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Preface

This (very brief) chapter is not intended as a scientific introduction to the work, as much
as an account of the research projects I have carried out during the three years of my
Ph.D. and the respective stages of development they have reached.

The main topic of my doctorate research has been the study of asymptotic properties of
the Ewens—Pitman random partitions in the “large 8” regime, and the application of such
properties to species sampling problems in Bayesian statistics. Overall, this is the research
project that has reached the more advanced state, leading to the drafting of three articles,
one of which published, which constitute the basis for all material in this thesis. The work
has been carried out in collaboration with professors Emanuele Dolera and Stefano Favaro,
and with professor Bernard Bercu during my research visit at Bordeaux University.

A secondary project, which I have begun while visiting professor Giovanni Peccati at the
University of Luxembourg, aims at establishing conditions for a quantitative central limit
theorem for the second chaos of the Dirichlet—Ferguson process. While the results obtained
so far are promising, and collaboration is ongoing, this project has not yet reached a stage
suitable for publication.

The last project, started in collaboration with professors Emanuele Dolera and Stefano
Favaro, regards the possibility of extending the “Bayes Empirical Bayes” framework of
Deely and Lindley to the nonparametric setting, establishing Bayesian consistency with
posterior contraction rates and quantifying the efficiency of a fully Bayes version of Rob-
bins” Empirical Bayes model. Similarly to the previous topic, while we have been able to
prove some interesting results, the project is not yet fully mature.

I wish to express my outmost gratitude to professors Emanuele Dolera and Stefano
Favaro for their constant support and guidance during my Ph.D., and to professors Gio-
vanni Peccati and Bernard Bercu for welcoming me in their departments and spending
time to initiate and discuss engaging new projects with me. Finally, I wish to thank
professors Sandra Fortini and Shui Feng, whose reviews and comments have significantly
improved this work.



Abstract

This thesis investigates the large-sample behavior of the Ewens—Pitman model for random
partitions under a non-standard asymptotic regime in which the concentration parameter
0 grows linearly with the sample size.

The Ewens-Pitman model for random partitions first appeared in [79] as a two-parameter
generalization of the Ewens model in population genetics [33]. The model is indexed by
two parameters o € [0,1) and 6 > —«, with the Ewens model corresponding to the case
a = 0. The large sample asymptotic properties of the partition for fixed parameters are
well understood, with the number of blocks and the numbers of blocks of fixed numerosity
exhibiting different scalings depending on the value of «. More recently, motivated by
its significance in population genetics in the case @ = 0, different asymptotical regimes
have been considered, in which the parameter 6 scales with the sample size. We focus
in particular on the so-called “large 6” regime, where 8 = An for some A > 0. While
asymptotic in this regime is reasonably well understood in the case o = 0, much less is
known for the two—parameter generalization. This thesis contributes to filling this gap
by providing novel asymptotical results, in the form of laws of large numbers and central
limit theorems, in the general case « € [0,1).

More specifically, after a general introduction to the model and a review of existing lit-
erature, a strong law of large numbers and a Gaussian central limit theorem are established
for the number K, of blocks in the partition when § = An for all « € [0, 1), extending the
analogous result established in [92] for &« = 0. These theorems show that K, scales linearly
in n for all a € [0,1) and exhibits deterministic limits, a behaviour notably different than
the one observed in the standard asymptotic regime. Our proof relies on different argu-
ments depending on whether « = 0 or a € (0,1). In the Ewens case (a = 0), K,, admits a
representation as a sum of independent but non-identically distributed Bernoulli random
variables, which also allows to refine the central limit theorem to a Berry—Esseen theorem.
Instead, for o € (0, 1), the analysis exploits a compound Poisson construction of K, lead-
ing to prove a LLN, a CLT and a Berry-Esseen theorem for the number of blocks of the
negative-Binomial compound Poisson random partition, which are of independent interest.

An alternative proof is developed in the second part of the thesis, where martingale
techniques are employed to re-derive the LLN and the CLT for K,,. A generalization of this
approach further enables to prove a strong LLN and a joint CLT for the d—dimensional vec-
tors (K1, ..., K4,) containing the number of blocks of fixed numerosity r, for r € {1, ...d}
, thereby providing a finer description of the partition structure in the large 6 regime.

The final part of the thesis addresses statistical implications of these asymptotic results
within a Bayesian nonparametric (BNP) framework. Focusing on the classical unseen-



species problem first addressed in [47], a Gaussian central limit theorem is derived for the
posterior distribution of the number of unseen species under a Pitman—Yor prior. This
result is then used to construct Gaussian asymptotic credible intervals for the BNP estima-
tor of the number of new unseen species. Our method improves upon competitors in two
key aspects: firstly, it enables the full parameterization of the Pitman-Yor prior, including
the Dirichlet prior; secondly, it is fully analytical, enhancing computational efficiency. We
validate the proposed method on synthetic and real data, demonstrating that it also im-
proves the empirical performance of competitors in terms of coverage of the exact intervals.

Finally, possible generalizations of the results obtained in the thesis are discussed,
such as the possibility to consider further non—standard asymptotic regimes, or to extend
the asymptotic analysis to other variables of interest beyond K, and K, ,. Overall, the
thesis advances the theoretical understanding of Ewens—Pitman random partitions under
non-standard asymptotic scalings and illustrates how such probabilistic insights can be
applied to statistical problems, especially in the field of Bayesian nonparametrics.



Chapter 1

Introduction

1.1 Organization of the thesis

This thesis presents some novel results for the large sample behaviour of the Ewens—Pitman
random partition under a non—standard asymptotical scaling of the parameter 0, referred
to as the “large 6” regime. It is organized as follows:

e Chapter 1 is dedicated to a general introduction to the Ewens—Pitman model for
random partitions, with a focus on the asymptotic properties of some quantities of
interest. Further, it contains a review of existing literature regarding asymptotics in
the regime # = An, which is the focus of the original work carried out in the rest of
the thesis.

e Chapter 2 establishes a law of large numbers (LLN) and a central limit theorem
(CLT) for Ky, the number of blocks in the Ewens-Pitma random partition, in the
regime § = An. Depending on whether & = 0 or a € (0,1), our results rely on
different arguments. For @ = 0 they rely on the representation of K, as a sum of
independent, but not identically distributed, Bernoulli random variables, leading to
a refinement of the CLT in terms of a Berry-Esseen theorem. Instead, for o € (0,1),
they rely on a compound Poisson construction of K,. Technical details for this
chapter are deferred to appendices [A, [B] and

All material in this chapter is based on work [21].

e Chapter 3 contains an alternative proof of the CLT of chapter 2 based on a martingale
argument. An extension of the same argument allows to prove a joint CLT for the
d—dimensional vector (K1 p, ..., Kg,) of the number of blocks with given numerosity
r, for r € {1, ...,d}. Technical details are deferred to appendix @

All material in this chapter is based on work [8].

e Chapter 4 presents an analogous of the central limit theorem of chapter 2 for the
posterior distribution of K,,, and shows an application of such theorem to the prob-
lem of uncertainty quantification in the Bayesian nonparametric (BNP) approach to
the so—called “unseen species problem”. For the sake of readability, this chapter is
self—contained, including an introduction to the statistical problem at hand and to
the BNP approach to its solution. Technical details are deferred to appendices [E| [F
and [Gl

All material in this chapter is based on work [22], which has been submitted for
publication.
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e Chapter 5 contains a very brief discussion of the results of the previous chapters and
presents some directions for future work.

1.2 The Ewens—Pitman model for random partitions

The Ewens-Pitman model for random partitions first appeared in [79] as a two-parameter
generalization of the Ewens model in population genetics [33]; see [23] and references
therein. It now plays a critical role in a variety of research areas, e.g., population genet-
ics, Bayesian statistics, combinatorics, machine learning and statistical physics. See [80,
Chapter 3] for an overview of the Ewens-Pitman model and generalizations thereof.

1.2.1 Exchangeable random partitions

This section is meant to give a brief and discursive overview of the theory of random
partitions, introducing the main properties of interest. For a detailed and rigorous theory,
see [64] and [80, Chapter 2].

Let [n] = {1,...,n}. We call a random partition any random variable II,, taking values
in the set of partitions of [n]. Further, we say that II, is ezchangeable if or every o € Sy,

P[II,, = m,] = P[II,, = o(m,)],

where o(m,) is the partition obtained by permuting the members of clusters in 7, by o.
This is tantamount to saying that P[II, = m,] only depends on the number k of blocks
and the sizes (nq, ..., ng) of the blocks in 7,; in particular

P, = 1] = fa(na, ... n5) (1.2.1)

with f, a symmetric function of its arguments, defined on {(z1,...,x;) € N¥ : x; >
1 for all 7, Z;?:l n; =n}.

Now consider a sequence of random partitions II1,Ils, ... such that II; is a random
partition of [i]. We call it projective or extendable if for all n > m and all 7, partitions
of [m]7

P[I[m}ﬂn = 7Tm] = P[H[m] = 7Tm]

where [, II, denotes the partition of [m] obtained by removing all the members of clusters
in IT,, which are in [n] \ [m]. In particular, this means that if for all i we let

P[IL; = m] = fi(n1,...,ng)

the f; must satisfy the following compatibility relation:

k
fn(nl, ,nk) = fn+1(n1, ey N 1) + Z fn+1<n1, —s g+ 1,..., nk) (122)
j=1

We call any sequence of functions {f, }nen satisfying (1.2.1) and (1.2.2) an exchangeable
partition probability function (EPPF). Note that the compatibility formula entails
that a projective sequence of partitions can be constructed iteratively in the following
way: suppose that after n iterations the partition has k clusters of sizes nq,...,n;. At
step n + 1, a new member is added into a new cluster with probability proportional to
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frt1(ny,...,ng, 1), while it is added to the j—th cluster with probability proportional to
fn+1(n1, —s g+ 1,..., nk)

Finally, we say that a random partition is generated by (sampling from) a random
distribution p if given a sequence (X;);>1 such that

i.d.
Xilp "= p

we construct a partition of [n] by the following equivalence relation: given i,j € [n],
1~ ) = X;=Xj.

Clearly, since the X; thus defined are exchangeable, the resulting partition is also ex-
changeable. A celebrated theorem of |64] states that every projective sequence of random
partitions can be generated by sampling from a random distribution.

1.2.2 The sampling formula

For n € N, let II,, be an (exchangeable) random partition of [n] into K,, € {1,...,n} blocks
of sizes (or frequencies) Ny, = (Niy,..., Nk, n) € N&» such that n = ZISiSKn Ni . For
a €[0,1) and 6 > —a, the Ewens-Pitman model assigns to II,, the probability

1 n (6) k,« i
P[Ky =k, Np = (n1,...,ng)] = %l <n1 nk) (9() T)T H(l - O‘)(ni—l)T? (1.2.3)
* Y i n i=1

where (), )y denotes the rising factorial of x of order n and increment a, i.e. () 0yt =
Hogignq(ﬂ? +ia) and (37>nT = (x)(n,l)T-

It is easy to see that the function on the right-end side of is an EPPF. The
distribution admits a sequential construction in terms of the Chinese restaurant
process [79;196] and a Poisson process construction by random sampling the two-parameter
Poisson-Dirichlet distribution [77; I81]; see also [27; 28] for a construction through the
negative-Binomial compound Poisson model for random partitions [17]. For a = 0
the Ewens-Pitman model reduces to the Ewens model, arising by random sampling the
Poisson-Dirichlet distribution [63]. We briefly introduce the sequential construction and
the Poisson process construction in sections and respectively.

1.2.3 Sequential construction: the Chinese Restaurant Process

The sequential construction of the Ewens—Pitman model was introduced in the seminal
work of 79, Proposition 9]. For a € [0,1) and § > —a, it is possible to show that the
following recursive construction yields an exchangeable random partition of the set [n].

Conditionally on the number of blocks K, = k and on the partition subsets ( the
“tables”, in the restaurant metaphor) {71,..., T} with corresponding sizes (n1,...,ng),
the partition of [n 4 1] is obtained by extending that of [n] in such a way that the element
n + 1 is assigned to an existing subset T;, for 1 <14 < k, with probability

n; — o
n+60’
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or initiates a new subset with probability

ak + 0
n+0’

Since n = nj + - - - + ng, we clearly have

= 1.
n+60 n+6 n+06

1 & ak+60 n—ak+ak+06
-+ -
i=1

From now on, for K,, € {1,...,n}, let

Nn — (Nl,n7 cee 7NKn,n)

denote the sizes of the partition subsets {T1,...,Tk,}. As shown in |79, Proposition 9],
the above construction yields the joint distribution (|1.2.3)) of the random vector (K, Ny,).

For r =1, ..., n, we introduce the notation K. ,, to denote the number of tables with given
numerosity 7. Note that the above construction immediately yields a recursive structure
not only for K, but also for the K, ,. In fact, letting

Kn == (Kna Kl,n; sy Kn,n)

and
]:n =0 (Kl, ...,Kn)
there hold -
o
P(Kpi1=K,+1|F,) = nn7+9
and for r > 1,
pr,n lf k == 1
P [Kr,n—H = Kr,n +k | ]:n] = N 4qrn ifk=-1 (124)
]-_pr,n_QT,n if k=0
with
K,+0 . _
- o ifr=1
T?TL - — —
oot g > 9
and

{n} (’I” - a)Kr,n

q’l",h*l - 6 + n

1.2.4 Construction via sampling from the Pitman—Yor prior

A simple and intuitive definition of P ~ PYP(«,#) follows from its stick-breaking con-
struction [77]. Specifically, let: i) (V;);>1 be independent random variables, with each
V; following a Beta distribution with parameter (1 — «, 0 + ic); ii) (S;);>1 be random
variables following a non-atomic distribution v on S and independent of each other as well
as of the Vi’s. If Py = Vi and Pj = Vj[[1<;; 1(1 = V;) for j > 1, so that P; € (0,1) for
any j > 1 and } ;- P; = 1 almost surely, then P =3, Pjds; ~ PYP(a,0), with the
Dirichlet prior corresponding to a = 0.
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Remark 1.2.1. If (P;));j>1 are the decreasingly ordered stick-breaking random probabili-
ties P;’s of P ~ PYP(a,0), then, for a € (0,1), as j — +oc the Pyj)’s follow a power-law
distribution of exponent ¢ = a1 [81]. The parameter a € (0,1) controls the power-law
tail of P through the small F;)’s: the larger a, the heavier the tail of P. As a — 0, the
Dirichlet prior features geometric tails [80, Chapter 4].

We consider n > 1 observations with values in the space of species’ labels or symbols
S, modeled as random samples X,, = (X7,..., X,,) such that

Xi,..., X, | P %P,

P ~ PYP(a,0),

where PYP(«, ) is the Pitman-Yor prior indexed by « € [0,1) and # > —a«. For short, we
say that X,, is a random sample from PYP(«, ). Due to the discreteness of the Pitman-
Yor prior, the random sample X,, from P ~ PYP(«,6) induces a random partition of
[n] = {1,...,n} into K, = j < n blocks, labelled by {S7,..., S} }, with frequencies
(Nin,..., Nk, n) = (n1,...,n;) such that the n;’s are positive and Zlgigj n; = n. The
distribution of the random partition is determined by the predictive distribution, or gen-
erative scheme, of the Pitman-Yor prior [79, Proposition 9], i.e.,

Pr[X; € | =v(),

(1.2.5)

and, for n > 1,

0+ jo 1 &

Pr[X,.; €-|X,] = : i —a)0ge (). 1.2.
(DXoer €3] = G0+ g D= i (0 (126)

The expression in (1.2.6) allows to recover the conditional distribution (|1.2.4])of the random
partition of [n + 1] obtained after sampling one additional point X, 11, given the previous
partition of [n].

1.2.5 Large n asymptotics for K, and K,,

Under the Ewens-Pitman model , there have been several works on the large n
asymptotic behaviour of K, showing different behaviours depending on whether a = 0
or a € (0,1). Denote the almost sure and weak convergence by 2% and —%, respectively.
For o = 0 and 0 > 0, [65, Theorem 2.3] and Lindeberg-Feller central limit theorem show

that as n — +oo

Ko as g (1.2.7)

logn

Vlogn <1£"n - 0) ~5 VON(0,1), (1.2.8)

where N (0, 1) denotes the standard Gaussian random variable. Instead, for o € (0, 1) and
0 > —a, [80, Theorem 3.8] and [9, Theorem 2.1 and Theorem 2.3] show that as n — +o00

K
) (1.2.9)

)

and

nOé

K, w /&
vVn® | — — N(0,1 1.2.1
n <TLO‘ 04,9> — Saﬁ (Oa )7 ( O)

where S, ¢ and 5’9,9 are scaled Mittag-Leffler random variables [97], sharing the same
distribution, and S, ¢ is independent of N(0,1). See [80, Chapter 3] for details on ((1.2.7)

and ([:2.9).

and
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For what regards the K, ,’s, [2, Theorem 1] entails that for « =0

w
K., Nl Zy (1.2.11)
and
(Kin, Ko, ) — (21, Za,...), (1.2.12)
n—-+00
where the Z,’s are independent Poisson random variables with E[Z,] = 0/r, for all r > 1.

See [3] for generalizations and refinements of these asymptotic results. For o € (0,1), it
follows from [80, Lemma 3.11] that

. Kr,n
ngrfoo e = Pa(r)Sa,0 a.s., (1.2.13)
where (1)
a(l —a)\"™
pa(r) = ( T') :

Furthermore, [9] shows that

K., Ar,n w
\/na< — — >—> Pa(r)Sg o N(0, 1),

ne by n®

where
n—1

H kE+0
E+60—r+a’

—
rn—zbrk—H k—|—9 )'Kr—l,k

and S&,e denotes a scaled Mittag-Leffler random variable independent of N(0,1).

Remark 1.2.2. Beyond the almost-sure and Gaussian fluctuations displayed in —
, K, and K,,, have been investigated with respect to large and moderate deviations
[45; 136; |37; 110; |75] and laws of iterated logarithm [9]. Further, non-asymptotic results
for K,, have been established in terms of Berry-Esseen theorems [27] and concentration
inequalities [76;110].

1.3 The “large 6” regime

In population genetics, the Poisson-Dirichlet distribution (i.e. a = 0) describes the dis-
tribution of gene frequencies in a large neutral population at a locus, with the parameter
6 > 0 taking on the interpretation of the scaled population mutation rate [44, Chapter 2].
This has motivated the study of the so—called “large 68” behaviour of the random partition
in the Ewens model, with some extensions to the case o € (0,1) (see section for a
brief review). In particular, [40] first considered the regime

0= An

with A > 0, in the study of the large n asymptotic behaviour of the number K, of blocks
in the Ewens model. Following this work, in most of this thesis we refer to such scaling
as the the “large 6” regime.
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1.3.1 Sequential construction: arrays of CRPs

It is possible to adapt the sequential construction of section to the “large 8” setting.
However, this requires a careful specification of the objects at hand, to avoid confusion
with the model in the classical setting. In particular, the sequential construction in this
case is used to build finite arrays of partitions, defined as follows.

For n e Nand h € {1,...,n}, let
{n} _ (g-An} p-An} {n}
K" = (K" K K

be a variable encoding a random partition of [h] = {1,...,h}, with K}En} the number of
blocks and K 7;{2} the number of blocks of numerosity r. Letting

FM =g (K‘{”}, K}{L’ﬁ) ,

for h € {2,...,n}, the following sequential relation holds:

{n} _ ;-{n} my] oK, +0
P[Kh _Kh71+1|}—h—1} = Tai0
and for r > 1,
pi™ if k=1
P [K{”} =K k| f,@l} = g™ if b= —1 (1.3.1)
1—pi™ — g™ ifk=0
with .
m o _ S if r=1
pr,h—l o (rflfa)Kr{fi he1 .
MnFh—1 iftr=>2
and

my  (r— a)Kj,TiLL]Q
rn—1 = ¥R -1
Clearly, (1.3.1) is recovered by substituting § = An in (1.2.4). It should be noted, how-

ever, that in this regime the recursive relation only holds for A < n, and the array

(K‘l{n}, ey K;{ln}> is not further extendable to an exchangeable random partition of [n + 1].

Furthermore, two partitions Ki{n} and Kj{m} with m # n do not satisfy compatibility
relations of any kind. In other words, we are considering triangular arrays of the form

0=x kY
2 2
0=2\ KPPk

0=ny KM kMK
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Equilvalently, for every n € N we can see the partition of [n] as the random partition

generated by sampling from a finite vector of exchangeable random variables X 1{n}, ey X,En}
such that N

X™ | PYP(a, An) " PYP(a, An).
Once again, because the prior PYP(«, An) depends on n, the sequence (Xi{n}, ...,X{g"})
is not extendable to an infinite exchangeable sequence, and for n # m it satisfies no
compatibility relation with the sequence (X l{m}, ey X,%m}).

Our results will be concerned with the asymptotic behaviour of the variables K}[Ln}.
Because the notation introduced in this section is heavy, whenever there is no ambiguity
in the meaning of the symbols we will drop the superscript {n} and denote

K, = K"

In particular, we will return to the full notation only in chapter [3, where we will make
explicit use of the partition structure [1.3.1

1.3.2 Large n asymptotics for K" and K"

There exists a rich literature on the large 6 asymptotic behaviour of the two-parameter
Poisson-Dirichlet distribution, assuming « € [0,1) and 6 > 0.

The genetic interpretation of # has motivated the study of the large 8 asymptotic be-
haviour of the Poisson-Dirichlet distribution, as well as of statistics thereof, providing
Gaussian fluctuations and large (and moderate) deviations [93} 53} 160; 25; 1405 [42]. As
already mentioned, [40] first considered the regime # = An, with A > 0, in the study of the
large n asymptotic behaviour of the number K;i”} of blocks in the Ewens model, providing
a large deviation principle for K,{Zn}. Subsequently, [91] derived both a LLN and a CLT for
Kr{Ln} under the same regime. The large 6 asymptotic behaviour of K ;{Z} has been explored
in [7], establishing a microclustering property, namely the size of the largest cluster grows
sub-linearly with the sample size, while the number of clusters grows linearly, by means
of a weak LLN.

Some of the large 6 asymptotic results for the Poisson-Dirichlet distribution have been
extended to two-parameter Poisson-Dirichlet distribution (i.e. a € (0,1)), in terms of
both Gaussian fluctuations and large deviations [41}; 44]. By contrast, our work is, to the
best of our knowledge, the first to explore the large # asymptotic behaviour of K,En} in the
Ewens-Pitman model, establishing a LLN and a CLT. The large 6 asymptotic behaviour

of K{EZ} has been explored in [7] along with the case o = 0, establishing an analogous
weak LLN.



Chapter 2

Laws of large numbers and central
limit theorem for the number of
blocks in the Ewens—Pitman
partition in the “large 6” regime

Under the Ewens-Pitman model , we study the large n asymptotic behaviour of
K,En} when the parameter 6 is allowed to depend linearly on n € N, namely § = An with
A > 0. This non-standard asymptotic regime first appeared in [40] for the special case of
the Ewens model, i.e. a = 0. In particular, for o = 0 and 8 = An, both a law of large
numbers (LLN) and a central limit theorem (CLT) were established in [91, Proposition 2
and Theorem 2]. In the present chapter, we extend the LLN and the CLT to the more
general case of the Ewens-Pitman model, i.e. a € (0,1).

2.1 Main result

Denoting by — the convergence in probability and by — weak convergence, the next
theorem states our main result. For completeness of exposition, we state the theorem for
a € [0,1), thereby including the original results of [91] for az = 0.

Theorem 2.1.1. Forn € N, let K;{Ln} be the number of partition blocks under the Ewens-
Pitman model with parameter o € [0,1) and 6 = An, with A > 0. If

al(+3)" =1 forae(o1)
)\log(1+%) fora=20

and

AMa+H* (1-1%) - (+1)°] frae)

)\log(l—k%)—%ﬂ for a =0,

5a,>\ =
then, as n — 400 there hold:
i)
E [K;[L"}] = nmgx + O(1) (2.1.1)

12
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and
Var (K;g"}) — ns2 , +0(1); (2.1.2)
ii) o
}i; L5 man; (2.1.3)

iii)

Kr{bn} —NMg ) w

Y N0, 1). (2.1.4)
\ /nﬁ?m

Further, for any A > 0 there hold that mg )y = lim,_,o+ Mg x and 537)\ = lim,_,o+ 537/\.

Theorem provides analogues of the almost-sure fluctuations (1.2.7) and ([1.2.9), as

well as of the Gaussian fluctuations (1.2.8) and (1.2.5), under the non-standard asymptotic
regime § = An, with A > 0. By comparing the LLN ({2.1.3) with the almost-sure fluctuation
results (1.2.7) and (1.2.9]), we can assess how the linear dependence of 6 on n, i.e. § = An,

affects the large n asymptotic behaviour of K}{Ln} in terms of both scaling and limiting
behaviour. Specifically, while the almost-sure fluctuations scale as logn for « = 0 and as
n® for a € (0,1), the LLN exhibits the “usual” linear scaling in n for all « € [0, 1).
Moreover, in the almost-sure fluctuation results and , the limiting behaviour
is non-random for o« = 0 and random for a € (0,1), which in turn determines the non-
random and random centerings in (1.2.8) and (|1.2.5)), respectively. In contrast, the LLN
yields a non-random limit for all « € [0,1), leading to a non-random centering in
the CLT .

The LLN relies on combining Chebyshev’s inequality with the asymptotic ex-
pansions (2.1.1) and (2.1.2). These expansions, in turn, are obtained from the distribution
of K{En}, which follows by marginalizing @ with § = An, for A > 0 [80, Equation 3.11].
For a € [0, 1), a stronger version of the LLN @ will be also established, showing that
as n — +00o

A (2.1.5)

n

While the LLN ([2.1.3) relies on the sole (marginal) distribution of qun}, the strong LLN
(2.1.5) requires to considering the finite-dimensional laws of the sequence of random vari-

ables {K,{ln}} o1’ That is, for each n > 1, the strong LLN requires to look at K,{ln} as
n=

the number of blocks of the random partition of {1,...,n} induced by random sampling
the two-parameter Poisson-Dirichlet distribution with o € [0,1) and § = An, for A > 0
I63; 177 181].

The CLT ([2.1.4) relies on different techniques depending on whether a = 0 or o €
(0,1). For a = 0, we provide an alternative proof of the CLT , distinct from that
given in [91, Theorem 2|. In particular, by representing Ky{bn} as a sum of independent,
but not identically distributed, Bernoulli random variables, our proof also yields a Berry-
Esseen theorem for K™ with respect to the Kolmogorov metric ||-|| .. More precisely, if F;,

and @ denote the cumulative distribution functions of the distributions of n =1/ 256 }\(K}{Ln} —
nmg ) and N (0, 1), respectively, then we show that there exist a constant C > 0 and 7 € N
such that

C' log(n)

(2.1.6)
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holds for every n > n. For a € (0,1) the proof of the CLT ([2.1.4) relies on the compound
Poisson construction of K;{L"} [27; 128]. This approach naturally leads to a LLN, a CLT
and a Berry-Esseen theorem for the number of blocks of the negative-Binomial compound

Poisson random partition, results of independent interest [17, Example 3.1 and Example
3.2].

2.1.1 Organization of the chapter

The proof of Theorem has a rather neat structure, but calls for many technically
complex auxiliary results. Therefore, for the sake of readability, this chapter is structured
as follows. Section contains the proof of Theorem for a € (0,1), with technical
results deferred to Appendix A. Section [4.3| contains an alternative proof of the CLT
for @« = 0, and the proof of the Berry-Esseen inequality , with technical
results deferred to Appendix B. Section contains the proof of the strong LLN ,
with technical results deferred to Appendix C.

2.2 Proof of Theorem [2.1.1 for « € (0,1)

The proof of Theorem is structured as follows. In Section we prove the asymp-

totic expansions (2.1.1) and (2.1.2)). In Section we prove the LLN (2.1.3). In Section
we prove the CLT (2.1.4). Technical lemmas and propositions are deferred to Ap-

pendix A.

2.2.1 Proof of the asymptotic expansions (2.1.1) and (2.1.2)
n—1

Denote by (), the falling (or descending) factorial of « of order n, i.e. (x)}, = [[2, (x—
i). Based on the distribution of K, [80, Equation 3.11], a direct calculation leads to

J

where (z)); = Hg;& (x — i) denotes the falling factorial of x. Accordingly, by simple
algebra

E[K,] =E[(K,);] = <Z> [—1 + F(ﬁ(gzz)a) F(ﬁ(g)”)] (2.2.1)
and
Var (K.,) (2.2.2)
= E[(Kp)2] + E [Kn] — (E [K,))?
0 F'@+n+a) I'(0) F'O+n+2a) T(0)
T a H) [1_2 T(0+n) L0+a) RIS YT F(0—|—2a)]

0
[_i * F(IH“(Z ZZ)Q) F(g(f—)a)]
(%)

Lo (FO+n+a) T(O) > T(@O+n+a) I(0)
r@+n) T(O+a) r+n) T(O+a«)

See the proof of |9, Theorem 2.1] for a derivation of (2.2.1) and ([2.2.2) based on the

sequential construction of the Ewens-Pitman model. If § = An, then (2.2.1) and (2.2.2)
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become
A Mo+ A+ 1)n) T'(An)
£ [K’{‘ }} T a [_1 F(a+An) T ((A+1)n) (223)
and
Var (Kjl”}) (2.2.4)

_An (An S T(n(A+1) +a) T(An) Fn(A+1)+2a) T'(An)
= <a “) [1 2T +1) TOnta) T Tm+1) F()\n—|—2a)]
)\n[_l F(n(A+1)+a) I'(An) ]
'n(A+1)) T'(An+a)
an 2 C(nA+1)4+a) Tn) > TnA+1)+a) T(An)
_<a) [”( T(n(A+ 1)) F(An+a)> T T+ 1) TOnta)

+

(%

I

respectively. By applying to (2.2.3) the asymptotic expansion for the Gamma function
[89, Equation 1],

E [KT{;‘}] =n {2 [—1 + <AA+1>(X +0 C;)] } = nmgn + O(1), (2.2.5)
s = (12 1Y 1] o6

Similarly, by applying to (2.2.4) the asymptotic expansion for the Gamma function [89,
Equation 1],

Var (K,{L"}) (2.2.7)

_ [<?>2+):] [1_2<A>\1>a+ (/\-;\-1>a;z(()\a+—11)31+ <,\:\rl)2a
-(5) e

) e
Y PG O s )
O o)

)

() CRY L CEY s o

=ns; , +0(1),
<1 n i)m (1 - 1;’3) - (1 + i)a] . (2.2.8)

The proof of the asymptotic expansions (2.1.1) and (2.1.2) is completed in view of (2.2.5)-

and @27)-(225).

+

+
Q

with

P
a,A a
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2.2.2 Proof of the LLN (2.1.3)

Based on the asymptotic expansions (2.1.1), it is useful to consider the following identity:

N e P O e
N + .

n n n

(2.2.9)

The second term in the right-end side is a deterministic term, and it converges to 0 in
view of (2.1.1). Therefore, fix & > 0 and combine Chebyshev’s inequality with (2.1.2) to
obtain

{n} _ {n} {n}
b Ky S[K" } > e :pHKén}_E[Kén}]’>n€]§\hr<Kh):O<1>

as n — +00. Accordingly, the proof of the LLN (2.1.3]) is completed in view of the identity
©2.2.9).

2.2.3 Proof of the CLT (2.1.4)

To prove the CLT , we recall the compound Poisson construction of K, |27, Lemma
1 and Proposition 1]. For a € (0,1) and § > 0 let S, ¢ be the scaled Mittag-LefHler random
variable in ([1.2.9). More precisely, S, ¢ is a positive random variable with density function

I'(0)
0

I (z)

where f, denotes the positive a-stable density function [82]. We refer to [97, Sections 2.2

and 2.4] for details on f,, and to [80, Chapter 0] for details on S, ¢. In particular, there
hold

0—1
[Sa0(8) = ST_lfa(s_l/O‘) s >0,

6 T(0)
E[S,¢l=—"—+ 2.2.10
[l al(a+0) ( )
and ) )
0 [0 ') 0 ')
Var[Spol =~ (2 +1) —-2 (2] (=) . 2.2.11
2 [ Sao) a (a * ) I'(0 + 2a) (a) (F(H—i—a) ( )
Now, for a € (0,1), z > 0 and n € N, let us introduce a random variable R(a,n, 2)
with values in the set {1,...,n}, whose distribution has probability mass function given
by
€ (n, k;a)F
P[R(a,n,z) = k] = . ke{l,...,n}, (2.2.12)
> i1 €(n,j; )2
where

€ (n, k; o) klz () —ia]m) >0

is the generalized factorial coefficient, with the proviso that € (0,0; «) := 1 and €' (n, 0; ) :=
0 for n > 1 |16 Chapter 2]. Specifically, (2.2.12)) is the distribution of the number of blocks
in a random partition of {1,...,n} under the negative-binomial compound Poisson model
[17, Example 3.2].

Let G,p be a Gamma random variable with shape parameter a > 0 and scale pa-
rameter b > 0, namely the distribution of G, has density function given by: f,,(z) =



2.2. Proof of Theorem for a € (0,1) 17

[b%/T(a)]x* e, for 2 > 0. For a € (0,1) and 6 > 0, [27], Proposition 1] shows that for
any n € N

Kn L R(oyn, Zon) (2.2.13)
and
Zon = S0,0Go1n1
such that S, g and Gy, 1 are independent random variables, and independent of R(a, n, 2),

for any z > 0. Here and throughout the paper, 2 denotes identity in distribution. See
also [28] for details on the distributional identity (2.2.13), as well as for related results.

The proof of the CLT (2.1.4) relies on ([2.2.13]). We consider in the regime
0 = An. That is, for any n € N

K L R(a,n, Z,), (2.2.14)
where
Zo = Zann = SapnGiiina (2.2.15)

such that Suan and G(yi1)p,1 are independent random variables, and independent of
R(a,n, z), for any z > 0. To simplify the notation, for any n € N and z > 0 it is useful to

set
R, (2) := R(a,n,nz). (2.2.16)

Hereafter, we investigate the large n asymptotic behaviours of the random variables Z,,
and R,(z), as well as their interplay with respect to the asymptotic expansions in (2.1.1)

and (2.1.2).

2.2.3.1 LLN and CLT for Z,

The next proposition provides a LLN and a CLT for the random variable Z,, defined in

@2.15).
Proposition 1 (LLN and CLT for Z,). For any a € (0,1) and A > 0, set

LA (A “
07 & A

2
22225 E T
o A A+1

and

As n — 400, there hold:
i)

E[Z,] = nzp + O(1) (2.2.17)
and
Var(Z,) =n¥? + O(1); (2.2.18)
ii)
Zn
L P (2.2.19)
n
iii)
=== SN (0,57). (2.2.20)

N4
Proof. The proof, particularly that of ([2.2.20)), is technical, and it is therefore deferred to
Appendix [ |
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2.2.3.2 LLN and CLT for R,(z)

The next proposition provides a LLN, a CLT for the random variable R, (z) defined in
(2.2.16); in particular, the CLT is refined (or quantified) by means of a Berry-Esseen
inequality.

Proposition 2 (LLN and Berry-Esseen inequality for R, (z)). For any a € (0,1) and
2z >0, let p:(0,+00) > R and o : (0,+00) — R be functions defined as

HQ%:Z@_Té)_aZHJXMﬂ@>>O

where, for any z > 0, 7(z) denotes the unique real, positive solution to the equation

and

7(2)a = TO(;) +1 (2.2.21)
As n — 400, there hold:

)

E[R,(2)] = nu(z) + O(1) (2.2.22)
and

Var(R,(2)) = no?(z) + O(1); (2.2.23)

ii)
R’";l(z) 2y u(2). (2.2.24)

Finally, set
R, (2) —nu(z
Wn(Z) = ﬂ( ) - lu’( )
no?(z)
and denote by Fyy, ) its distribution function. Then, there exists a continuous function
C : (0,400) — (0,+00) such that, for any choice of (o and {1 that satisfy 0 < (o < z9 <
(1 < 400, with the same zy as in Proposition[], the inequality

C(z) log(n)

1Fw, o) = @l = = 15

(2.2.25)
holds for every z € [Co, (1] and every n > n(Co,C1). In particular, the Berry-Esseen bound
[2.2.25) implies that W,(z) — N(0,1) as n — 400, for every fized z > 0.

Proof. The proof, particularly that of ([2.2.25)), is technical, and it is therefore deferred to
Appendix [

Proposition [2|is of independent interest in compound Poisson random partitions [17,
Example 3.2].
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2.2.3.3 Completing the proof of the CLT (2.1.4)

We start by showing that the LLNs and the CLTs established in Proposition [1]and Propo-
sition [2| have a direct interplay with respect to the asymptotic expansions (2.1.1) and
(2.1.2)).

Proposition 3. Under the assumptions of Proposition 1] and Proposition |2, there hold

p(z0) = mqx

and )
o?(20) + 22 (1 (20))” = 52

Proof. Set 19 := (%)a First, we prove that 7(z9) = 79 by checking that 7y is a (and
therefore the unique) positive solution to (2.2.21) when z = 2. In particular, it holds

T0 a (A+1\° A @ 1 A+1 1
az | a)\< ) ) <)\+1> e X0

The first identity then follows by evaluating u at zg. For the second identity, differentiate
both sides of (2.2.21]) with respect to z and rearrange to obtain that for z > 0

oy T(2)
7(z) = 2D(z)’
where
D(z) = ar(z)s —1= 22F ST?;)T(Z) (2.2.26)
Whence, )
roy L T(2 ! B B 1 B 1
e I R 75 Vo165 I P9

and, in turn,

Thus,we can write
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Based on Proposition |3 we show how Proposition [1|and Proposition [2| can be used to
prove the CLT (2.1.4). Denoting by F,, the cumulative distribution function of the random
variable

Krgn} — NMg )

M
[ 2
ns: \

we prove that, for any x € R,

. — % {n} 2 } _
Jlim Fy(0) = lm P [Kn < nmgp + /ns? x| = ®(2).
Denote by gz, the probability distribution of Z, /n. By conditional probability, we can
rewrite (2.2.14)) as
+o00
Fa@) = [ P[Ruz) < nman + \fus? ] @)
0 ’ n

-/ p [wz) < ilmea (u;)zﬂ tsp
0

| s (a2

I}”) (z) = /OJFOO P (\/71 Mo — p(2)] + sa 27

o(2) ) wan

and

I3 (z) = /0 m {Fwn(z) (ﬁ (Mo - (Z()Z)] + sa,w>

_ (\/ﬁ LY ;(/i()z)] +5a,,\95>} M%(dz).

Based on the above identities, the proof of the CLT ([2.1.4) is completed by showing that,
for every z € R

: (M) —
ngg-loo 7, (z) = () (2.2.27)
and o
nll}iloolé (x) =0. (2.2.28)

We start with the identity (4.3.16)); in particular, to prove (4.3.16[), we premise two
lemmas.

Lemma 2.2.1. IfY is a Gaussian random variable with mean 0 and variance X2, then

e (M Fonar)] g,

o(z0)

holds for every x € R.

Proof. Introduce a standard Gaussian random variable Z, independent of Y. By standard
properties of conditional probability, it holds that
y} ,

(£ ol
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which implies

()] e

Notice that 5;1/\[0(2'0)2 — 1/ (20)Y] has Gaussian distribution with mean 0 and variance

o(20)? + (W(20))°5% _

1
2 9
5a,)\
thanks to the last identity in Proposition [3| This completes the proof. [

Lemma 2.2.2. Let ¢ € C°([0, +00))NC*((0, 4+00)), with bounded (first) derivative. Then,
as n — +oo there holds

Al (5) o] s

Proof. According to (2.2.20), v/ (Zn/n — 20) — N (0,%2). The poof then follows by
means of a straightforward application of the delta-method; see for example 85, Corollary
1.1].

|

The next proposition combines Lemma and Lemma, to prove the identity
[@3.16).

Proposition 4. For every x € R,

lim Ifn)(:b) = lim E

n—-+o0o n—-+o0o

Proof. According to Proposition |3} we have m, y = 1(29). Now, it is useful to observe that
the function p considered in Proposition belongs to C°([0, +00))NC*((0, +00)), and has
bounded (first) derivative. Therefore, we can apply Lemma for the choice ¥ = u, to
obtain that, as n — 400

i o) = (22| 2wy

where the random variable Y is the same random variable as in Lemma [F.1] Further,
thanks to the continuity of o and the mapping theorem for the convergence in probability,
the LLN ([2.2.19) entails that, as n — +o0

o <Z”) 25 o(20).

n

At this stage, Slutsky’s theorem shows that, as n — +o0

Vi [p (%) = map] + Sap R w(20)Y +5a2T

s (%) 7o

Since the (cumulative distribution) function ® is bounded and continuous, the proof is
completed by applying the Portmanteau theorem and recalling Lemma [F.1 |
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Now, consider the identity (4.3.17)); the next proposition proves (4.3.17)) by an appli-
cation of Proposition

Proposition 5. For every x € R, as n — 400, it holds

“+oo
‘Ién)(gg)( < /0 [ Fwz) — @], 1120 (d2) = 0.
Proof. The inequality is straightforward, as it follows directly by taking the absolute value
inside the integral in Ién). Then, in order to prove convergence to zero, fix £ > 0 and choose
0 = d0(e) > 0 such that ®(§) =1 — /2. Moreover, fix (y and (; as in Proposition [2. Set
0% o
m = m(e, (o, (1) := min{m eN: 2z — ﬁ > (o, and zg — ﬁ < Cl},
which is well-defined since zg € ({y,(1). Set Co =20 — T and (== 20 + f’ and write

+o0
/0 1Fw, ) — @]l 1120 (d2) (2.2.29)

G
= [ W = @l ma@) 6 [ B - g (@)
Co " R\ [¢o,¢1] "

Now, consider the terms on the right-hand side of (4.3.18]) separately. With regard to the
first term, inequality (2.2.25) entails that, for every n > i, there hold

3 oe(n) G ol
[ 1) = 0l oz (42 < 2B [T 00 gy 0) < B e, (2230

FR 1
ns Co m ns
where M¢ 1= max,¢(¢, ¢,) C(2) is finite since the function C' is continuous. Concerning
the second term on the right-hand side of (4.3.18]), for any n > m, there hold
[ P -tz [ pm) (2.2.31)
R\ [¢o,¢1] " Rx[Co,G] ™
[ Z, 0 (52
-r e o v
[ n i
I A I I )
> n 0 \/ﬁ? 0 \/ﬁ
[ Z,, — nzo
=P |——— ¢ [-9,0]]| .
L ¢ 6]
Thus, combining identity (4.3.18) with inequalities (4.3.19)—(4.3.20)) yields
+oo log(n) Zn — N2
R - a (dz) < P —0,0
L W = 0l 9 < 2B e P | P g )
for any n > max(n,m). Whence, from (2.2.20),
+oo
Oglimsup/ HFWn(Z) _¢HOO,U/ZJ(C12)
n—+oo JQ n
) log(n) Zy — n20
< 1 P|————¢[-9,90
_nﬁufoo{ n% Mo + |: \/ﬁz ¢[ ’]

—042-20(0)=¢

thanks to ®(0) = 1 —¢/2. The proof is completed by exploiting the arbitrariness of e. W
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2.3 Proofs for « =0

For a = 0, the LLN and the CLT ([2.1.4) were established in [91, Proposition 2 and
Theorem 2]|. In this section, we present an alternative proof of the CLT (2.1.4), as well
as the Berry-Esseen inequality . Technical lemmas and propositions are deferred to
Appendix B.

2.3.1 An alternative proof of the CLT (2.1.4)

For n € N let (By,..., B,) be independent random variables such that B; is distributed
according to a Bernoulli distribution with parameter 6/(6 +i+ 1), fori =1,...,n. Then,
it holds

K,=> B (2.3.1)

[80, Chapter 3]. Let Gk, be the probability generating function of K,. From ({2.3.1)), for
s>0
[s0](n)  T(s6 +n)T(6)

Gren(s) = 0]y L(sO)L(@ +n)’

so that, for # = An, with A > 0,

L'(n(sA+1))I'(An)
T(sAn)(n(A+1))’

G (s) =
Let ¢, be the characteristic function of the random variable

K;{Ln} — nmg,

[0n 2
nﬁ[)’)\

The proof of the CLT (2.1.4) follows by the application of the following Berry-Esseen
lemma.

Lemma 2.3.1. If £ € R satisfies
€] < Cosoan’ (2.3.2)
for a positive constant Cy and some 0 € (0,1/6), then there exists a constant ¢ such that

_e| L & g5
on(§) —e 7| <ée zn¥ 2,

Proof. We start by recalling a well-known approximation for the Gamma function [69,
Equation (5.11.10) and Equation (5.11.11) with K = 1 therein], which will be applied to
Gk, . For w € C and |ph(w)| < 7, as |w| = 400

T(w) = e <27T> "4 R(w)] = P(w) [1+ R(w)

w
where, for [ph(w)| < %,

1
212 |w|

A

[1 + min {sec(ph(w)), 2}] < —o— (2.3.3)


https://dlmf.nist.gov/5.11.E10
https://dlmf.nist.gov/5.11.E11
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Then,
_ D(n(sA+1)) T'(nA)
G = sy T £ 1))
~ P(n(sA+1)) [1 +R(n(sA+1))] P(nA) [1+R(nN)]
~ P(ns)) [1+R(ns\)] P(n(A+1)) [1+R(n(\+ 1))
B <3(A + 1)> 2 [ (sA + 1)1 AN r [+ R(n(sh +1))] [1+ R(n\)]
S \UsA+1 (sA)SA A+ DML [T+ R(nsA)] [1+ R(n(A+1))]

for every s € C such that |ph(s)| < w. Based on the above expression for G, , we set

9‘{(”)(8) _ [1+R(n(sA+1))] [1 +R(nA)]
! T L+ R(nsA)] [L+R(n(A+ 1)

o0 = (D)

and
f(s) == sAlog (sA\) — (sA+1)log (sA+1) ,
(s) = exp{—n[f(s) — f(l)]}i)ﬁign)(s)fﬁgn)(s). Accordingly, we write

. e
en(§) = exp {—\/ﬁ & o, } G ctnt <€ ﬁs“)

so that GK,{J”

50,\ '
= exp {—\/ﬁzizlj’A} exp {—n [f <e\/ﬁl§o,x> — f(l)} }

) (T ) m™ (o
% 9%{‘ <€ ﬁso,A) 5)%2" (e\/ﬁﬁo,x> .
If £ € R satisfies ([2.3.2), then |78, Chapter IV, Lemma 5] guarantees that
’ 3

\/ﬁﬁo)\

i
e Vo — 1‘ <

1
< Cy nd=z.

(23

i€
Hence, by applying Taylor’s formula to f(ev™0.x) — f(1) and to (eV™0x — 1), we obtain

i§ , £ "
©n(€) = exp {—\/5507A [mox + f/(1)] — % £+ f(1)] } X (2.3.4)

i€ i &
<o (7505 ) ) (703 ) 0 (6.

where
(n) /oy , i N I A &
P57 (6) = oxp {nf(l) [(ef ’ 1> <\/ﬁso,x nﬁg,A)]
oy nifo/\ ? £
+ 5 (1) !(ef , —1) +n53J

2
ie 3 rl i€
(e\/ﬁﬁo,x - 1) / " <1 +1 <eﬁ5w — 1>> (1—t)dte.
0

+

|3
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By direct computation,
A+1
f'(1) = =Alog <1r> = —mg,\

and

A
F(1)+ (1) = —mgx + i1 = =50 -

Accordingly, for every £ € R that satisfies (2.3.2), we can rewrite ¢, in (2.3.4) as
2 i€ i€
pn(€) = exp{ £ } Ry <6ﬁ5“) Ry <€ﬁ5“> R ().
By combining (2.3.3) and [78, Chapter IV, Lemma 5], for any ¢ satisfying ([2.3.2]), one has

that e e
0 (€)= Y (57505 ) Y (%03 ) 7 (),

is continuous and satisfies, as n — +oo

RO (6)=1+0 (n35—%) (2.3.5)

uniformly on compact sets. We refer to Appendix|B.1 for a detailed proof of (2.3.5). Then,
for every n € N, one can write

1
L

R (€) ~ 1| < 5(©),

with S(€) := sup,cy n=30+3 ‘9‘{(") () — 1|, and Lemma |A.10 guarantees that the func-
tion S is continuous. Thus, for every £ € R satisfying (2.3.2), there exists ¢ such that

’9%(”) &) — 1’ < 6n357%, completing the proof. |
2.3.2 Proof of the Berry-Esseen inequality (2.1.6)

We start by combining Lemma with the well-known inequality |78, Chapter V, The-
orem 2]

_e
lan—élle/ £l 2 7 dg 4 !
€1<C o (2) 3
1 &2 &2
npp(§) —e” T ¢ teemy 5
e e = A
=L+ 1 +C~n_§

We consider separately the terms I; and I». For [;, we combine the triangle inequality,
[78, Chapter IV, Lemma 5] and [20, Section 8.4, Theorem 1, Equation (4)] to write that,
in a neighborhood of 0, it holds

— |§\+ €] + = \54\.
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From (2.1.1) and (2.1.2), we obtain

{n}
K7 —
. nmoy |1 ’E [Kin}] _nmm‘ < S

)
[0 &2 o2 n
n5G A nS( 5 \F

where S := % SUp,,cN ‘E [K,{L"}} — nmg, ,\). An analogous argument allows to prove

2
KM - nmo S

<
2
\/ 750,

where Sy := ﬁ SUD,eN ‘Var (K}{ln}> —n(D+mgy —2mg yB)|. Accordingly, we write

E

n

29, 28, +1/2 1
<
L= n3/2 + n3 + 40 nd

For Iy, argue as in the proof of the Berry-Esseen theorem for R,,(z) to conclude that

< Cn 32,

1
I, < ¢;log(n) n39-3,
In conclusion,

IE, — @, < Cin~2 + Cylog(n) n~23 4+ Cn~?

for some positive constants C; and Cy. To conclude, it is easy to see that for every
0 €(0,1/6), min (5, —36 + %, %) > %, which produces the rate log(n)n~='/% in (2.1.6).

As a final remark, note that our proof was not designed to achieve rate optimality, but
merely to provide a quantitative refinement of the convergence result of the CLT. This
may account for the (notable) slowness of this rate, which we believe could be improved
with the use of more refined techniques, at the price of an increasing complexity.

2.4 Proof of the strong LLN (2.1.5)

To prove the strong LLN, we show complete convergence of the sequence (K,{Ln} /M) neN-
Consider the identity

KM - [k B[] - nm,

+
n n n

Kr{Ln} — Mg\

In particular, as n — 400, the almost sure convergence to 0 of the first term on the right-
hand side follows from a standard application of the Borel-Cantelli lemma, after proving
that

“+oo
(n} _ g [ A
;P(‘Kn E K ”>n8)<+oo

holds for any € > 0. This follows from Markov’s inequality (with exponent p = 4) with
the fact that, as n — +oo

E [(K;[L"} ~E [Kjﬂ}} )4] =0 (n?). (2.4.1)

We refer to Appendix for details on (2.4.1). This completes the proof of the strong
LLN (2.1.5).



Chapter 3

Strong law of large numbers and
joint central limit theorem for the
blocks of given size in the “large
0” regime

In this chapter we give an alternative proof of Theorem based on the construction
of a martingale related to the partition structure and then extend the argument to
establish a joint CLT for

Kin=(Kn Kin,....Kipn)

in the regime § = An. The proof adapts the arguments already used in [9] to the “large 6”
setting, requiring the use of asymptotic results for triangular arrays of martingales, rather
than a single martingale. Hence, the proof relies heavily on the sequential construction
and it calls for establishing asymptotic results not only for the variable K;{Ln} (which
was the case in the previous chapter), but also for Kg;l} for d,h € {1,...,n}. For this
reason, in this chapter we return to the full notation of section [1.3.1} paying the price of
a heavier notation to avoid confusion.

3.1 An alternative proof of Theorem [2.1.1 via a martingale
construction

Recall that fén} =0 (Kin}, . K,En}> . For what concerns K, the sequential construction
of the partition of section can be equivalently stated by saying that for every n € N
and h € {1,...,n}, there exist a random variable f,(ln) defined on the same probability space
as Ki{n}, - K,?_L}l such that

K = K gl (3.1.1)
and (n}
{n} | o} Phy if k=1
P Fln]
1) {1—pﬂﬁ ith=0
with

h=1 " An+h—-1"

27



3.1. An alternative proof of Theorem |2.1.1] via a martingale construction

In particular,
e[ 107]
{n} K{nl + ,8{"}

where

n}  An+h—-1+a {n} AN
R B VR and G, C An+h-—1

28

(3.1.2)

The following lemma describes the asymptotic behavior of the variables K E;}L | for z €

[0,1] and is a cardinal point in the proof of the CLT.

Lemma 3.1.1. For z € [0,1], define

Ma(T) = { [; )\—2 1} ifa € (0,1)

(AF2) ifa=0
Then, as n — +o0
() o
E[IZM — ma ()

uniformly on [0, 1].

(i) the following SLLN holds uniformly for x € [0, 1]:

(3.1.3)

Proof of Lemma|3.1.1, The structure of the proof is the same for the cases @ = 0 and
a € (0,1), but it involves different calculations. For this reason, we present here only the
general idea; the complete calculations, differentiated for the two cases, are deferred to

appendix
We prove by direct calculation that

lim sup % ’E [(KEEJ) ] (n® - (max(2))” + ns—L. Ss(x))

=00 1e0,1] ns

for some constant ¢ and some explicit function Sg(x) not depending on n. In particular,

for s = 1, this rewrites as

_Llend] -
lim sup max(z)| =0
N0 2e0,1] n

Proving point (i).
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To prove the strong law of large numbers |3.1.3, we show complete convergence of the

4
sequence K E’Z}: | /n by showing that E (K L{aﬁj E [K f;g J]) } = O(n?) uniformly for z €
[0,1]. Write

o[ (st =]}

|zn ] lzn]
=S (2) () S steore (), ]

where S(k, s) denote the Stirling number of the second kind. Expanding such expression

and computing the expansion of powers of E [Kiﬁn j] yields, after tedious but straight-
forward calculations,

lim sup

2
n—=400 1el0,1] M

4
E [(Kf;‘ij -E[k{)]) ] — (n* - Aaa(a) + 0 Bam))\ —c
for some constant ¢, where

Aa,)\(x) = (ma,)\(w))4 : (1 —4+6— 3) =0

Bax(x) =md \(x) [(—12 412 — 4)S1(z) + (6 — 124 6)] + 6m2 () S2(x)
+ mm,\(ac) 53(1‘) + S4($)
=0

where the last equality is proven in detail in appendix Therefore,

lim sup E[(K{"} —E[K{"}D ] c

and the proof is concluded.

[
3.1.1 Proof of the expansion (2.1.1) and of the SLLN (2.1.5)
Upon noting that
—1] ifae (0,1
My ) = ma)\(l) — [( A ) } o ( )
log (i) ifa=0
apply Lemma for x = 1.
3.1.2 Proof of the CLT (2.1.4)
3.1.2.1 An interesting martingale
For n € N and h € {1,...,n}, define
h—1 . h—
=TI () ana AP =3 aft) 500 (5.1

k=1 k=1
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and
M = af R af (3.15)

Denote by o ) )
A7 =M, - M,

the increments of M},
Lemma 3.1.2. For every n € N, (M}En})h (o) is a martingale with respect to the
e b b

filtration <]:’£n}>he{1 nt’

Proof. Tt follows from definition (3.1.4) that

o) = Al g

and {n} {n} {n} p{n}
Ahril = Ahn - “hn ﬂhil

Hence,

Al — g gl ) ) e} L glnd

e [KIET—L}l n é{n}} _ A{n} oa™ R afm gt gl
= o™ [(1 _ 7{fri}) KM g g{”}]
=af" - [ —pi™]. (3.1.6)

Taking conditional expectations on both side we obtain
B [A0 1A =l 501 0] - 4%, =0
which concludes the proof. |

Now denote by
(M = <<M{n}>1’ . <M{n}>n>

the increasing process of M 1"} ie.
2
(M, ZIE [(A,ﬂ”} ) ‘ f,ﬁﬂ . (3.1.7)

the following lemma describes the asymptotic behavior of (M {”}>n as n — 4oo.

Lemma 3.1.3. Asn — +oo,

n )
where
aa= {2 L ()] vocon
' log (%) A%rl ifa=0
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Proof. 1t follows from that
2
B | (a0 [ A5 = (o) 6l (14120
O Gnt )] KM 4w h—1— okl
L (At a)mAn An+h-1 An+h—1

(At a+ 1)4h—1 )\n An

Now we split (M{"}), into the sum of a deterministic term and a random term:

M{n} _

I
M:

)\n+a+1 )th—1 )\n An

(An)1h_1 2 a (b1 ] [Lh=t o (k-
An+oz+1¢h1 A X n ox MU

>
Il

I
M:

Al
U

h=1
()11 2o [ Pasi, h—1
= n_ o - - 1

n+ o+ 1)_1 n Mo \ 7 T

T [Onrary )
{n}
1h=1 aoff2, h—1
Aon A n Mo n

= S7(n) + 87 (n)

The term S*(n) is deterministic and
- AN )+h—1 2 la h—1
Sa)\ _ ( T - =my 1
! (n) ;{[(x\n—l—a—i—l)ml] )\m A n +
1h-1 o h—1
X — J—
X n A n

)n) L(An+a+1)

N AT ’
&= I'(An) T(A+25n+a+1)

& h=1\ 4] [Lh=l @ h—1
)\ma”\ n A n /\ma”\ n

where, for z € [0, 1],

oy [T +2)n)  TOn+a+1) 71° qa
fw(”)_[ ) I‘((/\+x)n+a+1)} 5

ma () + 1} . [§ — %ma,)\ (x)}

Thus, Sf‘)‘(n)/n can be viewed as a Riemann sum for the function fo{ﬁ} on [0,1]. Using
again [89, Equation 1] we obtain that

[F ((;\(J;”x)) . T ((I;\(inx;na—;xll 1)] - <)\ —)|\- x>a+l

= 0.

lim sup
=400 1c(0,1]
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This immediately implies that, as n — +oo, f {n}

= (533) - (5)

By definition and elementary properties of the Riemann integral,

. Sa,)\(n) 1
lim 4+~ = o d
/0 faa(z)de

n—-4o00 n

— fa,x uniformly on [0, 1], where

and by a simple calculation

/01 far(z)de = {3 ' [Aﬁga B (ﬁl)a} ifae1)_ oA

log (1) — 21 ifa=0

It remains to prove that Sé)‘)‘(n)/n 2% 0asn — +oo. Ifa =0, Sg”\(n) is deterministic
and

0 - “h—-1
52 Z::l /\n—l—h—l An
G+ 1)n) = w(n+ 1) + 2 [pO(A+1)n) = oD +1)

Applying the asymptotic expansions of the digamma [69, Equation (5.11.2)] and trigamma
functions |69, Equation |(5.15.8)] we obtain

§37(n) [1°g<Ail) +)\—1i—1H =0

Sy (n)
n

lim sup
n—=400 1c(0,1]

which indeed implies

—0

uniformly for z € [0,1]. When a € (0,1), apply the triangular inequality together with
lemma obtaining

a,\ a,\ A A
b |0 |55 0 =S| | |sre|
n=+00 1e0,1] n - n n
Hence, S5 *(n)/n —> 0 uniformly for z € [0,1], concluding the proof. [

3.1.2.2 Completing the proof

The following lemma is an immediate consequence of [55, Corollary 3.1]:

Lemma 3.1.4. Consider an integer sequence h, — +00 as n — +o0o. Assume that the
following two conditions are satisfied,

(a)

for some positive gq, x


http://dlmf.nist.gov/5.11.E2
http://dlmf.nist.gov/5.15.E8%20
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(b) For every e > 0,

1 & 2 ny | as
™ I;E (Ajl }) 'ﬂ{(Agn})%hns} ‘fﬁ] 2% 0
Then, we have
e
\/ﬁ — N(0,9a,) (3.1.8)
We now show that, for the sequence h,, = n, conditions (a) and (b) of lemma [3.1.4) are
satisfied with g o » = so,1. Condition (a) is equivalent to —— Eh 1 [(Ain}f ‘ F,En}l] 25

1 as n — 400, and hence it is immediately implied by lemma For condition (b), we
can bound the sum by

1 n
Sp = — E
ni, 2

(AP 1 (o f;gﬁ}l]

>ns(2ma}
A,{L”})LL

1 - ( . {n}
Sy =t (aly’ 1{\A£"}\>ﬁﬁa»w}‘fh‘l

[<Ai’”>4 lféﬁ]

AN
o
m[\)
i M:
=

=: 6n

where the last inequality holds because

(A1) A = (el ol [ =k, 6 (61) " -3 (61)

and the function x + 1 — 4x + 622 — 3z has its maximum on [0, 1] in z = 0, where it takes
value 1. Now,
n n
h—1 1
COREEED WAC-S I
h=1

h=1
[T+ 2)) T+ a+ 1)1 [aK o)
f”(x)_[F(An)F((A—l—x)n—i—a—i—l)} [ An “]’

and lemma entails that as n — +o0, f,, — f uniformly on [0, 1], where

flz) = <)\ j\r x>4(“+1) : [% Ma () + 1} .

with

Then, letting Zy = fol f(z) dzx,
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1n>

and this proves point (b).

It then follows from Lemma [3.1.4] that
M

Rewrite Min}ﬂ /n-s? | as

mi™ el i Al KM - (agn}yl Alm
s ()

It is easy to show that for all n € N and for all h € {1, ...,n},

E K" = (a,ﬂ"})fl [1+af™].

Further,

(a) ™" = Wt at ey _ T(A+Nn+a+1)-Tn+1)
" (AR + 1) p(n-1) FAn4+a+1)-T(1+A)n+1

and we can apply the standard asymptotics for ratios of Gamma functions [89, Equation
1], to obtain that, for every n € N,
< lm —-—==0

(a;{‘n}) h B (A—)'\_l)a n——+oo n 4\

i (o) == (231

By means of these identities and of lemma we obtain

(o) AP 0 mas

1 2
lim (0" + )
n—-+00

Hence,

1
lim —- =0

n—-+oo \/ﬁ

and since it can be easily verified that

2 2 .2
aa,)\ “Sax = ﬁa,)n

the proof is concluded by means of Slutsky’s lemma.

3.2 A SLLN and a joint CLT for (K;’;”}, KM ...,K;:;)
The proof of the previous section can be generalized to the proof of a joint central limit
theorem for the vector .

K = (K k(LK)

1n -

While this requires lengthier computations, and the use of multivariate analogues of the
univariate theorems of the previous section, the conceptual lines of the proof remain iden-
tical.
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3.2.1 Main result
For r € N,r > 1, define
_ pa(T) 11—« a—r
Mrjax = = AT+ N (3.2.1)
where, for k € N,
0 ifk=0
k) =
pa( ) {a(l—z!)Tkl 1f k Z 1
and for d € N let
Maan = (Mar Mizans o M) (3.2.2)
Further, let o
A+1 i+j—2—2a
(Ed,ay)\)i7j = ( Y ) (Fd7a7’\)i,j (323)
where I'g ) is a symmetric matrix defined by
i—10,\ =]
A A1) A \® A \? 1— 1 i
ﬁ_(a—1 (m) —(m) +2(/\f1)'H(172) i=17=2
(Taan);; = { A2~ [—cj_g@j D H(G -3 - ) 4o M HG - 1) i=1,52>3
—AFa=2ie,  OEDTY g ) - N2 g (20— 1) i>2,5=i+]1
— N3 (i — 2,7 — 2) i1>2,7>i+2
(3.2.4)
with

1
H(B,C): o Iy <1,B;C;—)\)

where 9 Fi(a, b; c; z) stands for the Gauss hypergeometric function defined, for all z € C

where |z| < 1, by

)= 3o (@t

2F1(CL, b ;
= (©n 7!
see |69, Equation (15.2.1)]. Further, for r,s € N,
l—«o r
Cr = (T')TT = E 'pa(T)
and
A+1)"4
Qa,)\(T7 5) = CrCg MH(T + s+ 2,7“ + s+ 1)

- (CrJrle + CrCerl)

+ Cr41Cs41

(A+1)72

(A+1)73

H(r+s+3,r+s+2)
r+s+2

H(r+s+4,7+ s+ 3).
r+s+3


https://dlmf.nist.gov/15.2.E1
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Finally,
, 2 [ ()] iee@) .
0N = A1 1 . ( e )
log (%) — xi1 if o =0,
and for i > 2,
. 1 i—3—«
522_1;057/\ = \o+2-2 [Ci—Q(A_I_Z.)l “H(i—a—2;i—1)
A 1 1—2—a )
+ci_1(+2 CH(i — a; i)] — NTE L oo (i— 2,1 —2). (3.2.6)

The following theorem is the main result of this chapter:

Theorem 3.2.1. Fixd > 1. Forn € N, let K;{ﬁl} be the vector containing the number of
partition blocks and the number of partition blocks of sizes 1, ...,d under the Ewens-Pitman
model with parameters a € [0,1) and 0 = An, with A\ > 0. Then, as n — +oo there hold:

i)
E [Kj{ﬂ = nMyax + O(1)

i) (SLLN)
{n}
—dn a5 Maan;
n
iii) (CLT)

K({izz} —n md@,)\
4D
where Mg o\ is as in (3.2.2) and Xgq\ as in (3.2.4).

Theorem [2.1.1] can be recovered as a corollary of theorem by marginalization,
upon noting that (X4q.1)1,1 = 5%7)\.

—5 N(0,%4.0.0)-

We conclude this section by proving the following analogue of lemma |3.1.1]| for Kﬁin |
for r > 1. This result is an essential preliminary to the proof of theorem [3.2.T

Lemma 3.2.2. Forr >1 and x € [0, 1], define

(1 - a)Tr—l

My () = — "N (4 AT
Then, as n — 400
()
B[k, ]
" = M0\ (T)

uniformly on [0, 1].
(i) the following SLLN holds uniformly for x € [0,1]:

K;“{T[inj a.s
’n 2 My () (3.2.7)
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Proof. From [35, Proposition 1] we recover the following expression for the (falling) facto-
rial moments of K;{Tin I;

n (1—a)y-1\° Tn — 1 n
E [(Kr{,tinj)ij - ( 1 r!T 1) F(;(l—:;:-lt—)tx) F((i(—i\x;l—)tgg)

1 T (22 4 5) T(A+ 2)n + sa — sr —t,)
T (% +1) I'(An + sa)

X

where we are denoting by t, = zn — [zn]. Since 0 < v, < 1 for all z € [0,1] and for
all n € N, we can apply the usual asymptotic expansion for ratios of gamma functions to
obtain

B [( iﬁ@)ij =n mi;%)\(x) +n mi;a)\(x) Ss(z) + O (58_2)
where

Ss(x) = : [m a(l —a) + z[Aa —2ra)] — )\27“2]

2:U)\ (x4 ) A
+s- [ A[r(1 = 2t,) — o1 + 2t,)] aX?r(1 — 2t,)] }
= s*A(z) + sB(x)

with A(x) and B(z) independent of s. Note that since

lim z- A(x), lim x- B(x) € (0, +00)

z—0t z—07F
and
lim mr;oc,)\(x) _ (1 B O‘)T(r—l) LT
s—0+  x” 7! ’
with the particular case
tim M)
z—07t X ’
then for every r,s > 1,
lim Si(z) =0
z—0t S( )

These expansions hold uniformly for x € [0,1]. In particular, for s = 1, this rewrites as

{n}
E K] - B
lim sup |[——————= —myan(z)] =0
=+ 2¢0,1] n

Proving point (i).

For the strong law of large numbers, we prove complete convergence of the sequence
4
Kﬁinj /n by showing that, uniformly for x € [0, 1], E [(Kﬁ[ﬂ}m —E [Kj’[inJD } = O(n?).

In fact we can again write

E [(K{Tin B[] )4}

4 4o k
=S () ([ T sk s (), )

k=0
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where S(k, s) denote the Stirling number of the second kind. Expanding such expression

and computing the expansion of powers of E [K {n} ] yields, after tedious but straight-

r,|zn]
forward calculations,
1

lim —
n—+oo N

B | (K0~ B [K)) | - 0 e 00 Bt =
for some constant ¢ and with

Aarr (@) = (mpar(@)? - (1-44+6-3)=0
and

Bopr(@) = (myan(@))" - {—4[A(x) + B(x)] + 6[4A(z) + 2B(x)]
—4[9A(x) 4+ 3B(z)] + [16A(z) + 4B(x)]}
= (mr;a,A(x)) [A(z) - (—4+24 — 36 +16) + B(z) - (—4 + 12 — 12 + 4)]

=0.
Hence,
4
li E[(k™ —E|xk™ =
n=Ho0 L elon [( iy B [K L)) | =
and the proof is concluded. |

3.2.2 Proof of the expansion (3.2.1) and of the SLLN (3.2.1)
Upon noting that

(1 — )1

] Al_a(l + )\)a—r

Mpa X = mr;a,/\(l) -
apply Lemmas [3.1.1] and [3.2.2] for z = 1.

3.2.3 Proof of the CLT (3.2.1
Analogously to the case of (2.1.4), the proof of (3.2.1) relies on the construction of a
martingale and on the use of the Lindeberg—Levy central limit theorem for arrays of
martingales.
3.2.3.1 Construction of the martingale
Troughout this section we use the convention
{n} . _ g-An}
Ky =K,

The sequential construction of the partition of section can be equivalently stated by
saying that for every n € N and h € {1,...,n}, and for every r € {0,...,n}, there exist a

random variable 57(,7;3 defined on the same probability space as K%n}, e K,{Zﬁ}l such that

K9 =k el (3.2.8)
and
P ifh=1
P [55,71} = k| 7] =1 d", ifk=—1

1-— p,{ln}1 — q}{Ln} ifk=0
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with
aK,Eﬁ}l-‘r)\n . 0 ifr=20
my _ ) et ifr=01 1 43 _ =
Pra1 = ¢-1-w) and grp1 = emarll,
e ifr>2 P ifr>1
In particular,
{n} | An}| _ 7-An} {n} {n}
E |:K7‘,7li ‘fhn } - Kr,rilz—l +p7‘,7ilz—1 - qr,rilz—l
= o K+ B (3.2.9)
where
ny m+h—1—r+a
R S VAT A |
and

An :
5{71} _ ) Mnth—1 ifr=0 .
r,h—1 p{n} ifr>1

For r € {0,...,n} - with the convention o(‘%} = .én} -and for n € N and h € {1,...,n},

define
h—1

h—1
ai;zl} = H (73}3)71 and Aiz} = Za
k=1

k=1
and for fixed d € N, let

T
R ARSI

n T
Al = (af”, by, Al

1,

Ay = 2 A1 s g p

{n} _ (a;{f} e a{n})T '

jf,il 5}7’;}. (3.2.10)

We introduce the following notation: given a vector v € R%!, we denote by Diag(v) the

(d+1) x (d+ 1) diagonal matrix defined by

0 ifi#j
v, ifi=j

(Diag(U»i,j = {

With this convention, let
Af[;l} = Diag (aéﬁ})

and finally define
MU = gind {n} {n}
dh — ‘Ad,h ‘Kd,h - Ad,h

and {n} (n} _ apind
Agp =My, —Mg,
Lemma 3.2.3. For everyd € N and n € N, (Mgﬁ)

to the filtration <}—én})h Lom}
€l,..n

hed{l,...,n}

(3.2.11)

(3.2.12)

18 a martingale with respect
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Proof. It follows from definition (3.2.10) that for every d,n, h,

Al =i (08 L, ) ARE

and {n} {n} {n} {n}
Adh _Adh 1+A ( r,h—l)re{omd}

Hence,
NP STEDNAEP VTS <y Sy

= Aglh} : [Kfi?h}fl + Eflnh}} Ac{lT;z} 1 Ac{l?lh} ' (Bi’ztl)re{o‘..d}

oine (7). ) A KL AL

-----

=AY { {Idﬂ ~ Diag ((%{h}) o d})} K+ 2l - (65,’2}_1)%{0 d}}
= Al [Ef&} (pi’?l} -l 1) e{O...d}] : (3.2.13)

where the last equality follows from (3.2.9). Taking conditional expectations on both side
we obtain

Elaf AL ] =B 20 AN - (o5l - ek =0,

) re{0,...,d}
which concludes the proof. |

3.2.3.2 Completing the proof

Let n be a sequence of integers such that h, — 400 as n — 4o00. Denote by
T
i = () )
the increasing process of Mc{ln}, ie.
T
i ZIE [Agj;g. (Ajl’}j’) ‘f,ﬂ] . (3.2.14)
The following lemma is an immediate consequence of [55, Corollary 3.1, and it is the

multidimensional analogue of Lemma|3.1.4

Lemma 3.2.4. Assume that the following two conditions are satisfied,

(a) .
M ! a.s.
g 7 Gd )
b,
for some positive semi-definite (d + 1) x (d + 1) matriz Ggq.x

(b) For everye >0,

1 in {n} 2 {n} a.s.
W ;E[HAM 2 pagy] >hns}‘Fh_1 @5
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1n>

Then, we have

{n}
M, h,,

Vhn

We now show that, for the sequence h,, = n, conditions (a) and (b) of lemma
are satisfied with Ggax = g\ wWhere I'yo » is as in (3.2.4). To prove (a), we work
component by component. It follows from ([3.2.13]) that

n n T
(st (a5)")
ij
= az{ﬁ,h%{‘ﬁ}m : ( z'{fih - pz{ﬁ,hq + qﬁihq) (fy{'ﬁ}m - pyi}mq + qj{'ﬁ]i,hq)

= az{ﬁ,ha}{i}l,h‘ [ z{fihf}ﬁ,h - ( jﬁ,h—l - qﬁihq) j{ﬁ}i,h

n (p;{‘ﬁ]i,hfl - qﬁ]i,hA) €i{ﬁ,h + (pz{ili,hfl - qz{iq,hfl) (p]{'ﬁ}l,hfl - qj{ﬁ]i,hq)}

5 N(0,Gaa) (3.2.15)

so that
n n T n n n n n
(e|afl (al)" [A%]) =dbalh |(7),, - (522),
[2¥) 2 )
where, for all 1 <14 < 7,
0 if j >442
(Pi),, = [elheha | 0] =4 ol =itz

piil’hil + qi*l,h*l lfj — Z or Z - 1’] — 2

(R}{zﬁ)i’j = (p;'{iq,hfl - qz{ﬁ,hq) (p;{'ﬁ};,hq - qj{'ﬁ;;,hfl) .

and

This implies

n

{n} _ {n} {n} {n} {n}
<<Md >n)m. = 2 A 1h% 1" [(Phl) i (Rhl)m.:|
=l o | (L) - (0L, ]
h=1 1,] i,J
- n n n n 1
3l () - (L) |
h=1 ’ n ’ n n i,j n Z',j n

so that (<M§H}>n)

where

~/n can be viewed as a Riemann sum for the function Fi{?} on [0, 1],
Y] ’

{nt, .y _ {n} {n} {n} {n}
F (@) = ;7 g 19570 (41 [<}1nxJ>iJ <]%vud)iJ] (3.2.16)
Making use of lemma we are able to show that

FiM (@) &% fi4(x)
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uniformly for z € [0, 1], where f; ;(x) is a deterministic, explicit function only depending
on a,\ i and j, and it is Riemann integrable on [0,1]. By definition and elementary
properties of the Riemann integral,

7.7 a 5. / fl’]

1
/ fij(@)dz = Taan);
0

and since we are able to prove

the proof is concluded. See appendix |D.2| for the proof of the convergence of Fi{;b}, the
definition of f; ; and the computation of the integral.

For what concerns condition (b), we can write

1 < a2 n
:";E ‘A({ih}‘ H{HAfﬁ}Hg"E} fi_}ll
_lsg Jadit] . ‘f{n}
g e
and since
{lati>n} o
il
almost surely, then
su< = Soe|al] | A]
h=1 -
- o e [l [ - AR A
h=1 o
< &> ou[lai =t - =R = | A

h=1 *
for some positive constant C. Finally, observe that, since the £ {2} take values in {—1,0, 1},
={n} ={n} {n}
=i -E =1 A]|| <2
{n}

almost surely; furthermore, by definition of .Ad no

- |

An

Then, we can bound S,, by

16C ) 4
16C m} \*
= e ne  refo,. I%%Xxe[o 1) ( ’”vL"’fJ)

=6,
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We know from (i) of lemma that for every r € {1,...,d}

r—a d—a
ar7Lnxj+l - ( Y ) +0 <7’L> < < Y + 0

and for r =0,

1+«
my (A 1 1
Bl (25) o) zre0(:

uniformly for x € [0,1]. In conclusion

16C [ A+ 1\4d=) 1 1
s=tf (%) o) =0y

and this proves point (b).
Therefore, it follows from Lemma that as n — 400,

Jn

w

— N(O, Fd,a,)\)

By definition of MY (8.2.11),

K = (AP)) 7 [l Al

= () ) )+ () A o)

It follows from lemma [3.2.2] that
(n\Th A} as go{nd
(‘Ad ) AL, — G

,n

and by (i) of lemma
-1 s,
<A({£3) — Ag a )

1 Tr—Q
Ag.q,) = Diag ([Aj\_] )
ref{0,...,d}

In conclusion, apply Slutsky’s lemma to show that

where

K" — ol
vn
and since by definition (3.2.3)

T
Agar Tdaxr Adar = Zdax

5 N0, o\ Taan - Adan)

the proof is concluded.

43

(3.2.17)



Chapter 4

(Gaussian credible intervals in the
BNP estimation of the unseen

In this chapter we present an application of the Ewens—Pitman model in the large 6 regime
to the problem of species sampling under the Bayesian nonparametrics (BNP) approach.
More specifically, as already mentioned in section[1.3.1] the use of a sample-size dependent
Pitman-Yor prior leads to considering the partition structure , and the statistical
problem at hand requires the analysis of the the posterior distribution of such partition.
The main theoretical result of this chapter is then a posterior counterpart of theorem [2.1.1]

4.1 Introduction

The estimation of the number of unseen species is a long-standing problem in statistics,
dating back to the seminal work of [47] on “species extrapolation”. It assumes that n > 1
random samples (X1,...,X,) are collected from an unknown discrete distribution P on
S, with S being a space of species’ labels or symbols, and calls for estimating

ICn,m - |{Xn+1, s 7Xn+m} \ {Xla o aXn}|>

namely the number of hitherto unseen species that would be observed if m > 1 additional
samples (X, 41,..., Xptm) were collected from the same distribution P. First introduced
in ecology [18; 119 [13], the unseen-species problem has more recently found applications
in biological and physical sciences, where it poses significant challenges in handling large
values of n and m [66; 49; 1595 24]. See [26] for an overview with emphasis on large-scale
biological data. Further applications include, e.g., information theory and theoretical
computer science [54 168} 48; [12; [14], empirical linguistics and natural large language
modeling [32; 90t (71} [70; 55 161], and forensic DNA analysis [15; [39].

4.1.1 Background and motivation

A frequentist nonparametric approach to the unseen-species problem was proposed by
[51] and [32], then developed rigorously by [72]. This is a distribution-free approach, in
the sense that it does not rely on any assumption on P, leading to estimates of Iy, ,,
that are minimax optimal for any n and m < nlogn, with such a range being the best
(largest) possible [72;194; 95]. From a Bayesian nonparametric (BNP) perspective, it is
natural to specify a prior distribution for P, an approach that was first investigated in
[67] by focussing on the Pitman-Yor prior [81], which is a prior indexed by « € [0,1) and
0 > —a, with a = 0 being the celebrated Dirichlet prior [46]. Under the Pitman-Yor

44
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prior, [67] showed that the posterior distribution of K,, ,,, given (X1,..., X)), depends on
the sampling information only through the sample size n and the number K,, of species
in (X1,...,Xp). Such a distribution is in closed-form, with the posterior mean estimate
K, that can be easily evaluated for any value of n and m [34]. See [4] for an up-to-date
overview.

Uncertainty quantification for estimates of K, ,, has been addressed under the BNP
approach, but remains an open problem under the distribution-free approach, especially
when m > n [72]. For a € [0,1), exact credible intervals for K, ,,, can be derived, for
any n and m, by Monte Carlo sampling the posterior distribution through the predictive
distributions of the Pitman-Yor prior [4]. Further, if a € (0,1) then large m asymptotic
credible intervals can be derived using the method proposed by [34]. Denoting by K,(# )
a random variable whose distribution is the posterior distribution of &), ,, given K, = j,
[34] showed that, as m — +oo

K5 W, g(n,j)
(0 +n+m)>— (0 +n)> " Sad

where Séne’j ) is a scaled Mittag-Leffler random variable [80, Chapter 0]. Given values of

(n,7) and (a, 0), with («, ) estimated by means of empirical or fully Bayes procedures,
for m sufficiently large the distribution of Kfff ) is approximated by the distribution of
ca,97n(m)5gfe’j), with cq0,(m) = (0+n+m)* — (6 +n)*. Mittag-Leffler credible intervals
for Ky are then derived by Monte Carlo sampling ca,gyn(m)SSéj ). In particular, the
scaling cq,0,n(m) is determined in such a way that Kn,m coincides with the expected value
of ca’gvn(m)Sg?é]),
m > 1.

While the method proposed by [34] addresses uncertainty quantification for large values
of m, it comes with notable limitations. Firstly, Monte Carlo sampling ca797n(m)5$é] )
is computationally expensive, despite the recent advances on sampling scaled Mittag-
Leffler distributions |83], which limits the practical (computational) benefits of asymptotic
credible intervals over exact ones derived by sampling the posterior distribution, unless m
is extremely large. Secondly, empirical analyses by [34] show that Mittag-Leffler credible
intervals are shorter than the exact intervals, with the gap decreasing when m enters the
regime m > 6 + n, namely m is much larger than 6 + n. Thirdly, the method of [34]
fails to extend to the case a = 0 due to a degenerate behaviour of the limiting posterior
distribution [4]. These theoretical and empirical limitations highlight the motivation for
this paper, which introduces an alternative methodology to uncertainty quantification for
BNP estimates of K, .

ensuring that intervals are centered on the BNP estimator Kn,m for any

4.1.2 Preview of our contributions

We propose a novel method to derive large m asymptotic credible intervals for Iy, .,
which allows to deal with a € [0,1) and avoids the use of Monte Carlo sampling. Under
the Pitman-Yor prior, for a € [0,1) and § > —a, we rely on the large m asymptotic

behaviour of K,(ff ) assuming that both the sampling information (n,j) and the parameter
0 are large. In particular, we set n = vm, j = pm and 6 = Tm, with v, p, 7 > 0, and show
that, as m — +oo

(n)
K —mtlorg v, (o, ),

Mm-Sz vp
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where

E K| = mtloro +O1)

and
Var (Kﬁ,’ﬁ) =m? +0(1),

a7T7V7Q

for some (explicit) functions A, ., and ., ru,, of (o, 7, v, 0), respectively, and where
N(0,1) is the standard Gaussian random variable. Given values of (vm, pm) and (o, 7m),
with («, 7m) estimated by means of empirical or fully Bayes procedures, for m sufficiently

large the distribution of Kf,? ) s approximated by a Gaussian distribution with mean
MMz, and variance mfim,’ o- Gaussian credible intervals for Ky, ;,,, with a prescribed
(asymptotic) level, are then derived from the Gaussian quantiles, enhancing computational
efficiency.

Given the sampling information (n, j) and the parameter («, 6), the proposed method-
ology and that of [34] employ different approximations of the posterior distribution of
Kn,m, for m sufficiently large. Both approximations lead to large m asymptotic credible
intervals that are centered on the BNP estimator IA(nvm. Figure shows that our method
outperforms that of [34] on synthetic data generated from various natural distributions,
namely Zipf, Dirichlet-Multinomial and Uniform distributions; the same synthetic datasets
were analyzed in |72, Figure 3]. In particular, compared to Mittag-Leffler credible inter-
vals, Gaussian credible intervals provide greater coverage of the exact credible intervals,
for any m > 1. A comprehensive empirical validation of our methodology is presented
in the paper, encompassing both synthetic and real datasets. For real data, we present
an application to the Expressed Sequence Tags (ESTs) data considered in [34], Section 3],
confirming the behaviour displayed in Figure [4.1

4.1.3 Organization of the chapter

This chapter is organized as follows. In Section we recall the BNP approach to the
unseen-species problem, including the modeling assumptions and posterior inferences. Sec-
tion contains the Gaussian CLT for K,(JZ’ ), with corresponding large m asymptotic
credible intervals for KC,, ,,,. The empirical performance of our methodology is investigated
in Section [4.4l Section [5.1] concludes with a discussion and some directions for future

research. Technical preliminary results, proofs and additional numerical illustrations are
deferred to Appendices [E] [F and

4.1.4 A disclaimer on notation

In this chapter we consider random variables which depend on several parameters, mak-
ing the overall notation quite heavy. While we occasionally refer to known results in the
BNP framework in the standard, fixed 8 regime, all original results are obtained in a novel
asymptotical regime where all parameters depend on m. For this reason, and to improve
local readability, we sacrifice notation uniformity with the rest of the work and introduce
some simplifications

Start by noting that the assumptions § = 7m and n = vm imply 0 = -Z—(n + m).

v+1
For h € {1,....,n+ m}, let K ,En+m} denote the number of blocks in the large— Ewens—
Pitman partition of {1,...,h}, when § = ;75 (n + m). The following notations, without a

superscript, will be used both in the context of the standard and the large 0 regime.
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A) Zipf B) Zipf
700 140
600 120
_— ==
500 - 100 -
— e
= _—
100 //// 80 /////
300 = 60 _
~ —

200 40 e
100 20

0 0

0 n 2n 3n 4n 5n 0 n 2n 3n 4n 5n

m m
’ .
C) Pdlya D) Uniform
600 350
500 300
_— 250
400 _—
_— 200
300 _— -
— 150
200 /// s
2 100 4
~ /
100 50 //
Y
/
0 07
0 n 2n 3n 4an 5n 0 n 2n 3n 4in 5n

m m

Figure 4.1: BNP estimates of Ky, m (solid line —) with 95% exact credible intervals (dashed line - -), Mittag-
Leffler credible intervals (violet) and Gaussian credible intervals (pink), as a function of m € [0,5n]. Synthetic
datasets generated from the following discrete distributions: A) Zipf distribution on {0,1,...,300} with parameter
2, n = 977, j = 300, and estimated (a,0) = (0.54, 26.67); B) Zipf distribution on {0,1,...,100} with parameter
1.5, n = 1877, j = 100, and estimated (o, 0) = (0.38, 4.66); C) Pdlya distribution on {0, 1,...,500} with parameter
(2, 2, 500, 500, ..., 500), n = 2,000, j = 227, and estimated (a,6) = (0.69, 1.80); D) Uniform distribution on
{0,1,...,500}, with n = 2,000, j = 447, and estimated («,0) = (0, 178.48). The parameter (a,6) is estimated
through an empirical Bayes procedure [34] Section 3].

o Knm = Kyim—K, in the standard regime, IC,, ,,, = iﬁ;m} —K{gner}

regime;

in the large—6

° Kf# ) for a variable with the following distribution,
P K = k| = P[Kom = k| Ky = j]

in the standard regime; when considering the large—f regime, we introduce the as-
sumption j = gm and n = vm, so that

P [Kgp - k} —p [/c,,m,m = k| K3eHImY = o

and the distribution of Kr(,? ) only depends on v, 7, 0 and m.

Finally, K, will be used to denote the number of blocks in the large—6 Ewens-Pitman
partition of {1,...,m}, when 6 = (7 + v)m = Am;

4.2 The BNP approach to the unseen-species problem

Following the BNP approach of [67], we consider n > 1 observations with values in the
space of species’ labels or symbols S, modeled as random samples X,, = (X7,..., X, ) such
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that
X1,...,X,| P % P,

(4.2.1)
P ~ PYP(qa,0),

where PYP(«, ) is the Pitman-Yor prior indexed by « € [0,1) and # > —a«. For short, we
say that X,, is a random sample from PYP(«, 6). See for details on the construction
of the Pitman—Yor prior.

4.2.1 Estimates

Under the model (4.2.1), [67, Propostion 1] computes the posterior distribution of K,
given X,,. For a € (0, 1), this is expressed in terms of the generalized factorial coefficient

€ (u,v;a,b) := vl!izv;(—l)i (1;) (—ta — b))

fora > 0, b > 0 and u,v € Ny such that v < wu, where (a)(u) denotes the u-th rising
factorial of a, i.e. (a)w) = [[p<i<y_1(a +1); see Appendix ??. If the sample X,, features
K, = j species with (empirical) frequencies (Nip,...,Ni.x,) = (n1,...,n;) then for
ke{0,1,...,m}

G+ 2)w

Pr[K™ = k] = Pr[Kpm = k| X,] = @+ n)om

b4 € (m,k;a,—n + ja). (4.2.2)
From (4.2.2), [34, Proposition 1] provides a BNP estimator of IC,, ,, as posterior expecta-
tion, i.e.,

6

Otnt e 1> : (4.2.3)

(9 + n)(m)

While the estimator can be easily evaluated for any n and m, the computational
burden for evaluating becomes overwhelming as m increases, due the generalized
factorial coefficients.

For oo = 0, the posterior distribution of Ky, ,,, given X, follows from by taking
the limit as a — 0 [67]. The resulting distribution is expressed in terms of Stirling
numbers, whose evaluation remains computationally unfeasible for large values of m.The
corresponding BNP estimator of KC,, ,,, as posterior expectation is

n - 9
K =BK{)] = E[Kym | Xn] =) [ — (4.2.4)
=1

which can be easily evaluated for any n and m. See [4] for further details on the case
a=0.

4.2.2 Exact credible intervals

Exact credible intervals for K, ,,, are derived by Monte Carlo sampling the posterior dis-
tribution of K, ,,, given X,,. By exploiting the closed-form expression of the posterior
distribution (4.2.2), as well as the corresponding expression for & = 0, one may implement

the inverse transform algorithm to sample K,gff ), However, due to the evaluation of the
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distribution of ng ), the inverse transform algorithm becomes computationally unfeasible
for large values of m. As an alternative approach, one may consider to sample Kﬁ? ) by re-
lying on the predictive distribution, or generative scheme, of the Pitman-Yor prior [79].The
use of the predictive distribution reduces the problem of Monte Carlo sampling Kr(,? ) to
the problem of sampling m Bernoulli random variables, which can be easily performed
for any value of n and m [4]; in particular, for & = 0 the Bernoulli random variables are
independent. This approach is reported in Algorithm

Algorithm 1 Monte Carlo sampling Kfﬁl )
Require: n, K,,, m, o, 6
function MONTECARLOK (n, K,, m, «, 0)
K+ K,
for i< 0tom—1do

b + Random sample from Bernoulli (gig‘ﬁ)
K+ K+b
end for

return Kf,?) =K-K,
end function

4.2.3 Large m asymptotic credible intervals

For o € (0,1), [34] proposed a method to derive large m asymptotic credible intervals for
IChm. In particular, [34, Proposition 2] shows that, as m — +o0

K
O +n+m)*—(0+n)

w n,j) d
— Séﬂj) = j+9/a,n/a—jSoc,(0+n)/aa (425)

where Bjg/a.n/a—j and Sy (64n)/o are independent random variables such that: i) Bgy
is Beta distributed with parameter a,b > 0; ii) S, 4 is Mittag-Leffler distributed with
parameter o € (0,1) and ¢ > 0, i.e. with density function fs, (s) o si—1/a=1g (yl/e),
where f, is the positive a-Stable density [97]. From (4.2.5)), if ¢a,0.,(m) = (0 + n+m)* —

(0 + n)* then

KM & cqpn8T) (4.2.6)

a0

namely for m sufficiently large the distribution of K,(,? ) is approximated by means of the
distribution of ca,97n(m)5’£lné] ) In particular, the scaling cq g,(m) is determined in such a
way that '

Ko = EIKY] = Elca.aS"5)).

Mittag-Lefller credible intervals for K, ,,,, centered on the BNP estimator f(n,m, are then
derived by Monte Carlo sampling ca,gm(m)Sg?é] ). We refer to [83] for recent developments
on (exact) sampling S, (91n)/a-

Instead, for a = 0, it follows from [65, Theorem 2.3] that, as m — +oo

(n)
Km” w, 0, (4.2.7)
logm

namely the posterior distribution has a large m limiting behaviour that is degenerate
at > 0. See also [4] for details. Such a degenerate limiting behaviour prevents from
extending the Monte Carlo sampling procedure of [34] to the case a = 0.
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4.3 Gaussian credible intervals

For the BNP approach to the unseen-species problem, we present a new method to derive
large m asymptotic credible intervals for Ky, ,,, which improves over the method of [34]:
firstly, it allows to deal with « € [0,1), thus including the case a = 0; secondly, it
avoids the use of Monte Carlo sampling, enhancing computational efficiency. Following
the notation of Section for « € [0,1) and 6 > —a let X, by a collection of n > 1
random samples from PYP(«, #), namely the model , such that X,, features K,, = j
species with (empirical) frequencies (Niy,..., N1 k,) = (n1,...,n;). Our methodology
relies on a large m approximation of the posterior distribution of K, ,,,, given X,,, which
is obtained assuming that both the sampling information (n,j) and the parameter 6 are
large. In particular, we set n = vm, j = pm and 0 = Tm, with v, p, 7 > 0, and provide a
(weak) law of large numbers (LLN) and a Gaussian central limit theorem (CLT) for K ),
as m — +oo. The CLT is then applied to derive a large m Gaussian approximation of the
distribution of KSZ ), Here, we describe the approach that leads to the Gaussian credible
intervals for /Cy, .

4.3.1 Preliminary results

For a € [0,1) and 6 > —a, let K}, be the (random) number of species in m > 1 random
samples from PYP(c, 0 + n), such that K, € {1,...,m}, and let B, be a Beta random
variable with parameter a,b > 0. If we denote by Q(n,p) a Binomial random variable
with parameter n € N and p € (0, 1), then according to [4, Proposition 1] there hold:

i) for a € (0,1)

K g (K:m Bgﬂ.’%ﬂ.) : (4.3.1)
ii) fora=0
0
Km 4 e 4.3.2
W Lo(n,2) (1.3:2)

As discussed in [4], the compound Binomial representations — follow from
the quasi-conjugacy and conjugacy properties of the Pitman-Yor and Dirichlet priors,
respectively. See also [27; [28] for a more detailed account on .

The next result is an immediate corollary of theorem and it provides a LLN and
a Gaussian CLT for K};,, as m — 400, under the assumption that 6 + n increases linearly
in m, i.e. 8 +n = A m, with A > 0.

Theorem 4.3.1. For m € N let K}, € {1,...,m} be the (random) number of species in
m random samples from PYP(a,6 + n), such that: a € [0,1) and 0 +n = Am, for some
A>0. If

and
g[(1+%)2a(1_1%\)_(1+%)0‘} for a € (0,1)

/\log(l—l—%)—)\%rl for a =0,

5a,)\ =

then, as m — +oo there hold:
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i)
E[K,,] = mmq\ + O(1)
and
Var(K,,) = msi/\ +0(1); (4.3.3)
i)
Km », Mo A; (4.3.4)
m
iii)

s N(0,1). (4.3.5)
\ /msiM

Furthermore, for any X > 0 there hold that mg ) = lim, ,omq ) and also that 53»\ =

; 2
limg_o Son-

4.3.2 Main result
By relying on the compound Binomial representations (4.3.1)-(4.3.2) and TheoremF
" and

the next theorem provides a LLN and a Gaussian CLT for Kp,’. See Appendix
Appendix [F for the proof.

Theorem 4.3.2. For n,m € N let K,(,f) € {0,1,...,m} be distributed according to the
posterior distribution of KCpm, given X,, from PYP(«,0), with X,, featuring K, = j
species, such that: n =vm, j = om and 0 = ™m, for some v,p,7 >0, and T +v = A, for
some A > 0. If

Ttea [—1 + (%)a] for a € (0,1)

%a,’r,u,g -
Tlog(l—i—%) fora=20

and

T-l:\ga ()\/\1)0‘ {% [_1 + (¥)a} — T)::_Qla (¥)a} for a € (0,1)
Tlog(1+%)—)\(+il) for a =0,

then, as m — +oo there hold:

i)
E K| = mtlo,ro +O(1)
and

Var (K,g,’f)) =mSz.,,+O01); (4.3.6)

ii)
K o (437

m a,T,V,09 .
iii)

5 N(0,1). (4.3.8)
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Furthermore, for any X\ > 0 there hold that 4oy, = limaso Mo sy, and also that

0,7,v,0 Q,T,V,0°

Remark 4.3.3. In theorem[{.3.2, we are conditioning on an observed number of species
K, = j with j proportional to n (and to m). While this scaling might appear as an
additional assumption, it is in fact fully justified by the LLN (2.1.3) established in Chapter

@ , which shows that K;{Ln} /n converges to a positive constant in the large 6 regime.

4.3.2.1 Sketch of the proof of Theorem m

The asymptotic expansions follow by combining (4.3.1) and (4.3.2)), the asymptotic
expansions and standard properties of conditional expectation; see sections and
for details. The proof of the LLN relies on and Chebychev inequality;
see section [E.3] for details.

The proof of the CLT (4.3.8)) relies on Theorem in combination with Proposition
[6] and Proposition [7] below. In particular, the structure of the proof is the same for
a € (0,1) and for a = 0, with some differences that are of technical nature, and can be
appreciated in the proof of Proposition @, which is deferred to Appendix (for « = 0)
and to Appendix (for a € (0,1)). From and ((4.3.2), which in the regime

0 =71tm, n =vm, j = om, become

i) for a € (0,1),
K 2 Q (Ko Blzrgym (3-0)m)

ii) for a =0,

K0 2Q (K5, 5.

)
define
Q| [mz], B(1+g)m7(5_9) m) if « € (0,1)
Qm(2) = : o 4.3.9
Y0 mz), 55 a0 (4.3.9)

where |mz] :=max (k€ N : k <mz).
The next propositions are critical for the proof of Theorem [4.3.2, showing how Theorem
m interplay with the asymptotic expansions (4.3.6). The proof is deferred to Appendix

and to Appendix

Proposition 6 (Berry-Esseen theorem for Q,,(2)). Let « € [0,1) and z > 0. Further, let
w:(0,400) = R and , o : (0,400) — R be functions defined as

T + o«
T+ Vv

u(z) =2

and

)=z +(ial(z); 0a) [1 N chy]

Then, as m — 400,
E[Qm(2)] = m u(z) + O(1) (4.3.10)

Var(Qm(2)) = ma?(z) + O(1) (4.3.11)
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If
Qun(2) = m(z).

Vin(2) == o?(2)

then, for every 0 < (o < mq \ < (1 < 400 there exist m = m({p,¢1) € N, and a continuous
function C = C¢, ¢, : [Co,C1] = (0, +00), such that for every z € [Co, (1] and every m > m

1) — @l < C(2) d(m). (4.3.12)
where )
_JmTs ifae(0,1)
olm) = {m_é ifa=0

This implies in particular that for every z € [Co, C1], Vin(2) — N(0,1) as m — +oc.
Proposition 7. For any a € [0,1), the following two equalities hold:
n (ma,)\) = %om',y,g (4.3.13)

and
2
0-2 (ma,)\) +5§,)\ ’ (/‘L, (m%)\)) = ty{;g,T,l/,g' (4314)

Now, we conclude the proof of the CLT (4.3.8). The line of reasoning is the same as in
[21, Section 2.3], with K, playing the role of Z,, and Q,,(z) that of R, (z). Denoting by

Kﬁn )—m‘//aﬂ—,u,g

our aim is
VmSarve

F,, the cumulative distribution function of the random variable
to prove

lim F,(z):= lim P [KT(,?) < Mmloryo+ VMo rvo x} = ®(z),

m—r—+00 m—r—+00

where ® denotes the cumulative distribution function of the standard normal distribution.
By resorting to the compound Binomial representations (for « € (0,1)) and
(for a« = 0), and by means standard properties of conditional probability (see Appendix E
for details), we write

Fo(z) = T (z) + Z0™ (2), (4.3.15)
with oo
Ifm) (x) — / d (\/m [/%0477,1/,9 — M(Z)] + ya,ﬂ%.gx) ,u%(dz)
0 o(z) m
and

Iém) @) = /O+oo {va(z) <\/7n (M o700 ;(;:()z)] + S0 x)

) \/m [‘%Oéﬂ',l/,g B M(Z>] —+ yom’,u,g T
o(2)
Accordingly, the proof of the CLT (4.3.8) is completed by showing that, for every z € R
there hold

frcs, (dz).

m

: (m) .y —
ml_lffoo 7,7 (z) = ®(x) (4.3.16)
and -
mLHEooIQ (x) =0. (4.3.17)

This is done in Proposition [§] (for Equation (4.3.16))) and Proposition [9] (for Equation
(4.3.17)) below.
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Proposition 8. For every x € R,

(m) \% m |:'LL (%) - %a77-7y79:| + y@(ﬂ',ll,g x
lim Z;"/(z):= lim E [®
m——+00 m——+o00 o (@)

= ®(z).

Proof. 1t follows from Proposition 7| and (4.3.5) of Theorem trough Lemma

that as m — 4+o0

*

vn [u <I;;”> — M(ma,A)] — (Mo, 2)Y-

Further, since o is a continuous function, by means of (4.3.4), as m — 400, it holds

o <Km) 25 g(mgn)-

m

Since Mo 7,0 = p(Mq,n) by Proposition |7, by means of Slutsky’s theorem, as m — 400

*

K
vm [N ( ”ZL) B ///a’T’V’Q} + oot ¥, #(ma\)Y + Farwo®
o (%> o (ma,/\) ‘

m

Since @ is a bounded and continuous function, the proof is completed by Portmanteau
theorem. |

Proposition 9. For every x € R,

+oo
@< [ IR 0l @) =0,

m

Proof. Fix € > 0 and choose § = d() > 0 such that ®(6) =1 —¢/2. Now, let

Vi Vm

054 ox
m = m(e, o, (1) ::min{mEN: zo — Fou) > (o, andzo—m<C1,},

which exists because m,, ) € [(p, (1]. We set Co = 20— %aX and Cli= 20+ JEQ:A, and write
’ NG N
+o0o
/O 1B e) = @] 1 (d2) (4.3.18)
&
= / [ Fv () = @l o 11 (d2) + / e — | p (d2)
¢o m R\[Co,cl] m

and treat the terms on the right-hand side of (4.3.18)) separately. For the first term on
the right-hand side of (4.3.18)), by means of (4.3.12)), for every m > m it holds
! &
S 1B = ¥l s 49 < 00m) [ C(0) p (02) S 6m M, (4319)
0 m

o m
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where Mc = max,¢[¢,,¢,) C(2) exists because C' is continuous; in particular, Mc¢ is
bounded on [y, ¢;]. For the second term on the right-hand side of (4.3.18),

/ e @ e, (dz)é/ Mg (dz) (4.3.20)
R\ [¢o,¢1] m R\[Co,G1] ™
[ K 55a>\ 65a>\:|:|
=P o Mo\ — 7’7ma + :
[ s 2

[ K 550{’)\ 5504 A

N oy
¢[—5,5]].

r *
Km — MMy A

L \/msod\

From (4.3.18]), with (4.3.19) and (4.3.20]), we obtained that, for every n > max(m,m) it
holds

=P

*
Km — mmg )\

+oo
/O HFVm(z) - (DHOOM%(dZ) < ¢(m) Mc + P |:\/7”T’L5a,,\

¢[-0.0).

Hence,

“+o00
0< limsup/ | Fv,(2) — (I’Hooﬂﬁ(dz)
0 m

m——+00
. K:n — MMy, _
< ml_lgrloo{ﬁf’(m)MC*‘P [\/777504)\ ¢ [0, 5]]}
=042—29(9)

:67

where the last identities follows from (4.3.5) and the definition of § such that ®(d) = 1—¢/2,
respectively. The proof is completed by the arbitrariness of ¢. |

This completes the proof of the CLT (4.3.8)), and the proof of Theorem See
Appendix [E] and Appendix [F.

4.3.3 Credible intervals

Theorem m provides a large m Gaussian approximation of the distribution of Ky(,? ); in
particular the approximation is centered on the BNP estimator K, ,,. From (4.3.8),

d
KM & N (mtlo r,0, mS?

m a7T?l/7Q)

)

namely for m sufficiently large the distribution of K,(ff is approximated by a Gaussian
distribution with mean m.#, ., and variance mycar,v, o~ This approximation is applied to
construct Gaussian credible intervals for K,, ,,, with a prescribed (asymptotic) probability
level for K. Given & € (0,1), a (1 — §)-level symmetric credible interval centered at the

mean is

Pr {KT([L‘) € [mj/am,,g — 43y [mS2 . o MMz — qy_3 /myg,ﬂw“ ~1-96,

(4.3.21)
where g. := ®~1(¢) is the e-quantile of the standard Gaussian distribution. The Gaussian
credible interval (4.3.21)) is fully analytical, thus avoiding the use of Monte Carlo sampling
algorithms.
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4.4 Numerical illustrations

We validate our methodology on synthetic and real data, comparing its performance with
that of state-of-the-art procedures for the construction of exact and asymptotic credible
intervals for K, ;.

Under the Pitman-Yor prior, the BNP approach to estimate K, ,, requires the specifi-
cation of the prior’s parameters o € [0,1) and § > —«. Here, we adopt an empirical Bayes
approach to estimate (a, 0), which relies on the marginal distribution of X,, = (X1,..., X,,)
from PYP(a, 6) [34, Section 3]. For X,, featuring K,, distinct species with (empirical) fre-
quencies N, = (N1, ..., Nk, n), such a distribution is Ewens-Pitman’s formula [79],

k—1 . k
1Lizy (0 + i) 10— @), (4.4.1)

PT[Kn:]aNn:n} = (9—|—1)(n_1) j=1

~

The empirical Bayes approach estimates the parameters (o, ) with the values (&, 6,,) that
maximizes the distribution (marginal likelihood) (4.4.1) corresponding to the observed
sample (j,n1,...,n;), ie.,

1210 + ia)

k
e -« ni— . 4.4.2
{(e,0) : @€]0,1),0>—a} (9 + 1)(n—1) H( )( i—1) ( )

j=1

(G, én) = arg

Alternatively, one may specify a prior on («, ) and pursue fully Bayes estimates of prior’s
parameters. Due to the large sample size of the datasets considered, we do not expect
substantial differences between empirical Bayes and fully Bayes. See |4, Section 6] for a
discussion of the estimation of («, ) and issues thereof, especially with respect to 6 > 0.

4.4.1 Synthetic data

We test our method on synthetic data generated from a collection of discrete distributions
taken from [72, Figure 3]. More precisely, we generate four datasets, which correspond
to the four panels of Figure A) Zipf distribution on {0,1,...,300} with parameter
2; B) Zipf distribution on {0,1,...,100} with parameter 1.5; C) Pdlya distribution on
{0,1,...,500} with parameter S = (1, ..., B500) with g1 = B2 = 2 and 5; = 500 for all
i > 3; D) Uniform distribution on {0, 1,...,500}. For each dataset, Table collects the
sample size n, the number of distinct species j, and the empirical Bayes estimates (G, 0;,)
of (o, 0).

Dataset n j &n 6,
A) Zipf 977 300 0.54 26.67
B) Zipf 1877 100 0.38 4.66
C) Pélya 2000 215 0.64 2.39
D) Uniform 2000 447 0 178.48

Table 4.1: Sample size n, number of distinct species j in the sample, and empirical Bayes estimates of («, 6) for
datasets A, B, C and D.

For datasets A, B, C and D, Figure displays the BNP estimates of K, ,, with
the 95% exact credible intervals, Mittag-Leffler credible intervals and Gaussian credible
intervals as a function of m, for m € [0, 5n]. Table contains the BNP estimates of Xy, .,
for m = 2, 2n, 3n, 4n, 5n, and the corresponding 95% exact credible intervals, Mittag-
Leffler credible intervals with their coverages of exact intervals, and Gaussian credible
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intervals with their coverages of exact intervals. The coverage is defined as the ratio
between the length of the intersection of the (rounded to the nearest integer) exact credible
interval with the (rounded) approximate credible interval, and the length of the (rounded)
exact interval. Table contains the same quantities as Table[4.2] for larger values of m.
We refer to Appendix |G| for figures displaying the coverage of Mittag-Leffler and Gaussian
credible intervals as a function of m € [0, 5n]. Exact intervals in Table are derived by
Monte Carlo sampling, through the inverse transform algorithm, the posterior distribution
of Ky m, given X,,. Instead, due to the larger values of m, the exact intervals in Table
[4.3] are derived by Monte Carlo sampling, through Algorithm [I} In both algorithms, we
applied 2000 Monte Carlo samples.

Dataset m f(n,m 95% Exact C.1. Mittag-Leffler C.1. Gaussian C.I.
95% C.I.  Coverage (%) 95% C.I.  Coverage (%)
A) Zipf, n =977 n 156 130, 184 141, 173 59.3 129, 183 98.1
2n 280 241, 321 252, 309 71.3 239, 320 98.8
3n 386 335, 439 348, 426 75.0 334, 437 98.1
in 480 423, 541 433, 530 82.2 419, 541 100
5n 566 501, 638 511, 625 83.2 496, 636 98.5
B) Zipf, n — 1877 n 33 92, 47) 28, 40 48.0 21, 46) 96.0
2n 57 40, 77) 47, 69 59.5 39, 76 97.3
3n 77 57,102 63, 92 64.4 55, 99 93.3
4n 93 69, 119 577, 112; 70.0 268, 119% 100
5n 108 80, 137 89, 129 70.2 80, 136 98.2
C) Pélya, n = 2000 n 122 (98, 149) 107, 139 62.7 (96, 149) 100
2n 224 185, 265 195, 254 73.8 183, 264 98.8
3n 313 263, 369 273, 356 78.3 261, 366 97.2
4n 395 334, 460 344, 449 83.3 332, 458 98.4
5n 471 398, 549 410, 535 82.8 398, 544 96.7
D) Uniform, no 116 (96, 137) - - (96, 137) 100
n = 2000
2n 186 160, 211 - - 160, 212 100
3n 236 206, 265 - - 207, 266 98.3
an 275 244, 309 - - 243, 307 96.9
5n 307 274, 341 - - 273, 341 100

Table 4.2: Additional sample m, BNP estimates of Kn,m, 95% exact C.I., Mittag-Leffler C.I. with their coverages
(of the the exact C.I.) and Gaussian credible intervals with their coverages (of the exact C.I.). All values are rounded
to the nearest integer.

Dataset m kn,m 95% Exact C.L Mittag-Leffler C.1I. Gaussian C.I.
95% C.I.  Coverage (%) 95% C.I.  Coverage (%)
A) Zipf, n = 977 1on 923 (813, 1030) (834, 1019) 85.3 (817, 1029) 97.7
50n 2582 2299, 2863 2332, 2851 92.0 2311, 2854 96.3
100n 3904 3519, 4304 3526, 4311 99.1 3501, 4307 100
1000n 14493 (13064, 16031) (13088, 16002) 98.2 (13038, 15949) 97.2
B) Zipf, n = 1877 10n 165 127, 205 134, 196 79.5 125, 204 98.7
50n 381 304, 467 309, 453 88.3 301, 460 95.7
100n 525 421, 636 427, 625 92.1 419, 632 98.1
1000n 1400 (1131, 1667) (1137, 1664) 98.1 (1132, 1668) 99.8
C) Pélya, n = 2000 10n 799 (685, 913) (701, 908) 90.8 (682, 915) 100
50n 2502 2171, 2857 2195, 2845 94.8 2165, 2839 97.4
100n 3998 3491, 4547 3508, 4547 98.4 3467, 4529 98.3
1000n 18139 (15824, 20559) (15915, 20629) 98.1 (15776, 20501) 98.8
D) Uniform, lon 414 (375, 457) - - (375, 453) 95.1
n = 2000
50n 687 636, 739 - - 636, 738 99.0
100n 809 757, 864 - - 753, 864 100
1000n 1218 (1150, 1286) - - (1150, 1286) 100

Table 4.3: Additional sample m, BNP estimates of Kr, m, 95% exact C.I., Mittag-Leffler C.I. with their coverages
(of the the exact C.I.) and Gaussian credible intervals with their coverages (of the exact C.I.). All values are rounded
to the nearest integer.

Figure [4.1] as well as from Table and the rows of Table corresponding to
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m = 10n and m = 50n, show that Mittag-Leffler credible intervals have a smaller coverage
than Gaussian credible intervals. As expected, the performance of Mittag-Leffler credible
intervals improves as m grows. In particular, for m = 100n and m = 1000n the coverage
of the Mittag-Leffler credible intervals eventually matches or outperforms that of the
Gaussian credible intervals, which in any case maintain a coverage of at least 97%. Such
a behaviour provides a further indication on the magnitude of the additional sample size
m for which the Mittag-Lefller regime of approximation may be more suited than the
Gaussian regime. Furthermore, the Gaussian intervals appear to be near-to-optimal, in
the sense that their length is always comparable to that of the exact intervals even when
they are larger. For the Uniform dataset, where the empirical Bayes estimate for « is
0, Gaussian credible intervals sill work, preserving their good performance in terms of
coverage of the exact interval. Instead, the method of [34] does not apply for a = 0, as

discussed in Section [£.2.3

4.4.2 Real data

For real data analysis, we consider the same Expressed Sequence Tags (EST) datasets
previously analyzed in [34]. These datasets are generated by sequencing cDNA libraries
consisting of millions of genes and one of the main quantities of interest is the number of
distinct genes. Due to the cost of the sequencing procedure, only a small portion of the
cDNA library is typically sequenced. Given the resulting sequenced sample of size n, it is
required to estimate the number of new genes K, ,,, to appear in an additional sample of
size m. On the basis of such estimates, geneticists decide whether it is worth proceeding
with sequencing and, if so, up to which additional sample size. The five libraries considered
are: i) tomato flower cDNA library [84]; ii) two ¢cDNA libraries of the amitochondriate
protist Mastigamoeba balamuthi, one of which has undergone a normalization protocol
[88]; iii)two Naegleria gruberi cDNA libraries from cells grown respectively in aerobic and
anaerobic conditions [88].

For each EST dataset, Table collects the sample size n, the number of distinct
species j, and the empirical Bayes estimates (dn,én) of (a,0); Table coincides with
[34, Table 1], where the same datasets are analyzed. For these datasets, Table contains
the BNP estimates of Iy, ,,, for m = 2, 2n, 3n, 4n, 5n, and the corresponding 95% exact
credible intervals, Mittag-Leffler credible intervals with their coverages of exact intervals,
and Gaussian credible intervals with their coverages of exact intervals. Table contains
the same quantities as Table[4.5] for larger values of m. We refer to Appendix[G]for figures
displaying the coverage of Mittag-Leffler and Gaussian credible intervals as a function of
m € [0,5n].

Library n j &n (7

Tomato flower 2586 1825 0.612 741.0
Mastigamoeba 715 460 0.770 46.0
Mastigamoeba—normalized 363 248 0.700 57.0
Naegleria aerobic 959 473 0.670 46.3
Naegleria anaerobic 969 631 0.660 155.5

Table 4.4: Sample size n, number of distinct species j in the sample, and empirical Bayes estimates of («, 6) for
the five EST datasets.

For the Naegleria aerobic dataset, Figure displays BNP estimates of Ky, ,, with 95%
exact credible intervals, Mittag-Lefller credible intervals and Gaussian credible intervals
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Library m f(n,m 95% Exact C.L Mittag-Leffler C.I. Gaussian C.I.
95% C.I.  Coverage (%) 95% C.I.  Coverage (%)
Tomato flower n 1281 1223, 1339 1244, 1321 66.4 1222, 1340 100
n = 2586 2n 2354 2264, 2446 2287, 2427 76.9 2262, 2445 99.5
3n 3305 3184, 3424 3211, 3409 82.5 3185, 3425 99.6
4in 4173 4031, 4318 4054, 4304 87.1 4028, 4319 100
5n 4980 4815, 5146 4838, 5136 90.0 4811, 5148 100
Mastigamoeba n 346 5312, 379; 2323, 369; 68.7 g312, 379; 100
n =715 2n 654 596, 706 610, 697 79.1 599, 708 97.3
3n 939 (866, 1014) (875, 1001) 85.1 (865, 1012) 98.6
4n 1208 1119, 1301 1126, 1288 89.0 1116, 1299 98.9
5n 1465 1357, 1578 1366, 1562 88.7 1356, 1573 97.7
Mastigamoeba—norm. n 180 157, 202 164, 197 73.3 157, 203 100
n = 363 2n 336 299, 371 306, 367 84.7 299, 372 100
3n 477 429, 525 435, 522 90.6 428, 526 100
4n 608 546, 671 555, 666 88.8 548, 668 96.0
5n 732 660, 803 668, 801 93.0 662, 803 98.6
Naegleria aerobic n 307 272, 343 284, 331 66.2 272, 342 98.6
n = 959 2n 566 514, 621 524, 611 81.3 511, 622 100
3n 798 730, 873 739, 861 85.3 726, 871 98.6
dn 1012 (921, 1099) (937, 1091) 86.5 (923, 1101) 98.9
5n 1212 (1108, 1319) (1122, 1307) 87.7 (1109, 1315) 97.6
Naegleria anaerobic n 439 3402, 476 415, 465 67.6 402, 476 100
n = 969 2n 812 753, 871 767, 860 78.8 754, 870 98.3
3n 1146 1065, 1219 1083, 1213 84.4 1069, 1223 97.4
in 1454 1365, 1550 1373, 1538 89.2 1360, 1547 98.4
5n 1741 1635, 1855 1645, 1843 90.0 1632, 1851 98.2

Table 4.5: Additional sample m, BNP estimates of ICr,,m, 95% exact C.I., Mittag-Leffler C.I. with their coverages
(of the the exact C.I.) and Gaussian credible intervals with their coverages (of the exact C.I.). All values are rounded
to the nearest integer.

Library m f(n,m 95% Exact C.I. Mittag-Leffler C.1. Gaussian C.I.
95% C.I.  Coverage (%) 95% C.I.  Coverage (%)
Tomato flower 10n 8432 (8171, 8705) (8188, 8687) 93.4 (8164, 8700) 99.1
n = 2586 50n 25926 25137, 26706) (25176, 26712 97.5 25154, 26698 98.4
100n 40888 239690, 42082% 539705, 421283 99.4 239684, 42092; 100
1000n 113848 (110620, (110555, 100 (110540, 100
117142) 117300) 117157)
Mastigamoeba 10n 2634 (2442, 2825) (2463, 2809) 90.3 (2448, 2819) 96.9
n =715 50n 9718 (9010, 10370) (9089, 10367) 94.0 (9063, 10372) 96.1
100n 16797 15664, 17928% 15711, 17920 97.6 15674, 17921% 99.2
1000n 58889 54962, 62878) (55079, 62824 97.8 54976, 62803 98.9
Mastigamoeba—norm. 10n 1280 1158, 1392 1169, 1393 95.3 1163, 1397 97.9
n = 363 50n 4344 3951, 4707 3966, 4729 98.0 3969, 4720 97.6
100n 7203 6581, 7809 6576, 7840 100 6585, 7820 99.7
1000n 22759 (20826, 24856) (20779, 24774) 98.0 (20825, 24694) 96.0
Naegleria aerobic 10n 2084 51920, 2253; §19267 2246; 96.1 51917, 2252; 99.7
n = 959 50n 6781 6260, 7299 6265, 7306 99.5 6270, 7293 98.5
100n 11030 210209, 11923% 10190, 11883; 97.7 210207, 11852% 95.9
1000n 33286 30777, 35851) (30752, 35862 100 30833, 35740 96.7
Naegleria anaerobic  10n 2994 (2809, 3175) (2826, 3161) 91.5 (2817, 3171) 96.7
n = 969 50n 9679 (9145, 10213) (9135, 10218) 100 (9140, 10218) 100
100n 15671 214809, 16530% 514791, 16544; 100 514807, 16535% 100
1000n 46683 44226, 49260) (44062, 49283 100 44137, 49229 99.4

Table 4.6: Additional sample m, BNP estimates of ICr,,m, 95% exact C.I., Mittag-Leffler C.I. with their coverages
(of the the exact C.I.) and Gaussian credible intervals with their coverages (of the exact C.I.). All values are rounded
to the nearest integer.

as a function of m, for m € [0, 5n]. See Appendix |G| for similar plots for the other datasets
described in Table [4.4

Tables and confirm the behavior already observed on synthetic data, with
Gaussian credible intervals providing a better coverage than Mittag-Leffler credible inter-
vals for values of m corresponding to m = n,2n, 3n,4n,5n,10n and 50n, and displaying
near-to-optimal length. Again, the Mittag-Leffler credible intervals display a substantial
improvement in performance as m grows, with their coverage eventually matching or out-
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Figure 4.2: BNP estimates of Ky, m (solid line —) with 95% exact credible intervals (dashed line - -), Mittag-Leffler
credible intervals (violet) and Gaussian credible intervals (pink), as a function of m, for m € [0, 5n].

performing that of the Gaussian credible intervals for values of m = 100n, m = 1000n. It
shall be mentioned that, also when outperformed, the Gaussian intervals maintain in any
case a coverage of at least 96%.



Chapter 5

Discussion and directions for
future work

5.1 Results of chapter E

Motivated by the interpretation of the Ewens model in population genetics, [40] first
investigated the large n asymptotic behaviour of K, in the regime 6§ = An, with A > 0,
providing a large deviation principle |40, Theorem 4.1 and Theorem 4.4]. Subsequently,
still for the Ewens model, a LLN and a CLT for K,, were established in [91, Proposition
2 and Theorem 2]; see also [92]. In this chapter, we extended the LLN and the CLT to
the more general Ewens-Pitman model, and also established a Berry-Esseen theorem for
a=0.

5.1.1 Extensions of Theorem m

An interesting extension of Theorem would be to consider the more general regime
0 = AP, for A > 0 and 8 € [0,1]. For a = 0, this regime has been investigated in [40] and
[91], yielding a large deviation principle, a LLN and a CLT. A natural continuation would
be to establish analogous results for o € (0,1). This direction has interesting applications
in the context of microclustering data analysis, where the number of clusters grows with
the sample size while their average size remains small, a feature commonly observed in
modern large-scale data settings such as entity resolution and network analysis [7].

5.2 Results of chapter E

In this chapter we have established an alternative proof of theorem by adapting the
arguments already used in [9] to the large 6 regime. More specifically, the proof consists in
exploiting the sequential contruction presented in section to construct a martingale
whose relation with the variables K,{Ln} is explicit. Upon establishing a CLT for such

martingale, the CLT for K ,En} is derived by means of standard arguments. Further, a d—
dimensional generalization of this argument has allowed us to prove a strong LLN and a
joint CLT (theorem [3.2.1) for the d—dimensional vector

K" = (Ko, K1y oo Kan)

thereby providing a finer description of the partition structure.

61
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Beyond what already discussed in section [5.1.1, which would be worth exploring for
the whole partition structure, we note that the martingale argument could be adapted
without too much effort to obtain analogous results for general partition models whose
sequential construction is explicitly known. The martingale structure could be further
explored in order to recover the Berry—Esseen theorem proven in Chapter [2| and
extend it to the case a € (0,1); further asymptotic properties of the partition, such as
LDPs, could be similarly recovered from refinements of our martingale argument.

5.2.1 Estimation of o and )\ — consistency results.

In the standard Pitman—Yor setting, estimation of the parameter « poses in general no
problems, with more than one consistent estimator available in the literature. The esti-
mation of 6 is instead more troublesome, with some commonly used estimators (e.g. the
MLE) which have been proven to be inconsistent [4, Section 6.

It is of particular interest, then, that for the model under the large 6 regime, theorem
3.2.1] immediately implies the following result via the use of the delta—method: let g :
R3 — R? be defined as

2y y
» Yo =(l- 77 ) -1 5 . 6.9 -
9.y, ) < 3rz — 2y? + 3rz — 2y2)

also let 95?370[7 » denote the vector obtained removing the first entry of 93, » and r 3.\
the 3 x 3 minor obtained removing the first row and the first column of I's .

Proposition 5.2.1. Define

(a/\> =g (K{"} K ngjl}) .

1,n>"*2n>
Then, as n — +00,

()
(i)

where Sox = Vg(M3.00) T3.00 Vg(M30)"

This result gives an estimator of the two parameters v and A of the model which has
a simple form, is consistent, and for which (asymptotic) confidence intervals are available
via the CLT. While the limit variance S, ) has, in the specific case of the estimator of the
proposition, an involute form which makes it less appealing for application, work is ongoing
[8] to explore the possibility of deriving an analogous result for other simple estimators of
a and A. Finally, to avoid confusion, we stress that our consistency result does not imply
the existence of a consistent estimator for § = An in our model, due to its dependence on
the sample size.
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5.3 Results of chapter E

The unseen-species problem is arguably the most popular example of “species-sampling”
problem. Given n > 1 observed sample X,, = (X1,...,X,) from a population of individ-
uals belonging to different species S, a broad class of “species-sampling” (extrapolation)
problems call for estimating features of the unknown species composition of m > 1 ad-
ditional unobservable samples X,,, = (Xp41,..., Xptm) from the same population. If
(Nsn)ses and (Ngm)ses denote the (empirical) frequencies of species in X,, and X,,,
respectively, for u,v > we set

Knan(,0) =Y " I(Ngp = u)I(Nojm = v), (5.3.1)
s€S

with I(-) being the indicator function, namely the number of species with frequency u in
X,, and with frequency v in X,,,. The number of unseen species is recovered from (|5.3.1)
by taking

m
Knm = Knm(0,v).
v=1
We refer to [4] for an up-to-date overview on “species-sampling” problems of the form
(5.3.1), with applications to biological data. While the emphasis is on the BNP approach,
[4] also discusses the most recent advances in the distribution-free approach.

5.3.1 Gaussian credible intervals for K, ,,(0,v)

Among “species-sampling” problems of the form , the number of unseen rare species
certainly stands out [26], with a rich literature under the distribution-free and BNP ap-
proach [35; [56]. It calls for estimating ICp, ,,, (0, v), namely the number of hitherto unseen
species that would be observed with frequency v > 1 in the m additional samples. Under
the BNP approach with a Pitman-Yor prior, with « € [0,1) and § > —a, [4, Propo-
sition 1] provides a compound Binomial representation of the posterior distribution of
Knm(0,v), given X,,. In particular, let IC,(Z?),Z(O, v) be random variable with such a distri-
bution. Following the notation of (4.3.1)-(4.3.2), and denoting by K}, (v) the (random)
number of species with frequency v in m > 1 random samples from PYP(«, 6 + n), such
that K, (v) € {0,1,...,m}, there hold

i) for a € (0,1)

K, (0,0) £ Q (K;z(v), Bo, Lk) : (5.3.2)
ii) fora =0
(n) d * 4
K (0,v) = Q ( m(v); n n) : (5.3.3)

The representations — lead to posterior mean estimates of ICy, , (0, v) that can

be easily evaluated for any value of any n and m [35, Equation 24 and Equation 30].
Exact credible intervals for I, ,,,(0,v) can be derived by Monte Carlo sampling the

posterior distribution of Ky, ,(0,v), given X,. One may exploit the representations

(5.3.2)-(5.3.3), as well as the predictive distributions of the Pitman-Yor prior, to sam-
ple /Cgf%l(o,v), though with a computational burden that becomes overwhelming as m
increases. In particular, Algorithm || does not extend to ICq({}%@(O,U); see [4] for details.

Large m asymptotic credible intervals for /C;, ,,,(0, v) can derived by relying on the large m
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asymptotic behaviour of IC%”),Z (0,v) in [35, Theorem 4], still involving the scaled Mittag-
Leffler distribution. However, this approach would suffer from the same limitations as the
approach of [34] for K, ,,. Alternatively, one may consider to extend our approach to in
order to derive Gaussian credible intervals for KC,, ,,(0,v), which is a promising direction
for future work. This would require to extend Theorem to K, (v), and then combine

it with the representations (5.3.2)-(5.3.3) along the same lines of Theorem [4.3.2]

5.3.2 More directions for future work

Beyond the extension of our approach to other “species-sampling”, this work opens several
opportunities for future research. For example, one may consider the problem of deriving
exact credible intervals for KC,, ;,, namely for any n and m, by avoiding the use of Monte
Carlo sampling the posterior distribution. By relying on the representations —,
this problem would require to refine the CLT (2.1.4) with a Berry-Esseen type inequality
or, better, to develop a concentration inequality for K . See |21, Equation 11] for a
preliminary result in this direction, though limited to the case « = 0. Another research
direction could involve the use of the Gaussian credible interval as a confidence
interval under the semi-parametric approach of |38], which assumes the tail of P to be
regularly varying of index a € (0, 1). This problem would open to the study of frequentist
properties of our approach to construct Gaussian credible intervals under regular variation.



Appendices

A Details on the proof of Theorem [2.1.1 for a € (0,1)

A.1 Proof of Proposition

A.1.1 Proof of the asymptotic expansions (2.2.17)), (2.2.18)
The expression of E[S\, o] is known form (2.2.10). Furthermore, one has that

E|Gh) = Lﬁ &I;a)

By independence,

An T'(An) T((A+1)n+a)
al'(m+a) T(A+1)n)

E (2] = E[Sxn.al B [Gfiaynn] =

Identity (2.2.17)) follows by applying [89, Equation 1] to the above expression. Analogously,

An (An F'(An) T((A+1)n+2a)
o ( * 1) L (An+2a) T ((A+1)n)

E [Z1’2L] =E [Sin,oz] E [G%f\[—&—l)n,l] = a a

which, upon rearrangement of the terms, entails

Var(Z,] = E[Z}] — (E[Z.))"
_A%n? [ L(An)  T((A+Dn+2a) L(An)?2  T((A+ 1)n + a)?
L'(An+2a) T((A+1)n) L (An+a)® T((A+1)n)?
An [ F'(An) T((A+1)n+ 2a)]
'An+2a) T'((A+1)n)

a2

(0%

Again [89, Equation 1], simplified for the purpose of an approximation to the principal

()" (-2t o (4)
CE (- pe o ()]
oY)

e
A direct computation shows that the coefficient of n? vanishes, while the coefficient of n
rewrites as ¥.2, proving identity (2.2.18)).

AQ 2
Var [Z,] = “—

(07

65
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A.1.2 Proof of the LLN (2.2.19)

Fix € > 0 and combine Chebyshev’s inequality with the (variance) asymptotic expansion

(2.2.18)) to get

P [ Zz_f’[z”] > 5] = P||Z, — E[Zy,]| > ne]
Var(Z,,)
n2e2

-oft)»

as n — +oo. Since (2.2.17) implies that n~'E[Z,] — 29 as n — +oo, the proof is
concluded.

A.1.3 Proof of the CLT ([2.2.20)

The proof of the CLT (2.2.20]) consists of three main steps, which are outlined hereafter
for clarity:

Step 1. In Lemma we provide an approximation of the distribution of Sy, o
in terms of the distribution of the (1 — «)-th power of a Gamma random variable.
More precisely, denote by drv the total variation distance between distributions on
(0, +00), namely

dry (v) = sup |u(A) - v(4).
AeB((0,4+00))

1
drv (NS)\n,ou 'uGiﬁTB) =0 <n> )

where G ,4r,p has Gamma (pn + 7, B) distribution, for a suitable choice of param-
eters p, 7 and B.

We will show that

e Step 2. In Lemma we will establish a general CLT for sum of variables of the

form a N
50 ()
i=0 i=1

where {X;} and {Y;} are two independent i.i.d. sequences of positive random vari-
ables. As a consequence (Corollary , we derive a CLT for products of powers
of independent Gamma random variables, which we apply to the auxiliary variable

(M-« o
Zn = Gpn+T,BG()\+1)n,1 )

e Step 3. As a consequence of Lemma and of a further general result (Lemma
, we will show that it is possible to replace the approximating Gamma random
variable with the random variable Sy, , in the CLT for Zn, obtaining the desired
limit theorem for Z,.

A.1.3.1 Step 1
Lemma A.1. Let E, : (0,+00) = (0,+00) be defined by

b = ot (2) e {00 (£) )
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Then, for any y € (0,4+00), there hold

fa(y) =
‘Ea(y) = Co (A1)
fa(y) T—a =

for suitable positive constants Cy, Qu, Ko depending only on o.

Proof. [97, Theorem 2.5.2] shows that, as y — 0

fa(y)
Ea(y)

Furthermore, it is known that, as y — +o0,

faly) =0 (y*(lJra)) and F,(y) =0 (y_M) )
Whence, as y — +00
fa(y) -0 <ya(fa;”> )

Ea(y)
(0,1), (A.1) is proven. To prove ({A.2)), use again [97,

:1+O(yﬁ)

Since 2a — 1 < 1 for every a € (0,
Theorem 2.5.2] to show that, as y — 0

fa (y) _a 20
:1+Q yl—a +O<y1—a)
Eu(y) “
holds with a suitable constant (). The conclusion is obtained by considering the previous
asymptotic behaviours as y — +oc. |

Lemma A.2. Set p = /\I?TO‘, T= %, B=(1-a) aT-a. Then, letting ps,,, . and jii—o

pn+1,B

stand for the distributions of Sy, o and G});ﬁr,ﬁ respectively, as n — +oo there holds

1
irv (i pz,,) =0 (1),

Proof. Since pgs,,, , and p1-o  have densities

pn+7,B
F )\ an—1_ N
fSsna(@) = (A:) e, (x clx) L(0,400) (@)
L (%)
o 1E2an+1
[(1 - O‘>am] : " o An 4 2a-1
fo o = T (g gy 0L 0T I s 2)
' « 2

respectively, the total variation distance at issue can be handled as follows:

1 [t
dTV (Mskn,cﬂ NGer—‘r,B) = 2/0 ‘fs)\n,a ('CC) - fGlfo‘ (.'L')‘ d:]f

pn+7,B

IF'(An) ana_y _1
Tz ” e (+7%) = farmg, , @

+o00
bound (A.1)) < 1 dx
( 2

0
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Thus, the proof is concluded if we show that

n 1 n 1
jl():O<n> and jQ():O(n).

Simple algebraic manipulations yield

m _ | TOw) e Bt Ants
Vi () /2 _ I-a |~
V2ra(l — a) (1 )l (=220 + 3)
+oo 1 An g 201
></ exp{—Bwl—a} 2(I-o) dg
0
L'(An) a2<21io‘;) Ble&JF%
T (%) 2ra(l —a) (1—o)T (ITTQ)\TZ +3)
(1—a)l (=2an+1)
X Ta 1
B o 2
11—« 1 I?Ta)\n An—1
_ F(AH)F(AT)\H—}-g) ( 1 ) <1> *omh o1,
i e e

—+00 o
g — L(An) / Ca €XP {—Bwﬁ} gt dp
0

D
_ P(wn) ca(l =)0 (F52An — 3)
T e
_ r(\n) T (=2xan-1)
O‘F An o0 1iZ2ap

Set An =: t. Then, we study the asymptotic behavior of

) (1) rgl(;:;t + %)

[0}

as t — 400, for j € {—1,1}. By combining Stirling’s approximation to the first order, i.e.

L(t) = /2n(t — 1) <t_61>t1 1+0(t ] (t— +o0),

with the fact that .
(1 + %) =e"[1+0(t™")] (t— +o0),

we get, after straightforward computations,
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where ¢, is another constant depending only on «. Substituting the first and second

expression, respectively, in the expressions of jl(n) and jQ(n), we obtain the desired results.
|

A.1.3.2 Step 2

Lemma A.3. Let X be a real random variable and {X;}i>1 and {Y;}i>1 be two sequences
of i.i.d. positive random variables. We further assume:

a) E[X{] < +o0 and E [Y}!] < +oo;
b) ux =E[Xi], uy :=EY1], 0% := Var (X;) and 0% := Var (Y1);
c) Xo, {Xi}i>1 and {Yi}i>1 are independent.

Then, the following CLT holds:

\/15 (ix) 7 <§:Y> —nm| = N (0,V?)
=0 i=1

as n — +oo, where
1o, «
m:=plx pHy

and

21— (1—-a)?c% a’c?
V2 :NX( a)'u%/a{ _ X 2Y .
Hx Hy

Proof. Start considering these trivial identities:

and

From [86, Theorem 1.5], there exist two independent Brownian motions {B;};>o and
{B}}+>0 such that

Z(Xi_“X>“':S'Bn+Rn, Ro= Y Xi_”)—Bn

=1 7x =1 < 7x
n n
Y, — Y;
Z < % MY) a.s. B;L + R;) R;l — < 7 MY) _ B;L
Oy _ gy

with
R,=0 ((n log log n)i(log n)%) =o0 (ni“) Ve >0

R, =0 ((nlog log n)%(logn)%> =o0 (n%%) Ve > 0.

Recalling that, from the law of iterated logarithm

!/
| By | :O< /10glogn> and | By :O< /loglogn) 7
n n n n
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one gets
l—«

1 & X o o e

=D P I o {HO + B+ — Rn}

n i nux nux nux

1—
e [1+ ( oz)UXBn+O (n 4+5>:|
nyx

and

i—1 nyy nypy
aoy _, _3
=uy |1+ —B +0<n 4+€>]
Ky |: nuy n

for any € > 0. This implies

1 n l1—a 1 n «
1—
al(iex) (2] -
=0 =1
as. l-a,«a (1—0[)0')( By a0y B;L ( 1+5>:|
= — (=t ——F=+o(n 2 .
Hx MY[ px  Vnoopy Vn

Observe that, by elementary properties of the two independent Brownian motions { B }+>0
and {Bg}tzo s

lca o |(1—a)ox By aUYB;L:| Y 9
— = —— 4+ — 2 = 0,V<).
o Y [ px Vo opy Vo V)
Finally, apply Slutsky’s theorem to conclude the proof. |

Corollary A.4. Let Gypir,p ~ Gamma(pn + 7, B) and G\j1),,1 ~ Gamma((A + 1)n, 1)
be two independent random variables. Then, as n — +oo,

1 —a o' w
NG [G})nM,BG(AH)nJ - ”m} — N(0,V?),

where .
m = (%) * (A+1)~

and

2o (P 2(1—a) 9o [ (1 — a)? a?
v ._<B) (A+1) et el

Proof. Introduce a random variable Xy and two sequences of i.i.d. random variables
{Xi}i>1 and {Y;}i>1 such that:

i) X; ~ Gammal(p, B), Y1 ~ Gamma(\ + 1,1) and X¢ ~ Gamma(t, B);
ii) Xo, {Xi}i>1 and {Y;};>1 are independent.
d

Since Gpnir.B 4 >oico Xi and Gay1)n1 = Doy Vi, the statement immediately follows
from Lemmal[A.3] The expressions of m and V2 can be checked via direct computation. M
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A.1.3.3 Step 3

The next statement makes use of the so-called Ky-Fan distance between random variables,
namely

dgrp (X,Y):=inf{e>0: P(| X —-Y]|>¢) <e}.

Lemma A.5. On a probability space (0, F, P), consider a real random variable n, and
two sequences of real random variables {ny }n>1, {(&n, &) }n>1 such that:

i) Mn N N, as n — +0o;
ii)
drcr(Enr€) = 0 (jﬁ) ; (A.3)

ii1) there erxist ¢ € R and a real random variable L such that, as n — 400
Vv (En, —¢) = L. (A.4)

Then, as n — +00,
\/E(‘Ennn - C) i> L,
with the same ¢ and L as in (A.4).

Proof. Write
vn (§ntin — ¢) = Vn (Eﬁmn - C) + \/ﬁnn (fn - f;z) .

By means of Slutsky’s theorem, the proof is concluded if we show
Vi (6 —€,) 50

as n — +00. Since the Ky-Fan distance metrizes convergence in probability, it is enough
to note that

e (Vi1 (6 =€) ,0) = dicw (Vi Vi) < vindicr (60, €1) =5 0

where 0 denotes the degenerate random variable equal to 0 a.s.. |

Proof of the CLT (2.2.20)). Set p = Aleo‘, T = %, B=(1-a) aTs as in Lemma
and introduce an auxiliary random variable Gpyr,5 ~ Gamma (pn + 7, B), independent
of G(x41)n,1- Then, the assumptions of Corollary are met, with m and V? as follows:

e (§) e A ()

and
V2 _ (£)2(1—a) ()\ 4 1)2a (1 B a)Q + a2
- \B p A+1
:)\72 A+ 1\ (lfa)a+ a? _y2
a? A A A+1

Corollary then entails that, as n — +oo

1 - ' w
NG [GllJn+T,B (A+1)n,1 ”ZO] — N(0,5?).
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Now, let dp,ox denote the Prokhorov distance between distributions, defined as follows.
Given BCR and € > 0, let B® := {z € R : infyep |z — y|* < e}; then

dprox (pt,v) :=inf{e >0 : w(B) <v(B°)+¢e, VB e BR)}.

Thanks to a well-known bound between probability metrics [58, Equation 4.13], Lemma

implies that

1
dprok (MSM,M Hgl—a ) <drv (,UJSM,M Hagt-a > =0 () .

pn+7,B pn+7,B n

Now, a theorem of Strassen |31, Corollary 11.6.4] allows, in turn, to find a suitable coupling

between the random variables Sy, . and G;;f_‘ﬂ g such that
1

dxcr (SMW, G});i‘ﬂB) —0 <n> .

To conclude, it is enough to invoke Lemma E with the choices 1, = G‘(x/\ +1)n,17 & =

G;;JOFCT,Ba §n = S)\n,ou c=zpand L =N (0, EZ) [

A.1.4 On a property of uniform integrability of 7,

We now prove a property of uniform integrability of Z, which, in combination with con-
vergence in distribution, guarantees convergence of the moments. Hence, from the CLT
we will deduce convergence of the moments of (Z,, —n zy)/(vVnX?) to those of the standard
Gaussian.

Lemma A.6. Under the assumption of Proposition (1, it holds

Zn — NZo 4
vn
Proof. We show that as n — +o0
E [(Zn - nzo)ﬂ =0 (n2) :

suplE < +o00.

neN

In fact,
E [(Zn - nzo)ﬂ - <2> E[Z"] (nzo)4*

() o x (k+22) T (A + Dn + ha)
— k)T (%‘) I(ka+An) T ((A+1)n)

First-order Stirling’s approximation, combined with some simple computations, yields

E[(Z, —nz)!] = n* (2)4 (AA“Y 24: (2) (=1)4*x

ol
| =
o

X

it Kttt (1)
=cont 24: (2) (—1)*F 4 n3 24: (:) (=D)** (e1k + 2 k?)
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for some constants ¢y, ¢1,co depending only on o and A. Now, it can be easily seen that

4

3 (:) (—1)F K =0

k=0
for ¢ = 0,1, 2, which concludes the proof. |
By combining Lemma, and Proposition [I] we obtain the following statement.

Proposition 10. Let ¥ : (0, 4+00) — R be such that ¥ € C3(0, +00) with bounded deriva-
tives. Then

E [qf (Z”ﬂ = W(z) + % <AA+1>Q L Oy ) + %22 " (z) + 0 (;) .

n

Proof. Let e, := E [\Il (Z )] By means of [89 Equation 1], we write

T’n‘

T XA /A+1\" 14 a(l —a) n 1
ep=—n—\\—— —_— ol —
"Tn| a A 2nA(A+1) n

" 1 (A+1\“1—a n 1

=20+— | ——— ol —].
0" on A A+1 n
Taylor’s formula with Bernstein’s integral remainder [31, Appendix B] shows that

v (Z)  W(en) = V'(en) (i - ) 5 (en) (i - en)2

n
3 1
+ 1 (ZTL - €n> / ' <€n + s (Zn - en)) (1 - 8)2 ds.
2\ n 0 n

Taking expectation on both sides we obtain

E [\p (i")] = W(en) + 50"(ex) Var (i”)

| (Znn_en>3/01q,m (enﬂ(i’l_en)) (1_5)2(13].

+-E
By applying again Taylor’s formula to ¥/ and ¥”, the last term becomes

2
Zn\] _ 1 A+ L-a_, 1, n¥*+0(1)
o (2)] = v+ = (M) At o L 00

<Zn”—en>3/01‘1’m <€n+8<Zn”_en>> (1—8)2ds].

Since " is bounded, to reach the conclusion it is enough to prove that

.

1
-E
+2

n
7_6’”
n

n
n

3
lim nE[ ] = lim nE
n—400 n—4o00

Now, by combining Lemma with Proposition [I} we get

3
] :/\x|3d<13(:v)
R

Ly —

n—-+00
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3
in view of the uniform integrability. Since n ’% — 20}3 = ﬁ % , we finally obtain
that 5 5
. 1 |Z, —nz . 1 Zn — N2
N v ] LNy et | v ek
This concludes the proof. |

A.2 Proof of Proposition

Denote by G, () the probability generating function of R,(z). The proof of Proposition
is based on the study of the large n asymptotic behavior of Gy, (.), as well as its derivatives.
In particular, this large n asymptotic analysis is based on the following steps:

1. Step 1. State the preparatory results in Lemma Lemma Lemma and
Lemma [A.10.

2. Step 2. Show how the functions p(z) and o(z) in Proposition [2| are related to the
moments of R, (z). In particular, we prove here the asymptotic expansions ([2.2.22))

and (2.2.23)

3. Step 3. Prove a Berry-Esseen inequality for R, (2);

4. Step 4. Conclude the proof of the Berry-Esseen inequality ([2.2.25]).

A.2.0.1 Step1

The first lemma allows to write a quantity of interest in terms of the so-called Kratzel
function (see [74) Equation 1.1]), namely

+oo w
F,(w) == / =L exp {tp - ?} dt
0
forany w € C* := {w € C : Re(w) > 0}. A standard check shows that F), ,, is holomorphic
on the whole of C*.
Lemma A.7. Fore>0,5 >0,y € C" define

2—a Joxel

+oo .
Js(,? (y) = /0 " Tima exp {—ﬂc(ny)é —(1-a) (—) l_a} dz. (A.5)

Then, it holds that

é

n 1 \atia .
J5(76)(y) = C(a7nay) (W) fé(g’é)(y),

where:

n 2—«a 1

l—a /1 \o Za-a)Ta
C = — A6
(@)= () (4.6)

1 11—«

—l_5_ A.
o(e,0) = 5~ —e— (A7)

FM(y) = Fio nlza_, ((1 —a) (ozo‘ny)ﬁ) .

a e
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Proof. First, fix y € (0,+00) and prove the result by direct computation, using the sub-
stitution t = [m(ny)i} " in the integral on the right-hand side of (A.5). Notice that

both sides of the identity at issue are analytic function of y, as y varies in C*. To be
precise, we are considering the principal branch of each power of y, which is holomorphic
on C\ (—o00,0]. Finally, since both sides of coincide on (0,+00), then they must
coincide on the whole of C* by uniqueness of the analytic continuation. |

The next lemma is concerned with equation (2.2.21)). To simplify its statement, we
rewrite (2.2.21)) in a simpler form. For fixed v € (0,+00), let £(v) denote the only real,
positive solution to the equation

Ev)e = v

£
Indeed, the regularity of the mapping v — £(v), contained in the next statement, is an
important issue in what follows.

(v) + 1. (A.8)

Lemma A.8. The mapping v — &(v) admits an analytical continuation to the whole of
C*. In particular, v — &(v) is analytic on (0,400).

Proof. First, the existence of the mapping v +— £(v) from [0, +00) into [1, +00) is checked
by basic calculus tools. Then, a direct application of [6, Equation (11.5)]), with the same

aasin (Ag), B=a,z=¢E@ ) and y = v, shows that the function

n

I'(an + «) v
—az a—1n+a+1)

provides a solution to . More precisely, the above series converges inside the disc
lv] < a™*(1 — a)®~!, and meets & (v) = 1+ av + O(v?) as v — 0. Whence, £(v) = & (v)
for any v € [0, a~%(1 — a)®~1). To get closer to the goal, it is crucial to notice that &; is a
special case of a so-called H-function (or Fox function), whose theory is exposed, e.g., in
[62, Chapters 1-2]) and [73, Chapter 2]). Exploiting this, it is worth considering

o« I(as + a)T'(—s) s
$a(v) = 2mi /72 P((—=1)s+a+1) (-v)ds

where 75 is a path defined as follows: it stars at —ioo; proceeds upward along the imaginary
axis; before reaching the real axis, encircles the origin clock-wise, remaining on C~ := {w €
C : Re(w) < 0} and leaving all the poles of the form —1 — ma~!, m € Ny, to its left;
proceeds again along the imaginary axis towards +ioco. See Fig 1 below.

At this stage, an application of [62, Theorem 1.1 and Equation 1.2.20] with a* =
14+ a— (1 —a) = 2a therein shows that £, is well-defined and holomorphic in the domain
{veC : |Arg(v)] < ma}, where Arg stands for the principal argument. Therefore,

recalling that

_1\n+1
Res (s — I'(—s);n) = (171)' (n € Np),

the residue theorem entails that

N

I'(an + «) "
Sd — _
s ;I‘((a—l)n—i—a—i—l)n'

1 Ias+ a)'(—s) (=)
2mi Sy, & F((a—=1)s+a+1)

holds for any v € C and N € N, where 72 y is the closed path that starts at —i(INV +1/2),
proceeds exactly as 72 up to +i(/N + 1/2), and comes back to —i(N + 1/2) along the
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Im Im

PV

Re r
4\

M

—i (N+4)

Figure 5.1: The paths 2 (left) and o y(right)

semicircle of radius (N + 1/2), centered at the origin, routed clock-wise. See Fig 1.
Exploiting the estimates displayed in [62, Section 1.2], we let N go to infinity to conclude
that & (v) = &) on {w € C : |v] < a=%(1 — a)* L, |Arg(v)| < ma}. Whence, £(v) =
&(v) for any v € (0,a~%(1—a)*~1). In order to include the half-line (a=%(1—a)*~!, +00),
we invoke again [6, Equation (11.5)]), with —a(1 — a)~! in the place of a therein, 8 =

11—«

a(l—a) ™ z=vw) s ,and y = v, We get that the function

e (—":O‘) _1)ntl B
E3(v) == T Y 7o) (21 (vl—la)n
11—« r (an+1—2a) TL'
n=0 1-a

provides a solution to . More precisely, the above series converges if |v| > a™*(1 —
a)®!, and represents a holomorphic function on the region {w € C : |v| > a™%(1 —
a)® 1 |Arg(v)| < 7}, provided that the powers of v are intended as their the principal
branches. Since &3(v) = vTa 4 O(v™1) as v — 400, we deduce that £(v) = &3(v) for any
v € (@ ¥(1—a)* ! +00). Now, we assume temporarily that « is not of the form g(g+1)~1
for some ¢ € N. This way, none of the values of the form o —m(1—«), m € N, can coincide
with the origin. Resorting once again to the theory of H-functions, we consider

_o r 8:3 F(_S) 1\ S
&a(v) := -1 favlazlm,[m f‘((lasi?ﬂ <v171a> ds

where 74 is a path of the following form: it starts at —ioco; proceeds upward along the
imaginary axis before reaching the origin; turns right to cross upward the real axis between
a and 1; avoids all the poles of the form a—m(1—«), m € Ny, which lie at the right of the
origin, by turning around them counter-clock-wise; crosses again the real axis downward
between the origin itself and the least positive pole of the form a — m(1 — «); encircles
the origin clock-wise, ranging in the fourth, third and second quadrant, respectively, by
leaving all the negative poles of the form o — m(1 — «) to its left; proceeds again along
the imaginary axis towards +i0c0. See the Fig 2 below.

Again, an application of [62, Theorem 1.1 and Equation 1.2.20] with a* = 1 — %= +

L = 2 therein shows that &; is well-defined and holomorphic in {v € C : |Arg(v)| <

1-a ™
m(1 —a)}. A similar argument, as the one above based of the residue theorem, leads us

to conclude that &3(v) = &4(v) on {w € C : |v| > a™*(1 — a)* L, |Arg(v)| < 7(1 — )}
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I Im Re(2) = 125

a—-m(l-a) r()m 1 R =
LE

i
.

a—s
11—«

Figure 5.2: The path 4 (left) and its transformation v trough the map s — o(s) :=
(right)

Whence, £(v) = €4(v) for any v € (a~%(1 — a)* !, +00). It remains to show that &(v) =
&(w)on{veC : |Arg(v)| < ma.}, where ai := min{e, 1 — a}. To this aim, we change

the variable in the expression of {4 by setting o = $=2, to obtain

v7do

€a(v)

:a/ F(1—(o(e—1)+a+1))(-0)
2mi J e I'(1-(a+ao))

4

where 7] denotes the transformation of 74. See again Fig 2. Now, an application of the
reflection formula of the gamma function yields

_a ['(ao + a)l(—0) sin (m(ao + )
Salv) = 2mi /—fo I'((a=1)o+a+1)sin (r((a—1)o + a))v do

where the minus in front of 7§ means a change of orientation. Finally, by resorting to a
well-known Cauchy theorem, we can deform the path —v7 into a new path that consists of
the conjunction of v with a loop the encircles the point 12~ counter-clock-wise, without
changing the value of the integral. See Fig 3 below.

Thus, setting

INao + a)'(—o) sin (7(ao + a))

g(o3v) = I((a—1)o+a+1)sin (r((a—1)o + O‘))va
we have

Repeating the above argument based on the approximation of v2 with v2 n, we get

N No
L g(oiv)do == Res(g(;v);in) — »_ Res <g(-;v)'n+a>
n=0 n=0

. )
211 o 1l -«

with Ny :=[(N 4+ 1/2)(1 — ) — «]. At this stage, it is enough to notice that

Res (g(-;v)' nt O‘) —0

"1l -«
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Im

Re(s) = 12

r
,\ }.7:' Re

Figure 5.3: Modification of the path —vJ, equal to the conjunction of 5 (black in the
figure) and a loop around the point 1~ (gray in the figure).

for any n € N. Therefore, taking the limit as N — +o00, we can conclude that &4 (v) = & (v)
on {w € C : |v] < a1 — a)* ! |Arg(v)] < mas} and, consequently, that &(v) =
&) on {w € C : |Arg(v)| < mas}. Finally, after proving the last identity, we can
remove the constraint that o # g(¢ 4+ 1)~! for some ¢ € N thanks to a straightforward
approximation argument with respect to «, to conclude that {4(v) = &(v) on {w €
C : |Arg(v)| < ma,} whichever a € (0,1) may be. At this stage, the remark that C* C
{w e C : |Arg(v)| < mmax{a, 1 — a}} leads to identify the desired analytical continuation
of v — &(v) with either v — &3(v) or v — &4(v) according to whether v > 1/2 or a < 1/2,
respectively. This concludes the proof. |

Now, we investigate the large n asymptotic behaviour of the function .7-1(,”) that appears
in Lemma Our Lemmabelow can be regarded as a re-adaptation of |74, Equation
5.3]. We just premise the definition of a useful notation. Let D be some subset of R? (or
C). Consider two sequences of functions { f, }nen, {gn }nen, with fy,, gn : D — C for every
n. If, for some 8 € R, there exists a function h : D — C such that

n~? [fn—gn]l = h
uniformly on compact sets, we write

fn =0gn+ Ouc(nﬁ)

Let now recall some previous notation. For y € CT, set 7(y) := £(1/(ay)), with
the same function £ as in Lemma and D(y) be as in (2.2.26), with y in place of z.

Moreover, set
Y 11—«
-7 log 7(y A9
s lorT) (A.9)

where log is intended as the principal branch of the logarithm.

Lemma A.9. With the above notation, for y € C* it holds that

FIO ) = P |1+ 2 Ry(y) +70() (A10)

where:
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i) the principal part Pén) is defined as

P = ()75 () ep a4 00} |
ii) the first order remainder R, is given by
Roly) = 0*c1(y) + 0 c2(y) + e3(y)
with
a 1 -2« 1
W= ai—apy " W T ai—ap T W)

and another analytic function cg independent of o;

(n)

iii) the second order remainder ry "’ satisfies, as n — +00

n 1
Té )(y) = Oy.c. (n2> .

Proof. Fix y € (0,+400). Following [74, Section 5], define

X(y)=10-a)ny
and

1 o+1

Cng(y) = Oéiy - (1 _ a)ny

Notice that an,(y)X (y) = ni=2 — o — 1. Set

Tn(y) = &(ano(y)) ,
where & denotes the solution to ((A.8). Now, a strict application of |74, Equation 5.3] yields

Fy) =

e

o 1 l-a 1 o+1
+ -
(1 —a)ny |at,(y) a ay any

X <Tn1(y)>gexp{n [Hmy(y) 1;0‘ log(Tn(y))] O‘igjal)} y

. [1 W o, <n12>]

where % is a suitable analytical function which does not depend on g. At this stage, to
prove , we need further investigations on the quantity 7,,(y), obtained by exploiting
the regularity of v — &(x) state in Lemma Accordingly, set a(y) := (ay)~!, and
notice that 7(y) = &(a(y)). Moreover, notice that

an,o(y) = aly) — <(1Q+al)y) %

which shows that ay ,(y) can be regarded as a small increment (as n — +o00) of a(y).
Thus, a Taylor expansion of the function £ around a(y) yields

Do) | Fo) | o <1>] ,

n n2 n3

}_2 (any)" Toa x (A.11)

+

E(ano(y)) = E(a(y)) [1 n
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where
alo+1)

V)=~ 0Dy

and
Byly) = — a2 (y) 2O (12; ZCE;)-F 1-a

with D(y) as in (2.2.26)). Three consequences of the above Taylor expansion are:
i)
1 \*¢ 1 \*¢ 1 1
= — 1+-% @) —
() = Gag) [ im0 (35)

1 1l-a1 0+1772
at,(y) a ay  any

_ [ml(y) + 1?70‘ aly] - [1 + %%’g,g(y) + Ou.c. <:2>]

ii)

iii)

with
Ko2(y) = 0 A(y)
1 (A(y)  o+1) ay
Fesly) =5 (M(y) Ty > D(y)
%M@>—;§L%@F—%mm

At this stage, identity follows by just plugging the above expansions i)-ii)-iii) into
and patiently rearranging the terms. Finally, after establishing for y €
(0, +00), we conclude that it must hold also for y € C* by the uniqueness of the analytic
continuation. |

The following lemma states a basic calculus result, that guarantees the existence of a
continuous function bounding from above any uniformly convergent sequence of functions
on a compact set. Being unable to find a precise statement on some calculus textbook, we
include here both statement and proof, to maintain the paper self-contained.

Lemma A.10. Let K C R? (or C) be a compact set. Consider a sequence of continuous
functions {fn}nen, fn @ K — R such that, as n — +oo, f, — f uniformly for some
(continuous) function f : K — R. For each x € K, define S(x) := sup, ey | fn(x)|. Then
S : K — R s continuous.

To prove Lemma [A.10, we first need the following lemma.
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Lemma A.11. For i = 1,2, let (M;,dy,) be metric spaces, endowed with the metric
topology. Let K; C M; be compact subsets, and let F' : Ky x Ko — R be a continuous
function on the product space. Then, G : K1 — R defined by G(x) = sup,ex, F'(v,y) is
continuous.

Proof of lemma[A.11, Consider a convergent sequence {z,}nen € Ky with x, — 7 € Kj.
We prove that
G(z) <liminf G(z,) < limsup G(z,) < G(Z).
n—+00 n— 400
Since Ko is compact and the real-valued function y — F(Z,y) on Kz is continuous, there
exists y* € Ky such that
G(z) = sup F(z,y) = F(Z,y").
y€eKa
By definition, G(zy,) > F(zy,y*) for every n € N. Furthermore, the real-valued function
x +— F(x,y*) on K; is continuous. Whence,
. . > 1; . * — P * — T).
it o) 2 i o Pl y7) = Fiz.y') = 612
We prove the other inequality by contradiction. Assume there exists a subsequence
{7n, }jen of {z,} such that
G(zn;) = L > G(Z).

For each j € N, since the real-valued function y +— F(z,,,y) on Kz is continuous, there
exists y; € Ko such that

G(n;) = sup F(zn;,y) = F(zn,, yj).
yeK2
Now, consider the sequence {y;}jen € Kz. By sequential compactness, there exists a
subsequence {y;, }ren converging to some point § € Ky. Hence, by continuity of F,

G(wn,, ) = F(an,, y;) = F(2,9) < G(2)
which produces the contradiction. |

Proof of lemma[A.10. Let N* = NU {oo} denote the Alexandroff compactification of N
with the discrete topology. Further, define F' : K x N* — [0, +-00),

|fn(z)] ifneN
F(z,n) =
|f(x)] ifn=o0.

If F' is continuous, then Lemma [A.11 entails that the function G : K — [0, +00), defined
by
G(z) == sup F(x,n) = max{sup |fn(2)],[f(2)[} = max{S(z),|f(z)[}

neN* neN

is continuous. Note that, for every z € K, S(x) is either equal to the limit of |f,(x)]
or it is a maximum, so that S(z) > |f(z)|. This implies that S = G, and that S is
continuous. It remains to prove that F' is continuous. Consider a convergent sequence
{(zk, 1K) }ken C K x N*, with (zg,ng) — (,7). We treat two cases separately:

i) if n € N, then the sequence {ny} is eventually constant with n; = n. Hence, by
continuity of fz,

F(xr,nk) = fo,(zr) = falzr) = fa(2) = F(z,n);
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ii) if 7 = oo, then by uniform convergence of { fy }n>1,

Fag,ng) = foy,(2x) = [(2) = F(z,00).

A.2.0.2 Step 2

The following proposition connects the quantities p(z) and o2(z) that appear in Proposi-
tion [2| to the mean and variance of R,(z), respectively.

Proposition 11. As z varies in (0,+00) and n — oo, one has
E[Ra(2)] = n4s(2) + Oue. (1)

and

Var(R,,(2)) = no?(2) + Ou.c.(1).

Remark A.12. The LLN (2.2.24) follows directly from the asymptotic expansions of
Proposition[11 by a standard application of Chebychev inequality.

Proof of Proposition|[11. First, exploit [27, equation (12)] to obtain the expression of the
probability generating function of R, (2):

S %, k) (ns2)!

> k=1 C(n, k) (nz)*
o) f0+00 " exp {—x(nsz)é} fa(z)dz
f0+oo " exp {—x(nz)é} falz)dz

nz(s—1) Sg IH(ZS)
In(z) '

where s can be considered as a real variable and, for any y > 0,

GRn(z)(S) (A.12)

=€

I(y) := /0+OO x" exp {—x(ny)é} fa(x)dx .

Whence,

and

1 n2® 20-a) [T 1

-r 2y e n+2 {— E} d

o 7 nW) +—5y /0 2" exp  —x(ny)e ¢ folx)dx
2a

1 — 1 ’ n 2(1-a) 2
o ;In(y)_'_?y E jn()(y)'

Differentiation and evaluation at s =1 of (A.12) then yield

_l—a

I (2) n
/ 1) = ﬁ n -
GRn(Z)( ) nz + o +z In(Z) . . In(Z)

(A.13)
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and
}%n(z)(l) = <nz + g)Q ~ 24 (nz + —) z :;iEZ; + 22 ﬁféz (A.14)
= <nz+g>2—a+ {271(2—1—; +1;a} X
X [GIR”(z)(l) —nz— —] + (n;fa %5:2;)

Thanks to the approximation results given in Lemma we can utilize the function E,
therein to get the identities

(nz2)x TV (n2)s I8 (2) + Qi (2) + R (2) /xa

a Iz a4 Q) + B (2) /xa

and
(n2)2 TP)  (n2)s IS5 (2) + Qads (2) + RS (2)/xa

o L) e W) 1 Qua (=) + RO /xa

where Q,, is the same as in (A.2)), x, is a positive constant depending only on «, and the
JE(:;)’S are as in ((A.5)). Moreover, for j = 0,1, 2, define

+00 . a
R§-n) (2) := /0 2" exp {—x(nz)i} E,(x) [—1 — QarT-o + éz((?) dz.
These quantities represent remainders terms that satisfy
" (2)
‘ JX < Kad(B(2) (A.15)

for some positive constant K,. Now, to make some simplifications, set

Y(a,n, z) := (any)" 71(1—22(;1?(2:)

with the same D(z) as in (2.2.26)). Then, for j = 0, 1,2, define
. O LG O LR ©
; :

Xa Cla,n, 2) ¥(a,n, 2)

where 7(z) denotes the unique real, positive solution to equation (2.2.21)), while C(«, n, z)
is the same as in (A.6). Combining Lemmata [A.7| and |A.9| with (2.2.21)) allows to write,
after some straightforward algebraic manipulations, the identities

() ZP() _ Mmoo (02)8 GP(:) _ Na(zn)
o L) T T+e(zn) o> L) L4e(zn)
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where:

1 n ]. _a T n n
e(z,n) == ERQ(O,O) + Té(c)),o) +— QoaT—2 (Z ?) [1 + =Ry01) + ) )] + i)%(() )

(0,1
Ny (Z, n) =n <a + T(Z)> |:1 + HRQ(LO) + 7"@(170):|

a TI\Z ]_ z ]- n n
+ QuaT a()< + > {1+nRg(1,1)+ré(fl)} + R

a  7(2) v
Ny(z,n):=n ( B ) [14— —R 20)4-7“((%0)]
(=) (1, = \'[, 1 () ()
+ Qo= > \a + 7(2) 1+ ﬁRg(Zl) TTen| T Ry
Now, consider the straightforward identity
1 e(z,n)?
——=1- —
1+¢e(z,n) elzn) + 1+¢e(z,n)

The bound (A.15) and Lemma guarantee that

e2(z,n) 1
———~=0uc | =5 |-
1+e(z,n) n
Thus, rearranging of the terms and highlighting only the first orders in the asymptotical
expansion in n, we can write

(n2)s TV (2)

e2(z,n)
1+¢e(z,n)

=[5+ 73]+ [ r55) =] e )

- [; sz)] " [1 ;0‘ <; + T(Zz)> (1 _a2acl(z) - CQ(Z))] *Oue <:L>

= Ni(z,n) —e(z,n)N1(z,n) + N1(z,n)

+

a2 In(2)

= Na(z,n) — e(z,n)Na(z,n) + Ng(z,n)%

—n? [(; + T(ZZ>)2 +n <Cly + T(Zz)>2 (Ro2,0) — Ro(0,0)) | + Ou.c.(1)

_ 2 [(i + T(Zz)f +n |2 ;a (i + T(Zz)>2 <2 _a3ac1(z) - cz(z)> + Ou.c.(1).

Finally, substitute the above expansions in the expressions (A.13) and m G’
and G, (Z)( ), respectively, to obtain

Gl (1) =1 A) + B + Ouc. (1)
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and
G;,%n(z)(l) =n?C(2) +nD(2) + Oy.c.(1)
where:
AR =2
B(z) :=— 1 ;a <; + T(ZZ)> <1 _azaq(z) — @(z))

Q
—~
I
~—
I
/N
I\
_|_
QIr
N——
(V)
|
[SV]
7 N

SOTERV NS A
D= (s ) B -0t ()
L2-0) (1 + )>2 (2_3a01(2) —02(z)>

a  T(z !

with the same ¢; and co as in Lemma At this stage, notice that, with reference to
the quantities u(z) and o2(z) that appear in Proposition [2, one has that A(z) = u(z),
C(z) = (u(z))? and D(z) + u(z) — 2u(2)B(z) = 02(z). Indeed, the first two identities
are evident while the third can be verified via direct computation. Combining the above
identities, one gets

E[Ra(2)] = G, (1) = 1 AZ) + Oue (1)

and
2
Var (Rn(2)) = G,y (1) + G, () (1) — (G;%n(z)(l))
=n? [C(z) — A%(2)] + 1 [D(2) + A(2) — 2A(2)B(2)] + Ou.(1)
and the proof is concluded. |

A.2.0.3 Step 3
We prove the following Berry-Esseen lemma for R, (z).

Lemma A.13. Fiz {y and (1 such that 0 < (o < 29 < {1 < +00, with the same zy as in
Proposition[1. If £ € R satisfies
€] < Co(z)n® (A.16)
for every z € [Co, (1], for some positive constant C, and some § € (0,1/6), then there exists
anoter constant ¢, depending on (g, (1, o, A and C such that
52
2

&€ 351
Ow,(z)(€) —e <ée zn’z,

Proof. Combining with Lemma we get
I,(zs) JO%)(ZS) + Rn(28)/Xa Jéjg) (zs) 1+ Rn(z2s)/ (Xa J(%) (23))

W) IPE 4 R e TR 1+ Ra()] (xa 50 (2))

)

for z € (0,400) and s € C*, where: y, is a positive constant depending only on «, the
J{_fz)’s are as in (A.5)), and, for any y € C*

Ruly) = /;oo o exp {—a(my) ¥} Eo(e) [—1 + ]{;‘Z((”;))] do
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satisfies
[Ra(y)] < Ca I35 (Re(y) (A.17)
with Cy, as in (A.1)). Then, combining Lemma and Lemma we have
(n)
Fi'(zs
e O S T
In(2) fi”’(z)
—7+7°*—7P(n)(z3) () (n)
=5 o mima T 29 (z,8) M) (2, 8),
P17 (2)
2
where
1+ R, (zs)/ (xa Jé’%)(zS))
1 (z,8): =
1+ Ral2)/ (xa 63 (2))
Ao Py (2) Fy (25)
2,8) = :
? ]:én)(z) Pén)(zs)

(n)

Now, combine the above identities with the expression of P

2
in (A.9)), to obtain

in Lemma [A.9) with g as

(n)
P17 (zs
GRn(z)(S) — nz(s—1) 52(11704) £
(2)

= exp {—n [(g(zs) — 25 — log(s)) — (g9(z) — 2)|} R (z,5) RS (2, 5) Ry (2, 5),

Dfign) (z,8) SRgn) (z,8)

ﬁ/‘\
B

N|=

with

(n) _ 4| azt+7(z)(1—0a)
Ry (z8) = \/azs +7(28)(1 — )’

Now, let ¢y, (») denote the characteristic function of the variable W, (z). That is,

i &
= exp{ } GRn(z) <e ﬁa(z))
= exp expy —n |g ze\/ﬁif(z) —g(z) — =z e% -1 = & %
Vo (2)
X3 i€
X 9‘%&” (z eff’(z ) mé“) <z,eﬁv(z)> S)%gn) <z,e\/ﬁa<z)> .

If ¢ satisfies (F.4), then [78, Chapter IV, Lemma 5] guarantees that

OW, (=) (§)

i&
eViox) — 1‘ < '
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i€ i€
We apply Taylor’s formula to g <e \/ﬁf’(z)> — g(z) and then to (e Vno(z) — 1> to obtain

Ow, (=)&)

where

R (z,€)

ot [ 2) (-5
+ %ang”(z) [(eﬁgm - 1)2 L&

no?

1 ic 3l i€
+§nz3 (eﬁow — 1) / q" (z [1 +t (aﬁo(z) - 1)D (1—t)*dt ;.
0

Recalling the definitions of u(z), 0%(z) and g(z), we conclude that

Ow,(2)(E)
2 i€ ig i€
= exp {52} i)‘{gn) <z,eﬁa<z>> S%gn) (z,e\/ﬁa(z)> 9‘{:(3") <z,e\/ﬁa(z)) D‘ifln) (2,€).

By combining Lemma Lemma and [78, Chapter IV, Lemma 5] we prove that the

function
R (2,€) := 9‘{5”) (z,eﬁif(z)> %gn) (z,e\/ﬁiff('z)> SRgn) <z,e\/ﬁi§<z)> %Eln) (2,€),
defined for z € [(o, (1] and & satisfying , is continuous and satisfies
RO (2,6) =1+ Oy (n*%%) . (A.18)

We refer to Appendix [A.2.1 for a detailed proof of (A.18). Lemma [A.10 then guarantees
that for every z € [(o, (1] and & satisfying (F.4)

=30 ‘9%(”) (2,8) — 1‘ < 8(z,6),

where S(z,§) 1= sup,ey }9‘{(”) (2,€) — 1’ is continuous, hence bounded on compact sets.
This allows to conclude that tlhere exists a constant ¢, depending on (g, (1, o, A and C for
which ‘9%(”) (z,§) - 1] < ¢n~2%3 This concludes the proof. [

A.2.0.4 Step 4

Fix (o and (3 such that 0 < (p < 29 < (1 < 400, with the same zy as in Proposition
Then, combine Lemma [A.13 with the well-known inequality [78, Chapter V, Theorem 2]
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to obtain that

€ -e%
z —e 2 5
| Fw, ) — @] S/ PWa(2) d¢ + Cn "
7 Jlg<co(z)n §
1 ,ﬁ 52
n SOWn(z)(f) —e 2 2¢ too =% 5 5
§/_1 ; d£+n735+% N d¢ + Cn
= Il—FIQ—{—CN’I’L_d

hold for any z € [, (1], with C = max,e(c, ¢,)[Co(2)] 1.
To bound I, combine the triangle inequality, [78, Chapter IV, Lemma 5], [20, Section
8.4, Theorem 1, Equation (4)], and the elementary inequality e=® > 1 — z, to write

Ow,(2)(€) = ey ;
3

< EWa(2)l + 5E [Wa()?] Il + 5 Ie].

The combination of Proposition 11| with Lemma[A.10 entails the existence of some positive
constant M; for which, for any 2z € [{y, (1],

Var(R,,(z))

EW, ()]l < = ot

< M .

Analogously, there exists a positive constant M; for which, for any z € [y, (1],

E[W3(2)] < Ma .

Whence,
2M; My +1
<= 2 i .
n 2n?
To bound I, notice that
¢ 1
Ip=—FT10,— |,
? n=35+3 ( 2n2>
where I'(a,z) = f;oo t2~le~tdt denotes the incomplete Gamma function. Now, recall

that, as n — +o0

1
r (0, 2712> ~ 2log(n).

See, e.g., [69, Equation (8.4.4) and Equation |(6.6.2)]. Whence, there exists some positive
constant ¢; for which )
I < ¢ log(n)n~2+%,

To conclude, for some positive constants C7,Co, we can write
HFWn(z) - @HOO < Cin~t 4 Cylog(n) n"2t38 4 G,

It is easy to see that for every ¢ € (0,1/6), min (5, —-36 + %) > %, which produces ([2.2.25))
by choosing § = 1/8.


https://dlmf.nist.gov/8.4.E4
https://dlmf.nist.gov/6.6.E4
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A.2.1 Proof of Equation (A.18)

Fix ¢y and ¢; such that 0 < {y < 29 < (1 < 400, with the same zy as in Proposition [1} and
z € [Co, C1]. Set 7(zs) := §(1/(azs)), with the same function ¢ as in Lemma Then,
there exists some positive §, depending only on (o, (1, for which the map s — 7(2s) is
holomorphic in the disc |s — 1| < 5. Preliminarily, note that if s = e\/ﬁsz(z) with £ satisfying
(F.4), [78, Chapter IV, Lemma 5] entails

23
eVRos) — 1‘ < ‘

§

<Cn’ 32 Al
no(z) sCn'z, (A-19)

|s —1| =

so that there exists 7 € N such that for every n > n,

it s_1 =
evroz) — 1| <Cn’ 2 <.

(n)

Concerning the behaviour of R;", write
S s) — 2
R (e15) = Troh = 14 [(s) — (0] [ - ()] + 2L DAT),
with B(s) = R, (29)
Xa Iy (25)

The combination of (A.17), Lemma and Lemma yields, after straightforward
computations,

Co J§7 (2)

D] < =
Xa Jé,o)(Z)

= 6 1+l

where ¢(z) := Cy aT-a Xa ! [7(2)/2] is continuous and strictly positive on [Cg, ¢1]. Moreover,

from Lemma
1+ %Rfé(z) + Tgnl) (2)

and, by the same argument,
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Now, by the fundamental theorem of calculus,

1
A(s) —H(1) = (5—1)/0 H'(1+t(s—1))dt.

It can be easily seen that s — $(s) is holomorphic in {w € C : Re(w) > 0}. The
combination of this fact with the bound (A.19) entails that there exists a continuous
function G : [¢p, (1] — (0, +00), not depending on s and n, for which

1

19(s) — H(1)] < G(z)Cn’ 2.

Concerning the behaviour of 9‘{&”), note that %gn) (z,s) is the product of two terms. As
to the former, apply Lemma to obtain

Whence,

N

%gn)(z, s) =1+ Oy <n5_

(n)
h ® ! 1 (2)?
Wy OV =1-¢(z) +
F1(z) 1+%R%(z)+rl (z) 1+e(2) 1+e(z)
2 2
Whence,
(n)
Pl (Z) 2
7 -1 < lR; (2) + r™(2)| + £(2) .
Fi(2) noe 1+ ()
2
For the latter, Lemma again shows that
Fi (zs) . (
?)7 — 1| = | =R (zs) +r™(zs)].
P (25) no 2

2

If |s — 1| < &, we conclude that

P (2) . F (25) )
Fi(z) n Py (2s) n
2 2
Whence,
. Pi(e) Fi(es) |
P’ (#8) = S Sy L Oue <>
]—"% (2) 73% (zs)

Concerning the behaviour of f)‘ign), rewrite %é")(z, s) as

N[

[t
=

(14 H(s))"

=:S

(n) _ 4 az(s—1)+ (1 —a)[r(zs) =7(2)]
Ry (z8) =5 <1 * az+ (1 —a)r(z) )

Now, if z € [¢o, (1] and |s — 1| < 4, there exists some positive constant Mz for which

(4 Ho() 72 = 1| < My |H(s)]
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Moreover, Lemma, entails

|T(zs8) — 7(2)| < z/ls d

&T(zs) < Ci(z)|s —1]

for some continuous function C7 of z. Whence,

a+ Ci(z)
az+ (1 —a)7(2)

where the function Cs is continuous. Thus, if s fulfills (A.19), we get

o)< | [ls-11=ca)ls -1

|H. (s)] < Ca(z)Cndz

and, consequently,
1

i)f{én) (2,8) = 52 (1+H, (s))fé =1+ Oy (n‘s*?) .

Concerning the behaviour of Dﬁifln), elementary properties of the exponential combined

with [78, Chapter IV, Lemma 5] yield

(n) — / ce L 2 ce
R (2,€) = exp { A v i Ak

3 ¢3 1 i
+1nz3 730 § / q" (z {1 +t <eﬁf<z> — 1>D (1—t)2dt
2 n20(2)3 o

for a suitable C' € C with |C| < 1. Note that, if |s—1| < 4, it also holds that [14+t(s—1)| < &
for all ¢ € [0,1]. Moreover, the function ¢ — ¢"”’(z[1 + t(s — 1)]) is bounded on [0, 1], if
z € [Co, C1]. Therefore, we get

1

1
57 1=+ 520"+ 52 [ el o= D)1 =02 dt] <G(:)

for some continuous function G : [(p,(1] — (0,400) not depending on ¢ and n. To
conclude, apply again |78, Chapter IV, Lemma 5] to show that, for any ¢ satisfying ,
it holds
(n) ‘§|3 3 35—1
’9{4 (z,ﬁ)—l‘gG(z) - < G(z)C°n>7 2.

nzo(z)3

Whence,

Htg\::
n
»
Il
—_
+
)
N
I
/N
S
T
[ I
N———

Recalling that Eﬁ(")(z,ﬁ) is defined as the product of these four terms, and since 0 >
8~ 4>08-1>-1forée (0,1), we conclude that R™(z,) = 1+ Oy (n¥73).
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B Details on the proof of (2.1.4) and (2.1.6) for a =0
B.1 Proof of Equation (2.3.5

i€
Preliminary note that if s = eY™02®) with ¢ satisfying (2.3.2), then [78, Chapter IV,
Lemma 5] entails

i€ &' 1
ns z 577
|s — 1] = [eVe02® —1’ <|l————| <Cn’2.
Vnso(z)
In particular, there exists n € N such that, for every n > n,
‘f <7
Vnsoa(2) 3

) (n)

From now on, we assume n > n. Concerning the behaviour of D , rewrite R} (s) as
R (s) = 1+ R(n(sA + 1)) + R(nA) — R(nsh) — R(n(A+ 1)) + €(s),

where

E(s) = R(n(sA + 1)R(nA) — [R(n(sA + 1)) + R(nN)] e(s) +

with
e(s) := R(nsA) + R(n(A+ 1)) + R(nsA)R(n(A+1)).

From ({2.3.3), it holds

3 3
R < <
[Rw)] < 272 |w| ~ 272 nA

for every w € {n(sA + 1),ns\, n(A+ 1),nA}, since |w| > nA. This implies
(n) 1 6 _ 1
RO 1< 5 g e ad (€)= 0w ().

Thus,
%gn) (s) =14 Oy (nil) .
(n) (n)

Concerning the behaviour of R, 7, rewrite Ry’ as

sA+1
Then,
1\2
(n) oy _ ’: ST _
\9%2 (s) — 1 <1+5A+1> 1'
+o0 1 k
s—1 5 s—1 s—1
pu— <
SA+ 1 kz_%)<k:+1) [SAJFJ = sA+1'CS(S)’

where the last identity holds if ]%\ < 1—¢, for C; a continuous function only depending
on € > 0. Since, for ¢ satisfying (2.3.2), [sA + 1| > A, there exists n € N such that for
every n > n

D=

<l-—¢

s—l’ C s5_

< Z
SA+1| A"
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and c
‘iﬁgn)(s) - 1‘ < Cq(s) X nd3.
We conclude that )
R (5) = 1+ O (n'7).
Concerning the behaviour of f)%gn), upon noting that the function f is holomorphic in the

disc of center 1 and radius 1, argue as for i)‘{fln) of the case a € (0,1) to conclude that

R (5) = 1+ Oy (n35—%) .

i§
Altogether, we proved that, for s = eV™0A) with ¢ satisfying (2.3.2) and for every
n>n,

Recalling that (™) (€) is defined as the product of these three terms, and since 0 > 36— 3 >
o — % > —1 for any ¢ € (0, %), we conclude that 9%(”)(2,5) =1+0,.e. (n?";_%).

C Details on the proof of the SLLN ((1.2.9)

C.1 Proof of Equation (2.4.1) for a € (0,1)
By standard combinatorial relations,

4 4 4 4—r "
{n} _ {n} — _1)4r {n} ; {n}y .
| (6 e []) ] = St (s [ > st [i] (@
where S(r, j) denotes the Stirling number of the second kind, and (x);; := g;& (x — 1)
is the falling factorial of x. Now, rewrite the explicit expression of the falling factorial

moments of K}{Ln} already given in section as

n CT(O/a+j) < jmi(I\ L0 +ia+n) T'(0)
E | (k)] = T(6/a) ;(_1) (z) M6 +ia) T0O+n)
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Setting # = An, resort again to [89, Equation 1] to obtain

A a—1
{n} — . 2T 1) — -1
E|HMu] =n- D -1 - Lyn s +0 (@)
E|({™)| =n?- 55 (L—1)
A a—1 200 —1
-1+ 1L —L? 1
+”a[( AL a1 | tow
(n} 5 N 3
E[(K{™ys] =0 S5 (- 1)
2?2 a—1 200 — 1 3a—1
2.3 |(L-1)°—L L? -3
n 3a2[( ) 200+ D) At 2+ 1)
+ O (n)
E (K] =n*- 23 (L)'
A3 a—1 200 — 1 3a—1
5.2 13(L-1)*+L — 312 L3
SRl b A v T W B i Tp ey
4o —1
74 2
L )\+1]+O(n)

where L := (%)a Since E {(K}{Ln})u =E [Kr{z"}}, the above identities lead to

r 12 A2 A a—1
E|KW| =n2- 2 (L-1)=n-2(L-1)L 1
K| =0t ) —mn ) Ale+0()
r 13 A3 A2 a—1
E|KM =n? 2 (L-13-n?- 35 (L-1)2L 0
] n a3( ) n a2( ) 2(}\+1)+ (n)
_ ~4 3
IE_K,{L”}_ :nS-%(L—l)B
A2 a—1 200 — 1 3a—1
2 3 2 3
B3 L-1-L— -
LR [( VLIt oA+ 1)

+0(n).

Therefore, (C.1) reduces to

E [(K,{L”} —E[K{")] )4}
— —3E [K] 6B K] * 6B (K] E (k5] = 128 [ B (5 ]
—4E [Kf%"}} E [(Ki"})w} + 6E [(K{gn})w] +E [(K}{Ln})w}
=n' Ala,\) +n* B(a,\) + O (n?)
with

4

Ql(a,/\):%(L—l)4(—3+6—4+l)
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and

B(a,\) =2 2\; {3(L -1)

L—1)°
A+1 ( )

a_
— L2
A+1 A+1
1

—6(L — 1)+ (L — )L)\Jr +3(L—-1)3

P PR R N RS

R e

1 -1 1
—3(L —1) [2(L _qp ool g2 L? 30‘ }

A+1 A+1

5 200 — L gr 3o — —L }

+3(L -1 >\+1 >\+1 A+ 1 A+1

Finally, straightforward algebraic computations show that
Ao, A) =B(a,\) =0,
proving equation (2.4.1)).

C.2 Proof of equation (2.4.1) for a« =0
Arguing as in Appendix [C.1, one gets

E [(K,{L”} “E [K;gn}] )4}
— _3E [K;gn}] ! F6E [K,{L"}} ’ F6E [Kg"}} ‘K [(K;i"}) w] ~19E [Kg"}} E [(K,{L”})u}

—4E KM E [(K{)1a] + 6B | (5] + B [(KM)a]

Now,
E[(K{) 1] = n - Ado(n, \)
E [(K{) 0] =n? - X2 [@2(n, A) + 1(n, A)]
E [(K{m) 5] = nd - A3 [@3(n, A) + 300 (n, )1 (n, A) + Ba(n, \)]
E :(Kg"m : AL [®5(n, \) + 6B (n, N)®1(n, \) + 4®¢(n, \)Pa(n, \)
_ +30%(n, A) + ®3(n, )]
where

®i(n,A) = 1 (n(A+ 1)) =9 (n))
and () denotes the polygamma function [69, Section (5.15)]. Making use of the asymp-

totic expansions of the polygamma functions for large argument [69, Equation (5.11.2)],
one can write

CIDO(n, )\) =L+ ﬁ +0 (n_2)

<I>1(n, )\) = —


http://dlmf.nist.gov/5.15
http://dlmf.nist.gov/5.11.E2
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where L = log (%) Whence,

: ] 1
nhy ] — . -1
E(Kn )il_ n )\L+2()\+1)+O(n )
i ] A
] = 2 222 4 m - _
B |(K{)2] =n® XL+ 0 2 (L= 1) +0(1)
E [ (ki I omdonrd o2 3™ (L2 +0(n)
[V ) A+1\2
- - 3
E |[(Ki™), :n4-A4L4+n3-2AA+1(L33L2)+0(n2).

Since E [(Kén})u} =E [Kén}}, this also gives

- -9 A
E _Kr{Ln}_ :n2 )\2L2+an +O(1)
2

200+ 1)

r 13
E|Ki™ | =nd X313 +n?. 302 +0(n)

- -4 3
E K| =nt ML 403 2L3)\);L1 +0 (n?).

It follows that

E {(K,{L"} K [Kg"}] )4] =n*-AN) + 03 B\ + 0 (n?)

with
AN) = ML (-3+6-4+1)
and
L2 2 1
_ 3 . 2 o o 2
%(/\)_2>\L{ 3>\+1+3L +3L[)\+1L )\+1} 6L

ot 3 L—2—L +3L3+L(L2—3L)
2A+1) " A+1\ 2 A1

Straightforward algebraic computations show that

proving equation (2.4.1).

D Proofs for Chapter E

D.1 Details on the proof of lemma
D.1.1 «a€(0,1)

Based on the distribution of K, [80, Equation 3.11], a direct calculation shows that

_ T'(An/a+s) Z(_l (s) L' +ia+h) T'(In)

{n} S—1
E | (5] = rowfa) 2= ) TOn+ia) TOw+h)



D. Proofs for Chapter|3] 97

so that

ol T2 45) S o n(S\T(\+2)n + ka — ) D(An)
E[( Lon) )4 } (=1) k(k)l“()\n—l—ka)l“(()\—i—:n)n—tm)

where we are denoting by v, = zn — |zn]. Since 0 < t; < 1 for all x € [0, 1] and for all
n € N, we can apply the asymptotic expansion for ratios of gamma functions [89, Equation
1] to obtain, after calculations analogous to those of Appendix

lim sup ! — ’IE [(K{n} )¢S] — (0 - (ma(2))® + 071 Sy( ‘ =c

n—=00 yef0,1] 1

for some constant ¢, with

o ey =1
S(x) = { L5 m, (@) = (2) Otz (A4)" %
X {()‘iz)a(as—l)—i—l—a] m;/\z(x) it s > 2.

It remains to show that B, \(z) = 0:

Baa(x) = md \(x) [(=12+ 12 = 4)S1(z) + (6 — 12+ 6)] + 6m (x) S2(x)
+max($)53( ) + Sa(x)
= —4m} \(2)S1(x) + 6} 5 (2) Sa(x) — 4ma A (x) S3(2) + Sa(x)

=) [0 ()]
(A%}\—x)m (6_ 2(4aa— 1)) - ()\i\—x)a 2(1;04)]

Where the last equality can be easily verified by substituting the expression for mq x(x).

9 oz
T+ A

D.1.2 a=0
Arguing as in appendix [C] we obtain
¢1_ =n-A®y(n,\, )

¢2- n® - A? [®§(n, A, z) + ®1(n, A, z)]

@ &6 =B #H

( )

(K [

(K™ 5] =003 [@3(n, A, 2) + 300 (n, A, 2) @y (n, A, ) + Ba(n, A, 7)]

( ) A DG (n, A, ) + 605 (n, A, 2)@1(n, A, 7) + 4Dg(n, A, ) P2 (n, A, 7)
+30%(n, A, 2) + ®3(n, A, 2)]

where

®i(n, A\, z) = @D (n(A + ) — @ (nX)

and ¥(® denotes the polygamma function [69, Section (5.15)].
Making use of the asymptotic expansions of the polygamma functions for large argu-
ment [69, Equation (5.11.2)], one can write


http://dlmf.nist.gov/5.15
http://dlmf.nist.gov/5.11.E2
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lim sup % : ’IE [(KE;}LJNS] — (0 (ma(z))* + 0t SS(J:‘))‘ =c

n=00 4ef0,1] M

for some constant ¢, with

20Fa) ifs =1
Su(z) = 2 (L(z) — 1) if s =2
’ 38 (LL%(2) — L(z)) ifs=3

290 (L3(z) — 3L%(z)) ifs=14
where L(x) = log ()‘—;(‘”) Whence,

B(x) = —4NL3(2)S1(x) + 6A2L2(2)S(z) — ANL(z)S3(x) + Sa(z)
= )\l‘i‘in . [L3(:L') . (_2 +6—6+ 2) + L2(l‘) . (—6—|— 19 — 6)]
-0

D.2 Details on the proof of Lemma m

We begin by proving the following lemma:

Lemma D.1. Asn — +oo, for alli € {1,...,d+ 1},

(i) -1
) _(AteT
nEI-&I-looai_l’anJ+l_( A )
(i)
zya—1 L
p{n} a.s. (A%) a Zfl =1
i—1,|nz] (1—00&:—3))@ C T2z )T > 2
(iii)
q{”} &5 1 yi=t
i—1,na| Azt AT ity 4 Aot 4f > 2

Gi—1)!

where convergence in (i), (it) and (ii) is uniform for x € [0, 1].
Proof. By definition of az{fi ] +1 (13.2.10)),

LIl (A — i+ 2+ @) gt
_ (A +2)n+l-1) Thn-—i+2+aq)
T T(Z+xm—i+24+a—r1,) - T(hn+1)

where we are denoting by v, = zn — |zn]. Since 0 < t, < 1 for all x € [0, 1] and for all
n € N, we can apply the asymptotic expansion for ratios of gamma functions [89, Equation
1] to obtain the desired asymptotics.
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For what concerns piﬁm I recall

aKL{:ZgJ +An X
{n} . 7)«%}{1@@ lf T = 0, 1
pnh—l B (rflfa)K{ni Lna |
N [na] ifr>2

K I
n (1«

(63
h-%)

{n}
(T*l*&) . K’rfl,tnzj : >
(eA—=) - ifr>2

ey ifr=0,1

since sup, t;/n < 1/n — 0, it sufficies to apply lemma to obtain the desired asymp-
totics.

Analogously,
q{n} _ 0 o ifr:(): 0 o ifr=20
el 7@;:11&;? ifr>1 (ij;f“% o it
and the desired asymptotics follows from lemma (3.2.2 |
Recalling the definitions of (Pf:jj)” and (Rfﬁ J)i,j’ lemma [D.1|implies
0 ifj>i4+2

—ca Mz N if =i+ 1,0 >2

{n} a.s. _
<PmeJ>i’j—> (zp2)* ifi=j=lori=1j=2
Ci_o )\l—ocxi—Q(x 4 )\) a—i—1

i AT T 4 N) T ifi=j5 > 2.

and

()@Y

ifi=j=1,
N ;g 232+ 0) 2792 — oy 2 o+ N) 27 =1, 522
{n} a.s, o B

(RLnIJ)i,j — )\2(1—04){01.72 cj—2 $Z+]_4($ + )\) 200—1—j—2

- [Cz’—l Cj—2 + ¢ci—2 Cj,l} g;i+j—3(m +A) 20—i—j—1

+ci—1¢j—1 72 (2 N) QO‘_i_j} ifi,5 > 2.

uniformly for x € [0, 1], where

(1—a)rm

Cr = |
T

Finally, recalling that

{nyo  _ {n} {n} {n} {n}
i (z) = i1, nz)+1% -1, [nz]+1 [(PLnxJ)m N (RLWJ>1-J]
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all the above results entail FZ{;L} (z) =% fij(z) uniformly for z € [0, 1], where

o\ —l-a 2\ —2 e - .
(32 "= (5 ifi=j=1
) =A@+ NP Az (@A) ifi=1j=2
37 |:—Cj—2 I 2 (NP g2l (o4 )\)_2} ifi=1,j2>3

X2 [ iR (g AR eyt (@ A2
_)\4721'{012_2 a2 (g 4 A)
—2¢i1 Cig - a? T (w4 )7
AT CEPY) ifi=j>2
fij(z) = ey P2 gi1(y 4 yyim1-a
_)\3—2i{ci_2 Ciot - 223z A) A
—leiiciitcioe] -2 a4 N) 7

teimr a4+ N2 ifi>2,j=i+1

— i {6242 cj—o - (2 4 A) T
— [Cz’—l Cj—2 + ci—2 ijl] . :L'H_j_g(l‘ + )\)_3

+ci—1 cj_l-xi+j_2(x+)\)_2} ifi>27>i+2

fj,i({L‘) if 7 > j

(D.1)
All that remains to prove is that

1
Ii,j = /0 fi’j(ﬂj‘) d$ = (Fa)‘)i,j .

Exploiting the identities [52, Equation 3.197.8] and |1, Equation 15.3.3] we obtain

! A B )‘B 1
M= 2 R (A+1,-BA+2 =
/Om (x+ ) 11 2 1( +1,-5;A4+72; A)
(A+1)B 1
=— ol |1LA+ B+2;A+2;,——
AMA+1) S ’ A

Applying such identity allows, after straightforward but tedious computations, to show
that for every i,j € {0, ...,d}
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A“[—cj_w_ﬂf?’ B 8~ 11/

J
—2
oy P o P (1,5 - 13 —1/A)] i=1j>3
X220 ey BEI T R (L — 0 20— 15 —1/3)

+ei 1()\+1)1 2— 02F1< — Z —1/A)]

322 O P (1,21 — 232 — 3, —1/))
—261‘—101‘—2@;;?273 oF1(1,2i — 1,20 — 2, —-1/))
Zij(x) =
-2
ez B (1,262 - 1, —1/A)] i=j>2

—c _1)\1““‘_2"w oF1 (1,1 — aji;—1/A)

-\ [Ci—QCi—l ()\51)274 2£1(1,2i = 1;2i = 2, -1/

—(c? +Ci—20i)()\22 )1 oF1(1,24;2i — 1; —1/X)

teie A LRy (1,2 + 132 —1/A>] i>2j=i+1
. . —4
e M PR (;\:jllg, oFi(Li+j—2i+j—3;—-1/))

—(ci—1cj—2 + Ci—QCj—l)(;\:j)g oF1(1,i4+j— 10475 —2;-1/))
i S DR (L4 i - 1 —1/>\)] i>2,j> 042
fii() i>]
(D.2)

which, rewritten in terms of H , matches the definition of I'y .

E Proof of (4.3.6) and of the LLN (4.3.7)

The proof of (4.3.6) follows the same lines when « € (0,1) or a = 0, relying on repre-
sentations (4.3.1) and (4.3.2) respectively; we split the two cases for the sake of clarity.
The LLN (4.3.7) follows directly from (4.3.6) and its proof is carried out at the end of the

section.

A (A+1) A\ A N2, —a)x A1 L4
21550 (1) - () + 5 e (%) i=1j=2
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E.1 Proof of (4.3.6) in the case a € (0,1)

We resort to representation (4.3.1) which, in the regime § = ™m,n = vm, j = om,
becomes

K 2@ (K5 Bz oy (z-0m)

By the law of total expectation and recalling the expression for the mean of the beta-
binomial distribution, the asymptotics for the mean of K, in theorem and the
definitions of my » and 4, ;. , in the case a € (0,1),

E [K,(;})} =K [E [Q (K:w B(g+g)m,(i—9)m> ’K’j””

« T+ o«
=FE | K} -
[m T+V:|
T+ o«
=m- o(1
- Ma T+ UV + (>

=m- Maruvo+ O(1)

By the law of total variance, and recalling the expression for the moments of the beta-
binomial distribution, the asymptotics in (4.3.6) and the definitions of mg x,5,\ and
Far,e i the case a € (0,1),

var (K
_E [Var <Q (5 Blzsaym (5-0)m) ‘Kmﬂ
4 Var (IE [Q <K:n7 B(z4) m,(i—é’)m) ‘K;D

_ . (T +00)(v — 00) a (K7)? (7 + o) (v — ga) am
=B K (1 +v)? <1_(T—|—V)m—|—a>+ m (1 +v)? (T+v)m+a

+ Var (K;kn : TT—:_QVQ>

T+ oa) (v T+ oa)?
:[m-ma,,\%—O(l)]-( +(€'—)F(V) [1+O( ﬂ +m-5a,A((::|_Qy))2+O(1)
m? - mi,)\ + O(m) (T + oa) (v — o) o 1

+ m ' (r+v)? [(T+V) 0 <m>]
_ (1 + 0a)(v — o) (1 + ga)? (1 + 0a)(v — 0a)
= [ T o T i SRR 0

=m-Sarve+ O(1)

E.2 Proof of (4.3.6) in the case a =0
We resort to representation (4.3.2) which, in the regime 8 = 7m, n = vm, becomes
K2 Q (K5, 5)

By the law of total expectation, and recalling the expression for the mean of the binomial
distribution, the asymptotics for the mean of K}, in (??) and the definitions of mg ) and
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'//O,T,l/,ga

E [Kgp] ~E [E [Q (K;,;, %) ‘Km”
sl ]
=m-moy +0(1)

=m - Moruv+ O(1)

By the law of total variance, and recalling the expression for the moments of the binomial
distribution, the asymptotics in theorem and the definitions of mg x, s0,\ and A4 71,0,

v ) - o o0 ) )] v e fo s ]

:E[K;L'%}+Var(f(fn~§)
2

:m-mm-2+0(1)+m-5m%+0(1)

E.3 Proof of the LLN (4.3.7)
To prove the LLN (4.3.7), we fix ¢ > 0 and combine Chebychev inequality with the
(variance) asymptotic expansion (4.3.6). In particular, we write

) w [ e®
. K\ E{Km}

m

- > ¢ :PHK,S;U —IE[K(”)” > me]

Var (ng))

m2e?
1
=0 () —0
m

as m — +00. Since the asymptotic expansion (4.3.6) of I [KT(:)} implies that m™'E {K,(#)} —
Moy rv,0 a8 M — 00, the proof is concluded by means of Slutsky’s theorem.



F. Proof of the CLT (4.3.8)) 104

F Proof of the CLT (4.3.9)

We begin by providing some detail on the sketch of proof presented in section Equality
(4.3.15) follows from the chain of equalities

Fm(x):/o P[Qm <m/fa7ug+\ﬁy&7”9x] fcz, (d2)

_ / PV < VN [ Moz, —(,u()z)] + Sarvo®
0 o(z
[ (e S o
{

+ /+OO FV <\/ﬁ [%a,’r,u,g - H(Z)] + ya,T,V,Ql')
0

m o(2)
= I (2) + T (x).

| s @2

3

o (f (Moo - (/;()z)] + Farvo x) } s ()

The following two lemmas make use Proposition |7|and the CLT for K}, i.e. (4.3.5) of
theorem [4.3.1] and are instrumental to the proof of (4.3.16)) trough Proposition

Lemma F.1. IfY is a Gaussian random variable with mean 0 and variance s, x, then

(e )]

for every x € R.

Proof. We introduce a standard Gaussian random variable Z, with Z independent from
the random variable Y. By a standard property of conditional probability,

o <M'(m°‘7A)Y + Lo l’) _p |:Z < Iu/(ma,)\)y + Sorvo® Y:| 7
which implies

o (ma,,\) g (mcm)
/ o
E |:(I) (M (ma,)\)Y + ya,r,u,gx>:| _p [U(ma,A)Z 2 (5a,)\)Y < $:| '
g (ma,)\> tSﬂom-,l/,g

To conclude, notice that o(ma, Aé),i T’i "Ea)Y i¢ 5 linear combination of independent Gaussian

random variables, hence it is Gaussmn with mean 0 and variance

0® (map) +55 5 - (1 (Ma,0)”

=1,
‘yc% TV, 0
where the last identity follows from Proposition |7l This completes the proof. |

Lemma F.2. Let v : [0, +00) — R be a continuous function such that 1) € C1((0,400)).
If the function v has bounded (first) derivative, then as n — +oo

il (G

) - wm,n} 0y A (0, (8 (man))%52 )
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Proof. By means of the fundamental theorem of calculus, we can write that

*

virlo (52) - pman)| -

=n <KT*” —ma)\> /1w’ <ma,,\ +t [K’*” —mm,\}) dt. (F.1)
m 0 m

By (4.3.4), we have that m™ K}, —m, ) 250, as m — +oo. Since ¢ is bounded, as
m — +00

1 K*
/ @Z/ <moz,)\ +1 |: n;n - moc,)\:|> dt i> @Z/(ma,)\) (F2)
0
and, by (4.3.5)), as m — +o0
K w 2
vn i —ma ) = N (0,87,,) - (F.3)

From (F.1), with (F.2) and (F.3), the proof completed by means of Slutsky’s theorem. W

F.1 Proof of proposition @ in the case a =0
Proof of (4.3.10) and (4.3.11). By a simple computation,

E[Qu(2)] = [mz] - ——
:mz-T+V—(mz—Lsz)'T+y

Since mz — [mz] < 1 by definition, this proves the first equality. For the second equaility,

Var (Qu(=) = bme) - 10
:mz-m—(mz— Lsz)m

=mo?(z) + O(1)
so that the O(1) again accounts for the fact that we are discarding the floor function. W

Proof of (4.3.12)). This is the standard Berry-Essen bound for the binomial distribution -
see |78 Chapter V, Theorem 4]. [ |

F.2 Proof of proposition @ in the case a € (0,1)
Proof of (4.3.10) and (4.3.11). By the law of total expectation,

BIQn (2] = B £ |Qn)| Bz c0)m (50 |

= 12 B B2y m (5-0) m
T + o« T+ o«
—— — (mz — |mz]) - p——

=mz
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Since mz — |mz| < 1 by definition, this proves the first equality. By the law of total
variance,

Var (Qm(2)) = E {Var <Qm<z> Bz g m,(2—0) m])

Bz sapm(z-m) | + Vo (B[ @m0

= el E (B gy (z-m = Bzaaym (z-aym] 12l Vor (B gy (2yn)
— mz T;Lfya [1 _ TTJ:L@;% taz m] +0(1)

where the O(1) accounts for the fact that we are discarding the floor function and that
we are substituting the exact expression for the variance of B(g +o)m, (£ —g)m with its
asymptotic principal part:

)Z a (7 + ea)(v — ea)
Ste)m, (Z—e)m (tT+v)2(t+v+a/m)
_ a(mt+oea)(v—ea)
(t+v)3[1+a/(tm+vm)]
_ a (T + o) (v — oa) [1 L0 <1>}

(t+v)3 m

m Var (B(

Proof of (4.3.12)). The outline of the proof is as follows: fix § € (0,1/4) and a constant C
and start with the well-known inequality [78, Chapter V, Theorem 2]

&
2

dé +Cm™°

OV (§) —e
Fy ) —®| <
1Py — @l /Elw)m& :

where @y, .y denotes the characteristic function of V;,,(z) and C = max_e(¢, ;] (2) C. For

notational convenience, let B,, = B(:+g)m (2—0)m and define, for z € [y, (1],

Gm(z) = Vm[u(2) — 2By)

__“ _ p2
02(2) [Bm Bm]

and
z (14 0a)(v—oa)

-~ 02(2) ‘ (1 +v)?

Further, let G(z) denote a Gaussian random variable with mean 0 and variance

_ o o7+ 0a)(v — oa)
2 =2 (t+v)3 ’

independent of B,,. In steps 1-3 we rewrite the right-end side of the inequality as

| Fv,) — @[




F. Proof of the CLT (4.3.8)) 107

Then, making use of the triangular inequality, we further split the problem in two parts:

[ Fvie) — @]

. 2 . 2
E |:ezo<§z) Gm(z)gsm(z)] _E [ezgfz)Gm(z)gS(z):|
< dé

- /|§|§Ca(z) ms §

+/ 3
£|<Co(z)m? 5

+ C~'2m2§_% +Cm™°
= I (2) + T2 (2) + Com®~2 4 Cm™°
In steps 4 and 5 we bound L(,})(z) and Ig)(z) for every z € [(p, (1] respectively by
IW(2) < ¢ m2=2 4 em 3/
for some suitable constants c;,c > 0 and
Ifﬁ)(z) <cm
for any v € (0, %) and some constant ¢ > 0 depending only on ~. Thus,

Hva(z) - ‘I)HOO <em® 4+ em 2 4 cym™ + Com 2 4+ Cm 0.
To conclude, it is easy to check that for every § € (0, %) and every v € (%, %),
3 1 1
min (27 67 =2 + 2a7> Z 6’
whence for every z € [(p, (1] it holds
A, -
1Fv,n) — @l < Cm7s

for some constant C' > 0. This concludes the proof of (4.3.12)).
Step 1. Let fp,, denote the density of B, and write

k(=)

RIS

"PQm(2) (x/ﬁi(z)>
‘E [@Q(Lmzi Brm) (Jr?fcr(z))]

= /01 exp {—ifx/ﬁgzi + |mz] log [1 +p (eiém - 1)} } 5, (p)dp

PV (2)

e
— e EVImGE

If £ satisfies
€| < Ca(z)m’, (F.4)

then [78, Chapter IV, Lemma 5] guarantees that, for every p € [0, 1],

P () = [

SCm‘s_%.




F. Proof of the CLT (4.3.8)) 108

i€ i€
Then, we can apply Taylor’s formula to log [1 +p <e Vmo(z) — 1)] and then to (e vme(z) — 1>
to obtain

£z
2 02(z)

1
Prno© = [ exw{—iE i) -l - 0= 5] } . .) fn, ()
_ |:6—’ia(§z>Gm(Z)_€225m(Z) - R (Bum, 2, 5)]

where

R (p, 2,§) = exp {(mz — |mz]) log {1 +p (ezfﬁ%(z) — 1)}

\/Fif(z) 1 d 52

e | (7 1) = (G~ o).
1 2 [< _ g >2 ¢ ]

t ~mzp evmo(z) — 1| +

2 mo?(z)

i 3 rl ig —2
+mzp? (ex/W _ 1) / (2 + tp <eﬁv<z> — 1>) (1—t)%dt .
0

Making use of elementary properties of the exponential together with [78, Chapter IV,
Lemma 5|, we can prove that there exists a constant Cy such that for every z € [y, (1],

every p € [0,1] and every £ satisfying (F.4)
~ 1
[Rm(p, 2,€) — 1] < C1 [ m™ 2.

It follows that

1
< [ Cileglm®3 fp, (p)dp = Cy |€| m> 3
0

Step 2. Now note that

and therefore

az T+ v
= ex —32- +
— P 2 az+17+Vv az4+T+UV

=e 2 (F.6)
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Step 3. Using (F.5) and (F.6]), write
52
7

/ PV (2) (f) —e dé.
€[<Co(z) m? &

- /§|§c o(z) md §

(z)}
= /£|<c (z)md 3 e + Cym S

where Cy = 2C C4 max,e(co,¢;] o (2)-
Step 4. By definition of L(,P(z), Jensen’s inequality and the triangular inequality,

Co(z)md E |:eio(£z)Gm(Z) (e—fsm(z) _ 6_5225(2)>:|
W () = /
—Co(z)ms £

dg

&2 &2
e_jsm(z) — e_ﬁs(z)

L

Co(z)m® E |:
</

N —Co(z)mf |‘£‘

Now note that, for every z € [(o, (1], Sm(z) > 0 a.s., and S(z) > 0. Since the function
[0,+00) — (0,1]; x — e * is 1-Lipschitz, the last term of the above inequality can be
bounded by

=G Sm(z) _ o~55(2)

/Ccr(z)m6 E[ ] d¢ < / e @E[\Sm(z) = S(2)[] d¢

—Co(z)m? €| —Co(z)ms 2

gv%ﬁ&aa—suW]c%%@m” (£.7)

A simple computation shows
E[Sm(2)] = $(2) [1+ 0 (m™)],
which in turn entails
Ek&ﬁ@—swnﬂ:[Ewi@ﬂ—sﬂdy[r+0@fﬂ]

The second moment of Sy, (z) can be written as follows

2,2

E [S2,(2)] = Tl {E[B] —2E B3] +E[Bp]},

reducing the problem to the study of the moments of B,,. By standard results regarding
the beta distribution it is known that, for k € N,
+ v
B[Bh] - P (=2m+k) T (52 m)
T (R m) T (Em k)
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so that, for m — 400, a straightforward application of [89] formula (1)] yields

() 2 o
+ <TJ;ga m)k [1— m+o(m—2)]

:<11T>kb+“ﬁ;”n+o@r%}

where n = n(7,v, 0, ) := % is a constant not depending on k£ or m. Then,
22 T+ o« 2 2n T+ o« 6m
E [S2 = : A+ = -2 1+ —
[Sn(2)] o4(2) <T+V> {[ +m] T+v [ +m]

+ (TTtLQ;)Q [1 + fﬂ +0 (m_z)}

2 2 2 2
Z T+ o« vV — oo 1 T+ o« T+ o«
= : : — . |2n—12 12
at(z) (T+V) {<T+U> R n7+1/+ 77<7_ >
+0 (m~*)}
1

= 52(2) + Eg(za'ra v, Qva) +0 (m—2)’

. 22 T+oo 2 T+oo T+oa 2
with g(z,7,v,0,a) == e ( e ) (20— 12057 + 127 ( —— ) . We can conclude
that

1
VE[(50() — 5G] = —=stemmaa)1+rl
with r, = O (m_l). Since all the asymptotic expansions above hold uniformly on compact
sets, in the sense of |21, Definition A.9], and the function z — g(z, 7, v, 0, @) is continuous,
one can resort to [21) Lemma A.11] to obtain

|Rm| = '\/E [(Sm(z) - S(Z))2 - \;mg(z¢7a v, 0, Oé)

Cc

<
= 32

fro some suitable positive constant ¢. To conclude, plug the above result in (F.7)) to obtain
that for all z € [y, (1],

c
m3/2

IW(2) < e m20-2 4

for some suitable constant ¢; > 0.
Step 5. By definition,

£25(2) ei&:m -1
/R ¢ [fem () (@) = fae)(@)] do | d¢

Co(z)m _€25(2) e _ 1
< [T e o) — fao )] do
—Co(z)mf R £
Co(z)mf £25(2) eifz -1
:/ [/ e 2 ‘ d¢ |fcm(z)($) - fG(z)(x)} dz
R | J—Co(z)m? §
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Making use of |78, Chapter IV, Lemma 5] and of the elementary properties of the Gaussian
density write the bound

8

/Ca(z)m _25(2)
e 2
—Co(z)m?

i€x 1 Co(z)mf 29(,
¢ ‘dgg/ o5 g de

§ Co(z)md
2 z
< laf /6_5 s2<>d§
R

2
S(z)
Hence, letting c(z) = 52(’;),
2 < e2)- | lol o) = oo @) da (F.5)
For z € R,
0 g v, vt — ) .
fon (@) = oz gy (B8 - =) T (R )

= Ym(2) if £ ¢ [—vmu(z), vym(z — p(z))]

fo@ (@) = 27382(2)(3}(13 {_2;;} '

Introduce v € (0,1/2) and let A,, = ¢m?, with ¢ a positive constant such that —u(z)y/m <
—Ap <0< Ay < (2= p(2)y/m for all z € [(p, (1], and write the integral in the RHS of

as
/]R’x‘ : ‘me(z)(x) — fg(z)(aﬁ)‘ dz

and

—vmp(z) —Am
_ / o fa (2 dr + / 2] - [tom(@) — fgo (0)] da

—00 —vmpu(z)
—Am
+ /A 2] - [1om(@) — fago ()] da
vm (z—u(z)) +o0o
4 / 2] - [don () — Fesgoy ()] + / © fom(@) de
Am vm (z—p(z))
— A —Anm
S/ _fo(z)($)dx+/ ( )|x]¢m(:c)dx
—00 —vmu(z

— A

i (z—p(2)) o0
4 / 2] Y () d + / * foen (@) da
Am i (z—p(2))

= (I) + (IT) + (III) + (IV) + (V)

The terms (I) and (V) vanish exponentially fast as m — +oo, in fact for any ¢ > 0

+0o0
/ T fg)(z)dr = e **G),
¢
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whence

and

_CZWFV
s(2)

(V) = NeT 26

112

We now study (II) and (IV). By a straightforward application of Cauchy-Schwartz in-

equality,
(H):E[IG G U, elvmu) -4 ml}}
< VNar (Gu()) [P [Gn
Now,

Var (G (2)) = m=* Var (By) = 22 2T Qa)(l; — 0a) [1 Lo <T1n>]

(t+v)3

for some suitable constant ¢;. By Chebichev’s inequality

P (Gn(2) € [~V (=), —Anl) < P (Grn(2) < —Ap) +

Var(G (2))
< 7142

< 22eém™%

for a suitable constant ¢s. Combining these results we obtain

(II) < 22 ém™
for ¢ = +/¢1 ¢2. The same argument allows to prove

(IV) < 22em™

P (Gn(z) > Am)

To assess the behavior of (III), use the well-known asymptotic expansion of the Gamma
function for large argument [69, Equation (5.11.3)] and some simple algebraic rearrange-

ments to write that, as m — +o0,

T—{—Qcy (v — o) THoa x -1
~ Vo a(t +v) T+v  mz

v—oa

T+oa
r+v\ e [(r4v\ © [(T4+0a @
T+ o« v — o T+v  Jmz

) g)qgm)

- {m' [ o los (1 - mxu<z>) rg o <1 T UG- )

1
' V2T

where

U, (z,x) - %gm)

(T + ) (v = 0a)
V(2 @) = \/ 2a(r+v) <T+@O< _

T+v vmz
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and oy
* T
R(™) _ (2 m) .
LoD (T m) D (2 m)
We focus first on the behavior of these last two terms as m — —+oo; simple algebraic
rearrangements allow to write

alt +v)3 1
U, (z,2) = \/ 3 :
22(T + oa) (v — oo efrtv) (1 1 ) z¥(r4w)?
( 0 )( 1% ) 1 + Vmz (V—QOC ’T-‘rQOé> mz(T+oa)(v—oa)

-5 o))

uniformly for z € [(p, (1]. Resorting again to [69, Equations|(5.11.3) and (5.11.4)], we also

obtain N 72
1+ 12 (74+v)m +0 (m )

= o (T+v) _
L+ 12 (74+0a) (v—oa) m +0 (m 2)

R =14+0(m™").

uniformly for z € [(p, (1]. For the exponential term, use Taylor’s expansion of the logarithm
around 1 to write

T+ oa z v —oa x
ey | s (- ey ) e s (U e
p{ [ =1 <1 ()) : (1+ )]}
_ Jrtea( & o
_exp{m{ a <\/EIM(Z) 2mu2(2)>

where

R (z,2) = exp {m [ (10g <1 ) mxmz)) + me%z))

e x x x?
T (l"g <1+x/m(z—u(2)))_W(Z—M(Z))+2m(z—u(Z))2

As m — +o0o,

3
(m) _ x
Ny (9072)—1+O<ml/2>

uniformly for z € [{y, (1]. Combining all the above results we can write

_ 1 L R )] = fao (@) [+ Ron(as )]
wmm—wexp{ 22()} n(@,2)] = fao) (@) [1+ Run(a, 2

1,3
Rm(flf,Z) =0 <W>

uniformly for z € [(p, (1]. Resorting again to |21, Lemma A.11], this in turn implies

C 23
(@) = Jo (@) < —173
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for every x € [— A, A and z € [(o, (1], for some constant C' > 0, whence
—Am
@) = [ ] (o)~ foe(@)] da

—A 3
m Cx
S/ |:1"|'m1/2 dz

A77L
CE [G(z)‘l]
i
In conclusion,
2 m2Y _02 m2Y
1@(:) < 2 [ 4 T HT | 22 em™ +CE[G()Y] m2

ﬁ

2

Recalling that v € (0, %), we conclude
Ifﬁ)(z) < Co(z)m™7 < ecam™

for some continuous function Cy : [y, (1] — (0,+00) depending only on v and ¢y =
maxe(¢,,¢,] C2(2)- u

G Additional numerical illustrations

This section collects additional figures displaying the performance gap between the Mittag-
Leffler credible intervals and the Gaussian confidence intervals, and its behavior with

respect to the additional sample size m on the datasets, both synthetic and real, considered
in Section [4.4]

G.1 Synthetic data

Figure complements the analysis of the synthetic datasets in Section (Table
and Table ; in particular, it displays the coverage of the Mittag-Lefller credible interval
(blue) and of the Gaussian credible interval (red) as a function of m € [0,5n]. The
coverages are evaluated at a uniform mesh of 50 points over [0, 5n], as for Figure Monte
Carlo algorithms to obtain exact credible intervals and Mittag-Leffler credible intervals
apply 2000 Monte Carlo samples.

Figure [5.4] confirms the behavior of the coverage observed in Table the coverage
of the Gaussian credible intervals is nearly constant in m, with values oscillating between
95% and 100%. Instead, the coverage of the Mittag-Lefffler credible intervals is, for all
values of m, lower than that of the corresponding Gaussian credible intervals; such a
coverage increases in m.

G.2 Real data

Figure complements the analysis of the real EST datasets in Section (Table and
Table ; in particular, for the tomato flower, Mastigamoeba, Mastigamoeba normalized,
and Naegleria anaerobic EST datasets, it displays BNP estimates of /C,, ,,, with 95% exact
credible intervals, Mittag-Leffler credible intervals and Gaussian credible intervals as a
function of m € [0,5n]. Credible intervals are evaluated at a uniform mesh of 50 points
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Figure 5.4: Coverage of the Mittag-Leffler credible interval (blue) and of the Gaussian credible interval (red) as
a function of m € [0, 5n].

over [0,5n], as for Figure Monte Carlo algorithms to obtain exact credible intervals
and Mittag-Lefler credible intervals apply 2000 Monte Carlo samples.

For the tomato flower, Mastigamoeba, Mastigamoeba normalized, Naegleria aerobic
and Naegleria anaerobic EST datasets, Figure [5.6| shows the coverage of the Mittag-
Leffler credible interval (blue) and of the Gaussian credible interval (red) as a function of
m € [0,5n]. The coverages are evaluated at a uniform mesh of 50 points over [0, 5n], the
same values of m considered for Figure and Figure 5.5

Figure [5.6] confirms the behavior of the coverage observed in Table the coverage
of the Gaussian credible intervals is nearly constant in m, with values oscillating between
95% and 100%. Instead, the coverage of the Mittag-Lefffler credible intervals is, for all
values of m, lower than that of the corresponding Gaussian credible intervals; such a
coverage increases in m.
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Figure 5.5: BNP estimates of Kp,m (solid line —) with 95% exact credible intervals (dashed line - -), Mittag-Leffler
credible intervals (violet) and Gaussian credible intervals (pink), as a function of m € [0, 5n].
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