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Research Context and

Contributions

Compared to a century ago, physicists now work on topics well beyond the
traditional boundaries of physics. This broadening reflects not only their cu-
riosity and adaptability, but also their ability to stylise complex phenomena,
capturing simultaneously micro-level mechanisms and macro-level patterns.
In recent decades, this approach has played a pivotal role in advancing the
study of complex systems, an interdisciplinary field that attracts researchers
from physics, economics, sociology, biology, and many other domains.

My research falls within this field and spans two main areas that, while
distinct in application, share a common methodological foundation rooted in
statistical physics.

The first line of research focuses on opinion dynamics and social influence,
specifically examining how peer interactions shape individual decisions and,
ultimately, collective societal outcomes. Indeed, imitation plays a central role
in human society: it functions both as a fundamental learning mechanism
and as a social strategy, grounded in the need for belonging and acceptance.
Individuals often adopt dominant behaviours not because they are better
informed, but out of fear of exclusion. However, evidence indicates that con-
formity is not always beneficial, neither for individuals nor for society as a
whole.

In our studies, we analyse the trade-off between personal information and
the social pressure to conform, and how this interplay gives rise to emergent
collective patterns. Using agent-based models, we investigate the conditions
under which individuals conform, follow prevailing trends, or resist peer influ-
ence. We also examine the role of imitation versus randomness in decision-
making. Key results include the identification of phase transitions in col-
lective behaviour and insights into the emergence of meritocratic outcomes.
Our analyses indicate that relying on individual information (or, in some
cases, random choice) can produce more desirable results than imitation-
based strategies. These models apply to a wide range of real-world phe-
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6 RESEARCH CONTEXT AND CONTRIBUTIONS

nomena, from opinion polarisation and cultural diffusion to viral trends and
financial behaviour.

The second research direction lies in the area of econophysics, where tools
from statistical physics are applied to financial systems. Specifically, we
present a systematic and original comparative study of several non-Gaussian
distributions commonly proposed for modelling asset returns (i.e., relative
price changes), including the Student’s t, q-Gaussian, Truncated Lévy and
Modified Weibull distributions. While each model has been individually pro-
posed as suitable for fitting empirical data, we adopt a unified calibration
framework that allows for a consistent comparison of their statistical prop-
erties and pricing implications. Through both qualitative and quantitative
analyses, we show that, despite their functional differences, these models pro-
vide coherent representations of heavy-tailed return behaviour. This finding
clarifies the relationship between alternative modelling approaches and con-
tributes to a more flexible and empirically grounded understanding of finan-
cial dynamics.

From a methodological perspective, this work is based on agent-based
modelling, Monte Carlo simulations, and analytical techniques from statis-
tical physics, including stochastic processes and mean-field approximations.
All simulations are implemented in Python, chosen for its flexibility, clarity,
and extensive scientific libraries.

The research presented in this thesis is based on the following publications:

- [1] De Domenico, F., Caccioli, F., & Livan, G. (2025). Peer in-
fluence breaks ergodicity in an opinion dynamics model with external
information. Journal of Physics: Complexity, 6 (4), 045007;

- [2] De Domenico, F., Caccioli, F., Livan, G., Montagna, G., &
Nicrosini, O. (2024). Imitation versus serendipity in ranking dynamics.
Royal Society Open Science, 11 (7), 240177;

- [3] De Domenico, F., Livan, G., Montagna, G., & Nicrosini, O.
(2023). Modeling and simulation of financial returns under non-Gaussian
distributions. Physica A: Statistical Mechanics and its Applications,
622, 128886.

Thesis Outline

The dissertation is organised as follows. Chapter 1 provides an overview of
complex systems, covering core concepts spanning statistical physics, stochas-
tic processes and computational techniques. Emphasis is on instrumental
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notions for the original work next presented, without aim of completeness.
Chapter 2 examines two agent-based models we developed to study how
social influence shapes individual decision-making and leads to emergent col-
lective behaviours. Chapter 3 compares non-Gaussian models proposed for
financial data and examines their implications for statistical modelling and
option pricing. Finally, Chapter 4 summarises the main findings, discusses
the limitations of the models and outlines directions for future research.
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Chapter 1

Complex Systems: an Overview

Complex systems represent a broad and interdisciplinary field of research
concerned with understanding how collective phenomena emerge from the
interactions of many components. Such systems often exhibit common struc-
tural and dynamical features despite spanning seemingly disparate domains,
from biological networks and ecological systems to financial markets and so-
cial institutions.

This chapter outlines the theoretical framework underlying the study
of complex systems, with particular emphasis on socio-economic contexts.
Rather than aiming for completeness, the goal is to provide a coherent foun-
dation for the original research presented in Chapters 2 and 3.

We begin with the fundamental notions of interaction and emergence in
Section 1.1, emphasizing how macroscopic patterns and structures can arise
from simple local interactions. This leads naturally into a discussion of key
features shared by many complex systems (including self-organisation, hi-
erarchical structure, scale invariance, and adaptability) which recur across
physical, biological, and socio-economic domains. Statistical physics is in-
troduced in Section 1.2 as a central theoretical framework for connecting
micro-level dynamics with macro-level outcomes and, in order to address the
role of uncertainty and fluctuation, the chapter introduces stochastic pro-
cesses, including Markov processes and stochastic differential equations. The
discussion progresses to stable (Section 1.4) and heavy-tailed (Section 1.5)
distributions, which are instrumental in modelling systems characterised by
large fluctuations, extreme events, or scale-free behaviour. These include
Lévy distributions, power laws, and Pareto-type inequalities, all of which
are commonly observed in socio-economic data. In Section 1.6, critical phe-
nomena, phase transitions, and mean-field approximations are then explored
as frameworks for understanding abrupt systemic changes and collective be-
haviour. In this context, the Ising model serves as a paradigmatic exam-
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10 CHAPTER 1. COMPLEX SYSTEMS: AN OVERVIEW

ple. Computational methods are discussed in Section 1.7, focusing on Monte
Carlo techniques and agent-based models. Finally, Section 1.8 introduces key
concepts from network theory.

1.1 Interaction and Emergence

Complex systems are generally defined as systems composed of a large num-
ber of non-linearly interacting elements whose interactions lead to the emer-
gence of non-trivial properties which characterise the system as a whole. This
is, of course, just one of several possible definitions of complexity [4, 5].

Complex systems are a broad and profoundly interdisciplinary field, en-
compassing a diverse range of phenomena from both the natural and human-
made worlds. Examples include the brain, bird flocks, social structures, finan-
cial markets, traffic flows, and the Internet. Accordingly, its study benefits
from the contributions of professionals across multiple disciplines, including
physicists, economists, physiologists, psychologists, and computer scientists,
to name just a few.

One of key concepts of complex systems is emergence, standing in con-
trast to the reductionist approach. Both emergence and reductionism assume
that reality can be organised into distinct levels of structure, yet the latter
holds that a system can be fully understood by breaking it down into its
constituent parts (each governed by fundamental laws) and that higher-level
phenomena can, in principle, be entirely explained by lower-level mecha-
nisms. In contrast, the emergentist view asserts that novel properties can
arise from non-linear interactions among these components, which cannot
be predicted solely by analysing the system’s individual elements [6]. This
idea is often encapsulated in the expressions “more is different” formulated
by P.W. Anderson and “the whole is something besides the parts” [7–9].
A canonical example of emergence in statistical physics is provided by the
Ising model (Sec. 1.6.1), which exhibits phase transitions that cannot be ob-
served by examining individual spins in isolation but arise only through their
coordinated interactions. Such behaviour exemplifies the core principles of
emergence and underscores the relevance of statistical physics as the theoret-
ical foundation for studying complex systems, as further discussed in Sec. 1.2.

In recent decades, scientific interest in complex systems has grown substan-
tially, accompanied by an increasing demand for tools and methodologies ca-
pable of analysing and managing their inherent intricacies. Since the 1980s,
significant progress has been made in the quantitative study of this field,
driven by the development of theoretical frameworks and advances in com-
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putational modelling. A notable demonstration of the relevance of such ap-
proaches emerged during the COVID-19 pandemic, when epidemic spreading
models proved that quantitative and algorithmic frameworks can effectively
anticipate the outbreaks of infectious disease [10]. These models are thus par-
ticularly valuable in contexts where empirical data are scarce or unreliable,
providing essential support for, among the others, public health decision-
making [11].

The centrality of complex systems to modern science was further under-
scored by the awarding of the 2021 Nobel Prize in Physics, which recognised
“groundbreaking contributions to our understanding of complex physical sys-
tems.” Half the prize was shared by Syukuro Manabe and Klaus Hasselmann
for their pioneering work in the physical modelling of Earth’s climate, in-
cluding the quantification of variability and the reliable prediction of global
warming. The other half was awarded to Giorgio Parisi for his discovery of
the interplay between disorder and fluctuations in physical systems across
scales, from the atomic to the planetary [12].

It is fair to say that, despite such recognition, a degree of scepticism
persists among those unfamiliar with the role of physicists in addressing
problems that lie beyond the traditional realms of physics [13]. One of the
aims of this work is to challenge that view by demonstrating that physicists,
equipped with robust theoretical tools and computational methodologies, are
well-positioned to contribute meaningfully to the study of complex systems.

1.1.1 Key Properties

We now turn to a set of characteristic properties that consistently appear
across a wide range of complex systems, following [4, 8, 14].

a) Self-organisation: Complex systems often exhibit the spontaneous emer-
gence of structured, ordered patterns through internal reconfiguration.
This phenomenon is particularly evident under conditions far from equi-
librium, when a system may reach a critical point at which small per-
turbations are amplified, driving the system through bifurcations into
new configurations. Such behaviour is typical of biological and social
systems, as well as of physical settings such as crystallisation, chemical
oscillations, and dune formation.

b) Adaptation: Adaptation refers to a system’s ability to modify its in-
ternal structure or behaviour in response to changes in the external
environment, enabling it to sustain performance under varying con-
ditions. Mechanisms such as learning, evolution, or optimisation are
often involved.
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Figure 1.1: Illustrations of the property of self-similarity.
Upper panel: adapted from [15]. Left: An artificially created self-similar curve, where
magnification of a tiny portion of the line results in exactly the same image as the previ-
ous view. Right: The naturally occurring Mississippi River drainage basin with a portion
of the river drainage expanded to show its similarity to the whole. A scale bar is irrelevant
in this figure because of the scale-invariant property.
Lower panel: adapted from [16]. Self-similar function obtained by summing random vari-
ables from a Gaussian distribution. Several successive ‘zooms’ reveal the self-similar nature
of the function. Note however that, for high resolutions, one observes the breakdown of
self-similarity, related to the existence of a discretisation scale.
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c) Hierarchical structure: Many complex systems are organised across
multiple scales, with elements at one level forming components of more
extensive subsystems at the next. A typical example is the physical
hierarchy of matter: atoms form molecules, which in turn constitute
crystals.
Hierarchies can also emerge spontaneously as ranked structures that
shape the flow of information, resources, and influence across different
levels of a system. For instance, urban environments naturally develop
stratified population distributions, with large metropolitan centres co-
existing alongside smaller towns and villages. A further example is
provided by brain activity [17–21]. Brain dynamics are organised hi-
erarchically across multiple spatial and temporal scales: microscopic
neuronal interactions give rise to mesoscopic population activity, which
in turn supports macroscopic dynamics involving large-scale brain net-
works. This hierarchy is dynamical as well as structural, with fast, lo-
cal processes embedded within and modulated by slower, global brain
states through cross-scale interactions such as cross-frequency coupling.
Such organisation enables functional specialisation at lower levels while
supporting large-scale integration, flexibility, and robust cognitive func-
tion.
A further familiar example can be found in social systems, where hi-
erarchies often arise on the basis of factors such as wealth, power, or
achievement [22].

d) Scale invariance: Closely related to hierarchical organisation is the ab-
sence of a characteristic scale, whereby systems display similar struc-
tural or dynamical patterns across different magnitudes of observation.
A hallmark of such scale-free behaviour is the emergence of power-law
distributions, in which the probability p(x) of observing an event of
size x follows the relation p(x) ∼ x−α, where α is a positive scaling ex-
ponent. Unlike exponential or Gaussian laws, power-law relationships
lack a typical scale (Sec. 1.5.1). This property is observed in diverse
natural and social contexts, such as the branching architecture of cir-
culatory and neural networks, the fractal geometry of coastlines, or the
recursive patterns in crystal growth (Fig. 1.1).

1.2 The Foundation: Statistical Physics

One of the most intriguing aspects of statistical physics lies in its broad ap-
plicability across domains that appear unrelated but can nonetheless be anal-
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ysed within a unified framework. At first glance, condensed matter physics
and socio-economic systems may seem to belong to fundamentally distinct
modelling domains. Upon closer inspection, however, both share a common
objective: explaining how microscopic interactions give rise to macroscopic
behaviour, an insight enabled by the methods typical of statistical physics.

Statistical physics studies the laws governing the behaviour of macro-
scopic systems composed of a large number of individual constituents [23].
The macroscopic scale refers to phenomena accessible to direct observation,
while the microscopic level involves interactions among the system’s funda-
mental components. Due to the overwhelming number of degrees of free-
dom, exact analytical solutions are typically unfeasible. Statistical physics
addresses this challenge by adopting a probabilistic framework that focuses
on the collective behaviour of macroscopic observables [24, 25]. Statistical
mechanics provides the mathematical structure to connect microscopic dy-
namics with macroscopic thermodynamic quantities [26], revealing regular-
ities that emerge only examining the system as a whole, emphasising the
central principle of emergence.
Notably, the connection between physics and the social sciences was rec-
ognized nearly a century ago. In his essay “Il valore delle leggi statistiche
nella fisica e nelle scienze sociali” [27], written around 1930, Ettore Majo-
rana emphasized the “formal analogy between the statistical laws of physics
and those of the social sciences” and proposed an “identity in value and
method” between the two. Interestingly, the use of statistical framework to
analyse social behaviour anticipates its formal application in physics. In fact,
the discovery of regularities in demographic data (e.g., birth rates, mortal-
ity, or crime statistics) played a central role in the development of modern
statistical methods. These patterns, which emerged despite the apparent
unpredictability of individual actions, inspired early scholars to seek quanti-
tative, physics-like explanations for social phenomena [28].

A paradigmatic illustration of this cross-domain applicability is provided
by the Ising model. In the physical context, magnetisation arises when indi-
vidual spins, each capable of adopting one of two orientations, tend to align
in the same way. If spins behave independently, magnetisation is unlikely
to emerge. However, when a spin’s orientation is influenced by that of its
neighbours, a collective order can form, resulting in a macroscopic magnetic
phase. Analogous mechanisms appear in social systems, as exemplified by
Schelling’s model of residential segregation [29]. In such models, individuals
may occupy one of two possible states (e.g. binary voting setting), and their
decisions are influenced by the preferences and opinions of the community
around them. From this perspective, the core models used to describe phys-
ical and social systems reveal a striking structural similarity.
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At first, it may seem counterintuitive to apply stylised, physics-based
models to human behaviour, given the multifaceted and nuanced nature of
social interactions. Indeed, human decisions are shaped by beliefs, emo-
tions, history, and expectations, which are features that have no counterpart
in inanimate systems. Nevertheless, statistical physics provides an effective
framework for capturing the essential features of social phenomena: by fo-
cusing on large-scale patterns rather than individual peculiarities, it becomes
possible to uncover emergent regularities shaped by the underlying network
of interactions among individuals. Although individuals are far more complex
than atomic spins, their aggregate behaviour can still exhibit predictable fea-
tures, allowing for meaningful analysis through simplified models. Of course,
notable differences remain between the two systems. Unlike atoms, indi-
viduals often act strategically to maximise personal utility, particularly in
economic contexts (although this self-interested behaviour can lead to inef-
ficient collective outcomes [30, 31]). Furthermore, while magnetic systems
evolve based solely on prior configurations, human actions often incorpo-
rate expectations about the future. The presence of foresight, emotion, and
irrationality marks a clear departure from the mechanical determinism of
physical systems. Yet, paradoxically, it is precisely this complexity that mo-
tivates simplification: by abstracting from individual detail, we can detect
emergent traits shared by otherwise unrelated systems.

Given the inherent randomness in these systems, we are naturally led to
introduce the concept of stochasticity, a defining feature of systems in which
it is impossible to determine all relevant variables through deterministic laws,
with probability theory in this context capturing both variability and uncer-
tainty [32].

1.3 Stochastic Processes

Stochastic processes provide a powerful framework for describing systems
whose evolution in time is governed by probabilistic rules [33–37]. Formally,
a stochastic process is a family of random variables (Xt)t∈I indexed by time,
where I may be discrete or continuous, leading to discrete- or continuous-time
dynamics. The system’s behaviour is characterised by its joint probability
distributions

p(x1, t1; x2, t2; . . . ; xn, tn), (1.1)

which specify the likelihood of observing values x1, . . . , xn at times t1, . . . , tn.
Our primary focus is on discrete-time processes; a supplementary treatment
of continuous-time processes can be found in [38].
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A process is said to be stationary if these distributions are invariant under
time translation:

p(x1, t1 + s; . . . ; xn, tn + s) = p(x1, t1; . . . ; xn, tn) ∀s ∈ I, (1.2)

implying that its statistical properties remain constant over time, a common
assumption in physics and economics.

Historically, stochastic modelling emerged from 17th-century gambling the-
ory and matured through the contributions of Bachelier, Einstein, Langevin,
and Itô [32, 38, 39]. Brownian motion, first observed by Robert Brown in
1827, provided a unifying description of irregular yet statistically regular mo-
tion [40]. The theoretical explanation was then provided independently by
Einstein in 1905 and by Smoluchowski [41] and later refined by Langevin [42].
Einstein explained this as the result of molecular collisions [43], while Langevin
introduced a stochastic force (white noise) to capture its random impacts [42].
This formulation, later formalised by Itô, laid the foundations of stochastic
calculus.

Remarkably, the earliest formal model of stochastic motion was not phys-
ical but financial. In 1900, Bachelier proposed a model for price fluctuations
in the Paris market [44], laying the foundation for modern financial mathe-
matics. Bachelier’s discussion can be seen as a discrete model of Brownian
motion, which is called random walk; this definition was introduced by Karl
Pearson in 1905 to identify a process whose path is given by random steps.

1.3.1 Markov Process

A key simplification arises when a process satisfies the Markov property,
namely when the conditional probability of the future depends only on the
present state and not on the past history:

p
(
xt+s | xt, xt−1, . . . , x0

)
= p
(
xt+s | xt

)
, (1.3)

where p(xt+s | xt) denotes the transition probability of moving from state xt

to state xt+s. Although no real-world process is perfectly Markovian, many
exhibit short enough memory to be treated as such for practical purposes.
Such memory-less processes include the symmetric random walk and, in con-
tinuous time, the Wiener process W (t).
A Wiener process W (t) is a continuous-time stochastic process with the prop-
erties listed below [34,45]:

a) Initial Condition: W0 = 0 almost surely; that is, with probability 1,
though there may exist a set of outcomes of measure zero for which
this does not hold.
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b) Independent Increments: For any 0 ≤ t0 < t1 < · · · < tn, the incre-
ments Wt1 −Wt0 ,Wt2 −Wt1 , . . . ,Wtn −Wtn−1 are independent random
variables.

c) Stationary Increments: The distribution of the increment Wt+s − Ws

depends only on t, implying temporal homogeneity.

d) Gaussian Increments: For any 0 ≤ s < t, the increment Wt−Ws is nor-
mally distributed with mean zero and variance t− s, i.e., proportional
to the elapsed time.

e) Continuity of Paths: With probability 1, the function t 7→ Wt is con-
tinuous, though it is nowhere differentiable.

The Wiener process is central to stochastic calculus and quantitative finance
(Sec. 3.6.1), providing a tractable model for memoryless noise. Notably, the
term Brownian motion can refer both to the physical phenomenon observed in
nature (e.g., the erratic motion of pollen grains in water) and to the stochastic
process used to model it mathematically (i.e., the Wiener process).

1.3.2 Stochastic Differential Equations

Stochastic differential equations (SDEs) generalise ordinary differential equa-
tions by adding a noise term, usually driven by a Wiener process. Depending
on how noise interacts with the system, it may be additive (which is inde-
pendent of the system’s state) or multiplicative (which scales with the state
of the process). Three canonical examples illustrate their behaviour [46]:

a) Brownian motion, in the physical sense, refers to the random diffusive
motion of a particle suspended in a fluid, whose probability density
evolves according to the Einstein diffusion equation1. The Wiener pro-
cess is the canonical mathematical model of this phenomenon: it has
continuous paths and Gaussian, stationary increments. More generally,
it admits a Langevin representation with additive white noise:

dX(t) = σ dW (t), (1.4)

with X(0) = 0. Its solution is

X(t) = σW (t),

1Einstein showed that the probability density ρ(x, t) for the position of a diffusing
particle satisfies ∂ρ/∂t = D∂2ρ/∂x2, where D is the diffusion constant [43].
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and its statistical properties are

E[X(t)] = 0, Var[X(t)] = σ2t.

Hence, over time the displacement follows a normal distribution with
variance growing linearly in t. This example highlights how a sim-
ple random mechanism at the microscopic level leads to well-defined
macroscopic diffusion behaviour.

b) Arithmetic Brownian motion extends the previous model by introduc-
ing a constant deterministic drift term, modelling a system in which
deterministic and random contributions accumulate linearly in time
through additive noise:

dX(t) = µ dt + σ dW (t). (1.5)

The solution is
X(t) = X(0) + µt + σW (t),

yielding
E[X(t)] = X(0) + µ t, Var[X(t)] = σ2 t.

This process was adopted by Bachelier in his early model of asset prices.
The parameter µ controls the deterministic trend: µ > 0 yields an up-
ward drift, µ < 0 a downward drift, and µ = 0 recovers pure Brownian
motion. Since the process is not restricted to remain positive, negative
values may occur, which historically led to the replacement of Bache-
lier’s model by multiplicative (geometric) models of price dynamics.

c) Geometric Brownian motion is central in finance, especially in mod-
elling stock prices, and involves multiplicative noise:

dX(t) = µX(t) dt + σX(t) dW (t). (1.6)

Its solution is

X(t) = X(0) exp

[(
µ− 1

2
σ2

)
t + σW (t)

]
.

The mean and variance are

E[X(t)] = X(0)eµt, Var[X(t)] = X(0)2e2µt
(
eσ

2t − 1
)
.

The exponential growth in variance reflects the compounding effect of
multiplicative randomness over time.
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These examples underscore how SDEs provide a flexible framework to repre-
sent both regular trends and irregular fluctuations.

Whether in physics, biology, or finance, stochastic processes serve as indis-
pensable tools for interpreting the complexity of real-world phenomena and
for understanding how randomness influences dynamic systems.

However, this formulation of SDEs is ambiguous and must be comple-
mented by a proper mathematical definition of the corresponding integral,
which was laid by Kiyosi Itô, who developed a rigorous theory of stochastic
integration in the 1940s. An alternative formulation was later proposed by
Stratonovich. The two interpretations are related, although different, and
the choice between them depends on the application under consideration.

1.3.3 Itô’s Lemma

Itô’s lemma plays a central role in stochastic calculus, as it provides the
means to compute the differential of a function of a stochastic process. In
the following, we focus on the essential concepts relevant to our discussion;
for a more comprehensive treatment of stochastic calculus, the reader is re-
ferred to standard texts such as [34].

Before presenting Itô’s lemma, it is important to understand the nature of
the stochastic integral that underlies the construction of stochastic differ-
ential equations [47, 48]. In the classical setting, the Riemann integral is
built upon smooth functions and limits of sums evaluated at arbitrary points
within subintervals. However, Brownian motion is nowhere differentiable
and exhibits infinite variation on any time interval, rendering the classical
definition inapplicable.

To address this, the Itô integral was introduced as a stochastic integral
with respect to a Wiener process. Given a non-anticipative process φ(t) (that
is, one whose value at time t depends only on information available up to
that time), the Itô integral over the range [0, T ] is formally defined as the L2

limit (i.e., a limit in the mean-square sense2) of sums:

∫ T

0

φ(t) dW (t) := lim
n→∞

n−1∑

i=0

φ(ti) [W (ti+1) −W (ti)] , (1.7)

where {ti} is a partition of [0, T ] with step size tending to zero, and the
integrand is evaluated at the left endpoint ti of each subinterval. This choice

2A sequence of random variables {Xn} converges in the L2 sense to a random variable
X if limn→∞ E[(Xn −X)2] = 0. This is also known as convergence in mean square.
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ensures that the integral is non-anticipative, a key requirement for modelling
systems in which future noise values are not observable.

A crucial property of the Itô integral is that it is a martingale (i.e., at any
time the best predictor of its future value is simply its current value, given
all the information available so far) and, in particular, has zero mean:

E

[∫ T

0

φ(t) dW (t)

]
= 0. (1.8)

Additionally, it satisfies the Itô isometry:

E

[(∫ T

0

φ(t) dW (t)

)2
]

= E

[∫ T

0

φ(t)2 dt

]
, (1.9)

which serves as a foundational result for proving existence and uniqueness of
solutions to stochastic differential equations. The structure of the Itô integral
also leads to the remarkable identity

(dW (t))2 = dt,

which underpins the appearance of the second-order term in Itô’s lemma.

We can now state Itô’s lemma. Let X(t) be a stochastic process satisfy-
ing the stochastic differential equation:

dX(t) = µ(t,X(t)) dt + σ(t,X(t)) dW (t), (1.10)

where W (t) denotes a standard Wiener process (Sec. 1.3.1), and µ and σ
are functions that may depend on both time and the current value of X(t).
Then, for a function f(t,X(t)) that is once differentiable in t and twice in x,
Itô’s lemma provides the differential:

df(t,X(t)) =

(
∂f

∂t
+ µ

∂f

∂x
+

1

2
σ2 ∂

2f

∂x2

)
dt + σ

∂f

∂x
dW (t). (1.11)

This formula encapsulates one of the fundamental departures from classical
calculus: the presence of a second-order term, which arises from the non-
vanishing quadratic variation of Brownian motion and ultimately reflects the
nowhere-differentiable nature of its paths.

One of the most prominent applications of Itô’s lemma is in the derivation
of the Black–Scholes equation for option pricing (see Sec. 3.6).
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Figure 1.2: The Gaussian (solid), Cauchy (dashed), and Lévy (dotted) distributions, all
members of the α-stable family, exhibit increasing tail heaviness and decreasing symmetry.

1.4 Stable Distributions

Among the many probability distributions used in modelling natural and
social phenomena, stable distributions play a central role. First studied in
depth by Paul Lévy in the early 20th century, they are defined by a distinctive
property: the sum of two independent random variables drawn from a stable
distribution, when appropriately rescaled and shifted, follows the same distri-
butional form [49]. This invariance under linear combinations provides stable
laws with structural robustness, particularly relevant for systems governed
by the aggregation of many independent components [50]. Before turning to
a detailed discussion of this property, we first highlight their key features.

1.4.1 Main Features

The behaviour of stable distributions is largely governed by a parameter
α ∈ (0, 2], hence their alternative name “Lévy α-stable distributions”. Man-
delbrot referred to those with 1 < α < 2 and strong positive skewness as
Paretian distributions, which he proposed as suitable models for financial
data in 1960 [51].

Although Lévy’s foundational work provided a full mathematical charac-
terisation of this family, closed-form expressions for the probability density
function f(x) exist only in special cases. Recent developments in compu-
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Figure 1.3: Probability density functions of symmetric stable distributions for different
values of the stability parameter α. All curves are symmetric (β = 0) and normalised. As
α decreases from 2 to 0.5, the tails become increasingly heavy and the distributions more
sharply peaked.

tational algorithms have significantly improved our ability to handle these
distributions, overcoming many earlier analytical limitations. For the general
case, the most useful representation is the characteristic function, defined as
the Fourier transform of f(x):

φ(t) =

∫ ∞

−∞

f(x) eixt dx.

A random variable X follows a stable distribution if its characteristic
function can be written as:

φ(t;α, β, c, µ) = exp (itµ− |ct|α (1 − iβ sgn(t) Φ)) , (1.12)

where

Φ =





tan
(πα

2

)
, if α ̸= 1

− 2

π
log |t|, if α = 1

and sgn(t) denotes the sign function. Stable distributions form a four-
parameter family characterised by [52]:

a) Stability parameter α ∈ (0, 2], shaping peakedness and tail behaviour;
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b) Skewness parameter β ∈ [−1, 1], controlling asymmetry;

c) Scale parameter c > 0, determining the spread;

d) Location parameter µ, governing the central tendency.

The parameters α and β primarily define the distribution’s shape: α
controls tail heaviness, β determines symmetry (β = 0) or skewness (β ̸=
0). It is worth noting that several parametrisations exist in the literature;
in [49], Nolan provided a comprehensive overview of eleven forms and the
transformations between them, which are particularly useful when fitting
empirical data.

When α = 2, the distribution reduces to the Gaussian; for α = 1, β = 0,
it becomes the Cauchy distribution. When α < 2, the variance diverges and
for α ≤ 1 even the mean is undefined. While this may seem problematic,
it is precisely these features that make stable distributions well-suited for
modelling extreme fluctuations, as they are heavy-tailed and can be strongly
skewed, which are features often observed in empirical data but poorly cap-
tured by Gaussian models.

In Fig. 1.2, the few cases where the stable distribution admits a closed-
form expression are depicted: the Gaussian, the Cauchy and the one-sided
Lévy distribution (α = 0.5, β = 1). To better visualise the effect of varying α
while keeping symmetry fixed (i.e., β = 0), Fig. 1.3 shows several stable dis-
tributions on the same scale. As α decreases, the tails become progressively
heavier and the peak sharper, highlighting the departure from Gaussianity
as the variance becomes infinite.

A hallmark of stable distributions is their scale invariance:

pN(x) =
1

N1/α
p
( x

N1/α

)
, (1.13)

namely the system remains statistically self-similar when the observation
scale changes. This fractal-like behaviour, as noted in [38], implies that “the
whole looks like its parts.” Such self-similarity (Sec. 1.1.1) has been observed
in systems in financial markets, internet traffic and other complex systems.
However, as discussed in the context of emergence, this property may break
down in complex systems where “the whole becomes not only more than but
very different from the sum of its parts” [7].

1.4.2 Central Limit Theorems

The significance of stable distributions lies primarily in their role as limiting
distributions. According to the classical Central Limit Theorem (CLT), the
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sum of independent and identically distributed (i.i.d.) random variables with
finite variance converges to a Gaussian distribution as the number of terms
increases. This underpins the widespread empirical appearance of Gaussian
behaviour in both natural and social systems, especially when fluctuations
are modest and additive in nature: this is why we speak of the “standard”
distribution [53].

However, in many real-world systems the relevant quantity is the prod-
uct of many small random factors, such as in models of compound interest,
population growth, or asset prices evolving through proportional changes. In
these cases, the multiplicative version of the CLT applies, which is a conse-
quence of the additive version. Given two positive variables x1 and x2, we
have:

x1 · x2 = elnx1 · elnx2 = elnx1+lnx2 .

For N variables, it follows that:

N∏

i=1

xi =
N∏

i=1

elnxi = exp
{ N∑

i=1

ln xi

}
.

Taking the limit as N → ∞, we obtain:

lim
N→∞

N∏

i=1

xi = exp
{

lim
N→∞

N∑

i=1

ln xi

}
.

Defining SN =
∑N

i=1 ln xi and S ′
N =

∏N
i=1 xi, we obtain:

lim
N→∞

S ′
N = exp{ lim

N→∞
SN}. (1.14)

In summary, if the variables have finite moments, the sum limN→∞ SN con-
verges to a Gaussian random variable due to the additive CLT. Consequently,
the product S ′

N converges in distribution to a log-normal random variables
as N → ∞ [39].

When the assumption of finite variance is relaxed, the classical CLT no longer
holds. In such cases, an extended version of the theorem applies: the sum of
i.i.d. random variables with heavy-tailed distributions and infinite variance
converges to a stable distribution with stability index α < 2. This result
considerably broadens the scope of convergence theorems [32,54].

A key property underlying this generalisation is the stability of the family
itself: if X1, . . . , XN are i.i.d. random variables drawn from a stable distri-
bution with parameters (α, β, c, µ), then their sum S =

∑N
i=1 Xi also follows

a stable distribution, with updated parameters:
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- Stability index: α (unchanged);

- Skewness: β (unchanged);

- Scale: c → N1/αc;

- Location: µ → Nµ.

The stability of the distribution arises from the property that the character-
istic function of the sum of two independent stable random variables is the
product of their characteristic functions.

This generalises the Central Limit Theorem to distributions with infi-
nite variance, thereby broadening its domain of applicability and reinforcing
the idea that systems composed of many interacting random parts need not
converge to Gaussian behaviour, especially when large fluctuations dominate.

A natural question arises: how can one adopt distributions whose moments
may be infinite or undefined to model real-world systems? In fact, Lévy-
stable distributions have proven highly effective in modelling diverse phe-
nomena, such as foraging paths of animals (e.g., albatrosses), fluctuations in
stock markets, and even physiological signals. For example, the inter-beat
intervals of healthy human heart rhythms follow a Lévy distribution with
α ≈ 1.7, whereas for patients with heart failure the distribution becomes
more Gaussian [55].

Two main strategies are commonly employed to address the problem of
infinite moments. First, one can restrict the domain of the distribution, im-
posing finite support so that all moments are finite, as discussed in [3, 39].
Second, one can use truncated versions of stable laws (such as Truncated Lévy
Distributions), which maintain heavy-tailed behaviour over a finite range but
decay more rapidly beyond a certain threshold. These approaches reconcile
theoretical generality with empirical realism.

This topic will be further illustrated through numerical simulations and
visualisations in Chapter 3, where we present concrete examples of the Cen-
tral Limit Theorems.

1.5 Heavy-Tailed Distributions

In the previous section, we explored the Central Limit Theorem in both its
classical form, leading to the Gaussian distribution under finite variance,
and its generalised version, which incorporates stable distributions notable
for their heavy tails and lack of finite variance.
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These broader cases motivate the introduction of heavy-tailed distribu-
tions, so called because the probability of extreme events (namely outcomes
far in one or both tails of the distribution) is higher than standard light-tailed
models like the Gaussian [50,56].

Formally, a distribution is considered heavy-tailed if its tail is not expo-
nentially bounded. That is, for large x, the probability p(x) decays slower
than e−x. Several distributions of interest fall into this category, including the
log-normal, Lévy, Pareto, and power-law distributions. In this dissertation,
particular attention will be given to four heavy-tailed families that are espe-
cially relevant to socio-economic systems: the Student’s t, the q-Gaussian,
the Modified Weibull, and the Truncated Lévy distributions. These will be
analysed in detail in Chapter 3.

Notably, while all stable distributions with α < 2 exhibit heavy tails, not
all heavy-tailed distributions are stable. We now focus on power-law distri-
butions, which play a central role in modelling socio-economic phenomena
and various forms of collective behaviour.

1.5.1 Power Laws

A power-law distribution is characterised by the fact that the probability
of observing a value x of a variable decreases as an inverse power of that
value [53, 57]:

p(x) = C x−α, (1.15)

where α > 0 is the exponent and C is a normalisation constant. For the
distribution to be normalisable, we must restrict the domain to x ≥ xmin > 0,
and typically α > 1 is required. Furthermore:

- The mean is finite only if α > 2;

- The variance is finite only if α > 3;

- In general, moments ⟨xm⟩ exist only if m < α− 1.

In practice, many empirical distributions follow a power-law behaviour
only in their tails, motivating the use of xmin to exclude the non-asymptotic
region. If plotted on a double logarithmic scale, power-law distributions
appear as straight lines:

ln p(x) = −α ln x + lnC. (1.16)
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Figure 1.4: Cumulative distributions of twelve quantities which follow power laws, from [53]. Data
in the shaded regions were excluded from the calculations of the exponents. (a) Numbers of occurrences
of words in the novel Moby Dick by Hermann Melville. (b) Numbers of citations to scientific papers
published in 1981, from time of publication until June 1997. (c) Numbers of hits on web sites by 60 000
users of the America Online Internet service for the day of 1 December 1997. (d) Numbers of copies of
bestselling books sold in the US between 1895 and 1965. (e) Number of calls received by AT&T telephone
customers in the US for a single day. (f) Magnitude of earthquakes in California between January 1910
and May 1992. Magnitude is proportional to the logarithm of the maximum amplitude of the earthquake,
and hence the distribution obeys a power law even though the horizontal axis is linear. (g) Diameter of
craters on the moon. Vertical axis is measured per square kilometre. (h) Peak gamma-ray intensity of
solar flares in counts per second, measured from Earth orbit between February 1980 and November 1989.
(i) Intensity of wars from 1816 to 1980, measured as battle deaths per 10 000 of the population of the
participating countries. (j) Aggregate net worth in dollars of the richest individuals in the US in October
2003. (k) Frequency of occurrence of family names in the US in the year 1990. (l) Populations of US cities
in the year 2000.
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A common way to represent power-law distributions is through the cumu-
lative distribution function (CDF) and the complementary cumulative dis-
tribution function (CCDF), both of which also exhibit power-law behaviour
in the tails. The CDF is defined as:

P (x) =

∫ x

−∞

p(x′) dx′,

while the CCDF, which gives the probability of observing a value greater
than x, is given by:

Pc(x) = 1 − P (x) =

∫ ∞

x

p(x′) dx′.

For power-law distributions of the form p(x) = Cx−α, defined for x ≥ xmin

with α > 1, the CCDF takes the form:

Pc(x) =

∫ ∞

x

Cx′−α, dx′ =
C

α− 1
x−(α−1). (1.17)

This representation is particularly useful in empirical studies, as plotting
the CDF or CCDF on a log-log scale yields a straight line, simplifying the
identification and estimation of the exponent α.

Power-law distributions exhibit several noteworthy features. One of the
most striking is that, unlike the Gaussian, they are not well-described by
mean and variance due to potential divergence of moments. Secondly, they
exhibit scale invariance (Eq. (1.13)).

In general, because of their heavy tails, power laws do not satisfy the
assumptions of the classical Central Limit Theorem and hence they do not
converge to a Gaussian distribution. However, when α ∈ (0, 2), they fall
within the class of stable distributions discussed in Sec. 1.4.2, and the gen-
eralised version of the CLT still holds [38].

Power-law distributions appear across a wide array of disciplines, from
demography and linguistics to physics, economics, and social sciences. Ex-
amples include the distribution of word frequencies in literary texts [58],
scientific citations [59,60], city populations [53], earthquake magnitudes [61],
wealth distributions and election results [62]. A selection of empirical dis-
tributions exhibiting power-law behaviour is shown in Fig. 1.4, adapted
from [53]. These cases span several orders of magnitude and emphasise the
ubiquity of power-law scaling.
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1.5.2 Pareto Principle and Inequality Measure

The Pareto Principle, commonly known as the “80/20 rule”, suggests that,
in many systems, roughly 80% of outcomes result from 20% of causes. This
empirical observation traces back to the pioneering work of Italian economist
and sociologist Vilfredo Pareto, who in 1896 noted that approximately 80% of
Italy’s land was owned by just 20% of the population [63]. He formalised this
insight using what is now known as the Pareto distribution, a mathematical
expression of power-law behaviour. Later, engineer and quality management
expert Joseph M. Juran generalised Pareto’s observation to various indus-
trial and economic settings, coining the term Pareto Principle to describe
the tendency for a small proportion of inputs to generate the majority of
outcomes [64].

The Pareto Principle has since become a strategic tool in diverse do-
mains such as business management and operations research. For example,
it is often observed that 80% of a company’s profits come from 20% of its
customers, or that a small fraction of products accounts for the majority of
sales. Importantly, the percentages need not sum to 100%; rather, the key
point is the disproportionate contribution of a small subset of elements to
the total [65].

Mathematically, the Pareto distribution is a specific type of power-law
distribution. Its CCDF follows:

Pc(x) =
(xmin

x

)α
, (1.18)

for x ≥ xmin and shape parameter α > 0. The exponent α governs the tail
heaviness: smaller values of α correspond to heavier tails and greater inequal-
ity. Pareto originally found α ≈ 1.16 when analysing income distributions in
Italy.

Empirical evidence for Pareto-like behaviour has been found in a wide
range of settings, most notably in the distribution of wealth. For instance,
Klass et al. [66] analysed the Forbes 400 list (the ranking of the 400 wealthiest
individuals in the United States) between 1988 and 2003. They found that
the upper tail of the wealth distribution closely followed a Pareto law with an
average exponent of approximately α = 1.49. In this context, the relationship
between individual wealth and rank is particularly significant: the data reveal
that wealth wr of the individual ranked r (with r = 1 for the richest) follows
a scaling relation:

wr = Ar−β,

where A is a constant and β = 1/α. Here, α directly quantifies inequality:
smaller values indicate more concentrated wealth and thus greater inequal-
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ity. Although the analysis focuses only on the wealthiest individuals, the
findings provide compelling empirical support for Pareto’s theory, especially
when recognising that the Pareto distribution is scale-free, meaning the same
relative pattern holds across scales.

This naturally leads to the need for formal tools to quantify inequality.
One widely used measure of disparity is the Gini coefficient, introduced by
Italian statistician Corrado Gini and Gaetano Pietra in the early 20th cen-
tury [67, 68]. The Gini coefficient quantifies the deviation of a given income
or wealth distribution from perfect equality among a group. It ranges from
0 (perfect equality) to 1 (maximum inequality), offering deeper insights into
the structural disparities implied by Pareto-like distributions [69].

While several formulations of the Gini index exist, at this stage our focus
is primarily conceptual. A more technical and operational definition will be
further developed and quantitatively explored in Chapter 2, along with a
focus on the role of ranking in the emergence and perception of inequality.

1.5.3 Preferential Attachment and the Matthew Effect

The pervasive presence of heavy-tailed distributions and systemic inequal-
ities in socio-economic systems naturally leads to the investigation of the
mechanisms that give rise to such patterns. One influential explanation is
preferential attachment, which offers a generative model for how dispropor-
tionate outcomes can emerge from seemingly neutral processes. This mech-
anism helps explain the dynamics underlying many power-law distributions,
including those observed in social, economic, and technological networks.

In his seminal 1955 paper, Simon [58] proposed a common underlying
mechanism to explain the emergence of similar power-law distributions across
diverse domains. He introduced a stochastic model that formalised what is
now commonly referred to as the preferential attachment mechanism, often
paraphrased as the “rich-get-richer” dynamic.

In this process, the probability that an entity (such as a word, a city, a
scientific paper, or a node in a network3) attracts additional connections or
instances is proportional to its current frequency or size. This principle was
later extended to the context of growing networks, where new nodes prefer-
entially attach to already well-connected nodes [70], thereby incorporating
temporal dynamics. In such systems, the degree distribution (i.e., the prob-

3In this context, a network refers to a collection of nodes (or vertices) connected by
edges (or links). Nodes typically represent entities such as individuals, cities, or webpages,
while edges represent relationships or interactions between them, such as friendships, trade
routes, or hyperlinks. The structure and dynamics of these connections often reveal im-
portant patterns underlying complex systems.
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ability P (k) that a node interacts with k other entities) follows a power-law
form:

P (k) ∼ k−γ,

with γ typically ranging between 2 and 3 in empirical observations [71].

Preferential attachment exemplifies a self-organising, multiplicative pro-
cess that leads to scale-free distributions, a hallmark of many complex sys-
tems in nature and society. These dynamics highlight how older or more
connected nodes continue to accumulate links over time, while newer or less
connected ones struggle to gain visibility. The resulting network structure
is highly unequal, with a small number of nodes dominating the connectiv-
ity landscape, reinforcing the “rich-get-richer”phenomenon observed in real-
world systems.

Closely related to preferential attachment is the so-called Matthew Ef-
fect, introduced by sociologist Robert K. Merton [72]. He used this term
to describe the presence of inequality and the lack of meritocracy in the
scientific system, driven by a mechanism of cumulative advantage whereby
established, high-ranking scientists receive disproportionate recognition and
resources compared to their lower-ranked peers, regardless of the actual merit
of their contributions. The name derives from a passage in the Gospel Ac-
cording to St. Matthew, which reads: “For to everyone who has, more will
be given, and he will have an abundance; but from him who has not, even
what he has will be taken away.”

Merton noted that scientific credit is often assigned to individuals rather
than to research teams, despite the inherently collaborative nature of scien-
tific work. As a consequence, senior or already prominent scientists tend to
accumulate increasing recognition over time, while younger or lesser-known
researchers are frequently overlooked. This pattern becomes particularly evi-
dent in cases of simultaneous independent discoveries, where credit is usually
granted to the more established figure, overshadowing equally deserving but
less visible contributors. Moreover, the reception of a scientific contribution
often depends on who expresses it: high-ranking scientists are more likely to
receive attention and acknowledgment, even when presenting ideas of com-
parable merit. In essence, those who are already well positioned continue to
attract recognition, while new voices struggle to emerge.

In addition, Merton noted that established scientists are often aware of
this bias: some express hesitation about attaching their name to a paper,
fearing it might draw attention away from the main contributors, while not
doing so risks the work going unnoticed altogether.

Importantly, Merton emphasised that this logic of cumulative advantage
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extends beyond the academic sphere. Similar dynamics are observed in do-
mains such as media, economics, and social status, where “the rich get richer
at a rate that makes the poor become relatively poorer” [72].

1.6 Critical Phenomena

The mechanisms explored so far (e.g., preferential attachment and cumulative
advantage) exemplify how microscopic interactions can generate macroscopic
inequality. To deepen our understanding of such emergent phenomena, we
now turn to one of the most influential frameworks in statistical physics:
the theory of critical phenomena. Here, simple local rules among agents can
drive systems toward dramatic collective shifts, as it happens in the pivotal
Ising model.

1.6.1 The Ising Model

Originally proposed by Wilhelm Lenz and analytically studied by his student
Ernst Ising in 1925 [25,73], the Ising model has become a foundational frame-
work for understanding cooperative behaviour in systems composed of many
interacting elements [74–76]. Owing to its apparent simplicity, it effectively
captures the essential features of phase transitions and has found widespread
applications beyond magnetism, spanning natural and social systems from
financial markets to earthquake modelling [29,77,78].

At its core, the Ising model consists of a lattice of sites (or nodes), each
associated with a binary variable si = ±1. In the original physical interpre-
tation, these represent atomic spins that interact with their nearest neigh-
bours, tending to align. A schematic representation can be seen in Fig. 1.5.
In a wider sense, each si can represent any binary state: yes/no decisions,
molecules vs. holes, buyers vs. sellers.

This local tendency toward order is opposed by thermal fluctuations,
modelled by the system’s temperature. The competition between these ef-
fects leads to rich macroscopic behaviour, including phase transitions in di-
mensions greater than one [79]. For a system of n spins, the total number of
configurations is 2n. A central quantity is the magnetisation:

M(s) =
1

n

n∑

i=1

si, (1.19)

which measures the degree of order of a given configuration s. It reaches its
maximum when all sites share the same value, namely in the configuration



1.6. CRITICAL PHENOMENA 33

Figure 1.5: Schematic of a two-dimensional Ising model. Each node represents a spin
that can point either up or down, with interactions favouring alignment between neigh-
bours. From [80].

of maximum order.
The energy of a certain spin configuration (Hamiltonian) without an ex-

ternal field is:
H(s) = −

∑

⟨i,j⟩

Jijsisj, (1.20)

where ⟨i, j⟩ denotes summation over adjacent sites, and Jij is the interaction
strength (often set to a constant J > 0 for ferromagnetic interactions). This
energy is minimized when neighbouring spins are aligned.

When the system is in contact with a thermal reservoir at temperature T ,
the probability of a configuration s is given by the Boltzmann distribution:

µ(s) =
1

Z
e−βH(s), with β =

1

kBT
, (1.21)

where Z =
∑

s
e−βH(s) is the partition function and kB is Boltzmann’s con-

stant. Low-temperature regimes favour ordered configurations with low en-
ergy; at high temperatures, random configurations dominate. The central
thermodynamic quantity associated with this probabilistic framework is the
free energy, which characterises the macroscopic equilibrium behaviour of the
system:

F (T ) = −kB T lnZ. (1.22)

The free energy plays a pivotal role in determining the dominant macrostates
at a given temperature: through its minimisation, one can identify the most
probable large-scale configurations of the system. Moreover, singularities or
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non-analytic behaviour in the free energy or its derivatives signal the pres-
ence of phase transitions (Sec. 1.6.2), such as the onset of spontaneous mag-
netisation in the Ising model. This simple model displays a rich variety of
behaviours: in two or more dimensions, it undergoes a continuous (second-
order) phase transition at a critical temperature Tc. Below Tc, the system
exhibits spontaneous magnetisation (global order); above Tc, disorder pre-
vails. The presence of a critical point that causes the system to undergoing
dramatic change is key to the discussion of Chap. 2.

Despite its simplicity, exact analytical solutions are available only in spe-
cial cases, such as the one-dimensional chain, which was solved by Ising him-
self. He concluded that no phase transition was possible and, incorrectly, that
the phenomenon was of no-interest. Analytical insights can be obtained also
for the two-dimensional lattice. In more general cases, the model is explored
using numerical simulations, especially Monte Carlo methods (Sec. 1.7.1) [74].

Beyond its original physical context, the Ising model has become a paradig-
matic framework for social phenomena, due to the compelling analogy be-
tween magnetisation in condensed matter and polarisation in social systems.
The same binary variables si = ±1 can be used to represent agents making di-
chotomous choice, such as supporting or opposing a political opinion, buying
or selling a financial asset, or adopting or rejecting a social norm. Interac-
tions between agents encode social influence, favouring alignment with peers,
while external influences (analogous to temperature in the physical model)
introduce randomness or individual autonomy. In econophysics, for instance,
binary spins can represent asset returns (si = +1 for gains, si = −1 for
losses) [81] or alternatively the decision to buy or sell [82]. This modelling
framework has been successfully applied to understand financial bubbles,
herding behaviour, market crashes, and even social segregation phenomena
such as urban racial clustering [29].

Nearly a century after its introduction, the Ising model remains a cornerstone
of complex systems theory for interacting systems, bridging microscopic rules
and macroscopic phenomena, from magnets to markets and societies.

1.6.2 Phase Transition

Having introduced the Ising model as a foundational framework for inter-
acting systems, we now turn to one of its most remarkable features: its
ability to exhibit phase transitions. These transitions, driven by local inter-
actions among components, provide a powerful paradigm for understanding
abrupt, systemic changes across both physical and socio-economic domains.
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Figure 1.6: The net magnetisation M of a collection of N ferromagnetic atoms as a
function of the temperature T in the absence of an external magnetic field, from [83].
Calculations are performed using the mean field approximation.

A phase refers to a state of matter in which macroscopic properties are uni-
form throughout the system [9]. A phase transition occurs when a small
variation in an external parameter (e.g., temperature or pressure) induces
a qualitative, dramatic change in these properties. Mathematically, phase
transitions are associated with non-analytic behaviour in the free energy,
defined in Eq. (1.22), or its derivatives [84]. In first-order transitions, the
first derivative of the free energy is discontinuous at the critical point, while
in second-order (or continuous) transitions, the discontinuity appears in the
second derivative.

A canonical example of a this phenomenon is the liquid–gas transition,
where abrupt changes in density occur at the coexistence curve. In mag-
netic systems, analogous behaviour is seen as magnetisation emerges below
a critical temperature Tc, marking the onset of spontaneous magnetic order.
Unlike first-order transitions, the magnetisation in models such as the Ising
model vanishes continuously at Tc, characteristic of a second-order phase
transition, as shown in Fig. 1.6. At the critical point, small variations in
temperature or external field can induce large fluctuations in macroscopic
observables, reflecting the system’s increased sensitivity due to long-range
correlations [23, 85].
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The simplicity of the Ising model belies its depth: it captures how local
interactions among constituents can generate global order. Statistical me-
chanics, in turn, offers a powerful lens for studying analogous transitions in
socio-economic systems, where individual decisions are shaped by peer influ-
ence. This analogy is especially useful in modelling binary choices (such as
whether to vote, smoke, or adopt a certain behaviour) where social interac-
tions can result in abrupt shifts in collective outcomes. Such dynamics can
produce polarisation, with the emergence of cohesive groups in the popula-
tion with divergent behaviour [86]. In fact, while many social systems are
continuous in nature (i.e., gradual changes in input yield gradual changes in
outcome) under certain conditions they can experience sharp, systemic tran-
sitions without a substantial external trigger. These are referred to as social
phase transitions [87–91], and they closely resemble second-order transitions
in physical systems like the Ising model. Examples include spontaneous traf-
fic jams [92], sudden outbreaks of cooperation [93], racial segregation [94],
and financial crashes [95]. Two key ingredients are typically present: agents’
propensity for social conformity and limited heterogeneity across the popu-
lation [96]. Heterogeneity can include differences in preferences, thresholds
for action, information processing, or susceptibility to peer influence [86,97].
Low heterogeneity plays a role analogous to low temperature in statistical
physics: it fosters large-scale coordination and increases the likelihood of
abrupt change. For instance, the 1987 stock market crash has been linked to
excessive homogeneity in traders’ expectations [98]. Brock and Durlauf [99]
apply tools from statistical physics to formalise such transitions in economics:
agents play the role of particles and their choices are influenced by personal
utility and choices of their neighbours, in order to explain phenomena such as
sudden shifts in asset prices or volatility. Multiple equilibria can emerge and
large-scale shifts in returns, volatility or demand can be due to small changes
in expectations or policies [86]. In this context, a particularly elegant frame-
work is offered by Moshe Levy [96], who introduced a deterministic model
for endogenous collective shifts in binary decisions.

Together, these insights provide a rigorous foundation for understanding
abrupt shifts in social systems, linking micro-level preferences to macro-level
outcomes using the language and tools of statistical physics.

1.6.3 Mean-Field Approximation

As discussed in Sec. 1.6.1, the Ising model provides a compelling framework
for describing how macroscopic order can emerge from microscopic interac-
tions. However, the number of possible configurations for a system with n
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binary variables grows exponentially as 2n, precluding the possibility of exact
analytical solutions in most cases. A few special cases admit exact results
(e.g., the one-dimensional chain or the two-dimensional square lattice with-
out an external field); yet, in general, approximate methods must be adopted
to analyse the system.

Among these, the mean-field approximation occupies a central role. The
key idea is to replace the explicit interactions between individual compo-
nents with an average or “mean” effect, thereby reducing the complexity of
the system while preserving its essential collective behaviour. Rather than
considering the influence of each spin’s neighbours explicitly, one assumes
that each spin interacts with an effective field generated by the average state
of the system. This approach reduces the exponential computational bur-
den to a more tractable polynomial scaling, typically of the form O(nα) with
α ≥ 0 [9]. Mean-field approaches offer significant qualitative insights into the
behaviour of complex systems and, in certain regimes (particularly in high-
dimensional settings or fully connected models) can produce quantitatively
accurate predictions despite their simplifying assumptions.

Notably, the applicability of mean-field methods extends well beyond tra-
ditional physical systems and has proven particularly effective in modelling
socio-economic phenomena. Just as spins tend to align under a mean field,
agents’ decisions are influenced by the average behaviour of the population.
This analogy enables the analytical treatment of interacting-agent systems
that would otherwise be intractable. In this context, particularly success-
ful are the models developed within the framework of mean-field game the-
ory [100–102], where collective patterns can be understood as emergent out-
comes of decentralised, local interactions among heterogeneous agents. Ex-
amples are crowd dynamics, financial herding, or opinion alignment [103].

For these reasons, the mean-field approximation continues to serve as
a foundational tool in the study of critical phenomena, offering a balance
between analytical tractability and physical interpretability.

1.6.4 Ergodicity Breaking

The previous explorations on phase transitions and collective phenomena
highlighted how microscopic interactions can give rise to emergent macro-
scopic order. In this context, a particularly significant concept in statistical
physics is ergodicity.

The ergodic hypothesis, initially proposed by Boltzmann in the context of
thermodynamics, states that a system’s trajectory in phase space will, over
time, traverse all accessible microstates consistent with its conserved quanti-
ties, spending equal time in each. A more rigorous formulation by Ehrenfest
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consorts later specified that, in the limit of infinite time, all microstates
associated with a given macrostate are visited with equal probability [26].
When valid, this assumption provides a powerful simplification: it allows the
replacement of time averages of observables with ensemble averages, thus
eliminating explicit time dependence in many dynamical calculations. For-
mally,

lim
T→∞

1

T

∫ T

0

f(ω(t)) dt =

∫
f(ω)P (ω) dω, (1.23)

where ω(t) denotes the system’s state at time t, f(ω) is a function of the sys-
tem’s state, and P (ω) is the invariant distribution of the stochastic process.

Nevertheless, many complex systems operate under conditions where er-
godicity does not hold, a phenomenon known as ergodicity breaking [9]. In
general, this is due to high sensitivity to initial conditions or perturbations,
resulting in a smaller portion of the phase space to be explored.

Although originally developed in the context of physical systems, the con-
cept of ergodicity breaking naturally extends to settings involving interacting
agents. In economic modelling, for instance, ergodicity is often implicitly as-
sumed; that is, the average behaviour across a population is presumed to
be representative of the temporal evolution of a single agent. However, in
systems characterised by nonlinearity and interaction, this equivalence may
no longer be valid. Under such conditions, the long-run dynamics can ex-
hibit multiple equilibria, the selection of which depends crucially on initial
conditions or random fluctuations.

Empirical evidence increasingly highlights the divergence between ensem-
ble and time averages in financial and decision-making contexts. Human be-
haviour is shaped not only by rational expectations but also by bounded ra-
tionality, heuristics, emotional responses, and subjective beliefs [104]. These
behavioural factors introduce complexities that cannot be adequately cap-
tured within an ergodic framework. As a result, deviations from ergodic-
ity can significantly affect both theoretical predictions and the reliability of
policy-relevant forecasts [105, 106]. Empirical analyses further support this
view, revealing systematic discrepancies between expected values and experi-
enced outcomes [107]. For example, recent studies have shown that individual
preferences under uncertainty often diverge from those predicted by models
based on ergodic assumptions [108].

In summary, ergodicity breaking constitutes a critical concept in the study
of complex systems, particularly those involving interaction, heterogeneity,
and feedback. Its recognition enables a deeper understanding of the limita-
tions of conventional modelling approaches and motivates the development
of alternative frameworks better suited to describe multifaceted behaviour.
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1.7 Computational Methods

Computational simulation has emerged as a crucial methodological tool in
the study of complex systems. Computer-based methods help overcome an-
alytical intractability and allow researchers to explore a broader spectrum of
dynamics, including non-linearities, feedback loops, and heterogeneity, deliv-
ering both qualitative and quantitative insights. They function as a virtual
laboratory, enabling the systematic exploration of hypotheses and the test-
ing of scenarios in ways that are often impractical, costly, or impossible to
conduct through real-world experimentation, helping identify potential in-
consistencies or oversights [109]. Today, simulations are widely employed
across academic disciplines and applied domains, from economics and soci-
ology to epidemiology and political science.

In this section, we focus on two widely used computational approaches:
Monte Carlo methods and agent-based models.

1.7.1 Monte Carlo Techniques

From a computational perspective, Monte Carlo methods play a central role
in the practical implementation of statistical physics. These techniques en-
compass a broad class of stochastic algorithms designed to tackle mathemati-
cal and physical problems that are analytically intractable or computationally
intensive [32]. At the heart of every Monte Carlo simulation lies a seemingly
paradoxical requirement: the generation of random sequences using deter-
ministic algorithms [110]. Once this requirement is satisfied, these methods
can be applied to both deterministic and probabilistic systems. In the latter,
randomness reflects intrinsic uncertainty.

Monte Carlo simulations generate large ensembles of independent sam-
ples to estimate statistical observables such as mean values, variances, and
correlation functions. A classical example is found in financial modelling and
risk assessment (see Ch. 3). In the former, randomness is introduced not to
reflect uncertainty but as a computational strategy to approximate complex
quantities. For example, numerical integration over high-dimensional spaces
benefits greatly from Monte Carlo sampling, whereas traditional methods fail
due to the exponential growth of computational complexity with dimension-
ality.

The historical development of Monte Carlo methods is closely associated
with the pioneering contributions of Ulam, von Neumann, Metropolis and
Fermi. Two key historical events underpin the method’s conceptual devel-
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opment: the construction of the first general-purpose electronic computer
(ENIAC) and the Manhattan Project, the code name for the atomic weapons
program [111, 112]. Fermi had experimented with statistical sampling tech-
niques as early as the 1930s, though he did not publish his results, whereas
Ulam independently formalised the method in 1946 while recovering from
an illness and playing solitaire. The foundational paper, The Monte Carlo
Method by Metropolis and Ulam (1949), publicly introduced the method for
the first time. According to Metropolis, the name “Monte Carlo” was coined
around that time and was inspired by Ulam’s uncle, who used to borrow
money from his relatives to gamble in the casinos of Monte Carlo, in the
Principality of Monaco. [113].

A fundamental requirement of Monte Carlo simulations is the ability to
generate sequences of uniformly distributed random (or, more accurately,
pseudorandom) numbers in the interval [0, 1]. From this base distribution,
generalisations to other ranges and probability distributions can be easily
implemented, for instance by inverting the cumulative distribution function,
which itself ranges over [0, 1].

True random numbers are generated by inherently unpredictable physical
processes. They are non-reproducible: the shortest possible description of a
truly random sequence is the sequence itself. Examples of true randomness
can be found in the natural world, such as the timing of atomic decays. By
contrast, pseudorandom numbers are generated by deterministic algorithms
that produce sequences which, while statistically indistinguishable from true
randomness in most practical applications, are completely reproducible when
initialised with the same seed. This reproducibility is particularly valuable
in scientific computing, where debugging, testing, and validation require con-
trolled experimentation. The earliest known pseudorandom number gener-
ator was the middle-square method, developed by von Neumann. In this
method, an n-digit number is squared, and the central n digits of the result
are extracted to produce the next number in the sequence.

Modern implementations have replaced early algorithms. One of the most
widely used pseudorandom number generators is the Mersenne Twister, de-
veloped by Makoto Matsumoto and Takuji Nishimura in 1997 [114]. Im-
plemented in Python, R, and MATLAB, it boasts a long period (i.e., the
minimum sequence length before repetition) of 219937 − 1 and excellent sta-
tistical properties, including high computational efficiency.

Monte Carlo methods offer several practical advantages [115]. They can
replace physical experiments, thus saving time and cost, enhancing safety,
and eliminating the need for physical prototypes. Moreover, their flexibil-
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ity allows them to handle nonlinear systems, stochastic processes, and high-
dimensional integrals with relative ease. Since their inception, these methods
have found application in a broad spectrum of domains: from nuclear and
particle physics to quantitative finance [116], thermodynamics [117,118], me-
teorology, and project management [119]. In the latter, Monte Carlo help
evaluate uncertainties in budgeting and scheduling. As Metropolis propheti-
cally wrote in 1987: “Where will all this lead? If one were to wax enthusias-
tic, perhaps—just perhaps—a simplified model of the brain might be studied...
These studies, in turn, might provide feedback to computer architects design-
ing the new parallel structures” [113].

Despite their versatility, Monte Carlo methods are not without limita-
tions. One significant drawback is their computational inefficiency: the con-
vergence of estimators typically improves as 1/

√
N , where N is the number of

samples. Thus, reducing error requires large-scale simulations that consume
significant computational resources, leading to substantial energy consump-
tion and operational costs, particularly in high-performance computing en-
vironments. Additionally, challenges such as poor convergence for rare event
estimation, statistical noise due to finite sampling, rounding and discreti-
sation errors can impact result reliability [118]. Indeed numerical precision
must be carefully managed. Truncation errors arise from approximating real
numbers with a finite number of digits, while round-off errors accumulate
from repeated finite-precision arithmetic operations [120]. To address these
issues, various enhancements have been developed. For example, in compu-
tationally demanding scenarios, Monte Carlo methods benefit greatly from
parallel computing architectures. Modern implementations often leverage
multi-core processors or GPUs to accelerate sampling and analysis. Addi-
tional techniques such as variance reduction, importance sampling, and mul-
tilevel Monte Carlo strategies can improve convergence without incurring
proportional increases in computational cost [84, 121]. For further discus-
sion on Monte Carlo methods, including statistical testing of pseudorandom
generators and numerical implementation guidelines, the reader is referred
to [120].

In the following, Monte Carlo methods will be introduced and discussed
in detail wherever their application is pertinent. We now turn our attention
to agent-based models, a further computational tool which is widely adopted
in a variety of fields and particularly central to the present research.
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1.7.2 Agent-Based Models

Agent-Based Models (ABMs) are computational frameworks designed to sim-
ulate complex systems through the interaction of autonomous entities known
as agents [122]. These agents can represent individuals, groups, firms, or in-
stitutions, each characterised by a set of properties and behavioural rules
that govern their actions within a defined environment. Through these inter-
actions, agents can evolve over time, producing emergent system-level out-
comes. The ABM approach is inspired by principles of statistical physics:
start with a minimal set of simplifying assumptions, explore the implications
of these assumptions across multiple simulations, and possibly compare the
emergent results with empirical data [123,124].

The appeal of ABMs lies in their high degree of customisability. Agents
may be rational or irrational, homogeneous or heterogeneous, and may inter-
act globally (with the entire population) or locally (with nearest neighbours
only). Behavioural rules can range from deterministic equations to heuristic,
rule-based logic. Importantly, ABMs naturally accommodate heterogeneity
(i.e., individual variation in behaviour), and stochasticity (i.e., random in-
fluences on decision-making) [125]. Factors such as emotions, beliefs, and
subjective judgement are often difficult to formalise, yet are essential for
capturing many phenomena regarding individuals and can be introduced in
the simulation through specific parameters. This flexibility allows ABMs to
replicate a wide range of realistic system behaviours that are often analyti-
cally intractable and to simulate complex dynamics [123].

As a bottom-up modelling approach, they facilitate the exploration of how
micro-level behaviours and interactions give rise to macro-level patterns [109],
exemplifying the principle that a system is “more than the sum of its parts”
(Sec. 1.1). One example in this direction is the study of abrupt transitions
arising from interactions among agents. This often involves identifying the
type of phase transition (Sec. 1.6.2) the system undergoes, whether it is a
continuous or a discontinuous one. These dynamics are typically plotted us-
ing phase diagrams, which delineate the parameter regions associated with
distinct system states. A particularly intriguing scenario is multi-stability,
where multiple stable equilibria exist, and the outcome depends heavily on
initial conditions or system history [125,126].

From a computational point of view, ABMs serve as laboratories for sce-
nario testing, policy evaluation, and hypothesis generation [123, 124]. The
dynamics is typically implemented through discrete-time simulations and, in
this context, the choice of time step ∆t is non-trivial: if not properly cali-
brated, it may introduce numerical artefacts that distort system dynamics.
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More generally, ABMs must be constructed with careful attention to the
appropriate level of abstraction, as overly detailed models risk becoming
computationally intractable, while oversimplified ones may fail to capture
essential dynamics [127].

The origins of ABM in the social sciences can be traced to Schelling’s seminal
1971 work on residential segregation, which demonstrated how simple indi-
vidual preferences could result in large-scale patterns without central coordi-
nation [29,94]. This idea was further developed by Epstein and Axtell in their
Sugarscape model, which explored the emergence of artificial societies [128].
The key innovation in these models was the incorporation of individual-level
decision-making as a driver of macro-level dynamics. The broader adoption
of ABMs was facilitated by the advent of accessible personal computing re-
sources in the 1980s, analogously to the analysis and modelling of financial
data.

Today, ABMs are widely applied across disciplines, from sociology to epi-
demiology and political science. For example, they are adopted to model
pedestrian flows, analysing supply chains, forecasting consumer behaviour
or epidemic spread [125, 127]. Their versatility stems from the ability to
encode agents with diverse objectives and cognitive capacities, operating in
structured environments such as grids, lattices, or networks (see Sec. 1.8). In
economics, specifically, ABMs are used to model agents heterogeneous and
boundedly rational, in contrast to classical economic models that assume
agent homogeneity and perfect rationality [129] and have been instrumen-
tal in reproducing empirically observed phenomena such as market bubbles,
crashes, volatility clustering, heavy-tailed return distributions, and systemic
risk [130].

In summary, agent-based models provide a powerful framework for investigat-
ing complex systems by simulating the behaviour of individual components
and observing the resulting emergent phenomena. The modelling process
typically begins with simplifying assumptions to isolate the system’s essen-
tial features, which are encoded into agent behaviours and interaction rules,
allowing simulations to be run under varying parameters. The outcomes can
then be compared against empirical data to assess the model’s validity and
refine its structure.

A key advantage of ABMs is their compatibility with Monte Carlo meth-
ods: by repeatedly simulating a system under stochastic conditions and aver-
aging the results, researchers can obtain statistically robust insights into the
system’s dynamics. This iterative process (modelling, simulating, evaluating,
and refining) enables the identification of critical mechanisms underpinning
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Figure 1.7: Core network of the United States airport connections. From [139].

observed real-world phenomena, ultimately deepening our understanding of
complex systems.

1.8 Network Concepts

In recent decades, one of the most powerful and versatile representations
of complex systems has emerged from the formalism of networks [131–134].
Originally rooted in the mathematical domain of graph theory, networks pro-
vide a flexible yet rigorous language to describe diverse systems composed
of interconnected components. Whether the focus is on electric power grids,
food webs, neural circuits, social relations, or the architecture of the Inter-
net, networks offer a unifying framework to capture the essence of structure,
interaction, and emergence [135–138].

Formally, a network (or graph) is defined by a set of nodes (also called ver-
tices), representing the fundamental units of the system, and a set of edges
(or links), describing pairwise relationships or interactions between them.
Connections can be unilateral (directed networks) or bilateral (undirected
networks). Several basic concepts underpin the study of networks and are
essential for interpreting their structure and dynamics:

- Degree: the number of connections a node has. It serves as a measure
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of centrality and influence;

- Clustering coefficient: quantifies the tendency of a node’s neighbours
to be connected;

- Path length: the number of steps required to connect one node to
another. Networks with short average path lengths exhibit the so-called
small-world property;

- Centrality measures: various metrics can be adopted to assess the im-
portance of nodes beyond simple degree;

- Percolation: how the structure and functionality of a network change
as nodes or edges are randomly or selectively removed, with particular
focus on the critical thresholds at which a giant connected component
(i.e., a subgraph in which a positive fraction of the entire network’s
nodes are reachable from each other) emerges or collapses.

Given a limited set of elements (nodes and links), networks can neverthe-
less capture a wide range of real-world systems, which often exhibit recur-
rent structural features. A prominent example is the small-world property,
whereby most nodes can be reached from any other through a small number
of steps despite strong local clustering, enabling rapid diffusion of information
or influence even when interactions are predominantly local [133]. Closely
related to this phenomenon is the role of weak ties, broadly defined as connec-
tions of low intensity, weight, or persistence that nonetheless link otherwise
weakly connected regions of the network and facilitate the circulation of novel
information or resources; in social networks, these often correspond to rela-
tionships between acquaintances rather than close friends [140].

Networks may further display heterogeneous connectivity patterns, lead-
ing to scale-free degree distributions in which most nodes have few connec-
tions, while a small number of hubs accumulate many links. Such structures
are typically associated with growth processes driven by cumulative advan-
tage or preferential attachment (Sec. 1.5.3) [70]. At an intermediate, meso-
scopic scale, networks often organise into communities, defined as groups
of nodes that are more densely connected internally than externally. These
structures reflect functional or organisational differentiation and play a key
role in shaping collective behaviour, while weak ties can be crucial in linking
distinct communities and ensuring efficient diffusion across the network.

The simple representation of networks reveals rich behaviours, such as the
identification of hubs (i.e., nodes with significantly higher connections than
average), which has been proven crucial in understanding phenomena such
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as viral diffusion, systemic risk, and vulnerability to attacks. Conversely,
peripheral nodes with low connectivity may be locally insignificant but can
still play key roles in maintaining the global functioning. Networks also are
key in the study of cascading failures, where a local disruption (such as a
bank default or a transmission fault) can propagate through the system, po-
tentially leading to global collapse. Such features have motivated the design
of fault-tolerant systems in domains ranging from banking to epidemiology
and air traffic management [141–146].

Several types of networks are now widely adopted. A turning point for the
emergence of random graph theory was in the 1950s, particularly through
the seminal work of Erdős and Rényi [147]. In the Erdős–Rényi (ER) model,
a network is constructed by connecting each pair of nodes with a fixed prob-
ability p, independent of all other pairs. This simple construction gives rise
to well-defined statistical properties, including a degree distribution that fol-
lows Poisson distribution (where the probability of a node having a certain
number of connections is sharply centred around the average degree) and a
critical threshold for the emergence of a giant connected component.

However, many real-world systems deviate markedly from the homogene-
ity of ER graphs. Empirical observations across disciplines (from the World
Wide Web to protein–protein interaction networks) consistently show het-
erogeneous degree distributions, with most nodes having few links and a
small number acting as highly connected hubs. This property is captured
by the Barabási–Albert (BA) model, which introduced the generative mech-
anism known as preferential attachment [70]. In this model, networks grow
incrementally: at each step, a new node is added and connects to existing
nodes with a probability proportional to their current degree. This “rich-get-
richer” mechanism (Sec. 1.5.3) reflects the intuitive idea that well-connected
nodes are more likely to attract new links, reinforcing their centrality over
time. Empirical networks often exhibit approximate power-law degree dis-
tributions, typically with exponents in the range 2 < α < 3 [148], although
real-world deviations are common. Such scale-free networks lack a charac-
teristic degree scale and exhibit ultra-small-world properties, where average
path lengths grow logarithmically or even slower with network size.

This structural feature has deep implications. It enhances robustness
against random failures, as most nodes are not critical for connectivity; yet
it also introduces vulnerability to targeted attacks, where removing a small
fraction of hubs can fragment the network. Moreover, preferential attach-
ment embodies a form of path dependence, as early advantages in connec-
tivity can lock nodes into dominant positions. This phenomenon is typical
of economic competition, academic citations, and online influence. Beyond
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structural characterisation, scale-free models offer insight into the underlying
dynamics (such as competition, cumulative advantage, and feedback loops)
that govern the evolution of complex systems.

Although the Barabási–Albert model captures key macroscopic features
of real networks, it does not account for mesoscopic structures like commu-
nities or modules, where nodes are more densely connected internally than
externally. Such structures are especially prominent in social, biological, and
technological networks, where modularity often reflects functional differen-
tiation. To model these intermediate scales, one can employ the Stochastic
Block Model (SBM) [149, 150]. The SBM generates networks by assigning
nodes to hidden groups and specifying connection probabilities based on the
pairwise group affiliations. This allows for the generation of networks with
clear modular structures, hierarchical organisation, or even assortative mix-
ing patterns, where nodes are more likely to connect to others with similar
attributes or group memberships.

The network paradigm represents a profound shift in the way complexity
is studied and interpreted, blending mathematical elegance with empirical
relevance and finding fertile ground across disciplines. Networks may even
offer insights into historical phenomena, such as the spread of rumours during
the Great Fear uprising in France in 1789 [151]. Overall, networks remain
one of the most fruitful metaphors for thinking about complex systems in
the modern scientific landscape.





Chapter 2

Models under Social Influence

Individuals continuously shape their behaviour and are influenced by peers
in their opinions, actions, and decisions. Broadly speaking, people strive for
social approval [152] and, when their opinions align with those of others, the
resulting sense of social validation tends to reinforce existing beliefs. Con-
versely, exposure to opposing views can induce discomfort, weakening their
attachment to prior convictions. As Keynes observed, we often prefer to fail
by conforming to the crowd rather than succeed alone [153]. Imitation is
deeply rooted in human behaviour and constitutes one of learning strategies,
alongside trial-and-error scheme. As a result, we often tend to adopt the
opinions or behaviours of those we interact with [154–156].

In recent decades, physicists have increasingly applied tools from statisti-
cal physics to the study of social phenomena, aiming to uncover macroscopic
regularities that emerge from microscopic interactions. Since the pioneering
work of Galam in 1982 [157], spin-spin interactions have been adopted as an
effective abstraction of social influence, enabling a rigorous analysis of collec-
tive opinion formation. As a result, the field of opinion dynamics has become
a central and growing area of research at the interface of physics, sociology,
and computational social science [28, 30, 31, 154, 158–160]. Stylised models
have yielded insights into real-world scenarios, such as how a small number
of influential individuals can sway the public opinion [161] or how key pieces
of information, strategically delivered, can shift collective beliefs [162].

Different social phenomena can often be described using the same under-
lying formalism and, in this framework, agent-based models (Sec. 1.7.2) play
a pivotal methodological role. Opinions are typically encoded as discrete or
continuous variables [30, 79, 123] and agents iteratively update their states
through social interactions. These dynamics reveal how global patterns of
opinion can emerge: consensus, when all agents align; polarisation, when
the population splits into opposing camps; or fragmentation, where multiple
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opinions coexist [163]. A crucial ingredient in these studies is the topology of
interactions, namely the structure of the connections through which agents
influence one another [164]. Depending on the modelling framework, agents
may be arranged on regular lattices or grids, embedded in spatial environ-
ments, or connected through complex networks that capture varied patterns
of interaction.

This modelling approach has proven essential for understanding a wide
range of collective behaviours, from the spread of infectious diseases to polit-
ical opinion shifts. Contemporary examples include public discourse around
Brexit and electoral polarisation in the United States. In economic contexts,
agent interactions help explain stylised facts such as scaling behaviour in
financial returns [165, 166], market crashes [167], and sudden, system-wide
transitions [168].

2.1 Research Motivation

Given the above premises, our original research works in [1] and [2] con-
tribute to the growing body of literature in opinion dynamics, the study of
how individual opinions evolve through social interactions and influence. We
implement stylised agent-based models to explore how individuals (and so-
ciety as a whole) are influenced by peers in their decision-making processes.
Both models rely on a fixed number of available states for the agents, who
interact globally (i.e., with all the individuals in a reference group [169]),
within a discrete-time framework governed by payoffs associated with each
agent’s action, and on probabilistic dynamics. The resulting outcomes are
analysed through a set of carefully defined measures, designed to capture key
features such as consensus, polarisation, inequality, and the distribution of
agents among states.

More specifically, in [1] we analyse how the interplay between social influ-
ence and external information (considered as a ground truth) leads agents to
adopt one of two possible states, with the aim of understanding under which
conditions agents are able to correctly track the external signal. The states
may represent binary decisions such as voting or adopting/non-adopting cer-
tain habits, such as smoking [170].

The model reveals a sharp transition between two distinct regimes: an
ergodic regime when social influence is weak and a non-ergodic regime when
peer influence is stronger. Intuitively, the latter case means that the personal
trajectory of an individual can diverge significantly from the population av-
erage, resulting in fragmented outcomes. At the societal level, this marks a
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transition from a flexible, adaptive system to one characterised by persistent
consensus or division. For example, in an ergodic regime, individuals might
shift political or cultural stances over time, whereas in a non-ergodic regime
they become locked into persistent identities, echo chambers (where exposure
to opposing views no longer leads to belief revision), or social norms. We
further test the robustness of these findings by implementing the model on
different network structures, where interactions become local and agents are
influenced only by a limited number of neighbours.

The second study, presented in [2], explore the common human tendency
to rely on rankings and to assume that top-ranked options (e.g., popular
fields or social trends) are intrinsically superior. While we tend to associate
high rankings with greater skill or merit, strong evidence suggest that luck,
more than talent, often determines success [171] and that following one’s
own strategy may yield better outcomes compared to imitating those of top-
ranked individuals [172].

In this context, we examine whether society functions more virtuously
when agents pursue the latest trends (i.e., they imitate others under strong
social influence) or instead engage in exploration of the available states or
opinions, both in well-mixed populations and in networked interaction struc-
tures. The results are striking: when imitation dominates, the majority of
the societal payoff is concentrated in the hands of a minority of agents, who
are not necessarily the most talented. In contrast, when agents rely on ran-
dom exploration, the resulting society is more egalitarian and meritocratic.

Some codes developed to analyse these models are publicly available at:

- github.com/fdedo/Ergodicity-breaking;

- github.com/fdedo/Imitation-vs-serendipity.

This chapter is organised as follows. Section 2.2 introduces the agent-based
model in which agents can occupy binary states, with the aim of studying
the interplay between social influence and external information in shaping
individual opinions. In Section 2.2.3, we investigate two different sensitivity
regimes: one where agents pay close attention to payoffs and one where they
do not, considering both memory-less and memory-based dynamics. We find
that the latter regime provides more insightful results and, thus, we focus
on it. In this regard, Section 2.2.4, presents a mean-field approximation
applicable to memory-based scenarios and analytical insights, which helps
characterise the phase transition observed in the dynamics. Section 2.2.5
discusses possible real-world validations of our models. A brief summary of
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results is provided in Section 2.2.6.
We then turn to the second model in Section 2.3, which investigates the
interaction between imitation, randomness and ranking. Our aim is to de-
termine whether individuals contribute to a more or less virtuous society by
following current trends rather than freely exploring the available options.
Section 2.3.2 presents the model and Section 2.3.3 explores several outcomes,
including inequality, total wealth, meritocracy, and the distribution of agents
across available actions. Analytical insights obtained from a simplified ver-
sion of the model are discussed in Section 2.3.4 and alternative scenarios are
examined in Section 2.3.5. Section 2.3.6 extends the dynamics to network
settings, further confirming the robustness of our findings. Results are then
summarised in Section 2.3.7.

Finally, Section 2.4 concludes the chapter, providing an overall summary
of results from both models and outlines potential future directions.

2.2 Ergodicity Breaking in Social Dynamics

Following our original work [1], we focus on the role of social influence in
shaping individuals’ opinion when agents are simultaneously exposed to peer
interactions and an external signal. The latter represents a sort of ground
truth and our aim is to understand under which intensities of peer influence
agents are able to correctly align with it.

2.2.1 Opinion Formation in Society

Human societies are intrinsically social and the views people hold are typi-
cally influenced by a mixture of interpersonal dynamics, cultural context, in-
ternal beliefs, and external sources of information [173]. Individuals strongly
rely on others’ opinions and on others’ perception of themselves. Align-
ing with others often brings social validation and strengthens one’s current
stance, whereas diverging from group norms can lead to feelings of discomfort
or social friction. When more options are available, it is often preferred the
one that is more widely shared [161,174].

The model presented in this work draws inspiration from the classical
voter model, namely a particle system introduced to describe interaction be-
tween two populations that are competing for territory [175,176]. In addition,
the dynamics bear strong conceptual resemblances to established models in
statistical physics, particularly those involving binary-state systems such as
the Ising model (Sec. 1.6.1) [177]. In such models, individual units (e.g., mag-
netic spins) adopt one of two states and interact locally with their neighbours.
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These simple interaction rules give rise to complex macroscopic behaviours,
including phase transitions, spontaneous symmetry breaking, and emergent
collective phenomena [84,178].

Our model retains several core features: agents choose between two dis-
crete states, are influenced by their peers, and update their decisions ac-
cording to stochastic rules [159,179–181]. These ingredients capture the core
mechanism of opinion dynamics, where social interaction and randomness
jointly shape collective outcomes. However, our model significantly extends
the reference frameworks in multiple directions. It incorporates an external
signal (representing exogenous sources such as media or expert information)
and agent updates their states through a weighted combination of social
conformity and external input, rather than merely copying neighbours. The
observed transition from an oscillatory regime to an absorbing one can be
interpreted as a form of social phase transition, where the system shifts from
a flexible, responsive state to one of stable consensus or polarisation. Finally,
we introduce a memory-based extension that allows agents to integrate past
information over time.

This analogy with physical systems provides a valuable theoretical frame-
work for interpreting the emergence of collective behaviour in opinion dynam-
ics and related socio-behavioural processes [182].

2.2.2 Agent-Based Model Implementation

Given the above framework, we now delve into the exploration of the in-
terplay between social influence and external information [13, 28, 183]. We
implement a discrete-time stochastic dynamics, in which agents are guided
by payoffs when adopting one of two binary states and the evolution of the
system unfolds probabilistically [184]. The specific model setup is in line
with previous studies [185,186].

- There are N agents in the system.

- Each agent can occupy one of two states, denoted by + or −, which
represent binary decisions, such as voting in a bipartisan election or
adopting/not adopting a specific social habit.

- Social influence is represented by the fraction of agents in each state at
time t, denoted by f+(t) and f−(t), with the constraint that

f+(t) + f−(t) = 1. (2.1)

at any time t. Since f−(t) = 1 − f+(t), we focus our analysis on f+(t).
When f+(t) → 1 or f+(t) → 0, agreement among agents emerge toward
the + or − state, as they all share the same opinion.
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- The weight of social influence in agent’s decision is controlled by a
parameter γ ∈ [0, 1].

- External information X(t) takes the value +1 with probability p and
−1 with probability 1 − p. This signal acts as a representation of a
ground truth or external reference (e.g., expert advice, media).

- Each state is associated with a payoff Π±(t), depending on both the
collective behaviour of the population and the current external signal.
The payoff structure depends on whether the agent adopts a memory-
less or memory-based strategy. In the memory-less version, the payoff
at time t is:

Π±(t) = γ f±(t) ± (1 − γ)X(t). (2.2)

Here, the + payoff include a positive contribution from X(t) when
X(t) = +1 and a negative one when X(t) = −1. The opposite applies
for the − payoff. This implementation is in line with literature where
payoff is higher when other agents behave similarly [169].
In the memory-based version, the external signal is averaged over the
last m time steps:

⟨Xm(t)⟩ =
1

m

t∑

t′=t−m+1

X(t′) if t ≥ m, (2.3)

and the payoff becomes:

Π±(t) = γ f±(t) ± (1 − γ) ⟨Xm(t)⟩. (2.4)

- At initial time t = 0, all agents are in the same state.

- At each time step t = 0, . . . , T − 1, agents decide which state to oc-
cupy next according to a probabilistic rule. Specifically, they follow a
Boltzmann distribution:

p+(t + 1) =
eβΠ+(t)

eβΠ+(t) + eβΠ−(t)
, (2.5)

with p−(t+1) = 1−p+(t+1). This update mechanism is widely adopted
in decision-making models across physics [187], game theory [188] and
social systems [169,189].

- The parameter β ∈ [0,∞) in Eq. (2.5) controls the randomness of agent
decisions and admits a dual interpretation. In statistical physics terms,
it is the inverse of temperature. A high β (low temperature) results
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in more deterministic behaviour, with agents consistently selecting op-
tions associated with higher expected rewards. However, suboptimal
decisions are possible. A low β corresponds to higher randomness,
where decisions are less influenced by payoff differences. In behavioural
terms, β captures decision sharpness, i.e., how acutely agents differen-
tiate between alternative payoffs. A high β indicates that even small
differences in payoff lead to very different probabilities of choosing one
state over another. A low β implies agents are more indifferent and
prone to random choices.

- The structure of the payoff in Eqs. (2.2) and (2.4) ensures that the
external signal dynamically pushes agents toward alignment with its
current value. The symmetry of the payoffs, with a sign inversion
between Π+ and Π−, ensures that agents respond in opposite directions
depending on the sign of the signal. When the external X(t) = +1, the
payoff Π+ is higher than Π−, encouraging agents to adopt or remain
in state +. Conversely, when X(t) = −1, the signal favours state
−. This reflects the tendency of agents to favour actions with higher
payoffs, modulated by the “temperature” parameter β. In addition, it
is clear that, as γ → 1, peers’ behaviour strongly influences the payoff
associated to each action and, as a consequence, agent’s behaviour. On
the contrary, when γ → 0, it is stronger the weight of the external
information X(t).

Remark. If not otherwise specified, simulations are performed with the fol-
lowing prescriptions, which ensures a suitable compromise between computa-
tional efficiency and the ability to capture meaningful population-level trends
when reaching a steady-state regime. The number of agents is set to N = 500,
the number of time iterations is T = 1000, the probability of the external
signal X(t) to be +1 is p = 0.6 and a number S of independent simulation
is run. We analyse the low-noise scenario, corresponding to a high value
of β (which, for practical purposes, we set to β = 100) and the high-noise
scenario, with β ∈ [0, 1]. For both regimes, memory-less and memory based
implementations are considered. For the latter, a time window of m = 200
steps is set to compute the average value in Eq. (2.3).

A final note concerns the symmetry of our system. The signal bias pa-
rameter p is defined over the full interval [0, 1], yet the system exhibits a
symmetry under the transformation p → 1 − p. Specifically, reversing the
signal bias is equivalent to inverting the external signal (X → −X), which
corresponds to relabelling the agent states. Therefore, we restrict our anal-
ysis to the range p ∈ [0.5, 1] without loss of generality.
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Throughout, we distinguish between agent states (denoted + and −) and
the external signal X(t) ∈ {−1,+1}. Despite using similar symbols, they
represent conceptually different quantities: the former describes individual
decisions, while the latter captures external information.

The central focus of our analysis lies in comparing two key quantities. The
first is the temporal average, which represents the mean fraction of agents in
state + over the duration of a single simulation. Denoting each individual
temporal average as ⟨f+⟩(i)T , where i ∈ {1, . . . , S} indexes the simulations,
the temporal average is defined as:

⟨f+⟩(i)T =
1

T

T−1∑

t=0

f
(i)
+ (t) (2.6)

This quantity captures the long-term behaviour of the system along a single
realisation of the stochastic dynamics.

The second quantity of interest is the ensemble average, obtained by
averaging the temporal averages over multiple independent simulations. The
ensemble average is given by:

⟨f+⟩S =
1

S

S∑

i=1

⟨f+⟩(i)T (2.7)

This ensemble measure reflects the expected average outcome when sampling
over different realisations of the stochastic process. Comparing the temporal
average and the ensemble average allows us to assess whether the system
exhibits ergodic behaviour: in ergodic regimes, the two averages should con-
verge in the long-time limit, while persistent discrepancies indicate ergodicity
breaking.

For clarity and brevity, explicit time dependencies (e.g., X(t)) may be omit-
ted in the following sections when it does not affect the interpretation or
outcome of the expressions.

2.2.3 Sensitivity Regimes

The study of the system begins by examining two extremal regimes: one
of high sensitivity to payoff differences, defined by β → ∞, and one of low
sensitivity, i.e., β → 0.
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High-Sensitivity Regime

We start with the asymptotic case β → ∞. In this high-sensitivity scenario,
agents exhibit near-deterministic responses to differences in payoffs and, as
such, they operate under minimal decision noise. In numerical simulations,
this regime is approximated by setting β = 100, which has been found suffi-
cient to capture the essential features of this low-noise setting. Additionally,
tests indicate that the qualitative dynamics are preserved for other substan-
tially large values of β, such as β = 50 or β = 20, confirming the robustness
of the observed behaviours across a broad high-sensitivity range.

As introduced earlier, our focus is on the average fraction of agents in
state +, denoted as ⟨f+⟩, computed both as temporal averages (Eq.(2.6))
and ensemble averages (Eq. (2.7)). Fig. 2.1 shows these quantities for several
values of the social influence weight γ ∈ [0, 1]. The top panel refers to the
memory-less version of the model (with payoff provided by Eq. (2.2)), while
the bottom one to the memory-based dynamics (payoff defined in Eq. (2.4)).
Both settings display a similar trend. For small values of γ, the system is
ergodic (Sec. 1.6.4): the long-term behaviour of a single simulation reflects
the typical behaviour across the ensemble. In this regime, which we call
the oscillating phase, the population exhibits fluctuations between the two
states, remaining responsive to the external signal. As γ increases, however,
a critical threshold is reached (denoted γ∗) and the system undergoes a tran-
sition to a non-ergodic regime. Here, agents persist in a single state, whether
+ or −, and remain there. This regime is called the absorbing phase, charac-
terised by bistability and sensitivity to early dynamics (in the memory-less
case) or cumulative signal history (in the memory-based scenario).

In the memory-less model, the transition occurs around γ∗ = 0.69. Before
the transition, agents spend about p = 60% of the time in state +, consistent
with the bias of the external signal [190]. After the transition, individual sim-
ulations tend to converge to all agents in state + or all in state −, depending
on early fluctuations. As a result, the ensemble average settles near 0.5, not
due to ongoing oscillations, but because half the simulations end up in each
absorbing state.

The memory-based dynamics (bottom panel) show a similar pattern. For
small γ, memory amplifies the external signal and most agents are locked into
the favoured state +, and both temporal and ensemble averages approach 1.
As γ increases, the system becomes more sensitive to early randomness and
simulation outcomes diverge: some go to +, some to −, resulting in a wide
spread of temporal averages. This spread reflects path-dependent dynamics,
where early cumulative exposure shapes long-term decisions. The ensemble
average follows a smoother decline, diverging clearly from most individual
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Figure 2.1: Comparison of temporal averages (blue markers) and ensemble averages (red
markers) of the fraction of agents in state + (denoted ⟨f+⟩), as a function of the social
influence parameter γ in the high-sensitivity regime, with β = 100. Top panel: memory-
less dynamics, γ∗ = 0.69. Bottom panel: memory-based dynamics (m = 200), γ∗ = 0.37.
We consider T = 3000 time steps and a sample size of S = 200; the other parameters are
listed in Remark 2.2.2.
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runs. In this regime, early fluctuations in the signal are averaged over the
memory window and increasingly shape the agent’s perception of the en-
vironment. Once a dominant trend emerges, memory reinforces it, locking
the system into a consistent collective state. The coexistence of many sta-
ble outcomes (as shown by the wide spread of blue crosses) again indicates
ergodicity breaking, but this time due to reinforced memory-induced path
dependence, not just bistability. The transition happens at lower threshold
γ∗ = 0.37, as memory smooths the influence of the external signal, making
agents less reactive to short-term noise. Notably, under this dynamic, it is
harder to identify γ∗. To overcome this issue, we consistently define it as
the first value at which a departure from ergodic behaviour appears, which
is later confirmed through stability analysis in Sec. 2.2.4.

Phase-Space Exploration and Ergodicity Breaking

At this point, it is useful to clarify how ergodicity breaking can be inter-
preted in terms of phase-space exploration. At the microscopic level, the
phase space consists of all possible configurations of the N agents, each of
which can occupy one of two states, yielding 2N distinct microstates. How-
ever, the analysis focuses on macroscopic observables. At the societal level,
the relevant phase space is spanned by the fraction of agents in a given state,
f+ ∈ [0, 1].

In the oscillatory regime, a single long trajectory explores a broad region
of this macroscopic phase space, repeatedly visiting mixed configurations
and yielding time averages that coincide with ensemble averages. By con-
trast, in the regime where ergodicity breaking occurs, the dynamics becomes
effectively confined to one of two basins of attraction corresponding to near-
consensus states (f+ ≃ 0 or f+ ≃ 1). Once the system enters one of these
basins, transitions either to the complementary basin or back to the interior
mixed region become extremely unlikely on accessible time scales.

As a consequence, a single realisation of the stochastic process explores
only a subset of the macroscopic phase space, which is selected by early
stochastic fluctuations and subsequently reinforced by memory effects. While
both basins remain accessible at the ensemble level, their effective inaccessi-
bility within individual trajectories gives rise to path dependence and to the
breakdown of ergodicity in the practical sense relevant for the model. In this
way, ergodicity breaking can be interpreted as the emergence of dynamically
disconnected regions in the effective phase space of macroscopic observables.

This phase-space interpretation also clarifies the meaning of the wide spread
of blue crosses observed in Fig. 2.1. Each blue cross represents the tem-
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poral average obtained from a single realisation of the stochastic dynamics,
corresponding to the mean fraction of agents in state + over the duration
of one simulation. In an ergodic regime, all such averages would converge
(up to finite-size fluctuations) to the same value. The observed dispersion
instead indicates that different trajectories converge to distinct long-term
macroscopic configurations.

Importantly, each of these configurations is dynamically stable on the time
scales considered: once a trajectory approaches one of these values, it con-
tinues to fluctuate around it without departing significantly. This stability is
directly reflected in the spread of blue crosses. If the macroscopic configura-
tions were not dynamically stable, individual trajectories would repeatedly
move between different regions of the phase space, and the corresponding
temporal averages would converge to a common value.

To summarise, the divergence between temporal and ensemble averages
beyond the critical threshold serves as clear evidence of ergodicity breaking,
albeit through different underlying mechanisms: bistability in the memory-
less case and memory-reinforced path dependence in the memory-based one.

It is worth noting that the mechanism of ergodicity breaking observed in the
present model exhibits clear phenomenological similarities with the minority
game discussed in [30], a stylised agent-based model in which a population
of agents repeatedly chooses between two alternatives and those belonging
to the minority side are rewarded. Despite this shared phenomenology, the
origin of ergodicity breaking in the two settings is markedly different. In [30],
the loss of ergodicity arises because the dynamics unfolds in a state space
where many distinct long-lived configurations coexist, between which the sys-
tem can transition only with difficulty. As the dynamics proceeds, transitions
between these configurations become progressively rarer, since increasingly
large collective fluctuations are required for the system to switch from one
configuration to another. As a result, the characteristic time scales associated
with these transitions grow rapidly and can become much longer than the
duration of numerical simulations or empirical observations. This leads to
ageing effects, meaning that the dynamical properties of the system depend
on the time elapsed since its initialisation, and to an increasingly incomplete
exploration of the available macroscopic states.

In contrast, ergodicity breaking in the model presented here originates
from a reinforcement mechanism driven by social influence and memory.
Early stochastic fluctuations bias the collective dynamics towards specific
macroscopic configurations and, once such configurations are reached, the
interplay between individual behaviour, collective outcomes, and memory
effects reinforces them and makes transitions away from them increasingly
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unlikely. In this sense, the system’s past values play a central role: different
realisations may settle into different long-lived configurations depending on
early events, even though all configurations remain dynamically accessible in
principle.

Thus, while both frameworks display an effective fragmentation of the
macroscopic state space into regions that are rarely explored within a single
realisation, the mechanisms responsible for this fragmentation are funda-
mentally different: in [30], the separation arises from progressively slower
dynamics and long-lived trapping induced by the structure of the state space
itself, whereas in the present model it emerges from endogenous feedback
and reinforcement.

Low-Sensitivity Regime

For what concerns the low-sensitivity regime (i.e., high randomness), we
explore two conditions: β = 1 and β = 0.

As shown in the top panel of Fig. 2.2, for β = 1 the averages show
a smooth and monotonic decrease with γ. When social coupling is weak
(small γ), agents remain moderately influenced by the external signal and
the average behaviour reflects the signal’s bias, yielding

⟨f+⟩ ∼ p,

with p = 0.6. Due to the inherent randomness at this level of β, significant
dispersion in temporal averages is observed across independent simulations.
These fluctuations are expected in a regime where decisions are only weakly
guided by payoff differences and agents randomly act (with full stochasticity
reached in the degenerate scenario β = 0 [87,180]).

As γ increases, social influence begins to outweigh the role of the external
input and the population averages converge to

⟨f+⟩ ∼ 0.5.

At the same time, the variation across simulation outcomes becomes smaller,
indicating more coordinated and homogeneous collective dynamics.

No evidence of ergodicity breaking emerges: temporal and ensemble aver-
ages remain close. This behaviour is consistent with an ergodic regime where
agents continuously adjust to both the external signal and the influence of
peers. It is worth noting that, in this low-sensitivity regime, introducing
memory into the decision rule does not significantly alter the results: the
averaging over past inputs merely smooths short-term variations but does
not meaningfully change the macroscopic patterns.
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Figure 2.2: Comparison of temporal averages (blue markers) and ensemble averages (red
markers) of the fraction of agents in state + (denoted ⟨f+⟩), as a function of the social
influence parameter γ in the low-sensitivity and memory-less regime. Top panel: β = 1.
Bottom panel: β = 0. The number of agents is N = 100 and sample size is S = 50; the
other parameters are listed in Remark 2.2.2.
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Figure 2.3: Comparison of the stochastic dynamics (blue markers) obtained from the
agent-based simulations with their deterministic counterpart (red markers) derived from
noise-free iterations of the model. Parameters are: β = 10, p = 0.6, N = 1000, T = 1000.
Sample size is S = 15 for stochastic dynamics and 15 iterations are considered for the
binomial tree.

In the degenerate case β = 0 (shown in Fig. 2.2, bottom panel), agents
choose completely at random, with no response to either social or external
inputs. This limit corresponds to a state of complete disorder, leading to

⟨f+⟩ = 0.5,

due to symmetry and randomness.

Trajectories

We continue our analysis by closely examining the state trajectories that
agents follow over time in the high-sensitivity, memory-less regime, as shown
in Fig. 2.3. To study these trajectories, we consider the points visited by
agents under two types of dynamics:

a) The stochastic implementation, where agents probabilistically choose
their state at each time step, as described in the agent-based model in
Sec. 2.2.2;

b) A deterministic counterpart, in which randomness is entirely removed.
Specifically, instead of relying on stochastic external signal or on prob-
abilistic decision-making, we systematically simulate all possible state
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transitions. We begin with the population entirely in state + or en-
tirely in state −; then, at each time step, we explore both possible
values for the external signal (+1 or −1) and agents update determin-
istically based on these inputs, without any randomness. This process
creates a tree of possible outcomes, a branching structure that captures
all potential state configurations the system can reach under idealised,
noise-free conditions.

In the figure, the vertical spread of points exhibits the different states visited
across simulations. The blue points represent the stochastic simulations and
the red points show the corresponding deterministic outcomes. The two ap-
proaches show close structural agreement: both reveal that, for lower values
of γ, both dynamics tend to converge toward extreme states (i.e., all agents
choosing + or all choosing −), which is typical of the oscillating, ergodic
phase. As γ increases, the branching structure becomes more complex, re-
flecting the growing influence of social reinforcement feedback.

Notably, this analysis only reflects the range of visited states and it does
not convey how often each state is reached, how long the system remains
in a particular state, or whether states are revisited, which are essential as-
pects for fully understanding the system’s stability and whether it behaves
ergodically.

2.2.4 Mean-Field Approximation

We continue to focus on the high-sensitivity regime, specifically on the mean-
field approximation, which is a modelling approach that replaces the de-
tailed interactions between individual agents with an average or “mean field”
(Sec. 1.6.3), allowing the system’s dynamics to be described in terms of ag-
gregate quantities.

This approximation becomes appropriate when agents are both exposed
to a smoothed version of the external signal (via memory) and exhibit highly
deterministic responses (due to high sensitivity, i.e., large β) [191,192]. Mem-
ory alone reduces short-term fluctuations in the signal but does not suppress
the stochasticity in agent decisions at low β (i.e., high randomness). There-
fore, both memory and low noise (i.e., high β) are necessary to justify the
assumption that the system can be described by its average behaviour. In
fact, in many models mean-field approximation are often introduced in or-
der to simplify complex interactions between individuals by replacing them
with an average influence. In our scenario, when the memory window is
sufficiently long, short-term fluctuations in the signal become negligible and,
hence, the average of the input signal converges to its expected value over
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time. Specifically, it holds that:

⟨Xm(t)⟩ m→∞−−−→ 2 p− 1, (2.8)

since X(t) is a binary random variable taking values in {+1,−1} with mean
2 p− 1. This simplifies the original model expression (Eq. (2.4)), which now
becomes:

Π±(t) = γ f±(t) ± (1 − γ) (2 p− 1), (2.9)

resulting in a deterministic approximation of the payoff in the long-memory
limit.

We now proceed to further characterise this high-sensitivity regime by ex-
ploring the typical phase transition it undergoes. This is done through a
combination of stability analysis, analytical insights, and an extension to
networked populations to assess the robustness of our findings across differ-
ent interaction structures.

Phase Transition Detection through Stability Analysis

The transition from the oscillatory phase to the absorbing one can be further
investigated through a stability analysis within the mean-field approximation.
Considering the payoff given by Eq. (2.9) and the fraction of agents in state
+ at time t, denoted f+(t), we can derive a recursive map describing the
evolution of the system:

f+(t + 1) =
1

1 + exp (−β [2 γ f+(t) + 2 (1 − γ) (2 p− 1) − γ])
. (2.10)

Fixed points of this map are determined by the condition

f+(t + 1) = f+(t), (2.11)

which corresponds to equilibrium population states that remain unchanged
under the dynamics. These fixed points are computed numerically and as-
sessed for stability by examining the slope of the update function in their
vicinity [96]. In particular, a fixed point is stable if small perturbations decay
over time, i.e., if the absolute value of the derivative satisfies

|f ′
+(t + 1)| < 1. (2.12)

As shown in the phase diagram of Fig. 2.4, we observe a qualitative change
in the structure of the fixed points by systematically varying the parameter
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Figure 2.4: Critical social influence threshold γ∗ as a function of sensitivity parameter β,
for both memory-based and memory-less dynamics, compared with theoretical predictions
(diamond markers) derived under mean-field approximation. The transition point γ∗

marks the shift from oscillatory behaviour to absorbing dynamics. Results are shown for
two signal biases, p = 0.6 and p = 0.8. We consider N = 100 agents and a sample size of
S = 50. Other parameters are given in Remark 2.2.2.

γ. Below a critical threshold γ∗, the system admits a single, globally attrac-
tive fixed point, whereas above γ∗, multiple steady states exist, including
bistable configurations separated by an unstable fixed point. This bifurca-
tion marks a sharp transition from a dynamic, oscillatory regime to one in
which the population becomes locked in one of two absorbing states. This
behaviour is typical in such scenarios and confirms the findings presented
earlier [96, 168,193–195].

When compared with simulation results, the predictions from the mean-
field approach (diamond markers) are in close agreement with results ob-
tained under memory-based dynamics, discussed in Sec. 2.2.3. In fact, mem-
ory plays a critical role in suppressing stochastic fluctuations, thereby pro-
moting convergence to deterministic behaviour. As expected, the agreement
is less precise in the memory-less case.

It should be noted that rounding errors may slightly influence the estima-
tion of critical values. These minor numerical discrepancies originating from
the finite precision of floating-point representation may become significant
near bifurcation points, particularly when evaluating derivatives close to the
stability threshold |f ′

+(t + 1)| = 1. To mitigate such issues, we ensure that
convergence criteria are sufficiently stringent and numerical derivatives are
computed with care using small perturbations. However, while such round-
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ing errors do not alter the qualitative conclusions of the analysis, they may
explain minor deviations between theoretical predictions and simulation out-
comes.

In summary, although some discrepancies arise due to finite-size effects and
rounding errors, the mean-field framework remains effective in capturing the
essential features of the transition and provides a powerful tool for the anal-
ysis of collective stability.

Analytical and Numerical Estimation of Flipping Probability

In the high-sensitivity and memory-based regime, sufficiently long simu-
lations (e.g., T > 100) and moderate-to-large memory lengths (typically
m > 20) reveal a sudden and irreversible transition from state − to state +.
Once this transition occurs, the agent generally remains permanently in state
+. This phenomenon is illustrated in Fig. 2.5, which tracks the trajectory of
a single agent over time.

To understand the conditions that enable such transitions, we first iden-
tify the critical threshold that must be exceeded for an agents to switch from
state − to state +. By setting f+(t) = 0 in Eq. (2.4) and equating the two
payoffs, we obtain the critical condition:

(1 − γ) ⟨Xm⟩ = γ − (1 − γ) ⟨Xm⟩. (2.13)

This leads to a threshold condition for the average signal:

X∗ =
γ

2 (1 − γ)
. (2.14)

Here, X∗ denotes the minimum time-averaged signal required to trigger a
state transition. Notably, this threshold becomes more stringent as γ in-
creases and, beyond a certain point, the condition can no longer be satisfied.

In order to characterise these state transitions, we aim to compute the
probability

P

(
1

m

m∑

i=1

X(i) > X∗

)
, (2.15)

both computationally and analytically. We begin with the theoretical deriva-
tion.

Let Sm =
∑m

i=1 X(i) be the total signal over the memory window. Since
each X(i) ∈ {−1,+1} with probability P (X(i) = +1) = p, this sum can be
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Figure 2.5: Illustration of a flipping event in the high-sensitivity, memory-based regime.
The magenta line shows ⟨Xm⟩, with m = 30. The blue line represents the agent’s state,
which flips from state − to state + when ⟨Xm⟩ exceeds the critical threshold X∗. Param-
eter values are: β = 100, p = 0.6, N = 1, T = 300, m = 30, γ = 0.5.

written in terms of a binomial variable. Specifically, if Y ∼ Bin(m, p) counts
the number of times X(i) = +1, we obtain:

Sm = 2Y −m. (2.16)

Substituting this into the probability expression in Eq. (2.15) yields:

P

(
Sm

m
> X∗

)
= P

(
Y >

m (1 + X∗)

2

)
. (2.17)

Defining k∗ = m (1+X∗)
2

, we apply the normal approximation1:

Y ≈ N (mp,mp (1 − p)),

and standardise:

P (Y > k∗) ≈ P

(
Z >

k∗ −mp√
mp (1 − p)

)
, (2.18)

where Z ∼ N (0, 1). Substituting for k∗, we obtain:

k∗ −mp√
mp (1 − p)

=
m (1 + X∗ − 2 p)

2
√
mp (1 − p)

=
√
m

1 + X∗ − 2 p

2
√
p (1 − p)

. (2.19)

1N (µ, σ2) denotes a normal (Gaussian) distribution with mean µ and variance σ2.
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Thus, the flipping probability is approximated by:

P

(
1

m

m∑

i=1

X(i) > X∗

)
≈ 1

2

[
1 − erf

(√
m (1 + X∗ − 2 p)

2
√

2 p (1 − p)

)]
, (2.20)

where erf is the standard error function:

erf(x) =
2√
π

∫ x

0

e−t2 dt. (2.21)

This expression provides a compact analytical estimate of the flipping proba-
bility derived from the Gaussian approximation of the binomial distribution.
Notably, the critical threshold X∗ in Eq. (2.14) is independent of the signal
bias p, whereas the probability itself in Eq. (2.20) is not.

In the limit of large memory (m → ∞), the Law of Large Numbers en-
sures that the empirical average of the signal converges almost surely to its
expected value:

1

m

m∑

i=1

X(i)
a.s.−−→ E[X(i)] = 2p− 1.

As a consequence, fluctuations in the signal average become negligible and
the system behaves as each agent perceives a constant input equal to its
expectation. In this deterministic limit, the flipping probability becomes:

lim
m→∞

P

(
1

m

m∑

i=1

X(i) > X∗

)
=





1, if X∗ < 2p− 1,
1
2
, if X∗ = 2p− 1,

0, if X∗ > 2p− 1.

This result implies that, in the limit of large memory (m → ∞), the oc-
currence of flipping becomes entirely determined by the comparison between
the threshold X∗ and the expected value of the signal, E[X] = 2p − 1. In
other words, the system shifts from a stochastic regime to one governed by
deterministic thresholds, which is a defining feature of mean-field behaviour.
The empirical dynamics therefore reduce to a simplified effective description,
where agent decisions depend on average quantities rather than on individual-
level noise.

In simulations, we estimate the flipping probability by counting the fre-
quency with which the condition ⟨Xm⟩ > X∗ is satisfied in the memory-based
setting. For each simulation run, we assess whether the agent’s memory-
averaged signal exceeds the threshold defined in Eq. (2.14) and record tran-
sitions accordingly. Repeating this procedure over an ensemble of S simula-
tions yields empirical estimates of the transition probability.
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Figure 2.6: Comparison between analytical predictions (lines) and computational esti-
mates (markers with error bars) of the probability that the memory-averaged signal ⟨Xm⟩
exceeds the critical threshold X∗, as a function of the social influence parameter γ. Each
curve corresponds to a different value of the external bias p, ranging from 0.51 to 0.9.
Other parameters are: β = 100, N = 100, T = 1000, m = 200, S = 50.

As shown in Fig. 2.6, there is strong agreement between analytical pre-
dictions and simulation results for the probability P (⟨Xm⟩ > X∗). Several
curves are considered, each for a different value of p, with theoretical pre-
dictions represented as continuous lines and simulation results as markers
with associated error bars. The close agreement between the two across all
regimes confirms the accuracy of the probabilistic approximation, validating
the analytical treatment developed before.

The flipping probability decreases sharply with increasing γ, reflecting a
transition from signal-driven to socially driven decision-making. This tran-
sition point depends on p: stronger biases (larger p) allow the signal to
overcome social pressure for a broader range of γ. Eventually, all curves ap-
proach zero for sufficiently high γ, indicating that agents become locked into
their initial state.

This analysis provides a quantitative characterisation of the conditions under
which individual agents are able to respond to external information in the
presence of social pressure. Moreover, it demonstrates that the stochastic
dynamics of flipping in the memory-based regime can be effectively captured
by a deterministic analytical model, which successfully predicts transition
probabilities based on the relative magnitude of signal bias and social influ-
ence.
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Network Implementation

The insights obtained from the mean-field analysis are not limited to fully
connected populations, where each agent interacts uniformly with all others.
On the contrary, we find that similar qualitative behaviours persist even in
more complex and realistic settings, where agents are embedded within net-
works characterised by structured patterns of connectivity [28,196]. Specifi-
cally, we examine several types of network topologies (Sec. 1.8), each differing
in interactions among agents, including:

- Erdős–Rényi (ER) networks, where connections between agents are
established independently with a fixed probability [147]. This setup
mimics a well-mixed environment, making it a good reference point for
comparison [197];

- Stochastic Block Models (SBM), which represent networks with com-
munity structures [149,198];

- Barabási–Albert (BA) scale-free networks, with heterogeneous degree
distributions, which mimic real-world systems by assigning more con-
nections to highly connected nodes (hubs) [70, 148].

Despite the heterogeneity in node degrees, a consistent pattern emerges
across all topologies: small values of the social influence parameter γ yield
oscillatory dynamics, while, beyond a critical threshold γ∗, the system be-
comes trapped in absorbing states. Importantly, the critical thresholds are
similar to those in the mean-field setting: γ∗ ≃ 0.71 in the memory-less case
and γ∗ ≃ 0.33 in the memory-based one. Fig. 2.7 shows representative re-
sults for the ER network, which are qualitatively mirrored in SBM and BA
networks.

This suggests that the phase transition is robust to changes in network
topology, echoing prior results on voter models in complex networks [186].
In addition, by explicitly comparing regimes with and without memory, we
provide a deeper understanding of how ergodicity breaks down in structured
populations.

With the agent-based model established, we next address its empirical vali-
dation, focusing on abrupt shifts in system dynamics as a key point of com-
parison between theory and observation.
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Figure 2.7: Temporal and ensemble averages for an Erdős–Rényi network. The ensemble
size is S = 100, the average node degree is ⟨k⟩ = 10, and the sensitivity parameter is
β = 100. Other parameters are listed in Remark 2.2.2. Top panel: Memory-less scenario,
with γ∗ = 0.71. Bottom panel: Memory-based scenario, with γ∗ = 0.33.
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2.2.5 Model Validation

The stylised model presented in this study offers valuable potential for real-
world applications, particularly in contexts where binary options are avail-
able and individuals are simultaneously exposed to both social influence and
external information [185, 199–202]. Relevant examples range from voting
patterns and collective mobilisation to consumer choices and public health
behaviour. Translating the model into empirical settings requires estimating
the critical social influence threshold, γ∗, which separates two fundamen-
tally distinct behavioural regimes: an ergodic phase, in which individuals
remain flexible and responsive to external cues, and a non-ergodic phase, in
which collective behaviour stabilises into persistent consensus or polarised
states [203, 204]. The conformity parameter γ is not merely a theoretical
abstraction: it can be empirically estimated and calibrated to observed data,
enabling the model to serve as a predictive tool. Once calibrated, identify-
ing the critical threshold γ∗ provides insight into societal rigidity, consensus
lock-in, or the potential for sudden collective shifts

Several empirical strategies can support this estimation. One approach in-
volves survey-based inference, adopted to assess the relative weight individu-
als assign to social conformity versus external information. A second strategy
relies on controlled behavioural experiments, where participants make binary
choices under varying levels of peer influence and external endorsements, al-
lowing researchers to infer when system dynamics shift. A third strategy
draws on large-scale datasets from digital interactions (such as social media
platforms or online petitions) where individuals are continuously exposed to
social validation mechanisms (e.g., likes, shares) and informational content
(e.g., news, expert opinions). By observing when opinion cascades emerge or
fail to emerge, researchers can infer whether the system is operating near a
critical point. Previous studies have shown that online opinion dynamics are
particularly susceptible to abrupt shifts driven by imitation, consistent with
the transitions identified in our model [205].

This predictive capacity has clear implications for domains such as public
health communication, electoral strategy, or policy design, where anticipat-
ing population-level responses to social and informational stimuli is of crit-
ical importance. The dynamics observed during the COVID-19 pandemic,
for instance, provide a striking example of how rapidly social influence and
information can interact to shift collective behaviour at scale. Another key
example is the power of public endorsement, particularly evident during U.S.
elections, where social influence can become so dominant that voters cease to
rely on external information (i.e., data or expert sources) and instead base
their decisions primarily on the opinions of others, ultimately leading to a
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locked-in opinion state [202, 206]. Another example is the Brexit referen-
dum, which highlighted how conformity pressures and polarised information
environments can shape large-scale collective decisions [207]. Similarly, herd-
ing behaviour has long been documented among financial analysts producing
earnings forecasts [208].

Concerning the feasibility of the outlined validation strategies, the valida-
tion of agent-based models cannot be approached through a single, stan-
dardised procedure, but must instead be adapted to the aims and empirical
reference of the model under consideration. As discussed in [209], a funda-
mental distinction exists between the use of empirical data to specify and
calibrate micro-level model components (such as individual decision rules
and interaction mechanisms) and the use of empirical observations to val-
idate macro-level simulation outcomes. Both forms of validation are often
constrained by limited data availability, particularly in social systems where
detailed information on individual behaviour, learning processes, and social
interactions is rarely fully observable. Within this framework, case-based
models (designed to reproduce specific, time- and space-bounded empirical
phenomena) are generally more amenable to direct empirical validation, since
relevant datasets can sometimes be collected or reconstructed. By contrast,
stylised models and theoretical abstractions (which aim to isolate and anal-
yse generic mechanisms rather than replicate particular empirical cases) face
more substantial validation challenges. In this respect, the model presented
here falls into the latter category, as it is intended to capture stylised features
of collective dynamics and social influence rather than to provide a quanti-
tative description of a specific empirical system.
These considerations are consistent with the broader methodological discus-
sion in [210], where it is argued that empirical validation in agent-based
modelling poses challenges that differ fundamentally from those encountered
in traditional analytical or econometric approaches, due to the presence of
heterogeneity, non-linearity, stochastic dynamics, feedback between micro
and macro levels, and path dependence. In such settings, multiple models
may reproduce similar aggregate patterns, and strong sensitivity to initial
conditions can further complicate direct comparisons with empirical time se-
ries.
Against this background, empirical validation of agent-based models can be
regarded as both desirable and feasible in principle, but its practical im-
plementation must be carefully matched to the scope and purpose of the
model, with theoretical abstraction and empirical realism viewed as comple-
mentary rather than competing objectives. Given the methodological effort
and dedicated empirical work required to address these issues adequately,
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the validation strategies outlined above are therefore left to future studies.

Taken together, these considerations underscore that the parameter γ is not
only measurable, but also interpretable in substantive terms, with proper
attention. Estimating and monitoring γ∗ may thus offer valuable insight into
the conditions under which societies transition between flexibility, consensus,
and polarisation, with significant consequences for policy and governance.
The examples presented further confirm the broad applicability of the model
across domains, from political decision-making to market behaviour.

2.2.6 Overview of Results

Human behaviour is profoundly shaped by social influence. Individuals seek
approval from peers and, when their opinions align with those of others,
the resulting sense of social validation tends to reinforce existing beliefs.
Conversely, exposure to opposing views can induce discomfort, weakening
attachment to prior convictions. As a consequence, people may adopt collec-
tive behaviours (even when suboptimal) by conforming to prevailing norms
or trends. This tendency can lead to the neglect of personal information
or independent judgement, echoing well-documented phenomena such as in-
formational cascades and herding behaviour [211, 212]. To characterise the
trade-off between social conformity and external evidence (interpreted as
an informational signal or ground truth), we develop a stylised agent-based
model.

In our framework, agents occupy one of two discrete states, which can
be interpreted as binary opinions or behaviours (e.g., voting preferences or
lifestyle choices such as smoking or dropping out of school). Each agent re-
ceives a payoff associated with their decision and, at each time step, decides
which state to adopt according to a Fermi rule, whereby transitions are more
likely when the alternative state offers a higher payoff. The model captures
realistic bounded rationality: while agents tend to favour strategies yielding
higher payoffs, they may occasionally adopt less advantageous options due
to random fluctuations.

Our main focus is on state occupancy, specifically the temporal and en-
semble averages, to identify emerging phenomena in opinion dynamics. We
examine how macroscopic outcomes depend on two core components: the
sensitivity to payoff differences (controlled by parameter β) and the strength
of social influence (governed by γ). These two parameters enter into the
payoff definition and, consequently, in the dynamics.

Additionally, we investigate the presence or absence of memory in pro-
cessing external signals.
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When agents are highly sensitive to payoff differences (i.e., β ≫ 1), they
tend to adopt states aligned with higher expected rewards. We observe that
outcomes in the memory-less and memory-based regime exhibit common fea-
tures. Specifically, for low values of γ, agents predominantly follow the exter-
nal signal and the system remains ergodic: time averages converge to ensem-
ble averages and agents continuously switch between states, with ⟨f+⟩ ≃ p,
where p denotes the signal bias, correctly tracking the external information.
Above a critical threshold γ∗, the system enters a non-ergodic regime, where
it becomes trapped in one of the absorbing states. Agents cease to respond
to the signal, breaking self-averaging properties. This transition is sharp,
consistent with classical phase transition phenomena and ergodicity break-
ing.

Introducing memory modifies the dynamics: instead of reacting to in-
stantaneous signals, agents respond to the average information over a time
window of length m, which smooths out noise. The key difference from the
memory-less dynamics lies in the lower critical value γ∗ and the smoother na-
ture of the transition. In addition, a different mechanism underlies the tran-
sition: in the memory-less case, ensemble averages reflect bistability across
absorbing states. In contrast, the memory-based regime exhibits path depen-
dence, where early fluctuations in the signal are reinforced over time, leading
to divergent long-term outcomes.

The presence of memory enables the application of a mean-field approx-
imation, where the time-averaged signal is approximated as a deterministic
quantity drawn from a binomial distribution. Under the mean-field and high-
sensitivity regime we confirm the critical transition analytically via stability
analysis. To further characterise the dynamics, we compute the flipping
probability of agent switching state, both analytically and numerically, with
the critical threshold derived analytically. As γ increases, the likelihood of
exceeding the threshold declines, reflecting the growing dominance of social
influence. Theoretical predictions show excellent agreement with empirical
measurements across various values of signal bias p, confirming the robust-
ness of the analytical treatment. Notably, the presence of memory leads to
irreversible flipping in the high-sensitivity regime, which means that, once the
average signal exceeds the threshold, agents switch state and remain there.
This phenomenon captures the way long-term exposure to biased signals can
drive persistent behavioural change, a feature relevant to social phenomena
such as political polarisation or cultural adoption [213].

Beyond fully mixed populations, we implement the model on various net-
work topologies: Erdős–Rényi, Barabási–Albert and Stochastic Block Mod-
els. Despite differences in structural connectivity, the overall behaviour re-
mains qualitatively consistent for both memory-less and memory-based dy-
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namics: a critical γ∗ separates ergodic and non-ergodic regimes, with similar
value among the different network topologies. This suggests that the observed
phase transition is a robust collective phenomenon, largely independent of
the microscopic arrangement of interactions, in line with previous findings
on noisy voter models [186].

In the low-sensitivity, high-randomness regime (β → 0), no ergodicity
breaking is observed, and state occupancy smoothly declines from alignment
with the external signal to completely random behaviour. No dependence on
memory is inferred.

Our model has potential applications across diverse empirical domains,
ranging from electoral dynamics to social habits and collective action. It
can help explain sudden shifts in collective behaviour that culminate in phe-
nomena such as financial crises, viral trends, rapid mobilisation, or abrupt
changes in public sentiment. Examples include social behaviours like school
dropout, smoking, voting preferences, or adoption of birth control technolo-
gies [169,170], as well as community crime rates [214], and the stronger influ-
ence of peers compared to parents on students’ academic performance [215].
The model also accounts for asset market volatility [99]. Electoral settings
provide further illustration: opinion polling before major events (e.g., the
Brexit referendum or U.S. presidential elections) often shows early volatility
that eventually solidifies into entrenched positions, which is a process that
can be interpreted as crossing the critical threshold γ∗. Similarly, in the
adoption of social behaviours such as participation in climate strikes or vac-
cine uptake, reaching a critical mass of early adopters can lead to irreversible
shifts, consistent with the model’s transition from a fluctuating to a stable
regime. The same mechanism applies to financial markets, where herding
behaviour leads investors to follow others rather than rely on private infor-
mation [211–213]. In this case, the ergodic phase reflects adaptive market
behaviour, while the absorbing phase corresponds to persistent bubbles or
crashes.

The model can be empirically validated by estimating the critical so-
cial influence threshold γ∗ through surveys, behavioural experiments, and
large-scale digital data. Identifying γ∗ helps anticipate transitions between
flexibility, consensus, and polarisation in real-world collective dynamics.

In summary, our model contributes to the growing literature on social imi-
tation and collective decision-making. It captures how individual decisions
emerge from the interplay between external evidence and peer influence, and
how this interplay may drive abrupt, irreversible transitions. Importantly,
it highlights the asymmetry of influence: in highly conformist populations,
targeted interventions may be more effective than global information cam-
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paigns. Future work could incorporate heterogeneous agents, dynamic con-
formity, or endogenous signal generation, further bridging the gap between
stylised models and real-world complexity.

2.3 Imitation vs. Randomness in Society

The discussion now shifts to the original model developed in [2], which inves-
tigates the interplay between imitation and randomness in shaping societal
dynamics. Specifically, it examines how individuals respond to trends (de-
fined as the most popular actions at a given time, as determined by a ranking)
and how such forms of social influence impact collective outcomes. Before
delving into the details of the model, it is appropriate to provide an overview
of the advantages and disadvantages of rankings.

2.3.1 The Role and Limitations of Rankings

Rankings serve as a tool for reducing complexity by ordering entities accord-
ing to a common performance metric [216]. Over recent decades, nearly all
aspects of society have become subject to rankings: people, countries, uni-
versities, businesses. This practice spans social, economic, and institutional
domains. Since the 1970s, rankings have embodied the drive to quantify
performance through global performance indicators, defined as “public, com-
parative and cross-national indicators that governmental, intergovernmental
and/or private actors use regularly to attract attention to the relative per-
formance of countries in a given policy area” [217]. In this way, rankings
become instruments of governance as well as tools of evaluation.

When a particular metric is adopted to construct rankings, it gives rise to
hierarchical structures [218,219]. Once entities are ranked, the phenomenon
of preferential attachment (Secs. 1.5.2 and 1.5.3) explains how power-law dis-
tributions emerge, based on the fact that resources attract further resources.
For example, researchers who are highly cited are more likely to be cited
again, and those who receive recognition (through funding, grants, or prizes)
are more likely to continue receiving it. Co-authorship with already promi-
nent scholars also plays a key role in reinforcing this dynamic [60, 220, 221].
This phenomenon is not limited to a specific area but applies across domains:
from citations of scientific papers [59,222], to online social networks [223] and
to wealth accumulation [63].

While rankings offer some benefits, such as improved resource allocation
or increased transparency, they also introduce significant limitations. Chief
among these is the reliance on predefined criteria, which may not capture
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all dimensions of quality or value. As a result, there can be a disjunction
between truly virtuous entities and those that merely align well with ranking
methodologies, leading to significant discrepancies between actual talent and
ranking position [171,224].

Talent is undoubtedly a prerequisite for success, but it is often insufficient
on its own. Factors such as randomness and cumulative advantage can play
a decisive role. For instance, considering cultural trend, songs that become
trendy (regardless of quality) achieve disproportionate success [225].

Furthermore, individuals and institutions tend to adjust their behaviour
in response to being measured. This phenomenon is encapsulated by Good-
hart’s Law [226, 227]: “When a measure becomes a target, it ceases to be a
good measure”, i.e., any observed statistical regularity will tend to collapse
once pressure is placed upon it for control purposes. In fact, when perfor-
mance indicators are introduced, actors may align themselves more closely
with the criteria being monitored. This phenomenon leads to a degree of
standardisation and a loss of uniqueness [228]. In academic contexts, biblio-
metric criteria dominate university rankings, yet these metrics are limited,
controversial, and prone to gaming (e.g., via self-citation) [229].

A further issue concerns the fact that rankings often serve promotional,
not merely evaluative, purposes. For instance, university rankings function
not only as comparative assessments but also as powerful tools for reputation-
building, fund allocation, and policy formation [230]. The “rich-get-richer”
mechanism (Sec. 1.5.3) operates here as well: the visibility conferred by high
rankings further reinforces institutional positions, regardless of underlying
quality. In this context, one concern is the potential for conflicts of interest
in the compilation of such rankings, which can undermine their objectivity
and make them poor indicators of actual talent or merit [231].

The pervasiveness (and the potential pitfalls) of ranking culture is also
manifested by the fact that rankings themselves have become subject to
evaluation: meta-rankings now exist to assess the robustness, fairness, and
reliability of various ranking systems [230].

A further issue concerning rankings arises from the mistaken belief that
replicating the strategies of top-ranked individuals or institutions will lead
to similar success. Imitation is a deeply ingrained human behaviour and is
central to social learning and cultural transmission [232]. However, empiri-
cal studies suggest that this influence and copy-mechanism is often mislead-
ing [233]. In fact, high-ranking entities may have benefited from unique,
fortunate circumstances rather than reproducible strategies or they may also
have adopted riskier approaches that paid off by randomness. Attempting
to imitate these trajectories may not yield the same results and may in fact
further reinforce existing inequalities. Thus, in general, it is better to develop
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an own path to success rather than following someone else’s steps [172,234].

In summary, being ranked among the top brings prestige and, through self-
reinforcing dynamics, increases the likelihood of remaining there. However,
substantial evidence suggests that top-ranked individuals or institutions are
not necessarily the most talented or deserving [171]. Social influence plays a
critical role in shaping not only rankings themselves but also their perceived
legitimacy.

Within this framework, our work aims to both confirm previous find-
ings and provide new insights into the interplay between imitation and ran-
domness when actions are ranked according to their popularity. Particular
attention is given to identifying the conditions under which the resulting
society is meritocratic, as assessed through appropriate quantitative mea-
sures. Notably, simulations prove to be extremely valuable in this context,
as real-life data usually consist of a single time series with no possibility of
repetition. Through simulations, artificial time series can be generated and
multiple realisations explored, allowing us to examine a range of settings and
scenarios [225].

2.3.2 Agent-Based Model Implementation

Given the framework outlining the interplay between randomness [171] and
imitation [172], we implement an agent-based model (Sec. 1.7.2) to further
investigate these phenomena, focusing in particular on the influence of trends,
understood as the most popular actions.

We consider a probabilistic setting with an artificial society in which
agents can play a finite set of actions. Specifically, at each time step of the
discretised running time (not referencing physical time), each agent can ei-
ther stick with the action currently played or switch to another one. Each
action is selected with certain probabilities linked to fundamental quantities
in our artificial setting.

More precisely, we implement the following setup in simulation, introduc-
ing an explicit analogy with the academic context in order to clarify the role
of each item. Naturally, the model lends itself to broader interpretations,
as explained in the following. Certain modifications can be introduced in
alternative versions of the model, as outlined in Sec. 2.3.5; for now, we focus
on the baseline scenario.

- There are N agents, labelled i. They can be thought of as researchers.

- Each agent i can play M actions, labelled j. For example, these may
represent fields or topics in which the agents can conduct research and,
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Figure 2.8: Stylised representation of the dynamics in our agent-based model in the
baseline scenario. A generic agent i is in state j at time t and all the possible outcomes
of their decision for the next time step are reported on the right. Choice probabilities are
reported on the arrows. Parameters are as follows: αij account for the talent, fj(t) for
the field popularity, q interpolates between imitation and randomness, M is the number
of available fields.

consequently, publish. The action chosen by agent i at time t is denoted
by j(i, t); however, for simplicity, we often drop the dependence on i
and t, and simply write j.

- A societal impact πj is attributed to each action, with πj ∈ [0, 1] for
j = 1, . . . ,M , which quantifies its direct benefit to the society. Higher
values denote a strong impact on society (e.g., cancer research) while
lower values reflect less critical contributions. Each πj is assigned at
the beginning of the simulation and remains fixed.

- Agents can vary in talent, which we quantify using a random matrix
whose elements αij ∈ [0, 1] denote how skilled agent i is in field j.

- We define the attraction of each action j, i.e., its popularity, as the
fraction of agents currently playing that action, denoted fj(t). Natu-
rally, fj(t) ∈ [0, 1]. This formulation allows us to capture the influence
of peer behaviour on individual decision-making.

- An import parameter is q ∈ [0, 1], which determines the role of ran-
domness in our setting. Specifically, we observe imitation when q → 0
and randomness when q → 1. In our setting, q can be interpreted as
reflecting the importance of the ranking of actions: high values imply
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agents do not consider action rankings (i.e., trends), while low values
imply agents imitate others and care about them. Another interpre-
tation of q is the agent’s propensity to explore available actions, with
higher values denoting greater exploratory behaviour.

- The payoff gained by each agent i playing action j at time t is defined
as:

Πi(t) = αij fj(t). (2.22)

Hence the reward (whether monetary, reputational, or success-related)
increases with the agent’s talent and the popularity of the field, further
reflecting crowd influence [169]. The payoff accumulated over the time
period t = 0, . . . , T by a single agent is then:

Πi(T ) =
T−1∑

t=0

αij fj(t) (2.23)

- We are interested in the overall societal payoff, generated by all agents
over time, defined as:

Π(T ) =
N∑

i=1

T−1∑

t=0

αij fj(t). (2.24)

- Another quantity of interest is the overall societal benefit:

B(T ) =
N∑

i=1

T−1∑

t=0

αij(i,t) πj(i,t). (2.25)

This metric allows us to assess whether agents tend to engage with
actions that are both beneficial to society and aligned with their indi-
vidual talents. Dependencies are made explicit for the sake of clarity.

- The dynamics proceeds as follows and is illustrated in Fig. 2.8. At time
t = 0, agents are assigned to fields proportionally to societal impact,
i.e., to πj. At each time step t = 0, . . . , T − 1, agents continue with
their current action with probability

p(i, j, t + 1) = αij fj(t), (2.26)

i.e., proportional to the payoff in Eq. (2.22). That is, agents are more
likely to stay with rewarding actions. With complementary probability
they consider switching and, in that case, with probability proportional
to q they select a different action randomly. With the remaining proba-
bility, they choose a new field based on popularity fj(t), thus accounting
for current rankings and trends.
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Remark. Regarding parameter choice in the simulations, the following set-
tings ensure robustness and consistency of results. Time is run up to T = 500,
by which point a steady-state is reached. A sample size of S = 1000 is con-
sidered to form a sufficiently large ensemble. Various values of q ∈ [0, 1] are
tested to explore all behavioural regimes. We consider N = 250 agents and
M = 100 actions, for which we obtain stable results. We verify that out-
comes remains consistent under changes in the N/M ratio; if not, exceptions
are noted. We choose N > M because in most real-world cases there are
more agents than fields to occupy. We include sample standard deviations
for all reported metrics.

The baseline implementation is conceived as a memory-less process, i.e.,
as a Markov chain (Sec. 1.3.1). Both αi,j and πj are pseudorandom deviates
(Sec. 1.7.1) drawn from a uniform distribution in the range [0,1]. In the base-
line scenario, both quantities are extracted at the beginning of the simulation
and remain fixed for the entire duration. In the memory-based setting, agent
skill becomes time-dependent, allowing skill to be gained through repetition.

With the agent-based model framework now established, we turn our atten-
tion to the analysis of key quantities.

2.3.3 Success, Talent, and Social Inequality

The first observable we examine is the overall payoff, as defined in Eq. (2.24).
This represents the total payoff (interpreted as success, recognition, mone-
tary income) generated by the entire society over the time evolution. Results
are presented in Fig. 2.9 and suggest that, when imitation is the dominant
mechanism (i.e., for low values of q), the overall payoff reaches its maxi-
mum. Conversely, when randomness dominates (i.e., for high q), the total
payoff attains its minimum. A phase transition (Sec. 1.6.2) separates the
two regimes and occurs at a critical point denoted q∗. The width of the error
bars indicates significant variability in this transition region, which is typical
of critical phenomena.
This initial analysis raises several important questions:

1) Is the society equal, i.e., is the total payoff evenly distributed among
the agents?

2) Is the society meritocratic, i.e., is there a correlation between an agent’s
talent and their achieved payoff?

3) How are agents distributed among the available actions?

4) Do agents engage in actions that are beneficial to society?



84 CHAPTER 2. MODELS UNDER SOCIAL INFLUENCE

Figure 2.9: Overall payoff Π(T ) generated by the society along the time evolution for
several values of parameter q, which accounts for imitation (low q) and randomness (high
q) in the dynamics. Parameter choices are reported in Remark 2.3.2.

5) Are agents who engage in socially beneficial activities well-suited to
them?

We proceed by examining each of these questions in detail.

Measuring Inequality with the Gini Coefficient

To address the question about equality, we analyse the Gini coefficient, a well-
established measure of inequality introduced by Corrado Gini and Gaetano
Pietra in the early 20th century [67, 68, 235]. The Gini coefficient quanti-
fies the deviation of a distribution (such as income or wealth) from perfect
equality among a group. It ranges from 0 (perfect equality) to 1 (maximum
inequality).

In our model, it is defined by

G(T ) =
1

N Π(T )

∑

i<k

|Πi(T ) − Πk(T )| , (2.27)

where the sum is computed over all unordered pairs of agents (i, k), by com-
paring their individual payoffs Πi(T ) and Πk(T ), defined in Eq. (2.23). The
resulting total disparity, given by the sum of absolute differences, is then
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Figure 2.10: Gini coefficient G(T ) for the society, capturing the balance between imita-
tion (low q) and randomness (high q) in the dynamics. Parameter choices are reported in
Remark 2.3.2.

normalised to ensure that the Gini coefficient lies within the interval [0, 1].
A value of 0 indicates that all agents have received equal payoffs, while values
approaching 1 suggest highly unequal outcomes.

Fig. 2.10 displays the results of our investigation. When imitation dom-
inates the decision-making mechanism (q → 0), the Gini coefficient is high,
indicating that the total payoff is concentrated among a small number of
agents and the society is highly unequal. In contrast, when randomness dom-
inates (q → 1), the payoff, despite being lower, is distributed more equally
as reflected by a lower Gini coefficient. A phase transition is again observed
between these regimes, reflecting the behaviour noted in the payoff curve.

Notably, the error bars shown in Figs. 2.9 and 2.10 represent the dispersion
of the measured observables across independent realisations of the stochastic
dynamics. Their increase at the transition reflects the fact that, near critical-
ity, different runs of the model can settle into distinct long-term macroscopic
states: small stochastic differences in early fluctuations or initial conditions
can bias the subsequent evolution over long times, leading to strong run-to-
run variability. From a physical perspective, away from criticality the dy-
namics is strongly attracted towards a well-defined macroscopic state, lead-
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ing fluctuations to be quickly damped and ensemble averages to be sharply
concentrated. Near criticality, by contrast, the system becomes weakly sta-
ble: relaxation times increase, correlations persist over long temporal scales,
and stochastic perturbations are no longer efficiently suppressed but can in-
stead propagate and influence the dynamics over extended periods. As a
consequence, statistical averages converge more slowly and display larger un-
certainties, which is reflected in the enhanced error bars observed close to
the transition [236,237].

It is also worth noting that the parameter q can be interpreted as the agent’s
propensity for exploration: when q is low, imitation dominates the decision-
making process and agents primarily follow popular choices, behaving as im-
itators; conversely, when q is high, agents act as explorers, selecting actions
independently of popularity and engaging in random exploration.

Meritocracy and Rank Correlation

The Gini analysis reveals that high total payoff in the imitation regime is
not evenly distributed, whereas, when randomness dominates, the society is
more equal as agents evenly contribute to it. This raises a further question: is
this concentration of payoff meritocratic? Specifically, is it the most talented
agents who are generating the greatest payoff?

To explore this, we compute the correlation between each agent’s payoff
and their average fitness, defined as

⟨αi⟩ =
1

M

M∑

i=1

αij. (2.28)

i.e., the agent’s average talent across all actions. To investigate meritocracy,
we adopt Kendall rank correlation coefficient, denoted τ , which is a non-
parametric measure of the strength and direction of association between two
ranked variables. A value of τ = 1 indicates perfect agreement (i.e., more
talented agents receive higher payoffs), τ = 0 indicates no correlation, and
τ = −1 indicates complete disagreement [238].

We analyse the correlation between payoff Πi(T ) and ⟨αi⟩ for each agent:

τ =
C −D

1
2
N(N − 1)

, (2.29)

where C is the number of concordant pairs and D is the number of discordant
pairs among all unordered pairs of agents (i, j). A pair is concordant if
the ordering of Πi(T ) and Πj(T ) agrees with the ordering of ⟨αi⟩ and ⟨αj⟩,
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Figure 2.11: Average Kendall rank correlation coefficient τ between agent’s payoff and
fitness. Top panel: N = 250, M = 100. Bottom panel: N = 100, M = 250. The remain-
ing parameters are the same as in other simulations and are reported in Remark 2.3.2.
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and discordant otherwise. In our implementation, we compute Kendall’s τ
between the vectors of agents’ average fitness and their corresponding payoffs.
This yields a single scalar coefficient, which we interpret as an aggregate
measure of the correlation between talent and outcome at the level of the
entire society. In other words, τ summarises whether, on average, higher-
skilled agents tend to achieve higher payoffs.

Results are shown in Fig. 2.11. When q → 0, the rank correlation is near
zero, implying a complete absence of meritocracy. After the phase transition
at q∗, the value of τ increases, indicating that talent becomes increasingly
aligned with payoff. Some variation in the shape of this transition is observed
depending on the ratio between the number of agents N and the number of
actions M : for N > M , the curve is monotonically increasing, while for
N < M , a non-monotonic pattern may emerge. Nonetheless, the overall
conclusion holds: higher q values correspond to more meritocratic societies.
This insight aligns with findings in previous studies [171] and supports the
conclusion that societies driven more by randomness than imitation may
achieve a greater degree of equality and meritocracy. In this context, the
emergence of desirable outcomes through randomness can be referred to as
a form of serendipity, namely the occurrence and development of events by
randomness in a happy or beneficial way [239,240].

Action Occupancy and Collective Convergence

We next analyse how agents distribute themselves across the available ac-
tions. To quantify this, we examine the participation ratio (PR), a localisa-
tion measure that quantifies how evenly agents occupy the space of actions:

PR(t) =
1

M

1
∑M

j=1

(
f̃j(t)

)4 , (2.30)

where f̃j(t) is the normalised vector of frequencies with respect to its L2

norm:

f̃j(t) =
fj(t)√∑M
l=1 fl(t)

2

. (2.31)

This normalisation ensures that the vector f̃(t) = {f̃j(t)}Mj=1 has unit length
in the L2 sense, i.e.,

M∑

j=1

(
f̃j(t)

)2
= 1. (2.32)

As a consequence, f̃j(t) can be interpreted as the relative weight or “effective
fraction” of agents associated with action j at time t. When most agents
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Figure 2.12: Participation ratio PR(T) of the entire community over the course of the
simulation. Parameters are the same of other simulations and are reported in the text.

concentrate on a single action, one component f̃l(t) dominates, while the
others are nearly zero (i.e., f̃l(t) = 1 for some action l, f̃s(t) = 0 for s ̸=
l). This leads the participation ratio to be PR(t) = 1/M . Conversely, if
agents are evenly distributed across actions, all components of f̃(t) contribute
similarly (i.e., f̃j(t) = M−1/2 for each j), leading to PR(t) = 1.

We study the participation ratio at the end of the simulation, namely
PR(T ). Results shown in Fig. 2.12 reveal that when imitation dominates
(q < q∗) agents tend to converge on a single action, which represents an
absorbing phase. Although agents may attempt to switch actions, they are
likely to return to the most popular one due to its high occupancy, which
reinforces its appeal. After the critical threshold q∗, agents begin to diversify
and spread across multiple actions. However, the participation ratio remains
below 1 in all cases, indicating that many possible actions remain unoccupied.

Socially Beneficial Actions

The previous analysis shows that agents tend to condense on a single action
when imitation is strong. In order to scrutiny whether this dominant field is
beneficial for society or not, we examine the distribution of societal impact
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Figure 2.13: Normalised distribution of the beneficial impact πj of the winning (i.e.,
most frequently played) action by agents at q = 0. The parameter settings are the same
as in the other simulations and are reported in Remark 2.3.2.

value πj associated with the most-played action (referred to as the “winning”
action πw) at q = 0. Results are shown in Fig. 2.13. While the winning
action typically has an above-average benefit, in about 20% of simulations
the system converges on an action with societal impact below 0.5. This
suggests that imitation-driven convergence does not always favour high-value
outcomes.

Allocation of Talent in High-Value Actions

Finally, we ask whether agents who engage in beneficial actions are also
talented in those areas. To investigate this, we analyse the societal benefit
metric defined in Eq. (2.25):

B(T ) =
N∑

i=1

T−1∑

t=0

αij(i,t) πj(i,t).

which accounts for both the societal impact of the chosen actions and the
agent’s talent in those actions. Fig. 2.14 shows the results. For q < q∗,
the average societal benefit B(T ) tends to be higher, yet it exhibits large
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Figure 2.14: Overall benefit B(T ) of the entire community over the course of the simu-
lation. The parameter settings are the same as in the other simulations and are reported
in Remark 2.3.2.

variability across simulation runs. This suggests that, when imitation domi-
nates, high-impact outcomes are possible but not guaranteed. As q increases
beyond q∗, the system becomes more stable, with lower variability but also
reduced average societal benefit. This produces more uniform (homogeneous)
outcomes across simulations, as shown by the smaller standard deviations,
but these outcomes are also less beneficial on average, reflecting a drop in
collective efficiency.

Having addressed the key questions raised earlier through numerical sim-
ulations, we now turn to a simplified analytical framework to gain further
insight into the underlying mechanisms of the model.

2.3.4 Analytical Insights

To gain analytical insight into the model’s dynamics, we examine a minimal
version of the system under the following assumptions:

a) Agents choose between two possible actions, i.e., M = 2;

b) The skill parameter is assumed to be homogeneous across all agents



92 CHAPTER 2. MODELS UNDER SOCIAL INFLUENCE

and actions, such that αij = α ∀i, j ∈ {1, 2};

c) The stochastic dynamics of the agent-based model are replaced by a de-
terministic approximation, where expected transitions between actions
are described using transition rates;

d) Let nj(t) denote the number of agents performing action j at time t,
subject to the constraint:

n1(t) + n2(t) = N, (2.33)

where N is the total number of agents.

e) As in the baseline scenario, we define the popularity (relative frequency)
of action 1 as

f(t) =
n1(t)

N
. (2.34)

Since the total population remains constant, the popularity of action 2
is simply 1 − f(t).

According to the dynamics described in Sec. 2.3.2, at each time step, agents
decide whether to continue with their current action or switch to the other.
The choice is based on three quantities: their skill α, the popularity of the
action f(t), and a control parameter q ∈ [0, 1], that governs the balance
between randomness and imitation.

We now compute the net change in the number of agents selecting action
1 from time t to t + 1. Starting with agents currently playing action 1, a
fraction αf(t) continue playing it, due to a favourable match between skill
and popularity. The remaining agents, a fraction 1−αf(t), considers leaving.
Among these, a portion q/2 will randomly choose to stay with action 1, while
a portion (1 − q)f(t) choose to stay through imitation. Therefore, the total
number of agents in action 1 at time t who continue with it at time t + 1
(generally denoted nout

in ) is

n1
1 = n1(t)

[
αf(t) + (1 − αf(t))

(q
2

+ (1 − q)f(t)
)]

. (2.35)

Next, consider agents currently playing action 2, whose number is n2(t) =
N −n1(t). Of these, a fraction 1−α(1−f(t)) are open to switching. Among
the switchers, a fraction q/2 will randomly select action 1, and a fraction
(1− q)f(t) will imitate its popularity. Thus, the number of agents switching
from action 2 to action 1 is

n1
2 = (N − n1(t)) (1 − α(1 − f(t)))

(q
2

+ (1 − q)f(t)
)
. (2.36)
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The total number of agents choosing action 1 at time t + 1 is therefore

n1(t + 1) = n1
1 + n1

2. (2.37)

To express this in terms of f(t), we divide both sides by N :

f(t + 1) =f(t)
[
αf(t) + (1 − αf(t))

(q
2

+ (1 − q)f(t)
)]

+ (1 − f(t)) [1 − α(1 − f(t))]
(q

2
+ (1 − q)f(t)

)
. (2.38)

Now we compute the difference f(t+1)−f(t), divide by ∆t, and take the
continuous-time limit ∆t → 0 to obtain the following differential equation:

df(t)

dt
= (2 f(t) − 1) α f(t) (1 − f(t))

(
(1 − q) +

q

2

)
. (2.39)

This equation governs the time evolution of the fraction of agents choosing
action 1; at the same time, it recovers the fraction of agent in state 2 from
Eqs. (2.33) and (2.34). The factor (2f − 1) drives the system toward rein-
forcing whichever option is more popular at time t, while the term f(1 − f)
ensures zero net flow when all agents concentrate on a single action (f = 0
or f = 1). The coefficient modulates the influence of imitation and explo-
ration, increasing with the skill level α and decreasing with the exploration
parameter q.

To better understand the qualitative behaviour of the system, we analyse
the steady-state solutions by solving

df

dt
= 0.

This leads to a cubic equation with three fixed points: f = 0, f = 1, and
f = 1/2. The latter corresponds to a symmetric configuration where both
actions are equally popular. Whether this symmetric solution is stable or
not depends on the value of the exploration parameter q.

To investigate the stability of f = 1/2, we define the constant:

C = α
(

(1 − q) +
q

2

)
, (2.40)

so that the differential equation simplifies to:

df

dt
= C (2f − 1) f (1 − f). (2.41)
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Figure 2.15: Bifurcation diagram showing the steady-state solutions f∞ of the simplified
model as a function of the exploration parameter q, for a fixed skill level α = 0.5. Three
branches of solutions emerge: a symmetric fixed point at f = 0.5 (shown in red) and two
asymmetric solutions (shown in black) which become real and stable when q falls below the
critical threshold q∗ = 1

3
. For q > q∗, only the symmetric solution persists and becomes

stable, indicating a transition to balanced coexistence.

Since C > 0 for all α > 0 and q < 1, the fixed point at f = 1/2 is unstable,
and the system tends to evolve toward either f = 0 or f = 1, depending on
initial conditions. This behaviour reflects the dominance of imitation in
low-exploration regimes, where popularity self-reinforces. To more precisely
characterise the transition between symmetric and asymmetric behaviour,
we return to the original cubic equation derived in the simplified analytical
model. The two non-trivial stationary solutions (obtained numerically) are
given by:

f∞ =
1

2
± 1

2

√
q (α− 2) + α

α (1 − q)
, (2.42)

where f∞ denotes the long-term popularity of action 1 (the occupation of
state 2 can be easily recovered as they summed to 1). These solutions are real
only when the factor under the square root is non-negative, which imposes
the condition:

q ≤ α

2 − α
, (2.43)
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defining a critical threshold q∗.
Below this threshold, the system admits two asymmetric equilibria, and

the dynamics are driven toward dominance of one action. Above the thresh-
old, the symmetric state f = 1/2 becomes the only real and stable solution,
representing balanced coexistence of both actions.

For example, when α = 0.5 (see Fig. 2.15), the threshold is:

q∗ =
0.5

2 − 0.5
=

1

3
. (2.44)

Thus, for q < 1/3, the system exhibits spontaneous symmetry breaking,
with one action dominating. For q > 1/3, exploration prevents condensation,
and agents remain evenly distributed between the two actions in the long run.

Although the derivation of q∗ is obtained in a simplified scenario, with two
possible actions and under the assumption of constant and homogeneous
skills (which, in the example provided, is equal to its average), it provides a
clear illustration of how a critical point separates qualitatively distinct pat-
terns, one where agents condensate on a single action and one characterised
by evenly played fields. This analysis reveals the underlying mechanism be-
hind the model’s transition from imitation-driven consensus to exploration-
induced diversity.

2.3.5 Alternative Setups

The baseline scenario described in Sec. 2.3.2 can be extended to better reflect
empirical conditions. Without introducing excessive complexity, we consider
the following three modifications:

a) A population divided into sub-groups, each characterised by a different
value of parameter q;

b) A skill-learning mechanism, where agents improve their skills over time,
i.e., αij(t);

c) A modified decision rule where the societal benefit πj influences the
dynamics.

Sub-Groups with Different q Values

The first modification is motivated by interpreting the parameter q as reflect-
ing the agents’ tendency toward exploration of the alternatives they can play.
This approach is well-established in game theory and economics [241, 242].
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Specifically, agents with low q behave as imitators, while individuals with
high q are explorers. In the baseline model, all individuals share the same
value of q, so the population is either fully imitative or fully explorative.
When extended to sub-groups, this reduces to the baseline if one group nu-
merically dominates the other.

To avoid trivial cases and promote heterogeneity, we consider two sub-
groups of comparable size: one group with a fixed q1 = 0.03 and one with
q2 ∈ [0, 1] which is varied across simulations. Fig. 2.16 displays the Gini co-
efficient and Kendall correlation coefficient for this mixed-population setup.
To ease computation and focus on qualitative trends, smaller population
sizes than in the baseline scenario are used. However, the results remain
qualitatively consistent

Dynamic Skill Learning

In the second modification, agents improve their skills through repetition. If
agent i continues to play action j, their skill at it improves. This is modelled
by updating:

αij(t) → α′
ij(t + 1),

where α′
ij(t + 1) is sampled from a uniform distribution in the interval

[αij(t), 1]. We track the average skill level for each action across the pop-
ulation over time:

ᾱj(t) =
1

N

N∑

i=1

αij(t). (2.45)

This allows us to observe how well the population learns each action. Results
for two regimes are shown in Fig. 2.17. In the top panel, we consider an
imitation-dominated setting (q = 0.1), in which agents converge on a single
action, increasing skill only in that domain while neglecting others. In the
bottom panel, we examine an exploration-dominated setting (q = 0.8). In
this scenario, different actions are played and agents improve their skills
across many actions and eventually the average skill levels for all actions
rise, approaching 1.

This dynamic highlights how exploration encourages broad-based skill
development, while imitation leads to narrow specialisation. It reinforces
our main finding: serendipity (interpreted here as high exploration) leads to
more equitable, diverse, and ultimately positive outcomes, now extending to
skills as well as payoffs.
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Figure 2.16: Gini coefficient (top panel) and Kendall correlation coefficient (bottom
panel) for two sub-groups (q1 = 0.03, q2 ∈ [0, 1] reported on the x-axis). Sub-groups sizes
are N1 = 12, N2 = 13, with M = 25 actions, T = 500 time steps and sample size is
S = 500.
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Figure 2.17: Temporal evolution of average skills ᾱj(t) across all agents. Top panel:
imitation regime (q = 0.1); bottom panel: exploration regime (q = 0.8). Parameters are:
N = 25, M = 10, T = 1000, S = 1000. Note that different time horizons are used to
account for the varying convergence rates.
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Incorporating Societal Benefit into Dynamics

In the final modification, we alter the decision-making dynamics by incorpo-
rating the societal benefit πj directly into the update rule, which becomes

αij(t) fj(t) πj. (2.46)

This modification means that an agent’s decision is now also influenced by the
societal impact of the action. However, simulations reveal that this change
does not significantly affect the outcomes: neither the total payoff nor the
Gini coefficient (see Fig. 2.18), nor the most played action at q = 0 (Fig. 2.19).

In this setting, we also revise the definition of fitness to incorporate societal
impact, defining it as:

⟨αi⟩ =
1

M

M∑

i=1

αij πj. (2.47)

This new definition weights an agent’s skill by the societal usefulness of the
actions, providing a more meaningful measure for evaluating merit. A com-
parison between the original and the updated fitness-based Kendall corre-
lation is shown in Fig. 2.20. No departure from baseline results can be
perceived.

These alternative setups illustrate the model’s flexibility in capturing more
realistic dynamics and confirm the robustness of the core findings: while imi-
tation can lead to higher payoff, it brings inequality and suboptimal collective
choices. Exploration, on the other hand, fosters diversity, meritocracy, and
more equitable outcomes. These results hold even when the decision rules
are modified or heterogeneity is introduced.

2.3.6 Network Implementation

The robustness of results can be further assessed by implementing the dy-
namics on network structures (Sec. 1.8), where agents can directly observe
and imitate each other. Specifically, we consider two different classes of
network topologies: the first is a mean-field network, in which each agent is
connected to all others; the second is an Erdős-Rényi random network, where
links between agents are established independently with a fixed probability
p [136, 147].

We begin by analysing the mean-field network, in which the system is fully
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Figure 2.18: Top panel: Cumulative societal payoff Π(T ) at the end of the simulation
for several values of the parameter q. Bottom panel: Gini coefficient G(T ) for the same
values of q. The simulation involves N = 25 agents, M = 10 actions and T = 1000 time
steps. Results are averaged over a sample of size S = 1000.
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Figure 2.19: Top panel: Participation ratio PR(T ) at the end of the simulation. Bottom
panel: normalised distribution of the payoffs of the most played actions at time T for q = 0.
Parameters are given in Fig. 2.18.
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Figure 2.20: Kendall rank correlation coefficient τ between each agent’s payoff Π(T )

and agent’s fitness. Top panel: fitness is defined as Φavg
i = 1/M

∑M

j=1
αij . Bottom panel:

fitness incorporates societal benefit, Φπ
i = 1/M

∑M

j=1
αij πj . Parameters are given in

Fig. 2.18.
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connected and each agent interacts with the entire population. As a conse-
quence, the neighbourhood of any agent coincides with the full set of agents,
and no differences in terms of interaction structure arise with respect to the
standard, non-networked formulation of the model (Sec. 2.3.2). Numerical
simulations confirm this analytical expectation. As shown in Fig. 2.21, the
macroscopic observables coincide (within statistical fluctuations) with those
obtained in the original dynamics. For reference, we report the total payoff
and the Gini coefficient; the Kendall correlation coefficient and the partic-
ipation ratio follow the same pattern as in the standard scenario and are
therefore not shown.

The second type of network under examination is the Erdős-Rényi one.
The average degree is linked to the probability of connections through the
equation

⟨k⟩ = p (N − 1), (2.48)

for a system with N agents. In our simulations, we set ⟨k⟩ = 15. While
the overall behaviour remains consistent with the mean-field scenario, some
minor differences emerge due to the local nature of interactions, as shown in
Figs. 2.22 and 2.23. In particular, the total payoff Π(T ) decreases more grad-
ually after the transition: agents may continue to exploit locally successful
actions for longer times, mitigating the immediate loss of collective payoff
observed in the mean-field case. Consistently, the Gini coefficient G(T ) ex-
hibits a local maximum after the transition, suggesting that inequality can
transiently persist even as imitation weakens. The Kendall correlation coeffi-
cient τ is systematically lower and displays a shallow minimum immediately
after the transition, indicating a delayed recovery of meritocracy under lo-
cally reinforced dynamics. By contrast, the participation ratio PR(T ) closely
follows the mean-field behaviour, indicating that the collective organisation
of actions is unaffected.

The highlighted effects arise from finite and local information and do not
signal the emergence of qualitatively new regimes, further supporting the
robustness of the underlying mechanisms.

Overall, these results show that implementing the dynamics on a net-
work structure does not alter the main conclusions, as the key results of the
standard scenario are recovered.

2.3.7 Overview of Results

Rankings provide a means of reducing complexity by ordering entities (such
as individuals, institutions, or countries) according to a specified performance
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Figure 2.21: Overall payoff Π(T ) (top panel) and Gini coefficient G(T ) (bottom panel)
for the dynamics implemented on a mean-field network. Parameter choices are reported
in Remark 2.3.2.
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Figure 2.22: Overall payoff Π(T ) (top panel) and Gini coefficient G(T ) (bottom panel)
for the dynamics implemented on an Erdős–Rényi network with average degree ⟨k⟩ = 15.
Parameter choices are reported in Remark 2.3.2.
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Figure 2.23: Kendall correlation coefficient τ (top panel) and participation ratio PR(T )
(bottom panel) for the dynamics implemented on an Erdős–Rényi network with average
degree ⟨k⟩ = 15. Parameter choices are reported in Remark 2.3.2.
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metric. While such simplification can be useful (for example, enabling a
better allocation of resources [216]), it carries several drawbacks. Firstly,
evidence supports the common sentiment that the highest-ranked items are
not the most talented [171,233] and that self-reinforcing mechanisms, such as
the “rich-get-richer” dynamic (Sec. 1.5.3), often transform early success into
long-lasting opportunities [243]. Another key feature is that individuals tend
to imitate top performers in their pursuit of success; however, it has been
shown that following one’s own strategy is generally more beneficial [172].

To investigate the relationship between rankings, decision-making and so-
cial influence, we implement an artificial society. In our agent-based model,
individuals can move across a fixed set of actions. At each time step, they
receive a payoff corresponding to their chosen action and may remain in that
field with a probability determined by their individual skill and the action’s
popularity, which encourages persistence in rewarding activities. Alterna-
tively, they may consider switching. In that case, they can either imitate
others by selecting an action based on its popularity (reflecting sensitivity to
prestige, rankings, and a tendency to follow fashionable or trendy choices)
or explore a new field at random.

The tendency to imitate or explore is governed by a parameter q, which
defines the degree of imitation within the population and reflects the impor-
tance agents assign to rankings. Alternatively, q can be interpreted as the
agent’s propensity for exploration. When q is low, imitation dominates the
decision-making process and agents primarily follow popular choices, behav-
ing as imitators. Conversely, when q is high, agents act as explorers, selecting
actions independently of popularity and engaging in random exploration.

To gain insight into the system’s behaviour, we examine several key vari-
ables. First, we analyse the total payoff accumulated by agents over time.
It reveals that, when imitation is the dominant mechanism and agents are
influenced by rankings (i.e., action popularity), the aggregate payoff reaches
its highest value. However, the Gini coefficient (a standard measure of in-
equality) shows that only a small number of agents contribute significantly
to this total. Furthermore, the Kendall rank correlation coefficient indicates
that these successful agents are not necessarily the most talented. The par-
ticipation ratio (a metric of localisation) shows that, in this regime, all agents
converge on a single action, which is not necessarily the most beneficial for
society as a whole. Overall, when imitation prevails as the driving mechanism
for switching actions, the society becomes unequal and non-meritocratic, with
highly skilled agents failing to achieve corresponding success.

This phenomenon is attributable to the dominant role of imitation: dur-
ing the early stages of the dynamics, a few agents may choose actions well-
matched to their skill profiles. Their success attracts widespread imitation,
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leading a disproportionate concentration of agents on the same actions. This
collective behaviour generates a self-reinforcing loop that discourages individ-
ual exploration and prevents the majority of agents from identifying actions
better aligned with their own abilities. These observations suggest that,
while imitation may benefit a small subset of agents, it generally leads to
suboptimal outcomes for the majority, including those who are, in principle,
more talented.

Conversely, when randomness is the dominant mechanism, the overall ac-
cumulated payoff is lower, but it is more evenly distributed among agents,
who populate the available fields more uniformly. Additionally, the corre-
lation between payoff and talent becomes positive, indicating a more mer-
itocratic system. In this context, we may speak of serendipity, namely a
positive and unexpected outcome [239]. Thus, the system evolves towards
greater diversity and fairness. Interestingly, randomness has also been shown
to outperform more sophisticated strategies, for example in the context of
financial trading [244].

Between these two regimes, a sharp transition is observed across all the
measured quantities. This is a typical feature of complex systems, as dis-
cussed in Sec. 1.6.2. Notably, similar abrupt transitions have been docu-
mented in social systems where agents tend to conform to one another [193,
245]. Examples include social climbing phenomena [246], stock market dy-
namics [247] and the sudden emergence of traffic jams [248]. These analogies
highlight the broader relevance of our findings.

Moreover, we explore different configurations of the model, including the
incorporation of learning from repeated actions, the introduction of soci-
etal benefit into the dynamics, and the segmentation of the population into
two subgroups. The results remain consistent with the baseline scenario, in-
dicating that our model offers deep insights and displays robust behaviour
under varying settings. Implementing the dynamics on networks further con-
firms the robustness of these results [249]. The abstraction from any specific
domain ensures broad applicability of the model to systems governed by in-
dividual decision-making and collective dynamics, consistent with findings
reported in [171,243].

A clear real-world example of our model’s setting is provided by the be-
haviour of the scientific community during the COVID-19 pandemic. As the
crisis unfolded, researchers rapidly redirected their attention to pandemic-
related topics. This thematic shift was largely driven by imitation: as initial
COVID-19 studies gained visibility, increasing numbers of researchers fol-
lowed the trend, leading to a dramatic rise in publications across diverse
disciplines within just a few months [250]. However, this surge came with
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drawbacks. Many studies published during this period were later criticised
for methodological weaknesses or premature conclusions [251]. These out-
comes underscore how the “publish or perish” culture prevalent in academia
can amplify imitation dynamics [252, 253] and lead to condensation around
specific topics, as described by our model. Moreover, such example under-
line the value of this type of modelling for informing institutional and policy
decisions.

Beyond academia, similar dynamics are evident in entrepreneurial set-
tings. Here, agents may be interpreted as startup founders choosing between
imitating successful business models or pursuing innovative, riskier ventures.
Evidence from recent startup trends indicates that imitation-based strategies
(e.g., following popular sectors) often yield mixed outcomes [254]. This find-
ing is consistent with our model’s predictions: while imitation can lead to the
dominance of a particular choice, it does not necessarily yield optimal results.

An important potential refinement of the model would be to allow the so-
cietal impact of each action to vary over time. In its current formulation,
these values are fixed. However, in real-world contexts, the perceived value
of different actions often changes due to external events or gradual soci-
etal transformations. For example, the COVID-19 pandemic significantly
increased the relevance of research related to public health, rendering those
topics more impactful.

In addition, the model could be empirically validated using the approaches
discussed in Sec. 2.2.5, further grounding its relevance in real-world observa-
tions.

The results discussed in this model raise a number of ethical and policy-
relevant considerations. In particular, the finding that imitation-driven dy-
namics can amplify inequality and weaken the connection between individual
merit and collective outcomes challenges the fairness of social and institu-
tional systems. This is especially relevant for settings that strongly rely
on visibility, rankings, or mechanisms of cumulative advantage. Our model
further confirms that such structures may systematically privilege early suc-
cess, chance events, or social reinforcement over individual competence or
effort [72, 225].

From an ethical perspective, our findings undermine meritocratic narra-
tives by highlighting how unequal outcomes can arise even in the absence of
intrinsic differences between individuals, and how responsibility for success
or failure may consequently be misattributed at the personal level. From a
policy standpoint, these results stress the importance of environments that
limit excessive herding and reduce path dependence. From a practical per-
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spective, introducing variability in ranking criteria over time, or avoiding
rigid and uniform evaluation rules, may help prevent agents from merely
adapting to fixed ranking mechanisms rather than competing on substan-
tive performance. Promoting diversity of exposure and more decentralised
decision-making processes may also help. More broadly, the analysis sug-
gests caution when adopting performance metrics as proxies for individual
talent, as institutional evaluation choices can translate into persistent and
self-reinforcing inequalities.

While the models considered here are intentionally stylised, they indicate
that addressing inequality may require deep structural interventions in the
ways performance is evaluated and resources are allocated.

Having introduced and characterised the agent-based models proposed in [1]
and [2], we now turn to a comparative summary of their main features. Our
aim is to highlight the key similarities and differences in their mechanisms,
as well as the principal contributions each study makes to the broader field
of opinion dynamics. By examining the models side by side, we clarify how
both frameworks capture critical transitions in collective behaviour and offer
insights into the role of social influence in shaping individual decisions.

2.4 Summary and Discussion

The original contributions proposed in [1] and [2] and discussed in greater
depth in this chapter provide new insights into how social influence shapes
individual decision-making and emergent collective behaviour. These works
extend the field of opinion dynamics by introducing two novel agent-based
models that capture distinct yet complementary aspects of imitation and
conformity within social systems.

Imitation plays a central role in human society: it is an innate learning
mechanism and also satisfies the social need for belonging and acceptance.
Often, individuals conform to the prevailing opinions or behaviours of the
majority (not necessarily due to superior information) but out of fear of so-
cial exclusion. Such tendencies are evident across a wide range of domains,
from financial decision-making [208] to dietary habits [255]. Our models pro-
vide a formal framework to understand the limitations and breakdown of this
phenomenon under varying social pressures.

The two models presented, though distinct in their purposes, share com-
mon features: both are agent-based systems with discrete-time dynamics,
where agents probabilistically decide whether to retain or alter their current
state based on specific payoffs. The first model focuses on binary-state dy-
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namics and incorporates both memory-dependent and memory-less settings.
It explores how the interplay between social conformity and an external sig-
nal (interpreted as a ground truth) can lead to ergodicity breaking, which
emerges as a phase transition. Specifically, as social influence increases, the
system shifts from an ergodic regime (where agents remain responsive and
able to track the external signal) to a non-ergodic regime (in which they
become trapped in a single state and resistant to change). This transition
highlights how strong social influence can inhibit adaptability and dampen
responsiveness to new information. A key theoretical contribution of the
model is the derivation of a closed-form expression for the critical threshold
at which this shift occurs, paving the way for empirical validation of the
transition threshold through data from surveys, controlled experiments, or
digital analyses of collective behaviour.

The second model examines the interplay between imitation and random-
ness in shaping agents’ behaviour, and is formulated as a memory-less system.
Agents choose among multiple available states and may incorporate the rel-
ative popularity (i.e., rankings) of these options into their decision-making
process. The model reveals how imitation leads to the emergence of a non-
meritocratic society, with agents converging on a single action that is not
necessarily beneficial for the group. Conversely, a more randomness-driven
system (while seemingly less rational) leads to more meritocratic outcomes,
where talent more fairly corresponds to success and where states are more
equally explored.

Both models exhibit abrupt phase transitions, a hallmark of many com-
plex systems. In one, the transition is from adaptability to inertia; in the
other, from a non-meritocratic to a meritocratic regime. Such critical thresh-
olds are not merely mathematical artefacts but they offer meaningful inter-
pretations for real-world phenomena. For example, our models help explain
how a small, strategically placed minority can shift majority opinion [161]. In
the imitation-versus-randomness model, this occurs when a few agents take
actions that are individually rewarding, prompting others to imitate them.
In the ergodicity-breaking model, by contrast, strong conformist tendencies
mean that interventions targeting a small number of well-positioned indi-
viduals may be more effective than broad, undifferentiated information cam-
paigns. Conversely, when social influence is weaker, the clarity and perceived
reliability of external signals play a more decisive role in shaping collective
behaviour.

These insights have direct implications for policymaking. Social actions
such as climate protest participation, vaccine uptake, or online activism are
known to be highly sensitive to peer influence. The first framework captures
this via a shift from oscillatory to absorbing states, consistent with empirical
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findings that show how reaching a threshold of peer adoption often triggers
self-sustaining cascades. The second model further illustrates that simply
following popular actions does not necessarily lead to success, reinforcing the
notion that an overreliance on rankings does not inherently promote societal
merit or virtue.

Despite their stylised formulation, both models consistently reproduce
key results across diverse scenarios. Variants incorporating memory effects
(rather than memoryless dynamics) confirm the stability of the main results.
In the ergodicity model, introducing memory smooths the impact of noise
and strengthens alignment with longer-term trends. In the imitation-versus-
randomness model, memory influences agents’ skills through the introduction
of a learning scheme; the resulting outcomes remain qualitatively unchanged.

Future work could enhance these models by calibrating them against real-
world data through various methodologies. The increasing availability of
large-scale datasets from social media and digital platforms provides a valu-
able resource for such efforts [164]. Additionally, incorporating continuous
opinion states [163] could enable more nuanced representations of belief dy-
namics.

In summary, situated at the intersection of opinion dynamics and statis-
tical physics, these works contribute to the growing body of research inves-
tigating how individual decision-making (shaped by stochasticity and social
interactions) gives rise to emergent collective phenomena. Within this inter-
disciplinary framework, the models not only reproduce established patterns
of collective behaviour, such as consensus formation, but also identify novel
conditions under which societies converge toward either accurate or distorted
shared beliefs. This modelling approach allows for a deeper understanding
of the mechanisms behind large-scale opinion shifts and highlights the struc-
tural parameters that govern their dynamics.

Importantly, our findings indicate that imitation does not necessarily con-
stitute the optimal strategy neither for individuals, who may remain unrecog-
nised despite possessing genuine merit, nor for society, which may lose its
capacity to align with objective truth. Relying exclusively on the opinions
of others, driven by the fear of social judgement, may ultimately undermine
both talent and success. In contrast, decisions based on individual informa-
tion or even random exploration can sometimes lead to more fair and equal
outcomes.



Chapter 3

Statistical Models for Finance

In recent decades, the intersection between physics and economics has grown
into a vibrant research area, largely inspired by the tools and methods devel-
oped within statistical physics. This cross-disciplinary approach emerged as
a field of interest in the 1980s, driven by the digitalisation of stock exchanges
and the unprecedented availability of large-scale financial datasets. These
technological advances enabled, for the first time, a systematic comparison
between theoretical models and empirical observations [16,256]. A landmark
contribution in this direction was a 1991 paper by Mantegna: it was the first
published in a physics journal and marked one of the earliest applications of
physics-based techniques to financial data [257]. Shortly after, in 1995 the
term “Econophysics” was coined by Stanley during the conference “Dynamics
of Complex Systems” in Kolkata, a satellite meeting of the STATPHYS–19
conference planned in China [258, 259]. The name is the combination of
economics and physics and acknowledged the growing role of physicists in
economic research [260]. Today, the field is regarded as a branch of Complex
Systems, focusing on the quantitative investigation of economic and financial
data [259].

3.1 Research Motivation

Having briefly outlined the historical and disciplinary background, we now
focus on the specific challenges and open questions that motivate the present
work.

Financial markets are paradigmatic examples of complex systems: they
involve a large number of interacting agents, each operating on the basis of
their own expectations, beliefs, and information. These personal features
introduce a high degree of unpredictability at the microscopic level. Yet,
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at a macroscopic scale, statistical regularities emerge in financial time se-
ries, offering the potential for insight (and, in some cases, predictive power)
regarding future dynamics. This approach relies on the assumption that evo-
lution in financial markets occurs sufficiently slowly to be negligible in the
near future [16]. Naturally, markets are not strictly stationary, and even this
weak stability hypothesis breaks down during times of crisis. Nevertheless,
the resulting models remain valuable tools for analysing complex financial
phenomena.

The first quantitative models of price fluctuations, dating back to Bache-
lier [44] and later to the development of modern financial mathematics, typ-
ically assumed Gaussian statistics for returns, i.e., the relative changes in
asset prices. However, the accumulation of high-quality empirical data has
revealed a persistent departure from Gaussianity: return distributions display
heavy tails, indicating that large fluctuations occur far more frequently than
would be predicted by a normal distribution. This realisation has motivated
the proposal of numerous non-Gaussian models (including Lévy-stable laws,
truncated Lévy flights, Student’s t, q-Gaussian, and modified Weibull dis-
tributions) each designed to capture the observed features of financial data.
To date, no consensus has been reached on a single, universally accepted
description.

On the basis of our original paper [3], the aim of this chapter is to provide
a consistent and systematic comparison of some of the most widely studied
heavy-tailed models in the econophysics literature. To our knowledge, no
such direct comparison has been previously performed.

Consistent criteria are necessary for robust evaluation. Thus, we adopt
parameter values grounded in empirical findings to ensure meaningful com-
parisons. Another key aspect of our study is the implementation of a simpli-
fied scenario for price dynamics, in line with the statistical physics tradition
of gradually introducing complexity, so as to isolate the essential mechanisms
at work before incorporating more realistic features. Based on both qualita-
tive and quantitative analyses, we conclude that these models should not be
considered as mutually exclusive alternatives, but rather as compatible tools
yielding consistent parametrisations of real market dynamics.

The analyses presented here require substantial computational resources,
especially for large-scale Monte Carlo simulations. This work was made pos-
sible thanks to the support provided by INFN, which is gratefully acknowl-
edged. Selected codes, along with the datasets employed in the present study,
are available at github.com/fdedo/MSNGcodes.

The chapter is organised as follows. Section 3.2 provides a concise overview of
key financial concepts and the stylised facts of return distributions, laying the
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groundwork for the discussion that follows. In Section 3.3, we present Gaus-
sian and non-Gaussian models proposed for return distributions, which are
qualitatively compared in Section 3.4, revealing strong similarities in their
shapes. Section 3.5 describes techniques for generating random numbers
from non-Gaussian distributions, a prerequisite for the quantitative analy-
sis of price dynamics under simplified assumptions. We examine measures
such as kurtosis and convergence to limit distributions (including convergence
rates), further underscoring the similarities among the non-Gaussian models
under analysis. Finally, Section 3.6 applies these models to option pricing,
beginning with the standard diffusion framework for the dynamics and in-
troducing a set of assumptions designed to enable a consistent comparison
with the Gaussian benchmark. Similar behaviours are once again evident
across the non-Gaussian models examined. Finally, we summarise the main
findings and outline possible extensions for future work in Section 3.7.

3.2 Key Concepts in Econophysics

One of the most compelling aspects of econophysics (and financial theory
more broadly) is its direct relevance to everyday life. Interest rates, currency
exchange, and asset pricing all have a deep impact on individuals’ lives. Yet,
while these concepts permeate economic decision-making, their underlying
mechanisms are often poorly understood outside specialist circles. For ex-
ample, while many Italians are highly versed in cultural subjects such as
music or art, it is often more difficult to find individuals who can explain the
concept of compound interest [261]. This gap in practical financial under-
standing is concerning, especially given the growing complexity of modern
financial systems.

In an attempt to address at least a fraction of this educational shortfall
and to prepare the ground for the discussion that follows, the glossary below
provides a concise overview of key financial concepts necessary for interpret-
ing the models and results presented in this chapter. It does not aim to be
exhaustive and the focus will be on the definitions, assumptions, and roles of
the variables most directly connected to asset price dynamics, following the
conventions in [16], unless stated otherwise.

- Market: Structured environment where buyers and sellers interact to
exchange goods, services, or financial instruments, typically governed
by rules that determine how prices are formed and transactions are ex-
ecuted. A market in which prices reflect all the available information at
any time is said to be efficient [262]. This assumption underpins many
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classical models, though empirical data often reveal deviations [263].

- Exchange: An organized and regulated marketplace (physical or elec-
tronic) where participants trade standardised financial instruments ac-
cording to established rules. Exchanges centralise orders, provide trans-
parent pricing, and ensure the clearing and settlement of transactions.

- Asset: Resource with economic value that can be owned or controlled
with the expectation of future benefit. In finance, this typically refers
to instruments like stocks, bonds, commodities, or currencies.
Its market-determined value at a given time is denoted with S(t) and
it can be referred to as the spot price.

- Return: Relative change in asset price over a time interval ∆t, namely

S(t + ∆t) − S(t)

S(t)
. (3.1)

- Log-return: Logarithm of relative price changes over a time period ∆t,
which is

ln

(
S(t + ∆t)

S(t)

)
. (3.2)

In the high-frequency limit (with time intervals down to milliseconds or
even microseconds), returns and log-returns are approximately equiva-
lent [264]. In fact, denoting

r =
S(t + ∆t) − S(t)

S(t)
, (3.3)

we have that the first-order Taylor expansion of the logarithm holds:

ln(1 + r) ≈ r, (3.4)

which leads to

ln

(
S(t + ∆t)

S(t)

)
≈ S(t + ∆t) − S(t)

S(t)
. (3.5)

- Derivative: Financial contract whose value depends on underlying as-
set. Initially developed for agricultural hedging, derivatives now include
options, defined below.
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- Option: A call option grants the right (but not the obligation) to pur-
chase an asset at a fixed price (the strike price) on or before a specified
date (the expiration date). Analogously, a put option gives the right
to sell under the same conditions. These contracts are often likened to
insurance policies: a call option offers protection against rising prices,
while a put safeguards against declines. While such instruments are
commonly employed as hedging tools to mitigate specific risks, they
are also widely used for speculative purposes. A more detailed classifi-
cation is presented in Sec. 3.6.

- Stock (or share): Fractional ownership of a company. Publicly traded
stocks are listed on exchanges, while private shares are exchanged
through direct negotiation.

- Stock index: Aggregated measure of selected stock performances, pub-
lished by exchanges (e.g., NYSE) or private firms (e.g., S&P, Dow
Jones). Financial derivatives often track these indices, with the S&P
500 being a prominent example.

- Interest rate: Expressed as percentage, it measures the cost of borrow-
ing or return on saving. It is typically associated with currencies, not
countries.

- Volatility: Statistical measure of the magnitude of price fluctuations
over a given time horizon, often used as a proxy for financial risk. In
most models, its temporal evolution is described by a stochastic differ-
ential equation, reflecting the fact that volatility is not constant but
time-varying and random. Volatility plays a dual role in finance: it is
both an empirical object of measurement and a theoretical component
in pricing and risk models. In empirical terms, it is typically treated as
a latent process and must be estimated either from past returns (yield-
ing the so-called historical volatility) or inferred from market prices of
options (leading to implied volatility) [263,265,266].

- Time series: A collection of observations of a given asset recorded over
a specific time window. Such data are sampled at discrete intervals
defined either by market activity (tick-by-tick) or by physical time (e.g.,
seconds). Tick time advances when a price changes, while event time
increments with each market event (e.g., order submission). This finer
resolution enables the analysis of patterns such as intra-day seasonality
or sudden spikes triggered by news. The high granularity of modern
data (sometimes down to milliseconds) has become a cornerstone of
financial modelling [267].
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- Data Availability: Financial data can be proprietary (e.g., Bloomberg)
or publicly available (e.g., Yahoo Finance). The completeness and qual-
ity of data are crucial: missing entries due to bankruptcy or mergers
can bias analysis.

- Risk: The uncertainty associated with future financial outcomes, par-
ticularly the possibility of incurring losses. While often quantified
through measures of volatility, such measures capture only typical price
fluctuations and do not account for rare, high-impact events such as
market crashes or systemic failures. A comprehensive view of risk en-
compasses both routine variability and extreme scenarios capable of
destabilizing financial systems. Common categories include market risk
(due to asset price fluctuations), credit risk (default by a counterparty),
liquidity risk (difficulty in trading without significant price impact), op-
erational risk (internal errors or failures), and systemic risk (widespread
market breakdown triggered by institutional failures) [268].

3.2.1 Stylised Facts of Financial Time Series

Empirical analyses of return time series have revealed a number of robust sta-
tistical regularities that appear across different markets, asset classes, and
time periods. These properties are often referred to as stylised facts and
emerge as universal features of financial systems and are widely interpreted
as signatures of underlying complex dynamics. Consequently, theoretical
frameworks aiming to model financial markets must be capable of reproduc-
ing these empirical features, at least in an approximate sense [269–274]. The
principal stylised facts can be summarised as follows [267]:

a) Heavy tails: The empirical distribution of asset returns and log-returns
deviates significantly from the Gaussian benchmark, particularly at
high-frequency time intervals. Such distributions exhibit a leptokurtic
profile, characterised by a sharp central peak and heavy tails, implying
a higher probability of extreme events than would be expected under
normal assumptions [52,275]. A characterisation of heavy-tailed distri-
butions is provided in Sec. 1.5.

b) Absence of autocorrelations for returns: Returns computed over short
time intervals (typically one to five minutes) exhibit negligible linear
autocorrelations, indicating that they can be treated as approximately
uncorrelated random variables, with past returns offering no predic-
tive power for future ones [267, 273]. Minor deviations from this be-
haviour may occur at very short intra-day time scales (up to about 20
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minutes), where weak correlations arise due to market microstructure
effects rather than genuine informational inefficiencies [272].

c) Volatility clustering and non-linear dependence: The absence of linear
autocorrelations in returns does not imply that returns are indepen-
dent or identically distributed. In particular, transformations such as
absolute or squared returns reveal a slowly decaying autocorrelation
structure, often referred to as long memory. This phenomenon, known
as volatility clustering, was first noted by Mandelbrot, who famously
observed that “large changes tend to be followed by large changes (of ei-
ther sign) and small changes tend to be followed by small changes” [52].

d) Aggregational normality: As the time scale over which returns are mea-
sured increases, the distribution gradually converges toward a Gaussian
shape. This transition from a leptokurtic profile at high frequency to an
approximately normal distribution at lower frequency is known as ag-
gregational Gaussianity and is consistent with the Central Limit Theo-
rem (Sec. 1.4.2) applied to weakly dependent variables. This behaviour
is evident from the analysis of the Pareto exponent of the return distri-
bution across different time scales, which reveals a systematic change
in tail behaviour [276].

The key concepts outlined above provide both a shared vocabulary and an
empirical benchmark for modelling financial time series. Real markets, how-
ever, introduce additional layers of complexity: trading is confined to specific
hours, leading to discontinuities such as overnight gaps; volatility and trading
activity follow pronounced intra-day and intra-week patterns; global asyn-
chronicity can distort price formation.

In what follows, we examine Gaussian and non-Gaussian models of return
distributions, assessing how well each framework captures the stylised facts
and market complexities discussed here.

3.3 Gaussian vs. Non-Gaussian Distributions

Financial returns are typically represented as realisations of stochastic pro-
cesses (Sec. 1.3) and their statistical modelling has a long and well-documented
history, beginning with the Gaussian framework, which served as the prin-
cipal reference throughout much of the twentieth century. In this chapter,
we start by revisiting this model, in recognition of its foundational role and
because its simplifying assumptions make it a natural benchmark for subse-
quent developments. While any representation of empirical data necessarily
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involves a degree of abstraction, decades of research have produced alterna-
tive formulations that more accurately capture observed regularities, most
notably the heavy-tailed nature of return distributions. Thus, we introduce
a selection of non-Gaussian models specifically constructed to reflect the em-
pirical characteristics of financial time series more faithfully.

3.3.1 The Standard Model of Finance and Beyond

The Gaussian framework traces its origins to the early work of Bachelier, who
proposed modelling asset prices using arithmetic Brownian motion (Eq. (1.5)),
at the beginning of the twentieth century [44]. This formulation implied nor-
mally distributed price changes, but it also allowed for negative prices, a
feature that is clearly unrealistic in financial markets [277].

To overcome this limitation, the first widely accepted alternative was in-
troduced independently by Samuelson [278] and Osborne [279], based on the
assumption that asset prices evolve according to a geometric Brownian mo-
tion (GBM), given in Eq. (1.6). Therefore, this process preserves the Gaus-
sian nature of returns while ensuring strictly positive prices. The stochastic
differential equation governing this process is:

dS(t) = µS(t) dt + σ S(t) dW (t) , (3.6)

where dW (t) is the increment of a Wiener process, µ is the drift rate and σ
denotes the volatility. In Samuelson’s formulation, both µ and σ are assumed
to be constant; this is a simplification that, despite its limitations, we adopt
in our discussion for analytical tractability.

Under the GBM, returns satisfy the equation:

dS(t)

S(t)
= µ dt + σ dW (t) . (3.7)

Applying Itô’s lemma (Sec. 1.3.3) to the logarithm of the price process yields
the dynamics [277]:

d lnS(t) =
{
µS(t)

∂ lnS(t)

∂S(t)
+

1

2
σ2 S2(t)

∂2 lnS(t)

∂S2(t)

}
+σ S(t)

∂ lnS(t)

∂S(t)
dW (t).

Using the derivatives:

∂ lnS(t)

∂S(t)
=

1

S(t)
,

∂2 lnS(t)

∂S2(t)
= − 1

S2(t)
.
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the expression simplifies to

d lnS(t) =

(
µ− σ2

2

)
dt + σ dW (t). (3.8)

Integrating this stochastic differential equation between the two times t and
T (t < T ) gives

lnST − lnSt =

(
µ− σ2

2

)
(T − t) + σ

[
W (T ) −W (t)

]
. (3.9)

Since the Wiener process is normally distributed with zero mean and variance
equal to the length of the time interval (Sec. 1.3.1), it follows that lnST is
normally distributed with

E[lnST ] =

(
µ− σ2

2

)
(T − t), (3.10)

Var[lnST ] = σ2(T − t). (3.11)

The corresponding probability density function for the log-returns is:

p

(
ln

ST

St

)
=

1√
2 π σ2 (T − t)

exp


−

[
ln
(

ST

St

)
−
(
µ− σ2

2

)
(T − t)

]2

2 σ2 (T − t)


 ,

(3.12)
From Eq. (3.7), returns themselves follow a normal distribution with

E

[
dS(t)

S(t)

]
= µ (T − t), (3.13)

Var

[
dS(t)

S(t)

]
= σ2(T − t). (3.14)

This result is fully consistent with the earlier derivation for log-returns: since
lnST is normally distributed, the price ST itself is log-normally distributed
according to

p(ST ) =
1

ST

p

(
ln

ST

St

)
, (3.15)

where p(·) denotes the Gaussian density given in Eq. (3.12). The correspond-
ing moments are

E[ST ] = St exp [µ(T − t)] , (3.16)

Var[ST ] = S2
t exp [2µ(T − t)]

(
exp[σ2(T − t)] − 1

)
. (3.17)
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While the GBM framework avoids the unrealistic possibility of negative
prices, it remains grounded in assumptions that are often inconsistent with
empirical observations. In particular, it presumes constant volatility, inde-
pendent and identically distributed (i.i.d.) returns, and normally distributed
increments with finite variance. However, financial markets frequently ex-
hibit volatility clustering, temporal correlations, and heavy-tailed return dis-
tributions that deviate significantly from Gaussian behaviour.

In a seminal 1963 study, Mandelbrot challenged the adequacy of the nor-
mal distribution in financial modelling. He demonstrated that empirical
returns are better captured by stable Paretian (Lévy-stable) distributions
(Sec. 1.4) with tail exponents around α ≃ 1.7 [52]. His analysis, initially
based on cotton prices, was soon extended to other products, including wheat,
grains, and financial securities. Two years later, Fama provided strong em-
pirical support for Mandelbrot’s hypothesis [280, 281]. While reasonable in
principle, this approach does not accurately reproduce the empirical charac-
teristics of outliers and therefore falls short as a complete modelling frame-
work.

A major refinement came from the work of Mantegna and Stanley [273,
282], who analysed high-frequency (one-minute) returns of the S&P 500 in-
dex over the period January 1984 to December 1989. Their examination
of the full distribution revealed a leptokurtic profile, sharply peaked at the
centre with heavy tails. This feature identified as the first stylised fact in
Sec. 3.2.1. They proposed Lévy stable model with tail exponent α ≃ 1.4,
which improved the fit in the central region but still underestimated the em-
pirical tail decay.

Notably, the complementary cumulative distribution function exhibits
power-law scaling (Sec. 1.5.1) with tail exponent α ≈ 3, observed over
timescales ranging from 1 to 120 minutes. This scaling has been documented
for stock price variations [264], market indices [275], and individual company
returns [283], all of which lie well outside the Lévy stable regime (0 < α < 2)
originally proposed.

The empirical inadequacy of the proposed models has led to the develop-
ment of several non-Gaussian distributions designed to better capture the
behaviour of high-frequency returns and log-returns. While no universal con-
sensus has emerged [267], several distributions have gained widespread atten-
tion, including Student’s t, q-Gaussian, Truncated Lévy, Modified Weibull,
hyperbolic and normal inverse Gaussian distributions. These models exhibit
power-law tails, with tail exponents α > 2, ensuring a finite second moment
(i.e., finite variance) though the precise value of α remains debated.

In this dissertation, following our original contribution [3], we examine
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and compare four non-Gaussian models, adopting consistent criteria to en-
able a meaningful evaluation. Specifically, our focus lies on probability dis-
tribution functions that are centred (i.e., have zero mean), exhibit finite
variance, positive excess kurtosis, and negligible skewness, all features that
align with key empirical findings. Given our primary objective of performing
a coherent comparative analysis, particular emphasis is placed on ensuring
consistency in both variance and excess kurtosis across the models. The lat-
ter, in particular, is a statistical measure that quantifies the heaviness of the
tails of a distribution, thereby reflecting the likelihood of extreme deviations
from the mean [284].

In the Pearson formulation, kurtosis is defined as the ratio between the
fourth central moment and the square of the second central moment:

κ =
E[(x− µ)4]

(E[(x− µ)2])2
=

µ4

µ2
2

, (3.18)

where µ denotes the mean of the distribution, and µi represents its i-th
central moment.

An alternative and commonly used metric is the Fisher definition, or
excess kurtosis, given by:

κE =
E[(x− µ)4]

(E[(x− µ)2])2
− 3 =

µ4

µ2
2

− 3. (3.19)

Under this convention, the Gaussian distribution has an excess kurtosis of
zero, making κE a useful measure of deviation from normality. Distributions
with κE > 0 are defined leptokurtic, indicating heavier tails and a sharper
peak compared to the normal distribution, while platykurtic distributions,
with κE < 0, appear flatter and exhibit lighter tails.

It is worth noting that the term kurtosis is often used in the literature to
refer to excess kurtosis, sometimes without explicit clarification.

Having outlined the key statistical properties observed in empirical data,
we now focus on specific probability models that have been proposed to ac-
count for such features. In what follows, the variable x will denote returns
or, in the high-frequency limit, log-returns, as the distinction between the
two becomes negligible.

3.3.2 Student’s t-Distribution

We first examine the generalised Student’s t-distribution, originally proposed
in econophysics by Bouchaud and Potters as a suitable framework for mod-
elling financial returns [16, 285–287]. It is defined by the probability density
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function:

pS(x) =
Γ
(
ν+1
2

)
√
ν π σ̂ Γ

(
ν
2

)
[
1 +

1

ν

(x
σ̂

)2]− ν+1
2

, (3.20)

where σ̂ is a scale parameter (modulating the width of the distribution), ν
denotes the number of degrees of freedom (shaping its form) and Γ is the
Gamma function, satisfying Γ(n) = (n − 1)!. The location parameter is set
to zero, consistent with the standard assumption for high-frequency financial
returns, which exhibit negligible mean or are reported to zero accordingly.

The tail behaviour of the distribution follows a power-law decay:

pS(x)
|x|→∞−−−−→ |x|−(ν+1), (3.21)

indicating heavy tails. The distribution approaches the Gaussian form as
ν → ∞, with convergence effectively occurring for ν ≳ 30.

The variance of the distribution is given by:

VarS{x} =
σ̂2 ν

ν − 2
, for ν > 2. (3.22)

More generally, the existence of moments is governed by the asymptotic
decay: the k-th moment exists only for ν > k. In particular, the fourth
central moment, required for computing the kurtosis, is:

E[x4] =

∫ ∞

−∞

x4 p(x) dx. (3.23)

Approximating the integrand for large |x| gives:

E[x4] ≈
∫

|x|→∞

x4

|x|ν+1
dx =

∫

|x|→∞

|x|4−(ν+1) dx. (3.24)

which converges only if 4 − (ν + 1) < −1, or equivalently ν > 4. Therefore,
the fourth moment is finite only for ν > 4, and the kurtosis diverges for
ν ≤ 4. When finite, the excess kurtosis takes the form:

κS =
6

ν − 4
for ν > 4. (3.25)

Empirical studies on asset returns typically report values around ν ≃ 3
for intra-day data [16,288,289], while daily returns are often better described
by ν ≃ 4 [16,287].
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3.3.3 q-Gaussian Distribution

We now turn to the q-Gaussian distribution [290,291], introduced by Tsallis
in the context of non-extensive statistical mechanics [292] and later devel-
oped in collaboration with his co-authors as a realistic model for financial
data [293]. It is defined as:

pq(x) =

√
β

Cq

eq(−β x2), (3.26)

where β is a scale parameter, q governs the shape of the distribution and
eq(x) denotes the q-exponential function, given by:

eq(x) = [1 + (1 − q) x]
1

1−q for q ̸= 1.

The normalisation constant C(q) ensures that the distribution integrates to
one. In the range of interest 1 < q < 3, it takes the form:

Cq =

√
π

q − 1

Γ
(

3−q
2 (q−1)

)

Γ
(

1
q−1

) .

For q = 1, the q-exponential reduces to the standard exponential, and the
Gaussian distribution is recovered.
The asymptotic behaviour for q > 1 follows a power-law decay:

pq(x)
|x|→∞−−−−→ |x|−2/(q−1).

The variance is finite for q < 5/3 and is given by:

Varq{x} =
1

β(5 − 3 q)
for q < 5/3. (3.27)

The existence of higher moments is again governed by the asymptotic tail. In
particular, the excess kurtosis is finite only for q < 7/5, and, when defined,
it takes the form:

kq =
6 (q − 1)

7 − 5 q
. (3.28)

Empirical analyses typically find q ≃ [1.4, 1.5] for both intra-day and daily
returns [293,294].

An analytical equivalence exists between the q-Gaussian distribution in Eq.(3.26)
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and the Student’s t-distribution in Eq.(3.20), provided the parameters are re-
lated by:

q =
ν + 3

ν + 1
with β =

1

(3 − q) σ̂2
. (3.29)

This correspondence underscores the close relationship between the two dis-
tribution families, both of which have been proposed as effective models for
capturing the heavy tails observed in empirical financial data.

3.3.4 Modified Weibull Distribution

As a third candidate model, we now focus on the Modified Weibull Distribu-
tion (MWD), which was proposed by Sornette and collaborators [295–298].
Its probability density function is given by:

pMWD(x) =
1

2
√
π

c

χ

( |x|
χ

) c
2
−1

exp

[
−
( |x|

χ

)c]
, (3.30)

where χ > 0 is a scale parameter and c > 0 is a shape parameter. The
distribution is symmetric and exhibits tails that decay faster or slower than
exponential depending on the value of c. For c < 1, the density decays more
slowly than an exponential, and is often referred to as a stretched expo-
nential. In the special case c = 2 and χ =

√
2, the standard Gaussian is

recovered.

The variance is finite for all c > 0 and is given by:

VarMWD{x} = χ2 · Γ
(
1
2

+ 2
c

)
√
π

. (3.31)

The excess kurtosis, when finite, takes the form:

kMWD =
Γ
(
1
2

+ 4
c

)
[
Γ
(
1
2

+ 2
c

)]2
√
π − 3. (3.32)

This expression can be derived by recognizing that the Modified Weibull is a
symmetric case of the Generalised Gamma distribution, with domain x ∈ R,
a broader family encompassing several well-known continuous models. The
corresponding probability density function is:

p(x) =
k

aΓ
(
d
k

)
(x
a

)d−1

exp

[
−
(x
a

)k]
, x > 0, (3.33)



3.3. GAUSSIAN VS. NON-GAUSSIAN DISTRIBUTIONS 127

where a > 0 is the scale parameter, d > 0 a shape parameter and k > 0 an
exponent. By setting a = χ, d = c/2, and k = c, which is a parametrisation
that reproduces the Modified Weibull (up to normalisation and symmetry),
we obtain d/k = 1/2, from which the relevant raw moments follow:

E[x2] = χ2 Γ
(
1
2

+ 2
c

)

Γ
(
1
2

) , (3.34)

E[x4] = χ4 Γ
(
1
2

+ 4
c

)

Γ
(
1
2

) . (3.35)

The kurtosis κ is then obtained as:

κMWD = Γ

(
1

2

)
· Γ

(
1
2

+ 4
c

)
[
Γ
(
1
2

+ 2
c

)]2 . (3.36)

Empirical studies suggest typical values of c in the range [0.6, 0.9] for
financial returns [295–297].

3.3.5 Truncated Lévy Distribution

We now turn our attention to the Truncated Lévy distribution (TLD), a
model that differs significantly from the previous ones due to the absence of
a closed-form analytical expression for its probability density function [299–
301]. Instead, it is defined through its characteristic function. The form
considered here, originally proposed by Koponen [302], is given by:

φTLD(k) = exp



−γ

(λ2 + k2)
α/2

cos
[
α arctan

(
|k|
λ

)]
− λα

cos
(
πα
2

)



 (3.37)

where γ > 0 is a scale parameter, λ > 0 is the truncation parameter, and
α ∈ (0, 2], α ̸= 1, is the Lévy characteristic exponent. Unlike the previously
discussed distributions which are characterized by two parameters, the TLD
involves three.

This distribution exhibits power-law behaviour in an intermediate regime,
followed by an exponential decay at large arguments. In the limiting case λ →
0, the characteristic function of an α-stable Lévy distribution is recovered.
Notably, for α = 1 the distribution converges to the Cauchy distribution,
while for α = 2 it becomes Gaussian (see Sec. 1.4.1).

The corresponding probability density function is obtained via the inverse
Fourier transform of the characteristic function:

pTLD(x) =
1

2 π

∫
dk e−i k x φTLD(k). (3.38)
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No additional normalisation is required, since φTLD(0) = 1. The asymptotic
behaviour of the distribution is:

pTLD(x)
|x|→∞−−−−→ |x|−(1+α) exp{−λ |x|},

showing a truncated power-law tail with exponential cut-off. Empirical fits to
financial return data often suggest a characteristic exponent around α = 3/2.
In this case, the variance of the Truncated Lévy distribution takes the form
(see [16] for derivation):

VarTLD{x} =
3

2
√

2

γ√
λ
, (3.39)

while the excess kurtosis is

kTLD =
1√
2

1

γ λ3/2
. (3.40)

Given the above characterisation of the distributions, we now turn to com-
paring the four models.

3.4 A Comparative Analysis of Models

Our aim is to implement a consistent comparison among the four non-
Gaussian distributions introduced above. To ensure comparability, we con-
sider standardised probability density functions, i.e., distributions with zero
mean and unit variance. This approach reflects common practice in fitting
financial data, where return series are normalised by subtracting the sample
mean and dividing by the sample standard deviation.

Zero mean has already been assumed. As for unit variance, we fix the
shape parameters based on empirical values reported in the literature for
intra-day returns, which best capture the behaviour in the tails. For the
two-parameter distributions, the chosen values are:

- ν = 3 for the Student’s t-distribution;

- q = 1.5 for the q-Gaussian;

- c = 0.75 for the Modified Weibull.

Once the shape parameters are fixed, the scale parameters are determined
by imposing unit variance. This yields:
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Figure 3.1: Comparison between standardised non-Gaussian return distributions and
the Gaussian (dotted line) in the high-frequency limit over the interval [−20,+20]. The
logarithmic scale on the y-axis highlights similarities among the non-Gaussian models,
particularly in the tails, as well as their differences from the Gaussian.

- σ̂ = 0.58 for the Student’s t (from Eq. (3.22));

- β = 2.0 for the q-Gaussian (from Eq. (3.27));

- χ = 0.87 for the Modified Weibull (from Eq. (3.31)).

The strategy adopted for the Truncated Lévy distribution, which involves
three parameters, follows a similar logic. Given empirical evidence reported
in the literature [16], the characteristic exponent is set to α = 3/2. The scale
parameter γ is then obtained from Eq. (3.39) by requiring unit variance:

γ = 2
√

2

√
λ

3
. (3.41)

Finally, we determine the truncation parameter λ from values reported in
high-frequency financial data, consistent with a specific λ–γ pairing reported
in prior studies. The final parameter set used for comparison is:

- λ = 0.18;

- γ = 0.4.

As discussed earlier, the analytical form of the TLD in real space is not
available in closed form. To address this, we compute the corresponding
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probability density numerically by evaluating the inverse Fourier transform
of the characteristic function φTLD(k), as given in Eq. (3.38). This inver-
sion is performed pointwise adopting numerical quadrature integration over
a finite grid of real-space values. The resulting discrete set of values, which
approximates the probability density function, is subsequently interpolated
via cubic spline interpolation, a method employing piecewise third-degree
polynomials [303]. This provides a smooth and continuous representation of
the density, suitable for both graphical visualization and sampling.

Specifically, given a dataset (xi, yi)
n
i=0 with a = x0 < x1 < . . . < xn = b,

the cubic spline function S(x) satisfies the interpolation condition S(xi) =
yi and is twice continuously differentiable on [a, b]. On each subinterval
[xi, xi + 1], the interpolant has the form:

Si(x) = ai + bi x + ci x
2 + di x

3.

The coefficients ai, bi, ci, di are computed for each subinterval, ensuring global
smoothness across the domain. In our implementation, we used the Spline

Interpolation module from the SciPy Python package.
This procedure yields a graphical representation of the TLD, allowing for

visual comparison with other models, as illustrated in Fig. 3.1.

Having established a consistent parameterisation for the non-Gaussian dis-
tributions under consideration, we proceed with a comparative analysis, pre-
sented in Fig. 3.1, focusing on the range [−20,+20] which resembles realistic
fluctuations observed in financial markets. To the best of our knowledge, no
direct side-by-side evaluation of these models under consistent conditions has
previously been reported.

By construction, all distributions are standardised to have zero mean and
unit variance, ensuring that differences in shape (particularly in the tails)
are attributable solely to their intrinsic functional forms rather than param-
eter scaling. Due to our consistent parameter selection, we observe that the
four non-Gaussian models, each proposed as a plausible candidate for de-
scribing high-frequency financial returns, exhibit striking similarities in their
leptokurtic profiles, both in the central region and in the tails. Notably, the
closest resemblance is observed between the Student’s t and the q-Gaussian
distributions, in line with the analytical equivalence discussed in Eq. (3.29).
These results suggest that, despite originating from distinct theoretical moti-
vations, the models can yield consistent parametrisations of market dynamics
when calibrated under uniform statistical constraints.

Finally, we remark that this consistency persists even when alternative
parameter values are adopted and that empirically hold for daily returns.
Specifically, we verified that analogous conclusions can be drawn when using
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ν = 4 for the Student’s t, q = 1.4 for the q-Gaussian, λ = 0.26 (with α = 3/2)
for the Truncated Lévy Distribution, and c = 0.85 for the Modified Weibull
Distribution. This robustness further supports the practical equivalence of
the proposed models in capturing the statistical structure of financial return
distributions.

3.5 Numerical Simulations

The initial comparison presented above highlights the qualitative similarities
among the four non-Gaussian models, providing a foundation for the more
quantitative analyses that follow. Specifically, our study now proceeds with
the implementation of several Monte Carlo simulations aimed at investigat-
ing the statistical properties of returns and log-returns, as well as their time
evolution. In this context, pseudo-random deviates (hereafter referred to
simply as random, as explained in Sec. 1.7.1), are drawn from the different
distributions and employed both as synthetic return data and as inputs for
modelling non-Gaussian fluctuations in dynamical processes. Random num-
bers are generated within the interval [−30,+30], chosen to replicate the
magnitude of extreme fluctuations typically observed in empirical financial
data. The generation of such deviates requires appropriate random number
sampling techniques, as detailed below.

3.5.1 Random Number Generation

Modern computational environments such as Python provide built-in func-
tionality for generating random deviates from a wide range of probability dis-
tributions. In particular, libraries like numpy.random and scipy.stats offer
efficient and reliable methods to sample from standard distributions [304,
305]. Here, the term standard refers to the canonical form of a distribution,
typically centred at zero and with unit scale. These functions enable the effi-
cient generation of large samples of random variables for simulation, estima-
tion, or hypothesis testing, without manually implementing the underlying
transformation algorithms. However, in this work we focus on generalised,
non-Gaussian distributions for which libraries do not provide built-in sam-
pling routines. As a result, custom methods are required. Specifically, for
the Student’s t, q-Gaussian and Modified Weibull distributions (whose an-
alytical forms are known) we implement the acceptance–rejection algorithm
to generate independent random samples [32].

The acceptance-rejection sampling algorithm is a general-purpose method
for generating random deviates from a target probability density function
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p(x) defined over a finite interval [a, b]. Let pmax denote the maximum value
of the density in this interval. Given two independent and uniformly dis-
tributed random numbers ξ1, ξ2 ∈ [0, 1], the algorithm proceeds as follows:

a) Generate a candidate point x′ ∈ [a, b] via the transformation
x′ = a + ξ1 (b− a);

b) Compute the value p(x′);

c) Define a vertical coordinate y′ ∈ [0, h] as y′ = ξ2 h, where h ≥ pmax;

d) If y′ ≤ p(x′), accept x′ as a sample from p(x); otherwise, reject it;

e) Repeat the process until the desired number of sample is obtained.

The efficiency of the algorithm corresponds to the proportion of accepted
samples relative to the total number of candidates generated. This corre-
sponds to the ratio between the area under p(x) and the area of the rectan-
gle [a, b] × [0, h]. A common improvement to this method involves adopting
a proposal distribution f(x) that better approximates p(x), rather than a
simple bounding box; this significantly increases the acceptance rate and im-
proves the algorithm’s overall efficiency [32,306,307]. Notably, care must be
taken in choosing the interval [a, b]: if the interval is too large, the efficiency
drops for heavy-tailed distributions; if too narrow, important tail events may
be excluded, introducing bias into the statistical analysis.
In this context, acceptance–rejection sampling is employed in the analysis
instead of inverse transform sampling for several reasons. While the latter
is in principle applicable whenever the cumulative distribution function is
known, its practical implementation would require the numerical inversion of
the cumulative distribution function at each draw. For the non-Gaussian and
heavy-tailed distributions considered in this work, such inversions are either
not available in closed form or can be numerically unstable and computation-
ally expensive, especially in the tails. Acceptance–rejection sampling avoids
these issues by relying solely on the evaluation of the probability density
function and provides a flexible and robust framework that can be applied
uniformly across all distributions analysed.

For the q-Gaussian distribution (and, by virtue of the equivalence in Eq.(3.29),
also for the Student’s t), we can implement the generalised Box–Muller algo-
rithm introduced by Thistleton, Marsh, Nelson, and Tsallis [308, 309]. This
method generalises the classical Box–Muller algorithm1 by replacing the nat-

1The standard Box–Muller algorithm is a widely adopted method for generating pairs
of independent standard normal random variables z1,2 from two independent uniform
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ural logarithm with the q-logarithm:

logq(x) =
x1−q − 1

1 − q
, x > 0

and its inverse, the q-exponential:

eq(x) =

{
[1 + (1 − q)x]

1
(1−q) , if 1 + (1 − q)x ≥ 0

0 otherwise.

Given two independent uniform random variables u1, u2 ∈ (0, 1], the algo-
rithm generates a pair of random deviates:

z1 =
√
−2 logq u1 cos(2 π u2),

z2 =
√
−2 logq u1 sin(2 π u2),

(3.42)

which follow a q-Gaussian distribution with:

q′ =
3 q − 1

q + 1
, β =

1

3 − q′
.

Note that q is the deformation parameter used in the logarithmic transfor-
mation (i.e., in logq and eq), while q′ characterises the distribution of the
generated deviates.

The q′-Gaussian obtained directly from the generalised Box–Muller trans-
formation has a natural scale parameter given by

β0 =
1

3 − q′
. (3.43)

Substituting β0 into the variance formula in Eq. (3.27) yields the variance of
the raw deviates generated by the algorithm:

Var0 =
3 − q′

5 − 3q′
. (3.44)

To obtain standardised deviates with unit variance, the output of the trans-
formation should be rescaled:

z′1,2 = z1,2

√
5 − 3q′

3 − q′
. (3.45)

random variables u1,2 over the interval [0, 1]. It is based on the transformation: z1 =√
−2 lnu1 cos(2πu2) and z2 =

√
−2 lnu1 sin(2πu2) [310].
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Figure 3.2: Logarithmic-scale comparison between the normalised non-Gaussian random
number distributions (blue histograms) and their corresponding analytical standardised
probability density functions (solid lines), over the interval [−20,+20]. From top-left,
clockwise: Student’s t, q-Gaussian, Truncated Lévy, Modified Weibull distribution. Pa-
rameters are selected as described in the main text.

This adjustment ensures that the generated samples are centred at zero and
have variance exactly equal to one. Unlike the standard Box–Muller algo-
rithm, the generalised version does not produce independent samples, as
the joint distribution of z1 and z2 does not factorise into the product of
marginals, indicating statistical dependence. Nonetheless, the two deviates
remain uncorrelated and the method is efficient, yielding two sample per it-
eration. It therefore provides a practical and effective means for sampling
from non-Gaussian distributions across a broad range of q ∈ (−∞, 3). The
acceptance-rejection algorithm and the generalised Box-Mueller method have
advantages and limitations. The latter is more efficient, because it supplies
two random deviates starting from two uniform random numbers. In con-
trast, the acceptance-rejection efficiency is typically around 30%. However,
as we sample within the finite interval [−30; +30], the acceptance-rejection
method remains preferable.
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For the Modified Weibull distribution, the application of the acceptance-
rejection algorithm is straightforward.

In contrast, for the Truncated Lévy distribution, this approach is not di-
rectly applicable, as its analytical form in real space is unknown. To overcome
this, we first compute its characteristic function numerically over a finite
grid, and then apply cubic spline interpolation to obtain a smooth approx-
imation of the probability density pTLD(x) (as described above), which can
subsequently be used as the target distribution in the acceptance–rejection
algorithm. To validate this sampling procedure, we verify that in the limit
λ → 0 the method correctly recovers α-stable distributions by comparing
the histogram of the generated random numbers with their corresponding
analytical expressions [311,312]. In particular, we confirm that for α = 2 the
Gaussian distribution is recovered and for α = 1 the Cauchy distribution, in
agreement with theoretical expectations.

Given these generation techniques, for each non-Gaussian distribution we
generate random deviates (denoted as ξNG), in order to obtain samples of
size M = 108. Sampling is restricted to the interval [−30; +30], in order to
reflect realistic outliers observed in financial time series. It is worth noting
that this truncation induces a slight distortion in the variance, which may
deviate from unity. To correct for this, we rescale each dataset by dividing
by its empirical standard deviation s, namely

ξNG → ξNG

s
. (3.46)

This final normalisation ensures that all generated samples are standardised
and consistent with the unit variance assumption, making them suitable as
stylised models of financial returns. Figure 3.2 displays the resulting samples
alongside the corresponding analytical probability density functions, thereby
validating the accuracy of our numerical procedures.

3.5.2 Complementary Cumulative Distribution Func-

tions

We have now at our disposal samples of size M = 108, consisting of stan-
dardised random deviates (with zero mean and unit variance) drawn from
each of the four non-Gaussian distributions under consideration. These sam-
ples are defined over the range [−30; +30], a choice motivated by the goal of
reproducing realistic extreme fluctuations observed in financial time series.

Despite their rarity, tail events can induce outsized price movements,
making them critically important for understanding and modelling financial
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market dynamics. Accordingly, the study of tail behaviour is of particular
interest. To this end, we examine the complementary cumulative distribution
function (CCDF), as defined in Eq. (1.17), which quantifies the probability
of observing a return greater than a given threshold. Specifically, we eval-
uate the CCDF for the four non-Gaussian models under investigation over
the interval [0.01, 20], corresponding to the empirical domain of impactful
fluctuations in financial returns. For reference, the CCDF of the standard
Gaussian distribution is also considered, given by:

Φc(x) =
1

2
erfc

(
x√
2

)
, (3.47)

where erfc(x) is the complementary error function, defined as:

erfc(x) = 1 − erf(x), (3.48)

where

erf(x) =
2√
π

∫ x

0

e−t2 dt. (3.49)

The results, shown in Fig. 3.3, confirm the consistency among the proposed
models and are in line with the insights presented earlier. Specifically, the
Student’s t and q-Gaussian distributions are known to be mathematically
equivalent under the mapping introduced in Eq. (3.29). In particular, the
shape parameter values ν = 3 and q = 1.5 yield identical tail behaviour, both
exhibiting power-law decay of the form:

ps,q(x)
x→∞−−−→ x−4, (3.50)

which implies a CCDF asymptotically governed by:

PCs,q
(x)

x→∞−−−→ x−3. (3.51)

This inverse cubic law is a well-documented empirical feature of high-
frequency financial return distributions across a wide range of assets and
markets [264]. While some empirical studies suggest deviations from this law
under specific conditions [313,314], it nonetheless remains a broadly accepted
benchmark for characterizing tail risk in financial time series.

Beyond this equivalence, both the Student’s t and the Truncated Lévy
Distribution (TLD) have been shown to offer comparably accurate fits to
empirical return distributions. For instance, in the analysis of 30-minute log-
returns of the S&P 500 index, the CCDF of a Student’s t-distribution with
ν ≃ 3 was found to match that of a TLD with parameter α = 3/2, yielding
a best-fit parameter combination γ2/3λ = 0.096 [16]. In the present work, we
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Figure 3.3: Log–log comparison between the complementary cumulative distribution
functions of standardised non-Gaussian models and the Gaussian distribution (dotted
line), computed for normalised returns in the range [0.01, 20]. All curves are obtained
from M = 108 Monte Carlo samples generated over the interval [−30, 30] with parameters
chosen to ensure consistent comparison.

adopt the values λ = 0.18 and γ = 0.4, selected to ensure unit variance (see
Eq. (3.39)), which result in γ2/3λ ≃ 0.098, in excellent agreement with the
empirical estimate.

Regarding the Modified Weibull Distribution, its CCDF with shape pa-
rameters in the range c ∈ [0.6, 0.9] (with c = 0.75 adopted here) has been
show to provide an accurate description of extreme fluctuations observed in
traded currency exchange rates. Within this parameter range, distinguish-
ing between stretched exponential and power-law decay becomes particularly
challenging. As discussed in [296], this ambiguity arises because stretched
exponential tails can approximate power-law behaviour in the limit c → 0.
The Modified Weibull is thus a flexible and effective model for financial ap-
plications.

Overall, this comparison based on the complementary cumulative dis-
tributions provides further evidence that the non-Gaussian models exam-
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Figure 3.4: Daily log-returns of the S&P 500 index, expressed in percent, as a function
of time from 02/01/2015 to 29/12/2025. Data source: Google Finance.

ined in this work offer compatible representations of extreme events in high-
frequency financial data, provided that a consistent choice of parameters is
adopted. The similarities observed, both in analytical behaviour and in simu-
lated samples, reinforce the conclusion that these models are not alternatives,
but rather represent equivalent parametrisations of the same underlying em-
pirical regularities.

Before turning our attention to a more quantitative comparison of the four
non-Gaussian models introduced in this chapter, we first illustrate their em-
pirical relevance through an application to real financial data. Specifically,
we consider daily returns of the S&P 500 index, spanning the period from
02/01/2015 to 29/12/2025 and obtained from Google Finance, which provide
a canonical example of market dynamics characterised by large fluctuations
and extreme events.
From the daily closing prices of the S&P 500 index, we construct the series of
daily log-returns and rescale it to zero mean and unit variance. The resulting
signal (Fig. 3.4) exhibits strongly intermittent behaviour, with long periods
of relatively small fluctuations punctuated by rare but extreme events. A
particularly prominent feature is observed around early 2020, where the on-
set of the COVID-19 pandemic produces an abrupt spike in the magnitude
of returns, reflecting a sudden breakdown of market stability and a sharp
increase in uncertainty. This episode exemplifies how exogenous shocks can
trigger collective market responses with amplitudes far exceeding those ex-
pected under normal conditions, reinforcing the view of financial markets as
complex systems operating far from equilibrium.



3.5. NUMERICAL SIMULATIONS 139

Figure 3.5: Empirical distribution of the absolute standardised daily log-returns of the
S&P 500 index. Empirical data (blue markers) are compared with a Gaussian benchmark
(dotted line) and with a standardised Student’s t-distribution with ν = 4 (orange line).
Top panel: probability density function. Bottom panel: complementary cumulative dis-
tribution function.
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To quantify these fluctuations, we estimate both the empirical probability
density function and the complementary cumulative distribution function of
the absolute standardised returns (Fig. 3.5). These empirical distributions
are compared with a Gaussian benchmark and with a Student’s t-distribution
with fixed degrees of freedom ν = 4, rescaled to unit variance to allow for a
direct comparison with standardised data. It is important to note that no
parameter fitting is performed and the characteristic parameters are those
commonly adopted for daily returns (as discussed in Secs. 3.3.2 and 3.4).
Moreover, the Student’s t-distribution is chosen as a representative element
of the four non-Gaussian models under consideration.

As expected, the Gaussian hypothesis fails dramatically to reproduce the
empirical data (especially along the tails), underestimating the probability of
large fluctuations by several orders of magnitude. In contrast, the Student’s
t-distribution captures the empirical decay of the tails with good accuracy
over the entire observed range, providing a faithful description of extreme
events. This agreement offers clear evidence that financial return fluctua-
tions are intrinsically non-Gaussian and are more appropriately described by
heavy-tailed, scale-free distributions, in line with the well-established stylised
facts documented in econophysics. Given Fig. 3.3, it also provides additional
support for the empirical equivalence of the four non-Gaussian models under
study.

3.5.3 Kurtosis as a Comparative Metric

A further comparative measure is the excess kurtosis, as defined in Eq. (3.19),
here evaluated computationally, theoretically and in light of empirical find-
ings. As a benchmark, we consider the excess kurtosis reported for 30-minute
returns of the S&P 500 index, estimated at kE ≃ 20 in [16, 284, 315, 316].
More generally, for highly liquid markets and frequently traded assets (both
at intra-day and daily timescales), excess kurtosis values typically fall in the
range kE ∈ [10, 40].

From this point onward, we refer to excess kurtosis simply as kurtosis.
For the Student’s t distribution (Eq. (3.25)) and the q-Gaussian (Eq. (3.28)),
the theoretical kurtosis is undefined because the fourth moment diverges for
the shape parameters adopted here. However, since our analysis is restricted
to the finite domain [−30,+30], the computed sample kurtosis remains finite
and informative.

In contrast, the kurtosis for the Modified Weibull (Eq. (3.32)) and the
Truncated Lévy distributions (Eq. (3.40)) is finite by construction. The key
distinction lies in the tail behaviour: MWD and TLD exhibit power-law
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Figure 3.6: Excess kurtosis values (markers) for non-Gaussian return models as a func-
tion of the number of generated deviates M = 106, 107, 108 over the interval [−30,+30].
Dashed and shaded lines indicate theoretical predictions for the TLD (α = 3/2, λ = 0.18)
and MWD (c = 0.75), with kTLD = 23.2 and kMWD = 26.2. Student’s t (ν = 3) and
q-Gaussian (q = 1.5) yield kurtosis around 35, in line with empirical values for high-
frequency returns.

decay modulated by an exponential or stretched exponential cutoff, which
guarantees the existence of all moments. On the other hand, the Student’s
t and q-Gaussian distributions follow a pure power-law decay, leading to the
divergence of higher-order moments, such as kurtosis, when defined over the
full real line. However, in practice, empirical financial return data span a fi-
nite domain. Within such a bounded range, these divergences are effectively
regularised, allowing the sample kurtosis to remain finite and well-defined.
A similar regularisation approach is applied to the variance in [317,318].

Fig. 3.6 shows the estimated kurtosis for each distribution as a function
of the Monte Carlo sample size M = 106, 107, 108, using random deviates gen-
erated over the interval [−30,+30]. The parameters are consistent with those
adopted in Sec. 3.4 to model intra-day returns. The TLD and MWD closely
reproduce their theoretical predictions, with kTLD = 23.2 and kMWD = 26.2,
respectively. In contrast, the Student’s t and q-Gaussian distributions yield
higher values (approximately k ≃ 35), yet still fall within the empirical range
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typically observed for high-frequency financial returns.
We also investigate a narrower domain, [−20,+20], more representative

of typical intra-day returns. Under this constraint, the kurtosis for the Stu-
dent’s t and q-Gaussian distributions falls to k ≃ 20, aligning more closely
with the TLD and MWD. This result supports the argument that, under
realistic bounds, all four models exhibit consistent statistical behaviour.

Importantly, the kurtosis for TLD and MWD remains stable across differ-
ent sampling intervals, provided these are sufficiently broad. By contrast, the
kurtosis for the Student’s t and q-Gaussian is more sensitive to the truncation
range. In fact, simulations performed adopting the generalised Box–Muller
method to draw samples from these distributions (over an unbounded do-
main) reveal that the estimated kurtosis continues to grow with sample size,
without evidence of convergence. This trend reflects the theoretical diver-
gence of the fourth moment in these two heavy-tailed models. However, such
divergence is not problematic in practice, as real-world financial returns are
naturally bounded.

In conclusion, the observed convergence in kurtosis across the four non-
Gaussian return models arises from a consistent and empirically grounded
selection of shape and scale parameters. Since these parameters accurately
reflect the statistical behaviour of large market fluctuations, the kurtosis
analysis further supports the practical equivalence of the four distributions
in modelling high-frequency financial returns.

3.5.4 Model Dynamics

Random variates play a central role in the numerical simulation of asset price
dynamics and the associated log-returns. Recalling Eqs. (3.6) and (3.8), these
continuous-time stochastic processes can be represented by substituting the
Wiener increment dW (t) with its discrete counterpart ∆W (t), defined as

∆W (t) = ξG
√

∆t, (3.52)

where ξG are independent standard Gaussian deviates, i.e., ξG ∼ N (0, 1),
and ∆t denotes the time step. Within this framework, asset price and log-
return trajectories can be simulated using the Euler–Maruyama method, a
numerical scheme in which the stochastic process evolves in small discrete
time increments [319]. Specifically, this scheme corresponds to the Euler
discretisation of a Langevin equation with additive Gaussian white noise. As
discussed in detail in [320], integrating the stochastic differential equation
over a finite time step ∆t yields a deterministic contribution proportional to
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∆t and a stochastic contribution arising from the time integral of the noise
term. For Gaussian white noise, this integral results in a random increment
with zero mean and variance proportional to ∆t, which can be written as√

∆t ξG. This procedure directly leads to Eq. (3.52) and clarifies the origin
and scaling of the noise term appearing in the discrete-time evolution.

In our case, the approximation over discrete time intervals t0, t1, . . . , tN
with uniform step size ∆t leads to:

S(t + ∆t) = S(t) + S(t)µ∆t + S(t)σ ξG
√

∆t, (3.53)

lnS(t + ∆t) = lnS(t) +
(
µ− σ2

2

)
∆t + σ ξG

√
∆t. (3.54)

In both cases, the accuracy of the numerical scheme depends on choosing a
sufficiently small time step ∆t to ensure that the discrete-time approximation
remains faithful to the underlying continuous-time dynamics.

To generalise this approach, we substitute the Gaussian deviates ξG with
non-Gaussian ones ξNG, sampled from the standardised distributions, as dis-
cussed earlier. As they have zero mean and unit variance by construction,
this substitution preserves compatibility with the original Gaussian frame-
work while introducing heavy-tailed characteristics into the dynamics.

The results of these simulations are shown in Fig. 3.7, where we compare
asset price trajectories generated by the four non-Gaussian models under
consideration (with the same choice of parameters as before) against the
Gaussian case. As expected, non-Gaussian paths exhibit occasional sharp
fluctuations, more closely mirroring the empirical behaviour observed in real
financial markets.

This phenomenon is further highlighted in Fig. 3.8, which compares the
log-return series generated from the Truncated Lévy distribution with that
of a standard Gaussian process. While the TLD is shown as a representative
case, analogous results hold for the other non-Gaussian distributions under
scrutiny.

It is important to emphasise that, within this modelling framework, we
implicitly assume that both returns and log-returns, although characterised
by heavy-tailed distributions, still evolve according to a standard diffusion
process. In particular, this means that the variance grows linearly in time,
consistent with the behaviour of a Wiener process. Such an assumption
allows for a direct and coherent comparison between Gaussian and non-
Gaussian stochastic walks under the same diffusive dynamics. At the same
time, empirical studies have consistently shown that returns themselves are
well approximated as memoryless processes, since their autocorrelations de-
cay rapidly and become negligible beyond very short time lags (a feature
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Figure 3.7: Simulated trajectories for asset price S(t) based on non-Gaussian random
walks, compared to the Gaussian benchmark (black dot). Parameters for the non-Gaussian
distributions are those selected in the previous section to ensure consistency across models.
Simulation settings are: ∆t = 10−3, total steps N = 103, leading to a final time horizon
T = N∆t = 1, initial asset price S(0) = 150, drift µ = 0.01, volatility σ = 0.1.

commonly attributed to the action of arbitrage mechanisms [272, 321]). De-
viations from standard diffusive behaviour, including long-range dependence
and anomalous scaling, are instead observed in functions of returns, such as
volatility, absolute returns, or squared returns, which exhibit clustering and
slowly decaying correlations over extended time horizons [16, 322]. In this
sense, anomalous diffusion should be associated with volatility-related ob-
servables rather than with returns [323]. While the current implementation
does not explicitly account for these effects, the framework can be extended
in future work to incorporate such anomalous scaling properties.

3.5.5 Distributional Convergence

We now turn our attention to the convergence properties of random walks to-
ward their corresponding limiting distributions. As introduced in Secs. 1.4.2
and 3.3.1, the additive process governing the log-return dynamics under
Gaussian noise leads to a Gaussian distribution, while the corresponding
multiplicative process for asset prices yields a log-normal distribution [324].
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Figure 3.8: Log-return time series generated with Truncated Lévy noise (green trace)
compared with the Gaussian one (black trace). The non-Gaussian model better captures
the presence of extreme fluctuations.

These results extend naturally to non-Gaussian random deviates, provided
that the variables are independent, identically distributed and possess finite
variance, as well as finite higher-order moments. Indeed, under these assump-
tions, the additive and multiplicative versions of the Central Limit Theorems
apply. Notably, one of the stylised facts presented in Sec. 3.2.1 is aggrega-
tional Gaussianity: after a characteristic time scale of approximately 10 to
16 trading days [283], the distributions of returns and log-returns gradually
converge toward a Gaussian profile, despite being heavy-tailed over short
horizons [325]. Crucially, the rate of convergence toward the limiting distri-
butions is strongly influenced by the statistical moments of the underlying
variables, whether Gaussian or non-Gaussian.

To investigate this convergence behaviour, we proceed under the following
simplifying assumptions:

a) Among the four non-Gaussian models examined in this work, we choose
the Truncated Lévy distribution as a representative case; nevertheless,
the conclusions reached here extend to the other distributions under
consideration.

b) We assume the random deviates to be i.i.d., although it is well known



146 CHAPTER 3. STATISTICAL MODELS FOR FINANCE

that financial returns are typically uncorrelated but not independent
(Sec. 3.2.1). This assumption can be relaxed through stochastic volatil-
ity models (see Sec. 3.7).

c) We fix the model parameters as

µ =
σ2

2
, σ = 1. (3.55)

which simplifies the expressions for the limiting distributions and their
moments without loss of generality.

Under these settings, Monte Carlo simulations are performed for the additive
stochastic equation in discrete time, following:

lnS(t + ∆t) = lnS(t) + ξi
√

∆t (3.56)

and for its multiplicative counterpart according to:

S(t + ∆t) = S(t) +
1

2
S(t) ∆t + S(t) ξi

√
∆t, (3.57)

where i = G, NG denotes the Gaussian and non-Gaussian (TLD) devi-
ates, respectively, drawn from standardised distributions. The same dataset
adopted for ξi in the analyses of the complementary cumulative distribution
function, kurtosis, and dynamical properties is employed here.

The simulation parameters are:

- Time step: ∆t = 10−3 to approximate the continuous-time limit;

- Number of random variables (i.e., iterations) added or multiplied:
N = 10, 102, 103;

- Corresponding total times: t = N ∆t = 0.01, 0.1, 1, where T = 1
represents the maximum simulation horizon (not tied to any physical
time scale);

- Initial condition: S(0) = 1;

- Sample size (number of independent simulations): M = 105.

Considering the above settings, for the additive process in Eq. (3.56), the
limiting distribution is the normal distribution:

p(lnSt, t) =
1√
2 π t

exp

(
−(lnSt − t/2)2

2 t

)
, (3.58)
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where S(t) = St and where the mean grows linearly with time while the
variance scales as Var[lnSt] = t.

As shown in Fig. 3.9, simulations under Gaussian noise rapidly converge
to the limiting distribution, even for small N . In contrast, as represented
in Fig. 3.10, convergence is significantly slower under TLD noise, requiring
approximately N ∼ 102 iterations for satisfactory agreement, particularly
along the tails.

For the multiplicative process in Eq. (3.57), the limiting distribution is log-
normal. Specifically, if lnSt is normally distributed, then St follows:

p(St, t) =
1

St

√
2πt

exp

(
−(lnSt)

2

2 t

)
, (3.59)

which has strictly positive support and a peak that shifts and broadens over
time due to the underlying stochastic exponential growth. The n-th moment
is:

E[(St)
n] = exp

[
n2t

2

]
, (3.60)

demonstrating super-exponential growth and the increased likelihood of large
deviations, especially under heavy-tailed noise. Simulation results are shown
in Figs. 3.11 and 3.12.

It is worth emphasising that the numerical simulation of stochastic pro-
cesses admitting rare events and extreme fluctuations is intrinsically limited
by finite sampling. For heavy-tailed distributions, extreme events contribute
significantly to tail statistics and higher-order moments, yet they occur with
very low probability and may therefore not be observed even over long simu-
lation horizons [326]. As a result, convergence to the asymptotic distribution
can be exceedingly slow, already in the absence of temporal correlations. The
presence of memory effects or strong temporal correlations further worsens
this issue. In correlated dynamics, successive observations are not statis-
tically independent, which effectively reduces the number of independent
samples available and slows down convergence even further. This reduction
in the effective sample size implies that rare events may lie well beyond the
accessible numerical time scales, despite the apparent length of the simulated
trajectories. From a statistical standpoint, this limitation can be expressed
in terms of a characteristic time scale τ ∼ lnM , where M denotes the num-
ber of independent realisations. This scaling reflects the fact that increasing
the ensemble size only logarithmically improves the probability of observing
extreme fluctuations. In our case (M = 105, T = 1), this threshold lies be-
yond the simulation horizon. These considerations highlight a fundamental
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Figure 3.9: Normalised histograms for the sum of i.i.d. random variables drawn from
a standardised normal (top) and Truncated Lévy (bottom) distribution, compared to the
Gaussian limit (solid line). Simulation parameters are described in the text.
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Figure 3.10: Normalised histograms for the sum of i.i.d. random variables drawn from
Truncated Lévy distributions, compared to the Gaussian limit (solid line). As expected,
non-Gaussian deviates require more iterations to achieve convergence, as seen in the dif-
ferent cases N = 10 (top) and N = 102 (bottom). Simulation parameters are described in
the text.
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constraint of numerical simulations and call for caution when interpreting
results for strongly correlated systems or processes characterised by heavy
tails and rare events.

In addition, our results are consistent with previous analyses showing that
TLD converges toward a Gaussian distribution once the number of summed
variables exceeds its kurtosis, a condition met here [16].

This convergence is also confirmed by kurtosis values, which approach the
Gaussian value as the time horizon increases [327].

In summary, both Gaussian and non-Gaussian random walk dynamics con-
verge to their respective limiting distributions, yet convergence is markedly
slower in the presence of heavy-tailed noise. Notably, for TLD deviates, a
visible agreement emerges only after N ∼ 100 steps. To quantify this con-
vergence, we invoke the Berry–Esseen theorem [328, 329], which provides an
upper bound on the Kolmogorov–Smirnov distance between the considered
model and theoretical Gaussian cumulative distribution functions. While
the Central Limit Theorem ensures that the distribution of normalised sums
of independent and identically distributed random variables approaches the
Gaussian limit asymptotically, the Berry–Esseen theorem quantifies the rate,
making it an essential tool in practical settings such as financial modelling
and Monte Carlo simulations.

Convergence Rate: The Berry–Esseen Theorem

The Berry–Esseen theorem characterises how rapidly the convergence to lim-
iting distributions occurs for finite sample sizes [16, 273,330].

Given a sequence of independent and identically distributed (i.i.d.) ran-
dom variables X1, X2, . . . , XN , each with:

- zero mean;

- finite variance σ2;

- finite third absolute moment ρ,

consider the normalised sum:

ŜN =
X1 + X2 + · · · + XN

σ
√
N

. (3.61)

The Berry–Esseen theorem guarantees the existence of an universal constant
C > 0 such that the Kolmogorov–Smirnov distance between the cumulative
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Figure 3.11: Normalised histograms for the multiplicative evolution of i.i.d. random
variables drawn from a standardised normal (top) and Truncated Lévy (bottom) distribu-
tions, compared to the log-normal limit (solid line). Simulation parameters are reported
in the text.
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Figure 3.12: Normalised histograms for the multiplicative evolution of i.i.d. random
variables drawn from Truncated Lévy distributions, compared to the log-normal limit
(solid line). The heavy-tailed TLD deviates show slower convergence, as indicated for
N = 10 (top) and N = 102 (bottom). Simulation parameters are reported in the text.
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distribution function (CDF) FN(x) of ŜN and the standard normal CDF Φ(x)
satisfies

sup
x

|FN(x) − Φ(x)| ≤ C
β3√
N
, (3.62)

where β3 = ρ/σ3 is the standardised third absolute moment and

Φ(x) =
1√
2π

∫ x

−∞

e−t2/2 dt (3.63)

is the standard normal cumulative distribution function.
In essence, this bound ensures that for any set of i.i.d. variables satisfying

the above moment conditions, the distance between the distribution of their
normalised sum and the Gaussian limit decreases at least as fast as 1/

√
N .

Since its original formulation in the 1940s by Berry [331] and Esseen [332],
several refinements have been proposed for the constant C. The sharpest
estimate is due to Shevtsova [333], who demonstrated that:

C < 0.4748. (3.64)

In our specific setup, the summed considered in the Berry–Esseen analysis is

Xk = ξi,k
√

∆t, (3.65)

with k = 1, 2, . . . , N and the terms ξi,k are i.i.d. random variables drawn
from a standardised distribution, either Gaussian or TLD. These stochastic
components correspond to the discrete-time increments used in the log-return
trajectories, as defined in Eq. (3.56). Each Xk thus has zero mean, variance
∆t and finite third absolute moment, satisfying the conditions of the Berry–
Esseen theorem. Substituting these into Eq. (3.61), the normalised sum
becomes

ŜN =
X1 + X2 + · · · + XN√

∆t
√
N

. (3.66)

To evaluate the convergence rate, we perform simulations for a number of
iterations N in the range [10, 103], with a fixed sample size of M = 105 and
initial condition S(0) = 1, ensuring zero mean for the resulting log-returns.
For each value of N , we compute the left-hand side of Eq. (3.62), representing
the Kolmogorov–Smirnov distance between the empirical and the standard
normal cumulative distribution functions. This is then compared to the the-
oretical upper bound on the right-hand side of the inequality, evaluated using
the standardised third absolute moments of the variables under considera-
tion:

β3,G =
2
√

2√
π
, β3,TLD = 3.4. (3.67)
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The constant C = 0.4748, which provides the best known bound for the
Berry–Esseen inequality, is adopted throughout.

As illustrated in Fig. 3.13, the simulation results align well with theoret-
ical predictions. For Gaussian deviates (top panel), the empirical distance
remains approximately constant at ∼ 3 ·10−3 even for small N , reflecting the
rapid convergence expected from Gaussian variables. In contrast, for TLD de-
viates (bottom panel), the Kolmogorov–Smirnov distance decreases steadily
with N (from 10−2 to 10−3), reaching values comparable to the Gaussian
case only for N ≃ 100. These findings are consistent with the convergence
patterns observed in Figs. 3.9, 3.10, 3.11 and 3.12.

Convergence: Analysis via Mean First Passage Time

The variable defined in Eq. (3.66) is further employed to study convergence
via first-passage statistics. Specifically, we focus on the mean first passage
time (MFPT), which quantifies the average time required for a random pro-
cess to reach a specified threshold for the first time. MFPT is a fundamental
metric in the study of stochastic dynamics across economic and social sys-
tems [334]. In finance, for instance, the MFPT can represent the expected
time for an asset price to cross a critical level or for volatility to breach a
risk threshold [335]. More broadly, in socio-economic models it is adopted to
study tipping points, adoption thresholds in collective behaviour, or escape
times from metastable equilibria. For processes driven by Gaussian fluctu-
ations, such as classical Brownian motion, MFPTs can often be computed
analytically. However, when non-Gaussian statistics are involved, passage
dynamics become significantly more complex. These deviations are partic-
ularly relevant in empirical financial and social systems, where rare events
and bursty dynamics are common [336].

In our study, the process under investigation is the normalised sum of i.i.d.
random variables ŜN , as defined in Eq. (3.66). The thresholds U are selected
to represent both central and tail regions of the target distribution, enabling
us to assess how quickly different regions of the distribution are explored un-
der Gaussian and heavy-tailed dynamics. In the latter case, Truncated Lévy
deviates are adopted as a representative model for non-Gaussian behaviour.
The MFPT is computed as:

τ = E

{
min

[
t ≥ 0 such that ŜN ≥ U

]}
, (3.68)

i.e., the expected first time step t at which ŜN crosses the barrier U .
Simulations are performed according to the following setup:
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Figure 3.13: Convergence to the Gaussian limiting distribution evaluated via the Berry-
Esseen theorem. Square markers represent the empirical Kolmogorov-Smirnov distance
for Gaussian (top) and Truncated Lévy (bottom) deviates, while dot markers indicate
the corresponding theoretical upper bound given by the Berry–Esseen inequality. The
dashed line, proportional to 1/

√
N , highlights the expected convergence rate. Simulation

parameters are detailed in the main text.



156 CHAPTER 3. STATISTICAL MODELS FOR FINANCE

Table 3.1: Mean First Passage Time τi and number of threshold-crossing events Hi for
the barrier U , evaluated for the quantity ŜN adopting Gaussian (i = G) and Truncated
Lévy (i = TLD) deviates. Simulation parameters are given in the text.

U N τG HG τTLD HTLD

±1 10 0.0029 77793 0.0034 62547
±1 50 0.0061 93536 0.0089 85922
±1 100 0.0082 96363 0.0128 91541
±1 500 0.0139 99209 0.0257 97862
±1 1000 0.0167 99543 0.0323 98895
±3 10 0.0044 1469 0.0033 4166
±3 50 0.0147 2924 0.0099 5918
±3 100 0.0265 3570 0.0163 6747
±3 500 0.0982 5213 0.0611 8288
±3 1000 0.1817 5911 0.1147 8776

- MFPTs τG and τTLD are computed with standardised Gaussian and
Truncated Lévy deviates, respectively, as inputs for ŜN ;

- The sample size is fixed at M = 105 trajectories;

- All trajectories are initialised with ŜN(0) = 0;

- Symmetric thresholds are set at U = ±1,±3, to probe both the central
region and the tails;

- Iteration counts range from N = 10 to N = 103 corresponding to
t ∈ [0.01, 1], under the time convention introduced earlier;

- For each configuration, both the MFPT τi and the number of trajecto-
ries Hi that hit the barrier are recorded, with i = G, TLD.

The results, summarised in Table 3.1, clearly distinguish between Gaussian
and non-Gaussian dynamics, as expected, and align with our earlier obser-
vations on convergence toward the limiting distribution. For thresholds at
U = ±1, Gaussian summands reach the barrier both more quickly and more
frequently than their TLD counterparts, as indicated by lower values of τG
and higher HG. This behaviour is consistent with the peaked shape of Gaus-
sian distributions compared to the broader leptokurtic profile of the TLD.

Conversely, for thresholds at U = ±3, the TLD summands exhibit shorter
MFPTs and more crossings than those generated by Gaussian variables. This
is consistent with the heavy-tailed nature of the TLD distribution, which
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increases the likelihood of large fluctuations and early extreme events. Con-
sequently, such dynamics tend to oversample the tails of the limiting dis-
tribution during early stages, yielding a non-representative picture before
convergence toward the Gaussian regime.

Overall, our findings show that the heavy-tailed stochastic processes under
examination converge toward their respective Gaussian-related limits (nor-
mal for log-returns and log-normal for prices), under both additive and mul-
tiplicative dynamics, albeit slowly. This gradual transition mirrors empirical
financial data, where the leptokurtic shape of return and log-return distribu-
tions evolves slowly toward Gaussianity and where the kurtosis plays a deci-
sive role in setting the timescale of convergence. The Berry–Esseen analysis
quantifies this convergence rate by establishing bounds on how rapidly the
distribution of normalised sums approaches Gaussianity, while the mean first
passage time results offer a complementary dynamical perspective by reveal-
ing how different regions of the distribution are explored over time. These
insights are directly relevant to applications such as option pricing, where
both the rate of convergence toward Gaussian behaviour and the finite-time
over-representation of extreme events critically impact pricing value. This
motivates the application explored in the following section.

3.6 Option Pricing

Building on the stochastic dynamics introduced earlier, we examine their
application to the pricing of financial options. As introduced in Sec. 3.2, an
option is a financial derivative that grants its holder the right (but not the
obligation) to buy or sell a specified quantity of an underlying asset at a
predetermined price (referred to as the strike price) on or before a specified
expiration date (i.e., the maturity). The two fundamental types of options
are defined as follows:

- A call option grants the right to buy the underlying asset;

- A put option grants the right to sell the underlying asset.

The party issuing the option (referred to as the writer) receives a premium
as compensation for accepting the obligation to fulfill the contract, should
the holder decide to exercise the option.

Based on the rules governing exercise, options are typically classified into
the following categories:

- European-style: exercisable only at the expiration date;
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- American-style: exercisable at any time up to and including maturity;

- Exotic options: featuring more intricate payoff structures or conditions,
such as barrier features or path dependence (e.g., Asian options).

Options play a pivotal role in financial markets, serving as instruments for
hedging, speculation, and risk management [337]. Their valuation is intrinsi-
cally tied to the stochastic modelling of the underlying asset’s price dynamics
and the principle of arbitrage-free pricing, which asserts that no riskless profit
can be systematically extracted from market inefficiencies.

In the following, we first introduce the Black-Scholes framework, i.e., the
canonical model for option pricing, and subsequently extend the analysis to
incorporate non-Gaussian features in the underlying dynamics.

3.6.1 Black-Scholes Model

The valuation of financial derivatives (specifically, options) represents a cen-
tral challenge in financial theory. This problem, which involves determining
a fair price for a contract acceptable to both buyer and seller, was first
rigorously solved in 1973 by Black and Scholes [338] and independently by
Merton [339]. They introduced a quantitative framework that transformed
modern finance, laying the foundation for contemporary option pricing the-
ory. In recognition of their work, Scholes and Merton were awarded the Nobel
Prize in Economic Sciences in 1997 “for a new method to determine the value
of derivatives” (Black had passed away and was thus ineligible) [340]. Their
methodology was groundbreaking: it allowed for the valuation of options
throughout the life of the contract, from initiation to expiration.

The Black–Scholes model remains a cornerstone of financial modelling
and is widely adopted in practice, despite its simplifying assumptions. In
fact, the model is formulated under a set of idealised conditions:

a) Perfect and frictionless markets: assets can be traded without transac-
tion costs, taxes, bid-ask spreads, or liquidity constraints;

b) No credit risk: all parties are assumed to honor their contractual obli-
gations;

c) Market efficiency: asset prices fully and instantaneously reflect all avail-
able information;

d) Continuous trading and infinite divisibility: the underlying asset can
be traded continuously in time and in arbitrarily small quantities;
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e) No arbitrage: riskless profit opportunities cannot exist through simul-
taneous buying and selling;

f) No dividends: the underlying asset does not pay dividends over the
option’s lifetime, that is, periodic payments distributed by the company
to its shareholders are assumed to be absent;

g) Geometric Brownian Motion (GBM): asset prices follow a stochastic
process with constant drift µ and volatility σ (Eq. (3.6)):

dS(t) = µS(t) dt + σ S(t) dW (t),

where W (t) is a standard Wiener process.

In essence (see [34,38] for a detailed discussion), the Black–Scholes model
proposes a continuously rebalanced portfolio composed of a fraction ∆(t) of
the underlying asset and a cash position π(t). The total value of this portfolio,
W(t) = π(t)+∆(t)S(t), is designed to replicates the option price O(S, t). By
applying Itô’s lemma (Sec. 1.3.3) and imposing the delta-hedging condition
∆ = ∂O/∂S, the portfolio becomes riskless. This leads to a deterministic
evolution governed by the celebrated Black–Scholes equation:

∂O

∂t
+

1

2
σ2S2∂

2O

∂S2
+ rS

∂O

∂S
= rO, (3.69)

where r is the constant risk-free interest rate. This parabolic partial dif-
ferential equation describes the evolution of the option price under the no-
arbitrage assumption, a constant risk-free interest rate r and volatility σ. Its
solution, under the final condition specified by the payoff function, yields a
closed-form expression for the price of European-style options.

For a call option (which is the one of interest here), the terminal payoff
at maturity T is:

C(ST , T ) = max{ST −X, 0}, (3.70)

where X is the strike price set by the contract.
Solving the Black–Scholes equation under this condition results in the

well-known pricing formula:

C(St, t) = St Φ(d1) −X e−r(T−t) Φ(d2), (3.71)

with

d1 =
ln(St/X) + (r + σ2

2
)(T − t)

σ
√
T − t

,

d2 = d1 − σ
√
T − t,

(3.72)
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and Φ(x) denoting the cumulative distribution function of the standard nor-
mal distribution.

Alternatively, the same result can be derived using a probabilistic ap-
proach based on the Feynman–Kac theorem, which links the solution of the
Black–Scholes partial differential equation (Eq. (3.69)) to an expectation un-
der a risk-neutral probability measure. In this formulation, the drift term µ
is replaced by the risk-free rate r in the underlying asset dynamics:

µ → r.

Consequently, the value of an European call option at time t can be expressed
as:

C(St, t) = e−r(T−t)

∫ ∞

0

dST p∗(ST |St) Π(ST ), (3.73)

where p∗(ST |St) denotes the risk-neutral log-normal conditional probability
density (indicated by the asterisk), obtained from the GBM distribution in
Eq. (3.15) under the substitution µ → r. The function Π(ST ) represents the
payoff at maturity, which, for an European call option, is given by Eq. (3.70).

A more detailed discussion of the Black–Scholes model and its derivation
can be found in [38, 337].

Importantly, the volatility σ in the Black–Scholes formula is not directly
observable and must be inferred from market option prices. This implied
volatility plays a central role in practice, serving both as a pricing input and
as a proxy for market expectations of future uncertainty. A striking empir-
ical observation is that implied volatility is not constant across strike prices
or maturities, as assumed in the Black–Scholes framework. Instead, it typi-
cally displays a smile or skew pattern, which is commonly referred to as the
volatility smile or volatility surface. Such discrepancies have motivated the
development of more sophisticated pricing models that relax the assumptions
of GBM. Among them, stochastic volatility models have gained prominence,
offering a more realistic representation of asset dynamics.

3.6.2 Option Pricing under Non-Gaussian Dynamics

The Black–Scholes framework provides an elegant and analytically tractable
solution under Gaussian assumptions. Indeed, modelling asset prices via ge-
ometric Brownian motion allows for the direct application of Itô’s lemma
and, in addition, the assumption of costant parameters (namely the drift µ,
the volatility σ and the risk-free rate r) further simplifies the mathematical
treatment. However, empirical data from financial markets reveal substan-
tial deviations from these idealised conditions and features such as volatility
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clustering, heavy tails and abrupt jumps are commonly observed. In such
settings, the assumption of normally distributed returns is no longer valid,
and closed-form solutions to the pricing equation often become inaccessible.

To address these limitations, we adopt a Monte-Carlo approach to price
European options under generalised stochastic processes with non-Gaussian
noise [341]. Specifically, we retain the risk-neutral valuation framework in-
troduced in Eq.(3.73), which generalises to:

C(St, t) = e−r(T−t)

∫ ∞

0

dST p∗NG(ST |St) Π(ST ), (3.74)

where p∗NG(ST |St) denotes the risk-neutral conditional probability density
associated with the selected non-Gaussian process. As in the Gaussian sce-
nario, the drift term is replaced by µ → r, under the risk neutral measure.
The payoff function Π(ST ) is weighted by the appropriate probability distri-
bution function, which, after repeated iterations of the stochastic dynamics
in Eq. (3.53), converges to the non-Gaussian distribution determined by the
underlying noise process.

The option price is then estimated as the discounted expected payoff over
an ensemble of simulated trajectories:

C(St, t) ≃ e−r(T−t) ⟨Π(ST ) ⟩ , (3.75)

where the average is computed over M independent realizations. This strat-
egy is particularly suitable for simulations and enables a direct and coherent
comparison between Gaussian and non-Gaussian models under an unified
pricing framework, following a common approach in both financial engineer-
ing and econophysics [342,343].

Importantly, this methodology represents a considerable simplification.
In general, extending option pricing to non-Gaussian settings requires deeper
considerations of market completeness and the mathematical structure of the
underlying stochastic process [344]. Nonetheless, we adopt the working hy-
pothesis that pricing under non-Gaussian dynamics can be conducted using
the same risk-neutral formalism as in the Gaussian case. A similar strategy
is adopted in [345] for the Truncated Lévy scenario.

To implement this approach, we compute the fair value of European-style
options under both Gaussian and non-Gaussian dynamics with the following
setup:

a) The Monte Carlo estimator in Eq. (3.75) is employed, based on the
dynamics specified in Eq. (3.53), where deviates ξi (with i = G,NG)
are drawn from the random samples adopted in the previous analyses;
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b) The stochastic dynamics is discretised with a time step ∆t = 10−3,
appropriate for a continuous-time approximation;

c) The time to maturity is given by T = N ∆t and different values of N are
explored to study the temporal evolution of option pricing behaviour;

d) Realistic input parameters are used to ensure practical relevance:

r = 0.01 σ = 0.1, S(0) = 150, (3.76)

where the units of measure are [time]−1 and [time]−1/2 for r and σ,
respectively, and a given currency for S(0).

e) The number of Monte Carlo paths is fixed at M = 105;

f) Error bars represent the standard error of the mean, i.e., the sample
standard deviation divided by

√
M . All results are reported with 1σ

confidence intervals.

As an initial validation step, we verify that the Monte Carlo estimate under
Gaussian dynamics accurately reproduces the analytical Black–Scholes result
(Eq. (3.71)) for plain vanilla European call options. The analysis then pro-
ceeds with the study of both European call options and knock-out options
under two distinct scenarios. The first focuses on short maturities, in order
to highlight the impact of heavy tails at small values of N across the four
non-Gaussian models under consideration. The second explores the effect of
increasing maturity to examine convergence behaviour. In this latter case,
the Truncated Lévy Distribution (TLD) is adopted as a representative ex-
ample, although comparable results are obtained for the other non-Gaussian
models.

We proceed with the analysis of European call options. The payoff func-
tion introduced in Eq. (3.75) is given by:

Π(ST ) = max{ST −X, 0}. (3.77)

We consider at-the-money conditions by setting the strike price to X = 150,
consistent with the initial asset price S(0) = 150. This choice yields the most
informative comparison, given the parameter values set.

Fig. 3.14 presents the result of this analysis. The top panel shows that,
at short maturities, all non-Gaussian models produce consistently lower op-
tion prices than the Gaussian benchmark, while remaining in close agreement
with one another. Notably, the Black–Scholes model tends to systematically
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overestimate the price of at-the-money options. This discrepancy suggests
that the effective volatility for heavy-tailed models is lower, which is consis-
tent with empirical findings.

The bottom panel illustrates that, as maturity increases, the pricing out-
puts of Gaussian and non-Gaussian models converge, as expected from the
Multiplicative Central Limit Theorem (see Sec. 1.4.2 and 3.5.5), which en-
sures that price distributions approach log-normality over long time horizons.
Accordingly, the implied volatility surface flattens with increasing maturity,
as observed in real markets.

We also briefly examined in-the-money and out-of-the-money scenarios,
finding that the Gaussian model tends to underestimate option prices relative
to the non-Gaussian models. This again reflects the greater probability of
extreme returns in heavy-tailed distributions, which increases the chance of
large payoffs.

We next consider knock-out barrier options, defined by the following payoff:

Π(ST ) =

{
0 if ∃Sti > U for some ti ∈ [t, T ],

max{ST −X, 0} otherwise,
(3.78)

where U is the upper barrier and X = 140 is the strike price, here chosen
to represent in-the-money conditions. These path-dependent contracts are
voided if the asset price exceeds the barrier U = 152 at any point before
maturity T .

The results, shown in Fig. 3.15, indicate that non-Gaussian models yield
higher option values than the Gaussian counterpart at short maturities (top
panel). This is likely due to the sharply peaked central regions of leptokurtic
distributions, which dominate the valuation of barrier options at small N :
since the payoff in such options is highly sensitive to the central portion of
the return distribution, the influence of this central peak is pronounced. As
maturity increases (bottom panel), the pricing gap narrows, again due to the
convergence toward log-normal behaviour.

Across all test cases, the various non-Gaussian models yield consistent
valuations, suggesting robustness and coherence of the pricing framework.
This further supports our claim that the such models can serve as viable
alternatives within a unified theoretical structure.

In conclusion, while the Black–Scholes model remains a milestone in finan-
cial theory, its reliance on Gaussian assumptions limits its ability to capture
key empirical features of market dynamics. By incorporating non-Gaussian
stochastic processes via Monte Carlo simulations, we introduce a flexible
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Figure 3.14: Top panel: Monte Carlo estimates of at-the-money European call option
prices at short maturity (T = 0.03) under different stochastic return models. The dashed
line represents the Black–Scholes price. Horizontal labels refer to the noise type: Gaussian
(ξG), q-Gaussian (ξq), Student’s t (ξS), Truncated Lévy (ξTLD), and Weibull (ξMWD).
Bottom panel: Ratio between Gaussian CG and Truncated Lévy CNG option prices versus
maturity (T from 0.03 to 1). Simulation parameters are specified in the main text.
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Figure 3.15: Same analysis as in Fig. 3.14, now applied to knock-out call options with
X = 140 and barrier U = 152. Non-Gaussian models again yield systematically different
valuations at short maturities compared to the Gaussian benchmark.
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and empirically grounded extension of classical option pricing theory. This
methodology, rooted in the probabilistic framework of statistical physics, re-
mains computationally efficient and enables consistent pricing across a broad
range of non-Gaussian models. It thus offers a powerful tool for analysing
risk and valuation in complex, realistic market environments.

3.7 Summary and Discussion

The work presented in [3], and more extensively developed in this chapter,
focuses on heavy-tailed distributions that have been proposed over the years
as suitable models for describing high frequency returns and log-returns in fi-
nancial markets. Specifically, we examine the Student’s t, the q-Gaussian, the
Modified Weibull and the Truncated Lévy distributions and compare them
against the Gaussian benchmark. While the Gaussian model has historically
served as the standard framework, empirical evidence has shown that non-
Gaussian noise offers more accurate description of large fluctuations and rare
events in asset price dynamics.

We introduce a consistent comparative analysis of the four aforemen-
tioned leptokurtic models. Central to this investigation is the careful cal-
ibration of the characteristic parameters for each distribution. To ensure
fair comparability, all models are standardised to zero mean (reflecting the
common practice in finance where the mean is negligible or subtracted) and
unit variance. Shape parameters are selected based on empirical estimates
for intra-day returns and the scale parameters are subsequently determined
to satisfy the unit variance constraint.

A qualitative comparison, supported by graphical representations, reveals
strong agreement among the four non-Gaussian models in their ability to
capture heavy tails and large deviations from the mean. These findings
suggest that the models should not be viewed as competing alternatives,
but rather as compatible tools that yield consistent parametrisations of real
market dynamics. In fact, each of them exhibits a substantial agreement
in reproducing the universal statistical features of extreme deviations from
Gaussian behaviour.

Our analysis then extends to a more quantitative comparison. To this
aim, large samples of random deviates are generated for each distribution
through the acceptance-rejection algorithms over a bounded range, chosen to
reflect the typical domain of financial fluctuations observed in real markets.
For the Truncated Lévy distributions (whose probability density function
lacks a closed analytical form) a dedicated numerical procedure is imple-
mented to enable sampling. Treating these synthetic datasets as proxies for
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empirical return data, we observe the expected power-law decay in the tails
through the analysis of the complementary cumulative distribution functions.
A consistent behaviour across models emerges in capturing extreme outliers.

We then evaluate the kurtosis as a statistical indicator of tail heaviness.
While formally undefined for the Student’s t and the q-Gaussian distributions
under certain parameter choices, the restriction to a bounded range (chosen
to mimic realistic fluctuations) ensures that kurtosis remains finite and com-
putable. The measured values are consistent across all the four models and in
good agreement with the theoretical predictions available for the Truncated
Lévy and Modified Weibull distributions, as well as with empirical data.

These generated random deviates are then employed as stochastic inputs
in the dynamics of prices and log-returns, allowing us to study convergence
to limiting distributions under both additive and multiplicative processes,
given the assumption of independent and identically distributed variables.
As expected, the Gaussian benchmark converges substantially faster than
the heavy-tailed models, which show similar behaviour. This property is
further examined via the Berry–Esseen theorem (which provides theoretical
bounds on the convergence rate) and by examining mean first-passage times.
The latter highlights distinct occupation patterns between leptokurtic and
Gaussian scenarios. Together, these analyses reinforce our earlier conclusions
about the practical equivalence of the four models and support the empirical
stylised fact of aggregational Gaussianity.

The stochastic dynamics is subsequently applied to the problem of op-
tion pricing for both European plain vanilla and barrier options, under a
simplified risk-neutral framework based on standard diffusion. Monte Carlo
simulations are implemented to evaluate option prices under the four non-
Gaussian models, enabling direct comparison with the Black–Scholes bench-
mark. Once again, the leptokurtic models under examination display strong
mutual agreement and better adherence to empirical observations, particu-
larly in the short-maturity regime. As maturity increases, convergence to-
ward Gaussian pricing is observed, in line with the central-limit tendencies
of heavy-tailed distributions at longer time scales.

Importantly, our findings show that the choice among these four non-
Gaussian models does not materially affect the option pricing outcome, pro-
vided the parameters are correctly calibrated. This coherence across models
supports their use within a unified statistical–dynamical framework for fi-
nancial analysis.

These findings open several avenues for further research. One natural ex-
tension would be to test the robustness of these conclusions across different
asset classes or market indices. The use of non-parametric goodness-of-fit
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tests could help assess the empirical plausibility of each model in different
contexts [16]. Additional statistical measures could also be introduced to
quantify model compatibility.

Further refinement of the underlying dynamics represents another promis-
ing direction. Replacing standard Brownian motion with fast diffusion pro-
cesses offer a more realistic description of high-frequency price evolution. For
instance, the use of fractional Brownian motion introduces long-range depen-
dence and self-similarity into the price dynamics, enabling explicit modelling
of memory effects in financial time series, a feature that standard Brownian
motion fails to capture [346]. However, such models pose notable theoretical
challenges (particularly the breakdown of Itô calculus), necessitating alterna-
tive stochastic integration frameworks. In parallel, incorporating stochastic
volatility models, such as those proposed in [345, 347–350], would relax the
assumption of independence in returns and allow for a more accurate rep-
resentation of volatility clustering, a well-documented empirical feature of
financial time series. Such extensions would significantly influence the con-
vergence properties of both asset price distributions and option valuations,
thus meriting systematic investigation.

Lastly, this framework may be extended to incorporate risk measures, to
assess the practical implications of non-Gaussian modelling in risk manage-
ment and regulatory contexts [351,352].

In summary, this work demonstrates that a variety of non-Gaussian stochas-
tic models (namely the Student’s t, q-Gaussian, Modified Weibull, and Trun-
cated Lévy distributions) offer statistically consistent and empirically plausi-
ble descriptions of asset return dynamics. By standardising key parameters
(zero mean and unit variance) and aligning shape and scale parameters with
empirical evidence, we establish a unified framework in which these models
lead to equivalent behaviour across both qualitative and quantitative analy-
ses. Despite their different functional forms, all four models yield coherent
outcomes in pricing analyses. As such, the choice among them becomes
less a matter of model superiority and more a question of analytical conve-
nience or computational tractability. This conclusion highlights the value of
a principled and empirically grounded model selection process. Rather than
seeking a single distribution, we argue for a flexible modelling approach that
acknowledges the compatibility of multiple non-Gaussian frameworks under
consistent calibration.



Chapter 4

Conclusions and Perspectives

This thesis explores two distinct yet methodologically connected frameworks:
opinion dynamics in social systems and probabilistic modelling in financial
markets. Both lines of research rely on statistical physics and highlight its
ability to offer valuable insights into emergent collective behaviours arising
from individual-level interactions. The original contributions presented here
are based on three studies: two [1,2] addressing decision-making under social
influence and one [3] investigating return distributions in financial markets.
All three works combine Monte Carlo simulations with analytical methods.
In the following, we first provide a synthesis of the main results in Section 4.1.
Then, in Section 4.2, we discuss the limitations of the proposed approaches
and possible directions for future research. We finally conclude in Section 4.3
by summarising the broader contributions of this work.

4.1 Synthesis of Results

The first two contributions (extensively described in Chap. 2) rely on agent-
based models and focus on how social influence shapes individual decision-
making and emergent collective behaviour. Indeed, human behaviour is pro-
foundly shaped by social influence: individuals seek approval from peers and,
when their opinions align with those of others, the resulting sense of social
validation tends to reinforce existing beliefs; conversely, exposure to opposing
views can induce discomfort, weakening attachment to prior convictions. As
a consequence, people may adopt prevailing beliefs (even when suboptimal)
by conforming to dominant norms or trends. This tendency can lead to the
neglect of personal information, the suppression of independent judgement
or even the misrecognition of talent. Our models offer deeper insight into the
limitations and unintended consequences of imitative behaviour.
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In the first study [1], we investigate the trade-off between social con-
formity and external information. We implement an agent-based model in
which agents adopt one of two discrete states, representing binary opinions
or behaviours (e.g., voting preferences or lifestyle choices such as smoking
or dropping out of school). Each agent receives a payoff associated with
their choice, which balances an external signal (representing a ground truth)
and peer influence, modulated by a parameter that controls the weight of
social influence. This payoff determines their decision-making via a stochas-
tic Fermi rule, which incorporates a sensitivity parameter governing how
strongly agents respond to payoff differences. The model captures realistic
bounded rationality: although agents tend to favour strategies with higher
payoffs, they may occasionally choose suboptimal options due to stochastic
fluctuations.

We observe a sharp transition in the system’s dynamics. When agents
are highly sensitive to payoff differences and social influence is low, they tend
to follow the external signal and switch states regularly, resulting in ergodic
behaviour. However, as social influence increases, the system undergoes a
critical transition: beyond a certain threshold, it becomes non-ergodic, and
agents remain locked into a single collective state. This phenomenon (remi-
niscent of phase transitions in physics) demonstrates how strong peer influ-
ence can suppress responsiveness to objective evidence.

When memory is introduced into the dynamics, the external signal is
smoothed through time-averaging, leading to earlier transitions and path de-
pendence. This setting allows for a mean-field approximation, under which
we analytically derive the critical threshold observed in simulations. In the
high-sensitivity regime, memory induces irreversible flipping: once the time-
averaged signal exceeds a threshold, agents switch state and remain there.
This mechanism captures how prolonged exposure to biased information can
lead to persistent behavioural change, relevant to phenomena such as polit-
ical polarisation or cultural shifts. We characterise the flipping probability
both analytically and numerically.

In addition, we test the robustness of the model by implementing the dy-
namics across different network topologies (Erdős–Rényi, Barabási–Albert
and Stochastic Block Models). The results closely resemble those of the
baseline scenarios, suggesting that the underlying mechanism is structurally
stable and not dependent on the specific network microstructure.

Our model has potential applications across a range of empirical domains,
from electoral dynamics to social habits and collective action. It helps explain
sudden shifts in collective behaviour, such as financial crises, viral trends,
rapid mobilisation, or abrupt changes in public sentiment. Relevant exam-
ples include school dropout, smoking, voting preferences, community crime
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rates, and the observed stronger influence of peers over parents on students’
academic performance. In financial markets, it captures herding behaviour,
where individuals often prefer to follow other investors’ decisions rather than
rely on their own private information.

The second model [2] examines the interplay between imitation, randomness
and rankings in decision-making. Rankings simplify complexity by order-
ing individuals or institutions according to performance, which can facilitate
resource allocation but also introduces several potential drawbacks. One
such limitation is that individuals often imitate high performers in the hope
of replicating their success, even though pursuing their own strategy is fre-
quently more effective. Our results reinforce earlier findings on this issue
and offer further confirmation that top-ranked entities are not necessarily
the most talented and that self-reinforcing dynamics can transform early ad-
vantages into long-lasting success.

We implement an agent-based model in which agents choose from a fixed
set of actions, each associated with a payoff. The probability of remaining in
a given field depends on both the agent’s individual skill and the popularity
of the action, reinforcing persistence in rewarding activities. Agents may also
switch: either by imitating others (selecting actions in proportion to their
popularity, thus capturing sensitivity to prestige and rankings) or by explor-
ing a new field at random. A single parameter governs the balance between
imitation and exploration, reflecting the weight agents assign to popularity
versus novelty: low values favour imitation, leading agents to follow popular
choices, while high values promote exploration and encourage independent
decision-making.

To analyse the system’s behaviour, we track several observables. When
imitation dominates, aggregate payoff reaches its maximum; however, in-
equality (measured by Gini coefficient) rises sharply, as only a small num-
ber of agents contribute significantly to the total. The correlation between
individual payoff and talent reveals that these successful agents are not nec-
essarily the most skilled. The participation ratio further shows that the
population converges on a single action, which is not necessarily beneficial
for society as a whole. Thus, strong imitation leads to unequal and non-
meritocratic outcomes, with talented agents failing to achieve proportional
success. This effect originates in the early dynamics: some agents select ac-
tions aligned with their abilities and quickly attract imitators. Their early
advantage amplifies into disproportionate popularity, reinforcing convergence
and discouraging exploration. As a result, most agents remain locked into
poorly matched actions. While imitation benefits a small minority, it gen-
erally produces suboptimal outcomes for the majority, including those with
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higher intrinsic talent.
By contrast, when randomness dominates, the total payoff is lower but

more evenly distributed, and agents are spread more uniformly across actions.
The correlation between payoff and talent becomes positive, resulting in a
more meritocratic society. This regime reflects a form of serendipity, where
randomness fosters beneficial outcomes, and echoes findings from other do-
mains (such as financial trading) where random strategies can outperform
more sophisticated ones.

Between the imitation and randomness regimes, we observe sharp tran-
sitions across all measures. Such threshold behaviour is common in social
systems driven by conformity, with parallels in social climbing, market dy-
namics, and the sudden emergence of traffic jams.

We test the model’s robustness by adding learning from repeated actions,
incorporating societal benefit and splitting the population into subgroups.
In all frameworks, results remain qualitatively consistent with the baseline
scenario, showing that the model, despite its simplicity, captures stable fea-
tures of collective dynamics. Its abstraction from any single domain makes
it broadly applicable to systems shaped by individual decision-making.

This finding aligns with previous studies and suggests that societies guided
more by randomness than by social influence may achieve greater equality
and meritocracy.

The third study [3] (presented in Chap. 3) focuses on financial markets
as complex systems, where numerous interacting agents operate based on
diverse beliefs and information. While this heterogeneity introduces unpre-
dictability at the microscopic level, financial time series exhibit robust sta-
tistical regularities at larger scales.

In modelling these emergent phenomena, early approaches typically as-
sumed that returns (i.e., relative price changes) followed a Gaussian distribu-
tion. However, empirical evidence consistently reveals heavy-tailed distribu-
tions, where extreme fluctuations occur far more frequently than predicted
by the Gaussian benchmark. This has led to the proposal of various non-
Gaussian models, such as the Student’s t, q-Gaussian, Modified Weibull and
Truncated Lévy distributions, though no consensus has emerged on a single
best-fitting model.

To fill this gap in the literature, we provide a systematic comparison of
the four leptokurtic models. To ensure consistency, all distributions are re-
ported to zero mean and unit variance, following standard financial practice.
Shape parameters are calibrated from empirical intra-day returns and scale
parameters are then chosen to satisfy the variance constraint.

A qualitative comparison shows strong agreement among the four models
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in capturing heavy tails and large deviations from the mean. For a quantita-
tive test, we generate synthetic return data via acceptance–rejection sampling
over a realistic bounded range. The complementary cumulative distributions
confirm power-law decay in the tails. In addition, excess kurtosis analysis
provides a consistent measure of tail heaviness. Although undefined for Stu-
dent’s t and q-Gaussian under some parameters, bounding the range makes
the excess kurtosis finite and computable. Measured values are consistent
across all four models and in agreement with theoretical predictions as well
as empirical data.

We introduce the generated random deviates as stochastic inputs for price
and log-return dynamics and study their convergence under both additive and
multiplicative processes. As expected, Gaussian returns converge faster than
heavy-tailed models, which behave similarly to one another. We further ex-
amine this aspect through the Berry–Esseen theorem and mean first-passage
times, which reveal distinct occupation patterns between Gaussian and lep-
tokurtic cases. These results reinforce the practical equivalence of the four
models and support the empirical stylised fact of aggregational Gaussianity.

We apply the stochastic dynamics to option pricing, focusing on Euro-
pean plain vanilla and barrier options, within a simplified diffusion frame-
work. Relying on Monte Carlo simulations, we compare prices across the
four non-Gaussian models and the Black–Scholes benchmark. The leptokur-
tic models exhibiting strong mutual agreement and align more closely with
empirical data, particularly at short maturities; as maturity increases, option
prices gradually converge toward the Gaussian result, consistent with central
limit theorems.

In summary, these findings demonstrate that the four non-Gaussian mod-
els yield consistent parametrisations of market dynamics. The Student’s
t, q-Gaussian, Modified Weibull and Truncated Lévy distributions each of-
fer plausible description of asset returns and produce coherent results for
both statistical properties and pricing. The choice among them is therefore
less about identifying a superior model than about analytical convenience
or computational efficiency. This highlights the value of a flexible, empir-
ically grounded approach that treats multiple non-Gaussian frameworks as
compatible under consistent calibration.

4.2 Limitations and Outlook

The results presented in this thesis are based on essential models designed
to isolate and analyse collective behaviour in social and economic systems.
This modelling approach reflects a deliberate choice: by focusing on large-
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scale patterns rather than individual details, it becomes possible to uncover
emergent regularities and traits arising from interactions among individuals.
Accordingly, the emphasis is on a qualitative and mechanism-oriented ap-
proach, which naturally entails certain limitations.

A first important limitation concerns the level of abstraction at which
agents are modelled. In the agent-based frameworks introduced in [1, 2], in-
dividuals are characterised by a restricted number of parameters and follow
relatively simple behavioural rules. This simplification is intentional, as it
enables the identification of clear dynamical regimes, such as phase transi-
tions, path dependence, and ergodicity breaking. At the same time, it implies
that specific preferences, agents own learning strategies, or peculiar cogni-
tive processes are only partially captured. Indeed, real social systems are
shaped by a wide range of factors, including history, expectations, strategic
behaviour, and endogenous feedback from the environment, which are not
explicitly represented in the present models.

Relatedly, the interaction structures among agents considered in this work
are deliberately simplified. They are often implemented through homoge-
neous or fully connected topologies, and network structure is typically fixed
and idealised. While this choice facilitates analytical investigation and high-
lights the role of social influence independently of detailed network effects,
it limits the ability to capture phenomena arising from more elaborated so-
cial ties. Introducing explicit network heterogeneity, adaptive connections,
or time-dependent measures therefore represents a natural extension of the
present framework and may offer deeper insight into how changing environ-
ments and social structures shape collective outcomes, particularly close to
critical regimes.
A further limitation concerns empirical validation. As discussed in Sec. 2.2.5,
agent-based models do not rely on a single validation procedure; instead, val-
idation must be tailored to the purpose and scope of the model. In addition,
the frameworks developed in this thesis are intended as stylised representa-
tions aimed at uncovering generic mechanisms, rather than at reproducing a
specific empirical dataset. While qualitative correspondences with observed
phenomena can be identified, a specific calibration against data would require
additional assumptions, data sources, and methodological tools. In partic-
ular, empirically estimating critical thresholds associated with phase transi-
tions could help identify conditions under which real systems shift between
flexibility, consensus, and polarisation. A systematic empirical validation of
this kind is therefore beyond the scope of the present work and is left to
future studies.

Given these limitations, several directions for further investigation are
opened. A possible extension concerns the incorporation of more complex
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interaction structures (such as heterogeneous or adaptive networks), to assess
how social topology affects the impact of imitation, memory, and random-
ness on the dynamics. Moreover, both models could be empirically informed
by calibrating critical thresholds of phase transitions through surveys, be-
havioural experiments, or analyses of digital data.

Similar considerations apply to the financial-market models discussed
in [3]. Testing model robustness across different asset classes or market
indices could help assess empirical plausibility in different contexts, while
additional metrics and non-parametric goodness-of-fit tests may also be intro-
duced to quantify model compatibility. A further natural direction concerns
refining the underlying dynamics by incorporating faster diffusion processes
or more realistic volatility dynamics, which could improve the description of
high-frequency price evolution and may affect convergence behaviour. These
extensions may further enable applications in areas such as risk management.

In general, understanding the limitations of simplified models is therefore
essential not only for their correct interpretation, but also for identifying
which features are most relevant when a more realistic setting is considered.
In this sense, the present work should be seen as a foundation for further
theoretical and empirical studies.

4.3 Conclusions

In summary, the works [1–3], situated at the intersection of statistical physics,
opinion dynamics in social systems and probabilistic modelling in financial
markets, contribute to the growing body of research investigating how indi-
vidual decision-making gives rise to emergent collective phenomena. Within
this interdisciplinary framework, our models not only reproduce established
patterns of collective behaviour (such as consensus formation), but also iden-
tify novel conditions under which societies converge toward either accurate
or distorted shared beliefs. This approach enables a deeper understanding of
the mechanisms behind large-scale opinion shifts and highlights the structural
parameters that govern their dynamics. Importantly, our findings indicate
that imitation does not necessarily constitute the optimal strategy, neither
for individuals, who may remain unrecognised despite genuine merit, nor for
society, which may lose its ability to align with objective truth. Relying solely
on others’ opinions, driven by social pressure or perceived rankings, may ul-
timately undermine both talent and success. In contrast, decisions based on
individual information (or even random exploration) can sometimes lead to
fairer and more effective collective outcomes.
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Our work extends naturally to financial markets, where many interacting
agents with limited information give rise to statistical regularities in asset
returns and pricing. In this context, by comparing non-Gaussian models
under a unified calibration scheme, we show that they yield consistent and
equivalent representations of market dynamics, both qualitatively and quan-
titatively.
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Statistica e Simulazione. Springer, 2021.

[33] Grigorios A Pavliotis. Stochastic processes and applications. Texts in
applied mathematics, 60, 2014.

[34] Crispin Gardiner. Stochastic methods, volume 4. Springer Berlin Hei-
delberg, 2009.

[35] Joseph L Doob. What is a stochastic process? The American Mathe-
matical Monthly, 49(10):648–653, 1942.
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ardo Iñiguez, Márton Karsai, Jan Lorenz, and Katarzyna Sznajd-
Weron. Opinion dynamics: Statistical physics and beyond. arXiv
preprint arXiv:2507.11521, 2025.
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Dirk Helbing, Staša Milojević, Alexander M Petersen, Filippo Radic-
chi, Roberta Sinatra, Brian Uzzi, et al. Science of science. Science,
359(6379):eaao0185, 2018.

[223] Alan Mislove, Massimiliano Marcon, Krishna P Gummadi, Peter Dr-
uschel, and Bobby Bhattacharjee. Measurement and analysis of online
social networks. In Proceedings of the 7th ACM SIGCOMM conference
on Internet measurement, pages 29–42, 2007.

[224] Alexander Michael Petersen, Santo Fortunato, Raj K Pan, Kimmo
Kaski, Orion Penner, Armando Rungi, Massimo Riccaboni, H Eugene
Stanley, and Fabio Pammolli. Reputation and impact in academic ca-
reers. Proceedings of the National Academy of Sciences, 111(43):15316–
15321, 2014.

[225] Matthew J Salganik, Peter Sheridan Dodds, and Duncan J Watts. Ex-
perimental study of inequality and unpredictability in an artificial cul-
tural market. science, 311(5762):854–856, 2006.



BIBLIOGRAPHY 195

[226] Charles AE Goodhart. Problems of monetary management: the uk
experience. In Monetary theory and practice: The UK experience, pages
91–121. Springer, 1984.

[227] Christopher Mattson, Reamer L Bushardt, and Anthony R Artino Jr.
When a measure becomes a target, it ceases to be a good measure,
2021.

[228] Wendy Nelson Espeland and Michael Sauder. Rankings and reactiv-
ity: How public measures recreate social worlds. American journal of
sociology, 113(1):1–40, 2007.

[229] Marco Seeber, Mattia Cattaneo, Michele Meoli, and Paolo Malighetti.
Self-citations as strategic response to the use of metrics for career de-
cisions. Research Policy, 48(2):478–491, 2019.

[230] Isidro Aguillo, Judit Bar-Ilan, Mark Levene, and José Ortega. Com-
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