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Abstract

Power and energy systems are increasingly evolving toward large-scale net-

worked systems with distributed generation units that enable the integra-

tion of renewable energy sources, aiming to address environmental and

performance-related challenges. However, this transitionpresents signi�cant

obstacles. This research addresses some of these challenges within the con-

text of boost converter-based DC microgrids and counter-current heat ex-

changers, key components of district heating systems. The proposed meth-

ods are further generalized to nonlinear and bilinear systems under speci�c

conditions. This thesis addresses the challenges of designing decentralized

controllers for voltage regulation in DC microgrids, ensuring the satisfac-

tion of physical constraints, such as the boundedness of control inputs and

state variables, while also enabling ease of implementation. Similar chal-

lenges arise in the context of counter-current heat exchangers, where the

main objective is temperature regulation. In this thesis, aLyapunov-based

static controller is �rst proposed for islanded DC microgrids. Decentralized

dynamic controllers are then designed for DC microgrids by leveraging the

system's di�erential passivity property. Physical constraints are satis�ed by

estimating a feasible region of attraction. The dynamic controller is further

extended to generic nonlinear systems with integrable di�erential passive

outputs. The proposed controllers are also applied to counter-current heat

exchangers, achieving temperature regulation. Additionally, this thesis devel-

ops a uni�ed controller for general multi-input, multi-output bilinear systems

with additive and multiplicative terms, encompassing bothboost converter-

based DC microgrids and counter-current heat exchangers. The proposed

controller ensures asymptotic stability and input/output regulation under

model uncertainties. Additionally, we also provide an estimation of the fea-

sible region of attraction. To demonstrate its versatility, it is applied to a

counter-current heat exchanger, achieving output regulation while meeting

physical constraints. All the techniques proposed in this thesis are validated

through MATLAB/Simulink simulations, which con�rm their e� ectiveness.
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Additionally, the decentralized di�erential passivity-based controller for DC

microgrids is implemented on a real-time system using dSPACE interfaces,

with experimental results demonstrating its practical e�cacy.
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Notation

The cardinality of a given setA is denoted byjAj . To exclude an element

a 2 A , from the setA , we employ the notationAna. The set of real numbers,

non-negative real numbers, and positive real numbers are denoted by R, R� 0,

and R> 0, respectively. Then-dimensional vector whose all components are

1 is denoted by1n . The identity matrix with dimension n � n is denoted by

In . For the vector x 2 Rn and a scalarq, [x] 2 Rn� n represents the diagonal

matrix whose diagonal entries are the components ofx, and xq 2 Rn denotes

a vector which its i -th element is the i -th element of x to the power of q.

The Euclidean norm of a vectorx 2 Rn weighted by a matrix Q 2 Rn� n is

denoted bykxkQ :=
p

x> Qx. If Q = In , this is simply denoted bykxk. For

two vectorsx; y 2 Rn , their Hadamard product, denoted by (x � y) 2 Rn , is a

vector with j -th element (x � y) j = x j yj for j = 1; � � � ; n. The notation x � y

(x > y ) indicates that all entries of vectorx � y are nonnegative (positive).

Additionally, given x 2 Rn ; y 2 Rm , we compactly denote (x; y) = ( x> ; y> )> .

For matricesA; B 2 Rn� m , we write A � B (A < B ) if and only if A i;j � B i;j

(A i;j < B i;j ) for all i = 1; : : : ; n and j = 1; : : : ; m, where A i;j denotes the

(i; j )-th component ofA. For A 2 Rn� n , A � 0 (resp. A � 0) means thatA is

symmetric and positive (resp. semi) de�nite. The (n� n)-dimensional matrix

with the elements of vectorr on the kth diagonal is denoted by diagn;k f r g,

wherek > 0 (resp. k < 0) means above (resp. below) the main diagonal. The

notation f 2 C� , � � 1, indicates that the functionf is � -times continuously

di�erentiable with respect to its arguments. For a given smooth manifold D,

the tangent space ofD at a point p 2 D is denoted byTpD, and the tangent

bundle is denoted byT D.
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1
Introduction

This chapter outlines the motivations for analyzing the systems discussed
in this thesis and identi�es the challenges in achieving thedesired control
objectives. Before providing an overview of the thesis, we highlight the key
contributions and results. Finally, a list of publications derived from the
thesis is presented.

1



Nowadays, we are experiencing a signi�cant shift from traditional, central-
ized power and energy generation and transmission systems to more complex,
large-scale, distributed structures [GBZ+ 10]. This transition is driven by var-
ious factors, including economic conditions, concerns about climate change
and the environment, and technical advancements aimed at improving system
e�ciency, reliability, and operation stability [ NMDL15, CTDP+ 19]. Micro-
grids and district heating systems can o�er a promising solution to address
these challenges [Hat14,SGM20].

Traditionally, power 
ow was unidirectional, from large power plants to
consumers, often over long distances through transmissionnetworks, result-
ing in signi�cant energy losses [Cuc18]. However, modern electrical networks
feature bidirectional power 
ow. Power can now be generatedfrom renewable
sources like wind and solar energy, while end users can both consume and
produce electricity on a smaller scale, with surplus energystored for future
use. In this context, microgrids have emerged as a new concept for electric
power networks [LSH10,Las02]. These systems consist of clusters of spatially
distributed generation units (DGUs), loads, and storage systems [LP04], and
support the integration of renewable energy sources (RESs), which is es-
sential in meeting rising energy demand [CTDP+ 19] and enabling electri�-
cation in remote areas [LP04]. Microgrids function as active, independent
distribution systems [IEE11] and can interconnect via power lines, with the
ability to operate autonomously during outages through islanding [ZD15].
Distribution systems are categorized into Direct Current (DC), Alternating
Current (AC), or hybrid networks. In recent decades, DC microgrids have
gained increased attention, contrasting with earlier years when alternating
power networks were more signi�cant [MST+ 17]. This shift is driven by ad-
vancements in semiconductor-based power conversion [MST+ 17], the rise of
renewable energy sources and storage devices, the growing use of DC appli-
ances [MST+ 17], and the advantages that DC microgrids o�er over their AC
counterparts [NMDL15,ZD15,CSM24,SSK18]. Furthermore, the increasing
need to interconnect distant power networks, such as o�shore wind farms, has
promoted the use of high-voltage DC technology. This technology is advan-
tageous for long distances, underwater cables, asynchronous networks, and
grids operating at di�erent frequencies [CTDP+ 19]. For these reasons, DC
microgrids are attracting growing interest and receiving signi�cant research
attention.

The larger the scale of a networked system, the more challenging it be-
comes to achieve desired control objectives [Fu24]. Regarding DC micro-

2



grids, several challenging issues include voltage regulation, power and current
(or load) sharing, consensus, droop control, stability androbustness, fault
detection and isolation, and optimization [VPD+ 17, TPLS15, BBG20, RJ22,
KCFS23, SCC22, CKS23, KCS19]. This thesis addresses one of the primary
challenges in DC microgrids: voltage regulation [CSM24]. Voltage regulation
is crucial for the proper operation of connected electricaldevices. The power
system analyzed and synthesized in this thesis is a boost converter-based
DC microgrid. Speci�cally, we examine a network of nodes connected by
dynamic power lines, where each node includes a DGU supplying power to a
nonlinear load via a boost converter. However, voltage regulation alone is not
enough; additional challenges are related to satisfying physical constraints,
while voltage regulation is guaranteed.

Another key system analyzed and synthesized in this thesis isthe counter-
current heat exchanger, a major component in district heating systems
[MCPS22], which consist of heat generation units, storage devices,and un-
derground pipes that distribute heat across neighborhoodsor entire cities
[MCS24]. They are seen as a promising solution for improving energy e�-
ciency and savings [SGM20].

District heating networks are typically nonlinear systemsa�ected by dis-
turbances and uncertainties due to factors like weather changes and demand
patterns [MCS24]. Additionally, there is strong motivation to transition to
an energy system that utilizes both renewable and traditional (fossil) energy
sources [KMS21]. The integration of more diversi�ed and distributed heat
sources will further complicate district heating networks[MCS24], necessi-
tating advanced control strategies to achieve control objectives in isolated or
network modes such as regulating 
ow, pressure, volume, andtemperature,
performance optimization. Recent research e�orts have focused on achiev-
ing various de�ned control objectives [KMS21,MCPS22,SMC+ 24,WYZ + 17,
MCS22,SDPT17,BVKK17 ,MDC09,ZHAC20,ABG16]. This thesis focuses on
the problem of temperature regulation in the presence of model uncertainties
for a counter-current heat exchanger, while also considering the satisfaction
of physical constraints.

3



1.1. Challenges

1.1 Challenges
This thesis focuses on boost converter-based DC microgridsas power systems
and counter-current heat exchangers as key components of district heating
systems. The challenges regarding these systems are outlined below.

1. Designing a stabilizer to guarantee the asymptotic stability of equilib-
rium points in the systems is challenging, particularly when accounting
for the controller's structure. Moreover, in networked systems, decen-
tralized controllers are prioritized over centralized ones due to di�erent
factors such as cost-e�ectiveness, reduced computationalburden, and
the avoidance of reliance on high-capacity processors.

2. Another challenge is ensuring the robustness of the closed-loop system
against uncertainties in the system model, external disturbances, and
cyber attacks. This can be viewed as the challenge of designing a
controller with minimal required information. Excessive information
needed for controller design can reduce robustness or even negatively
impact the closed-loop system's performance.

3. Both of the systems have actuators that act as interfaces for control
signals and are subject to physical constraints. Additionally, to ensure
the proper functioning of the closed-loop system, the system states may
need to satisfy certain constraints, such as lower and/or upper bounds.

4. Analyzing the closed-loop system in terms of estimating the domain
of attraction and e�ectively tuning the gains is also challenging due
to nonlinear dynamics of the systems, the distributed nature, time-
varying nature of loads, and the need for a fast transient response or
other speci�c transient characteristics of the closed-loop system.

1.2 Contributions
The research presented in this thesis includes the following main contribu-
tions.

Contribution 1. A static controller is designed for a boost converter-based
DC microgrid operating in islanded mode to ensure the asymptotic stability
of the system's equilibrium point. A feasible level set is also estimated for
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the closed-loop system to satisfy physical constraints on the state variables.
Additionally, the boundedness of the control input, represented by the duty
cycle of the boost converter's switch, is guaranteed by developing necessary
and su�cient conditions on the controller's gains.

Contribution 2. A scalable switching dynamic controller is introduced for
a boost converter-based DC microgrid with nonlinear loads,where the nodes
are interconnected through dynamic power lines, to ensure the asymptotic
stability of the network's equilibrium point. Additionally , a feasible region
of attraction is estimated for the closed-loop system so that all trajectories
starting from initial conditions within this region satisfy physical constraints
on the state variables and keep the control inputs within a feasible operational
range. Moreover, some insights into tuning the controller gains to achieve
a reasonable size of the feasible region of attraction and ensure reasonable
performance are provided.

Contribution 3. A dynamic controller is introduced for a boost converter-
based DC microgrid with nonlinear loads. This controller ensures the asymp-
totic stability of the closed-loop system's equilibrium point, satis�es physical
constraints on the state variables and control input, and maintains a simple
structure for practical implementation.

Contribution 4. For di�erentially passive systems, two dynamic con-
trollers|input shaping and output shaping|along with one s tatic controller
are proposed to ensure asymptotic stability of the closed-loop system's equi-
librium point, provided speci�c integrability and detectability conditions are
satis�ed. These controllers are applicable to DC microgrids and counter-
current heat exchangers, as well as systems in other domains. Moreover,
output regulation can be achieved for the system in closed-loop with the
dynamic output shaping controller.

Contribution 5. Given that a wide range of systems, including DC micro-
grids and counter-current heat exchangers, are classi�ed as bilinear systems,
a uni�ed controller is proposed for generic multi-input multi-output bilin-
ear systems. This controller ensures the asymptotic stability of the system's
equilibrium point and guarantees output and input regulation to desired val-
ues despite model uncertainties. Additionally, a feasible region of attraction
for the closed-loop system is estimated. Its application ina counter-current
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heat exchanger demonstrates the method's e�ectiveness.

1.3 Overview on Thesis Chapters
This thesis consists of eight chapters, with the �rst and last chapters covering
the introduction and conclusion, respectively. The connections between the
other chapters are illustrated in Fig. 1.1. The content of Chapters 2 to 7 is
outlined as follows.

Chapter 2. In this chapter, we present a brief overview of Lyapunov stabil-
ity theory, LaSalle Invariance Principle, and domain of attraction estimation.
These concepts are fundamental to the discussions in chapters 3 to 7. We
then provide an overview of the notion of stability in terms of trajectories rel-
ative to each other, characterized by di�erential Lyapunovfunctions. Next,
we review the concepts of passivity, Krasovskii passivity and di�erential pas-
sivity, which can be seen as generalizations of Lyapunov stability theory and
di�erential Lyapunov stability theory, respectively. The theory of di�erential
passivity is fundamental in Chapters 4, 5, and 6.

Chapter 3. This chapter addresses Contribution 1, focusing on a boost
converter operating in islanded mode, where a static controller is designed.
The content of this chapter is based on the results presentedin [MKC23].

Chapter 4. This chapter addresses Contribution 2, focusing on the design
of a decentralized dynamic switching controller for a DC microgrid with
boost converters interconnected by dynamic power lines. The content of this
chapter is based on the results presented in [NMKC25].

Chapter 5. This chapter addresses Contribution 3, focusing on the design of
a decentralized dynamic controller for a DC microgrid with boost converters
interconnected by dynamic power lines. The proposed controller preserves
the advantages of the one introduced in Chapter 4 while beingsigni�cantly
easier to implement in practice. The content of this chapteris based on the
results presented in [NMKLC25].

Chapter 6. This chapter addresses Contribution 4, focusing on a generic
nonlinear system. The �ndings here extend and generalize the methods in-
troduced in Chapters 4 and 5. The system can either be networked, like the
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Figure 1.1: A brief overview of the connections between the chapters.

DC microgrids discussed in Chapters 4 and 5, or a standalone system like
the system in Chapter 1 or a counter-current heat exchanger.An application
of these results is demonstrated with a counter-current heat exchanger. This
chapter's content is based on the results published in [MKC24].

Chapter 7. This chapter addresses Contribution 5, presenting resultsfor
generic multi-input multi-output bilinear systems with both additive and
multiplicative terms. To demonstrate the e�ectiveness of these results, a
counter-current heat exchanger is considered as an application. The content
of this chapter is based on the �ndings published in [MKM + 23].

1.4 List of Publications
In the following, a list of my publications is presented, ordered by the time
of publication.

ˆ Morteza Nazari Monfared, Yu Kawano, and Michele Cucuzzella.
Voltage control of boost converters: Feasibility guarantees. IFAC-
PapersOnLine, 56(2):803{808, 2023. 22nd IFAC World Congress.

ˆ Morteza Nazari Monfared, Yu Kawano, Juan E. Machado, Daniele As-
tol�, and Michele Cucuzzella. Stabilization for a class of bilinear sys-
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tems: A uni�ed approach. IEEE Control Systems Letters, 7:2791{2796,
2023.

ˆ Morteza Nazari Monfared, Yu Kawano, and Michele Cucuzzella.Stabi-
lizing control design by integrable di�erential passive outputs. In 2024
IEEE 63rd Conference on Decision and Control (CDC). IEEE, 2024.
(accepted)

ˆ Morteza Nazari Monfared, Yu Kawano, and Michele Cucuzzella.De-
centralized voltage control of boost converters in DC microgrids: Feasi-
bility guarantees. IEEE Transactions on Control Systems Technology,
33(1):3{15, 2025.

ˆ Morteza Nazari Monfared, Yu Kawano, Riccardo Lazzari, and Michele
Cucuzzella. Decentralized voltage control of boost converters in DC
microgrids: Theory and experimental validation. In2025 European
Control Conference (ECC), 2025. (submitted).
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2
Preliminaries

This chapter reviews the concept of Lyapunov stability for nonlinear systems
and provides a brief overview of the region of attraction of an equilibrium
point. Then, we discuss Krasovskii stability theory, whichcan prove the
stability of a system's equilibrium point without requiring prior information
about the equilibrium point. Stability is de�ned not only concerning the
equilibrium point but can also extend to any two solutions ofa dynamical
system relative to each other, leading to the concept of incremental stability,
also known as contraction analysis. Accordingly, a section is dedicated to
reviewing these concepts and characterizing them based on Finsler-structure
Lyapunov functions.

Next, we review passivity theory, which generalizes Lyapunov stability
and is fundamental to this thesis for system analysis and designing passivity-
based controllers. To introduce this notion, we start by reviewing the general
concept of dissipative systems, recalling their de�nitionand physical energy
interpretation. Then, we discuss various types of dissipative systems, includ-
ing passive systems. We also explore the connection betweenpassivity and
Lyapunov stability, followed by the design of passivity-based controllers.

Additionally, we recall the pervasive dissipation problem,a common chal-
lenge in investigating the passivity of electrical systems. To resolve this issue,
the recently proposed concept of equilibrium-independentdissipativity and
passivity is brie
y reviewed. Notable recent developments include Krasovskii
passivity and di�erential passivity. We speci�cally use the recently proposed
concept of di�erential passivity. While there has been progress in the anal-
ysis and synthesis of passive systems, the synthesis of di�erential passive
systems remains an open problem. Therefore, we introduce these notions of
passivity in this section and postpone the control synthesis to the subsequent
Chapters.
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2.1 Introduction to Lyapunov Stability
Studying the behavior of dynamical systems solutions concerning well-de�ned
mathematical objects, such as equilibrium points, manifolds, and speci�c
trajectories, is of great interest in control systems [Gia22]. Analyzing the
stability of these solutions, particularly with respect tothe system's equi-
librium point, is a signi�cant challenge. Stability is generally characterized
by examining how a system responds to small perturbations inits states.
Speci�cally, an equilibrium point is consideredstableif, for su�ciently small
initial disturbances (initial conditions within a ball of radius � centering the
equilibrium point), the perturbed motion remains within a prescribed small
region of the state space (trajectories remain in a ball of radius " for all the
time instances," � � , centering the equilibrium point). This forms the basis
for the " � � de�nition of stability [ HC08]. In some cases, the equilibrium
point may also be attractive, meaning that disturbed trajectories not only re-
main stable but also converge to the equilibrium point over time if they start
from su�ciently close initial conditions. This property is called asymptotic
stability, and the region where trajectories starting from initial conditions
within that region converge to the equilibrium point is known as thedomain
of attraction [Kha02].

Regarding the stability of the equilibrium point, the Russian mathemati-
cian A. M. Lyapunov established a basis for investigating thestability prop-
erties of a system's equilibrium point through energy-likefunctions, known
as candidate Lyapunov functions[HC08]. Over the decades, this concept
has been expanded by theorems fromKrasovskii, LaSalle, Chitave, Zubov,
Yoshizawa, and so on [Kha02,KA01]. Finding suitable energy-like functions
remains a challenging task, and much research has been devoted to sug-
gesting and constructing Lyapunov functions [MN07,PP02,MM09]. Besides
their usefulness in proving stability, Lyapunov functionsalso aim to estimate
the region of attraction, where identifying its exact borders is a signi�cantly
complex task [GTV85,VTG09,Che09].

The equilibrium point is not the only mathematical object ofconcern in
stability analysis. Depending on the problem and the type ofanalysis being
pursued, di�erent stability notions may be applied. While stability is com-
monly formulated with respect to the equilibrium point, it is not con�ned
to this. For example, stability can be analyzed in terms of the relation-
ship between any two solutions of a dynamical system, a concept known as
incremental stability, which, in certain contexts, is also referred to ascontrac-
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tion analysis [Ang02,RvM13,LS98,FS14,JF10]. Although the origins of this
concept date back several decades (for more details, see [Jou05], [GHK22],
and [PPvN04]), it gained signi�cant attention again after the works of Win-
fried Lohmiller and Jean Jacob Soltine [LS98]. The concept was subse-
quently generalized, leading to the development of new notions such asK-
contraction [WKM22], di�erential passivity [ FSvdS13], and di�erential pos-
itive systems [FS16]. Contraction can be formulated using di�erent metrics
to measure the distance between two trajectories or characterized on various
structures. In two seminal works on contraction analysis [FS14] and [Ang02],
the authors relate contraction analysis to Lyapunov stability theory, using in-
cremental and Finsler-Lyapunov functions, respectively [KB24]. In this the-
sis, the latter approach|contraction analysis using Finsler-Lyapunov func-
tions|is employed to demonstrate the asymptotic stability of the trajectories
and the equilibrium point, emphasizing that the equilibrium point is a solu-
tion to the dynamical system when the initial conditions areplaced at that
point.

2.2 Lyapunov Stability Theory
Let consider the following nonlinear autonomous system forwhich f : D !
Rn is a locally Lipschitz map with the state variable vectorx : R� 0 ! D � Rn

_x = f (x); x (0) = x0; t � 0: (2.1)

Here, the symbolt stands for time andx0 is the vector of initial conditions.
The solution of the system (2.1) at the time instant t and in response to
initial condition x0 is denoted byx = x (t; x 0), 8t 2 R� 0. It is assumed that
for the dynamic system (2.1) the following set is not empty.

� :=
�

x � 2 D
�
� f (x � ) = 0 ; 8t � 0

	
: (2.2)

Then, we callx � as the equilibrium point of the system (2.1). Now, we can
recall, the Lyapunov stability theory.

Theorem 2.1 ( [Kha02, Theorem 4.1]). Consider the nonlinear system(2.1)
with x(t; x � ) = x � as its equilibrium. Let V : D ! R is a function of class
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C1 such that

V (x � ) = 0 ; (2.3a)

V (x) > 0; 8x 2 Dnx � : (2.3b)

Then,

ˆ the solution x(t; x � ) = x � is a (Lyapunov) stable equilibrium point if

_V(x) =
@V(x)

@x
f (x) � 0; 8x 2 D : (2.4)

ˆ the solution x(t; x � ) = x � is an asymptotically stable equilibrium point
if it is stable and

_V(x) =
@V(x)

@x
f (x) < 0; 8x 2 Dnx � : (2.5)

Any function V(x) that satis�es conditions (2.3) and (2.4) is called a
Lyapunov function. The Lyapunov function V(x) is positive de�nite if it
satis�es the condition (2.3) and its time derivative, _V(x), is negative (semi)
de�nite if satis�es the conditions (2.4), (2.5).

De�nition 2.1. The surface 
 c := f x 2 D j V(x) = cg, for a given Lya-
punov function V(x) and for some givenc > 0, is called aLyapunov surface
or a level set. C

According to Lyapunov theory 2.1, if a Lyapunov function meets the
stability conditions over the set D, then the level set 
 c contained in D,

 c � D , is a positively invariant set. This means that once a system's
trajectory enters the level set 
c, it remains within the set for all future time
instances. Furthermore, for a Lyapunov function that satis�es the asymptotic
stability conditions in Theorem 2.1, 
 c is not only a positively invariant set,
but also an estimation of the system's equilibrium point region of attraction.

2.2.1 Region of Attraction

For the system (2.1) where the set � de�ned in ( 2.2) is not empty, the region
of attraction, also known as thedomain of attraction, is de�ned when the
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system's equilibrium point x � is asymptotically stable. It is not enough to
determine that a system has an asymptotically stable equilibrium point; it
is also crucial to �nd the region of attraction of that point, or at least an
estimate of it. This region determines how far from the equilibrium point the
initial conditions can be for the trajectories to converge to the equilibrium
point as t ! 1 [Kha02]. Estimating the domain of attraction of equilibrium
points is a fundamental problem in systems engineering and is particularly
important in power systems [Kha02]. Since obtaining the exact domain of
attraction is challenging, several methods have been developed to estimate
or enlarge this region [GTV85,VTG09,Che09,HEGA16,VV85,Che04,Tib00,
Che11,LAC05]. The following Lemma explores some properties of the domain
of attraction, assuming, without loss of generality, that the equilibrium point
is at the origin x � = 0.

Lemma 2.1. If x = 0 is an asymptotically stable equilibrium point for the
system (2.1), assuming the solutionx(t; x 0) exists uniquely for allt � 0, then
its region of attraction, RA , is an open, connected, invariant set. Moreover,
the boundary ofRA is formed by trajectories. �

2.2.2 LaSalle Invariance Principle

Lyapunov theory provides su�cient conditions for the (asymptotic) stability
of an equilibrium point. By �nding a Lyapunov function whosetime deriva-
tive along the system's trajectories is negative semide�nite, one can con�rm
both the stability and, under certain conditions, the asymptotic stability
of the equilibrium point. For example, let examine a nonlinear system|a
pendulum suspended at a joint with friction|described by the following dy-
namics [Kha02, Example 4.4]

_x1 = � x2 (2.6)

_x2 = � asinx 1 � bx2; (2.7)

wherea; b > 0. Using the total energy of the system as the candidate Lya-
punov function V(x) := a(1 � cosx1) + (1 =2)x2

2, the time derivative of the
Lyapunov function along the system's trajectories will be negative semide�-
nite, indicating that the system's equilibrium point is stable. However, phys-
ically, we also know that the equilibrium point is asymptotically stable. In
such cases, we can apply a generalization of Lyapunov theory, known as the
LaSalle's Invariance Principle Theorem, to address this problem.
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To prove the asymptotic stability of a system's equilibriumpoint when
the candidate Lyapunov function is not monotonically decreasing along the
system's trajectories, i.e., when its time derivative is not negative de�nite,
we can apply LaSalle's Theorem. If the conditions of the theorem are sat-
is�ed, the asymptotic stability of the system's equilibrium point can still be
established.

Theorem 2.2 ( [Kha02, Theorem 4.4]). Let 
 � D be a compact set that is
positively invariant with respect to(2.1). Let V : D ! R be a continuously
di�erentiable function such that _V(x) � 0 in 
 . Let E be the set of all points
in 
 where _V(x) = 0 . Let M be the largest invariant set inE. Then every
solution starting in 
 approachesM as t ! 1 .

One may con�rm that a Lyapunov function over the setD with the level
set 
 c � D can satisfy the conditions of Theorem2.2. The LaSalle in-
variance principle (Theorem2.2) guarantees the asymptotic stability of the
equilibrium point under certain su�cient conditions, even if _V(x) is negative
semi-de�nite.

The next challenge in applying the Lyapunov stability Theorem 2.1 is
�nding the appropriate Lyapunov function. One approach to constructing
Lyapunov functions is the use ofKrasovskii Lyapunov functions[HC08].

2.2.3 Krasovskii Lyapunov Function

Finding a Lyapunov function for a given system is a challenging task. Al-
though there are methods that suggest suitable Lyapunov functions, no gen-
eral approach exists for de�ning them. For example, one might consider the
total energy of the system as the Lyapunov function. However,determining
the energy for complex systems is often impractical. Furthermore, there are
speci�c methods for constructing Lyapunov functions for systems with par-
ticular structures or types [MN07,PP02,MM09,AMP13,SM14,GH12,Zub61,
Gie07,NGR23,LXC21].

In [Kha02] and [HC08], two mechanisms are provided for constructing
Lyapunov functions for general nonlinear systems (2.1)- the Variable Gradi-
ent Method and Krasovskii's Theorem. While the former is beyond the scope
of this thesis, Krasovskii's Theorem is presented as follows.
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Theorem 2.3 ( [HC08, Theorem 3.6]). Let assume thatx = x � is an equi-
librium point for the nonlinear dynamical system(2.1). The point x = x �

is a unique asymptotic stable equilibrium point for the system(2.1), if there
exist two matrices0 � P 2 Rn� n and 0 � R 2 Rn� n such that

� @f(x)
@x

� >
P + P

@f(x)
@x

� � R; 8x 2 Dnx � : (2.8)

Then, the Lyapunov function is given by

V(x) := f > (x)P f (x): (2.9)

If, in addition, D = Rn , the asymptotic stability property holds globally.

The theorem (2.3) not only allows us to construct a Lyapunov function
for the general nonlinear system (2.1), but also guarantees stability without
requiring knowledge of the equilibrium point. More speci�cally, it is su�cient
to guarantee the existence of a unique equilibrium pointx � within the set D.

Most existing results in the literature that use Lyapunov-based analy-
sis assume (without loss of generality) that the origin is the equilibrium
point to be stabilized via a control law, since the equilibrium point can be
shifted to the origin by applying a change of coordinates to the system's
dynamics [Kha02]. However, this assumption does not hold in all practi-
cal scenarios. Typically, a constant control law is �rst applied to shift the
equilibrium to the origin, after which stabilizing control actions are used.
However, this approach requires knowledge of both the equilibrium point
and the constant preliminary control action [Gia22]. The challenge is that
these two factors may not be precisely known, as they are highly depen-
dent on the system's characteristics. Moreover, they are sensitive to external
perturbations [Gia22]. This limitation motivates researchers to consider al-
ternative stability notions for non-�xed, well-de�ned mathematical objects,
one of which is incremental stability.

2.3 Incremental Stability
In this section, we �rst recall the de�nition of incremental stability [ FS14],
and then examine its characterization in terms of Lyapunov stability theory.
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Consider the non-autonomous system

_x = f (x; t ); (2.10)

wherex 2 M , t 2 R, and f 2 C1 with f : M � R ! T xM . Let the solution
to this dynamical system, given the initial conditionx (t0) = x0 2 M at time
t0 2 R, be denoted asx (t; x 0; t0). The following de�nition is then introduced.
In the following de�nition, we use the notationx1

0 and x2
0 to denote two initial

conditions.

De�nition 2.2 ( [FS14, De�nition 1]) . Consider the system (2.10) on a given
manifold M . Let D � M be a forward invariant set and letd : M � M !
R� 0 be a continuous distance onM . Then, the system (2.10) is de�ned as

ˆ incrementally stableon D with respect to distanced if there exists a
classK function � such that for all x1

0; x2
0 2 D

d
�
x

�
t; x 1

0; t0
�

; x
�
t; x 2

0; t0
��

� �
�
d

�
x1

0; x2
0

��
; 8t � t0; 8t0 2 R:

(2.11)

ˆ incrementally asymptotically stableon D if it is incrementally stable
and 8x1

0; x2
0 2 D , 8t0 2 R

lim
t !1

d
�
x

�
t; x 1

0; t0
�

; x
�
t; x 2

0; t0
��

= 0: (2.12)

ˆ incrementally exponentially stableon D if there exist a distanced, K �
1, and � > 0 such that 8x1

0; x2
0 2 D , 8t0 2 R, 8t � t0

d
�
x

�
t; x 1

0; t0
�

; x
�
t; x 2

0; t0
��

� Ke � � (t � t0 )d
�
x1

0; x2
0

�
(2.13)

C

Before detailing the characterization of incremental stability in terms of
Lyapunov theory, we emphasize that Theorem2.3 is a speci�c case of the
so-calledDemidovich theorem, which guarantees the convergence of any two
solutions of the system. The Demidovich theorem is presented as follows.

Theorem 2.4 ( [PPvN04], [Dem67]). Consider the non-autonomous system

_x = f (x; t ) ; (2.14)
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and the matrix A (x; t ) as

A (x; t ) := 0 :5

 

P
@f(t; x )

@x
+

�
@f(t; x )

@x

� >

P

!

; (2.15)

for some matrix P � 0, where x 2 Rn , t 2 R. If the matrix A (x; t ) � 0
uniformly in (x; t ) 2 Rn � R and kf (0; t)k � � < + 1 for all t 2 R, then, the
di�erence between any two solutions of system(2.14) decreases exponentially.
More precisely,

kx1(t) � x2(t)k � 
e � � (t � t0 )kx1(t0) � x2(t0)k; (2.16)

where
; � > 0.

For the particular case,f (0; t) � 0 one obtains the well-known Krasovskii
stability Theorem 2.3 [PPvN04].

The notion of incremental stability for a dynamic system canbe charac-
terized using Lyapunov theory [Ang02,ZM11]. In [FS14], the authors charac-
terize incremental stability within the framework of Lyapunov theory using
a Finsler structure. Let us recall the system (2.1) as

_x = f (x); x 2 M ; (2.17)

whereM is a smooth manifold. For the system (2.17), the variational system
is de�ned as

_�x =
@f(x)

@x
�x ; �x 2 TxM : (2.18)

Together, the systems (2.17) and (2.18) form the so-calledprolonged sys-
tem with state variables (x; �x ) 2 T M . Based on these considerations, the
following theorem is presented [FS14].

Theorem 2.5 ( [FS14]). Consider the system(2.17) on a smooth manifold
M with f of classC2, a connected and forward invariant setD, and a function
� : R� 0 ! R� 0. Let V (x; �x ) be a candidate Finsler{Lyapunov function such
that, in coordinates,

@V(x; �x )
@x

f (x) +
@V(x; �x )

@�x
@f(x)

@x
�x � � � (V (x; �x )) (2.19)

for eachx 2 D � M , and �x 2 TxM . Then, the system(2.17) is
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ˆ incrementally stable onD if � (s) = 0 for eachs � 0.

ˆ incrementally asymptotically stable onD if � is a K function;

ˆ incrementally exponentially stable onD if � (s) = �s > 0 for each
s > 0.

One may con�rm that verifying Theorem 2.5 for V (x; �x ) := 0 :5k�x k2
P is

equivalent to Theorem2.4 [FS14].
The LaSalle inveriance principle for Lyapunov stability theorem, is also

extended to incremental stability characterized by the Lyapunov function
with Finsler structure presented in Theorem2.5. In the following, LaSalle
invariance principle for contraction analysis is presented.

Theorem 2.6 ( [FS14]). Consider the system(2.17) on a smooth manifold
M with f of classC2, a continuous function� : T M ! R� 0, and a connected
set D � M , forward invariant for _x = f (x). Let V(x; �x ) be a Finsler-
Lyapunov function such that, in coordinates

@V(x; �x )
@x

f (x) +
@V(x; �x )

@�x
@f(x)

@x
�x � � � (x; �x ) (2.20)

for each x 2 D � M , and each�x 2 TxM . Then, for any bounded solution
of _x = f (x) from D, the solutions of the prolonged system(2.17) and (2.18)
converge to the largest invariant set� contained in

� := f (x; �x ) 2 T M : � (x; �x ) = 0 ; x 2 Dg : (2.21)

If � = D � f 0g, then _x = f (x) is incrementally asymptotically stable onD.

2.4 Introduction to Passivity
Passivity theory o�ers a fundamental and valuable framework for analyzing
systems through the intuitive concept of energy. Passivitytheory is a speci�c
case of dissipativity theory, which was initially introduced byJ.C. Willems in
his seminal work [Wil72]. This theory bridges Lyapunov stability and input-
output stability, serving as a generalization of Lyapunov stability theory with
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a focus on input-output mappings of systems [Wil07]. Furthermore, dissipa-
tivity theory provides a uni�ed framework for the compositional analysis
of large-scale dynamic systems [vdS00]. Indeed, the concept of dissipativ-
ity enable us to analyze a large-scale system by examining the behavior of
its constituent subsystems [HAP11]. Dissipativity theory, and subsequently
passivity theory, not only aim to analyze systems but also play a signi�-
cant role in the synthesis of dynamical systems [OVDSMM01]. There is an
established connection between dissipation theory and optimal control sys-
tems [TA81], as well as between passivity-based control and nonlinearH1

control theory [vdS00].
Dissipativity in a system is characterized by analyzing itsinput, output,

stored, and dissipated energies. In a dissipative system, only a portion of
the energy received at its input ports is transmitted to its output ports,
either in the same or a di�erent form. The remaining energy iseither stored
internally through work done by the environment on the system or dissipated
[HC08]. This characterization also applies to passive systems [vdS00]. The
next subsection will delve into a more detailed investigation.

The analysis of systems from the perspective of energy provides several
bene�ts and insights. Passivity theory facilitates the analysis of intercon-
nected systems by verifying the passivity properties of individual subsystems.
This approach addresses the traditional challenge of ensuring closed-loop sta-
bility for two interconnected systems in feedback form, where stability can
be assured by con�rming the passivity of each system individually. Thus,
passivity theory is a powerful tool for analyzing and synthesizing large-scale
interconnected networked systems [vdS00]. Furthermore, it supports multi-
domain modeling of physical systems [JS09], enabling the modeling of com-
plex systems composed of subsystems from various �elds suchas thermal,
electrical, and chemical domains. Passivity also introduces robustness to
system analysis. Absolute stability, grounded in dissipativity theory, refers
to the stability of dynamical systems in the presence of a class of feedback
non-linearities that can be regarded as model uncertainties [HC08].

In recent years, new concepts in passivity theory have emerged to address
the challenge known aspervasive dissipativity, which complicates the analy-
sis of systems with non-zero equilibrium points from an energy perspective
[OVDSMM01,KPSF17]. These new notions utilize alternative input-output
mappings for passivity and are characterized as equilibrium-independent pas-
sivity theories [SP19]. They include shifted, Krasovskii, and di�erential pas-
sivity [SP19,KKS21,FSvdS13,vdS13].
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Designing output feedback controllers is a signi�cant advantage once the
passivity of a system is veri�ed. To explain better, ensuring the passivity
property of a system enables us to design an output feedback controller that
guarantees the (asymptotic) stability of the closed-loop system, provided that
some additional conditions are imposed [OVDSMM01,vdS00].

2.5 Dissipativity and Passivity Theories
Let us de�ne a dynamic system � with the generic structure as follows

� :

(
_x = f (x; u); x (t0) = x0; t � t0

y = h(x; u);
(2.22)

wherex : R� 0 ! Rn , u 2 Rm , and y 2 Rq are respectively state, input and
output vectors. In (2.22), the symbol t stands for time andx (t0) is the vector
of initial conditions. The solution of the system (2.22)1 at the time instant t
and in response to initial conditionx0 and control input u(t) is indicated by
x (t; x 0; t0; u(t)), 8t 2 R� 0.

Now, we are ready to brie
y explain the concepts of dissipativity and
passivity and their connection to Lyapunov stability.

De�nition 2.3 ( [vdS00,HC08]). A system (2.22) is dissipative with respect
to a function s : Rm � Rp ! R if there exists a matrix-valued function
S : Rn ! R> 0, such that for all initial conditions x0 2 Rn at any time t0, and
for all allowed input functions u 2 Rm and all t1 � t0 2 R� 0 the following
inequality, that is called dissipation inequality, holds

S(x) � S (x0) �
Z t1

t0

s(u; y)d�: (2.23)

C

In De�nition 2.3, the function s = s(u; y) associated with the system
(2.22) is called thesupply rate, and the functionS = S(x) is called thestorage
function. The dissipation inequality has a physical meaning: it expresses that

1Let us assume that the system (2.22) is Lipschtiz and consequently the solution exists
uniquely for all time instances t � t0.
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2.5. Dissipativity and Passivity Theories

the stored energy at any time instant is less than or equal to the sum of the
energy provided to the system through the input and the stored energy from
all previous times.

Remark 2.1. In De�nition 2.3, it is assumed that the supply rate is an
integrable function, i.e.,

Rt1

to
js(u; y)j d� < 1 . If the storage function is dif-

ferentiable, i.e.,S 2 C1, then the dissipation inequality (2.23) for the system
(2.22) can be represented as

@S(x)
@x

f (x; u) � s(u; y): (2.24)

�

Since working with the dissipation inequality in the format(2.24) is more
straightforward, we will assume, without loss of generality, that the storage
function is a smooth function, i.e.,S 2 C1, for the remainder of the thesis.

There are no speci�c limitations on the structure of the function s(u; y)
in the dissipation inequality (2.23). However, de�ning di�erent structures
for the supply rate leads to the development of various notions derived from
dissipativity, as detailed below.

De�nition 2.4 ( [HC08], [vdS00]). For the system (2.22) and supposing that
m = p, if the system is dissipative, with respect to the dissipation inequality
(2.23) or (2.24), and for the supply rate

ˆ s(u; y) = u> y, then the system (2.22) is called passive.

ˆ s(u; y) = u> y � 
 jjujj2 for a 
 > 0, then the system (2.22) is called
input strictly passive.

ˆ s(u; y) = u> y � 
 jjyjj2 for a 
 > 0, then the system (2.22) is called
output strictly passive,

and if the dissipation inequality (2.23) or (2.24) holds with equality for the
supply rate s(u; y) = u> y, then the system (2.22) is called lossless. C

Other types of passivity, such asinput-output strictly passiveand expo-
nentially passive, are also de�ned, but they are beyond the scope of this
thesis. For more details on these de�nitions, please refer to [HC08].
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However, from the de�nition in 2.3, it can be inferred that the storage
function S(x) should represent the total stored energy of the system. This
is not necessarily the case. More clearly, similar to provingthe Lyapunov
stability of a system at its equilibrium point, which involves �nding a suitable
candidate Lyapunov function (not necessarily energy-related), we need to
identify an appropriate storage function that may not be directly related to
the system's real energy function [KCSP21].

Finding storage functions that identify passive input-output maps can be
challenging. One solution involves constructing energy-like functions for the
system under investigation [KKS19]. Several approaches have been devel-
oped to �nd new storage functions, such as the port-Hamiltonian systems
theory [vdSJ14], the Brayton-Moser (BM) framework [KCSP21], and various
versions of Hill-Moylan's lemma [SP18].

Moreover, in the de�nition of passivity in De�nition ( 2.4), it is evident
that the structure of the supply rate is determined by the inner product of the
system's input and output. This justi�es the condition m = p. Furthermore,
the passive input and output ports can be power conjugated, i.e., their inner
product has the power quantity, like voltage and current in electrical systems
or velocity and force in mechanical systems, then in this case, the integral of
supply rate is equal to the energy transferred to system fromenvironment.

In this thesis, we will focus on analyzing passivity theory using the input-
state-output representation, which establishes a strong connection with Lya-
punov stability theory.

2.6 Passivity and Lyapunov Stability
Establishing a connection between passivity and Lyapunov stability using
the input-output map is challenging. However, this relationship can be
more clearly elucidated through the input-state-output representation (2.22)
and the corresponding de�nition of passivity. In the following, we present
a proposition that forms the fundamental link between dissipativity (and
subsequently passivity) and Lyapunov stability.

Proposition 2.1 ( [vdS00, HC08]). Consider the system � described by
(2.22), for which the di�erential dissipation inequality ( 2.24) holds with a
storage function S(x) : Rn ! R� 0. Assume that the supply rates (u; y)
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satis�es
s (0; y) � 0; (2.25)

for all y 2 Rm . Furthermore, assuming thatx = x � 2 Rn is a strict local
minimum for the storage functionS(x). Then the point x = x � is a sta-
ble equilibrium point of the unforced system (2.22), i.e., _x = f (x; 0), with
Lyapunov function V(x) := S(x) � S(x � ) de�ned for x around x � , while
s (0; h (x � ; 0)) = 0. �

From De�nition 2.4, it can be veri�ed that the condition (2.25) holds for
supply rates corresponding to passivity, input strict passivity, and output
strict passivity. Moreover, while the conditions (0; h (x � ; 0)) = 0 is satis�ed
for both passivity and input strict passivity, it holds for output strict passivity
if h(x � ; 0) = 0.

The Proposition 2.1 establishes the connection between dissipativity the-
ory and the Lyapunov stability theory. Demonstrating the connection be-
tween passivity and asymptotic stability requires verifying additional condi-
tions. Before establishing a link between dissipativity and asymptotic stabil-
ity for the system (2.22), let us recall the concept ofzero-state detectability,
which is necessary to continue the discussion. Moreover, without loss of gen-
erality, we take x � = 0 and assume that the output of the system � in (2.22)
is de�ned asy = h(x), with h(0) = 0.

De�nition 2.5 ( [vdS00]). A system (2.22) with output y = h(x) is zero-
state observable ifu(t) = 0 and y(t) = 0, 8t � 0, impliesx(t) = 0 and is zero-
state detectable ifu(t) = 0 and y(t) = 0, 8t � 0 implies limt !1 x(t) ! 0.
C

Now, we are ready to discuss asymptotic stability for a dissipative system

Proposition 2.2 ( [vdS00]). Consider the system (2.22) with output y =
h(x) for which the di�erential dissipation inequality holds with a positive
de�nite storage function S(x) 2 C1 (S(0) = 0 and S(x) > 0; x 6= 0) and a
supply rate s (u; y) satisfying

s (0; y) � 0; (2.26)

and such thats (0; y) = 0 implies y = 0, where h(0) = 0. Supposing that the
system is zero-state detectable, the pointx = 0 is an asymptotically stable
equilibrium of the unforced system _x = f (x; 0). �
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One may notice that among all the types of passivity introduced in De�ni-
tion 2.4, only output strictly passive systems can satisfy all the requirements
for the supply rate s (u; y) in Proposition 2.2, while other types of passivity
cannot. This observation highlights the signi�cance of output strictly passive
systems in designing output feedback stabilizers for passive systems.

2.6.1 Passivity-Based Control Design

Proposition2.2o�ers valuable insight. If a passive system can be transformed
into an output strictly passive system by applying a controlinput, then, un-
der certain conditions, this controller can guarantee the asymptotic stability
of the closed-loop system. With this in mind, let us recall thefollowing
theorem [vdS00, Corollary 4.2.2].

Theorem 2.7 ( [vdS00]). Given the system(2.22); Let suppose that the
system is passive with a positive de�nite storage functionS(x) at x = 0.
Moreover,

ˆ assume that the system_x = f (x; 0), y = h (x; 0) is zero-state detectable,

or alternatively,

ˆ assume thatx = 0 is an asymptotic stable equilibrium point of_x =
f (x; 0) provided that f x j h (x; 0) = 0g,

then the closed-loop system with output feedback controlu = � ky, for any
k > 0, will be asymptotically stable at the equilibrium pointx = 0.

Indeed, for passive systems, con�guring the controlleru = � ky+ v renders
the closed-loop system output strictly passive. More precisely,

_S(x) � u> y
u= � ky+ v
�����! _S(x) � v> y � ky> y:

Stability analysis based on Theorem2.7 relies on dissipation inequali-
ties referenced to a given equilibrium point (x � ; u� ) = (0 ; 0). Verifying and
analyzing passivity from energy perspective, as well as designing passivity-
based controllers for systems with equilibrium points not at the origin, can be
challenging. This issue, along with related solutions, is explored in the next
section, where the concept ofpervasive dissipationis examined. Furthermore,
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L i (t ) R

CE Gv(
t)

Figure 2.1: A parallel RLC circuit for which pervasive dissipativity issue
exist [KPSF17].

verifying passivity requires prior knowledge of the equilibrium point, which
is not always feasible for all physical systems, particularly large-scale sys-
tems [SP19,HAP11]. This motivates the introduction of alternative passive
maps, as discussed in the following section.

2.7 Equilibrium-Independent Passivity The-
ory

To explore equilibrium-independent dissipativity and, subsequently, passivity
theories, we must �rst address a signi�cant issue known as \Pervasive Dissi-
pation" [OVDSMM01]. In the next subsection, we present a brief review on
this problem.

2.7.1 Pervasive Dissipation

Let consider the RLC circuit illustrated in Figure. 2.1. The components
R; G; C and L in the circuits are supplied by a voltage DC sourceE. The
governing dynamics on the system are given as (R; G; C; L; E > 0)

� L
di(t)
dt

= Ri (t) + v(t) � E

C
dv(t)

dt
= i (t) � Gv(t):

(2.27)

The equilibrium point ( i � ; v� ) of the system (2.27) is obtained as
�

i �

v�

�
=

� GE
GR+1

E
GR+1 :

�
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The system (2.27) is passive with respect to the storage function

S(i (t); v(t)) := 0 :5
�
Li 2(t) + Cv2(t)

�
:

More precisely, the time derivative of the storage functionalong the trajec-
tories of the system2.27satis�es the following inequality

_S(i (t); v(t)) = � Ri 2(t) � Gv2(t) + Ei (t) � Ei (t) (2.28)

It is worth noting that the introduced storage functionS(i (t); v(t)) represents
the real storing energy function of the RLC circuit (2.27).

From (2.28), the supply rate is given bys(u; y) = Ei (t), where u = E
and y = i are the passive input and output, respectively. The port variables
E and i (t) are power conjugated variables, i.e.,Ei (t) is the injected power
to the system. At the operating point (i � ; v� ), for the inequality (2.28), we
have

_S(i (t); v(t))) � Ei � (t) =
GE2

GR + 1
6= 0: (2.29)

This implies that the energy extracted from the controller by the system
at the equilibrium point is in�nite, as shown by integrating both sides of
equation (2.29) over the time interval [0; 1 ). This is physically incorrect,
since no voltage sourceE can provide in�nite energy. This issue is referred
to as pervasive dissipationor the dissipation obstacle.

The problem of pervasive dissipation �rst emerged in electrical systems,
where the power-conjugated ports are generally non-zero atthe equilibrium
point. In contrast, in mechanical systems|originally the basis for proposing
the passivity property|velocity appears as a power-conjugated port in the
supply rate. At the equilibrium point, the velocity is zero,which helps avoid
the dissipation obstacle in mechanical systems.

Based on these considerations, it is necessary to propose alternative pas-
sive maps that not only address the dissipation obstacle butalso relax the
dependence on the equilibrium point in the passivity de�nition.

2.7.2 Equilibrium Independent Passive Maps

To address the dissipation obstacle, the idea is to �nd alternative input-
output maps such that the supply rate at the equilibrium point equals zero,
ensuring that the extractable energy by the system from the controller is not
in�nite.
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The �rst approach to overcoming this obstacle is to propose astorage
function that forms a supply rate with di�erentiation at one of the passive
input or output ports. This idea was introduced in the seminal work [OJS03]
for nonlinear RLC circuits, where the proposed storage functions, instead of
representing total energy, are related to the system's power. This method
was later applied to two di�erent systems in [GJSO08] and generalized to a
broader class of systems in [GCJOS10], employing the Brayton-Moser frame-
work to yield supply rates with di�erentiation at one of the passive ports.
While this mechanism helps address the pervasive dissipation problem, it
may impose constraints on the system components, an issue investigated
in [GCO04] for linear RLC circuits. Moreover, constructing energy orpower-
related functions for all systems is not always feasible. Toaddress this,
a more general concept known asequilibrium-independent dissipativitywas
proposed. Before presenting the de�nition, let assume thatthe dynamic sys-
tem (2.22) has at least a (forced) equilibrium point. More precisely,the set
� is not empty, where

� :=
�

(x � ; u� ) 2 Rn � Rm
�
� x (t; x � ; t0; u� ) = x � ; 8t � t0

	
: (2.30)

De�nition 2.6 ( [KKS19]). Let consider the system (2.22). The system is
Equilibrium-Independent Dissipativewith respect to a supply rates(x; u) 2 R
if

ˆ it is dissipative in the sense of De�nition2.3 with the storage function
S(x) 2 C1, that satis�es S (x � ) = 0, for any (x � ; u� ) 2 �,

and

ˆ for every (x � ; u� ) 2 �, the supply rate satis�es s (x � ; u� ) = 0. C

The concept of equilibrium-point independent dissipativity was �rst ex-
plicitly introduced in [ HAP11] for passive systems, followed by the de�nition
presented in [SP19] for quadratic supply rates, and ultimately generalized in
De�nition 2.6. Indeed, considering the structure of the supply rate, we can
develop other equilibrium point-independent passivity notions like output-
strictly equilibrium-point independent passivitynotion. Please refer to [SP19]
and [HAP11], for some related de�nitions.

The concept introduced in De�nition 2.6 ensures that by changing the
operating point of the system, the dissipation inequality in question will still
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hold for any new operating point [SP19]. Moreover, as we can see from the
second condition in De�nition 2.6, the supply rate at the equilibrium point
would be equal to zero.

There are several alternative passive maps with the property of
equilibrium-independence, such asshifted passivity [SP19, JOGCC07],
Krasovskii passivity [KKS19, KKS21, KCSP21], and di�erential passivity
[FSvdS13,vdS13]. In the next section, we introduce two key notions of pas-
sivity|Krasovskii and di�erential passivity|which form t he foundation for
the theoretical results developed in this thesis.

2.8 Di�erential and Krasovskii Passivity
Krasovskii passivity is a concept rooted in the Krasovskii method for de�ning
candidate Lyapunov functions. This method, introduced in [Kha02] and
[HC08], involves constructing candidate Lyapunov functions based on the
vector �elds of the governing dynamics of the system.

Before presenting the de�nition of Krasovskii passivity, let us extend the
dynamic system _x = f (x; u) de�ned in ( 2.22) as follows

_x = f (x; u) (2.31)

_u = uK (2.32)

yK = HK (x; u); (2.33)

where uK : R� 0 ! Rm , yK : R� 0 ! Rm , and HK : Rn � Rm ! Rm . It
is worth noting that the extension of the system in (2.31) is equivalent to
considering a dynamic for control input for the system _x = f (x; u). Now,
the Krasovskii passivity is presented as follows, assumingthat the set � in
(2.30) is not empty.

De�nition 2.7 ( [KKS21]). The system _x = f (x; u) in (2.22) is said to be
Krasovskii passive at (x � ; u� ) 2 � if there exists a classC1 function S ( _x) =
S (x; u) 2 R� 0 such that S (x � ; u� ) = 0 and

@S(x; u)
@x

f (x; u) +
@S(x; u)

@u
uK � u>

K yK (2.34)

for all (x; u) 2 Rn � Rm and uK 2 Rm . C
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The Krasovskii passivity is used in many applications for the analysis and
synthesis of systems [KCSP21,KCFS23,KCS23,CLK + 19]. We now introduce
the concept of di�erential passivity. Before presenting its formal de�nition,
we �rst de�ne the prolonged system. The system (2.22), extended by the
following variational system

_�x =
@f
@x

(x; u)�x +
@f
@u

(x; u)�u (2.35)

= F (x; u)�x + G(x; u)�u; (2.36)

constitutes the prolonged system. In (2.35), the state variable �x 2 Rn

is de�ned on the tangent space ofx 2 Rn , and �u 2 Rm represents the
control input of the variational system. Di�erential passivity is a property of
the prolonged system. Speci�cally, verifying di�erentialpassivity for a given
system (2.22) is equivalent to con�rming standard passivity for the prolonged
system.

De�nition 2.8 ( [MKC24, KKS19, FSvdS13, vdS13]). The system (2.22) is
said to be di�erentially passive with respect to a classC1 storage function
S : Rn � Rn ! R� 0, if for its variational system (2.35), there exists an
output function �y = H (x)�x with H : Rn ! Rm� m of classC1 such that
S(x; �x ) = 0 if and only if �x = 0 and

@S(x; �x )
@x

f (x; u) +
@S(x; �x )

@�x
(F (x; u) �x + G(x; u)�u ) � �u > �y (2.37)

for all (x; u) 2 Rn � Rm and (�x; �u ) 2 Rn � Rm , where �y is called the
di�erential passive output. C

The open problem in this �eld is the design of di�erential passivity-based
controllers for dynamical systems that verify di�erentialpassivity. Address-
ing this challenge is one of the main objectives of this thesis, which will be
explored in the following sections.
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3
Voltage Control of Boost Converters:

Feasibility Guarantees

This chapter deals with the design of a novel static nonlinear controller to
regulate the voltage of boost converters while ful�lling physical constraints;
at any time instant, the states need to be positive, and the duty cycle of
the converter takes an admissible value between zero and one. The proposed
controller is based on a shifted Lyapunov function and asymptotically stabi-
lizes the desired equilibrium point of the closed-loop system as long as the
voltage and current are positive at any time instant. To guarantee positivity,
we derive a necessary and su�cient condition for identifying a feasible level
set that is contained in the positive orthant and is positively invariant. Next,
to ensure a feasible implementation and operation of the proposed controller,
we derive a necessary and su�cient condition on the controller feedback gain
to ensure that the converter duty cycle takes admissible values between zero
and one. Finally, the most signi�cant theoretical results are validated in
simulation.

The material of this section is based on the paper entitled \Voltage Control
of Boost Converters: Feasibility Guarantees", that is authored by Morteza
Nazari Monfared, Yu Kawano, andMichele Cucuzzella. It has been published
at IFAC-PapersOnLine and was presented at22nd International Federation
of Automatic Control (IFAC) World Congress, Yokohoma, Japan (2023).
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3.1 Introduction
Nowadays, DC power converters have captured signi�cant attention. This
growing attention mainly stems from the need for integrating renewable en-
ergies into power grids [WL19]. One of the most common and used power
converters is the boost converter. The main feature of a boost converter is to
step up the input voltage [EM07], and the main control objective is to sta-
bilize the voltage towards the desired value, as will be discussed in the next
subsection. However, it is worth emphasizing that to enable afeasible imple-
mentation and operation of a boost converter, the designed control scheme
needs to satisfy physical constraints, e.g., at any time instant, the output
voltage must be positive and the duty cycle must take admissible values in
the interval [0; 1].

3.1.1 Literature Review

In this subsection, we brie
y review some of the results on voltage control of
boost converters published in the literature.

A passivity-based controller for boost converters is proposed by [JS04].
Although this controller possesses powerful robustness properties, guarantees
on the voltage and duty cycle feasibility are not established, and an estima-
tion of the domain of attraction is not provided. Nonlinear control laws with
constrained duty cycle are proposed by [MVGA17,MNFT18, IM18], guaran-
teeing global asymptotic stability of the desired equilibrium point. However,
the positiveness of the voltage is not analyzed. Robust voltage controllers are
proposed by [SSK18, CLT + 18], where the design and analysis are based on
the model of a boost converter linearized around an equilibrium point. More-
over, guarantees on the voltage and duty cycle feasibility are not established,
and an estimation of the domain of attraction is not provided. Based on the
theory developed by [KKS21] and [KCSP21], a robust passivity-based con-
trol is proposed by [CLK + 19]. Although this controller is robust, it requires
information on the �rst time derivative of both voltage and current. More-
over, guarantees on the voltage and duty cycle feasibility are not established.
A passivity-based PID controller is proposed by [ZBDOM22], guaranteeing
that the equilibrium point is globally exponentially stable. However, to ob-
tain satisfactorily performance, information on the �rst time derivative of
the state might be required. In fact, the authors state that the proportional
and derivative gains strongly a�ect the performances of theclosed-loop sys-
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tem and thus, they need to be carefully tuned in order to obtain a good
compromise between robustness and performance.

3.1.2 Contribution

Now, we list the main contributions of our work in this chapter.

C1. We design a static controller that makes the desired equilibrium point of
the considered boost converter asymptotically stable, without requiring
information on the �rst time derivative of the current and voltage.

C2. To ensure a feasible implementation and operation of theproposed con-
troller, a feasible and positive invariant level set is estimated for the
closed-loop system, where the voltage and current are positive. Specif-
ically, we derive a necessary and su�cient condition for thefeasible
level set being contained in the positive orthant.

C3. A necessary and su�cient condition is derived to ensure that the control
signal, i.e., the duty cycle of the converter, takes admissible values in
the interval [0; 1].

3.1.3 Outline

The remainder of this chapter is organized as follows. The model and physical
constraints of conventional boost converters are presented in Section3.2. In
Section3.3, the control scheme is designed, and the stability of the closed-
loop system is analyzed. In Section3.4, the theoretical results are validated
in simulation. Finally, in Section 3.5, we gather some conclusions and brie
y
discuss some possible future directions.

3.2 Boost Converters
A typical boost converter consists of di�erent components including the volt-
age sourceE, inductor L, switching circuit, capacitor C, and current loadI
(see Fig.3.1). The voltage across the capacitor and the current through the
inductor depend on timet and are denoted byVC (t) and I L (t), respectively.

The \average" system dynamics can be obtained by applying Kirchho�'s
laws. In fact, under the reasonable assumption that the Pulse Width Mod-
ulation (PWM) frequency is su�ciently high, the state of the system can
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E Switch

I L L (1 � u)I L

(1 � u)VC VC IC

Figure 3.1: Electrical scheme of a typical boost converter.

be replaced by the average state representing the average inductor current
and capacitor voltage (see e.g. [M �C77] for more details). Thus, the switching
input is replaced by the so-called duty cycle.

According to [SRPMOGE97], the state space model of the averaged boost
converter is given by

�
L _x1 (t)
C _x2 (t)

�
=

�
� (1 � u (t))x2 (t) + E
(1 � u (t))x1 (t) � I

�
; (3.1)

wherex : R> 0 ! R2 denotes the state vector, with componentsx1 (t) = I L (t)
and x2 (t) = VC (t). The control signalu (t) is the duty cycle and must satisfy
u(t) 2 [0; 1] for all t � 0. Hereafter, for the sake of notational simplicity, the
dependence on timet is omitted when it is clear from the context.

Note that, given a desired referencex �
2 > 0 of the voltagex2, it can be

shown that

�
x �

u�

�
=

2

4
x �

1
x �

2
u�

3

5 =

2

4
(I=E )x �

2
x �

2
1 � E=x�

2

3

5 (3.2)

is a unique equilibrium point of the open-loop system (3.1). By the ability
of the considered converter to boost the input voltage, i.e., 0 < E < x �

2, the
control signal at the equilibrium point u� needs to satisfyu� 2 [0; 1], which
agrees with the requirementu(t) 2 [0; 1], for all t � 0.

It is worth emphasizing that designing a controller with theaim of only
stabilizing the desired equilibrium point (x � ; u� ) in (3.2) is not enough. To en-
able its feasible implementation and operation, the designed controller needs
to stabilize the desired equilibrium point (x � ; u� ) and satisfy the (physical)
constraints x(t) 2 R2

> 0 and u(t) 2 [0; 1] for all t � 0.
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3.3 Controller Design
In this section, we design a static feedback controller for the considered boost
converter (3.1). First, we show that the proposed controller stabilizes the
equilibrium point ( x � ; u� ) for an arbitrary positive feedback gain as long as
the state stays inR2

> 0 based on some shifted Lyapunov function. Then, we
take into account the (physical) constraintsx(t) 2 R2

> 0 and u(t) 2 [0; 1]
for all t � 0. Namely, we derive a necessary and su�cient condition for
the level set of the Lyapunov function being contained inR2

> 0; a level set
satisfying this condition is referred to as afeasible level set. From its positive
invariance, any trajectory starting from a feasible level set stays in it which
is a subset ofR2

> 0 and a region of attraction. Finally, given a feasible level
set, we provide a necessary and su�cient condition for the positive feedback
gain such that the control input stays in the interval [0; 1] for any state in
the feasible level set; such a feedback gain is referred to asa feasible feedback
gain. As a byproduct, we also show that each feasible level admits a feasible
feedback gain.

3.3.1 Nonlinear Control Design: Lyapunov Approach

Based on Lyapunov theory, we design the following static stabilizing con-
troller for the boost converter (3.1).

Lemma 3.1. Consider the following state feedback controller:

u = u� + k ln
�

x �
1x2

x �
2x1

�

= 1 �
E
x �

2
+ k ln

�
Ix 2

Ex 1

�
: (3.3)

Then, for any arbitrary k > 0 and x �
2 > 0, the closed-loop system consisting

of the boost converter (3.1) and the controller (3.3) is asymptotically stable
at x � given by (3.2). Moreover, any trajectory x(t) staying in R2

> 0 converges
to x � . �

Proof . First, one can con�rm that x � in (3.2) is an equilibrium point of
the closed-loop system. To show its asymptotic stability, we consider the
following radially unbounded Lyapunov candidate:

V(x) = L(x1 � x �
1)2 + C(x2 � x �

2)2: (3.4)
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Its time derivative along the closed-loop trajectory is

_V(x) = 2 x �
2x1 (u� � u)

�
Ix 2

Ex 1
� 1

�
: (3.5)

This is negative semi-de�nite. Thus, the level set ofV(x), denoted by


 c := f x 2 R2 : V (x) � cg (3.6)

is compact and invariant for anyc > 0. By invoking the invariance principle
argument, e.g., [Kha02, Theorem 4.4], one can show that any trajectory
starting from 
 c converges tox � if x(t) staying in R2

> 0. �

Remark 3.1. The closed-loop system is

�
L _x1

C _x2

�
=

2

4

�
k ln

�
Ix 2
Ex 1

�
� E

x �
2

�
x2 + E

�
�

k ln
�

Ix 2
Ex 1

�
� E

x �
2

�
x1 � I

3

5 : (3.7)

Note that a trajectory can intersect the x2-axis from R2
> 0, since _x2 =

� I=C < 0 whenx1 = 0 for any x2 > 0. In fact, as con�rmed numerically in
Section3.4.1below, R2

> 0 is not positively invariant. To enable the practical
implementation of the proposed controller, we investigatea feasible level set

 �c as well as a feasible feedback gaink in the next subsection. �

Remark 3.2. One notices from (3.5) that the linear controller:

u = u� + kl (x �
1x2 � x �

2x1)

=
�

1 �
E
x �

2

�
+ klx �

2

�
I
E

x2 � x1

�
(3.8)

makes _V(x) negative semi-de�nite on R2 for any kl > 0. Moreover, the
asymptotic stability of x � can be proven by invoking the invariance principle.
However, as detailed in Remark3.4 below, adjusting control performances
can be di�cult in contrast to the proposed nonlinear controller (3.3); see also
numerical simulations in Section3.4.3below. �

3.3.2 Feasible Level Sets and Feedback Gains

As mentioned in Remark3.1, R2
> 0 is not positively invariant for the closed-

loop system (3.7). In addition, it is not guaranteed that the input stays in
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[0; 1] either. Therefore, we explicitly compute a feasible level set 
 �c and the
corresponding set of feasible feedback gainsk.

By a direct computation, a feasible level set is obtained as follows.

Lemma 3.2. For arbitrary k > 0 and x �
2 > 0, a level set 
c in (3.6) is

contained in R2
> 0 if and only if c satis�es

0 < c < ĉ := min

(

L
�

I
E

x �
2

� 2

; C(x �
2)2

)

: (3.9)

�

Now, we are ready to state the main result of this chapter.

Theorem 3.1. Given k > 0, let x(t; x 0; k) denote the state trajectory of
the closed-loop system(3.7) at t � 0 starting from x0 2 R2

> 0. Also, let
u(t; x 0; k) denote the corresponding input trajectory generated by(3.3). Given
x �

2 > E > 0, consider an arbitrary c satisfying (3.9). Then, we have the
following four statements:

(i) x(t; x 0; k) 2 
 c � R2
> 0 for any k > 0, t � 0, and x0 2 
 c;

(ii) lim t !1 x(t; x 0; k) = x � for any k > 0 and x0 2 
 c;

(iii) u(t; x 0; k) 2 [0; 1] for any t � 0 and x0 2 
 c if and only if k satis�es

0 < k � k̂(c) (3.10)

k̂(c) := min
�

E � x �
2

x �
2

ln� 1

�
I �x1;2

E �x1;1

�
;

E
x �

2
ln� 1

�
I �x2;2

E �x2;1

��
;
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where

�x i; 1 =
I
E

x �
2 �

c + Cx�
2(x i; 2 � x �

2)
(IL=E )x �

2
; i = 1; 2

�x1;2 =
� � +

p
� 2 � �


�
+ x �

2

�x2;2 =
� � �

p
� 2 � �


�
+ x �

2

� =
�

C2 +
I 2CL

E 2

�
(x �

2)2; � = Ccx�
2


 = c2 � c
I 2L
E 2

(x �
2)2 (3.11)

(iv) the set of k satisfying (3.10) is not empty.

Proof . From Lemma 3.2, (3.9) is a necessary and su�cient condition for

 c � R2

> 0. Moreover, according to Lemma3.1, 
 c � R2
> 0 implies that 
 c

is positive invariant, and any trajectory starting from 
 c converges tox � .
Thus, items (i) and (ii) hold. From the positively invariance of 
 c, item (iii)
can be proven by showing thatu(0; x; k) 2 [0; 1] for all x 2 
 c if and only if k
satis�es (3.10). Namely, studying the static controller equation (3.3) su�ces.

From (3.3), k satis�es u(0; x; k) 2 [0; 1] if and only if

0 � 1 �
E
x �

2
+ k ln

�
Ix 2

Ex 1

�
� 1;

or equivalently

E � x �
2

x �
2

� k ln
�

Ix 2

Ex 1

�
(3.12a)

k ln
�

Ix 2

Ex 1

�
�

E
x �

2
: (3.12b)

From x �
2 > E > 0, (3.12a) automatically holds if ln(Ix 2=Ex1) � 0, i.e.,

x2 � (E=I )x1. Then, (3.12a) is equivalent to

k �
E � x �

2

x �
2

ln� 1

�
Ix 2

Ex 1

�
if x2 <

E
I

x1:
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From (E � x �
2)=x�

2 < 0 and the decreasing property of ln� 1(�), this is also
equivalent to

k �
E � x �

2

x �
2

ln� 1

�
I
E

� 1(c)
�

; (3.13)

where

� 1(c) := min
x2 
 c

x2< E
I x1

�
x2

x1

�
: (3.14)

By a similar reasoning, (3.12b) is equivalent to

k �
E
x �

2
ln� 1

�
I
E

� 2(c)
�

; (3.15)

where

� 2(c) := max
x2 
 c

x2> E
I x1

�
x2

x1

�
: (3.16)

It remains to compute � 1(c) and � 2(c). These are the intersections be-
tween the boundary@
 c and lines passing through the origin; also see the
graphical interpretation in Fig. 3.2. Thus, � 1(c) and � 2(c) can be formulated
as a nonlinear optimization problem and solved based on the Karush-Kuhn-
Tucker theorem, e.g. [PSUJ88]. �

In Lemma 3.2 and Theorem 3.1, we obtain a feasible level set 
c and
feasible feedback gaink by (3.9) and (3.10), respectively. It is worth empha-
sizing that the upper boundk̂(c) is tight. In fact, given c satisfying (3.9),
if k > k̂(c) then there exist t � 0 and x0 2 
 c such that u(t; x 0; k) =2 [0; 1].
In contrast, it can be conservative to consider an estimation of the region
of attraction as the feasible level set 
c, since a trajectory starting from its
outside, R2

> 0 n 
 c, can converge tox � even if c > ĉ. This is investigated
numerically in Section3.4.2below.

Remark 3.3. From Fig. 3.2, � 1(c) and � 2(c) are strictly increasing functions
of c > 0, and thus k̂(c) is strictly decreasing. From Lemma3.2, 
 c tangents
to the x1- or x2-axis for c = ĉ in (3.9); the tangent point is not the origin
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Figure 3.2: Two intersection points (�x i; 1; �x i; 2), i = 1; 2 between the boundary
@
 c and lines passing through the origin.
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from Fig. 3.2. Thus, u 2 [0; 1] does not hold at some point on thex1- or
x2-axis if and only if k > k̂(ĉ). Therefore, the following

0 < k < k̂(ĉ) (3.17)

is a necessary and su�cient condition such thatk is a feasible feedback gain
for any feasible level set 
c. �

Remark 3.4. In Remark 3.2, we have mentioned that the linear con-
troller ( 3.8) also stabilizes the boost converter (3.1). Since we use the same
Lyapunov function (3.4), items (i) and (ii) of Theorem 3.1 also hold for
the linear controller. Moreover, forc satisfying (3.9), one can also derive a
necessary and su�cient condition for the feedback gain to befeasible (i.e.,
u(t) 2 [0; 1] for any t � 0 and for all x 2 
 c) as follows

0 < k l � k̂l (c) :=
minf x �

2 � E; E g
� (c)(x �

2)2
(3.18)

� (c) :=
�

1 +
I 2L
E 2C

� r
E 2Cc

LE 2C + L2I 2
;

where this is obtained by solving the corresponding optimization problem
(see the proof of Theorem3.1). As shown in the next section, the range
of k satisfying (3.18) can be very small for typical values of the system pa-
rameters, which causes di�culties in tuning control performances. We show
in Subsection3.4.3 by numerical simulation the advantage of the proposed
nonlinear controller (3.3) with respect to the linear one (3.8).

�

3.4 Simulations and Comparisons
In this section, we illustrate the theoretical results presented in Section3.3
for the proposed nonlinear controller (3.3), and also provide simulations with
the linear controller (3.8) for the sake of comparison. Table3.1 shows the
simulation parameters, taken from an actual boost converter ( [CLT + 18]).
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Table 3.1: Values of system's parameters

Parameter Value Parameter Value
L 0:00112 (H) C 0:0068 (F)
E 280 (V) I 50 (A)
x �

2 380 (V) x �
1 67:85 (A)

3.4.1 Illustration of Asymptotic Stability in Lemma
3.1

In Lemma 3.1, we have shown that any closed-loop trajectory converges to
the equilibrium point x � in (3.2) for any k > 0 as long as it stays inR2

> 0.
To illustrate this, Fig. 3.3 shows the trajectories starting from two di�erent
initial conditions for two di�erent k > 0. First, all trajectories staying inR2

> 0
converge tox � . Second, Fig.3.4shows the signals generated by the proposed
controller (3.3), corresponding to the trajectories shown in Fig.3.3. Not all
control inputs stay in the interval [0; 1]. Therefore, feasibility analysis in
Theorem3.1 is important for the practical implementation and operation of
the controller (3.3).

3.4.2 Illustration of Feasibility Analysis in Theorem 3.1

In Lemma 3.2, we have derived the feasibility condition (3.9) for a level
set 
 c, i.e., a necessary and su�cient condition for 
c � R2

> 0. As stated in
items (i) and (ii) of Theorem 3.1, any feasible 
c is positively invariant and
a region of attraction. Also, given a feasible 
c, we have presented, in item
(iii), the feasibility condition ( 3.10) for a feedback gaink, i.e., a necessary
and su�cient condition for u(t) 2 [0; 1], t � 0 for any trajectory starting
from 
 c. All of these are demonstrated in this subsection.

For the system parameters in Table3.1, ĉ in (3.9) is ĉ = L(Ix �
2=E)2,

i.e., 
 ĉ is tangent to the x1-axis. In this simulation, we selectc very closed
to ĉ, i.e., c = (1 � � ) ĉ, where � = 1 � 10� 15. Figure 3.3 shows the closed-
loop trajectories starting from the tangent points (�x1;1; �x1;2) and (�x2;1; �x2;2) in
Fig. 3.2of the feasible 
c for two di�erent k > 0, i.e.,k = 0:022 andk = 0:03.
It is con�rmed that for any k > 0, 
 c � R2

> 0 is feasible and thus positively
invariant and a domain of attraction. Next, we consider the feasibility of the
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feedback gaink. For the considered system parameters,̂k(c) in (3.17) is

k̂(c) = min f 0:021; 0:3768g: (3.19)

Then, the gainsk = 0:022 andk = 0:03, used for the simulations in Figs.3.3
and 3.4 are not feasible, i.e.,u(t) 2 [0; 1] does not hold at somet � 0 for
some trajectory starting from 
 c. This can be con�rmed by Fig.3.4 (see red
lines).

Instead, any k 2 (0; k̂(c)) is feasible. For feasiblek = 0:02, Figs. 3.5
and 3.6 show the closed-loop trajectories and the corresponding control sig-
nals, respectively. In these �gures, �F denotes the actual set of feasible
initial states, i.e., any state trajectory starting from � F (any magenta line
in Fig. 3.5) stays in R2

> 0 and converges tox � , and also the corresponding
control signal (any magenta line in Fig.3.6) stays in [0; 1]. In other words,
a trajectory starting from the outside of � F (the grey lines in Fig.3.5) does
not satisfy one of the physical constraints. This shows thatthe positive or-
thant R2

> 0 is not invariant. The actual feasible set �F is larger than the one
estimated by the feasible level set 
c. This implies that estimating a region
of attraction as a feasible level set 
c can be conservative as mentioned in
Section3.3.2. Still, providing theoretical guarantee for feasibility is impor-
tant, and typically theoretical estimations tend to be conservative. Future
work includes a theoretical estimation of a tighter feasible set.

3.4.3 Comparison with the linear controller

As a byproduct of Lemma3.1, the linear controller (3.8) is found to be also
a stabilizing controller, and feasible level sets 
c are equivalent for both
nonlinear and linear controllers; see Remarks3.2 and 3.4. Moreover, given
a feasible level set 
c, a feasible feedback gainkl for the linear controller is
derived by (3.18). In this subsection, we conduct simulations for the linear
controller in order to compare it with the nonlinear one.

For the linear controller, kl (ĉ) in (3.18) is

kl (ĉ) = min f 10� 5; 2 � 10� 5g;

which is very small. Figure3.7 shows the closed-loop trajectory starting
from x(0) =

�
30 360

� >
belonging to 
 c, for two di�erent gains kl = 10� 5

and kl = 10� 4. The trajectories for both cases converge tox � but u does
not stay in [0; 1] for kl = 10� 4, since this is greater thankl (ĉ). Although u
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Figure 3.3: Closed-loop trajectories starting on the tangent points in Fig. 3.2
of the estimated feasible level set 
c, with c close toĉ.
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Figure 3.4: Corresponding control signals to the closed-loop trajectories
starting from the tangent points in Fig. 3.3.
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Figure 3.5: Closed-loop trajectories starting from the inside and outside of
an estimated feasible level set 
c with a feasiblek.
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Figure 3.6: Corresponding control signals to the closed-loop trajectories in
Fig. 3.5.
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Figure 3.7: The closed-loop trajectory and corresponding control signal for
the linear controller with kl = 10� 5 and kl = 10� 4.

stays in [0; 1] for kl = 10� 5, it may be di�cult to implement a control law
with a very small gain in practice, since devices need to be accurate enough
to realize such a control gain.

3.5 Conclusion and Discussion
In this section, the problem of making the desired equilibrium point of a
boost converter asymptotically stable has been solved by designing a novel
nonlinear static feedback controller. Speci�cally, we have provided a neces-
sary and su�cient condition for the existence of a feasible level set, which is
contained in the positive orthant and is positive invariant. Then, we have
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derived a necessary and su�cient condition to ensure that the duty cycle of
the converter takes values between zero and one. Finally, some simulations
have con�rmed the correctness of our results.

However, the proposed controller has a drawback: it depends on the
knowledge of the load currentI . Additionally, the controller includes a loga-
rithmic function. When generalized to a network, where the current can also
be negative, this may cause malfunctions. In the next chapter, we will focus
on developing a dynamic controller that addresses these issues, allowing us
to design a decentralized controller for a DC microgrid.

48



4
Decentralized Voltage Control of Boost

Converters in DC Microgrids: Feasibility
Guarantees

This chapter deals with the design of a decentralized dynamic control scheme
to regulate the voltage of a direct current (dc) microgrid composed of boost
converters supplying unknown loads. Moreover, the proposed control scheme
guarantees that physical system constraints are satis�ed at each time instant.
Speci�cally, we guarantee that the voltages evolve in the positive orthant and
that the duty cycle of each boost converter remains within speci�ed bounds.
The control design is based on Lyapunov theory and, more precisely, we use
a Krasovskii Lyapunov function to estimate a feasible domain of attraction
of the closed-loop system. Then, we guarantee that for any initial condition
inside the estimated domain of attraction, the desired equilibrium point is
asymptotically stable and the physical constraints are satis�ed at each time
instant. Finally, we assess the e�ectiveness of the proposedcontrol scheme
through extensive and realistic simulation scenarios.

The material of this section is based on the paper entitled \Decentralized
Voltage Control of Boost Converters in DC Microgrids: Feasibility Guar-
antees", that is authored by Morteza Nazari Monfared, Yu Kawano, and
Michele Cucuzzella. It has been published inIEEE Transactions on Control
Systems Technology (2025).
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4.1 Introduction
Driven by economic, technological, and environmental factors, the key chal-
lenge in power grids currently involves shifting from traditional power genera-
tion and transmission systems to integrating smaller Distributed Generation
units (DGUs) [GBZ+ 10]. Additionally, the escalating energy demand and
public concern over global warming have spurred e�orts toward adopting
eco-friendly Renewable Energy Sources (RES) [PKK11], which are essential
to reduce CO2 emissions and decrease fossil fuel reliance, enhance energy
e�ciency by minimizing power losses, and cut costs for electrifying remote
areas or increasing the capacity of existing grids to meet the rising electric-
ity demand. However, the adoption and integration of DGUs necessitate
substantial changes to conventional power systems [AAS01], which led to
the notion and development of the so-called microgrids, i.e., heterogeneous
clusters of DGUs, loads, and storage devices [Hat14,MASC22].

Although research on microgrids control has primarily focused on Alter-
nating Current (AC) power newtworks (see for example [SOA+ 14,SPDB17,
CIF17, CTFS18, FCB+ 23] and the references therein), the increasing use of
RES as DGUs has led to the emergence of Direct Current (DC) micro-
grids [DLVG16] since many devices such as electric vehicles, electronic de-
vices, batteries, and photovoltaic panels can be directly linked to a DC net-
work, avoiding ine�cient conversion stages and also the common frequency
and reactive power control issues [JMLJ13, PAG+ 15]. Examples of DC mi-
crogrid applications encompass modern ships, mobile military bases, trains,
airplanes, and electric vehicle charging stations. As a result, interest is grow-
ing in DC microgrid control and, speci�cally, DC-DC power converters (see
e.g. [JS04, SSK18, CTDP+ 19, CLT + 18, IM18, CLK + 19, MMOv19, MOA+ 21,
SCSY22,CKS23,MKC23,FCC+ 22,FCS23]).

In this article, we investigate a DC-DC boost converter-based DC mi-
crogrid, where the main control objective is to regulate thevoltage at each
node towards a desired level while stabilizing all the otherelectric signals
around the corresponding operating point (see e.g. [JS04, SSK18, CLT + 18,
IM18,CLK + 19,MOA+ 21,MKC23,FCC+ 22,ZBDOM22,MNFT18,MVGA17,
SRSSJM22]). Moreover, besides achieving voltage regulation, it is crucial for
a safe and resilient operation of the overall microgrid thatprede�ned phys-
ical constraints are satis�ed. More precisely, it is generally required that
the voltages evolve in the positive orthant and the duty cycle of each boost
converter remains within speci�ed bounds (see e.g. [IM18,MKC23,MNFT18,
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SRSSJM22]). Although saturation mechanisms are a solution to deal with
the latter problem, they might deteriorate the closed-loopperformance or
even lead to instability [Hip06]. Also the type of information required by the
controller is remarkably e�ective on the system performance. For example,
requiring information of the system parameters or time derivatives of the
measured electric signals makes the closed-loop system sensitive to uncer-
tainties and noises, a�ecting the closed-loop performanceand stability. In
this chapter, we propose a fully decentralized dynamic control scheme to reg-
ulate the voltage of a DC microgrid composed of boost converters supplying
unknown loads. We address all the above mentioned issues andalso provide
an estimation of the feasible region of attraction for the closed-loop system.

Before explaining in detail the contributions of our work, we �rst review
some of the most important existing results on control of boost converters.

4.1.1 Literature Review

First, in addition to the brief literature review on isolatednodes presented in
the previous chapter, we review some of the most important works on control
design and stability analysis of a single boost converter; secondly we focus
our attention on microgrids of boost converters.

A robust passivity-based controller is designed in [JS04]. However, the
voltage positiveness and control signal constraints are not guaranteed and the
closed-loop system domain of attraction is not estimated. AProportional-
Integral (PI) passivity-based controller is designed in [COB+ 23] to solve the
voltage regulation problem for a boost converter connectedto a fuel cell. In
the case of known load, global asymptotic stability of the desired equilibrium
is guaranteed. Then, to provide robustness with respect to load uncertainty,
an Immersion and Invariance parameter estimator is designed together with
an adaptive PI passivity-based controller. However, only practical stability
can be ensured in this case and the feasibility of the voltageand control signal
is not guaranteed (the control signal is limited in simulation by a saturation
mechanism). Nonlinear control laws are proposed in [IM18] and [MVGA17]
to make the desired equilibrium globally asymptotically stable. However,
the constraints on the duty cycles are satis�ed by employinga saturation
mechanism, the positiveness of the voltage is not analyzed,and information
of some system parameters are required. Positiveness of thevoltage and con-
straints on the duty cycle are ensured by the nonlinear controller proposed
in [MKC23]. The control design and stability analysis is based on a shifted
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Lyapunov candidate function and an estimation of the closed-loop system
domain of attraction is provided. However, information of the load param-
eters is required. In [ZBDOM22] a Proportional-Integral-Derivative (PID)
passivity-based controller is proposed to ensure global exponential stability
of the equilibrium. However, the information of the �rst-time derivative of
the states is required to get satisfactorily performance.

Concerning the control design for microgrids of boost converters, in
[SSK18,CLT + 18] and [SRSSJM22] the design and analysis are based on the
linearization of the system around the desired equilibriumpoint. For exam-
ple, the controller in [CLT + 18] is based on sliding mode theory, while the
one in [SRSSJM22] is an H 1 controller based on Linear Matrix Inequali-
ties (LMIs). However, boost converters have a nonlinear dynamic behavior
and thus using its linear approximation for control design may deteriorate the
closed-loop performance or even lead to instability. Cucuzzella et al. develop
a decentralized dynamic controller based on the Krasovskiipassivity prop-
erty of the boost converter (see [KCSP21,KKS21,KCFS23,KCS23] for more
details about Krasovskii passivity). However, no guarantees on the voltage
positiveness and duty cycle boundedness are provided and information of
the �rst-time derivative of the states is required, making the control system
sensitive to noisy measurements. A plug-and-play (shifted) passivity-based
controller is proposed in [MNFT18], guaranteeing the asymptotic stability of
the desired equilibrium, while satisfying prede�ned constraints on the duty-
cycle through a saturation mechanism. However, the control law for each
DGU requires information of the DGU parameters as well as theneighboring
line resistances and voltage references.

4.1.2 Contribution

Now, the main contributions of our work in this chapter are listed as follows.

C1. For control design and stability analysis we consider the bilinear dy-
namics of the boost converter and also the dynamics associated with
resistive-inductive power lines. This is a relevant contribution com-
pared with those works that linearize the boost converter dynamics
around an equilibrium point (see e.g. [SSK18, CLT + 18, SRSSJM22])
and/or neglect the power line dynamics (see e.g. [CLT + 18]).

C2. The proposed controller architecture is fully decentralized and thus
scalable, i.e., the controller complexity does not increase with the net-
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work size. Indeed, the controller requires only the local measure-
ment of voltage and current and does not need any informationof
the load parameters or time derivative of the measurements.This is
a relevant contribution compared with those controllers that require
information of the system parameters (see e.g. [IM18, MKC23, ZB-
DOM22, MNFT18, MVGA17]) and/or time derivative of voltage and
current (see e.g. [CLK + 19,ZBDOM22]), thus improving the robustness
against uncertainties and noises.

C3. An estimation of the system feasible domain of attractionis provided
and it is shown that its size depends on the controller gains.This is
an essential result to establish the asymptotic stability of the desired
equilibrium point and also include physical constraints.

C4. Compliance with prede�ned physical constraints, i.e.,voltages positive-
ness and control inputs boundedness, is ensured for any initial condi-
tion contained in the estimated feasible domain of attraction. This is a
relevant contribution compared with those controllers that do not guar-
antee that physical constraints are satis�ed (see e.g. [JS04, CLT + 18])
or employ saturation schemes (see e.g. [IM18,MNFT18,MVGA17] and
[COB+ 23]), which might deteriorate the closed-loop performance or
even lead to instability [Hip06].

4.1.3 Outline

In Section4.2, the model of a typical DC microgrid is presented and the the
control problem of interest is formulated. In section4.3, an overview on the
design and analysis of a dynamic controller for DC microgrids based on dif-
ferential passivity is provided. Then, the design and analysis of the proposed
control scheme is presented. Then, in section4.4, simulation results show
the e�ectiveness of the proposed control system. Finally, some conclusions
and possible future research directions are discussed in Section 4.5.

4.2 Preliminaries
This chapter focuses on a typical DC microgrid composed ofn distributed
generation units (DGUs) supplying local loads and interconnected each other
through m transmission power lines. First, for the reader's convenience, a
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Figure 4.1: Electrical scheme of nodes (DGUs)i and j interconnected through
a power linek.

brief introduction on the considered DC microgrid along with its dynamics
is presented. Then, we formulate the control problem we solve in this work.

4.2.1 DC Microgrid Modelling

The DC network is represented by a connected and (ordered) undirected
graph G = ( V; E), where V = f 1; � � � ; ng and E = f 1; � � � ; mg indicate the
nodes and edges sets. Each nodei 2 V represents a DGU consisting of a
DC-DC boost converter supplying a local load. Nodes are interconnected
each other through resistive-inductive power lines and thetopology of the
network is described by the incidence matrixB associated withG. Figure 4.1
shows the schematic electrical diagram of two nodes interconnected through
a power linek.

Each boost converter includes a voltage sourceE i , an inductor L i , and a
capacitor Ci . The current through the inductor and the voltage across the
capacitor are denoted byx1;i (t) and x2;i (t), respectively. Each load absorbs
a current denoted byI L i (x2;i ) and consists of the parallel combination of a
resistorRi and a constant currentI i , i.e., I L i (x2;i ) = I i + R� 1

i x2;i . Moreover,
the current through the inductor Lp;k of the k-th power line, with k 2 E, is
denoted byx3;k (t), while the resistanceRp;k captures the distribution power
losses.

By employing for each boost converter the Pulse Width Modulation
(PWM) technique with a su�ciently high frequency, the switching dynamics
of each converter can be approximated by itsaveragebehaviour. Then, by
applying the Kirchho�'s laws, the averagedynamics of the nodei can be
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written as

L i _x1;i = � (1 � ui ) x2;i + E i (4.1a)

Ci _x2;i = (1 � ui ) x1;i � I i � R� 1
i x2;i � x3;k (4.1b)

Lp;k _x3;k =
�
x2;i � x2j

�
� Rp;kx3;k ; (4.1c)

whereui denotes the so-called duty cycle of the converter and satis�esui (t) 2
[0; 1] for all i 2 V (see e.g. [M �C77] for more details). Then, system (4.1) can
be written compactly for all nodesi 2 V as follows [CLK + 19]:

L _x1 = � (1n � u) � x2 + E (4.2a)

C _x2 = ( 1n � u) � x1 � I � R� 1x2 + Bx3 (4.2b)

Lp _x3 = �B > x2 � Rpx3; (4.2c)

where x1 : R� 0 ! Rn , x2 : R� 0 ! Rn
> 0, u : R� 0 ! [0; 1]n denote the node

current, voltage, and control input vectors, respectively. The vector of the
currents through the power lines is denoted byx3 : R� 0 ! Rm . Also, x :=
�
x>

1 ; x>
2 ; x>

3

� >
denotes the system state vector. The matricesL; C 2 Rn� n

> 0
and Rp; Lp 2 Rm� m

> 0 are diagonal with entries equal to the corresponding
values of thei -th DGU or k-th power line. The vectorE = ( E1; � � � ; En )>

denotes the voltage sources, while the load parameters are denoted by the
vector I = ( I 1; � � � ; I n )> and the diagonal matrix R, with both I and R
unknown.

The incidence matrixB 2 Rn� m represents the topology of the considered
DC microgrid, where the ends of each edgek are arbitrarily labeled with
positive or negative sign. More precisely,Bik = 1 if i is the positive end ofk,
Bik = � 1 if i is the negative end ofk, and Bik = 0 otherwise. Now, we are
ready to formulate the control problem we solve in this chapter.

4.2.2 Problem Formulation

In this chapter we focus on regulating the network voltage towards a desired
reference while satisfying physical constraints. Before formulating the control
problem, we �rst show that given a desired voltage referencex �

2 � E 2 Rn
> 0,

the equilibrium (x � ; u� ) of (4.2) is uniquely determined by

x �
1 = [ E]� 1 [x �

2]
�
I + R� 1x �

2 + DR � 1
p B> x �

2

�
(4.3a)

x �
3 = � R� 1

p B> x �
2 (4.3b)

u� = 1n � [x �
2]� 1 E: (4.3c)
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The value of the desired voltagex �
2 is usually selected in accordance with

standards, operational requirements, and to ensure optimal performance and
safety of the electrical equipment (e.g. loads). Alternatively, it might be gen-
erated by a higher-level control scheme by solving an optimization problem
aiming to guarantee optimal operation and e�ciency of the overall network
(e.g. load sharing). In order to explain the rationale of thecontrol design
approach that we propose in Section4.3, it is worth to emphasize that the
relation betweenu� and x �

2 in (4.3c) does not require any information of the
topology of the network and load parameters.

Remark 4.1. From (4.3c), x �
2 � E 2 Rn

> 0 if and only if u� 2 [0; 1)n , which
implies that there are one-to-one correspondences amongu� , x �

2, and (x � ; u� ).
�

Then, as natural physical constraints, we requirex2(�) 2 Rn
> 0 and u(�) 2

[0; 1]n . The �rst constraint implies that the voltages evolve in thepositive
orthant for all the time, while the second one is required to guarantee a
proper functioning of each boost converter.

Now we are ready to formulate the voltage regulation problem for the
considered DC microgrid (4.2).

Problem 4.1. Given a desired voltage referencex �
2 � E 2 Rn

> 0, stabilize
the DC microgrid (4.2) at the equilibrium point ( x � ; u� ) given by (4.3), while
satisfying the physical constraintsx2(t) 2 Rn

> 0 and u(t) 2 [0; 1]n for all t � 0.
C

Note that the simplest stabilizing controller is given byu = u� . How-
ever, it does not provide any possibility to improve transient performance as
will be shown through simulations in Section4.4. This is the main reason
that motivates us designing in the next section a dynamic feedback controller
solving Problem4.1, which is, to the best of our knowledge, a relevant con-
tribution to the existing literature. For example, in [CLT + 18] the authors
design a robust decentralized control scheme based on second-order sliding
mode, guaranteeing convergence to the desired voltage despite the presence
of model and load parameter uncertainties. However, only local stability is
ensured, physical constraints are not guaranteed and an estimate of the re-
gion of attraction is not provided. In [MNFT18], a shifted passivity-based
control scheme is designed ensuring global stability. However, each controller
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requires information of the desired equilibrium point, i.e., load parameters
and resistance of the power lines interconnecting neighboring nodes. The
controller proposed in [CLK + 19] is based on Krasovskii passivity and thus
the control scheme does not require any information of either load parame-
ters or resistance of the power lines. However, the control law employs both
current and voltage time derivative, which might deteriorate the closed-loop
performance in presence of noisy measurements.

In the next section we design a novel decentralized voltage control scheme
that solves Problem4.1 without using any information of the load parame-
ters, power line resistances and time derivative of currentand voltage.

4.3 Main Results
In this section, we provide a dynamic stabilizing state-feedback controller
for the considered DC microgrid (4.2), addressing the drawback of the
shifted and Krasovskii passivity based controllers proposed in [CLK + 19]
and [MNFT18], respectively, which require information of the load and other
system parameters or time-derivatives of the state variables. The proposed
controller instead can be implemented by using informationonly of the volt-
age source. To design such a controller, we revisit the results in [CLK + 19]
from the perspective of di�erential passivity [vdS13, KB24]. Then, we re-
veal that the drawback of the controller proposed in [CLK + 19] is caused by
the integrability issue of di�erential-passivity based control. In this chap-
ter we solve this issue and, additionally, we characterize the set of initial
states ensuring that the corresponding closed-loop trajectories ful�ll prede-
�ned physical constraints.

4.3.1 Di�erential Passivity Analysis

We introduce now the notion of variational system, which is instrumental to
analyze later the di�erential passivity property of the considered DC network
(4.2).

Consider the nonlinear system

_x = f (x; u) ; (4.4)

wherex : R� 0 ! Rn and u : R� 0 ! Rm are, respectively, the state variables
and control input vectors. The notion of di�erential passivity is investigated
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for the so-called \prolonged system" (see e.g. [vdS13]), which comprises the
nonlinear system (4.4) and the associated variational system along the tra-
jectory (x(t); u(t)), i.e.,

_�x =
@f(x; u)

@x
�x +

@f(x; u)
@u

�u; (4.5)

where �x : R� 0 ! Rn and �u : R� 0 ! Rm represent, respectively, the state
variable and control input vectors of the variational system [KKS21]. More
precisely, �x and �u denote in�nitesimal variations of (x; u) with respect
to neighboring solutions [FSvdS13]. Now, we can analyze the di�erential
passivity property of the DC network (4.2).

To analyze the di�erential passivity of the DC network (4.2), we consider
its variational system, i.e.,

L _�x 1 = �u � x2 � (1n � u) � �x 2 (4.6a)

C _�x 2 = � �u � x1 + ( 1n � u) � �x 1 � R� 1�x 2 + B�x 3 (4.6b)

Lp
_�x 3 = �B > �x 2 � Rp�x 3; (4.6c)

with the state (�x 1; �x 2; �x 3) 2 Rn � Rn � Rm and input �u 2 Rn .
System (4.6) is passive in the following sense.

Theorem 4.1. Consider a DC network (4.2) and its variational sys-
tem (4.6). Then, the variational system is passive with respect to the supply
rate �u > (�x 1 � x2 � x1 � �x 2) and the storage function

S(x; �x ) =
1
2

�
k�x 1k2

L + k�x 2k2
C + k�x 3k2

L p

�
; (4.7)

for all (x; u); (�x; �u ) 2 (Rn � Rn � Rm ) � Rn .

Proof . The storage function (4.7) satis�es

_S(x; �x ) = �x >
1 L _�x 1 + �x >

2 C _�x 2 + �x >
3 Lp

_�x 3

= �u > (�x 1 � x2 � x1 � �x 2) � k �x 2k2
R � 1 � k �x 3k2

Rp

along the solutions of (4.6), which completes the proof. �
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The above passivity property is calleddi�erential passivity . As for stan-
dard passivity, one may expect a di�erential passivity based controller for
stabilization of the following form:

�u = � K 1(�x 1 � x2 � x1 � �x 2); (4.8)

where K 1 2 Rn� n is a diagonal and positive de�nite matrix with entries
k1;i ; i = 1; � � � ; n. However, since�x 1 � x2 � x1 � �x 2 is not integrable, this is
not directly helpful to design a stabilizing controller fora DC network (4.2).

To address this issue, the concept ofKrasovskii passivity [KKS21] has
been introduced based on the fact that (�x; �u ) = ( _x; _u) satis�es the dy-
namics of the variational system (4.6). This yields the following dynamic
controller [CLK + 19,KCSP21]:

_u = � K 1( _x1 � x2 � x1 � _x2):

Moreover, based on the input shaping technique proposed in [KCSP21], in
order to specify the input referenceu� , the above controller can be modi�ed
as follows:

_u = K 2(u� � u) � K 1( _x1 � x2 � x1 � _x2); (4.9)

where K 2 2 Rn� n is a diagonal and positive de�nite matrix with entries
k2;i ; i = 1; � � � ; n. In fact, asymptotic stability of the closed-loop system
at (x � ; u� ) is shown by utilizing the following Krasovskii Lyapunov func-
tion [CLK + 19,KCSP21]:

V ( _x; u) :=
1
2

�
k _x1k2

L + k _x2k2
C + k _x3k2

L p
+ ku � u� k2

K 2K � 1
1

�
: (4.10)

However, neither in [CLK + 19] nor in [KCSP21] guarantees are provided
on compliance with prede�ned physical constraints. Furthermore, the con-
troller ( 4.9) requires information of the time-derivatives of the current x1 and
voltage x2 of all nodes, which can deteriorate the closed-loop performance in
the case of noisy measurements.

4.3.2 Dynamic Control Design

We �rst solve the integrability issue of the di�erential passivity based con-
troller ( 4.8) by rewriting it in the following decentralized way:

�u i = � k1;i (x2;i �x 1;i � x1;i �x 2;i ); i = 1; : : : ; n: (4.11)
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Then, the right-hand side of (4.11) can be made integrable by multiplying
it by the integrating factor 1=x1;i x2;i . Based on this, a static stabilizing
controller is presented by [MKC23]. However, its implementation requires
information of x �

1, i.e., of system parametersE, I , R, Rp, and D. Some of
their values are not easy to know in practice. To address thisproblem, we
modify each component of the Krasovskii passivity based controller ( 4.9) as
follows:

_ui =
1

x1;i x2;i
(k2;i (u�

i � ui ) � k1;i ( _x1;i x2;i � x1;i _x2;i )) ;

which can be rewritten as

ui = k1;i ln(x2;i =x1;i ) + vi

_vi = k2;i (u�
i � ui )=(x1;i x2;i );

with k2;i > 0. The only system parameter required for its implementation is
u� , i.e., the source voltageE. However, sincex2;i > 0, ui is not de�ned when
x1;i � 0.

To deal with this issue, we employ a switching structure forui leading to
the following dynamic state-feedback controller

ui =

(
sign (x1;i )

�
k1;i ln

� �
�x2;i x � 1

1;i

�
� � + vi

�
; if

�
�x1;i

�
� > " i

u�
i ; if

�
�x1;i

�
� � " i

(4.12a)

_vi = k2;i (u�
i � ui ) =(x1;i x2;i ) ; (4.12b)

wherevi 2 R is the state of the controller dynamics,k1;i ; k2;i 2 R> 0 are tuning
parameters, and" i 2 R> 0 is the threshold that speci�es the switching con-
dition. For the sake of closed-loop analysis, we de�nek1 := ( k1;1; � � � ; k1;n )> ,
k2 := ( k2;1; � � � ; k2;n )> , and " := ( "1; � � � ; "n )> .

It is worth emphasizing that the dynamic controller (4.12) is fully decen-
tralized, i.e., each control inputui can be computed by measuring only the
local value of the currentx1;i and voltagex2;i of nodei . Also, u�

i = 1 � E i =x�
2;i

depends only on the local voltage source and reference.
As the main contribution of this chapter, we show that the fully decentral-

ized controller (4.12) asymptotically stabilizes the equilibrium point of the
closed-loop system. Moreover, we estimate a region of attraction, which can
be utilized to characterize the set of initial states such that the corresponding
closed-loop trajectories ful�ll prede�ned psychical constraints.
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Theorem 4.2. Given x �
2 � E 2 Rn

> 0, consider the closed-loop system con-
sisting of a DC microgrid (4.2) and the decentralized controller(4.12). Also,
let 
 c denote the level set of the Krasovskii Lyapunov function(4.10), i.e.,


 c := f (x; u) 2 (Rn � Rn � Rm ) � Rn : V ( _x; u) � cg: (4.13)

Then, the following statements hold:

(i) for any k1; k2; " 2 Rn
> 0, the closed-loop system is asymptotically stable

at (x � ; u� );

(ii) if 
 c is contained in (Rn � Rn
> 0 � Rm ) � [0; 1)n , then 
 c is a region of

attraction;

(iii) 
 c is contained in (Rn � Rn
> 0 � Rm ) � [0; 1)n if and only if

c � min
i 2V

�
k2;i

2k1;i
(u�

i )2

�
; c < min

i 2V

�
E 2

i

2L i

�
: (4.14)

Proof . (Proof of items (i) and (ii)). Let �V(x; u) denote the function ob-
tained by substituting _x given by (4.2) into the Krasovskii Lyapunov function
V( _x; u) in (4.10). Then, we have

�V (x; u) =
1
2

�
k � (1n � u) � x2 + Ek2

L � 1

+ k(1n � u) � x1 � I � R� 1x2 + Bx3k2
C � 1

+ kB> x2 + Rpx3k2
L � 1

p
+ ku � u� k2

K 2K � 1
1

�
: (4.15)

By Remark4.1, �V (x; u) in (4.15), or equivalently V( _x; u) in (4.10), is positive
de�nite at ( x � ; u� ) on (Rn � Rn � Rm ) � [0; 1)n .

Thus, stability can be shown by taking the time-derivative of �V(x; u),
or equivalently V( _x; u), along the closed-loop trajectory. To this end, we
calculate the time derivative of (4.2) yielding

L •x1 = � (1n � u) � _x2 + _u � x2 (4.16a)

C•x2 = ( 1n � u) � _x1 � _u � x1 � R� 1 _x2 + B _x3 (4.16b)

Lp•x3 = �B > _x2 � Rp _x3: (4.16c)

61



4.3. Main Results

Also, from the controller equation (4.12), we have

_ui =
8
<

:
�

k1;i sign (x1;i )
x1;i x2;i

�
_x1;i x2;i � x1;i _x2;i + k� 1

1;i k2;i (ui � u�
i )

�
; if

�
�x1;i

�
� > " i

0; if
�
�x1;i

�
� � " i :

(4.17)

By using (4.16), the time-derivative of V( _x; u) along the closed-loop trajec-
tory is computed as

_V ( _x; u)

= _x>
1 L •x1 + _x>

2 C•x2 + _x>
3 Lp•x3 + ( u � u� )> K 2K � 1

1 _u

= _x>
1 (x2 � _u) � _x>

2 (x1 � _u) + ( u � u� )> K 2K � 1
1 _u � _x>

2 R� 1 _x2 � _x>
3 Rp _x3

= _u>
�

_x1 � x2 � x1 � _x2 + K 2K � 1
1 (u � u� )

�
� _x>

2 R� 1 _x2 � _x>
3 Rp _x3;

where note thatK 2K � 1
1 is a diagonal matrix. By rewriting the �rst term of

the last equation element-wisely, we obtain

_V ( _x; u) =
nX

i =1

�
_ui

�
_x1;i x2;i � x1;i _x2;i + k2;i k� 1

1;i (ui � u�
i )

��

� _x>
2 R� 1 _x2 � _x>

3 Rp _x3: (4.18)

Without loss of generality, we suppose thatx1;i > " i for i = 1; � � � ; h,
x1;j < � " j for j = h + 1; � � � ; q, and jx1;l j � " l for l = q + 1; � � � ; n. Then, it
follows from (4.17) and (4.18) that

_V ( _x; u) = �
hX

i =1

k� 1
1;i x1;i x2;i _u2

i +
qX

j = h+1

k� 1
1;j x1;j x2;j _u2

j � _x>
2 R� 1 _x2 � _x>

3 Rp _x3

< �
qX

i =1

k� 1
1;i " i x2;i _u2

i � _x>
2 R� 1 _x2 � _x>

3 Rp _x3: (4.19)

Thus, _V ( _x; u) (equivalently _�V(x; u)) is negative semi-de�nite at (x � ; u� ) if
x2 2 Rn

> 0.
In summary, V( _x; u) and _V( _x; u) are, respectively, positive de�nite and

negative semi-de�nite at (x � ; u� ) on (Rn � Rn
> 0 � Rm ) � [0; 1)n . There-

fore, (x � ; u� ) is stable by the Lyapunov stability theorem. Next, we show
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the asymptotic stability of (x � ; u� ) by invoking LaSalle's invariance princi-
ple [Kha02, Theorem 4.4].

Consider a level set 
c of V( _x; u) given by (4.13) and let c > 0 be such
that 
 c � (Rn � Rn

> 0 � Rm ) � [0; 1)n . From V( _x; u) = �V(x; u) and (4.15),

 c is compact because ofu < 1n . Also, from the above discussion, 
c is
positively invariant.

De�ne � := � jx1 j>" [ � jx1 j� " , where

� jx1 j>" :=
n

(x; u) 2 
 c : jx1j > "; _V ( _x; u) = 0
o

� jx1 j� " :=
n

(x; u) 2 
 c : jx1j � "; _V ( _x; u) = 0
o

:

Recall that R and Rp are symmetric and positive de�nite matrices. From
(4.19) with x2 2 Rn

> 0 on 
 c, we have

� jx1 j>" = f (x; u) 2 
 c : jx1j > "; _x2 = 0; _x3 = 0; _ui = 0; i = 1; : : : ; qg: (4.20)

Also, from (4.12a) and (4.19), we obtain

� jx1 j� " = f (x; u) 2 
 c : jx1j � "; _x2 = 0; _x3 = 0; ui = u�
i ; i = q+ 1; : : : ; ng:

(4.21)

Let � denote the largest invariant set contained in �. This is contained in
� \ f (x; u) 2 
 c : •x2 = 0g. From (4.16b), (4.20), (4.21), and u 6= 1n on �,
we have

� � � \ f (x; u) 2 
 c : •x2 = 0g

= � \ f (x; u) 2 
 c : _x1 = 0g

= f (x; u) 2 
 c : jx1j > "; _x = 0; _ui = 0; i = 1; : : : ; qg

[ f (x; u) 2 
 c : jx1j � "; _x = 0; ui = u�
i ; i = q+ 1; : : : ; ng:

Moreover, (4.17) and (4.20) imply

f (x; u) 2 
 c : jx1j > "; _x = 0; _ui = 0; i = 1; : : : ; qg

= f (x; u) 2 
 c : jx1j > "; _x = 0; ui = u�
i ; i = 1; : : : ; qg:

Therefore, we have

� � f (x; u) 2 
 c : _x = 0; u = u� g
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and consequently, from Remark4.1,

f (x; u) 2 
 c : _x = 0; u = u� g = f (x � ; u� )g:

Thus, the closed-loop systems is asymptotically stable at (x � ; u� ), and the
region of attraction contains 
 c.

(Proof of item (iii)). The idea behind the proof of this item origins from
geometric considerations. Speci�cally, the aim is to obtain the tightest level
set 
 c that is contained in the region bounded by the linesx2;i = 0, ui = 1,
and ui = 0, without crossing the linesx2;i = 0 and ui = 1, for all i 2 V .

Noting that V ( _x; u) = �V(x; u), we use�V(x; u) in (4.15). First, let 
 cx 2 ;0;i

denote the level set whose border is tangent to the linex2;i = 0. This means
that 
 cx 2 ;0;i is the tightest level set that is contained in the region bounded
by the line x2;i = 0 and does not cross such a line if and only ifc < cx2 ;0;i for
all i 2 V . Then, the set 
 cx 2 ;0;i is tangent to the line x2;i = 0 if and only if

cx2 ;0;i =
E 2

i

2L i
;

which is obtained by substituting x2;i = 0 in ( 4.15) and considering the
quadratic form of �V(x; u), i.e.,

cx2 ;0;i = min
x1 ;x2 ;x3 ;u

� �V (x; u)jx2;i =0
	

=
E 2

i

2L i
:

Next, by repeating similar steps as above, the level set 
cu; 0;i is tangent
to the line ui = 0 if and only if

cu;0;i =
k2;i

2k1;i
(u�

i )2:

Finally, the level set 
 cu; 1;i is tangent to the line ui = 1 if and only if

cu;1;i =
E 2

i

2L i
+

k2;i

2k1;i
(1 � u�

i )2:

Therefore, 
 c � (Rn � Rn
> 0 � Rm ) � [0; 1)n if and only if the following in-

equalities are satis�ed:

c � min
i 2V

�
k2;i

2k1;i
(u�

i )2

�

c < min
i 2V

�
E 2

i

2L i
;

E 2
i

2L i
+

k2;i

2k1;i
(1 � u�

i )2

�
= min

i 2V

�
E 2

i

2L i

�
;

i.e., (4.14) holds. �
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Remark 4.2. Although (4.12) is a switching controller, (4.10) is used as a
common Lyapunov function for both controllers. Therefore,we can guarantee
the closed-loop stability. �

Remark 4.3. According to Theorem4.2, any closed-loop trajectory start-
ing from 
 c converges to (x � ; u� ) while ful�lling the physical constraints
x2(�) 2 Rn

> 0 and u(�) 2 [0; 1]n if c satis�es (4.14). Thus, we call 
 c with
c satisfying (4.14) a feasible region of attraction. From (4.14) and (4.15), it
is evident that the size of the feasible region of attraction
 c depends on
the ratio of the tuning parameters, i.e.,k2;i =k1;i . Sincec is upperbounded
by E 2

i =2L i (see (4.14)), then the largest feasible region of attraction 
c is
obtained whenk1;i and k2;i are selected as

k2;i

k1;i
�

E 2
i

L i (1 � E i =x�
2;i )2

; i = 1 : : : ; n; (4.22)

which follows from imposing k2;i

2k1;i
(u�

i )2 � E 2
i

2L i
and using (4.3c). In this case,


 cl is a feasible region of attraction for

cl = min
i 2V

�
E 2

i

2L i

�
� " l ; (4.23)

where" l > 0 is allowed to be arbitrary small. �

Now, in the following corollary we extend the results of Theorem4.2to the
case of DC networks including the so-called ZIP loads, i.e.,nonlinear loads
consisting of the parallel combination of constant impedance (Z), current
(I) and power (P) components. Therefore, we consider now also constant
power loads (CPLs) in addition to the constant resistance and current (ZI)
loads considered in Theorem4.2. The current-voltage characteristic of such
loads is given byI L (x2) = R� 1x2 + I + [ x2]� 1 P, whereP =

�
P1; � � � ; Pn

� >

and Pi denotes the constant power absorbed by the CPL of nodei (see e.g.
[CLK + 19]). Before introducing the corollary, it is noteworthy to emphasize
that the structure of the controller in (4.12) remains unchanged. Also, let us
de�ne the set R as

R =
n

x2;i 2 R> 0 : x2;i >
p

� 1;i � 2;i ; i 2 V
o

; (4.24)

where 0� Pi � � 1;i and 0� Ri � � 2;i , with � 1;i and � 2;i being known positive
constants for all i 2 V .
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Corollary 4.1. Given E � x �
2 2 R n , consider a DC microgrid (4.2) with ZIP

loads and in closed-loop with the controller (4.12). Then, the equilibrium
point (x � ; u� ) is asymptotically stable with an estimated feasible region of
attraction 
 c that is contained in (Rn � R n � Rm ) � [0; 1)n . Furthermore,

 c is contained in (Rn � R n � Rm ) � [0; 1)n if and only if

c � min
i 2V

�
k2;i

2k1;i
(u�

i )2

�
(4.25a)

c < min
i 2V

( �
E i � (1 � u�

i )
p

� 1;i � 2;i
� 2

2L i

)

: (4.25b)

�

Proof . The proof is given in the Appendix. �

Theorem 4.2 guarantees asymptotic stability of the desired equilibrium
for any positive value of the controller gainsk1;i and k2;i . However, we provide
in the following remark some insights for a �ner tuning of these gains.

Remark 4.4. A careful inspection of _u in (4.17) reveals that larger values of
k2 result in a faster convergence ofu towards its desired valueu� . Secondly,
from (4.19), it follows that the convergence rate ofV ( _x; u) towards zero is
in
uenced by k1. Speci�cally, a smaller value fork1 increases the conver-
gence speed ofV ( _x; u) towards zero and, therefore, the convergence to the
desired equilibrium point. Given these general tuning considerations, for the
speci�c values ofk1 and k2, a trial and error procedure can be adopted based
on the speci�c requirements of the considered DC network. Furthermore,
it is worth to notice that the ratio k2;i =k1;i in
uences the shape and size of
the estimated feasible region of attraction, as outlined in(4.14), (4.22), and
(4.23). Therefore, obtaining the largest estimation of the feasible region of
attraction requires to choosek1 and k2 satisfying (4.22). Finally, we empha-
size that the controller gains for each node can be tuned independently from
each other. �

4.4 Simulations
In this section, in order to validate the theoretical results discussed in Section
4.3, we test in simulation the proposed control scheme (4.12). First, in order
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Table 4.1: Values of the system parameters

Parameter Value Parameter Value
L 0:00112 (H) C 0:0068 (F)
E 280 (V) I 50 (A)
R 10 (
) x �

2 380 (V)
Rp 39� 10� 3 (
) Lp 86� 10� 6 (H)

to provide a better understanding of our analysis we consider the single-node
and two-node cases (see e.g. [CLT + 18, CLK + 19, RL16]). Then, we simulate
a more realistic DC network with four nodes in ring topology,including ZIP
loads.

4.4.1 Single-node case

In this subsection, we focus on a single boost converter by selecting n = 1
and m = 0 in ( 4.2). Namely, we consider the system

L _x1 = � (1 � u) x2 + E

C _x2 = (1 � u) x1 � I � x2=R;
(4.26)

where each parameter and the desired voltage reference are taken from a
real microgrid (see [CLT + 18,CLK + 19,RL16]) and are reported in Table4.1.
We �rst validate items (i)-(iii) of Theorem 4.2. Then, we observe the e�ects
of the switching mechanism employed in (4.12). Finally, we compare the
proposed dynamic controller with the \trivial" static cont roller u = u� .

Let's start by checking the validity of item (i) of Theorem 4.2, i.e.,
asymptotic stability of the closed-loop system at (x � ; u� ) for any positive
controller gainsk1 and k2. Figure 4.2 shows the closed-loop trajectories with
respect to four di�erent pairs of k1 and k2. The threshold for the switch-
ing condition is chosen as" = 1 and the initial condition is ( x (0) ; u (0)) =
((131:37; 361); 0:2132). As expected, the closed-loop trajectories converge to
the equilibrium point (x � ; u� ) = ((119:4286; 380); 0:2632).

Now, we choose the control design parameters ask1 = 0:1, k2 = 6:06� 106,
" = 1, and check items (ii) and (iii) of Theorem 4.2. The condition (4.14)
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Figure 4.2: Closed-loop trajectories for four di�erent pairs of the controller
gainsk1; k2.
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for a level set 
 c is

c �
k2

2k1
(u� )2 = 2:1 � 106; c <

E 2

2L
= 35 � 106:

Let ĉ = min f 2:1� 106; 35� 106g, then 
 ĉ � (Rn � Rn
> 0) � [0; 1)n is a feasible

region of attraction. Note however that, according to Remark4.3, cl =
35� 106 � " l gives a larger feasible region of attraction 
cl for any su�ciently
small " l > 0; we select in simulation" l = 10� 3. As can be observed from
Figs. 4.3and 4.4, both 
 ĉ and 
 cl are contained in (Rn � Rn

> 0) � [0; 1)n , which
validates item (iii) of Theorem 4.2. In particular, Fig. 4.3 shows that 
 cl is
bounded by the surfacesu = 0 and u = 1. Figure 4.4 shows the projection of

 ĉ and 
 cl on the x1{ x2 plane. One can note that for anyc (slightly) larger
than cl , the level set 
 c would cross the surfacex2 = 0, i.e., the surface on
which the voltage is equal to zero. This validates necessityand su�ciency of
item (iii) in Theorem 4.2. Next, we check the validity of item (ii) of Theorem
4.2 by focusing on 
 ĉ. As shown in Figs.4.3 and 4.4, all the trajectories
starting from 
 ĉ remain in 
 ĉ and converge to (x � ; u� ).

Now, in order to show the validity of the tuning rule provided in Remark
4.3, we repeat the simulation in Figs.4.3 and 4.4 with the controller gains
k1 and k2 satisfying (4.22), i.e., k1 = 0:1 and k2 = 10:1 � 107. This implies
ĉ = cl = 35 � 106 � " l ; " l = 10� 3. The projection of the level set 
ĉ and
the trajectories of the closed-loop system on thex1{ x2 plane are shown in
Fig. 4.5. The trajectories start from six di�erent initial conditio ns contained
in 
 ĉ and converge to (x � ; u� ), remaining inside 
 ĉ all the time.

Now, we have a close look at the switching mechanism employed in the
proposed control scheme (4.12). Figure 4.6shows the closed-loop trajectories
starting from four di�erent initial conditions in 
 ĉ, which are selected in
order to cross the switching region. It can be observed that the switching
mechanism is triggered whenever the current trajectories cross the switching
lines x1 = " or x1 = � " .

Finally, we compare the performance of the proposed dynamic controller
(4.12) with the \trivial" static controller u = u� . Figure 4.7shows the closed-
loop trajectories obtained with both controllers startingfrom two di�erent
initial conditions. Regardless of the initial condition, the closed-loop sys-
tem with u = u� su�ers from many more oscillations than when using the
proposed controller.
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Figure 4.3: Feasible regions of attraction 
̂c and 
 cl and closed-loop trajec-
tories starting from 
 ĉ.
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Figure 4.4: Projection of 
 ĉ, 
 cl and the closed-loop trajectories on thex1{
x2 (current-voltage) plane.
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Figure 4.5: Projection of 
 ĉ and the closed-loop trajectories on thex1{ x2

(current-voltage) plane, with the controller gains satisfying (4.22).
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Figure 4.6: Time evolution of the currents and control signals, with visual-
ization of the switching mechanism e�ects.
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Figure 4.7: Closed-loop trajectories with the proposed dynamic control
scheme (black and red colors) and the \trivial" static controller u = u�

(green and orange colors). a) (x (0) ; u (0)) = ( � 0:59; 399; 0:2632), b)
(x (0) ; u (0)) = (118:23; 381:9; 0:2632).
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4.4.2 Two-node case

We consider now a DC microgrid with two boost converters interconnected
through a resistive-inductive power line (see e.g. [CLT + 18,CLK + 19,RL16]),
i.e., we consider the microgrid model (4.2) with n = 2 and m = 1. Note that,
for the sake of notation simplicity, we consider two identical boost converters
and all the values of the system parameters are given in Table4.1. Namely,
we consider the system

L _x1;1 = � (1 � u1) x2;1 + E1

L _x1;2 = � (1 � u2) x2;2 + E2

C _x2;1 = (1 � u1) x1;1 � I 1 � x2;1=R1 � x3

C _x2;2 = (1 � u2) x1;2 � I 2 � x2;2=R2 + x3

Lp _x3 = ( x2;1 � x2;2) � Rpx3:

(4.27)

As in the previous subsection, we �rst check the validity of the items (i)-
(iii) of Theorem 4.2 in the network case and then evaluate the closed-loop
performance by considering two di�erent scenarios based onthe experimental
tests in [CLT + 18,CLK + 19].

First, we show the asymptotic stability of the closed-loop system at the
desired equilibrium point (x � ; u� ) for any positive gainsk1;i and k2;i , i = 1; 2.
Speci�cally, Fig. 4.8 shows the closed-loop trajectories with the control gains
selected as

(k1;1; k2;1) = (0 :1; 6:06� 106)

(k1;2; k2;2) = (1 ; 5 � 107):

These values have been chosen through a trial and error procedure to get
both a large feasible region of attraction and desired transient performance.
More precisely, the feasible region of attraction is 
̂c, with ĉ = 1:7313� 106

satisfying (4.14). The switching condition is de�ned by the thresholds"1 =
"2 = 1 and the initial conditions are

(x1;1 (0) ; x2;1 (0) ; u1 (0)) = (95 :542; 383:8; 0:1632))

(x1;2 (0) ; x2;2 (0) ; u2 (0)) = (143:314; 380; 0:2632)

x3 (0) = 0 :

As expected, the closed-loop trajectories converge to the desired equilibrium
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point, i.e.,
�
x �

1;1; x�
2;1; u�

1

�
= (119:42; 380; 0:2632)

�
x �

1;2; x�
2;2; u�

2

�
= (119:42; 380; 0:2632)

x �
3 = 0:

Moreover, since the above initial conditions belong to 
̂c, as expected, the
closed-loop trajectories converge to the desired equilibrium point (x � ; u� )
while ful�lling the physical constraints, i.e., voltages are positive and the
control signals belong to the interval [0; 1) all the time (see Fig.4.8). Figure
4.9shows the time evolution of the Lyapunov functionV(x(t); u(t)) in ( 4.15),
which satis�es V(x(t); u(t)) � ĉ for all t � 0. Furthermore, V(x(t); u(t))
converges to 0, and thus 
̂c is a feasible region of attraction.

Now, we further assess the performance of the proposed controller (4.12)
considering two di�erent scenarios as in [CLT + 18,CLK + 19].

Scenario I. In this scenario, we evaluate the closed-loop performance
when a step variation occurs in the power absorbed by the loador the power
generated e.g. by a photovoltaic plant, i.e., we consider step variations of the
current I L;i = I i + x2;i =Ri , i = 1; 2. Let each node of the DC microgrid (4.27)
represent for instance a battery regulating its output voltage towards the
desired referencex �

2;i = 380 V. Speci�cally, let the power demand in the node
1 increase by 20 kW at the time instantt = 1 s until the time instant t =
5 s. As shown in Fig.4.10, the proposed dynamic controller asymptotically
stabilizes the DC microgrid at the desired equilibrium point ( x � ; u� ) after a
short transient during which the voltage deviation is about4% of the desired
value, thus satisfying for example the standards for DC networks used for
powering of telecommunication applications [Sch07], where a tolerance of 10
% (with respect to the desired values) is considered acceptable. This shows
the robustness of the proposed controller with respect to unknown loads. This
scenario is repeated by considering a step variation of 20 kWin the power
generated e.g. by a photovoltaic plant, which is simulated by implementing
a negative variation of the currentI L; 1 . The results are shown in Fig.4.11
and comments similar to the ones above hold. Additionally, wewould like
to remark that the amplitude of the overshoots and undershoots at the time
instants t = 1 s and t = 5 s in Figs. 4.10and 4.11depends on the amplitude
of the load variations.

Scenario II. In this scenario, we evaluate the closed-loop performance
by considering step changes of the desired voltage. At the time instant t =
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Figure 4.8: Closed-loop trajectories starting from a feasible region of attrac-
tion 
 ĉ.
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Figure 4.9: Time evolution of the Lyapunov function (4.15).
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Figure 4.10: Closed-loop trajectories considering a step variation of 20 kW
in node 1.
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Figure 4.11: Closed-loop trajectories considering a step variation of � 20 kW
in node 1.
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1 s, the desired voltage for node 1 changes fromx �
2;1 = 380 V to x �

2;1 = 375 V.
Then, after four seconds, also the desired voltage for node 2changes from
x �

2;2 = 380 V to x �
2;2 = 375 V. As shown in Fig. 4.12, the proposed control

scheme tracks the voltage reference and the DC microgrid is stabilized at the
desired equilibrium point (x � ; u� ).

4.4.3 Multi-node DC Network

To show the performance of the proposed controller (4.12) in a more real-
istic scenario, we consider a DC network consisting of four nodes in a ring
con�guration with ZIP loads, i.e.,

L _x1 = � (1n � u) � x2 + E (4.28a)

C _x2 = ( 1n � u) � x1 � I � R� 1x2 � [x2]� 1 P + Bx3 (4.28b)

Lp _x3 = �B > x2 � Rpx3; (4.28c)

where the incidence matrixB 2 R4� 4 is as follows

B =

0

B
B
@

� 1 0 0 1
1 � 1 0 0
0 1 � 1 0
0 0 1 � 1

1

C
C
A :

The values of the system parameters are given in Table4.1, while the CPLs
are selected asP = (2 ; 2; 5; 0) kW. We consider the following equilibrium
points:

�
x �

1;1; x�
2;1; u�

1

�
= (300:56; 380; 0:2632)

�
x �

1;2; x�
2;2; u�

2

�
= ( � 219:07; 375; 0:2533)

�
x �

1;3; x�
2;3; u�

3

�
= (311:27; 380; 0:2632)

�
x �

1;4; x�
2;4; u�

4

�
= (119:42; 380; 0:2632);

where the reference voltages are not identical for all the nodes. Then, by
setting the controller gains as

(k1;1; k2;1) =
�
0:1; 6:06� 106

�
; (k1;2; k2;2) =

�
1; 5 � 107

�

(k1;3; k2;3) =
�
0:1; 6:06� 106

�
; (k1;4; k2;4) =

�
1; 5 � 107

�
;
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Figure 4.12: Closed-loop trajectories considering step variations of the volt-
age reference.
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the level set 
 c, with c = 1:6� 106 satisfying (4.25), is the estimated feasible
domain of attraction.

Consider the following initial conditions

(x1;1(0); x2;1(0); u1(0)) = (270:50; 380; 0:2632)

(x1;2(0); x2;2(0); u2(0)) = ( � 219:07; 370; 0:2533)

(x1;3(0); x2;3(0); u3(0)) = (342:40; 375; 0:2632)

(x1;4(0); x2;4(0); u4(0)) = (119:42; 385; 0:2632):

Then, the time evolution of the voltages and control signalsare depicted in
Fig. 4.13, showing that all trajectories converge to the desired equilibrium
point, while satisfying the physical constraints of the network.

4.5 Conclusions and Disscussion
In this chapter, we design a fully decentralized dynamic control system to
regulate the voltage in a boost converter-based DC microgrid. We use a
Krasovskii Lyapunov function and analyze its level sets to ensure the asymp-
totic stability of a desired equilibrium point while satisfying prede�ned phys-
ical constraints. In other words, we provide an estimation of the microgrid
feasible region of attraction. Finally, we assess in simulation the proposed
control scheme to validate the established theoretical results.

The proposed controller is designed by integrating a di�erential passivity
based controller. However, despite the signi�cant advantages of the controller
presented in this chapter, it has two issues. First, in certain regions, the
controller operates in an open-loop manner, losing the bene�ts of feedback
control systems. Second, the controller requires a switch triggered by cur-
rent values, necessitating high-tech devices that operateat high frequencies
to ensure a proper functionality. In the next chapter, we present a modi-
�ed version of the di�erential passivity-based controllerdesigned here. This
new controller features an integrable di�erential passiveoutput, adapting its
structure to address these issues while retaining all its original advantages.

Moreover, the proposed approach in this chapter is generalized to di�er-
entially passive systems with integrable di�erentially passive outputs, which
is an intriguing research direction to be explored in Chapter 6. This en-
able us to design a new class of controllers for nonlinear systems who verify
di�erential passivity property.
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Figure 4.13: Closed-loop trajectories of a multi-node DC network
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Another interesting future research directions include to investigate di�er-
ent candidate Lyapunov functions to get a less conservativeestimation of the
feasible domain of attraction. Moreover, to improve the robustness features
of the control system, we are also interested in including inthe control law
an integral action on the voltage error and �nd a suitable Lyapunov function
to establish asymptotic stability of the desired equilibrium point. Finally,
we are interested in extending the proposed controller to achieve also load
sharing, in addition to voltage regulation.

4.6 Appendix

4.6.1 Proof of Corollary 4.1

Proof . The dynamics of a DC microgrid (4.2) with ZIP loads read as follows:

L _x1 = � (1n � u) � x2 + E (4.29a)

C _x2 = ( 1n � u) � x1 � I � R� 1x2 � [x2]� 1 P + Bx3 (4.29b)

Lp _x3 = �B > x2 � Rpx3: (4.29c)

For a givenE � x �
2 2 R , where the setR is de�ned in (4.24), the equilibrium

point corresponding to dynamics (4.29) is denoted byx � = ( x �
1

> ; x�
2

> ; x�
3

> )> .
Now, let us consider the Lyapunov functionV ( _x; u) given in (4.10). The time
derivative of V ( _x; u) along the trajectories of the system (4.29) in closed-loop
with the controller (4.12) satis�es the following inequality

_V ( _x; u) < �
qX

i =1

k� 1
1;i " i x2;i _u2

i � _x>
2

�
R� 1 � [x2]� 2 P

�
_x2 � _x>

3 Rp _x3; (4.30)

which is negative semi-de�nite at (x � ; u� ) on the set (Rn � R n � Rm ) �
[0; 1)n . Hence, the stability of the equilibrium point (x � ; u� ) is proved. To
show the asymptotic stability of (x � ; u� ), we invoke LaSalle's invariance prin-
ciple on the compact set 
c de�ned in (4.13) for a suitable c > 0 such that

 c � (Rn � R n � Rm ) � [0; 1)n . Therefore, also the asymptotic stability of
the equilibrium point is proved with the set 
 c being the estimated feasible
domain of attraction of the desired equilibrium point.

In order to estimate a feasible region of attraction, we notice that the
inequality (4.25a) is identical to the �rst inequality in ( 4.14). Therefore, the
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proof to show the correctness of (4.25a) is the same as the proof of Theorem
4.2. For the inequality (4.25b), we follow the same steps as in the proof
of Theorem 4.2, i.e., we aim to obtain the tightest level set 
c contained
in the region bounded by the linex2;i =

p
� 1;i � 2;i . From the quadratic

structure of V ( _x; u), it follows that the set 
 cx 2 ;
p

� 1;i � 2;i ;i
is tangent to the

line x2;i =
p

� 1;i � 2;i if and only if the inequality (4.25b) holds. Finally, we
observe that for ZI loads, since� 1;i = 0 for all i 2 V , then the inequality
(4.25b) becomes identical to the second inequality in (4.14). �
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5
Decentralized Voltage Control of Boost

Converters in DC Microgrids: Theory and
Experimental Validation

This chapter addresses the voltage regulation problem in DC microgrids,
supplying the so-called ZIP loads through boost converters. More precisely,
we propose a decentralized di�erential passivity-based dynamic controller
that relies solely on voltage and current feedback, showcasing robustness
despite unknown loads, and the closed-loop stability is analyzed through a
Krasovskii-type Lyapunov function. While the primary goal is to ensure volt-
age regulation to a desired level, the proposed controller ensures compliance
with the system's physical constraints|crucial for the rel iable operation of
the closed-loop system|by estimating the feasible region of attraction. Fi-
nally, extensive simulations are carried out to validate the theoretical �nd-
ings, complemented by experimental tests that demonstratethe e�ectiveness
of the proposed controller and its robustness to load variations.

The material of this section is based on the paper entitled \Decentralized Volt-
age Control of Boost Converters in DC Microgrids: Theory and Experimen-
tal Validation ", that is authored by Morteza Nazari Monfared, Yu Kawano,
Riccardo Lazzari, and Michele Cucuzzella. It has been submitted at 23rd

European Control Conference (ECC), Thessaloniki, Greece (2025).
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5.1 Introduction
Transitioning from centralized to distributed power generation is a signi�-
cant challenge in the energy sector. This shift is driven by economic and
environmental concerns, as well as the need to enhance e�ciency, reliability,
and stability in power network operations [NMDL15, CTDP+ 19]. Micro-
grids, as electrical networks composed of clusters of distributed generation
units (DGUs), loads, and storage systems [LP04], o�er a promising solution
to address these challenges [Hat14].

In recent decades, DC microgrids have captured increased attention,
driven by advancements in semiconductor-based power conversion [MST+ 17],
the rise of renewable energy sources (RES) and storage devices, the growing
use of DC appliances [MST+ 17], and the advantages they o�er over AC coun-
terparts [NMDL15,ZD15]. This chapter focuses on boost converter-based DC
microgrids that supply the so-called \ZIP" loads, where \Z", \I", and \P"
denote, respectively, constant impedance, current and power loads [CKS23].

The primary control objective in DC microgrids is to regulate the voltage
across the loads to a desired value while ensuring the stability of other elec-
trical signals. However, it is also crucial to satisfy the system's physical con-
straint, including the boundedness of the control input andthe positivity of
the voltage across the load, to ensure a reliable network operation [MKC23].
While applying a saturation mechanism can address boundedness, it may
lead to instability of the closed-loop system [Hip06]. Another key considera-
tion in controller development is the type of information itrequires.

5.1.1 Literature Review

In the previous two chapters, we provided an in-depth literature review on the
designed controllers for isolated and networked distributed generation units,
speci�cally DC microgrids. However, to ensure each chapter is independent
and easy to follow in terms of its contributions relative to other published
works, we present a brief literature review here.

Regarding the boost converters, di�erent passivity-basedvoltage regu-
lators have been proposed in [JS04, COB+ 23]. However, these methods do
not ensure compliance with system constraints. In [MVGA17] and [IM18],
the authors present voltage controllers that satisfy control input constraints,
but do not address constraints on voltage levels. Furthermore, [MVGA17]
considers only Z-type load con�gurations. The Lyapunov-based controller
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introduced in [MKC23] guarantees boundedness of both control input and
voltage with I-type loads. Nevertheless, the controller in [MKC23], simi-
lar to those proposed in [MVGA17, IM18], requires information of the load,
which poses a signi�cant limitation in terms of robustness.

Two robust controllers are proposed for boost converter-based DC mi-
crogrids in [CLT + 18] and [SSK18]. These controllers are designed based on
the linearized model of the boost converter, which has instead a bilinear
structure [MKM + 23]. Additionally, the dynamics of transmission lines are
neglected in [CLT + 18]. In [MNFT18], a nonlinear controller is designed,
ensuring boundedness of the control input for microgrids with I-type loads;
however, it requires information about the load and transmission lines resis-
tances.

The controller proposed in [CLK + 19] is designed based on Krasovskii
passivity [KKS21, KCSP21] and it is robust with respect to uncertain ZIP
loads; however, it does not guarantee the satisfaction of constraints. The con-
troller in [CLK + 19] requires to compute time derivatives of the voltage and
current signals, which may undermine its e�ectiveness and potentially lead
to instability, especially in the presence of measurement noise. To address
this issue, a new Krasovskii-type Lyapunov-based controller is introduced
in [NMKC25]. This controller retains the advantages of the one introduced
in [CLK + 19] while utilizing feedback from voltage and current signalsinstead
of their time derivatives. A crucial aspect of the controller in [NMKC25] is
that it is a switching dynamic controller that relies on detecting a speci�c
current value to trigger the switch. However, this introduces implementation
complexity, as it requires devices capable of operating at high frequencies
with rapid detection and response time. Moreover, within a potentially ar-
bitrarily small region, the controller switches to an open-loop control system
that preserves the system's asymptotic stability but losesthe advantages of
closed-loop feedback controllers [Oga97].

5.1.2 Contributions

The contributions of this chapter are listed as follows.

C1. We design a decentralized controller for DC microgrids including boost
converters supplying ZIP loads and interconnected each other through
dynamic power lines. This approach di�ers from those in [CLT + 18,
SSK18,MVGA17,MNFT18,MKC23], which do not simultaneously ac-
count for all of these factors.
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C2. Similar to [CLK + 19] and [NMKC25], the proposed controller does not
require information about the load or transmission lines. This is an
advantage with respect to the controllers in [MVGA17,MKC23, IM18,
MNFT18]. Additionally, our controller does not need details about
the network topology, nor the inductance or capacitance of the DGUs.
More importantly, it only requires feedback from voltage and cur-
rent signals, without the need for their time derivatives, as required
in [CLK + 19].

C3. The structure of the controller is considerably simplercompared to
the switch-based dynamic controller proposed in [NMKC25], making it
implementable without requiring high-frequency operational devices.

C4. Similar to [MKC23] and [NMKC25], guarantees on the boundedness of
the control input signal and the positivity of the voltage are provided.

5.1.3 Outline

This chapter is organized as follows. Section II presents the system dynamics
and formulates the problem under investigation. In SectionIII, we design
the controller and present a lemma and a theorem that prove the asymptotic
stability of the closed-loop system while satisfying the physical constraints.
The simulation results and experimental tests are presented in Section IV.
Finally, Section V concludes the chapter.

5.2 Preliminaries
Consider a DC network consisting ofn DGUs, each supplying power to a
local ZIP load through a DC voltage source connected to a boost converter.
The units are interconnected bym resistive-inductive transmission lines. The
main objective is regulating the voltage across the loads toa desired value.
This section �rst provides an overview of the average dynamics of the DC
network, to enhance readability and ensure the chapter can be understood
independently, followed by a precise formulation of the problem.
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5.2.1 DC Network Average Dynamic Model

The DC network is modeled as a connected undirected graphG = G(V; E; B),
where the set of DGUs corresponds to the set of nodesV, the set of trans-
mission lines corresponds to the set of edgesE, and the network topology is
represented by the incidence matrixB. This implies that jVj = n, jEj = m,
E � V � V and B 2 Rn� m .

The average dynamics governing the DC microgrid are described by the
following equations1 [CLK + 19]

L _x1 = � (1n � u) � x2 + E (5.1a)

C _x2 = ( 1n � u) � x1 � I L (x2) + Bx3 (5.1b)

Lp _x3 = �B > x2 � Rpx3: (5.1c)

Here, u and x :=
�
x>

1 ; x>
2 ; x>

3

� >
represent respectively the control input

and state vectors of the network withu : R� 0 ! [0; 1)n and x : R� 0 !
(Rn � Rn

> 0 � Rm ). For a node i 2 V , the control input ui is de�ned as the
duty cycle of the boost converter's switch, and the average current through
the inductor and the average voltage across the capacitor are indicated by
x1;i and x2;i , respectively. The current through the inductor of thek-th
transmission line,k 2 E, is indicated by x3;k . Therefore, the network control
input and state variables areu := ( u1; � � � ; un )> , x1 = ( x1;1; x1;2; � � � ; x1;n )> ,
x2 = ( x2;1; x2;2; � � � ; x2;n )> , and x3 = ( x3;1; x3;2; � � � ; x3;m )> . Furthermore,
I L (x2) in (5.1) indicates the load current and is de�ned by [CLK + 19]

I L (x2) = R� 1x2 + I + [ x2]� 1 P; (5.2)

where the constant matrix R � 0 is diagonal with i -th diagonal element
corresponding to the load resistance of thei -th node. Moreover, the vectors
I and P are de�ned asI := ( I 1; I 2; � � � ; I n )> , and P := ( P1; P2; � � � ; Pn )> ,
representing the constant current and power loads. In (5.1), the constant
matrices L � 0 and C � 0 are diagonal with appropriate dimensions, and
represent the inductance and capacitance in the network's nodes, with the
i -th diagonal entries corresponding to their nominal value in the i -th node.
Similarly, Lp � 0 and Rp � 0 are diagonal constant matrices representing
the inductance and resistance of the network's power lines.The DC voltage
source for each node is denoted byE i , i = 1; � � � ; n, while for the network is
compactly denoted by the vectorE 2 Rn

> 0.

1It is assumed that the Pulse Width Modulation (PWM) frequency is su�ciently high.
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5.2.2 Problem Formulation

Accurate problem formulation requires �rst understanding the physical con-
straints and conducting a steady-state analysis of the system.

Physical Constraints

The DC microgrid (5.1) is subject to two primary physical constraints for all
time instances: i)x2 2 Rn

� 0, guaranteeing proper functioning of the load; and
ii) u 2 [0; 1)n , guaranteeing proper functioning of the switch's duty cycle.

Steady-State Analysis

Let us denote the steady state response of the system's states and control
input by x � := ( x �

1
> ; x�

2
> ; x�

3
> )> and �u, respectively. More precisely, for a

given �u 2 [0; 1)n , the following algebraic equations are satis�ed

[1n � �u] x �
2 = E (5.3a)

[1n � �u] x �
1 = I L (x �

2) + BR� 1
p B> x �

2 (5.3b)

x �
3 = � R� 1

p B> x �
2: (5.3c)

Remark 5.1. For any given �u 2 [1; 0)n , there exists a unique equilibrium
point (x � ; �u) satisfying the steady-state equations (5.3), with x �

2 � E 2 Rn
> 0

2,
wherex �

2 is the desired voltage. �

Assumption 5.1. For any given �u 2 [0; 1)n , there exists a desired voltage
x �

2 � E 2 Rn
> 0 satisfying x �

2;i >
p

Pi; maxRi; max , where

0 < R i � Ri; max ; 0 � Pi � Pi; max ; 8i 2 V

and Ri; max and Pi; max are constant. C

Let x(t; x0; u) denote for all t � 0 the solution of the system (5.1) in
closed-loop with a controlleru = u(x) and starting from an initial condition
x(0). Then, we formulate the problem as follows.

Problem 5.1. Given the desired duty cycle �u 2 [0; 1)n satisfying Assump-
tion 5.1 for the equilibrium point (x � ; �u), design a decentralized controller
ui = ui (x1;i ; x2;i ) for eachi 2 V such that

2Since the boost converters are designed to step up the input DC voltageE.

92



5.2. Preliminaries

1. the unique equilibrium (x � ; �u) is asymptotically stable, implying

lim
t !1

x2(t; x0; u) ! x �
2;

2. the physical constraints introduced in Section5.2.2hold. C

5.2.3 Di�erential Passivity

In [NMKC25], a decentralized controller solving Problem5.1 is provided
based on di�erential passivity [vdS13,KB24], which is de�ned via the varia-
tional dynamics:

L _�x 1 = �u � x2 � (1n � u) � �x 2 (5.4a)

C _�x 2 = � �u � x1 + ( 1n � u) � �x 1

� R� 1�x 2 + B�x 3 (5.4b)

Lp
_�x 3 = �B > �x 2 � Rp�x 3; (5.4c)

with the state (�x 1; �x 2; �x 3) 2 Rn � Rn � Rm and input �u 2 Rn . In fact, it
satis�es

_S(x; �x ) � �u > (x2 � �x 1 � x1 � �x 2)

for

S(x; �x ) =
1
2

�
k�x 1k2

L + k�x 2k2
C + k�x 3k2

L p

�
:

Employing a standard passivity-based controller for stabilization yields
the following controller for the variational system:

�u = � K (x)(x2 � �x 1 � x1 � �x 2); (5.5)

where K (x) � 0. This does not directly provide a controller for the boost
converter because�x 1 � x2 � x1 � �x 2 is not an exact di�erential one-form.
However, this is anintegrable di�erential one-form. To explain this, we con-
sider the scalar case for the sake of simplicity. SelectingK (x) = 1 =(x1x2)
yields

K (x)(x2�x 1 � x1�x 2) =
�x 1

x1
�

�x 2

x2
= � (ln x1) � � (ln x2) = � �

�
ln

x2

x1

�
;
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whereK (x) = 1 =(x1x2) is called anintegrating factor.
Based on this and the fact that (�u; �x ) = ( _u; _x) satis�es the variational

dynamics (5.4), we can construct a controller; for a similar discussion, see
Section5.3 below. In fact, the following decentralized controller is proposed
in [NMKC25]:

ui =

(
sign (x1;i )

�
k1;i ln

� �
�x2;i x � 1

1;i

�
� � + vi

�
; if

�
�x1;i

�
� > " i

�ui ; if
�
�x1;i

�
� � " i

(5.6a)

_vi = k2;i (�ui � ui )=(x1;i x2;i ) ; (5.6b)

wherek1;i ; k2;i ; " i > 0 and for eachi 2 V .
There are several disadvantages of this controller in practice. The pres-

ence of a signum function can cause the notorious chatteringphenomenon.
Also, when the current satis�esjx1;i j � " i , the controller operates in an
open-loop manner, i.e.,ui = �ui . Thus, we lose many advantages of feed-
back control systems, e.g. robustness. More importantly, to implement this
controller in practice, we require rapid detection ofx1;i and swift switching
action, which may be infeasible by standard devices. All these considerations
motivate us to develop a new controller to solve Problem5.1 by addressing
the aforementioned issues.

5.3 Theoritical Results
In this section, we propose a decentralized controller to address Problem5.1
that is much simpler than (5.6). The main idea is to utilize a di�erent
integrating factor for (5.5). First, we show asymptotic stability of (x � ; �u) for
the closed-loop system. Then, we identify a region of initial conditions that
ensures all closed-loop trajectories satisfy the physicalconstraints. Such a
set of initial states is refereed to asfeasible region.

We use the integrating factorK (x) = H1[x2]� 2 for (5.5), leading to

�u = � H1x � 2
2 � (x2 � �x 1 � x1 � �x 2)

= � H1(x � 1
2 � �x 1 � x1 � x � 2

2 � �x 2)

= � H1� (x1 � x � 1
2 ):

Substituting (�u; �x ) = ( _u; _x) yields

_u = � H1
d
dt

(x1 � x � 1
2 ):
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However, this is not enough to ensure the convergence ofu to �u. To enforce
this, we improve the controller dynamics as follows:

_u = � H1
d
dt

(x1 � x � 1
2 ) + H2x � 2

2 � (�u � u); (5.7)

whereH i � 0, i = 1; 2 are diagonal, i.e., the control scheme is fully decentral-
ized. Moreover, we note that the controller can be represented by an integral
controller:

u = � H1x1 � x � 1
2 + z; (5.8a)

_z = H2x � 2
2 � (�u � u): (5.8b)

This does not contain any switching structure and thus is simpler than (5.6)
in terms of pracrical implementation.

In the rest of this section, we show that the controller (5.8) solves Prob-
lem 5.1. For the sake of proof, we use the representation (5.7). Namely,
the state of the closed-loop system is (x; u). First, we con�rm closed-loop
stability as follows.

Lemma 5.1. For a DC microgrid (5.1), consider �u 2 [0; 1)n satisfying As-
sumption 5.1. Then, (x � ; �u) is an asymptotically stable equilibrium point of
the closed-loop system controlled by (5.7). �

Proof . By virtue of Remark 5.1 and (5.7), (x � ; �u) is the unique equilibrium
point of the closed-loop system. To prove its asymptotic stability, we de�ne
a Lyapunov candidateV ( _x; u) as follows

V( _x; u) :=
1
2

�
k _x1k2

L + k _x2k2
C + k _x3k2

L p
+ ku � �uk2

H � 1
1 H 2

�
: (5.9)

As mentioned in [NMKC25, Theorem 2], this is positive de�nite at (x � ; �u) in
Rn � Rn � Rm � [0; 1)n .

From (5.1) and (5.7), the time derivative of V( _x; u) along the closed-loop
trajectory satis�es

_V( _x; u) = � _x>
2

�
R� 1 � [x2]� 2 P

�
_x2 � _x>

3 Rp _x3

+ _u>
�
[x2] _x1 � [x1] _x2 + H � 1

1 H2 (u � �u)
�

= � _x2
�
R� 1 � [x2]� 2 P

�
_x2 � _x3Rp _x3 � _u> H � 1

1 [x2]2 _u: (5.10)
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This is negative semi-de�nite onRn � R n � Rn � [1; 0)n , where

R :=
n

x2;i 2 R> 0 : x2;i >
p

Pi; maxRi; max ; i 2 V
o

: (5.11)

Consequently, the equilibrium (x � ; �u) is stable.
To show its asymptotic stability, we apply the LaSalle invariance principle

[Kha02, Theorem 4.4] by de�ning the following level set:


 c := f (x; u) 2 Rn � R n � Rn � [0; 1)n j V ( _x; u) � c g: (5.12)

This is not empty for su�ciently small c > 0 and, by u 6= 1n , is compact.
For suchc > 0, (5.10) implies that 
 c is positive invariant.

Now, we compute the largest invariant set contained in

� :=
n

(x; u) 2 
 c j _V( _x; u) = 0
o

: (5.13)

From (5.10), _V( _x; u) = 0 if and only if _x2 � 0, _x3 � 0, and _u � 0. Con-
sequently, we have •x2 = 0 which implies _x1 = 0. Then, we can rewrite �
as

� = f (x; u) 2 
 c j _x1 = 0; _x2 = 0; _x3 = 0; _u = 0g

From Remark 5.1 and (5.7), we have

� = f (x; u) 2 
 c jx1 = x �
1; x2 = x �

2; x3 = x �
3; u = �ug

= f (x � ; �u)g:

Therefore, (x � ; �u) is asymptotically stable by the LaSalle invariance principle.
�

In the proof of Lemma5.1, asymptotic stability is guaranteed when the
level set 
 c is contained inRn � R n � Rm � [0; 1)n . Thus, 
 c can be utilized
to estimate the feasible region for the closed-loop system as stated below.

Theorem 5.1. For a DC microgrid (5.1), consider �u 2 [0; 1)n satisfying
Assumption 5.1. Also, consider the closed-loop system consisting of(5.7).
Then, we have:

(i) the closed-loop system is asymptotically stable at the equilibrium point
(x � ; �u);
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(ii) the set 
 c de�ned in (5.12) is contained in Rn � R n � Rn � [1; 0)n if
and only if the following conditions hold:

c � min
i 2V

�
H2;i

2H1;i
(�ui )2

�
(5.14a)

c < min
i 2V

( �
E i � (1 � �ui )

p
Ri; maxPi; max

� 2

2L i

)

: (5.14b)

Proof . Since item (i) is shown in Lemma5.1, we prove item (ii). We apply
a similar argument as [NMKC25] because the employed Lyapunov function
(5.9) is identical to the one in [NMKC25, Theorem 1]. It su�ces to �nd
a c > 0 such that the level set 
c is geometrically tangent to linesx2;i =p

Pi; maxRi; max and ui = 1, and is bounded by the lineui = 0, for all i 2 V .
From the quadratic structure of the Lyapunov function (5.9), the level set

 c is tangent to the line x2;i =

p
Pi; maxRi; max and ui = 1 if and only if

ci <

�
E i � (1 � �ui )

p
Ri; maxPi; max

� 2

2L i
(5.15)

and
ci <

E i

2L i
+

H2;i

2H1;i
(1 � �ui )

2 (5.16)

hold for all i 2 V , respectively. Moreover, the level set 
c is bounded by the
line ui = 0 if and only if

ci �
H2;i

2H1;i
�u2

i : (5.17)

Since (5.15) implies (5.16), we have (5.14). �

5.4 Simulation and Experimental Results
To validate the theoretical results and demonstrate the performance of the
proposed controller, we conduct simulations on the DC microgrid (5.1) in
closed-loop with the proposed controller (5.8), and carry out experimental
tests on the DC microgrid test-bed at RSE S.p.A. in Milan, Italy.
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5.4.1 Simulation Results

Verifying theoretical results. This simulation aims to verify the results
of Theorem 5.1. For the sake of exposition, we consider a single-node DC
microgrid (5.1) with parameter values E = 280 V, L = 0:00112 H, and
C = 0:0068 F, and the controller (5.8) with gains H1 = 0:1 andH2 = 2 � 107.
The load parameters are set toR = 10 
, I = 50 A, and P = 2 kW.
Given the values for system and controller parameters, the equilibrium point
is (x �

1; x�
2; �u) = (126:57; 380; 0:263). Additionally, for the level set 
 c, we

have c � 6:9252� 106 (from condition (5.14a)) and c < min f 1:37� 107g
(from condition (5.14b)). Therefore, by setting c = 6:9252� 106, we can
guarantee that the level set 
c is limited to the surfacesu = 0, u = 1
and x2 =

p
PR � 141:4. Figure 5.1 shows the trajectories for three di�erent

initial conditions. As observed, all trajectories convergeasymptotically to the
equilibrium point while satisfying the system's physical constraints. Thus,
this simulation validates all claims of Theorem5.1.

Multi-Node DC microgrid. To evaluate the controller's performance
in a large-scale network, we consider a four-node network interconnected in
a ring con�guration topology (m = 4). For simplicity, we assume all DGUs
are identical, with the same values as in the previous simulation. However,
the desired voltages are set tox �

2 = (380; 375; 380; 385)> V, and the constant
power loads are set toP = (2 ; 2; 5; 0)kW. The inductance and resistance of
all four transmission lines areLp;k = 86 � 10� 6 H and Rp;k = 0:039 
, 8k 2 E.
Figure 5.2shows the voltage trajectories and control inputs corresponding to
di�erent initial conditions for each node. One can observe that all trajectories
converge to the equilibrium point while satisfying the physical constraints.

Comparison. We compare in simulation the performance of the pro-
posed controller (5.8) with that of controller ( 5.6). Our goal is to show that
controller (5.6) requires high-frequency operation to maintain e�ective per-
formance. This high-frequency requirement likely stems from the use of hard
nonlinearities, such as the signum function, or from the switching mechanism
if the sampling intervals are not su�ciently small. The gain values for con-
troller ( 5.6) are selected ask1 = 0:1 and k2 = 2 � 107. The results, shown in
Fig. 5.3, indicate that although controller (5.6) achieves asymptotic stability
at the desired equilibrium point, physical constraints arenot satis�ed.
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Figure 5.1: Estimated feasible region 
c and closed-loop trajectories for three
di�erent initial conditions, (a) Three-dimensional view, (b) Projection of the
three-dimension view on the two-dimensional spacex2 � u.
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Figure 5.2: Closed-loop trajectories of a multi-node DC Microgrid.

100



5.4. Simulation and Experimental Results

Figure 5.3: Comparison between performances of the controllers (5.8) and
(5.6).
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Milan, Italy.
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5.4.2 Experimental Validations

To validate the e�ectiveness of the proposed control strategy, experimental
tests were conducted on the DC microgrid testbed at RSE S.p.A., Milan.
Figure 5.4 illustrates the electrical scheme of the testbed, which consists of
two storage devices (batteries) labeled asE2 and E4, a ZIP load and a DC
generator represented, respectively, byI L 1 (x2;1) and I L 3 (x2;3). These compo-
nents are interconnected via four DC{DC boost converters toa common DC
link. For more details about the system setup and parameter values, please
refer to [CLT + 18, RL16]. The objective is to regulate the voltages of nodes
2 and 4 to the desired valuesx �

2;2 = 380 V and x �
2;4 = 380 V. To achieve

this, the proposed controller (5.8) is implemented in nodes 2 and 4 through
dSpace. In the following, the controller is tested in two di�erent scenarios.

Scenario I. (Load Variation) In this scenario, at the initial time in-
stant, the system is in steady state withx1;i = 0 A and x2;i = 380 V, where
the power absorbed by the load and the power generated by the generator
are both equal to zero. At the time instantt = 5 s, the load power is in-
creased to 20 kW for 40 seconds. Then, at the time instantt = 45 s, the
load power is decreased again to 0 kW. The results of this testare shown
in Fig. 5.5. As it can be observed, the voltage trajectories of the second
and fourth nodes converge asymptotically to the desired value 380 V after
a fast transient response. This demonstrates the robustness of the proposed
decentralized controller against load variations.

Scenario II. (Generator Variation) Similarly to the previous scenario,
the closed-loop system is in steady state for 5 s, withx1;i = 0 A and x2;i =
380 V. Then, the generator power is increased from 0 kW to 20 kW. After
40 s, the generator power is decreased back to 0 kW. Figure5.6 shows that
the objective is achieved, as indicated by the asymptotic convergence of the
voltage trajectories at the second and fourth nodes to the desired value 380 V.

5.5 Conclusion and Discussion
In this chapter, we have presented a decentralized state feedback dynamic
controller aimed at regulating voltage in DC microgrids to desired levels. The
stability of the closed-loop system has been ensured through Lyapunov anal-
ysis, allowing us to estimate a domain of attraction that remains within the
region satisfying physical constraints, known as the feasible region of attrac-
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5.5. Conclusion and Discussion

Figure 5.5: Experimental results: trajectories of the closed-loop test-bed
system with the proposed controller (5.8) in response to load variation of
20kW.
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Figure 5.6: Experimental results: trajectories of the closed-loop test-bed
system with the proposed controller (5.8) in response to generator variation
of 20kW.
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5.5. Conclusion and Discussion

tion. The proposed controller operates without requiring load information,
making it robust against unknown loads, and avoiding complex structures like
switching mechanisms. Additionally, we have discussed how this controller
can be interpreted as a di�erential-passivity-based controller with integrat-
ing factors. While conducting simulations has been crucial for assessing the
controller performance, we have also performed experimental tests to evalu-
ate its e�ectiveness. The advantages of the controllers designed in this and
the previous chapter inspired us to extend the approach to generic nonlinear
dynamic systems that satisfy di�erential passivity with anintegrable passive
output.

As future work, we are interested in equipping the system withan adap-
tive mechanism to estimate unknown parameters, such as the internal resis-
tance of batteries, and to ensure asymptotic stability in their presence.
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6
Stabilizing Control Design by Integrable

Di�erential Passive Outputs

Di�erential passivity of a nonlinear system has been introduced as passivity of
its variational system. Applying standard passivity-basedcontrol techniques
to di�erentially passive systems leads to controllers for the corresponding
variational systems. However, it is challenging to construct controllers for
the original nonlinear systems if the di�erential passive outputs are non-
exact di�erential one-forms. In this chapter, our objective is to provide a
systematic procedure to address this issue when di�erential passive outputs
are integrable, i.e., when non-exact di�erential passive outputs can be made
exact by multiplying them by suitable integrating factors. In particular,
under suitable detectability assumptions, we propose one static and two dy-
namic state feedback stabilizing controllers, where each dynamic controller
has a form of input- and output-shaping, respectively. We illustrate their
e�ectiveness by stabilization of counter-current heat exchangers. approach.

The material of this section is based on the paper entitled \Stabilizing Con-
trol Design by Integrable Di�erential Passive Outputs", that is authored by
Morteza Nazari Monfared, Yu Kawano, and Michele Cucuzzella. It has been
accepted and presented at63rd Conference on Decision and Control (2024).
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6.1. Introduction

6.1 Introduction
Passivity theory is a powerful tool in system analysis and control design
[SJK12, vdS00, Wil72] as demonstrated by the various applications; see,
e.g., [AOAM05, ZBDOM22, TCDP+ 18, SMC+ 24, MCS22] and the references
therein. Nevertheless, in order to overcome the so-called \Dissipation Ob-
stacle" phenomenon [OVDSMM01], alternative concepts of passivity con-
tinue to be explored by investigating input or output variables that di�er
from the conventional ones, such as counterclockwise [Ang06], shifted pas-
sivity [SP19, JOGCC07], and incremental passivity [CvdS13, PM08, KB24].
Additionally, as standard passivity theory extends standard Lyapunov the-
ory [Wil07], the notion of di�erential passivity has been introduced in [vdS13]
to extend di�erential Lyapunov theory for contraction analysis [FS14].

Applying passivity-based control techniques [vdS00] to di�erentially pas-
sive systems leads to controllers for the variational systems. However, the
latter are not useful to design controllers for the originalnonlinear systems
unless di�erential passive outputs are exact di�erential one-forms. To address
this issue, the concept of Krasovskii passivity [KKS21] has been proposed
to solve various di�erent control problems such as stabilization of Brayton-
Moser systems [KCSP21], voltage control in DC microgrids [CLK + 19], output
and input consensus [KCFS23,KCS23]. These stabilizing controllers in gen-
eral require information of the time derivatives of the state variables, which
can make the closed-loop systems vulnerable against measurement noise. Re-
cently, in order to overcome this issue, an integrating factor of the di�erential
passive output has been used in [MKC23,NMKC25] to design stabilizing state
feedback controllers for DC-DC boost converters.

In this chapter, we extend the approaches of [MKC23,NMKC25] to gen-
eral di�erentially passive systems with integrable di�erential passive out-
puts. In particular, we design three di�erent state feedback controllers for
stabilization of a desired equilibrium point. As generalization of [MKC23]
and [NMKC25], we provide a static controller and a dynamic controller with
the integral action of the input, respectively. Moreover, we present also a
dynamic controller with the integral action of the output. Each controller
guarantees closed-loop stability under a suitable detectability assumption.

6.1.1 Contribution

The contribution is summarized as follows:
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C1. We enlarge the class of di�erentially passive systems for which state
feedback controllers can be designed by incorporating suitable inte-
grating factors of the di�erential passive outputs;

C2. We design three di�erent stabilizing controllers: 1) a static controller;
2) a dynamic controller for input-shaping; 3) a dynamic controller for
output-shaping.

6.1.2 Outline

The remainder of this chapter is organized as follows. In Section 6.2, we
recall the de�nition of di�erential passivity and formulat e the problem of
designing stabilizing controllers for di�erentially passive systems when the
di�erential passive outputs are integrable. In Section6.3, we propose a static
and two dynamic state feedback controllers. Then, we establish the closed-
loop stability under suitable detectability assumptions. In Section 6.4, the
proposed controllers are applied to a counter-current heatexchanger. Finally,
Section6.5 concludes this chapter.

6.2 Problem Formulation
The goal of this chapter is to design stabilizing controllers for di�erentially
passive systems. First, we recall the notion of di�erential passivity. Then,
we formulate the control problem addressed in this chapter.

Consider a nonlinear system in the form of

_x = f (x; u); (6.1)

where x 2 Rn and u 2 Rm denote the state and input, respectively. The
function f : Rn � Rm ! Rn is of classC1. We assume that there exists a
forced equilibrium point (x � ; u� ) 2 Rn � Rm , i.e., f (x � ; u� ) = 0. The results
of this chapter are applicable even if the number of equilibria is in�nite.

Di�erential passivity [ vdS13, De�nition 4.1] has been introduced as a pas-
sivity property of the so-calledprolongedsystem consisting of (6.1) together
with its variational system along the trajectory (x(t); u(t)):

_�x =
@f(x(t); u(t))

@x
�x +

@f(x(t); u(t))
@u

�u; (6.2)
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6.2. Problem Formulation

where�x 2 Rn and �u 2 Rm denote the variational state and input, respec-
tively.

We consider the following di�erential passivity, noting that 1) a system
is sometimes called passive if it has a suitable passive output; 2) for the sake
of stabilizing control design, we focus on a positive de�nite storage function.

De�nition 6.1. The system (6.1) is said to be di�erentially passive with
respect to a classC1 storage functionS : Rn � Rn ! R� 0 if for its variational
system (6.2), there exists an output function �y = H (x)�x with H : Rn !
Rm� m of classC1 such that S(x; �x ) = 0 if and only if �x = 0 and

@S(x; �x )
@x

f (x; u) +
@S(x; �x )

@�x

�
@f(x; u)

@x
�x +

@f(x; u)
@u

�u
�

� �u > �y (6.3)

for all (x; u) 2 Rn � Rm and (�x; �u ) 2 Rn � Rm . C

For a di�erentially passive system, a standard passivity based control
design yields the following controller for the variationalsystem (6.2):

�u = � �y = � H (x)�x: (6.4)

However, if �y is not a variational output, i.e., there is noz = h(x) satisfying
�z = H (x)�x (i.e., @h(x)=@x= H (x)), it is not immediate how to construct
a controller for the original system (6.1). For stabilizing boost converters,
this issue has been addressed by introducing integrating factors [MKC23,
NMKC25]. To generalize these results, we consider the following class of
systems.

De�nition 6.2. The system (6.1) is said to admit an integrable di�erential
passive outputif the system is di�erentially passive and if there existh :
Rn ! Rm of classC1 and M : Rn ! Rm� m of classC0 such that M (x) � 0
and

@h(x)
@x

= M (x)H (x) (6.5)

for all x 2 Rn . C

Remark 6.1. In the literature, M (x) satisfying (6.5) for someh(x) is called
an integrating factor of H (x). Its existence can be veri�ed by the Frobenius
theorem, e.g. [NvdS90, Theorem 2.42]. The conditionM (x) � 0 is imposed
for the sake of designing stabilizing controllers. �
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For a system (6.1) having an integrable di�erential passive output, we
selectz = h(x) as the output, i.e., we study

�
_x = f (x; u)
z = h(x):

(6.6)

This is di�erentially dissipative with respect to a supply rate �u > M � 1(x)�z ,
where �z = ( @h(x)=@x)�x . Standard di�erential passivity is covered by the
case whereM (x) = I m . Thus, introducing M (x) gives additional 
exibility
for analysis and control design. Our objective is to utilizethis 
exibility for
stabilizing control design, stated below.

Problem 6.1. For a system (6.1) admitting an integrable di�erential passive
output, consider system (6.6). Then, design an output feedback controller
stabilizing a desired equilibrium point (x � ; u� ) 2 Rn � Rm . C

Remark 6.2. The in�nitesimal variations ( �x; �u ) on (x; u) can be inter-
preted as a generic virtual displacement along any possibledirection on the
tangent space, e.g. [FS14, SMLG24]. Specialize such a direction to velocity,
i.e., (�x; �u ) = ( _x; _u) into ( 6.4), yields an integral-type controller

_u = K (u� � u) � H (x) _x; (6.7)

with K � 0 (see [KKS21, KCSP21, CLK + 19]). However, to implement this
controller, we need information of _x = f (x; u). This is doable if one has
complete knowledge off (x; u). Otherwise, the controller can be sensitive to
parameter uncertainty. Another approach for the implementation is to com-
pute time-derivative _x, which is typically vulnerable against measurement
noise. �

6.3 Main Results: Stabilizing Control Design
In this section, we address Problem6.1 by proposing three di�erent stabi-
lizing controllers. First, we design a static controller andthen two dynamic
controllers for input- and output-shaping, respectively.For each controller,
we show closed-loop stability under a suitable detectability property.
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6.3.1 Static Controllers

In this subsection, we consider detectability of the variational system.

De�nition 6.3. The system (6.6) is said to bedi�erentially zero-state de-
tectableif �u (t) = 0 and �z (t) = 0 for all t � 0 imply lim t !1 �x (t) = 0 along
any bounded trajectory (x(t); u(t)). C

Now, we are ready to provide the �rst main result of this chapter for
stabilizing control design.

Theorem 6.1. Consider a system(6.1) admitting an integrable di�erential
passive output. If (6.6) is di�erentially zero-state detectable, then the con-
troller

u = u� � (h(x) � h(x � )) (6.8)

globally asymptotically stabilizes(x � ; u� ).

Proof . First, the structure of the controller and f (x � ; u� ) = 0 imply that
(x � ; u� ) is an equilibrium of the closed-loop system. Next, from (6.3) with
�y = H (x)�x , (6.5), (6.6), and (6.8), the time-derivative of S(x; �x ) along
the closed-loop trajectory satis�es

_S(x; �x ) � �k �z k2
M � 1 (x) :

RecallingM (x) � 0 at eachx 2 Rn , consider

� := f (x; �x ) 2 Rn � Rn : �z = 0g:

By di�erential zero-state detectabilty, the LaSalle invariance principle for
contraction [FS14, Theorem 2] concludes that the closed-loop systems is in-
crementally asymptotically stable1, implying the global asymptotic stability
of (x � ; u� ). �

1There exist a distance function d(x; x 0) and non-negative function � (s) such that
d(x(t); x0(t)) � � (d(x(0); x0(0))) and lim t !1 d(x(t); x0(t)) = 0 for any pair of its trajecto-
ries (x(t); x0(t)).
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6.3. Main Results: Stabilizing Control Design

Remark 6.3. For passivity-based control, one uses a controlleru = u� �
k(h(x) � h(x � )), with 0 < k 2 R. If M (x) is an integrating factor, then
kM (x) is too. Thus, this is covered by (6.8). �

Remark 6.4. In Theorem 6.1, di�erential zero-state detectability can be
replaced by an observability property. In fact, if the closed-loop system with
the output z = h(x) satis�es the observability rank condition [NvdS90] for
any x 2 Rn , then the largest invariant set in � is Rn � f 0g. �

6.3.2 Dynamic Controllers for Input-Shaping

As mentioned in Section6.2, an integral-type controller (6.7) can be designed
for a di�erentially passive system. This idea can be used fordesigning a
dynamic state feedback controller. We call the control technique presented
hereinput-shapingbecause the controller contains the integral action ofu� � u
enforcingu ! u� under parameter uncertainty.

Theorem 6.2. Consider (6.6) for a system (6.1) admitting an integrable
di�erential passive output. If f (x; u� ) = 0 implies x = x � on a neighborhood
of x � , then the controller

u = v � z

_v = M (x)K u(u� � u)
(6.9)

with 0 � K u 2 Rm� m , makes the closed-loop system Lyapunov sta-
ble at (x � ; u� + h(x � )) . Moreover, if _u(t) = 0 for all t � 0 implies
lim t !1 (x(t); u(t)) = ( x � ; u� ), then (x � ; u� + h(x � )) is asymptotically stable.

Proof . Computing _u with ( 6.5) and (6.6) yields an equivalent representation
of (6.9):

_u = M (x)(K u(u� � u) � H (x)f (x; u)): (6.10)

Since f (x; u� ) = 0 implies x = x � , (x � ; u� ) is an equilibrium point of the
closed-loop system (6.6), (6.10).

We select a Lyapunov candidate as

Vu(x; u) := S(x; f (x; u)) + ku� � uk2
K u

=2: (6.11)
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SinceS(x; �x ) is non-negative,Vu(x; u) = 0 if and only if S(x; f (x; u)) = 0
and u = u� . The �rst implies f (x; u) = 0. Since f (x; u� ) = 0 implies x = x � ,
Vu(x; u) is positive de�nite around (x � ; u� ).

Since (�x; �u ) = ( f (x; u); _u) satis�es the variational dynamics (6.2), it
follows from (6.3) and (6.10) that

_Vu(x; u) � _u> (H (x)f (x; u) � K u(u� � u))

= �k K u(u� � u) � H (x)f (x; u)k2
M (x) :

By M (x) � 0, the closed-loop system is Lyapunov stable. Recalling (6.10),
de�ne

Eu := f (x; u) 2 Rn � Rm : _u = 0g:

By the invariance principle (see e.g. [Kha02, Corollary 4.1]), (x � ; u� ) of the
closed-loop system (6.6), (6.10) is asymptotically stable. Finally, this is
equivalent to asymptotic stability of (x � ; u� + h(x � )) for the closed-loop sys-
tem (6.6), (6.9). �

Remark 6.5. The asymptotic stability condition in Theorem 6.2 can be un-
derstood as detectability [vdS00, De�nition 3.2.15] at (x � ; u� ) of _x = f (x; u),
_u = �u, with state (x; u), input �u, and output �zu = M (x)(K u(u� � u) �
H (x)f (x; u)). Its su�cient condition is observability at ( x � ; u� ) of _x =
f (x; u), _u = 0, with output �zu and assuming thatx = x � on a neighbor-
hood ofx � if f (x; u� ) = 0 (see Theorem6.2). �

Remark 6.6. If f (x; u� ) = 0 implies x = x � on Rn then Vu(x; u) in (6.11)
is positive de�nite on Rn � Rm . Moreover, if Vu(x; u) is radially unbounded,
(x � ; u� ) is globally asymptotically stable; see, e.g., [Kha02, Corollary 4.2]. �

6.3.3 Dynamic Controllers for Output-Shaping

The controller (6.9) contains the integral action of the input. Similarly,
one can design a controller including the integral action ofthe output z =
h(x). Accordingly, we call the control techniqueoutput-shapingbecause the
controller enforcesz ! z� := h(x � ) under parameter uncertainty.

Theorem 6.3. Consider (6.6) for a system (6.1) admitting an integrable
di�erential passive output. If f (x; u) = 0 and h(x) = h(x � ) =: z� imply
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(x; u) = ( x � ; u� ) in a neighborhood of(x � ; u� ), then the controller

u = v � z

_v = M (x)K y(z� � z);
(6.12)

with 0 � K y 2 Rm� m , makes the closed-loop system Lyapunov sta-
ble at (x � ; u� + h(x � )) . Moreover, if _z(t) = 0 for all t � 0 implies
lim t !1 (x(t); u(t)) = ( x � ; u� ), then (x � ; u� + h(x � )) is asymptotically stable.

Proof . Computing _u with ( 6.5) and (6.6) yields an equivalent representation
of (6.12):

_u = M (x)K y(h(x � ) � h(x)) � M (x)H (x)f (x; u): (6.13)

One can con�rm that (x � ; u� ) is an equilibrium point of the closed-loop sys-
tem (6.6), (6.13).

We select a Lyapunov candidate as

Vy(x; u) := S(x; f (x; u)) + kh(x � ) � h(x)k2
K y

=2: (6.14)

Similarly to the proof of Theorem6.2, one can show thatVy(x; u) is positive
de�nite at ( x � ; u� ). Next, it follows from (6.3) and (6.13) that

_Vy(x; u) � ( _u � M (x)K y(h(x � ) � h(x))) > H (x)f (x; u)

= �k H (x)f (x; u)k2
M (x) :

Thus, the closed-loop system is Lyapunov stable. Recalling(6.5), de�ne

Ey := f (x; u) 2 Rn � Rm : _y = 0g:

By the invariance principle, (x � ; u� ) of the closed-loop system (6.6), (6.13) is
asymptotically stable. Finally, this is equivalent to asymptotic stability of
(x � ; u� + h(x � )) for the closed-loop system (6.6), (6.12). �

Remark 6.7. Similarly to Remarks 6.5 and 6.6, if the closed-loop system
with output �zy = _z is observable, then the asymptotic stability condition
holds assuming that (x; u) = ( x � ; u� ) in a neighborhood of (x � ; u� ) if f (x; u) =
0 and h(x) = h(x � ) =: z� (see Theorem6.3). Next, if f (x; u) = 0 and
h(x) = h(x � ) imply ( x; u) = ( x � ; u� ) on Rn � Rm then Vy(x; u) in (6.14) is
positive de�nite on Rn � Rm . Also, if Vy(x; u) is radially unbounded, then
(x � ; u� ) is globally asymptotically stable. �
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6.4 Counter-Current Heat Exchangers
In this section, we apply the proposed controllers to a heat exchanger and
evaluate their performance by simulations.

6.4.1 System Description

A counter-current heat exchanger is a device engineered to exchange heat
between hot and cold 
uid streams in two compartments without mixing
[ZHAC20]. The heat exchanger comprisesp � 1 cells in each compartment
as illustrated in Fig. 6.1. Without loss of generality, we consider the �rst
compartment as the hot layer. Hence,q(t) and �q(t) represent the mass 
ows
of the hot and cold streams, respectively, with temperatures Tin > 0 and
�Tin > 0. The temperatures of the cells within the compartmentsx j for
j = 1; � � � ; 2p (n = 2p) are assumed to be uniform and are collected in the
state variables vectorx := [ x>

c1
x>

c2
]> , with

xc1 :=
�
x1 x2 � � � xp

� >

xc2 :=
�
xp+1 xp+2 � � � x2p

� >
;

where xc1 and xc2 denote the temperatures of the cells in the hot and cold
layers, respectively.

Selectingu(t) = �q(t) and supposing thatq(t) > 0 is constant, the system
dynamics have the following bilinear structure (see e.g. [MKM + 23] and the
references therein):

� _x = ( A + Bu)x + bu+ G; (6.15)

wherex 2 X and u 2 U, and X and U are de�ned as

X :=
�

x 2 R2p : �Tin � x i � Tin ; i = 1; � � � ; 2p
	

U := f u 2 R : 0 � umin � u � umaxg:
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Also, A, B , b, and G are

A =
�

� (� + q) Ip + qdiagp;� 1 f 1p� 1g � Ip

� Ip � � Ip

�

B =
�

0p� p 0p� p

0p� p diagp;1 f 1p� 1g � Ip

�

b=

2

4
0p� 1

0(p� 1)� 1
�Tin

3

5 ; G =

2

4
qTin

0(p� 1)� 1

0p� 1

3

5 ;

with � := �=c � and � := �v , where � > 0, c� > 0, � > 0, and v > 0
represent the heat transfer coe�cient, heat capacity, 
uid mass density, and

uid volume in the heat exchanger, respectively.

For any u� 2 R such that A + Bu � is invertible, the forced equilibrium
point of (6.15) is

(x � ; u� ) = ( � (A + Bu � )� 1(bu� + G); u� ):

The control objective is to stabilize (x � ; u� ), i.e., to regulate the temperature
of all cells to the desired valuex � .

6.4.2 Di�erential Passivity

In this subsection, we con�rm that a heat exchanger (6.15) is di�erentially
passive. Its variational system is

� _�x = ( A + Bu)�x + ( Bx + b)�u; (6.16)

where the notation �x = [ �x >
c1

�x >
c2

]> corresponding tox = [ x>
c1

x>
c2

]> is
used. Below, we verify the di�erential passivity of (6.15).

Lemma 6.1. A heat exchanger (6.15) is di�erentially passive with respect
to a storage functionS(x; �x ) := � k�x k2 and output �y := ( Bx + b)> �x on
R2p � R� 0. �

Proof . The time derivative of S(x; �x ) along the trajectories of (6.15) and
(6.16) yields

_S(x; �x ) = � � k�x c1 � �x c2 k2 �
q
2

k�x c1 k2
W �

u
2

k�x c2 k2
W + �x > (Bx + b) �u;

(6.17)
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Figure 6.1: Counter-current exchanger with inlet and outletheat 
ux

where W := 2Ip � diagp;1 f 1p� 1g � diagp;� 1 f 1p� 1g. Since W is a uniform
symmetric tridiagonal Toeplitz matrix, we haveW � 0 by [NPR13]. From
q > 0, we obtain

_S(x; �x ) � �u > (Bx + b)> �x = �u > �y

for any u 2 R� 0, concluding the proof. �

6.4.3 Integrable Di�erential Passive Output when p =
2

When p = 2 ( n = 4), the di�erential passive output �y = ( Bx + b)> �x , i.e.,

�y = H (x)�x

H (x) :=
�
0 0 x4 � x3

�Tin � x4
�

is integrable. An integrating factor2 is

M (x) =
1

x2
3 + x2

4 � x3x4 � �Tinx3 � �Tinx4 + �T2
in

; (6.18)

2The function M (x) is a solution of the following partial di�erential equation

(x4 � x3)
@M
@x4

(x) �
� �Tin � x4

� @M
@x3

(x) + M (x) = 0 ;

which is obtained from the exactness of di�erential one-formM (x)H (x)�x .
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where M (x) � 0 for all x 2 int( X ), and int(X ) denotes the interior ofX .
Then, h(x) satisfying (6.5) is

h(x) =
1

p
3

arctan

 
�Tin � 2x3 + x4p

3
� �Tin � x4

�

!

+
1
2

ln(M (x)): (6.19)

In summary, the heat exchanger (6.15) with p = 2 has an integrable dif-
ferential passive output on int(X ) � R� 0. For p � 3, the di�erential passive
output is not integrable, which depends on the fact that there is no interme-
diate compartment between the input and the output. There can be some
connection between di�erential storage functions and physical properties of
systems. Understanding it can help the construction of a di�erential storage
function for p � 3.

6.4.4 Stabilizing Controller when p = 2

We implement now all the controllers proposed in this chapter to regulate
the temperature of cells to the desired value. First, we consider the static
controller (6.8). Adapting Theorem 6.1 to a subset int(X ) � U concludes
that ( x � ; u� ) of the closed-loop system is asymptotically stable,u� 2 U
with a region of attraction containing any positive invariant set in int( X )
if the closed-loop system satis�es the observability rank condition; see Re-
mark 6.4. In fact, in the simulation conducted below, the rank condition
holds at (x � ; u� ). Thus, at least the closed-loop trajectory starting from a
neighborhood of (x � ; u� ) converges to (x � ; u� ).

Next, we consider the dynamic controller (6.9) for input-shaping and
verify the conditions in Theorem6.2. If A + Bu � is non-singular,Vu(x; u)
in (6.11) is positive de�nite at ( x � ; u� ) on Rn � Rm and radially unbounded.
Next, from (6.17), Vu(x; u) satis�es

_Vu(x; u) � � � k _xc1 � _xc2 k2 �
q
2

k _xc1 k2
W �

umin

2
k _xc2 k2

W �
_u2

M (x)
� 0:

Here, instead of zero-state detectability, we directly compute the largest in-
variant set contained inf (x; u) 2 Rn � Rm : _Vu(x; u) = 0 g, which is f (x � ; u� )g
if A + Bu � is non-singular. Therefore, for anyu� 2 U such that A + Bu � is
invertible, (x � ; u� ) of the closed-loop system is asymptotically stable with a
region of attraction containing any invariant set in int(X ) � U .
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Table 6.1: Values of system's parameters

Parameter Value Parameter Value
� 10 J=kg=s � 997 kg=m3

v 0:002 m3 c� 4185 J=kgK

Tin 360 K �Tin 300 K
q 0:02 kg=s umin =umax 0=0:05 kg=s

Finally, we consider the controller (6.12) for output-shaping. For the heat
exchanger considered in section6.4.5, f (x; u) = 0 and h(x) = h(x � ) imply
(x; u) = ( x � ; u� ). Also, Vy in (6.14) is positive de�nite at ( x � ; u� ) on Rn � Rm

and radially unbounded. Moreover,Vy(x; u) satis�es

_Vy(x; u) � � � k _xc1 � _xc2 k2 �
q
2

k _xc1 k2
W �

umin

2
k _xc2 k2

W �
(H (x) _x)2

M (x)
� 0:

Again, we directly compute the largest invariant set contained in f (x; u) 2
Rn � Rm : _Vy(x; u) = 0 g, which is f (x � ; u� )g for the heat exchanger considered
in section 6.4.5. Thus, by Theorem6.3, (x � ; u� ) of the closed-loop system is
asymptotically stable with a region of attraction containing any invariant set
in int( X ) � U .

6.4.5 Simulations

We apply now the proposed static and dynamic controllers to aheat ex-
changer (6.15), where the value of each parameter is reported in Table6.1.
For u� = 0:0324 kg=s, the equilibrium point for the cells' temperature is
obtained as

x � =
�
354:32 348:88 306:84 303:35

� >
:

The initial state is selected as

x(0) =
�
351:32 350:88 307:34 302:45

� >
:

For each controller, we select the initial controller statesuch that the initial
state of the closed-loop system belongs to the level set whose projection on the
x-space is strictly contained inX . This guarantees that the closed-loop state
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trajectory converges to the desired equilibrium point without approaching to
the boundary of X . Namely, ill-de�nedness ofM (x) at the boundary does
not cause a problem.

Figure 6.2 shows the closed-loop trajectories obtained by implementing
the static controller (6.8) (green color), the dynamic controller (6.9) for input-
shaping (blue color), and the dynamic controller (6.12) for output-shaping
(red color), with K u = 1000 and K y = 1. We can observe that all the
trajectories converge to the desired equilibrium point (x � ; u� ) while staying
in X � U . The input-shaping controller achieves faster convergence of u
than both the static and output shaping controllers. On the other hand, the
output-shaping controller achives faster convergence forx3 and x4 than the
input shaping dynamic controller due to the structures ofM (x) and h(x)
in (6.18) and (6.19).

6.5 Conclusion
In this chapter, we have designed state feedback controllers for stabilization of
di�erentially passive systems having integrable di�erential passive outputs.
We have proposed one static and two dynamic controllers. Foreach con-
troller, we have shown the closed-loop stability under a suitable detectability
assumption. The utility of the proposed controllers are illustrated by stabi-
lization of a heat exchanger. By virtue of passivity, the proposed approach
can be utilized for control design of interconnections of di�erentially passive
systems, including heat exchangers and boost converters [MKC23,NMKC25].
Taking this advantage, future work includes controlling energy systems con-
sisting of di�erent physical components.
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6.5. Conclusion

Figure 6.2: The response of the heat exchanger (6.15) with p = 2 in closed
loop with the static controller (6.8) (green color), input shaping dynamic
controller (6.9) (blue color), output shaping dynamic controller (6.12) (red
color).
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7
Stabilization for a Class of Bilinear Systems:

A Uni�ed Approach

This chapter studies nonlinear dynamic control design for aclass of bilinear
systems to asymptotically stabilize a given equilibrium point while ful�lling
constraints on the control input and state. We design a controller based
on integral actions on the system input and output. As specialcases, the
proposed controller contains a dynamic controller with an integral action of
either input or output only and a static controller. Stability analysis of the
closed-loop system is performed based on a Lyapunov function. Level sets
of the Lyapunov function are utilized to estimate a set of initial states and
inputs such that the corresponding state and input trajectories are within
speci�ed compact sets. Finally, the proposed control technique is applied to
a heat exchanger under constraints on the temperature of each cell (state)
and the mass 
ow rate (input), and simulations show the e�ectiveness of the
proposed approach.

The material of this section is based on the paper entitled \Stabilization for a
Class of Bilinear Systems: A Uni�ed Approach", that is authored by Morteza
Nazari Monfared, Yu Kawano, Juan E. Machado, Daniele Astolf and Michele
Cucuzzella. It has been published inIEEE Control Systems Letters (2023)
and presented at62rd Conference on Decision and Control (2023).
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7.1 Introduction
Bilinear systems belong to an important subclass of controlsystems which
have been widely used to accurately model various real-lifesystems and
phenomena [TQCP09], such as power electronics, chemical reactions, and
socio-economics [CPB+ 15,BDK74]. However, control design for bilinear sys-
tems is a challenging task, as evidenced by the numerous publications on
the topic [TQCP09,SGT+ 23,Zit23,ZHAC20,ACFM09,Che98,CT00,Gut81,
Lon80]. In this chapter, we aim to study the problem of robustly stabilizing
a bilinear system while characterizing the trajectories evolution for physical
applications.

Static and dynamic switching state feedback controllers have been re-
spectively proposed in [Che98] and [CT00] to stabilize classes of bilinear
systems. In these works, the control input acts only multiplicatively. In
particular, the controller proposed in [Che98] guarantees the satisfaction of
input constraints. However, none of these works addresses the problem of
constraining the state variable. Linear state feedback controllers are designed
in [ACFM09] and [TQCP09], where the resulting closed-loop system is shown
to admit a locally asymptotically stable equilibrium point. Subject to a suit-
able tuning of the controller gains, the satisfaction of state constraints, but
not input constraints, are guaranteed in [ACFM09]. In [TQCP09], a method
to ful�ll the constraints on both state and input is provided. However, this
requires solving a set of nonlinear inequalities.

The problem of output regulation of bilinear systems is considered in
[ZHAC20], where the theoretical developments are applied to the problem of
temperature control of a heat exchanger. While the asymptotic stability of
the system is preserved, restrictions on the control input are met by applying
a saturation mechanism on the input. However, input saturation is known to
potentially induce deleterious e�ects on systems stability and performance
[Hip06]. For the heat exchanger model, the saturated controller proposed in
[ZHAC20]|in combination with some of the model intrinsic propertie s|also
guarantees the ful�llment of state constraints. To preventpotential undesired
e�ects stemming from the use of input saturation, the authors of [SGT+ 23]
propose an anti-windup mechanism to solve the output regulation problem
for an electrical system.

In this work, we propose a new unifying dynamic controller approach that
simultaneously considers input and output integral actions. The input inte-
gral action takes inspiration from the control design approach for Krasovskii
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passive systems [KKS21, KCSP21]. In addition to satisfying constraints on
the control input, the input integral action guarantees convergence of the
input to its equilibrium value: for systems in which input convergence im-
plies state convergence, it is possible to ensure stabilization only based on
the knowledge of the input equilibrium value [KCSP21,CLK + 19]. Addition-
ally, the integral action on the output guarantees robust regulation towards a
desired output set point. By unifying approach, we mean that the proposed
controller strategy can recover two classes of dynamic controllers, including
the one proposed in [ZHAC20] and the one proposed in this chapter as a spe-
cial case, which makes the unconstrained system exponentially stable. Also,
a static stabilizing controller can be recovered without integral actions. Fur-
thermore, the proposed controller is not switching. The analysis is based on a
Lyapunov function ensuring feasible operative conditions, i.e., we �nd initial
conditions such that the states and the control inputs satisfy de�ned con-
straints all the time. Also, the control input satis�es prede�ned constraints
without employing saturation or an anti-windup mechanism. Finally, the
proposed control technique is applied to the problem of temperature stabi-
lization of a counter-current heat exchanger.

7.2 Problem Formulation
In this chapter, we focus on a class of bilinear systems in which the control
signal acts additively and multiplicatively simultaneously, i.e.,

_x = Ax +
mX

i =1

(B i x + bi ) ui + G; (7.1)

where x 2 Rn is the state, u = ( u1; : : : ; um ) 2 Rm is the control input and
A; B i 2 Rn� n ; bi ; G 2 Rn .1

In practical applications, it is usually desired that the system state and
input satisfy prede�ned constraints. Namely, for some compact setsX � Rn

and U � Rm of the state and the input, respectively, we require (x(t); u(t)) 2
X �U , 8t � 0. While satisfying the above constraints, the goal of this work is
to stabilize (7.1) at an equilibrium point. For stabilization of bilinear systems,
it is standard in the literature to impose some stability assumption on the

1For example, for a counter-current heat exchange system (see Section6.4), G is the
input thermal power to the system.
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open-loop system; see e.g. [SGT+ 23,ZHAC20,ACFM09,Che98,CT00,Lon80]
and the references therein. Accordingly, in this chapter, weassume that
there exists at least oneu� 2 U such that A +

P m
i =1 B i u�

i is Hurwitz. Also,
suchu� and the unique corresponding steady statex � , given by

x � = �

 

A +
mX

i =1

B i u�
i

! � 1  
mX

i =1

bi u�
i + G

!

; (7.2)

satisfy (x � ; u� ) 2 X � U . To state this formally, we de�ne the following set:

D :=
n

(x; u) 2 X � U j A +
mX

i =1

B i u�
i is Hurwitz

o
: (7.3)

Assumption 7.1. There existsu� 2 U such that u� and the unique corre-
spondingx � in (7.2) satisfy (x � ; u� ) 2 D , with D in (7.3). C

Note that Assumption 7.1 is equivalent to supposing that for anyQ =
Q> � 0, there existsP = P> � 0 such that the following Lyapunov equation
holds  

A +
mX

i =1

B i u�
i

! >

P + P

 

A +
mX

i =1

B i u�
i

!

= � Q: (7.4)

Now, we are ready to state the main problem studied in this chapter.

Problem 7.1. Design a controller for (7.1) such that the closed-loop system
is asymptotically stable at (x � ; u� ) 2 D ; and �nd a feasibleregion of attrac-
tion 
 � X � U such that any trajectory starting from 
 stays within the
feasibleset X � U . C

Note that the open-loop controlleru (t) = u� is a trivial solution to Prob-
lem 7.1. However, open-loop controllers are usually less robust than feedback
controllers. Therefore, we design in the next section a dynamic feedback con-
troller.

7.3 Dynamic Control Design
In this section, we design a dynamic controller to solve Problem 7.1 based
on integral actions of both input and performance output, where the perfor-
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mance output is de�ned later. We show asymptotic stability by constructing
a suitable Lyapunov function which is also used to estimate aregion of at-
traction.

The proposed controller recovers three simpler controllers as special cases:
1) a controller with the integral action of the input only; 2) one with the
integral action of the performance output only; and 3) a controller without
integral action, i.e., a static state-feedback controller. The �rst controller is
totally new in the literature of bilinear systems, while theother two recover
the controllers proposed in [ZHAC20] and [Gut81], respectively.

7.3.1 Main Results

Besides solving Problem7.1, we consider the additional goal of regulating a
performance output y = Cx, see, e.g. [SP22]. Namely, for some reference
y� := Cx� 2 Rq (q � m), we additionally require limt !1 y(t) = y� . Achiev-
ing this tracking objective requires the closed-loop system to be robust with
respect to (small) perturbations in the system parameters [AP17]. If there
is no parameter uncertainty, the regulation of the performance output is
guaranteed by stabilizing the system.

To guarantee the solvability of the output regulation problem, we assume
that C has the following property.

Assumption 7.2. For given (x � ; u� ) 2 D , C 2 Rq� n is selected such that

rank
�
M

�
B1x � + b1 � � � Bmx � + bm

��
= q; (7.5a)

M := C

 

A +
mX

i =1

B i u�
i

! � 1

: (7.5b)

C

Now, under the above assumption, we design a controller basedon a
suitable Lyapunov candidate de�ned as a quadratic functionon the state,
input and output errors, depending on the equilibrium point(see the proof
of Theorem7.1). Then, a Lyapunov analysis leads to the following controller:

K _u = � H (u � u� ) � "1R (x) + "2S (x; z) (7.6a)

_z = y � y� = C(x � x � ); (7.6b)
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with "1; "2 2 R> 0, K; H � 0 (K; H 2 Rm� m ), and

R (x) :=

2

6
4

(x � x � )> P (B1x + b1)
...

(x � x � )> P (Bmx + bm )

3

7
5 (7.6c)

S (x; z) :=

2

6
4

(z � M (x � x � ))> �M (B1x + b1)
...

(z � M (x � x � ))> �M (Bmx + bm )

3

7
5 ; (7.6d)

whereP � 0 is the solution to the Lyapunov equation (7.4) for arbitrary given
Q � 0, and � 2 Rq� q is any arbitrary matrix such that � � 0. From (7.6a)
and (7.6b), K � 1H determines the time constant of the dynamics of the input
error u � u� . Also, "1K � 1 and "2K � 1 respectively specify the importance of
information of R(x) and S(x; z), where R(x) is to evaluate the state error
x � x � , and S(x; z) is for output regulation through the integral action of the
output error y � y� . By tuning the controller parameters, one can balance
these three components.

Now, we are ready to state the main result of this chapter.

Theorem 7.1. Let Assumptions7.1 and 7.2 hold. Given(x � ; u� ) 2 D , con-
sider (7.1) in closed-loop with(7.6). Then, the following statements hold:

(i) the closed-loop system is globally asymptotically stable and locally expo-
nentially stable at(x; u; z) = ( x � ; u� ; 0), and thusy (t) ! y� as t ! 1 ;

(ii) for any initial condition satisfying "2kz(0) � M (x(0) � x � )k2
� =2"1 � " ,

the following set


 c := f (x; u) 2 Rn � Rm : kx � x � k2
P + ku � u� k2

K ="1 � 2cg; c > 0
(7.7)

is a feasible region of attraction if
 c+ " � X � U .

Proof . The system equation (7.1) at ( x � ; u� ) yields

G = � Ax � �
mX

i =1

(B i x � + bi ) u�
i :
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Substituting this expression ofG into (7.1) leads to

_x = A(x � x � ) +
mX

i =1

B i (xu i � x � u�
i ) +

mX

i =1

bi (ui � u�
i )

=

 

A +
mX

i =1

B i u�
i

!

(x � x � ) +
mX

i =1

(B i x + bi )(ui � u�
i ): (7.8)

Now, we select a Lyapunov candidate as

V (x; u; z) :=
1
2

kx � x � k2
P +

1
2"1

ku � u� k2
K +

"2

2"1
kz � M (x � x � ) k2

� : (7.9)

Its time derivative along the closed-loop trajectory satis�es

_V (x; u; z) = ( x � x � )> P (A +
P

i B i u�
i ) (x � x � )

+ ( x � x � )> P
P

i (B i x + bi )(ui � u�
i )

+ " 2
" 1

(z � M (x � x � ))> � ( _z � M _x) � 1
" 1

ku � u� k2
H

� (u � u� )> R (x) + " 2
" 1

(u � u� )> S (x; z) :

Considering (u � u� )> R (x) =
P m

i =1 (ui � u�
i )Ri (x), it follows from (7.4)

and (7.6c) that

_V (x; u; z) = �
1
2

kx � x � k2
Q �

1
"1

ku � u� k2
H

+
"2

"1
(z � M (x � x � ))> � ( _z � M _x) +

"2

"1
(u � u� )> S (x; z) ;

where the term _z � M _x in the second line can be rearranged as follows
(see (7.5b), (7.6b), and (7.8)):

_z � M _x = C(x � x � ) � M

 

A +
mX

i =1

B i u�
i

!

(x � x � )

� M
mX

i =1

(B i x + bi )(ui � u�
i )

= � M
mX

i =1

(B i x + bi )(ui � u�
i ):
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This and (7.6d) lead to

_V (x; u; z)

= �
1
2

kx � x � k2
Q �

1
"1

ku � u� k2
H +

"2

"1
(u � u� )> S (x; z)

�
"2

"1
(z � M (x � x � ))> �M

mX

i =1

(B i x + bi )(ui � u�
i )

= �
1
2

kx � x � k2
Q �

1
"1

ku � u� k2
H :

We show now asymptotic stability based on LaSalle's invariance principle.
SinceV (x; u; z) in (7.9) is radially unbounded and positive de�nite, then its
level set

�
 c := f (x; u; z) 2 Rn � Rm � Rq : V (x; z; u) � cg

is not only positively invariant but also compact for anyc > 0. Let us de�ne
the following set

� :=
n

(x; u; z) 2 �
 c : _V (x; u; z) = 0
o

=
�

(x; u; z) 2 �
 c : x = x � ; u = u�
	

:

The largest invariant setE contained in � satis�es

E � f (x; u; z) 2 � : x = x � ; u = u� ; _u = 0g

=
�

(x; u; z) 2 � : x = x � ; u = u� ; z> �M (B i x � + bi ) = 0 ; i = 1; � � � ; m
	

:

From (7.5a) and � � 0, we haveE � f (x � ; u� ; 0)g, and (x � ; u� ; 0) is an
equilibrium point of the closed-loop system. Therefore, (x � ; u� ; 0) is globally
asymptotically stable. Furthermore, it is locally exponentially stable because
the linearization of the closed-loop system at the equilibrium point is expo-
nentially stable. Again, this can be shown with the Lyapunov function V in
(7.9). Details are omitted for space reasons.

Now, we prove item (ii). From the structures of 
c in (7.7) and �
 c

with V(x; u; z) in (7.9), if ( x(0); u(0)) 2 
 c and "2kz(0) � M (x(0) �
x � )k2

� =2"1 � " , then (x(0); u(0); z(0)) 2 �
 c+ " . Since �
 c+ " is positively invari-
ant, (x(t); u(t); z(t)) 2 �
 c+ " for all t � 0. We also have (x(t); u(t)) 2 
 c+ "

for all t � 0. Therefore, ifc > 0 is selected such that 
c+ " � X � U , then 
 c

is a feasible region of attraction.
�
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For given P and K=" 1, to obtain the largest estimation of the region of
attraction contained in X � U by Theorem 7.1, we only have to �nd the
maximum c > 0 such that 
 c+ " � X � U . If such c > 0 exists, this is unique,
sinceX �U is compact. The shape of 
c can be changed by selecting di�erent
P and K=" 1, whereP is determined byQ from (7.4).

Next, we brie
y mention robustness thanks to the output integral ac-
tion, by applying results in [AP17]. In particular, we show that under small
parameter perturbations, the closed-loop system preserves the existence of
an asymptotically stable equilibrium at which output regulation y = y� is
achieved.

Corollary 7.1. Consider the controller (7.6) applied to the perturbed model

_x = ~Ax +
mX

i =1

�
~B i x + ~bi

�
ui + ~G: (7.10)

For any compact setX � U � Z � Rn � Rm � Rq of initial conditions there
exists � > 0 such that, if

k ~A � Ak � �; kB i � ~B i k � �; kbi � ~bi k � �; kG � ~Gk � �;

for any i = 1; : : : ; m, then the system (7.10) in closed-loop with (7.6) admits
an equilibrium (~x � ; ~u� ; ~z� ) which is locally exponentially stable and asymp-
totically stable with a domain of attraction including the set X � U � Z .
Furthermore, on such an equilibrium one hasC~x � = y� . �

Proof . Consider two Lyapunov level sets 
i = f (x; u; z) : V(x; u; z) �
ci g with V given by (7.9) such that X � U � Z � 
 1 � 
 2. They are
forward invariant compact sets contained in the domain of attraction of the
equilibrium (x � ; u� ; z� ). Hence all the assumptions of [AP17, Lemma 5] are
veri�ed. We conclude that by allowing small parameter perturbations of the
matrices A; B i ; bi ; G, the resulting closed-loop dynamics are close-enough to
the nominal ones for all (x; z; u) 2 
 2. The statement of the corollary follows
from the total stability properties claimed in [AP17, Lemma 5]. Similar
details are also given in [SGT+ 23, Theorem 1]. �

Note that M in (7.5b) is de�ned in terms of the nominal values ofA,
B i , C, and u�

i . Thus, M is not a�ected by perturbations, and we have
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shown in Corollary7.1 that by using the nominalM , the proposed controller
guarantees robustness against perturbations. Letx �

per denote the equilibrium
point of the perturbed system, which is obtained by (7.2) with ~A = A + � A,
~B i = B i + � B i , ~bi = bi + � bi , and ~G = G + � G. To estimate a feasible
set (7.7) for the perturbed system, we need to describekx� x �

perk as a function
of � A, � B i , � bi , and � G, which is left for future work.

7.3.2 Special Cases

In this subsection, we examine closely the special cases of the proposed con-
troller ( 7.6). First, we consider the integral action of the input only (i.e., we
remove the termS(x; z) for the output integral action), which yields

K _u = � H (u � u� ) � "1R (x) : (7.11)

With this controller, we can show the exponential stability of the closed-loop
system.

Corollary 7.2. Given (x � ; u� ) 2 D , consider (7.1) in closed-loop with (7.11).
Then, the following statements hold:

(i) the closed-loop system is globally exponentially stable at (x � ; u� );

(ii) 
 c in (7.7) is a feasible region of attraction if 
c � X � U . �

Proof . We select a Lyapunov candidate as

~V (x; u) :=
1
2

kx � x � k2
P +

1
2"1

ku � u� k2
K : (7.12)

From (7.8), its time derivative along trajectories of the closed-loop system
satis�es

_~V (x; u) = ( x � x � )> P

 

A +
mX

i =1

B i u�
i

!

(x � x � )

+ ( x � x � )> P
mX

i =1

(B i x + bi )(ui � u�
i )

�
1
"1

ku � u� k2
H � (u � u� )> R (x) :
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Then, it follows from (7.4) and (7.6c) that

_~V (x; u) = �
1
2

kx � x � k2
Q �

1
"1

ku � u� k2
H : (7.13)

SinceQ � 0 andH � 0, there exists some� > 0 such that _~V � � � ~V. Thus,
the closed-loop system is globally exponentially stable at(x � ; u� ). Also the
second statement holds, since 
c is a level set of~V(x; u) that is positively
invariant and a feasible region of attraction. �

Next, we consider the output integral action only (i.e. we select _u = 0),
which recovers the controller proposed in [ZHAC20] (without the saturation
for the input), i.e.,

u = u� � H � 1 ("1R (x) � "2S (x; z)) ; (7.14a)

_z = C(x � x � ): (7.14b)

According to [ZHAC20], this controller achieves global asymptotic stabiliza-
tion of (x � ; 0). This can be con�rmed by using the following Lyapunov can-
didate:

V (x; z) =
1
2

kx � x � k2
P +

"2

2"1
kz � M (x � x � ) k2

� :

To satisfy the input constraint, i.e., u(t) 2 U for all t � 0, a saturation
mechanism is applied in [ZHAC20,SGT+ 23] instead of estimating a feasible
set. However, to satisfy the state constraint, an additionalanalysis is needed.

As a further special case, removingS(x; z) from (7.14) leads to the fol-
lowing static controller:

u = u� � "1H � 1R(x); (7.15)

which globally asymptotically stabilizesx � , see e.g. [Gut81]. This can be
shown based on the Lyapunov candidatêV (x) = kx � x � k2

P =2. In order
to deal with the input constraint, we need to analyze the controller equa-
tion (7.15) containing the quadratic function R(x).

In contrast to these two existing controllers, by the proposed con-
troller ( 7.6) (or its special case (7.11)), a feasible set 
c can be intuitively
shaped by selectingK=" 1. This aspect is further emphasized below by de-
signing a controller for a heat exchanger.
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Figure 7.1: Schematic of a counter-current heat exchanger with three cells in
two layers

7.4 Counter-Current Heat Exchange System
A heat exchanger is a device in which two 
uid streams exchange heat without
mixing. Here we consider, in particular, a counter-current heat exchanger, a
diagram of which is shown in Fig.7.1. Each of the exchanger's compartments
is split into three cells in which temperature is assumed to be uniform. We
denote byTi and �Ti the temperature of thei th cell at compartments 1 and
2, respectively. Analogous descriptions follow for the stream volumetric 
ow
rates q(t) and �q(t), and the stream temperaturesTin and �Tin at the inlet of
each compartment.

Let x = ( T1; T2; T3; �T1; �T2; �T3) be the system state andu (t) = q(t) the
control input. If �q, Tin , and �Tin are assumed to be positive constants, then
the evolution of x is determined by the following model [ZHAC20]:

_x = Ax + ( Bx + b) u + G; (7.16)

A = 1
�

2

6
6
4

� � I3� 3 � I3� 3

� � I3� 3

� �q � � �q 0
0 � �q � � �q
0 0 � �q � �

3

7
7
5

B = 1
�

2

6
6
4

� 1 0 0
1 � 1 0
0 1 � 1

03� 3

03� 3 03� 3

3

7
7
5 ;

b= 1
�

2

6
6
6
6
6
6
4

Tin

0
0
0
0
0

3

7
7
7
7
7
7
5

;

G = 1
�

�
0 0 0 0 0 �q�Tin

� >
;

and � = �=c � > 0, � = �v > 0. The constant parameters� , c� , � , and v
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denote the heat transfer coe�cient, heat capacity, mass density of the 
uid,
and volume of the 
uid in the heat exchanger, respectively.

From a physical viewpoint, it is desirable that the temperature Ti or
�Ti of each cell remains in a suitable interval all the time. Moreover, it is
practically sensible that the input should be constrained by speci�ed lower
and upper bounds. Therefore, considering the analysis reported in [ZHAC20],
we propose to respectively restrictx and u to the following compact sets:

X =
�

x 2 R6 : �Tin � x i � Tin ; i = 1; � � � ; 6
	

; (7.17a)

U = f u 2 R : umin � u � umax ; g : (7.17b)

To apply the proposed controller (7.6), we verify Assumptions7.1 and 7.2.
For any u� > 0, it is possible to show thatA + Bu � is Hurwitz, i.e., Assump-
tion 7.1 holds.

For the output regulation problem, following [ZHAC20], we choosex4 as
the system output, obtaining the following output matrix

C =
�
0 0 0 1 0 0

�
:

In this case, for any givenu� and x � satisfying (7.2) except for x �
1 = x �

2 =
x �

3 = Tin , it is possible to show that (7.5a) holds [ZHAC20]. Therefore, the
controller (7.6) globally asymptotically stabilizes the equilibrium (x � ; u� ; 0).
Also, a feasible set 
c � X �U in (7.7) can be estimated. For the considered
heat exchanger,P satisfying (7.4) can be selected as diagonal because for any
u� > 0, A + Bu � is Hurwitz and Metzler; see references on positive systems,
e.g., [Ran15, Proposition 1]. Similarly, the controller (7.11) only with the
input integral action can be implemented for making (x � ; u� ) exponentially
stable while estimating a feasible set.

7.4.1 Simulation

We report now the results of a number of MATLAB simulations on the
considered heat exchanger model (7.16) in closed-loop with the controllers
proposed in section7.3. Table 7.1 contains the heat exchanger parameters
used in simulation.

First, we apply the dynamic controller (7.11) without output regulation.
The matrix P is set as

P = diag ([3:60; 0:82; 0:42; 0:42; 0:42; 1:21]):
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Table 7.1: Values of system's parameters

Parameter Value Parameter Value
� 10 (J=K=s) � 997 (kg=m3)
v 0:002 (m3) c� 4185 (J=kgK)

Tin 360 (K) �Tin 300 (K)
�q 0:02 (kg=s) umin =umax 0=0:05 (kg=s)

Also, we choose"1 = "2 = 1 such that the convergence speeds ofx � x � and
z become similar. Then, we selectK = 1:032� 105 to shape the estimated
feasible set 
c such that it becomes very close to the actual feasible setX �U .
Finally, we determineH such that K � 1H = 0:1 based on the discussion in
Section 7.3.1 about the relation among the convergence speeds ofu � u� ,
x � x � , and z.

The simulation result is shown in Fig.7.2. The initial conditions are

x(0) = [355:56; 351:09; 346:57; 314:76; 309:89; 304:97]>

and u (0) = 0 :022. The desired state and input equilibrium pair (x � ; u� ) is
switched over time as follows:

x � = [356:94; 353:76; 350:45; 315:5; 310:54; 305:38]> ;

u� = 0:03246; when 0� t < 1000(s);

x � = [357:52; 354:90; 352:14; 315:81; 310:83; 305:54]> ;

u� = 0:04024; when 1000� t < 2000(s);

x � = [356:35; 352:60; 348:75; 315:18; 310:26; 305:20]> ;

u� = 0:27; whent � 2000(s);

We note that convergence is achieved in all the cases and thatx 2 X and
u 2 U all the time. It is worth noting that all pairs ( x � ; u� ) in this section
satisfy Assumption7.1.

The second scenario concerns the designed output regulator(7.6). Here,
we investigate the ability of the controller to regulate theoutput y = x4 to
a desired setpoint in presence of uncertainty in the system parameters. The
controller parameter � is chosen as� = 0:1, and the others are the same
as above. The closed-loop system behavior is shown in Fig.7.3, where the
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Figure 7.2: Evolution of the temperatures of the heat exchanger cells and
the control e�ort with input regulation process.

initial conditions are the same as in the previous scenario,and the desired
equilibrium is the �rst of those listed above. Bothx and u converge to their
equilibrium values for t < 10000 (s). At the time 10000 (s) a perturbation
is introduced by changing the value ofTin from 360 to 363 (K). In this
case, the output converges to the desired valuey� = x �

4, while the stability
properties of the system are preserved andx(t) 2 X and u(t) 2 U for all
t � 0. Compared to other controllers, the static controller in [Gut81]
does not satisfy the feasibility constraints and also failsto achieve output
regulation under perturbations. Also, since the proposed controller does
not contain a saturation, the control signal does not cause (high frequency)
switching that may be experienced in saturated-based controllers such as the
one in [ZHAC20].
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Figure 7.3: Evolution of the temperatures of the the heat exchanger cells and
the control e�ort with input and output regulation processes.
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7.5 Conclusion and Disscussion
In this chapter, we have studied stabilizing control designfor a class of bi-
linear systems under state and input constraints. Our controller is based on
integral actions on the input and output to balance input andoutput regu-
lations. Closed-loop stability has been proven based on Lyapunov analysis,
which also gives a su�cient condition to satisfy input and state constraints.
Finally, our approach has been applied to the counter-current heat exchanger
system, and the e�ectiveness of the proposed method has beenillustrated by
numerical simulations.

Future work includes estimating a tighter feasible region of attraction and
also a range of perturbations in which output regulation is guaranteed.

138



8
Conclusion and Future Research

In this chapter, we conclude the thesis by summarizing the obtained results
in this thesis. In addition, we outline potential directions for future research,
o�ering insights and recommendations to guide subsequent studies in this
area.
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8.1 Conclusion
This thesis addresses a key challenge in transitioning fromtraditional power
and energy systems to modern large-scale networked systems: ensuring the
asymptotic stability of equilibrium points in DC microgrids and counter-
current heat exchangers while respecting physical constraints. We extend
then these results to general nonlinear and bilinear systems, which encompass
a wide range of power and energy systems.

Chapters 3 to 7 present the results, building on the preliminaries provided
in Chapter 2. This chapter covered Lyapunov and Krasovskii stability theo-
ries, incremental stability theory, and its characterization through Lyapunov
stability. It also reviewed dissipativity and passivity theory, and their re-
lationship with Lyapunov stability, including passivity-based control design.
Emphasis was placed on equilibrium-point independent passivity concepts,
particularly Krasovskii and di�erential passivity, which were fundamental to
the results of this thesis.

Chapter 3 marked the beginning of the research presented in this thesis.
It began with the design of a static controller to ensure the stability of a
DC microgrid operating in isolated mode, using a shifted Lyapunov func-
tion. We estimated the feasible domain of attraction to ensure that trajec-
tories converge to the equilibrium point while satisfying physical constraints
on state variables. Necessary and su�cient conditions were then provided
through a nonlinear optimization problem to ensure that thecontrol input
remains within a practical feasible range. One can con�rm that the pro-
posed controller is a static di�erential passivity-based controller, making the
closed-loop system incrementally asymptotically stable.However, extending
this controller to a network of boost converters was not feasible due to struc-
tural limitations and excessive information requirementsfor the controller.
To address these challenges, we modi�ed the controller based on the results
presented in Chapter 4.

In Chapter 4, a decentralized dynamic di�erential passivity-based con-
troller was designed for a DC microgrid with ZIP loads. The asymptotic
stability of the network's equilibrium point was ensured through a Krasovskii-
type candidate Lyapunov function. Additionally, the feasible region of attrac-
tion for the closed-loop systems was estimated, and insights into the tuning of
the gains were provided. Notably, the proposed controller requires minimal
information about the system, speci�cally the value of the DC voltage source.
The controller designed in Chapter 4 was a switching controller, triggered by
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measurements of the network's currents, which necessitates high-tech devices
for practical implementation to demonstrate its full e�ectiveness. Moreover,
in some regions, the system is controlled in open-loop structure. To address
these, in Chapter 5, we modi�ed the controller, preserving the advantages of
the previous proposed controller in Chapter 4 while eliminating the switch-
ing mechanism. This ensured the controller operates in closed-loop mode
across all current regions. The proposed controller was also implemented in
a real-time setup at RSE S.p.A., Milan, Italy.

The results presented in Chapters 3, 4, and 5 were then generalized to
nonlinear systems in Chapter 6, where di�erential passivity with an integrable
di�erential passive output is veri�ed for the system. More precisely, we
proposed a static controller that extended the controller from Chapter 3,
a dynamic controller that extended those from Chapters 4 and5, and a new
dynamic controller capable of acting as an output regulatorfor nonlinear
systems. As an application, we considered a counter-currentheat exchanger
system. We �rst demonstrated that a counter-current heat exchanger with
any number of cells retains the di�erential passivity property. Then, we
designed all three proposed controllers for a system with four cells.

In Chapter 7, di�erently from the previous chapters, we introduced an
analysis and synthesis framework for bilinear systems withmultiple inputs
and outputs, motivated by the fact that various systems in diverse �elds,
including DC microgrids and counter-current heat exchangers, fall into this
category. We designed a uni�ed Lyapunov-based controller for bilinear sys-
tems, which serves as a stabilizer and can act as both an inputand/or output
regulator. A feasible region of attraction for the closed-loop system was then
estimated to ensure adherence to physical constraints. A counter-current
heat exchanger was chosen as an application to evaluate the e�ectiveness of
the controller in the presence of model uncertainty. This controller can also
be applied to a network of bilinear systems, although its structure may not
necessarily be decentralized or distributed.

8.2 Future Research
Based on the presented results, we outline the following potential future
research directions. Some of these have already been discussed at the end of
each chapter.
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ˆ Regarding the DC microgrid presented in Chapters 3, 4, and 5,open re-
search directions include improving the robustness of the control system
by incorporating integral action on the voltage error in thecontrol law
and �nding a suitable Lyapunov function to establish asymptotic stabil-
ity of the desired equilibrium point. Additionally, we aim to extend the
proposed controllers in Chapters 4 and 5 to achieve load sharing, in ad-
dition to voltage regulation. As the next future work, we are interested
in equipping the proposed control system with an adaptive mechanism
to estimate unknown parameters, such as the internal resistance of bat-
teries, and ensuring asymptotic stability in their presence. Extending
the presented results to the case of hard switching, which commonly
occurs in practical implementations, represents an interesting direction
for further research.

ˆ Building on the discussions in Chapters 3 through 7, exploring alter-
native candidate Lyapunov functions to achieve less conservative es-
timates of the feasible domain of attraction represents a promising
avenue for future research. The Lyapunov functions introduced in
Chapters 3 and 7 yield ellipsoidal invariant level sets. However, these
level sets may lead to overly conservative estimates of the region of
attraction, especially in the presence of polytopic constraints on tra-
jectories, such as voltage and current limits. Inspired by the works
of [KC23,BA08,SALB12,SL12], a compelling direction for future inves-
tigation involves utilizing polyhedral Lyapunov functions to establish
stability for networks of power and heating systems.

ˆ An interesting future research direction is developing a physically mean-
ingful storage function for analyzing systems based on Krasovskii and
di�erential passivity theories. For instance, in Chapter 6, discovering a
new physically meaningful storage function could lead to anintegrable
di�erential passive output for counter-current heat exchangers with any
arbitrary number of cells. Moreover, applying the results presented in
Chapter 6 to district heating systems to �nd conditions that guaran-
tee a decentralized temperature stabilizer would be an openresearch
direction.

ˆ An additional proposed future research direction is developing the re-
sults from Chapter 7 to ensure the existence of a decentralized controller
for the interconnection of bilinear systems. Another work, concerning
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Chapter 7, includes estimating a tighter feasible region ofattraction
and also a range of perturbations in which output regulationis guar-
anteed.
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