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Abstract

The aim of this dissertation is to present and analyze several control and observation
schemes that rely on the joint use of neural network and sliding modes. In particu-
lar, it presents a novel framework which exploits deep neural networks (DNN)s and
integral sliding mode (ISM) to design control schemes able to control perturbed
nonlinear systems with fully unknown dynamics. Di erently from other method-
ologies present in the literature, the DNNs are not trained o ine, but, inspired by
the adaptive control framework, their weights are adjusted online while the system
is being controlled via adaptation laws that are derived from Lyapunov stability
analysis. Such a framework is then extended to the case in which the system must
satisfy some state or input constraints, presenting three modi cations: one which
relies on a modi ed sliding variable, one that embeds model predictive control, and
one that makes use of barrier functions.

The joint use of DNNs and sliding modes is also explored in the domain of fault
diagnosis (FD). In particular, two FD schemes are presented. The former relies on
the aforementioned DNN based ISM framework to build an unknown input observer
(UIO) for the estimation of fault a ecting a system. As for the latter, it consists of
a deep reinforcement learning (DRL) agent that aims to estimate the sensor fault
a ecting the joints of a robotic manipulator. Such an estimate is used to clear the
faulted signal and build a battery of second order sliding mode UIOs that allows to
estimate the actuator fault acting on the robot joints.

Finally, application of DNN and sliding modes in the domain of physical human-
robot interaction are presented. In particular, an adaptive version of the DNN based
ISM control framework is developed to control a robotic manipulator so that it
performs the so-called ergonomic handover, i.e., exchanges object with the human
operator, adapting to her/his pose to reduce psychophysical stress. Moreover, a
collision avoidance architecture that relies on convolutional neural networks for
obstacle detection and ISM for obstacle avoidance is presented.

The control and observation methodologies present in this dissertation have been
theoretically analyzed and their validity is assessed in simulation or experimentally
obtaining more than satisfactorily results. The experiments are performed on a real
Franka Emika Panda robot, present in the Intelligent Robotics Lab at the University
of Pavia.



List of Acronyms

The list of abbreviations used in this dissertation is hereafter reported.
ABA Articulated Body Algorithm

ANN  Arti cial Neural Network

APF Arti cial Potential Field

ASMC Adaptive Sliding Mode Control

BLF Barrier Lyapunov Function

CBF Control Barrier Function

CDA Convolutional Denoising Autoencoder
CLF Control Lyapunov Function

CNN Convolutional Neural Network

DDPG Deep Deterministic Policy Gradient

DH Denavit-Hartenberg

DoF Degrees of Freedom

DNN Deep Neural Network

DNN-ISM  Deep Neural Network based Integral Sliding Mode
DRL Deep Reinforcement Learning

EL Euler-Lagrange

FD Fault Diagnosis

FE Fault Event

FHOCP Finite-Horizon Optimal Control Problem
HE Hand-Eye

HOSM Higher Order Sliding Mode

ICP Iterative Closest Point



IMU Inertial Measurement Unit

ISM Integral Sliding Mode

MARL  Multi-Agent Reinforcement Learning
MDP Markov Decision Process

MIMO  Multi Input Multi Output

ML Machine Learning

MLP Multi-Layer Perceptron

MPC Model Predictive Control

MSDs Muscoloskeletal Disorders

NN Neural Network

pHRI physical Human Robot Interaction
QP Quadratic Programming

RGBD Red Green Blue Depth

RL Reinforcement Learning

RMS Root Mean Square

RNEA Recursive Newton-Euler Algorithm
ROS Robot Operating System

SISO Single Input Single Output

SMC Sliding Mode Control

SOSM Second Order Sliding Mode
SPD Symmetric Positive De nite

TD3 Twin-Delayed DDPG

UIO Unknown Input Observer

URDF Uni ed Robot Description Format

VSC Variable Structure Control



VSS Variable Structure System

vi



Notation

The setsR. o and R o represent positive and non-negative real numbers, respec-
tively. Given a matrix A 2 R" ™, then A> 2 R™ " denotes its transpose A1) 2
R" its i-th coLumn, while vec(A) 2 R"™ is t|h>e vectorization operation, de ned
asvec(A) = (AD)> (A@)> (A(M)> . Given a vector x 2 R" and a
matrix B 2 R" ", then kxké = x> Bx. An identity matrix with n rows and
columns is denoted asl,, 2 R" ", a matrix of zeros with p rows and g columns
as0p g 2 RP 9, while a vector of m zeros asOn 2 R™. Given a time varying
vector v(t) 2 R", vp,.,,,] denotes the discrete time samples of the vector, i.e,

pendencies may be omitted for sake of readability when obvious.
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Chapter 1

Introduction

In real world control applications, one has to deal with the problem of uncertainty.
Sources of uncertainty may be, for example, exogenous signals (e.g., faults, measure-
ment noise, etc.), or modeling mismatches. To cope with uncertainties, the literature
of control theory has been enriched with a large variety of methodologies, which be-
long to the so-called Robust Control eld [1, 2]. Usually, such techniques generate
the control action while taking into consideration the worst realization of the un-
certainty. Depending on the speci c methodology employed, this could result into
an-over conservative strategy, or into the generation of a control signal which could
be detrimental for the plant.

However, there are some cases in which the system model is completely unavail-
able to the controller designer and, in such a condition, devising control laws with
su cient guarantees is not possible.

In the last decades, availability of data and the computational power have grown
exponentially. For this reason, Machine Learning (ML), and in particular the con-
cept of Arti cial Neural Network (ANN), gained popularity in a wide variety of
elds, included control theory. Even though the popularity of ML has increased
quite recently, its origin can be traced back to the beginning of the XIX century,
when the least squares problemhas been formulated. Nevertheless, the history of
the ML eld, as it is intended today, starts more or less in the half of the last
century, when the so-calledPerceptron model has been introduced in [3]. The pop-
ularity of ANNs comes from the fact that they are extremely convenient, since
they require a restricted number of hypotheses, and powerful, since they provide
important theoretical results. Above all of them, there is the so-called Universal
Approximation Theorem, proposed at the end of the eighties by George Cybenko in
[4], which proves that, in general, an ANN is a function capable of approximating
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any continuous function with a degree of approximation which is related to the ANN

structure. Indeed, in works like [5] and [6], it has been shown how an ANN with
a deeper architecture, referred to as Deep Neural Network (DNN), provides better
results than a network with a single layer of perceptrons.

Clearly, also the eld of control theory has been in uenced by ML, and specif-
ically by ANNSs. Indeed, the universal approximation capabilities of this last one
become a powerful tool that enables the design of control laws even in the case
of unknown system dynamics. The ways in which ANNs have been employed are
di erent. For example, [7] proposes a methodology that performs the so-calledden-
ti cation of the system dynamics relying on ANNs. Moreover, in the case in which
a very large amount of data is available, one could train a network that estimates
the plant dynamics and treat it as an observer, as done in [8]. Another possibility
is to employ ANNSs to directly estimate the optimal control law [9].

The main issue in many works involving ANNSs is that the training phase is done
o ine and the approximation error, which is dependent by the network structure
and by the quality of the gathered data, is not properly dealt with, preventing from
an e ective control design. Moreover, the fact that the ANNs are trained o ine
does not give any guarantees about the e ects that the approximation has on the
behavior of the system.

The aim of this dissertation is to explore the combined use of ANNs and robust
control strategies, speci cally Sliding Mode Control (SMC) [10], for control and
observer design with performance guarantees.

Throughout the years, the use of neural networks and sliding mode control
has been widely investigated. In particular, in works like [11, 12, 13] Radial Basis
Function neural networks are combined with sliding mode control for designing con-
trollers and observers, with applications to robotic manipulators, power converters,
and lithium-ion batteries. In other works [14, 15, 16], neural networks with fuzzy
logic have been employed to design controllers and observers for controlling and
observing motor drives and active suspension systems. Other interesting works that
analyze the combination of sliding mode controllers and neural networks are, among
others, [17, 18, 19, 20].

The existing literature presents two main aws. The rst is that the neural
networks are not used to estimate the complete model of the plant, but rather
to compensate small model mismatches or directly the disturbance. Second, the
majority of them present an o ine training of the neural networks, which can lead
to the problems described earlier in this introduction.
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Chapter 1. Introduction

With the aim of coping with these aspects and enrich the existing literature,

this dissertation covers the following topics:

design of a novel DNN based Integral Sliding Mode (ISM) control framework,
characterized by an online adaptation of the parameters, for controlling per-
turbed nonlinear system with fully unknown dynamics;

extensions of the aforementioned control framework to the case in which the
system is a ected by state and input constraints;

development of fault detection schemes that rely on the joint use of DNN and
SMC observers, with application to industrial manipulators;

joint use of DNNs and SMC for the development of control strategies for safe
and ergonomic physical-human robot interaction, with experiments on a real
collaborative robot.

1.1 Thesis Structure

This dissertation is divided into four parts and structured as follows:

(D) Introduction and Preliminaries . In this part, all the preliminary con-

(In

cepts behind what presented in this dissertation, are introduced. In particular,
Chapter 2 introduces the basics about SMC, along with the main theorems,
Chapter 3 presents some preliminaries on neural networks and introduces the
notation that will be employed in the rest of the dissertation, while Chapter

4 recalls some fundamental concepts about robotics.

Deep Neural Network based Integral Sliding Mode Control Frame-

work : In this part, the Deep Neural DNN-ISM control framework, which can
be seen as the core of this dissertation, is introduced. In particular, Chapter
5 presents the main concepts and theoretical results and it is based on the
published works

~

N. Sacchi, G.P. Incremona, and A. Ferrara. Neural network-based prac-
tical/ideal integral sliding mode control. IEEE Control Systems Letters

6 (2022): 3140-3145.

E. Vacchini, N. Sacchi, G.P. Incremona, and A. Ferrara. Design of a
deep neural network-based integral sliding mode control for nonlinear
systems under fully unknown dynamics. IEEE Control Systems Letters

7 (2023): 1789-1794.
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N. Sacchi, E. Vacchini, G.P. Incremona, and A. Ferrara. On neural
networks application in integral sliding mode control. Journal of the
Franklin Institute, Volume 361, Issue 13 (2024).

As for Chapter 6, it presents extensions of the aforementioned framework to
the case in which there are state and input constraints, and it is based on the

results published in

N. Sacchi, E. Vacchini, A. Ferrara. Neural network based integral sliding
mode control of systems with time-varying state constraints. 2023 31st
Mediterranean Conference on Control and Automation (MED). IEEE,

2023.

" N. Sacchi, E. Vacchini, G.P. Incremona, and A. Ferrara. Model Predic-
tive Control with Deep Neural Network Based Integral Sliding Modes
Generation for a Class of Uncertain Nonlinear Systems.
IFAC-PapersOnLine 58.5 (2024): 84-89.

(1) Fault Diagnosis via Neural Networks and Sliding Mode Observers
In this part, two di erent fault detection schemes, which rely on the use of
neural networks and Sliding Mode Control, are presented. Speci cally, Chapter
7 presents an Unknown Input Observer developed on the Deep Neural Network
based Integral Sliding Mode (DNN-ISM) framework introduced in Chapter 5
for the detection of faults acting on the input channel, and it is based on the

work in

N. Sacchi, G.P. Incremona, and A. Ferrara. Actuator Fault Diagnosis
With Neural Network-Integral Sliding Mode Based Unknown Input Ob-
servers. IFAC-PapersOnLine 56.2 (2023): 773-778.

Moreover, Chapter 8 presents the combination of a Deep Reinforcement Learn-
ing agent and a Second Order Sliding Mode Unknown Input Observer for the
fault diagnosis of sensors and actuator faults acting on an industrial manipu-
lator. This Chapter is based on the results contained in

N. Sacchi, G.P. Incremona, and A. Ferrara. Sliding mode based fault
diagnosis with deep reinforcement learning add-ons for intrinsically re-
dundant manipulators. International Journal of Robust and Nonlinear
Control 33.15 (2023): 9109-9127.
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(IV) Applications to Human-Robot Interaction In this part, neural networks

and SMC are employed to develop architectures for safe and ergonomic human
robot interaction. In particular, Chapter 9, which presents a strategy that
exploits a modi ed version of the DNN-ISM framework to design a controller
to perform ergonomic handover between a robot and a human operator, is
based on the work in

~

N. Sacchi, E. Vacchini, and A. Ferrara. Human-Robot Ergonomic Han-
dover via Deep Neural Network Based Adaptive Integral Sliding Mode
Control. 2024 European Control Conference (ECC). IEEE, 2024.

As for Chapter 10, it presents a collision avoidance scheme which exploits
a vision-based methodology for obstacle detection and uses Integral Sliding
Mode control for maintaining a safety distance between the robot and the
human operator.

Finally, some concluding remarks are gathered and possible future research paths
are proposed in Chapter 11.

1.2 List of peer-reviewed scienti ¢ publications

In the following, the complete list of peer-reviewed publications produced during
the Ph.D. course (October 2021 - September 2024) is reported.

Journal

~

N. Sacchi , E. Vacchini, G. P. Incremona, and A. Ferrara. On neural networks
application in integral sliding mode control. Journal of the Franklin Institute,
Volume 361, Issue 13 (2024).

E. Vacchini, N. Sacchi , G.P. Incremona, and A. Ferrara. Design of a deep
neural network-based integral sliding mode control for nonlinear systems under
fully unknown dynamics. IEEE Control Systems Letters 7 (2023): 1789-1794.

N. Sacchi , G.P. Incremona, and A. Ferrara. Neural network-based prac-
tical/ideal integral sliding mode control. IEEE Control Systems Letters 6
(2022): 3140-3145.

N. Sacchi , G.P. Incremona, and A. Ferrara. Sliding mode based fault di-
agnosis with deep reinforcement learning add-ons for intrinsically redundant
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Chapter 2

Preliminaries on Sliding Mode
Control

The aim of this chapter is to introduce the main concepts related to Sliding Mode
Control, instrumental for the understanding of the DNN based approach presented
later in Chapter 5.

2.1 Idea behind Sliding Mode Control

Sliding Mode Control is a nonlinear control technique belonging to the family of
Variable Structure Control (VSC), which alters the dynamics of a system by means
of a high frequency switching law [10, 21].

Consider a system characterized by a state vector 2 X R", with X being
a compact set containing the origin. Then, let ;(x) = 0, with i 2 f1;2;:::; g,
be some suitably prede ned surfaces, each de ned as subspace of the state space.
The intersection of such surfaces is calledliding manifold (an illustrative example
is provided in Figure 2.1). If the system state forced on j(x) = 0, then a sliding
motion is generated on that surface and this last one is referred to aswitching
surface The idea behind SMC is to design a controller which, starting from an
initial condition Xx(tg) = Xg, with tgp 2 R o being the initial time instant, steers
the state onto the sliding manifold in nite time, generating a sliding motion on all
the surfaces, and hence on the sliding manifold. If this happens, then the system is
said to be in sliding mode When a sliding mode is enforced, the controlled system
behaves like a system of reduced order, referred to agjuivalent systemand whose
dynamics depends on the de nition of the sliding manifold. Moreover, the system
becomes insensitive with respect to a signi cant class of parameter uncertainties

9
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and disturbances.

Figure 2.1 lllustrative example of the sliding manifold =0, given by the inter-
section of =2 switching surfaces

2.1.1 An illustrative example

In order to present some of the main concepts related to SMC, a simple example is
introduced. In particular, let us consider the Du ng oscillator , depicted in Figure,
2.2 and whose dynamics is

2 3 2 3
X X
)‘—:4_15:49 _ 2 ) 5. 2.1)
X2 Psin(x1)  mEXt mzXet me
h s

wherex = x; x» 2 X R2 is the state vector, with x; and X» being the

position and velocity, respectively. The other elements appearing in (2.1) are the
gravity term g 2 R, the mass attached to the rodm 2 R, the length of the rod | 2 R,

and the control torque 2 R. As for 2 R.g and k 2 Rsq, they are respectively,

the parameters regulating the restoring torque x ; and the damping torque kxa.

Dening u = — and approximating sin(x1) X1 % the dynamics in (2.1) can

be rewritten as

2 3 2 3

X
x=4"5=4 5: (2.2)

k
)iz WX2+ u

—l
3
x
i
[e2]e]
x
oo
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///////////////////////

Figure 2.2: Graphical representation of the Du ng oscillator system.

For sake of simplicity in the analysis, it is possible to setlg =z =1, % =1, and

ﬁz = to simplify the above dynamics as
2 3 2 3
X X
x=475=4 2 5. (2.3)
X2 x1(1 x%) xa+u

The design of SMC consists in two phases, i.emanifold designand control law
design The sliding manifold is designed so that, while in sliding mode, the dynamics
of the controlled system exhibits some desired properties (e.g., asymptotic stability).
As for the control law, it is chosen so that a sliding mode is enforced.

With the aim of steering the system state toward the origin, the sliding manifold
can be selected as a linear combination of the state elements, i.e.,

(X) = cxg + x2 =0; (2.4)

where : X! R is referred to assliding variable.
To bring the systems states on the sliding manifold, the control law

u= sign( ); (2.5)

can be used. In particular, the term 2 R. g is the control gain, while the sign()
function is de ned as 8
_ 21 if >0
sign( )=~
-1 if <0

To prove that the control law (2.5) successfully steers the system state on the sliding
manifold =0 and to properly select the control gain , stability analysis must be
performed [22]. Letv : X ! R be a candidate Lyapunov function de ned as

2: (2.6)
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Then, asymptotic stability of the equilibrium point =0 is ensured if, for 60,
it holds that v < 0. Moreover, nite-time convergence is achieved if it holds

P .
v V=Pl (2.7)
with 2 R.. Sincev = _, the above expression can be conveniently rewritten as
—j J: 2.8
- Pl (2.8)
The left hand-side of the inequality can computed explicitly as
= (exa*+ x1 X3 X+ u): (2.9)

Sincex 2 X, with X being compact, then it holds that jcx, + X1 x3 x5 F,
with F 2 R . Then, substituting u as in (2.5), the above expression can be upper
bounded as

_(F sign())
(F i (2.10)

Then, to satisfy (2.8), which is referred to as -reaching condition, it is su cient to
choose the control gain so that the condition

- - o
( )] PEJJ

is satis ed. Hence, nite-time convergence to =0 is ensured if

=F+ %: (2.11)
By virtue of to the choice of the sliding variable (2.4), when at time t; >t the
sliding mode =0 is enforced, it holds that x, = ¢x; and the dynamics of the
controlled system has a reduced order, i.e.,
2 3 2 3
X1(t 1
4405 _ cxq(t)475; (2.12)
X2(t) 1
whose solution is 2 3 2 3
2105 _ g ot 1y4 Xall) 5, (2.13)
X2(t) cxa(ty)

From the above equation, it is evident how the properties of the system is sliding
mode are strictly dependent on the choice of the sliding manifold, in the form of
the parameter c. In particular, asymptotic stability of the origin is ensured if cis
positive, with a rate of convergence that is equal to this last one.

12
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2.2 Control-A ne Systems

In classical SMC theory, the class otontrol-a ne systems is considered. A control-
a ne system is a system which is nonlinear with respect to the state and a ne with
respect to the control variable. Hence, as detailed in [22], it can be described by

x(t) = f(x(t);t) + B(x(t); )u(t); (2.14)

wherex 2 R" is the state vector,u 2 R™ is the control input vector, t 2 R g is time,
f:R" R ¢! R"isthe so-calleddrift dynamics, while B :R" R ! R" Mis
the so-calledcontrol e ectiveness matrix. In the domain of SMC theory is common
to assume that bothf and B are smooth and norm bounded vector elds. Moreover,
the system state is assumed to be limited in a compact seX R" containing the
origin, i.e.,, x 2 X .

The class of control-a ne systems is one of the most studied in the literature, as
it includes the majority of electromechanical systems (e.g., motors [23] and robotic
manipulators [24]).

2.2.1 Canonical forms

The analysis of VSC, and more speci cally SMC, is simpler when the considered
nonlinear system is expressed in one of the canonical forms [22, 25, 26]. To discuss
them, it is fundamental to introduce the concept of relative degree

Consider the nonlinear system (2.14) with associated output function
8

2x(t) = f(x(t);t) + B(X(t);t)u(t)
Ty = (x();t)

wherey 2 R™M is the output vector, while :R" R! R™ isasmooth enough vector

(2.15)

eld. The de nition for Single Input Single Output (SISO) and its generalization
for Multi Input Multi Output (MIMO) systems are introduced.

De nition 2.1 (Relative degree of SISO systems). Let the system(2.15) be
a SISO system, i.e.,m = 1. Then, the relative degreer 2 N of the system is the

minimum order of the time-derivative of the output, namely y(") = ‘jrt—ry in which
the control u explicitly appears.
De nition 2.2 (Relative degree of MIMO systems). Let the system (2.15)

be a MIMO system, i.e., m > 1. Then, each componenty;, with i 2 f1;2;:::;mg

must be considered. In particular, de ne r; 2 N the minimum order of the deriva-

tive of the output element, namely,yi(”) = dC;tir%’i in which any component of the

13
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contF]oI vector expliciitly appears. The result is the so-calledrelative degree vector
>
r=ry rp rm 2 N™ and its 1-norm de nes the total relative degree of the
. P -
system, i.e.,r = krk; = I, jrij.

It is now possible to introduce the so-called canonical forms.

Reduced form  Consider a control-a ne system like the one in (2.14). If the

control e ectiveness matrix has a structure
2 3

0
B(x(t);t)= 41" ™ M5, (2.16)
B(x(t);1)
with B: X R o! R™ ™ then the state vector can be split into two components,

namelyx; 2 X; R"™ Mandx;2 X, R™, and the system can be rewritten as
2 3 2 3

(2.17)
x2(t) fa(x(t);t) + B(x(t);t)u(t)

wheref; : X R g! R" Mandf,: X R ¢! R™ are the two components of
the drift dynamics of (2.14).

Controllability form In this form, the control-a ne system (2.15) can be split
into m subsystems, each of them being a perturbed chain of integrators. Consider
the state vector expressed as

h is
X()y= x3(t) x3(t) 11 xp(t)

where x; 2 R™, for i 2 f1;2;:::;mg, with nj 2 N being the degree of thei-th

P . . ,
subsystem such that {2; = n. Each subsystem is characterized by the dynamics

xi = Aixi(t) + fi(x(1); ) + B (x(t); hu(t); (2.18)

where A; 2 R™ N fi(x(t);t) 2 R", and b(x(t);t) 2 R™ ™ are de ned as
2 3 2 3 2 3

CH) — On; 1 . ) — O(ni 1) mg. _ 400 1 Inpoag
fI(X(t)lt)_ 4 51 h(X(t),t)— 4 5! AI - 4 51
fi;o(x(t);t) b o(x(); 1) 0 O 1

with fi.o(x(t);t) 2 R and b.o(x(t);t) 2 R™. Then, the overall system is written as

x(t) = Ax(t) + f(x(t);t)+ B(x(t);t)u(t); (2.19)

h i>

where A = diagthiginll, f(x(t);t) = f7(x(t);t) f5(x(t);t) ::: f;(x(t);t)I :
i

and B(x();1) = b (x(D):1) B 1 Ex®:t) .

14
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Normal form Consider a corﬂ]trol—a ne systemI in the form (2.15), characterized
by a relative degree vectorr = r; r» rm and relative degreer n. Let
zij, with (i;j) 2f1,2;:::;mg f 1,200, 1g, denote the (j  1)-th derivative
of the i-th output variable y; = (x(t);t). Then, the normal canonical form of the
system is

Zij = Zij+1 ifj2f1,2:::;r 1g
P i
zir. = iz )+ @ ik(Z )ut) ifj=r (2.20)

where z 2 R™ (" 1 js the matrix collecting the external variables 2 R" ' is

the vector of the so-calledinternal variables. Their dynamics is de ned by ; ik :

R D) RPT1 Rand :R™ 0T D RV T ORMY T n particular, () is

a design function that describes the internal behavior of the system when input
and initial conditions have been chosen to keep the output identically zero. For this
reason, the term (O, ( 1); ) is called zero-dynamics

2.3 Elements of classical Sliding Mode Control

2.3.1 The Sliding Manifold

As already mentioned in Section 2.1, the sliding manifold is the subspace of state
space toward which the systems states are steered by the SMC controller. In the
following, a more formal de nition, along with some design examples, is provided.

Consider a control-a ne system (2.14) andlet ; : X ! R,withi 2f1;2;:::;mg,
be the sliding variables. Then, for each i, it is possible to de ne the corresponding
sliding surface as the set

fx2X: i(x(t)=0g: (2.21)

Since the sliding manifold is the intersection of all the m sliding surfaces, it is
possible to de ne the a new sliding variable : X ! R™ that collects the sliding
variables associated with the sliding surfaces, i.e.,

h i
X)) = 1x()  2Ax(®) i m(x() (2.22)

and then de ne the sliding manifold as
fx2X: i(x(t)=0;8 2f1,;2;:::;mgg: (2.23)
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The sliding manifold (x(t)) = 0 ,, can be designed as any nonlinear function of the
statesx [27, 28]. It is common do de ne it as the linear combination of the system
states

fx2X : (x(t)= Cx(t)=0g; (2.24)

where C 2 R™ " is a design matrix.

In the case in which the system can be expressed in one of the canonical forms,
then some speci ¢ structures for the sliding variable are known. In the following,
the canonical forms introduced in Section 2.2.1 are considered.

Reduced form  Since the vector of the system states can be split in two compo-
nentsxi1 2 X; R"™ Mandx;2 X, R™, one can conveniently de ne the sliding
manifold as the linear combination

(x(1)) = (xa(t); x2(t)) = Caxa(t) + Caxa(1); (2.25)

whereC; 2 R™ (™ M) and C, 2 R™ ™, with the latter being non-singular. When
the system is in sliding mode, it exhibits the reduced order dynamics
2 3 2 L 3
2205 _g C, "Caxa(t) L L (2.26)
xat) 1 X3 (C'Cuxa(t)” it
where f1 is de ned in (2.17). In addition, if f1 is a linear function of the system
states, i.e.,

fa(x(t);t) = Faxa(t) + Faxa(t); (2.27)

with F; 2 R(M ™ (" M) and F, 2 R(M M M the reduced order dynamics becomes

2 3 2 3
X205 _ 4 Gl 4

2.28
X1(t) (F1  F2C,'Ci)xs (2.25)

Then, if the pair Fy; F; is controllable, the desired dynamics of the system in sliding
mode can be imposed by suitably de ning the matrix C, 1C, using classical control
techniques, e.g., pole, assignment, optimal control, etc. [26].

Controllability form Since the system in this form can be split inm di erent
subsystems, one can design a sliding surface for each subsystem given by the sliding
variable ; :R" ! R

i(xi(t) = ¢ xi(t); (2.29)
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forall i 2f1;2;:::;mg, wherec; 2 R" is a design vector. When a sliding motion
is exhibited the i-th surface, i.e., j(xj) = 0, the associated subsystem exhibits a
reduced order dynamics

8

X = Xi 41 ifj2f12::0n 1

X = o 1 J B (2.30)
© Xing = Ci;:i J'n|=1 Gij Xij 1T ] = ni;

fori 2f1;2;:::;mg. Hence, the vectorsc; must be chosen so that the polynomial
de ning Xin, is Hurwitz.

Normal form For a system in this form, the stability is related to the one of the
zero dynamics, which coincides with the equivalent system. Hence, it is convenient
to design m di erent sliding variables ; : R" 1! R as the linear combination of
the external variables, i.e,

i(zi(t) = ¢ z; (2.31)

foralli2f1;2:::;mg, with ¢ 2 R" 1.

2.3.2 The Control Law

As anticipated at the beginning of this chapter, the control laws generated by SMC
are characterized by high frequency switching behavior. Depending on the type of
system, di erent control laws have been proposed in the literature. In the following,
some of the available options are presented.

Relay form  For this type of controller, the i-th component of the control input
vector u(t) may assume two distinct values, depending on the sliding variable asso-
ciated with i-th sliding variable. Let : X ! R™ be the sliding variable vector in
(2.22), then the control law is de ned as

8

2+ . T .

Ui(t) = up (x(t);t) if (x(t)) > O (2.32)
> .
Tup (x(@;) i (x(@) < 0;

with i 2f1;2;:::;mg. The valuesu; 2 R and u; 2 R must be de ned during the
design phase.
Unit Vector approach Suitable in the case of MIMO systems, the unit vector

approach [27] exploits a control law that relies on a unit vector which indicates the
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direction toward the sliding manifold. In particular, the control law u(t) 2 R™ is
given by

u(t) = K(x(t):t)M;

where :X ! R™ is the sliding variable vector in (2.22) andK (x(t);t) 2 R™ M is
a design gain matrix.

(2.33)

State Feedback Control with Switching Gain The control law is given by

u(t) = ( x(0)x(t); (2.34)

where : X! RM " s a state-dependent gain matrix, whose elements depend on
the sliding variable vector : X! R™, de ned as in (2.22). In particular

8

R 0% > 0
i (x(1) = _ (2.35)

~ oy if (X)X <0
fori 2f1;2;:::;mgandj 2f1;2;:::;ng. In this case, the design parameters are
the values ; 2 Rand ;; 2 R.
Augmented control The control law is obtained by combining the so-called
equivalent control ueq 2 R™, i.e., the control law obtained by imposing the rst
derivative of sliding variable vector to zero (refer to the corresponding paragraph
in Section 2.3.4 for more details). In particular

Ui (t) = Ueg;i (t) + uri (1); (2.36)

with i 2 1;2;:::;mg, whereu,; 2 R is a discontinuous control like the relay type
or the unit vector.

2.3.3 Existence and Reaching conditions

A fundamental aspect that one must consider when dealing with SMC is the exis-
tence of the sliding mode. In simple words, a sliding mode exists if in the vicinity
of the sliding manifold (x(t)) = 0 ,, the tangent vector of the controlled system
trajectory is always directed toward the sliding manifold. Moreover, lett, 2 R ¢

denote the so-calledreaching time, i.e., the time in which the system states reach
the sliding manifold starting from some initial conditions X(tg) = Xo 2 X . Then, if

the condition (x(t)) =0, is satised fort t,, then the sliding mode is said to be
ideal. Note that, the existence of a reaching time allows to distinguish between two
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phases of the system motion: the so-calledeaching phase during which the system
states are approaching the manifold, and thesliding phase in which the system
evolves on the sliding manifold.

From a theoretical point of view, the existence problem of sliding mode can be
treated as a stability problem. In particular, it must be ensured that the sliding
manifold is attractive for some initial initial conditions x(tg) = Xg 2 X . To prove
the attractiveness of the manifold one can rely onLyapunov's second method25].

In the case of SISO systems, a simple, but often e ective, choice to prove the
existence of a sliding mode is

V()= 2 2x(0); (237)
for which we aim to obtain that the rst time-derivative satis es
v(x(t)) = (x(t))_(x(t)) < O (2.38)

The condition (2.38) is referred to asreaching condition [27]. In order to attain a
sliding mode in a nite time t;, it is fundamental that the the -reaching condition

q
v(x(1)) 2v(x(1)); (2.39)

which translates in to
(x(t)) _(x(t)) I (x)j; (2.40)

with 2 Rsq, is satis ed. Condition (2.40) expresses the fact that the sliding
variable and its rst time-derivative _ always have opposite sign, meaning that,
when < 0, it will grow since > and, on the contrary, if > 0, this last one
will decrease because<

Theorem 2.1 (Finite time reaching). Consider a control-a ne system (2.14)
with m = 1, initial conditions X(tg) = Xo and sliding variable : X ! R. If the
condition (2.40) holds, then the reaching timet, tp is bounded above as

j (x0)j

tr to+ : (2.41)

Proof. First, recall that, since m = 1, during the reaching phase, the sliding variable
keeps the same sign as its initial condition, i.e., sigi (x(t))) = sign( (xg)) all
t 2 [to;ty). Then, two sub-cases can be distinguished which depend on the value of

(X0):
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1. If (xg) > 0,then (x(t)) > Ofor all t 2 [to;t;) and it holds that

_(x(1)
Integrating with respect tot time between tp and t;, one obtains
Z, z,
_(x(t))dt dt;
to

to
(x(tr))  (x(to)) (tr  to):
Since the reaching time is de ned as the time instant in which the sliding mode

is enforced, then (x(t;)) =0. Hence, rearranging the terms and substituting
(x(tp)) = (Xo), one obtains

e to+ 00 =gy 1O, (2.42)

If (Xg) <0, then (x(t)) < Oforallt 2 [tg;t;) and one has that

_(x(®))

Similarly to what done in the previous sub-case, one can integrate with respect
tot time between tg and t, to obtain

z, Z,
_(x(0)dt dt;
0

to

(x(tr))  (x(t)))  (tr  to):

t

Recalling (x(t;)) = 0, rearranging the terms and substituting (x(tg) =
(Xo) lead to

X
t ot (Xo)

which, since (xg) < 0, can be rewritten as

L g | OO
r

O
For MIMO systems, the reaching condition can be obtained easily. The MIMO
version of (2.37) is the quadratic Lyapunov function

V()= 5 7 (x() (x(0);

(2.43)
for which the aim is to obtain that the rst-time derivative satis es

v(x() = 7 (x(1) _(x(1): (2.44)
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As for the reaching condition, in the case of a MIMO system, it can be chosen to
decide the convergence rate of the sliding variable having

_(x(1)) = Qsign( (x(1))) K ( (x(1)); (2.45)

whereQ 2 Rmh MandK 2 R™ ™M are two positive de nite diap>onal matrices, while

(@)= 1Cix@®) 20 20x(1)) m( m(x(t)) ,with ;{:R! R
satisfying

i(x(1) i i(x(1)) > 0; (2.46)

for ;(x(t)) > O0andi 2f1;2;:::;mg. The rst term in (2.45) expresses a constant
rate, while the second a variable one. A common choice is to make the second term
an exponential rate by setting ( j(x(1))) = i(x(t)).

2.3.4 Solutions of the controlled system

The control law that keeps the system states on the sliding manifold is a discon-
tinuous one. The dynamics of a system controlled via VSC, or more in general via
VSC, is given by

x(t) =" (x(t); u(t);t); (2.47)
where' : X RM™ R g! R"is a piece-wise continuous function, which makes
the system in (2.47) behave like a continuous nonlinear system in di erent regions
of the state space, with a discontinuous change of dynamics at the boundaries of
such regions. Due to such a change of dynamics, a system controlled via VSC is
generally referred to as Variable Structure System (VSS).

Since the dynamics of a VSS is dictated by nonlinear di erential equations with
discontinuous right hand side, classical results on solutions of di erential equations
do not hold. However, the evolution of a system on the sliding manifold is unique and
approaches to achieve an analytical solution have been proposed. In the following,
the Filippov's method [29] and the so-calledequivalent control approach[10, 27] are
presented.

Filippov's method This method provides a good interpretation but it is not
used in practical application. Hence, only the SISO case is analyzed. Consider the
SISO system of then-th order

x(t) =" (x(t);u(t); 1);

with ' :R" R R ¢! R", control law u(t) 2 R of the relay type (2.32). Then,
it is possible to show that the controlled system on (x(t)) = 0 behaves so that it
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follows the manifold. In particular, the the dynamics of the system on the manifold
is coincides with a vector' :R" [0;1]! R" belonging to the convex hull of two
vectors' " :R"! R"and' :R"! R", denedas

FTx() = (x@;utis o (x(®) = (x(0);u )

whereu™ and u are de ned as in (2.32). The dynamics of the system is given by

x(t)=" (x(t); )= " "x@)+@ ) (x(@); (2.48)

where 2 [0; 1]. A graphical representation of (2.48) is provided in Figure 2.3. The
value of can be found solving for the equation

@ (x(1)) S y=0-
o (x(t); )=0; (2.49)

which highlights the fact that, since the gradient % is orthogonal to the level
lines, the vector' (x(t); ) follows the level line (x(t)) =0 that de nes the man-
ifold. Substituting the de nition of ' (x(t); ), one has

U ke Y ) (2550)
which, rearranging the terms to isolate , leads to
@ (x(t) .+ . _ @ (x(1)) . .
—@x (x(t)) (x() = —ax (x(1)) (x(1): (2.51)

Then, the value of for the computation of (2.48) is

_ QOO (x(1)) .
QOO +(x() " (x(1)

It is important to remark that the solution provided by (2.48) is valid only when

(2.52)

the system is in sliding mode and exhibits a dynamics described by a di erential
equation with discontinuous right hand side. During the reaching phase, classical
results on solutions of di erential equations can be adopted as the controller is a
continuous function outside the sliding manifold.

Equivalent Control Method Consider the control-a ne system in (2.14) with
m > 1, with u(t) chosen as the relay form controller in (2.32). Then, assume that
a sliding mode is enforced on the sliding manifold (x(t)) = 0, from the time
instant t;  to. Since in sliding mode, the state trajectories are forced on the sliding
manifold, _(x(t))=0n forallt t,. From this observation, the idea behind of the
equivalent control method is to nd the so-called equivalent controller ugq 2 R™,
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NN

///\\/\

Figure 2.3: Graphical interpretation of the Filippov's solution.

i.e., the continuous control law that keeps the system states on the sliding manifold.
To do so, one can impose_(x(t)) = 0 and solve for u(t). Computing the time
derivative of the sliding variable leads to

xw= Cuxn = LD 1 x0:9+ Bx@:ivu) = (2.53)
If one assumes that
(C;;(t)) B(x(t):t) > On: (2.54)
for all (x;t) 2X R o, then the equivalent controller can be computed as
1
= Eo iy EE iy ¢ @)

Then, substituting (2.55) in (2.14) it is possible to de ne the dynamics of the con-
trolled system while in sliding mode as

x(t) = f(x(t);t) + B(X(t);t)ueq(t)
1
Fx(t):t)  BX():1) @( “» @( (t»

B (x(1);t)
@
@ (x(t )) L@ (x(1)
@x @x

f(x(t); 1)

B (x(1):1) f(x(t):1):  (2.56)

In B(x(1):1)

2.3.5 Robustness Property and SMC Design

The main context of application of SMC is the one of systems a ected by uncer-
tainties and external disturbances. Consider the control-a ne system a ected by
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uncertainties given by

x(t) = F(x(@);0)+  f(x(@®); O:;)+(BX@®)+ B(x(1); (1)) u(t); (2.57)

where x 2 X R" and u 2 R™ represent the state and the input of the system,
respectively,f : X R ¢! R" is the nominal drift dynamics, and B : X R ¢!

R" M is the nominal control e ectiveness matrix. As for f : X R o! R
and B :X R o! R"™ M, they represent the model uncertainties, they are
dependent on a time-varying unknown parameter vector 2 RP, with  being

a compact set, and they satisfy the so-callednatching condition.

De nition 2.3 (Matching condition). A vector v 2 R" is said to be matched if
v 2 sparf B (x(t);t)g;
forall x2X andt2 R .

The uncertainties can be then rewritten as

f(x(t); (t);t)+ B(x(t); (t);t) = B(x(t);t)w(x(t); (t);t); (2.58)

with w 2 R™ being the vector of matched uncertainties, then, it is possible to
rewrite (2.57) as if the uncertainties act as a disturbance entering though the input
channel as

x(t) = f(x(t);t) + B(x(t);t) (u(t) + w(x(t); (t);1)): (2.59)

Moreover, the perturbation vector w(x(t); (t);t) satis es the following assumption.

Assumption 2.1 (Bounded perturbation). There exists a known scalar func-
tion :X R ¢! R such that the norm of perturbation vectorw(x(t); (t);t) is
bounded above as

kw(x(t); (t);H)k  (x(1);1); (2.60)

forall x2X andt2 R o.

It has been proven that, when the states lie on the sliding manifold, the system
is robust to disturbances that enters the system in the same channel of the input
(see, for example, [30], for more details). In the following, a possible design for the
control law that ensures a sliding mode (x(t)) = Oy in nite time, making the
system robust to w(x(t); (t);t), is provided.

Let Assumption 2.1 holds. Then, it is possible to design an augmented controller
like the one presented in Section 2.3.2, i.e.,

u(t) = ueg(t) + ur(t); (2.61)
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with ueq 2 R™ being the equivalent control law andu, 2 R™ a relay type controller.

The objective of the discontinuous control law u; is to make the system robust to

w(x(t); (t);t), while ueq is designed to impose the behavior of the system once the

perturbations are rejected.

In particular, ueq can be designed solving (x(t)) in the case ofw(x(t); (t);t) =0m,

while u, is chosen to ensure that the system achieves a sliding modgx(t)) =0 .
To this end, one can chose the Lyapunov function as detailed in [31], as

vX(®) = 5 7 () (x(0);
with rst time-derivative
VX(O) = (X(D) _(X()
= 28 “)) (030 + B0 () + wixt): (0:0)

Then, substituting u(t) as in (2.61), and havingueq(t) as in (2.55), one has that

vx@®) = (x (t))@( )

In order to ensurev(x(t)) < 0, one can exploit the knowledge about the perturbation

B(x(1):t) uyr(t)+ wx(t); (1):t) : (2.62)

bound in Assumption 2.1 and design the discontinuous control as
B> (x(t); 1) 240

u(t)= ( (x);t)+ ) Eﬁ(x(t);U%

(2.63)

where 2 Rsg is a design constant which de nes the reaching time, as previously
detailed.

2.3.6 The Chattering problem

The generation of an ideal sliding mode requires an in nite control frequency, which
is not obtainable when SMC is implemented in the practice. Since the implemen-
tation is done on digital controllers, the process signals are always sampled with a
certain (possibly small) sampling time. This introduces the so-calledchattering, i.e.,
high frequency oscillation in the state trajectory, having a negative impact on the
performance of the control. As highlighted in Figure 2.4, if chattering is present, then
the system trajectories do not stay exactly on the sliding manifold (x(t)) = 0,
but switches around it in a boundary layer k (x(t))k , with 2 Rso. In such a
condition, the sliding mode is said to bepractical. The amplitude of the chattering
e ect is usually proportional to the gain of the discontinuous controller [10] and, in
order to alleviate its e ect, chattering alleviation techniques have been proposed in
the literature (see, e.g., [32, 33], among others).

25



2.3. Elements of classical Sliding Mode Control

I ATy
TL’I T’El
x(to) z(to)

Figure 2.4: Example of an ideal sliding mode (left) and a sliding mode with chat-
tering (right).

2.3.7 Approximability Property

As anticipated in Section 2.3.6, it is impossible to have an in nite frequency switch of
the control law, causing a sliding motion only around the sliding manifold (x(t)) =

Om and not exactly on that. The results of the studies related to the behavior of the
system near the sliding manifold are gathered under the so-calledpproximability
property [34, 35], which is recalled in the following. Consider the multi-input system

x7(t) = f(x°(1);t) + B(x’(t); t)u(t); (2.64)

where u(t) is the ideal SMC law which ensures (x?(t)) = 0 . Let now w(t) be a
control input which includes non-idealities. The system becomes

x(t) = £ (x(t);t) + B(x(t); t)u(t); (2.65)
and the sliding mode is achieved in a -neighborhood of the manifold, i.e.,
=fx(t)2X 1k x()k g (2.66)
with 2 Rs . Then, the following theorem holds.
Theorem 2.2 (Approximability Property [26]). If it is true that

1. there exists a solutionx(t) to (2.65) in the interval t 2 [to; T], and x(t) belongs
to the -neighborhood of the sliding manifold(2.66);
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2. there exists a Lipschitz constantL for the equivalent dynamics

@ (x(1)) L@ (x(1)

L= 10 BN = PBOCO =g

FOC():t);

1
3. there exist bounded partial derivatives oB (x(t);t) & B(x(t);1) ~;
4. there exist two constantsM; N 2 R such that

kf (x(t);t) + B(x(t);t)e(t)k M + N kxk;

then, for any pair of solutions of solutions x(t) and x?(t) with initial conditions
kx(to) x’(to)k 1, with 1 2 Rso, there exists a constant » 2 R such that
kx(t) x?(Hk o, forall t 2 [to; T]. Moreover, if system (2.64) achieves a sliding
mode asymptotically, then the theorem holds foll |1

2.4 Integral Sliding Mode

The robustness to matched perturbations is guaranteed only when the system is in
sliding mode, i.e., fort t;, making the system sensitive to disturbances during
the reaching phase. To mitigate this problem, it would be possible to use high
gain switching controller to have a smallert,. However, this approach could cause
damages to the plant actuators [36].

To cope with such a problem, Utkin and Shi introduced the concept ofintegral
sliding mode (ISM) in [36]. In such a work, they propose a novel SMC strategy
which, thanks to a modi cation of the sliding variable, eliminates the reaching
phase, achieving a robust motion on the whole state space. Since the complete
state space can be seen as the sliding manifold, the system in sliding mode is not
characterized by order reduction.

Consider the nonlinear multi-input system

x(t) = f(x(1);1) + B(x(t);)u(t) + h(x(t); 1); (2.67)

where x 2 X R", with X being a compact set containing the origin, represent
the system states,u 2 R™ is the control input vector, f : X R ¢! R" is the
drift dynamics, B : X R ¢! R" ™ is the control e ectiveness matrix, while
h:X R o! R"is the vector of disturbances. Note that, even though ISM has
been extended to deal with unmatched disturbances (see, e.g., [37] and [38]), in the
following, the term h(x(t);t) satis es the matching condition (De nition 2.3).
Moreover, the disturbance is bounded according to the following assumption.
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Assumption 2.2. There exists a known positive scalar functioh: X R g! Rsg
that bounds the disturbance term as

h(x(t);t)) 2H; H = fv(x(t);t) 2 R" : kv(x(t);t)k  h(x(t);t)g;
forall x2X andt2 R o.

In the ISM control framework, the control law has a structure similar to the one
of an augmented-type controller, being

u(t) = un(t) + ur(t); (2.68)

where u,(t) 2 R™ is a switching controller whose objective is to make the system
robust againsth(x(t);t), while u,(t) 2 R™ is the so-callednominal controller, which
is designed to stabilize the system (2.67) as if it was not a ected byh.

As for the sliding variable : X ! R™, which is now referred to asintegral
sliding variable, it is de ned by the sum of two components

(x(®) = ox(1) z(x(1)); (2.69)

where o: X! R™isthe SMC conventional sliding variable chosen, for example, in
one of the ways described in Section 2.3.1 and satisfying the following assumption.

Assumption 2.3.  The conventional sliding variable o: X ! R™ is chosen so that
the matrix

@ o(x(t))
@x
with %( 2 R™ " being the Jacobian of o with respect to x, is positive de nite for

all x2X andt2 R .

B(x(t);t)2R™ ™,

As for z: X ! R™, it is the so-called transient function and it is designed on
the system controlled by the nominal controller as

o @ o(x( ))
to @X

Such a choice of the transient variable ensures that, fort = tg, it holds that

z(x(t)) = o(xo) + f(x(); )+ BX(); Jun() d: (2.70)

(X(to)) = o(x0) z(X0) = o(Xo0) o(Xo0) = Om. Hence, the system is on the
sliding manifold from the initial time instant.

2.4.1 Existence and Robustness Property

The following theorem presents the existence conditions of an ISM fot .
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Theorem 2.3 (ISM Existence). Given the nonlinear perturbed multi-input sys-
tem (2.67) with matched uncertainty h(x(t);t) satisfying Assumption 2.2, integral
sliding variable (x(t)) de ned as in (2.69), and controlled via an ISM controller
u(t) in (2.68), with discontinuous controller u, (t) chosen according to the unit vector
approach in (2.33), i.e,

ur(t) = (X(t);t)m: (2.71)
Then, if the control gain  (x(t);t) 2 R>o is chosen so that it satis es
@o(X(t)) h(x(t): 1)
(x(t);t) > (2.72)

_ %B(x(t),t)

where h(x(t);t) is the function introduced in Assumption 2.2, 2 R.g is a design
constant, while _( ) denotes the smallest in norm eigenvalue of its argument, then
a sliding mode (x(t)) =0, is enforced fort to.

Proof. Let v: X ! R be the Lyapunov function chosen as
vx(®) = 5 7 (x() (x(0):
Then, its rst time-derivative can be computed as
v(x@®)= -~ (X(t))ﬁ(X(t)) |
= >(><(t)) _o(X(t)) z(x(t))
@o(X(t))

#

=7 (X(t)) —=x(t)  z(x())

@ o(X(t))

= 7(x(1) Fx(t);t) + B(x(D):; )(un(t) + ur (1)) + h(x(t);t) +

#
f(x(t);t) + B(x(t); t)un(t)

@ o(X(t))
@x

@o(x(1))
@x

= T(x() =57 BXx(t);t)ur(t) + h(x(t);t)

Substituting u¢(t) as in (2.71) and omitting the time dependence of the state for
sake of readability, it holds that

@o(X) @o(X) (x) .

k (X)k’

v(x)= 7 (x) BO:th(xit)  (xt) ~(x)

B(xt)
If Assumption 2.3 hold, then v can be upper bounded as

k (x)k  @o(x) @o(x) ~
@

V(X) (x;1) > — @x B(x;t)+ B~ (x;t)
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+k Ok

@ o(x) AL
oy Knonk:

Thanks to Assumption 2.2, the norm of the perturbation is bounded, leading to

k (x)k @ o(x) @ o(x)
@x @x

Then, choosing (x;t) as in (2.72), one has

v(x) (x;t)

B(x;t) + k (x)k

h(x;t):

v(x(1)) k (x(t)k<0;

which ensures that a sliding mode (x(t)) = 0 , is achieved in nite time. Moreover,
since the integral sliding variable components are selected so that(x(tp)) = 0 m,
one can conclude that the sliding mode is enforced for to. O

To highlight the robustness capabilities of the ISM controller, the equivalent
control law is computed. First, it is worth recalling that the equivalent controller is
the continuous control law that keeps the system states on the sliding manifold and
it is computed imposing

x= LD Bxnu®+ hx©) =0m: (273
and then solving for u, (t) obtaining
1
X(t
Ueq(t) = @Og( ))B(X(t) t) @"é@( ) h(x(t);1): (2.74)

Under the assumption of matched perturbations one can express
h(x(t);t) = B(x(t); t)w(t)

with w:R ¢! R™, and then rewrite (2.74) as

= QLD " @D g 1y gy
_ o @o(x(t)) @o( (1)
= B (x(t);t) @x @x B (x(t); t)w(t)
= B (x(1):)B(x(1);w(t)
= W)

Hence, it is possible to conclude that, applying the discontinuous controlu(t) in
(2.68), with u,(t) in (2.71) has the same e ect to apply an ideal control law equal
to the opposite of the disturbance.
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2.4.2 Physical Interpretation of the Equivalent Control

As recalled in Section 2.4.1, the equivalent controller is a continuous control that
maintains the system in sliding mode, having the same e ect of the switching con-
troller. As detailed in [10] and [36], it is possible to demonstrate that, in the prac-
tice, this last one corresponds to the sum of the equivalent controller plus a high-
frequency term that cause the chattering. In particular, starting from the rst-time
derivative of the sliding variable in (2.73), with h(x(t);t) = B(x(t);t)w(t), and
rearranging the terms, one obtains

@ o(X(1)) ! @ o(x(1))

u(t) = ——=—"B(x(1);1) (x(®)  —=_—BX(1);)w(t)

@x @x
1

- W+ @‘g‘t”s( X(Dit)  _(x(1)
1

= w0+ 28D pxwin  x)

Since the equivalent controller corresponds to the low-frequency component of
the discontinuous controller, it is possible to approximate it using a rst-older lter
characterized by the di erential equation

Oeq(t) = Ur(t)  Qeq(t); (2.75)

with initial condition 0eq(to) = 0m and ltering constant 2 (0; 1)), chosen as not
to distort the harmonic content of h(x(t);t). The solution of (2.75) is given by

1%t «
Ogq(t) = — t e ur( ): (2.76)
0
2.4.3 ISM control example
Consider the Du ng oscillator dynamics in (2.3), with =1. Then, it is possible to

describe the system in the control-a ne form (2.67), with drift dynamics f (x(t);t) 2

R? and control e ectiveness matrix B (x(t):t) 2 R? de ned as
2 3 2 3

Fx(D):1) = 4 X2(t) 5 = 4%
COO=T 0a @) wo+uy o ONEY

As for the disturbance h(x(t);t) , in this example it has been chosen as
23

h(x(t);t) = B(x(t);t)w(t) = 425 0:15sin(2) cos(01t)

which satis es Assumption 2.2, with h = 0:2. Then, the integral sliding variable
(x(t)) 2 Ris as in (2.69), with o(x(t)) = (X1 X14)+ (X2 X24) 2 R, with X1.g
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and x,.q being a desired equilibrium point, and transient variable z(x(t)) 2 R as in
(2.70). Choosing the nominal control law asu, (t) = 4xy(t)+ x3(t) 2xa(x(t)) 2 R
and the switching controller asu, (t) = 0:25sign( (t)) 2 R, whose gain is chosen
accordingly with Theorem 2.3, lead to the results in Figures 2.5 and 2.6. Moreover,
as shown in Figure 2.7, applying a rst order Iterto u,, with =0:01, itis possible
to provide an approximation of the equivalent control.
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Figure 2.5: Time evolution of the system states
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Figure 2.6: Time evolution of the sliding variable
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Figure 2.7: Time evolution of equivalent control

2.5 Higher Order Sliding Mode Control

As detailed in Section 2.3.6, due to its discontinuous nature, SMC can produce
the so-called chattering e ect, which, in some cases, can be disruptive for the con-
trolled plant. To overcome such an e ect, several techniques have been proposed.
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For example, on-line estimation of the equivalent control has been employed to re-
duce the discontinuous control component [39]. Another method which has been
widely adopted consists in moving the discontinuity (instrumental to ensure a slid-
ing mode in nite time) into some derivative of the control law, letting the control
signal fed to the system to be continuous. Such an approach, called Higher Or-
der Sliding Mode (HOSM) control, has been extensively studied in the literature
[40, 41, 42, 43, 44, 45] and it is characterized by the fact that it steers to zero not
only the sliding variable, but also on its time derivatives.

Consider the nonlinear multi-input control-a ne in (2.15)

x(t) = f(x(t);t) + B(x(t);t)u(t)

and let : X ! R" be the sliding variable as in (2.22). Then, the system is said
to be in r-sliding modeif, for t t, tg, its states reaches the so-called-sliding
manifold, de ned as

n xn
X(t) 2X;u(t) 2 R™: (x(t)) = L¢ (x(t)+ Lgaiy (X(t)u
i=1

LY (x(ty) + XnLBmLErz)(x(t))U(tFOO
i=1

where Lgr b (x(t)) isthe (r 1)-th order Lie derivative of (x(t)) along the vector
eld f(x(t)). Note that the order of the sliding mode controller that enforces an
r-sliding mode isr.
Consider, for sake of simplicity, the SISO system
8
2x(t) = f(x(1);1) + b(X(t); t)u(t)

N (2.77)
Syt = (x(t);t)

wherex 2 X R" u2R,and :X R o! R s a suciently smooth output
function. The dynamics componentsf : X R g! R"andb: X R o! R" are
assumed unknown, but the relative degree of the system is available and equal to
r 2 N, meaning that the term u appears explicitly in the r-th time derivative of vy,
having

@y’ ., @0
75660—) @ueo.
Then, one has that
M (x(t)) = h(x(t);t) + g(x(t); hu(t); (2.78)
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whereh: X R g! Randg: X R g! R are suitable functions that satisfy
the following assumption.

Assumption 2.4. There exist some known constant#d;g;g 2 R such that

jh(x(t);t)j H;
0<g o(x(1) g;or g g(x(1) g< o

meaning that function g(x(t);t) has constant known sign.

Then, the original dynamical system implies the di erential inclusion [46]
D(x(t);t) = f1+ fou(t); (2.79)

with f1 2 [ H;H] and f> 2 [g;g]. It has been shown that, in order to make the
r-sliding manifold associated with (2.79) nite-time attractive, and hence generate
a r-sliding mode, any sliding mode controller of orderr of the form

u(t) = k (x(1); _(x(®);::; D) ; (2.80)

with () being a discontinuous function andk 2 Rsq, can be used (see, e.g.,
[40, 42, 43, 44]). For example, in [40] two controllers have been proposed for=1; 2,

ie.,

u(t) = ksign( (x(t))) ; (2.81a)
ut)= ksign _(x(t)+ j (x(®)jzsign( (x(1) : (2.81b)

It is worth noticing that, if a sliding controller of order r is applied to a system with
relative degreed < r , then the chattering phenomenon can be alleviated. In fact, if

variables and sets a new control variablen(t) = u(" 9(t), then the relative degree
of the resulting system with respect tow is r. Then, the control actually fed to the
systemuisa(r d 1)-smooth function of time with d <r 1, a Lipschitz function
with d=r 1, and a bounded discontinuous switching function withd = r [26, 40].

As one can understand from (2.81), a sliding controller of order requires the
knowledge of (x(t)) and its derivatives _(x(t)); @ (x(t));:::;  D(x(t)). If such
a knowledge is not available, one could rely, for example, on the so-calldcevant's
di erentiator [40]. In the case ofr = 2, there are also methodologies that do not
require the derivatives of the sliding variable (see, e.qg., [33, 47]).
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2.6 Adaptive Sliding Mode Control

The eld of adaptive control theory studies controllers which include parameters
that are not kept constant, but they must be adapted according to the system
response [48]. In general, parameters are adapted so that the robustness of the
method is maintained. Hence, adaptation laws are derived relying on Lyapunov
analysis and making use of theoretical tools likeparameter projection, which is
described in Appendix A.

The main di erence between adaptive control and robust control is that the for-
mer usually does not require a priory knowledge about the time-varying parameters,
while the latter, which is the category to which SMC belongs, aims to guarantee
stability of a system relying on some knowledge (usually bounds) on the uncer-
tainties a ecting the system. The two types of control have been often combined,
generating powerful control techniques, as in the case of Adaptive Sliding Mode
Control (ASMC). Fore some examples, one can refer to [49, 50, 51, 52, 53, 54],
among others.

Consider a MIMO control-a ne (2.67) system with control input u(t) 2 R™
being de ned according to the unit-vector approach

ut) = (O
where (t) 2 Rs g is the discontinuous control gain, whose value must be su ciently
large to compensate the perturbation h(x(t);t) and the e ect of the rest of the
dynamics. Hence, as mentioned in the previous sections, a knowledge on the bound
of such a term is required. If, fore some reason, such a knowledge is not available,
then the discontinuous control gain can be made adaptive according to one of the
strategies cited above. For the reader's convenience, in the following, two adaptation
strategies are presented.

Strategy 1 [52]  The discontinuous control gain is described by a dynamics which
depends on the norm of the sliding variable, i.e.,

M=k x)k; (2.82)

with initial condition (tg) = o2 Rso chosen in the design phase. The parameter

2 R>( acts as an adaptation rate and it is chosen by the designer. The basic
idea behind the above adaptation scheme is that, if the sliding mode is not enforced
(k (x(t))k > 0), then the gain is increased. As soon as the sliding mode is enforced

35



2.6. Adaptive Sliding Mode Control

(assume at timet,  tg), the gain is no longer increased. The nal value of the gain,

denoted as 1 2 R. g, can be computed as
z

1
1= ot : ()d
z%, z,
= ot Lkd + Hd
to tr
Ztr
= 0+ Lkd o:

to
Strategy 2 [53] It is possible to lower the discontinuous control gain when the

value of of the sliding variable is below a certain threshold® 2 Rsq by having

8
Ewygn(k (x(thk ") if (b) ;

o (2.83)
> it (t) <

where 2 R, is a small constant whose aim is to ensure that (t) > 0, for all
t to.
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Chapter 3

Preliminaries on Neural
Networks and Learning

This chapter introduces the main concepts about Arti cial Neural Networks and
learning, instrumental for the development of the strategies presented in this disser-
tation. In particular, the mathematical formulation of multi-layer perceptron model

is presented, along with the universal approximation theorem. Then, di erent con-
ventional learning techniques are presented and discussed.

3.1 Multi-Layer Perceptron

Multi-Layer Perceptron (MLP) is a type of Arti cial Neural Network (ANN). ANNs

are mathematical models initially developed to understand the behavior and the
information process capabilities of the nervous system, which can be seen as a
dense network of neurons. A biological neuron, depicted in Figure 3.1, is a cell
comprised by three main elements: thesoma (the cell body), the dendrites, and the
axon. In particular, the aim of dendrites is to receive signals from other neurons,
while the axon, which is connected to the dendrites of other neurons, transmits
the signal exiting the neuronal cell. The behavior of a neuron can be summarized
as follows. The dendrites modulate the incoming signals from other neurons via
transfer weighting coe cients and bring them into them into the cell body. This last
one combines the signals coming from the various dendrites generating a composite
signal which, as soon as it reaches a threshold, is transmitted through the axon. It
is important to notice that, due to cell nonlinearities, the composite signal inside
the soma is a nonlinear function of the combination of the signals entering the cell.
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Axon Terminals

Dentrites

Figure 3.1: Graphical representation of a biological neuron and its main compo-
nents.

3.1.1 The Perceptron model

Having in mind the behavior of biological neuron, the so-calledperceptron model,
propﬂsed in[3] and deleicted in Figure 3.2, is now des%ribed. Consider a|n>input vector
X = X1 Xo xn 2 R", a weight vectorw = w; w, wy, 2R" a
scalar biasb2 R, and an activation function &: R! R. Then, the output y 2 R of
the neuron is given by

X0
y=8wx+b=8& b+ xjwj : (3.1)

If one augments the input vector and incorporates the weights and the bias in a
single vector vector, it is possible to obtain two vectorsx, 2 R"*! and v 2 R"*!,
de ned as h i h i
Xh= x> 1 ; v= w b : (3.2)
Hence, the expression of the neuron output given by (3.1) can be reformulated in a
more compact form as
y = &V’ X):

Even though a single neuron could be e ective in very simple problems [3], an
higher number of neurons is required when the complexity of the problem increases.
In particular, more complex ANNs can be built by organizing neurons in layers,
i.e., groups of neurons which do not communicate with each other, but all receive
the same input vector and whose output will be the input to the subsequent layer.
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1
X1

P
sz &) y=(b+ " My xiw)
xn.

Figure 3.2: Mathematical model of the neuron.

Such an architecture is called MLP [4] and an example is provided in Figure 3.3. In
the research reported in this dissertation, MLP models have been extensively used.
Hence, their mathematical formulation it is now provided.

Figure 3.3: Example of a network with one hidden layer.

Consider a MLP composed by an input layer,k 2 N ; hidden layers, and one
output layer. The j-th layer is characterized by L; 1 activation functions and a
scalar identity map which is used to introduce bias in the subsequent layer. Specif-
ically, Lo l1andLg+1 1 denote the size of inputs and outputs of the network.
Moreover, each layer is characterized by a weight matrixv; 2 Rt D (Lis D and
by a bias vectorly 2 Rti*t 1, de ned such that

2 3
>
W,
S W2 " !
Wi = : ;b= b b BLj. o
1

>
Wj;l—j+1

wherew;; 2 RY 1andh; 2 R are, respectively, the weight vector and bias of the
i-th neuron in the j-th layer, with i 2 f1;2;:::L;+1 19. Hence, it is possible to
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de ne the output of the j-th layer with the quantity ; 2 Rbi++ 1, de ned as

8
.._ZWJ?&( j)+ b forj2f1,2:::;kg (3.3)
j = .
ZWZx+ by forj =0;

where& : R 11 Rbi s the vector of the activation functions of the j -th layer
and it is de ned so that
h [
&(j )= &1(j 11) &2 12) 0 &y 1 1y 1)

with & :R! R being the activation function of the i-th neuron of the j -th layer,
while j 1i 2 R is the i-th element of the vector j ;2 Rt 1.

Recalling the de nition of the augmented state vector xy, in (3.2), it is possible
to simplify the the notation of the expression of the ANN by introducing, for each

layer j, the function vector j : Rt | Rbi and the the matrix Vj 2 Rt List | In
particular, the former one is de ned so that, given a vector 2 R\
2 3
()= a8l oy s, (3.4)
id( ;)

whereid : R! R is athe identity function id(a) = a, for any a 2 R. As for the
matrix Vj, it is de ned so that it incorporates both the weight matrix W, and the

bias vectorly as 2 3

Vj> — 40\:\/1'> ?-5;
L 1
for the layers up to the second to last one, i.e.j 2f0;1;:::;k 1g. Since the last
layer does not need to produce the output element for the bias, the columns o¥
are not augmented. In fact, this last one is de ned as

h [
Ve = Wy b 2 R Dbk (3.5)

with Ly+1 1 being the number of outputs of the ANN. Then, it is possible re-
formulate the output of the j-th layer, expressed originally as in (3.3) in a more
convenient way, i.e.,

8
EVJ-> (1) forj2f12:::;kg
e - (3.6)
- Vo' Xn forj = 0;
where ( j 1) is computes asin (3.4)with = ; ;. Note that, now ; 2 Rbi*t.

For sake of completeness, théorward-pass i.e., the evaluation of the output of each
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layer of the ANN, is reported. In particular, one has that, given an input x 2 R",
it holds that

32 3 2 3
> >
0= Vg xp = 400 tog 4 X5 _ 4Wo X * bog
o 1 1 1
2 32 3 2 3
1=Vy 1( o)=4 Wi big & o 1 g _ 4W1>81 ofL: 1 + big
= V] = -
20El SR R R ! 3
W5 b, & 1, 1 W& 1, 13 +h
2= V5 o 1)=4 7 54 Mtz 15 _ 4 [tz 1 5
Lo 1 1 1L2 1
X 2 3
P& ko1, 1
k=Ve k( k)= W b 4 L ]5:Wk>&< kK Ll 3+
k 1;Lk

3.1.2 Universal approximation capabilities of ANNs

One of the reasons for ANNs have been widely adopted in the years is their power
of approximating a wide class of functions. Such a capability, usually referred to as
universal approximation property, has been studied in works like [4, 55, 56, 6, 57]
and hereafter recalled.

Theorem 3.1 (Universal Approximation [55]). Letf : ! RPbeacontinuous
function de ned over a compact set R" and : ' RPan ANN with k2 N ;

hidden layers whose output is computed as i(8.6). Then, if the activation functions

in the vectors &, with j 2 0;1;:::;kg are not polynomial, it holds that

FO)=( x)+" (x); (3.7
where" : | RP being the approximation error. Moreover, there exists a constant
" 2 Rsg such that

supk" (x)k " : (3.8)
X2

Note that, the value of ( x) in (3.7) corresponds to the output of the last layer
of the DNN, i.e., ( xX) = , computed as in (3.6) with ] = k.
The above result can be easily extended also to the case where the function that
must be approximated is a matrix. LetB : ! RP 9be a continuous function, and
I RPY. Then, it holds that
vecB(x))=( x)+ " (x); (3.9

with " : | RP9,
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De nition 3.1 (Vectorization). Given a matrix A 2 RP 9 and havingA() 2 RP,
with i 2 f1;2;:::;0g, denoting its i-th column, then vec(A) 2 RPY is a column
vector de ned as 2 3
AQD
AQ
vec (A) = v (3.10)

Al

Moreover, if a2 R" is a vector, thena vec(a).

For example, in the casep =2 and q= 3, one has that
2 3
A=4 C5vec(A)=adbecf:
d e f

The expression in (3.7) can be equivalently expressed as
B(x)=vec (( x)+" (X); (3.11)

with vec 1() being the inverse of the vectorization operator. Before introducing
this last one, the de nition of the so-called Kronecker product must be recalled.

De nition 3.2 (Kronecker product). Given two matricesA 2 R" M and B 2
RP 9 the Kronecker product, denoted withA B, is a de ned as
2 3
al;lB al;zB o dlm 1B al;mB
az;lB az;zB . ao:m 1B az;mB
A B= o ::: o = o 2 R"™ M4 (3.12)
an 11B an 12B 1 ap ym 1B an 1mB
De nition 3.3 (Vectorization inverse). Given a vectora 2 RPY, then, vec 1 (a) 2

RP 9 is the matrix obtained performing the inverse of the vectorization operation,
de ned as

vec 1(a)=(vec(lq)” Ip)(lp @ 2RP 9 (3.13)
Moreover, it holds that vec vec 1(a) = a.

h [
Forexample,ifa= a b ¢ d e f g , then result of vec ! (a) choosingp = 3

andgq=2is 3
a d
C

f

2
vec 1(a) = §
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Exploiting the formulation in (3.11) allows to express the estimate of a specic
column of B (x), denoted asB ()(x) 2 RP, as

BOx)=vec T(( x))M +vec (" (x)© (3.14)

fori 2f1;2;:::;qg. Recalling the fact that V 2 Rtk D (Lisa D) with Ly 1=
pg being the output size of , one can conveniently expres¥y as the concatenation
of di erent sub-matrices V' 2 R« D P je,

h i
VERVISIRVIS vl (3.15)
Then, the expression ofvec * (( x))(i) 2 RP is given by
vec 1(( )@ =vec *( )7 = V¢! ( k 0): (3.16)

To better understand the expression (3.16), a graphical representation of a network
with k =2 that estimates a2 2 is presented in Figure 3.4. From such a depiction,
it is possible to understand that one can isolate the estimate of the-th column by
performing the standard forward-pass up to layerj = k 1 and then consider only
the subset of weightsvk[i] for the last layer.

Figure 3.4: Example of a network with k = 2 hidden layers that approximates a
2 2 matrix.

3.1.3 Depth vs Width

One of the most critical aspects in the design of an ANN is the choice of the
number of hidden layersk, namely the depth and the number of neurons for each
layerj 210;1;:::;kg, i.e., the width.

In the last decades, it has been studied how, from an approximation capability
point of view, increasing the number of layers brings more bene ts than increasing
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the width of the ANN. Indeed, Hastad laid out the foundation for a proof in [5]
considering logical circuits, which has been extended to ANNs by Montufar in [58].
From Theorem 3.1, the degree of approximation that a ANN can provide grows
together with the number of neurons. Considering ashallow network, i.e., a ANN
with k =1, then the number of neurons tells how many times the approximator can
change its slope. What Hastad did was to prove that, while in shallow ANNs such
number grows polynomial with width, in DNNSs, i.e., ANNs with k 2 N ,, it grows
exponentially with depth.
More formally, consider a generic ANN : R" I R with k 2 N ; hidden
layers, input vector x 2 R", L; = L for i 2 f0;1;:::;kg, activation functions
() =ReLU( ). Then, has that the number of times N that the piece-wise a ne
approximation of the target function given by the ANN can change its slope, is

given in terms of the following big-O and big- notations based quantities
|

L (k Dn
N=0 2¢ ;N = = L" (3.17)
This means that, in a shallow ANN, sincek = 1, one hasN = O(1) and N =
( LM), i.e. polynomial. On the other hand, a deeper architecture k > 1) ensures
an exponential behavior of N, meaning that a DNN is more e ective in terms of
approximation capabilities.
In the rest of the dissertation, neural networks with MLP structure with k2 N »

hidden layers, i.e., DNNs, are considered.

3.1.4 Learning the weights

Once the structure of the neural network has been chosen, a crucial operation
is to nd the optimal value of the weights V;, for each layerj 2 f 0;1;:::;kg. This
correspond to nd the value of V; that maximizes a given performance index. Such
a procedure is often referred to adearning or training .

During the years, several learning algorithms have been proposed. Usually, they
exploits datasets which are collection of input-output pairs in the form

D = f(xM;yM)gNe;

where Np 2 Ns1 is the size of the datasetx() 2 2 R" is the input, and y 2 RP
is the output. Then, an optimization over the dataset D with respect to a certain
loss function L : D! R is performed. Depending on the task, di erent functions
are selected. For example, in regression problems, thdean Squared Error (MSE)
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function
1 No . . 2
L(D)= — y @ (3.18)
Np ._
i=1
is selected, where”: I RP is the network  characterized by non-optimal
weights.

Due to the presence of nonlinearities in the neural network, introduced by the
activation functions, the optimization problem is highly nonlinear, preventing the
development of closed form solutions. For this reason, iterative methods, lik&radi-
ent Descent(GD) and its variants [59], must be adopted. Such techniques iteratively
update the DNN parameters, i.e., weights and biases, relying on a low-order approx-
imation of the behavior of the loss function, i.e.,

LD;) L D; &Y +¢r L p; D t D 4

+ t 1 >H|_ D: 1 (t 1

NI =

where and (¢ 1) represent the current value and the value at the previous time
instant, respectively, whiler L(D; ¢ D)yandH_ D; t D are the gradient and
the Hessian matrix of the loss, both computed in (¢ 1),

Depending on the chosen algorithm, a di erent grade of approximation is em-
ployed. For example thebackpropagationalgorithm [60] requires the computation of
the loss function gradient with respect to the parameters, while theAdam optimizer
[61] relies on an estimation of the Hessian matrix. Let %) be the neural network
parameters at a speci c iteration, then an classical GD step with backpropagation
is given by

W= &1 | p: KD

where 2 R, is the so-calledlearning rate, which is an hyperparameter whose
tuning is fundamental for the convergence of the method. The size of is dictated
by the Lipschitz constant of the loss function, given by

kL(D; 1) L(D; 2)k< k1  2k:

However, the analytical expression of the loss function is unavailable because the
underlying model is unknown. Hence, is not computable and, as a consequence,
the learning rate is chosen empirically small.

The optimization of the neural network weights is usually referred to astraining
phase Once it is concluded, it is possible tovalidate the neural network model with
respect to di erent gures of merit, e.g., MSE or objective criteria like the ones in
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[62] and [63], calculated over a dataset which is di erent from the one used for the
training. This allows to understand how well the network performs over unforeseen
data. Once it is validated, the neural network is used for the intended scope during
the so-calledinference phase

The learning methodology described above is usually referred to aSupervised
Learning [64] and it is employed in many domains. However, there are cases in which
data are not available a priori and hence it is not possible to build a structured
training dataset. In such scenarios, and always depending on the task that must
be performed, the learning procedure can be performed in several ways. For this
reason,learning-by-doing approaches are employed. One of these approach is the so
called Reinforcement Learning [65], whose preliminary concepts are recalled in the
next section.

3.2 Reinforcement Learning

As stated at the end of the previous section, Reinforcement Learning (RL) [66] is
a branch of machine learning that does not require dataset of pre-collected data.
In the RL framework, represented graphically in Figure 3.5, there are two main
entities, i.e., the agent and the environment. The former corresponds to the entity
which has to take decisions, while the latter represents everything with which the
agent interacts. At any given time t 2 R o, the agent observes the environment,
represented by astate s; 2 S, with S being the so-called state space, and performs
a certain action a; 2 A, with A being the action space, according to apolicy
(asjst). The performed action changes the environment state. As soon as the state
is changed, the agent receives aimstantaneous rewardr; 2 R, i.e., a scalar which
indicates how well the agent has performed at timet. Usually, the learning process
is divided into episodesduring which the agent interacts with the environment until
a complete attempt to perform the task is done or a xed number of iterations is
performed.

What made RL popular is its exibility, since the action space A and the state
spaceS are chosen entirely by the designer depending on the task. For example
they can have continuous or discrete nature, with di erent degrees of complexity.
As for the policy , it can be continuous or discrete, deterministic or probabilistic.
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Action a;

AGENT

State st

ENVIRONMENT

Reward r¢

Figure 3.5: Graphical representation of the reinforcement learning framework.

3.2.1 Key concepts

In order to make the reader more con dent with the key concepts related to RL,
these last one are recalled and discussed, relying on the theory and notation intro-
duced in [66].

Reward One of the main concepts in the RL framework is the so-called reward.
At each time step t, the agent receives an instantaneous reward; which gives
information on how well it performed in that speci ¢ time instant. The main goal

of the agent is to maximize a quantity which is not the instantaneous reward, but
rather the so-called (expected)cumulative reward de ned as

X k
R = M+ k+1 (3.19)
k=0
where 2 [0; 1] is the discount rate, which prioritizes earlier rewards. In particular,
if is chosen close to zero, the agent will tend to perform actions that maximize
immediate rewards, while having close to one will lead to the maximization of

long term reward. Note that, (3.19) can be conveniently expressed in a recursive

way as
Ri=re1 + Fpa2 + rus + g + + Tl
=T t M2 + Iie3 + 2|'t+4 + + 7 1rt+T+l
- rt+1 + R t+1: (320)
Markov Decision Process Each reinforcement learning problem is modeled as

a Markov Decision Process (MDP), meaning that it satis es the so-calledMarkov
property given by

P(St+1;rt+1]St;at) = P(St+1;rt+1JSt; @St 1,8 1;:::; So; ao); (3.21)
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where P (] ) denotes the conditional probability function. In other words, the envi-
ronment state at time t + 1 depends only on the state and action at timet. Such
a property is also referred to cmemorylessnesgroperty. A MDP is de ned by the
tuple

hSA;rp; i; (3.22)

where S and A are, respectively, the state and action spaces, is the discount rate
in (3.19),andr:S A S! R, it is the expected reward given the current state
St, action a;, and the next state si+; . As for the function p: S R S Al [0; 1],
it is the so-called dynamics of the MDP, de ned as the probability distribution of
each possible successive stag?2 S and rewardr 2 R, de ned as

p(s®rjs;a)= P(st= s%ry = rjs; 1= S;a& 1= a); (3.23)
with
X
p(sSrisia) = 1; (3.24)
s2S r2R

forall s2 S, a2 A. From the dynamics of the MDP, it is possible to retrieve
several information about the MDP. For example, the state-transition probabilities
p:S S Al [0; 1] are given by

X
p(sYs;a)= P(st=sYsy 1=s;a 1= a)=  p(strjs;a): (3.25)
r2R

Moreover, it is possible to obtain the expected reward for a state action pair, de ned
by the function r : S;A! R

. X X .
r(s;a)= E[ryjst 1=S;a 1= a]= r p(strjs; a); (3.26)
r2R  s®2s

and the expected reward appearing in (3.22) as the three-argument function

X p(sSrisia),

ke (3.27)

r(s;a;s) = Elnjst 1= ;a0 1= a5 = $9=
where the numerator and denominator of the fraction are computed as in (3.23)
and (3.25), respectively.

Policy The policy de nes the behavior of the agent interacting with the envi-
ronment. In particular (a;s) denotes the probability that the agent performs an
action a2 A when itis in a state s 2 S. Depending on the nature of the task, the
policy can be represented in di erent ways, e.g., a look-up table, a function, or even
a neural network. Moreover, it can be either deterministic or probabilistic.
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Value functions The expected cumulative reward that the agent can gain start-
ing from a state s and following the policy thereafter is the so-calledstate-value
function V :S! R, computed as
#
. X .
V (s)= E [Rijst=t]=E M+k+1jSt = S
k=0

For any policy and any state s, there is a relation between the value ofs and the
value of its possible successor states. Such a condition is given by

V (s)= E [Ryjst = 9]

= E [re1 + Rsajst = 9 .
X X X 0 h _ i

= (s;@ p(shrjs;a) r+ E [Ri+1]St+1 = s(ﬂ
a2A s02S r2R .
X X X h [

= (s;a) p(sSris;a) r+ vV (s) ; (3.28)
a2A s%2S r2R

where the last equation is the so-calledBellman equation for V , which expresses
a relationship between the value of a state and the values of its successor states.
Another quantity which is fundamental in the RL settings is the so-called action-
value functionQ :S A! R, which denotes the expected cumulative reward when
the agent is in a states, takes an actiona and follows the policy afterwards. Such
a function is given by
N #
Q(s;sa)= E [Ryjst=s;aa=al=E Krse1jSt = Sja = a (3.29)
k=0
The idea behind reinforcement learning is to nd a policy that maximizes the
reward on the long run. In general, given two policies 1 and », it is possible
to de ne that one is better than the other by comparing their value functions. In
particular, 1 is betterthan s ifandonlyif V 1(s) V 2(s), for every states2 S.
In general, for every RL problem there exists a policy » which is better or equal to
all other policies. Such a policy is referred to amptimal policy and it is characterized
by the optimal value function

V?(s)=max V (s); (3.30)

for all s 2 S. Similarly, it is possible to de ne the optimal action-value function
de ned as

Q’(s;a) = max Q (s;a); (3.31)
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for all s2 S and a 2 A. Moreover, the above equation can be rewritten so that
the optimal action-value function is expressed in terms of the optimal state-value
function, i.e.,

Q%(s;a) = E[rsr + V 7(St+1)jst = S;a = 4] (3.32)

Similarly to what done for a general policy , it is possible to express, for alls 2 S,
the Bellman equation for V , also calledBellman optimality equation, de ned as

? — 2 (-
Vi(s)=max Q *(s;a)

= rgé':\/i( E ,[Rtjst = s;a& = a]

=max E ,[re+1 + Ris1jst = s;a = @]
az2A

X X ,

= max p(s®rjs;a)[r + V ?(sY]; (3.33)

a2A s»s 2R

and representing the fact that the value of a states under the optimal policy -
is equal to the expected return of the best action from that state. The Bellman
optimality condition can be computed also for Q” as

h i
Q°(s;a)= E rysa + n323XQ?(st+1;a%jst =s;a=a
a .
X X I
= p(stris;a) r+ maxQ’(stad ; (3.34)
s2S r2R a%2A

foralls2S anda2A.
Having access toQ” implies that nding optimal actions is very easy. In partic-
ular, if the agent is in a state s, it can simply nd the action a’ such that

a’ = rggi( Q'(s;a): (3.35)

3.2.2 Q-learning

In the majority of real-world scenarios, the complete transition probability p(s®rjs; a)
is not available. As a result , it is not possible to have access to the optimal action-
value function Q. To overcome the issueQ-learning has been introduced [67]. The
aim behind the algorithm is to provide an estimate of Q7 starting from a random
guess independently from the policy being applied and without requiring the knowl-
edge transition probability of the environment. For this last reason, it belongs to
the class ofmodel-free algorithms. The Q-learning algorithm is presented in Algo-
rithm 1. The required inputs are the learning rate  and the discount factor . The
following theorem can be introduced.
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Theorem 3.2 (Ideal convergence of the action-value function [66]). Under
the assumption that each state is visited in nitely often and action is performed
in nitely often. Then, if ! 0 it holds that

QAsia) ! Q7(sia);
with probability 1, for all s2S anda2 A.

In other words, it is guaranteed that the approximate of the action-value function
Q converge to its optimal value Q7 if an in nite number of steps is performed.

The Q-learning algorithm presented in Algorithm 1 is suitable when the struc-
ture and size of the state and action spaces allow to express the optimal action value
function as a table similar to the one presented in Table 3.1. However, in some ap-
plications, e.g., robaotics, the dimension of the state and action spaces can be too
large or these last ones may be even continuous. In such situations, an alternative
way is necessary.

A1 A, i Am
S1 | Q%(S1;A1) | Q%(S1;A2) | i | Q%(S1;Am)
Sz | Q%(Sz A1) | Q7(SzA2) | 11| Q%(S2;Am)
Sn | Q%(Sn;A1) | Q%(Sn;A2) | 111 | Q%(SniAm)

Table 3.1: Tabular representation of the optimal action value function in the case

3.2.3 Deep Q-learning

As anticipated at the end of Section 3.2.2, in the cases in which it is not possible
to express the action-value function in a tabular form, e.g., the size of the state
and action spaces is very large, an alternative is required. Thanks to their universal
approximation properties, DNNs like the ones presented in Section 3.1 can be used as
parametric approximators for the optimal action-value function. In particular, given

a network " characterized by estimated weight and biase®); , with j 2 f 0;1;:::;kg,
collected in a term , then one has

Q(s;a; )= T x); (3.36)
h is
with x= s a ,forall s2S anda?2A. The goal would be to learn the ma-
trices \’7J in so that the map @ is close as close as possible its optimal counterpart.
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Algorithm 1 Q-learning algorithm [67]

Require: Learning rate , discount factor
Randomly initialize the estimate Q(s;a), forall s2S, a2 A
SetQ(s; a)=0,foral, a2 A . Sis the terminal state
for each episodedo
Initialize state s;
for eachgstept of the episodedo
2 argmaxg,n O(si;a)  with probability (1 ")

a = . " -greedy policy
- random from A with probability "

Take action a, observerﬁ and s° i
Q(s;a) = Q(st;a)+  re+ maxga Q(s%a) Q(s;a) . Q-update
st = s0 . State update
end for
end for

When DNNs are used while solving a Q-learning problem, this last one is re-
ferred to as aDeep Q-learning problem and the general framework is called Deep
Reinforcement Learning (DRL). One of the main algorithms is the one proposed in
[68], which aims to update the DNN parameters such that the loss function

2
L()=E Q(suaj) W (3.37)

is minimized, wherey; is the so-called target function given by

ye = r(s;a)+  Q(str; M(Sta)j ); (3.38)
with ”~ being de ned so that

A(st) = argmax O(si;aj ): (3.39)

az2A

The update of the parameters can be done, for example, exploiting the techniques
described in Section 3.1.4. For the complete explanation of the algorithm, the reader
is invited to refer to [68].

When dealing with RL problems, one of the key aspect is theexploration-
exploitation dilemma, which refers to the two possible strategies that the agent
should balance during the learning. In fact, the agent couldexploit past (incomplete
and possibly misleading) experience in order to chose the best option @xplore the
environment choosing new options to improve knowledge about it. To balance ex-
ploration and exploitation in Algorithm 1, "-greedy strategy is implemented: with
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a probability 1 " the best action (according to the current knowledge) is selected,
while with probability " the agent chooses a random action.

3.2.4 Actor-Critic

The Q-learning algorithm and the other methodologies that aim to estimate a value
function are also referred to ascritic-only methods. Once a su ciently accurate
estimate for the value function O is provided, actions are chosen according to a
deterministic policy , de ned as

(s) = argmax O(s; a): (3.40)

a2A

Since the convergence results in Theorem 3.2 are valid under the strict assumption
that each state is visited in nitely often, they are not applicable in general (consider,
for example, the case in which the state spac& is continuous [69]).

Another class of algorithms for solving RL problems is the one represented by the
so-calledactor-only methods (also known aspolicy gradient methods), whose aim is
to provide a direct estimate of the policy, without relying on any form of stored value
function. Examples of algorithms belonging to such a class are the one proposed in
[70] and REINFORCE, introduced in [71]. In policy gradient methods, the aim is to
nd a parameterized policy :S!A ,where isthe set of parameters. In the case
in which the policy is represented by a DNN like the one in Section 3.1, then the
parameters are the weights and the biases of the network. Starting from an initial
guess, the value of these parameters is adapted in the direction of the gradient of
a cost function which can be, for example theaverage return[72]. An advantage of
actor-only methods is that convergence is guaranteed under some condition of the
estimated gradients and on the learning rates [73]. The main drawback is that, as
studied in [73], the estimated gradients may have large variance. Moreover, gradients
are computed without using any knowledge of the past estimates.

In order to combine the bene ts of the two classes,Actor-Critic methods [74]
have been developed. Such methods can be schematized as in Figure 3.6 and their
behavior summarized as follows. The actor, characterized by a set of parameters,
prescribes a policy, which is evaluated by the critic, characterized by parametersg,
using policy evaluation methods (e.g., TD( ) [75] or LSTD [76]). Collecting samples
from the environment, the critic parameters ¢, and hence the value function, are
updated as in critic-only methods. Note that, in contrast to critic-only method,
actions are not selected solving a problem like (3.40). Instead, the actor parameters

, and hence the policy, are updated along the policy gradient direction using a
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small step size. The main benet of actor-critic methods is that they can approx-
imate policies that deal with continuous action spaces, while having low variance
in the policy gradient thanks to the introduction of the critic. In the following, two
actor-critics methods are brie y described.

A
Il

CRITIC " REWARD
— s
at St
ACTOR ENVIRONMENT
v

Figure 3.6: Block diagram of a generic actor-critic algorithm.

Deep Deterministic Policy Gradient

The Deep Deterministic Policy Gradient (DDPG) is an actor-critic algorithm capa-
ble of handling continuous state and action spaces, being applicable to domains such
as dynamical systems control. The algorithm, described in Algorithm 2, composed

by the following elements:

an actor neural network , Characterized parameters ;
a critic neural network Q , characterized by parameters ;

a couple oftarget networks oand Q o, characterized by parameters %and

0 respectively;
areplay buer Dy, which stores past experience.

The target networks are copies of their original counterpart, but their parameters are
updated with a soft update In particular, given a DNN characterized by parameters
and its target counterpart with parameters © then the soft update of the target
network is given by
o= %@ ); (3.41)
with 2 [0; 1] being an hyper-parameter. The use of target networks with the above
updating has been shown to provide a more stable learning (the reader is invited to
refer to [77] for mote details).
As for the replay bu er Dy, it is introduced to exploit the concept of Experience
Replay [78]. In particular, each tuple bsg; a;;r¢; Se+1;di, with d 2 f 0; 1g indicating
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if the state si+1 is a terminal state, is stored in Dy,. Then, learning is applied on
a batch of experience tuples randomly sampled fronD,,. This allows to improve
data e ciency and the quality of the learning process [77].

As visible from Algorithm 2, in order to enforce an exploratory behavior, a
noise sampled from the normal distribution N is added to the action chosen by
the policy. Then, to make sure that the overall action is between the bounds of the
action spaceA, a saturation operation is performed. Speci cally,

a =clip( + ;a;a);

where a and a represent the upper and lower bound of the action spacé\, respec-
tively.

Algorithm 2 Deep Deterministic Policy Gradient [77]
Require: Soft-update rate , discount factor

Randomly initialize the parameters and
Initialize the target networks © and ©
for each training episodedo

Initialize state s;

for each stept of the episodedo

Take action a; =clip( + ; a;a) . Add noise N for exploration
Observes® r; and d .d2f0;1g, d=1 if sCis terminal
Store (s; a; ry;s% d) in Dy . Populate replay bu er

Randomly sample batch ofN transitions B from Dy,
vi(r;std)=r+ (1 d)Q of(s® osY) . Compute the targets
Update critic with gradient descent

r 2" arseas(Q (5:8)  y(sCd)?

Update actor with gradient ascent
P
1

r«~ (s;a;r;s%d)2B Q (S; (S))
Target actor soft update ° +@1 )
Target critic soft update ° +1 )
s = s . State update
end for
end for
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Twin-Delayed DDPG

Despite the good results provided by DDPG algorithm, this last one is very likely
to fail due to its sensitiveness to hyperparameters tuning. A common failure mode
is that the learned Q function overestimates the optimal value function, leading
to a a sub-optimal policy. For this reason, Twin-Delayed DDPG (TD3) has been
developed [79]. di erently from the original DDPG proposed in [77], three di erent
modi cations are introduced:

1. two critic networks, namely, Q , and Q ,, approximate two di erent Q func-
tions (this is the reason behind the twin);

2. the policy and the target networks are updated less frequently than the critic
networks (this is the reason behind the delayed );

3. noise is added to the target action, making it harder for the policy to exploit
Q function errors (this is referred to astarget policy smoothing).

The TD3 algorithm is presented in Algorithm 3 and its most important components
are described hereafter, starting from the target policy smoothing. Di erently from
DDPG, the actions used to build the Q-learning target are not based on the policy

, but on its target counterpart  o. Moreover, a clipped noise is added one each
dimension of the action, resulting in

aYsY =clip o(sY+clip( ; c;0:aa ; (3.42)

with  being sampled from the normal distribution N and c being an hyperparam-
eter. Smoothing the estimate of the Q function over similar actions, target policy
smoothing serves as a regularizer for the learning algorithm, avoiding that the policy
exploits incorrect value peaks estimated by the Q function approximator.

Then, the two critics use a single target, computed using the Q function which
gives the smaller target value, i.e.,

yrishd)=r+ (1 d) min Q o(s5als));

with a4sY as in (3.42). Such a target is then used to compute the loss functions that
will be used for the optimization of the critic networks parameters. Such functions
are de ned as

h i
L( i;Dmw) = E(s;a;r;so;d) Do Q i (s; @) y(I‘;SO;d) 2 ;
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with i 2 f 1;2g. Employing the smaller value for the target (3.42) and regressing
toward that counteracts the overestimation of the value function.

Finally, the actor is updated by maximizing Q ,, similarly to what is done in
the DDPG. However, in TD3 the policy is updated less frequently. In general the

policy and the target networks are updated once every two updates of the critic
networks.

Algorithm 3 Twin Delayed DDPG [79]
Require: Soft-update rate , discount factor

Randomly initialize the parameters , 1, and »
Initialize the target networks ©¢ , 9 1, and 9 5
for each training episodedo

Initialize state st

for each stept of the episodedo

Take action a; =clip( + ; a;a) . Add noise N for exploration
Observes® r; and d .d 2f0;1g, d=1 if sCis terminal
Store (st; a; r;s% d) in Dy . Populate replay bu er
Randomly sample batch ofN transitions B from Dy,

a¥sd =clip( o(s)+clip( ; c;9;a;a) with N . Target actions

y(r;s®d)=r+ (1 dyminjy125Q o(s%aYs)) . Compute the targets
Update the critics with gradient descent
r 3 arsons (Q (58 Y(rsCd)? fori 21,2
if time for delayed update then
Update the actor with gradient ascent

r & (sanstazs Q (S (9)

Target actor soft update © @ )
Target critics soft update ? 9+@1 ) jwithi2f12g
end if
st = s . State update
end for

end for
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Chapter 4

Preliminaries on Robotics

The controllers and observers presented in this dissertation are employed in appli-
cations that involves open chain robotic manipulators. In this chapter, the basic
concepts in the eld of robotics, instrumental to the development of the techniques
in this dissertation are introduced.

4.1 Basic De nitions

The term robot is used to refer to servo-mechanical system which is able to perform
repetitive operations with di erent degree of complexity. A rst classi cation dis-
tinguishes between xed robots and mobile ones [80]. In particular, the former class
contains all the robots that are somehow anchored to a surface, without the possi-
bility of moving, while to the latter belongs all the robot that can freely move in
the space (e.g., underwater vehicles, legged robots, humanoid robots, quadrotors).

The robots considered in this dissertation are the so-called manipulators, which
belong to the class of xed robot. In general, a manipulator is built as the combi-
nation of joints, links, and the end-e ector. In particular:

Joints are actuated components that gives mobility to the robot. Depending on
the application, a joint can be revolute, prismatic, or spherical [24]. The rst
type allows a rotation around an axis, the second a translational movement
along a single direction, while the third allows rotation around three non-
coaxial axes intersecting a common point. Depending on the joint used, the
robot is characterized by di erent Degrees of Freedom (DoF). For example, a
robot with three revolute joints is characterized by three DoF.

Links are the rigid elements that compose the robot structure, interconnected

59



4.2. Pose of a rigid body

through joints.

The end-e ector is the utensil used to interact with the surrounding envi-
ronment. Depending on the task the robot must perform, several types of
end-e ectors can be mounted (e.g., gripper, torch, wielder, etc.), and these
last ones can be made of soft or hard materials.

In this dissertation, the class of open-chain manipulators like the one in Figure
4.1, is considered.

Figure 4.1: Example of open-chain manipulator with seven revolute joints, eight
links, and a gripper as end-e ector.

4.2 Pose of a rigid body

Before presenting fundamental notions about robot modeling, it is important to
introduce the concept of poseof a rigid body. Let O; X1y1z; be an orthonormal
reference frame attached to a xed point in space. Then, consider a generic rigid
body to which is attached a reference frameO, X»y»z,. Then, it is possible to
de ne the pose of the rigid body as the combination of position and orientation of
O, Xay22» with respect to O1  X1Y173.

The position can be simply described by the three dimensional vectops 2 R3
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de ned as
h i
P2= Py P3y P
wherep}, 2 R, p3, 2 R, and p}, 2 R denote the position of O, with respect to xi,
y1, and z1, respectively.

Di erently form the position, the orientation of a reference frame with respect
to another can be expressed in di erent ways, such aguler angles quaternions,
rotation matrices, and axis-angle In the following, the last two of the above list are
brie y introduced.

Rotation matrix A matrix R is said to be a rotation matrix if R 2 SO(3)
R3 3, where SO(3), known as thespecial orthogonal group contains all the matrices
R 2 R® 3 such that R”R = |3 and det(R) = 1 [81].

Using a rotation matrix, the orientation of frame O, XyYy2z> with respect to
frame O1 Xj1Yy121 is given by

h [
1_ 1 1 51 -
R2= X3 y3 23

wherex3 2 R3, y1 2 R3, and z3 2 R3 are the projection of the axes ofO, over the
axes of the base reference fram@®;. Moreover, the following properties hold:

1. Given a rotation matrix R3, it is possible to express the orientation ofOy
X1y121 with respect to O,  Xpy»2z» asR?2 = (R3) 1 =(R})>

2. Assume that there exists a rotation matrix R? that expresses the orientation of
O1 X1Yy1z1 with respect to frame Oy  XoYoZo. Then, it holds that RS = RIR3.
More in general, it holds that

Rh=RIR; Rp 4Ry &

3. Given a vectorv, 2 RS, expressed with respect to reference fram®,. Then,
it is possible to nd its representation with respect to O; asv; = Rivs.

Axis-angle It is possible to represent a rotation betweenO, and O; by means
of four parameters. In particular, it is possible to nd a rotation axis I 2 R3, with
krk=1,and anangle 2 [0; ]. Then, rotating O; of a quantity —around I would
result in an overlapping of the two frames.
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4.2.1 Change of orientation representation

It is possible, and often convenient, to change the way of representing a rotation,
e.g., from rotation matrix to axis-angle and vice versa. For example, one can obtain
a rotation matrix R 2 SO(3) associated with a rotation around axis according
to the Rodrigues’ formula [81]

R=4N1>(1 cos())+ lszskew() sin( ); (4.1)

where the operatorskew() is de ned as follows.
h [

De nition 4.1 (Skew operator). Given a vectorv2 v; vo V3 g 2 R3, then
skew(v) 2 R3 2 is a matrix de ned as
2 3
0 V3 Vo
skew(v) = § V3 0 vlz
Vo Vi 0
which satis es the skew-symmetric propertyskew()> = skew().

Vice versa, it is possible to translate a rotation matrix
2 3

Ni riz ras
R= §r21 rao rzsz 2 SO(3)
sy I3z ras

into an axis W and an angle , exploiting the algorithm in [81, Chapter 3], recalled
for convenience in Algorithm 4.

4.3 Kinematics modeling

Consider an open-chain manipulator characterized byn 2 N> DoF. Then, it is
possible to de ne the vector of the joint variablesq2 R" as

h i
at) = a(t) (t) oh(t)

which contains the value of each joint composing the the robot. In particular, if the
i-th joint is of a revolute type, then g 2 R is an angle expressed in radians, while if
it is prismatic, it is a distance expressed in meters. The space in which the vectoq
is de ned is the typically referred to as joint space.

Then, de ning a base reference framed, Xpypzy Xed in space and a reference
frame O XeYeZe attached to the end-e ector of the robot, it is possible to express
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Algorithm 4 Rotation matrix to Axis-Angle [81]
Require: A rotation matrix R 2 SO(3)

if R=13then
Set =0 and " =03, since it is unde ned

end if

if tr(R)=1then
Set = and,* equaj to any of 2 3 2 3

ri3 r 1+rp
Y‘=fﬁ§ ra3 Z,P=fﬁ§1+rzzg,?‘=m ro1
l+rss raz ra1

that is a feasible solution.
else

Set =cos ! i(tr((R) 1) 2[0; )

Compute skew(@) = ﬁ(R R>) and, from that, extract W
end if

the pose of this last one by means of thdvomogeneous transformation matrix TP 2

R* 4. This last one, which depends on the vectom, is de ned as

2 A b 3
T = 4RED PO,

4.2
03 1 (4-2)

where pg 2 R® and Rg 2 SO(3) represent the position and orientation of O with
respect to Oy, respectively. The space in which the pose of the end-e ector is de ne
is the so-calledoperational space

When performing the kinematics modeling of a manipulator, it is possible to
distinguish between forward kinematics, di erential kinematics , and inverse kine-
matics, described in the following.

4.3.1 Forward Kinematics

The aim of forward kinematics is to compute the pose of the end-e ector of the
robot, given the vector g. In particular, if the pose is expressed as an homogeneous
transformation matrix, the objective is to compute the mapping T®: R" I R* 4,

Considering an open chain manipulator with n joints and n + 1 links, if one
attaches a reference frame to each link, then the pose of the end-e ector with respect
to the base frame can be computed as

To(Q) = TOA (AN ®)  Ap (o) Te: (4.3)
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Since, in general, the homogeneous transformation matrice'EOb and TJ' are constant,
forward kinematics aims to provide an expression of the transformation matrices
A: Y(qg), with i 2 1;2;:::ng, each of which is a function of a single joint variable.

To accomplish such an objective, it is possible to adopt the so-called DH conven-
tion [24], which gives a systematic method to assign the reference frames to the robot
components, and then, after having identi ed some parameters, computes the value
of the transformation matrices Ai 1(g). For convenience, the DH methodology is
brie y recalled in the following.

Joint 7 — 1 Joint ¢ Joint 7+ 1

Figure 4.2: Graphical representation of the Denavit-Hartenberg convention, with
the parameters highlighted in red.

Consider Figure 4.2, with joint i connecting linki 1to link i. Then, according
to the DH convention, the right-handed frame O;  X;yiz is de ned following the
following steps:

1. Chose axisz; along the axis of jointi +1.

2. Place the origin O; at the intersection of z; with the common normal between
Zi 1 and zj. Moreover, locate Ojo at the intersection of the common normal
with zj 1.

3. Chose axisx; along the common normal betweenz; ; and z with positive
direction from joint i to joint i +1.

4. Select axisy; so that the right-handed frame is completed.
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There are some cases in which the de nition ofO;  X;yjz is not unique. For a
complete analysis of such conditions, one should refer to [24, Chapter 2].
Once the frames are de ned, the pose oD;  X;yiz with respect to O; 3
Xi 1Yi 1Z 1 is specied by the four parametersa;;di; i; i 2 R. In particular, &
is the distance betweenO; and Ojo, d; is the coordinate of Ojo along axis z; 1,
i is the angle betweenz; 1 and z about axis x;, negative when the rotation is
clockwise, while ; is the angle betweenx; ; and x; about axis z; 1, negative when
the rotation is clockwise. The value of 3 and ; is always constant, while the
remaining two depends on the type of jointi. In particular, if it is a revolute joint,

then d; is constant and ; = g(t). On the other hand, if it is prismatic, then ; is
constant and d; = g (t).
Finally, the transformation matrix A} Y(qg) is computed as
cos(i)  sin(j)cos( i) sin(i)sin( i) & COS(i)3
Al L(g) = sin( i)  cos( f)COS( i) cos(i)sin( i) asin(i)4 (4.4)
0 sin( ) cos( ) di
0 0 0 1

Before going further with the kinematics modeling, it is worth recalling that
there exists also amodied DH convention, introduced in [82]. Dierently from
standard DH convention, the coordinates of the frameO; Xy z is put on axis of
joint i and not i +1. Moreover, the transformation matrix AE Y(g) is computed as

2 3
cos( ) sin( ) 0 a 1

Al Y(g) = gsin( i)C9S( i 1) cos( i)C?S( i 1) sin( i 1) disin( 1)% 45)
sin(i)sin( i 1) cos(i)sin( i 1) cos(i 1) dicos(i 1)
0 0 0 1

4.3.2 Dierential Kinematics

Similarly to forward kinematics, the aim of di erential kinematics is to provide a
mapping from the joint space toward the operational space. However, the di erential
kinematics studies the relationship betweervelocities. In particular, given the vector

of joint velocities g 2 R", the objective is to discover how this last one in uences the

velocity of the end-e ector frame O  XeYeZe. Such a velocity is denoted as/e 2 R®

and given by 5 3

45 .
We

Ve = (4.6)
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where pe 2 R® and w 2 R3 represent the linear and angular velocities, respectively.
It is possible to put in relation ve with g by means of

Ve = J(0)g; (4.7)

whereJ(g) 2 R® " is the so-calledgeometric Jacobianof the manipulator. This last

one can be seen as the composition of two sub-matrices, i.e.,
2 3
1@ = 47D, @)
Jo(a)
where Jy(q) 2 R3 " represents the contribution of the joints velocity to the linear
velocity of the end-e ector, while Jo(g) 2 R® " the contribution to the angular one.
It is clear that, to compute the di erential kinematics, it is fundamental to pro-

vide an expression of the matrixJ (q). Noticing that each column of the Jacobian is
associated with a joint, it is possible to compute each column o8 (g) independently.
In particular, if the i-th joint is prismatic, one has that

2 0 3 2 3

J0(qg = 4 (Dg _ 47 5. (4.9)

3 (a) 03

while, if the i-th joint is a revolute joint, the associated column is given by
2 0 3 2 3
_ b n

30)(q) = 4J|c()i)(CI)5 _ %1 (Pe Pa)g, (4.10)

Jo ' (0) Zi 1

The dependency on the joint variable vectorq comes from the fact thatz 1, pi 1,
and pe are depends on the joint con guration. In particular, z; 1 is composed by
the rst three elements of the third column of the transformation matrix TP ;(q) =
T(E’Aio(q) Ai f(q 1), while p; 1 corresponds to the rst three elements of the
fourth column of the same matrix. As for pg, it is the position of the end-e ector
frame with respect to the base frame and it is equal to the rst three elements of
the fourth column of T2(q).

In the case in which the modi ed DH convention is used, (4.9) and (4.10) are

substituted, respectively, by the equations
2 3 2 3

(i) ,
I0(g) = 49 (D5 _ 475
W@ 0
and 2 0 3 9 3
J0(qg) = 4‘]p_ (Q)5 _ 44 (5% pi)5:
38(q) Z
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Note that, in some cases, it is required to solve the so-calleshverse di erential
kinematics problem, which nds the set of joints velocities g, starting from a velocity
of the end-e ector ve. Such a relation is given by

a=J (qve: (4.11)

Obviously, there are some cases in which it is not possible to compute the inverse of
J(g), e.g.,n 6 6, or the matrix J(q) is singular. In such a condition, one could rely
on sub-optimal approaches such as thé/oore-Penrose pseudoinversd83], de ned
as follows.

De nition 4.2 (Moore-Penrose pseudoinverse). Let A 2 R" ™ be a matrix
with real entries. Then, if A has full column rank, i.e., it has linearly independent
columns, it has a left pseudoinverse computed as

A" =(A”A) 1A”

and it holds that A*A = I,,. Otherwise, if A has full row rank, it has a right
pseudoinverse given by
At = A”(AA) L

with condition AA* = I, being veri ed.

4.3.3 Inverse Kinematics

Computing the joint variables vector that corresponds to a certain pose of the end-
e ector is the objective of the so so-calledinverse kinematics problem.

Let T2 be the transformation matrix that describes the pose of the end-e ector
for which is required to nd the joint variable vector. Dierently from forward
kinematics, for open chain manipulators the computation of inverse kinematics may
not be trivial, for three main reasons:

1. If the manipulator is redundant, i.e., n > 6, then it is possible that the pose
TZ can be reached with multiple (potentially in nite) joint con gurations.

2. In the case in whichT? does not belong to the operational space, the solution
of the inverse kinematics problem does not exist.

3. In general, it is not guaranteed that a closed form solution is available.

For this reason, it is often convenient to treat the inverse kinematics problem as
an optimization problem of the form

o’ =argmin TXq) TS ; (4.12)
q
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to which, depending on the requirements, are added constraints.
In the literature, several solutions to solve the the inverse kinematic problem
have been proposed through the years (see, e.g., [83, 84, 85]).

4.4 Dynamic Modeling

A common way to formulate the dynamical model of a manipulator is the one
which relies on Euler-Lagrange (EL) equations. One of the main advantages of
EL formulation is that it provides a closed form of the dynamical model which
explicitly contains the input, hence being suitable for control design. Other modeling
techniques which do not have this advantage, but are widely used for implementation
and simulation are the ones that rely on Newton-Euler formulation, which is a
recursive nhumerical model, like [86] and [87].

Consider an open chain manipulator composed of rigid links, like the one de-
scribed in the previous sections, and leg 2 R" be joint variables. These last ones,
which describe the motion of the links of the manipulator, are also referred to as
the generalized coordinates

Another fundamental component in the EL formulation is the so-called La-
grangian of the system. In the case of a robotic manipulator with n DoF, the
Lagrangian is a functionL : R" R"! R dened as

L(g;@) = T(g;Q U (q); (4.13)

whereT : R" R"! Rs the total kinematic energy, while U : R" ! R is the total
potential energy.
The former is expressed as the quadratic form

T(@a= @M@ (4.14)

whereM : R" ! R" " is the so-calledinertia matrix of the manipulator, which is
a Symmetric Positive De nite (SPD) matrix that collects the xed masses and the
pose-dependent rotational inertia terms required for the computation of the kinetic
energy [24].

As for the latter, it is expressed as

X
U(a) = (M, G5 Py + Mim; Gy P, ) (4.15)

i=1
where gy 2 R? is the gravity acceleration vector expressed in the base framen,,
and mp, are the link and rotor masses, respectively, whileg, 2 R® and pp, 2 R3
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are the the positions of the link and rotor center of mass, respectively. Note that,
these last two are dependent only on the generalized coordinate vector, making the
potential energy dependent only ong.

The overall dynamical model of the robotic manipulator can be retrieved using
the Lagrange equations which relate the Lagrangian functionsL and the vector of
the generalized forces 2 R" by applying D'Alembert's principle

;gi gﬂ = (4.16)
foralli2f1;2;:::;mg.

Consider the Lagrangian (4.13) with kinetic and potential energy (4.14) and
(4.15). Then, substituting in (4.16), the robotic manipulator dynamics are given by

M (a)g+ C(q;q)q+ Fyg+ Fssign(q) + g(g) = ; (4.17)

whereM (g) 2 R" " is the inertia matrix, C(qg;q)q2 R" models the Coriolis and cen-
trifugal forces, F,q 2 R" represents viscous friction,Fssign(q) 2 R" is the Coulomb
friction, g(g) 2 R" is the vector of gravitational torques, while 2 R" is the input
torque given by the actuators. For the full computation of (4.17), the reader should
refer to [24, Chapter 7].

For an open-chain manipulator, it is possible to bounds the terms of (4.17) as

ko < kM (0)k < k1 + kakgk + ks kok? (4.18a)
kC(qg;qk < (k4 + kskak) kgk (4.18b)
kg(qk < kg + k7kak; (4.18c)

with Ko; K1;:::k7 2 Rsp. In the case in which all the n joints are of a revolute type,
it holds that g 2 [0;2 ). Hence, the bounds in (4.18) can be simplied as

ko < kM (g)k < k1 (4.19a)
kC(qg;q)k < k 2 kgk (4.19b)
kg(o)k <ks; (4.19¢)

with ko; k1; ko; k3 2 Rso.
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Chapter 5

The DNN-ISM Framework

As detailed in Chapter 2, one of the main advantages of ISM control is that it rejects
the matched perturbation acting on the system from the initial time instant thanks

to an integral sliding variable. In particular, the sliding manifold is extended to
the whole state space thanks to the introduction of the so-called transient function.
However, the computation of such a component requires the complete knowledge of
the system dynamics which, in many applications, may not be available.

The problem of designing a control law able to deal with uncertain dynamics
has been addressed in di erent ways. In the literature, the two main frameworks
that aim to solve the aforementioned problem are robust control [88, 1] and adaptive
control [89, 48, 90]. Thanks to the universal approximation property of ANNSs, in the
last twenty years the literature has been enriched with methodologies that exploit
them to compensate the lack of knowledge of plant dynamics (see, e.g., [91, 92] and
the references therein).

In general, ANNs require a large amount of data to adjust their weights, i.e.,
their internal parameters. If this training phase is done o ine, then when the trained
networks are actually used in the control strategy they behave like static maps.
Moreover, since ANNs are intrinsically a ected by approximation errors, hence it
is required to adopt robust control strategies. Moreover, as in general measurement
are a ected by noise, it often is di cult possible to have access to a large quantity
of good-quality data, a ecting the quality of the approximation.

To overcome such an issue, adaptive control principles may be exploited. Indeed,
the training of the network weights can be performed via suitable adaptation laws,
adjusting their value online while the plant is operating. Since such adaptation
laws are obtained performing Lyapunov's analysis, it is possible to provide some
theoretical guarantees on the controlled system. Example of controllers that employ
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such a methodology can be found in [93, 94, 95, 96, 97].

This chapter presents the DNN-ISM control strategy for perturbed nonlinear
system which, di erently from the works present in the literature, is characterized
by fully unknown dynamics. The proposed methodology exploits two DNNs with
an arbitrary number of hidden layers to estimate the unknown drift dynamics and
control e ectiveness matrix, instrumental for the design of the ISM controller. The
weights of the DNNs are adjusted online according to adaptation laws derived from
stability analysis. The validity of the control scheme is assessed in simulation and
experimentally on a real Franka Emika Panda robot, present at the University of
Pavia.

5.1 Problem Formulation

Consider a control-a ne system expressed in the canonical reduced form (see, Sec-

tion 2.2.1) and a ected by matched disturbance
2 3 2 3

g _ fa(x(t);t) 5.
X2(t) fa(x(t);t) + B(x(t); u(t) + h(x(t);1)

where x 2 X R", with X being a compact set containing the origin, is the full

state vector,x; 2X; R"™ Mandx, 2 X, R™ areits components,u 2 R™ is the
control vector, f; : X R o! R" Mandf,: X R ! R™ are the components
of the drift dynamics, B : X R ¢! R™ ™M js the control e ectiveness matrix,
while h: X R ¢! R™ is the matched perturbation vector.

The terms f 1, f», and B in (5.1) satisfy the following assumptions.

Assumption 5.1. The terms f1, f, are unknown functions of cIassCO(X). More-
over, there exist some known constant§q;f> 2 Rs such that, for all x(t) 2 X, it
holds that

sup kfi(x(t)k fq; sup kfa(x(t)k fo:
x(t)2X x(t)2X

Assumption 5.2. The term B is an unknown function of classC%(X). Moreover,
forall x 2X andt2 R g, the matrix B(x(t);t) is symmetric and positive de nite,
and there exist some known constants; 2 R so that

_<_(BX®:))  (BX®):Y) < ;

with _(B(x(t);t)) and (B(x(t);t)) being the smallest and largest eigenvalue of
B (x(t);t), respectively.
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As for the perturbation h, the following assumption holds.

Assumption 5.3. There exists a known constanth 2 R such that the matched
perturbation is bounded in norm as

h(x(t);t)) 2H; H = nv(x(t);t) 2 R™ : kv(x(t);t)k ho;

forall x2X andt2 R o.

Then, if one de nes some desired trajectory for the system state
2 3

x?(t) = 4X:i:(t)5 2X; (5.2)
X5(t)
for all t 2 R o, where xj(t) 2 X1 and x3(t) 2 X, are functions of classC! with
bounded derivatives x}(t) 2 R" ™ and x3(t) 2 R™, it is possible to express the
dynamics of the tracking error e(t) = x(t) x?(t) 2 R" as
2 3 2 3
oty = 40 xi(g _ , Fax();t)  xi(t) 5

: (6.3
xa(t)  x3(t) fa(x(1);t) + B(x(t);thu(t) + h(x(t);t)  x3(t) 53

characterized by initial condition e(to) = x(tg) x°(to), with tg 2 R q.

With the objective of stabilizing the error system in (5.3) around the origin while
rejecting the matched disturbance from the initial time instant, one could design an
ISM controller, detailed in Section 2.4 and recalled hereafter for convenience.

In particular, the integral sliding variable : X! R™ is de ned as

(x@®) = o(x(1)) z(x(1); (5.4)

where, thanks to the fact that system (5.3) is of reduced form, the conventional
sliding variable o: X ! R™ can be conveniently de ned as

o(X(1) = Ca(xa(t) Xxi(1)+ Calxa(t) x3(1)); (5.5)

with C1 2 R™ (™ M and C, 2 R™ ™ being design matrices, with the latter satis-
fying the following assumption.

Assumption 5.4. The design matrix C, 2 R™ ™ is chosen so thatC,B (x(t);t) is
symmetric and positive de nite, for all x 2 X andt to.

Note that, since B (x(t);t) is assumed to be symmetric and positive de nite (see
Assumption 5.2), it is su cient to design, for example, C, = klm, with k 2 Rs,
for having Assumption 5.4 satis ed.
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As for the transient variable z: X ! R™ itis de ned as
Zin h , i
z(x(1)) = o(x(to)) + t Cpfa(x(); ) xa() +
h 0 io
+ Cp fa(x( ); )+ B(x( ); Jun( ) x3() d; (5.6)
implying that

h i h i
Z(x(t)) = Cyp f1(x(1);1) >§i’(t) + Co fo(x(t);t) + B(x(t);t)un(t) >{§(t) ; (5.7)

with initial condition z(x(tg)) = o(x(to)). The term u,(t) 2 R™, as detailed in

Section 2.4, is the nominal control law that dictates the dynamics of the system
while in sliding mode. The complete control law is de ned as

u(t) = un(t) + ur(t); (5.8)

where u;(t) 2 R™ is the discontinuous component, de ned according to the unit
vector approach

(x() .
k (x(D)k’

with 2 Rs being the discontinuous control gain. If this last one is chosen accord-

ur(t) = (5.9)

ing to Theorem 2.3, then a sliding mode on the manifold (x(t)) =0, is enforced
fort to. Then, if u,(t) is properly designed, the tracking errore(t) is steered to
zero.

However, as speci ed in Assumptions 5.1 and 5.2, the dynamics of the system
is fully unknown, implying that it is not possible to compute the transient variable
in (5.6), and, as a consequence, enforce a sliding mode condition.

5.2 Approximating the Dynamics using DNNs

As detailed in Section 3.1.2, DNNs can be employed as powerful function approxi-
mators. In this case, it is possible to approximate the dynamics of the system (5.1)
using two ideal DNNs : X! RMand : X! R™ as

2 3
foxin =4 Y52 e oo (5.10a)
fa(x(t);1)
B(x(t);t)=vec *(( x()+ " (x(1); (5.10b)
where" X! R"and" :X! RM™ ™M are the approximation errors. Note that,

di erently from what done in Chapter 3, in this case " is de ned as a matrix for
convenience. The DNN is characterized byk 2 N ; hidden layers and each layer
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j,with j 2 f0;1;:::;k g, contains L | neurons and activated using a nonlinear
function ; : R~ i 1 R"i. Similarly, is characterized byk 2 N ; hidden
layers and each layerj, with j 2f0;1;:::;k g, containsL ; neurons and activated
using a nonlinear function ;j : R-i 1 RN 1. The following assumption about the
activation functions hold.

Assumption 5.5. The activation functions ; :R" i ! R“i and ,:R" »!
RE », withj 2f0;1;:::;k gandp2f0;1;:::;k g, are of classC! and Lipschitz
continuous.

Example of functions satisfying such an assumption are the sigmoid and the
hyperbolic tangent.
It is possible to express the output of each layer of and in the form proposed

in (3.6). In particular, for the former DNN, one has
8
2 \/_> . ( ) f H 2 f 1 2 ..... k
i(j 1) forj 2k g
=y _ (5.11)
~ Vg Xn forj =0;

whereV; 2 R-i ©

i+l is the mﬁtrix cointaining ideal weights and biases associated
>
with the j-th layer and x, = x> 1 2 R"1!. As for the DNN , a similar

expression can be derived, i.e.,

8
__ZU]? i( 1) forj2f1;,2::0k g (5.12)
= :
?ngh forj =0;

where, similarly to the previous case,U; 2 R- L

i+l js the matrix containing
ideal weights and bias associated with thg -th layer of the DNN. Moreover, since

the overall output of a DNN coincides with the output of the last layer, it holds that

( x(1)) k and ( x(t)) k ,and, as a consequence, the expression (5.10) can
be rewritten as
2 3
fa(x(t);1)
f )= 4 5= " : .13
(x(t);t) F2(x(0): 1) kot (x(1) (5.13a)
B(x(t);t)=vec 1( )+ " (x(1): (5.13b)

Then, it is convenient to provide an expression forf 1, f, and of eachi-th column
of B, with i 2 1;2;:::;mg. In particular, following the reasoning in Section 3.1.2,
the matricesVi, 2 Rtk "andUp 2 R ™ with L, =L , andL, =L
for sake of readability, can be seen as the composition of di erent sub-matrices, i.e.,

k k

h i
Vi = vy
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h i
U = u uy¥ um

wherevt 2 Rtx - (0 m) Rl gl m 5qqyll 2 RLk ™ Then one has that
k k k

f2x():) = (V> (e o+ "My = B+ Bi); (5.14a)
@)= (V) « (k0 O+ "By = P+Bxw); (5.14b)
BOXM®:)=(UM « (« 0+ "Pxy= T+ Oxw):  (5.14c)

The terms "M :x 1 R" M and"® : x 1 RM are the components of' , while
"% 1 RM js the i-th column of "

By virtue of the universal approximation property of and and the bound-
edness off 1, 2, and B (see Assumptions 5.1 and 5.2), the following assumption
about the ideal DNNs can be introduced.

Assumption 5.6. There exist some known constant/;U;" ;" ,;" 2 Rsg such
that the ideal weights and the approximation errors are bounded as

sup kVik V; sup KUk U,
j2f 0;1;:5k g j2f 0;1;::5k g
n [1] n . ||[2] n . ku t k n .
sup (x(t)) ;i sup (x(t)) 25 sup k" (x(t)) -
x(t)2x x(t)2X x(t)2X

Note that the knowledge of the matricesV; and U;, is not available. Hence, the
ideal estimates in (5.10) cannot be computed. For this reason, it is possible to de ne
another couple of DNNs, namely™: X ! RMand ™ X ! R™, that have the
same structure and activation functions of the ideal ones, but they are characterized
by an approximation of the ideal weights and biases.

Similarly to the ideal case, an expression the output of each layer of the DNNs
can be provided. In particular, for * on has

8
A 207 (% forj2fLziinkg

= (5.15)
“8 xn forj =0;
where ¥} 2 R" i " i+ is the estimate of V. As for *, one has that
8
20> (" forj 2f1;2:::;k
Y=l AR . J (5.16)

705 xn for j =0;
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with 0 2 R" i " i+ being the estimate ofU;. Then, similarly for what done for
the ideal case, the matrices associated with the last layers can be written as the
composition of sub-matrices, i.e.

h i
— [1] [2] .
- (1] (2] [m] .
0 k — 0 k 0 k 0 k ’

where QM 2 Rbx (n M) o gl m ang O 2 RY ™ Hence, it is possible
to compute f3, f3, and the columns of B as

;)= « M =" (5.17a)
;) =0 « M« =" (5.17b)
BOx®:0)= (0 « ("« n= "I (5.17¢)

with i 2 f1;2;:::;mg. Before introducing the DNN-ISM control strategy, it is re-
quired to introduce the expression of the approximation error of the DNNs, which is
instrumental for the design of the adaptation laws and the stability analysis. In the
following, the formulation of the error between the optimal DNNs and the estimated
ones will be provided, rst considering , and then

5.2.1 Approximation error of the Drift Dynamics DNN

Consider the error of ™ with respect to , given by

Tx) = ( x®) T x@): (5.18)
Such an error can be expressed for each laygr2 f 1;2;:::;k gas
~ L .
i= 3 2R n
=V (0 W%
Vi) WG o+ Gy vty
Gy 0+ iy By (5.19)

whereV, =V, X}. For j =0, one has that

~ _ A
0o— O 0

V0> X h OO> X h

Vg Xn: (5.20)
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Expression (5.19) cannot be computed directly since the ideal activations( j 1)
are unknown. However, these last ones can be approximated using Taylor expansion
centered around the estimated vector”; 1, obtaining

Q@ -
iCi o= (" o+ @‘ (1 " 0+02(7 1) (5.21)
= Aj 1
where % . 2 R" i i is the Jacobian matrix of the activation function

= i1
vector () with respect to its argument, computed in the estimated output of the
previous Iayer'\j 1. As for O?(~j 1) 2 R" i, it denotes the lumped terms of order
higher than one.

Substituting (5.21) in (5.19), and having ; = ( j 1), j = (" 1), and
’\jo = % for sake of readability, one has

~ > AN > N
PE AT )
_ >/\. > A_ AO-- 2"‘" A.
S/ T R A O G )

> A > N0~ 20~
VO VT T 1+ 05T 1)

=7+ VDT 0 VO ) (5.22)
Since,V, = ¥ + V), it is possible to write
~j - \7]> /\j + Vj> Aj0~j 1+ Vj>02(~j 1)
- \7]> /\j +(\7j> + \/)j>)/\j0~j 1+ Vj>02(~j 1)
= \7j> /\j + \7j> /\jo.._j 1+ \7j> /\jo.._j 1+ Vj>02(~j 1)

= \7j> Aj + \7j> /\jO-J_ 1+ j; (523)

where = 97Dy 1+ 70T ) 2R
Before going further with the analysis, the following property of the Kronecker

product, de ned as in De nition 3.2, is introduced.

Lemma 5.1 (Kronecker product and vectors [98, Proposition 7.1.9]).
Given three matricesA 2 R" M, B 2 R™ 9 and C 2 RY P, and letting vec()
be the vectorization operation in De nition 3.1, it holds that

vec(ABC)= C> A vec(B)2R"™

Sincew> " 2 R" i+, it holds that

v>" =vec V> =vec V'V =vec VI,
;o) J il iVl j+1
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and, applying Lemma 5.1 with A AJ?, B Vi,andC I .., onecan write

>N > N> - N> a
Vi = ILj+1 i vec VvV, = I|_j+l j vec V
Then, substituting V,” " one has
~ > N > N0~
IR A I
= L " ovee v+ W7 0+ (5.24)

j+1

forj 2f1;2;::::k g. As for the input layer j =0, one has ¢ = "9 = X, meaning
that the Taylor expansion is not needed and hence

~o = Vg Xn
= vec Vy Xy
= IL, X vec Vo ; (5.25)

Before going any further, it is convenient to introduce the oriented product
operator, instrumental for the following analysis.

De nition 5.1.  Given some matricesA;, with i 2 f 1;2;:::;Ng, characterized by
compatible dimensions, then

X

W
Ai = ANAn 1 Ag;
1=1

represents the oriented product. Moreover, it holds that

The overall estimation error of the DNN coincides with (5.24) with | = k ,
having

_ N> > N0 ~ .
k - In k vec Vk +Ok k k 1+ K

In general, the expression of”; depends on™; 1. Hence, also the above equation
has a recursive nature. In fact, substituting “x 1, one has

~ _ N> > N) ~
k — I n K vec Vk + Ok Kk k 1 + K
_ N> > NQ N>
- II’] Kk vec Vk + Ok Kk ILk k 1 vec Vk 1 +
> N0 > NQ > N0 ~
PR N A S A R
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Then, substituting ~x » leads to

~ _ N> > N N>
k - In k vec Vk +Ok k ILk k 1 vec Vk 1 +
> N0 > NQ > N
+ o+ AW R
> N0 > NO N>
+00 RV A o ko2 vee W o+

N0 NQ NO ~
+00 W N W LY ok s

If one keeps substituting until ~¢ grouping the similar terms, the overall approxi-
mation error can be conveniently expressed as
0 1 0 1

X X

=B e ey BT 0

j=0  I=j+1 =1 1=j+1

recalling that, applying De nition 5.1,
X X

¥
> N0 — >N ._ 1.
\Vi = U7 0=
I=j+1 i=k I=k +1

Note that, since the Taylor's expansion is not required forj = 0, it holds that
o = 0L ) and, as a consequence, the second summation starts pt= 1.

The above expression of ™y can be simpli ed introducing the matrices | 2
R"“iv and [ 2R" " it ix, denedas
X
¥
= (Y (5.26a)
I=j+1
 — N .
=, I i T (5.26b)
with ;= (I, Xxp)and , =1.In particular
X X
k= ,vec Vi + R (5.27)
j:O ]=1

Since is the DNN that approximates the drift term components f; 2 R" ™
and f, 2 R™, one can conveniently de ne the approximation error of the complete
network associated with speci ¢ outputs, i.e.

~l _ [ Al
k k k

(V™ e (0P
=V O AP A (P
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O (Y I AV I

N

(Z N+ K
= (97 (TR e B

with p 2 f 1;2g. Then, using the properties of the Kronecker product, one has

~|[(1] = I(n m) Ak g vec \7[1] +(\7|<[1])> AE ko1t [11 2 R" m;
=m0 vee v (08 e 0+ B 2R
where the last elements of the above equations are S (\7‘[1])> N~ +
K k k

v o2 2R mand B o= (v 0 (v 0 0 2

R™,

Recursively substituting ~; 1 as done previously, the explicit expression of"[k”

~[2]
k

and is given by

0 1

X
ky 1 ky 1
..._[1](X) — (\7k[1])> /\(k) % I> /\ﬁ ||_ . /\j> vec \7] + [1l]< +
j=0 I=j+1
X

0 1
> o, X Q> 79 e Ac§
+ lnm K vec VU o+ V™) |
j=1 1= j+l

and
0 1

X

ey X gy B > n As 2
(x)= V)™ 7k Y. SR j vec Vv + 7+
j=0 I=j+1

kx 1 k 1 S
+ Im "5 vec \7[2] + (\’7k[2])>"‘,2 % \// "|°§ J.:

j=1 I=j+1

Then, if one de nes the matrices [lj] 2 RIM ™ L [2]_] 2 R™ L, [lj] 2
R™ ™ Litia and W2 R™ it ia as
]

X

ol [pl kv
N| N|
T G I A ¥ (5.28a)
I=j+1
Pl Ty o (5.28b)

i i j+1 J
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: o 1. 1 2l — 2
for p 2 f 1; 2g, with [pi =1, [1.— [l L, Xy [1.— [l L, Xy
[1i = 1 m AE 2 R(M M) (n m)Ly _and [21 = 1 AE 2 RM ML ,

the expression of the approximation errors can be simpli ed as

1 1 1 1 X1 1 X1 1
~[k] = [i vec \7‘k[] + [1 + [j]vec v o+ [,-] j (5.29a)
j=0 j=1
kX 1 kX 1
A= Blvec v+ B4 Plvec v+ 2 (5.290)
j=0 j=1

5.2.2 Approximation error of the Control E ectiveness DNN

As detailed in Section 3.1.2, when a network is used for approximating a matrix,
it can be treated as a multi-head DNN, with each head sharing the input, all the
hidden layers, and being the approximation of a column (see Figure 3.4).
Similarly to what has been done in the previous section, the approximation error
between and ", can be computed for each layef 2 f0;1;:::;k g. To take into
account the fact that the last layer (j = k ) approximates multiple columns, the
error associated to this last one is expressed for each columm2 f 1;2;:::;mg.
Forj=11,2:::;k 1g, one can express the approximation error as

~ N

=0
U ;0 0 5%

U i) O 5 0+u Gy v (G

VY Y G N E U T G ) IR G )

VST RV ST () T GV ) B (5.30)

whered, = U; 0;. For j =0, it holds that

~ _ A
0- 0 0

Ug Xn ngh

Ug Xn: (5.31)

Since j( j 1) is unknown, it is approximated using Taylor expansion centered
around the estimated vector " 1, obtaining

iCin= (0 0+ =L (1 " D+O2(7j 1) (5.32)

= i1
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2R b being the Jacobian matrix of the activation function

N

with &t .
vector () with respect to its argument, computed in the estimated output of the
precious Iayer'\j 1. As for O?(~j 1) 2 R" i, it contains the lumped terms of order
higher than one.
If one substitutes (5.32) in (5.30), and denes j = ( j 1), j = ("} 1),
and ’\j°= % S for sake of readability, it holds that
A

~ _ > N > . Ay
J'—Uj J+Uj(J i)
SN e Ay Ao~ 2~ A
=07+ U7 T 7T v 0(T) )
s A > A0~ 2/~
=075+ Y 7T 1+ 0(T )

=07+ T U0 )
=07+ (07 + 07) T 1+ U0 )
=07+ 07 P e O P+ U0 )

=07+ 07 P

J (5.33)

j 1

]
Since 0> " 2R" it v, one can write

with = 07" 1+ U707 1) 2R" i

0> % =vec U”" =vec

J A?Uj =vec Aj>Uj||_

J j+1
N>

and, applying Lemma 5.1 with A 7B UGj,andC I - it holds that

>N > N> - N> .
o> = I'—,-+1 | vec U I|_j+1 i vec U

Hence, expression (5.33) can be rewritten as
~ =N > N0~
i=0 0 o
N>

_ . > A0~
= I, 7 ovec g + 070 g+

j
i (5.34)
In the casej = 0, one has ¢ = "o = Xn. Hence, the Taylor expansion is not
employed and it holds that

To= Ug xn
=vec U Xn
= I Xp vec Up : (5.35)

As anticipated, for the last layer (j = k ), the error is expressed for each column
i 2 f1,2;:::;mg. In particular, having E] and ’\E] de ned as in (5.14c) and
(5.17c), respectively, the error associated with the-th column is given by

~[1 — 1 Al
k k k
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=(ully> Oy A
=ully> @Oy N oy Uiy A
Uy @Oy A +ully N

AN

ol N +ully A

Ol A+ (0T 20~ 1+ [i]k

= Im N vec o1 +(0OMy>N0 - 4+ 0 (5.36)

Kk !

with M= (oly> " ~ j+uly> 0?2 ~ ; 2R™,

k
Then, analogously as done for~j, recursively substituting (5.34) in (5.36) until

~o and collecting the common terms, one obtains

0 X 1
kg 1 ky 1
. X ) Y i
~Il - (01> "9 % 07 Aﬁﬁ T " vec g + U+
j=0 I=j+1
0 1
X
) kx 1 ] kY 1
fm % oveedl w0 iy B0k
j=1 I=j+1

fori 2f1;2;:::;mg. Moreover, de ning the matrices [i]j 2 R™ L i and [i]j 2
Rm L J.L

"1 as
X
0 0 v
il ._ i N N
CEO0” R O (5.372)
I=j+1
] ._ ] As
= e Y (5.37b)
with -[']k =1, [']k 1:=(0|£'])> "0 (see De nition 5.1), [']0 = [']0 I, Xy
and [']k = Im "5 2RM™ M«  equation (5.37b) can be rewritten as
, , , , kx 1 kx 1
W= 0 ovec gt o+ Moo [']jvec o + [']J. j (5.38)
j=0 j=1

5.3 The DNN-ISM Control Strategy

In the following, the DNN-ISM control scheme, developed in [99, 100, 101] and
depicted in Figure 5.1, is presented and analyzed.

Considering the system in (5.3), and inspired by the ISM control framework,
the integral sliding variable is de ned as in

(x(®) = o(x(t))  2(x(1)); (5.39)
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ur in (5.44) QQA System in (5.1) X o X
T o
PR
O— «— 2.in (5.43) DNN
o in (55) T :

Update laws (5.45)-(5.49)F - -'- - - - ;

Figure 5.1: Block diagram of the DNN-ISM control scheme. The blocks associated
with the DNNs, the sliding variable, and the control law are highlighted in green,
blue, and yellow, respectively.

where o : X ! R™ is the conventional sliding mode de ned as in (5.5), while
2:X ! RM™ is the estimate of the transient variable in (5.6). In particular, this last
one is computed relying on the estimate of the dynamics of 1, f,, and B, having
Zin h i
2(x(1)) = o(x(to)) + Cifix(); ) x§()+

to

h A io
+ Co Fa(x(); )+ B(X( ); dun( ) x3() d: (5.40)

Proposition 5.1. Given a matrix A 2 R"™ ™ and a vectorb2 R™, then the product
Ab 2 R" can be computed as
xn .
Ab= " ADp;
i=1

where A() 2 R" denotes thei-th column of A and b 2 R the i-th element ofb.

Exploiting Proposition 5.1, the above expression of2(x(t)) can be rewritten as

Zin h , i
2(x(1)) = o(x(to)) + Cy fi(x( ); ) xi()+

to

h XA , io
+Co fax( ); )+ BOX( ) uni() x3() d: (5.41)
i=1
Then, substituting (5.17), one has that
Zn h/\[l] 7 i
2(x(1)) = o(x(to)) + t Ci ' xa()+
0
h xnoo io
+C "+ Mlun() X3() d (5.42)
i=1
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where M Mk y) 2 R M M MR y) 2 R and MT MElx( ) 2
R™. The dynamics of the estimate of the transient variable can be then expressed
as implying that

sx)= P Lo + P Wi G0 649
i=1
with initial conditions z(x(to)) = o(X(tg)). The matrices C; 2 R™ (™ M and
C, 2 R™ ™ are chosen as described in Section 5.1. In particular, the latter satis es
Assumption 5.4.
Similarly to the ideal case, the overall control lawu(t) 2 R™ is the one in (5.8),
where the switching law u, (t) is chosen according to the unit vector approach

(x(®) .

NS

(5.44)

with 2 R being the discontinuous control gain. The choice of the nominal control
law un(t) 2 R™ depends on the performance that one wants to obtain. Some hints
on the selection of this last one will be provided later in this chapter.

One fundamental aspect in the design of the DNN-ISM control scheme is the
choice of the adaptation laws for the layers of the DNNs” and “. Such laws,
proposed in the following, depend on the integral sliding variable and are derived
according to the analysis in Section 5.3.2.

For what concerns the DNN ', the layers up to the penultimate one, i.e., for
j2f0;L;::5k 1g, the adaptation is done through

vec & =proj |, 7 C7 2 Rt i (5.45)
B
]
h i Lo
whereC= C; C, 2R™ ", 2 R" - i- i+ is the one de ned in (5.26b) and
it corresponds to 2 [1]3
;=4 [2115; (5.46)

]
with [13 2 R M Lt angd [2],] 2 R™ Y it i being the ones de ned in
(5.28). As for | 2 R-ibia bt i itisthe adaptation rate matrix, de ned
as diagonal with positive entries, whileproj( ) is the projection operator de ned as
in Appendix A, with set B | de ned later in Section 5.3.1. The weights sub-matrices
associated with the last layer § = k ) are adjusted according to

vec &M = proj [ll ( [ll )y>Cy 2 Rbx (0m). (5.47a)
B

k
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vec W = proj Ao Blye; 2R ™ (5.47b)
k
where [1i 2 R(M Mtk (n Mk gng [21 2 RM« Mk are diagonal matrices
with positive entries, while [11 2 RM M (M MLk ang [22 2 R™ Mk are the
ones de ned below equation (5.28).
As for the DNN ™, forj 2f0;1;:::;k 1g, one has that
! !
: X [i]y> > L L
vec G =proj uni( ")7 Gz 2R i (5.48)
B . -
j i=1
where [i]j 2R™ " it 4 s dened as in (5.37b), un;i 2 R is the i-th component
of the nominal control law, while | 2 REibia bt ia s the adaptation rate
matrix, chosen as diagonal with positive entries. The weight sub-matrices of last
layer of " are adapted according to

vec G{] = groj . Uni ( [i]k )>C5; 2 Rtx ™. (5.49)

k

with i 2 f1;2;:::;mg, where |, 2 R™k ™Mk s the diagonal matrix of the

adaptation rates, while [i]k 2 R™ Mk s the one de ned below equation (5.37).
For sake of completeness, it is possible to express the time evolution of the
weight matrices of the DNNs employed for the approximation of the dynamics. In

particular, for " one has
|

Zt :
Vi(t)= Vi(to)+  vec? proj ,(x()) C (x() d;
tét " i !
vt = vU(te)+  vec? proj WMyl (x()  d;
to K
Z, § !
vAt) = vP(te)+  vec? proj B x(y)y cr (x()  d:
to K

As for ", the evolution of the weights is given by
Z, - ' R} ! 1!
U= U+ vec® proj uy Ty oc () d;
0 i i=1
. . z t | ) >
Ul = Ul (t)+  vec? proj . up Dox() Cox()  d:

to K

The aim of the projection operator, de ned as in Appendix A, in the weight adap-
tation laws is to maintain the weights in the admissible setsB j RE b a , with
j2f0;1;:::;k g, and B J. RE b ia , with j 2f0;1;:::;k g, which are de ned
in the following.
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5.3.1 Use of Parameter Projection and its e ects

The ideal weights of the DNNs are assumed to be bounded in norm by some known
constants V;U 2 R that depends on some super cial knowledge of the system,
such as the bounds of 1, f2, and B.. In particular, recalling Assumption 5.6, it holds
that

sup  kVjk V; sup  kUk U:
j2f 0;1;:k g j2f 0;1;::k g

Such a knowledge about the DNNs can be exploited to limit the evolution of

the estimated weights during their adaptation in two sets B | Rt i+ and
B, R- it v, Such sets can be conveniently de nes as
n Lo (0]
B,= vec Yy 2R i~ in : vec ¥ V 0 ; (5.50a)
n [0}
B,= vec () 2R i"in:vec U O: (5.50b)

Following the notation in Appendix A, and speci cally equation (A.1), one can

de ne the underlying functions P ‘Rt 1 RandP J. ‘R it i1 1 Ras
P. vecY = vecV V; (5.51a)
P, vec 0 = vec{ u: (5.51b)

J

@ LL, @ ;
@ 2 R i Jland@Oj 2

Such functions are characterized by gradients

R- 1% i+ which can be computed as follows.
Denoting with \I)j;(l;h) the element of ¥ in the I-th row and h-th column, one

has that

% i bxin 02

ji (i)
I=1 h=1

o<

P, 0 = vec Y V=

J

V;

which, di erentiating element by element yields the partial derivatives

@, % _, ! 29,
@. .n . PL PL, i (cir)
e 2 T Oj;z(l;h)
—r \71 (cir) - Oj:(C:f)
PLPL 1y vec ¥
I=1 h=1  Vj(h)

Finally, gathering all the partial derivatives, the gradient vector results in

,- vec ) 552)
=rgybP = — 5.52
5507 Ve ¥

a,
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Performing the same steps, the gradient vector%_j can be computed as
|

vec O
%jj 0P g (553)
According to the de nition (A.4) of the smooth projection operator, one has
_ g; iijZB"jorrijJ 0
IDBf(j)J():? I(¥) (:zjij;ivirzj'; if ¥ 2B, nB° andr ¢P, >0

J
where, according to the de nitions in Appendix A, B°J_ andB j denote, respectively,
the interior of B ; and the -boundary layer around B . As for the matrix 2
R-itia Yt ia hereis the counterpart of used in equation (A.4) to avoid

confusion with the learning rate matrices. By setting = | Lo ,with - 2 Rsq,
and substituting (5.52) it holds that
8
g ,
proj () = ro P (TyP )
Bj 3 | C(O]) (r\]7jpj)>rj\7]'Pj ;
8
24 ]
= roP . (rg.P )
30 o)k
. r 0. P

i

Then, substituting (5.52), the above equation becomes

8

2 ; if j 2B° or vec ¥ 0
proj () = 0 y

>  vec(V; Jvec(¥;) RN o _ .
B, > C(Q)W if; 2B nB° andvec ¥ > O

(5.54)

Following the same steps and substituting (5.53), the smooth projection operator
for the weight matrices 0,- analogously as

8
2 if O 2B° or vec 0
proj () = >
> ~ vee(0; Jvec(0) _— o . .
B > C(OJ)W ifO; 2B nB° andvec O, > O
(5.55)
Lemma 5.2 (Boundedness of the DNN weights and biases). Let B, and

B , be the admissible sets de ned as iif5.50), while projg  and projg  are the
] J
smooth projection operators de ned as in(5.54) and (5.55), respectively. Moreover,
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consider the weight adaptation laws in(5.45), (5.47), (5.48), and (5.49). Then, one
has that

1.Vi(t)2B ,forallt toandj 2f0;1;:::k g
2.Uj()2B ,forallt toandj 2f0;L:::k g

3. vecV, V¥ g *proj () vec V, ¥ g ., for all the layers j 2
B
J
fO;1;:::;k g
4. vec U U g jlproj( ) vec Uy O g jl , for all the layersj 2
B

]

fO;1,:::;k g;

Proof. The proof can be easily developed by exploiting the proof of points 3 and 4
of Lemma A.1. O

Before introducing the stability analysis associated with the DNN-ISM control
scheme, the following considerations must be made.

N

The fact that the activation functions of the networks , *, , and

AN
, L.e.,

j()and (), arechosen dierentiable and Lipschitz continuous ensures that their
Jacobian matrices are bounded in norm. In particular, there exists some constants
d j;d » 2Rs0 such that

(5.56)

forallj 2f0;1;:::;k gandp2f0;1;:::;k g. Such a fact, along with Lemma 5.2
and with the fact that for classical activation functions (e.g., sigmoid, hyperbolic
tangent, etc.) the higher order of the Taylor's expansion are bounded [93], implies
that the terms j and i de ned in Section 5.2.1 and Section 5.2.2, respectively,
are bounded.

Proposition 5.2. There exist some constantsc ,;c ,;c 2 Rso such that the
residual terms appearing in(5.29) and (5.38) as

ky 1 ky
(1] (1] . (2] [2] .
k + i J ¢ 1 Kk + i i c 21
i=1 j=1
ky 1
iy c
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5.3.2 Sliding mode Existence

The main theoretical results related to the DNN-ISM control strategy are presented
in the following.

Theorem 5.1. Consider the nonlinear system in(5.3), controlled via ISM control
law u in (5.8), with switching law u; in (5.44) with integral sliding variable de ned
as in (5.39). Moreover, the DNNs weights are adapted according to the adaptation
laws (5.45) - (5.49). If Assumptions 5.1 - 5.6 and Proposition 5.2 hold, and

kCikfc , +" g+ kCokfc ,+" ,+ m(c +" )kupk+ hg+
(C2) '

with 2 Rso, then, (x(t))! On fort!1

Proof. See Appendix B.1. O

The use of the DNNs” and ’\, which are characterized by estimated weights,
introduces unavoidable approximation errors with respect to the real functions. In
particular, the error associated with the drift dynamics components is given by

1 _ ~[1] , L
RS R R
1 kg 1
_ [1i vec vk[l] + [1']< . X Wyec v + X [1 4 o[,
j=0 =1
2] _ ~[2 , ul2
f, "= @,
kg 1 kg 1
= @ yecyl® + B4 X Clyec v + X ey
k k K - j ! !
j= j=

As for the approximation error related to the control e ectiveness term, it can be
computed as

BM Ao ~f1 ()

. , kx 1 : , :
1 vec ol + [']jvec g + U o+ [']J. 0,
j=0 j=1

with i 2 f0;1;:::;mg. Such errors are not quanti able, since they depend on the
guantities "[1], "[2], P with j 2f0;1;:::;k g, " i1 with j 2f0;1;:::;k g,

which are, by nature, unknown. Nevertheless, exploiting the analysis performed
earlier in this chapter, it is possible to see how all the above approximation errors are
bounded. For sake of simplicity, and without loss of generality, only the boundedness

of the errors associated with the drift dynamics components is shown.
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As itis highlighted in the proof of Theorem 5.1, the e ect of terms [pi vec \7‘k[p]

1 [l
j
laws (5.45) and (5.47). Hence, it is su cient to assess that the other terms of the

P
and J-k:O vec V; , with p2f1;2g, is compensated by the weight adaptation

equation are bounded to con rm that the whole error is limited. In particular, the

term " is bounded by virtue of the universal approximation property [55]. As for

P . . . .
}‘:1 ! [pj] ;» its boundedness can be deduced from the following reasoning. First,

the use of theproj operator, described in Appendix A, ensures that the estimated
weights \’7J are always bounded in the setB - This means that, since the ideal
weights V; are bounded by de nition, then also the weight estimation errors V; are

bounded. Since the activation functions ”; are of classC' and Lipschitz contin-

[p

uous, then, it follows that ]] is bounded as well. Considering the expression of

[p]

k
\"/j> ’\joj- 1 is bounded. Finally, for a wide range of activation functions, including

and j with the aforementioned considerations, then one can conclude that

the hyperbolic tangent and the sigmoid function, the term of order two of the Taylor
approximation, i.e., 02(*1- 1), is bounded, as detailed in [93].

Following the same reasoning for the approximation error associated with the
control e ectiveness, the following result can be introduced

Proposition 5.3. At each time instant tx  tp, the norm of the approximation
errors introduced by the DNNs ™ and " is bounded. In particular, the quantities

xXn . -
sup f1 ", 5 osup f2 NP sup T BO MM
x2X xX2X X2X =1
where "', “and "}, denote the output of the” and " when they are parame-

terized by weight matricesV, (tx) and Uj (tx), are bounded.

From Theorem 5.1 follows that, there exists a time instant in which a practical
sliding mode is enforced. Hence, the following holds.

Proposition 5.4. There exists a time instantt; < 1 such that the sliding mode is
achieved in a&neighborhood of the sliding manifold. i.e.,

Fx(t) 2X 1k (x()k &
for t 11, with &2 Rs .

By virtue of Proposition 5.4, it is possible to design a control strategy that,
combining DNN-ISM with ASMC, ensures that sliding mode (x(t)) =0, in nite
time. Such a strategy can be summarized as follows:
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1. fort 2 [to;t1], the discontinuous control gain is chosen according to Theorem
5.1 and kept constant, while the DNNs are updated according to (5.45), (5.47),
(5.48), and (5.49);

2. fort 2 (t1;1 ], the weights of the DNNs are no longer adapted, i.eyec \, =
Oforj 2f0;1;:::;k gandvec Uy =0 forj 2 f0;1;:::;k g, while the
discontinuous control gain is adapted.

Before introducing the theoretical results of the aforementioned strategy, an obser-
vation, related to the existence needs to be made.

Proposition 5.5. Following the same steps reported in the proof of Theorem 5.1,
and relying on the bounds of the system and the ideal weights for bounding the
approximation error, it holds that if
KCik VK +f; + kCok VK +f,+h + kCok UK +  kupk
- _(C2) * _(Co)
with 2 Rsq, then (x(t))=0p fort to.

; (6.57)

In other words, Proposition 5.5 says that, if one selects a discontinuous control
gain that compensates all the disturbances of the system and the worst possible
approximation error of the DNNSs, then a sliding mode is enforced from the initial
time instant, without the need of adapting the networks.

For convenience, de ning

kCik VX +f; + kCok VK +f,+h
L= _(C2) ;

kCok UK +
2= _(C2)

one can rewrite (5.57) in a more compact way as

(5.58)

; (5.59)

= + okupk+ :
1 2 n 7(C2)7

Theorem 5.2. Consider the nonlinear system in(5.3) and integral sliding variable
in (5.39). For t >t 1, with t; being the one de ned in Proposition 5.4 , let(5.3)
be controlled via ISM control lawu in (5.8), where the switching law is designed as

(x(1) .
k (x()k’

ur(t)y = ("a(t) + " 2(t) kunk)

with ~1(t1) and ”»(t1) chosen so that”i(t1) + ~2(t1) kupk satis es Theorem 5.1.
Moreover, let vec 4 = 0 for j 2 f0;1;:::;k gand vec U; = 0 for j 2
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f0;1;:::;k g. If Assumptions 5.1 - 5.6 hold and the discontinuous control gain
components are adapted according to

Aa(t)=pr09] (kCzk + 1)k K); (5.60a)

%(1) = proj (KCok kunk+ 2k K); (5.60b)
%

with 1; 2 2 Rsg being constants acting as learning rates, being the one appearing
in Assumption 5.2, % = fr 2 Rsg:r 1, and % = fr 2 Rsg:r 20, then a
sliding mode (x(t)) =0, is enforced fort tp, with t; <t,< 1.

Proof. See Appendix B.2. O

5.4 Practical Aspects

Before presenting the simulations and experiments used for assessing the e cacy of
the DNN-ISM control strategy, it is worth to analyze a couple of aspects associated
with practical implementation.

5.4.1 Computational Complexity Analysis

In the following, the computational complexity analysis associated with the compu-
tation of the adaptation laws of the DNNs weights is carried out. Since the analysis
is analogous for both networks, it is carried out only for the DNN .

The weights of the j -th are updated according to

vec % =proj , > C’
B

]
|
=pé°jj AN (TR & W v
In the practice, in most iterations, the projection operator behaves like the identity
function, i.e., proj( ) . For this reason, it is reasonable to perform the following
analysis considering
i >
vec % = (I "y c

J j+1

From that, it is clear that the most recurrent operation in the computation of
the weight update is the matrix multiplication.

In general, given two compatible matricesA 2 R" ', and B 2 R' ™, the com-
putational complexity of a standard matrix multiplication algorithm that nds the
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matrix C = AB has computational complexity O(hlm). This because each element
Cjj of the resulting matrix C 2 R" M is the result of a scalar product between the -
th row of A and the j -th column of B. Since the scalar product of twol-dimensional
vectors has computational complexityO(l), and the number of elements inC is hm,
it is clear how the complexity of C = AB is O(hlm). Then, if A and B are square
matrices in R" ", the complexity becomesO(h?). Over the years some algorithms to
lower the complexity have been proposed, but even the more e cientStrassen's Al-
gorithm introduced in [102] reached a lower bound 0©(h'°97) O (h?8%7), so in the

following analysis the standard algorithm with cubic complexity will be considered.

Since modern libraries (e.g., Eigen, NumPy, TensorFlow) handle the transposi-
tion operation very e ciently, such an operation can be neglected in the following
analysis, without compromising the validity of this last one.

The rst term which is analyzed is  ;, computed as in (5.26a). As it is clear
from its de nition, it is just a series of matrix multiplication alternating between
estimated weight matrices and Jacobian matrices, i.e.,

X

¥

> N0 _ > N0 > N0 > N0 .
W= 0N W Y1 e (5.61)
I=j+1

with each term inside the parenthesis being a matrix multiplication betweenOf 2
R" w1 L 1and 02 RY 1 1, meaning that the total complexity for the compu-

, , , P
tation of each termin | isO |k:j+1 L2j (N

Then, since each term <7|> AP 2 R Y must be multiplied together, the

complexity for | is

0
X X
0@ L2 L +L . L

| 1+1 j+1 |
I=j+1 I=j+2

L . A; (5.62)

where the rst term is associated with the computation of each single product, and
the latter one is the one accounting for the nal product.

Then, the complexity analysis of the Kronecker product (I . - AJ->) is carried
out. In general, since the Kronecker product ofA 2 R" ! with B 2 RY ™ is de ned
as in De nition 3.2, its computational cost is O(hldm). However, since in this case
of, A= 1, (a1 the elements ofB = Aj> just get multiply by 1, and thus one can
consider the Kronecker product as a copy of’\j> on a block diagonal matrix with
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Lj+1 blocks, i.e.,

I n> 2R bitag (5.63)
N>

N>

with a complexity lowered to O(L ., ).
Then, since | 2 R" b v the complexity of the matrix multiplication term

U Y2 R Fitana s O(nL2 L ;), which, summed up to
the complexity necessary to obtain the two components of the product, results in
0 1

X 2 X 2 A
0@ L°L ., +L . L,L,+L ., +nLs L A
I=j+1 I=j+2

Recalling that C 2 R™ " and 2 R™, then the multiplication >J,C> 2
Rt i+ has complexity isO(nL L ., + nm), which, added to the complexity

of , leadsto
% X
O L|LI+1+LJ+1 I‘ILI+1+Lj+1+
I=j+1 I=j+2
2
nLe, L ;+nL L, +nm
Finally, premultiplying by the gain matrix ;2 R-ib i bt iw results in a

total complexity for the computation of vec 4 which is

X X
+L L

| 1+1 j+l |
I=j+1 I=j+2

L +L ,+

1+1 j+1
|

+nL? Ly+nl Lo, +nm+ L% L2 (5.64)

Finally, since there arek layers in the DNN, the overall complexity for com-
puting the update laws of all the layers is given by

XX X X X
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Assuming that L ; = L for j 2 f0;1;:::7k g, the total complexity can be
reformulated as
kx 1 kX 2
o} (k jIL3+ (k j L3+ k L+nk L3+
j=0 j=0 |

+nk L2+ k nm+ k L* :

Since in general it holds thatk L, the dominant term in the above complexity
is O(kL%), which is polynomial of order four with respect to the number of neurons
and linear in the number of layers, meaning that, from the computational cost point
of view, it is more convenient to exploit the depth of the DNN, than its width.

The above result, accompanied with the ones provided in Section 3.1.3, con rm
that, it is more convenient to adopt ANNs with deep architecture (k  2), than
shallow ones k = 1) when the adaptation of the weights is done according to (5.45),
(5.47), (5.48), and (5.49), both from the computational and to the approximation
capability point of views.

Recalling that, according to the big- notation in (3.17), the number of the
hidden layer neurons of a shallow ANN, denoted ad g, that guarantees the same
degree of approximation of a DNN with k 2 hidden layers, each withL 4 neurons,
is given by the following relation

S P (5.66)

it has been possible to design a test to verify that using largek and k instead
of higher number of neurons in each layer leads to reduced computation time.

In the test, the ANNs " and " are used to estimate a vectorv 2 R’, and a
matrix A 2 R’ 7, respectively, starting from an input x 2 R®. In the case in which
" and " are DNNs, they are designed so thak = k =8, with Ly = Lg4 =18.
Exploiting (5.66), a shallow version of the ™ and ", with L, = Ls, = 64 has
been designed.

The test has been performed using C++, recording the execution time using
the classstd::chrono::high_resolution_clock , Which returns the approx-
imate CPU time spent in the update procedures [103]. The results of the test are
reported in Figure 5.2, which clearly shows how the update procedure is faster in
the case of the DNN. In particular, the sample median computed for the DNNs is
almost always half the one of the shallow counterparts.
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(a) Box plot of the update procedure for ™.
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(b) Box plot of the update procedure for ".

Figure 5.2: Outlier box plot of the recorded times of the full updates of the neural
networks. The box indicates the data samples between the 25-th and the 75-th
percentile, with the vertical red line indicating the median of the sample distribution.
The whiskers of the box plot go from the 5-th to the 25-th and from the 75-th to
the 95-th percentile, while the red markers indicate the outliers.

5.4.2 Chattering Reduction

The considered class of systems (5.1) includes the class of electromechanical systems.
In real-world implementation, systems that belong to such a class are characterized
by actuators that have a nite maximum frequency of operation, or an intrinsic
propensity to wearing. Hence, the use of a discontinuous control component, like
the one in (5.44), may not be advisable due to the possible presence of chattering.
To cope with such a problem, several techniques have been proposed (see, e.g.,
[41, 40, 44], among others). However, such techniques rely on the concept of HOSM,
hence they are not directly applicable to the DNN-ISM control strategy. In the
following, two di erent easy-to-implement chattering reduction schemes, frequently
adopted in the practice, are presented.

The rst one, introduced in [36, Section 5], exploits the use of the so-called
average-contro] whose aim is to approximate the ideal equivalent control relying on
a low pass lter, similarly to what is reported in Section 2.4.2. In particular, the
full control laws becomes

u(t) = un(t) + urau(t); (5.67)
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where uy. 5y iS obtained by ltering u; in (5.44) via a low-pass Iter as
Urav(t) = ur(t)  Urav(t); (5.68)

where 2 (0;1) is the bandwidth of the lter and uy.ay(to) = O . To obtain optimal
performances, should be chosen as small as possible, but large enough not to alter
the slow components ofu, .

As for the second technique, it is theboundary layer control [27, Section 3.7].
With this approach, the control law is

u(t) = un(t) + urp(t); (5.69)

where u., is obtained modifying (5.44) as

(x(1)

W; (5.70)

Urpi (1) =

with " 2 Rs o being an arbitrarily small constant.

5.4.3 Weights initialization

As described earlier in this chapter, the proposed strategy can be divided in two
phases. In the rst, a constant discontinuous control gain is employed and the
weights of the DNNs are adapted until, at time t;  tg, a practical sliding mode
k (x(t)k &is achieved, while in the second the weights are kept constant and the
control gain is adapted until (x(t)) =0 .

Intuitively, the enforcement of a practical sliding mode k (x(t))k  &strictly
depends on the quality of approximation of * and ". Moreover, the time instant
ty is strictly related to the initialization of the DNNSs. In particular, having good
initial estimates allows to enforce a practical sliding mode in a smaller time with
respect to the case in which the initial estimates present a large error. Hence, one
could exploit previous data about the system to perform an o -line training of "
and " so that a better initialization can be exploited by the DNN-ISM strategy.

Such a philosophy has been implemented in [104], where a simpli ed case in
which only the drift dynamics f 2 R® of a 3-DoF industrial manipulator was con-
sidered unknown. In particular, the weights are initially trained according to the
DRL framework using the TD3 learning algorithm, and then the last layer of the
actor network is trained according to the DNN-ISM algorithm.

Since the objective was to provide a su ciently accurate estimate of the drift
term, dented asf 2 R®, the DRL agent has been trained selecting the state space
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S, the action spaceA, and the instantaneous rewardr; as
S=1fxg S=ff(x)g r¢= (x(1);

where x 2 R® is the state vector containing joint positions and velocities, while

x(®) = k (x(t)k k (x(t )k, with (x(t )) denoting the value of the sliding
variable at the previous time instant. Once the DRL training was completed, the
weights of the actor network, which corresponds to the DNN estimating the drift
dynamics, have been extracted and used as initialization for the DNN-ISM strategy.
In [104], this last one has been used to tune only the outer layer of the network,
providing bene ts from the execution time point of view.

With the same reasoning, a similar technique can be implemented for systems
with totally uncertain nominal dynamic model, designing a multi-agent reinforce-
ment learning (MARL) system [105] composed by two agents: one for the drift
dynamics and one for the control e ectiveness matrix

5.5 Simulations

The e cacy of the DNN-ISM control algorithm has been assessed in simulation on
two di erent systems, whose dynamics is considered fully unknown. The rst one is
the Du ng oscillator depicted in Figure 2.2 and modeled as in equation (2.3), while
the second is the virtualized version of the Franka Emika Panda robot, described
in Appendix C.

5.5.1 Du ng Oscillator

The du ng oscillator (2.3) is a mechanical systems. Using Euler-Lagrange modeling,
the physical interpretation of the generalized coordinates is position and momentum
or velocity, for which the relation is known. For this reason, the DNN " is used only
for estimating f, 2 R, having ™: X ! R. As for the estimation of the control input,

the DNN "
k = k =2 hidden layers for both the DNNs, each characterized by 16 neurons.

X I R is employed. For the simulation, it has been chosen to have

The adaptation of the weights of the networks is modulated through learning rate

matrices ; =101,

dimensions.

; =51, with I denoting an identity matrix with suitable

The objective of the simulation, which duration is 40 seconds, is to steer the
rs1ystem Istate vector towards a timeﬁvarying dlesired equilibrium chosen ax’? =
> >
1:25 0 fort2[0;20)sandx’= 025 0 fort 20s, while being subject
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to a disturbance h = 0:1sin(t). The stabilizing control law is de ned as
1 n h i

(0]
up(t) = = el 2. X)) (5.71)

k + (B
where 2 R is a small design parameter introduced to avoid singularity of the
denominator. The integral sliding variable si chosen as = ¢+ %, with ¢ =
(X1 X])+(x2 x3). The discontinuous control gain is selected as = 0:11+0:01juyj,
while the threshold for the sliding variable that stops the updates of the DNNs and
starts the adaptation of the discontinuous gain is&= 0:001L The simulation time-
step is set to10 4 seconds.

The results of the simulation are presented in Figure 5.3. From that, it is possible
to see how, even applying a relatively small discontinuous control gain, the sliding
variable is successfully steered to a very small value (and eventually to zero), after
a rst transient in which the weights of the DNNs are adapted and during which
the transient variable 2 is not properly compensating o. Moreover, the state of the
system is successfully controlled to the desired time-varying equilibrium point.

Figure 5.3: Time evolution of the system states, sliding variable components, and
discontinuous control gain during the simulation.

Finally, the proposal has been compared with standard SMC. In particular, the
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system is controlled to reach the rst equilibrium state, de ning the sliding variable
=(x1 x])+(x2 x3) and employing the control law u(t) =  sign( ), with
di erent constant discontinuous control gains, i.e., =0:15 =0:25 =0:5, and
= 0:75. The results of the comparison are presented in Figure 5.4, from which it
is possible to conclude that, even in the case in which the standard SMC employs a
discontinuous control gain more or less 5 time higher than the largest value of the one
employed by the DNN-ISM (in Figure 5.3), it is not able to ensure robustness against
the disturbance. Since neither DNN-ISM or SMC require the knowledge of the
system dynamics, the former perform better than the latter, especially in the cases
in which the use of a high discontinuous gain is discouraged, like electromechanical
systems.

Figure 5.4: Time behavior of the sliding variable when the DNN-ISM is employed
with the discontinuous control gain depicted in Figure 5.3, and when SMC is applied
with constant gains =0:15 =0:25 =0:5and =0:75

5.5.2 Robotic Manipulator

In this simulation, a virtualized model of the Franka Emika Panda is controlled via

the DNN-ISM in Figure 5.1, relying on the PyBullet simulator. In particular, the

model of thﬁ maniplulator is the one in described in (C.1), which, de ning the state
>

vectorx= ¢ o 2X R can be written in the state-space canonical form
3 2 3

X(t) = 4 f1(x(t);t) 5_ 4 a 5. (572)
fa(x(t);t) + B(x(t);t)u M(d) *C(a;qa+ M *(0)
havingfi= g2 R, fo=M 1(qC(g;9q2 R, B=M (@ 2R’ 7,andu= 2
R’. Sincef ; can be obtained directly from robot sensors measurements, onli, and
B are estimated. In particular, the former is estimated by a DNN ~ X1 R7 while
the latter by ™ X ! R*. The two networks have been designed wittk = k =3
hidden layers, each characterized by 16 neurons. The weights are adapted with

adaptation rate matrices , =501 and , =250I.
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The objective of the simulation, whose duration is 15 seconds, is to track the
desired joint space trajectory

h is
q’(t)= g+sin(t) 5 +0:lcosf) 0:lsin(2) & 0 z+cos(2t) 4
h is
d’(t) = cost) Odsint) 0:2cos(2) 0 O 2sin(2t) 0
h is
o’(t)= sin(t) O:lcost) O4sin(2) 0 O 4cos(2) 0 ;

while being subject to a matched disturbance
h is
h(t) = 0:1sin(5t) 0:05+0:05cos(8) 0:2 0 Q075sin(2) O 0:01cos(1®)

The sliding variable is dened as = ¢+ ‘2. The stabilizing control law has been
chosen as the feedback linearizing law
+ N
un()= vec b A Kp at) q'() +Ka gty ) ey (5:73)

where the gain matrices are chosen as, = K4 =517, while ()™ denotes the pseudoinverse
operation in De nition 4.2. The matrices C; 2 R’ and C, 2 R’ appearing in (5.5) are chosen
asC; = C, = |7. The discontinuous control gain has been selected as= 0:5 + 1:5kupkK,
while the threshold for the sliding variable that stops the updates of the DNNs and starts
the adaptation of the discontinuous gain is&= 0:001 The simulation time-step is 10 4
seconds. The results of the simulation are presented in Figure 5.5, from which it is possible
to see how, except for a rst time transient in which the DNNs are updating, the sliding
variable is steered toward zero and the desired trajectory is successfully tracked. Moreover,
the control input vector and the discontinuous control gain are depicted in Figure 5.6 and
Figure 5.7, respectively. Note that, in Figure 5.6, the values on the vertical axis of each
gure has been limited for sake of visibility of the rest of the signal. In fact, due to some
poor initial condition of the weights, there are some spikes in the control signal, with a value
around 40 Nm. Finally, from Figure 5.7 it is possible to see that, except from an initial time
transient in which the discontinuous gain reaches relatively high values, once the DNNs are
updated the value of settles around 5.

5.6 Real Robot Experiment

Finally, the DNN-ISM control architecture depicted in Figure 5.1 has been assessed experi-
mentally on a real Franka Emika Panda, whose characteristics are detailed in Appendix C.
Since gravity and frictions are automatically compensated from an internal controller (see
Appendix C.4), then the model is the one used for the simulations, and the same consid-
erations about the state-space modeling that have been made in the previous section are
valid.

The DNN " is characterized byk = 2 hidden layers, each with 16 neurons, and it is
adapted with learning rate matrices de ned as =501 . As for the ", it has bin designed

i
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Figure 5.5: Evolution of the joint positions (left column), joint velocities (middle
column), and sliding mode components (right column) during the simulation.
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Figure 5.6: Evolution of the nominal control uy, (left column), robustifying control
law u; (middle column), and full control law u (right column) during the simulation.
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L ;l\/—\)\ — A — -

Figure 5.7: Evolution of the discontinuous control gain  during the simulation.

with k = 5 hidden layers with 16 neurons, and it updated with learning rate matrices
, =250I.
The objective of the experiment, whose duration is 60 seconds, is to control the robot
so that it tracks the reference trajectory obtained deriving
h >

dM)= 5 3z 0 2 +0:3sin(02t) 02sin(2t) 5+0:2sin(@4t) 0:2sin(t) ;

while being subject to a disturbance
h i

h(t) = 0:1sin(5t) 0:05+0:05cos(8) 0:2 0 0075sin(2) 0 0:01cos(1@)
The nominal control law is the DNN based feedback linearizing law in (5.73), withK, =
K4 = l7. The matricesC; 2 R” and C, 2 R’ appearing in (5.5) are chosen a€; = C, = |7.
The discontinuous control gain has been selected as= 1:5+0:75ku, k, while the threshold
for the sliding variable that stops the updates of the DNNs and starts the adaptation of the
discontinuous gain is&= 0:001 The control signal is computed with a frequency more or less
equal to 800 Hz. The results of the experiment are presented in Figure 5.8, from which it is
possible to see that, after a rst transient in which the DNN are adapting, a practical sliding
mode is enforced. As one can notice, the sliding variable components are ultimately bounded
by values that are higher than the one in the simulation case comes from the fact that the
control frequency is more than ten times smaller the one used in the previous section.
Nevertheless, the tracking results can be considered more than satisfactorily. Moreover, the
control vector components are depicted in Figure 5.9. In order to do not cause damages to
the robot motor, the discontinuous component is Itered by a rst order lter like the one
in (2.75), characterized by Itering constant = 0:01.
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Figure 5.8: Evolution of the joint positions (left column), joint velocities (middle
column), and sliding mode components (right column) during the experiment.
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Chapter 6

DNN-ISM with State and Input
Constraints

In this chapter, three dierent variants of the DNN-ISM framework that allow to take
into considerations state and input constraints are presented for some class of systems.
In particular, the rst scheme modi es the design of the integral sliding manifold and the
nominal control law to perform the avoidance of a non admissible portion of the state space,
the second one integrates Model Predictive Control (MPC) into the DNN-ISM framework to
guarantee the satisfaction of soft state and input constraints, while the last one modi es the
original DNN-ISM control integrating Barrier Lyapunov Functions in the DNNs adaptation
and generates the nominal control law solving a quadratic programming problem designed
using a Control Lyapunov Function (CLF) and a Control Barrier Function (CBF). All the
approaches are theoretical analyzed and assessed in simulation on di erent systems.

6.1 DNN-ISM with State Constraints Avoidance

In this section, the DNN-ISM with a modi ed integral sliding variable and nominal control
law for the avoidance of a non admissible part of the state space is presented. Such a variant
has been introduced rst in [106] in the case of systems with partially unknown dynamics,
and extended to the case of fully unknown model in [101].

6.1.1 Problem Formulation

The considered class of system is the same as in Chapter 5.3. For the reader's convenience,
it is brie y recalled in the following.
Consider the nonlinear a ected by matched disturbance
" # " #
xa(t) f1(x(t);t)

MOZ 00 T O+ BO®;hu® + hx:1) ©
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where x 2 X RTandu2 R",f;: X R g! R" Mandf,: X R ! RMare
the components of the drift dynamics,B : X R o! R™ ™ is the control e ectiveness
matrix, while h: X R ¢! R™ is the matched perturbation vector. The terms fq, f,
and B satisfy Assumptions 5.1 and 5.2, while the disturbanceh is bounded according to
Assumption 5.3.

If one de nes a desired trajectory x*(t) 2 X, it is possible to de ne the tracking error

e(t) = x(t) x?(t), characterized by dynamics
" # " #
= 1 X0 fx(®:t) (1) . 62
x2(t)  x3(1) f2(x(8);t) + B(x(t);t)u(t) + h(x(t);t)  x3(t)

Then, let Xc(t) X be a time-dependent set that contains some states that, for some
reasons, the nonlinear system (6.1) cannot assume. In the case of mechanical systems, such
reasons can be related to the mechanical structure of the system ot the presence of external
obstacles. It is convenient to de ne the nearest non-admissible stat&. 2 X . and its relative
distanced. 2 R o from the actual state as

Xc(t) = argmin d(x(t);s) (6.3a)
s2X ¢
de(t) = min d(x(t); s); (6.3b)

with d: X X ! R ¢ being a distance function chosen, for example, as the squared
Euclidean norm, i.e., d(x(t);s) = kx(t) sk,

The objective is to design an ISM controller which stabilizes the system in (6.1) on the
desired trajectory x?, while rejecting the disturbance h and ensuring x(t) 2 X (t), for all
t  to.

Recalling that the integral sliding variable is in general de ned as

(x@®) = o(x(®)  z(x(1); (6.4)

to accomplish the above objective is possible to de ne the conventional sliding variable
o(x(t)) depending on the the distanced.(t), i.e.,

8
<C a 'S Cza 'S ;o ifde d?;

X)) = 12 Xa(t) Xj (t) + Coa x2ot) 7X2, (t) | (t) 7 6.5)
© Cpr Xa(t)  x{(t) + Cor xao(t) x5(1) ; if de(t)>d7;

whereCya 2 R™ (0 M Cyy 2 R™ ™ Cy 2 R™ (™ M and C,; 2 R™ ™ are design

Harameters,d? 2I R o is a safety threshold chosen during the design phase , whibes(t) =

X7s(t) X35(t) 2 XnXcisatrajectory with bounded derivative chosen by the designer to
avoid the set of non admissible states. The following assumption about the design matrices
C,.a and Cy; is introduced.

Assumption 6.1.  The design matricesC,., and C,, are chosen so thatC,.,B (x(t);t) and
Cy, B(x(t);t) are symmetric and positive de nite, for all x 2 X andt to.
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Recalling that B (x(t);t) satis es Assumption 5.2, i.e., it is SPD, one can desigrCz., =
Kalm and Cyr = kil 1y, with ka; ki 2 Rs o, for having Assumption 6.1 to hold.
Note that, the expression (6.5) can be written in a more compact manner as

h i"xm) X1-5(t)# h i"xl(t) xza)#
oXD)= 8 Cra Coa o0 P F @ s Cu G 5
'S 2

where 5 :R o!f 0;1gis aconstraint avoidance ag de ned as

8
<1 ifde(t) d;
a(t) =, _ (6.6)
-0 ifdg(t)>d :
As for the transient function z, it is de ned so that
" #
_ ! FL(X();1)  Xus(t)
Z_(X(t))_ a(t) Cl;a C2;a fz(X(t?';t)+ B(X(t);t)un;a (t) )&2;3(2 +
h i fa(x(0);t)  x3(1)
+(1 a(t)) Cl;r C2;r f2(X(t);t)+ Bu”;r (t) )iz(t) ’ (6-7)
with z(x(tg)) = o(X(to)) and z(x(tk)) = o(X(tk)), wherety >ty are the time instants

in which ,(tx) changes its value. The control lawsu,; 2 R™ and u,, 2 R™ are the
continuous control laws which stabilize the system when it is in tracking (4 = 0) and
avoidance (5 = 1) conditions, respectively. In particular, they are designed depending on
the task and on the choice of the trajectoryxs(t).

Finally, the complete control law is designed on the ISM control framework, i.e.,

u(t) = un(t) + ur(t); (6.8)

where the nominal lawu, 2 R™ and the switching law u, 2 R™ are de ned as

un(t) =(1 a()Uny () +  a(t)una (1); (6.9a)
WO O (6.9b)

with 2 R, being the discontinuous control gain and chosen as in (6.4).

6.1.2 The DNN-ISM scheme with avoidance capabilities

In the following, a modi ed version of the DNN-ISM control architecture, depicted in Figure
6.1, allows avoidance of non-admissible states.

Recalling that f1, f,, and B are not available (see Assumptions 5.1 and 5.2), it is not
possible to directly compute the transient variable dynamics in (6.7). Analogously to what
done for the DNN-ISM control scheme, it is possible to approximate such terms relying on
DNNs " and ". This allows to compute an estimate ofz, denoted as?, and de ne the
integral sliding variable

(x(@®) = o(x(t)  2(x(1)); (6.10)
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G e @A ]

' | xc and dc in (6.3) |
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. A in (6.6)

J Up in (6.9a) [«
O 2 FRT 2in (6.11)
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DNN

0 in (6.5) |

Adaptation laws
in (6.12)-(6.16)
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T
|
|
|
|
- _ = L - - =

Figure 6.1: Block diagram of the modi ed DNN-ISM control scheme for the avoid-
ance of non-admissible states. The blocks related to the DNNs are colored in green,
the blue ones are associated with the sliding variable, the yellow blocks are the
components of the control law, while in red are denoted the blocks responsible for
the change of control mode.

where ¢ is de ned as in (6.5) and, as a consequencé.is computed as

" #
h i A
X1:s(t)
2x(1) = a(t) Cia Cz P gy
) ) ) A[kZ] R AE] Unai (1) Xz;s(t)
" i WG

+ (1 a(t)) C1;r C2;r P (611)

N[2 ATi ’
Pt Muns ) X3

whereun.ai 2 R and uni 2 R denote, respectively, thei-th components ofun., and uy. .

Similarly to what happens for z, it holds that 2(x(tg)) = o(X(to)) and 2(x(tk)) = o(x(tk))-

Since the integral sliding variable is de ned di erently from the standard DNN-ISM
control scheme, the weight adaptation laws change.

For what concerns the DNN ", the layers up to the second to last one, i.e., fof 2

fo;1;:::;k 1g, the adaptation is done through
vec ¥ = p;oj
i

7 C7 2RV b (6.12)

i

where | 2 R" Lyt 4 isdened asinin (5.46), while C 2 R™ " is given by

h [
C = Cl; Cg;
h i
= acl;a + (1 a)Cl;r aC2;a + (1 a)CZ;r : (6-13)
Analogously to standard DNN-ISM, the matrix | 2 REb g bl represents the

adaptation rate, and it is de ned as diagonal with positive entries, while proj( ) is the
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Chapter 6. DNN-ISM with State and Input Constraints

projection operator de ned as in Appendix A, with set B ; de ned in (5.50a). The weights
sub-matrices associated with the last layer [ = k ) are characterized by dynamics

vec ‘9;}1] = proj [11 ( [11 )>Cy. 2R (0 M)y (6.14a)
B

k
vec W = proj [Z]k ( [21 )>Cs  2R-x™; (6.14b)
B k
whereC;; 2 R™ (" M and C,, 2 R™ ™ are the matrices appearing in (6.13), [”k 2
R Mt (0 Ml gnd [21 2 R« M« are diagonal matrices with positive entries,
while [11 2 R(M M (0 Ml gng [21 2 R™ Mtk are the ones de ned below equation
(5.28).

As for , for layersj 2 0;1;:::;k 1g, one has that
! !

vec B =proj j Un:i ( “lj)> C;  2R-it g (6.15)

B i=1
where [i]l 2R™ bt it ia isdened asin (5.37b), uyi 2 R is the i-th component of the
nominal control law in (6.9a) while | 2 R" 1" i " it i« is diagonal with positive

entries. The weight sub-matrices of the last layer are adjusted according to

vec B = proj Cuni (1)) 2R ™ (6.16)
B k
with i 2f1;2;:::;mg, where , 2 R™« M« s diagonal with positive entries, while
[i]k 2 R™ M« s the one de ned after (5.37).

6.1.3 Sliding mode existence

In the following, the main theoretical results about the modi ed version of DNN-ISM are
presented.

Theorem 6.1. Consider the nonlinear system in(5.3), controlled via ISM control law u in
(6.8), with switching law u, in (6.9b) with integral sliding variable de ned as in (6.10).
Moreover, the DNNs weights are adapted according to the adaptation law$.12) - (6.16). If
Assumptions 5.1 - 5.6 and Proposition 5.2 hold, and the discontinuous control gain is chose

as
KCy. kr | + kCy, k(r ,+ h)+ 4KkCoakr kunak+ (1  a)KCorkr Kunrk+
(Cx ) ’
wherer , =c +" ,,r ,=c,+" ,,r =m(c +" ),and 2 R.g,then, (x(t))! On
fort!1
Proof. See Appendix B.3. O

Similarly to the case of the standard DNN-ISM, the above theorem implies two result.
The former one is the achievement of a sliding mode in a&vicinity of the sliding manifold
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6.1. DNN-ISM with State Constraints Avoidance

(x(t)) =0, in a nite time, as in Proposition 5.4. The latter is the existence of a discon-
tinuous gain that ensures an ideal sliding mode even if the weights of the DNNs have not
been tuned.

Proposition 6.1. If one follows the same steps reported in the proof of Theorem 6.1, and
relies on the bounds of the system and the ideal weights for bounding the approximation
error, it holds that if

= 1+ Kupa k+ (1 kKupr kK + ————; 6.17
1 2 a n;a ( a) n;r 7(02; )7 ( )
where

_ kCl; k VK + fi + kCz; k vk + fo+h . (6 18&)

' (Cz)_ ! '

kCs. k Uk +

= : ; 6.18b
2 Ca ) ( )

with 2 R, then (x(t))=0p, fort to.

By virtue of the above results, it is possible to enforce an ideal sliding mode (x(t)) =0
fort t, by applying the adaptive strategy described below Proposition 5.4. In particular,
as soon as a practical sliding modé (x(t))k &is enforced, the weight adaptation of the
DNNs is stopped and the discontinuous control gain is adapted according to the following
theorem.

Theorem 6.2. Consider the nonlinear system in(6.2) and integral sliding variable in
(6.10). For t >t 4, with t; being the one de ned in Proposition 5.4 , let(6.2) be controlled
via ISM control law u in (6.8), where the switching law is designed as

!

ur(t)= M) +"2(t) akunak+(1 ) Kune k (x(®) .

k- (x()k’

where " (t1) and ”,(t1) are so that M (t1) + “2(t1) akupak+ (1 a) Kunr kK satis es
Theorem 6.1. Moreover, letvec \y =0 for j 2f0;1;:::;k gandvec U; =0 forj 2
f0;1;:::;k g. If Assumptions 5.1 - 5.6 hold and the discontinuous control gain components
are adapted according to

N(t)=proj (kCz k + 1)k K); (6.19a)
" I

% (t) = proj kCy; k aKupa +(1 a)kunr kk + 2 k k (6.19b)
%

with 1; 2 2 R, being constants acting as learning rates, being the one appearing in
Assumption 5.2, % = fr 2 R.o : r 1gand % = fr 2 R.g:r 20, then a sliding
mode (x(t)) =0, is enforced fort t,, with t; <t, < 1.

Proof. See Appendix B.4. O
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6.1.4 Simulations

In this simulation, the control scheme in Figure 6.1 is assessed on a planar version of the
Franka Emika Panda panda robot, whose state space model is given in (5.72). In particular,
only the joints 2, 4, and 6 are controlled, while theﬁ others ?ie kept locked, making the robot
planar. Hence, it holds that g;g;¢ 2 R®, x = o @ 2 X RS, f1 : X I RS,
fo: X! RS B:X! R® 3 Sincef; qis measurable, only the mappings, and B are
estimated viathe DNNs ™: X ! R3and ™ X ! R®, respectively. The two networks are
characterized byk = k =2 hidden layers with 16 neurons, and they are updated with
adaptation rate matrices , =101 and |, = |, with | denoting an identity matrix with
suitable dimensions.

The objective of the simulation, which has a duration of 20 seconds and it is charac-
terized by a time-step of 10 # seconds, is to control the robot so that it tracks a desired

trajectory given by

h is
q’(t)= 0:25sin(2) 5 +0:75cosf) - +0:9cost)

h i
d’(t)= 05cos(2) 0:75sint)  0:9sin(t)

h i

¢’(t)= 1sin(2) 0O75cosf) 0:9cost)

while satisfying time-varying constraints on the joint variable vector g, denoted asq 2 R®

and g2 R® and de ned as
8 h i
§ 176 307 00175 ift< 1ls
|

q )= , 132 23 0013 if 11 t< 16s
|

158 2:76 00157 ift 16s

|
h1:76 0:06 375 i ift< 11s
h1:32 0:045 2812i if 11 t< 16s
158 0054 3375 ift 16s

Moreover, the robot is a ected by a matched disturbance
h >
h(t) = 0:05+0:05cos(8) 0:075sin(2) 0:01cos(1@)
To accomplish that, the matrices appearing in the conventional sliding variable (6.5)
are chosen aCi.a = Cyr = Cua = Cyr = |3, while the stabilizing control laws in (6.9a)

are designed as
R +n 0
Uny (1) = vec 1 "y k + Ko qt) q?(t) + Ko q(t) qj(t) q?(t) ;
+ N 0
Una(t)=  vec* "y Moo+ Ka x(t) xs(t)

whereK 1., = K =513, K4 =10 ls. The safe statexs has been selected as

X(t)  xe(t) .

Xs(t) = x()+0 2 X (OK’
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6.2. DNN based MPC/ISM

while the safety threshold in (6.6) has been chosen a¥’ = P 0:05. The discontinuous control
gain is designed as = 0:5+ 1:5ku, k, while the threshold that stops the adaptation of the
DNNSs and triggers the adaptation of the discontinuous gain is&= 0:002

The results of the simulation are reported in Figure 6.2. From them, it is possible
to observe how the robot is successfully controlled toward the reference trajectory, while
avoiding the time-varying non-admissible states. As for the sliding variable, it tends to zero
after a rst time interval in which the transient variable is not correctly updated due to the
non accurate approximations produced by the DNNSs. It is important to notice that, in the
initial phase, it may be possible possible that the non admissible states are not avoided, due
to an incorrect values of the weights. In case the avoidance of the non-admissible states is
safety-critical, one could mitigate such a problem by relying on an available initial estimate
of the DNNs weights.
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Figure 6.2: Time evolution of the joint positions, sliding variable components and
control input when the planar version of the robot is controlled using the control
scheme in Figure 6.1.

6.2 DNN based MPC/ISM

The idea of combining MPC and ISM has been introduced and expanded in the last decade
in works like [107, 108, 109, 110, 111]. In particular, the idea in those works is to design
a MPC/ISM control architecture like the one in Figure 6.3, in which an ISM controller is
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Chapter 6. DNN-ISM with State and Input Constraints

employed to counteract the e ect of the matched disturbances, while the unmatched ones
are dealt via robust MPC with tightened constraints.

The complete knowledge of the nominal dynamics of the system is required for the
design both MPC and ISM. Inspired by the DNN-ISM framework, a modi ed version of
the MPC/ISM controller in which the model of the system is estimated online has been
proposed in [112] to deal with soft state and input constraints. In this section, such a
control architecture is presented and analyzed.

u X
MPC MPC System

Uism
ISM

i

Figure 6.3: Block diagram of the MPC/ISM control architecture.

6.2.1 Problem Formulation

Consider the nonlinear perturbed system in (5.1), withf(x(t)) = X2(t), i.e.,
" # " #
(o= 8O Xa(t) ; (6.20)
x2(t) fa(x(t); 1) + B(x(t);t)u(t) + h(x(t);t)

where x 2 X R", with n = 2m, is the state vector, whileu 2 R™ is the input vector.
The drift dynamics f, and the control e ectiveness B satisfy Assumption 5.1 and 5.2,
respectively. As for the matched disturbanceh, it is bounded as in Assumption 5.3.

When controlling the system in (6.20), it can be desirable to de ne some state and input

constraint

Xx2Xe X ; (6.21a)
u2U R™; (6.21b)

with X. and U being compact sets containing the origin. In this case, the seU is de ned
by putting constraints on each element of the input vector, i.e.,

U=fu2R™:y u u;;8ig; (6.22)

whereuy;; u; 2 R, with u; < u; represent the lower and upper bound for thei-th component
of the control vector, with i 2f 1;2;:::; mg.

Inspired by [108, 109, 107], one can control system in (6.20), rejecting the matched
disturbance while satisfying the constraints in (6.21b), implementing an MPC controller
with ISM generations.
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6.2. DNN based MPC/ISM

h i>
Let X’ = (x})> (x3)> 2 R" be a desired state, and de ne the conventional sliding
variable ¢ in (2.69) as

o(x(1) = Cy xa(t) Xxi(t) + Cp xo(t) x3(1) ;

with C; 2 R™ ™ and C, 2 R™ ™ being design matrices. MoreoverC, satis es Assumption
5.4. As for the transient variable in z(x(t)) in (2.69), it is characterized by dynamics

Z(X(1)) = Cixa(t) + Co fo(x(t);t) + B(x(t);t)umpc (1) ; (6.23)

with z(x(tg)) = o(X(tp)) and whereuypc 2 R™ is an MPC law, de ned later. As for the
complete control law, it is given by

u(t) = un(t) + ur(t)
(x(1) .
k (x()k’

Since part of the control law must be employed for compensating the matched distur-
bance and, at the same time, it is required thatu(t) 2 U, forall t  tg, then it is convenient
to de ne a reduced constraint set for the input

— . i (x(1)) i(X(1) . o
Vo= uzRTu ey Y Y T
with ; 2 R being the i-th component of the integral sliding variable, and design the MPC
such that uypc (t) 2 U(t).

Since the ISM controller is able to provide robustness against the matched disturbance
from the initial time instant, the MPC controller can be designed considering h(x(t);t) =
Om . To this end, one can solve a Finite-Horizon Optimal Control Problem (FHOCP).

In particular, let ty  tg be the time instant in which the signal uypc must be computed,

= Uwpc (1) (6.24)

(6.25)

then a suitably designed cost function has to be minimized with respect to the control

sequenceu; with N 2 N being the prediction horizon. Such a cost function can

titke N 1]

be de ned as
Z tke N 1

J(X ()i Uty i N) = I(x();u( )d + Vi (X(tken ) (6.26)

tk

wherel : X U! R g is the stage cost chosen as
I(x( )iu( ) = k() X7k + ku( KA

with Q2 R" "and R 2 R™ ™ being positive de nite matrices. As for V; : X¢ ! R o,
it is the so-called terminal cost, instrumental for ensuring the stability of the closed loop
system, chosen, for example, as

Vi (X(tks N ) = Kx(tis K (6.27)

where 2 R" " is a positive de nite matrix. Moreover, the so-called terminal constraint
X(tk+n) 2 X¢ must be introduced, where the terminal setX; X . is de ned as

Xi = fx 1 kxk? < g; (6.28)
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with 2 R, . A possible choice for the terminal cost and the terminal constraint is the one
proposed in [107].
Therefore, MPC problem can be formulated as
u min J(X(tk);u[tk;tk+N 1];N)
[teitksn 1]
sit: dynamics (6.20) with h(x(t);t) =0,

X(tk) 2 Xc; 8tk 2 [tk;tk+N 1]

u(te) 2 U; 8ty 2 [t tken 1]

X(tken) 2 X5 (6.29)

and its result is the optimal control sequenceuy, ., . ;- Finally, according to the Receding
Horizon principle, the control input applied to the system is the rst element of the optimal
control sequence, denoted byuypc (t) = u°(tk); 8t 2 [tk;tk+1 ), with u®(tx) resulting from

(6.29).

6.2.2 The DNN-ISM based MPC scheme

%urln—(624) —() ! System in (6.20) S @ X
u
% AUX in (6.38) [
T IUMPC

I MPC in (6.34)

Control ‘ |

Selector
()—‘ <~ 2.in (6.32) DNN ?
+ A
| DNN "
0 in (6.31) ';
Adaptation laws | I

in (5.45), (5.48) and (5.49)

Figure 6.4: Block diagram of the DNN based MPC/ISM control architecture. The
blocks associated with the control law are colored in yellow, the ones related to the
sliding variable in blue, and the ones corresponding to the DNNs and their update
in green.

Since the dynamics of the system (6.20) is assumed unknown, two DNNs are employed
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6.2. DNN based MPC/ISM

to estimate it, as in (5.14) and (5.17). Hence, the integral sliding variable is de ned as

(x@®) = o(x(®) +2(x(1); (6.30)

where ¢ is de ned as
o(x(t)) = x2(t); (6.31)

while the dynamics of the transient variable depends on the DNNs as

ax() = "+ X "o uwee 5 (1) (6.32)
i=1
with initial conditions 2(x(tp)) = o(X(to)).

As for the control law, it is the one in (6.24), with integral sliding variable  being de ned
as in (6.30). Recalling that f 1 (x(t)) = x»(t) and, from (6.31), C, = I, one can choose the
discontinuous control gain as in Theorem 5.1. In particular, under the assumptions of the
same theorem, selecting as

Kimkfc ,+" ,+m(c +" )kuupc K+ hg+
_(C2) '

with 2 R. o, implies that (x(t)) ! O, fort!1 . As a consequence, as introduced in
Proposition 5.4, there existst;  tg such that a practical sliding modek (x(t))k & with
&2 R .

Due to the particular choice of (6.20), the enforcement of a practical sliding mode
k (x(t))k &implies that, in the worst case, the error onx, provided by the DNNs is equal
& Such a fact is clear if one expands in the above practical sliding mode condition as

(6.33)

Zt
k (x(t)k= o(x())  2x( )d

to
Z N

= x() P+ "uweci()d
to i=1
Zy N . X

= ~[kZ] + B E] + 0 g+ AE] umpc ;i ( )d &:
to i=1 i=1

This allows to formulate a reduced constraints setX; X ., obtained from the set X;
with a tightened boundary of (txk+n 1 tk)&in the x; direction and &in the x, direction.

Then, the DNN-ISM based MPC problem can be formulated as
min ‘](X(tk);u[tk;tk+w b N)
u[1k§‘k+N 1l
" #
Sit: X = sz
e =7 A2 Alil
Kot it kUi
X(tk) 2 X¢; 8ty 2 [tistken 1]
u(tg) 2 U; 8tx 2 [ti;tken 1]

X(tk+n) 2 X5 (6.34)
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where the costJ and the terminal set X; are chosen as in (6.26) and (6.28), respectively.
Then, similarly as in the ideal case, the control input is chosen as the rst element of the

optimal control sequenceuﬁk;tk+N g denoted asu®(ty), resulting from (6.34), i.e.,

Umpc (1) = u°(ty); 8t 2 [ty;tysa It (6.35)

If, on the one hand, one can formulate the MPC problem in (6.34) from time instantt;
in which the practical sliding mode k (x(t))k &is enforced, on the other it is di cult to
formulate the tightened set X for t 2 [tg;t1).

In [112], a solution that relies on the use of an auxiliary control law, depicted in Figure
6.4, has been proposed. In particular, the control law in (6.24) is modi ed as

u(t) = un(t) + ur(t)

= (Ouwpc )+ () Uaux () (x(1)) |

k (x(t)k’

where uayx 2 R™ is an auxiliary control law that stabilizes the system while the weights of

(6.36)

the DNNs are adapting. As for 2f 0;1g, it is de ned as
8
S0 ik (x())k>&;

(t)=. ,
Y10k (x()k &

(6.37)
having &determining the trading-o utilization time and the conservativeness if the MPC
controller. In particular, an higher value of &implies a lower value oft;, but a tighter set
Xe.

The choice of the auxiliary control law u,x depends on the behavior that one wants
to impose while the weights of the DNNs are adapting. A choice could be the feedback
linearizing control law

.
Ua ()= vec ' " RO X)) (6.38)

whereK 2 R™ " is a suitably chosen design matrix, while the operator( )* represents the
Moore-Penrose pseudoinverse operator de ned in De nition 4.2. Clearly, the law (6.38) does
not provide guarantees on the satisfaction on the state and input constraints are provided
in the case ofk k> &. Hence, the use of an auxiliary control law is not suitable for safety-
critical constraints. Nevertheless, the DNN based MPC/ISM presented in this section is very
useful when one wants to apply soft constraints on a system with fully unknown dynamics
and it represents a rst step forward toward formulating robust DNN based MPC/ISM
control schemes for uncertain systems.

6.2.3 Simulations

The DNN-ISM based MPC control architecture in Figure 6.4 has been assessed in simulation
on the Du ng oscillator, described by the dynamics in (2.3) and subject to soft state and
input constraints de ned as

Xe=f(xqy;x2) 2 [ 1:8;1:8] [ 157,157
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6.3. DNN-ISM with Barrier Functions

U=fu2R:ju 10g;

respectively. The model is assumed fully unknown and it is estimated by means of the two
networks in Section 5.5.1.
The objective of the simulation, whose duration is 30 seconds, is Bo contriol the system
>

such that it reaches a time-varying equilibrium state dened asx” = 05 0 2 X for
h is h S
t 2 [0;10) secondsx” = 1:.95 0 2X. fort 2 [10;20) seconds, andx”’ = 0:35 0 2

X¢ fort 20 seconds, while being subject to a matched disturbancé(t) = 0:1sin(t). To
accomplish that, the control law is de ned as in (6.36), where the MPC has a cost which
is quadratic and characterized by weightsQ = 100l, and R =5, the prediction horizon is
chosen asN = 20, with a discretization step tx+1 tx = 0:05seconds. The auxiliary control
law ugyx is chosen as in (5.71), while the ag is chosen as in (6.37), with&= 0:005 As for
the discontinuous control gain, it has been chosen as = 0:15 + 0:05ku, k. The simulation
time-step is set to 10 “ seconds.

The results of the simulation are presented in Figure 6.5, in which the time evolution
of the components of the sliding variable, the state trajectory, and the constrained control
input are presented. Moreover, in Figure 6.6 is depicted a zoom of the norm of the sliding
variable the rst instants in which DNNs are being adapted. From that it is possible to see
that after 0.04 seconds the MPC controller is always employed sinck k ". These results
highlight the capability of the control algorithm in Figure 6.4 of satisfactorily solving the
constrained optimization problem although the system model is completely unavailable.

6.3 DNN-ISM with Barrier Functions

The last DNN-ISM based architecture that takes into account constraints, presented in this
section, relies on the use of a Barrier Lyapunov Function (BLF) for limiting the raise of the
sliding variable during the learning transients, while the nominal control law of the ISM is
generated solving a Quadratic Programming (QP) problem whose constraints are de ned a
CLF and a CBF.

6.3.1 Problem Formulation

Consider the nonlinear control-a ne system
x(t) = f(x(t);t) + B(x(t);)u(t) + h(x(t);1); (6.39)

wherex 2 X R™ is the state vector,u 2 R™ is the control input vector, while f : X
Ro! RMandB:X R ¢! R™ ™ are, respectively, the drift and control e ectiveness
term, satisfying Assumption 5.1 and Assumption 5.2. Asforh: X R o! R™,itrepresents
the matched disturbance acting on the system and it satis es Assumption 5.3.

The objective is to control the system in (6.39) toward the origin, while maintaining
the system states in anadmissible setX; X , having x(t) 2 X4, forall t  tg or, in other
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Figure 6.5: Time evolution of the system states, control input, and sliding variable

components during the simulation. The state and input constraints X and U are

depicted with green solid lines.

Figure 6.6: Zoom of the norm of the sliding variable during the adaptation tran-

sient, along the MPC activation threshold &

words, to make the setX, forward invariant . To accomplish that, it is possible to design an

ISM control law

(x(1) .

u(t) = un(t) + ur(t) = ugp(t) PRCTONR

where the integral sliding variable (x(t)) is de ned as the di erence between the conven-
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6.3. DNN-ISM with Barrier Functions

tional sliding variable o, and the transient variable z. In this case

o(x(1) = x(1); (6.41)

leading to
(x(t) = o(x(1)) Z(X(Zt))
t
= x(t)  x(to) t f(x(); )+ B(X(); Jugp( )d: (6.42)

The signal ug, is @ nominal control law that, in the case h(x(t);t) = 0, stabilizes the state
in the origin, while ensuring x(t) 2 X4, for all t  to. Such a signal is obtained is used by
solving an QP problem which includes a CLF and a CBF [113].

Since the components of the dynamics (6.39) are not available, the DNN-ISM method
described in Chapter 5 could be employed. However, this last one should be modi ed so that
it is possible to ensure thatx(t) 2 X,. Such a modi cation involves the use of a so-called
BLF [114].

6.3.2 Preliminaries on BLFs, CLFs, and CBFs

Before introducing the complete control methodology, some preliminary concepts about
CLFs, CBFs, and BLFs, are presented in the following.

Barrier Lyapunov Functions

Let R™ be an an open set containing the origin as an interior point. A BLF is a smooth
scalar positive de nite function : ! R such that
im (y)=+1: (6.43)
vyl @
where @ denotes the boundary of . In particular, a BLF satis es that  (y(t)) , for

t  to along the trajectories of y(t), with 2 R, if y(0) 2 . A BLF can be used to
certify stability of a desired equilibrium point, together with the invariance property of
[114, 115].

Control Lyapunov and Control Barrier Functions

In many cases it is possible to describe the admissible regiod, R™ via the superlevel
set of a suitably smooth function# : R™ ! R, i.e.,

Xa=fx2R™:#(x) Og:

De nition 6.1 (CBF [113]). Consider the admissible seiX, R™. Then, the function
#:R™! R is a CBF if there exists a control lawu(t) such that#(x; u) (#(x)) or, in
terms of Lie derivatives
x
S;'Upo #(x) + L #(X)Ui (#(x)); (6.44)

i=1
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where :R! R is an extended clasK; function, i.e., strictly increasing function on R
with  (0) =0.

From De nition 6.1, it is possible to identify the set of control vectors that makes the

set X, invariant for every point in the state space as

( o )
I (X)= u2U:L¢#(X)+ Lg o #(X)u; #X) (6.45)
i=1
where U is the set of input constraints. In the following, this last one is de ned as a ball
centered in the origin

U= u2R™:kuk U : (6.46)

Similarly, one can de ne the set of controllers that stabilize system (6.39). Such a set
is de ned with respect to a Lyapunov function V : X ! R, o, which certi es stability when
u(t) satis es \(x;u) < 0. Hence, the set of stabilizing controllers with respect tov can be
expressed in function of its Lie derivatives as

( o )
S(x)= u2U:LiV(X)+ Lgm V(X)u; V(x)) ; (6.47)
i=1
where :R g! R gis aclassK; function.

The following lemma shows how it is possible to nd a controller which, at the same

time, stabilizes the system (6.39) and makes<, forward invariant.

Lemma 6.1 (CBF/CLF QP [116]). It is possible to generate controlleru? 2 1 (x)\'S (x),
with | (x) and S(x) de ned as in (6.45) and (6.47), respectively, by solving the QP problem

u?=argmin - J(u; )= %kusz + '5 2 (6.48a)
| xXn

st: LiV(x)+ Lg o V(X)u; (V(x)) (6.48Db)
i=1

Ls#(x)+ Lg o #(X)u; (#(x) (6.48c)
i=1

(u; Y2U R o (6.48d)

whereR 2 R™ ™ is the symmetric positive de nite input weight matrix, while | 2 R, ¢ is
the weight associated with the optimization variable, which is the so-calledslack variable,
i.e., a relaxation variable that can assume positive values.

Note that, the solution of (6.48) has > 0 when the forward invariance of X, is favored
over the convergence rate oV(x) imposed by  (V(x)). Moreover, if for somex 2 R™ it
holds that | (x) \ S (x) = ;, meaning that constraints (6.48b) and (6.48c) are con icting
when =0,then > Oallowsto nd a feasible solution which is makesX, forward invariant,
but V(x) non-decreasing.
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6.3. DNN-ISM with Barrier Functions

The QP problem (6.48) can be employed as a lter for a stabilizing control control law
Uy 2 S(X) and possiblyus 21 (x), referred to asauxiliary controller, such that u; 2 1 (x),
as described in the following lemma.

Lemma 6.2 (CBF/CLF QP as Iter [113]). Assume that there exists a known stabiliz-
ing controller uy 2 S(x) which may not makeX, forward invariant. Then, if | (x)\'S (x) 6
;, one can generate a control signau” 2 1 (x)\' S (x) applying the minimum perturbation
to u, obtained solving the QP problem(6.48) with the modi ed cost function

1 I
J(u; )= Eku Uk + > 2: (6.49)

6.3.3 The DNN-ISM scheme with CBFs, CLFs, and BLFs

In the following, the DNN-ISM control scheme that relies on CBFs, CLFs, and BLFs,
depicted in Figure 6.7, is presented. Such a scheme is composed by a BLF-based DNN-ISM
controller that, relying on estimates DNNs, reject the disturbance. The stabilizing law of
the DNN-ISM is instead generated by solving a CBF/CLF QP problem which takes into
account the approximation uncertainties.

— Up in (6.40) () System in (6.39) % | X
", L]
[ Ugp .
CBF/CLF QP in (6.58d)
| , | .
O 2.in (6.50) DNN
+ x
—{DNN " [
0 in (6.41) } i
: Adaptation laws ! :
LBLFin (652) —— T L S ;

in (6.53), (6.54) and (6.55)

Figure 6.7: Block diagram of the BLF based DNN-ISM control architecture with
CBF/CLF based QP. The yellow blocks are related to the control law, the green
ones to the DNNs and their adaptation, while the blue ones are associated with the
sliding variable.

The BLF-based DNN-ISM scheme

Since the dynamics termsf and B in (6.39) are unknown, they are estimated using two
DNNs " and ", as in (5.14) and (5.17). Note that, due to the structure of the considered
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Chapter 6. DNN-ISM with State and Input Constraints

system, it is not required to divide the components of the last layer of" as did in Chapter
5, hence  MA A
) k k k

The estimates are then employed for the computation of the integral sliding variable,

choosing
A X ATil
2(x(t) = "k + k. Ugp;i(1); (6.50)
i=1

with 2(x(to)) = o(X(to)). Recalling that o(x(t)) is de ned as in (6.41), it holds that

x@®) = olx(®)  z(x(1))
Zt

= x(t)  x(to) Mo+ X M Ui )d (6.51)
to i=1
In order to successfully de ne the CBF/CLF QP, described in the next subsection,
which is required to generateug, so that the controlled system is stable and the setX, is
forward invariant, it required that, at every time instant, the approximation error of the
DNNs is bounded by a known constant.
By virtue of the integral sliding variable de nition in (6.51), this can be achieved by
designing a BLF :R™ ! R which limits into the set

=f 2R™:kk " g
with " 2 R. . In particular, must be chosen so that
; Ili‘m ( x@))=+ 1: (6.52)

The BLF is directly employed in the design of the weights adaptation law. In particular,
the of the DNN " are updated according to

d

— 6.53
dk k? (6.53)

vec % =proj ()

]
forj 2f0;1;:::;k g, where | 2R" " in Yt iw isthe adaptation rate matrix, while

, 2R™ " it 4 s the one de ned in (5.26b).

As forthe ™, forj 2f0;1;::::k 1g, the weights are adapted according to
! !
d

— 6.54
dk k? (6.54)

xn .
vec B =proj j Ugp;i ( [I]J)>
B i i=1
2R™ Lt ju isthe

one in (5.37b). Forj = k , the weight sub-matrices are characterized by dynamics
!

with  2R- it i it i is the adaptation rate matrix,

i

d

— 6.55
dk k? (6.55)

vec lei] :pBroj « Ugpii ( [i]j)>

I

with i 2f1;2;:::;mg, where , 2 R™« M« jsthe diagonal matrix of the adaptation
rates, while “]k 2 R™ M« s the one de ned below equation (5.37).
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6.3. DNN-ISM with Barrier Functions

Theorem 6.3. Consider the nonlinear system in(6.39), controlled via ISM control law u
in (6.40), with integral sliding variable de ned as in (6.51). Moreover, the DNNs weights
are adapted according to the adaptation law$6.53), (6.54), and (6.55). If Assumptions 5.1
- 5.6 and Proposition 5.2 hold, is chosen so that it satis es(6.52), and

c +" +m(c +" )kugpk+ h+

with 2 Rs( being a design parameter, then, (x(t)) ! O, fort!1 , and it is guaranteed
that k (x(t)k " .

Proof. See appendix B.5 O

Before introducing the QP problem that is solved to generate the control lawugp, the
following assumption needs to be introduced.

Assumption 6.2. The set X, can be made forward invariant by the controlug, 2 U U ,
with U being the one in(6.46) and U de ned as

u i
U= 2 R™ : kuk ; 6.56
u u i, (6.56)
where ;= X" *h* S5 R sand ,= ™ *") 2 R, are derived from the discontinuous

control gain in Theorem 6.3.

The modi ed CBF/CLF QP problem

Since the dynamics of (6.39) is unknown, one has to rely on the estimates obtained from
the neural networks to solve the QP in (6.48). Recalling that the integral sliding variable in
(6.51) represents the approximation error of the network and that Theorem 6.3 ensures that
k (x(t))k " , the original barrier function #(x) has to be modied in order to prevent
the system trajectory to leave the setX,.

Theorem 6.4. Consider system in in (6.39), controlled with BLF-based DNN-ISM con-
troller with gain chosen as in Theorem 6.3. Moreover, consider the reduced input constraints
set U de ned in Assumption 6.2 and let# : R™ | R be a CBF such that a tightened ad-

missible setX, X , can be de ned as

n 0
Xa= #(X) 0 = Xanfx2Xa:dist(x;@a) " g: (6.57)

If the the signal uqp is generated solving the QP problem

Ugp = argmin %kusz + IE 2 (6.58a)
| X

stila, V(x)+ LAE] V(X)u; (V(x)) (6.58b)
i=1

La, #(x)+ Lap 2(x) (#(x)) (6.58¢)

i=1
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Figure 6.8: Graphical representation of the double tank system employed in the
simulation.

(U )2U R g (6.58d)

where :R! Rand :R! R are, respectively, classK; and extended clasK; func-
tions, and V: X ! R, is a Lyapunov function that ensures the stability of the controlled
system, then the forward invariance of the original admissible seX, is guaranteed.

Proof. See Appendix B.6. O

6.3.4 Simulations

The control scheme in Figure 6.7 has been tested on the double tank system (inspired by

[117]), depicted in Figure 6.8 and described by
TP p #
X(t) = xi()y _ & 29X1%)+ &5 29%;(t) + gui(t) + ha(t)
x2(t) & 2g%(t) + g ua(t) + ha(t)

(6.59)

where x1; X, [m] are the water levels of the two tanks,S; = 0:017 [n?], S, = 0:031 [n?] are

the tanks cross-sectionsa; = a, = 0:007[n¥] are the sections of the output valves, and

g = 9:81[m=s?] is the gravitational acceleration. The input variables uy; u, [m®=s] represent

the input ows, and the disturbance is chosen ash; = 0:025sin(6t ), h, = 0:015cos(8t ).
The system in (6.59) can be expressed in the form (6.39), with

" b po# L # "y "
4" 2gx; + 227 2gx = 0 u

o= S TS WL gy s Dy My e

é ZgXZ 0 5, U h2

The drift dynamics and the control e ectiveness matrix are assumed unknown and they

are estimated using two DNNs” and ", characterized byk = k =2 hidden layers with
8 neurons each. The weights of such DNNs are updated relying on adaptation matrices
, = , =101, while the and BLF is chosen as
n2

()= log 2 K 12

with " =0:05.
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6.3. DNN-ISM with Barrier Functions

The objective of the simulation, whose duration is 1.5 seconds with a time-step d 10 *
seconds, is to follow a piece-wise constant reference signal 2 R?, de ned as

8 h is
08 04 2X,  ift2][0,0:25)
h o s
x?(t) = : 04 0 2Xa if t 2 [0:25;0:6)
h iy

05 0185 2X, ift 06

while satisfying state and input constraints, de ned as X, = x 2 X :x 2 [0:05,0:7° and
U = fkuk 0:5g, respectively. For the smooth set in (6.45), the CBF has been chosen
as#(x) = 0:3258" (x; 0:375 (x» 0:375). The robust CBF used for de ning the
tightened state constraints set (6.57), is#(x) = 0:275" (x; 0:375)" (x, 0:375)" with

(#) = #, while the CLF in (6.58b) is V = kx x°k? with (V) = 0:01V. The weights of
the cost (6.58a) have been chosen aR = 1001, and | = 100. The discontinuous control
gain has been chosen setting; = , = 0:05, having the tightened input set being de ned
asU:=fu2 R?:kuk 0:4289.

The results of the simulation are reported in Figure 6.9 and Figure 6.10. In particular,
the former shows how the states are successfully steered toward the desired equilibrium
when this last one belongs to the admissible seX,, while in the other case the states stops
at @, de ned by the CBF #. Moreover, the third and fourth plot of Figure 6.9 show how
both the complete control signal u and the nominal control law qyp resulting from (6.58)
satisfy the constraint setsU and U, respectively. Finally, from Figure 6.10 it is possible to
see how, even during the rst transient in which the DNNs are adapting, the BLF maintains
the norm of the sliding variable bounded.
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Chapter 6. DNN-ISM with State and Input Constraints

Figure 6.9: Time evolution of the system states (rst and second plots), nhorm of
the full control input (third plot), and norm of the nominal control input resulting
from the QP problem (6.58)(fourth plot).
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6.3. DNN-ISM with Barrier Functions

Figure 6.10: Time evolution of the sliding variable components ( rst and second
plots) and norm of the sliding variable vector, along with the bound imposed by
the BLF (third plot).
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Chapter 7

Fault Diagnosis via DNN-ISM
based UIO

Fault Diagnosis (FD) in an essential operation that aims to reduce the risk of damages
of systems a ected by faults. In particular, FD determines the causes of deviation of the
control status from the desired behavior, and interprets such status given the measurements
from sensors, or on the basis of the process model [118]. The FD is divided in three di erent
procedures. Speci cally, the detection procedure allows to understand when a fault occurs
in the system, without any knowledge on the speci ¢ faulty component, theisolation allows
to understand which one is the faulty component of the system, while theidenti cation
task reconstructs the fault signals. In general, FD methodologies can be divided ipassive
and active. To the former category, in which, independently of any fault information, an
input signal is fed into the actual process and also into its nominal model, and then the
corresponding output signals are analyzed, belong the techniques presented in works like
[119] and [120]. While, to the latter, which exploit the injection of speci ¢ signals in order
to improve the detectability of faults, belong approaches like [121, 122, 123], among many
others. Other methodologies rely on robust control approaches, likéd; [124], multi-model
approaches [125], LQR [126], and MPC [127], to cite a few.

During the years, SMC based techniques have been developed and adopted in several
works (see, e.g., [128] , [129], and [130]) in di erent fault scenarios. With the objective of
increasing the robustness of SMC, having also the possibility to de ne a speci ¢ dynamics
of the observation error, one could rely on an ISM based Unknown Input Observer (UIO).
However, as detailed in Section 2.4, ISM requires the knowledge of the system dynamics.

In this chapter, the FD scheme proposed in [131] which relies on a DNN-ISM based
UIO, is presented. In particular, such a scheme is able to perform diagnosis on the control
input even when the nominal model of the system is partially unavailable, estimating online
the unknown part of the dynamics.
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7.1 The considered faulted system

Considered a nonlinear control a ne system a ected by actuator fault, expressed in the

canonical reduced form
" # 2 3
xat) _ 4 f1(x(t);1)

x(t) = = S
X2(t) fa(x(t);t) + B(x(t);t) u(t)+ u(x(t);t)

: (7.1)
where x 2 X is the system state vector,f; : X R g! R" Mandf,: X R og! R™
are the components of the drift term, B : X R g! R™ ™ is the control e ectiveness
matrix. The last three elements are bounded as in Assumption 5.1 and 5.2. As fon 2 R™
and u:X R ¢! R™, they represent, respectively, the control input, and the actuator
fault.

Note that, the actuator fault is modeled as an additive disturbance entering the system
through the input channel and it satis es the following assumption.

Assumption 7.1. There exists a known constant 2 R.( such that

sup  k u(x(t);t)k
X2X t2R o

Before introducing the concept of ISM UIO, it is worth noticing that, in the rest of the
chapter u(t) = (x(t)), with : X ! R™ being any suitable control law for the system
without faults, i.e., u(t)=0n,.

7.2 ISM Unknown Input Observer

Assume that the dynamics components of system (7.1), i.ef1, f2, and B are available.
Then, since the objective is to perform fault diagnosis in presence of actuator fault, one can
design a UIO of the form

" 4 2
2t _, f1R(0: )
2() 2R+ BRUY) ut)+ v(t)

with R(tg) = X(to) and wherev 2 R™ is the input of the observer, designed according the
ISM strategy as

3

2(t) = >, (7.2)

V(t) = va(t) + vi (1), (7.3)
wherev, 2 R™ is chosen to stabilize the observer erroe(t) = x(t) R(t) 2 R" in the case
u(x(t);t)=0p,. As for v 2 R™, it is chosen as

_ (x(1) .
Vit K x)K

where : X I R™ is the integral sliding variable, de ned as in (2.69), i.e., (x(t)) =

(7.4)

o(x(t)) z(x(t)). The conventional sliding variable is de ned as the linear combination of
the observation error, having

o(x(1) = C1 xa(t) Ru(t) + Cz xo(t) Ra(t) ; (7.5)
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with C; 2 R™ (™ ™) and C, 2 R™ ™ being design matrices. In particular, C, must be
chosen so that it satis es Assumption 5.4.
As for the transient variable, it is chosen so thatz(x(to)) = o(X(to)), ensuring (x(tp)) =

On . Speci cally, it is characterized by dynamics

n (0] n (0]
2= C; f1(x) f1(®) + Cp fa(x) f2(8)+ B(X) B®R) u B®R)Vy ; (7.6

where dependence on time is omitted for sake of readability.

As detailed in the following, properly selecting the discontinuous control gain in (7.4),
one can enforce a sliding mode (x(t)) =0, fort to and exploit the concept of equivalent
control to provide an estimate u(x(t);t).

Theorem 7.1. Consider the faulty system(7.1) and the UIO in (7.2), characterized by
input v in (7.3). If Assumption 7.1 holds, and in (7.4) is chosen so such that

KCok
(Cy)

then a sliding mode (x(t)) = 0, is enforced for t to. Moreover, letting veq be the
equivalent control signal, it holds that

Veq(t) = (B(X))"B(x) u(t):

Proof. See Appendix B.7. O

As detailed in [36], veq is often obtained using a rst-older Iter with in input the
discontinuous signalv;, . In particular, veq(t) ®eq(t), with this last one coming from

Yeq(t) = Vi (1) Veq(t); (7.7)

with ¥eq(to) =0m and where 2 (0;1) is a Itering constant.

Note that, the results presented in this section are valid only in the case in which the
model of the system (7.1) is completely available. In the following, the dynamics of (7.1) is
considered partially unknown.

7.3 DNN-ISM Unknown Input Observer

Inspired by the DNN-ISM control strategy presented in Chapter 5, it is possible to design an
UIO when part of the dynamics of (7.1) is not available and design. In particular, the drift
dynamics componentsf; and f, are considered unknown, while the control e ectiveness
matrix B is available. Hence, coherently with the DNN-ISM framework, f; and f, are
estimated by a DNN  as in (5.14).

With these premises, consider the UIO de ned as
2 3

Onm

=4 5.
O B(R();t) u(t)+ v(t) (7.8)
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(x) u*{l)—» System in 7.1 ﬁ
“—,& UIO in (7.1) ﬂ*—@é
2

Filter in )

Vn

(7() l o in (7.5)
v in (78) @ 2.in (7.10) — DNN *

Adaptation laws 3
in (7.11) and (7.12)|

Figure 7.1: Block diagram of the DNN-ISM based UIO. The blocks associated
with the sliding variable are colored in blue, the ones related to the DNNs in green,
while the ones in yellow are related to the UIO and its input.

where v is the one in (7.3), with modi ed integral sliding variable

(x@®) = ox(®) 2(x(1): (7.9)

In this case, the transient variable 2 is characterized by dynamics dependent on the estimate

provided by the DNN, having

n (0]
2=C,"M+c, "P+ B(x) B®) u B®)V (7.10)

Before going on with the analysis, it is worth noticing that the input of the DNN is state
of (7.1), and not the one of the observer, i.e."x = T x).

Analogously to what was previously done for the DNN-ISM control strategy, in this case
the weights of the DNN " are adapted according to law derived from Lyapunov stability
analysis. In particular, for layersj 2f0;1;:::;k 1g, the weights are adjusted according
to

vec & =pE!0j S 7 C7 0 2RN g (7.11)

J
J

where | 2 R" b it 4 is the one dened in (5.46). | 2 R- b s bt iais the

adaptation rate matrix, de ned as diagonal with positive entries. The weights sub-matrices
associated with the last layerj = k are adjusted according to

vec ¥ = proj [11 ( [l]k y>C; 2 Rtx (nm). (7.12a)
B k
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vec ¥ =proj B (B yc; 2R ™, (7.12b)
B k

where [11k 2 R(M ML (n Ml gpd [21 2 R™« M« gre diagonal matrices with
positive entries, while mk 2 R(M m (n MLk gngd [z]k 2 R™ Mtk are the ones de ned
below equation (5.28).

Theorem 7.2. Consider the system(7.1), the UIO (7.8), with input (7.3) and integral
sliding variable (7.9). Then, let the weights of the DNN be updated according t¢7.11),
(7.12a), and (7.12b). If Assumptions 5.1, 5.2, 5.6, and 7.1 hold, and the discontinuous
control gain is chosen as

kC;kfc , +" g+ kCxkfc ,+" ,+ g+
(C2) '

with 2 Rso, then (x(t))! Oy fort!1l
Proof. See Appendix B.8 O

The above theorem only guarantees that a sliding mode (x(t)) = 0, is achieved
asymptotically. However, such a condition is required to exploit the equivalent control and
provide an estimate of the fault acting on the system. However, similar considerations done
for the DNN-ISM in Chapter 5 can be made. In particular, from Theorem 7.2 follows that
a practical sliding mode conditionk (x(t))k &is satised fort t; >ty. Moreover, from
the same theorem it is possible to compute the discontinuous control gain which would
enforce an ideal sliding mode (x(t)) = 0, independently from the initialization of the
weights.

Proposition 7.1.  Following the same reasoning reported in the proof of Theorem 7.2, and
relying on the bounds of the system and the ideal weights for bounding the approximation
error, it holds that if
_ KCik VK +f5 +kCok VK +fo+ _
_(Cy) (Co)

with 2 Rso, then (x(t))=0p, fort to.

(7.13)

The above results legitimate the use of the strategy presented below Proposition 5.4 to
enforce an ideal sliding mode (x(t)) =0, in nite time. In particular, let t; >t be the
time instant in which the practical sliding mode condition k (x(t))k &is satis ed, then,
the adaptation of the weights of the DNN is interrupted and the discontinuous control gain
is adjusted according to the law presented in the following theorem.

Theorem 7.3. Consider the system(7.1), the UIO (7.8), with input (7.3) and integral
sliding variable (7.9). For t  t;, with t; being the one de ned in Proposition 5.4, let the
input of UIO (7.8) be the one in(7.3), where v, is designed as

— A (x(t)) .
Ve (1) = (t)w,
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with ~(t1) and "»(t;) chosen so that it satis es Theorem 7.2. Moreover, letvec \; =0
forj 2f0;1;:::;k g. If Assumptions 5.1, 5.2, - 5.6, and 7.1 hold and the discontinuous
control gain is adapted according to

(t) = proj (C) + kk; (7.14a)
%

with 2 R, being a constant acting as a learning rate, being the one appearing in
Assumption 5.2 and%:= fr 2 R.q :r g, then a sliding mode (x(t)) =0, is enforced
fort to, witht;<t,< 1.

Moreover, the equivalent control signal is
LB [ ! " [2] o
Veq(t) =  CaB(%();1) Ci T, FUUX() +Co T () +

¢ CBRER(:) B u(l): (7.15)

where ~1! ¢, and ~2 1, denote the approximation error between the ideal DNN and the one

characterized by weightsoj (tp), for j 2f0;1;:::;k @.
Proof. See Appendix B.9. O

From (7.15) it is possible to conclude that, when using the DNN to approximate the
unknown drift term of the system, the quality of the estimation of the fault is reduced. In
particular, the better is the approximation of the weights at time t;, the more the equivalent
control signals follows the fault.

Recall that, once again, a continuous approximation forveq iS possible via the lter
de ned in (7.7).

7.4 Simulations

The fault diagnosis scheme depicted in Figure 7.1 is assessed in simulation relying on the
Du ng Oscillator model in (2.3), assumed partially unknown. In particular, the control
e ectiveness B is assumed available, while the drift termf, is assumed unknown and esti-
mated with the DNN described in Section 5.5.1.
The objective of the simulation, whose duration is 20 seconds, is to provide an estimate of

Hn unkrllclwn fault u acting on the system, which is controlled to reach a desired stat&’ =

1:5 0 ,dening u as simple PI controller. The fault is de ned as u(t) =0:1sin(2t )+
0:05cos(t ) for t 2 [0;15) seconds, and u(t) = 0:1sin(2t) for t 15 seconds. The
conventional sliding variable has been chosen as the linear combination of the observation
error, with coe cients equal to one. As for the UIO input, it is de ned by a nominal law
de ned as h i h i Z,

vo(t)= 2 2 (x(t) R({t)+ 05 05 . x() R()Nd;

while the discontinuous control gain is chosen as = 0:175 The equivalent control is
approximated by lItering the discontinuous part of the observer input v, by means of the
low pass Iter Req(t) = 100(Vvr (t)  Veq(t)), With ¥eq(0) = 0.
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The results of the simulation are depicted in Figure 7.2, which illustrates the time
evolution of the system and observer states, the components of the sliding variable, and
the approximated equivalent control compared with the actuator fault u acting on the
system. In particular, it is possible to see how, once the practical sliding mode is enforced,
Veq Satisfactorily estimates the fault u, and the UIO states ® practically converge to the
real states of the system.

‘A‘\f\ﬂ”/\/vvv\ T

(] \V\ i ‘-Vﬂ"‘:‘\

Figure 7.2: Time evolution of the system and UIO states, the sliding variable
components, the actual fault injected into the system, and its estimate.
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Chapter 8

SM based Fault Diagnosis with
DRL add-ons for Redundant
Manipulators

In general, robots may be susceptible to di erent types of faults which can occur simulta-
neously on both sensors and actuators, perturbing the robot operations [132]. the model
of a robot manipulator is nonlinear and presents strong coupling of the states, making the
e ect of the di erent faults coupled, hence the application of standards FD techniques (e.g.,
[133, 134, 135]), which neglect coupling e ects, is not suitable in many cases.

In order to decouple the e ects of fault signals acting on sensors and actuators, it is
possible to add external vision sensors, like proposed in [136]. In particular, such a paper
introduced a vision sensor to enhance the FD capability of the proposed scheme SMC based
observers. Such a work has been extended in [137], in which a nonlinear coupled planar
manipulator is transformed into a set of decoupled linear systems using the so-called inverse
dynamics approach. Then, sensors fault diagnosis is done relying on a low-cost IP camera,
which extrapolates the correct position of the end-e ector, while actuator fault diagnosis is
done via a battery of Suboptimal Second Order Sliding Mode (SSOSM) [33] UIOs.

The aim of this chapter is to present the FD scheme introduced in [138], in which a
DRL agent and a battery of Second Order Sliding Mode (SOSM) [44] UIOs are employed
to perform sensor and actuator FD, respectively. Di erently from previous works, the ma-
nipulator considered in [138] is not planar and it is characterized by kinematic redundancy.
In particular, the output of the model-free DRL agent is employed to correct the corrupted
sensor measurements before they are used by the UIOs.
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8.1 Problem Formulation

Consider a redundant robot manipulator, i.e., one that is characterized byn > p revolute

joints, with p 2 N, being the dimension of the operational space. The kinematic and
dynamic model of the manipulator are derived according to the methodology presented in
Chapter 4. For convenience, the main elements of the modeling are reported in the following.

8.1.1 Robot Model

Coherently with the notation introduced in Chapter 4, the vector of the joint variables is
denoted asq2 R". Then, de ning a base reference frameD, Xpypzy, Xxed in space and a
reference frameO, XeYeZe attached to the end-e ector, it is possible to express the forward
kinematics of the manipulator by means of the homogeneous transformation matrix

#
R2(@) pi(q) .

To(g) = 8.1
e(d) e 1 (8.1)
with p2 2 R® and RY 2 SO(3) being the position and orientation of O, with respect to O,
respectively.
As for the dynamics of the manipulator, it is described by

M (gg+ C(q;Qa+ Fva+ Fssign(a) + g(a) = ; (8.2)

whereM (g) 2 R" " is the inertia matrix, C(q;d)q2 R" is the vector modeling the Coriolis

and centrifugal forces, Fyg 2 R" and Fgsign(g) 2 R" represent viscous and Coulomb
friction, respectively, g(q) 2 R" is the vector of gravitational torques, while 2 R" is the

input torque. Moreover, if one de nes the quantity

(@;a) = C(aq;@a+ Fva+ Fssign(q) + g(a); (8.3)
the model in (8.2) can be expressed in a more compact form as
M(ag+ (q;Q = : (8.4)

The following assumption about the robot model holds.

Assumption 8.1. The inertia matrix M 2 R" " and the vector 2 R" are known.

8.1.2 Faults Modeling

Let 4:R o! R"and :R ¢! R" be the time-varying vectors containing sensor and
actuator faults, respectively. Then, it is possible to de ne the quantities
&(t) = a(t) + o(t); (8.5a)
~t) = ()+ (1) (8.5b)

that describe, respectively, the joint positions measured by the faulted sensors, and the
faulted input that will be applied to the robot.
Moreover, the following assumption about the fault vectors holds.
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Assumption 8.2.  There exist some known constantsl;;d 2 Rs g such that

sup k q(t)k dg; sup k (H)k d:
t2R 0 t2R 0

8.1.3 Problem Statement

Consider any task in the operational space that can be described by < n variables. Assume
that all the joint variables are measurable from the encoders embedded in the robot joints,
and these are susceptible to faults, while external sensors (e.g., a vision sensors) are capable
to directly retrieve only the end-e ector position p2 without being a ected by any possible
fault. Furthermore, assume that, during the task execution, any Fault Event (FE) from the
ones in Table 8.1 can occur.

FE # Description

Single fault on an actuator
Single fault on a sensor
Multiple faults on actuators
Multiple faults on sensors

aa B~ W DN

Multiple mixed faults

Table 8.1: Possible fault events (FEs) during the task execution.

The goal is to design a FD scheme capable of providing, at each time instart, the
estimates ’\q(t) 2 R" and " (t) 2 R" of the sensor and actuator faults with the objective of
minimizing the performance index

F(t) = 1s(t)+ Ta(t); (8.6)
withtheterms 12 R gand 1, 2 R o being de ned as

Is(t) = "q() 40 ; (8.7)

la@) = " (@ : (8.8)

8.2 Inverse Dynamics control

In order to design the fault diagnosis scheme, the dynamics of the controlled robots must
be decoupled so that it is in the form of a perturbed double integrator. To accomplish that,
the so-calledinverse dynamics control [24], whose architecture is depicted in Figure 8.1,
can be applied.

Assume, for now, that no fault is a ecting neither the sensors or the actuators of the
robot, i.e., 4(t) =0, and (t) =0,. Then, the inverse dynamics of a robot manipulator
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’
—(O—{ Control M(d [—(O—— Robot

Figure 8.1: Inverse dynamic control architecture.

with dynamics in (8.4), can be expressed as a nonlinear relationship between inputs and
outputs. In particular, let y 2 R" be an auxiliary control vector that describes some desired
behavior to the robot in terms of joint accelerations. Then, designing the control torque as

=M(Qy+ (a:q (8.9)
and substituting it into (8.4), the dynamics of the controlled robot becomes
e(t) = y(t); (8.10)

that is a chain of n decoupled double integrators, one for each joint of the robot.
Consider now ¢(t) 60, and ¢(t) & 0,. Then, the control law (8.9) becomes

=M(gy+ (e+ (8.11)
Substituting it into (8.4), one has that
=M *(g (0;0)
M YM(dy+M Yo (&@+M (@ M g (g
G(g;ey + ~(a; e + (8.12)

whereG(q;6) = M Y@M () 2R" ", H(ag;er@ = M (@) (@ (a:Q 2 R", while
y 2 R" denotes the acceleration fault induced by the actuator fault and it is de ned as

y(@)=M g (1): (8.13)

The following assumption about G(q;6) = M ()M (), ~(q;q;&6), and , needs to
be introduced.

Assumption 8.3. There exist some known constantg;~ 2 R o such that the quantities
G(g;e) and ~(q;q;¢,€) are bounded as

sup kG(g;e)k &, sup ~Hg;g;eE <
q;62 R" g;0;€662 R"
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Assumption 8.4. There exists a known constantd, 2 R o such that the acceleration fault
y is bounded as

sup  ky(gq;k dy:

q2R";t2R o

Note that, even though the control of the faulted robot is beyond the scope of this
chapter, Assumptions 8.3 and 8.4 are instrumental for designing a controller capable of
guaranteeing the closed-loop stability in presence of model mismatches.

8.3 The Fault Diagnosis Scheme

In order to solve the problem introduced in Section 8.1.3, a fault diagnosis scheme which
relies on SOSM UIOs and a DRL agent, depicted in Figure 8.2, has been introduced in
[138].

M 9 i (ST ) JIL -5 M ()
2 + l y L + Y|7 . l ] ) : /\y
q Yy + + ~ q+ A & ; @
50— Control ->(O—{ M () F>(O— Robot -~ DRL [~+~>/SOSM UIOs

Figure 8.2: Block diagram of the FD scheme. The blocks in yellow are related
to the inverse dynamics, the ones in blue are associated with the estimation and
compensation of the sensor faults, while the blocks responsible for the actuator
faults estimation are colored in red.

8.3.1 Sensor fault diagnosis with DRL

To perform diagnosis of sensor faults concurrently occurring on multiple joints, a model-free
DRL agent, trained with the TD3 algorithm described in Algorithm 3, has been designed.
Although the application of the proposed architecture to an intrinsically redundant robot
might increase the computational complexity for the DRL, it has the advantage to overcome
possible issues due to the kinematic inversion which could lead to multiple (possibly in nite)
solutions.

Before describing the DRL agent, the following assumption must be introduced.

Assumption 8.5.  The vector of the end-e ector position p2 2 R® is available for measure-
ment forall t 2 R o.
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Note that, such an assumption is reasonable since, in the practicg® can be retrieved
using, vision sensors, e.g., multiple stereo cameras or an Red Green Blue Depth (RGBD)
camera.

Making reference to the notation introduced in Section 3.2, the environment is repre-
sented by the state spaceS which depends on the end-e ector position vectorp? 2 R3,
assumed known in Assumption 8.5, and the joint variable vector a ected by faultse¢2 R",
de ned as in (8.5a). In particular, S is given by

S:=1fpl g R": (8.14)

Since the the agent is to provide an estimate of the sensor fault, the bounded action

spaceA is de ned as n o
— N N N n.
A -— q;l, q'2, B I M) R y (8.15)
with “g: 2 R being the estimate of the fault on thei-th sensor. Moreover, each component
of the action is bounded as
AN

g i Qs (8.16)

fori 2f1;2;:::;ng, with a;;& 2 Rs( being design parameters depending od, introduced
in Assumption 8.2.

Since the action space in (8.15) is de ned so that the output is limited as in (8.16), and
the sensor fault vector ¢ is bounded as in Assumption 8.2, the following holds.

Proposition 8.1.  There exists a constantE 2 R  such that the sensor fault estimation

error "y 4 is bounded as

sup “q(t) o) E:
t2R

0

The DRL agent has been trained with the TD3 algorithm, relying on a realistic virtu-
alization of the robot (see Appendix C.3). In particular, during the training phase di erent
sensor fault signals 4 are injected into the system, and the reward function, used to assign
a value to each action, is designed as

re= 1 s(t); (8.17)

wherel ¢ is de ned as in (8.7).

During the training phase, the robot is controlled to follow prede ned trajectories in the
joint space and at each time step, data from the simulated sensors is retrieved and constant
faults q;, with, i = f1;2;:::ng, each characterized by random amplitude, are added. The
result, along with the end-e ector position, is given as input to the DRL agent, which is
trained as described in Algorithm 3, using (8.17) as an instantaneous reward.

Once the training phase is completed, the weights of the DNNs of the DRL are kept
constant for the online test phase, in which the robot is controlled to follow a specic
trajectory, while being subject to faults. Note that, since the control y does not belong to
the state spaceS, it does not a ect the sensor fault estimate ",
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Such an estimate is then employed to perform both detection and isolation by building

a vector of ags fg 2 f 0;1g", whose elements are de ned as
8

_ < 0, if sii Aq;i sii

fs;i - (8-18)

- 1. otherwise

where i 2 Rand s 2 R, with & < g, are design constants indicating thei-th
lower and upper thresholds, respectively. Note that, in an ideal scenario, s; = i =0,
but possible estimation errors, caused also by imprecisions coming from the DRL agent,
may occur.

Moreover, by analyzing the time evolution of Aq, it is possible to compensate the fault
and use a corrected version of the signals coming from the faulted sensors to build the
control loop. Speci cally, let g. 2 R" be de ned as

8
i = .<q i e =13 (8.19)
G otherwise
fori 2f1;2;:::;ng, meaning that the signal coming from the sensor is corrected only if the
a fault is detected on the same sensor.

Then, g is used to perform the Inverse dynamic control

=M(@)y+ Q%)+ (8.20)

as shown in Figure 8.2.

8.3.2 Actuator FD with SOSM UIOs

Exploiting the nominal integrator chain model of the robot in (8.10) and employing the
corrected joint variables measuregy. for the inverse dynamics control, it holds that

() =y®+ y@ (8.21)

with y in (8.13). Hence, it is possible to design an battery of UIOs, one for each joint, to
provide an estimate of actuators faults.
In particular, de ne the UIO model as

&(t) = y(t) + v(t); (8.22)

where . 2 R" are the states of the observer andsr 2 R" is the observer input.

Let ex(t) = a(t) 6G(t) be the observation error and ey(t) = ey (t) its rst time-
derivative. The objective is to design a sliding mode based observer that ensures convergence
to zero of the estimation error within an optimal reaching time or, in the case in which the
worst realization of the uncertain terms occurs, within a minimum time. Making reference
to [44], a SOSM law to accomplish such an objective can be designed.

151



8.3. The Fault Diagnosis Scheme

De ne the sliding variable ; 2 R" as the combination of the estimation error and its
derivative, with each component de ned as

1 ()= eqi(t)+ e (t); (8.23)

fori 2f1;2;,:::;ng, where 2 R.q is a design constant. If one computes the rst time-
derivative of (8.23) relying on (8.22) its relative degree is equal to 1, so that a rst order
sliding mode law would apply.

Having as a goal the design of the SOSM law in [44], an auxiliary system, with relative
degree 2, can be de ned as

8
% i) = 2i ()

2i(t) = f(eiiQisy) wi(t) (8.24)
Cwi(t) = vi(t)

wherew; 2 R is the new observer input, while the driftterm f :R R R! R s de ned

as
d® g (1)
dt3
By virtue of the mechanical nature of the robotic system, the following assumption holds.

f(e2iitisvi)= iei(t)+

Assumption 8.6. There exists a known constantF; 2 R. such that the drift term
f (€2i;0i;Yi) is bounded as

sup  jf(ezisisYi)i Fi
€2 :0ci ;Yi2R

fori2f1;2;:::;ng.
Then, the auxiliary observer input w; is designed as

2i (O] 2 (V)]

wi(t) = jsign  q;i(t)+ 2 ,

(8.25)

with ;| > F; being the control gain, and i 2 R the so-calledreduced control amplitude
de ned as

o= i Fi (8.26)
which represents the minimum control amplitude to cope with the worst realization of the

drift uncertain term.
The following result can be introduced convergence of the sliding variables to zero.

Theorem 8.1. Consider the robotic system described by8.4), controlled by the inverse
dynamics law in (8.20), which relies on the estimates provided by the DRL agent. If As-
sumption 8.6 holds andf (exi;a:i;yi) = Fisign(w;), then all the components 1, (t) of the

auxiliary system (8.24), controlled by (8.25), are steered to zero in minimum time.

Proof. See Appendix B.10 O
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Theorem 8.1 ensures the nite-time convergence to zero of the sliding variable and its
rst time-derivative, implying that the error signals ey, (t) and ey, (t) exponentially decay
to zero constrained to 1 (t)=0 fort t,, with t; tg being the convergence time.

Once in sliding mode, it is possible to exploit equivalent control to provide an estimate
of the acceleration fault  in (8.13).

Let veq 2 R" be the equivalent control vector. Then, its i-th component is derived
solving _;;; =0 for v;. In particular

i) = ezi(t)+ ei(t)
= ezi(+qi() O:i(t)
= e+ Vi) + yi(a:t) yi(t) wvi(t)
= ezi()+ yi(dht) Veqi(t)=0:

Then, since the condition 1; = i = 0 implies that e,; goes exponentially to zero, it
holds that

t|!i1m Ve (1) = yii (a;1): (8.27)

Since the observer input is continuous, one can write the estimate of the-th component

acceleration fault vector as
Z t
ViD= vi) = wi(2)dz; (8.28)
0

meaning that the Itering operation is performed by the integrator in (8.28), and it is
possible to conclude that the signalv;(t) can be used as an estimate of the acceleration
fault  induced by the actuator fault
Analogously to what is done for sensor FD, it is possible to de ne a vectoff 5 2 f 0; 19",
whose elements are given by
8
fai = < 0, if g Ay;i a;i

) (8.29)
- 1; otherwise

where 4 2 Rand 4 2 R, with 4 < 4 being the lower and upper thresholds.
Note that, since is related to y via (8.13), one has that

") = M (@)Y (); (8.30)

which means that, even though the the above strategy is perfectly able to detect and isolate
the acceleration fault induced by the actuator fault, the estimate of this last one is indeed
related to the quality of the sensor fault estimate, which must be su ciently accurate,
having the error @ ¢ su ciently small.

8.4 Simulations

The performances of the FD scheme depicted in Figure 8.2 have been assessed in simulation
relying on the virtualized model of the Franka Emika Panda, a robot characterized byn =7
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joints, described in Appendix C. In particular, the robot is controlled to reach a desired
con guration ¢’ 2 R’ using a PD controller characterized by gain matriceskK , = 3 17 and
K4 =2 17, while being subject to one of the FE listed in Table 8.1. In all the simulations,
the parameters of the SOSM UIOs are selected as; = 100, fori 2f 1;2;:::;ng,and =1.
Moreover, in order to emulate a more realistic scenario, a white noise with amplitude equal
to 0.2 degrees has been added to the sensor measures. The thresholds in (8.29) are selected
as , = 05and 4 = 0:5 while those in (8.18) are selected as i = 0:026 and
si =0:026

The DRL agent employed to perform sensor fault diagnosis relies on the TD3 algorithm
described in in Algorithm 3, with state spaceS R, action spaceA R’ and reward r,
being de ned as in (8.14), (8.15), and 8.17, respectively. The training procedure is divided
into episodes, and each episode has a xed duration of 5 seconds such that at each time-
step the simulation advances of 4.2 milliseconds. During each episode, a vector of random
constant bounded sensor faults  is injected into the system. In particular, it holds that
j qil 035 fori 2 f1;2:::;ng. Both the actor and critic are approximated by using
DNNs with an input layer with 10 neurons, 2 hidden layers with 64 neurons each, and an
output layer with 7 neurons. In Figure 8.3 it is illustrated the average cumulative reward
R¢ during the training procedure. One can notice that, as expected, the reward tends to
increase during the learning phase, meaning that the agent learns how to perform the fault
diagnosis whenever a sensor failure occurs.

T T T eSS

Figure 8.3: Evolution of the average cumulative reward during the training pro-

cedure.
Scenario FE3: Faults on multiple actuators In this scenario, joints 1, 3, 4, and
6 are a ected by actuator fault, having
h >
y(t)= 4sin(6t) 0 7sin(10t) 3sin(2t) 0 8sin(4t) 0 (8.31)

The result of the simulation, depicted in Figure 8.4, show that the battery of SOSM UIOs is
capable of identifying in nite time the fault on the corrupted joints. Then, the Root Mean
Square (RMS) of the estimation error has been computed for all the considered actuators,
and the results are presented in Table 8.2.
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(c) AF joint 4. (d) AF joint 6.

Figure 8.4: Time evolution of the actual and estimated actuator faults for joints
1, 3, 4 and 6 in the case of scenario FE3.

Joint# RMS (", ) [rads ?]

1 0.2107
3 0.2698
4 0.5392
6 0.2234

Table 8.2: RMS estimation errors for scenario FE3.

Scenario FE4: Faults on multiple sensors In this scenario, the e ectiveness of
the proposed DRL algorithm, is assessed. In particular, constant fault signals are injected
into joints 2 and 6, having 42> = 0:0309and 46 = 0:1149 with the two quantities
expressed in radians.

The results are satisfactory and illustrated in Figure 8.5, while in Table 8.3 the RMS
estimation errors are reported to con rm the e ectiveness of the proposed approach.

Scenario FE5: Faults on multiple sensors and actuators In this scenario,
actuator and sensor faults contemporaneously occurs on the same joint. In particular, joint
1is a ected by a constant sensor fault 41 = 0:247radiance fort  1:5 and by a sinusoidal
acceleration fault ,.; = 3sin(8 t )rads 2 starting for t 1, while on joint 7 only an
acceleration fault .7 = 5sin(12t)rads 2 occurs fromt = 3. The time evolution of the

155



8.4. Simulations

(8) SF joint 2. (b) SF joint 6.

Figure 8.5: Time evolution of the actual and estimated sensor faults for joints 2
and 6 in the case of scenario FE4.

Joint# RMS ( "y ¢ [rad]

2 0.021
6 0.032

Table 8.3: RMS estimation errors for scenario FE4.

actual and estimated faults is depicted in Figure 8.6, while the RMS od the estimation
errors is presented in Table 8.4.

Joint# RMS("y ¢ lrad RMS (Y, )[rads ?

1 0.031 0.3226
7 - 0.194

Table 8.4: RMS estimation errors for scenario FE5.
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(@) AF joint 1. (b) AF joint 7.

(c) SF joint 1.

Figure 8.6: Time evolution of the actual and estimated sensor and actuator faults
for joints 1 and 7 in the case of scenario FES5.

157






Part IV

Applications to Human-Robot
Interaction
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Chapter 9

Human-Robot Ergonomic
Handover via Adaptive
DNN-ISM

The number of situations in which humans and robots share their workspace has greatly
increased. When there is physical Human Robot Interaction (pHRI) [139], it is fundamental
that such an interaction causes the minimum psycho-physical stress to the human opera-
tor. Indeed, it has been studied how Muscoloskeletal Disorders (MSDs), which are mainly
caused by repetitive work and poor posture, constitute more or less the thirty percent of
all occupational diseases in the United states, Nordic countries, and Japan [140, 141].

Hence, it is fundamental to design comfortable workspaces putting particular attention
into ergonomics [142]. When there is pHRI, this can be done by controlling the robot so
that it adapts its motion to the human operator movements, while still performing the
task pro ciently. One of the most common operations that involves collaboration between
humans and robots is the so-callechandover, which consists into an exchange of objects
directly from the human to the machine, or vice versa. Usually, the handover operation is
performed by specifying a xed location and orientation in space. However, such a combi-
nation may not be the most comfortable for the operator and could lead to bad posture
and, if performed for long periods of time, to an increased psycho-physical stress and cause
MSDs.

Such a problem has been addressed in several works, with the objective of developing
strategies for ensuringergonomic handover For example, [143] proposes a methodology
that learns the most ergonomic way of passing objects to a person relying on data gathered
during the interaction, while in [144] a whole-body dynamic model of the human operator
is employed with the aim of optimizing the location of the co-manipulation task inside the
workspace.

In general, when an object is grasped by a robotic manipulator, it exerts a torque on
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the joints of this last one, acting as a disturbance that, if not taken into consideration in the
controller design, could interfere with the completion of the task. In such situations, SMC
has been proved to be an e ective technique, as detailed in Chapter 2. In order compensate
a disturbance acting on the robotic system, one could rely on ISM control, which, described
in Section 2.4, relies on the complete knowledge of the system dynamics.

In robotic applications, such a knowledge may be not fully available, due to the dif-
culty in modeling the Coriolis term and the friction vectors. For this reason, one could
rely on the DNN-ISM framework presented in Chapter 5, using a DNN to estimate the
combination of the aforementioned term. However, as detailed in Chapter 5, this would
require the knowledge of the bounds of the DNN approximation error and on the worst
possible realization of the disturbance induced by the grasped object, which, in the case of
the handover operation, has an unknown mass and shape.

With these premises, the aim of this chapter is to present the work contained in [145],
in which a version of the DNN-ISM with adaptive discontinuous gain is proposed to develop
a strategy for performing human-robot handover operation in an ergonomic way, relying on
an Inertial Measurement Unit (IMU) placed on the back of the operator's hand.

9.1 Problem Formulation

Consider an open-chain robotic manipulator characterized byn 2 N o joints. As detailed
in Section 4.4, its dynamics are described by

M(gg+ Cla;Qa+ F(g;d+ 9@ = + n; (9.1)

where g, g, § 2 R" are the vectors of the joint positions, velocities, and accelerations,
respectively, M : R" I R" " is the inertia matrix, which is symmetric, positive de nite,
and bounded as in (4.18a)C : R" R" ! R" " isthe matrix of the Coriolis and centripetal
eects, F:R" R"! R" is the vector of the friction terms, g: R" ! R" represents the
gravity components, 2 R" is the vector of input torques, while , 2 R" represents the
torques induced by external forces actirp1g on the|3>rob0t during the handover operation.

If one de nes the state vectorx = o ¢ 2 X, with X  R?" being a compact
set containing that depends on the mechanical limits of the robot joints, it is possible to
express (9.1) in the canonical reduced form (2.17), having

w2 3
a) _ g at) :

x(t) = =

; (9.2)
o(t) M) * n(t)  (at);at) +M(a) * (1)

where (q;a) = C(q;@a+ F(g;a) + 9(d).

Since the dynamical parameters of the object manipulated by the robot during the
handover are not available, the termM (q) * , act as a disturbance. Due to the nature of
the object, and from the fact that M (q) is bounded as in (4.18a), the following assumption
holds
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Assumption 9.1. There exists a constant 2 R, such that

sup M(q) *h (9.3)

x2X

Let the model in (9.1) be fully aH/aiIabIe, with (Ia>><ception of 1. Then, with the objective of
tracking a desired trajectory x° = (q°)> (q’)> 2 X, while compensating the uncertain
term M 1(g) », one could design an ISM controller as presented in Section 2.4.

Considering the robot model in (9.2), the ISM controller would be

= a®+ (1) (9.4)

where , 2 R" is a control law that stabilizes the system on the desired trajectory in the
case of , =0,, while ; 2 R" is the discontinuous robustifying term de ned as

(x(®) .

07 Cxox

(9.5)

with 2 R.( being the discontinuous control gain, and : X ! R" being the so-called
integral sliding variable. This last one is de ned as

(x@®) = ox(t))  z(x(1)): (9.6)

In this case, the conventional sliding variable o: X ! R" is de ned as
h i h

i i
ox() = C1 q(t) d’(t) +Caqglt) d'(t); (9.7)

with C;, C, 2 R" " being symmetric and positive-de nite design matrices. As for the
transient variable z: X ! R", it is characterized by the dynamics
h i h i

z(x()= Cy g(t) () +C2 M(at) * (at);at)+ M(a) *n(t) e(t); (9.8)
with z(x(to)) =  o(X(to))-

As detailed in [36], if the discontinuous control gain in (9.5) is designed so that it
dominates the worst realization of the external disturbanceM (q) * , which is , then a
sliding mode (x(t)) =0, is established for eacht tg.

The objective is to design a control strategy that allows to perform ergonomic handover
in condition of partially unknown dynamics, in the case in which bounds on the disturbance
or on the DNN approximation error are not available.

9.2 Adaptive DNN-ISM for ergonomic handover

The strategy can be divided into two parts, i.e., the reference generation whose aim is
to provide a reference trajectory for the robot that enables ergonomic handover, and the
control via adaptive DNN-ISM, whose aim is to track the aforementioned reference, without
relying on conservative bounds.
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9.2.1 Reference generation

In the following, it is assumed, that the objective is to control the robot so that it reaches a
pose comfortable for the human operator, grasps an object with unknown shape and mass
from the operator's hand, and places it at a prede ned location.

Hence, it is possible to divide the handover task into two di erent phases, i.e., thehand
reaching phase and theobject placementphase. The former one, summarized in in the block
diagram in Figure 9.1, is the described in the following.

Rﬁ(to) RE
IMU | o, Rb ini(g 10) €or as in
Sensor h : (9.12)
” €pos
p; O
Forward |pt
. . 0’=q+ J(oFe
Kinematics
q
Robot DNN-AISM

Figure 9.1: Block diagram of the hand reaching strategy. The blocks responsible
for the computation of the joints reference are colored in yellow.

Let O, XpYpzZp be a xed reference frame andO, XcYeZe a reference frame attached to
the end-e ector. Then, it is possible to express the forward kinematics of the manipulator
by means of the homogeneous transformation matrix

b " R2(0) pE(q)#
Te(g) = ® L (9.9)
with p2 2 R® and R% 2 SO(3) being the position and orientation of O, with respect to O,
respectively. Moreover, letO, xnynzn be a reference frame attached to the IMU sensor
placed on the back of the human operator's hand. Then, the orientation ofO;, with respect
to Oy is denoted by the matrix RE(t) 2 SO(3).
The following assumption about the desired interaction position is introduced.

Assumption 9.2.  The position p} 2 R3, expressed with respect to the base fram®, in
which the contact between the human operator hand and the robot end-e ector happen, is
de ned a before the execution of the handover task.

The above assumption is reasonable, sincg’ could be de ned before the start of the
task by hand guiding the robot end-e ector into a position which is considered comfortable
for the operator.
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The same cannot be said for the orientation with which the robot should approach
for the handover operation. In fact, it depends on di erent aspect, including the shape of
the object exchanged during the interaction. For this reason, such an orientation is de ned
relying on measurements of an IMU sensor placed on the back of the operator's hand, which,
at each time instant, provides the set of orientation angles

On(t)=f (1); (); (D

expressed with respect to its own frame, with this last one being de ned at the instant in
which the sensor calibration occurred, i.e.t = tg. The orientation of the operator's hand
with respect to the xed base frame Oy, is given by

RA(1) = RA(to)Rz, ( ())Ry, ( ()R, ( (1); (9.10)

where Ry, , Ry, , Rz, 2 SO(3) represent the basic rotations around the sensor axes, while
RP(to) 2 SO(3) is the orientation of the IMU with respect to the base frame at the initial
time instant.

In order to compute the reference for the robot joints, the position error and the orien-
tation error should be computed. The former one can be computed easily as

epos(t) = PR(t)  pi: (9.11)

As for the orientation error, it is computed according to the following procedure. First, the
matrix that describes the orientation of O, with respect to O¢ is de ned as

RE() = (Ra(1) "RR(Y)
= (Ra(1)” R(1):

Then, an axis-angle representation of oR} is computed according to Algorithm 4, obtaining
an angle 2 R and a rotation axis W 2 R3. Finally, the rotation error e, 2 R3, expressed
in the frame Oy, is obtained as

er(t) = (DRA)W(D): (9.12)
h i>
The vector of the pose error can be thende ned ag = e, €, 2 R®, and the reference
g’ 2 R" for the joint positions is computed according to

a’(t) = a(t) + J (a(t)* e(t); (9.13)

where 2 Rsj is a design parameter,J 2 R" 6 is the geometric Jacobian of the robot,
computed as in (4.8).

The joint reference (9.13) is passed to the adaptive DNN-ISM controller, described
in the next section. As soon as the conditionkek r, With 2 Rsg being a small
design constant, the end-e ector is commanded so that it grasps the object. If the grasping
procedure is successfully carried out, the robot is controlled reach a con guratiompjace 2 R"
and place the object. Hence, in this phase, a referen@® = piace is provided to the adaptive
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DNN-ISM controller. As soon askq g’k p, with , 2 R» o being a small design constant,
the end-e ector is commanded to release the object. As soon this last one is released, the
robot reference is generated again according to the block diagram depicted in Figure 9.1,
until the task is completed.

9.2.2 Adaptive DNN-ISM control

The adaptive DNN-ISM controller, depicted in Figure 9.2, and employed to drive the robot
towards the desired con guration in the case of fully unknown dynamics of the object and
partially unknown dynamics of the robot, is presented in the following.

i (9.5) [—~()—{ Robot [ (%

X +
I
I
I
|

Gain adaptation
in (9.22) n in (9.18)

{)4_@% 2.in (9.17) " in (9.15)
I— o in (97)

Weights adaptation in (9.19) | - - -

Figure 9.2: Block diagram of the adaptive DNN-ISM control scheme. The yellow
blocks are associated with the control law, the blue and the green ones are related
to the sliding variable and the DNN, respectively.

Assume the components (q;q) and }, appearing in (9.2) to be unknown in structure
and unmeasurable. Di erently from what done in Section 9.1, in which  is treated as a
disturbance, in the following it is considered as a part of the dynamics that must be learned.
Thus, as described in Chapter 5, there exists a DNN : X | R" characterized by ideal

weights such that
ho (@)=« +" (9.14)

Note that the weights and the approximation error " satis es Assumption 5.6. Similarly,
a version of the same network, but with estimated weights, denoted a$', allows to write

ho (@@= "k (9.15)
Then, it is possible to de ne the integral sliding variable as
(x(t) = o(x(t))  2(x(1)); (9.16)
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where ¢ is de ned as in (9.7), while the dynamics of the transient variable 2 depends on
the estimate (9.15), having
h i h i
2x(1) = Ci gt) (1) +CoM(qt) Mk +M(@ Ta(t) (1) ; (9.17)
with 2(x(to)) =  o(X(to)).
The nominal part |, of the control law in (9.17) and (9.4) is chosen so that it stabilizes
the robot around the trajectory coming de ned in Section 9.2.1. In particular, , is designed

as |

a(= M) Kpat) () +Kaat)y @) @) + " ; (9.18)
with K, Kg 2 R" " being design matrices with positive entries.
The weights of " are updated according to the dynamics given by

>J M~ C; (9.19)

vec ¥ =proj
B

j
where | 2 R" it ia it ia s the diagonal matrix with positive entries which rep-
resent the learning rate, 2 R" "t 4 is the one de ned in (5.26b), while M >
M .
If one applies the reasoning behind Theorem 5.1, it would be possible to conclude that,
if the discontinuous control gain in (9.5) is chosen as = 7, with
2, _CoM e +")+ 7
(CM 1) ’
wherec comes from Proposition 5.2" is the one in Assumption 5.6, and ” 2 Rs g, then
a sliding mode (x(t)) =0, is enforced fort ! 1
However,c and" may be derived by over conservative bounds, resulting in a large
control gain that could cause damage to the robot joints. For this reason, in the following
such quantities are assumed to be unknown and the robustifying control law, is modi ed
as

i

(9.20)

(x(1))
= N — 22
with *2 R, ¢ being now an adaptive parameter.
Theorem 9.1. Consider the robotic manipulator (9.2), the control law = ,+ , with ,

and ; dened as in (9.18) and (9.21), respectively, the integral sliding variable in(9.16),
the weight adaptation laws(9.19). If the discontinuous control gain in (9.21) is adapted as

A= k k CoM ! osign(k k") (9.22)

with A(tg) = 0, 2 R, being the adaptation rate, and" 2 R, being a leaking factor
which allows " to decrease wherk k<" |, then s ultimately bounded into the set

=f 2R":kk " g: (9.23)

Proof. See Appendix B.11 O
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9.3 Experiment

The ergonomic handover strategy presented in Figure 9.1 and Figure 9.2 has been validated
experimentally on the Franka Emika Panda, a collaborative robot with n = 7 DoF described
in Appendix C. The orientation of the hand are retrieved via the MTw Awinda IMU, worn

by the human operator by means of a glove.

Speci cally, such a DNN is characterized byk = 2 hidden layers with 16 neurons,
all activated using the hyperbolic tangent function. The weights are adjusted according to
(9.19), setting each matrix , equal to an identity matrix with suitable dimensions. The
gain matrices of the nominal control law in (9.18) are chosen aK, = Kgq = 517. The
parameters of the conventional sliding variable in (9.7) are chosen a€; = C, = 17, while

the discontinuous control gain ” is updated according to (9.22), with i 0:85and" = Oi:3.

Finally, the referenceq’ in (9.13) has been generated consideringﬁ = 047 018 047
[m], and choosing =0:6.

During the experiment, whose duration is 90 seconds, the human operator is required
to perform the handover of four di erent objects, depicted in Figure 9.3, characterized by
di erent shape and mass. In particular, the masses of the objects vary from few grams up
to 1.5 kilograms. The results of the experiment are depicted in Figure 9.4. In particular
from the rst plot is is possible to see how the the robot pose is successfully driven to the
desired one, dictated by the IMU measurements, thanks to the reference generation scheme
in Figure 9.1. The yellow areas indicate the time instants in which the the ag ¢ 2 f 0; 1g,
dened as 4 =1 if an object has been grasped andy = 0 otherwise, is equal to one. The
second plot depicts the norm of the integral sliding variable . From it, it is possible to
conclude that, except for the times in which objects are grasped or released, resulting in a
change of dynamics and requiring an adaptation of the DNN, a practical sliding mode on
the set is achieved successfully. Finally, the third plot depicts the time behavior of the
adaptive discontinuous control gain, showing that, even with reasonably a small value, it is
able to ensure a practical sliding mode.
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Figure 9.3: Instants in which the handover operation is performed. The robot
adapts the pose of its end-e ector so that it follows the orientation of the IMU
sensor.
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Figure 9.4: Time evolution of the pose error ( rst plot), norm of the sliding variable
(second plot), and adaptive control gain (third plot).
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Chapter 10

Vision-based Collision
Avoidance with ISM control for
Collaborative Robots

The task of obstacle detection, i.e., estimation of pose and size of volumes present in the
robot workspace that are di erent from the target manipulation volume and the collabora-
tive robot (cobot) itself, is fundamental to implement a collision avoidance scheme. One of
the most convenient ways to perform obstacle detection involves the use of RGBD cameras,
which provide information under the form of point clouds. For example, one could process
the point cloud coming from the vision sensor and give them in input to a Convolutional
Neural Network (CNN), whose output gives information about the obstacle, like is made in
[146]. However, one of the main di culties is that the large quantity of 3D data captured by
sensors could result in computationally expensive algorithms that are ill-suited for real-time
collision avoidance.

The aim of this chapter is to introduce a collision avoidance strategy which, relying
on data provided by a single RGBD sensor, generates a reference for the robot joints that
ensure safety for the human operator. Then, such a reference is followed controlling the
robot with an ISM controller in order to deal with possible uncertainties. In this case, the
neural network component is not embedded directly in the controller but, as detailed later
in the chapter, in the initialization of the obstacle detection scheme.

10.1 Problem Formulation

Consider an open chain robotic manipulator with n 2 Ns g joints, whose dynamics and
kinematics are expressed as described in Chapter 4, and 1€, Xpypz, be a reference
frame attached to its base.

Then, let K¢(t) R3 denotes the three dimensional point cloud generated by a RGBD
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camera at a certain instantt, whose elements are expressed in the camera frarflg  XcYcZc.
Such a point cloud is composed by the union of three di erent subsets as

KE(t) = RE(t) [M (1) [O °(1); (10.1)

where R € includes the elements of the point cloud belonging to the robotM € contains the
elements that are associated with the target manipulation volume, whileO°¢ collects the
points that correspond to obstacles that must be avoided.

To ensure collision avoidance, it is important to control the robot so that the value of
the distance

dy=_min  ka(t) btk (10.2)

is guaranteed to be maintained above a certain design threshold” 2 R> 0, for all t  to.
Moreover, it is possible to de ne the points pf 2 R¢ and pS 2 O¢, both expressed in the
camera frame, such that

pt;ps = argmin ka(t) b(t)k: (10.3)
a2R ¢;b20 ¢

The collision avoidance strategy described in this chapter can be summarized as follows.

At each instant, the point cloud coming from the RGBD camera is analyzed so that to
identify the set O°. Then, a reference for the manipulator that movesp¢ away from pg

is generated and followed via an ISM controller. However, in order to identify the points
belonging to the obstacle, is fundamental to rst identify the set R®. To this end, the so-
called Hand-Eye (HE) calibration, which identi es the static relation between the reference
framesOy Xpypzp and O;  XcYcZe, Mmust be performed. In the next section, the employed
HE calibration scheme is described.

10.2 The HE calibration scheme

The HE calibration scheme adopted in the collision avoidance strategy is inspired by the
one proposed in [147] and depicted in Figure 10.1. The objective of such a scheme is to

provide an accurate estimate of the constant homogeneous transformation matrix
" #
RC C
Te= P P (10.4)
0; 1

which expresses the pose dDy, XpYypzp With respect to O XcYcZe.

10.2.1 Position estimation

In order to provide a rst estimate of the position vector p§ 2 R? in (10.4), denoted as

h i
Po= RE 95 25 (10.5)

a YOLOv3 detector [148], which relies on a CNN, has been employed. In general, the aim
of an object detector such as YOLOvV3, is to identify the pixels of an image that contains
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Camera | %5 ¥

Parameters
RGBD | rReB uv 2° Virtualized
K¢ Rb
z v TS
CDA LT or (10.5) and (10.7)

|

ICP —— T

Figure 10.1: Block diagram of the HE calibration scheme. The green blocks are
associated with the elements that rely on CNNs, blocks responsible for the compu-
tation of the rst guess are highlighted in yellow.

an object of interest. In this case, the RGB image captured by the RGBD sensor is given
as input to the detector, which returns a copy of the image on which is added a box around
the robot.

The UV coordinates of such a box are then used to access a previously de ned lookup
table, referred as LT,os in the block diagram, which maps them to a value for2; 2 R.
The other elements of the vectorpt, i.e., R and ¥, are obtained by transforming the UV
coordinates using camera parameters.

To make the proposed scheme capable of working with satisfactorily results without
having the manipulator placed in a speci ¢ environment, the YOLOv3 detector has been
trained on synthetic data subjected to domain randomization [149]. To reduce the gap
between the virtual training environment and the real-world workspace, synthetic data has
been generated with rendering delity, albeit at the cost of computation time during the
data generation procedure [150].

To generate the training data, a digital twin of the robot have been created employing
physically-based materials and textures extracted directly from photographs of the real
manipulator. Then, three light sources, i.e., sun, sphere, and area, have been placed around
the simulated environment and activated intermittently in order to gather images with
di erent, realistic di used lighting. The gathering of the images has been done with a
simulated camera set up so that it had the same parameters as the real one. Finally, each
image of the digital twin has been overlaid on a random background image selected randomly
from a pool of available pictures. Then, each synthetic image is labeled drawing a bounding
box around the manipulator, which represent the ground truth for the training. Examples
of synthetic images generated with this procedure are shown in Figure 10.2.
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Figure 10.2: Examples of the generated synthetic images with the bounding boxes
for training the YOLOV3 detector.

10.2.2 Oirientation estimation

The estimation of the robot base frame orientation with respect to the camera frame is
carried out by means of a Convolutional Denoising Autoencoder (CDA) [151], depicted in
Figure 10.3.

’ z e RIQS
|
|
4 " 8x8x512 4
’ 1
B 6 16 % 256 BIRSIERA1E
732 x 32 x 256 16 x 16 x 256
64 x 64 x 128 32 x 32 x 256
128 1283 64 x 64 x 128
Convolution 128 x 128 x 3

P Deconvolution

Figure 10.3: Architecture of the CDA employed for orientation estimation.

The CDA is built using two main operations: convolution and deconvolution. In partic-
ular, the square input image with sizen;, nj, 3 is convolved until a vector, calledlatent
space vectorand denoted asz 2 R-, with L 2 Ns 1, is obtained. Then, the deconvolution
operation is performed recursively until an output with the same structure of the original
input is obtained. In the considered case, the CDA is trained in a supervised way with the
aim of obtaining an output image in which everything except from the manipulator is re-
moved, as showed in Fig. 10.3. To do so, a dataset of realistic synthetic images is generated
with the methodology presented in the previous section. In this case, the ground truth is
the image of the robot without the random background. Examples of two synthetic images
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with the corresponding ground truths are presented in Figure 10.4.

Figure 10.4: Examples of two synthetic images, along with their ground truths,
for the training of the CDA.

Once the training procedure is complete, the CDA can be used to provide an estimate
of the orientation, expressed by means of Euler angles, , and , of the frame Oy with
respect to the camera frameO.. To do so, only the the rst part of the autoencoder is
considered, having the latent space vectoz as an output. Then, as it is shown in Figure
10.1, such a vector is used to access a lookup table, referred asJ.Tin the block diagram,
similar to the one presented in Table 10.1, which associates a set of Euler angles to a speci c
value of the latent space vectorz. In particular, the correct set of Euler angles is selected
solving

=argmin kz zKk: (10.6)
j

Then, the candidate Euler angles are employed to obtain a rst estimate ofRf, denoted as
R = Ry.( )Ry ( Rz ( ) (10.7)

with Ry, (), Ry, (), and R, () denoting the elementary rotations around the axes of the
camera frameQ; [24].

The size of the lookup table, denoted byk 2 N o, depends on the granularity 2 (0; ]
of the angle discretization, chosen by the designer, while the valueg , with j 2 1;2;:::;kg,
are chosen by providing images of the manipulator placed in a known orientation, given by
the Euler angles ;, ;, and ;, as input to the trained CDA.

j z2R- [rad] [rad] [rad]

Z0 0 0 0
Z1 0:1745 0 0
k 1 z 1 3.054
k Zy

Table 10.1: Example of the lookup table which associates the latent space vector
z to a set of Euler angles.
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It is worth to notice that, if during the HE calibration the robot joints are in a con gu-
ration ghe such that the image of the robot given in input to the CDA exhibits complete or
partial symmetry, as in the case depicted in Figure 10.5a, the result of the prediction may
be incorrect. To overcome such a problem, the orientation estimation is done,e 2 Ns 2
times, using di erent con gurations ohe:i, With i 2 f 1;2;:::; npeg that break axial symmetry
in the resulting image, while maintaining the base xed in space. For each con guration, an
image of the robot is captured by the vision sensor and is provided as input to the CDA.
The outcome of the operations areny. set of Euler angles. The best candidate is chosen
according a voting-based strategy, i.e., at least two predictions have similar outcome. In the
case of a tie, the average of the predictions is selected.

ATAY

(a) Ambiguous orientation (b) Non-ambiguous orientation

Figure 10.5: Examples of images in which (a) the robot presents axial symmetry
(b) the robot con guration breaks axial symmetry.

10.2.3 Pose estimation adjustment

The previous sections described how a rst estimate of the position and orientation, denoted
aspp and R¢, respectively, are computed. From the developed resullts, it is possible to obtain
a rst estimate of the transformation matrix in (10.4), i.e.,

#
T = RE 0} :

G 1

However, such an estimate may not be su ciently accurate due to several aspects, such
as the granularity of the lookup tables. For this reason,fbc is used as initialization of the
Iterative Closest Point (ICP) algorithm [152]. In general, the objective of ICP is to nd the
transformation that allows to align two point clouds.

In this case, the objective is to align the point cloud K¢, retrieved from the RGBD
camera and expressed with respect to fram®., and the point cloud R®, obtained from a
realistic virtualization of the robotic manipulator, whose points are expressed with respect
to frame Oy. The result of the ICP algorithm is the matrix T¢ in (10.4).
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10.3 The collision avoidance scheme

Once the static transformation matrix is computed, the collision avoidance scheme, depicted
in Figure 10.6, and presented in the following, can be employed.

(T8 T — Reference
Reference Frame
TbC —> RC /\
— 3D Model —— Frame o Converter
Converter : ob RY
RGBD K M) Minimum
PN _
Camera I Distance
M c
Calculator
Reference| ¢
i PP, pY
Frame » Po.
Converter [~ M°
Avoidance
a Real ISM Gav
Reference
Robot Controller
Calculator

Figure 10.6: Block diagram of the obstacle detection and avoidance scheme. The
blocks responsible for the change of reference frame are highlighted in red, the ones
that compute the joint position reference in yellow, and the low-level ISM controller

in blue.

The objective of the avoidance scheme is to control the robot so that it avoids all the
objects captured by the RGBD cameras, with the exception of the manipulation volume. In
this case, the manipulation volume is represented by the point cloudV ?  R3, expressed
in the Oy, frame, de ned by the designer. In order to work properly, the avoidance scheme
relies on two main sources of data. The rst is the RGBD camera, which generates the
point cloud K¢, expressed in the camera framé)., that contains all the points belonging
to the surface of the objects framed by the camera. The second is the virtualized model of
the manipulator, which serves as a digital twin of the physical one. From the model, it is
possible to compute the point cloudR®, expressed in the frameDy,, whose points reconstruct
the robot.

Relying on the matrix TS obtained as result of the HE calibration, it is possible to
express all the points ofRP and M P into the camera frame, obtaining as result the point
clouds R¢ and M €. Then, the obstacle point cloud can be de ned in the camera frame as

O°= K°n(R°[M ©): (10.8)
Such a point cloud can be expressed in fram®y by means of TS, obtaining a new set
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OP R® and it is possible to de ne the vectorsp? 2 M P and p? 2 OP as
pP;pd = argmin ka bk: (10.9)
a2M b;b20 b
Then, to ensure that the robot avoids the points in space belonging toOP, one could
select a non-negative, di erentiable function Vo : RP O P! R ( which tends to large
values as the distance betweem? and pY approaches zero, to create an Arti cial Potential
Field (APF) [153] around the set O, such as

8 2
<1 -1 X if 0
Vo= 2 0 (10.10)
© 0 if > 0
where 2 R is the euclidean distance betweerp? and pp, i.e., = P (PP pB)2, while

02 R.pand 2 R, g are design parameters which de ne how conservative is the avoidance
action. Once 0, the point pP is subject to a force which moves it away from thepg
with an induced velocity v(g.ry 2 RS, expressed with respect to the frameDy,, whose entity
is obtained by computing the gradient of Vg, i.e.,

8

< L A& o
Vioir) = . o L otew (10.11)
© 0 if > 0
where @%3 2 R3 is the partial derivative vector of the distance betweenp?® and p2 and, for
b b
sake of simplicity, it can be approximated as the unit vector @Q = ﬁ In order to

compute the set of joint velocities g0,y Which induce onp; the velocity v(o ), we use of
Jacobian matrices.

In particular, assume that p° is located on a certain link |, mounted on the k-th joint,
the Jacobian associated to such a joint, computed in the pointpp is denoted asJy 2 R® "
and given by h i
I(gp)= 3P 3@ 30 0 Os ; (10.12)
whose columns are computed as described in Chapter 4. In particular, assuming that mod-
i ed DH is used, each column of (10.12) is computed as

‘ 7z b
J|£|) — i (pr pl) : (10.13)
Zi
where z; and p; are retrieved from the forward kinematics as in Section 4.3.2.
With the objective of generating a position reference for the ISM controller, one could

then design the avoidance reference as
" #

Q=g+ J; Vo) : (10.14)
03

where 2 R, is a small design constant.

As depicted in Figure 10.6, the reference is provided by a standard ISM controller, like
the one described in Section 2.4, to dominate possible small model mismatches and external
disturbances acting on the manipulator.
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10.4 Experiment and results

The obstacle avoidance scheme has been tested on the Franka Emika Panda robot, described
in Appendix C. Computations were performed on an x86-64 system with an Intel Core i7
10400F CPU an NVidia RTX 3060 Ti GPU and 16 GB of RAM. As for the RGBD sensor, a
Microsoft Xbox 360 Kinect, shown in Figure 10.7, has been employed. The sensor provides
RGB data with a resolution of 640 480 pixels at a rate of 30 frames per second. It is also
equipped with an infrared (IR) emitter and an IR depth sensor for depth measurements.
The depth sensor has resolution and frame rate equal to those of the RGB camera. The
depth sampling distance is 1:5 mm at 50 cm from the sensor, while itis 5cm at 5 m.

Figure 10.7: Vision sensor employed for the experiment.

In order to train the YOLOvV3 detector, a dataset of 2400 synthetic RGB images with
a resolution of 640 480 pixels has been generated usin§0 background images. Aiming to
reduce the frequency of false positives, the background images are included in the training
set. As for the training of the orientation estimator, the orientation space has been dis-
cretized in k = 144 parts and, for each part, 10 synthetic RGB images with a resolution
of nj, nj, pixels were generated, withn;, = 128. This operation resulted in a dataset of
1440images, accompanied with their ground truth like depicted in Figure 10.4. Moreover,
the size of the latent space vectorz has been chosen ak = 128. Both the YOLOv3 and
the CDA datasets have been divided in70% training set and 30% validation set.

The e cacy of the HE calibration scheme, instrumental for the correct functioning of
the obstacle avoidance scheme, has been evaluated. In particular, an RGB image and and
a depth image are given as input to the scheme presented in Figure 10.1. The result of the
estimation procedure are provided in Fig. 10.8. Such a gure contains three elements. The
rst one is the point cloud reconstructed using the depth data retrieved from the depth
image, with the points belonging to the robot surface highlighted in green, while the rest
have been colored in blue. The second element is the 3D model of the robot, in orange,
positioned and oriented according to the value of the rst guessfg. Finally, the red points
represent the vertexes of the 3D model placed using the result of the ICP algorithm, i.e.,
TE. The fact that the red points overlaps almost perfectly the point cloud associated to
the real robot, allows us to conclude that the results proposed HE calibration scheme are
satisfactory.

In order to assess the validity of the obstacle avoidance scheme, the robot is operated
in presence of moving obstacles which perform unplanned movements. In particular, the
robot is required to reach and maintain a desired con guration in the joint space, i.e.,

179



10.4. Experiment and results

Figure 10.8: Result of the HE calibration process. Depth points from the camera
are in blue and green. The orange 3D model represents the rst pose estimate, while
the red points the result of the ICP algorithm.

h is
W= 0 4 0 % 0 5 4 [rad], while a human operator moves freely in its
workspace. The avoidance parameters are chosen as= 0:025and = 0:3. Some time
instants of the experiments have been captured and presented in Figure 10.9. The manip-
ulation volume is M ° = ;.

Moreover, the time evolution of the distance between the end e ector, whose position is
denoted asp?, and its desired position pg;d 2 R3 (obtained from @), is presented in Figure
10.10. The same gure also depicts the time evolution of the minimum distance between the
robot and the nearest obstacle point and the evolution of the value of a ag which represent
the current state of the robot, i.e., reaching ( ag equal to 0) or avoidance (ag equal to 1).
From Figure 10.10, it is possible to see how the minimum distance between the end e ector
and the human operator never reaches a value smaller thaf:12 m, meaning the safety is
ensured for all the duration of the experiment.
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Figure 10.9: Instants of the experiment. In each frame, the point cloud O¢ are
colored in red and presented in the bottom left corner.
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Figure 10.10: Time evolution of the distance between end-e ector and target
(blue), robot an human operator (red), and the state ag.
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Chapter 11

Conclusions and Future
Research

In this dissertation, novel control and observer design techniques that exploit the joint use
of deep neural networks and sliding modes have been presented, theoretical analyzed and
assessed both on simulation and experimentally. The dissertation, divided into four parts,
is focused on di erent aspects of the research done in the last three years. What follows is
a brief summary of what has been discussed.

In the rst part, the main theoretical concepts about sliding modes, neural networks, and
robatics, instrumental to understand of the strategies proposed in the rest of the dissertation,
have been introduced.

The focus of the second part was on the design of a novel deep neural network based
integral sliding mode control framework, referred to as DNN-ISM, whose aim is to stabilize
on a desired trajectory the state of certain classes of perturbed nonlinear systems with fully
unknown dynamics. Then, depending on the class of system, di erent types of constraints
have been enforced, extending the DNN-ISM by integration of model predictive control or
barrier function components. The control framework has been assessed in simulation on the
Du ng Oscillator, the Double Tank and on the model of a complex robotic manipulator
with 7 DoF. Moreover, more than satisfactorily experimental results have been obtained
controlling a real Franka Emika Panda robot with the DNN-ISM control strategy.

The objective of the third part was to explore how neural networks and sliding modes
could be exploited in the domain of fault detection. To this end, two di erent schemes have
been proposed. The former relies on the DNN-ISM framework to design an unknown input
observer whose aim is to provide an estimate of a fault acting on the input channel. The
second propose a deep reinforcement learning agent that detects, isolates and compensates
faults acting on the sensors of a 7 DoF manipulator. Then, a battery of second order sliding
mode unknown input observers, which exploit the results of sensor faults compensation,
are designed to estimate the fault acting on the actuators of the robot. Both the detection
schemes have been assessed in simulation with good results.

183



11.1. Future Research

In the fourth and nal part of the dissertation, the problem of safe and ergonomic phys-
ical human-robot interaction has been addressed, proposing two di erent control strategies.
The former relies on te DNN-ISM framework to solve the problem of ergonomic handover
in the case in which the model of the robot is partially unknown and the dynamics of the
object exchanged during the interaction is unavailable. The latter aims to avoid collisions
between the robot and everything is in its surroundings. This has been done by imple-
menting a vision system, whose initialization depends on the output of convolutional neural
networks, which generates a reference that allows collision avoidance. Then, such a reference
is followed relying on a sliding mode controller which also takes into account possible model
mismatches or disturbances. Both architectures have been assessed experimentally on the
Franka Emika Panda robot.

To conclude, all the proposed methodologies have been theoretically analyzed. Moreover,
the theoretical results are validated by means of simulations and experiments, demonstrating
the implementability of the proposed architectures in real-world applications.

11.1 Future Research

Despite the validity of the approaches described in this dissertation, there are some aspects
that needs to be addressed in the future.

Enlargement of the class of systems Especially in the constrained case, the
DNN-ISM control framework is applied to a very speci c class of systems, restricting its
range of application. One of the main goals of future research is to extend the class of
system, and hence the e cacy of the proposed methodology.

Extension of the class of disturbances At the moment, only matched disturbances
are a ecting the system. Future directions include the study of the behavior of the system
in presence of unmatched disturbances, especially in the constrained scenario.

Enhancement of the DNN based MPC/ISM In its current form, the DNN based
MPC/ISM control architecture presents a criticality: the MPC component is not utilized
during the adaptation transient. To cope with this aspect, in the future the architecture is
going to be extended with robust MPC methodologies.

Introduction of stochasticity At the moment, the behavior of the system does not
include stochastic components. In the future, the robustness properties of the DNN-ISM
against stochastic processes such as sensor noise or environmental variability will be con-
sidered.

Design of DNN based sensor fault diagnosis schemes with guarantees
The sensor fault diagnosis scheme presented in this dissertation relies on the use of DRL.
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Despite the goodness of the results, the quality of the diagnosis is strictly related to the
quality of the training, without any theoretical guarantees. An objective for the future
research is to provide some guarantees on the fault approximation error.

Application of DNN based MPC/ISM to collision avoidance An important
achievement would be to apply the MPC/ISM architecture with DNN on a real robotic
manipulator to perform real-time collision avoidance with theoretical guarantees.
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Appendix A

Parameter Projection

The parameter projection operator is a widely adopted tool in classic adaptive control theory
[89]. Speci cally, it is particularly useful when some knowledge of the optimal parameters
(e.g., the bound of their norm or their sign) is available.

Assume that the optimal parameters of an adaptive controller are collected in a vector

2 RP. Then, one could exploit some available information about to describe a suitable

domain B RP in the parameter space, with the objective to keep the estimates of ,
denoted by the vector " 2 RP, in such a set.

Let P : RP ! R be a smooth function of the parameter vector. Then, the domainB
can be de ned as the sub-level set oP as

n (0}
B = "2RP:P(Y) O ; (A.1)

with B° B and @ B denoting its interior and boundary, respectively. Since@ is
the level hyper-surfaceP(A) = 0, the gradient r sP = % 2 RP represents the outward-
pointing normal vector to @ . Then, it is possible to de ne the standard projection operator
[89, Apendix E] as
8
S if “2B °orr AP 0; A2)
proi() =, o PP i 2@ andr P > O *
where 2 RP, while 2 RP P is a positive symmetric matrix. Note that, even though the
operator is a function of the arguments( ; * ) , for sake of readability it is more convenient
to explicit just
The meaning of (A.2) is straightforward if one considers” as the current estimate of
the parameters, and as its speed. The péoj ( ) acts on the vector , leaving it unchanged

if it “isinsideB (i.e., "2 B °) orif is pointing outside the set (i.e.,r P 0). In
fact, in such cases, an ideally continuous-time update would not cause” to go out of B .
On the contrary, if 2 @ and points outside the set (i.e..,r AP > 0), the operator

proj () returns the projection of vector on the hyperplane that is tangent to @ in "
B
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The projection operator de ned as in (A.2) usually lead to a discontinuous evolution of ,
violating the the Lipschitz continuity condition and preventing the application of standard
existence theorems [89]. For this reason, (A.2) can be modi ed to make it smoother. In
particular, de ning a O( )-boundary layer around B , it is possible to enlarge this last
creating a set, denoted asB , which is the result of the union of the boundary layer and
B,ie,

B =f"2RP:P(") @ (A.3)
Then, a smooth version of the projection operator can be de ned [89, Apendix E] as
8
O < if “2B °orr P 0; Ad)
proj = B > .
B Sy oy PP if "2B nBC%andr P > O

wherec: RP ! [0;1]is any smooth function such thatc(@ ) =0 andc(@ ) = 1. Meaning
that the trajectory of "is diverted progressively on the -layer, achieving the full projection
on the tangent hyperplane on@ . As a consequence, the boundedness is guaranteed Bn
instead of B , as it happens when the operator in (A.2) is used. For the reader's convenience,
a visualization of the standard and smooth projection operators is provided in Figure A.1.

proj ( )
B

N AN r P r AP

v proj( )
BO \l BO \l \l B

(a) Standard projection operator (A.2). (b) Smooth projection operator (A.4).

Figure A.1: Graphical representation of the projection operators de ned in (A.2)
and (A.4) in the case 2 RZ.

Lemma A.1 (Smooth Projection Properties). Consider the smooth projection operator
in (A.4), with B and B dened as in (A.1) and (A.3), respectively. Then, the following
properties are true.

1. the mappingproj ; :RP B RP P 1 RPijslocally Lipschitz in its arguments;
B
2.proj( ) proj() > !  forall “2B ;
B B

3. if (t) and (t) are continuously di erentiable, and == proj ( ), with “(to) 2 B ,
B
then "(t) 2B , for t to;

4 (" proj() (") ! forall 2B and”"2B .
B
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Proof. The proof of each property is developed separately.

1. Even though the proof its straightforward, it is long to develop and thus the reader
should refer to [89, Appendix E].

2. By de nition of the operator in (A.4), one has that, if itholds “2B °orr P 0,
the equality trivially holds because the operator corresponds to the identity function.
In the second case, i.e., the case in which2 B nB °andr ~P > 0, it holds that

> 2 2

r ~Pr P>
(r aP> 1 aP)2
2

A I AP

; > 1 ; > 1 /\
proj (1) proj () () 5> 7 p 7O

r P>
B i

Since is a symmetric positive de nite matrix and c(") 2 [0;1], then the second
therm is negative. Hence, the following is true

proj()” ‘tproj( ) 7t
B B
3. Relying on the de nition of (A.4), one has that
8
<r /\P>
r AP~ proj( )= -
: APr AP
B 1Py o) e
8
<r /\P>
r P> ¢(")r P> rrAAPP>r ArP;P
8
<r /\P>
r AP> c('\)::f,zii:ir P>
8
<r /\P>

r P> o(")r P>

Rearranging the terms, one can rewrite the last equation as
8
_ <r P> if 2B ®orr P 0
rAP7proj( )= A A
B -1 (") raP” if "2B nB%andr P >0

Let %t) = prBoj ( ), with “(to) 2 B . Then, the projection operator dictates the

direction of the movement A(t). To study the boundedness inB  of A(t), it is su cient

to analyze the second case of the above equation, which is the one in which there is
the risk for "(t) of going outside B . In the worst case, "(t) 2 @ and (") = 1,
meaning that the vector “(t) is orthogonal to the outgoing normalr P, implying the
boundedness of\(t) inB ,fort to.
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4. De ne the quantity ~= " representing an estimation error. Then, exploiting the
de nition (A.4), one has that

8
< ~ 1
~ 1 H —
péOj( )= ~ 1 r APr AP~
b o)
8
< ~ 1
- ~ 1 ~ 1 I APr P’
(") )
Then, rearranging the terms one has that
8
<0
~ 1 ; — ~ 1
proj () = A1 Py P>
SO e

In the rst case, the inequality trivially holds. As for the second case, i.e., the one in
which it holds “2B nB °andr sP > 0, then it is possible to make the following
considerations. First, by virtue of the hypothesis on and " and from the fact that

B nB°isa -contour of B , it means that the vector ~ points toward the interior

of B , implying

Hence, it holds that
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Proofs

B.1 Proof of Theorem 5.1

Consider the Lyapunov-like candidate functionv: X ! R de ned as

1 1% 1%
V=7 +Z  vecV fvec v+ 5 vec U g fvec O (B.1)
j=0 i=0

where is the integral sliding variable de ned as in (5.39). The above function is charac-
terized by a rst time-derivative equal to
X ) X i
v= " _+ vecV lvec % +  vec U fvec g (B.2)
j=0 j=0
The expression of _can be obtained by computing the rst time derivative of ¢ in (5.5)
and substituting the value of 2.in (5.43) as

_=_o %
!
? ? A[1] ? A[2] X Ali] ?
= Cl()il )S.’L)"' CZ()SZ )SZ) C, K X1 C K T K Uni X5
| i=1
0 - !
=Ci xg A[kl] +C2 X2 A[kZ] AE] Un;i
i=1 |
xn )
=C; f1 A[kl] +C, f,+Bu+h ALZ] AE] Un:i

i=1
Then, substituting the control law (5.8) and the ideal approximation of the dynamics in
(5.14), it holds that

=C f3 Al[(l] +C, f,+Bu+h /\[k2] AE] Un:i

sc, Wl A Lo @y [ g+ Un+
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X
+ Bu, + h ALZ] AE] Un;i
i=1
Recalling that ~IP = [PI "l gng that ~[1 = [1 "l it one rearranges the terms
the rst time-derivative of the sliding variable is |
(1] (1] [2] X [i] [2 .
=C; P+ rc, P+ Vug +Bu+ "+ up+h o (B.3)
i=1

Since¥, =V, ¥ andU, = U; O, with V, and U; constant, it holds that % = ¥ and

G = L’}, Hence, substituting (B.3) in (B.2) leads to
" I#

..[2]+ " U, + h +

~[k2] + ~E] Uni + Bu, +

i=1

v= > C ~[k1]+..[1] + G,

X X
vec v~ 'vec % vec G~ l'vec §
j=0 j=0
Expanding the last two terms to separate the last layer from the inner ones, on'% has that

v= > ocy Wl g, BT gy B gy
i=1
kX 1 > 1
vec v, ~ fvec W% vec VP! (Pl vec WP+
j=0 p=1
kX 1 x o> A
vec U, ~ fvec G vec 0f! Lvec B (B.4)
j=0 i=1

Then, substituting ~t, ~? and ~I with (5.29a), (5.29b), and (5.38), respectively, it holds

that

( o 1 o 1 )
vix)= >C1 M ovec v+ W Wvec v + W ety
( j=0 j=1
kX 1 kx 1
v, Pyec v o+ B o Blyec v + @,
j=0 i=1 |
X . kX 1 kX 1
+ M vec of! + 1 4 Dvec g + U up+
i=1 ) j=0 j=1
kX 1 .
+Bu, +" Uy + h vec V, J_lvec %+
i=0
> 1 > 1
vec \7‘k[l] [l]k vec ‘%([l] vec Vk[zl [21 vec ‘9;[2] +
kX 1 X o> :
vec U~ ‘lvec § vec o} Lvec B - (B.5)
J k
j=0 i=1

For convenience, it is possible separate the terms so that it is easier to identify the ones
that must be compensated, obtaining
x 1 ) ( X 1

v= >C, [1]k + [1] 4 e B R C I
- J
j=1 j=1
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! )
x : kX 1o
+ Wy b Uy +Bu " upth + 7C Bovec v 4
i=1 j=1
kX 1 kg 1
+ 7Cy [ljlvec v o+ 7C [21 vec VA + >c, [ZJ] vec V +
=0 1 i=0 |
X [i] [i] . n X [i] .
+ TGy . vec O Uni + ~Cy vec O upi+
i=1 i=1 j=0
kX 1 > 1
vec v~ ‘'vec % vec WY t vec WY+
=0
@ [2] ! 2] ! >
vec Y, " vec W vec U fvec G +
=0
xXn o> )
vec ol ! vec B (B.6)
i=1

With the aim of compensating the terms that depend on the weight estimation errorsV;,
v, v 0y, and 0!, one can select the weight adaptation laws?, W, ¥ & and
Qﬁ'] as in (5.45), (5.47a), (5.47b), (5.48), and (5.49), respectively, obtaining

( o 1 ) ( o 1
vz >C KV [1 +W 4 >c 2, 2] + 2y
= 1 K i i 2 k i i
j=1 | ) j=1
Xn _ kx 1 '
+ My B Ui +Bur+ " up+h o+ 7 M ovee v+
i=1 j=1
k1 kX 1
+ >C [1]]VeC v o+ > C, [21 vec vk[Z] + >C, [Zj] vec V +
j=0 | j=0 |
X [i] [i] . n Xl (i .
+ >C2 . vec Uk Upii + >C2 iVeC UJ Uni +
i=1 i=1 j=0
kg 1
vec ¥, leroj , 7,C7
j=0 B
> 1
vec v! - proj WoctWycy o+
k
> 1
vec \7k[2] [2]k lg)roj [21 ( [2]k )y C5 o+
k
! !
X - X [
vec U, tproj uni ( )7 C3  +
j=0 B j i=1
X [i] 1 ; i1 > >
vec U ) é)I’OJ Ui (7 )TG3 (B.7)
i=1 3

Then, exploiting points 3 and 4 of Lemma 5.2, the above equality is transformed into
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( 1 ) ( k1
v ’C, [1]k + [1] 4 e o [21 + 2] 4 wl2l
v j j
j:]_ j=1
kx 1 ! )
xn
+ My (i Upj +Bur +" up+h + >C; M ovec vl +
] ;
i=1 j=1
kx 1 k1
+ 7C Wvec v + >, @ vec v + > “vec v +
j=0 | j=0 |
> X [i] i] . > X X [i] -
+ C, ., vec O, Uni + C, | vec o] Unp;i +
i=1 =1 j=0
kx 1 > >
vec ¥ ~ 7 C vec v Hoyer ovee vB (B e o+
i=0 |
X > X [i]>- > X i i1 \> > .
vec U Unii ( i) C; vec U uni ( 7, )7 C; 1 (B.8)
j=0 i=1 i=1

Recalling that v 2 R, and exploiting (5.46), it holds that

0 1.
kx 1 kx 1
vec, T 7 CT =@ vecV > C A
i=0 i=0
kX 1
= °C ,vec
J:O n #
h ik 1 [
=7 C G o vec Vv
i=0 i
kx 1 kx 1
= 7C [11_] vec Vi + 7C, [Zj,lvec v o (B.9)
i=0 i=0
Hence, (B.8) simpli es into
) (
1 1
v > Cl [1]k + k)< [1] j + wl[l] + > c:2 [21 + kX [2] j + u[2]+
v j j
xn ) :
+ S b Uy +Bu " upth + G W ovee v 4
i=1 j=1 |
> [2] (2] > X i1 il .
+ C, ., vec V< o+ C, ., vec O, Unj +
Ii:1
Xk 1o ' >
+ 7Cp [']jvec O uy vec ViU (Hoycr o+
=1 j=0 |
> kx 1 X .
vec Vi@ ( By ¢ vec 0; ~ uni ( 1) c5 o+
i=0 i=1
X i1 7 D]y~
vec U, uni (7, )7 G5 (B.10)
i=1
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Moreover, the fact that v 2 R, allows to write the following identities

> >
vec \7‘k[l] ( [11 )" CT vec \7,([1] ( [11k )" CT

= >Cc; M vec v (B.11)

> >
vec \7’k[2] ( [21 )” C5 vec Vk[zl ( [Zlk )”C5

= 2C [21 vec \7‘k[2] ; (B.12)
i 1 | " 1 -
xXn : xn :
vec U i’ Un;i ( [']j)> c, =@ vec U g Un;i ( [']J_)> c; A
j=0 i=1 j=0 i=1
X il
= "G Uni  vec U
j:OOi:1 1
X x [i]
= >c, @ \vec 0 Au,i;  (B.13)
i=1  j=0
S
X i > i y> > X i > (] > >
vec O°  uni( 7, )G = vec O,°  uni( 7, ) Cy
i=1 i=1
X i1 [i]
= 7GC . vec O, Unii ; (B.14)

i=1

which, if substituted in (B.10), this last one further simpli es into

( o 1 ) ( o 1
V(X) >C, [1]k + [1J] + oo, > C, [2]k + [2,-] + nl2
i=1 j=1
! )
X [i] X [i] "
+ LT ,» ; Uni +Bur+" up+h (B.15)
i=1 j=1

Then, substituting the expression of the switching control law u, in (5.44), one has that

( o 1 ) ( o 1
v(x) > Cy [11k + [1} 4 O C, [2]k + [2j] 4 wi2l
i=1 i=1
! )
X i1 X il " >
+ .t ;o Uni t7 Unt h CzBﬂi (B.16)
i=1 i=1

By means of Assumption 5.1, 5.3 ,and 5.6, and Proposition 5.2, it holds that

v k kkCikfc ,+" g+ k kkCyk ¢ ,+" ,+m(c +" )ku,k+ h >C25ﬂ1

Then, sinceB is assumed to be symmetric and positive de nite (Assumption 5.2) andC,
is chosen according to Assumption 5.4, it holds that

“CB kK _(C) (B) k K _(Cy) : (B.17)
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Hence, the above inequality can be bounded as

v k kkCikfc ,+" g+ Kk kkCak ¢ ,+" ,+m(c +" )kuk+ h k k_(C2)
k k kCik(c ,+" )+ kCkc,+" ,+m(c +" )kupk+ h _(Ca)
If the control gain is chosen accordingly to Theorem 5.1, i.e.,

kCikfc , +" g+ kCokfc ,+" ,+ m(c +" )kusk+ hg+
_(Co)

with R, then the rst time-derivative of the Lyapunov function is bounded as

A k k (B.18)
and, as a consequence it is, guarantee that(x(t)) ! 0y, fort!1 , which concludes the

proof.

B.2 Proof of Theorem 5.2

The development of proof is analogous to the one in [53, Theorem 3]. Consider the Lyapunov
candidate functionv: X ! R de ned as

1, 11X
= — + — ~ .
i=1
where ~ = 7 /4 is the error between the components of the discontinuous control gain

and the ones of an unknown constant ideal gain
?

= 7+ Jkupk+ :
S (Y

?

with ? 2 R. o, de ned as the one capable of enforcing a sliding mode (x(t)) = 0, for
t t;. From such a de nition, it is immediate that the components of ? are

_ KCik supoy fi ML+ KCk supox f2 MP, +h
;= ; (B.20)
! (Ca)
P o
2 _ KC2ksup,ox iz B AE] te (B.21)
’ (Cy)_ ’ '

with “[1. ", , and "', denoting the output of the DNNs characterized by xed

weights ¥ (t1), for j 2f0;1;:::;k gand 0 (t1), forj 210;1;:::;k g
The rst time-derivative of (B.19) is computed as

v= "~
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7 CoB (M + M2 kun k)n 1Y 2D

~[1 - [ Q] ~[21 — &2 A2 ~[i] — i N~ 1] ;
where “¢ 7 = Kt kot ok kopoand Ty =y k 1, Recalling
that *= ? ~= 7+ Zkupk+ W ~  ~kuyk, v(x) can be expanded as
" ! - I3
v= "~ C ~[kl] i, t e ~[kZ] t, T ~E] 4 Uni B up v b+

i=1
2

"CoB I+ Jkupk+ —— —
CBaw kit ey Kk

+ 7 ~ + ~ —+
CzB( 1 zkunk)k K
1N 2

Exploiting Proposition 5.3 to bound the approximation errors and bounding the other terms
relying on Assumptions 5.2 and 5.3, it holds that

v k kkCiksup fi " +k kkCoksup f, "B, +k kkCokh+
x2X ' x2X '

xXn . .
+ k kkCzk sup BO " kupk k k_(C) I+
x2X g K o

k k_(C2) Zkupk k k 7+ k kkCok k~k+ k kkCok k~kkunk+
N

1Y 2

Substituting the values ] and 7 as in (B.20) and (B.21), respectively, the above inequality
can be simpli ed as

v k kkCyk k~k+ k kkCok k~kkunk ~% ~% k k ™
Substituting the adaptation laws (5.60), it holds that
vk kkCyk k~k+ k kkCok k~kkunk ~proj kCok + 1 k k +
%

~proj kCok kunk+ > kk k k 7

%

Moreover, if one let 7 > , since i by virtue of the projection operator, then

k~k ~,fori2f1;2g. Hence, it holds that
v k kkCyk ~ + k kkCok ~kunk ~proj kCok + 1 k k +
%

~proj kCok kunk+ > kk k k 7

%
Exploiting the property of the project operator in Lemma A.1, one has
v k kkCok ~ + k kkCok ~kusk ~ kCxk + 1 k k+
~ kCok kupk+ 2 k k k k7
k kkCok ~ + k kkCok ~kuk k kkCok ~ k kkCok 1~+
k kkCyk ~kuyk k kkCok »~ k k ?
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k kkCyk 14 k kkCok »— k k7
k kkCyk 1k—k k kkCok ok—k k k ?
1k=k ok—k 7k k

Pamint 7 1 ag B fL s KoK
. 2 2 2
2minf %, 1; 29 V(X);

proving that there exist t, t; such that (x(t)) =0, fort t, [53], and concluding the
proof.

B.3 Proof of Theorem 6.1

The proof follows the exact same reasoning of the one of Theorem 5.1, but it is reported
for sake of completeness.
Consider the Lyapunov-like candidate functionv: X ! R given by
1 1 X 1%
V=17 +Z vecV jlvec\7] +Z vecU jlvchj ; (B.22)

2
i=0 j=0

where is the integral sliding variable de ned as in (6.10). The rst time-derivative of v is
equal to

X X
v= > _+ vecV lvec %+ vec U ] fvec g (B.23)
j=0 j=0

The rst time-derivative of  is obtained computing the rst time derivative of ¢ in (6.5)
and substituting the value of 2.in (6.11). In particular

= o 2

aCra(Xx1 xg5)+(1 a)Cryr (X1 >ﬁ)+ aCoa(X2  Xz5)*

+(1 DCux2 X3)  aCra("P xus) (@ DCu (" x)+

xn ) xn )
aC2a ALZJ + AE] Un:a;i X2:s 1 a)Coyr AE] + AE] Un:ri )SZ
i=1 i=1
xo .
= aCpa X1 AE] + aCoa X2 AE] A|[(I] Unai *+
i=1
A[1] n[2] X A il
+(1 a)Cir X1 K+t a)Car X2 k k- Unri
i=1
A1 n[2] X Ali]
=Cqy, fq W+ aCoa fo+ Bup+ Buy +h K k Unai *
i=1
xXn )
+(1 a)Cor fo+ Buy + Bur +h A|[(2] AE] Un;rii

i=1
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Recalling that u, is de ned as in (6.9a), and collecting common terms, the last equation
can be rewritten as

_=0Cy. fq ALl] + Cp. 1y /\[k2] |+ Bu, + h + |
+ aCoa B(® AE] Unai +(1 a)Cayr B A|[<I] Un;r;i
i=1 i=1
Substituting the nominal dynamics with its estimation in (5.14), it holds that

= C.. [kl] e A[kz] + Cy. 2] | ol AR Bu, + h +

— k | k

+ aCoa E] AE] Unai +" Upa +
i=1 |
+ (l a)CZ;r E] AE] Unri + " Un;r
i=1
Finally, since =P = IPI APl gpg ~I1 = 11 AT “gne can express_as
mcy CWW oy, ~B LBy s
! !
X [i] X [i]
+ aC2;a ~k Un;a;i +" Un;a +(l a)CZ;r ~k Un;r;i +" Unr - (B-24)

i=1 i=1

Substituting (B.24) into (B.23) leads to

V= >Cl; ~[kl] + n[1] + >C2; ~[k2] + "t + Bur +h +
! !

+ a >C2;5:1 ~E] Upai +" Una +(1 a) >C2;r ~|[(I] Unpri +" Uy +
i=1 i=1
X X
vec Vi lvec % +  vec G T lvec § ;
j=0 i=0
which, expanding the last two terms can be written as
v= “c, W4l 4 >c, -@ +' @By, +h o+ |
> X i " . > X " .
+ a " Caa k Unai ¥ Una +(1 a) ~ Coy K Uni ¥ 7 Upyp
i=1 i=1
kx 1 > 1
vec v~ tvec % vec v (Pl vec WP+
j:O p=1
kx 1 X s .
vec U, ~ vec 6 vec ol ! vec '
j=0 i=1

Then, substituting ~[k1], ~[k2], and ~E] with the expressions (5.29a), (5.29b), and (5.38),
respectively, one obtains

( o 1 o 1 )
v= "C;  Movec vl + W o4 Wvec v + N
i=0 i=1
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(
kX 1 kX 1
+ 7Cp Fovec v + B oy “vec v + S
! J J
j=0 j=1
) ( xo . . , kX 1
+Bu,+h + , ”Coa M vec ol + 1+ [']Jvec g +
| i=1 ) ( i=0
%1 [i] - " > X (] (]
+ .5 Unai 7 Una +( a) ~ Car , vec g +
j=1 | =1
) 1 1 )
+ [I]k [I]jVE‘C U ++ [I]J o Unri " Upy
i=0 i=1
kx 1 X2 > 1
vec v~ lvec % vec v (Pl vec WP+
j=0 p=1
kX 1 N .
vec G~ l'vec § vec gl ! vec B
j=0 i=1

Then, the terms can be rearranged to isolate the ones that must be compensated via the
adaptation laws

( o 1 ) ( o 1
v= ccp W o4 B T R < It 2y
- ! k j J ’ k j J
i=1 LS
) ( o o 1 )
+Bur+h + 4 "Coa [I]k + [I]J ; Unai +" Una +
i=1 j=1 |
( X . kx 1 ' )
+(1 a) >C2r [I]k + [I]J i Ungri " Upy +
i=1 j=1
ky 1
+ >Cp Wovec v+ >cy [11_]vec v o+
j=0
ky 1
+ 2Cp ¥ vec vP + >, [zﬂvec v o+
j=0
!
X [i] il X X [i]
+ a >Cz;a . vec Uk Unai * a >C2;(;1 jvec UJ Un:aii t
i=1 i=1 j=0
x :
+(1 ) “Cy Wvec O upe +
i=1
!
1 .
+(1 a) “Cay [']jvec O, Unpi +
izl j=0
kx 1 xR > 1
vec v~ lvec % vec vP! (Pl vec WP+
j=0 p=1
k1 X s .
vec U ~ tvec B vec ol ! vec O}
j=0 i=1

Then, substituting the weight adaptation laws (6.12), (6.14), (6.15), and (6.16), and ex-
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ploiting points 3 and 4 of Lemma 5.2, one has that

( o 1 ) ( o 1
v Cy [1]k + ] et L >, [2]k + 2] 4 w2,
v ; j ' i
y T« I )
X [i] X [i]
+Bu,+h + 5, “Cuq .t . Una +" Upa +
i=1 =
( X . kx 1 ' )
+(1 a) >C2;r [l]k + |:|]J j Un;r;i + " un;r +
i=1 j=1
k1
+ >Cp Wovec v + >cy “jlvec v o+
j=0
k1
+ 7 Cy [21 vec \7’k[2] + 7 Cy [ZJ]vec v+
j=0 |
L !
+ >c X [i] [i] ) > X X [i] : .
a 2:a vec O ' Upai + a ~Coa JVGC G Una;i +
i=1 i=1 j=0
> X [i] [i]
+ (1 a) Cz;r K vec Uk Un;r;i +
i=1 I
kx 1 '
+(1  a) “Coy [']J_vec O Unpi +
i=1  j=0
kx 1 >
vec, T 7 ¢ vec v (Wyr(c) 4
j=0 |
> kx 1 xn A
vec @ (B )y ) vee 0 7 uni () (Cp )+
i=0 i=1
X U il \> >
vec U Uni (7, )7 (Cz )7 (B.25)
i=1

Sincev 2 R, if one exploits (5.46), it holds that

0 1.
X > > > Xt > > >
vec Y C =@  vecy ,C” A
j=0 j=0
kX 1
= 7C ,vec
i=0 "
h i 1 w”
= 7 C; C, o vec Vi
j=0 i
kx 1 kx 1
= >Cy Wvec v + ~Cy “vec v ; (B.26)
j=0 i=0
> > >
vee v T ( By cr o= vee v (M ycs
= >Ccy; " ovec v ; (B.27)
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27, 2 27, 2
vec ¥@ (B ycz o= vec vP (B yc
= 7Cy [Zlk vec \7‘k[2] ; (B.28)

and (B.25) can be simplied as

( o 1 ) ( o 1
Y >C,. . (1 + o4 > Co. @, [2 4+ vl
- L k i i 2; k i i
]:]_ j=l
|
) ( X [i] X [il )
+Bur+h + 5 "Caa L+ ;i Una; +" Upa +
i=1 j=1 |
(e ! )
+(1 a) > Co. [I]k + [I]J . Ung + Uy, +
i=1 j=1 |
X (il (il X X [i] .
+ a >(-:2;'51 . vec O, Unai + a >CZ;a J_VBC G Una;i +
i=1 i=1  j=0
> X [i] [i]
+(1 a) CZ;I’ K vec Uk u”;r;i +
i=1
!
1 .
+(1  a) “Ca [']jvec O, Unri +
i=1 j=0 |
kx ! > X [iT\> ' >
vec U Unii ( j) (C ) +
i=0 i=1
X i1 0l > >
i=1
Moreover, it holds that
x 1 | % 1 -
xXn . X0 )
vec U g Un;i ( [I],-)> c, =@ vec U g Un;i ( [']j)> c, A
j=0 i=1 j=0 i=1
kX 1xn )
= >C, un; Mvec g
j=0i=1 1
xno k1o
= >C2 @ [I]J vec Uj A Un;i ;
=1 i =0
0 1
xn 1
= a Caza @ [I]J vec [ A Ungai +
i=1 j=0
0 1
xno k1o
+(1 a) >C2r @ [I]JVEC q A Un;r;i ,
i=1 j=0
(B.30)
!
X i1 [l \> > X i1 1 \> > ’
i=1 i=1
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xXn ) )
= 7Cy [']k vec UlE'] Un:i

i=1

> X [i] [i]
= a Caa ., vec O, Upai +
i=1
xn ! !
+(1 &) “Car [']k vec O upy

(B.31)

Exploiting the above identities and substituting u, as in (6.9b), expression (B.29) can be
rewritten as

( ky 1 ) ( kg 1 )
v e, W W em g, B I B
( j=1 : )]=1
X [i] X [i] '
+ 5 " Coa LT , . Unai +" Upa +
i=1 ( j=1 | )
> X (il X [i] . " >
+ (1 a) CZ;F K + i j Un:pi + Un:r Cz; Bﬂ
i=1 j=1

Then, by means of Assumption 5.1, 5.3, 5.6, and Proposition 5.2, it holds that

v k kkCy kfc
+ ak kazvakfm(C + " )kUn;a kg+(1 a)k kaZYrkfm(C + " )kUn;r kg+

+" ,9+ k kkCy, kfc ,+" , + hg+

C2; Bﬂ

Since matrix B is assumed to be symmetric and positive de nite (Assumption 5.2) and the
components ofC,. are chosen according to Assumption 6.1, it holds that

“Ca B k K _(C) (B) k K _(Ca) ;
where _(C,. )= 4 (Coa)+(1 a)_(Cz). Hence,v can be bounded as

v k KkCy. kfc , +" g+ k kkCy kfc ,+" , + hg+
+ ak kkCakfm(c + " )kupakg+ (1 a)k kkCorkfm(c +" )kup, kg+
k k_(Cy )_:

If one de nes the quantitesr , =c ,+" ,,r ,=c,+" ,andr =m(c +" ), the

above inequality can be written in a more compact way as

1 2 2

v k kfkCi. kr |+ KCy. k(r ,+ h)+ akCaakr kupak+
+(1 YKCo kr kune k  _(Cz ) o
If the control gain is chosen as in Theorem 6.1, i.e.,

KCy, kr | + KCy, k(r , + h)+ akCyakr Kkupak+(1  a)KCorkr kups k+
(Cz ) ’
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with 2 Rs g, then it holds that
v k k;

implying that  (x(t)) ! Oy, fort!1 . This concludes the proof.

B.4 Proof of Theorem 6.2

The development of proof is similar to the proof of Theorem 5.2 and follows the one in [53,
Theorem 3]. Consider the Lyapunov candidate functionv : X ! R given by

1> +}X2 2.

Bk
2 2.,

(B.32)

?

where ~ = [/ represent the components the error between the estimate of the discon-

tinuous control gain and its ideal value

s

= 1+ 7 akupak+(1 a) Kun Kk +ﬁ;

with ? 2 R, . In particular, the elements ? are de ned so that ? is able to enforce sliding
mode (x(t))=0, fort t;. Hence,

- kC]_; k SuprX fl A[kl] 1 + kCZ; k Supxzx f2 AI[(Z] e +h : (B 33)
g G2 -
P . .
? _ kCz; k'sup,ox i BO i3 t (B.34)
2 ,(CZ; )7 ' |
with /\[kl] :tl; A|[<2] 4, and ’\E] ¢, denoting the output of the DNNs characterized by xed

weights ¥ (t1), forj 2f0;1;:::;k gand U (t1), forj 210;1;:::;k g
Exploiting (B.24), the rst time-derivative of (B.32) is computed as

X2
v(x)= 7 _ %
A
= 7 Cl; ~{<1] it * . + CZ; ~{(2]:11 * " th+
! I#
X [i] X [i]
+ aCoa Tk, Umai " Una t(1 0 a)Cy Tk, Uni " Upy  F
i=1 | i=1
“Cy; B M+ akupak+(1 a) Kun;r k K K 214 2D
~nr o [ Al ~2 _ [ A2 ~[ir _ [l A ;
where Tp7 = Ktir Kit, = K kopoand Tt o=y k i, Recalling
that ~= ? ~ v(x) can be expanded as

\L(X) = 7 Cl; ~{<1]; + i + CZ; ~{(2]:11 * " th+

t
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' I#
" " ~[i] ;
+ aCaa K g, Umai * 0 Una ¥ (T a)Ca K g Unri ¥ 7 Unp
=1 i=1 |
, !
? ?
7Ca B [+ ] akupak+(1 a) Kupn,r K+ m ﬂ_,_
| _
+ “Cyp B ~+~ gkupak+(1 a) kupy K ﬂ+
1N 2

Exploiting Proposition 5.3 to bound the approximation errors and bounding the other
terms relying on Assumptions 5.2 and 5.3, it holds that

v(x) k kkCy ksup fi "+ k kkCy ksup T, P+ k kkCp kh+
x2X ' x2X '

X ) )
+ ak kaZ;akSUp B(I) AE];tl kun;ak"‘
x2X g

x oo
+(1  a)k kkCyksup B MMy K+
x2X g ’

k k (Co) 7k k(Cx) 7 akunak+(1  a)kuprk k k 7+
+ k kkCz k k~k+ k kkCa k k~=k akupak+(@  a)kunc k +
~1% 2

Substituting the values  and 3 as in (B.33) and (B.34), respectively, the above inequality
can be simpli ed as

~N 2% k k7
Substituting the adaptation laws (6.19), it holds that

V() k KKCz k k=k+ Kk kKCp k k=K akupak+(1  a)kunrk +

~proj KCp. k + 1 k k +
%
! !

~2pr0J kCzy k a kUn;a k + (1 a) kUn;r k + 2 k k +
%
k k™

Letting [ > i, since”\ i by virtue of the projection operator, then ~ k ~k, for

i 2 f1;29. Hence, if one exploits the property of the project operator in Lemma A.1, it is
possible to write

\L(X) k kaZv k ~ + k kaZv k i akUn;ak+(1 a) kUn;r k +

“j_kCz;k + 1 k k+
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~ kCzp k  akupak+(@  a)kupsk + 2 kk k k7

k k 19 k k - k k?
1k=k ok—k 7k k

IOEminf %120 %+ I<([a~%|(+|4(§%k

pEminf 7 zgpv

~—~

X);

implying that there exist t, t; suchthat (x(t))=0 fort t, [53]. This concludes the
proof.

B.5 Proof of Theorem 6.3

Consider the Lyapunov candidate functionv : X ! R de ned as

1 1X S 1X S .
vix)= 5 ()+ 5 vecV vec V; + -  vec U vec Gj : (B.35)
2 2 i 2 i
j=0 j=0

Then, its rst time-derivative can be computed observing that, according to the chain rule,
it holds that

_d _d dkkK_ d d>)_,d
T dt dk k¥ dt dk KX dt Tdk KT
Hence,v is equal to
. X . X .
e S+ vec v lvec ¥ +  vec U vec B :  (B.36)
dk k : ! | '
j=0 1=0

From now on, the proof articulates following a reasoning which is similar to the one of the
proof of Theorem 5.1 (Appendix B.1). Hence only the fundamental step are reported.
Since is de ned as in (6.51), it holds that

_ N X ATi]
_=X k k Ugp;i
i=1
X
=f + Bug Bﬂ+ h Ak AE] Ugp:i
i=1
X [i1
i=1
Substituting (B.37) in (B.36), it holds that
( )
V= d O +Xn~[i]u.-+"+"u + h 7d i +
=7 4k K k - k Hap;i ap dk K2 K Kk
X S >
vec ¥, lvec ¥ vec U vec G
j=0 j=0
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Writing the expression of the DNNs approximation errors, the above equation becomes

d ( kx 1 kx 1
V= 5 . vec Vi + o+ vec Vj + oot
dk k . ] ) J ]
j=0 j=1 |
g . . . kx 1 kx 1 )
+ M vec ol + 1+ Dvec g + 0 Ui+
] ]
i=1 j=0 i=1
) g %
" " > 1
+" + " Ugy+ h —— "B vec lvec & +
dk K kk '
X >
vec U vec B
j=0
Rearranging the terms, one obtains
|
g x 1 o oo ot
V= > + o+ i fi] Ugn +
= dk K2 k i i K j i ap:i
j=1 i=1 j=1
)
+" +" Up+ h d B —+
qp dk k2 k
d d X
+ 5~ . vec Vi + 5 ,vec Vi +
dk k dk K
[
d X . d xn ook 1o
T ’ Wovee G ugp + dk K i fvec O gpit
i=1 izl j=0
X X
vec v, ~ 'vec % vec 0~ lvec § : (B.38)

i=0 j=0

Then, if one expands the last two term, the above equation becomes

( !

kx 1 hd . kx 1
v= d 2 - T j Pt [I]k + [I]j i Ugpii
dk k y i i=1 j=1
+" +" Ugp+h d 5 B—+
dk k k
d d X
+dkk2> . vec Vi +dkk2> ,vec Vi +
j=0
!
d X . d X kg 1o
+ S > 1 vec O ugpy + S > "vec 0 ugpi+
dk K ., dk KK L L
kx 1 1
vec v, jlvec % vec Vi ) vec W%+
j=0
kx 1 X0 s .
vec U, ~ ‘lvec G vec ol Lvec B (B.39)
] k
j:O i=1

Substituting the adaptation laws (6.53), (6.54), and (6.55), and exploiting the property of
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the projection operator Lemma 5.2, it holds that

( !
d X T X _
v K i@ T o T T .5 Yopit
j=1 i=1 j=1
)
+" 4+ " Ugp+ h d >B—+
qp dk k2 k
kx 1
+C172> , vec Vi + d2> ,vec Vi +
dk k dk k =0
|
X . X o kx 1 '
. d > 0 vec O ugy; + d > [l]lvec O gt
dk k i1 dk k =1 j=0
kx 1
vec V  ( ) @2 vee Vi () @2+
i @k k @k k
I
kx 1 xn o
vec 0 ~ Ugp:i [I],-)> @ 5 +
j=0 i=1 @ k
xXn > ) @
vec O ugpsi( [']J_ ) —— (B.40)
@ k
Then, sincev 2 R, it is possible to cancel out the terms that depend on the weight error,
having
( 1 0 x 1 |
d ] fi _
LTy Wt it e T . Ugpsit
) j=1 i=1 j=1
+" +" Up+h 4 “B—: (B.41)
qp dk k2 k k-’ '
Since%z 2 R. o, exploiting Assumption 5.1, 5.3, and 5.6, and Proposition 5.2, the above
quantity can be bounded as
v d7kkfc +" +m(c +" )kugpk+ hg a4 k k: (B.42)
— dk K ® dk k2 — '
Hence, choosing
_Cc+" +mc +" Jkugpk+h+ ; (B.43)
with 2 R, being a design parameter, thenTt holds that
v 4 k k; (B.44)
- dk K ’ '
implying that  (x(t)) ! Oy, fort!1 . Moreover, since (x(to)) = O, it is guaranteed
that k (x(t))k " ,fort to by virtue of the BLF. This concludes the proof.

B.6 Proof of Theorem 6.4

By Assumption 6.2 and from Nagumo's theorem [154], it holds that the QP problem (6.58)
ensures thatX, is forward invariant with respect to the state of the system whose dynamics
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are de ned by the DNNs, which is
2(t)= "« +vec ¥ "y ug:

Hence, it holds that ®(t) 2 X,, fort  to. From (6.57), the boundary @, of X, is given
by @, = fx 2 X, : dist(x; @a) = " g, and thus dist(@s; @) = " . Then, the distance
between the state trajectory x and @X,, can be lower bounded by exploiting the triangular
inequality as

dist(x(t); @)  dist(%X(t); @Xa) dist(x(t); &(t))
> dist(@a; @a) " =0

No further step is necessary, a can only approach@, from the interior of X,, concluding
the proof.

B.7 Proof of Theorem 7.1

Let the Lyapunov candidate function v: X ! R be de ned as

_ 1.
v= 37 (B.45)

Considering the choice of ¢ in (7.5), and z in (7.6), one has that

>

v= _
= “f oy zg
€ h i n i h
= 7 Cpfalx) f1(®) +Cafa(x) fa(k) +C; B(x) B(R) u+
i h i h i
+B(X) U B@&NVa BEWV, Cifi(x) fi(R) Cp fa(x) fa(R) +
)
h i
C, B(x) B(®) u B(®)v,
h i

= 7C;B(X) u B@®)Wv
Substituting the control law v; in (7.4) and rearranging the terms, it holds that
v= “CyB(X) u CZB(X)W:
Then, exploiting Assumptions 5.2 and 7.1,v can be bounded as
v =k kkCzk k k_(Co) :

Hence, choosing the discontinuous control gain such that

KCok
(C)

it holds that v < O, meaning that the condition (x(t)) = O is enforced in nite time.

(B.46)

Moreover, since (x(tp)) =0 m by design, a sliding mode (x(t)) = 0, is enforced fort  tg.
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When in sliding mode, it is possible to compute the equivalent controllenveq by imposing
_=0p, and solving for v; . In this case,
h i
_=C:B(x) u B®R)W =0m;
which leads to
Veq = ( B(k))+ B(x) u;

concluding the proof.

B.8 Proof of Theorem 7.2

Consider the Lyapunov-like candidate functionv: X ! R de ned as

1 1%
V=357 45 vecy ] lvec v ; (B.47)

>
v= " _+ vecV lvec ¥

= “f, 29 vec V, fvec %
j=0
Considering the sliding variable in (7.9), ¢ in (7.5), and 2.in (7.10), and de ning f1(X)
fi1,f2(x) fo,B(X) B,andB(%) é\ for sake of readability, one has that

( h A n A h
V= > Cif1+ Gy ) B B u+B u Bv, Bv, ClAE] C, AL2]+
0
! X
+ B Bu By, vec v, ~ 'vec %
j=0
( - )
/\[1]I A[2] Al X >
= > Cfy " +Cf, NP +B u By vec ¥ vec %
i=0
€ h i h )X .
- > Cl -...[kll + w[1] + CZ --Lz] + w[2] +B u BVr vec \7] j1vec \9]_

Substituting ~,[(l] and ~,[(2] as in (5.29), one has that

(
h kxy 1 kx 1 i
v~ C Movec v o+ [y Wyec v + e
j:O j:].
kx 1 kX 1
+C @ ovec v + B 4 “vec v + S
j:O j=l
N :
+B u By, vec ¥, vec &
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Then, rearranging the terms and expanding the last summation, it is possible to obtain

€ oh x 1 i X 1 i)
v= > C [11 + ( J_+"[1] + Co [21 + 2] J_+"[2]+ B u +
i=1 J i=1 I
A X1
>CoBvo+ 7Cp Movec v+ >y Mvec v +
j=0 J

1 1
+ 7C, @ vec v + >C2kx [21,]vec \; x vec v ~ tvec & +

i=0 j=0

> 1 > 1
vec \7’,([1] [11 vec ‘9&([1] vec \7’k[2] [21 vec \477([2]

Adjusting the the weights according to (7.11), (7.12a), and (7.12b), and exploiting property
3 of Lemma 5.2, the above equation becomes

C oy k1 i k1 i)
v o oc Wy wo e, @y I
- k i i K j i
i=1 j=1
2 [1] (1] X [1]
“CBvi+ “Cp Y, vec VU + TCy vec i +
j=0
kx 1 kx 1
+ 7C, Wvec v + >, “vec v, vecV > C o+
j:O ]:O

> >
vec \7k[1] ( [11k )" CT vec \7k[2] ( [z]k )" C5
Exploiting the fact that v 2 R and since (B.9) holds, one can simplify all the terms that
depend on the weight approximation errors, obtaining
h 1 i h 1
v g Wy X RIE R S I X1 g ey

k j i K j j
j=1 j=1

Then, substituting v, as in (7.4), and by means of Assumptions 5.1, 5.2, 7.1, and 5.6, and
Proposition 5.2, it holds that

v k kfkCik[c , +" ]+ kCok[c ,+" ,+ 19 _(C2) k k:

Finally, if one selects the discontinuous control gain as

kCikfc , +" g+ kCykfc ,+" ,+ g+
_(C2) '

it holds that v_ k k, implying (x(t))! Oy fort!1l and concluding the proof.

B.9 Proof of Theorem 7.3

The proof is similar to the one of Theorem 5.2 and it follows the one in [53, Theorem
3]. Nevertheless, the main steps are reported for completeness. Consider the Lyapunov
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candidate functionv: X ! R dened as
1. 1,
= = + =~ B.48
V)= 57+ (8.48)
where~= 7 Ais the error between the discontinuous control gain and the unknown ideal
gain, capable of of enforcing a sliding mode (x(t)) =0, fort t;. In particular, such a
gain is de ned as

+ kCok sup,y fo "B

_(C2) * ,(Cz)f;
(B.49)

where ? 2 R. o, while AE] ¢, and /\[k2] 1, represent the output of the DNN characterized by
xed weights V; (t1), forj 210;1;:::;k 0.

Recalling that the integral sliding variable is chosen as in (7.9), where g is the one in
(7.5) and 2 is characterized by the dynamics in (7.10), keeping the weights of the DNN xed
to the value they had at time t;, then the rst time-derivative of the Lyapunov candidate

. KCik supoy f1 " + 2

it it

function is computed as

vx)= 4

= > c ~[1]t + 4o, ~@ o+ W24 By A >C2é‘k - -
( h i i)
= > c -~-[1]t + oy C, [k2];t + 2 B u ? >CZBk k+
2?2
"CB—— — +~"CB_— -
22 (C) Kk 22 -
~[ — [ A[1] ~[21 _— [ A2
where 77 =y ko, and T = K ity

Exploiting Proposition 5.3 to bound the approximation errors and bounding the other
terms relying on Assumptions 5.2 and 5.3, it holds that

v(x) k kkCiksup f; "M +k kkCiksup f, " +k kkCik +
x2X ot x2X ot
k k_(C2) 'k k "+kk (C) kk -
Substituting the values ? a (B.49) the above inequality can be simpli ed as
v(x)= k k ?+k k (C) kk -2
Substituting the adaptation law in (7.14) and exploiting property 3 of Lemma 5.2, one

has that

v(x) k Kk ?+kk (C) kk ~(C2) kk =~ kk:

Moreover, letting ? > , since” by virtue of the projection operator, then it holds

k~ ~and the following holds

vix) k k? ~kk
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k kkk 7k k

1kk 7k k

P~ ., k k k-k
2minf *; 19 19§+p—§

P 2 mint 2 1gp v(X)

proving that there exist t, t; such that (x(t))=0, fort t; [53].
Moreover, imposing _= 0, and solving for v, allows to compute the equivalent control
Veq. In particular

h i h i R
) ~L1];tl Ly, ~L2];tl +@ 4 CB u+ CBv, =0,

leads to
& n_h [1] [l]i h [2] [2]iO &
Veg =(C2B) 1 Ci Wiy, + " +Co T+ +(C,B) CyB u:

L1

The proof is concluded.

B.10 Proof of Theorem 8.1

The proof follows directly from [44, Theorem 2] and [155, Theorem 2]. Let 1 (tp) and
2i (to), with i 2 f1;2;:::;ng, be the initial condition of the sliding variable components.
Then, for sake or simplicity, let such conditions be de ned so that ;. (0) > M
and 2 (to) > O (all the other symmetric conditions are analogous). Since 1. = %
corresponds to the minimum time curve in the nominal case, one has to prove that, in the
case of the worst realization of the uncertain terms, the auxiliary state trajectory under

(8.25) follows this curve, in an equivalent sense. In fact, computing the vector eld, one

has[ 2i; Fi+ i]1=1[ 2i; i) thatis the trajectory moves towards the curve, while
pointing downward. When the curve 1 = % is reached, the control sign changes
and the vector eld becomes[ ,i; Fi+ ]1=1[ 2i; ril, with 2; < 0. This means that

the trajectory is always tangent to the curve, with the states of (8.24) moving towards the
origin in minimum time.

B.11 Proof of Theorem 9.1

The above theorem can be proven by performing Lyapunov analysis on the candidate func-

tion %
1 1 > ~2
V=S 2 vec V lvec v+ 5 (B.50)
J:
where ~= ? A2 R., characterized by rst time-derivative of (B.50) is given by
X A
v= 7 vec v ~ fvec % — (B.51)

j=0
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Then, it is possible to compute the time-derivative of the integral sliding variable in
9.16, i.e.,

_=_o0 2
n (0] n (0] n (0]
—Clgf | +C2M1(h )+M n+er CI? Cl(i) q'>+
n (0]
CCM MW +M I +M L, &
n (0]
=CM ! " +CM T,
1n N 0 1
= C,M +" Y/ I —
2 K K C, Kk
1I’I (0] 1o
= C,M ~ + " CoM S
2 K 2 ( )kk

If one exploits the form (5.29) to rewrite 7y , it is possible to rewrite _as

(g . ) 9
=CM 1 ,vec V, + ;o CoM (¢ ~)ﬂ:
j:O ]:1
Hence, substituting it into (B.51) yields
— >C M l( X + " ) >C M 1 ? +
R Mk
j=1
X >
+ “CM 1! ,vec Vi vec ¥ fvec ¥+
j:() J:O
> 1 -
+ "CM t—  —
2 k k

Then, applying the DNN adaptation law in (9.19) and exploiting point 3 of Lemma 5.2, the
above equation can be simpli ed as
v >CM1(X +") SCM 174 TCM te o
V. 2 N 2 K K 2 k k '
Using the constants in Assumption 5.6 and Proposition 5.2 the above inequality can be
bounded above as
N
vk kCM?!fc+"g (CMDH’kkt~CM ! kk —
Then, since the ideal gain ? is de ned as in (9.20), the rst term is dominated and it holds
that

~A

v k k+~ Co,M ! Kk k
Substituting (9.22) in the above inequality yields
v k kt+~ CoM T kk ~k k CM ! signtk k")

Two cases can be distinguished. First, ik k >" it holds that sign (k k " )=1, and,
as a consequence

v k kt+~ C,M ' kk ~k k CoM !
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7k k:
While, if k k<" ,thensign(k k " )= 1anditis true that
v ’k k+2~k k CoM 1 ;

meaning that nothing can be said about the behavior of the integral sliding variable when
whenk k<" . The two conditions lead to the conclusion that is ultimately bounded

into the set =f 2R":k k " g, implying the enforcement of a practical sliding
mode.
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Appendix C

Franka Emika Panda Robot

The Franka Emika Panda robot is a collaborative robot characterized by 7 DoF, present
in the Intelligent Robotics Lab of the University of Pavia, and depicted in Figure C.1. In
this appendix, a description about the technical speci cations, kinematics and dynamics
are provided. Moreover, it is described how the robot is simulated and controlled.

Figure C.1: Franka Emika Panda robot present in the University of Pavia.
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C.1. Technical Speci cations

C.1 Technical Speci cations

The robot is characterized by 7 DoF (one for each joint), all equipped with torque sensors,
which allow the manipulator to be controlled by setting torque references. The limits of the
joints, for what concerns position, velocity, acceleration, and torque, are presented in Table
C.1, while top and side views of the workspace of the manipulator are depicted in Figure
C.2.

Name q[rad] q[rad] g[rad=s] ¢ [rad=s’] [Nm]

Joint1 2.8973 -2.8973 2.175 15 87
Joint2 1.7628 -1.7628 2.175 7.5 87
Joint 3 2.8973 -2.8973 2.175 10 87
Joint 4 -0.0698 -3.0718 2.175 125 87
Joint5 2.8973 -2.8973 2.61 15 12
Joint 6 3.7525 -0.0175 2.61 20 12
Joint 7 2.8973 -2.8973 2.61 20 12

Table C.1: Limits of the robot joints.

(a) Top view of the robot workspace. (b) Side view of the robot workspace.

Figure C.2: Workspace of the Franka Emika Panda robot.

In order to compute the kinematics of the manipulator, instrumental for the develop-
ment of certain control strategies, the Panda robot makes use of modi ed (proximate) DH
parameters [82], presented in Figure C.3 and Table C.2.
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Figure C.3: Graphical representation of the modi ed DH parameters of the Franka
Emika Panda robot (picture taken from the documentation).

C.2 Dynamical Modeling

Since it is an open-chain manipulator, the dynamics of the Franka Emika Panda robot can
be described by

M (d)g+ C(q;q)q+ Fva+ Fssign(q) + g(q) =

where q 2 R’ is the vector of the joint positions, M : R’ ! R’ 7 is the inertia matrix,
C:R’” R’! R’ 7 s the Coriolis matrix, F, 2 R’ 7 is the viscous friction coe cient
matrix, F, 2 R” 7 is the static friction coe cient matrix, g:R’! R’ is the gravitational
torque, while 2 R” is the input torque.

As detailed in the Panda robot documentation [156], the e ects caused by gravity and
frictions are internally compensated, meaning that it is possible to considerg(q) = 0,
Fvg =07, and Fssign(q) = 07, for all g2 R’ and g2 R’. As a consequence, it is possible
to write a the dynamics of the robot as

M (q)g+ C(q;Qa= (C.1)

The values of the inertia and Coriolis matrices is strictly dependent on the dynamics
parameters of the robot. Some basic information about this last one is provided by Franka
Emika in the documentation [156]. For a complete identi cation of the robot dynamics, the
reader is invited to refer to the work of Gaz et al. [157].
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C.3. PyBullet Simulation

Name a[m] d[m] [rad] [rad]

Joint 1 0 0.33 0 h
Joint 2 0 0 -5 87
Joint 3 0 0.316 5 (o
Joint 4 0.0825 0 5 (o]
Joint5 -0.0825 0.384 3 O
Joint 6 0 0 5 G6
Joint 7 0.08 0 5 o
Flange 0 0.107 0 0

Table C.2: Modi ed DH parameters of the Franka Emika Panda robot.

Note that, even though the masses and inertia of the robot components are not directly
available, Franka Emika made the matricesM and C retrievable directly from the robot
via the proprietary programming library (more details will be provided in Section C.4).

C.3 PyBullet Simulation

In order to accurately simulate the behavior of the Franka Emika Panda robot, it has been
chosen to rely on PyBullet [158], a Python module for robotics simulation and machine
learning, with a focus on sim-to-real transfer. Such a module can be easily integrated with
any control strategy thanks to the easy-to-use API and provides robotic functionalities
such as forward dynamic simulation, inverse dynamic computation, forward and inverse
dynamics.

In a PyBullet simulation it is possible to load any robot described in the Uni ed Robot
Description Format (URDF) [159], which contains information about its kinematic structure
and dynamics. Then, the forward dynamics of the robot is simulated via the Articulated
Body Algorithm (ABA) [86], while the inverse dynamics, useful for the computation of the
mass matrix and Coriolis matrix, is performed using the Recursive Newton-Euler Algorithm
(RNEA), described in [87].

In the work reported in this dissertation, the Panda robot has been simulated using
the URDF description provided by Franka Emika [160]. A virtualized version of the Panda
robot in PyBullet is presented in Figure C.4. To have a simulation that is coherent to the
dynamics of the real robot (C.1), the e ect of gravity is disabled in the simulation settings,
and frictions coe cients are removed from the URDF con guration le of the robot.
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Figure C.4: Virtualization of the Franka Emika Panda robot in PyBullet.

C.4 Controlling the Panda robot

In order to exchange information with the Panda robot, it is required to have a computer
on which is installed Libfranka [161], a C++ library provided by Franka Emika that allows

to retrieve data and send the references for the control signals to the manipulator. Such a
computer is connected to the low-level controller of the robot via Ethernet connection, as
depicted in Figure C.5. Moreover, to ensure low latency communication, Ubuntu operative
system with custom real-time kernel must be installed.

Even though Libfranka allows an easy interfacing with the robot, for the experiments re-
ported in this thesis, the software for controlling the robot and gathering data from sensors,
has been integrated in the Robot Operating System (ROS) framework. This integration al-
lows to have an easier communication infrastructure for the software components and gives
the possibility to exploit the bene ts of di erent programming languages.
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C.4. Controlling the Panda robot

Figure C.5: Connection diagram of the Franka Emika Panda robot, the low-level
controller, and the computer with Libfranka library.
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