to approach
numerically the study of multistage stochastic vector quasi-variational problems.
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