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Abstract

Power and energy systems are increasingly evolving towawtde-scale net-
worked systems with distributed generation units that enale the integra-
tion of renewable energy sources, aiming to address envinental and
performance-related challenges. However, this transitigeresents signi cant
obstacles. This research addresses some of these chalkemgthin the con-
text of boost converter-based DC microgrids and counter-oent heat ex-
changers, key components of district heating systems. Theoposed meth-
ods are further generalized to nonlinear and bilinear systermunder specic
conditions. This thesis addresses the challenges of designdecentralized
controllers for voltage regulation in DC microgrids, ensumg the satisfac-
tion of physical constraints, such as the boundedness of ¢ah inputs and

state variables, while also enabling ease of implementatio Similar chal-

lenges arise in the context of counter-current heat exchamg, where the
main objective is temperature regulation. In this thesis, dyapunov-based
static controller is rst proposed for islanded DC microgmls. Decentralized
dynamic controllers are then designed for DC microgrids bgveraging the
system's di erential passivity property. Physical constaints are satis ed by
estimating a feasible region of attraction. The dynamic cdaroller is further

extended to generic nonlinear systems with integrable dirential passive
outputs. The proposed controllers are also applied to cowtcurrent heat
exchangers, achieving temperature regulation. Additionlg this thesis devel-
ops a uni ed controller for general multi-input, multi-output bilinear systems
with additive and multiplicative terms, encompassing bothboost converter-
based DC microgrids and counter-current heat exchangers.h& proposed
controller ensures asymptotic stability and input/output regulation under
model uncertainties. Additionally, we also provide an estiation of the fea-
sible region of attraction. To demonstrate its versatility it is applied to a
counter-current heat exchanger, achieving output regulain while meeting
physical constraints. All the techniques proposed in this #sis are validated
through MATLAB/Simulink simulations, which con rm their e ectiveness.



Additionally, the decentralized di erential passivity-based controller for DC
microgrids is implemented on a real-time system using dSPACinterfaces,
with experimental results demonstrating its practical e cacy.
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Notation

The cardinality of a given setA is denoted byjAj. To exclude an element
a2 A, fromthe setA, we employ the notationAna. The set of real numbers,
non-negative real numbers, and positive real numbers arerged by R, R o,
and R. g, respectively. Then-dimensional vector whose all components are
1 is denoted byl,. The identity matrix with dimension n n is denoted by
I,. For the vectorx 2 R" and a scalarg, [x] 2 R" " represents the diagonal
matrix whose diagonal entries are the components »f and x4 2 R" denotes
a vector which itsi-th element is thei-th element of x to the power of g.
The Euclidean norm_of a vectorx 2 R" weighted by a matrixQ 2 R" " is
denoted bykxkq := P x> Qx. If Q = I,, this is simply denoted bykxk. For
two vectorsx;y 2 R", their Hadamard product, denoted by ¥ y) 2 R",isa
vector with j-th element x y); = x;y; forj =1; ;n. The notationx 'y
(x >y) indicates that all entries of vectorx y are nonnegative (positive).
Additionally, given x 2 R";y 2 R™, we compactly denote X;y) = (X”;y”)”.
For matricesA;B 2 R" ™, wewriteA B (A<B)ifandonlyif A;; By

(i;J )-th component ofA. ForA2 R" ",A 0 (resp.A 0) means thatA is
symmetric and positive (resp. semi) de nite. Theil n)-dimensional matrix
with the elements of vectorr on the kth diagonal is denoted by diag, frg,
wherek > 0 (resp. k < 0) means above (resp. below) the main diagonal. The
notationf 2 C , 1, indicates that the functionf is -times continuously
di erentiable with respect to its arguments. For a given smoth manifold D,
the tangent space oD at a point p 2 D is denoted byT,D, and the tangent
bundle is denoted byT D.
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Introduction

This chapter outlines the motivations for analyzing the sytems discussed
in this thesis and identi es the challenges in achieving theesired control
objectives. Before providing an overview of the thesis, waghlight the key

contributions and results. Finally, a list of publications arived from the

thesis is presented.




Nowadays, we are experiencing a signi cant shift from tradibnal, central-
ized power and energy generation and transmission systerasiore complex,
large-scale, distributed structuresGBZ* 10]. This transition is driven by var-
ious factors, including economic conditions, concerns alicclimate change
and the environment, and technical advancements aimed at proving system
e ciency, reliability, and operation stability [ NMDL15, CTDP " 19. Micro-
grids and district heating systems can o er a promising sotion to address
these challenges-at14, SGM2(Q.

Traditionally, power ow was unidirectional, from large paver plants to
consumers, often over long distances through transmissioetworks, result-
ing in signi cant energy lossesQucl1d. However, modern electrical networks
feature bidirectional power ow. Power can now be generatddom renewable
sources like wind and solar energy, while end users can bottmsume and
produce electricity on a smaller scale, with surplus energtored for future
use. In this context, microgrids have emerged as a new concég electric
power networks [SH10 Las0g. These systems consist of clusters of spatially
distributed generation units (DGUSs), loads, and storage stems [LP04], and
support the integration of renewable energy sources (RESsyhich is es-
sential in meeting rising energy demandJTDP * 19 and enabling electri -
cation in remote areas [P04]. Microgrids function as active, independent
distribution systems JEE11] and can interconnect via power lines, with the
ability to operate autonomously during outages through isinding [ZD15].
Distribution systems are categorized into Direct Current DC), Alternating
Current (AC), or hybrid networks. In recent decades, DC miavgrids have
gained increased attention, contrasting with earlier yearwhen alternating
power networks were more signi cant§IST* 17]. This shift is driven by ad-
vancements in semiconductor-based power conversionJT* 17], the rise of
renewable energy sources and storage devices, the growiag af DC appli-
ances MST™ 17], and the advantages that DC microgrids o er over their AC
counterparts NMDL15,ZD15, CSM24 SSK1§. Furthermore, the increasing
need to interconnect distant power networks, such as o shewind farms, has
promoted the use of high-voltage DC technology. This techiogy is advan-
tageous for long distances, underwater cables, asynchraametworks, and
grids operating at di erent frequencies CTDP * 19]. For these reasons, DC
microgrids are attracting growing interest and receivingigni cant research
attention.

The larger the scale of a networked system, the more challemg it be-
comes to achieve desired control objectiveu24]. Regarding DC micro-
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grids, several challenging issues include voltage reguex, power and current
(or load) sharing, consensus, droop control, stability andobustness, fault
detection and isolation, and optimization YPD* 17, TPLS15, BBG20, RJ22,
KCFS23 SCC22 CKS23 KCS19. This thesis addresses one of the primary
challenges in DC microgrids: voltage regulatiorC[SM24]. Voltage regulation
is crucial for the proper operation of connected electricdevices. The power
system analyzed and synthesized in this thesis is a boost eerter-based
DC microgrid. Speci cally, we examine a network of nodes corcted by
dynamic power lines, where each node includes a DGU supplyipower to a
nonlinear load via a boost converter. However, voltage regtilon alone is not
enough; additional challenges are related to satisfying y$ical constraints,
while voltage regulation is guaranteed.

Another key system analyzed and synthesized in this thesistige counter-
current heat exchanger, a major component in district heaig systems
[MCPS23, which consist of heat generation units, storage devicemnd un-
derground pipes that distribute heat across neighborhoods entire cities
[MCS24. They are seen as a promising solution for improving energy e
ciency and savings§GM2(Q.

District heating networks are typically nonlinear systems ected by dis-
turbances and uncertainties due to factors like weather chges and demand
patterns [MCS24. Additionally, there is strong motivation to transition to
an energy system that utilizes both renewable and traditicaa (fossil) energy
sources KMS21]. The integration of more diversi ed and distributed heat
sources will further complicate district heating networkgMCS24, necessi-
tating advanced control strategies to achieve control obgéves in isolated or
network modes such as regulating ow, pressure, volume, ameimperature,
performance optimization. Recent research e orts have fased on achiev-
ing various de ned control objectives KMS21, MCPS22 SMC" 24, WYZ ™" 17,
MCS22SDPT17,BVKK17,MDC09,ZHAC20,ABG16]. This thesis focuses on
the problem of temperature regulation in the presence of meduncertainties
for a counter-current heat exchanger, while also considegi the satisfaction
of physical constraints.



1.1. Challenges

1.1 Challenges

This thesis focuses on boost converter-based DC micrograispower systems
and counter-current heat exchangers as key components o$tdct heating
systems. The challenges regarding these systems are oetlirbelow.

1. Designing a stabilizer to guarantee the asymptotic stdliiy of equilib-
rium points in the systems is challenging, particularly whe accounting
for the controller's structure. Moreover, in networked syems, decen-
tralized controllers are prioritized over centralized orsedue to di erent
factors such as cost-e ectiveness, reduced computatioralrden, and
the avoidance of reliance on high-capacity processors.

2. Another challenge is ensuring the robustness of the clodedp system
against uncertainties in the system model, external distbances, and
cyber attacks. This can be viewed as the challenge of desiymia
controller with minimal required information. Excessive nformation
needed for controller design can reduce robustness or evagatively
impact the closed-loop system's performance.

3. Both of the systems have actuators that act as interfacesrfcontrol
signals and are subject to physical constraints. AdditionBl to ensure
the proper functioning of the closed-loop system, the systestates may
need to satisfy certain constraints, such as lower and/or per bounds.

4. Analyzing the closed-loop system in terms of estimating ¢hdomain
of attraction and e ectively tuning the gains is also challaging due
to nonlinear dynamics of the systems, the distributed nata, time-
varying nature of loads, and the need for a fast transient respse or
other speci c transient characteristics of the closed-lgosystem.

1.2 Contributions
The research presented in this thesis includes the followimmain contribu-
tions.

Contribution 1. A static controller is designed for a boost converter-based
DC microgrid operating in islanded mode to ensure the asymgtic stability
of the system's equilibrium point. A feasible level set is s estimated for

4



1.2. Contributions

the closed-loop system to satisfy physical constraints ohe state variables.
Additionally, the boundedness of the control input, represeed by the duty
cycle of the boost converter's switch, is guaranteed by ddeping necessary
and su cient conditions on the controller's gains.

Contribution 2. A scalable switching dynamic controller is introduced for
a boost converter-based DC microgrid with nonlinear loadsyvhere the nodes
are interconnected through dynamic power lines, to ensuréd asymptotic
stability of the network’s equilibrium point. Additionally, a feasible region
of attraction is estimated for the closed-loop system so thall trajectories
starting from initial conditions within this region satisfy physical constraints
on the state variables and keep the control inputs within a tesible operational
range. Moreover, some insights into tuning the controlleragns to achieve
a reasonable size of the feasible region of attraction andsemne reasonable
performance are provided.

Contribution 3. A dynamic controller is introduced for a boost converter-
based DC microgrid with nonlinear loads. This controller esures the asymp-
totic stability of the closed-loop system's equilibrium pmt, satis es physical
constraints on the state variables and control input, and matains a simple
structure for practical implementation.

Contribution 4. For dierentially passive systems, two dynamic con-
trollers|input shaping and output shaping|along with one s tatic controller

are proposed to ensure asymptotic stability of the closeddp system's equi-
librium point, provided speci c integrability and detectability conditions are

satis ed. These controllers are applicable to DC microgral and counter-
current heat exchangers, as well as systems in other domainkloreover,

output regulation can be achieved for the system in closeddp with the

dynamic output shaping controller.

Contribution 5.  Given that a wide range of systems, including DC micro-
grids and counter-current heat exchangers, are classi ed ailinear systems,
a uni ed controller is proposed for generic multi-input mult-output bilin-
ear systems. This controller ensures the asymptotic staity of the system's
equilibrium point and guarantees output and input regulaton to desired val-
ues despite model uncertainties. Additionally, a feasibleegion of attraction
for the closed-loop system is estimated. Its application ia counter-current

5



1.3. Overview on Thesis Chapters

heat exchanger demonstrates the method's e ectiveness.

1.3 Overview on Thesis Chapters

This thesis consists of eight chapters, with the rst and laschapters covering
the introduction and conclusion, respectively. The conndons between the
other chapters are illustrated in Fig.1.1 The content of Chapters 2 to 7 is
outlined as follows.

Chapter 2. In this chapter, we present a brief overview of Lyapunov stab
ity theory, LaSalle Invariance Principle, and domain of attaction estimation.
These concepts are fundamental to the discussions in chapst& to 7. We
then provide an overview of the notion of stability in terms btrajectories rel-
ative to each other, characterized by di erential Lyapunovfunctions. Next,
we review the concepts of passivity, Krasovskii passivitynd di erential pas-
sivity, which can be seen as generalizations of Lyapunov biiity theory and

di erential Lyapunov stability theory, respectively. The theory of di erential

passivity is fundamental in Chapters 4, 5, and 6.

Chapter 3. This chapter addresses Contribution 1, focusing on a boost
converter operating in islanded mode, where a static contler is designed.
The content of this chapter is based on the results presentéd [MKC23].

Chapter 4. This chapter addresses Contribution 2, focusing on the dgsi
of a decentralized dynamic switching controller for a DC miogrid with
boost converters interconnected by dynamic power lines. &ltontent of this
chapter is based on the results presented iNIKC25].

Chapter 5. This chapter addresses Contribution 3, focusing on the dgsiof
a decentralized dynamic controller for a DC microgrid with bost converters
interconnected by dynamic power lines. The proposed conlier preserves
the advantages of the one introduced in Chapter 4 while beirgigni cantly
easier to implement in practice. The content of this chapteis based on the
results presented in[{MKLC25].

Chapter 6. This chapter addresses Contribution 4, focusing on a generi
nonlinear system. The ndings here extend and generalizeéhmethods in-
troduced in Chapters 4 and 5. The system can either be netwed, like the
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DC microgrids discussed in Chapters 4 and 5, or a standalongstem like
the system in Chapter 1 or a counter-current heat exchangeAn application
of these results is demonstrated with a counter-current heaxchanger. This
chapter's content is based on the results published iiVIKC24].

Chapter 7. This chapter addresses Contribution 5, presenting resulfer
generic multi-input multi-output bilinear systems with both additive and
multiplicative terms. To demonstrate the e ectiveness of ltese results, a
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of this chapter is based on the ndings published inIKM *23].
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Preliminaries

This chapter reviews the concept of Lyapunov stability for anlinear systems
and provides a brief overview of the region of attraction ofraequilibrium

point. Then, we discuss Krasovskii stability theory, whichcan prove the
stability of a system's equilibrium point without requiring prior information

about the equilibrium point. Stability is de ned not only concerning the
equilibrium point but can also extend to any two solutions ofa dynamical
system relative to each other, leading to the concept of iremental stability,

also known as contraction analysis. Accordingly, a sectios dedicated to
reviewing these concepts and characterizing them based oms$ler-structure
Lyapunov functions.

Next, we review passivity theory, which generalizes Lyapuncstability
and is fundamental to this thesis for system analysis and dgeing passivity-
based controllers. To introduce this notion, we start by reewing the general
concept of dissipative systems, recalling their de nitiorand physical energy
interpretation. Then, we discuss various types of dissip&e systems, includ-
ing passive systems. We also explore the connection betwgassivity and
Lyapunov stability, followed by the design of passivity-bsed controllers.

Additionally, we recall the pervasive dissipation problema common chal-
lenge in investigating the passivity of electrical systemdo resolve this issue,
the recently proposed concept of equilibrium-independemtlissipativity and
passivity is brie y reviewed. Notable recent developmentsiclude Krasovskii
passivity and di erential passivity. We speci cally use the recently proposed
concept of di erential passivity. While there has been progsss in the anal-
ysis and synthesis of passive systems, the synthesis of destial passive
systems remains an open problem. Therefore, we introducesfie notions of
passivity in this section and postpone the control synthesito the subsequent
Chapters.




2.1. Introduction to Lyapunov Stability

2.1 Introduction to Lyapunov Stability

Studying the behavior of dynamical systems solutions comoéng well-de ned
mathematical objects, such as equilibrium points, manifds, and specic
trajectories, is of great interest in control systemsdia2Z. Analyzing the
stability of these solutions, particularly with respect tothe system's equi-
librium point, is a signi cant challenge. Stability is geneally characterized
by examining how a system responds to small perturbations its states.
Speci cally, an equilibrium point is consideredstableif, for su ciently small
initial disturbances (initial conditions within a ball of radius centering the
equilibrium point), the perturbed motion remains within a prescribed small
region of the state space (trajectories remain in a ball of daus " for all the
time instances,” , centering the equilibrium point). This forms the basis
for the " de nition of stability [ HCO8]. In some cases, the equilibrium
point may also be attractive, meaning that disturbed trajetories not only re-
main stable but also converge to the equilibrium point overine if they start
from su ciently close initial conditions. This property is called asymptotic
stability, and the region where trajectories starting from initial coditions
within that region converge to the equilibrium point is know as thedomain
of attraction [KhaO2].

Regarding the stability of the equilibrium point, the Russan mathemati-
cian A. M. Lyapunov established a basis for investigating thstability prop-
erties of a system's equilibrium point through energy-likéunctions, known
as candidate Lyapunov functions[HCO8]. Over the decades, this concept
has been expanded by theorems frotdrasovskii, LaSalle Chitave, Zuboy
Yoshizawa and so on Kha02, KAO1]. Finding suitable energy-like functions
remains a challenging task, and much research has been dedoto sug-
gesting and constructing Lyapunov functionsNINO7, PP02, MMO09]. Besides
their usefulness in proving stability, Lyapunov functionslso aim to estimate
the region of attraction, where identifying its exact bordes is a signi cantly
complex task [5TV85,VTG09, Che09.

The equilibrium point is not the only mathematical object ofconcern in
stability analysis. Depending on the problem and the type adnalysis being
pursued, di erent stability notions may be applied. While sability is com-
monly formulated with respect to the equilibrium point, it is not con ned
to this. For example, stability can be analyzed in terms of tb relation-
ship between any two solutions of a dynamical system, a copt&known as
incremental stability, which, in certain contexts, is also referred to asontrac-
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2.2. Lyapunov Stability Theory

tion analysis [Ang02 RvM13,LS98 FS14 JF10]. Although the origins of this
concept date back several decades (for more details, séeupq, [GHK22],
and [PPvNO4]), it gained signi cant attention again after the works of Win-
fried Lohmiller and Jean Jacob Soltine S99. The concept was subse-
guently generalized, leading to the development of new notis such aK-
contraction [WKM22], di erential passivity [ FSvdS13, and di erential pos-
itive systems [S14. Contraction can be formulated using di erent metrics
to measure the distance between two trajectories or characized on various
structures. In two seminal works on contraction analysis-514 and [Ang02],
the authors relate contraction analysis to Lyapunov stahitly theory, using in-
cremental and Finsler-Lyapunov functions, respectively<B24]. In this the-
sis, the latter approach|contraction analysis using Finsle-Lyapunov func-
tions|is employed to demonstrate the asymptotic stability of the trajectories
and the equilibrium point, emphasizing that the equilibriun point is a solu-
tion to the dynamical system when the initial conditions areplaced at that
point.

2.2 Lyapunov Stability Theory

Let consider the following nonlinear autonomous system fovhichf : D !
R" is alocally Lipschitz map with the state variable vectox : R ¢! D R"

x = f(x); Xx(0)=xq t O (2.1)

Here, the symbolt stands for time andxg is the vector of initial conditions.
The solution of the system 2.1) at the time instant t and in response to
initial condition Xg is denoted byx = x (t;Xg), 8t 2 R 4. It is assumed that
for the dynamic system 2.1) the following set is not empty.

= x 2D f(x)=0; 8 O0: (2.2)

Then, we callx as the equilibrium point of the system 2.1). Now, we can
recall, the Lyapunov stability theory.

Theorem 2.1 ( [Kha02, Theorem 4.1]) Consider the nonlinear systeng2.1)
with x(t;x ) = x as its equilibrium. LetV : D! R is a function of class

11



2.2. Lyapunov Stability Theory

C! such that

V(x)=0; (2.3a)
V(x)>0;, 8x2Dnx: (2.3b)

Then,
"~ the solutionx(t;x ) = x is a (Lyapunov) stable equilibrium point if

@\()

\V(X) = f( ) O 8x2D: (2.4)

A

the solutionx(t;x ) = x is an asymptotically stable equilibrium point
if it is stable and

@\()

\V(x) = f(x) <0 8x 2Dnx : (2.5)

Any function V(x) that satis es conditions (2.3) and (2.4) is called a
Lyapunov function The Lyapunov function V(x) is positive de nite if it
satis es the condition (2.3) and its time derivative, \.(x), is negative (semi)
de nite if satis es the conditions (2.4), (2.5).

De nition 2.1. The surface . := fx2Dj V(x)= cg, for a given Lya-
punov function V (x) and for some giverc > 0, is called aLyapunov surface
or alevel set C

According to Lyapunov theory 2.1, if a Lyapunov function meets the
stability conditions over the setD, then the level set . contained in D,

. D , is a positively invariant set This means that once a system's
trajectory enters the level set ., it remains within the set for all future time
instances. Furthermore, for a Lyapunov function that sati®s the asymptotic
stability conditions in Theorem 2.1, . is not only a positively invariant set,
but also an estimation of the system's equilibrium point reign of attraction.

2.2.1 Region of Attraction

For the system @.1) where the set de ned in (2.2 is not empty, the region
of attraction, also known as thedomain of attraction, is de ned when the

12



2.2. Lyapunov Stability Theory

system's equilibrium pointx is asymptotically stable. It is not enough to
determine that a system has an asymptotically stable equaiium point; it
is also crucial to nd the region of attraction of that point, or at least an
estimate of it. This region determines how far from the equidrium point the
initial conditions can be for the trajectories to converged the equilibrium
pointast!1l [KhaOZ]. Estimating the domain of attraction of equilibrium
points is a fundamental problem in systems engineering ansl particularly
important in power systems Kha0Z]. Since obtaining the exact domain of
attraction is challenging, several methods have been dewpéd to estimate
or enlarge this region GTV85,VTG09,Che09HEGA16,VV85,Che04Tib0O,
ChellLACO5]. The following Lemma explores some properties of the domai
of attraction, assuming, without loss of generality, that he equilibrium point
is at the originx =0.

Lemma 2.1. If x = 0 is an asymptotically stable equilibrium point for the
system @.1), assuming the solutiorx(t; X ) exists uniquely for allt 0, then
its region of attraction, R,, is an open, connected, invariant set. Moreover,
the boundary of R, is formed by trajectories.

2.2.2 LaSalle Invariance Principle

Lyapunov theory provides su cient conditions for the (asynptotic) stability

of an equilibrium point. By nding a Lyapunov function whosetime deriva-
tive along the system's trajectories is negative semide t@, one can con rm
both the stability and, under certain conditions, the asympotic stability
of the equilibrium point. For example, let examine a nonling system|a

pendulum suspended at a joint with friction|described by the following dy-
namics Kha02, Example 4.4]

X3 = Xz (2.6)
Xo = asinx; bx; (2.7)

wherea; b > 0. Using the total energy of the system as the candidate Lya-
punov function V(x) := a(1l cosx) + (1=2)x3, the time derivative of the
Lyapunov function along the system's trajectories will be eégative semide -
nite, indicating that the system's equilibrium point is steble. However, phys-
ically, we also know that the equilibrium point is asymptotcally stable. In
such cases, we can apply a generalization of Lyapunov thedtgown as the
LaSalle's Invariance Principle Theoremto address this problem.

13



2.2. Lyapunov Stability Theory

To prove the asymptotic stability of a system's equilibriumpoint when
the candidate Lyapunov function is not monotonically decresang along the
system's trajectories, i.e., when its time derivative is rionegative de nite,
we can apply LaSalle's Theorem. If the conditions of the theem are sat-
is ed, the asymptotic stability of the system's equilibrium point can still be
established.

Theorem 2.2 ( [KhaO2, Theorem 4.4]) Let D be a compact set that is
positively invariant with respect to(2.1). Let V : D! R be a continuously
di erentiable function such that\.(x) 0in . Let E be the set of all points
in  where\(x) =0. Let M be the largest invariant set inE. Then every
solution starting in  approachedM ast!1

One may con rm that a Lyapunov function over the setD with the level
set . D can satisfy the conditions of Theoren2.2 The LaSalle in-
variance principle (Theorem2.2) guarantees the asymptotic stability of the
equilibrium point under certain su cient conditions, even if \.(x) is negative
semi-de nite.

The next challenge in applying the Lyapunov stability Theoem 2.1 is
nding the appropriate Lyapunov function. One approach to onstructing
Lyapunov functions is the use oKrasovskii Lyapunov functions[HCO08].

2.2.3 Krasovskii Lyapunov Function

Finding a Lyapunov function for a given system is a challengintask. Al-
though there are methods that suggest suitable Lyapunov fations, no gen-
eral approach exists for de ning them. For example, one miglconsider the
total energy of the system as the Lyapunov function. Howevedetermining
the energy for complex systems is often impractical. Furtheore, there are
speci ¢ methods for constructing Lyapunov functions for sstems with par-
ticular structures or types MNO0O7,PP02,MM09,AMP13,SM14GH12,Zub61,
Gie07,NGR23,LXC21].

In [Kha02] and [HCO0§], two mechanisms are provided for constructing
Lyapunov functions for general nonlinear systemg(1)- the Variable Gradi-
ent Method and Krasovskii's Theorem. While the former is beyw the scope
of this thesis, Krasovskii's Theorem is presented as follew

14
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Theorem 2.3 ([HCO8, Theorem 3.6]) Let assume thatx = x is an equi-
librium point for the nonlinear dynamical system(2.1). The point x = x
is a unique asymptotic stable equilibrium point for the syste(2.1), if there
exist two matricesO P 2 R" "and0 R 2 R" " such that

@fix) > @1x)

P+P R; 2Dnx : 2.
@x + a@x ; 8X nx (2.8)
Then, the Lyapunov function is given by
V(x):= f7(xX)Pf (x): (2.9)

If, in addition, D = R", the asymptotic stability property holds globally.

The theorem .3) not only allows us to construct a Lyapunov function
for the general nonlinear system2.1), but also guarantees stability without
requiring knowledge of the equilibrium point. More speci ally, it is su cient
to guarantee the existence of a unique equilibrium point within the set D.

Most existing results in the literature that use Lyapunov-lased analy-
sis assume (without loss of generality) that the origin is th equilibrium
point to be stabilized via a control law, since the equilibtim point can be
shifted to the origin by applying a change of coordinates tohe system's
dynamics Kha02]. However, this assumption does not hold in all practi-
cal scenarios. Typically, a constant control law is rst apped to shift the
equilibrium to the origin, after which stabilizing control actions are used.
However, this approach requires knowledge of both the egbiium point
and the constant preliminary control action {(5ia27. The challenge is that
these two factors may not be precisely known, as they are hlghdepen-
dent on the system's characteristics. Moreover, they arersstive to external
perturbations [Gia2Z. This limitation motivates researchers to consider al-
ternative stability notions for non- xed, well-de ned mathematical objects,
one of which is incremental stability.

2.3 Incremental Stability

In this section, we rst recall the de nition of incremental stability [FS14,
and then examine its characterization in terms of Lyapunowtability theory.
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Consider the non-autonomous system
x = f(x;t); (2.10)

wherex2M ,t2 R,andf 2Ctwith f :M R!T M . Let the solution
to this dynamical system, given the initial conditionx (tg) = Xo 2 M at time
to 2 R, be denoted ax (t; Xo; tp). The following de nition is then introduced.
In the following de nition, we use the notationx3 and x3 to denote two initial
conditions.

De nition 2.2 ( [FS14 De nition 1]) . Consider the system2.10 on a given
manifold M . Let D M be a forward invariant set and letd: M M !
R ( be a continuous distance oM . Then, the system @.10 is de ned as

N

incrementally stableon D with respect to distanced if there exists a
classK function such that for all x3;x3 2 D

d x t;x3ite ;X t;Xx3to d x5;x3 ; 8t to8t2R:
2.11)

incrementally asymptotically stableon D if it is incrementally stable
and 8x};x32D, 8t 2 R

lim d x ;X5 to ;X x5ty =0: (2.12)

incrementally exponentially stablen D if there exist a distanced, K
1,and > 0 such that8x};x32D, 8t 2 R, 8t tg

d x txgte ;X tx3:to Ke ¢ d x}:x3 (2.13)

C

Before detailing the characterization of incremental stality in terms of
Lyapunov theory, we emphasize that Theoren2.3 is a speci c case of the

so-calledDemidovich theoremwhich guarantees the convergence of any two
solutions of the system. The Demidovich theorem is presedtas follows.

Theorem 2.4 ( [PPvNO4], [Dem67). Consider the non-autonomous system

x=f(x1); (2.14)
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2.3. Incremental Stability

and the matrix A (x;t) as
!

P (2.15)

@fttx) , @fitx) ~
@x @x

for some matrix P 0, wherex 2 R", t 2 R. If the matrix A(x;t) O

uniformly in (x;t) 2 R" R andkf (0;t)k < +1 forallt2 R, then, the

di erence between any two solutions of systeif2.14 decreases exponentially.
More precisely,

kxi(t) Xk e ¢ 9kxy(to) Xa(to)k; (2.16)

A(x;t):=05 P

where ; > 0.

For the particular case,f (0;t) 0 one obtains the well-known Krasovskii
stability Theorem 2.3 [PPvNO4].

The notion of incremental stability for a dynamic system carbe charac-
terized using Lyapunov theory fng02, ZM11]. In [FS14, the authors charac-
terize incremental stability within the framework of Lyapunov theory using
a Finsler structure. Let us recall the system4.1) as

x=F1(x); x2M; (2.17)

whereM is a smooth manifold. For the systemZ.17), the variational system
is de ned as
L. @

@x
Together, the systems 2.17) and (2.18 form the so-calledprolonged sys-
tem with state variables (x; x) 2 TM . Based on these considerations, the
following theorem is presentedqS14.

X; X 2TM: (2.18)

Theorem 2.5 ([FS14). Consider the system(2.17) on a smooth manifold
M with f of classC?, a connected and forward invariant seb, and a function

'R o! R . LetV (x; x) be a candidate Finsler{Lyapunov function such
that, in coordinates,

@\(x; X) @\(x; x) @1x)
—@x f(x)+ @ x @x X

foreachx2D M ,and x 2TyM . Then, the system(2.17) is

(V (x; x)) (2.19)
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incrementally stable onD if (s) =0 for eachs O.
incrementally asymptotically stable oD if is a K function;

incrementally exponentially stable oD if (s) = s > 0 for each
s> 0.

One may con rm that verifying Theorem 2.5for V (x; x ) := 0:5k x k3 is
equivalent to Theorem2.4 [FS14.

The LaSalle inveriance principle for Lyapunov stability tleorem, is also
extended to incremental stability characterized by the Lypunov function
with Finsler structure presented in Theorem2.5. In the following, LaSalle
invariance principle for contraction analysis is presentke

Theorem 2.6 ([FS14). Consider the system(2.17) on a smooth manifold
M with f of classC?, a continuous function : TM! R o, and a connected
setD M , forward invariant for x = f(x). Let V(x; x) be a Finsler-
Lyapunov function such that, in coordinates

@\(x; x) @\Xx x) @1x)

@x Feg+ @ x @x

foreachx 2D M , and eachx 2 TyM . Then, for any bounded solution
of x = f (x) from D, the solutions of the prolonged systerf2.17) and (2.18
converge to the largest invariant set contained in

(x; x) (2.20)

= f(x;x)2TM : (x;x)=0;x2Dg: (2.22)

If = D f 0Og, thenx = f(x) is incrementally asymptotically stable oD.

2.4 Introduction to Passivity

Passivity theory o ers a fundamental and valuable framewds for analyzing
systems through the intuitive concept of energy. Passivitheory is a speci c
case of dissipativity theory, which was initially introdued by J.C. Willems in
his seminal work Wil72]. This theory bridges Lyapunov stability and input-
output stability, serving as a generalization of Lyapunovtability theory with
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a focus on input-output mappings of systemsNilO7]. Furthermore, dissipa-
tivity theory provides a uni ed framework for the compositional analysis
of large-scale dynamic systemsdS0(Q. Indeed, the concept of dissipativ-
ity enable us to analyze a large-scale system by examiningetbbehavior of
its constituent subsystemsHiAP11]. Dissipativity theory, and subsequently
passivity theory, not only aim to analyze systems but also gy a signi -
cant role in the synthesis of dynamical system®©yVDSMMO01]. There is an
established connection between dissipation theory and apial control sys-
tems [TA81], as well as between passivity-based control and nonlineldr
control theory [vdS0Q.

Dissipativity in a system is characterized by analyzing itsnput, output,
stored, and dissipated energies. In a dissipative systermly a portion of
the energy received at its input ports is transmitted to its atput ports,
either in the same or a di erent form. The remaining energy igither stored
internally through work done by the environment on the systa or dissipated
[HCO§. This characterization also applies to passive systemgl50(. The
next subsection will delve into a more detailed investigatn.

The analysis of systems from the perspective of energy prdes several
bene ts and insights. Passivity theory facilitates the anbysis of intercon-
nected systems by verifying the passivity properties of inddual subsystems.
This approach addresses the traditional challenge of enswg closed-loop sta-
bility for two interconnected systems in feedback form, whe stability can
be assured by con rming the passivity of each system indivighlly. Thus,
passivity theory is a powerful tool for analyzing and synth&zing large-scale
interconnected networked systems/§iSOJ. Furthermore, it supports multi-
domain modeling of physical systemsl§09, enabling the modeling of com-
plex systems composed of subsystems from various elds swh thermal,
electrical, and chemical domains. Passivity also introdes robustness to
system analysis. Absolute stability, grounded in dissipatity theory, refers
to the stability of dynamical systems in the presence of a da of feedback
non-linearities that can be regarded as model uncertainigHCO0§].

In recent years, new concepts in passivity theory have emeryto address
the challenge known agervasive dissipativity which complicates the analy-
sis of systems with non-zero equilibrium points from an erggyr perspective
[OVDSMMO1, KPSF17]. These new notions utilize alternative input-output
mappings for passivity and are characterized as equilibruindependent pas-
sivity theories [SP19. They include shifted, Krasovskii, and di erential pas-
sivity [SP19KKS21, FSvdS13vdS13.
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Designing output feedback controllers is a signi cant advadage once the
passivity of a system is veried. To explain better, ensurig the passivity
property of a system enables us to design an output feedbaakntroller that
guarantees the (asymptotic) stability of the closed-loopystem, provided that
some additional conditions are imposed)VDSMMO01,vdS0(Q.

2.5 Dissipativity and Passivity Theories

Let us de ne a dynamic system with the generic structure as dllows

x=ft0u);  X(to) = Xo; t to (2.22)
y = h(x;u);

wherex : R ¢! R",u2 R™, andy 2 RY are respectively state, input and
output vectors. In (2.22, the symbolt stands for time andx (to) is the vector
of initial conditions. The solution of the system .22 at the time instant t
and in response to initial conditionxy and control input u(t) is indicated by
X (t; Xo; to; u(t)), 8t 2 R .

Now, we are ready to brie y explain the concepts of dissipatity and
passivity and their connection to Lyapunov stability.

De nition 2.3  ([vdSOQHCO0g]). A system (2.22 is dissipative with respect
to a function s : R™ RP I R if there exists a matrix-valued function
S:R"! R.y, such that for all initial conditions xo 2 R" at any time tq, and
for all allowed input functionsu 2 R™ and allt; ty; 2 R ( the following
inequality, that is called dissipation inequality, holds
Z,,
S(X)  S(Xo) s(u;y)d : (2.23)

to

C

In De nition 2.3, the function s = s(u;y) associated with the system
(2.22 is called thesupply rate and the functionS = S(x) is called thestorage
function. The dissipation inequality has a physical meaning: it expisses that

1Let us assume that the system 2.22) is Lipschtiz and consequently the solution exists
uniquely for all time instancest tg.
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the stored energy at any time instant is less than or equal tdhe sum of the
energy provided to the system through the input and the storkenergy from
all previous times.

Remark 2.1. In De nitigh 2.3, it is assumed that the supply rate is an
integrable function, i.e., ttoljs(u;y)j d < 1. If the storage function is dif-
ferentiable, i.e.,S 2 C!, then the dissipation inequality £.23 for the system
(2.22 can be represented as

@%). .. )
@f(x,u) s(u;y): (2.24)

Since working with the dissipation inequality in the format(2.24) is more
straightforward, we will assume, without loss of generalif that the storage
function is a smooth function, i.e.,S 2 C!, for the remainder of the thesis.

There are no speci ¢ limitations on the structure of the funtion s(u;y)
in the dissipation inequality (2.23. However, de ning di erent structures
for the supply rate leads to the development of various notig derived from
dissipativity, as detailed below.

De nition 2.4  ([HCO08], [vdS0Q). For the system .22 and supposing that
m = p, if the system is dissipative, with respect to the dissipatioinequality
(2.23 or (2.24), and for the supply rate

A

s(u;y) = u”y, then the system Q.22 is called passive.

s(u;y) = Uy  jjujj? fora > 0, then the system 2.22 is called
input strictly passive.

s(u;y) = U’y jiyij? fora > 0, then the system 2.2 is called
output strictly passive,

and if the dissipation inequality 2.23 or (2.24 holds with equality for the
supply rate s(u;y) = u’y, then the system @.22) is called lossless. C

Other types of passivity, such asnput-output strictly passive and expo-
nentially passive are also de ned, but they are beyond the scope of this
thesis. For more details on these de nitions, please refeo {HCO0§].
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However, from the de nition in 2.3, it can be inferred that the storage
function S(x) should represent the total stored energy of the system. Tdi
is not necessarily the case. More clearly, similar to provindpe Lyapunov
stability of a system at its equilibrium point, which involves nding a suitable
candidate Lyapunov function (not necessarily energy-rekd), we need to
identify an appropriate storage function that may not be diectly related to
the system's real energy functionCSP21].

Finding storage functions that identify passive input-outpit maps can be
challenging. One solution involves constructing energiké functions for the
system under investigation KKS19]. Several approaches have been devel-
oped to nd new storage functions, such as the port-Hamiltoan systems
theory [vdSJ14, the Brayton-Moser (BM) framework KCSP21], and various
versions of Hill-Moylan's lemma $P19.

Moreover, in the de nition of passivity in De nition ( 2.4), it is evident
that the structure of the supply rate is determined by the iner product of the
system's input and output. This justi es the condition m = p. Furthermore,
the passive input and output ports can be power conjugatedgi, their inner
product has the power quantity, like voltage and current in lectrical systems
or velocity and force in mechanical systems, then in this aasthe integral of
supply rate is equal to the energy transferred to system froenvironment.

In this thesis, we will focus on analyzing passivity theorysing the input-
state-output representation, which establishes a strongnnection with Lya-
punov stability theory.

2.6 Passivity and Lyapunov Stability

Establishing a connection between passivity and Lyapunowability using

the input-output map is challenging. However, this relatioship can be
more clearly elucidated through the input-state-output reresentation .22

and the corresponding de nition of passivity. In the folloving, we present
a proposition that forms the fundamental link between dispativity (and

subsequently passivity) and Lyapunov stability.

Proposition 2.1 ( [vdS0Q HCO0g]). Consider the system described by

(2.22, for which the di erential dissipation inequality (2.24) holds with a
storage functionS(x) : R" ! R 4. Assume that the supply rates(u;y)

22



2.6. Passivity and Lyapunov Stability

satis es

s(Gy) O (2.25)
for all y 2 R™. Furthermore, assuming thatx = x 2 R" is a strict local
minimum for the storage functionS(x). Then the point x = x is a sta-
ble equilibrium point of the unforced system Z.22, i.e., x = f (x; 0), with
Lyapunov function V(x) := S(x) S(x ) dened for x around x , while
s(O;h(x ;0))=0.

From De nition 2.4, it can be veri ed that the condition (2.25 holds for
supply rates corresponding to passivity, input strict passgity, and output
strict passivity. Moreover, while the conditions(0; h (x ;0)) = 0 is satis ed
for both passivity and input strict passivity, it holds for output strict passivity
if h(x ;0)=0.

The Proposition 2.1 establishes the connection between dissipativity the-
ory and the Lyapunov stability theory. Demonstrating the ceonection be-
tween passivity and asymptotic stability requires verifyng additional condi-
tions. Before establishing a link between dissipativity ashasymptotic stabil-
ity for the system (2.22, let us recall the concept ofzero-state detectability
which is necessary to continue the discussion. Moreoverthaut loss of gen-
erality, we takex = 0 and assume that the output of the system in (2.22
is de ned asy = h(x), with h(0) = 0.

De nition 2.5 ( [vdS0Q). A system (2.22 with output y = h(x) is zero-
state observable iu(t) =0 and y(t) =0, 8t 0, impliesx(t) = 0 and is zero-
state detectable ifu(t) = 0 and y(t) =0, 8 0 implies limy,; x(t) ! O.
C

Now, we are ready to discuss asymptotic stability for a dissifige system

Proposition 2.2 ( [vdS0Q). Consider the system 2.22 with output y =
h(x) for which the di erential dissipation inequality holds with a positive
de nite storage function S(x) 2 C* (S(0) = 0 and S(x) > O;x 6 0) and a
supply rate s (u;y) satisfying

s(Gy) G (2.26)

and such thats(0;y) = 0 implies y = 0, where h(0) = 0. Supposing that the
system is zero-state detectable, the point = 0 is an asymptotically stable
equilibrium of the unforced systenx = f (x; 0).
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2.6. Passivity and Lyapunov Stability

One may notice that among all the types of passivity introdued in De ni-
tion 2.4, only output strictly passive systems can satisfy all the pirements
for the supply rate s(u;y) in Proposition 2.2, while other types of passivity
cannot. This observation highlights the signi cance of oydut strictly passive
systems in designing output feedback stabilizers for pagsisystems.

2.6.1 Passivity-Based Control Design

Proposition 2.20 ers valuable insight. If a passive system can be transforend
into an output strictly passive system by applying a controinput, then, un-
der certain conditions, this controller can guarantee thesymptotic stability
of the closed-loop system. With this in mind, let us recall thdollowing
theorem vdS0Q Corollary 4.2.2].

Theorem 2.7 ( [vdS0Q). Given the system(2.22); Let suppose that the
system is passive with a positive de nite storage functio§(x) at x = 0.
Moreover,

" assume that the system = f (x;0), y = h(x; 0) is zero-state detectable,
or alternatively,

" assume thatx = 0 is an asymptotic stable equilibrium point ok =
f (x; 0) provided thatfx j h(x; 0) =0g,

then the closed-loop system with output feedback contwok  ky, for any
k > 0, will be asymptotically stable at the equilibrium point = 0.

Indeed, for passive systems, con guring the controller=  ky+ v renders
the closed-loop system output strictly passive. More presgly,

sy wy TR s vy kyty:

Stability analysis based on Theoren®.7 relies on dissipation inequali-
ties referenced to a given equilibrium pointX ;u ) = (0;0). Verifying and
analyzing passivity from energy perspective, as well as dgsng passivity-
based controllers for systems with equilibrium points nottahe origin, can be
challenging. This issue, along with related solutions, is pbored in the next
section, where the concept gervasive dissipations examined. Furthermore,
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Figure 2.1: A parallel RLC circuit for which pervasive dissigtivity issue
exist [KPSF17].

verifying passivity requires prior knowledge of the equidrium point, which
is not always feasible for all physical systems, particullgrlarge-scale sys-
tems [SP19HAP11]. This motivates the introduction of alternative passive
maps, as discussed in the following section.

2.7 Equilibrium-Independent Passivity The-
ory

To explore equilibrium-independent dissipativity and, shsequently, passivity
theories, we must rst address a signi cant issue known as \&vasive Dissi-
pation” [OVDSMMOL1]. In the next subsection, we present a brief review on
this problem.

2.7.1 Pervasive Dissipation

Let consider the RLC circuit illustrated in Figure. 2.1 The components

R;G;C and L in the circuits are supplied by a voltage DC sourc&. The

governing dynamics on the system are given aR;G; C;L;E > 0)
L% =Ri(t)+ v(t) E

dv(t) . _
CT =i(t) Gv(b):

(2.27)

The equilibrium point (i ;v ) of the system @.27) is obtained as

i GE
- GE+1
v GR+1 *
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2.7. Equilibrium-Independent Passivity Theory

The system @.27) is passive with respect to the storage function
S(i(t); v(t)) :==0:5 Li?(t)+ Cv4(t) :

More precisely, the time derivative of the storage functiomlong the trajec-
tories of the system2.27 satis es the following inequality

S(i(t):v(t) = Ri%t) GVi(t)+ Ei(t) Ei(t) (2.28)

It is worth noting that the introduced storage function S(i(t); v(t)) represents
the real storing energy function of the RLC circuit 2.27).

From (2.28, the supply rate is given bys(u;y) = Ei(t), whereu = E
andy = i are the passive input and output, respectively. The port vaables
E andi(t) are power conjugated variables, i.eEi(t) is the injected power
to the system. At the operating point ( ;v ), for the inequality (2.29, we
have

2
S(i(t):;v(t)) Ei ()= G(;EJrl 60: (2.29)

This implies that the energy extracted from the controller § the system
at the equilibrium point is in nite, as shown by integrating both sides of
equation (2.29 over the time interval [0;1 ). This is physically incorrect,
since no voltage sourc& can provide in nite energy. This issue is referred
to as pervasive dissipationor the dissipation obstacle

The problem of pervasive dissipation rst emerged in eledtal systems,
where the power-conjugated ports are generally non-zero tae equilibrium
point. In contrast, in mechanical systems|originally the basis for proposing
the passivity property|velocity appears as a power-conjugted port in the
supply rate. At the equilibrium point, the velocity is zero,which helps avoid
the dissipation obstacle in mechanical systems.

Based on these considerations, it is necessary to propoderalative pas-
sive maps that not only address the dissipation obstacle batso relax the
dependence on the equilibrium point in the passivity de nion.

2.7.2 Equilibrium Independent Passive Maps

To address the dissipation obstacle, the idea is to nd alteative input-

output maps such that the supply rate at the equilibrium poit equals zero,
ensuring that the extractable energy by the system from theontroller is not

in nite.
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2.7. Equilibrium-Independent Passivity Theory

The rst approach to overcoming this obstacle is to propose atorage
function that forms a supply rate with di erentiation at one of the passive
input or output ports. This idea was introduced in the seminawork [0JS0J
for nonlinear RLC circuits, where the proposed storage futions, instead of
representing total energy, are related to the system's poweThis method
was later applied to two di erent systems in JSO0§ and generalized to a
broader class of systems irJCJOS1(, employing the Brayton-Moser frame-
work to yield supply rates with di erentiation at one of the passive ports.
While this mechanism helps address the pervasive dissipati@roblem, it
may impose constraints on the system components, an issueéastigated
in [GCOO0O4] for linear RLC circuits. Moreover, constructing energy opower-
related functions for all systems is not always feasible. Taddress this,
a more general concept known asquilibrium-independent dissipativitywas
proposed. Before presenting the de nition, let assume thdhe dynamic sys-
tem (2.22 has at least a (forced) equilibrium point. More preciselythe set

is not empty, where

= (x;u)2R" R™ x(t;x ;tg;u)=x;8t tg : (2.30)

De nition 2.6 ( [KKS19]). Let consider the system 2.22. The system is
Equilibrium-Independent Dissipativewith respect to a supply rates(x; u) 2 R
if

it is dissipative in the sense of De nition2.3 with the storage function
S(x) 2 Ct, that satises S(x ) =0, forany (x ;u) 2 ,

and

"~ for every (x ;u) 2 , the supply rate satises s(x ;u ) =0. C

The concept of equilibrium-point independent dissipatity was rst ex-
plicitly introduced in [HAP11] for passive systems, followed by the de nition
presented in P19 for quadratic supply rates, and ultimately generalized in
De nition 2.6. Indeed, considering the structure of the supply rate, we na
develop other equilibrium point-independent passivity nions like output-
strictly equilibrium-point independent passivitynotion. Please refer to$P19
and [HAP11], for some related de nitions.

The concept introduced in De nition 2.6 ensures that by changing the
operating point of the system, the dissipation inequalityri question will still
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2.8. Di erential and Krasovskii Passivity

hold for any new operating point 5P19. Moreover, as we can see from the
second condition in De nition 2.6, the supply rate at the equilibrium point
would be equal to zero.

There are several alternative passive maps with the propgrtof
equilibrium-independence, such asshifted passivity [SP19 JOGCCO07,
Krasovskii passivity [KKS19, KKS21, KCSP21], and di erential passivity
[FSvdS13vdS13. In the next section, we introduce two key notions of pas-
sivity|Krasovskii and di erential passivity|which formt  he foundation for
the theoretical results developed in this thesis.

2.8 Dierential and Krasovskii Passivity

Krasovskii passivity is a concept rooted in the Krasovskii ethod for de ning
candidate Lyapunov functions. This method, introduced inKha0O2] and
[HCO8], involves constructing candidate Lyapunov functions basl on the
vector elds of the governing dynamics of the system.

Before presenting the de nition of Krasovskii passivity, @t us extend the
dynamic systemx = f (x;u) de ned in (2.22 as follows

x =f (x;u) (2.31)
U =ug (2.32)
Yk =Hk (X;u); (2.33)

whereux : R ¢! R™ y« :R ! R™ andHg :R" R™! R™ It
is worth noting that the extension of the system in 2.31) is equivalent to
considering a dynamic for control input for the systenx = f (x;u). Now,
the Krasovskii passivity is presented as follows, assumitigat the set in

(2.30 is not empty.

De nition 2.7 ( [KKS21]). The systemx = f (x;u) in (2.22 is said to be
Krasovskii passive at X ;u ) 2 if there exists a classC! function S(x) =
S(X;u)2 R gsuchthatS(x ;u)=0and

—@3@)(;)(u)f (x; u) + —@gg;u“)uK Uz vk (2.34)
forall (x;u) 2 R" R™andux 2 R™. C
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2.8. Di erential and Krasovskii Passivity

The Krasovskii passivity is used in many applications for th analysis and
synthesis of systemsq{CSP21,KCFS23 KCS23 CLK " 19. We now introduce
the concept of di erential passivity. Before presenting & formal de nition,
we rst de ne the prolonged system The system @.22), extended by the
following variational system

_ @f . Qf, .
X = @>$X u) x + @Sx,u) u (2.35)
= F(x;u) x + G(x;u) u; (2.36)

constitutes the prolonged system. InZ4.35, the state variable x 2 R"

is de ned on the tangent space ok 2 R", and u 2 R™ represents the
control input of the variational system. Di erential passvity is a property of

the prolonged system. Speci cally, verifying di erentialpassivity for a given
system Q.22 is equivalent to con rming standard passivity for the probnged
system.

De nition 2.8 ( [MKC24,KKS19, FSvdS13vdS13). The system .22 is
said to be di erentially passive with respect to a clas€! storage function
S:R" R"! R g, if for its variational system (2.39, there exists an
output function y = H(x) x with H : R" I R™ ™ of classC! such that
S(x; x)=0ifand only if x =0 and

@IX; X)) . @Ix; x) . : >

Wf (x;u) + @ x (F(x;u) x + G(x;u)u) u~y (2.37)
forall (x;u) 2 R R™and (x;u) 2 R" R™, where y is called the
di erential passive output. C

The open problem in this eld is the design of di erential pasivity-based
controllers for dynamical systems that verify di erential passivity. Address-
ing this challenge is one of the main objectives of this thasiwhich will be
explored in the following sections.
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Voltage Control of Boost Converters:
Feasibility Guarantees

This chapter deals with the design of a novel static nonlineacontroller to
regulate the voltage of boost converters while ful lling pisical constraints;
at any time instant, the states need to be positive, and the dy cycle of
the converter takes an admissible value between zero and ofide proposed
controller is based on a shifted Lyapunov function and asynqtically stabi-
lizes the desired equilibrium point of the closed-loop symn as long as the
voltage and current are positive at any time instant. To guaantee positivity,
we derive a necessary and su cient condition for identifyig a feasible level
set that is contained in the positive orthant and is positivly invariant. Next,
to ensure a feasible implementation and operation of the grosed controller,
we derive a necessary and su cient condition on the contrar feedback gain
to ensure that the converter duty cycle takes admissible vaés between zero
and one. Finally, the most signi cant theoretical results ag validated in
simulation.

The material of this section is based on the paper entitledVoltage Control
of Boost Converters: Feasibility Guarante€s that is authored by Morteza
Nazari Monfared Yu Kawano, and Michele Cucuzzellalt has been published
at IFAC-PapersOnLine and was presented aR2"? International Federation
of Automatic Control (IFAC) World Congress, Yokohoma, Japan (2023).
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3.1 Introduction

Nowadays, DC power converters have captured signi cant attéion. This
growing attention mainly stems from the need for integratig renewable en-
ergies into power grids\[VL19]. One of the most common and used power
converters is the boost converter. The main feature of a bdanverter is to
step up the input voltage EMO07], and the main control objective is to sta-
bilize the voltage towards the desired value, as will be disssed in the next
subsection. However, it is worth emphasizing that to enablefaasible imple-
mentation and operation of a boost converter, the designeamtrol scheme
needs to satisfy physical constraints, e.g., at any time itat, the output
voltage must be positive and the duty cycle must take admidse values in
the interval [0; 1].

3.1.1 Literature Review

In this subsection, we brie y review some of the results on {tage control of
boost converters published in the literature.

A passivity-based controller for boost converters is proged by [S04.
Although this controller possesses powerful robustness pesties, guarantees
on the voltage and duty cycle feasibility are not establislie and an estima-
tion of the domain of attraction is not provided. Nonlinear catrol laws with
constrained duty cycle are proposed byW\[VGA17,MNFT18,1M18], guaran-
teeing global asymptotic stability of the desired equilidum point. However,
the positiveness of the voltage is not analyzed. Robust valie controllers are
proposed by §SK18 CLT * 18], where the design and analysis are based on
the model of a boost converter linearized around an equilibm point. More-
over, guarantees on the voltage and duty cycle feasibility@not established,
and an estimation of the domain of attraction is not provided Based on the
theory developed by IKKS21] and [KCSP21], a robust passivity-based con-
trol is proposed by CLK ™ 19]. Although this controller is robust, it requires
information on the rst time derivative of both voltage and current. More-
over, guarantees on the voltage and duty cycle feasibility@not established.
A passivity-based PID controller is proposed byZBDOM?22], guaranteeing
that the equilibrium point is globally exponentially stable. However, to ob-
tain satisfactorily performance, information on the rst time derivative of
the state might be required. In fact, the authors state that he proportional
and derivative gains strongly a ect the performances of thelosed-loop sys-
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3.2. Boost Converters

tem and thus, they need to be carefully tuned in order to obtai a good
compromise between robustness and performance.

3.1.2 Contribution

Now, we list the main contributions of our work in this chapter

C1. We design a static controller that makes the desired edjorium point of
the considered boost converter asymptotically stable, wibut requiring
information on the rst time derivative of the current and voltage.

C2. To ensure a feasible implementation and operation of tipgoposed con-
troller, a feasible and positive invariant level set is eshated for the
closed-loop system, where the voltage and current are pogit Specif-
ically, we derive a necessary and su cient condition for thefeasible
level set being contained in the positive orthant.

C3. A necessary and su cient condition is derived to ensurehat the control
signal, i.e., the duty cycle of the converter, takes admisde values in
the interval [O; 1].

3.1.3 Outline

The remainder of this chapter is organized as follows. The mel and physical
constraints of conventional boost converters are presedtén Section3.2 In
Section 3.3, the control scheme is designed, and the stability of the ded-
loop system is analyzed. In Sectio.4, the theoretical results are validated
in simulation. Finally, in Section 3.5, we gather some conclusions and brie y
discuss some possible future directions.

3.2 Boost Converters

A typical boost converter consists of di erent componentsicluding the volt-
age sourceE, inductor L, switching circuit, capacitor C, and current load|
(see Fig.3.1). The voltage across the capacitor and the current throughhte
inductor depend on timet and are denoted by (t) and I (t), respectively.
The \average" system dynamics can be obtained by applying Kihho 's
laws. In fact, under the reasonable assumption that the Pudswidth Mod-
ulation (PWM) frequency is su ciently high, the state of the system can
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. L (1 ulp

E=( U)Vc/l\ Switch [Vc _—cC I

Figure 3.1: Electrical scheme of a typical boost converter.

be replaced by the average state representing the averagedtnotor current
and capacitor voltage (see e.glV[C77] for more details). Thus, the switching
input is replaced by the so-called duty cycle.

According to [SRPMOGE97, the state space model of the averaged boost
converter is given by

La() - @ u®)x()+E |
Cxa() (1 u@)xa() I

wherex : R.o! R? denotes the state vector, with components; (t) = 1 (t)
and x; (t) = Vc (t). The control signalu (t) is the duty cycle and must satisfy
u(t) 2 [0;1] for allt 0. Hereafter, for the sake of notational simplicity, the
dependence on time is omitted when it is clear from the context.

Note that, given a desired referencg, > 0 of the voltagex,, it can be
shown that

(3.1)

2 3 2 3
X1 (I=E)x;
= 4)(25 =4 X, 5 (32)
u 1 E=x,

is a unique equilibrium point of the open-loop system3(1). By the ability
of the considered converter to boost the input voltage, i.0< E <x ,, the
control signal at the equilibrium point u needs to satisfyu 2 [0; 1], which
agrees with the requiremenu(t) 2 [0; 1], forallt 0.

It is worth emphasizing that designing a controller with theaim of only
stabilizing the desired equilibrium point & ;u ) in (3.2) is not enough. To en-
able its feasible implementation and operation, the desigd controller needs
to stabilize the desired equilibrium point & ;u ) and satisfy the (physical)
constraints x(t) 2 RZ, and u(t) 2 [0; 1] for allt 0.
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3.3 Controller Design

In this section, we design a static feedback controller fohé considered boost
converter (3.1). First, we show that the proposed controller stabilizes the
equilibrium point (x ;u ) for an arbitrary positive feedback gain as long as
the state stays inR2, based on some shifted Lyapunov function. Then, we
take into account the (physical) constraintsx(t) 2 R2, and u(t) 2 [0;1]
forallt 0. Namely, we derive a necessary and su cient condition for
the level set of the Lyapunov function being contained ifR2,; a level set
satisfying this condition is referred to as deasible level setFrom its positive
invariance, any trajectory starting from a feasible levelet stays in it which
is a subset ofR2, and a region of attraction. Finally, given a feasible level
set, we provide a necessary and su cient condition for the mitive feedback
gain such that the control input stays in the interval [Q 1] for any state in
the feasible level set; such a feedback gain is referred toaateasible feedback
gain. As a byproduct, we also show that each feasible level admitsea&ible
feedback gain.

3.3.1 Nonlinear Control Design: Lyapunov Approach

Based on Lyapunov theory, we design the following static dtdizing con-
troller for the boost converter @.1).

Lemma 3.1. Consider the following state feedback controller:

X4 X
u=u +kin 2122
E X5
=1 —+Kkiln —= : 3.3
X5 EXx; (3-3)

Then, for any arbitrary k > 0 andx, > 0, the closed-loop system consisting
of the boost converter 8.1) and the controller (3.3 is asymptotically stable
at x given by (3.2. Moreover, any trajectory x(t) staying in R2, converges
to x .

Proof . First, one can conrm that x in (3.2) is an equilibrium point of
the closed-loop system. To show its asymptotic stability, & consider the
following radially unbounded Lyapunov candidate:

V)= L x)%+ Clxa %)% (3.4)
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Its time derivative along the closed-loop trajectory is

V(X) =2X,X1 (U u) IIEx_le 1 : (3.5)

This is negative semi-de nite. Thus, the level set o¥ (x), denoted by
c=fx2R?:V(X) cg (3.6)

is compact and invariant for anyc > 0. By invoking the invariance principle
argument, e.g., Kha02, Theorem 4.4], one can show that any trajectory
starting from . converges tax if x(t) staying in RZ,,.

Remark 3.1. The closed-loop system is

X E
L)Sl 4 kin ﬁzl E Xo + E (3 7)
Cxz kin Xz E x; |

Note that a trajectory can intersect the x,-axis from R2,, sincex, =
[=C < 0 whenx; =0 for any x, > 0. In fact, as con rmed numerically in
Section3.4.1below, R?, is not positively invariant. To enable the practical
implementation of the proposed controller, we investigata feasible level set
. as well as a feasible feedback gaknin the next subsection.

Remark 3.2. One notices from 8.5) that the linear controller:
u=u + ki(X;x2 X,X1)

= 1 XEz + KkiX, IEXz X1 (3.8)
makes \L(x) negative semi-de nite onR? for any k; > 0. Moreover, the
asymptotic stability of x can be proven by invoking the invariance principle.
However, as detailed in Remark3.4 below, adjusting control performances
can be di cult in contrast to the proposed nonlinear controler (3.3); see also
numerical simulations in Sectior3.4.3below.

3.3.2 Feasible Level Sets and Feedback Gains

As mentioned in Remark3.1, R?, is not positively invariant for the closed-
loop system B.7). In addition, it is not guaranteed that the input stays in
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[0; 1] either. Therefore, we explicitly compute a feasible lelveet . and the
corresponding set of feasible feedback gaiks
By a direct computation, a feasible level set is obtained aselfows.

Lemma 3.2. For arbitrary k > 0 and x, > 0, a level set . in (3.6 is
contained inR2, if and only if ¢ satis es

( . )
0<c< &:=min L X2 C(x,)? (3.9)

Now, we are ready to state the main result of this chapter.

Theorem 3.1. Given k > 0, let x(t;Xxq; k) denote the state trajectory of
the closed-loop systen{3.7) at t 0 starting from xq 2 R2,. Also, let
u(t; Xo; k) denote the corresponding input trajectory generated 1§8.3). Given
X, > E > 0, consider an arbitrary c satisfying (3.9). Then, we have the
following four statements:

(i) x(bxp;k)2 . R2,foranyk>0,t 0,andxg2 ¢
(i) limy; Xx(t;Xo;k) = x forany k> O0Oandxg2
@ii) u(t;xo;k) 2 [0;1]foranyt Oandxg2 . if and only if k satis es

o<k K(© (3.10)

X21n 1 IXy2 B 11Xz

R(c) := min

X5 EXi11 X, EX21
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where
[ c+ Cx,(Xi2 X,) .
Xi1 = =X ' 1 =1:2
T ET? (IL=E)x, ’
+ 2
p 2
X2;2 = + X2
|2CL
= C? = (x,)% = Ccx,
| 2L
= Cﬁ(xz)z (311)

(iv) the set of k satisfying (3.10 is not empty.

Proof . From Lemma 3.2, (3.9) is a necessary and su cient condition for
¢ R2, Moreover, according to Lemma3.1, . RZ2, implies that .
is positive invariant, and any trajectory starting from . converges tox .
Thus, items (i) and (ii) hold. From the positively invariance of , item (iii)
can be proven by showing thatu(0; x; k) 2 [0; 1] forallx 2 . if and only if k
satis es (3.10. Namely, studying the static controller equation 8.3) su ces.
From (3.3), k satis es u(0; x; k) 2 [0; 1] if and only if

E I
0 1 —+kin X2 1
X5 Exi
or equivalently
E X yn Xz (3.12a)
X5 Exq
X5 E
Kin —= —: 3.12b
: Exq Xy ( )

From x, > E > 0, (3.129 automatically holds if In(Ix ,=EX;) 0, i.e,
X2  (E=l)x;. Then, (3.123 is equivalent to

E x X, . E
2In ' =2 if x,< IRSE

Kk
X, Exq

37



3.3. Controller Design

From (E  x,)=x, < 0 and the decreasing property of In'( ), this is also
equivalent to

E X I
k 2nt! = (o ; 3.13
- =10 (3.13)
where
(9= min 22 . (3.14)
X2 c Xl
X2<%X1

By a similar reasoning, 8.12b is equivalent to

E

|
ll 1 .
k len £ 2(0) (3.15)
where
(©:= max 2 . (3.16)
2 = o X1 . .

X2> Ilz—Xl

It remains to compute ;(c) and ,(c). These are the intersections be-
tween the boundary@ . and lines passing through the origin; also see the
graphical interpretation in Fig. 3.2 Thus, ;(c) and ,(c) can be formulated
as a nonlinear optimization problem and solved based on theakush-Kuhn-
Tucker theorem, e.g. PSUJ8].

In Lemma 3.2 and Theorem 3.1, we obtain a feasible level set . and
feasible feedback gaik by (3.9) and (3.10, respectively. It is worth empha-
sizing that the upper boundK(c) is tight. In fact, given c satisfying (3.9),
if k > R(c) then there existt 0 andxg 2 . such that u(t; Xo; k) 2 [0; 1].
In contrast, it can be conservative to consider an estimatiof the region
of attraction as the feasible level set ., since a trajectory starting from its
outside, RZ,n ., can converge tox even ifc > €. This is investigated
numerically in Section3.4.2below.

Remark 3.3. From Fig. 3.2 ;(c) and ,(c) are strictly increasing functions

of c> 0, and thusﬁ(c) is strictly decreasing. From Lemma3.2, . tangents
to the x;- or x,-axis for c = & in (3.9); the tangent point is not the origin
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A
'TQ. = %5‘31
E E
o > FT1 (—/_/ —>» Iy < 71
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0
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.f /'/
[
f e E
/. _
L
0, T1

Figure 3.2: Two intersection points X;.1; Xi:2), I = 1; 2 between the boundary
@ . and lines passing through the origin.
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from Fig. 3.2 Thus, u 2 [0; 1] does not hold at some point on the;- or
Xp-axis if and only if k > Q(C). Therefore, the following

0<k< R(®) (3.17)

is a necessary and su cient condition such thak is a feasible feedback gain
for any feasible level set .

Remark 3.4. In Remark 3.2, we have mentioned that the linear con-
troller (3.8) also stabilizes the boost converter3.1). Since we use the same
Lyapunov function (3.4), items (i) and (ii) of Theorem 3.1 also hold for
the linear controller. Moreover, forc satisfying (3.9), one can also derive a
necessary and su cient condition for the feedback gain to bésasible (i.e.,
u(t) 2 [0;1] for anyt 0 and forallx 2 ) as follows

minfx, E;Eg
(0)(x)?

2L E2Cc

E2C LE2C + L2 2’

o<k, Ko := (3.18)

(cp:= 1+

where this is obtained by solving the corresponding optimizan problem
(see the proof of TheorenB.1). As shown in the next section, the range
of k satisfying (3.18 can be very small for typical values of the system pa-
rameters, which causes di culties in tuning control perfomances. We show
in Subsection3.4.3 by numerical simulation the advantage of the proposed
nonlinear controller 3.3) with respect to the linear one 8.9).

3.4 Simulations and Comparisons

In this section, we illustrate the theoretical results premnted in Section3.3
for the proposed nonlinear controller3.3), and also provide simulations with
the linear controller (3.8) for the sake of comparison. Table.1 shows the
simulation parameters, taken from an actual boost convent¢ [CLT * 19]).
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Table 3.1: Values of system's parameters

Parameter Value Parameter Value
L 0:00112 (H) C 0:0068 (F)
E 280 (V) [ 50 (A)
X5 380 (V) X4 67:85 (A)

3.4.1 lllustration of Asymptotic Stability in Lemma
3.1

In Lemma 3.1, we have shown that any closed-loop trajectory converges to
the equilibrium point x in (3.2) for any k > 0 as long as it stays inR2,.
To illustrate this, Fig. 3.3 shows the trajectories starting from two di erent
initial conditions for two di erent k > 0. First, all trajectories staying inR2
converge tox . Second, Fig.3.4 shows the signals generated by the proposed
controller (3.3, corresponding to the trajectories shown in Fig3.3. Not all
control inputs stay in the interval [0;1]. Therefore, feasibility analysis in
Theorem 3.1 is important for the practical implementation and operatio of
the controller (3.3).

3.4.2 lllustration of Feasibility Analysis in Theorem 3.1

In Lemma 3.2, we have derived the feasibility condition 3.9) for a level
set ., i.e., a necessary and su cient condition for . RZ,. As stated in
items (i) and (ii) of Theorem 3.1, any feasible . is positively invariant and
a region of attraction. Also, given a feasible ., we have presented, in item
(i), the feasibility condition ( 3.10 for a feedback gaink, i.e., a necessary
and su cient condition for u(t) 2 [0;1],t O for any trajectory starting
from .. All of these are demonstrated in this subsection.

For the system parameters in Table3.1, ¢ in (3.9 is ¢ = L(Ix,=E)?,
i.e., ¢ is tangent to the x;-axis. In this simulation, we selectc very closed
to ¢ ie,c=(1 )¢ where =1 10 . Figure 3.3 shows the closed-
loop trajectories starting from the tangent points Ki.1; X1.2) and (X2:.1; X2:2) in
Fig. 3.20f the feasible . for two dierent k> 0, i.e.,k =0:022 andk = 0:03.
It is con rmed that for any k > 0, . RZ2, is feasible and thus positively
invariant and a domain of attraction. Next, we consider the fasibility of the
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feedback gaink. For the considered system parameterﬁ(c) in (3.17) is
R(c) = min f 0:021; 0:3768y: (3.19)

Then, the gainsk = 0:022 andk = 0:03, used for the simulations in Figs3.3
and 3.4 are not feasible, i.e.,u(t) 2 [0;1] does not hold at somé& O for
some trajectory starting from . This can be con rmed by Fig.3.4 (see red
lines).

Instead, anyk 2 (O;Q(c)) is feasible. For feasiblek = 0:02, Figs. 3.5
and 3.6 show the closed-loop trajectories and the correspondingntml sig-
nals, respectively. In these gures, ¢ denotes the actual set of feasible
initial states, i.e., any state trajectory starting from ¢ (any magenta line
in Fig. 3.5 stays in R, and converges tox , and also the corresponding
control signal (any magenta line in Fig.3.6) stays in [0 1]. In other words,
a trajectory starting from the outside of ¢ (the grey lines in Fig.3.5) does
not satisfy one of the physical constraints. This shows thahe positive or-
thant R2, is not invariant. The actual feasible set ¢ is larger than the one
estimated by the feasible level set .. This implies that estimating a region
of attraction as a feasible level set . can be conservative as mentioned in
Section 3.3.2 Still, providing theoretical guarantee for feasibility 8 impor-
tant, and typically theoretical estimations tend to be conervative. Future
work includes a theoretical estimation of a tighter feasibl set.

3.4.3 Comparison with the linear controller

As a byproduct of Lemma3.1, the linear controller (3.8) is found to be also
a stabilizing controller, and feasible level sets . are equivalent for both
nonlinear and linear controllers; see Remarkd.2 and 3.4. Moreover, given
a feasible level set ., a feasible feedback gaif; for the linear controller is
derived by (3.18. In this subsection, we conduct simulations for the linear
controller in order to compare it with the nonlinear one.

For the linear controller, k(€¢) in (3.18 is

k(®) =minf10 °; 2 10 °g;

which is very small. Figure3.7 shows the closed-loop trajectory starting

from x(0) = 30 360~ belonging to ., for two di erent gains k; = 10 °
and k; = 10 4. The trajectories for both cases converge t® but u does
not stay in [0; 1] for k; = 10 4, since this is greater thank(¢). Although u
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410 T T T T T T T

400

390

360 - g
350 - E=0022 — = =k=003 % 2(0)=][Z1, 71" i
k=0.022 — — =k =0.03 * .I(O) = [3732‘1 EQ’Q]T
o0, z*
340 C 1 1 1 1 1 1 I_
0 20 40 60 80 100 120 140
z1 (4)

Figure 3.3: Closed-loop trajectories starting on the tangépoints in Fig. 3.2
of the estimated feasible level set., with ¢ close toc®
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Figure 3.4: Corresponding control signals to the closed-jpdrajectories
starting from the tangent points in Fig. 3.3,

44



3.4. Simulations and Comparisons

550

00

Figure 3.5: Closed-loop trajectories starting from the inde and outside of
an estimated feasible level set. with a feasiblek.
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Figure 3.6: Corresponding control signals to the closed-jpdrajectories in
Fig. 3.5.
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Figure 3.7: The closed-loop trajectory and corresponding mool signal for
the linear controller with k; =10 ® and k, = 10 “.

stays in [Q 1] for k; = 10 °, it may be di cult to implement a control law
with a very small gain in practice, since devices need to becacate enough
to realize such a control gain.

3.5 Conclusion and Discussion

In this section, the problem of making the desired equilibmim point of a

boost converter asymptotically stable has been solved by signing a novel
nonlinear static feedback controller. Speci cally, we hav provided a neces-
sary and su cient condition for the existence of a feasibleglvel set, which is
contained in the positive orthant and is positive invariant Then, we have
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3.5. Conclusion and Discussion

derived a necessary and su cient condition to ensure that tb duty cycle of
the converter takes values between zero and one. Finally, sersimulations
have con rmed the correctness of our results.

However, the proposed controller has a drawback: it depends t¢he
knowledge of the load current . Additionally, the controller includes a loga-
rithmic function. When generalized to a network, where the guent can also
be negative, this may cause malfunctions. In the next chaptewve will focus
on developing a dynamic controller that addresses theseuss, allowing us
to design a decentralized controller for a DC microgrid.

48



Decentralized Voltage Control of Boost
Converters in DC Microgrids: Feasibility
Guarantees

This chapter deals with the design of a decentralized dynamcontrol scheme
to regulate the voltage of a direct current (dc) microgrid composed of boost
converters supplying unknown loads. Moreover, the propaseontrol scheme
guarantees that physical system constraints are satis ed aach time instant.
Speci cally, we guarantee that the voltages evolve in the sttive orthant and
that the duty cycle of each boost converter remains within i ed bounds.
The control design is based on Lyapunov theory and, more prisely, we use
a Krasovskii Lyapunov function to estimate a feasible domaiof attraction
of the closed-loop system. Then, we guarantee that for anyitial condition
inside the estimated domain of attraction, the desired eqlibrium point is
asymptotically stable and the physical constraints are seted at each time
instant. Finally, we assess the e ectiveness of the proposedntrol scheme
through extensive and realistic simulation scenarios.

The material of this section is based on the paper entitledDecentralized
Voltage Control of Boost Converters in DC Microgrids: Feasibility Guar-
antees', that is authored by Morteza Nazari Monfared Yu Kawano, and
Michele Cucuzzellalt has been published inEEE Transactions on Control
Systems Technology (2025).

49
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4.1 Introduction

Driven by economic, technological, and environmental faats, the key chal-
lenge in power grids currently involves shifting from tradional power genera-
tion and transmission systems to integrating smaller Distiouted Generation
units (DGUs) [GBZ" 1(]. Additionally, the escalating energy demand and
public concern over global warming have spurred e orts towd adopting
eco-friendly Renewable Energy Sources (RES)HK11], which are essential
to reduce CO2 emissions and decrease fossil fuel relianagiamce energy
e ciency by minimizing power losses, and cut costs for elegtying remote
areas or increasing the capacity of existing grids to meetédlrising electric-
ity demand. However, the adoption and integration of DGUs nessitate
substantial changes to conventional power system84S01], which led to
the notion and development of the so-called microgrids, i,eheterogeneous
clusters of DGUs, loads, and storage devicdsdt14, MASC272).

Although research on microgrids control has primarily focesl on Alter-
nating Current (AC) power newtworks (see for exampleJOA® 14, SPDB17,
CIF17,CTFS18 FCB™ 23 and the references therein), the increasing use of
RES as DGUs has led to the emergence of Direct Current (DC) mar
grids [DLVG16] since many devices such as electric vehicles, electrones d
vices, batteries, and photovoltaic panels can be directlynked to a DC net-
work, avoiding ine cient conversion stages and also the comon frequency
and reactive power control issues]LJ13, PAG™ 15. Examples of DC mi-
crogrid applications encompass modern ships, mobile méiy bases, trains,
airplanes, and electric vehicle charging stations. As a rdgunterest is grow-
ing in DC microgrid control and, speci cally, DC-DC power coverters (see
e.g. PS04 SSK1§CTDP*19 CLT* 18 IM18, CLK* 19, MMOvV19, MOA™ 21,
SCSY22CKS23 MKC23,FCC* 22, FCS23).

In this article, we investigate a DC-DC boost converter-basi DC mi-
crogrid, where the main control objective is to regulate theoltage at each
node towards a desired level while stabilizing all the otheglectric signals
around the corresponding operating point (see e.9.J904 SSK1§CLT " 18,
IM18, CLK* 19, MOA* 21, MKC23,FCC™* 22,ZBDOM22, MNFT18,MVGAL17,
SRSSJM22). Moreover, besides achieving voltage regulation, it isucial for
a safe and resilient operation of the overall microgrid thaprede ned phys-
ical constraints are satis ed. More precisely, it is genellg required that
the voltages evolve in the positive orthant and the duty cyel of each boost
converter remains within speci ed bounds (see e.dM18,MKC23,MNFT18,
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SRSSJIM2)). Although saturation mechanisms are a solution to deal wht
the latter problem, they might deteriorate the closed-looperformance or
even lead to instability [Hip06]. Also the type of information required by the
controller is remarkably e ective on the system performare For example,
requiring information of the system parameters or time deratives of the
measured electric signals makes the closed-loop systemsgem to uncer-
tainties and noises, a ecting the closed-loop performanand stability. In
this chapter, we propose a fully decentralized dynamic canl scheme to reg-
ulate the voltage of a DC microgrid composed of boost convers supplying
unknown loads. We address all the above mentioned issues atsb provide
an estimation of the feasible region of attraction for the oksed-loop system.
Before explaining in detail the contributions of our work, & rst review
some of the most important existing results on control of b@b converters.

4.1.1 Literature Review

First, in addition to the brief literature review on isolatednodes presented in
the previous chapter, we review some of the most important wks on control
design and stability analysis of a single boost converterecondly we focus
our attention on microgrids of boost converters.

A robust passivity-based controller is designed inJ§04. However, the
voltage positiveness and control signal constraints are tnguaranteed and the
closed-loop system domain of attraction is not estimated. Rroportional-
Integral (PI) passivity-based controller is designed inJOB* 23] to solve the
voltage regulation problem for a boost converter connected a fuel cell. In
the case of known load, global asymptotic stability of the dgred equilibrium
is guaranteed. Then, to provide robustness with respect todd uncertainty,
an Immersion and Invariance parameter estimator is desigh¢ogether with
an adaptive Pl passivity-based controller. However, only pitical stability
can be ensured in this case and the feasibility of the voltaged control signal
is not guaranteed (the control signal is limited in simulatn by a saturation
mechanism). Nonlinear control laws are proposed V18] and [MVGA17]
to make the desired equilibrium globally asymptotically sible. However,
the constraints on the duty cycles are satis ed by employin@ saturation
mechanism, the positiveness of the voltage is not analyzeahd information
of some system parameters are required. Positiveness of Woéage and con-
straints on the duty cycle are ensured by the nonlinear cordller proposed
in [MKC23]. The control design and stability analysis is based on a $t&d
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Lyapunov candidate function and an estimation of the closeldop system
domain of attraction is provided. However, information of tle load param-
eters is required. In ZBDOM22] a Proportional-Integral-Derivative (PID)
passivity-based controller is proposed to ensure globalponential stability
of the equilibrium. However, the information of the rst-time derivative of
the states is required to get satisfactorily performance.

Concerning the control design for microgrids of boost convers, in
[SSK1§CLT * 18] and [SRSSJM22 the design and analysis are based on the
linearization of the system around the desired equilibriurpoint. For exam-
ple, the controller in [CLT 18] is based on sliding mode theory, while the
one in [SRSSJM22 is an H; controller based on Linear Matrix Inequali-
ties (LMIs). However, boost converters have a nonlinear dynac behavior
and thus using its linear approximation for control design ay deteriorate the
closed-loop performance or even lead to instability. Cuceella et al. develop
a decentralized dynamic controller based on the Krasovskpassivity prop-
erty of the boost converter (seeCSP21, KKS21, KCFS23 KCS23 for more
details about Krasovskii passivity). However, no guaranteseon the voltage
positiveness and duty cycle boundedness are provided andommation of
the rst-time derivative of the states is required, making he control system
sensitive to noisy measurements. A plug-and-play (shiftgghassivity-based
controller is proposed in INFT18], guaranteeing the asymptotic stability of
the desired equilibrium, while satisfying prede ned consaints on the duty-
cycle through a saturation mechanism. However, the controlafor each
DGU requires information of the DGU parameters as well as theesighboring
line resistances and voltage references.

4.1.2 Contribution

Now, the main contributions of our work in this chapter are lited as follows.

C1. For control design and stability analysis we consider ébilinear dy-
namics of the boost converter and also the dynamics assoei@twith
resistive-inductive power lines. This is a relevant contoution com-
pared with those works that linearize the boost converter adyamics
around an equilibrium point (see e.g.§SK18 CLT 18 SRSSIM2})
and/or neglect the power line dynamics (see e.gCILT " 18)).

C2. The proposed controller architecture is fully decentl@ed and thus
scalable, i.e., the controller complexity does not increawith the net-
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Cs.

C4.

work size. Indeed, the controller requires only the local rasure-
ment of voltage and current and does not need any informatioof
the load parameters or time derivative of the measurementsrhis is
a relevant contribution compared with those controllers tht require
information of the system parameters (see e.glM18, MKC23, ZB-
DOM22, MNFT18, MVGAL17]) and/or time derivative of voltage and
current (see e.g.CLK™ 19,ZBDOM22]), thus improving the robustness
against uncertainties and noises.

An estimation of the system feasible domain of attractiors provided
and it is shown that its size depends on the controller gainsrThis is
an essential result to establish the asymptotic stability fothe desired
equilibrium point and also include physical constraints.

Compliance with prede ned physical constraints, i.eyoltages positive-
ness and control inputs boundedness, is ensured for any iaitcondi-
tion contained in the estimated feasible domain of attractin. This is a
relevant contribution compared with those controllers thado not guar-
antee that physical constraints are satis ed (see e.gJ$04 CLT * 18])
or employ saturation schemes (see e.gV[L8, MNFT18, MVGA17] and
[COB* 23]), which might deteriorate the closed-loop performance or
even lead to instability Hip06].

4.1.3 Outline

In Section4.2, the model of a typical DC microgrid is presented and the the
control problem of interest is formulated. In sectiort.3, an overview on the

design and analysis of a dynamic controller for DC microgrsdbased on dif-

ferential passivity is provided. Then, the design and anadys of the proposed
control scheme is presented. Then, in sectich4, simulation results show

the e ectiveness of the proposed control system. Finally, s@® conclusions
and possible future research directions are discussed irct8mn 4.5.

4.2 Preliminaries

This chapter focuses on a typical DC microgrid composed of distributed
generation units (DGUSs) supplying local loads and intercoraetted each other
through m transmission power lines. First, for the reader's conveniee, a
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Figure 4.1: Electrical scheme of nodes (DGUsgand| interconnected through
a power linek.

brief introduction on the considered DC microgrid along wh its dynamics
is presented. Then, we formulate the control problem we seiun this work.

4.2.1 DC Microgrid Modelling

The DC network is represented by a connected and (ordered) dinected
graph G=(V;E), whereV = f1;, ;ngandE = f1l;, ;mg indicate the
nodes and edges sets. Each node& V represents a DGU consisting of a
DC-DC boost converter supplying a local load. Nodes are inmynnected
each other through resistive-inductive power lines and thtopology of the
network is described by the incidence matriB associated withG. Figure 4.1
shows the schematic electrical diagram of two nodes interswected through
a power linek.

Each boost converter includes a voltage sour&g, an inductor L;, and a
capacitor C;. The current through the inductor and the voltage across the
capacitor are denoted byxy; (t) and x»; (t), respectively. Each load absorbs
a current denoted byl , (X2i) and consists of the parallel combination of a
resistor R; and a constant currentl;, i.e., I, (X2i) = i+ R, x,i. Moreover,
the current through the inductor L of the k-th power line, with k 2 E, is
denoted byxsy (t), while the resistanceR, captures the distribution power
losses.

By employing for each boost converter the Pulse Width Modulain
(PWM) technique with a su ciently high frequency, the switching dynamics
of each converter can be approximated by itaveragebehaviour. Then, by
applying the Kirchho 's laws, the averagedynamics of the nodei can be
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written as
Lixy; = (1 u) Xz + E (4.1a)
Cixzi =(1  uw)Xei i R ™2 Xax (4.1b)
LpkXak = Xzi Xz RpkXaxk; (4.1c)

whereu; denotes the so-called duty cycle of the converter and satisg; (t) 2
[0;1] for alli 2V (see e.g./1C77] for more details). Then, system4.1) can
be written compactly for all nodesi 2 V as follows CLK* 19:

Lx;= (1, u) xx+E (4.2a)
Cx2=(1, u) X1 | R x,+ Bxs (4.2b)
LpXs = B X2  RpXs; (4.2¢)

wherex; :R 9! R X2:R ¢! RI, U:R ¢! [0;1]" denote the node
current, voltage, and control input vectors, respectively The vector of the
currents through the power lines is denoted byxs : R ¢! R™. Also, x :=
X;:X3;x3 ~ denotes the system state vector. The matricels;C 2 R?,"
and Rp;L, 2 RTy™ are diagonal with entries equal to the corresponding
values of thei-th DGU or k-th power line. The vectorE = (E;; :E,)’
denotes the voltage sources, while the load parameters arendted by the
vector I = (Iy; :1,)” and the diagonal matrix R, with both | and R
unknown.

The incidence matrixB 2 R" ™ represents the topology of the considered
DC microgrid, where the ends of each edde are arbitrarily labeled with
positive or negative sign. More preciselBy =1 if i is the positive end ofk,
Bi = 1ifi is the negative end ok, and By = 0 otherwise. Now, we are
ready to formulate the control problem we solve in this chagt.

4.2.2 Problem Formulation

In this chapter we focus on regulating the network voltage t@ards a desired
reference while satisfying physical constraints. Beforermulating the control
problem, we rst show that given a desired voltage referenog, E 2 RZ,,
the equilibrium (x ;u ) of (4.2) is uniquely determined by

x; =[E] T[x,] | + R *x,+ DR, 'B”x, (4.3a)
Xs= R,'BX, (4.3b)
u=1, [x,]'E: (4.3c)
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The value of the desired voltagex, is usually selected in accordance with
standards, operational requirements, and to ensure optiraerformance and
safety of the electrical equipment (e.g. loads). Alternately, it might be gen-
erated by a higher-level control scheme by solving an optiration problem
aiming to guarantee optimal operation and e ciency of the oerall network
(e.g. load sharing). In order to explain the rationale of thecontrol design
approach that we propose in Sectiod.3, it is worth to emphasize that the
relation betweenu and x, in (4.39 does not require any information of the
topology of the network and load parameters.

Remark 4.1. From (4.309, X, E 2 R, if and only if u 2 [0;1)", which
implies that there are one-to-one correspondences amangx,, and (X ;u ).

Then, as natural physical constraints, we requirg,() 2 RY, and u() 2
[0;1]". The rst constraint implies that the voltages evolve in the positive
orthant for all the time, while the second one is required to uarantee a
proper functioning of each boost converter.

Now we are ready to formulate the voltage regulation problenof the
considered DC microgrid 4.2).

Problem 4.1. Given a desired voltage reference, E 2 R, stabilize
the DC microgrid (4.2) at the equilibrium point (x ;u ) given by (4.3), while
satisfying the physical constraintx,(t) 2 R%, and u(t) 2 [0;1]" forallt 0.

C

Note that the simplest stabilizing controller is given byu = u . How-
ever, it does not provide any possibility to improve transiet performance as
will be shown through simulations in Sectiom.4. This is the main reason
that motivates us designing in the next section a dynamic fdback controller
solving Problem4.1, which is, to the best of our knowledge, a relevant con-
tribution to the existing literature. For example, in [CLT 18] the authors
design a robust decentralized control scheme based on sekorder sliding
mode, guaranteeing convergence to the desired voltage desghe presence
of model and load parameter uncertainties. However, only lalcstability is
ensured, physical constraints are not guaranteed and an iesate of the re-
gion of attraction is not provided. In [MNFT18], a shifted passivity-based
control scheme is designed ensuring global stability. Hovesy each controller
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requires information of the desired equilibrium point, i.e load parameters
and resistance of the power lines interconnecting neighlmy nodes. The
controller proposed in CLK™ 19 is based on Krasovskii passivity and thus
the control scheme does not require any information of eithéoad parame-
ters or resistance of the power lines. However, the controlamploys both
current and voltage time derivative, which might deteriorgée the closed-loop
performance in presence of noisy measurements.

In the next section we design a novel decentralized voltagentrol scheme
that solves Problem4.1 without using any information of the load parame-
ters, power line resistances and time derivative of curremind voltage.

4.3 Main Results

In this section, we provide a dynamic stabilizing state-feldack controller
for the considered DC microgrid 4.2), addressing the drawback of the
shifted and Krasovskii passivity based controllers proped in [CLK"™ 19
and [MNFT18], respectively, which require information of the load andtber
system parameters or time-derivatives of the state variags. The proposed
controller instead can be implemented by using informatioanly of the volt-
age source. To design such a controller, we revisit the resuin [CLK ™ 19
from the perspective of di erential passivity fdS13 KB24]. Then, we re-
veal that the drawback of the controller proposed inQLK* 19 is caused by
the integrability issue of di erential-passivity based catrol. In this chap-
ter we solve this issue and, additionally, we characterizéné set of initial
states ensuring that the corresponding closed-loop trajecies ful Il prede-
ned physical constraints.

4.3.1 Dierential Passivity Analysis

We introduce now the notion of variational system, which isnstrumental to
analyze later the di erential passivity property of the corsidered DC network
(4.2.

Consider the nonlinear system

x= 1 (xu); (4.4)

wherex :R ¢! R"andu:R ¢! R™ are, respectively, the state variables
and control input vectors. The notion of di erential passivty is investigated
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for the so-called \prolonged system" (see e.gqvdS13), which comprises the
nonlinear system §.4) and the associated variational system along the tra-
jectory (x(t);u(t)), i.e.,

_ @f(x;u) @f(x;u)
X = @x X + @u u;

where X :R ¢! R"and u :R ¢! R™ represent, respectively, the state
variable and control input vectors of the variational systs [KKS21]. More
precisely, x and u denote in nitesimal variations of (x;u) with respect
to neighboring solutions FSvdS13. Now, we can analyze the di erential
passivity property of the DC network @.2).

To analyze the di erential passivity of the DC network (4.2), we consider
its variational system, i.e.,

(4.5)

Lx;=u X2 (1, u) X, (4.6a)
Cx,= U X:+(1, u x1 R 'x,+Bxs; (4.6b)
Lpx3= B 7 x2 RpXxs; (4.6¢)

with the state ( x1; X,; X3) 2 R" R" R™and input u 2 R".
System @.6) is passive in the following sense.

Theorem 4.1. Consider a DC network (4.2) and its variational sys-
tem (4.6). Then, the variational system is passive with respect to the supply
rate u”(X; X» X; Xj) and the storage function

S(x;x):% kX 1k + kX oKE + kx3kP (4.7)
forall (x;u);(x; u)2(R" R" R™) R".

Proof . The storage function @.7) satis es

S(X; x)= x7jLx3+ X;3C %+ X3Lp %3
= U>(X1 Xo X1 X2) k X2k2R 1 K X3k2Rp

along the solutions of 4.6), which completes the proof.
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The above passivity property is calledi erential passivity. As for stan-
dard passivity, one may expect a di erential passivity base controller for
stabilization of the following form:

u= Ki(x1 X2 X1 X32); (4.8)

whereK; 2 R" " is a diagonal and positive de nite matrix with entries
kyi;i=1; ;n. However, sincex; X, Xi X IS notintegrable, this is
not directly helpful to design a stabilizing controller fora DC network (4.2).

To address this issue, the concept dfrasovskii passivity [KKS21] has
been introduced based on the fact that k; u ) = (Xx;u) satis es the dy-
namics of the variational system 4.6). This yields the following dynamic
controller [CLK* 19, KCSP21]:

u= Ki(Xxa X2 X1 Xp):

Moreover, based on the input shaping technique proposed IKGSP21], in
order to specify the input references , the above controller can be modi ed
as follows:

u=Kyu u) Ki(xz X2 X1 Xp); (4.9)

where K, 2 R" " is a diagonal and positive de nite matrix with entries
koi;i = 1; ;n. In fact, asymptotic stability of the closed-loop system
at (x ;u) is shown by utilizing the following Krasovskii Lyapunov func-
tion [CLK™ 19, KCSP21]:

1
V(gu) = 5 ko k? + kxokZ + kxgk? + ku U kﬁzKll ; (4.10)

However, neither in CLK* 19 nor in [KCSP21] guarantees are provided
on compliance with prede ned physical constraints. Furthemore, the con-
troller (4.9) requires information of the time-derivatives of the curret x; and
voltage x, of all nodes, which can deteriorate the closed-loop perfoamce in
the case of noisy measurements.

4.3.2 Dynamic Control Design

We rst solve the integrability issue of the di erential passivity based con-
troller (4.8) by rewriting it in the following decentralized way:

Ui =  Kpi(Xoi X1 Xgi X2q); 1=1;:00,n: (4.11)
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Then, the right-hand side of @.11) can be made integrable by multiplying
it by the integrating factor 1=x;iX»i. Based on this, a static stabilizing
controller is presented by IKC23]. However, its implementation requires
information of x,, i.e., of system parameterE&, |, R, Ry, and D. Some of
their values are not easy to know in practice. To address th{goblem, we
modify each component of the Krasovskii passivity based dooller (4.9) as
follows:
1

Ui = (ki (Ui ) Kyi(XgiXai  X1iX2:i));
Xl;iXZ;i

which can be rewritten as

Ui = K In(X2;=X1;) + Vi
Vi = Kai(U  ui)=(X1iX2i);

with ky; > 0. The only system parameter required for its implementatiois
u, i.e., the source voltagd . However, sincex,; > 0, u; is not de ned when
X1 0.

To deal with this issue, we employ a switching structure fou; leading to
the following dynamic state-feedback controller

" = sign (Xy;i) kg In X2;iX1;il Vg Xy >y (4.12a)

u; if Xy i
Vi = Ko (U ) =(XasiX2i) ; (4.12b)

wherev; 2 R is the state of the controller dynamicsky.i; kzi 2 R are tuning
parameters, and"; 2 R, is the threshold that speci es the switching con-
dition. For the sake of closed-loop analysis, we de ng := (Ky.1; ;kl;n)>,
ko= (kaa;  sken)”,@and™ :=("1; ;")

It is worth emphasizing that the dynamic controller @.12) is fully decen-
tralized, i.e., each control inputu; can be computed by measuring only the
local value of the currentxy; and voltagexy; of nodei. Also,u; =1 E;j=x,;
depends only on the local voltage source and reference.

As the main contribution of this chapter, we show that the fuly decentral-
ized controller (4.12 asymptotically stabilizes the equilibrium point of the
closed-loop system. Moreover, we estimate a region of attten, which can
be utilized to characterize the set of initial states such @t the corresponding
closed-loop trajectories ful Il prede ned psychical corsaints.
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Theorem 4.2. Givenx, E 2 RI,, consider the closed-loop system con-
sisting of a DC microgrid (4.2) and the decentralized controlle(4.12). Also,
let . denote the level set of the Krasovskii Lyapunov functidqd.10), i.e.,

c=f(xxu)2(R" R" R™ R":V(xu) cg: (4.13)
Then, the following statements hold:

(i) for any ki;ka;" 2 RY,, the closed-loop system is asymptotically stable
at (x ;u);

(i) if . is contained in(R" R2, R™) [0;1)", then . is a region of
attraction;

(i) ¢ is contained in(R" RI, R™) [0;1)" if and only if

H k2,I 2 . . Eiz .
¢ min M(Ui) ; c<min L (4.14)

Proof . (Proof of items (i) and (ii)). Let V(x;u) denote the function ob-
tained by substituting x given by (4.2) into the Krasovskii Lyapunov function
V(x;u) in (4.10. Then, we have

V(x;u):%k (1, u) X+ EK? .

+k(1n u) X1 | R p+ BxskZ .
+ kB X2+ Rpxakf 1+ ku  u ki oo (4.15)

By Remark4.1, V (x;u) in (4.19, or equivalently V (x; u) in (4.10, is positive
deniteat(x ;u)on(R" R" R™) [0;1)".

Thus, stability can be shown by taking the time-derivative & V(x; u),
or equivalently V(x;u), along the closed-loop trajectory. To this end, we
calculate the time derivative of @.2) yielding

Lxa= (1n Uu) X2+U Xz (4.16a)
Cx;=(1, Uu) x3 u X; R '+ Bxs (4.16b)
Lpxs= B "X RpXs: (4.16¢)
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Also, from the controller equation @.12, we have

uj =
g K1;isign (X1;) 1 .
" XX XXz + Kk (Ui up) 50 X >

. X1;iX2;i
" 0; if Xg; "
(4.17)

By using (4.16, the time-derivative of V (x; u) along the closed-loop trajec-
tory is computed as

V(% u)

= XX+ X3Cxo+ X2L Xz +(u  u)” KoK, tu
A1 1T A2 2T A3 LpA3 AN

>

=X (e W) X0 WH(U u) KK 'u 3R X G RpXs

=U X3 Xo X1 X+t KoKit(uo u) xR % x5 Rpxs;
where note thatK K, * is a diagonal matrix. By rewriting the rst term of
the last equation element-wisely, we obtain

X0
VL (x;u) = U XpiXei  XuiXei + Kokt (Ui up)
i=1
X;R % X3 Rpxa: (4.18)
Without loss of generality, we suppose thak,; > "; fori =1; ;h,

Xy < "jforj=h+1; ;g andjxyj " forl=q+1; ;n. Then, it
follows from (4.17) and (4.18 that

Doy — 1 2 1 2 >
\VL(xu) = Ky Xaii Xz Up + KyjXe X257 %2R
i=1 j=h+1

X2 X3RpXs

< kyMiXaiu? X3R % X3 RpXa: (4.19)
i=1

Thus, VL (x;u) (equivalently W(x;u)) is negative semi-de nite at x ;u ) if
X2 2 RQO

In summary, V(x;u) and \.(x; u) are, respectively, positive de nite and
negative semi-de nite at ¢ ;u) on (R" RZ%, R™) [0;1)". There-
fore, (x ;u ) is stable by the Lyapunov stability theorem. Next, we show
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the asymptotic stability of (x ;u ) by invoking LaSalle's invariance princi-
ple [Kha02, Theorem 4.4].
Consider a level set . of V(x;u) given by (4.13 and let ¢ > 0 be such
that . (R" R%, R™) [0;1)". From V(x;u) = V(x;u) and (4.15,
¢ is compact because ofi < 1,. Also, from the above discussion, . is
positively invariant.
Dene = g [ jxi »» Where
n o]
xapr = (XU) 20 ¢ jxe) > \L(xu) =0
n 0
i = (Xu) 2 crjxe) TM(xu)=0
Recall that R and R, are symmetric and positive de nite matrices. From
(4.19 with x, 2 Rl, on ., we have

st = FOGU) 2 X >" X2=0;%x3=0;u; =0;i=1;:::;00: (4.20)
Also, from (4.129 and (4.19, we obtain
i = fxu) 2 cijxq "ixe=0;%x3=0;ui = u;;i=qg+1;:::;ng0:
(4.22)

Let denote the largest invariant set contained in . This is contained in
\f (x;u) 2 .:x,=0g. From (4.16b, (4.20, (4.2)), andu 6 1, on ,
we have

\f (x;u)2 (:x,=0g
\f (x;u) 2 (:x;=0g
fxu)2 cijxqf>" x=0u=0;i=1;::;
[f (x;u) 2 ¢:jXq) ;X =0;ui=u;i=q+1;:::;ng

Moreover, @.17) and (4.20 imply

fu)2 cijxqj>" x=0;u=0;i=1;::;09
=f(xu)2 X >" x=0ui=u;i =100

Therefore, we have
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and consequently, from Remarld.1,
f(x;u)2 ¢:x=0;u=ug="f(x;u)g:

Thus, the closed-loop systems is asymptotically stable ak (ju ), and the
region of attraction contains ..

(Proof of item (iii)). The idea behind the proof of this item aigins from
geometric considerations. Speci cally, the aim is to obtaithe tightest level
set . that is contained in the region bounded by the lineg,; =0, u; = 1,
and u; = 0, without crossing the linesx,; =0 and u; =1, forall i 2 V.

Noting that V (x;u) = V(x;u), we useV (x;u) in (4.19. First, let .,
denote the level set whose border is tangent to the line,; = 0. This means
that o, ,, is the tightest level set that is contained in the region bouted
by the line x,; = 0 and does not cross such a line if and only @ < cy,.o; for
alli 2V. Then, the set ., is tangent to the linexz; =0 if and only if

E?2
2L

which is obtained by substituting X,; = 0 in (4.15 and considering the
quadratic form of V(x; u), i.e.,

sz;O;i =

2

L= i Wiy, o = —:
Ccz;0i mTzI;I;](a;u V06 Wz =0 2L

Next, by repeating similar steps as above, the level set, . is tangent
to the line u; = 0 if and only if

— Ka;i 2.
Cu;0ii = _2k1;i (u)*
Finally, the level set ., ,, is tangent to the lineu; = 1 if and only if
g = — 4+ —= (1 s
CU,l,' 2|—| 2k1;i ( u| )

Therefore, . (R" R, RM™) [0;1)" if and only if the following in-
equalities are satis ed:

k2;i

H 2
c M 2k1;i(“i)
B2 B2 ky , _ . EZ
Ll T G DA T
i.e., (4.14 holds.
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Remark 4.2. Although (4.12 is a switching controller, @.10 is used as a
common Lyapunov function for both controllers. Thereforeye can guarantee
the closed-loop stability.

Remark 4.3. According to Theorem4.2, any closed-loop trajectory start-
ing from . converges to X ;u ) while fullling the physical constraints

X2() 2 R, and u() 2 [0;1]" if c satises (4.14. Thus, we call . with

c satisfying (4.14) a feasible region of attraction From (4.14) and (4.19), it

is evident that the size of the feasible region of attraction . depends on
the ratio of the tuning parameters, i.e.,k,;i=k;;j. Sincec is upperbounded
by E2=2L; (see @.14), then the largest feasible region of attraction . is

obtained whenky;; and ky,; are selected as

k2;i Ei2 .
kl;i Li(l E; :Xz;i)z’

i=1::0;n; (4.22)

which follows from imposing% (u; )2 % and using @.39. In this case,

o IS a feasible region of attraction for
2

— M E| LI
G=mnoo (4.23)

where"| > 0 is allowed to be arbitrary small.

Now, in the following corollary we extend the results of Theem4.2to the
case of DC networks including the so-called ZIP loads, i.epnlinear loads
consisting of the parallel combination of constant impedae (Z), current
() and power (P) components. Therefore, we consider now alsonstant
power loads (CPLs) in addition to the constant resistance ahcurrent (ZI)
loads considered in Theorem.2 The current-voltage characteristic of such
loads is given byl, (x2) = R X, + | +[X;] P, whereP = P;; P,
and P; denotes the constant power absorbed by the CPL of nodédsee e.g.
[CLK™ 19]). Before introducing the corollary, it is noteworthy to enphasize
that the structure of the controller in (4.12 remains unchanged. Also, let us

de ne the setR as
0

n
p— .
R= X2 2Rs0:Xzi > i 25 12V (4.24)

where 0 P, riand0 R, 2i, With 4, and »; being known positive
constants for alli 2 V.
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Corollary 4.1. GivenE x, 2 R", consider a DC microgrid £.2) with ZIP

loads and in closed-loop with the controller4.12. Then, the equilibrium

point (x ;u ) is asymptotically stable with an estimated feasible regio of

attraction . that is contained in R"™ R " R™) [0;1)". Furthermore,
ciscontainedin R™ R " R™) [0;1)" if and only if

. Ko 5
¢ min Tl;i(Ui) (4.25a)
E O ouw) o 2)
. i i Li 2 .
c< rlr;{/n 2L X (4.25b)

Proof . The proof is given in the Appendix.

Theorem 4.2 guarantees asymptotic stability of the desired equilibrion
for any positive value of the controller gaing;; andk,,;. However, we provide
in the following remark some insights for a ner tuning of thee gains.

Remark 4.4. A careful inspection ofu in (4.17) reveals that larger values of
k, result in a faster convergence af towards its desired valueu . Secondly,
from (4.19, it follows that the convergence rate oV (x;u) towards zero is
in uenced by k;. Specically, a smaller value fork; increases the conver-
gence speed o¥ (x;u) towards zero and, therefore, the convergence to the
desired equilibrium point. Given these general tuning coiterations, for the
speci c values ofk; and k,, a trial and error procedure can be adopted based
on the specic requirements of the considered DC network. Hhermore,

it is worth to notice that the ratio k,;=k;; in uences the shape and size of
the estimated feasible region of attraction, as outlined i(4.14), (4.22, and
(4.23. Therefore, obtaining the largest estimation of the feasle region of
attraction requires to choosek; and k, satisfying (4.22. Finally, we empha-
size that the controller gains for each node can be tuned irgendently from
each other.

4.4 Simulations

In this section, in order to validate the theoretical resul$ discussed in Section
4.3, we test in simulation the proposed control schemel(12. First, in order
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Table 4.1: Values of the system parameters

Parameter Value Parameter Value
L 0:00112 (H) C 0:0068 (F)
E 280 (V) I 50 (A)
R 10 () X5 380 (V)
Rp 39 103() Lp 86 10 ° (H)

to provide a better understanding of our analysis we considthe single-node
and two-node cases (see e.@ T " 18 CLK* 19, RL16]). Then, we simulate
a more realistic DC network with four nodes in ring topologyincluding ZIP
loads.

4.4.1 Single-node case

In this subsection, we focus on a single boost converter bylesging n = 1
and m =0 in (4.2. Namely, we consider the system

LX; 1 ux,+E

4.26
Cxo=(1 uxy |  Xx=R; ( )

where each parameter and the desired voltage reference aa&en from a
real microgrid (see CLT " 18 CLK ™ 19,RL16]) and are reported in Table4.1
We rst validate items (i)-(iii) of Theorem 4.2 Then, we observe the e ects
of the switching mechanism employed in4(12. Finally, we compare the
proposed dynamic controller with the \trivial" static controller u = u .

Let's start by checking the validity of item (i) of Theorem 4.2 i.e.,
asymptotic stability of the closed-loop system atX ;u ) for any positive
controller gainsk; and k,. Figure 4.2 shows the closed-loop trajectories with
respect to four di erent pairs of k; and k,. The threshold for the switch-
ing condition is chosen a8 = 1 and the initial condition is (x (0);u(0)) =
((131:37,361),0:2132). As expected, the closed-loop trajectories converge t
the equilibrium point (x ;u ) =((119:4286 380),0:2632).

Now, we choose the control design parameterskas= 0:1,k, = 6:06 10,

" =1, and check items (ii) and (iii)) of Theorem4.2 The condition (4.149)
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(z(0),u(0)) *  (z7,u")
ki = 0.05,ky = 9 x 10° ki =0.2,ky = 4.5 x 10°
ki =1,ky = 2.5 x 10° ki =1.5,ky = 1.5 x 107
0.3 -,
)
=
o
NS
—= 0.25 ] *\
2 A
: )S
O
0.2
400

140

120

Voltage (V) 360100 Current (A)

Figure 4.2: Closed-loop trajectories for four di erent pas of the controller
gains k]_, kz.
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for a level set . is

c ﬁ(u ?=2:1 1F; c< E—2=35 10°:
2k, ’ 2L '
Leteé=minf21 1C(°;35 1(Pg,then » (R" R, [0;1)" is a feasible
region of attraction. Note however that, according to Remarkd.3 ¢ =
35 10° ", gives a larger feasible region of attraction  for any su ciently
small ", > 0; we select in simulation”;, = 10 3. As can be observed from
Figs.4.3and 4.4, both .and  are containedin R" R, [0;1)", which
validates item (iii) of Theorem 4.2 In particular, Fig. 4.3 shows that  is
bounded by the surfacesi = 0 and u = 1. Figure 4.4 shows the projection of
e and ¢ on the x1{X, plane. One can note that for anyc (slightly) larger
than ¢, the level set . would cross the surface, = 0, i.e., the surface on
which the voltage is equal to zero. This validates necessiynd su ciency of
item (iii) in Theorem 4.2 Next, we check the validity of item (ii) of Theorem
4.2 by focusing on . As shown in Figs.4.3 and 4.4, all the trajectories
starting from , remainin , and converge tox ;u ).

Now, in order to show the validity of the tuning rule provided h Remark
4.3 we repeat the simulation in Figs.4.3 and 4.4 with the controller gains
k, and k, satisfying (4.22, i.e., ky = 0:1 andk, = 10:1 10’. This implies
¢=¢ =35 100 ";", =10 3. The projection of the level set , and
the trajectories of the closed-loop system on the;{x, plane are shown in
Fig. 4.5 The trajectories start from six di erent initial conditio ns contained
in ¢ and converge to X ;u ), remaining inside . all the time.

Now, we have a close look at the switching mechanism employedtie
proposed control scheme4(12). Figure 4.6 shows the closed-loop trajectories
starting from four di erent initial conditions in  ,, which are selected in
order to cross the switching region. It can be observed thahé¢ switching
mechanism is triggered whenever the current trajectoriesass the switching
linesx;="orx;= "

Finally, we compare the performance of the proposed dynamiontroller
(4.12 with the \trivial" static controller u = u . Figure 4.7 shows the closed-
loop trajectories obtained with both controllers startingfrom two di erent
initial conditions. Regardless of the initial condition, he closed-loop sys-
tem with u = u suers from many more oscillations than when using the
proposed controller.
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Figure 4.3: Feasible regions of attraction  and . and closed-loop trajec-
tories starting from .
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Figure 4.4: Projection of 4,  and the closed-loop trajectories on the;{
X» (current-voltage) plane.
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Figure 4.5: Projection of  and the closed-loop trajectories on the{x»
(current-voltage) plane, with the controller gains satisfing (4.22).
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Figure 4.6: Time evolution of the currents and control signal with visual-

ization of the switching mechanism e ects.
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Figure 4.7: Closed-loop trajectories with the proposed dyndc control
scheme (black and red colors) and the \trivial" static contoller u = u
(green and orange colors). a)x((0);u(0)) = ( 059 3990:2632), b)

(x(0);u(0)) =(118:23,3819; 0:2632).
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4.4.2 Two-node case

We consider now a DC microgrid with two boost converters inteonnected
through a resistive-inductive power line (see e.gCLT " 18 CLK ™ 19 RL16]),
i.e., we consider the microgrid model(2) with n =2 and m = 1. Note that,
for the sake of notation simplicity, we consider two idental boost converters
and all the values of the system parameters are given in Tablel. Namely,
we consider the system

Lxza= (1 u)Xea+ Eg

Lx;2= (1 u)Xz2+ E>

Cx21=(1 u))x11 |1 x21=R;i X3 (4.27)
Cxz2=(1 U)Xzz2 |2 Xz2=Ro+ X3

LpXs = (X21 X22) RpXa:

As in the previous subsection, we rst check the validity of tk items (i)-
(iif) of Theorem 4.2 in the network case and then evaluate the closed-loop
performance by considering two di erent scenarios based tme experimental
tests in [CLT 18 CLK™ 19].

First, we show the asymptotic stability of the closed-loop stem at the
desired equilibrium point (x ;u ) for any positive gainsky;; and kyi, i = 1;2.
Speci cally, Fig. 4.8 shows the closed-loop trajectories with the control gains
selected as

(Ki1iko1) = (0:1;6:06  10F)
(kl;z; kz;z) = (1 ; 5 107):

These values have been chosen through a trial and error prduee to get
both a large feasible region of attraction and desired trarent performance.
More precisely, the feasible region of attraction iss, with £=1:7313 1
satisfying (4.14). The switching condition is de ned by the thresholds’; =

", =1 and the initial conditions are

(X1;1 (0) ; X2:1 (0) ; u1 (0)) = (95:542 3838; 0:1632))
(X1:2 (0) ; X2:2 (0) ; u2 (0)) = (143:314 380 0:2632)
x3(0) =0:

As expected, the closed-loop trajectories converge to thestted equilibrium
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point, i.e.,

X1.1: X095 Uy = (119:42 380 0:2632)
X1.0:X20; Uy = (119:42 380 0:2632)
X3 =0:

Moreover, since the above initial conditions belong to, as expected, the
closed-loop trajectories converge to the desired equililbm point (X ;u )
while ful lling the physical constraints, i.e., voltages ae positive and the
control signals belong to the interval [Q1) all the time (see Fig.4.8). Figure
4.9 shows the time evolution of the Lyapunov function/ (x(t); u(t)) in (4.15,
which satises V(x(t);u(t)) ¢€forallt 0. Furthermore, V(x(t);u(t))
converges to 0, and thus , is a feasible region of attraction.

Now, we further assess the performance of the proposed coh&no(4.12)
considering two di erent scenarios as inLT * 18 CLK " 19.

Scenario |. In this scenario, we evaluate the closed-loop performance
when a step variation occurs in the power absorbed by the load the power
generated e.g. by a photovoltaic plant, i.e., we consideregt variations of the
currentl; = I+ Xx2i=R;, i = 1; 2. Let each node of the DC microgrid4.27)
represent for instance a battery regulating its output volige towards the
desired reference,,; = 380 V. Speci cally, let the power demand in the node
1 increase by 20kW at the time instantt = 1s until the time instant t =
5s. As shown in Fig.4.1Q the proposed dynamic controller asymptotically
stabilizes the DC microgrid at the desired equilibrium poin(x ;u ) after a
short transient during which the voltage deviation is abou#% of the desired
value, thus satisfying for example the standards for DC netwks used for
powering of telecommunication applicationsgch07, where a tolerance of 10
% (with respect to the desired values) is considered accepka This shows
the robustness of the proposed controller with respect to known loads. This
scenario is repeated by considering a step variation of 20 ki the power
generated e.g. by a photovoltaic plant, which is simulatedybimplementing
a negative variation of the currentl ., . The results are shown in Fig4.11
and comments similar to the ones above hold. Additionally, weould like
to remark that the amplitude of the overshoots and undershostat the time
instantst = 1s andt = 5s in Figs. 4.10and 4.11depends on the amplitude
of the load variations.

Scenario Il. In this scenario, we evaluate the closed-loop performance
by considering step changes of the desired voltage. At theme instantt =
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1s, the desired voltage for node 1 changes from, = 380V to x,, = 375V.

Then, after four seconds, also the desired voltage for nodecl2anges from
X,, = 380V to X,, = 375V. As shown in Fig.4.12 the proposed control
scheme tracks the voltage reference and the DC microgrid tslsilized at the

desired equilibrium point & ;u ).

4.4.3 Multi-node DC Network

To show the performance of the proposed controlled (12 in a more real-
istic scenario, we consider a DC network consisting of foundes in a ring
con guration with ZIP loads, i.e.,

Lx;= (1, u) xx+E (4.28a)
Cx,=(1n U) X1 | R ™ [x] *P+ Bxs (4.28b)
LpXz3 = B X2 RpXs; (4.28c)
where the incidence matrixB 2 R* “ is as follows
0 1
1 O 0 1
“B1 1 0 o0&
B= % 0 1 1 0K°
0 0 1 1

The values of the system parameters are given in Tabfel, while the CPLs
are selected a® = (2;2;5;0) kW. We consider the following equilibrium
points:

X113 X205 Up = (300:56, 380 0:2632)
X1.0;X20; Uy = (21907, 375 0:2533)
X1.3; X23; U3 = (311:27, 380 0:2632)
X1.4: X04; Uy = (119:42,380 0:2632);

where the reference voltages are not identical for all the des. Then, by
setting the controller gains as

(kl;l;kg;l): 0:1; 6:06 106; (k1;2;k2;2): 15 107
(kisikoz) = 0:1,6:06 10 ; (Kiai ko) = 15 10
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age reference.

82



4.5. Conclusions and Disscussion

the level set , with c=1:6 1 satisfying (4.29, is the estimated feasible
domain of attraction.
Consider the following initial conditions

(X1:1(0); X2:1(0); u1(0)) = (270:50; 380 0:2632)
(X1:2(0); X2:2(0); u2(0)) = (21907, 370 0:2533)
(x1:3(0); X2:3(0); u3(0)) = (342:40; 375 0:2632)
(X1:4(0); X2:4(0); u4(0)) = (119:42, 385 0:2632):

Then, the time evolution of the voltages and control signalare depicted in
Fig. 4.13 showing that all trajectories converge to the desired edildrium
point, while satisfying the physical constraints of the netork.

4.5 Conclusions and Disscussion

In this chapter, we design a fully decentralized dynamic ctnol system to
regulate the voltage in a boost converter-based DC microdri We use a
Krasovskii Lyapunov function and analyze its level sets tonsure the asymp-
totic stability of a desired equilibrium point while satisfying prede ned phys-
ical constraints. In other words, we provide an estimationfahe microgrid
feasible region of attraction. Finally, we assess in simulah the proposed
control scheme to validate the established theoretical ngis.

The proposed controller is designed by integrating a di ergial passivity
based controller. However, despite the signi cant advantas of the controller
presented in this chapter, it has two issues. First, in certairegions, the
controller operates in an open-loop manner, losing the betseof feedback
control systems. Second, the controller requires a switchggered by cur-
rent values, necessitating high-tech devices that opera# high frequencies
to ensure a proper functionality. In the next chapter, we prgent a modi-
ed version of the di erential passivity-based controllerdesigned here. This
new controller features an integrable di erential passiveutput, adapting its
structure to address these issues while retaining all itsigmal advantages.

Moreover, the proposed approach in this chapter is generdd to di er-
entially passive systems with integrable di erentially pasive outputs, which
is an intriguing research direction to be explored in Chapte6. This en-
able us to design a new class of controllers for nonlinear ®mas who verify
di erential passivity property.
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Another interesting future research directions include tawestigate di er-
ent candidate Lyapunov functions to get a less conservatiestimation of the
feasible domain of attraction. Moreover, to improve the rolatness features
of the control system, we are also interested in including ithe control law
an integral action on the voltage error and nd a suitable Lyaunov function
to establish asymptotic stability of the desired equilibrim point. Finally,
we are interested in extending the proposed controller to laieve also load
sharing, in addition to voltage regulation.

4.6 Appendix
4.6.1 Proof of Corollary 4.1

Proof . The dynamics of a DC microgrid 4.2) with ZIP loads read as follows:

Lx;= (1, u) X+ E (4.29a)
Cx;=(1, Uu) x1 | R ™ [x2] *P+ Bxs (4.29b)
LpXs = B X2 RpXa: (4.29c)

Fora givenE  x, 2 R, where the setR is de ned in (4.24), the equilibrium
point corresponding to dynamics 4.29 is denoted byx = (x;7;X,”;X3”)”.
Now, let us consider the Lyapunov functiotV (x; u) given in (4.10. The time
derivative of V (x; u) along the trajectories of the system4.29 in closed-loop
with the controller (4.12 satis es the following inequality

Xxd
\L(x u) < kil'ixziu?  x3 R Y [x2 P X2 X3RpXs  (4.30)
i=1
which is negative semi-de nite at & ;u) on the set R" R " R™)
[0; 1)". Hence, the stability of the equilibrium point (x ;u ) is proved. To
show the asymptotic stability of (x ;u ), we invoke LaSalle's invariance prin-
ciple on the compact set . de ned in (4.13 for a suitable ¢c > 0 such that
¢ (R R"™ RM™ [0; 1)". Therefore, also the asymptotic stability of
the equilibrium point is proved with the set . being the estimated feasible
domain of attraction of the desired equilibrium point.
In order to estimate a feasible region of attraction, we nate that the
inequality (4.259 is identical to the rst inequality in ( 4.14). Therefore, the
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proof to show the correctness of4(259 is the same as the proof of Theorem
4.2, For the inequality (4.25H, we follow the same steps as in the proof
of Theorem4.2, i.e., we aim to obtain theptightest level set . contained
in the region bounded by the linex,; = 1i 2q. From the quadratic
structure of V (x;u), it follows that the set 6P g is tangent to the

line Xz = P 1i 2 If and only if the inequality (4.250 holds. Finally, we
observe that for ZI loads, since ;; = 0 for all i 2 V, then the inequality
(4.25hH becomes identical to the second inequality in4(14).
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Decentralized Voltage Control of Boost
Converters in DC Microgrids: Theory and
Experimental Validation

This chapter addresses the voltage regulation problem in DCicnogrids,
supplying the so-called ZIP loads through boost converterdlore precisely,
we propose a decentralized di erential passivity-based dgmic controller
that relies solely on voltage and current feedback, showaag robustness
despite unknown loads, and the closed-loop stability is alyaed through a
Krasovskii-type Lyapunov function. While the primary goal & to ensure volt-
age regulation to a desired level, the proposed controllensires compliance
with the system's physical constraints|crucial for the reliable operation of
the closed-loop system|by estimating the feasible region foattraction. Fi-
nally, extensive simulations are carried out to validate tb theoretical nd-
ings, complemented by experimental tests that demonstratbe e ectiveness
of the proposed controller and its robustness to load vari@ins.

The material of this section is based on the paper entitledDecentralized Volt-
age Control of Boost Converters in DC Microgrids: Theory and Experimen-
tal Validation", that is authored by Morteza Nazari Monfared Yu Kawano,
Riccardo Lazzarj and Michele Cucuzzella It has been submitted at23¢
European Control Conference (ECC), Thessaloniki, Greece (2025).
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5.1 Introduction

Transitioning from centralized to distributed power geneation is a signi -
cant challenge in the energy sector. This shift is driven bycenomic and
environmental concerns, as well as the need to enhance e oy, reliability,
and stability in power network operations NMDL15, CTDP*19. Micro-
grids, as electrical networks composed of clusters of dibuited generation
units (DGUSs), loads, and storage system&.P04], o er a promising solution
to address these challengebiftl4].

In recent decades, DC microgrids have captured increasedtestion,
driven by advancements in semiconductor-based power corsien [MST* 17),
the rise of renewable energy sources (RES) and storage desjahe growing
use of DC appliancesNIST" 17], and the advantages they o er over AC coun-
terparts [NMDL15,ZD15]. This chapter focuses on boost converter-based DC
microgrids that supply the so-called \ZIP" loads, where \Z", \I", and \P"
denote, respectively, constant impedance, current and pemloads CKS23.

The primary control objective in DC microgrids is to regulaé the voltage
across the loads to a desired value while ensuring the stéayilof other elec-
trical signals. However, it is also crucial to satisfy the symsm's physical con-
straint, including the boundedness of the control input andhe positivity of
the voltage across the load, to ensure a reliable network apgon [MKC23].
While applying a saturation mechanism can address boundedse it may
lead to instability of the closed-loop systemHip06]. Another key considera-
tion in controller development is the type of information itrequires.

5.1.1 Literature Review

In the previous two chapters, we provided an in-depth litettaire review on the
designed controllers for isolated and networked distribatl generation units,
speci cally DC microgrids. However, to ensure each chaptes independent
and easy to follow in terms of its contributions relative to ther published
works, we present a brief literature review here.

Regarding the boost converters, di erent passivity-basedoltage regu-
lators have been proposed inJ504 COB™* 23]. However, these methods do
not ensure compliance with system constraints. INV[VGA17] and [[M18],
the authors present voltage controllers that satisfy contil input constraints,
but do not address constraints on voltage levels. Furtherme, [MVGAL17]
considers only Z-type load con gurations. The Lyapunov-tsed controller
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introduced in [MKC23] guarantees boundedness of both control input and
voltage with I-type loads. Nevertheless, the controller inMKC23], simi-
lar to those proposed in IVGA17,IM18], requires information of the load,
which poses a signi cant limitation in terms of robustness.

Two robust controllers are proposed for boost converter-sad DC mi-
crogrids in [CLT " 18] and [SSK1§. These controllers are designed based on
the linearized model of the boost converter, which has insté a bilinear
structure [MKM * 23]. Additionally, the dynamics of transmission lines are
neglected in CLT*18. In [MNFT18], a nonlinear controller is designed,
ensuring boundedness of the control input for microgrids thi I-type loads;
however, it requires information about the load and transmssion lines resis-
tances.

The controller proposed in CLK*™ 19| is designed based on KrasovskKii
passivity [KKS21, KCSP21] and it is robust with respect to uncertain ZIP
loads; however, it does not guarantee the satisfaction ofrgiraints. The con-
troller in [CLK ™ 19] requires to compute time derivatives of the voltage and
current signals, which may undermine its e ectiveness andotentially lead
to instability, especially in the presence of measuremenbise. To address
this issue, a new Krasovskii-type Lyapunov-based contrell is introduced
in [NMKC25]. This controller retains the advantages of the one introdzed
in [CLK™ 19 while utilizing feedback from voltage and current signalmstead
of their time derivatives. A crucial aspect of the controllein [NMKC25] is
that it is a switching dynamic controller that relies on deteting a specic
current value to trigger the switch. However, this introduce implementation
complexity, as it requires devices capable of operating aigh frequencies
with rapid detection and response time. Moreover, within a gentially ar-
bitrarily small region, the controller switches to an openeop control system
that preserves the system's asymptotic stability but losethe advantages of
closed-loop feedback controller®©ga9i.

5.1.2 Contributions

The contributions of this chapter are listed as follows.

C1l. We design a decentralized controller for DC microgridsdiuding boost
converters supplying ZIP loads and interconnected each ahthrough
dynamic power lines. This approach diers from those in(LT " 18,
SSK1§MVGAL17,MNFT18,MKC23], which do not simultaneously ac-
count for all of these factors.
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C2. Similar to [CLK ™ 19] and [NMKC25], the proposed controller does not
require information about the load or transmission lines. Ris is an
advantage with respect to the controllers infIVGA17,MKC23,M18,
MNFT18]. Additionally, our controller does not need details about
the network topology, nor the inductance or capacitance ohe DGUs.
More importantly, it only requires feedback from voltage ad cur-
rent signals, without the need for their time derivatives, a required
in [CLK™19.

C3. The structure of the controller is considerably simplecompared to
the switch-based dynamic controller proposed itNMKC25], making it
implementable without requiring high-frequency operatioal devices.

C4. Similar to [MKC23] and [NMKC25], guarantees on the boundedness of
the control input signal and the positivity of the voltage ae provided.

5.1.3 Outline

This chapter is organized as follows. Section Il presentsdlsystem dynamics
and formulates the problem under investigation. In Sectiofhll, we design

the controller and present a lemma and a theorem that prove éhasymptotic
stability of the closed-loop system while satisfying the pisical constraints.
The simulation results and experimental tests are presemten Section IV.

Finally, Section V concludes the chapter.

5.2 Preliminaries

Consider a DC network consisting oh DGUs, each supplying power to a
local ZIP load through a DC voltage source connected to a bdaonverter.
The units are interconnected bym resistive-inductive transmission lines. The
main objective is regulating the voltage across the loads & desired value.
This section rst provides an overview of the average dynams of the DC
network, to enhance readability and ensure the chapter carebunderstood
independently, followed by a precise formulation of the pldem.
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5.2.1 DC Network Average Dynamic Model

The DC network is modeled as a connected undirected grag= G(V;E; B),
where the set of DGUs corresponds to the set of nod¥s the set of trans-
mission lines corresponds to the set of edgésand the network topology is
represented by the incidence matriB. This implies that jVj = n, JEj = m,
E VV andB2R" ™M

The average dynamics governing the DC microgrid are desceih by the
following equations [CLK* 19

Lx;= (1, u) x+E (5.1a)
Cx2=(1n Uu) x1 I (x2)+ Bxs (5.1b)
LpXs = B X2 RpXs: (5.1c)
Here, u and x = XJ;X3;X3 7 represent respectively the control input

and state vectors of the network withu : R o ! [0;1)" and x : R ¢ !
(R" RZ, R™). For anodei 2V, the control input u; is de ned as the
duty cycle of the boost converter's switch, and the averageucent through
the inductor and the average voltage across the capacitoreamdicated by
X1i and X, respectively. The current through the inductor of thek-th
transmission line,k 2 E, is indicated by xzx. Therefore, the network control
input and state variables areu := (ug;  ;Un)”, X1 = (Xy1; X12,  X1n)
Xo = (X21;X22;  ;Xz2n) , and Xz = (Xz1;X32; ;Xzm) . Furthermore,
I (Xx2) in (5.2) indicates the load current and is de ned by CLK "™ 19|

IL(X2) = R o+ | +[xo] 'P; (5.2)

where the constant matrix R~ 0 is diagonal with i-th diagonal element
corresponding to the load resistance of thieth node. Moreover, the vectors
| and P are dened asl := (I;l5;  ;1.)7, and P := (PP,  ;Pn)7,
representing the constant current and power loads. In5(1), the constant
matricesL 0 andC 0 are diagonal with appropriate dimensions, and
represent the inductance and capacitance in the network'sodes, with the
i-th diagonal entries corresponding to their nominal valuenithe i-th node.
Similarly, L, 0 andR, 0 are diagonal constant matrices representing
the inductance and resistance of the network's power line$he DC voltage
source for each node is denoted Iy, i =1; ;n, while for the network is
compactly denoted by the vectoilE 2 RZ,,.

1t is assumed that the Pulse Width Modulation (PWM) frequency is su ciently high.
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5.2.2 Problem Formulation

Accurate problem formulation requires rst understanding he physical con-
straints and conducting a steady-state analysis of the sysn.

Physical Constraints

The DC microgrid (5.1) is subject to two primary physical constraints for all
time instances: i)x, 2 R",, guaranteeing proper functioning of the load; and
i) u2[0;1)", guaranteeing proper functioning of the switch's duty cye!.

Steady-State Analysis

Let us denote the steady state response of the system's stai@nd control
input by x = (Xx;7;X,7;X3”)” and u, respectively. More precisely, for a
givenu 2 [0; 1)", the following algebraic equations are satis ed

[1, u]x,=E (5.3a)
[1n  ulxy =1L () + BR,'B”X, (5.3b)
Xs= R,'BX,: (5.3c)

Remark 5.1. For any givenu 2 [1;0)", there exists a unique equilibrium
point (x ;u) satisfying the steady-state equationsq.3), with x, E 2 R2,?,
wherex, is the desired voltage.

Assumption 5.1. For any givsn u 2 [0;1)", there exists a desired voltage
X, E 2 Ry, satisfyingx,; > PjimaxRi; max, Where

0< I:\)i Ri;max; 0 Pi Pi;max; 8i 2V
and Ri:max and P;.nax are constant. C

Let X(t;Xo;u) denote for allt O the solution of the system %.1) in
closed-loop with a controlleru = u(x) and starting from an initial condition
x(0). Then, we formulate the problem as follows.

Problem 5.1. Given the desired duty cycleu 2 [0;1)" satisfying Assump-
tion 5.1 for the equilibrium point (x ;u), design a decentralized controller
Ui = Uj(Xy; X2i) for eachi 2 V such that

2Since the boost converters are designed to step up the input DC vadige E .
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1. the unique equilibrium  ;u) is asymptotically stable, implying

H . . ' .
tI!llm Xo(t; Xo;u) I Xo;
2. the physical constraints introduced in Sectio®.2.2hold. C

5.2.3 Dierential Passivity

In [NMKC25], a decentralized controller solving Problenb.1 is provided
based on di erential passivity fdS13 KB24], which is de ned via the varia-
tional dynamics:

Lx;=u X (1n u X (5.4a)
Cxo= U Xi+(1, u x:

R 1x,+Bxs (5.4b)
Lpxs= B 7 X2 Rpxs; (5.4¢)

with the state ( x1; X2; X3) 2 R" R" R™andinput u 2 R". In fact, it
satis es

S(x; x) U’ (X2 X1 X1 Xp)

for
. — 1 2 2 2
S(x; x)= > kXKL + kX okg + kX gki

Employing a standard passivity-based controller for stabzation yields
the following controller for the variational system:

u= KX)(X2 X1 X1 X2); (5.5)

whereK (x) 0. This does not directly provide a controller for the boost
converter becausex,; X, X1 X IS not an exact di erential one-form.
However, this is anintegrable di erential one-form. To explain this, we con-
sider the scalar case for the sake of simplicity. Selectifg(x) = 1 =(x1X>)
yields

X1 X2

KG)(x2 X1 x1x2)= T (Inx1)  (Inxz) = %

X2
In—= ;
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whereK (x) = 1 =(x1X») is called anintegrating factor.

Based on this and the fact that (u; x ) = (u; x) satis es the variational
dynamics (.4), we can construct a controller; for a similar discussionee
Section5.3 below. In fact, the following decentralized controller is iwposed
in [NI\/IKCZSE:

U = sign (X1;;) ki In X2;iX1;il Vg Xy >y (5.6a)

Ui; if Xy i
Vi = Ko (Ui U)=(XgiX2i) 5 (5.6b)
wherekyi; kzi;"i > 0 and for eachi 2 V.

There are several disadvantages of this controller in prace. The pres-
ence of a signum function can cause the notorious chatteripgienomenon.
Also, when the current satis esjXyj "i, the controller operates in an
open-loop manner, i.e.u; = u;. Thus, we lose many advantages of feed-
back control systems, e.g. robustness. More importantlyptimplement this
controller in practice, we require rapid detection ok,; and swift switching
action, which may be infeasible by standard devices. All thesonsiderations

motivate us to develop a new controller to solve Probler.1 by addressing
the aforementioned issues.

5.3 Theoritical Results

In this section, we propose a decentralized controller to dcess Problemb.1
that is much simpler than (5.6). The main idea is to utilize a dierent
integrating factor for (5.5). First, we show asymptotic stability of (x ;u) for
the closed-loop system. Then, we identify a region of inifi@onditions that
ensures all closed-loop trajectories satisfy the physicabnstraints. Such a
set of initial states is refereed to ageasible region
We use the integrating factorK (x) = H4[x»] 2 for (5.5), leading to
U= Hix,2 (X2 X1 X1 Xz)
= Hi(x,t X1 X1 X2 Xp)
= H; (x1 x,b):

Substituting ( u; x ) = (u;Xx) yields

_ d 1.
u= Hla(xl Xy 7):
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However, this is not enough to ensure the convergencewfo u. To enforce
this, we improve the controller dynamics as follows:

u= H1%(X1 X, 1)+ Hox,?2 (U u); (5.7)

whereH; 0,i =1;2 are diagonal, i.e., the control scheme is fully decentral-
ized. Moreover, we note that the controller can be represeat by an integral
controller:

U= Hixy X,'+ z; (5.8a)
z=Hyx,% (u u): (5.8b)

This does not contain any switching structure and thus is sipier than (5.6)
in terms of pracrical implementation.

In the rest of this section, we show that the controller.8) solves Prob-
lem 5.1 For the sake of proof, we use the representatiors.f). Namely,
the state of the closed-loop system isx{u). First, we conrm closed-loop
stability as follows.

Lemma 5.1. For a DC microgrid (5.1), consideru 2 [0;1)" satisfying As-
sumption 5.1 Then, (x ;u) is an asymptotically stable equilibrium point of
the closed-loop system controlled byx(7).

Proof . By virtue of Remark 5.1and (5.7), (x ;u) is the unique equilibrium
point of the closed-loop system. To prove its asymptotic shality, we de ne
a Lyapunov candidateV (x;u) as follows

V(x;u) := 1

5 kxakf + kxokE + kxsk? + ku ukallH2 ; (5.9)

As mentioned in NMKC25, Theorem 2], this is positive de nite at x ;u) in
R" R" R™ [0;1)".

From (5.1) and (5.7), the time derivative of V (x; u) along the closed-loop
trajectory satis es

V(xu)= X3 R [xo] P X2 X3RpXs
+ U [X2]X;  [Xa]Xe+ Hy'Ho(u o u)
= x R' [ P x2 XsRpxs U H,'[xoJu: (5.10)

95



5.3. Theoritical Results

This is negative semi-de nite onR” R " R" [1;0)", where
n p 0
R:= X2i2Rs0:X%X2i > PimaxRimax; 12V (5.11)

Consequently, the equilibrium & ;u) is stable.
To show its asymptotic stability, we apply the LaSalle invaiance principle
[Kha02, Theorem 4.4] by de ning the following level set:

c=f(x;u)2R" R " R" [0;1)"jV(x;u) cg: (5.12)

This is not empty for su ciently small ¢ > 0 and, byu 6 1,, is compact.
For suchc > 0, (5.10 implies that . is positive invariant.
Now, we compute the largest invariant set contained in

n o]
= (xu)2 jM(x;u)=0 (5.13)

From (5.10, (x;u) =0 ifand only if x, O0,x3 O,andu_ 0. Con-
sequently, we havexs = 0 which implies x; = 0. Then, we can rewrite
as

= f(x;u)2 ¢jx3=0;%x,=0;x3=0;u=0g

From Remark5.1and (5.7), we have
= f(X;u) 2 (X1 = X3X2= X, X3 = Xg; U= Ug
=f(x ;u)g

Therefore, { ;u) is asymptotically stable by the LaSalle invariance pringile.

In the proof of Lemmab.1, asymptotic stability is guaranteed when the
level set . is contained inR” R " R™ [0;1)". Thus, . can be utilized
to estimate the feasible region for the closed-loop systers stated below.

Theorem 5.1. For a DC microgrid (5.1), consideru 2 [0;1)" satisfying
Assumption 5.1. Also, consider the closed-loop system consisting ¢5.7).
Then, we have:

(i) the closed-loop system is asymptotically stable at the equilibrium point
(x ;u);
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(i) the set . dened in (5.12 is contained inR" R " R" [1,0)" if
and only if the following conditions hold:

. H2;i 12
c rlr;{/n oMy, (ui) (5.14a)
E (L w) RomaP 2)
- | | I;max® Iy max
c< rlr;{/n oL (5.14b)

Proof . Since item (i) is shown in Lemméb.1, we prove item (ii). We apply

a similar argument as NMKC25] because the employed Lyapunov function

(5.9 is identical to the one in NMKC25, Theorem 1]. It suces to nd

BC > 0 such that the level set . is geometrically tangent to linesx,,; =
Pi.maxRi:max @nd u; = 1, and is bounded by the lineu; = 0, for all i 2 V.

From the quadratic structure %f the Lyapunov function 6.9), the level set
c Is tangent to the linexz; = PjmaxRimax @nd u; = 1 if and only if

P —— 2
Ei (1 Ui) I:zi;max IDi;max

. < 5.15
G oL (5.15)
and £ H
< i + 2;i 2 .
G T 1 w) (5.16)

hold for all i 2 V, respectively. Moreover, the level set . is bounded by the
line u; = 0 if and only if

H2;i 2.
2Hy; 1

Since 6.15 implies (5.16, we have 6.14).

G (5.17)

5.4 Simulation and Experimental Results

To validate the theoretical results and demonstrate the p&wrmance of the
proposed controller, we conduct simulations on the DC micgoid (5.1) in

closed-loop with the proposed controllery.8), and carry out experimental
tests on the DC microgrid test-bed at RSE S.p.A. in Milan, Itay.
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5.4.1 Simulation Results

Verifying theoretical results. This simulation aims to verify the results
of Theorem5.1 For the sake of exposition, we consider a single-node DC
microgrid (5.1) with parameter values = 280 V, L = 0:00112 H, and
C =0:0068 F, and the controller 6.8) with gainsH; =0:1 andH, =2 10..
The load parameters are set tR = 10 , | = 50 A, and P = 2 kW.
Given the values for system and controller parameters, theeilibrium point
IS (X1;X,;u) = (126:57,380 0:263). Additionally, for the level set ., we
havec 6:9252 1 (from condition (5.149) and ¢ < minf1:37 10g
(from condition (5.14). Therefore, by settingc = 6:9252 1C°, we can
guaranteeb'@ the level set . is limited to the surfacesu = 0, u = 1
andx, = PR 1414. Figure 5.1 shows the trajectories for three di erent
initial conditions. As observed, all trajectories convergasymptotically to the
equilibrium point while satisfying the system's physical @nstraints. Thus,
this simulation validates all claims of Theorenb.1

Multi-Node DC microgrid. To evaluate the controller's performance
in a large-scale network, we consider a four-node networkenconnected in
a ring con guration topology (m = 4). For simplicity, we assume all DGUs
are identical, with the same values as in the previous simuian. However,
the desired voltages are set t&, = (380; 375380 385) V, and the constant
power loads are set td® = (2;2;5;0)kW. The inductance and resistance of
all four transmission lines ard_,.x =86 10 H and Rpx =0:039 , 8k 2 E.
Figure 5.2 shows the voltage trajectories and control inputs correspding to
di erent initial conditions for each node. One can observeiat all trajectories
converge to the equilibrium point while satisfying the phyisal constraints.

Comparison. We compare in simulation the performance of the pro-
posed controller 6.8) with that of controller (5.6). Our goal is to show that
controller (5.6) requires high-frequency operation to maintain e ective pr-
formance. This high-frequency requirement likely stemsdm the use of hard
nonlinearities, such as the signum function, or from the stghing mechanism
if the sampling intervals are not su ciently small. The gain values for con-
troller (5.6) are selected ak; = 0:1 andk, =2 10°. The results, shown in
Fig. 5.3 indicate that although controller (5.6) achieves asymptotic stability
at the desired equilibrium point, physical constraints arenot satis ed.
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Figure 5.1: Estimated feasible region . and closed-loop trajectories for three
di erent initial conditions, (a) Three-dimensional view, (b) Projection of the
three-dimension view on the two-dimensional spacge u.
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Figure 5.2: Closed-loop trajectories of a multi-node DC Miogrid.
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5.4.2 Experimental Validations

To validate the e ectiveness of the proposed control stratgy, experimental
tests were conducted on the DC microgrid testbed at RSE S.p.,AMilan.
Figure 5.4 illustrates the electrical scheme of the testbed, which csists of
two storage devices (batteries) labeled &, and E4, a ZIP load and a DC
generator represented, respectively, by, (X2.1) and I, (X2:3). These compo-
nents are interconnected via four DC{DC boost converters ta common DC
link. For more details about the system setup and parameteralues, please
refer to [CLT " 18 RL16]. The objective is to regulate the voltages of nodes
2 and 4 to the desired valuex,, = 380 V and x,, = 380 V. To achieve
this, the proposed controller §.8) is implemented in nodes 2 and 4 through
dSpace. In the following, the controller is tested in two dierent scenarios.

Scenario I. (Load Variation) In this scenario, at the initial time in-
stant, the system is in steady state withxy;; = 0 A and x,; = 380 V, where
the power absorbed by the load and the power generated by thergerator
are both equal to zero. At the time instantt = 5 s, the load power is in-
creased to 20 kW for 40 seconds. Then, at the time instaht= 45 s, the
load power is decreased again to 0 kW. The results of this tegte shown
in Fig. 5.5 As it can be observed, the voltage trajectories of the second
and fourth nodes converge asymptotically to the desired wa 380 V after
a fast transient response. This demonstrates the robustrsesf the proposed
decentralized controller against load variations.

Scenario Il. (Generator Variation) Similarly to the previous scenario,
the closed-loop system is in steady state for 5 s, withy; = 0 A and x,; =
380 V. Then, the generator power is increased from 0 kW to 20 kWAfter
40 s, the generator power is decreased back to 0 kW. Figurs shows that
the objective is achieved, as indicated by the asymptotic ngergence of the
voltage trajectories at the second and fourth nodes to the sieed value 380 V.

5.5 Conclusion and Discussion

In this chapter, we have presented a decentralized state ddsack dynamic
controller aimed at regulating voltage in DC microgrids to dsired levels. The
stability of the closed-loop system has been ensured thrdugyapunov anal-
ysis, allowing us to estimate a domain of attraction that rerins within the
region satisfying physical constraints, known as the fe&$e region of attrac-
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tion. The proposed controller operates without requiringdad information,
making it robust against unknown loads, and avoiding comptestructures like
switching mechanisms. Additionally, we have discussed howig controller
can be interpreted as a di erential-passivity-based contiler with integrat-
ing factors. While conducting simulations has been cruciabif assessing the
controller performance, we have also performed experimahtests to evalu-
ate its e ectiveness. The advantages of the controllers dgeed in this and
the previous chapter inspired us to extend the approach to geric nonlinear
dynamic systems that satisfy di erential passivity with anintegrable passive
output.

As future work, we are interested in equipping the system witan adap-
tive mechanism to estimate unknown parameters, such as tha&ernal resis-
tance of batteries, and to ensure asymptotic stability in tkir presence.
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Stabilizing Control Design by Integrable
Di erential Passive Outputs

Di erential passivity of a nonlinear system has been introdced as passivity of
its variational system. Applying standard passivity-baseaontrol techniques
to di erentially passive systems leads to controllers forhte corresponding
variational systems. However, it is challenging to constraicontrollers for
the original nonlinear systems if the di erential passive wtputs are non-
exact di erential one-forms. In this chapter, our objectie is to provide a
systematic procedure to address this issue when di erentipassive outputs
are integrable, i.e., when non-exact di erential passiveubputs can be made
exact by multiplying them by suitable integrating factors. In particular,
under suitable detectability assumptions, we propose ontatc and two dy-
namic state feedback stabilizing controllers, where eaclyrtamic controller
has a form of input- and output-shaping, respectively. We listrate their
e ectiveness by stabilization of counter-current heat exwangers. approach.

The material of this section is based on the paper entitledStabilizing Con-
trol Design by Integrable Di erential Passive Outputs, that is authored by

Morteza Nazari Monfared Yu Kawano, and Michele Cucuzzellalt has been
accepted and presented &3rd Conference on Decision and Control (2024)
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6.1 Introduction

Passivity theory is a powerful tool in system analysis and otrol design
[SIK12 vdS0Q Wil72] as demonstrated by the various applications; see,
e.g., ROAMO5,ZBDOM22, TCDP* 18, SMC" 24, MCS27 and the references
therein. Nevertheless, in order to overcome the so-called i€3ipation Ob-
stacle"” phenomenon QVDSMMO1], alternative concepts of passivity con-
tinue to be explored by investigating input or output variabes that di er
from the conventional ones, such as counterclockwiséngOg), shifted pas-
sivity [SP19JOGCCO07], and incremental passivity CvdS13 PMO08, KB24].
Additionally, as standard passivity theory extends standat Lyapunov the-
ory [Wil07], the notion of di erential passivity has been introducedm [vdS13
to extend di erential Lyapunov theory for contraction analysis [FS14.

Applying passivity-based control techniques/dS0(Q to di erentially pas-
sive systems leads to controllers for the variational systes. However, the
latter are not useful to design controllers for the originahonlinear systems
unless di erential passive outputs are exact di erential ae-forms. To address
this issue, the concept of Krasovskii passivityKKS21] has been proposed
to solve various di erent control problems such as stabilaion of Brayton-
Moser systemsf{CSP21], voltage control in DC microgrids CLK * 19], output
and input consensusjCFS23 KCS23. These stabilizing controllers in gen-
eral require information of the time derivatives of the stag variables, which
can make the closed-loop systems vulnerable against measoent noise. Re-
cently, in order to overcome this issue, an integrating faot of the di erential
passive output has been used iMKC23,NMKC25] to design stabilizing state
feedback controllers for DC-DC boost converters.

In this chapter, we extend the approaches of[KC23, NMKC25] to gen-
eral dierentially passive systems with integrable di eretial passive out-
puts. In particular, we design three di erent state feedbdc controllers for
stabilization of a desired equilibrium point. As generalizéon of [MKC23]
and [NMKC25], we provide a static controller and a dynamic controller win
the integral action of the input, respectively. Moreover, & present also a
dynamic controller with the integral action of the output. Each controller
guarantees closed-loop stability under a suitable detedfidity assumption.

6.1.1 Contribution

The contribution is summarized as follows:
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C1l. We enlarge the class of di erentially passive systemsrfavhich state
feedback controllers can be designed by incorporating salile inte-
grating factors of the di erential passive outputs;

C2. We design three di erent stabilizing controllers: 1) atstic controller;
2) a dynamic controller for input-shaping; 3) a dynamic combller for
output-shaping.

6.1.2 Outline

The remainder of this chapter is organized as follows. In Sem 6.2, we

recall the de nition of di erential passivity and formulat e the problem of
designing stabilizing controllers for di erentially pass/e systems when the
di erential passive outputs are integrable. In Sectior.3, we propose a static
and two dynamic state feedback controllers. Then, we estadl the closed-
loop stability under suitable detectability assumptions.In Section 6.4, the

proposed controllers are applied to a counter-current heakchanger. Finally,
Section6.5 concludes this chapter.

6.2 Problem Formulation

The goal of this chapter is to design stabilizing controller for di erentially
passive systems. First, we recall the notion of di erential @ssivity. Then,
we formulate the control problem addressed in this chapter.

Consider a nonlinear system in the form of

x = f(x;u); (6.1)

wherex 2 R" and u 2 R™ denote the state and input, respectively. The
function f : R" R™ ! R" is of classCl. We assume that there exists a
forced equilibrium point (x ;u )2 R" R™, i.e,,f(x ;u)=0. The results
of this chapter are applicable even if the number of equilita is in nite.

Di erential passivity [ vdS13 De nition 4.1] has been introduced as a pas-
sivity property of the so-calledprolongedsystem consisting of §.1) together
with its variational system along the trajectory (x(t); u(t)):

, = @Uxu@®) - @x(1):u®) .

ox e : (6.2)
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where x 2 R" and u 2 R™ denote the variational state and input, respec-
tively.

We consider the following di erential passivity, noting that 1) a system
is sometimes called passive if it has a suitable passive outtp?) for the sake
of stabilizing control design, we focus on a positive de rét storage function.

De nition 6.1. The system 6.1) is said to be di erentially passive with
respect to a clas<! storage functionS: R" R"! R , if for its variational
system ©.2), there exists an output function y = H(x) x with H : R" !
R™ M of classC!' such that S(x; x) =0 if and only if x =0 and

@%x; x)

. @%; x) @1ix;u) @ix;u) >
@x f(x;u)+ @ x a@x X + au u uy (6.3)
forall (x;u)2 R" RM™and (x; u)2R" R™. C

For a dierentially passive system, a standard passivity bsed control
design yields the following controller for the variationabystem (6.2):

u= y= HX X (6.4)

However, if y is not a variational output, i.e., there is noz = h(x) satisfying
z = H(x) x (i.e., @X)=@x H(x)), it is not immediate how to construct
a controller for the original system 6.1). For stabilizing boost converters,
this issue has been addressed by introducing integratingcfars [MKC23,
NMKC25]. To generalize these results, we consider the followingas$ of
systems.

De nition 6.2. The system 6.1) is said to admit an integrable di erential
passive outputif the system is di erentially passive and if there existh :
R"! R™of classCt andM :R"! R™ ™ of classC such thatM (x) O
and

@Ix) _
@ = M (X)H (x) (6.5)

for all x 2 R". C
Remark 6.1. In the literature, M (x) satisfying (6.5 for someh(x) is called
an integrating factor of H (x). Its existence can be veri ed by the Frobenius

theorem, e.g. N\vdS9Q Theorem 2.42]. The conditionM (x) 0 is imposed
for the sake of designing stabilizing controllers.
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For a system 6.1) having an integrable di erential passive output, we
selectz = h(x) as the output, i.e., we study

f(x;u)
h(x):

X
z (6.6)
This is di erentially dissipative with respect to a supply rate u>M (x) z,
where z = (@Ix)=@Xxx . Standard di erential passivity is covered by the
case whereM (x) = I. Thus, introducing M (x) gives additional exibility
for analysis and control design. Our objective is to utiliz¢his exibility for
stabilizing control design, stated below.

Problem 6.1. For a system 6.1) admitting an integrable di erential passive
output, consider system 6.6). Then, design an output feedback controller
stabilizing a desired equilibrium point k ;u )2 R" R™. C

Remark 6.2. The in nitesimal variations ( x; u ) on (x;u) can be inter-
preted as a generic virtual displacement along any possildé@ection on the
tangent space, e.g.HS14 SMLG24]. Specialize such a direction to velocity,
i.e., (X; u)=(x;u)into (6.4, yields an integral-type controller

u=K(u u HX (6.7)

with K 0 (see KKS21,KCSP21, CLK* 19]). However, to implement this
controller, we need information ofx_= f (x;u). This is doable if one has
complete knowledge of (x;u). Otherwise, the controller can be sensitive to
parameter uncertainty. Another approach for the implementon is to com-
pute time-derivative x, which is typically vulnerable against measurement
noise.

6.3 Main Results: Stabilizing Control Design

In this section, we address Problené.1 by proposing three di erent stabi-
lizing controllers. First, we design a static controller andhen two dynamic
controllers for input- and output-shaping, respectively.For each controller,
we show closed-loop stability under a suitable detectaliili property.
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6.3.1 Static Controllers

In this subsection, we consider detectability of the variabnal system.

De nition 6.3. The system ©.6) is said to bedi erentially zero-state de-
tectableif u(t)=0and z(t)=0forallt O implylimy; x(t) =0 along
any bounded trajectory (t); u(t)). C

Now, we are ready to provide the rst main result of this chapte for
stabilizing control design.

Theorem 6.1. Consider a system(6.1) admitting an integrable di erential
passive output. If (6.6) is di erentially zero-state detectable, then the con-
troller

u=u (h(x) h(x)) (6.8)
globally asymptotically stabilizeéx ;u ).
Proof . First, the structure of the controller andf (x ;u ) = 0 imply that
(x ;u ) is an equilibrium of the closed-loop system. Next, from6(3) with

y = H(x) x, (6.9, (6.6), and (6.89), the time-derivative of S(x; x ) along
the closed-loop trajectory satis es

S(x; x) k  zky g0
RecallingM (x) 0 at eachx 2 R", consider
= f(x; x)2R" R":z=0g:

By di erential zero-state detectabilty, the LaSalle invaiance principle for
contraction [FS14 Theorem 2] concludes that the closed-loop systems is in-
crementally asymptotically stablé, implying the global asymptotic stability

of (x ;u).

There exist a distance function d(x;x% and non-negative function (s) such that
d(x(t); xYt)) (d(x(0); xX0))) and lim 1 d(x(t); xX(t)) = O for any pair of its trajecto-
ries (x(t); xYt)).
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Remark 6.3. For passivity-based control, one uses a controller = u
k(h(x) h(x)), with 0 <k 2 R. If M(x) is an integrating factor, then
kM (x) is too. Thus, this is covered by 6.9).

Remark 6.4. In Theorem 6.1, di erential zero-state detectability can be
replaced by an observability property. In fact, if the closg-loop system with
the output z = h(x) satis es the observability rank condition NvdS9Qq for
any x 2 R", then the largest invariant set in is R" f 0g.

6.3.2 Dynamic Controllers for Input-Shaping

As mentioned in Sectior6.2, an integral-type controller (6.7) can be designed
for a dierentially passive system. This idea can be used fatesigning a
dynamic state feedback controller. We call the control techique presented
hereinput-shapingbecause the controller contains the integral action of u
enforcingu! u under parameter uncertainty.

Theorem 6.2. Consider (6.6) for a system (6.1) admitting an integrable
di erential passive output. If f (x;u ) =0 implies x = x on a neighborhood
of x , then the controller

u=v z
(6.9)
v=MX)Kyu u)
with O Ky 2 R™ ™ makes the closed-loop system Lyapunov sta-

ble at (x ;u + h(x)). Moreover, if u(t) = 0 for all t 0 implies
limy;  (X(t);u(t)) =(x ;u), then(x ;u + h(x )) is asymptotically stable.

Proof . Computing u with (6.5 and (6.6) yields an equivalent representation
of (6.9):

u= M) (Ky(u u) HEf(xu): (6.10)
Sincef (x;u ) = 0 implies x = x, (X ;u ) is an equilibrium point of the
closed-loop system@.6), (6.10.

We select a Lyapunov candidate as

Vu(x;u) == SO f (x;u)) + ku  ukg =2 (6.11)
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Since S(x; x) is non-negative,V,(x;u) = 0 if and only if S(x;f (x;u)) =0
andu = u . The rstimplies f (x;u) =0. Sincef (x;u ) =0 implies x = x ,
Vu(X; u) is positive de nite around (x ;u ).

Since (x; u) = (f(x;u);u) satis es the variational dynamics ©.2), it
follows from (6.3) and (6.10 that

Vu(x;u)  um(H)F(Gu)  Ky(u o w)
= k Ku(u u)  HQEOf (% u)ki o

By M (x) 0, the closed-loop system is Lyapunov stable. Recalling.{0,
de ne

E,=f(x;u)2R" R™:u=0g:

By the invariance principle (see e.g.Kha02, Corollary 4.1]), (x ;u ) of the

closed-loop system@.6), (6.10 is asymptotically stable. Finally, this is

equivalent to asymptotic stability of (x ;u + h(x )) for the closed-loop sys-
tem (6.6), (6.9).

Remark 6.5. The asymptotic stability condition in Theorem 6.2 can be un-
derstood as detectability ydS0Q De nition 3.2.15] at (x ;u ) of x = f (x; u),
u = u, with state (x;u), input u, and output z, = M (X)(Ky(u u)
H(x)f (x;u)). Its su cient condition is observability at ( x ;u) of x =
f (x;u), u = 0, with output z, and assuming thatx = x on a neighbor-
hood ofx if f (x;u ) =0 (see Theorem6.2).

Remark 6.6. If f(x;u ) =0 implies x = x on R" then V,(x;u) in (6.11)
is positive de nite on R" R™. Moreover, if V,(x; u) is radially unbounded,
(x ;u ) is globally asymptotically stable; see, e.g.Kha02, Corollary 4.2].

6.3.3 Dynamic Controllers for Output-Shaping

The controller (6.9 contains the integral action of the input. Similarly,
one can design a controller including the integral action dhe output z =
h(x). Accordingly, we call the control techniqueoutput-shapingbecause the
controller enforcesz! z := h(x ) under parameter uncertainty.

Theorem 6.3. Consider (6.6) for a system (6.1) admitting an integrable
di erential passive output. If f(x;u) = 0 and h(x) = h(x ) =1 z imply

113



6.3. Main Results: Stabilizing Control Design

(x;u) =(x ;u) in a neighborhood ofx ;u ), then the controller

z

N (6.12)
v=MMXKy(z 2);

with 0 Ky 2 R™ ™ makes the closed-loop system Lyapunov sta-
ble at (x ;u + h(x)). Moreover, if z(t) = 0 for all t 0 implies
limyy (x(t);u(t)) =(x ;u), then(x ;u + h(x)) is asymptotically stable.

Proof . Computing u with (6.5) and (6.6) yields an equivalent representation
of (6.12:

u= MQE)Ky(h(x) h(x))  MEHX) (X u): (6.13)

One can conrm that (x ;u ) is an equilibrium point of the closed-loop sys-
tem (6.6), (6.13.
We select a Lyapunov candidate as

Vy(x;u) := S(x;f (x;u)) + kh(x ) h(x)k§y=2: (6.14)

Similarly to the proof of Theorem6.2, one can show thatvy (x; u) is positive
de nite at (x ;u ). Next, it follows from (6.3) and (6.13 that

Vy(xu)  (u MX)Ky(h(x ) h(x)))”HX)f (x;u)
= k HOOF (X u)key )

Thus, the closed-loop system is Lyapunov stable. Recallir{§.5), de ne
E,:=f(x;u)2R" R"™:y=0g:

By the invariance principle,  ;u ) of the closed-loop systemd.6), (6.13 is
asymptotically stable. Finally, this is equivalent to asympotic stability of
(X ;u + h(x)) for the closed-loop system&.6), (6.12.

Remark 6.7. Similarly to Remarks 6.5 and 6.6, if the closed-loop system
with output z, = z is observable, then the asymptotic stability condition
holds assuming thatk;u) = (X ;u )inaneighborhood of ¥ ;u )if f (x;u) =
0 and h(x) = h(x ) =1 z (see Theorem6.3). Next, if f(x;u) = 0 and
h(x) = h(x ) imply (x;u) = (x ;u)onR" R™ then V,(x;u) in (6.19 is
positive de nite on R" R™. Also, if V,(x;u) is radially unbounded, then
(x ;u ) is globally asymptotically stable.
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6.4 Counter-Current Heat Exchangers

In this section, we apply the proposed controllers to a heatehanger and
evaluate their performance by simulations.

6.4.1 System Description

A counter-current heat exchanger is a device engineered tochange heat
between hot and cold uid streams in two compartments withoti mixing
[ZHAC20]. The heat exchanger comprises 1 cells in each compartment
as illustrated in Fig. 6.1 Without loss of generality, we consider the rst
compartment as the hot layer. Henceg(t) and q(t) represent the mass ows
of the hot and cold streams, respectively, with temperatuseT;, > 0 and
Tin > 0. The temperatures of the cells within the compartmentx; for

j =1; ;2p(n=2p) are assumed to be uniform and are collected in the
state variables vectorx := [x;, Xg,]”, with

Xep, = Xp+1 Xp#2 X2p

where x., and X, denote the temperatures of the cells in the hot and cold
layers, respectively.

Selectingu(t) = q(t) and supposing thatqg(t) > 0 is constant, the system
dynamics have the following bilinear structure (see e.gMKM * 23] and the
references therein):

X =(A+ Bu)x+ bu+ G; (6.15)

wherex 2 X andu 2 U, and X and U are de ned as

X :
U:

X2R%®:T, X Tni=1: :2p
fu2R:0 Umn U Unax9:
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Also, A, B, b, and G are

A= (*alpy+adag, ;f1, 19, 1,
g %o %,
, O p 1 diagflpug 1o
Y9 1 qun
b= 4 Op 1) 1 5 G= 479(971)7}75,
Tln Op 1
with = =c and = v, where > 0,c >0, > 0,andv > 0

represent the heat transfer coe cient, heat capacity, uid mass density, and
uid volume in the heat exchanger, respectively.

For any u 2 R such that A + Bu is invertible, the forced equilibrium
point of (6.15 is

(x;u)=( (A+Bu) “(bu + G);u):

The control objective is to stabilize & ;u ), i.e., to regulate the temperature
of all cells to the desired value .

6.4.2 Dierential Passivity

In this subsection, we con rm that a heat exchanger@.19 is di erentially
passive. Its variational system is

x=(A+ Bu)x +(Bx + b u; (6.16)

where the notation x = [ xg  X]” corresponding tox = [xg, X.I” is
used. Below, we verify the di erential passivity of 6.15.

Lemma 6.1. A heat exchanger 6.19 is di erentially passive with respect
to a storage functionS(x; x ) := kxk? and output y := (Bx + b~ x on
R® R o.

Proof . The time derivative of S(x; x ) along the trajectories of .15 and
(6.16 yields
u

S(x; X)=  KXg XK gkxclkﬁv >

> KX c,ki + X~ (Bx+ b u;

(6.17)
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Figure 6.1: Counter-current exchanger with inlet and outleheat ux

where W := 21, diag,,f1, 19 diag, ,fl, 19. SinceW is a uniform
symmetric tridiagonal Toeplitz matrix, we haveW 0 by [NPR13]. From
g > 0, we obtain

S(x; x) u’(Bx+b>x=u’y

for any u 2 R o, concluding the proof.

6.4.3 Integrable Di erential Passive Output when p=
2

When p = 2 (n = 4), the di erential passive output y =(Bx + b~ x, i.e.,
y = H(x) X
H(X):== 0 0 x4 Xz Tn X4
is integrable. An integrating factof is

1 .
X3+ X3 XaXq TinXz TinXa+ T2

M (x) = (6.18)

2The function M (x) is a solution of the following partial di erential equation

(xa x@%"(x) To  Xa %"(x)w(x):o;

which is obtained from the exactness of di erential one-formM (x)H (x) x .
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whereM (x) 0 for all x 2 int(X), and int(X) denotes the interior ofX.
Then, h(x) satisfying (6.5) is
!

1 Tin  2X3+ X4
h(x) = p—=arctan Pp—
(X) 9—3 3 T xa

+ %In(M (X)): (6.19)

In summary, the heat exchanger®.15 with p =2 has an integrable dif-
ferential passive output on int) R o. For p 3, the di erential passive
output is not integrable, which depends on the fact that thex is no interme-
diate compartment between the input and the output. There ca be some
connection between di erential storage functions and physal properties of
systems. Understanding it can help the construction of a dirential storage
function for p 3.

6.4.4 Stabilizing Controller when p=2

We implement now all the controllers proposed in this chapteto regulate
the temperature of cells to the desired value. First, we cowmr the static
controller (6.8). Adapting Theorem 6.1 to a subset int(X) U concludes
that (x ;u) of the closed-loop system is asymptotically stabley 2 U
with a region of attraction containing any positive invariant set in int( X)
if the closed-loop system satis es the observability rankondition; see Re-
mark 6.4. In fact, in the simulation conducted below, the rank condibn
holds at (x ;u ). Thus, at least the closed-loop trajectory starting from a
neighborhood of X ;u ) converges to X ;u ).

Next, we consider the dynamic controller €.9) for input-shaping and
verify the conditions in Theorem6.2 If A + Bu is non-singular,V,(x; u)
in (6.1)) is positive de nite at (x ;u ) on R" R™ and radially unbounded.
Next, from (6.17), Vy(x; u) satis es
u2

g
2

Umin

2

Ve (X; 1) ke, Xek® Sk kiy
Here, instead of zero-state detectability, we directly comyte the largest in-
variant set contained inf (x;u) 2 R" R™ : \;(x;u) =0g, whichisf(x ;u)g
if A+ Bu is non-singular. Therefore, for anyu 2 U such that A + Bu is
invertible, (x ;u ) of the closed-loop system is asymptotically stable with a
region of attraction containing any invariant set in int(X) U .
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Table 6.1: Values of system's parameters

Parameter | Value Parameter Value
10 JFkg=s 997 kg=m?®
v 0:002 n? C 4185 FkgK
Tin 360 K Tin 300 K
q 0:02 KFS | Umin=Umax | 0=0:05 kg=s

Finally, we consider the controller 6.12) for output-shaping. For the heat
exchanger considered in sectiod.4.5 f (x;u) = 0 and h(x) = h(x ) imply
(X;u)=(x ;u). Also, V, in (6.14) is positive de nite at (x ;u ) onR" R™
and radially unbounded. Moreover\V,(x;u) satis es

(H (x)x)?
M (x)

9
2

Umin

0:
2

\ (x; u) KXo, Xo, K Skxe, Ky koxe, kiy
Again, we directly compute the largest invariant set contaied in f (x;u) 2
R" R™:\4(x;u)=0g, whichisf(x ;u )gfor the heat exchanger considered
in section6.4.5 Thus, by Theorem6.3, (x ;u ) of the closed-loop system is
asymptotically stable with a region of attraction containhg any invariant set

inint(X) U .

6.4.5 Simulations

We apply now the proposed static and dynamic controllers to heat ex-
changer 6.19, where the value of each parameter is reported in Tablgl
For u = 0:0324 kgs, the equilibrium point for the cells' temperature is
obtained as

x = 35432 34888 30684 30335 :

The initial state is selected as
x(0) = 35132 35088 30734 30245 7

For each controller, we select the initial controller statesuch that the initial
state of the closed-loop system belongs to the level set wa@sojection on the
X-space is strictly contained inX . This guarantees that the closed-loop state
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trajectory converges to the desired equilibrium point witbut approaching to
the boundary of X. Namely, ill-de nedness ofM (x) at the boundary does
not cause a problem.

Figure 6.2 shows the closed-loop trajectories obtained by implemeng
the static controller (6.8) (green color), the dynamic controller 6.9) for input-
shaping (blue color), and the dynamic controller .12 for output-shaping
(red color), with K, = 1000 and K, = 1. We can observe that all the
trajectories converge to the desired equilibrium pointx ;u ) while staying
in X U . The input-shaping controller achieves faster convergemof u
than both the static and output shaping controllers. On the ther hand, the
output-shaping controller achives faster convergence fgg and x4 than the
input shaping dynamic controller due to the structures oM (x) and h(x)
in (6.18 and (6.19.

6.5 Conclusion

In this chapter, we have designed state feedback controldor stabilization of
di erentially passive systems having integrable di erenal passive outputs.
We have proposed one static and two dynamic controllers. Faach con-
troller, we have shown the closed-loop stability under a gable detectability
assumption. The utility of the proposed controllers are illstrated by stabi-
lization of a heat exchanger. By virtue of passivity, the prposed approach
can be utilized for control design of interconnections of @rentially passive
systems, including heat exchangers and boost convertev#{C23,NMKC25].
Taking this advantage, future work includes controlling eargy systems con-
sisting of di erent physical components.
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Figure 6.2: The response of the heat exchangeés.195 with p = 2 in closed
loop with the static controller (6.8) (green color), input shaping dynamic
controller (6.9) (blue color), output shaping dynamic controller 6.12 (red

color).
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Stabilization for a Class of Bilinear Systems:
A Uni ed Approach

This chapter studies nonlinear dynamic control design for elass of bilinear
systems to asymptotically stabilize a given equilibrium pat while ful lling
constraints on the control input and state. We design a condtler based
on integral actions on the system input and output. As speciatases, the
proposed controller contains a dynamic controller with amtegral action of
either input or output only and a static controller. Stability analysis of the
closed-loop system is performed based on a Lyapunov funatioLevel sets
of the Lyapunov function are utilized to estimate a set of inial states and
inputs such that the corresponding state and input trajectoes are within
speci ed compact sets. Finally, the proposed control techaile is applied to
a heat exchanger under constraints on the temperature of éacell (state)
and the mass ow rate (input), and simulations show the e edveness of the
proposed approach.

The material of this section is based on the paper entitledStabilization for a
Class of Bilinear Systems: A Uni ed ApproacH, that is authored by Morteza
Nazari Monfared Yu Kawano, Juan E. Machadg Daniele Astolf and Michele
Cucuzzella It has been published inlEEE Control Systems Letters (2023)
and presented at62rd Conference on Decision and Control (2023)
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7.1 Introduction

Bilinear systems belong to an important subclass of contralystems which
have been widely used to accurately model various real-liystems and
phenomena TQCPO09], such as power electronics, chemical reactions, and
socio-economicsJPB* 15 BDK74]. However, control design for bilinear sys-
tems is a challenging task, as evidenced by the numerous paoations on
the topic [TQCP09,SGT* 23, Zit23,ZHAC20, ACFM09, Che98 CT00, Gut81,
Lon80. In this chapter, we aim to study the problem of robustly sthilizing
a bilinear system while characterizing the trajectories elution for physical
applications.

Static and dynamic switching state feedback controllers ka been re-
spectively proposed in Che9g and [CTOOQ] to stabilize classes of bilinear
systems. In these works, the control input acts only multiptatively. In
particular, the controller proposed in Che9§ guarantees the satisfaction of
input constraints. However, none of these works addressestproblem of
constraining the state variable. Linear state feedback ctollers are designed
in [ACFM09] and [TQCPO09], where the resulting closed-loop system is shown
to admit a locally asymptotically stable equilibrium point Subject to a suit-
able tuning of the controller gains, the satisfaction of sta constraints, but
not input constraints, are guaranteed in ACFMO09]. In [TQCP09], a method
to ful Il the constraints on both state and input is provided. However, this
requires solving a set of nonlinear inequalities.

The problem of output regulation of bilinear systems is cordered in
[ZHAC20], where the theoretical developments are applied to the gotem of
temperature control of a heat exchanger. While the asymptatistability of
the system is preserved, restrictions on the control inputra met by applying
a saturation mechanism on the input. However, input saturatin is known to
potentially induce deleterious e ects on systems stabilitand performance
[Hip0g]. For the heat exchanger model, the saturated controller pposed in
[ZHAC20]|in combination with some of the model intrinsic propertie s|also
guarantees the ful Iment of state constraints. To prevenpotential undesired
e ects stemming from the use of input saturation, the authos of [SGT" 23]
propose an anti-windup mechanism to solve the output regulan problem
for an electrical system.

In this work, we propose a new unifying dynamic controller ggoach that
simultaneously considers input and output integral actiog. The input inte-
gral action takes inspiration from the control design apprach for Krasovskii

123



7.2. Problem Formulation

passive systemskKS21, KCSP21]. In addition to satisfying constraints on
the control input, the input integral action guarantees cowergence of the
input to its equilibrium value: for systems in which input cawergence im-
plies state convergence, it is possible to ensure stabitiom only based on
the knowledge of the input equilibrium value KCSP21, CLK " 19). Addition-
ally, the integral action on the output guarantees robust rgulation towards a
desired output set point. By unifying approach, we mean thathe proposed
controller strategy can recover two classes of dynamic coollers, including
the one proposed infHAC20] and the one proposed in this chapter as a spe-
cial case, which makes the unconstrained system exponeltyiatable. Also,
a static stabilizing controller can be recovered without itegral actions. Fur-
thermore, the proposed controller is not switching. The amgsis is based on a
Lyapunov function ensuring feasible operative conditionse., we nd initial
conditions such that the states and the control inputs satfg de ned con-
straints all the time. Also, the control input satis es predened constraints
without employing saturation or an anti-windup mechanism. Finally, the
proposed control technique is applied to the problem of tengpature stabi-
lization of a counter-current heat exchanger.

7.2 Problem Formulation

In this chapter, we focus on a class of bilinear systems in whithe control
signal acts additively and multiplicatively simultaneousy, i.e.,

X0
X = Ax + (Bix + b)) u; + G; (7.1)

i=1

A;B;2R" ";h;G2 R"!

In practical applications, it is usually desired that the sgtem state and
input satisfy prede ned constraints. Namely, for some conget setsX R"
andU R"™ of the state and the input, respectively, we requirex(t); u(t)) 2
X U ,8t 0. While satisfying the above constraints, the goal of this whk is
to stabilize (7.1) at an equilibrium point. For stabilization of bilinear sygems,
it is standard in the literature to impose some stability assmption on the

1For example, for a counter-current heat exchange system (see Sectidh4), G is the
input thermal power to the system.
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open-loop system; see e.ET 23 ZHAC20,ACFM09,Che98CT00, Lon80
and the references therein. Accordingly, in i_@his chapter, wassume that
there exists at least onas 2 U such that A+ 7, Bju; is Hurwitz. Also,

suchu and the unique corresponding steady state , given by
! !

X Lo
X = A+ Biu, bu, + G ; (7.2)
i=1 i=1
satisfy (x ;u ) 2 X U . To state this formally, we de ne the following set:
n Xn o]
D= (x;uy2X Uj A+ Biu; is Hurwitz : (7.3)

i=1

Assumption 7.1. There existsu 2 U such thatu and the unique corre-
spondingx in (7.2) satisfy (x ;u ) 2 D, with D in (7.3). C

Note that Assumption 7.1 is equivalent to supposing that for anyQ =
Q> 0, there existsP = P> 0 such that the following Lyapunov equation
holds I I

X 7 X
A+ Biu, P+P A+ Biu = Q: (7.4)
i=1 i=1
Now, we are ready to state the main problem studied in this chagr.

Problem 7.1. Design a controller for {.1) such that the closed-loop system
is asymptotically stable at k ;u ) 2 D; and nd a feasibleregion of attrac-
tion X U such that any trajectory starting from stays within the
feasiblesetX U . C

Note that the open-loop controlleru (t) = u is a trivial solution to Prob-
lem 7.1 However, open-loop controllers are usually less robust théeedback
controllers. Therefore, we design in the next section a dyméc feedback con-
troller.

7.3 Dynamic Control Design

In this section, we design a dynamic controller to solve Prédm 7.1 based
on integral actions of both input and performance output, ware the perfor-
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mance output is de ned later. We show asymptotic stability ly constructing
a suitable Lyapunov function which is also used to estimate @egion of at-
traction.

The proposed controller recovers three simpler controlieas special cases:
1) a controller with the integral action of the input only; 2) one with the
integral action of the performance output only; and 3) a combller without
integral action, i.e., a static state-feedback controllerThe rst controller is
totally new in the literature of bilinear systems, while theother two recover
the controllers proposed infHAC20] and [Gut81], respectively.

7.3.1 Main Results

Besides solving ProblenY.l, we consider the additional goal of regulating a
performance outputy = Cx, see, e.g.$P23. Namely, for some reference
y = Cx 2R%(q m), we additionally require lim,; y(t) = y . Achiev-
ing this tracking objective requires the closed-loop systeto be robust with
respect to (small) perturbations in the system parametersfAP17]. If there
is no parameter uncertainty, the regulation of the performace output is
guaranteed by stabilizing the system.

To guarantee the solvability of the output regulation probém, we assume
that C has the following property.

Assumption 7.2. For given (x ;u ) 2D, C 2 RY " is selected such that

rank M Bix + by BnX + by, =aq; (7.5a)
X a
M =C A+ Biy, : (7.5b)
i=1
C

Now, under the above assumption, we design a controller based a
suitable Lyapunov candidate de ned as a quadratic functioron the state,
input and output errors, depending on the equilibrium point(see the proof
of Theorem7.1). Then, a Lyapunov analysis leads to the following contradk:

K

H(u u) "RX)+ "2S(x;2) (7.6a)
y 'y

u
z =C(x x); (7.6b)
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with "1;", 2 Reo, K;H 0 (K;H 2 R™ ™), and

2 3
(x x) P (Bwx+h)
R(x) = : (7.6¢)

2(x X) P (BnX+ by)

(z M(x x))7 M (Bix+ by
S(x2) = 4 ; . (7ed)
(z M x))~ M (Bnx+ by)

whereP 0 is the solution to the Lyapunov equation 7.4) for arbitrary given
Q O0,and 2 RY 9is any arbitrary matrix such that 0. From (7.69
and (7.6b), K 'H determines the time constant of the dynamics of the input
erroru u . Also,":K !and",K ! respectively specify the importance of
information of R(x) and S(x;z), where R(x) is to evaluate the state error
X X , and S(x; z) is for output regulation through the integral action of the
output error y y . By tuning the controller parameters, one can balance
these three components.

Now, we are ready to state the main result of this chapter.

Theorem 7.1. Let Assumptions7.1 and 7.2 hold. Given(x ;u ) 2 D, con-
sider (7.1) in closed-loop with(7.6). Then, the following statements hold:

(i) the closed-loop system is globally asymptotically stable and locally expo-
nentially stable at(x;u;z) =(x ;u ;0), and thusy (t)! y ast!1l ;

(ii) for any initial condition satisfying ",kz(0) M (x(0) x )k®=2"; ",
the following set

c=f(u)2R" R™:kx xki+ku uki="y 2cg;c>0
(7.7)

is a feasible region of attraction if .,» X U

Proof . The system equation 7.1) at (x ;u ) yields

X
G= Ax (Bix + h)uy;:

i=1
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Substituting this expression ofG into (7.1) leads to

xXn xXn
x=A(X x)+ Bi(xu; xu)+ b(u u)
i=} i=1
by ' xo
= A+ By (x x)+ (Bx+h)(u u)  (7.8)
i=1 i=1
Now, we select a Lyapunov candidate as

V (x;u;z) = %kx x k3 + 2,—1,1ku u ki + 2",—,21kz M(x x)k* (7.9
Its time derivative along the closed-loop trajectory saties
Luz)=(x X PAT T Bu)(x x)
F(x XV P BXb)U u)
+2(z M(x x))7 (z Mx) +ku ukj
(U U RX)+ 2 u) S(x2):

P
Considering ¢ u) " R(x) = 1, (u u)Ri(x), it follows from (7.4)
and (7.69 that
\L(X;u;z) = %kx x k& "iku u kZ

2

F 2z M x) (2 MO+ 22U u) Sx2);
1 1

where the termz_ Mx in the second line can be rearranged as follows
(see ({.5b), (7.6b), and (7.9)):
zZ Mx=C(x x) M A+ Biuyy, (x x)
X0
M (Bix+h)(u u)

i=1

= M (BiX+ b)(ui Ui):
i=1

128



7.3. Dynamic Control Design

This and (7.6d) lead to
L (X;U;2)

1 1 " >

= ékx x k& —ku ukd+ 2 u) S(xz)
1 1
II2 > x
q(z M x))” M  (Bx+h)(u u)
i=1
1 1
= Ekx x k& qku ukj:

We show now asymptotic stability based on LaSalle's invanece principle.
SinceV (x;u;z) in (7.9 is radially unbounded and positive de nite, then its
level set

c=f(x;u;z) 2R R™ RY:V(x;z;u) cg

is not only positively invariant but also compact for anyc > 0. Let us de ne

the following set
n 0

= (xu;2) 2 :\ML(xu;z)=0
= (X;u;2)2 ¢:X=X;u=u
The largest invariant setE contained in satis es
E f (xXu;z)2 : x=x;u=u;u=0g
= (X;u;z)2 @ x=x;u=u;zZ M (Bix +h)=0;i=1; ;m

From (7.59 and 0, we haveE f (x ;u;0)g, and (x ;u;0) is an
equilibrium point of the closed-loop system. Thereforex(;u ;0) is globally
asymptotically stable. Furthermore, it is locally exponetially stable because
the linearization of the closed-loop system at the equilibrm point is expo-
nentially stable. Again, this can be shown with the Lyapunovunction V in
(7.9. Details are omitted for space reasons.

Now, we prove item (ii). From the structures of . in (7.7) and .
with V(x;u;z) in (7.9, if (x(0);u(0)) 2 . and ",kz(0) M (x(0)
x )k?=2"; ", then (x(0);u(0);z(0)) 2 . Since .- is positively invari-
ant, (x(t);u(t);z(t)) 2 - forallt 0. We also have X(t);u(t)) 2 -
forallt 0. Therefore, ifc > 0 is selected such that ..~ X U ,then .
is a feasible region of attraction.
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For given P and K=", to obtain the largest estimation of the region of
attraction contained in X U by Theorem 7.1, we only have to nd the
maximum c¢ > 0 such that ..~ X U . If suchc > 0 exists, this is unique,
sinceX U is compact. The shape of . can be changed by selecting di erent
P and K=" 1, whereP is determined byQ from (7.4).

Next, we brie y mention robustness thanks to the output integal ac-
tion, by applying results in [AP17]. In particular, we show that under small
parameter perturbations, the closed-loop system presesvéhe existence of
an asymptotically stable equilibrium at which output reguétion y = y is
achieved.

Corollary 7.1. Consider the controller {.6) applied to the perturbed model

xo
X = AX + Bix+H u+ G: (7.10)

i=1

For any compactsetX U Z R" R™ R9Yofinitial conditions there
exists > 0 such that, if

k& Ak ; kB; Bk ; kh bk ; kG Gk ;

an equilibrium (% ;& ;z ) which is locally exponentially stable and asymp-
totically stable with a domain of attraction including the st X U Z.
Furthermore, on such an equilibrium one ha€x =y .

Proof . Consider two Lyapunov level sets | = f(x;u;z) : V(x;u;2z)

¢g with V given by (7.9 such that X U Z 1 >. They are
forward invariant compact sets contained in the domain of &ataction of the
equilibrium (x ;u ;z ). Hence all the assumptions ofAP17, Lemma 5] are
veri ed. We conclude that by allowing small parameter pertuations of the
matrices A; Bi; b; G, the resulting closed-loop dynamics are close-enough to
the nominal ones for all ;z;u) 2 ,. The statement of the corollary follows
from the total stability properties claimed in [AP17, Lemma 5]. Similar
details are also given in$GT" 23, Theorem 1].

Note that M in (7.5b) is de ned in terms of the nominal values ofA,
Bi, C, and u;. Thus, M is not aected by perturbations, and we have
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shown in Corollary7.1that by using the nominal M, the proposed controller
guarantees robustness against perturbations. L&, denote the equilibrium

point of the perturbed system, which is obtained by{.2) with A= A+ A,

B,=Bi+ B;,f=h+ bh,andG= G+ G. To estimate a feasible
set (7.7) for the perturbed system, we need to descrilex X,k as a function
of A, B;, h,and G, which is left for future work.

7.3.2 Special Cases

In this subsection, we examine closely the special casestad proposed con-
troller (7.6). First, we consider the integral action of the input only (ie., we
remove the termS(x; z) for the output integral action), which yields

Ku= H@u u) "{RX): (7.11)
With this controller, we can show the exponential stability 6 the closed-loop
system.
Corollary 7.2. Given (x ;u ) 2 D, consider {.1) in closed-loop with (7.117).
Then, the following statements hold:

() the closed-loop system is globally exponentially stablat (x ;u );

(i) ¢ in(7.7) is a feasible region of attractionif . X U

Proof . We select a Lyapunov candidate as
1 1
V(x;u):= Zkx  x k3 + ——ku uKkZ: (7.12)
2 2"
From (7.8), its time derivative along trajectories of the closed-lgm system
satis es

xn
E(x;u)=(x x)P A+ Biy, (x X))
i=1

xn
+(x x )P (Bix+hb)(u u)
i=1

,,iku uki (u u) R(x):
1
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Then, it follows from (7.4) and (7.69 that

1 1
W (x;u) = Ekx x K —1ku u ka: (7.13)
SinceQ OandH O, there exists some> 0 such that* V. Thus,
the closed-loop system is globally exponentially stable & ;u ). Also the
second statement holds, since. is a level set ofV(x; u) that is positively
invariant and a feasible region of attraction.

Next, we consider the output integral action only (i.e. we sett u = 0),
which recovers the controller proposed irZHAC20] (without the saturation
for the input), i.e.,

u H'(":R(X) ":S(x2); (7.14a)
C(x x): (7.14b)

u
Z

According to [ZHAC20], this controller achieves global asymptotic stabiliza-
tion of (x ;0). This can be con rmed by using the following Lyapunov can-
didate:

V(x;z)= }kx x K2+ =2kz M(x x)k*
2 2"
To satisfy the input constraint, i.e., u(t) 2 U for all t 0, a saturation
mechanism is applied infHAC20,SGT" 23] instead of estimating a feasible
set. However, to satisfy the state constraint, an additionanalysis is needed.
As a further special case, removing(x; z) from (7.14) leads to the fol-
lowing static controller:

u=u "H RX); (7.15)

which globally asymptotically stabilizesx , see e.g. Gut81]. This can be
shown based on the Lyapunov candidat® (x) = kx x k3=2. In order
to deal with the input constraint, we need to analyze the combller equa-
tion (7.195 containing the quadratic function R(x).

In contrast to these two existing controllers, by the propad con-
troller (7.6) (or its special case [.11)), a feasible set . can be intuitively
shaped by selecting<=";. This aspect is further emphasized below by de-
signing a controller for a heat exchanger.
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Figure 7.1: Schematic of a counter-current heat exchangertivthree cells in
two layers

7.4 Counter-Current Heat Exchange System

A heat exchanger is a device in which two uid streams exchaadneat without
mixing. Here we consider, in particular, a counter-currentéat exchanger, a
diagram of which is shown in Fig.7.1 Each of the exchanger's compartments
is split into three cells in which temperature is assumed toebuniform. We
denote by T; and T; the temperature of theith cell at compartments 1 and
2, respectively. Analogous descriptions follow for the staen volumetric ow
rates q(t) and q(t), and the stream temperaturesl;, and T;, at the inlet of
each compartment.

Let x = (Tq; Ty; Ts; Ty; To; T3) be the system state andu(t) = q(t) the
control input. If g, Ti,, and T, are assumed to be positive constants, then
the evolution of x is determined by the following modelZHAC20]:

X=Ax+(Bx+ bu+ G; (7.16)
2 3
E 3‘ I3 3 2 3
A=l§ q q 0 Z Tin
I3 3 0 q q 0
1 0 04’
B=l§ 1 1 0 0332_ 0
0 1 1 ' 0
0 3 105 3
G=10000 0qTy ;
and = =c >0, = v > 0. The constant parameters, c, , andv
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7.4. Counter-Current Heat Exchange System

denote the heat transfer coe cient, heat capacity, mass desity of the uid,
and volume of the uid in the heat exchanger, respectively.

From a physical viewpoint, it is desirable that the temperatre T; or
T, of each cell remains in a suitable interval all the time. Moxver, it is
practically sensible that the input should be constrained yospeci ed lower
and upper bounds. Therefore, considering the analysis repea in [ZHAC?20],
we propose to respectively restrick and u to the following compact sets:

X= x2R®:Tin X Tn;i=1; ;6 ; (7.17a)
U=fu2R:Upn U Unax;0: (7.17b)

To apply the proposed controller 7.6), we verify Assumptions7.1 and 7.2
Foranyu > 0, itis possible to show thatA + Bu is Hurwitz, i.e., Assump-
tion 7.1 holds.

For the output regulation problem, following FHAC20], we choosex, as
the system output, obtaining the following output matrix

C=00010 0:

In this case, for any givenu and x satisfying (7.2) except forx, = x, =

X3 = Tin, it IS possible to show that .59 holds [ZHAC20]. Therefore, the
controller (7.6) globally asymptotically stabilizes the equilibrium & ;u ;0).
Also, a feasible set . X U in (7.7) can be estimated. For the considered
heat exchangerpP satisfying (7.4) can be selected as diagonal because for any
u > 0,A+ Bu is Hurwitz and Metzler; see references on positive systems,
e.g., Ranl5 Proposition 1]. Similarly, the controller (7.11) only with the
input integral action can be implemented for making X ;u ) exponentially
stable while estimating a feasible set.

7.4.1 Simulation

We report now the results of a number of MATLAB simulations on he
considered heat exchanger modeV.(L§ in closed-loop with the controllers
proposed in section/.3. Table 7.1 contains the heat exchanger parameters
used in simulation.

First, we apply the dynamic controller (7.11) without output regulation.
The matrix P is set as

P =diag([3:60,0:82 0:42 0:42, 0:42,1:21]):
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Table 7.1: Values of system's parameters

Parameter Value Parameter Value
10 (=K=s) 997 (kgFm®)
v 0:002 (nv) C 4185 (FkgK)
Tin 360 (K) Tin 300 (K)
q 0:02 (Kg=S) | Umin=Umax | 0=0:05 (kg=s)

Also, we choosé; = ", = 1 such that the convergence speeds &f x and
z become similar. Then, we seled = 1:032 10° to shape the estimated
feasible set . such that it becomes very close to the actual feasible setU .
Finally, we determineH such that K 'H = 0:1 based on the discussion in
Section 7.3.1 about the relation among the convergence speedswf u,
X X ,andz.

The simulation result is shown in Fig.7.2 The initial conditions are

x(0) = [355:56; 351:09; 34657, 31476; 30989, 304971

and u (0) = 0:022. The desired state and input equilibrium pairX ;u ) is
switched over time as follows:

= [356:94; 35376, 35045; 3155; 31054; 30538[ ;

=0:03246 when 0 t< 10006);

= [357:52, 35490, 35214; 31581; 31083, 30554F ;

=0:04024 when 1000 t< 20006);

= [356:35; 35260, 34875, 31518, 31026, 305207 ;

=0:27, whent  20006);

c X ©c X < X

We note that convergence is achieved in all the cases and that2z X and
u 2 U all the time. It is worth noting that all pairs (x ;u ) in this section
satisfy Assumption7.1

The second scenario concerns the designed output regulat@re). Here,
we investigate the ability of the controller to regulate theoutput y = x4 to
a desired setpoint in presence of uncertainty in the systenagameters. The
controller parameter is chosen as = 0:1, and the others are the same
as above. The closed-loop system behavior is shown in Fig3, where the
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Figure 7.2: Evolution of the temperatures of the heat exchaeg cells and
the control e ort with input regulation process.

initial conditions are the same as in the previous scenariand the desired
equilibrium is the rst of those listed above. Bothx and u converge to their
equilibrium values fort < 10000 (s). At the time 10000 (s) a perturbation
is introduced by changing the value ofT;, from 360 to 363 (K). In this

case, the output converges to the desired valye = x,, while the stability

properties of the system are preserved andt) 2 X and u(t) 2 U for all

t 0. Compared to other controllers, the static controller in Gut81]

does not satisfy the feasibility constraints and also fails achieve output
regulation under perturbations. Also, since the proposed cwaller does
not contain a saturation, the control signal does not causéigh frequency)
switching that may be experienced in saturated-based cootters such as the
one in ZHAC20].
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Figure 7.3: Evolution of the temperatures of the the heat exelmger cells and
the control e ort with input and output regulation processes.
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7.5. Conclusion and Disscussion

7.5 Conclusion and Disscussion

In this chapter, we have studied stabilizing control desigfior a class of bi-
linear systems under state and input constraints. Our conttler is based on
integral actions on the input and output to balance input andoutput regu-
lations. Closed-loop stability has been proven based on Lp@nov analysis,
which also gives a su cient condition to satisfy input and sate constraints.
Finally, our approach has been applied to the counter-curreheat exchanger
system, and the e ectiveness of the proposed method has bekustrated by
numerical simulations.

Future work includes estimating a tighter feasible regionfattraction and
also a range of perturbations in which output regulation is garanteed.
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Conclusion and Future Research

In this chapter, we conclude the thesis by summarizing the tdined results
in this thesis. In addition, we outline potential directiors for future research,
o0 ering insights and recommendations to guide subsequentusties in this

area.
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8.1 Conclusion

This thesis addresses a key challenge in transitioning framaditional power
and energy systems to modern large-scale networked systemassuring the
asymptotic stability of equilibrium points in DC microgrids and counter-
current heat exchangers while respecting physical consims. We extend
then these results to general nonlinear and bilinear systamwvhich encompass
a wide range of power and energy systems.

Chapters 3 to 7 present the results, building on the prelimaries provided
in Chapter 2. This chapter covered Lyapunov and Krasovskiitability theo-
ries, incremental stability theory, and its characterizaibn through Lyapunov
stability. It also reviewed dissipativity and passivity theory, and their re-
lationship with Lyapunov stability, including passivity-based control design.
Emphasis was placed on equilibrium-point independent pagsgy concepts,
particularly Krasovskii and di erential passivity, which were fundamental to
the results of this thesis.

Chapter 3 marked the beginning of the research presented inig thesis.
It began with the design of a static controller to ensure thetability of a
DC microgrid operating in isolated mode, using a shifted Lyainov func-
tion. We estimated the feasible domain of attraction to enge that trajec-
tories converge to the equilibrium point while satisfying pysical constraints
on state variables. Necessary and su cient conditions werehén provided
through a nonlinear optimization problem to ensure that thecontrol input
remains within a practical feasible range. One can conrm it the pro-
posed controller is a static di erential passivity-based antroller, making the
closed-loop system incrementally asymptotically stablédowever, extending
this controller to a network of boost converters was not fedse due to struc-
tural limitations and excessive information requirementdor the controller.
To address these challenges, we modi ed the controller bdsen the results
presented in Chapter 4.

In Chapter 4, a decentralized dynamic di erential passivi-based con-
troller was designed for a DC microgrid with ZIP loads. The asnptotic
stability of the network'’s equilibrium point was ensured tliough a Krasovskii-
type candidate Lyapunov function. Additionally, the feasilte region of attrac-
tion for the closed-loop systems was estimated, and insightto the tuning of
the gains were provided. Notably, the proposed controller geires minimal
information about the system, speci cally the value of the [@ voltage source.
The controller designed in Chapter 4 was a switching contiler, triggered by

140



8.2. Future Research

measurements of the network's currents, which necessitateigh-tech devices
for practical implementation to demonstrate its full e ectveness. Moreover,
in some regions, the system is controlled in open-loop sttuce. To address
these, in Chapter 5, we modi ed the controller, preservinghte advantages of
the previous proposed controller in Chapter 4 while elimirieng the switch-

ing mechanism. This ensured the controller operates in ckxsloop mode
across all current regions. The proposed controller was @lsnplemented in
a real-time setup at RSE S.p.A., Milan, Italy.

The results presented in Chapters 3, 4, and 5 were then generd to
nonlinear systems in Chapter 6, where di erential passiwtwith an integrable
di erential passive output is veried for the system. More pecisely, we
proposed a static controller that extended the controllerrbm Chapter 3,
a dynamic controller that extended those from Chapters 4 and, and a new
dynamic controller capable of acting as an output regulatofor nonlinear
systems. As an application, we considered a counter-currdmat exchanger
system. We rst demonstrated that a counter-current heat eghanger with
any number of cells retains the dierential passivity propgy. Then, we
designed all three proposed controllers for a system withufiocells.

In Chapter 7, di erently from the previous chapters, we intoduced an
analysis and synthesis framework for bilinear systems wittmultiple inputs
and outputs, motivated by the fact that various systems in dierse elds,
including DC microgrids and counter-current heat exchange, fall into this
category. We designed a uni ed Lyapunov-based controlleorf bilinear sys-
tems, which serves as a stabilizer and can act as both an ingrtd/or output
regulator. A feasible region of attraction for the closedsbp system was then
estimated to ensure adherence to physical constraints. A wuer-current
heat exchanger was chosen as an application to evaluate thectiveness of
the controller in the presence of model uncertainty. This edroller can also
be applied to a network of bilinear systems, although its gfiicture may not
necessarily be decentralized or distributed.

8.2 Future Research

Based on the presented results, we outline the following pasitial future
research directions. Some of these have already been disedsat the end of
each chapter.
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" Regarding the DC microgrid presented in Chapters 3, 4, and &pen re-

search directions include improving the robustness of themtrol system
by incorporating integral action on the voltage error in thecontrol law
and nding a suitable Lyapunov function to establish asympotic stabil-
ity of the desired equilibrium point. Additionally, we aim to extend the
proposed controllers in Chapters 4 and 5 to achieve load shmay, in ad-
dition to voltage regulation. As the next future work, we arenterested
in equipping the proposed control system with an adaptive nseanism
to estimate unknown parameters, such as the internal resssice of bat-
teries, and ensuring asymptotic stability in their presene. Extending
the presented results to the case of hard switching, which reanonly
occurs in practical implementations, represents an intesgng direction
for further research.

Building on the discussions in Chapters 3 through 7, explowg alter-
native candidate Lyapunov functions to achieve less consative es-
timates of the feasible domain of attraction represents a pmising
avenue for future research. The Lyapunov functions introcied in
Chapters 3 and 7 yield ellipsoidal invariant level sets. Hower, these
level sets may lead to overly conservative estimates of thegion of
attraction, especially in the presence of polytopic congtimts on tra-
jectories, such as voltage and current limits. Inspired byhe works
of [KC23,BA08,SALB12,SL17, a compelling direction for future inves-
tigation involves utilizing polyhedral Lyapunov functiors to establish
stability for networks of power and heating systems.

An interesting future research direction is developing a plycally mean-
ingful storage function for analyzing systems based on Kmasskii and
di erential passivity theories. For instance, in Chapter 6 discovering a
new physically meaningful storage function could lead to antegrable
di erential passive output for counter-current heat exchagers with any
arbitrary number of cells. Moreover, applying the results qgsented in
Chapter 6 to district heating systems to nd conditions that guaran-
tee a decentralized temperature stabilizer would be an opeasearch
direction.

An additional proposed future research direction is develom the re-
sults from Chapter 7 to ensure the existence of a decentradcontroller
for the interconnection of bilinear systems. Another work,ancerning
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Chapter 7, includes estimating a tighter feasible region dfttraction
and also a range of perturbations in which output regulatioms guar-
anteed.
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