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1 | INTRODUCTION

Let f: S — B be a relatively minimal fibred surface. Let K; = K — f*K} its relative canonical
divisor and y; = x(Og) — x(Op)x(Op) its relative Euler characteristic (see Section 3.1). A slope
inequality for the fibred surface is an inequality of the form

where a > 0 is a positive rational number depending on the geometry of the fibration. The first of
this kind of results is the celebrated slope inequality proved by Xiao in [44] and by Cornalba and
Harris in [18] (see also [41]):

g—1

K2>4
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2 | RIVA AND STOPPINO

where g = g(F), the genus of a general fibre F. A third proof was given later by Moriwaki in [34].
So, here a is an increasing function of g.

The rank g vector bundle f ./ over the base curve B is called the Hodge bundle of the fibred
surface. Note that by Leray’s spectral sequence y ; coincides with the degree of the Hodge bundle
deg f. @y, and the slope inequality (1.2) can be rephrased as follows:

K2 > &g — Du(f,0p) = 2deglwp)u(f @) = 2K F)u(f ;).

where u(€) as usual denotes Mumford’s slope of a vector bundle £ (see Section 3.2).

After the seminal papers cited above, several results have been obtained by many authors prov-
ing an influence of other natural geometric invariants of the fibred surface on this inequalities.
Call b := g(B) the genus of the base curve. Let us consider in particular the following invariants
(see also Section 3.1).

« The relative irregularity g = q(S) — b.

« The unitary rank u, [24], that is, the rank of the unitary summand V" in the second Fujita
decomposition of the Hodge bundle.

» The gonality of a general fibre gon(f) = gon(F).

« The Clifford index of a general fibre cp = Cliff(F).

In general, g; < g and equality holds if and only if the fibration is trivial. Many results are known
about the relations between gy, uy and c;. We recall in particular that for non-isotrivial fibred
surfaces, we have g < g/2 + 1if b = 0[45], but there exist fibred surfaces such that g, > g/2 + 1
[39]. Moreover, we have [16, 44] uy < (59 +1)/6 and [7, 24]

gr Sug < g—Cy. 1.3)

A sharp bound is not known, it is predicted by the modified Xiao conjecture [7, 24].

The first two invariants satisfy inequality u; > g (see Section 3.2), but there are fibred surfaces
where strict inequality hold: due to the results of Catanese and Dettweiler [13, 14], we know that
these fibred surfaces are — modulo base change — precisely the ones having unitary summand
U with infinite monodromy (see [24], and Section 3.1, Remark 3.8).

The relative irregularity has a clear geometric meaning as the dimension of a fixed abelian
variety which is the image of the Jacobians of all the smooth fibres via the homomorphism
induced by the inclusion [11]. On the other hand, the unitary rank has a more elusive meaning
(see [24, 25]).

The question of an increasing bound depending on g dates back to the original paper of Xiao,
where he proves that, if qr > 0, then K} > 4)(f and, moreover, that if K}% = 4)(f, then qr = 1
[44, Corollary 2, Theorem 3].

Let us consider the gonality and the Clifford index of the fibration: recall that (Section 2.1)

gon(f)—3 < ¢y < gon(f) — 2.

It was proved by Konno in [26] (see also [18, 41]) that if a non-locally trivial fibred surface
satisfies equality in (1.2), then necessarily it is hyperelliptic (that is, with minimal gonality 2, that
is, Clifford index 0). Thus, one naturally would expect that there exists a function in (1.1) increasing
with gon(f), with some genericity assumption needed, as observed by Barja and the second author
in [9, Remark 3.6].
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Some results are known for small gonality [9, 12, 19, 20, 27]. A stunning approach using relative
Koszul sequences is proposed in [28], proving in particular that for odd g and general gonality
LQTHJ = 9T+3, hence Clifford index [97_1J = 97_1,we have

~1
K2>61 ;. (1.4)

Another step towards an answer to both problems was given by Barja and the second-named
author in [8] with the following result:

g—1
Kiza—2 — 5., L5
where m = min{q, c/}. This bound is interesting if both invariants are big with respect to g; this
can very well happen, as proved in loc. cit. by providing several examples.

Very recently, Lu and Zuo introduced a yet another very natural technique, using the relative
multiplication map

Sym? f,p — f.0®,

combined with Xiao’s method. Due to this technique, the two authors were able to improve the
results of [8] in both directions. Firstly, they obtain an inequality with a = a(g, q5) increasing with
the relative irregularity [31]:

g—1
K242~ y.. (1.6)
I~ g—qs/2 !
Moreover, they proved in [30] the following: if a general fibre of f is general in the k-gonal locus
Dy in M, and g > (k — 1)2, then

<25 k=69 =1

TR -

No bound is known — to our knowledge — involving the unitary rank u .
In this paper, we prove new bounds depending increasingly on ¢, gy and u;. Let us summarize
here the main results obtained.

Theorem (Theorems 4.1 and 4.2). Let f : S — B be a relatively minimal fibred surface of genus
g > 2and let m := min{qy, c;}. The following inequalities hold:

2—2—m
K2z 20— x,, 1.8
f g—m (1.8)
o —u Xf ifup<cyps
) (g_uf)
Ki> (1.9)

F7) @g—2-c)g—1-up)
(9 —1—cs)g—uy)
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Remark 1.10. Let us compare our results with the known results.

* The first inequality (1.8) improves (1.5) and, more importantly, is greater than (1.6) in case
qs < ¢s. On the other hand, in case g5 > ¢y, inequality (1.8) gives a bound increasing with the
Clifford index. Inequality (1.7) can be better, but inequality (1.8) holds also when (1.7) is not
applicable: no genericity assumption is needed, nor assumptions on g > m. Moreover, for m
big, or u; and ¢ close to (g — 1)/2, the bound of inequalities (1.8) and (1.9) becomes close to 6
(see Remark 1.11).

* Inequalities (1.9) are the first-known slope inequalities showing an influence of u .

* Inequalities (1.9) are of particular interest in view of the fact cited above that u; can be strictly
bigger than ;. In Section 5, following [15], we give a first example of a fibred surface where
the second inequality is new. This fibred surface has invariants g = 6, g; = 0,¢; = u; =2, and
is not bielliptic. The bound of (1.9) is K; > 4y, while the other previously known bounds are
strictly smaller or not applicable.

Remark 1.11. Note that all our bounds are asymptotically close to 4 for g > 0, and this is natural
in view of all the known examples and conjectures. But when m is big with respect to g, the
slope gets bigger, going asymptotically to 6. Let us observe that for odd genus, if the Clifford index
is maximal CLiff(f) = L%J and if g > (g9 — 1)/2, then (1.8) becomes Konno’s bound (1.4). For
Clifford index (hence gonality) close to (¢ — 1)/2, yet not maximal, these bounds are new.

Our arguments make use of Xiao’s method (Section 3.2). Basically, Xiao’s technique works as
follows: given a subsheaf of the Hodge bundle G C f,w, consider the linear sub-canonical system
C ® C(t) € H(F,Ky) induced on a general fibre F = f*(¢). If one has a lower estimate on the
ratio of degree over projective dimension of the linear subsystems of ¢ ® C(¢), then the method
produces an inequality of the form K}% > b deg(G), where b is a positive number depending on the
lower estimate above. See Section 3.2 and Theorem 3.20 for precise statements. Taking as G the
whole Hodge bundle, Clifford’s Theorem (see Section 2.1) gives the slope inequality (1.2).

It is thus very natural to try to apply Xiao’s method to the ample summand .A of the second
Fujita decomposition of the Hodge bundle (3.6), as degA = . In [8, 10] the analog approach is
discussed with the positive summand of the first Fujita decomposition (3.5). One of the difficulties
with these approaches is that there seems to be no control on the base locus of the linear sub-
canonical systems induced by .A on the general fibres of f, neither on the linear stability (see
Section 2.1) of this system.

However, one can still look to a lower bound for the ratio of degree over projective dimension
of the linear subcanonical systems that improves Clifford’s bound 2.

This is what we do in our paper, obtaining a new Clifford-type inequality for subcanonical
systems over a non-hyperelliptic curve C, only depending on the codimension and on the Clifford
index of C. This gives also the desired control on the base locus of the subcanonical systems.

Theorem (Theorem 2.13). Let C CPY9"' be a canonical non-hyperelliptic curve. Let
V C H(C,w,) be a linear subspace of codimension k < g — 2. Then for any W C V subspace
of dimension dim W > 2, we have

deg|W| 29g—2-m
- 2 )
dim |W| g—m-—1

where m ;= minik, Cliff(C)}.
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Although the motivation in this paper is to apply Xiao’s technique, we believe that this result
is interesting on its own. The arguments are of genuine geometric classical flavour.
The above result implies a stability result, as follows (see Section 2.1 for the definitions).

Corollary 1.12 (Corollary 2.17). Given V C H°(C, w) a vector subspace of codimension k and
dimension > 2, with k < Cliff(C). Thendeg|V| > 2g — 2 — k, that s, the base locus of |V | has degree
smaller or equal to k. If deg |V'| = 2g — 2 — k, then |V| is linearly semistable and in particular it is
Chow semistable.

Remark 1.13. This result should be compared also to [32], where linear stability of linear systems
on curves is discussed in relation to the Clifford index.

Remark 1.14. The slope inequalities have applications both to the geography of surfaces of
general type (see, for instance, [38]) and to the ample cone of the moduli space of curves
(see, for instance, [23, 34]). These perspectives were the original point of view of Xiao and
of Cornalba and Harris, respectively. In the last years, many authors have treated the case
of slope inequalities of fibrations over curves with total space of higher dimension (see, for
instance, [5]).

The paper is organized as follows. In Section 2, after some preliminaries on canonical curves
and linear stability, we prove the main Clifford-type result for non-complete sub-canonical sys-
tems on non-hyperelliptic curves. We then discuss some stability consequence and give some nat-
ural examples.

In Section 3.2, we start by reviewing in 3.1 some basic results on fibred surfaces and their relative
invariants. Then in 3.2 and 3.3, we give a review of the main theorems of Xiao’s technique, in
the form needed for our arguments. We state Xiao’s method for fibred surfaces in full generality,
following Konno’s and Barja’s papers, for any locally free subsheaf G of f,O4(D), where D is a nef
divisor on S.

The proof of the main inequalities is carried on in Section 4.

In the last section, following Catanese and Dettweiler’s examples, we provide a first example of
a fibred surface such that the inequality in the main theorem involving u is new.

Notation 1.15. We work over the complex field C. All varieties, unless otherwise stated, are

assumed to be smooth and projective. Given a variety X and a divisor D on X, H(X, D) means as
usual H(X, Oy (D)).

2 | CLIFFORD-TYPE INEQUALITIES FOR SUB-CANONICAL
SYSTEMS
2.1 | Preliminaries on canonical curves

Let C be a smooth projective curve of genus ¢(C) = g > 2, and let K- (respectively, w.) its canon-
ical divisor (respectively, line bundle). Let

¢r : C — P(H(C,wp)Y) = P91
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be its canonical morphism. Assume that C is non-hyperelliptic, that is, that ¢ is an embed-
ding. Often, with abuse of notation, we identify C and its points with the corresponding canoni-
cal image.

Given a linear subspace V C H(C, w.), let us consider:

Ann(V) :={0 € H(C,wc)V | 6(v) =0 Yv €V} C H(C,we) .

We call this subspace annihilator of V. Let Ann(V) = P(Ann(V)) C P(H°(C,w.)Y) be its projec-
tivization. Observe that the dimension of Ann(V) is the codimension of V' minus one.

Definition 2.1. Given an effective divisor D on C, its projective span is

span(D) = span ¢ (D) := Ann(H’(C, v (—D)) € P(H(C,wc)Y)
Example 2.2. Given a point p € C, span ¢ (p) = {p}, while span ¢ (2p) is the line tangent to C
in P9~1, span ¢, (3p) is the osculating plane to C, and so on. For n distinct points p, ..., p, on C
ifwecall D = p; + - + p,,, we have that span ¢ (D) coincides with the linear projective span of

the points in P9~1,

Theorem 2.3 (Geometric version of Riemann-Roch [3]). Given an effective divisor D of degree d
on a smooth non-hyperelliptic curve C of genus g > 2, we have

dim(span(D)) = dim(span ¢ (D)) = d — 1 — dim |D| = d — h°(C, D).

Given a linear subspace V C H%(C, w.) we call the base locus Dy, of the linear system |V| the
scheme-theoretic intersection Dy, := Ann(V) N C. Observe that the evaluation map of V is sur-
jective onto w-(—Dy,).

Definition 2.4 (Gonality). The gonality gon(C) of C is the following integer:

gon(C) := min{deg(r)| 7 : C — P! is a surjective morphism} = min{m| 3 grl'1 over C}.

Definition 2.5 (Clifford index). Given a curve C of genus g > 4, we define its Clifford index
Cliff(C) as

CIiff(C) := min{deg(D) — 2(dim |D|) | h°(C, D) > 2, h'(C,D) > 2}

In case g = 2, 3, we define the Clifford index as follows.
» If g = 2, Cliff(C) :=0.
» If g = 3, Cliff(C) := 0 (respectively, 1) if C is hyperelliptic (respectively, trigonal).

For every divisor D such that h°(C,D) > 2 and h'(C, D) > 2, we say that D contributes to the
Clifford index.

Remark 2.6. Clifford’s Theorem [3, pp. 107-108] is equivalent to the following statement: for any
curve C of genus g > 2, Cliff(C) > 0 and equality holds if and only if C is hyperelliptic.
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Gonality and Clifford index are well-studied invariants. We briefly recall some classical results
about them. We have the following upper bounds:

I¥3) clifc) < |

gon(C) < [ B

g—1
2

with equality holding for a general curve in M. Gonality also has a very natural geometric inter-
pretation via the Geometric Riemann-Roch Theorem:

Proposition 2.7. For every effective divisor D over C,
dim(span(D)) < deg(D) — 1.

If dim span(D) < deg(D) — 1, then deg D > gon(C). If on the other hand k is an integer greater or
equal to gon(C), then there exists a divisor D of degree deg D = k with dimspanD < degD — 1.

Proof. The first inequality is straightforward from Geometric Riemann-Roch (Theorem 2.3). Sup-
pose now that dim span(D) < deg(D) — 1; by Riemann-Roch again h°(C, D) > 2. So there exists
a linear subspace V C H(C, D) of dimension 2 and degree < deg D. Thus gon(C) < deg D. The
other implication is immediate. O

Remark 2.8. For example, a non-hyperelliptic curve C is trigonal if and only if there exist three
collinear points on C, a curve C is 4-gonal (that is, gon(C) = 4) if and only if every three points
D> P2, P3 of C are not collinear, but there exist a 4-tuple of points of C that spans a plane.

Remark 2.9. The following inequalities hold, proved by Coppens and Martens [17]:
gon(C) — 3 < Cliff(C) < gon(C) — 2. (2.10)

Moreover, for a general curve C in the locally closed subset of curves in the moduli space of gonal-
ity gon(C), it holds equality on the right (see [4]).

Eventually, we recall the following definition due to Mumford [35].

Definition 2.11 (Linear (semi)stability). A linear system |V | over C is linearly stable (respectively,
linearly semistable) if for every linear subsystem |W| C |V | we have

deg|W| _ degl|V]|

respectively, >
dm W] > dimpy] Cespectively. >)

Remark 2.12. Let us make some remarks.

* The linear system |V| and its linear subsystems |W| are not necessarily complete.
» If |V| C |L| has a non-zero base locus Dy, then the linear subsystem:

V(=Dy) :=V nH’(C,L-Dy)

destabilizes it, because deg |V (—Dy)| < deg|V| but dim |V (—Dy,)| = dim |V|. So, systems with
base points are linearly unstable.
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* Again, Clifford’s theorem can be rephrased saying that the canonical system on a curve is lin-
early semistable, and it is stable if and only if the curve is non-hyperelliptic.

* Linear stability was introduced by Mumford in order to develop a simple method to prove GIT
stability results, indeed, it is proven in [35] that linear semistability implies Chow stability and
in [2] that linear stability implies Hilbert stability.

2.2 | The main result

A linear system |V/| is linearly stable if its ratio deg|V'|/ dim |V'| bounds from below the ratio
d/r for any gd’ C |V|. Changing point of view, given a linear system on a curve, one can ask for a
lower bound for this ratio d /r possibly lower than the original ratio deg |V'|/ dim |V|. This is what
we do for canonical subsystems of non-hyperelliptic curves, obtaining a bound depending on the
codimension and on the Clifford index of the curve.

Theorem 2.13. Let C C P97 be a canonical non-hyperelliptic curve. Let V C H°(C,w.) a linear
subspace of codimensionk < g — 2. Then forany W C V subspace of dimensiondim W > 2, we have

deg [W| S 2g—2—m
dim|W|~ g—m—-1"

where m := min{k, Cliff(C)}.
Proof. For any W C V, we have the evaluation morphism:
W ® Oc » wc(—Dy),

where Dy, := Ann(W) n C is the base locus of |W|.
We begin by considering the case m = k.

Lemma 2.14. Ifk < Cliff(C), then deg |V| = deg(w-(—Dy)) > 29 — 2 — k, that is, deg Dy, < k.

Proof. We split the proof of the lemma in two cases.

« If h°(C,Dy) > 2, since h°(C,w-(—=Dy)) > dimV > 2, then both Dy, and w-(—Dy,) contributes
to the Clifford index of C, so we have:

deg(wc(—Dy)) > 2(h°(C,wc(—Dy)) — 1) + Cliff(C) > 2(g —k — 1) + k=29 — 2 — k,

as wanted.
* Ifh%(C, Dy/) = 1, by the geometric version of Riemann-Roch (Theorem 2.3), we have

dim(span(Dy,)) = deg D, — h°(C, Dy;) = deg Dy, — 1.
Now, span(Dy,) C AnnV by construction, and
dimAnn(V)=¢g—-1—-dim(V)=¢g—-1—-(g—k)=k—1.

Therefore, we can conclude that deg Dy, < k, and the claim is proven. O
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Let us go back to the proof of Theorem 2.13. Let W C V, with dim W > 2. As done for
Lemma 2.14, we analyze the two following cases.

(i) If h°(C,Dy,) = 2, hence Dy, contributes to Cliff(C) since h'(C, Dy,) = h°(C,w-(—=Dy,)) >
dimW > 2, then
deg w-(—=Dy,) = 2(h°(C,w-(=Dy)) — 1) + CLiff(C) > 2(dim W — 1) + k.

Hence
deg|W| _ degwc(=Dy) k sy Kk _29-2-k
dim|w|  dim|w| 7 dim|w|~ "~ dim|V| g¢-k-1"

as wanted.
(i) If h°(C, Dy,) = 1, we can conclude deg Dy, < dim(AnnW) + 1 as in the proof of Lemma 2.14.
Setting ky;, : = dim(AnnW) + 1 = codim(W), we have

deg|W| _29—2—degDy _29-2—ky
dim|W|  g—ky—-1 ~ g—ky—1"

Since W C V, we can conclude that ky, > k.
Now, consider the function:

Fi00,g—1] - R f(t)::%. @2.15)
As

Ty g — _

f(t)——(g_t_1)2>0 vt € [0,9 — 1],

we have that f is monotonically strictly increasing. So, since ky, > k, we obtain

29 —2—k
g—k—-1"

deg W]

dm W] > flky) 2 f(k) =

as wanted.

Let us now treat the case k > Cliff(C) =: c. We prove that for any W C V, with dim W > 2:

deg|W| 29-2-c
- 2 .
dim |W| g—c—1

Like we did above, we focus on two cases.

(i) Ifh°(C,Dy,) > 2, then Dy, contributes to the Clifford index since
h'(C,Dy) = h°(C,wc(—=Dy,)) > dim W > 2.
So we have that

deg(wc(~Dyy)) > 2(h°(C wc(=Dy)) — 1) + ¢ > 2dim [W] +c.
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Then it follows that

deg |W -2
deglWl ooy € _5pp ¢ _29727¢
dim |W| dim |W| g—c—1 g—c—1

(ii) If otherwise h°(C,Dy,) = 1, then as in the previous case, we can conclude:
deg Dy, < kyy
and since ky, > k > c, exploiting the monotonicity of the function f:

deg|W| 2g—2-—degD 2g—-2—-k 2g—2—c
B = vy Y= flhkn) > fle) = T==C
dim [W| g—1—ky g—1—ky g—c—1 [

Remark 2.16. Theorem 2.13 above is not a linear stability result for the system |V| unless k <
Cliff(C) and deg |V| = 29 — 2 — k, that is, |V| has the biggest possible base locus, according to
Lemma 2.14.

Corollary 2.17. Let V C H(C, w.) be a vector subspace of codimension k, with k < Cliff(C). If
deg|V|=29—-2—-k
then |V| is linearly semistable. In particular, the morphism induced on C is Chow semistable.

Proof. LetW C V.Leth > k be the codimension of W in H oc, wc). By Lemma 2.13, we have that,
for m = min{Cliff(C), h},

deg |W| >Zg—2—
dim|W|”~ g—h-—

m
—
Now, m > k, and we are done by the monotonicity of the function f defined in (2.15):

deg|W| 29—2-m _ 2g—2—k degl|V|
= — = > flk)= = — .
amwi > gomo1 MO =TT T [

Example 2.18. Given k < Cliff C points py, ..., p, on C in general position, clearly the system
|wc(—py - — pi)| satisfies the assumptions of Corollary 2.17, as

deg(wc(—py ... — pr)) =29 —2—k and h°(C,wc(—p; .. — pp)) = g — k.

Example 2.19. We see here that indeed for any set of k < Cliff(C) points on C, the system
|wc(—p; - — Pl satisfies the assumptions of Corollary 2.17. Indeed, we claim that

hWo(C,py+ - +pp)=1.
Assume by contradiction that h°(C, p; + -+ + p;) > 2: we would have a g; on Cwithd < k hence

gon(C) < d,
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but from the above mentioned result (2.10) we obtain
k+2<gon(C)<d<k,
which gives a contradiction. From the Riemann-Roch theorem
h(C,wc(=py . —PK)) =29 —2—k+1—g+h’(C,p; + -+ py) = g — k.

Hence the linear series |w-(—p; ... — py)| satisfies the hypothesis of Corollary 2.17, so it is lin-
early semistable.

3 | XIAQ’S METHOD FOR SUBSHEAVES
3.1 | Preliminaries on fibred surfaces

Definition 3.1. We call fibred surface or sometimes simply fibration the data of a morphism
f: S — Bfrom a smooth projective surface S to a smooth projective curve B which is surjective
with connected fibres.

We denote with b = g(B) the genus of the base curve. A general fibre F is a smooth curve and
its genus g = ¢g(F) is by definition the genus of the fibration. From now on, we consider fibrations
of genus g > 2.

Let Ky 1= Kg— f*Kp (respectively, oy 1= wg ® (f*wp)") the relative canonical divisor
(respectively, line bundle). Recall that given a surface S a (—1)-curve is a non-singular ratio-
nal curve C C S such that C? = —1. We say that f is relatively minimal if it does not con-
tain any (—1)-curves in its fibres. This condition is equivalent to K, being a relatively nef
divisor.

Throughout the paper, we will assume that f is relatively minimal.

Definition 3.2. We say that a fibred surface is:

- smooth if every fibre is smooth;

- isotrivial if all smooth fibres are mutually isomorphic;

— locally trivial if f is smooth and isotrivial (equivalently if f is a fibre bundle):

— trivial if S is birationally equivalent to F X B and f corresponds to the projection on B. If b > 0
and f is relatively minimal, this is equivalentto S = F X B.

Recall the following relative numerical invariants for fibred surfaces:

. K} = K; — 8(g — 1)(b — 1) the self-intersection of the relative canonical divisor;

* x5 = x0g) = (g—1Db—-1)=degf.w ¢ the relative Euler characteristic (the last equality fol-
lows from Leray’s spectral sequence);

cep = e(S) —e(B)e(F) = e(S) —4(g —1)(b — 1) the relative topological characteristic (with
e(X) topological characteristic of X);

* gy = q — b therelative irregularity, with g = h'(S, Oy) irregularity of S.
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For those invariants, the following relations are known [1, 2, 11].

1) KJ% > 0and K}Z, = 0 if and only if f is locally trivial (see Remark 3.3).
(ii) > 0and y; = 0if and only if f is locally trivial.
Xy Xf y y
(iii) e; > 0and ey = Oifand only if f is smooth.
(iv) gy < g and equality holds if and only if f is trivial.
From the Groethendieck-Riemann-Roch theorem, we have Noether’s relation [3]
12y, = K]% +e;.

Remark 3.3. Suppose that K}% = 0. Then by the slope inequality we have y; = 0 so f is locally
trivial. If, on the other hand, f is locally trivial; then by (ii) we have y =0, then by Noether’s

relation and the non-negativity of e, we have K}Z, =0.

Definition 3.4. The rank g vector bundle f,w; is called the Hodge bundle of the fibred surface.
We have the following decompositions of the Hodge bundle as a direct summand of vector
subbundles:

* (First Fujita decomposition [21])
(52
fr=0," ®é, (3.5)

where € is nefand H°(B, £Y) = 0;
* (Second Fujita decomposition [14, 22])

fawp=ADU, (3.6)

with A4 ample and U unitary flat.

Definition 3.7. Following [24], we define the unitary rank uy of the fibred surface to be the
following integer

up 1= k.

Remark 3.8. Comparing the two decompositions, since every trivial bundle is unitary flat, we
have

(]
o>V

Z v,

and then it holds that g < Uy Moreover, deg U" = 0 and deg .4 > 0, hence

Xp=degf.w; =degA,

and u; = g if and only if ¥, = 0 (equivalently f is locally trivial). Catanese and Dettweiler first
gave examples [13, 14] of fibred surfaces for which the unitary summand is not semiample, thus
disproving a long standing conjecture of Fujita. They proved that semi-ampleness of the Hodge
bundle is indeed equivalent to " having finite monodromy. In all the examples in [14] g = 0,
hence in particular the strict inequality g < u; holds. Note moreover that for any fibred surface
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such that the monodromy of V" is infinite, the inequality g, < u; also holds ‘up to base change’,
that is, for any fibration f obtained from f via base change, we still have g7 < uz. On the other
hand, if the monodromy is finite, then there exist a base change a : B — B such that the induced
fibration f has q; = uf. See [24].

Over the moduli space M, of smooth curves of genus g, the function:
[C] ~ CIliff(C)
is a well-defined lower semicontinuous function This allows us to give the following:

Definition 3.9. Given f : S — B a relatively minimal fibred surface. We define

¢ 1= qlaBX{Cliff(F ) |F, is a smooth fibre of f} = Cliff(F) for F general fibre of f
(S

and call it the Clifford index of f.

3.2 | Xiao’s technique

In this section, we recall the main results of Xiao’s method, introduced by Xiao in his seminal
paper [44], and further developed by Konno and Barja. We will then apply this method to a sub-
bundle of the Hodge bundle, but we think it is worth to develop in full generality and detail
the construction, as the precise statement we need is not immediate to find in the literature. Let
7. Pp(E) — B be the projective bundle of one-dimensional quotients of £ (Grothendieck’s nota-
tions); and let Op(¢)(1) be the associated tautological line bundle.

Definition 3.10. We say that & is a nef (respectively, ample) vector bundle if Op¢)(1) is nef (respec-
tively, ample) over P5(E).

Let f: S — B be a relatively minimal fibration and fix a divisor D on S. For every non-zero
vector subbundle 7 C f,0O4(D), the natural homomorphism

[*F & f*f.05(D) — Og(D)

yields a rational map

such that wop = f. The indeterminacy locus of the map ¥ is described by the following result,
whose proof is immediate.

Theorem 3.11 [37]. In the above situation, there exists a blow up ¢ : $ — S and a morphism 1 :=
Yoe: § — Py(F) such that A*Ly ~ €*(D — Z) — E where
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* Z is an effective divisor on S;
« E is a e—exceptional effective divisor of S;
* Ly a hyperplane section of P(F), that is, a divisor associated to Opzy(1).

Definition 3.12. In this setting, we define

* M(D,F) := A*Ly the moving part of the vector subbundle F;

* Z(D,F) := €*Z + E the fixed part of the vector subbundle F;

* N(D,F) := M(D, F) — A*u(F)F where we note that € do not change the general fibre of f; then
we can rewrite: N(D, F) = M(D, F) — u(F)F with F a general fibre of f.

The Xiao’s method makes a crucial use of the Harder-Narasimhan filtration.

Definition 3.13. Let F a vector bundle over a smooth projective curve B. There exists a unique
sequence of vector subbundles of F:

satisfying the conditions:

s fori=1,..,kF;/F;,_; is a semistable vector bundle;
* Foranyi=1,...,k setting u; := u(F;/F;_,), we have

My > My > >

The filtration 3.14 is called Harder-Narasimhan filtration of F.
We set u_(F) := uy, and call it the final slope of the sheaf.

Remark 3.15. Note that it holds the formula:

k

degF = Z ri(H; = Mig1)-
i=1

Indeed, considering the exact sequence of vector bundles:

0— Fr_y = Fi = Fie/Fr—1 = 0,

from the additivity property of degree, we can say deg 7, = deg F;_; + deg Fy./Fy_;. Similarly,
we have that: deg Fj,_, = deg F;_, + deg F;_, /Fj_,, and so on. By induction we can conclude
that:

k
deg 7y = deg(Fi/Fi—1) + deg(Fi_1 /Fi—p) + - + deg(F,/Fy) + deg(Fy) = Z deg(F;/Fi-1)-
i=1
Now, from the definition of slope, for every i = 1,..,k we have degF;/F;_; = u;(r; — r;_;), So,
setting u;.; = 0 and ry; = ry, we obtain the desired formula

k k

degF = deg 7y = Z pi(ri —riy) = Z ri(f; — Mig1)-
i=1 i=1
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The Xiao’s method is based on the following fundamental result of Miyaoka-Nakayama.

Theorem 3.16 [33; 36, Corollary 3.8]. Let F be a locally free sheaf on a projective curve B. Let ¥ be
the general fibre of m : P-(F) — C. The Q-divisor Ly — xX is nefif and only if x < u_(F).

Remark 3.17. From Miyaoka-Nakayama’s result [33, 36], we see straightforwardly that u_(F) > 0
if and only if 7 is a nef vector bundle on B.

Remark 3.18. In the case § = f,wy, it is important to notice that the second to last subsheaf is
precisely the ample part in second Fujita’s decomposition: 7;_; = A. Indeed, f,; is nef, and the
subsheaf U" = f.w; /A is a subsheaf of maximal rank in f, @, with (minimal) degree 0. For the
Hodge bundle, the last slope y; is greater or equal to 0 and y; = O if and only if U" # 0.

We are now ready to expose the heart of Xiao’s method:

Theorem 3.19 (Xiao’s key Lemma [4]). Let f : S — B be a fibred surface. Let D be a divisor on S
and suppose that there exist a sequence of effective divisors:

7,27, .22

S>Zs+1 =0

and a sequence of rational numbers

such that for every i = 1,...,s N; := D — Z; — w;F is a nef Q—divisor. Then for any set of indexes
{J1s s Jst € {1, ..., 13, we have

s
D? z 2 (dji + djz+1)('uji - ’uji+l)’
i=1

wheredj ::NjF.

Proof. Just observe that the assumptions imply the following:

2 2 _ _
Njiﬂ - Nji - (Nji+1 + Nji)(Nji+1 - Nji) - (Nji+1 + Nji)(Zji - ij‘+1 = (4 = Mi41)F)
> (dj, +dj, ) — Mig1)s
and that
N
2 2y _ a2 2 2 2
z;(ij‘Nji)‘ Ny + Ny S Nj <D O
i=

3.3 | Main inequality

We are now ready to state the version of Xiao’s basic result in the form needed. Note that this is
an expanded version of the inequality stated in [10, Remark 24].
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Theorem 3.20. Let f : S — B be a fibred surface. Let D be a nef divisor on S and G C f,Og(D) be
a rank r subsheaf. Let d' = MF where M = M(D, Q).
Suppose that there exists a real number a > 0 such that for every linear subsystem |P| of |M |

deg |P]|
TP > a. (3.21)
(i) The following inequality holds:
5 2a(r—-1)
D* > — deg G = 2a(r — 1u(Q). (3.22)

i1) If moreover G is nef, then, for every non-negative integer d < d', the following inequality holds:
(ii) (¢ h d < d', the foll lity hold

2 2ad
D > Tt a degGC. (3.23)
Proof. Let
066 % G 16 =G (3.24)

be the Harder-Narasimhan filtration of G. We note that in general this filtration need not neces-
sarily be related to the Harder-Narasimhan filtration of f,O¢(D) (although this will happen in
the application: see Remark 4.4).

Following Ohno’s construction in Theorem 3.11, we consider a suitable blow up v : S — Sand
over $ for every index i we consider the divisors M; :=M(D,G;) and Z; := Z(D, G;), which are,
respectively, nef and effective. Call ; = tk G; and d; := M;F. We alsoset G, ., := G, =G.

Let us first assume that G is nef and prove inequality (3.20). The final slope of G is u; > 0 by
Remark 3.17 and we can choose ;1 = 0and Z, = Z; ;. The sequence (Z;, u;) clearly satisfies by
construction:

Zl >Z2 > vee >Zk =Zk+1,
and
My > Hy > e > M 2 Mgy 2= 0.

Observing that y; coincides with u_(G;), we have by the Theorem of Miyaoka-Nakayama that the
divisors

are all nef Q—divisors over S. Since the intersection product is invariant under birational mor-
phism, we have (v*D)? = D2. So, we can apply Theorem 3.19 to estimate (v*D — Z; )?. We make a
wise use of the choice of the indexes in the theorem.

Firstly, we use the set of indexes {1, ..., k}, obtaining the inequality
k
(V'D =2 > 2 (d; + dip )1 — Mg,
i=1

1
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which in its extensive form reads as follows

(v*D = Z)* > (dy + dy) (g — ) + -+ + (die_q + di )y — i) + (die + dii) ().

Observe that Assumption (3.21) implies that for any i, d; > a(r; — 1), because in case r; = 1, the
inequality holds trivially. Using this inequality and the fact thatr; > r,_; +1fori=1,..,k -1
and that r,,; = r;, we have:

k
(*D =207 2 D, (d; + iy )Wy — i)

i=1

k-1
= 2a <Z ri(p; — Miga) + "k#k) —a(py + py)

i=1
=2adeg G — a(uy + ).
Consider now the list of indexes {1, k}: we have

(V'D = Z;)* 2 (dy + di) (g — ) + (dye + diey ) (pie) = die(ug + )

Eventually, combining the last two inequalities we obtain:

2ad
*D—Z.)7 > k degc.
o © di +a e8¢

Now observe that

(v*D - Z,)* = D* = 2v*DZ; + Z] < D?,

where the last inequality follows from the fact that v*D is nef and Z, effective and from Zi <0by
Hodge index theorem. Now, consider the following function:

2at
a+t’

h(t) :=

which is monotonically increasing for ¢ > 0. From the hypothesis, we have d; > d so we can
deduce that

ZCXdk 2ad

D*> degG = h(di) degG > h(d)deg G = ——— deg,
dk+ +a

and the proof of inequality (3.20) is concluded under the assumption that G is nef.

In the non-nef case, just consider as in [10, Proposition 8] the last nef subbundle in the Harder—
Narasimhan sequence: G, where s = max{i | i; > 0}. Applying the very same construction to G,
we can obtain
2ad a(ry—1) a(r —1)

5 d >2 d >2——=degg,
d,+a e8 Js r e8 Js r egg

D?>
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where the second inequality is obtained by choosing d = a(r; — 1), and the last inequality follows
from the monotonicity of the function h(t) above and from the fact that clearly deg G, > deg G. So,
also inequality (3.22) is proved. O

Remark 3.25. As proved in [5], the vector subbundle G, in the proof of the above theorem is a
maximal element in the set of nef subbundles of G: for any nef subbundle of G, it holds 7 C G,.

In particular, if |G ® C(¢)] is linearly semistable for general t € B, we can take

_ _ deglg® Cv)]
dim | ® C(1)|’

and obtain the following well-known result (see [10]).

Corollary 3.26. Let f : S — B be a fibred surface. Given D a nef divisor on S and G C f,O4(D) a
rank r subsheaf. Let d = deg |G ® C(t)| be the degree of the linear system |G ® C(t)|, over a general
fibre F,. If |G ® C(t)| is linearly semistable, then

2. 2d

D*> == deg G = 2du(Q).

4 | SLOPE INEQUALITIES

Let f : S — Bbe arelative minimal fibration of genus g > 2. We are now ready to prove our main
estimates on the slope of fibred surfaces.

Firstly, using the first Fujita decomposition (3.5), we give a bound that improves the main bound
of [8]. Note that the proof is much simpler than the proof of [8], where we needed to lift a general
projection on the fibre to obtain the desired subsheaf of the Hodge bundle.

Theorem 4.1. Let m := min{qy, c}. The following inequality holds:

2—2—m
K222 — ..
! g—m
Proof. First observe that in the hyperelliptic case, m = 0 and the inequalities are just the classical
slope inequality. Assume that the general fibre is not hyperelliptic.
Let us consider the first Fujita decomposition (3.5),

— Dq ¢
f*a)f—é'EBO qj.

If qr < ¢y, consider the vector bundle G :=€&. If qr = ¢y, consider the vector bundle

G =D ng_cf. In both cases, the fibre over a general t € BG® C(t) C HOF t,KFI) defines a
linear subsystem of H(F,, K r,) of codimension m.

Let us start by observing that in case that the first vector subbundle in the Harder-Narasimhan
filtration of the Hodge bundle is of rank one (a line bundle), we have d; = 0 =r; — 1. By the
remark above and Theorem 2.13, we can apply Theorem 3.20 to D = K ¥ and ¢ as defined above,
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2g—2—m

. We thus obtain
g—m—1

with o =

2ad 20—2—m
d =2
a+d cgg g—m

2
as desired. O

We shall now turn our attention to the influence of the unitary rank u, on the slope.

Theorem 4.2. The following inequalities hold:

2g—2—uf
2— v ur<ec
P A
! (2g—2—cp)g—uy—1)

Xf Ur 2=Cr.
(g—c;,=Dig-up 7T

Proof. As above, we can assume that F is non-hyperelliptic. Consider the second Fujita decompo-
sition (3.6), f.@; = A @ U'. As already observed, we have that deg A = deg f .. We distinguish
the two following cases:

e Ifu F<Cp, then consider G = A. From Theorem 3.14, we can estimate the degree of that linear
subsystem as follows:

2

20—2—m .
deg|A®C(t)|>m(g—uf—1)=29—2—uf =:d.

Then, applying Theorem 3.20 with D = K and G = A, we have

2ad 29—2—uf
K% > d =2—x7
7 a+d cgA g—us Xy

as wanted.
e Ifu r=cp, using Theorem 2.13, we estimate the degree of the linear system |.A ® C(¢)| as

29—2—cf
deglA®C(H)| > —————(g—u -1 =:d.
g—Cf 1

Then applying Theorem 3.20 with D = K; and G = A, we have

Qg—2—-ci)g—up—1)
k2> 2% Geg A =2 / L
and the proof is concluded. [l

Remark 4.3. Observe that these last inequalities are not symmetric in minfu;,cs} as the one
of Theorem 4.1. In case there exists a unitary flat subsheaf U of U, with rk U’ > up —cy,
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one can improve the last inequality of Theorem 4.2. However, such a subsheaf U need not
exist.

Remark 4.4. Tt is worth making the following remark. In Xiao’s method as exposed in Section 3.2,
we use the Harder-Narasimhan sequence of the subsheaf G of f,O¢(D). This is in general not
related to the Harder-Narasimhan sequence of f,O4(D) itself. But in case G is a nef subsheaf of
the Hodge bundle that contains the ample summand .4, then the Harder-Narasimhan filtration
of G clearly is the truncation of the filtration of f,w;.

5 | AN EXAMPLE

Now we want to present a first example of a fibred surface in which the bound of Theorem 4.2
is better than the bound of Theorem 4.1 and any other previous bound. The known examples
of fibred surfaces with high unitary rank [13-15, 29] all satisfy ¢, < 1. It is therefore interesting
to find examples with Clifford index close to the unitary rank. This is a first example in this
direction.

We use the same construction of [15], although with some modifications, and refer the reader
to [15] for details. Consider a family of cyclic coverings of P! of degree 7, given birationally by the
equation:

y' = XoX1 (X, — xo)z(x1 - txo)S, (5.1)

where x,, X, are homogeneous coordinates of P!, t € C \ {0, 1} and we can think of y as a section
of Opiyp1(1,1).

By base change and compactification, we can associate a non-locally trivial fibred surface
f S — Bwith the following properties:

* the base curve B is of genus b = 3;

* the general fibre F is a smooth curve of genus g = 6;

* there are only three singular fibres, which are given by two smooth curves of genus 3 intersect-
ing transversely (in particular f is a semistable fibration);

* on every fibre there is an action of Z /77 by automorphisms;

* the irregularity g = h'(S, Og) is equal to 3.

This last property allows us to say that f : S — B is an Albanese fibration, that is, that g = 0.

The action of Z/7Z on the smooth fibres of the space induces an action on H!(F,Op) =
HO(F,wp), and for any character y j € Z/7Z,we can calculate the dimension of the corresponding
characteristic subspace H(F, wy) ; via the Chevalley-Weil formula:

4 (—ja) 2 ifj=1
dimHO(F,wp); = -1+ ) ——*L =41 if j=2,3,4,5
k=1 0 ifj:6.

where (a4, oy, a3, 04) = (1,1, 2,3) and (n); means nmod 7.
Associated to these subspaces, we have subbundles of the Hodge bundle, and by the same argu-
ments of [15] one can see that the rank 2 subbundle associated to j = 1 is contained in 7". On
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the other hand, for j = 2, 3,4, 5 we have rank one summands, hence line bundles. If these line
bundles were contained in the unitary part, they necessarily would have infinite monodromy,
which is impossible, as proved by Deligne (see [15, Corollary 21]). So, we have u; = 2 for this
fibration.

Moreover, since the general fibre F has equation (5.1), applying the results in [42, 43] we con-
clude that F has maximal gonality 4, and by Ballico’s result Cliff(F) = gon(F) — 2 = 2. Observe
moreover that the general fibre is not bielliptic, as can be derived for instance by [40, Lemma 2.4],
so the results of [6] do not apply.

Now, from Theorem 4.2, since up=cp= 2and g =6,

229 —2—uy)
K2y > ——— =4

f g—uy
By direct computations, one can see in this case that we have KJ% /Xy = 45/4, which is strictly
greater than 4.
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