UNIVERSITA
DI PAVIA

DOCTORAL THESIS

Control and estimation strategies in
Battery Management Systems

Author: Supervisor:
Dr. Diego LOCATELLI Prof. Davide M. RAIMONDO

A thesis submitted in fulfillment of the requirements
for the degree of Doctor of Philosophy

m the

Identification and Control of Dynamic Systems Laboratory
Department of Electrical, Computer and Biomedical Engineering


https://www.linkedin.com/in/diego-locatelli-856088b0/
http://sisdin.unipv.it/labsisdin/raimondo/raimondo.php
http://sisdin.unipv.it/lab/index.php
http://electrical.unipv.eu




“I’'m gasoline

I'm burnin’ clean

Your light eclipsed the moon
Electrolite”

iii

R.E.M.






UNIVERSITY OF PAVIA

Abstract

Faculty Name
Department of Electrical, Computer and Biomedical Engineering

Doctor of Philosophy

Control and estimation strategies in Battery Management Systems

by Dr. Diego LOCATELLI

Battery management systems (BMSs) play a critical role in the control and monitoring
of battery operations, particularly for lithium-ion batteries. This thesis focuses on
several key aspects of BMSs, aiming to improve their effectiveness and reliability.
BMSs are essential to the control and optimization of battery performance, ensuring
safety, efficiency, and longevity. This thesis focuses on strategies for control and
estimation in battery systems. The challenges are posed by the complexity of lithium-
ion battery systems, and only a few quantities such as temperature, current, and
voltage are usually measurable.

The thesis addresses state estimation in battery systems, considering the challenges
of limited number of sensors. Most used approaches in this field rely on mathematical
models like Equivalent Circuit Models (ECMs) and Electrochemical Models (EMs).
Novel set-based techniques, including intervals, zonotopes, and constrained zonotopes,
are introduced for the first time in this field. These set-based approaches, assuming
bounded uncertainty and noise, improve fault detection and analysis. The proposed
scheme, utilizing constrained zonotopes, efficiently detects thermal faults in battery
cells despite unknown but bounded uncertainties, surpassing traditional methods.

Furthermore, joint estimation of states and parameters in battery systems has
been explored, highlighting the impact of uncertain parameters on equivalent circuit
models (ECMs). The analysis emphasizes the importance of careful model selection
and design for accurate estimation and observability. The results obtained in this
study demonstrate the application for the first time in the battery sector of these
set-based strategies based on constrained zonotopes using various equivalent circuit
models. These have proven particularly effective when compared to other set-based
strategies present in the literature. By harnessing the tunability, flexibility, and ability
to capture mutual dependencies among the various quantities to be estimated, a joint
estimation of states and parameters has been performed. This joint estimation has
shown to be even more effective in terms of set volumes compared to pure state
estimation.

The combination of accurate state parameter estimation and advanced modeling
plays a crucial role in addressing control challenges in lithium batteries. This approach
helps optimize charging strategies and mitigate the effects of aging.

Whitin this aspect the thesis focuses on optimizing the control of Battery Man-
agement Systems (BMSs), with a specific aim at finding the best charging strategies
for lithium-ion batteries while minimizing the impact of aging. The approach in-
volves utilizing surrogate models that combine static nonlinear models dependent on
the state of charge with finite-dimensional linear-time-invariant model. The strat-
egy is designed to enhance the charging process while making sure aging-related and
safety limits are met, thus promoting the long-term health and performance of battery


HTTPS://WEB.UNIPV.IT
http://faculty.university.com
http://electrical.unipv.eu

vi

systems. To enable accurate closed-loop control, a Kalman Filter with a forgetting
factor is employed for state estimation, improving the precision of the control system.
In the context of lithium-ion batteries, known for their balanced performance, cost-
effectiveness, and lifespan in energy storage, the Battery Management System plays
a crucial role. The BMS aims to strike the right balance between fast charging and
minimizing aging effects while ensuring safety requirements are met. The goal is to
minimize side reactions, optimizing charging while meeting aging-related and safety
constraints. Simulation results using a DFN battery model as a representation of the
actual system demonstrate the effectiveness of the proposed strategy. The Kalman
Filter with a forgetting factor is used for state estimation, providing adaptability to
the control system.

To sum up, the results presented in this thesis establish a crucial foundation for
the improvement of Battery Management Systems (BMSs), contributing to enhanced
robustness and efficiency in the safe and optimal operation of battery systems.
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Chapter 1

Introduction

Lithium-ion batteries have become widespread in many commercial sectors (see e.g.
Figure 1.1), proving to be essential tools in numerous applications. Their adoption has
been primarily driven by their ability to offer significant advantages, including high
cell voltage, low self-discharge rate, exceptional cycling durability, and high energy
density (Meesala et al., 2017). A comprehensive overview of the main advantages of
lithium-ion batteries over other chemistries is shown in Figure 1.2

The demand for high-performance rechargeable batteries has become exceedingly
evident in recent years, with various requirements and functions now considered com-
mon knowledge. However, this fervor for advanced lightweight batteries has not always
been the norm. Battery research started relatively modestly and gained significant
popularity over time. Perhaps it was the creation of the transistor, miniaturized to a
sufficient scale, that ignited the quest for better rechargeable batteries. Alternatively,
it could have been born out of sheer scientific curiosity. Regardless of the initial
driving force, approximately three decades ago, Sony Co. successfully commercialized
the world’s first lithium-ion battery (LIB). This breakthrough revolutionized portable
electronics, sparking a surge in research interest (Li et al., 2018). The automotive
battery market has seen impressive growth in the last decade, particularly in the
context of lithium-ion batteries. LIB production capacity has grown sixfold, from 11
GWh in 2006 to 78 GWh in 2016. Global demand for LIBs has been rising steadily,
doubling approximately every five years. Projections suggest that by 2030, global LIB
capacities could reach 390 GWh (Zubi et al., 2018).

Despite this growth, the market share of electric cars, specifically plug-in Electric
Vehicles (PEVs), remains relatively low. In 2016, PEVs accounted for just 0.86% of
global new car sales, although this figure had been gradually increasing in previous
years. Governments have also played a role in promoting EV development through
various incentives and grants. Forecasts for the automotive LIB market are positive,
with expectations of substantial growth. However, challenges persist in achieving
widespread electric vehicle adoption, including uncertainties around the maturity and
cost-effectiveness of energy storage technologies required for long-range EVs. Gov-
ernment support and collaboration among stakeholders are crucial to address these
challenges and advance electric vehicle technology.

Furthermore, governments worldwide became increasingly aware of the role of
greenhouse gases in climate change, prompting initiatives in green energy technologies
(such as solar and wind) and electric vehicles, with energy storage systems playing a
central role. As a result, research into batteries experienced substantial growth, as
evidenced by Figure 1.3. In just seven years, researchers globally contributed over
119,000 new publications on batteries from 2010 to 2017, marking a remarkable 260%
increase in total literature volume, significantly outpacing the overall growth rate of
published literature across all research fields.
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FIGURE 1.1: Lithium-ions batteries find applications in three main
sectors: consumer electronics and devices, transportation, and grid
energy and industry (Ding et al., 2019).

While the growth in battery research is impressive, the fundamental goals have
remained constant over the years: reducing battery weight and size, enhancing cy-
cle durability, maintaining safety, and minimizing costs have consistently been the
primary objectives for battery scientists.

The world is currently facing serious environmental challenges, including global
warming and greenhouse gas (GHG) emissions resulting from the extensive use of
diesel and petrol in vehicle operations (Hannan et al., 2017). These emissions con-
tribute to the release of tons of CO9 annually (Sulaiman et al., 2015). Additionally,
the volatile nature of crude oil prices poses significant challenges to the automobile in-
dustry, highlighting the need for alternative fuel-driven vehicles. In response to these
pressing issues, the implementation of Electric Vehicles (EVs) has garnered substan-
tial attention and interest among academic researchers and automotive specialists due
to their potential to reduce GHG emissions (Poullikkas, 2015).

The adoption of rechargeable batteries in EV applications has witnessed a surge
in popularity in recent years (Shareef, Islam, and Mohamed, 2016). This trend is
driven by the intermittent nature of renewable energy sources such as solar and wind
energy, which may not provide continuous and reliable power supply when needed
(Daud, Mohamed, and Hannan, 2013). Various energy storage technologies, including
lead-acid, NiMH, and lithium-ion batteries, have been deployed in EVs (Manzetti and
Mariasiu, 2015). Among these, lithium-ion batteries have gained widespread accep-
tance due to their high energy density, long lifespan, and efficiency (Saw, Ye, and
Tay, 2016). Recognizing the lucrative prospects of lithium-ion batteries, substantial
investments have been directed towards enhancing their stability and robustness. De-
spite their relatively high initial cost, the market growth of lithium-ion batteries has
been steadily increasing and is anticipated to continue on this trajectory.

To ensure the effective operation of such intricate devices (Bergveld et al., 2002;
Notten, Veld, and Van Beek, 2005; Tarascon and Armand, 2001; Lu et al., 2013), the
implementation of an appropriate Battery Management System (BMS) is imperative.

The performance of these batteries can be further elevated through the utilization
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FIGURE 1.2: Volumetric and gravimetric energy density (for different
battery technologies) (Hossein Nezhad Shirazi, 2020)

of advanced BMS solutions. These solutions rely on mathematical models of the
battery (Chaturvedi et al., 2010), enabling optimization in both the battery cell design
phase and routine management. Within the field of advanced BMS functionality, key
areas addressed in the literature encompass state estimation, fault diagnosis, safety
management, and fast charging (Fleischer et al., 2016; Lu et al., 2013).

Moreover, in-depth mathematical models play a important role in simulating bat-
tery cycles under specific initial and environmental conditions. This aids researchers
in comprehending battery behavior while reducing the need for extensive and time-
consuming experiments. Various open-source battery simulator software packages
are available, including DUALFOIL (Albertus and Newman, 2007), Scott Moura’s
fast DFN, LIONSIMBA (Torchio et al., 2016), M-PET (Smith and Bazant, 2017), and
PyBaMM (Sulzer et al., 2021).

In advanced BMS applications, two primary categories of models come into play:
Equivalent Circuit Models (ECMs) (He, Xiong, and Fan, 2011; Nejad, Gladwin,
and Stone, 2016) and Electrochemical Models (EMs) (Gomadam et al., 2002; San-
thanagopalan et al., 2006; Ramadesigan et al., 2012). While ECMs offer simplicity
and intuitiveness, EMs provide a detailed depiction of electrochemical processes oc-
curring within a cell.

Among EMs, the Pseudo-Two-Dimensional (P2D) model (Doyle, Fuller, and New-
man, 1993a), also known as the Doyle-Fuller-Newman (DFN) model, enjoys widespread
use. However, due to its significant computational demands, the P2D model is more
suited for simulations than real-time control applications. Additionally, its utility
within a control framework is hampered by identifiability and observability challenges.
Consequently, the research community has shown considerable interest in simplified
electrochemical models. These models offer faster simulation, better identifiability,
observability, and still offer a reasonable description of internal cell phenomena (Pozzi
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and Raimondo, 2021).

Among these simplified models, the Single-Particle Model (SPM) (Santhanagopalan
et al., 2006), derived from the P2D model by representing the electrodes as single par-
ticles, has garnered significant attention.

The widespread adoption of lithium-ion batteries (lithium-ion) in various sectors
has brought significant advancements in energy storage technology. However, to fur-
ther harness the potential of lithium-ion, there are critical challenges that need to be
addressed. This thesis aims to contribute to the ongoing efforts in tackling these chal-
lenges, which have become crucial in the context of lithium-ion and their management
through Battery Management Systems (BMS).

Addressing these issues is not only essential for the continued development of
lithium-ion but also has broader implications for industries relying on energy storage
solutions. The safe and efficient operation of lithium-ion, managed by advanced BMS,
is critical for renewable energy integration, electric transportation, and grid stability,
making these challenges significant open issues in the field. This thesis contributes
to provide valuable insights and solutions for the advancement of LiB technology and
the role of BMS in achieving these advancements.

In the upcoming Section 1.2, we will explore several ongoing issues related to
lithium-ion batteries and the contribution that this thesis aims to give. To be more
specific, state estimation approaches is discussed in Section 1.2.1, which are essential
for accurately assessing the current state of lithium-ion, joint state and parameter es-
timation in Section 1.2.2, which seeks to enhance the precision of LiB characterization,
fault detection in Section 1.2.3, which is vital for identifying and mitigating potential
issues in lithium-ion, and ageing-aware charging protocols in Section 1.2.4), which aim
to extend the lifespan of lithium-ion by optimizing charging strategies, as the demand
for quick and convenient energy replenishment grows, optimizing the charging process
while ensuring the safety of lithium-ion has become a top priority
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1.1 Motivation

While lithium-ion batteries have shown to be revolutionary in terms of energy density,
cycle life, and reliability, several difficulties remain that prevent them from performing
optimally and lasting as long as they should.

Managing the intricacies of lithium-ion demands advanced procedures and tech-
niques for precise state estimation, fault detection, and charging protocols. Real-time
monitoring and management of lithium-ion batteries are critical for maintaining ef-
fective functioning, avoiding potential risks, and extending their lifespan.

State and parameter estimates are essential components of efficient battery man-
agement systems (BMS), offering crucial information on the battery’s condition, state
of charge, and general functionality. Conventional estimating approaches frequently
fail to accurately account for the inherent uncertainties, nonlinearities, and complexity
related to LiB dynamics. As a result, this leads to lower performance and decreased
reliability.

Fault detection is an essential component of battery management, with the goal
of immediately identifying and addressing possible abnormalities and malfunctions.
Precise and prompt identification of faults is crucial for preserving battery integrity,
averting disastrous malfunctions, and guaranteeing operational safety. Traditional
fault detection methods may lack the ability to effectively manage the different op-
erating situations and uncertainties that are inherent in lithium-ion technology. This
emphasises the necessity for new and creative approaches.

Moreover, as renewable energy sources like solar and wind become more integrated
into the power grid, there is a growing need for charging protocols for lithium-ion
batteries that are both efficient and considerate of their ageing process. Aging-aware
charging procedures are designed to optimise the charging process in order to minimise
deterioration, prolong battery longevity, and assure constant performance over time,
while still upholding safety regulations.

Considering the difficulties and the crucial importance of lithium-ion in many
applications, it is imperative to create advanced methods and strategies that are
specifically designed to tackle the unique complexity and uncertainties connected with
lithium-ion.

This thesis addresses the critical issues by specifically focusing on the following
crucial aspects:

e State and parameter estimation using set-based methods: creating novel
set-based methodologies to increase the reliability and sustainability of state
and parameter estimates in lithium-ion batteries, effectively accounting for un-
certainties and nonlinearities to enhance precision and efficiency.

e Set-Based Fault Detection: proposing advanced set-based fault detection
techniques capable of identifying and mitigating potential anomalies and faults
in lithium-ion more accurately and efficiently, enhancing safety and reliability.

e Ageing-Aware Charging of Lithium Batteries: developing optimal charg-
ing procedures that take into account battery ageing and degradation, optimising
the charging procedure to prolong battery longevity, uphold performance, and
guarantee safety.

This project intends to address the crucial areas in battery management techniques
and fill the current gaps. It seeks to propose creative solutions that will improve the
efficiency, safety, and lifespan of Lithium-ion batteries. This thesis makes significant
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contributions to the advancement of battery technology, which will facilitate its sus-
tainable integration into many applications and promote the shift towards a cleaner
and more sustainable energy future.

1.2 Thesis contributions

1.2.1 Set-based state estimation of lithium-ion batteries

Traditional methods for SOC estimation, such as look-up tables that exploit the re-
lationship between SOC and measurable parameters like the Open Circuit Potential
(OCP), have limitations in real-time operations Xiong et al., 2017. This is primar-
ily because OCP measurements can only be obtained under stationary conditions.
Coulomb counting, another commonly used method for SOC estimation Piller, Per-
rin, and Jossen, 2001, suffers from accuracy issues due to drift errors caused by current
measurement disturbances and uncertainties in cell capacity. While SOC estimation
is vital, the employment of a model-based controller necessitates the estimation of the
full battery state.

In the battery field, various stochastic approaches have been applied to state es-
timation, including Extended Kalman filtering (Di Domenico, Stefanopoulou, and
Fiengo, 2010; Bizeray et al., 2015), sliding-mode observer (Kim, 2009), Sigma-point
Kalman filtering (Plett, 2006), Particle filtering (Tulsyan et al., 2016), and Moving
Horizon Estimator (Hu, Cao, and Egardt, 2018). These stochastic methods assume
knowledge of the probabilistic distributions of uncertainties. Conversely, set-based
estimation considers unknown but bounded uncertainties, making it more reliable
when physical bounds are available, as is the case with ECM parameters. In practical
scenarios, knowing the exact distribution of uncertainties is rarely feasible.

Different set representations have been utilized for state estimation, including in-
tervals (Jaulin et al., 2001), polytopes (Shamma and Tu, 1997), zonotopes (Alamo
et al., 2008), and constrained zonotopes (Rego et al., 2020a). The choice of set repre-
sentation depends on the desired accuracy and computational burden for describing
the set of interest as they differ in precision and computational effort.

In dealing with highly nonlinear systems, it is crucial to select a methodology
that can handle conservatism effectively. This conservatism can arise from factors
such as the dependency effect, wrapping effect, and linearization errors. Notably,
set-based estimation has been sparingly utilized in the context of batteries, with a
notable example found in Zhang et al., 2020. Their study proposes a continuous-time
ECM-based interval observer for SOC estimation in a parallel connected lithium-ion
battery pack. However, their approach assumes continuous-time measurements, which
is unrealistic as sensors have finite sampling rates. Additionally, the coupling between
parameters, usually present during identification procedures, is not considered. An
interval PDE observer is implemented in (Perez and Moura, 2015), for state estimation
of an electrochemical model and finally an interval-based approach has been employed
for SOC estimation of a single cell in (Rausch et al., 2014). In this thesis, we have
developed a discrete-time interval observer for a single lithium-ion cell based on the
forward-backward method as described by (Jaulin et al., 2001). Specifically, we have
taken into consideration parametric uncertainties, which were obtained through an
identification procedure using data collected from a well-known Single Particle Model
with electrolyte dynamics (SPMe) (Pozzi et al., 2018). The primary contributions of
this thesis include: (i) the identification of ECM parameter bounds based on the Fisher
Information Matrix; and (ii) a discrete-time interval state estimation method based
on inclusion functions and constraint propagation, capable of handling discrete-time
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measurements. Numerical experiments demonstrate the efficiency of the proposed
methodology and its ability to provide accurate estimates for both the State of Charge
(SOC) and the electric state variables of the ECM. Additionally, we incorporated a set-
based state estimation approach using constrained zonotopes, which, unlike intervals,
takes into account the mutual dependencies among the states. Material related to
this contribution has appeared in

e (Locatelli et al., 2021) Locatelli, D., Rego, B. S., Raffo, G. V., Raimondo,
D. M. (2021). Interval state estimation based on constraint propagation for a
lithium-ion cell using an equivalent circuit model. IFAC-PapersOnLine, 54(3),
602-608.

e (Saccani et al., 2022) Saccani, G., Locatelli, D., Tottoli, A., Raimondo, D. M.
(2022). Model-based thermal fault detection in lithium-ion batteries using a
set-based approach. IFAC-PapersOnLine, 55(6), 329-334.

1.2.2 Set-based state and parameter estimation

In recent years, the field of state estimation has witnessed a surge in significance and
attention across diverse research domains. This heightened interest extends to critical
applications such as robot localization (Saeedi et al., 2016) and fault detection and
isolation (Raimondo et al., 2016). Within this context, the estimation of parameters
and the joint estimation of both states and parameters have assumed key roles.

Set-based state estimation methods have emerged as formidable tools capable of
providing reliable enclosures of system trajectories. These methods do not rely on
a priori knowledge of the stochastic properties of unknown variables, making them
particularly valuable when dealing with uncertainties characterized by known bounds
(Chisci, Garulli, and Zappa, 1996; Scott et al., 2016a). Set-based parameter estima-
tion has gained prominence as a viable alternative to traditional stochastic methods
like least squares or maximum likelihood. It offers a robust solution for scenarios
where model parameters exhibit unknown stochastic properties but known bounds.
Consequently, it ensures the encapsulation of model parameters within well-defined
bounds.

Notably, this thesis introduces a novel approach for set-based joint state and
parameter estimation within discrete-time systems described in Rego et al., 2021a.
Building upon the foundational algorithms rooted in constrained zonotopes (CZs)
proposed in (Scott et al., 2016a) and (Rego et al., 2021Db), this strategy unifies the es-
timation of states and parameters within a single cohesive framework. Unlike interval-
based techniques, our CZ-based approach excels at preserving and propagating exist-
ing interdependencies between states and model parameters. Furthermore, it employs
generalized intersections to refine both state and parameter enclosures, a key distinc-
tion from zonotope-based methods. These advances substantially elevate the accuracy
of both state and parameter estimation, as underscored by three illustrative numerical
examples that encompass linear and nonlinear discrete-time systems.

Lithium - ion battery cell mathematical models encompass numerous unknown
parameters, making parameter estimation a crucial step in gaining a deeper under-
standing of the process and refining state estimation. Various methods have been
proposed in the literature to tackle this challenge.

One approach, as exemplified in (Lai et al., 2021), employs a least-squares (LS)
algorithm to estimate parameters for an Equivalent Circuit Model used to describe
the electrical characteristics of lithium-ion batteries. Least-squares algorithms are
commonly used for parameter estimation and are known for their simplicity.
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In contrast, Pozzi et al., 2018 takes a different approach by using optimal exper-
imental design to enhance the identifiability of model parameters. Optimal experi-
mental design allows for efficient planning of which experimental data to acquire to
obtain more accurate parameter estimates.

The work in Jackey et al., 2013 proposes a layered optimization technique for pa-
rameter identification in batteries, which is based on the widely-used Matlab/Simulink
platform.

It’s worth noting that all of these works provide a single-point estimate as the
outcome, rather than a range of possible values.

On a different note, Zhou et al., 2020 employs interval-based methods for identify-
ing ECM model parameters, taking into account the uncertainties in model parameters
to provide more robust estimates.

Some state estimation approaches aim to enhance accuracy by refining the model’s
parametric uncertainties, a method known as joint state and parameter estimation.
In this vein, certain studies have applied extended Kalman filtering with sensitivity
analysis, as seen in (Rauh and Aschemann, 2012), and sigma point Kalman filtering
as illustrated in (Plett, 2006). Additionally, particle filtering has been used for online
estimation, as documented in Samadi, Alavi, and Saif, 2013.

Notably, to the best of our knowledge, the application of set-based methods for
joint state and parameter estimation in the battery domain has been uncharted terri-
tory. This gap in the literature prompts our exploration into this promising approach.

Within the field of set representations, Scott et al., 2016b introduces Constrained
Zonotopes (CZs) as an alternative to intervals. These CZs can provide tighter es-
timates with a slightly higher computational cost. CZs combine the flexibility of
polytopes with the scalability of zonotopes, making them an intriguing choice for
estimation tasks. This contributions has previously appeared in:

e (Rego et al., 2022a) Rego, B. S., Locatelli, D., Raimondo, D. M., Raffo, G. V.
(2022). Joint state and parameter estimation based on constrained zonotopes.
Automatica, 142, 110425.

o (Locatelli et al., 2022a) Locatelli, D., Saccani, G., Rego, B. S., Raffo, G. V.,
Raimondo, D. M. (2022, November). Set-based joint state and parameter esti-
mation of a lithium-ion cell using constrained zonotopes. In 2022 IEEE Vehicle
Power and Propulsion Conference (VPPC) (pp. 1-6). IEEE.

1.2.3 Set-based fault detection

The safe operation of lithium-ion batteries is a critical aspect to consider during their
use. Several different faults can occur that can result in degraded performance and
hazardous consequences, such as explosions and fires. These faults can be classified
into three main categories: cell faults, sensor faults, and actuator faults.

Cell faults, the most critical of the three, include overcharging (OC), overdischarg-
ing (OD), overheating, internal short circuit (ISC), external short circuit (ESC), and
thermal runaway Bandhauer, Garimella, and Fuller, 2011; Hu et al., 2020. These
faults can pose a significant risk to the safe operation of the battery.

Sensor faults, on the other hand, cause issues in the feedback loops of the BMS
control system Xiong et al., 2019. Actuator faults, such as cooling system faults, bus
faults, and connector faults Liu et al., 2014, can also impact the functioning of the
battery.

The BMS plays a crucial role in maintaining the safety of lithium-ion batteries. It
constantly monitors the battery pack’s voltage, current, and temperature to determine
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the best way to operate the battery and prevent faults from occurring. When a fault
does occur, the BMS can help detect it and minimize its effects. The BMS can also
diagnose faults using various diagnostic methods to help ensure the safe operation of
the battery.

The safe operation of lithium-ion batteries requires careful monitoring and man-
agement, with the BMS playing a critical role in preventing faults and maintaining
the safety of the battery during operation.

Many fault diagnostic algorithms have been developed for lithium-ion batteries,
which can be divided into two different groups based on their methodology: data-
driven and model-based. Data-driven methods detect faults by analyzing data without
relying on a model, while model-based methods use a mathematical representation of
the battery system to identify faults.

Data-driven methods include those based on correlation coefficients, such as the
interclass correlation coefficient-based method proposed in Xia et al., 2017a and Li
and Wang, 2018, which can detect ISCs and off-trend voltage drops respectively.
Shannon entropy theory is used in Wang et al., 2017 and Liu et al., 2018 to capture
thermal abnormalities and predict faults. Probabilistic rule-based methods, such as
the one proposed in Xiong et al., 2012, use unusual drops in voltage and spikes in
temperature to detect OD failures. Big data statistical methods, including a neural
network algorithm, are employed in Zhao et al., 2017 to find abnormal changes in cell
terminal voltages.

One advantage of data-driven methods is that they can be used on both battery
packs and single cells, as they do not require any prior knowledge of the battery
system. However, the tuning of data-driven methods can be time-consuming and
costly, and therefore is often performed offline.

Model-based methods, on the other hands, rely on the mathematical model of
the cell or the battery pack to detect faults. The main advantage of this approach
over data-driven methods is that it provides a better understanding of the nature of
the fault and can provide insight into the underlying physical processes. However, a
drawback of this approach is that the mathematical model used is by definition an
approximation of the true system, which can lead to inaccuracies in the fault detection.

It is worth noting that both data-driven and model-based methods have their own
strengths and weaknesses. Data-driven methods have the advantage of being able
to detect faults without relying on a model, but may require large amounts of data
and can be more difficult to interpret. Model-based methods, on the other hand, can
provide a more in-depth understanding of the battery system, but may be limited by
the accuracy of the model and the availability of data for model development and
validation. To address this challenge, we incorporate parametric uncertainty into the
mathematical model by treating it as a disturbance that affects the system. This helps
to improve the robustness of the fault detection method and to mitigate the impact
of model inaccuracies on the detection performance. It should be noted that the
choice between data-driven and model-based methods depends on several factors such
as the specific application, the requirements of the battery system, and the available
resources.

The set-based approach presented in this thesis is grounded in the use of Con-
strained Zonotopes (CZs) for detecting thermal faults. CZs offer a unique advan-
tage by seamlessly blending the efficiency and scalability characteristics of zonotopes
with the adaptability of convex polytopes. Consequently, they constitute an efficient
methodology capable of computing significantly tighter enclosures than, for instance,
intervals, all while incurring only modest additional computational costs (Scott et al.,
2016a).
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Initially, our focus lay exclusively on the domain of thermal faults. However,
it’s important to emphasize that the methodology is inherently versatile and can be
extended to address various other fault types. As a means of validating the results,
we propose a comprehensive comparison between CZs and interval sets. The latter
are computed using a forward-backward algorithm as outlined in Jaulin et al., 2001.
It’s worth noting that the pursuit of the tightest possible enclosures is of paramount
importance for enabling early fault detection.

In summary, the main contributions of this work can be outlined as follows:

e The application of innovative set-based methods to the domain of battery state
estimation.

e Pioneering set-based fault detection techniques specifically tailored for batteries.

e A rigorous performance evaluation, comparing fault detection efficiency between
interval sets and CZs.

Moreover, we broaden our scope to encompass battery packs with interconnected
thermal dynamics. This expansion is driven by the recognition that dealing with faults
in such systems poses a formidable computational challenge. For an effective solution,
we refer readers to Saccani, Ciaramella, and Raimondo, 2022.

Moreover, we operate under the realistic assumption of having access to only
a limited number of measurements, encompassing temperature and voltage. This
includes cases where faults may occur in cells without dedicated sensors. The ability
to detect faults under these conditions is crucial, as it’s not always feasible to equip
every cell with sensors.

In summary, the key contributions of this further part encompass:

e Set-based fault detection tailored for battery packs.

e Incorporation of a coupled thermal model featuring temperature-dependent pa-
rameters.

e Comprehensive comparison of different set representations, including zonotopes
and CZs, for fault detection.

An earlier version of this contribution was published in:

e (Saccani et al., 2022) Saccani, G., Locatelli, D., Tottoli, A., Raimondo, D. M.
(2022). Model-based thermal fault detection in lithium-ion batteries using a
set-based approach. IFAC-PapersOnLine, 55(6), 329-334.

e (Locatelli et al., 2022b) Locatelli, D., Tottoli, A., Saccani, G., Raimondo, D. M.
(2022, August). Thermal fault-detection in series connected lithium-ion cells: a

set-based approach using constrained zonotopes. In 2022 IEEE Conference on
Control Technology and Applications (CCTA) (pp. 411-417). IEEE.

1.2.4 Ageing-aware charging of lithium-ion batteries

Rechargeable batteries are commonly charged using the Constant Current Constant
Voltage (CC-CV) protocol, which has become a standard in the majority of applica-
tions due to its simplicity and ease of implementation. The charging protocol involves
a CC phase that transitions to a CV phase once a specific voltage is reached, and
the CV phase ends when the current falls below a predefined threshold. Tuning the
values of the constant current in the CC phase and the constant voltage in the CV
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phase can provide a trade-off between fast charging and a long cycle life. However,
the CV phase can result in long charging times, compromising battery longevity if
higher currents are used.

To address this issue, alternative charging protocols have been proposed in the
literature to enable faster charging without sacrificing cycle life. Multi-Stage Constant
Current (MSCC) protocols have been studied in several research works, such as (Khan
and Choi, 2018) and (Jiang et al., 2020), highlighting their significance in improving
the longevity and performance of lithium-ion batteries. Pulse-charging protocols have
also been shown to be effective in Li et al., 2001 and Bhardwaj, Hwang, and Mank,
2014, where short rest intervals or discharge pulses interrupt the charging current on
a regular basis to minimize concentration polarization and the possibility of negative
local anode potential. Another approach is boost-charging algorithms, presented in
Lee, Jeghan, and Lee, 2021, where a high average current is followed by a CC-CV
with lower currents, resulting in a reduced overall charging time.

However, these algorithms do not provide guarantees of optimality and have been
developed based on the nominal chemical-physical cell characteristics. Further re-
search is needed to develop optimal charging protocols that can balance fast charg-
ing with long cycle life and guarantee optimal performance across different battery
chemistries and operating conditions.

For this reason, in recent years, there has been an increasing interest in develop-
ing model-based charging strategies for lithium-ion batteries. ECMs are macroscopic
models that are capable of representing the charging loss due to internal resistance
and current rate, making them suitable for real-time applications. However, ECMs
are unable to capture important internal state information, such as solid and elec-
trolyte potential, ion concentration, reaction flux, and side reactions that lead to
Solid-Electrolyte-Interphase (SEI) growth.

In contrast, EMs accurately describe the chemical processes occurring inside a
battery, but at the cost of increased complexity. The Pseudo-Two-Dimensional (P2D)
model and the Single-Particle Model (SPM) are the most popular EMs, with the
former described by Partial Differential Algebraic Equations (PDAESs) and the latter
obtained from a simplification of the former. However, these models need to be ex-
tended to incorporate ageing dynamics and to predict temperature, ion concentration
distribution, or overpotential for use in fast-charging strategies.

Side-reaction models have been used together with the DFN model in previous
studies. For example, Khalik et al. Khalik, Bergveld, and Donkers, 2020 and Lucia
et al. Lucia et al., 2017 have used side-reaction models with DFN models. ECMs
have been used by Jiang et al. Jiang et al., 2014 and Zhang et al. Zhang et al.,
2017 to represent cell behavior, where different cost functions are designed to achieve
optimal charging efficiency or minimum charging loss while charging faster. Despite
their effectiveness, the complexity and high dimensionality of these models make them
unsuitable for optimal real-time control. To overcome this challenge, simplified models
are often used in the context of optimal control to enable efficient computation and
practical real-time implementation of control strategies. Torchia et al. Torchio et al.,
2016 have explored the use of model simplifications for numerical implementation.
Perez et al. Perez, Hu, and Moura, 2016 have used an SPM model for fast-charging
strategies. In this thesis, we introduce an innovative online optimal-control-based
approach for aging-aware charging of batteries. This method focuses on minimizing
side reactions within a specified charging time while satisfying various aging-related
constraints.

Our approach draws inspiration from the work of Pozzi, Torchio, and Raimondo,
2018 and implements a shrinking-horizon model-predictive control technique. To
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achieve this, we leverage a surrogate model introduced in Khalik, Bergveld, and
Donkers, 2021, which approximates the states of the DFN (Doyle-Fuller-Newman)
battery model associated with aging. This surrogate model seamlessly combines a
black-box Finite-Dimensional Linear-Time-Invariant (FD-LTI) model with a state-of-
charge-dependent static nonlinear model. Note that the effectiveness of the shrinking-
horizon technique relies heavily on the accuracy of the battery models used for opti-
mization.

To close the feedback control loop and enhance our approach’s performance, we
employ a Kalman filter with a forgetting factor, as proposed by (Beelen, Bergveld, and
Donkers, 2020). The efficacy of this comprehensive strategy is rigorously demonstrated
through a Pareto-front analysis.

In summary, this thesis contributes significantly to the field of battery management
with the following key elements: i) The development of an innovative Model Predictive
Control (MPC) strategy for aging-aware battery charging. ii) The incorporation of a
shrinking-horizon approach, allowing for the adjustment of the prediction horizon as
the cell charges. iii) The application of a Kalman filter with a forgetting factor as a
state observer in conjunction with the surrogate model, enhancing the precision of the
control strategy. Content associated with this contribution has been made available
in:

e (Locatelli et al., 2023) Locatelli, D., Raimondo, D. M., Khalik, Z., Bergveld,
H. J., Donkers, M. T. (2023). Closed-loop Optimal Ageing-Aware Charging of
lithium-ion Batteries Using a Surrogate Model. In IFAC World Congres.

1.3 Structure of the thesis

Following this introduction, the Thesis is structured as:

e Chapter 2: this chapter provides a comprehensive overview of lithium-ion bat-
teries, emphasizing their significance in diverse applications, such as electronics,
electric vehicles, and energy storage systems. It highlights the remarkable en-
ergy and charge efficiency of Li-lon batteries due to their low internal resistance,
enabling efficient operation across varying discharge rates. The chapter under-
scores the role of Battery Management Systems (BMS) in optimizing Li-Ton bat-
tery performance, ensuring safety, and extending their lifespan. Different BMS
implementation topologies, including centralized, distributed, and modular ap-
proaches, are discussed, along with their technical, operational, and economic
advantages. The chapter also acknowledges the limitations of Li-Ion batteries,
such as calendar life issues and the risk of thermal runaway, emphasizing the im-
portance of careful design and management. It anticipates future advancements
in cloud-based BMS and digital twin technologies to address these limitations
and enhance battery management as Li-Ion battery demand continues to grow
across industries.

e Chapter 3: This chapter explores battery modeling. It covers various battery
models and techniques, including equivalent circuit models such as Thévenin
models, Dual Polarisation models and electrochemical models such as the Pseudo
2 dimensional model and the Single Particle model. It also covers aging mod-
elling and thermal modelling of lithium-ion cells.

e Chapter 4: This chapter serves as an introduction to the foundational mathemat-
ical concepts necessary for understanding zonotopes and constrained zonotopes.
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It begins by highlighting the significance of set representations in modeling com-
plex systems. Subsequently, it introduces basic set operations and associated
notation. The chapter then introduces the definition of zonotopes, which are sets
with central symmetry, discussing their applications and operations. Finally, it
presents constrained zonotopes, which extend the representation to asymmet-
ric convex polytopes, along with strategies for reducing the complexity of set
representations.

e Chapter 5: This chapter discusses set-based state estimation and its applica-
tions. Set-based state estimation considers a range of possible system states,
providing a more robust representation than point-based approaches. It ex-
plores mathematical concepts like set propagation, set intersection, convex hulls,
and set-based filtering algorithms. The chapter also presents a state estimation
framework using constrained zonotopes, offering precise linear representations
of nonlinear functions. It provides algorithms and tools for implementing set-
based state estimation for complex systems with uncertainty, such as lithium
batteries.

e Chapter 6: This chapter focuses on Battery Management Systems (BMSs) for
battery safety and efficiency. It discusses the importance of protecting batteries
from harmful operating conditions, presents a methodology for more accurate
parameter characterization, and introduces a state estimation method tailored
for discrete-time measurements. The chapter also explores advanced set-based
state estimation techniques using zonotopes and constrained zonotopes applied
to battery cells, highlighting their potential to improve state estimation accu-
racy and robustness. Through numerical experiments, it validates the proposed
methodology and its practical significance in lithium-ion cell estimation.

e Chapter 7: This chapter focuses on lithium-ion battery safety, including poten-
tial faults leading to performance degradation and safety hazards like explosions
and fires. It introduces the role of Battery Management Systems (BMS) in mon-
itoring and preventing faults, highlighting the use of a model-based approach
for fault detection, considering both the mathematical model and uncertainties.
The chapter introduces problem formulation, analysis of the faulty model, nu-
merical results, application to a single lithium cell and a three-cell series system.

e Chapter 8: This chapter introduces a novel approach for simultaneously es-
timating the states and parameters of nonlinear discrete-time systems using
set-based methods. Building upon algorithms from a previous chapter, it in-
corporates constrained zonotopes for parameter estimation within a cohesive
framework, improving state and parameter estimation accuracy. The chapter
covers the state-of-the-art in joint state and parameter estimation, defines the
discrete-time systems considered, and outlines the proposed estimator’s frame-
work. The chapter provides numerical examples to demonstrate the approach’s
practicality across various system types. Finally, it concludes by summariz-
ing key findings and implications for joint state and parameter estimation in
discrete-time systems.

e Chapter 9: This chapter focuses on the practical application of a set-based joint
state and parameter estimation approach in the context of Lithium-ion batteries.
The objective is to enhance Battery Management Systems (BMSs) by improv-
ing precision. The chapter builds upon theoretical foundations discussed earlier
and introduces Constrained Zonotopes (CZs) as a novel set representation for



14

Chapter 1. Introduction

capturing complex relationships between battery states and parameters. The
method is compared to an interval-based estimator and is applied to a lithium-
ion battery’s electro-thermal model. Numerical results demonstrate that CZs
outperform intervals in providing tighter state and parameter estimates, partic-
ularly in the thermal states. The chapter highlights the potential of CZ-based
methods for practical battery management applications.

Chapter 10: This chapter discusses an optimal ageing-aware charging strategy
for Lithium-ion batteries. It aims to balance fast charging with battery longevity,
utilizing a shrinking-horizon model-predictive control (MPC) approach based on
a surrogate model. The strategy minimizes side reactions during charging while
adhering to ageing-related constraints. It also employs a Kalman filter with
a forgetting factor for state estimation. The Pareto-optimal trade-off between
charging time and battery degradation is demonstrated through simulations,
highlighting the advantages of the proposed approach.
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Chapter 2

Lithium-ion batteries

In this chapter, we will explore the science and safety of lithium-ion batteries. These
batteries power our devices and are crucial for modern technology. We will discuss
the risks, efficiency, aging, and management systems that play a key role in their
operation. In an increasingly electrified world, lithium-ion batteries stand as essential
enablers of technological advancement. Their influence extends beyond mere conve-
nience; it impacts the sustainability and future of energy utilization. The chapter’s
subsequent sections, focusing on various facets of lithium-ion batteries, will highlight
why grasping their intricacies is crucial. Section 2.1 describe the history and the evo-
lution of lithium-ion batteries. Section 2.2 describes the main battery features and
operating functions. Section 2.3 shows the different type of cells packaging. Section 2.4
assesses the safety aspects of lithium-ion batteries, addressing side reactions, thermal
behaviors, and safety mechanisms, in light of real-world incidents, emphasizing the
need for safety measures and research. Section 2.5 discusses the gas production and
safety risks associated with overcharging lithium-ion batteries, focusing on the types
of gases generated, their origins within the battery, and potential hazards. Section 2.6
emphasizes the importance of safety management systems for lithium-ion batteries,
ensuring they operate within specified parameters to prevent damage and hazards.
It also mentions the high energy efficiency of Li-lon cells. Section 2.7 discusses the
energy efficiency and power output characteristics of Li-lon cells, highlighting their
advantages and limitations in various applications. In section 2.8 aging phenomena
are discussed. Li-Ion batteries have a longer lifespan than other types but still face
limitations in terms of cycle and calendar life due to chemical processes at high volt-
ages. Battery Management Systems can optimize capacity utilization by adjusting
cutoff voltages based on internal resistance. Then Section 2.9 discusses the signifi-
cance of Battery Management Systems (BMS) in overseeing and optimizing battery
and energy storage module performance, ensuring safety and longevity. Finally in
Section 2.10 the conclusions are drawn.

2.1 History of lithium batteries

The history of lithium batteries, like the evolution of any technological device, is deeply
rooted in its historical context. Batteries, serve as devices that directly convert the
energy released during a chemical reaction into electricity. While there is some debate
regarding the earliest electrochemical battery, with claims dating back to the “Baghdad
Battery" found during archaeological excavations near Baghdad, most credit goes to
Luigi Galvani and Alessandro Volta in the late 18th century for making electrochemical
cells widely known to humanity (Scrosati, 2011).

The history of lithium batteries is closely tied to the works of Luigi Galvani and
Alessandro Volta. Galvani’s classic experiment, in which he observed a frog’s leg



16 Chapter 2. Lithium-ion batteries

FIGURE 2.1: Portrait of Alessandro Volta as an elderly man (Cam-
nago, Volta family)

twitch when touched by different metals, suggested the possibility of animals gen-
erating electricity. In contrast, Volta demonstrated electricity production using his
“voltaic pile" (Figure 2.2), consisting of alternating zinc and silver disks separated by a
cloth soaked in sodium chloride solution. These two discoveries, though initially seen
as opposing concepts, have their merits. Galvani’s work has a association with bio-
energy, while Volta’s work is more aligned with energy storage. Volta’s writings from
the late 1700s hinted at the significance of factors like the electrolyte and electrode
interface, which play crucial roles in the development of modern batteries, particularly
lithium batteries.

Volta’s groundbreaking work catalyzed rapid developments in electrochemical sci-
ence, leading to the discovery of several significant electrochemical systems throughout
the 19th century (Trasatti, 1999). In 1866, French engineer Georges-Lionel Leclanché
introduced his battery, featuring a zinc rod negative electrode (anode) and a man-
ganese oxide—carbon mixture as a positive electrode (cathode), immersed in an aque-
ous ammonium chloride solution. Over time, these cells have been refined, with
innovations like replacing liquid electrolytes with pastes and redesigning cell con-
tainer. (Scrosati, 2011). Following Leclanché’s discovery, Gaston Planté invented
the lead—acid rechargeable battery in 1859, and Waldmar Jungner discovered the
rechargeable nickel-cadmium battery in 1901. These innovations, while modified for
construction and materials packaging, still form the basis of many commercial batter-
ies used today, such as those for car ignition and portable tools.

For over a century, batteries based on Leclanché, Jungner, and Planté’s concepts
met the technological requirements of their time. However, significant changes oc-
curred in the late 1960s due to various factors. Advances in implantable medical
devices, requiring high-energy density and reliable energy sources, drove the need for
improved batteries. Moreover the demand for high-energy and high-power sources
for military purposes necessitated better battery technology. Furthermore the rapid
growth of the consumer electronics market, with devices requiring portable power
sources, created new demands for batteries.

Traditional batteries of the time, such as alkaline—manganese, nickel-cadmium,
or lead—acid, were ill-suited to meet these evolving demands. Their main drawback
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FIGURE 2.2: A diagram illustrating a copper-zinc voltaic pile. Copper
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which were later determined to be unnecessary.
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was the lack of energy density, which stemmed from their electrode combinations of-
fering limited specific capacity, resulting in low energy density. These batteries were
heavy and bulky, failing to keep pace with technological advancements. One illus-
trative example is the case of cardiac pacemakers, essential devices for patients with
arrhythmia. Early pacemakers relied on primary zinc—mercury batteries, which were
large and heavy, occupying a significant portion of the device’s size. Moreover, these
batteries required frequent replacements every two years, causing stress for patients.
New batteries with higher energy-to-weight and energy-to-volume ratios and longer
operational lives were urgently needed.

The breakthrough came with the development of new battery concepts that uti-
lized lithium as one of the electrode materials. Lithium, with the highest electrochem-
ical equivalent among all metals, promised significantly higher specific capacity com-
pared to zinc. However, the use of lithium required a shift from aqueous electrolytes
to more electrochemically stable organic electrolytes, typically involving lithium salt
solutions in carbonate organic solvents.

As already introduced above in this section, one significant catalyst for the evo-
lution of lithium batteries was the demand from the military sector, which required
power sources characterized by both high energy and high power capabilities. This
led to the development of specialized lithium batteries using unconventional cathode
materials, including soluble reagents like sulfur dioxide (SO2) and liquid reagents such
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as thionyl chloride (SOCIly) and sulphuryl chloride (SO2Cly).

Another influential factor in the 1970s was the proliferation of consumer electron-
ics, introducing popular devices like electronic watches, toys, and cameras. These
devices demanded batteries that could deliver efficient performance within compact
volumes and at an affordable cost. The response to this need was the commercializa-
tion of lithium batteries utilizing manganese dioxide cathodes, designed in coin-type
cell configurations to fit seamlessly into device casings.

The focus shifted towards identifying materials for cathodes that could withstand
long cycles. The breakthrough came in 1978 with the development of “insertion" or
“intercalation" electrodes, typically based on compounds that could reversibly accept
and release lithium ions within their open structure. Transition metal compounds
like titanium sulfide proved promising, enabling the creation of the first commercial
rechargeable lithium batteries in the late 1970s and early 1980s. Exxon in the USA
introduced a battery with a TiSy cathode, while Moli Energy in Canada produced
one with a MoSy cathode, both using liquid organic electrolytes.

However, operational issues, including fire incidents, raised concerns about the
safety and longevity of these lithium batteries. These issues were primarily associ-
ated with the anode. Due to its high reactivity, lithium metal could react with the
electrolyte, forming a solid electrolyte interface (SEI) on its surface. While this layer
was permeable to lithium ions, allowing discharge, irregularities on the SEI surface
could lead to uneven lithium deposition during charging, resulting in dendrite forma-
tion and potential cell short-circuiting. In extreme cases, these events could lead to
overheating and explosions.

Consequently, the development of rechargeable lithium batteries necessitated a dif-
ferent approach: a novel concept involving the combination of two insertion electrodes.
One electrode would accept lithium ions (anode), while the other would release them
(cathode). This setup created a cyclic process where x equivalents of lithium ions
moved between the two intercalation electrodes, termed concentration cells, forming
a ‘“rocking chair battery".

The concept of a rocking chair battery dates back to the late 1970s, was practically
demonstrated in the early 1980s, but it took more than a decade before it reached
practical application. Sony introduced a groundbreaking battery in 1991. The key
to its success lay in selecting appropriate electrode materials: graphite as the anode
(“lithium sink") and lithium cobalt oxide as the cathode (“lithium source"). Crucially,
lithium cobalt oxide, was discovered by Goodenough in 1980 (Mizushima et al., 1981).
While other cathode materials have been developed, lithium cobalt oxide remains a
predominant choice for commercial lithium rocking chair batteries.

Sony’s achievement sparked global interest, and today, numerous battery manufac-
turers in Asia produce lithium rocking chair batteries, which have come to be known
as lithium-ion batteries. Their exceptional properties, particularly in terms of energy
density, surpassed conventional nickel-cadmium batteries and even younger systems
like nickel-metal hydride batteries. Consequently, lithium-ion batteries have become
the preferred power sources for a wide range of popular portable devices, including
cellular phones, notebooks, camcorders, and MP3 players. This success is evident in
the production of billions of units per year. Figure 2.3 shows the changing dynamics
of the electronic market for lithium-ion battery consumers over time. In summary,
the first era of lithium battery history witnessed the initial exploration of lithium’s
potential, driven by diverse demands from military and consumer electronics sectors.
The transition from primary to secondary batteries was marked by the development
of insertion electrodes, leading to the birth of rechargeable lithium batteries. Over-
coming safety concerns related to the lithium metal anode, the rocking chair battery
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FIGURE 2.4: Schematic of a lithium ion battery

concept emerged as a groundbreaking solution, ultimately giving rise to the ubiquitous
lithium-ion batteries.

The subsequent sections will go deeper into the evolution of lithium batteries, their
components, and their diverse applications.

2.2 Lithium-ion battery functioning

Lithium batteries rely on a combination of chemical components that interact to
produce energy. The main components of a lithium battery include (see Figure 2.4):

e Anode: The anode is the negative electrode of the battery and typically consists
of a lithium-based material, such as graphite or lithium metal.

e (athode: The cathode is the positive electrode of the battery and is typically
composed of a lithium compound, often lithium cobalt oxide (LiCoOs), lithium
iron phosphate (LiFePQy), or other lithium-based materials

e clectrolyte: The electrolyte is a critical component that separates the anode and
cathode and allows the flow of lithium ions between them. It is typically an
organic solvent containing lithium salts, such as lithium hexafluorophosphate
(LiPFg).

e Separator: A separator, often made of porous materials like polyethylene or
polypropylene, physically separates the anode and cathode to prevent short-
circuits while allowing the passage of lithium ions.

The operation of a lithium-ion battery involves a series of chemical reactions that
occur during charging and discharging. When a load is connected to the battery, such
as a device or appliance, the chemical reactions at the electrodes reverse. Lithium
ions move from the anode through the electrolyte and separator to the cathode. Elec-
trons flow through the external circuit from the anode to the cathode, generating an
electric current that powers the connected device. Batteries operate based on electro-
chemical and physical processes During charging, lithium ions move from the anode to
the cathode through the electrolyte. This movement is facilitated by the electrolyte’s
chemical properties and the presence of the separator. As lithium ions migrate, elec-
trons flow through the external circuit, creating an electric current. This flow of
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electrons powers the device connected to the battery. At the anode, lithium atoms
undergo oxidation, releasing electrons into the external circuit and forming lithium
ions. At the cathode, lithium ions undergo reduction, accepting electrons and forming
lithium atoms. These oxidation-reduction (redox) reactions drive the flow of energy.
Maintaining the chemical stability of the electrolyte and preventing unwanted side
reactions is crucial to battery performance and safety. During operation, some heat
is generated due to resistance in the battery components and the electrochemical re-
actions. Managing this heat is essential to prevent overheating and thermal runaway.
Understanding these chemical and physical processes is essential for optimizing bat-
tery design, improving performance, and ensuring safety. Moreover, ongoing research
in battery technology aims to enhance energy density, cycle life, and charge-discharge
efficiency while minimizing environmental impacts and safety concerns.

Chemistry in the battery can be described in two steps (Figure 2.5). Reduction
occurs at cathode and oxidization occurs at anode. Electrolyte in between the cathode
and anode facilitates the exchange of ions. During the charging of the battery, cathode
releases electrons in the external circuit and Li* in the electrolyte. LiT passes through
the micro-porous separator to the anode. This reverses during the discharge cycle.
The cathode reaction can be shown as follows

LiCoOy — Li;_,Co0s + zLit + ze™ (2.1)

In the anode, lithium intercalation occurs during charging. The amount of Li*
stored in the anode determines the energy capacity of the battery. Lithium ions are
released during the discharge cycle, and the anode reaction can be shown as follows:

6C + zLiT + e~ — Li,Cs (2.2)
The overall reaction in a lithium-ion battery cell can be shown as follows
LiCoOy + 6C — Li,_1Co0y + Li,.Cs (2.3)

Electrode compounds are chosen based on several characteristics. They should
readily accept and release lithium ions, and lithium intercalation-deintercalation should
not change the structure of the compound. Electronic and ionic conductivity of the
electrodes play a vital role in the energy density of a lithium-ion battery. Highly
conductive electrodes, such as metallic electrodes, are desirable. High porosity in
electrodes is desirable since lithium ions are hosted in the anode, so a higher surface
area will increase the intercalation of ions. Additionally, electrodes should be stable
and safe over a long period of charging and discharging. Electrodes that are low-cost
and environmentally non-hazardous are also desirable (Whittingham, 2004; Koksbang
et al., 1996; Megahed and Scrosati, 1994).

2.3 Cell packaging and available forms

Lithium-ion cells come in various packaging forms, each designed to meet specific
application requirements and safety standards. A comprehensive analysis of packaging
technology for electrochemical accumulators is provided (Kiehne, 2003).

2.3.1 Cylindrical cells

The cylindrical packaging design, as an early form of mass-produced batteries, re-
mains popular today due to its mechanical stability, naturally withstanding internal
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pressures without deformation. Standard cylindrical cell sizes, known as AAAA, have
been in use since the 1890s. As form factors became smaller, new standards were in-
troduced, such as D, C, AA, and AAA, which are common for various consumer-type
applications (Fig. 2.6). Secondary batteries of these packaging types primarily use
Nickel-Cadmium (NiCd) and Nickel-Metal-Hydride (NiMH) chemistries, containing
one electrochemical cell.

AAA  AA VvV

FIGURE 2.6: Common consumer-type battery packages. Left to right:
AAA-cell;, AA-cell, C-cell, D-cell, a Large 9V cell battery

Notably, cylindrical packaging has even been used for lead-acid batteries, particu-
larly for small, cylindrical lead-acid cells that contain spirally-wound electrodes. These
cells were the first to use a separator material known as “absorbent glass mat" (AGM),
enhancing packaging density and making them suitable for rugged environments.
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On the Li-ion side, the 18650 cell, introduced in the mid-1990s, became the stan-
dard cylindrical packaging format. With a diameter of 18mm and a length of 65mm,
the 18650 cell contains one electrochemical cell with cathode, anode, and separator
cut into stripes and rolled into a metal can. It is widely used in battery packs for
laptop PCs, electric bicycles, and power tools. Although cylindrical cells have lower
packaging density due to their round shape, they allow for efficient air circulation in
modules or battery packs, aiding in cooling.

2.3.2 Prismatic cells

While consumer and starter batteries have been widely standardized, Li-ion battery
manufacturers introduced new formats when product designs required changes. Pris-
matic cells, with a box-like appearance, are used in applications like mobile phones,
digital cameras, video cameras, and tablet computers. Unlike cylindrical cells, there
is no standard aspect ratio or size for prismatic cells, which can contain one or more
electrochemical cell units.

Prismatic Li-ion cells are manufactured with cathodes, anodes, and separators in
long stripes, wound up and then pressed to fit into the prismatic container. However,
this design imposes more stress on the bent parts of the cell, which can challenge
electrode coating and electrolyte distribution. Prismatic cells allow for flexible design
and improve packaging density in a module or pack but introduce higher mechanical
stress on the container and more complex thermal management.

2.3.3 Pouch cells

Pouch cells are a minimalistic packaging approach, lacking a rigid container. Instead,
they are sealed by flexible foil, often referred to as “coffee bag cells". Cathodes, sepa-
rators, and anodes are stacked rather than wound. This design maximizes packaging
density and reduces weight, thereby increasing energy density. Pouch cells are exclu-
sively used for Li-ion chemistries and may employ a polymer electrolyte that also acts
as a separator.

Pouch cells are very flat and find applications in tablet computers (typically around
4 Ah capacity). They are also used in high-power and high-energy (EV) applications.
However, high currents in charging or discharging modes can generate internal pres-
sure, leading to serious swelling if the cell overheats or short circuits. To address this,
manufacturers typically oversize the package, creating a separate “gas-bag" where
excess gases can escape during the initial charging step (formation). Pouch cells re-
quire careful temperature management and support structures when integrated into
a module, and there are no standard sizes for these cells.

2.3.4 Coin cells

Coin cells played an important role in enabling compact designs for portable electronic
devices during the 1980s, including cordless telephones and medical devices. These
cells were valued for their small size and affordability. However, a significant drawback
is their susceptibility to swelling when subjected to extremely high currents. Today,
coin cells are predominantly used as primary cells and find applications in medical
implants, watches, hearing aids, car key fobs, and memory backup devices.

These packaging forms offer a range of options to suit various applications, from
cylindrical cells providing mechanical stability to prismatic cells for flexible design and
pouch cells maximizing packaging density.
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2.4 Safety

The primary objective of this section is to comprehensively assess the safety character-
istics of commercial primary lithium and lithium-ion battery technologies. Our focus
will be on side reactions and thermal behaviors that could compromise safety during
operation. Additionally, we will focus on safety mechanisms and tests designed to
evaluate battery performance under normal operating conditions and abuse scenarios,
all grounded in experimental evidence available in the open literature.

Hazards linked to primary lithium and lithium-ion cells have materialized not only
during their intended use but also during their transportation and storage, both for
new and used battery packs. Furthermore, these hazards manifest during the recycling
process, which is essential to recover marketable materials and comply with regulatory
requirements. Recent incidents reported in the news have highlighted the potential
dangers during transport, storage, and recycling operations.

For example, a concerning trend of fires and incidents attributed to faulty lithium-
ion batteries, occurring both on planes and at airports, has led to the compilation
of an official list. This list, overseen and regularly updated by the Federal Aviation
Administration (FAA), responsible for air safety and airport management in the USA,
sheds light on the growing magnitude of the issue.

The FAA has meticulously recorded 455 total verified incidents directly linked to
lithium batteries since may 2006. It is important to acknowledge that this tally likely
represents only a portion of the actual incidents, as many may have gone unreported.
These problematic lithium-ion batteries have been found in an array of personal elec-
tronic devices, ranging from smartphones to laptops.

The FAA emphasizes that this list should not be construed as an exhaustive record
of all such incidents but rather a compilation of recent cargo and baggage-related
incidents within their knowledge.

Additionally, it is worth noting that this list excludes three major aircraft accidents
where lithium battery cargo shipments were suspected but not conclusively proven to
be the cause of the fires. These incidents involved an Asiana Airlines 747 near South
Korea on July 28, 2011; a UPS 747 in Dubai, UAE on September 3, 2010; and a UPS
DC-8 in Philadelphia, PA on February 7, 2006.

To illustrate the gravity of the situation, let’s consider a typical incident that
transpired on August 2, 2018. During a flight bound for Salt Lake City, a passenger
reported that her Apple iPhone 6, stowed in her pants’ back pocket, started emitting
smoke and generating heat. Alarmed by the smell of smoke and heat emanating from
the phone, the passenger promptly alerted the flight crew. To manage the situation,
the phone was placed within a fire-retardant bag for containment, and an emergency
was declared, leading to a safe landing.

Another incident, occurring on December 24, 2022, the media reported a thermal
incident occurred involving JetBlue Airlines. A subsequent Investigation determined
a passenger’s power bank battery began to smoke as the plane approached the ar-
rival gate. Airline personnel conducted an emergency evacuation, several passengers
reportedly required medical attention due to smoke inhalation or injury from the
evacuation. And again United Airlines reported on the 21st april 2023 that a thermal
event occurred during flight, a passenger possessed an e-Cigarette/ Vape Device that
became warm to the touch. The operating crew secured in the e-Cigarette/ Vape
Device in a Thermal Containment Bag for the duration of flight. Upon arrival the
e-Cigarette/ Vape Device exhibited no signs of a thermal incident and was returned
to the passenger. Figure 2.7 shows Tithe FAA’s Lithium Battery Incident charts in-
clude a running list of aviation cargo and passenger baggage events involving smoke,
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fire, extreme heat or explosion involving lithium batteries or unknown battery types
dating back to 2006.

These incidents underscore the serious safety concerns posed by lithium-ion bat-
teries within personal electronic devices when used during flights and within air-
port premises. To mitigate the inherent risks associated with fires sparked by these
batteries, more than 50 airlines worldwide, including several renowned carriers, now
equip themselves with AvSax fire containment bags. Recognized with the prestigious
Queen’s Award for Enterprise, these bags have been employed 28 times to effectively
manage emergencies linked to lithium-ion battery fires in personal electronic devices
since the start of 2017.

While definitive evidence regarding the specific mechanisms initiating these events
is often lacking, incidents can sometimes be traced back to improper handling, stor-
age practices, and packaging methods that may result in mechanical damage, water
ingress, and/or internal or external short-circuits in charged batteries.

For many years, lithium-ion cells have been considered a safer alternative to lithium
metal-anode cells, primarily because lithium metal is not re-deposited upon charging
under normal circumstances Balakrishnan, Ramesh, and Kumar, 2006. Over time,
various materials for positive and negative electrodes have been proposed, with a
substantial portion of conventional lithium-ion cells utilizing a carbon-based anode
paired with a positive electrode containing lithium, such as LiCoOsy. The electrolyte
typically consists of a lithium salt (e.g., LiPFg) capable of dissolving in organic solvents
like methyl carbonate or diethyl carbonate.
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Ongoing research efforts have led to the development of novel materials for elec-
trolyte solutions, positive and negative electrodes (Gulbinska et al., 2011). These
materials aim not only to enhance electrochemical performance parameters, such as
capacity, energy density, and cycle life but also to improve safety performance.

2.4.1 Side reactions

Hazards associated with lithium-ion cells can originate from various side reactions:

In lithium metal cells, molten lithium can form in the event of overcharging due to
the low melting point of lithium metal (180°C). However, this occurrence is less likely
in lithium-ion cells where metal lithium is replaced by lithiated carbon materials.

Reactions between organic solutions and the electrode surface can take place when
the cell’s temperature increases, particularly if the solid-electrolyte interface (SEI) is
disrupted. The SEI is the contact surface between the electrolyte solution and the
LixCoOy electrode, formed as the battery is charged for the first time. It becomes
unstable when the cell temperature rises above 70-100°C and decomposes exothermi-
cally.

Thermal management and heat generation are crucial for the safe operation of
lithium-ion cells. Both reversible and irreversible heat generation must be considered
in the battery management system. Internal resistance contributes to irreversible
heat, while reversible heat is linked to the reduction reaction at the positive electrode
and the heat generated at the negative electrode. The magnitude of reversible heat
effects varies across different lithium-ion chemistries, with LiCoOs cells exhibiting sig-
nificantly higher reversible heat (700% of the irreversible values) and heat generation
rate differences between charge and discharge (1.4 kW at 5740% charge). Conversely,
LiFePOy cells exhibit a substantially lower reversible heat effect, approximately 50W,
when operated between 2% and 95% state of charge.

2.4.2 Thermal runaway of lithium-ion batteries

The phenomenon of thermal runaway in lithium-ion batteries is well-documented
(Abraham et al., 2006) and can be described as a three-stage process:

e Anodic reactions commence around 90°C, representing the rate-limiting step.
As the temperature surpasses 120°C, the solid electrolyte interface (SEI) layer
starts to decompose, leading to the reduction of the electrolyte at the lithiated
graphite negative electrode.

e As the temperature exceeds 140°C, exothermic reactions at the positive electrode
commence, resulting in the rapid evolution of oxygen.

e The third stage involves the decomposition of the positive electrode and the
oxidation of the electrolyte, occurring at temperatures above 180°C. This stage
is characterized by a high-rate exothermic process, with temperatures rising as
much as 100°C per minute.

Thermal runaway and heat effects in lithium-ion cells are sensitive to the state
of charge, with higher charged voltages lowering the onset temperature. They also
depend on the cell’s history and the applied load.

Studies conducted by (Zhang, Fouchard, and Rea, 1998) revealed that lithiation
of the positive electrode improves thermal stability. Additionally, the composition of
the electrolyte impacts thermal stability, with ethylene carbonate/dimethyl carbon-
ate demonstrating greater stability than EC/DME. The choice of positive electrode
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material also influences thermal stability, with cells containing LiCoO3 or LiNiOs per-
forming less favorably than those with LiMnsO4. Abraham et al., 2006 reported ther-
mal stability studies using accelerating rate calorimetry on LiNi0.8Co00.15A10.0504
electrodes, observing self-heating reactions starting at 84°C and progressing until
quenched at 150°C.

Alternative strategies to enhance thermal stability involve coating the positive
electrode material with inert oxides to limit direct contact with the electrolyte, thus
improving stability. Examples include LiyTisO12 and LiFePO,4. Furthermore, posi-
tive electrodes different from LiCoOsg, such as LiyTisO12/LiMnsOy4 electrodes, have
shown enhanced thermal stability. These cells exhibited no thermal runaway even at
temperatures of 400°C, although cell venting occurred at 150°C due to pressurization
of the organic solvents. The degree of lithiation also influences stability, with onset
temperatures decreasing as x (degree of lithiation) decreases. LixMn2QO4 displayed an
exothermic reaction at 225°C, but the energy released was lower and less dependent
on the degree of lithiation (x).

2.5 Electrolyte decomposition

In lithium-ion batteries, the buildup of heat can trigger a series of reactions that
result in the production of gases within the battery cells. These gases, along with
the accompanying increase in pressure, can pose significant safety risks, potentially
leading to the release of gas (venting) or, in extreme cases, the rupture of the battery
casing. Research has dealt the specific types of gases generated when lithium-ion
batteries experience overcharging.

Studies have revealed that during overcharging, the primary gases produced are
carbon dioxide (COz) and carbon monoxide (CO), primarily originating from the
positive electrode of the battery. Additionally, a small fraction of methane (CHy) is
also detected (<10%). Importantly, this research has clarified that the generation of
COq is primarily linked to the oxidation of the battery’s electrolyte material at the
positive electrode, rather than arising from reactions within the carbonaceous negative
electrode.

Furthermore, it is worth noting that potentially flammable gases, including hydro-
gen (Hg), have been observed in the gases produced at the negative electrode, along
with minor amounts of other compounds like ethane (CoHg) and acetylene (C2Hg).

The breakdown of the electrolyte in the battery’s operation can lead to the for-
mation of various compounds, such as CO3, ethylene (CoHy), fluoroethane (CoHsF),
diethyl ether ((C22H55)20), highly toxic alkylfluorophosphates, and fluorophosphoric
acids, especially when a 1 M LiPFg concentration is used in diethyl carbonate or in
mixtures with dimethyl carbonate as the electrolyte. These decomposition products
can interact with the electrode surfaces, potentially forming CO2, oxalates, carbonates
(particularly at the negative electrode), or complex fluorinated compounds known as
oligoethylene oxides.

Further insights into the mechanisms of electrolyte decomposition have been gained
from studies, including one by Onuki et al. in 2008, which found that electrodes
made of LiNixCoyAllxyOs (LNCAO) generate larger quantities of COy compared to
traditional LiCoOq electrodes. Ethylene carbonate (EC) was identified as the primary
source of COs9 in this context, while CO appeared to originate from a combination
of solvent and non-solvent components. The patterns of gas generation observed in
lithium-ion batteries using different electrode materials, such as LiCoOs, LiMnsQOy,
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FIGURE 2.8: Safety operating window for lithium ion battery (Lu et
al., 2013)

and LiFePO,4, were generally similar. However, LiMnyO4/C and LiFePOy systems
produced higher levels of acetylene (CoHg) as the voltage increased.

2.6 Safe Operation of lithium-ion batteries

Commercial lithium-ion batteries currently in use must be equipped with a manage-
ment system to ensure effective control and management of the lithium-ion batteries.
This system is essential to ensure that each individual cell operates under optimal
conditions, thereby preventing the occurrence of the faults described earlier. In other
words, it is imperative that every cell operates within the established safety operating
window for lithium-ion batteries, as illustrated in Figure 2.8. Lithium-ion cells are
renowned for their impressive performance characteristics, but they are notably un-
forgiving when operated outside a narrow safe operating range (SOA). Any deviation
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from this prescribed range can result in a spectrum of consequences, ranging from a
shortened cell lifespan to outright cell damage. In the most extreme cases, such devi-
ations can lead to hazardous events. This includes subjecting a Li-Ion cell to various
forms of abuse, such as physical damage through piercing or crushing or subjecting it
to overheating due to over-voltage, over-current, or exposure to external heat sources.
These actions can be exceedingly dangerous.

These incidents serve as stark reminders of the potential dangers associated with
large-scale Li-Ion batteries. Therefore, exercising caution and adhering rigorously to
safety precautions are paramount when working with such batteries. It is impera-
tive to thoroughly comprehend and effectively manage the inherent risks associated
with lithium-ion technology to ensure its safe utilization. Ultimately, the responsible
handling and operation of lithium-ion batteries are crucial to prevent accidents and
ensure the continued safe use of this technology.

The safe operating area (SOA) of Li-Ion cells is determined by factors such as
current, temperature, and voltage.

e Li-Ion cells can suffer damage and even ignite if overcharged beyond a certain
voltage threshold.

e Most Li-Ton cells will incur damage if discharged below a specific voltage level.

e Li-Ton cell lifespans can be significantly reduced if operated outside a certain
temperature range during discharge or charged outside an even narrower tem-
perature range.

e Exceeding a safe temperature can lead to thermal runaway and ignition, even for
cells not prone to thermal runaway, due to the presence of organic electrolytes
that can fuel flames.

e High discharge currents or rapid charging can decrease the lifespan of Li-Ion
cells.

e Prolonged operation at high pulse currents for more than a few seconds may
damage Li-lon cells.

These limits vary depending on the cell’s chemistry. For example, standard Li-
Ion cells (LiCO2) without additional protective mechanisms can experience thermal
runaway at relatively low temperatures, whereas LiFePOy cells are inherently resistant
to thermal runaway. These limits can also vary among manufacturers. (see Figure
2.10).

2.7 Efficiency

One significant advantage of Li-Ion cells, compared to other types of batteries, is their
high energy and charge efficiency.

Li-Ton cells have low internal resistance, especially in power cells, which means they
generate very little heat when used. For example, A123’s M1 26,650 cells (used in
power tools and PHEV conversions) typically have a resistance of 10 m2. When loaded
at 1C (2.3 A), they only dissipate 53 mWW of power while delivering 7.6 W, resulting
in an efficiency of 99.3% (98.6% when you consider both charging and discharging).

As you increase the current, a cell’s energy efficiency decreases, and more energy
is lost as heat due to internal resistance. Maximum power extraction from a cell
occurs when the load’s resistance matches the cell’s resistance, with half of the power
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(Andrea, 2010)

dissipated as heat inside the cell and the other half doing external work. An A123
M1 26,650 cell can produce 150 A and 500 W under these conditions, with 250 W lost
as heat inside the cells. However, this high power output can only be sustained for a
very short time (less than 10 seconds) because it rapidly degrades the cell and raises
its temperature to dangerous levels. This is a consideration in applications like racing
vehicles, where performance matters more than cell longevity, and occasional fires
may be acceptable.

From a charging perspective, Li-Ion cells are nearly 100% efficient, as long as
the charge and discharge cycle happens quickly enough to prevent self-discharge from
becoming a problem. This means that almost every electron that goes into the cell
during charging can be discharged back out, regardless of the charging or discharging
rate. However, it is important to note that this applies to charge recovery, not energy.
During discharge, the cell’s voltage is lower than during charging, resulting in less
energy being discharged, even if the same amount of charge goes in and out of the
cell.

Note that, to understand the previous statement, we cannot rely on data showing
reduced charge output at higher currents in specification sheets. Infact, it is important
to understand that we are referring to complete charge and discharge cycles, whereas
specification sheet curves typically represent constant current conditions and stop
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FIGURE 2.10: The capacity of Li-Ion cells to provide charge remains

consistent regardless of the discharge rate. Even after a high-current

discharge, it is still possible to recover the remaining charge at a lower
discharge rate. (Andrea, 2010)

when the cell voltage under load drops to a specific level. At that point, the cell
is not fully discharged yet. By continuing to discharge the cell at a lower current,
for example, at a constant voltage equal to the cutoff voltage (see Figure 2.10), the
remaining charge can still be recovered. When the current reaches zero, the total
charge extracted from the cell is essentially the same, regardless of the discharge
rate. However, in some applications like backup power, high currents are necessary,
preventing the extraction of the cell’s last bit of charge. In these cases, the ability to
recover charge at lower currents is only theoretical.

Certain applications, such as electric vehicles, offer flexibility. They can switch
to a “valet" mode with reduced torque, allowing the driver to “limp home." In such
applications, the entire charge in the battery can be accessed.

2.8 Aging

Li-Ton cells boast a longer lifespan in comparison to other battery chemistries, but
they are not immune to certain limitations, both in terms of cycle life and calendar
life.

When it comes to calendar life, standard Li-Ion cells exhibit a relatively short du-
ration. Irrespective of whether these cells undergo cycling, they tend to lose capacity
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over time, a phenomenon many users of cell phones and laptops have undoubtedly
encountered. This capacity decline can be attributed to a chemical process that takes
place when the cells remain fully charged at voltages exceeding 4.0V. In contrast,
alternative Li-Ion chemistries, such as LiFePOy cells, operate at lower voltages specif-
ically to mitigate this chemical effect, and as a result, they appear to have no notable
calendar life limitations.

Aging is influenced by the discharge current employed.

What may not be immediately apparent is that while a portion of capacity loss can
indeed be attributed to the loss of active material inside the cell, the remainder is not
truly “lost" but rather remains unused. This occurs because the cell is undercharged
and underdischarged due to the escalating internal resistance and the fixed cutoff
voltages specified by cell manufacturers. When cell manufacturers employ fixed cutoff
voltages, their testing equipment charges and discharges cells to a lesser extent with
each cycle as the resistance increases. Consequently, it may seem as though the cells
are losing more capacity than they genuinely are.

The capacity that becomes temporarily unavailable due to the rising internal re-
sistance can be reclaimed by adjusting the upper cutoff voltage during charging and
lowering the lower cutoff voltage during discharging, all through the application of IR
(Voltage = Current * Resistance) compensation, as demonstrated in Figure 2.11. In
essence, the same cell that appears to have “lost 10% of its capacity" may, in real-
ity, still retain a substantial portion of its original capacity. To access this “hidden"
capacity, charge cutoff voltages must be increased while discharge cutoff voltages are
decreased to account for the additional IR voltage drop caused by heightened re-
sistance. The implementation of a Battery Management System (BMS) equipped
with the capability to measure each cell’s resistance and make adjustments to cutoff
voltages accordingly can serve as an effective means to optimize a battery’s capacity
utilization.
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2.9 Battery management system

The definition of a Battery Management System (BMS) can vary depending on its
application. In general, a BMS refers to a management scheme responsible for moni-
toring, controlling, and optimizing the performance of individual batteries or multiple
battery modules within an energy storage system. In a broad sense, a BMS can be
understood as any product or technology designed to oversee and manage a battery
in various capacities. These functions may include, but are not limited to:

e Monitoring the battery’s performance and health.

e Ensuring the battery’s safety through protective measures.
e Estimating the state of the battery.

e Maximizing the battery’s operational efficiency.

Figure 2.12 summarizes the main BMS features. Providing reports and information
to users or external devices.In cases of abnormal conditions, a BMS can disconnect
the module(s) from the system to ensure safety. Its primary role is to enhance battery
performance while maintaining safety measures within the system. In power system
applications, BMS is introduced to oversee, control, and efficiently deliver battery
power, taking into consideration battery lifespan. In the automotive sector, BMS
plays a crucial role in managing energy within various system interfaces and ensuring
system safety. BMS comprises distinct functional blocks that are interconnected with
batteries and other system components such as controllers, grids, and distributed
resources. Employing proper architecture, functional blocks, and advanced circuitry
can extend the battery system’s life. Various commercial BMS solutions are available
in the market. For instance, NUVATION Energy offers a flexible, reliable, UL 1973
recognized BMS suitable for mobile and stationary energy storage applications (Kang
et al., 2020).

A BMS doesn’t operate in isolation but is integrated with other system modules
to fulfill the system’s objectives. For example, in an intelligent energy automation
system, it includes a battery management module (BMM), battery interface module
(BIM), battery units, and battery supervisory control. This system’s role is to safe-
guard the battery pack, extend its lifespan, manage power demand, and interface with
different networks (Abbas, Cho, and Kim, 2020).

The BMS market offers three implementation topologies: centralized, distributed,
and modular. In a centralized topology, a single control unit is connected to battery
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cells via multiple wires. In the distributed topology, each control unit is dedicated to a
specific battery cell, linked by a single communication cable. In the modular topology,
multiple control units handle specific battery cells, and these control units are inter-
connected. The centralized topology is the most cost-effective but less expandable.
The distributed topology, while costlier, is easier to install and results in a cleaner
assembly. The modular topology demands more hardware and programming effort,
introducing a trade-off between its features and challenges. Figure 2.13 illustrates
these BMS implementation topologies.

The software architecture of BMS now offers multitasking capabilities, allowing
various tasks to be carried out simultaneously without interruption. Initial tasks of
a BMS software architect, such as voltage/current measurement, overcurrent/voltage
protection, temperature measurement, and protective relay actuation, must be exe-
cuted promptly to ensure BMS safety. To achieve real-time functionalities, real-time
operating systems (RTOS) are introduced in BMS software architecture.

BMS is responsible for managing battery packs, whether they are connected inter-
nally or externally. It calculates essential battery parameters, including cell voltages,
pack current, pack voltage, and pack temperature. These measurements enable BMS
to estimate state of charge (SOC), state of health (SOH), depth of discharge (DOD),
and critical operational parameters of the cells/battery packs. These measurements
also contribute to extending battery life and aligning with the demands of the power
network (Uno, Ueno, and Yoshino, 2019).

BMS construction involves functional unit blocks and design techniques. The
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specific architecture, functional unit blocks, and electronic circuitry depend on bat-
tery requirements for various applications. Optimizing battery life relies on several
features:

e An energy management system with a user interface for monitoring and con-
trolling battery performance across different system blocks.

e Battery pack performance and safety features.
e Resilience among system units in various accident scenarios.

e Advanced technologies that integrate batteries with conventional or non-conventional
energy sources.

e Internet-of-Things (IoT) for monitoring and controlling the energy management
system.

BMS encompasses significant capabilities and functions, including automatic charg-
ing/discharging, protection, monitoring, stability, and resiliency. These functions are
essential for battery performance and safety. BMS also contributes to increased bat-
tery life through precise operation measurements and control. Various methods, in-
cluding accurate modeling, improve the accuracy of state of charge (SOC) estimation
and cell balancing. This precision optimizes battery performance, ensuring that the
battery operates at maximum efficiency, thus extending its lifespan. BMS also plays
a critical role in protecting the battery pack, managing its lifetime, controlling power
demand, and interfacing with different networks (Aiello, Crovetti, and Fiori, 2015).

BMS undergoes two types of testing: functional and non-functional testing, cover-
ing battery lifecycle, research and design, validation, verification, and manufacturing
processes. Functional testing focuses on performance and operational parameters,
evaluating aspects like voltage levels, current capacity, and power consumption to en-
sure BMS meets performance and safety standards. Non-functional testing addresses
system requirements and involves dynamic charging and isolation monitoring, ensur-
ing that BMS fulfills system requirements effectively(Fleischer et al., 2016).

Employing a BMS provides several technical, operational, and economic advan-
tages. Technical benefits include protection against over/under voltage and cell bal-
ancing. Operationally, BMS enhances safety, reliability, and dual-purpose functional-
ities, reducing the likelihood of thermal runaway in high-voltage batteries and iden-
tifying faulty cells. Economically, BMS extends battery lifespan and reduces costs,
with BMS costs typically accounting for only a small fraction of the total battery pack
cost.

Current BMS solutions have limitations in data logging functions, hindering the
development of state of charge (SOC) models for battery packs. Furthermore, they
often lack SOC and state of life (SOL) estimations, which are crucial for ensuring
scheduled operations and reliable battery replacements. Additionally, the individual
nature of BMS units for each battery makes it challenging to create a new BMS by
combining existing components. However, cloud-based BMS and digital twin technol-
ogy could potentially address these limitations by enhancing data storage capabilities
and computational power through cloud computing (Sarlioglu et al., 2016).

2.10 Conclusions

In conclusion, this chapter has provided a comprehensive overview of lithium-ion bat-
teries (Li-Ion) and their crucial role in various applications, from portable electronics
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to electric vehicles and energy storage systems. We have explored their impressive
energy and charge efficiency, emphasizing their low internal resistance and ability to
operate efficiently across different discharge rates.

Furthermore, the importance of battery management systems (BMS) in optimizing
Li-Ion battery performance, ensuring safety, and extending their lifespan, have been
discussed. Various BMS implementation topologies, such as centralized, distributed,
and modular, were examined, along with their technical, operational, and economic
advantages.

While Li-Ion batteries offer significant advantages, a focus has been given to their
limitations, including calendar life issues, the impact of discharge current, and the
potential for thermal runaway. It is crucial to address these limitations through careful
design, monitoring, and management.

Looking ahead, advancements in cloud-based BMS and digital twin technologies
hold promise for addressing some of the current limitations and enhancing Li-Ion
battery management. As the demand for Li-Ion batteries continues to grow across
industries, understanding their characteristics and effective management becomes in-
creasingly vital for achieving both performance and safety objectives.
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Chapter 3

Battery modeling

Battery modelling has become a popular research area due to the growing demand
for longer-lasting portable electronic devices and the increasing interest in battery
electric vehicles by the automotive industry. While the portable electronics industry
aims to maximize the operating life of a low-power electronic device, the electric
vehicle industry seeks to maximize the driving range and fuel economy of hybrid and
electric vehicles using large battery packs. Accurate and efficient battery modelling is
crucial for both industries to enhance device and battery performance and inform the
development of electronic and control systems. The control system and electronics
that interface with the battery must be tailored to its behavior to optimize the overall
performance and life of the device. Additionally, choosing the size and configuration
of the battery pack is essential to maximize device performance while minimizing
cost. The present chapter focuses on battery modelling field and the commonly used
models and techniques. In the remainder of this chapter Section 3.1 introduces the
main features of battery modelling. Section 3.2 describes the different equivalent
circuit models. Section 3.3 defines the principal equations and simplifications of the
main Electrochemical models and finally Section 3.4 concludes the chapter.

3.1 Main features

Battery modeling is an important aspect of designing and controlling battery-powered
systems. Two common techniques for modeling batteries in automotive applications
are Equivalent Circuit Models (ECMs) and Electrochemical Models (EMs). While
ECMs abstracts away the electrochemical nature of the battery and represents it
solely as electrical components, EMs are based on highly non-linear equations that
describe the electrochemical physics of the battery.

The choice of the right battery model depends on the fidelity one requires for one’s
application. For real-time control system applications, where high fidelity models
are often not required, simple circuit-based models are employed. For applications
requiring higher fidelity such as vehicle performance, drive cycle simulations, and
battery aging, higher fidelity circuit-based or chemistry-based models can be used to
increase the accuracy of the results.

Battery models can be fused with an actual battery using techniques like an Ex-
tended Kalman Filter (EKF), a fuzzy-logic system, a least-squares regression model,
set-based observers or a sliding-mode observer model for online state of charge (SOC)
estimation. For control system development, battery models can be fairly simple,
comprising either a simple resistor or a Thévenin resistor-capacitor network.

More accurate models are desired for fuel economy and vehicle performance sim-
ulations using drive cycles. Since these calculations are usually executed offline on
workstations, one can afford to use a more computationally expensive model such as
the EMs.
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If one is analyzing the response of the battery to transients, a model that is based
on these measurements and takes the dynamic battery response into account is desired.
The Thévenin models and the electrochemical impedance spectroscopy (EIS) models
are good examples of these.

An important consideration for electric vehicle applications is the battery’s de-
pendence on temperature, especially in cold climates. Many battery models do not
consider temperature variations, and if this is a modeling requirement, it is necessary
to use models that include the effects of temperature on the dynamic response and
state-of-charge behavior of the battery.

In conclusion, the choice of the right battery model depends on the application
requirements, such as the desired fidelity, computation time, and real-time simulation
requirements. Battery modeling techniques are constantly evolving and improving,
and it is important to stay up-to-date with the latest research to design and control
efficient and reliable battery-powered systems.

3.2 Equivalent circuit models

The complicated electrochemical reactions that occur within lithium-ion batteries can
be difficult to understand and quantify directly. Researchers created Equivalent Cir-
cuit Models to bridge the gap between theoretical comprehension and actual imple-
mentation. These models describe the sophisticated internal workings of batteries in
a simplified manner, making it easier to study their performance, forecast behavior,
and maximize their use in diverse applications. n this section, we examine the world
of equivalent circuit models for lithium-ion batteries.

The field of real-time applications has fostered substantial interest in electrical
equivalent circuit models, primarily attributed to their streamlined structural design
and straightforward identifiability. These models intricately emulate battery dynamics
through the integration of electrical components.

We will explore how these models capture the essential electrochemical phenom-
ena within batteries while maintaining a balance between accuracy and computational
efficiency. By dissecting the components of these models and understanding the sig-
nificance of their parameters, we can gain valuable insights into the dynamic behavior
of lithium-ion batteries under different operating conditions.

An equivalent-circuit model employs electrical components to explain complex
electrochemical processes seen in batteries, such as ion diffusion and the dynamics of
double-layer charging and discharging. Impedance-based models emerged as a result
of the growth of battery modeling, which was first focused on frequency-domain study
of the current-voltage relationship.

The next sections will examine two major ECMs utilized in the thesis’s upcoming
chapters.

3.2.1 Thévenin model

Thévenin models Rahimi-Eichi et al., 2013 were developed to capture the compli-
cated interaction of electrochemical processes as research advanced. The early itera-
tions of Thévenin models involved a substantial linear capacitor, where voltage and
stored charge corresponded to battery Open-Circuit Potential (OCP) and State of
Charge (SOC), respectively. Nevertheless, this configuration proved inadequate in
capturing the nonlinear correlation between SOC and OCP. As a response, contem-
porary Thévenin models have embraced a controlled voltage source, illuminating this
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nonlinear mapping. In practical terms, these models incorporate experimentally de-
rived lookup tables, delineating the SOC-OCP relationship through distinct curves for
charging and discharging cycles. This intricate approach serves to accommodate the
hysteresis effect, as outlined by Eichi and Chow, 2012. Through these advancements,
the modern Thévenin models provide a more nuanced and comprehensive representa-
tion of battery behavior, enabling enhanced accuracy in diverse applications.

This model’s structural composition consists of three main components, each of
which contributes to its overall functionality, as it is depicted in fig. 3.1 These parts
are as follows:

e Open Circuit Potential (Vocp(t)): This component represents the battery’s po-
tential in the absence of any current flow. It serves as a pivotal reference point
for understanding the cell’s behavior across various operational states.

e Internal Resistors (Ry and R;): The model incorporates two internal resistors,
Ry and Ry, which play crucial roles in accounting for the battery’s resistance to
current flow. These resistors contribute to shaping the overall electrical response
of the battery.

e Capacitor (C1): The inclusion of a capacitor, C1, facilitates the accurate de-
piction of transient charge and discharge dynamics within the cell. It enables
the model to capture the intricate interplay of voltage fluctuations during these
processes.

The electrical behavior of this Equivalent Circuit Model (ECM) is rooted in the prin-
ciples of Kirchhoff’s law and Ohm’s law, which collectively define its operation. The
underlying system equations governing the dynamics of the ECM are expressed as

follows:
I(t)

Cbatt 7
_ Va ) I(t)
Ri(t)Cy(t)  Cy(t)’
In this formulation, the symbol z(¢) represents the cell’s State of Charge (SOC),
while Vi, (t) denotes the voltage drop across the parallel combination of the internal
resistor R and the capacitor Cy. The parameter Clat stands for the nominal capacity
of the cell, and I(t) symbolizes the input current, where it is important to note that,
according to our convention, a negative current indicates charging.

A(t) =

VC1 (t) =

(3.1)
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The open-circuit potential is then described as a nonlinear function of the SOC,
i.e. Vocp(t) = Vocp(2(t)). The terminal voltage V' (¢) is given as

V(t) = Vocr(2(t)) — Ve, (t) — Ro(t) 1(2), (3.2)

where the term Ry(t)I(t) accounts for the voltage drop on the internal resistance
Ry(t).

Drawing inspiration from Perez et al., 2017, it is possible the utilization of electri-
cal parameters influenced by the State of Charge (SOC). The essence of this strategy
involves encapsulating these parameters as nonlinear functions of the SOC, manifest-
ing as:

Ru(t) = Ruo + Ri12(t) + Rusz(1), (3.3)
1 (t) = Cl,O + C’lylz(t) + 01722@)2.

This conceptual framework highlights the complex interplay of various variables,
effectively encapsulating the battery’s activity within a dynamic system. As the model
runs in real-world circumstances, it uses these components and equations to provide
insights into the complex electrochemical dynamics of lithium-ion batteries.

3.2.2 Dual polarisation model

In this section, we present the mathematical framework of the Dual Polarization (DP)
model, which entails a second-order Electrochemical Circuit Model (ECM). Let con-
sider the core of our investigation by introducing the Dual Polarization (DP) model,
portrayed schematically in Figure 3.2. This model comprises three distinctive compo-
nents:

e The first one is the Open Circuit Potential (Vocp(2(t))): Representing the volt-
age when no current is passing through the cell.

e Parallel Resistor-Capacitor (RC') Blocks: Two parallel RC' blocks, each com-
posed of a resistor (R; and Ry respectively) and a capacitor (C; and Cy respec-
tively). These elements encapsulate the intricate charge and discharge dynamics.

e Internal Ohmic Resistance (Rp): This resistance characterizes the internal losses
within the cell.

The current coursing through the cell, labeled as I(t), is regarded as a known
input parameter, with its positivity indicating discharging. The governing equations
of this complex system are delineated as follows:

2(t) = — C{é:zt (3.5)
: _ Va() I(t)
VCl (t) _Rl(t)Cl(t) Cl(t)’ (3.6)
V(1) I(t)
Vo, (t) = RO OREAL (3.7)
V(t) = Vocp(2(t) — Vo (t) — Vo (t) — Ro(t) 1(2). (3.8)

Here, the State of Charge serves as an essential metric, gauging the charge level relative
to the battery capacity Cpqt- It is important to note that for the remainder of this
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FIGURE 3.2: Dual Polaralisation equivalent circuit model of the
Lithium-ion cell.
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discourse, we shall denote the State of Charge as SOC(t) with the simplified notation
z.

Similarly to what has been done for the Thévenin model, it is possible employ
SOC dependent electrical parameters. This involves representing them as nonlinear
functions of the State of Charge (SOC):

Ri(t) = Rio + Ri12(t) + Ri22(t)%, (3.9)
Ra(t) = Roo + Ro12(t) + Raaz(t)?, (3.10)
C1(t) = Cro+ C112(t) + Cr22(t)? (3.11)
Oy(t) = Cog + Co12(t) + Co22(t)? (3.12)

The intricate interplay of these constituents in the DP model establishes a holistic
framework to comprehensively analyze the intricacies of lithium-ion cell behavior,
shedding light on their electrochemical and thermal dynamics.

3.2.3 Open circuit potential formulation

The overall open circuit potential (Vocp(z(t))) finds its expression as a polynomial
function of the State of Charge through a ninth-degree polynomial equation:
Vocp(2(t) =a+b-z+c- 22 +d- 22 +e -2+ f 25+
+g- 5 +h-2 iS50
with the coefficients shown in Table 3.1.

(3.13)

Coeff. a b C d e
Value | 2.611 | 17.04 | -204.4 | 1369 | -5423
Coeff. f g h i j
Value | 13210 | -19970 | 18260 | -9247 | 1990

TABLE 3.1: Coefficient values for Vocp(z(t))

This formulation, derived from a fitting procedure, is a manifestation of our en-
deavor to align with the principles articulated in (14) by Pozzi et al. (2018). It is
pertinent to highlight that this approach becomes requisite in light of our ECM’s
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scope, where we refrain from incorporating surface stoichiometries 6, and 6,, (as seen
in (3.1)). Importantly, it is worth noting that under steady-state conditions, the
surface stoichiometries have the capacity to be defined as functions of SOC.

A comparative evaluation beckons juxtaposing the polynomial representation in
(3.13) against the non-linear OCP function of the Single Particle Model with Elec-
trolyte (SPMe). While the latter showcases a commendable accuracy, it is intriguing
to observe that the polynomial function, despite its simplicity, does not compromise
precision either. The Root Mean Square Error (RMSE) of this polynomial fitting
stands at RMSE = 3.896 - 107, thus bolstering its credibility. Furthermore, the
polynomial’s streamlined nature grants it an edge in terms of reduced conservatism,
especially when subjected to interval arithmetic as we can see better in the next
chapters.

3.2.4 Thermal model and lumped dynamics

The thermal framework adopted in this study stems from Lin et al., 2014. This
model’s equations are formulated as follows:

The time rate of change of the core temperature T,(t) is influenced by the differ-
ence between the surface temperature T(t) and the core temperature, convective and
resistive thermal interactions, as well as the current input I(t), leading to:

L) ~ Te(t) | L) (Ve (t) + Ve, (t) + Ro I(t))
RCCC CC .
Likewise, the temporal evolution of the surface temperature Ts(t) is guided by the

disparity between the fluid temperature T (¢) and the surface temperature, convective

cooling, as well as resistive heat transfer, yielding:

Te(t) = (3.14)

Tf(t) B Ts(t) + Ts (t) — Tc(t)
RUCC RCCS ‘
In these equations, R, signifies the heat conduction resistance representing heat
transfer between the core and surface, while R, denotes the convective resistance
simulating convective cooling between 7T and the ambient fluid temperature 7. The
terms C. and C correspond to the heat capacities of the core and surface, respectively.
It is important to underline that this thermal representation, although practi-
cal, assumes uniform temperature distribution within both the core and the surface.
Furthermore, we consider the surface of the cell in contact with external air, set at
a constant temperature Ty = 298.15 K. This model provides a valuable abstraction,
allowing us to examine the overall thermal dynamics of cylindrical batteries effectively.
To summarize, by adopting the principle of longitudinal homogeneity, a two-state
model is harnessed to encapsulate the aggregated thermal dynamics of a cylindrical
battery, as portrayed in Figure 3.3. The heat generation term (@) can be expressed
as

Ti(t) =

(3.15)

Q(t) = [I(®)[ [V (t) — Vocp (2())]- (3.16)

This is a result of chemical reactions within the electrode assembly during battery
operation. The value of @ is computed based on the electrical model, encompass-
ing joule heating and energy dissipation from electrode over-potentials. For a more
refined heat generation representation, reversible heat such as entropic heat can be in-
corporated. This model intricately weaves these elements to provide a comprehensive
understanding of the thermal behaviors in cylindrical batteries.
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FIGURE 3.4: Interplay of the electrical and thermal models

3.2.5 Dynamic electro-thermal interaction with variable parameter
dependencies

The intricate interplay between the electrical and thermal sub-models introduces a
two-way coupling paradigm, as depicted in Figure 3.4. This symbiotic relationship
underscores the intricate dynamics that underlie lithium-ion cell behavior. At the
heart of this interaction lies the propagation of information between the electrical and
thermal domains. The initial phase involves the electrical model, where the State of
Charge and battery voltage are computed through the integration of input current (1)
with specific electrical parameters Rg, R;, and C;. A crucial step emerges when the
discrepancy between terminal voltage (Vr) and open-circuit voltage Vocp, coupled
with the applied current I, yields the heat generation Q).

On the thermal front, core temperature 7, and surface temperature (7) are calcu-
lated, with the heat generation @) and external temperature (7) as inputs. Notably,
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the core temperature 7T, assumes an instrumental role by shaping the temperature-
dependent variations of electrical parameters, thereby influencing the broader electro-
thermal dynamics.

To achieve a more comprehensive portrayal of the dynamic behavior exhibited
by the battery pack, it is possible to incorporate dependencies of the resistive and
capacitive components of each cell on temperature, as outlined in Lin et al., 2014.
Notably, the temporal dimension is omitted here for clarity.

The dependency of Ry solely on the core temperature (7;) follows the formulation:

b
RO = AR, + exp <,1_‘_ROCR> . (317)
c 0

For the remaining resistive elements, the relationship is expressed as:

dr
Ry = (aR1 +br, 2 + CRle) exp (TC_;R1> , (3.18)
Ry = (ag, + bp,z + cp 22) exp _dry . (3.19)
2 2 2 TC _ 6R2

The capacitance components can be described by the following expressions:

Cy =acy +deyTe + (bey + e, Te) z + (coy + fo, Te) 2’2, (3.20)
Cy =ac, +de,Te + (bey, + ecy,Te) z + (coy + fouTe) 22 (3.21)

3.3 Electrochemical models

Electrochemical models are renowned for delivering precise insights into internal cell
phenomena, although this accuracy comes at the cost of substantial computational
time and memory resources. This is primarily due to the model being typically for-
mulated using a set of partial differential algebraic equations, thereby necessitating
intricate solving procedures. For tasks demanding greater precision, such as assessing
vehicle performance, conducting drive cycle simulations, analyzing battery aging, and
performing other computationally intensive simulations, opting for a more sophisti-
cated chemistry-based model enhances result accuracy. Various methods of electro-
chemical modeling rely on complex equations that capture the complex behavior of
batteries. These equations, known for their non-linear nature, are approached using a
range of approximations. These approximations are chosen based on the desired level
of accuracy and the specific objectives of the battery modeling process.

Electrochemical models (EMs) have emerged as indispensable tools within the do-
main of battery research and development. Their utility extends to battery manufac-
turers, enabling precise optimization of battery designs, and to chemistry researchers,
who employ these models to replicate experiments in silico, thus anticipating potential
experimental outcomes.

Within this context, the Pseudo Two Dimensional (P2D) model (Doyle, Fuller,
and Newman, 1993b), also recognized as DFN, has assumed a prominent role and is
widely cited within the literature. However, the P2D model carries a considerable
computational load, a characteristic that has driven researchers to grapple with issues
related to model complexity, identifiability, and observability (Moura, 2015). This
computational bottleneck inherently limits its applicability in scenarios that necessi-
tate real-time or near-real-time simulations.
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A collective endeavor within the scientific community has thus been directed to-
ward the creation of reduced-order models derived from the foundational P2D frame-
work. These models are meticulously crafted to retain essential electrochemical in-
sights while alleviating the computational burden and addressing identified shortcom-
ings.

Among these, an efficient computational reduction of the DFN model is expounded
upon in Khalik, Donkers, and Bergveld, 2021. Upon executing spatial and temporal
discretization of the DFN model, it is demonstrated how, by substituting equations,
the total count of equations describing the DFN model can be notably condensed into
a concise set of algebraic equations. This operationalization of the model has been
transformed into an open-access toolkit called TOOFAB. This toolkit empowers users
to effortlessly toggle between explored simplifications, thereby offering the flexibility
to strike a tailored equilibrium between model precision and computational efficiency.

In addition, the Sequential Particle Model (SPM) (Santhanagopalan et al., 2006)
has garnered notable attention. The distinguishing hallmark of the SPM lies in its
granularity, depicting electrodes as distinct particles rather than homogenous entities.
The inherent advantage of the SPM rests in its reduced computational overhead com-
pared to the P2D, rendering it particularly advantageous for real-time applications
and control-oriented purposes.

Nonetheless, the SPM does exhibit certain limitations. Notably, it excludes con-
siderations for electrolyte dynamics, thermal effects, and the intricate phenomena
associated with battery aging. Recognizing the significance of these aspects in cap-
turing the complete battery behavior, researchers have diligently extended the SPM
to accommodate these dynamics. The Sequential Particle Model with Electrolyte Dy-
namics (SPMe) (Moura et al., 2016) introduces a crucial layer of accuracy by incor-
porating electrolyte behavior, enriching the model’s fidelity for scenarios that involve
ion transport and diffusion. Furthermore, the model’s utility is further augmented by
the incorporation of thermal dynamics (SPMeT) (Perez et al., 2017), accounting for
the interplay between temperature variations and electrochemical performance. This
comprehensive approach brings the model closer to real-world conditions and facili-
tates a deeper understanding of battery responses under varying thermal conditions.

In the remainder of this section, our focus shifts towards an in-depth examination
of the foundational equations that define the DFN model, the simplfied model de-
scribed in (Khalik, Donkers, and Bergveld, 2021) and the Sequential Particle Model
with Electrolyte Dynamics and Thermal effects (SPMeT) model. The detailed analy-
sis of these equations unveils their essential role in the progression of battery modeling
methodologies.

3.3.1 The Doyler-Fuller-Newman model

In the following, we explore the foundational principles of the first-principles Pseudo
Two Dimensional model (Doyle, Fuller, and Newman, 1993a), attributed to Doyle,
Fuller, and Newman, and it is commonly known as the DFN model. This EM is de-
signed to provide a comprehensive depiction of the electrochemical behaviors inherent
in a lithium-ion cell. The model is structured as a set of tightly coupled nonlinear
Partial Differential-Algebraic Equations (PDAEs), serving as a mathematical frame-
work to capture the interdependent conservation laws of mass and charge governing
the intricate processes within vital cell components.

Central to our analysis is the subdivision of the cell into distinct layers: the cathode
(p), separator (s), and anode (n). This segmentation allows us to elucidate the in-
tricate electrochemical reactions taking place. Submerged in an electrolytic solution,
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these electrode components, along with the separator, collaboratively facilitate the
transport of ions, enabling the complex ionic conduction mechanism. During charg-
ing, ions disengage from the cathode, traverse the porous separator, and subsequently
intercalate into the anode. This process is reversed during discharge, engendering a
reversible sequence of electrochemical reactions.

To comprehensively model the cell’s dynamics, we incorporate a one-dimensional
thermal model. This addition facilitates the representation of temperature variations
across discrete sections. This understanding is crucial for capturing the nuanced
interplay between temperature fluctuations and electrochemical activity.

Moreover, our model accounts for the impact of aging, encompassing capacity
decay and the growth of Solid Electrolyte Interface (SEI) resistance. This extension
builds upon prior works, particularly the one proposed byTorchio et al., 2016. This
augmentation introduces a temporal dimension, enabling the model to encompass the
gradual shifts in cell behavior over extended durations.

We rely on the computational framework provided by the freely accessible Li-ION
SIMulation BAttery Toolbox (LIONSIMBA).

In the following, the index j = {p, s,n} is employed to denote the battery’s distinct
sections, encompassing the cathode, separator, and negative electrode respectively.
Meanwhile, the index i = {p, n} utilized solely in equations pertinent to the electrodes,
pertains to the positive and negative electrodes.

Electrochemical model

Let denote the independent variable x € R, signifying the axial coordinate, the vari-
able » € R indicating the radial coordinate and the temporal variable ¢ € R. It is
important to underline that, within this proposed model, certain parameters exhibit
a temperature dependency, captured through the Arrhenius law

_anw _
B(T(a,t) = e # ToD T, (3.22)

with T'(z,t) representing the temperature, while E, ,, stands for the activation energy
linked to the specific parameter ¢(T'(z,t)). The universal gas constant is represented
by R = 8.314J K~! mol_l)7 and Ty denotes the reference temperature. It is note-
worthy that g signifies the pre-exponential factor, reflective of the parameter’s value
at the reference temperature. This correlation will be explicitly underscored for each
parameter subject to temperature dependency.

The ion diffusion within the electrolyte within the electrodes is governed by the
equation:

'aceyi(x,t) 0 o 0Cei(x, 1) 4 -
EZT = % <De’i8x + al(t)(l — t+)]z($, t) (323)

Meanwhile, in the separator, the equation simplifies to:

Oces(x,t) 0 off OCe s(x, 1)
“T ot oz <D e gz )

In these equations, c. j(x,t) represents the concentration of electrolytic ions, and
Jji(x,t) signifies the ionic flux, which is presumed to be negligible within the sepa-
rator. Furthermore, ¢ represents the transference number, €; represents the mate-
rial porosity, Dgg- = ¢;D.(T(x,t)) indicates the effective electrolyte diffusion, where
D (T(z,t)) stands for the temperature-dependent electrolyte diffusion coefficient. It
is noteworthy that D.(T'(x,t)) is assumed to remain constant concerning c. j(x,t).

(3.24)
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In accordance with Bruggeman’s theory, we define the tortuosity 7; through the
relation

T = ejlfp, (3.25)

where p; denotes the Bruggeman coefficient.
The specific active surface area, a;(t), is determined by the equation

36, (t)

ait) = —p—
9252

(3.26)

act

where R, ; denotes the particle radius and €2**(t) represents the active material volume

fraction, defined as

3600 Chagt (t)
act — _ D)
% (1) A0, AF Lycmax’ (3:27)
3600 Cbatt(t)
act _
0= xg AT L (3.28)

In these expressions, Chatt(t) represents the battery capacity expressed in ampere-
hours Ah, AfO; = 6F — Ofl where (9? and ¢¢ correspond to the battery stochiometries at
fully discharged and completely charged cell condition, L; represents the length of the
Jj-th section, F' is the Faraday constant (F' = 96485 C/mol), A is the current collector
area, and cg'p* denotes the maximum concentration of ions in the solid phase.

It is important to note that the equations in (3.27) ,(3.28) align with the ob-
servation that variations in the State of Charge-Open Circuit Potential (SOC-OCP)
curve remain minor throughout the battery’s operational lifespan (Waag, Fleischer,
and Sauer, 2014).

Let , designate the position along the z-axis corresponding to the interface be-
tween the positive current collector and the cathode, &, s = &, + L, for the interface
between the cathode and the separator, &, = &, + L, for the interface between
the separator and the anode, and finally &, = &, , + Ly, for the interface between the
anode and the negative current collector.

The boundary conditions governing ions’ diffusion within the electrolyte are for-
mulated as

e (,t
ee(z,t) _o, (3.202)
ox T=p,in
et Oce(,) _ _ pedcelat) (3.29b)
&P ox T=2p. ©° Ox Z‘*C;?;_s ’ .
_ pe dcel@, ) _ _ perr celat) (3.29¢)
o Ox r==Zg p o Oz a=id, ’ .

where the superscripts in &, 2, ,Z,), &, represent the left and right limits, respec-
tively.

The ion diffusion in the active material of the electrodes is described by Fick’s law
Ocs(w,rt) DM(T(:U,t))ﬁ 2 Oes(x,r,t)
ot N r2 or or ’

where cg(x,7,t) denotes the ion concentration in the solid phase, and D, ;(T(z,t))
represents the temperature-dependent solid diffusion coefficient.

(3.30)
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The boundary conditions for ion diffusion in the solid phase are given by:

Geslwmt)| - _ (3.31a)
or r=0
0 t ;
DT ) EED e, (3310
r r=Rp;
where ji"(z,t) denotes the intercalation ionic flux, modeled by the Butler-Volmer
equation
i , ) 0.5F
G (x,t) = igi(w,t) sinh <RT(ac,t)m(x’t)> , (3.32)

where 7;(x,t) represents the electrode overpotential and g j(x,t) stands for the inter-
calation exchange current density. The latter is computed as

ig,i(x,t) = ki(T(x,t))\/ce(m,t)(cg‘?X —ci(x,t))ct(z, 1), (3.33)

Where c¢}(x,t) denotes the Li-ion surface concentration, and k;(T'(x,t)) represents
the temperature-dependent kinetic reaction rate. Notably, the overall ionic flux is
expressed as

Gilm, t) = 70z, t) + 55198z, 1). (3.34)

Here, jfide(x,t) pertains to the side reactions contributing to ageing degradation,

encompassing SEI resistance growth and capacity loss. These reactions are assumed
to occur exclusively at the electrolyte-anode interface, specifically j;ide(x, t)=0.

The solid-phase potential ®4(x,t) within the two electrodes adheres to Ohm’s law,
formulated as

0 o O0Ps(z, 1)
ox '

o w) = a;(t) Fji(z, 1) (3.35)

In this equation, afff = e"0;, where o; represents the electrode conductivity. The

boundary conditions are specified as

0Ds(z,t) B I(t)
o s A (3-362)
9D, (x,t) B
‘4557xﬁ”@n70' (3.36D)

Here, I(t) symbolizes the current applied to the cell, with the convention that the
charging current is negative.

The Ohm’s law for the electrolytic potential ®.(x,t) is expressed by the following
equations for the electrodes:

O [ g0Pe(z, 1)\ 2R R Olnce(z,t) ‘ N
B (HZ- —ar ) = (1 t+)8x (’%‘ T(a:,t)iax a;(t)Fji(x,t),

F
(3.37)
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and for the separator

0 ([ q0%e(x,t)) 2R e Olnce(x,t)
o </18 ~9r > =3 (1 t+)8x (HS T(w,t)iax . (3.38)

Here, /f;?ﬁ = 6§jm(ce(x, t),T(x,t)), where k(ce(x,t), T(x,t)) represents the temperature
dependent electrolyte conductivity coefficient, assumed to be a nonlinear function of
the electrolyte concentration.

The boundary conditions for the Ohm’s law pertaining to the electrolytic potential

are expressed as follows:

0D (z,1)

=0 3.39
ox _— ( 2)
O, (z|p,t) =0, (3.39Db)
0D, (x,t) 0D (z,t)
_ peff ) — _ peff )
Ko . K et (3.39¢)
D, (z, P (z,
_per0elz:1) — _ per 02z 1) (3.394)
833 $::ﬁ;n a.ﬁU $:fj’n

The electrode overpotentials n,(z,t) and n,(z,t) are defined as

np(z,t) = Og(z,t) — Pe(z,t) — Up(ﬁg(x,t)), (3.40a)

Jn(z,t)F Rgg1(t)

(1) = @s(@,) = @l 1) = Un 05 (@) = =7 ==

(3.40D)

Here, the open-circuit potential of each electrode, U;(0;(z,t)), is a nonlinear function

of the surface stoichiometry 07 (x,t) = Cgﬁﬁf), according to the cell’s chemistry. More-

over, Rggi(t) denotes the SEI resistance. The terminal voltage of the cell, V(t), is
computed as:

V(t) = (I)S(i'pat) - (I)s(i'nyt)- (3.41)
The normalized SOC is defined as:

1 Ts,p a
_ g
SOC() = iy / (2, 1) da (3.42)
s,;n “n sn
Here, ¢i"8(2,t) = > fORp’" 4rrleg(z,r,t) dr denotes the volume-average con-
p,n*vpP,M

centration within the solid particles in the anode. Note that in (3.42), €2°*(¢) functions

as a renormalization factor for SOC as the cell ages. This implies that a cell can al-
ways achieve a unitary SOC value corresponding to a fully charged state under specific
ageing conditions.

Thermal dynamics

The one-dimensional thermal dynamics is governed by the following equations For the
electrodes:

oT(xz,t) 0 (AQT(;U,L‘)

picpvii = ¢ 8$

ot oz > + Qonm (7, 1) + Qrsen (2,1) + Qrev(@,1). (3.43)
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For the separator:

Psep Cp,sep ot or

T = 5 () + Q) (340

with p; representing the material density, Cp ; is the specific heat capacitance, and A;
stands for the thermal conductivity. The ohmic heat source, Qonm(,t), is described
as follows. For the electrodes:

2 2
Qotin . ) = ¢ <W> . <a<1>(xt> ) N

ox ox

2R N\ qeff Olnce(x,t) 0Pc(x,t)

+ 5 (1—t%) kT (2, 1) o I (3.45)
For the separator:
0D, (z, )\
_ geff e 9
Qohm(xut) _ks ( O ) +

2R Olnce(x,t) 0Pe(x,t)

(1=t KT (2, t ’ . 4
+ 5 (L= tF) BT () — - (3.46)

The reaction heat source, Qyxn(z, 1), is given by
ern(xvt) = Fai(t)ji(xat)ni(x7t)' (347)

The reversible heat term, Qev(z,1), is present only if the open-circuit potentials
of the electrodes explicitly depend on the temperature. In such cases, it is given by

ou;(0; (x,t),T(x,t))

Qrev(z,t) = Fa;(t)ji(x, t)T(x,t) . (3.48)
oT (z,t) T=T.
Boundary conditions for temperature are formulated in the following
0T (x,t
@D (T~ T 1), (3.49a)
Ox ==y
T
AIT@ON Tt — T, (3.49b)
Ox T=Tn
At the separator-electrode interfaces boundary conditions are given by
oT (z,t) oT (z,t)
- = —)s ) 3.50
8 Ox T=Tp,5~ Ox T=Tp,5~ ( a)
oT (x,t) oT (x,t)
—As =—-\y 3.50b
Ox r==%s,nt Ox r==%s,nt ( )

Here, h. represents the convective heat coefficient between the cell and the exter-
nal environment (which could be a coolant system), and Tepy, is the environmental
temperature. The DFN model is also employed with lumped thermal models, such as
the one described in equations (3.14), (3.15) for the ECM models, as seen in works
like (Campbell et al., 2019).
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Ageing dynamics

: The ageing model concerns battery capacity and SEI resistance dynamics, given by

dC(t) 3600C (t) Bom o
o = 3R NG cmax] / jside (g ) da, (3.51)
p,n ntsmn n Jzy,
dRsg1(t M Bom
ilEtI< ) _ - | Bty de. (3.52)

Here, M,, is the molar weight of the negative electrode, v is the admittance of the
film, and j;ide(:x, t) represents the side-reaction flux obtained using the Tafel equation

-side iSide(t) 0.5F side
Jnd (.%',t) =-=L F eXp(RT($7t)nn,(iSEI<xvt)>' (353)

The side-reaction exchange current, igqeo(t), is given by

' (3.54)
0 otherwise

. {io,b%e(ﬁ?)w if I(t) <0
where 7o pase 1S the base side-reaction current, I;¢ is the current corresponding to a
1C rate, and w is an empirical coefficient (typically w = 2).
Note that, as per the presented model, no degradation occurs during cell discharge
or rest conditions (I(t) > 0).
The side-reaction overpotential 7*'4®nse1(z #), linked to SEI growth, is defined as
follows

Rsgr

77?3%6}31(33, t) = (1)5(357 t) - (Pe(x’ t) o USEI _jn(x’ t)Fm7

Z € [Tsn,Tn) (3.55)
where Uggr denotes the reference potential for the SEI side reaction.

It is important to note that the ageing model described here is applicable under
the assumption of no lithium plating deposition. This is expressed by the condition

Rsgr

side _ .
Mol (T 1) = @s(2,t) — Pe(2,t) — Upt — ]n(xvt)Fm

>0, (3.56)
where Uy represents the reference potential for the lithium-deposition side reaction.
This constraint is generally met if the voltage does not exceed a specific threshold
(V(t) < Viax), although this formulation is conservative. For more extensive insights
into ageing models, consult references like (Ramadass et al., 2004).

3.3.2 Simplified DFN model

Various adjustments can be applied to the DFN model to reduce its complexity. Uti-
lizing electrochemistry-based battery models in BMS continues to pose challenges due
to their computational burden. In this section we describre a highly efficient imple-
mentation of the DFN model, effecting a substantial reduction in computational time,
as proposed in Khalik, Donkers, and Bergveld, 2021. This efficient implementation
has been developed into an openly accessible toolbox, available for download called
Toolbox for fast battery simulation (TOOFAB). In the following, first we define the
simplifications made to the DFN and then we describe the model implementation that
enhance the computational complexity.



52 Chapter 3. Battery modeling

Simplification assumptions

In the following, we define the simplifications made to the DFN. It is important to
mention that the material characteristics that define the parameters within the DFN
model (and SPM as we can see later in this chapter) must be established. Several
studies (Doeff et al., 2000; Safari and Delacourt, 2010; Valgen and Reimers, 2005),
has demonstrated that several of these material properties are not inherently constant
and can undergo substantial variation contingent on the Li-ion concentration in the
material. The concentration-dependent nature of electrolyte transport properties has
been quantified and demonstrated across various electrolyte types. The concentration-
dependent parameters furnished within these studies have been employed in diverse
literature instances. For in-depth considerations and concentration-dependent param-
eters definitions we refer to Torchio et al., 2016. Let discuss about the DFN mdeol
simplification introduced in Khalik, Donkers, and Bergveld, 2021.

e The rate equation Butler-Volmer (3.32) can be linearized around the origin with
respect the overpotential (), given that % >>|n|.
. &)
Ji = ﬁ(‘bs - ®. - Uj), (3.57)

which is reasonable up to an overpotential of approximately |n| < 0.01.

e A zero-order Taylor approximation can be applied to the concentration-dependent
parameters, such as k(ce) = k(c2), De(ce) = De(c?), Dy(s) = Ds(s°), v(ce) =
v(c?), where ¥ is the evaluation point and s = c;./c™ is the stoichiome-
try. Two approaches can be considered. (i) Dynamic evaluation points that
vary over space and time. In this context, the evaluation point is selected post
time discretization, utilizing the concentration-dependent parameters’ values at
the previous time sample t;_1, i.e., k(c)) = k(ce(tx_1) and similarly for the
others parameters. (ii) Constant evaluation points that ensure concentration-
dependent parameters remain invariant across space and time. In this scenario,
k(%) = k(é. and similarly for the remaining parameters. Here, ¢, signifies the
expected average concentration in the electrolyte, often set as ¢ = ceeq Where
Ceeq 1s the equilibrium average concentration in the electrolyte, and 5 is the
expected average stoichiometry, typically chosen as § = (81009 + So%)/2-

e Lastly, a common simplification involves a two-parameter polynomial approxi-
mation of solid-phase diffusion. This approximation assumes a parabolic concen-
tration profile within a particle over the radial dimension r. By incorporating
this approximate concentration into (3.30), volume-averaging the ensuing ex-
pression, and considering the boundary conditions (3.36), expressions for bulk
concentration (¢ puk) and surface concentration (cs ) can be derived:

0cs bulk 3.
— = = 3.58
ot R (3.58)
Ry .
Cs,e = Csbulk — VE (359)

5D,

This simplification notably streamlines the diffusion equation described by the
Fick’s law in (3.30), the only governing equation dependent on r, into a mere two
equations describing the bulk and surface concentrations of solid-phase particles
as functions of x and t.
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Model implementation

The implementation of the DFN model, along with its corresponding simplifications,
involves a series of sequential steps. Conventional spatial and temporal discretization
methods are applied to yield a system of algebraic equations (AEs). In this sec-
tion, we will concisely outline this process to formulate the set of AEs resulting from
discretization. For more comprehensive insights into the discretization methodology,
interested readers are directed to (Khalik, Donkers, and Bergveld, 2021), while for the
finite-volume method (FVM) discretization, emplyed to determine the edge parame-
ter values for the control volumes is achieved through the utilization of the harmonic
mean between two adjacent control volumes, as detailed in (Torchio et al., 2016).

As an initial step, spatial discretization is applied to the partial differential equa-
tions (PDEs). The equation that describes solid-phase concentration diffusion (3.30)
is discretized along the radial direction using the finite difference method (FDM), lead-
ing to a set of differential-algebraic equations (DAEs). Meanwhile, equations (3.72),
(3.37), (3.38) are discretized utilizing the finite volume method (FVM), culminating
in a resulting set of nonlinear DAEs, expressed as follows

dcs .

dt = Acscs + Bchia (360&)

dce .

% = Acece + Bce,]i, (360b)
0= Ay, bs + By ji + Cy,1, (3.60c)
0= A¢e be + B¢€ji + D¢e, ln(ce) (360d)

where, in the above equations, the bold-faced symbols represent their respective vector
variables, defined as

Cs,n(xlv t)
Cs n(xn s t)
cs(t) = ’ " ,
S( ) Cs,p($nn+ns+17t)7t)
_Cs7p(xnn+n5+np’ t), t)_
CS(I', ri,la t)
Cs,i(xa t) = )
Cs (1’7 Ti,nT,i ) t)
I ce(wy,t)
Ce(t) - )
| Ce (xnn+n.s+np7 t),1)
qbs(l‘lv t)
¢s($n at)
t) = n ,
d)S( ) (Z)S (xn7L+ns+17 t)7 t)
_(bs (xnn+ns+np7 t)7 t)_

where x; and r; represent the grid points of the discretization. Additionally, ¢, and
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ji are defined analogously to c. and ¢, respectively. Moreover, in the above expres-
sions, ny,, ng, and n, denote the number of elements in the FVM discretization for the
negative electrode, separator, and positive electrode, respectively. Similarly, n,; corre-
spond to the number of elements in the FDM discretization for the negative electrode
and positive electrode. For the construction of matrices A;, B;, i € {cs, Ce, s, De |,
Cy,, and Dy _ we refer to Xia et al., 2017b. The system of DAEs (3.60) is intercon-
nected through the Butler-Volmer rate equation, expressed as

h—dwg<(%w&é})<wp0wé;@%—¢a—U@90—
—exp (057076~ 6 - UGe) ) (3.61)

where the notation diag(z) represents a diagonal matrix with the vector z on its
main diagonal. Additionally, the barred bold-faced variables ¢, €., and ¢, refer
to selected versions of their non-barred counterparts. Specifically, ¢, represents the
vector of solid-phase surface concentrations, and ¢, and ¢, denote the parts of ¢, and
@, related to the electrodes. In particular, these quantities are related as follows

Cs = ACSC57
Ce = Acecea
Pe = Ay, P, (3.62)

where

Acs = diag (Inn & [lenr’n_l, 1], Inp & [le”m}_l, 1]) s
~ _~ I, 0 0
Ace - A¢>e - |: 0 0 Inp:|

where ® denotes the Kronecker product. Subsequently, the DAEs (3.60a) and (3.60b)

are further discretized in time using a backward Euler scheme with a sampling time
dt, resulting in the following set of algebraic equations (AEs)

0= A cqltr) + Beji(tr) + cs(te—1), (3.63)
0= A ce(tr) + Ben(t) + celtr1), (3.64)
0= A¢9¢5(tk) + B%ll(tk) + Cy, I1(ty), (3.65)
0= Ay, de(tr) + By Ji(tk) + Dy, In(ce(tr)), (3.66)

where t;, = két for k € {1,...,N} and N is the number of simulation steps.
Furthermore, ACS = 0tAc, — In, nyptnpneys Be, = 0B, ACP = 0tA., — Ln,4noin,
and B,, = 0tB,,

Several solution methods for solving a set of nonlinear algebraic equations can used
like Newton’s method. However but due to a large number of state variables, this can
be slow. In fact the main computational challenge lies in finding the inverse of the
Jacobian matrix of the AEs. For in-depth understanding of the solution method has
been used so far in this thesis we refer to Section 3.2 in (Khalik, Donkers, and Bergveld,
2021). With this approach, instead of solving equations one by one, equations are
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substituted to retain information, while reducing the total equations. This maintains
the full Jacobian information while making the process more efficient.

3.3.3 Single particle model with thermal and electrolyte dynamics

The SPMeT, is an approximation of the Doyle-Fuller-Newman model and offers valu-
able insights into the charge/discharge behavior of dual insertion cells. In this context,
the work presented by Pozzi et al., 2020 serves as a point of reference.

Designed for cells with two composite electrodes featuring active insertion mate-
rial, electrolyte, and inert conducting material, the model distinguishes three vital
components of the battery cell denoted as p, s, n.

The single-cell dynamics are des through a system of Ordinary Differential Equa-
tions (ODEs). To simplify the complex Fick’s laws associated with each electrode, a
polynomial approximation is employed to translate the solid ions concentration along
the particle radius into an ODE, as seen in Subramanian, Diwakar, and Tapriyal, 2005.
Additionally, the Finite Volume Method (FVM) is employed in spatially discretizing
the Partial Differential Equations (PDEs) that describe the diffusion of electrolyte
ions.

By incorporating aging dynamics into the SPMeT, we establish a connection with
the DFN model (as explained in section 3.3.1), enhancing its suitability for integration
into real-time optimization-based controllers. The core of our model originates from
the SPMe framework developed by Moura et al., 2016. However, spatial discretization
through the Finite Volume Method is applied to the Partial Differential Equation
(PDE) governing ion diffusion within the electrolyte. By transforming the Fick’s laws
into Ordinary Differential Equations (ODEs) using a polynomial approximation, as the
approach in (Subramanian, Diwakar, and Tapriyal, 2005), we simplify the modeling
process and enhance computational efficiency.

Moreover, the equations outlined in (Perez et al., 2017) for the lumped thermal dy-
namics are here adapted. It is worth noting that this enhanced framework incorporates
the influence of ageing phenomena, including capacity fade and Solid Electrolyte In-
terphase resistance growth, as discussed by Ramadass et al., 2004. The consideration
of these ageing effects ensures a more comprehensive representation of the battery’s
behavior over time.

Similar to the methodology outlined in Section 3.3.1 , we maintain the distinction
between two separate indexes, which categorize equations applicable across all sections
j = {p, s,n} and equations relevant exclusively within the electrodes i = {p,n}.

Electrochemical model dynamics

The electrochemical dynamics of the SPMeT is described by 3 + 3N electric state
variables

B B0 7.0 0 .. ), (3.67)

where N is the number of discretization volumes for each section of the cell, 6,(¢) the
cathode average stoichiometry, g,(¢) the volume-averaged concentration flux for the
i-th electrode and c[ek;(t) the electrolyte concentration in the k-th volume of the j-th
cell section. Note that indices j and ¢ will be used to refer to the three cell sections

{p, s,n} and to the two electrodes {p,n} respectively.
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The dynamics of the cathodic average stoichiometry can be expressed as

Op(t) = Cs =1(t), (3.68)

batt
where Chayt is the nominal cell capacity, Af; = 91-100% — 9?% the difference between the
values of the stoichiometry at battery fully charged and fully discharged, and I the
current, input of the system!. In order to avoid a further differential equation, the
anodic average stoichiometry is computed according to the algebraic condition (see

Di Domenico, Stefanopoulou, and Fiengo, 2010)
0 0% gp(t)—e()%
Hn(t) == Hn 0 + T})I)Agn (369)

For each electrode, the volume-averaged concentration flux dynamics is described by

D, Z(T)i 45A0;cP*

0i(t) = s 1), (3.70)

—-30

where Dy ; is the solid diffusion coefficient, gy the maximum solid concentration,
R, ; the solid particle radius and ¢; the surface stoichiometry given by

357 105D,,(T)C} I(t). (3.71)

att

The ODEs describing the diffusion of the electrolyte concentration derive from
the finite volume discretization of the original PDEs proposed in Moura et al., 2016.
Each section of the cell is divided into N finite volumes. The k-th volume in the
J-th section is centered in the spatial coordinate z;; and ranges within the interval
[xj’,%% ,xj’kJr%], with width Az; = L;/N, where L; is the section thickness. For each
volume, the electrolyte concentration dynamics is given by

dc Ui]y(t) _ |:De(x) dee i (z, t)] Kt

5 ez Seel +K(j), (3.72)

1
€5 2
with €; the material porosity, A the contact area between solid and electrolyte phases,
F' the Faraday constant, ¢, the transference number and D,(z) the electrolyte diffu-
sion coefficient. The term K (j) is null for the separator section and F(1—t) I(t)/F AL,

for cathode and anode respectively. The electrolyte diffusion coefficient computed as

De’p/s for =z € {x%N*%’xs,l*%}
D.(z,T(t)) = Degym  for xe {acs?N_%,xn’l_%} (3.73)
Dgﬁ. (T'(t)) otherwise

where Dgg (T'(t)) = Dejj(T(t))epJ and p; the Bruggeman coefficient and D, /s, D, s/n,
are electrolyte diffusion coefﬁment between the cell sections that are evaluated as the

harmonic mean operator f(A1, A2, p1,p2) = %according to what is proposed

Depss = f(DEL(T(L)), DEL(T(L)), Ay, Axs)

Deyn = FDE(T(0), DI(T (1), Ay, Aay) (3.74)

Tn this work, we adopt the convention that the battery is being charged when a negative current
is applied.
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The state of charge z(t) can be computed according to the cathodic or anodic con-
vention as it is shown by the following relation

Op(t) = 00" B (t) — 0"
2(t) = xo, A (3.75)

Finally, the output terminal voltage is given by
V(1) 2 Voc(t) +T,(t) — 7, (t) + ADc(2), (3.76)
where Vocp(t) is the overall open circuit potential defined as
Vocp(t) = Uy(t) — Un(2), (3.77)

with Up(t) and U,(t) the cathodic and anodic open circuit potentials, respectively.
The expression of these latter, given in equations (3.78)-(3.80), is obtained using a
fitting procedure on the experimental data provided in Ecker et al., 2015

Up =4.571 + 0.024146,, — 7.837007 + 8.0765 + (3.78)

4 5 6
+20.946,, — 40.70, + 18.456,), (3.79)

0.00694 + 0.12616,,
U, = . 3.80
62 + 0.69956,, + 0.00405 (380)

The overpotentials 7;(¢) are defined, for each electrode, as
— (N _ 2RT() . 11 ( AOR,;
7:(t) = 2O inh (765072, 0 (gbmf(t)) : (3.81)
in which the quantity ig;(¢) is given by

i0,i(t) = Fki(T)\/Cei(t)0:() (1 — 6:(1)), (3.82)

where k; is the rate reaction constant, ¢.;(t) is the average electrolyte concentration
in the i-th section.

Ceit) = 3 X cea(t) (1) (3.83)
Returning to (3.76), A®.(t) is evaluated by
(1]
AD, (1) = PIP(1) + 2R;T(t)(l — 1) 1og<Ce”’(t) > (3.84)
F (1)

whose terms are already defined except for CIDSrOp(t), which is approximated by

PP (1) = =5 (Bp(1)) + 204(8) + Sn(t)), (3.85)

The quantities ¢;(t), j € {p,s,n}, depend on the electrolyte conductivity and are
computed assuming a trapezoidal shape of the ionic current i.(x,t) along the spatial

domain as N NUMG)
() = , J
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where the numerator varies with the cell section j as

2k — 1 forj=p

NUM(j) = 1 forj=s

2N —2k+1 forj=n

and /ﬂ(c[ek; (t),T'(t)) is the temperature-dependent electrolyte conductivity for the k-th
volume of the j-th section and it is a nonlinear function of the cell temperature and

the quantity ,Y]W( )=1073 [k]( t) that is empirically derived as it follows

w0, 7)) = (0.2667(+1 (1)) 12983( “f]( £)24

& " (3.87)
+1.79199;" (1) + 0.1726)e” ey

Thermal dynamics

The cell temperature dynamics is approximated by a lumped model in which Ry,
and Cy, represent the thermal resistance and capacity respectively. These parame-
ters model the thermal interaction between the cell and the coolant as the following
equation shows

CunT(t) = Q(t) — (3.88)

with AT = T'(t) — Teoolant the temperature difference between cell and coolant, that
in this paper in assumed to be constant at T,ypant = 300 Kelvin and Q(¢) the heat
generation term

Q(t) = LIV (t) = Voce(t)] (3.89)

Ageing dynamics

The model for the primary degradation mechanisms has been revisited here. Specif-
ically, the equations for capacity loss and SEI resistance growth, as proposed by
(Ramadass et al., 2004), are as follows:

dC(t) _,  3600C(1)

'Sl n t .

dt Rpn A A6, cpiae 54 (*) (3.90)

dRsgr(t) Mw i

GRSERY) _ _ Mw sidey 3.01
o) ey (391)

The mean side reaction flux, denoted as j54¢(¢), is given by:

side iSIde(t) O.5F side
i) = = oxp (20 (3.92)

where i§9°(¢) represents the initial side reaction current, F' is the Faraday constant,
R is the gas constant, and 7'(¢) denotes the cell temperature.

In this scenario, we assume that no degradation occurs during cell discharge, as
stated in equation.

The mean side reaction overpotential, nfli,‘ise]al(t), can be expressed as

TSk1(t) = 0a(t) + Un(6,(t)) — User (3.93)

Here, it is assumed that no Lithium-ion deposition occurs, meaning:

gt (1) = M (t) + Un(65(1)) — Upt > 0 (3.94)
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3.4 Conclusions

This chapter has explored the key aspects of equivalent circuit models and electro-
chemical models used in battery research, highlighting their utility and the intricate
mathematical frameworks that underlie them.

Equivalent Circuit Models (ECMs) serve as valuable bridges between theory and
practical implementation. The Thévenin Model and Dual Polarization Model provide
a simplified yet effective representation of lithium-ion batteries, incorporating State
of Charge (SOC)-dependent electrical parameters and their interaction with thermal
models.

Electrochemical models, exemplified by the Pseudo Two-Dimensional (P2D) model
and its derivatives, offer in-depth insights into battery behavior but come with a sig-
nificant computational cost. Researchers have developed reduced-order models based
on the P2D framework, such as TOOFAB, Single Particle Models (SPM and SPMe),
and SPMeT, to strike a balance between precision and computational efficiency.

Parameters dependent on Li-ion concentration, linearizing rate equations, and
using polynomial approximations for solid-phase diffusion are among the concessions
made to ensure computational feasibility. These models also require certain material
characteristics that can change with Li-ion concentration.

Furthermore, the chapter has elucidated the practical implementation of these
models, employing finite volume methods for spatial discretization and backward Euler
schemes for temporal discretization, making them valuable tools for simulation and
control purposes.
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Chapter 4

Set mathematical background

Set representation plays a crucial role in the field of modelling and estimation, allowing
us to capture the uncertainties and complexities inherent in real-world systems. One
such representation that has gained prominence in recent years is the zonotope and its
more versatile counterpart, the constrained zonotope. These mathematical constructs
offer a unique perspective for describing complex regions in multi-dimensional spaces,
making them invaluable tools in the fields of control theory, robotics, and signal
processing, to name just a few.

This chapter introduces the definitions of zonotopes and constrained zonotopes,
enabling the understanding of their possible practical applications. Before delving
into the specifics of these mathematical representations, it is essential to grasp the
broader context in which they operate.

Complex systems often defy easy characterization due to their nonlinearity, un-
certainty, and multidimensionality. In such scenarios, traditional point estimates can
fall short in providing a comprehensive understanding of the system’s behavior. Sets,
on the other hand, offer a way to encapsulate a range of possibilities, accounting for
uncertainties and variations.

However, the challenge lies in representing these sets in a computationally efficient
and accurate manner. Zonotopes and constrained zonotopes emerge as promising
solutions to this challenge. They provide a structured framework for modeling sets in
a way that enables efficient mathematical operations and analysis.

In this chapter basic set operations and notations are introduced and discussed.
Then the zonotopes definition is introduced. They are known for their central sym-
metry. We will explore their properties, applications, and computational advantages,
particularly in the context of linear mapping and Minkowski sum operations. How-
ever, we will also discover that zonotopes have limitations, especially when it comes
to representing non-symmetric regions.

This limitation paves the way for the introduction of constrained zonotopes, a more
flexible representation that can capture the intricacies of asymmetric convex poly-
topes. These representations open up new possibilities in modeling complex shapes
and structures, where symmetry is not a given.

As the operations progress, there’s often an increase in the number of generators
and constraints, potentially leading to computational inefficiency. To address this,
this chapter looks into strategies for reducing both the number of generators and
constraints while preserving the representation’s accuracy. This reduction process is
a key factor in achieving computationally efficient and conservative results.

The remainder of this chapter is organized as it follows: Section 4.1 introduces
basic set notations and operations, Section 4.2 defines the concepts of zonotopes and
constrained zonotopes and how set operations between them are computed in their
specific representations. Section 4.4 describes standard concepts of interval analysis
and finally 4.5 concludes the chapter.
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4.1 Basic set operations and notation

This section introduces and defines several fundamental set operations commonly
utilized in the computation of enclosures necessary for set-based state estimation
(Le et al., 2013, Scott et al., 2016a). Consider Z, W C R", and Y C R™, with
R € R™*"  The following set operations are defined: linear mapping, Minkowski
sum, and generalized intersection, represented by equations (4.1), (4.2), and (4.3),
respectively.

RZ = {Rz:z€ Z}, (4.1)
ZoWE{z4+w:z€ Z,we W}, (4.2)
ZNRY £{z€Z:RzeY} (4.3)

The linear mapping RZ can be efficiently and accurately computed using tech-
niques such as ellipsoids or parallelotopes. To denote the set of images obtained by
applying the linear mapping R to each element z € Z, we use the notation { Rz|z € Z}.

The Minkowski sum Z @ W represents the set of all possible element-wise sums of
pairs of elements, where z € Z and w € W. It is important to note that to compute the
Minkowski sum (4.2) accurately, conservative outer-approximation techniques must be
employed (Chisci, Garulli, and Zappa, 1996, Schweppe, 1968).

The generalized intersection Z N RY defines the set of elements z € Z and whose
images Rz C Y. We represent this operation using the notation {z € Z|Rz € Y'}.

When dealing with ellipsoids or parallelotopes, the linear mapping can be effi-
ciently and accurately computed. However, both the Minkowski sum and the inter-
section need to be approximated conservatively from the outside. On the other hand,
when working with intervals, the Minkowski sum can be computed efficiently and
precisely. However, the linear mapping and the intersection tend to be conservative
due to the presence of the wrapping effect. This effect, well-known in interval analy-
sis, arises from the inability of an interval variable to capture existing dependencies
between its components (Moore, 1966).

In contrast, convex polytopes are closed under the operations (4.1)—(4.3). Linear
mapping and Minkowski sum can be efficiently computed using the vertex represen-
tation (V-rep), while the intersection can be efficiently computed using the half-space
representation (H-rep). However, if multiple computations of (4.1)—(4.3) are per-
formed using convex polytopes, conversions between H-rep and V-rep are required,
which can be computationally expensive and numerically unstable in high dimensions
(Hagemann, 2015).

In the following, functions with set-valued arguments will consistently denote the
exact image of the set under the function. For example, f(X, W) represents the set
of f(z,w) values for all z € X and w € W.

In addition, the following notations are defined. Let x be a function of class C?
and z denote its argument. Then, x denotes the g-th component of x, Vk denotes the

gradient of x, and Hy, is an upper triangular matrix describing half of the Hessian of
1 0%kq

2
kq. Specifically, Hiikg = 3T Hijkg = (iigzj for i« < j, and H;jkg = 0 for ¢ > j.

4.2 Zonotopes and constrained zonotopes

Zonotopes are sets that exhibit central symmetry (Kiithn, 1998), enabling precise and
computationally efficient calculations for both equations (4.1) and (4.2). Nevertheless,
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equation (4.3) does not typically form a zonotope. It presents challenges in terms of
computation and necessitates outer-approximation as described in Bravo, Alamo, and
Camacho, 20006 .

Definition 1 A set Z C R"™ is a zonotope if there exists (G,,c,) € R™*™ x R™ such
that
Z={c,+ G ||€]|lc <1} (4.4)

The generator representation (G-rep) of (4.4) is employed. Each column of G,
serves as a generator, while c, represents the center. In this thesis, we denote & as
the generator variables. By defining the n-dimensional unitary hypercube as Bod =
& € R" : || <1, a zonotope Z can be alternatively seen as an affine transformation
of B5¢. This transformation is given by Z = ¢, & G,Bs?. It is important to note
that the G-rep is applicable only to centrally symmetric convex polytopes due to the
symmetry of BLY. Another interpretation of a zonotope Z involves expressing it as
the Minkowski sum of line segments. This can be described as Z = @?i 192, Boc ® €2,
with g, ; the j-th column of G..

Zonotopes offer computational advantages over other set representations. Let
Z =Gy, CTR" W = Gy,cpy, €R” and R € R™*". The set operations (4.1)
- (4.2) can be efficiently computed in the G-rep as follows:

RZ = {RG.,c.}, (4.5)

ZBW = {[G.Gu],c. + cp ). (4.6)

These operations only lead to a modest increase in the complexity of the G-rep,
and there are efficient methods available to reduce this complexity.

Constrained Zonotopes (CZ) are a class of sets that extend the concept of zono-
topes, as defined in Scott et al., 2016a. Compared to traditional zonotopes, CZs allow
for the representation of asymmetric convex polytopes.

This means that CZs offer greater flexibility in representing more complex shapes
and structures, compared to standard zonotopes, which are limited to centrally sym-
metric polyhedra. With their ability to represent asymmetric polyhedra, CZs are
particularly useful in applications where symmetry is not present or undesired.

The computational benefits of zonotopes, such as efficient set operations and low
computational burden, are also maintained in CZs.

Definition 2 A set CZ C R"™ is a constrained zonotope if there exists (G,c, A,v) €
R x R™ x R"*"g x R" such that

CZ={c: +G:{:[|{]lc <1, A6 =D} (4.7)

This representation is referred to as the constrained generator representation (CG-
rep). In the CG-rep, each column of G represents a generator, c is the center, A§ = b
represents the constraints, and & denotes the generator variables. To further elaborate,
a constrained zonotope CZ can be alternatively interpreted as an affine transformation
of a constrained unitary hypercube B (A, b), defined as {€ € R : ||€]|cc < 1, A€ =
b}. This transformation is given by CZ = ¢ ® GB(A,b). Unlike zonotopes,
constrained zonotopes have the ability to represent any convex polytope, provided that
the complexity of the CG-rep is not limited. In fact, CZ is a constrained zonotope
if and only if it is a convex polytope (Property 3.2). The compact notation CZ=
{G,c, A, b} is used to represent constrained zonotopes.
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In addition to equations (4.1) and (4.2), the intersection operation (4.3) can also
be computed exactly with constrained zonotopes. Let CZ= {G,c, A, b} C R", W =
{Gy,Cuw, Ay, by} C R and Y = Gy, ¢y, Ay, by, C R™, with R € R™*". The set
operations (4.1)-(4.3) can be computed trivially in the CG-rep, as demonstrated by
Scott et al., 2016a

RZ={RG.,Rc.,A.,b.}, (4.8)
A, 0] [b,

zow-fo caeren[s 21BN wo
A, 0 b,

ZMrRY={[G, 0],c.,| 0 A, |,| b, . (4.10)

RG. -Gy c,—Rc,

These operations can be executed efficiently, resulting in only a moderate increase
in the complexity of the CG-representation. Much like zonotopes, there exist ef-
ficient techniques for simplifying constrained zonotopes. This involves enclosing a
constrained zonotope with fewer generators and constraints, as explained in Section
4.3. This section also introduces other practical operations involving constrained
zonotopes. Property 1 outlines simple methods for verifying whether a constrained
zonotope is empty and determining if a given point belongs to it (as detailed in
Scott et al., 2016a). Property 2 presents a method for calculating the corresponding
CG-representation of a given convex polytope. Lastly, Property 3 provides a straight-
forward approach to compute the interval hull of a constrained zonotope through the
solution of 2n linear programs (LPs).

Property 1 (taken from Scott et al., 2016a) For any set Z = {G,c, A, b} € R" and
z € R"?

Z#) — mgin{HEHoo:Aﬁzb}gl (4.11)
G zZ—cC
. ) _ <
S | P L | P
Property 2 (taken from Scott et al., 2016a) Let P = z: Hz <k € R" be a convex

polytope in H-rep, and choose Z = {G,c} € R" and o € R" such that P C Z and
Hz € [0,k|, Vz € P. Then, the convex polytope P can be written in CG-rep as

P= {[G 0] ,c, [HG diag(";c)],k—;a —Hc}. (4.13)

Property 3 (taken from Rego, Raimondo, and Raffo, 2018) Let Z = {G,c,A,b} C
R™ and let G; denote the j-th row of G. The interval hull [L,U] C Z is obtained by

solving the following linear programs for each j =1,2,... n:
Cf:rngin{CjJrGj\HéHoo <1,A{=b}, (4.14)
¢ = max {e; + Gy | [ < 1. AE = b} (4.15)

It is possible to establish the equivalence between constrained zonotopes and poly-
topes. In the following we refer to (Scott et al., 2016a) as we define the advantages of
CG-rep and explore the conversion between CG-rep and H-rep.
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Theorem 1 A set Z C R" is a constrained zonotope if and only if it is a convex
polytope.

Proof. It is evident that every constrained zonotope is a convex polytope. To prove
the reverse, let P = {z : Hz < k} be a convex polytope. Due to compactness, we
can select Zp = {G,c} C R" and o € R" such that P C Zy and Hz € [0, k],Vz € P
(we consider the possibility of equality throughout). Hence, P can be expressed as
{z € Zy : Hz € [0, k]}. The interval [, k| can be represented in G-rep. as

k-0 k+o
i _ 4.1
aing (*57. 55 7). (1.16)
so Equation (4.10) yields:
-k k
P:{[GO],C, [HG diag <'72 )] ;U—Hc}. (4.17)
Thus, P satisfies Definition 2. O

With the introduction of slack variables, the construction (4.17) essentially repro-
duces the halfspaces defining P within the constraints of the CG-rep. However, some
skepticism may arise about the advantages of the CG-rep. The crucial distinction lies
in the fact that the constraints in (4.17) operate on the underlying variables & rather
than z and are therefore unaffected by Minkowski sums and linear mappings. For
instance, consider a singular linear mapping of P, R P, which poses a worst-case ex-
ponential computation challenge in H-rep but is easily computed in CG-rep via (4.8).
The enabling feature of CG-rep in this context is that the mapping R in (4.8) does
not alter the underlying set By (A, b) but only modifies the mapping from this set
into R", £ — G€ +c.

The proof of Theorem (1) demonstrates that the conversion from H to CG requires
only the computation of a bounding box for P, from which Zy and ¢ can be computed
easily, and (4.17) can be applied. The conversion from CG to H relies on the following
result.

Proposition 1 (taken form (Scott et al., 2016a)). Consider Z = {G,c,A,b} and

any partition [A b] = [21 El] For everyz € R", z € Z if and only if
2 b2
G c
VRS A= {|:A1:| s |:—b1:| ,Ag,bg}, (418)
with the trivial partition [A b] = [A1 by], ZT becomes a zonotope, which we refer to

as the lifted zonotope for Z. This result allows for the application of certain algorithms
developed for standard zonotopes to constrained zonotopes. Specifically, the H-rep
of Z can be computed by first determining the H-rep of the lifted zonotope using a
method such as the one described in Althoff et al. (Althoff and Krogh, 2011) and
observing that [H; Ho] [(Z]
associated with the G to H conversion, CG to H scales as ng (ngn + n. — 1), which
can become prohibitively large. Therefore, performing computations in CG-rep is
most advantageous when a result in CG-rep suffices. This is often not problematic
and can even be beneficial.

] < k <= H;z < k. However, due to the complexity
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4.3 Complexity reduction

This section describes the methods used in this doctoral thesis to simplify the com-
plexity of zonotopes and constrained zonotopes as proposed in (Scott et al., 2016a).
In numerous operations involving constrained zonotopes, the outcome often results in
an increase in the number of generators (ny) and/or constraints (n.) compared to the
original arguments. Consequently, the complexity of the CG-representation increases
with the application of these operations. For standard zonotopes, this issue is tackled
by employing reduction techniques that approximate a given zonotope with one con-
taining fewer generators. In this context, we describe reduction techniques tailored for
constrained zonotopes. However reducing ngy becomes intricate due to the presence of
constraints, making direct application of zonotopic methods impractical. Moreover a
method is needed to reduce n. as well.

For zonotopes, the order is defined as 0 = ng/n, and reduction is typically per-
formed when the result of an operation yields o greater than a prescribed value 6. The
complexity of a constrained zonotope is described using n. and the degrees-of-freedom
order, og = (ng — n.)/n. It is important to note that oy = o when n, = 0. Given a
constrained zonotope Z and target values n. and 64, reduction is carried out in three
steps. Initially, the CG-representation of Z is rescaled as described in Section 4.3.2,
which preserves the set Z but reduces the conservativeness of subsequent reductions.
Subsequently, constraints are progressively eliminated until n. = 7., as outlined in
Section 4.3.2. The proposed method for this step eliminates one generator for each
eliminated constraint, ensuring that o4 remains unchanged. Finally, o4 is reduced to
04 by eliminating generators, as detailed in Section 4.3.2. The end result is a reduced
constrained zonotope Z that satisfies Z C Z. Our goal is to minimize the gap in this
inclusion as much as possible.

4.3.1 Zonotopes

Method proposed in Combastel, 2003 stands as the versatile technique for reducing
the order of zonotopes. It enables the efficient computation of a zonotope containing
a specified number of generators while over-approximating a more complex zonotope.
However, it is essential to note that the resultant enclosure can exhibit a high level of
conservatism.

Let Z = {G,c} € R” be a zonotope, with G € R"*"s ¢ € R" and consider s € N
such that n < s < ny. Denote by G the matrix resulting from reordering the columns
of G in decreasing 2-norm. Then,

Z CZ={HQ],c}, (4.19)

where Z has s generators, H is a matrix composed of the first (s — n) columns of
matrix G, and Q is a diagonal matrix given by

ng
Qii = Z |éij‘7 for ¢ = 1,2,...,n (420)

j=s—n+1
In addiction another approach has been proposed by Scott et al., 2016a, which
enhance efficiency and accuracy. Let consider Z = {G,c} C R" be a zonotope, with

G € R™ " ¢ € R™. A new less conservative approach for generator reduction is given
by:

e Rearrange the columns of G as [T V]|, where T € R™ is an invertible matrix.
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e Select a column v € R™*"~"~1 and rewrite the zonotope as Z = X Y £
{[T v],c}®{V*,0}, where V* € R"™"s~"~1 ig the matrix obtained by removing
v from V.

e Reduce X to a optimal parallelotope X satisfying X C X.

e Define Z = X +Y |, where Z is a zonotope with ng — 1 generators.

Note that, the first step is executed using Gauss-Jordan elimination, a process
that employs a sequence of column pivots to achieve the desired ordering [T v]. Fur-
thermore, the third step employs the optimal reduction method proposed in Chisci,
Garulli, and Zappa, 1996. This method identifies the minimum volume parallelotope
containing X as X = {T(I + diag(|r|)),c}, where r = T~ !v. It is essential to note
that ||r||cc < 1. Finally, in the second step, the column v is selected by minimizing
the volume error between X and X. This error, denoted as v(X) —v(X), is computed
using the volume equation presented in Alamo, Bravo, and Camacho, 2005, resulting

v(X) — v(X) = 2"|det(T)| (H(l + |ri]) — (1 + Z m)) (4.21)

=1

4.3.2 Constrained zonotopes

When dealing with a constrained zonotope Z and having specific target values for both
N and 04, the reduction process unfolds in three simple steps. Firstly, we rescale the
CG-representation of Z, as explained in Section 4.3.2. This adjustment does not alter
the set Z but reduces the degree of overestimation in subsequent reductions. Next,
we gradually remove constraints until we achieve n. = ., as detailed in Section
4.3.2. The method we propose for this step removes one generator for each constraint
eliminated, ensuring that o4y remains unchanged. Lastly, we further reduce o4 to
match o4 by eliminating generators, as outlined in Section 4.3.2. The end result is a
constrained zonotope Z, where Z C Z. Our objective is to make this containment as
accurate and less over-approximated as possible.

Rescaling

The constraint reduction phase introduces some conservatism conservatism that can
can be significantly reduced by initially transferring some information from the con-
straint data (A, b) to the generator data (G, c). To achieve this, the constraints are
first utilized to tighten the bounds & € [—1, 1]. Subsequently, the CG-representation
is rescaled to return to the standard form & € [—1, 1].

Proposition 2 Let Z = {G,c,A,b}. If &, €y € R™ satisfy Boo(A,b) C [€1,&v] C
[—1,1], then an equivalent CG-representation is

7 = {Gdiag(&,), c + G&,,, Adiag(&,), b — A&}, (4.22)

where &y, = $(§u +€1) and & = 3 (& — €1).
Proof. Note that € € [£1, &y] if and only if 3§ € By (A, b) such that &€ = &, +
diag(&,)d. Thus, the result follows from
z €7 <= J€ € Bx(A,b) :z=GE +c,
3 e€lér,bul:z=GE+c,0=AL D,
<= 30 € By : z = G(&, + diag(&,)0) + ¢,0 = A(&,, + diag(&,)d) — b.
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The process of computing the interval [£7,&y] and replacing {G, c, A, b} by the
expression (4.22) is referred to as rescaling. The optimal interval is obtained by
solving the 2n, linear programs

¢ =min{¢; : AE =b, ||€]l < 1}, (4.23)
¢ =max{¢;: AE =D, [|€]| < 1} (4.24)

[0 However, this approach can be computationally expensive when rescaling is
performed frequently. Instead, we refine the initial bounds [—1, 1] using an iterative
method based on interval arithmetic with a complexity of O(ncng).

We employ Algorithm 1 below to compute an interval E = [£1,&y] in a way that
ensures Bo(A,b) C E C [—1, 1]. Additionally, Algorithm 1 yields R = [pr, pu] C

R"s, which satisfies
R; > {&: A& =b,|&| <LVi#j} Vi (4.25)

This R is subsequently utilized for constraint reduction, as elucidated in the following.
Let’s consider the transformations of A = b:

Sj = (aij)_lbi — Z(aij)_laikfk, V’L,j . aij 75 0 (426)
k#j

Starting with E' = [—1, 1], each iteration of Algorithm 1 aims to refine each E; by
bounding the right-hand side of (4.26) using interval arithmetic, taking into account
&k € Ey for all k # j. By preconditioning the constraints (Neumaier, 1990), the

Algorithm 1 Ej refining

1. Assign E :=[—1,1], R:= [-o0,+0], i =j = 1.
2: while 1 < n. do

3: while j < ny do

4: if a;j # 0 then

5: Rj = Rj N {ai_jlbi — Zkz;ﬁj ai_jl air B }
6: Ej = Ej M Rj

7 end if

8: ji=j+1

9: end while
10: (1,7) == (1 +1,1)

11: end while

bounds obtained from Algorithm 1 can be significantly enhanced. This precondition-
ing step does not impact Z because, for any invertible P, {G,c, A, b} is equivalent
to {G,c, PA,Pb}. In our implementation, we first transform [A|b] into its reduced
row echelon form using Gauss-Jordan elimination with full pivoting before applying
Algorithm 1. During elimination, we select the pivot element as the largest element
(in terms of infinity norm) within the unreduced submatrix (excluding the final col-
umn b). Since column pivoting alters the order of &, it is necessary to perform column
pivots on G as well. The overall complexity of preconditioning and Algorithm 1 is
O(n%cng + nen?g). Note that, to further refine E, the algorithm can be applied iter-
atively. If, at any point during these iterations, £ N R becomes empty, Z will also be
empty. As a result, this approach has the potential to identify an empty constrained
zonotope without the need to solve a linear program.
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The CG-representation of Z is subject to rescaling as per Proposition 2. In order
for (4.25) to remain valid, it is necessary to rescale R in the following manner:

L_e o oU—¢, .
R; = Fi frf ’J,pf érf ) I3 (4.27)

Constraints reduction

The proposed method for constraint reduction relies on the following proposition,
which draws inspiration from similar results for approximating zonotope intersections
found in (Alamo, Bravo, and Camacho, 2005), (Bravo, Alamo, and Camacho, 2006),
and (Ocampo-Martinez et al., 2007).

Proposition 3 Let Z = {G,c,A,b}. The set
Z={G - AgA,c+Acb,A —AsA.b— Asb} (4.28)

satisfies Z C Z for every Ag € R™" and Ay € RMeXne,

Proof. An element z € 7 <= J€ € By such that [(Z)] = [i] &+ [_Cb] . For any

e - e[ o 2%

If A4 has the i-th unit vector as its i-th row, then Z has the trivial i-th constraint
07¢ = 0, which can be removed. This removal is referred to as dualization of the
constraint. When A4 = I, all constraints are dualized, and Z becomes a zonotope.
In any case, A and any unspecified rows of A4 can be used to modify Z in order
to compensate for the eliminated constraints. Here is a strategy for eliminating one
constraint at a time. Keep in mind that eliminating a single constraint does not
mean treating the others as if they do not exist because the remaining constraints
are adjusted by A4. After experimenting with various approaches, the most effective
strategy we found is a heuristic called "partial solve dualization." The main concept
is to solve one of the constraint equations, for a single §;

} which implies that z € Z. O

& = al_jlbj - al_jl Z a15,Ek- (4.29)
Py

Next, we use equation (4.29) to eliminate &; from the remaining constraints and
the equations z = GE& + c¢. Finally, we remove the first constraint. Straightforward
algebra shows that we can achieve this by selecting

AG = GEjlal_jl, AA = AEjlal_jl, (4.30)

where Ej; € R™*" is a zero matrix except for a one in the (j,1) position, and then
evaluating (4.28). This results in Z = {G,¢&, A, b} such that both G and A have
identically zero j-th columns due to the elimination of {;. Additionally, the matrix
[A|b] has an identically zero first row, which arises from the substitution of (4.29)
into the constraint af & = by to obtain the trivial constraint 07¢ = 0. By removing
these columns and rows, the dualization effectively eliminates one constraint and one
generator.

The choice of which &; to eliminate is crucial, but our decision to use the first
constraint in (4.29) is arbitrary. In fact, using any constraint where a;; # 0 yields
the same result (as shown in (4.31)). To select j, we assess the Hausdorff error
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z
Calculating this for every j would be impractical. Therefore, a significant contribution

of our proposed strategy is an efficient method for approximating Hy, ..., H,, with a
total complexity of only O((ng + n¢)3).

Note that, the process of forming Z by eliminating one constraint from the CG-
representation of Z is detailed using the method outlined in Section 4.3.2. In partic-
ular, it remains to estimate the Hausdorff error H; = max;_; mingez[|Z — 2|2 for the
purpose of selecting j. It is important to note that eliminating &; effectively retains
the constraint a1T£ = b; implicitly, even though it is not explicitly present in the
CG-representation of Z. However, it is essential to recognize that the capability to
enforce the bound |¢;| < 1 has been forfeited since this variable is no longer a part of
the CG-representation of Z. Based on this observation, it can be demonstrated that

introduced by dualization, denoted as Hj, which is defined as max;_ > minge 7 ||z —z||2.

Z={G&+c: At =D || <1,Vi+#j}. (4.31)
Consequently, we have
Hj=max min ||G(§&—9)l2, (4.32)

£ §€Bo(Ab)
subject to A& = b, |&| < 1,7 # j.

In order to estimate Hj, consider d* = (£* — 0%), where £*,0* represents an
optimal solution of (4.32). It should be noted that Ad* = 0 and |d}| < 2 for all
i # j. Additionally, keep in mind that we have the bounds R = [p”, p!] satisfying
(4.25). If \pg-]|, |p§]\ < 1, then (4.25) demonstrates that the bound |£;| < 1 is redundant
within the definition of By (A, b). Conversely, if ]pg-]\, \pgjl > 1, then max(\pﬂ, \pgj )—
1 provides an estimate of how far By (A,b) would extend beyond [1,1] in the §;-
direction if the constraint |§;| < 1 were omitted. Consequently, the action of the
outer program in (4.32) can be approximated by the requirement that

d; = r; = max {0, max(|p|, |pY]) — 1} (4.33)

To further simplify, the inequality constraints |d| < 2 are relaxed by introducing
a penalty on the norm of d in the objective function. This yields the estimate
Hj ~ H} = min (IGA||3 + ||d|j3: Ad =0, de: 7). Since this problemAis an equality-
constrained quadratic program, its solution d and duality multipliers A are explicitly
determined as solutions of the linear system

G'G+1,,xm, AT e 1ra 0,y x1
A Oncxnc Oncxl |:5\:| = Onc><1 5 (434)
e? O1xn, 0 r;

where e; € R™ denotes the j-th standard unit vector. Solving (4.34) directly for each
j comes with a computational complexity of O(ng4(ng + n. + 1)3). However, in this
implementation, we achieve this with a complexity of O((ngy + n.)?) by performing
factorization of the upper-left (ngy + n.) x (ng + n.) submatrix in (4.34) only once.
Denoting this submatrix as Q, equation (4.34) can be reformulated as follows

I(ng—f—nc);(ng—i-nc) Qlej] |:i:| — |:0(”g+”c)><1:| (4.35)

e; 0 r;

In this context, e; € R™ ™. Once Q! is computed, solving 4.35 for each j entails
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calculating Q_lej, executing a single elementary row operation to eliminate the 1 in
the bottom row, and solving the resulting upper triangular system. We implement
this approach using the LU-factors of Q, rather than explicitly computing Q~'. To
select j, we initially check whether r; = 0 for any j. If this condition holds, then
(4.25) and (4.31) imply that Z = Z when j is chosen. In cases where this condition
is not met, we opt for the j that minimizes H -

Generator reduction

For a standard zonotope, generator reduction can be done using the simple and inex-
pensive method in Combastel, 2005, or more accurately using the method proposed in
(Althoff and Krogh, 2011). In brief, each method selects a subset of k > n generators
that are then replaced with n generators whose Minkowski sum overestimates that of
the original k. In the first method, the new n generators form an interval. In the
second, they describe a parallelotope.

For a constrained zonotope Z = {G,c, A, b}, the presence of the constraints
prevents either of these zonotopic methods from being applied directly. Instead, it is
here proposed a lift-then-reduce strategy, shown schematically as

(g [
Bl e

First, we form the lifted zonotope Z* corresponding to Z (see Proposition 1 in
Scott et al., 2016a). Next, Z* is reduced using a zonotopic method to yield Z*, where
G and A have fewer columns than G and A.

We define Z as Z = [G, ¢, A,b]. Given that Z+ > ZT, applying Proposition (1)
twice confirms that Z O Z as intended.

Our numerical experiments demonstrated that the zonotopic method outlined in
(Combastel, 2005) often resulted in significant overestimation of Z*, which in turn led
to substantial overestimation of Z. The approach presented in (Althoff and Krogh,
2011) exhibited better performance but had a scaling factor of (":“), where xk <
ng —n is a heuristic integer. With x = 8, this became prohibitively costly for higher-
dimensional experiments (e.g., n = n. = 10). The complexity in this method is only
O(n’ng + knny).

Remark 1 The proposed lift-then-reduce strategy has one significant limitation. Since
Z% is a subset of R it is generally impossible to reduce ZT to fewer than n + ne
generators, effectively resulting in a parallelotope in R Consequently, Z must
have at least n + n. generators, even though Z is confined to R™. This illustrates the
additional complexity imposed by the constraints and underscores that further reduc-
tions can only be achieved by eliminating constraints.

Now we provide a comprehensive account of the generator reduction method. Con-
sider Z = {G, c}. The initial step in this process entails a reordering of the columns
of G to G — [T V], where T € R™ " is an invertible matrix. This reordering is
carried out by transforming G into its reduced row echelon form [In R] using Gauss-
Jordan elimination with full pivoting. In instances where it is determined that G is
rank-deficient, the reduction of Z is straightforwardly performed using the method
outlined in (Combastel, 2005). However, if G is found to be non-rank-deficient, the
sequence of column pivots conducted during the elimination process yields the desired
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reordering [T V] accompanied by R = T~'V. During each iteration of elimination,
the pivot element is carefully selected as the element within the unreduced submatrix
that has the greatest magnitude with respect to the infinity norm of the row to which
it belongs. Consequently, every element of R is either less than or equal to 1.

In the second step, a column v is selected from V according to the following
procedure, and Z is expressed as follows, where V_ denotes the matrix formed by
removing v from V

Z=X+Y=[Tv],c+[V_,0]. (4.37)

Subsequently, the n + 1 to n order zonotope X is conservatively reduced to a
parallelotope X using the method described in (Chisci, Garulli, and Zappa, 1996).
Finally, Z = X + Y is defined, which possesses one fewer generator than Z. Let r
be the column of R corresponding to v, such that r = T~'v. Utilizing the fact that
Ir]lcc <1, Theorem 3 in (Chisci, Garulli, and Zappa, 1996) derives that the minimum
volume parallelotope containing X is X = [T(I + diag|r|)],c. Consequently, Z =
[T(I + diag|r|)V_],c. The remaining task is to determine an effective heuristic for
selecting the column v. To achieve this, we explore the volumes of X and X. Utilizing
the standard formula for the volume of a zonotope (Bravo, Alamo, and Camacho,
2006) and standard properties of the determinant, we have

v(X) = 2"|det(T)det(I + diag|r|)],

= 2"|det(T)| H(l +[ril),

and, letting t; denote the i-th column of T,

v(X) =2" <det |+Z\det coti Vit .t ]|>
2" <det [T]| + Z det [T]e;...e; 1rei... enm>
—2" |det [T (1 + Z !nl)

We select the column v in such a way that r = T~'v minimizes the volume error
v(X) — v(X). It is important to note that this determination can be made without
the need to compute det T.

When directly applying this method to eliminate k& generators, the computational
complexity is O(kn?ng), mainly due to the repeated factorization of G. However, in
our implementation, we perform this factorization only once, and we update both T
and R directly as follows:

T := T(I +diag|r|), R:= (I+diaglr|) 'R, (4.38)

where R_ is formed by removing r from R. After the update, Z can be reconstructed
as Z = {|T TR],c}. Additionally, the updated R matrix maintains the property
that every element is less than one, as the elements of (I + diag|r|) are greater than
one. Therefore, all the necessary information for further reduction is readily available.
The complexity for reducing k£ generators is O(nQng +kngn), where n2ng results from
the one-time factorization of G, and kn, results from k computations of v(X) —v(X)
and k updates as per (4.38).
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4.4 Interval analysis

The set-based estimation method proposed in this doctoral thesis relies on intervals. In
the following, some basic operations and notations of interval analysis are introduced.

Let z, T € R, such that z <Z. An interval [x] C R is a nonempty set of real num-
bers defined by [z] £ {z € R: 2 < x < T}. Moreover, the midpoint and the radius
of an interval [x] are defined by mid([z]) £ (1/2)(Z + ) and rad([z]) £ (1/2)(z — z)
respectively. The set of all intervals over R is denoted by IR. The set of all in-
terval vectors in R™ is denoted by IR™. A box [X]| € IR" is defined as [X]
([z1,71],- -, [Zy,, Tn]). The midpoint and radius of [X] are defined by mid([X])
(mid([z1,Z1]), ..., mid([z,,T,]) and rad([X]) £ (rad([z;,Z1]),...,rad([z,,Tn]), Te-
spectively. A real arithmetic operation ® is extended to intervals [z1], [z2] € IR by
[21] ©® [z2] & {21 ® 79 : 71 € [21],22 € [z2]}. The intersection of two intervals is
defined as [x1] N [x2] £ [max{z,, x5}, min{ZT1, Z2}].

Inclusion functions play an important role within the domain of interval analysis.
Let O(f(X)) denote an interval enclosure of a real-valued function f over an interval
X € R™, where X represents an interval enclosure of the domain of interest. Note
that, the notation O(f(X)) is used even when X does not explicitly denote an interval;
in such cases, it is assumed that an interval hull is applied to X. Consequently,
we can assert that f(X) C Of(X). Inclusion functions for elementary operations,
such as sin, cos, In, exp, are defined by their respective mappings when applied to
interval arguments. For instance, the natural inclusion function of a real function is
constructed through the recursive computation of inclusion functions for all arithmetic
and elementary operations that constitute it. Inclusion functions and basic operations
are defined in detail in Moore, Kearfott, and Cloud, 2009.

ll> i

4.5 Conclusions

This chapter has offered a comprehensive exploration of zonotopes and constrained
zonotopes, diving into their mathematical foundations, practical applications, and
strategies for complexity reduction. As we draw this journey to a close, let us reflect
on the key takeaways and insights gained along the way.

Zonotopes, with their central symmetry and efficient computational properties,
serve as valuable tools for modeling sets in a wide range of applications. Their ability
to handle linear mapping and Minkowski sum operations with ease makes them a
go-to choice for various mathematical tasks. However, their limitation in representing
asymmetric regions has led us to seek more versatile alternatives.

Constrained zonotopes emerged as the solution, offering the flexibility to model
asymmetric convex polytopes accurately. Their computational benefits, including
efficient set operations, have made them indispensable in scenarios where symmetry
cannot be assumed. We have witnessed how constrained zonotopes maintain the
advantages of zonotopes while extending their capabilities to a broader spectrum of
complex shapes and structures.

Yet, complexity reduction remains a crucial aspect of effectively utilizing con-
strained zonotopes. As we explored methods to reduce the number of generators and
constraints, we learned that striking a balance between computational efficiency and
conservatism is an art in itself. The ability to simplify representations while preserving
accuracy is a valuable skill in the world of set-based estimation.

In conclusion, zonotopes and constrained zonotopes are not merely mathematical
constructs but practical tools that empower us to model, analyze, and understand
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complex systems with precision. Their role in control theory, robotics, signal process-
ing, and beyond continues to expand as researchers and practitioners uncover new
ways to leverage their strengths.
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Chapter 5

Set-based state estimation

In this chapter, we will look at the concept of set-based state estimation and its
implications. State estimation refers to the process of inferring the current or future
state of a system based on available measurements or observations. Traditional point-
based state estimation approaches provide a single estimate of the system’s state such
as Luemberger filters or Kalman filters. However, set-based state estimation takes
a more comprehensive approach by utilizing mathematical set theory to model and
estimate the possible states of a system.

Set-based state estimation offers several advantages over point-based approaches.
By considering a range of possible states rather than relying on a single point estimate,
set-based techniques provide a more robust representation of the system’s true state.
This is particularly useful in situations where there is uncertainty or ambiguity in the
measurements, or when the system exhibits non-linear or non-Gaussian behaviors.
Set-based methods can capture the inherent uncertainty and provide a more accurate
and reliable estimate of the system’s state.

The application of set-based state estimation techniques has gained increasing
attention in various domains, including robotics, autonomous systems, control theory,
and fault detection. These techniques have shown promise in addressing complex
state estimation problems and enhancing the performance and robustness of systems
operating in uncertain environments.

In this chapter, we will begin by discussing the theoretical foundations of set-based
state estimation. We will explore the mathematical concepts and techniques employed
in this approach, such as set propagation, set intersection, convex hulls, and set-based
filtering algorithms. Understanding these foundations is crucial for comprehending
the subsequent discussions on set-based state estimation in the specific context of
lithium battery applications.

Following the general overview of set-based state estimation, we will shift our
focus to the state of the art in the application of these techniques to lithium battery
systems. Lithium batteries have become the preferred energy storage solution in
various industries due to their high energy density, long cycle life, and environmental
sustainability. However, accurate estimation of the state of charge (SoC) and state
of health (SoH) is crucial for maximizing battery performance, optimizing energy
management, and ensuring safe and reliable operation.

We will explore the latest research and advancements in set-based state estimation
tailored specifically to lithium battery systems. This will involve examining different
modeling approaches, estimation algorithms, and validation techniques utilized in
the context of lithium batteries. By understanding the current state of the art, we
can identify the strengths, limitations, and potential applications of set-based state
estimation in improving the performance, safety, and longevity of lithium battery
systems.
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5.1 Set-based state estimation problem formulation

Consider a category of nonlinear discrete-time systems governed by the following equa-
tions

xp = f(xp_1,up_1,wi—1) for k>1, -
Yr = g(xk, ug, vg) for k>0, (5.1)

Here, x;, € R™ represents the system state vector, up € R™ denotes known
inputs, yi € R™ signifies measured outputs, while w; € R™ and vg € R™ stand for
process and output uncertainties, respectively. We assume that the initial condition
is &g € Xo, and the disturbances are bounded by wy € W and v, € V', where Xy, W,
and V are predefined compact sets.

The aim of set-based state estimation is to compute, for each & > 0, tight en-
closures X, that encompass the set of states consistent with the model dynamics,
the bounded uncertainties Xy, W, V, and the gathered measurements y;. This is
achieved through a prediction-update algorithm that calculates the compact sets X},
and X . as follows:

X}c D {f(X, uk_l,wk_l) X € Xk—la Wr—1 € W}, (52)
Xk 2 {m S Xk: : g(X7 ukavk) =Yk, Vi € V}7 (53)

In this context, (5.2) and (5.3) are known as the “prediction step" and the “up-
date step", respectively. It is worth noting that, in general, exact evaluation of the
set operations defined in (5.2)-(5.3) may not be feasible (Kieffer, Jaulin, and Walter,
1998). Therefore, we compute tight guaranteed enclosures, which, in this context, refer
to tight outer approximations. Notably, Constrained Zonotopes (CZs) have demon-
strated significant advantages over other set representations (Scott et al., 2016a).

5.2 State estimation framework

In this section, we introduce the well-known prediction-update algorithm for calcu-
lating enclosures at each step using constrained zonotopes. We also offer a complete
presentation of the indispensable tools needed to execute the prediction-update al-
gorithm (5.2)-(5.3) for nonlinear discrete-time systems employing Constrained Zono-
topes (CZ). Primarily, Theorem 5.4 establishes a constrained zonotopic enclosure for
the product of an interval matrix and a CZ.

Theorem 2 (Rego et al., 2020a) Let X = {G,c, A, b} C R™ be a constrained zono-
tope with ny generators and n,. constraints, let J € IR™*™ be an interval matrix, and
consider the set § = JX £ {Jx:J e J,x € X} C R". Let G € R"*™ and ¢ € R"
satisfy X C {G, ¢}, and let m be an interval vector such that m O (J — mid(J))e
and mid(m) = 0. Finally, let P € R"*" be a diagonal matrix defined by P;; =
rad(m;) + Z?il S v rad(Jig)| Gyl for alli = 1,2,...,n. Then, S is contained in the
CZ-inclusion

SC«J,X)2IJX o PB. (5.4)

Proof. Take any s € S. We will demonstrate that s € /(J,Z). According to
the definition of S, there exists z € Z and J € J such that s Jz. By adding
and subtracting mid(J)z, we can express s as s = mid(J)z + (J — mid(J))z. As

o ||
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z € Z C 71 there exists & E_Erfg such that 2 = &+ GJ. Hence, we have s =
mid(J)z + (J — mid(J))(¢c + G6). By the choice of m, there exists 7 € m such that

s = mid(J)x 4 m + (J — mid(J))Gd (5.5)

Let 6 = i+ (J — mid(J))G5. Then, we can write 0; as §; = h; + > v (Jik —
mid(J)i)Grjd;. By applying the triangle inequality and noting that |§;| < 1, we get
10:| < || + Z;Lil S0 | ik — mid(J)ig| - |Myj|. Consequently, |8;| < $diam(rn) +
%Zyil v, diam(J;,) - |[My;|. Hence, 6 € PB?(1). From (5.5), it follows that
s=mid(J)z+d € mid(J)Z + PBX(1) = /(J, Z).

Therefore, S C /(J, Z). O

The proposed framework is summarized in Algorithm 2. Note that, within this
algorithm, it is possible to apply complexity reduction techniques explained in Chapter
4 after each step to manage the increase in set complexity. We initiate with two
essential lemmas that are prerequisites for all three steps. In particular Lemma 1
provides the mean value extension for propagating implicitly CZ through nonlinear
mappings

Algorithm 2 State estimation framework

1: (Prediction Step) Given the constrained zonotopes X 1 x W C R” x R™ and
input uz_; € R™, compute the predicted constrained zonotope X satisfying
(5.2).

2: (Update Step) Given the constrained zonotopes X x V C R™ x R™ input uy €
R™  and measurement yr € R™ ., compute a refined constrained zonotope X,
satisfying (5.3).

Lemma 1 Let a : R” x R™ — R" be of class C' and let Vo denote the gradient
of o with respect to its first argument. Let X C R™ and W C R™ be CZ, and let
J € IR™ ™ be an interval matrix satisfying

Via@x,w) 2 {(Via(x,w):xc0OX, we W} CJ. (5.6)

For every x € X, w € W, and v, € UX, there exists J € J such that a(x,w) =
(Y, W) + J(x = 7z)

Proof.  Choose any (x,w) € X x W. Since x € X C X and v, € 0OX, the
Mean Value Theorem ensures that, for any ¢ = 1,2,...,n, there exists ol e OX
such that a;(x,w) = (72, W) + VZa;(81, w)(x — v,). However, reX such that
ai(x, W) = a;(ve, w) + VX0, (817, w) is contained in the i-th row of J, by hypothesis,
and since this holds for all i = 1,2,...,n, there exists J, € J, such that a(x,w) =
oYz, W) +Jp(x — z). O

Lemma 1 provides an exact linear representation of the nonlinear function a be-
tween two points based on the Mean Value Theorem, which is useful for computations
with constrained zonotopes.

The following lemma presents an alternative technique for achieving a precise
linear representation of a nonlinear function between two points, utilizing Taylor’s
Theorem.

Lemma 2 Let B : R™ — R” be of class C2, and let z € R™ represent its argument.
Consider a constrained zonotope Z = {G,c,A,b} C R™ with my generators and
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me constraints. For each ¢ = 1,2,...,n, let Q[q]ﬁ IR™*™ gnd Q4 e TR™s*™s pe
interval matrices such that Q4 C HB,(0Z) and Q C GTQUG. Additionally, define

Cq :%trace {mid(Q[‘ﬂ )}

Vi Vi<j
6| == .
mid(@Q/2 ... (mid(QY¥ + mid(Q¥))
G4 =diag(d)
dy =Y |rad(Q)]
i.j
A=A A O%(l—&-mc)xn}
AC: %AriAsi V?“SS
Vi
Ag = ... ATiASj+ATjASi o Vr<s
Vi<j
b= |bbs— 13 AAg| Vr<s

with indices i,7 = 1,2,...,mg and r,s = 1,2,...,m¢. Finally, choose any v, € UZ,
and let L € IR™ ™ be an interval matriz such that Ly, :C (c — v)TQ for all ¢ =
1,2,...,n. For every z € Z, there exist £ € Bs(A,b), € e BOO(A,B), and L € L
such that

B(z) =B(v:) + V' B(v:)(z —7.) + €
+[G Gylé + L((c — v,) + 2G¢).

Proof. Choose any z € 0Z and ¢ € {1,...,n}. Applying Taylor’s theorem to f,
with the reference point ~,, there must exist I''4 e Hp,(Z) C Q4 such that

By(z) = By(v2) + vTﬁq(’YZ)(Z — )+ (z - 'Yz)TF[q] (z —72)-

Since z € Z, there exists & € By (A,b) such that z = ¢ + G&. Therefore, by
defining p = ¢ — ~, for brevity, we can rewrite the equation as

Ba(2) = By(7:) + VI By(7:) (P + GE) + (p + GE)TTH (p + GE).

Expanding the product (p+G&)T Tl (p+G¢) results in p” Tl (p+2G€)+£TTla¢,
where TlW = GITUWG € Q. Since T@ € Q4 it follows that fg = mid(@%l) +

rad(ng})Az[?] for some AE;I.] € BL. Additionally, |&| < 1 implies &2 € [01], and hence
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€ = 1 + 3¢ for some (; € [—1,1]. Considering these two facts, we have

~ 1 .
€7Tlg =3 mid(Q) Zmld Qe + 3 (mid(QY)
7 1<J
+mid(@£%]>>&5j + Zrad(@% i€z,
.3
where the third summation results from the fact that §¢&; = £;&. Thus, by defining
the new generator variables

vi i<y Vi,j.q

) [ G oo & ... EEAY ]T
\W_/ )

with 4,7 = 1,2,...,mg, ¢ = 1,2,...,n, we have ¢ITld¢ = cq + [G Gd]q’:é, where
Gy blkdlag(Nm NP . N[M), and

Nl = [ . rad(@z[;ﬂ) } e RIX™g

Therefore, we have established that §,(z) = By(v:)+VTBy(v2) (2—~2) +p T4 (p+
2GE) + ¢4 + |G Gglg:&. This holds for every ¢ = 1,2,...,n. Moreover, L satisfies
L,. C p’'Ql for all ¢ =1,2,...,n by definition, so there must exist L € L such that
L = pTTl for all ¢ =1,2,...,n. Therefore,

B(z) = B(7.) + VIB(v:)(z — v:) + L(p + 2GE) + & + [G G€.

Moreover, the equality constraints A¢ = b imply that A¢¢TAT = bb”. In
addition, let consider 52 5 L4 QQ with ¢; € [-1, 1], the r-th row and s-th column of
this matrix equality results in

1 .
5 Z AriAgiG + Z AmAsg + ArjAsz)Ezgj - 5 Z Ap A+ si,
1<j 1
with r,s = 1,2,...,m.. The constraints are non-repeating for » < s and linear in &,

as a consequence A€ = b, with A = [AC Ag 07, Xnm2] where m. = 5¢(1 + m,).

For this reason, £ €€ Boo(A,b) = £ € Byo(A,b). Combining this with the previous
expression, it is possible to derive

B(Z) CB(v:) @V B(1:)(Z = 7:) @ L(p + 2GBx(A,b) © & & [G Ga] B (A, b).

This latter enclosure can be simplified exploiting the fact that the columns of (A
corresponding to the variables [... fzfjAgj] ...] are all zero, and therefore

P~ <~ = <~ 7 ~ = nm?
(G Gg|Bx(A,b) = GBo([A¢ A¢l,b) ® GBy 7,
where G is defined as in the statement of the theorem. Hence,

|G G4)Bs(A,b) =GB ([AC ¢, b) ® G4B~
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O

5.3 Prediction step

This section introduces different approaches for performing the prediction step (5.2)
using constrained zonotopes. These methods extend the techniques proposed byScott
et al., 2016b and have been proposed for the first time in Rego, Raimondo, and Raffo,
2018 and in Rego et al., 2020a to handle nonlinear discrete-time systems. These ex-
tensions provide a consistent framework for propagating zonotopes through nonlinear
mappings.

The primary advantage of these new extensions is their ability to carry out the
entire state estimation procedure using constrained zonotopes in CG-rep. With the
methods developed in this section, such sets can be directly propagated to the next
time step without requiring prior simplification into a symmetric set. This effectively
addresses a major source of conservatism found in existing methods based on the afore-
mentioned enclosures, all while maintaining the computational efficiency associated
with zonotopes.

Proposition 4 Let f : R x R™ x R™ — R" be of class C! and let V,f denote the
gradient of f with respect to its first argument. Let u € R™, and let X C R™ and
W C R™ be CZ. Choose any ~, € UX. If Z,, is a constrained zonotope such that
f(vz,u, W) C Z,, and J € IR™ " is an interval matrix satisfying VLf(OX,u, W) C J,
then f(X,u, W) C Z,, ®<1(J, X — 7).

Proof.  Consider any (x,w) € X x W. Lemma 1 ensures the existence of a real
matrix J, € J, such that f(x,u, w) = f(v,,u, w) + J,(x — (72). By Theorem 2 and
the choice of Z,,, we conclude that f(x,u,w) ® Z,, < (J,, X — 7;), as desired. O

Proposition 5 Let f : R x R™ x R™ — R” be a function of class C?>. Consider
u € R™ and constrained zonotopes X = {Gy, ¢z, Ay, by} and W = {Gy, €y, A, by}
with ng generators and n. constraints, and ng, generators and nc,, constraints, re-
spectively. Let z = (x,w) and Z = X x W = {G,c,A,b} C R"™_ Consider
interval matrices Q4 e Rnw)x(ntnw) gpq Qld ¢ R(”9+"9w) (ng+nguw) satisfying
Ql Cc H.f (00X, u,0W) and QY c GTQUG. Define &, G, Gy, A, and b as spec-
ified in Lemma 2. Finally, choose any v, = (Yo, Yw) € OZ, and let L € TR™™ be
an interval matriz satisfying L, . C (c — ’yZ)TQ[‘I] forallqg=1,...,n. Then, we can
conclude that

f(OX,u,0W) C f(x,u,w) @& VIf(x,u,w)(Z —7.) ® R, (5.7)

where R =& ® [G Gg]Boo(A,b) ®<(L, (c —7.) ® 2GBu (A, b)).

Proof.  Consider any z = (x,w) € Z. Lemma 2 ensures the existence of & €
B+ (A,b), £ € Boo(A,b), and L € L such that:

f(X7 u, W) :f(’)/a:a u, 710) + sz(’Yxa u, ’Yw)(z - "Yz)
+&+[GGy€ +L((c—.) +2GE).

Hence, we can conclude that f(x, u, ) Cf(. Vi, Vo) VI (ve, 0, v0) (Z —7.) @
AL, (c —v2) & 2GBx(A,b)) @ ¢ & [GGy|B ( ) Therefore the (5.7) follows
directly from the definition of R.

O
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Note that specifically, if X and W have ny and ngy, generators, and n. and n.,
constraints, respectively, then Proposition 4 yields n, + ng, + 2n generators and
Ne + New constraints. Proposition 5, on the other hand, provides 0.5(ng + ngw)2 +
2.5(ng + ng, ) + 2n generators and 0.5(n¢ + ne,, ) + 2.5(nc + ne,,) constraints.

5.4 Update step

In this section, similarly to what has been done in Section 5.3 for the prediction step,
two methods relying on the mean value theorem and the first order Taylor’s expansion
respectively, are presented.

Lemmas 1 and 2 are utilized, respectively, to formulate the necessary enclosure in
(5.3) as the extended intersection of two constrained zonotopes.

Proposition 6 Let g : R® x R™ x R™ — R™ be of class C', let u € R™, let
X C R" and V. C R™ be CZ, and choose any y € R™ such that y = g(x,u,v)
for some (x,v) € X x V. Choose any v, € OX and any J € R™*". If Z, is a
constrained zonotope such that —g(v,,u,V) C Z,, and J € IR™*" is an interval
matrix satisfying VZg(OX,u, V) C J, then

{xeX : gx,uv)=y,veV}CXnNcY,
where C=J, and Y = (y + J7,) @ Z, ®<(J = J, X — 7).

Proof.  Take any (x,v) € X x V such that g(x,u,v) =y. According to Lemma 1,
there exists a real matrix J, € J, ensuring that g(x,u,v) = g(vz, u, V) +J2(z —7z).
Since J, = J, + (J, — J) holds, we can express g(x,u,v) as follows:

~ A ~

g(x,u,v) = g(vz, 0, v) + Jo(z — 72) + (Jo — Ju)(z — 72).-

Consequently, we get

[

7 =g(x,u,v) + jac’)’z — (Y2, u,v) + (jx - jut)(x - Yz)
=y + Jx')’:p - g(')’:m u,v) + (JI - JJE)(X - 71")
E(y + jz'Yx)Zv D q(jx —Ju, X — '7z) =Y

Hence, we conclude that {x € X : g(x,u,v) =y,ve V} C{xe X : J.x € Y} =
XnNeY. O
Note that the constrained zonotope Z, in Proposition 6 can be expressed as 7, =
—g(Ya, U, V) B<A=Ty, V — ) C —g(v2,u, V) for some v € OV and interval matrix
J, that includes VI —g(v,,u,0V). The matrix Jy is a free parameter in Proposition
6. Opting for J, = mid(J,) results in mid(J, — J;) = 0, and consequently, <(J, —
Joo X — ) = mid(J, — J)(X —~,) @ PBYY = PBYY, where P is defined as in
Theorem 2. Remaind that this choice is maintained throughout this Thesis.

Proposition 7 Let g : R" x R™ x R™ — R™ be of class C2. Take u € R™, and
let X = {Gy, ¢z, Ay, by} and V = {Gy, ¢y, Ay, by} be constrained zonotopes with ng
generators and nc constraints, and ng, generators and ng, constraints, respectively.
Select any 'y € R™ such that y = g(x,u,v) for some (x,v) € X x V. Denote
z=(x,v) and Z = X xV = {G,c,A,b} CR"™. For each ¢ = 1,2,...,ny, let
Q1 ¢ IR*(+7m) (4 ny) and QU e TRMot79.)xX (9 t700) pe interval matrices such
that Q4) C H,g,(0X,u,00V) and Q4 € GTQUG. Moreover, define ¢, G, Gy, A,
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and b as in Lemma 2. Finally, choose any z = (Yes Vo) € Z and let L € TR (n+72)
be an interval matriz such that L, . C (c — ~)TQ for allq=1,... ,Ny. Then,

{xeX :gx,u,v)=y,veV}CXnNcY,

where C = VIg(ve, w, %), Y = (y=8(Y2, 0, 7)+VIg(x, u,v)2)&(—V]g(ve, u, 1)V)&
(—R), and R = & @ [G Gy]Bso(A, b) @ <(L, (¢ — v,) ® 2G B (A, b)).

Proof.  Consider (x,v) =z € Z such that g(x,u,v) =y. Lemma 2 guarantees the
existence of & € Boo(A,b), £ € B(A,b), and L € L such that

g(X, u, V) :g(’)’:ca U—y%)) + vgg(7x7 u, ’YU)(X - ’Yac) + Vng(’Ywa u, ’Y’U)(v - ’YU)
+L(p +2G¢) + &+ [G G, €.

Here, p=c —~.. As g(x,u,v) =y,

vrg;g('yw? 11, ’YU)X :y - g(’Yx, uv ’YU) + vag(’Yxa ll, 711)72
Vg (va, w,0)v — L(p + 2G€) — & — [G G, €
€y —g(va u,v) + VIg(ve, w,v0)72)
& (—Vigmu,v)V)& (-R) =Y

Hence, we conclude that {x € X : g(yz,u,7) =y,v e V} C {x € X :
Vig(x,u,v)x €Y} =XnNcY. O

Note that if X and V' have n, and ng, generators, and n. and n., constraints,
respectively, then the enclosure derived by Proposition 6 has 2n,+n,, +2n, generators
and 2n.+n., +n, constraints, and the enclosure acquired through Proposition 7 entails
0.5(ng +ng,)? +2.5(ng +ng,) +2n, generators and 0.5(n. + ne, )% +2.5(ne +ne, ) +ny
constraints.

5.5 Conclusions

In this chapter, we have explored the use of constrained zonotopes as a powerful
tool for addressing the challenges posed by nonlinear systems state estimation. The
investigation has described in detail two distinct methods, for both prediction and
update steps, relying on the mean value theorem and the first order Taylor’s expansion
respectively.

The impact of these methods extends across various domains, including robotics,
control systems, and autonomous vehicles. The ability to propagate sets accurately
through nonlinear transformations opens up new avenues for robust and safe control
in uncertain environments. Moreover, the reduction in conservatism achieved through
these methods can lead to improved system performance and more efficient resource
allocation.

In conclusion, the use of constrained zonotopes represents a significant advance-
ment in the field of nonlinear system estimation. The methods presented in this
chapter provide practical solutions to the challenges posed by complex, nonlinear dy-
namics.
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Chapter 6

Set-based state estimation on
batteries

Battery Management Systems (BMSs) play a crucial role in ensuring the safety, reli-
ability, and efficiency of batteries. It is essential to protect batteries from hazardous
operating conditions, as violating temperature, current, and voltage restrictions can
lead to compromised performance and safety issues, as highlighted in the study by
Lu et al., 2013. Advanced BMSs leverage mathematical models to enhance efficiency
and monitor battery cells by estimating key parameters such as the State of Charge
(SOC). In this chapter firstly, we present the identification of parameter bounds for
the ECM described in Chapter 3.2 based on the Fisher Information Matrix. This
approach allows for a more accurate characterization of the uncertainties associated
with the model parameters. Secondly, we propose a discrete-time interval state esti-
mation method utilizing inclusion functions and constraint propagation. This method
is specifically designed to handle discrete-time measurements.

Furthermore we will include additional sections that explore set-based state es-
timation techniques using zonotopes and constrained zonotopes. These sections will
discuss the application of these techniques to the Li-ion cell model, providing further
insights and contributions in terms of improved state estimation accuracy and robust-
ness. Furthermore, this chapter will focus on exploring set-based state estimation
techniques using zonotopes and constrained zonotopes applied to battery cells. They
offer valuable insights and advancements in improving the accuracy and robustness of
state estimation for the Li-ion cell model.

Through numerical experiments, we will demonstrate the efficiency and effective-
ness of the proposed methodology, showing that it provides accurate enclosures for
both the state of charge and the electric state variables of the ECM. These results
will further validate the contributions of this chapter and highlight the practical sig-
nificance of the developed set-based observer approaches in the context of Li-ion cell
estimation. In the remainder of this chapter, we develop a discrete-time interval
observer for a single Li-ion cell, based on the forward-backward method described in
Jaulin et al., 2001. The objective is to address parametric uncertainties in the system,
which are obtained through an identification procedure using data collected from a
well-known Electrochemical Model (ECM) with electrolyte dynamics, specifically the
Single Particle Model (SPMe) (Pozzi et al., 2018).

6.1 Modeling and identification of the ECM parameters

In this section we refer to the model Thévenin model described in Chapter 3.2.1, where
the electrical parameters are considered as SOC-dependent. For sake of simplicity here
no thermal model has been used and we assume to operate in a thermally isolated
chamber. Note that the considerations that will follow in this chapter can be extended
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to any model described in the literature. The mathematical representation of the ECM
discussed in Section 3.2.1 can be formally expressed as follows:

x(t) = £(x(t), u(t), @),

Y(t) = g(X(t), u(t)v ¢)a (61)
X(to) = X0,
2[Ry Rip Rin Riz Cip Cii Ciz Chagt] - (6.2)

where x(t) represents the state variables, u(t) denotes the input variables, and ¢
represents a vector of ECM parameters. Equation (6.2) provides the explicit definition
of the parameter vector ¢.

To apply the interval state estimation method proposed in this study, we first
discretize the ECM using Euler’s method. The resulting discrete-time model is given

by:

x(k+ 1) = xp + Tof (x(k), u(k), @),
y(k) = g(x(k), u(k), @), (6.3)

X(ko) = X0,

where T represents the sampling time, and k& > kg denotes the time step.

In this work, we focus on the charging phase of the ECM, considering the different
state-of-charge (SOC) relationship of parameters Ry and C as reported in Perez et al.,
2017. The estimation of the ECM parameters is conducted using data collected from
the "real plant," which we assume to be the SPMe. We assume an initial condition
where the cell is almost completely discharged and at rest, given by x¢ = [0.017 O]T
(ECM states). The input signal used for the parameter estimation, defined over a time
horizon k, is shown in Figure 6.1. It is worth noting that an input profile with sufficient
excitation is crucial for improved identifiability and reduced parametric uncertainties.

Remark 2 Although the ECM parameters still require estimation, the initial state xq
can be easily determined when the cell is at rest. In such cases, the voltage across the
parallel Ry — Cy combination is zero, and the open-circuit voltage V coincides with
Voe. The initial state of z(0) can be computed from (3.13)%.

The system under consideration is subject to measurement noise, which is as-
sumed to lie within the interval [-3mV,3mV]. In order to facilitate the subsequent
identification procedure, we approximate the measurement noise as independent and
identically distributed (i.i.d.) Gaussian noise d(k) ~ N(0,07), where o, = 1mV.
Specifically, for the true value of the parameter vector ¢*, the measurements are
given by y(k, ") = g(x(k), u(k), ¢*) + d(k).

Let Y(¢*) € R¥! denote the vector of observed output data over the time
horizon k = ko,..., ko + k. It can be established that Y(¢*) ~ N(Y(¢*),C,),
where Y (¢*) represents the output vector in the absence of measurement noise,
and C, € RE+Dx(k+1) ig the diagonal measurement covariance matrix given by
Cy = oyl .

The parameters can be estimated by solving the following maximum likelihood
optimization problem using the collected training data:

!The open-circuit potential (OCP) is assumed to be known a priori.
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FIGURE 6.1: Training and validation current input profiles.

6= argmin (Y(¢") = Y(9))" €, (Y(¢") — Y(9))
s.t. model dynamics (9.1),
0 < h(x(k),u(k), ®), (6.4a)
¢min < ¢ < ¢max, (64]:))

The output vector Y (¢) represents the results obtained by solving the system (6.3)
for a given parameter ¢ over the time horizon k = ko, .. ., ko+k. The inequality (6.4b)
ensures that the optimization problem takes into account the physical bounds on the
parameters, such as Ry > 0 and Cpay > 0. Similarly, equation (6.4a) is necessary
to constrain SOC-dependent variables like Ry and C7. By assuming that functions
(3.9) and (3.11) exhibit the same concavity as in Perez et al., 2017, it is possible to
enforce the positivity of these quantities by setting constraints on their values for z = 1
and z = 0 (concave case), or for the corresponding z value that corresponds to the
minimum of the function (convex case). This latter value can be found analytically.
Additional constraints can be included when prior knowledge about the parameter
bounds is available.

The estimated parameter values, obtained by solving the optimization problem
(6.4) using the data collected from the experiments shown in Fig. 6.1 (blue), are
reported in Table 6.1.

The validation of the ECM model with the estimated parameters has been con-
ducted by comparing it against the SPMe, utilizing the validation profile depicted in
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TABLE 6.1: Estimated ECM parameters.

Ro(©2) Ri1o(2) Ri1(Q) R12(2)
0.093 0.0221 —0.07 0.0672
Co(As) Cio(As) C1,1(As) C1,2(As)

235.52  7.7613 x 104  —7.0974 x 10* 2.6963 x 10*
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FIGURE 6.2: Validation profile of the terminal voltage.

Figure 6.1 (red), while maintaining the same initial condition as during the training
phase. The obtained results, as shown in Figure 6.2, demonstrate a satisfactory overall
agreement, although certain inconsistencies have been identified.

To assess the accuracy of the obtained parameter values for state estimation and
control purposes, it is important to quantify their uncertainty. Since Y(q’)*) is a
random variable, the estimated qAb is also a random variable with a covariance matrix
C 6 € R8>8, Following a similar approach as in Pozzi et al., 2018, we utilize the Fisher

Information Matrix (FIM) to estimate C¢p. According to the Cramer-Rao bound, the
FIM provides a lower bound on the covariance matrix of the parameters:

C, = (F()) ' = ((S(é)".C, " S(¢)) ", (6.5)

where F(c{)) € R®*8 represents the FIM and S(J)) is the sensitivity matrix computed
as S() 2 VY ().
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FIGURE 6.3: Parametric correlation matrix.

Remark 3 The utilization of the FIM inverse as a measure of parametric uncertainty
18 commonly found in the literature. However, it is important to acknowledge that this
method has certain limitations and potential inaccuracies. Firstly, it provides only
a lower bound estimation of C .. Secondly, it relies on local parameter sensitivity,
assuming a linear relationship between variations in model parameters and simulation
results. As a result, it may not capture non-linear effects accurately. Thirdly, it
1s restricted to estimating the covariance matrix and may not fully capture the non-
Gaussian nature of the uncertainty distribution. Lastly, it assumes that the model
structure used in the identification phase is correct, which may not always be the case.
Future work will address these limitations by incorporating higher-order terms in local
sensitivity analysis, employing global sensitivity analysis techniques, and considering
the errors associated with approximating a high-fidelity model with a reduced one (see,
for example, Weber et al., 2019).

The estimated correlation matrix R 452 obtained using the FIM is shown in Figure
6.3. Non-zero off-diagonal values indicate correlations among the parameters in (6.2).
To account for this feature in the subsequent interval state estimation, a linear change
of variables is performed by defining 1/3 = Tg&, where T is chosen as the inverse of
the eigenvector matrix of C (;33. Consequently, the covariance matrix C & for the new

parameter set 'lﬁ becomes diagonal.
Using an unbounded distribution to describe the parametric uncertainty is ex-
cessively conservative, as physical electric parameters cannot be negative or exceed

2Given D = , /diag(C 4)» the correlation matrix can be derived as Rj; = D™'c qu_l.

3Since C $ 1s symmetric, it possesses a complete set of orthogonal eigenvectors, making T invert-
ible.
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meaningful values (e.g., it is nonsensical for the Kokam SLPB 75106100 cell to have a
resistance in the megohm range). Consequently, in the subsequent section, each ele-

ment of the parametric uncertainty ; is restricted to the domain [@Zh -3,/C b (i,1), it

3, /C¢(i’ i)], which truncates it within £ 3 times the standard deviation of the pa-

rameter. These sets are further constrained by considering the physical limits of the
original parameters qg, such as positivity for each SOC value. It is crucial to note that
having a reference system with a diagonal covariance matrix is essential, as intervals
alone cannot capture any coupling between variables.

The identification phase has been implemented using CasADi (Andersson et al.,
2019). The optimization problem has been solved with IPOPT, a primal-dual interior
point method,interfaced with CasADi.

6.2 Interval-based state estimation method

Let consider the discrete-time nonlinear model expressed in vector form as follows:

x(k) =f(x(k—1),u(k —1),w(k — 1)),
Y(k) = g(X(k)), u(k>7v(k>)7

where k > 1, y(0) = g(x(0),u(0),v(0)), f: R” x R™ x R™ — R", g : R" x R x
R™ — R™. In this model, w € [W] represents the unknown-but-bounded process
disturbances, and v € [V] represents the measurement disturbances.

Our objective is to obtain accurate interval enclosures X for the state variables
x(k) that are consistent with the nonlinear system (6.6) and the measurement yy.
To achieve this, we adopt the prediction-update algorithm proposed by Rego et al.,
2020a. This algorithm involves computing intervals X and X satisfying the following
conditions:

(6.6)

[X](k) 2{f(x(k — 1),u(k —1),w(k — 1)) :

x(k—1) € [X](k — 1), w(k — 1) € [W]}, (6.7)
[X](k) 2{x(k) € X (k) :
g(x(k), u(k), v(k)) = y(k), v(k) € [V]}, (6.8)

The expression (6.17) corresponds to the prediction step, while (6.8) represents
the update step. It is assumed that an interval enclosure X for the initial state x(0)
and the current measurement y(k), for k£ > 0, is known.

In this chapter, we propose an efficient approach for guaranteed state estimation
by combining inclusion functions with the forward-backward constraint propagation
(FBCP) method (Jaulin et al., 2001). The estimation process consists of two main
steps: prediction and update.

In the prediction step, which is performed for each time step k, we use inclusion
functions (Moore, Kearfott, and Cloud, 2009) to propagate the previous state set X
through the nonlinear model f defined in (6.6). This propagation results in a predicted
interval X that contains the possible values of the state variables x(k).

In the update step, we solve a Constraint Satisfaction Problem (CSP) to refine
the predicted interval X and the measured interval Y. The CSP, denoted as H, is
formulated as follows:

H: y(k) =gxk),uk),v(k), x(k)eX, yk)eY, v(k)elV]
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where g is the nonlinear mapping defined in (6.6) and S represents the solution set of
H, given by S £ y(k) € Y, x(k) € X : y = g(x(k),u(k),v(k)),v(k) € [V].

To solve the CSP H, we employ a forward-backward constraint propagation al-
gorithm. In the forward propagation phase, the state set X is propagated through
the mapping g using inclusion functions, taking into account intermediate variables.
This propagation generates an output interval Y, which is then refined by intersecting
it with the measured interval y(k). In the backward propagation phase, the nonlin-
ear mapping g is swept backwards, and the interval Y obtained during the forward
propagation phase is used to further refine the state set X.

The detailed FBCP algorithm for the estimation of the discrete-time nonlinear
model (6.6) is described in the following.

6.2.1 State estimation of the lithium-ion cell using FBCP

The FBCP algorithm, proposed by Jaulin et al. Jaulin et al., 2001, consists of three
intermediate steps: contractor decomposition, forward update, and backward update.
Here, we apply these steps to the ECM example.

Considering the ECM model described by (6.3), with the output function g given
as in Section 3.2.1, we have the process disturbance w(k) determined by the parametric
uncertainties in the ECM. The disturbance is represented by w(k) = T(]S, where T
is the transformation matrix defined in Section 6.1, and it is bounded by w(k) €
[W], with [W] £ T[¢]. Additionally, the output disturbance v(k) includes both
the parametric uncertainties and the additive measurement noise d(k) € [d] C R.
Here, [d] is defined in Section 6.1, and v(k) is given by v(k) £ [w(k)T,;d(k)]T. It’s
important to note that v(k) depends on w(k) due to the correlation of Ry with the
other parameters in (6.2) (refer to Fig. 6.3).

To address the dependency effect in the polynomial function (3.13), we rewrite
Voc(k) using the centered form suggested by Hansen et al. Hansen and Walster, 2003.
The centered form is given by:

Voe(z1) = po(k) + Z pi(k)(z1 — ¢’ (6.9)

where c is defined as the midpoint of 1, denoted as ¢ £ mid(zy). Here, z; £
represents the first component of X. The auxiliary variables p; are given by po(k)
Voe(e) and p;(k) = (1/i!) M( ), where Vo[é](c) represents the i-th derivative of (3.13
with respect to z(k), evaluated at c.

1) Contractor decomposition. The first step of the FBCP algorithm involves de-
composing the function g derived from (3.2) into a "primitive" form. This form
consists of simplified expressions where only one function or one elementary operation
is present. To achieve this, we introduce intermediate variables [h;] defined as:

>

~—

hi 2 (z1—¢)', iel,...,o0, (6.10)

which allow us to rewrite the polynomial function (3.13) as

9
)+ pi(k), hi. (6.11)
=1
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2) Forward update. In the second step, given the measurement y(k), we subtract
the noise interval [d] to obtain Y £ y(k) — [d]. We then compute the intersection:

Y <« Y N [Voe + 22 + Rou(k)], (6.12)

to refine Y. It is important to note that if no measurement is available at time k, the
set is initialized as (—o0, +00).

3) Backward update. The third step involves sweeping the decomposed function
g backward. Each variable on the right-hand side of g is explicitly expressed as a
function of the other variables appearing in the forward update. This is done as
follows:

For V,¢, we perform the following intersection to refine it:

Voe +— Ve N [Y — X2 — Rou(k)] (6.13)
For x5, we refine it with the following intersection:
X9 < X2 N [Y — Voe — Rou(k)] (6.14)

To assess the state of charge 1, we sweep (6.11) backward and decompose it
into multiple expressions using the intermediate variables h; for ¢ = 1,...,9. The
decomposition is performed as follows:

hi < h; N [Pzék) (Voc —po(k) — ij(k)hj>] : (6.15)

J#i
The interval h; is further refined to retrieve both positive and negative even roots.
Since hy is zero-centered by definition (see (6.10)), the following logic is necessary:

1

. =1 7.1
hi <h1 Nie2468 (7)) = h1 Nie2,4,6,8 ([—|hi] 7, [hi] 7]).
For odd roots, the refinement of Ay is performed as follows:

hy <= h1 Nies 5,79 ([od, @dl),
where ai £ ﬁi!,% if h; >0, ai & —(|ﬁz]%) otherwise, and @i = —(]Ezﬁ) if h; < 0,
w2 Ei!,% otherwise. Here, hi and hi represent the lower and upper bounds of h;,
respectively.
Finally, the refinement of the state of charge (SOC) interval is performed by in-
tersecting =1 with hy + ¢, resulting in:

1 <—x1Nh +ec
The interval enclosure X for the update step (6.8) is then given by X + 21 X 29.

Remark 4 To obtain a more precise enclosure X, steps 2 and 3 can be iterated as
described by Jaulin et al. (Jaulin et al., 2001). However, in the case of the ECM,
it has been observed that a single iteration yields accurate enough enclosures, as
demonstrated in Section 6.2.2.

Remark 5 When applying the FBCP algorithm to the ECM, it is important to note
that intervals are unable to capture the constant nature of w(k) and the dependencies
between v(k) and w(k). Consequently, the application of the FBCP algorithm results
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FIGURE 6.4: Current input profile I(t) applied to the ECM.

in a conservative estimation. To address this limitation, future research will explore
alternative set representations, such as zonotopes, which can effectively handle these
dependencies and reduce conservatism.

6.2.2 Numerical results

In the following, we present the results obtained by applying the interval state esti-
mation method to the Li-ion cell during the charging phase. The input profile used
for the estimation is shown in Figure 6.4.

To start the estimation process, we consider an initial state set X centered around
the initial state condition (z(0),V.1(0)) = (0.3,0). The initial state uncertainty is
set to 1% for the state of charge (SOC) and a much lower uncertainty of 0.0001% V
for the voltage V.. This choice is based on the assumption that the battery is in a
stationary condition at time ¢t = 0 after a rest period (see Remark 2).

The open-loop state estimation is performed using only the prediction step (6.17)
with the natural inclusion function. This involves replacing each variable with its
interval enclosure and applying elementary interval operations (Moore, Kearfott, and
Cloud, 2009) at each time step k.

Figure 6.5 illustrates a comparison between the state sets computed in open loop
(pink) and closed loop (green). It highlights the results obtained after the refinement
procedure associated with the FBCP algorithm. This refinement step improves the
accuracy of the state estimation.

In Figure 6.6, a further comparison between open and closed loop estimation
is presented. The areas of the state enclosures are calculated at each time step k&
and plotted. It is observed that, despite the improved accuracy of the closed loop
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FIGURE 6.5: Enclosures obtained using interval state estimation.

estimation, the size of the state sets tends to mildly increase over time. This is
primarily due to the charging process, which leads to an increase in the state of charge
(SOC) over time and subsequently results in more conservative interval enclosures of
the polynomial (6.11).

However, it is worth noting that the use of the FBCP approach in the closed loop
estimation significantly reduces the size of the obtained intervals while still ensuring
that the actual state trajectory x(k) (depicted in blue in Figure 6.5) lies within the
state enclosure [X (k)].

The simulations were conducted using MATLAB 2020a, and all interval operations
were performed using INTLAB 9 (Rump, 1999). The plots in Figure 6.5 were created
using MPT (Multi-Parametric Toolbox).(Kvasnica et al., 2004).

6.3 Constrained zonotopes state estimation

In this section, we consider a class of nonlinear discrete-time systems described by the
following equations:

xp = f(Tp—1,Up—1, wp—1) for k>1, (6.16)
Yr = g(xk, ug, vg) for k>0,

where x5 € R™ represents the system state vector, up € R™ denotes the known
inputs, yr € R™ indicates the measured outputs, and w; € R"™ and vy € R™
represent process and output uncertainties, respectively. It is assumed that the initial
condition xg € Xy and the disturbances are bounded by wi € W and vi € V', where
Xo, W, and V are known compact sets.

The main objective of set-based state estimation is to compute, at each time step
k > 0, tight enclosures X} of the set of states consistent with the model dynamics,
the bounded uncertainties Xy, W, V, and the collected measurements yj. This is
achieved through a prediction-update algorithm that computes the compact sets X},
and X . as follows:

Xk D) {f(X, uk_l,wk_l) X € Xk—la Wg_1 € W}, (617)
X 2 {m € Xi: g(x, up, vi) = yi, vi € V}, (6.18)
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FIGURE 6.6: Area of the estimated enclosures over time.

where (6.17) and (6.18) are known as the prediction step and update step, respectively.
It is important to note that, in general, the set operations defined in (6.17)-(6.18)
cannot be evaluated exactly. Therefore, tight guaranteed enclosures (meaning, in this
context, tight outer approximations) are computed instead.

Within this context, Constrained Zonotopes (CZs) have demonstrated significant
advantages over other set representations (Scott et al., 2016a). In the following, we
provide detailed information on how to perform the prediction-update algorithm for
nonlinear discrete-time systems using CZs (Rego et al., 2021a). This procedure has
been utilized to develop a set-based state estimation scheme for the cell model de-
scribed in Section 3.2.2. The essential components necessary to execute the prediction-
update algorithm (6.17)-(6.18) for discrete-time nonlinear systems employing Con-
strained Zonotopes (CZ), are explained in Section 5.3 and Section 5.4. Note that in
the following example The mean value extension has been exploited to obtain the
guaranteed state enclosures for each time step. Complexity reduction approaches (see
Section 4.3) have been applied at each time step following the update step.

6.3.1 Numerical results

In this section, we present the outcomes of applying the CZ set-based estimation
approach to the Dual Polarisation Li-ion cell model described in Chapter 3.2.2. Figure
6.7 illustrates the application of this approach in both open-loop and closed-loop
scenarios, showcasing the prediction and prediction-update steps (6.17) and (6.18),
respectively. The projections of the resulting sets onto the state-space defined by V7,
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Vo, and SOC are depicted at specific time instances, namely k = {2,12,22,42,95}
seconds.

In mirroring real-world scenarios, the quantifiable parameters comprise the termi-
nal voltage V; and the surface temperature Ts. To account for real-world measurement
limitations, we incorporate measurement noise at levels of £1mV for terminal voltage
and +0.1K for surface temperature.

In our analysis, we introduce uncertainty in the initial state conditions, which are
enclosured within the zonotope:

XO = {Gxoacwo}v (6'19)

where Gz = diag(][0.001; 0.001; 0.05; 1; 1]) and ¢4, = [0.005; 0.005; 0.25; 298.15; 298.15]T.
Specifically, for the zonotope center, the State of Charge (SOC) has been established
at 25%, while both the core and surface temperatures have been equated to the am-
bient temperature.

Throughout the subsequent simulations, a consistent drive cycle input current
profile, serves as the basis. The utilization of this profile ensures that the simulations
remain relevant and representative of real-world conditions.

In figure 6.7, the blue sets represent the open-loop estimations, achieved solely
through prediction steps, while the yellow sets correspond to the closed-loop enclo-
sures. For clarity, we have selected a subset of time instants for plotting, omitting
others to prevent overlapping sets.

As anticipated, the closed-loop enclosures (yellow sets) exhibit notably reduced
volume compared to their open-loop counterparts. This reduction can be attributed
to the utilization of system output measurements during the update steps (6.18),
which effectively constrain the feasible state values. This observation underscores the
effectiveness of closed-loop estimation in enhancing accuracy and reducing uncertainty.

Furthermore, a noteworthy advantage of CZs becomes evident in this context.
Unlike certain other methods, such as intervals, CZs have the capacity to capture
intricate dependencies between state variables. Consequently, CZ-based estimation
offers reduced conservatism and enables a more accurate representation of the true
system behavior. The results depicted in Figure 6.7 provide empirical evidence of
the enhanced performance achievable through closed-loop CZ-based estimation. The
tighter enclosures achieved in closed-loop scenarios highlight the potential of CZs
in refining state estimations through a comprehensive integration of prediction and
update steps.

Note that while only a selected subset of time instances is shown in the figure,
the trend of improved estimation accuracy through closed-loop CZ-based estimation
is consistently observed across various time points.

6.4 Conclusions

In this chapter, we discussed about set-based state estimation for complex, nonlinear
systems, with a particular focus on Li-ion battery modeling and estimation. The
overarching objective was to enhance our understanding of the principles, techniques,
and practical applications of set-based state estimation in real-world scenarios.

We commenced our exploration by exploring the fundamentals of set theory, intro-
ducing key concepts such as intervals and constrained zonotopes. These mathematical
constructs served as the foundation for building more advanced techniques to bound
system states. We elucidated the rationale behind utilizing sets for state estimation,
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emphasizing their ability to provide rigorous bounds and robustness against uncer-
tainties.

With our modeling framework in place, we ventured into the heart of set-based
state estimation. We introduced two powerful methods, the Forward-Backward Con-
tractor Programming (FBCP) algorithm and Constrained Zonotopes (CZs), as valu-
able tools for the task at hand. The FBCP algorithm enabled us to perform set-
based state estimation through a series of contractor decomposition, forward update,
and backward update steps. On the other hand, CZs provided an elegant means
to represent and manipulate complex sets, offering enhanced accuracy and reduced
conservatism in estimation.

To put theory into practice, we conducted a series of numerical experiments us-
ing the Li-ion battery model. These experiments vividly demonstrated the tangible
benefits of closed-loop estimation over open-loop counterparts. By leveraging output
measurements, closed-loop estimation consistently delivered tighter bounds on system
states, reducing uncertainty and bolstering accuracy. CZ-based estimation, in partic-
ular, showcased its ability in capturing mutual dependencies between state variables,
offering a promising course for future research in Li-ion batteries state estimation
techniques.
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Chapter 7

Set-based fault detection

The safe operation of Li-ion batteries is a critical aspect to consider during their
use. Several different faults can occur that can result in degraded performance and
hazardous consequences, such as explosions and fires. These faults can be classified
into three main categories: cell faults, sensor faults, and actuator faults.

The BMS plays a crucial role in maintaining the safety of Li-ion batteries. It
constantly monitors the battery pack’s voltage, current, and temperature to determine
the best way to operate the battery and prevent faults from occurring. When a fault
does occur, the BMS can help detect it and minimize its effects. The BMS can also
diagnose faults using various diagnostic methods to help ensure the safe operation of
the battery.

The safe operation of Li-ion batteries requires careful monitoring and management,
with the BMS playing a critical role in preventing faults and maintaining the safety
of the battery during operation.

In this Chapter, a model-based method, relying on the mathematical model of the
cell and the battery pack is used to detect faults. The main advantage of this approach
is that it provides a complete understanding of the nature of the fault and can provide
insight into the underlying physical processes. A drawback of this approach is that
the mathematical model used is by definition an approximation of the true system,
which can lead to inaccuracies in the fault detection. For this reason a set-based
approach exploiting constrained zonotopoes has been used and model uncertainties
have been taken into account. The structure of this chapter is organized as it follows:
Section 7.1 formulates the problem and offers details on the fault detecion approach,
Section 7.2 analyses the faulty model that has been exploited, Section 7.3 shows the
numerical results applied to a single lithium cell case study, Section 7.4 applies the
proposed set-based fault detection method to a three cells series system and finally
Section 7.5 draws the final conclusions.

7.1 Set-based fault detection

Let consider a class of nonlinear discrete-time systems described by the equations
below

xp = f(xp—1, up—1, Wp—1) for k>1, (71)
Vi = g(xk, ug, Vi) for k>0, '
Here, x; represents the system state vector, u; are known inputs, y; indicates
measured outputs, and w; and v represent process and output uncertainties. We
assume bounded initial conditions and disturbances, with x¢o € Xy, wi € W, and
vi € V, where Xg, W, and V are known compact sets.
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The objective of set-based fault detection is first to perform state estimation.
Within this context it is crucial to compute tight enclosures X} of the set of states
consistent with the model dynamics, bounded uncertainties, and collected measure-
ments at each time step & > 0. This is achieved through a prediction-update algo-
rithm, which computes compact sets X} and X}, as described in equations (7.2) and
(7.3) in the following. These equations correspond to the prediction step and update
step, respectively.

Xk D) {f(x, uk,l,wk,l) X E Xk*la Wp_1 € W}, (7.2)
X 2 {z € Xy : g(x, up, vir) = yi, vi € V}, (7.3)

The set operations in these steps cannot be evaluated exactly, which is why we
compute tight guaranteed enclosures. In this context, Constrained Zonotopes (CZs)
have demonstrated significant advantages over other set representations. Chapter 5 in
the thesis provides details on performing the prediction-update algorithm using CZs.

Set-based fault detection involves comparing the observed measurements yy, to the
predicted output set generated by the nominal (healthy) dynamics, i.e. performing
the inclusion check at each k as it follows

Yk € g(Xk’a Ug, V) (74)

As a result, a fault is detected when the measurement no longer belongs in the output
set, which is expressed as y;, ¢ g(Xg, ux, V), or, alternatively, when the update step
(7.3) leaves X5 empty. The accuracy of set-based estimation is critical for early
fault detection, making CZs a preferred choice due to their ability to provide tighter
enclosures, at the price of a mild increase in complexity, they can lead to an earlier
detection. The benefits of a set-based technique based on CZs over an interval method
based on a forward-backward algorithm for the identification of thermal faults in a
Li-ion cell are shown later in this chapter. More precisely a single lithium-ion cell
application and three lithium-ion cells series applications have been taken as case
studies.

7.2 Lithium ion battery applications

In this section we present the mathematical model used to describe the Li-ion cell
faulty behaviour. We consider the coupled electro-thermal model which consists of
a Dual-Polarisation ECM described in Section 3.2.2, augmented with a two-state
thermal model describing the core and surface temperature dynamics as previously
described in Section 3.2.4. Note that the Open Circuit Potential is defined according
to Section 3.2.3. The interplay between Electrical and thermal part is shown in Figure
3.4.

Our major focus in this research is on temperature concerns within the battery
cell, and our work expands on the landmark study performed by Dey et al., 2015.
Within this thermal environment, we focus our attention on a trio of distinct thermal
anomalies, each of which plays a critical role in shaping our knowledge of the system’s
behaviour.

Let us investigate the complexities of these thermal faults:

e Fault 1: this initial anomaly arises when the thermal resistance represented
by R, deviates significantly from its nominal value. This deviation indicates a
convective cooling problem, in which the system’s heat dissipation by convection
is disturbed or damaged.



7.3. Single cell numerical results 99

e Fault 2: the second anomaly, occurs when the thermal resistance R, deviates
significantly from its predicted nominal value. This deviation indicates the pres-
ence of an internal thermal resistance defect, which occurs when the system’s
internal resistance to heat flow is disrupted.

e Fault 3: in the last anomaly, an extra heat production factor is incorporated
into the equation, which contributes to the slow rise in the core temperature 7.
Thermal runaway is an insidious process that can have serious effects, potentially
leading to system failure.

To capture the implications of these thermal anomalies, we have modified the
underlying thermal model. This modified model accounts for the presence of the
aforementioned faults and is presented below in mathematical form for any single cell

Ts (t) - Tc(t)

CTo(t) = R T AR T u(t) (Vi(t) + Va(t) + Rou(t)) +
+ Ar, (7.5)
CSTS(t) — Tf(t) B Ts(t) + Ts(t) - Tc(t) (76)

(R, + AR,) R.+ AR, ’

In this model, we introduce the variables AR, and AR, to account for the effects of
the first two faults, while the parameter Ar is included to represent the phenomenon
of thermal runaway. It is crucial to note that we operate under the assumption
that multiple faults cannot simultaneously occur within the system. Furthermore, we
assume that these faults manifest suddenly, signifying that at a precise moment in
time, the affected value instantaneously deviates from its expected norm.

It is worth highlighting that these faults can potentially interact with one another
in a causal manner, creating a cascading effect that could further exacerbate system
instability. Nevertheless, for the purposes of this research, we make the assumption
that fault detection mechanisms operate with sufficient speed to preclude such cas-
cading effects.

In essence, our study investigate the field of thermal faults within the Li-ion cell,
with a specific focus on these three distinctive fault scenarios. Our modified thermal
model serves as a tool to comprehensively explore their impact and implications.

7.3 Single cell numerical results

In this section, we apply the method we have introduced to the model described early
in this section, and we present numerical results.

When manufacturing cells, it is impossible to produce two cells that are exactly
identical. As a result, the batteries exhibit variations in characteristics such as capac-
ity, charging speed, and lifespan.

Additionally, when working with mathematical models, parameter identification
can lead to imprecise estimates for the parameter values. We address this issue in our
model by considering parametric uncertainties, as discussed in Locatelli et al., 2021.
In our research, we initially adopted base values for electrical and thermal parameters
(as shown in Table 7.1), which were obtained from Lin et al., 2014. We introduced an
uncertainty of £2.5% for each parameter.

In a real-world scenario, we have two measurable quantities: terminal voltage
(V) and surface temperature (Ts). We have considered measurement noise levels of
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‘ Parameter ‘ Value ‘ Unit ‘

Ch 2100 Ah
Cy 70000 Ah
Chat 2.3 Ah
Ry 0.01 0
Ry 0.02 Q
R, 0.02 Q
R, 3.08 | KW™1!
R, 1.94 | KW—!
C. 62.7 | JK!
C, 4.5 JK1

Current [A]

0 100 200 300 400 500 600
Time [s]

FIGURE 7.1: Input current profile u(t) applied to the cell.

+1 mV and £0.1 K for these quantities, respectively. We assume that the initial state
condition is uncertain and lies in the zonotope

XO - {G$07C$0}7 (77)

with G,, = diag([0.001 0.001 0.05 1 1]) and ¢,, = [0.005 0.005 0.25 298.15 298.15]".
In particular, when considering the center of the zonotope, the state of charge (SOC)
has been set to 25%, and both the core and surface temperatures have been set to the
ambient temperature.

All the simulations described in the following sections depend on the input current
profile shown in Figure 9.1. This profile can represent a driving cycle for an electric
vehicle.

The cell parameters used for simulating the healthy cell were randomly selected
from within the specified parameter bounds, as mentioned earlier. Similarly, the initial
condition used in all simulations was randomly chosen from within Xy. Measurements
were collected by simulating both the nominal and faulty cell models (as described



7.3. Single cell numerical results 101
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FIGURE 7.2: Comparison between nominal (in red) and faulty thermal
states (in blue) for all the three types of faults presented. In green the
time instant in which the fault is injected.

in Section 7.2) over a time interval of [0,600] seconds. The fault was introduced at
k = 200 s.

Figure 7.2 illustrates the impact of three different faults on the system: AR, =
—30%, AR. = —30%, and Au = 0.1 K (expressed as a percentage change from the
base values). These are compared with the system’s normal behavior.

Once a fault occurs, you can see from the state trajectory (in this case, we show
only T, and Ty) that it starts to deviate significantly from the expected path after
a few seconds. It is important to note that we’ve changed only one parameter (the
faulty one), while all other parameters remain the same for both normal and faulty
scenarios.

While it might seem easy to detect faults by observing these figures, it is actually
a challenging task. This is because not all states are directly measurable, and the
normal model isn’t completely certain. Besides measurement uncertainty, we also
have uncertainties in the initial conditions and parameter values. This means that
for a certain period, the deviation in the trajectory could be explained as a result of
model uncertainty, making practical fault detection difficult.

In the context of set-based estimation, strategies that can provide a more precise
estimation of the sets defined in the prediction-update algorithm, like CZs, can help
alleviate this problem and lead to earlier fault detection.

Finally, let’s assess how well our proposed method performs in detecting faults
and compare it to the performance of intervals and CZs. In Figure 7.4, we visualize
the output space, which includes measurements like V; and T, for the case of Fault
1 (similar results were obtained for other cases). The red line represents the actual
measurements from the cell, while the green and yellow areas represent interval sets
and CZ sets, respectively. These sets are generated using a method called "mean
value extension" (check Chapter 5) applied to the output function, utilizing predicted
states X (see (7.4)). Interval sets, on the other hand, are computed by solving a
constraint satisfaction problem and using the forward-backward algorithm. When
the measurements from the system do not fall within these sets, we can detect a
fault. The initial observation is that intervals tend to be overly cautious during the
prediction step. This means their size, and consequently the range of possible output
values, increases as the simulation propagates, which makes fault detection practically
impossible.

In terms of the time required to notice the fault, a study was carried out by
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] Fault ‘ Magnitude ‘Detection time‘

Fault 1 | AR, = —30% 4s
Fault 2 | AR. = —30% 6s
Fault 1 | AR, = —45% 3s
Fault 2 | AR, = —45% 5s
Fault 3 | Ar=0.01 K 16 s
Fault 3 | Ar=01K 6 s

TABLE 7.2: Time needed for the developed method to detect the fault.

altering the magnitude of the fault. The time at which the fault is found is shown in
Table 7.2 (the resistive fault is expressed as a percentage of the base value). We can
observe that the larger the problem, the faster it is detected. Refer to Scott et al.,
2016a for a comparison of the calculation times of CZs and interval sets (and other
set representations).

Remark 6 In Figure 7.3 the radius’ of the output sets defined in (7.4), obtained
using intervals and CZs, are depicted for every time instant within the time window
[0,200]s. As it can be noticed, the intervals explode over time. Investigating the
reasons behind this issue, we can see that a significant expansion of the boundaries
occurs for the component T, during the prediction phase. This expansion happens
because of the uncertainty in the system’s parameters. While the update phase is
supposed to reduce this uncertainty, intervals are only refined for the state components
that directly affect the output equation (refer to Locatelli et al., 2021). Unfortunately,
this doesn’t apply to T., and as a result, it remains unrefined, leading to the same
estimation in both closed-loop and open-loop cases. A poor estimation of T, has a
considerable impact on the estimation of other sets as well. This situation makes
it impossible to detect the fault using the interval method. If the set is large, the
measurement will always be consistent with the prediction (i.e., it will fall within the
set), making fault detection unfeasible.

7.4 Three cells in series numerical results

Before showing in detail the numerical part of this three cells in series application
it is important to put the explanation in the right context, explaining the thermal
model of a series of three cells and the appropriate modifications made to the model
to reduce conservatism

7.4.1 Thermal model

The cell thermal model is a two state system, that includes, for each cell, core and
surface temperature as proposed in Lin et al., 2014 and as it has been explained for

!This is computed as half the length of the longest edge of the interval hull, as in Scott et al.,
2016a.
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FIGURE 7.5: Series-connected cells with thermal resistances.

the single cell early in this thesis in Section 3.2.4:

I (O[(Va, 1y (8) + Vo gy (8) + Ro iy 1 (1))
Ce gy
4 Ts,{i} (t) - Tc,{i} (t)
Re (iyCe iy
_ Ts,{i} (t) - Tsink(t) Ts,{i} (t) - Tc,{i} (t)

Rsink,{i}cs,{i} RCv{i}Csv{i}

T.n(t) =

(7.8)

Ts,{i} (t)

T {j}(t) =T {i} (t)
+ ’ ’ : (7.9)
; Ri;Cs 1y

Equation (7.8) considers both the generation of heat within the cell and the transfer
of heat between its core and surface. In this equation, C, (;3 and R, (;j represent the
thermal capacity of the core and the thermal resistance between the core and the cell’s
surface, respectively.

Equation (7.9) accounts for heat exchange involving the cell’s surface with three
components: i) the core, ii) a liquid coolant (at temperature Ty (t)), and iii) other
adjacent cells. In this equation, Rgpny (43, Rij, and C; 153 correspond to the thermal
resistance between the cell’s surface and the coolant, the thermal resistance between
adjacent cells, and the thermal capacity of the cell’s surface, respectively.

The dynamics of the coolant are described by:

N
' Ty iy (t) = Tank(t)  C(2)
s,{i}
Tsin t) = - s 7.10
k( ) ; Rsink,{i}csink Csink ( )

where Cgink represents the thermal capacity of the coolant, and ((¢) signifies the ther-
mal power released by the coolant to the external environment. Figure 7.5 illustrates
the series-connected configuration discussed in this paper, along with the thermal re-
sistances. Electrical components are shown in black, while thermal components are
depicted in red. In the thermal aspect of the system, we assume a practical scenario
where only one thermal sensor measurement, T ;1(t), from one cell is available. In
order to better capture the dynamical behaviour of the battery pack, we introduce
a dependency of the resistive and capacitive elements of each cell from SOC and
temperature as introduced in Section 3.2.5.
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7.4.2 Model adaptation for set-based fault detection

To mitigate the conservativeness resulting from the application of the mean value
theorem in the set-based estimation procedure, the following approach is employed:
after discretizing the model using Forward Euler’s method with a sampling time s,
the uncertain electrical and thermal parameters in the system equations

’ _ Vi3 (®) I(t)
Vi) = —m i T o (7.11)
’ _ Va, (i3 (1) I(t)
Vo (1) = _szi}cz,m T oy (7.12)
; — I(t)
2y (1) = 3600Chare 1} " (7.13)

taken from Section 3.2.2 and (7.8)-(7.10) have been replaced with their reciprocals
which are denoted by Yij. Regarding the electrical parameters, to maintain the
dependency of Y. on temperature and SOC, we utilized fourth-degree polynomial
expressions of the following form for each cell

P00 + P10 2+ po1 - Te +p20 - 22 +p11 -2 - Te + poz - T2+
P30'Z3+p21'22'Tc+p12'2'y2+P03~T03+p40'Z4+
pa1- 22 To+pag- 2 T2 +pig-z-Tp (7.14)

whose nominal coefficients for the electrical parameters were determined through a
fitting procedure applied to the curves 1/C; and 1/R;C}, where j € {1,2}.

The resulting discretized system, assuming a series-connected configuration of N =
3 cells, can be summarized as shown in (7.15), where x = [X{l} X{2} X(3} :1:6] com-
prises the state variables for each cell, with x;, = [Vl,{,-} oy 2ty Leqiy Ts,{i}} .
Here, z¢ represents the coolant temperature Ti;,. Notably, ( is set to zero, simulat-
ing an active cooling system where a fan engages only when Ty, exceeds a specific
threshold. In this case, we assume that the threshold is never reached. The input u
signifies the input current /. To account for fitting errors, measurement noise, and un-
certainties stemming from the identification procedure for both thermal and electrical
parameter values, the model incorporates additive parameter uncertainties denoted as
wy.y. Finally, the system output, denoted as y = [y1  y2], includes V(t) and T 19y,
representing the surface temperature of the second cell, which is assumed to be the
only measured variable. Please note that the outputs are considered to be affected by
measurement noise v. In the following, both parameter and measurement noise will
be regarded as unknown but bounded.
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( ) (k) —ts [(Yrion + wricy) - 21,0y (k) + (Yo, + we, )u(k)]
To iy (kb +1) = 29 53 (k) — [(YRQC2 +WRycy) - o iy (k) + (Yo, + wcz)u(k)] )
23 (13 (k + 1) = 23 (3 (k) + ts(Yop, + Wy, )u(k),
Ty iy (k+ 1) = 24 1y (k) + ts (Yo, + we.)|u(k) (21, gy (k) + + 22,13 (k)
+(Ro iy +wry iy Ju(k)| + (Yr, + wr,)-
(Yo, +we, ) (5 1y (k) — 24 111 (K))],
x5 iy (k +1) = 25 (1 (k) + 5[V + WRaw) (Yo, +we, ) (6(k) — 25 143 (k)
+ (Yr, +wr.) (Yo, + we,) (@4 1y (k) — x5 13y (K))
+Y (Ya, +wr,) (Yo, +we,) - (25,153 (k) — 25 (3 (k)]
i#]
ze(k + 1) = zg(k)

$1’{i} k + 1) = xl,{i} k’

3
+t5[ (YRsink + szink)(YCsink + wCsink Z x5 {’L - xG(k))L
i=1

3
k) = Z Vocp iy (23 (i1 (k)21 13y (B) + 29,133 (K)

i=1
+(Ro iy + WR, 1, )u(k) + v1(k),
. ya(k) = x5 21 (k) + v2(k),

(7.15)

7.4.3 Numerical results

In the following section, we evaluate the effectiveness of CZs in detecting faults, as
described earlier in this chapter. The parameter values used are sourced from the
literature (refer to Lin et al., 2014). Nominal values and uncertainties for both thermal
and electrical parameters are presented in Tables 7.3 and 7.4.

The initial state set for each individual cell, denoted as Xo,{i}, is represented as a
zonotope described in G-rep by:

0.005 0.0005
0.005 0.0005
Xoq) = 0.5 |, diag [0.0125] %, (7.16)
303.15 1
303.15 1

where for Ty (i.e., zg), the initial temperature was set to 293.15K + 0.25K.

As observed, we have assumed identical parameter values and initial conditions
for each cell. Nevertheless, the fault detection strategy can be readily extended to the
more realistic scenario where inherent differences exist.

The output measurements are affected by noise v € V' with

v ={[0 0], diag[0.001 0.1]}. (7.17)

Please note that, in this specific example, we assumed that the temperature sensor is
located on the surface of cell 2. In this case, the process disturbance w corresponds
to the parametric uncertainty.
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] Parameter ‘ Center ‘ Unit | Uncertainty Value
Chatt 2.3 Ah wey,, +0.0115
Yr, 0.5155 | WK~} wR, 4+0.0026
YR 23 0.3135 | WK! WR e 123 +0.0016
YR moiyqs | 0:0544 | WK™ | wg o0 | £2.72:1071
Yr,, 0.1 WKt W, 40.05
Ye, 0.0159 | KJ ! we, +7.97.107°
Yo, 0.2222 | KJ! we, +0.0011

TABLE 7.3: Model parameters

Uncertainty ‘ Unit ‘ Value
WR, o1 +5-107°
WR, 0O, (AsQ)~t | £1.15-107%
WR,Cy (AsQ)~t | £35-1076
we, (As)™1 | £2.381-1076
we, (As)™1 | £7.143-10°8

TABLE 7.4: Parameter uncertainties

The thermal capacity of the coolant has been set to Cgnx = 4186 JK . The
coeflicients for the polynomial expression of Vocp, (i) (t) can be found in Section 3.2.3.
These coefficients were obtained through interpolation of the curve provided in Lin
et al., 2014.

Measurement data were gathered by simulating (7.15) with the initial state xg
randomly selected from X,. Both parameter and measurement disturbances were
generated following uniform random distributions.

The known input profile consists of a constant discharging current: I(k) = —2.3
A for all £ > 0.

For each of the faults described in early in this section, two different magnitudes
have been considered. Fault 1 was introduced with values Arg = 0.1 K/s and
Argp = 0.2 K/s, while faults 2 and 3 were introduced with ARy ;3 = 100%,
ARgink iy = 250%, AR gy = 70%, and AR, ;; = 250%.

For all these cases, it is assumed that the fault occurs 10 seconds after the start
of the simulation. Three different set representations are used, and their performance
is compared:

e Constrained zonotopes with a maximum number of generators and constraints
set to ng max = 312 and n¢ max = 40. This method is denoted as CZ(40,17) (the
order is determined as 17 based on the order definition explained in Chapter 4).

e Zonotopes obtained using the constrained zonotopic method described in Rego
et al., 2021a, combined with a reduction of constraints to zero. To maintain
the same complexity as CZ(40,17), the maximum number of generators is set to
Ngmax = 272. This approach is labeled as CZ(0,17).

e ¢) Zonotopes, denoted as Z(17), where ngmax = 272 is imposed to achieve the
same complexity order as the other methods. These are obtained by applying
the state estimation strategy from Alamo et al., 2008.

In the following examples, we assume that the fault always occurs in cell 1, while
the sensor is centrally located on cell 2. Figure 7.6 displays the state trajectories of
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FIGURE 7.6: Comparison between nominal (blue) and faulty (red)
thermal states for each cell and for all three types of faults presented.
Green line represents the fault injection time (k=10).

T} (i3 (t) for all the cells in the presence of different types of faults. The fault is injected
into cell 1. The blue trajectory represents the nominal behavior without any faults,
while the red line depicts the state trajectory in the presence of a fault. It is important
to note that even though the cells are thermally interconnected, if a fault occurs in
cell 1, it may be challenging to detect it when the sensor is placed on cell 3. In this
case, an effective state estimation strategy would need also an optimal positioning of
the sensor.

Figure 7.7 displays the projected sets X}, at k = 18 for the T, and T} components,
obtained using the three different set-based strategies. It is important to analyze
this figure in conjunction with Table 7.2, which lists the time of fault detection.
CZ(40,17), shown in magenta, proves to be the most effective strategy when compared
to CZ(0,17) (in yellow) and Z(17) (in grey). Specifically, CZ(0,17) sometimes fails to
detect the fault, and Z(17) is consistently ineffective. (CZ(40,17) provides tighter
enclosures, which have the advantage of identifying cases where sets of states that
are initially consistent with the measurements become inconsistent with the model
and disturbances sooner. Another way to compare the performance of our proposed
approach with other set-based methods is by examining the radii of the enclosures.
Figure 7.8 presents the radii, computed as the sum of the absolute values of all the
edges of the interval hull (using the 1-norm), of the sets X}, for k> 0.

This figure illustrates the advantage of using (CZs), even with zero constraints,
over zonotopes for state estimation and, consequently, fault detection. It shows that
CZs provide tighter and more effective enclosures across all state components.

7.5 Conclusions

In this chapter, we have explored an approach to capture the dynamic behavior of
lithium cells and battery packs and enhance fault detection capabilities. Our primary
goal was to develop a robust model adaptation for set-based fault detection in battery
systems. Several key findings and insights emerge from our investigation.
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A model adaptation technique has been introduced that accounts for the dynamical
behavior of battery packs. This approach incorporates dependencies of resistive and
capacitive elements of each cell on state of charge (SOC) and temperature, providing a
more accurate representation of real-world battery behavior. We discretized the model
using Forward Euler’s method with a specified sampling time, enabling a practical
implementation.

To ensure the model’s reliability under real-world conditions, uncertainties origi-
nating from various sources has been addressed, including fitting errors, measurement
noise, and identification procedure uncertainties for both thermal and electrical pa-
rameters. Our model incorporated these uncertainties as additive parameter uncer-
tainties, allowing for more robust fault detection.

A thorough evaluation of set-based fault detection strategies has been conducted,
with a focus on Constrained Zonotopes (CZs). We compared the performance of
CZs with other set representations, namely CZ(0,17) and Zonotopes (Z(17)), using a
series-connected configuration of battery cells.

Our results reveale that CZ outperforms the alternative approaches in fault de-
tection, while Zonotopes consistently exhibits ineffectiveness. CZs provide tighter
enclosures, allowing for the early identification of cases where sets of states initially
consistent with measurements became inconsistent with the model and disturbances.

Our research provides a promising foundation for enhancing the fault detection ca-
pabilities of battery systems. Future work could focus on optimizing sensor placement
for improved fault detection, extending the approach to handle diverse battery pack
configurations, and considering additional sources of uncertainty for a comprehensive
fault detection framework.

In conclusion, our findings underscore the significance of model adaptation and the
superiority of Constrained Zonotopes (CZs) in set-based fault detection for battery
packs.
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Chapter 8

Joint state and parameter
estimation

This chapter introduces an approach for simultaneously estimating the states and pa-
rameters of nonlinear discrete-time systems using set-based methods. The foundation
of this approach builds upon the algorithms outlined in Chapter 5. By expanding
upon the techniques for nonlinear state estimation through the incorporation of con-
strained zonotopes for parameter estimation within a cohesive framework, we preserve
the inherent interdependencies between states, algebraic variables, and unknown pa-
rameters. This enhancement leads to a substantial improvement in the accuracy of
both state and parameter estimation. The structure of this chapter is as follows: We
begin by introducing the state of the art for what concerns the joint state and pa-
rameter estimation. Then the class of discrete-time systems under consideration is
described in Section 8.1, along with the framework for our proposed estimator. Fol-
lowing this, we focus on the development of the method for set-based joint state and
parameter estimation, leveraging the power of constrained zonotopes. This section
serves as the heart of our approach, offering insight into how we unify the estimation
of states and parameters. To demonstrate the effectiveness and practicality of our
approach, we showcase a series of numerical examples in Section 8.2. These examples
span various scenarios, including both linear and nonlinear discrete-time systems. Fi-
nally, Section 8.3 serves as the concluding segment of this chapter, summarizing the
key findings and implications of our approach for the joint estimation of states and
parameters within discrete-time systems.

8.1 Joint state and parameter estimation

Before going into the details of joint state and parameters estimation, Let summarize
the set-based prediction-update structures proposed in Scott et al., 2016b and Rego
et al., 2020b and explained in this thesis in Chapter 5. The following notions will be
useful for the development of the method proposed in this Chapter. Consider a linear
discrete-time system with time k, state x; € R", input u; € R™ process disturbances
wy € R™ measured output yr € R™, and measurement disturbances v € R™. In
each time interval [k — 1,k], k = 1,2, ..., the system evolves according to the model

xp = Axp 1+ Bug_1 + Bywy_1,

(8.1)
vk = Cx;, + Du + Dyvy,

with A € R™"” B € R"™ B, € R"*"™ C ¢ R™*" D € R™*™ and D, €
R™>"  The disturbances are assumed to be bounded, i.e., wp € W and vy € V,
where W and V are known polytopes representable as CZ.
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Given an initial condition x¢g € Xj, the prediction-update algorithm consists in
computing sets X and X such that

X 2 {Axp_1 +Buy_1 + Bywp_q :
Xk—1 € Xk—l, Wi_1 € W}, (82)
XkI_D{xk € X : Cxp+Dup+D,vip=yx, vi € V1, (8.3)

in which (8.2) is referred to as the prediction step, and (8.3) as the update step, with
the scheme initialized in the update step (k = 0).

Both the prediction and update steps can be computed using CZs, according to
Scott et al., 2016b

X, = AX_ 1 @By @ B, W, (8.4)
Xy, = Xi Nc ((yr, — Dyug) @ (=D, V)). (8.5)

On the other side, if in each time interval [k — 1,k], &k = 1,2,..., the sys-
tem evolves according to x; = f(xg_1,ux_1,Wk_1), where the nonlinear function
f : R® x R™ x R™ — R" is of class C!, then the prediction step is defined by
X D {f(xp_1,up_1,Wi_1) : Xp_1 € Xp1, Wi_1 € W}, while the update step (as-
suming linear output equation) is given by (8.3). In this case, the prediction-update
steps can be conputed according to what has been described in Section 5.3 and 5.4
respectively. In the remainder of this section we will describe the joint state and
parameter estimation for both linear and nonlinear cases.

8.1.1 Linear systems

Consider a linear discrete-time system with unknown-but-bounded disturbances and
model parameters, given by

X, = Axp—1 +Bug_1 + Byp + Bywy_q, (8.6a)
vt = Cx; + Du; + Dpp + D, vy. (8.6b)

with x; € R” the system state, while u; € R™ is the known input, w; € R™ are the
process disturbances, y; € R™ is the measured output, vi € R™ is the measurement
disturbances, and p € R™ are the unknown parameters. In addition, A € R™"*"
B € R B, € R"™", B, € R"" Cec R%w*" D e R%w*" Dg € R" " and
D, € R™*™  The initial state, model parameters, and disturbances are assumed to
be unknown-but-bounded, i.e., (xg, p, Wi, Vi) € Xo x P x W x V, ¥k > 0, where X,
P, W, and V are polytopes representable as CZs.

For any k > 0, the goal is to find the best possible approximation for the set of
solutions consisting of both x; and p as defined in (8.6). This approximation should be
enclosed within a set denoted as Zk, which is a guaranteed region in R"*" containing
the pairs (xg, p).

In this context, we achieve this goal by expanding upon the prediction-update
method introduced in Scott et al., 2016a, adapting it to a unified framework for both
state and parameter estimation. We specifically focus on enhancing the precision
of our understanding of the uncertain parameters p € P. Our approach involves
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employing the subsequent iterative process

Zk D) {(Axk_l + BUk_l + Bpp + wak—h p) :

(Xk-1,P) € Zp_1, Wp_1 € W}, (8.7)
Zx 2 {(xk,P) € Zg :
Cxy + Dyu, + Dyp + Dyvy, =y, vi, € V], (8.8)

with (8.7) the joint prediction step, (8.8) the joint update step, and the scheme is
initialized with Zg £ X x P in the joint update step. If Z—1 is a effective enclosure
of (xx_1,p) for some k > 1, then (xy,p) € Z, given by (8.7). Through its structure,
this leads to (xx,p) € 7 from (8.8).

Exact enclosures for the joint prediction step (8.7) and joint update step (8.8)Can
be acquired easily using CZs. Given the assumption that the unknown parameters p
remain constan, i.e., pr = pxr_1, Consequently, the prediction and update steps can
be determined in CG-rep by specifying z, = (x,p), and expanding (8.4) and (8.5)
to the unified structure

_ A B.] -
Zk’ = |:O Ip:| Zk_l ©® Buuk—l (S5 BwW, (89)
Zy, = Zr, Nic p,) (v — Duug) & (=D, V). (8.10)

Please note that the enclosure of the parameters p becomes more precise over
time through the proposed joint update step (8.10). Furthermore, similar to linear
state estimation using CZs, all the operations in (8.9)-(8.10) can be easily executed
with reference to (4.8)-(4.10), resulting in a linear increase in complexity concerning
the number of generators and constraints. Additionally, the connection between the
system states x; and the model parameters p remains consistent across consecutive
time steps thanks to the employed framework. Moreover, the enclosures in (8.9)-(8.10)
are exact when the set’s complexity is not restricted. In practice, due to limited
computational resources, techniques for reducing complexity, as described in Scott
et al., 2016b, are applied to enclose the sets Z; and Zk using CZs while aiming for a
specific, lower number of generators and constraints.'

Note that the linear method for jointly estimating the system states and parame-
ters as outlined in (8.9)-(8.10) is applicable solely when the system exhibits linearity in
both its states and parameters. It should not be employed when the parameters p are
involved in any of the system matrices, as is the case, for example, when A £ A(p).
In such situations, it is advisable to opt for the nonlinear approach detailed in Section
8.1.2 instead.

8.1.2 Nonlinear systems with linear output equation

Let consider a class of nonlinear discrete-time system with bounded uncertainties,
evolving according to the dynamics

Xk = f(kalaukflvpawkfl)a (811)

and featuring a linear output equation (8.6b), with the nonlinear function f : R™ x
R™ x R™ x R™ — R™ assumed to be of class C'. The initial state, model parameters,
and disturbances are assumed to be unknown-but-bounded, i.e., (xo,p, Wg,Vk) €

!This strategy is also relevant in state estimation and maintains the connection between states
and parameters, offering advantages over interval-based methods.
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Xox PxW xV,Vk >0, where Xy, P, W, and V are polytopes representable as
CZs.

Just like in the linear scenario presented in (8.6), the aim here is to accurately en-
closure the trajectories of (8.11) using a set Zj, C R for all k > 0. To achieve this,
we extend the approach introduced in Rego et al., 2021b to create a joint framework
for state and parameter estimation. This framework enables us to refine the enclosure
of parameters P over time, all while maintaining the connections between states and
parameters. The suggested prediction-update scheme is given by

Z 2 {(f(Xk—1,U—1,P, Wk_1), P)
: (kal,p) S Zkfl, Wi_1 € W}, (8.12)

as the joint prediction step, and by (8.8) as the joint update step (which remains
linear). As in the previous case, the scheme is initialized with Zg £ X x P in the
joint update step.

Initially, we expand the prediction approach outlined in Theorem 4 to encompass
both state variables and model parameters within a broader context. This outcome
will serve as a prerequisite for the subsequent development of the nonlinear joint state
and parameter estimation technique in this section.

The following proposition furnishes an enclosure for the state x; during the predic-
tion phase outlined in (9.7). An approach to calculate an enclosure, denoted as Z, for
the augmented variable (xg,p) that conforms to the joint prediction step is detailed
in Corollary 1. This corollary is established through the findings of Proposition 8.

Proposition 8 (State prediction) Let f : R” x R™ x R"™ x R™ — R" be of class
C', and let V,f denote the gradient of f with respect to its first argument. Let
ue R™, andlet X C R?, P C R™, and W C R™ be CZs. Let Z = X x P, and
choose any v, = (7vz,7p) € OX x OP. If Z, is a CZ such that f(v;,u,v,, W) C
Zy and J € IR™™ is an interval matrix satisfying V2 f(OX,u, 0P, W) C J, then
f(X,2u,PW)C Z,&<(J, Z —.).

Proof. Choose any (x,p,w) € X x PxW. Letr £ (x,p), ¥+ = (Ya,¥p), R £ X x P.
Lemma 1 in Rego et al., 2021b (with @ 2 f, x £ r, v, £ ~,, and X £ R) ensures that
there exists a real matrix J € J such that f(x,u,p,w) =f(v,,u,vp, W) + j(z —2),
with z = (x,p). By Theorem 2 and the choice of Z,, it follows that f(x,u,p,w) €
Zw ®<(J, Z —7,), as desired. O

Corollary 1 (Joint prediction) Let f : R” x R™ x R™ x R™ — R" be of class
C', and let V,f denote the gradient of f with respect to its first argument. For
kE > 1, let uy_; € R™, and assume that zp_; = (x4_1,p) € Doy = {Gk 1,Cr_1,
A, 1,bk 1}. Moreover, let w1 € W = {Gy,cy, Ay, by}, and p € P. Choose
any v. = (Vo) € OZ,_1. In addition, let E = [nyn ny). Let Z, be a CZ
such that (v, ug_1,7p, Wi—1) € Zy for all wi_; € W, and let J, € IR"*™ be an
interval matrix satlbfylng VI (xp_ 1, U1, P, Wk 1) € J, for all (xx_1,p) € OZk_1,
wi_1 € W,and H £ mld(J ). If {Q ¢} is a zonotope with n, generators satisfying
Zh1 —7: C {G.,é}, m (J —mid(J,))¢ € IR", and P € R"*" is a diagonal matrix
with By = rad(m;) + 3521 Y01 rad (. )] JJ| then (x4, p) = z € Zj, with

Zi = E] Tt ® [I(ﬂ (—7.) @ [f)’] BL & [(I)] Zo. (8.13)
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Proof. Choose any (Xi—1,p) = Zx—1 € Zi—1, Wg_1 € W. From (8.11), Proposition
8 and Theorem 2, there must exist § € B, such that x; = f(x;—1, U1, P, Wg_1) =
f(va, up—1,Yp, Wi—1) + mid(J.)(zg—1 —v2) + P&, with P defined as in the statement
of the corollary. Then, by the definition of z;_; and E, p = Ez;_; holds, and we
have that (considering H £ mid(J,))

(xk, P) = (£(Va, Wk—1, Vps Wi—1) + H(zZg—1 — 72)
+ P4, Ez; 1)
= (Hzy—; — Hv,
+ P8 + (Y2, W1, Vp, Wi—1), Ezjp_1)

= {I];)I] Zk—1 + [I(ﬂ (=7=)

+ [fj d+ LI]] £ (Ve Up—1,Yp, Wi—1)
e[ e[

which proves the corollary. O

An enclosure of the joint prediction step for the dynamics (8.11) can be obtained
in CG-rep using Corollary 1. As in the linear case, and differently from interval
methods, the CZ Zj given by (8.13) preserves the existing couplings between state
xk—1 and parameter p. Moreover, due to linearity of the output equation (8.6b),
an exact bound for the update step can be obtained using (8.10), which in addition
refines the enclosure of the parameters p, with Z; given by (8.13).

Remark 7 The CZ Z,, in Corollary 1, can be obtained as Z,, = f(vz, Ur—1, ¥p, Vo) @
AT, W — ) 2 £(vz,u,p, W), for a chosen =, € OW, and interval matrix J,, D
VT (ve,u, ¥p, OW).

Remark 8 Let the CZs (ZAk,l, Zy, W, V) have (g, fig, Ng,,, Ng,) generators, and (fie, A,
Ne,, Ne,) constraints, respectively. Then, the enclosure obtained by Corollary 1 has
flg + 2n + ng, generators and 7. + n., constraints. On the other side, the enclosure
Zy, obtained by (8.10) has iy + ng, generators, and 7. + n., + n, constraints.

Remark 9 The computational complexities of all the operations used in this section
can be found in Rego et al., 2020b.

8.2 Numerical examples

This section presents numerical results for the set-based joint state and parameter
estimation method proposed in this chapter. We compare the results provided by this
new framework, denoted as CZ-J for the linear case and CZMV-J for the nonlinear
case, with the CZ methods proposed in previous studies Scott et al., 2016a and Rego et
al., 2021b, denoted as CZ and CZMV, respectively (with prediction steps described in
Proposition 8). Additionally, we compare these results with those obtained using the
interval arithmetic approach presented in Jaulin et al., 2001, which relies on forward-
backward propagation (FBP). We also apply the latter method within the context of
our proposed joint estimation framework.

To illustrate the benefits of applying joint state and parameter estimation with
CZs, we begin by examining a discrete-time system. This system exhibits linearity in
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FIGURE 8.1: The variables (xg,p) (x), and the CZs obtained using

CZ-J (red, left), using CZMV-J (red, right), and interval arithmetic

(cyan), for the linear system (8.14) at k € {0,1,4} (left), and for the
nonlinear system (8.16) at k € {0,1,200} (right) .

both its states and model parameters.

1 = 01w g1 —p+ wi g1
T = 01252 k1 + w2 k1 (8.14)
Y1 = —0.1667x1 ) — 0.229 1 +p + vk

with process and measurement disturbances satisfying |[wg|/oo < 0.05 and ||[vg]|eo <
0.05 respectively, while p € P C R is the unknown but bounded model parameter.
The initial state set Xy and the parameter bounds are zonotopes given in G-rep by

Xo= { [065 0?5] , [_53] } ,P=1{05,4}. (8.15)

Measurement data have been collected by simulating (8.14) with an initial state
of mg = (5.2, —3) within Xy and a parameter value of p = 4 € P. Process and mea-
surement disturbances were generated following a uniform random distribution. The
estimated enclosure Z;, was limited to a maximum of 6 generators and 2 constraints.

Figure 8.1 (left) presents a comparison between the enclosures 7, obtained using
CZ-J and FBP at time steps k& € 0,1,4. In this study, we applied only one iteration of
the FBP algorithm, as multiple iterations did not significantly improve the resulting
interval enclosures. The ability to capture the interdependencies between states and
parameters enables CZs to yield tighter enclosures than intervals, as demonstrated in
Figure 8.2. This figure illustrates the surface areas of X}, (top) and the radii of the
estimated parameter enclosures B, (bottom). The proposed joint framework, CZ-J,
can, therefore, provide more accurate state estimates, while CZ offers only a marginal
improvement compared to FBP. While intervals converge to a constant radius for P,
after a few iterations, CZ-J continuously refines the set throughout the simulation
horizon.

To illustrate the effectiveness of CZ-J in higher-dimensional scenarios, we consider
ten discrete-time linear systems described by (8.6), where n = n,, = 10, n, = n, =
ny = 6. The matrices A and C are generated from a uniform random distribution
with |a(i,j)| < 1/7 and |c(4, )| < 1/4 for all (4,7). The matrices Bp and Dy, consist
of values randomly selected from a uniform distribution within the range [—1,1].
Additionally, we set By, = ny,, Dy = n,, B = nn,, and D = nyn,,.

Process and measurement disturbances are constrained to satisfy |wkloo < 0.05
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FIGURE 8.2: For the linear system (8.14) and k € [0,200], top: the

areas of the projections onto the state space of the enclosures provided

by CZ (o) and CZ-J (x), and FBP (+); bottom: the radii of the

parameter set P (¢) and the projections P, provided by CZ-J (x) and
FBP (+).

and |vk|oo < 0.05, respectively. The sets Xo and P are defined as boxes with cen-
ters having integer values randomly chosen from [—6, 6] based on a uniform discrete
distribution, and their radii are set to 0.5.

To generate measurement data, we simulated each system while introducing pro-
cess and measurement disturbances based on a uniform random distribution. Ad-
ditionally, we initialized the systems with random initial states within the specified
bounds. We set the maximum number of generators and constraints of Z, to be 70
and 20, respectively.

Figure 8.3 presents the average radii of the projections X, (top) and B, (bottom)
for the enclosures provided by CZ, CZ-J, and FBP. On average, FBP exhibits the worst
performance in state estimation. CZ-J yields smaller sets compared to CZ because
the latter does not refine the parameter set over time.

Moreover, in this example, FBP failed to guarantee any refinement of the param-
eter enclosure. This can be attributed to its inability to account for the dependencies
between states and parameters, primarily due to the wrapping effect.

Note that also in this case only one iteration of the FBP is applied and multiple
iterations did not result in any further refinement of the set.

Finally, we provide a nonlinear numerical example to showcase the efficacy of the
approach introduced in Section 8.1.2. Consider the nonlinear discrete-time system
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FIGURE 8.3: For the 10-dimensional linear examples and & € [0, 200],
top: the average of the radii of the projections onto the state space
of the enclosures provided by CZ (¢) and CZ-J (x), and FBP (+);

bottom: the radii of the parameter set P (¢) and the projections Py
provided by CZ-J (x) and FBP (+).

described by
471 p—172 f—1

2
Tk = 3x17k_1—p$1’k,1— A+ 214 + Wi p—1
1k—1
3x1 k—1T2,k—1
Top = 2Tk 1+ ———— twak-1 8.16
4+ T1 k-1 ( )

YLk = 1k + V1k,
Yo = —T1k + Top + (Tp— 1) + v,

where ||Wg|loo < 0.2, ||[Vi|loo < 0.1, and p € P C R is an unknown model parameter.
The initial state enclosure Xy and the known parameter bounds P are boxes given by

Xo = { [1(')2 096] , [305} } ,P={51/7}. (8.17)

Measurement data were acquired by simulating (8.16) with an initial state of xo =
(10.2,0.65) € X, and a parameter value of p = 1/7 € P. Process and measurement
disturbances were generated from uniform random distributions within the specified
bounds. The enclosures Zj, were constructed with a maximum of 8 generators and 3
constraints.

Fig. 8.1 (right) shows the enclosures Zj, obtained using FBP and CZMV-J, as well
as the evolution of xy, for k£ € {0,1,200}. As in the linear case, the state enclosures
provided by CZMV-J are significantly smaller than the ones obtained with FBP, due
to capability to capture the dependencies between states and parameters. Fig. 8.4,
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FIGURE 8.4: For the nonlinear system (8.16) and k € [0, 200], top: the

areas of the projections onto the state space of the enclosures provided

by CZMV (¢), CZMV-J (x) and FBP (+); bottom: the radii of the

parameter set P (¢) and the projections Py, provided by CZMV-J (x)
and FBP (+).

which shows the areas of X (top) and the radii of P, (bottom), corroborates the
advantages of using the proposed joint framework CZMV-J.

8.3 Conclusions

In this chapter, we have introduced an innovative approach to simultaneously esti-
mate the states and parameters of nonlinear discrete-time systems using set-based
methods. Our foundation builds upon the algorithms outlined in Chapter 5, expand-
ing upon the techniques for nonlinear state estimation by incorporating constrained
zonotopes (CZs) for parameter estimation within a cohesive framework. This integra-
tion preserves the inherent interdependencies between states, algebraic variables, and
unknown parameters, resulting in a significant enhancement in the accuracy of both
state and parameter estimation.

The structure of this chapter has taken us through a comprehensive exploration
of this approach. We began by discussing the current state of the art in joint state
and parameter estimation, highlighting the increasing importance of state estimation
across various research domains. We emphasized the role of parameter estimation,
especially in scenarios where model parameters exhibit unknown stochastic properties
but known bounds. Set-based methods have emerged as powerful tools in this context,
providing reliable enclosures of system trajectories and robust solutions for parameter
estimation.
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Our novel approach introduced here, based on CZs, unifies the estimation of states
and parameters within discrete-time systems. Unlike interval-based techniques, our
CZ-based approach excels at preserving and propagating interdependencies between
states and model parameters. This feature is particularly valuable in practical appli-
cations where such interdependencies are prevalent. Our method employs generalized
intersections to refine both state and parameter enclosures, resulting in substantially
improved accuracy in state and parameter estimation.

To demonstrate the practicality and effectiveness of our approach, we presented
a series of numerical examples spanning various scenarios, including both linear and
nonlinear discrete-time systems. These examples illustrated the capabilities of our
method and its superior performance compared to existing techniques.

In conclusion, our work represents a significant advancement in the field of joint
state and parameter estimation. By leveraging the power of constrained zonotopes
and preserving interdependencies, we have provided a robust and accurate solution
for estimating both states and parameters within discrete-time systems. This has im-
portant implications for a wide range of applications, from robotics to fault detection
and beyond. We believe that our approach opens up new avenues for research and
application in the field of state estimation.
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Chapter 9

Set-based joint state and
parameter estimation of a Li-ion
cell

In this chapter, we shift our focus from a theoretical exploration, as extensively dis-
cussed in the preceding chapter, to a more applied perspective within lithium-ion
batteries context. Our objective remains centered on the pursuit of precision in Bat-
tery Management Systems (BMSs), with an emphasis on practical applications. Our
goal is to raise awareness of cutting-edge methods that can significantly enhance Bat-
tery Management Systems (BMSs). The idea of combined state-parameter estimation,
a potent strategy ready to make important contributions to the area, is at the core of
our discussion. The foundation for our investigation is already laid, as we have gone
deeply into the theoretical underpinnings of the methodology in the preceding chapter.
Now, we turn our attention to its practical implications in the context of lithium-ion
batteries. Our exploration builds upon the common scenario of dealing with uncertain-
ties in real-world battery systems, which are often bounded but not precisely known.
Within this context, we introduce Constrained Zonotopes (CZs) as an innovative set
representation. CZs offer a unique advantage by effectively capturing the intricate
connections between battery states and parameters. This interdependence typically
arises from the measurements obtained during battery operation, making it a critical
consideration for comprehensive estimation.

One notable strength of CZ-based methods is their ability to outperform tradi-
tional set-based estimation techniques, particularly those based on intervals. This
chapter provides a detailed examination of how integrating CZs can lead to superior
outcomes in parameter and state estimation. This enhancement, in turn, significantly
bolsters the overall performance and safety of battery systems.

Based on CZs, this chapter proposes a set-based joint state and parameter estima-
tion approach for discrete-time nonlinear systems that is applied to an electro-thermal
model of a Li-ion battery. The method is an extension to the scenario of nonlinear
outputs of the work provided in (Rego et al., 2022b). The obtained results are com-
pared to those obtained using the interval-based estimator provided in Locatelli et al.,
2021, which has been extended to include parameter estimation in a unified frame-
work. The effectiveness of CZs over time is supported by numerical results from the
Li-ion cell model.

This chapter proceeds as follows: Section 9.1 offers a concise review of the es-
sential simulation setup and the model it has been used. Section 9.2 articulates the
problem formulation and elucidates the joint state and parameter estimation process,
emphasizing its practical relevance.

In Section 9.3, we present and analyze the numerical results obtained from applying
the methodology to real-world scenarios, particularly in the context of lithium-ion



122 Chapter 9. Set-based joint state and parameter estimation of a Li-ion cell

batteries. These results serve as a tangible demonstration of the potential impact and
benefits of our approach.

Finally, Section 9.4 brings this chapter to a close, summarizing the key findings,
insights, and their implications for battery management systems in practical applica-
tions.

9.1 Simulation settings

In this chapter, a coupled electro-thermal model is used to describe the lithium-ion
cell behavior. The electrical part of the system is described by the Thévenin model
described in Chapter 3.2.1. This is made up of three components: (i) the open circuit
potential Vo (t), (ii) two internal resistors Ry and Ry, and (iii) the capacitor C. Note
that in this case study the electrical parameters has been considered as constant and
no assumptions have been made regarding their dependencies on temperature and/or
State of Charge. For the thermal part of the model we refer to the one proposed
in Lin et al., 2014 and it is described in Chapter 3.2.4, which consists of two state
equations describing the temperature in the core and on the surface. In this work we
assume that the surface of the cell is in contact with the external air at a constant
temperature. The measurable quantities of the system are the surface temperature
Ts(t) and the terminal voltage V;(t). This latter depends form the overall open circuit
potential Vocp(t) that is expressed as a State of Charge dependent function, according
to what has been discussed in Chapter 3.2.3.

The electro-thermal model (3.1) is first discretized using the Forward Euler’s
method before employing the set-based estimate approach presented in this research.
The discretized version of model (3.1) can be compactly stated as

Xp = Xp—1 + tsf (X1, up-1, P), kE>1 ©.1)
Yk :g(xk,uk,p,vk), k>0

where f(x,u,p) : R" x R™ x R™ — R" and g(x,u,p,v) : R" x R™ x R"™ X
R™ — R™ denote the continuous state and output dynamics, respectively, whereas
ts is the sampling time and xq is the initial condition. The goal of this work is
to estimate the set of states that are consistent with the model dynamics and the
collected measurements while assuming unknown but bounded errors in terms of initial
conditions, measurement noise, and parameters. Unlike traditional set-based state
estimation, we plan to use the measurement data to refine the uncertain parameter
set. To do this, we employ CZs (explained in Chapter 8), which allow for the combined
refinement of states and parameters, resulting in more effective results as compared
to interval-based approaches.

9.2 Problem formulation

Consider a nonlinear discrete-time dynamical system described as:

Xk = f(Xk_l, uk‘—hpawk—l) k > 17 (92&)
Yk = &(Xk, Uk, P, Vi) k>0, (9.2b)
Here, x;, € R™ represents the system state, up € R™ is the known input sig-

nal, wi € R™ denotes process uncertainties, p € R™ signifies uncertain parameters,
yr € R™ stands for the measured output, and vi € R™ represents measurement
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uncertainties. We assume that the nonlinear functions f and g are of class C'. Ad-
ditionally, the initial state, model parameters, and disturbances are bounded, with
X0 € Xo,p€ P, wp €W, and vy € V, where Xy, P, W, and V are known compact
sets.

The goal of joint state-parameter set-based estimation is to determine, at each
time step k& > 0, the set of all states and parameters (xx,p) consistent with initial
uncertainties, the known input, model uncertain dynamics, and obtained measure-
ments. A modified prediction-update algorithm is employed, which incorporates the
relationship between the output y; and the state xp_:

Y = g(xk—buk—lvuk>p7wk:—lvvk’)7 k>1. (93)

The prediction-update algorithm is outlined as follows: At & = 0, measurement
yo refines the initial set Xy x P as follows:

Z() = X() x P (94)
Zo 2 {(x0,P) € Zo : g(x0, 10, P, Vo) = Yo, Vo € V} (9.5)

Starting from k = 1, the following steps are applied:

Zr-12{(Xk-1,P) € Z—1:&(Xk_1, Up_1, Up, P, Wr_1, V1)
=Yi, Vi € Vw1 € W}, (9.6)

Zk’ 2 {(f(Xk-_]_, ug—1,P, Wk’—l)a p) : (Xk—la p) € Zk—l;
Wi_1 € W},

Zk 2{(xk,P) € Zp: g(Xk, up, P, Vi) = i, Vi € V}

The extra update steps in Equation (9.6) are used to further improve the state-
parameter set at time k£ — 1 using the measurement at time k. The acquired set is
then carried forward via the (9.7) prediction step. The set is then refined using the
normal update step in (9.8) with the available measurement. It should be noted that
in practice, exact computing of the processes mentioned above is usually impracticable
and tight outer approximations are sought instead. Chapter 8, in particular, explains
how to compute such approximations for the situation of f and g being C! and sets
being defined by CZ.

Remark 10 The introduction of the extra update step (9.6) enables for some of the
conservativeness introduced by the outer approrimations to be mitigated. Accounting
for the relationship between the measurement at time k and the prediction-update set at
time instants earlier to k — 1 could result in an even greater improvement. This, how-
ever, would result in an increase in computational complexity. A complexity analysis
of CZ-based estimation can be found in Rego et al., 2020c.

9.3 Numerical results

In this section, we apply the joint state-parameter estimation method introduced in
Chapter 8 to the Li-ion cell model discussed in Section 9.1. We compare the results
obtained using the CZ-based framework with an interval-based method proposed in
Locatelli et al., 2021. This interval-based method has been modified to address the
joint state-parameter estimation problem, as described in Section 9.2.
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To mitigate the conservatism deriving from computing Jacobians in the set-based
estimation approach, we replace uncertain parameters in the denominator of model
(3.1) with their reciprocals to obtain an equivalent mathematical model. After dis-
cretizing the system using (9.1), we arrive at:

(216 = D11 + temit,
' ' Chatt

T = Top—1 +ts(—T2k—1PR,Cy + Uk—1DCy )
w3 = o3 k-1 +ts((Tar—1 — T3k—1)PR.C.

+ [ug—1||z2,1-1 + Roug—1| pc.), (9.9)
Ty = Tap—1+ts((Tf — Tap—1)PR.C.

+ (T4k-1 — 23 k—1)PR.C. ),
Y1k = Voo(z1 %) + Roug + T2 ) + V1,

Yo,k = Tak + V2 k,
where x = [ml T I3 ;E4]T denotes the state vector [z Ve, Te TS]T, and u is
the input current I.

To perform the additional update step (9.6), we express the output quantities

according to (9.3) as:

Ug—1
Chatt
+ts(—22k—1PR 1 + Uk—1PCy) + V1 ks (9.10)
Yoo = Tag—1 +ts((Tf — Tar—1)PR.C.
+ (Tak—1 — T3 k—1)PR.Cs) + V2 k-

Y1k = Voc <$1,k—1 +ts ) + Roug, + T2 -1

We assume that the measurable outputs are affected by unknown-but-bounded
measurement noise v € V', where V is defined as:
: T
V= {dlag(0.00LO.l), o 0"}, (9.11)

The parametric uncertainty vector

T
p=[Ro Pric; P, PR.C. PC. PR.C. PR.C.| €P
, where the initial parametric set P is defined as P = {G, ¢, }, and with

c, =[0.0100 0.0238 0.0004762 0.0082 0.0160
0.0722 0.1145]7,

G, =diag(5-107%,0.0012, 2.3810-107°,04.111-10~%,
7.9745:1074,0.00361, 0.00573).

Please note that, we solely consider the presence of parameter uncertainties in the
system dynamics, without accounting for any other process uncertainties. We have
assumed a known battery capacity, denoted as Cpat = 2.3Ah. The initial state set
Xy is represented as a zonotope, characterized by

{diag(o.(n,0.001,0.5,0.5),[0.25 0 293.15 293.15}T}
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The measurement data have been acquired by simulating the system in (9.9) with
an initial state vector xg = [0.25,0,293.15,293.15]7 within X, and a parameter vector
p = [0.0100, 0.0238, 0.0004762, 0.0082, 0.0160, 0.0722, 0.1145]” belonging to the set P.
Measurement disturbances have been generated based on a uniform random distribu-
tion. It is worth noting that our focus in this paper is exclusively on the battery’s
charging phase. The input current profile, as illustrated in Figure 9.1, represents the

IR
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Time [sec]

FIGURE 9.1: Input current profile I applied to the cell.

known input profile applied to the cell. Figure 9.2 presents a comparison between the
enclosures of the two electrical state components, State of Charge (SOC) and Vi1, ob-
tained using two different methods: Contract-Zonotopes (CZs) represented in green,
and intervals represented in pink. These enclosures are computed every 100 seconds,
starting from k = 0. Notably, our approach employs a single iteration at each time
step, in contrast to multiple iterations in prior work, as additional iterations did not
yield improved interval enclosures.

Figure 9.3 depicts a similar comparison, this time focusing on the thermal states
(T. and Ts). The enclosures are obtained using CZs (green) and intervals (pink)
at discrete time points k € 0,100, 200,400,900, 1000. Notably, CZs exhibit a more
significant advantage in thermal states compared to electrical states, owing to their
capability to capture the interdependence between states and parameters. To further

——
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0.08 H ez |

0.25 0.3 0.35 0.4 0.45 05 0.55 0.6

FIGURE 9.2: Enclosures of the SOC and Vi, components obtained
using interval (pink) and CZ (green) joint state estimation.
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F1GURE 9.3: Enclosures of the T, and Ty components obtained using
interval (pink) and CZ (green) joint state estimation.

emphasize the effectiveness of CZs relative to intervals, we display the radii (computed
as the sum of the absolute values of all edges of the interval hull, using the 1-norm)
of the respective enclosures in Figure 9.4. The top portion of the figure represents
the radii concerning the state variables, while the bottom section illustrates the trend
of radii concerning the parametric components. It is evident that CZs outperform
intervals in both state and parameter estimation. Specifically, intervals provide inferior
estimates for both states and parameters, with radii remaining nearly constant along
the parametric components. Conversely, CZs yield a gradual reduction of parametric
uncertainty, which proves advantageous for overall state estimation.
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FIGURE 9.4: Radii of the state components’ enclosures (upper) and
the parameter components’ enclosures (lower), obtained through in-
tervals (in red) and CZs (in blue)
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9.4 Conclusions

This chapter has explored into the application of a set-based joint state-parameter
estimation approach in the context of a Li-ion cell model, which serves as a represen-
tative nonlinear discrete-time system. In the field of battery management, estimating
the states and parameters of a battery cell poses a significant challenge due to the
limited availability of measurements. To tackle this challenge, we have employed Con-
strained Zonotopes (CZs), showcasing their effectiveness in providing tight bounds for
both states and parameters.

The effectiveness of CZs has been thoroughly demonstrated, especially when com-
pared to the interval method. It is evident that CZs outperform intervals in terms of
accuracy and precision. The key factor contributing to the superior performance of
CZs is their inherent capability to capture the mutual dependencies between states
and parameters within the system. This attribute leads to a substantial enhancement
in the overall state estimation quality.

In summary, this chapter has advanced our understanding of state-parameter esti-
mation for Li-ion cells and similar nonlinear discrete-time systems. By leveraging CZs,
we have achieved more robust and accurate estimations of both states and parame-
ters, ultimately contributing to the improved management and utilization of battery
cells. These findings underscore the potential for CZ-based approaches to be applied
in practical scenarios, where precise battery state estimation is of prime importance.
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Chapter 10

Optimal ageing-aware charging of
Li-ion batteries

Fast charging is a crucial area of study for battery-powered devices, particularly elec-
trified vehicles, due to the significant benefits it provides in terms of improving usabil-
ity and customer acceptance. However, depending on the charging technique used, it
may negatively impact battery longevity by causing side-reactions due to high tem-
peratures and overpotentials (Tomaszewska et al., 2019). Achieving a balance be-
tween fast charging and preserving battery life is therefore essential, and a trade-off
must be made between charging time and battery ageing (Khalik, Bergveld, and
Donkers, 2020). This chapter presents an online optimal-control-based method for
ageing-aware charging of Lithium-ion batteries, where the side-reaction is minimized
for a given charging time subject to several ageing-related constraints. To achieve
this, a shrinking-horizon model-predictive control (MPC) technique is implemented,
similar to what has been done in prior work (Pozzi, Torchio, and Raimondo, 2018).
The approach uses a surrogate model, presented in Khalik, Bergveld, and Donkers,
2021, to approximate the states of the DFN model that are correlated with ageing.
The surrogate model combines a black-box finite-dimensional linear-time-invariant
(FD-LTI) model and a static nonlinear model that is state-of-charge dependent. It
is important to note that the shrinking-horizon technique relies on accurate battery
models for optimization.

To close the feedback control loop, a Kalman filter with forgetting factor is used
as a state observer, as described in (Beelen, Bergveld, and Donkers, 2020). The
effectiveness of this strategy is demonstrated with a Pareto-front analysis.

In summary, the content of the chapter will include an MPC ageing-aware charging
strategy, a shrinking-horizon approach that allows for reducing the prediction horizon
as the cell charges, and the application of a Kalman filter with forgetting factor as a
state observer to the surrogate model.

The remaining is organized as follows: Section 10.1 presents the modelling ap-
proach, including the surrogate model and the ageing constraints. Section 10.2 dis-
cusses the optimal control problem formulation, the state observer, and the algorithm.
The results are presented in Section 10.3, and the conclusions are drawn in Section
10.4.

10.1 Surrogate modeling approach

In this section, we provide an introduction to the surrogate modeling approach pro-
posed by (Khalik, Bergveld, and Donkers, 2021). The latter is used to approximate
aging-related DFN model states. In particular, the surrogate model in this work
combines a static nonlinear state-of-charge-dependent model with a black-box finite-
dimensional linear-time-invariant (FD-LTT) model.
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In Figure 10.1, you can see a schematic diagram illustrating the surrogate modeling
method, which can be visualized as an input/output model. The input is the applied
current, while the model’s overall outputs include the predicted voltage and virtual
outputs, representing the essential components of the DFN model states. These virtual
outputs specifically capture the crucial DEN states that cannot be physically measured
within a real battery cell.

The vector y representing virtual outputs and the cell’s terminal voltage can be
considered as the combination of the outputs from an FD-LTI model y and a state-
of-charge (SOC)-dependent static model h(s), where s denotes the SOC for brevity.
This relationship can be represented in discrete-time as follows

Yi = Yi + h(sk), (10.1)

with k the discrete time instant. The SOC is computed by the Coulomb counting

equation as
01,
Shi1 = Sk + =2, (10.2)
Ch
with §; the sampling time, I the input current at time kd; and Cj the reversible cell
battery capacity. The FD-LTI model is characterized as an AutoRegressive Exogenous
(ARX) model with a single input denoted as I, and n, outputs. The one-step-ahead

prediction, which generates an estimate ¥, can be formulated as follows

Vi = Barx(q,0)I, — Aarx(q, 0)¥k, (10.3)

with ¢ representing the forward shift operator, defined as I_1 = (¢ '), and 6
denoting the parameters of the ARX model, Equation (10.3) includes Aarx, an nyxny
matrix of polynomials in ¢—!. These polynomials exhibit a delay of at least one sample,
commencing with zero. Additionally, BArx is a n, x 1 matrix of polynomials in gt
characterized by monic polynomials where the leading coefficients are set to 1.

The matrices N4 € R™*™ and Nz € R™*! define the orders of the polynomials
in Aarx and Bagrx, respectively.

Given a specific configuration for these matrices, coupled with data collected from
the DFN model simulation, the parameters of the ARX model can be derived by

minimizing a least-squares criterion that takes the following form:

>y = y0)ll, (10.4)

kek

For k € K ={0,1,..., K — 1}, with K = t;/0; representing the time horizon, the
estimation of 5 from measurements yj, is possible using (10.1), assuming that h(sy)
is known. Importantly, system (10.1)-(10.3) can also be reformulated in a state-space
representation as follows

{Xk+1 = Axy + Bl (10.5)

v = Cxp + DI + h(sk),

given x = [s 5(], A = diag(1,A), B = [5t/cb B], C = [0 (_7] and D = D, with
X, A, B, C and D that are derived from a state-space representation of (10.3).

In this chapter, the surrogate model is constructed using a combination of DFN-
related quantities chosen as virtual outputs. Specifically, in pursuit of an optimal
charging strategy that considers aging effects, the surrogate model emphasizes par-
ticular DFN states associated with aging, namely 72(t) = n2(t, dn), 5n(t) = sn(t, on),
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Physics-Based Model

Current - DEN Voltage
Virtual
1 Output
1 Predicted
"""""" " -------===7 Virtual
: FD : Output
1 LTI 1
: Coulomb | Static : Predicted
| Counting | SoC | Model , Voltage

________________________

Surrogate Model

FIGURE 10.1: The schematic illustration of the surrogate modeling
approach depicts the approximation of (virtual) outputs from the
Doyle-Fuller Newman (DFN) model. These outputs are estimated
using a surrogate model, the output of which is a combination of a
finite-dimensional (FD) linear-time-invariant (LTT) model and a static
model, as detailed in (Khalik, Donkers, and Bergveld, 2021).

5p(t) = sp(t,L — 6p), Ce0 = Ce(t,0)/Ce,a, and Ce;, = ce(t, L)/ce,a, where ¢, denotes
the average electrolyte concentration. Furthermore, when establishing the surrogate
model, we include not only the virtual outputs but also the voltage V;, as illustrated
in Figure 10.1. For a more comprehensive understanding of the rationale behind the
selection of these specific DFN states of interest, we refer readers to Khalik, Bergveld,
and Donkers, 2021.

10.1.1 Validation of the surrogate model

The surrogate model, originally presented by Khalik, Bergveld, and Donkers, 2021,
incorporates yj and h(sg) as defined in (10.1). The parameterization of the ARX
model is performed in MATLAB using the System Identification Toolbox. The se-
lection of matrices N 4 and Np is a crucial step aimed at striking a suitable balance
between model accuracy and complexity, and these matrices are provided by

(10.6)

— == =
—= o= = O =
= O O = =
o= NN NN

[en Rl e i an B an Bl an B @)
O R O =
_— o N O =

To parameterize the ARX model (10.3), data for it is acquired through simula-
tions of the DFN model using a predefined current profile, and this parameterization
is achieved by applying the least-squares criterion (10.4). In this work TOOFAB
described in Chapter 3.3.2 has been emplyed. The detailed procedure for parame-
terization involves two distinct phases, as outlined in Khalik, Bergveld, and Donkers,
2021. Figure 10.2 depicts the validation of the surrogate model, which was generated
using a charging current profile spanning 100 minutes. The trajectories of the vir-
tual outputs, voltage, and jo from the surrogate model (in blue) are compared with
the corresponding trajectories from the DFN model (in red). It is evident that there
exists a disparity between the DFN model and the surrogate model. Nevertheless,
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FI1GURE 10.2: Validation of the surrogate model with the DFN model.

this difference is deemed acceptable, particularly when considering the computational
advantages provided by the surrogate model.

10.2 Optimal ageing-aware strategy

In this section, we present our approach to ageing-aware charging that aims to balance
the trade-off between battery ageing and charging time. To achieve this, we use a
Shrinking-Horizon Model-Predictive Control (MPC) that solves an optimal control
problem based on a surrogate model outlined in Section 10.1. The objective is to
minimize Li-ion loss due to side reactions during charging, subject to input and output
constraints, within a specified charging time. Fast charging and ageing reduction
are typically competing objectives, and our approach aims to find a Pareto-optimal
solution. In this scenario, the "shrinking" adaptation is required since the horizon
available to take control actions shrinks as the battery charges. The control problem
is formulated in this case so that ageing is minimized for a given charging time.
We use a Sequential-Quadratic-Programming (SQP) approach to effectively address
this optimal-control problem. Additionally, a state observer is required to close the
loop, and we employ the Kalman Filter with a forgetting factor developed by Beelen,
Bergveld, and Donkers, 2020 for this purpose.

The methodology is summarized in Figure 10.3. In the following, we first formulate
the problem of optimal control for the ageing-aware charging method and then describe
the resolution method and the state observer used.

10.2.1 Problem formulation

The aim is to minimize the Li-ion loss related to side reactions (); within a specified
charging time ¢, where the integral f06” jodz is simplified to j2(d,,t) as described in
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FI1GURE 10.3: Closed-loop optimal ageing-aware control strategy.

the following:

min - Qi Iy) = arexp(agnz ik, Ir)) (10.7)
s.t. state dynamics (10.5) Vke K={0,1,...,K}
Iin < I, < Imax (10.8)
Ymin < Yk < Ymax (10.9)
sK:so+£;CIk>sf. (10.10)

The objective is to minimize the cost function given by (10.7) by finding the optimal
values of xp and I, subject to the state dynamics in (10.5), input constraints in
(10.8), output constraints in (10.9), and minimum-stored-charge constraint described
by (10.10) for a specified initial SOC sy and a desired final SOC sy. The constants
aq, agz, and na(zg, I) are defined in terms of ig 2, s, Asurf, Ot, On, 2, F, R, T, Co,
Do, and ha(sg). Here, Co, Do, and ha(sy) denote the second row of C, D, and h,
respectively.

10.2.2 Extended Kalman filter with forgetting factor

This paper uses an Extended Kalman Filter (EKF) with cross-correlated noise and
forgetting factor as a state observer. The forgetting factor is implemented in the
estimation schemes to increase the relevance of new observations over previous ones.
In particular, the new data is assumed to be exponentially more relevant than the old
data, with a factor of ~.
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Consider the linear time-varying system represented by the following equations:

{Xk+1 = Axy + Bl +wy (10.11)

vi = Cxy, + DI + vy,

where Wi, = Gg[wi,vi|T and v, = Mg[w},vi]T. We assume that E[w,w}l] = 1,
E[vgvi] =1, and E[wyv]] = 0, such that
e - le g e

E
Vi | | Vi St Ry M, Gl MM}

where Qj and Ry, are the (time-varying) process-noise covariance and measurement-
noise covariance of the noises wi and Vvj, respectively, and S; denotes the cross-
correlation between the noises Wy, and v. The present section provides an illustration
of the essential information required for comprehending the implementation of Kalman
Filtering for (10.11). The state equations are linearized for each time instant %k to
create an EKF implementation. For additional details, interested readers can refer
to (Beelen, Bergveld, and Donkers, 2020). The state estimation approach consists of
two stages. In the first stage, known as the measurement update, the following are
returned:

L, =P; + CL(CIP; + Cp +7Ry) ", (10.13)
Xj11 =%, + Li(yr — CpX)) — Dy I), (10.14)
. 1 .

k1 = ;(I — LyCp)Py, (10.15)

whereas in the second stage, the time update computes the final estimate:

X = ArXpq + Br Iy (10.16)
+SkR; (v — Cikf,, — Dili),
Pl = (A~ SiRTICHP, (A — SIRTICy)T (10.17)

+ Qp — Sk;R_ISE

where v < 1 is the forgetting factor, which is typically chosen to be close to 1. Section
10.3 tests the proposed approach via simulation, utilizing the surrogate model for
control and the more accurate DFN model as the “real" battery to create a realistic
scenario.

10.3 Results

In this section, we describe an optimal aging-aware control strategy for battery charg-
ing. The strategy is tested in simulation in this section, using a surrogate model for
control and a more accurate DFN model (describen in Chapter 3.3.2) as the "real"
battery to achieve a realistic scenario. The method incorporates closed-loop optimal
control and age-awareness to ensure safe and optimal battery operation during charg-
ing. Constraints are placed on the outputs, including the set of virtual outputs and the
terminal voltage of the battery cell, to prevent unmodeled battery aging phenomena.

To implement the optimal-control problem in real-time, we have fixed the number
of optimal variables to n = 100, resulting in an optimization step size of &;"" = t;/n.
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The simulation sampling time is set to 1 second, and the SOC range during the
simulation setup is from sp = 0.2 to sy = 0.9.

To evaluate the performance of the charging method, we employ Pareto-front
analysis, a multi-objective optimization technique. The objective of the analysis is to
identify the optimal trade-off between two conflicting objectives: minimizing battery
degradation and achieving a certain charging time. The Pareto-front represents the
set of optimal solutions that provide the best possible trade-off between these two
objectives. The ultimate goal is to minimize battery degradation while achieving a
certain charging time, ensuring safe and optimal battery operation.
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FIGURE 10.4: Trade-off between charging time and Li-ion loss (Q;)
for different ageing-aware charging techniques evaluated from 60 to
140 minutes.

Figure 10.4 presents the Pareto-fronts obtained with different optimal-control-
based methods. We test the proposed closed-loop strategy with three values of the
forgetting factor (v € 0.995,0.999, 1), and compare the results with two open-loop
optimal control strategies. The first one (offline surrogate) uses the same surrogate
model as our proposed method, while the second one (offline DFN) employs the DFN
model used for simulating the "real" battery as a benchmark since it uses the same
model for optimization and the "real" battery.

Several observations can be made from this figure. First, the surrogate model is a
simplification of the DFN model, and therefore the optimal control method based on
this model is more effective when used in a closed-loop with an MPC strategy with
a shrinking-horizon. The offline surrogate strategy is demonstrated to be better than
the CC-CV and multistage protocols standards as analysed in Khalik, Bergveld, and
Donkers, 2021.
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By varying 7 from 1 (pure Kalman Filter) towards lower values, the performances
improve, meaning that for a given charging time, we have a lower degradation of the
cell. For v = 0.995, we notice an improvement concerning our optimality benchmark,
which is solving the optimization problem with the true model. This is due to the
fact that the problem is non-convex, and in the specific case of the open-loop case
using the DFN model for optimization, a local solution is found. This is demonstrated
by the fact that by varying the initial guess and setting them equal to the optimal
solution found with v = 0.995, we see a further improvement of the Pareto-front for
the open-loop with the DFN model case (offline DFN*).

Although the open-loop DFN case yields the best achievable curve, it exhibits
an increasing behavior over time. This is because, to make the method effectively
implementable in real-time, we kept the number of optimization variables constant
instead of the step size. This means that for longer charging times, the optimization
step size is greater, and therefore the current profile has longer constant intervals.

10.3.1 Influence of the forgetting factor on the state observer

Figures 10.5 and 10.6 show the trends of the state of charge and the voltage across the
cell, for a charging time ¢y = 67min. It can be seen how as the v value decreases, the
SOC estimate worsens at the expense of better tracking of the voltage measurements.
Although the surrogate model has been identified starting from the DFN model, with
the open-loop optimization the final SOC is not achieved with precision. Furthermore,
the estimate of the voltage made with the surrogate model in an open-loop differs more
from the voltage of the "real plant".

10.3.2 Comparison of charging profiles

In this work we considered two cases: a first scenario where only a lower bound on
the current has been considered (I, = 0) and a second case in which also an upper
bound is taken into account (I = 1C).

Figure 10.7 shows the optimal current profiles always obtained for ¢; = 67min.
The optimizations made with the surrogate model return different current profiles in
open-loop and closed-loop. The main differences in those profiles are evident especially
at both ends of the time interval. The offline surrogate strategy yields higher currents
that result in a worse Pareto-front, i.e. worse performance in terms of ageing. Figure
10.8 exhibits the effect of the upper bound on the current. In this case, the current
profiles are limited to the upper bound value at the start of charging. This inevitably
limits the effect of lowering the degradation of the cell.
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10.4 Conclusions

In this chapter, we presented an optimal ageing-aware strategy for battery charging
that seeks to balance the trade-off between battery ageing and charging time. The
approach involves using a Shrinking-Horizon Model-Predictive Control to solve an op-
timal control problem based on a surrogate model, which minimizes Li-ion loss due
to side reactions during charging, subject to input and output constraints, within a
specified charging time. The control problem is formulated so that ageing is min-
imized for a given charging time, and a Sequential-Quadratic-Programming (SQP)
approach is used to effectively address this optimal-control problem. Additionally, a
state observer is required to close the loop, and we employ the Kalman Filter with a
forgetting factor for this purpose.

The problem formulation involves finding the optimal current profile I, subject to
state dynamics, input and output constraints, and minimum-stored-charge constraint
for a specified initial SOC and a desired final SOC.

The approach presented in this chapter allows for a Pareto-optimal solution that
balances fast charging and ageing reduction objectives. The chapter also describes
the use of an Extended Kalman Filter with a forgetting factor as a state observer.

Overall, this optimal ageing-aware strategy provides a useful framework for bal-
ancing competing objectives during battery charging. The approach has significant
potential to improve battery performance and increase the lifespan of Li-ion batter-
ies, which are widely used in various applications, including electric vehicles and grid
energy storage.
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Chapter 11

Conclusions and future work

The rapid advancement of lithium-ion battery technology highlights the need for
enhanced estimating and control methodologies for Battery Management Systems
(BMS). This PhD thesis made major contributions to the area by tackling critical es-
timating and control issues. However, it is critical to contextualise the findings within
the larger landscape of lithium-ion batteries and the rapidly expanding market.

Lithium-ion batteries are used in a variety of applications, including electric ve-
hicles and portable electronic devices, and are becoming increasingly important in
energy storage. Market trends show a growing demand for solutions that are efficient,
safe, and long-lasting. In this context, research aiming at improving estimation and
control strategies in BMS is critical for optimising battery performance and ensuring
operational safety.

This thesis successfully addressed some of the sector’s open difficulties, focusing
on the development of enhanced estimate and control approaches. However, it is
critical to recognise that the subject is constantly evolving, and some challenges remain
open. For example, the complexities of ageing dynamics, temperature changes, and
ion concentration distributions during fast charging require further investigation.

Among the sector’s important outstanding concerns, the need to develop more ac-
curate and computationally efficient models stands out, particularly when extending
estimate methods to the closed-loop control phase. The link between the initial set-
based estimation topics and subsequent control-related strategies represents a promis-
ing research area, emphasizing the necessity to build a deeper connection between the
two.

Nevertheless, there exist some significant constraints to the study presented in
this thesis and thing that can be further explained, that require attention in future
investigations. This section will outline several suggestions for future study, derived
on the discoveries made in this thesis.

11.0.1 Application and Computational Considerations

The selection of a battery model depends on the specific application requirements and
computational constraints. For instance:

e In real-time control applications, where rapid decision-making and computa-
tional efficiency are crucial, simplified ECMs are generally used because they
are computationally tractable.

e EMs offer useful insights for in-depth analysis and research-focused investiga-
tions that strive to comprehend intricate electrochemical interactions, despite
their high processing requirements.

The research has utilised set-based strategies to analyse and manage Equivalent
Circuit Models (ECMs) that are commonly used in control applications that need
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real-time implementation. These strategies provide flexibility by employing ways to
reduce complexity, enabling the adjustment of processing time at the cost of a reduced
accuracy.

Although this research primarily examined ECMs for their applicability in control-
oriented applications, it is important to acknowledge the presence of different battery
models in existing literature. These models can contain other variables, such as State
of Health (SoH), various thermal dynamics, and ageing effects, to create a more thor-
ough representation in Equivalent Circuit Models.

The approaches outlined in this thesis may be readily applied to diverse battery
models, offering a strong foundation for tackling a range of difficulties in battery
management. Further study might investigate the use of set-based methodologies on
more intricate battery models, including supplementary variables and dynamics to
improve the precision and dependability of battery management systems.

11.0.2 Integration of State Estimation Techniques in Battery Con-
trol

This thesis primarily focuses on the development and implementation of set-based
approaches for robust state and parameter estimation in battery management sys-
tems. These strategies have shown promising outcomes in improving the accuracy
and reliability of battery monitoring and control.

In Chapter 10, which focuses on battery control techniques, a Kalman filter was
used for state estimation instead of the set-based approaches presented in the rest of
the thesis. The reason for making this option was to take use of the well-established
characteristics and computational effectiveness of the Kalman filter in control appli-
cations. While set-based techniques offer robustness and flexibility, the Kalman filter
provides a more traditional and widely accepted approach in control theory.

Combining set-based approaches with optimal processes for control is a promising
area for future study. The integration of set-based state estimation approaches with
optimal control strategies has the potential to enhance the performance and efficiency
of battery management systems. Further research might investigate the combined
impact of these techniques in order to build battery control systems that are more
advanced and adaptable.

This thesis primarily examined the use of set-based procedures for battery status
and parameter estimation. However, in Chapter 10, a conscious decision was made
to use a Kalman filter to investigate alternate ways in battery control. Combining
various state estimation approaches with optimum control procedures has promising
prospects for enhancing the battery management systems sector.

It would be advantageous to explore the integration of set-based methodologies
with optimum control strategies to create comprehensive and adaptable solutions for
battery monitoring and control. This integration has the potential to facilitate the
creation of battery management systems that are more efficient, reliable, and flexible,
and can satisfy the changing requirements in modern energy storage applications.

To conclude, future works will comprehend: (i) explore the application of set-
based methods in the control phase, expanding the connection between estimation
strategies and closed-loop control, (ii) conduct in-depth benchtop experiments to val-
idate proposed methodologies under controlled conditions, assessing the robustness
and effectiveness of developed models and algorithms, (iii) perform practical tests on
real batteries, considering realistic scenarios and operational challenges, to evaluate
the performance of proposed methodologies in real-world application contexts. Fu-
ture research should also focus on the practical and industrial implications of the
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proposed methodologies, bridging the gap between academic research and the needs
of the lithium-ion battery industry. In essence, the thesis lays the groundwork for fur-
ther investigations aimed at optimizing the efficiency, safety, and lifespan of batteries
in an ever-evolving context.
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