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Abstract

In this work, we study how to generate “hard” instances for the Traveling Salesman
Problem (TSP), both in the asymmetric and in the symmetric case.

To evaluate hardness from a theoretical point of view, we rely on the well-known
measure of the “integrality gap” with respect to linear relaxation. The integrality gap, in
an integer linear programming with an objective function that should be minimized, is
the ratio between the optimal solution and the approximation obtained through linear
relaxation. If the integrality gap is equal to 1, then solving the linear relaxation is enough
to compute the optimal solution.

In parallel, regarding “hardness” from a practical perspective, we search for the
worst-case for Concorde, the state-of-the-art TSP solver. Our goal is to find instances
that foil it and to understand why certain types of instances are harder than others.

The major contributions of this thesis are the investigation of the relation between
empirical hardness and integrality gap, the proposal of methodologies to generate hard
instances (both from a theoretical and empirical point of view), and the study in depth
of the properties of hard instances with respect to easy ones from a structural level.

The logical flow of this thesis is as follows. After revising the existing literature,
we propose a new family of Metric Symmetric TSP (STSP) instances having a small
integrality gap, but hard to solve for Concorde. This is the first example of hard-to-solve
instances with a bounded integrality gap. By observing the proposed instances along
with the ones yet present in the literature, we notice some common patterns. We hence
propose a family of inequalities based on an optimality argument that leads to a speed-up
in a branch-and-cut implementation using Gurobi callback.

The limit of the instances we proposed is that they are structured, hence, we propose
a random instance generator of hard instances where the only constraint to the instances
is to be metric. Our generator proposes instances that are challenging and also have a
high integrality gap. As the input of our procedure is a vertex of the Symmetric Subtour
Elimination Problem (SSEP) Polytope, we also propose a strategy for randomly sampling
vertices.

We then classify the difficulty of STSP instances based on statistical features of the
problem’s cost matrix, such as standard deviation, skewness, and the Gini index of the
cost coefficients. The fourth feature is based on a new statistic, called the tight trian-
gle inequality index, which gives the percentage over all possible triangle inequalities in
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the cost matrix that are satisfied with equality. After computing the four features for all
the instances in the training set, we designed a decision tree that predicts the empirical
hardness of instances in the test set with high values of the Matthew Correlation Coeffi-
cient prediction. Our decision tree achieves high performance in predicting hard-to-solve
instances.

We then focus on the behavior of our “hard” instances with respect to the Dantzig-
Fulkerson-Johnson formulation. Even though this model could theoretically have many
subtour elimination constraints, we find that, for many benchmarking instances, only
a few are needed in practice to find the best solution. We introduce a new solution
routine that does not use linear relaxation but relies on the subsequent solution of 2-
matching problems. Even with this approach, the hard instances are still challenging. As
a by-product, this strategy provides support for a longstanding mathematical conjecture
about the complexity of cycle covering without triangles.

We move to the Asymmetric Traveling Salesman Problem (ATSP). We begin with a
polyhedral study and, as a consequence, we design a heuristic procedure to generate
vertices of the Asymmetric Subtour Elimination Problem (ASEP) Polytope. These are
used as input to a procedure that investigates the integrality gap for the ATSP. Although
we explore vertices that have been never taken into account earlier, we found the same
lower bounds yet present in the literature, In support of an existing conjecture about the
structure that vertices must have to achieve the maximum integrality gap. A closer look
at the procedure allows us to introduce small and challenging instances for the ATSP

We conclude this thesis with open problems and some possible future directions.
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Chapter 1

Introduction

In this chapter, we fix the notation, revise the background material, and propose an
outline of this thesis.

1.1 The Traveling Salesman Problem

The Traveling Salesman Problem is probably the most popular problem in combinatorial
optimization. This popularity arises from its ease of being enunciated, which stands
in strong contrast to its computational complexity. The problem can be described as
follows: a traveling salesman must visit n localities and return to the city he started from
and must do this at the minimum cost. In this thesis, we will call such kind of closed
paths both tours and Hamiltonian cycles and the tours that have the minimum
cost will be called both optimal tours and optimal [HCs. Each instance of this problem
can be represented using a weighted graph G = (V,A), which may be either directed or
undirected. The vertices V are the cities and weighted arcs A represent the links between
them, with the weight ¢;; representing the cost of moving from one city to another. Note
that, if m := |A|, then ¢ € R™.

TSP can be modeled using Integer Linear Programming (ILP). Dantzig, Fulkerson,
and Johnson provided one of the first formulations of the problem in their work
[19]. In the following paragraph, we will focus on the formulation related to the Asym-
metric case (ATSP). Then, we focus on the case ¢;; = c;;, namely the symmetric one.

Let S be a subset of the vertices of the graph V. Let a € A an arc. We will refer to
a = (i, j) when we want to specify the start and the end point of arc a.

Let us denote

6(8)={a=(i,j)|ieS and j &S}
With a slight abuse of notation, we will denote
6(1) =8({i}).
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Let x;; be a binary variable referring to arc (i, j). The collection of variables x;;, (i, j) €
A are thus used to describe all the edges of the graph, and more specifically whether or
not each arc is part of an optimal solution.

In particular

1 if the tour visits city j right after city i
X =
Y 0 otherwise.

Note that we have precisely (n — 1)! feasible tours, as the “starting point” can be
thought fixed to node 1. Hence, the DFJ formulation consists in solving the following
ILP:

min Z xijcij (11)
(i,))eA
n
subject to inj=1, j=1,...,n (1.2)
lnl
Dix=1, i=1,...,n (1.3)
j=1
Z xij =1, VScVsuchthat2<|S|<n—2 (1.4)
(i,j)€8(S)
x;; €{0,1} Ya € A. (1.5)

Constraints (1.2)-(1.3) are called degree constraints and ensure that each node is
crossed exactly once. Constraints are called subtour elimination constraints and
ensure that any feasible solution does not decompose in different subtours. Note that
we can only focus on sets of cardinality 2 < |S| < n— 2: considering the empty set
makes the problem infeasible and considering sets of cardinality 1 is equivalent to the
in-degree constraints, while considering sets of cardinality n — 1 is equivalent to the
outdegree constraints.

1.1.1 The symmetric TSP

We will denote with Symmetric TSP the case when ¢;; = cj;, ¥(i,j) € A. In
this case, the directed graph becomes undirected, and thus the set of arcs A becomes
undirected, and we will denote it with E. In this case, the number of feasible solutions
is ("_21)!, as the direction is irrelevant. The ILP formulation can be simplified in the

symmetric case. In this case, let

6(S)={e={i,j}|ieSandj¢S}.
With a slight abuse of notation, we will denote
6(1) =o6({i}).
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Thus, the ILP formulation can be simplified to

min Z xl’jCl'j (1.6)
{i,j}€E
subject to Z Xij =2, j=1,...,n (1.7)
{i,j}ed(d)
> ox=2, VS c V such that 3 < |S| < n—3 (1.8)
{i,j}€6(S)

In this case, we have the so-called degree constraints (1.7)), that enforce to cross each
node. The subtour elimination constraints should now be omitted for the empty
set and the full set V and the sets of cardinality 1 and n — 1 - This makes the problem
infeasible. The subtour elimination constraints for sets of cardinality 2 and n — 2 are
implied by the degree constraints. From now on, we will abbreviate the generic TSP as
(namely Asymmetric TSP), while the symmetric one will be abbreviated with STSP

1.1.2 Theoretical results on the complexity of the TSP

In this thesis, we will use some concepts from complexity theory, such as NP-Hardness,
NP-completeness (In Chapter [3)), and Fixed-Parameter Tractability (In Chapter[5). As a
comprehensive discussion of these topics is beyond the scope of this thesis, interested
readers are referred to the book of Garey and Johnson [32]].

Here, we recall instead the main theoretical results about the complexity class where
TSP belongs. These theorems highlight that the TSP is a hard problem in theory, while
the empirical hardness of this problem is a central topic of this thesis.

Theorem 1 ([46]]). The TSP as a decision problem is NP-complete.

Theorem 2 ([l60]). No polynomial time algorithm that approximates the general TSP
within a constant factor exists unless P=NP

1.1.3 The metric case

One interesting case is achieved when the costs on the edges satisfy the triangle inequal-

ity.

Cij < Cix + Cjik Vi£j#keV. (1.10)
Each instance of the TSP that satisfies this family of inequalities will be called Metric TSP
Note that in Chapter|[6] the definition of Metric is not given in the standard way, namely
involving also the axiom of symmetry (c;; = ¢;; Vi,j € V) and identity, (¢;; =0 <
i=ji,j €V). We made this choice to keep the notation as smooth as possible and
distinguish between the symmetric and non-symmetric cases. The non-negativity of the
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costs will always be an assumption in this thesis, in every chapter. The assumption of
metric on the costs - which, as already specified, only relates to the triangular inequality
- is valid in Chapters and|[6]

In terms of complexity, the following result holds:

Theorem 3 ([|53]]). The metric TSP in NP-Hard.

On the contrary, we do have a polynomial time algorithm that computes a tour
in polynomial time within a constant factor. Among them, the most famous is the
Christofides algorithm [17]], which guarantees a solution within a factor of % Recently
such bound has been slightly improved, e.g., it has been shown equal to 3/2 — 1073¢
[45]].

There are two special cases of the metric TSP that are worth mentioning: the Eu-
clidean TSP for which is possible to provide, for each node, the 2-dimensional (or 3-
dimensional) coordinates in R? (or R*) and then compute the cost between edges by
using the L? norm; the Rectilinear TSB that has the same spirit of the Euclidean one, but
the distance is computed according to the L' norm.

1.2 The integrality gap

Let us denote by ATSP(c) the optimal value of (1.1)-(1.5) and with STSP(c) the optimal
value of (1.6)-(1.9). Note that if we relax the integrality constraints in both problems,

namely (1.5) and (1.9), by enforcing instead

0<x;<1 V{i,jleE. (1.12)

Optimizing on this relaxed set of constraints will lead to the so-called Subtour Elim-
ination Problem (SEP). Since we have moved from the discrete to the continuous, the
set of feasible solutions is no longer a lattice but it is a polytope. In this thesis, we will
extensively use these definitions.

Definition 1 (Asymmetric Subtour Elimination Problem (ASEP) on n vertices polytope).
PKSEP = {X € [0: 1] | ""

Let Z¢pp be the set of all the vertices.

Definition 2 (Symmetric Subtour Elimination Problem (SSEP) on n vertices polytope ).

Pgsep = {x €[0,1]| (.7)-(1.8)}.

Let ZL., be the set of all the vertices.

SSEP



Optimizing over each of these polytopes provides a lower bound w.r.t the value of
the ILP An important value to consider when dealing with the relaxation of an ILP is
the so-called Integrality Gap (IG). Naively speaking, this is the ratio between the optimal
value of an instance of an ILP and its linear relaxation. It is trivial to note that IG > 1,
and the closer this value is to one, the higher the quality of the relaxation in comparison
to the optimal solution.

Let

ASEP(¢) := min cx.

n
X EPqpp

SSEP(c¢) := min cx

n
X EPggpp

The following definitions of integrality gap will be extensively used in this thesis.
Definition 3 (Integrality gap for the ATSP on a given instance).

ATSP(c)

c)i=———.
aarsp(c) ASEP(c)
Definition 4 (Integrality gap for the STSP on a given instance).

STSP(c)

a C)\ = ———.
STSP( ) SSEP(C)
Now let’s focus on the metric case.

Definition 5 (Integrality gap for the ATSP on a n vertices).

n
a = max asrsp(c).
ATSP ¢>0 is metric on n vertices

Definition 6 (Integrality gap for the STSP on a n vertices).
Qgrgp *= max asrsp(c).

¢>0 is metric on n vertices

For n < 3, we have a,rgp(n) = 1. Similarly, n < 5, we have that ag;o, = 1. In both
cases, this means that the linear programming relaxation is integer, that is, no subtour
elimination constraints are actually needed for solving both STSP and ATSP

Definition 7 (Integrality gap for the ATSP).
QAaTSp -= SUp aZTSP.
n>4
Definition 8 (Integrality gap for the STSP).
QgTsp «= SUp OLTSITSP.
n=6
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1.2.1 Results and Conjecture on agggp

Real-world instances of the STSP have been observed to possess low values of agrgp(c),
as we have observed by computing it on the TSPLIB instances (see Table[3.2). Note also
that Johnson and McGeoch [43] are not aware of any testbed instance with an integrality
gap exceeding 1.03. Wolsey [|69]] demonstrated that the IG for STSP is at most %, while
Williamson conjectured in his master’s thesis that for metric TSP the integrality gap of
subtour elimination relaxation is equal to % [68]. Although this conjecture has only
been proven for a specific class of instances ([8]]), we know that % is an upper bound
for the integrality gap in cubic graphs ([10]). Boyd and Benoit have computed the exact
integrality gap for all n < 12 in [6} [9], having verified the conjecture for all Metric TSP
instances with at most 12 nodes through exhaustive enumeration. Furthermore, they
have proposed a family of Metric STSP instances where the integrality gap converges
to %. To the best of our knowledge, no instance with a higher integrality gap has been
found for a given number of nodes. To conclude, we know that

3= STSP—Z'

1.2.2 Results and Conjecture on a,rgp

A conjecture formulated by [[12]] stated that appgp < % also for the ATSP However,
both [[24]] and [[13]] have independently disproved this conjecture. They both show that
aursp = 2, by presenting two different families of metric ATSP with a,rsp(c) — 2 when
n — 00. More specifically, [[24] also provides specific lower bounds for n < 15. This is

the first time an IG greater than % is shown for n = 9. In terms of the upper bound, the

best known bound depends on n and is equal to 2 + i?ﬁf; T)l [4].
Thus, the state-of-art is the following:
8log(n)

a >2andVneN,dl., <2+ .
ATSP ATSP loglogn

1.3 Known families of instances with high integrality gap and re-
lated pratical computational complexity

In this section, we list all the known families of instances of STSP and ATSP built it-
eratively by varying one or more parameters. In this dissertation, the computational
complexity is assessed using Concorde [[1]]. Concorde is a powerful optimization soft-
ware designed specifically for solving the STSP Concorde has been at the forefront of
TSP research and is widely recognized as the most efficient solver for this problem. The
Concorde software utilizes a branch-and-cut algorithm, which combines linear program-
ming techniques with intelligent branching and cutting strategies. This approach allows
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Concorde to explore the vast solution space of the TSP efficiently, significantly reduc-
ing the time required to find near-optimal or optimal solutions. Concorde is capable
of solving TSP instances with up to thousands of cities: Its ability to handle large-scale
instances efficiently has contributed to breakthroughs in optimizing supply chain man-
agement, logistics planning, and network design.

Regarding the STSB these instances have been formulated in different articles pub-
lished at different times. To provide a fair comparison of the hardness of such families of
instances, we re-generate all the instances they propose and perform 10 runs with Con-
corde with different seeds and collect runtime and number Branch and Bound (B&B)
nodes. Then, for each family, we fit a linear regression on the number of nodes and
the runtime, to observe the trend at the increase of the number of nodes. Concorde has
been compiled with CPLEX, a widely used mathematical optimization software package
known for its efficiency in solving mixed-integer linear programming problems. This is
also the experimental setting used throughout this thesis. All the computations described
in this section (and also in the following chapters) have been executed on a single node
of an HPC cluster running CentOS, having an Intel CPU working at 2.1 GHz. Figure
anticipates the comparison between such families, both in terms of integrality gap and
runtime in seconds (we report the log,, value).

1.3.1 STSP

TSPLIB [56]. is alibrary of TSP instances from various sources and with various num-
bers of nodes, that is commonly used as a benchmark. We select all the instances with
less than 100 nodes and run Concorde on them 10 times each, by changing the seed. We
hence perform a linear regression on the log; of the times, obtaining

t = 100-011n=2.008 — 7 926" .(0.009 (1.13)

However, the largest integrality gap for the instances in the TSPLIB is equal to 1.095
[55]], which is largely less than the conjectured % = 1.333. Note that Concorde can solve
to optimality all the instances of the TSPLIB with n < 1380 in less than a minute.

The foundational work of [6]. In this work, the authors precisely compute agg, for
n < 10. To achieve this, they exhaustively enumerate the vertices of Py, and solve an
optimization problem having as optimal value the integrality gap. As a by-product they
introduce a family of STSP instances with a value of IG that increases with the number
of nodes, and that asymptotically tends to %. Figure displays the general element of
the introduced instance family.

The top path has a edges, the middle path has b edges and the bottom path has ¢
edges. The value of a, b, and ¢ are computed as a function of the number of nodes as
follows:



]_ 2 - Benoit & Boyd, 2008[6]
—_— Hougardy, 2014[41]
—— Hougardy & Zhong, 2020[42]

]_ 0 - | — Zhong, 2021 [71]
R TSPLIB [56]

log;, (time)

e

1.30
1.25 +
1.20 4 &

1154 *

Integrality gap

1.10

1.05

X X X X

XX X XX

1.00

X

X X X

20 40 60
n

80 100

Figure 1.1. Top: Linear regression on the computational times (in seconds) of instance
families with high integrality gap published in the literature. Bottom: Integrality gap of

these instances.

a=b=c=(n-3)/3
a=|n/3],b=c=|n/3]—1=a—-1
a=b=|n/3|,c=|n/3]—1=a—-1

ifn=0 mod3
ifn=1 mod3
ifn=2 mod3

(1.14)

Furthermore, they propose a stronger conjecture for the value of the IG, which de-
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Figure 1.2. Weighted support graphs of the family introduced by [l6]], depending on the
parameters a, b, c, that are chosen according to Equation [1.14 all the missing edges
have weight equal to the shortest path between the associated vertices.

pends on the number of nodes.

gﬁig if n=0mod 3,
_ ] dnBProln/3l2 e
ﬁn - 3Ln/34§+3Ln/3J_2 ifn=1 mOd 3
4ln/3P+2[n/3]-4 .o _
3[n/3]2+3[n/3]-4 if n =2 mod 3.

To the best of our knowledge, nobody has been able yet to disprove such conjecture.

Noteworthy, these instances are easy to solve with Concorde. We run Concorde 10
times on each instance by changing the seed and recording the runtime. Then, we per-
form a linear regression in the same way as the one described in the previous paragraph,
obtaining

t = 100:023n=0.434 — 1 054" .(.368. (1.15)

We observe a trend similar to the one of Equation (1.13)), and hence, both families
are easy.

Euclidean instances [41]. The paper presents a family of Euclidean TSP instances,
where the nodes lie on three parallel lines on the Euclidean plane, and the distance
is computed according to the L2 norm. Each instance of the family contains equidistant
points on three parallel lines. More precisely, it contains the 3k points with coordinates
(i,jd),i=1,...k, j=1,2,3, and d is the distance between the three parallel lines. The
authors prove that, under a suitable choice of d as a function of n, the integrality ra-
tio for these instances converges to %, disproving a long-standing conjecture suggesting
that such value is % (mentioned in [[69]]). The authors describe the construction of these
instances and show that an optimal tour for these instances can be found by inserting
segments of points between adjacent points on a lower line of the instance. For this type
of instance, there exists a dedicated algorithm. We are in the context of convex-hull-
and-line TSPB and there exists a polynomial algorithm to solve them [21]]. However, even
when utilizing a B&B based solver, as Concorde is, we achieve very small computational
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Figure 1.3. An example of the instances introduced in [41]], withk =17 and d = vk —1.

times. In fact, the linear regression associated with the tests we conducted indicates that
the

t = 100-006n=0.321 — 1 014".0.478. (1.16)

Even in this case, the trend is close to the one exhibited by the TSPLIB. An example of
this instance can be found in Figure

Tetrahedron instances [42]. The generic Tetrahedron instance is an Euclidean TSP that
depends on two parameters, n,m € N, where n is related to the number of the internal
lines, while m with the external ones. Note that, in this case, n is a parameter and not
the number of nodes. The generic instance is labeled by T, ,,. The shape of a generic
instance recalls the projection of a tetrahedron in the 2-dimensional space. The number
of nodes is equal to 3(n + m) — 2. These instances are very challenging. The linear
regression of computational time we got by performing the same steps described in the
previous paragraphs is:

t = 100:933n=0389 — 1 979" .0.409 (1.17)

Here both the the base of the exponential as well as the multiplicative factor are higher,
and indeed such instances are hard to solve.
The authors also proved that for a specific choice of m, we have

4n+4n/«/§—17< <4n+4n/«/§—69
3n+3n/v3—33" ~  3n+3n/v3

Hence, it asymptotically tends to %.
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Figure 1.4. The rectilinear three-dimensional instance with 11,10,13.

Rectilinear 3-dimensional instances [71]. The generic Rectilinear 3-dimensional in-
stance is a 3-paths Euclidean TSP where the distance between points is measured ac-
cording to the L! norm and the points lie in R3. An example for n = 40 is reported in
Figure The definition requires three parameters, i, j, k, that are associated with the
number of nodes on the three paths, which are three parallel lines in the 3-dimensional
space. More specifically, each of the three indexes is equal to the number of nodes on
each path minus two. For each instance, there are several ways of arranging the nodes
on the three paths. However, according to the author, the number of nodes to make
these instances hard to solve for Concorde depends on its class of congruence mod 3:

e j=i—1,k=i+1ifn=0 mod 3
e j=i—1k=i+2ifn=1 mod3
e j=i—1k=i+3ifn=2 mod3

Figure [I.4represents an instance with 40 nodes.
To the best of our knowledge, these instances are the hardest available in the litera-
ture. The linear regression, in this case, is

t = 100-139n—1.464 — 1 477 . 006. (1.18)

1.3.2 Asymmetric Traveling Salesman Problem

Differently from the case of STSE a native state-of-art solver is not available for ATSP
Previous work by [26] has shown promising results using a branch-and-cut algorithm
that exploits facet-defining inequalities for ATSP However, recent studies [27,/57] suggest
that Concorde remains the most efficient method for solving ATSP It is important to note
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that Concorde can only handle symmetric costs, but it is possible to transform any ATSP
into an STSP by doubling the number of nodes using the method proposed in [44]]. This
transformation consists of the following step.

Let C = (; ;) be a matrix derived from the cost vector as follows:

Cij i j
E,.].:{ j ?é] _ (1.19)
—M 1=7,

where M denotes a large positive number. Consider the matrix U, where all entries are
set to infinity. We construct the following R?"*2" matrix: We can create the following

R2nx2n
. C U
c_[U : }

Note that € may contain negative costs, which we do not want, as Concorde performs
well only with positive costs. Therefore, we shift all costs forward by M, namely making
the minimum cost equal to 0. The point at which the minimum is attained does not
change. The relationship between the original values of ATSP and STSP is hence

ATSP(c) = STSP(§) — nM. (1.20)

matrix:

Remark 4. The relationship between the optimal values of the symmetric case and its
corresponding asymmetric case holds only for integer solutions. The only relation we
get between the associated integrality gap is

astsp(€)  aarsp(c) _ nM

ASEP(c) SSEP(¢)  SSEP(&)ASEP(c)’
Investigating computationally how the integrality gap changes in the original space com-
pared to the space of symmetric transformation is the subject of Section[6.6.4} Further-
more, we notice that when we conduct the experiments with Concorde, i.e., performing
linear regression on 10 runs with 10 different seeds, the reference node count is in the
original space and not in the space of duplicated nodes.

(1.21)

Differently from the symmetric case, to the best of our knowledge, no known para-
metric families of ATSP have been studied in terms of the relation between computa-
tional complexity and IG. However, some parametric families and bench-marking in-
stances have been introduced in the literature, and the next paragraphs are devoted to
describing them.

ATSPLIB [55] In the TSPLIB are also available instances for the Asymmetric TSP We
will call this benchmark of instances ATSPLIB. It consists of 19 instances, among which
the biggest has 443 nodes. All of them have been solved and the optimal solution is
known. The linear regression for the associated computational time is hence

t = 100:001n=0.273 — 1 902" . 0.533. (1.22)

Thus, such instances can be considered easy.
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The instances of Charikar, Goemans, and Karloff [I3]. Let r € N and let G; be a
digraph consisting of a bidirected path with r + 2 nodes, named s and ¢, that is, a se-
quence of loops between two nodes of length r. For each k > 2, authors build the graph
recursively, by adding r copies of G;_; and connect them using a cycle traversing the
extreme nodes. Let these extreme nodes be labelled with uj,v;, j € {1,...,r}. Start-
ing from this sequence, the family they proposed is hence named L; and is obtained by
removing nodes s, t and reconnecting the graph with the arcs (u,,u;), (v,,v;). Authors

proved that the integrality gap for every k, r is at least

(r—1)(2k—1)
(r+1)k

which can be made arbitrarily closed to 2 for sufficiently large values of r, k. Another
contribution of this work is to outline the following. Let ¢ an ATSP instance and let x
be the optimal solution of ASEP(c). Assume that is half-integer that is x;; € {0, %}. If we
multiply all the entries by 2 and define ¥ = 2x, we observe that x contains a tour that
is feasible for ATSP(c), even tough possibly non-optimal. Let 2 this tour. Hence, it holds

ATSP(c) < c'z < ¢’ 2c¢"x  2ASEP(c)
ASEP(c) ~— ASEP(c) ~— ASEP(c) ASEP(c) ASEP(c)

axrsp(c) =

Hence, in general, the integrality gap is at most two for any instance having a half-
integer ASEP solution, and there exists a family of instances having a half-integer ASEP
solution whose integrality gap tends to 2. Thus, for any instance having a half-integer
ASEP solution the integrality gap is exactly two.

The instances of Elliott-Magwood [24]. In this work, the author presents two different
families of ATSP with a high integrality gap. The first family has an integrality gap
asymptotically tending to % All the vertices building such families are half integer and
they are constructed iteratively from different cycles, connected between chains of 2
cycles. The second family is remarkable for two reasons. First, the integrality gap tends
to 2 faster with respect to one introduced by [[13]]. Second, they show for the first time
a vertex with an integrality gap equal to %, obtained with n = 18.

Remark 5. Differently from the other families of STSP and the ATSPLIB, the two families
of instances yet proposed have a number of nodes that grow exponentially with the
increasing of the parameters from which they depend. For instance, by looking at [[13]],
we see that the second instance in the family has 24 nodes, while the third one has 96
nodes. As our interest is in finding hard small instances, we retain the family proposed
by [[13]] more interesting from a theoretical perspective with respect to a practical one.

1.4 Outline
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Chapter[2introduces a parametric family of Metric STSP instances that are hard to solve
for Concorde. In detail, our newly introduced family is: (1) much harder than the in-
stances available in TSPLIB and with respect to those proposed by [[6]]; (2) harder than
the instances introduced by [[42]]; (3) similar to the rectilinear TSP introduced by [[71]].
We show that there is no clear relation between having a large IG and being hard from
a computational perspective for exact methods. Lastly, by observing such instances, we
show a set of inequalities based on the cost vector of the STSP that are valid for an
optimal solution.

Chapter [3introduces a complexification procedure, namely starting from an instance
¢ of the STSE we generate another STSP instance c¢’. Differently from the family of in-
stances already present in the literature, we do not enforce any structure a priori, but
the triangle inequality. The method is based on the solution of an integer linear pro-
gramming problem that takes as input a fractional solution of the Subtour Elimination
Problem on an STSP instance and computes an STSP instance having an integrality gap
larger than or equal to the integrality gap of the first instance. The decision variables
of this program are the entries of the STSP cost matrix, and the constraints are defined
by the intersection of the metric cone with an exponential number of inequalities, one
for each possible STSP tour. Then, by sampling cost vectors over the metric polytope
and by solving the corresponding SEB we can generate random fractional vertices of the
SEP polytope. Among the generated instances, we can select the generated TSP instance
(i.e., cost vector), yielding the most extended runtime for Concorde, the state-of-the-art
TSP solver. Our computational results show that our method is very effective in produc-
ing challenging instances. As a by-product, we release the Hard-TSPLIB, a library of 41
small metric TSP instances that have a large integrality gap and are challenging in terms
of runtime for Concorde. This Chapter has been published [|65]].

Chapter (4] proposes to classify the empirical hardness of metric Travelling Salesman
Problem instances by using four features that depend only on the distribution of values
in the cost matrix. The first three features are the standard deviation, the skewness, and
the Gini index of the cost coefficients. The fourth feature is based on a new statistic,
called the tight triangle inequality index, which gives the percentage over all possible tri-
angle inequalities in the cost matrix that are satisfied with equality. As a dataset, we used
over 45000 instances, both collected from the literature and randomly generated with
the procedure introduced in Chapter [3] which we labeled as easy or hard by using the
number of branches and bound nodes of Concorde. After computing the four features
for all the instances in the training set, we designed a decision tree that predicts the em-
pirical hardness of instances in the test set with high values of the Matthew Correlation
Coefficient prediction score. This Chapter has been published [31]].

In Chapter[5] we study the complexity of solving the STSP with the formulation pro-
posed by DFJ. It is known that the DFJ formulation with zero subtour constraints (i.e.,
the minimum-weight 2-matching (MW2M)) is polynomial-time solvable. We show that if
k is a constant, the MW2M problem with k subtour elimination constraints can be solved
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by reducing the problem to a sequence of MW2M problems. This also implies that the
STSP with the DFJ formulation can be solved with this algorithm. As a consequence,
the minimum-weight triangle-free 2-factor problem is Fixed-Parameter Tractable (FPT)
with respect to the number t of triangles; the running time is 2° poly(n). Whether this
problem is polynomial or NP-hard is a longstanding open problem, first posed by [66],
and remains open to this day [|61} [47]], making the FPT status interesting. Although the
theoretical result is certainly interesting in itself, we do have some interest regarding the
solving procedure of the proposed algorithm. Since this algorithm presents a paradigm
that is very different from the standard branch and cut algorithms, we, therefore, ques-
tion whether the complexity of an instance is an intrinsic property independent of the
algorithm. Results on TSPLIB and Hard-TSPLIB demonstrate that this is indeed the case.
An extended version of this chapter will be submitted within one year to a journal.

In Chapter|[6] we focus on the metric case of ATSE where the costs satisfy the triangle
inequality. We study the integrality gap, providing lower bounds for instances with up
to 18 nodes. The method is based on the solution of a linear programming problem that
takes as input fractional vertices of P/, and returns a cost vector maximizing the inte-
grality gap on that vertex. Differently from what we did in Chapter[f] to find the vertices
of Plspp, we combine a pivoting-based algorithm that exploits the symmetries of Py,

) )
andAaslﬁpinductive strategy to generate vertices of PIQ;EIP from P;¢.,. Then we analyze i)EEr
instances from a computational point of view, observing that hard-to-solve instances are
also present in this generative procedure. Even in this case, high integrality gaps are
not associated with computational hardness. An extended version of this chapter will be

submitted within one year to a journal.
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Chapter 2

Motivation

In this chapter, we motivate our work by providing an example inspired by the literature.
We introduce a family of hard-to-solve instances by choosing a different cost matrix on
the same graph structure of the instances already introduced in [[6]. Then we analyze
the relation between costs on edges and practical computational complexity. This was
the very first motivation of our work: hence, generate distances with different structures
to deeply understand the cause of hardness in Metric TSP Let G = (V,A) be a weighted
connected digraph on n nodes, where the cost function on the edges c,,, satisfy the fol-
lowing:
Cuy S Cyw F Cow Y(u,v),(u,w),(v,w) €A

Definition 9 (Metric completion). We call the metric completion of G the complete di-
graph G’ = (V,A’) where each arc (u,v) € A’ \ A has a weight equal to the shortest path
between (u, v).

Note that the above definition also holds for the non-oriented graph, which is actually
at the core of this chapter. As yet observed in [[6] for a specific family of graphs, the
following holds.

Lemma 1. The metric completion G’ = (V,A’) of a connected digraph G = (V,A) leads to a
graph whose costs satisfy the metric condition.

As in [[6]] a formal proof is missing, we provide it.

Proof. We want to show that

CUV S CllW + CWV

This holds if all among (u, v), (u, w), (w,v) € A.

1. Case 1: (u,v) €A, (u,w),(w,v) € A.. Thus, there exists a shortest path u — w; —
wy — ... — w; — v between u and v and.

Cuv *= Cyw; F Cuyw, + - F Cyy
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Note also that u — w — v is a feasible path between u and w. Hence is longer than
the shortest path. Thus
Cuw T Cwy = Cuwy T Cuywy T oo s T Cppy = Cypye
2. Case 2: (u,v) and one of the edges of the right-hand side is not in A, let’s say

(u,w) € A, (w,v) € A.. Thus, we have two shortest paths u —» w; > wy — ... —

wy—vandu—-u; »uy; —... 2> u, > w. Note that, u »u; - uy —» ... sy, —

q q

w — v is a feasible path for (u, v), hence is larger than the shortest.

Cuy = Cuwy oo FCpy

<oy, et +cy  FCuy

Ug—_1lg Ugw

= Cuw T Cuy

3. Case 3: None among (u,v), (u,w), (w,v) are in A. The argument is similar: there
exist three shortest pathu » w; »wy, - ... s wy = vandu—-u; »u, = ... =

ug > wand w — vy > vy — ... > v, > v, and it is possible to build a longer path
between u and v, namelyu —u; 2 uy = ... 2 ug 2w -ow - v DV oL o
v, = V.

O

2.1 Computational Analysis of a Family of 3-Paths Metric STSP
Instances

We define a family of 3-paths metric TSE that we called P,, that took inspiration from
the one provided in [[6]]. Each element of the family consists of a graph structure and an
arrangement of costs on the edges. Similarly to the ones in [[6]], our family has members
that are the metric completion the graph shown in Figure

To further clarify, we constrain each graph to have two side triangles, each of which
requires 3 nodes. Thus, we have to arrange n— 3 -2 = n— 6 different nodes on the three
paths. We denote with x the number of internal nodes on the first path, y the number of
internal nodes on the second path, and z the number of internal nodes on the third path.
Thus, the first path has x + 2 nodes; similarly, the second path has y internal nodes and
y + 2 nodes, and the third path has z internal nodes and z + 2 total nodes.

Remark 6. The comparison between Figures and illustrates that the structure
of the two graphs is the same. The focus of [[6] is on the integrality gap. Hence they
choose the parameters a, b, c in order to maximize such measure. On the other hand,
our focus is on the empirical hardness, and hence we will choose such parameters in a
different way. The remainder of this chapter is devoted to explaining how we choose
such parameters and their effectiveness in leading to long runtime.
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Figure 2.1. One example of an element p, , ,; all the missing edges have weight equal
to the shortest path between the associated vertices. In this picture, a = x+1, b =
y+lc=z+1.

We label each instance of the P, family with p,. , ,, where x + y +z + 6 = n. Note
that there are also the extra constraints that x, y,z € N. Thus, it is possible to represent
each family P,, with N(n) points in N® by identifying P, with the following subset:

P,={(x,y,2) | x+y+2z+6=nand x,y,z € N}

See Figure for a visual representation of the elements of P, for different values of
n as points in N>, The meaning of the colors of each point will be explained in Section
2211

We know a priori the exact number of elements in this family: for any pair of positive
integers f and g, the number of distinct g-tuples of positive integers whose sum is f is

g 1

we can use this formula with f =n—6 and g = 3, thus

i (5 () e

Figure shows a visual representation of the arrangement of costs on the edges. We
assign to each edge in the graph p, , , a cost that is inversely proportional to the number
of edges on that path. In the first path, we have x + 2 nodes, consequently x + 1 edges;

we set the cost of each edge on this path equal to —=. Similarly, each edge on the

x+1°
second path has a cost of ﬁ and each edge on the thir:ri path has a cost equal to % In
conclusion, we connect any two extreme nodes of the graph that lie on different paths
with an edge that has a weight equal to the sum of weights building the connected paths.
For instance, the (two) diagonal edges that connect the first path with the second one,
have weight equal to % + }% Similarly, the (two) straight edges that connect the first
path with the third one, have weight equal to XLH + ZJ%l

such a graph complete.

The metric completion makes
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Figure 2.2. The arrangement of triplets (x, y,z) that constitute the P, families in N°.
The color of each dot is associated with the difficulty of the instance. The black dots are
associated with the maximum computational time, while the white ones represent the
minimum. Top left: n = 20. Top, right: n = 25. Bottom: n = 30.

Example 7. Figure shows the % = 3 instances that build the P, family.

Theorem 8. For each n, the integrality gap of each element of the G, family is at least

10
¥

Proof. [l6]] proved that, for a graph that has a structure and an arrangement of the cost
of the edges ¢ such as the one just presented, we have

« STSP(c)=4+2(2+7+1)
« SSEP(c)=3+2(:+¢+1)
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Figure 2.3. The metric completion of the graphs shown in this Figure constitutes the

elements of P,.

where a, b, ¢ are the number of edges on the first, second and third path respectively. In
our instances, a = x+1,b =y +1,c =2+ 1 where x + 2,y + 2,2z + 2 is the number
of nodes for each path. As x,y,z > 0, it follows that x + 1,y + 1,2+ 1 > 1 and thus
SSEP(c) <3+ 2% (1+1+1)=29. Furthermore, x,y,2 <n—6, thus a,b,c <n—>5. So

2-3

STSP(c) =>4+ ——
n—>5

As this is monotone decreasing in n, we get the maximum of this quantity in the minimum
of n for which it is possible this configuration, that is n = 6. Thus, STSP(c) = 10, and
this concludes our statement. O

Remark 9. For n = 6, we have |Pg| = 1, and thus the only chanceisx =y =2 =n—6 =0,

a=b=c=1,and
STSP(c) 4+2-3 10

SSEP(¢c) 3+42-3 9

and thus, the lower bound found is tight.

Remark 10. For each n, each element of our family will have an integrality gap lower
or equal to the one conjectured to be the highest possible in [6]]. This has been proven
by [[71]] (Lemma 6.2). All of our instances have the same fractional tour of the instances
in [6]], that is

1 e isin one of the three paths
X, = % e is one edge of the triangles
0 othrewise.
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2.2  Computational Results

This section is divided into three parts: first of all, we perform an extensive computa-
tional analysis of P, for 6 < n < 30; then, we provide some insights on how to obtain the
potentially hardest instance from the P, family. Lastly, we compare the computational
hardness of such a family with the ones available in the literature.

2.2.1 Extensive computational analysis of P, for 6 <n < 30

For each 6 < n < 30, for each instance in P,, we run Concorde 10 times with different
seeds. Then, we record the average runtime, the number of B&B nodes needed to prove
the optimality of the solution, and the integrality gap.

Table reports the collected average runtime with standard deviation, as well as
the number of B&B nodes to prove optimality.

Interestingly, the hardest instance we found is not the one with the highest integrality
gap (that is, as already discussed in Remark[10} the one provided by the closed formula
of [6]]). For instance, by looking at n = 20, the instance provided by [[6] has a gap of
1.246, while we achieve the hardest instance, in terms of computational time, with a
lower gap, namely 1.035.

Although we consider the instance that maximizes the average running time on ten
independent runs, this instance is not significantly more difficult than the second more
difficult instance. As an example, for n = 20, the hardest instance we found a running
time of about 9.873 seconds, while the second hardest requires an average of 9.815 (and
the differences among them are not statistically meaningful).

In each family, there are instances easy to solve: for instance, for n = 20, the easiest
instance, that is ps 4 4, requires 2 seconds to be solved to the optimum (average time on
ten independent runs).

By looking at the second column of Table it seems clear that a condition for a
3-path instance to be hard is to have a sort of “confusion” in the displacement of the
nodes on the three paths. We try to visualize this concept as reported in Figure
where each colored dot represents a displacement of the nodes on the three paths, and
thus an instance of P, for three different values of n: the longer is the average runtime
for an instance (x, y, z), the darker is the color.

We can see that the center of these triangles is relatively easy to solve, and this is
associated with balanced instances, in the sense that the number of nodes in the internal
paths varies little. On the contrary, the instances that are in the tips of the triangles are
harder.

By observing Figure the only recipe we have is to pick, from the family P,, the
triple (x, y, %) “close to the boundary” of the triangle to get an instance that results to be
hard. Other than that, we do not have any suggestions.
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n (x,y,2) agrgp(c) runtime £std  B&B nodes = std

6 (0;0;0) 1.000  0.000 = 0.000 0.000 £ 0.000
7 (0;0;1) 1.000 0.000+ 0.000 0.000 £ 0.000
8
9

(0;0;2) 1.000  0.000 £ 0.000 0.000 £ 0.000

(0;0;3) 1.000 0.000+ 0.000 0.000 £ 0.000
10 (2;2;0) 1.023  0.203 £ 0.115 1.000 = 0.000
11 (3;1;1) 1.016 0.474 %+ 0.264 1.000 £ 0.000
12 (41;1) 1.011  0.588 £ 0.370 1.800 £ 0.980
13 (1;4;2) 1.011  0.920 £ 0.258 3.200 £ 0.600
14 (1;3;4) 1.016  1.292 £ 0.449 2.800 £ 1.077
15 (4;3;2) 1.020 2.256 £ 0.618 4.600 £ 1.200
16 (4;2;4) 1.027  3.025 £ 1.271 4200+ 1.833
17 (4;2;5) 1.031 3.715+ 0.799 7.000 = 2.683
18  (6;2;4) 1.026 4.294+ 1.181 10.400 £ 4.294
19 (6;5;2) 1.027 5536+ 1.088 10.400+ 2.835
20 (1;7;6) 1.035 9.873 + 2.248 10.000 £ 1.844
21  (8;6;1) 1.034 12911+ 3.050 16.200+ 5.741
22 (1:8;7) 1.048 14.833 £ 5.328 16.600 £ 4.883
23 (12;1;4) 1.037 19.167 + 7.015  33.400 + 12.027
24 (2;4;12) 1.063 24.729 £ 5.545  46.000 £ 12.369
25 (16;2;1) 1.030 27.466 £ 7.190 62.800 £ 22.207
26 (1;15;4) 1.039 32939+ 4563 65.000+ 17.088
27 (0;2;19) 1.025 47.212 £12.220 107.800 £ 34.954
28 (16;4;2) 1.052 59.782 £20.667 101.800 £ 37.844
29 (2;18;3) 1.038 90.167 +26.047 186.800 = 65.204
30 (0;22;2) 1.027 82.208 £29.203 259.200 £113.301

Table 2.1. Computational times with Concorde for elements of the P, family that show
to be the most difficult among all: Configuration, integrality gap, number of nodes,
runtime (average over 10 runs with 10 different seeds), number of nodes in B&B.

2.2.2 A new parametric family of Metric STSP

From our experimental observation, we observe that, for each n > 13, a configuration of
type (0,2,n — 8) always leads to hard-to-solve instance. We call the instances of the P,
family with this configuration P;. We fit a linear regression on the runtimes P}, resulting
in

t= 100.130Tl—2.009 (21)

Figure shows the linear regression on the time of the P, families against all the
others presented in Section Note that the family we propose is the second hardest
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Figure 2.4. Top: Linear regression on the computational times (in seconds) of instance
families with high integrality gap published in the literature. Bottom: Integrality gap of
these instances. We observe that a high integrality gap is not associated with computa-

tional complexity.

family available in the literature.

On another hand, Figure [2.4|shows the trend of the integrality gap. We note that, on
the contrary one may expect, that the instances we propose have a low integrality gap.
Furthermore, The family of instances proposed in [6]] have the highest integrality gap,
even though the runtime is among the smallest.
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Figure 2.5. Two different valid solutions that differ in the way vertices i, j, k, v;, v, are
connected. Thick lines represent a path of nodes.

2.3 A family of optimality-based valid inequalities providing speed
up in a naive implementation.

As we are considering Metric STSP on n nodes, we know that equation (1.10) holds. We
can imagine that for some i, j, k such inequality is actually binding, namely

Cij = Cik + Cjk'

Note that for any triple of vertices (i, j, k) such that ¢;;, ¢y, i are non-zeros, at most one
of the three corresponding triangle inequalities can be tight. To prove this, assume that
we have both ¢;; = ¢;; + ¢ji and ¢ = ¢ + ¢;5. Then

Cij = Cik + Cjk = Cik + Cik + Cijs
that would imply ¢;; = 0. However, this is infeasible. Figure shows two different
valid solutions for an STSP on n nodes, that differ in the way vertices i, j, k, v;, v, are
connected. Thick lines represent a path of nodes, namely L; and L, are a sequence
of nodes common among the two solutions. To provide further clarification, if there
are n nodes in the instance, the tours depicted in Figure involve all of these nodes.
Specifically, five nodes, namely i, j, k, v{, v, are explicitly mentioned, while L, and L,
represent paths that collectively include n — 5 nodes.

What distinguishes these configurations is the manner in which nodes and paths are
interconnected. In the left graph, the edge {i, j} is absent, whereas the edge {v;,v,} is
present.

The question then is: which of these two solutions will not be optimal, knowing that
some triangle inequalities involving these nodes are binding and others are not?

This idea can be formalized in the following theorem.

Theorem 11. Let G = (V, E) be a complete weighted graph on n nodes leading to a STSP
instance. Let i,j,k,v;,vo€ V be nodes such that

Cij = Cjk +¢xj and ¢y, < Cpyp F Cry-

let x' a tour represented on the left of Figure mely having xj = Xji = Xy, = 1
and x? the tour represented on the right of Figure namely have X;; = X, = X, = 1.
Then

clxt < cTx2
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Proof. Let c¢(L;) the cost of path L;. Then

T..1
¢ x =cytcjtc(ly)+c(ly)+cy,,

=cjj+c(Ly)+c(ly)+cyy,

<c¢jjtc(Ly)+c(Ly) +cy i+ C

=cTx2
Where the first equality holds by definition, the second equality holds thanks to the
binding triangle inequality on i, j,k, and the last inequality holds thanks to the non-
binding triangle inequality ¢, ,, < Cky, + Cky,- O

The statement detailed above gives us insights on how to cut off non-optimal tours.
More specifically if x;; = 1 we do not want the tour to traverse the edges {v1,k} and
{v2,k}. If this were the case, we would already be able to construct a tour with a strictly
lower cost, and therefore, we would be examining a redundant solution.

This implication can be expressed with the following logical constraints:

xi; < (1—xy)
xij < (1= xy1)-

At this point, it becomes interesting to evaluate the impact of adding these con-
straints. To do so, we compared different solution methodologies for the STSP First of
all, we note that adding these cuts will remove suboptimal solutions, and hence we can
add as many as we want - potentially all of them. However, is not clear the impact they
may have. Our conjecture, which is confirmed above, is that adding all of them will slow
down the optimization procedure, increasing the size of the problem.

From a computational perspective, we first use Gurobi [[38]] and the callback tech-
nique to iteratively add subtours elimination constraints.

Then, we add all quintuples of nodes (i, j, k, v;, V) that satisfy the conditions de-
scribed in Theorem[I1]and add the associated cuts. Since these cuts do not compromise
the feasibility region, we can add as many as we want. In particular, among the valid
cuts, we randomly add 1 of them and then different percentages: 10%, 30%, 50%, and
80%. Lastly, we add all of them.

Our goal is to quantify the solver’s computational time and the number of times the
callbacks are invoked. Table reports these results for n = 10, 20, 25, 30, 25 on the
elements of the P> family.

We observe that the added cuts have a strong impact on reaching the optimal solu-
tion. We also notice that adding these cuts consistently reduces the number of callback
invocations required by Gurobi to reach optimality, and thus reduces the number of sub-
tour elimination constraints needed. Furthermore, we observe that the ideal number of
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Number of Number of
Percentage of gubt. elim.  Gurobi Percentage of gubt. elim. Gurobi
n cuts added added runtime n cuts added added runtime
10 0% 352 0.144 25 0% 457999 38.837
10% 311 0.018 10% 668 1.521
30% 398 0.019 30% 920 2.918
50% 399 0.023 50% 1135 4.184
80% 328 0.029 80% 1365 5.718
100% 402 0.034 100% 1485 4.380
20 0% 26587 1.137 30 0% 29892296 2010.549
10% 421 0.305 10% 1114 4.584
30% 480 0.599 30% 1802 10.039
50% 536 0.900 50% 2192 13.292
80% 616 1.282 80% 2790 18.509
100% 643 1.196 100% 3137 16.068

Table 2.2. Solving instances of P}, using Gurobi callback, adding different percentages
of cuts to the model. We record the amount of cuts we add (either the number or the
percentage) and the number of times the Gurobi callback function is called.

these cuts to add appears to be 10% of the total. Note that this kind of cut has an impact
only when the original computational time is long. Otherwise, they only carry a new
layer of complexity when they are applied as they add more nonimpactful constraints.
Table shows the impact of applying the same procedure to instances of the TSPLIB.
In this case, we observe that they are not beneficial. Lastly, Table shows the impact
of applying the same procedure to the instances introduced by [71]], namely the only
instances harder than the one we propose. In this case, we observe two phenomena.
First of all an implementation using only Gurobi results more effective in terms of com-
putational time with respect to Concorde - Compare the computational times described
in Table and the linear regression presented in ; Second, we note the same
pattern as observed for the P instances, namely that the cuts provide a speed up and
reduce the number of callbacks needed. Even in this case, the suitable amount of cuts
to add results in 10%.

2.4  Conclusion

In this chapter, we examined the main issues related to the difficulty of the STSP We
create a family of instances by resembling the procedure described in [|6]] and chang-
ing the costs on the edges. We observe that the hardest instances are hence associated
with low costs on some edges and higher costs on others. Contrary to what one might
expect, there does not seem to be a clear correlation between a high IG and the compu-
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Number of Percentage of

Percentage of subt. elim.  Gurobi Number of  subt. elim. Gurobi
Instance name  cuts added added runtime Instance name cuts added added runtime
0% 115 0.003 0 134 0.005
10% 283 0.004 10% 193 0.005
30% 282 0.004 30% 193 0.006
burmal4 50% 282 0.005 ulysses16 50% 193 0.006
80% 282 0.005 80% 193 0.007
100% 282 0.006 100 % 193 0.007
0 143 0.006 0 154 0.013
10% 276 0.009 10% 290 0.019
30% 276 0.009 30% 290 0.022
grl7 50% 276 0.010 ulysses22 50% 295 0.024
80% 276 0.011 80% 300 0.028
100 % 279 0.012 100% 300 0.029
0 131 0.009 0 285 0.029
10% 339 0.085 10% 325 0.065
30% 359 0.120 30% 340 0.084
fri26 50% 383 0.167 bayg29 50% 353 0.109
80% 435 0.268 80% 375 0.167
100% 445 0.262 100% 393 0.165
0 424 0.017
10% 773 0.290
30% 1029 0.523
bays29 50% 997 0.788
80% 698 1.281
100% 1.115

Table 2.3. Optimizing instances of TSPLIB with less than 30 nodes using Gurobi callback,
adding also different percentages of cuts to the model.

tational complexity of an instance. In particular, in this chapter, we proposed a family
of instances that has a low integrality gap, despite being the second most difficult family
to solve among the ones available in the literature. Subsequently, we investigated the
properties of the instances we proposed, noting that they are highly structured. Specifi-
cally, it often occurred that instances had many binding triangular inequalities, and for
this reason, we introduced an argument based on optimality that does not act on the
feasibility region but removes suboptimal solutions. We implemented it in a naive im-
plementation of an STSP solver, namely the ILP implementation proposed by DFJ, using
Gurobi callbacks to separate the subtour elimination constraints. We then observed that
this routine significantly decreases the computational time for instances where a lot of
binding triangle inequalities are available, namely in the case of the P instances and
the Rectilinear 3-dimensional instances introduced by [71]]. On the contrary, it has no
impact on other cost configurations, for instance when attacking the TSPLIB. From these
preliminary studies, we draw two conclusions: First of all, the mathematical properties
of the cost vectors may suggest the best strategy to solve a STSP instance. Some proper-
ties will be discussed and revised in Chapter[4] Secondly, we have observed that difficult
instances in the literature are scarce and highly structured, namely there exist one or
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Number of Number of
Percentage of gubt. elim.  Gurobi Percentage of gyubt. elim.  Gurobi
n cuts added added runtime | n cuts added added runtime
0 410 0.191 0 96280 7.816
10% 387 0.015 10% 1368 1.066
30% 256 0.013 30% 1401 1.949
10 50% 256 0.014 | 25 50% 1715 2.784
80% 257 0.018 80% 2074 3.883
100% 257 0.019 100% 2022 3.281
0 12737 1.095 0 1135342 51.127
10% 693 0.400 10% 2992  3.494
30% 704 0.525 30% 3700 7.210
20 50% 767 0.682 | 30 50% 3996 9.192
80% 826 0.936 80% 5047 12.632
100% 904 0.919 100% 4762 11.074

Table 2.4. Solving instances of the of the family introduced in [[71]] using Gurobi call-
back, adding also a different percentage of cuts to the model.

two parameters determining the cost on the edges and the number of nodes. Even the
P? family obeys this rule. For this reason, we retain that the first step is to generate
challenging instances for the STSP (and the TSP more in general) in order to better
understand its properties, and this will be the purpose of the next chapter.
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Chapter 3

On the generation of Metric STSP
instances with a large integrality gap by
branch-and-cut

Although the family presented in the previous section presents instances that are actu-
ally hard to solve, it is still built of highly structured instances with a predefined cost
displacement. More specifically, the P,, family we have introduced has an optimal tour
that can be computed in constant time, as the optimum is known. The same holds for the
instances present in the literature. The convex-hull-and-line TSP instances mentioned
in [41]] can be effectively solved in polynomial time using the algorithm presented by
Deineko and coauthors. [[21]]. The problems described in [[42]] can be resolved using the
algorithm outlined in [|59]], which operates within polynomial time. As demonstrated by
the author in [[71]], the instances discussed there can be solved in linear time. Hence,
in the literature, there is a lack of hard-to-solve instances with no structure. We present
an integer programming problem, referred to as the “Integer Heuristic-OPT (IH-OPT)”
problem, which yields a Metric TSP ¢ having a large value of a(c). In our problem, the
decision variables are the elements of the symmetric cost matrix C, while the constraints
are derived from the intersection of the metric cone [[48]] with an exponential number
of inequalities, namely one inequality for each STSP tour. Our problem takes as input a
vertex of Pi.., and hence returns a metric cost vector ¢. Consider the following pipeline,
also represented in the flow chart of Figure we pick any STSP instance ¢ and we
solve the SSEP problem on it. If we do it with the simplex method, the optimal solution
is attained at a vertex of PS”SEP Then, we feed TH-OPT with such vertex, obtaining an
optimal solution ¢’. We have computational evidence that the instance associated with
¢’ is harder to solve than the one associated with ¢. Hence, we retain appropriate to call
this procedure a “complexification” procedure: such procedure is described in Figure[3.]]
and will be better explained through the chapter.

As a by-product of this chapter, we introduce the Hard-TSPLIB, which comprises 41
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Pick an instance c

Obtain x° = argmin SSEP(c)

Obtain ¢! = arg minIH-OPT(x)

Figure 3.1. Flow chart of the so-called “complexifixation” procedure

small TSP instances (i.e., with n < 76) that prove to be highly challenging for Concorde
in terms of both runtime and the number of branch-and-bound nodes.

Note that this chapter is widely based on [65]], published on Mathematical Program-
ming Computation.

3.1 Background material

Let us start by recalling that

n
a = max agsrsp(c)
STSP ¢>0 is metric on n vertices

We can thus write

n
a = max a(c)
STSP ¢=>0 is metric

Following the idea presented in [|6]], we can divide the cost vector ¢ by the optimum
tour value STSP(c), obtaining a new cost vector ¢’ that still satisfies the triangle inequal-
ities, and which leaves agrsp(c) unchanged. Hence, we can restrict ourselves to metric
cost vectors ¢ such that STSP(c) = 1, and we can transform the maximization problem
into a minimization:

1
—— = _min _ SSEP(c). (3.1
aSTSP ¢>0 is metric,
STSP(c)=1

Problem can be formulated as a mixed integer quadratic problem, where the deci-
sion variables are both the cost vector ¢ and the incidence vector x of vertices of P
Unfortunately, despite the recent improvements in the implementation of commercial
optimization solvers, the quadratic model is intractable even for small values of n. In

[6]], the authors propose a clever idea for bypassing the quadratic model using the vertex
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representation of P{.,. That is, they represent Pg...,, as the convex combinations of its
vertices {x(D, ..., %0}, which are finitely, although exponentially, many. Then, for each
vertex ¥ of P;SEP, they define an LP problem, called OPT(x), having an exponential
number of variables and constraints. Theoretical results in [6, [9]] guarantee that only a
subset of vertices is necessary to compute the integrality gap. By solving the OPT(x ")
subproblem on each vertex of the previously mentioned subset, they were able to com-
pute agep for n < 10 in [|6]], and for n < 12 in [9].

Given the complete undirected graph on n nodes K,, = (V,E), we introduce one
vector Z € RIE! for each m permutation of nodes, such that

_ )1 ifr@)=jorn(j) =1,
Y710 otherwise.

Namely, we have a vector for each integer solution of the STSE namely for each tour.
Let 7, be the collection of the incidence vectors zZ € RIF! of all the possible tours of
K,. Given a vertex x ™ of P the OPT(x") problem is defined in [[6] as

SSEP>
OPT(x(h)) = min Z x(h) (3.2)
{i,j}eE
s.t. chU21 Vze T, (3.3)
{i,j}eE
Cij < Cik + Cjk Vi,j,keV (3.4)
cij =0 V{i,j}€E (3.5
yl+y]_ul]+ Z dS Scij V{l,]}EE (36)
Ses;
u; =0 Vi{i,j}€eE (3.7
dg >0 VSes  (3.8)
Yityi—ug+ Y. dg=c; V{i,j}€Estx >0  (3.9)
Sed;
u; =0 V{i,j}€Estx) <1 (3.10)
dg=0 VSegst ». x¥>2. (311
ijes(s)

Constraints ensure that the optimal solution ¢* of OPT(x™) for every ™ is such
that STSP(c*) = 1, as discussed in [|6]]. Herein, we call the inequalities the TSP
constraints. Constraints and ensure that the cost vectors represent a semi-
metric. Constraints (3.6)—(3.8) are the dual constraints associated to the dual problem

of (L.6)-(L.8) and (I.12). Constraints (3.9)-(3.11) ensure that the vertex ™) remains

the optimal solution of the SSEP. If we denote by €™ the set of the optimal solutions of
OPT(x (™), the dual slackness constraints are introduced to guarantee

arg min SEP(c*) = xM Y c*e g (3.12)
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Note that, in [|6] [9]], the authors observed that, for 6 <n <12, |¢*| = 1.

Hence, given the list of the vertices {(xM ..., %®} vertices of Pgopp, the integrality
gap agrep Of K, is computed by solving

1
n = ma —_— .
Fstse =, 00 OPT( ™)

= min opPT(x™M) = (3.13)

n
aSTSP h=1,...,t

Part of the original contribution presented in [[6] is to prove that we need to consider
only a subset of the t vertices of Pspp, namely, such vertices that support graphs satisfy
certain properties. We refer the reader to [|6] for the details.

In the following section, we modify the single problem OPT(x ) in order to intro-
duce a new NP-hard problem that we use to generate metric TSP instances with a large
integrality gap.

3.2 The Integer Heuristic-OPT Problem

The goal of our work is to devise an efficient computational procedure to generate in-
stances with a large integrality gap for the Metric STSP We are not interested in com-
puting the exact value ag.q, for a fixed n as in [[6]], but we focus on finding a heuristic
solution to problem (3.13]). Notice that problem (3.2)-(3.8) has an exponential number
of variables due to the dual variables dg. Furthermore, the number of constraints
is equal to the number of tours, that is ("_21)! , and the number of triangular inequalities
constraints is0(n®). In practice, the exact solution of OPT(JZ(h)) is intractable even
for small values of n. Note that the computation of ag,, for n = 12 required around 24
days [[9]. In order to solve problem heuristically, we introduce a new problem,
called Heuristic-OPT (H-OPT), which is related to problem OPT(x (h)), but can be solved

for larger values of n. The two key ideas for introducing the new problem are:

(i) To generate a Metric TSP instance with a sufficiently large integrality gap it is un-
necessary to enumerate all vertices Z¢¢.,. We can sample a subset of vertices and

take the instance providing the largest integrality gap.

(i) Since we do not perform exhaustive vertex enumeration, it is unnecessary to im-

pose the complementary slackness constraints (3.6)—(3.8) to force that a given ver-
tex ¥ remains the same vertex of P¢.p- Hence, we can remove all the variables
and constraints related to the slackness conditions.

For these two reasons, given a vertex ¥ ) € P we define the following LP prob-

SSEP?
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lem:

HOPT(™):=min > xc; (3.14)
{i,j}eE

st Y Fe =1 Vze 7T, (3.15)
{i,j}€E

Cij Scik+cjk Vi;j;kev (3.16)

¢; =0 V{i,j} € E. (3.17)

In practice, we have relaxed the problem OPT(x (") by removing constraints (3.6)—-(3.8).
Notice that in H-OPT we have only |E| cost variables, ("_21)! TSP constraints (one
for each tour), and O(n®) triangles inequalities that define the metric cone [[48]].
We can solve this LP problem by cutting planes, by separating both families of constraints.
A critical point in the solution of the H-OPT problem by branch-and-cut is the separation
of (maximally violated) TSP constraints (3.15]). More specifically, the separation problem
SP is defined as follows. Given a cost vector ¢ € lel, we look for a tour whose incidence

vector z verify the following:

> 6 <1 (3.18)

{i,jteE
Notice that any tour that satisfies the previous relation gives a violated TSP constraint.
However, to prove that no tour violates the TSP constraint, we need to verify the follow-

ing:
?éfa?{ > zijaij} >1. (3.19)
{i.j}eE

Thus, to add a new STSP constraint, we solve a STSP instance for a specific cost vector
¢. In our implementation, we separate STSP constraints by first solving the TSP instance
given by c¢* using the LK-H heuristic [39, [40]], and whenever the heuristic fails to find
a violated tour, we solve (3.19) by embedding Concorde in the code. Section (3.4.1
describes the details of our implementation. Clearly, the STSP constraints make this
problem challenging, as stated in the following lemma.

Lemma 2. The H-OPT problem is NP-hard.
First of all, we prove the following Lemma.

Lemma 3. Let n = |V|. If H-OPT can be solved in n°") time, then the separation problem
SP can be solved in n°M) time.

Proof sketch. Let P be the polyhedron defined by equations (3.15)-(3.17). The proof is
implicit in the proof of a well-known theorem of Grétschel et al. [[36]] which states that
for well-described polyhedron P the optimization problem can be solved in polynomial
time if and only if the separation problem SP can be solved in polynomial time. Note
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that the requirement of well-described polyhedral P is only used for obtaining a time
complexity polynomial in the input size of the problem. For example, if the length L
of the input needed to describe the polyhedral P does not satisfy n < L, then even if
the separation could be resolved in time n°®) we could not claim that the separation
problem SP can be resolved in polynomial time.

To see how the proof of this lemma is implicit in [[36]], it is sufficient to note that in
[36] it is not asked to provide the input size as tight as possible. Actually, it is possible to
make the encoding dimension L of a polyhedron P greater than n by adding, for example,
a string with n zeros. This ensures n < L, and the claim follows. O

Proof of Lemma[2] The claim follows by showing that the Hamiltonian Cycle problem
(HC) can be solved in polynomial time by an oracle machine with an oracle for H-OPT.
More precisely, we reduce in polynomial time HC to the separation problem SP of H-OPT.
Then, by Lemma [3| an oracle machine for H-OPT that takes n®) time implies that the
separation problem SP (and therefore HC) can be solved in n°M time.

Consider the following sets:

M = {ceR"|c,>0,Vee[m]c; < ci +cj Vi,j,k €[n]}, (3.20)
TSP = {ceR"|,c'x>1Vx €T}, (3.21)
P = MNTSP (3.22)

Let G = (V, E) be an undirected graph on n nodes, that is |V| = n. This graph defines
an instance of the HC problem, namely the decision problem that searches for a cycle in
a graph. We can perform a standard polynomial time reduction to get a Metric TSP and
then normalize costs as follows:

& ={(1_i)/” ¢ck, (3.23)

¢ (2—e€)/n otherwise,

where 1 > 3(n) > € > 0, and the definition of 3(n) will be clarified later in the proof of
this theorem.

Note that this instance of the TSP is metric: identity and symmetry are obvious, and
the triangle inequalities can be verified case-by-case. Note also that, the graph contains a
Hamiltonian cycle if and only if the optimal solution of the TSP is 1—5 < 1, and thus such
cost vector is in M \ TSP. On the opposite side, if the graph does not admit aHamiltonian
cycle, then the TSP solution must contain at least one edge of length (2 — ¢)/n. Then,
the value of the optimal tour would be at least

2—c, (R-DA-5) 1 6(1 ”)_ (3.24)

n n ;_;22
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2
We observe that if ¢ < o then (3.24) is greater than 1. Thus, we can set f(n) =
n

Gt Note that from now on we have proved that a graph G = (V,E) on n nodes
n
admits a Hamiltonian cycle if and only if the solution of the associated TSP with cost

vector ¢ is less than 1. By putting everything together, we see that the Hamiltonian
Cycle problem (HC) can be solved in polynomial time by an oracle machine with an
oracle for H-OPT as follows:

1. Let G = (V, E) be an undirected graph on n nodes.
2. Use equation ([3.23) to obtain a TSP instance with cost vector ¢.

3. By Lemma an oracle machine for H-OPT that takes n°?) time implies that we can
decide whether é € M in n°) time. If ¢ € M then G does not admit a Hamiltonian
cycle. Otherwise, it admits a Hamiltonian cycle.

O

We remark that our proof only yields nto NP-hardness under Turing reductions, as
we have shown that there is an NP-complete decision problem, namely HC, that can
be Turing-reduced to H-OPT. However, this also implies “hardness” for our problem, as
yan existence of a polynomial time algorithm for H-OPT would imply P = NP. Note
also that since we have removed from our problem the dual slackness constraints, the
relation is not necessarily satisfied when c* is the optimal solution of H-OPT(x ).
However, we can prove the following lemma which states that the solution of the H-
OPT(x™) problem provides a cost vector ¢* corresponding to a TSP instance with an
integrality gap greater than or equal to any instance yielding x ™.

Lemma 4. Let us consider a STSP instance c, such that STSP(co) = 1, and let *© be an
optimal solution of SSEP(cy). We define a second STSP instance by the cost vector

¢; = argmin H-OPT(x ().
Then, the following relation holds

STSP(c;) - STSP(cy)
SSEP(cq)) ~— SSEP(cq)

(3.25)

Proof. Since ¥(© is a feasible solution of the SSEB we have that
SSEP(c;) < clTi(O)

By definition of H-OPT(x ("), we have c; is the cost vector that realizes the minimum of
¢"x™ among all the metric vectors such that STSP(c) = 1. By hypothesis, STSP(cy) =
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1 and this implies, cyz = 1 for all z 0-1 incidence vector. Thus, ¢, is feasible for H-
OPT(x(?) and it holds
cI'x© < ¢I'x© = SSEP(cy),

where the last equation holds by definition. Thus,

STSP(co) _ 1 _ 1 __ 1 _ STSP(cy)
SSEP(co)  SSEP(co) ~ ¢Ix(® ~ SSEP(c;)  SSEP(c;)’

O

From large integrality gaps to hard instances. The STSP solver Concorde [2]] and the
LK-H heuristic that we use for separating TSP constraints [[39] can handle only integer
costs. However, the H-OPT problem generates fractional cost vectors.

Hence, we need to devise a method to transform the fractional costs into integer
values, by, for example, multiplying for a large constant T and then rounding to the
nearest integer, that is, ¢;; = round(’cc;“j). Using this cost transformation, we cannot
guarantee that the integrality gap for ¢;; remains the same of cl*J The TSP constraints
have a right-hand side equal to 1 because we have divided the cost vector ¢ by
the minimum tour length STSP(c). If we divide the cost vector by the quantity (%})(C)),
where A > 0 is a large positive constant, we have to change the right hand side of
to A, while still getting an equivalent LP problem. If A is large enough (see
Section , we can also add the integrality constraint on the variable c;;. In practice,
in order to generate integer cost vectors, we have introduced the following ILP problem:

H-OPT(x®™):=min > e (3.26)
{i,j}€E

s.t.  (3.16), (3.17) (3.27)
{i,j}eE

c;j integer v{i,j} €E. (3.29)

Clearly, IH-OPT is very challenging, as it is an integer program with as many constraints
as STSP tours plus the number of triangle inequalities. We have computational evidence
that the integrality gap of the integer problem could be smaller than those obtained
by solving H-OPT. Surprisingly, our computational results show that the TSP instances
obtained while solving the IH-OPT problem are very challenging for Concorde. In the
next section, we show how we use the IH-OPT problem to search for very challenging
instances for Concorde.

3.3 A sampling procedure for generating hard instances

A standard procedure for searching heuristically for (suboptimal) solutions of an opti-
mization problem is based on uniformly sampling points (i.e., solutions) of the feasible
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region [[7]. In our context, to find a heuristic solution for problem (3.13)), we could
sample a fixed number of vertices of Pg...,, and retain the vertex yielding the largest inte-
grality gap. However, directly sampling the vertices of the P, is time-consuming, due
to its exponential number of subtour constraints. We could instead easily sample random
cost vectors and generate vertices of P, by solving directly problem (1.6)-(L.8) plus
the bound constraint 0 < x, < 1, e € E. A possibility for generating random cost vectors
consists of generating r random points in an Euclidean space and then computing all
the pairwise distances using a given distance (e.g., a distance induced by the Minkowski
norm). As observed from our preliminary tests, this procedure leads very often to an
integral, and hence useless, vertex of P,..... In practice, this procedure takes a long time
before returning a fractional vertex of Pg.,. Furthermore, it only samples instances of
the Euclidean TSB implicitly excluding some remarkable metric TSP instances, such as
the ones provided in [6]]. To generate a random cost vector, we have designed a different
approach. First, we sample a random point within the metric polytope [48]] using the
hit-and-run algorithm [|62]], which generates a random metric STSP instances ¢ € lel.
Second, we get a (random) vertex (" by solving SSEP(c) via the simplex algorithm.
Since the cost vector is a uniformly random point of the metric polytope, we expect that
%™ is a random vertex of Pip- We also expect a good variety among the sampled
vertices: for instance, with n = 15, after the sampling of 999 vertices, it took only less
than three seconds to find one vertex both non-integer and not yet sampled. In the next
paragraphs, we briefly review the hit-and-run algorithm, and we detail how we use the

sampling procedure to generate hard metric STSP instances.

The hit-and-run algorithm The hit-and-run algorithm [[62]] is designed to sample from
a bounded set P uniformly. The basic steps of the algorithm are:

1. Pick a point x; € P ¢ R™.

2. Generate a random direction d; uniformly distributed over the unitary hyper-
sphere centered in x;.

3. Generate a random point x;,; = x; + Ad; uniformly distributed over the line set
{x €eP|x =x;+Ady, A €R}.

4. If a stopping criterion is met, stop (e.g., terminate after a fixed number of itera-
tions). Otherwise, x;. < x;,; and repeat from Step 2.

The points sampled with this procedure converge in total variation to a uniform
distribution, as proven in [[62]]. The time required to have a sample that effectively
approximates the uniform distribution is polynomial in the dimension, as proven in [[51]].
Later, a modification of this algorithm to sample a set of points that converges to an
arbitrary target distribution was introduced in [|58]]. The interested reader can find an
in-depth review of hit-and-run algorithms in [[70]].
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Algorithm 1: Sampling vertices of the Pgpp by using the metric polytope.

Input: m = |E|, the size of the TSP instance
Input: r, the required number of vertices
Output: R, a collection of vertices of Pgyp

1R<0

2 while |R| < r do

3 ¢ «— HitAndRun(Pyg7)

4 x «— argmin{SEP(c)}

5 if x is fractional and x ¢ R then

6 ‘ R<—RU{x}

7 end

8 end

9 return R

The random sampling algorithm Note that the constraints ([3.4)—(3.5) define the met-
ric cone:

Cupr = {c e R | ¢ —cpe— ¢ < 0,¥i,j,k e V). (3.30)

If we add the perimeter inequality (also known as the homogeneous triangle inequality)
we get the metric polytope

Pyigr := Cyvgr N {cij + ci +cji < 2,Vi,j,k €V} (3.31)

Note that for every metric ¢ € Cy, there exist an y such that yc € Py [48]]. For this
reason, without loss of generality, we can sample from Pyt instead of Cypr. Sampling
from Pypp instead of Cypr guarantees to remain in the framework described in [[51]],
since Py is @ convex compact set and, hence, a convex body.

Algorithm [1| presents our procedure for sampling metric STSP instances from the set
Pypr- Given the size of the metric space m = |E| and the number of required sampled
points r, the algorithm initialized in Step 1 the empty set R. Then, until the number
of sampled points is equal to r, steps 3-7 are iterated. Step 3 generates a uniformly
distributed random cost vector ¢ from the open set P, using the hit-and-run algorithm.
Step 4 generates an optimal vertex x for SEP(c), x € Pgc.p. If the vertex x is fractional
and does not belong to R, it is added to R. Finally, the procedure returns the set R of r

: n
vertices of Pgopp-

3.4 Generating the Hard-TSPLIB

The objective of our computational experiments is to generate the Hard-TSPLIB, a col-
lection of small metric STSP instances having a large integrality gap and are challenging
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for the Concorde solver. The instances of the Hard-TSPLIB are generated by using a
branch-and-cut solver for problem IH-OPT(x ™).

In the following paragraphs, first, we present the hard instances generated starting
from the TSPLIB. Second, we present the hard instances generated using the random
sampling procedure presented in Section Third, we compare the runtime of Con-
corde for solving our hard instances with the runtime required for solving the Rectilinear
3-Dimensional instances [[71]]. In this work, the author compares the introduced instances
with other works, namely [56] (6} [41}, [42]], showing that author’s instances are computa-
tionally harder. Thus, we compare ourselves with [71]] and deduce other comparisons
from the context. Then, we visually analyze the structure of the hard instances we have
generated. Finally, we discuss the implementation details of our algorithms.

3.4.1 Implementation details

Our computational procedure for generating hard metric STSP instances has two core
algorithms:

1. The branch-and-cut algorithm for solving problem IH-OPT(x ™).
2. The sampling procedure from the metric polytope.

In the following paragraphs, we describe our implementation of the two algorithms.

Solving IH-OPT by branch-and-cut. The problem IH-OPT(x®) is solved by branch-
and-cut by using the Gurobi commercial solver and using the C++ programming lan-
guage. We compile our code with the GNU C++ compiler v8.3, with the following flags
-02 -D_REENTRANT -m64 -ffast-math -DNDEBUG -Wall -march=native. In our im-
plementation, we dynamically add both the triangle inequalities and the STSP con-
straints, in order to keep the core LP problem as small as possible. Note that a complete
enumeration of triangle inequalities could exhaust the memory of a standard computer
for medium values of n.

For the separation of triangular inequalities, we follow the strategies used in [35[]:
at each iteration, we add a fixed number k of the most violated triangular inequalities,
until no more violated triangle inequalities exist. The separation of triangle inequalities
is carried over both during the solution of the LP relaxation and when encountering a
new incumbent integer solution.

The separation of STSP constraints is more challenging since it corresponds to the
solution of an STSP instance, as shown in (3.19). As we only need a violated cut, we
first separate the STSP constraints heuristically by solving the STSP instance using the
Lin-Kernigan local search procedure [49], as implemented in Concorde. Note that the
LK-H heuristic only handles integer costs. Hence, we use the support of Gurobi for lazy
constraints, which allows running our separation procedure only on incumbent integer
solutions. Whenever the LK-H heuristic returns an STSP solution whose incidence vector
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z satisfies X.;; g %ijCij
STSP algorithm. For the exact separation of STSP constraints, we use Concorde compiled

using CPLEX 12.8 as an LP solver, by using the default parameter settings.

> A, with A as described in Section we run a second exact

The optimal solution of the LK-H heuristic is given as warm start to the STSP branch-
and-cut implementation.

Notice that before starting the solution of the integer problem IH-OPT(x ), we solve
its LP relaxation H-OPT(x (") via cutting planes by only separating the STSP constraints
with the LK-H heuristic (see, for instance, the computational results in Table . Once
the LK-H heuristic does not find any STSP violated constraint, we stop, and we collect
all the triangle inequalities violated by no more than a threshold T = 0.05, and all
the generated STSP constraints, to initialize the first pool of cut for our branch-and-cut
algorithm.

Sampling the metric polytope by hit-and-run. The sampling procedure described in
Algorithm[I]is implemented in Python 3.8.2. For the hit-and-run algorithm in Step 3, we
have used the implementation provided by [29], which is based on the original algorithm
introduced in [[62]]. The solution of the SEP problem in Step 4 is implemented using the
python wrapper of Gurobi. Since the sampling procedure is very fast, we did not port
this procedure to C++.

Parameters tuning. In our implementation, we had only to decide a value for the pa-
rameter A in (3.28). If we only consider the H-OPT formulation, namely the formulation
without the integer costs, we can imagine multiplying each cost for a fixed quantity «w
and obtaining a tour that costs wA. However, once we move to integer costs, the param-
eter A becomes more important because it is strongly related to the number of values
that can be taken as cost coefficients. For instance, if A = n, the solution having all ¢; j
equal to 1 is optimal. This does not lead to an hard-to-solve instance. On the contrary,
if A is too big, we miss such “degeneracy” of the costs on some edges. In practice, we
have observed that for different values of A we get STSP instances of different (runtime)
difficulty. Table shows the computational results for solving IH-OPT over sampled
STSP instances using different values of A. Since the hardest instances were generated
while using A = 1000, we fix this value in all of the tests reported in this paper. In future
work, we plan to investigate further the impact of the parameter A.

3.4.2 Generating hard instances from the TSPLIB

The TSPLIB contains 20 instances with less than 76 nodes. Only 13 of them have a
fractional solution for the SSEP (i.e., the integrality gap is greater than 1). For 12 of these
13 instances, we have generated a corresponding hard instance by solving H-OPT(x ),
where ¥ is the fractional solution of SSEP solved via the simplex algorithm.
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Table 3.1. Impact of the parameter A on the instances generated by IH-OPT.

A =100 A =1000 A =10000

gr24, hard

Integrality gap 1.146 1.220 1.220
avg. Concorde mean time 3.263 16.300 10.770
std. dev Concorde time 0.977 2.000 1.924
bayg29, hard

Integrality gap 1.159 1.186 1.187
avg. Concorde mean time 4.157 82.500 32.850
std. dev Concorde time 1.271 17.600 9.200
bays29, hard

Integrality gap 1.197 1.229 1.228
avg. Concorde mean time 11.108 64.200 47.392
std. dev Concorde time 1.790 18.200 16.137

If we denote by c, the cost vector of the TSPLIB instance, and by c¢* the optimal
solution of H-OPT(x ("), by Lemma [4| we have

STSP(c*) - STSP(cg)
SSEP(c*) ~ SSEP(cq)’

that is, the STSP instance c¢* has an integrality gap larger than or equal to c,. If instead,
we solve the problem IH—OPT(i(h)), we cannot guarantee the previous relation, but in
practice, we get more challenging instances with almost the same integrality gap. For
this reason, all the following results are obtained by solving the IH-OPT problem. Table
reports the detailed results for the generation of hard instances from the TSPLIB.
The table first reports the name and the dimension n = |V| of the original instance. The
third and fourth columns report the integrality gap of ¢, (easy instance) and ¢* (hard
instance). In the remaining six columns, the table shows the average runtime in seconds
(with the standard deviations), and the average number of branch and bound nodes
for solving with Concorde first the TSPLIB instance, and later the corresponding Hard-
TSPLIB instance. The averages are computed over 10 independent runs of Concorde,
using 10 different seeds. Finally, the last column reports whether the optimal SSEP
solution of ¢, is the same optimal solution of c*.

The results of Table show that the small TSPLIB instances have a very small
integrality gap and are extremely easy for Concorde. They are solved within a fraction
of second at the root node of the branch-and-cut tree. On the contrary, the Hard-TSPLIB
have a significantly larger integrality gap, and they require, on average, several seconds
(or up to several hours) to be solved to optimality by Concorde. As expected, a larger
integrality gap at the root node implies a larger branch-and-cut tree, that is, a larger
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Table 3.2. Hard-TSPLIB instances generated from the TSPLIB. The columns give the in-
stance name, number of nodes |V|, the integrality gap for the TSPLIB instance ¢, and the
HardTSPLIB c*; average runtime (and standard deviation) and number of BC nodes over
5 independent runs of Concorde, compiled with CPLEX 12.8. The last column reports
if equation holds. The last three instances marked with (*) are solved only once
due to the large running time. The instance brazil58 reached a timeout of 24 hours.

a,(c) TSPLIB - ¢, HARDTSPLIB - c* Does Eq
name 14 o c¢* runtime stddev BCn. runtime stddev  BCn. hold?
gr24 24 1.000 1.220 0.028 0.004 1 16.3 2.0 33.0 X
bayg29 29 1.001 1.186 0.030 0.004 1 82.5 17.6 158.6 X
bays29 29 1.003 1.229 0.030 0.004 1 64.2 18.2 106.2 X
dantzing42 42 1.003 1.150 0.031 0.005 1 66.4 51.7 123.0 v
swiss42 42 1.001 1.140 0.031 0.005 1 1466.3 1122.5 369.8 X
att48 48 1.002 1.135 0.031 0.005 1 1204.4 444.6 2876.2 X
gr48 48 1.018 1.222 0.031 0.005 1 97.4 18.3 132.6 X
hk48 48 1.001 1.215 0.031 0.005 1 185.0 55.9 265.8 X
eil51 51 1.008 1.285 0.032  0.006 1 743.0 148.5 1253.8 X
brazil58 58 1.002 1.163 0.033 0.005 1 86400.0 (*) 55139 X
st70 70 1.006 1.280 0.033  0.005 1 37759.1 (*) 28227 X
pr76 76 1.029 1.282 0.035 0.007 1 63181.6 (*) 37459 v

number of nodes (column ‘BC n.”). However, this is not always true, because, among the
three instances with 48 nodes ( att48, gr48, and hk48), the instance with the smaller
integrality gap requires the largest number of branch-and-cut nodes. Indeed, visiting a
larger search tree implies a longer runtime. We remark that the instance brazil58 hard
is not solved by Concorde within a timeout of 24 hours.

Table and Table report the computational results for generating the Hard-
TSPLIB instances while solving H-OPT(x ™) and IH-OPT(x™M), respectively. For each
instance, the table reports the number of cuts generated and the runtime for the trian-
gle inequalities separation (trian.), the TSP constraints separated by the LKH heuristic
(LKH-cuts), and the TSP constraints separated by Concorde (TSP-cuts). For the solution
of IH-OPT(x™), the table gives also the total number of branch-and-bound nodes, the
lower bounds (LB), and the upper bounds (UB): when the LB and UB are equal the
instance is solved to optimality. Concerning the separation algorithms, the violated tri-
angle inequalities are identified in a very short time, and they have almost no impact on
the overall runtime. The heuristic separation of TSP constraints using the LKH heuristic
is very effective, but the runtime begins to be important. The exact separation of TSP
constraints is one of the two runtime bottlenecks for the generation of hard instances.
For example, for the instance swiss42, most of the time is spent on the exact separation
of a TSP cut. Finally, notice that for the instances pr76, €il76, rat99, kroB100, kroC100,
the solution by branch-and-cut of IH-OPT(x ™) hits the time limit of 24 hours (86400
seconds). Among those instances, only for pr76, we generate a hard TSP instance;
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Table 3.3. Computational results for the heuristic solution of the LP problem H-
OPT(x™) by cutting planes. At this stage, we only separate the TSP cuts with the LK-H
heuristic. Columns 3 and 4 report the number of triangular inequality and TSP con-
straints added. Columns 5 and 6 report the runtime for separating those inequalities.
The last column reports the overall runtime in seconds.

CUTS RUNTIME
name |V| trian. LK-H trian. LK-H total
gr24 24 1500 61 0.00 1.1 2.2
bayg29 29 2394 66 0.00 3.1 6.5
bays29 29 2318 70  0.00 2.5 5.2
dantzig42 42 6515 88 0.00 7.2 38.7
swiss42 42 5083 87 0.00 15.0 46.5
gra8 48 10011 182 0.00 20.7 93.6
hk48 48 7494 177  0.00 42.2 78.7
eil51 51 7358 123 0.00 25.8 69.1
brazil58 58 9271 136 0.00 85.9 287.5
st70 70 21914 411 0.00 116.7 1593.4
eil76 76 27885 418 0.00 206.3 2684.5
pr76 76 26233 473  0.00 141.7 4716.2
rat99 99 61300 757 0.00 848.0 190715.4

kroB100 100 60300 883 0.00 841.5 162504.0
kroC100 100 62501 1084 0.01 757.4 131369.2

in all other cases, we were not able to find an integer cost vector satisfying all trian-
gle inequalities and all TSP constraints, that is, an optimal integer solution for problem
IH-OPT(x ™).

3.4.3 Generating hard instances by sampling

We have also generated a collection of instances for the Hard-TSPLIB by using the ran-
dom sampling procedure discussed in Section[3.3] First, we run Algorithm|I]to generate
a random set R of vertices of Pg.;, for a fixed size n of the TSR When generating a
random vertex X in Algorithm , we also store the cost vector c(()h) sampled from the
metric cone which yields the vertex ¥"). Hence, we can compute the integrality gap
of the initial easy STSP instances. Later, for each random vertex %™ in R, we solve the
IH-OPT(x ™M) problem to get an instance with a larger integrality gap.

Table reports the three hardest instances we are able to provide for each n €
{10, 15,20, 25,30, 35,40}, generating 10 random vertices for each value of n. The table
reports first the integrality gap of the sampled cost vector c,, of the optimal cost vector
¢* obtained after solving IH-OPT(x™), and the gap a; conjectured in [6]], that is, to
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Table 3.4. Computational results for the solution of the integer problem IH-OPT(x ")
by branch-and-cut. Columns 3, 4, and 5 report the number of cuts added for each type.
Columns 6, 7, and 8 report the runtime of the separation algorithms for triangular, LKH,
and exact TSP cuts. Column 9 reports the runtime and column 10 the number of branch-
and-bound nodes required. The last two columns gives the lower (LB) and upper bounds
(UB).

CUTS RUNTIME

name V| trian. LK-H TSP trian. LK-H TSP total BCn. LB UB

gr24 24 866 25 1 0.00 0.5 60.6 68.2 936 820.0 820.0
bayg29 29 591 15 1 0.00 1.1 505.5 508.0 281 843.0 843.0
bays29 29 930 33 1 0.00 1.3 238.9 242.1 740 814.0 814.0
dantzig42 42 1750 82 3  0.00 11.8 542.9 586.0 2801 869.5 869.5
swiss42 42 2997 25 1 0.00 7.9 9683.0 9723.2 1643 877.0 877.0
gr48 48 53310 431 4 0.00 97.9 10369.5 20085.4 110488 818.5 818.5
hk48 48 10310 329 3  0.00 89.4 11.9 678.6 14469 823.0 823.0
eil51 51 7709 163 4 0.00 40.0 14230.2 14851.8 8301 778.5 778.5
brazil58 58 81 2 1 0.00 1.8 8314.9 8324.6 1 858.0 858.0
st70 70 62803 386 3 0.01 1289 12740.9 44798.8 110663 779.5 779.5
pr76 76 57598 969 1 0.26 5326 9527.8 86000.0 172533 778.5 780.0
eil76 76 107629 631 0 0.18 351.7 - 86000.0 255729 780.0 -
rat99 99 33369 30 0 3.07 37.4 - 86000.0 28542 814.5 -
kroB100 100 65429 62 0 281 72.7 - 86000.0 38288 769.0 -
kroC100 100 93370 26 0 2.02 24.3 - 86000.0 40141 775.5 -
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Figure 3.2. Left: distribution of the computational times for n = 20 of 1000 sampled TSP
instances. Right: distribution of the computational times for n = 20 of 1000 instances
obtained by the IH-OPT procedure

the best of our knowledge, the highest integrality gap available in the literature. Then,
in the remaining columns, the table reports the average runtime (with the standard
deviation) and the average number of BC nodes for solving the instances to optimality
using Concorde, first for the instance ¢, (random cost vector) and then for ¢* (the optimal
solution of IH-OPT). Similarly to the results of the Hard-TSPLIB, Table shows that
we are able to generate very hard instances by solving the IH-OPT problem.

We run a second experiment to study the effect of generating 1000 random instances
for n = 20. For each random instance c(()h), with h =1,...,1000, we measure the average
solution runtime of Concorde. Then, using the corresponding vertex ¥ ™ and solving IH-
OPT(x™), we generate the harder instance, and we measure the runtime again. Figure
(Left) shows the runtime distribution for the random instances c(()h), while Figure
(Right) shows the runtime distribution for c*.

In the left plot, we have a runtime close to zero: we barely get close to 0.030 seconds.
On the other hand, for the bottom plot, we have a mean runtime of 10 seconds, with a
maximum of around 50 seconds. In practice, if we sample a large number of vertices we
are able to get very challenging small instances.

Table reports the average runtime (in seconds) to solve the IH-OPT problem on
1000 different vertices sampled for each n from 10 to 20. The solution to this problem
exhibits a very large runtime variability. For instance, with n = 20, the minimum runtime
is of 2 seconds, while the maximum is of 3445 seconds, that is, three orders of magnitude
larger. In addition, we have fitted a linear regression on the log; of the runtime, getting
the following equation

t = 100.146'1’[—1.86. (3'32)

Using this regression, we try to predict the runtime for each n. For example, with n =
40, we would expect a runtime of around 3 hours. However, we have not observed
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Table 3.5. Results for the Hard-TSP instances generated by sampling.

Integrality Gap - a,(c) Initial instance - ¢, Hard instance - c¢*
V| < c¢® a;[6] runtime stdev BCn. runtime std.dev BC n.
10 1.007 1.153 1.176 0.00 0 1 0.29 0.06 5.2
10 1.002 1.153 1.176 0.00 0 1 0.23 0.06 3.8
10 1.001 1.157 1.176 0.00 0 1 0.20 0.07 3.4
15 1.005 1.172 1.222 0.00 0 1 4.45 1.17 12.8
15 1.018 1.171 1.222 0.00 0 1 1.68 0.48 1.2
15 1.007 1.170 1.222 0.00 0 1 3.45 1.29 3.0
20 1.007 1.179 1.246 0.01 0 1 30.76 7.14 66.0
20 1.009 1.212 1.246 0.01 0 1 8.86 2.15 9.2
20 1.011 1.217 1.246 0.00 0 1 18.91 7.51 51.2
25 1.022 1.244 1.262 0.01 0 1 140.43 32.58 383.2
25 1.020 1.256 1.262 0.01 0 1 138.66 13.31 385.2
25 1.011 1.244 1.262 0.01 0 1 137.42 24.74 390.8
30 1.002 1.002 1.273 0.01 0 1 195.12 195.13 578.00
30 1.012 1.245 1.273 0.01 0 1 483.10 96.62 1426.8
30 1.000 1.263 1.273 0.01 0 1 156.55 21.13 454.4
35 1.013 1.263 1.281 0.01 0 1 2498.79 639.69 6565.0
35 1.018 1.276  1.281 0.02 0 1 1804.68 391.62 5193.5
35 1.012 1.244 1.281 0.01 0 1 1466.32 265.40 3962.1
40 1.002 1.210 1.287 0.01 0 1 22485 102.18 514.0
40 1.005 1.280 1.287 0.01 0 1 5889.35 823.20 132124
40 1.011 1.278 1.287 0.02 0 1 6279.78 874.02 14261.0
any significant correlation between the runtime for solving the IH-OPT problem and the

average runtime for solving the hard instance with Concorde.

3.4.4 A comparison with the 3D-Rectilinear instances

To the best of our knowledge, the current hardest instances of the literature are the
Rectilinear 3D instances provided by Zhong [71]]. In this work, the author proposes a
family of 3-paths instances with a different configuration of nodes on the three paths and
suggests the node configuration that makes them hard to solve for Concorde. For this
reason, we tried to generate, using our computational procedure, metric TSP instances
as hard as those 3D Rectilinear instances. We have tried the following two strategies.

@

We massively sampled the metric polytope for small n with the algorithm described
in Section [3.3|and then apply IH-OPT to the correspondent vertices, until we found
an instance with an average runtime competitive with the 3D-Rectilinear instances.
We call this found instance ¢5

n°
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Table 3.6. Average computational time and standard deviation of 1000 IH-OPT on
different x at a fixed n number of nodes.

n avg. time std. dev min runtime max runtime

10 0.63 0.39 0.29 6.86
11 0.51 0.22 0.21 1.98
12 0.74 0.33 0.31 2.84
13 1.19 0.64 0.45 9.08
15 2.40 1.84 0.63 26.97
16 3.38 2.40 1.00 27.03
17 5.82 6.41 1.29 100.14
18 9.37 22.13 1.81 622.00
19 15.63 107.89 2.15 3396.61
20 15.63  109.43 2.24 3445.62

(b) We tried to use our computational procedure to generate hard instances starting
from the optimal solution of the instances provided by Zhong [71]]. Let cff the cost
vector of a 3D rectilinear instance with n nodes [[71]], and let xf the corresponding
optimal solution of SEP(c). Similarly, let ¢! = argminIH-OPT(x%) and x'# =
argmin SEP(c/").

We compared the average runtime of solving TSP(cs), TSP(CTIIH ), and TSP(cg). We have
observed from our preliminary tests that Concorde has great runtime variance in solving
the same instance: See, for example, the standard deviation values in Table and
Table where we performed 10 independent runs on each instance, using every time
a different seed. This variability is typical of Mixed Integer Programming and branch and
cut algorithms (see e.g. [28]], [50]]). For this reason, the runtime comparison instance by
instance is meaningless unless the difference is of at least one order of magnitude. Thus,
we present the runtime comparison using linear regression on the logarithm (log,,) of
the runtime measured in seconds (again, using 10 independent runs for each instance).
Figure shows the three regression lines for comparing the runtime for solving
(i) the 3D rectilinear instances, marked with R, (ii) the instances produced using the
sampling procedure mentioned above in point (a), marked with S, and (iii) the instances
used with the procedure described in the point (b), marked with IH. The three runtimes
are denoted by t&, t5, t!H respectively. The fitted regression lines are the following:

n’> n’> "n?’
(R = 10016812209 (3.33)
£5 = 100171 n-2.157 (3.34)
t1H _ 100-137n-1.794 (3.35)

n

By looking at the regression, the instances that we have found by massively sampling
the space are a bit harder than the Rectilinear 3-D instance. On the contrary, the instances
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Figure 3.3. Linear regression for the runtime tﬁ‘, tﬁ, and tTIlH , corresponding to 3D rec-
tilinear instances, sampled instances, and instances which are solution of IH-OPT(xf),
respectively.

directly obtained from vertices are easier. Interestingly, in the logarithm scale, the three
instances have all the same order of magnitude: by looking at Figure it is possible
to observe that the three families are competitive to each other, with the differences
mostly related to the variability of Concorde. Noteworthy, by observing the structure of
costs of the instances created by hand as [71]] with respect to the one obtained by the
two heuristic procedures, we note less regularity. This fact will be discussed widely in
the next subsection. In terms of the integrality gap, we do not notice any significant
evidence. For n = 12, the instance we sample has an integrality gap of 1.164 while
the Rectilinear 3-D instance has 1.193 and the two runtimes are competitive. On the
contrary, for n = 20, we sample an instance with an integrality gap of 1.242, while the
Rectilinear 3-D instance has 1.240, and yet the two instances are competitive. Lastly,
we run the computation as reported by Zhong, namely by multiplying the instances by
1000 and rounding to the nearest integer. We verified that this procedure might lead
to non-metric instances as, due to rounding errors, triangular inequalities might not be
satisfied.

3.4.5 Structure of small hard instances

The hard instances recently introduced in [[42]] and [[71]] are characterized, by construc-
tion, by half-integer solutions for SEP solution, and by support graphs having two trian-
gles where each edge has a weight equal to % Hence, we have looked at the structure
of the support graph of our hard instances. For some instances, such as bays29 and
eil51, the optimal vertex moves from a complicated structure to a 3-path configuration
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with two triangles having %-Vertices. For the instance gr48, in the original version, the
vertices have entries of values in the set {0.0,0.25,0.5,0.75,1.0}, while in the corre-
sponding hard version, they have entries in the set {0.0,0.5,1.0}.

In addition, for two small sampled instances with n = 15 (s;5) and n = 20 (s, ), we
studied “by hand” the cost structure of the support graph of the optimal solution of SEP
The motivation of this study is to investigate if the hard instances share some common
cost patterns and/or structures of the support graph. Figures and show the sup-
port graph of the easy and hard version of the two instances, where the easy refer to the
original cost vector c, with its SEP vertex solution, and the hard to the optimal solution
c* of IH-OPT. In the support graphs, the purple edges correspond to the solution of SEP
having value x, = %, while the gray edges correspond to x, = 1. The missing edges have

x, = 0. The label of each edge gives its cost in the TSP instance.

We observe that the main difference between the easy and hard instances is in the pat-
tern of the edge length. In the easy instances, the edge costs look randomly distributed,
while in the hard instances obtained after solving IH-OPT, there is a clear cost pattern.
The edges lying along the same path have nearly the same cost, while the dashed edges
connecting two distinct paths generally have a cost nearly equal to the sum of the costs of
a single edge on a path. In addition, the overall length of the 3-paths are almost equal:
for instance, in s;5 (Figure [3.4), in the easy version, we have on each path a sum of,
respectively, 707, 48, 1633, while in the hard one, we find 144, 147, 147. Finally, notice
that since in IH-OPT we have removed the slackness constraints introduced in OPT}, we
do not have any guarantee that the optimal solution for the SEP associated to ¢® and
c* is the same. However, in s;5 we have the x° = x*, while for s,, we get x* # x°, as
shown in Figure

3.5 Conclusion

In this Chapter, we have introduced a computational procedure to generate metric TSP
instances that have large integrality gaps and are challenging for Concorde, the state-of-
the-art STSP solver. As a by-product, we have introduced the Hard-TSPLIB, a collection of
small but challenging metric TSP instances, which are not generated explicitly exploiting
specific cost structures, as in [42] [71]]. Notice that, to the best of our knowledge, all
the hard instances from the literature have half-integer optimal SEP solutions. On the
contrary, the instances of the Hard-TSPLIB have a larger variety of fractional optimal
vertices (i.e., they are not only half integers). We expect our new instances will serve as
a benchmark for designing new exact and heuristic methods for solving the TSP problem.

Curiously, we have observed that the most challenging instances generated using
our computational procedure have regular cost patterns, with several edges sharing the
same costs, and several paths on the support graphs having the same length. These types
of cost patterns are in common with the manually-generated hard instances recently
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Figure 3.4. Easy (top) and hard (bottom) support graph associated to one of the sampled
vertex with n = 15. The cost value on the edges of the support graph is also provided.
Gray edges have a value 1, while purple edges have values %

introduced in and [[71]], and also in the ones we provided in the previous chapter.
Hence, we believe that our Hard-TSPLIB instances could help further studies in the cost
structures of TSP instances. Part of this study was conducted during my PhD and is at
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Figure 3.5. Easy (top) and hard (bottom) support graph associated to one of the sampled

vertex with n = 20. The cost value on the edges of the support graph is also provided.
Gray edges have a value 1, while purple edges have values %

the core of the next chapter.
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Chapter 4

Hardness of STSP instances: a
computational study

Section[3.4.5|raises an interesting research question: which are the common traits among
hard-to-solve instances? This chapter is a tentative answer to this question. Here, we
propose to classify the empirical hardness of metric STSP instances by using four features
that depend only on the distribution of values in the cost matrix.

4.1 Background material

Several works in the literature have studied the features that make TSP instances hard
to solve in practice for a given class of algorithms. We describe next the main works that
consider empirical hardness for exact algorithms, but there is also a scientific interest in
hardness for heuristics (e.g., see [|64, [63]]). In [[14]], the authors observe a clear phase
transition from easy to hard TSP instances related to the standard deviation of the values

¢;j in the cost matrix C. In [33]], the phase transition is related to a tour value £ and the

area A occupied by n nodes, according to the ratio ‘/%4. Note that this ratio is only

reliable when £ is the optimal tour (or an almost optimal tour) and when the cities are
defined as points in a metric space where the notion of “area” is given (e.g., the Euclidean
space in 2D). Unfortunately, the notion of area is undefined for general metric spaces.
In [|52], the authors report computational experiments with instances generated with a
random uniform distribution and an exponential random distribution: the two types of
distributions lead to TSP instances with two different levels of hardness. Interestingly,
the level of empirical hardness is defined in terms of the dimension of the branch and
bound tree. Along the same line of research, two families of TSP instances are introduced
in [25]], where the empirical hardness is related to the amount of perturbation added
to the cost matrix: a moderate amount of perturbation makes an instance very hard,
while no perturbation and a significant perturbation reduce the complexity. Instead of
classifying instances according to features such as the number of branch and bound nodes
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Figure 4.1. Empirical cumulative distribution of edge cost values of two instances of the
TSPLIB and the Hard-TSPLIB.

or the runtime, a Random Forest is used in [[11]] to classify instances from the TSPLIB
as either easy or hard. The main idea is to predict the quantity 1/% and to distinguish
the instances between easy and hard according to their distance to the transition phase
conjectured in [[33]]. Unfortunately, with this approach, there are instances such as the
gr120 from the TSPLIB which is classified as hard, even if it is solved by Concorde in less
than a second.

4.2  Cost Features of the Metric STSPs

In this section, we introduce the features of the cost vector ¢ we use to predict the empir-
ical hardness of metric TSP instances. The first two features we consider were already
used in the literature: the standard deviation is used in [33]] and [[11]], while the skewness
is used in [[I11]]. The third feature is the Gini index [[34]], a well-known score in statis-
tics, which we use for the first time to predict the empirical hardness of TSP instances.
The fourth feature we introduce is the tight triangle inequality index, which gives the
percentage of all possible triangle inequalities in the cost matrix that are satisfied with
equality.

In the following paragraphs, we describe in detail the four features used in the con-
text of the metric TSP instances.

Standard Deviation. In our work, we consider the normalized standard deviation of
the cost vector ¢, which is defined as follows

1 Z (L—E)Z whelreE—i Z G
|E| max(c) ’ "~ E| max(c)’

{i.j}eE {i.j}eE

SD(c) := 4.1)

Note that due to the normalization factor, we have 0 < SD(c) < 1. The standard devia-
tion of the cost matrix C was already successfully explored for asymmetric TSP instances
in [[14]], where the author reports a phase transition related to this measure: both small
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Figure 4.2. Giniindex—GI(c) of 11 instances of the TSPLIB, along with the corresponding
Hard-TSPLIB instances.

and large standard deviations lead to easy instances, while values in the middle lead
to hard instances. The motivation given by the author is that whenever the standard
deviation is high, only the low-cost tail of the cost distribution is considered to include
an edge in an optimal tour, and thus this reduces the complexity. On the other hand, a
small value of the standard deviation means that the costs are nearly all equal, and thus,
it is easy to find a low-cost (optimal) tour.

Skeweness. The sample skewness is computed as the Fisher-Pearson coefficient of skew-
ness of the cost vector:

m 1 _
SK(c) := =3 where my = E Z (cij -0k (4.2)
m {i,j}€E

N plw

The skewness measures the displacement of the weights in a distribution: for unimodal
distributions, SK < 0 indicates that the tail is on the left side of the distribution, while
SK = 0 that the tail is on the right. Our computational results show that hard instances
are associated with right-skewed distributions.

Figure[4.1|shows the empirical cumulative distribution of the values in the cost vector
¢ for four instances. We can observe that the cumulative distributions associated with
the Hard-TSPLIB instances have edge cost values concentrated toward low values. Note
that having a lot of small costs close to a few higher ones is a commonly believed source
of hardness for branch-and-bound algorithms.

Gini Index. The Gini index is a measure of statistical dispersion that quantifies the
inequality among values of a frequency distribution. This index was introduced by Gini
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Figure 4.3. Tight triangle inequality index-TI(c) of 11 instances of the TSPLIB, along
with the corresponding Hard-TSPLIB instances.

to measure the income (or wealth) inequality within a population [|34]]. When the values
of the distribution are non-negative, the Gini index ranges in the interval [0, 1], where
0 means perfect equality and 1 represents perfect inequality. We use the Gini index to
measure the dispersion (or inequality) of the cost vector values:

GI(c):=26|1E|2 DT ei—cnl- (4.3)

{i,j}€E {v,w}€E

Figure [4.2 compares the GI of the instances of the TSPLIB with those of the Hard-
TSPLIB. We note that hard instances always have a larger value of this index, and this
motivates its introduction as a feature of our predictor.

Tight Triangle Inequality Index. Given a Metric TSP instance with the associated cost
vector ¢, the Tight triangle inequality Index (TI for short) is defined as the number of tri-
angle inequalities satisfied with equality with respect to all possible triangle inequalities.

n n n
Zi:l Zj=i+1 Zk=j+1 lcij:Cik+Cjk + lcik:Cij+Cjk + 1Cjk:Cij+Cik
- .
3 (3)
According to Section for any triple of vertices (i, j, k), at most one of the three
corresponding triangle inequalities can be tight. Thus, we have

TI(c) := (4.4)

1
0<TI(c) < 3

Figure 4.3| compares TI(c) instances of the TSPLIB with the corresponding instances
in the Hard-TSPLIB introduced in the previous chapter. In all these instances, except for
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gr48, TI(c) is higher, and for instances swiss42 and brazil58, is close to the upper bound
of 33.3%. Note that, according to Table it is not possible to solve brazil58 using
Concorde within a time limit of 24h. Furthermore, we observed in Section that
hard-to-solve instances are highly structured, with multiple costs of the same weights
and connected edges with the same sum with respect to the weight. Our idea is hence
that TI(c) should encode this high regularity of the costs.

Another reason to associate the empirical hardness of TSP instances with high values
of TI is that any triple (i, j, k) satisfied with equality c;; = c;; + cj, makes the associated
vector ¢ to lay on a face of the metric polytope as defined in (3.31)). Being on a face
means being close to the outside Py, that is, being close to non-metric instances. Non-
metric instances are known to be computationally harder than metric ones. Note that in
the general TSP constant approximation is not possible in polynomial time. Otherwise,
the Hamiltonian cycle would be solvable in polynomial time, and therefore P = NP (e.g.,
see Theorem 9.10 page 226 in [22]).

4.3 Learning Decision Trees

Our goal is to design a decision tree that can infer a relation among the features SD(c),
SK(c), GI(c), and TI(c) versus the hardness label (O=easy, 1=hard). Indeed, we want to
evaluate if these four features can correctly detect hard instances. We selected decision
trees mainly because they are interpretable. However, instead of computing a single
decision tree, we perform extensive numerical tests to assess the expected performance
of a decision tree trained with a small subset of every possible instance, and we report
the average performance. Each decision tree is trained using the scikit-learn library
[54]] with default parameter values.

In the following paragraphs, we describe the datasets we have generated to run our
experiments using the code complexification procedure designed in the previous chapter,
and we detail the prediction scores used to evaluate each fitted decision tree.

Dataset. To create the dataset we proceed as follows: First, we sample 5000 met-
ric TSP instances using the hit-and-run algorithm [62]]. We repeat this procedure for
n € {20, 25, 30,35,40}. Second, we apply the complexification procedure presented in
Chapter (3| to all the instances with a time limit of 7 days. However, when the time limit
expires, we are unable to guarantee a complete conversion of a sampled instance to its
optimal hard version. Third, we solve both easy and hard instances using Concorde,
with 10 different seeds, and we collect the number of Branch & Bound nodes (B&B) and
the total runtime.

We decided to label as easy all the instances that take an average number of B&B
nodes equal to or less than the 5-percentile of the complexified instances. In this way,
we label as easy also the easiest instances of the complexified set, and if, by chance, we
sample an instance that requires a lot of B&B nodes to be solved to the optimum, this is
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Figure 4.4. Boxplots of the distribution of numbers of B&B nodes required by Concorde
to solve the TSP instances to optimality. Note that the time reduces the impact on the
number of nodes for instances with n > 30.

hence labeled as hard. To have an idea of the meaning of such a parameter, Figure |4.4
shows the distribution of the number of B&B nodes in log;, scale of the instances we
used for training and testing the decision tree. More specifically, we report the number
of B&B nodes for n € {20, 25, 30, 35,40, 45,50} of the sampled instances, and the hard
version of each sampled instance, using the Hit & Run algorithm as done in the previous
chapter. Note that sampled instances require always less than 10 nodes, while hard
instances need thousands. The decrease in n = 50 is just apparent: the really hard
instances are not solved to optimality within the time limit.

To build a fair training set, we should know the true distribution of hard metric
TSP instances within the metric TSP instances space. As this is unknown, we test five
different percentage p of hard instances in each dataset, that is, p € {0.01,0.05,0.1,0.2}.
For each n, for each p, and for each i € {1,...,10}, we build a dataset Drilp containing
2000 instances. Each dataset contains 100 p % of hard instances, and the remaining are
easy. To train a decision tree, we divide each dataset Drilp into training and test sets, with
a test size of 33%. Finally, we train a binary decision tree for each dataset Drilp. Although
we know that the standard procedure for machine learning tasks is to use k-fold cross-
validation, we decided to proceed as discussed to better control each dataset dimension
and the percentage of contained hard instances.
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Prediction score: Matthew Correlation Coefficient. To evaluate the performance of
each decision tree, we use the Matthew Correlation Coefficient (MCC), which is defined
as follows. Given the confusion matrix and two classes, positive P and negative N, MCC
is computed as

TP x TN —FP x FN

MCC := ,
/(TP +FP)(TP + EN)(TN + FP)(TN + FN)

where T stands for true (correctly classified) and F stands for false (misclassified). Note
that —1 < MCC < 1, where -1 means perfect discordance, 1 means perfect accordance,
and 0 means that predictions are random.

The motivation for using MCC for unbalanced datasets instead of Accuracy or F1-
score is that with the latter a naive predictor can achieve a high score by simply classi-
fying all the instances as the more frequent class (i.e., “easy” in this case). For in-depth
motivations supporting the use of MCC for unbalanced datasets, we refer the interested
reader to [[15]].

Implementation details. To parallelize the computations as much as possible for our
tests, we limit the execution of each job to 16 GB of RAM, and we reserve one core for
the sampling procedure, ten cores for the complexification procedure, and one core for
running Concorde on each instance. The code used for the complexification procedure is
the one described in the previous chapter, while the remaining pipeline is implemented
in Python.

4.4 Computational Results

We have designed two types of experiments to validate the impact of the four features
introduced in Section 2 in predicting the empirical hardness of metric TSP instances.
The first class of tests targets instances of a fixed size n, while the second class of tests
is independent of n. Note that all of our cost features, except SK, range between 0 and
1, and, thus, we expect them to be independent with respect to the number of nodes n
of the TSP instance.

Decision Trees for fixed n. For each sub-sampled dataset D,’;’ > We perform the follow-
ing steps: (i) we split the dataset into training and test sets, (ii) we fit it with a binary
decision tree, and (iii) we collect the MCC prediction scores on the test set. Finally, we
average over the 10 decision trees indexed by i for each pair of n and p. Interestingly,
we observe that the three-depth distribution decreases with the increase of the number
of nodes. Figure shows the distribution of the depth of 40 decision trees we train for
each number of nodes n and each percentage p, hence exhibiting such trend.
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Figure 4.5. Boxplots of the decision tree depth for size n of the instances.

Table shows the results of our trained decision tree on the sub-sampled datasets
Dflp with four different combinations of predictors. First of all, we study the impact of us-
ing only SD(c) and SK(c). These features were already used to predict hardness in [[11],
together with other predictors, such as the maximum and minimum distance between
nodes, mean, and kurtosis. Once adding GI(c), we observe a small improvement. On
the contrary, considering SD(c), SK(c), and TI(c) leads to better predictions, suggesting
that indeed the tight index represents an important feature of hard instances. In any
case, considering all four predictors together yields the best performances in terms of
MCC. Moreover, the larger the percentage of hard instances in the test set, the better the
decision tree predicts the empirical hardness.

Figure shows a decision tree that was trained for an instance with n = 40 and
p = 10%. The blue leaf nodes are those corresponding to the “hard” class, while the
yellow nodes correspond to “easy” instances. Note that a first level is defined by the TI:
if this score is close to zero, instances are more likely to be classified as easy. Note also
that hard instances have higher TI (e.g., see node 7). Note that, as already observed, the
complexification procedure is time-consuming, and the instances we have generated are
hard to solve. Thus, when n = 45,50, we were unable to provide enough hard-to-solve
instances to build datasets with specific percentages of the hard-to-solve instances. More
specifically, for n = 45, we were able to generate and run Concorde 10 times for 266
instances, while with n = 50, only for 75. Thus, to perform our analysis, we reduce the
size of the sub-sampled datasets, setting it equal to 1250 when n = 45 and 350 when
n = 50. Then, we repeat the pipeline described in Section[4.3|and Section[4.4] obtaining
Table which is similar to Table Although the datasets have smaller sizes, we
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Table 4.1. MCC prediction scores: mean and standard deviations (in parenthesis). Each
entry gives the average over 10 datasets for the corresponding n and p; we highlight in
bold the best results for each group.

Features n p=0.01 p=0.05 p=0.10 p=0.20

SD+SK 20 0.223 (0.17) 0.400 (0.08) 0.517 (0.05) 0.550 (0.04)
SD+SK+GI 20 0.355(0.19) 0.498 (0.05) 0.568 (0.05) 0.630 (0.03)
SD+SK+TI 20 0.612(0.12) 0.834 (0.05) 0.850 (0.03) 0.917 (0.02)
SD+SK+GI+TI 20 0.750 (0.13) 0.868 (0.05) 0.888 (0.02) 0.930 (0.01)
SD+SK 25 0.256 (0.15) 0.519 (0.07) 0.641 (0.07) 0.650 (0.04)
SD+SK+GI 25 0.384 (0.10) 0.604 (0.07) 0.712 (0.05) 0.728 (0.05)
SD+SK+TI 25 0.505 (0.23) 0.829 (0.04) 0.887 (0.02) 0.912 (0.02)
SD+SK+GI+TI 25 0.694 (0.22) 0.882 (0.02) 0.919 (0.03) 0.922 (0.03)
SD+SK 30 0.447 (0.25) 0.624 (0.07) 0.719 (0.03) 0.794 (0.03)
SD+SK+GI 30 0.660 (0.19) 0.778 (0.08) 0.807 (0.03) 0.878 (0.02)
SD+SK+TI 30 0.851(0.12) 0.960 (0.03) 0.962 (0.02) 0.972 (0.01)
SD+SK+GI+TI 30 0.875 (0.09) 0.961 (0.03) 0.965 (0.01) 0.970 (0.02)
SD+SK 35 0.462(0.19) 0.712 (0.08) 0.756 (0.03) 0.835 (0.03)
SD+SK+GI 35 0.654 (0.20) 0.842 (0.07) 0.876 (0.03) 0.923 (0.02)
SD+SK+TI 35 0.822(0.13) 0.964 (0.03) 0.968 (0.01) 0.977 (0.01)
SD+SK+GI+TI 35 0.844 (0.14) 0.967 (0.02) 0.970 (0.02) 0.982 (0.01)
SD+SK 40 0.377 (0.15) 0.644 (0.04) 0.734 (0.04) 0.759 (0.02)
SD+SK+GI 40 0.594 (0.13) 0.766 (0.06) 0.852 (0.05) 0.875 (0.02)
SD+SK+TI 40 0.791(0.15) 0.937 (0.03) 0.967 (0.02) 0.976 (0.01)
SD+SK+GI+TI 40 0.815 (0.12) 0.953 (0.03) 0.966 (0.02) 0.977 (0.01)

draw the same conclusions as in Section Note that when n = 50, the performances
decrease, both globally and when compared to the usage of the four scores together with
SD + SK + TI. We motivate this fact by the small dimension of the training set (only 230
instances).

Global Decision Tree. For the second class of tests, which are independent of n, we
collected all the instances of the Dflp datasets, including instances of size n = 45 and
n = 50. Namely, we define a new dataset D as

D= D},
n,i,p

where the three indices range as follows: n € {20, 25, 30, 35,40,45,50},i = {1,2,...,10},
and p € {0.01,0.05,0.1,0.2}.

Overall, our global dataset contains 45 392 instances, among which 11 307 have been
classified as hard. Using this large dataset, we train a single global decision tree with
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Table 4.2. MCC prediction scores: mean and standard deviations (in parenthesis) for
n = 45,50. Each entry gives the average over 10 datasets for the corresponding n and
p; we highlight in bold the best results for each group.

Features n p=20.01 p =0.05 p=0.10 p=20.20

SD+SK 45 0.532(0.31) 0.745 (0.07) 0.776 (0.02) 0.800 (0.04)
SD+SK+GI 45 0.589 (0.32) 0.830 (0.05) 0.889 (0.04) 0.926 (0.02)
SD+SK+TI 45 0.854 (0.13) 0.970 (0.03) 0.978 (0.01) 0.986 (0.01)
SD+SK+GI+TI 45 0.823 (0.12) 0.970 (0.03) 0.977 (0.01) 0.988 (0.01)
SD+SK 50 0.370(0.46) 0.715(0.14) 0.789 (0.10) 0.834 (0.05)
SD+SK+GI 50 0.269 (0.42) 0.765 (0.28) 0.894 (0.06) 0.941 (0.04)
SD+SK+TI 50 0.600 (0.49) 0.949 (0.07) 0.973 (0.04) 0.995 (0.01)
SD+SK+GI+TI 50 0.670 (0.44) 0.949 (0.07) 0.965 (0.07) 0.992 (0.01)

scikit-learn using all the default parameters except the tree depth which is limited
to 5, to make the trained decision tree easier to interpret. By running 10-fold cross-
validation, we obtain an average MCC of 0.964. Thus, we retain our scores to be appro-
priate in distinguishing between hard and easy instances whenever the easy instances
are sampled randomly for the metric cone.

To further asses the capability of our scores in distinguishing easy and hard instances,
we use our trained DT to predict a different test set. To this purpose, we used another
collection of instances available in the literature and described in Chapter [I, We have
collected all these published instances that have less than 100 nodes, for a total of 282
instances. Using the number fo B&B nodes of Concorde as discriminator criteria, we
labeled as “easy” the instances proposed in [6, 41}, 56], and as “hard” all the instances
in [[42} [71]] and the Hard-TSPLIB we have introduced in Chapter [3}

Table reports the results of our global classification tree for the 282 published
instances. First of all, we note a decrease in the performances of the classifier with
respect to the one tested with the original dataset. More specifically, the MCC is 0.076,
meaning no correlation.

Looking more deeply at the values obtained, we observe that our global decision tree
is better at predicting hard instances than easy instances. We conjecture three reasons
for explaining this observation. The first reason is that our training set only contains
easy instances that come from a random sampling procedure, which are thus completely
unstructured. On the contrary, the instances proposed in [|6, 41]] are highly structured,
but they are classified as easy for our criteria. Indeed, our global decision tree is unable to
capture some features of a regular easy instance. The second reason is that our training
set contains instances with at most 50 nodes, while the easy instances of the test set have
mostly more than 50 nodes. The third reason for explaining the results of Table[4.3]might
be an implicit consequence of the original motivations of this work: We are focused on
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Table 4.3. Results on published instances achieved by the global decision tree.

Family Hard? Correctly predicted
TSPLIB No 4/26
Hougardy, 2014 No 1/17
Benoit & Boyd, 2008 No 0/91
Hougardy & Zhong 2020  Yes 17/17
Zhong, 2021 Yes 90/91
Hard-TSPLIB, 2021 Yes 39/40

cost features that can predict the empirical hardness of an instance, disregarding the
features of easy instances. Hence, we did not study easy instances carefully, and we did
not try to understand why they are easy. However, the effort to understand hardness
is more compelling: knowing the true sources of empirical hardness may lead to the
design of ad-hoc algorithms for each specific feature. In addition, it might help to prove
or disprove conjectures on the integrality gap of certain polytopes, such as, for instance,
the g integrality gap conjecture for the subtour elimination polytope. Lastly, we are
aware that supervised learning methods, as DTs are, are good at detecting procedural
approaches. However, we believe that the difficulty in generalizing of our procedure is
mainly due to the three reasons already discussed. As a matter of fact, our classifier
correctly predicts the instances in [[42] [71]], which are generated by other researchers
and with a procedure different than those presented in Chapter |1l The global decision
tree is reported in Figure We colored leaf nodes classified as easy with orange, while
the ones classified as hard with blue. For each node, we reported a label (node number),
the impurity of the node (imp.), and, for the non-leaf-nodes, the splitting attribute: The
leftmost node means “less or equal”, while the rightmost one means “greater”. As an
example, considering node 13: the splitting value on GI means that in node 14, GI
< 0.434, while in node 21, GI > 0.434. Blue nodes are the ones voting for “hard”, while
easy nodes are the ones voting for “easy”. Note that a first level is defined by the TI: if
this score is close to zero, instances are more likely to be classified as easy. Note also
that most of our conjectures are confirmed: hard instances tend to have higher TI (see,
e.g. nodes 27, 39), non-negative SK (see node 17, where greater of -0.034 is required,
and thus most of the instances have non-negative SK), high GI (see, e.g nodes 21 and
children). In some nodes, also the phase transition of SD is confirmed [14] (see, e.g
nodes 19, 20, 31, 38, and 39).

4.5 Conclusion

In this Chapter, we have classified the empirical hardness of the metric TSP with a binary
decision tree trained using features that depend exclusively on the distribution of values
in the cost vector. The decision trees trained for a given fixed size n show statistically
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[0,1]
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node 10 node 11
imp.:0.00 imp.:0.00
[0,8] [1,0]

Figure 4.7. Decision tree with n =40 and p = 10%.

outstanding performance for the MCC prediction score. We also trained a global decision
tree independent of n by putting all the instances (sampled and complexified) together.
We test it in two different ways. First, we do standard 10-fold cross-validation, achieving
good performances on average. Then, we test the global decision tree in trying to predict
different families of instances published in the literature. In this task, our decision tree
performs poorly, only predicting correctly the hard instances.
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Chapter 5

A branching algorithm for solving STSP

In this chapter, we introduce a novel branching strategy to solve the STSP by addressing
a sequence of minimum-weight 2-matching (MW2M) problems. The strength of our ap-
proach is the possibility to tackle this problem in polynomial time. This result implies that
the minimum-weight triangle-free 2-factor problem is fixed-parameter tractable with re-
spect to the number of triangles, but whether it is polynomial or NP-hard remains an
open problem. Although the algorithm we propose has a different paradigm compared
to standard B&C algorithms, the complexity of the instances we have introduced remains
the same. Note that in this chapter we do not require the instances to satisfy the triangle
inequality.

5.1 Background material

First of all, we start by re-stating some known definitions in graph theory.

Definition 10 (Cycle cover). Given a graph G, a cycle cover of G = (V,E)isaset Z CE
such that the subgraph G’ = (V, Z) consists of cycles only.

If the graph is weighted, it is an interesting problem to find the minimum cost cycle
cover for a graph. One important aspect is to consider cycle covers that do not contain
small cycles, aiming for cycles that are as large as possible. However, solving this problem
becomes computationally difficult as it is equivalent to the NP-complete Hamiltonian
cycle problem, which is known for its complexity. Note that, for undirected graphs, the
smallest possible cycle is a triangle. Hence, it becomes of interest to study the following
problem:

Definition 11 (minimum-weight triangle-free 2-factor problem). Given a graph G =
(V,E), find a minimum cost cycle cover without triangles, i.e., cycles of length three.

In [|66]], where was first introduced the problem, the author proved some results
about the complexity of finding the cheapest cycle covering without cycles of length less
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or equal to a certain k for different values of k. For instance, in [|66]] it is proved that it
is NP-complete to find a cycle cover without cycles of length 4 when each node of the
graph has degree 3. It is instead in P to compute a cycle cover without cycles of length
3 when each node of the graph has degree 3. The ultimate goal was to locate the cycle
length whose avoidance causes the jump from polynomial time to NP-completeness in
an arbitrary graph. Where such a jump is located it’s still an open problem [[61}, [47]].

5.2 A branching strategy for solving the STSP

Consider now the solution of the STSP using the DFJ formulation. As already stated
in the introduction, the most effective solution procedure is to first solve the MW2M
problem, and then separate iteratively all the subtour elimination constraints. Despite
the number of subtour elimination constraints being exponential, in practice, only a few
are needed to prove optimality. Table in Chapter [2| in particular, shows that for
simple instances, such as those presented in TSPLIB, the number of imposed constraints
is low. Furthermore, efficient polynomial-time algorithms exist for finding the maximal
violated subtour elimination constraint, and imposing it time by time makes the solution
globally very fast. According to [[18]], this formulation works very well in practice, and
this is due to essentially two reasons. Note that there exists a polynomial time algorithm
for solving the MW2M problem [23]], whose complexity is O(nm), where m = |E|. As
already done through this manuscript, we now focus on a complete graph, where m =
n(n—1) = 0(n?), making the complexity of the MW2M equal to O(n®). Consider now the
problem of finding the MW2M plus just one subtour elimination constraint, denoted by
x(6(S)) = 2. Satisfying such constraint requires that at least two edges cross the cut from
set S to the complement set S¢. Hence, the question is: Which nodes are involved in the
transition from set S to S°? As this transition point is not known beforehand, we create
a subproblem for each vertex in S = {sy,s,,...,s¢}. Specifically, for each subproblem i,
we require one or more edges to cross from vertex s; to S. Let

x(B6SN= >, x (5.1)

{i.j}€E | i=s;,j¢S

Asking that one or more edges cross from s; to S¢ is hence equivalent to enforce
x(5(s1,8)) = 1, (5.2)

Where 6(s,S) stands for {{i,j} € V |i =sandj ¢ S}. As we want to partition the
space of the feasible solutions, we enforce that the vertices of the set {sj, j < i}, are
forbidden from neighboring non-subtour vertices. Hence, at each iteration, we partition
the feasible space using subproblems, similarly to what is done in classical branch and
bound, where the space is progressively partitioned and leaf nodes can be pruned due
to infeasibility, bounding, or being proven optimal. Figure shows the branching tree
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x(6(s1,S)) <0 x(6(s1,8)) =1

subproblem 1

x(6(s5,8)) =1

subproblem 2

x(6(s3,S)) =1

subproblem 3

x(6(s4,8)) =1

x(6(s5,S8)) <0

x(6(s3,8))<0

x(6(s4,S))<0

subproblem 4

Figure 5.1. Expanded view of branching rule for S = {sq,s,,53,54}.

for a set of cardinality 4, where the space has been partitioned in
x(6(s,5)) <0 x(6(s,S)) > 1.

Note that, thanks to the non negativity constraints, x(5(s,S)) < 0 is equivalent to
x(6(s,S))=0.

5.2.1 Generating 2-matching problems equivalent to solving MW2M with sub-
tour elimination constraints.

We introduce a sequence of graph operations that enable solving each subproblem as an
MW2M problem in each node. The nodes requiring x(6(v,S)) < 0 can be handled easily
- we can simply remove the edges {{i,j} € E|i=v,j € S}. We will call this procedure
“edge deletion”. For the x(6(v,S)) = 1 branch, we propose a technique that we called
“paw-splitting”. This operation is similar to the commonly used node-splitting operation,
but it involves connecting the two sides using a paw graph, as depicted in Figure
This gadget is built of the original vertex plus 3 new “dummy” vertices: vy, vy, Vg. Any
edges originally extending from S \ {v} to v are rerouted to v; instead at the same cost.
Last, we add the edge {vg, v}. In total, this adds three new vertices and four zero-cost
edges. The underlying idea behind this gadget derives from the trivial observation that
a subtour elimination constraint can be satisfied in two different ways:

(a) We cross from set S to S¢ and then continue in S¢, and then go back in S.
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Figure 5.2. A paw-splitting gadget to impose x(6(v,S)) > 1.

VL

(b) We cross from set S to S¢ and then we go immediately back in S.

Point (a) is associated with leaving set S through node v, traversing the triangle
v, — vy — Vg, and then re-entering node v, ultimately ending up in S°.

On the other hand, point (b) can be satisfied by having two edges directly connecting
from v to S¢. Each feasible solution of this second type generates a subtour with cost 0,
involving nodes v;, vy, Vg, which does not impact the overall cost and can be discarded
during the procedure of recovering the optimal solution.

To recover a MW2M with the imposed subtour elimination constraints satisfied for
the original graph, simply take shortcuts through the new vertices and discard any cycles
that consist solely of new vertices. First of all, the following Lemma holds.

Lemma 5. Every 2-matching of G = (V,E) that satisfies x(6(S)) = 2, S € V, can be
mapped to one of the following graphs: (i) G’, obtained by applying paw-splitting to G
trough nodes of S; (ii) G”, obtained by edge deletion to G. The costs of the two solutions
are the same.

Proof. Let x be the 2-matching on the graph G. If x(6(S)) = 2 holds, then there exist
v,u € S and wy,w, € S¢ such that x,,,, = x,,, = 1 for some w;,w, € S°. Thanks to
the degree constraints, we also have x,, = x,,,, where z; belong to either S or S°. If
one among z;,32, € S, then such 2-matching can be obtained using the paw-gadget on v
(respectively on u). If both 2,2, € S, then this can be obtained using edge-deletion on
either u or v. The cost is trivially the same, as all the edges we add are at zero cost. [J
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Lemma 6. If graph G’ is obtained by applying edge deletion and /or paw-splitting recur-
sively to G, then short-cutting a 2-matching of G’ gives a 2-matching of G of the same cost.

Proof. Let Gy, Gy, ..., G, be the sequence of graphs obtained from repeated edge dele-
tions and/or paw-splitting, where G, = G and G, = G’. We prove that for each j =
0,1,2,...,q, short-cutting a 2-matching of G; gives a 2-matching of G of the same cost.
The statement clearly holds for j = 0. For induction purposes, suppose that the claim
holds for some j with 0 < j < q. We show the claim holds for G;,;. In the first case,
suppose that G, is obtained by applying edge deletion to G;. Then, any 2-matching
of Gj;; is also a 2-matching of G;, as Gj, is a subgraph of G;. So, the short-cut of
the 2-matching of G;,, is the same as the short-cut of the 2-matching of G;, which is
a 2-matching of G, by the induction hypothesis. In the other case, suppose that G;,
is obtained by applying paw-splitting to G;. The difference between G; and G;,; is the
paw-splitting gadget. The nodes of the gadget can be involved in the solution in two
different ways, as all the degree constraints must be satisfied. In one case, the gadget
is traversed v — vy — vy = v; — w € S, and the cost of traversing this gadget is
equivalent to the cost of traversing v — w, as all the remaining costs on the edges are
0. As shortcutting this procedure leads to a 2-matching on G;, the statement holds by
induction. On the other hand, nodes vy, vy, v; build a loop by themselves. In this case,
discarding such a loop is at 0 cost and the 2-matching only involves nodes from G;. [

5.2.2  Algorithm for Given Subtour Constraints

Let’s focus on the task of finding a minimum weight 2-matching with subtour elimination
constraints with the minimum weight in the graph G = (V,E). The matching’s weight
is determined by the costs ¢ associated with the edges, and it must satisfy the subtour
constraints imposed by given vertex subsets Si,S,,...,Si. To solve this problem, we
propose a recursive algorithm called ralg. To use this algorithm, input the graph G and
the collection of subsets & =S4, S,,...,Sk-

ralg(G,):
* if & =0, return the cost of a minimum-weight 2-matching of G (or oo if infeasible)
* select a vertex subset S = {sq,5,,...,5} from the collection
* from G create subproblems G4, G, ..., Gy using the paw gadget and edge deletions
e return min{ralg(G;,# \{S})|1<j < f}

We remark that the last subproblem G, does not need the gadget, as we can simply
remove the edges between s¢ and the rest of S.

Theorem 12. The algorithm ralg is correct and solves |S1||Ss| - « - |Si| minimum-weight 2-
matching problems, each having at most n+ 3k vertices and m+4k edges, with a complexity
of k!'-0(n* +k?).
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Proof. First, we consider the number of 2-matching problems. By the recursive nature
of the algorithm, the bottom of the search tree has [S;[|S,|- - - |Si| leaf nodes in which
a min-weight 2-matching problem is solved (when ¥ = (). The depth is k, and each
application of the gadget adds 3 vertices and 4 edges, so the leaf nodes of the search tree
have graphs with (up to) 3k more vertices and 4k more edges.

Now, let us consider the correctness. By recursively applying ralg, we recursively
apply edge-deletion and paw gadget. Thus, the MW2M on the final graph is a feasible
2-matching for the original graph, thanks to Lemma 6] Let w such solution and z,, its
cost. We claim that short-cutting w leads to an optimal solution, namely the original
graph did not contain any 2-matching satisfying all the subtour elimination constraints
that cost strictly less. If this was the case, consider such solution x at a cost z,. By
contradiction, it follows that z, < z,. Consider now and a MW2M y on the original
graph at a cost z,,. By comparing x and y, we can build from y a sequence of problems
by paw-gadgets and edge deletion, where the final has a cost z,. Let x’ such solution.
Note that x’ is in the list we check in the recursive procedure of ralg, hence should
have been returned at a certain point. But this is not the case, as it costs z,., which costs
strictly less than z,,, that is the final solution of ralg. Contradiction.

Regarding the complexity, In the base case where % = {J, the algorithm returns the
cost of a minimum-weight 2-matching of G. This has a complexity of O((3k + n)(4k +
m)) = O(k? + n®) in the worst case of the complete graph, where the graphs have O(n?)
edges. n each recursive call, the algorithm selects a vertex subset S from % and creates
subproblems Gy, Gy, ..., Gy using the paw gadget and edge deletions. The number of
subproblems created depends on the size of S and the specific construction of the paw
gadget. However, since S is a subset of the vertices, its size is at most n, so the number
of subproblems is also at most n. Note that creating such subproblems can be done in
constant time. The algorithm then recursively calls ralg on each of the subproblems and
takes the minimum of the returned values. This results in a recursive tree structure,
where each level corresponds to one vertex subset S and each node has f children (f
depends on S and is at most n). Therefore, by denoting with C(n, k) the complexity of
the algorithm on the whole collection of sets, we have that

C(n, k) =kC(n,k—1)+no(k? +n®)

as we solve a minimum weight 2-matching for each element of S, that has at most car-
dinality n — 3 = O(n). Hence, the whole complexity is

klo(n* + k?).
O

Corollary 1. The minimum-weight triangle-free 2-matching problem is fixed-parameter
tractable

Proof. Simply run the algorithm described by the previous theorem considering {S;, S,
..., Si} of cardinality 3. O
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5.2.3 Algorithm for TSP

Here, we provide a combinatorial branch-and-bound algorithm cbb for solving the STSP
Similar to the recursive algorithm, it uses the gadget and edge deletions to branch on
subtours. However, it detects and imposes violated subtour constraints during the exe-
cution of the algorithm. Another change is that the final subproblem can be omitted, per
an earlier observation, since we seek only STSP tours.

cbb(G):

* initialize ¥ < {G} and z « +00

* while ¥ # 0 do

. select and remove a subproblem G from ¥
. find a minimum-weight 2-matching x of G, let z its cost.
. if the cost ¢Tx > z, then continue

. find the connected components (cycles) Cy,Cy, ..., C, of x

. if there is a unique nonempty V;, then update z « c’x and continue
. find the smallest nonempty V; = {s1,5,,...,5;} to branch on

1
2
3
4
5. identify their original vertices, V; < Vo NV(C;) for j € {1,...,q}
6
7
8. using the gadget, create subproblems G, G,,...,Gr_;

9

.Y <—9Yu {GliGZ"'wa—l}
e return gz and the shortcut of x.

In the terminology of branch-and-bound, line 1 is node selection, line 2 provides a
(combinatorial) bound, line 3 prunes by bound, line 6 prunes by feasibility, and lines 7-9
give the disjunction/branching.

Theorem 13. The algorithm cbb correctly solves the TSP in kO (n3 +nk? + nx + kg),
where k is the number of subtour needed.

Proof. First, let’s prove the complexity statement. As in the previous theorem, for each
S; we have to solve O(n) minimum weight 2-matching. However, in this case, for each
iteration, we have to find connected components (O(n +m + 7k))) and the minimum in
a list having each time at most | (n + 3k)/3] elements ( As this is the maximum number
of connected components). Hence we have

kO(n+3k)[O((n+ 3k)(m+4k)) + O(n+m+ 7k) + O(n)].
By doing the computation, we have
kO (n3 +nk? +n’x + kg).
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Regarding correctness, we can perform the same argument as in Theorem Any fea-
sible solution of cbb is hence a feasible STSP for the original graph and it costs the min-
imum. Otherwise, it is possible to recover a solution leading to one of the G; explored
in cbb leading to a strictly smaller cost. O

Remark 14. We want to clarify that this is not a polynomial algorithm for the STSP. Note
that the theorem states a result that is polynomial in n and k. Although in practice just
a few subtour elimination constraints are needed, in theory, k = O(2").

5.3 Computational analysis

In this section, we assess the performances of the algorithm we propose “in practice”.
We would like to note that our claim is not to assert that our algorithm performs better
than the state-of-the-art solver Concorde, as when comparing different algorithms, we
are not comparing the algorithms “themselves”, but rather their implementations. Note
that the core of this chapter is not to focus on an efficient implementation. Rather, we
aim to verify whether instances that prove to be complex for a B&C paradigm are also
complex for our paradigm.
In particular, the following tests serve to answer three research questions:

1. Is the complexity of an instance of the STSP related to the algorithm used to solve
it, or is it intrinsic to the instance itself? Are the instances that result empiri-
cally hard for Concorde even hard in general or just for Concorde? For example,
Concorde uses several valid inequalities besides linear relaxation, which are not
considered in our algorithm. To be more precise, our algorithm only relies on the
integral solution of the 2-matching, which can be solved in polynomial time using
[23]. In practice, an efficient implementation of such an algorithm was not avail-
able in the literature. For this reason, we opted to use our own implementation of
Gurobi to solve the 2-matching. Note that this is insufficient on its own to justify
the difference in the approaches, as Concorde utilizes several other routines. Nev-
ertheless, our preliminary results indicate that instances challenging for Concorde
face a bottleneck in solving the linear relaxation. Therefore, we conjecture that a
procedure not relying on routines implemented in Concorde may exhibit different
performances

2. Let
STSP(c)

2M(c)
We call this value 2-matching gap. Intuitively, it is natural to conjecture that if
a?M(c) is small, our algorithm requires fewer iterations, as the initial relaxation is
already very close to the optimal solution, namely a tour. We have already verified
that such a relationship between the integrality gap with respect to LP relaxation
and the complexity of an instance is not present.

a*M(c) := (5.3)
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3. Furthermore, we are interested in understanding how much the graph and the
number of subproblems on which we iteratively solve the 2-matchings grows as the
iterations increase, and whether this could be a hurdle to consider in case of future
development involving an efficient implementation of the proposed algorithm.

Implementation details. The branching algorithm has been implemented in Python,
using Gurobi as an optimization solver. At each iteration, we branch and the smallest
subtour elimination constraint we find. We ignore, namely we do not branch, on subtour
elimination constraints related to the paw-gadget nodes.

Results We perform two different tests: one on the TSPLIB and the other on the HardT-
SPLIB we have introduced in Chapter[3] Before running these experiments, we sorted the
instances from TSPLIB and Hard-TSPLIB by the number of nodes and then solved them
one by one, retrieving for each instance: the number of nodes in the resulting graph -
the one leading to the optimal solution after shortcutting- the number of subproblems
that were explored, the value of @™ (c), and the runtime. Table[5.1]and[5.2|report these
results.

Regarding the TSPLIB, we observed that when applying our procedure to the brazil58
instance, the number of subproblems to handle becomes too large, and the computa-
tional resources we allocated, as described in the introduction, are not sufficient. First
of all, it is interesting to note that there is no clear relation between a?™(c) and the
empirical hardness. For instance, gr48 and hk48 have 48 nodes and a similar value of
a?M(c). However, att48 requires 10 times the computational time of gr48. The reason
lies in the number of subproblems explored. The more subproblems are needed to prove
optimality and the bigger the number of nodes, the more complex is one instance with
respect to this procedure.

The observation with which we started this section is confirmed: the instances of the
Hard-TSPLIB remain difficult even for this approach. For example, for n = 16, instance
16038 proves to be much more challenging than ulysses16, both in terms of computa-
tional times and subproblems to explore. We also observe that in the Hard-TSPLIB, the
phenomenon of out-of-memory still occurs, but with instances that have a much smaller
size. In particular, instances with 30 nodes cannot be solved with the computational
resources we have allocated.

5.4 Conclusion

In this chapter, a new branching strategy for solving STSP has been proposed. The
strategy involves solving a sequence of MW2M problems on a sequence of extended
graphs, incorporating subtour elimination constraints. To do so, we introduce some
operations such as edge deletion and paw-gadget extension. As a consequence, the
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Instance n n #subp. a?M(c) Runtime

burmal4 14 45 23 1.107 0.566
ulysses16 16 326 31 1.122 2.643
grl7 17 94 26 1.238 1.335
ulysses22 22 8704 46 1.138 107.854
fri26 26 130 41 1.061 4.251
bayg29 29 379 41 1.040 15.687
bays29 29 106 38 1.037 4.251
swiss42 42 137 57 1.038 10.050
dantzig42 42 777 57  1.082 85.857
hk48 48 2982 72 1.024  296.219
att48 48 27944 78  1.054 2899.279
gra8 48 2327 78 1.050 307.969
eil51 51 66 60 1.017 9.675
berlin52 52 46 61 1.053 6.267

Table 5.1. Instances from TSPLIB tested with the branching procedure described in this
chapter. Instance name, number of nodes, number of nodes in the final graph on which
the 2-matching is solved to obtain the optimal tour, Number of subproblems, a?"(c) ,
and runtime.

minimum-weight triangle-free problem is fixed-parameter tractable. The proposed algo-
rithm presents a different paradigm compared to standard branch and bound algorithms,
hence, it is interesting to assess the impact of such an algorithm on the hard-to-solve in-
stances we have introduced. First, we observe that instances challenging for Concorde
remain challenging when employing this branching strategy, suggesting that hardness is
an inherent characteristic of these instances.

Second, mirroring our previous investigations into the integrality gap, we noticed
that the 2-matching gap, which quantifies the difference between the problem’s value
at the root node of our branching tree and the optimal value, might somehow correlate
with the degree of difficulty. However, as previously discussed, this is not always true.

Third, we note a substantial increase in the number of subproblems and the dimen-
sion of the graph when extended with gadgets (See for instance the fourth columns of
Table[5.1|[5.2} this is the number of 2-matching problems to evaluate). This presents a
noteworthy challenge when considering the design of an engineered implementation of
this algorithm.
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Instance n n #subp. a?M(c) Runtime

10001 10 50 13 1.152 0.421
10007 10 26 16 1.101 0.324
10008 10 53 13 1.155 0.439
10010 10 16 13 1.155 0.232
11675 11 86 14 1.181 0.539
12290 12 168 18 1.129 3.766
14850 14 718 17 1.199 8.562
15002 15 1735 27 1.111 39.084
15005 15 1244 24 1.133 40.172
15007 15 1514 27 1.093 65.225
16038 16 1435 22 1.211 53.645
20004 20 28896 32 1.217  1507.004
20007 20 23696 29 1.142 978.879
20009 20 34959 56 1.129  2050.439
20012 20 28013 32 1.129  1452.976
gr24 24 414195 42 1.316 12365.229
25001 25 207212 100 1.152 14955.405
25004 25 207810 85 1.152 15406.681
25006 25 92907 40 1.196  7602.673

Table 5.2. Instances from Hard-TSPLIB introduced in Chapter tested with the branch-
ing procedure described in this chapter. Instance name, number of nodes, number of
nodes in the final graph on which the 2-matching is solved to obtain the optimal tour,
Number of subproblems, a?¥(c), and runtime.

79



80



Chapter 6

Computing the Exact Integrality Gap of
small Asymmetric Traveling Salesman
Problem via Vertex Analysis

This chapter has two main contributions. First, we provide lower bounds for the inte-
grality gap for the Metric ATSP for n < 18 by the vertices of the polytope P,..., revising
the strategy already adopted in [24]. For n < 15, we recover the same results as known
in the literature. We combine a pivoting-based algorithm and an inductive strategy, that
generates vertices from P, to PA’;’Elp, in order to obtain as many classes of vertices
as possible. Our pivoting-based strategy results in being more effective with respect to
what is provided in [[24]], but as it is time-consuming, we can only use it for n < 10. As
a by-product of such computation, we generate Metric ATSP instances. Second, we also
analyze them in terms of computational complexity, looking for connections between a
high integrality gap and the computational hardness of the instance. We show that our
procedure also exhibits some hard-to-solve instances.

This Chapter is organized as follows: in Section we explain our methodology
starting by revising background material. In Section the symmetries of the polytope
PJspp are explored. In particular, a group of automorphisms is identified, which enables
us to explicitly generate the orbits of the vertices, that is the classes of isomorphic extreme
points. Section [6.3| revises the basis of the pivoting algorithm and illustrates how we
will use it in our pipeline for vertices generation. Section illustrates a technique
that generates vertices of PK;Elp from vertices of Pyqg,. Section discusses the results
obtained. This chapter is part of a broader work that we will publish soon, once further

details are finalized.
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6.1 Background Material

In this section, we revise the technique presented in [24]], which is the starting point of
our work. Based on the idea firstly introduced in [6] for the symmetric TSP and in [[24]]
for the asymmetric TSE we can divide the cost vector ¢ by the optimal value ATSP(c).
This normalization provides a new cost vector ¢’ that maintains the triangle inequali-
ties and preserves the value of the integrality gap, namely a(c) = a(c’). Therefore, it
becomes possible to confine ourselves to metric cost vectors ¢ for which ATSP(c) = 1.
Consequently, we can convert the original problem of maximization into a problem of
minimization:

— = min ASEP(c)= min min c¢’x. (6.1)
a ¢>0 is metric, ¢>0 is metric, xePASEP
ATSP(c)=1 ATSP(c)=1

[24] enumerates the vertices of P{., to find a solution to (6.1). That is, they rep-
resent Py, as the convex combinations of its vertices which are finitely many. Let us
denote with &, the set of all vertices of P{s.,. They claim that it is possible to com-
pute the exact integrality gap a, by solving one LP for each vertex of & ... This is a
direct consequence of the fact that there exists, for each LB at least an optimal solution
attained at one vertex.

The authors called this problem Gap(x), and showed that

1
ma
xe%gSEP Gap(x)’

AATSP =

Let 7, be the collection of the incidence vectors z € R¥! of all possible tours of A.

Intuitively, we want to find a cost vector x, which minimizes the value of ASEP(c)
and keeps the value of ATSP(c) fixed to 1. We also want the optimal solution of ASEP(c)
to be attained precisely at the vertex we provide as input. Thus, given a vertex x of
the Gap(x) problem is defined in [24] as

ASEP’
i=1 j—l J#i
s.t. Z Z Xii%iC5 = VzeT,  (6.3)
i=1 j=1,j#i
Cij < Cik F+ Cjk Vi,j,keV (6.4)
;=0 V(i,j)€A  (6.5)
=y =y = ) [@s1GNEFENZ0 V(i) EAAR)  (6.6)
Ses(x)
=y =yt = > ([l (L)ESEN=0  V(i,j)EAX)  (6.7)
SeS(x)
ds >0 VSes(x)  (6.8)
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Where
A(x) = {(i, j) € Asuch that x;; > 0}

and
F(x)={S cAsuchthatx(6(S))=1and 2<|S| <n—2}. (6.9)

Constraints ensure that the optimal solution ¢* of Gap(x) for every x is such
that ATSP(c*) = 1. Constraints and (6.5) ensure that the costs are non-negative
and the triangle inequality holds. Note that the case of ¢;; = 0 is allowed. Constraints

(6.6)-(6.8) ensure that

x* earg min c¢*x & c¢* €arg min Gap(x™). (6.10)
X€PYsro ¢,y ,d satisfy (6-3)—(6-8)

Thus, the argmin ¢* of the program Gap(x™) is such that, once ASEP(c*) is solved, the
minimum is attained precisely at x*. We refer the interested reader to [24] for further
details. What is of interest to our extent is this program as a way to compute the exact
value of the integrality gap attained by all the ATSP instances having as optimal ASEP
solution the input vertex.

6.2 Symmetry group of Pyyp

A basic issue arising at this point is the nature of the symmetries of the polytope P ...

First of all, we recall that ATSP can be modeled as a problem on a directed weighted

graph D, = (V,,A,). By observing constraints - and (1.11)), which define
Pjsgp, tWo important considerations can be made: the first is that the costs ¢;; do not
appear in the constraints. In other terms, the feasible solutions do not depend on the
weights on the arc A,. The second consideration is that, due to the structure of the
constraints, they are not affected by a permutation of the node indices. More precisely,
any relabeling of the nodes i € V,, induces just an internal permutation of the constraint
groups (1.2)), and (1.4), which leaves the feasible region unchanged. Consequently,
it is possible to identify a group of automorphisms of the polytope induced by the
symmetric group S, of permutations of the nodes i € V.

In order to formulate the automorphisms of X, explicitly, it is useful to convert
the feasible solutions into matrix form. More precisely, we can rewrite any feasible so-
lution x € Pjq, as a matrix X € [0,1]"*", with the corresponding components x;; for

i # j and setting x;; = 0 for i = j.

n
PASEP

Now, consider the symmetric group of permutations on n elements S,,. Let =t € S,,,
such that 7 : i — 7(i), be a permutation of the nodes i € V,,. For any feasible solution
X € P{yp, with matrix representation X, it is possible to generate a new feasible solution
x’, expressed by a matrix X’, by applying the permutation 7 to the nodes of the graph.
It must hold

Xy = i V6T € Ve
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This means that X’ is obtained by permuting rows and columns of X according to 7. Let
us define the permutation matrix P, = (p;;) associated to 7 € S, as follows

1 ifi=n(j)
Pij =

0 otherwise.

It is easy to see that in the product P, X, the permutation matrix P, permutes the
rows of X according to 7. Since also the columns of X have to be permuted, we apply
P, to the transpose of P X. Thus

x' = (Py(P.x)") = (P x"PI) =P xP!.

In conclusion
X' =P, XP[.

A notion that we will widely use is the isomorphism between digraphs. Hence, let us recall
some helpful definitions.

Definition 12 (Support digraph). Let x € & [szp. The weighted support digraph of the
vertex x is the graph H(x) defined on the set of nodes V,,, having an arc (i, j) with the

weight x;;, if and only if x;; > 0.

Definition 13 (Isomorphism between weighted graphs). Two graphs D = (V,Ap) and
F = (V,Ap) on n nodes are isomorphic if there exists a permutation 7 of V such that
(u,v) €eAp < (m(u), n(v)) € Ap. Furthermore, the weights of the edges must satisfy

Crw)n(v) = Cuvs Yu,veV,.
Example 15. Consider x € PK’SEP defined by
1 111 _1_1_ 11\
x: _70)_5_)_’0)_’0’_’0’_) .
2772272 72 "2 72

Its matrix version is hence

N | =

»

Il
O NI=NI= O
D= O O NI

NI= O NI O
O NI O D=

This feasible solution is associated with the support graph in Figure left. Let
m =(1,2,3,4) be the permutation such that (1) =2, n(2) =3, n(3) =4, n(4) =1.
Thus, in this case

o O = O
o = O O
= O O O
S O O =
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Figure 6.1. Two isomorphic vertices obtained via vertex permutation. Each arc is
weighted %

and we obtain

00 3 1
1 1
Lo Lo
!/ _ T _| 2 2
X' =P, XP! = 0101
7 3 00

which corresponds to the graph in Figure on the right.

Consider now the action of the symmetric group S, on the polytope
for a given T € S,

n
Pigpp- Let be,

& : Pasep = Paspp
X+— P, XP!

With a slight abuse of notation, we will write g,.(x) and g,(X), interchangeably.
Consider the set of all the feasible permutations of elements of P/, namely

G(n):={g, | meS,}.
Then, the following holds.
Theorem 16.
1. The set G(n) is a group.
2. X is a vertex of

& g.(X) is a vertex of for all X.

n n
PASEP PASEP

3. The support graph of X is isomorphic to the support graph of g.(X).

Proof. Let X' := g.(X).
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1. We observe that G(n) inherits the properties of S,,. More specifically:

* The identity of G(n) is defined by g;4q where id is the identity of S,,: P is
the identity matrix, and thus X’ = X.

* The inverse element of g, € G(n), namely g;l is obtained through g -1, since
that P,-1 =P 1.

* To show the associativity, we have to show that

(gnlgnz)gn3 =gn1 (grrzgn3) VX: Vﬂ:l:nZJ T3 eSn-

This is a direct consequence of the associativity of matrix products and the
transposition of the product of matrices.

2. Proposition 4.3.1 in [24] proves an equivalent result. In summary, as x is a vertex,
is a unique solution of a set of equalities. By applying 7 to the indices of the
coefficients of such equalities, we obtain a set of valid equalities for g.(x).

3. As g,.(X) is mapping from X through 7, we have that the support graph remains
unchanged.

O

Claim 3 of Theorem [16| states that the classes of vertices with isomorphic support
graphs, as introduced in [24]] are equivalent to the orbits of the action of the group
G(n) on & pp- Note that the action is well-defined for any point in PJ.,, but for our

ASEP>
purposes, it is enough to focus on the set of vertices Z{¢.,. Let G be a group that acts
onasetS andlets€S.

Definition 14 (Orbit). Let G be a group and denote with g its elements; Let S be a set
and denote with s € S it’s element. Let g - s the action of the element g € G on element
s €S. The set

O,={g-s€S|geG}

is the orbit of the element s.

Definition 15 (Stabilizer). Consider the same notation of the previous definition, The
set

G :={geGlg s=s}
is the stabilizer of G with respecttos €S.

This is a subgroup of G. In our framework, since G(n) is a group of automorphisms

of the polytope Py, we define the orbit of a feasible solution x € P, as the set

Oy ={8r(x) | 8- € G(n)},
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and its stabilizer as
Gy ={8,€G(n) | g(x)=x}.

We observe that the orbits have different lengths. More specifically, by the so-called
orbit-stabilizer theorem we have the relation

|G(n)| = |Gx||0x|

The result regarding the stabilizer being a group, as well as the orbit-stabilizer theorem,
can be found by the interested reader in [3]].

Note that |G(n)| = n!. Furthermore, we know that the cardinality of the stabilizer
divides the cardinality of the group since the stabilizer is a subgroup of G(n). A relevant
point for the geometry of P/, is the size of the orbits of its vertices. A trivial upper
bound for the size of each orbit is given by |G(n)| = n!. On the other hand, we observe
that the shortest orbit is always the orbit of the integer vertices, namely one of the tours.

As we have precisely (n— 1)! tours, we can derive the following
Lemma 7. For each x an integer vertex, |G, | = n.

Proof. We have that there are (n — 1)! tours, all belonging to the same orbit. Hence,
thanks to the orbit-stabilizer theorem

O

Note that we claim that the stabilizer of the tour is the biggest possible. Therefore,
our result suggests that 1 < |G,.| < n. Hence, this would imply

(n—=1)! < |0, <nl.

This means that, in general, orbits are large, and many vertices belong to the same orbit.

Remark 17. Note that vertices belonging to the same orbit have the same integrality
gap. This follows directly from Proposition 4.3.1 in [24]: If x’ € O, then there exists
g € G(n), such that x” = g (x). Let ¢* € argmin Gap(x).

Gap(x) =c""x = g-(c*)gn(x) = Gap(x”).

Where the first equality holds by definition; the second holds because applying a
permutation to both entries of the scalar product does not change the value of the scalar
product; the last equality is because if there existed ¢’ such that ¢x' < c*Tx, then
g;l(c’ ) would lead to a solution of minor cost w.r.t the one provided by c*T, making this
latter non-optimal.
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6.3 Pivoting moves between vertices

The construction presented so far allows us to explore the orbits, that is given a vertex
X € X sp> We can generate all the vertices in its orbit O,.. In this section, we use some
strategies yet introduced for the design of the Simplex Method [20] to recover vertices
from other orbits. The idea is similar to one presented in [24]. Instead of pivoting
only on the vertices with unique cobases, we pivot on all of them. Unlike the approach
adopted in [[24], in the case of n = 6, we can recover all vertices using pivoting moves.
However, this approach exhibits high computational complexity and therefore can only

be exploited for a very small number of nodes, particularly until n < 10.

6.3.1 Standard form polyhedron for Pjqpp

Note that P, is defined through equality and inequality constraints. Thus, we add
slack variables to recover the polytope in standard form. In our case, we need one slack
variable for each constraint (1.4). Let ng be the number of subtour elimination con-
straints. The number ng can be determined by counting the number of sets S such that
2 <|S| < n—2, namely ng = 2" —2n—2. Let x € R™"s and let A € N2ns)x(m+ns) apd

b € N@"*715) defined by the following set of equality constraints:

n
subject to inj =1, j=1,...,n (6.11)
i=1
n
>ix=1, i=1,...,n (6.12)
j=1
> x—xs=1, VScVsuchthat2<|S|<n—2.  (6.13)
i€5(S)
We define the standard form polyhedron of P/, as
P = {x € R™"s such that Ax = b and x > 0}. (6.14)

ASEP
Lemma 8. Let r(n) :=rank(A). Then, it holds r(n) = 2n+ng — 1.

Proof. As it has been yet observed in [[5]] we have precisely 2n — 1 linearly independent
constraints among the degree constraints (6.11))-(6.12)). Each subtour elimination con-
straint has a —1 at the column m + i, where i € {1,...,ng}. As it is the only non-zero
entry in the (m + )" column of A, we have that all such constraints are linearly inde-
pendent (and also independent from the degree constraints). O

6.3.2 Pivoting strategy

Consider a linear program (LP) in the standard form
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max clx
st Ax=Db (6.15)
x >0.

The simplex method starts with an initial feasible solution and iteratively improves
it by performing pivoting steps. A pivot element is selected to determine the direction
of improvement, and variables are exchanged to increase the objective function value.
This process continues until no further improvement is possible, resulting in an optimal
solution.

In our framework, the objective function is disregarded, and an exploration of neigh-
boring vertices is performed. The pivoting step involves selecting a variable from the set
of basic variables and letting it enter the base, while another variable is forced to exit.
We have observed that all the vertices we found are degenerate, hence the number of
non-zero entries is strictly less than r(n). As a consequence, more bases are feasible for
a given vertex x of Pqpp.

Hence, given a vertex, we explore all possible feasible bases. Such bases contain all
the non-zero entries by definition, but they are not enough to be a stand-alone basis, as
they are always strictly less than r(n). Hence, we include also all possible combinations
of zeros to saturate the base’s dimension. More specifically, variables in basis should be
chosen among the (i, j) € A such that x;; = 0 and the 2 < |S| < n— 2 such that x5 = 0.
Thus we apply the primal simplex method by considering all the possible feasible bases.
For each vertex of P, let nz(x) the number of non-zero entries of x. Each of these

ASEP’
variables is forced to remain base. Let hence n,(x) the number of zeros of x. It holds

nz(x)+nz(x)=m m=|A|.

To clarify this notation consider the integer vertex representing a tour for n = 4, that is
1 —>2—3—>4— 1. In terms of arc variables, 4 are non-zero, while 8 are zeros. Here
r(n) =13. Let & :={{1,2},{1,3},{1,4},{2,3},{2, 4}, {3,4}}. We have

X{{1,2} = X{1,4} = X{2,3} = X34} =0 X{1,3} = X{2,4}-

Hence,
ny(x)=12 nz(x)=38.

In conclusion, the remaining r(n)—nz(x) entries should be chosen among the entries
equal to zero. Thus we need to test

(r(n;lz—(flz)(X))

different combinations. Vertices obtained through a pivoting step are called adjacent and
share a number of tight and linearly independent constraints equal to the dimension of
the space minus one. Thus, given x vertex of ﬁZSEP, we can list all the elements of A"(x)
through a pivoting step. More formally:
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Definition 16 (Neighborhood). We call neighborhood of a vertex x, and denote it with
A (x) the set of all the vertices adjacent to it, that is, the set of all the vertices that can
be obtained through a pivoting step from x.

Note that exhaustively listing the 4 (x) for a given x is infeasible in practice. For
instance, for n = 6, each tour has 42 zeros out of 80 variables, and r(6) = 61. It holds

( 42 ) - (42) — 446,775,310, 800
61—(80—42))  \23

combinations to explore. With only the purpose of obtaining as many representatives of
vertices as possible, we can limit the number of iterations to a certain number or time
limit. In this way, we aim to balance between exploitation of a single vertex, that is
how much we are interested in the neighborhood of a vertex and exploration of the full
polytope, by moving from the neighborhood of one vertex to another. Hence, given a
time limit T, our function

N (x) = Pivoting(x, T) (6.16)

returns only a subset of A4'(x), namely the adjacent vertices that the strategy is capable
of finding within a time limit. More details follow in Section

Another interesting result that allows us to reduce the number of vertices we want
to pivot on is the following:

Lemma 9. Let x' € %, and x* € O,1, where x> = g, (x'). Hence, x> € A (x') if and

only if x* € N (x?), where x* := g_(x?),

Proof. First, we use the transformation 7t to sort the rows of the constraint matrix, by
mapping each degree constraint associated with i to 7(i), and each subtour elimina-
tion constraint associated with S = {s;,...,s¢} to 7(S) := {sy,...,5¢} and each non-
negative constraint accordingly. With a slight abuse of notation, we will call (i) the
mapping of the i'" constraint. Note that x° shares exactly m — 1 linearly indepen-
dent and tight constraints with x!. ij,...,i,_1, irln are this set of constraints of x! and
11, eesim1, if;l is the one of x2, then, 7 (i;),..., w(i,_1), T (lrln) is associated to x2 and
m(i1),-.., T (im_1), 7 (i3) is hence associated with x*. Thus, x* € A4/ (x?). O

Hence, if we have two isomorphic vertices, it is enough to pivot only one of them, as
the second will have the same neighborhood (up to a transformation g,).

Letyq,..-,¥n, € 5:@, that can be obtained from x € P, trough a pivoting step and
such that y; # x for all k € {1,...,n,} (Non degenerate pivoting). Then, there exists
k such that x and y; belong to two different orbits. Note that two vertices belong to
the same orbits if and only if their support graphs are isomorphic. Assume that all the
neighbors of a vertex x belong to the same orbits of x. Thus, all they have isomorphic
support graphs. Inductively, also all the neighbors of the neighbors of x will belong to
the same orbit of x. As we can reach every vertex through a finite number of subsequent
pivoting steps, we have that all the vertices have isomorphic support graphs, that is all
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the vertices have a support graph isomorphic to a Hamiltonian cycle. This would imply
that PZSEP is an integer polytope, but that is not true. Another result derived from Lemma

[9)is related to the so-called polyhedral graph.

Definition 17 (Polyhedral graph). A polyhedral graph is an undirected graph formed
from the vertices and edges of a convex polyhedron.

Let Gpn be the polyhedral graph of P . It follows directly from Lemma EI the
following:

Corollary 2. For all T € S,,, g, € G(n) is an automorphism of Gpr that is an adjacency
preserving bijection on the set of vertices

pn+1

: n
ASEP from vertices of P

6.4 Computing vertices of ASEP

We specialize some results in [24] to obtain a strategy for generating vertices starting
n n+1
from Py¢pp t0 Pigip-

Let us start by recalling some definitions:

Definition 18 ([24]). Let S C V; and x € PX_... If

SEP*
x(BS)= Y, x=1
(i,j)es(S)

Then, S is called a thight set (t.s)

Definition 19 ([24]). Let S € V; be a t.s and x € PX 517!

\sep - 1hen we can collapse the set
S in node w as follows:

Dises Xus V=W
(x dy (S = Zses Xsy U=W
Xy otherwise

Lemma 10 ([24]], Prop. 3.3.1). Let x € PAZ<SEP and let S C V; t.s of x. Then x |,, (S)

k—|S|+1
belongs to P,¢pp

From our preliminary observation, we notice that a lot of vertices, especially the ones
associated with high values of integrality gap, contain a basic structure that we named
A-loop. Figure|6.2|shows an example of such a structure. It consists of two arcs of weight
Aand 1—A, with 0 < A < 1, involving two nodes.

More formally:

Definition 20 (A-loop). Let x vertex of PK = A and

SEP
=1—A. We say that x contains a A-loop V;V,.

and let v;, v, €V, such that x,, ,,

XV2V1

: : : n n+1
We implement a strategy for generating vertices from P, of P/d, that we named
A-loop break.
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o0

Figure 6.2. A A-loop

A A;m\
@7 @7
i) )¢
@ @D._) 2
2 > "1

— 1 e
(2) x (b) % 1 ()

Figure 6.3. From x € P}, to x 1 (vy,vy) € Pitl,. Here, A=1—A.

6.4.1 A-loop break

Definition 21. Let x vertex of PJ.., that contains a A-loop V;v,. Then, we can define

uv € {vyvs, v3v5}

(X TV3 (V15v2))uv =

A

1—2A uve{vyvy, vyvs}
0 uv € {vyvy, vy}
XUV

otherwise

Figure show an example where A = % The underlying idea comes from the

observation that vertices tend to have several loops in their support graphs. See for
instance Figure [6.6]
Note that the following holds:

Lemma 11. In the configuration of Definition S = {vy,vs} is a tight set for x T

(Vl’ Vz)-

Proof. Letx’ =x 1" (v1,v5)

X5 =D xyp+ 2, Xy

bev ber
b#v3 b#v;

given that
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valb:1:> valb=1—XV1V3 =1—A

bev beVv

b#vs
Dixp=1= > x,5=1-x,, =1-(1-2)=21
bev beV

b?é\/l

=x'(5(8)=1-A+A=1

By using results from [[24]] we are thus able to retrieve the following:

Lemma 12. If x is a vertex of Pjqpp such that contains a A-loop V1V, then x %3 (v1,v,) is

n+1
a vertex of P,¢rp.

Proof. Let x’ := x 1"* (v1,v,). Clearly is feasible. To show that is a vertex, assume by

contradiction that there exists y’, 2’ € Pid and p € (0,1) s.t

x'=uy' +(1—w2z'.
Let S = {v;,v3}. Note that
x'(8(8)) =1=puy'(8(8))+(1—wsz'(5()) (6.17)

As y’, 2’ are feasible, we have y’(5(S)) = 1 and 2’(6(S)) > 1. As the equality should
hold, we have then 2'(6(S)) = y’(8(S)) = 1. Thus, are well defined

yi=b, ¥(S) z:=l, #(S).
Thanks to Lemma([10| 2,y € Picgp- Clearly
x =y +(1—wpz.
This can be verified entry by entry. As an example, consider the case e = uvy:

.u'yuvl + (1 _M)zuvl =
/ / / / _
M(yu"l +yuv3) + (1 _M) (zuvl +ZUV3) B

[My;v1 +(1- u)zl'wl] + [uy;V3 +(1- u)z;vg] =

/ /7
xuvl + xuv3 = Xuy,
Thus x is not a vertex of P,... Hence, we get a contradiction. O
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Remark 18. The reasons why we introduce this kind of structure are twofold: firstly, as
yet noticed, we have observed that loop structures are very common in vertices with a
high integrality gap. Secondly, we have observed that starting from a vertex of Py, and
obtaining vertices of PKJE}P by breaking loops, the integrality gap always increases. See
Section for evidence on this topic.

Remark 19. A similar idea has been explored in [24]. In this work, the author pro-
poses an operation called 2-jack insertion, where a node satisfying certain hypotheses is
replaced with a A-loop using A = % Note that two adjacent A-loops satisfy such condi-
tions, and hence they use this strategy to iteratively insert one loop between two loops in
vertices having a large integrality gap. Our strategy is hence more general with respect
to the one they propose, as we deal not only with half-integer vertices but with all types
of vertices. Hence, our computational results on the integrality gap will provide lower
bounds that are at least as strong as the ones they provide, as the vertices they have used
are in the set we explore.

6.5 An explore-exploit algorithm for the vertices exploration

In this section, we describe how we utilized the pivoting procedure and the extension
procedure to enumerate the vertices. Our procedure is iterative, namely, it continues to
iterate vertex-by-vertex, exploring each time the neighborhood of each vertex. The input
parameters are:

* M, the maximum number of iterations of the algorithm, equivalent to the maxi-
mum number of vertices we pivot on.

* T;o¢, timelimit for the whole iterations.
* T;;, timelimit for the single iteration.

Parameters T;, balance the tradeoff between exploration and exploitation. Small values
of T;; allow for exploring only a few elements adjacent to a given vertex x and quickly
moving on to the next neighboring vertex to be explored. On the other hand, high
values of T;, insist heavily on the neighborhood of a vertex x. We continue to iterate the
procedure until either the timelimit T,,, is hit or the maximum number M of iteration
is reached. The whole procedure can be described in words as follows. Starting from
n =5 and the full collection of non-isomorphic vertices of PjSEP that we can exhaustively
generate using the software PORTA [16] :

1. We apply the procedure of A-loop break obtaining vertices of PK;Elp.

2. We complete each of these vertices with the slack variables.

3. We order all the vertices found in this way by the number of zeros, from the one
with the fewest zeros to the one with the most zeros.
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4. Starting from the first one, we begin to apply the Pivoting strategy as described in
Section and equation Specifically, we enumerate all possible combina-
tions of variables that can form a feasible basis and attempt to include each of the
nonbasic variables in the basis.

5. When we reach the time limit T;,, we have a subset of adjacent vertices denoted
as A”'(x) C A (x). At this point, two things can occur:

(@) A'(x) = 0: in this case, we move on to the next vertex in the ordered list
and start again from step 4.

(b) A(x) # 0: in this case, we take each vertex from this set and add it to the
input list - if it is not isomorphic to any of the previous ones - in order to
maintain the list sorted by the number of zeros. Then, we start again from
step 4.

6. We continue iteratively until either T,,, or M are reached.

Note that, thanks to Lemma[9} we do not need to pivot twice on isomorphic vertices, as
they share the same neighborhood.

We named this algorithm “explore/exploit” for two reasons: the parameter T;; gov-
erns the exploitation of a single vertex. For small values of T;;, we do not focus much
on the neighborhood of a single vertex, instead preferring to pivot on multiple vertices.
However, for large values of T;,, we continue to build a single 4'(x), having less time to
explore different areas of Py,
For a formal description of the proposed procedure see Algorithm [2| The Pivoting

function mentioned in line 9 of Algorithm [2]is the one of Equation (6.16).

Implementation details. The pivoting algorithm has been implemented in C++. We
use Eigen [[37] to deal with the matrices and MPFR [|30] to do the operation related to it
in multiple precision, as we have observed that most of the matrices obtained as subma-
trices of the constraint matrix for 13:5@ are ill-conditioned. The gap has been computed
implementing the linear program (6.2))—(6.8) using the commercial software Gurobi [|38]]

Parameter setting. By using notation of Algorithm 1, we set M = 1000, T,,; = 24h, T;, =
1h. Note that if the number of combinations to explore is less or equal to 5000, we do
the full exploration of the Neighborhood, regardless of the runtime (Hence T;;, = 00).

6.6 Computational analysis

6.6.1 The impact of the loop-breaking procedure

Starting from one representative of the vertices of n = 6, we expand all the loops by
obtaining vertices of n = 7. For n = 6, we expand all the loops by obtaining 149 orbits
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Algorithm 2: Generating vertices of trough the explore-exploit algorithm.

Prsep
Input: n, Number of nodes of the ATSP instance under study
Input: R := {x;},;, list of vertices available for n —1

Input: M, Maximum number of iteration of algorithm
Input: T,,,, timelimit for the whole iteration

Input: T;,, timelimit for the single iteration

Output: R’, a collection of non isomorphic vertices of PJ,

1 R’ = Extend(R)
2 R’ = SortByNumberOfZeros(R')
3i=0
4 xo=R'[i]
5 Ps =]
6 while i < M and time < T,,,; do
7 if xg is not isomorphic to any vertex in Ps then
8 Ps.append(x,)
9 N (xq) = Pivoting(xg, T;;)
10 for y € A (xq) do
11 if y is not isomorphic to any vertex in R’ then
12 ‘ R’ .insert(y)
13 end
14 end
15 i++
16 Ps.append(R'[i])
17 end
18 end

19 return R’

for n = 7. As already mentioned in Section this procedure leads to vertices always
having an integrality gap greater than or equal to the starting one. See Figure for a
representation of this phenomenon.

6.6.2 Neighborhood exploration

This section is devoted to studying the neighborhood of some vertices and deducing local
properties. First of all, from our preliminary test, we state the following conjecture:
Conjecture 1. For each x vertex, A4 (x) contains at least one tour.

If this conjecture was true, solely pivoting on the integer vertex would lead to the full
V-description of the polytope: by using Lemma 9] the neighborhood of an integer vertex
will contain at least one representative of each orbit. We can then list all the vertices
by fully describing each orbit. In the next paragraphs, we study the neighborhoods of
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Figure 6.4. Value of the integrality gap of for n = 6 (black crosses) and values of all
the integrality gap obtained from that vertex for n = 7 (blue dots). The operation of
extending A-loops leads to instances having an integrality gap greater than or equal to

the one associated with the vertex.

Figure 6.5. Polyhedral graph for GP:SEP

vertices for n = 4,5. Then, we focus on n = 6 and hence study the impact of our

algorithm.
For n = 4, all the vertices have been enumerated in [24]]. More specifically, we have

12 vertices in total and two orbits. Figure|6.5|show the polyhedral graph of PI‘\"SEP. Nodes
from O to 5 represent the non-integer vertices, while nodes from 6 to 11 represent the
tours. We can observe that each non-integer vertex has an integer adjacent; Interestingly,

each tour is connected to all the vertices but one.
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|O,| | Components Frequencies IG
6 |0 3|4 8|12
6 0 1|8 411.0

Table 6.1. Orbit structure for n = 4. Columns: cardinality of the orbit, type of compo-
nents, frequency of each component, and integrality gap attained at the elements of that
orbit.

Vertex |O,| # tightsets | A (x)|

(a) 120 4 11
(b) 60 4 20
(o) 60 6 28
(d 120 4 23
(e) 24 10 148

Table 6.2. Main feature of orbits in n = 5. The label of the first column refers to Figure

X

Table reports the structure of the orbit we found for n = 4. As there is only one
half-integer solution, the maximum integrality gap is hence attained at that vertex.

For n = 5, we recover 384 vertices, as already done in [24]]. A representation of
these vertices can be found in Figure The one attaining the highest integrality gap
is vertex (c). Interestingly, it does not look very different from vertex (b). Both of them
contains to %-loops and have only % entries. By looking at Table we understand that
each of these vertices has the same number of non-zeros and zeros entries. The main
differences lie in the number of tight sets (see Definition [18). Tight sets are associated
with slack variables x¢ = 0. In particular, vertex (c) has 6 TS, while vertex (b) has only
4. We choose a representative for each class and study its neighborhood. This can be
done w.l.o.g thanks to Lemma[9] As expected, the number of neighbors is related to the
degeneracy of the vertex, that is number of zeros among both arc and slack variables.

Figure reports a compressed version of the polyhedral graph PfSEP. In this case,
we merge all the vertices belonging to the same orbits in the same node, in order to only
observe the adjacency pattern. Note that such a graph is less symmetric w.r.t to the one
for n = 4. Interestingly, each vertex has at least one adjacent representative for each
equivalence class. Furthermore, The vertices (d) and (e) also have a representative of
themselves among the neighbors.

In the case of n = 6, we have 90 orbits and thus any visual representation would be
meaningless. Thus, we show step by step how the algorithm described in Section
works in practice. First, we need a starting vertex. To do so, we recover it using the
breaking loop procedure from n = 5.

This gives us 6 non-isomorphic vertices and, among them, we choose the one with

98



\\
I\

(a) Vertex with § and 2 entries. (b) Vertex with % entries only.

(c) Vertex with 1 entries only. (d) Vertex with 1 and 1 entries only.

\.
(e) A tour.

Figure 6.6. Support graph of the 5 representatives of each isomorphism class. The edges
are colored according to the value. The darker, the higher (That is, black means x, =1
and white x, = 0).

the smallest number of zeros. By observing the behavior of our algorithm we see that,
although the solutions we found with the “breaking loops” procedure are associated with
high integrality gaps, they have a lot of zeros and it’s hard to explore the full neighbor-
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Figure 6.7. Compressed version of the polyhedral graph GP/ESEP-

|O,| | Components Frequencies IG
12010 = 5] 9 7 4[1.20
60 [0 % 10 10 1.20
60 [0 % 10 10 1.25
1200 1 2111 1 8120
2410 1 15 5 1.00

Table 6.3. Orbit structure for n = 5. Columns: cardinality of the orbit, type of compo-
nents, frequency of each component, and integrality gap attained at the elements of that
orbit.

~,

/

Figure 6.8. Starting point for the Pivoting algorithm for n = 6.
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Figure 6.9. Left: time vs integrality gap found. The darker the x, the bigger the number
of vertices found leading to that integrality gap. We note that the highest integrality gap
is found at the very beginning of the procedure. Right: Time vs. Number of classes of
isomorphism. We note that for n = 7 the algorithm continuously finds new and new
vertices; for n =9, new vertices are more and more rare.

hood of them. However, such points are the starting point of our procedure. Figure
reports its support graph. Such vertex has entries equal to %, k € {0,...,5}. We start
by pivoting from this vertex and collecting all its neighbors. Then, among its neighbors,
we move to the one having the smaller number of zeros, and we proceed as follows.
Differently from the pivoting pipeline presented in [24]], we can recover at least one
representative for each orbit.

6.6.3 Results of the explore-exploit procedure

Figure[6.9]shows how our algorithm performs in practice for n = 7,9. In terms of number
of new vertices found, we observe a different trend: first of all, for n = 7, a lot of vertices
are found at the very first iterations and the trend seems exponential. After a certain
amount of time, the trend becomes linear. From n = 9, we note also that the impact of the
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n Before Pivoting After Pivoting

Number of Non Number of Non

Number orbits with Half- Number orbits with Half-
of orbits aﬁB aﬁB integer? of orbits aﬁB aﬁB integer?
7 149  4/3 5 No 1356  4/3 5 No
8 2097  4/3 39 Yes 2837  4/3 41 Yes
9 3476 11/8 1 No 4262 11/8 1 No
10 5641 7/5 2 No 5796 7/5 2 No

Table 6.4. Results of the explore-exploit algorithm for 6 < n < 10.

pivoting becomes less and less relevant while n increases. Note that, for all n, the vertex
with the highest gap is found by solely splitting the A-loops of vertices of PES_ElP. The trend
shows also that, empirically, the relevant vertices for the integrality gap are found at the
very first iteration of the algorithms. Lastly, we observe that, for all n either the gaps are
close to 1, or the gaps are strictly greater than 1.1. This may underlay some particular
structure of the non-relevant vertices. Table[6.4{reports the information we retrieve with
our algorithm. The first 3 columns are related to the information we have before starting
the pivoting procedure, while the last three columns are after. For each group, we report
aﬁB, namely the highest integrality gap we found that serves as a lower bound for the
highest integrality gap at all, at a given number of nodes. Interestingly, our algorithm is
capable of finding the vertex with the highest integrality gap at the very first iteration, by
simply expanding from vertices of one fewer n number of nodes. Interestingly, for n = 8
differently from what has been done in [[24]], we found 4 orbits with non-half-integer
vertices attaining a maximal integrality gap. This could be a weak indication that the
conjecture that vertices with maximum integrality gap are half-integer is not necessarily
true. For n = 10, no additional information is provided in the manuscript of [24]]. We
can generate 2 half-integer vertices with a maximal integrality gap. Table reports
in detail the obtained values of the integrality gap we obtain for each number of nodes
between 6 < n < 10.

By observing both Table and Figure[6.9|we observe that with the increasing of n,
the impact of the pivoting is less and less effective. Unfortunately, starting from n = 11
on, it is impossible to find any new vertices using the pivoting within the time limit of
24h. Hence, from n > 11, we decide to abandon the pivoting part, and only obtain
vertices using the extending procedure from n = 10.

However, to the best of our knowledge, this is the first time that non-half-integer
vertices are explored for n > 10.

Table reports all the results for n > 11. Unfortunately, we were not able to find
any vertices having an integrality gap greater than the one found by [24]] only explor-
ing half-integer vertices. Note that, for each number of nodes, more than 90% of the
explored vertices are non half integer.
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Number of

Number orbits with
n  of orbits aﬁB aﬁB Non Half-integer?
11 7389 10/7 1 No
12 9133 56/39 1 No
13 11010 13/9 1 No
14 13025  100/69 1 No
15 15181 11/16 1 No
16 17473 156/107 1 No
17 19902 19/13 1 No
18 22470 224/153 1 No
19 25172 22/15 1 No

Table 6.5. Results of the explore-exploit algorithm for n > 11.

This enforces the conjecture that the instances with a high integrality gap should
be searched among the half-integer. Interestingly, the instances found having an odd
number of nodes are the ones introduced by [24]] to provide a family of ATSP instances
having an integrality gap asymptotically tending to 1.5. When, instead we have an even
number of nodes, the instances we found are new.

6.6.4 Integrality gap and computational hardness

Several studies in the literature have examined the empirical hardness of the Symmet-
ric Travelling Salesman Problem concerning the integrality gap, such as [[42] [71]]. Also
Chapters [2| and [3| deal with this issue. However, to the best of our knowledge, no such
studies have been conducted on the ATSP. Hence, we pick all the instances we generate
by computing the integrality gap, and we assess their computational complexity. As al-
ready discussed in Section[1.3.2] recent studies [27, [57]] suggest that Concorde remains
the most efficient method for solving ATSP It is important to note that Concorde can
only handle symmetric nonnegative costs, but it is possible to transform any ATSP into
an STSP by doubling the number of nodes using the method proposed in [44]] and the
observation in Section[1.3.2] Hence, transform each ATSP instance we wound as argmin
of problem Gap(x), and we solve each instance using Concorde and record the com-
putational time and the integrality gap. Remarkably, the resulting instances exhibit a
reduced integrality gap. Figure reports this information for n = 9.

In terms of computational complexity, we are hence able to retrieve some hard-to-
solve instances. More specifically, for each n number of nodes, we apply the procedure
yet described, hence obtaining an STSP with 2n nodes. We do this procedure for each
instance ¢ obtained as the optimal value of the linear programming (6.2)-(6.8). Then,
we run Concorde with 10 different seeds on each instance, picking the one leading to
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Figure 6.10. Distribution of the integrality gap from the Asymmetric version to the
symmetric one through the application of the Jonker-Volgenant duplication procedure
forn=9

the highest computational time. We then compare the runtime with the one achieved by
running the instances of the TSPLIB having the same number of nodes. Table reports
this information, providing both the integrality gap and the runtime for one instance for
each number of nodes. We also report the p-value obtained performing the Wilcoxon
signed-rank test [[67]], to assess the null hypothesis that two paired samples, which are
related or dependent, are drawn from identical distributions. As the p-value is always O,
we can claim that the higher computational time is not obtained by chance.

By comparing Table[3.2]and[3.5|with Table[6.6] we notice that the instances we obtain
are actually hard to solve, namely they are competitive with the instances produced with
the H-OPT procedure introduced in Chapter[3] As an example, the instance derived from
doubling the node of an STSP with 12 nodes is as difficult as the one obtained from gr24
using the procedure described in Chapter 3]

6.7 Conclusion and Future works

In this chapter, we started with the work of [24]] and made some extensions. Specifically,
we extended their pivoting strategy in a way that allowed us to recover all vertices for
n = 6, while their method worked for all isomorphism classes except 3. To achieve this,
we studied the symmetries of to reduce the number of vertices on which to perform
pivoting.

n
PASEP

We developed new strategies for generating vertices of PK;Elp based on those of Pyy..
Our strategy builds upon the one generated by [24]], but works in a more general frame-

work. In particular, we explored vertices that are not half-integer for the first time to
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a(c) for the a(c) for the TSPLIB

n 2n ATSP STSP runtime  instance a(c) runtime p-value
6 12 1.200 1.000 0.179 £ 0.008 N.A N.A N.A N.A
7 14 1.176 1.000 1.222 £ 0.054 burmal4 1.000 0.001 + 0.000 0.000
8 16 1.154 1.002 3.687 £0.193 ulyssesl6 1.000 0.028 = 0.000 0.000
9 18 1.197 1.004 6.454 + 0.180 N.A N.A N.A N.A
10 20 1.174 1.010 9.300 £ 0.202 N.A N.A N.A N.A
11 22 1.207 1.006 14.27 £ 0.316 ulysses22 1.000 0.062 £ 0.000 0.000
12 24 1.224 1.007 27.242 + 0.673 gr24 1.000 0.028 £ 0.000 0.000
13 26 1.255 1.005 56.325 + 1.628 fri26 1.0 0.013 £0.000 0.000
14 28 1.258 1.005 104.115 £ 3.008 N.A N.A N.A N.A
15 30 1.257 1.011 101.619 + 3.195 N.A N.A N.A N.A
16 32 1.257 1.005 325.497 £ 7.311 N.A N.A N.A N.A
17 34 1.258 1.004 587.210 £ 18.451 N.A N.A N.A N.A

Table 6.6. Reesults of 10 runs of Concorde with 10 different seeds. Columns represent
the number of nodes of the ATSP and the number of nodes after the procedure of making
it an STSB the integrality gap of the original asymmetric instance and the one of the STSB
the mean of the runtimes ( £ standard deviation) and the same values for an instance of
the TSPLIB having 2n number of nodes. Lastly, the p-value is the result of the Wilcoxon
test as described in the manuscript. N.A means that an instance with 2n nodes in the
TSPLIB does not exist.

understand the structure of vertices with high integrality gaps. Our research was mo-
tivated by the observation that for n = 8, there exist 4 non-half-integer vertices that
achieve the maximum IG. However, for higher n, the maximum integrality gap is always
generated by a single half-integer vertex.

In conclusion, we examined the computational aspects of the instances generated as a
by-product. We attack some ATSP instances with Concorde after making them symmetric
has been observed as the state-of-the-art approach in exact methods. We observed that
some instances with high but not maximum integrality gaps are very challenging from a
computational perspective.

As we have already mentioned, this is a preliminary work and some theoretical results
are missing, in particular, we aim to formally prove the maximality of the stabilizer of
the integer vertices and that the A-loop break procedure always leads to an integrality
gap greater than or equal to the starting vertex.
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Chapter 7

Conclusions

In conclusion, this thesis explores various aspects of the TSP in two variants, symmetric
and asymmetric, focusing on computational hardness and algorithmic approaches.

In Chapter[2] we introduced a new family of Metric TSP instances that are particularly
challenging for Concorde, a state-of-the-art TSP solver. We demonstrated that these
instances are significantly harder than those found in existing libraries such as TSPLIB,
as well as the instances introduced by [42]]. Additionally, we found similarities between
our instances and the rectilinear TSP introduced by [[71]]. We showed that the presence
of a large integrality gap does not necessarily indicate computational hardness for exact
methods. We also derived a set of inequalities based on the cost vector of the TSP which
are valid for optimal solutions. We integrate such inequalities in a naive implementation
of a TSP solver, showing that they provide speed-up in hard-to-solve instances. Overall,
our findings highlight the significance of our work in understanding and addressing the
challenges posed by certain classes of TSP instances.

Chapter (3| focuses on the development of a complexification procedure for gener-
ating challenging STSP instances. Starting from an input instance, we construct STSP
instances with integrality gaps that are larger than or equal to the gaps of the original
instances. We implemented a branch-and-cut algorithm to handle the large number of
constraints involved in the procedure. We hence show that such procedure is NP-Hard.
Our computational results demonstrate the effectiveness of this method in generating
instances that are challenging for Concorde. Additionally, we created the Hard-TSPLIB,
a library consisting of 41 small metric TSP instances with large integrality gaps, which
serve as valuable benchmarks for evaluating TSP solvers.

In Chapter [4] we introduced a classification approach to assess the empirical hard-
ness of metric STSP instances. By utilizing four features that capture the distribution
of cost coefficients in the cost matrix, we developed a decision tree model that accu-
rately predicts the hardness of TSP instances. The features include standard deviation,
skewness, Gini index, and a novel statistic called the tight triangle inequality index.
Our extensive dataset of over 45,000 instances, collected from literature and randomly
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generated, enabled us to train and evaluate the model effectively. The high prediction
score, measured by the Matthew Correlation Coefficient, indicates the reliability of our
classification approach, although some limitations are discussed and highlighted.

Chapter [5| explores the complexity of solving the STSP using the formulation pro-
posed by DFJ. Starting from the evidence that the minimum-weight 2-matching problem
with zero subtour constraints in this formulation is polynomial-time solvable, we ex-
tended this result by demonstrating that the mw2m problem with a constant number
of subtour elimination constraints can be solved by reducing it to a sequence of mw2m
problems. Consequently, the STSP with the DFJ formulation can be solved using this
algorithm. Our findings have implications for the fixed-parameter tractability of the
minimum-weight triangle-free 2-factor problem, which remains an open problem in the
field. Furthermore, we question whether the complexity of an instance is an intrinsic
property independent of the algorithm used, and our results on TSPLIB and Hard-TSPLIB
confirm this to be the case.

Finally, in Chapter [6] we shift our focus to the metric case of the Asymmetric TSP
(ATSP) where the costs satisfy the triangle inequality. We investigate the integrality gap
of the ATSP and provide lower bounds for instances with up to 21 cities. Notably, our
analysis includes instances with 15 < n < 21, which have not been previously studied.
To identify the fractional vertices of the subtour elimination polytope, we employ a com-
bination of a pivoting-based algorithm that exploits symmetries and an inductive strategy
for generating vertices of higher dimensions. Computational experiments reveal that in-
stances generated using this approach exhibit computational hardness, highlighting the
presence of challenging instances within the procedure.

Overall, this thesis contributes to the understanding of computational hardness and
algorithmic approaches for solving the TSP and its variants. The findings have impli-
cations for the development of improved algorithms and the creation of benchmark in-
stances for evaluating TSP solvers.

Starting from this work, we see some possible extensions.

* Further investigation of challenging TSP instances. While this thesis has identi-
fied and generated challenging instances for the STSP and ATSE there is still room
for exploring other families of instances. Investigating different problem charac-
teristics, such as additional constraints or structural properties, could lead to the
discovery of even more challenging instances that push the boundaries of current
algorithms.

* Integration of machine learning techniques. The classification approach pre-
sented in Chapter [4 demonstrates the potential of using machine learning tech-
niques to predict the hardness of TSP instances based on specific features. Ex-
panding on this work, more advanced machine learning models could be explored,
leveraging larger datasets and incorporating additional features to enhance the ac-
curacy of hardness prediction.
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* Development of tailored algorithms. The identification of hard TSP instances in
this thesis opens up opportunities for developing specialized algorithms that are
specifically designed to tackle these challenging scenarios. By understanding the
unique characteristics of these instances, novel algorithmic approaches could be
devised to improve the efficiency and effectiveness of solving them. A preliminary
result in this direction is Theorem [11]in Chapter [2] but further advancements can
be achieved

* Investigation of other combinatorial optimization problems. The research con-
ducted in this thesis primarily focuses on the TSP and its variants. However, the
methodologies and insights gained can be extended to other combinatorial opti-
mization problems as well. Exploring the hardness and algorithmic approaches
for related problems, such as the Vehicle Routing Problem (VRP) or the Traveling
Salesman Problem with Time Windows (TSPTW), could be a promising avenue for
future research.

* Theoretical advancements. This thesis touches on several theoretical aspects, in-
cluding complexity analysis, fixed-parameter tractability, and polyhedral results.
Further theoretical investigations could delve deeper into the structural properties
of TSP We have already obtained some preliminary results in both the computa-
tional complexity of STSP with a subset of subtour elimination constraints and the

: : +2
generation of vertices of the polytope P,¢p:., from P{y...
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Acronyms

ASEP Asymmetric Subtour Eliminarion Problem. (page 4)

ATSP Asymmetric Travelling Salesman Problem. (page 3)
DFJ Dantzig - Fulkerson - Johnson. (page 1)
HC Hamiltonian Cycle. (page 1)

IG Integrality Gap. (page 5)

ILP Integer Linear Programming. (page 1)
MW2M Minimum-Weight 2-Matching. (page 14)

SEP Subtour Eliminarion Problem. (page 4)
SSEP Symmetric Subtour Eliminarion Problem. (page 4)

STPS Symmetric Travelling Salesman Problem. (page 2)
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