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Abstract

Quantum state tomography (QST) aims at reconstructing the representation of a quantum
state from the measurement of a sufficiently large number of observables. Traditionally,
in QST the number of required observables grows exponentially with the dimension of
the Hilbert space associated with the system under consideration, unless a priori knowl-
edge of the state is available. In practice, QST becomes infeasible for systems of limited
size. Thus, it is necessary to develop novel methods that are easy to implement and allow
one to reconstruct high-dimensional states. The focus of this PhD research is to improve
the efficiency of QST protocols. The main goal is to develop QST approaches that do not
make any assumptions about the state to be reconstructed, reduce the number of required
observables, are computationally efficient, and are experimentally feasible. The core idea
is to introduce a threshold parameter that allows an efficient trade-off between the num-
ber of observables and the accuracy of the state reconstruction. Threshold quantum state
tomography (tQST) is the first protocol based on this concept, tailored to systems com-
posed of qubits that can be measured via projective measurements, and the state is recon-
structed via maximum likelihood estimation. In many cases, including those of interest
for technological applications, tQST works and accurately reconstructs the density ma-
trix. We leveraged the feasibility of the protocol to numerically validate it on computer-
generated data and experimentally test it on two different platforms, a superconducting
and a photonic one. We show that tQST can drastically reduce the resources required for
state reconstruction, but it can also be used to obtain an approximate density matrix by
further reducing the number of measurements and the experimental efforts. State recon-
struction can also be performed using tools other than maximum likelihood estimation.
Furthermore, the tQST protocol might allow us to estimate quantities that are functions
of the density matrix elements, such as purity, without reconstructing the entire state. We
investigated this possibility through an original deep learning model that leverages the
specific symmetries of the density matrix to enhance its performance. We then develop
the enhanced compressive threshold QST (ECT-QST) protocol, specifically designed for
systems composed of qudits where one can implement measurement settings. As an ex-
tension of tQST, ECT-QST is tailored for multiplexing platforms where one can perform
projective measurements on all the basis vectors of a given setting. We numerically val-
idate and experimentally test ECT-QST on the same platforms as tQST. Finally, moving
beyond application matters, we turn to deeper questions and examine a problem at the
crossroads of information theory and energetics, which are at the core of modern physics.
We explore ECT-QST and QST through the lens of the quantum Maxwell demon, directly
comparing their roles in the fundamental challenge of quantum work extraction.
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Introduction

Quantum technologies have emerged as one of the most promising frontiers in modern
science and engineering, offering revolutionary capabilities in information processing,
secure communication, and precision measurements. These advances rely on precise ma-
nipulation of quantum states. A fundamental requirement for the reliable operation of
any quantum device is the accurate characterization of the underlying quantum states.
The representation of a quantum system is typically reconstructed from the measurement
of a sufficiently large number of observables. This process consumes multiple identical
copies of the system. This procedure is known as quantum state tomography (QST) and
occupies a central role in the theoretical and experimental development of quantum tech-
nologies. In the context of quantum computing, QST enables the verification of quan-
tum states produced by quantum algorithms. In quantum communication, tomographic
methods provide means to validate entanglement distribution and ensure the correctness
of protocols such as quantum key distribution and quantum repeaters. Beyond these, ap-
plications in quantum metrology and quantum simulation also depend on accurate state
reconstruction, where QST contributes to the validation of enhanced sensing schemes and
the exploration of many-body quantum systems.

The significance of QST is accompanied by substantial challenges. The number of
observables required for complete state characterization scales exponentially with the di-
mension of the Hilbert space, making conventional tomographic approaches infeasible
for large systems. This number can be reduced in some cases by introducing some as-
sumptions about the state to be reconstructed, such as being pure or having a matrix
product structure. Moreover, the computational burden of processing the measurement
outcomes and reconstructing the state can further limit the realization of QST to rela-
tively small-size systems. These limitations motivated the development of alternative
strategies, such as compressed sensing techniques, Bayesian estimation frameworks, and,
more recently, machine learning–based approaches. Each of these methods aims to bal-
ance accuracy, efficiency, and robustness in the face of practical constraints.

To address these limitations, in this PhD research, we investigate innovative and ef-
ficient QST protocols. The primary objective is to develop QST methods that achieve
some desirable features, that is, do not assume any particular form of the state to be
reconstructed, reduce the number of required observables, and ensure computational ef-
ficiency along with experimental feasibility. Central to this approach is the introduction
of a threshold parameter that provides a balanced compromise between the accuracy of
state reconstruction and the number of observables needed. The threshold quantum state
tomography (tQST) protocol is the first based on this principle, designed for systems
made up of qubits where one can implement single projective measurements, with state
reconstruction carried out through maximum likelihood estimation. After the numerical
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validation using synthetic data, we experimentally demonstrated the efficacy of tQST on
superconducting and photonic platforms. We then broadened the field of applicability of
tQST in several directions. First, we embedded a physics-inspired deep learning model
into the tQST protocol, and extended it to the more general problem of quantum state
characterization. Second, we generalized tQST to multiplexing platforms where mea-
surement settings can be implemented on systems composed of qudits, resulting in the
enhanced compressive threshold QST (ECT-QST) protocol. Finally, moving beyond prac-
tical applications, we turn to the more profound problem of quantum work extraction, at
the intersection of quantum mechanics and thermodynamics. In this context, we examine
ECT-QST and QST through the perspective of a realistic quantum Maxwell demon that
deals with finite resources, comparing their respective roles in estimating the ergotropy.

In the first chapter of this manuscript, we recall the fundamental elements of quan-
tum mechanics, set the main definitions regarding QST that will be used throughout the
manuscript, and review the literature and the state of the art of QST. In the second chapter,
after defining the desiderata of any QST protocol, we introduce the workflow of the tQST
protocol and illustrate each step in detail. Furthermore, we provide numerical evidence
and experimental results on the two platforms mentioned above. In the third chapter, we
analyze how a physics-inspired deep learning model can fit into the tQST protocol and
how it can be leveraged to characterize quantum states. In the fourth chapter, we conduct
a step-by-step investigation of the workflow of ECT-QST, along with numerical valida-
tion and experimental results on the same platforms as tQST. Finally, in the fifth chapter
we report the comparison of ECT-QST and QST within the framework of quantum ther-
modynamics.
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Chapter 1

Quantum Mechanics and Quantum State
Tomography

In this chapter, we review the essentials of quantum mechanics, including postulates,
density matrix formalism, and relevant examples of quantum states, measurement, and
channels. Finally, we introduce quantum state tomography (QST) and review the litera-
ture about it, from pioneering papers to modern and more advanced concepts and tools.
References for the first part of the chapter are [9] and [10].

1.1 Postulates of Quantum Mechanics

We start by presenting the von Neumann formulation of quantum mechanics for closed
systems. The postulates are usually sorted according to the fundamental steps of any
prototypical quantum experiment: state preparation, time evolution, and measurement.

Postulate 1: Associated with any isolated physical system is a complex Hilbert space
known as the state space of the system. The system is fully described by a state vector,

which is a unit vector in the state space of the system.

Postulate 2: The evolution of a closed quantum system is described by a unitary
transformation. The state |ψ (t0)⟩ of the system at time t0 is related to the state |ψ (t)⟩ at

time t by a unitary operator U that depends only on times t and t0:

|ψ (t)⟩ = U (t, t0) |ψ (t0)⟩ . (1.1)

The second postulate has some relevant consequences. First, the time-reverse evolution
operator from t to t0 is given by:

U (t, t0) = U−1 (t0, t) = U † (t0, t) . (1.2)

Second, the set of unitary transformations is a group:

U (t2, t1)U (t!, t0) = U (t2, t0) , t2 > t1 > t0. (1.3)

Finally, in both the case of undriven and externally driven system, which differentiates
between isolated and closed, the dynamics is generated by a Hermitian operator H = H†
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(which in the driven case is H(t)). In the undriven case, the system is invariant under
time translations: U (t, t0) = U (t− t0) ≡ Ut, and the Stone’s theorem guarantees the
existence and uniqueness of a Hermitian (possibly unbounded) operator H = H† that is
the generator of the evolution:

Ut = e−
i
ℏHt, (1.4)

with ℏ = 6.626 × 10−34J s the Planck’s constant. From (1.4) we can derive the following
differential equation for |ψ(t)⟩:

iℏ
∂ |ψ(t)⟩
∂t

= H |ψ(t)⟩ , (1.5)

which is the time-independent Schrödinger equation. In the time-dependent case the
dynamics is no more invariant under time translations, Stone’s theorem does not hold
anymore and more sophisticated tools are required to show that any U (t, t0) has a unique
self-adjoint generator H(t) = H†(t) ∀t.

Postulate 3: Any physical observable A is associated with a Hermitian operator Â acting
on the Hilbert space of the system.

We can use the spectral theorem to express any observable in diagonal form. Assuming a
discrete spectrum of Â for simplicity, we have:

Â =
∑
j

aj |aj⟩⟨aj| =
∑
j

ajΠaj , (1.6)

with Â |aj⟩ = aj |aj⟩, aj ∈ R, and Πaj = |aj⟩⟨aj|. The eigenvectors of a Hermitian oper-
ator form an orthonormal basis, ⟨ai|aj⟩ = δij , with δij the Kronecker delta, and Πaj is a
projector, Π2

aj
= Πaj , and satisfy the completeness relation

∑
j Πaj = ID. Here, ID is the

D-dimensional identity operator, with D the dimension of the Hilbert space associated
to the system according to Postulate 1. In the followings we may omit the hat symbol to
denote operators when it is clear from the context.

Postulate 4: The (only) possible outcomes of a measurement of an observable A are the
eigenvalues of the corresponding Hermitian operator Â.

The fourth postulate implies that if the spectrum of an observable A is discrete, then all
its measurement outcomes can only take discrete values.

Postulate 5 (Born rule): When a measurement of an observable A is performed on a
system with state |ψ⟩, the probability of obtaining the outcome ai is given by:

P (ai) = |⟨ψ|ai⟩|2 = ⟨ψ|ai⟩ ⟨ai|ψ⟩ = ⟨ψ|Πai |ψ⟩ . (1.7)

Observing that P (ai) ≥ 0 ∀i, and that the completeness relation implies that
∑

i P (ai) =
1, we conclude that {P (ai)} is a proper probability distribution.

The intrinsic probabilistic nature of quantum mechanics associated with measurement
outcomes becomes apparent whenever a quantum system is not prepared in an eigenstate
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|ai⟩ of a certain observable A, but rather in a generic state that can be seen as a superpo-
sition of eigenstates of A, that is, |ψ⟩ =

∑
i ci |ai⟩. The outcome of the measurement of an

observable A on a quantum system therefore becomes a random variable distributed ac-
cording to the Born rule. This means that, upon repeating the same experiment N times,
one would obtain a series of outcomes (x1, x2, . . . , xN) and the probability P (ai) is equal
to the fraction of times νai = Nai/N that the outcome xi = ai appears. We can then char-
acterize the statistics of A with some metrics such as the mean, also called average or
expectation value:

⟨A⟩ψ = ⟨ψ|A|ψ⟩ =
∑
i

ai|⟨ψ|ai⟩|2 =
∑
i

ai P (ai) , (1.8)

and the variance:

Var(A)ψ = ⟨A2⟩ψ − ⟨A⟩2ψ =
∑
i

a2iP (ai)−

[∑
i

aiP (ai)

]2
(1.9)

1.1.1 The qubit

We now exemplify the postulates just introduced with the simplest quantum mechanical
system we can consider, the qubit. A qubit is a 2-level carrier of information associ-
ated with a two-dimensional Hilbert space H ≃ C2. All linear bounded operators are
represented by linear operators on C2, that is, 2 × 2 complex matrices, while states are
represented as 2-dimensional complex column vectors. Let {|0⟩ , |1⟩} be the standard or-
thonormal basis of H:

|0⟩ =
(
1
0

)
, |1⟩ =

(
0
1

)
. (1.10)

An arbitrary state vector |ψ⟩ of a qubit can be written as:

|ψ⟩ =
(
a
b

)
= a |0⟩+ b |1⟩ , (1.11)

with a, b ∈ C. The condition that |ψ⟩ is a unit vector, also known as the normalization
condition of the state vector, implies that:

⟨ψ|ψ⟩ = 1 = |a|2 + |b|2. (1.12)

The following are paradigmatic examples of qubit states:

|0⟩ ≡ |z+⟩ ≡ |H⟩ =
(
1
0

)
|1⟩ ≡ |z−⟩ ≡ |V ⟩ =

(
0
1

)
|+⟩ ≡ |x+⟩ ≡ |D⟩ = 1√

2

(
1
1

)
|−⟩ ≡ |x−⟩ ≡ |A⟩ = 1√

2

(
1
−1

)
(1.13)

|y+⟩ ≡ |R⟩ = 1√
2

(
1
i

)
|y−⟩ ≡ |L⟩ = 1√

2

(
1
−i

)
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Qubit observables are represented as 2×2 complex Hermitian matrices. For instance, con-
sider the Pauli operators, or Pauli matrices, the representation of which in the standard
basis is:

σx ≡ X =

(
0 1
1 0

)
, σy ≡ Y =

(
0 −i
i 0

)
, σz ≡ Z =

(
1 0
0 −1

)
. (1.14)

The eigenvalues of each Pauli operator are {+1,−1}, and the corresponding eigenstates
are the states reported in (1.13). In particular, {x+, x−}, {y+, y−}, and {z+, z−} are the
eigenvectors of X, Y and Z with eigenvalues {+1,−1}, respectively. Equivalently, the
Pauli operators satisfy the following eigenvalue equations:

X |x±⟩ = (±1) |x±⟩
Y |y±⟩ = (±1) |y±⟩
Z |z±⟩ = (±1) |z±⟩

(1.15)

Qubit Hamiltonians are observables too. As an example, consider the following Hamil-
tonian:

H = ℏωσx = ℏω
(
0 1
1 0

)
, (1.16)

with ω a constant frequency. The eigenvectors {|k⟩} of H are the same of σx, and the
corresponding eigenvalues {Ek} are the same of σx multiplied by ℏω. The time-evolution
operator is then given by:

U =
∑
k

e−
i
ℏωkt |k⟩⟨k| = eiωt |x−⟩⟨x−|+ e−iωt |x+⟩⟨x+| (1.17)

= eiωt
1√
2

(
1
−1

)
1√
2

(
1 −1

)
+ e−iωt

(
1
1

)
1√
2

(
1 1

)
=
eiωt

2

(
1 −1
−1 1

)
+
e−iωt

2

(
1 1
1 1

)
=

(
cosωt −i sinωt

−i sinωt cosωt

)
having defined ωk = Ek/ℏ. According to postulate 4, the possible outcomes of a measure-
ment of one of the Pauli operators are +1 and -1, while those of Hamiltonian (1.17) are
+ℏω and −ℏω. Finally, the probability of obtaining the outcome -1 when measuring σy on
the state |x+⟩ is given by the Born rule:

P (−1| |x+⟩) = |⟨x+|y−⟩|2

=

∣∣∣∣∣ 1√
2

(
1 1

) 1√
2

(
1
i

)∣∣∣∣∣
2

(1.18)

=
1

4
|1 + i|2 = 1

2
.
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1.2 Modern Reformulation of Quantum Mechanics

1.2.1 The statistical operator

Postulate 1, and hence the use of a ket to describe the state of a quantum system, works
when we have an ideal source that prepares a quantum state with perfect consistency.
However, we can actually prepare a state only within a certain error, which might reflect
either some technological limitations or some fundamental lack of detailed knowledge of
such a state. We are then led to consider a more general situation in which the source
can prepare the system in a state within a given set of states {|ψ1⟩ , |ψ2⟩ , . . . , |ψN⟩}, each
of which has a corresponding probability (relative frequency) {p1, p2, . . . , pN}. If we carry
out an experiment where we measure an observable A many times, we will find an aver-
age ⟨ψk|A|ψk⟩ conditioned on the state being |ψk⟩. The resulting expectation value is then
given by a weighted average:

⟨A⟩ =
∑
k

pk ⟨ψk|A|ψk⟩ =
∑
k

pk ⟨ψk|

(∑
j

|j⟩⟨j|

)
A|ψk⟩

=
∑
j

⟨j|A

(∑
k

pk |ψk⟩⟨ψk|

)
|j⟩ (1.19)

= Tr (Aρ) ,

where we have introduced the statistical operator, or density operator:

ρ =
∑
k

pk |ψk⟩⟨ψk| , (1.20)

with pk ≥ 0 ∀k and
∑
pk = 1. From (1.20) it follows that the density operator is Her-

mitian, that is, ρ = ρ†. Equation (1.20) is the most general form to represent a quantum
system that is compatible with the Born rule, as formally proven in Gleason’s theorem.

We now provide a more mathematical definition of a quantum state. Let B(H) be the
set of linear and bounded operators on a Hilbert space H. The set of all operators in B(H)
with finite trace is denoted as T (H) and is referred to as the set of trace-class operators.
Then, a state is represented by a Hermitian, positive semi-definite, and with trace equal
to 1, operator called statistical operator, that is, an element of the set:

S(H) =
{
ρ ∈ T (H) | ρ = ρ†, ρ ≥ 0,Tr(ρ) = 1

}
. (1.21)

The set S(H) is a convex subset of T (H), which implies that a convex combination of
states is still a state: ∑

i

piρi ∈ S(H),
∑
i

pi = 1, pi ≥ 0∀i. (1.22)

The extremal points of S(H), that is, one-dimensional projectors of the form ρ = |ψ⟩⟨ψ|,
are called pure states. Any other state that can be written as a convex combination of
pure states is called a mixed state.

Let us analyze the density operator in more detail. Given a Hilbert space of (finite)
dimension D along with an orthonormal basis {|i⟩}Di=1, we can find a representation of
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the density operator in the given basis via ρij = ⟨i|ρ|j⟩. The representation of the density
operator in that basis is thus a Hermitian, trace-one, and positive semi-definite D × D
complex matrix called density matrix. A density matrix is described by D2 − 1 real in-
dependent parameters: D − 1 real numbers to characterize the diagonal elements due
to normalization, and two real numbers (one for the real part and one for the imaginary
part) for each of the D(D − 1)/2 off-diagonal elements above or below the diagonal, for
the others are determined by ρ = ρ†. This number grows quadratically with D, and is
also equal to the number of independent observables required in principle to determine
the density matrix that represents the state of a quantum system.

The diagonal elements {ρii}Di=1 of the density matrix are called populations, while the
off-diagonal elements are called coherences. On the one hand, we can directly determine
the diagonal elements by measuring the expectation value of the projectors onto the ele-
ments of the basis chosen to represent the density matrix:

ρkk = ⟨k|ρ|k⟩ = Tr (ρ |k⟩⟨k|) = Tr (ρΠk) . (1.23)

On the other hand, we cannot directly retrieve the off-diagonal elements with projective
measurements. Indeed, if we consider the following observable with only two non-zero
elements at positions (i, j) and (j, i), each equal to 1/2:

O(Re)
mn =

{
1
2
, if (m,n) = (i, j) or (m,n) = (j, i),

0, otherwise.
(1.24)

and compute the following expectation value:

Tr(ρO(Re)
mn ) =

∑
m,n

ρmnOnm = ρijOji + ρjiOij

= ρij ·
1

2
+ ρji ·

1

2
= ρij ·

1

2
+ ρ∗ij ·

1

2
=

1

2
·
(
ρij + ρ∗ij

)
(1.25)

=
1

2
· 2Re (ρij) = Re (ρij) ,

it actually returns the real part of the off-diagonal element ρij . However, O(Re)
mn is not a

projective operator, for
[
O

(Re)
mn

]2
̸= O

(Re)
mn . A similar line of reasoning can be followed for

the observable:

O(Im)
mn =


i
2
, if (m,n) = (i, j)

− i
2

if (m,n) = (j, i),

0, otherwise.
(1.26)

for which the following result holds:

Tr(ρO(Im)
mn ) =

∑
m,n

ρmnOnm = ρijOji + ρjiOij

= ρij ·
(
− i

2

)
+ ρji ·

(
i

2

)
= −ρij ·

i

2
+ ρ∗ij ·

(
i

2

)
= − i

2

(
ρij − ρ∗ij

)
(1.27)

= − i

2
· [2i Im (ρij)] = Im (ρij) .
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Thus, the expectation value of the operator O(Im)
mn on the state ρ returns the imaginary part

of the off-diagonal element ρij . However, neitherO(Im)
mn is a projection operator. These con-

siderations are at the basis of practical implementations of QST, which look for alternative
strategies to determine the off-diagonal elements of the density matrix.

We now prove the following inequality using the properties of any density matrix:

|ρij| ≤
√
ρiiρjj, (1.28)

where the equality holds for pure states. If the state is pure, ρ = |ψ⟩⟨ψ|, then the calcula-
tion is straightforward:

|ρij| = | ⟨i|ρ|j⟩| = |⟨i|ψ⟩ ⟨ψ|j⟩| = |⟨i|ψ⟩||⟨ψ|j⟩|
=
√
(⟨i|ψ⟩ ⟨ψ|i⟩) (⟨ψ|j⟩ ⟨j|ψ⟩)

=
√
(⟨i|ψ⟩ ⟨ψ|i⟩) (⟨j|ψ⟩ ⟨ψ|j⟩)

=
√

⟨i|ρ|i⟩ ⟨j|ρ|j⟩
=

√
ρiiρjj.

(1.29)

More in general, considering a density matrix ρ, we can define the following vectors:

|ui⟩ =
√
ρ |i⟩ |uj⟩ =

√
ρ |j⟩ , (1.30)

with
√
ρ the unique positive square root of ρ [9, 11, 12]. Then:

ρij = ⟨i|ρ|j⟩ = ⟨i|√ρ√ρ |j⟩ = ⟨ui|uj⟩ . (1.31)

Applying the Cauchy–Schwarz inequality we find:

|ρij| = |⟨ui|uj⟩| ≤ ∥ui∥ · ∥uj∥. (1.32)

But ∥ui∥2 = ⟨i|ρ|i⟩ = ρii and similarly ∥uj∥2 = ρjj . Hence:

|ρij| ≤
√
ρiiρjj. (1.33)

A second possible proof is the following one. The positive semi-definiteness of ρ im-
plies that ⟨v|ρ|v⟩ ≥ 0 ∀ |v⟩. Let |v⟩ = a |i⟩+ b |j⟩, with a, b ∈ C. Then:

⟨v|ρ|v⟩ = |a|2ρii + |b|2ρjj + 2Re (a∗bρij) ≥ 0. (1.34)

Now choose a = 1 and b = −αρ∗ij , with α ∈ R. Then:

⟨v|ρ|v⟩ = ρii + α2|ρij|2ρjj − 2α|ρij|2 (1.35)

=
(
|ρij|2ρjj

)
α2 − 2|ρij|2α + ρii ≥ 0. (1.36)

This is a quadratic inequality in α, and is satisfied for every value of α if and only if
(|ρij|2ρjj) > 0 and the discriminant has to be negative or equal to zero. Since the first
condition is always satisfied, we can compute the discriminant:

4|ρij|2
(
|ρij|2 − ρiiρjj

)
≤ 0. (1.37)

Since 4|ρij|2 ≥ 0, then |ρij|2 − ρiiρjj ≤ 0, hence the thesis.
A notable and immediate consequence of this result is that if one of the diagonal ele-

ments of the density matrix is zero, then all the off-diagonal elements on the correspond-
ing row and column will be zero too. Similarly, if one of the diagonal elements is small,
then the off-diagonal elements on the corresponding row and column will be small too.
This will be crucial in determining the number of observables in the proposed QST pro-
tocols.
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1.2.2 Purity and von Neumann entropy

Given a quantum state ρ that describes the state of a system of dimension D, how can we
determine if it is pure or not? Eventually, can we quantify how far it is from a pure state?
There are several ways to answer these questions. One way is to compute the spectral
decomposition of ρ. If the spectral decomposition returns a single non-vanishing eigen-
value, equal to 1, then the corresponding eigenvector provides the state as ρ = |ψ⟩⟨ψ|. If
the spectral decomposition returns several non-vanishing eigenvalues, then we can re-
trieve the state via (1.20). We can also quantify "how much pure" a quantum state ρ is by
defining the purity of ρ:

P(ρ) = Tr
(
ρ2
)
, (1.38)

which can be expressed as a function of the elements of the density matrix:

P(ρ) = Tr
(
ρ2
)
=

D−1∑
i=0

(
ρ2
)
ii

(
ρ2
)
ii
=

D−1∑
k=0

ρikρki

=
∑
k=i

ρiiρii +
∑
k ̸=i

ρikρki (1.39)

=
∑
k=i

(ρii)
2 + 2

∑
k<i

|ρik|2

=⇒ P (ρ) =
D−1∑
i=0

[∑
k=i

(ρii)
2 + 2

∑
k<i

|ρik|2
]

The purity satisfies some properties that we express as a theorem.

1.2.1 Theorem. Consider a Hilbert space of dimension D associated with a quantum sys-
tem and let ρ be a state of the system. The purity satisfies the following properties:

(i) 0 ≤ 1

D
≤ P(ρ) ≤ 1 ∀ρ (H = CD) (1.40a)

(ii) P
(
UρU †) = P(ρ) (1.40b)

(iii) P(ρ) = 1 ⇐⇒ ρ = |ψ⟩⟨ψ| (1.40c)

Proof. To prove (i) we observe that the purity is positive by definition, for it is a sum
of positive terms, it is minimum when all the off-diagonal terms are vanishing and the
diagonal elements are all equal to 1/D, and it is maximum when there is only one non-
vanishing diagonal element equal to 1. To prove (ii) we exploit the invariance of the trace
under permutations:

P
(
UρU †) = Tr

[(
UρU †)2]

= Tr
[(
UρU †) (UρU †)]

= Tr
[
UρρU †] = Tr

[
Uρ2U †]

= Tr
[
ρ2U †U

]
= Tr

(
ρ2
)
= P (ρ) .

10



Finally, if P (ρ) = 1 = Tr (ρ), then ρ2 = ρ, which is true when ρ = |ψ⟩⟨ψ|, that is, the state
is pure. If ρ = |ψ⟩⟨ψ|, then:

P(ρ) = Tr
(
ρ2
)
= Tr (|ψ⟩⟨ψ| |ψ⟩⟨ψ|) = Tr (|ψ⟩⟨ψ|) = 1.

The state achieving the lower bound of the purity is called the maximally mixed state:

ρmaxmix =
ID
D
. (1.41)

The von Neumann entropy quantifies the "mixedness" of a quantum state as:

S(ρ) = −Tr (ρ ln ρ) = −
∑
k

pk ln pk, (1.42)

where the second expression derives from the spectral decomposition of ρ. It holds 0 ≤
S(ρ) ≤ lnD, where the lower bound is attained by pure states, and the upper bound by
the maximally mixed state. Logarithms with different bases can be used in the definition
of the von Neumann entropy, and the upper bound changes consequently.

1.2.3 The Pauli basis and the Bloch vector

The Puali matrices {σx, σy, σz}, along with the 2 × 2 identity matrix I2 ≡ σ0, form an
orthogonal basis of the Hilbert space of all complex 2×2 matrices over C, when equipped
with the Hilbert-Schmidt scalar product:

(·, ·) : B(H)× T (H) → C (1.43)

(O,A) = Tr
(
O†A

)
.

We can expand the density operator of a qubit on this basis:

ρ =
3∑

α=0

Tr
(
σ†
αρ
)
σα =

1

2
(I+ v · σ) = 1

2

(
1 + vz vx − ivy
vx + ivy 1− vz

)
, (1.44)

with σ = (σx, σy, σz) and R3 ∋ v = (vx, vy, vz) = (Tr (σxρ) ,Tr (σyρ) ,Tr (σzρ)) is called the
Bloch vector. If we compute the purity of a state we find that:

P(ρ) =
1

2

(
1 + |v|2

)
≤ 1 =⇒ |v| ≤ 1. (1.45)

This constraint offers a nice geometrical interpretation, as it identifies any density matrix
of a qubit with a point within the unit sphere of R3, called Bloch sphere. On its surface
there are pure states (|v| = 1), while mixed states are in its interior (|v| < 1). In the center
is located the maximally mixed state (|v| = 0).

If one can measure the expectation value of the Pauli matrices, then only three observ-
ables are required to define the qubit density matrix. However, the fourth measurement
is required to normalize the count statistics. The use of experimental data to calculate the
expectation values to be put into (1.44) can lead to matrices with negative eigenvalues,
which are non-physical. Statistical techniques such as maximum likelihood estimation
can be used to retrieve physical density matrices, as we will see in the following.
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1.2.4 Composite systems

We can extend the formalism to describe systems made up of two or more subsystems,
generally interacting with each other. For simplicity, let us assume that there are two
subsystems, and label them with A and B. Let HA and HB be the corresponding Hilbert
spaces of dimension DA and DB, respectively. Then the Hilbert space of the composite
system is given by the tensor product of the two Hilbert spaces:

HAB = HA ⊗HB. (1.46)

The dimension of HAB is the product of the dimension of the two Hilbert spaces, that is,
DAB = DA × DB. The tensor structure implies that if {|ψi⟩}DA

i= and {|ϕj⟩}DB
j=1 are bases of

HA and HB, respectively, then:

{|ψi⟩ ⊗ |ϕj⟩}DA,DB
i,j=1 (1.47)

is a basis of HAB. Consequently, any element |ψ⟩AB ∈ HAB can be expanded on that basis
as:

|ψ⟩AB =

DA∑
i=1

DB∑
j=1

cij |ψi⟩ ⊗ |ϕj⟩ . (1.48)

Analogously, any operator acting on the composite system can be written as:

O =
∑
k

O
(A)
k ⊗O

(B)
k , O

(A,B)
k ∈ B (HA,B) . (1.49)

In particular, the set of statistical operators of the composite system is S (HA ⊗HB), and
any statistical operator of the composite system can be written as:

ρ(AB) =
∑
k

pk |ψk⟩⟨ψk|AB . (1.50)

The simplest example is given by the product state ρ = ρA ⊗ ρB, which physically repre-
sents an uncorrelated state that can be prepared by acting locally and independently on
the two subsystems. In this case, if we measure an observableO⊗Q, then the probabilities
of the respective outcomes factorize as follows:

P (O = o,Q = q) = Tr [(O ⊗Q) (ρA ⊗ ρB)] = Tr (OρA)Tr (QρB) . (1.51)

A particular, but relevant, case is when we measure an observable on one of the subsys-
tems and ignore the other. Without loss of generality, suppose we measure an observable
O ∈ B (HA). Then the expectation value of such an observable is given by:

⟨OA ⊗ IB⟩ρAB
= Tr [(OA ⊗ IB) ρAB] = TrA (OAρA) , (1.52)

where we have introduce the reduced density operator:

ρA = TrB (ρAB) =

DB∑
j=1

⟨j|ρAB|j⟩ , (1.53)

with {|j⟩}DB
j=1 a basis of HB, and the partial trace operation:

TrA(B) :B (HA ⊗HB) → B
(
HA(B)

)
(1.54)

O → TrA(B)(O). (1.55)
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Figure 1.1: Density matrices of Bell states. Representation of the four Bell states a) |ϕ+⟩,
b) |ψ+⟩, c) |ϕ−⟩, and d) |ψ−⟩ in the standard basis. The height of each bar represents
the modulus of each element, while the phase is encoded in the color as shown in the
colorbar.

1.2.5 Examples of quantum states

Let us now consider some relevant examples of quantum states. In general, we will con-
sider states of systems composed of nq qudits, that is, nq d-level carriers of information.
The dimension of the associated Hilbert space is D = d nq .

The most relevant states of 2 qubits (nq = 2, d = 2) for quantum technology applica-
tions are the Bell states:∣∣ϕ±〉 = 1√

2
(|00⟩ ± |11⟩) ,

∣∣ψ±〉 = 1√
2
(|01⟩ ± |10⟩) . (1.56)

The representation of the four Bell states in the standard basis is shown in Figure 1.1.
All the Bell states are pure, with only two non-zero diagonal elements, and thus only
one non-zero off-diagonal element above (or below) the diagonal. The Bell states are the
maximally entangled 2-qubit states.

If we consider 3 or more qubits, we can consider other types of maximally entangled
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Figure 1.2: Density matrices of GHZ and W states. a), b), c): Representation of density
matrix of GHZ states of 3, 4, and 5 qubits in the standard basis, respectively. d), e), f):
Representation of density matrix of W states of 3, 4, and 5 qubits in the standard basis,
respectively. The modulus and the phase are encoded as in Figure 1.1. Note that in panels
b), c), e), and f) we reported only some of the ticks on the horizontal axes.

states. Examples of paramount importance are the GHZ and W states, defined as:∣∣GHZnq

〉
=

1√
2

(
|0⟩⊗nq + |1⟩⊗nq

)
∣∣Wnq

〉
=

1
√
nq

(|100 . . . 0⟩+ |010 . . . 0⟩+ · · ·+ |000 . . . 1⟩) .
(1.57)

The GHZ and W states represent two different kinds of nq-partite entanglement, as they
cannot be converted into each other by local operations and classical communication
(LOCC) [13]. In the tripartite case for example, the W state retains maximally bipartite
entanglement if any of the three qubits is traced out, while the GHZ state becomes fully
separable. They are exploited in several applications of quantum technologies, such as
quantum computing [14, 15], communication [16], sensing [17], metrology [18], and se-
cret sharing [19]. Finally, we note that the density matrix of a nq-qubit GHZ state has only
2 non-vanishing off-diagonal elements, regardless of the number of qubits, while the one
of a nq-qubit W state has 2 ×

(
n
2

)
= n!/(n − 2)! = n(n − 1) non-vanishing off-diagonal

elements, which scales quadratically with nq.
Finally, we consider qudits with d ≥ 3. Relevant examples are the maximally entan-

gled states of two qudits, generalizations of the Bell states, defined as:

|ψd⟩ent =
1√
d

d−1∑
m=0

|mm⟩ . (1.58)
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Figure 1.3: Density matrices of maximally entangled states. Representation of maxi-
mally entangled states of a) two qutrits (d = 3), b) two ququarts (d = 4), and c) two
ququints (d = 5) in the standard basis. The encoding of the modulus and the phase is the
same as of Figure 1.1.

As an example, the maximally entangled state of two qutrits is:

|ψ3⟩ent =
1√
3

2∑
m=0

|mm⟩ = 1√
3
(|00⟩+ |11⟩+ |22⟩) . (1.59)

1.2.6 Measures of similarity between quantum states

Given two quantum states ρ and σ, we need to quantify how similar they are. A widely
used figure of merit in this sense is the fidelity, defined as:

F (ρ, σ) ≡ Fρ
σ = Tr

(√√
ρσ

√
ρ

)
. (1.60)

The fidelity is symmetric, F (ρ, σ) = F (σ, ρ), is bounded between 0 and 1 and is pre-
served under unitary evolution of both states. Another possible figure of merit is the
trace distance between ρ and σ, defined as:

D (ρ, σ) =
1

2
∥ρ− σ∥1, (1.61)

with ∥ · ∥1 the trace norm, ∥A∥1 = Tr
(√

A†A
)

for a given operator A. The trace distance
and the fidelity are related by the Fuchs-van de Graaf relations:

1−
√
F (ρ, σ) ≤ D (ρ, σ) ≤

√
1− F (ρ, σ)2. (1.62)

1.2.7 Measurements

We already know that any physical quantity that can be measured, called an observ-
able, is associated with an Hermitian operator, whose eigenvalues represent the possible
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outcomes of a measurement of the observable. The probability distribution over the out-
comes of that measurement can be computed from the density operator representing the
state of the system via the Born rule:

P (xi) = Tr (Πiρ) , (1.63)

with Πi a projection operator onto the eigenvector corresponding to the measurement
outcome xi. The expectation value of an observable A is then given by:

⟨A⟩ = Tr (Aρ) . (1.64)

Pure states are described by rank-1 projectors, and assigning a pure state to a quantum
system implies certainty about the outcome of some measurement on that system. The
representation of such a state in its eigenbasis will therefore be a diagonal matrix with a
single non-vanishing diagonal element, equal to 1.

This definition of measurement can be extended to the so-called generalized quantum
measurement, or positive-operator-valued measure (POVM). In the case of a Hilbert
space with finite dimension D, a POVM is a set of a finite number M of positive semi-
definite operators {Mi}M−1

i=0 that sum to the identity:

M−1∑
i=0

Mi = ID, Mi ≥ 0 ∀i. (1.65)

Note that the number of elements M of the POVM can be different in general from the
dimension D of the Hilbert space. A POVM can be seen as the most general way of
assigning probabilities to a given quantum state ρ. More specifically, we can think of a
POVM as a two-argument machine that takes a measurement outcome i and a quantum
state ρ and returns the probability of measuring outcome i on the state ρ as Tr (Miρ),
which is another statement of the Born rule. A POVM can be interpreted as a probability
distribution over the measurement outcomes in the following sense: we assign to each
measurement outcome i a positive semi-definite operator Mi (which explains the name
positive operator-valued measure), and then specify the quantum state and the Born rule
to obtain actual probabilities. We now look at some examples of POVM.

1.2.2 Example. We can construct by hand a simple example of a POVM for a single qubit
with the following operators:

M0 = λ |0⟩⟨0| (1.66)
M1 = (1− λ) |0⟩⟨0|+ |1⟩⟨1| , (1.67)

with λ ∈ [0, 1]. These operators are positive and sum up to the 2-dimensional identity, and
thus form a POVM. The rationale behind this construction is the following. The outcome
0 represents the system being found in the state |0⟩, while outcome 1 means that it can be
found in either |0⟩ or |1⟩ with different probabilities. For a qubit density matrix we have:

P0 = Tr (M0ρ) = λρ00 (1.68)
P1 = Tr (M1ρ) = 1− λρ00. (1.69)
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Notice that even if ρ00 = 1, that is the system is surely in the state |0⟩, we can obtain
outcome 1 with a certain probability.
We can also construct POVM with a number of elements larger than the dimension of the
Hilbert space. As an example:

M0 = q |0⟩⟨0| (1.70)
M1 = q |+⟩⟨+| (1.71)
M2 = 1−M0 −M1. (1.72)

Suppose you are given a state that is either |1⟩ or |−⟩. If you measure the system and
find outcome 0, then you know that the state is |−⟩, for ⟨0|1⟩ = 0. Similarly if you find
outcome 1, then the state is |1⟩, for ⟨+|−⟩ = 0. Finally, if you find outcome 2, then you do
not learn anything about the state.

1.2.3 Example. We can construct a POVM starting from one of the Platonic solids, that is,
the tetrahedron, the cube, the octahedron, the dodecahedron, and the icosahedron. Let us
analyze the case of the tetrahedron for simplicity, and consider the POVM corresponding
to the vertices of the tetrahedron in the Bloch sphere. To find the elements of the POVM,
consider the following set of vectors [20]:

V4 =

{(
α
β

)
,

(
α
−β

)
,

(
β
iα

)
,

(
β

−iα

)}
, α =

√
3 +

√
3

6
, β =

√
3−

√
3

6
(1.73)

These vectors identify the vertices of a tetrahedron as follows. Consider |ψ⟩ ∈ V4, con-
struct the density matrix ρ = |ψ⟩⟨ψ|, and compute the corresponding Bloch vector, the
components of which are the coordinate of the corresponding vertex of the tatrahedron.
We find:

|ψ0⟩ =
(
α
β

)
=⇒ v0 =

(√
2

3
, 0,

√
1

3

)

|ψ1⟩ =
(
α
−β

)
=⇒ v1 =

(
−
√

2

3
, 0,

√
1

3

)

|ψ2⟩ =
(
β
iα

)
=⇒ v2 =

(
0,

√
2

3
,−
√

1

3

)

|ψ3⟩ =
(

β
−iα

)
=⇒ v3 =

(
0,−

√
2

3
,−
√

1

3

)
(1.74)

These are the vertices of a tetrahedron in the Bloch sphere. It holds:

3∑
i=0

|ψi⟩⟨ψi| = 2I2, (1.75)

thus the elements of the tetrahedron POVM are
{
Mi =

1√
2
|ψi⟩⟨ψi|

}3

i=0
. Similar calcula-

tions lead to the POVMs for the remaining Platonic solids.
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There exist physical platforms, such as the superconducting or trapped-ion ones, where
the cost of measuring the expectation value of a single projector is comparable to the cost
of simultaneously measuring the expectation value of several projectors. In these cases,
the most convenient observable to introduce is the measurement setting. If we consider
a system composed of nq qudits, a measurement setting s (or measurement basis in the
literature) is the tensor product of the generators of SU(d) that specifies which generator
is measured on each qudit. Each setting s has dnq possible outcomes corresponding to the
number of ways of picking one of the d eigenvectors of the SU(d) generators that appear in
the setting. Consequently, from a practical point of view a measurement setting s can be
interpreted as a set of dnq projectors {Πk}d

nq

k=1 onto the eigenbasis of the observable that de-
fines the setting. By repeatedly measuring all the qudits one retrieves information about
the statistical distribution of all dnq possible outcomes associated with that setting, that is,
we gain access to the probability distribution {pk = Tr (ρΠk)}d

nq

k=1. The values {pk}d
nq

k=1 are
equal to the diagonal elements of the density matrix ρ when represented in the eigenbasis
of the observable that defines the setting.

Without loss of generality, let us now consider the case of qubits (d = 2), where the
SU(2) generators are the Pauli matrices S = {X, Y, Z}. Let then Snq be the Cartesian
product of S with itself nq times:

Snq = S × S × · · · × S︸ ︷︷ ︸
nq times

(1.76)

Therefore Snq is the set of the 3nq possible settings of nq qubits, and Snq ∋ s = s0s1 . . . sn−1

is a nq-tuple representing a specific measurement setting of nq qubits. Let then O =
{+1,−1} be the set of outcomes of (one of) the Pauli matrices, and Onq the Cartesian
product of O with itself nq times, that is, the set of outcomes of the product of nq Pauli
matrices:

Onq = O ×O × · · · × O︸ ︷︷ ︸
nq times

, (1.77)

with Onq ∋ o representing one of the possible outcomes of the setting. The probability of
outcome o of setting s is given by:

Pρ (o|s) = Tr (ρΠso) = ⟨so|ρ|so⟩ , (1.78)

with |so⟩ the eigenvector corresponding to the outcome o. Let us now apply these results
to the case of nq = 2 qubits. The sets S2 and O2 are:

S2 = {XX,XY,XZ, Y X, Y Y, Y Z, ZX,ZY, ZZ} ,
O2 = {(+1,+1), (+1,−1), (−1,+1), (−1,−1)} .

(1.79)

Each setting s ∈ S2 has 2nq = 4 possible outcomes corresponding to the number of ways
of picking one of the two eigenvectors of each of the Pauli matrices appearing in the
setting. As an example, the four possible outcomes and the associated eigenvectors of the
setting s = XY are (+1,+1) with |x+y+⟩, (+1,−1) with |x+y−⟩, (−1,+1) with |x−y+⟩, and
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(−1,−1) with |x−x−⟩. Then the probabilities of the outcomes are:

o = (+1,+1) =⇒ |so⟩ = |x+y+⟩ =⇒ Pρ ((+1,+1)|XY ) = ⟨x+y+|ρ|x+y+⟩ (1.80)
o = (+1,−1) =⇒ |so⟩ = |x+y−⟩ =⇒ Pρ ((+1,−1)|XY ) = ⟨x+y−|ρ|x+y−⟩ (1.81)
o = (−1,+1) =⇒ |so⟩ = |x−y+⟩ =⇒ Pρ ((−1,+1)|XY ) = ⟨x−y+|ρ|x−y+⟩ (1.82)
o = (−1,−1) =⇒ |so⟩ = |x−y−⟩ =⇒ Pρ ((−1,−1)|XY ) = ⟨x−y−|ρ|x−y−⟩ . (1.83)

Finally, the measurement setting s = XY can be interpreted as the set of 4 projectors onto
its eigenbasis {|DR⟩ , |DL⟩ , |AR⟩ , |AL⟩}, that is:

{ΠDR = |DR⟩⟨DR| ,ΠDL = |DL⟩⟨DL| ,ΠAR = |AR⟩⟨AR| ,ΠAL = |AL⟩⟨AL|} . (1.84)

The values {pk} = {Tr (ρΠk)} = {pDR, pDL, pAR, pAL} are equal to the diagonal elements
of the density matrix ρ when represented in the eigenbasis of XY .

1.2.8 Quantum channels

We now characterize the transformations of the set of statistical operators, that is, transfor-
mations that map quantum states into quantum states. These are called quantum chan-
nels, or quantum dynamical maps, and are useful to characterize noise sources.

A transformation Λ of the set of statistical operators S (H) is a quantum channel if
it satisfies the following three properties of linearity, trace preservation, and complete
positivity, called CPTP in general:

Λ(αρ+ βσ) = αΛ(ρ) + βΛ(σ), α, β ∈ C (1.85)
Tr (Λρ) = Tr (ρ) = 1 (1.86)
(ΛS ⊗ IE) (ρSE) ≥ 0 for any HE, ρSE ∈ S (HS ⊗HE) (1.87)

Linearity guarantees that the convex structure of the set of quantum states is preserved.
Along with trace preservation, it ensures that the probabilistic interpretation of quantum
mechanics is maintained. Complete positivity is required such that the states, even when
considered as parts of composite systems, correctly transform as states. A functional Λ
that satisfies these three properties is a quantum dynamical map, or quantum channel.
An important theorem by Kraus guarantees the equivalence of the properties CPTP with
the so-called Kraus form.

1.2.4 Theorem. A functional Λ : B (H) → B (H) is a quantum dynamical map if and only
if it can be written as:

Λ(ρ) =
∑
k

ΩkρΩ
†
k, (1.88)

with {Ωk} called the Kraus operators that satisfy the completeness relation
∑

k Ω
†
kΩk = I.

It is important to note that the Kraus operators Ωk do not need to be Hermitian or unitary.
Let us now look at two relevant examples of quantum channels.
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1.2.5 Example (Depolarizing channel). Given a state ρ of a quantum system of dimen-
sion D, the depolarizing channel transforms it into a linear combination of itself and the
maximally entangled state:

Λdepol (ρ) = (1− p)ρ+
p

D
ID, (1.89)

with 0 ≤ p ≤ 1 + 1/ (D2 − 1) a parameter quantifying the strength of the channel. If
p = 0 the depolarizing channel does not modify the state, while if p = 1 the depolarizing
channel returns the maximally mixed state. We can provide a geometrical interpretation
of the action of the depolarizing channel via the Bloch vector. Indeed:

ρ =
1

2
(I+ v · σ) =⇒ Λdepol(ρ) =

1

2
[I+ (1− p) v · σ] (1.90)

(vx, vy, vz) =⇒ ((1− p)vx, (1− p)vy, (1− p)vz) . (1.91)

Thus, the depolarizing channel acts as a uniform contraction of the Bloch vector to-
wards the center of the Bloch sphere. Finally, the depolarizing channel is unital, that
is, Λdepol (I) = I, and it can never increase the purity of the state. Figure 1.4 illustrates the
action of the depolarizing channel on a pure state represented in its eigenbasis. The chan-
nel gradually suppresses the coherences, that is, the off-diagonal elements of the state, as
the value of the noise parameter p increases, which in turn gradually reduces its purity.

1.2.6 Example (Experimental state-error). Given a state ρ of a quantum system of dimen-
sionD, the experimental state-error channel [21] maps the state into a convex combination
of itself and a random state:

Λexp-state(ρ) = (1− ε)ρ+ ερrandom (1.92)

ρrandom =
R†R

Tr (R†R)
(1.93)

R = 2rand(D)− 1 + i [2rand(D)− 1] . (1.94)

The function rand(D) generates a D × D matrix of random values sampled from a uni-
form distribution over the interval (0,1). This channel simulates experimental error in
the preparation of the state. In fact, the actually prepared state always differs from the
intended state by a small amount, here quantified by the ε parameter and implemented
via a random density matrix.

1.3 Quantum State Tomography

Now we dive into QST, which is the main topic of this work. The following paragraphs is
a short introduction to QST and not a systematic presentation of the methods with which
QST is implemented. The goal is to clarify the specific meaning of QST in this work and
to describe a paradigmatic QST experiment to establish the nomenclature.

In general, QST is the process of reconstructing the representation of a quantum state
for a given basis of the Hilbert space from the measurement of a certain number of observ-
ables. Despite its simplicity, this definition raises several questions. Which measurements
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Figure 1.4: Effect of the depolarizing channel on a density matrix. Representation of the
pure state |ψ⟩ = (|00⟩+ |01⟩+ |10⟩+ |11⟩) /2 in the standard basis when the depolarizing
channel is applied with different values of noise parameter p, from 0 to 1.

should one perform: projective, POVMs, or measurement settings? Do measurements in-
volving entangled observables provide any advantage over local measurements? How
many measurements should one perform? Once we have performed the measurements
and recorded the outcomes, what tools and strategies should one use to reconstruct the
state? Before reviewing the literature and looking for answers to these questions, it is im-
portant to clarify what we mean by QST and "measurement". Indeed, what was referred
to as "traditional" or "conventional" QST changed over the years because researchers de-
veloped several different ways to perform QST. Furthermore, the term "measurement" in
the literature can refer to projective measurements, measurement settings, or other kinds
of measurement. However, the precise meaning of "measurement" is not always clearly
specified and can consequently be misleading.

In this work, QST is the process of reconstructing the representation of a quantum
state of n qudits, that is, the density matrix in a given basis of the Hilbert space, from
the expectation value of at least d2n projectors. This definition encompasses complete
QST, where the number of projective measurements is exactly d2n, and over-complete
QST, where it is larger, typically equal to d3n. Furthermore, the way in which one per-
forms such measurements is irrelevant to the definition, that is, the choice between pro-
jective measurements, POVMs, or measurement settings, is related to the convenience of
implementing the measurements and to the physical platform on which one is working.

Let us now describe the workflow of a typical QST experiment without referring to a
specific physical platform and considering a quantum system whose state is encoded in a
given degree of freedom. The first operation is state preparation, which in turn includes
two sub-steps, state initialization and state evolution. With state initialization, we prepare
the system in a fiducial state, typically |00 . . . 0⟩, the ground state of a Hamiltonian that
we can control, or the vacuum state. With state evolution, we apply one or more unitary
transformations to the initial fiducial state such that it evolves to a final state of interest.
The second operation is the implementation of the projectors. After the state prepara-
tion, a layer composed of some experimental gadgets projects the prepared state onto one
or more of the basis states of the chosen degree of freedom. This setup implements one
or more projectors at once, depending on if one performs single projective measurements
or measurement settings. The third and final operation is the detection, where a series of
detectors or sensors is placed after the experimental gadgets.

These three operations, called a measurement on the whole, represent a single step
of a typical QST experiment and consume a single copy of the state. Other names used
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for this series of operations are event or shot. A complete QST experiment requires run-
ning the three operations many times to determine the expectation values of each chosen
observable. Consequently, we consume several copies of the state, due to the intrinsic
probabilistic nature of quantum mechanics. In the following, we use the phrase "mea-
sure an observable" to mean that we measure the expectation value of that observable,
that is, we perform a certain number of measurements or equivalently consume a cer-
tain number of copies of the state to determine it. For instance, when we say "measure
the projector(s)", it means that we measure the expectation value(s) of the projector(s).
Analogously, we use the phrase "measure the (measurement) setting(s)" to mean that we
measure the expectation values of all the projectors contained in the setting.

Let us now apply the workflow described here to a typical QST experiment, following
the example proposed in [22]. Here, the state preparation is implemented with a black box
that generates pairs of photons in an (almost) arbitrary quantum state of their polarization
degree of freedom. The implementation of the projectors takes place by putting proper
gadgets (waveplates and polarizers) such that they project the photons onto a polariza-
tion state chosen by the user, thus implementing a specific projector. Finally, photons are
measured by photodetectors that record coincidence counts. Suppose now that the gad-
gets were set to project onto the state |HH⟩, we generate a pair of photons, and both the
photodetectors click. Can we conclude that the state of the pair of photons was |HH⟩?
The answer is no. The intrinsic probabilistic nature of quantum mechanics allows one to
define the probability of observing a certain outcome only upon repeating the same ex-
periment many times, that is, consuming many copies of the state. We generate 104 pairs
of photons to measure the projector onto |HH⟩ and record 5 × 103 clicks of the photode-
tectors. Then the probability of finding the system in the state |HH⟩ is 5× 103/104 = 0.5.
This is the implementation of a single projective measurement. After this, one changes
the gadget setup to project onto a different polarization state and repeat the procedure
just described.

1.4 Literature review: history and state of the art

In this section, we review the literature about QST starting from some seminal papers
that paved the way for the study of quantum state characterization, or determination,
from which QST (as meant nowadays) later derived. Then we will review the state of
the art of QST by looking through the main approaches developed in the past years, and
highlighting pros and cons of each method. Some reviews on QST are [23], [24], [25], and
[26]. We stress that this is not an exhaustive list, but rather a guide to orient the reader to
the most relevant and up-to-date QST approaches that one can find in the literature.

1.4.1 Pioneering works

In 1933 Wolfgang Pauli [27] poses the following problem, named the "Pauli problem" af-
ter him. The state of a quantum particle is characterized by a complex wave function
in a suitable Hilbert space. However, one cannot directly observe a complex quantity in
experiments, for observables are given by the expectation values of Hermitian operators
computed on the quantum state. Examples for a particle are the probability distributions
of position and momentum. Then, is it possible to determine the wavefunction from the
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distributions of position and momentum? In his paper Pauli states that this remains an
open question. In his 1937 textbook [28], Kemble stated that the probability distribution
of position and its time derivative suffice to determine the wavefunction. However, in
1968 Gale, Guth, and Trammell [29] demonstrated that this approach is valid only for a
particle moving in one dimension, while a complete characterization of the wave function
of a spinless particle in three dimensions requires not only the probability distribution,
but also the probability current of position. For particles with spin, the density matrix can
be reconstructed by measuring the mean values of the non-vanishing multipole moments
of the spin distribution. These multipole moments capture higher-order correlations be-
tween spin components, providing a more comprehensive picture of the state compared
to individual distributions. In 1992 Weigert [30] proposed a simple solution to the Pauli
problem for the case of a pure state of a spin-s system, with s = n/2, n ∈ N, later extended
to the determination of the pure state state of a particle moving in a one-dimensional po-
tential in [31]. Here, the author shows that the measurement of two position probability
densities at subsequent times, plus the expectation values of a finite number of non-local
operators, is equivalent to the knowledge of the pure state. Orlowski and Paul [32] ad-
dressed the Pauli problem in quantum optics in 1994, where the position and momentum
distributions can be directly measured on a single-mode radiation field by optical homo-
dyning. In this case, we have to identify position and momentum with the quadrature
components of the electric field.

In 1957 Fano [33] addressed for the first time the problem of "identification of states",
that is, determining the parameters characterizing the density matrix. It is stated that in
general, for a finite-dimensional system described by a density matrix with D rows and
columns, the number of independent real parameters is equal to D2−1. Thus, D2 linearly
independent operators suffice to reconstruct the density matrix. Some examples are pro-
vided: spin orientation of spin-1/2 particles, reconstructed by using the Pauli matrices;
generalization to particles with different spins; polarization of electromagnetic radiation;
polarization of photon pairs. In [34] Wichmann suggests that to reconstruct a quantum
system when only partial information about the system is available, we have to select the
"most chaotic" ensemble, that is, the one that maximizes entropy, that still aligns with the
known ensemble averages of the considered set of observables.

In 1970 Band and Park [35] advocated for data-driven determination of quantum
states, since any preparation scheme cannot guarantee a pure state. This information
can only be revealed through the analysis of experimental data. Consequently, inferring
the quantum state associated with a preparation scheme should rely on data analysis, not
assumptions. They highlight the necessity of multiple measurements to accurately de-
termine a system’s state, inherent to the statistical interpretation of quantum mechanics,
and propose a method using a minimal set of non-commuting observables to determine
the quantum state of spin-1/2 particles, offering a practical approach. The same authors
published two other works [36, 37] (actually one work divided into two parts) where
they face the problem of quantum state determination. In the first part, they develop a
multipole algebra to construct a quorum of observables for state determination. Given
a D-dimensional Hilbert space, a quorum of observables can be found mathematically by
choosing D2 − 1 observables {Ai} such that the D2 − 1 corresponding expectation values,
computed on the density matrix via Born rule ⟨Ai⟩ = Tr (ρAi), result in a system of lin-
ear algebraic equations possessing a unique solution set for the D2 − 1 real independent
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unknown parameters required to define the density matrix1. In the second part, they pro-
vide explicit examples of quorums and discuss criteria for distinguishing between pure
and mixed states. They also emphasize the main limitation of their work. They say that
the quorum they developed is still related to "classical" concepts like position or energy,
but when working with quantum systems, these may not be so easy to measure. Thus,
they suggest and believe that it should be possible to carry out a program in which mea-
surements are carried out with suitable probing devices or techniques. In a subsequent
work of 1979 [39], they determined the quorum for a spinless particle in one dimension.
In particular, they show that the corresponding density matrix can be determined empir-
ically by analyzing position data associated with various instants subsequent to the state
preparation.

In 1989 Royer [40] proposed the use of phase-space representations, particularly the
Wigner function, for state measurement and detailed operational procedures to measure
it. The theoretical gap between theoretical descriptions and experimental measurements
was bridged in the same year by Vogel and Risken [41]. They demonstrate not only that
the probability distribution of a rotated quadrature phase can be determined by the quasi-
probability distributions, such as the P , the Q, and the Wigner function, but also that the
quasi-probability distributions can be retrieved via the inverse Radon transformation if
we know all marginal distributions corresponding to the various settings of the local os-
cillator phase (covering angles between 0 and π). By measuring specific probability dis-
tributions related to well-defined quadrature phases, we can derive the quasi-probability
distributions of the corresponding state. Smithey et al. have conducted an experimental
implementation of this method [42]. In this work, optical homodyne tomography, a tech-
nique that employs balanced homodyne detection to measure probability distributions
of quadrature field amplitudes, is applied to characterize electromagnetic field modes.
Specifically, the authors utilized optical homodyne tomography for the first time to di-
rectly determine the Wigner function and density matrix of both vacuum and quadrature-
squeezed states of a light mode.

In 1991 Peres and Wootters [43] explored how to best determine the quantum state
of two identical quantum systems prepared at different locations. The authors compare
the effectiveness of various measurement techniques, including separate measurements
on each system and global measurements that involve measuring multiple particles to-
gether. They find that a measurement technique that uses entangled operators yields
more information about the state of the system than separate measurements, even when
the latter are enhanced by a novel iterative strategy.

In the same year Jones [44] used Bayesian inference to define an optimal state de-
termination protocol for arbitrary finite-dimensional Hilbert spaces through some con-
cepts from communication theory, such as mutual information, communication channels,
and the optimal receiver problem. The author extended the analysis in a later work [45]
(1994), in which an information-theoretic framework is adopted. The author considers
a scenario with limited resources, when only a finite number N of identical copies of a
quantum state are available, and frames the problem as a communication task between
two hypothetical experimenters, "Norman" and "Noeline". Norman, who acts as a trans-
mitter, encodes a message by preparing a quantum state and sends N identical copies of

1Such a set of observables will be termed informationally complete for the first time by Prugovecki [38]
in 1977.
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this state to Noeline, who acts as a receiver, and performs measurements to determine the
state and decode the information. In this framework, the inherent uncertainty in quan-
tum measurements is viewed as noise affecting the transmission of information about
the state. The goal of the protocol is to maximize information transfer, and the effec-
tiveness of Noeline’s measurement scheme is assessed by the amount of information she
can extract about the prepared state, much like evaluating the capacity of a communica-
tion channel. The author leverages Shannon information theory to quantify the mutual
information between the prepared state and the measurement outcomes to establish fun-
damental bounds on how much information can be extracted about a quantum state from
a finite number of measurements, similar to how Shannon’s theory establishes limits on
classical communication channels. The upper bound for Shannon information obtainable
from N identical copies of a d-level system is:
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with {ψ,ΦN} the mutual information between the unknown quantum state (ψ) and the
data ΦN obtained from N measurements, which quantifies the information gain from
the measurements, Γ(·) denotes the gamma function, Ψ(·) represents the digamma func-
tion, and ν is the type index of the Hilbert space, which takes the value 1, 2, or 4 for
systems with time-reversal invariance, corresponding to real, complex, or quaternionic
Hilbert spaces, respectively. As the number of copies N increases, the information gain
approaches:
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which shows that the information grows logarithmically with N , indicating that an infi-
nite number of measurements would be required to completely determine the quantum
state. Finally, the author relies on a Bayesian methodology for quantum state inference.
This approach systematically updates the experimenter’s knowledge about the quantum
state based on the accumulated measurement data. It leverages prior information, which
can include some prior knowledge about the state or complete ignorance, represented by
a prior probability distribution over the possible states, and updates this information us-
ing the likelihood function, which quantifies the probability of observing the measured
data given a particular state. This iterative process refines the experimenter’s understand-
ing of the state as more data is gathered.

In 1995 Leonhardt [46] developed the formalism of the discrete Wigner function such
that the quadrature histograms, which can be observed experimentally, are projections of
the Wigner function. The density matrix can then be reconstructed from the quadrature
histograms by means of the discrete Fourier transform.

Given a finite ensemble of identically prepared quantum states, their state can be de-
termined only approximately. Some questions naturally arise in this context: How much
knowledge can be obtained from such a finite ensemble? How quickly does one approach
exact knowledge as the ensemble becomes large? What experimental strategies furnish
the maximum knowledge? Massar and Popescu addressed these questions in the case
of spin-1/2 particles in 1995 [47]. They answered these questions by developing a game.
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This game consists of many runs. In each run, the player receives N spin-1/2 particles,
all polarized in the same directions. The player knows that all the N spins are parallel, in
each run are polarized randomly, uniformly distributed in space, and the Hamiltonian is
the same in every run. The player is allowed to do any measurement and finally required
to guess the polarization direction, that is, to indicate a direction. The score of each run is
cos2 (α/2), with α the angle between the guessed and the correct direction. The final score
is the average of the scores for each run. Basically, the score is between 0 and 1. If no
measurement is performed, the polarization direction is just guessed and the score is 1/2.
Any improvement with respect to 1/2 represents an information gain about the polar-
ization direction. To answer the first two questions, the authors calculated the maximum
score available for this game: Smax = (N+1)/(N+2). This score tends to 1 asN → ∞: this
is coherent with the expected result in the case of an infinite ensemble, where the direc-
tion of the polarization can be determined exactly. The optimal experiment to achieve the
maximum score would require an infinite isotropic set of projectors. Finally, to answer
the third question, the authors show that there exist no optimal experiments consisting of
separate measurements on each spin, that is, an optimal measurement on an ensemble of
parallel spins necessarily treats the ensemble as a single composite system. This would
correspond to a von Neumann measurement in an infinitely dimensional extension of the
Hilbert space of the state. Thus, even if they found answers to the initial questions, the
optimal procedure cannot be experimentally implemented.

The infinite number of projectors required by this strategy makes it unpractical. Derka
et al. [48] addressed this issue in 1998 by proposing an algorithm to find the POVM that
returns the best estimate of an unknown pure quantum state, provided that we have at
our disposal only a finite (but large enough) number of copies of the state. They provide
a compact set of equations that define the POVM , together with an upper bound of the
mean fidelity. This result partially improves the result of [47], as there is no systematic
way to determine the number of POVM elements, and the authors do not provide details
on the practical implementation of the POVM.

Latorre, Pascual, and Tarrach further improved these results in [49], where they looked
for the most efficient way to extract information about the unknown pure state of a qubit
using a minimal number of measurements. They find optimal, finite, and minimal POVMs
as follows. First, they constructed a set of equations that an optimal POVM must sat-
isfy. Second, they systematically analyzed these equations for an increasing number N
of copies to find solutions with the smallest possible number n of projectors. Finally,
they identify the minimal n for each N and the corresponding arrangement of the pro-
jectors using mathematical techniques and numerical analysis. Interestingly, the minimal
POVMs for smaller N correspond to platonic solids: N=2 a tetrahedron, N=3 an octahe-
dron, N=5 an icosahedron. For N=4, a slightly irregular "twisted prism with pyramidal
caps" emerges as the optimal solution. The authors also propose a formula to estimate the
minimal number of projectors nmin needed for a given N . This formula, based on their
analysis of the equations and observed patterns, predicts nmin accurately for the cases
they explicitly solved (N = 2 to 7).

Finally, this line of research was also studied by Gill and Massar, who examined the
problem of estimating the state of a large but finite number N of identical quantum sys-
tems [50]. We dispose of a finite number N of copies of an unknown quantum state
ρ, pure or mixed, and our goal is to determine ρ as well as possible. Let us suppose
that the unknown state depends on a vector of p unknown real parameters: ρ (θ), with
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θ = (θ1, . . . , θp). After performing measurements on the N copies of ρ, one guesses what
is θ: Let us call the guessed value θ̂N . If the estimation strategy is good, then the mean
quadratic error (MQE) V n

ij (θ) decreases as 1/N :

V n
ij (θ) ≃

Wij (θ)

N
, (1.97)

withWij (θ) the scaled MQE matrix. The main question of the paper is: What scaled MQE
matrices are attainable through arbitrary measurements and estimation procedures? If
the parameter is one-dimensional p = 1, the problem has already been solved by provid-
ing the quantum Cramer-Rao bound, and a strategy for attaining that bound in the limit
of large N has been proposed. In this paper, the authors present a bound for W in the
multi-parameter case. The conclusions of the work can be summarized as follows. If the
state is pure, and it belongs to the Hilbert space of a qubit, the bound is sharp. It provides
a necessary and sufficient condition that the scaled MQE matrix has to satisfy in order
to be attainable. The bound can be attained by performing separate measurements on
each particle. If the state is mixed, it belongs to the Hilbert space of a qubit, and if one
restricts oneself to measurements that act separately on each particle, then the bound is
sharp. If the state is pure and belongs to a Hilbert space of dimension D > 2, the bound
applies but it is not sharp. If the state is mixed, it belongs to a Hilbert space of dimension
D > 2, and if one restricts oneself to measurements that act separately on each particle,
then our bound applies but it is not sharp. If the state is mixed and one allows collec-
tive measurements, then the bound is not necessarily satisfied. The scaling laws for MSE
provided in this work have been experimentally addressed in adaptive QST experiments
[51, 52, 53, 54, 55].

1.4.2 Maximum likelihood

Maximum likelihood estimation (MLE) is a frequentist statistical inference technique to
find the parameter values that maximize the likelihood of observed data. It is conceptu-
ally straightforward, flexible, and computationally affordable. However, it can be biased
when applied to small samples because of its frequentist nature. How does MLE relate
to QST? We can start from linear inversion to understand why and how MLE has been
introduced in the context of QST. Consider the Born rule ⟨Ai⟩ = Tr (ρAi) for a quorum,
or informationally complete set, of observables {Ai}. The left-hand side of the Born rule
is a number representing the measured expectation value, while the right-hand side is a
linear function of the elements of the density matrix. This linear system of equations has
a unique solution because of the informational completeness of the set of observables.
However, linear inversion has a major flaw when applied to this problem. If the expecta-
tion values are affected by noise, and this happens whenever we use experimental data,
then the method is not guaranteed to return a density matrix representing a valid physical
state, that is, a trace-one, Hermitian, and positive semi-definite complex matrix. In par-
ticular, the positive semi-definiteness condition is the one that is not guaranteed, while
being trace-one and Hermitian can be imposed by construction. An explicit example of
a non-physical density matrix obtained with linear inversion is provided by James et al.
in [22]. Smolin et al. provided an algorithm to find the density matrix closest to a given
trace-one, Hermitian matrix under the 2-norm, thus correcting the linear inversion flaw
[56].
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Hradil [57], Banaszek et al. [58], and James et al. [22] reported the failure of linear
inversion to return physical results in QST experiments, while Mogilevtsev et al. pointed
it out in homodyne experiments [59]. We now analyze how they contributed differently
to the development of MLE for QST.

In 1997 Hradil [57] highlighted the limitations of traditional techniques, such as linear
inversion, and introduced an algorithm for QST, later called RρR algorithm, based on
maximum likelihood. The author showed that a state ρ0 that maximizes the likelihood
function satisfies the following equation:

R (ρ0) ρ0R (ρ0) = ρ0, (1.98)

with R a non-negative state-dependent operator, hence the name of the algorithm. The
limitations of this method are the lack of a recipe to apply in the laboratory and the numer-
ical challenges due to the solution of the nonlinear equation for the density matrix. In [60]
Hradil et al. rephrase the problem of maximizing the likelihood as a multidimensional
nonlinear optimization problem, producing a system of coupled equations to be solved,
which in turn can be translated into a nonlinear equation for the density matrix. Hradil
et al. applied this framework to the quantum state of a spin-1/2 system [61]. They find
an equation for the Bloch vector that can be solved conveniently by iteration. Rehacek et
al. proposed [62] an iterative algorithm to solve the non-linear equation that results from
[60]. This iterative algorithm was later applied in some experiments [63, 64, 65]. In [66]
Rehacek et al. showed that theRρR algorithm may not converge, for there is no guarantee
that the likelihood function increases at every iteration step, and provide a counterexam-
ple where a cycle of length two arises. Then they modify the algorithm by introducing
dilution, a control step size at each iteration with a parameter ε, and prove that the di-
luted RρR algorithm converges to the MLE solution if at each iteration the optimal value
of the step size is chosen. They provide strategies to choose ε at each step and analyze the
initial counterexample, an experiment of homodyne tomography [65], and one with four
ion qubits [67]. Later, Goncalves et al. [68] modified the diluted RρR algorithm by using
an inexact step size selection and proved it to be globally convergent.

Banaszek et al. [58] introduced an efficient parametrization for the numerical solu-
tion of the ML estimation procedure. The density matrix is parametrized as ρ = T †T ,
with T a complex lower or upper triangular matrix, with real elements on the diagonal.
This parametrization takes inspiration from the Cholesky decomposition, valid for an ar-
bitrary positive semi-definite Hermitian matrix. If we consider a D-dimensional Hilbert
space, the number of independent real parameters of the matrix T † is D+2D(D− 1)/2 =
D2, which is exactly the number of independent real parameters of a Hermitian ma-
trix. Furthermore, this parametrization automatically guarantees that ρ is positive semi-
definite and Hermitian:

ρ† =
(
T †T

)†
= T † (T †)† = T †T = ρ, (1.99)

⟨ψ|ρ|ψ⟩ = ⟨ψ|T †T |ψ⟩ = ∥T |ψ⟩ ∥2 ≥ 0. (1.100)

In this work, the normalization condition Tr [ρ] = 1 is considered in the optimization
problem. The authors provide some considerations for numerical optimization. In par-
ticular, they replace the likelihood by its natural logarithm, called log-likelihood, which
does not change the position of the maximum, and rely on Lagrange multipliers to impose
the normalization. Finally, the authors apply MLE to quantum homodyne tomography
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of a single-mode radiation field, a two-mode field, and a pair of spin-1/2 particles in the
singlet state.

The paper by James, Kwiat, Munro, and White is a cornerstone in the development
and practical implementation of MLE for QST [22, 69].2 They focus on qubits, on which
they perform only local projective measurements, that is, tensor products of projectors
onto the eigenvectors of the Pauli matrices. They introduce the notion of tomographically
complete set of projective measurements, and provide a way to realize it given the states
on which we are projecting. Regarding the ingredients of MLE, they adopt the same
parametrization of the density matrix as [58] with a slight modification to directly encode
the normalization:

ρ =
T †T

Tr (T †T )
, (1.101)

and the parameters are introduced into the lower or upper triangular matrix T (t):

T (t) =


t1 0 0 0

t5 + it6 t2 0 0
t11 + it12 t7 + it8 t3 0
t15 + it16 t13 + it14 t9 + it10 t4

 . (1.102)

Instead of maximizing the likelihood, they minimize the negative log-likelihood, which
is mathematically equivalent. Furthermore, minimization problems suffer from fewer
convergence issues than the corresponding maximization versions. Finally, numerical
optimization to find the optimal set of parameters is carried out using standard meth-
ods in this paper. Another relevant feature of this work is the development of a public
library available on Github and an online interface that implement the procedure de-
scribed above. These tools allow one to perform QST up to 2 qubits by selecting which
and how many measurements have been performed, eventually taking into account ex-
perimental imperfections as well. The major limit of this approach is that the number
of measurements required is exponential with the number nq of qubits composing the
system. This work was extended by Thew et al. to systems composed of many qudits
with d > 2 [70]. This procedure assumes that one can measure the the projectors onto the
eigenvectors of the generators of SU(d). In principle, it requires d2nq − 1 measurements,
still exponential with nq. They provide sets of measurement based on orthogonal and
non-orthogonal states, and show explicit examples for one and two qutrits.

The numerical maximization of the likelihood can be expensive if the dimension of
the system is large. In fact, it can happen that the size of the experiments is limited by
the complexity of numerical state recovery rather than the experimental capabilities of
the system as in [71], where the authors reconstructed an 8-qubit W state realized with
trapped ions. This led to a whole line of research dedicated to improving the numerical
optimization step. In [21] Kaznady and James analyzed the QST problem from a purely
computational perspective and compared different ways of obtaining a valid density ma-
trix from tomographic data to understand if we always need an expensive MLE routine
or if and when some shortcut techniques suffice. Interestingly, the authors point out that
a data structure of maximum size 2nq × 2nq would allow us to go up to 15-16 qubits, a

2A detailed analysis of these works can be found at the following link.
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point at which the density matrix itself would become a storage problem. This is very
close to the maximum number of qubits on which we tested one of our proposed proto-
cols with numerical experiments on simulated data. Furthermore, they highlight that an
analytic form of the gradient is necessary to speed up the algorithm and reduce the com-
putation time. In [72] the authors discuss the role of local solutions in MLE. They show
that for convex negative log-likelihood functions, all local minima of the unconstrained
optimization problem ar global. Thus, any minimizer leads to the maximum likelihood
estimation of the density matrix. Baumgratz et al. [73] proposed a fixed point algorithm
based on matrix product states and operators to maximize the likelihood. This algorithm
is particularly advantageous when we consider one-dimensional quantum systems com-
posed of nq qudits and if the observables to be measured have a matrix product operator
representation of low bond dimension. Goncalves et al. [74] introduced a projected gra-
dient algorithm to optimize some functionals on the set of density matrices, or on the
intersection of the same with another one defined by functional constraint. They applied
the proposed algorithm to the minimization of the likelihood function in QST and com-
pared it to existing methods, such as the RρR algorithm. Shang et al. [75] developed a
"superfast" MLE algorithm by combining a conjugate-gradient algorithm with an accel-
erated projected-gradient algorithm and used it to reconstruct the state of [71]. Finally,
in [76] the authors highlight that the negative log-likelihood function is not smooth nor
Lipschitz, thus there are no sample complexity guarantees. They developed a first-order
algorithm starting from Soft Bayes and online portfolio selection to address this problem.

MLE was originally conceived as a frequentist statistical inference tool. However, one
might not adhere to the frequentist interpretation of probability and provide sound rea-
sons to choose another interpretation. In this respect, Blume-Kohout described the major
flaws of MLE for QST, why they arise, and proposed an alternative based on Bayesian
inference [77]. We now briefly report only the former, while exposing the latter in Section
1.4.3 on Bayesian approaches to QST. MLE can produce estimates with eigenvalues equal
to 0, and vanishing probabilities imply absolute certainty about the outcomes of future
measurements about the probability itself. This is implausible for a number of reasons.
First, an absolute certainty of not observing a specific eigenvalue cannot be justified by a
finite amount of data. Second, if an outcome has never been observed, it does not justify
the assertion that it will never occur. Third, zero probabilities are not compatible with
any error bars. MLE produces vanishing eigenvalues because it tends to produce rank-
deficient state estimates. Numerical exploration showed that the MLE estimate usually
has at least as many zero eigenvalues as the linear inversion estimate has negative ones.
Why is this not good for QST? MLE is a frequentist method, and frequentist techniques
are based on the axiom that the future will look (statistically) identical to the past. If this
is true, then MLE is the best possible estimate. For classical systems, it is always possible
that this axiom holds, while for quantum systems, it cannot possibly hold: Any future
observer could violate it by simply making a novel measurement. In [78] Blume-Kohout
suggested a modified version of MLE, called hedged MLE (HMLE), where the standard
likelihood function is replaced with the product of itself and a "hedging function" that
depends on a parameter β. The role of this function is to hedge against as yet unseen
probabilities. HMLE is tested on single-qubit systems using quantum relative entropy,
infidelity, Euclidean distance, and trace distance as measures of inaccuracy. HMLE pro-
vides improved accuracy for almost all metrics. The author concludes that the optimal
value of β is not clear, in contrast to the classical case where an asymptotic value is known.
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In [79] the authors develop a minimax estimator for QST show that HMLE can achieve
a worst-case risk very close to the one of the minimax estimator, can achieve an accu-
racy comparable to the minimax estimator, and is less computationally complex than the
minimax estimator.

Scholten et al. [80] analyze QST as a model selection problem. QST is a statistical infer-
ence process in which the data are used to fit the parameters (the elements of the density
matrix to be reconstructed) of a statistical model (the set of all possible density matrices in
a Hilbert space). However, it is not always easy to determine which model to use, for it is
not always a priori known what the Hilbert space is or its dimension. Choosing a proper
Hilbert space is an instance of model selection, and the authors address this problem by
deriving a generalization of the Wilk’s theorem to the case of QST.

1.4.3 Bayesian QST

Bayesian methods for statistical inference are rooted in a subjective interpretation of prob-
ability, centered around the use of Bayes’ theorem to update prior beliefs about parame-
ters in light of observed data. In this framework, we start with an initial understanding
or belief about the parameters, represented by a prior probability distribution, and then
revise this belief after observing the data to obtain a posterior probability distribution.
They can explicitly incorporate prior knowledge or beliefs, provide a natural framework
for quantifying uncertainty, and can exhibit good performance even with small samples.
However, the choice of the prior distribution is non-trivial, and Bayesian methods can of-
ten be computationally intensive, particularly for complex models that require advanced
computational techniques like Markov Chain Monte Carlo (MCMC) to approximate the
posterior distribution.

As anticipated previously, in [44] and [45] the authors connected Bayesian inference to
QST. In addition to these works, Derka et al. [81] linked Bayesian quantum inference with
the maximum entropy (MaxEnt) or Jaynes principle, which selects the density operator
that maximizes the von Neumann entropy while satisfying the constraints imposed by
the measured expectation values of the chosen observables. It stems from the most likely
state being the one with the highest entropy, as it assumes the least amount of informa-
tion beyond what is actually measured. However, MaxEnt requires precise knowledge of
the expectation values of the observables, which implies an infinite number of measure-
ments. If only a finite number of copies is available, then Bayesian inference comes into
play. They apply this scheme to a spin-1/2 system as an example. Buzek et al. [82, 83]
commented on how to extend Bayesian inference to mixed states, not considered in pre-
vious works, the choice of a proper prior distribution, an integration measure for mixed
states, and the required computational complexity. They also provided some examples
for systems composed of one or two spin-1/2 particles.

Several papers studied Bayesian inference in the context of quantum state estimation.
Schack et al. [84] derived a quantum version of the Bayes rule , while Neri [85] showed
that the same rule follows from the ordinary quantum measurement theory applied to
density operators that represent our a priori knowledge of a system. Tanaka et al. [86]
showed that Bayesian predictive density operators are the best predictive density oper-
ators when evaluated using the average relative entropy based on a prior distribution.
Finally, Baier et al. [87] compared Bayesian and least squares methods for quantum state
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estimation, while Schmied et al. [88] compared quantum Bayesian inference with other
methods to reconstruct single-qubit states.

The work of Blume-Kohout [77] represents a major advance in the field of Bayesian in-
ference applied to QST. We previously analyzed the critiques about MLE reported in this
work, while we now illustrate the proposed alternative, called Bayesian mean estimation
(BME), based on the Bayesian framework. BME provides plausible state estimates, avoid-
ing implausible zero eigenvalues, and assigns non-zero probabilities even to events not
observed in the data. It provides error bars that identify a plausible region that contains
not only the best estimate but also nearby solutions that are almost equally likely. Finally,
the method can optimize the accuracy measures that can be expressed as operational di-
vergences. The author also notices that metrics like the trace distance and the fidelity
are not of this kind. The practical aspects of this method come at a price. BME deals
with computing integrals, usually computationally expensive due to the large dimension
of the parameter space and more difficult than the optimization involved in MLE. The
choice of the prior is challenging too, for a proper prior should extend over all the pos-
sible states. This is not trivial, because there is no unique measure over mixed states.
Finally, the accuracy of the best estimate is highly dependent on the choice of the prior
distribution. The author suggests that future research should address how to find the
prior distribution that matches the unknown distribution of quantum states, improve the
numerical integration techniques, and make the approach scalable to larger Hilbert space
dimensions.

The practicality of BME is evident from the number of its experimental implemen-
tations on different platforms, such as frequency bin qubits [89] and qudits [90], bipho-
ton frequency spectra [91] (along with compressed sensing, see 1.4.4), plasmonic nano-
metrology [92], and homodyne and heterodyne detection (properly adapted to continu-
ous variable states) [93]. The Bayesian approach has been used in combination with other
QST approaches, such as adaptive [94, 95] and shadow-based methods [96] (see 1.4.7 for
more details on shadow tomography).

Specialized work improved the main ingredients that compose the Bayesian frame-
work for QST, such as the choice of the prior [97, 98, 99, 100, 101, 102], properly and effi-
ciently sampling from the state space [103, 104, 105, 106], and the numerical tractability of
the method [107, 100]. However, we observe that the proposed improvements are rarely
tested on Hilbert spaces of large dimension, thus limiting their applicability in large-size
experiments. Finally, Bayesian QST has also been studied as a model selection problem
[108, 109], to understand if the description of the Gibbs state can be justified solely from
tomographic data [110], and to provide bounds on the average fidelity [111]. An open
source library of statistical Bayesian inference is available for applications in quantum
technologies [112].

1.4.4 Compressed sensing QST

Compressed sensing (CS), also known as compressive sensing, compressive sampling, or
sparse sampling, is a signal processing technique to reconstruct signals that are sparse
in a known basis [113]. CS leverages this sparsity to reconstruct the signal using a sig-
nificantly reduced number of measurements compared to those required by conventional
sampling theory. From a mathematical point of view, taking inspiration from matrix com-
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pletion, the reconstruction process can be formulated as a rank or L1 minimization prob-
lem, which is a convex optimization problem that can be solved via linear programming
or other specific algorithms. CS has been applied in various fields, such as medical imag-
ing [114], astronomy [115], spectroscopy [116], and neural engineering [117].

Compressed sensing QST (CS QST) concentrates on states that are well approximated
by density matrices of rank much smaller than the dimension of the associated Hilbert
space. This means that the method can be applied in real situations where the ideal (or
expected) state is (nearly) pure and the actual (noisy) state still has low entropy. How-
ever, there are some experimental constraints to be satisfied, as one usually restricts to
measurements that can actually be performed in the laboratory. Finally, the procedure to
find the (nearly) pure state consistent with the experimental data has to be computation-
ally efficient.

CS QST provides a solution that meets all these criteria [118, 119]. Consider a sys-
tem of nq qubits (D = 2nq), and let S be the set of all 4nq measurement settings, that is,
observables of the form S = σ1 ⊗ · · · ⊗ σnq , with σi ∈ {I, σx, σy, σz}. The compressed sens-
ing protocol proceeds as follows. We choose m measurement settings {S1, S2, . . . , Sm} by
sampling independently and uniformly at random from S (alternatively, one can choose
these Pauli operators without replacement, but independent sampling simplifies analysis
[120]), and measure the expectation values Tr [Siρ]. Then we recover the density matrix by
solving the following convex optimization problem: Find a Hermitian matrix σ that fits
the data, that is, Tr (Siσ) = Tr (Siρ), while minimizing the trace norm ∥σ∥Tr = Tr

(√
σ†σ
)

.
The main result of Gross et al. [118] is to show that we can uniquely reconstruct a rank-
r state ρ by solving the convex optimization problem using m = cDr log2D randomly
chosen measurement settings with exponentially small failure probability in c.

Several theoretical analyses have been performed to better understand why and how
CS QST works. Koltchinskii [121] studied the relation between the estimation error and
the precision of the low-rank representation of the unknown state. Liu [122] showed
that an unknown rank-r matrix of dimension D can be recovered from almost all sets
composed of O

(
rD log6D

)
measurement settings via trace norm minimization. Flammia

et al. [123] provided a detailed theoretical analysis of CS QST. They theoretically ana-
lyzed the method with differential geometry tools, showed that the sample complexity of
tomography decreases with the rank, compared the method with MLE, and suggested
a generalization to quantum process tomography of channels with small Kraus rank.
Wang [124] studied the statistical relationship between matrix completion and CS QST.
Kalev et al. [125] showed that the positivity constraint is what actually allows the unique
identification of a low-rank quantum state among all possible quantum states, and the
measurements required by this protocol are called strictly informationally complete. This
work was extended to rank-bounded states by Baldwin et al. [126]. Kueng et al. [127]
studied low-rank matrix recovery under the lens of linear algebra, with applications to
QST. Badveli et al. [128] generalized the original method to qudits whose Hilbert space
dimension is not a power of two.

CS QST has been experimentally validated in several quantum systems. For example,
on different degrees of freedom of photons, such as path [129], OAM [130], and polariza-
tion [131], as well as with trapped ions [132]. CS can also be used in combination with
other approaches. Smith et al. [133] combined CS with continuous measurements to per-
form experiments on the spins of cesium atoms. Ahn et al. developed an adaptive version
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of CS QST and performed experiments and numerical studies [134, 135]. Gil-Lopez et al.
made this adaptive version suitable for low-rank spectral-temporal optical signals [136].
Schreiber et al. [137] combined CS and shadow tomography to perform tomography of
parametrized quantum states and channels.

As suggested by Flammia et al. [123], the compressed sensing approach can also be
applied to quantum process tomography. Theoretical studies [138] have been carried out
in this respect, together with experiments on quantum gates implemented with photons
[139], superconductors [140], NMR [141], and trapped ions [142]. Finally, further gener-
alizations of the original method are a non-convex algorithm for CS QST [143], the con-
struction of confidence sets for CS QST [144], and the application to Hamiltonian learning
[145].

1.4.5 Mutually unbiased bases (MUBs)

The first paper in which mutually unbiased bases (MUBs) in the context of QST was
by Ivanovic [146], even if the name is due to Wootters and Fields [147]. Recall that the
problem of quantum state determination consists of recovering the density matrix of an
ensemble of identical systems with dimension D, which may be in a pure or mixed state.
Such a density matrix is specified by D2 − 1 independent real parameters. Any given
measurement setting (or basis) will yield precisely D − 1 real numbers, namely the prob-
abilities of all but one of the D possible outcomes, the last probability being determined
by the requirement that the probabilities sum to unity. Thus, the minimum number of
different bases that one needs to determine the state uniquely is (D2 − 1)/(D− 1), that is,
D+1. Ivanovic [146] has shown that if one can find D+1 bases that are all unbiased with
respect to each other, then the measurements corresponding to these bases are guaranteed
to be sufficient to determine the density matrix. For D = 2, the sufficiency of D + 1 = 3
mutually unbiased bases to reconstruct the density matrix is clear. The density matrix in
this case can be written in the Bloch vector form, and the measurements represented by
the Pauli observables precisely determine the three components of the Bloch vector. The
author also showed by explicit construction that such bases exist for each prime value of
D.

The second relevant work in the context of MUBs for QST is [147] by Wootters and
Fields. Two bases {|vi⟩} and {|uj⟩} over an D-dimensional complex space are mutually
unbiased if the inner products between all possible pairs of vectors with one vector from
each basis have the same magnitude:

|⟨vi|uj⟩| =
1√
D

∀i, j (1.103)

Alternatively, one can express the notion of mutual unbiasedness in terms of projectors.
Let Pi be the projection onto the vector |vi⟩ and let Qj project onto |uj⟩. Then mutual
unbiasedness requires that for all Pi and Qj :

Tr (PiQj) =
1

D
. (1.104)

Schwinger [148] discussed pairs of bases related in this way for finite D and noted that
these bases represent measurements that are “maximally non-commutative”. In other
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words, a measurement over one basis leaves one completely uncertain as to the outcome
of a measurement over a basis unbiased with respect to the first. As an example, the
eigenbases of the Pauli operators are examples of MUBs for a single qubit. In fact, a mea-
surement of spin in the x direction for a spin-1/2 particle leaves one completely uncertain
about the component of the spin in the y direction. The authors then addressed the ques-
tion of the existence of D + 1 mutually unbiased bases in a Hilbert space of dimension
D. They extended the result of [146] to all values of D that are powers of primes, and
pointed out that the construction of the bases is different for powers of odd primes than
for powers of two. Finally, they proved that for no value of D it is possible to find more
than D + 1 MUBs.

Suppose that we have been able to construct a set of D + 1 MUBs for a Hilbert space
of dimension D. How can we use it to reconstruct an unknown state ρ? Label the D + 1
bases as {|aα⟩}, with a = 0, . . . , D the basis number, and α = 0, . . . , D − 1 one of the basis
states belonging to the particular basis a. The mutually unbiasedness condition can be
formulated as follows:

|⟨aα|bβ⟩|2 = 1

D
(1− δa,b) + δa,bδα,β. (1.105)

This condition implies that each basis is orthonormal and that two arbitrary states be-
longing to different bases are equiangular, that is, |⟨aα|bβ⟩|2 = 1

D
if a ̸= b. Let us now

consider the projectors on the states that form the MUBs, Πaα = |aα⟩⟨aα|, which satisfy
the following properties:

Tr (ΠaαΠbβ) =
1

D
(1− δa,b) + δa,bδα,β

D−1∑
α=0

Πaα = ID ∀a

D∑
a=0

D−1∑
α=0

Πaα = (D + 1)ID.

(1.106)

Let us now define the probabilities of finding the state of the system in |aα⟩ via the usual
Born rule:

paα = ⟨aα|ρ|aα⟩ = Tr (ρΠaα) , (1.107)

which satisfy the following properties:

D−1∑
α=0

paα = 1,

D∑
a=0

D−1∑
α=0

paα = (D + 1).

(1.108)

Then any state ρ can be expressed as [149]:

ρ =
D∑
a=0

D−1∑
α=0

paα

(
Πaα −

1

D + 1
ID
)
. (1.109)
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Several physical platforms can be leveraged to experimentally realize QST with MUBs,
such as trapped ions [150], electrons in a double quantum dot [151], polarization [152],
linear transverse [153] and orbital angular momentum [154] of photons, and driven cav-
ity QED systems [155]. Wang et al. [156] utilized quantum circuits to construct MUBs,
studied in [157, 158], as the ensemble in shadow tomography.

As anticipated, the existence of MUBs has been proved only for Hilbert spaces with
dimension equal to the power of a prime number. However, how to actually construct
such bases is non-trivial, and several strategies have been developed. For example, [159],
[160], and [161] constructed MUBs for the dimensions where the existence is guaranteed,
while the authors of [162] constructed a MUB for a Hilbert space of dimension 6 by fac-
torizing the space into the direct product of a two-dimensional and a three-dimensional
space, which both possess complete sets of MUBs. Klimov et al. [163] found a method to
generate a minimal set of MUBs for permutationally invariant states of nq qubits.

Some theoretical studies on MUBs include the review by Durt et al. [164], the anal-
ysis of MUBs within the framework of star product scheme for spin-state tomography
carried out by Filippov et al. [149], the interpretation of MUBs as complex projective 2-
designs [165], and a generalization of the previous results to the case of measurements
not described by rank one projectors [166].

1.4.6 Symmetric Informationally Complete POMVs (SIC-POVMs)

Let us recall that, given a Hilbert space H of dimension D, a POVM over H is a set of M
positive semi-definite operators {Mi}M−1

i=0 that sum to the identity:
∑M−1

i=0 Mi = ID. If a
POVM consists of at leastD2 operators that span the space of self-adjoint operators acting
on H, then it is an informationally complete POVM (IC-POVM). IC-POVMs consisting
of exactly D2 elements are called minimal. Alternatively, a POVM is called information-
ally complete if its statistics completely determine the quantum state on which the mea-
surements are carried out. Symmetric informationally complete POVMs (SIC-POVMs)
are IC-POVMs with an additional property. A set of D2 rank-1 projectors {Πi}D

2−1
i=0 that

have equal pairwise Hilbert-Schmidt inner products:

Tr (ΠiΠj) =
Dδij + 1

D + 1
=

{
1, if i = j

1
D+1

, if i ̸= j
(1.110)

defines a minimal IC-POVM with elements:

Mi =
1

D
Πi. (1.111)

This POVM is called a symmetric informationally complete POVM (SIC-POVM). The
property stated above about the pairwise Hilbert-Schmidt inner products is what makes
the POVM symmetric. Indeed, any pair of elements is equivalent to any other pair with
respect to that inner product. The operators composing the SIC-POVM are linearly inde-
pendent; thus, any quantum state can be reconstructed from the measurement statistics
of a SIC-POVM pi = Tr (Πiρ) as [167]:

ρ =
D2∑
i=1

[
(D + 1) pi −

1

D

]
Πi. (1.112)
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The simplest example of a SIC-POVM is for the Hilbert space of a qubit (D = 2). The
D2 = 4 rank-1 projectors can be constructed from the following set of states:

|ψ1⟩ = |0⟩ ,

|ψ2⟩ =
1√
3
|0⟩+

√
2

3
|1⟩ ,

|ψ3⟩ =
1√
3
|0⟩+

√
2

3
ei

2π
3 |1⟩ ,

|ψ4⟩ =
1√
3
|0⟩+

√
2

3
ei

4π
3 |1⟩ ,

(1.113)

and the elements of the SIC-POVM are Fi = Πi/2.
It would be useful to know whether SIC-POVMs could be constructed in a Hilbert

space of arbitrary dimension. Zauner proposed a conjecture about the existence of SIC-
POVMs in his dissertation dissertation [168], later inserted as "Problem 23" into the list of
Open Problems in Quantum Information drafted by researchers from IQOQI in Vienna.
Here, three different formulations of the problem are proposed, each based on slightly
different viewpoints, but all boiling down to the same question: Do SIC-POVMs exist for
Hilbert space of arbitrary dimension? A conclusive answer to this problem is still lack-
ing. However, much work has been done and some partial results have been obtained.
The pioneering work of Renes et al. [169], along with [170, 171], linked the search of
SIC-POVMs with other algebraic objects, such as frames, frame potentials, and spherical
designs. Later, several works leveraged theoretical [172, 173, 174, 175, 176, 177, 178] and
numerical [179, 180, 181, 182, 183] methods to discover new SIC-POVMs. SIC-POVMs
have been compared with other functional QST approaches, such as over-complete sets
of observables [184, 185], and have been experimentally used for QST of photonic states
[186, 167].

1.4.7 Shadow tomography

Shadow tomography has a different goal from QST. While the latter aims at reconstruct-
ing the representation of a quantum state starting from a certain number of measurement
outcomes, the former aims at predicting one or more properties of a quantum state, that
is, the expectation value of one or more observables, using a finite number of copies of the
state, without fully reconstructing the state. This idea was previously studied by Ekert et al.
[187], who developed a protocol to estimate the overlap Tr (ρaρb) between any two quan-
tum states without tomography, and Brun [188], who discovered how to determine any
m-degree polynomial function of the elements of the density matrix by measuring the ex-
pectation value of an observable on m copies of the state without tomography. Flammia
and Liu [189] followed a similar approach for quantum fidelity estimation, later improved
in [190]. Audenaert et al. [191] and Wunderlich et al. [192] showed how to quantify the
entanglement content of a quantum state without reconstructing the entire state, while
Zhu et al. [193] followed a similar line of reasoning with entanglement witnesses. Zhang
et al. [194] employed the Krylov subspace method to estimate the quantum Fisher infor-
mation.

Let us now precisely formulate the problem. Consider a system composed of nq qubits
and a set of T observables {A1, . . . , AT}. Suppose now that we are given a finite number
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of copies of an unknown quantum state |ψ⟩, and we want to estimate the expectation
value of these observables with respect to |ψ⟩ within some error bounds. In principle,
this would require an exponential number of copies of the state, without any advantage
with respect to QST. Shadow tomography allows one to estimate a large number of ob-
servables using a small number of copies of the unknown state. The shadow tomography
protocol produces a classical shadow of the state, which turns out to be an efficient rep-
resentation to estimate the expectation value of the observables of interest. For such a
protocol to be useful, we would like to minimize the required number of copies of the
state, the complexity of producing the classical shadow, and the complexity of estimating
the expectation value of the observables given the classical shadow.

The main result of Aaronson’s paper [195], somehow anticipated in [196], was to prove
that there exists an algorithm allowing one to estimate the expectation value of an expo-
nential number of observables using only a polynomial number of copies of the state.
However, the protocol depends on the observables whose expectation value is being
estimated, the number of copies is poly-logarithmic in the dimension of the associated
Hilbert space and in the number of observables, the time complexity of the algorithm is
still exponential, and the dimension of the shadow is about polynomial in the dimension
of the Hilbert space. Huang, Kueng, and Preskill proposed a shadow tomography pro-
tocol that can accurately estimate M different functions of the state with high probability
using only logM copies of the state [197]. This protocol does not depend on the observ-
ables of interest, and the time complexity to produce the shadow is polynomial in the
number of qubits. The procedure to extract the classical shadow is quite simple: apply a
random Clifford unitary U to rotate the state, and then measure it in the computational
basis to get a length-nq bitstring |b⟩. The average mapping (over the choice of the unitary
and the outcome distribution) from the state ρ to its classical snapshot U † |b⟩⟨b|U can be
seen as a quantum channel:

E
(
U † |b⟩⟨b|U

)
= M(ρ) =⇒ ρ = E

[
M−1

(
U † |b⟩⟨b|U

)]
. (1.114)

In this way, we produce a single classical snapshot M−1
(
U † |b⟩⟨b|U

)
of the unknown state.

Repetition of this procedure N times yields the classical shadow of ρ, that is, an array of
N independent classical snapshots of ρ:

S =
{
ρ1 = M−1

(
U †
1 |b1⟩⟨b1|U1

)
, . . . , ρN = M−1

(
U †
N |bN⟩⟨bN |UN

)}
. (1.115)

The authors show how this classical shadow can be used to estimate linear and nonlinear
functions of the state, such as the fidelity, entanglement witnesses, two-point correlation
functions, and entanglement Rényi entropies. The proposed approach has been experi-
mentally validated with photonic [198, 199] and superconducting qubits [200].

Several variants and generalizations of the protocol have been proposed. In [201, 202,
203] the authors study alternative unitary ensembles to the Clifford group, while in [204]
the authors generalize the protocol considering POVMS instead of unitary transforma-
tions, similarly to what was done in [205]. Akhtar et al. [206] improved the computational
burden by means of tensor network methods. Zhou et al. [207] developed a quantum-
classical hybrid framework based on the combined use of a generalized swap test and a
shadow protocol.

The protocol has been generalized to continuous variable systems [208, 209, 210], pro-
cess tomography [211], measurements that entangle a certain number of copies of the
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state [212, 213], analog quantum simulators [214], and QST with guaranteed performance
[215]. In recent years, reviews on learning states from classical shadows [216] and ran-
domized measurements [217] have been published.

1.4.8 Other approaches and problems related to QST

Some QST methods can leverage on available prior information about the structure of
particular classes of states to provide a more favorable scaling of the required resources
with the number of qubits, or eventually qudits, than QST. Examples in this respect are
permutationally invariant [218, 219, 220], matrix product [221, 222, 223, 224, 225, 226, 227,
228], and pure states [229, 230, 231, 232, 233, 234, 235] (the latter are also of particular
interest for CS QST, see 1.4.4).

Adaptive QST [236, 237, 238, 239] and self-guided QST [240, 241, 242, 243, 244, 245,
246] choose an iterative strategy to reconstruct the state, that is, they produce an initial
estimate of the state and subsequently refine it as long as data are acquired. Although a
large enough number of iterations usually guarantees convergence to the true state, it can
contrast with a reduction in the amount of resources one is looking for. Furthermore, they
may require the implementation of projectors on entangled states, which is a non-trivial
task from an experimental point of view.

Original approaches to QST are based on continuous variables [247, 248, 249, 250,
251], equidistant states [252, 253, 254], reduced density matrices [255], maximum entropy
principle [256, 257, 258, 259], and quantum overlap [260, 261]. Some approaches were
designed to be suitable for a specific experimental platform, such as stimulated emission
tomography [262, 263, 264] for non-linear quantum processes, quantum-field tomography
scheme for ultra-cold atoms [265], and scalable on-chip QST for multi-photon states [266].

The process of retrieving the representation of a quantum state from the measurement
outcomes has been extended to gates, or processes, and thus called quantum process
tomography (QPT) [267, 268]. QPT has been experimentally verified for the quantum
Fourier transform [269], the CNOT [270] and Toffoli gates [271], and the decoherence and
resonant coupling of atoms in an optical lattice [272]. Existing QST approaches have been
adapted to quantum process tomography, such as AI models [273] and Bayesian methods
[274]. Quantum detector tomography [275, 276, 277, 278, 279, 280, 281], whose objective
is to reconstruct the POVM that describes a detector, along with state and process tomog-
raphy, completes the triad to fully specify a quantum experiment. Finally, Hamiltonian
learning was initially proposed as a protocol to verify that a given quantum simulator ac-
tually simulates the correct quantum dynamics by inferring the parameters of the Hamil-
tonian of the simulator itself [282, 283]. It was experimentally demonstrated with trapped
ions [284], spins in circuit QED [285], photons [286], and superconducting qubits [287].
Successive work focused on local Hamiltonians [288, 289], open systems [290, 291], and
placed it within the Bayesian framework [292]

Many works improved numerical algorithms or estimators employed in previously
presented methods, such as linear regression estimator [293, 294, 295, 296], projective
methods [297, 298], gradient descent [299, 300, 301], SPSA algorithm [302].

Another interesting problem regarding QST is sample complexity, the number of
copies of the state required to faithfully reconstruct the state. To be more precise, it is
the number of copies of the state required to achieve a target value of a specific figure of
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merit that quantifies the quality of the reconstructed state. The most commonly used fig-
ures of merit for sample complexity are infidelity and trace distance [303], the Frobenius
distance [304], and the Bures distance [305]. The work by Anshu et al. [306] is a recent
review on the complexity of learning quantum states.

1.5 Final remarks

In this chapter, we introduced the fundamental elements of quantum mechanics and QST,
the core of this work, specifying the nomenclature to clarify several definitions that can
be found in the literature. We then reviewed some pioneering works on the more gen-
eral problem of quantum state characterization or determination, and analyzed some
of the approaches proposed over the years, different by statistical interpretation (MLE
and Bayesian), reconstruction technique (compressed sensing), or measurements imple-
mented (MUBs and SIC-POVMs). In addition, we highlighted the advantages and limita-
tions of each method. This preparatory analysis of the literature led us to understand the
desirable elements of any QST approach, presented at the beginning of the next chapter,
in which we illustrate our proposed novel QST protocol.
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Chapter 2

Threshold Quantum State Tomography
(tQST)

In this chapter, we introduce a novel approach to QST, called threshold quantum state to-
mography (tQST). We present the workflow of the protocol, detail the main features, and
unravel each step for some paradigmatic examples. After this, we validate its effective-
ness through numerical analysis. Finally, we show experimental results on two different
platforms. The main references for this chapter are [1], [4], and [307] for the public Github
library.

2.1 Desiderata of a QST protocol

The literature review carried out in the previous chapter allowed us to identify the most
desirable features of a QST protocol, summarized in the following points:

1. No hypothesis on the state to reconstruct. The efficacy of a QST protocol should
not depend on any hypothesis on the structure of the state, such as for CS or per-
mutationally invariant QST. These methods are advantageous only if the state of
the system satisfies some underlying hypothesis, and this is possible only if we
have somehow already characterized the experimental apparatus that generates the
state. If this characterization is not possible for some reasons, such as the size or
complexity of the system, then no prior information about the system is available
and we can no longer leverage these methods.

2. Reduction in the number of observables. The major problem of QST is the so-
called curse of dimensionality, that is, the number of observables whose expectation
value is required to reconstruct the state scales exponentially with the dimension of
the Hilbert space associated with the system. However, other resources necessary
to complete any QST experiment, such as the time required to perform the mea-
surements, the computational burden of state reconstruction, and the storage of the
reconstructed state, follow the same scaling law. Any protocol that aims to signifi-
cantly improve QST has to provide a reduction in the number of measurements.

3. Computational efficiency. Some of the methods mentioned in the previous chap-
ter can be limited by the demanding computational burden, such as MCMC for
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Bayesian QST. Thus, the numerical routines adopted to reconstruct the state should
not require large amounts of computational power or time.

4. Experimental feasibility. Any QST protocol should be not only numerically vali-
dated, but also experimentally tested. To this end, the kind of measurement that it
prescribes should be easy to implement in the laboratory. Separable projective mea-
surements and measurement settings represent a standard type of measurement
to characterize quantum systems, whereas projective measurements on entangled
states are more challenging and can be implemented only in some special cases.

To our knowledge, there was no QST protocol that simultaneously met all these crite-
ria. However, by carefully analyzing how the information is distributed among the ele-
ments of the density matrix and how to extract it, we developed an original QST protocol
called threshold quantum state tomography, or tQST for short, which we now illustrate
step by step.

2.2 The tQST protocol

We begin by noting that in QST one gest all information first, and then processes it. In-
deed, the number of observables is dictated only by the dimension of the Hilbert space as-
sociated with the system, and one can decide in advance which measurements to perform
(IC-POVMs, tomographically complete POVMs, overcomplete set of projectors, etc.). Thus,
in a QST experiment, one performs all the required measurements in an arbitrary se-
quence, records the corresponding outcomes, and then processes them to reconstruct the
state. However, information is not uniformly distributed among the elements of the den-
sity matrix, as some carry more information than others. In the first chapter, we proved
that the three main properties of a density matrix ρ, that is, having trace equal to 1, being
Hermitian and positive semi-definite, imply that any element ρij of a physical density
matrix must satisfy the bound |ρij| ≤

√
ρiiρjj . Thus, determining the diagonal elements

of the density matrix (that is, measuring the projectors on the states of the chosen com-
putational basis) provides some information on the off-diagonal terms. In fact, if one of
the diagonal elements ρii is found to be zero, then all the elements of the ith row and
column of ρ can be immediately set to zero. Similarly, if ρii and ρjj are different from
zero but small compared to the other diagonal elements, then the modulus of ρij will also
be small. Finally, not all information about the system may be experimentally accessible,
due to the signal-to-noise ratio. These considerations are at the core of the tQST protocol,
represented pictorially in Figure 2.1, which we now illustrate.

1. Measure the diagonal elements {ρii} of the density matrix. This can be done by
projecting onto the elements of the chosen computational basis.

2. Choose a threshold t, and determine the relevant off-diagonal elements, that is,
those that satisfy √

ρiiρjj ≥ t, and the number of observables.

3. Construct a set of local projective measurements to target the relevant off-diagonal
elements and measure.

4. Use the measurement outcomes to reconstruct the state.
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Figure 2.1: Illustration of the tQST protocol. (1) Measurement of the diagonal elements
{ρii} . (2) Choice of the threshold t. (3) Construction and measurement of the observables
associated with the off-diagonal elements. (4) Reconstruction of the density matrix. We
plot the absolute value of the density matrix elements colored by their phase as indicated
by the color bar. Figure from [1].

Before proceeding, we highlight some relevant points about the tQST protocol. First,
tQST does not require any hypothesis on the state to reconstruct since prior information
is not required to start the protocol or to move from step to step. In tQST, the subsequent
projectors can all be determined once the system is measured in the chosen computational
basis, as opposed to adaptive approaches in which the necessary observables cannot be
known a priori, since each one is chosen based on the outcomes of the previous. Second,
the user can decide the number of projectors to measure by setting the threshold based on
some mathematical or physical criteria or experimental constraints, such as the available
time or resources for the experiment. In this respect, tQST can be interpreted as a tailor-
made QST protocol. In tQST, the information retrieved from the measurement of the
diagonal elements {ρii} is immediately used to decide the subsequent projectors to be
measured, by choosing to neglect the off-diagonal elements of ρ whose absolute value is
lower than a certain threshold. Unlike QST, the resources necessary to reconstruct the
state are not uniquely determined by the dimension of the quantum system, but can be
controlled with the threshold t. For example, if t = 0, all elements of ρ are considered
and the protocol reduces to QST. In contrast, if t > 0, the protocol may require fewer
projectors than those needed with QST and, in any case, no more than them. Finally,
since the information is not uniformly distributed, even with a few projectors, one may
be able to reconstruct the state with high fidelity.

At this point, one might ask several questions. How do we choose the threshold?
What projectors should one perform once the relevant off-diagonal measurements have
been identified? How do we reconstruct the state from the measurement outcomes? Does
the protocol actually work? All these questions will be answered in the remainder of the
chapter.
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2.3 The threshold

In the following, we consider systems composed of nq qubits, and D = 2nq is the dimen-
sion of the Hilbert space associated with the system.

Let us now analyze in detail the threshold t, starting from the analogy between the
choice of the threshold in the tQST protocol and the positioning of the bar in a limbo
challenge. If the bar is very low (t ≈ 0), a successful performance will certainly be spec-
tacular. However, if the bar is too low, the dance can be prohibitive even for the most
skilled athlete. This is the situation of QST, when the number of projective measurements
to be performed is unreasonable because of the exponential scaling with the number of
qubits. In contrast, for a sufficiently high bar, even a beginner may be able to dance, but
the result may not be particularly noteworthy. To be more precise, the threshold t is a pa-
rameter that ranges from 0 to 1, and the higher it is, the smaller the number of projective
measurements required by the protocol. If t = 0, we recover QST and have to perform
4nq projective measurements. For this reason, in the rest of the chapter we name QST the
tQST protocol with t = 0, which implements all 4nq projectors unless otherwise specified.
If t > 0, one has to perform fewer than 4nq measurements, and the magnitude of this
reduction depends on the representation of the state under consideration.

In the tQST protocol, the threshold t determines the amount of information that one
is willing to trade in exchange for fewer measurements. This has several consequences.
First, one may be able to reconstruct the density matrix of a large state by reducing the
number of projective measurements to a level compatible with the available experimen-
tal resources. In this respect, we emphasize that once a value of t is chosen, the protocol
does not simply reduce to measuring a subspace of the Hilbert space of the whole sys-
tem. Second, fewer projective measurements can give a significant advantage in terms of
storing and handling experimental data. Third, one may be able to avoid useless projec-
tive measurements and increase the integration time for the remaining ones, leading to
an improvement in the signal-to-noise ratio. The amount of information available in the
characterization of a quantum state is always limited, for example, by noise or the finite
precision of the experimental setup. Such experimental constraints de facto bound the
accuracy with which the state can be determined, even for QST. Thus, although one may
naively expect that reducing the number of projective measurements will decrease the
quality of the results, we shall see in the following that a wise choice of t can still provide
results compatible with the ones obtained by QST, while requiring fewer resources.

The dependency of the diagonal elements, and consequently the choice of the thresh-
old and the number of measurements, on the representation of the state for a given basis
deserves some consideration. In fact, this dependency is not a hypothesis on the state,
rather than a matter of the convergence of the protocol, since different representations
of the same state could require different numbers of projective measurements. In this
respect, we can consider several scenarios. The simplest case is a pure state represented
in its eigenbasis, with a single diagonal element equal to 1, and all the others equal to 0.
This is the most favorable case for tQST, as it requires to measure only the diagonal of the
density matrix, that is, only 2nq projectors instead of 4nq as required by QST. The opposite
situation is a state, pure or mixed, with diagonal elements that are all equal to 1/D, that
is, a state whose diagonal is equal to the one of the maximally mixed state. In this case
tQST and QST are equivalent, both require measuring 4nq projectors. If we consider states
between these two limits, then a proper choice of the threshold may lead to a significant
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reduction in the number of measurements without compromising the quality of the re-
constructed state. In particular, the more sparse the representation of a state, the smaller
the number of measurements required by tQST.

We identified two analytical criteria to set the threshold, based on the Gini index and
the Shannon entropy, respectively. These criteria allowed us to define a threshold as a
function of the outcomes of the initial projective measurements required by the tQST pro-
tocol, that is, the diagonal elements of the state, and to relate the threshold to quantities
such as the sparsity or the information contained in the diagonal elements. Let us start
with the criterion based on the Gini index. In the theory of signals, a representation of a
signal is said to be sparse if a small number of its coefficients contain a large portion of
the energy. This definition can be adapted to our needs as follows: a density matrix is
sparse if a small number of its elements contain a large portion of the information con-
tained in the state due to Eq. (1.28). Although there exist several measures of sparsity, the
authors of [308] identified six desirable criteria that a good measure of sparsity should
have, and proved that the Gini index is the only one that satisfies all of them. Let now
c =

(
c(1), c(2), . . . , c(D)

)
, such that c(1) ≤ c(2) ≤ · · · ≤ c(D) and c(i) ≥ 0 ∀i. The Gini index is

defined as:

GI (c) = 1− 2
D∑
k=1

c(k)
∥c∥1

(
D − k + 1

2

D

)
, (2.1)

with ∥c∥1 =
∑

i ci. One can prove that the Gini index satisfies the following bound:

0 ≤ GI (c) ≤ 1− 1

D
, (2.2)

with the minimum attained when all the elements of the argument vector are equal to
1/D, and the maximum when there is a single non-vanishing element equal to 1. Thus,
the Gini index increases as the sparsity of the argument vector increases. We adapted
this definition to make it a suitable threshold for tQST. First, the argument vector of the
Gini index is now the diagonal of the density matrix, that is, c ≡ ρ = (ρ11, ρ22, . . . , ρDD).
After computing GI

(
ρ
)
, we divide it by 1−1/D to normalize it between 0 and 1, and then

divide by D again to obtain the so-called Gini threshold:

tg =
GI
(
ρ
)

1− 1
D

· 1

D
= GI

(
ρ
)
· D

D − 1
· 1

D
=

GI
(
ρ
)

D − 1
=

GI
(
ρ
)

2nq − 1
. (2.3)

The Gini threshold tg represents the average sparsity of the diagonal of the density matrix.
Thus, the criterion √

ρiiρjj ≥ tg requires the measurement of the observables associated
with the off-diagonal elements ρij that are above the Gini threshold.

The second criterion for setting the threshold is based on the Shannon entropy, here
defined as:

S
(
ρ
)
= −

D−1∑
i=0

ρii logD (ρii) . (2.4)

We adopted the base-D logarithm instead of the usual base-2 version for the Shannon
entropy, normalized between 0 and 1. The entropy threshold is then defined as:

te =
1− S

(
ρ
)

D
. (2.5)
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Figure 2.2: Correlation between the Gini and the entropy threshold. We show the cor-
relation plots between the Gini and the entropy threshold for a) 2, b) 3, and c) 4 qubits,
respectively. The corresponding Pearson correlation coefficient are 0.96, 0.95, and 0.93.

The entropy threshold quantifies the average information provided by the diagonal of the
density matrix, and the criterion √

ρiiρjj ≥ te requires the measurement the observables
associated with the off-diagonal elements that contain more information than the average
provided by the entropy threshold.

We performed some numerical simulations to quantify how the Gini and the entropy
thresholds are related to the sparsity of the density matrix, that is, how information is
distributed among its elements. We constructed a dataset of 2,000 density matrices, with
an equal share of pure and mixed states. For pure states, whose rank is always equal
to 1, the number of vanishing diagonal elements z was uniformly chosen between 0 and
2nq − 2. For mixed states, z determines the possible values of the rank r of the mixed
density matrix, as it varies between 2 and 2nq − z. Thus, we first randomly chose z as for
pure states and then uniformly chose r accordingly. We generated such datasets for 2, 3,
and 4 qubits. For each density matrix of each dataset we computed the Gini threshold,
the entropy threshold, the diagonal sparsity, and the matrix sparsity, defined as follows:

Diagonal sparsity ≡ d =
# of vanishing diagonal elements

D
(2.6)

Matrix sparsity ≡ m =
# of vanishing matrix elements

D2
(2.7)

The correlation plots between Gini and entropy threshold are shown in Figure 2.2.
The correlation between the two definitions of the threshold is quantified by the Pear-
son correlation coefficient, equal to 0.96, 0.95, and 0.93 for 2, 3, and 4 qubits, respectively.
Furthermore, the two thresholds cover the same range of values and can be used in-
terchangeably from the point of view of the numerical value of the threshold. We also
quantified the correlation between the Gini and entropy thresholds with the diagonal
and matrix sparsity defined in (2.6). The correlation plots are reported in Figures 2.3 and
2.4, while the corresponding Pearson correlation coefficients are reported in Table 2.1. We
noted that the correlation coefficient between the thresholds and the sparsities increased
with the number of qubits. This happens because the possible values that the sparsities
can assume increases with the number of qubits, as is evident also from the plots, thus
increasing the correlations between them and the threshold values considered here. The
data allowed us to conclude that the Gini threshold is clearly correlated with diagonal
and matrix sparsity. This is consistent with the definition of the Gini threshold, based on
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Figure 2.3: Correlation between the Gini threshold and diagonal and matrix sparsity.
We show the correlation plots between the Gini threshold and the diagonal (a, b, c) and
matrix (d, e, f) sparsity for 2, 3, and 4 qubits, respectively.

Number of qubits Corr(tg,d) Corr(tg,m) Corr(te,d) Corr(te,m)

2 0.76 0.76 0.83 0.82
3 0.86 0.85 0.91 0.87
4 0.88 0.87 0.93 0.86

Table 2.1: Correlation between thresholds and sparsities. We report the number of
qubits, the Pearson correlation coefficient between: the Gini threshold and the diago-
nal sparsity; the Gini threshold and the matrix sparsity; the entropy threshold and the
diagonal sparsity; the entropy threshold and the matrix sparsity.

the Gini index that quantifies the sparsity of the diagonal, which in turn is related to the
sparsity of the entire density matrix. Similarly, we can conclude that the entropy thresh-
old is also positively correlated with the diagonal and matrix sparsity. Furthermore, the
correlation plots show that the functional relation with diagonal and matrix sparsity is
different for the two definitions of the thresholds. We believe that this reflects the differ-
ent quantities considered for the definition of the two thresholds.

2.4 How to construct the projective measurements

The choice of the threshold determines the most relevant off-diagonal elements. We now
have to measure the expectation value of a certain number of observables to find the real
and imaginary parts of those off-diagonal elements. Given a state ρ, we know that the
expectation values of the observables defined in (1.24) and (1.26) allow one to retrieve
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Figure 2.4: Correlation between the entropy threshold and the diagonal and matrix
sparsity. We show the correlation plots between the entropy threshold and the diagonal
(a, b, c) and matrix (d, e, f) sparsity for 2, 3, and 4 qubits, respectively.

the real and imaginary parts of ρij through Tr
(
O

(Re,Im)
ij ρ

)
, respectively. However, we al-

ready proved that these observables are not projective operators, and their experimental
implementation is still unknown. In contrast, the observables provided by the tQST pro-
tocol are local projective measurements, that is, Π = |ψ⟩ ⟨ψ|, with |ψ⟩ = ⊗nq

k=1 |ϕk⟩ and
|ϕk⟩ eigenstate of one of the Pauli matrices. Then, we associate two projectors with each
off-diagonal element, Π(Re)

ij for the real part and Π
(Im)
ij for the imaginary part. In this way,

we recover the 4nq projectors of QST if we consider all off-diagonal elements. For a given
off-diagonal element ρij , the associated Π is the projector that is closest to the observables
defined in (1.24) and (1.26) according to the 2-norm:

Π
(Re, Im)
ij = argmin

Π
∥O(Re,Im)

ij − Π∥2. (2.8)

This way of constructing the projectors allows us to retrieve as much information as pos-
sible about the real and imaginary parts of the off-diagonal elements they are associated
with, while still being feasible to implement from the experimental point of view.

We recall the definition of a tomographically complete set of projectors introduced in
[22]. A set of projectors is tomographically complete if there exists a unique set of scalars
a
(Re,Im)
K , with K = {ij} a multi-index, such that the density matrix can be uniquely recon-

structed, that is:

ρ =
∑
K

a
(Re,Im)
K Π

(Re,Im)
K . (2.9)

Equivalently, suppressing the "Re" and "Im" superscript indices, we get:

Tr
(
Π†
Lρ
)
=
∑
K

aKTr
(
Π†
LΠK

)
=
∑
K

MLKaK , (2.10)
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which means that the matrix MLK = Tr
(
Π†
LΠK

)
= |⟨ψL|ψK⟩|2 has to be invertible and the

scalars aK are uniquely determined as aK = (M−1)KLTr
(
Π†
Lρ
)

[22]. Notice that due to
the presence of equivalent minima in (2.8), it is not guaranteed that a complete set exists.
However, if a complete set exists, then the matrix M is positive definite.

We found that for systems composed of nq qubits, a tomographically complete set of
projectors associated to the elements of a nq-qubit density matrix can be constructed from
the eigenvectors of the Pauli matrices. We recall the definition of such eigenvectors for
convenience here:

|H⟩ ; |D⟩ = 1√
2
(|H⟩+ |V ⟩) ; |R⟩ = 1√

2
(|H⟩+ i |V ⟩) ,

|V ⟩ ; |A⟩ = 1√
2
(|H⟩ − |V ⟩) ; |L⟩ = 1√

2
(|H⟩ − i |V ⟩) . (2.11)

If we consider a single qubit, our protocol provides the following projectors:

Πre
00 = |H⟩⟨H| , Πre

11 = |V ⟩⟨V | ,
Πre

01 = |D⟩⟨D| , Πim
01 = |R⟩⟨R| .

(2.12)

The projectors on the states of the computational basis determine the diagonal elements
of the single-qubit density matrix, while the other two are associated with the real and
imaginary part of the only one off-diagonal element, respectively. We can recast these
projectors in a more suggestive form, which turns out to be particularly useful in con-
structing the projectors for more than one qubit:

π1 ≡
[
|H⟩ |D⟩+ i |R⟩
0 |V ⟩

]
. (2.13)

This is a 2 × 2 table structured in such a way that, according to the tQST protocol, the
real and imaginary parts of ρij are associated with the expectation value of the projectors
onto the real and imaginary part of the entry (i, j) in (2.13), respectively. For example,
the imaginary part of ρ01 is associated with the expectation value of the projector onto
the imaginary part of entry (0, 1) of (2.13), that is, Tr

(
ρΠim

01

)
= Tr (ρ |R⟩⟨R|) = ⟨R|ρ|R⟩.

Entries with a value of 0, which indeed acts as the zero element for the recursive opera-
tions below, do not need to be explicitly determined as the density matrix is Hermitian.
Consequently, we will assume, without loss of generality, that j ≥ i whenever we select
off-diagonal elements above threshold and aim to determine Πij .

A set of separable tomographically complete projectors for nq > 1 qubits can be con-
structed using the following recursive relation:

πnq =

[
|H⟩πnq−1 |D⟩ πnq−1 + i |R⟩ πnq−1

0 |V ⟩ πnq−1

]
, (2.14)

having defined:

π1 ≡
[

|H⟩ 0
|D⟩ − i |R⟩ |V ⟩

]
, (2.15)
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and analogously for all nq. In (2.14), the notation |X⟩ π, with X = {H,V,D,R}, represents
a table whose entries are the result of the (tensor) product of the ket |X⟩ and the kets
contained in π. Therefore, πnq is a table that has twice the number of rows and columns
as πnq −1. As an example, tables |X⟩ π1 and |X⟩ π1 read:

|X⟩ π1 =
[
|XH⟩ |XD⟩+ i |XR⟩
0 |XV ⟩

]
, (2.16a)

|X⟩ π1 =

[
|XH⟩ 0

|XD⟩ − i |XR⟩ |XV ⟩

]
. (2.16b)

If we now consider 2 qubits, (2.14) yields:

π2 =


|HH⟩ |HD⟩+ i |HR⟩ |DH⟩+ i |RH⟩ |DD⟩+ i |DR⟩
0 |HV ⟩ |RR⟩+ i |RD⟩ |DV ⟩+ i |RV ⟩
0 0 |V H⟩ |V D⟩+ i |V R⟩
0 0 0 |V V ⟩

 . (2.17)

The real and imaginary parts of ρ12 is associated with the expectation value of the pro-
jector onto the real and imaginary part of the entry (1, 2) of π2, that is, Tr (ρ |RR⟩⟨RR|) =
⟨RR|ρ|RR⟩ and Tr (ρ |RD⟩⟨RD|) = ⟨RD|ρ|RD⟩, respectively. The procedure described
yields a total of 4nq projectors, and we have numerically verified that up to nq = 14 the
corresponding matrix M is invertible, that is, the set of 4nq projectors is tomographically
complete.

The outlined recursive procedure removes the necessity of generating the entire set
of projectors upfront. Instead, we can generate projectors on demand, specifically for the
elements of the density matrix identified by the threshold. To this end, we divide the table
πnq into four quadrants, with "1", "2", "3", and "4" referring to the upper left, upper right,
lower left, and lower right quadrants, respectively. Each of quadrants 2 and 3 is further
divided into an upper ("u") and a lower ("l") triangular part. The real part of the elements
along the diagonal is assigned to the u portion, while the imaginary part is assigned to
the l portion. To determine the projector corresponding to the density matrix element ρij ,
we initially locate it within πnq , which immediately determines the projector associated
with the first qubit, that is |H⟩, |D⟩, |R⟩, or |V ⟩ according to the number of the quadrant
where it is located: 1, 2u, 2l, or 4, respectively. Then we continue to split the quadrant
where the element is found until we reach a resulting quadrant size of 2 × 2. At each
splitting step, if the element falls into quadrants 1 or 4, the projector associated with the
next qubit is |H⟩ (for 1) or |V ⟩ (for 4). In contrast, if it falls into quadrants 2 or 3, the
projector choice depends on its position in the previous splitting step. For an element in
an upper quadrant, we select |D⟩; and, for an element in a lower quadrant, we select |R⟩
unless the previous quadrant was either 2l or 3l, in which case the choice is reversed. The
number of splitting steps is equal to the number of qubits, which in turn is equal to the
number of single-qubit projectors to determine. Table 2.2 summarizes these steps. Figure
2.5 visualizes the proposed algorithm for 3 and 4 qubits. More specifically, in the case of 3
qubits, we consider the imaginary part of the density matrix element ρ35, whose location
in π3 is described by the sequence "2l3l4", corresponding to the projector onto |RDV ⟩. In
the 4-qubit case, the location of the real part of the density matrix element ρ49 in π4 is
represented by the sequence "2l3u12u" corresponding to the projector onto |RRHD⟩.
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Previous quadrant Next quadrant 1-qubit projector

any 1 |H⟩
any 4 |V ⟩

any except 2l, 3l 2u, 3u |D⟩
any except 2l, 3l 2l, 3l |R⟩

2l, 3l 2u, 3u |R⟩
2l, 3l 2l, 3l |D⟩

Table 2.2: Recursive construction of the tQST projectors. Summary of how to choose the
single-qubit projector at each recursive step in (2.14). In the first step, "previous quadrant"
is always ‘"any".

3-qubit: (3,5,i) 4-qubit: (4,9,r) a) b)

Figure 2.5: Recursive determination of the tQST projectors associated with a density
matrix element for 3 and 4 qubits. At each step, the density matrix is divided into 4
different quadrants: quadrant "1" is colored in violet, quadrant "2" in blue, quadrant "3" in
green, and quadrant "4" in golden yellow. Quadrants "2" and "3" are further subdivided
into an upper (lighter) and a lower (darker) part. Each plane represents a successive
iteration of the algorithm outlined in the main text, which proceeds from bottom to top.
The number of planes is equal to the number of qubits, equal in turn to the number of
single-qubit projectors to determine. a) The 3-qubit density matrix element ρ(Im)

35 is located
in quadrants "2l3l4" and corresponds to the projector onto |RDV ⟩ according to Table 2.2.
b) The 4-qubit density matrix element ρ(Re)

49 is located in quadrants "2l3u12u" therefore
corresponding to the projector onto |RRHD⟩ according to Table 2.2. Figure from [1].
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2.5 State parametrization and reconstruction

Suppose that we have determined the diagonal elements of the density matrix, chosen a
threshold that prescribes a certain number of projective measurements, and performed
those measurements. We now have a set of measurement outcomes, a representation of
the performed measurements, and we need to process them to reconstruct the state. How
do we do this? An important point to consider in the choice of the reconstruction pro-
cedure is that the guarantee that the reconstructed state is normalized, Hermitian, and
positive semi-definite. These properties can be readily embedded into maximum like-
lihood estimation (MLE) using a proper parametrization of the density matrix. To this
end, we introduced the triangular and the g5 models to parametrize the state. The tri-
angular model is based on the Cholesky decomposition, valid for any Hermitian positive
semi-definite matrix, according to which the density matrix is written as:

ρ =
T †T

Tr (T †T )
, (2.18)

with T an upper or lower triangular complex matrix. This parametrization guarantees
that the reconstructed matrix is the proper representation of a quantum state, that is, a
physical density matrix. The triangular model is unbiased and the number of parameters
to be determined is equal to 4nq for a state of nq qubits. However, if one has reasons to
believe that ρ describes a high-purity state, then one can express it as:

ρ =
R†R

Tr (R†R)
(2.19)

with R a complex matrix with shape (nvec, 2
nq), and nvec is the number of eigenvectors

used to approximate ρ. This parametrization is similar to the one introduced in [105]. In
the case of a high purity state, nvec can be much smaller than the dimension of the Hilbert
space; thus the number of parameters needed for the reconstruction will scale more fa-
vorably with the number of qubits. In general, for a given value of nvec, the number of
parameters is equal to 2 × nvec × 2nq . This implies a minimization of the likelihood over
a parameter space with a smaller dimension, leading to shorter computational times and
more accurate results. Furthermore, it eventually allows one to repeat the minimization
multiple times to find results that are closer to the global minimum.

According to the best practices of computational science, we minimize the negative
log-likelihood instead of directly maximizing the likelihood itself. In particular, we mini-
mize the following function:

L =
∑
K

(
nK −NK

2
√
nK

)2

, (2.20)

which derives from the assumption that the noise on the counts has a Gaussian probabil-
ity distribution [22]. Here nK = Tr (ρPK) = ⟨ψK |ρ|ψK⟩ and NK are the expected, theoreti-
cal, and the measured, experimental, outcomes of measuring the projector PK = |ψK⟩⟨ψK |
on the state ρ, respectively. Minimization is carried out using the minimize numerical
routine provided by Scipy [309]. The solver is the L-BFGS-B [310], with a maximum num-
ber of iterations equal to 1,000 and a tolerance on the gradient equal to 10−4. The starting
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point for the minimization is chosen at random. The specifications of the minimization
algorithm are those just presented, unless otherwise specified. The minimization solver
is gradient-based; thus it requires one to compute the gradient at every step. It is possible
to speed up the minimization by providing an analytical expression of the gradient of the
likelihood function. To this end, consider the triangular parametrization of the density
matrix, that is, ρ = T †T . If nK = ⟨ψK |ρ|ψK⟩, then we can expand the state onto which we
are projecting on the computational basis as:

|ψK⟩ =
∑
i

v
(K)
i |i⟩ , (2.21)

such that the expectation values are given by:

nK = ⟨ψK |ρ|ψK⟩ =
∑
a,b,c

v(K)
a

∗
T †
abTbcv

(K)
c (2.22)

=
∑
b

(∑
a

v(K)
a

∗
T †
ab

)(∑
c

Tbcv
(K)
c

)
(2.23)

=
∑
a,b

∣∣∣∣Tabv(K)
b

∣∣∣∣2 (2.24)

=
∑
a,b

∣∣∣∣TabVbK∣∣∣∣2, (2.25)

having introduced the matrix V with matrix elements ViK = v
(K)
i . We can use the Wirtinger

approach to compute the gradient. In particular, we have to derive the likelihood with
respect to T ∗

ij :

∂L

∂T ∗
ij

=
∂L

∂nK

∂nK
∂T ∗

ij

=
∑
K

(
n2
K −N2

K

4n2
K

)
∂nK
∂T ∗

ij

, (2.26)

from which we find:

∂nK
∂T ∗

ij

=
∑
c,k

TicVckV
†
kj. (2.27)

Finally:

∂L

∂T ∗
ij

=
∑
c,k,K

TicVck

(
n2
K −N2

K

4n2
K

)
V †
kj =

(
TV DV †)

ij
, (2.28)

having defined the matrix D via its matrix element Dik =
n2
K−N2

K

4n2
K

δik.
We quantitatively compared the triangular and g5 parametrizations. In Figure 2.6 we

show the scaling of the number of variables required by the two parametrizations as a
function of the number of qubits. A reduction of up to 3 orders of magnitude can be
achieved using the g5 parametrization with nvec = 1, allowing faster minimization. To
substantiate and quantify this statement, we considered GHZ and W states from 2 to 10
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Figure 2.6: Number of variables required by the triangular and the g5 parametriza-
tion with nvec = 1. We show the number of variables required by the triangular and
the g5 parametrizations (nvec = 1) with respect to the number of qubits. Note the semi-
logarithmic scale on the vertical axis.

qubits and compared the minimization time and the fidelity between the reconstructed
and the target states for the two models. The g5 parametrization was implemented with
nvec = 1, because in these specific cases we know in advance that the states are pure.
The minimization time for the GHZ and W states is measured using the timeit function
of the time Python library, which provides an average and a standard deviation on the
measured computational times. We adopted the Gini threshold to determine the num-
ber of measurements for each state. All numerical tests were carried out on a standard
desktop computer with an Intel Core i7-4790 processor, 3.60 GHz CPU, and 32 GB system
memory, without GPUs. The fidelities achieved with the two parametrizations for the
GHZ and W states are reported in Tables 2.3 and 2.4, respectively, while the minimiza-
tion times are shown in Figure 2.7. The g5 parametrization requires minimization times
that are up to 4 orders of magnitude smaller than the ones required with the triangular
parametrization. At the same time, the quality of the reconstruction does not degrade, as
proved by the fidelity close to unity in all the cases for both the GHZ and the W states. We
believe that the decrease in the fidelity for the 10-qubit GHZ state is due to the likelihood
reaching a local minimum that is not close to the global one, which in turn is due to the
huge dimension of the parameter space where the minimization is carried out.

Finally, we considered an ensemble of 103 random pure states of 2, 3 and 4 qubits, and
compared the average minimization time and average fidelity of the two parametriza-
tions. We measured the minimization time for every state with the time function of the
time Python library and then computed the average and the standard deviation. We set
nvec = 2 for these simulations, for it is possible that the number of variables required by
nvec = 1 is too small to achieve high enough fidelities, even if we know in advance that
all the states are pure. The results reported in Table 2.5 confirm the conclusions obtained
with the GHZ and W states, that is, the g5 parametrization allows a faster minimization of
the negative log-likelihood without compromising the quality of the reconstruction. Fur-
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Number of qubits Triangular fidelity g5 fidelity

2 0.99954 0.99999
3 0.99875 0.99999
4 0.99735 0.99999
5 0.99661 0.99999
6 0.98980 0.99999
7 0.97353 0.99999
8 0.98286 0.99999
9 0.95528 0.99969

10 0.90419 0.99999

Table 2.3: Fidelity of the triangular and g5 parametrization for GHZ states. We report
the fidelity between the target state

∣∣GHZnq

〉
and the tQST reconstructed state with the

triangular and g5 parametrization, respectively, for 2 ≤ nq ≤ 10.

Number of qubits Triangular fidelity g5 fidelity

2 0.99977 0.99999
3 0.99622 0.99999
4 0.99470 0.99999
5 0.99340 0.99999
6 0.99233 0.99999
7 0.98892 0.99999
8 0.98940 0.99999
9 0.98852 0.99999

10 0.98010 0.99999

Table 2.4: Fidelity of the triangular and g5 parametrization for W states. We report the
fidelity between the target state

∣∣Wnq

〉
and the tQST reconstructed state with the triangu-

lar and g5 parametrization, respectively, for 2 ≤ nq ≤ 10.

thermore, we notice that the results for the two parametrizations are compatible within
the errors.

Before showing some examples of application of tQST, we highlight that an imple-
mentation of the protocol using the Python language is available online on Github [307].
We developed this library and made it public so that other researchers and experimen-
tal collaborators could apply and implement tQST independently without the need for
specific training from our side.
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Number Time Fidelity Time Fidelity
of qubits triangular (s) triangular g5 (s) g5

2 0.007(3) 0.991(24) 0.004(1) 0.991(28)
3 0.014(8) 0.998(5) 0.007(2) 0.999(5)
4 0.050(35) 0.999(2) 0.014(6) 0.999(3)

Table 2.5: Fidelity and minimization time of triangular and g5 parametrization for
random pure states. We report the average minimization time and the average fi-
delity between the target state and the tQST reconstruction with the triangular and g5
parametrization, respectively. The errors represent one standard deviation from the aver-
age.

Figure 2.7: Minimization time of the triangular and the g5 parametrization. We show
the minimization time for a) GHZ and b) W states with respect to the number of qubits.
Note the semi-logarithmic scale on the vertical axis of both panels.

56



2.6 Complete examples of the tQST protocol

We now illustrate the tQST protocol step by step when applied to different 3-qubit states.
Let us start with the following random mixed state:

Re (ρ) =



0.239 −0.087 0 −0.058 0 0.085 0 −0.047
−0.087 0.274 0 0.085 0 0.046 0 0.129

0 0 0 0 0 0 0 0
−0.058 0.085 0 0.224 0 0.124 0 0.082

0 0 0 0 0 0 0 0
0.085 0.046 0 0.124 0 0.167 0 0.051
0 0 0 0 0 0 0 0

−0.047 0.129 0 0.082 0 0.051 0 0.096


(2.29)

Im (ρ) =



0 −0.052 0 0.056 0 0.086 0 −0.04
0.052 0 0 −0.184 0 −0.102 0 −0.016
0 0 0 0 0 0 0 0

−0.056 0.184 0 0 0 −0.038 0 0.05
0 0 0 0 0 0 0 0

−0.086 0.102 0 0.038 0 0 0 0.032
0 0 0 0 0 0 0 0

0.04 0.016 0 −0.05 0 −0.032 0 0


(2.30)

We first measured the expectation value of the 8 projectors onto the states of the compu-
tational basis {|HHH⟩ , |HHV ⟩ , . . . , |V V V ⟩} to determine the diagonal elements of the
density matrix. We then calculated the Gini threshold for this diagonal, tg = 0.069, from
which the tQST protocol identifies 10 off-diagonal elements, listed below along with the
corresponding projectors:

(0, 1,Re) ↔ |HHD⟩⟨HHD| (0, 1, Im) ↔ |HHR⟩⟨HHR|
(0, 3,Re) ↔ |HDD⟩⟨HDD| (0, 3, Im) ↔ |HDR⟩⟨HDR|
(0, 5,Re) ↔ |DHD⟩⟨DHD| (0, 5, Im) ↔ |DHR⟩⟨DHR|
(0, 7,Re) ↔ |DDD⟩⟨DDD| (0, 7, Im) ↔ |DDR⟩⟨DDR|
(1, 3,Re) ↔ |HDV ⟩⟨HDV | (1, 3, Im) ↔ |HRV ⟩⟨HRV |
(1, 5,Re) ↔ |DHV ⟩⟨DHV | (1, 5, Im) ↔ |RHV ⟩⟨RHV |
(1, 7,Re) ↔ |DDV ⟩⟨DDV | (1, 7, Im) ↔ |DRV ⟩⟨DRV |
(3, 5,Re) ↔ |RRV ⟩⟨RRV | (3, 5, Im) ↔ |RDV ⟩⟨RDV |
(3, 7,Re) ↔ |DV V ⟩⟨DV V | (3, 7, Im) ↔ |RV V ⟩⟨RV V |
(5, 7,Re) ↔ |V DV ⟩⟨V DV | (5, 7, Im) ↔ |V RV ⟩⟨V RV |

The total number of required projectors is thus 28, less than half of the 64 required
by QST. By performing these measurements, we finally reconstruct the state using the
triangular model and the maximum likelihood, achieving a fidelity between the target
and the reconstructed state of 0.99905.
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We then examined the following random pure state:

Re (ρ) =



0.028 0 0 0 0.044 0.026 0.092 0.115
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

0.044 0 0 0 0.08 0.054 0.171 0.19
0.026 0 0 0 0.054 0.04 0.117 0.117
0.092 0 0 0 0.171 0.117 0.369 0.403
0.115 0 0 0 0.19 0.117 0.403 0.483


(2.31)

Im (ρ) =



0 0 0 0 0.017 0.021 0.042 0.014
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

−0.017 0 0 0 0 0.017 0.009 −0.05
−0.021 0 0 0 −0.017 0 −0.031 −0.075
−0.042 0 0 0 −0.009 0.031 0 −0.127
−0.014 0 0 0 0.05 0.075 0.127 0


(2.32)

By measuring the projectors onto the elements of the computational basis, we determined
the diagonal elements and used them to compute the Gini threshold, equal to tg = 0.098.
The off-diagonal elements above threshold and the corresponding projectors are:

(0, 6,Re) ↔ |DDH⟩⟨DDH| (0, 6, Im) ↔ |DRH⟩⟨DRH|
(0, 7,Re) ↔ |DDD⟩⟨DDD| (0, 7, Im) ↔ |DDR⟩⟨DDR|
(4, 6,Re) ↔ |V DH⟩⟨V DH| (4, 6, Im) ↔ |V RH⟩⟨V RH|
(4, 7,Re) ↔ |V DD⟩⟨V DD| (4, 7, Im) ↔ |V DR⟩⟨V DR|
(5, 6,Re) ↔ |V RR⟩⟨V RR| (5, 6, Im) ↔ |V RD⟩⟨V RD|
(5, 7,Re) ↔ |V DV ⟩⟨V DV | (5, 7, Im) ↔ |V RV ⟩⟨V RV |
(6, 7,Re) ↔ |V V D⟩⟨V V D| (6, 7, Im) ↔ |V V R⟩⟨V V R|

The fidelity between the reconstructed state and the target state using the measurement
outcomes corresponding to the listed projectors is 0.99873.

The W state is one of the states for which tQST is most favorable, as it has only
nq (nq − 1) off-diagonal elements, as can be seen from the density matrix shown in Fig-
ure 1.2d). Consequently, the number of projectors required by tQST for W states scales
quadratically with the number of qubits, which is more feasible than the exponential scal-
ing of QST. If nq = 3, then tQST requires one to measure only 6 additional projectors after
the diagonal ones, correctly identified by the Gini threshold tg = 0.089. In this case, the
off-diagonal elements and the corresponding projectors are:

(1, 2,Re) ↔ |HRR⟩⟨HRR| (1, 2, Im) ↔ |HRD⟩⟨HRD|
(1, 4,Re) ↔ |RHR⟩⟨RHR| (1, 4, Im) ↔ |RHD⟩⟨RHD|
(2, 4,Re) ↔ |RRH⟩⟨RRH| (2, 4, Im) ↔ |RDH⟩⟨RDH|
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Figure 2.8: W states and tQST. We show the tQST reconstructions of W states for different
numbers of qubits and threshold values: a) 4 qubits, t = 0.1, b) 5 qubits, t = 0.01, c) 6
qubits, t = 0.001, and d) 7 qubits, t = 0.0001. For each number of qubits we report
the number Nt of projectors used and the fidelity F with the corresponding target state.
Figure adapted from [1].

The tQST reconstruction with these 14 projective measurements achieves a fidelity equal
to 0.99793 with the target state. In Figure 2.8 we show the numerical reconstruction of
the density matrix of W states for numbers of qubits ranging from 4 to 7 using tQST.
Even for the case of 7 qubits, in which QST would have required 16,384 measurements,
we could reconstruct the density matrix achieving a fidelity of about 0.99 with the target
state by implementing only 170 projective measurements. Furthermore, the number of
projective measurements is exactly equal to the number of diagonal elements (2nq) plus
the number of non-vanishing off-diagonal elements of a W state [nq(nq − 1)]. We stress
that the dramatic reduction in the number of projective measurements is not simply given
by the choice of a particular state but rather by the employed computational basis, which
affects the state representation.

Finally, we consider the GHZ state, which is the non-trivial state exhibiting the best
advantage when applying tQST, for it has only 2 non-vanishing off-diagonal elements,
regardless of the number of qubits that make up the system, as shown in Figure 1.2a).
The Gini threshold tg identifies only two off-diagonal elements, whose projectors are:

(0, 7,Re) ↔ |DDD⟩⟨DDD| (0, 7, Im) ↔ |DDR⟩⟨DDR| .

The fidelity between the tQST reconstruction and the target state is 0.99912.

2.7 Numerical analysis

The previous examples referred to states that are random or relevant for technological
applications and for which tQST is particularly advantageous. However, this is not suf-
ficient to conclude that the protocol is generally effective. To this end, we performed
numerical simulations to analyze the effectiveness of the tQST protocol. For all of the
following analyses, we used the same datasets of quantum states as in Section 2.3.

We first examined whether there was a relation between the number of measurements
required by the protocol, the purity, and the sparsity (quantified by the Gini threshold)
of the considered density matrices. The results, shown in Figure 2.9, suggest that the
number of projective measurements required by tQST is inversely proportional to the
sparsity of the state, regardless of whether the state is pure or mixed. This result is in
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agreement with the analyses conducted so far, as tQST can greatly reduce the number of
measurements for states that have many vanishing or small elements by a proper choice
of the threshold.

Then, we reconstructed each state of the 2-, 3-, and 4-qubit datasets using the Gini
threshold and the triangular parametrization. Figure 2.10 a), d), g) show the distribu-
tion of the number of projective measurements for the three datasets considered. The
Gini threshold allowed us to use a number of projective measurements that is actually
different from the one of QST in most of the cases. In particular, we performed fewer
projective measurements than QST for 79%, 93%, and 97% of the 2-, 3-, and 4-qubit states,
with an average number of measurements of 9(3), 28(16), 91(64), respectively. Here, the
uncertainty is the standard deviation from the average. However, the distribution of the
number of measurements is not enough to prove that tQST works effectively, that is, the
states are reconstructed with high fidelity. We achieved an average fidelity of 0.994(19),
0.998(5), and 0.998(2) for 2, 3, and 4 qubits, respectively. For comparison, QST achieved
average fidelities of 0.99977(294), 0.99947(201), and 0.99935(169) for the same number of
qubits. Figure 2.10b), e), h) shows the fidelity between the reconstructed and target states
with respect to the number of projective measurements required by tQST for each state,
while Figure 2.10c), f), i) shows a zoomed-in version of the same plot, along with the
average fidelity for each number of projective measurements. The data clearly show that
tQST can reconstruct the states with high fidelity, even when we perform much fewer pro-
jective measurements than QST. Furthermore, the average fidelity is consistently high for
each number of projective measurements, allowing us to conclude that the global average
is not biased by the state for which many projectors are required.

2.8 Fidelity lower bound

The previous results show a notable feature of tQST, that is, a significant reduction in
the number of projective measurements does not necessarily lead to large errors in the
reconstruction of the density matrix. However, this feature is strongly dependent on the
state representation. In general, one may be interested in using tQST because the available
resources are simply not enough to implement the QST. In this case, it is important to have
an estimate of the largest error associated with the threshold choice. Specifically, given
the diagonal elements {ρii} and a corresponding threshold t, one can estimate a lower
bound for the fidelity achievable through a tQST reconstruction.

To determine the fidelity bound, we start from Fuchs–van de Graaf inequalities:

1−
√
F (ρ1, ρ2) ≤

1

2
∥ρ1 − ρ2∥1 ≤

√
1− F (ρ1, ρ2)

2, (2.33)

with ∥ρ1 − ρ2∥1 the trace norm between ρ1 and ρ2, with ∥A∥1 = Tr
(√

A†A
)

. A second
useful result is (see the last equation of section IIA in [311]):

∥ρ1 − ρ2∥1 ≤ 2
√

min [rank (ρ1) , rank (ρ2)]∥ρ1 − ρ2∥2, (2.34)

with ∥A∥2 =
√

Tr (A†A) the Frobenius norm of A [312].
Let us define C(t) as the set of pairs of indexes (i, j) such that √ρiiρjj ≤ t, consider

the case ρ1 = ρ and ρ2 = ρt, with ρt = {0 ∀(i, j) ∈ C(t); ρij otherwise} (note that ρ = ρt if
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Figure 2.9: Relation between sparsity, purity, and number of projective measurements.
We show the correlation plot between sparsity (Gini threshold), purity, and number of
projective measurement of each state in the dataset for a) 2, b) 3, and c) 4 qubits. The
number of projective measurements is encoded in the colorbar and ranges from 2nq to
4nq . Each point represents a different quantum state of the dataset. Note that reverse
vertical axis, increasing from top to bottom.
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Figure 2.10: Numerical validation of tQST. a)-d)-g): Distribution of the number of pro-
jective measurements used to reconstruct the states. b)-e)-h): Plot of the fidelity between
the reconstructed and the target state with respect to the number of projective measure-
ments for 2, 3, and 4 qubits, respectively. Pure and mixed states are plotted with different
colors, shown in the legend. c)-f)-i): Detail of the vertical axis of the plots of the central
column. We show in red the trend of the mean computed for each number of projective
measurements.
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t = 0), and define ∆ = ρ−ρt. Let’s briefly examine the properties of ∆. We can prove that
Tr [∆] = 0:

Tr [∆] = Tr [ρ− ρt] = Tr [ρ]− Tr [ρt] = 1− 1 = 0, (2.35)

since the diagonal elements of ρ are unchanged after applying the threshold t. Further-
more, ∆ is Hermitian:

∆† = (ρ− ρt)
† = ρ† − ρ†t = ρ− ρt = ∆. (2.36)

By definition ∆ii = 0 ∀i, ∆ij ̸= 0 for (i, j) ∈ C (t). Furthermore, |∆ij|2 ≤ ρiiρjj . From the
first part of Eq. (2.33):

1−
√
F (ρ, ρt) ≤

1

2
∥ρ− ρt∥Tr

≤ 1

2
2
√
min (rank (ρ) rank (ρt))∥ρ− ρt∥2

≤
√

min (rank (ρ) rank (ρt))∥∆∥2.

(2.37)

We can observe that rank(ρ) ≤ rank(ρt), for considering t > 0 leads, in general, to a
decreasing of the state purity. Then:√

min (rank (ρ) rank (ρt)) =
√

rank (ρ). (2.38)

By using the properties of ∆ we find:

∥∆∥2 =
√

Tr [∆†∆] =
√

Tr [∆2]. (2.39)

To compute Tr [∆2] we can start from:

∆2
ij =

∑
m

∆im∆mj =
∑
m

∆im∆
∗
jm. (2.40)

Hence:

∆2
ii =

∑
m

∆im∆
∗
im =

∑
m

|∆im|2. (2.41)

Finally:

Tr
[
∆2
]
=
∑
i

∆2
ii =

∑
i

∑
m

|∆im|2 ≤
∑

(i,j)∈C(t)

ρiiρjj. (2.42)

We can then conclude that: √
Tr [∆2] ≤

√ ∑
(i,j)∈C(t)

ρiiρjj. (2.43)

With this result at hand, by combining (2.33) and (2.34) we find:

F ≥ Fbound (t) =

1−
√

rank(ρ)

√ ∑
(i,j)∈C(t)

ρiiρjj

2

. (2.44)

This result is very general and may be helpful in choosing an appropriate threshold.
However, it should be noted that the fidelity with which the state is reconstructed could
be in general much greater than the lower bound given by (2.44).
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2.9 Experimental results on an IBMQ processor

In this section, we show the experimental results of using tQST to reconstruct quantum
states generated on a superconducting platform provided by IBM. In particular, we ex-
perimentally demonstrate tQST using the IBMQ processor Lagos, which allows one to
prepare states of up to 7 superconducting qubits (see Appendix A.1 for the platform spec-
ifications and performance metrics). In our implementation, we program the system to
generate a target quantum state by constructing the corresponding quantum circuit. We
first reconstruct the corresponding density matrix by performing QST as implemented in
qiskit [313, 314], which we call IBMQ-QST. This protocol reconstructs the density ma-
trix using linear inversion on the outcomes of an over-complete set of 6nq observables. In
fact, the qiskit package implements measurement settings by default, the total number
of which is 3nq , each corresponding to 2nq projectors, thus the total number of observ-
ables required by IBMQ-QST. This set comprises all possible projectors that can be con-
structed as tensor products of the projectors onto the eigenvectors of the Pauli matrices.
Reconstruction via linear inversion implemented by qiskit might yield a normalized,
Hermitian, but non-positive semi-definite matrix, which is subsequently rescaled to be
positive semi-definite using the method outlined in [56]. We then reconstruct the same
state using tQST, where the threshold t is chosen considering the typical signal-to-noise
ratio (SNR) of the system to avoid unnecessary measurements. In this case, we leveraged
maximum likelihood estimation to obtain the reconstructed density matrix from the mea-
sured expectation values, as explained in the previous sections. To compare the results
achieved by the two protocols, we compute the fidelities between the target state and the
reconstructed ones, and also the fidelity between the two reconstructed states.

In Section 2.3, we anticipated that the choice of an appropriate threshold t depends on
several factors, such as the specific physical system used to implement the qubits, which
determines the kind and level of noise, the amount of available resources, such as the
usable time for the experiment, or the target quantum state to be generated. In the case of
IBMQ quantum processors, it is possible to evaluate a circuit-specific threshold using the
IBMQ simulator available in the qiskit package. First, we simulate the unitary evolu-
tion of a ground-state initialized quantum register according to the circuit itself, project it
onto the computational basis, and determine the diagonal counts of the target state using
nshots = 10, 000 shots, according to qiskit nomenclature. These counts are generated
without any kind of experimental error, such as the ones due to the finite sample size
or decoherence of the system, and are separated into zero and non-zero counts. Second,
we use the IBMQ simulator, which includes noise effects close to the experimental ones,
to run the circuit a certain number of times, equal to 100 in our case. For every run, we
record the maximum value of the counts among the expected zero elements of the di-
agonal, cmax

0 , and the minimum value of the counts for the smallest expected non-zero
diagonal element, cmin

>0 . Third, we define the noise threshold as t0 = cmax
0 +nq

√
cmax
0 , and the

signal threshold as t>0 = cmin
>0 − nq

√
cmin
>0 . The square root terms consider the variability of

the counts cmax
0 and cmin

>0 in every run of the circuit, while the factor nq takes into account
that noise increases with the number of qubits nq for the quantum processor considered.
Finally, we define a circuit-specific threshold as:

tn =
max(t0, t>0)

nshots

. (2.45)
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This circuit-specific threshold basically does not consider the diagonal entries that are
most affected by noise. For the depth-3 quantum circuits analyzed here, we generally
have t>0 ≳ t0. In particular, tQST works best whenever t>0 ≫ t0, while t>0 ∼ t0 indicates
an unfavorable SNR.

In our analysis, we generated 300 random states for each number of qubits from 4 to
7 and sorted them according to the diagonal filling, that is, the percentage of expected
non-vanishing diagonal elements. Random states were generated from random circuits
with circuit depth equal to 3. We performed 10 independent runs for each circuit and in
each run we reconstructed the state with the IBMQ-QST protocol. Then, for each of the
considered circuits, we set the circuit-specific threshold tn as discussed above and recon-
structed the state with the tQST protocol. Due to the presence of noise, different runs
may result in a different number of projective measurements to be performed because
some of the diagonal elements might have slightly different values. Thus, we also per-
formed 10 independent runs for each circuit with the tQST protocol. In Figure 2.11, we
show representative results for diagonal filling equal to 25% [a), (d)], 50% [b), (e)], and
75% [c), f)] for the cases of 4 and 7 qubits. Each panel of the figure shows the density ma-
trix reconstructed with IBMQ-QST and the one obtained with tQST. In the latter case, we
also report the value of the threshold tn and the corresponding number Nt of projective
measurements used in the tQST reconstruction. Other representative results for 5 and 6
qubits are shown in Figure 2.12, where we also display the circuits used to generate the
states. The representative states shown in Figures 2.11 and 2.12 correspond to the runs
where the minimum number of measurements was performed. For the cases of 4, 5, and
6 qubits, we observe up to a 100-fold reduction in the number of required measurements
compared to IBMQ-QST. For the 7-qubit state shown in Figure 2.11d), the reduction factor
is ≈ 300.

As is evident from the state representation, the states reconstructed with IBMQ-QST
and tQST are very similar, despite the substantial difference in the number of projective
measurements. We properly quantify this similarity by calculating the fidelity between
the two reconstructed states, which in all cases is about 0.90 or higher, as shown in Fig-
ure 2.13. The same figure also reports the fidelity between the tQST-reconstructed state
and the target state. Remarkably, this is always comparable, within error bars, to the fi-
delity between the IBMQ-QST reconstruction and the target state, as reported in Table
2.6, where a detailed analysis of the states shown in Figure 2.12 is presented. No advan-
tage is obtained with IBMQ-QST by performing more measurements than those set by the
circuit-specific threshold in tQST. This suggests that when the threshold is determined by
the SNR of the system, the tQST protocol can extract all the information accessible with
IBMQ-QST, yet with a smaller number of measurements.

The IBM quantum processor Lagos limited our analysis to 7 qubits. Nevertheless,
we further investigated the performance of tQST by extrapolating the analysis to a larger
number of qubits. To this end, we considered simulated data with an SNR analogous to
that of the IBMQ system and followed the same strategy as before to choose the thresh-
old. We considered W states up to 14 qubits, now limited only by our hardware. In all
cases, we obtained fidelities that exceeded 0.90, as reported in Table 2.7. We stress that
in the cases of 14 qubits, the 16,556 projective measurements required by tQST make the
reconstruction in principle experimentally accessible today. In contrast, QST would re-
quire at least 414 = 268, 435, 456 projective measurements that, at the moment, appear as
a prohibitive number.
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Figure 2.11: Reconstruction of random states with tQST on an IBMQ processor. We
show random states reconstructed with IBMQ-QST and tQST on an IBMQ processor. In
each panel, the top and bottom sub-panels show the IBMQ-QST and the tQST reconstruc-
tions, respectively. In the tQST sub-panel we report the threshold value tn and the number
Nt of projectors. a), b), c): Reconstructions of 4-qubit random states with diagonal filling
equal to 25%, 50%, and 75%, respectively. d), e), f): Reconstructions of 7-qubit random
states with diagonal filling equal to 25%, 50%, and 75%, respectively. Figure adapted from
[1].
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Figure 2.12: Representative results of tQST applied to random circuits implemented in
a IBMQ processor. We show the reconstructions with IBMQ-QST and tQST of random
states from 4 to 7 qubits on an IBMQ processor. In each panel, the top sub-panel shows the
circuit constructed to generate the state, while the bottom left and bottom right sub-panels
show the IBMQ-QST and the tQST reconstructions, respectively. In the tQST sub-panel
we report the threshold value tn and the number Nt of projectors. a) - c): 4-qubit random
states generated with the shown circuits with diagonal filling equal to of 25% , 50%, and
75%, respectively. d) - f), g) - i), j) - l): same as in a)-c) with 5, 6, and 7 qubits, respectively.
Figure adapted from [1].
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Figure 2.13: Quantitative comparison between IBMQ-QST and tQST on the random
states illustrated in Figure 2.12. a): Comparison of IBMQ-QST and tQST fidelities. For
each state we show the fidelity between IBMQ-QST reconstruction and the target state,
between tQST reconstruction and the target state, and between the IBMQ-QST and tQST
reconstructions. The red line represents the tQST fidelity bound corresponding to the
circuit-specific threshold. b): Scaling of the number of projective measurements with the
number of qubits for both QST and tQST reconstructions. Figure adapted from [1].

Qubits Threshold (tn) Nt Fidelity

8 0.053 312 91.5%
9 0.047 584 91.9%

10 0.042 1,114 91.2%
11 0.038 2,158 91.4%
12 0.035 4,228 91.4%
13 0.032 8,348 91.3%
14 0.030 16,556 91.3%

Table 2.7: Numerical reconstruction of W state with tQST up to 14 qubits. We intro-
duced an ad-hoc noise similar to the one observed in [71]. We report the number of
qubits, the threshold tn, the number of projectors Nt, and the fidelity between the tQST
reconstruction and the target state.
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2.10 Experimental results on a photonic integrated circuit

GTP

HWP

QWP

AOM

Demultiplexer

Fiber delays TDC

SNSPDs

Pump laser

Quantum dot

State preparation layers State measurement layers

Quantum-dot 
source

Time-to-space
demultiplexing

Integrated
Photonic
Processor

Detection

Figure 2.14: Architecture of the hybrid-photonic platform employed in the experiment.
Pictorial representation of the experimental apparatus, based on a hybrid approach, used
to generated multi-qubit states, and to implement the tQST protocol to reconstruct them.
A pulsed laser, manipulated with a pulse-shaping stage, excites a QD single-photon
source employing a RF optical excitation technique, comprising a Glan-Thompson polar-
izer (GTP), a half wave plate (HWP) and a quarter wave plate (QWP). The single-photon
stream emitted by the QD source is then interfaced with the DMX module, based on an
AOM, to obtain the required multi-photon resource. The output resource is then inter-
faced with an 8-mode fully-reconfigurable integrated photonic processor, fabricated via
the femtosecond-laser-writing technology, with internal structure allowing for universal
operation. The first six layers (cyan) of RBSs are used to perform the state preparation task
with the dual rail encoding, while the remaining two layers (blue) are used to measure
the qubits in different bases. At the end of the setup, photon detection is carried out via
SNSPDs. Photon detection events, corresponding to nq-fold coincidences, are recorded
via a time-to-digital TDC. Figure from [4].

We now analyze the experimental results of the implementation of tQST on a recon-
figurable photonic integrated circuit. Let us start by describing the experimental setup,
comprising a state-of-the-art hybrid photonic architecture, interconnecting a diverse ar-
ray of technologies tailored for multi-photon experiments. Specifically, it comprises three
subsequent stages, as depicted in Figure 2.14. The photons are generated via a single-
photon source based on quantum dot (QD) technology excited at a repetition rate of 158
MHz in the resonance fluorescence (RF) regime. We measure both the second-order auto-
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correlation g(2)(0) and the Hong-Ou-Mandel interference visibility VHOM through stan-
dard correlation experiments to quantify the quality of the single photons emitted by the
QD. We typically register values of g(2)(0) ∼ 0.01 and VHOM ∼ 0.90 with the QD source
used in the experiment. Then, a time-to-space demultiplexing module (DMX) based on
an acousto-optical modulator (AOM) converts the initial train of single photons, emitted
at a fixed time interval, into sets of photons distributed in several spatial modes. This
procedure allowed us to generate a multi-photon resource, which can be injected into
the input ports of the experiment. The pairwise indistinguishability between the photons
comprising the generated multi-photon state is achieved by finely tuning free-space delay
lines and polarization paddle controllers. In particular, the temporal indistinguishability
is ensured by fine-tuning, on the millimeter scale, the position of the internal couplers of
the DMX device while tracking the visibility of standard HOM interference experiments
carried out on the integrated device. The multi-photon resources generated with such an
approach are then injected into a 8-mode fully reconfigurable integrated photonic proces-
sor. The first six layers of the processor are earmarked for state preparation, while the
remaining two are used to implement projective measurements. The present device was
fabricated (see Appendix B.1 for more details) using the femtosecond laser-writing tech-
nique, and its internal structure is based on an interferometric mesh of 28 Mach-Zehnder
unit cells, each of which acts as a Reconfigurable Beam Splitter (RBS), arranged according
to the universal rectangular geometry described in [315]. Moreover, the integrated pro-
cessor used here features polarization-independent operation [316]. The reconfigurability
of the device is induced by thermal phase shifters and is suitably controlled via current
controllers that can be set to implement a given chosen unitary transformation U [316].
This requires knowledge of the current-optical phase response of the device, which can
be done via suitable calibration procedures. As reported in Appendix B.1, we achieved
an average moduli fidelity of 0.991 with our calibrated device, computed over randomly
drawn Haar random matrices. Finally, at the output of the setup, the photons are col-
lected and sent to a suitable detection system comprising high-efficiency superconduct-
ing nanowire single-photon detectors (SNSPDs), paired with a time-to-digital converter
(TDC) used to discriminate and record nq-fold coincidence events.

Quantum states are generated in the photon path degree of freedom by harnessing
linear optics elements, such as beam splitters and phase shifters, and considering nq-fold
coincidence events measured in post-selection on a subset of all possible combinations of
nq photons in M modes. More specifically, the states are encoded via the dual rail logic in
the photon spatial modes [317]. Thus, we can non-deterministically generate a nq-qubit
state by considering an optical interferometer with an even number M = 2nq of modes
split into nq dual rails, that is, adjacent pairs of spatial modes labeled with states |0⟩ and |1⟩
from top to bottom. Overall, when nq photons are injected in the circuit, we consider valid
for the state generation only the output combinations of photons distributed over the M
modes, such that each dual rail is occupied by one and only one photon, while the others
are discarded via a post-selection process. The controlled generation of the nq-qubit state
and its subsequent reconstruction via tomographic measurements take place in the afore-
mentioned reconfigurable integrated photonic processor. As shown in Figure 2.14 and
in Appendix B.2, the first six layers of the interferometer are configured appropriately
to prepare a target state. The generation of a nq-qubit state is obtained by mapping an
initial nq-photon state into a set of 2nq modes via a suitable linear optical transformation
and by applying a suitable post-selection procedure upon the detection of an nq-photon
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coincidence event in mode combinations satisfying the dual rail logic. In particular, if we
inject nq photons into the circuit,NRBS =M(M−1)/2 RBSs constitute aM -mode universal
multiport interferometer and are exploited in the state preparation stage (see Appendix
B.2). The remaining two layers of the interferometer are dedicated to implementing pro-
jective measurements. More specifically, this relies on the possibility of implementing any
arbitrary single-qubit transformation via a single elementary cell. Thus, by appropriately
programming the transformation of an RBS acting on the two modes of a qubit, it is possi-
ble to implement any projective measurement on the output state. Thus, we can measure
the observables needed to retrieve the target quantum state by applying the appropriate
sequence of measurements according to the chosen reconstruction protocol, either QST
or tQST in this experiment.

We now present the results of the tQST protocol implemented on the illustrated pho-
tonic platform. We analyze different classes of states, corresponding to different levels of
sparsity of the density matrices. In the remainder of the section, we call QST the tQST
with threshold t = 0. The main figure of merit to quantify the efficacy of the tQST ap-
proach is given by the fidelity between the density matrix derived using tQST and the one
obtained through the QST procedure (F0,t). A second set of relevant parameters are the
purities P0 and Pt of the states reconstructed with QST and tQST, respectively. Compar-
ing Pt with P0 let us understand how much the purity of state reconstructed with tQST
is affected by the reduced number of projectors. Finally, the remaining relevant param-
eter is the fidelity between the density matrix derived using the QST procedure and the
expected state from the apparatus (F0,m) (see B.3 for details on the model that takes into
account the experimental imperfections of the apparatus). This expected state is obtained
by numerical simulations that consider the main noise effects in the apparatus, due to
non-ideal single-photon emission from the QD source [318, 319, 320, 321], to losses, and
to an imperfect dialing of the unitary matrix on the integrated photonic processor. The
noise effects that we consider are related to (i) a non-zero multi-photon emission proba-
bility from the QD source, (ii) a degree of partial distinguishability between the photons,
and (iii) directional couplers of the elementary cell with a splitting ratio different from
50:50 (see Appendix B.3). The parameters related to the different effects have been esti-
mated by independent measurements. More specifically, noise source i) is characterized
by a standard measurement of the second-order autocorrelation via a Hanbury Brown
and Twiss interferometer. In contrast, partial distinguishability (ii) can be estimated by
measuring the Hong-Ou-Mandel visibilities VHOM between photons emitted at different
times. Finally, the splitting ratios of the directional couplers (iii) were determined during
circuit calibration.

We first experimentally implemented the tQST protocol on a set of random states of 2
and 3 qubits. More precisely, we selected a set of 40 2-qubit states and 10 3-qubit states,
each set characterized by equally spaced values of the Gini index, from the minimum to
the maximum value, calculated on the diagonal elements of the ideal density matrices.
The values of the Gini index are reported in Tables 2.8 and 2.9. This approach allowed us
to test the performance of tQST by considering states that uniformly cover the full range
of possible degrees of sparsity on the diagonal. The results of QST and tQST are shown
in Figure 2.15. More specifically, for each state we show the fidelity F (nq)

0,t between the
density matrices obtained with the two protocols and F (nq)

0,m between the QST reconstruc-
tion and the theoretical model, and the ratio Nt/N0 between the number of projectors
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State number Gini index State number Gini index

1 0.000944 21 0.12627012
2 0.00663219 22 0.13204937
3 0.01249306 23 0.13790891
4 0.01814765 24 0.14387539
5 0.02421449 25 0.15024978
6 0.03227125 26 0.1567441
7 0.03700212 27 0.1639128
8 0.04446993 28 0.16907807
9 0.05089243 29 0.17615138

10 0.05707232 30 0.1824406
11 0.06313556 31 0.18807192
12 0.06867141 32 0.19487812
13 0.07593002 33 0.20180418
14 0.0811412 34 0.20715015
15 0.08702726 35 0.21351848
16 0.09500147 36 0.22003493
17 0.09970305 37 0.22618367
18 0.10596755 38 0.23185384
19 0.11257372 39 0.23896472
20 0.11851598 40 0.24496395

Table 2.8: Gini index of the 2-qubit random states. Values of the Gini index for the 40
2-qubit states chosen in the reported experiment. The reported Gini index is computed
on the diagonal of the target state, in absence of experimental imperfections.

State number Gini index State number Gini index

1 0.0078638 6 0.06720037
2 0.02123207 7 0.08189606
3 0.03362007 8 0.09318023
4 0.04380996 9 0.10441946
5 0.05467637 10 0.11615141

Table 2.9: Gini index of the 3-qubit random states. Values of the Gini index for the 10
3-qubit states chosen in the reported experiment. The reported Gini index is computed
on the diagonal of the target state, in absence of experimental imperfections.
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Figure 2.15: Benchmarking tQST on 2- and 3-qubit random states. The tQST protocol is
tested by generating and analyzing a set of 40 2-qubit and 10 3-qubit random states with
equally spaced Gini index. a), b): In the upper panels, we show the fidelity F (nq)

0,m , with
nq = 2, 3, between the state reconstructed with QST and the theoretical model that takes
into account experimental imperfections (red bars), and the fidelity F (nq)

0,t , with nq = 2, 3,
between the states reconstructed with QST and tQST with the Gini threshold (blue bars);
in the lower panels, we show the ratio Nt/N0 (green bars) between the number of pro-
jectors Nt required by tQST with the Gini threshold, and the number of projectors N0

required by QST. c), d): We show the fidelity F (nq)
0,m as in panels a) and b), and the fidelity

F (nq)
t,m , with nq = 2, 3, between the state reconstructed with tQST with the Gini threshold

and the theoretical model taking into account experimental imperfections. In all panels
the states on the horizontal axis are sorted by increasing Gini index. Error bars are com-
puted by standard bootstrapping techniques, considering the standard deviation of the
fidelities computed from a set of independent solutions to the state reconstruction prob-
lem. Each solution is obtained by initializing the optimization algorithm with a different
seeds, that is, by choosing a different guess for the starting point of the maximum likeli-
hood algorithm. Figure from [4].
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used by tQST (Nt) and those used by QST (N0) in the upper and lower panels of Figure
2.15a) and b), respectively. In Figure 2.15c) and d) we also show the fidelity F (nq)

t,m between
the reconstructed states with tQST and the expected state calculated with a theoretical
model that takes into account experimental imperfections. Here, the threshold value in
the tQST protocol was chosen as the Gini threshold. We observe that for states with the
lowest sparsity values, the two techniques coincide given that the tQST approach requires
measuring a tomographically complete set of 4n projectors. When measuring states with
increasing sparsity in the diagonal elements, the tQST starts to be advantageous due to
the measurement of a progressively lower number of projectors, as shown in Figure 2.15.
The quality of all the reconstructed states shows that tQST is effective in reducing the
number of projectors while having only a very limited loss of information with respect
to the QST approach, since all the fidelities are found to be F (nq)

0,t > 0.935. The reduction
in the number of projective measurements becomes more pronounced when the state di-
mensionality increases, given the exponential increase in the number of measurements
required by QST. Finally, we observe that the reconstructed states show good agreement
with the theoretical expectations from the model, as quantified by the average fidelities
F (2)

0,m = 0.969(14) and F (2)

t,m = 0.959(18) for the 2-qubit scenario, and F (3)

0,m = 0.903(35) and

F (3)

t,m = 0.899(33), for the 3-qubit case.
We then applied tQST to reconstruct specific maximally entangled states characterized

by a sparse density matrix in the standard basis. In this case, tQST is expected to provide
a significant advantage over QST. Indeed, in a noiseless scenario, tQST would allow us
not to measure the projectors associated with the vanishing elements of the density ma-
trix, while in a noisy scenario we can achieve the same result by properly choosing the
threshold. We tested tQST on several maximally entangled states, such as |Ψ+⟩ = (|01⟩+
|10⟩)/

√
2 for 2 qubits, |GHZ3⟩ = (|010⟩+ |101⟩)/

√
2 and |W3⟩ = (|100⟩+ |010⟩+ |001⟩)/

√
3

for 3 qubits, and |GHZ4⟩ = (|0101⟩+ |1010⟩)/
√
2 for 4 qubits. The Bell states and the GHZ

states are generated by following the post-selected approach of [318], while the W states
are generated by exploiting the full reprogrammability of the device (see Appendix B.2
for details on the configuration for the generation layout.).

The results of the reconstructed density matrices with the two protocols, and their
comparison with the theoretical model of the apparatus, are shown in Figure 2.16, while
additional analyses are reported in Appendix B.4. As a general comment, we observe
that the states reconstructed with tQST are close to those reconstructed with QST. We
quantified this conclusion by a more detailed analysis, reported in Table 2.10 and Figure
2.17, where we analyzed tQST using a different number of projectors N compared to the
one indicated by the Gini threshold.

We start by analyzing the fidelity between the QST and tQST reconstructions F (α)
0,t as

a function of the number of projectors N , with α = {Ψ+,GHZ3,W3,GHZ4}. We observe
that for all states, the initial reduction of the number of projectors in a regime above the
value identified by the Gini index is accompanied by a small loss of information, that is,
a small decrease in the fidelity. We observe that the Gini threshold identifies the correct
boundary where the minimum number of projectors is measured for the |Ψ+⟩ state. For
the |GHZ3⟩ state, our approach sets the threshold for the number of projectors very close
to the boundary, and the obtained value of the fidelity can be increased up to 0.95 by
adding a very limited number of additional projectors (≤ 10). Conversely, for the |W3⟩
and |GHZ4⟩ states, we observe that the Gini threshold corresponds to a slightly conserva-
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Figure 2.16: Real part of the density matrices of maximally entangled states recon-
structed with tQST. We show the real part of the density matrices of the different max-
imally entangled states considered, namely (from left to right) |Ψ+⟩, |GHZ3⟩, |W3⟩, and
|GHZ4⟩. In the first row (panels a-d) we show the expected density matrices (ρmα ) esti-
mated from the theoretical model taking into account experimental imperfections. The
second row (panels e-h) shows the density matrices (ρ0α) reconstructed with QST. Finally,
the third row (panels i-l) shows the density matrices (ρtα) reconstructed with tQST with
the Gini threshold. The superscript index α labels the states as α = Ψ+,GHZ3,W3,GHZ4.
On the right part of the figure, we report the colormap for the density matrix bars, equal
for all panels a-l. Figure from [4].

State (α) N0 Nt F (α)
0,t

|Ψ+⟩ 16 6 0.94(3)
|GHZ3⟩ 64 10 0.84(5)
|W3⟩ 64 32 0.9833(7)

|GHZ4⟩ 256 66 0.948(5)

Table 2.10: Reconstruction of maximally entangled states with tQST. We applied tQST
to reconstruct some exemplary maximally entangled states. We report the state to be
reconstructed, the number of projectors N0 required by QST, the number of projectors Nt

required by tQST with the Gini threshold, and fidelity F (α)
0,t between the reconstructions

with QST and tQST. The uncertainty represents the standard deviation from the average.
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Figure 2.17: Reconstruction of maximally entangled states varying the number of mea-
sured projectors. In each panel, the red points represent the fidelity F (α)

0,t for different
numbers of projectors N , obtained by progressively varying the threshold t. The blue
points represent the purity P(α)

t of the states reconstructed via tQST as a function of N .
The superscript index α labels the states as α = {Ψ+,GHZ3,W3,GHZ4}. We show these
plots for the state |Ψ+⟩, |GHZ3⟩, |W3⟩, and |GHZ4⟩ in panels a, b, c, and d, respectively.
In each plot, the vertical dashed line corresponds to the number of projectors required
by the Gini threshold. Error bars are computed by standard bootstrapping techniques,
considering the standard deviation of the fidelities computed from a set of independent
solutions to the state reconstruction problem. Each solution is obtained by initializing the
optimization algorithm with a different seeds, that is, by choosing a different guess for
the starting point of the maximum likelihood algorithm. Figure from [4].
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tive choice, since it is still possible to further reduce the number of projectors without a
relevant decrease in fidelity. The same trend is confirmed by observing the purity of the
reconstructed states with tQST. Removing an exceeding amount of projectors with respect
to those indicated by the Gini threshold implies a significant reduction of the purity of the
reconstructed density matrix, for not enough information was collected to properly esti-
mate this quantity. We also observe that the purity of the reconstructed states decreases
with the size of the system. This is not due to the reconstruction method, but it depends
on the increased impact of the experimental imperfections of the state generation pro-
cess as the number of photons increases. Finally, we observed that in our experiments
the tQST approach with Gini threshold requires a number of projectors different from the
one required for the corresponding noiseless states. Indeed, the presence of experimen-
tal noise adds other non-zero values in the diagonal elements, which in turn implies to
measure additional projectors than those required by the corresponding noiseless state.

2.11 Final remarks

In this chapter, we introduced a novel QST protocol, called tQST, and provided a detailed
demonstration that it fulfills the four desiderata outlined at the beginning of the chapter.
Before discussing these criteria, we briefly summarize the tQST workflow. The protocol
begins with the determination of the diagonal elements of the density matrix, which are
obtained by measuring the expectation values of the projectors onto the selected com-
putational basis. In the second step, a threshold parameter t is chosen to identify the
off-diagonal elements that satisfy √

ρiiρjj ≥ t and to determine the number of observables
necessary to complete the tomography. Then, we construct local projective measurements
to target the relevant off-diagonal elements and measure their expectation value. Finally,
the measurement outcomes are processed to reconstruct the quantum state.

The structure of the protocol inherently satisfies the first desideratum, namely the
absence of any need for prior knowledge about the state. The procedure is entirely data-
driven, enabling its execution from beginning to end without assumptions or initial hy-
potheses concerning the nature of the state. The second desideratum, on the reduction in
the number of required observables, is directly addressed by the role of the threshold t.
In QST, the number of observables scales exponentially with the dimension of the Hilbert
space. In contrast, tQST exploits the sparsity of the representation of the state in a given
basis to reduce the number of observables up to two orders of magnitude for some states.
Notably, this dependency on the state representation is not an assumption, but rather a
feature that affects only the convergence of the method.

We propose two quantitative criteria to determine the threshold t using only the di-
agonal elements, the only ones available at that stage of the protocol. The first is based
on the Gini index, capturing the sparsity of the diagonal; the second employs the Shan-
non entropy, reflecting the average information content. Despite their conceptual differ-
ences, both definitions of the threshold exhibit similar quantitative behavior and correlate
positively with matrix sparsity. Once the number of relevant observables is established,
we identify the specific measurements required. We restrict our focus to local projective
measurements, that is, the tensor products of projectors onto the eigenstates of Pauli op-
erators. For each significant off-diagonal element, a recursive algorithm identifies two
such projectors that optimally extract information regarding its real and imaginary com-
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ponents.
After the measurement of the observables, reconstruction of the quantum state is car-

ried out using MLE. We provide two parametrizations for the numerical implementa-
tion of this reconstruction: the triangular parametrization, which is unbiased, and the g5
parametrization, which is advantageous in cases where the state is known or assumed
to be (approximately) pure. Furthermore, we derive an analytical expression for the gra-
dient of the likelihood function to enhance optimization efficiency. We compare these
parametrizations in terms of minimization time and reconstruction fidelity on GHZ and
W states (up to 10 qubits) and random pure states (up to 4 qubits).

To further validate the protocol, we presented comprehensive, step-by-step applica-
tions of tQST to various quantum states, specifically, a random mixed state, a random
pure state, a W state, and a GHZ state, each composed of three qubits. A subsequent
numerical analysis for systems of 2, 3, and 4 qubits revealed that tQST often requires sub-
stantially fewer projective measurements than QST while preserving high reconstruction
fidelity. These results highlight the distinctive nature of tQST and its clear advantages in
efficiency.

Addressing the fourth desideratum, experimental feasibility, we implemented the
tQST protocol on two distinct quantum platforms: a superconducting quantum proces-
sor provided by IBMQ and a fully reprogrammable integrated photonic chip. On the
IBMQ platform, we performed a comparative analysis between tQST and IBMQ-QST,
the default tomography protocol available on the IBMQ interface. We conducted experi-
ments on quantum states of up to seven qubits. The key figures of merit were the fidelity
between the tQST and IBMQ-QST reconstructions, and the fidelity between each recon-
struction and the theoretical target state. In most cases, the protocols yielded compatible
results within the associated error bars, despite significant differences in the number of
measurements required. Then, we experimentally tested tQST on a hybrid photonic plat-
form on quantum states of up to four qubits. The results demonstrated accurate recon-
struction across states with varying levels of sparsity, as quantified by average fidelity.
The tQST protocol was particularly favorable for entangled states, such as the 4-qubit
GHZ state, which are foundational in many quantum information protocols. Taking into
account the detected coincidence rates and the fact that multiple projectors within the
same measurement basis can be implemented simultaneously in our setup, the measure-
ment time for the 4-qubit GHZ state using tQST was reduced to approximately 7.5 hours,
compared to 40.5 hours required by QST.

The findings of this chapter motivate several questions. Is MLE the only viable method
for state reconstruction within this framework? Is it possible to generalize the protocol
to qudits or to alternative measurement strategies? Can tQST be adapted for quantum
characterization tasks beyond state tomography? Moreover, are there practical applica-
tions where the benefits of tQST can be effectively leveraged? These questions will be
addressed in the subsequent chapters, beginning with the exploration of alternatives to
maximum likelihood estimation.
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Chapter 3

Deep Learning and tQST

In this chapter, we study whether it is possible to use an artificial intelligence (AI) model
to characterize quantum states. We start with some general considerations about machine
learning and deep learning, and then review the literature on AI-based methods for QST.
We introduce the deep learning models that we embed into the tQST protocol to carry out
two tasks, state reconstruction and purity estimation. We show numerical results up to 4
qubits with noiseless and noisy data. Possible references for the first section are [322, 323],
while the main reference for the rest of the chapter is [3].

3.1 Machine Learning and Deep Learning

3.1.1 General considerations about machine learning

Machine learning is a subfield of artificial intelligence (AI) defined as the field of study
that gives computers the ability to learn without being explicitly programmed. We can
introduce a model, or hypothesis, which represents a relationship between the input data
x and the output y to clarify what we mean by "learning". In the simplest case, a model is
a parametric function:

hθ(x) → y. (3.1)

The goal of learning, or training, is to find opportune values of the parameters θ, gen-
erally called weights and biases, by analyzing a data set, called the training set. The
training set consists of examples, each of which consists of one or more features, and
possibly a label. Typically, learning proceeds with a learning algorithm and is achieved
by minimizing the difference between the output provided by the model and the required
output. Depending on the source from which the data come, it is possible to distinguish
three main possibilities. In supervised learning the model learns from labeled data, that
is, the training data are annotated with the correct output, and training a model means to
allow it to predict the right output for unknown (unlabeled) data. If the labels come from
a finite set of options, called classes, then we have a classification problem, and the model
is called a classifier. If the labels are real numbers, then we have a regression problem,
and the model is called a regressor. In unsupervised learning the model learns from un-
labeled data, that is, the training data are not annotated with the correct output, and it is
expected to find common structures useful to understand the phenomenon under study.
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Finally, in reinforcement learning the model is represented by an agent that learns from
the interaction with an environment, real or simulated, that provides feedback about the
actions performed by the agent and is used to fix the model.

Model selection involves the choice of the model and of its hyperparameters, specific
of each model, to distinguish them from those learned during training. Examples of hy-
perparameters are the number of iterations or epochs, the loss function, the optimizer,
and the learning rate. Let us briefly analyze each of them. The learning algorithm pro-
gresses through several iterations, that is, several updates of the model parameters. At
every iteration, the model processes a set, or batch, of examples, the number of which is
called batch size. After a certain number of iterations, the entire training set will have
been fed to the model, with each example processed once: this is an epoch. Thus, an
epoch represents Ntrain/(batch size) iterations, with Ntrain the total number of training ex-
amples. The loss measures how far the prediction of a model is from its label during the
training of a supervised model.

The loss is calculated using a loss function, which is a mathematical function that cal-
culates the loss on a batch of examples. A loss function returns a lower loss for models
that make good predictions than for models that make bad predictions. The goal of train-
ing is typically to minimize the loss that a loss function returns. Several loss functions ex-
ist, and the choice depends on the kind of problem we are facing. The L2 or mean squared
error (MSE) loss and the logistic or cross-entropy loss are common choices in regression
and classification problems, respectively. The minimization of the loss is achieved by
some proper optimization algorithm. The most widely used is gradient descent, an itera-
tive algorithm that gradually finds the best combination of parameters that minimize the
loss. An optimizer is a specific implementation of the gradient descent algorithm. Com-
mon choices are AdaGrad (ADAptive GRADient descent) and Adam (ADAptive with
Momentum). Finally, the learning rate is a floating-point number that tells the gradient
descent how strongly to adjust the parameters (weights and biases) on each iteration. If
we set it too low, the training will take too long. If we set it too high, the gradient descent
often has trouble reaching convergence.

Typically, the values of the hyperparameters cannot be chosen in advance, and we
have to try different combinations and select the best one. However, it is not a good
idea to take decisions and evaluate their effects on the same data set. We can avoid this
problem by using another set of data, called the validation set. After training, we need a
measure to quantify the performance of our model. In classification problems, the stan-
dard score is the accuracy, the fraction of samples correctly classified, while in regression
problems a common score is the coefficient of determination, defined as:

R2 = 1−
∑(

ytrue − ypred
)2∑

(ytrue − µtrue)
2 , (3.2)

with µtrue the mean of the true values. The ability of the model to make good predictions
on unknown data is called generalization. To quantify this capability, we have to consider
another data set, usually called the test set, with data that are not contained in the training
set, thus never seen by the model, and then compare the performances of the model on
the training and test set. The goal of a learning algorithm is that the model performs well
on the training set and generalizes well to new data, tuning the "complexity" of the model
(a rough estimate of which is the number of parameters of the model). Another way to
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limit the complexity of a classifier is to constrain the values of its parameters, and this
is usually done with a technique called regularization, which consists of introducing an
additional term in the loss function optimized by the model. The training-validation-test
split is usually achieved by splitting the whole data set at our disposal into three subsets.
The common ratios for this splitting are 90-5-5% and 80-10-10% for train, validation, and
test, respectively.

Machine learning encompasses a wide variety of algorithms for both classification and
regression problems. Other very popular models, such as neural networks, belong to the
realm of deep learning, which is the subject of the next subsection.

3.1.2 From artificial neurons to artificial neural networks

Artificial neural networks, simply called neural networks (NNs), are computational mod-
els that draw inspiration from the complex structure and functions of biological neural
networks. They are modeled as collections of interconnected units, called (artificial) neu-
rons, that communicate through a network of connections, whose biological counterpart
is called the synapse. Each neuron receives inputs, processes them through a simple
computation, and produces a single output that can be transmitted to multiple other neu-
rons. The combination of the processing of multiple neurons produces complex behav-
iors. Thus, it is opportune to start describing the model of a single neuron.

We can model a single neuron as a unit with an activation state that depends on neigh-
boring neurons that send their own activation state through the connection. The sum of
the activations of the neighbors, weighted by the strength of the connections, measures
the excitation of the neuron. In the original model [324] of the perceptron, proposed
to solve image recognition problems, a binary threshold was proposed: if the measure
of the excitation of the neuron exceeds a threshold, then the neuron is activated. How-
ever, the discontinuity of this activation function prevents the application of learning al-
gorithms that use gradient-based optimization strategies, such as gradient descent. A
neuron model with better mathematical behavior can be obtained by replacing the binary
activation function with a real-valued activation that is the output of a suitable activa-
tion function a(·), a crucial component within each artificial neuron. This mathematical
function determines whether a neuron should activate based on the weighted sum of its
inputs and introduces non-linearity into the model. Moreover, the threshold is replaced
by a bias b, resulting in the following mathematical formulation:

activation = a(z) = a

(
b+

n−1∑
j=0

xjwj

)
, (3.3)

with {x0, x1, . . . , xn−1} the activations of the neighbors, andw0, w1, . . . , wn−1 the weights of
the corresponding connections. A schematic representation of this artificial neuron model
is shown in Figure 3.1. The sigmoid, the arctangent, the hyperbolic tangent, and the
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Figure 3.1: A schematic representation of the perceptron.

Rectified Linear Unit (ReLU) activation are common choices for the activation function:

a(z) =
1

1 + e−z
sigmoid

a(z) = tan−1(z) arctangent

a(z) =
ez − e−z

ez + e−z
hyperbolictangent

a(z) = max(z, 0) ReLU

(3.4)

A single neuron can be used for supervised learning problems, where the inputs corre-
spond to the features of the samples. If we want to solve more complicated problems, we
have to combine multiple neurons in complex ways and train them simultaneously.

The general structure of a neural network is that of a graph in which the vertices are
the neurons and the edges are the connections between them. A relevant class of NNs
is that of feedforward networks, where we can always arrange the neurons into a multi-
layer structure such that information flows in one direction: each layer transforms its
inputs to outputs that feed the next layer, with no cycles or memory loops. We can divide
the neurons of a feedforward NN into three groups. Input neurons compose the first layer
of the network, called the input layer, have no incoming connections, and their activation
is taken directly from the input to the network. Output neurons belonging to the last layer
of the network, called the output layer, have no outgoing connections: Their activations
form the output computed by the network. Between them, the hidden neurons of the
intermediate layers, called the hidden layers, have incoming and outgoing connections:
they take information from other neurons, process it, and pass the result to the other
neurons. Furthermore, the layers of these networks typically are fully connected: Each
neuron in a layer is connected to all neurons in the next layer, and no other connections
are allowed. This type of feedforward network, a stack of fully connected layers with
non-linear activations, is called Multi-Layer Perceptron (MLP) [325]. The number of
input and output neurons is dictated by the dimension of the problem. For a binary
classification problem, there would be an input neuron for each component of the feature
vector and an output neuron for each class. The class predicted by the network would be
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the one corresponding to the output neuron with the highest activation. The number and
size of the hidden layers determine the complexity of the network.

From a mathematical point of view, MLP is basically a combination of many single
neurons. Consider an MLP ofD+1 layers, where layer 0 is the input layer, layers through
1 toD−1 are hidden layers, and layerD is the output layer, withD called the depth of the
network. Each layer l contains a given number nl of neurons. The activations of the input
neurons are taken from the input features. Then the activation x

(l)
j of the j-th neuron of

layer l > 0 is:

x
(l)
j = a

(
z
(l)
j

)
, (3.5)

z
(l)
j = b

(l)
j +

nl−1∑
r=0

W
(l)
jr x

(l−1)
r , (3.6)

with z(l)j the total input to the neuron, b(l)j the bias, and W
(l)
jr the weight of the connection

with the r-th neuron of layer l−1. Here, the activation function is assumed to be the same
for all neurons. We can gather the activations of layer l into a vector x(l) and write the
above equation in a more compact form:

x(l) = a
(
z(l)
)
, (3.7)

z(l) = b(l) +W (l)x(l−1). (3.8)

These equations represent the forward propagation and we can use them to compute the
output of the network: We take the input data as the activations x0 of the input neurons;
from x(0) compute the activations x(1) of the first hidden layer; repeat until all the activa-
tions have been computed. Finally, we take the activations x(D) of the output layer and
use them as predictions computed by the neural network. However, training the network
to make it produce the correct outputs is not as simple as it sounds.

We recall that training an MLP consists in finding the weights and biases that mini-
mize a suitable loss function. The minimization of the loss can be achieved with gradient-
based optimization, such as gradient descent. To this end, we need to compute the deriva-
tives of the loss with respect to the parameters. The backpropagation algorithm provides
a convenient way to compute these derivatives, working backwards on the operations
performed in the forward pass. A single step of the backpropagation algorithm for a
classification problem, composed of a forward and a backward pass, can be qualitatively
described as follows. The forward pass starts by computing the output of the network
as described above. The goal of minimizing the loss function is to make the value of
the output neuron Oc corresponding to the correct classification as close as possible to 1.
However, this value depends on the many nested activation functions of the entire neural
network. Thus, minimizing the loss function would entail making adjustments through-
out the network that bring the value of Oc closer to 1. To do so, we need to know how any
change in the previous layers will change the output of Oc, that is, we need the partial
derivatives of the loss function with respect to the activations of neurons. The output of
Oc activation depends on the contributions it receives from neurons in the penultimate
layer. One way to change the output of Oc is to change the weights between neurons in
the layer D−1 and Oc. However, D−1 neurons’ output values, in turn, are influenced by
weights applied to inputs they receive from D − 2. So we can differentiate the activation
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functions in D − 1 to find the partial derivatives of the weights applied to the contribu-
tions ofD−2. These partial derivatives show us how any change in a weight ofD−2 will
affect the outputs of D − 1, which would subsequently affect the output value of Oc and
therefore affect the loss function. Thus, in the backward pass we can recursively repeat
this process until we have reached the input layer and have the gradient of the loss func-
tion: a vector of its partial derivative for each weight and bias parameter in the network.
We have now completed a forward and backward pass for a single training example. We
can formalize the backpropagation algorithm for a classification problem as follows:

1. Forward pass: compute the output of the network.

(a) Set the activation of the input neurons x(0);

(b) For every layer l = 1, 2, . . . , D:

i. Compute the input:

z(l) = b(l) +W (l)x(l−1); (3.9)

ii. Compute the activations:

x(l) = a
(
z(l)
)

(3.10)

iii. Compute the output probabilities.

2. Backward pass: compute the derivatives of the loss function L with respect to the
parameters.

(a) Compute the output derivatives, that is, the derivatives δ(D) of the loss function
with respect to the activations of the output neurons, with:

δ
(D)
j =

∂L

∂x
(D)
j

. (3.11)

.

(b) For every layer l = D − 1, D − 2, . . . , 1:

i. Compute the derivative of the loss function with respect to the activations
of the neurons of layer l:

δ(l) =
(
W (l+1)

)T (
δ(l+1) ⊙ a′ (z(l+1)

))
, (3.12)

which depends on the weights W l+1 between layer ℓ and ℓ+ 1, the deriva-
tive δ(l), and the derivative of the activation function, a′

(
z
(l)
j

)
= ∂x

(l)
j /∂z

(l)
j .

Here, ⊙ is the element-wise product.
ii. Compute the derivatives of the loss function with respect to weights and

biases as:

∇W (l)L =
(
δ(l) ⊙ a′ (z(l)

)) (
x(l−1)

)T
+ λW (l) (3.13)

∇b(l)L = δ(l) ⊙ a′ (z(l)
)

(3.14)

85



This algorithm allows us to compute the gradients for the parameters corresponding to a
single training example. Given a training set of more than one example, the gradients of
the average loss are the average of the single gradients. Finally, we update the parameters
by gradient descent with a given learning rate.

Let us mention the so-called universal approximation theorem, one of the reasons why
neural networks have been so widely used. According to this result, for (almost) any
problem we may want to solve, there is a neural network that performs arbitrarily well
[326, 327]. However, this theorem does not tell the parameters and hyperparameters
of such a network. In practice, the choice of the number and size of the hidden layers
depends on our capability to make the network learn to solve the problem. We know from
empirical experiments that deep neural networks, that is, neural networks with many
hidden layers, tend to achieve greater expressivity than shallow neural networks with the
same number of parameters. However, training deep neural networks can be numerically
challenging.

3.1.3 The Neural Network Ecosystem

As the field of deep learning matured, a need arose for architectures specifically tailored
to handle complex data types and solve highly specialized problems, each tailored to dif-
ferent data modalities and tasks. This led to the proliferation of advanced neural network
designs, covering a diverse “ecosystem” of neural network architectures. These models
have achieved state-of-the-art results in many fields, from computer vision and speech
recognition to natural language processing (NLP), bioinformatics, and game playing. In
this section, we survey some major classes of architecture, outlining the core design and
how they differ from the "vanilla" MLP.

Convolutional Neural Networks (CNNs) [328, 329] are a specialized class of feedfor-
ward networks that are particularly suitable for processing grid-like data, most notably
images, but also audio spectrograms and video frames, for instance. Their strength lies
in their ability to recognize patterns and extract hierarchical features from visual data
through a structured learning process. In practice, a CNN learns a hierarchy of feature
detectors, from edges and textures in early layers to object parts and whole objects in
deeper layers. To this end, the unique architecture of CNNs is built around two primary
types of hidden layers: convolutional and pooling layers. The convolutional layers apply
a set of learnable filters, or kernels, that slide across the input data (typically an image) to
automatically extract various features such as edges, textures, and more complex shapes.
From a mathematical point of view, this operation is implemented by a convolution. A
key feature of CNNs is that its nodes share weights and bias values across different spa-
tial locations, which is highly efficient because the same feature detector can be applied
across different areas of the input, making the network translationally invariant. For
example, an edge detector can identify edges in an image regardless of where they are
located. The pooling layers typically follow the convolutional layers and serve to reduce
the dimensionality of the feature maps, that is, the spatial resolution, while preserving
the most essential information. A typical CNN structure involves a series of alternating
convolutional and pooling layers, often culminating in one or more fully connected layers
that perform the final classification or regression.

Recurrent Neural Networks (RNNs) [325] are specifically designed to process sequen-
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tial data characterized by input of variable length and temporal dependencies, such as
time series and sentences, where the timing and order in which the input is structured
are relevant. The RNN architecture prescribes that each layer’s output feeds back into
itself for the next input, forming loops that allow data to circle back through the hid-
den layers before an output is produced, providing them with a form of "memory" that
persists across different time steps. In this way, RNNs maintain a hidden state that contin-
uously captures and updates information about previous inputs, allowing them to find
structure in time-dependent data. However, RNNs suffer from vanishing or exploding
gradients when learning long-range dependencies, that is, during training, gradients can
become extremely small (vanishing) or excessively large (exploding), causing informa-
tion to be lost or amplified over time, which complicates the training over many time
steps. To address this, RNN variants were developed, such as Long Short-Term Mem-
ory (LSTM) [330] networks and Gated Recurrent Unit (GRU) [331]. Both LSTM and GRU
mitigate the vanishing gradient problem by enhancing the "memory" capabilities of recur-
rent networks. They allow important signals to pass through many steps with minimal
attenuation, enabling them to effectively learn and remember long-term dependencies in
sequential data.

Transformer networks [332, 333, 334] have profoundly revolutionized the field of NLP
and beyond, fundamentally altering how sequential data is processed. Unlike RNNs
and LSTM networks, which process sequences step by step, transformers enable paral-
lel processing of sequential data. Their core principle is to learn context and meaning
by effectively tracking relationships between elements within a sequence, regardless of
their distance from each other. The cornerstone of the transformer architecture is the self-
attention mechanism that quantifies how much attention each word should pay to every
other word in the sequence. In this way, the model can dynamically weigh the importance
of different elements in the input and adjust their influence on the output. By stacking
several such mechanisms, we obtain multi-head attention, allowing for parallel process-
ing of the data and much faster training on specialized hardware. Originally devised for
NLP tasks, such as translation and language modeling, transformers have been extended
to text generation, image recognition and generation, and multi-modal tasks. This leads
us to the framework of generative models, some of which we now present.

Generative Adversarial Networks (GANs) [335] represent one of the most famous gen-
erative models, characterized by a unique competitive training process involving two
distinct neural networks. A generator G takes random noise and produces synthetic data,
and a discriminator D tries to distinguish real training data from the output of the gener-
ator. G and D are trained simultaneously: D is trained to minimize its classification error
between real and fake data, while G is trained to “fool” D by maximizing the classifica-
tion error of D. This mini-max "game" drives both networks to improve, with G ultimately
learning to create outputs that are indistinguishable from real data, so realistic that D can
no longer reliably detect it as fake.

Autoencoders [336, 337] are a fundamental class of unsupervised learning models
primarily designed for data compression, dimensionality reduction, and feature extrac-
tion. An autoencoder is a type of neural network architecture designed to efficiently
compress (encode) input data into a compact (latent) representation and then reconstruct
(decode) the original input from this compressed representation. In doing so, an autoen-
coder learns salient features and can perform dimensionality reduction similar to princi-
pal component analysis, but with nonlinear transformations. Many variants exist, such
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as denoising, sparse, and variational autoencoders (VAEs).
Boltzmann Machines [338, 339, 340] are a type of recurrent neural network in which

each neuron is connected to all other neurons. Restricted Boltzmann Machines (RBMs)
simplify this by restricting connectivity: only some neurons act as input neurons, while
others are hidden, and there is no full connectivity between neurons within the same
layer. Deep Belief Networks (DBNs) [341] are a class of generative models constructed by
stacking multiple layers of RBMs. They learn by clamping the value of input neurons to
a desired pattern, after which the weights are adjusted, allowing the network to converge
to the most similar state compared to their input.

Although the analysis of the ecosystem of neural networks and AI models could be
much broader, our attention turns to the specific tasks of QST and quantum state charac-
terization. We now illustrate the application of some of the previously mentioned models
to these challenges.

3.2 AI models for QST

Various models in machine learning and deep learning have been developed to character-
ize quantum states. At its core, machine learning (or deep learning) is a form of statistical
inference. Generally, we suspect that a relationship exists between the input features (the
data we gathered) and the output (what we aim to classify or predict). Machine learning
techniques become valuable when no analytical formula can connect these elements. In
QST, the linear inversion procedure can produce non-physical states with noisy data, ne-
cessitating the use of statistical inference tools such as MLE or Bayesian inference. Thus,
machine learning and deep learning models offer a viable option for reconstructing quan-
tum states from measurement outcomes.

In this respect, different types of neural network have been employed in quantum
state characterization. They encompass feedforward [342, 343, 344, 345, 346, 347], con-
volutional [348, 349], and recurrent neural networks [350], autoencoders [351], models
within the generative framework [352, 353, 354], and attention-based ones [355, 356, 357,
358, 359]. In [360] Wu et al. applied techniques from multitask learning to predict global
properties of many-body quantum states from the measurement of observables that in-
volve only a small number of neighboring sites, transferring information to systems of
higher dimension and generalizing well to unseen Hamiltonians. Models have been
combined together, such as RBMs and feedforward NNs [361], or combined with other
QST approaches, such as shadow tomography [362] and adaptive QST [350, 239], to im-
prove performance. Models from alternative frameworks, such as reinforcement learning
[363, 364, 365, 366] and genetic algorithms [367], have also been considered.

Machine and deep learning models have been adopted for many applications within
the framework of quantum state characterization beyond QST, such as Hamiltonian learn-
ing [368], direct fidelity estimation [369], quantum process tomography [370], and clas-
sification of quantum states [371]. For instance, Ahmed et al. [372] leveraged CNNs
and conditional GANs to classify or reconstruct optical quantum states from the mea-
surements of quasi-probability distributions, such as the Wigner or Husimi ones, or the
histograms of the measurement statistics, such as the photon number distributions. Fur-
thermore, hardware tailored to QST can be designed, such as an optical neural network
specific for QST [373] and a FPGA optimized for machine learning QST [374]. The review
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by Krenn et al. [375] illustrates several use cases of artificial intelligence tools for quantum
technologies.

Carleo and Troyer in [376] (2017) introduced a novel strategy to solve problems in-
volving quantum many-body states. They interpreted the quantum wave-function as
a computational black box that, given an input configuration of the degrees of freedom
composing the system, returns a phase and an amplitude according to the probability dis-
tribution induced by the wave-function itself, and approximated the wave-function with
an RBM. The reason behind this choice is that RBMs offer a compact variational repre-
sentation of many-body quantum states, where the parameters of the network represent
the amplitude and the phase of the state under study, capable of sustaining non-trivial
correlations. This idea, originally applied to find the ground state or describe the time
evolution of transverse-field Ising and antiferromagnetic Heisenberg models, has been
extended in several ways, such as the connection of RBMs to tensor networks [377], the
construction of deep BMs [378], and the purification of mixed states [379]. It has been
applied to numerical QST [380, 381], implemented in a two-photon experiment [382],
and integrated with a quantum simulator [383]. Finally, the reviews [384, 385, 386, 387]
present these and other numerous results of this approach.

To our knowledge, few of these methods really tackle the problem of reducing the
number of observables required for QST without any hypothesis on the state to recon-
struct, or can do it only by adopting strategies such as shadow tomography that do not
aim to reconstruct the density matrix. However, in the previous chapter we showed that
tQST is a successful approach to solve this problem. Thus, we now study whether it
is possible to embed a proper AI model in the protocol and extend tQST to a different
quantum state characterization task.

3.3 Deep learning models for quantum state characteriza-
tion

In the previous chapter, we adopted maximum likelihood estimation (MLE) for the re-
construction of the density matrix with the tQST protocol. However, we just showed that
different tools can be used to carry out this task, such as machine learning or deep learn-
ing models. In this respect, we develop and use a physics-inspired deep learning model
to retrieve the density matrix from the measurement outcomes suggested by the tQST
protocol. Our goal is to explore the feasibility of deep learning-based data processing as
an alternative to MLE, without further reducing the number of projective measurements.
Furthermore, we use the same model and measurement outcomes to estimate the purity
of quantum states, thus extending the applicability of the tQST protocol to other tasks be-
yond only density matrix reconstruction. We now present the two models we developed
for our purposes.

The first model we considered was the MLP, as the simplest deep learning architecture
to implement, with high flexibility, and due to its behavior as a universal approximator.
The MLP architecture comprises a sequence of Linear layers (according to the PyTorch
nomenclature [388]), each followed by an activation function. However, relying on the
universal approximation property may impose a very high cost in terms of the complex-
ity of the model, the computational burden of the training procedure, and the number
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of training samples. To control these factors, we can imbue the architecture with prior
knowledge of the mathematical structure of the optimal solution. To this end, many re-
cent studies explored the concept of equivariance in neural networks [389, 390, 391]. A
network (or one of its components) is equivariant to a group of transformations if apply-
ing a transformation in the group to the input causes a predictable change in the output.
For example, CNNs are equivariant to translations in the plane, and graph neural net-
works (GNNs) are equivariant to permutations in the order used to label the vertices in
the graphs [392]. If we consider density matrices, a permutation of rows and columns
corresponds to a permutation of the elements of the basis chosen for the representation,
which leads to a different representation, but does not modify the possible outcomes or
the expectation value of a given observable. More precisely, consider a density matrix ρ
and an observable O represented in a given basis B. The possible outcomes of a measure-
ment of O are the corresponding eigenvalues, and the expectation value of O is given by
⟨O⟩ = Tr (ρO). Let us now permute, that is, reorder the elements of B to obtain a per-
muted basis B′, and accordingly find the permuted representations of the density matrix
ρ′ and the observable O′. A permutation of the basis does not change the eigenvalues of
O and ρO, thus the physical results as the outcomes of a measurement or the expectation
value of the observable are unchanged.

We then decided to take advantage of permutation equivariance to develop the sec-
ond model for our work. If we consider the case of neural networks applied to density
matrices, the permutation of rows and columns should result in a similarly permuted
output from the neural network, analogously as the case of adjacency matrices processed
by GNNs. In this context, a neural network F : Cn×n → Cn×n is permutation equivariant
if for any input matrix ρ and any permutation matrix π, we have:

F (πTρπ) = πTF (ρ)π. (3.15)

A network of this kind can be built as a sequence of permutation equivariant layers,
each of which enjoys the permutation equivariance property (3.15). The general form for
permutation equivariant linear (PELinear) layers was derived by Thiede et al. in [393].
The authors showed that any permutation equivariant linear operator ρ → ρ′ can be
expressed as follows:

ρ′ij = w0ρij + w1ρji + w2

∑
v

ρiv + w3

∑
v

ρvi + w4

∑
u

ρuj

+ w5

∑
u

ρju + w6

∑
u,v

ρuv + w7

∑
u

ρuu + w8ρii + w9ρjj

+ δij

(
w10ρij + w11

∑
u

ρuu + w12

∑
u,v

ρuv

+ w13

∑
v

ρiv + w14

∑
v

ρvi

)
,

(3.16)

with w0, w1, . . . , w14 the learnable parameters of the operator and δij = 1 if i = j, δij = 0
if i ̸= j. In practice, this formulation is extended to the case where matrix elements
are vectors of real numbers: ρij ∈ Rc, ρ′ij ∈ Rd, and all coefficients are matrices of real-
valued learnable parameters, wk ∈ Rc×d. However, we need more than just linear layers
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to build a neural network. Fortunately, permutation equivariance is closed under func-
tional composition, and most auxiliary layers in neural networks are already permutation
equivariant (activation functions, normalization, and pooling, for instance). This means
that a complete permutation equivariant network, called permutation equivariant MLP
(PEMLP) in this work, can be obtained as a sequence of PELinear layers and other aux-
iliary layers. The networks we experimented with received complex numbers as input,
which are encoded as two-dimensional vectors before processing. Now that we have the
architectures at hand, we need to create the training and test sets, which we detail in the
following section.

3.4 Datasets, workflow, and training details

We generated separated datasets for the density matrices, the corresponding purities,
and the measurement outcomes according to the tQST protocol. We first generated a
dataset of density matrices of nq qubits with the same share of pure and mixed states.
In the case of mixed density matrices, we first uniformly randomly choose the number
of vanishing diagonal elements z between 0 and 2nq − 2. This determines the possible
values of the rank r of the mixed density matrix, which varies between 2 and 2nq − z.
The number of possible pairs (z, r) is

∑2nq−1
k=1 k = 2nq−1 (2nq − 1). For each pair (z, r), we

generated M random density matrices. Thus, the number of mixed density matrices is
M × 2nq−1 (2nq − 1). Finally, we generate an equal number of pure density matrices fix-
ing the rank r = 1 and choosing z as before. The total number of density matrices in
the dataset is then 2 ×M × 2nq−1 (2nq − 1). The 2-qubit dataset consisted of 24,000 den-
sity matrices (nq = 2,M = 2, 000), while the 4-qubit dataset of 120,000 density matrices
(nq = 4,M = 500).

We then constructed the dataset containing the measurement outcomes, which are the
inputs of our models. For each density matrix, we computed the measurement outcomes
according to the tQST protocol. More specifically, if √ρiiρjj ≥ tg, with tg the Gini thresh-
old, the projective measurements associated with ρij are performed and the outcomes are
recorded; otherwise no measurement is performed, and we record a mock value 2. We
chose to use 2 to represent the non-performed measurements as it is out of the range of
the valid measurement outcomes, which are positive real numbers between 0 and 1. Fi-
nally, for each density matrix of the dataset we computed and stored the corresponding
purity P = Tr [ρ2], thus constructing the datasets for the purity estimation.

We also generated noisy datasets to study the impact of noise on the performance of
our models. In particular, we studied whether the models could reconstruct the noiseless
density matrix, or estimate the corresponding purity, from noisy measurement outcomes.
To generate the required datasets, we applied a noisy channel to the noiseless density
matrix and then computed the noisy measurement outcomes. Applying a noisy channel
results in general in a different number of required projective measurements with respect
to the noiseless case, for the diagonal elements of the density matrix change after having
applied the noisy channel. In our analysis, we considered the same two noisy channels
presented in Section 1.2.8, which we report here for convenience. The first is the depolar-
izing channel (1.89), which maps a density matrix ρ into a linear combination of itself and
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the maximally entangled state:

Edepol (ρ) = (1− p) ρ+
p

2nq
I2nq . (3.17)

with 0 ≤ p ≤ 1 + 1/(D2 − 1) a parameter quantifying the strength of the noise, and I2nq

the 2nq -dimensional identity matrix. The second channel was the experimental state-error
(1.92), which maps a density matrix ρ into a convex combination of itself and a random
density matrix:

Eexp-state (ρ) = (1− ε) ρ+ ερrandom

ρrandom =
R†R

Tr [R†R]

R = 2rand (2n)− 1 + i [2rand (2n)− 1] .

(3.18)

The rand (2n) function generates a 2n × 2n matrix of random values sampled from a uni-
form distribution over the interval (0,1). This channel simulates experimental error in
the preparation of the state. Indeed, the prepared state always differs from the intended
state by some small amount, here quantified by the ε parameter and implemented via a
random density matrix.

The workflow of the proposed method for quantum state characterization based on
tQST and deep learning is the following. We generate a (noiseless or noisy) density matrix
and measure the observables specified by the tQST protocol. The measurement outcomes
are recorded as explained above, stored in a array of size (1, 4nq) and fed into the model to
estimate the purity or reconstruct the density matrix depending on the task. The architec-
tures of the models are similar for both tasks and consist of an input layer of 4nq neurons,
some hidden layers (whose number and kind depend on the size of the problem) and a
final output layer with 4nq neurons for tQST, while a single neuron is necessary for the
purity estimation. As anticipated, the output of the model has a different size depend-
ing on the performed task. On the one hand, for tQST, the values of the output neurons
represent the 4nq real parameters that characterize the density matrix, ordered first with
the (real) diagonal elements and then the off-diagonal elements, with real and imaginary
parts interleaved. These parameters are then converted into a Hermitian, trace-one matrix
µ. However, this reconstruction process does not guarantee µ to be positive semi-definite.
We handle this problem by numerically implementing the solution presented in [56]. On
the other hand, for the purity estimation, there is a single output output value. The model
can estimate a purity value slightly higher than 1 or lower than the minimum 1/2nq . In
this case, the estimated values are rescaled to the maximum or minimum, respectively.

Before showing and commenting on the results, we provide some details about the
training procedure. The code for the training of the models was written in the Python
language using the PyTorch library [388]. All datasets were split into training, validation,
and test sets with shares equal to 90%, 5%, and 5%, respectively, and loaded with a batch
size equal to 32. We adopted MSELoss as the objective function to be minimized, since
both tQST and purity estimation are regression tasks. We used the Adam optimizer with
a learning rate equal to 10−4. The number of epochs was 100. The 2-qubit MLP models for
tQST and purity estimation have 2,128 and 1,633 parameters, respectively, and required
a training time of ≈ 2 minutes on the Google Colab platform without GPUs. The PEMLP
models have 3,972 and 3,989 parameters for the same tasks and required ≈ 30 minutes for
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training on the same platform. The 4-qubit model for tQST has 295,748 parameters, while
the one for purity estimation has 164,933 parameters, and both required ≈ 4 hours for
training on a standard desktop computer with an Intel Core i7-4790 processor, 3.60 GHz
CPU, and 32 GB system memory, without GPUs. Finally, data supporting the findings of
this study are openly available on Zenodo at https://doi.org/10.5281/zenodo.14887723.

3.5 Training results

3.5.1 2 qubits

We show the results of our method for the two-qubit case. We consider this as a bench-
mark for the validation of the method. We tested the MLP and PEMLP models for tQST
and purity estimation. For tQST, the MLP consists of two hidden Linear layers, each con-
taining 32 neurons, while the PEMLP has a single hidden PELinear layer with 64 internal
features. In both models, the activation function between the hidden layers is the ReLU
function [394, 395]. We evaluated the performance on the test set using average fidelity
as a figure of merit, defined as:

F =
1

Ntest

∑
i

Tr
(√√

ρo,iρp,i
√
ρo,i

)
, (3.19)

with ρo (ρp) the observed (predicted) density matrix and Ntest the number of samples in
the test set. The MLP achieved an average fidelity F = 0.9555(411) on the noiseless test
set, while the PEMLP achieved F = 0.8893(919). These results allowed us to conclude that
both models can reconstruct density matrices of two qubits from the measurement out-
comes collected according to the tQST protocol. The results are compatible with those ob-
tained with maximum likelihood, which achieved an average fidelity of F = 0.9941(174)
on the same test set.

We then investigated the impact of noise on the accuracy with which the state can
be reconstructed to assess the practical applicability of these models in an experimental
scenario. The strengths p and ε of the noisy channels were set at 0.01, 0.05, and 0.1 in
our experiments. The results, reported in Table 3.1, indicate that both the MLP and the
PEMLP are robust against noise, with slightly modified performance as the noise strength
increases.

The sparsity of the density matrix plays a crucial role in the tQST protocol. On the
one hand, the larger the number of vanishing diagonal elements, the smaller the number
of projective measurements we have to perform according to the tQST protocol. On the
other hand, many of the states used in quantum communication or computation proto-
cols are sparse in the computational basis. Thus, we further analyzed the models’ per-
formance based on the number of zeros on the diagonal of the noiseless density matrix.
For each model, we computed the average fidelity for density matrices with 0, 1, and
2 vanishing diagonal elements separately. The MLP performed consistently well across
these subsets, whereas the PEMLP showed slightly better performance on density matri-
ces with two vanishing diagonal elements. These findings, which we report in Figure 3.2,
suggest that both models are reliable in reconstructing sparse states, such as Bell states.
We substantiate this conclusion by reconstructing the Bell state |ϕ−⟩ = 1/

√
2(|00⟩ − |11⟩)

using high-quality experimental data from [396], where the authors reconstruct single-
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MLP - tQST

Noise strength Depolarizing State-error

0 0.9555(411) 0.9555(411)
0.01 0.9501(505) 0.9624(353)
0.05 0.9561(405) 0.9448(498)
0.1 0.9578(436) 0.9366(591)

PEMLP - tQST

Noise strength Depolarizing State-error

0 0.8893(919) 0.8893(919)
0.01 0.8918(907) 0.8838(916)
0.05 0.8864(915) 0.8901(907)
0.1 0.8883(900) 0.8858(912)

Table 3.1: Results for the MLP and PEMLP on the 2-qubit noiseless and noisy test sets
for tQST. For each value of the noise strength we reported the average fidelity and the
standard deviation on the test set.

Figure 3.2: Performance of the 2-qubit models on states with different numbers of van-
ishing diagonal elements. We report the average fidelity of the 2-qubit models on states
with different number of vanishing diagonal elements and different values of the noisy
channels applied. The height of each bar represents the average value, while error bars
represent the standard deviation from the average. We show the results for the MLP a),b)
and the PEMLP c),d) under the action of the depolaziring and the state-error channel,
respectively.
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Figure 3.3: Reconstruction of the density matrix of the Bell state |ϕ−⟩. The height of the
bar represents the modulus, while the phase is encoded in the color as shown in the col-
orbar. Measurement outcomes are experimental data from [396]. a) tQST reconstruction
with the MLP model trained on the depolarizing noise dataset with p = 0.01. The fidelity
with the noiseless target state is 0.93. b) tQST reconstruction using maximum likelihood.
The fidelity with the noiseless target state is 0.99. c) Target density matrix. Figure from
[3].

and two-qubit states encoded in the polarization of photons generated via a non-linear
optical process. The result is shown in Figure 3.3. Reconstruction of this state with our
model trained on the depolarizing noise dataset with p = 0.01 required only 6 projec-
tive measurements instead of 16 and achieved a fidelity with the noiseless target state of
F = 0.93.

We then applied the same models to the purity estimation and evaluated their efficacy
using two figures of merit. The first is the mean squared error (MSE) on the test set,
defined as:

MSE =
1

Ntest

∑
i

|yp,i − yo,i|2, (3.20)

with yp,i (yo,i) the predicted (observed) purity, and Ntest the number of samples of the test
set as above. The second is the R2 coefficient, or coefficient of determination, defined as:

R2 = 1−
∑

i (yo,i − yp,i)
2∑

i (yo,i − yo)
2 , (3.21)

with yo the average observed purity computed on the test set. The MSE achieved by the
MLP and PEMLP models was 0.0144 and 0.0097, respectively, while the correspondingR2

coefficients were 0.7808 and 0.8528. These results demonstrate that both the MLP and the
PEMLP can estimate the state purity from a limited number of projective measurements
selected according to the tQST protocol. This is significant because, in principle, one
would first need to reconstruct the density matrix via quantum state tomography and
then compute the purity. If we reconstruct the density matrices corresponding to the test
set with maximum likelihood and then estimate the purity, we achieve MSE = 0.0006 and
R2 = 0.9902.

We studied the performance of the models under the effect of the same noisy chan-
nels as in tQST. The results, reported in Table 3.2, confirmed that both models are robust
against noise, as their performance is only slightly affected by increasing the noise level.
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MLP - Purity estimation

Noise strength Depolarizing State-error

0 0.0144 / 0.7808 0.0144 / 0.7808
0.01 0.0163 / 0.7523 0.0148 / 0.7739
0.05 0.0157 / 0.7615 0.0160 / 0.7562
0.1 0.0162 / 0.7536 0.0139 / 0.7884

PEMLP - Purity estimation

Noise strength Depolarizing State-error

0 0.0097 / 0.8528 0.0097 / 0.8528
0.01 0.0101 / 0.8462 0.0123 / 0.8123
0.05 0.0104 / 0.8420 0.0118 / 0.8208
0.1 0.0106 / 0.8382 0.0149 / 0.7734

Table 3.2: Results for the MLP and PEMLP on the 2-qubit noiseless and noisy datasets
on the purity estimation. For each value of the noise strength we reported the MSE and
the R2 on the test set.

It is interesting to note that the MLP works better in tQST, while the PEMLP gives better
results in purity estimation. Maximum likelihood provides more accurate results when
applied to both tasks. Nevertheless, the results on the 2-qubit datasets are a good bench-
mark that assesses the capability of the models to characterize quantum states. Thus, we
now study the scalability of our approach to the 4-qubit case.

3.5.2 4 qubits

Based on the results achieved in the 2-qubit case, we decided to combine the MLP and
PEMLP models to improve performance and conducted an ablation study [397] consid-
ering different numbers of hidden layers and neurons/internal features per hidden layer
for each model separately. The activation function between the layers was the ReLU func-
tion. We trained each model on the noiseless dataset. The results we report in Table 3.3
clearly indicate that neither model, in isolation, can extract the relevant information from
the input data to reliably reconstruct the density matrix.

The model with the best trade-off between the number of parameters, the training
time, and the performance for tQST is composed of three hidden PELinear layers, with
32 internal features each, followed by one hidden Linear layer with 512 neurons. The
activation function between each pair of hidden layers is the ReLU function. As in the
2-qubit case, we evaluated the model using the average fidelity and standard deviation
on the test set. The average fidelity of the combined model on the noiseless test set is
F = 0.8811(540). The result shows that the combined model can carry out tQST and
reconstruct 4-qubit density matrices, in contrast to isolated models. The MLE approach
achieved an average fidelity of F = 0.9982(25) on the same test set. In Figure 3.4 we show
an example of a 4-qubit density matrix reconstructed with our model, the corresponding
MLE reconstruction, and the target state. Notably, we achieved fidelity equal to 0.95 by
performing only 46 projective measurements instead of 256 as in QST.
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Figure 3.4: Reconstruction of a 4-qubit density matrix. The encoding of modulus and
phase is the same as Figure 3.3. a) tQST reconstruction with the combined model trained
on the noiseless dataset. The fidelity with the noiseless target state is 0.95. b) tQST recon-
struction using maximum likelihood. The fidelity with the target density matrix is 0.99.
c) Target density matrix. Figure from [3].

We believe that the success of the combined model can be explained as follows. Thanks
to permutation equivariance, the PELinear layers exploit our prior knowledge about the
symmetric structure of density matrices. Unlike general linear layers, PELinear layers
do not need to learn the relationship among the elements of the density matrix for each
possible permutation. This implies that for nq qubits, PELinear layers are (2nq)! times
more sample-efficient than general Linear layers. This fact is reflected in the reduction
of the number of learnable parameters (which does not depend on nq) and in the better
generalization accuracy. The PELinear layers essentially elaborate "local information", as
the extracted feature vectors are "located" in the position occupied by the elements they
refer to. Finally, the Linear layer combines all the features holistically, providing a more
reliable final prediction.

For the purity estimation, the model is the same as for tQST, with the addition of a
dropout layer before the final Linear layer with probability equal to 0.5. We included this
to avoid overfitting that came to light in the initial numerical experiments, as illustrated
in Figure 3.5. On the noiseless dataset, the combined model achieved MSE = 0.0023 and
R2 = 0.9837. These results demonstrate that the model can effectively estimate the purity
of a quantum state using only the measurement outcomes required by the tQST proto-
col without reconstructing the entire state. Furthermore, they confirm that the selected
projective measurements provide sufficient information to accurately estimate a quantity
that is a function of the density matrix. If we leverage maximum likelihood to reconstruct
the density matrices and then estimate the state purity, we achieve MSE = 2.4× 10−5 and
R2 = 0.9998.

Finally, we studied the impact of noise on the model performance. In our simulations,
we set the strengths p and ε of the noisy channels to 0.01, 0.05, 0.1, 0.2, 0.4, 0.6, 0.8, and
1. Figures 3.6a) and 3.7 illustrate the performance of the combined model trained on
noisy data to reconstruct the noiseless density matrix or predict the noiseless state purity,
depending on the task. We can identify four regions, covering different ranges of noise
strength. In the first region, from 0 to 0.1, the effect of noise is small and comparable to
statistical fluctuations. In the second, ranging from 0.1 to 0.4, the noise provides a clear
improvement of the results with respect to the noiseless case. Although counterintuitive,
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Figure 3.5: Effect of the dropout layer on the learning procedure. In panels a) and b)
we show the training and validation loss curves for the purity estimation on the noiseless
dataset without and with the dropout layer, respectively. The dropout layer removes the
overfitting effect, represented by the gap between the training and validation curves. In
panels c) and d) we show the same curves starting from epoch 3 to highlight the ampli-
tude of the gap.
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Figure 3.6: Performance of the combined model on tQST as a function of the noise
strength. In panel a) and b) we show the average fidelity on the test set and the average
number of measurements with respect to noise strength for 4-qubit states, respectively. In
panel b), the height of each bar represents the average value, while error bars represent
the standard deviation from the average. In panel b), error bars were computed asym-
metrically, that is, the upper (lower) error bar quantifies the standard deviation of the
data that are above (below) the average, respectively. Figure adapted from [3].
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Figure 3.7: Performance of the combined model on purity estimation as a function
of the noise strength. We show the R2 coefficient on the test set with respect to noise
strength for 4-qubit states. The inset shows a zoomed-in version of the values for noise
strength between 0 (noiseless) and 0.6. Figure adapted from [3].

101



this is a well-documented phenomenon in machine learning. Adding controlled noise
can act as a form of regularization, preventing overfitting and improving generalization
by encouraging the model to learn more robust features [398, 399, 400, 322, 401]. The
performance of the model in the first two regions is similar for either the depolarizing
or the state-error noise channel. In contrast, in the third region, between 0.4 and 0.8, the
model works much better in the case of a depolarizing channel. When noise increases,
the number of projective measurements increases and approaches 256 for basically every
test sample, as shown in Figure 3.6b). However, the model can counteract depolarizing
noise more effectively because of its deterministic nature. In other words, unlike the
case of state-error noise, which is random, the model is able to learn the correlations
that characterize the depolarizing noise. Finally, in the last region, where p = 1 and
ε = 1, the measurement outcomes do not provide sufficient information to complete the
tasks successfully. The generalization capability of our model when trained and tested on
different levels of noise depends on how different they are. If they are similar, then the
performance is expected to be slightly modified, while if they are very different, then the
model is likely not to generalize well. As an example, our model trained on the dataset
with depolarizing noise p = 0.4 achieves an average fidelity F = 0.80(13) when tested on
data with depolarizing noise p = 0.1 and F = 0.94(5) when tested on data with p = 0.2.

As we did in the 2-qubit case, we analyzed the performance of the model as a function
of the number of zeros on the diagonal of the density matrix and as a function of the
noise strength. We separately computed the average fidelity for states with a small (0-
4), intermediate (5-9), and large (10-14) number of zeros on the diagonal. The average
fidelity was 0.87, 0.87, and 0.91, respectively. We report these results in Figure 3.8. The
data show that in many cases the combined model better reconstructs states that are more
sparse and agrees with more general results on the tQST protocol.

Finally, we highlight a key advantage that emerges in the presence of noise. Our
model can reconstruct the noiseless state from noisy measurement outcomes, whereas
MLE can only retrieve the noisy state. As a result, MLE performance degrades as noise
increases, while our model exhibits robustness in tQST, as explained above. For example,
if we consider depolarizing noise with p = 0.4, our model achieves an average fidelity of
0.96(3), while MLE obtains 0.83(5). Furthermore, the inference times of our model after
training and MLE are comparable, about a few seconds.

3.6 Final remarks

In this chapter, we introduced some fundamental machine learning concepts and ana-
lyzed the perceptron, a model of artificial neuron. This allowed us to study some repre-
sentative members of the ecosystem of neural networks, from the multi-layer perceptron
to CNNs and Boltzmann machines. We then reviewed the literature on AI models in the
context of quantum state characterization and QST.

Motivated by these considerations, we showed the feasibility of embedding permutation-
equivariant deep learning models into the tQST protocol. We tested our model on the
state reconstruction task for 2- and 4-qubit datasets, where it successfully reconstructed
density matrices demonstrating robustness against depolarizing and state-error imper-
fections. Our proposed model can compete with MLE, achieving compatible results in
many cases. Then, we extended tQST to quantum state characterization beyond QST and
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Figure 3.8: Performance of the 4-qubit model on states with different numbers of van-
ishing diagonal elements. We report the average fidelity of the 4-qubit combined model
on states with different number of vanishing diagonal elements and different values of
the noisy channels applied. We show the results for the depolarizing a) and the state-
error b) channel. The height of each bar represents the average value, while error bars
represent the standard deviation from the average.
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tested our physics-inspired models to estimate the state purity from the measurement
outcomes according to tQST without reconstructing the density matrix. This is a valu-
able result of our work for at least two reasons. First, we showed that the tQST protocol
provides meaningful measurements not only to reconstruct the density matrix but also
to estimate the state purity. Second, having an approach to directly estimate the purity
can avoid the computational cost of MLE to reconstruct the density matrix for a large
number of qubits. In both tasks, our model could manage noisy measurement outcomes
to reconstruct the noiseless quantum state or predict the noiseless state purity, ensuring
both robustness and accuracy despite experimental imperfections.

Although our machine learning technique does not yet outperform MLE, the results
are promising enough to warrant further exploration in this area. The findings imply that
incorporating physics-based architectures alongside enhanced computational methods
can significantly lower resource demands and enhance the accuracy of quantum state re-
construction. This progress not only offers a crucial tool for existing quantum technology
applications, but also establishes a foundation for delving into larger and more complex
quantum systems. Further research is necessary to optimize these models, determine
ideal thresholds, discover more efficient methods for processing input data, and extend
their application to many-qubit systems, preparing for the needs of practical quantum
computing and communication technologies.
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Chapter 4

Enhanced Compressive Threshold
Quantum State Tomography (ECT-QST)

In this chapter, we present a generalization of tQST to systems composed of qudits and
measurement settings inspired by compressed sensing, called Enhanced Compressive
Threshold Quantum State Tomography (ECT-QST). First we illustrate the protocol and its
most relevant features, then analyze the results of the numerical simulations, and show
the experimental results on superconducting and photonic platforms. The main reference
for this chapter is [2].

4.1 Observables of a single qudit

In the following, we consider systems composed of nq qudits, that is, nq d-level carri-
ers of information. The dimension of the Hilbert space associated with these systems is
D = dnq . We assume that for each qudit, we can measure the expectation value of the
projectors onto the eigenvectors of the d2 − 1 operators σ(k), corresponding to the genera-
tors of SU(d). Among these operators, d − 1 span the Maximal Abelian Subgroup (MAS)
and all have the same eigenvectors, which define the computational basis. Thus, we only
need to retain a single representative element from the MAS, or, without loss of general-
ity, replace it with the d-dimensional identity Id, for it has the same eigenvectors as the
generators of the MAS. This flexibility does not affect the quality of the reconstruction.
In either case, we will denote the MAS representative as σ(0). The remaining d(d − 1)
operators are Hermitian operators whose representation in the computational basis has
only two non-vanishing off-diagonal elements. Half of these matrices are real, half are
purely imaginary. They can be indexed by the position of their non-zero upper triangular
element, starting with the real-valued matrices followed by the imaginary ones.

As an example, if we consider qubits, where d = 2, then there are d2 − 1 = 22 − 1 = 3
single-qubit observables, which correspond to the usual SU(2) Pauli matrices: σ(0) = σz
(the MAS generator), σ(1) = σx and σ(2) = σy. If we consider qutrits, where d = 3, then
there are d2 − 1 = 32 − 1 = 8 single-qutrit observables, corresponding to the 8 Gell-Mann
matrices, which are the SU(3) analogous of the Pauli matrices. The real observables are
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the following:

σ(1) =

0 1 0
1 0 0
0 0 0

 , σ(2) =

0 0 1
0 0 0
1 0 0

 , σ(3) =

0 0 0
0 0 1
0 1 0

 , (4.1)

while the purely imaginary observables are:

σ(4) =

 0 i 0
−i 0 0
0 0 0

 , σ(5) =

 0 0 i
0 0 0
−i 0 0

 , σ(6) =

0 0 0
0 0 i
0 −i 0

 . (4.2)

Finally, SU(3) MAS comprises the following two generators:

σ(7) =

1 0 0
0 −1 0
0 0 0

 , σ(8) =
1√
3

1 0 0
0 1 0
0 0 −2

 . (4.3)

As explained above, in our protocol we choose the d-dimensional identity Id as the rep-
resentative element of the MAS defining the computational basis, since it has the same
eigenvectors as the generators of the MAS.

4.2 How to construct the set of measurement settings

4.2.1 Density matrix elements and measurement settings

The proposed ECT-QST protocol starts with the measurement of the D diagonal elements
{ρii}Di=1 of the density matrix. We can do this by measuring the setting s(00···0) = ⊗nq

r=1σ
(0),

which corresponds to measuring the expectation value of the projectors onto the D states
constructed as tensor products of the eigenvectors of σ(0), that is, the computational basis.
After this first measurement, we choose a suitable threshold t to select the matrix elements
ρij for which rij =

√
ρiiρjj ≥ t. As explained in Section 2.3, the choice of threshold is a cru-

cial step of our protocol, for it determines the amount of resources required to complete
the tomography experiment. Ideally, one would like to choose a threshold that is small
enough to include the most relevant elements of the density matrix, yet large enough to
exclude those elements that are most likely affected by noise and do not provide mean-
ingful information about the quantum state being measured. However, the optimal value
of t depends on several factors, such as the specific physical system used to implement
the qubits, which in turn determines the noise level, the amount of available resources, or
the target quantum state to be generated.

Once we have chosen the threshold, we look for a set St of measurement settings of
the form s(K) = s(k1k2···knq ) = ⊗nq

r=1σ
(kr) that provides as much information as possible

on the density matrix elements selected by the threshold. Here, K =
(
k1, k2, . . . , knq

)
is a

multi-index where each index kr ranges from 0 to d(d−1) and describes which observable
is measured on the r-th qudit. Since the expectation value of s(K) on ρ is given by:

Tr
(
s(K)ρ

)
=
∑
i

s
(K)
ii ρii + 2

∑
i<j

[
Re
(
s
(K)
ij

)
Re (ρij) + Im

(
s
(K)
ij

)
Im (ρij)

]
, (4.4)
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a sufficient condition for s(K) to provide information on the real (imaginary) part of ρij is
that the real (imaginary) part of s(K)

ij is non-zero. From the definition of s(K) one has:

s
(K)
ij = s

(K)

id1i
d
2···idnq

,jd1 j
d
2 ···jdnq

= σ
(k1)

id1,j
d
1
σ
(k2)

id2,j
d
2
· · ·σ(kN )

idnq
,jdnq

, (4.5)

with idr the r-th digit of the base-d representation of i (and similarly for jdr ). Equation (4.5)
shows that all the matrix elements of the single qudit observables on the right-hand side
of (4.5) must be different from zero so that s(K)

ij is different from zero.
We now need to find a setting that provides information about the real part of the

density matrix element ρij . To this end, we digit-wise compare the base-d representations
of i and j and choose: σ(0) if idr = jdr , and the unique real generator with a non-zero
element at (idr , j

d
r ), if idr ̸= jdr . It is then sufficient to replace an odd number of single

qudit observables where idr ̸= jdr with the corresponding imaginary ones to construct a
setting that provides information about the imaginary part of the same density matrix
element. We choose to change only one single qudit observable, the one for which ir ̸= jr
for the smallest value of r. Thus, to gain information on the imaginary part of ρij , we
replace the first real single qudit operator σ(kr) different from σ(0) with the corresponding
σ(kr+d(d−1)/2). We repeat this procedure for every off-diagonal element above threshold,
and construct the set St of unique measurement settings by removing duplicates. Thus, if
E is the number of off-diagonal elements selected by the threshold, we have |St| ≤ 2E.

As an example, let us consider a system composed of nq = 4 qubits (d = 2), and
construct the measurement settings associated with the density matrix element ρ4,13. We
first write the base-2 (binary) representation of i and j, which is composed of 4 digits,
obtaining i = 4 = 01002 and j = 13 = 11012. Then we bit-wise compare the two binary
representations to construct the setting for the real part of the density matrix element:
if two bits are equal, take σz, while if they are different, take σx. In this way, we find
σx ⊗ σz ⊗ σz ⊗ σx as the setting associated with the real part. Finally, if we replace the
first occurrence of σx with σy we construct the setting for the imaginary part, which is
σy ⊗ σz ⊗ σz ⊗ σx. If we now consider a system composed of nq = 3 qutrits (d = 3), to
determine the measurement settings associated with the density matrix element ρ12,23, we
first calculate the base-3 representations as i = 12 = 1103 and j = 23 = 2123, and then
determine the setting s(302) = σ(3) ⊗ σ(0) ⊗ σ(2) as the one associated with the real part and
s(602) = σ(6) ⊗ σ(0) ⊗ σ(2) the one associated with the imaginary part.

We highlight that the rule just presented does not recover all the 3nq settings required
in QST even in the limit of t → 0. For example, the settings σx ⊗ σy and σy ⊗ σy cannot
belong to the set St by construction in the case of 2 qubits. In Table 4.1 we report the
maximum number (max|St|) of settings that our protocol prescribes and the maximum
number of settings required by QST, which scales as 3nq if we consider qubits. The data
allowed us to conclude that the maximum amount of experimental resources required by
the proposed protocol scales more favorably with the number of qubits than QST. As a
final comment, we note that for sparse density matrices with E off-diagonal elements to
be determined, our protocol requires O(E) settings, corresponding to O(E dnq) projective
measurements. Consequently, it is highly likely that some settings provide information
on multiple matrix elements, making them redundant. In the next section, we show how
to further reduce the required number of measurement settings.
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nq max|St| 3nq

2 6 9
3 14 27
4 30 81
5 62 243
6 126 729
7 254 2,187
8 510 6,561
9 1,022 19,683
10 2,046 59,049

Table 4.1: Maximum number of settings of ECT-QST and QST. We report the number of
qubits, the maximum number max|St| of unique measurement settings required by ECT-
QST, and the maximum number of settings required by QST if we consider qubits.

4.2.2 Pruning the measurement settings

We now recall the definitions (1.24) and (1.26) of the observables that provide sharp in-
formation on the real or imaginary part of a specific off-diagonal element of the density
matrix ρ. This will be useful to find the minimum number of settings that still allows one
to faithfully reconstruct the state under consideration. Let m be a multi-index in the form
(i, j,R) or (i, j, I) for the real or imaginary part of the considered off-diagonal elements,
respectively. Let Om be observables such that their only non-zero elements are (i, j) and
(j, i), with their values being both 1/2 if m = (i, j,R) or i/2 and −i/2 if m = (i, j, I),
respectively. The following relations hold for these observables:

Tr(Omρ) =

{
Re(ρij) if m = (i, j,R)
Im(ρij) if m = (i, j, I) (4.6)

Each setting s = s(K) is a sequence of nq observables σ(kr), and corresponds to a set of

D projectors
{
Π

(s)
n

}D
n=1

. These projectors are separable, that is, they project onto states

that are the tensor product of eigenstates of the observables σ(kr). More precisely, Π(s)
n =

|ϕ(s)
n ⟩⟨ϕ(s)

n |, with |ϕ(s)
n ⟩ = ⊗nq

r=1|φ
(kr)

nd
r
⟩,
∣∣∣φ(kr)

nd
r

〉
eigenstate of σ(kr), and ndr the rth digit of the

base-d representation of n. We construct the rank-3 tensor A with shape (2E, D, |St|) and
elements defined as:

A(s)
mn = ⟨ϕ(s)

n |Om|ϕ(s)
n ⟩ = Tr

(
OmΠ

(s)
n

)
. (4.7)

The elementA(s)
mn can be interpreted as the overlap between the projector Π(s)

n of the setting
s and the observable returning the real or imaginary part of the matrix element contained
inm. In this respect, it quantifies how much information the measurement of the projector
Π

(s)
n provides about the real or imaginary part of the matrix element ofm. IfA(s)

mn = 0, then
measuring the expectation value of Π(s)

n does not provide any information on the real or
imaginary part of the matrix element of m. Then we construct a matrix C with shape
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(|St|, 2E) and elements defined as:

Csm =
∑
n

∣∣A(s)
mn

∣∣2 ∀ s ∈ St. (4.8)

The matrix element Csm quantifies how much information one can retrieve about the
matrix element of m by measuring the projectors of the setting s, that is, by measuring
the setting s. Thus, Csm represents the overlap between the setting s and the matrix
element m. Consider then the following vector β, whose 2E components are defined
as the maximum overlap on the matrix element of m among the settings s ∈ St:

βm = maxs Csm. (4.9)

This maximum surely exists, but may not correspond to a unique setting s. In general,∑
sCsm ≫ βm, that is, several projectors Π

(s)
n in different settings s ∈ St provide infor-

mation on the same matrix element m. Thus, we look for a subset S ′
t ⊂ St such that∑

s∈S′
t
Csm ≈ βm in order to reduce the number of settings while keeping the total overlap

with the matrix elementm as large as the maximum overlap among the settings identified
in St.

The simplest way to find such a subset is through a greedy algorithm, which attempts
to find a globally optimal solution by making locally optimal choices. We start by se-
lecting the setting s1 such that Cs1m has the fewest elements equal to zero, add it to
S ′
t and remove it from St. This ensures that s1 provides information on the maximum

number of matrix elements of interest. Then we find the setting s2 ∈ St with the next
fewest zeros in Cs2m, excluding the columns m′ for which the target value has already
been achieved, that is, the columns m′ such that

∑
s′∈S′

t
Cs′m′ ≥ βm′ . We continue this

process until
∑

s′∈S′
t
Cs′m ≥ βm ∀m. At the end of this algorithm we have a smaller set

S ′
t of measurement settings whose elements have an overlap with the matrix element m

(
∑

s′∈S′
t
Cs′m) as large as the maximum overlap among the original settings (βm). We also

note that the pruning operation might or might not reduce the number of settings to be
measured, depending on the specific state under consideration, as shown in the examples
of Section 4.5.1. In the former case |S ′

t| < |St|, while in the latter case |S ′
t| = |St|.

Finally, the settings in S ′
t are not equally important for the reconstruction of ρ. Thus,

we assign a weight ws =
∑

mCsmrm to each setting, reflecting the total overlap of s on the
selected density matrix elements. Finally, we sort the settings in descending order accord-
ing to their weight. This allows one to progressively measure the settings, prioritizing the
most important ones.

4.3 State reconstruction

We reconstruct the density matrix ρ using a maximum likelihood approach starting from
the measurement of the settings in S ′

t. The reconstruction process requires finding the
density matrix ρ that minimizes the following (negative log-) likelihood function:

L(ρ) =
∑
s,n

N (s)
n −N

(s)
n

2

√
N (s)
n

2

, (4.10)
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with N (s)
n = ⟨ϕ(s)

n |ρ|ϕ(s)
n ⟩ the expected (theoretical) measurement outcomes, and N

(s)
n the

measured (experimental) outcomes. In (4.10), the index n takes D values for nq qudits,
leading to an exponential increase in the number of terms that contribute to the likelihood.

We need a model, or parametrization, of the density matrix ρ to carry out the mini-
mization. As explained in Section 2.5, the most general and unbiased model is based on
the Cholesky decomposition and writes the density matrix as ρ = T †T , with T a lower
or upper triangular matrix of size D ×D. However, as nq increases, the evaluation of the
likelihood and its gradient for minimization becomes computationally demanding. Fur-
thermore, we experimented only with pure states on IBMQ. For these reasons, we found
it more efficient to use the g5 parametrization of ρ, that is, ρ = R†R, with R a nvec × D
matrix, and nvec is kept relatively small. In our numerical experiments, we fixed nvec = nq.
To verify the soundness of this approximation, we verify that the number of eigenvectors
nvec used to approximate the state is greater than the rank, estimated as the inverse of
the purity of the reconstructed state ρrec, that is, nvec > 1/Tr (ρ2rec). If this condition is not
satisfied, we increase nvec and repeat the minimization.

4.4 Connection with tQST

The ECT-QST protocol can be viewed as an extension of the original tQST approach [1],
tailored for multiplexing platforms where one performs projective measurements on the
eigenbasis of a given setting. This is the case for the two platforms that we used in our
experiments. The connection between the tQST and ECT algorithms arises considering
the rank-3 tensor A defined in (4.7) and noting that the projector Π

(s)
n that provides the

most information about the matrix element m is the one with the maximum overlap, that
is, it is the projector identified by the index nmax given by:

nmax = argmax
(
|A(s)

mn|2
)
. (4.11)

In this way, we can recover the original tQST protocol in two steps. First, we identify
the setting s that provides the most information about the matrix element m of interest,
and construct the matrix corresponding to that specific setting from (4.7). Second, we
determine the most relevant projector from (4.11). In general, there may not be a unique
solution to (4.11), which means that multiple projectors Π(s)

n may have the same maximum
overlap. Here, we select the smallest value of n that satisfies (4.11).

These points clarify the relationship between tQST and ECT-QST. The former focuses
on reducing the number of projective measurements, while the latter focuses on reducing
the number of measurement settings. tQST is more suitable for platforms where one can
perform only a single projective measurement at once, whereas ECT-QST is tailored for
multiplexed platforms where one can simultaneously perform several projective mea-
surements. As a final comment, we note that the number of projective measurements
used in ECT-QST is O(dnq) times greater than in tQST, introducing a significant amount
of redundancy. However, the experimental results show that this redundancy makes
ECT-QST more robust in noisy environments compared to tQST.

Before showing some examples of application of ECT-QST, we highlight that an im-
plementation of ECT-QST using the Python language is available online on Github [402].
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Figure 4.1: Three components of the rank-3 tensor A of the state (4.12). We show the
first three components a) A(s(05))

mn , b) A(s(02))
mn , and c) A(s(42))

mn of the rank-3 tensor A of the
state (4.12), corresponding to the first three settings of (4.13). The name of the setting is
also reported in the title of each panel. We show only the real part since the imaginary
part of all components is vanishing.

4.5 Examples of ECT-QST

4.5.1 Examples of the pruning procedure

We now illustrate in detail how the pruning procedure works for two different states. Let
us start by considering a system composed of two qutrits (nq = 2, d = 3), whose Hilbert
space has dimension D = 9, in the following state:

|Ψ⟩ = 1√
2
|00⟩+ 1√

3
|02⟩+ 1√

12
|11⟩+ i√

12
|12⟩ . (4.12)

We first retrieve the diagonal elements of the density matrix ρΨ = |Ψ⟩⟨Ψ|. The only non-
vanishing elements are the ones indexed by 0, 2, 4, and 5, with values 1/2, 1/3, 1/12,
and 1/12, respectively. By setting the threshold t = 1/12 the ECT-QST protocol identifies
E = 6 off-diagonal elements above threshold and requires the following |St| = 12 unique
settings: {

s(05), s(02), s(42), s(11), s(41), s(12), s(13), s(10), s(43), s(40), s(06), s(03)
}
. (4.13)

We recall that the single qutrit observables used in the tQST protocol are the ones of (4.1),
(4.2), and (4.3), and the notation s(05) = σ(0) ⊗ σ(5) means that we measure σ(0) on the first
qubit and σ(5) on the second qubit. Equivalently, it means that we measure the expectation
value of the projectors onto the eigenbasis of σ(0) ⊗ σ(5).

We now construct the rank-3 tensor A with shape (2E,D, |St|) = (12, 9, 12) according
to (4.7). In Figure 4.1 we show the components of A for the first three settings of (4.13),
and report all the components in Figure C.1 of Appendix C.1. Then we compute the
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matrix C according to (4.8) and obtain:

C =



0 0 0 0 0 0 0.5 0 0 0 0 0
0.5 0 0 0 0 0 0 0 0 0 0 0
0.25 0 0 0 0 0 0 0 0.25 0 0.25 0
0 0.25 0 0 0.5 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0.25 0 0 0.5 0

0.25 0 0.25 0 0.25 0 0 0 0 0 0 0
0 0 0 0.25 0.25 0.25 0 0 0 0 0 0
0 0 0 0 0.5 0 0 0 0 0 0 0
0 0 0 0 0 0.25 0 0 0 0.25 0.25 0
0 0 0 0 0 0 0 0 0 0 0.5 0
0 0 0 0 0 0 0 0 0 0 0 0.5
0 0 0 0 0 0.5 0 0 0 0 0 0



. (4.14)

Finally, we compute the vector β from C according to (4.9):

β =
(
0.5 0.25 0.25 0.25 0.5 0.5 0.5 0.25 0.25 0.25 0.5 0.5

)
. (4.15)

The pruning procedure tells us that we can remove the settings s(10) and s(40), correspond-
ing to the eighth and tenth row of C. The reason behind this result is the following. Let C ′

be the matrix obtained from C by removing the eighth and tenth rows, and let β′ be the
vector computed according to (4.9) from C ′. We find that β′ is component-wise greater
than or equal to β, which is precisely the condition described above for pruning to occur.
Thus, those two rows can be removed. If we remove any other different pair of rows or
more rows than the two specified, we always find that at least one of the components of β′

is smaller than the corresponding component in β. Thus, no more rows can be removed
and the pruning procedure stops here, resulting in |S ′

t| = 10.
Let us now consider again a system composed of two qutrits in the following state:

|Φ⟩ = 1√
2
|00⟩+ 1√

3
|02⟩+ 1√

12
|10⟩+ i√

12
|12⟩ . (4.16)

The only non-vanishing diagonal elements of the corresponding density matrix ρΦ =
|Φ⟩⟨Φ| are those indexed by 0, 2, 3, and 5, with values 1/2, 1/3, 1/12, and 1/12, respec-
tively. By setting t = 1/12 we find again E = 6 off-diagonal elements above threshold, as
in the previous case. However, now we find only |St| = 6 unique settings to be measured:{

s(05), s(02), s(10), s(42), s(40), s(12)
}
. (4.17)

The rank-3 tensor A now has shape (2E,D, |St|) = (12, 9, 6), and we show the compo-
nents corresponding to the first three settings of (4.17) in Figure 4.2, and show all the
components in Figure C.2 of Appendix C.1. The matrix C in this case is:

C =


0 0 0 0 0 0 0.5 0 0 0 0 0.5
0.5 0 0 0 0 0.5 0 0 0 0 0 0
0 0.5 0 0 0.5 0 0 0 0 0 0 0

0.25 0 0 0 0 0.25 0 0.25 0.25 0.25 0.25 0
0 0 0 0 0 0 0 0.5 0 0 0.5 0

0.25 0.25 0.25 0.25 0.25 0.25 0 0 0 0 0 0

 . (4.18)
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Figure 4.2: Three components of the rank-3 tensor A of the state (4.16). We show the
first three components a) A(s(05))

mn , b) A(s(02))
mn , and c) A(s(10))

mn of the rank-3 tensor A of the
state (4.16), corresponding to the first three settings of (4.17). The name of the setting is
also reported in the title of each panel. We show only the real part for all the elements of
the imaginary part are vanishing.

The corresponding β vector is:

β =
(
0.5 0.5 0.25 0.25 0.5 0.5 0.5 0.5 0.25 0.25 0.5 0.5

)
. (4.19)

For this state, the pruning procedure tells us that we cannot remove any setting from the
6 identified above. The reason is that if we construct C ′ by removing any row from C, and
compute β′ from C ′, we always find that at least one of the components of β′ is smaller
than the corresponding component β. Thus, no pruning is allowed, and |S ′

t| = |St| = 6.

4.5.2 Complete examples of ECT-QST

We now show the ECT-QST protocol applied to the same states analyzed in Section 2.6.
Let us start from the random mixed state (2.29). The diagonal elements, the Gini thresh-
old, and the off-diagonal elements selected by ECT-QST are the same as of tQST, for the
two protocols share these first steps. However, now ECT-QST requires the following
|St| = 14 unique measurement settings:

{ZZX,ZXZ,ZXX,XZZ,XZX,XXZ,XXX,
ZZY, ZY Z,ZY X, Y ZZ, Y ZX, Y XZ, Y XX} .

(4.20)

We highlight that we quote the settings and we do not report the corresponding off-
diagonal elements, for a single setting typically extracts information about many off-
diagonal elements. The pruning procedure reduced the number of settings to |S ′

t| = 9,
for a total of 10 measurement settings, including the first to determine the diagonal ele-
ments. Measurement of these settings corresponds to measuring the expectation value of
80 projectors, given by (|S ′

t|+ 1)×D = 10×8 = 80. The fidelity between the reconstructed
and the target state is 0.9923.
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If we now consider the random pure state (2.31), the |St| = 10 unique settings pre-
scribed by ECT-QST are:

{ZZX,ZXX,ZXZ,XXX,XXZ,
ZZY, ZY X,ZY Z, Y XX, Y XZ} .

(4.21)

The number of settings after pruning is |S ′
t| = 8, for a total of 9. The number of measured

projectors is 72, and the fidelity between the reconstructed state and the target state is
0.99987.

The ECT-QST protocol applied to reconstruct a |W3⟩ state requires the following |St| =
nq (nq − 1) = 6 measurement settings:

{ZXX,XZX,XXZ
ZY X, Y ZX, Y XZ} .

(4.22)

The pruning operation does not further reduce the number of settings, therefore |S ′
t| =

|St|, and the corresponding number of measured projectors is 56. The fidelity between
the target and the reconstructed state is 0.99999.

Finally, GHZ states require only |St| = 3 measurement settings, regardless of the num-
ber of qubits. If nq = 3, the settings related to the off-diagonal elements are {XXX,Y XX}
and cannot be further reduced by pruning. The number of measured projectors is 24, and
the fidelity between the target and the reconstructed state is 0.99999.

4.6 Numerical analysis

After we have illustrated step by step the ECT-QST protocol for some specific states, we
now conduct a more general analysis of the method by performing numerical simulations
to analyze its efficacy. We first examine some relevant pure states, such as GHZ and W
states, realized via proper quantum circuits. We chose the threshold t as the value of the
smallest non-vanishing diagonal element of the target state density matrix.

A GHZ state of nq qudits has d(d − 1)/2 relevant off-diagonal elements, resulting in
d(d− 1) ∼ O(d2) settings to be measured regardless of nq. In the case of nq qubits, only 3
settings are required to reconstruct the corresponding GHZ state. In addition to the initial
setting s(00...0) to determine the diagonal elements, the set St includes only two further
settings, s(11···1) = σx⊗ σx⊗ · · · ⊗ σx associated with the real part of the element at i = 0 =
00 · · · 02︸ ︷︷ ︸
nq times

and j = 2nq − 1 = 11 · · · 12︸ ︷︷ ︸
nq times

, and s(21···1) = σy ⊗ σx ⊗ · · · ⊗ σx associated with the

imaginary part of the same element. Without noise, the ECT-QST protocol reconstructs
the considered GHZ states with fidelity equal to 1.

The ECT-QST protocol identifies nq(nq−1) ∼ O(n2
q) settings to reconstruct an nq-qudit

W state, regardless of the value of d. In the case of nq qubits, in Figure 4.3a) and b) we
show: the fidelity Fρℓ

ρtarget between the ECT-QST reconstruction ρℓ with ℓ settings and the
target density matrix ρtarget; the fidelity Fρℓ

ρℓ−1
between the ECT-QST reconstruction with ℓ

settings and the ECT-QST reconstruction with ℓ−1 settings, respectively. In the latter case,
we progressively measure the settings by decreasing weights as explained in Section 4.2.2.
We obtained fidelities F

ρℓnq
ρtarget > 0.999 with a number of settings equal to ℓnq = 5, 7, 5, 10

for nq = 4, 5, 6, 7, respectively, that is, with much fewer settings than those in S ′
t.
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Then we considered pure random states generated by 7-qubit depth-3 random circuits.
For each number of qubits, we generated 100 depth-3 random circuits and extracted some
representatives such that the corresponding output states have different numbers of non-
vanishing diagonal elements. We selected 8 circuits of 4, 5, and 6 qubits, and 13 circuits
of 7 qubits. In Figure 4.3c) and d) we show the fidelities Fρℓ

ρtarget and Fρℓ
ρℓ−1

for the random
states under study, whose number of non-vanishing diagonal elements is between 16 and
96, and the number of settings identified by the ECT-QST protocol is from 17 to 67. We
achieved an average fidelity Fρℓ

ρtarget > 0.999 with ℓ7 = 15(7) settings. The fast saturation of
the fidelity observed for the W and random states is driven by the progressive measure-
ment of the settings according to their weights, demonstrating that low-weight settings
minimally affect the quality of the maximum likelihood reconstruction.

We then considered a more general situation and validated the ECT-QST protocol to
reconstruct random pure and mixed states. We used the same datasets of density matrices
as in Section 2.7 for all the following analyses and analyzed whether there was a relation
between the number of measurement settings required by ECT-QST, the purity, and the
sparsity (quantified by the Gini threshold) of the density matrices under consideration.
From the plots in Figure 4.4 we conclude that the number of measurement settings re-
quired by the protocol is inversely proportional to the sparsity of the states, regardless
of purity, that is, for a fixed value of the purity, the sparser the state, the fewer settings
required. This is consistent with the core idea of the proposed threshold protocols and
with the results of Section 2.7.

We then reconstructed each of the 2,000 2-, 3-, and 4-qubit density matrices using ECT-
QST with the Gini threshold and triangular parametrization. In Figure 4.5a), d), and g)
we show the distribution of the number of measurement settings suggested by ECT-QST.
This data confirms that the proposed protocol allows one to actually perform fewer set-
tings than QST. The protocol requires its maximum number of settings for about half of
the states of each dataset. We believe that this is due to the choice of the threshold. In fact,
the Gini threshold can be a conservative choice, as discussed in Section 4.7, that is, it is
likely that there exists a higher value of the threshold that requires fewer measurements
than the Gini threshold without compromising the quality of the reconstruction. Further-
more, we recall that the maximum number of settings required by ECT-QST is well below
the 3nq settings of QST, as reported in Table 4.1. The average number of settings was
5(1), 11(4), and 24(9) for 2, 3, and 4 qubits, respectively. The uncertainty is the standard
deviation from the average. As mentioned in Section 2.7, the distribution of the number
of settings certifies that we are implementing a protocol different from QST, but is not
enough to prove that the proposed protocol works. To this end, we need to show that we
can reconstruct the states with high fidelity using the settings provided by the protocol.
Thus, in Figure 4.5b), e), and h) we show the fidelity between the reconstructed and the
target state with respect to the number of measurements, while in Figure 4.5c), f), and i)
we show a zoomed-in view of the same plots, together with the average fidelity for each
number of measurement settings. The data allowed us to conclude that we can recon-
struct the states with high fidelity using the settings suggested by ECT-QST, the number
of which is much lower than 3nq . In particular, we achieved average fidelities of 0.992(26),
0.989(29), and 0.985(36) for 2-, 3-, and 4-qubit states, respectively. For comparison, QST
achieved average fidelities of 0.991(27), 0.989(29), and 0.984(38) for the same number of
qubits, which are compatible within the errors with the results of ECT-QST.
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Figure 4.3: Reconstruction of noiseless W and random states generated with noiseless
quantum circuits. a): Fidelity Fρℓ

ρtarget between the target density matrix ρtarget of a nq-
qubit W state and the ECT-QST reconstruction ρℓ with ℓ settings as the identified settings
s ∈ S ′

t are progressively measured. b): Fidelity Fρℓ
ρℓ−1

between ECT-QST reconstructions
with ℓ and ℓ − 1 settings for nq-qubit W states. In panels a) and b) each curve represents
a different number of qubits, from 4 to 7. c), d): Same fidelities as in a), b) for noiseless
7-qubit depth-3 random circuits. In panels c) and d), each curve represents a random
state with a different number of non-vanishing diagonal elements, from 16 to 96, whose
symbol is reported in the legend. Figure adapted from [2].
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Figure 4.4: Relation between number of settings, purity, and sparsity. Correlation plot
between the sparsity (Gini threshold), purity, and number of measurement settings of
eahc state in the dataset of a) 2, b) 3, and c) 4 qubits. The number of settings is encoded
in the colorbar. Each point represents a different state of the dataset. Note the inverted
vertical axis.

117



Figure 4.5: Numerical validation of ECT-QST. a), d), g): Distribution of the number of
measurement settings used to reconstruct the states for 2, 3, and 4 qubits, respectively. b),
e), h): Fidelity between the reconstructed and the target state with respect to the number
of settings for 2, 3, and 4 qubits, respectively. c), f), i): Detail of the vertical axis of the plot
of the fidelity with respect to the number of measurements. The encoding of the color for
pure and mixed states is reported in the legend. We show in red the trend of the average
computed for each number of measurement settings.
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Figure 4.6: Reconstruction of GHZ states on IBMQ with ECT-QST. Fidelities Fρtarget
ρIBMQ−QST ,

FρECT
ρtarget , and FρECT

ρIBMQ−QST
for nq-qubit GHZ states, with nq = 4, 5, 6, 7. We define in the main

text all the fidelities appearing here. Figure adapted from [2].

4.7 Experimental results on an IBMQ processor

We now show the experimental results achieved by ECT-QST to reconstruct quantum
states generated on a superconducting processor provided by IBMQ. Specifically, we im-
plemented circuits to generate GHZ, W, and random states on the IBMQ superconducting
platform (see the Appendix A.1 for platform specifications and performance metrics). We
chose the threshold t using the circuit-specific definition (2.45) that takes into account the
noise level of the platform as we did in Section 2.9. This allowed us to make a fair com-
parison with the results reported in [1]. Furthermore, we compared our results with those
achieved using IBMQ-QST, the default QST protocol implemented in qiskit. We recall
that this protocol reconstructs the density matrix from linear inversion on the outcomes
of an over-complete set of 6nq observables, resulting from the implementation of 3nq mea-
surement settings, each corresponding to 2nq projectors. All the results of our experiments
were obtained using nshots = 104 shots.

We first implemented the circuit described in [403] to generate the nq-qubit GHZ
states, as this circuit has logarithmic time complexity and minimizes the required depth.
In Figure 4.6 we show three fidelities as a function of the number of qubits: Fρtarget

ρIBMQ−QST

between the target density matrix and the one reconstructed with the IBMQ-QST pro-
tocol; FρECT

ρtarget between the target density matrix and the one with the ECT-QST protocol;
FρECT
ρIBMQ−QST

between the density matrix reconstructed with ECT-QST and the one recon-
structed with IBMQ-QST. We note that Fρtarget

ρIBMQ−QST decreases below 0.9 for nq ≥ 6, while
FρECT
ρtarget is above 0.9 ∀nq, which means that the ECT-QST algorithm faithfully reconstructs
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Figure 4.7: Reconstruction of W states on IBMQ with ECT-QST. a): Fidelities Fρtarget
ρIBMQ−QST ,

FρECT
ρtarget , and FρECT

ρIBMQ−QST
for nq-qubit W states, with nq = 4, 5, 6, 7. The decrease of the fi-

delity as nq increases is due to relaxation processes that populate the ground state com-
ponent, which in the noiseless case is vanishing (see the discussion in Appendix A.2 and
Figure A.3). b), c): Fidelities Fρℓ

ρIBMQ−QST
and Fρℓ

ρℓ−1
for nq-qubit W states as the settings

identified by ECT-QST are progressively measured by decreasing weight, respectively.
We define in the main text all the fidelities appearing here. Figure adapted from [2].

the density matrix of GHZ states. Furthermore, the fidelity between the two reconstruc-
tions is always above 0.88, indicating that the two reconstructions are quite similar despite
the very different number of required settings.

Next, we leveraged the circuit with logarithmic-time complexity proposed in [403] to
generate nq-qubit W states. In Figure 4.7a), we show the fidelity FρECT

ρfQST
as in Figure 4.6,

noticing that here we achieve lower values. This decrease in fidelity is due to experi-
mental imperfections in the IBMQ processor. Although the implemented circuits gen-
erate reasonably trusting W states on the IBMQ platform, the population of the ground
state |0⟩⊗nq increases significantly as nq increases and leads to lower fidelity values (see
Appendix A.2 and Figure A.3). In Figure 4.7b) and c) we show the fidelity Fρℓ

ρIBMQ−QST

between the ECT-QST reconstruction ρℓ with ℓ settings and the reconstruction with the
IBMQ-QST protocol ρIBMQ−QST, as we progressively measure the settings identified by
ECT-QST by decreasing weight, and the fidelity F ρℓ

ρℓ−1
between ECT-QST reconstructions

with ℓ and ℓ − 1 settings, respectively. We highlight that last-measured settings least af-
fect the fidelity, and are associated to the imaginary part of the density matrix elements
identified by the threshold. This occurs because the off-diagonal elements of the target W
states have vanishing imaginary parts. Consequently, the most relevant settings are those
that provide information about the real part of these elements.

Finally, we implemented on IBMQ the same states generated by nq-qubit depth-3 ran-
dom circuits considered in Section 4.6, with nq = 4, 5, 6, 7. We show the results for the
7-qubit random states in Figure 4.8, where we show the same fidelities as in Figure 4.7,
while more details on the cases with nq = 4, 5, and 6 are reported in Table 4.2 and in
Appendix A.3. As a general comment, we found that ECT-QST can reduce the num-
ber of required settings by one or two orders of magnitudes with respect to IBMQ-QST,
depending on the states under consideration, without compromising the quality of the
reconstruction.
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Figure 4.8: Reconstruction of random states on IBMQ with ECT-QST. a) Fidelities
Fρtarget
ρIBMQ−QST , FρECT

ρtarget , and FρECT
ρIBMQ−QST

for 7-qubit random states, implemented on IBMQ
depth-3 random circuits, as a function of the number of non-vanishing diagonal elements.
b)-c): Fidelities Fρℓ

ρIBMQ−QST
and Fρℓ

ρℓ−1
for 7-qubit pure random states as the settings iden-

tified by ECT-QST are progressively measured by decreasing weight, respectively. We
define in the main text all the fidelities appearing here. Each curve represents a random
state with a different number of non-vanishing diagonal elements, whose symbol is re-
ported in the legend. Figure adapted from [2].

nq |S ′
t| FρECT

ρIBMQ−QST
FρECT

ρtarget
|S ′
t,ℓ∗ | Fρℓ∗

ρIBMQ−QST
Fρℓ∗

ρtarget
∼ r×nq

4 13(5) 0.97(1) 0.96(1) 7(3) 0.96(2) 0.95(3) 5
5 25(5) 0.95(1) 0.95(1) 10(3) 0.94(1) 0.94(2) 6
6 35(7) 0.92(3) 0.94(2) 12(5) 0.91(3) 0.93(3) 8
7 40(14) 0.87(4) 0.89(5) 18(6) 0.87(2) 0.89(4) 11

Table 4.2: Results of ECT-QST for nq-qubit depth-3 random circuits on IBMQ, with
nq = 4, 5, 6, 7. |S ′

t| is the average number of settings determined by the pruning procedure.
FρECT

ρfQST
is the average fidelity between the ECT and IBMQ-QST reconstructions. FρECT

ρtarget is
the average fidelity between the ECT-QST reconstruction and the target state. |S ′

t,ℓ∗| is the
average number of settings used when progressively measuring the settings in S ′

t ordered
by their decreasing weight and terminating when Fρℓ∗

ρℓ∗−1
> 95%, achieved with ℓ∗ settings.

Fρℓ∗

ρIBMQ−QST
and Fρℓ∗

ρtarget are the average fidelities between the ECT-QST reconstruction with
ℓ∗ settings and the IBMQ-QST reconstruction and the target state, respectively. All the
averages are computed over the random states selected for our analyses. The last column
reports an estimate of r × nq, with r calculated as the average of the inverse purity of the
IBMQ-QST reconstructions. This value corresponds to the number of settings expected
by the Adaptive Compressed Sensing approach to QST proposed in [134, 135]. In all the
columns, number in parentheses denote the standard deviation in the last digit(s).
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4.8 A comparison with adaptive and compressed sensing
QST

The ECT-QST protocol takes inspiration from CS QST. Thus, it is relevant to understand
how our protocol compares with CS QST, where reconstruction of a rank-r density ma-
trix of nq qubits can be carried out with O(r2nq log2 2nq) randomly chosen measurement
settings [118]. In particular, we compare ECT-QST with an experimental implementation
of CS-QST on a 7-qubit system implemented with trapped ions [132], where the authors
prepare states of a topological color code [404]. The 7-qubit states we analyze are given
by: ∣∣0〉 = 1√

8
(|1010101⟩+ |1100011⟩+ |0101101⟩+ |0011011⟩

+ |1001110⟩+ |0110110⟩+ |1111000⟩+ |0000000⟩) ,
(4.23)

and ∣∣1〉 = 1√
8
(|0101010⟩+ |1010010⟩+ |0011100⟩+ |1100100⟩

+ |0110001⟩+ |1001001⟩+ |0000111⟩+ |1111111⟩) .
(4.24)

The states (4.23) and (4.24) are eigenstates of the operator Z = Z1Z2Z3Z4Z5Z6Z7, with
Z
∣∣0〉 =

∣∣0〉 and Z
∣∣1〉 = −

∣∣1〉. At the same time, they are also eigenstates that corre-
spond to the positive eigenvalue of all six stabilizer operators X1X2X3X4, X2X3X5X6,
X3X4X6X7, Z1Z2Z3Z4, Z2Z3Z5Z6, and Z3Z4Z6Z7. As a result, such a system represents
the smallest possible instance of a topological color code, which encodes a single logical
qubit, resilient to one bit flip, phase flip, or a combined error of both, as an entangled state
distributed over 7 physical qubits [405].

Following [132], we implement CS QST with a set of 127 measurement settings (called
’Pauli basis measurements’ (PBM) settings in [132]) as a product of seven Pauli matrices:

s(j) = V1V2V3V4V5V6V7; j = 1, . . . , 127. (4.25)

Importantly, in CS QST, the Vi ∈ {X, Y, Z} are chosen at random. In [132] the mea-
surement was repeated 100 times for each setting , that is, the number of shots for each
measurement setting was equal to 100. Thus, one ends up performing 27 = 128 pro-
jective measurements for each setting, which in turn corresponds to a total amount of
127 × 27 = 16, 256 projective measurements. Furthermore, the measurement outcomes
collected for these measurement settings are undersampled, for the number of shots is
smaller than the number of possible outcomes of each setting, resulting in a quite poor
signal to noise ratio. ECT-QST with the Gini threshold identifies 8 × 7 = 56 off-diagonal
matrix elements to reconstruct each of the states

∣∣0〉 and
∣∣1〉, and 14 unique measure-

ment settings, one order of magnitude fewer than the 127 (random) settings used in [132].
We stress that, at variance with CS QST where the settings are sampled randomly, the
ECT-QST protocol suggests the optimal settings that provide enough information to re-
construct the quantum state.

In Table 4.3 we report the results of the reconstruction of the states
∣∣0〉 and

∣∣1〉 with
127 random settings, with 14 random settings, and the 14 settings suggested by ECT-QST,
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State Number of settings F

∣∣0〉 127 (random) 0.981(3)
14 (random) 0.938(11)

14 (ECT-QST) 0.979(2)

∣∣1〉 127 (random) 0.981(4)
14 (random) 0.929(12)

14 (ECT-QST) 0.979(1)

Table 4.3: Comparison between CS QST and ECT-QST. We compare CS QST and ECT-
QST on reconstructing the states

∣∣0〉 and
∣∣1〉 with 127 randomly chosen settings, as orig-

inally done in [132], 14 randomly chosen settings, and the 14 settings required by ECT-
QST. In each case we use 100 shots. The average F fidelity and the standard deviation are
computed over 10 independent reconstructions.

with the number of shots equal to 100 as in [132]. We note that the average fidelities
obtained with 127 random settings and with the 14 settings suggested by ECT-QST are
always compatible within the error, meaning that the two reconstructions are similar de-
spite the differences in choosing the settings. Furthermore, the lower fidelity achieved
with 14 random settings confirms that ECT-QST can actually identify the settings that
provide information on the elements above threshold.

Finally, we can compare ECT-QST with another version of CS QST, called adaptive
compressive tomography (ACT), introduced in [134, 135]. ACT is an adaptive protocol
that starts from the outcomes of an initial random measurement setting to identify the
next best setting (according to a proper figure of merit) using rank-deficient estimates of
the state to be reconstructed. We can compare this approach with ECT-QST in several re-
spects. For example, regarding the number of measurement settings, we achieved similar
results in our IBMQ implementation. In fact, in the last column of Table 4.2 we report the
quantity r × nq, with r calculated as the average of the inverse of the purity of the states
reconstructed with IBMQ-QST. This value represents the number of settings required by
ACT, and is compatible within the error bars with the number of settings |S ′

t,ℓ∗| reported
in Table 4.2, except for nq = 5, 7 where it is beyond the error bar by a single measure-
ment setting. However, there are major differences between the two approaches. ACT is
an adaptive protocol, meaning that one cannot definitely know the amount of resources
(number of observables, time to be spent in the laboratory, etc.) necessary to complete
the experiment. In contrast to this, our protocol completely determines the amount of
resources after having determined the diagonal elements and chosen the threshold. Fur-
thermore, our protocol does not rely on any hypothesis on the state, while ACT leverages
rank-deficient estimates of the state to find the next measurement setting.

4.9 Experimental results on a photonic integrated circuit

We now present the results of ECT-QST implemented on an integrated reprogrammable
photonic processor. The device is the same as in Section 2.10, and we refer to there and to
Appendix B.1 for further details. However, we remind the reader that the device is partic-
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ularly suitable for the experimental implementation of ECT-QST, as the MZI architecture
allows the natural implementation of the measurement settings, as shown in Figure 4.9.
Furthermore, in this section, we name "QST" the protocol of ECT-QST with threshold
t = 0, with the number of settings determined after the pruning procedure. The key fig-
ures of merit to quantify the efficacy of the proposed protocol are still the fidelity, between
two reconstructed states or between the target and the reconstructed state, and the purity
of the reconstructed state.

We performed a comprehensive analysis of ECT-QST applied to maximally entangled
states of different numbers of qubits from 2 to 4, namely:∣∣ψ+

〉
=

1√
2
(|01⟩+ |10⟩)

∣∣ψ−〉 = 1√
2
(|01⟩ − |10⟩)∣∣GHZ+

3

〉
=

1√
2
(|010⟩+ |101⟩)

∣∣GHZ−
3

〉
=

1√
2
(|010⟩ − |101⟩) (4.26)

|W3⟩ =
1√
3
(|100⟩+ |010⟩+ |001⟩) |GHZ4⟩ =

1√
2
(|0101⟩+ |1010⟩)

Figure 4.10 examines how the fidelity F0,t between the QST and ECT-QST reconstruc-
tions (upper panels), and the purity P of the ECT-QST reconstruction (lower panels),
change as a function of the threshold t for the six maximally entangled states of (4.26). A
key observation from all the upper panels (a–f) is that as the threshold t decreases and,
consequently, the number ℓ of measurement settings increases, the fidelity between the
two methods approaches 1. This convergence indicates that ECT-QST can approximate
QST with high accuracy when enough settings are included. However, an important ad-
vantage of the ECT-QST method is evident: fidelity quickly saturates, that is, high fidelity
is achieved even with a significantly smaller number of measurement settings compared
to QST. This efficiency gain confirms one of the cornerstones of the proposed threshold
protocols, both tQST and ECT-QST: The information content is not uniformly distributed
among the elements of the density matrix. In fact, only a subset of the measurement set-
tings contributes most significantly to the state reconstruction. Another noteworthy point
is that not only the average fidelity increases with the number of settings, but the standard
deviation also decreases. This trend reflects greater stability and reliability in the recon-
struction process as more measurement settings are included. Finally, the purity trends
mirror the ones of the fidelity, for the purity increases as more settings are included. The
maximum value of the purity decreases as the number of qubits increases as a result of
the greater impact of experimental imperfections on the generation of the states.

The results also confirm the dependence on the specific representation and the entan-
glement class of the quantum state under study. For instance, Figure 4.10a) and b) show
similar behavior for the Bell states |ψ+⟩ and |ψ−⟩, which is expected due to their identical
entanglement structure and symmetry under local unitary operations. In contrast, the
differences between the |W3⟩ and |GHZ3⟩ states are more pronounced, which is consistent
with the fact that the W and GHZ states belong to distinct entanglement classes. These
differences manifest themselves in the fidelity trends and the number of settings required
for convergence. Furthermore,

∣∣GHZ+
3

〉
,
∣∣GHZ−

3

〉
and |GHZ4⟩ achieved average fidelity

F0,t > 0.9 with only three measurement settings, regardless of the number of qubits. This
confirms that the structural sparsity of GHZ states makes them particularly attractive for
ECT-QST, which can properly identify the minimal core set of settings that capture the
essential information and result in a high-quality reconstruction.
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Figure 4.9: Illustration of the hybrid photonic chip for the implementation of measure-
ment settings. a) After injecting photons in the mode corresponding to the |0⟩ state of
each qubit, the photonic processor is programmed to implement a unitary transforma-
tion U that generates the target quantum state and the observables {si}nq

i=1 of the chosen
measurement setting. Finally, a series of photodetectors record the counts for each pro-
jector in the setting. In panel b) we show that the first six layers of the interferometer
(state preparation) are properly configured to prepare a target state, while the remain-
ing two layers of the interferometer (settings) are dedicated to the implementation of the
measurement settings. Thus, by appropriately programming the transformation of an
RBS acting on the two modes of a qubit, it is possible to implement any measurement
setting on the output state. Thus, we can measure the observables needed to reconstruct
the target quantum state by applying the appropriate sequence of settings according to
the chosen reconstruction protocol, either QST or ECT-QST in this experiment. Figure to
appear in [5].
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Figure 4.10: Figures of merit of ECT-QST applied to maximally entangled states as a
function of the threshold. We show the F0,t (upper panel) and purity P (lower panel)
as a function the threshold t for six maximally-entangled states |ψ+⟩ a), |ψ−⟩ b), |W3⟩ c),∣∣GHZ+

3

〉
d),
∣∣GHZ−

3

〉
e), and |GHZ4⟩ f). Vertical black dashed lines separate regions corre-

sponding to different numbers ℓ of measurement settings, the value of which is reported
in the color code. Horizontal lines and the associated shaded regions represent the av-
erage fidelity/purity and the corresponding standard deviation, respectively, computed
with a standard bootstrap approach over 100 samples. More specifically, for each sample,
the initialization parameters are chosen through a random draw of the seed. Vertical or-
ange and red dashed lines represent the values of the Gini threshold tg and noise-aware
threshold tn, respectively. Figure to appear in [5].
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The comparison between the Gini threshold tg and the noise-aware threshold tn is
significant as well. In general, the Gini threshold represents a more conservative choice
that provides a number of settings greater than or equal to the one provided by the noise-
aware threshold. Specifically, for |ψ+⟩, |ψ−⟩, and

∣∣GHZ+
3

〉
the two thresholds provide the

same number of settings, while for the states |W3⟩,
∣∣GHZ−

3

〉
, and |GHZ4⟩ the Gini threshold

suggests 2, 3, and 14 more settings than the noise-aware threshold, respectively. However,
the fidelity achieved using the noise-aware threshold is above 0.9 despite the reduced
number of settings, emphasizing the advantage of choosing the threshold by taking into
account the experimental noise.

Figure 4.11 complements the findings of Figure 4.10 by presenting the behavior of the
fidelity F0,t and Ft,m when the measurement settings are progressively measured accord-
ing to their weight. The trends observed here mirror those of Figure 4.10: the fidelity
converges to 1 as ℓ increases. The convergence is evident across all six maximally en-
tangled states, confirming that only a subset of the measurement settings is crucial for
high-fidelity reconstruction. The data also validate the effectiveness of the ranking sys-
tem introduced in Section 4.2.2 to arrange the measurement settings into a hierarchy and
reinforce the fact that some measurements are more informative than others. By assigning
decreasing weights to the settings based on their relevance, the method correctly priori-
tizes those that carry the most significant information for state reconstruction. Selecting
the most informative settings first allows ECT-QST to achieve high fidelity with fewer
resources. The values of tg and tn are the same as in Figure 4.10.

The previous results allowed us to conclude that, on average, ECT-QST can achieve
results that are comparable with, or better than, QST with fewer measurement settings.
This is possible thanks to several factors, such as how we select and construct the settings
and the weight system. However, other resources can be optimized, other than measure-
ment settings. For instance, also the number nc of copies of the state, or counts of the
detectors, available to compute the expectation value of all observables is a resource, fi-
nite by definition in experiments. The question now is the following: Does the number of
copies affect the results found so far? If so, to what extent?

To this end, we studied how the fidelities F0,m and Ft,m vary with the number nc of
copies used for all measurement settings required by the protocol. We focus on the |GHZ4⟩
state, for which QST and ECT-QST require ℓ = 18 and ℓ = 3 settings, respectively. Thus,
for a fixed value of nc, QST consumes nc/18 copies per setting, while ECT-QST consumes
nc/3 copies per setting. In Figure 4.12a) we show the trend of the two fidelities as a func-
tion of nc, and three points are highlighted. Point A identifies the low statistics regime,
where the number of copies available is relatively small and ECT-QST performs better
than QST, for F t,m > F0,m, without overlapping the error bars. By increasing the number
of copies, we reach an intermediate regime where the fidelities reach a crossing point,
namely point B, where the results of ECT-QST and QST are compatible, F t,m ∼ F0,m.
Finally, if we move to the high statistics regime, identified by point C, the results are op-
posite to the low statistics regime: QST performs better than ECT-QST, with F t,m < F0,m

and a smaller uncertainty for QST. These results can be interpreted as follows. On the one
hand, ECT-QST performs better when few copies are available, since it properly identi-
fies the most relevant measurement settings on which we can spend the available (scarce)
resources, while QST, which consumes fewer copies per setting than ECT-QST, cannot
collect enough information for a high-fidelity reconstruction. On the other hand, when
many copies of the state are available, QST performs better than ECT-QST despite the
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Figure 4.11: Fidelity of ECT-QST applied to maximally entangled states as a function
of the number of measurement settings. We show the fidelities F0,t (light green) and
Ft,m (azure) by progressively increasing the number ℓ of measurement settings used to
reconstruct the density matrix of the six maximally-entangled |ψ+⟩ a), |ψ−⟩ b), |W3⟩ c),∣∣GHZ+

3

〉
d),
∣∣GHZ−

3

〉
e), and |GHZ4⟩ f). More specifically, the threshold t is set equal to

0, and thus the number of settings to measure |S ′
t|, which is state-dependent and equal

to the largest value on the horizontal axis of the corresponding state. The method then
identifies a hierarchy for the settings through a weight system, as explained in Section
4.2.2. Each point of the plots represent the average fidelity achieved using the first ℓ mea-
surement settings according to the weight hierarchy. The fidelity F0,m between QST and
imperfection model is computed from the reconstruction with ℓ = |S ′

t| and corresponds
to the rightmost point of Ft,m. Error bars represent the standard deviation and is com-
puted, along the average, using a standard bootstrap approach over 100 samples. More
specifically, for each sample, the initialization parameters are chosen through a random
draw of the seed. The number of measurement settings obtained according to the noise-
aware threshold tn, derived from the imperfection model of the experimental apparatus,
and to the Gini threshold tg are highlighted with an orange and red dashed vertical line,
respectively. Figure to appear in [5].
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Figure 4.12: Comparison of QST and ECT-QST for finite amount of resources. a): Fi-
delities F0,m (red) and Ft,m (azure) as a function of the number of counts nc used to recon-
struct the density matrix of the state |GHZ4⟩. Points and error bars represent the average
fidelity and standard deviation, respectively, computed with a standard bootstrap ap-
proach over 100 samples. More specifically, for each sample, shot noise is introduced by
Poissonian statistic on the measured counts, and jointly the initialization parameters are
chosen through a random draw of the seed. In particular, nc corresponds to the overall
number of counts used by QST (ℓ = 18) and ECT-QST (ℓ = 3). b), c): Real and imaginary
part of the density matrix according to the theoretical model that takes into account ex-
perimental imperfections, Re [ρm] and Im [ρm]. d), e): Real and imaginary part of the QST
reconstruction, Re

[
ρA0
]

and Im
[
ρA0
]
, for nc ≈ 1700 (A). f), g): Real and imaginary part of

the ECT-QST reconstruction, Re
[
ρAt
]

and Im
[
ρAt
]
, for nc ≈ 1700 (A). h), i): Real and imag-

inary part of the QST reconstruction, Re
[
ρB0
]

and Im
[
ρB0
]
, for nc ≈ 5000 (B). j), k): Real

and imaginary part of the ECT-QST reconstruction, Re
[
ρBt
]

and Im
[
ρBt
]
, for nc ≈ 5000

(B). l), m), Real and imaginary part of the QST reconstruction, Re
[
ρC0
]

and Im
[
ρC0
]
, for

nc ≈ 37000 (C). n), o): Real and imaginary part of the ECT-QST reconstruction, Re
[
ρCt
]

and Im
[
ρCt
]
, for nc ≈ 37000 (C). The colorbar for the representation of the density matrices

is shown at the bottom. Figure to appear in [5].
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smaller number of copies per setting, for the use of more settings allows to gather high-
quality information and achieve a better fidelity in the reconstruction. Nevertheless, both
regimes confirm that the ECT-QST protocol selects the most informative measurement
settings, for the fidelity is consistently above 0.92.

4.10 Final remarks

In this chapter, we introduced an original QST protocol, called ECT-QST, inspired by
compressed sensing that extends tQST to systems composed of qudits where measure-
ment settings can be implemented. The initial steps of the workflow follow those of
tQST: we first determine the diagonal elements and then choose a threshold according
to one of the previously described criteria. The main differences arise in the construction
of the observables and in how they are associated with the off-diagonal elements above
the threshold.

To address this, we showed how to construct a set of unique measurement settings
that provides information on the selected off-diagonal elements. Importantly, the maxi-
mum number of settings required by ECT-QST is always less than the 3nq settings needed
by standard QST for qubit systems. Furthermore, we introduced a pruning procedure
that can further reduce the number of settings depending on the specific state under con-
sideration. We also highlighted the connection between ECT-QST and tQST, showing that
the latter can be recovered as a particular case of the former. As with tQST, we presented
step-by-step applications of ECT-QST to the same states discussed in Section 2.6. We then
moved to more general situations and performed numerical analyses on several states of
2, 3, and 4 qubits. These results demonstrated that ECT-QST can reconstruct states with
high fidelity while requiring significantly fewer resources.

We also carried out experimental tests of ECT-QST on the same platforms used for
tQST. On the superconducting platform provided by IBMQ, we reconstructed states such
as W and GHZ states, as well as random states from 2 to 7 qubits. On the photonic
platform, we reconstructed maximally entangled states of 2, 3, and 4 qubits. In both
cases, the experimental results agree with the numerical analysis, confirming that ECT-
QST achieves accurate reconstructions with far fewer settings than standard QST.

Finally, we compared the performance of QST and ECT-QST by evaluating the fideli-
ties between the reconstructed states and the theoretical model as a function of the num-
ber of counts used to calculate the expectation value of the observables. This comparison
revealed three regimes: ECT-QST outperforms QST when resources are scarce, then a
crossing point occurs, after which QST performs better in the high-statistics regime. The
advantage of ECT-QST in the low-statistics regime stems from the careful selection of
measurement settings, which allows more copies of the state to be allocated to the rele-
vant observables.

This result is particularly relevant for quantum technological applications in large
Hilbert spaces. As systems grow in size, their Hilbert spaces expand, requiring more
and more copies of the state to fully explore them. However, the efficient generation of
large quantum states remains a challenging problem, and until more effective strategies
are developed, we must contend with the low-statistics regime and rely on tools such as
ECT-QST that are well suited to it.

A natural question then arises: is this the only scenario in which ECT-QST outper-
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forms QST in the low-statistics regime, or are there other problems, perhaps of a more
fundamental nature, where similar results hold? This question will be the focus of the
next chapter.
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Chapter 5

Quantum Maxwell’s Demon and Finite
Resources

In this chapter, we apply the ECT-QST protocol to the problem of quantum work extrac-
tion and study how finite resources affect the quality of the tomography reconstruction
and the amount of work extractable from a system.

5.1 Maxwell’s demon and quantum mechanics

One of the paramount results of physics is the second law of thermodynamics, accord-
ing to which the total entropy of an isolated system can never decrease over time. In
1867 James Clerk Maxwell proposed a provocative thought experiment, today named
the Maxwell’s demon problem, where an imaginary being acquires microscopic informa-
tion about a system and exploits this information to extract work (apparently) without
consuming energy, thus seemingly violating the Second Law of Thermodynamics [406].
More precisely, a vessel filled with gas is divided into two chambers, labeled A and B, by
an isolated wall with a hole with a trapdoor such that only one particle can pass through
it. Both chambers are filled with the same gas as the original vessel and are initially at
thermal equilibrium. An imaginary intelligent being, called a demon, controls a trapdoor
that can open or close selectively without friction. The goal of the demon is to gener-
ate a temperature difference in the gas without performing any work on it. To this end,
we recall that the kinetic theory of gases tells us that temperature is related to the aver-
age kinetic energy of the particles, and according to the Maxwell-Boltzmann distribution,
some particles are faster or slower than the average. Thus, the demon strategy is to allow
only fast particles to pass one way and slow particles the other, resulting in one chamber
warming up while the other chamber cools down. This reduces the overall entropy of
the system without requiring any work, thus violating the second law of thermodynam-
ics. Equivalently, the result of the thought experiment is a heat flow from a lower to a
higher temperature without any other effect, which contradicts Clausius’s formulation of
the second law.

This (apparent) paradox ignited several efforts to understand how and why the sec-
ond law of thermodynamics was not actually violated, such as the ones by Smoluchovsky
[407] and Szilard [408]. In particular, the foundational works by Landauer [409] and Ben-
nett [410, 411] clarified why the second law cannot be violated: Any irreversible manip-
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Figure 5.1: Conceptual illustration of the Maxwell demon thought experiment. On
the left, the initial state with the two chambers at thermal equilibrium. On the right,
the final, macroscopically ordered state, achieved by the demon exploiting microscopic
information obtained without performing work, thus violating the second law. Red and
blue particles are faster and slower than the average, respectively. Figure from [413].

ulation of information involves the consumption of energy. In Maxwell’s thought exper-
iment, the demon must be able to distinguish between the velocities of the particles that
make up the gas. To do this, it measures each particle, remembers what it measured,
and opens or closes the trapdoor accordingly. This implies that the information collected
from the measurement is recorded in some sort of device, called a memory. However,
the demon has to forget the results of the previous observations before observing another
particle. Forgetting previous results is equivalent to discarding information or erasing
bits of information. Landauer’s principle states that the bit erasure operation has a min-
imum cost per bit equal to kBT ln 2, with kB the Boltzmann constant and T the temper-
ature at which the system is operating. This restores the validity of the second law of
thermodynamics. We can then conclude that the discussion and solution of Maxwell’s
demon problem, highlighting the energetic cost of information processing, established
a profound and fruitful connection between information theory and thermodynamics,
summarized in the famous statement that "information is physical" [412]. The acquisition
and manipulation of information require to spend energy and information about a system
can be leveraged to extract work from it.

If we consider a quantum version of the problem, then the role of information becomes
even more subtle and profound. The intrinsic probabilistic nature of quantum mechan-
ics, quantified by the Born rule, allows us to determine the probability distribution of the
outcomes of a given observable only by performing the same measurement on a certain
number N , eventually large, of copies of the system. The measured relative frequencies
will fluctuate around the probabilities computed from the Born rule, which can be recov-
ered only in the ideal limit of infinite copies of the system. In any realistic scenario, we
have access to a finite number of resources, that is, copies of the system, and thus only
partial information about the system is accessible.

We now consider this realistic scenario and study the problem of the maximum ex-
tractable work fromN copies of a quantum system by introducing a "partial-information
and finite-resources" (PIFR) quantum Maxwell demon. While the classical version of
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the demon is idealized and somehow omniscient, the quantum counterpart is a realis-
tic agent that retrieves only partial information about the system by consuming a finite
amount of resources. More specifically, it estimates the state of the system by performing
a limited number of measurements on a fraction of the N copies. Then, according to its
available partial information on the state, it estimates the optimal unitary transformation
to extract work and implements it onto the remaining copies. This framework marks a
substantial shift from traditional analyses of Maxwell’s demon, for it presents a trade-off
between information acquisition, accuracy of state reconstruction, and the total amount
of work extracted, all under the constraint of finite resources. On the one hand, allocat-
ing more copies to gather information improves the accuracy of both the reconstructed
state and the optimal work-extraction unitary, but reduces the number of copies available
for actual work extraction. On the other hand, accepting a less accurate estimate may, in
some cases, allow greater total work extraction. At the same time, there are analogies be-
tween the classical and the PIFR Maxwell demon. Essentially, in the classical version the
demon first measures the particle (it determines its position and velocity), and then per-
forms an action based on the acquired information (opens or closes the trapdoor). In the
PIFR quantum case, the demon first reconstructs the state (the density matrix) and then
performs an action based on this estimate (apply the estimated unitary transformation).

Within this framework, choosing an optimal protocol to reconstruct the state is fun-
damental. We know that thermodynamics inherently selects a preferred basis, the energy
eigenbasis, and emphasizes the uneven compression of information into a small set of
parameters, such as the temperature, the chemical potential, and others. Following this
line of reasoning, we question whether QST, which considers all the possible observables
equally important, is the optimal reconstruction protocol for the PIFR quantum Maxwell
demon, or tQST/ECT-QST is a more efficient approach, thanks to the identification of a
core set of most informative measurement.

5.2 PIFR Quantum Maxwell’s demon and ergotropy

Let us start by defining the framework for the PIFR quantum Maxwell demon. We assume
that a quantum system is described by a state ρtrue, and N i.i.d. copies of the system
are available. A "perfect" determination of ρtrue could ideally be achieved in the limit of
N → +∞, or by a large enough number of copies N such that the statistical errors due to
the finite number of copies are negligible. We stress that performing a measurement on a
copy and recording the outcome implies consuming that copy, that is, the copy cannot be
used anymore for the subsequent work extraction task. Furthermore, we assume that the
demon knows the Hamiltonian H of the system, for one typically starts from a specific
model, such as the Heisenberg model, the Luttinger or the Klein-Gordon model, where
the operatorial structure is known and only a few number of parameters need to be fixed,
or engineered, to fully determine it.

Given the "perfect" knowledge about the state ρtrue and the Hamiltonian H of the sys-
tem, then the maximum work that can be extracted from the system via unitary opera-
tions, that is, ideal quantum gates, is given by its ergotropy [414]:

W(ρtrue, H) ≡ W = max
U

{
Tr
[(
H − U †HU

)
ρtrue

]}
. (5.1)
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It is worth noting that the explicit form of the optimal ergotropic unitary that maximizes
the extracted work (5.1) is given by:

UW(ρtrue) ≡ UW =
∑
k

|εk⟩⟨rk| , (5.2)

with H =
∑

k εk |εk⟩⟨εk| with eigenvalues sorted in ascending order εk ≤ εk+1, and ρtrue =∑
j rj |rj⟩⟨rj| with eigenvalues sorted in descending order rk ≥ rk+1. The application of

(5.2) to a certain number of copies of the state produces an amount W of work per copy.
Let us now move to a realistic scenario in which one considers that the demon has only

access to a finite number of copies N of the system. In this case, the distribution of such
resources between M copies for data acquisition and state reconstruction, and (N −M)
copies to extract work from becomes fundamental. We start by defining I ≡ I (M,Θ)
as the partial information retrieved from the measurements performed on M copies of
the system. In general, different measurement protocols, denoted by Θ, affect the partial
information retrieved, as will become clear later on. Conditional on such partial informa-
tion, the demon reconstructs an estimate of the state, which we denote with ρ|I , which in
principle could be very different from the actual true state ρtrue. Based on this reconstruc-
tion, that is, according to its available partial information on the state, it then computes
the optimal ergotropic unitary transformation:

UW(ρ|I) ≡ UW,I =
∑
k

|ϵk⟩ ⟨rk,I | , (5.3)

and finally implements it on the remaining (N −M) copies of the system, thus extracting
a total work given by:

Wtot
I = (N −M)Tr

[(
H − U †

W,I H UW,I

)
ρtrue

]
= (N −M)WI , (5.4)

with WI = Tr
[(
H − U †

W,I H UW,I

)
ρtrue

]
the work extracted by applying the unitary

transformation UW,I to one copy of the state ρtrue. Clearly, since UW,I may differ from
the optimal unitary UW , the actual amount of extracted work is necessarily smaller than
or equal to (N−M)W , which is achievable only in an ideal scenario with an infinite num-
ber of copies. We then introduce the following two figures of merit for our protocol. The
first is the reconstruction efficiency:

ηR =
WI

W
, (5.5)

which quantifies the fraction of work that is actually extracted using UW,I compared to
the maximal amount W when M copies are used to reconstruct the state. Alternatively, it
quantifies the quality of the reconstructed state ρ|I when used to estimate the ergotropic
unitary UW,I . The second figure of merit is the ergotropic efficiency:

ηE =
Wtot

I

NW
=

(N −M)WI

NW
=

(
1− M

N

)
WI

W
=

(
1− M

N

)
ηR, (5.6)

which quantifies the trade-off between the quality of the state reconstructed with M
copies and the amount of work extracted from (N − M) copies. On the one hand, if
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Figure 5.2: Quantum work extraction protocol applied to a single density matrix. a),
d): True density matrix ρtrue and the QST reconstruction ρ|I with 10 copies per setting,
respectively. The fidelity between the two density matrices is F = 0.933. b), e): Ergotropic
unitary UW and the unitary transformation UW,I estimated from ρ|I , respectively. The
ergotropy is W = 8.86J, while estimated ergotropy is WI = 7.37J, resulting in ηR = 0.832.
c): Reconstruction efficiency ηR and ergotropic efficiency ηE for the state shown in a) as
a function of the number of copies used for state reconstruction. f): Ergotropic efficiency
ηE and fidelity between the ECT-QST reconstruction and the target state as a function of
the number of copies used for state reconstruction, with N = 103. The black solid line is
the theoretical curve (1−M/N) that represents the trend of ηE with perfect reconstruction
efficiency ηR = 1. Figure to appear in [6].

we use all copies for state reconstruction (M = N), then there are no copies to extract
work from and ηE = 0. On the other hand, if by some means we can achieve a "perfect"
reconstruction of the state

(
ρ|I = ρtrue

)
without consuming copies (M = 0), then WI = W

and ηE = 1. However, if the state reconstruction task is performed by consuming M
copies, with M small but non-vanishing, then ηE is likely to be low. Indeed, if we spend
few copies to reconstruct the state, we might obtain a low-fidelity reconstruction that in
turn results in a sub-optimal ergotropic unitary transformation and small extracted work.
Thus, a maximum of ηE must be achieved for a (state-dependent) optimal allocation of
resources between state reconstruction and work extraction.

In Figure 5.2 we show an example of our protocol applied to a single density matrix for
which we compute the quantities introduced above. In Figure 5.2c) and f) we show that
the ergotropic efficiency ηE decreases to 0 as the number M of copies for state reconstruc-
tion approaches N = 103 and closely follows the theoretical curve (1 −M/N) for large
values of M . The deviations from the curve for small values of M are due to low-fidelity
reconstructions of the density matrix. Furthermore, we show that both the reconstruction
efficiency ηR and the fidelity F between the QST reconstruction and the target state ap-
proach 100% and 1 as the number of copiesM allocated for state reconstruction increases,
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respectively.

5.3 Numerical results

In this section, we show the results achieved by the PIFR quantum Maxwell demon. We
considered systems composed of nq = 2, 3, 4 qubits and 2,000 different density matrices
for each number of qubits. For each density matrix, we fixed the number N of i.i.d copies
of the system, M of which are available for the state reconstruction task. The two proto-
cols available for this task were QST and ECT-QST. Here, with QST we refer to the tomog-
raphy protocol that requires 3nq measurement settings. In this case, the M copies of the
state were uniformly distributed among the settings, that is, we allocated M/3nq copies
per setting. If the demon adopts ECT-QST instead, we first consume 20% of the avail-
able copies to determine the diagonal elements of the density matrix, and then uniformly
distribute the remaining 80% of the M copies among the settings identified by ECT-QST,
the number |St| of which depends on the state under consideration. As a consequence,
the number of copies per setting is state-dependent too. The outcomes of each measure-
ment setting were obtained by samplingM/3nq events orM/|St| depending on the chosen
protocol, from a multinomial distribution with probabilities given by {pk = Tr (ρΠk)}2

n

k=1,
with {Πk}2

n

k=1 the set of projectors onto the eigenbasis of the observable that defines the
setting. Finally, the Hamiltonian considered here is a Ising Hamiltonian:

H = −J
nq∑
i=1

ZiZi+1 − h

nq∑
i=1

Zi, (5.7)

with J = 5 and h = 2 in our numerical experiments. However, the spectrum of this
Hamiltonian is degenerate, and thus we also studied the same problem with a similar,
but non-degenerate Hamiltonian.

Let us start by analyzing the results regarding the reconstruction efficiency. In this
case, M copies were used to reconstruct the state without considering the extraction of
work, and for each state, we calculated the reconstruction efficiency according to (5.5).
In Figure 5.3 we show the reconstruction efficiency as a function of the number of copies
M for states of 2, 3, and 4 qubits. The trends of QST and ECT-QST are similar to those
observed in Figure 4.12, although they refer to quantities with a very different physical
meaning. Both QST and ECT-QST average fidelity converges to 1 as the number of copies
increases, as expected, and we can identify three different regions in their behavior. In
the low statistics regime, when the number of available copies is relatively small, ECT-
QST achieves a higher average reconstruction efficiency than QST. Then, a crossing point
takes place when the number of copies increases up to a few hundreds. Here, the average
reconstruction efficiencies of the two methods are very close. Finally, after the crossing
point there is a region of high statistics, where QST performs better than ECT-QST re-
garding the average reconstruction efficiency. Notice that in the 4-qubit case we could
study the case of M = 75 with ECT-QST, not suitable with QST for the number of settings
was larger than the number of available copies of the states, and would have resulted in
less than one copy per setting. For a given number of copies in the low statistics regime,
the average reconstruction efficiency decreases as the number of qubits increases, for the
same amount of (scarce) resources does not allow us to properly explore Hilbert spaces
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Figure 5.3: Reconstruction efficiency of QST and ECT-QST. We show the reconstruc-
tion efficiency of QST (blue line) and ECT-QST (orange line) for a), d) 2, b), e) 3, and
c), f) 4 qubits. For each density matrix, we used M copies to reconstruct the state and
then estimate UW,I and WI . The average was computed over the 2,000 density matrices
composing the dataset of each number of qubits. The error bars represent one standard
deviation from the average, and were computed asymmetrically, that is, the upper (lower)
error bar quantifies the standard deviation of the data that are above (below) the average,
respectively. Plots on the same row have the same scale on the vertical axis. Figure to
appear in [6].
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of increasing dimensions. Another noteworthy point is that it is possible for ηR to be-
come negative. Although counterintuitive, we believe that there is a mathematical and a
physical explanation of this. Reconstruction efficiency may be negative as a consequence
of poor-quality reconstruction of the state that results in an ergotropic unitary UW,I very
different from the optimal one. If we then use this low-quality unitary to estimate the
ergotropy according to (5.5), it can happen that WI is negative, and so ηR. This is related
to the physical meaning of ergotropy. Indeed, the application of the optimal ergotropic
unitary UW to a state drives it toward a passive state and allows us to extract work. If the
applied unitary is very far from being optimal, we may drive it toward a state that is very
different from a passive one, such as an excited state of the Hamiltonian, which means
that we are supplying work to the system instead of extracting it.

In addition to the average, the behavior of the standard deviation is interesting as well.
In fact, the standard deviation of ECT-QST varies little, staying almost constant through
all the values of M , while that of QST is greatly reduced when M increases. In the 2-
and 3-qubit cases, in the low- and intermediate-statistics regimes, ECT-QST results are
much less spread than those of QST. If we look at the high-statistics regime instead, we
notice that the QST results are much less spread than the ECT-QST. In this regime QST
can obtain much more precise results as it is possible to spend a sufficiently large number
of copies on the maximum number of measurement settings, thus ensuring high-quality
reconstructions of the state and estimates of the ergotropic unitary transformation. In
the 4-qubit case the results are slightly different. While in the high-statistics regime the
conclusions are the same as of the other number of qubits, in the low- and intermediate-
statistics regimes the standard deviations of the two methods are comparable. This may
be a peculiar feature of the protocol, or may be due to the limited number of samples
analyzed in our experiments. A deeper analysis of this fact and an answer to this issue
will be the subject of future studies. However, we can conclude that if enough copies of
the state are available, QST is the best solution. Otherwise, ECT-QST allows for a more
precise and meaningful allocation of the resources by identifying the most informative
settings on which to spend the copies of the state.

Let us now consider the results for the ergotropic efficiency. We set N = 103, and
considered different numbers M of copies used for state tomography. All other settings
of our experiments remain unchanged. In Figure 5.4 we show the ergotropic efficiency
of QST and ECT-QST for 2, 3, and 4 qubits. We also show the theoretical curve given by
1−M/103 that represents the trend of the ergotropic efficiency with the perfect reconstruc-
tion efficiency, that is, ηR = 1. Consequently, the gray region above the theoretical curve
is unreachable for any reconstruction protocol. If M = N , no copies are available for
work extraction, for they have been used to reconstruct the state, and thus the ergotropic
efficiency is 0. If M ≲ N , QST performs slightly better than ECT-QST, achieving similar
average and standard deviation values of ergotropic efficiency. Decreasing the number of
copies earmarked for state reconstruction means increasing the amount for work extrac-
tion, allowing a maximum value of the ergotropic efficiency. In the low-statistics regime,
the average ergotropic efficiency of ECT-QST is higher than that of QST, with smaller er-
ror bars for 2 and 3 qubits, while for 4 qubits the standard deviations are comparable. The
trends of the error bars, the use of 75 copies in the 4-qubit case, and the comment on the
average ergotropic efficiency for a given number of copies M mirror those observed in
Figure 5.3. Finally, we observe that the closer a curve is to the theoretical one, the better
the corresponding protocol is, for it achieves results that are close to optimal.
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Figure 5.4: Ergotropic efficiency of QST and ECT-QST. We show the ergotropic efficiency
of QST (pink line) and ECT-QST (green line) for a), d) 2, b), e) 3, and c), f) 4 qubits. For
each density matrix, we fixed N = 103 and used M copies to reconstruct the state and
then compute the ergotropic efficiency on the remaining (N −M) according to (5.6). The
average was computed over the 2,000 density matrices composing the dataset of each
number of qubits. The error bars represent one standard deviation from the average,
and were computed asymmetrically, that is, the upper (lower) error bar quantifies the
standard deviation of the data that are above (below) the average, respectively. Plots on
the same row have the same scale on the vertical axis. Figure to appear in [6].

Figure 5.5: Maximum of ergotropic efficiency of QST and ECT-QST as a function of N .
We show the maximum of ergotropic efficiency (maxM ηE) as a function of the number N
of total copies of the state available for QST (red line) and ECT-QST (blue line) for a) 2, b)
3, and 4) qubits, respectively. Figure to appear in [6].
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The previous results depend on the total amount of resources, that is, different values
of N might result in different performances of the two reconstruction protocols. For this
reason, we studied the maximum ηE achievable as a function of N . We report the results
in Figure 5.5. We note the same behavior of the three regimes with low, intermediate,
and high statistics as in the previous results. Although evident for 3 and 4 qubits, in the
2-qubit case the crossing point after which QST performs better than ECT-QST can barely
be observed, for it is very close to the rightmost point of the plot. These results further
confirm that the ECT-QST reconstruction protocol is more efficient than QST for quantum
work extraction in the regime of scarce resources.

As a final note, in Figure 5.6 we report the same quantities shown in Figures 5.3, 5.4,
and 5.5 for the following non-degenerate Ising Hamiltonian with an exponentially decay-
ing field:

H = −J
nq∑
i=1

ZiZi+1 − hi

nq∑
i=1

Zi, (5.8)

with hi = 0.5hi−1 and h0 = 2. The results closely resemble those achieved for the degen-
erate Ising Hamiltonian.

5.4 Final remarks

In this chapter, we revisited the long-standing problem of Maxwell’s demon and pro-
posed a quantum version that accounts for realistic constraints, namely partial informa-
tion and finite resources. This PIFR quantum Maxwell demon provides a framework for
exploring the thermodynamic role of information under practical conditions. We intro-
duced two figures of merit to assess the effectiveness of our approach, the reconstruction
efficiency and the ergotropic efficiency, which together capture the balance between ac-
curate state characterization and extractable work.

We compared QST and ECT-QST as reconstruction protocols within this framework.
The results show that the relationship between state reconstruction and work extraction
is far from straightforward. In particular, the maximum extractable work depends sensi-
tively on how resources are distributed between these two tasks, and this optimal alloca-
tion is itself state-dependent.

A closer look revealed three distinct statistical regimes. In the high-statistics regime,
QST outperforms ECT-QST, as the large number of copies makes full tomography feasi-
ble. In the intermediate regime, the two approaches yield comparable results, reflecting
a balance between measurement completeness and resource limitations. In contrast, in
the low-statistics regime, ECT-QST has a clear advantage. Its strength lies in its ability to
identify the most informative measurement settings, thereby channeling scarce resources
into the directions that matter most. This selective strategy not only enhances average
reconstruction and ergotropic efficiencies but also makes the protocol viable in scenarios
where QST would fail altogether, such as with only M = 75 copies of a four-qubit state.

Despite this success, the performance gap between ECT-QST and the theoretical op-
timum widens as statistics decrease. This indicates that there is still room for significant
improvement. More advanced reconstruction methods, such as modern deep learning
approaches, alternative likelihood functions, or refined strategies to distribute the avail-
able copies among measurement settings, could potentially reduce this gap. In particular,
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Figure 5.6: Results of QST and ECT-QST on quantum work extraction for the non-
degenerate Hamiltonian (5.8). We show the same quantities as in Figures 5.3, 5.4, and
5.5 for the non-degenerate Hamiltonian of (5.8). Panels a) - c), d) - f), and g) - i) show the
results of ηR, ηE , and maxM ηE , respectively. Figure to appear in [6].
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further development of adaptive or weighted measurement schemes appears especially
promising. Future studies will focus on optimizing these strategies and testing their scal-
ability to larger systems. Another avenue for improvement lies in the size of the datasets
used to validate the protocols. Our results suggest that 2,000 density matrices may be
insufficient for the four-qubit case, hinting that larger datasets could yield more reliable
conclusions and uncover subtler trends. This points to the importance of systematic in-
vestigations into the size of the dataset as a parameter in its own right.

Our findings underscore the thermodynamic value of selective measurement and il-
lustrate how careful resource allocation can enhance both information gain and energetic
performance. Beyond their conceptual significance, these results have direct implications
for the design of quantum technologies operating under strict resource constraints. They
highlight the thermodynamic advantage of judicious resource management and measure-
ment selection, suggesting concrete strategies to minimize energetic costs while maximiz-
ing efficiency. In this way, our work contributes to the broader effort to understand and
optimize the energetic footprint of quantum technologies, with relevance for quantum
thermodynamics, metrology, and computation.
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Conclusions

In this research, we investigated and developed original and efficient QST protocols. Our
main goal was to develop QST methods with some desirable features, such as no assump-
tions on the state to be reconstructed, a reduction of the number of required observables,
computational efficiency, and experimental feasibility. The core idea to address these ob-
jectives is the introduction of a threshold parameter that provides a balanced compromise
between the accuracy of state reconstruction and the number of required observables.

In the first chapter of the manuscript, we introduced the essential elements of quan-
tum mechanics and QST, and reviewed the literature and the state of the art about QST.
In the second chapter, we studied the first protocol we developed, called threshold QST
or tQST for short, analyzing the results from numerical simulations and two experimen-
tal implementations on a superconducting and a photonic platform. We reconstructed
different kind of states of up to 7 qubits, from random to maximally entangled. The
results showed that tQST can require substantially fewer projective measurements than
QST without compromising the fidelity of the reconstruction, as demonstrated by the av-
erage fidelity between the tQST reconstructions and 7-qubit target states implemented on
IBMQ above 0.87.

Several elements of the proposed protocol could be generalized or replaced to evalu-
ate its efficacy in different contexts. Thus, in the third chapter we studied how to embed a
permutation-equivariant deep learning model into the tQST protocol and how to extend
it to quantum state characterization tasks, in particular purity estimation. We trained and
tested our model on noiseless and noisy data up to 4 qubits, demonstrating the robustness
of the proposed model to noise and experimental imperfections. Although our model has
yet to surpass MLE in overall performance, it offers a key advantage: the ability to recon-
struct the underlying noiseless state from noisy measurement outcomes, while MLE can
only recover the noisy state. As a result, MLE performance deteriorates with increas-
ing noise, while our model remains robust. Moreover, inference times after training are
comparable between our model and MLE. In the fourth chapter, inspired by compressed
sensing, we generalized tQST to systems composed of qudits where we can implement
measurement settings. This new protocol, called ECT-QST, requires fewer settings than
those of traditional QST, and can reconstruct up to 7 qubits without a significant decrease
in the fidelity. We numerically validated ECT-QST on computer-generated data and ex-
perimentally tested it on the same two platforms as tQST. All these results allowed us to
conclude that we reached the purposes established at the beginning of this investigation,
that is, the development of efficient QST protocols that allow one to reconstruct high-
dimensional quantum states. This was also possible due to the public Github libraries
that we developed and our experimental collaborators could use independently without
the need for specific training.
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Finally, in the fifth chapter we considered QST and ECT-QST in the framework of
quantum thermodynamics, specifically to study the problem of quantum work extrac-
tion. We developed a quantum version of the Maxwell demon that deals with finite re-
sources (number of available copies of the state) and partial information about the state,
called the PIFR quantum Maxwell demon. This resembles the classical Maxwell demon
that observes the state and, accordingly, performs an action on the state. We demon-
strated that the maximum extractable work depends on how the available copies of the
states are distributed between the state reconstruction and the work extraction tasks. In
this context, ECT-QST achieved a higher average efficiency than QST in a regime of low
statistics or scarce resources. This happens because ECT-QST can identify a meaningful
core set of measurement settings that allows an optimal allocation of the resources among
the settings.

We believe that several directions can be explored to improve the proposed protocols.
For example, the combined use of tQST or ECT-QST with other existing protocols can lead
to further advantages. For instance, shadow tomography might help in understanding,
and eventually improving, the sample complexity of tQST and ECT-QST. Finding ways
to integrate available information on the state, such as matrix product or tensor network
structures, should result in further reduction of the number of required observables. More
specialized machine learning and deep learning models, such as attention-based ones,
might generalize our models to estimate other properties than the purity and scale our
models to many-body quantum states. Furthermore, one could look for other platforms
on which to experimentally apply the proposed protocols, such as those based on trapped
ions, neutral atoms, or systems where information is encoded in continuous degrees of
freedom. In this respect, one might envision to introduce a threshold to reconstruct rep-
resentation of states such as the Wigner function, and reduce the number of experimental
measurements required to carry out this task.

In conclusion, this work has successfully achieved the goals we set out to accomplish.
The collaboration with scientists from the European Centre for Theoretical Studies in Nu-
clear Physics and Related Areas (ECT*, Fondazione Bruno Kessler), Sapienza Università
di Roma, and Università di Pavia was invaluable, enriching both the scope and impact of
our research. It has been especially rewarding to see our method adopted and applied by
others, highlighting its relevance and potential within the broader scientific community.
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Appendix A

Supplementary Information on IBMQ
experiments

In this appendix we provide further information about our experiments of tQST and ECT-
QST on the IBMQ platform.

A.1 IBMQ device specifications and performance metrics

We first report detailed specifications and performance characteristics of the device used
in our experiments for ECT-QST, the 7-qubit IBMQ Lagos quantum processor. Figure A.1
shows the coupling map of Lagos processor, that is, how the seven qubits are coupled
with each other. Specifically, qubits 1 and 5 are coupled to three other qubits, qubit 3
to two other qubits, and finally qubits 0, 2, 4, and 6 to only one qubit. In Table A.1 we
report the qubit frequency, the coherence times (T1 and T2), and the measurement fidelity,
which represent the probability of correct qubit readout. In Table A.2 we report the single-
and two-qubit gate fidelities (Gate F ) and the gate operation time, or gate length. We
computed the gate fidelity from the reported gate error as: Gate F = 1− Gate Error.

0 1 2

3

4 5 6

Figure A.1: Coupling map of the IBMQ Lagos processor. Each circle represents a differ-
ent qubit, with a number at its center that identifies the specific qubit. A line between two
circles represents the coupling between the two corresponding qubits.
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Qubit Frequency (GHz) T1 (µs) T2 (µs) Measurement F

0 5.24 125.05 42.56 0.9872
1 5.10 87.70 67.16 0.9911
2 5.19 146.86 87.11 0.9893
3 4.99 140.72 132.11 0.9957
4 5.29 184.47 33.19 0.9927
5 5.18 100.70 94.19 0.9900
6 5.06 123.59 95.05 0.9939

Table A.1: Qubit properties of the IBMQ Lagos processor. For each qubit, numbered
from 0 to 6, we report the frequency, the coherence times T1 and T2, and the measurement
fidelity (Measurement F ).

Gate Qubits Gate F Gate length (ns)

I 0 - 6 0.9995 - 0.9998 35.6
RZ 0 - 6 1.0000 0.0√
X 0 - 6 0.9995 - 0.9998 35.6

X 0 - 6 0.9995 - 0.9998 35.6

CX

0 ⇄ 1 0.9919 305.8 / 341.3
1 ⇄ 2 0.9944 291.6 / 327.1
1 ⇄ 3 0.9945 298.7 / 334.2
3 ⇄ 5 0.9945 298.7 / 334.2
4 ⇄ 5 0.9857 327.1 / 362.7
5 ⇄ 6 0.9926 256.0 / 291.6

Table A.2: Gate fidelities and lengths for single- and two-qubit gates. We report the
gate fidelity (Gate F ) and the gate length for each single- and two-qubit used in our ex-
periments. The name of the gates are reported according to the qiskit convention. The
first (second) value of the gate length for the CX gate refers to the rightward (leftward)
direction of the corresponding second column.

A.2 Generation of W states

The authors of [403] propose a circuit with logarithmic time complexity to generate nq-
qubit W states. This circuit minimizes depth and is based on a fundamental two-qubit
gate block B(p), with (0 < p < 1), shown in Figure A.2. The block consists of a controlled-
G(p) rotation, equivalent to a controlled rotation U(2 arccos

√
p, 0, 0, 0), on the second

qubit, followed by an inverted CNOT, that is, a CNOT with the second qubit as control
qubit. In practice, we need only the following relations:

B(p) |00⟩ = |00⟩ , (A.1a)

B(p) |10⟩ = √
p |10⟩+

√
1− p |01⟩ . (A.1b)

In the appendix of the same paper [403] the authors present an algorithm to construct
the circuit to generate nq-qubit W states. However, this algorithm does not actually gen-
erate W states for certain numbers of qubits. We verified it up to 20 qubits and discovered
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Figure A.2: Fundamental block to generate W states. It is composed of a controlled-G(p)
rotation on the second qubit, followed by an inverted CNOT.

that the proposed circuit generates an incorrect density matrix for nq =10, 14, 18, 19 and
20. With reference to the original text, the correct algorithm can be obtained by:

• Removing line 4;

• Replace line 5 with: "Each leaf (n,m) generates an upper child (f(n/2), n) and a
lower child (f(m/2 − n/2),m − n), where the function f returns the lower integer
part of its argument";

• Removing lines 8 and 9 (as swapping is no longer necessary).

In all of our simulations, we used the correct version of the algorithm. However, while the
target W states have ⊗nq ⟨0| ρtarget |0⟩⊗nq = 0, the W states generated with this algorithm
show a non-vanishing population of the ground state |0⟩⊗nq , as shown in Figure A.3. This
effect is due to relaxation processes that favor the population of the ground state: the
longer the state preparation, the more pronounced the relaxation [403]. This has two
effects on our reconstructions. On the one hand, for nq ≤ 7 the ground state component
|0⟩⊗nq remains below the threshold, and the fidelity between the ECT-QST reconstruction
and the target state is higher than the fidelity between IBMQ-QST reconstruction and
the target state. On the other hand, the fidelity between the reconstructed and target
state decreases as nq increases as discussed in Section 4.7, due to the increasing relative
importance of the ground state.

A.3 Full results for nq = 4, . . . , 7-qubit random states

We present the reconstruction with ECT-QST of pure random states generated by depth-3
random circuits for systems with nq = 4, 5, 6, and 7, with different numbers of non-
vanishing diagonal elements. Specifically, we selected 8 random circuits for nq = 4, 5, and
6, while we selected 13 random circuits for nq = 7. In general, we note that the fidelity
between the ECT-QST and IBMQ-QST reconstructions is slightly better than that between
the tQST and IBMQ-QST reconstructions, while using significantly fewer measurement
settings but requiring more projective measurements, as reported in Tables A.3 - A.6.
ECT-QST is more robust against noise when used to reconstruct real states, such as GHZ
and W states.
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Figure A.3: Populations of ground state of W states on IBMQ. We show the probabil-
ity of the expected non-vanishing diagonal elements and the ground state of W states
generated on IBMQ with the correct version of the logarithmic time complexity circuit
of [403]. On the horizontal axis, for each number nq of qubits we report the labels of the
ground state and the expected non-vanishing diagonal elements. Relaxation effects drive
the non-zero population of the ground state, whose relative importance (with respect to
the expected non-vanishing diagonal elements) becomes more and more relevant as nq
increases.
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Figure A.4: Plots of the results of ECT-QST for nq-qubit depth-3 random circuits on
IBMQ, with nq = 4, 5, 6, 7. a) Fidelities Fρtarget

ρIBMQ−QST , FρtQST
ρIBMQ−QST , FρECT

ρtarget , and FρECT
ρIBMQ−QST

for 4-
qubit random states, implemented on IBMQ depth-3 random circuits, as a function of the
number of non-vanishing diagonal elements. b), c): Fidelities Fρℓ

ρIBMQ−QST
and Fρℓ

ρℓ−1
for the

4-qubit random states of panel a) as the settings identified by ECT-QST are progressively
measured by decreasing weight, respectively. Each curve represents a random state with
a different number of non-vanishing diagonal elements, whose symbol is reported in the
legend. d) - e) - f), g) - h) - i), j) - k) - l): Same as in panels a) - c) for nq = 5, 6, 7, respectively.
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Appendix B

Supplementary Information on photonic
experiments

In this appendix, we provide further information about our experiments of tQST and
ECT-QST on the photonic platform.

B.1 Reconfigurable integrated photonic processor

The integrated photonic circuit was fabricated using the femtosecond laser writing (FLW)
platform [415]. This technique has several peculiar properties, such as permitting one to
write waveguides at speeds of several centimeters per second, enabling the fabrication
of complex circuits with throughputs as high as thousands per day. Furthermore, the
platform benefits from minimal post-processing and no need for advanced clean room
facilities, which contribute to a scalable and cost-effective manufacturing process.

The processor features a waveguide layout based on a rectangular mesh of Mach-
Zehnder interferometers (MZIs) [315], which allows the implementation of arbitrary lin-
ear transformations on eight input and output modes. Each MZI unit consists of two
sequential directional couplers and includes two thermal phase shifters (i.e., resistive
microheaters): one for tuning the relative phase between the modes and the other for
adjusting the output intensity distribution.

The waveguides were optimized for single-mode operation at wavelengths compat-
ible with single-photon sources based on quantum dots, that is, 927 nm, and inscribed
using a multi-pass technique on a Corning EAGLE XG boro-aluminosilicate glass sub-
strate as reported in [318]. The fabrication process is followed by a thermal annealing
step to relieve stresses introduced during irradiation and minimize optical losses [416].

The micro-heaters were manufactured using a two-step photolithography process, fol-
lowed by selective etching of chromium (resistive elements) and copper (metal connec-
tions) [417]. Additional micro-structuring of the chip surface, namely laser ablation of
deep thermal isolation trenches around the micro-heaters, was implemented to enhance
power efficiency and reduce thermal crosstalk [418]. Each thermal phase shifter dissi-
pates, on average, a maximum of 38 mW when inducing a full 2π phase shift. However,
during typical operation, that is, when the device is configured with varying phases,
the total power consumption across all micro-heaters stays below 1.5 W, ensuring com-
patibility with thermo-electric cooling. Regarding the reconfiguration speed, the 10-90%
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rise/fall time of a single MZI is approximately 50 ms. Before each new measurement, we
conservatively introduced a waiting time of several hundred milliseconds when apply-
ing new current settings to mitigate the effects of slow thermal crosstalk. This additional
delay, however, does not block the typical data acquisition pipeline of a quantum experi-
ment, since the data collection takes place on a much longer time scale to gather sufficient
photon statistics.

The device has a footprint of 15 mm × 85 mm and features input/output fiber arrays
that are directly glued to the chip to facilitate optical interfacing. Waveguide fan-in and
fan-out structures were designed and fabricated to enable a smooth transition from the
127 µm fiber pitch to the 80 µm inter-waveguide spacing used within the circuit. The
curvature radius of the waveguides is 20 mm, selected as the minimum value that does
not introduce additional losses (bending losses).

The total fiber-to-fiber insertion loss is less than 3 dB, corresponding to a total trans-
mission of approximately 50%. This value includes both propagation losses within the
integrated circuit and coupling losses at the chip facets. Considering that the coupling
losses with fiber arrays is approximately 0.5 dB per facet, the insertion losses attributable
to the integrated photonic circuit itself are about 2 dB. This corresponds to an average
optical loss of 0.25 dB per MZI layer.

Finally, the processor was calibrated using a coherent light source at the design wave-
length of 927 nm as described in [316]. The calibration procedure consists of characteriz-
ing the relation:

ϕ = ϕ0 + αI2, (B.1)

with the phase vector ϕ linearly related to the square of the current vector I through the
tuning the matrix coefficient α and the static phase vector ϕ0. This approach allows us
to effectively account for thermal crosstalk among the phase shifters. Nonlinear effects
are neglected because they are not significant within the operating temperature range of
the phase shifters. The processor was operated using multichannel driving electronics
capable of setting the electrical currents with a precision of approximately 1 µA, corre-
sponding to a phase resolution better than 1 mrad over the full tuning range from 0 to
2π. The calibration accuracy was assessed by implementing 100 Haar-randomly selected
unitary transformations and evaluating the amplitude fidelity using the expression:

Fampl (Uset, Uexp) =
1

M
Tr
(
|U †

set||Uexp|
)
, (B.2)

with M = 8 is the number of modes, Uexp is the experimentally reconstructed matrix
(moduli only) and Uset is the target unitary. The resulting average fidelity was ∼ 0.991.

B.2 Interferometer programming for state generation

In this section, we discuss the interferometer programming procedure to generate differ-
ent states encoded in the dual rail logic in post-selection. Consider the scenario where nq
input photons are injected into a M -mode linear interferometer, described by a M ×M
unitary matrix U that defines the input-output relations for bosonic operators as bj =∑

i Ujiai. Let |S⟩ = |s1, s2, . . . , sM⟩ be the generic input state, or input configuration, in
the Fock representation, with si the number of photons injected into the input port i. Let
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then |T ⟩ = |t1, t2, . . . , tM⟩ be the generic output state, or output configuration, in the Fock
representation, with tj the number of photons detected by detector j. According to the
bosonic transformation rule in a linear optical circuit, the transition amplitude from an
input configuration |S⟩ to an output configuration |T ⟩ reads:

βS→T =
per(US,T )√∏
i si!

∏
j tj!

, (B.3)

with US,T the nq × nq matrix obtained by selecting tj times the jth row of U and si times
the ith column of U . Here, per(A) is the permanent of a nq×nq complex matrix A, defined
as:

per(A) =
∑
σ∈Snq

nq∏
i=1

ai,σ(i) (B.4)

with Snq the (super)set of all possible permutations of the set {1, . . . , nq}, that is, the sym-
metric group of order nq. For example, consider a 6-mode circuit described by a 6 × 6
unitary transformation U , nq = 2 input photons and input and output configurations
|S⟩ = |1, 1, 0, 0, 0, 0⟩, |T ⟩ = |0, 0, 1, 1, 0, 0⟩, respectively. Then, US,T is given by:

US,T =

(
U3,1 U3,2

U4,1 U4,2

)
. (B.5)

If we inject the input state |S⟩ into the interferometer, then the output state will be a
superposition of all the output configurations as follows:

|ψ⟩ =
∑
T

βS→T |T ⟩ . (B.6)

When using this bosonic platform to encode nq qubits in the dual rail logic with a M =
2nq-mode interferometer, one needs to post-select those configurations satisfying the cor-
rect condition for the dual rail logic, that is, one photon in each of mode pairs (1,2), (3,4),
. . ., (2nq − 1, 2nq). In our case, the input photons are injected in the odd ports of the inter-
ferometer, and thus the input state has s2l−1 = 1 and s2l = 0, with l = 1, . . . , nq. Let DR be
the set of possible output configurations T that satisfy the condition specified above for
the dual rail logic. Then the post-selected output state reads:

|ψ′⟩ =
∑
T∈DR

cT |T ⟩ =
∑
T∈DR

βS→T√
p

|T ⟩ =
∑
T∈DR

per(US,T )(√∏
i si!

∏
j tj!
) (√∑

T∈DR |βS→T |2
) |T ⟩ .

(B.7)

Here, p is the post-selection probability that acts as a normalization condition:

p =
∑
T∈DR

|βS→T |2. (B.8)

Thus, it is possible to generate different nq-qubit states in the dual rail logic according to
this procedure. This scheme relies on multi-photon interference; thus, the correct gener-
ation of a quantum state is sensitive to the presence of partial photon distinguishability
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Observable θ ϕ

σ̂x π/2 0
σ̂y π/2 π/2
σ̂z π 0

Table B.1: Implementation of single-qubit projectors on a MZI. Values of θ and ϕ re-
quired to program the unitary matrix in (B.9) to implement the projectors onto the eigen-
basis of σ̂i, with i ∈ {x, y, z}.

(see Section B.3). In our experiment, such a procedure has been used to define the unitary
transformation required to generate in post-selection all the resource states tested in our
experiment. However, we note that the tQST protocol is completely oblivious to these
calculations since all the processes are performed directly on the experimental data and
no theoretical calculations are required.

This approach requires implementation of unitary transformations between the modes,
which corresponds to the one performed in the first six layers of Reconfigurable Beam
Splitters (RBSs) of our device. More specifically, the state preparation layers are used to
implement the transformation U by tuning the parameters θ, ϕ of the RBSs. These param-
eters are realized in the device through a Mach-Zehnder interferometer (see also Figure
2.14), corresponding to the sequence of a phase shift ϕ (top mode), a balanced directional
coupler, a second phase shift θ (top mode), and a second balanced directional coupler.
This elementary cell is described by a matrix of the form:

URBS =

(
eiϕ sin(θ/2) cos(θ/2)
eiϕ cos(θ/2) − sin(θ/2)

)
. (B.9)

A sequence of RBSs, applied according to the specific layout of the circuit, leads to a
2nq × 2nq matrix U = U({θi}, {ϕj}). This unitary matrix provides the values of the state
coefficients generated in post-selection on the output modes when used in (B.7). Analo-
gously, a single layer of RBSs acting on the qubit-mode pairs is used to measure the state
in the different bases. More specifically, we need to implement in the qubit formalism the
projectors corresponding to the Pauli operators {σ̂z, σ̂x, σ̂y}, such that single-qubit states
are projected on the eigenvectors of the Pauli operators: {|0⟩ , |1⟩ , |+⟩ , |−⟩ , |R⟩ , |L⟩}. We
can implement these operators by programming a single elementary cell URBS of our in-
terferometer according to the values of the parameters θ and ϕ reported in Table B.1.

We now discuss the generation of random states with equally spaced values of the
Gini index. The schemes illustrating how the circuit is programmed are shown in Figure
B.1. We generated a set of random states for both nq = 2 and nq = 3 qubits, by randomly
selecting the parameters {θi} and {ϕj}, and calculating the corresponding state according
to (B.7). Then, we selected 40 (10) states for nq = 2 (nq = 3) qubits with correspond-
ing Gini index covering the whole range for such a parameter with equal spacing. This
allowed us to select a set of states with different levels of sparsity and thus to test the
protocol under different conditions.

We used the same encoding strategy to generate maximally entangled states, using the
layouts reported in Figure B.2. For the Bell state |Ψ+⟩ and the GHZ states |GHZ3⟩, |GHZ4⟩,
we identify the correct setting for the RBSs in the state preparation layer following the
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Figure B.1: Layout of the interferometer programming for the generation of random
states with variable Gini index. Internal scheme to program the device for the genera-
tion and measurement of random state of a nq = 2 qubits and b nq = 3. The cyan boxes
represent the RBSs actually programmed to generate the states, while blue boxes corre-
spond to the elements for the state measurement. Grey boxes are RBSs configured to act
as identity, and the grey horizontal lines are unused modes. Figure from [4].
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Figure B.2: Layout of the interferometer programming for the generation of maximally
entangled states. Internal scheme to program the device for the generation and mea-
surement of the following maximally entangled states: a |Ψ+⟩, b |GHZ3⟩, c |W3⟩, and d
|GHZ4⟩. The cyan boxes represent the RBSs actually programmed to generate the states,
while blue boxes correspond to the elements for the state measurement. Grey boxes are
RBSs configured to act as the identity, and the grey horizontal lines are unused modes.
For |Ψ+⟩ and for the GHZ states, the values for the RBSs angles θ are reported in the cyan
boxes, while for |GHZ3⟩ are reported in Table B.2. Figure from [4].

159



approach of [318]. Generation of this class of states can be performed by setting all RBSs
in the first layer to act as balanced beam splitters, while the RBSs in the second layers
are all set to act as swap operations between the modes. This configuration leads to the
generation of the target states, upon post-selecting those combinations satisfying the dual
rail logic. The relative phase between the two superposition terms can be set by tuning
a phase φ acting in one of the modes. Regarding the state |W3⟩, its generation requires
the full set of 6 generation layers and an additional set of phase shifts which are inserted
by modifying phases ϕA and ϕC at the input of the measurement layers (see Tab. B.2).
Finally, in Table B.3, we reported the corresponding expected success probabilities for the
generation schemes of the maximally entangled states.

B.3 Modeling experimental imperfections

In Sections 2.10 and 4.9, we compared the reconstructed density matrices with an expec-
tation calculated using a theoretical model that takes into account the main experimental
imperfections. We now detail the model mentioned above.

The first class of imperfections in the apparatus arises from two aspects related to the
quantum dot. On a first note, it is necessary to take into account multi-photon emis-
sion from the source. This corresponds to a small probability of having two photons in
the same temporal bin. In our case, the extra photon has to be attributed to unfiltered
residual light from the excitation laser, and is thus fully distinguishable with respects
to those emitted from the quantum dot. This noise process is modeled by considering
that, in each time bin, the state is described by an effective density matrix of the form:
ρ = p0 |0⟩⟨0|+ p1 |1⟩⟨1|+ p2

∣∣1, 1̃〉〈1, 1̃∣∣, with ⟨1, 1̃| representing the presence of two photons
in distinguishable internal states and (p0, p1, p2) the probabilities of having, respectively,
0, 1 or 2 photons in the time bin. In our case, p0 at the emission stage is small, while
p1 and p2 can be evaluated from the amount of measured single-photon signal and from
the second-order correlation function g(2)(0) = 2p2/ (p1 + 2p2)

2. The value of g(2)(0) can
be retrieved via a Hanbury Brown and Twiss experiment [419]. The second imperfection
arising from the source is related to the partial indistinguishability between the emitted
photons. This is modeled via the Gram-matrix formalism [420]. In our case, the photons
emitted from the quantum dot are characterized by a real-valued Gram-matrix, with el-
ements Sij =

√
Mij , with Mij = | ⟨ψi|ψj⟩ |2 the overlap between photons (i, j) [321]. The

overlaps can be estimated from the visibilities V HOM
ij obtained from pairwise Hong-Ou-

Mandel experiments between each pair of photons [421]. In the presence of multi-photon
emission with additional distinguishable noise photons, the overlaps Mij are obtained
from the visibilities, in the limit of low g(2)(0), as Mij = [V HOM

ij + g(2)(0)]/[1− g(2)(0)] [422].
The second class of noise effects arises from the integrated photonic processor. In par-

ticular, imperfections in the device may lead to the implementation of a unitary matrix
that is different from the one necessary for the generation of the target state. As discussed
previously, the RBS elementary cell is implemented via a Mach-Zehnder interferometer
comprising two balanced directional couplers. Small imperfections in the fabrication pro-
cess lead to couplers having reflectivities slightly different than 0.5, which in our case are
found in the interval [0.50, 0.58]. This affects the minimum and maximum values that the
overall reflectivity of the RBS can reach via its programmability. In the ideal scenario, the
overall reflectivity R(θ) of the RBS is found to be [see Eq. (B.9)] R(θ) = sin2(θ/2). In con-
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trast, if the directional couplers of the elementary cell are characterized by reflectivities r1
and r2, the reflectivity of the RBS reads R(θ) = r1r2 + t1t2 − 2

√
r1r2t1t2 cos θ. Hence, the

corresponding minimum values Rmin and Rmax achievable by tuning θ are, respectively:

Rmin = r1r2 + t1t2 − 2
√
r1r2t1t2, (B.10)

Rmax = r1r2 + t1t2 + 2
√
r1r2t1t2, (B.11)

where ti = 1− ri, i = 1, 2. If r1, r2 ̸= 0.5, this prevents reaching values close to R ∼ 0 and
R ∼ 1 in the RBS, thus adding small errors in the state generation process.

We also take into account losses in the apparatus. In our case, the losses are found to
be almost balanced between the modes and can thus be included in the model as a single
round of loss after the quantum dot source [321, 423]. The only relevant contribution
of unbalanced losses can be found in the different detection efficiencies of the employed
detector, which have been directly corrected in the experimental data via an appropriate
renormalization of the measured counts. Indeed, this is not a noise effect in the state
generation process, but arises only at the detection/verification stage. Finally, we did not
insert the effect of dark counts in the model, for their effect on nq-fold coincidences in our
experiment is negligible with respect to all other sources of imperfections, and in parallel
no correction on the data was performed to take into account accidental coincidences.

Having included all these noise effects, the expectations of the density matrices are ob-
tained by the following procedure. For each state to be tested, we calculated the different
output probability distributions corresponding to a circuit programming that implements
(i) the state generation unitary and (ii) all possible combinations of unitaries correspond-
ing to the measurement of the Pauli operators at the measurement layers. Combining this
set of probability distributions leads to a prediction for the state density matrix.

B.4 Additional data analyses and figures of merit

In this section, we report additional analyses for the experimental data reported in Section
2.10. Specifically, for the sake of completeness, in Figure B.3 we show the imaginary parts
of the reconstructed density matrices of the maximally entangled states whose real parts
are shown in Figure 2.16. All target states are real, that is, the imaginary part of the corre-
sponding density matrices is zero. The slight deviations of the reconstructed imaginary
parts with respect to the target ones must be attributed to experimental imperfections in
the unitary transformations for both state generation and measurement stages. Finally, as
we did for the random states, we complement the analysis reported in the main text by
showing in Figure B.4 the fidelities F (α)

t,m between the states reconstructed with tQST and
the states expected from the model, as a function of the number of projectors N .
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Figure B.3: Imaginary part of the density matrices of the maximally entangled states.
We show the imaginary part of the density matrices of |Ψ+⟩ for nq = 2, |GHZ3⟩ and |W3⟩
for nq = 3 and |GHZ4⟩ for nq = 4 (from left to right). a - d: expected density matrices (ρmα )
estimated from the model taking into account experimental imperfections. e - h: density
matrices (ρ0α) reconstructed with QST. i - l: density matrices (ρtα) reconstructed with tQST.
The index α labels the states as α = Ψ+,GHZ3,W3,GHZ4. On the right part of the figure,
we report the colormap for the density matrix bars, equal for all panels a-l. Figure from
[4].
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163



Pa
ra

m
et

er
s

se
tt

in
gs

fo
r

th
e

ge
ne

ra
ti

on
of

a
|W

3
⟩s

ta
te

,i
n

ra
di

an
s

θ 0
θ 1

θ 2
θ 3

θ 4
θ 5

θ 6
θ 7

θ 8
θ 9

θ 1
0

θ 1
1

θ 1
2

θ 1
3

θ 1
4

3.
14

1
3.

14
1

1.
57

0
3.

14
1

1.
23

0
1.

57
0

3.
14

1
1.

57
0

1.
23

0
3.

14
1

1.
57

0
0

3.
14

1
0

0

ϕ
0

ϕ
1

ϕ
2

ϕ
3

ϕ
4

ϕ
5

ϕ
6

ϕ
7

ϕ
8

ϕ
9

ϕ
1
0

ϕ
1
1

ϕ
1
2

ϕ
1
3

ϕ
1
4

0
0

0
0

3.
14

1
2.

09
4

0
4.

71
2

2.
09

4
2.

09
4

0.
52

3
0

0
0

0

Ta
bl

e
B.

2:
Se

tt
in

gs
fo

r
th

e
ge

ne
ra

ti
on

of
a
|W

3
⟩

st
at

e.
W

e
re

po
rt

th
e

va
lu

es
of

th
e

pa
ra

m
et

er
s
{θ

i}
an

d
{ϕ

i}
to

be
in

se
rt

ed
in

to
th

e
ci

rc
ui

t
ac

co
rd

in
g

to
th

e
la

yo
ut

of
Fi

gu
re

B.
2b

.
Th

e
ge

ne
ra

ti
on

of
th

is
st

at
e

re
qu

ir
es

tw
o

ad
di

ti
on

al
ph

as
e

sh
if

ts
in

m
od

es
1

an
d

5,
be

fo
re

th
e

m
ea

su
re

m
en

tl
ay

er
s.

In
ou

r
ex

pe
ri

m
en

t,
th

is
is

pe
rf

or
m

ed
by

sh
if

ti
ng

th
e

m
ea

su
re

m
en

tp
ha

se
s
ϕ
A

an
d
ϕ
C

of
th

e
qu

an
ti

ti
es

∆
ϕ
A
=

2.
61
8,
∆
ϕ
C
=

−
2.
09
4.

164



State p

|Ψ+⟩ 0.5
|GHZ3⟩ 0.25
|W3⟩ 0.1111

|GHZ4⟩ 0.125

Table B.3: Expected success probabilities of generating the maximally entangled states.
We report the expected success probabilities p to generate the maximally entangled states
in post-selection.

165



Appendix C

Supplementary Information on pruning
in ECT-QST

C.1 Components of the rank-3 tensors of Section 4.5.1.

In this appendix, we show all the components of the rank-3 tensor A of the examples
illustrated in 4.5.1. In Figure C.1 we show all the components of A of the state (4.12),
which we report here for convenience:

|Ψ⟩ = 1√
2
|00⟩+ 1√

3
|02⟩+ 1√

12
|11⟩+ i√

12
|12⟩ , (C.1)

while in Figure C.2 we show all the components of A of the state (4.16) reported here
below:

|Φ⟩ = 1√
2
|00⟩+ 1√

3
|02⟩+ 1√

12
|10⟩+ i√

12
|12⟩ . (C.2)
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Figure C.1: Components of the rank-3 tensor A of the state (4.12). We show the compo-
nents of the rank-3 tensor A of the state (4.12) corresponding to the settings of (4.13) a)
A

(s(05))
mn , b) A(s(02))

mn , c) A(s(42))
mn , d) A(s(11))

mn , e) A(s(41))
mn , f) A(s(12))

mn , g) A(s(13))
mn , h) A(s(10))

mn , i) A(s(43))
mn , j)

A
(s(40))
mn , k) A(s(06))

mn , and l) A(s(03))
mn . The name of the setting is also reported in the title of each

panel. We show only the real part for all the elements of the imaginary part are vanishing.
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Figure C.2: Components of the rank-3 tensor A of the state (4.16). We show the compo-
nents of the rank-3 tensor A of the state (4.16) corresponding to the settings of (4.17) a)
A

(s(05))
mn , b) A(s(02))

mn , c) A(s(10))
mn , d) A(s(42))

mn , e) A(s(40))
mn , f) A(s(12))

mn . The name of the setting is also
reported in the title of each panel. We show only the real part for all the elements of the
imaginary part are vanishing.
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[296] Cristina Butucea, Mădălin Guţă, and Theodore Kypraios. Spectral thresholding
quantum tomography for low rank states. New Journal of Physics, 17(11):113050,
2015.
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