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Abstract

The present thesis is an integrated compilation of the two main works that de-
fined my PhD research at the University of Pavia, University of Milano-Bicocca,
and University of York, where I completed a four-month Erasmus Traineeship Pro-
gramme.

The two principal works are presented as the main chapters of this thesis. They
both address the two-dimensional stochastic Navier-Stokes Equations (sNSEs) for
homogeneous incompressible fluids and the study of invariant probability measures.
The first work [Fer24], supervised by Professor Enrico Priola from the University
of Pavia, introduces a novel a priori estimate for the sNSEs, set in a bounded do-
main and with additive noise, which leads to an intriguing application regarding the
uniqueness and ergodic properties of its invariant measure. The second work [BF24],
co-authored with Professor Zdzisław Brzeźniak from the University of York, explores
the inviscid limit for the hyperviscous sNSEs, set in R2 with additive noise. This in-
vestigation results in the proof of the existence, along with some moment estimates,
of an invariant measure for the deterministic Euler Equations.
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Introduction

The study of fluid dynamics is essential for understanding the behaviour of fluids in
motion, with applications spanning from meteorology to engineering. At the heart of
this discipline lie the Navier-Stokes and Euler equations, which model incompressible
fluid flows. These equations are fundamental in describing the time evolution of
velocity and pressure fields in a fluid, and they serve as a cornerstone for theoretical
and applied fluid mechanics.

The Navier-Stokes equations for incompressible, homogeneous fluids are
{

∂tu− ¿∆u+ (u · ∇)u = f − 1
Ä∇p,

div u = 0,

where u represents the flow velocity vector field, p the pressure scalar field, ¿ > 0
is the kinematic viscosity, and Ä > 0 is the density of the fluid. The term f serves
as an external force, per unit of mass, acting on the system, which may be either
deterministic or stochastic. In this system, viscosity (¿ > 0) plays a critical role
by introducing diffusion that smoothens out velocity fluctuations, thereby modelling
viscous fluids like water.

When viscosity vanishes (¿ = 0), the Euler equations are recovered:

{

∂tu+ (u · ∇)u = f − 1
Ä∇p,

div u = 0,

which describe the motion of inviscid fluids, such as ideal gases. The Euler
system differs fundamentally from the Navier-Stokes equations because it lacks the
dissipative term −¿∆u, meaning that the dynamics are purely advective, without
the smoothing effect of viscosity.

A central theme in the analysis of these systems is the study of their long-term
behaviour. In particular, understanding the statistical properties of solutions as time
tends to infinity is a challenging open problem, especially in the stochastic setting.
Invariant measures provide a natural way to capture the statistical steady states
of fluid flows. Formally, an invariant measure is a probability distribution over the
possible states of the system that remains unchanged as the system evolves over
time. Invariant measures are crucial for studying ergodic properties and the long-
term statistical behaviour of solutions, especially in turbulent flows where direct
analysis of individual trajectories is difficult.

This thesis is dedicated to the study of invariant measures for the 2D Navier-
Stokes and Euler equations, particularly in the stochastic setting, which is of sig-
nificant interest in statistical hydrodynamics. Stochastic forcing in these equations
models unpredictable external influences, such as thermal fluctuations or turbulent
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INTRODUCTION

background noise, and leads to the formulation of stochastic partial differential equa-
tions (SPDEs).

A preliminary chapter lays the groundwork by introducing the necessary mathe-
matical notations that will be used throughout the thesis.

In the first main chapter, based on [Fer24], we focus on the stochastic Navier-
Stokes equations (sNSEs), where an additive Wiener process models the external
force f . When set in the abstract setting of square-integrable vector fields, the 2D
SNSEs take the form

dXt + [AXt +B(Xt)] dt = G dWt, for t > 0,

where A is the Stokes operator, B represents the non-linearity, and G dWt models
the stochastic forcing. The first contribution of this work is the existence and unique-
ness of solutions to the sNSEs, along with their regularity properties under specific
conditions on the noise operator G.

We further establish the ergodic properties of these solutions by proving the exis-
tence of a unique invariant measure, which describes the statistical equilibrium state
of the system. This invariant measure is ergodic, meaning that the time averages of
observables converge to ensemble averages with respect to this measure. The ergod-
icity of invariant measures provides a rigorous foundation for the statistical analysis
of fluid flows, particularly in two-dimensional turbulence, where direct numerical
simulation of the equations is often intractable.

In the second part of the thesis, based on a co-authored work with Professor
Zdzisław Brzeźniak, from the University of York, UK, we turn to the Eulerian limits
of the 2D sNSEs. By considering the limit as ¿ tends to 0, we examine the conver-
gence of the stochastic solutions of the Navier-Stokes system to those of the Euler
system. This passage from viscous to inviscid fluid dynamics is non-trivial, particu-
larly in unbounded domains like R2, where the compact embeddings for Sobolev-type
spaces are absent, and new techniques are required to manage the lack of compact-
ness. We employ weak topologies and advanced stochastic methods to address these
challenges, ultimately deriving invariant measures for the Euler equations as the limit
of those from the Navier-Stokes system.

Specifically, we study the stochastic hyperviscous Navier-Stokes equations as an
intermediate model:

dXt +
[

¿A³Xt +B(Xt)
]

dt =
√
¿ dWt, for t > 0,

where ³ > 1 introduces additional dissipation, regularizing the solutions and allowing
us to derive a priori estimates. The choice of the noise scaling factor

√
¿ plays a

crucial role in ensuring the convergence of solutions to the inviscid limit. Using a
version of the Krylov-Bogoliubov method, adapted for weak topologies, we establish
the existence of invariant measures in this setting and show that these measures
converge as the system transitions from the Navier-Stokes to the Euler equations.
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Notations and preliminaries

Notation 0.1. Let X ,Y be topological spaces. We denote by C(X ;Y) the vector
space of continuous functions f : X → Y . If Y = R, we simply write C(X ) instead
of C(X ;R). The subspace of C(X ) consisting of bounded functions is denoted by
Cb(X ). A function f : X → Y is sequentially continuous, and we write f ∈ SC(X ;Y),
if for any x ∈ X and any sequence {xn}n∈N in X convergent to x in X , the sequence
{f(xn)}n∈N converges to f(x) in Y. If Y = R we write SC(X ) instead of SC(X ;R).

If X is compact and (Y, ∥ · ∥) is a normed vector space, then C(X ;Y) is endowed
with the usual supremum norm, i.e. ∥f∥C(X ;Y) := supx∈X ∥f(x)∥, for f ∈ C(X ;Y).

Remark 0.2. If a function f : X → Y between topological spaces is continuous, then
it is sequentially continuous, while the converse is generally false, i.e. C(X ;Y) ª

SC(X ;Y), see [AVA90, Example 1, Chapter 3].
A topological space X is said to be sequential if sequentially closed subsets are

topologically closed. Therefore, under the additional assumption of X being sequen-
tial, a function f : X → Y is sequentially continuous if and only if it is continuous,
see [AVA90, Proposition 3, Chapter 3]. As a matter of fact, this universal property
characterises sequential spaces: a topological space X is sequential if and only if
for any topological space Y, we have C(X ;Y) = SC(X ;Y). Let us recall, see e.g.
[AVA90, Chapters 1, 2], that metrizable spaces are sequential spaces.

Notation 0.3. Assume that X is a topological space. We denote by BX its Borel
Ã-algebra and by P(X ) the family of probability measures on (X ,BX ). More-
over, Bb(X ) will denote the Banach space of measurable and bounded functions
φ : (X ,BX )→ (R,BR), endowed with the sup norm, i.e. sup

x∈X
|φ(x)|, for φ ∈ Bb(X ).

Two probability measures µ, ¿ on (X ,BX ) are equal if and only if
∫

X
φ dµ =

∫

X
φ d¿, ∀φ ∈ Bb(X ).

Let µ, µn ∈ P(X ), n ∈ N. We say that µn −→ µ in the weak sense in P(X ), or
simply in P(X ), if

lim
n→∞

∫

X
f dµn =

∫

X
f dµ, ∀ f ∈ Cb(X ).

Assume that µ ∈P(X ) and that Y is another topological space. If Φ : X → Y is a
Borel measurable function, we denote the pushforward measure of µ via Φ by

Φ∗µ : BY ∋ E 7→ µ
(

Φ−1(E)
)

∈ [0, 1],

which is a probability measure on (Y,BY).
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Notation 0.4. A filtration {Ft}tg0 on a probability space (Ω,F ,P) is said to be
augmented or to satisfy the usual conditions if it is right-continuous and complete,
namely if

• Ft =
⋂

s>t

Fs, for any t g 0,

• P-null sets belong to Ft, for every t g 0, i.e. if E ¢ Ω is such that there exists
N ∈ F such that P(N) = 0 and E ¦ N , then E ∈ Ft for all t g 0.

Notation 0.5. Assume that X , Y are topological spaces. We say that X is contin-
uously embedded into Y, and we write X ↪→ Y , if X ¢ Y and the map º : X ∋ x 7→
x ∈ Y is continuous. The map º will be referred to as the natural embedding.

Assume now that X and Y are Banach spaces. We say that X is compactly
embedded into Y, and we write X ↪−↪→ Y, if X ↪→ Y and the natural embedding is a
compact linear operator, i.e. if closed balls in X are compact in Y.

Remark 0.6. If X ,Y are Polish spaces such that X ↪→ Y, then

BX = BY ∩ X , (0.1)

where BY ∩ X := {U ∩ X : U ∈ BY}. Indeed, if we denote by º : X → Y the
natural embedding, Kuratowski’s Theorem [Kur66, Theorem 1, Section V, Chapter
39] implies that º(X ) ∈ BY , see also [Kec95, Theorem 15.1]. Then X ∈ BY because
º(X ) = X by direct inspection. Then [Łoj88, Theorem 4.3.3] yields BX = BY ∩ X .

In particular,
BX ¢ BY .

Indeed, if E ∈ BX , then, by (0.1), there exists F ∈ BY such that E = F ∩X . Since
X ∈ BY as discussed, we infer that E ∈ BY .

Notation 0.7. Assume that (X , ∥ · ∥) is a Banach space. We denote by L(X )
the Banach space of linear and bounded operators T : X → X , endowed with the
operator norm

∥T∥L(X ) := sup
x∈X\{0}

∥Tx∥
∥x∥ , ∀T ∈ L(X ).

Assume that
(

H, ï · , · ð
)

is a separable Hilbert space, with induced norm ∥ · ∥. The
symbol L1(H) will denote the subspace of L(H) consisting of trace-class operators,
see e.g. [Mor18, Section 4.4]. If T ∈ L1(H), then its trace Tr[T ] ∈ R is defined as
follows. If {en}n∈N is an orthonormal complete system for H, then

Tr[T ] :=
∞
∑

n=1

ïTen, enð,

where the definition can be shown to be independent of the orthonormal complete
system.

Remark 0.8. Assuming H to be a separable Hilbert space, if S ∈ L(H) and T ∈
L1(H), then both ST and TS belong to L1(H). Moreover, the functional Tr :
L1(H) ∋ T 7→ Tr[T ] ∈ R is continuous and satisfies the properties

Tr[TS] = Tr[ST ], ∀S ∈ L(H), T ∈ L1(H),
Tr[TS] f ∥S∥L(H)Tr[T ], ∀S ∈ L(H), T ∈ L1(H), T g 0.

We refer to [Mor18] for a complete dissertation on the topic.
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Notation 0.9. Assume that X is a Banach space. We denote by Xw the topological
space (X , ÄwX ), where the weak topology ÄwX is the smallest topology on X with
respect to which every linear f : X → R is continuous. If Ä sX denotes the strong
topology on X (i.e., the natural topology induced by the norm), we will, with a
slight abuse of notation, simply denote the topological space (X , Ä sX ) by X . We
denote by Xbw the topological space (X , Ä bwX ), where the bounded weak topology Ä bwX
is the largest topology on X that coincides with the weak topology on norm-bounded
sets, i.e. C ¢ Xbw is closed if and only if C ∩ B̄X is closed in Xw for every closed
ball B̄X ¢ X . We refer to [Day73, Section II.5] for details about the bounded weak
topology.

Remark 0.10. If X is an infinite-dimensional Banach space, then the topological space
Xw is not sequential, see [GKP16, Theorem 1.5], in particular, it is not metrizable.

Remark 0.11. Assuming X to be a Banach space, we have

ÄwX ¢ Ä bwX ¢ Ä sX . (0.2)

Hence, for any topological space Y

C(Xw;Y) ¢ C(Xbw;Y) ¢ C(X ;Y).

We show the first inclusion in (0.2). Fix O ∈ ÄwX , and a closed ball B̄X in X .
B̄X is closed in Xw by [Bre10, Theorem 3.7]. Moreover, Oc is closed in Xw because
O ∈ ÄwX . Therefore, Oc∩B̄X is the intersection of closed sets in Xw, hence it is closed
in Xw. By arbitrariness of B̄X and definition of bounded weak topology, this implies
that Oc is closed in Xbw, hence O ∈ Ä bwX .

We now prove the second inclusion in (0.2). Fix O ∈ Ä bwX , then we will show that
Oc is sequentially closed in X , which implies that O ∈ Ä sX because X is sequential. Fix
x ∈ X and a sequence {xn}n∈N of points in Oc convergent in X to x. Since the strong
topology is larger than the weak topology, the sequence {xn}n∈N converges to x in
Xw. Moreover, assuming ∥ · ∥ to be the norm on X , and letting R := supn∈N ∥xn∥, we
consider the strongly closed ball B̄X

R := {y ∈ X : ∥y∥ f R}. By direct inspection,
xn ∈ Oc ∩ B̄X

R for all n ∈ N and, by definition of bounded weak topology, Oc ∩ B̄X
R

is closed in Xw. Therefore, x ∈
(

Oc ∩ B̄X
R

)

¢ Oc.

Remark 0.12. If X is a Banach space, then compact sets in Xw are compact in Xbw.
Fix a compact set K in Xw and a collection C of open sets in Xbw that cover K.

K is bounded in X by [Bre10, Corollary 2.4 and Exercise 3.1], hence there exists a
strongly closed ball B̄X ¢ X such that K ¢ B̄X . For any O ∈ C, we know that
Oc∩B̄X is closed in Xw by definition of bounded weak topology, hence

(

Oc∩B̄X
)c

=
O∪
(

B̄X
)c

is open in Xw. Moreover, the collection
{

O∪
(

B̄X
)c}

O∈C
covers K because

O ¦ O ∪
(

B̄X
)c

for any O ∈ C and K is covered by C. Therefore, by definition of

compact set in Xw, we can extract O1, . . . , ON ∈ C such that
{

On ∪
(

B̄X
)c}N

n=1
still

covers K. However, K ¢ B̄X , hence

K =
(

B̄X
)c ∩K ¦

(

B̄X
)c ∩

N
⋃

n=1

(

On ∪
(

B̄X
)c
)

=
N
⋃

n=1

On,

which proves that K is compact in Xbw.
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Remark 0.13. If H is a separable Hilbert space, then for any topological space Y

SC(Hw;Y) = C(Hbw;Y).

Let f ∈ C(Hbw;Y) and fix a convergent sequence {xn}n∈N in Hw to some limit
x ∈ H. Then, denoting ∥ · ∥ the norm in H, there exists k ∈ N such that the strongly
closed ball B̄ := {y ∈ H : ∥y∥ f k} contains both x and xn for all n ∈ N. If C is
a closed set in Y, then its inverse image f−1(C) is closed in Hbw, hence f−1(C) ∩ B̄
is weakly closed by definition of bounded-weak topology. However f−1(C) ∩ B̄ is
the inverse image of C via the restriction f

∣

∣

B̄
of f to B̄. Thus we proved that

f
∣

∣

B̄
∈ C(B̄w;Y). In particular, f(xn) = f

∣

∣

B̄
(xn) tends to f

∣

∣

B̄
(x) = f(x) in Y as

n→∞. Therefore, f ∈ SC(Hw;Y).
On the other hand, fix f ∈ SC(Hw;Y), consider a strongly closed ball B̄ ¢ H

and the restriction f
∣

∣

B̄
. If {xn}n∈N ¢ B̄ is a weakly convergent sequence, then

its limit belongs to B̄ by [Bre10, Theorem 3.7], thus f
∣

∣

B̄
∈ SC(B̄w;Y). However,

B̄w is metrizable by the Banach-Alaoglu Theorem, hence sequential. Therefore,
f
∣

∣

B̄
∈ C(B̄w;Y). This implies that, assuming C to be a closed set in Y, the inverse

image
(

f
∣

∣

B̄

)−1
(C) = f−1(C) ∩ B̄ is weakly closed, thus f−1(C) is bounded-weakly

closed. Hence f ∈ C(Hbw;Y).

Remark 0.14. Let T > 0 and H be an abstract real separable Hilbert space, with
inner product ï · , · ð and induced norm ∥ · ∥. Notice that the space C

(

[0, T ];H
)

is
strictly contained in C

(

[0, T ];Hw

)

, whereas L2(0, T ;H) has the same elements as
L2
w(0, T ;H).

The fact that L2(0, T ;H) and L2
w(0, T ;H) denote the same vector space, despite

being equipped with different topologies, is merely a notational convenience.

It is also clear that, if f ∈ C
(

[0, T ];H
)

, then f ∈ C
(

[0, T ];Hw

)

. Since [0, T ] is
sequential, it is indeed sufficient to verify the sequential continuity. Let t ∈ [0, T ]
and {tn}n∈N ¢ [0, T ] be convergent to t, then for all x ∈ H

|ïf(tn)− f(t), xð| f ∥f(tn)− f(t)∥∥x∥ −→ 0, as n→∞.

The opposite inclusion is false and we exhibit a counterexample. Let {en}n∈N be
an orthonormal complete system for H. We consider a strictly decreasing sequence
{sn}n∈N ¢ [0, T ] converging to 0, such as sn = 1/n, n ∈ N, and define f : [0, T ]→ H
as follows, for t ∈ [0, T ]:

f(t) :=
∑

n∈N

1[sn+1,sn)(t)

[

cos

(

Ã

2

t− sn
sn+1 − sn

)

en + sin

(

Ã

2

t− sn
sn+1 − sn

)

en+1

]

.

Roughly speaking, f is a curve in H, whose support consists of a sequence of arcs of
unit circles in the planes spanned by {en, en+1}, for n ∈ N. These arcs are traversed
faster as time approaches 0. This function f belongs to C

(

[0, T ];Hw

)

∩C
(

(0, T ];H
)

,
and is not strongly continuous in 0. Strong continuity at every t ∈ (0, T ] \ {sn}n∈N
is trivial. Strong continuity at sn, for any n ∈ N, can be easily proved by showing

6
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left and right-continuity:

lim
t→s+n

f(t) = lim
t→s+n

1[sn,sn−1)(t)

[

cos

(

Ã

2

t− sn−1

sn − sn−1

)

en−1 + sin

(

Ã

2

t− sn−1

sn − sn−1

)

en

]

= en,

lim
t→s−n

f(t) = lim
t→s−n

1[sn+1,sn)(t)

[

cos

(

Ã

2

t− sn
sn+1 − sn

)

en + sin

(

Ã

2

t− sn
sn+1 − sn

)

en+1

]

= en,

f(sn) = 1[sn,sn−1)(sn)

[

cos

(

Ã

2

sn − sn−1

sn − sn−1

)

en−1 + sin

(

Ã

2

sn − sn−1

sn − sn−1

)

en

]

= en.

As for t = 0, we have by inspection that f(0) = 0, which prevents strong continuity
because ∥f(t)∥ = 1 for all t ∈ (0, T ]. It only remains to be shown that f is weakly
continuous at t = 0. Let x ∈ H, then

0 f lim sup
t→0+

|ïf(t), xð|

f lim sup
n→∞

sup
t∈[sn+1,sn)

[

cos
(Ã

2

t− sn
sn+1 − sn

)

|ïen, xð|+ sin
(Ã

2

t− sn
sn+1 − sn

)

|ïen+1, xð|
]

f lim sup
n→∞

(

|ïen, xð|+ |ïen+1, xð|
)

= 0,

by the well-known fact |ïen, xð| −→ 0, as n→∞.
We remark that, by appropriately modifying f , one gets an example of a contin-

uous function [0, T ]→ Hw, yet everywhere strongly discontinuous.

Remark 0.15. If X is a separable Banach space, then the Borel sigma algebras gen-
erated by the strong, bounded weak, and weak topologies coincide:

BXw = BXbw
= BX .

We refer to [Ziz03, Theorem 7.19] or [Edg79, Corollary 2.4] for the proof of this
statement. See also [MS01, Introduction].

In particular, assuming H to be a separable Hilbert space, if a function f : Hw →
R is sequentially continuous, then it is BH-measurable. Indeed if f ∈ SC(Hw), then
f ∈ C(Hbw) by Remark 0.13, then f is BHbw

-measurable, however BHbw
= BH.

Remark 0.16. Assume that H is a separable Hilbert space and let Y be a Banach
space. If H ↪−↪→ Y, then Hbw ↪→ Y.

If indeed º : H → Y denotes the natural embedding, the assertion is equivalent to
proving that º ∈ C(Hbw;Y), which is again equivalent to showing that º ∈ SC(Hw;Y)
by Remark 0.13. Therefore, let us fix a weakly convergent sequence {xn}n∈N ¢ H,
then the sequence is convergent in Y because of the compact embedding H ↪−↪→ Y ,
and the assertion follows.

Notation 0.17. Assume that
(

H, ï · , · ðH
)

is a separable real Hilbert space. If d ∈ N,
we denote the Fourier transform of a Bochner-integrable function f : Rd → H by

F [f ] : Rd ∋ À 7→ F [f ](À) := (2Ã)−d/2

∫

R

e−iÀ·xf(x) dx ∈ H.

The resulting function F [f ] : Rd → H is bounded and continuous. By the Plancherel
Theorem, the linear operator L1(Rd;H) ∩ L2(Rd;H) ∋ f 7→ F [f ] ∈ L2(Rd;H) is a

7
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linear isometry with respect to the L2(Rd;H)-norm. By a density argument, this
operator admits a unique extension to a unitary operator

F : L2(Rd;H)→ L2(Rd;H).

In particular, for any f, g ∈ L2(Rd;H) we have

∥f∥L2(Rd;H) =
∥

∥F [f ]
∥

∥

L2(Rd;H)
, (0.3)

∫

Rd

〈

f(x), g(x)
〉

H
dx =

∫

Rd

〈

F [f ](À),F [g](À)
〉

H
dÀ. (0.4)

In addition, F is a continuous endomorphism when restricted to the Schwartz space
S(Rd;H), endowed with its canonical LF topology. Therefore, its unique transpose is
well-defined and it is a continuous endomorphism, still denoted by F , acting on the
space of tempered distributions S ′(Rd;H), where H is identified with its topological
dual by the usual Riesz identification. Moreover, by denoting H′ï · , · ðH the duality
product, we have

F

[

H′

〈

x, f
〉

H

]

=
H′

〈

x,F [f ]
〉

H
, ∀ f ∈ L2(Rd;H), ∀x ∈ H′. (0.5)
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Chapter I

New a Priori Estimate for

Stochastic 2D Navier-Stokes

Equations with Applications to

Invariant Measure

I.1 Introduction

The Navier-Stokes equations provide a complete characterization of the motion of
a viscous Newtonian fluid. For incompressible and homogeneous fluids, the N-S
equations take the following form:

{

∂tu− ¿∆u+ (Du)u = −1
Ä∇p+ f

div u = 0
, (I.1.1)

where the kinematic viscosity ¿ > 0 and the density Ä > 0 are given constants, while
f denotes a known external force acting on the system. Here, the unknowns are p and
u, which represent respectively the pressure scalar field and the flow velocity vector
field of the fluid. We set the equation in a non-empty bounded and connected open set
D ¢ R2 with Lipschitz boundary. Consequently, we require u, f : [0,+∞)×D → R2

and p : [0,+∞)×D → R. Moreover, we choose the units of measurement such that
¿ = 1. We associate equation (I.1.2) with the Dirichlet boundary condition and an
initial datum

u = 0 in [0,+∞)× ∂D u(0, ·) = u0(·) in D.

The choice of the domain offers a more general and physically relevant framework
compared to the unbounded domain or torus with periodic boundary conditions.
Nonetheless, we believe that the novel technique introduced in this chapter can also
be extended to these alternative cases. In particular, it may yield stronger results,
especially for periodic boundary conditions; see Remark I.1.1 for further details.

In order to study equation (I.1.1), we introduce a basic Hilbert space H ¢
L2(D;R2), see Section I.2.1, which incorporates both the boundary condition and
the divergence-free condition. In Section I.2.2, we define the Leray projector Π onto
H, the Stokes operator A = −Π∆, and the Navier-Stokes non-linearity B. For a

9



CHAPTER I I.1. Introduction

detailed treat, see [Tem01; VF88; Tem95] and the references therein. In the litera-
ture the case when the external force f is random is extensively investigated starting
from the seminal paper [BT73]. Here we analyze the case when f is formally the
time derivative of a cylindrical Wiener process W in H, see Section I.2.3, appropri-
ately regularized by an injective and bounded linear operator G : H → H. These
modifications turn the equation into a stochastic differential equation in the infinite
dimensional Hilbert space H

{

du+ [Au+B(u)] dt = G dWt, for t > 0,

u(0) = x ∈ H.
(I.1.2)

We point out that two special types of noise have been investigated in the lit-
erature. On one hand, on a more physical ground, most of the current research on
additive noise goes in the direction of studying highly degenerate noises, where only
few modes are excited, cf. [GMR17]. On the other hand, sits the technical question
of reaching the white noise case, namely G = IH , cf. [Fla94; FM95; Fer97]. We
discuss more on this topic in Remark I.1.1. Even if the techniques employed in this
work do not allow to reach the white noise case, the present paper aims in the second
direction and concentrates on a case which is quite close to the cylindrical one, in
the sense that Ran(G) ¢ D(A

1
4
+ε) for some ε > 0.

Interesting topics related to equation (I.1.2) include defining a suitable notion of
solution, see Definition I.2.6, that assures both its existence and pathwise uniqueness.
Once the solution is proven to be a Markov process, one associates with it a Markov
semigroup, see Section I.2.5, which formally describes the mean behaviour in time of
the solution given the starting point. This leads to other lines of research, including
the regularity of the semigroup and the existence, uniqueness, and strong mixing
property of the invariant measure µ. The strong mixing property says that the law
of the solution with a random starting point converges for long times to µ in the total
variation norm, see Theorem I.4.4. This in particular implies the ergodicity of the
invariant measure, cf. [DZ14; Sei97], which means that µ is the equilibrium measure
over the phase space H. This principle, known as the ergodic principle, forms the
basis of the statistical approach to fluid dynamics.

Under the basic conditions made throughout the paper, namely Ran(G) ¢ D(A
1
4
+ε)

for some ε > 0, and x ∈ H, Theorem I.2.7 gathers the results found in the literature
about the existence, uniqueness and path regularities of solution. Stricter conditions
have also been considered, and are recalled in detail in Remark I.2.9. However, to the
best of the author’s knowledge, no results have been established for more degenerate
noise, i.e. if D(A

1
4 ) ¢ Ran(G), at least for the Dirichlet boundary value problem

under investigation. The periodic case is briefly discussed in Remark I.1.1.
We improve the existing results as follows, see Section I.3. If D(A

1
2 ) ¢ Ran(G) ¢

D(A
1
4
+ε) for some ε ∈ (0, 1/4], and x ∈ D(Aµ) for some µ ∈ [0, 1/4 + ε), then the

trajectories of the generalized solution are continuous with values in D(Aµ), see
Theorem I.3.1. The approach to the study of the regularity of path is classical and
employs the splitting of the solution u = v + z where z is an Ornstein-Uhlenbeck
process and v solves a partial differential equation (PDE) with random coefficients,
see the discussion after Theorem I.3.1. The question of the regularity of the paths
is then deferred to the analysis of this random PDE. The main novelty of this work
is to show that the solution of this random PDE has continuous paths in regular
spaces, under loose regularity assumptions on z. This is obtained through a new a

10
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priori estimate inspired by a technique introduced by Sobolevskĭı in [Sob59] and later
studied by Kato, Fujita and Giga, cf. [KF62; FK64; Gig81; Gig83; GM85; Gig86],
see Lemma I.3.5. We refer to the introduction of [Kie80] for a clever presentation of
the Sobolevskĭı approach, which is based on a semigroup approach that circumvents
the appearance of high order norms of z when estimating the nonlinearity in the
classical higher order energy estimates. Comparing the semigroup approach initiated
by Sobolevskĭı to the classical energy estimate approach, we can say that, while the
energy estimate for solutions is fundamental to prove that there is a global weak
solution, every method has advantages and disadvantages. If we discuss the existence
of a unique local strong solution, the semigroup method seems to be more powerful
than the energy estimates and allows to achieve more regularity. To the best of our
knowledge, previous papers on the stochastic N-S equations do not use this semigroup
method to establish further regularity of the solution.

In Section I.4 we use the new path regularity result to study the problem of
uniqueness and ergodicity of the invariant measure, which is known to exist if
Ran(G) ¢ D(A

1
4
+ε) for any ε > 0, cf. [Fla94]. To this aim, we also prove irre-

ducibility and strong Feller properties for the Markov semigroup. We blend and
adapt the reasoning followed in [FM95] and [Fer97] (see Remark I.4.2 (ii)), which
managed to prove uniqueness of invariant measure and related ergodic properties
under the stronger assumption D(A

1
2 ) ¢ Ran(G) ¢ D(A

3
8
+ε), for ε ∈ (0, 1/8].

This upper bound Ran(G) ¢ D(A
3
8
+ε) appears also in more recent works, see for

example [DX11; GM05]. We obtain uniqueness, ergodicity and a strong mixing prop-
erty for the invariant measure in the hypothesis D(A

1
2 ) ¢ Ran(G) ¢ D(A

1
4
+ε) for

ε ∈ (0, 1/4]. The case Ran(G) ¢ D(A
1
2 ) has been studied in [Fer99].

Concerning the main difficulties in proving existence and uniqueness of the in-
variant measure beyond the threshold Ran(G) ¢ D(A

1
4
+ε), ε > 0, new regularity

results for the solutions are undoubtedly required, see, for instance, the role such
regularities play in Lemmas I.4.5, I.4.11, and I.4.12.

Remark I.1.1. To generalize the results presented in this paper to a more degenerate
noise, with the goal of approaching the white-noise case, it may be worth to couple
equation (I.1.1) with periodic boundary conditions. These conditions help isolate and
highlight the limitations of the techniques currently available. The Cauchy problem
in equation (I.1.2) can then be formulated within a functional framework analo-
gous to the one described in section I.2.1, but adapted to incorporate the periodic
boundary conditions. As a matter of fact, on the torus, much more can be achieved
using complex Fourier analysis to explicitly characterize the eigenvalues and eigen-
functions of the Laplacian operator. This allows for more robust estimates on the
Ornstein-Uhlenbeck process, which are essential for establishing results concerning
the solution. For instance, uniqueness of solution holds with space-time white noise,
see [Fer06, Theorem 10.1] (with the weak assumptions x ∈ H and G = A−ε, for any
ε > 0), or the recent work [HR24], as well as the strong Feller property, see [ZZ17].

It is worth noting that [DD02; AF04] explore the case of an infinite-dimensional
cylindrical white noise on the torus, while [FO19] considers a cylindrical fractional
Wiener noise. In particular, we recall that [AF04] treats the stochastic N-S equa-
tions with space-time Gaussian white noise, having a Gaussian infinitesimal invariant
measure µ¿ whose covariance is given in terms of the enstrophy. Pathwise uniqueness
for µ¿ − a.e. initial velocity is proven for solutions having µ¿ as invariant measure.

Eventually, sticking to the periodic setting, [HM06; Kup12] focus on the case

11
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where the operator G has a finite-dimensional range, leading to a finite-dimensional
stochastic noise, whereas [HM11] sets the 2D stochastic Navier-Stokes Equations on a
sphere, with a finite-dimensional Brownian noise. We believe that the novel powerful
approach by [HM06], based on the concept of asymptotic strong Feller property, could
be adapted also to our situation, thanks to the new regularity results in Section I.3.
This would allow us to obtain uniqueness and ergodicity of the invariant measure.
However, once we have proved Theorem I.3.1, it seems more straightforward to follow
the arguments in [FM95] and [Fer97] to derive results on the invariant measure, as
shown in Theorem I.4.4. It should also be noted that the method in [HM06] does
not yield mutual equivalence of the solution laws, nor the strong mixing property
that we obtained.

I.2 Preliminaries

I.2.1 Functional setting

Let D ¢ R2 be a non-empty, bounded and connected open set with Lipschitz bound-
ary, then we denote by C∞

c (D;R2) the linear space of smooth vector fields with
compact support and define the following spaces:

H := {u ∈ C∞
c (D;R2) | div u = 0}L

2(D;R2)
,

H³ := {u ∈ C∞
c (D;R2) | div u = 0}H

³(D;R2)
, ∀³ > 0,

V := H1.

They inherit the Hilbert and embedding properties respectively from L2(D;R2) and
from the classical fractional Sobolev spaces H³

0 (D;R2), see for instance [DPV12].
We identify H with its topological dual H ′ and introduce

H−³ := (H³)′, ∀³ > 0.

As a consequence, we have the following compact and dense embeddings for all
³ ∈ (0, 1) and ´ > 1:

H´ ↪−→ V = H1 ↪−→ H³ ↪−→ H = H ′ ↪−→ H−³ ↪−→ V ′ = H−1 ↪−→ H−´ .

We denote the inner product in H by

ïx, yð :=
∫

D
x · y dL

2 =
2
∑

i=1

∫

D
xiyi dL

2 ∀x, y ∈ H,

where we integrate with respect to the two-dimensional Lebesgue measure L 2, we
denote by xi, yi for i = 1, 2 the scalar components of x, y ∈ H ¢ L2(D;R2) and by ·
the euclidean inner product in R2. The norm induced by ï · , · ð is denoted by ∥ · ∥,
while we reserve the symbol | · | for the euclidean norm in R2. We use the symbol

V ′ï · , · ðV for the duality pairing between V ′ and V . We denote the Hilbert norm on
V by

∥x∥2V :=
2
∑

j=1

∥∂jx∥2 =
2
∑

i,j=1

∫

D
(∂jxi)

2 dL
2 ∀x ∈ V,

where ∂j is the partial derivative (in the weak sense) with respect to the j-th variable
in D ¢ R2.

12



CHAPTER I I.2. Preliminaries

I.2.2 Operators

Since H is a Hilbert subspace of L2(D;R2) we can construct an orthogonal projector
operator, commonly called Leray projector and denoted by Π : L2(D;R2)→ H. We
define the Stokes operator as

A : H2 → H : x 7→ Π

(

−∆x1
−∆x2

)

,

where ∆ is the weak Laplacian operator on H2
0 (D). Here A is a linear, bounded,

positive-definite, self-adjoint, invertible operator. Its inverse A−1 is a compact opera-
tor on H, therefore there exists an orthonormal complete system {ek}k∈N in H made
of eigenvectors of A and a strictly increasing and diverging sequence of eigenvalues
{¼k}k∈N ¢ (0,+∞) such that Aek = ¼kek for all k ∈ N. If we endow the vector
space H2 = D(A) with the norm induced from H, then −A : D(A) ¢ H → H is an
unbounded, closed, densely defined and self-adjoint operator (see [FM77, Theorem
3]) which generates a one-parameter analytic semigroup of linear bounded operators
{e−tA}tg0 (see [Gig81, Theorem 2]).

If ³ > 0, then we define the injective and bounded linear operator on H

A−³ :=
1

Γ(³)

∫ +∞

0
t³−1e−tA dt,

where the integral converges in L(H), and Γ is the usual Gamma function.
It is proved in [Mét78; Cae98] that, in 2-space dimensions, there exists c > 0 such

that the eigenvalues ¼k, k ∈ N, of A are asymptotic to ck, as k →∞. Therefore, A−³

is positive and bounded for any ³ > 0, Hilbert-Schmidt if ³ > 1/2 and trace-class if
³ > 1.

In addition, for ³ > 0, we denote by D(A³) ¢ H the range of A−³ and by
A³ : D(A³) ¢ H → H the unbounded inverse operator of A−³ : H → D(A³), see
[Paz83, Chapters 1, 2]. Then, [FM70, Theorem 1.1] shows that

D(A³) = H2³.

Moreover, the complete norm on D(A³) given by

∥x∥D(A³) := ∥A³x∥, ∀x ∈ D(A³),

is equivalent to the usual Sobolev norm on H2³
0 (D;R2). Since A−³ is bounded

and positive, it is also self-adjoint, hence its inverse A³ : D(A³) ¢ H → H is a
self-adjoint unbounded operator, see [Tay96, Proposition 8.2]. Moreover A³e−tA is
bounded for all t > 0 and the following property holds (see [FK64, Lemma 2.10])

∥A³e−tA∥L(H) f
(³

e

)³
t−³ ∀ t > 0, ∀³ > 0. (I.2.1)

From the properties of A and the Hölder inequality, we derive the following
lemma.

Lemma I.2.1 (Interpolation inequality). For all 0 f p < q < +∞ and for all
u ∈ D(Aq) it holds

∥Aru∥ f ∥Apu∥¼∥Aqu∥1−¼ ∀¼ ∈ (0, 1), r := ¼p+ (1− ¼)q.
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Eventually, we define the function

B : C∞
c (D;R2)→ H : x 7→ Π

[

(Dx)x
]

= Π

(

x · ∇x1
x · ∇x2

)

,

which is commonly known as the Navier-Stokes non-linearity. Similarly, we introduce
the trilinear bounded operator

b : V × V × V → R : (x, y, z) 7→
∫

D

(

x · ∇y1
x · ∇y2

)

· z dL
2 =

2
∑

i,j=1

∫

D
zj xi ∂iyj dL

2,

which is antisymmetric upon exchange of the second and third entries, thanks to in-
tegration by parts and the fact that vector fields in V have vanishing divergence. The
following result is taken from [Gig83, Lemma 3.2] and characterizes the extensions
of b and B.

Lemma I.2.2. For all ¶ ∈ [0, 1) and ¹, Ä > 0 such that Ä+¹+¶ g 1 and Ä+¶ > 1/2,
b can be uniquely extended to a bounded trilinear operator and B to a continuous
function as follows

b : D(A¹)×D(AÄ)×D(A¶)→ R,

B : D(AÄ(¹)→ H−2¶.

Moreover, there exists a constant c0 = c0(¹, Ä, ¶) > 0 such that

|b(x, y, z)| f c0∥A¹x∥∥AÄy∥∥A¶z∥, ∥A−¶B(x)∥ f c0∥AÄx∥∥A¹x∥.

Eventually, as soon as both members make sense, it holds b(x, y, z) = −b(x, z, y).

We observe in particular that B allows to rewrite b(x, x, z) = V ′ïB(x), zðV for all

x ∈ D(A
1
4 ) and z ∈ V .

I.2.3 Brownian noise

We consider an augmented filtered probability space
(

Ω,F , {Ft}tg0,P
)

, a sequence
of mutually independent {Ft}tg0-adapted real Brownian motions {wk}k∈N and we
introduce a coloured Wiener noise as

GWt :=
∑

k∈N

wk
tGek ∀ t g 0, (I.2.2)

where {ek}k∈N are the eigenvectors of A and G ∈ L(H) is an injective and bounded
linear operator. We observe that if G is Hilbert-Schmidt, GW is an H-valued Wiener
process, thus the series in equation (I.2.2) converges for all t g 0 in L2(Ω;H) or
P−a.s. in C

(

[0, T ];H
)

for all T > 0 (see [DZ14, Theorem 4.5]). However, our primary
interest lies in more general noises: if G is not Hilbert-Schmidt, GW is defined as a
generalized Wiener process (cf. [DZ14, Section 4.1.2]). The main assumptions on G
that will be used throughout the paper are the following

G ∈ L(H), G injective, ∃ ε > 0 s.t. Ran(G) ¢ D(A
1
4
+ε), (H0)

G ∈ L(H), G injective, ∃ ε ∈ (0, 1/4] s.t. V ¢ Ran(G) ¢ D(A
1
4
+ε). (H1)
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Clearly (H1)=⇒(H0). Hypothesis (H0) is the basic assumption found in literature
(cf. [FM95; Fer97]) that guarantees uniqueness of generalized solution and existence
of invariant measure for our equation (see Sections I.2.4 and I.2.5). Conversely, (H1)
is the required hypothesis for our setting.

We remark that ïGWt, ϕð =
∑

k∈Nw
k
t ïGek, ϕð for all t g 0 and ϕ ∈ D(A), where

the series converges for all t g 0 in L2(Ω) or almost surely in C([0, T ]) for all T > 0.
The following theorem defines and characterizes a stochastic process {Zt}tg0,

which will be often referred to as stochastic convolution or Ornstein-Uhlenbeck pro-
cess starting at 0 ∈ H.

Theorem I.2.3. Let ε,G satisfy assumption (H0). There is a pathwise unique pre-
dictable process {Zt}tg0 with P− a.s. trajectories z ∈ L1(0, T ;H) for all T > 0 such
that, for all ϕ ∈ D(A)

ïz(t), ϕð+
∫ t

0
ïz(s), Aϕð ds = ïGWt, ϕð ∀ t g 0, P− a.s.

Moreover z ∈ C´
(

[0, T ];D(Aµ)
)

for any ´ > 0 and µ g 0 such that ´ + µ <
(1/4 + ε) ' 1/2, for all T > 0 and P− a.s.

Proof. For the existence and uniqueness result we refer to [DZ14, Theorem 5.4]. The
second statement for ε ∈ (0, 1/4] descends from [DZ14, Theorem 5.15], once checked
that for any ³ < 1/4 + ε, it holds

∫ 1

0
t−2³∥e−tAG∥2L2(H) dt =

∫ 1

0
t−2³Tr

[

e−tAGG∗e−tA
]

dt < +∞.

Let p = 1/4 + ε; we have
∫ 1

0
t−2³∥e−tAG∥2L2(H) dt =

∫ 1

0
t−2³∥e−tAA−pApG∥2L2(H) dt

f ∥ApG∥2L(H)

∫ 1

0
t−2³∥e−tAA−p∥2L2(H) dt,

where we used the properties of the Hilbert-Schmidt norm and the fact that ApG ∈
L(H), thanks to hypothesis (H0). In order to compute the Hilbert-Schmidt norm
of e−tAA−p, we resort to the orthonormal complete system {ek}k∈N for H made of
eigenvectors of A

∫ 1

0
t−2³∥e−tAA−p∥2L2(H) dt =

∞
∑

k=1

¼−2p
k

∫ 1

0
t−2³e−2t¼k dt

f
∞
∑

k=1

¼−2p−1+2³
k

∫ +∞

0
e−2ss−2³ ds.

The time integral converges for all ³ < 1/2. It is known (cf. [Mét78]) that the Stokes
eigenvalues ¼k in our two-dimensional setting are asymptotic to ck for some constant
c > 0, as k → ∞. Consequently the series converges for all ³ < p = 1/4 + ε. An
application of [DZ14, Theorem 5.15] gives Z path regularity C´

(

[0, T ];D(Aµ)
)

for
any ´+µ < ³ for any ³ < 1/4+ε, thus also for any ´+µ < 1/4+ε. Finally, [DZ14,
Section 5.4.2] shows that we can’t choose µ = 1/2, thus preventing the continuity of
the trajectories in V = D(A

1
2 ), even if ε > 1/4. 2
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Remark I.2.4. Theorem I.2.3 underscores the significance of the hypothesis (H0)
on the range of G. It sets our minimal regularity for the noise, thus affecting the
solution of the Navier-Stokes Equations, as will be discussed in the next section. For
Ran(G) ¢ D(A

1
4
+ε) with ε arbitrarily close to 0, we reach continuity in time with

values in D(A
1
4 ). On the other hand, for Ran(G) ¢ D(A

1
2 ), Z achieves the maximal

regularity as a P−a.s. continuous process with values in D(Aµ) for µ > 0 arbitrarily
close to 1/2.

Example I.2.5. An example of operator G that satisfies our assumptions (H1) is
given by

G = A−µL,

with µ ∈ (1/4, 1/2] and L an isomorphism in H. Another example is

Gx =
∑

k∈N

ïx, ekð
Ãk

ek ∀x ∈ H,

where ak1/4+ε f Ãk f bk1/2 for some constants a, b > 0 and all k ∈ N. Recall indeed
that the eigenvalues ¼k of the Stokes operator A behave like ck, for some c > 0, as
k →∞ (cf. [Mét78]).

I.2.4 Abstract equation

We study the abstract stochastic 2D Navier-Stokes Equations in H, for some starting
point x ∈ H and some bounded linear operator G satisfying assumption (H0)

{

dXx
t + [AXx

t +B(Xx
t )] dt = G dWt t > 0, P− a.s.

Xx
0 = x P− a.s.

. (I.2.3)

We state the definition of solution we employ in the paper, which is taken from
[Fla94].

Definition I.2.6. Given x ∈ H and G as in hypothesis (H0), a generalized solution
to equation (I.2.3) is a progressively measurable processXx inH with path regularity

Xx(É) = u ∈ C
(

[0, T ];H
)

∩ L2
(

0, T ;D(A
1
4 )
)

∀T > 0, P− a.s. É ∈ Ω

such that

ïu(t), ϕð+
∫ t

0
ïu(s), Aϕð ds =

∫ t

0
b
(

u(s), ϕ, u(s)
)

ds+ ïx, ϕð+ ïGWt, ϕð

∀ t g 0, ∀ϕ ∈ D(A), P− a.s.

The following theorem summarizes the results in the literature regarding the
existence, uniqueness, and path regularity of the generalized solution.

Theorem I.2.7. For every x ∈ H and ε,G as in hypothesis (H0), there exists a path-
wise unique generalized solution to equation (I.2.3) (cf. Definition I.2.6) with trajec-
tories u that satisfy P−a.s. u−z ∈ L2(0, T ;V ) for all T > 0, where z is given by The-
orem I.2.3. Moreover this solution is a Markov process in H and satisfies P−a.s. the
following additional path regularities: u ∈ L2

(

0, T ;D(A( 1
4
+ε)' 1

2

)

∩ L4
(

0, T ;D(A
1
4 )
)

for all T > 0.
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Proof. The first assertions follow by [Fla94, Theorem 3.1]. In order to show the
additional path regularity, we simply observe that the space L2(0, T ;V )∩C

(

[0, T ];H
)

is continuously embedded into L4
(

0, T ;D(A
1
4 )
)

. Indeed we have for a generic v ∈
L2(0, T ;V ) ∩ C

(

[0, T ];H
)

:

∫ T

0
∥A 1

4 v(t)∥4 dt =
∫ T

0
ïA 1

2 v(t), v(t)ð2 dt

f
∫ T

0
∥v(t)∥2V ∥v(t)∥2 dt

f ∥v∥2C([0,T ];H)∥v∥2L2(0,T ;V ).

Therefore if u is the unique solution by [Fla94, Theorem 3.1], then u−z ∈ L4
(

0, T ;D(A
1
4 )
)

and consequently u = (u− z) + z ∈ L4
(

0, T ;D(A
1
4 )
)

, thanks to Theorem I.2.3. 2

Remark I.2.8. (i) It is proved in [Fer03], that, under the assumption (H0), a
wider class that assures a pathwise unique generalized solution is C

(

[0, T ];H
)

∩
L4
(

0, T ;D(A
1
4 )
)

, to which belongs our unique solution from Theorem I.2.7. The
class of uniqueness from [Fer03] is indeed larger, because the author does not require
the additional condition u− z ∈ L2(0, T ;V ), which is instead used in [Fla94].

(ii) The technique employed in [Fla94] to construct a generalized solution com-
bines the general approach to stochastic partial differential equations with additive
noise (see, for instance, [DZ14, Chapter 7]) with the classical energy estimates on the
Galerkin approximations used for the deterministic case (see, for instance, [Tem01,
Chapter 3]).

(iii) While for injective G ∈ L(H) with Ran(G) ¢ D(A
1
2
+ε) for some ε > 0, the

maximal regularity in space u ∈ L2(0, T ;V ) follows from the deterministic N-S equa-
tions, see [Tem01]; ifG is more degenerate, in the sense that Ran(G) ¢ D(A

1
4
+ε) with

ε ∈ (0, 1/4] (as in assumption (H0)), then the space regularity u ∈ L2
(

0, T ;D(A
1
4
+ε)
)

is inherited from the stochastic convolution Z, see Theorem II.2.17.
In other words, the wider is the range of G, the less regular are the trajectories of
Z, thus resulting in worse path regularities for the generalized solution. Conversely,
when the range of G narrows (but remains not smaller than V = D(A

1
2 )), both Z

and X exhibit better path regularities. Ultimately, if the range of G is contained
within V = D(A

1
2 ), the generalized solution achieves maximal path regularity.

Incidentally, under the stronger assumptions Ran(G) ¢ D(A
3
8
+ε) with ε > 0 and x ∈

D(A
1
4 ), [FM95, Theorem 2.1] claims that u ∈ C

(

[0, T ];D(A
1
4 )
)

∩ L2
(

0, T ;D(A
3
8 )
)

.

Remark I.2.9. We give a complete summary of the problems of existence, uniqueness
and additional regularities of generalized solutions, see Definition I.2.6, that we have
found in the literature. There are essentially two kinds of approach.

On the one hand, under the hypotheses x ∈ H and Ran(G) ¢ D(A
1
4
+ε) for some

ε > 0, [Fer03, Theorem 4.1] proves that a generalized solution exists and that it is
pathwise unique in the class C

(

[0, T ];H
)

∩L2
(

0, T ;D(A( 1
4
+ε)' 1

2
)
)

∩L4
(

0, T ;D(A
1
4 )
)

.

Moreover, if ³ ∈ (0, 1/2), x ∈ D(A³), and Ran(G) ¢ D(A
1
4
+³

2
+ε), for some ε > 0,

then the solution enjoys the path regularity C
(

[0, T ];D(A³)
)

∩L
4

1−2³
(

0, T ;D(A
1
4
+³

2 )
)

,
cf. [Fer03, Theorem 4.2].
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On the other hand, under the starting assumptions x ∈ H and Ran(G) ¢
D(A

1
4
+ε) for some ε > 0, [Fla94, Theorem 3.1 (i), (ii)], [FM95, Theorem 2.1 (i), (ii)]

and [Fer97, Proposition 3.1], state the existence and uniqueness of a pathwise gen-
eralized solution satisfying the additional condition u − z ∈ L2(0, T ;V ), for T > 0,
where z is the Ornstein-Uhlenbeck process associated to the noise G dW , see Sec-
tion I.2.3. This kind of uniqueness property will be used throughout the paper as
well. Moreover, according to [Fla94, Theorem 3.1 (iv)], if, in addition, Ran(G) ¢
D(A

1
4
+ϵ0) for some ϵ0 > 0, and x ∈ D(A¹) for some ¹ ∈ (0, 2ϵ0) ∩ (0, 1/2], then

the trajectories u of the generalized solution satisfy u ∈ C
(

[0, T ];D(A( 1
4
+ε)'¹)

)

∩
L2
(

0, T ;D(A( 1
4
+ε)'( 1

2
+¹)
)

, for all ε < ϵ0 and all T > 0. A particular case of this last
assertion, for ϵ0 > 1/8, can be found in [FM95, Theorem 2.1], that we already re-
called at the end of Remark I.2.8 (iii). Eventually, if ³ ∈ [1/4, 1/2), x ∈ D(A³), and
D(A2³) ¢ Ran(G) ¢ D(A

1
4
+³

2
+ε), for some ε > 0, then the solution has trajectories

in C
(

[0, T ];D(A³)
)

∩ L
4

1−2³
(

0, T ;D(A
1
4
+³

2 )
)

, cf. [Fer97, Theorem 4.1].

I.2.5 Invariant measure

Let Bb(H) be the linear space of all Borel and bounded functions φ : H → R,
endowed with the complete norm ∥φ∥∞ := supy∈H |φ(y)|. According to Theorem
I.2.7, we can define the Markov semigroup P = {Pt}tg0 associated to the generalized
solution of equation (I.2.3) as follows

Ptφ(x) := Eφ(Xx
t ) ∀ t g 0, ∀φ ∈ Bb(H), ∀x ∈ H.

Let P(H) be the set of all probability measures over the Borel sigma-algebra
BH on H, then we can define

P ∗
t ¿(U) :=

∫

H
P
(

Xx
t ∈ U

)

¿(dx) ∀ t g 0, ∀ ¿ ∈P(H), ∀U ∈ BH ,

and it is readily verified that P ∗
t ¿ is again a probability measure on BH .

A probability measure µ ∈ P(H) is said to be an invariant measure for the
semigroup {Pt}tg0 if P ∗

t µ = µ for all times t g 0 (see also [BKP22] and the references
therein). The following theorem collects known results from literature regarding
existence and uniqueness of the invariant measure (see [Fla94, Theorem 3.3], [FM95,
Theorem 3.1] and [Fer97, Corollary 4.1]).

Theorem I.2.10. Under hypothesis (H0) there exists an invariant measure µ for
the Markov semigroup {Pt}tg0 associated with the generalized solution to equation
(I.2.3). Moreover, under the stronger hypotheses

G ∈ L(H), G injective, ∃ ε ∈ (0, 1/8] s.t. V ¢ Ran(G) ¢ D(A
3
8
+ε), (H2)

µ is known to be unique in the set P(H) and concentrated on the Borel set D(A
1
4 ) ¢

H.

Note that (H2)=⇒(H1)=⇒(H0). In Section I.4 we will generalize the uniqueness
and concentration results of this theorem to the weaker assumption (H1).

18



CHAPTER I I.3. Main result

I.3 Main result

This section is devoted to the following main result regarding the additional path
regularity we obtained for the unique generalized solution.

Theorem I.3.1. Let ε,G be as in hypothesis (H1). For every µ ∈ [0, 1/4 + ε) and
every starting point x ∈ D(Aµ) the unique generalized solution to equation (I.2.3)
from Theorem I.2.7 has the additional regularity

u ∈ C
(

[0, T ];D(Aµ)
)

∀T > 0, P− a.s.

Moreover, if x ∈ H then u ∈ C
(

[t0, T ];D(Aµ)
)

for all 0 < t0 < T and P− a.s.

The proof of this theorem employs the Sobolevskĭı-Kato-Fujita method, which
involves the mild formulation to the Navier-Stokes Equations (cf. [Sob59; KF62]).
We outline the approach to be followed in the subsequent subsections.

1. First, we utilize a known technique to investigate abstract stochastic partial
differential equations with additive noise (see, for instance, [DZ14, Chapter
7]). This involves fixing P− a.s. É ∈ Ω and formally introducing the equation
satisfied by v = u−z, where z is the fixed trajectory of the Ornstein-Uhlenbeck
process (cf. Theorem I.2.3):

{

v′ +Av +B(v + z) = 0 t > 0

v(0) = x
.

We rigorously study this equation by means of finite dimensional approxima-
tions vn and obtain some a priori estimates (see Lemma I.3.3), similar to those
found in [Fer97].

2. We rewrite vn through the mild formulation and obtain a new a priori bound in
L∞
(

0, T ;D(A
1
4 )
)

, arguing as in the Sobolevskĭı-Kato-Fujita approach (slightly
more spatial regularity will be obtained, see Lemma I.3.5).

3. This new estimate allows us to establish the continuity of v through the Arzelà-
Ascoli theorem. Subsequently, we define un := vn + z and infer convergence
to the unique u given in Theorem I.2.7 in appropriate function spaces (see
Theorem I.3.6).

I.3.1 Finite dimensional approximations for v = u− z

For all n ∈ N let Πn be the projector onto the finite dimensional subspace of H
generated by the first n vectors of the complete orthonormal system {ek}k∈N (seee
Section I.2.2). We denote Hn = ΠnH, Bn : Hn → Hn : x 7→ ΠnB(x) and xn = Πnx,
for any x ∈ H. Let z be a P− a.s. fixed trajectory of the stochastic convolution (see
Theorem I.2.3), then we study the following equation in finite dimensions over the
time interval [0, T ] for an arbitrarily fixed T > 0:

{

v′n +Avn +Bn

(

vn + z
)

= 0 t ∈ (0, T ]

vn(0) = xn
. (I.3.1)
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We know by the theory of ODEs that there exists a pathwise unique vn ∈ C
(

[0, T ];Hn

)

such that

vn(t)+

∫ t

0
Avn(s) ds+

∫ t

0
Bn

(

vn(s)+z(s)
)

ds = xn ∀ t ∈ [0, T ], P−a.s. (I.3.2)

We observe that in finite dimensions all the norms on Hn are equivalent, thus vn(t) ∈
D(A³) for all n ∈ N, ³ g 0, t g 0 and P− a.s. Moreover, the process vn has almost
surely smooth paths. Therefore the equations in system (I.3.1) are satisfied almost
surely in probability and pointwise in time.

Remark I.3.2. Inspired by the classical reasoning in [Tem01], it is proved in [Fla94]
that, under the assumption (H0), and for any x ∈ H and T > 0, there exists a
sub-sequence of vn converging weakly* in L∞(0, T ;H), weakly in L2(0, T ;V ) and
strongly in L2(0, T ;H) to a function v ∈ C

(

[0, T ];H
)

∩ L2(0, T ;V ) which is the
pathwise unique solution to equation

{

v′ +Av +B(v + z) = 0 t ∈ (0, T ]

v(0) = x
(I.3.3)

in the following generalized sense P− a.s.

ïv(t), ϕð+
∫ t

0
ïv(s), Aϕð ds =

∫ t

0
b
(

v(s) + z(s), ϕ, v(s) + z(s)
)

ds+ ïx, ϕð

∀ϕ ∈ D(A), ∀ t ∈ [0, T ].

(I.3.4)

We recall that this result does not depend on the stochastic properties of the Ornstein-
Uhlenbeck process, but only on its path regularity z ∈ C

(

[0, T ];D(A
1
4 )
)

for all T > 0.

We henceforth replace vn with its converging subsequence, that we still denote
as vn. We are going to obtain some a priori estimates by adapting the calculations
provided in the proof of [Fer97, Proposition 4.1].

Lemma I.3.3. Let ε,G be as in hypothesis (H1). For all T > 0 and p ∈
[

4, 4
1−2ε

)

there exists a constant c1 > 0 that depends on ε,G, p, T , and z such that

sup
n∈N

∫ T

0
∥A1/4vn(t)∥p dt f c1

(

1 + ∥Aεx∥p−2
)

∀x ∈ D(Aε), P− a.s.

Proof. We rename 2³ = 1− 4/p and we observe that the bounds on p translate into
the bounds 0 f ³ < ε. Let us take the ODE in equation (I.3.1), which is satisfied
almost surely in probability and pointwise in time, and take the scalar product in H
with A2³vn(t). By the sake of brevity we omit the dependence on t.

1

2

d

dt
∥A³vn∥2 + ∥A³+ 1

2 vn∥2 = ïv′n, A2³vnð+ ïAvn, A2³vnð

= −ïA³− 1
2Bn(vn + z), A³+ 1

2 vnð
f c0∥A

1
4
+³

2 (vn + z)∥2∥A³+ 1
2 vn∥

f 2c0

(

∥A 1
2 vn∥∥A³vn∥+ ∥A

1
4
+³

2 z∥2
)

∥A³+ 1
2 vn∥

f 4c20∥A³vn∥2∥A
1
2 vn∥2 + 4c20∥A

1
4
+³

2 z∥4 + 1

2
∥A³+ 1

2 vn∥2
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To perform the estimate, we first applied the Cauchy-Schwarz inequality together
with Lemma I.2.2, with the choices ¶ = 1/2− ³, ¹ = Ä = 1/4 + ³/2. Next we used
the Young inequality and the interpolation inequality (cf. Lemma I.2.1) with the
choices q = 1/2, ¼ = 1/2, r = 1/4 + ³/2. Finally, we applied the Young inequality
again.

If we rewrite the first and last member we reach

d

dt
∥A³vn∥2 f

d

dt
∥A³vn∥2 + ∥A³+ 1

2 vn∥2

f 8c20∥A³vn∥2∥A
1
2 vn∥2 + 8c20∥A

1
4
+³

2 z∥4.

We integrate over the time interval [0, t]

∥A³vn(t)∥2 f ∥A³xn∥2 + 8c20∥A
1
4
+³

2 z∥4L4(0,T ;H) + 8c20

∫ t

0
∥A³vn(s)∥2∥A

1
2 vn(s)∥2 ds,

and we apply Grönwall’s lemma:

∥A³vn(t)∥2 f
(

∥A³xn∥2 + 8c20∥A
1
4
+³

2 z∥4L4(0,T ;H)

)

exp

[

8c20

∫ t

0
∥A 1

2 vn(s)∥2 ds
]

.

(I.3.5)

Since ³ < ε, as discussed at the beginning of the proof, we have ∥A³xn∥ = ∥ΠnA
³x∥ f

c∥Aεx∥. Moreover, Theorem I.2.3 implies that ∥A 1
4
+³

2 z∥L4(0,T ;H) is almost surely
bounded. Eventually, we know that vn converges in L2(0, T ;V ) as n approaches
infinity to the function v defined by equation (I.3.4) (cf. Remark I.3.2). Therefore
A

1
2 vn is uniformly bounded in L2(0, T ;V ). To sum up, estimate (I.3.5) results in the

following a priori bound for ∥A³vn(t)∥, uniform both in n and t:

sup
n∈N

sup
t∈[0,T ]

∥A³vn(t)∥ f C
(

1 + ∥Aεx∥
)

P− a.s.

By means of the interpolation inequality (cf. Lemma I.2.1) with coefficients q = 1/2,
¼ = 1− 2/p, r = ¼³+ (1− ¼)q = 1/2− 4/p2 we have

∥A 1
4 vn(t)∥ f c∥Arvn(t)∥

f c∥A³vn(t)∥¼∥A
1
2 vn(t)∥1−¼

f K
(

1 + ∥Aεx∥
)¼∥A 1

2 vn(t)∥1−¼.

By raising to the power of p = 2/(1−¼) and integrating in time we reach the sought
a priori estimate, for a constant c1 > 0 depending only on ε,G, p and T . For all
n ∈ N and P− a.s.

∫ T

0
∥A 1

4 vn(t)∥p dt f Kp
(

1 + ∥Aεx∥
)p−2

∫ T

0
∥A 1

2 vn(t)∥2 dt

f c1
(

1 + ∥Aεx∥p−2
)

.

2
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I.3.2 Mild formulation

We now shift to the mild formulation, thanks to the following standard lemma.

Lemma I.3.4. For any n ∈ N the stochastic process vn satisfies the integral formu-
lation in equation (I.3.2) if and only if it satisfies the following mild formulation

vn(t) +

∫ t

0
e−(t−s)ABn

(

vn(s) + z(s)
)

ds = e−tAxn ∀ t g 0, P− a.s. (I.3.6)

Note that the mild formulation has been already used to study the stochas-
tic Navier-Stokes Equations (see, for instance, [DZ96, Chapter 15]). However, it
seems that the Sobolevskĭı-Kato-Fujita technique has not been applied before to the
stochastic case. The following crucial lemma provides the new a priori estimate for
vn using a method inspired by [Sob59] (see the introduction to [Kie80]).

Lemma I.3.5. Let ε,G be as in hypothesis (H1). For all T > 0, µ ∈ [1/4, 1/4 + ε)
and x ∈ D(Aµ) there exists a constant c2 > 0 that depends on ε,G, µ, ∥Aµx∥, T and
z such that

sup
n∈N

sup
t∈[0,T ]

∥Aµvn(t)∥ f c2 P− a.s.

The estimate is uniform for x in bounded sets of D(Aµ).

Proof. Step 1. We start by estimating the D(A
1
8 )-norm of the integral term in

equation (I.3.6), thanks to Lemma I.2.2 with the choices ¶ = 5/8, Ä = 1/4, ¹ = 1/8.
We obtain, for a constant C > 0 depending only on T and on the choices of ε,G

J :=

∥

∥

∥

∥

A
1
8

∫ t

0
e−(t−s)ABn

(

vn(s) + z(s)
)

ds

∥

∥

∥

∥

=

∥

∥

∥

∥

∫ t

0
A

6
8 e−(t−s)AA− 5

8Bn

(

vn(s) + z(s)
)

ds

∥

∥

∥

∥

f
∫ t

0

( 3

4e

)3/4
(t− s)−3/4c0

∥

∥A
1
4
(

vn(s) + z(s)
)
∥

∥

∥

∥A
1
8
(

vn(s) + z(s)
)
∥

∥ ds

f C

∫ t

0
(t− s)−3/4

(

∥A 1
4 vn(s)∥+ 1

)(

∥A 1
8 vn(s)∥+ 1

)

ds,

where we used equation (I.2.1) and controlled uniformly in time z thanks to Theorem
I.2.3. We now use the Hölder inequality with exponent p > 4 and the respective
q = (1 − 1/p)−1 < 4/3. Constants C > 0 hereafter may vary from line to line, yet
they depend only on ε,G, T, p.

J fC
[
∫ t

0
(t− s)−3q/4 ds

]1/q [∫ t

0

(

∥A 1
4 vn(s)∥+ 1

)p(

∥A 1
8 vn(s)∥+ 1

)p
ds

]1/p

fC
[

1 + ∥Aεx∥p−2 +

∫ t

0
∥A 1

8 vn(s)∥p
(

∥A 1
4 vn(s)∥p + 1

)

ds

]1/p

,

where the first integral is finite because−3q/4 > −1 and we controlled the Lp(0, T ;H)-
norm of A

1
4 vn thanks to Lemma I.3.3 (thus p must be chosen such that p < 4/(1−
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2ε)). We now use this estimate into the mild formulation for vn (cf. equation (I.3.6))
to control ∥A 1

8 vn(t)∥ P− a.s. and for every t ∈ [0, T ]:

∥A 1
8 vn(t)∥p f 2p−1

(

∥e−tAΠnA
1
8x∥p + Jp

)

f C
[

1 + ∥A 1
4x∥p−2 +

∫ t

0
∥A 1

8 vn(s)∥p
(

∥A 1
4 vn(s)∥p + 1

)

ds

]

.

The Grönwall Lemma applied P− a.s. entails

∥A 1
8 vn(t)∥p f C

(

1 + ∥A 1
4x∥p−2

)

exp

[

c0

∫ T

0
∥A 1

4 vn(s)∥p ds
]

.

We can apply again Lemma I.3.3 and we obtain the uniform bound in L∞
(

0, T ;D(A
1
8 )
)

sup
n∈N

sup
t∈[0,T ]

∥A 1
8 vn(t)∥ f C

(

1 + ∥A 1
4x∥1−2/p

)

exp
[

C∥A 1
4x∥p−2

]

P− a.s. (I.3.7)

Step 2. We now emulate the first step, but with the exponent µ ∈ [1/4, 1/4 + ε)
instead of 1/8. We can apply Lemma I.2.2 with the choices ¶ = 7/8−µ, Ä = µ, ¹ = 1/8
for every t ∈ [0, T ] and P− a.s. to obtain

∥Aµvn(t)∥ f ∥e−tAΠnA
µx∥+

∥

∥

∥

∥

Aµ

∫ t

0
e−(t−s)ABn

(

vn(s) + z(s)
)

ds

∥

∥

∥

∥

f ∥Aµx∥+
∥

∥

∥

∥

∫ t

0
A

7
8 e−(t−s)AAµ− 7

8Bn

(

vn(s) + z(s)
)

ds

∥

∥

∥

∥

f ∥Aµx∥+ C

∫ t

0
(t− s)−7/8

∥

∥Aµ
(

vn(s) + z(s)
)∥

∥

∥

∥A
1
8
(

vn(s) + z(s)
)∥

∥ ds

f C
(

1 + ∥Aµx∥ exp
[

C∥Aµx∥p−2
]

)

[

1 +

∫ t

0
(t− s)−7/8∥Aµvn(s)∥ ds

]

,

where in the last line we employed equation (I.3.7) and Theorem I.2.3. We resort
now to the modified version of Grönwall’s lemma A.3 to obtain

sup
t∈[0,T ]

∥Aµvn(t)∥ f C
(

1 + ∥Aµx∥ exp
[

C∥Aµx∥p−2
]

)

∀n ∈ N, P− a.s.

The assertion follows easily. 2

I.3.3 New path regularity

We can use Lemma I.3.5 to prove that the generalized solution to equation (I.2.3)
characterized by Theorem I.2.7 has trajectories with higher regularity in space.

Theorem I.3.6. Let ε,G be as in hypothesis (H1). Let us take µ ∈ [0, 1/4 + ε) and
x ∈ D(Aµ). Then the generalized solution Xx to equation (I.2.3) from Theorem I.2.7
has P− a.s. paths in C

(

[0, T ];D(Aµ)
)

for all T > 0.

Proof. Step 1. We take ε,G, µ, x, T as in the hypotheses and fix É ∈ Ω P − a.s. We
prove that a subsequence of Aµvn (cf. equation (I.3.6)) converges in C

(

[0, T ];H
)

.
As for the term involving the initial datum, we directly have that e·Axn converges
to e−·Ax in C

(

[0, T ];D(Aµ)
)

as n→∞.
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As for the term with the non-linearity, we intend to apply the Arzelà-Ascoli
theorem. If we rename hn : [0, T ] → H : t 7→

∫ t
0 e

−(t−s)ABn

(

vn(s) + z(s)
)

ds,
we prove that hn is uniformly bounded in C1/2−µ

(

[0, T ];D(Aµ)
)

, which gives equi-
continuity. In [Lun95, Section 2.2.1], the Banach spaceDA(³, 1) is introduced for any
³ ∈ (0, 1)1. The result [Lun95, Proposition 2.2.15] proves that DA(³, 1) is continu-
ously embedded into D(A³), which directly implies that for any ´ ∈ (0, 1) the space
of ´-Hölder continuous functions C´

(

[0, T ];DA(³, 1)
)

is continuously embedded into
C´
(

[0, T ];D(A³)
)

. We apply these results for ³ = 1/2 + µ ∈ [1/2, 3/4 + ε) ¢ (0, 1).
Moreover, [Lun95, Proposition 4.2.1] gives

∥A− 1
2hn∥C1−³([0,T ];DA(³,1)) f c sup

t∈[0,T ]

∥

∥A− 1
2Bn

(

vn(t) + z(t)
)∥

∥,

for a constant c > 0 that depends only on ³ and T . This considerations lead to the
following estimates, where C = C(ε, µ, T ) > 0 possibly varies from line to line

∥hn∥C1/2−µ([0,T ];D(Aµ)) = ∥A− 1
2hn∥C1−³([0,T ];D(A³))

f C∥A− 1
2hn∥C1−³([0,T ];DA(³,1))

f C sup
t∈[0,T ]

∥

∥A− 1
2Bn

(

vn(t) + z(t)
)
∥

∥

f C
[

∥A 1
4 z∥2C([0,T ]:H) + sup

t∈[0,T ]
∥A 1

4 vn(t)∥2
]

where we used almost surely Lemma I.2.2 with ¶ = 1/2 and Ä = ¹ = 1/4. Finally
Lemma I.3.5 gives the uniform estimate in n.

By arbitrariness of µ, we can consider µ < µ′ < 1/4 + ε and apply Lemma I.3.5
with µ′ instead of µ. Since D(Aµ′

) is compactly embedded into D(Aµ), we have that
hn(t) = e−tAxn − vn(t), at any fixed t ∈ [0, T ], lies in a compact set of D(Aµ).

We thus apply the Arzelà-Ascoli theorem to the sequence hn and infer the exis-
tence of a sub-sequence converging in C

(

[0, T ];D(Aµ)
)

to a certain h ∈ C
(

[0, T ];D(Aµ)
)

.
Let us define v := e−·Ax−h, then a subsequence of vn converges to v in C

(

[0, T ];D(Aµ)
)

.
We already discussed in Remark I.3.2 that vn converges weakly* to v in L∞(0, T ;H),
thus v = v ∈ C

(

[0, T ];D(Aµ)
)

.

Step 2. We now define un := vn + z for all n ∈ N and P − a.s. By the previous
step we obtain uniform convergence in time for un to the function u := v + z ∈
C
(

[0, T ];D(Aµ)
)

. This function satisfies our definition of generalized solution (cf.
Definition I.2.6). Indeed, by recalling the equation (I.3.4) satisfied by v, we have for

1It consists of all x ∈ H such that s 7→ s−³∥Ae−sAx∥ is in L1(0, 1) and it is endowed with the
complete norm ∥x∥DA(³,1) := ∥x∥+

∫ 1

0
s−³∥Ae−sAx∥ ds.
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all ϕ ∈ D(A), for all times t g 0 and almost surely in probability

ïu(t), ϕð = ïv(t), ϕð+ ïz(t), ϕð

= −
∫ t

0
ïv(s), Aϕð ds+

∫ t

0
b
(

v(s) + z(s), ϕ, v(s) + z(s)
)

ds+ ïx, ϕð

+ ïz(t), ϕð

= −
∫ t

0
ïu(s), Aϕð ds+

∫ t

0
ïz(s), Aϕ dsð+

∫ t

0
b
(

u(s), ϕ, u(s)
)

ds+ ïx, ϕð

+ ïz(t), ϕð

= −
∫ t

0
ïu(s), Aϕð ds+

∫ t

0
b
(

u(s), ϕ, u(s)
)

ds+ ïx, ϕð+ ïGWt, ϕð,

where in the last line we employed Theorem I.2.3. By the uniqueness result expressed
in Theorem I.2.7, it follows that the function u we constructed by finite dimensional
approximations coincides with the one in Theorem I.2.7. 2

Remark I.3.7. It is worth noting that we only used so far the regularities for the
trajectories z of the stochastic convolution (cf. Theorem I.2.3), reasoning at É ∈ Ω
fixed almost surely. Therefore the theses in Theorem I.3.6 still hold if we replace
the stochastic convolution with a generic continuous deterministic function. More in
detail: given µ ∈ [0, 1/2), x ∈ D(Aµ) and z ∈ C

(

[0, T ];D(Aµ)
)

such that z(0) = 0,
the unique solution v to equation (I.3.4) has regularity C

(

[0, T ];D(Aµ)
)

.

Proposition I.3.8. Let ε,G be as in hypothesis (H1). Given x ∈ H, the gener-
alized solution to equation (I.2.3) from Theorem I.2.7 has P − a.s. trajectories in
C
(

[t0, T ];D(Aµ)
)

for all 0 < t0 < T and all µ ∈ [0, 1/4 + ε).

Proof. Let us take x ∈ H and ε,G as in the hypotheses, then we know by Theorem
I.2.7 that there exists a pathwise unique stochastic process Xx with almost surely
trajectories u ∈ L2

(

0, T ;D(A
1
4
+ε)
)

for all T > 0. We take µ ∈ [0, 1/4 + ε), thus
u(t) ∈ D(Aµ) for almost every t > 0 and P − a.s. This allows us, once fixed
0 < t0 < T , to choose t1 ∈ (0, t0) such that u(t1) ∈ D(Aµ) P − a.s., which can be
chosen as a more regular starting point for equation (I.2.3). Its unique generalized
solution was proved to have paths in C

(

[0, T ];D(Aµ)
)

almost surely: let us fix one
of these trajectories, denoted by w, and its respective É ∈ Ω. We now define for that
É ∈ Ω

ũ(t) =

{

u(t) if t ∈ [0, t1)

w(t− t1) if t g t1
,

then ũ satisfies the equation and the regularities in Definition I.2.6 for that É ∈ Ω
and with starting point x ∈ H, therefore it must coincide with the trajectory u
of Xx by the uniqueness result in Theorem I.2.7. In particular we deduce that
t 7→ u(t) = ũ(t) = w(t − t1) is continuous and D(Aµ)-valued at every t g t1, thus
also u ∈ C

(

[t0, T ];D(Aµ)
)

. We conclude by arbitrariness of É ∈ Ω P− a.s. 2

I.4 Application to invariant measure

In this section we use the regularity result obtained in Section I.3 to prove the
uniqueness and the related ergodic properties of the invariant measure µ ∈ P(H)
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provided by Theorem I.2.10. To this purpose we will also prove the strong Feller
and irreducibility properties for the Markov semigroup {Pt}tg0 (see Section I.2.5).
We will always assume that the stochastic noise in equation (I.2.3) is given by a
cylindrical Wiener process W in H regularized by a linear operator G that satisfies
hypothesis (H1). We adapt the reasoning from [FM95; Fer97], where however the
uniqueness of the invariant measure is proved only under the stronger hypothesis
(H2).

We start by recalling two main properties for the Markov semigroup associated
to equation (I.2.3), the first of which is classical and the second was introduced in
[FM95].

Definition I.4.1. Assume that ³ g 0. The Markov semigroup {Pt}tg0 introduced
in Section I.2.5

• is irreducible on D(A³) if for every time t > 0, every point x ∈ D(A³) and all
open non-empty sets U ¢ D(A³)

P ∗
t ¶x(U) > 0;

• enjoys the (SF) property on D(A³) ↪→ H if the following property holds. If
t > 0, φ ∈ Bb

(

D(A³)
)

, x ∈ D(A³) and {xn}n∈N ¢ D(A³) is a bounded
sequence in D(A³) converging to x ∈ D(A³) with respect to the norm of H,
then

lim
n→∞

Ptφ(xn) = Ptφ(x).

Remark I.4.2. (i) First of all, observe that the Ã-algebra on D(A³), ³ > 0,
generated by the norm ∥ · ∥D(A³) = ∥A³ · ∥ and denoted by BD(A³) coincides with
the one induced from H and denoted by BH ∩D(A³). In particular, we have that
all Borel subsets of D(A³) are Borel subsets of H. A proof of this statement can be
found in appendix (cf. Lemma B.4).

(ii) A classical approach to proving uniqueness of the invariant measure for a
Markov semigroup involves showing that the semigroup is both irreducible and strong
Feller (cf. [DZ14, Section 11.2]). This methodology was applied in [Fer97] to our
equation, with the stronger hypothesis (H2), to establish uniqueness of µ within the
set of probability measures over BD(A1/4).
On the other hand, in [FM95] the authors introduced two modified versions of irre-
ducibility and strong Feller property, denoted respectively by (I) and (SF), which
granted uniqueness of the invariant measure in P(H) under the hypothesis (H2).
We have blended the two notions in Definition I.4.1, by making use of the classical
irreducibility and the (SF) property from [FM95]. We will prove that they are suffi-
cient, under the more general assumption (H1) and thanks to the results in Section
I.3, to establish the uniqueness of the invariant measure within probabilities on H
and its concentration on a suitable Borel subset.

(iii) It is straightforward that the (SF) property on D(A³) ↪→ H is stronger then
the usual strong Feller property on D(A³), which would prevent us from obtaining
uniqueness of the invariant measure over all probabilities on H. It is worth men-
tioning that the (SF) property on D(A³) ↪→ H is however weaker then requiring the
continuity of Ptφ with respect to the norm of H for all t > 0 and φ ∈ Bb

(

D(A³)
)

.
This would actually be sufficient for our goals, but we were not able to prove it.
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We first present a lemma, adapted from [FM95, Theorem 4.1], which is auxiliary
for our main result. This lemma does not depend on the fact that the Markov
semigroup generates from our equation (I.2.3), thus we state it in a general form as
follows.

Lemma I.4.3. If a Markov semigroup {Pt}tg0 on H is both irreducible in D(A³)
and enjoys the (SF) property on D(A³) ↪→ H, for some ³ > 0, then the transition
probabilities P ∗

t ¶x for t > 0 and x ∈ D(A³) are mutually equivalent on BD(A³).

Proof. Let us assume that P ∗
t ¶x0(U) > 0 for some t > 0, x0 ∈ D(A³) and U ∈

BD(A³). We arbitrarily fix x ∈ D(A³) and s > 0, then the thesis is proved once we
show that P ∗

s ¶x(U) > 0.
First we suppose s > t. The (SF) property on D(A³) ↪→ H applied at time s− t

and at point x0 assures that there are ϵ,M > 0 such that Ps−t1U (y) > 0 for all

y ∈ BH
ϵ (x0) ∩ BD(A³)

M := {y ∈ D(A³) : ∥A³y∥ < M, ∥y − x0∥ < ϵ}. Moreover
P ∗
t ¶x > 0 on open non-empty Borel sets in D(A³) thanks to irreducibility in D(A³).

Resort to the Chapman-Kolmogorov equation to conclude:

P ∗
s ¶x(U) =

∫

H
Ps−t1U (y)P

∗
t ¶x(dy) g

∫

BH
ϵ (x0)∩B

D(A³)
M

Ps−t1U (y)P
∗
t ¶x(dy) > 0.

Assume now s ∈ (0, t] and choose h ∈ (t− s, t) to write

0 < P ∗
t ¶x0(U) =

∫

H
Pt−h1U (y)P

∗
h¶x0(dy).

Therefore, by density ofD(A³) inH, there exists y0 ∈ D(A³) such that Pt−h1U (y0) >
0 and so we can repeat word for word the first step of the proof by substituting x0
with y0 and t with t − h < s. We conclude once again that P ∗

s ¶x(U) > 0, which
completes the proof. 2

We now state the main theorem of the section, which improves Theorem I.2.10.

Theorem I.4.4. Let P = {Pt}tg0 denote the Markov semigroup in H associated to
the solution of equation (I.2.3) (cf. Section I.2.5) under the hypothesis (H1). Let µ
be the invariant measure of Theorem I.2.10. If P is both irreducible on D(A

1
4 ) and

enjoys the (SF) property on D(A
1
4 ) ↪→ H, then

(i) µ is unique in the set P(H) and is concentrated on D(Aµ) for all µ < 1/4+ ε,

(ii) µ is ergodic, i.e. for all φ ∈ Bb(H), it holds

lim
T→∞

1

T

∫ T

0
Ptφ dt =

∫

H
φ dµ,

(iii) µ is equivalent to P ∗
t ¶x for all t > 0 and x ∈ H,

(iv) for all U ∈ BH and x ∈ H it holds lim
t→+∞

P ∗
t ¶x(U) = µ(U),

(v) µ is strongly mixing, i.e. for every ¿ ∈P(H) it holds lim
t→+∞

∥P ∗
t ¿−µ∥TV = 0.

27



CHAPTER I I.4. Application to invariant measure

Proof. Step 1. We first apply the auxiliary Lemma I.4.3 with the choice ³ = 1/4 to
obtain that the transition probabilities P ∗

t ¶x for t > 0 and x ∈ D(A
1
4 ) are mutually

equivalent on BD(A1/4).
Step 2. We now prove the equivalence on BH of the transition probabilities P ∗

t ¶x
for t > 0 and x ∈ H . This reasoning is inspired by [FM95, Lemma 4.1], which
however required the stronger assumption (H2).

Let t, s > 0, x0, x ∈ H and U ∈ BH and let us suppose that P ∗
t ¶x0(U) > 0, then

the thesis is proved if we show that P ∗
s ¶x(U) > 0. We use the Chapman-Kolmogorov

equation with intermediate time h ∈ (0, s ' t):

0 < P ∗
t ¶x0(U) =

∫

H
Pt−h1U (y) d

(

P ∗
h¶x0

)

(y)

=

∫

D(A1/4)
Pt−h1U (y) d

(

P ∗
h¶x0

)

(y) +

∫

H\D(A1/4)
Pt−h1U (y) d

(

P ∗
h¶x0

)

(y)

=

∫

D(A1/4)
Pt−h1U (y) d

(

P ∗
h¶x0

)

(y).

(I.4.1)
The last equality holds because we know by Proposition I.3.8 that Xx0

h ∈ D(A
1
4 )

P-a.s., thus

0 f
∫

H\D(A1/4)
Pt−h1U (y)P

∗
h¶x0(dy)

f P ∗
h¶x0

(

H \D(A
1
4 )
)

= P
(

Xx0
h ∈ H \D(A

1
4 )
)

= 0.

We deduce by the strict inequality in equation (I.4.1) that there exists y0 ∈ D(A
1
4 )

such that

0 < Pt−h1U (y0) = P
(

Xy0
t−h ∈ U ∩D(A

1
4 )
)

+ P
(

Xy0
t−h ∈ U \D(A

1
4 )
)

= P ∗
t−h¶y0

(

U ∩D(A
1
4 )
)

,

where we used that Xy0
t−h ∈ D(A

1
4 ) almost surely. We now resort to the hypothesis

on the equivalence of transition probabilities over BD(A1/4) = BH ∩D(A
1
4 ) to infer

that
P ∗
s−h¶y

(

U ∩D(A
1
4 )
)

> 0 ∀ y ∈ D(A
1
4 ). (I.4.2)

Therefore, by the fact that Xx
s , X

x
h ∈ D(A

1
4 ) almost surely and the Chapman-

Kolmogorov equation, we conclude that

P ∗
s ¶x(U) = P

(

Xx
s ∈ U ∩D(A

1
4 )
)

+ P
(

Xx
s ∈ U \D(A

1
4 )
)

= P ∗
s ¶x
(

U ∩D(A
1
4 )
)

=

∫

H
Ps−h1U∩D(A1/4)(y)P

∗
h¶x(dy)

=

∫

D(A1/4)∪
(

H\D(A1/4)
)
Ps−h1U∩D(A1/4)(y)P

∗
h¶x(dy)

=

∫

D(A1/4)
Ps−h1U∩D(A1/4)(y)P

∗
h¶x(dy) > 0.
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If indeed the last strict inequality were false than we would have Ps−h1U∩D(A1/4)(y) =

0 for almost every y ∈ D(A
1
4 ), which contradicts equation (I.4.2).

Step 3. Thanks to the previous step, Doob’s Theorem implies (ii), (iii), (iv) and
the uniqueness part in (i) (cf. [DZ14, Theorem 11.14]). Concentration of µ in D(Aµ)
for µ > 0 close to 1/4 + ε follows by (iii), thanks to Proposition I.3.8. Part (v) is
due to Seidler (cf. [Sei97, Proposition 2.5]). 2

In what follows, it is proved that the Markov semigroup associated with the
solution of equation (I.2.3) (see Section I.2.5) does indeed satisfy the hypotheses of
Theorem I.4.4, thus reaching all the uniqueness and ergodic properties there listed.

I.4.1 Irreducibility

If E is a normed vector space, we denote with C0

(

[0, T ];E
)

the closed subspace of
C
(

[0, T ];E
)

, with the induced norm, of all functions z such that z(0) = 0. For every
x ∈ H and continuous z : [0,+∞) → H with z(0) = 0, we study the deterministic
abstract equation in H given in system (I.3.3). Its solution is intended in the gener-
alized sense, namely as a function v ∈ C

(

[0, T ];H
)

∩ L2(0, T ;V ) for all T > 0 that
satisfies equation (I.3.4) in the deterministic frame.

We adapt the proof of [FM95, Lemma 5.3] thanks to the regularity we obtained
in Theorem I.3.1.

Lemma I.4.5. For any µ ∈ (1/4, 1/2), x ∈ D(Aµ) and every T > 0 the following
map Φ = Φx,T,µ is well-defined

Φ : C0

(

[0, T ];D(Aµ)
)

→ C
(

[0, T ];D(A
1
4 )
)

: z 7→ v + z,

where v is the unique solution in C
(

[0, T ];H
)

∩ L2(0, T ;V ) to system (I.3.3) in the
generalized sense expressed by equation (I.3.4). Moreover:

(a) The map Φ is continuous with respect to the assigned topologies.

(b) For every y ∈ D(Aµ) there exists z̄ ∈ C0

(

[0, T ];D(Aµ)
)

such that Φ(z̄)(T ) = y.

Proof. For fixed µ ∈ (1/4, 1/2), x ∈ D(Aµ) and T > 0, the well-posedness of Φ
follows from Remarks I.3.2 and I.3.7. As far as part (a) is concerned, we take an
arbitrary z0 ∈ C0

(

[0, T ];D(Aµ)
)

and prove continuity of Φ at z0. We choose z close
to z0 and we show that Φ(z) is close to Φ(z0), in the respective norms.

We denote u0 = Φ(z0), v0 = Φ(z0) − z0 and u = Φ(z), v = Φ(z) − z. We
know by Remark I.3.7 that u0, v0, u, v ∈ C

(

[0, T ];D(Aµ)
)

, which guarantees that
B(u0), B(u) ∈ C

(

[0, T ];V ′
)

by Lemma I.2.2. We introduce for brevity Z = z0 − z ∈
C0

(

[0, T ];D(Aµ)
)

, Y = v0 − v ∈ L2(0, T ;V ) ∩ C
(

[0, T ];D(Aµ)
)

and U = Y + Z =
u0 − u ∈ C

(

[0, T ];D(Aµ)
)

. Then Y satisfies for all ϕ ∈ D(A) and t g 0

ïY (t), ϕð+
∫ t

0
ïY (s), Aϕð ds =

∫ t

0
b
(

u0(s), ϕ, u0(s)
)

ds−
∫ t

0
b
(

u(s), ϕ, u(s)
)

ds,

which implies, by the regularity of the terms involved

V ′ïY (t), ϕðV +

∫ t

0
V ′ïAY (s), ϕðV ds =

∫ t

0
V ′

〈

B(u(s))−B(u0(s)), ϕ
〉

V
ds. (I.4.3)
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By density of D(A) in V and continuity of the duality pairing, equation (I.4.3) can
be written for all ϕ ∈ V , which implies by a standard result in functional analysis
(cf. [Tem01, Chapter 3, Lemma 1.1]) that Y ∈ H1(0, T ;V ′) and

Y ′(t) +AY (t) = B(u(t))−B(u0(t)) a.e. t > 0,

the equality holding in V ′. We take a.e. in time the pairing in V ′/V with Y to obtain

V ′ïY ′(t), Y (t)ðV + V ′ïAY (t), Y (t)ðV =
V ′

〈

B(u(t))−B(u0(t)), Y (t)
〉

V
a.e. t > 0.

(I.4.4)
We recall that (see [Tem01, Chapter 3, Lemma 1.2])

∫ t

0
V ′ïY ′(s), Y (s)ðV ds =

1

2
∥Y (t)∥2 ∀ t g 0

and that V ′ïAY (t), Y (t)ðV = ∥Y (t)∥2V for almost every t > 0. Moreover almost
everywhere in time it holds (see Lemma I.2.2)

V ′

〈

B(u)−B(u0), Y
〉

V
= b(u0, Y, Y )− b(u0, Z, Y )− b(U, u, Y ).

The three terms in the right-hand side can be controlled as follows for some ϵ > 0,
thanks to the uniform bounds in time on u, u0
∣

∣b(u0, Y, Y )
∣

∣ f c0∥A
1
4u0∥∥A

1
4Y ∥∥Y ∥V f C∥Y ∥1/2∥Y ∥

1/2
V ∥Y ∥V f ϵ∥Y ∥2V + Cϵ∥Y ∥2

∣

∣b(u0, Z, Y )
∣

∣ f c0∥A
1
4u0∥∥A

1
4Z∥∥Y ∥V f ϵ∥Y ∥2V + Cϵ∥AµZ∥2

∣

∣b(U, u, Y )
∣

∣ f c0∥A
1
4 (Y + Z)∥∥A 1

4u∥∥Y ∥V f C
(

∥Y ∥1/2V ∥Y ∥
1/2
V + ∥A 1

4Z∥
)

∥Y ∥V
f ϵ∥Y ∥2V + Cϵ||Y ||2 + Cϵ∥AµZ∥2.

Therefore if we integrate equation (I.4.4) on the time interval [0, t], we obtain for
all times

1

2
∥Y (t)∥2 + (1− 3ϵ)

∫ t

0
∥Y (s)∥2V ds f Cϵ

[

∥Z∥2C([0,T ];D(Aµ)) +

∫ t

0
∥Y (s)∥2 ds

]

.

After choosing in the last equation 1− 3ϵ > 0, Grönwall’s lemma entails

∥Y (t)∥ f C∥Z∥C([0,T ];D(Aµ)).

By means of the interpolation inequality (cf. Lemma I.2.1) one obtains, for ¼ :=
1− 1

4µ

∥A 1
4Y (t)∥ f ∥Y (t)∥¼ ∥AµY (t)∥1−¼ f C∥Z∥¼C([0,T ];D(Aµ)).

We finally proved continuity at z0 for Φ:

∥Φ(z)− Φ(z0)∥C([0,T ];D(A1/4)) = sup
t∈[0,T ]

∥A 1
4Y (t) +A

1
4Z(t)∥

f C
(

∥z − z0∥¼C([0,T ];D(Aµ)) + ∥z − z0∥C([0,T ];D(Aµ))

)

.

As far as part (b) is concerned, we follow the approach by [Fer97]. For fixed
T > 0, starting point x ∈ D(Aµ) and terminal point y ∈ D(Aµ) we construct the
following function ū, by choosing 0 < t0 < t1 < T

ū(t) =















e−tAx if t ∈ [0, t0]

e−(T−t)Ay if t ∈ [t1, T ]

ū(t0) +
t− t0
t1 − t0

(

ū(t1)− ū(t0)
)

if t ∈ (t0, t1)

.
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By direct inspection, thanks to equation (I.2.1) (with ³ = 1/2 − µ) and the bound
µ > 1/4, we have ū ∈ C

(

[0, T ];D(Aµ)
)

∩ L4(0, T ;D(A
1
2 )
)

. This in turn implies, by
Lemma I.2.2 (choosing ¶ = 1/2− µ and Ä = ¹ = 1/2) and the bound µ < 1/2, that
B(ū) ∈ L2

(

0, T ;H2µ−1
)

. Define now v̄ as the weak solution of the following linear
differential equation, set in D(Aµ)

{

v̄′ +Av̄ = −B(ū)

v̄(0) = x
.

We know by a standard result in linear parabolic PDEs (cf. [RR04, Section 11.1.2])
that there exists a unique v̄ ∈ H1

(

[0, T ];H2µ−1
)

∩ L2
(

0, T ;D(A
1
2
+µ)
)

, hence v̄ ∈
C
(

[0, T ];D(Aµ)
)

, such that v̄(0) = x and

ïïv̄′(t), ϕðð+ ïïAv̄(t), ϕðð = −
〈〈

B(ū(t)), ϕ
〉〉

∀ϕ ∈ D(A
1
2
−µ), a.e. t > 0,

where we denote by ïï · , · ðð the duality pairing between H2µ−1 and D(A
1
2
−µ). By

limiting test functions to ϕ ∈ D(A) ¢ D(A
1
2
−µ) and integrating over [0, t] ¢ [0, T ],

we reach for all ϕ ∈ D(A) and t ∈ [0, T ]

ïv̄(t), ϕð+
∫ t

0
ïv̄(s), Aϕð ds (I.4.5)

Then we conclude that z̄ := ū− v̄ satisfies the thesis of the theorem. Indeed equation
(I.4.5) tells us that v̄ satisfies in the generalized sense the equation

{

v′ +Av +B(v + z̄) = 0

v(0) = x
,

which is known to have a unique generalized solution as discussed at the beginning
of the proof. Therefore we have Φ(z̄) = z̄ + v̄ = ū, which entails the thesis. 2

Lemma I.4.6. Let ε,G be as in hypothesis (H1). For all µ ∈ [0, 1/4 + ε), the law
of Z as a random variable2 in C0

(

[0, T ];D(Aµ)
)

is full, i.e. P(Z ∈ U) > 0 for every
open non-empty subset U of C0

(

[0, T ];D(Aµ)
)

.

Proof. This lemma is a direct application of [Mas93, Lemma 2.6] once checked that
its hypotheses (denoted by (A1) and (X2)) are satisfied in our case. Adopting the
notations used in the cited reference, we choose D(Aµ) as the space E, so that
Ê = C0

(

[0, T ];D(Aµ)
)

. Moreover Q0 is the law of the random variable Z : Ω →
C0

(

[0, T ];D(Aµ)
)

and condition (A1) (about Z having a continuous version in E)
is satisfied thanks to our Theorem I.2.3. Eventually the technical condition (X2) is
met thanks to [Mas93, Proposition 2.7], where Q1/2 = G is a linear bounded and
invertible operator from H to Ran(G), which is densely and continuously embedded
into D(Aµ). The hypotheses of [Mas93, Lemma 2.6] are thus satisfied and the thesis
states that the closure of supp(Q0) in the topology of Ê coincides with Ê. Let now
U be an open non-empty subset of C0

(

[0, T ];D(Aµ)
)

= Ê, then the intersection

2The stochastic process {Zt}t∈[0,T ] can be seen as a random variable Ω → C0

(

[0, T ];D(Aµ)
)

thanks to [DZ14, Proposition 3.18] and our Theorem I.2.3.

31



CHAPTER I I.4. Application to invariant measure

between U and S := supp(Q0) is non-empty 3. Eventually by definition of support
of a probability distribution 4 we have P(Z ∈ U) = Q0(U) g Q0(U ∩ S) > 0. 2

Proposition I.4.7. Let ε,G be as in hypothesis (H1). The Markov semigroup
{Pt}tg0 (cf. Section I.2.5) is irreducible in D(A

1
4 ).

Proof. Let us fix T > 0, x ∈ D(A
1
4 ) and U open non-empty set in D(A

1
4 ), we prove

that P ∗
T ¶x(U) > 0. Fix ε and G as in the hypothesis and take µ ∈ (1/4, 1/4 + ε).

By density of D(Aµ) in D(A
1
4 ), we find y ∈ D(Aµ) and ¶ > 0 such that the open

ball BD(A1/4)
¶ (y) := {w ∈ D(A

1
4 ) : ∥w − y∥

D(A1/4)
< ¶} is included in U . For

that y ∈ D(Aµ), part (b) of Lemma I.4.5 returns a z̄ ∈ C0

(

[0, T ];D(Aµ)
)

such that
Φ(z̄)(T ) = y and P− a.s.

∥u(T )− y∥
D(A1/4)

= ∥Φ(Z)(T )− Φ(z̄)(T )∥
D(A1/4)

f ∥Φ(Z)− Φ(z̄)∥C([0,T ];D(A1/4)).

For the above ¶ > 0, continuity of Φ at z̄ (see part (a) of Lemma I.4.5) returns Ä > 0
such that, whenever ∥Z− z̄∥C([0,T ];D(Aµ)) < Ä, then ∥Φ(Z)−Φ(z̄)∥C([0,T ];D(A1/4)) < ¶.
We conclude by monotonicity of probability and Lemma I.4.6

P ∗
T ¶x(U) g P

(

∥u(T )− y∥
D(A1/4)

< ¶
)

g P
(

∥Z − z̄∥C([0,T ];D(Aµ)) < Ä
)

> 0.

2

Remark I.4.8. Irreducibility in D(A
1
4 ) implies irreducibility in H for our semigroup.

Let indeed U be an open set in H, then U ∩D(A
1
4 ) is open in D(A

1
4 ), as discussed

in Remark I.4.2 (i). Moreover, if x ∈ H, then we proved in Proposition I.3.8 that
for all t > 0 we have Xx

t ∈ D(A
1
4 ) almost surely. Therefore, given irreducibility in

D(A
1
4 ), x ∈ H and t > 0, we find t0 ∈ (0, t) such that Xx

t0 = x0 ∈ D(A
1
4 ) almost

surely, thus

P ∗
t ¶x(U) g P ∗

t ¶x
(

U ∩D(A
1
4 )
)

= P ∗
t−t0¶x0

(

U ∩D(A
1
4 )
)

> 0.

I.4.2 (SF) property

As far as the (SF) property is concerned, we proceed by finite dimensional approxi-
mations of a suitably modified version of our 2D stochastic Navier-Stokes Equation
(I.2.3), similarly to [FM95; Fer97].

For any n ∈ N let Πn be the projector onto the subspace of H generated by the
eigenvectors ek of A for k ∈ {1, . . . , n}. For every R ∈ (0,+∞) let ΘR : [0,+∞) →
[0, 1] be a smooth function with compact support [0, R + 1] and equal to 1 on the
interval [0, R].

We study the following modified and approximated version of the stochastic 2D
Navier-Stokes Equations, in which the function B is smoothly truncated to 0 when-
ever the norm in D(A

1
4 ) of the solution exceeds the parameter R. For every positive

3If it were empty, we would reach a contradiction: since U ∩ S = ∅ ⇐⇒ S ¢ Uc, then Ê = S ¢
Uc = Uc ⇐⇒ U ¢ Êc = ∅.

4The support of a probability distribution Q0 on a topological space is the largest Borel set S with
the following property: if U is an open set with non-empty intersection with S, then Q0(U ∩S) > 0.
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integer n ∈ N we denote with Wn := ΠnW =
∑n

k=1w
kek a finite dimensional stan-

dard Brownian motion in Hn = ΠnH, then for every real parameter R > 0, every
injective G ∈ L(H) and every x ∈ Hn we consider

{

dXR,n
t +AXR,n

t dt+ΘR

(

∥A 1
4XR,n

t ∥2
)

Bn

(

XR,n
t

)

dt = ΠnG dWn
t t > 0,

XR,n
0 = x.

(I.4.6)
This is an autonomous finite dimensional stochastic differential equation, with an
additive noise and a drift which is the sum of a linear term and a globally Lipschitz
non-linearity. Therefore, according to the standard existence and uniqueness theorem
for solutions to SDEs under regular and Lipschitz coefficients (refer to, for example,
[Bal17, Theorems 9.2, 9.6]), there exists a pathwise unique Markov process XR,n,
which is a solution to the modified and approximated system (I.4.6). When we want
to highlight the dependence on the initial datum, we use the notation XR,n(x). Let
PR,n denote the Markov semigroup associated with this solution. It is known by
classic theory (cf. [Cer01, Chapter 1]) that the function Hn → Hn : x 7→ XR,n

s (x)
is mean-square differentiable, therefore, by means of the Bismut-Elworthy formula
(cf. [EL94; Bis81]), we know that PR,n

t φ is differentiable at all times t > 0 for all
φ ∈ Cb(Hn) and that, for x, h ∈ Hn

∇PR,n
t φ(x) · h =

1

t
E

[

φ
(

XR,n
t (x)

)

∫ t

0
(ΠnGG

∗Πn)
−1/2Dx

[

XR,n
s (x)

]

h · dWn
s

]

.

(I.4.7)

We denoted with Dx[X
R,n
s (x)]h the row-by-column multiplication between the Jaco-

bian matrix evaluated at x of the function Hn → Hn : x 7→ XR,n
s (x) and the vector

h ∈ Hn.

Lemma I.4.9. For any G as in hypothesis (H1) and for all R, t > 0 there exists a
constant CR(t) > 0 such that, for all n ∈ N

∣

∣PR,n
t φ(x)− PR,n

t φ(y)| f CR(t)∥φ∥∞∥x− y∥ ∀φ ∈ Cb(Hn), ∀x, y ∈ Hn.

Proof. Let us fix R, t > 0, n ∈ N and take φ : Hn → R bounded and continuous,
then PR,n

t φ is differentiable at all times t > 0 by the Bismut-Elworthy formula. By
the mean value theorem we have, for all x, y ∈ Hn and t > 0

∣

∣PR,n
t φ(x)− PR,n

t φ(y)|
f sup

z∈Hn

∣

∣∇PR,n
t φ(z) · (x− y)

∣

∣

f 1

t
∥φ∥∞ sup

z∈Hn

(

E

∫ t

0

∥

∥(ΠnGG
∗Πn)

−1/2Dz

[

XR,n
s (z)

]

(x− y)
∥

∥

2
ds

)1/2

,

where we employed equation (I.4.7) with h = x− y, controlled the first factor inside
the expectation via the boundedness of φ, and Itô’s isometry. Since V ¢ Ran(G)
and by adapting known estimates from [FM95] (details are provided in the appendix,
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see Propositions B.1 and B.2), we get

E

∫ t

0

∥

∥(ΠnGG
∗Πn)

−1/2Dz

[

XR,n
s (z)

]

(x− y)
∥

∥

2
ds

f E

∫ t

0

∥

∥Dz

[

XR,n
s (z)

]

(x− y)
∥

∥

2

V
ds

f CR(t)∥x− y∥2,
for a certain positive constant depending only on R and t. By inserting this result
back into equation (I.4.2) we reach the thesis of the lemma for a possibly different
constant CR(t). 2

We study the following modified version of the stochastic Navier-Stokes Equations
for fixed R > 0 and x ∈ H
{

dXR
t +AXR

t dt+ΘR

(

∥A 1
4XR

t ∥2
)

B
(

XR
t

)

dt = G dWt t > 0, P− a.s.
XR

0 = x P− a.s.
(I.4.8)

where the non linearity is continuously truncated to 0 as soon as the D(A
1
4 )-norm

of the solution exceeds the parameter R.

Lemma I.4.10. The results presented in Section I.3 still hold true if we replace
equation (I.2.3) with its modified version (I.4.8). In particular for all G as in hypoth-
esis (H1) and for all x ∈ D(A

1
4 ) we have XR ∈ C

(

[0, T ];D(A
1
4 )
)

for all R, T > 0

and P− a.s. Moreover a sub-sequence of XR,n converges to XR in C
(

[0, T ];D(A
1
4 )
)

for all T > 0, P − a.s. and uniformly both in R and in x, for x in bounded sets of
D(A

1
4 ).

Proof. We remark that the previous known results gathered in Theorem I.2.7 main-
tain their validity for the modified version of the Navier-Stokes Equations (see the
appendix in [FM95]). In order to adapt the new results in Section I.3, we proceed
by the finite dimensional approximations in equation (I.4.6). The two differences
from Section I.3 lie in the presence of the truncating function ΘR and in the finite
approximation of the Wiener noise.

We observe that the proofs of Lemmas I.3.3 and I.3.5 are not modified if we add
ΘR in front of the non-linearity Bn and replace z by its finite dimensional approxi-
mation zn = Πnz. Indeed we can always employ the obvious estimates ∥ΘR∥∞ = 1
and ∥A³zn(t)∥ f ∥A³z(t)∥ for all t, ³ g 0 and P− a.s. Thus we obtain analogous a
priori estimates for vRn := XR,n − zn.

In the first step from the proof of Theorem I.3.6, estimates for vRn do not change
if we replace Bn with ΘRBn and z with zn. We conclude that a sub-sequence of vRn
converges in C

(

[0, T ];D(Aµ)
)

.
As for the second step from the proof of Theorem I.3.6: we have XR,n = vRn + zn

and we need to prove that zn converges to z in C
(

[0, T ];D(Aµ)
)

. This fact is true for
a sub-sequence, that we extract almost certainly through the Arzelà-Ascoli theorem.
Indeed, the equi-continuity of the sequence derives from the regularities expressed in
Theorem I.2.3 and the following estimate for any ´ > 0 with ´ + µ < 1/4 + ε

∥zn(t)− zn(s)∥D(Aµ) f ∥z(t)− z(s)∥D(Aµ) f ∥z∥C´([0,T ];D(Aµ))|t− s|´ .
As for the relative compactness, we use the compact embedding D(A³) ↪→ D(Aµ)
for µ < ³ < 1/4 + ε and the arbitrariness of µ < 1/4 + ε. 2
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Furthermore, it is classical to show that the solution to equation (I.4.8) is a
Markov process (cf. [DZ96]), thus its Markov semigroup will be denoted by {PR

t }tg0.

Lemma I.4.11. For any G as in hypothesis (H1) and for all R, t > 0, there exists
a constant CR(t) that satisfies

∣

∣PR
t φ(x)− PR

t φ(y)
∣

∣ f CR(t)∥φ∥∞∥x− y∥ ∀φ ∈ Cb

(

D(A
1
4 )
)

, ∀x, y ∈ D(A
1
4 ).

Proof. We fix R > 0 and x, y ∈ D(A
1
4 ), we denote by XR,n(x), XR,n(y) for all n ∈ N

and by XR(x), XR(y) the solutions to equations (I.4.6) and (I.4.8) respectively, with
starting point x or y respectively. By Lemma I.4.10 we have for all φ ∈ Cb

(

D(A
1
4 )
)

and all t g 0

φ
(

XR,n
t (x)

)

−→ φ
(

XR
t (x)

)

, φ
(

XR,n
t (y)

)

−→ φ
(

XR
t (y)

)

P− a.s. as n→∞.

Therefore by the Dominated Convergence Theorem we have
{

PR,n
t φ(x) = Eφ

(

XR,n(x)
)

−→ Eφ
(

XR(x)
)

= PR
t φ(x)

PR,n
t φ(y) = Eφ

(

XR,n(y)
)

−→ Eφ
(

XR(y)
)

= PR
t φ(y)

∀ t g 0, as n→∞.

Thus, for all t g 0

∣

∣PR
t φ(x)− PR

t φ(y)
∣

∣ f
∣

∣PR
t φ(x)− PR,n

t φ(x)
∣

∣+
∣

∣PR,n
t φ(x)− PR,n

t φ(y)
∣

∣

+
∣

∣PR,n
t φ(y)− PR

t φ(y)
∣

∣

f
∣

∣PR,n
t φ(x)− PR,n

t φ(y)
∣

∣+ o(1), as n→∞.

By use of the uniform estimate in n provided by Lemma I.4.9, and taking the limit
inferior as n goes to infinity, we obtain

∣

∣PR
t φ(x)− PR

t φ(y)
∣

∣ f CR(t)∥φ∥∞∥x− y∥ ∀ t g 0.

2

Lemma I.4.12. For every G as in hypothesis (H1), for every bounded and countable
set U ¢ D(A

1
4 ) and for all times t > 0 it holds

lim
R→∞

sup
x∈U
∥PR

t
∗
¶x − P ∗

t ¶x∥TV = 0.

Proof. Let us fix G,U as in the hypothesis and take x ∈ U , t > 0 and φ ∈ Cb

(

D(A
1
4 )
)

with ∥φ∥∞ f 1, then we need to prove that

lim
R→∞

|PR
t φ(x)− Ptφ(x)| = 0

uniformly with respect to x and φ. We define

Λ :=

{

sup
x∈U

sup
t∈[0,T ]

∥A 1
4XR

t (x)−A
1
4Xt(x)∥2 > 0

}

¢
{

sup
x∈U

sup
t∈[0,T ]

∥A 1
4XR

t (x)∥2 > R

}

,

where the inclusion holds by definition of ΘR and uniqueness of equation (I.4.8).
Observe that Λ is measurable in Ω, thanks to the continuity ofX(x), XR(x) : [0, T ]→
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D(A
1
4 ) and the fact that U is countable. We also have by direct inspection that

1ΛcXR
t (x) = 1ΛcXt(x) for all times and all x ∈ U . Therefore

sup
x∈U
|PR

t φ(x)− Ptφ(x)| f sup
x∈U

E
[

∣

∣φ(XR
t (x))− φ(Xt(x))

∣

∣(1Λ + 1Λc)
]

= sup
x∈U

E
[

∣

∣φ(XR
t (x))− φ(Xt(x))

∣

∣1Λ

]

f 2P(Λ)

f 2E

[

1(R,+∞)

(

sup
x∈U

sup
t∈[0,T ]

∥A 1
4XR

t (x)∥2
)]

.

We know by Lemma I.4.10 that ∥A 1
4XR

t (x)∥ is P− a.s. uniformly bounded both in
time, in R and in x in bounded sets of D(A

1
4 ), thus we conclude by the Dominated

Convergence Theorem

sup
x∈U
∥PR

t
∗
¶x − P ∗

t ¶x∥TV −→ 0 as R→∞.

2

Theorem I.4.13. For any G as in hypothesis (H1), the Markov semigroup {Pt}tg0

associated to the solution of equation (I.2.3) (cf. Section I.2.5) enjoys the (SF)
property on D(A

1
4 ) ↪→ H.

Proof. By Lemma I.4.11 we have for all R > 0, t > 0 and x, y ∈ D(A
1
4 ):

∥

∥PR
t

∗
¶x − PR

t
∗
¶y
∥

∥

TV
:= sup

{

|Ptφ(x)− PR
t φ(y)| : φ ∈ Bb

(

D(A
1
4 )
)

, ∥φ∥∞ f 1
}

= sup
{

|Ptφ(x)− PR
t φ(y)| : φ ∈ Cb

(

D(A
1
4 )
)

, ∥φ∥∞ f 1
}

f CR(t)∥x− y∥,

where we used the fact that the total variation norm can be equivalently defined
through Borel or continuous bounded functions.

We now fix t > 0, x ∈ D(A
1
4 ) and take an arbitrary sequence {xn}n∈N bounded in

D(A
1
4 ) and converging to x ∈ D(A

1
4 ) with respect to the norm of H. For any ϵ > 0,

Lemma I.4.12 returns R > 0 (which depends both on ϵ and on supn∈N ∥A
1
4xn∥) large

enough such that

|Ptφ(x)− Ptφ(xn)| f |Ptφ(x)− PR
t φ(x)|+ |PR

t φ(x)− PR
t φ(xn)|

+ |PR
t φ(xn)− Ptφ(xn)|

f
[

∥P ∗
t ¶x − PR

t
∗
¶x∥TV + ∥PR

t
∗
¶x − PR

t
∗
¶xn∥TV

+ ∥P ∗
t ¶xn − PR

t
∗
¶xn∥TV

]

∥φ∥∞
f CR(t)∥φ∥∞∥x− xn∥+ 2∥φ∥∞ϵ.

By taking the limit inferior as n goes to infinity we find out that

0 f lim inf
n→∞

|Ptφ(x)− Ptφ(xn)| f 2∥φ∥∞ϵ,

which gives the thesis by arbitrariness of ϵ > 0. 2
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Chapter II

Inviscid Limit of the Stochastic

Hyperviscous Navier-Stokes

Equations and Invariant Measures

for the Euler Equations in R2

II.1 Introduction

The most famous equations in fluid dynamics, at least from a mathematical point of
view, are the Navier-Stokes equations for homogeneous incompressible fluids

{

∂tu− ¿∆u+ (u · ∇)u = f − 1
Ä∇p,

div u = 0.

They describe time and space evolution of the flow-velocity vector field u and the
pressure scalar field p of any fluid, given constant parameters ¿, Ä > 0 and a vector
field f . The parameter ¿ is the kinematic viscosity, Ä is the density of the fluid, while
f is interpreted as an external force per unit of mass acting on the fluid and can be
either deterministic or stochastic.

By formally setting the kinematic viscosity ¿ to zero, one obtains the Euler
equations for homogeneous incompressible fluids

{

∂tu+ (u · ∇)u = f − 1
Ä∇p,

div u = 0.
(II.1.1)

The main physical difference between the two systems is the following. The
Navier-Stokes equations describe the motion of viscous Newtonian fluids, while the
Euler equations predict the behaviour of inviscid fluids.

The problems of the well-posedness, the existence and the uniqueness of solutions
for both equations have been widely investigated in literature and are completely
solved in the two-dimensional (2D) case, see, for instance, [Wol33; Lad69; Tem01;
Jud63; MB02]. Further interesting properties, both from a mathematical viewpoint
and for the practical implications in understanding the long-term behaviour and
statistical properties of turbulent flows, concern the invariant measures for the two
equations. Formally speaking, invariant measures are spatial distributions of the
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fluid, which remain stationary as time evolves. Rigorous definitions will be given in
Sections II.2 and II.5.

A classical method for proving the existence of invariant measures for partial
differential equations, both in the deterministic and stochastic setting, is the Krylov-
Bogoliubov method; see, for instance, [DZ14; DZ96; BG99]. It has been successfully
applied to the stochastic Navier-Stokes equations, starting from the celebrated pa-
per [Fla94]. Instead, concerning the deterministic Euler equations, earlier works have
identified invariant measures, in the case of bounded domains and periodic bound-
ary conditions, often employing the Gibbs measure [ARH79; AH89; AC90; Cip99;
Bir06]. Kuksin’s influential studies have demonstrated that stationary solutions for
the Navier-Stokes equations with stochastic forcing converge to non-trivial station-
ary solutions of the deterministic Euler equations as viscosity vanishes and the noise
vanishes as well [Kuk04; Kuk06; Kuk07; Kuk08].

The approach in this paper builds upon foundational works, including [Fer23] and
[Lat23], which investigate the Eulerian limits and their connection to the stationary
solutions of the 2D hypoviscous and hyperviscous Navier-Stokes equations as vis-
cosity vanishes, in the case of bounded domains with periodic boundary conditions.
Instead, we focus on the case of the unbounded domain R2, inspired by recent ad-
vances in stochastic partial differential equations (SPDEs) on unbounded domains,
which involve the continuity of the solution flow with respect to weak topologies, a
crucial aspect for handling the lack of compact embeddings in unbounded domains.

Specifically, we start from the stochastic hyperviscous 2D Navier-Stokes equations
on the domain R2

dXt +
[

¿A³Xt +B(Xt)
]

dt = ´¿ dWt, for t > 0, (II.1.2)

where ³ > 1, W is a cylindrical Wiener noise, and ´¿ > 0 is a coefficient to be
appropriately chosen. The higher-order dissipation terms given by the power ³ > 1
of the Stokes operator regularise the solutions, and allow us to derive powerful a
priori estimates. The scaling factor ´¿ in front of the external forcing is of paramount
importance. The following theorem gathers known results from the literature which
clarify the role this factor plays in the deterministic setting on bounded domains.

Theorem II.1.1 ([Tem95, Theorem 10.1]). Assume that D ¢ R2 is a bounded do-
main with periodic or Dirichlet boundary conditions and let V denote the space of
divergence-free vector fields in H1(D;R2). If ¿ > 0 and f ∈ V ′, then there exists
u ∈ V such that

¿ V ′ïAu, vðV + b(u, u, v) = V ′ïf, vðV . (II.1.3)

Moreover, if there exists c > 0 depending only on D, such that

∥f∥V ′ < c¿2,

then the u ∈ V from above is unique.

Remark II.1.2. The last theorem motivates the following claim: if the coefficient ´¿
in equation (II.1.2) converges sufficiently rapidly to 0, as ¿ → 0, then the solutions of
the Navier-Stokes equations vanish in the limit ¿ → 0 and converge to zero solution
to the Euler equations. We will make this claim more precise.

Let us consider the setting of Theorem II.1.1. Assume that f̃ ∈ V ′. For all ¿ > 0,
let ´¿ > 0, and let u¿ ∈ V satisfy equation (II.1.3) with f = ´¿ f̃ . Then, in the limit
as ¿ → 0, the following statement hold.
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• If ´¿ = o(1), then ¿u¿ −→ 0 in V . In particular B(u¿) −→ 0 in V ′.

• If ´¿ = o(¿), then u¿ −→ 0 in V .

Indeed, if we test the equation (II.1.3) with f = ´¿ f̃ , against u¿ ∈ V , by recalling
that b(u¿ , u¿ , u¿) = 0,

¿∥u¿∥2V = ´¿ V ′ïf̃ , u¿ðV f ´¿∥f̃∥V ′∥u¿∥V ,

which implies
¿∥u¿∥V f ´¿∥f̃∥V ′ ,

from which the assertions follow.

Therefore, if we want to construct an invariant measure for the Euler equations
by studying the inviscid limit of the Navier-Stokes equations, then we need ´¿ to
converge to 0 less rapidly than ¿.

Remark II.1.3. Let us now consider the setting of our equation (II.1.2) with ³ > 1,
and hint at the reason for our choice of the constant ´¿ , see Theorem II.5.12 for
the details. Assume that (H, ∥ · ∥) is the space of square-integrable divergence-free
vector fields on R2. If we suppose that the H-valued process X¿ is a solution to the
equation (II.1.2), then the Itô formula applied to the process ∥X¿∥2 gives

E∥X¿
t ∥2 + 2¿E

∫ t

0
∥A³

2X¿
s ∥2 ds = E∥X¿

0 ∥2 + ´2¿Ct, ∀ t g 0,

for a constant C > 0 that depends on the Wiener process. If, in addition, X¿ is
stationary, i.e. its law is an invariant measure, hence constant in time, then the
first terms in both sides of the equality cancel out, and the integral in time is easily
computed. We are left with

¿ t

(

2E∥A³
2X¿

0 ∥2 −
´2¿
¿
C

)

= 0, ∀ t g 0.

The last equality, together with the stationarity of the law, implies

E
∥

∥A
³
2X¿

s

∥

∥

2
= E

∥

∥A
³
2X¿

0

∥

∥

2
=
´2¿
¿
C, ∀ s g 0,

which becomes a uniform estimate with respect to the kinematic viscosity ¿ if ´¿ =√
¿, and thus gives a powerful property to study the inviscid limit.

The last remark, inspired by [Lat23, Proposition 4.2], motivates the choice of the
factor ´¿ =

√
¿ in our equation (II.1.2).

Once the well-posedness of the equation (II.1.2) with ´¿ :=
√
¿ has been in-

vestigated, we establish the existence of invariant measures, by employing a ver-
sion of the Krylov–Bogoliubov method tailored to weak topologies. This tech-
nique was introduced in [MS99], and successfully applied to the stochastic non-linear
beam and wave equations [BOS16], the Navier-Stokes equations in unbounded do-
mains [BMO17; BF19], the stochastic Landau-Lifshitz-Bloch equation [BGL20], the
stochastic damped Euler Equation [BF20], and the stochastic non-linear and damped
Schrödinger equation [BFZ24]. The lack of compactness has been addressed also in
[BL06; BL04], where the authors established and Li established the existence of a
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compact absorbing set for the 2D stochastic Navier-Stokes equations with additive
noise in a certain class of unbounded domains.

Later, we use the found invariant measure to construct stationary solutions to the
stochastic hyperviscous 2D Navier-Stokes equations, and finally perform the inviscid
limit by means of the Jakubowski’s version [Jak97, Theorem 2] of the Skorokhod
Theorem. To this end, we find a sufficiently large space in which the laws of the
viscous sequence are tight. This space has also to be small enough so that, after
using the Jakubowski theorem, the convergence in that space is strong enough for the
sequences of viscous solutions, as well as some auxiliary processes, to be convergent.
A similar technique has been applied for finite-dimensional approximations to SPDEs
in [BO13; BM13; BMO17].

Finally, the process resulting from the inviscid limit is proved to be stationary
and its law is the sought invariant measure for the Euler equations, which inherits
the moment estimates valid for the approximating sequence.

The structure of the paper is as follows. In Section II.2, we present some nota-
tions and preliminaries on frequently used functional spaces, operators and stochastic
processes. Section II.3 gathers the main results of the paper. Section II.4 formulates
and solves the stochastic hyperviscous 2D Navier-Stokes equations, whose Markov
property and invariant measure are later studied in Section II.5. In Section II.6, we
rigorously pass the stochastic Navier-Stokes equations to the inviscid limit. Hence,
we derive an invariant measure for the deterministic Euler equations. Finally, the
appendices gather some ancillary results and technical lemmas used throughout the
paper.

II.2 Preliminaries

II.2.1 Functional setting

Notation II.2.1. For s ∈ R, we recall the definition of the Sobolev space

Hs(Rd;H) :=
{

f ∈ S ′(Rd;H) :
[

x 7→ (1 + |x|2)s/2F [f ](x)
]

∈ L2(Rd;H)
}

,

which is a Hilbert space if endowed with the inner product
∫

Rd

(1 + |x|2)s
〈

F [f ](x),F [g](x)
〉

H
dx, ∀ f, g ∈ Hs(Rd;H),

and with the induced norm ∥ · ∥
Hs(Rd;H)

.

A variant of the classical Sobolev spaces, tailored to deal with the equations of
incompressible fluid dynamics, is given in the following definition.

Definition II.2.2. For s ∈ R, we define the Sobolev space of divergence-free vector
fields

Hs :=
{

u ∈ S ′(R2;R2) :
[

x 7→ (1 + |x|2)s/2F [u](x)
]

∈ L2(R2;R2), div u = 0
}

,

where |x| and x · y, for x, y ∈ R2, denote the standard Euclidean norm and inner
product in R2. We recall that, for u ∈ S ′(R2;R2), the distribution div u ∈ S ′(R2;R2)
is defined as

div u := iF−1
[

x ·F [u](x)
]

, for x ∈ R2,

40



CHAPTER II II.2. Preliminaries

where x ·F [u](x) is the real-valued distribution given by the euclidean product in
R2 between the smooth function R2 ∋ x 7→ x ∈ R2 and the distribution F [u] ∈
S ′(R2;R2). The linear space Hs is endowed with the inner product

ïu, vðHs :=

∫

R2

(1 + |x|2)sF [u](x) ·F [v](x) dx, ∀u, v ∈ Hs,

which makes Hs a separable Hilbert space. The induced norm is denoted as ∥ · ∥Hs .

Notation II.2.3. If s > 0, the topological dual space of Hs is H−s. The duality
product is denoted by

H−s

〈

u, v
〉

Hs =

∫

R2

F [u](x) ·F [v](x) dx, ∀u ∈ H−s, v ∈ Hs.

If s = 0 we use the following notation:

H := H0,

∥u∥ := ∥u∥H0 =

(
∫

R2

|u(x)|2 dx
)1/2

, ∀u ∈ H,

ïu, vð := ïu, vðH0 =

∫

R2

u(x) · v(x) dx, ∀u, v ∈ H,

where the equalities hold thanks to the properties (0.3) and (0.4).

Remark II.2.4. If u ∈ H and v ∈ Hs for some s > 0, then, by direct inspection, since
Hs ↪→ H ↪→ H−s,

ïu, vð =
H−s

〈

u, v
〉

Hs .

Definition II.2.5. The Hilbert space H is a closed subspace of H0(R2;R2) =
L2(R2;R2), thus an orthogonal projection

Π : L2(R2;R2)→ H,

called Leray projector, is well-defined, see e.g. [Bre10, Proposition 5.3, Corollary
5.4]. It is known that the operator Π can be extended in such a way that, for any
s ∈ R, Π

(

Hs(R2;R2)
)

= Hs.

We derive the following trivial lemma from the definition of the divergence-free
Sobolev spaces and the Hölder inequality.

Lemma II.2.6 (Interpolation inequality). Assume that p, q ∈ R with p < q and
¼ ∈ (0, 1). If u ∈ Hq, then

∥u∥Hr f ∥u∥¼Hp∥u∥1−¼
Hq , r := ¼p+ (1− ¼)q.

II.2.2 Operators

The Laplacian on the Sobolev spaces of divergence-free vector fields is a paramount
operator in fluid dynamics that has been extensively studied in the literature. We
give here the definition of its powers, that will allow us to study the hyperviscous
Navier-Stokes equations.
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Definition II.2.7. For ³ g 1, we define

A³u := F
−1
[

x 7→ (1 + |x|2)³F [u]
]

, ∀u ∈ S ′(R2;R2),

where x 7→ (1 + |x|2)³F [u] is the R2-valued distribution given by the product
between the smooth function R2 ∋ x 7→ (1 + |x|2)³ ∈ R and the distribution
F [u] ∈ S ′(R2;R2). If s ∈ R, the operator A := A1 : H2+s → Hs is commonly
called the Stokes operator. Whereas, for ³ > 1, the operator A³ : H2³+s → Hs, for
s ∈ R, will be referred to as the hyperviscous Stokes operator.

Remark II.2.8. Assume that s ∈ R and ³ g 1. We will show that the linear operator
A³ : H2³+s → Hs is well-defined.

Let u ∈ H2³+s, then A³u ∈ Hs(R2;R2) by direct inspection. We only need to
prove that div(A³u) = 0 in the distributional sense. Indeed, we have in S ′(R2;R2)

div(A³u) = iF−1
[

x ·F
[

A³u
]

(x)
]

= iF−1
[

(1 + |x|2)³x ·F [u](x)
]

,

where we used Definitions II.2.2, II.2.7. The right-hand side vanishes because u ∈
H2³+s implies div u = 0, which entails x ·F [u](x) = 0 in the distributional sense in
S ′(R2;R2).

Remark II.2.9. For s ∈ R and ³ g 1, the linear operator A³ : H2³+s → Hs is
positive definite, bounded, self-adjoint in Hs and has spectrum [1,+∞). Moreover,
given u ∈ S ′(R2;R2), then

u ∈ H2³+s ⇐⇒ A³u ∈ Hs,

and,

∥u∥H2³+s = ∥A³u∥Hs , ∀u ∈ H2³+s,

ïu, vðH2³+s = ïA³u,A³vðHs , ∀u, v ∈ H2³+s.

In addition, if u ∈ H2+s, then by the properties of the Fourier transform,

Au = u−∆u ∈ Hs.

Eventually, if we introduce the normed subspace DHs(A³) :=
(

H2³+s, ∥ · ∥Hs

)

¢ Hs,
then, assuming ¿ > 0, the operator

−¿A³ : DHs(A³) ¢ Hs → Hs,

generates a contraction analytic semigroup
{

e−¿tA³}

tg0
of linear bounded operators

in Hs.

Eventually, one needs to formally introduce the non-linear term that appears in
both the Navier-Stokes and the Euler equations.

Lemma II.2.10. Assume that p, q, r g 0 satisfy the assumption
{

p+ q + r g 1, if p, q, r ̸= 1,

p+ q + r > 1, otherwise,
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then the trilinear form

b : Hp×Hq+1×Hr ∋ (u, v, w) 7→
∫

R2

(

u · ∇v1
u · ∇v2

)

·w dL
2 =

2
∑

i,j=1

∫

R2

wj ui ∂ivj dL
2 ∈ R,

is well-defined and continuous, where we denoted by L 2 the 2-dimensional Lebesgue
measure on R2. Moreover, whenever the expressions make sense,

b(u, v, w) = b(u,w, v), (II.2.1)

b(u, v, v) = 0, (II.2.2)

b(u, u,Au) = 0. (II.2.3)

Proof. The well-posedness of the trilinear form comes from [Tem95, Lemma 2.1].
The two properties in equations (II.2.1), (II.2.2) follow by a density argument from
[Tem95, equations (2.33), (2.34)].

The last property (II.2.3) is proved in [Tem95, Lemma 3.1] in the case of periodic
boundary conditions, however, its proof can be adapted also to the case of the un-
bounded domain R2 as follows. Let us suppose that u ∈ C∞

c (R2;R2), with div u = 0,
then by (II.2.2) and integration by parts

b(u, u,Au) = b(u, u, u)−
2
∑

i,j,k=1

∫

R2

(

∂2kuj
)

ui(∂iuj) dL
2

=
2
∑

i,j,k=1

∫

R2

(∂kuj)(∂kui)(∂iuj) dL
2 +

2
∑

i,j,k=1

∫

R2

(∂kuj)ui
(

∂2ikuj
)

dL
2.

The first sum vanishes because a simple calculation shows that

2
∑

i,j,k=1

(∂kuj)(∂kui)(∂iuj) = (div u)

(

2
∑

i,j=1

(∂iuj)
2

)

= 0.

The second sum vanishes because (∂kuj)
(

∂2ikuj) = ∂i
(

(∂kuj)
2
)

/2, hence, by integra-
tion by parts

2
∑

i,j,k=1

∫

R2

(∂kuj)(∂kui)(∂iuj) dL
2 =

1

2

2
∑

i,j,k=1

∫

R2

ui∂i
(

(∂kuj)
2
)

dL
2

= −1

2

∫

R2

(div u)

(

2
∑

j,k=1

(∂kuj)
2

)

dL
2 = 0.

The general case is obtained by recalling that compactly supported smooth vector
fields are dense in HÃ, for any Ã ∈ R. 2

Definition II.2.11. Let p, q, r satisfy the assumption of Lemma II.2.10, then we
define the bilinear continuous operator

B : Hp ×Hq+1 ∋ (u, v) 7→ Π

(

u · ∇v1
u · ∇v2

)

= Πdiv(u¹ v) ∈ H−r.

With a slight abuse of notation, by B we will also denote the corresponding quadratic
map

B : Hp((q+1) ∋ u 7→ B(u) := B(u, u) ∈ H−r,

called Navier-Stokes non-linearity.
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In the following lemma we summarise some frequently used estimates on the
operators b and B.

Lemma II.2.12. Assume that Ã > 2 and ε > 0. There exists a finite constant c > 0
such that

∥B(u, v)∥HÃ−1 f c∥u∥HÃ−1∥v∥HÃ , ∀u ∈ HÃ−1, v ∈ HÃ, (II.2.4)

∥B(u, v)∥ f c∥u∥H1∥v∥H1+ε , ∀u ∈ H1, v ∈ H1+ε, (II.2.5)

∥B(u, v)∥H−ε f c∥u∥H1∥v∥H1 , ∀u ∈ H1, v ∈ H1, (II.2.6)

|b(u, v, w)| f c∥u∥H1∥v∥H1∥w∥Hε , ∀u ∈ H1, v ∈ H1, w ∈ Hε. (II.2.7)

In particular, B ∈ C(HÃ;HÃ−1).

Proof. The first estimate is taken from [KP86, Lemma 1.3]. Then the continuity of
B : HÃ → HÃ−1 follows directly from

∥B(u)−B(y)∥HÃ−1 = ∥B(u− v, u) +B(v, u− v)∥HÃ−1

f c∥u− v∥HÃ−1∥u∥HÃ + c∥v∥HÃ−1∥u− v∥HÃ

f c
(

∥u∥HÃ + ∥v∥HÃ

)

∥u− v∥HÃ .

In particular, B : HÃ → HÃ−1 is Lipschitz continuous on bounded sets of HÃ. The
second estimate comes from the continuity of the bilinear operator B, see Definition
II.2.11 with p = 1, q = ε, r = 0. The third and fourth estimates follow from the
continuity of the operators b and B, see Definition II.2.11 and Lemma II.2.10 with
p = 1, q = 0, r = ε. 2

II.2.3 The 2D incompressible Euler Equation

We project the Euler equations (II.1.1) on the space H of divergence-free square-
integrable vector fields, by means of the Leray operator, see II.2.5. This allows us
to incorporate the incompressibility condition in the functional setting and to cancel
out the gradient of the pressure. The equations thus reduce to the following (2D
incompressible) Euler Equation

u′ +B(u) = 0, on (0,+∞). (EE)

We give the definition of a solution to this equation and recall an existence and
uniqueness result from the literature.

Definition II.2.13. Assume that Ã > 2. We say that a function u ∈ C(R+;H
Ã) is

a solution to the Euler Equation (EE) if in HÃ−1

u(t) +

∫ t

0
B
(

u(s)
)

ds = u(0), ∀ t g 0. (II.2.8)

Remark II.2.14. If t > 0 and u ∈ C(R+;H
Ã), then the integral in equation (II.2.8)

converges in HÃ−1 by Lemma II.2.12, hence the equation (II.2.8) holds in HÃ−1.
However, since both u(t) and u(0) belong to HÃ, the equation defines the integral in
HÃ and the equality is thus true in HÃ.
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Theorem II.2.15 ([KP86, Theorem III], [KP87, Theorem II]). Assume that Ã > 2.
If x ∈ HÃ, then there exists a unique solution ux to the Euler Equation (EE) such
that ux(0) = x. Moreover, the Euler flow map

Φ : R+ ×HÃ ∋ (t, x) 7→ Φ(t, x) := ux(t) ∈ HÃ,

is continuous.

We aim to prove the existence of an invariant measure for the Euler Equation,
whose definition is given below.

Definition II.2.16. Assume that Ã > 2. We say that a probability measure µ ∈
P(HÃ) is an invariant measure for the Euler Equation (EE) if

(Φt)∗µ = µ ∈P(HÃ), ∀ t g 0,

where, for t g 0,
Φt : H

Ã ∋ x 7→ Φt(x) := Φ(t, x) ∈ HÃ.

II.2.4 The Ornstein-Uhlenbeck process

As explained in the introduction, the invariant measure for the Euler Equation (EE)
will be obtained as the law of stationary solutions, which are constructed as the limit
of stationary solutions for appropriate Navier-Stokes equations, as the kinematic
viscosity tends to 0. In order to obtain good estimates for the invariant measures of
the Navier-Stokes equation, i.e., uniform with respect to the kinematic viscosity, we
add a white noise to the equation that vanishes in the inviscid limit together with
the diffusion term.

A usual tool to study the solution to stochastic partial differential equations
with additive noise exploits the Ornstein-Uhlenbeck process, as briefly explained in
Remark II.4.4, see [DZ14, Chapter 5] for a complete dissertation. Therefore, we now
consider the equation that defines this stochastic process, adapted to our setting,
and recall its main properties.

Theorem II.2.17. Assume that ´ g 0 and let (Ω,F , {Ft}tg0,P) be an augmented
filtered probability space with an adapted H´-valued Wiener process W . Assume also
that ³ > 1 and ¿ > 0. Then, there exists a pathwise unique H´-valued predictable
process Z with regularity

Z ∈ L2
(

Ω× [0, T ];H´+³
)

∩ L2
(

Ω;C
(

[0, T ];H´
))

, ∀T > 0, (II.2.9)

that satisfies the weak formulation for the equation
{

dZt + ¿A³Zt dt =
√
¿ dWt, for t > 0,

Z0 = 0,
(II.2.10)

i.e. if ϕ ∈ H´+2³, then P− a.s.

ïZt, ϕðH´ + ¿

∫ t

0
ïZs, A

³ϕðH´ ds =
√
¿ïWt, ϕðH´ , ∀ t g 0.
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Furthermore, Z satisfies the mild formulation for equation (II.2.10), i.e. P− a.s. in
H´

Zt =
√
¿

∫ t

0
e−¿(t−s)A³

dWs, ∀ t g 0, (II.2.11)

and the strong formulation, i.e. P− a.s. in H´−³

Zt + ¿

∫ t

0
A³Zs ds =

√
¿ Wt, ∀ t g 0, (II.2.12)

where a continuous modification for both integral processes in equations (II.2.11),
(II.2.12) is employed.

Proof. All the assertions follow from the general theory for linear equations with
additive noise from [DZ14, Chapter 5].

Adapting the notations from [DZ14, Section 5.1.1], we see that the abstract
Hilbert spaces U and H in the reference are both supposed to be the Sobolev-type
space H´ , and that the operator B is, in our setting, simply

√
¿ IH´ . In addition, the

abstract linear operator A is replaced by the hyperviscous Stokes operator −¿A³,
which generates a contraction analytic semigroup

{

e−¿tA³}

tg0
of linear bounded

operators in H´ . The deterministic function f , and the initial random variable À
are both chosen to be 0. Finally, we work under the assumption of the H´-valued
Wiener process W , whose reproducing kernel Hilbert space and covariance operator
will be denoted by U0 and Q´ respectively. We recall that Q´ ∈ L1(H´), and that

U0 = Q
1/2
´ (H´), hence U0 is Hilbert-Schmidt embedded into H´ .

The pathwise uniqueness result for the weak formulation and the validity of the
mild formulation (II.2.11), P − a.s. in H´ , follow from [DZ14, Theorem 5.4], while
the pathwise continuity in H´ is stated in [DZ14, Theorem 5.11]. In order to apply
these theorems, the following condition has to be verified: there exists µ ∈ (0, 1/2)
such that

∫ 1

0
t−2µ Tr

[

e−2¿tA³
Q´

]

dt < +∞.

Indeed, it is sufficient to notice that

Tr
[

e−2¿tA³
Q´

]

f
∥

∥e−2¿tA³∥
∥

L(H´)
Tr[Q´ ] f Tr[Q´ ] < +∞,

because Q´ ∈ L1(H´) and the semigroup is contractive.
As far as the strong formulation in equation (II.2.12) is concerned, we refer to

[DZ14, Section 5.6]. We make the following remarks to show that our situation can
be reduced to that of [DZ14, Section 5.6]. If º : H´ → H−2³ denotes the natural
embedding under the Riesz identification H = H ′, then ºW is an H−2³-valued
Wiener process with covariance operator Q := ºQ´º

∗ ∈ L1
(

H−2³
)

and with the same

reproducing kernel Hilbert space Q1/2
(

H−2³
)

= Q
1/2
´ (H´) =: U0 as W . Hence, the

abstract Hilbert space H from [DZ14, Section 5.6] coincides with the Sobolev-type
Hilbert space H−2³. We also need to set the hyperviscous Stokes operator on H−2³,
that is to say

A³ : DH−2³(A³) = H ¢ H−2³ → H−2³.

With these conventions, we seek to apply [DZ14, Theorem 5.38] in space H−2³.
Indeed, we show that the hypotheses of the cited theorem are satisfied. First, we
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need to check that Q1/2(H−2³) = U0 is contained into DH−2³(A³) = H: this is
true because U0 is embedded into H´ , which is again embedded into H. More-
over, since U0 is Hilbert-Schmidt embedded into H´ , we also have the Hilbert-
Schmidt embedding º̃ : U0 ↪→ H and thus the Hilbert-Schmidt property for the
operator A³º̃Q1/2 : H−2³ → H−2³. Eventually, the validity of equation (II.2.12)
in H−2³ follows from [DZ14, Theorem 5.38]. In addition, the P − a.s. regularity
Z ∈ C

(

[0, T ];H´
)

discussed above, allows us to conclude that the equation (II.2.12)
is satisfied in H´−³.

We will now show the regularity in equation (II.2.9). It follows from the Itô
formula, see [DZ14, Theorem 4.32] or [Par79, Theorem 1.2], applied to the H´-
valued Itô process Z and to the function F : H´ ∋ x 7→ ∥x∥2

H´ ∈ R+. This F is
twice Fréchet differentiable, its differential at x ∈ H´ is the vector F ′(x) = 2x ∈ H´

and its second derivative at x ∈ H´ is the operator F ′′(x) = 2IH´ ∈ L(H´). In
particular, F ∈ C2(H´). This allows us to apply the Itô formula to the H´-valued
Itô process Z and obtain, P− a.s.

∥Zt∥2H´ = −2¿
∫ t

0

〈

Zs, A
³Zs

〉

H´ ds+ 2
√
¿

∫ t

0

〈

Zs, dWs

〉

H´ + ¿ Tr[Q´ ]t, ∀ t g 0.

Assume that T > 0 and take the supremum for t ∈ [0, T ] to both members of the
last equality, then compute the expectation. We reach

E sup
t∈[0,T ]

∥Zt∥2H´ = −2¿E
∫ T

0

∥

∥Zs∥2H´+³ ds+2
√
¿ E sup

t∈[0,T ]

∫ t

0

〈

Zs, dWs

〉

H´+¿ Tr[Q´ ]T.

(II.2.13)
We estimate the middle term on the right-hand side, thanks to the Burkholder-Davis-
Gundy inequality, see [DZ14, Section 6.4] or [Hyt+16, Theorem 4.2.25, Proposition
4.2.14], and the Young inequality. For a constant c > 0 that depends on W

2
√
¿ E sup

t∈[0,T ]

∫ t

0
ïZs, dWsðH´ f 2c

√
¿ E

(
∫ T

0
∥Zs∥2H´ ds

)1/2

f 2c
√
¿T E sup

t∈[0,T ]
∥Zt∥H´

f 2c2¿T +
1

2
E sup

t∈[0,T ]
∥Zt∥2H´ .

We insert this estimate back into equation (II.2.13) and obtain

1

2
E sup

t∈[0,T ]
∥Zt∥2H´ + 2¿E

∫ T

0

∥

∥Zs∥2H´+³ ds f
(

2c2 +Tr[Q´ ]
)

¿T.

The sought regularity in equation (II.2.9) follows from this last estimate and the
pathwise continuity, which we already discussed. 2

Example II.2.18. Assume ´ g 0. We here show an example of trace-class operator
Q´ : H´ → H´ , that generates an H´-valued Wiener process W as in Theorem
II.2.17.

Let {en}n∈N be an orthonormal complete system for H. For instance, one could
construct such sequence by means of tensor product of Hermite functions on L2(R),
and by projecting them into H through the Leray operator Π, see Definition II.2.5.
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Then, the sequence {A−´/2en}n∈N is an orthonormal complete system for H´ . We
can therefore define the operator Q´ as follows:

Q´A
−´/2en := qnA

−´/2en, ∀n ∈ N,

where {qn}n∈N is any sequence of real numbers such that the series
∑∞

n=1 |qn| con-
verges in R.

II.3 Main result

Theorem II.3.1. Assume that Ã > 2. There exists an invariant measure µ ∈
P(HÃ) for the Euler Equation (EE), see Definition II.2.16, that satisfies the fol-
lowing properties. There exists a finite constant CÃ > 0 such that

∫

HÃ

∥x∥2HÃ dµ(x) = CÃ,

∫

HÃ

∥x∥2nH1 dµ(x) f (2n− 1)!!Cn
Ã , ∀n ∈ N.

Moreover, assuming that 0 < ´ < (2CÃ)
−1,

∫

HÃ

e´∥x∥
2
HÃ dµ(x) f 2e

2´CÃ
1−2´CÃ .

II.4 The stochastic hyperviscous Navier-Stokes Equation

This section is devoted to the study of the 2D hyperviscous Navier-Stokes equations,
projected onto the space of square-integrable divergence-free vector fields, with an
additive white noise, and coupled with an initial condition that can be either deter-
ministic or random. First, we give the definition of solution for the equation and
specify its uniqueness property. Next, we construct a solution that satisfies these
properties and obtain some further regularities.

Definition II.4.1. Assume that ¿ > 0 and ³ > 1. We say that the stochastic
hyperviscous Navier-Stokes Equation

dXt + ¿A³Xt dt+B(Xt) dt =
√
¿ dWt, for t > 0, (HNS¿,³)

has a solution if there exists an augmented filtered probability space (Ω,F , {Ft}tg0,P)
with an adapted H2³-valued Wiener process W , and a predictable process X :
R+ × Ω→ H2³ such that

• X has P− a.s. trajectories in C(R+;H
2³) ∩ L2

loc(R+;H
3³),

• the following identity holds P− a.s. in H³

Xt + ¿

∫ t

0
A³Xs ds+

∫ t

0
B(Xs) ds = X0 +

√
¿ Wt, ∀ t g 0. (II.4.1)

In this case, we say that (Ω,F , {Ft}tg0,P;W ;X) is a solution to the equation
(HNS¿,³) (with kinematic viscosity ¿ and hyperviscous power ³).
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The definition of solution for the stochastic hyperviscous Navier-Stokes equation
is given in a weak probabilistic sense, i.e. with a non-fixed filtered probability space
or Wiener process, in anticipation of Sections II.5.1 and II.5.2, where we will need
to work with different probability spaces.

Definition II.4.2. Assume that ¿ > 0 and ³ > 1. We say that the solutions to the
equation (HNS¿,³) are pathwise unique if, given two solutions (Ω,F , {Ft}tg0,P;W ;Xi),
i = 1, 2, such that P(X1

0 = X2
0 ) = 1, then

P

(

⋂

tg0

{

X1
t = X2

t

}

)

= 1.

Definition II.4.3. Assume that ¿ > 0 and ³ > 1. We say that the solutions to the
equation (HNS¿,³) are unique in law if, given two solutions (Ωi,F i, {F i

t}tg0,P
i;W i;Xi),

i = 1, 2, such that (X1
0 )∗P

1 = (X2
0 )∗P

2 on (H2³,BH2³), then for all T > 0

(X1)∗P
1 = (X2)∗P

2 ∈P
(

C([0, T ];H2³)
)

.

Remark II.4.4. Fix ¿ > 0 and ³ > 1. In order to study the solvability of the
equation (HNS¿,³), we formally differentiate in time the process V := X −Z, where
Z is defined in Theorem II.2.17 as the solution of the stochastic equation (II.2.10).
We have, without any claim of rigour:

dVt = dXt − dZt

= −¿A³Xt dt−B(Xt) dt+
√
¿ dWt −

(

¿A³Zt dt+
√
¿ dWt

)

= −¿A³Vt dt−B(Vt + Zt) dt,

V0 = X0 − Z0 = X0.

In this new equation, the stochastic term is reduced to the term Z inside the non-
linearity and does not explicitly appear in the dynamics for V . Therefore, we are led
to consider the following deterministic equation, for some x ∈ H2³,

{

v′ + ¿A³v +B(v + z) = 0, in (0,+∞),

v(0) = x,
(II.4.2)

where z is a deterministic function which plays the role of a trajectory of the Ornstein-
Uhlenbeck process, hence, it is supposed to have its regularity. Once the existence
and uniqueness for the solution to this deterministic equation will have been proved,
a map V : z 7→ v will be properly defined, and the process X will be recovered as
X := V(Z) + Z.

Before proceeding with the technique described in the above remark, we present a
simple lemma which clarifies the definition of solution for the deterministic problem
(II.4.2).

Lemma II.4.5. Assume that ¿ > 0, ³ > 1, x ∈ H2³ and z ∈ C(R+;H
2³). A

function v ∈ C(R+;H
2³) ∩ L2

loc(R+;H
3³) satisfies the mild formulation in H2³ for

the problem (II.4.2), i.e.,

v(t) +

∫ t

0
e−¿(t−s)A³

B
(

v(s) + z(s)
)

ds = e−¿tA³
x, ∀ t g 0, (II.4.3)
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if and only if it satisfies in H³ the strong formulation, i.e.,

v(t) + ¿

∫ t

0
A³v(s) ds+

∫ t

0
B(v(s) + z(s)) ds = x, ∀ t g 0. (II.4.4)

Proof. The proof of the lemma is classical, see, for instance, [RR04, Theorems 12.14,
12.16].

Let us suppose that v ∈ C(R+;H
2³)∩L2

loc(R+;H
3³) satisfies the mild formulation

in H2³. First we notice that v(0) = x and we recall that e−¿ ·A³
x ∈ C1((0,+∞);H³)

by the analyticity of the semigroup.
As for the integral term, let us momentarily denote T := {(s, t) ∈ R2 : t >

0, 0 < s < t}, T̄ its closure, and f : T̄ ∋ (s, t) 7→ e−¿(t−s)A³
B(v(s) + z(s)) ∈ H³.

We notice that f ∈ C(T̄ ;H³) by composition of the continuous functions B(v+z) ∈
C(R+;H

2³−1) by Lemma II.2.12, e−¿rA³ ∈ L(H³) for any r g 0, and e−¿ ·A³
y ∈

C(R+;H
³) for any y ∈ H³. Moreover, the functions (s,+∞) ∋ t 7→ f(s, t) ∈ H³

are well-defined for all s g 0, and continuously differentiable by the analyticity
of the semigroup, hence ∂tf ∈ C(T ;H³). These fact allow to apply the Leibniz
Integral Rule, see [Fol99, Theorem 2.27], and infer that v = e−¿ ·A³

x−
∫ ·
0 f(s, ·) ds ∈

C1((0,+∞);H³) with derivative given at all times t > 0 by

v′(t) = −¿A³e−¿tA³
x+

∫ t

0
¿A³e−¿(t−s)A³

B(v(s) + z(s)) ds−B(v(t) + z(t))

= −¿A³

(

e−¿tA³
x−

∫ t

0
e−¿(t−s)A³

B(v(s) + z(s)) ds

)

−B(v(t) + z(t))

= −¿A³v(t)−B(v(t) + z(t)).

The Fundamental Theorem of Calculus then gives equation (II.4.4) in H³.
Conversely, if v ∈ C(R+;H

2³) ∩ L2
loc(R+;H

3³) satisfies the strong formulation
in H³, then we first notice that all the terms in (II.4.4) make sense in H³, indeed
A³v ∈ L2

loc(R+;H
³) and B(v+z) ∈ C(R+;H

2³−1) by Lemma II.2.12. Also, v(0) = x
by direct inspection. Furthermore, A³v ∈ C(R+;H), thus v−x = −¿

∫ ·
0 A

³v(s) ds−
∫ ·
0 B(v(s) + z(s)) ds ∈ C1(R+;H). By differentiating in time the equation (II.4.4),

in the sense of H-valued functions on [0,+∞), we obtain in H

v′(t) + ¿A³v(t) +B(v(t) + z(t)) = 0, ∀ t g 0. (II.4.5)

In order to obtain the equation (II.4.3) from this last identity, we fix t g 0 and com-
pute the derivative of (0, t) ∋ s 7→ e−¿(t−s)A³

v(s) ∈ H, thanks to the differentiability
of both(0,+∞) ∋ r 7→ e−¿rA³ ∈ L(H) and v : R+ → H:

d

ds
e−¿(t−s)A³

v(s) = ¿A³e−¿A³(t−s)v(s) + e−¿(t−s)A³
v′(s)

= e−¿A³(t−s)(¿A³)v(s) + e−¿(t−s)A³
[−¿A³v(s)−B(v(s) + z(s))]

= −e−¿A³(t−s)B(v(s) + z(s)).

For the last equalities, we used the fact that A³v(s) ∈ H for all s ∈ (0, t) to exchange
the semigroup with the operator A³, and implemented the equation (II.4.5). The
Fundamental Theorem of Calculus gives the equation (II.4.3), whose terms, however,
make all sense in H2³. 2
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We now state and prove the main theorem that concerns the existence, uniqueness
and dependence on parameters, for the deterministic problem (II.4.2).

Theorem II.4.6. Assume that ¿ > 0, ³ > 1, x ∈ H2³, and z ∈ C(R+;H
2³). Then,

there exists a unique function

v ∈ C(R+;H
2³) ∩ L2

loc(R+;H
3³),

that satisfies the problem (II.4.2) in the mild sense in H2³, or strong sense in H³,
see Lemma II.4.5. Furthermore, the map

V¿,³ = V : H2³ × C(R+;H
2³) ∋ (x, z) 7→ v ∈ C(R+;H

2³) ∩ L2
loc(R+;H

3³)

is such that V(0, 0) = 0 and satisfies the following estimate. For every T > 0 and
every R > 0 there exists C = C(T,R, ¿, ³) > 0 such that if ∥xi∥H2³ f R and
supt∈[0,T ] ∥zi(t)∥H2³ f R, i = 1, 2, then

sup
t∈[0,T ]

∥V(x1, z1)(t)− V(x2, z2)(t)∥2H2³ +

∫ T

0
∥V(x1, z1)(t)− V(x2, z2)(t)∥2H3³ dt

f C
(

∥x1 − x2∥2H2³ + sup
t∈[0,T ]

∥z1(t)− z2(t)∥2H2³

)

.

(II.4.6)

Proof. Step 1. Let us fix ¿ > 0 and ³ > 1. We introduce

Γ : H2³ × L2(R+;H
³)→ L2(R+;H

3³) ∩ Cb(R+;H
2³),

such that, for x ∈ H2³ and f ∈ L2(R+;H
³),

Γ(x, f)(t) := e−¿tA³
x−

∫ t

0
e−¿(t−s)A³

f(s) ds, ∀ t g 0.

We prove that Γ is a well-defined bilinear operator and that it satisfies, for a constant
C¿ > 0 and for all (x, f) ∈ H2³ × L2(R+;H

³)

∫ +∞

0
∥Γ(x, f)(t)∥2H3³ dt+ sup

tg0
∥Γ(x, f)(t)∥2H2³ f C¿∥x∥H2³ + C¿

∫ +∞

0
∥f(t)∥2H³ dt.

(II.4.7)
This directly implies that, for any x ∈ H2³ and T > 0, the restriction

Γx
T : L2(0, T ;H³) ∋ f 7→ Γx

T f :=
(

Γ(x, f̃ )
)

∣

∣

∣

[0,T ]
∈ C

(

[0, T ];H2³
)

∩ L2(0, T ;H3³)

is linear and bounded, where f̃ ∈ L2(R+;H
³) is the trivial extension of f ∈ L2(0, T ;H³),

i.e. f̃(t) = f(t) for t ∈ [0, T ] and f̃(t) = 0 for t > T .
To this end, let us fix x ∈ H2³ and f ∈ L2(R+;H

³). For a.e. t g 0, we calculate
the Fourier transform of Γ(x, f)(t), denoting it by û(t, · ), then for all À ∈ R2 we
have

û(t, À) = e−¿t(1+|À|2)³
F [x](À)−

∫ t

0
e−¿(t−s)(1+|À|2)³

F [f(s)](À) ds

=: KÀ(t)F [x](À)−
(

(1R+KÀ) ∗
(

1R+F [f( · )](À)
)

)

(t).
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In the last line, we defined KÀ : R+ ∋ t 7→ e−¿t(1+|À|2)³ ∈ R and rewrote the
second integral as a convolution. We use a straightforward generalisation of the
Young convolution inequality, see [Bog07, Theorem 3.9.4]: for measurable functions
g : R→ R and h : R→ R2

∥g ∗ h∥Lp(R;R2) f ∥g∥Lq(R)∥h∥Lr(R;R2), ∀ p, q, r ∈ [1,+∞] s.t. 1 +
1

p
=

1

q
+

1

r
.

We employ this estimate with the choice of parameters p = r = 2 and q = 1, or
p =∞ and q = r = 2. We obtain for all À ∈ R2

∥û( · , À)∥2L2(R+;R2) f 2

∫ +∞

0
e−2¿t(1+|À|2)³

∣

∣F [x](À)
∣

∣

2
dt

+ 2
∥

∥1R+KÀ

∥

∥

2

L1(R)

∥

∥1R+F [f( · )](À)
∥

∥

2

L2(R;R2)

=
1

¿
(1 + |À|2)−³

∣

∣F [x](À)
∣

∣

2
+ 2∥KÀ∥2L1(R+)

∥

∥F [f( · )](À)
∥

∥

2

L2(R+;R2)
,

and similarly

∥û( · , À)∥2L∞(R+;R2) f 2
∣

∣F [x](À)
∣

∣

2
+ 2∥KÀ∥2L2(R+)

∥

∥F [f( · )](À)
∥

∥

2

L2(R+;R2)
.

In particular, we have

∥KÀ∥2L1(R+) =

(
∫ +∞

0
e−¿r(1+|À|2)³ dr

)2

=
1

¿2
(1 + |À|2)−2³,

∥KÀ∥2L2(R+) =

∫ +∞

0
e−2¿r(1+|À|2)³ dr =

1

2¿
(1 + |À|2)−³.

By the Fubini Theorem and the last calculations, we infer that

∥Γ(x, f)∥2L2(R+;H3³) + ∥Γ(x, f)∥2L∞(R+;H2³)

=

∫ +∞

0

∫

R2

(1 + |À|2)3³|û(t, À)|2 dÀ dt+ ess sup
tg0

∫

R2

(1 + |À|2)2³|û(t, À)|2 dÀ

f
∫

R2

(1 + |À|2)3³∥û( · , À)∥2L2(R+;R2) dÀ +

∫

R2

(1 + |À|2)2³∥û( · , À)∥2L∞(R+;R2) dÀ

f
(

2 +
1

¿

)
∫

R2

(1 + |À|2)2³
∣

∣F [x](À)
∣

∣

2
dÀ

+

(

1

¿
+

2

¿2

)
∫

R2

(1 + |À|2)³
∥

∥F [f( · )](À)
∥

∥

2

L2(R+;R2)
dÀ

=

(

2 +
1

¿

)

∥x∥2H2³ +
1

¿

(

1 +
2

¿

)

∥f∥2L2(R+;H³).

This is the sought estimate (II.4.7), once proved that Γ(x, f) is continuous in time.
As for the continuity of Γ(x, f), first observe that û( · , À) is continuous in time for

a.e. À ∈ R2, then take a sequence of times {tn}n∈N convergent to a fixed t g 0. The
above estimate allows to apply the Dominated Convergence Theorem and conclude
that

lim
n→∞

∥Γ(x, f)(tn)− Γ(x, f)(t)∥2H2³ = lim
n→∞

∫

R2

(1 + |À|2)2³
∣

∣û(tn, À)− û(t, À)
∣

∣

2
dÀ = 0.
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Step 2. For fixed T > 0, we introduce the Banach space
(

YT , ∥ · ∥YT

)

given by

YT := L2(0, T ;H3³) ∩ C
(

[0, T ];H2³
)

,

∥v∥2YT
:= ∥v∥2L2(0,T ;H3³) + ∥v∥2C([0,T ];H2³), ∀ v ∈ YT .

Fix z ∈ C(R+;H
2³). We prove that the function

ΛT : YT ∋ v 7→ ΛT (v) := Γx
T

(

B(v + z)
)

∈ YT

is a well-defined contraction on bounded sets of YT .
First of all, we recall that for sufficiently regular x1, x2, y ∈ H

B(x1 + y)−B(x2 + y) = B(x1 − x2, x1 + y) +B(x2 + y, x1 − x2).

Therefore, thanks to the estimate (II.2.4) in Lemma II.2.12 (with Ã = ³ + 1 > 2),
and to the Sobolev embeddings, we have for x1, x2, y ∈ H2³

∥B(x1 + y)−B(x2 + y)∥H³ f ∥B(x1 − x2, x1 + y)∥H³ + ∥B(x2 + y, x1 − x2)∥H³

f c∥x1 − x2∥H³∥x1 + y∥H³+1

+ c∥x2 + y∥H³∥x1 − x2∥H³+1

f c∥x1 − x2∥H2³

[

∥x1∥H2³ + ∥x2∥H2³ + 2∥y∥H2³

]

.

If we use this estimate together with the estimate (II.4.7) from the previous step, we
obtain for all v1, v2 ∈ YT

∥ΛT (v1)− ΛT (v2)∥2YT
f C¿∥B(v1 + z)−B(v2 + z)∥2L2(0,T ;H³)

f 2c2C¿

∫ T

0
∥v1(t)− v2(t)∥2H2³

[

∥v1(t)∥H2³

+ ∥v2(t)∥H2³ + 2∥z(t)∥H2³

]2
dt

f 2c2C¿T
[

∥v1∥YT
+ ∥v2∥YT

+ 2∥z∥C([0,T ];H2³)

]2
∥v1 − v2∥2YT

.

Similarly, we have for all v ∈ YT

∥ΛT (v)∥2YT
f C¿∥x∥2H2³ + C¿∥B(v + z)∥2L2(0,T ;H³)

f C¿∥x∥2H2³ + 2c2C¿T
[

∥v∥YT
+ ∥z∥C([0,T ];H2³)

]4
.

Therefore, given ε ∈ (0, 1), we can choose R > 0 and T > 0 such that











2c2C¿T
[

2R+ 2 sup
t∈[0,T ]

∥z(t)∥H2³

]2
f ε2

C¿∥x∥2H2³ + 2c2C¿T
[

R+ ∥z∥C([0,T ];H2³)

]4
f R2

,

which in turn means that ΛT is an ε-contraction on the closed ball {v ∈ YT : ∥v∥YT
f

R}. Therefore, for a sufficiently small T > 0, there exists a unique fixed point v ∈ YT
for ΛT , which is the unique mild solution to equation (II.4.2) on the interval [0, T ].

Step 3. We prove a local uniqueness result for the solution.
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Let us take x1, x2 ∈ H2³ and z1, z2 ∈ C
(

R+;H
2³). In the previous step

we proved the existence of times Ti > 0, for i = 1, 2, and mild solutions vi ∈
C([0, Ti];H

2³) ∩ L2(0, Ti;H
3³), to the equation (II.4.2) with parameters xi, zi, re-

spectively. We restrict the functions to the time interval [0, T ], where T := T1 ' T2.
On the interval [0, T ], we denote w = v1 − v2, · = z1 − z2 and ui = vi + zi, for

i = 1, 2. Then w ∈ C([0, T ];H2³) ∩ L2(0, T ;H3³), ui ∈ C([0, T ];H2³), for i = 1, 2,
and w satisfies in H2³ the equation

w(t) + ¿

∫ t

0
A³w(s) ds+

∫ t

0
B(u1(s))−B(u2(s)) ds = x1 − x2, ∀ t ∈ [0, T ].

If we compute the scalar distributional derivative in time, we obtain

w′ + ¿A³w +B(u1(s))−B(u2(s)) = 0,

thus we also have w′ ∈ L2(0, T ;H³). We now take the duality product of this last
equation with A2³w(s) ∈ H−³, for a.e. s ∈ [0, T ], and integrate over the time
interval [0, t] ¦ [0, T ]:

∫ t

0
H−³

〈

A2³w(s), w′(s)
〉

H³ ds+ ¿

∫ t

0
H−³

〈

A2³w(s), A³w(s)
〉

H³ ds

=

∫ t

0
H−³

〈

A2³w(s), B(u2(s))−B(u1(s))
〉

H³ ds.

(II.4.8)

We recall from [Tem01, Chapter 3, Lemma 1.2] that the first integral equals
(

∥w(t)∥2H2³−
∥w(0)∥2H2³

)

/2, while the integrand of the second term is simply ∥w(s)∥2H3³ for almost
any s ∈ [0, t]. Moreover, almost everywhere in time,

H−³

〈

A2³w,B(u2)−B(u1)
〉

H³

=
H−³

〈

A2³w,B(u2, u2 − u1) +B(u2 − u1, u1)
〉

H³

= −
H−³

〈

A2³w,B(u1, w + ·)
〉

H³− H−³

〈

A2³w,B(w + ·, u2)
〉

H³.

These last two terms can be controlled with the estimate (II.2.4) in Lemma II.2.12
(with Ã = ³+ 1 > 2), the Sobolev embeddings and the Young inequality:

∣

∣

∣H−³

〈

A2³w,B(u1, w + ·)
〉

H³

∣

∣

∣
f c∥u1∥H³∥w + ·∥H³+1∥A2³w∥H−³

f ¿

4
∥w∥2H3³ +

c

¿
∥u1∥2H2³∥w + ·∥2H2³ .

Analogously
∣

∣

∣H−³

〈

A2³w,B(w + ·, u2)
〉

H³

∣

∣

∣
f ¿

4
∥w∥2H3³ +

c

¿
∥u2∥2H2³∥w + ·∥2H2³ .

Therefore, rewriting equation (II.4.8) as discussed and implementing these estimates,
we obtain for all t ∈ [0, T ]

1

2
∥w(t)∥2H2³ +

¿

2

∫ t

0
∥w(s)∥2H3³ ds

f ∥x1 − x2∥2H2³ +
c

¿
T 2
[

∥u1∥2C([0,T ];H2³) + ∥u2∥2C([0,T ];H2³)

]

∥·∥2C([0,T ];H2³)

+
c

¿
T
[

∥u1∥2C([0,T ];H2³) + ∥u2∥2C([0,T ];H2³)

]

∫ t

0
∥w(s)∥2H2³ ds.

(II.4.9)
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Grönwall’s lemma yields for some finite constant C = C(T, ¿, u1, u2) > 0

∥v1(t)− v2(t)∥2H2³ f C
(

∥x1 − x2∥2H2³ + ∥z1 − z2∥2C([0,T ];H2³)

)

, ∀ t ∈ [0, T ].
(II.4.10)

If we insert this estimate back into equation (II.4.9), we also obtain

∫ T

0
∥v1(t)− v2(t)∥2H3³ dt f C

(

∥x1 − x2∥2H2³ + ∥z1 − z2∥2C([0,T ];H2³)

)

. (II.4.11)

The sought local uniqueness result can be directly inferred from the estimates
(II.4.10) and (II.4.11). Specifically, if x1 = x2 and z1 = z2, then v1 = v2 in YT .

Step 4. We prove a priori estimates.
Assume that T > 0 and that v ∈ YT satisfies equation (II.4.3) on [0, T ], then we

can differentiate in the distributional sense and obtain the differential equation in
(II.4.2). We observe that A³v and B(v + z) belong to L2(0, T ;H³), thus also v′ ∈
L2(0, T ;H³). In particular, the differential equation in (II.4.2) is to be interpreted
in H³ almost everywhere in time.

For almost every time t ∈ [0, T ], we take the product in H between the differential
equation in (II.4.2) and Av(t) ∈ H3³−2. We suppress for simplicity the dependence
on t. Since b(x, x,Ax) = 0 for all x ∈ H2,

1

2

d

dt
∥v∥2H1 + ¿∥v∥2H³+1 f |b(v + z, v + z,Av)|

= |b(v, v, Av) + b(z, v, Av) + b(v + z, z, Av)|
= |b(z, v, Av) + b(v + z, z, Av)|
f c∥z∥H1

(

2∥v∥H1 + ∥z∥H1

)

∥Av∥H³−1

f ¿

2
∥v∥2H³+1 +

4c2

¿
∥z∥2H1∥v∥2H1 +

c2

¿
∥z∥4H1 .

We used the estimate (II.2.7) in Lemma II.2.12 (with ε = ³− 1 > 0) and the Young
inequality. We multiply by 2 the previous estimate and rename the constant c > 0.
By integrating over the time interval [0, t] ¦ [0, T ], we have for all t ∈ [0, T ]

∥v(t)∥2H1 + ¿

∫ t

0
∥v(s)∥2H³+1 ds f ∥x∥2H1 +

c

¿
∥z∥2C([0,T ];H1)

∫ t

0
∥v(s)∥2H1 ds

+
c

¿
T∥z∥4C([0,T ];H1).

(II.4.12)

By Grönwall’s lemma we obtain for all t ∈ [0, T ]

∥v(t)∥2H1 f
[

∥x∥2H1 +
c

¿
T∥z∥4C([0,T ];H1)

]

exp
[ c

¿
T∥z∥2C([0,T ];H1)

]

=: f(T ), (II.4.13)

where f : [0,+∞)→ [0,+∞) is a continuous function depending only on x, z, ¿. By
inserting this estimate in the right-hand side of equation (II.4.12) and dividing by ¿

∫ t

0
∥v(s)∥2H³+1 ds f

1

¿
∥x∥2H1 +

c

¿2
T∥z∥2C([0,T ]H1)

[

f(T ) + ∥z∥2C([0,T ];H1)

]

. (II.4.14)

For almost every time t ∈ [0, T ], we take the duality product between the dif-
ferential equation in (II.4.2) and A2³v(t) ∈ H−³. We suppress for simplicity the
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dependence on t.

1

2

d

dt
∥v∥2H2³ + ¿∥v∥2H3³ f

∣

∣

∣H−³

〈

A2³v,B(v + z)
〉

H³

∣

∣

∣

=
∣

∣

∣H−³

〈

A2³v,B(v) +B(z, v) +B(v, z) +B(z)
〉

H³

∣

∣

∣

f c
(

∥v∥2H³+1 + 2∥z∥H³+1∥v∥H³+1 + ∥z∥2H³+1

)

∥A2³v∥H−³

f 2c
(

∥v∥2H³+1 + ∥z∥2H³+1

)

∥v∥H3³

f ¿

2
∥v∥2H3³ +

4c2

¿
∥z∥4H2³ +

4c2

¿
∥v∥2H2³∥v∥2H³+1 .

We used the estimate (II.2.4) in Lemma II.2.12 (with Ã = ³ + 1 > 2), the Sobolev
embeddings and the Young inequality. We multiply by 2 and rename the constant
c > 0. By integrating over the time interval [0, t] ¦ [0, T ], we have for all t ∈ [0, T ]

∥v(t)∥2H2³ + ¿

∫ t

0
∥v(s)∥2H3³ ds f ∥x∥2H2³ +

c

¿
T∥z∥4C([0,T ];H2³)

+
c

¿

∫ t

0
∥v(s)∥2H2³∥v(s)∥2H³+1 ds.

(II.4.15)
By Grönwall’s lemma we obtain

∥v(t)∥2H2³ f
[

∥x∥2H2³ +
c

¿
T∥z∥4C([0,T ];H2³)

]

exp

[

c

¿

∫ T

0
∥v(s)∥2H³+1 ds

]

=: g(T ),

(II.4.16)

where g : [0,+∞) → [0,+∞) is a continuous well-defined function, thanks to es-
timate (II.4.14), and it depends only on x, z, ¿. If we insert this estimate in the
right-hand side of equation (II.4.15) and later divide by ¿, we have
∫ t

0
∥v(s)∥2H3³ ds f 1

¿
∥x∥2H2³ +

c

¿2
T∥z∥2C([0,T ]H2³)

[

∥z∥2C([0,T ];H2³) + g2(T )
]

=: h(T ),

(II.4.17)
where also h : [0,+∞)→ [0,+∞) is a continuous function depending on x, z, ¿.

Step 5. We prove that the solution is global. Let us define

T∗ := sup
{

T > 0 | ∃ v ∈ YT : v = ΛT (v)
}

. (II.4.18)

By Step 1, T∗ is well-defined and T∗ > 0. Moreover, by the local uniqueness result
proved in Step 3, we can concatenate functions v = ΛT (v) ∈ YT , for T ∈ (0, T∗)
to get a unique function v∗ ∈ C

(

[0, T∗);H
2³
)

∩ L2
loc

(

[0, T∗);H
3³
)

such that v∗(t) =

ΛT

(

v∗
∣

∣

[0,T ]

)

(t) for all 0 f t f T < T∗.

We will prove by contradiction that T∗ = +∞.
If T∗ < +∞, then take a sequence of times Tn g 0, n ∈ N, convergent to T∗ from

below. Applying the a priori estimates (II.4.16), (II.4.17) from the previous step to
v∗ on [0, Tn], yield

∫ T∗

0
∥v∗(t)∥2H3³ dt+ sup

t∈[0,T∗)
∥v∗(t)∥2H2³ = lim

n→∞

∥

∥

∥
v∗
∣

∣

[0,Tn]

∥

∥

∥

2

YTn

f lim
n→∞

[

g(Tn) + h(Tn)
]

= g(T∗) + h(T∗).
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This proves that v∗ ∈ L∞(0, T∗;H
2³) ∩ L2(0, T∗;H

3³). Additionally, by Step 1,
Γx
T∗

(

B(v∗ + z)
)

∈ YT∗
, hence we can define v∗(T∗) := Γx

T∗

(

B(v∗ + z)
)

(T∗) and obtain
v∗ = ΛT∗

(v∗) ∈ YT∗
. In particular, T∗, as defined in equation (II.4.18), is a maximum.

Nevertheless, if T∗ is a maximum, we can study the Cauchy problem (II.4.2) with
starting point v∗(T∗). The first step then gives T ′ > 0 and a solution v̄ ∈ YT ′ . If we
let

v(t) :=

{

v∗(t) if t ∈ [0, T∗]

v̄(t− T∗) if t ∈ [T∗, T∗ + T ′]
,

then v is well-defined, and one easily verifies that v = ΛT∗+T ′v. This fact contradicts
the definition of T∗ in equation (II.4.18). We conclude by contradiction that T∗ =
+∞, namely the unique local solution v∗ is global.

Step 6. In the previous step we proved the existence of a unique solution v ∈
C(R+;H

2³) ∩ L2
loc(R+;H

3³), thus ensuring the well-posedness of the function V as
in the statement of the theorem. It only remains to prove the additional estimate
(II.4.6).

Assume that T > 0 and (xi, zi) ∈ H2³ × C
(

[0, T ];H2³
)

, i = 1, 2, are such that
∥xi∥H2³ f R and supt∈[0,T ] ∥zi(t)∥H2³ f R for i = 1, 2. Let us denote vi := V(xi, zi),
then estimates (II.4.16), (II.4.14) and (II.4.13) imply the existence of a constant
K > 0 depending on R, T, ¿ > 0 and ³ > 1 such that

∥vi + zi∥C([0,T ];H2³) f ∥vi∥C([0,T ];H2³) + ∥zi∥C([0,T ];H2³) f K.

We use this estimate in inequality (II.4.9): for all t ∈ [0, T ]

1

2
∥v1(t)− v2(t)∥2H2³ +

¿

2

∫ t

0
∥v1(s)− v2(s)∥2H3³ ds (II.4.19)

f ∥x1 − x2∥2H2³ +
2c

¿
T 2K2∥z1 − z2∥2C([0,T ];H2³) +

2c

¿
TK2

∫ t

0
∥v1(s)− v2(s)∥2H2³ ds.

Grönwall’s Lemma gives an estimate for supt∈[0,T ] ∥v1(t)− v2(t)∥2H2³ . We insert this
estimate back in (II.4.19) and find the sought inequality (II.4.6) for a new constant
C > 0 depending on R, T, ¿ > 0 and ³ > 1. 2

Before adapting the deterministic results of the last theorem to the stochastic
hyperviscous Navier-Stokes Equation, as discussed in Remark II.4.4, we present a
version of Itô’s Lemma tailored to the equation (HNS¿,³).

Lemma II.4.7. Assume that ´ g 0 and let (Ω,F , {Ft}tg0,P) be an augmented
filtered probability space with an adapted H´-valued Wiener process W . Let Q´ ∈
L1(H´) denote the covariance operator of W1. Assume that µ ∈ [0, ´], ¿ > 0, ³ > 1
and that there exists an Hµ-valued process X satisfying P− a.s. in Hµ

Xt + ¿

∫ t

0
A³Xs ds+

∫ t

0
B(Xs) ds = X0 +

√
¿Wt, ∀ t g 0.

Let º : H´ → Hµ be the Sobolev embedding and let Qµ := ºQ´º
∗ ∈ L1(Hµ). Assume
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that h ∈ C2(R+), then P− a.s., for all t g 0

h
(

∥Xt∥2Hµ

)

= h
(

∥X0∥2Hµ

)

− 2¿

∫ t

0

∥

∥Xs∥2Hµ+³h
′
(

∥Xs∥2Hµ

)

ds

− 2

∫ t

0

〈

B(Xs), Xs

〉

Hµh
′
(

∥Xs∥2Hµ

)

ds

+ 2
√
¿

∫ t

0
h′
(

∥Xs∥2Hµ

)

ïXs, dWsðHµ

+ 2¿

∫ t

0

∥

∥Q1/2
µ Xs

∥

∥

2

Hµh
′′
(

∥Xs∥2Hµ

)

ds

+ ¿ Tr[Qµ ]

∫ t

0
h′
(

∥Xs∥2Hµ

)

ds.

(II.4.20)

Proof. The thesis follows from the Itô formula, see [DZ14, Theorem 4.32] or [Par79,
Theorem 1.2], applied to the Itô process X and to the function

F : Hµ ∈ x 7→ F (x) := h
(

∥x∥2Hµ

)

∈ R+.

F is Fréchet differentiable and its differential at x ∈ Hµ is the vector F ′(x) ∈ Hµ

such that

F ′(x) = 2h′
(

∥x∥2Hµ

)

x.

The function F ′ : Hµ ∋ x 7→ F ′(x) ∈ Hµ is again Fréchet differentiable and its
derivative at x ∈ Hµ is the operator F ′′(x) ∈ L(Hµ) such that for all y ∈ Hµ

F ′′(x)y = 4h′′
(

∥x∥2Hµ

)

ïx, yðHµ + 2h′
(

∥x∥2Hµ

)

y

=
[

4h′′
(

∥x∥2Hµ

)

∥x∥2HµΠx + 2h′
(

∥x∥2Hµ

)

IHµ

]

y,

where IHµ is the identity operator in Hµ and Πx denotes the projection onto the
subspace generated by x, i.e.

Πx : Hµ → Hµ , Πxy :=







ïx, yðHµ

∥x∥2Hµ

, if x ∈ Hµ \ {0}

0 if x = 0

.

Hence, the function F ′′ : Hµ ∋ x 7→ F ′′(x) ∈ L(Hµ) is continuous, in particular,
F ∈ C2(Hµ). This allows us to apply the Itô formula and obtain, P − a.s. for all
t g 0 in R

F (Xt) = F (X0)−
∫ t

0

〈

F ′(Xs), ¿A
³Xs +B(Xs)

〉

Hµ ds

+
√
¿

∫ t

0

〈

F ′(Xs), dWs

〉

Hµ

+
¿

2

∫ t

0
Tr
[

F ′′(Xs)Qµ

]

ds,

where Qµ := ºQ´º
∗ ∈ L1(Hµ) and º : H´ → Hµ is the Sobolev embedding. The

thesis follows after expanding F, F ′ and F ′′ and observing that ∥Xs∥2HµTr[ΠXsQµ ] =
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∥

∥Q
1/2
µ Xs

∥

∥

2

Hµ . Indeed, if {en}n∈N is a complete orthonormal system for the separa-
ble Hilbert space Hµ , then by the self-adjointness of Πx and Qµ and by the usual
properties of Hilbert spaces, we have for all x ∈ Hµ

∥x∥2Hµ Tr[ΠxQµ ] = ∥x∥2Hµ

∑

n∈N

ïΠxQµen, enðHµ

= ∥x∥2Hµ

∑

n∈N

ïQµen,ΠxenðHµ

=
∑

n∈N

ïx, enðHµ ïen, QµxðHµ

= ïx,QµxðHµ

=
∥

∥Q1/2
µ x

∥

∥

2

Hµ .

2

Theorem II.4.8. Assume that ³ > 1.

(i) For any ¿ > 0, the solutions to the equation (HNS¿,³) are both pathwise unique
and unique in law, see Definitions II.4.2 and II.4.3.

(ii) Assume that ¿ > 0 and that (Ω,F , {Ft}tg0,P) is an augmented filtered proba-
bility space with an adapted H2³-valued Wiener process W . Then we have the
following properties.

(ii.a) If À : Ω→ H2³ is an F0-measurable random variable, and if XÀ is defined
P− a.s. by

XÀ
t := V(À, Z)(t) + Zt, ∀ t g 0,

where Z, V were introduced in Theorems II.2.17 and II.4.6, respectively,
then (Ω,F , {Ft}tg0,P;W ;XÀ) is a solution to the equation (HNS¿,³), see
Definition II.4.1, such that P(XÀ

0 = À) = 1.

(ii.b) For any x ∈ H2³, let (Ω,F , {Ft}tg0,P;W ;Xx) be the pathwise unique
solution to the equation (HNS¿,³) such that P(Xx

0 = x) = 1. Then, for
any T > 0, the function

H2³ ∋ x 7→ Xx ∈ C([0, T ];H2³) ∩ L2(0, T ;H3³),

is P− a.s. continuous.

(iii) If ¿ > 0 and if (Ω,F , {Ft}tg0,P;W ;X) is a solution to the equation (HNS¿,³)
such that

X0 ∈
(

⋂

pg1

Lp(Ω;H1)

)

∩ L4(Ω;H³) ∩ L2(Ω;H2³),

then for all T > 0

X ∈
(

⋂

pg1

Lp
(

Ω;C
(

[0, T ];H1
))

)

∩ L4
(

Ω;C
(

[0, T ];H³
))

∩ L2
(

Ω;C
(

[0, T ];H2³
))

∩ L2
(

Ω× [0, T ];H3³
)

.

(II.4.21)
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(iv) For any p g 2, there exists a finite constant Cp > 0, such that, if ¿ > 0,
and if (Ω,F , {Ft}tg0,P;W ;X) is a solution to the equation (HNS¿,³), then the
following estimates hold true for any T > 0:

E

[

sup
t∈[0,T ]

∥Xt∥pH1 + ¿

∫ T

0
∥Xt∥2H³+1∥Xt∥p−2

H1 dt

]

fCp

(

E∥X0∥pH1

+ (T¿)p/2
)

,

(II.4.22)

E
∥

∥XT

∥

∥

p

H1 f e−(p−1)¿ TE∥X0∥pH1 + Cp. (II.4.23)

Moreover, there exists a finite constant C > 0 such that, for any T > 0

E

[

sup
t∈[0,T ]

∥Xt∥2H³ + ¿

∫ T

0
∥Xt∥2H2³ dt

]

f C
(

E∥X0∥2H³ +
1

¿2
E∥X0∥2H1

+
T

¿
+ T¿

)

,

(II.4.24)

E

[

sup
t∈[0,T ]

∥Xt∥4H³ + ¿

∫ T

0
∥Xt∥2H2³∥Xt∥2H³ dt

]

f C
(

E∥X0∥4H³ +
T

¿3
E∥X0∥8H1

+ T 2¿(T 3 + ¿)

)

(II.4.25)

E

[

sup
t∈[0,T ]

∥Xt∥2H2³ + ¿

∫ T

0
∥Xt∥2H3³ dt

]

f C
(

E∥X0∥2H2³ +
1

¿2
E∥X0∥4H³

+
T

¿5
E∥X0∥8H1 +

T 5

¿
+ T 2 + T¿

)

(II.4.26)

E
∥

∥XT

∥

∥

4

H³ f e−¿TE∥X0∥4H³ + C

(

1

¿3
E∥X0∥8H1 + T 4 + 1

)

, (II.4.27)

E
∥

∥XT

∥

∥

2

H2³ f e−¿TE∥X0∥2H2³ + C

(

1

¿2
E∥X0∥4H³

+
T

¿5
E∥X0∥8H1 +

T 5

¿
+ T 2 + 1

)

.

(II.4.28)

Proof of (i). Let ¿ > 0 and (Ω,F , {Ft}tg0,P;W ;Xi), i = 1, 2 be two solutions
to the equation (HNS¿,³) such that the event Ω2 := {X1

0 = X2
0} has probability

P(Ω2) = 1. Let us also choose Ω1 ∈ F such that P(Ω1) = 1 and for every É ∈ Ω1 the
corresponding trajectory Z(É) of the Ornstein-Uhlenbeck process Z from Theorem
II.2.17 (with ´ := 2³) has the regularity L2

loc(R+;H
3³) ∩ C(R+;H

2³) and satisfies
the equality (II.2.12) in H2³. If É ∈ Ω1 ∩ Ω2, we denote x := X1

0 (É) = X2
0 (É)

and vi := Xi(É) − Z(É), for i = 1, 2, then, recalling Definition II.4.1, we have the
following identity in H³

vi(t) + ¿

∫ t

0
A³vi(s) ds+

∫ t

0
B
(

vi(s) + Zs(É)
)

ds = x, ∀ t g 0.

The uniqueness result stated in Theorem II.4.6 implies that v1 = v2 = V
(

x, Z(É)
)
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in C(R+;H
2³). In particular,

1 = P(Ω1 ∩ Ω2) f P

(

⋂

tg0

{v1(t) = v2(t)}
)

= P

(

⋂

tg0

{X1
t = X2

t }
)

.

The uniqueness in law property descends from [BM13, Corollary 7.7], see also
[Ond04, Theorem 2]. 2

Proof of (ii.a). Let us fix ¿ > 0 and an augmented filtered probability space, that
we denote by (Ω,F , {Ft}tg0,P), with an adapted H2³-valued Wiener process and an
F0-measurable, H2³-valued random variable À. Let Ω1 ∈ F be as above, i.e., such
that P(Ω1) = 1 and Z(É) ∈ C(R+;H

2³) ∩ L2
loc(R+;H

3³) for all É ∈ Ω1.
We define the process XÀ as follows

XÀ : R+ × Ω ∋ (t, É) 7→ Xt(É) := 1Ω1(É)
[

V
(

À(É), Z(É)
)

(t) + Zt(É)
]

∈ H2³,

where V and Z were defined in Theorems II.4.6 and II.2.17, respectively. By direct
inspection, P(XÀ

0 = À) g P(Ω1) = 1. We now show that (Ω,F , {Ft}tg0,P;W ;XÀ) is
a solution to the equation (HNS¿,³), according to Definition II.4.1.

First of all, the F0-measurability of À, the predictability of Z, see Theorem II.2.17,
the continuity of the function V introduced in Theorem II.4.6 and the continuity of
the evaluation map ºt : C(R+;H

2³) ∋ u → u(t) ∈ H2³, for t g 0, imply the
predictability for XÀ with values in H2³.

If É ∈ Ω1, then Zt(É) and V
(

À(É), Z(É)
)

belong to C(R+;H
2³) ∩L2

loc(R+;H
3³)

by definition of Ω1 and by Theorem II.4.6, respectively. Hence

P
(

XÀ ∈ C(R+;H
2³) ∩ L2

loc(R+;H
3³)
)

g P(Ω1) = 1.

Finally, if É ∈ Ω1, we denote z := Z(É) and v := V
(

À(É), Z(É)
)

. Then XÀ(É)
satisfies the following identity in H³ for all t g 0

XÀ
t (É) = v(t) + z(t)

=− ¿
∫ t

0
A³v(s) ds−

∫ t

0
B
(

v(s) + z(s)
)

ds+ À(É)

− ¿
∫ t

0
A³z(s) ds+

√
¿ Wt(É)

= −¿
∫ t

0
A³XÀ

s (É) ds−
∫ t

0
B
(

XÀ
s (É)

)

ds+ À(É) +
√
¿ Wt(É).

In particular, equation (II.4.1) for XÀ is satisfied P− a.s. in H³. 2

Proof of (ii.b). Recall from (ii.a) that, given ¿ > 0 and an augmented filtered prob-
ability space (Ω,F , {Ft}tg0,P) with an adapted H2³-valued Wiener process W and
given x ∈ H2³, the solution (Ω,F , {Ft}tg0,P;W ;Xx) is given by

Xx : R+ × Ω ∋ (t, É) 7→ Xx
t (É) := 1Ω1(É)

[

V
(

x, Z(É)
)

(t) + Zt(É)
]

∈ H2³,

where Ω1 ∈ F is such that P(Ω1) = 1 and Z(É) ∈ C(R+;H
2³) ∩ L2

loc(R+;H
3³)

for any É ∈ Ω1. Then, the continuity of the map V in Theorem II.4.6 gives the
additional continuity of the map

H2³ ∋ x 7→ Xx(É) ∈ C
(

[0, T ];H2³
)

∩ L2(0, T ;H3³),
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for any T > 0 and any É ∈ Ω1.
The solution (Ω,F , {Ft}tg0,P;W ;Xx) is pathwise unique by (i). Therefore, Xx

is indistinguishable from any other process X such that (Ω,F , {Ft}tg0,P;W ;X) is
a solution to the equation (HNS¿,³) with P(X0 = x) = 1. 2

Proof of (iii). The regularities stated in equation (II.4.21) trivially derive from the
estimates (II.4.22), (II.4.25), (II.4.26), and from the path regularities for solutions
to the equation (HNS¿,³), see Definition II.4.1. 2

Proof of (iv). Let us fix ¿ > 0 and T > 0. Assume that p g 2. We apply seven times
the Itô formula in Lemma II.4.7 to the process X, twice to the function h : R+ ∋
r 7→ rp/2 ∈ R+ and with µ = 1, once to the function h = IR+ : R+ ∋ r 7→ r ∈ R+

and with µ = ³, twice to the function h : R+ ∋ r 7→ r2 ∈ R+ and with µ = ³, and
twice to h = IR+ : R+ ∋ r 7→ r ∈ R+ and µ = 2³.

Estimate (II.4.22). For µ = 1, the non-linearity in equation (II.4.20) vanishes
because of the well-known property ïB(x), xðH1 = ïB(x), Axð = 0, for all x ∈ H2.
Moreover, by simple properties of bounded operators and traces

∥

∥Q
1/2
1 x

∥

∥

2

H1 f
∥

∥Q
1/2
1

∥

∥

2

L(H1)
∥x∥2H1 = ∥Q1∥L(H1)∥x∥2H1 f Tr[Q1]∥x∥2H1 , ∀x ∈ H1.

(II.4.29)
In addition, for h(r) = rp/2, r g 0, we have h′(r) = pr(p−2)/2/2 and h′′(r) =
p(p − 2)r(p−4)/2/4. We compute the supremum in time over the interval [0, T ] on
both sides of equation (II.4.20), then take the expectation and finally use the estimate
(II.4.29). We obtain

E sup
t∈[0,T ]

∥Xt∥pH1 + p¿E

∫ T

0
∥Xs∥2H³+1∥Xs∥p−2

H1 ds

f E∥X0∥pH1 + p
√
¿ E sup

t∈[0,T ]

∫ t

0
∥Xs∥p−2

H1 ïXs, dWsðH1

+
p(p− 1)¿

2
Tr[Q1]E

∫ T

0
∥Xs∥p−2

H1 ds.

(II.4.30)

We control the second term on the right-hand side, thanks to the Burkholder-Davis-
Gundy inequality, see [DZ14, Section 6.4] or [Hyt+16, Theorem 4.2.25, Proposition
4.2.14], and by the Schwarz inequality. For a constant c > 0 that depends on W

p
√
¿ E sup

t∈[0,T ]

∫ t

0
∥Xs∥p−2

H1 ïXs, dWsðH1

f cp
√
¿ E

(
∫ T

0
∥Xs∥2p−2

H1 ds

)1/2

f cp
√
¿ E

[

sup
t∈[0,T ]

∥Xt∥p/2H1

(
∫ T

0
∥Xt∥p−2

H1 dt

)1/2
]

f 1

2
E sup

t∈[0,T ]
∥Xt∥pH1 +

c2p2¿

2
E

∫ T

0
∥Xt∥p−2

H1 dt.
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By plugging this last estimate into equation (II.4.30), we obtain

1

2
E sup

t∈[0,T ]
∥Xt∥pH1 + p¿E

∫ T

0
∥Xt∥2H³+1∥Xt∥p−2

H1 dt

f E∥X0∥pH1 +
p¿

2

(

c2p+ (p− 1)Tr[Q1]
)

E

∫ T

0
∥Xt∥p−2

H1 dt.

(II.4.31)

If p > 2, the last term in the right-hand side of equation (II.4.31) can be controlled
by the Young inequality with conjugate exponents p/2 and p/(p − 2). For a finite
constant C > 0, depending on p,W , that may vary from line to line

p¿

2

(

c2p+ (p− 1)Tr[Q1]
)

E

∫ T

0
∥Xt∥p−2

H1 dt f CT¿E sup
t∈[0,T ]

∥Xt∥p−2
H1

f C(T¿)p/2 + 1

2
E sup

t∈[0,T ]
∥Xt∥pH1 .

This inequality remains trivially true for p = 2. We then insert this last estimate
into equation (II.4.31), and rearrange the terms. We find a new constant Cp > 0
depending on p and W such that

E sup
t∈[0,T ]

∥Xt∥pH1 + ¿E

∫ T

0
∥Xt∥2H³+1∥Xt∥p−2

H1 dt f Cp

(

E∥X0∥pH1 + (T¿)p/2
)

,

which gives the sought estimate (II.4.22).
Estimate (II.4.24). The last but one term in equation (II.4.20), with µ = ³

and h = 1R+ , is equal to 0, and the last term is deterministic. We compute the
supremum in time over the interval [0, T ] on both sides of equation (II.4.20), then
take the expectation. We obtain

E sup
t∈[0,T ]

∥Xt∥2H³ + 2¿E

∫ T

0
∥Xs∥2H2³ ds f E∥X0∥2H³ − 2E sup

t∈[0,T ]

∫ t

0

〈

B(Xs), Xs

〉

H³ ds

+ 2
√
¿ E sup

t∈[0,T ]

∫ t

0
ïXs, dWsðH³

+ ¿ Tr[Q³]T.
(II.4.32)

The non-linear term no longer vanishes and has to be controlled by estimate (II.2.5)
in Lemma II.2.12 (with ε = ³ − 1 > 0), the Young inequality, and by the estimate
(II.4.22) proved above (with p = 2):

∣

∣

∣

∣

2E sup
t∈[0,T ]

∫ t

0

〈

B(Xs), Xs

〉

H³ ds

∣

∣

∣

∣

f 2E

∫ T

0

∣

∣ïB(Xs), A
³Xs

〉∣

∣ ds

f 2E

∫ T

0
∥Xs∥H1∥Xs∥H³∥A³Xs∥ ds

f 1

¿
E

∫ T

0
∥Xs∥2H1∥Xs∥2H³+1 ds+ ¿ E

∫ T

0
∥Xs∥2H2³ ds

f C2

¿2
(

E∥X0∥2H1 + T¿
)

+ ¿ E

∫ T

0
∥Xs∥2H2³ ds.

(II.4.33)

63



CHAPTER II II.4. The stochastic hyperviscous Navier-Stokes Equation

We control the third term on the right-hand side of the inequality (II.4.32), thanks
to the Burkholder-Davis-Gundy inequality, see [DZ14, Section 6.4] or [Hyt+16, The-
orem 4.2.25, Proposition 4.2.14], and the Schwarz inequality. For a constant c > 0
that depends on W

2
√
¿ E sup

t∈[0,T ]

∫ t

0
ïXs, dWsðH³ f 2c

√
¿ E

[

(
∫ T

0
∥Xs∥2H³ ds

)1/2
]

f 2c
√
¿T E sup

t∈[0,T ]
∥Xt∥H³

f 2c2¿T +
1

2
E sup

t∈[0,T ]
∥Xt∥2H³ .

(II.4.34)

We plug the estimates (II.4.33) and (II.4.34) into equation (II.4.32), and rearrange
the terms:

1

2
E sup

t∈[0,T ]
∥Xt∥2H³ + ¿E

∫ T

0
∥Xt∥2H2³ dt f E∥X0∥2H³ +

C

¿2
E∥X0∥2H1 +

T

¿
+ 2c2¿T,

which is the sought estimate (II.4.24), after renaming the constants.
Estimate (II.4.25). By simple properties of bounded operators and traces

∥

∥Q1/2
³ x

∥

∥

2

H³ f
∥

∥Q1/2
³

∥

∥

2

L(H³)
∥x∥2H³ = ∥Q³∥L(H³)∥x∥2H³ f Tr[Q³]∥x∥2H³ , ∀x ∈ H³.

In addition, if h(r) = r2, r g 0, we have h′(r) = 2r and h′′(r) = 2. We employ these
considerations in equation (II.4.20) with µ = ³. We compute the supremum in time
over the interval [0, T ] on both sides of equation (II.4.20), then take the expectation
and finally use the estimate (II.4.29). We obtain

E sup
t∈[0,T ]

∥Xt∥4H³ + 4¿E

∫ T

0
∥Xs∥2H2³∥Xs∥2H³ ds

f E∥X0∥4H³ − 4E sup
t∈[0,T ]

∫ t

0

〈

B(Xs), Xs

〉

H³∥Xs∥2H³ ds

+ 4
√
¿ E sup

t∈[0,T ]

∫ t

0
∥Xs∥2H³ïXs, dWsðH³

+ 6¿ Tr[Q³]E

∫ T

0
∥Xs∥2H³ ds.

(II.4.35)

The non-linear term no longer vanishes and has to be controlled by estimate (II.2.5) in
Lemma II.2.12 for an appropriate ε > 0 to be determined, and the Young inequality:

∣

∣

∣

∣

4E sup
t∈[0,T ]

∫ t

0

〈

B(Xs), Xs

〉

H³∥Xs∥2H³ ds

∣

∣

∣

∣

f 4E

∫ T

0

∣

∣ïB(Xs), A
³Xs

〉∣

∣∥Xs∥2H³ ds

f 4E

∫ T

0
∥Xs∥H1∥Xs∥H1+ε∥A³Xs∥∥Xs∥2H³ ds

=4E

∫ T

0
∥Xs∥H1∥Xs∥H1+ε∥Xs∥H³∥Xs∥H2³∥Xs∥H³ ds

f 2

¿
E

∫ T

0
∥Xs∥2H1∥Xs∥2H1+ε∥Xs∥2H³ ds+ 2¿ E

∫ T

0
∥Xs∥2H2³∥Xs∥2H³ ds.

(II.4.36)
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We now employ the interpolation inequality in Lemma II.2.6 with the choices r =
1 + ε, q = ³, ¼ = 1/2, and the Sobolev embeddings

∥Xs∥2H1+ε f ∥Xs∥H2(1+ε)−³∥Xs∥H³+1 f ∥Xs∥H1∥Xs∥H³+1 , (II.4.37)

where the last inequality holds as soon as

2(1 + ε)− ³ f 1 ⇐⇒ ε f ³− 1

2
.

We insert the estimate (II.4.37) into the first integral in the last side of the chain of
inequalities (II.4.36), and conclude by the Young and the Hölder inequality. We get,
for a finite constant C > 0, independent of ¿ or T

2

¿
E

∫ T

0
∥Xs∥2H1∥Xs∥2H1+ε∥Xs∥2H³ ds

f 2

¿
E

∫ T

0
∥Xs∥3H1∥Xs∥H³+1∥Xs∥2H³ ds

f E

[

sup
t∈[0,T ]

∥Xt∥2H³

2

¿

∫ T

0
∥Xs∥3H1∥Xs∥H³+1 ds

]

f 1

4
E sup

t∈[0,T ]
∥Xt∥4H³ +

C

¿2
E

(
∫ T

0
∥Xs∥3H1∥Xs∥H³+1 ds

)2

f 1

4
E sup

t∈[0,T ]
∥Xt∥4H³ +

C

¿2
T E

∫ T

0
∥Xs∥6H1∥Xs∥2H³+1 ds

f 1

4
E sup

t∈[0,T ]
∥Xt∥4H³ +

C

¿3
TC8

(

E∥X0∥8H1 + T 4¿4
)

,

where in the last line we used the estimate (II.4.22) proved above, with p = 8. If
we insert this last estimate into the last line of equation (II.4.36), and rename the
constant C > 0, we obtain

∣

∣

∣

∣

4E sup
t∈[0,T ]

∫ t

0

〈

B(Xs), Xs

〉

H³∥Xs∥2H³ ds

∣

∣

∣

∣

f 1

4
E sup

t∈[0,T ]
∥Xt∥4H³ + C

(

T

¿3
E∥X0∥8H1 + T 5¿

)

+ 2¿ E

∫ T

0
∥Xs∥2H2³∥Xs∥2H³ ds

(II.4.38)

We control the third term on the right-hand side of the inequality (II.4.35), thanks
to the Burkholder-Davis-Gundy inequality, see [DZ14, Section 6.4] or [Hyt+16, The-
orem 4.2.25, Proposition 4.2.14], and the Schwarz inequality. For a constant c > 0
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that depends on W

4
√
¿ E sup

t∈[0,T ]

∫ t

0
∥Xs∥2H³ïXs, dWsðH³

f 4c
√
¿ E

[

(
∫ T

0
∥Xs∥6H³ ds

)1/2
]

f 4c
√
¿ E

[

sup
t∈[0,T ]

∥Xt∥2H³

(
∫ T

0
∥Xt∥2H³ dt

)1/2
]

f 1

4
E sup

t∈[0,T ]
∥Xt∥4H³ + 16c2¿E

∫ T

0
∥Xt∥2H³ dt.

(II.4.39)

By plugging the estimates (II.4.38) and (II.4.39) into equation (II.4.35), and
rearranging the terms, we obtain

3

4
E sup

t∈[0,T ]
∥Xt∥4H³ + 2¿E

∫ T

0
∥Xt∥2H2³∥Xt∥2H³ dt

f E∥X0∥4H³ + C

(

T

¿3
E∥X0∥8H1 + T 5¿

)

+ 2¿
(

3Tr[Q³] + 8c2
)

E

∫ T

0
∥Xt∥2H³ dt

f E∥X0∥4H³ + C

(

T

¿3
E∥X0∥8H1 + T 5¿

)

+ 2¿
(

3Tr[Q³] + 8c2
)

T E sup
t∈[0,T ]

∥Xt∥2H³ ,

f E∥X0∥4H³ + C

(

T

¿3
E∥X0∥8H1 + T 5¿

)

+ CT 2¿2 +
1

4
E sup

t∈[0,T ]
∥Xt∥4H³ ,

where in the last line we applied the Hölder inequality followed by the Young in-
equality.

After rearranging the terms and renaming the constants, we reach the sought
estimate (II.4.25).

Estimate (II.4.26). We apply again the Itô formula in Lemma II.4.7, with
h = IR+ and µ = 2³. The last but one term in equation (II.4.20) is equal to 0 and
the last term is deterministic. We take the supremum in time and the expectation
to both sides.

E sup
t∈[0,T ]

∥Xt∥2H2³ + 2¿E

∫ T

0
∥Xs∥2H3³ ds

= E∥X0∥2H2³ − 2E sup
t∈[0,T ]

∫ t

0
H−³

〈

A2³Xs, B
(

Xs

)〉

H³ ds

+ 2
√
¿ E sup

t∈[0,T ]

∫ t

0
ïXs, dWsðH2³

+ ¿ Tr[Q2³]T.

(II.4.40)

The non-linear term can be controlled by estimate (II.2.4) (with Ã = ³+1 > 2),
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by the Young inequality, the Sobolev embeddings, and by the estimate (II.4.25):

∣

∣

∣

∣

2E sup
t∈[0,T ]

∫ t

0
H−³

〈

A2³Xs, B
(

Xs

)〉

H³ ds

∣

∣

∣

∣

f 2cE

∫ T

0
∥Xs∥H³∥Xs∥H³+1∥A2³Xs∥H−³ ds

f ¿E
∫ T

0
∥Xs∥2H3³ ds+

c2

¿
E

∫ T

0
∥Xs∥2H³+1∥Xs∥2H³ ds

f ¿E
∫ T

0
∥Xs∥2H3³ ds+

c2

¿
E

∫ T

0
∥Xs∥2H2³∥Xs∥2H³ ds

f ¿E
∫ T

0
∥Xs∥2H3³ ds+ C

(

1

¿2
E∥X0∥4H³ +

T

¿5
E∥X0∥8H1 +

T 5

¿
+ T 2

)

.

(II.4.41)

We control the third term on the right-hand side of equation (II.4.40), thanks to
Burkholder-Davis-Gundy inequality, see [DZ14, Section 6.4] or [Hyt+16, Theorem
4.2.25, Proposition 4.2.14], and the Young inequality: for a constant c > 0 that
depends on W

2
√
¿ E sup

t∈[0,T ]

∫ t

0
ïXs, dWsðH2³ f 2c

√
¿E

(
∫ T

0
∥Xs∥2H2³ ds

)1/2

(II.4.42)

f 2c
√
¿T E sup

t∈[0,T ]
∥Xt∥H2³

f 2c2¿T +
1

2
E sup

t∈[0,T ]
∥Xt∥2H2³ .

We use estimates (II.4.41) and (II.4.42) to bound from above the right-hand side
of equation (II.4.40). After rearranging the terms, we find a finite constant C > 0,
that depends only on W , such that

E

[

sup
t∈[0,T ]

∥Xt∥2H2³ + ¿

∫ T

0
∥Xt∥23³ dt

]

fC
(

E∥X0∥2H2³ +
1

¿2
E∥X0∥4H³

+
T

¿5
E∥X0∥8H1 +

T 5

¿
+ T 2 + T¿

)

.

Hence, we proved the sought estimate (II.4.26).

Estimate (II.4.23). As far as the fourth estimate is concerned, we fix s ∈ [0, T ]
and apply the Itô formula in Lemma II.4.7 with µ = 1, h(r) = rq/2, for r g 0, and
to the process {Xt+s}tg0, which is an Itô process adapted to the filtration {Ft+s}tg0
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and with H2³-valued Wiener process {Wt+s}tg0. We reach, P− a.s. for all t g 0

∥Xt+s∥qH1 = ∥Xs∥qH1 − q¿
∫ t

0

〈

A³Xu+s, Xu+s

〉

H1∥Xu+s∥q−2
H1 du

− q
∫ t

0

〈

B(Xu+s), Xu+s

〉

H1∥Xu+s∥q−2
H1 du

+ q
√
¿

∫ t

0
∥Xu+s∥q−2

H1 ïXu+s, dWu+sðH1

+
q(q − 2)¿

2

∫ t

0

∥

∥Q
1/2
1 Xu+s

∥

∥

2

H1∥Xu+s∥q−4
H1 du

+
q¿

2
Tr[Q1]

∫ t

0
∥Xu+s∥q−2

H1 du.

The non-linear term vanishes because of the known property ïB(x), xðH1 = ïB(x), Axð =
0 for x ∈ H2. In addition, we evaluate the above expression at the time t = T − s
and perform the change of variable u 7→ u + s in the integrals. Next, we take the
expectation to both sides, which cancels the Itô integral. We are left with

E∥XT ∥qH1 = E∥Xs∥qH1 − q¿ E
∫ T

s
∥Xu∥2H³+1∥Xu∥q−2

H1 du

+
q(q − 2)¿

2
E

∫ T

s

∥

∥Q
1/2
1 Xu

∥

∥

2

H1∥Xu∥q−4
H1 du

+
q¿

2
Tr[Q1]

∫ T

s
E∥Xu∥q−2

H1 du.

We estimate the right-hand side from above thanks to ∥x∥H³+1 g ∥x∥H1 and to
∥

∥Q
1/2
1 x

∥

∥

H1 f Tr[Q1]∥x∥H1 for x ∈ H1, see equation (II.4.29). We reach

E∥XT ∥qH1 f E∥Xs∥qH1 − q¿ E
∫ T

s
∥Xu∥qH1 du+

q(q − 1)¿

2
Tr[Q1]

∫ T

s
E∥Xu∥q−2

H1 du.

When q > 2, the last integral can be controlled with the Hölder inequality with
conjugate exponents q/2 and q/(q − 2) as follows

q(q − 1)¿

2
Tr[Q1]

∫ T

s
E∥Xu∥q−2

H1 du f ¿ Cq(T − s) + ¿

∫ T

s
E∥Xu∥qH1 du,

where we introduced a constant Cq > 0 that depends only on q and Tr[Q1]. The
inequality remains true also for p = 2. Therefore,

E∥XT ∥qH1 f E∥Xs∥qH1 − (q − 1)¿

∫ T

s
E∥Xu∥qH1 du+ ¿ Cq(T − s).

By resorting to the version of Grönwall’s Lemma A.2, we obtain

E
∥

∥XT

∥

∥

q

H1 f
Cq

q − 1
+ e−(q−1)¿TE∥X0∥qH1 ,

which gives the sought estimate (II.4.23), after appropriately renaming the constant
Cq > 0.
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Estimate (II.4.27). As for the fifth estimate, we start from the Itô formula in
Lemma II.4.7 with h : R+ ∋ r 7→ r2 ∈ R+ and µ = ³. We take the expectation
to both members of equation (II.4.20), which cancels out the Itô integral, and use
Fubini’s Theorem. We reach for all t ∈ [0, T ]

E∥Xt∥4H³ = E∥X0∥4H³ − 4¿

∫ t

0
E
[

∥Xs∥2H2³∥Xs∥2H³

]

ds

− 4

∫ t

0
E
[

〈

B(Xs), Xs

〉

H³∥Xs∥2H³

]

ds

+ 4¿

∫ t

0
E
[

∥

∥Q1/2
³ Xs

∥

∥

2

H³

]

ds

+ 2¿ Tr[Q³]

∫ t

0
E∥Xs∥2H³ ds.

We can compute the distributional derivative with respect to time and later estimate
the right-hand side by

∥

∥Q1/2
³ x

∥

∥

2

H³ f
∥

∥Q1/2
³

∥

∥

2

L(H³)
∥x∥2H³ = ∥Q³∥L(H³)∥x∥2H³ f Tr[Q³]∥x∥2H³ , ∀x ∈ H³.

and by

|ïB(x), xðH³ | f ∥B(x)∥∥A³x∥ f ∥x∥H1∥x∥H1+ε∥x∥H2³ , ∀x ∈ H2³.

We reach, after rearranging the terms, and by means of the Young inequality:

d

dt
E∥Xt∥4H³ + 4¿E

[

∥Xt∥2H2³∥Xt∥2H³

]

f 4E
[

∥Xs∥H1∥Xs∥H1+ε∥Xs∥H³∥Xs∥H2³∥Xs∥H³

]

+ 6¿ Tr[Q³]E∥Xt∥2H³

f 2

¿
E
[

∥Xs∥2H1∥Xs∥2H1+ε∥Xs∥2H³

]

+ 2¿E
[

∥Xs∥2H2³∥Xs∥2H³

]

+
1

2¿

(

6¿ Tr[Q³]
)2

+
¿

2
E∥Xt∥4H³

We rearrange the terms once again, and use the estimate in equation (II.4.37), fol-
lowed by Young inequality

d

dt
E∥Xt∥4H³ + 2¿E

[

∥Xs∥2H2³∥Xs∥2H³

]

f 2

¿
E
[

∥Xs∥3H1∥Xs∥H³+1∥Xs∥2H³

]

+
1

2¿

(

6¿ Tr[Q³]
)2

+
¿

2
E∥Xt∥4H³

f 2

¿3
E
[

∥Xs∥6H1∥Xs∥2H³+1

]

+ C¿ + ¿E∥Xt∥4H³ .

This finally leads, by the Sobolev embedding ∥x∥4H³ f ∥x∥2H³∥x∥2H³+1 , for x ∈ H³+1,
to

d

dt
E∥Xt∥4H³ + ¿E∥Xt∥4H³ f 2

¿3
E
[

∥Xs∥6H1∥Xs∥2H³+1

]

+ C¿

The last side is locally integrable in time thanks to (II.4.22). We apply the differential
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form of Grönwall’s Lemma A.1 and obtain for all t ∈ [0, T ]

E∥Xt∥4H³ f e−¿t

(

E∥X0∥4H³ +

∫ t

0
e¿s
(

2

¿3
E
[

∥Xs∥6H1∥Xs∥2H³+1

]

+ C¿

)

ds

)

f e−¿tE∥X0∥4H³ +
2

¿3
E

∫ t

0
∥Xs∥6H1∥Xs∥2H³+1 ds+ C

f e−¿tE∥X0∥4H³ +
2

¿4
C8

(

E∥X0∥8H1 + (t¿)4
)

+ C.

We used the linearity of the integral for the second inequality, computing the second
part and estimating e¿s f e¿t for the first part. We used estimate (II.4.22), with
p = 8, for the last inequality. The wanted estimate (II.4.27) follows after renaming
the constants.

Estimate (II.4.28). As for the last estimate, we start from the Itô formula
in Lemma II.4.7 with h = IR+ and µ = 2³. The last but one term in equation
(II.4.20) vanishes, while the last is deterministic. Next, we take the expectation to
both members, which cancels out the Itô integral. We reach for all t ∈ [0, T ]

E∥Xt∥2H2³ = E∥X0∥2H2³ − 2¿

∫ t

0
E∥Xs∥2H3³ ds+ 2

∫ t

0
E

H−³

〈

A2³Xs, B
(

Xs

)〉

H³ ds

+ ¿ Tr[Q2³] t.

We can compute the distributional derivative with respect to time and later estimate
the right-hand by (II.2.4) (with Ã = ³+ 1 > 2)

d

dt
E∥Xt∥2H2³ = −2¿E∥Xt∥2H3³ + 2E

H−³

〈

A2³Xs, B
(

Xs

)〉

H³ + ¿ Tr[Q2³]

f −2¿E∥Xt∥2H3³ + ¿E ∥A2³Xt∥2H−³ +
1

¿
E
[

∥Xt∥2H³∥Xt∥2H³+1

]

+ ¿ Tr[Q2³]

f −¿E∥Xt∥2H2³ +
1

¿
E
[

∥Xt∥2H³∥Xt∥2H³+1

]

+ ¿ Tr[Q³].

We used the Sobolev embedding ∥x∥H3³ g ∥x∥H2³ , for x ∈ H3³, in the last inequal-
ity. The right-hand side is locally integrable in time thanks to (II.4.25). We apply
the differential form of Grönwall’s Lemma A.1 and obtain for all t ∈ [0, T ]

E∥Xt∥2H2³ f e−¿t

(

E∥X0∥2H2³ +

∫ t

0
e¿s
(1

¿
E
[

∥Xs∥2H³∥Xs∥2H³+1

]

+ ¿ Tr[Q2³]
)

ds

)

f e−¿tE∥X0∥2H2³ +
1

¿
E

∫ t

0
∥Xs∥2H³∥Xs∥2H2³ ds+Tr[Q2³]

f e−¿tE∥X0∥2H2³ +
1

¿2
C

(

E∥X0∥4H³ +
T

¿3
E∥X0∥8H1 + T 2¿(T 3 + ¿)

)

+Tr[Q2³].

We used the linearity of the integral for the second inequality, computing the second
part and estimating e¿s f e¿t for the first part. We used estimate (II.4.25), for the
last inequality. The wanted estimate (II.4.28) follows after renaming the constants.2
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II.5 Stationary solutions

In this section, we first prove that the solutions to the stochastic hyperviscous Navier-
Stokes Equation, see Definition II.4.1 and Theorem II.4.8, enjoy the Markov property.
Hence, we can define a Markov semigroup P associated to the equation and prove the
existence of an invariant measure for the semigroup P , together with some moment
estimates. Next, given a fixed invariant measure µ¿ , we are able to construct a
stationary solution to the equation (HNS¿,³) distributed as µ¿ for all times. The
stationarity allows us to obtain further moment estimates for the invariant measure,
that are also uniform with respect to the kinematic viscosity ¿.

II.5.1 Markov property

We start by recalling the definition of the usual semigroup associated with a solution
to a stochastic equation.

Definition II.5.1. Assume that ¿ > 0 and ³ > 1. We define P : R+ ∋ t 7→ Pt ∈
L
(

Bb(H2³)
)

as follows. If x ∈ H2³ and if (Ω,F , {Ft}tg0,P;W ;Xx) is a solution to
the equation (HNS¿,³) such that P(Xx

0 = x) = 1, see Theorem II.4.8 (ii.b), then for
all φ ∈ Bb(H2³) and t g 0 we let

Ptφ : H2³ ∋ x 7→ E
[

φ(Xx
t )
]

∈ R. (II.5.1)

Remark II.5.2. Assume that t g 0. For any φ ∈ Bb(H2³), the definition of Ptφ :
H2³ → R is well-posed by Theorem II.4.8 (ii.b). Moreover, Ptφ ∈ B(H2³) by
[Ond05, Corollary 23], and it is bounded by simple calculations. Moreover, by direct
inspection, the function Pt : Bb(H2³) ∋ φ 7→ Ptφ ∈ Bb(H2³) is linear and bounded.

Finally, the definition depends only on the law of the solution, that is to say,
if (Ω̃, F̃ , {F̃t}tg0, P̃; W̃ ; X̃x) is another solution to the equation (HNS¿,³) such that
P̃(X̃x

0 = x) = 1, then by the uniqueness in law property, see Theorem II.4.8 (i),

E
[

φ(Xx
t )
]

=

∫

Ω
φ(Xx

t (É)) dP(É)

=

∫

H2³

φ(x) d
(

(Xx
t )∗P

)

(x)

=

∫

H2³

φ(x) d
(

(X̃x
t )∗P̃

)

(x)

=

∫

Ω̃
φ(X̃x

t (É)) dP̃(É)

= Ẽ
[

φ(X̃x
t )
]

.

We will now prove that the semigroup P is the Markov semigroup associated to
the solution of the stochastic hyperviscous Navier-Stokes equation.

Theorem II.5.3. Assume that ¿ > 0 and ³ > 1. The solutions to the equation
(HNS¿,³) enjoy the Markov property with semigroup P . Namely, if x ∈ H2³ and if
(Ω,F , {Ft}tg0,P;W ;Xx) is a solution to the equation (HNS¿,³) such that P(Xx

0 =
x) = 1, then for all t g 0, h g 0 and φ ∈ Bb(H2³)

E
[

φ(Xx
t+h)

∣

∣Ã
(

Xx
s : s ∈ [0, t]

)]

= Phφ(X
x
t ), P− a.s.
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Proof. Assume the hypotheses and let t g 0, h g 0, x ∈ H2³ and φ ∈ Bb(H2³)
be fixed. For any y ∈ H2³, we consider a solution (Ω,F , {Ft}tg0,P;W ;Xy) to the
equation (HNS¿,³) such that P(Xx

0 = y) = 1.
First of all, since Phφ ∈ B(H2³) by Definition II.5.1, the function Ω ∋ É 7→

Phφ
(

Xx
t (É)

)

∈ R is Ã
(

Xx
t

)

-measurable, hence also Ã
(

Xx
s : s ∈ [0, t]

)

-measurable.
We need to show that, if E ∈ Ã

(

Xx
s : s ∈ [0, t]

)

, then

E
[

Phφ(X
x
t )1E

]

= E
[

φ(Xx
t+h)1E

]

.

According to [Wil91, Theorem 9.2], since the family

{

n
⋂

i=1

{

Xx
si ∈ Γi

}

: n ∈ N, Γ1, . . . ,Γn ∈ BH2³ , s1, . . . , sn ∈ [0, t]

}

is a Ã-system that generates the Ã-algebra Ã
(

Xx
s : s ∈ [0, t]

)

, it is sufficient to prove
that, for arbitrarily fixed n ∈ N, Γ1, . . . ,Γn ∈ BH2³ and s1, . . . , sn ∈ [0, t], we have

E

[

Phφ(X
x
t )

n
∏

i=1

1Γi(X
x
si)

]

= E

[

φ(Xx
t+h)

n
∏

i=1

1Γi(X
x
si)

]

. (II.5.2)

We start from the left-hand side and use the definition of semigroup in equation
(II.5.1):

E

[

Phφ(X
x
t )

n
∏

i=1

1Γi(X
x
si)

]

=

∫

Ω
Phφ(X

x
t (É))

n
∏

i=1

1Γi(X
x
si(É)) dP(É)

=

∫

Ω

∫

Ω
φ
(

X
Xx

t (É)
h (É′)

)

n
∏

i=1

1Γi(X
x
si(É)) dP(É

′) dP(É).

(II.5.3)
Let us define, for s g 0,

X̃s : Ω× Ω ∋ (É, É′) 7→ X̃s(É, É
′) :=

{

Xx
s (É), if s ∈ [0, t],

X
Xx

t (É)
s−t (É′), if s > t,

W̃s : Ω× Ω ∋ (É, É′) 7→ W̃s(É, É
′) :=

{

Ws(É), if s ∈ [0, t],

Ws−t(É
′) +Wt(É), if s > t,

and consider the filtered probability space (Ω × Ω, F̃ , {F̃s}sg0, P̃) augmented from
(Ω × Ω,F ¹ F , {Fs ¹ Fs}sg0,P ¹ P). We denote Ω̃ := Ω × Ω. In particular, by
the Lévy Martingale Characterization Theorem, see [DZ14, Theorem 4.6], W̃ is an
{F̃s}sg0-adapted H2³-valued Wiener process. See [DHV16, Lemma 4.8].

We will show now that (Ω̃, F̃ , {F̃t}tg0, P̃; W̃ ; X̃) is a solution to the equation
(HNS¿,³) such that P̃(X̃0 = x) = 1. The path regularities required in Definition
II.4.1 and the initial condition are trivially satisfied. We only need to show the
validity of the equality (II.4.1) for W̃ and X̃, P̃ − a.s. in H³. If s ∈ [0, t], then
X̃s(É, É

′) = Xx
s (É) and W̃s(É, É

′) =Ws(É) for all (É, É′) ∈ Ω̃, hence there is nothing
to prove. If s > t, for P̃ − a.e. (É, É′) ∈ Ω̃, by a change of variable in time and by
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the definition of Xx in equation (II.4.1)

X̃s(É, É
′)

= X
Xx

t (É)
s−t (É′)

= − ¿
∫ s−t

0
A³X

Xx
t (É)

r (É′) dr −
∫ s−t

0
B
(

X
Xx

t (É)
r (É′)

)

dr +
√
¿ Ws−t(É

′) +Xx
t (É)

= − ¿
∫ s

t
A³X

Xx
t (É)

r−t (É′) dr −
∫ s

t
B
(

X
Xx

t (É)
r−t (É′)

)

dr +
√
¿ Ws−t(É

′)

− ¿
∫ t

0
A³Xx

r (É) dr −
∫ t

0
B(Xx

r (É)) dr +
√
¿ Wt(É) + x

= − ¿
∫ s

0
A³X̃r(É, É

′) dr −
∫ s

0
B(X̃r(É, É

′)) dr +
√
¿ W̃s(É, É

′) + x.

The uniqueness in law from Theorem II.4.8 (i) yields (X̃)∗P̃ = (Xx)∗P on
P
(

C([0, T ];H2³)
)

for any T > 0. Therefore, we can conclude the chain of equalities
(II.5.3) by means of Fubini’s Theorem and thanks to the fact that X̃ and Xx share
the same finite-dimensional laws on BH2³

E

[

Phφ(X
x
t )

n
∏

i=1

1Γi(X
x
si)

]

=

∫

Ω×Ω
φ
(

X
Xx

t (É)
h (É′)

)

n
∏

i=1

1Γi(X
x
si(É)) d(P¹ P)(É, É′)

=

∫

Ω̃
φ
(

X̃t+h(É, É
′)
)

n
∏

i=1

1Γi

(

X̃si(É, É
′)
)

dP̃(É, É′)

=

∫

Ω
φ
(

Xx
t+h(É)

)

n
∏

i=1

1Γi

(

Xx
si(É)

)

dP(É)

=E

[

φ(Xx
t+h)

n
∏

i=1

1Γi(X
x
si)

]

.

We obtained the sought equality (II.5.2) and the thesis follows. 2

We now introduce the adjoint P ∗ to the Markov semigroup P , which will be later
used to define the invariant measure for the stochastic hyperviscous Navier-Stokes
equations.

Definition II.5.4. Assume that ¿ > 0 and ³ > 1. We define the adjoint semigroup
P ∗ := {P ∗

t }tg0 of P , see Definition II.5.1, as follows

P ∗
t : P(H2³) ∋ µ 7→ P ∗

t µ ∈P(H2³), ∀ t g 0,

where, for all t g 0,

(

P ∗
t µ
)

(U) :=

∫

H2³

Pt1U dµ, ∀U ∈ B(H2³).

Remark II.5.5. The definition of P ∗ is well-posed, for any choice of parameters ¿ > 0
and ³ > 1. Namely, for any µ ∈ P(H2³) and any t g 0, one can easily verify that
P ∗
t µ is again a probability measure on (H2³,BH2³), thanks to the definition of Pt,

see equation (II.5.1), to Theorem II.4.8 (ii.b), and to the continuity of Pt.
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Indeed, if x ∈ H2³, let (Ω,F , {Ft}tg0,P;W ;Xx) be a solution to the equation
(HNS¿,³) such that P(Xx

0 = x) = 1. Then we have for all t g 0

(

P ∗
t µ
)

(U) =

∫

H2³

Pt1U dµ =

∫

H2³

P(Xx
t ∈ U) dµ(x) g 0, ∀U ∈ BH2³ ,

(

P ∗
t µ
)

(H2³) =

∫

H2³

P
(

Xx
t ∈ H2³

)

dµ(x) = µ(H2³) = 1,

and for any countable family of disjoint sets Ui ∈ BH2³ , i ∈ N,

(

P ∗
t µ
)

(

∞
⋃

i=1

Ui

)

=

∫

H2³

Pt

(

∞
∑

i=1

1Ui

)

dµ =

∫

H2³

∞
∑

i=1

Pt1Ui dµ =
∞
∑

i=1

(

P ∗
t µ
)

(Ui),

where we used, in order, the fact that the sets are disjoint, the linearity and continuity
of Pt, and the Monotone Convergence Theorem.

Remark II.5.6. One can prove, by a standard machine from measure theory, that for
any t g 0 and any probability measure µ ∈P(H2³)

∫

H2³

φ d
(

P ∗
t µ
)

=

∫

H2³

Ptφ dµ, ∀φ ∈ Bb(H2³). (II.5.4)

Indeed, if φ = 1U for some U ∈ BH2³ , then the property (II.5.4) is trivial.
If φ is simple, i.e. there exist N ∈ N and {Ui}Ni=1 ¢ BH2³ such that φ =

∑N
i=1 1Ui , then the property (II.5.4) follows by linearity of the integral and the

previous step.
If φ ∈ Bb(H2³), then there exists a sequence of simple functions {φn}n∈N ¢

Bb(H2³) that converges P ∗
t µ − a.s. to φ. In this general case, the property (II.5.4)

follows by the Dominated Convergence Theorem and the previous step.

Definition II.5.7. Assume that ¿ > 0 and ³ > 1. A probability measure µ ∈
P(H2³) is an invariant measure for the semigroup P if

P ∗
t µ = µ, ∀ t g 0.

A standard tool to study the existence of invariant measure for stochastic partial
differential equations is the Krylov-Bogoliubov Theorem, see, for instance, [DZ96,
Section 3.1]. This theorem requires the Feller property for the semigroup P and the
tightness for the sequence of probability measures 1

n

∫ n
0 P

∗
t ¶x dt, n ∈ N, where x is

any point in H2³.
In our scenario, the Feller property is satisfied thanks to Theorem II.4.8 (ii.b).

Were the equation set in a bounded domain D ¢ R2, the tightness property could
be easily proved by showing some uniform estimates in time for the p−moment of
the solution, where p > 1, with respect to the norm of some space HÃ(D;R2), where
Ã < 2³. Indeed, HÃ(D;R2) ↪−↪→ H2³(D;R2) if D is bounded and Ã < 2³. Hence
closed balls in HÃ(D;R2) are compact in H2³(D;R2), and can be thus utilized to
verify the tightness of the sequence. However, in our study case, the equation is
set in the unbounded domain R2. In particular, the Sobolev embeddings are still
continuous, yet not compact.

In order to address the problem, we resort to a different version of the Krylov-
Bogoliubov Theorem, see [MS99, Section 3], which weakens the requirement of tight-
ness and strengthens the Feller property. Specifically, the compact set required by the
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tightness property can be replaced by a bounded set, provided the ambient space
is endowed with the weak topology. Consequently, the Feller property has to be
replaced by a sequentially weak version.

Theorem II.5.8 ([MS99, Proposition 3.1]). Assume that ¿ > 0 and ³ > 1. Fur-
ther, suppose that the semigroup P , see Definition II.5.1, satisfies the following two
hypotheses.

(i) (Sequentially weak Feller property) If φ ∈ Cb(H
2³
w ), x ∈ H2³ and {xn}n∈N ¢

H2³ is a sequence weakly convergent to x in H2³, then

lim
n→∞

Ptφ(xn) = Ptφ(x), ∀ t g 0.

(ii) For any ε > 0 there exists R > 0 such that

lim sup
T→∞

1

T

∫ T

0
(P ∗

t ¶x)
(

H2³ \ B̄H2³

R

)

dt f ε,

where B̄H2³

R :=
{

y ∈ H2³ : ∥y∥H2³ f R
}

.

Then there exists an invariant measure for the semigroup P .

An ancillary result is required to prove the sequentially weak Feller property for
the semigroup.

Lemma II.5.9. Assume that ¿ > 0, ³ > 1 and z ∈ C(R+;H
2³). Then the function

H2³
w ∋ x 7→ V(x, z) ∈ C

(

[0, T ];H2³
w

)

,

see Theorem II.4.6, is sequentially continuous. Namely, the following property is
satisfied. For any x ∈ H2³, any sequence {xn}n∈N in H2³ weakly convergent to
x ∈ H2³ and any T > 0

lim
n→∞

sup
t∈[0,T ]

∣

∣

∣H−2³

〈

y,V(xn, z)(t)− V(x, z)(t)
〉

H2³

∣

∣

∣
= 0, ∀ y ∈ H−2³.

Proof. Step 1. Let us fix T > 0, x ∈ H2³ and a sequence {xn}n∈N weakly convergent
to x in H2³. To ease the notation we denote for all n ∈ N

vn := V(xn, z)
∣

∣

[0,T ]
: [0, T ]→ H2³,

ṽn := V(xn, z)1[0,T ] : R→ H2³,

f̃n := −¿A³ṽn −B(ṽn + z)1[0,T ] : R→ H2³.

We first prove that there exists µ > 0 such that the sequence {ṽn}n∈N is bounded in
Hµ(R;H2³).

The sequence
{xn}n∈N is bounded in H2³, (II.5.5)

because it is weakly convergent in H2³. Hence the estimate (II.4.6) in Theorem II.4.6
implies that {vn}n∈N is bounded in C

(

[0, T ];H2³
)

∩L2(0, T ;H3³). In particular, the
sequence

{ṽn}n∈N is bounded in L∞(R;H2³) ∩ L2(R;H3³). (II.5.6)
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Moreover, for all n ∈ N, f̃n has compact support [0, T ], and

(
∫

R

∥f̃n(t)∥H³ dt

)2

f T
∫ T

0
∥f̃n(t)∥2H³ dt

f 2T

∫ T

0
¿2∥A³vn(t)∥2H³ + ∥B

(

vn(t)+z(t)
)

∥2H³ dt

f 2T

∫ T

0
¿2∥vn(t)∥2H3³ + c∥vn(t)+z(t)∥H³∥vn(t)+z(t)∥H³+1 dt

f 2¿2T

∫ T

0
∥vn(t)∥2H3³ dt+ 4cT 2 sup

t∈[0,T ]

[

∥vn(t)∥2H2³ + ∥z(t)∥2H2³

]

.

We used the Jensen inequality thanks to the compact support [0, T ] of f̃n, the Young
inequality, the estimate (II.2.4) from Lemma II.2.12 (with Ã = ³ + 1 > 2), and the
Sobolev embeddings. The last side of the chain of inequalities is uniformly bounded
in n thanks to the estimate (II.4.6) with z1 := z, x1 := xn and x2 = z2 := 0 and
to the boundedness of the sequence {xn}n∈N in H2³. This means that {f̃n}n∈N is
bounded in L1(R;H³), in particular

{

F [f̃n]
}

n∈N
∈
(

C(R;H³)
)N

is bounded in L∞(R;H³). (II.5.7)

Let us now fix n ∈ N. By direct inspection, the function ṽn satisfies in H³

ṽn(t) =







∫ t

0
f̃n(s) ds+ xn, ∀ t ∈ [0, T ],

0, ∀ t ∈ R \ [0, T ],

= 1[0,T ](t)

(
∫ t

0
f̃n(s) ds+ xn

)

.

(II.5.8)

Let {ek}k∈N be an orthonormal complete system for H3³, in particular {A2³ek}k∈N
becomes an orthonormal complete system for H−³. Since ṽn ∈ L2(R;H3³), there
exists {Èk}k∈N ¢ L2(R) such that

ṽn(t) =
∞
∑

k=1

Èk(t)ek, a.e. t ∈ R,

F [ṽn](t) =
∞
∑

k=1

F [Èk](t)ek, ∀ t ∈ R,

where the series converge in H3³. We take the duality product in H−³/H³ of A2³ek
with equation (II.5.8), for any k ∈ N, and later derive in the distributional sense
with respect to time:

(

H−³

〈

A2³ek, ṽn
〉

H³

)′
=

H−³

〈

A2³ek, f̃n
〉

H³ +
H−³

〈

A2³ek, xn
〉

H³¶0

−
H−³

〈

A2³ek, ṽn(T )
〉

H³¶T .
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We apply the distributional Fourier transform in time and resort to the property
(0.5)

it
H−³

〈

A2³ek,F [ṽn](t)
〉

H³ =
H−³

〈

A2³ek,F [f̃n](t)
〉

H³ +
1√
2Ã H−³

〈

A2³ek, xnðH³

− 1√
2Ã H−³

〈

A2³ek, ṽn(T )e
−itT

〉

H³ .

We multiply both sides of the last equality by F [Èk](t) and sum over k. We obtain
for all t ∈ R

it
∥

∥F [ṽn](t)
∥

∥

2

H2³ =
H−³

〈

A2³
F [ṽn](t),F [f̃n](t)

〉

H³ +
1√
2Ã H−³

〈

A2³
F [ṽn](t), xn

〉

H³

− 1√
2Ã H−³

〈

A2³
F [ṽn](t)ṽn(T )e

−itT
〉

H³ .

We take the complex absolute value of both members and estimate the right-hand
side

|t|
∥

∥F [ṽn](t)
∥

∥

2

H2³ f
∥

∥F [ṽn](t)
∥

∥

H3³

[

sup
t∈R

∥

∥F [f̃n](t)
∥

∥

2

H³

+
1√
2Ã

(

∥xn∥H³ + ∥ṽn(T )∥H³

)

] (II.5.9)

f c1
∥

∥F [ṽn](t)
∥

∥

H3³ ,

where we introduced a finite constant c1 > 0 independent of n, thanks to (II.5.7),
(II.5.5) and to (II.5.6). A simple real-analysis exercise shows that

|t|2µ f 2
1 + |t|

1 + |t|1−2µ
, ∀ t ∈ R, ∀ µ ∈ (0, 1/2). (II.5.10)

Therefore we have
∫

R

|t|2µ
∥

∥F [ṽn](t)
∥

∥

2

H2³ dt f 2

∫

R

∥

∥F [ṽn](t)
∥

∥

2

H2³

1 + |t|1−2µ
+
|t|
∥

∥F [ṽn](t)
∥

∥

2

H2³

1 + |t|1−2µ
dt

f 2

∫

R

∥

∥F [ṽn](t)
∥

∥

2

H3³ + c1

∫

R

∥

∥F [ṽn](t)
∥

∥

H3³

1 + |t|1−2µ
dt,

(II.5.11)

where we employed equation (II.5.10) for the first inequality, and estimate (II.5.9)
for the second, together with the embedding H3³ ↪→ H2³ and with 1 + |t|1−2µ g 1.
We control the first integral by the Plancherel Theorem and the uniform bound in
(II.5.6):

∫

R

∥

∥F [ṽn](t)
∥

∥

2

H3³ dt = ∥ṽn∥2L2(R;H3³) f C, (II.5.12)

where C > 0 is a finite constant independent of n. Similarly, thanks to the Hölder
inequality

∫

R

∥

∥F [ṽn](t)
∥

∥

H3³

1 + |t|1−2µ
dt f

(
∫

R

1

(1 + |t|1−2µ)2
dt

)1/2(∫

R

∥

∥F [ṽn](t)
∥

∥

2

H3³ dt

)1/2

f C ′,

(II.5.13)
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where C ′ > 0 is a finite constant independent of n as soon as µ < 1/4. Indeed, the
second factor is uniformly bounded by equation (II.5.12), while the first is finite for
µ < 1/4. By plugging estimates (II.5.12) and (II.5.13) into (II.5.11) we conclude
that

{ṽn}n∈N is bounded in Hµ(R;H2³).

Step 2. We proved in Step 1 that the sequence {ṽn}n∈N is bounded inHµ(R;H2³)∩
L∞(R;H2³)∩L2(R;H3³) for any µ ∈ (0, 1/4). Moreover H2³ and H3³ are continu-
ously embedded in H2³

loc, H
3³
loc, respectively. In addition, [Tem01, Theorem 2.2, Chap-

ter 3] states that Hµ(R;H2³
loc)∩L2(R;H3³

loc) is compactly embedded into L2(R;H2³
loc).

Therefore,

{ṽn}n∈N is bounded in Hµ(R;H2³)∩L∞(R;H2³)∩L2(R;H3³) ↪−↪→ L2(R;H2³
loc).

Consequently, we find ṽ ∈ Hµ(R;H2³)∩L∞(R;H2³)∩L2(R;H3³) and a subsequence
{ṽnk
}k∈N such that

ṽnk
−→ ṽ,











weakly∗ in L∞(R;H2³),

weakly in L2(R;H3³),

strongly in L2(R;H2³
loc),

as k →∞.

If we restrict to the time interval [0, T ] we find

vnk
= ṽnk

∣

∣

[0,T ]
−→ ṽ

∣

∣

[0,T ]
,











weakly∗ in L∞(0, T ;H2³),

weakly in L2(0, T ;H3³),

strongly in L2(0, T ;H2³
loc),

as k →∞. (II.5.14)

Step 3. We now prove that ṽ
∣

∣

[0,T ]
= V(x, z)

∣

∣

[0,T ]
and that this is the limit of the

whole sequence {vn}n∈N, in the sense specified in (II.5.14).
With a slight abuse of notation we henceforth denote by ṽ the restriction on the

interval [0, T ] of the function ṽ constructed in the previous step. We also denote by
v the restriction to [0, T ] of V(x, z). We know from Theorem II.4.6 that, for every
k ∈ N, the function vnk

satisfies the following identity in H³

vnk
(t) + ¿

∫ t

0
A³vnk

(s) ds+

∫ t

0
B
(

vnk
(s) + z(s)

)

ds = xnk
, ∀ t ∈ [0, T ].

For fixed t ∈ [0, T ], we pass to the limit, for k → ∞, each term in the previous
equality thanks to the convergences in (II.5.14).

For all y ∈ H−2³, thanks to vnk
= V(xnk

, z) ∈ C
(

[0, T ];H2³
)

and to its weak*-
convergence in L∞(0, T ;H2³) we have

H−2³

〈

y, vnk
(t)
〉

H2³ −→ H−2³

〈

y, ṽ(t)
〉

H2³ , in C
(

[0, T ]
)

.

Since vnk
(0) = xnk

−→ x weakly in H2³, we also deduce that ṽ(0) = x.
Analogously, A³vnk

−→ A³ṽ weakly in L2(0, T ;H³), thanks to the weak conver-
gence in L2(0, T ;H3³) of vnk

. Hence, for all y ∈ H−³

¿

∫ t

0
H−³

〈

y,A³vnk
(s)
〉

H³ ds −→ ¿

∫ t

0
H−³

〈

y,A³ṽ(s)
〉

H³ ds, in C
(

[0, T ]
)

.
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For the integral of the non-linearity we apply Lemma B.3 (with ´ = ³) to the
sequence {vnk

+ z}n∈N, which satisfies the hypotheses of the lemma because the
strong convergence in L2(0, T ;H2³

loc) implies strong convergence in L2(0, T ;H³+1
loc )

and the weak*-convergence in L∞(0, T ;H2³) implies boundedness in L∞(0, T ;H2³),
which yields boundedness in L2(0, T ;H³+1).

We thus find, for all t ∈ [0, T ]

ṽ(t) + ¿

∫ t

0
A³ṽ(s) ds+

∫ t

0
B
(

ṽ(s) + z(s)
)

ds = x,

the equality holding in H³.
We invoke the uniqueness result in Theorem II.4.6 to infer

ṽ = v ∈ C
(

[0, T ];H2³
)

∩ L2(0, T ;H3³).

We conclude this step by observing that the whole sequence {vn}n∈N converges
to v in the sense specified in (II.5.14). Indeed, let us choose arbitrarily a strictly
increasing sequence of indices {ni}i∈N ¢ N. Then, by Step 3, we can extract a subse-
quence {nik}k∈N such that

{

vnik

}

k∈N
converges to some limit in the sense specified in

(II.5.14). We proved in the present step that the limit is the function v from Theorem
II.4.6, in particular, it is independent of the sequence of indices {ni}i∈N ¢ N. Since
the weak*-convergence in L∞(0, T ;H2³), the weak-convergence in L2(0, T ;H3³) and
the strong convergence in L2(0, T ;H2³

loc) are all metrizable on bounded sets, we obtain
by the usual contradiction argument that the whole sequence {vn}n∈N converges to
v in the specified topologies.

Step 4. Let us fix y ∈ H−2³, then from the previous steps H−2³ïy, vn−vðH2³ −→
0 in L∞(0, T ) as n→∞ and also H−2³ïy, vn−vðH2³ ∈ C

(

[0, T ]
)

for all n ∈ N. Hence,
we reach

H−2³

〈

y, vn − v
〉

H2³ −→ 0 in C
(

[0, T ]
)

, as n→∞,
which is the sought thesis. 2

Theorem II.5.10. Assume that ¿ > 0 and ³ > 1. There exists an invariant measure
for the semigroup P , see Definition II.5.1. Moreover, if µ¿ ∈P(H2³) is an invariant
measure for the semigroup P , then

∫

H2³

∥x∥p
H1 dµ¿(x) < +∞, ∀ p ∈ (2,+∞), (II.5.15)

∫

H2³

∥x∥4H³ dµ¿(x) < +∞, (II.5.16)
∫

H2³

∥x∥2H2³ dµ¿(x) < +∞. (II.5.17)

Proof. Step 1. The existence result follows from Theorem II.5.8, whose hypotheses
we now show to be satisfied.

As for the sequentially weak Feller property, let us take x ∈ H2³ and a sequence
{xn}n∈N ¢ H2³ weakly convergent to x in H2³. Let (Ω,F , {Ft}tg0,P;W ;Xxn),
n ∈ N, and (Ω,F , {Ft}tg0,P;W ;Xx) be solutions to the equation (HNS¿,³) such
that P(Xxn

0 = xn) = P(Xx
0 = x) = 1. It follows from Theorem II.4.8 (ii.a) and

Lemma II.5.9 that P− a.s.

lim
n→∞

φ(Xxn
t ) = lim

n→∞
φ
(

V(xn, Z)(t)+Zt

)

= lim
n→∞

φ
(

V(x, Z)(t)+Zt

)

= φ(Xx
t ), ∀ t g 0.
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Thanks to the boundedness of φ, the Dominated Convergence Theorem gives

lim
n→∞

(Ptφ)(xn) = lim
n→∞

E
[

φ(Xxn
t )
]

= E
[

φ(Xx
t )
]

= (Ptφ)(x), ∀ t g 0.

As far as the condition (ii) in Theorem II.5.8 is concerned, we fix ε > 0, then for
all T,R > 0, by the Chebyshev inequality and estimate (II.4.24)

1

T

∫ T

0
(P ∗

t ¶x)
(

H2³ \ B̄H2³

R

)

dt =
1

T

∫ T

0
P
(

∥Xx
t ∥H2³ > R

)

dt

f 1

TR2

∫ T

0
E∥Xx

t ∥2H2³ dt

=
1

TR2
E

∫ T

0
∥Xx

t ∥2H2³ dt

f C

¿TR2

(

∥x∥2H³ +
1

¿2
∥x∥2H1 +

T

¿
+ T¿

)

,

where the constant C > 0 is independent of T and ¿. The hypothesis is verified if
we choose R > 0 such that

C

¿R2

(

1

¿
+ ¿

)

f ε.

Step 2. Let us now prove the moment estimates for an invariant measure µ¿ ∈
P(H2³) for the semigroup P .

Assume that p > 2 and let, for any n ∈ N, φn : H2³ ∋ x 7→ ∥x∥p
H1 ' n. Further

assume that (Ω,F , {Ft}tg0,P;W ;Xx) is a solution to the equation (HNS¿,³) such
that P(Xx

0 = x) = 1. For all n ∈ N, since φn ∈ Bb(H2³), we have by the invariance
property of µ¿ and the property (II.5.4) for P ∗

1

∫

H2³

∥x∥p
H1 ' n dµ¿(x) =

∫

H2³

φn(x) d(P
∗
1 µ¿)(x)

=

∫

H2³

(P1φn)(x) dµ¿(x)

=

∫

H2³

E
[

∥Xx
1 ∥pH1 ' n

]

dµ¿(x).

In the last equality we expanded the definition of P1. Both the first and last members
of this chain of equalities converge by the Monotone Convergence Theorem as n→∞.
By uniqueness of the limit we have

∫

H2³

∥x∥p
H1 dµ¿(x) =

∫

H2³

E
[

∥Xx
1 ∥pH1

]

dµ¿(x)

f
∫

H2³

Cp + e−(p−1)¿∥x∥p
H1 dµ¿(x)

= Cp + e−(p−1)¿

∫

H2³

∥x∥p
H1 dµ¿(x),

where we used the estimate (II.4.23) in Theorem II.4.8 (iv). After rearranging the
terms, we reach

∫

H2³

∥x∥p
H1 dµ¿(x) f

Cp

1− e−(p−1)¿
=: Cp,¿ < +∞. (II.5.18)

80



CHAPTER II II.5. Stationary solutions

We argue mutatis mutandis to get the other estimates. With a similar argument
as before we achieve

∫

H2³

∥x∥4H³ dµ¿(x) =

∫

H2³

E
[

∥Xx
1 ∥4H³

]

dµ¿(x)

f
∫

H2³

(

e−¿∥x∥4H³ +
C

¿3
∥x∥8H1 + 2C

)

dµ¿(x)

f e−¿

∫

H2³

∥x∥4H³ dµ¿(x) +
C

¿3
C8,¿ + 2C,

where we used the estimate (II.4.27) from Theorem II.4.8 (iv), and the finite con-
stant Cp,¿ from equation (II.5.18). The thesis follows by rearranging the terms.
Analogously, making use of the estimate (II.4.28) from Theorem II.4.8, we obtain
∫

H2³

∥x∥2H2³ dµ¿(x) =

∫

H2³

E
[

∥Xx
1 ∥2H2³

]

dµ¿(x)

f e−¿

∫

H2³

∥x∥2H2³ dµ¿(x) +
C

¿2

∫

H2³

∥x∥4H³ dµ¿(x)

+
C

¿5

∫

H2³

∥x∥8H1 dµ¿(x) +
C

¿
+ 2C,

which leads to the thesis by the estimates (II.5.15), and (II.5.16) just proved and by
rearranging the terms. 2

II.5.2 Construction of stationary solutions

Once proved the existence of invariant measures for the stochastic hyperviscous
Navier-Stokes Equation, we need to construct a solution whose law is a given in-
variant measure. This result is indeed essential to later study the inviscid limit to
the Eulerian case, which will be performed by passing to the limit the stationary
solutions in appropriate trajectory spaces.

Proposition II.5.11. Assume that ³ > 1. There exists an augmented filtered prob-
ability space (Ω,F , {Ft}tg0,P), with an adapted H2³-valued Wiener process W , that
satisfies the following property. If ¿ > 0 and if µ¿ ∈ P(H2³) is an invariant
measure for the equation (HNS¿,³), see Definition II.5.7, then there exists a process
X¿ : R+×Ω→ H2³ such that (Ω,F , {Ft}tg0,P;W ;X¿) is a solution to the equation
(HNS¿,³), see Definition II.4.1, such that for all T > 0

X¿ ∈
(

⋂

pg1

Lp
(

Ω;C
(

[0, T ];H1
))

)

∩ L4
(

Ω;C
(

[0, T ];H³
))

(II.5.19)

∩ L2
(

Ω;C
(

[0, T ];H2³
))

∩ L2
(

Ω× [0, T ];H3³
)

,

and such that (X¿
0 )∗P = µ¿ ∈P(H2³). In particular, X¿ is stationary, i.e.

(X¿
t )∗P = µ¿ ∈P(H2³), ∀ t g 0.

Proof. Step 1. For fixed ³ > 1, we will construct a filtered probability space
(Ω,F , {Ft}tg0,P) that satisfies the usual conditions and enjoys the following prop-
erties.
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• An H2³-valued Wiener process W defined and adapted on (Ω,F , {Ft}tg0,P)
exists.

• For any ¿ > 0, if µ¿ ∈ P(H2³) is an invariant measure for the equation
(HNS¿,³) (which exists thanks to Theorem II.5.10), then there exists a random
variable À¿ : Ω→ H2³ distributed as µ¿ .

First, we define Ω1 := (H2³)(0,+∞), we fix, for any ¿ > 0, an invariant measure
µ¿ ∈P(H2³) for the equation (HNS¿,³), and we let À̄¿ : Ω1 ∋ É 7→ É(¿) ∈ H2³, for
all ¿ > 0. Then, [Coh13, Exercise 2, Section 10.6] states the existence of a Ã-algebra
F1 on Ω1 and a probability measure P1 on (Ω1,F1) such that À̄¿ is a random variable
on (Ω1,F1,P1) distributed as µ¿ , for any ¿ > 0. Next, we endow (Ω1,F1,P1) with
an arbitrary filtration {F1

t }tg0. In addition, we consider a filtered probability space
(

Ω2,F2, {F2
t }tg0,P

2
)

with an adapted H2³-valued Wiener process W̄ .
Finally, we define (Ω,F ,P) as the completion of (Ω1 × Ω2,F1 ¹ F2,P1 × P2)

and, for all t g 0, we let Ft be the completion with respect to P of
⋂

s>tF1
s ¹ F2

s .
The so constructed filtered probability space (Ω,F , {Ft}tg0,P) satisfies the usual
conditions.

Eventually, recalling that Ω := Ω1 × Ω2, we let

Wt : Ω ∋ (É1, É2) 7→ W̄t(É2) ∈ H2³, ∀ t g 0,

À¿ : Ω ∋ (É1, É2) 7→ À̄¿(É1) ∈ H2³, ∀ ¿ > 0,

which satisfy the required properties by direct inspection.
Step 2. Let us now fix ¿ > 0. Theorem II.4.8 (ii.a) states the existence

of a process XÀ¿ : R+ × Ω → H2³, that we hereby denote simply by X¿ , such
that (Ω,F , {Ft}tg0,P;W ;X¿) is a solution to the equation (HNS¿,³) with P

(

X¿
0 =

À¿
)

= 1. In addition, since (À¿)∗P = (X¿
0 )∗P = µ¿ , the moment estimates (II.5.15),

(II.5.16), (II.5.17) imply X¿
0 ∈ L2(Ω;H2³) ∩ L4(Ω;H³) ∩ Lp(Ω;H1) for all p g 1.

Hence, by Theorem II.4.8 (iii), the process X¿ has the sought regularities.
It only remains to show that X¿ is stationary. Let us fix t g 0, then (X¿

t )∗P =
µ¿ ∈P(H2³) if and only if

∫

H2³

φ dµ¿ =

∫

H2³

φ d
(

(X¿
t )∗P

)

, ∀φ ∈ Bb(H2³). (II.5.20)

Let us fix φ ∈ Bb(H2³). The following equalities come from the invariance property
of µ¿ , see Definition II.5.7, the property (II.5.4) for Pt, the Change of Variable
Theorem and the definition of Pt in equation (II.5.1):

∫

H2³

φ dµ¿ =

∫

H2³

φ d
(

P ∗
t µ¿

)

=

∫

H2³

Ptφ dµ¿

=

∫

H2³

Ptφ d
(

(À¿)∗P
)

=

∫

Ω
(Ptφ)

(

(À¿)(É)
)

dP(É)

=

∫

Ω

∫

Ω
φ
(

X
À¿(É)
t (É′)

)

dP(É′) dP(É).
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Let us define

X̃s : Ω× Ω ∋ (É, É′) 7→ X̃s(É, É
′) := XÀ¿(É)

s (É′) ∈ H2³, ∀ s g 0,

W̃s : Ω× Ω ∋ (É, É′) 7→ W̃s(É, É
′) :=Ws(É

′) ∈ H2³, ∀ s g 0,

and consider the augmented filtered probability space (Ω × Ω, F̃ , {F̃s}sg0, P̃) con-
structed, as already outlined in Step 1, from (Ω × Ω,F ¹ F , {Fs ¹ Fs}sg0,P ¹ P).
We denote Ω̃ := Ω×Ω. In particular, W̃ is an adapted H2³-valued Wiener process.
Moreover, by direct inspection, (Ω̃, F̃ , {F̃s}sg0, P̃; W̃ ; X̃) is a solution to (HNS¿,³)
such that P̃(X̃0 = À¿) = 1. In particular, (X̃0)∗P̃ = (À¿)∗P, thus the uniqueness in
law for the solution, see Theorem II.4.8 (i), yields

(X̃s)∗P̃ = (X¿
s )∗P ∈P(H2³), ∀ s g 0.

Therefore, we can conclude the chain of equalities above with
∫

H2³

φ dµ¿ =

∫

Ω̃
φ
(

X̃t(É, É
′)
)

dP̃(É, É′)

=

∫

Ω̃
φ d
(

(X̃t)∗P̃
)

=

∫

Ω
φ d
(

(X¿
t )∗P

)

.

We obtained the sought equality (II.5.20) and the claim follows. 2

Eventually, the stationary solutions provided in the previous theorem, also allow
us to obtain further estimates for the invariant measure, as shown in the following
result.

Theorem II.5.12. Assume that ³ > 1. There exists a finite constant C³ > 0 such
that, assuming ¿ > 0, if µ¿ ∈ P(H2³) is an invariant measure for the equation
(HNS¿,³), see Definition II.5.7, then

∫

H2³

∥x∥2H³+1 dµ¿(x) = C³, (II.5.21)
∫

H2³

∥x∥2nH1 dµ¿(x) f (2n− 1)!!Cn
³ , ∀n ∈ N. (II.5.22)

Moreover, if ´ > 0 is such that 2´C³ < 1, then
∫

H2³

e´∥x∥
2
H³+1 dµ¿(x) f 2e

2´C³
1−2´C³ . (II.5.23)

Proof. Fix ¿ > 0 and ³ > 1. If µ¿ ∈ P(H2³) is an invariant measure for the
equation (HNS¿,³), let (Ω,F , {Ft}tg0,P;W ;X¿) be the solution to the equation
(HNS¿,³) from Proposition II.5.11 that satisfies

(X¿
t )∗P = (X¿

0 )∗P = µ¿ ∈P(H2³), ∀ t g 0.

Equation (II.5.21). We apply the Itô formula in Lemma II.4.7 to the stationary
process X¿ and with the choice µ = 1 and h = IR+ . The last but one term in
equation (II.4.20) vanishes, while the last is deterministic. Also, the non-linearity
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vanishes because of the well-known property ïB(x), xðH1 = ïB(x), Axð = 0, for all
x ∈ H2. Next, we take the expectation on both members of the equality and obtain

E∥X¿
t ∥2H1 + 2¿E

∫ t

0
∥X¿

s ∥2H³+1 ds = E∥X¿
0 ∥2H1 + ¿ Tr[Q1]t, ∀ t g 0,

where, we recall, Q1 := ºQº∗ ∈ L1(H1), whileQ ∈ L1(H2³) is the covariance operator
of W1, and º : H2³ → H1 is the Sobolev embedding. Since X¿ is stationary, the first
terms on both sides are equal and cancel out. We apply Fubini’s Theorem, divide
by 2¿ and rewrite

∫ t

0

(

E∥X¿
s ∥2H³+1 −

Tr[Q1]

2

)

ds = 0, ∀ t g 0.

This last equality implies

∫

H2³

∥x∥2H³+1 dµ¿(x) = E∥X¿
t ∥2H³+1 =

Tr[Q1]

2
, ∀t g 0.

The claim is proved with C³ := Tr[Q1]/2.

Equation (II.5.22). We prove the estimate (II.5.22) by induction on n ∈ N.

The base case follows from the previous part and the Sobolev embedding ∥x∥H1 f
∥x∥H³+1 for x ∈ H³+1. Let us prove the inductive step. We apply the Itô formula
in Lemma II.4.7 to to the stationary process X¿ and with the choices µ = 1 and h :
R+ ∋ r 7→ rn+1 ∈ R+. The non-linearity vanishes because of the well-known property
ïB(x), xðH1 = ïB(x), Axð = 0, for all x ∈ H2. Next, we take the expectation on
both members of the equation (II.4.20) and obtain for all t g 0

E∥X¿
t ∥2n+2

H1 + 2(n+ 1)¿ E

∫ t

0
∥X¿

s ∥2H³+1∥X¿
s ∥2nH1 ds

= E∥X¿
0 ∥2n+2

H1 + 2n(n+ 1)¿ E

∫ t

0

∥

∥Q
1/2
1 X¿

s

∥

∥

2

H1∥X¿
s ∥

2(n−1)
H1 ds

+ (n+ 1)¿ Tr[Q1]E

∫ t

0
∥X¿

s ∥2nH1 ds

f E∥X¿
0 ∥2n+2

H1 + (n+ 1)(2n+ 1)¿ Tr[Q1]E

∫ t

0
∥X¿

s ∥2nH1 ds,

where we used ∥Q1/2
1 x∥ f Tr[Q1]∥x∥H1 for all x ∈ H1, see equation (II.4.29). Since

X¿ is stationary, the first terms on both sides of the inequality are equal and cancel
out. We apply Fubini’s Theorem, divide by 2(n+ 1)¿ and rewrite

∫ t

0

(

E
[

∥X¿
s ∥2H³+1∥X¿

s ∥2nH1

]

− (2n+ 1)
Tr[Q1]

2
E∥X¿

s ∥2nH1

)

ds f 0, ∀ t g 0.

This last inequality implies, recalling that (X¿
s )∗P = µ¿ ∈P(H2³) for all s g 0 and
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the Sobolev embedding ∥x∥2H1 f ∥x∥2H³+1 for x ∈ H³+1

∫

H2+¶

∥x∥2n+2
H1 dµ¿(x) f

∫

H2³

∥x∥2H³+1∥x∥2nH1 dµ¿(x)

= E
[

∥X¿
s ∥2H³+1∥X¿

s ∥2nH1

]

f (2n+ 1)
Tr[Q1]

2
E∥X¿

s ∥2nH1

= (2n+ 1)
Tr[Q1]

2

∫

H2+¶

∥x∥2nH1 dµ¿(x)

f (2n+ 1)!!Cn+1
³ ,

where we used the inductive hypothesis in the last step and recalled, from the first
part of the proof, that C³ := Tr[Q1]/2.

Equation (II.5.23). Fix now ´ > 0, and apply the Itô formula in Lemma II.4.7
with the choices µ = 1, h : R+ ∋ r 7→ h(r) = e´r and to the stationary process X¿ .
After taking the expectation to both sides of equation (II.4.20), we obtain for all
t g 0

E e´∥X
¿
t ∥

2
H1 = E e´∥X

¿
0 ∥

2
H1 − 2´¿ E

∫ t

0
e´∥X

¿
s ∥

2
H1∥X¿

s ∥2H³+1 ds

− 2´ E

∫ t

0
e´∥X

¿
s ∥

2
H1 ïB(X¿

s ), X
¿
s ðH1 ds

+ 2´
√
¿ E

∫ t

0
e´∥X

¿
s ∥

2
H1 ïX¿

s , dWsðH1

+ 2´2¿E

∫ t

0

∥

∥Q
1/2
1 X¿

s

∥

∥

2

H1e
´∥X¿

s ∥
2
H1 ds

+ ´¿ Tr[Q1]E

∫ t

0
e´∥X

¿
s ∥

2
H1 ds.

Due to the stationarity of the process, the left-hand side and the first term on the
right-hand side are equal. The integral of the non-linearity vanishes, because of the
property ïB(x), xðH1 = ïB(x), Axð = 0 for all x ∈ H2. The expectation of the Itô
integral is 0 by the properties of Itô integration. We employ Fubini’s Theorem and
the stationarity of the process to compute the time integral in all the other terms.
We have for all t g 0

0 = −2´¿ tE
[

e´∥X
¿
0 ∥

2
H1∥X¿

0 ∥2H³+1

]

+ 2´2¿ tE
[

∥

∥Q
1/2
1 X¿

0

∥

∥

2

H1e
´∥X¿

0 ∥
2
H1

]

+ ´¿ Tr[Q1] tE
[

e´∥X
¿
0 ∥

2
H1
]

.

Let us divide by ´¿t, for t > 0, and rewrite as follows

0 = E
[

e´∥X
¿
0 ∥

2
H1
(

Tr[Q1] + 2´
∥

∥Q
1/2
1 X¿

0

∥

∥

2 − 2∥X¿
0 ∥2H³+1

)

]

f E
[

e´∥X
¿
0 ∥

2
H1
(

Tr[Q1] + 2´ Tr[Q1]∥X¿
0 ∥2H1 − 2∥X¿

0 ∥2H³+1

)

]

f E
[

e´∥X
¿
0 ∥

2
H³+1

(

Tr[Q1] + 2
(

´ Tr[Q1]− 1
)

∥X¿
0 ∥2H³+1

)]

= 2E
[

e´∥X
¿
0 ∥

2
H³+1

(

Tr[Q1]−
(

1− ´ Tr[Q1]
)

∥X¿
0 ∥2H³+1

)]

− Tr[Q1]Ee
´∥X¿

0 ∥
2
H³+1 ,

(II.5.24)
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where for the first inequality we used ∥Q1/2
1 x∥2H1 f ∥x∥2H1 Tr[ΠxQ1] for all x ∈ H1,

see equation (II.4.29), while for the second we used the Sobolev embedding H1 ↪→
H³+1. Let us baptise the real random variable in the big round brackets as

J := Tr[Q1]−
(

1− ´ Tr[Q1]
)

∥X¿
0 ∥2H³+1 ,

and assume that 1 − ´ Tr[Q1] > 0 (i.e. 2´C³ < 1), so that P(J < Tr[Q1]) = 1. We
reach from (II.5.24)

Tr[Q1]Ee
´∥X¿

0 ∥
2
H³+1 f 2E

[

e´∥X
¿
0 ∥

2
H³+1J

]

f 2E
[

e´∥X
¿
0 ∥

2
H³+1J1{Jg0}

]

f 2Tr[Q1]E
[

e´∥X
¿
0 ∥

2
H³+11{Jg0}

]

,

where we used J = J1{Jg0}+ J1{J<0} f J1{Jg0} f Tr[Q1]1{Jg0}, P− a.s. Observe
that

J g 0 ⇐⇒ ∥X¿
0 ∥2H³+1 f

Tr[Q1]

1− ´ Tr[Q1]
,

hence

Tr[Q1]Ee
´∥X¿

0 ∥
2
H³+1 f 2Tr[Q1]E

[

e´∥X
¿
0 ∥

2
H³+11{Jg0}

]

f 2Tr[Q1]e
´

Tr[Q1]
1−´ Tr[Q1]P(J g 0).

We divide by Tr[Q1] and use a change of variable, recalling that X¿
0 is distributed

as µ¿
∫

H2³

e´∥x∥
2
H³+1 dµ¿(x) = Ee´∥X

¿
0 ∥

2
H³+1 f 2e

´
Tr[Q1]

1−´ Tr[Q1] .

The sought estimate (II.5.23) follows. 2

II.6 Invariant measure for the deterministic Euler Equa-

tion

In this section, we study the inviscid limit of the stochastic hyperviscous Navier-
Stokes equations. The passage to the limit, as ¿ → 0+, for the stationary solutions
to equation (HNS¿,³), see Proposition II.5.11, will be conducted in the spirit of the
Skorokhod theorem. Hence, it is necessary to demonstrate some tightness property.
However, the usual trajectory spaces for the solution have topologies that are too
large to prove tightness. A suitable trajectory space, which allows for the proof of a
tightness result and the application of Jakubowski’s generalization of the Skorokhod
theorem, is introduced in the next definition.

Definition II.6.1. Assume that ³ > 1 and let W be an H2³-valued Wiener process.
Assuming T > 0, we define

ZT := L2
w(0, T ;H

³+1) ∩ L2(0, T ;H³
loc) ∩ C

(

[0, T ];H³
w

)

∩ C
(

[0, T ];U ′
)

,

where

• U is the reproducing kernel of W . In particular, U is compactly embedded into
H2³ and simultaneously H−2³ is compactly embedded into U ′:

U ↪−↪→ H2³ ↪→ H = H ′ ↪→ H−2³ ↪−↪→ U ′.
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• H³
loc is the vector space H³ endowed with the Fréchet topology generated by

the family of seminorms, for x ∈ H³,

[[x]]H³
n
:= inf

{

∥φx∥H³ : φ ∈ C∞
c (R2), suppφ £ B̄n, φ|B̄n

= 1, ∇φ · x = 0
}

,
(II.6.1)

where B̄n := {À ∈ R2 : |À| f n}, for n ∈ N.

• L2(0, T ;H³
loc) is the linear space of all measurable functions v : [0, T ] → H³

such that the functions [[v]]H³
n
: [0, T ] ∋ t 7→ [[v(t)]]H³

n
∈ [0,+∞), n ∈ N, belong

to L2(0, T ). It is endowed with the Fréchet topology generated by the family
of seminorms

L2(0, T ;H³
loc) ∋ v 7→ [[v]]L2(0,T ;H³

n ) :=

(
∫ T

0
[[v(t)]]2H³

n
dt

)1/2

, ∀n ∈ N.

(II.6.2)

• L2
w(0, T ;H

³+1) is the linear space L2(0, T ;H³+1) endowed with the weak topol-
ogy, namely the smallest topology that makes all the linear maps L2

w(0, T ;H
³+1)→

R continuous. In particular, a sequence of functions {vn}n∈N ¢ L2(0, T ;H³+1)
converges in L2

w(0, T ;H
³+1) if there exists v ∈ L2(0, T ;H³+1) such that

lim
n→∞

∫ T

0
H−³−1

〈

ϕ(t), vn(t)− v(t)
〉

H³+1 dt = 0, ∀ϕ ∈ L2(0, T ;H−³−1).

• C
(

[0, T ];H³
w

)

is the linear space of continuous functions v : [0, T ]→ H³
w, where

H³
w is the space H³ endowed with weak topology, see Notation 0.9. Since the

domain [0, T ] is a sequential space, the notion of continuity is equivalent to
that of sequential continuity, see Notation 0.1. Namely, a function v : [0, T ]→
H³ belongs to C

(

[0, T ];H³
w

)

if for any sequence of times {tn}n∈N ¢ [0, T ]
convergent to some t ∈ [0, T ]

lim
n→∞H−³

〈

y, v(tn)− v(t)
〉

H³ = 0, ∀ y ∈ H−³.

This space is endowed with the compact-open topology, that is the smallest
topology that contains all the sets

{

f ∈ C
(

[0, T ];H³
w

)

: f(K) ¢ V
}

, where
K varies among compact subsets of [0, T ], and V among open subsets of H³

w.

We endow ZT with the smallest topology that makes the natural embeddings from
ZT into each of its four components, continuous (i.e. the smallest topology which
contains the topologies of all the four components).

Lemma II.6.2. Assume that ³ > 1 and let W be an H2³-valued Wiener process. If
´ g −2³ and T > 0, then C

(

[0, T ];H´
)

∩ ZT ∈ BZT
.

Proof. From the embeddings H´ ↪→ H−2³ ↪→ U ′, we infer that that C
(

[0, T ];H´
)

is continuously embedded into C
(

[0, T ];U ′
)

. Therefore, by Kuratowski’s theorem
[Kur66, Theorem 1, Section V, Chapter 39], see also [Kec95, Theorem 15.1], the
space C

(

[0, T ];H´
)

is a Borel subset of C
(

[0, T ];U ′
)

. Eventually, the intersection
C
(

[0, T ];H´
)

∩ ZT is a Borel subset of C
(

[0, T ];U ′
)

∩ ZT = ZT . 2

The following tightness criterion and the subsequent lemma are taken from [BM13,
Section 3.2], where the results are stated in a general abstract setting. The abstract
Hilbert spaces U , V and H in the reference are replaced in our setting by U , H³+1

and H³, respectively.
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Theorem II.6.3 (Tightness criterion). Assume that ³ > 1 and let (Ω,F , {Ft}tg0,P)
be an augmented filtered probability space with an adapted H2³-valued Wiener process
W . Let U denote the reproducing kernel of W . Let also T > 0 and Xn : [0, T ]×Ω→
U ′, n ∈ N, be adapted and pathwise continuous stochastic processes. Assume that

sup
n∈N

E

[

sup
t∈[0,T ]

∥Xn
t ∥2H³ +

∫ T

0
∥Xn

t ∥2H³+1 dt

]

< +∞. (II.6.3)

Assume also that the sequence {Xn}n∈N satisfies the Aldous condition in U ′, i.e., for
every ε > 0 and ¸ > 0, there exists ¹ ∈ (0, T ] such that, for every sequence {Än}n∈N
of [0, T ]-valued stopping times, we have

sup
n∈N

sup
t∈[0,¹]

P
(

∥Xn
t+Än −X

n
Än∥U ′ g ¸

)

f ε.

Then the laws on (ZT ,BZT
) of the stochastic processes form a tight sequence, i.e.

for any ε > 0 there exists a compact set Kε ¢ ZT such that

sup
n∈N

P(Xn ∈ Kε) g 1− ε.

The space ZT is constructed ad hoc to guarantee the thesis of Theorem II.6.3.
This space must be equipped with a topology that is sufficiently strong to facilitate
the convergence of sequences utilized in the subsequent analysis. Simultaneously, the
topology must be weak enough to ensure the tightness result, meaning that there
exists a compact set within this topology that satisfies the criteria for tightness.

The Aldous property mentioned in Theorem II.6.3 is quite intricate to be verified.
Hence we present, in the following lemma, a sufficient condition to guarantee the
Aldous property. We refer to [BM13, Section 3.2] for the proof of this result.

Lemma II.6.4. Assume that (Ω,F , {Ft}tg0,P) is an augmented filtered probability
space. Let U ′ be an Hilbert space and T > 0. Let Xn : [0, T ] × Ω → U ′, n ∈ N,
be pathwise continuous stochastic processes. Assume that there exist C > 0 and
µ ∈ (0, 1] such that for every t ∈ (0, T ] and any sequence {Än}n∈N of [0, T ]-valued
stopping times

sup
n∈N

E∥Xn
Än+t −Xn

Än∥U ′ f Ctµ , (II.6.4)

then the sequence {Xn}n∈N satisfies the Aldous condition in U ′, see Theorem II.6.3.

We recall the Jakubowski’s version [Jak97, Theorem 2] of the Skorokhod theorem,
see also [BO13], and deduce a simple corollary, that will later come in handy.

Theorem II.6.5 (Jakubowski Theorem). Let X be a topological space such that
there exists a continuous and injective function F : X → RN. Let {Xn}n∈N be
a sequence of X -valued Borel random variables defined on some probability space
(Ω,F ,P). Suppose that the sequence of laws {(Xn)∗P}n∈N is tight in (X ,BX ). Then
there exists a subsequence {Xnk

}k∈N, a probability space (Ω̃, F̃ , P̃), a Borel random
variable Y : (Ω̃, F̃)→ X and a sequence {Yk}k∈N of X -valued Borel random variables
defined on (Ω̃, F̃) such that

(Xnk
)∗P = (Yk)∗P̃ ∈P(X ), ∀ k ∈ N, (II.6.5)

Yk −→ Y, P̃− a.s. in X , as k →∞. (II.6.6)
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Corollary II.6.6. Let X be a topological space such that there exists a continuous
and injective function F : X → RN. Let {µn}n∈N be a tight sequence of probability
measures on (X ,BX ). Then there exists a subsequence {µnk

}k∈N and a probability
measure µ on (X ,BX ) such that

µnk
−→ µ, in P(X ), as k →∞.

Proof. Assume the hypotheses. Proposition 10.6.1 in [Coh13] states the existence
of a probability space (Ω,F ,P) (which is the countable product of the probability
spaces (X ,BX , µn), n ∈ N) and of X -valued random variables Xn, n ∈ N, defined
on (Ω,F ,P), such that (Xn)∗P = µn on (X ,BX ) for every n ∈ N.

The sequence {Xn}n∈N satisfies the assumptions of Jakubowski’s Theorem II.6.5.
Consequently there exists a subsequence {Xnk

}k∈N, a probability space (Ω̃, F̃ , P̃), a
Borel random variable Y : (Ω̃, F̃) → X and a sequence {Yk}k∈N of X -valued Borel
random variables defined on (Ω̃, F̃) such that the properties in (II.6.5) and (II.6.6)
hold true. In particular, P̃− a.s. convergence implies convergence in law, i.e.

µnk
= (Xnk

)∗P = (Yk)∗P̃ −→ Y∗P̃ = µ, as k →∞,

where the convergence is meant in the weak sense in P(X ), see Notation 0.3. 2

Lemma II.6.7. Assume that ³ > 1 and let W be an H2³-valued Wiener process.
If ´ ∈ R, both the spaces H´

bw, and ZT × C
(

[0, T ];H´
)

with the product topology,
satisfy the assumption of Theorem II.6.5 and Corollary II.6.6.

Proof. Let us momentarily say that a topological space X has the S property if there
exists an injective and continuous function F : X → RN.

As for the topological space H´
bw, we consider a complete orthonormal system

{en}n∈N for the separable Hilbert space H´ and define the function

F : H´ ∋ x 7→ F (x) :=
{

ïx, enðH´

}

n∈N
∈ RN.

Then F is linear, thus F ∈ C
(

H´
w;RN

)

by definition of weak topology, see Notation

0.9, hence F ∈ C
(

H´
bw;R

N
)

by Remark 0.11. Also, it is injective. Let indeed
x, x′ ∈ H´ be such that F (x) = F (x′), then F (x− x′) = 0 by linearity, hence x = x′

thanks to

∥x− x′∥2H´ =
∞
∑

n=1

ïx− x′, enð2H´ = 0.

The spaces C
(

[0, T ];H´
)

and C
(

[0, T ];U ′
)

have the S property because they are
Polish, see [Bad70, Exposè 8, page 124, Remark (b)].

As for the space ZT , we reason as follows. Let º : ZT → C
(

[0, T ];U ′
)

be the nat-
ural embedding, in particular, º is injective and continuous. Let F : C

(

[0, T ];U ′
)

→
RN be an injective and continuous map, which exists because C

(

[0, T ];U ′
)

has the
S property. Then F ◦ º : ZT → RN is continuous and injective. Hence ZT has the S
property.

It only remains to prove that, if two topological spaces X , Y have the S property,
so does the space X×Y with the product topology. Let F : X → RN and G : Y → RN

be two injective and continuous functions, then, for every n ∈ N, we denote by fn
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and gn the n-th component of F and G, respectively. We define H : X×Y ∋ (x, y) 7→
H(x, y) := {hn(x, y)}n∈N ∈ RN, where, for all n ∈ N and (x, y) ∈ X × Y

h2n−1(x, y) := fn(x), h2n(x, y) := gn(y).

By direct inspection, hn, n ∈ N, are continuous with respect to the product topology
on X ×Y, thus so is H. Finally, H is injective. Let indeed (x, y), (x′, y′) ∈ X ×Y be
such that H(x, y) = H(x′, y′). Then fn(x) = h2n−1(x, y) = h2n−1(x

′, y′) = fn(x
′) for

all n ∈ N, in particular, F (x) = F (x′), thus x = x′ by injectivity of F . Analogously,
y = y′ since G is injective and gn(y) = h2n(x, y) = h2n(x

′, y′) = gn(y
′) for all n ∈ N.

Therefore (x, y) = (x′, y′). 2

II.6.1 The inviscid limit

Lemma II.6.8. Assume that ³ > 1. The following objects exist:

• an infinitesimal sequence {¿j}j∈N ¢ (0,+∞),

• solutions (Ω,F , {Ft}tg0,P;W ;Xj) to the equation (HNS¿,³) with kinematic
viscosity ¿j, for all j ∈ N,

• an augmented filtered probability space (Ω̃, F̃ , {F̃t}tg0, P̃) with an adapted H2³-
valued Wiener process W̃ ,

• {F̃t}tg0-adapted stochastic processes X̃ : R+× Ω̃→ H³+1, and X̃j : R+× Ω̃→
H2³, j ∈ N,

• probability measures µ ∈P(H³+1), and µj ∈P(H2³), j ∈ N,

and they enjoy the following properties:

(i) (X̃j
t )∗P̃ = (Xj

t )∗P = µj ∈P(H2³), for all t g 0 and j ∈ N,

(ii) (X̃t)∗P̃ = µ ∈P(H³+1) for all t g 0,

(iii) for all T > 0, X̃ ∈ ZT , P̃− a.s.,

(iv) for all T > 0 and j ∈ N, X̃j ∈ C
(

[0, T ];H2³
)

↪→ ZT , P̃− a.s.,

(v) X̃j −→ X̃, P̃− a.s. in ZT , as j →∞,

(vi) X̃ ∈
⋂

pg1

Lp
(

Ω̃;C
(

[0, T ];H1
))

∩ L2
(

Ω̃× [0, T ];H³+1
)

,

Proof. Let us fix ³ > 1 and an augmented filtered probability space (Ω,F , {Ft}tg0,P)
with the adapted H2³-valued Wiener process W from Proposition II.5.11. Let us
consider a sequence {¿n}n∈N ¢ (0,+∞) convergent to 0. For every n ∈ N, let
µn ∈ P(H2³) be an invariant measure for the equation (HNS¿,³) with kinematic
viscosity ¿n instead of ¿ (which exists thanks to Theorem II.5.10). Let us also denote
by Xn the process from Proposition II.5.11, which satisfies the following properties:
Xn has the regularities listed in equation (II.5.19), (Ω,F , {Ft}tg0,P;W ;Xn) is a
solution to the equation (HNS¿,³) with kinematic viscosity ¿n, Xn is stationary with
law µn = (Xn

t )∗P ∈P(H2³) at every time t g 0.
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Step 1. Let us fix an arbitrary T > 0. We intend to apply Theorem II.6.3
to Xn : [0, T ] × Ω → H2³, n ∈ N, in order to prove that their laws, on the space
(ZT ,BZT

), form a tight sequence.
First, observe that {Xn}n∈N is a sequence of H2³-valued processes with continu-

ous trajectories, see Definition II.4.1. In particular, they are also U ′-valued pathwise
continuous processes, which allows us to apply Theorem II.6.3.

In order to verify the hypothesis (II.6.3) of Theorem II.6.3, we fix n ∈ N, and
resort to the estimate (II.4.22) in Theorem II.4.8 (iv), with p = 2, and to the sta-
tionarity of Xn. For a constant C > 0 dependent only on W ,

E sup
t∈[0,T ]

∥Xn
t ∥2H1 f C

(

E∥Xn
0 ∥2H1 + T¿n

)

f C
∫

H2³

∥x∥2H³+1 dµn(x) + CT¿n,

and

E

∫ T

0
∥Xn

t ∥2H³+1 dt f TE∥Xn
t ∥2H³+1 = T

∫

H2³

∥x∥2H³+1 dµn(x).

Equation (II.5.21) in Theorem II.5.12, and the boundedness of the sequence {¿n}n∈N,
give the uniform bound in n.

As for the second hypothesis of Theorem II.6.3, that is the Aldous condition, we
use Lemma II.6.4 applied to {Xn}n∈N. By Definition II.4.1 we have for all n ∈ N,
P− a.s., for all t g 0, in H³

Xn
t = Xn

0 − ¿n
∫ t

0
A³Xn

s ds−
∫ t

0
B
(

Xn
s

)

ds+
√
¿nWt

=: Jn
1 + Jn

2 (t) + Jn
3 (t) + Jn

4 (t).

Assume that {Än}n∈N is a sequence of stopping times in [0, T ] and fix n ∈ N and
t ∈ [0, T ]. The term Jn

1 := Xn
0 satisfies hypothesis (II.6.4) for any C, µ > 0 because

it is constant in time. As far as Jn
2 is concerned:

E∥Jn
2 (t+ Än)− Jn

2 (Än)∥U ′ f ¿nE
∫ t+Än

Än

∥A³Xn
s ∥H1−³ ds

f ¿n
√
t

(

E

∫ t+Än

Än

∥Xn
s ∥2H³+1 ds

)1/2

f
√
¿nt

(

¿nE

∫ 2T

0
∥Xn

s ∥2H³+1 ds

)1/2

f
√
¿nt C

(

E∥Xn
0 ∥2H1 + ¿nT

)1/2

=
√
¿nt C

(
∫

H2³

∥x∥2H1 dµn(x) + ¿nT

)1/2

.

We first used the embedding H1−³ ↪→ H−2³ ↪→ U ′, then the Hölder inequality, and
at the end the estimate (II.4.22) for p = 2, with the fact that Xn

0 is distributed as
µn on (H2³,BH2³). Theorem II.5.12 and the boundedness of the sequence {¿n}n∈N
give the uniform bound in n.
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For the non-linear part, we follow a similar reasoning and employ estimate (II.2.6)
in Lemma II.2.12 (with ε = ³− 1 > 0):

E∥Jn
3 (t+ Än)− Jn

3 (Än)∥U ′ f E

∫ t+Än

Än

∥B
(

Xn
s

)

∥H1−³ ds

f 2ctE sup
t∈[0,2T ]

∥Xn
s ∥2H1

f Ct
(

E∥Xn
0 ∥2H1 + ¿nT

)

= Ct

(
∫

H2³

∥x∥2H1 dµn(x) + ¿nT

)

.

The last term is uniformly bounded in n, as already discussed.
As for Jn

4 , we use the embedding H2³ ↪→ U ′, Hölder’s inequality and the covari-
ance operator Q ∈ L1(H2³) of W1

E∥Jn
4 (t+ Än)− Jn

4 (Än)∥U ′ f √¿n
[

E∥Wt+Än −WÄn∥2H2³

]1/2
=
√
¿nt
(

Tr[Q]
)1/2

.

The last term is uniformly bounded in n because ¿n −→ 0 as n→∞.
By Lemma II.6.4 and Theorem II.6.3 the laws ofXn, n ∈ N, form a tight sequence

on (ZT ,BZT
).

Step 2. Assume again that T > 0. We apply Theorem II.6.5 to the sequence
{(Xn,W )}n∈N of ZT × C

(

[0, T ];H2³
)

-valued random variables, thanks to Lemma
II.6.7.

Observe that W∗P ∈ P
(

C
(

[0, T ];H2³
))

is tight because the space is separa-
ble and complete, see [Bil99, Theorem 1.3]. Furthermore, Step 1 assures that the
sequence of laws {(Xn)∗P}n∈N ¢ P(ZT ) is tight. These two facts imply that
{(Xn,W )∗P}n∈N is tight in

(

ZT ×C([0, T ];H2³),BZT×C([0,T ];H2³)

)

. Therefore, The-

orem II.6.5 returns a probability space (Ω̃, F̃ , P̃), a subsequence indexed by {nk}k∈N,
and ZT × C

(

[0, T ];H2³
)

-valued random variables (X̃, W̃ ), (X̃k, W̃ k), k ∈ N, such
that

(X̃k, W̃ k)∗P̃ = (Xnk ,W )∗P ∈P
(

ZT × C
(

[0, T ];H2³
))

, ∀ k ∈ N,

(X̃k, W̃ k) −→ (X̃, W̃ ), in ZT × C([0, T ];H2³), P̃− a.s., as k →∞.

Recall that BZT×C([0,T ];H2³) = BZT
×BC([0,T ];H2³), see [Bog07, Lemma 6.4.2,

Volume II]. Therefore, the functions X̃, X̃k : Ω̃ → ZT , k ∈ N, are F̃/BZT
-

measurable random variables, while W̃ , W̃ k : Ω → C
(

[0, T ];H2³
)

, k ∈ N, are F̃/
BC([0,T ];H2³)-measurable. Moreover,

(X̃k)∗P̃ = (Xnk)∗P ∈P(ZT ), ∀ k ∈ N, (II.6.7)

(W̃ k)∗P̃ = W̃∗P̃ =W∗P ∈P
(

C
(

[0, T ];H2³
))

, ∀ k ∈ N.

In particular, it follows easily from the Lévy Martingale Characterization Theorem,
that W̃ , W̃ k, k ∈ N are {F̃t}t∈[0,T ]-adapted H2³-valued Wiener processes, see, for
instance, [DHV16, Lemma 4.8]. Eventually,

X̃k −→ X̃, in ZT , P̃− a.s., as k →∞, (II.6.8)

W̃ k −→ W̃ , in C
(

[0, T ];H2³
)

, P̃− a.s., as k →∞.
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Step 3. We prove further regularities for the stochastic processes X̃, X̃k : R+ ×
Ω̃→ U ′, k ∈ N.

Fix k ∈ N and T > 0. First, recall that C
(

[0, T ];H2³
)

∩ZT ∈ BZT
from Lemma

II.6.2. This fact, together with Xnk ∈ C
(

[0, T ];H2³
)

, P− a.s., see Definition II.4.1,
and by the property in (II.6.7), yields

X̃k ∈ C
(

[0, T ];H2³
)

, P̃− a.s.

Additionally, by (II.6.7), recalling the estimate (II.4.22) from Theorem II.4.8 (iv)
and the stationarity of the process {Xnk

t }tg0, we have for any p g 2 and k ∈ N

Ẽ∥X̃k∥p
C([0,T ];H1)

+ Ẽ∥X̃k∥2L2(0,T ;H³+1)

=

∫

ZT

∥x∥p
C([0,T ];H1)

+ ∥x∥2L2(0,T ;H³+1) d
(

(X̃k)∗P̃
)

(x)

=

∫

ZT

∥x∥p
C([0,T ];H1)

+ ∥x∥2L2(0,T ;H³+1) d
(

(Xnk)∗P
)

(x)

=E sup
t∈[0,T ]

∥Xnk
t ∥

p
H1 + E

∫ T

0
∥Xnk

t ∥2H³+1 dt

fCp

(

E∥Xnk
0 ∥

p
H1 + T¿p/2nk

)

+ T E∥Xnk
0 ∥2H³+1

=Cp

(
∫

H2³

∥x∥p
H1 dµnk

+ T¿p/2nk

)

+ T

∫

H2³

∥x∥2H³+1 dµnk
,

where the last term is uniformly bounded in k, thanks to Theorem II.5.12 and to
the boundedness of {¿n}n∈N. Consequently, there exists a subsequence of {X̃k}k∈N
weakly convergent in Lp

(

Ω̃;C
(

[0, T ];H1
))

and in L2
(

Ω̃;L2(0, T ;H³+1)
)

. We can
extract a further subsequence convergent P̃ − a.s. in L2(0, T ;H³+1), thus also in
L2
w(0, T ;H

³+1). However, we know from (II.6.8) that the whole sequence {X̃k}k∈N
converges P̃− a.s. to X̃ in ZT , thus also in L2

w(0, T ;H
³+1), see Definition II.6.1. By

uniqueness of the limit, we get

X̃ ∈
⋂

pg1

Lp
(

Ω̃;C
(

[0, T ];H1
))

∩ L2
(

Ω̃× [0, T ];H³+1
)

.

Step 4. We show that the process X̃ : R+ × Ω̃→ U ′ is stationary and that it is
H³+1-valued.

By recalling that BH³+1∩H2³ = BH2³ from Remark 0.6, we can trivially extend
the measures µnk

, k ∈ N, to the measurable space
(

H³+1,BH³+1

)

, by defining

µ̃nk
: BH³+1 ∋ E 7→ µ̃nk

(E) := µnk
(E ∩H2³), ∀ k ∈ N.

Moreover, since the measurable spaces
(

H³+1,BH³+1

)

and
(

H³+1
w ,BH³+1

w

)

co-

incide, see 0.15, we infer P(H³+1) = P
(

H³+1
w

)

. If R > 0, let us denote B̄H³+1

R :=
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{

x ∈ H³+1 : ∥x∥H³+1 f R
}

, then we have for any k ∈ N

µ̃nk

(

H³+1 \ B̄H³+1

R

)

=
1

R2

∫

H³+1\B̄H³+1
R

R2 dµ̃nk

f 1

R2

∫

H³+1\B̄H³+1
R

∥x∥2H³+1 dµ̃nk
(x)

f 1

R2

∫

H2³

∥x∥2H³+1 dµnk
(x)

=
C³

R2
,

where we used Theorem II.5.12 in the last line. These calculations imply that, for
any ε > 0, there exists R > 0 such that µ̃nk

(

H³+1 \ B̄H³+1

R

)

f ε for all k ∈ N.
Closed balls in H³+1 are compact in H³+1

w by the Banach-Alaoglu Theorem, thus
they are compact also in H³+1

bw , as discussed in Remark 0.12. Therefore, we showed
tightness on H³+1

bw for the sequence of laws {µ̃nk
}k∈N ¢ P

(

H³+1
bw

)

. By Lemma
II.6.7 and Corollary II.6.6 of Jakubowski’s Theorem, there exists a family of indices
{kj : j ∈ N} ¢ N, and a probability measure µ ∈P(H³+1) such that

µ̃nkj
−→ µ, in P(H³+1

bw ), as j →∞. (II.6.9)

Since the natural embedding º : H³+1 → U ′ is measurable, we can trivially
extend each µ̃nkj

, j ∈ N, and µ to the measurable space (U ′,BU ′):

µ̄j : BU ′ ∋ E 7→ µ̄j(E) := µ̃nkj
(E ∩H³+1) = µnkj

(E ∩H2³), ∀ j ∈ N,

µ̄ : BU ′ ∋ E 7→ µ̄(E) := µ(E ∩H³+1).

Since H³+1 ↪→ H−2³, and since H−2³ is compactly embedded into U ′, the space
H³+1

w is continuously embedded in U ′. In particular, for any f ∈ Cb(U
′), denoting

º : H³+1
w → U ′ the natural embedding, we have f ◦ º ∈ Cb(H

³+1
w ). Hence, we infer

µ̄j −→ µ̄ in P(U ′).
We now show that the convergence in (II.6.9) implies

µ̄nkj
−→ µ̄, in P(U ′), as j →∞. (II.6.10)

Indeed, since H³+1 is compactly embedded into U ′, we infer that º ∈ C(H³+1
bw ;U ′)

from Remark 0.16. Hence, if f ∈ Cb(U
′), then f ◦ º ∈ Cb(H

³+1
bw ). Therefore, by the

change of variable theorem and the convergence in (II.6.9), we have

lim
j→∞

∫

U ′

f dµ̄nkj
= lim

j→∞

∫

H³+1

f ◦ º dµ̃nkj
=

∫

H³+1

f ◦ º dµ =

∫

U ′

f dµ̄,

which proves the convergence in (II.6.10)
By the convergence in (II.6.8) we know that X̃k −→ X̃, P̃− a.s. in C

(

[0, T ];U ′
)

,
in particular, for all t ∈ [0, T ], (X̃k

t )∗P̃ −→ (X̃t)∗P̃ in P(U ′). We obtain

(X̃t)∗P̃←− (X̃
kj
t )∗P̃ = µ̄j





y

µ̄

= (X̃
kj
0 )∗P̃ −→ (X̃0)∗P̃,

where the convergences are all intended in P(U ′), as j →∞. We conclude that X̃t

and X̃0 have the same distribution µ̄ on (U ′,BU ′), where µ̄(H³+1) = µ(H³+1) = 1.
In particular, the process X̃ is H³+1-valued and stationary. 2
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Theorem II.6.9. Assume that Ã > 2. There exists an augmented filtered probability
space (Ω̃, F̃ , {F̃t}tg0, P̃), and an adapted HÃ-valued stochastic process X̃ (the same
from Lemma II.6.8 with ³ := Ã − 1), such that

X̃ ∈
⋂

pg1

Lp
(

Ω̃;C([0, T ];H1)
)

∩ L2
(

Ω̃× [0, T ];HÃ
)

, ∀T g 0,

and such that, for P̃− a.e. É ∈ Ω̃, the function X̃(É) : R+ → HÃ is a solution to the
Euler Equation (EE). Moreover, this process is stationary, i.e. (X̃t)∗P̃ = (X̃0)∗P̃ ∈
P(HÃ), for t g 0. In particular, the probability measure (X̃0)∗P̃ ∈ P(HÃ) is an
invariant measure for the Euler Equation (EE), see Definition II.2.16.

Proof. Step 1. For a fixed Ã > 2, let us define ³ := Ã − 1 and for that ³ we take
the objects constructed in Lemma II.6.8. For any j ∈ N, let us define P̃− a.s. for all
t ∈ [0, T ]

M̃ j
t := X̃j

t + ¿j

∫ t

0
A³X̃j

s ds+

∫ t

0
B
(

X̃j
s

)

ds− X̃j
0 , in H1−³,

M j
t := Xj

t + ¿j

∫ t

0
A³Xj

s ds+

∫ t

0
B
(

Xj
s

)

ds−Xj
0 , in H³,

M̃t := X̃t +

∫ t

0
B
(

X̃s

)

ds− X̃0, in H³.

Assume that y ∈ H³−1 and fix t ∈ [0, T ] and j ∈ N. We show that the real-
valued random variables

H1−³

〈

M̃ j
t , y
〉

H³−1 and ïM j
t , yð have the same distribution

on (R;BR).
First of all, let º3 be the natural embedding ZT ↪→ C

(

[0, T ];H³
w

)

. Let also
ºt : C

(

[0, T ];H³
w

)

∋ u 7→ u(t) ∈ H³
w, and py : H³

w ∋ x 7→ ïy, xð ∈ R. Then both the
evaluation map ºt and the functional py are continuous with respect to the specified
topologies. Therefore

ïX̃j
t , yð∗P̃ =

(

py ºt º3 X̃
j
)

∗
P̃ =

(

py ºt º3X
j
)

∗
P =

〈

Xj
t , y
〉

∗
P ∈P(R).

Let º1 be the natural embedding Zt ↪→ L2
w(0, t;H

³+1). Define the linear oper-
ator ly : L2

w(0, t;H
1−³) ∋ u 7→

∫ t
0 H1−³

〈

u(s), y
〉

H³−1 ds ∈ R, which is sequentially
continuous with the specified topology, thus measurable by Remark 0.15. Observe
also that A³ : L2

w(0, t;H
³+1)→ L2

w(0, t;H
1−³) is continuous. Therefore

(
∫ t

0
H1−³

〈

A³X̃j
s , y
〉

H³−1 ds

)

∗

P̃ =
(

ly A
³ º1 X̃

j
)

∗
P̃

=
(

ly A
³ º1X

j
)

∗
P

=

(
∫ t

0
ïA³Xj

s , yð ds
)

∗

P ∈P(R).

We know from Lemma B.3 (with ´ = ³−1 > 0) that the function L2(0, t;H³
loc) ∋

u 7→ B◦u ∈ L1(0, t;H1−³
w ) is sequentially continuous on bounded sets of L2(0, t;H³).

Observe also that if un −→ u in Zt, then it converges in L2(0, t;H³
loc) and in

L2
w(0, t;H

³+1), in particular it is bounded in L2(0, t;H³+1), and so in L2(0, t;H³).
Therefore the function B̃ : Zt ∋ u 7→ B̃(u) := B ◦ u ∈ L1(0, t;H1−³

w ) is sequen-
tially continuous. Moreover, define the linear operator ry : L1(0, t;H1−³

w ) ∋ u 7→
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∫ t
0 H1−³

〈

u(s), y
〉

H³−1 ds ∈ R, which is sequentially continuous with the specified

topology. Therefore the map ryB̃ : Zt → R is also sequentially continuous, thus
measurable by Remark 0.15. Then

(
∫ t

0

〈

B(X̃j
s ), y

〉

ds

)

∗

P̃ =
(

ryB̃(X̃j)
)

∗
P̃

=
(

ryB̃(Xj)
)

∗
P

=

(
∫ t

0

〈

B(Xj
s ), y

〉

ds

)

∗

P ∈P(R).

Step 2.Assume that y ∈ H³−1 and t ∈ [0, T ], then we show that
H1−³

〈

M̃ j
t , y
〉

H³−1 −→
ïM̃t, yð in L1(Ω̃), as j →∞, by the Vitali Convergence Theorem.

We proceed to study the P̃− a.s. convergence of each term separately, which in
turn implies convergence in P̃-measure. As for the non-linear term, we infer from
Lemma II.6.8 (v) that the sequence {X̃j}j∈N is P̃−a.s. convergent in L2

w(0, T ;H
³+1),

hence bounded in L2(0, T ;H³+1), hence bounded in L2(0, T ;H³). It also converges
P̃−a.s. in L2(0, T ;H³

loc) to X̃. Therefore, by Lemma B.3 (with ´ = ³ > 1), we have
P̃− a.s.

lim
k→∞

∫ t

0

〈

B(X̃j
s )−B(X̃s), y

〉

ds = 0.

We proceed similarly for the linear term. The convergence in Lemma II.6.8 (v)
implies that {X̃j}j∈N converges P̃− a.s. to X̃ in L2(0, T ;H³+1

w ). Thus, P̃− a.s.

lim
j→∞

∫ t

0
H1−³

〈

A³X̃j
s −A³X̃s, y

〉

H³−1 ds = lim
j→∞

∫ t

0
H−³−1

〈

A³y, X̃j
s − X̃s

〉

H³+1 ds = 0.

Finally, X̃j −→ X̃ P̃− a.s. in C
(

[0, T ];H³
w) by Lemma II.6.8 (v), hence P̃− a.s.

lim
j→∞
ïX̃j

t − X̃t, yð = 0.

Moreover, we know from Step 1 that
H1−³

〈

M̃ j
t , y
〉

H³−1 has the same law in

(R,BR) as ïM j
t , yð, for all j ∈ N. In addition, M j =

√
¿j W , P − a.s., in the

trajectory space C([0, T ];H³), hence
(

H1−³

〈

M̃ j
t , y
〉

H³−1

)

∗
P̃ =

〈√
¿j W, y

〉

∗
P ∈P(R).

This fact gives a uniform bound in j in the space L2(Ω̃), thanks to

Ẽ

∣

∣

∣H1−³

〈

M̃ j
t , y
〉

H³−1

∣

∣

∣

2
= E

∣

∣

〈√
¿j W, y

〉∣

∣

2 f ¿j ∥y∥2E∥Wt∥2, (II.6.11)

where the last term is bounded in j because the sequence {¿j}j∈N is infinitesimal.
The uniform bound in L2(Ω̃) implies uniform integrability.

To sum up, we obtained the sought uniform integrability and convergence in
P̃-measure for the sequence

{

H1−³

〈

M̃ j
t , y
〉

H³−1

}

j∈N
of real random variables. This

allows us to apply Vitali’s Convergence Theorem to infer that

H1−³

〈

M̃ j
t , y
〉

H³−1 −→ ïX̃t, yð+
∫ t

0

〈

B(X̃s), y
〉

ds− ïX̃0, yð = ïM̃t, yð,

96



CHAPTER II II.6. Invariant measure for the deterministic Euler Equation

the convergence being in L1(Ω̃), as j →∞.
Step 3. We conclude the reasoning by proving that, for P̃− a.e. É ∈ Ω̃, X̃(É) is

a solution to the Euler Equation (EE).
Assume that y ∈ H³−1 and t ∈ [0, T ]. We proved in Step 2 that

H1−³

〈

M̃ j
t , y
〉

H³−1 −→
ïM̃t, yð in L1(Ω̃), as j →∞. We see from estimate (II.6.11) that

H1−³

〈

M̃ j
t , y
〉

H³−1 −→
0 in L2(Ω̃), as j → ∞. We infer by the uniqueness of the limit that ïM̃t, yð = 0,
P̃− a.s. This fact implies, by arbitrariness of y ∈ H³−1, that P̃− a.s. in H1−³

X̃t +

∫ t

0
B(X̃s) ds = X̃0. (II.6.12)

Lemma II.6.8 states that X̃ is H³+1-valued, thus the identity holds P̃−a.s. in H³+1.
Additionally, we infer from Lemma II.6.8 (vi) that P̃

(

X̃ ∈ L2(0, T ;H³+1)
)

= 1, thus
also X̃0 −

∫ ·
0 B(X̃s) ds ∈ C

(

[0, T ];H³
)

, P̃− a.s. In particular P̃
(

X̃ ∈ C(R+;H
³)
)

=

1, by arbitrariness of T > 0. It only remains to show that for P̃ − a.e. É ∈ Ω̃,
X̃(É) ∈ C(R+;H

³+1).
By recalling from Theorem II.2.15 the definition of the Euler flow map Φ, and

since X̃0 is H³+1-valued, we define the H³+1-valued stochastic process

Y : R+ × Ω̃ ∋ (t, É) 7→ Yt(É) := Φ
(

t, X̃0(É)
)

.

Then, by Theorem II.2.15, P̃
(

Y ∈ C(R+;H
³+1)

)

= 1, and P̃− a.s.

Yt −
∫ t

0
B(Ys) ds = X̃0, ∀ t g 0. (II.6.13)

We compare equations (II.6.12) and (II.6.13) by means of estimate II.2.4 in Lemma
II.2.12 (with Ã = ³+ 1 > 2), and infer that P̃− a.s.

∥X̃t − Yt∥H³ f
∫ t

0
∥X̃s − Ys∥H³+1∥X̃s − Ys∥H³ ds, ∀t g 0.

This implies by the Grönwall Lemma and the fact that both X̃, and Y belong P̃−a.s.
to L1(0, T ;H³+1) for any T > 0, that P̃− a.s.

X̃t = Yt = Φ
(

t, X̃0

)

, in H³, ∀ t g 0.

Since, for P̃ − a.e. É ∈ Ω̃, both functions Y (É), and X̃(É) are H³+1-valued, and
since Y (É) ∈ C(R+;H

³+1), we infer that P̃
(

X̃ ∈ C(R+;H
³+1)

)

= 1. In particular,
for P̃− a.e. É ∈ Ω̃, X̃(É) is a solution to the Euler Equation (EE).

Step 4. Let us denote µ := (X̃0)∗P̃ ∈ P(HÃ). Then we can prove that µ is an
invariant measure for the Euler Equation (EE). If indeed F ∈ BHÃ , and t g 0, we
have

µ(F ) = P̃(X̃0 ∈ F ) = P̃(X̃t ∈ F ) = P̃
(

Φ(t, X̃0) ∈ F
)

=

∫

HÃ

1F (Φt) dµ = µ
(

Φ−1
t (F )

)

= (Φt)∗µ(F ).

The second equality is due to the stationarity of X̃, see Lemma II.6.8 (ii), while
the third equality comes from the previous step. The chain of equalities implies
µ = (Φt)∗µ ∈P(HÃ). 2
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II.6.2 Moment estimates

This last part is devoted to providing some moment estimates to the invariant mea-
sure for the Euler Equation constructed above.

Theorem II.6.10. Assume that Ã > 2. There exists a finite constant CÃ > 0
such that, if 0 < ´ < 2CÃ, and µ ∈ P(HÃ) is the invariant measure for the Euler
Equations (EE) constructed in Theorem II.6.9, then

∫

HÃ

∥x∥2HÃ dµ(x) = CÃ,

∫

HÃ

∥x∥2nH1 dµ(x) f (2n− 1)!!Cn
Ã , ∀n ∈ N,

∫

HÃ

e´∥x∥
2
HÃ dµ(x) f 2e

2´CÃ
1−2´CÃ .

Proof. Let us fix Ã > 2 and consider the objects introduced in Lemma II.6.8 for
³ := Ã − 1. In particular, we know from Theorem II.6.9 that µ = (X̃0)∗P̃ ∈P(HÃ)
is an invariant measure for the deterministic Euler Equations , see Definition II.2.16.

We denote the following Hilbert spaces

E1 = E3 := HÃ, E2 := H1,

with the respective norms ∥ · ∥Ei
, i = 1, 2, 3, and observe that each Ei is compactly

embedded into U ′, where U is the reproducing kernel of the Wiener process W . Let
us fix n ∈ N and ´ > 0, then we define φi : R+ → R+, i = 1, 2, 3 as follows, for all
r g 0

φ1(r) := r2, φ2(r) := r2n, φ3(r) := e´r
2
.

We observe that each φi is strictly increasing. For any i = 1, 2, 3 we define

¸i : U
′ ∋ x 7→

{

φi

(

∥x∥Ei

)

∀x ∈ Ei

+∞ ∀x ∈ U ′ \ Ei

.

Fix i ∈ {1, 2, 3}. Example 2.12 in [BS13] proves that ¸i : U ′ → [0,+∞] is lower
semicontinuous, see [Bre10, Section 1.3] and the references therein for the definition
and the main properties. In particular, if x ∈ U ′ and if {xn}n∈N ¢ U ′ is a sequence
convergent to x in U ′, then ¸i(x) f lim infn→∞ ¸i(xn).

Since, by Lemma II.6.8 (v), X̃j −→ X̃, P̃ − a.s. in ZT , and since ZT ↪→
C
(

[0, T ];U ′
)

, if º : H³+1 → U ′, and º̃ : H2³ → U ′ denote the natural embedding,
then

º̃X̃j
0 −→ ºX̃0, in U ′, P̃− a.s., as j →∞.

Therefore, thanks to the above discussion,

¸i(ºX̃0) f lim inf
j→∞

¸i(º̃X̃
j
0), P̃− a.s.

Let us take the expectation with respect to P̃, that we denote by Ẽ, to both members
of this inequality and use Fatou’s Lemma. We obtain

Ẽ
[

¸i(ºX̃0)
]

f Ẽ
[

lim inf
j→∞

¸i(º̃X̃
j
0)
]

f lim inf
j→∞

Ẽ
[

¸i(º̃X̃
j
0)
]

.
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We denote by µ̄, and µ̄j , j ∈ N, the trivial extensions to (U ′,BU ′) of the prob-
ability measures µ ∈P(H³+1), and µj ∈P(H2³) from Lemma II.6.8, respectively.
Namely,

µ̄ : BU ′ ∋ F 7→ µ̄(F ) := µ(F ∩H³+1)

µ̄j : BU ′ ∋ F 7→ µ̄j(F ) := µj(F ∩H2³), ∀ j ∈ N.

We infer from Lemma II.6.8 (i), (ii), that

(ºX̃0)∗P̃ = µ̄ ∈P(U ′)

(º̃X̃j
0)∗P̃ = µ̄j ∈P(U ′), ∀ j ∈ N.

We conclude the reasoning as follows
∫

H³+1

φi

(

∥x∥Ei

)

dµ(x) =

∫

U ′

¸i(x) dµ̄(x)

= Ẽ
[

¸i(ºX̃0)
]

f lim inf
j→∞

Ẽ
[

¸i(º̃X̃
j
0)
]

= lim inf
j→∞

∫

U ′

¸i(x) dµ̄j(x)

= lim inf
j→∞

∫

H2³

φi

(

∥x∥Ei

)

dµj(x).

The theses follow from the last inequality, thanks to the uniform estimates in Theo-
rem II.5.12. 2
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Grönwall Lemmas

We recall a weak version of the differential form of the classical Grönwall Lemma,
which does not require the differentiability of functions.

Lemma A.1. Assume that f : R+ → R is a continuous function and that there exist
a, b ∈ L1

loc(R+) such that, in the distributional sense in R∗
+ := (0,+∞)

f ′ f af + b. (A.1)

Then,

f(t) f eA(t)

(

f(0) +

∫ t

0
b(s)e−A(s) ds

)

, ∀ t g 0, (A.2)

where

A(t) := exp

∫ t

0
a(s) ds, ∀ t g 0.

Proof. Let us define g : R+ → R by

g(t) := f(t)e−A(t) −
∫ t

0
b(s)e−A(s) ds, ∀ t g 0.

Then the distributional derivative of g on the interval R∗
+ := (0,+∞), satisfies

g′ = f ′e−A − afe−A − be−A f 0, (A.3)

where we used the hypothesis in equation (A.1) for the inequality. Let Ä ∈ C∞
c (R∗

+)

be such that Ä g 0 and
∫ +∞
0 Ä(s) ds = 1. For every n ∈ N define Än(s) := nÄ(ns),

s > 0, then

Än ∈ C∞
c (R∗

+),

∫ +∞

0
Än(s) ds = 1, ∀n ∈ N.

Let φ be a generic non-negative function in C∞
c (R∗

+) and fix n ∈ N. Let us define

Èn := −φ+ Än

∫ +∞

0
φ(s) ds.

By direct inspection we have Èn ∈ C∞
c (R∗

+) and
∫ +∞
0 Èn(s) ds = 0, in particular, its

primitive Ψn(t) :=
∫ t
0 Èn(s) ds, t > 0, satisfies again Ψn ∈ C∞

c (R∗
+). Therefore, if we
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test the inequality (A.3) againts Ψn we reach

0 g
D′(R∗

+)

〈

g′,Ψn

〉

C∞
c (R∗

+)

= −
D′(R∗

+)

〈

g, Èn

〉

C∞
c (R∗

+)

=

∫ +∞

0
g(t)φ(t) dt−

∫ +∞

0
g(s)Än(s) ds

∫ +∞

0
φ(t) dt

=

∫ +∞

0
φ(t)

(

g(t)−
∫ +∞

0
g(s)Än(s) ds

)

dt.

This implies, by arbitrariness of φ ∈ C∞
c (R∗

+;R+) and continuity of g, that for all
t g 0

g(t) f
∫ +∞

0
g(s)Än(s) ds =

∫ +∞

0
g(r/n)Ä(r) dr −→ g(0), as n→∞,

where we resorted to the Dominated Convergence Theorem to pass to the limit. The
sought estimate (A.2) is derived from g(t) f g(0), t g 0, by recalling the definition
of g, and by multiplying by eA. 2

We also recall a simple version of the integral Grönwall’s Lemma that suits our
necessities. A different proof can be found in [FR01, proof of Theorem 5, step 2].

Lemma A.2. Assume that f : R+ → R is a non-negative continuous function and
that there exist C1, C2 > 0 such that

f(t) f f(s)− C1

∫ t

s
f(r) dr + C2(t− s), ∀ t g s g 0. (A.4)

Then
f(t) f C2

C1
+ e−C1tf(0), ∀ t g 0.

Proof. Equation (A.4) directly implies that f is Lipschitz continuous, in particular,
it is absolutely continuous. Therefore, there exists f ′ ∈ L1

loc(R+) such that

f(t)− f(s) =
∫ t

s
f ′(r) dr, ∀ t g s g 0.

This consideration allows to rewrite the inequality (A.4) in the following way
∫ t

s

[

f ′(r) + C1f(r)− C2

]

dr f 0, ∀ t g s g 0.

This implies that, for almost any r g 0

f ′(r) f −C1f(r) + C2.

We reach the thesis by applying the differential form of Grönwall’s Lemma A.1:

f(t) f e−C1t

(

f(0) +

∫ t

0
C2e

C1s ds

)

= e−C1tf(0) +
C2

C1
e−C1t

(

eC1t − 1
)

f C2

C1
+ e−C1tf(0).

2
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Eventually, we provide a modified version of the classical integral Grönwall Lemma.
We refer to [Hen81, Section 1.2.1] for the proof.

Lemma A.3. Assume that a, b g 0, T > 0 and ³, ´ ∈ [0, 1). There exists a finite
constant M > 0 so that for any integrable function u : (0, T )→ R satisfying

0 f u(t) f at−³ + b

∫ t

0
(t− s)−´u(s) ds, for a.e. t ∈ (0, T ),

we have
0 f u(t) f aMt−³, for a.e. t ∈ (0, T ).
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Ancillary results

Proposition B.1. Assume that G ∈ L(H) is injective and satisfies V ¢ Ran(G).
There exists C > 0 such that, if n ∈ N, then

∥

∥(ΠnGG
∗Πn)

−1/2x
∥

∥ f C∥x∥V , ∀x ∈ Hn.

Proof. The proof is inspired by [FM95, Section 6] and we present it for the sake of
completeness. Let us fix n ∈ N.

Step 1. We show that the thesis makes sense.
First, ΠnGG

∗Πn : H → H is bounded because it is the composition of bounded
operators in H. In addition, it is non-negative because

ïΠnGG
∗Πnx, xð = ∥G∗Πnx∥2 g 0, ∀x ∈ H.

Therefore, it is self-adjoint and its square root (ΠnGG
∗Πn)

1/2 : H → H is well-
defined and bounded.

Moreover, Ker(ΠnGG
∗Πn) = H§

n . On one hand, we have H§
n = KerΠn ¢

Ker(ΠnGG
∗Πn). On the other hand, we first notice that G∗ : H → H is injective

because Ker(G∗) = [Ran(G)]§ ¢ V § = {0}. Then, if we let x ∈ Ker(ΠnGG
∗Πn),

we have 0 = ïΠnGG
∗Πnx, xð = ∥G∗Πnx∥2, hence Πnx = 0 by the injectivity of G∗,

namely x ∈ H§
n .

Eventually, from
[

Ran(ΠnGG
∗Πn)

]§
= Ker(ΠnGG

∗Πn)
∗ = Ker(ΠnGG

∗Πn) =

H§
n , we infer that Ran(ΠnGG∗Πn) = Hn = Hn, hence Ran(ΠnGG

∗Πn) = Hn

because Hn is finite-dimensional.
Therefore, we conclude that the restriction ΠnGG

∗Πn : Hn → Hn is bijective,
bounded and positive, hence self-adjoint. Its square root (ΠnGG

∗Πn)
1/2 : Hn → Hn

is well-defined and inherits the same properties. Moreover, the inverse operator of
(ΠnGG

∗Πn)
1/2 is the same as the square root of (ΠnGG

∗Πn)
−1, which is simply

denoted by (ΠnGG
∗Πn)

−1/2, and it is a bounded, positive, bijective and self-adjoint
operator in Hn.

Step 2. The thesis follows from the following claim: there exists C > 0, indepen-
dent of n, such that

〈(

A
1
2ΠnGG

∗ΠnA
1
2
)−1

y, y
〉

f C∥y∥2, ∀ y ∈ Hn.

Let indeed x ∈ Hn, then we define y := A1/2x and observe that y ∈ Hn because
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Hn = ΠnH = ΠnV . Hence, we get

∥

∥(ΠnGG
∗Πn)

−1/2x
∥

∥

2
=
〈

(ΠnGG
∗Πn)

−1x, x
〉

=
〈

A− 1
2 (ΠnGG

∗Πn)
−1A− 1

2 y, y
〉

=
〈(

A
1
2ΠnGG

∗ΠnA
1
2
)−1

y, y
〉

f C∥y∥2

= C∥x∥2V .

The thesis follows after renaming the constant C. In the previous chain of inequalities
we implicitely used the fact that A

1
2ΠnGG

∗ΠnA
1
2 : Hn → Hn is bijective and satisfies

(A
1
2ΠnGG

∗ΠnA
1
2 )−1 = A− 1

2 (ΠnGG
∗Πn)

−1A− 1
2 . This property easily descends from

Step 1 and from the bijectivity of the self-adjoint bounded operator A
1
2 on the finite-

dimensional space Hn.
Step 3. Denoting by G−1 : Ran(G) ¢ H → H the unbounded inverse of G ∈

L(H), we will show that the operator G−1A− 1
2 is well-defined and bounded in H.

First, notice that G−1A− 1
2 : H → H is well-defined because A− 1

2x ∈ V for
any x ∈ H and V ¢ Ran(G). Then we proceed to show that G−1A− 1

2 : H → H is
bounded by the Closed Graph Theorem. Let us denote by G−1

V : V → H : x 7→ G−1x
the restriction of G−1 to V and assume that {xn}n∈N ¢ V is convergent in V to x and
that {G−1

V xn}n∈N is convergent in H to y. Thanks to the inclusion V ¢ Ran(G), for
any n ∈ N there exists zn ∈ H such that xn = Gzn. Therefore, Gzn = xn converges
as n→∞ to x in V and to Gy in H by continuity of G. Since V ↪→ H we infer that
x = Gy ∈ V , hence G−1

V x = G−1Gy = y, i.e. G−1
V is closed. By the Closed Graph

Theorem, G−1
V : V → H is bounded. Since A− 1

2 : H → V is bounded, we infer, by

the composition of bounded operators, that G−1A− 1
2 = G−1

V A− 1
2 ∈ L(H).

Step 4. Assume that x ∈ V , then for all y ∈ H

〈(

G−1A− 1
2
)∗
G∗A

1
2x, y

〉

=
〈

G∗A
1
2x,G−1A− 1

2 y
〉

=
〈

A
1
2x,GG−1A− 1

2 y
〉

=
〈

A
1
2x,A− 1

2 y
〉

= ïx, yð.

By choosing y =
(

G−1A− 1
2

)∗
G∗A

1
2x− x ∈ H, we get

(

G−1A− 1
2
)∗
G∗A

1
2x = x,

which implies, by the boundedness of G−1A− 1
2 : H → H, see Step 2,

∥x∥2 f
∥

∥

(

G−1A− 1
2
)∗∥
∥

2

L(H)

∥

∥G∗A
1
2x
∥

∥

2
=
∥

∥G−1A− 1
2

∥

∥

2

L(H)

〈

A
1
2GG∗A

1
2x, x

〉

.

Step 5. Let us now prove the claim in Step 2. Assume that y ∈ Hn and let x :=
(

A
1
2ΠnGG

∗ΠnA
1
2

)−1/2
y ∈ Hn, then x ∈ V because Hn = ΠnV ¢ V , and y =

(

A
1
2ΠnGG

∗ΠnA
1
2

)1/2
x. Therefore, using the estimate from the previous step and
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denoting C :=
∥

∥G−1A− 1
2

∥

∥

2

L(H)
,

〈(

A
1
2ΠnGG

∗ΠnA
1
2
)−1

y, y
〉

=
∥

∥

(

A
1
2ΠnGG

∗ΠnA
1
2
)−1/2

y
∥

∥

2

= ∥x∥2

f C
〈

A
1
2GG∗A

1
2x, x

〉

= C
〈

A
1
2ΠnGG

∗ΠnA
1
2x, x

〉

= C
∥

∥

(

A
1
2ΠnGG

∗ΠnA
1
2
)1/2

x
∥

∥

2

= C∥y∥2.

2

Proposition B.2. For any R > 0 and t > 0 there exists a constant CR(t) > 0 such
that for all G as in hypothesis (H1) it holds

∫ t

0

∥

∥Dx[X
R,n
s (x)]h

∥

∥

2

V
ds f CR(t)∥h∥2 ∀n ∈ N, ∀h, x ∈ Hn, P− a.s.

Proof. The proof is inspired by the appendix in [FM95] and we present it for the
sake of completeness. We fix P − a.s. É ∈ Ω and parameters n ∈ N, R > 0. For all
starting points x ∈ Hn and times t g 0 we denote for simplicity u(t) = XR,n

t (x)(É)
and we recall its definition:

u(t) +

∫ t

0
Au(s) ds+

∫ t

0
ΘR

(

∥A 1
4u(s)∥2

)

Bn(u(s)) ds = x+ΠnGW
n
t .

Given the fact that this equation is set in the finite dimensional space Hn, spanned
by the first n eigenvectors of A, we take its components with respect to {ek}nk=1 and
consider it in Rn. Therefore we perform the Jacobian matrix Dx of u = (u1, . . . , un)

T

with respect to the starting point x = (x1, . . . , xn)
T ∈ Hn and apply it to a vector

h = (h1, . . . , hn)
T ∈ Hn:

Dx[u(t)]h+

∫ t

0
ADx[u(s)]h ds+

∫ t

0
Θ′

R

(

∥A 1
4u(s)∥2

)

h · ∇x∥A
1
4u(s)∥2Bn

(

u(s)
)

ds

+

∫ t

0
ΘR

(

∥A 1
4u(s)∥2

)

Dx

[

Bn

(

u(s)
)]

h ds = h.

(B.1)

We denote for brevity U(t) = Dx[u(t)]h =
∑n

j=1 hj∂xju(t), suppress the dependence
on t, derive in time equation (B.1), then take its product in Hn with U :

〈 d

dt
U, U

〉

+ ïAU,Uð+
〈

Θ′
R

(

∥A 1
4u∥2

)

h · ∇x∥A
1
4u∥2Bn(u), U

〉

(B.2)

+
〈

Dx[Bn(u)]h,ΘR

(

∥A 1
4u∥2

)

U
〉

= 0.

The first term in the left-hand side of equation (B.2) equals the time derivative
of ∥U∥2/2, while the second is equal to ∥U∥2V . As for the third one, we start by
evaluating the components of the gradient vector. For j = 1, . . . , n it holds

∂xj∥A
1
4u∥2 =

∫

D
∂xj |A1/4u|2 dL

2 = 2

∫

D
A

1
4u ·A 1

4∂xju dL
2 = 2

〈

A
1
4u,A

1
4∂xju

〉

,
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that implies
h · ∇x∥A

1
4u∥2 = 2ïA 1

4u,A
1
4Uð,

thus, by the Cauchy-Schwarz inequality and Lemma I.2.2
∣

∣

∣

〈

Θ′
R

(

∥A 1
4u∥2

)

h · ∇x∥A
1
4u∥2Bn(u), U

〉∣

∣

∣
f 2∥Θ′

R∥∞
∣

∣

〈

A
1
4u,A

1
4U
〉∣

∣

∣

∣

〈

Bn(u), U
〉∣

∣

f 2c0∥Θ′
R∥∞∥A

1
4u∥3∥A 1

4U∥∥U∥V .

Analogously
〈

Dx[Bn(u)]h,ΘR

(

∥A 1
4u∥2

)

U
〉

=
n
∑

j=1

hj
〈

∂xjBn(u),ΘR

(

∥A 1
4u∥2

)

U
〉

=

n
∑

j=1

hjbn
(

∂xju, u,ΘR

(

∥A 1
4u∥2

)

U
)

+ bn
(

u, ∂xju,ΘR

(

∥A 1
4u∥2

)

U
)

= bn
(

U, u,ΘR

(

∥A 1
4u∥2

)

U
)

+ bn
(

u, U,ΘR

(

∥A 1
4u∥2

)

U
)

,

which entails, by Lemma I.2.2 and ∥ΘR∥∞ = 1
∣

∣

∣

〈

Dx

[

Bn(u)
]

h,ΘR

(

∥A 1
4u∥2

)

U
〉∣

∣

∣
f 2c0∥A

1
4U∥∥A 1

4u∥∥U∥V .

By plugging all terms inside equation (B.1), we reach the following estimate

1

2

d

dt
∥U∥2 + ∥U∥2V f 2c0

(

1 ( ∥Θ′
R∥∞

)

∥A 1
4U∥∥U∥V

(

∥A 1
4u∥3 + ∥A 1

4u∥
)

f KR∥U∥1/2 ∥U∥1/2V ∥U∥V
f 1

4
K4

R∥U∥2 +
3

4
∥U∥2V ,

where we employed the interpolation inequality ∥A 1
4U∥ f ∥U∥1/2 ∥U∥1/2V (see Lemma

I.2.1), introduced the function

KR(t) := 2c0
(

1 ( ∥Θ′
R∥∞

)

(

sup
n∈N
∥A 1

4u(t)∥3 + sup
n∈N
∥A 1

4u(t)∥
)

,

and iterated the Young inequality. We integrate over the interval [0, t] recalling that
U(0) = Dx[u(0)]h = h

∥U(t)∥2 + 1

2

∫ t

0
∥U(s)∥2V ds f ∥h∥2 +

∫ t

0
K4

R(s)∥U(s)∥2 ds, (B.3)

apply Grönwall’s lemma and obtain

∥U(t)∥2 f ∥h∥2eK4
R(t).

Inserting back this estimate in equation (B.3), we reach the thesis for a constant
CR(t) > 0

∫ t

0
∥U(s)∥2V ds f 2∥h∥2

[

1 +

∫ t

0
K4

R(s)e
K4

R(s) ds

]

= ∥h∥2CR(t).

2
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Lemma B.3. Assume that ´ > 0. Let u ∈ L2(0, T ;H´+1) and let {un}n∈N be a
bounded sequence in L2(0, T ;H´+1) convergent to u in L2(0, T ;H´+1

loc ).

• If ´ > 1, then for all y ∈ H−´

lim
n→∞

sup
t∈[0,T ]

∣

∣

∣

∣

∫ t

0
H−´

〈

y,B(un(s))−B(u(s))
〉

H´ ds

∣

∣

∣

∣

= 0. (B.4)

• If ´ ∈ (0, 1], then for all y ∈ H´

lim
n→∞

sup
t∈[0,T ]

∣

∣

∣

∣

∫ t

0
H−´

〈

B(un(s))−B(u(s)), y
〉

H´ ds

∣

∣

∣

∣

= 0.

Proof. We give the proof only in the case ´ > 1, the complementary being analogous.
Step 1. Assume first that y ∈ Cc(R

2;R2) ∩ H−´ , in particular, there exists
R ∈ N such that the support of y is contained in B̄R := {À ∈ R2 : |À| f R}. Assume
also that x, z ∈ H´+1. Let us fix φ, È ∈ C∞

c (R2) such that B̄R ¢ suppφ ∩ suppÈ,
φ(À) = È(À) = 1 for À ∈ B̄R, and ∇φ · x = ∇È · z = 0. Observe in particular that
B(x, z), B(φx, Èz) ∈ H ¢ L2(R2;R2), then, thanks to the Plancherel Theorem, and
to the bounded support of y

H−´

〈

y,B(x, z)
〉

H´ =

∫

R2

F
[

B(x, z)
]

·F [y] dL
2

=

∫

R2

(

x · ∇z1
x · ∇z2

)

· y dL
2

=

∫

B̄R

(

x · ∇z1
x · ∇z2

)

· y dL
2

=

∫

B̄R

(

φx · ∇(Èz1)
φx · ∇(Èz2)

)

· y dL
2

=

∫

R2

(

φx · ∇(Èz1)
φx · ∇(Èz2)

)

· y dL
2

=

∫

R2

F
[

B(φx, Èz)
]

·F [y] dL
2

=
H−´

〈

y,B(φx, Èz)
〉

H´ .

By estimate (II.2.4) in Lemma II.2.12 (with Ã = ´ + 1 > 2), there exists a finite
constant c > 0, depending on ´, such that

∣

∣

∣H−´

〈

y,B(x, z)
〉

H´

∣

∣

∣
=
∣

∣

∣H−´

〈

y,B(φx, Èz)
〉

H´

∣

∣

∣

f c∥φx∥H´∥Èz∥H´+1∥y∥H−´

f c∥φx∥H´+1∥Èz∥H´+1∥y∥H−´ .

By taking the infimum to the first and last side of the last chain of inequalities, over
all functions φ, È satisfying the previously stated conditions, we get

∣

∣

∣H−´

〈

y,B(x, z)
〉

H´

∣

∣

∣
f c[[x]]

H´+1
R

[[z]]
H´+1

R

∥y∥H−´ ,

where we resorted to the seminorm on H´+1
loc analogous to the one defined in equation

(II.6.1).
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Step 2. For every n ∈ N and a.e. s ∈ [0, T ], we use the bilinearity of B with
the estimate from the previous step:

∣

∣

∣H−´

〈

y,B(un(s))−B(u(s))
〉

H´

∣

∣

∣

=
∣

∣

∣H−´

〈

y,B
(

un(s)− u(s), un(s)
)

−B
(

u(s), un(s)− u(s)
)〉

H´

∣

∣

∣

f c[[un(s)− u(s)]]H´+1
R

(

[[un(s)]]H´+1
R

+ [[u(s)]]
H´+1

R

)

∥y∥H−´

f c[[un(s)− u(s)]]H´+1
R

(

∥un(s)∥H´+1 + ∥u(s)∥H´+1

)

∥y∥H−´ .

We integrate in time for s ∈ [0, t] ¦ [0, T ] and resort to the Hölder inequality and to
the seminorm on L2(0, T ;H´+1

loc ) analogous to the one defined in equation (II.6.2):

sup
t∈[0,T ]

∣

∣

∣

∣

∫ t

0
H−´

〈

y,B(un(s))−B(u(s))
〉

H´ ds

∣

∣

∣

∣

f c[[un − u]]L2(0,T ;H´+1
R )

(

∥un∥L2(0,T ;H´+1) + ∥u∥L2(0,T ;H´+1)

)

∥y∥H−´ ,

By taking the limit inferior as n → ∞ to both members of this last estimate, and
by recalling the hypotheses of the lemma, we get the validity of equation (B.4) for
y ∈ Cc(R

2;R2) ∩H−´ .
Step 3. Assume now y ∈ H−´ and fix ε > 0. By density, there exists yε ∈

Cc(R
2;R2) ∩H−´ such that ∥y − yε∥H−´ f ε. We use once again the estimate from

Step 1 for all n ∈ N and a.e. s ∈ [0, T ]:

H−´

〈

y,B(un(s))−B(u(s))
〉

H´

=
H−´

〈

y − yε, B(un(s))−B(u(s))
〉

H´ +
H−´

〈

yε, B(un(s))−B(u(s))
〉

H´

f c[[un(s)− u(s)]]H´+1
R

(

∥un(s)∥H´+1 + ∥u(s)∥H´+1

)

∥y − yε∥H−´

+
H−´

〈

yε, B(un(s))−B(u(s))
〉

H´ .

We integrate over s ∈ [0, t] ¦ [0, T ], estimate by the Hölder inequality and take the
supremum for t ∈ [0, T ]:

sup
t∈[0,T ]

∣

∣

∣

∣

∫ t

0
H−´

〈

y,B(un(s))−B(u(s))
〉

H´ ds

∣

∣

∣

∣

f c[[un − u]]L2(0,T ;H´+1
R )

(

∥un∥L2(0,T ;H´+1) + ∥u∥L2(0,T ;H´+1)

)

∥y∥H−´

+ sup
t∈[0,T ]

∣

∣

∣

∣

∫ t

0
H−´

〈

yε, B(un(s))−B(u(s))
〉

H´ ds

∣

∣

∣

∣

.

Both terms in the right-hand side are infinitesimal: the first thanks to the hypotheses,
while the second by Step 2. Hence, the result follows by taking the limit inferior as
n→∞. 2

Lemma B.4. For all ³ > 0 the Ã-algebras BD(A³) and BH ∩ D(A³) coincide on
D(A³).

Proof. Let º : D(A³)→ H denote the natural embedding and ÄD(A³), ÄH denote the
topologies on D(A³), H induced by the norms ∥ · ∥D(A³) and ∥ · ∥, respectively. By

108



APPENDIX B Ancillary results

continuity of º, we have º−1(ÄH) ¢ ÄD(A³), which means that the topology ÄD(A³) on
D(A³) is finer then the topology induced from H via º. As a consequence

BD(A³) = Ã
(

ÄD(A³)

)

£ Ã
(

º−1(ÄH)
)

= º−1
(

Ã(ÄH)
)

= º−1(BH) = BH ∩D(A³),

to wit the Ã-algebra induced from H and denoted by BH ∩D(A³) is a sub-Ã-algebra
of BD(A³).

In order to invert the above inclusion we can not proceed in the same way. Should
indeed the two topologies ÄD(A³),ÄH coincide, then the respective norms would be
equivalent, which is false. Nevertheless, if we were able to prove that the open sets
in D(A³) are Borel sets in H, then we would easily reach the thesis by

BD(A³) = Ã
(

ÄD(A³)

)

¢ Ã
(

BH ∩D(A³)
)

= BH ∩D(A³).

In order to show that ÄD(A³) ¢ BH∩D(A³), it is sufficient to prove that the ∥·∥D(A³)-
norm on D(A³) is a BH -measurable function. Let Γ ¢ D(A³) be countable and
dense in H (such collection exists because H is separable and D(A³) is dense in H).
We have for all x ∈ D(A³)

∥x∥D(A³) = ∥A³x∥ = sup
y∈H\{0}

|ïA³x, yð|
∥y∥ = sup

y∈Γ\{0}

|ïA³x, yð|
∥y∥ = sup

y∈Γ\{0}

|ïx,A³yð|
∥y∥ ,

where the second equality follows by the characterization of the norm in Hilbert
spaces, the third by the density of Γ in H and the continuity in H \ {0} of y 7→
|ïA³x, yð|/∥y∥, while the last equality follows by self-adjointness of A³ (see Section
I.2.2). For every y ∈ Γ \ {0} we define the function

py : H → R : x 7→ py(x) =
ïx,A³yð
∥y∥ ,

and we observe that it is a linear and bounded functional, thus continuous, thus
BH -measurable. We therefore conclude that ∥ · ∥D(A³) = supy∈Γ\{0} |py(·)| is BH -
measurable as it is the supremum of a countable family of BH -measurable func-
tions. 2
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