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INTRODUCTION

Contrary to common perception, the influence of quantum mechanics on computa-
tion predates the advent of quantum computers. Modern classical computers them-
selves rely on devices whose operation is fundamentally governed by quantum physics.
In particular, semiconductor transistors, the building blocks of classical hardware, ex-
ploit quantum-mechanical effects to control charge transport at microscopic scales.
Historically, the primary motivation for incorporating quantum physics into electronic
devices was not to harness quantum information as such, but rather to enable the
continued miniaturization of computational components. As transistors were made
progressively smaller, their behavior could no longer be accurately described within
a purely classical framework, necessitating a quantum-mechanical description of the
underlying physical processes. For several decades, this strategy of scaling down
device dimensions has been the dominant driver of technological progress in clas-
sical computing. Empirically, it has been captured by Moore’s law, which observes
an approximately exponential growth in the number of transistors that can be inte-
grated on a single chip over time. While Moore’s law is not a fundamental physical
principle and has shown signs of slowing in recent years, continued miniaturization
remains a central paradigm in semiconductor technology. However, this approach
faces intrinsic limitations. As device dimensions approach the atomic scale, further
shrinking of the p—n junctions on which conventional transistors are based becomes
increasingly challenging due to quantum tunneling, fabrication constraints, power
dissipation, and variability at the level of individual atoms. These considerations
point to a fundamental limit of the traditional scaling paradigm.

This naturally raises the question of how further advances in computation may be
achieved beyond simple miniaturization. Quantum computing represents a qualita-
tively different approach to exploiting quantum mechanics. Rather than merely us-
ing quantum theory to accurately model the behavior of increasingly small devices,
quantum computers employ quantum mechanics as a computational resource. In
this paradigm, information is encoded in quantum states of qubits, and computation
proceeds through the coherent manipulation of superposition and entanglement. By
operating directly within the exponentially large Hilbert space of a quantum system,
quantum computers can manipulate information in ways that are intractable for clas-
sical devices. While not all of this information can be directly accessed due to the
constraints of quantum measurement, it can be exploited algorithmically to perform
computations that would be impossible or inefficient on classical machines.

In particular, quantum simulations lie at the heart of quantum computing, dat-
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ing back to Feynman’s seminal proposal in 1982. The fundamental motivation stems
from the exponential growth of the Hilbert space describing a quantum system as
its size increases, which renders exact numerical simulation intractable on classical
computers. In quantum chemistry, for instance, the dimension of the Hilbert space
grows exponentially with the number of particles participating in a chemical reac-
tion. In condensed matter physics, it scales with the number of spins, while in lattice
formulations of quantum field theory it grows with the number of sites used to dis-
cretize spacetime. As a consequence, classical computational resources are rapidly
overwhelmed, making exact simulation feasible only for small systems or those with
particularly favorable structure. By directly manipulating qubits, quantum comput-
ers operate within the same Hilbert space as the system being simulated. This allows
them, in principle, to process exponentially large state spaces using resources that
scale only polynomially with system size, thereby circumventing the scaling limita-
tions faced by classical devices. Consequently, quantum computers provide a promis-
ing platform for simulating complex quantum systems, including large molecules in
quantum chemistry, strongly correlated materials in condensed matter physics, and
discretized fields in lattice quantum field theory.

A quantum algorithm for simulating a physical system can be described as a se-
quence of three fundamental steps: state preparation, Hamiltonian evolution, and
measurement. Let the quantum register be initialized in a density matrix p, rep-
resenting the initial configuration of the physical system under study. This state
evolves under a Hamiltonian H encoding the system dynamics and is ultimately
probed through the measurement of an observable O.

The first step, state preparation, consists in initializing the quantum register in the
state p. In practice, this state is typically prepared from a simple reference state, such
as the all-zero computational basis state, by applying a suitable sequence of elemen-
tary quantum operations called quantum gates. The second step, Hamiltonian evolu-
tion, implements the time evolution dictated by the system Hamiltonian. Throughout
this work, we adopt the common convention of setting the reduced Planck constant
to unity, i = 1. Under this convention, the Hamiltonian H generates the unitary
time-evolution operator

U(t)=e", 0.1)

which evolves the initial state p over a time interval t, thereby encoding the system’s
dynamics into the quantum algorithm. The third step, measurement, extracts phys-
ical information through the observable O. According to the postulates of quantum
mechanics, an observable admits a spectral decomposition

0=> oI, 0.2)

where I1; denotes the projector onto the eigenspace associated with the real eigen-
value o,. A projective measurement of O performed on the evolved state U(t) p U(t)
yields one of the eigenvalues o; with probability

p; =Te[IL, U(t) p UT(1)]. (0.3)
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By repeating measurements on identically prepared copies of the evolved state, one
can estimate expectation values and higher-order statistical moments, e.g., the mean

E[0]=Tr 0 U(t) p U'(t)] (0.4)
or, more generally, the k-th moment
E[O*] =Tt O* U(t) p UT(t)]. (0.5)

The discussion above describes the standard model of quantum simulation at the al-
gorithmic level, where state preparation, unitary evolution, and measurement are
treated as ideal operations. This abstraction is useful for formulating quantum algo-
rithms and analyzing their computational properties. In practice, however, the per-
formance of a quantum simulation is ultimately determined by the capabilities of the
underlying quantum hardware. Current devices operate in the Noisy Intermediate-
Scale Quantum (NISQ) regime, characterized by tens to a few hundreds of physical
qubits without full quantum error correction. Decoherence, control imperfections,
and finite gate fidelities limit the depth of executable quantum circuits, thereby
affecting the accuracy of state preparation, Hamiltonian evolution, and measure-
ment outcomes. Consequently, the implementation of quantum simulation algo-
rithms on near-term hardware requires a careful balance between algorithmic com-
plexity and hardware constraints [9]. For this reason, many NISQ algorithms are
designed around shallow circuit architectures and are often complemented by error-
mitigation techniques [10], which suppress the effect of noise in measurement out-
comes without providing full fault tolerance.

Achieving quantitatively accurate simulations of large, strongly correlated quan-
tum systems is generally expected to require fault-tolerant quantum computation.
Fault tolerance is based on the threshold theorem [11], which states that if the error
rate of elementary quantum operations lies below a certain critical threshold, then
quantum error correction schemes can be implemented to suppress logical errors
arbitrarily well, effectively enabling exponential suppression of errors with compu-
tational time. Typically, fault tolerance is achieved by encoding logical qubits into
multiple physical qubits using quantum error-correcting codes, enabling arbitrarily
long computations with controlled error rates at the cost of substantial resource over-
heads. Within this framework, a critical distinction emerges between Clifford gates,
which can be implemented fault-tolerantly with relatively low overhead, and non-
Clifford gates, which introduce severe resource bottlenecks but are strictly necessary
for universal quantum computation. Universal quantum computation, defined as the
ability to approximate any unitary operation on a quantum system to arbitrary ac-
curacy, requires the inclusion of at least one non-Clifford gate, most commonly the
T-gate. Fault-tolerant implementation of the T-gate is significantly more resource-
intensive than that of Clifford gates and typically relies on magic-state distillation
[12]. As a result, the overall cost of fault-tolerant quantum algorithms is often
dominated by the number of required T-gates. Consequently, the achievable rate
of high-fidelity T-gate execution constitutes a central performance metric for large-
scale quantum computers. Resource-estimation studies based on leading quantum
error-correcting codes, most prominently the surface code [13, 14], indicate that the
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overall execution rate of fault-tolerant quantum algorithms is primarily determined
by the logical clock speed and magic state production rate rather than the underlying
hardware architecture. In particular, analyses of surface-code implementations and
magic state factories suggest sustained T-gate throughput in the range of 10%~10° op-
erations per second under realistic physical error rates and code distances [15, 16].
These estimates imply that algorithms requiring between 10”7 and 10° T-gates cor-
respond to wall-clock runtimes ranging from minutes to hours on fully fault-tolerant
architectures [14, 16].

The primary objective of this work is to advance the development and optimiza-
tion of quantum algorithms for quantum simulation, addressing efficiency from both
asymptotic algorithmic and hardware-resource perspectives. From the algorithmic
viewpoint, the focus is on minimizing the fundamental query or step complexity re-
quired to achieve a target objective. From the hardware-oriented perspective, the
analysis incorporates explicit constraints such as circuit depth and gate counts, criti-
cal for NISQ devices, as well as the logical T-gate cost, which dominates the resource
profile of fault-tolerant architectures.

The thesis is organized as follows. Part I provides an overview of the main notions
in quantum mechanics and quantum computing needed in the rest of this thesis. The
remainder of the manuscript is divided into three parts that mirror the structure of a
typical quantum simulation. Part II presents a comprehensive overview of quantum
state-preparation techniques and introduces both optimized variants of existing algo-
rithms and a novel method proposed by the author. Part III presents a new theoretical
result originally developed to optimize Hamiltonian evolution, which is subsequently
shown to apply to the broader class of all randomized quantum algorithms. Finally,
Part IV focuses on observable measurement, reviewing standard techniques and de-
scribing the experimental implementation of a recent method on real digital quantum
hardware.

PART I

Fundamentals on Quantum Computing

PART PART
IT III

J-iHt

State Howmiltonian
Preparation Evolution

Figure 1: Structural overview of the thesis organization across quantum simulation
steps.
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The development of quantum computing relies on the combination of the prin-
ciples of quantum mechanics with the concepts of information processing and com-
putation. This part introduces the fundamental theoretical framework underlying
digital quantum computation, starting from the mathematical formulation of quan-
tum theory and progressively moving towards the circuit model of computation. In
the first chapter, we review the postulates of quantum mechanics and the mathe-
matical structures required to describe quantum systems. We begin with the pure-
state formulation, where physical states are represented as rays in Hilbert spaces,
and discuss the principles governing composition, evolution, observables, and mea-
surements. We then extend this framework to the more general density-operator
formalism, which provides the appropriate description of mixed states, statistical un-
certainty, and quantum subsystems. Building upon this foundation, the subsequent
chapter specializes these concepts to the framework of digital quantum computing.
We introduce the basic elements of the gate-based model, including qubits, quantum
registers, elementary quantum gates, quantum circuits, and the notion of universal
quantum computation. These concepts establish the operational language used to de-
scribe quantum algorithms and quantum information processing. Finally, we exam-
ine the Quantum Fourier Transform (QFT), one of the central primitives of quantum
computation. Beyond its role as a quantum analogue of the classical Fourier trans-
form, the QFT provides a fundamental mechanism for extracting phase information
and constitutes a key component of several important quantum algorithms, including
quantum phase estimation and Shor’s factoring algorithm. The material presented in
this part establishes the conceptual and mathematical basis for the study of quantum
algorithms and quantum simulation methods developed in the following sections of
this thesis.



CHAPTER 1

POSTULATES OF QUANTUM
MECHANICS

Quantum computing is formulated within the mathematical framework of quantum
mechanics. In its most elementary description, the state of an isolated quantum
system is represented by a ray in a complex Hilbert space. This pure-state formal-
ism, however, is not sufficient to describe situations involving statistical uncertainty;,
open-system dynamics, or incomplete knowledge about state preparation. In such
contexts, the state description must be generalized to a density operator. In this
chapter, we review the standard postulates of quantum mechanics, starting from the
pure-state formalism and subsequently extending the discussion to mixed states and
the density-operator framework.

1.1 Pure-state description

We start by presenting the postulates of quantum mechanics in the pure-state formu-
lation.

Postulate I To every quantum system there corresponds a Hilbert space . A phys-
ical state is represented by a ray in H, defined as

lY) :={¢ € H|Ja € C such that ¢ = ay}, (1.1)

i.e., the equivalence class of all vectors proportional to a given nonzero vector i) € H.
A representative of the ray is typically chosen to be normalized, such that

Y= v {Ply) =1. (1.2)

Postulate II Given two quantum systems associated with Hilbert spaces #, and H,
the composite system is described by the tensor product space H, ® Hy. Pure states

18
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of the composite system are rays in H, ® H. In particular, product states are of the
form

W)) = |7~/)>A® |¢>Bs (1.3)

with |¢), € H, and |¢p); € Hp. More generally, there exist states in H, ® Hy that
cannot be written in this form; such states are called “entangled”.

Postulate III The time evolution of a closed quantum system from time t, to time
t is described by a unitary operator U(t, t,) such that

lp(t)) = U(t, to) [ (o)) - (1.4)

Unitarity ensures preservation of the inner product and therefore of normalization.
When the dynamics is generated by a (possibly time-dependent) Hamiltonian H(t),
the state satisfies the Schrodinger equation

() = HO (), (a5

and the corresponding evolution operator is given by

U(t,ty) =Texp {—iJ dt/H(t’)], (1.6)

0

where T denotes the time-ordering operator.

Postulate IV  Every physical observable is represented by a Hermitian operator O :
‘H — H. Consequently, O admits a spectral decomposition of the form

0=> 0T, o€R, (1.7)
J

where {II;} is a set of orthogonal projectors satisfying
;>0 Vj, II,=6,I; Yjn > I=I (1.8)

J

Postulate V The only possible outcomes of a measurement of an observable O =
> ; 0;11; on a state 1)) are the eigenvalues {0;}. The probability of obtaining outcome
0; is given by

p; =Tr[|lY)y| I0;]. (1.9)

Postulate VI Upon obtaining outcome o; in a projective measurement of O = > ;0; 115,
the state updates according to

I
Ve[l 1]

(1.10)
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1.2 Density-operator description

The pure-state formalism is insufficient to describe situations in which the prepara-
tion of a quantum system is not perfectly known or when the system under study is
part of a larger composite system. In such cases, the state must be described in a
more general way that accounts for classical uncertainty and correlations with exter-
nal degrees of freedom. This leads to the density-operator formalism, which extends
the notion of a quantum state while remaining consistent with the operational pre-
dictions of quantum mechanics.

Postulate I To every quantum system there corresponds a Hilbert space . A phys-
ical state is represented by a density operator p, i.e., a linear operator p : H — H
such that

p=p, p=0, Tr(p)=1. (1.11)

Pure states are recovered as the special case p = |y )|, with (1|y) = 1.

A simple example of a situation where the state is not pure is given by an ensemble
of preparations in which, at each run, the system is prepared in one of the pure states
|1/) j> with classical probabilities p;, where p; > 0 and > jPj = 1. The corresponding
density operator is then defined by

p=>.pi|;Xvl, (1.12)
;

which describes statistical uncertainty over the preparation procedure rather than
quantum superposition, and is called a mixed state. A particularly important case in
thermodynamics is the Gibbs state, in which a system with Hamiltonian H at inverse
temperature f3 is described by pg = e PH /7, with Z = Tr[e P"], representing the
thermal equilibrium mixture over energy eigenstates.

Remarkably, in the density-operator representation, the physical state is invariant
under phase transformations of the underlying vectors, since

;) — e ap)) (1.13)

leaves the associated density operator unchanged,
p—p. (1.14)
Thus, the density-operator formalism incorporates from the outset the equivalence

of vectors differing by a global phase.

Postulate I Given two systems associated with #, and H, the composite system is
described by H, ® Hy. States of the composite system are density operators p acting
on H, ® Hg. Product states take the form

P =pPa®pPs, (1.15)

while more general states cannot be written in this form.
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Postulate III The time evolution of a closed quantum system is described by a uni-
tary transformation. If the state at time t, is p(t,), then at time t it is given by

p(t) = U(t, t5) p(to) UT(t, t,), (1.16)

where U(t, t,) is unitary. If the evolution is generated by a Hamiltonian H(t), the
density operator satisfies

.d

i<E = [H(0), p(0)]. (1.17)
dt

Postulate IV  Every physical observable is represented by a Hermitian operator O :

H — H. Consequently, O admits a spectral decomposition of the form

J

where {II;} is a set of orthogonal projectors satisfying

M,>0 Vj, ILO,=6,M0, Vjn, an:I. (1.19)

J

Postulate V A projective measurement associated with an observable O = >’ ;0;1;
yields outcome o; with probability

p; = Tr[pII;]. (1.20)

Postulate VI Conditioned on obtaining outcome o;, the post-measurement state is
given by

p—> —THJP =l (1.21)
[Tl j]

The postulates presented above describe closed, ideal quantum systems whose
dynamics are strictly unitary. In practice, however, physical quantum computers are
only approximately closed systems. Unavoidable interactions with the surrounding
environment, control imperfections, and unwanted cross-talk introduce noise, de-
coherence, and dissipation. Consequently, describing real-world quantum hardware
requires extending the concept of unitary time evolution to open quantum systems.

The most general physical transformation that a quantum state can undergo in
an open system is modeled by a quantum channel. Formally, a quantum channel is a
linear map & : £(#H,) — L(Hj) that maps linear operators on an input Hilbert space
‘H, to linear operators on an output Hilbert space H. To represent a physically valid
state transformation, £ must satisfy two fundamental properties:

1. Trace preservation: Tr[E(p)] = Tr[p] = 1 for all p € L(H,), ensuring that
total probability is strictly conserved.
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2. Complete positivity: (€ ® Iz)(paz) = 0 for any valid density operator p,; de-
fined on a composite space H,®Hy, where I is the identity map on an arbitrary
auxiliary system R.

Physically, complete positivity ensures that £ transforms valid states into valid, positive-
semidefinite density operators even when system A is entangled with an untouched
reference system R. Quantum channels provide the overarching mathematical frame-
work for open-system dynamics, encompassing noisy gate operations, decoherence
processes, and state-preparation errors resulting from tracing out an unobserved en-
vironment.

In this chapter, we have established the foundational mathematical framework
governing quantum systems. Beginning with isolated systems in the pure-state for-
mulation, we reviewed the postulates handling state representation, unitary dynam-
ics, observables, and projective measurements. To account for incomplete knowl-
edge, subsystems, and environmental interactions, we then extended this descrip-
tion to density operators and quantum channels. This unified formalism treats pure
states, statistical mixtures, open-system noise, and non-classical correlations such as
entanglement on an equal mathematical footing. Together, these principles estab-
lish the theoretical basis for quantum information processing, where physical states
serve as information carriers, transformations represent computational operations,
and measurements extract classical outcomes. In the next chapter, we specialize this
abstract framework to finite-dimensional Hilbert spaces, introducing the operational
building blocks of digital quantum computing: qubits, quantum gates, and circuit
architectures.



CHAPTER 2

BASICS OF QUANTUM COMPUTING

The quantum computing paradigm most commonly adopted in practice is the digital,
or gate-based, model of computation. In this framework, information is encoded in
discrete quantum systems, typically qubits, and processed by applying sequences of
elementary unitary operations. This approach is the direct quantum analogue of clas-
sical digital computation, in which bits are manipulated by logical gates arranged into
circuits. The central difference is that, in the quantum case, the admissible transfor-
mations are constrained by unitarity and can exploit superposition, interference, and
entanglement. This chapter introduces the basic building blocks of digital quantum
computing and the notion of universal quantum computation.

2.1 Qubits and the computational basis

The fundamental unit of digital quantum information is the qubit. A qubit is a two-
level quantum system whose state belongs to a two-dimensional Hilbert space H,. A
convenient orthonormal basis of this space is the computational basis, denoted by

0) = [(1)] 1) = [(1)] (1.22)

Any pure qubit state can be written as a linear combination of these basis vectors:
) =alo)+p11), apeC, |a*+|B*=1. (1.23)

The coefficients a and 8 are complex amplitudes, and the normalization condition
ensures that measurement outcomes are properly normalized.

Upon measuring the qubit in the computational basis, the outcome 0 is obtained
with probability |a|? and the outcome 1 with probability | 3|>. The post-measurement
state collapses to the corresponding basis vector. This simple example already dis-
plays a central feature of quantum computation: the output of a quantum algorithm
is not read out by directly inspecting the state, but by converting amplitudes into
classical probabilities through measurement.

23
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z

Figure 2.1: Bloch-sphere representation of a single-qubit pure state |v)) =
cos(0/2)]0) + e'¥sin(0/2) |1). The angle 6 denotes the polar angle measured with
respect to the z axis, while ¢ denotes the azimuthal angle in the xy plane measured
from the x axis. The north and south poles correspond to the computational basis
states |0) and |1), which are obtained for 6 = 0 and 6 = 7, respectively.

A useful geometric representation of single-qubit pure states is provided by the
Bloch sphere. Any normalized pure state of a single qubit can be written, up to an
irrelevant global phase, as

K =COS(§) |0) +e'¥ sin(g) 1), (1.24)

where 6 € [0, ] and ¢ € [0,27). The parameters (8, ¢) define a point on the unit
sphere, known as the Bloch sphere, according to the correspondence

(x,y,2) = (sin O cos ¢, sin O sin ¢, cos 6). (1.25)

In this representation, the computational basis states |0) and |1) correspond to the
north and south poles of the sphere, respectively, while superposition states occupy
points on its surface. Single-qubit unitary gates generated by the Pauli operators
admit a direct geometric interpretation as rotations of the Bloch vector around the
corresponding axes. Figure 2.1 illustrates the Bloch-sphere representation of a single-
qubit state and the angular parameters 6 and .
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2.2 Quantum registers

A quantum register of n qubits is described by the tensor product space
e (1.26)
Its computational basis is formed by the 2" vectors
[x) = [x1x5- - X,,) 5 x; €{0,1}, (1.27)

where x is the binary string associated with the integer 0 < x < 2". A general pure
state of an n-qubit register is therefore

21 21
W)= alx), D=1 (1.28)
x=0 x=0

The state space grows exponentially with the number of qubits, which is one of the
reasons quantum systems can exhibit computational behavior that is difficult to sim-
ulate classically. The basis vectors |x) are often referred to as classical configurations
of the register. However, unlike classical bits, a quantum register can exist in coher-
ent superpositions of many configurations simultaneously, and the relative phases
between amplitudes are physically meaningful. The ability to coherently manipulate
relative phases is precisely the resource exploited by quantum algorithms that ex-
hibit provable advantages over their classical counterparts, such as Grover’s search
algorithm, amplitude amplification techniques, and the Quantum Fourier Transform,
which will be discussed in detail in the following chapter.

2.3 Elementary quantum gates

The processing of quantum information is implemented by quantum gates, namely
unitary operators acting on one or more qubits. Since unitary operators preserve
inner products, they preserve normalization and ensure reversible time evolution at
the level of the computational model. Single-qubit gates can be represented by 2 x 2
unitary matrices. Common examples include the Pauli operators, whose action on
the computational basis reads:

01 0 —i 1 0
P =l =P 0 am

as well as the Hadamard gate,

H=%E _11] (1.30)

The Pauli-X gate acts as a NOT gate on the computational basis, exchanging |0) and
|1). The Hadamard gate creates and removes equal superpositions, since

_10)+11) _lo)y—11)
H|0) = —/———, H|1)——ﬁ

: 1.31
7 (1.31)
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This operation is fundamental in quantum algorithms because it converts localized
basis states into coherent superpositions.

A particularly important class of single-qubit operations consists of continuous
rotations generated by the Pauli operators. Rotations around the Cartesian axes of
the Bloch sphere are defined as

_ —iexj2 _ | cos(8/2) —isin(Q/Z)]
Re(0)=e""" = _iGn0/2) cos(6/2) | (1.32)
_ _igyyja_ | cos(6/2) —sin(G/Z)]
Re(0)=e"""" = 50072) cos(6/2) | (1.33)
[ —i6/2
R,(0) =072 = |° 0 efg)/z]. (1.34)

These gates admit a natural geometric interpretation as rotations of the qubit state
on the Bloch sphere around the x, y, and z axes, respectively [17]. In particular,
rotations around the z axis modify the relative phase between computational basis
amplitudes. For this reason they are also called phase gates and they play a central
role in interference-based quantum algorithms, such as those formalized within the
architecture of quantum signal processing [ 18]. Analogous to classical 3D rotations,
any arbitrary single-qubit unitary transformation can be decomposed into a sequence
of three elementary rotations around orthogonal axes, typically referred to as the
Euler decomposition of the SU(2) group [17].

On the other hand, multi-qubit gates are those acting on two or more qubits
and are essential for generating entanglement. The paradigmatic example is the
controlled-NOT gate, or CNOT, acting on two qubits and defined by its action on the
computational basis

la,b) — |a,a® b), a,b e {0,1}, (1.35)

where @ denotes addition modulo 2. The first qubit is the control and the second is
the target. The CNOT gate flips the target if and only if the control qubit is in state
|1), and its standard circuit representation is

|a) —¢— la)

|b) —&— |a® D)

Figure 2.2: Circuit diagram of the two-qubit controlled-NOT (CNOT) gate.

Controlled gates are indispensable because purely local operations on separate
qubits cannot create entanglement. For instance, applying a Hadamard gate to the
first qubit of the two-qubit state |00) and then a CNOT yields the Bell state

_ |00) +|11)
\/z 5
which cannot be factorized into a tensor product of single-qubit states. Entanglement

is one of the central resources that distinguish quantum information processing from
its classical counterpart.

|2*) (1.36)
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2.4 Universal quantum computation

The notion of universality is central to quantum computing. A set of gates is called
universal if any unitary transformation on an arbitrary number of qubits can be ap-
proximated to arbitrary precision by a finite sequence of gates from that set. Univer-
sality is therefore the quantum analogue of computational completeness in classical
logic. A standard universal gate set is given by the collection {H, T,CNOT}, where T
is the /8 phase gate,

1 O
T:|:0 eiﬂ_/4:|, (137)

Together with the CNOT gate, the gates H and T generate a dense subset of the uni-
tary group on multiple qubits. Consequently, any quantum algorithm can be approx-
imated with arbitrary accuracy by circuits built from these elementary operations.

More generally, any gate set that can approximate an arbitrary single-qubit uni-
tary and contains at least one entangling two-qubit gate is universal. This statement
reflects a fundamental structural result: single-qubit gates provide arbitrary local
rotations on the Bloch sphere, while entangling gates supply the non-classical corre-
lations required for genuinely quantum computation [17, 19, 20].

This structural universality can be understood through a two-tier conceptual de-
composition. First, any arbitrary single-qubit unitary can be expressed, up to a global
phase, as a sequence of rotations around two nonparallel axes. Second, any multi-
qubit unitary can be mapped exactly to a circuit consisting entirely of single-qubit
gates and CNOT gates. While exact decompositions may demand an impractical num-
ber of gates, fault-tolerant quantum computing requires only that we can construct
approximations to within an arbitrarily small error €. In this constructive setting,
the landmark Solovay—Kitaev theorem demonstrated that any single-qubit unitary
can be e-approximated using a sequence of O(In°(1/€)) gates drawn from a finite,
fault-tolerant set. While the original proof yielded an exponent of ¢ ~ 3.97, subse-
quent synthesis algorithms optimized this scaling to the theoretical limit of ¢ = 1 for
prominent universal sets like Clifford+T [21, 22].

Universality implies that quantum computers are programmable in a gate-by-gate
fashion, independently of the particular algorithm to be executed. A physical device
need only implement a small set of elementary operations with sufficient fidelity;
more complicated transformations can then be synthesized from them. This mod-
ularity is the operational foundation of digital quantum computing. It is also the
reason why many different physical platforms can realize the same computational
model. Superconducting circuits, trapped ions, neutral atoms, photonic systems,
and spin qubits may differ substantially at the hardware level, but they can all serve
as universal quantum processors provided they support a suitable universal gate set
with controllable measurements [17].
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QUANTUM CIRCUIT

Figure 2.3: Schematic representation of a quantum circuit. Starting from an initial
4-qubit state, typically |0)®*, a sequence of unitary gates U,, Us, ..., U,, is applied, im-
plementing the overall transformation U = U, - - - U,U;. The computation ends with
projective measurements in the computational basis, yielding the classical output of
the algorithm.

2.5 Quantum circuits

A quantum algorithm is usually represented as a quantum circuit. In this representa-
tion, qubits are drawn as horizontal wires, and gates are applied sequentially along
the wires. A circuit specifies a unitary transformation that acts on an initial state, typ-
ically chosen to be a computational basis state such as |0)®". If a circuit applies the
gates U;, U,,...,U,, in sequence, as illustrated in Figure 2.3, then the overall action
is

U:Um"'UzU]_. (1.38)

Because matrix multiplication is noncommutative, the order of the gates matters. In
this sense, a quantum circuit is a structured prescription for constructing a desired
global unitary from simple local operations. After the circuit has been applied, one
measures one or more qubits, typically in the computational basis. The resulting clas-
sical bit string is interpreted as the output of the algorithm. This separation between
coherent unitary processing and final projective readout is a defining feature of the
circuit model.

The next chapter is dedicated to one of the most fundamental quantum algo-
rithms, the Quantum Fourier Transform (QFT). The QFT constitutes a central build-
ing block of quantum computation and appears as a core subroutine in several quan-
tum algorithms exhibiting provable quantum advantage, including Shor’s factoring
algorithm, the amplitude-estimation routine, and the phase-estimation protocol, which
we discuss in Chapter 8. Beyond its algorithmic relevance, the QFT also provides a
paradigmatic example of how quantum interference and coherent phase manipula-
tion can be exploited within the circuit model to process information in ways that are
inaccessible to classical computation.
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QUANTUM FOURIER TRANSFORM

The quantum Fourier transform (QFT) is one of the most important and widely used
subroutines in quantum computation. It is the quantum analogue of the Discrete
Fourier Transform (DFT) and plays a central role in several landmark algorithms,
including phase estimation, order finding, and Shor’s factoring algorithm. Its impor-
tance stems from the fact that it converts phase information encoded in the ampli-
tudes of quantum states into a form that can be accessed through measurement with
high efficiency.

This chapter introduces the QFT in a systematic way. We begin with its mathemat-
ical definition, then discuss its action on basis states and on general superpositions.
We next derive its circuit decomposition in terms of elementary gates, analyze its
computational complexity, and finally explain its role in quantum algorithms.

3.1 The Discrete Fourier Transform

The DFT on CV is the linear map that sends a vector of amplitudes {xj}ﬂ.\’:_o1 to the
vector {y; };_, defined by

N—1
1 2mijk/N
Vi=—= ) e ™ x., (1.39)
k /—N ;}: J
In matrix form, the DFT is represented by the unitary matrix F); with entries

1 .
[FyJey = eI, (1.40)

The unitarity of F), follows from the orthogonality of complex exponentials.
The quantum Fourier transform is precisely the action of this unitary map on the
computational basis of an n-qubit register.

29
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3.2 The Quantum Fourier Transform (QFT)

The QFT on N = 2" computational basis states is defined by

N—-1

1 .
Fylx) = Wi E :ezmka k), x€{0,1,...,N—1}. (1.41)
k=0

By linearity, its action on an arbitrary state

N-—1
lY) = > a,lx) (1.42)
x=0
is given by
N—1 N-—1
1 .
Fy ) = (— ez“”f"/Nax)lk>. (1.43)

Thus the QFT maps the amplitude vector {a,} to its Fourier-transformed version, up
to normalization. To understand the structure of the QFT, it is convenient to write
the integer x in binary form:

X=X, 12" 4 X, 02"+ X 24 X, x; € {0,1}. (1.44)

Using N = 2", one can rewrite the QFT of a basis state |x) as

n—1

1 .
Fulx)=— |0) + e2™0XXim X0 1) ) (1.45)
N > m = ( ) ))
where
Oxx cee X —ﬁ+£+...+ x() (146)
il 07 9 22 2j+1 :

is the binary fraction formed by the least significant bits of x. This factorized form
is highly informative. It shows that the QFT maps a computational basis state to a
tensor product of single-qubit superpositions with phases determined by the binary
expansion of x. The appearance of these phases is the reason why the QFT is use-
ful in problems where periodicity or hidden phase structure must be extracted. A
subtle point is that the qubit order is reversed in the standard circuit decomposition.
As a result, the output of the circuit implements the QFT up to a final bit-reversal
permutation. Since the QFT is unitary, its inverse is simply its adjoint:

Iyt =Ty (1.47)
Its action on basis states is
Fllx)=—= ) e 2N k). (1.48)
VN &

The inverse QFT is frequently used in algorithms in which a quantum state acquires
phase information during an evolution and that information must then be converted
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into a measurable computational basis outcome. Quantum phase estimation, to
which Chapter 8 is dedicated, is the canonical example.

The main practical value of the QFT is that it can be implemented efficiently. The
standard decomposition uses Hadamard gates and controlled phase rotations.

Let us define the controlled phase gate

1 0
Rm e |:0 eZﬂ'i/Zm] 5 (149)

and the controlled version of R,,, which applies this phase to a target qubit when the
control qubit is in state |1).

For a register of n qubits, the QFT circuit proceeds as follows. Starting from
the most significant qubit, one applies a Hadamard gate and then a sequence of con-
trolled phase rotations from the less significant qubits onto it. This pattern is repeated
recursively on the remaining qubits. Finally, the order of the qubits is reversed.

For example, on three qubits, the circuit structure is

|x5x,x0) — (H®1I®I)- (controlled phases) - - (1.50)

with the explicit controlled rotations arranged so that qubit 0 accumulates the phases
contributed by qubits 1 and 2, qubit 1 accumulates the phase from qubit 2, and qubit
2 receives only a Hadamard transformation.

More explicitly, the QFT circuit on n qubits can be written schematically as

n—1

n—1
.an == SWAP * (HO l_[CR'],O(RJ+1)) ° (Hl l_[ CRj,l(R])) . 'Hn_l, (1.51)
j=2

Jj=1

where CR; (R,,) denotes a controlled-R,, gate with control qubit j and target qubit
k, and SWAP denotes the final reversal of qubit order. The exact indexing depends
on convention, but the underlying structure is always the same.

3.3 Computational complexity

While a direct implementation of the DFT on a classical computer requires O(N?) =
O(4") operations (and even the classical Fast Fourier Transform requires O(N logN) =
O(n2") operations), the QFT can be implemented with a number of elementary gates
that scales quadratically in n. Indeed, the standard QFT circuit uses one Hadamard
gate per qubit and, for each qubit, a number of controlled phase gates proportional
to the number of lower-order qubits. The total gate count is therefore O(n?). This
exponential speedup relative to classical Fourier transforms in terms of the register
size is one of the reasons the QFT is so powerful. Moreover, in many practical appli-
cations, an approximate quantum Fourier transform suffices [23]. Because the con-
trolled phase-shift angles decrease exponentially with the distance between qubits,
the smallest controlled rotations become exponentially close to the identity opera-
tor. Consequently, one may truncate these small-angle gates below a given precision
threshold with negligible impact on the overall fidelity of the final state [24]. For



Chapter 3. Quantum Fourier Transform 32

a fixed target error, this truncation bounds the number of controlled rotations per
qubit, effectively reducing the total circuit size to O(nlogn). This logarithmic gate
overhead renders the approximate QFT highly advantageous in algorithmic settings
where exact phase resolution is not strictly required, such as in certain instances of
phase estimation or robust period-finding.

3.4 Periodic states and the interpretation of the QFT

The QFT is particularly effective when acting on states with periodic structure. Con-
sider a state of the form

1 M-1
) = TM; Ixo+rT), (1.52)

where the integer values x, + T form an arithmetic progression with period T. Ap-
plying the QFT to such a state produces a distribution sharply peaked at frequencies
that are multiples of N/ T, up to discretization effects.

This property is the core mechanism behind period-finding algorithms. The QFT
transforms hidden periodicity in the computational basis into concentration of prob-
ability mass in the Fourier basis. Measurement of the transformed state then reveals
information about the period. The most celebrated application of the QFT is Shor’s
factoring algorithm [25]. There, the problem of factoring an integer is reduced to
finding the period of a modular exponentiation function. The QFT is used to extract
this period efficiently from a superposition over function values. The algorithm pro-
ceeds by preparing a uniform superposition, evaluating the modular function in a
second register, measuring the second register, and applying the inverse QFT to the
first register. The resulting measurement statistics reveal the order of a number mod-
ulo N, from which the factors of N can be recovered with classical post-processing
[17]. Without the QFT, this exponential quantum speedup would not be available.
The QFT is therefore a central structural component of one of the most important
quantum algorithms known.



PART II

QUANTUM-STATE PREPARATION
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Quantum state preparation refers to the task of initializing a quantum register
of L qubits in a target state of interest, starting from a simple and experimentally
accessible reference state, typically the computational basis state |0)®". The target
state may be, for instance, an eigenstate of the Hamiltonian of the system under
study, a controlled superposition of several eigenstates, or even a mixed state such
as a Gibbs state. A defining feature of quantum simulation is that the target state is
not assumed to be known analytically. If an explicit classical description of the state
were available, the motivation for performing a quantum simulation would largely
vanish. Instead, the objective is to generate the desired state implicitly by exploiting
the physical structure or the dynamics of the system under investigation.

Quantum state preparation is widely regarded as one of the principal bottlenecks
in quantum simulation [17, 26]. For a broad class of applications, including ground-
state energy estimation, equilibrium properties, and static correlation functions, the
preparation of the target quantum state constitutes the dominant computational task,
after which the desired observables can be obtained through direct measurements
without further time evolution. Consequently, the overall efficiency of these quantum
simulation algorithms is often determined primarily by the complexity of the state
preparation procedure.

From the perspective of computational complexity theory, quantum state prepa-
ration is intractable in full generality. Closely related decision and construction prob-
lems, such as preparing the ground state of a local Hamiltonian or determining its
properties, are known to be Quantum Merlin—Arthur (QMA)-complete. This was first
established in the seminal work of Kitaev on the local Hamiltonian problem and later
refined and extended by Kempe, Kitaev, and Regev, among others [27, 28]. These
results imply that, under standard complexity-theoretic assumptions, no polynomial-
time quantum algorithm is expected to efficiently prepare ground states or arbitrary
target states for generic Hamiltonians. As a result, quantum simulations cannot be
expected to be polynomially efficient for arbitrary instances.

However, the physically relevant problems encountered in practice are rarely
generic. In areas such as quantum chemistry and condensed matter physics, Hamil-
tonians typically exhibit strong structure, including locality, symmetries, conserved
quantities, or a restricted low-energy sector. In quantum field theories, symmetry
principles play an even more fundamental role, as they constitute the starting point
for the formulation of the theory itself. These structural features can significantly
reduce the effective complexity of the state preparation problem and often enable ef-
ficient or approximate preparation strategies, despite negative worst-case complexity
results.

Furthermore, the states of interest in quantum simulation are typically not arbi-
trary vectors in the exponentially large Hilbert space, but rather physically relevant
states characterized by specific structural properties. In most applications, the goal
is to prepare ground states or low-lying excited states of local Hamiltonians, which
often exhibit strong constraints arising from locality, symmetries, conservation laws,
and their low-energy nature. As an example, ground states of local gapped Hamilto-
nians are known to display restricted entanglement patterns, such as area-law scaling
of the entanglement entropy in many relevant settings. This property reflects the fact
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that physically meaningful states occupy only a small and highly structured subset of
the full Hilbert space and has been exploited extensively in classical approaches, such
as tensor network methods. Similarly, quantum algorithms for state preparation aim
to identify and leverage these underlying structures to efficiently approximate rele-
vant quantum states, overcoming the limitations implied by worst-case complexity
results. Therefore, the central challenge in quantum simulation is not the prepara-
tion of arbitrary quantum states, but the efficient preparation of structured states
arising from physically relevant Hamiltonians.

Having outlined the conceptual and complexity-theoretic landscape, we now dis-
cuss concrete quantum state preparation techniques, starting with methods for prepar
ing specific eigenstates of the system Hamiltonian H. Current noisy intermediate-
scale quantum (NISQ) devices motivated the development of strategies compatible
with constrained quantum resources. Variational Quantum Algorithms (VQAs) pro-
vide one such approach, combining parametrized quantum circuits with classical op-
timization [29, 30]. While they can approximate complex target states with reduced
circuit depth, VQAs face scalability limitations due to ansatz design requirements,
high-dimensional optimization, and phenomena such as barren plateaus, which hin-
der convergence in large systems [31]. Adiabatic Preparation (AP) offers a concep-
tually different route [32], relying on slowly evolving a simple initial state under
a time-dependent Hamiltonian toward the desired eigenstate of the target Hamil-
tonian. Despite its conceptual simplicity, AP is highly sensitive to the presence of
small spectral gaps or level crossings, which are common in many-body systems.
These crossings limit the ability of conventional adiabatic protocols to selectively pre-
pare specific eigenstates, particularly excited states, thereby constraining the range
of states that can be reliably accessed [33].

This part is structured into three chapters. Chapter 4 provides a detailed overview
of the techniques mentioned above, with particular emphasis on their respective
strengths and limitations. Chapter 5 presents an original improvement of the Adi-
abatic Preparation technique, developed within the framework of optimal control.
Finally, Chapter 6 is devoted to the Branched-Subspaces Adiabatic Preparation (B-
SAP) algorithm, a novel quantum-state preparation technique that combines adia-
batic preparation and variational methods through group-theoretical considerations.



CHAPTER 4

OVERVIEW OF QUANTUM-STATE
PREPARATION METHODS

A large fraction of quantum state preparation problems of practical and theoretical
interest can be formulated as the preparation of eigenstates of a Hamiltonian H. This
includes, in particular, ground states and low-lying excited states, which play a cen-
tral role in quantum chemistry, condensed matter physics, and lattice field theories.
The emphasis on eigenstates is not incidental: in many settings, physically relevant
information is encoded directly in the spectral structure of H, rather than in arbitrary
superpositions of its eigenbasis. More specifically, the ground state of H is associated
with the minimum energy configuration and therefore encodes the equilibrium prop-
erties of interacting quantum systems at zero temperature. Excited eigenstates, on
the other hand, govern spectral response, transport phenomena, and dynamical ex-
citations. In many cases, physically meaningful regimes correspond not to arbitrary
states in Hilbert space, but to structured subsets of the eigenbasis selected by sym-
metry, conservation laws, or energy constraints.

For these reasons, the eigenstate preparation problem serves as a canonical bench-
mark for quantum state preparation techniques. It captures both the algorithmic
difficulty of accessing physically relevant quantum states and the structural features
that can be exploited to reduce this difficulty in specific problem classes. In the fol-
lowing sections, we review the main approaches to this problem. We begin with
Variational Quantum Algorithms (VQAs), which formulate eigenstate preparation as
a parametrized optimization problem over quantum circuits. We then discuss Adi-
abatic Preparation (AP), which instead exploits the dynamical properties of slowly
driven quantum systems to project onto eigenstates of interest.

36
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4.1 Variational Quantum Algorithms

Variational quantum algorithms have emerged as a leading approach for approximat-
ing eigenstates of quantum many-body systems by combining parametrized quantum
circuits with classical optimization [29]. A VQA consists of a parametrized quantum
circuit, typically defined by a chosen ansatz structure, which prepares a trial state
|1/)(Q)> starting from a reference state, usually |0)®", as illustrated in Figure 4.1.
These parameters are iteratively optimized to minimize a cost function, typically de-
fined in terms of the expectation value of the target Hamiltonian or a related ob-
servable. The optimization is performed using classical algorithms, forming a hybrid
quantum-classical loop.

For example, when targeting the ground state of a Hamiltonian H, the cost func-
tion is typically chosen as the energy expectation value (1/)(Q)|H |1,/)(Q)>, whose
minimization variationally targets the lowest eigenstate. In contrast, when aim-
ing to prepare a generic eigenstate, one may instead minimize the energy variance
<¢(Q)| (H — (H))? |1/)(Q)>, which vanishes if and only if the trial state is an exact
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Figure 4.1: Sketch of the structure of a hybrid Variational Quantum Algorithm. The
quantum register is initialized in the reference state |0)®", upon which ¢ layers of
parametrized quantum operations are applied. At the end of the circuit, measure-
ment outcomes are collected and processed by a classical optimizer. The optimizer
updates the circuit parameters in order to minimize a given cost function, and the
updated parameters are fed back into the quantum circuit. This hybrid quantum-—

classical optimization loop is repeated until convergence to a minimum of the cost
function is achieved.
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eigenstate of H. The primary advantage of VQAs is their ability to efficiently explore
a subset of the Hilbert space, enabling approximation of complex quantum states
with reduced circuit depth compared to exact methods. The flexibility of the circuit
ansatz allows tailoring to the structure of the target state, improving performance for
specific problems [34, 35].

However, VQAs exhibit several limitations. For instance, although the choice of
the loss function is natural in eigenstate preparation tasks, identifying an appropri-
ate objective for other settings can be non-trivial. Consider, for example, the case
in which the target state is not a single eigenstate but a specific superposition of
Hamiltonian eigenstates. In such situations, it is generally unclear how to define a
loss function that both singles out the desired coherent superposition and remains
experimentally accessible. Moreover, the choice of ansatz is critical: poorly designed
circuits may fail to capture essential correlations of the target state, while circuits im-
plementing fully generic unitary operations would require a number of parameters
which is exponentially large in the system size, making optimization infeasible. Fur-
thermore, variational quantum algorithms (VQAs) can suffer from barren plateaus,
i.e., regions of the parameter space where gradients vanish exponentially with system
size [31]. This can make classical optimization an exponentially hard task, thereby di-
minishing the advantage of quantum computing over classical computation. Finally,
classical optimization challenges, including local minima and vanishing gradients,
further hinder scalability and practical implementation on large systems [36].

4.2 Adiabatic Quantum-State Preparation

An alternative strategy for the preparation of eigenstates of a target Hamiltonian H is
represented by adiabatic preparation, which relies on the adiabatic theorem [32, 37].
The protocol requires the choice of an auxiliary Hamiltonian H, whose eigenstates
are easy to prepare. The quantum register, initialized in the default state |0)®", is
first prepared in a selected eigenstate of H, and subsequently evolved under the
parametrized Hamiltonian

H™(s)=H,+ f(s)[H—H,], 2.1)

where s € [0,1] is a dimensionless parameter and f(s) is a smooth interpolation
function satisfying f(0) = 0 and f(1) = 1 [33]. The evolution is governed by the
operator

N

U.(s)= Texp[—i’rf H?(s) ds’] , (2.2)
0

where 7 denotes the total evolution time and 7 is the time-ordering operator. The
effectiveness of AP depends critically on the spectral properties of H*"(s). Denoting
the instantaneous spectrum by o (s), one may partition it into subsets {o,(s)},, and
define the corresponding projectors {P,(s)}, onto the corresponding subspaces.
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Figure 4.2: Subfigure (a) illustrates the decomposition of the adiabatic spectrum o (s)
into distinct subsets o ,(s), separated by finite spectral gaps. Subfigure (b) shows
the poles of the resolvent [H*(s) —z]™! as a function of z, for a fixed value of s.
Empty dots denote the eigenvalues belonging to o ,(s), while filled dots correspond
to the remaining eigenvalues in o(s) \ 0,(s). Throughout this discussion, we restrict
attention to systems with discrete spectra.

Formally, such projectors can be defined as follows:

1 dz
p = — _ 2.3
n(s) i ﬁn(s) HAP(S) . 5 ( )

where I,(s) is a closed anti-clockwise curve surrounding only the eigenvalues in o,,(s)
while keeping a distance of at least A”T(S) from the rest of the spectrum, as in Figure 4.2.

The central idea of AP is that a pure quantum state initialized within o ,(0) is
approximately evolved by U_(s) in Eq. (2.2) into a state belonging to o,(s). The
error associated with this approximation can be quantified as

& (s,7) = (1= Py(s)) U:(s) P,(0)]] - 2.4
If the minimal spectral gap

A,(s)= min |x—Yy]| (2.5)
xe€o,(s)
YEo(s)\o,(s)

between the subset 0,(s) and the remainder of the spectrum remains strictly positive
for all s, the error decays at least as 1/7 [33].

As a particular case, if the energy eigenvalues of H*"(s) are non-degenerate for
all s, each subset o ,(s) corresponds to a single energy level. In this situation, the
error defined in Eq. (2.4) coincides with the infidelity, commonly used in quantum
computing to quantify the distance of the prepared state from the target state [17].
The bound above then guarantees that the eigenstate associated with the n-th energy
level of H, is evolved by U_(s) into the corresponding eigenstate of H*"(s), up to an
error that vanishes at least as 1/7. In particular, for s = 1, the adiabatic evolution
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yields direct access to the eigenstates of the target Hamiltonian, H, up to an error of
the same order.

The scaling of the minimal spectral gap A, (s) with system size L directly dictates
the computational complexity of adiabatic preparation, revealing a fundamental dis-
tinction between problem classes. For regular, uniform models (such as translation-
ally invariant spin chains), the interpolation path typically encounters continuous
(second-order) quantum phase transitions where the gap closes polynomially with
system size, A o< L% [38, 39]. In these settings, adiabatic state preparation can
generally be achieved in polynomial time 7 ~ poly(L). In stark contrast, disordered
or highly frustrated systems, such as quantum spin glasses, exhibit extremely rugged
energy landscapes characterized by a multiplicity of local minima [40]. Along the
adiabatic trajectory, such models frequently undergo first-order quantum phase tran-
sitions or suffer from non-geometric quantum localization, causing the spectral gap to
close exponentially with system size, A ~ e~** [41, 42]. Consequently, state prepa-
ration for disordered systems generically demands an exponential evolution time
T ~ e% illustrating how physical disorder transforms a computationally tractable
adiabatic path into an exponentially hard task. More broadly, both exact level cross-
ings at finite system size and spectral gaps that vanish in the large-L limit represent
regimes where individual energy levels can no longer be tracked in isolation. In either
case, the affected energy levels must be grouped into a joint subspace to maintain a
well-defined gap, resulting in an adiabatic evolution that maps an initial eigenstate
to an unknown superposition within that manifold.

From the considerations above, it is clear that maintaining finite spectral gaps
around the target energy level is essential for the effectiveness of adiabatic state
preparation. In this context, symmetry considerations play a central role, as the
presence of symmetries directly constrains the structure of the spectrum. Specifi-
cally, if the Hamiltonian H*"(s) is invariant under a nontrivial symmetry group at
a given value of the evolution parameter s € [0, 1], its eigenspaces decompose into
irreducible representations (irreps) of that group [43]. The dimension of each irrep
then fixes the multiplicity of the associated energy level, implying that symmetries
generically enforce spectral degeneracies. As a consequence, when symmetries are
sufficiently large, multiple energy levels may become degenerate or cross as s is var-
ied, leading to an enhanced degeneracy structure in the instantaneous spectrum of
H(s).

For this reason, a natural strategy to suppress level crossings during the adiabatic
evolution is to engineer the auxiliary Hamiltonian H so as to minimize the symme-
try group of H*"(s). Reducing the symmetry group generally lowers the dimension-
ality of the irreps, thereby limiting the multiplicity of degenerate eigenspaces that
can give rise to crossings along the adiabatic path. In practice, this is often accom-
plished by leveraging the arbitrariness of the auxiliary Hamiltonian, specifically by
adding symmetry-breaking terms to H,, that explicitly remove the evident symmetries
of H*(s) [44—46].

Although the latter strategy is widely used in the literature, the procedure is highly
delicate. The introduction of additional terms in H, can inadvertently generate ac-
cidental symmetries along the adiabatic path, i.e., symmetries that are not manifest
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in the geometric or physical structure of the Hamiltonian but emerge from specific
features of the model or of the added perturbations. Such accidental symmetries can
induce unexpected degeneracies or level crossings in the instantaneous spectrum of
H(s).

A paradigmatic classical example of emerging accidental symmetries is provided
by the Laplace-Runge-Lenz vector in the Kepler problem: despite the apparent SO(3)
rotational symmetry, the 1/r potential endows the system with a hidden SO(4) sym-
metry, yielding additional conserved quantities and ensuring that all bound orbits
are closed [47]. The quantum analogue arises in the hydrogen atom, where the
same SO(4) symmetry leads to degeneracies between states with different angular
momentum but identical principal quantum number [48]. Analogously, in the adi-
abatic setting considered here, accidental symmetries may give rise to unintended
degeneracies that complicate the adiabatic evolution. Consequently, while explicit
symmetry breaking in H, can remove trivial degeneracies, hidden symmetries may
persist and reintroduce spectral degeneracies, thereby posing a nontrivial obstacle to
the construction of a smooth and well-gapped adiabatic path.

These considerations highlight the need for a more refined strategy to enhance
the robustness of adiabatic state preparation. The Branched-Subspace Adiabatic Al-
gorithm that will be introduced in Chapter 6 is specifically designed to mitigate the
difficulties arising from both explicit and accidental symmetries, thereby improving
control over degeneracies encountered along the adiabatic evolution.

As a final remark, AP exhibits an often-overlooked advantage compared to the
VQA approach. Specifically, if AP independently evolves a set of eigenstates of H, into
the corresponding eigenstates of H, then by linearity of U, (1) any linear combination
of eigenstates of H,, is mapped to the same linear combination of eigenstates of H. In
other words, solving the state preparation problem for each eigenstate automatically
provides a solution for any pure state.



CHAPTER 5

OPTIMIZATION OF ADIABATIC
PREPARATION

The discussion of the previous chapter highlighted both the conceptual simplicity
and the practical limitations of adiabatic quantum-state preparation. While the adi-
abatic theorem guarantees that the subspace associated with o,(0) can be evolved
into the one associated with o,(s) with an arbitrarily small error by increasing the
evolution time 7, the actual performance of the protocol depends sensitively on the
spectral properties of the interpolating Hamiltonian H(s) and the specific choice of
the auxiliary Hamiltonian H,,. In particular, small spectral gaps or unfavorable spec-
tral structures can significantly increase the characteristic timescale required to reach
a desired fidelity.

These observations naturally raise the question of whether the adiabatic protocol
itself can be systematically optimized. More precisely, one may ask to what extent
the choice of the auxiliary Hamiltonian H, and of the interpolation path between H,,
and the target Hamiltonian H, can be engineered so as to accelerate the convergence
of the adiabatic evolution. In this chapter, we report the first original contribution
of this thesis; namely, we address this question by deriving an explicit analytical
expression for the characteristic timescale governing the exponential suppression of
the adiabatic error, and by exploiting this result to construct an optimized adiabatic
preparation protocol.

5.1 Explicit control of the adiabatic error bound
Consider the interpolating Hamiltonian
H*(s)=H, + f(s) (H —H,), (2.6)

wheres €[0,1], with £(0) = 0and f (1) = 1. Let o(s) denote the spectrum of HA?(s),
and assume that it can be partitioned into spectral subsets o ,(s) separated by finite
gaps. In the following, we focus on the complete adiabatic evolution, corresponding
to s = 1, and omit the explicit dependence on s whenever no ambiguity arises. The

42
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error associated with the adiabatic evolution of the n-th eigenspace is quantified by
EM(7), defined in Eq. (2.4).

In [49], G. Nenciu proved that there exist positive functions g,(s) and positive
constants C, such that

1

EM(r) < CHJ ds’ exp (—I_T/gn(s’)J) +A(7), 2.7)

0

where A(7) = O(1/7) and vanishes identically whenever HA?(s) admits a holomor-
phic extension to a strip around the real axis. This is precisely the regime targeted by
the recently proposed adiabatic quantum phase estimation protocol of Ref. [50]. De-
spite establishing exponential suppression of the adiabatic error with the evolution
time 7, Nenciu’s theorem does not provide an explicit analytical expression for the
characteristic timescale g, (s). Consequently, while the theorem guarantees favorable
asymptotic scaling, it does not reveal how the interpolation path should be designed
to minimize the adiabatic runtime.

In Ref. [1], we addressed this limitation by deriving an explicit analytical expres-
sion for g,(s) in terms of spectral properties of the interpolating Hamiltonian H**(s).
In particular, g,(s) is expressed in terms of four quantities:

i) the operator norm

VIl := IH = Holl, (2.8)

ii) the instantaneous spectral gap A, (s) defined in Eq. (2.5),

iii) the bandwidth

D,(s):= max |x—y]| (2.9)

x’yegn(s)
of the target spectral sector, and
iv) the interpolation function f(s).

It is important to note that these quantities can typically be estimated for systems
of moderate size using analytical or classical numerical methods, e.g., through iter-
ative eigensolvers such as the Lanczos algorithm [51]. The availability of an explicit
expression for g,(s) provides a concrete way to control the characteristic timescale of
the adiabatic process and therefore enables the construction of a purely classical op-
timization strategy for the choice of H, and f (s). Crucially, this result does not relax
any of the conventional conditions required for adiabatic preparation to hold—such
as the presence of a non-zero spectral gap—but rather provides a quantitative route
to optimize the protocol’s runtime whenever these conditions are met. The expres-
sion for g,(s) obtained in [1] reads

W(A,(s),D,(s))
o(s. 39, £ ()

g2.(s) = (2.10)
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where
2, 9 7/3
W(x,y) = [28(1+2—y) (”—+ﬂ)] , 2.11)
X 3 X
and
o(x,,£) = sup{Ip| such that |f (x + p) = f ()| < T} . 2.12)
peC 4

The calculations leading to the previous result are reported in App. A. A direct inspec-
tion of Eq. (2.10) shows that g(s) decreases when the spectral gap A,(s) increases
and when the bandwidth D, (s) decreases. Consequently, defining

A™ = inf A(s), D™ = sup D,(s), (2.13)
s€[0,1] s€[0,1]

one obtains the bound
W(Agﬁn, Drrlnax) )
8gn(s) < 4- o =g, (2.14)
lnfSE[O,l] 9(57 ”\r}_”:f(s))

such that
EX(1) < Crexp(—17/8,)) . (2.15)

One may then use the expression of g, in Eq. (2.14) as a loss function to be minimized
by searching for an optimal initial Hamiltonian H, and/or an optimal interpolation
function f (s) within a given class of admissible choices. For instance, if the interpo-
lation is fixed to the commonly employed linear schedule f(s) = s, the expression
reduces to

4l
AIr';liIl

g, =16 w(AM®, pmexy, (2.16)
which can then be minimized through an appropriate choice of H,. Previous bounds
in the literature already indicated a dependence on the operator distance ||V|| [52],
although in those results the adiabatic error exhibits only a power-law dependence
on the inverse evolution time. Equations (2.15) and (2.16) instead show that the
error bound of the adiabatic protocol is exponentially small in .

Equation (2.16) allows one to approach the problem of reducing g, through the
design of the auxiliary Hamiltonian H, in two different ways. A first, coarse strategy
consists of minimizing the operator distance ||V || = ||H — H,||. Although this choice
is not necessarily optimal, it has the advantage of being transversal to all the spectral
sectors labeled by n and therefore improves the adiabatic timescale simultaneously
for all eigenspaces. Moreover, the quantity ||V || is typically the easiest to estimate
or control in practice, making this approach less demanding in terms of classical
computational resources. A more refined strategy instead aims at minimizing the
full expression appearing in Eq. (2.16). In this case, the design of H, must take
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into account not only the operator distance ||V || but also the spectral quantities A™"
and D™, which characterize respectively the minimum gap separating the target
eigenspace from the rest of the spectrum and the bandwidth of the sector itself along
the interpolation path. This second approach can potentially lead to a significantly
smaller value of g,, at the price of requiring a more detailed spectral analysis of the
interpolating Hamiltonian.
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5.2 Initial Hamiltonian optimization

The results presented in the previous section naturally suggest a strategy for opti-
mizing adiabatic state preparation. In particular, we henceforth consider the setting
in which the interpolation function f(s) is fixed, while the initial Hamiltonian H,,
is optimized over a prescribed class of experimentally accessible Hamiltonians. The
objective is to identify the choice of H, that minimizes the characteristic timescale
governing the adiabatic evolution, thereby reducing the total runtime required to
achieve a target accuracy. More generally, however, the analytical framework devel-
oped in Ref. [1] is not restricted to the optimization of the initial Hamiltonian. The
same formalism can be employed to optimize the interpolation path itself, by design-
ing the schedule f (s) or, more broadly, the Hamiltonian trajectory so as to minimize
the relevant characteristic timescale. This provides a principled and quantitative al-
ternative to the heuristic interpolation-design strategies commonly adopted in the
literature, such as in Ref. [53].

Given a target Hamiltonian H, a common choice for the auxiliary Hamiltonian
H, consists of the diagonal part of H in the computational basis, whose eigenstates
are trivially prepared on a quantum register [54, 55]. Here we extend this choice to
a more general construction aimed at reducing g, while preserving the simplicity of
the initial state preparation. In particular, we write the auxiliary Hamiltonian as

(i|Holj) = & (il H|j) + (il M |j), (2.17)

where M is a Hermitian operator acting as a preconditioning term.

In this explanatory example, we require that M satisfy several practical con-
straints. First, H, should remain diagonal in the computational basis so that its
eigenstates coincide with computational basis states. Second, the implementation
of the corresponding unitary operator

Uy (t) = exp(—itM) (2.18)

should not introduce a circuit depth that offsets the advantage obtained from reduc-
ing g. Finally, the number of parameters required to specify M should scale at most
polynomially with the number of qubits. A particularly simple choice satisfying these
requirements is

T
L

(ilMi) = > a;bin;(i), (2.19)

-
Il
o

where |i) denotes the i-th computational basis state and bin;(i) is the j-th digit of i
in binary representation. With this construction the corresponding unitary operator
factorizes as

L—1
Uy (t) = ®Pj(ajt): (2.20)
j=0

where P; denotes a single-qubit phase gate acting on the j-th qubit. The resulting
circuit depth is therefore independent of the system size. The parameters {a;} can
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then be optimized classically so as to minimize either ||V|| or the full characteristic
timescale expression g,. The resulting auxiliary Hamiltonian defines a precondi-
tioned adiabatic path that significantly accelerates the convergence of the adiabatic
evolution, leading to a faster preparation of the target quantum state.

5.2.1 Example: XZ Heisenberg model

Here we apply the AP protocol to the preparation of the ground state of the Heisen-
berg model on one- and two-dimensional (1D and 2D) square lattices with periodic
boundary conditions. The purpose of this analysis is to numerically validate the the-
oretical predictions derived in the previous sections on models of direct relevance for
quantum simulation. The corresponding quantum circuits are implemented and ex-
ecuted on the Qiskit gasm simulator [56]. To isolate the contribution of the adiabatic
error S:I*P , we employ sufficiently small Trotter time steps, so that the systematic error
introduced by the Trotter—Suzuki approximation becomes negligible. In the follow-
ing, the state preparation is performed using three different strategies, all adopting
the same linear interpolation function f(s) =s.

The first corresponds to the standard AP protocol, where M is set to zero in
Eq. (2.17). We then consider a second strategy in which the parameters a; are chosen
so as to minimize ||V||, which requires only a single application of the Lanczos algo-
rithm (or an equivalent iterative eigensolver) and does not depend on the target n-th
subspace. Although this choice does not guarantee that g, is minimized, it already
incorporates part of the information entering the bound. Finally, we analyze a third
strategy in which the quantity g, in Eq. (2.16) is evaluated explicitly by estimating
both A™" and D™*. While this approach leads to the best scaling in the examples
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Figure 5.1: Ground-state preparation for the 9-site one-dimensional (a) and two-
dimensional (b) Heisenberg models with periodic boundary conditions, whose lattice
geometries are shown schematically in the corresponding panels. The adiabatic error
is plotted as a function of the preparation timescale 7 for J* = 5J* for three different
protocols: the unoptimized one (M = 0), a partially optimized one obtained by
minimizing ||V||, and the fully optimized one obtained by minimizing the complete
expression for g,,.
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considered here, its application to more complex models may be less practical, since
it requires the estimation of the spectrum at several intermediate values of s, each
involving a separate application of the Lanczos algorithm.

The XZ Heisenberg model is a prototypical many-body system describing inter-
acting spin-1/2 particles on a lattice, defined by the Hamiltonian

1 Z
H:—§%¥J44+ﬁ&&L (2.21)

where the sum runs over nearest-neighbor sites, and X; and Z; denote Pauli operators
acting on the i-th qubit. In this work we consider real and positive coupling constants
J# and J*. The adiabatic interpolation is then defined by

1
HAP(s) = _EZ (J°Z,Z; +5J°X.X;) + (1—s)M. (2.22)
@)

At s = 0 the Hamiltonian is diagonal and, in the unpreconditioned case (M = 0), pos-
sesses a degenerate ground space. The corresponding eigenstates |0)®" and |1)®" are
orthonormal and invariant under lattice translations. To preserve translational sym-
metry along the adiabatic path, we impose the constraint a; = a (Vi) in Eq. (2.20).
This choice reduces the number of free parameters to a single one while maintaining
the symmetry of the model. Physically, the preconditioner M then corresponds to the
introduction of a uniform magnetic field along the z direction with strength a.

The results for the ground-state preparation are reported in Fig. 5.1 for both
the 1D and 2D lattices. Independently of the dimensionality and of the parame-
ter regime considered, the AP protocol yields an error that decreases approximately

T T T T T T
s - M=0
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N
™~
10t p -
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1000~ 1
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Figure 5.2: Characteristic times g5, obtained by fitting the numerical curves €,p(7)
(as in Fig. 5.1) with a single exponential for different values of the ratio J*/J* of the
1D Heisenberg model. Standard deviations from the fit are reported as error bars
(often smaller than the markers).



Chapter 5. Optimization of Adiabatic Preparation 49

exponentially with the preparation time tT. Moreover, comparing the three strate-
gies described above reveals a clear reduction of the required timescale to reach a
fixed target accuracy, with the third (fully optimized) approach consistently provid-
ing the shortest preparation time. The differences between the approaches become
more pronounced as the ratio J*/J* increases, as illustrated in Fig. 5.2. In this plot
the characteristic time g, is extracted by fitting In{e,p(7)} with the linear function
C — T/ &gi- For J* < J* the values obtained with the three methods are nearly in-
distinguishable, whereas a clear advantage of the preconditioning strategy emerges
when J* > J?, i.e., when the target Hamiltonian differs significantly from the ini-
tial one. The peak observed around J*/J* ~ 1 corresponds to the region where,
in the thermodynamic limit, the system undergoes a quantum phase transition. In
this regime the preparation of the ground state becomes intrinsically more demand-
ing and the effectiveness of the optimization is correspondingly reduced. Finally,
we remark that, for the specific spin models considered here, the improvement in-
troduced by the preconditioning term occurs only for an odd number of sites with
periodic boundary conditions. A detailed explanation of this feature is provided in
Section 5.3.

5.2.2 Example: Ising model

In this section we report the numerical results obtained for the Ising model by per-
forming the same numerical tests presented for the Heisenberg model. The Ising
model in a uniform external magnetic field is described by the Hamiltonian

H:—— Z, ——ZXX. (2.23)
(i,7)

5.5 o1(s)
 — | O’()(S)
_6 | | | | J
0 0.2 0.4 0.6 0.8 1

s-J%/h

Figure 5.3: Lowest energy levels of the 9-site Ising chain in a transverse field plotted
as functions of the dimensionless interpolation parameter s (in units of h/J~).
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Figure 5.4: Ground-state preparation via the AP protocol for the 9-site (a) 1D and
(b) 2D Ising models with periodic boundary conditions and a transverse magnetic
field along z. The adiabatic error is plotted as a function of the preparation time T
(in units of the transverse-field energy h) for J* = 5h.

To apply the AP protocol we define the interpolating Hamiltonian

HAP(S) — _g Zzi — ‘i

2 (2.24)

(i.j)

In this model, the ground state of H, is non-degenerate, whereas the ground-
state level of H becomes doubly degenerate in the limit J*/h — oo. Consequently,
the spectral gap between the ground state and the first excited state closes during the
adiabatic evolution. Nevertheless, the AP protocol can still be shown to remain valid
by decomposing the evolution into two separate stages. The first stage starts ats =0
and stops at an intermediate value s*. For concreteness we choose s* = 0.5J*/h,
although the precise value is not critical for the argument. In this first part of the
evolution the set o, (s) contains only the ground-state energy, and the corresponding
projector is denoted by P,(s). In the second stage of the evolution, i.e., for s > s*,
both the ground and first excited energy levels are included in o (s), as schematically
illustrated in Fig. 5.3. The associated projector onto this two-dimensional subspace
is denoted by Pj(s). Since the spectral gap separating o,(s) from the rest of the
spectrum remains strictly positive in each of the two intervals, both

e’ (7) = [I(1 — Po(s")U-(s", 0)P,(0) (2.25)

and /
et” (7) = ||(1 =Py (1)U.(1,5)P}(s") (2.26)

are exponentially suppressed in the large-7 limit. Moreover, since the image of Py(s*)
is contained in the image of P,(s*), the total adiabatic error satisfies

EF(7) = ||(1 = PY(L)U.(1,51)U.(s*, 0)P,(0)
< |[|(@ = Py())U.(1,5)Po(s™) || + I(L — Po(s))U. (5", 0) Py (0)]

< EQP/(T) + EQP(T),

(2.27)
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Figure 5.5: Characteristic times gg, obtained by fitting the numerical curves €,p(7)
with a single exponential for different values of the ratio J*/h in the 1D Ising model.
Standard deviations of the fit are shown as error bars (often smaller than the mark-
ers).

which implies that the overall preparation error also exhibits exponential suppres-
sion. The main numerical results are reported in Fig. 5.4 and Fig. 5.5.

5.3 Periodic boundary conditions and site parity

From numerical simulations, we noticed that the optimal choice for the precondi-
tioner is strictly dependent on the parity in the number of sites. In fact, we found
that in the case of an even number of qubits and periodic boundary conditions, the
optimal preconditioner that minimizes g is actually M = 0, both for the Ising and
the Heisenberg models. In other words, the standard AP process, i.e., letting just the
original Hamiltonian evolve in time to find its ground state, is already the optimal
one for an even number of sites. Here we report an interpretation of this peculiar
phenomenon. Consider the Hamiltonian term

gx Lo

V=-%D XX, (2.28)

i=0
which is the same for both the Ising and Heisenberg models before the preconditioner
term M is introduced. In the presence of periodic boundary conditions, if the number
of qubits, L, is even, there is a clear distinction between even and odd sites in the
lattice, as schematically illustrated in Fig. 5.6.

In fact, in this case it is possible to rewrite

L-1

Z (XiXip +Xi0X,) - (2.29)

ieven

JX
2

V=—
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Figure 5.6: Schematic illustration of the different parity in the number of sites that
can occur in the presence of periodic boundary conditions: (a) for even L, the odd
(dark green) and even (light green) sites present a clear difference, since the last site
(even) is mapped to the first one (odd); (b) in the case of odd L, the last and first
site of the chain share the same parity, and no parity issue is present.

Moreover, it is possible to introduce the well-defined operator

s=)z,=s", (2.30)
ieven
from which we notice that
SvS=-V. (2.31)
As a consequence, for each eigenvector |A) of V such that
VIA) =A|A), (2.32)

there exists a corresponding eigenvector |—A) = S |A), with opposite eigenvalue
VI-A)=—A|-2). (2.33)

This implies that the spectrum of V is completely symmetric in the case of even L. In
particular, let A ,, be the maximum eigenvalue; then the minimum one is necessarily
—Amaxs and therefore

VI = Amax - (2.34)
The additional preconditioning term M is then introduced with the intention to re-
duce the previous norm. However, in the even L case, this attempt turns out to be

ineffective with our proposal of M, and the reason is that
SMS=M, (2.35)

i.e., M commutes with S. To show why, we now consider —M to be a perturbation of
V, and we apply perturbation theory to find the maximum and minimum eigenvalues
of V.=V —M as

{Amx = A + 21+ 2+ A5+ O (M)

2.36
Amin:_Amax+kl_kz+k3+O(”M”3) ) ( )
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Figure 5.7: Error dependence on the adiabatic process timescale for the ground state
preparation of the periodic XZ Heisenberg chain, assuming L = 10, J* = 5J%, and an
external magnetic field on the x axis of magnitude h* = 0.4J*.

where A; ~ ||[M||". The odd order corrections, such as A, and A, shift the unperturbed
maximum and minimum eigenvalues by the same contribution, thus leading to an
overall increase of the operator norm of V’. On the other hand, the second-order
term gives opposite contributions to the energy shifting, but it is always positive
for the higher energy level. Hence, it also leads to an increasing norm of V. The
final consequence is that, for this specific problem, any perturbative preconditioner
M # 0 would increase the operator norm. Notice that we never used our specific
choice expressed by Eq. (2.19), but only the fact that M is diagonal, and it hence
commutes with S.

On the other hand, a slightly more complicated model is sufficient to break the
condition expressed in Eq. (2.31). As a paradigmatic example, we have tested our
method in the case of even-site chains for the XZ Heisenberg model in an external
x-oriented magnetic field of magnitude h*. In this case, we find a clear improve-
ment in performance provided by our protocol with respect to the standard adiabatic
preparation, as can be appreciated in Fig. 5.7 for the ground-state preparation of a
10-site chain.



CHAPTER 6

BRANCHED-SUBSPACES ADIABATIC
PREPARATION

This chapter is dedicated to the Branched-Subspaces Adiabatic Preparation (B-SAP)
method [2], devised to address the limitations of conventional adiabatic preparation
(AP) and variational quantum algorithms (VQAs) discussed previously. The approach
combines structural features of both paradigms in order to compensate for their re-
spective shortcomings. The construction begins with a reformulation of the adiabatic
state preparation framework. In standard AP the initial Hamiltonian is typically cho-
sen to have a symmetry group that is as small as possible, thereby minimizing spectral
degeneracies. In contrast, in B-SAP the initial Hamiltonian H|, is selected such that
its symmetry group contains the symmetry group of the target Hamiltonian H as a
subgroup. Under this choice, symmetries may be broken along the adiabatic path
but are never created. Consequently, symmetry does not induce mergers of distinct
energy levels, although it may cause level splitting during the evolution (see, e.g.,
Fig. 6.1). At first glance, this strategy may appear counterintuitive, since it leads
to equal or higher degeneracy at the beginning of the adiabatic process compared
to its final stage. In other words, the degeneracies intrinsic to the problem are not
eliminated, but effectively shifted to the initial stage of the process. This does not
constitute a practical obstruction, however, because the spectrum of H,, is known a
priori and its eigenstates are assumed to be efficiently preparable. The ambiguity as-
sociated with the high degeneracy of H, can therefore be resolved at negligible cost.
In practice, one can initialize well-characterized basis states using relatively shallow
quantum circuits before performing the adiabatic sweep, instead of attempting to
construct complicated target eigenstates directly.

More precisely, let B be an orthonormal eigenbasis of H,, and let B, C B de-
note a subset of d, eigenstates spanning the degenerate subspace S(B3,) associated
with the spectral cluster 0,(0). In what follows, we assume H, is chosen such that
d, € poly(L). By construction, the spectral cluster o,(s) remains isolated from the
rest of the spectrum along the adiabatic process and the adiabatic evolution operator
U.(s) unitarily maps the basis B, into U_(s)B, and therefore S(B,) into the instan-
taneous spectral subspace S(U_.(s)B,) associated with o ,(s). If o,(s) consists of a

54
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(a) Conventional Adiabatic Preparation (b) Branched-Subspace Adiabatic Preparation

Figure 6.1: Illustrations of adiabatic energy spectra for two processes sharing the
same final Hamiltonian but differing in their initial ones. The left case 6.1a, related to
conventional AP starts with a non-degenerate spectrum, but it features several level
crossings. In contrast, the right panel illustrates the evolution performed through
B-SAP 6.1b, which displays a forked structure with degeneracies that never increase
throughout the evolution. Notice that the time evolution is plotted from O to 1in 6.1a,
and mirrored (i.e., from 1 to 0) in 6.1b, highlighting the differences in the final
spectra.

single eigenvalue for all s, i.e., no level splitting occurs, the transported subspace
remains irreducible and no additional structure needs to be resolved. In general,
however, the degeneracy may be partially or completely lifted during the evolution.
The problem then becomes to select a basis of S(83,) whose vectors are transported
by U,.(s) into instantaneous eigenstates of HA"(s) within the evolved subspace. Op-
erationally, one seeks a set of linearly independent eigenstates in B, such that each
state is adiabatically connected to a single eigenbranch of HA(s).

To implement this selection procedure, we employ the Multistate-Contracted Vari-
ational Quantum Eigensolver (MC-VQE) method [57]. Let { \I/M>}Z”:1 denote the ele-
ments of the arbitrarily chosen basis B,. For all u and v # u, and for p € {0, 1, 2,3},
we prepare the overlap states

1 .
v )= 7 (|w.)+iP19,)), (2.37)

initialize them on the quantum register, evolve them under U_(s), and estimate the
corresponding energy expectation values

(w2, ) v,6)) = (%2,

where, for any state |1), we use the shorthand |y(s)) := U_(s) [y)). From this set of
measured quantities, the matrix elements of HA?(s) in the evolved basis U_(s)3, can

H*(s) UISH"(5)U,(s) 22, ), (2.38)
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be reconstructed classically in post-processing as
()] 1= () H(5) 12, (5)) (2.39)
1
- oo o8, 0) o, 0o )

—i (w},6)] L))+ (8,6 H¥6) |¢,0)) ] 240

HAP(S) HAP(S)

Since d,, € poly(L), the resulting d,-dimensional matrix can be diagonalized effi-
ciently on a classical computer [51]. This yields approximate eigenvalues Elg”)(s) and
corresponding eigenvectors expressed in the basis U_(s)B, as

> = D 16u() 1, (6)). (2.41)

If the sole objective of the computation is the determination of the energy eigenval-
ues, the procedure terminates at this stage, since the classical diagonalization already
provides the desired spectrum. On the other hand, one may wish to prepare one of
the eigenstates obtained from the classical diagonalization, or an arbitrary superpo-
sition thereof, on the quantum register in order to estimate additional observables.
Suppose, for instance, that the objective is to initialize

[Wiarger) = 0,6 10,0, D6 =1 (2.42)

4

By linearity of U_(s), one has

|Wrarger) = 2 18 10,(8)) = U, () D16, |0,). (2.43)

v

Therefore, it suffices to prepare the desired linear combination of the initial basis
states 3, and subsequently apply the adiabatic evolution to obtain the target state. To
achieve this, one could employ the linear combination of unitaries technique within a
fault-tolerant quantum computing framework [58]. In what follows, we focus on the
procedure introduced in Ref. [2], which is particularly suitable for NISQ and early
fault-tolerant architectures, as it does not require ancillary qubits or controlled ap-
plications of oracle operations. Namely, we first select a fixed reference state in B,
e.g., |¥;), and then construct a parametrized unitary gate G(a) acting as an endomor-
phism on S(B,). Its action on |¥,) should allow one to explore the entire subspace
S8(B,) by varying the N, real parameters a. Equivalently, the gate should define a

mapping
G: R —S(B), a—G@ly). (2.44)

The unitary endomorphisms of S(B,) form the group U(d,), whose Lie algebra u(d,,)
has dimension ds. Each generator corresponds to an infinitesimal rotation or phase
transformation within the degenerate manifold. The following result holds [59]:
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Theorem 1. Let {t;}; be a set of generators of u(d,). Then, for every V € U(d,),
there exists a set of real parameters {a;}; such that

d

V= l_[ exp[iajtj]. (2.45)

j=1

ENN)

Each generator appears only once in the product, so G can be implemented as a
sequence of parametrized elementary gates

Gi(a;) = exp[iajtj] , je{l,. ..,df}. (2.46)

However, when starting from a fixed reference state |¥;), not all elements of U(d,,)
are required. The subgroup U(d,, — 1) c U(d,) leaves |¥,) invariant,

VIv) =), Vveu(d,—1), (2.47)
so only the coset space U(d,)/U(d, — 1) acts nontrivially on |¥,). Its dimension is
d>—(d,—17*=2d,—1, (2.48)

which is the number of real parameters needed to specify a normalized state in S(5,,)
starting from |¥;). Accordingly, the mapping G can be made bijective by restricting
to 2d, — 1 generators,

2d,—1

G(@) ) = [ | G(a)lw). (2.49)
j=1

If the target state is defined only up to a global phase, one additional generator can
be removed, reducing the count to 2(d,, — 1). When d,, scales polynomially with the
system size L, the number of trainable parameters also scales polynomially. Notably;,
the parametrized circuit constructed in this manner is not a heuristic ansatz, but a
systematic realization of all physically relevant transformations within S(B5,). While
the choice of the generator basis {t;} of u(d,), and therefore of the corresponding
set of gates {G,} in Eq. (2.49), is not unique, a convenient construction can be given
explicitly. For each u € {2,...,d,}, define two generators of the algebra acting non-

trivially only on the two-dimensional subspace span{|¥,), ‘IJM>}:
£ = o) (W, | + |w, (], (2.50)
t0) = —i |0 (W, |+ [P, ) (@] (2.51)

Restricted to the ordered basis {|¥,), |\IJM>}, these operators act respectively as Pauli
X and Pauli Y matrices, while acting trivially on the orthogonal complement. Con-
sequently, for each u # 1, the associated parametrized gates

X)Xy — - (X)) (X)
Gu (au )—exp[lau t, ], (2.52)

) ~(Y)y (V) (V)
GM (au )—exp[lau t, ], (2.53)
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implement controlled rotations within the two-dimensional subspace spanned by |¥; )
and |\IJH>, leaving all other basis states invariant. This construction provides 2(d,—1)
generators, which are sufficient to explore all physically distinct normalized states in
S(B,) up to a global phase. If global phases are to be retained explicitly, an additional
diagonal generator,

@ = |w ) (], (2.54)

may be included to control the relative phase between |¥,) and the remaining com-
ponents. Operationally, the parametrized circuit thus consists of sequential X- and
Y -type rotations coupling the reference state |¥;) to each |\IJM ), generating arbitrary
amplitude redistribution and phase structure within the degenerate subspace. Im-
portantly, the structure of the operator G(a) is completely independent of the target
Hamiltonian H and depends only on the structure of the initial Hamiltonian H,. At
this point we can write

[ [6@piw) => a,@]v,), (2.55)
j v

where the coefficients a,(a) are completely determined by the parameter vector a.
As a final step, the parameters {a;} must be chosen such that the prepared state coin-

cides with |\I/target> up to an unobservable global phase. This condition is equivalent
to enforcing unit magnitude overlap,

> Ea(@)

v

=1, (2.56)

<\Iltarget| l_[ Gj(aj) |\IJ1>
J

or, equivalently, one may formulate the problem as the minimization of the real-
valued classical loss function
2

L(a)=1— . (2.57)

D) aL(@)

v

Importantly, the optimization can be entirely classical: no quantum measurements
are required at this stage. This is because the loss function in Eq. (2.57) can be com-
puted directly from the coefficients a,(a), which in turn are obtained by evaluating
the product of the matrices G;. Although G; act on the full Hilbert space, their non-
trivial action is restricted to the degenerate subspace S(1,,), so the effective size of
the matrices is only d, x d,,. Since d,, scales polynomially with the system size, the
computation of the coefficients a,(a) is efficient. Moreover, the global minimum of
the loss function is known a priori and equals 0, attained uniquely when

a,(a)=2¢,(s) Vv, (2.58)

up to an irrelevant global phase. Consequently, no spurious local minima can be
mistaken for the solution. Note that while the target physical state is uniquely de-
fined, the optimal parameter vector a°" itself may not be unique due to parameter-
ization redundancies; nevertheless, any parameter vector achieving the global min-
imum £ = 0 is equally valid, as it prepares the correct physical state up to a global
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|0> G(a™) U(s)

T

1
< o ' k ) E . J

[¥> =&, |%> 2¢,|¥(s)>
Figure 6.2: Schematic illustration of the quantum circuit implementing the B-SAP
algorithm. The initial quantum state |¥;) € S(B,) is first prepared by applying a
low-depth circuit to the default |0)®" state. The parametrized unitary G(a®®") then
allows exploration of the full subspace S(B,), by varying the parameters a°®". Finally,
the state undergoes adiabatic evolution via U_(1).

phase. Once an optimal set of parameters a°®* has been determined, one can initial-
ize the target state |\I/target> on the quantum register as follows: i) initialize |¥;), ii)
act with the optimized quantum circuit G(a®"), iii) adiabatically evolve with U_(s).
The structure of the algorithm is represented in Fig. 6.2.

6.1 Application: the XYZ Heisenberg chain

As an explicit application of the B-SAP protocol, we consider the one-dimensional
XYZ Heisenberg model on a spin chain with an even number of sites L and periodic
boundary conditions. The target Hamiltonian is

e~
-

H=—-) [JXXin+YY,+J°ZiZ 1], (2.59)

i

Il
o

where the index i + 1 is understood modulo L. Without loss of generality, we assume
|J#[ > T = |J7], (2.60)

since any different ordering can be restored by a global rotation of the spin axes.
The Hamiltonian is invariant under lattice translations and reflections, generating
the so-called dihedral group D, . In addition, when J*, J¥, and J* are all distinct, the
remaining spin symmetry consists of global 7 rotations around the coordinate axes.
In particular, the operator

x =X (2.61)

commutes with H and defines a parity quantum number that will be conserved along
the adiabatic evolution. Following the general construction introduced previously,



Chapter 6. Branched-Subspaces Adiabatic Preparation 60

we choose the initial Hamiltonian
Hy = _JZZZiZHl: (2.62)

whose eigenbasis coincides with the computational basis

~{1)-®ls)

Jj=0

b; € {0, 1}} . (2.63)

These states can be prepared trivially on a quantum register, and the symmetry group
of H, contains that of H, ensuring that no additional symmetries are generated during
the interpolation. For a computational basis state | b > one finds

<Q| ZiZi |Q> =1—-2(b; ® b;y1), (2.64)

where & denotes addition modulo two. It is therefore convenient to introduce the
linear transformation

L-1
&|b)=()|b;®b;i;), (2.65)
j=0

which maps a bit string to the pattern of domain walls between neighboring spins.
Notice that & is not bijective, as it stands. Indeed, for any | b > it holds

D(ple"Ze

i

|b)=0, (2.66)

meaning that the Hamming weight
cI>|Q>)=Z<b|cI>T Zig|p) (2.67)

is always even, and therefore the image of ¢ is at most half of S (B). In order to make
& invertible, we partition B into

BO={|b) |bp=0}  BY={|b) |by=1},

splitting the bit strings according to their value on the first bit. The restriction of the
domain of ® to either S (B(O)) or S (B(l)) leads to a bijective map. For the case of

¢ : S(B®) - S(B), the inverse operation is

4

~

o|b:

J

1
bk> (2.68)

k=j

I\
o

while for & : S(BY) — S (B) its inverse is

&' |b) =x%;"|b). (2.69)
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Making use of these expressions, and recalling the Hamming weight definition in
Eq. (2.67), the eigenvalue equation for H, can now be recast into the more informa-
tive form

Ho [ (2)) =—r*[1—2n (o [p))][2 (1) @.70)

This equation has important consequences. First, we notice that & bijectively maps
the sets BOY = B,nBOY into the set W), C B of bit strings whose Hamming weight
is equal to 2n. This in turn implies that there exist L/2 + 1 distinct energy levels,
{E,(0)}, all separated by the same gap AE = 4J*, with a degeneracy equal to twice

the size of W,,,, i.e.,
L
d, = 2( ) (2.71)
2n

Remarkably, Eq. (2.71) allows one to conclude that d, = O (LG), such that the num-
ber of trainable parameters in the final circuit will only grow polynomially with L. If
one manages to explore S (),,), one can then use <I>gl1 to map the states back into

S (B,(Io’l)). However, this only allows one to separately prepare the generic vector ei-
ther in §(BY) or in S(BWY), while the goal is to prepare any |1),,) € S(,) that is
expressed as

[Y,,) :cos(9)|1/),(10)>+sin(9)ei“" |1/)£ll)>, (2.72)

for proper |1/)2’1> e S(B®Y), 6 € [0,7/2], and ¢ € [0,27). The pivotal observa-
tion to overcome this problem is that X, in light of Eq. (2.69), is an operator that
bijectively maps B{”) into B"). Moreover, X and H(s) commute for any s, hence it is
always possible to simultaneously diagonalize them such that the expectation value
of X remains constant throughout the adiabatic procedure. This is enough to gain
insight into the form of Eq. (2.72). Let |¢j> be an eigenstate with energy E, and
eigenvalue £1 with respect to X. Then

(Y| x |pr) =sin(20)Re [ (| X [ V)] = 1, (2.73)

in which orthogonality between S (B?) and S (B'") has been used. It follows that

0=mn/4
ol¥ |¢(1)> —+X |¢(0)> _ (2.74)

Therefore .
ly¥)=—=[1£x]|ypQ), (2.75)

V2

thus ensuring that, once we are able to explore S (BT(IO)), exploration of S(B,) auto-
matically follows. Finally, we can constructively determine the unitary gates G; (aj)
of Eq. (2.56) to explore S (Bflo)), specifically focusing on the n = 0 and n = 1 cases
as examples, up to global phases.

To illustrate the performance of the protocol, we performed numerical simula-
tions using the Qiskit framework for system sizes up to L = 10 qubits. The quality of
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the prepared state is quantified through

&= (2.76)

(1-P., () U] [ 6;(a) %)
j

where Py (1) denotes the projector onto the eigenspace associated with the target
eigenvalue E,(1). For nondegenerate levels, £ coincides with the standard infidelity.
This quantity incorporates all sources of error, including finite-time adiabatic evolu-
tion and the Trotterization used in the digital implementation.

6.1.1 Example: target state for n =0

In this case d, = 1; the only state in W, is |¥) = |0)*", i.e., the default state of a
digital quantum computer. Hence no parameterization is required and the operators
o1 % (1£X), and U,(1) can be applied directly. The error in the preparation of
the ground state of H, defined in Eq. (2.76), obtained using a simulator of a digital
quantum computer for a Heisenberg chain of length L = 10, is reported in Fig. 6.3
in logarithmic scale for both X =1 and X = —1. In both cases, the numerical results
obtained using only L/2 = 5 Trotter steps, which is the minimal number required
to enable entanglement between any pair of sites in the periodic chain, show that
£ is negligible compared to 27, i.e., the average overlap between a random state
in the Hilbert space and the target one. As expected, this is particularly evident for
|J*/J?|,|JY /J*| < 1, i.e., in parameter regions where the target Hamiltonian H is
not too different from H,. However, even for values close to critical regions such

1
O- | I il. 8

Jy I/ ) /JX
(a) Ground state, X = +1. (b) Ground state, X = —

/S
/N

Figure 6.3: Error between the target ground state and the actually prepared state in
the two parity sectors X = +1. Such an error is quantified by £ (see Eq. (2.76)) for
all possible ratios among the coupling constants of the XYZ Heisenberg Hamiltonian
H in Eq. (2.59). Both panels refer to the ferromagnetic model with L = 10. The
adiabatic procedure has been performed for L /2 = 5 Trotter steps, equivalent to half
of the chain length, each with 0.25 - [J*]™! duration.



Chapter 6. Branched-Subspaces Adiabatic Preparation 63

1

1 1

s
7
7

0 1
7

1
10! 6
17 1 L1 0 1 17 0 1
S 2
(a) L/2 Trotter steps (b) L Trotter steps (c) 2L Trotter steps

<1072

Figure 6.4: Error between the target ground state and the actually prepared state in
the X = +1 sector, calculated for different numbers of Trotter steps in the adiabatic
protocol of the B-SAP method. The error, £ (see Eq. (2.76)), is reported for possible
ratios among the coupling constants of the ferromagnetic XYZ Heisenberg Hamilto-
nian H in Eq. (2.59), with L = 10. The adiabatic procedures have been performed
with (a) 5, (b) 10, and (c) 20 Trotter steps of duration 0.25 - [J*] ™.

as J* = J* or JY = J*, the error achieved in state preparation by using the B-SAP
protocol never exceeds 0.3. Finally, it is important to stress that this error can be
significantly reduced further, for all parameters, by simply increasing the number
of Trotter steps employed in the digital implementation of the adiabatic procedure.
This effect is explicitly illustrated in Fig. 6.4, where the number of Trotter steps is
increased from L/2 to L and 2L, respectively.

6.1.2 Example: target state forn =1

In this case, the dimension of the relevant subspace becomes
1
d, = EL(L —1), (2.77)

corresponding to configurations with Hamming weight equal to two. Since each
state in W, is uniquely determined by the positions of its two nonzero entries in the
bit string, it is convenient to denote the basis states as |a, b), where a and b label
the positions of such entries along the chain and 0 < a < b < L — 1. The set of
operators {GLX)} and {GLY)} of Eq. (2.52) coincide with the well-known X and Y
Givens rotations. Fixing the reference state in Eq. (2.44) to be |¥); = |0,1), one
restricts to the subset of 2(d,, — 1) Givens rotations acting nontrivially on the initial
state.

Further reduction in the number of trainable parameters can be obtained by ex-
ploiting the fact that the Hamiltonian (2.59) is purely real. Consequently, there exists
an orthogonal change of basis that diagonalizes it, and it is therefore sufficient to re-
produce the action of the orthogonal group O(d,) rather than the full unitary group
U(d,). This is achieved by restricting to the subset of gates {GLX)}. Accordingly, the
total number of trainable parameters is reduced to d, = L(L —1)/2.
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Figure 6.5: Error between the lowest-energy target excited states and the actually
prepared states in both parity sectors, X = £1. The error, £ (see Eq. (2.76)), is
reported for all possible ratios among the coupling constants of the ferromagnetic
XYZ Heisenberg Hamiltonian H in Eq. (2.59). Calculations reported in this Figure
have been performed for L = 10. The adiabatic procedure has been realized with a
number of Trotter steps equivalent to L/2 = 5, each with 0.25 - [J*]™! duration.

We apply this procedure to the preparation of the first four excited eigenstates of
the Heisenberg Hamiltonian for both parity sectors of the operator X" using quantum
registers of up to L = 10 qubits and L/2 = 5 Trotter steps in the adiabatic protocol.
The resulting preparation error £ defined in Eq. (2.76) is shown in Fig. 6.5 as a
logarithmic color map over the parameter space of the Hamiltonian. The results
indicate that the error remains either very small, typically below the percent level,
or limited to values below 10% over most of the parameter region. As the excitation
level increases, the regions of larger error become more extended at fixed Trotter
step size, reflecting the fact that nearby excited energy levels are closer in energy
and therefore more difficult to distinguish through classical diagonalization of the

. 1 ) .
matrix [H AP(l)]Lv). Nevertheless, the results confirm that the B-SAP protocol remains
effective also for the preparation of excited eigenstates.

6.1.3 Benchmark with Conventional Adiabatic Preparation

We here compare the B-SAP protocol with conventional adiabatic preparation (AP),
which serves as a benchmark. Figure 6.6 reports the errors obtained in the prepara-
tion of the ground and first excited states of the same Hamiltonian using standard AP
under identical simulation conditions, namely I = 10 qubits and the same number
of Trotter steps. The initial Hamiltonian is chosen as

Hy,=—-J* Zi (2.78)
0— . 2i ) .
L
which is diagonal in the computational basis and has no degeneracies. The ground-
state errors remain moderately small over a broad region of the parameter space and
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(a) Ground state. (b) First excited state.

Figure 6.6: Error in preparing the ground (a) and first excited (b) states of the fer-
romagnetic XYZ Heisenberg Hamiltonian H of Eq. (2.59) using standard adiabatic
preparation. Both panels show results for L = 10, with L/2 = 5 Trotter steps of du-
ration 0.25 - [J*] ! each.

are comparable to those obtained with the B-SAP protocol for the same number of
qubits and Trotter steps. In contrast, the preparation of the first excited state exhibits
a clear qualitative difference. Except in the trivial limit J*/J* = 0, standard AP fails
due to unavoidable level crossings during the adiabatic evolution, as illustrated by
the spectrum shown in Fig. 6.1a. This comparison highlights the key advantage of
the B-SAP strategy, which enables reliable preparation not only of ground states but
also of excited eigenstates of the target Hamiltonian.

6.2 Criteria for guaranteeing the satisfiability of B-SAP

In this section, we analyze different scenarios that may arise when attempting to
guarantee that the spectral-gap conditions required by B-SAP are satisfied. As a rep-
resentative testbed, we consider the transverse-field Ising model on a closed chain of
L sites. The target Hamiltonian is

L L
Hy=—J" Y XX +B* Y Z, (2.79)
i=1 i=1

with periodic boundary conditions X, ,; = X;. The Hamiltonian H is invariant under
translations of the chain, reflections, and global 7mt-rotations of all spins about the 2
axis. Two natural choices for the initial Hamiltonian are

L
Hy=—J"> XXy, if |J¥|> B, (2.80)
i=1



Chapter 6. Branched-Subspaces Adiabatic Preparation 66
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(a) Small ratio J*/B*=1/L  (b) Larger ratio J*/B* with pos- (c) Even larger ratio J*/B?
sible near-crossings with more pronounced near-
crossings

Figure 6.7: Spectrum of the transverse-field Ising chain with L = 4 sites as a func-
tion of the interpolation parameter s. The thick lines show the exact eigenvalues of
H(s). The shaded areas around the initial Hamming-weight energies o,(0) repre-
sent the estimated maximal shifts =s ||IT,,VII, || for each Hamming-weight sector n.
Panel (a) corresponds to a small ratio J*/B* = 1/L, where the gaps between sectors
are large and the bound provides a clear separation. Panels (b) and (c) correspond
to larger ratios J*/B?, in which case one should also evolve the closest Hamming-
weight eigenspaces that may cross or become nearly degenerate, with an additional
polynomial overhead, to ensure the correct ordering of eigenstates.

and
Ho=B*»Z, if|B*|>|J"]. (2.81)

In the following, we focus on the latter choice and use |B?| as the energy unit. By a
suitable rotation of the reference frame, we can always take B* > 0, which we assume
throughout. We adopt the standard convention

Z10)=+]0), ZzZ[1)=—]1). (2.82)

With this convention, the eigenstates of
Hy=B") 7, (2.83)

are the computational basis states | b ), whose energies depend only on their Hamming
weight
h([p))=n, (2.84)

namely

H,|b) =B*(L—2n)|b). (2.85)
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Therefore, the eigenspace S(B,) associated with Hamming weight n has degeneracy

d = (L) (2.86)

n

and adjacent Hamming-weight sectors are separated at s = 0 by an energy gap 2B*.
We consider the linear interpolation

H*(s)=Hy+s(H;—H,), s€[0,1], (2.87)

where the perturbation driving the evolution away from the initial spectrum is
L
Vi=Hp—Hy=—J" > XXi. (2.88)
i=1

B-SAP evolves the initial eigenspace S(B,) with exponentially suppressed mixing pro-
vided that, throughout the interpolation, the spectral branch o ,(s) originating from
this eigenspace remains separated from all other spectral branches o ,,(s) by a finite
gap. To derive sufficient conditions ensuring this separation, we bound the maximal
displacement of the spectrum associated with a fixed Hamming-weight sector under
the perturbation sV. The projection onto individual Hamming-weight sectors pro-
vides a sector-resolved estimate of the spectral motion. A fully rigorous alternative
would be to bound the motion of the complete spectrum using Weyl’s theorem; how-
ever, such an approach generally produces substantially looser bounds. We define
the projected Hamiltonian within the Hamming-weight-n sector as

H% :=T,H,1, (2.89)
=11,(H, + V)II, (2.90)
== HOlS(Bn) + annn, (2.91)

where II, is the projector onto S(B8,). The operator X;X,,; flips the pair of bits
(b;, b;,1)- Such a flip preserves the Hamming weight only when acting on a boundary
of type 01 or 10; conversely, flips of 00 or 11 change the Hamming weight and are
removed by the projection. For a bit string b of weight n, let q(b) denote the number
of boundaries of type 01 or 10. Under periodic boundary conditions, the maximum
possible number of such boundaries is obtained by arranging the bits as alternately
as possible, yielding

(max(M) = 2min(n, L —n). (2.92)

Within S(B,,), each allowed boundary flip gives rise to an off-diagonal matrix element
of magnitude |J*|. Hence, each row of II,VII, contains at most g,,.(n) nonzero
elements of magnitude |[J*|. By the Gershgorin circle theorem, or equivalently by a
row-sum bound, the operator norm satisfies

T, VIL, [l < 1T gmax(n) = 21J%| min(n, L —n). (2.93)
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Therefore, the perturbation sIT,VII, can shift the eigenvalues originating from the
n-th Hamming-weight sector by at most

Ao ,(s) = max |x — y| (2.94)

x€0,(s), y€0,(0)

< 2s|J*|min(n, L —n). (2.95)

A sufficient condition preventing overlap between two spectral branches o, (s) and
0,,(s) with n # m is that the sum of their maximal possible displacements remains
smaller than their initial separation:

Ao ,(s)+ Aoc,,(s) < |0,(0)—0,(0)| =2B*|In—m|. (2.96)

Using Eq. (2.94) and considering the worst-case value s = 1, we obtain the sufficient
condition

2|J*|[min(n, L —n) + min(m, L —m)] < 2B*|n—m]|. (2.97)

Restricting to sectors with n,m < L/2 (the complementary cases follow from particle-
hole symmetry), Eq. (2.97) becomes

|J*|(n+m) < B*ln—m]. (2.98)

This represents a conservative sufficient condition: whenever it is satisfied, the spec-
tral branches originating from the two Hamming-weight sectors cannot overlap dur-
ing the interpolation. The most stringent requirement generally corresponds to neigh-
boring sectors, m = n + 1. A simple sufficient condition guaranteeing Eq. (2.98) for
every Hamming-weight sector is therefore

¥
BZ

1
<. 2.
<7 (2.99)

In this regime, the B-SAP gap conditions are guaranteed to hold a priori for all sec-
tors. Outside this strict regime, however, efficient state preparation remains possible.
Indeed, for generic |J*| < B* and fixed n, only a finite number of Hamming-weight
sectors can potentially overlap with o, (s). These sectors satisfy

me[n—~L . N+ Kyl (2.100)
where
2n|J*
fmaﬁ{—nl lJ, (2.101)
B* + |J*|
2n|J*
Ky = {LJ . (2.102)
B: — |J|

Importantly, the number of such sectors is independent of the system size L. Each
potentially relevant sector S(3,,) has dimension

dm:(L), (2.103)

m
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For fixed m, this scales polynomially with L,

Lm
d,~—. (2.104)
m!
Consequently, the total number of states involved in certifying possible crossings is
bounded by

O(L ™ kmax) (2.105)

up to prefactors depending only on n and k,,,,. Hence, even when the simple suffi-
cient condition ensuring global gap preservation is not satisfied, the additional over-
head required to identify and resolve possible crossings remains polynomial in the
system size. By adiabatically evolving all potentially relevant sectors, one can ver-
ify whether crossings occur and, if necessary, reconstruct the correct ordering of the
evolved eigenstates a posteriori.



PART III

HAMILTONIAN EVOLUTION
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Hamiltonian simulation is one of the central primitives of quantum computing.
In its simplest form, Hamiltonian simulation is the task of implementing an approx-
imation to the time-evolution operator U(t) = e "' generated by a Hamiltonian H.
Besides its obvious relevance for simulating quantum systems, Hamiltonian simu-
lation constitutes the algorithmic backbone of numerous quantum algorithms, in-
cluding phase estimation, quantum chemistry, optimization, linear-system solvers,
and matrix-function evaluation. Over the last three decades, two complementary
paradigms have emerged for addressing this problem. The first is based on Quantum
Singular Value Transformation (QSVT), which has become the method of choice in
the fault-tolerant setting owing to its nearly optimal asymptotic complexity. The sec-
ond consists of operator-splitting techniques, in which the evolution generated by a
complicated Hamiltonian is approximated through compositions of evolutions gen-
erated by simpler Hamiltonian terms. This family includes the well-known Trotter—
Suzuki formulas and more recent randomized approaches such as gDRIFT. Although
operator-splitting methods generally exhibit less favorable asymptotic scaling with
the target precision, they are considerably simpler to implement and remain the
dominant approach for near-term quantum devices and many practical fault-tolerant
applications.

The QSVT framework relies on the concept of a block encoding. Rather than rep-
resenting an operator directly, one embeds it as a sub-block of a larger unitary acting
on an extended Hilbert space.

Definition 1 (Block encoding). Let A be an operator acting on n qubits. A unitary U,
acting on n + a qubits is called an (a, a, €) block encoding of A if

|A—a((0** @ NU,(10)** ® I)| <, (3.1)

where a > 0 is a normalization factor and a denotes the number of ancillary qubits.
We denote the set of such block encodings as BE, ,(A,e). When e = 0, the block
encoding is said to be exact and one simply writes A € BE, ,(A).

Intuitively, the upper-left block of U, reproduces the target operator A, up to nor-
malization and approximation error. This construction allows non-unitary operators
to be manipulated coherently using unitary quantum circuits and forms the funda-
mental building block underlying modern quantum linear algebra. Starting from a
block encoding of the Hamiltonian, Uy € BE, ,(H), QSVT provides a systematic pro-
cedure for implementing polynomial transformations of the singular values of H by
alternating applications of Uy with carefully chosen single-qubit rotations [60]. In
the context of Hamiltonian simulation, one approximates the functions cos(Ht) and
sin(Ht) through polynomial expansions of appropriate parity, which are synthesized
independently using QSVT. The resulting block encodings are subsequently combined
through the Linear Combination of Unitaries (L.CU) framework [61] to obtain a block
encoding of the full propagator

U(t) = e, (3.2)
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The principal advantage of QSVT is its asymptotic efficiency. Hamiltonian simulation
can be achieved with query complexity

(3.3)

ofars WOy

In(e+1n(1/€e)/(at))

where a denotes the normalization factor of the block encoding, t the simulation
time, and e the desired precision. This nearly optimal scaling explains why QSVT-
based algorithms are generally preferred in the fault-tolerant regime, particularly for
long simulation times and high-accuracy applications [62]. These favorable asymp-
totics come at the price of a relatively sophisticated implementation. Besides requir-
ing a block encoding of the Hamiltonian, QSVT introduces ancillary qubits and relies
on the synthesis of long sequences of precisely optimized single-qubit phases, whose
computation requires dedicated classical algorithms [63]. Consequently, despite its
asymptotic optimality, QSVT often carries substantial constant overheads and is com-
paratively demanding to realize in practice.

Throughout the remainder of this thesis, we instead focus on the second paradigm,
namely operator splitting. Operator-splitting methods assume that the Hamiltonian
admits a decomposition

r
H=>H, (3.4)
r=1
where each elementary propagator
U (1) =e " (3.5)

can be efficiently implemented. The central idea is to approximate the evolution
generated by H through suitable compositions of these elementary evolutions. The
simplest example is the first-order Trotter formula [64],

T S
S,(t) = (]_[ e‘iHrf/S) , (3.6)

r=1

where s denotes the number of Trotter steps. Higher-order Suzuki formulas system-
atically improve the approximation by recursively constructing symmetric product
formulas, while randomized variants such as gqDRIFT [65] replace deterministic se-
quences by randomly sampled Hamiltonian terms, as discussed in the following sub-
section. Compared with QSVT, operator-splitting methods exhibit a less favorable
dependence on the target precision. For any fixed Suzuki order, the query complexity
scales polynomially with 1/e, whereas QSVT achieves an essentially polylogarithmic
dependence. Nevertheless, operator splitting offers several practical advantages. It
requires only the ability to implement the individual propagators e '*'*, introduces
no algorithmic ancilla overhead, and naturally exploits locality, sparsity, and commu-
tation relations among the Hamiltonian terms. As a result, it remains the most widely
adopted framework for Hamiltonian simulation on near-term quantum devices and
continues to play an important role in fault-tolerant quantum computing.
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As a final remark, it is relevant to highlight that Hamiltonian simulation naturally
extends to time-dependent Hamiltonians H(t), where the objective is to approximate
the corresponding time-ordered exponential. In this setting, operator-splitting meth-
ods generalize straightforwardly by discretizing time into sufficiently short intervals
and applying product formulas to the instantaneous Hamiltonians. By contrast, ex-
tending QSVT to time-dependent dynamics is considerably more involved, since the
standard construction assumes access to a single fixed block-encoded operator. Ac-
commodating a continuously varying Hamiltonian generally requires additional tech-
niques, such as piecewise-constant approximations or linear combinations of distinct
block encodings, while preserving the correct time ordering of the evolution.

The QDRIFT protocol Here we introduce the QDRIFT protocol, proposed by Camp-
bell in [65], which provides a stochastic approach to approximate the time evolution
generated by a Hamiltonian H. Given an initial quantum state p, the goal is to sim-
ulate its evolution under H for a time t. The QDRIFT protocol achieves this by con-
structing a quantum channel C’, defined as the composition of £ identical channels
C, each approximating a short-time evolution step

u[p] — e—th/Zp eth/lZ — efﬁ/f[p], (3'7)
where the Liouvillian superoperator is given by
L[p]=—i[H,p]. (3.8)

Let the Hamiltonian admit a decomposition

—

retre Y

H=> AH A, E€R,  |H|=1, (3.9)

r=1

where each term H, generates a unitary evolution that can be efficiently implemented
on quantum hardware. The single-step QDRIFT channel is defined as

T
Clp]= Z p(y) e /PG g iy t/tp(r) (3.10)
r=1
r
= ply) e/ 0p], (3.11)
r=1
where
E}/[p] :_lAy[Hpr]: (312)
and
1A, |

p()=—C A=) A (3.13)
Y
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is a sampling distribution. Such a channel can be implemented on quantum hardware
by first classically sampling an index y according to the probability distribution p(y),
and then applying the unitary e “*H:t/(?()) to the quantum state. Repeating this
procedure independently for each of the ¢ steps realizes the channel C*. When using
the QDRIFT approximation to estimate the expectation value of an observable O, the
resulting bias satisfies the bound (see [65])

(2tA)? 21

[mloclpl]-Tou'Tp]]| < llOl=—e

(3.14)

Therefore, in the limit of £ — o0, the estimation bias goes to zero as O (E_l), match-
ing the asymptotic scaling of the first-order Trotter formula. Unlike deterministic
product formulas, however, QDRIFT does not depend on any specific ordering of the
Hamiltonian terms, and its error bound is independent of commutation properties of
the decomposition. This yields a more uniform and, in many cases, tighter control
of the approximation error [65]. Moreover, at each time step the protocol requires
the implementation of only a single Hamiltonian term H,, in contrast to Trotterized
schemes, which apply every term in the Hamiltonian decomposition at each step.
Consequently, QDRIFT is particularly well suited to Hamiltonians containing a large
number of terms T'.

Despite these advantages, standard QDRIFT is intrinsically limited to first-order
accuracy in time, inheriting an inverse-linear query complexity with respect to the
target precision €. Recently, this bottleneck was resolved by Pathwise Random Hamil-
tonian Simulation (PRHS) [8], which generalizes randomized product formulas to ar-
bitrary order. By dividing each time step into correlated slices governed by a uniquely
constructed quasi-probability distribution, PRHS achieves a factorial bias decay in the
expansion order. This enables query costs scaling sub-polynomially with 1/€ in high-
precision regimes, bridging the gap between low-overhead near-term randomized
methods and fault-tolerant accuracy targets without requiring ancillary qubits.



CHAPTER 7

RESOURCE-OPTIMAL IMPORTANCE
SAMPLING FOR RANDOMIZED
QUANTUM ALGORITHMS

The QDRIFT protocol provides a paradigmatic example of a randomized quantum
algorithm, where the stochastic selection of unitary evolutions enables an efficient
approximation of Hamiltonian dynamics. More generally, a wide class of quantum
algorithms relies on probabilistic choices over a set of quantum operations, giving
rise to estimators whose performance is inherently governed by both the underlying
sampling distribution and the statistical fluctuations induced by measurement. This
observation naturally raises the question of whether the classical sampling distribu-
tion defining a randomized quantum protocol can be optimized in order to reduce
the overall computational cost. In particular, while standard constructions such as
QDRIFT fix the sampling distribution according to structural properties of the prob-
lem (see e.g. Eq. (3.13)), this choice is not necessarily optimal when accounting for
implementation-dependent costs associated with different circuit realizations.

In this chapter, we present the general and problem-agnostic framework of 3] for
applying classical importance sampling to randomized quantum protocols. Given an
original sampling distribution p and a cost function ¢ associated with the implemen-
tation of the corresponding quantum operations, we consider alternative sampling
distributions q together with appropriate reweighting factors, ensuring that the re-
sulting estimator remains unbiased. The central objective is to determine the optimal
distribution ¢* that minimizes a net-cost figure of merit defined as the product be-
tween the average cost per circuit execution and the variance of the estimator. Within
this framework, importance sampling enables a systematic tradeoff between execu-
tion cost and statistical fluctuations: sampling expensive operations less frequently
reduces the cost per run, at the expense of increasing the worse-case variance, and
vice versa. We show how to optimally balance these competing contributions with-
out requiring prior knowledge of the target quantity. We further extend the analysis
to realistic scenarios in which the quantum computation is affected by algorithmic
approximations or physical noise, proving that importance sampling preserves the es-
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timator bias despite modifying the sampling distribution. Additionally, we consider
settings where error-detection schemes are employed, and characterize how these
mechanisms modify both the optimal sampling strategy and the achievable reduc-
tion in computational resources.

Remarkably, while the approach was initially developed in the context of the
QDRIFT algorithm, its generality enables direct application to all randomized quan-
tum protocols, providing a principled method to reduce implementation costs while
preserving the same asymptotic accuracy guarantees.

7.1 Optimal Importance Sampling

We consider the problem of estimating the expectation value Tr[O par] of an ob-
servable O on a target quantum State P, We focus on scenarios in which pye
admits a representation as an ensemble average over a family of more easily im-
plementable quantum states, obtained by applying quantum channels &, to a fixed
reference state p, with sampling probabilities given by a distribution p(6). Namely

ptarget:fde(Q)gQ[p]:Ep[gg[p]:l- (315)

In the case of the QDRIFT protocol, the parameter 6 reduces to the set of parameters
{r j}§=1 of the different steps, while the Liouvillian evolutions

]_[eW“ff (3.16)

j=1

play the role of the channels &. Let
0=> xI, (3.17)

be the spectral decomposition of the observable, where II, is the projector onto the
eigenspace associated with eigenvalue x. An unbiased estimator of Tr[Op ] can
be obtained by sampling 6 ~ p, preparing £y[p ], and measuring in the eigenbasis of
0. Indeed,

Tr[optarget] = J de(Q)ZTr[Hx 52[10]] X

X

= [ 40p@rxio
E,[x], (3.18)

where r(x|0) := Tr[II, E[p]] denotes the conditional measurement distribution,
and E,, is the expectation over the joint distribution p(8)r(x|6). We assume ||O|| <
1, which can always be enforced by rescaling. The total computational cost is deter-
mined by both the number of samples required to reach precision § and the cost of
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generating each sample. We denote by c(6) the cost associated with implementing
Eplp] and performing the measurement. The expected cost per sample depends on
the sampling distribution. To optimize the trade-off between cost and statistical fluc-
tuations, we introduce importance sampling (IS). Specifically, we sample 6 ~ q(6)
and reweight outcomes using

w(0) := %’ (3.19)
so that the resulting estimator remains unbiased
E, [w(0)x] = E,, [x]. (3.20)
Under the modified sampling, the expected cost per run is
E,,[c(6)] = E,[c(0)]. (3.21)

To characterize the statistical overhead, we consider the worst-case variance over all
observables with [|O|| < 1:

max __ 27 _ 2
Var; _fﬂi’f{Eqr[(W’c) ]—Eg [wx] }

< Eqr[wzxz]
=E,[w?(0)]. (3.22)

By the Central Limit Theorem, the number of samples required to achieve precision
& scales as E,[w®] 672, This motivates the definition of the net cost

NC, :=E[c(O)]E,[w?*(0)]. (3.23)

With this definition, the bound to the total computational cost scales as 6 2N Cy>
independently of the observable. In the absence of IS (q = p), one has

NC,=E,[c(8)] (3.24)
The optimal choice of q is characterized in the following Theorem.

Theorem 2 (Optimal sampling distribution). Let p(8) be a probability distribution
and c(6) > 0 a cost function. Then, for any sampling distribution q,

NG, > (E,[c2(0)]), (3.25)
with equality if and only if

6)c2(6
oy POO)

P TR RO (3.26)
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Proof. Using w = p/q, we rewrite

NC, =E,[c]E,[w*]
=E,[cw ' 1E,[w]. (3.27)

Applying the Cauchy-Schwarz inequality,

1/2

E,[c/?]=E,[c 2w /2. w!?] < (IEp[cw_l])l/2 (E,[w]) (3.28)
Squaring both sides yields the claim. Equality holds iff w oc ¢!/2. O
The relative advantage of optimal IS is quantified by
NC,. (E,[cY?] 2 Var, [¢12]\
! =(p ) = 1+¢ : (3.29)
NC, E,[c] E,[c1/2]?

Thus, NC;. < NC,, with larger gains when c¢!/? exhibits large relative fluctuations un-
der p. Importantly, optimal IS does not modify the underlying quantum operations:
the same channels £, are implemented, and only the classical sampling distribution
is altered.

7.1.1 Composite Quantum Channels

In the following, we focus on settings characterized by the following assumptions:

1. The parameter vector § = (0,,..., 6,) has dimension s, and its components are
drawn independently according to a product distribution.

2. The cost function is additive:

S

c(8) =Y ci(6,), (3.30)

i=1
where each ¢; depends only on 6,.

Each variable 6, may represent either a single scalar parameter or a collection of pa-
rameters. This structure naturally arises when the channel &, is given by a sequential
composition

EQ = 593 ] 59571 O---0 891, (331)

where each channel &, depends on an independent parameter 6;. This includes
QDRIFT-type constructions [65], as well as Eigenpath Traversal protocols [66], in
ideal settings. Under the independence assumption, the random variables c; := c¢;(6;)
are independent, with mean u; and variance crl.z. The total cost c(0) is therefore a sum
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of independent random variables. For large s, its distribution approaches a Gaussian
by the Central Limit Theorem, with

p=> i =sp, (3.32)
o? =Za.2 =502, (3.33)

where (i and 62 denote the average mean and variance. Assuming that i and &2
remain finite as s — 00, one finds (see Appendix C) that

E,[c(8)] =50, (3.34)

1/2 2_.-_9 1
(E,[c'*(@)]) =si 4ﬂ+o(s). (3.35)

Substituting into Eq. (3.29), we obtain

= 2

N _ 1—1(3_) +o(l). (3.36)
NC, s\ 20 s2

This expression shows that the advantage of optimal importance sampling vanishes
as s — oo. In other words, in multilayer settings with independent components
and additive costs, the relative reduction in net cost becomes asymptotically negligi-
ble. This behavior admits a simple interpretation: as the number of layers increases,
the total cost concentrates around its mean, and the relative fluctuations of ¢/ 2(0)
decrease, thereby reducing the potential gain from importance sampling. However,
relaxing either independence or additivity can lead to qualitatively different regimes.
In particular, correlations between layers or non-additive cost structures may sustain
a non-vanishing advantage. Furthermore, distinct behaviors arise in the presence of
error-detection schemes, as will be discussed in Section 7.3.

7.2 Importance Sampling for Imperfect Quantum Channels

In the previous section we showed how the net computational cost can be minimized
by IS. Since the cost function can be chosen to quantify circuit depth or CNOT gate
count, this might suggest that the overall noise-induced error could also change, and
perhaps even be reduced. In this section, we show that this intuition is misleading
and, in fact, the bias of the final estimator is unaffected by IS.

In practical scenarios the quantum channel &£, introduced in Eq. (3.15) may only
be approximated by a noisy channel Ny, both because of algorithmic approximation
errors and hardware imperfections, including gate noise and decoherence. Let

gg(p) :=Ny(p)—Ey(p) (3.37)

denote the error in the implementation of the state £y(p). Although IS changes
the sampling distribution from p(0) to q(8), and thus changes the expected error
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in the prepared state from E,[£4(p)] to E,[£4(p)], this does not affect the bias of
the final observable estimator. Indeed, the reweighting factor w(6) = p(6)/q(6)
exactly compensates for the change in sampling distribution, so that the bias is fully
determined by the original distribution p(6) and the implementation error &,(p).
This is stated more formally in the following theorem. -

Theorem 3. Let

No(p) =Ey(p) +e4(p) (3.38)

be an approximate implementation of the channel £,(p), sampled according to p(6).

Let g(8) be an arbitrary importance-sampling distribution, with weight w(8) = p(8)/q(6).
Then, for any observable O = >, xII,, the bias induced by the channel approxima-

tion in the importance-sampled estimator is independent of q and is given by

Eqr,[w(g)x] —E,.[x]= Ep[Tr(O 8Q(p))] . (3.39)

Proof. Define the ideal and noisy conditional outcome distributions for the POVM
{I1,}, as

r(x|0) == Tr[ 11, &(p) ], (3.40)
r'(x]0) :=Tr[ 1T, Ny (p)]. (3.41)

The expectation value of the importance-sampled estimator built from the noisy chan-
nel is

E, [w(0)x]= J O q(@)w(0) D> r'(x|0)x

= f do p(0) > r'(x|0)x

=E,.[x]. (3.42)
Therefore,
Eqr/[W(Q)X] - Epr[x] = IEpr’l:x] - IEprl:x:l

= f do p(8) > (r'(x|0)—r(x|0))x

= J B p(O)Tr[ O (Ny(p) —E5(p))]

= IEP[Tr(O 8Q(p)):|. (3.43)
This quantity depends on p and on the channel approximation error, but not on the
IS distribution q. O

In summary, IS can reduce the computational resources required to reach a target
precision, but it neither alleviates nor exacerbates the bias induced by imperfect state
preparation or hardware noise. The expectation value of any observable remains
governed by the original sampling distribution p(6) and by the implemented noisy
channel N,.



Chapter 7. Resource-Optimal Importance Sampling for Randomized Quantum
Algorithms 81

7.3 Importance Sampling with Error Detection

In this section, we consider a scenario in which a device, after completing a circuit
execution, outputs a classical flag F € {ok,err} indicating whether a detectable
fault occurred. We refer to runs with F = ok as successful and runs with F = err
as failed. We assume that the flag is perfectly reliable, with no false positives or
negatives. If an error occurs, two situations can arise. In some cases, the error
can be corrected, allowing the final outcome to be treated as if no error occurred.
In these cases, the additional resources required for the error-correction procedure
should be accounted for in the overall cost function. In other cases, errors can be
detected but not corrected. This situation is common in current quantum devices,
for example, in trapped-ion systems, where certain faults can be reliably flagged
but not actively corrected [67-69]. Alternatively, errors may be detected through
violations of conservation laws or symmetries that are preserved by the ideal, error-
free evolution [70-73]. In the case of errors that can be detected but not corrected,
various strategies can be employed. First we describe how these situations can be
handled without IS. Consider a randomized algorithm for estimating Tr[O pyygec ],
where P, can be decomposed as in Eq. (3.15) using a probability distribution
p(60). The simplest procedure is to sample a value of p(6), apply the corresponding
parametrized quantum channel £, on the initial state p, and measure O. If the flag is
ok, the outcome is recorded; otherwise, the whole process is repeated with the same
6 until success. This is necessary in order for the samples 6 to come from the target
distribution p(8) and for the final state to be Py, This in turn implies that the
expected cost to record one successful outcome depends on both the cost associated
with &, and the success probability f(6) > 0 of the flag indicating ok. Since we are
not using IS at this stage, the expected cost coincides with the net cost and reads

NC,=E (6) 3

=5 ) G4Y
as we will prove later in this section. When f(6) is small for some 8, the correspond-
ing circuit must be run many times on average before it does not flag an error. This
increases the average cost of the algorithm. One may therefore impose a limit L on
the number of repetitions, after which a new 6 is sampled from p(8). However, this
effectively alters the sampling distribution p(6), and IS is required to maintain an
unbiased estimator. In what follows we present two approaches that allow recording
independent outcomes whose expectation values exactly correspond to Tr[O ;g ],
differing in how they handle unsuccessful runs. We then analyze these methods and
derive the optimal IS distributions that minimize the net cost for each protocol for a
given target estimation error.

ZeroFill(L). In the ZeroFill(L) protocol, one first samples a parameter configura-
tion O according to the distribution q(8). The corresponding quantum circuit is then
executed, incurring a cost c(6) and subject to an error-detection mechanism. If no
error is detected, which occurs with probability f(6), the observable O is measured
and the outcome is multiplied by a weight factor before being recorded. If instead
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an error is detected, the execution is repeated using the same value of 8. This retry
procedure is performed for at most L attempts. If all L executions fail, the proto-
col records the value 0 (Zero-Fill) and proceeds to a new parameter sample. The
goal is to estimate E,[O &y(p)] from repeated samples. Unbiasedness is ensured by
choosing the weight

. p®)
w8 L) = oke; )’ (3.45)
where
k(0;L)=1—(1—f())". (3.46)

Discard(L). The Discard(L) protocol follows a similar structure, allowing up to L
repeated executions for a fixed parameter configuration 6. Whenever an execution
succeeds, the corresponding measurement outcome is recorded after reweighting.
However, if all L attempts fail, no outcome is stored and the parameter configura-
tion is discarded entirely before a new sample is drawn. In this case, unbiasedness
requires the weight

wo(0: 1) = E, [k(8: 1)]—2& (3.47)
E T q(@) k(65 L) '
Equivalently,
wp(8; L) =E,[k(8; L)]w,(6; L). (3.48)

The performance of the two preceding algorithms can be characterized in terms of
the expected cost per recorded outcome and the corresponding variance. As shown
in the following theorem, both quantities admit the same formal expressions for the
ZeroFill(L) and Discard (L) protocols when written in terms of their respective weight
functions w,(60; L) and w(6; L).

Theorem 4. Consider a target distribution p(6), a cost function ¢(6), and one of
the error-handling schemes introduced above. Let f(6) denote the probability that
the circuit associated with 6 executes without detectable error, and let q(0) be the
sampling distribution.

Then, the expected cost required to obtain a single recorded outcome is

u«:[ «6) ] (3.49)
P Wz,D(QQL)f(Q) ’ ’

while the corresponding worst-case variance, maximized over all observables satis-
fying ||O|| < 1, is

E,[w;p(8;L)]. (3.50)

Proof. A proof is provided in Appendix B. O
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Although Egs. (3.49) and (3.50) hold for both ZeroFill(L) and Discard(L), the
two protocols generally exhibit different performance because their associated weight
functions are not identical. In particular, the expected cost of ZeroFill(L) equals that
of Discard(L) multiplied by the factor E [k(8;L)], whereas the variance bound of
ZeroFill(L) is reduced by the inverse of the same factor. We also emphasize that
Eq. (3.49) quantifies the expected cost required to obtain a successfully recorded
outcome. If instead one is interested only in the cost of executing a single run of the
algorithm, irrespective of whether the outcome is ultimately retained, the relevant
quantity is simply

E,[c(6)]. (3.51)

Corollary 1. For both the ZeroFill(L) and Discard(L) protocols, characterized by
success probability f(6) and sampling distribution q(8), the net cost satisfies

2

c(8)
NC 2 | B, |\ Zgy

(3.52)

Equality holds if and only if the sampling distribution is given by

. p(8) | f(8)
qL(Q)ock(Q;L) 0 (3.53)

Proof. Consider the net cost

c(9)
wzp(6; L) f(6)
obtained by multiplying the expected cost in Eq. (3.49) by the variance bound in

Eq. (3.50). Applying the Cauchy-Schwarz inequality yields Eq. (3.52), with equality
if and only if

NGy = Ep[ ]Ep[WZ,D(Q;L):I,

(0:1) oc | 22 (3.54)
w ;L) oy | —. .
“Di= f(6)
Finally, since both ZeroFill(L) and Discard(L) satisfy
p(0)
0 — 3.55

10 L Dwy(@: 1) (3:35)

the optimal sampling distribution in Eq. (3.53) follows immediately. O

Remarkably, both the optimal net cost and the associated optimal sampling distri-
bution q; coincide for the ZeroFill(L) and Discard(L) protocols. Moreover, although
the optimal sampling distribution depends explicitly on L, the resulting optimal net
cost does not. In the limit L — oo, one has

kO;L) > 1,  EJ[k(8;L)]-1, (3.56)
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and the weight functions reduce to the standard importance-sampling form

_r(®)
w8 =@y

In this regime, Theorem 4 implies that sampling directly from p(6) yields a worst-case
variance bound equal to 1, together with the expected cost given in Eq. (3.44), which
is strictly larger than the optimal net cost achievable through importance sampling
for any positive cost function. Finally, taking the limit . — oo in Corollary 1 yields
the optimal sampling distribution

(3.57)

0
4’ (8) o< p(6) %ﬁ. (3.58)

7.3.1 Case Study: IID Parameter Model with Poissonian Error
Statistics

In this section, we present an analytically tractable instance of the general framework
introduced in Section 7.1.1. We consider a collection of parameters {6, ..., 6,} mod-
eled as independent and identically distributed random variables, and assume that
the total cost function c¢(0) is additive, with identical single-parameter contributions
associated with each 6;:

S

c(0) =) ci(6)). (3.59)

i=1

We further assume that the probability of observing no detectable errors follows a
Poissonian ansatz depending on the total cost,

f(@)=e*9®,  a1>o0. (3.60)

This model naturally describes situations in which the cost function faithfully cap-
tures the total circuit execution time and errors originate from stationary noise pro-
cesses continuously acting on the quantum hardware. Under these assumptions, the
probability of remaining error-free decays exponentially with the accumulated cost.

Theorem 5. Given a target distribution p(68), let q(6) be an arbitrary sampling dis-
tribution. Consider i.i.d. random variables 6 = (6,,..., 6,) with additive cost

S

c(8) =D ci(8). (3.61)

i=1

Assume that the detectable-error success probability is given by

f(O)=e*®), (3.62)
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for some A > 0. Define
Uy = ]Ep[cl(e)]: O-f = Varp[cl(e)]) (363)

as the mean and variance of the single-variable cost function c,(60).

Using one of the protocols described in Section 7.3 with L = 00, the ratio between
the net cost obtained under the optimal sampling distribution q*(6) and that obtained
under the original distribution p(8) admits the asymptotic expansion

2
«|1- [ =2 | 1o (3.64)
4s u Aoy

Proof. A proof is provided in Appendix C. ]
In the absence of detectable errors, corresponding to A = 0, one finds

NCg- 1
(s)~1—-, s — 00, (3.65)
NCP s

so that the ratio converges to unity asymptotically. In this regime, importance sam-
pling does not provide an asymptotic advantage. By contrast, for any A > 0, the ratio
decays exponentially with the system size:

NC,.

i _ 73) R
Ncp(s) exp[ s( 7 ], s — 00. (3.66)

Therefore, whenever o; # 0, the optimal importance-sampling strategy yields an
exponentially vanishing net-cost ratio. Moreover, the quantity NC,./NC,(s) admits
a unique global maximum at a finite value of s, approximately given by

2
1 o} 64 Ao\
s | —— | [1+\|1+—=—|wm+—=2] |. (3.67)
8 4 2l A20? 2
My T =5~ 1

This value identifies the characteristic size of 6 at which the relative net-cost reduc-
tion induced by importance sampling is weakest before the asymptotic exponential
suppression becomes dominant.

7.4 Discussion

In this chapter, we developed a general framework that uses classical importance
sampling as an outer optimization layer for randomized quantum algorithms. The
main result is an analytical characterization of the optimal sampling distribution that
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minimizes the net cost associated with estimating a target quantity, thereby promot-
ing importance sampling from a heuristic variance-reduction technique to a prin-
cipled resource-allocation tool for quantum computation. Within this formulation,
the optimization acts solely on the classical sampling measure, while the underlying
quantum channels and measurement procedures remain unchanged.

A central outcome of the analysis is that importance sampling preserves the bias
induced by imperfect quantum implementations. In particular, when the ideal chan-
nels are replaced by noisy or approximate ones, the reweighting procedure com-
pensates only for the change in the sampling distribution, not for the physical or
algorithmic errors themselves. As a consequence, the framework can substantially
reduce the expected resource consumption required to reach a target precision, but
it cannot be used to mitigate coherent approximation errors or hardware noise. This
distinction is essential for interpreting the practical scope of the method.

The framework is deliberately flexible with respect to the cost function. Depend-
ing on the platform and the computational regime, the relevant resource may be cir-
cuit depth, two-qubit gate count, non-Clifford cost, runtime, or another implementation-
dependent metric. This makes the method adaptable to both near-term and fault-
tolerant settings. Although the formulation is observable-independent at the level of
the optimization problem, it naturally suggests observable-aware extensions in which
prior information about the target quantity is used to refine the sampling strategy and
improve the combined cost-variance trade-off.

The magnitude of the attainable improvement depends on the statistical structure
of the randomized protocol. When the cost is additive across many independent
layers, the total resource consumption concentrates around its mean and the relative
gain from importance sampling vanishes asymptotically, as quantified by the large-s
analysis in Section 7.1.1. By contrast, in the presence of error-detection schemes, the
induced success probabilities can produce a much broader effective cost distribution,
and the advantage of optimal sampling may become exponentially large in the system
size. This contrast highlights a key limitation of the basic framework and, at the same
time, points to a route for overcoming it through structured randomness, correlated
sampling across layers, or other designs that avoid concentration effects.

The applications discussed in [3] illustrate the breadth of the framework, includ-
ing randomized product formulas, mixed-state simulation, classical shadow estima-
tion, and probabilistic error cancellation. Across these examples, the same principle
applies: whenever a randomized quantum protocol admits a tunable classical sam-
pling law and a meaningful cost model, importance sampling provides a systematic
way to reduce the expected computational burden without altering the algorithmic
target. For this reason, performance comparisons between deterministic and ran-
domized formulations should always take the optimized randomized version into
account, rather than the unoptimized one.

Overall, the results of this chapter establish importance sampling as a general
resource-optimization mechanism for randomized quantum computation. The frame-
work clarifies when cost reductions are possible, how the optimal distribution should
be chosen, and which limitations are intrinsic to the method. These conclusions pro-
vide a foundation for further developments in resource-aware quantum algorithm
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design, especially in settings where randomness is already part of the computational
structure.



PART IV

OBSERVABLE MEASUREMENT
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In the previous sections, we described how to initialize a quantum state p on
a quantum register and unitarily evolve it to the target state P, according to a
prescribed Hamiltonian. The final step consists of performing measurements to ex-
tract physically relevant information, such as the expectation values of observables
of interest. More precisely, let O be an observable with spectral decomposition

0=>xI, 4.1)

where IT, denotes the projector onto the eigenspace associated with eigenvalue x.
Our goal is to estimate its expectation value

(0) := Tr[ptargeto]' (4.2)

If direct measurements of O are available, an estimator for (O) can be obtained by re-
peatedly executing the quantum circuit and averaging the measurement outcomes.
However, in most practical settings, quantum devices are restricted to performing
projective measurements in a limited set of bases, typically corresponding to local
operators such as single-qubit Pauli Z measurements in the computational basis.
Consequently, estimating the expectation value of a generic observable requires re-
ducing the measurement of O to operations compatible with the available quantum
resources. Several strategies have been developed to estimate expectation values on
a quantum computer, and the most appropriate one depends on the available oracle
access, the structure of the observable O, and the dominant resource constraint. In
what follows, we assume 6 > 0 is the target accuracy to be achieved in the estimation
of (O). As a first step, we survey the main approaches to estimating (O) in the various
oracle settings encountered in practice. For each setting, we highlight the algorithms
that are most naturally suited to the available access model.

i) A first approach is based on basis rotation. If an efficiently implementable uni-
tary U is known such that UOU' = D is diagonal in the computational basis, one can
prepare P, On a quantum register, apply U, and perform a projective measurement
in the computational basis. The final estimator is obtained as a weighted average of
the eigenvalues of D, where the weights are given by the empirical frequencies of
the measurement outcomes. This strategy requires no ancilla qubits and introduces
only the additional circuit depth associated with the implementation of U. Assuming
bounded eigenvalue samples, the number of repetitions required to reach an accuracy
5 scales as O(]|0]|?/82) according to Hoeffding’s inequality [ 74]. Its main limitation
is that finding an efficient basis transformation is generally intractable for a generic
observable, and even when such a transformation is known, its implementation may
require a substantial circuit depth.

ii) A second class of approaches relies on the availability of a block encoding of
the observable. Suppose that an efficient block encoding U, € BE, ,(O) can be syn-
thesized. In this case, U, can be used as a primitive in a larger quantum circuit whose
measurement statistics are related to the desired expectation value. The simplest ex-
ample of this strategy is the Hadamard test [75-77], which estimates the relevant
overlap, in the case of unitary O, through the success probability of a block encoding
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of
1

acting on the state o, ® [0%) (0¢], that is

1 - 1
Psuccess = ZTr[(l + O)ptarget(l + O)'] = E (1 + <O>) . (4.4)

The method requires one additional ancilla qubit, besides the internal ancillas in-
volved in the block encoding, together with controlled access to U,. Its sampling
complexity scales as O(a®/5%), where a is the block-encoding factor. The main ad-
vantage of this approach is its conceptual simplicity and its applicability whenever
a block encoding can be constructed. However, controlled operations increase the
circuit depth, the normalization factor a directly affects the sampling cost, and the
construction of U, may itself introduce significant ancilla and synthesis overhead. A
more advanced technique is amplitude estimation [78], which improves the depen-
dence on the target precision from O(1/6%) to ©(1/6) by embedding Hadamard-
test-type circuits into a quantum phase estimation procedure. In this setting, one
typically requires O(log(a/6)) ancilla qubits for phase readout and O(a/d) queries
to the block encoding. The total circuit depth scales as

O(a/8) x depth(U,). (4.5)

The main advantage of amplitude estimation is the quadratic improvement in query
complexity with respect to sampling-based approaches. However, this improvement
comes at the cost of substantially deeper circuits and the requirement of coherent
access to many sequential applications of U,.

iii) Finally, if an efficient block encoding of the time-evolution operator e
is available, quantum phase estimation (QPE) [79] provides a natural alternative.
QPE samples from the spectral distribution of O induced by the state [v): the al-
gorithm returns an eigenvalue A, with probability p,, and the expectation value is
recovered as the empirical mean of the sampled eigenvalues. This approach requires
m = O(log(1/8)) ancilla qubits and coherent controlled simulations of e~°t up to
evolution times t = O(1/6), leading to an overall query complexity of order O(1/6).
Its main advantage is that it provides access to the full spectral distribution of O with
respect to |1}, allowing the estimation of higher moments and other spectral quan-
tities without additional asymptotic cost. Its main limitation is the substantial circuit
depth required, as it relies on long coherent time evolutions. A detailed explanation
of the QPE routine can be found in the following chapter.

—i0t

So far we have been discussing a general framework for selecting an estimation
strategy according to the available oracle access. In practical applications, however,
additional structure of the observable or the quantum state can be exploited. Sup-
pose, for instance, that O admits a decomposition

0= ZCiOi, C; eR. (4.6)
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By linearity, the expectation value can be obtained by separately estimating the ex-
pectation values of the individual operators O, using any of the previously described
methods, and subsequently combining the results according to

(0) = c(0). 4.7)

An important example of this approach is the Pauli decomposition, in which the oper-
ators O; correspond to Pauli strings. Such decompositions are widely used in quantum
simulation and variational quantum algorithms because Pauli operators can often be
measured efficiently. However, the decomposition is not always readily available, and
constructing it may be challenging or impractical for certain observables. Further-
more, if the number of terms grows exponentially with the system size, estimating
each contribution separately becomes computationally prohibitive. The decomposi-
tion in Eq. (4.6) also provides a natural framework for optimizing the allocation of
measurement resources. In particular, the available measurement budget can be dis-
tributed among the different terms according to importance-sampling schemes pro-
portional to |c;|, or through more refined strategies that account for the variance of
each contribution and the specific computational constraints of the problem [3, 80].
Moreover, when several expectation values (O;) are required simultaneously, classical
shadow techniques [81] can be employed to reconstruct multiple observables from
the same measurement data, especially when the operators share locality proper-
ties or admit efficient simultaneous reconstruction. A particularly simple case arises
when the observable is proportional to a projector, namely O = cII with ¢ € R. In
this situation, the expectation value can be rewritten as

(Y[Oly) = c(y[TI|2p) (4.8)
=c ' (ylo"0ly) (4.9)
=c o). (4.10)

This expression shows that the expectation value is directly related to the success
probability associated with a block encoding of O. Consequently, when such a block
encoding is available, the estimation problem can be addressed even more directly
than through a Hadamard-test construction.

In the next two chapters, we focus on estimation problems in which the quantity
of interest is either the expectation value of the system Hamiltonian or the energy
difference between two eigenstates. Chapter 8 is devoted to the standard Quantum
Phase Estimation (QPE) algorithm and its application to energy estimation. Chapter 9
instead introduces a NISQ-friendly protocol for estimating energy differences directly,
without requiring the individual energy eigenvalues to be computed.



CHAPTER 8

QUANTUM PHASE ESTIMATION

The Quantum Phase Estimation (QPE) algorithm, originally introduced by Kitaev [ 79]
and subsequently formalized in the quantum circuit model by Cleve et al., is a fun-
damental primitive of quantum computation. The task of the protocol is to estimate
the phase ¢ associated with an eigenvalue of a unitary operator U, defined through
the eigenvalue equation

Ulyp) =e*™ ), (4.11)

where |¢) is an eigenstate of U and ¢ € [0,1). The objective is to extract an n-bit
approximation of ¢ with high probability using a quantum circuit whose complexity
scales polynomially in n. The QPE algorithm exploits quantum parallelism and inter-
ference: an ancillary register of n qubits is initialized in a uniform superposition via
Hadamard gates, while a second register contains the eigenstate |v), assumed to be
available as an input resource. Controlled applications of successive powers of the
unitary operator U 2* are then performed, as illustrated in Fig. 8.1, thereby encoding
the binary expansion of ¢ into the relative phases of the computational basis states of
the ancillary register. This step emphasizes a crucial aspect of the protocol, namely
that the implementation of controlled-unitary operations, often referred to as ora-
cle access to U, constitutes a fundamental resource alongside the preparation of the
eigenstate. Following this phase kickback procedure, one is left with the quantum
state

2"-1 2"—1
1 )
on/2 Z |k) ® Uk w)) - on/2 Z eZMkd) lk) ® WJ) ’ (4.12)
k=0 k=0

where the second equality follows directly from the eigenvalue equation. At this
stage, it is sufficient to observe that the structure of the ancillary register in Eq. (4.12)
matches that of Eq. (1.41). One can therefore apply the inverse Quantum Fourier
Transform (QFT™!) to the ancillary register, which decodes the accumulated phase
information into a binary representation accessible via measurement. The measure-
ment outcome yields an estimate ¢ such that |¢ —¢| < 27" with probability bounded
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Figure 8.1: Quantum circuit for the Quantum Phase Estimation algorithm. The top n
qubits constitute the ancillary register. After preparation in a uniform superposition,
they control successive powers of the unitary operator U acting on the eigenstate
register. Finally, the inverse Quantum Fourier Transform is applied to the ancillary
register before measurement.

away from zero, which can be further amplified through standard repetition tech-
niques. From the perspective of computational complexity, QPE provides an expo-
nential advantage over classical phase estimation methods in regimes where |v) can
be efficiently prepared and U can be efficiently simulated on a quantum device, since
classical approaches typically require resources that scale exponentially with the de-
sired precision. This exponential improvement underlies a broad class of quantum
algorithms, most notably Shor’s factoring algorithm, as well as quantum algorithms
for eigenvalue problems in chemistry and physics. In the latter applications, the uni-
tary oracle U is commonly realized as the time-evolution operator

U:=e Ho (4.13)
generated by a target Hamiltonian H over a fixed time interval 6t such that
IH||6t < 2. (4.14)

The eigenstate |¢) is then identified with an eigenvector |E) of H, associated with an
energy eigenvalue E to be estimated. As emphasized above, efficient preparation of
|E) is required to estimate E via QPE, together with an efficient implementation of
the unitary evolution U, highlighting the relevance of the topics discussed in Part II
and Part III. In other words, the performance of QPE critically depends on both the
efficient realization of controlled powers of the unitary operator and the availability
of its eigenstate, conditions that are generally nontrivial and often constitute the pri-
mary bottleneck in practical implementations. Nevertheless, within these constraints,
Quantum Phase Estimation remains one of the central algorithmic tools demonstrat-
ing the computational power of quantum information processing.



CHAPTER 9

SPECTRAL GAP ESTIMATION VIA
ADIABATIC STATE PREPARATION

The spectral gap, defined as the energy difference between two eigenstates (typically
the ground state and the first excited state) of a quantum system, is a central quantity
in both condensed matter physics and quantum chemistry. In condensed matter sys-
tems, the spectral gap governs low-temperature properties, stability, and phase tran-
sitions [38, 82]. In particular, it plays a key role in determining transport properties:
systems with a large gap typically behave as insulators, whereas metallic systems are
characterized by a vanishing gap at the Fermi level [83]. Near critical points, small or
closing gaps are associated with drastic changes in physical behavior and the emer-
gence of critical phenomena [84, 85]. In quantum chemistry, energy gaps between
molecular orbitals, such as the highest occupied molecular orbital and the lowest
unoccupied molecular orbital, determine molecular stability, reactivity, and optical
properties [86, 87]. These quantities directly influence chemical processes including
catalysis, bonding, and photochemical transitions [88]. Despite their importance,
computing spectral gaps for large or strongly correlated systems remains a challeng-
ing task on classical computers. The exponential growth of the Hilbert space with
system size makes exact diagonalization infeasible, while additional complications
arise in fermionic systems due to the sign problem [89].

Quantum simulation offers a potential route to overcome these limitations. In
a fault-tolerant setting, a natural strategy for estimating the spectral gap consists
in independently applying QPE to the relevant eigenstates and subsequently taking
the difference between the measured eigenvalues. Owing to the use of the QFT,
this approach achieves an exponential improvement in precision scaling compared
to classical diagonalization methods. Nevertheless, it still presents several conceptual
and practical limitations. From a conceptual perspective, if the quantity of interest
is solely the spectral gap, estimating the two individual eigenvalues may constitute
an unnecessary use of computational resources. This suggests the possibility of alter-
native strategies capable of accessing the gap more directly, without reconstructing
the corresponding energies separately. Moreover, from a practical perspective, QPE
requires repeated controlled applications of the unitary evolution operator. Although
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the query complexity scales only logarithmically with the target precision, the overall
implementation cost can still become prohibitively large, particularly in many-body
systems where each realization of the time evolution is itself computationally de-
manding. Consequently, despite its asymptotic efficiency, the direct application of
QPE may remain impractical in physically relevant regimes. In particular, during the
NISQ era [90], available quantum devices are constrained by limited qubit counts
and coherence times, typically rendering QPE infeasible. To address these limita-
tions, several methods for estimating spectral gaps on NISQ devices have been pro-
posed, including imaginary-time evolution [91], robust phase estimation [92], and
Bayesian phase-difference estimation [93]. In Ref. [4], we develop an alternative
approach that avoids the explicit estimation of energy eigenvalues. The method is
particularly well suited to NISQ devices, as it replaces deep quantum circuits with
a larger number of shallow circuit executions, effectively trading circuit depth for
measurement repetitions. The method is based on the temporal fluctuations of ex-
pectation values of observables and consists of two steps.
i) First, the coherent superposition

1
E(|E1> + |Ej>)’ (4.15)

where |E;) and |E]> are eigenstates of the system Hamiltonian H with eigenvalues
E; and E;, is prepared on quantum hardware, for instance using B-SAP [2]. The
prepared state is then evolved under H for a time t, and the expectation value of
an arbitrary observable O is measured. By repeating this procedure for different
evolution times, one obtains an estimate of

(i, ) =

(0(t)) = %((Eil O|E) +(E;|O|E;)) + Acos(AE;t +6), (4.16)

where AE;; := E; — E;, while A > 0 and 6 € [0,27) correspond to the polar rep-
resentation of the complex transition matrix element (E j| O |E;). Operationally, this
first quantum step consists of preparing the superposition state, evolving it under H
for a set of times {t, }, and measuring the corresponding expectation values (O(t,)),
thereby generating a dataset.

ii) The energy gap is subsequently extracted from this dataset, either through
Fourier analysis or, more efficiently in the NISQ regime, by fitting the measured sig-
nal to a sinusoidal model. The choice of observable is not restrictive, as any operator
satisfying A # 0 allows the energy gap to be accessed. However, selecting observ-
ables that maximize the oscillation amplitude improves the signal-to-noise ratio and
enhances the robustness of the estimation.

This approach enables, in principle, the estimation of energy differences between
arbitrary eigenstates without requiring full spectral reconstruction. Moreover, it is
particularly advantageous for systems where direct energy measurements are costly
due to the complexity of the Hamiltonian, e.g., its number of terms in a decomposi-
tion of the form of Eq. (4.6). In what follows we report numerical simulations and
experiments on quantum hardware which demonstrate the feasibility of the methods
within current technological constraints.
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9.1 Ising Model

We consider the Ising model on a square lattice in d dimensions with periodic bound-
ary conditions (PBC). The system is described by the Hamiltonian

J h
H=—§Za}a}—§20f, (4.17)
{ij) i

where o; denotes the Pauli operators acting on site i, and (ij) indicates a sum over
nearest neighbors. We focus on the ferromagnetic regime J; > 0 and aim to estimate
the spectral gap between the ground state and the first excited state.

As a first step, we need to construct the superposition state [¥(0, 1)). To this end,
we introduce the auxiliary Hamiltonian

J
H, =—§Zailoll., (4.18)
(ij)
which corresponds to Eq. (4.17) with h; = 0. The ground-state subspace of H is
twofold degenerate and is spanned by {|+)®",|—)®"}, where
1
|£) = —(]0) £|1)). (4.19)
) 7 ) £1(1)

We can employ B-SAP to determine coefficients c; , and c; _ such that the states
|E/(0)) :=c;y [+)®F + ¢ |5)®F (4.20)

are mapped, under adiabatic evolution, to the eigenstates

|E;) = lim U-(1)|E;(0)) . (4.21)
By linearity, this implies
) 1
[¥(0,1)) = Tlggo UT(]‘)E [(Co,+ +¢14) +)%" + (co—+c¢1-) |_>®L:| , (4.22)

so that |[¥(0,1)) can be prepared by initializing the appropriate superposition in
the degenerate subspace and subsequently performing adiabatic evolution. For the
present problem, symmetry considerations allow one to determine the coefficients
{c;+} without resorting to MC-VQE in the B-SAP procedure. Specifically, consider
the operator

L—-1
R =R (n), (4.23)
j=0

where Ri (0) denotes a rotation about the z-axis by an angle 0 acting on qubit j.
This operator commutes with the Ising Hamiltonian for all values of the coupling
parameters, and its expectation value is therefore conserved during the adiabatic
evolution. The states |[+)®" and |-)®" do not diagonalize R, since

R|E)® = (=) ). (4.24)
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Introducing instead
1

%) = — (]+)® £ |-)®), (4.25)
[05) = —= (11)* £15)*")
one finds
R|®*) = £(—i)" [*). (4.26)
Thus, the ground-state subspace of H, is spanned by |®*) and |®~), which are eigen-
states of R with eigenvalues (—i)! and —(—i)’, respectively. Let’s now consider the
ground and first excited states of H, arising from the lifting of the degeneracy in the
ground-state subspace of H,. In the limit h;/J; — 00, the ground state of H is given
by
1) = [0)®", (4.27)

which is an eigenstate of R with eigenvalue (—i)". Since R is conserved under the
adiabatic evolution, it follows that |Q,) must originate from |®7), i.e.,

lim U, [#*) = [Q). (4.28)
T—>00
By orthogonality and conservation of R, the complementary state satisfies

lim U, |[87)=192,), (4.29)

T—>00
where |2,) denotes the first excited state of H within the same symmetry sector. This
identification extends to any finite value of h;/J;. To see this, note that the adiabatic
evolution targeting a Hamiltonian with finite h;/J; can be regarded as an initial seg-
ment of a longer adiabatic path that asymptotically reaches the limit h;/J; — oo.
Since R commutes with the Hamiltonian at all times along this path, its eigenval-
ues label invariant symmetry sectors that cannot mix during the evolution. In the
asymptotic limit hs/J; — 00, the ground state is uniquely identified as |Q,) = |0)®*
and carries eigenvalue (—i)" under R. Therefore, the adiabatic continuation of the
initial state |®*) must remain within the same symmetry sector and evolve into the
instantaneous ground state throughout the entire path. Since no level crossings are
expected between different symmetry sectors, this correspondence holds already at
any finite value of h;/J;. In other words, the state originating from |®*) continuously
tracks the ground state of H for all hy/J; > 0, while |®~) analogously evolves into the
first excited state within the complementary symmetry sector. Finally, using linearity
and the relation |+)®" = %(Idﬁ) +|$~)), we obtain

[¥(0,1)) = lim U, |4+)®" . (4.30)

Now that we know how to prepare the quantum state on the register, we are left with
the choice of the observable. Based on numerical tests we employ

0=0c!'® ("), (4.31)

which appears to maximize A in Eq. (4.16) (Appendix E). The experiments involve
4-site and 20-site Ising chains with PBC. The circuit depth per Trotter step is indepen-
dent of L, reaching a maximum of 80 two-qubit gates when decomposed into IonQ
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Figure 9.1: Spectral gap as a function of h;/J; for (a) L = 4 and (b) L = 20 Ising
chains with PBC. Simulations include classical noiseless results and experiments on
IonQ Aria 1. Red-shaded regions indicate adiabatic and infrared limits where circuit
depth is insufficient. Error bars represent a single standard deviation from the fit.

native gates (Appendix H). We use 40 Trotter steps, divided into 15 adiabatic and 25
time-evolution steps. To evaluate O(t), the 25 times t are chosen as Chebyshev nodes
[94, 95] to accurately capture oscillations. Each circuit is simulated classically with
8192 shots, incorporating intrinsic measurement errors (Appendix F), and compared
against exact diagonalization of H.

Figure 9.1 shows strong agreement between noiseless simulations and numerical
benchmarks, with relative errors of order 1072. The infrared and adiabatic limits
correspond to regimes where our approach becomes unstable due to Trotter approx-
imation constraints or long adiabatic evolution times. In the infrared limit, the O(t)
frequency approaches zero, requiring many time steps. In the adiabatic limit, fidelity
decreases with increasing transverse field, sometimes exhibiting unexplained oscil-
lations (Appendix G). The method demonstrates robustness against IonQ-inspired
noise, with thermal relaxation and readout contributing minimally, and two-qubit
gate fidelities being the main source of error (Appendix H). The average relative er-
ror under this noise model is of order 107", and performance remains stable with
reduced shot counts. Analogous results for 4-site 2D Ising lattices are presented in
Appendix I. Experiments on the IonQ Aria 1 device for 4- and 20-site chains were
performed under hardware constraints, limiting measurements to three h;/J; values
for 4 qubits and two for 20 qubits, avoiding infrared and adiabatic limits. Only 10 of
the 25 originally chosen times t were used for fitting O(t), and 2500 shots (with error
mitigation) replaced the 8192-shot classical simulations. Results (Figure 9.1) agree
well with noiseless and noisy simulations, demonstrating the method’s resilience.
Integrated error mitigation on the device further improved accuracy [96].
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Figure 9.2: Spectral gap for (a) H, and (b) He, as a function of bond length. Noiseless
simulations match benchmark values closely. Error bars represent a single standard
deviation from the fit.

9.2 H, and He, Molecules

The spectral gap estimation was applied to the diatomic molecules H, and He,. The
electronic Hamiltonian in second quantization is

. 1 .
H= Z hpqcl‘)cq + > thqrsc;cécrcs, (4.32)
pq

pqrs

with coefficients h,, and h,,,,, obtained via Hartree-Fock [97, 98]. Mapping to qubits

via Jordan-Wigner gives

pars

L
H= > ail,...,iL@Bal% i,€{0,1,2,3}. (4.33)
i j=

Treensll,

The auxiliary Hamiltonian H,, is taken as the diagonal of H, making eigenstates com-
putational basis states. The superposition |¥(0, 1)) is constructed from the ground
and first-excited states of H,. Observables for these systems are tensor products of
identities and o' matrices, satisfying | (w,| O |w,) | = 1 (Appendix E). Numerical sim-
ulations used 40 Trotter steps (5 adiabatic, 35 evolution). H, requires 4 qubits; He,
requires 8. Energy gaps as functions of bond length are shown in Figure 9.2. Noise-
less simulations closely match benchmarks, with deviations at large bond lengths for
H, due to imperfect state preparation. He, results remain robust across the tested
range. On the other hand, circuit depth considerations make noisy simulations on
current hardware impractical: 2-qubit gate counts reach 180 for H, and 6640 for
He,, yielding low fidelity.

9.3 Remarks and Outlook

The protocol presented in this chapter was primarily conceived for the NISQ and early
fault-tolerant regimes, where coherent circuit depth constitutes the principal com-
putational bottleneck. Its main advantage lies in replacing long coherent quantum
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evolutions with a larger number of independent shallow circuit executions, making
it considerably more resilient to decoherence and gate imperfections than standard
implementations of quantum phase estimation [99, 100].

This practical advantage, however, comes at the price of a less favorable asymp-
totic scaling with the target precision. To resolve the spectral gap A = E; — E,, with
accuracy e, the Fourier uncertainty principle dictates a maximum coherent evolution
time per circuit execution of

Toax = O(e71). (4.34)

However, because the spectral gap is extracted via classical signal processing of noisy
expectation values (O(t)) [101, 102], statistical sampling noise (shot noise) propa-
gates into the frequency fitting via the Cramér-Rao bound. Consequently, the total
accumulated runtime across all circuit executions scales according to O(e™2). In con-
trast, Quantum Phase Estimation (QPE) [99] processes phase information coherently
using an ancilla register of m = O(log e ') qubits. By avoiding the shot-noise penalty
associated with repeated expectation-value measurements, QPE achieves the optimal
Heisenberg-limited total runtime scaling of O(e™'), making it asymptotically superior
in the fully fault-tolerant regime.

These considerations suggest that the present approach and quantum phase esti-
mation should not be regarded as competing algorithms, but rather as complemen-
tary techniques tailored to different hardware regimes. While the former is partic-
ularly attractive for near-term and early fault-tolerant quantum devices, the latter
ultimately becomes preferable once sufficiently large, fully fault-tolerant quantum
computers become available.

An important direction of my current research is the development of a fully fault-
tolerant protocol for spectral gap estimation that retains the Heisenberg-limited asymp-
totic scaling of quantum phase estimation while avoiding the unnecessary estimation
of individual eigenvalues. The central observation is that the spectral gap is itself the
quantity of interest, whereas conventional QPE reconstructs the two eigenenergies
independently before taking their difference. By exploiting this additional structure,
the goal is to directly estimate the energy difference, thereby combining the opti-
mal precision scaling with a more resource-efficient use of quantum memory and
gate depth. Preliminary investigations indicate that this approach may substantially
reduce the overhead associated with conventional phase-estimation-based gap eval-
uation.



CONCLUSIONS

This thesis has addressed the problem of designing and optimizing quantum algo-
rithms for the simulation of many-body quantum systems, with a particular focus
on the efficient use of computational resources across the full quantum simulation
pipeline, from state preparation to Hamiltonian evolution and measurement. The
starting point of this work is the observation that quantum computation does not
merely extend classical computational paradigms, but reorganizes the way in which
information is represented and processed. While classical hardware relies on increas-
ingly sophisticated but fundamentally classical control of physical systems, quantum
computation exploits coherent quantum dynamics directly. In this setting, quantum
simulation emerges as one of the most natural and impactful applications, since the
exponential complexity of quantum many-body systems makes their classical descrip-
tion intractable beyond modest sizes. Within this framework, a generic quantum
simulation protocol can be decomposed into three fundamental stages: state prepa-
ration, Hamiltonian evolution, and measurement. Each of these stages introduces
distinct algorithmic and physical constraints, and each has been the subject of dedi-
cated developments in this thesis.

Part II of the thesis focused on quantum state preparation. After establishing
its central role in quantum simulation and its intrinsic computational hardness in
general settings, we analyzed existing approaches based on Variational Quantum Al-
gorithms and Adiabatic Preparation. While VQAs provide flexible low-depth ansitze
at the cost of difficult optimization landscapes, adiabatic methods offer a concep-
tually simple dynamical route to eigenstate preparation but are severely limited by
small spectral gaps and long evolution times. Building on these observations, two
main contributions were developed. First, an optimal-control-inspired modification
of adiabatic state preparation was introduced, in which a preconditioning term is
designed to reshape the adiabatic path and reduce the characteristic preparation
time. This approach provides a systematic route to accelerating adiabatic proto-
cols and demonstrates exponential improvements in representative many-body mod-
els. Second, a hybrid strategy combining variational and adiabatic ideas was devel-
oped. By incorporating group-theoretic structure into the variational ansatz and con-
straining the evolution within symmetry-resolved subspaces, the resulting Branched-
Subspaces Adiabatic Preparation (B-SAP) algorithm achieves efficient preparation
of both ground and excited states with improved scalability compared to standard
methods.

Part IIT addressed Hamiltonian evolution, focusing on operator splitting tech-
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niques as a central paradigm for quantum simulation. Product formulas, includ-
ing Trotter and higher-order Trotter—Suzuki decompositions, provide a systematic
way of approximating complex unitary dynamics by sequences of simpler exponen-
tials. Beyond deterministic constructions, this part introduced a broader perspective
based on randomized protocols and classical optimization of quantum resources. In
particular, a general framework for importance sampling in randomized quantum
algorithms was developed. Within this framework, the cost of a quantum proto-
col is quantified through a net-cost functional combining circuit execution cost and
statistical variance. It was shown that optimal sampling strategies reducing the com-
putational overhead while preserving the estimator bias can be derived analytically.
This approach was applied to a variety of settings, including Hamiltonian simulation
protocols such as QDrift, as well as more general tasks involving noisy channels and
measurement-based estimators. The resulting formalism provides a unified perspec-
tive on how classical sampling theory can be used to systematically optimize quantum
algorithm performance.

Part IV focused on observable measurement, with particular emphasis on the
estimation of spectral properties of quantum systems. While standard approaches
to spectral gap estimation rely on independent computation of low-lying energy
eigenvalues via methods such as quantum phase estimation, these techniques can
be resource-intensive and conceptually indirect when only energy differences are of
interest. To address this limitation, a direct gap estimation method based on adia-
batic state preparation was introduced. The key idea is to construct a specific super-
position state whose time-dependent measurement statistics encode the energy gap
through characteristic oscillatory behavior. By analyzing these temporal fluctuations,
the spectral gap can be extracted via classical post-processing and fitting procedures.
The method, which relies on the accurate initialization of special quantum states
on the quantum register, was validated numerically on prototypical spin systems and
small molecular Hamiltonians and experimentally on real quantum hardware for sys-
tems of moderate size. These results indicate that meaningful spectral information
can be extracted using shallow circuits, suggesting a viable path toward gap estima-
tion in noisy intermediate-scale quantum devices and, in the long term, more complex
applications in fault-tolerant architectures.

Taken together, the results of this thesis highlight a unifying theme: the efficiency
of quantum simulation is not determined solely by the availability of quantum hard-
ware, but crucially by the structure of the algorithms used to exploit it. Across state
preparation, evolution, and measurement, the central challenge is the same: reduc-
ing the effective resource cost while preserving the physical information encoded in
quantum states. From this perspective, several directions emerge naturally for future
research. On the state preparation side, further exploration of symmetry-aware and
control-theoretic methods may lead to more systematic constructions of low-depth
circuits for physically relevant classes of Hamiltonians. For Hamiltonian evolution,
extending importance sampling techniques to more sophisticated fully fault-tolerant
resource models, where T-gate counts dominate complexity, appears particularly
promising. Finally, in the context of measurement, a natural direction for future
work is the development of more general frameworks for extracting spectral and
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dynamical information directly from time-dependent observables. In particular, ex-
tending these approaches to fault-tolerant architectures is an active line of research
that I am currently pursuing, with the goal of making such methods compatible with
large-scale quantum computation.

Overall, this work contributes to the broader effort of transforming quantum sim-
ulation from a primarily conceptual advantage into a practically efficient computa-
tional tool, by systematically addressing algorithmic bottlenecks across all stages of
the computation.
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APPENDIX A

EXPONENTIAL BEHAVIOR OF THE
ADIABATIC ERROR

In this section we review the proof of the exponential bound provided in the main
text. We begin by extending the domain of H(s) tos <0 and s > 1

H, fors <0
H(s)=<[1—f(s)]Hy+ f(s)H; for0<s<1 (5.1)
H, fors > 1

and by defining the (adiabatic) time evolution operator U_(s;, s,) from the differential
equation

.dU.
13(51,50) = TH(51)UT(51:50)- (5.2)

Integrating both sides and using recursively Eq. (5.2) one obtains

S1

U.(s1,50) = Texp {—i’rf dsH(s)] , (5.3)

where T is the time ordering operator. In what follows we assume that Vs € R, the
subset 0, (s) of the full spectrum o(s) = o,(s)Uc;(s) of H(s) is isolated and bounded,
ie.

{d(s) = ifcoy(5), yeo, )X = Y1 = dinin > 0 (5.4)

D(S) = Supx,yeoo(s)lx _.yl < Dmax < oQ.

Let P(s) be the projector on the eigenspace essociated with o,(s). The goal of this
section is to establish a bound for the adiabatic error

GAP(T) = ”(]l —P(Sl)) U’r(slasO)P(sO)” ’ (55)

with an exponential falloff in the large T regime. If we sum and subtract a generic
projector G(s; T) and we repeatedly use the triangular inequality together with the
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unitarity of U_, we obtain

eap(T) SIIP(s1) = G(sy; DI + 1P (s0) — Gso; DIl + || ULs1,50)(1 = Gls1; T)IU- (51, 50) |

S1

<[IP(s1) = G(sy; DIl + [IP(s9) — G(so5 DI + f ds6(s; 1),

(5.6)

with the auxiliary function

o(s;t)= Hii—f(s; T)+it[H(s), G(s;7)]

‘. (5.7)

It is evident that if one can prove the existence of an operator G(s; 7) satisfying
G(s;7t)=P(s) V1, Vsé¢[0,1], (5.8)

the first two terms in Eq. (5.6) cancel out from the interval [0,1]. Additionally, if
6(s; 7) falls off exponentially in the limit T — oo it follows that, for any s, < 0 and
s; > 1, also €,p(7) decreases at least exponentially in 7.

We now turn to the explicitly construction of G(s; 7) subject to condition (5.8) and
to the requirement that &(s; 7) has an exponential falloff. At this scope we introduce
the index of a generic operator A

1 dz
Ind, (A) = Y ﬁA—z , (5.9
where y is a closed curve in the complex plane. Notice that this definition is also
valid for a complex number. Using the definition above and starting from a generic
operator T(s; ), we may define its projector G(s;7) = IndY(T(s; T)) from an anti-
clockwise curve y such that Ind, (1) = 1 and Ind, (0) = 0, as represented in Fig. A.1.
Clearly the previous expression may be ill-defined when T'(s; 7) has eigenvalues lay-
ing on the curve y and this eventuality is discussed and excluded below. Notice also
that the relation between T and G is not bijective, in fact there exist infinitely many
operators T giving the same projector G. In what follows we rewrite conditions (5.8)
and (5.7) in terms of T. From now on we denote the k-th derivative of a generic op-
erator A with respect to the variable s with

k
AB(s) = %‘(s), (5.10)

with the convention that A9 (s) = A(s).

I Eq. (5.8) implies that

1 1 1
G(s;T)—P(s):z—mﬁdz(T(s;T)_Z—P(s)_z) (5.11D)
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[4

Im(2) 4

Figure A.1: Gray dots in the figure represent the eigenvalues of T. The thick circum-
ference is a possible choice for the curve y.

should vanish for s ¢ [0, 1]. In other words

Ind, (T (s; 7)) = Ind,(P(s)) Vsé¢[0,1]. (5.12)

II We hereby tackle eq. (5.7) by expressing 6(s; 7) in terms T

R 1 W Y 4 s . 1
o(s;7) = o ‘ﬁdzT(s;T)—z (T Dis; o) +it[H(s), T(S,T)]) TG o) —z
) (5.13)
< i[su L ] |TDGs; ©) + i [H(s), T(s; 7))
= o | SHPeer T(s;7)—2 ’ T

where L, is the length of the curve y. 6(s; 7) is guaranteed to decrease exponen-
tially in 7 if there exists an s-independent constant K such that, for 7 large enough,

SUP,e, <K< oo (5.14)

T(s;7T)—2

and

lim 7 7Mn||T®(s; 7) + it [H(s), T(s; 0)]|| < 0. (5.15)

Notice that condition (5.14) also implies that the definition G(s; 7) is well-defined.

So far we have obtained three conditions for T(s; 7). In particular, Eq. (5.14) is
equivalent to claiming the existence of 0 < K < 0o s.t. K™' < inf, [|T(s;7)—z||
for T > 0. To simplify the derivation, we choose y to be a circumference centred in
%z = 1 with radius 1/2, as represented in Fig. A.2; it follows that

1
infye, IT(s; 7) — 2l Z infe, [IP(s) =2l = IT(s; ) = Ps)lll = | 5 — T (s; T) = P,
(5.16)
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Im(2) 4

[4

Figure A.2: Gray dots in the figure represent the eigenvalues of T. The thick circum-
ference, is a possible choice for the curve y. The erased region is made up from those
points whose distance from 7 is lower than K~'. Condition in eq. (5.14) requires, for
7 large enough, that T has no eigenvalues in this region.

and hence condition (5.14) is guaranteed if
1 . 1
sup,||T(s; T) —P(s)]| < > V1 U inf || T(s; T)—P(s)|| > > V. (5.17)

We now focus on the condition in Eq. (5.15) and look for an operator T(s; T) whose
dependence on s and T can be factorized as

N(s;7) 0.
T(s;7)= Z J(é). (5.18)

J
=0 T

One could just set N to infinity, but this choice would require to deal with the norm of
an infinite series in eq. (5.17). We postpone the choice of N(s; 7), instead, and treat
it as a generic step function of s parametrized by 7. Outside the support of NW(s; 1),
i.e. almost everywhere, by means of the triangular inequality one obtains

NGs) ‘O(.l)(s) +i[H(s),0,1 ]
M. - . ] !
|TD(s;7) + i [H(S), T(s; )| < TlIHE), 0o+ D =
j=0
(1)
HON(S;T)
TN(s;7)

(5.19)

In order to have an exponential convergence to zero, we set any term on the r.h.s but
the last one to zero, and exploit the arbitrariness on N(s; T) to exponentially suppress
it. At this point we impose the system of equations

[H(s),00(s)] =0
0(s)+i[H(s),0;,]=0  Vje€N,
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Im(2) 4

[4

Re(z)

Figure A.3: The figure represents the poles of R(s,z), as a function of z, for a fixed
value of s. In particular, gray dots correspond to the eigenvalues in o,(H(s)), while
black dots correspond to those in o;(H(s)). Here we consider systems with a discrete
spectrum, e.g. field theories defined in a finite spatial box.

admitting the following solutions

{oo(s) = P(s)

0; =Q(s)S;(s)Q(s) — P(s)S; ($)P(s) + o= fr()(R(s z) [O(l)l(s) P(s)]R(s z))
(5.20)
with

Q(s)=1-P(s), S;(s)= Z}J ! 10m(s)0;_,(s), R(s,2) = [H(s)—z]", (5.21)

and I'(s) a closed anti-clockwise curve surrounding only the eigenvalues in o (s)
while keeping a distance of at least @ from the spectrum (see Fig. A.3), formally

Indl—'(s)(E) =1 ifEe O'O(S),
Indl—'(s)(E) =0 ifEe 0'1(3), (522)
|z—E|2@ Vz €T(s), VE € o(s).

Using these results Eq. (5.15) takes the form

1
I il ”(S)H (5.23)
ngo T n TN(S T) :
subject to the constraints
N(s;7) O(S) 1 N(s;7) O(S) 1
J . J
sup, ; oy < 2 VT U inf; ; p > 5 V1 (5.24)

valid for large 7 and derived from Eq. (5.19). Our goal is to find bounds for the
operators O}k) for Hamiltonians H(s) of the form in Eq. (5.1), that we will use to
demonstrate that both Eq. (5.23) and Eq. (5.24) hold, with a proper choice of N(s; 7).
Since P(s) can be expressed in terms of R(s,z) as

P(s) = i % dzR7 (s, 2) (5.25)
271 rGs)
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and the O; operators can be calculated from Eq. (5.20), we start from evaluating

R(&,2)dE
(& —s)+1

where we have used the Cauchy theorem for the k-th derivative. In particular, C(s)
can be chosen as the circumference in the complex plane centred in s with radius
p > 0. Using the fact the f(s) is holomorfic and switching to polar coordinates one
obtains

, (5.26)

. ® k!
i) = 5P RV 2] < L supary
T Jees)

k(1Y [ .
<—(— R(s + pe'’ do =
0252(5) | sl )
AN RN 0 4
= — (—) SUP,cr(s) [H(s) —z+(H(s + pe' )—H(s))] = (5.27)
21\ p Jo
Kkl 1K 7 _ _
= o (—) SUP, cr(s) [H(s) —z+A (f(s +pele)—f(s))] Hlde.
AP/ Jo
Since f (s) is continuous we can take p small enough so that
IH(s)— 2] = |[f(s + pe) = f )| 1Al VO €[0,27), ¥z € T(s). (5.28)

Hence, denoting with |¥) the normalized vectors of the Hilbert space, we obtain

[(H© =2+ A(FG+ pe) —F&)] ™
= (infig) | (W1 H() —2 + A (f (s + pe®) = f()) W)]) " < (5.29)
< (infigy (@] H(s) — 2 [¥)| — supyg, | (¥] A (F (s + pe®) — £ (5)) [¥)]) " =
= (infig) | (¥ H(s) —= 10| — | £ (s + pe'®) — £ ()] 1Al

that, together with the hypothesis that the spectrum of H(s) has a distance of at least
% from any z along the curve I'(s), gives

k! d(s
o< (LY f (L) vpen—s@lial) . ©30
T\ p o
We use again the continuity of f(s) to impose a tighter condition on p, i.e.
d(s
F6+pe®)=f)Ial < £ v, (5.31)
that is compatible with the previous one in Eq. (5.28). Finally, we define
— i6 d(s)
o(s)=sup{p >0 s.t. [f(s+pe®)—f(s)|lAll< e Vo t. (5.32)

and use it as the radius for C(s), obtaining

1\ 4
rk(s) < k! (@) @ (5.33)
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Knowing the bounds for r,, we proceed to the study of HO]@ s

. 2
three important Lemmas. YVkeN dF, < 4% such that

Fy

. 5.3
Z(l+1)2(k—l+1)2_(k+1)2 (539
Proof. The proof is obtained by the straightforward calculation
[k/2) k
1 1
= +
Z(l+1)2 (k—l+1)2 (Z - Z ) (I+1)2(k—1+1)?
(5.35)
> |
I</2J+1)2 (l+1)2 - (k+1)2 6
In particular, one can find explicitly that F, = 1 and F; = 2. ]
Let M(s),N(s) € C* be operators, p,q € IN, and the functions m(s),n(s),a(s) € R
such that (54 1)
k k p + .
||M( )(s)|| < m(s)aP* (s)(k+ R (5.36)
® PINCERI]
”N (5)” < n(s)a®” (S)m- (5.37)
for any integer k. Using the constants F, introduced above, it follows that
2 v, (D +q+Kk)!
”(MN)( )(5)” < Fym(s)n(s)aP ™ (S)W (5.38)
Proof. Using the standard notation for the binomial coefficients
k k!
= — 5.3
(Z) (k=D (5.39)
and the hypothesis of this Lemma, from the Leibnitz formula we find
k
MN)®(s)|| < ( ) MOSNED ()| <
[N R s)|| < Z | IMOENEDE)]| <
k
k (p+Dq+k-01!
< p+q+k —
= ; (z)m(s)”(s)a L+ 12(k—1+1)
K\N(p+D!(g+k—01)! 1
= Pratk(p + q + k) ( ) :
m(s)n(s)a” " p+q-+k) ; 1) g+l (+12(k—1+1)?
(5.40)
Considering that
(K ia it () 5.41)
[ (p+q+k)! (protiy =7 '

p+l

and using the previous Lemma we conclude the proof. O
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The derivation described above, despite some formal differences, is substantially
following the original proof provided by Nenciu in [49]. The novelty of our result,
stated in the lemma and in the theorem below, stands in establishing the connection

between the bound for “O}k) H with the function g(s) defined in Eq. (10) of the main

text and therefore with the explicit properties of the Hamiltonian H(s).

Consider p(s) defined by Eq. (5.32), the energy gap d(s) defined in Eq. (5.4) and
let L be the length of the curve T', used in the contour integral of Eq. (5.20). Then,
Vj e N\{0} and k € {0, 1}, the bound

4\ (k+))!
o]gk)(s)stj(s)(Q(s)) (k+i)2 (5.42)

holds for a set of coefficients {X;(s)};_n (o} satisfying the recursive condition
(=2
i—1
X;=2(5£)(3) [( inleij—m) + (g)Xj—l] :

Proof. We proceed by induction starting from j = 1, a simpler case since S; does not
contribute. Using typical inequalities, namely

and exploiting Lemma A, from the following three considerations (for simplicity we
omit the s-dependence)
k
4 k!
(5) (k+1)2

—~ ;]l»—;

(5.43)

Nlb*N

< i} H(R(s,z) [p(l),P]R(s,z))(k)Hdz, (5.44)

k+1
— (L) < 2(E2)(3)(2) e,

O(k)(s)“ < 22 (ZL;) (3)4 (g)kﬂ 8:: B; (5.45)

Then, substituting the first relation in Eq. (5.43) inside the above inequality, the
bound in Eq. (5.42) is immediately satisfied, proving the Lemma for j = 1. Let us
now suppose that the same property holds for any positive integer lower than j, then
from Eq. (5.20)

(k) (k) 1
o] = Jrasal®| + e + 5=

one gets

(R(s, z) [Oj(l)l, P]R(s, z))(k) ‘ dz
(5.46)

Once again taking Lemma A together with the following three observations
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k
ROl <()(2) ﬁ
k
* @] =[P < () re = () () (3) @i
sxj_l(g)k“ o
leads to the system of inequalities
[as,0) | =22 (8)" (4 (T2 %) (2) "
[Psp]“)\szsc—ff(s)( ) (2) 7 (5.47)

(k) K+ (et
R [05, PR ) = <20 (3 (3)° %, (2) e

(k+1)
0,5

21':
Now Eq. (5.46) simplifies to

=2 () () | (Zr )+ (D)2 ()i o0

m

concluding the proof thanks to the constraints satisfied by hypothesis by the X ;.

]
Theorem 6. Vj > 1 and k € {0, 1},
“o}k)(s)H <(+k) g () (5.49)
where W (d(s). D
4(5) = 4 W (6.0 5.50)

o (s,d(s), 1Al
with d(s) and D(s) defined in eq. (5.4)

Proof. In order to prove the theorem we start from the result of Lemma A. We define

4 _ 8(s)
— = 5.51
o)~ WE) &5
with W(s) > 1 and large enough so that, Vi > 1,
XE 552
(W(s))

We look for coefficients {X;},cy, of the form X;(s) = Wi*(s)Y;(s), with a € (0,1)
and 0 < Y;(s) < 1, respecting the hypothesis of Lemma A and such that Eq. (5.52) is
satisfied. We start from verifying if this choice is compatible with the second condition
in (5.43), which becomes

L 2 4 2 YmY 4 Y'—l
—ao4 _F _ m=1 _ J_ <
(L (B ()]0 e
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Clearly for fixed j it is always possible to choose W large enough so that the inequality
holds. Therefore we choose

Y,
satisfying ]71 <4, (5.54)

Y, = ,
Co(i+1)2 f

such that Lemma A guarantees that an _:11 Y, Y., < ST"ZYj_l. With little algebra we

m-+j—-m —

bound the term in the square brackets of eq. (5.53) and solve it for W, arriving at

the condition y
L.\2 2, 2 a
W > [26 (i) (g) (% + 3)] . (5.55)

Similarly, our ansatz for the coefficients X; must obey the condition for X; used in
the proof of Lemma A, which translates into

(5
wW—*=2 (271 7] (5.56)

Putting everything together, we find that all constraints are satisfied by

L 2 4 2 7'[2 4 1/a L 3 4 471/(1—a)
wem|[2(52) (2) (5+3)] - [2G @] 1)
max([ (271- i) \3 74 on) \d
(5.57)
. . . 3 . . .
In particular, if we fix a = 2, the first quantity is always greater than the second one.

Moreover we can choose L. = nd + 2D, and obtain one of our main results

7/3
[0 (5+3)
W—[Z (1+271'd 3 +d . (5.58)

which concludes the proof since

k+j N X, (i I .
‘ 4 ) (k+' 24 e GHR)! < gt G+, (5.59)

o(s) (k+1)2~ wi (k+1)2 "~
In what follows we use the result of Theorem 6 to prove that conditions eE. (5.24)
and Eq. (5.23) hold in the interval s € [0, 1] for any holomorfic f (s). We start from
applying it to

(k)
Oj

<x,6)(

]

‘ Ol H N(s;T)+1
N(s;7) g EmIT(s)

JLL L N . | P

TN(s;7) < (N(S’ T) + 1) TN(s57)

=(N(s;t)+ 1) exp[—N(s; T)Int + (N(s;7)+ 1) Ing(s)]
gD+ 1)
T

=exp [N(s; T) +Ing(s)+In(N(s; 7)+1)—(N(s; 1)+ 1)] X

x 4/2nN(s; T) (1 + O(N_l(s; T))) )

(5.60)
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where we have used Stirling’s approximation. The exponential convergence is achieved
in the 7 — oo limit if

pEOWEDTD o Ny < -1, (5.61)

T g(s)

Neglecting higher order terms, under this condition the bound above simplifies to

‘ Olil(s"r) (5 62)
T—N(sff) < /27N (s; t)exp[Ing(s) + In(N(s; 7) + 1) — (N (s; 7) + 1)] :

whose convergence may be accelerated by taking the greatest step function N(s; T)
subject to (5.61), i.e.

N(s:7) = [éJ—l. (5.63)

This choice results in a bound for Eq. (5.13) of the form

56,95 Con[| [ ZE (1+0(22)), s

that directly leads to

1

exp(T) < CJ dsexp(—|t/g(s)]), CeR, (5.65)
0

namely eq. (5) of the main text. Clearly g(s), as defined in Theorem 6, plays the
role of a characteristic time. The final check consists in verifying that our choice for
N(s; 7) also satisfies Eq. (5.24) for large 7. From Theorem 6 we get

N(s;7) Oj(S) N(s;7) ||O (S)” N(s T) (g(s))
ek |1 5.66
; = JZ_I] Z (5.66)

Relying once more on Stirling’s approximation, and recalling that j < N(s;7) <
7/g(s) — 1, we conclude that the series above is convergent

N(s;7) g(S) j—1 N(s;7) N(s;7)

Zj!(—) SZexp[](ln]—l) (]—l)ln—] Z]eJ<Z]e1<+oo
T

j=1 j=1

(5.67)

By demonstrating its convergence we automatically guarantee that for large 7, the
Lh.s. of Eq. (5.66) can be made arbitrarily small and, in particular, smaller than %
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We begin with a proof for the ZeroFill(L) algorithm. For a fixed value of 8, each
circuit attempt succeeds with probability f(6). Since the circuit is repeated at most

L times, the probability that all L runs fail is (1 —f(0 ))L. Therefore, the probability
that 0 yields at least one successful measurement is

k(0;L):=1—(1—F(8))".

Assume that p(8) is absolutely continuous with respect to q(6)k(6; L), the estimator
is unbiased for every observable O if

E,, [w(0)k(8; L)x] = E,, [x].
This holds (a.e.) if and only if
p(®) p(0)
g(OK(6;1) ~ q(@)[1—(1—f(O)]
To characterize the average cost per run, we note the following. Given a 6, the num-
ber of attempts required to record an outcome is min(J, L), where J ~ Geom(f (6))
counts the number of trials until the first success, and L is the fixed positive inte-

ger limiting the maximum number of allowed trials for each 6. Using the tail-sum
formula,

w,(0) = (5.68)

E[min(J,L)|0] = > _Pr[min(J,L) > j|6]. (5.69)

j=1
For 1 < j <L, the event min(J, L) > j is equivalent to J > j. Hence
Pr{min(J,L) > j|@ ] =Pr[J > jl0] = (1—f(8))" . (5.70)

For j > L, we cannot have min(J, L) > j, so the probability is zero. Thus, the expected
number of circuit runs given a 0 is

1—(1—f(O)" _ k(6;L)
ONERIOK

E[min(J,L)|0]= > (1 f(0)Y ' = (5.71)

j=1
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and the expected cost is C(Q;'Eég);”

the expected cost per run as

. Averaging over the sampling distribution q(0) gives

E [ (e)k(Q;L)] (5.72)
C . .

1L f(e)
For the Variance, we have

Vary™ < Il‘gi)lcEqu:k(Q; Lw2(0)x*] =E,[k(8; Lw2(0)]. (5.73)
Therefore,

k(6;L)
NC,=E,| c(8) @) |E [k(8; Lw2(9)]. (5.74)

Using the condition (5.68), we perform the change of measure to obtain

2

(@)

NC, = E [— «(9)
T wz(6)f(8)

f@ ]

]Ep [w,(0)] > | E, (5.75)

where the last inequality follows from the Cauchy-Schwarz inequality, with equality

if and only if w,(8) o< 4/c(8)/f(6) which implies:

1(8) o< p(9) |10 _ p(8) f (@) (5.76)

KO\ @ 1-(1-f(@) \ c©®

We now provide a proof for the Discard(L) algorithm. In this algorithm 6 is sam-
pled from q(60) and if errors are detected in all L runs of the corresponding quantum
circuit, a new parameter 6 is sampled from q(6). This is in fact rejection sampling
and results in 6 begin sampled from a new distribution given by:

q(8)k(6,L)

@)= F fe; 01

(5.77)

where E [k(0;L)] = fq(Q) k(0;L)d0 is the acceptance rate. Now we can think of
the procedure as the standard IS algorithm with q(8) — h;(6) and for an unbiased
estimator for any observable O, we choose

wp(0) = p(0)/h,(8). (5.78)

Because of the rejection sampling step, we need to sample 6 from q(6) on average
1/E,[k(8; L)] times in order to get a single sample from h;(6). From (5.71), for a
given 6 the expected number of circuit runs is k(6;L)/f(6). Hence the expected

cost per sample is
1 k(O;L)] . [c®
e @ e |- o ) 579
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As for the Variance, we have
Vari®™ <y, [w(9)]. (5.80)

This gives the bound on the net cost as

2

Ce® o e (0)
q‘E’“[__]E’“[WD(Q)] E[ D(e)f(e)] Plwo@]= | By 1\ 5y | | -

(5.81)

where the last inequality follows from the Cauchy-Schwarz inequality, with equality

if and only if w(6) o< 4/c(8)/f(6) which implies:

_® [5® p©®  [f@
) FO RO EO) (>:82)

This completes the proof.
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In the limit of large s, the Central Limit Theorem applies, implying that the distribu-
tion of c(6) becomes close to a normal distribution /\/(c ; s,ul,sof), where u; and o2
are the first two cumulants of each variable c¢,(6;). By the Berry—Esseen theorem, if
the third absolute moment of c¢,(6;) is finite, then the cumulative distribution func-
tion of the normalized sum differs from the Gaussian CDF & by at most a constant
times 1/4/s. Concretely, there exists a finite constant C (depending only on the third
absolute moment) such that for all real y

C—SUy

‘n»
Vso

= y) <I>(y)‘ <—

To propagate this CDF bound to expectations of the (unbounded) test function g(c) =

a Aac

c*e’* we fix a cutoff M > 0 and write

Elg(c)]=E[g(c)1.cn]+E[g(c)1 ]

We apply Berry—Esseen to the bounded function g1 to obtain an additive O(s~'/?)
error for the truncated expectation; then choose M large enough (using the assumed
moment bound) so that the tail E[g(c)1..,,] is uniformly small. Letting M — oo
after the Berry—Esseen step implies that replacing the exact distribution of ¢ by the
Gaussian N(c; su,,s0?) incurs an additive error of order O(s™*/2) in E[g(c)]. Thus
the Gaussian approximation step contributes an O(s~/2) additive error in the final
asymptotic evaluation, i.e.

| accomen(-szmy
9 +O(—), (5.83)

p - =)
f(8) J dc exp( _ (C—S,Ul)z) Vs
0

2
2s07

where the normal density is truncated at ¢ = 0 and the denominator enforces the
normalization on [0, ©0). Here we introduce the parameter a: setting a = 0.5 eval-
uates the net cost under the sampling distribution q(6) (see (3.52)), whereas a =1
evaluates the net cost under the target distribution p(8) (see (3.44)). Since we are
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studying the asymptotic behavior for large s, we first control the denominator with a
Mills-type expansion. Writing ¢ = sy, + /s 0, x gives

oo _ 2 oo s
J dc exp(—%)=ﬁolj dx e™>/2
0

25075 s [
=4/2mnso? <I>( 1/3,?1)
=4/2mso? [1 + o(e_s“%/@a%))] ;

o
Hence the denominator tends to 4/27so? up to an exponentially small correction.
First, we focus on the numerator and complete the square in the exponent:

oo
f dc Caekace—(c—sul)z/@saf)
0

= JO dc c* exp( — 2317% (c —[su, + sAao{DZ) eXP(ZSt)‘% ([s,ul + slaof]z —sz,uf))

= exp(soz()t,u1 + %Azaf)) f oodcc“ exp(— 2;72 (c —[su, + slaaﬂ)z).
0 1

We now put numerator and denominator together, obtaining

K [(; ((%))H = exp(sa(Au + §4%07)) [1+ O(e_sauf/(wf))]f

0

oo

(5.84)
The remaining term to be evaluated is the integral
(e ] x 2
1/3,[;01 + 1/57(.(10'2 ae™X 12
dc c® Mc; suy +sAao?, so?)=o%*? | dx Lix )
JO ./\/( 1 1 1) 1 ( o, ) m
—V3lu+Aao? /oy

(5.85)

The lower limit —/s[ 4, +Aao?]/0; tends to —o0 ass — oo when u, > 0. Extending
the integral down to —oo introduces an error equal to the discarded left tail

—ﬁ[u1+la0'%]/0'1

VU + v/sAao? )a e/
T(s) := ‘ dx + x . (5.86)
o= [ a(PE _
We bound T (s) by Cauchy-Schwarz as follows. We define
s[u; + Aao? —x?/2 su; + v/sAao? ¢
XO::\/_[.Ul 1]>0’ gb(x)::e ’ h(x):=|:‘/_‘u1 Vs 1+x] '
0, Var 0,

(5.87)

a . 2 2
dcc /\/(c, sup +sAaoy, sal).
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Then by Cauchy-Schwarz,

T(s) =

J_ 0 h(x) ¢(x)dx

< (J_ R () dx) (f p(0)dx)". (5.88)

—00

We henceforth estimate each factor: (i) Tail probability factor (second factor). Using
the standard bound for the Gaussian tail,

—Xo B oo ¢(x0) ~ 1 _Xg/z
J_OO ¢(x)dx = Jxo P(x)dx < P xome . (5.89)

Hence its square root satisfies

o 1/2 1 i e
(f ¢(x)dx) S(zn)1/4xol/2e 514

(i) First factor. For x < —x, we may bound h(x)? by a polynomial times s.
Indeed there exist constants (depending only on a, u;, A, 0;) such that

h(x)* < Cs*(1+ x3*).
Hence
f_ 0h(x)2</>(x)dx < Cs“f (1+x**)p(x)dx < CsaJ (1+x*)p(x)dx.

(5.90)

For a integer or half integer, the rh.s. integral is a sum of moments from a nor-
mal distributions, hence it’s finite. Combining (i) and (ii) in the Cauchy-Schwarz
inequality yields

T(s) = O(s(za_l)/z exp( B slus ';j;)l(f%]z))
1

Thus the error from extending the lower limit in Eq. (5.85) to —o0 is exponentially
small in s and negligible compared to any algebraic powers of s. Hence, the final step
is to tackle the integral

« Vs, + vsiao? a2
dx ( + x) .
oo o van
At this scope we apply Laplace’s method by Taylor-expanding the h(x) function around

x =0, that is around the maximum point of the Gaussian. Its Taylor expansion up to
second order about x = 0 reads

2
) = (22 +f"““1 )
1
2 _ 2
y [1 po( LILSAGT, | sla 1) ST VReg)) ] FR()
1 1
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where R(x) is the remainder. If we neglect the contribution of R(x), the consequent
error to the final result will be

e e—x2/2
f de(x)m.

We henceforth bound the integral of the remainder against the Gaussian density by
splitting the integral into the two regions

(A) |x|<sM B x| >sY4

1/4

Region A: small x. For |x| <s'/* we have

x
Vs(uy + Aac?)/oy

so for sufficiently large s the expansion parameter is uniformly small. By the Lagrange
form of Taylor’s remainder, 3€(x) € [0,x] € [0,s/4]

h(:’:)g(x)xs < )
3!

=0(s7%),

3
X

V5 + 2a07)/0,

with a constant C, depending only on a and the fixed combination u, +7Laaf. There-
—x2/2 1/4

IR(x)| =

5

fore, integrating |x|3e for |x| <s"/* yields

R(x) _2ps ‘ -3/2
—e " Pdx|=0s .
‘J|x|§51/4 Vvar O( )

Region B: large x. On |x| > s* we bound the contribution by Cauchy-Schwarz:

R(x) _ 2/9 ‘ f R(X)2 —x2/2 1/2 J 1 _.» 1/2
——e ™ 2dx| < ——e " ?dx ——e ™ 2dx) .
‘ ﬁx|>51/4 V2T ( |x|>s/4 V 27 ) ( |x|>s1/4 V 27 )
(5.91)

The tail probability factor is 0(6—51/2/ 2). On the other hand, since R(x) is a difference
of polynomials, it is also a polynomial, and hence the first integral can be bounded
with a finite value. Hence the overall Region B contribution is O(e_sl/z/ 2).

Total remainder. Combining Region A and Region B bounds we obtain the explicit
remainder estimate for the Laplace step:

* Rex)
—eo V21

since the algebraic term dominates the exponentially small term for large s. Thus the
integral over the whole real line satisfies the Laplace expansion

e—xz/zdx — 0(3—3/2),

00 R gy Vsuy + vsAao?a ala—1) p +Aaoc? -1 32
_oodx me —( o, ) 1+ 5 ( o ) S+O(s )

(5.92)
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The final asymptotic expansion is

0)\* a
5 (29 ot = )+ 20

— +Aao?\-
X[H“(“ Dt ey
2

% + o(s—S/Z)} : (5.93)

Finally, taking the 1/a power and simplifying yields the expression

0)\* la s 1+a@
e

ala—1) by +Aaoc?y\-21 oal/a
x[1+ 5 ( o 1) ;+O(s 3/2)] . (5.95)

First, we notice that, as long as A # 0 and either u; # 0 or o, # 0, the expression
showcases an exponential behavior as a function of s. Moreover, in the L = o0 case,
we can readily use it to compute the ratio

01

2 2
NC * Aoq 2 ‘Uzl + ﬂ 1 (o)

1 (S) = 6_5(7) —_ 2 1—— —12 + 0(5_3/2) . (596)
NC u, + Ao s \ gy, + 29

In particular, if A = 0 then NC,. /NCp — 1, while for all A > 0 one obtains NCq*/N C, —
0. Observe that NC,./N C, always has a single minimum, precisely at

2
1 o? 6 202>
S*(L:m)zg(ﬁ) 1+\Jl+12—44(u/1+71) . (597)
uy + =+ 1




APPENDIX D

SUPERPOSITION STATES FOR ISING
HAMILTONIANS

We provide details on preparing the superposition state for the Ising model with
periodic boundary conditions (PBC). Our goal is to identify an initial state for the
adiabatic preparation (AP) that evolves into the desired superposition state |¥(0, 1))
defined in Equation (4.15) as the final outcome. For our choice of H, in Eq. (4.18)
the ground state is degenerate, and therefore the adiabatic theorem does not hold.
To circumvent this issue we employ the Branched-Subspace Adiabatic Preparation
(B-SAP) algorithm for state preparation [2], which extends the applicability of the
adiabatic theorem to scenarios in which the initial Hamiltonian H, possesses a de-
generate spectrum. A direct implementation of B-SAP would require the application
of a parametrized circuit prior to the evolution under U,. However, for the specific
case of the Ising model, the training of these parameters can be avoided by exploiting
symmetry considerations. To achieve this, we introduce the operator:

L—1
R=Q)RI(n), (5.98)
j=0

where R/(0) represents a rotation around the z-axis by angle 6 on the j-th qubit.
This operator commutes with the Hamiltonian for any value of J;, ensuring that its
expectation value remains conserved throughout the AP The ground states of the
auxiliary Hamiltonian H,, |[+)®" and |-)®", do not diagonalize R, as:

R|E)®F = (—1)"+)®". (5.99)

However, by defining the new basis:

1
%) = — (|+)%L £ |-)®) 5.100
|5*) ﬁ(l+) I—)eh) (5.100)
we obtain:
R|®F) = £(—i)t|9*). (5.101)
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Thus, the initial ground eigenspace is spanned by |®*) and |®~), which are eigenstates
of R with eigenvalues (—i)! and —(—i)*, respectively.

We now consider the state |¥(0,1)) defined in Equation (4.22), which should
be the equal superposition of the ground and first excited states of H, originating
from the splitting of the initially degenerate ground eigenspace of H,. In the limit
hy/J, — 00, the final ground state is:

1Q,) =10)%", (5.102)

with eigenvalue (—i)* with respect to R. Since R is a conserved quantity, it follows
that |Q,) must evolve from |®*):

lim U, |2%) = 19) - (5.103)

This also holds for any finite h;/J;, where a shorter adiabatic process is sufficient. By
complementarity, we also obtain:

lim U, [¢7) =2,) . (5.104)

T—>00
Finally, by linearity, combining Egs. (5.103) and (5.104), we arrive at:

Yol = %E& U, (|e*) +|27)) = 1¥(0,1)) . (5.105)

lim U, |+
T—00
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OBSERVABLE CHOICE

For our procedure to work, the objective is to have an observable O that maximizes
A, as described in Eq. (4.16). This facilitates a more straightforward estimation of
the period of the sinusodial function, which in turn simplifies the fitting process for
the energy gap.

Ising Model

For the Ising model our goal is to find an operator O for which A is substantially
different from zero, independently from the chain/lattice size. At this scope we study
the two regimes in which the eigenstates are analytically known. In particular, for
hs/J; — 0, one has

A= |(e*|o]e7)]. (5.106)

Notably, any operator obtained with a tensor product of an odd number of ¢! Pauli
operations gives A = 1. In the opposite regime, the one with h;/J; — 00, one has

A= 1(2019,)] = % S0P o0y @ 1) @ [0)* ). (5.107)
j

We therefore choose O = O'} ®1®:7! where j can be any site because of translational

invariance, so that A = 1/+/L > 0. These limiting behaviors are illustrated in Fig-
ure E.1, where we plot A as a function of h,/J; for different chain lengths.
Moreover, we also test the values for A for all the possible choices of the observable O
with a Pauli-string shape on Ising chains with PBC and a length up to 10 sites. Based
on these considerations, we use the a} operator to estimate the energy gap of all our
experiments involving the Ising model.

Molecules

For small molecules, the choice of the observable O is based on the following consid-
erations. Since both ground and excited state of the auxiliary Hamiltonian are in the
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Figure E.1: Numerical estimations of the expectation value A =

|(<I>+| ole (1%71) |<I>_)| as a function of the Ising’s coupling constants ratio
J,/hs. For all chain lengths considered, L = {4,6,8,10,12}, A remains larger than
L7Y2 for any value of h;/J;, ensuring that the amplitude is strictly positive across
the entire range of coupling ratios.

computational basis, it is always possible to find a tensor product P of identities and
o! Pauli matrices such that

L .
(1] Plw) = (0| Q) o) lwe) =1, i;€{0,1}. (5.108)
j=1

Assuming that the off-diagonal terms of H are small with respect to the diagonal
terms, then choosing P as the operator for our procedure will satisfy A # 0. In
particular, for both H, and He, molecules, we choose the operator P such that:

A= (Q] P19)| = [{w;| UTPU, |wp)] - (5.109)
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QUANTUM MEASUREMENT ERROR

Let
(0) = (¥[0ly) (5.110)
be the expectation value of an operator O on a quantum state |v)), and let

((0—(0))% (5.111)

be its variance. Recalling that O should be unitary and Hermitian in order to be
measured on a quantum computer

0’=00=1, (5.112)

so that its eigenvalues can only be {+1,—1}. In the non trivial case in which the
eigenvalues are different, one can then decompose the state onto two eigenstates of
O as

W) =al i) +Bly), (5.113)
with
Ol i) = £[pq)
{Ial2+|/5|2:1, (5.114)
Then
(0) =lal* 18I
{((O— (0))*) = 4lal?IBI>. (5.115)
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IMPERFECT SUPERPOSITION STATE
PREPARATION

In this Appendix, we provide insights into the robustness of the proposed method with
respect to imperfect superposition state preparation. We henceforth only consider the
effects of the finite time for both Adiabatic Preparation (AP) and of the Trotterization
process, without taking into account those coming from quantum noise. In particular,
we will now show analytically that if the error in the preparation is of order € then
the estimation of the expectation value will experience an error of the same order.
Let

1
V2
be an imperfectly prepared superposition state, where e denotes the error magnitude.
This state can be expressed on the basis of the Hamiltonian eigenstates as

|vi5(e)) = | W) + 0(e) = —= (1) + |;)) + O(e) (5.116)

viy(e)) = Y ca(e)|,) . (5.117)

n

We expand the coefficients in powers of €:
C= Y cmem, (5.118)
m=0

The coefficients c, can be uniquely determined by imposing the same conditions typ-
ically used in perturbation theory (see, e.g., [43]). First, we require that for ¢ = 0,
the ideal state is recovered, i.e. |vi j(0)> = |\I/l~j>. This condition holds if and only if

1 1
o _ - o _ - o) _
¢ =75 ¢ = 7’ Cn;éi,j_o’ (5.119)
or, more compactly,
1
V2

RO
n

(8 +6,y) - (5.120)
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0.5 ‘
F(|v), [to))
=0.3 F(ﬂm |UU>>
% i F(/)I/s |U1>)
E 0.2 discontinuity
01 """""""""""""""
0.0

Figure G.1: Fidelity of the approximate superposition state |[¥(0, 1)), in the noiseless
and noisy case (|v), p,), with the ground and first excited state (|v,), |;)) for an
Ising chain of L = 8 qubits. The fidelity is found to be sub-optimal, decaying and
oscillating for increasing h;. The discontinuities are given by the change in 67 (at
h; = {3.6,5}) imposed in the adiabatic process.

As a second condition, we require that the first-order truncated state be normalized
up to second-order corrections, namely

1—(v(e)|v;(e)) = O(e?). (5.121)

Substituting Eq. (5.117) and Eq. (5.118) one obtains

1—[%((911+<Qj|)+ezn:cr(ll)*(ﬂn|+(’)(62)]x (5.122)
x [%(mi) +],) + ezn:cflﬂ 2,) + 0(62)] = 0(e?), (5.123)

which yields ci(l) = cJ(.l) = 0. Therefore,

|vi(e)) = % (1) + ;) +e > cD1a,) + (). (5.124)
n#i,j

The expectation value of a time-dependent operator O(t) on |vi j(e)> is then

(31000} = (3,000 3, + 97 3 [0 @010, cos +0,)
n#i,j
+ [ <QJ| 019Q,)|cos(A; .t + Gj,n)] +O(e).
(5.125)

Finally, we relate the error magnitude € to the infidelity, defined as

T=1-{v,(©]¥;)| = 0. (5.126)
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From this relation, we conclude that if the target state |\I/i j> is prepared with a given
infidelity Z, the estimated expectation value of a generic time-dependent operator
O(t) is affected by an error proportional to v/Z.

In particular, we numerically verify the fidelity of the prepared superposition state
with both the ground and first excited states of the one-dimensional Ising chain as a
function of the transverse field, as shown in Figure G.1. The theoretically expected
optimal fidelities of the superposition state with the ground and first excited states
are

F(I®), [4e)) =F(1¥),[41)) =0.5. (5.127)

As illustrated in Figure G.1, the fidelity does not reach the optimal theoretical value
and decreases with increasing h, both in the noiseless and in the noisy simulations.
Consistently with the theoretical analysis presented in this Appendix, even though
the prepared state |¥) is imperfect, the proposed method remains robust: it yields
accurate estimates of expectation values with errors on the order of 1072 and pro-
vides a reliable approximation of the spectral gap of the system. Finally, we note the
presence of oscillations in the fidelity, which may originate from intrinsic features of
the adiabatic preparation process, even though we were not able to identify them
theoretically.



APPENDIX H

DETAILS ON IONQ ARIA

H.1 IonQ Native Gates

Since single qubit-gates are typically implemented on ion-trapped hardware with
high average gate fidelity, potential issues in result’s fidelity (when running a circuit
on NISQ hardware) primarily stem from 2-qubit gates. For this reason, we simulate
the Ising model with interactions along the x-axis and transverse field along the
z-axis. This allows us to use only the native entangling gates available for IonQ
Aria device, i.e. Mglmer-Sgrensen gate (MS) [103], and to reduce the number of
entangling gates only to the essential ones. More precisely, in a single Trotter step,
one only needs two layers of entangling gates (see Figure H.1), implying 80 2-qubit
gates depth when fixing the number of steps to 40.
The native gates are

1 1 —ie ™
GPI2(¢) = i (—ie”) . ) (5.128)
-0
) e'2 0
VirtualZ(0) = ( .Q), (5.129)
0 e'2
0 i
1 )
2 )
3 O

Figure H.1: Quantum circuit for a single Trotter step showing the evolution of the
superposition state |¥). The circuit involves the application of GPI2(¢), RZ(6), and
IsingXX(0) gates to prepare |¥) for spectral gap estimation.
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The Mglmer-Sgrensen gate can be further simplified to obtain the Ising interaction
01.10'} by setting ¢, and ¢, equal to O.

H.2 IonQ Aria noise model

To assess the resilience of our approach to noise, we incorporated a realistic noise
model taking into account the technical features of IonQ’s Aria device available on-
line [104]. The noise sources considered include:

- Thermal Relaxation: This source of noise accounts for the effects of the thermal
relaxation times T; and T,. Notably, IonQ Aria has T; = 100s and T, = 1s, and
while we took them into account in our simulations, their effects were found
to be negligible and did not significantly impact the results.

- Gate Fidelity: We simulated errors arising from finite gate fidelity, modeled as
depolarizing noise. The relationship between gate fidelity and the depolarizing
parameter is derived from what reported in the Appendix of [105]. The two-
qubit gate time is 600us, while single qubit gates are executed in 135us.

- Readout Noise: A readout noise of 0.39% was introduced to emulate imperfec-
tions in the measurement process.

---------- Benchmark °  Noisy
8 Noiseless % lonQ Aria
054 .
b How B
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~ A o 3 d
go o 0 # _;' 33::-
0.5 P ? %‘g@
0.5 :
0.0 0.5 1.0 15
time
Figure H.2: Observable oscillations in time for Ising 1D chain with L = 4 at

hy/J, = 7.257, measured (points) and fitted (dashed lines) for noiseless, noisy and
real hardware (with error mitigation). For reference, it is also reported the expected
oscillatory from diagonalization (dotted line). Error bars represent a single standard

deviation computed from the fit.
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Figure H.3: Robustness analysis as a function of the number of shots for the 1D Ising
chain with L = 4. Scatter points show the measured spectral gap in units of J;, and
error bars represent one standard deviation obtained from the fit.

Upon detailed examination, we have determined that the gate fidelity plays a signif-
icant role in the estimation of the spectral gap. This noise source has been imple-
mented by considering a single qubit depolarizing channel, which acts on a density
matrix p

1
Dy(e)=(1-pl+pze- (5.130)

To take into account gate imperfections and finite qubit relaxation times we define
the probability p as
2e—1

d

Here, d = exp{—Tg/Tl} + 2exp{—Tg/T2} and € = 1 —F, where F is the average
gate fidelity. The term T, represents the gate time, which is the duration required to
perform a single-qubit or two-qubit gate operation. We define two depolarizing chan-
nels one per each type of gate (single/two-qubit gate). Our approach demonstrates
robustness against gate fidelity errors and readout noise, suggesting its viability for
simulation on real quantum hardware.

The results of the noise resilience analysis are presented in Figure 9.1. The ro-
bustness of our approach can be appreciated also in the time oscillations of the ob-
servable reported in Figure H.2. There, the damping of oscillations due to noise
(manifested as a reduction in .A) is highlighted, compared to the expected behaviour
Acos(AE + 0). The amplitude A is taken from our preliminary study of the observ-
able, and the phase 6 is set as in the noiseless simulations. Interestingly the noise
mitigation allows for having wider oscillations on real hardware compared to noisy
simulations.

In particular, the IonQ Aria device reduces the impact of systematic errors by
employing a specific error mitigation method called debiasing [96]. This technique
maps a circuit into multiple variants, employing different qubit permutations or gate
decompositions. The effectiveness of debiasing error mitigation is likely improved
by our approach’s robustness to a reduced number of shots. In fact, as reported in

p=1+3 (5.131)
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Figure H.3, we assess the robustness of our approach over a reduced number of shots
by reducing this value from 10* up to 100 shots for chains of 4 qubits. As witnessed

by Figure H.3, the spectral gap estimate stays approximately constant over different
number of shots.



APPENDIX I

ADDITIONAL ISING EXPERIMENTS

Here, we extend our study to two additional Ising configurations with periodic bound-
ary conditions—a 10-spin chain and a 4-site lattice. Their spectral-gap dependence
on hy/J, is presented in Figure I.1. All previous conditions for the Ising chain ex-
periment remain in this study. In particular, the 40 Trotter steps are divided in 15
adiabatic steps and 25 time evolution steps.

The numerical results for the 10-site Ising chain show excellent agreement be-
tween the benchmark values and the noiseless estimate of the spectral gap. We do
not report experiments on real hardware because the limited availability of the IonQ
Aria device prevented additional tests. Simulations with a realistic noise model were
also not performed in this case, as we consider the proof-of-principle demonstrations
with 4 and 20 qubits presented in the main text to be sufficient. In the 2D simulations,
the number of entangling gates required per Trotter step is doubled with respect to
the 1D model. Due to the prohibitive depth implied by the extra interactions, sim-
ulations with real hardware noise model lead to inconclusive results. It would be
interesting to see if IonQ Aria noise mitigation is able to lead to measurable results.

154 —— Benchmark 8 ol T Benchmark .
8 Noiseless ’ 8  Noiseless b
= 10- ayr
~ ~
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Lﬁ Infrared Adiabatic lﬁ Infrared Adiabatic
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0.0 2.5 5.0 7.5 10.0 12,5 150 0 2 4 6
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Figure 1.1: Spectral gap as a function of h;/J; for a L = 10 Ising 1D (left) and a
L = 4 1Ising 2D lattice (right) with periodic boundary conditions (PBC). Our approach
demonstrates optimal agreement with the benchmark values, in the noiseless case.
Error bars represent a single standard deviation computed from the fit.
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