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Abstract

Nonclassical states of light are an essential resource for quantum technologies.
Yet, practical applications demand reconfigurable, low-loss integrated sources
to support the large-scale deployment of these technologies. In this thesis, we
explore how integrated ring resonators and interferometric couplers enable pre-
cise control in quantum light generation. We start by critically reviewing and
developing theoretical models for on-chip quantum light generation. Within
this framework, we design a Mach-Zehnder resonant interferometric coupler
that selectively tunes the quality factor of individual ring resonances. This
enables optimized spontaneous four-wave mixing, producing high-purity her-
alded single photons in a single-pump configuration and high-gain degenerate
squeezing in a dual-pump setting. The device is further refined by selecting ma-
terials and geometries that enhance the nonlinearity while balancing dispersion
and losses. Beyond squeezed light generation, the same coupler architecture
is adapted to investigate bound states in the continuum, demonstrating its
versatility. Finally, we introduce a Sagnac-interferometer-based resonant cou-
pler to control spontaneous single-photon emission from a dipole, illustrating
the broad potential of resonant interferometric coupling strategies in quantum
photonics.
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Introduction

Integrated photonic circuits are emerging as a promising platform for quantum
technologies. The ability of integrated resonators to confine light in both space
and time enhances light-matter interactions while maintaining scalability and
compactness. This makes them a viable candidate for generating nonclassical
states of light, with applications ranging from quantum computing and secure
communications to precise metrology and sensing. However, the practical real-
ization of high-purity quantum light sources, such as squeezed states or single
photons, remains constrained by fundamental limitations in conventional res-
onator designs, including parasitic nonlinear processes, losses, and restricted
tunability.

In this thesis, we will address these challenges by introducing novel interfer-
ometric coupler architectures that mitigate the constraints of traditional res-
onator systems. Alongside these designs, we will develop a theoretical frame-
work for modeling quantum light generation in nonlinear integrated resonators,
which will enable the quantitative evaluation of nonclassical light sources under
realistic conditions.

In Chapter 1, we will set a theoretical framework for modeling integrated
photonic circuits, employing a scattering matrix formalism to analyze essential
building blocks for our designs. Ring resonators confine light on resonance,
enhancing light-matter interaction and increasing the efficiency of nonlinear
quantum processes; Mach-Zehnder interferometers provide reconfigurable rout-
ing and precise interference control of optical fields; while Sagnac interferom-
eters enable interactions between counterpropagating modes. To model quan-
tum light generation, we will review the quantization of the electromagnetic
field, accounting for nonlinearities and dispersion in integrated structures.

Focusing on the generation of squeezed states via spontaneous four-wave
mixing, in Chapter 2, we will review the properties of squeezed light and
present three complementary methods to compute generation rates, squeez-
ing levels, and spectral correlations. The first method relies on a Lorentzian
approximation of the ring resonances, yielding accurate numerical results in
both low- and high-gain regimes, provided that losses, noise, or interactions
between different modes do not degrade the resonance shape. The second
method expands the fields on a complete basis of modes that are solutions
to Maxwell’s equations in the absence of quantum or nonlinear interactions.
This decomposition separates the description of linear classical propagation
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from that of quantum dynamics, yielding analytical results in the low-gain
regime even for split or noisy resonances. We will combine the strengths of
these two approaches into a local-fields formalism. By performing a change
of basis from the asymptotic fields to a set of modes that are spectrally re-
stricted to individual ring resonances and spatially confined to small sections
of the resonator, the local-fields approach renders the full equations of mo-
tion numerically tractable, enabling accurate predictions across both low- and
high-gain regimes for a broad class of integrated devices.

A major challenge in generating quantum light with conventional ring res-
onators arises from their identical resonances. On the one hand, the resulting
spontaneous four-wave mixing process lacks spectral tunability, limiting the
purity of heralded single photons to 93%. On the other hand, in the high-
gain regime, unwanted ring resonances enhance parasitic processes, introduc-
ing noise that limits the squeezing to 3 dB. To overcome these constraints, in
Chapter 3, we will introduce a Mach-Zehnder resonant interferometric coupler,
an architecture combining two ring resonators with a Mach-Zehnder interfer-
ometer. This structure, achieves selective control over the linewidths of indi-
vidual resonances, enabling precise tuning of the spectral correlations in the
generated state. Experimental results confirm this enhanced control, showing
a heralded single-photon purity up to 98.67%. We will then move to the high-
gain regime, proposing a reconfigured setup of the MZ-RIC that selectively
suppresses the unwanted resonances, yielding a squeezing level of 6.49 dB.

In Chapter 4, we will further refine this design by addressing platform opti-
mization. By using finite-difference time-domain simulations to study disper-
sion engineering, propagation losses, and backscattering as functions of waveg-
uide geometry and sidewall roughness, we will develop a design methodology
that balances performance metrics, such as generation rate and extraction ef-
ficiency, against practical fabrication constraints.

In Chapter 5, still building on the Mach-Zehnder interferometric coupler
architecture, we will also explore the realization of bound states in the con-
tinuum. By decouplig a single resonance, we will propose a method to create
and study a bound state in a spontaneous four-wave mixing experiment. This
configuration will allow one photon from a pair to remain detectable while re-
maining correlated to its confined companion. We will adapt the asymptotic-
field formalism to include dark modes, enabling the calculation of generation
rates in the presence of a bound state in the continuum.

Beyond spontaneous four-wave mixing, in Chapter 6, we will explore a dis-
tinct quantum process: spontaneous emission from a dipole embedded in a
resonator. Using the asymptotic-field formalism, we will first recover the re-
sults of the Purcell effect and then extend the treatment beyond conventional
cavity quantum electrodynamics, demonstrating enhanced emission rates even
for non-Lorentzian resonances. An analysis of backscattering reveals that,
beyond the expected reduction in the rate due to losses, a controlled interac-
tion between counterpropagating fields can direct photon emission into specific
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modes. To harness this effect, we will introduce a Sagnac resonant interfero-
metric coupler, which leverages the natural interference between clockwise and
counterclockwise modes in a Sagnac loop to select the emission mode and rate.

The theoretical and practical developments presented in the following chap-
ters will provide a foundation for understanding and optimizing quantum light
generation in integrated photonic platforms.
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Chapter 1

Modeling Photonic Circuits for
Quantum Light Control

Before exploring the design of interferometric couplers for quantum light gen-
eration, it is essential to understand the fundamental physics governing both
linear and nonlinear light propagation in integrated structures. Photonic in-
tegrated circuits (PICs) are a cornerstone technology for manipulating and
processing light by combining multiple optical components onto a single sub-
strate. The concept was first proposed by Miller in 1969 [1], who envisioned
the possibility of creating optical circuits analogous to electronic integrated
circuits.

Today, the field has evolved to integrate thousands of photonic components
on single chips [2], with the ultimate goal being the realization of large-scale,
optical systems that leverage the scalability and cost effectiveness of Comple-
mentary Metal-Oxide-Semiconductor (CMOS) fabrication processes [3]. PICs
find applications in high-bandwidth interconnects for data centers [4], optical
sensors [5], and photonic computing [6]. Additionally, the ability to confine
light to wavelegth and subwavelength dimensions enhances light-matter inter-
actions, enabling efficient processes which are crucial for quantum technologies
[7, 8].

In this chapter, we define a theoretical framework to model both the clas-
sical propagation of light through PICs and the quantum mechanical nature
of light-matter interactions. In the first section, we examine the basic build-
ing blocks of photonic circuits and introduce a scattering matrix formalism
that enables the analysis of complex integrated circuits. In the second sec-
tion, we discuss the quantization of the electromagnetic field in integrated
optical systems, accounting for material nonlinearities, dispersion, and optical
confinement consistently.

5



6 1. Modeling Photonic Circuits for Quantum Light Control

1.1 Linear Photonic Integrated Circuits

The behaviour of PICs can be modeled by decomposing them into their funda-
mental building blocks. Among these, waveguides form the backbone of many
photonic circuits, providing the optical interconnects that route light between
different functional elements. One of the most common waveguide layouts is
ridge waveguides, which are strips composed of a core with rectangular, trape-
zoidal, or round cross-section, which is surrounded by a cladding made of a
different material. One simple configuration is depicted in figure Fig. 1.1. The
refractive index of the core material is higher than that of the cladding, and
both materials are transparent at the operating wavelength. Light is confined
inside the core, due to total internal reflection, which is made possible by the
index contrast between the two materials.

x
y z

Figure 1.1: Sketch of a ridge waveguide.

Modeling the propagation of light inside an integrated waveguide ultimately
reduces to solving Maxwell’s equations:

∇ ·D(r, t) = 0,
∂B

∂t
= −∇× E(r, t),

∇ ·B(r, t) = 0,
∂D

∂t
= ∇×H(r, t),

(1.1)

under the boundary conditions imposed by the waveguide geometry. Here D
is the displacement field, E the electric field, B the magnetic field, and H the
magnetizing field at position r = (x, y, z) and time t. We are neglecting any
free charges or currents.

Analytical solutions are available only for very simple geometries with high
confinement in the core region. In general, one needs numerical methods such
as finite-difference time domain or guided-mode expansion to solve Maxwell’s
equations for the desired structure. In principle, the full three-dimensional
solution can be obtained exactly for any geometry. However, these methods
are computationally intensive and quickly become impractical when scaling up
the number of waveguides.

A different approach is to consider a solution of the form:

E(r, t) = E(x, y)Ā(z)ei(kz−ωt), (1.2)
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where E(x, y) represents the transverse mode profile, and Ā(z) is the slowly
varying amplitude along the propagation direction z, ω is the angular fre-
quency, and k is the corresponding wavevector which, in general, depends on
ω. In a sufficiently narrow bandwidth, one can expand the k in a Taylor series
around a central frequency ω0:

k(ω) =
neff

c
ω0 +

ng

c
(ω − ω0) +

GVD

2
(ω − ω0)

2 (1.3)

where neff is the effective index of the fundamental mode at the central fre-
quency, ng is the group index, and GVD represents the group velocity dis-
persion. The group index determines the group velocity vg = c/ng, which
quantifies how fast an optical pulse propagates along the waveguide, while
the GVD parameter characterizes how this propagation speed varies with fre-
quency. When GVD > 0 (normal dispersion), the group index increases with
frequency, meaning higher frequency components propagate more slowly. Con-
versely, when GVD< 0 (anomalous dispersion), the group index decreases with
frequency, so higher frequency components propagate faster.

In a real waveguide, the amplitude Ā(z) can vary in space due to sev-
eral factors: material absorption, scattering from surface roughness, radiation
losses, and undesired coupling to other guided modes. These effects can be
understood as optical losses with an overall power attenuation coefficient α,
such that a propagation from an initial point z0 for a length L is described by

Ā(z0 + L) = Ā(z0)e
−α

2
L. (1.4)

The dephasing eikz from Eq. (1.2) can be incorporated in this treatment by
defining a complex amplitude A(z) := Ā(z)eikz, and a complex wavevector
k̃ := k + iα

2
. According to Eq. (1.4), the complex amplitude evolves as

A(z0 + L) = A(z0)e
ik̃L. (1.5)

The separation of transverse and longitudinal field profile in Eq. (1.3) allows
one to first solve Maxwell’s equations in two dimensions to determine the
transverse mode profile E(x, y), which is then considered fixed. Subsequently,
one can compute the evolution of the longitudinal amplitude A(z) according
to Eq. (1.5).

In general, waveguides in a PIC might be curved. In this case, one can still
use Eq. (1.5), by introducing a local set of coordinates (ρ, y, ζ), where at each
point ζ is aligned to the direction of the waveguide, y is normal to the plane
of the PIC, and ρ is the remaining coordinate. In general, there is a mode
mismatch between a straight and a bent waveguide. This causes the curved
waveguide to have different dispersion and loss properties.

When two waveguides are positioned close enough that there is overlap
between their evanescent fields, one has a directional coupler, with some power
transfer between the two guides. For single-mode, homogeneous waveguides
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with the same mode profile and negligible losses in the coupling region, the
evolution of the field amplitudes A1 and A2 along the coupling length between
waveguides 1 and 2 is governed by the coupled-mode equations:

{
dA1

dz
= −ic12A2(z)

dA2

dz
= −ic21A1(z)

, (1.6)

where c12 = c∗21 is the coupling strength, which is determined by the field
overlap between the two waveguides and depends on the gap between them.
By solving the system Eq. (1.6), one can relate the field amplitudes after a
coupler of length Λ to the incoming fields A1(0) and A2(0):

{
A1(Λ) = cos(|c12|Λ)A1(0) − i c12

|c12| sin(|c12|Λ)A2(0)

A2(Λ) = −i c∗12
|c12| sin(|c12|Λ)A1(0) + cos(|c12|Λ)A2(0)

(1.7)

It is common to define self- and cross-coupling coefficients σ(Λ) = cos(|c12|Λ)
and κ(Λ) = − c12

|c12| sin(|c12|Λ), such that Eq. (1.7) reads:

{
A1(Λ) = σ(Λ)A1(0) + iκ(Λ)A2(0)

A2(Λ) = iκ∗(Λ)A1(0) + σ(Λ)A2(0)
(1.8)

The coupling coefficients represent the probability amplitudes of light remain-
ing in the same waveguide (σ) and light being scattered to the other waveg-
uide (κ) for a given coupler. In the case of a lossless coupler, the relation
|σ|2 + |κ|2 = 1 holds, representing conservation of energy. If Λ is fixed and
much smaller than the lengths of the waveguides composing the circuit, one
can treat the directional coupler as an effective point coupler with constant
coupling coefficients, where the dependency on the coupler parameters (cou-
pling length, gap distance, and field overlap) is implicit. In addition, κ can
be taken real without loss of generality. Under these assumptions, Eq. (1.8) is
then conveniently written in matrix form as:

(
Aout

1

Aout
2

)
=

(
σ iκ
iκ σ

)(
Ain

1

Ain
2

)
(1.9)

Many passive photonic circuit components can be understood as a set of
waveguides coupled to each other. In complex circuits composed of N inter-
connected couplers with M input gates, it is convenient to adopt a scattering
matrix description. One starts by observing that each coupler has four ports:
two inputs and two outputs. The field amplitudes at these 4N ports char-
acterize the field distribution of the entire structure and can be arranged in
a field vector A. The order of the elements of this vector is arbitrary. For
instance, in this thesis, we will always identify the couplers’ input ports with
indices 4n+ 1 and 4n+ 2, and the couplers’ output ports with indices 4n+ 3
and 4n+ 4, with n an integer between 0 and N − 1 identifying the coupler.
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One can then set 2N coupling equations based on Eq. (1.9) describing the
couplers, and 2N − M propagation equations based on Eq. (1.4) describing
the waveguide connections between the couplers. Finally, the injected fields
at the M input gates of the overall structure set the boundary conditions of
the system. In particular, if a field with amplitude fin is injected at the j-th
port, one writes Aj = fin. If no field is injected there, then Aj = 0. The final
system of 4N coupled equations with 4N unknowns can be written in matrix
form:

SA = B, (1.10)

where S is the scattering matrix (S-matrix) representing the system of equa-
tions described above, and B is a vector defining the boundary conditions, i.e.,
a vector with all zeros except for an element fin corresponding to the input
port. The vector A is then found as:

A = S−1B (1.11)

where the inversion of the S-matrix can be performed numerically or analyti-
cally.

We note that, regardless of how we order the fields, all diagonal elements
of the S-matrix will be equal to 1, and all off-diagonal elements can only be of
the form −σµ, −κµ, −eik̃νLν , or 0, with µ indexing the couplers and ν indexing
the waveguide connections. A systematic ordering of the couplers and fields
will allow one to identify more symmetries in the S-matrix. For instance, one
can divide it into 4 × 4 blocks, in turn divided into four 2 × 2 sub-blocks with
all diagonal blocks of the form:




1 0 0 0
0 1 0 0

−σµ −iκµ 1 0
−iκµ −σµ 0 1


 ,

and all elements like −eik̃νLν confined to the upper-right 2×2 sub-blocks. When
there is only one input gate, to further simplify the treatment, we introduce
the normalization fin = 1. Consequently, B becomes a vector of the standard
basis, and all elements of A are normalized to the incoming field.

We now apply the scattering matrix formalism to three simple structures
that are widely used in integrated optics: the ring resonator, the Mach-Zehnder
interferometer, and the Sagnac interferometer. These structures serve as build-
ing blocks for more complex photonic circuits and demonstrate how the sys-
tematic approach developed above can be used to analyze realistic devices.

1.1.1 Ring Resonator

Ring resonators are among the most versatile components in photonic inte-
grated circuits [9]. In linear applications, they are used as optical filters [10],
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sensors [11], and modulators [12]. In nonlinear optics, their resonant field en-
hancement can be exploited to enhance light-matter interactions and increase
the efficiency of parametric and quantum processes [13, 14].

A ring resonator is schematically illustrated in Fig. 1.2(a). It consists of a
waveguide arranged in a closed loop of length L, which is evanescently coupled
to an external waveguide, called the bus waveguide. The cross-coupling coeffi-
cient is κ. We consider ring resonators with a minimum bending radius large
enough that the effects of bending on the mode profile of the ring waveguide
are negligible. In this case, both the ring and the waveguide have the same loss
coefficient α and the same wavevector k. Often, the term ring resonator refers
to devices with a circular loop. However, as far as bending effects are negligi-
ble, the scattering matrix treatment we deploy here applies to resonators with
loops of arbitrary shape. These kinds of structures are called racetrack res-
onators. Here, when not stated otherwise, we use the two terms as synonyms.

A3A1

A2 A4

b)

Port 1 Port 3

a)

Port 1 Port 3κ

L
xy

z

yζ
ρ

Figure 1.2: Sketches of a ring resonator, indicating (a) the round-trip length
L and coupling coefficient κ, along with the two local frames of reference in
the bus waveguide (x, y, z) and the ring waveguide (y, ρ, ζ); (b) the four field
components used in the scattering matrix calculations.

We define four field amplitudes, as detailed in Fig. 1.2(b): A1 and A3 are
the input and output fields in the bus waveguide, while A2 and A4 represent
the fields within the ring immediately before and after the coupling point, re-
spectively. The scattering matrix equations for this system can be constructed
from Eqs. (1.5-1.9), assuming light is injected only at port 1:




1 0 0 0

0 1 0 −eik̃L
−σ −iκ 1 0
−iκ −σ 0 1







A1

A2

A3

A4


 =




1
0
0
0


 . (1.12)

Solving Eq. (1.12) yields the transmissivity

t =
A3

A1

=
σ − eik̃L

1 − σeik̃L
(1.13)
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and field enhancement inside the ring

f =
A4

A1

=
iκ

1 − σeik̃L
. (1.14)

In Fig. 1.3, the transmission T = |t|2 and intensity enhancement IE = |f |2
of a typical ring resonator are plotted as a function of the natural frequency
ν = ω

2π
. One can see a comb of equally spaced resonances with maxima in the

intensity enhancement and corresponding minima in the transmission. The
resonances occurr at frequencies νm for which k(νm)L = 2πm, where m is an
integer. The natural frequency spacing between adjacent resonances is called
free spectral range (FSR), and, neglecting the GVD, it is equal to

FSR =
c

ngL
. (1.15)

a) b)

Figure 1.3: (a) Transmission and (b) intensity enhancement of a ring resonator
with parameters neff = 1.7, ng = 2, GVD= 0.6 ps2/m, α = 1 dB/cm, L = 754
µm, κ = 0.13, corresponding to a critical coupling condition.

When the resonance width is much smaller than a free spectral range, the
ring resonances have a Lorentzian lineshape, with full width at half maximum

∆ν =
2c

ngL

1 − σe−αL/2

√
σe−αL/2

. (1.16)

The ring resonators can be classified through their finesse, defined as

F =
FSR

∆ν
. (1.17)

High-finesse ring resonators have a clear Lorentzian lineshape. Low-finesse
resonators have either resonances that are separated only by a few linewidths,
and thus tend to overlap with each other and modify their shape.

Another figure of merit for a ring resonator is its quality factor, also called
the loaded quality factor or Q-factor, and defined as

QL =
νm
∆ν

≈ πngL

λ0

√
σe−αL/2

1 − σe−αL/2
, (1.18)



12 1. Modeling Photonic Circuits for Quantum Light Control

where λ0 = 2πc
ω0

is the central wavelength, and we consider νm close to the
central frequency ν0 = ω0

2π
. The quality factor represents the number of round-

trip lengths a pulse travels in the ring before its energy is reduced to e−1 of its
original value. This depends on two main loss mechanisms: the intrinsic losses,
which are quantified by α, and the coupling to the bus waveguide, which is
quantified by σ. For this reason, the loaded quality factor is often decomposed
into two parts: the intrinsic quality factor QI accounting for material losses,
and the coupling quality factor QC accounting for coupling losses. The three
are related by

1

QL

=
1

QI

+
1

QC

(1.19)

and by

η =
QL

QC

, (1.20)

where η is the escape efficiency, measuring the probability of a photon within
the ring to couple to the bus waveguide.

Based on the relative strength of intrinsic and coupling losses, one can iden-
tify three operation regimes for a ring resonator. When σ2 = e−αL, the ring is
at critical coupling, when σ2 > e−αL it is undercoupled, and when σ2 < e−αL

it is overcoupled. In Fig. 1.4 we plot transmission T , intensity enhancement
IE, and dephasing ϕ = arg[t] of a single ring resonance in the three regimes.
At critical coupling, the resonant transmission drops to zero, while the inten-
sity enhancement reaches its maximum value. In this case, QI = QC = 2QL.
In the undercoupled regime, the resonances are narrower with smaller inten-
sity enhancement and transmission, reflecting the reduced coupling to the bus
waveguide. Conversely, in the overcoupled regime, the resonances become
broader due to the stronger coupling that dominates over intrinsic losses. The
phase response exhibits different behaviour across the coupling regimes: while
all three show a characteristic phase transition across the resonance, the to-
tal magnitude of the phase shift is less than π in undercoupling, π at critical
coupling, and 2π in overcoupling.

1.1.2 Mach-Zehnder Interferometer

Another widespread element in photonic integrated circuits is the Mach-Zehnder
interferometer (MZI). It is a fundamental building block for optical switches
[15], modulators [16, 17], filters [18], and wavelength division multiplexing de-
vices [19]. In quantum integrated photonics, MZIs find application as interfer-
ometers implementing universal unitary transformations [20, 21] and complex
devices handling specific quantum protocols [22, 6].

A Mach-Zehnder interferometer consists of two waveguides that are cou-
pled to each other at two distinct locations, A and B, with cross-coupling
coefficients κA and κB. This configuration is illustrated in Fig. 1.5. The two
arms connecting the couplers have lengths L± ∆L

2
, with L the average length

and ∆L the length imbalance.



1.1. Linear Photonic Integrated Circuits 13

a) b)

c)

Figure 1.4: Comparison of different coupling regimes of a ring resonator. It is
shown the (a) transmission, (b) intensity enhancement, and (c) dephasing of
a ring resonance with parameters neff = 1.7, ng = 2, GVD= 0.6 ps2/m, α = 1
dB/cm, L = 754 µm. The coupling coefficient is κ = 0.05 for undercoupling,
κ = 0.13 for critical coupling, and κ = 0.2 for overcoupling.

𝐿 − Δ𝐿

𝐿 + 𝛥𝐿Port 1

Port 2

Port 7

Port 8
κA κB

a) b)

A2

A1

A4

A3

A6

A5

A8

A7

Port 2

Port 1

Port 8

Port 7

Figure 1.5: Sketches of a Mach-Zehnder interferometer, indicating (a) the arm
lengths L + ∆L

2
and L − ∆L

2
, along with the coupling coefficients κA and κB;

(b) the eight field components used in the scattering matrix calculations.

The MZI is completely characterized by eight field amplitudes: A1 and A2

are the input fields, A3 and A4 are the fields after the first coupler, A5 and A6

are the fields before the second coupler, and A7 and A8 are the output fields,
with even indices referring to the lower waveguide, and odd indices referring
to the upper one. For light injected only at port 1 (A1 = 1, A2 = 0), the
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scattering matrix equations become:




1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

−σA −iκA 1 0 0 0 0 0
−iκA −σA 0 1 0 0 0 0

0 0 −eik̃(L+∆L/2) 0 1 0 0 0

0 0 0 −eik̃(L−∆L/2) 0 1 0 0
0 0 0 0 −σB −iκB 1 0
0 0 0 0 −iκB −σB 0 1







A1

A2

A3

A4

A5

A6

A7

A8




=




1
0
0
0
0
0
0
0




.

(1.21)
Solving this system yields the transmitted amplitudes:

A7 = σAσBe
ik̃(L+∆L/2) − κAκBe

ik̃(L−∆L/2), (1.22)

A8 = iσAκBe
ik̃(L+∆L/2) + iκAσBe

ik̃(L−∆L/2). (1.23)

In the simplest case, when κA = κB = 1√
2
, the transmittivities simplify to:

A7 =
1

2
eik̃L

(
eik̃∆L/2 − e−ik̃∆L/2

)
= ieik̃L sin

(
k̃∆L

2

)
, (1.24)

A8 =
i

2
eik̃L

(
eik̃∆L/2 + e−ik̃∆L/2

)
= ieik̃L cos

(
k̃∆L

2

)
. (1.25)

The power transmission to each output has a sinusoidal dependence on the

phase difference between the arms: |A7|2 = sin2( k̃∆L
2

) and |A8|2 = cos2( k̃∆L
2

).
This behaviour is illustrated in Fig. 1.6a. The two outputs oscillate between
0 and 1 with a π dephasing between them, ensuring energy conservation. Ne-
glecting the GVD, the oscillation frequency is constant, equal to ν = c

ngL
.

When taking into account a small normal dispersion of GVD = 0.6 ps2/m, the
periodicity is broken and the distance between two maxima decreases with the
frequency.

When a different splitting ratio is employed for the couplers (κA = κB ̸=
1/
√

2), the response remains sinusoidal, with the same phase and period, but
with reduced visibility. In Fig. 1.6(b), the device response is plotted with
κA = κB = 0.48; the maximum of |A7|2 and the minimum of |A8|2 remain
at 1 and 0, respectively, but the amplitude of both oscillations is reduced.
Transmissions oscillating between arbitrary values in the interval [0, 1] can be
obtained with unbalanced couplers. For instance in Fig. 1.6(c) the response
with κA = 0.48 and κB = 0.6 is plotted. The maxima and minima are shifted
with respect to the values of Fig. 1.6(c). These examples illustrate how the
MZI can function as a tunable coupler between its two waveguides. By choosing
appropriate coupling coefficients, one can set the effective coupling strength at
a given frequency.
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a) b)

c) d)

Figure 1.6: Transmission at the two output ports of a few MZI configurations
with parameters neff = 1.7, ng = 2, GVD= 0.6 ps2/m, α = 0.1 dB/cm, and
∆L = 754 µm. (a) MZI with symmetric 50:50 couplers κA = κB = 1√

2
and

light injected from port 1. (b) MZI with symmetric couplers κA = κB = 0.48
and light injected from port 1. (c) Unbalanced MZI with κA = 0.48, κB = 0.6
and light injected from port 1. (d) MZI with symmetric 50:50 couplers κA =
κB = 1√

2
, but 1

4
of the power injected from port 1 and 3

4
from port 2.

Besides the single-input transmission, the scattering matrix formalism also
enables the description of the response when light is injected from both ports
of the MZI. If a field of amplitude f1 is injected at port 1 and a field f2 at port
2, with the power normalization |f1|2 + |f2|2 = 1, the output fields become:

A7 = eik̃L
[
f1

(
σAσBe

ik̃∆L
2 − κAκBe

− ik̃∆L
2

)
+ if2

(
κAσBe

ik̃∆L
2 + σAκBe

− ik̃∆L
2

)]
,

(1.26)

A8 = eik̃L
[
if1

(
κAσBe

− ik̃∆L
2 + σAκBe

ik̃∆L
2

)
+ f2

(
σAσBe

− ik̃∆L
2 − κAκBe

ik̃∆L
2

)]
.

(1.27)

This dual-input scenario is illustrated in Fig. 1.6(d), where κA = κB =√
0.5 as in Fig. 1.6(a), but with 1/4 of the power injected from A1 and 3/4

from A2. The transmitted power has been normalized to |A1|2 + |A2|2 by

defining A1 = 1
2
, A2 =

√
3
2

. Here, the maxima and minima remain the same as
in the single-input case, but the oscillation acquires a phase shift due to the
interference between the two input signals. These expressions demonstrate the
applications of the transfer matrix even in complex photonic circuits where
multiple input channels are used simultaneously.
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1.1.3 Sagnac Interferometer

All the photonic components investigated above were characterized by unidi-
rectional propagation. However, in general, light can travel in both directions
in an optical waveguide. One of the simplest structures creating counter-
directional propagation in a PIC is the Sagnac interferometer, illustrated in
Fig. 1.7(a). It consists of a loop of length L made of a single waveguide coupled
to itself with a coupling coefficient κ. Light entering the device is partly self-
coupled, entering the loop in the clockwise direction, and partly cross-coupled
to the counterclockwise direction. Due to the bidirectional propagation, eight

𝐿

κ

Port 1

Port 2

a)

Port 2

Port 1

A2

A1

A4

A3

A6
A5A7

A8

b)

Figure 1.7: Sketches of a Sagnac interferometer, indicating (a) the round-trip
length L and the coupling coefficient κ; (b) the eight field components used in
the scattering matrix calculations.

fields, instead of four, are needed to completely characterize the coupler, as is
shown in Fig. 1.7(b). We call A1 and A2 the input fields at ports 1 and 2, A3

and A4 are the fields entering the loop in the clockwise and counterclockwise
directions respectively, A5 and A6 are the fields that have completed one round
trip around the loop and are coupled out to ports 2 and 1 with the output
fields called A7 and A8 respectively.

For input fields A1 = f1 and A2 = f2, the scattering matrix system de-
scribing the structure is




1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
−σ −iκ 1 0 0 0 0 0
−iκ −σ 0 1 0 0 0 0

0 0 −eik̃L 0 1 0 0 0

0 0 0 −eik̃L 0 1 0 0
0 0 0 0 −σ −iκ 1 0
0 0 0 0 −iκ −σ 0 1







A1

A2

A3

A4

A5

A6

A7

A8




=




f1
f2
0
0
0
0
0
0




. (1.28)

Solving this system yields the transmittivities at the two output ports:

A7 = [(σ2 − κ2)f1 + 2iσκf2]e
ik̃L, (1.29)

A8 = [2iσκf1 + (σ2 − κ2)f2]e
ik̃L. (1.30)
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a) b)

c) d)

Figure 1.8: Transmission at the two output ports of a few Sagnac configura-
tions with parameters neff = 1.7, ng = 2, GVD= 0.6 ps2/m, α = 0.1 dB/cm,
and L = 754 µm. (a) κ = 0, or κ = 1 and light injected from port 1. (b)
κ = 1√

2
and light injected from port 1. (c) κ = 0.48 and light injected from

port 1. (d) κ = 1√
2
, but 1

4
of the power injected from port 1 and 3

4
from port

2.

The transmissions |A7|2 and |A8|2 are illustrated in Fig. 1.8 for a few con-
figurations. Fig. 1.8(a) shows the case where κ = 0 (or equivalently κ = 1)
with light injected from port 1, resulting in all light being transmitted through
the other port with no reflection to port 1. Fig. 1.8(b) demonstrates the bal-
anced 50:50 coupler case (κ = 1/

√
2), where all light is reflected back to port

1. Fig. 1.8(c) shows an intermediate coupling strength (κ = 0.48), resulting
in partial transmission to both outputs. Finally, Fig. 1.8(d) illustrates a sce-
nario with κ = 1/

√
2 but with 1/4 of the power injected from port 1 and 3/4

from port 2, demonstrating how the input field distribution is important to
determine the final output.

These results highlight two fundamental properties of the Sagnac inter-
ferometer. First, as with the MZI, choosing the coupling coefficient and the
input field distribution allows for tuning the transmitted power at the two
output ports. Second, the transmission depends on the coupling ratio but
is independent of the optical frequency, because both clockwise and counter-
clockwise paths accumulate the same phase k̃L, and experience the same cou-
pling strength. This makes the Sagnac interferometer intrinsically balanced
and sensitive to any source of non-reciprocity that can introduce an imbal-
ance between the phase accumulated in the clockwise and counterclockwise
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direction, generating a sinusoidal response similar to the MZI [23]. For this
reason, Sagnac interferometers have often been employed in sensing applica-
tions. Perhaps, the most prominent examples are fibre-optic and integrated
gyroscopes [24, 25, 26, 27], where reciprocity is broken due to mechanical ro-
tations on the plane of the Sagnac loop. Beyond sensing, the intrinsic phase
stability of the Sagnac makes it attractive for quantum technologies, such as
quantum key distribution [28] and entangled photon-pair generation [29, 30],
though currently these implementations remain predominantly in bulk optics
rather than integrated platforms. Finally, in classical integrated photonics,
Sagnac interferometers serve as building blocks for filters, optical cavities, and
wavelength de/multiplexers, often implemented in cascaded configurations of
multiple Sagnac elements to achieve more sophisticated spectral responses [31].

1.2 Quantization of the Electromagnetic Field

in Integrated Devices

The generation and manipulation of quantum states of light in integrated
photonic devices requires a proper theoretical framework for quantizing the
electromagnetic field in realistic geometries. Unlike free-space quantization,
integrated structures present several challenges: the dielectric waveguide envi-
ronment is far from the standard box with periodic boundary conditions that
is usually assumed when quantizing light in vacuum [32]. Light-matter inter-
actions modify the dispersion and propagation properties of light to the point
that some argue it is not even appropriate to talk about photons when dealing
with PICs [33]. In this respect, a nonlinear approach to the electromagnetic
field quantization was proposed early in 1997 that explicitly treats polaritons
as collective excitations of electromagnetic and matter degrees of freedom, at
the expense of giving up any straightforward macroscopic treatment of the
electromagnetic field [34]. Still, when dealing with transparent media, one can
talk about photons instead of polaritons, provided the effects of matter are
carefully taken into account in the light dispersion properties, and the macro-
scopic electromagnetic fields are properly normalized to satisfy the Poynting
theorem [33].

A second challenge arises from nonlinear interactions, which are crucial to
many quantum applications. It has been shown that in the presence of non-
linear processes, one can not quantize the electromagnetic field starting from
the fundamental fields E and B. In fact, this standard approach would lead
to incorrect or intractable expressions for higher-order terms in the Hamilto-
nian. Such corrections are often negligible, but in some cases they may lead to
incorrect quantitative and even qualitative predictions [35]. A more practical
macroscopic approach uses the displacement field D and magnetic field B as
the fundamental fields. This choice, originally suggested by Born and Infeld
[36], has proved essential for obtaining correct results in quantum nonlinear
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optics [35] [37]. In this section, we review the theoretical foundation needed to
describe quantum light in nonlinear PICs, starting from the D and B fields,
and deriving the nonlinear Hamiltonian.

1.2.1 Linear Treatment

For non-magnetic materials, the constitutive relations are:

E(r, t) =
D(r, t)

ε0εr(r)
, H(r, t) =

B(r, t)

µ0

, (1.31)

where ϵ0 and µ0 are the vacuum dielectric and magnetic permittivities, and
εr(r) is the position-dependent relative permittivity characterizing the dielec-
tric structure. These are substituted into the energy density of the electro-
magnetic field, which is given by

dh = H · dB + E · dD, (1.32)

to find the classical Hamiltonian:

H =

∫

V

[
B(r, t) ·B(r, t)

2µ0

+
D(r, t) ·D(r, t)

2ε0εr(r)

]
d3r, (1.33)

where V is the quantization volume defined according to the structure of in-
terest.

The canonical quantization procedure promotes the fields to operators with
equal-time commutation relations:

[D̂i(r), D̂j(r
′)] = 0, (1.34)

[B̂i(r), B̂j(r
′)] = 0, (1.35)

[D̂i(r), B̂j(r
′)] = iℏεijk

∂

∂rk
δ(r− r′), (1.36)

where εijk is the Levi-Civita tensor. These commutation relations ensure that
the quantum field operators satisfy Maxwell’s equations through the Heisen-
berg equations of motion.

The field operators are usually expanded in terms of a set of discrete modes
labeled by index m:

D̂(r, t) =
∑

m

√
ℏωm

2

[
âm(t)Dm(r) + â†m(t)D∗

m(r)
]
, (1.37)

B̂(r, t) =
∑

m

√
ℏωm

2

[
âm(t)Bm(r) + â†m(t)B∗

m(r)
]
, (1.38)

where each mode is a solution of Maxwell equations supported by the structure
of interest, a photon is defined as the fundamental excitation of the electro-
magnetic field in one mode, and âm and â†m are the annihilation and creation
operators of mode m, satisfying the bosonic commutation relations:

[âm, â
†
m′ ] = δmm′ , [âm, âm′ ] = 0. (1.39)
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Following the arguments developed by Bhat and Sipe [38] and further elab-
orated by Raymer [33], the appropriate normalization condition for the dis-
placement field in a dispersive medium is

∫

V

D∗
m(r) ·Dm(r)

ε0εr(r;ωm)

vp(r;ωm)

vg(r;ωm)
d3r = 1, (1.40)

where vp(r;ω) = c
neff(r;ω)

and vg(r;ω) = c
ng(r;ω)

are the local phase and group

velocities. Similarly, assuming that the magnetization effects are negligible,
the magnetic field is normalized to

∫

V

B∗
m(r) ·Bm(r)

µ0

d3r = 1. (1.41)

With the proper normalization, the quantum Hamiltonian takes the famil-
iar form of a harmonic oscillator:

Ĥ(L) =
∑

m

ℏωm

(
â†mâm +

1

2

)
, (1.42)

where the superscript (L) recalls that we are in the linear regime.

1.2.2 Including Nonlinearities

The framework developed above can be extended to the case of a nonlinear
material response, with the constitutive relation between the electric field and
displacement field becoming more complex. In the presence of second- and
third-order nonlinearities, the electric field components are given by:

Ei =
Di

ε0εr
−

Γ
(2)
ijl

ε0
DjDl −

Γ
(3)
ijlm

ε0
DjDlDm − . . . , (1.43)

where the summation over repeated spatial component indices i, j, l,m is im-
plicit. In Eq. (1.43), we used the second- and third-order nonlinear tensors Γ

(2)
ijl

and Γ
(3)
ijlm instead of the more common tensors χ

(2)
ijl and χ

(3)
ijlm appearing in the

constitutive relation for the displacement. This is because we want to use D as
the fundamental field. The Γ and χ tensors are related to each other by con-
sidering that the constitutive relation for the displacement field is the inverse

of Eq. (1.43). For instance, one has Γ
(2)
ijl =

χ
(2)
ijl

ε0 ε3r
, and Γ

(3)
ijlm =

χ
(3)
ijlm

ε20 ε4r
− 2

χ
(2)
ijn χ

(2)
nlm

ε20 ε5r
.

In the rest of the thesis, we will work mainly with the Γ tensors, but we will
refer to a process associated with the N -th order term of Eq. (1.43) as a χ(N)

nonlinear process.
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Substituting this expression into Eq. (1.32), the complete Hamiltonian be-
comes:

H(t) =

∫

V

[
B(r, t) ·B(r, t)

2µ0

+
D(r, t) ·D(r, t)

2ε0εr(r)

]
d3r

− 1

3ε0

∫

V

Γ
(2)
ijk(r)Di(r, t)Dj(r, t)Dk(r, t)d3r

− 1

4ε0

∫

V

Γ
(3)
ijkl(r)Di(r, t)Dj(r, t)Dk(r, t)Dl(r, t)d

3r + . . .

= H(L)(t) + H(NL)(t), (1.44)

where one can recognize the linear Hamiltonian H(L), identical to Eq. (1.33),
and a nonlinear part H(NL) containing the higher-order interaction terms.

Treating H(NL) as a perturbation to the linear dynamics, the Hamiltonian
can be quantized in terms of the modes Eq. (1.37) and Eq. (1.38):

Ĥ(t) =
∑

α

ℏωαâ
†
α(t)âα(t) − 1

3ε0

∫

V

Γ
(2)
ijl (r) : D̂i(r)D̂j(r)D̂l(r) : d3r

− 1

4ε0

∫

V

Γijlm,
(3) (r) : D̂i(r, t)D̂j(r, t)D̂l(r, t)D̂m(r, t) : d3r + . . .

= Ĥ(L)(t) + Ĥ(NL)(t), (1.45)

where the colons denote normal ordering of operators. Unlike the linear Hamil-
tonian, the quantum nonlinear one was not expanded in terms of the creation
and annihilation operators. This is because such an expansion contains several
different nonlinear processes, which would be impractical to treat in one single
expression. Additionally, depending on the characteristics of the system under
study, many processes described by the full nonlinear Hamiltonian are often
prohibited by energy or momentum conservation, or by other selection rules,
related, for example, to symmetry. For this reason, Eq. (1.45) is more conve-
niently used as a starting point, from which one can select a few terms relevant
to a specific process of interest, neglecting all the others. For each process, the
overlap integral of the fields provides the coupling strength, allowing one to
determine which processes are allowed and which ones can be neglected. In the
following chapter, we will apply this formalism to specific nonlinear processes
and device geometries relevant to quantum light generation and manipulation.

1.3 Conclusion

In this chapter, we discussed a theoretical framework for modeling linear and
nonlinear light propagation in integrated photonic circuits. We first reviewed
the scattering matrix formalism as a versatile tool for analyzing the linear
properties of many photonic structures. In Chapter 1, this method was only
applied to some simple resonators and interferometers. In the following, we
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will employ it to investigate more complicated structures. In fact, the number
of linear equations involved in a scattering matrix problem scales as four times
the number of components in the photonic integrated circuit, resulting in a
low computational complexity.

We then addressed the quantization of the electromagnetic field. By adopt-
ing the displacement field D and magnetic field B as fundamental variables, we
ensured consistency with Maxwell’s equations even in the presence of nonlin-
earities. Additionally, the field normalization was chosen to satisfy the Poynt-
ing theorem. Throughout Section 1.2, we never assumed a particular geometry
for the region where the field is quantized, making this a robust foundation
for describing nonlinear phenomena in integrated circuits, as we will do in
Chapter 2.

Among the fundamental building blocks discussed in this chapter, ring res-
onators provide light confinement and field enhancement on resonance, useful
to increase light-matter interactions and improve the efficiency of the inher-
ently weak nonlinear processes that underlie the generation of quantum states.
Ring resonators, along with Mach-Zehnder interferometers, were also discussed
for their ability to control the phase and intensity of the transmitted light,
useful to selectively tune the spectral properties of photonic structures. In
Chapter 3, we will apply these principles to design a device for squeezed light
generation. In Chapter 6, we will present a second application of resonant
interferometric principles in quantum photonics. In this case, a Sagnac inter-
ferometer will be used to create an interaction between two counterpropagating
modes, enabling the control of single-photon emission from a dipole. Here too,
a ring resonator will enhance the dipole emission.

While in Chapter 1 we discussed the basic principles of photonic integrated
circuits, we will present a more detailed analysis in Chapter 4. This includes
the effects of waveguide geometry and strategies for optimizing device design
based on specific applications, such as squeezed light generation.



Chapter 2

Spontaneous Four-Wave Mixing:
Theory and Applications

Starting from the complete nonlinear Hamiltonian Eq. (1.44) derived in Chap-
ter 1, we focus on the third-order nonlinear term. This term describes the
interaction of four electromagnetic field modes through the χ(3) susceptibility
of the material. Unlike second-order susceptibility, the third-order one is nat-
urally present in centrosymmetric materials such as silicon and silicon nitride,
making it particularly interesting for CMOS-compatible integrated photonic
platforms. In particular, we study one third-order process that is widely used
for quantum light generation: spontaneous four-wave mixing (SFWM).

SFWM involves the interaction of one or two pump lasers with a nonlinear
material. Pairs of photons from the pumps are annihilated to create pairs of
photons at different frequencies, typically called signal and idler. Energy and
momentum conservation imply that

ωP1 + ωP2 = ωS + ωI , (2.1)

kP1 + kP2 = kS + kI , (2.2)

where ωP1,P2 are the pump frequencies, ωS,I are the signal and idler frequencies,
and kP1,P2,S,I represent the corresponding wave vectors. In the single-pump
SFWM (SP-SFWM) configuration, only one pump is used, and the signal-idler
pair is non-degenerate, as shown in Fig. 2.1(a). When two non-degenerate
pumps are used instead, the process is dual-pump SFWM (DP-SFWM), and
the generated pair can be degenerate, as in Fig. 2.1(b). In this case, one
typically talks only of the signal mode, as the idler is indistinguishable from
it.

SFWM is a spontaneous process. This means that it occurs when both
signal and idler are initialized into a vacuum state. On the contrary, when
an additional laser, called the seed, is injected at the signal or idler mode, the
process is stimulated four-wave mixing, whose efficiency is typically enhanced
by the interaction between the seed and pump lasers [39]. Both SFWM and
its stimulated counterpart belong to the class of parametric processes, because

23
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a) b)
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Figure 2.1: Schematic representation of SFWM. (a) SP-SFWM pairs of pho-
tons from one pump laser at frequency ωP (green) are converted into signal-
idler pairs at frequencies ωS and ωI (blue and red, respectively). (b) DP-
SFWM pairs of photons from two pump lasers at frequencies ωP1 (red) and
ωP2 (blue) are converted into signal pairs at frequency ωS (green).

they do not involve a net energy exchange with the nonlinear material. As a
consequence, the photon energy conservation Eq. (2.1) does not depend on the
material’s degrees of freedom, and the material affects the photon dynamics
solely through the linear and nonlinear response parameters.

SFWM represents a paradigmatic example of how optical nonlinearities
can be harnessed to generate non-classical states of light. In the first section
of this chapter, we review its characteristics, highlighting the properties and
applications of the resulting quantum state, namely the squeezed state. Then,
we review two methods for modeling SFWM in integrated structures. The
one described in the second section is based on a Lorentzian treatment of the
four modes involved in SFWM. The asymptotic-field theory presented in the
third section is a perturbative description that is suited to treat arbitrary field
distributions in the squeezer. Finally, in the fourth section, we present a new
approach to extend the asymptotic-field treatment to the non-perturbative
regime.

2.1 Squeezed Light by Spontaneous Four-Wave

Mixing

The SFWM Hamiltonian is built by substituting the mode expansion of the
displacement field Eq. (1.37) into the third-order nonlinear term of Eq. (1.45),
retaining only the contributions that contain two creation operators in the sig-
nal and idler modes and two annihilation operators in the pump modes. All
other terms in the expansion either describe different χ(3) processes or corre-
spond to processes that are not allowed by energy or momentum conservation.

We start by considering ideal processes involving single-mode pumps, a
single-mode signal and a single-mode idler. In this case, the SP-SFWM Hamil-
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tonian takes the form:

Ĥ(SP-SFWM)(t) = − 1

4ε0

4!

2!

ℏ2
√
ω2
PωSωI

4
â†S â

†
I â

2
P

∫

V

Γ
(3)
ijlm(r)D∗

S,i(r)D
∗
I,j(r)DP,l(r)DP,m(r)d3r + H.c.,

(2.3)

where âP , âS, and âI are the annihilation operators for the pums, signal, and
idler modes, respectively, and the factor 4!

2!
counts the number of permutations

assigning modes {P, S, I} to the field components {i, j, l,m}. Similarly, the
DP-SFWM Hamiltonian is

Ĥ(DP-SFWM)(t) = − 3

ε0

ℏ2
√
ωP1ωP2ω2

S

4
â†2S âP1âP2

∫

V

Γ
(3)
ijlm(r)D∗

S,i(r)D
∗
S,j(r)DP1,l(r)DP2,m(r)d3r + H.c..

(2.4)

In general, SFWM can involve multimode signal-idler pairs. In this case, the
full SFWM Hamiltonian will contain a summation or an integral of several
terms like Eq. (2.3) or Eq. (2.4).

Since the pumps are typically lasers operating in a coherent state, they
can be treated semi-classically, replacing the pump operators with their ex-
pectation values: âP (t) → ⟨âP (t)⟩ = αP (t), where |αP (t)|2 is the mean photon
number carried by a pump pulse. Additionally, we work in the undepleted
pump approximation, in which the effects of SFWM on the pump are negligi-
ble. Under these assumptions, the mean number of pump photons is constant
in time: |αP (t)| ≈ |αP | and, assuming perfect resonance between the pump,
signal, and idler modes, the SFWM Hamiltonians take a quadratic form:

Ĥ(SP-SFWM)(t) =
iℏ
2
ξSPâ

†
S â

†
I + H.c., (2.5)

and

Ĥ(DP-SFWM)(t) =
iℏ
2
ξDPâ

†2
S + H.c., (2.6)

where

ξSP =
3

ε0

iℏ
√
ω2
PωSωI

2
α2
P

∫

V

Γ
(3)
ijlm(r)D∗

S,i(r)D
∗
I,j(r)DP,l(r)DP,m(r)d3r, (2.7)

for SP-SFWM, and

ξDP =
3

ε0

iℏ
√
ωP1ωP2ω2

S

2
αP1αP2

∫

V

Γ
(3)
ijlm(r)D∗

S,i(r)D
∗
S,j(r)DP1,l(r)DP1,m(r)d3r,

(2.8)
for DP-SFWM. Eq. (2.5) and Eq. (2.6) are the two-mode and single-mode
squeezing Hamiltonians [40]. When applied to an initial vacuum state, which
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is always the case when dealing with a spontaneous process like SFWM, two-
mode or single-mode squeezed vacuum states are generated

|sqSP⟩ = exp

[
rSPe

iϕSP

2
â†S âI

† − H.c.

]
|vac⟩ (2.9)

|sqDP⟩ = exp

[
rDPe

iϕDP

2
â†2S − H.c.

]
|vac⟩ . (2.10)

with rI = |ξI |∆t being the squeeze amplitude, ϕI(t) = arg[ξI∆t], with I ∈
{SP, DP} the squeeze phase, and ∆t the time interval during which the squeez-
ing Hamiltonians were applied.

2.1.1 Properties of Squeezed States

We now focus on the single-mode squeezed state Eq. (2.10) generated by DP-
SFWM, and review some of its key properties. For simplicity, we drop the
subscript DP. The Fock basis expansion is [41]:

|sq⟩ =
1√

cosh(r)
exp

[
eiϕ

2
tanh(r)â†2

][
1√

cosh(r)

]â†â
exp

[
e−iϕ

2
tanh(r)â2

]
|vac⟩

=
1√

cosh(r)

∞∑

n=0

einϕ
√

(2n)!

2nn!
tanhn(r) |2n⟩ ,

(2.11)

where |2n⟩ is the Fock state with 2n photons in the signal mode. This expan-
sion reflects the fact that squeezed photons are generated in pairs.

However, squeezed vacuum is fundamentally different from a simple two-
photon state, as it does not have a well-defined photon number. Rather, one
can compute the average photon number, which is the expectation value of the
number operator n̂ = â†â:

⟨sq|n̂|sq⟩ =

〈
vac

∣∣∣∣ exp

[
−
(
reiϕ

2
â†2 − H.c.

)]
â†â exp

[
reiϕ

2
â† − H.c.

] ∣∣∣∣ vac

〉
=

=
〈
vac
∣∣ [cosh(r)â† − e−iϕ sinh(r)â][cosh(r)â− eiϕ sinh(r)â†

] ∣∣ vac
〉

=

= sinh2(r).

(2.12)

This quantity depends only on the squeeze amplitude r and is often more
directly accessible in experiments than the squeeze amplitude, thus providing
a practical means of quantifying the squeezing strength. However, the mean
photon number alone is not enough to certify that a state is squeezed. To do
this, a full analysis of the photon statistics is needed.

An alternative way to completely characterize a squeezed state is through
the study of its quadrature statistics. Recalling Eq. (1.42), which shows that
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light can be described to a good approximation as a harmonic oscillator, with
nonlinearities treated as higher-order perturbations, it is useful to define a
generalized quadrature operator of a harmonic oscillator:

X̂(θ) =

√
ℏ
2

(
eiθâ+ e−iθâ†

)
, (2.13)

where θ is the quadrature phase. For θ ∈ {0, π
2
}, this operator reduces to the

standard Hermitian quadratures of the harmonic oscillator:

P̂ = X̂(0) =

√
ℏ
2

(
â+ â†

)
Q̂ = X̂

(π
2

)
= i

√
ℏ
2

(
â− â†

)
, (2.14)

Looking only at the expectation value of the quadrature,

⟨X̂(θ)⟩sq := ⟨sq|X̂(θ)|sq⟩ = 0,

a single-mode squeezed state seems to have the same characteristics as the
vacuum state. However, the quadrature variance exhibits a fundamentally
different behaviour:

V(θ) = ⟨X̂(θ)2⟩sq − ⟨X̂(θ)⟩2sq =
ℏ
2

[cosh(2r) − sinh(2r) cos(ϕ− 2θ)]. (2.15)

Different than the variance of vacuum, which is independent of θ and equal to
the shot noise level ℏ/2, squeezed states exhibit a variance that oscillates with
the quadrature phase θ. The minimum variance is

Vmin =
ℏ
2
e−2r, (2.16)

and is reached when ϕ = 2θ+ 2mπ with m integer. The maximum variance is

Vmax =
ℏ
2
e2r, (2.17)

and it is reached when ϕ = 2θ + (2m + 1)π. Eq. (2.16) shows that squeezed
states have one quadrature with uncertainty compressed below the shot noise
limit, hence the term squeezed states. This reduced uncertainty does not coun-
terdict the Heisenberg indetermination principle, as X̂min and X̂max are conju-
gate variables, and the product of their variances satisfies

Vmin ·Vmax =
ℏ2

4
, (2.18)

which is the Heisenberg uncertainty principle bound with the equality sign.
This confirms that ideal single-mode squeezed states are minimum uncertainty
states, similar to vacuum and coherent states, but with a non-uniform distri-
bution of the uncertainty.
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Figure 2.2: Comparison between vacuum and squeezed vacuum states. (a)
Phase space representation of the vacuum state’s quadrature standard devia-
tion. Blue arrows indicate the state’s time evolution. (b) Time evolution of
the quadrature expectation value ⟨X̂(θ)⟩ for the vacuum state. Green dots are
sampled from a zero-mean distribution with variance equal to the shot noise.
(c) Phase space representation of a squeezed vacuum state’s quadrature stan-
dard deviation, with ϕ = −pi

6
. The reduced variance in the quadrature with

θ = −pi
3

comes at the cost of increased variance in the orthogonal quadrature,

forming an elliptical region. (d) Time evolution of ⟨X̂(θ)⟩ for the squeezed
state, exhibiting alternating regions of squeezing (fluctuations below the shot
noise) and antisqueezing (fluctuations above the shot noise) as the phase ϕ
varies. In figures b) and d) θ is fixed to −π

3
.
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This consideration leads to the definition of a physical quantity measuring
the quality of a squeezed state: the squeezing level, defined as

S = 10 log10

(
2

ℏ
Vmin

)
= 10 log10(e

−2r), (2.19)

which is the maximum reduction, in dB, of the quadrature variance compared
to shot noise. For an ideal single-mode state, the squeezing level is proportional
to the squeeze amplitude: S = 20

ln(10)
r. In analogy to squeezing, one can also

define the antisqueezing:

A = 10 log10

(
2

ℏ
Vmax

)
= 10 log10(e

2r), (2.20)

The quadrature can be measured experimentally through homodyne detec-
tion, where the signal interferes with a strong laser, the local oscillator, at a
balanced beam splitter, as depicted in Fig. 2.3. Two photodetectors are placed
at the two outputs of the beam splitter, and their resulting photocurrents are
subtracted electronically. It can be shown that if the two optical paths through
the beam splitter are balanced, the resulting signal difference is proportional to
the expectation value of the field quadrature. The same proportionality holds
for the uncertainty and all the higher-order moments of the two quantities.
By varying the local oscillator phase ϕLO and measuring the noise variance,
one can reconstruct the complete quadrature noise ellipse and determine the
squeezing level.

Local oscillator

Squeezed light

Detector

Detector

50:50
Beam splitter - ∝ 〈X〉

Figure 2.3: Schematic setup of an homodyne detection experiment. The solid
lines represent the optical paths. The dotted lines represent the electronic
processing of the signal.

2.1.2 Squeezed Light in Practice

Squeezed states have been studied for almost a century [42, 43]. However,
for decades, the attempts at an experimental demonstration faced numerous
technical challenges. [44]. Only in 1985 Slusher and collaborators observed
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squeezed light using four-wave mixing in a sodium atomic vapor [45]. The fol-
lowing year, two additional demonstrations were made on completely different
platforms. Shelby and colleagues exploited χ(3) nonlinearity in optical fibers
[46], while Wu et al. achieved significantly improved squeezing levels of 3.5 dB
using the χ(2) process of spontaneous parametric downconversion in a nonlin-
ear crystal [47]. The χ(2) approach quickly became the most common due to
its higher efficiency and relative experimental simplicity. In 2016, Vahlbruch
et al. attained the current squeezing world record of 15 dB in a parametric
downconversion experiment. However, the other platforms that were used for
the first proof-of-principle demonstrations were never abandoned.

While χ(2) materials remain the most efficient platform for squeezing gen-
eration in bulk, their poor compatibility with standard complementary metal-
oxide-semiconductor (CMOS) technology has driven significant interest toward
χ(3) materials. Despite χ(3) nonlinearity being typically lower than χ(2), ma-
terials such as silicon and silicon nitride are CMOS compatible and provide a
robust pathway for scalable photonic integrated sources [48, 49]. Significant
progress has been made with various integrated platforms, including χ(2) pe-
riodically poled waveguides achieving over 8 dB of squeezing [50], and silicon
nitride microresonators demonstrating broadband dual-pump operation [51,
52], and squeezing levels above 10 dB in single-pump operation [53]. More
complex integrated structures, such as coupled-resonator systems, have also
been used to enhance SFWM, reaching 1.8 dB of directly detected squeezing
in a silicon nitride platform, corresponding to 8 dB on chip [54].

The development of squeezed light sources has enabled applications across
multiple domains. Including precise sensing [55, 56], microscopy [57], and
continuous-variable quantum computing [58], with experimental demonstra-
tions of quantum computational advantage using photonic systems [59] and
programmable quantum processors [60]. Squeezed light is also widely em-
ployed as a starting point for generating other quantum states, such as her-
alded single-photons [61, 62] or more complex non-gaussian states [63, 64, 65].

In this thesis, we focus on the generation of squeezed light by SFWM in
integrated devices. Like many nonlinear processes, SFWM is inherently weak,
requiring enhancement of the optical fields and extended interaction times and
lengths to achieve significant effects. Nanophotonic resonators address both
requirements by providing field enhancement through resonant power buildup
and extended interaction times due to optical confinement. Ring resonators
are particularly attractive for their small footprint, high field enhancement,
and mature fabrication technology [66]. In the following sections, we present
three theoretical frameworks to model SP-SFWM in a ring resonator. Much of
what will be said can be adapted to DP-SFWM and other nonlinear processes,
but we choose to restrict the description to a special case for the sake of clarity.
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2.2 Lorentzian Model for Squeezing in Inte-

grated Resonators

The first theoretical model we discuss, following the work by Quesada et al..
[40], exploits one fundamental characteristic of high-quality ring resonators:
their comb of Lorentzian resonances. For an efficient enhancement of the
process, signal, idler, and pumps must be aligned to three ring resonances at
frequencies satisfying energy and momentum conservation.

RI RP RS

Figure 2.4: Scheme of the resonance ranges that form a Lorentzian basis for
the field modes in a ring resonator.

A natural way to express the fields appearing in the nonlinear Hamiltonian
Eq. (2.3), is to expand them on a discrete set of modes spaning a narrow
frequency range RJ centered around the ring resonance frequency ωJ , with
J ∈ {P, S, I}, as shown in Fig. 2.4:

D
(ring)
J (r) =

dJ(r⊥; ζ)√
L

eikJζ , (2.21)

where, referring to Fig. 1.2a, L is the ring circumference, ζ parameterizes the
azimuthal position, r⊥ = (y, ρ) is the transverse coordinate, kJ = 2πmJ/L is
the central wavevector of resonance J with mJ the integer resonance index,
and dJ(r⊥; ζ) are the transverse field distributions, whose absolute values are
assumed independent of ζ.

With this in hand, the mode expansion of the displacement field operator
Eq. (1.37) takes the form (cf. Eq. (57) of Quesada et al. [40])

D(ring)(r, t) =
∑

J

√
ℏωJ

2L
âJ(t)dJ(r⊥; ζ)eikJζ + H.c., (2.22)

where âJ(t) is the time-dependent creation operator in mode J .
Contrary to the ring resonator, the channel supports a continuum of modes.

To describe this, it is convenient to write its field operators as (cf. Eq. (92) of
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Quesada et al. [40])

D(chan)(r, t) ≈
∑

J

√
ℏωJ

2
dJ(y, z)ψ̂J(x, t)eikJx + H.c., (2.23)

where

ψ̂J(z, t) :=

∫

k∈RJ

dk√
2π
âJ(k, t)ei(k−kJ )z, (2.24)

are slowly-varying envelope ladder operators for the channel, and we neglected
index or field profile variations over the the frequency range RJ .

2.2.1 Ring-Channel Dynamics

It can be shown that, neglecting losses and group velocity dispersion, the linear
Hamiltonian for a ring resonator point-coupled to a channel waveguide at the
waveguide coordinate z = 0 is given by (cf. Eq. (105) of Quesada et al. [40])

Ĥ(L) =
∑

J

ℏωJ

∫
ψ̂†
J(z)ψ̂J(z)dz +

∑

J

ℏωJ â
†
J âJ+ (2.25)

−
∑

J

1

2
iℏvJ

∫ (
ψ̂†
J(z)

∂ψ̂J(z)

∂z
− ∂ψ̂†

J(z)

∂z
ψ̂J(z)

)
dz

+
∑

J

(
ℏ
√

2v2J(1 − σ)

L
â†J ψ̂J(0) + H.c.

)
,

where the first two terms represent the linear Hamiltonians at frequency ωJ

for the channel and ring fields, respectively, the third term is a correction
including the effects of the group velocity vJ , and the fourth term describes
the ring-channel coupling with σ the self-coupling coefficient.

Losses can be included separately, by defining a second fictitious channel
coupled to the ring, which is called the phantom channel. The ring-phantom
coupling coefficient is σph = 1− e−

α
2
L, with α the attenuation coefficient, such

that for each round trip, the probability of couping to the phantom-channel
corresponds to the loss probability in the ring. The phantom channel follows
the same dynamics Eq. (2.25) of the physical channel, with field operators
ψJph(x). This is a different approach compared to the most standard loss
treatment based on a master equation, with leaky modes loosing energy to
the environment [67]. The advantage here is that a phantom channel can be
described with the same equations of a real physical channel, maintaining a
unitary evolution. The disadvantage is that this is a somewhat artificial con-
struction, with losses localized at a certain point instead of being distributed
throughout the structure.

Starting from Eq. (2.3), the SP-SFWM contribution to the nonlinear Hamil-
tonian is:

Ĥ(SP-SFWM) = −ℏΛSPâ†S â
†
I âP âP + H.c., (2.26)
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where the nonlinear coupling coefficient is (cf. Eq. (389) of Quesada et al.
[40]):

ΛSP =
ℏ(ω2

PωSωI)
1/4vP

√
vSvI

L
γSP, (2.27)

with the SP-SFWM nonlinear parameter γSP defined as:

γSP =
3(ω2

PωSωI)
1/4

4vP
√
vSvI

ϵ0
L

∫
drχ

(3)
ijlm(r)e∗S,i(r)e

∗
I,j(r)eP,l(r)eP,m(r), (2.28)

where χ
(3)
ijlm is the third-order nonlinear susceptibility tensor and eJ are the

electric field mode profiles correspoding to displacement field dJ .

In the low-power regime, as far as the ring resonances are Lorentzian,
Eq. (2.28) accurately captures the physics of SP-SFWM. However, when mov-
ing to higher pump powers, two more processes must be taken into account:
self-phase modulation (SPM) and cross-phase modulation (XPM), which are
stimulated χ(3) processes involving the interaction of the pump with itself
(SPM) and with other resonances (XPM). In particular, SPM involves the an-
nihilation and simultaneous creation of pump photon pairs, while XPM is the
annihilation and creation of pump-signal or pump-idler pairs. These stimu-
lated processes result in an energy shift of the ring resonances compared to
those of the unpumped cold resonator.

Following the same approach described for SP-SFWM, one can find the
nonlinear coupling coefficients ΛSPM and ΛXPM, expressing the strength of
SPM and XPM, respectively. SPM is about four times weaker than XPM,
causing a smaller shift for the pump resonance compared to the other ones.
The complete Hamiltonian is then

Ĥ = Ĥ(L)+Ĥ(SP-SFWM)−ℏΛSPMa†Pa
†
PaPaP −ℏΛXPM

(
a†Sa

†
PaSaP + a†Ia

†
PaIaP

)
.

(2.29)

The dynamics of the system is governed by the Heisenberg equation:

iℏ
dÔ(t)

dt
= [Ô(t), Ĥ], (2.30)

where Ô(t) represents any operator in the Heisenberg picture. Applying this
to the ring mode operators and treating the pump as an undepleted classical
field with amplitude αP (t), and detuning ∆P from the pump resonance, the
equations of motion for the signal and idler modes become (cf. Eq. (394) of
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Quesada et al. [40]):

dãS(t)

dt
=
(
iΛXPM|αP (t)|2 − i∆P − ΓS − ΓS,ph

)
ãS(t) + iΛSP[αP (t)]2e−i∆ωtã†I(t)+

− i

(√
2v2S(1 − σ)

L

)∗

ψ̃S(0−, t) − i

(√
2v2S(1 − σph)

L

)∗

ψ̃S,ph(0−, t),

(2.31)

dã†I(t)

dt
=
(
iΛXPM|αP (t)|2 − i∆P − ΓI − ΓI,ph

)
ã†I(t) − iΛSP[αP (t)∗]2ei∆ωtãS(t)+

− i

(√
2v2I (1 − σ)

L

)∗

ψ̃I(0
−, t) − i

(√
2v2I (1 − σph)

L

)∗

ψ̃I,ph(0−, t),

(2.32)

where ãJ(t) = âJ(t)ei(ωJ−∆P )t and ψ̃J(0−, t) = ψ̂J(0−, t)ei(ωJ−∆P )t are rotating-
frame operators, ψ̂J(0−, t) are the channel operators immediately before the

coupling point to the ring, ΓJ =
vJ (1−σph)

L
are the damping rates due to channel

coupling or intrinsic losses, and ∆ω = 2ωP − ωS − ωI . The coupled equations
Eq. (2.31) and Eq. (2.32) can be written in compact matrix form as:

d

dt

(
ãS(t)

ã†I(t)

)
= MSP-SFWM(t)

(
ãS(t)

ã†I(t)

)
+DSP-SFWM(t), (2.33)

with MSP-SFWM(t) describing the effects of the resonant fields, and DSP-SFWM(t)
describing the effects of the external couplings.

2.2.2 Output Modes and Correlation Functions

Eq. (2.33) can be solved by the Green function method. The Green matrix is
defined by the relations:

G(t0, t0) = 1, (2.34)

∂G(t, t′)

∂t
−MSP-SFWM(t)G(t, t′) = δ(t− t′), (2.35)

where 1 is the 2 × 2 identity matrix. The full solution for the fields can then
be built as
(
ãS(t)

ã†I(t)

)
= G(t, t0)

(
ãS(t0)

ã†I(t0)

)
+

∫ t

−∞
dt′ Θ(t− t′)G(t, t′)DSP-SFWM(t′), (2.36)

where Θ(t− t′) is the Heaviside step function.
Besides the formal time evolution of the signal and idler operators, the

Green function gives a more direct insight into the quantum statistical proper-
ties of the generated squeezed light, such as the mean number of photons and
the squeezing level. In general, it can be shown that a multimode squeezed
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state, is completely characterized by two second-order correlation functions,
known as the N and M moments. The N moment is a multimode and multitime
generalization of the mean output photon number, quantifying the intensity
correlations, and is defined as (cf. Eq. (400) of Quesada et al. [40]):

NJ(t1, t2) ≡ vJ⟨ψ̃†
J(0+, t1)ψ̃J(0+, t2)⟩. (2.37)

The M moment describes the most general correlations between non-degenerate
modes J and K:

MJK(t1, t2) ≡
√
vJvK⟨ψ̃J(0+, t1)ψ̃K(0+, t2)⟩. (2.38)

Here ψ̃J(0+, t1) is the output field operator in mode J , which should be in-
tended as a Schmidt mode, namely one of the linear independent modes re-
sulting after a Schmidt decomposition of the dynamic matrices [68].

The N and M correlation functions provide complete statistical information
about the generated quantum state, enabling calculation of all experimentally
accessible quantities. In this framework, the mean photon numbers for each
Schmidt mode are:

⟨nJ(t)⟩ = NJ,J(t, t), (2.39)

and the quadrature variance spectrum measured by a local oscillator with
phase θ is expressed as (cf. Eq. (422) of Quesada et al. [40]) :

V(ω) = 1 +NS(ω, ω) +NS(−ω,−ω) + 2 Re[e−2iθMSS(ω,−ω)], (2.40)

where NS(ω, ω′) and MSS(ω, ω′) are the Fourier transforms of the temporal
correlation functions. The squeezing level is determined by the minimum value
of V(ω) over all local oscillator phases.

Using the Green function solution, the explicit expressions for N and M
correlation functions can be calculated (cf. Eq. (402) and Eq. (403) of Quesada
et al. [40]):

NS(t1, t2) = 4ΓSΓI

∫
dτ G∗

12(t1, τ)θ(t1 − τ)G12(t2, τ)θ(t2 − τ), (2.41)

MSI(t1, t2) = 2ΓS

∫
dτ G11(t1, τ)θ(t1 − τ)G∗

21(t2, τ)θ(t2 − τ) − 2

√
ηSηIΓSΓI

(ΓS + ΓI)

∫
dτ [G∗

21(t1, τ)G∗
22(t2, τ) −G∗

22(t1, τ)G∗
21(t2, τ)]θ(t2 − t1)θ(t1 − τ),

(2.42)

where Gij(t, t
′) denote the matrix elements of the Green function, ηJ is the

energy transmission after accounting for intrinsic losses, and ΓJ = ΓJ + ΓJ,ph.
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2.3 Asymptotic-Fields Formalism

The Lorentzian model introduced in the previous section provides a rigorous
description of spontaneous four-wave mixing (SFWM) in high-quality ring res-
onators, where the resonances are well isolated and can be approximated as
ideal Lorentzians. However, this approach becomes less accurate in complex
devices featuring resonance splitting or suppression. In this case, a more pre-
cise description of the electromagnetic fields in the structure is required. The
asymptotic-field formalism proposed by Liscidini et al. in 2012 [69] offers such
a framework, providing a rigorous way to connect the linear properties of the
device with its quantum nonlinear dynamics for a variety of parametric pro-
cesses. In this section, we review this method in the specific case of SP-SFWM.

2.3.1 Asymptotic-in and Asymptotic-out Fields

In the asymptotic-fields formalism, an integrated structure is described as an
interaction region, where nonlinear processes can take place, with a set of chan-
nels representing the only pathways for light to enter or leave the interaction
region, as sketched in Fig. 2.5. For instance, in a ring resonator, the ring is the
interaction region, and the bus waveguide forms two channels. If one defines a
phantom channel representing losses, as was done in the previous section, then
an additional channel will enter into the picture, which is the output part of
the phantom channel.

Interaction 
region

Channel 1

Channel 2 Channel 3

Channel 4

Dasy-in
Channel 1

Figure 2.5: Scheme of the structure considered in the asymptotic-in formalism.
Some channels, which may not all have the same characteristics, connect an
interaction region (blue shaded area) to the outside. The red arrows represent
the direction of an asymptotic-in field associated with Channel 1 at the four
input/output ports of the structure. It is important to note that the asymp-
totic field is defined everywhere in space. The figure has been adapted with
permission from [69].

An asymptotic-in(-out) field propagating in a channel ch with mode J is de-
fined as the full solution of Maxwell’s equations when light is injected(extracted)
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from that mode of that channel only, and only linear interactions are present.
For ease of notation, we identify the modes through the sole index J , incorpo-
rating also the information about the channel, and we drop the index ch. The
displacement operator can then be expanded on the asymptotic-in basis as

D(r) =
∑

J

∫ ∞

0

dω

√
ℏω

2vg,J (ω)
âinωJ D

asy-in
ωJ (r) + H.c., (2.43)

and on the asymptotic-out basis as

D(r) =
∑

J

∫ ∞

0

dω

√
ℏω

2vg,J (ω)
âoutωJ Dasy-out

ωJ (r) + H.c., (2.44)

where âinωJ and âoutωJ are the annihilation operators for the asymptotic-in and -

out modes of frequency ω, and D
asy-in (-out)
ωJ (r) are the corresponding normalized

mode profiles. It can be shown that, in the absence of loss, the asymptotic-out
fields are the Hermitian conjugates of the corresponding asymptotic-in fields,
and both constitute a complete, orthonormal basis in the mode space [69].

Each asymptotic-in mode can be separated into a longitudinal and a trans-
verse contribution,

Dasy-in
ωJ (r) =

eik(ω)ζ√
2π

AωJ(ζ)dωJ(r⊥, ζ), (2.45)

where AωJ(ζ) is the longitudinal amplitude that we introduced in Chapter 1
when analyzing the scattering-matrix theory and dωJ(r⊥, ζ) is the transverse
displacement field profile, whose ζ dependence is only due to the variation of
direction along the ring. The field is normalized as [70]:

∫
dr⊥

d∗
ωJ(r⊥)dωJ(r⊥)

ϵ0ϵr(r⊥;ω)

vp(r⊥;ω)

vg(r⊥;ω)
= 1. (2.46)

2.3.2 Nonlinear Hamiltonian

As before, the SFWM Hamiltonian is built by substituting the mode expansion
Eqs. (2.43-2.44) into the general third-order nonlinear Hamiltonian Eq. (1.45),
retaining only the terms corresponding to the annihilation of two pump pho-
tons and the creation of a signal-idler pair. It is convenient to express the pump
fields in terms of asymptotic-in modes, while signal and idler are described by
asymptotic-out modes. The resulting SP-SFWM Hamiltonian is [69, 71]

Ĥ(SFWM) = − 1

4ε0

4!

2!2!

∫

S∪I
dω1

∫

S∪I
dω2

∫

P

dω3

∫

P

dω4â
†
1â

†
2â3â4

ℏ2√ω1ω2ω3ω4

4v2g∫
drΓ

(3)
ijlm(r)Dasy−in∗

1,i (r)Dasy−in∗
2,j (r)Dasy−in

3,l (r)Dasy−in
4,m (r) +H.c.,

(2.47)
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where we considered single-mode channels (so that we could drop the J index)
and introduced the notation âχ := âinωχ

, Dasy-in
χ (r) = Dasy-in

ωχ
(r). Here we used

the fact that asymptotic-in and -out fields are Hermitian conjugates, and the
factor 4!

2!2!
arises from the fact that signal-idler pairs, as well as pump-pump

pairs, are made of indistinguishable photons. It must be noted that here, the
indices 1, 2, 3, 4 do not correspond exactly to signal, idler, and pump modes.
Rather, 1 and 2 identify two distinct frequencies that are associated with the
asymptotic-out modes and run over the union of the signal and idler spectral
regions, while indices 3 and 4 identify the two frequencies associated with the
asymptotic-in modes and run over the pump spectral region.

Eq. (2.47) is conveniently rewritten as

Ĥ(SFWM) = −
∫
dω1dω2dω3dω4â

†
1â

†
2â3â4

√
ω1ω2ω3ω4S⊥J(ω1, ω2, ω3, ω4) +H.c.,

(2.48)
where

S⊥ =
3ℏ2

8ε0v2g

∫
dr⊥

Γ
(3)
ijlm(r⊥)

4π2
d∗1,i(r⊥)d∗2,j(r⊥)d3,l(r⊥)d4,m(r⊥), (2.49)

contains the overlap of the transverse parts of the modes, which are assumed
to be identical for simplicity, and the longitudinal overlap integral is

J(ω1, ω2, ω3, ω4) =

∫
dζ ei∆kζ A∗

1(ζ)A∗
2(ζ)A3(ζ)A4(ζ). (2.50)

Here, the integral runs over the entire structure, including all waveguides in
both the channel and the interaction region. It is often convenient to decom-
pose this integral in a set of integrals associated with different waveguides,
which we identify through an index w:

J(ω1, ω2, ω3, ω4) =
∑

w

∫

Lw

dζ ei∆kζ A∗
1,w(ζ)A∗

2,w(ζ)A3,w(ζ)A4,w(ζ), (2.51)

where Lw is the waveguide’s length, and ∆k = k(ω1) + k(ω2) − k(ω3) − k(ω4)
the phase mismatch.

The transverse overlap integral can be related to the nonlinear parameter
[71]

γ
NL

=
3ωP

4ε0v2g

∫
dr⊥

Γ
(3)
ijlm(r⊥)

4π2
d∗i (r⊥)d∗j(r⊥)dl(r⊥)dm(r⊥) (2.52)

by

S⊥ = γNL
ℏ2

8π2ωp

, (2.53)

where ωp is the central pump frequency, vg the group velocity of the guided
mode, and we neglected the spectral dependency of dω(r⊥, ζ).
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2.3.3 Low-Gain Generation Rate

The quantum state generated by SFWM is fundamentally a multi-mode squeezed
state. Following the approach of Yang et al. [70], it can be written in the gen-
eral form:

|ψ⟩ = e
β√
2

∫
dω1dω2ϕ(ω1,ω2)â

†
1â

†
2−H.c.|vac⟩, (2.54)

where |β| is a generalized squeezing parameter and ϕ(ω1, ω2) is the joint prob-
ability amplitude to detect one generated photon at frequency ω1 and one
at frequency ω2. ϕ(ω1, ω2) is often called the biphoton wavefunction, for its
resemblance to the wavefunction appearing in the Schrödinger equation. How-
ever, when using this notation, one should be aware that this is a probability
amplitude in the spectral domain rather than in the spatial domain. In the
limit of a small β, this state can be approximated as:

|ψ⟩ ≈ |vac⟩ +
β√
2

∫
dω1dω2ϕ(ω1, ω2)â

†
1â

†
2 |vac⟩ . (2.55)

In this case, |β|2 can be interpreted as the mean number of photon pairs
generated per pump pulse.

In the low-gain regime, in the undepleted pump approximation, the bipho-
ton wavefunction can be calculated in a backward Heisenberg picture [70], as
outlined in [70, 71, 72, 73]. The result is

ϕ(ωs, ωi) =
2
√

2πα2
P

β

i

ℏ

∫
dω3dω4

√
ω1ω2ω3ω4S⊥ϕP1(ω3)ϕP2(ω4)

J(ω1, ω2, ω3, ω4)δ(ω1 + ω2 − ω3 − ω4) =

=
iℏγNLα

2
P

2
√

2πωpβ

∫
dω3

√
ω1ω2ω3(ω1 + ω2 − ω3)ϕP (ω3)ϕP (ω1 + ω2 − ω3)

J(ω1, ω2, ω3, ω1 + ω2 − ω3),

(2.56)

where ϕP (ω) is the spectral amplitude of the pump fields and |αP |2 is the aver-
age number of pump photons. It must be stressed that Eq. (2.56) is only valid
up to a first-order expansion of the time-ordering operator that appears when
evolving an input pump pulse through the nonlinear Hamiltonian Eq. (2.48).

Since the biphoton wavefunction is a probability amplitude, it must satisfy
the normalization condition:

∫ ∞

0

∫ ∞

0

|ϕ(ω1, ω2)|2dω1dω2 = 1. (2.57)

As a consequence the average number of generated pairs is:

|β|2 =

∫ ∞

0

∫ ∞

0

|βϕ(ω1, ω2)|2 dω1dω2. (2.58)
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In the limit of a long pump pulse duration ∆T , keeping the pump power PP

constant, the integration becomes analytical. In this continuous-wave regime,
the generation rate per unit time should be considered rather than the number
of pairs per pulse. It can be shown that this rate is [73]:

R =
|β|2
∆T

=
γ2NLP2

P

4πω2
P

∫ ∞

0

dω1ω1(2ωP − ω1)|J(ω1, 2ωP − ω1, ωP , ωP )|2, (2.59)

where ωP is the pump frequency. Eq. (2.59) only involves an integral of the
linear classical field amplitudes, making it very efficient in terms of computa-
tional resources. Additionally, the result was derived without any assumption
about the shape of the field spectrum, making it suitable to describe split,
low-finesse, resonances and even non-resonant devices.

This asymptotic fields approach allows one to extract both the spectral
properties of the generated pairs, through the biphoton wavefunction, and the
overall generation efficiency in the low-gain regime for complex integrated pho-
tonic structures. From a Schmidt decomposition of the biphoton wavefunction,
other properties such as the entanglement, purity, and temporal coherence of
the two-photon state can be derived [68, 74, 75]. Losses can be either ac-
counted directly by using a complex wavevector, as outlined in 1, or modeled
through a phantom channel similar to the one used in the Lorentzian model.
The first approach provides a more realistic description of the field distribu-
tion within the ring. The latter enables the full calculation of the number of
photons that are generated and then lost to non-radiative modes, which are
represented by the phantom channel.

2.4 Local Modes for the High-Gain Regime

The Lorentzian and asymptotic-fields formalisms presented in the previous
sections provide an accurate modeling of SFWM in their regimes of validity.
The first, describes high-quality ring resonators with well-isolated Lorentzian
resonances even in the high-gain regime and in the presence of competing
parametric processes. The latter, offers a general framework applicable even
to complex device geometries but has previously been limited to perturbative
calculations that cannot reconstruct the complete quantum state required for
high-gain squeezing analyses. Extending it to the non-perturbative regime is
challenging due to the two key assumptions of small generation rate and first-
order expansion of the time-ordering operator. The first is used to approximate
the squeezing parameter to the average number of generated photon pairs, and
the second is essential to write the biphoton wavefunction in a closed form.
Relaxing either of these assumptions would result in treating the exponential of
non-trivially commuting creation operators, which rapidly becomes intractable
even with a modest number of modes.

In the following section, we present an approach to extend the asymptotic
fields into the high-gain regime, taking advantage of some results from the
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a) b)

c) d)

Figure 2.6: (a) Ring resonator side-coupled to a channel waveguide. The darker
shaded area represents the coupler, of length Lc (b) Linearized representation
of the same ring. (c) Phantom-channel model for the losses. Each blue dashed
line represent the coupling point of a phantom channel. Three phantom chan-
nels are sketched on the right. We allow the coupler to be lossy, by introducing
phantom channels inside it. (d) Sample local mode with a finite field amplitude
only in the region between two adjacent phantom channel. This is obtained
by a proper linear combination of the asymptotic-in fields associated with the
two adjacent channels. Images taken from [76].

Lorentzian model while maintaining the ability to describe complex device
geometries and realistic loss mechanisms. [76].

2.4.1 Local Basis Construction

We consider a racetrack resonator of length Lr side-coupled to a bus waveguide
through a directional coupler of length Lc, as shown in Fig. 2.6(a). We approx-
imate this ring resonator as a linearized structure, as illustrated in Fig. 2.6(b):
when the bending radius of the curved regions is large enough that field dis-
tribution variations are negligible, we can consider the field profile inside the
ring identical to the one of the bus waveguide. This means we can take one
unified frame of reference with all fields propagating in the z direction, rep-
resenting the coupled ring-waveguide system as a pair of straight waveguides
that couple only for part of their length and with the ring waveguides having
periodic boundary conditions.

We describe losses through a set of NL phantom channels, as sketched in
Fig. 2.6(c) such that the sum of all the coupling probabilities κ2n is equal to
the round-trip loss. Here, the bus waveguide is indexed by n = 0 while the
phantom channels are indexed by n ∈ 1, ...NL. This approach offers two ad-
vantages compared to the single phantom channel. First, the unitary evolution
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of generated and lost photons is properly tracked throughout the whole struc-
ture. Second, it divides the interaction region in NL +1 sections, which will be
useful later to define localized modes that exist only in one of these sections
and are null elsewhere. We allow the directional coupler to be lossy by putting
some of the NL phantom channels in the interaction region. In this case, for
each channel coupled to the ring at position zn, we add a phantom channel
coupled to the waveguide at the same position zn.

We start from the asymptotic field decomposition of the displacement field
Eq. (2.43), but we introduce a key modification. Instead of considering spec-
tral regions spanning all frequencies, we limit each asymptotic mode to a nar-
row spectral region around a ring resonance, similar to what was done in the
Lorentzian model (see Fig. 2.4). However, unlike the Lorentzian approach, we
allow the wavevector to vary in the range RJ around the central value kJ not
only for the channel operators, but also for the ring operators Within this
range, the resonant modes are expanded in terms of the NL + 1 asymptotic
fields associated with the phantom channel and bus waveguide, enabling a
more complete description of the field dynamics. The resulting displacement
field is expanded as:

D(r, t) =
∑

J,n

∫

RJ

dk

√
ℏωJ

2
Dasy-in

k,J,n (r)âink,J,n(t) + H.c. (2.60)

where n = 0 identifies the bus waveguide, n > 0 runs over the phantom
channels, J runs over all resonance ranges involved in the nonlinear process of
interest, and

Dasy-in
k,J,n (r) =

eikJz√
2π

dk,J(r⊥)Ain
k,J,n(z) (2.61)

is the wavevector-domain analogous of the frequency-domain asymptotic-in
field introduced in the previous section. Here A

in(out)
k,J,n (z) and dk,J(r⊥) are

the longitudinal and transverse amplitudes in the wavevector domain. For
simplicity, we approximate dk,J(r⊥) to be equal in all the channels and in the
ring, although this assumption can be relaxed [76].

The asymptotic fields rigorously describe all the modes within the struc-
ture. However, they are defined in all space, meaning they all interact with
each other, making any non-perturbative calculation intractable even for a
modest number of phantom channels. For this reason, we perform a change of
basis constructing local modes of the form [76]:

Dloc
k,J,n(r) = Dasy-in

k,J,n (r) − κn
κn+1

σn+1D
asy-in
k,J,n+1(r)e

ik(z̄n+1−z̄n), (2.62)

where the wavevector varies in the range RJ , z̄n and z̄n+1 are the positions of
two adjacent phantom channels. This construction ensures that, as detailed
in Fig. 2.6(d), the local field has nonzero support only in the two phantom
channels and in the ring area between the coupling points z̄n and z̄n+1, dramat-
ically simplifying the overlap integrals required for the nonlinear calculations.
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A similar argument holds in the interaction region, although here the relation
between asymptotic and local fields involves two pairs of phantom channels:
one for the ring and one for the waveguide.

The transformation between local and asymptotic bases is captured by the
matrix equation [76]:




Dloc
k,J,0(r)

Dloc
k,J,1(r)

...
Dloc

k,J,NL
(r)


 = Lin

k,J




Dasy-in
k,J,0 (r)

Dasy-in
k,J,1 (r)

...

Dasy-in
k,J,NL

(r)


 (2.63)

Correspondingly, the operators transform with the inverse-transpose of the
transformation matrix:




âlock,J,0(t)
âlock,J,1(t)

...
âlock,J,NL

(t)


 =

(
Lin,−1

k,J

)T




âink,J,0(t)
âink,J,1(t)

...
âink,J,NL

(t)


 (2.64)

The transformation matrix Lin
k,J can be built from knowledge of only the lon-

gitudinal field Ain
k,J,n(z), which is transformed into a local longitudinal field

Aloc
k,J,n(z). In analogy to the asymptotic-in construction, these same local modes

can be derived from the asymptotic-out fields.

We point out that the local-mode operators do not satisfy the usual com-
mutation relations, because

[âlock,J,n(t), âlock′,J ′,n′(t)] = 0, (2.65)

but

[âlock,J,n(t), âloc†k′,J ′,n′(t)] = δJ,J ′δ(k − k′)C
k,J
n,n′ , (2.66)

with

C
k,J
n,n′ =

NL∑

m=0

(
Lin,−1

k,J

)∗
n′,m

(
Lin,−1

k,J

)
n,m

.

Still, the local modes constitute a complete basis for the displacement field,
nonetheless. The corresponding decomposition,

D(r, t) =
∑

J,n

∫

RJ

dk

√
ℏωk,J

2
Dloc

k,J,n(r)âlock,J,n(t) + H.c., (2.67)

is obtained by substituting Eqs. (2.63-2.64) in Eq. (2.60).
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2.4.2 Nonlinear Hamiltonian and Time Evolution

We expand the third-order nonlinear Hamiltonian on the local basis following
the calculations that led to Eq. (2.48):

Ĥ(NL) = − ℏ2

8π2

∑

J,n

∫
dkγJNL JJ,k,nv

2
g

4
√
ω1ω2ω3ω4

× âloc†k1,J1,n1
(t)âloc†k2,J2,n2

(t)âlock3,J3,n3
(t)âlock4,J4,n4

(t).

(2.68)

Here, J={J1,J2,J3,J4}, n={n1,n2,n3,n4}, dk=dk1dk2dk3dk4, ωχ =ωkχ,Jχ ,

JJ,k,n =

∫
dzAin

k1,J1,n1
(z)Ain

k2,J2,n2
(z)Ain

k3,J3,n3
(z)Ain

k4,J4,n4
(z)e−i∆k0J z,

is the longitudinal overlap integral with ∆k0J = k1 + k2 − k3 − k4 the zero-th
order wavevector mismatch, and

γJ
NL

=
3 4
√
ω1ω2ω3ω4

4ε0v2g

∫
dr⊥

Γ
(3)
ijlm(r⊥)

4π2
d∗J1,i(r⊥)d∗J2,j(r⊥)dJ3,l(r⊥)dJ4,m(r⊥)

is the nonlinear coefficient associated with modes J. The latter is similar to
the coefficient introduced in Eq. (2.52), but it is generalized to an arbitrary
χ(3) process defined by the set of resonances J.

In Eq. (2.68), all possible χ(3) processes are taken into account simultane-
ously. For instance, SP-SFWM is associated with modes J = (S, I, P, P ), but
one can include DP-SFWM by choosing the modes J = (S, I, P, P ), or SPM
with modes J = (P, P, P, P ).

We now consider a SP-SFWM process with arbitrary gain, and include
SPM and XPM. The equations of motion for the local mode are obtained
from the Heisenberg equation Eq. (2.30), involving a commutator of the local
operator with the full Hamiltonian. We first compute the linear term:

∂d

∂t
âloc
k,I,m

(t) =
i

ℏ
∑

J,n

∫

RJ

dkℏωk,J [âin†k,J,n(t)âink,J,n(t), âloc
k,I,m

(t)] =

= i
∑

J,n

∫

RJ

dkωk,J

∑

j

(
Lin,−1

k,I

)
j,m

[âin†k,J,n(t)âink,J,n(t), âin
k,I,j

(t)] =

= −i
∑

J,n,j

∫

RJ

dkωk,J

(
Lin,−1

k,I

)
j,m

δI,Jδ(k − k)δj,nâ
in
k,J,n(t) =

, = −i
∑

j

ωk,I

(
Lin,−1

k,I

)
j,m

âin
k,I,j

(t) =

= −iωk,I â
loc
k,I,m

(t).

(2.69)
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Similarly, one can compute the full equations of motion [76]:

∂

∂t
âloc
k,I,m

(t) = −iωk,I â
loc
k,I,m

(t)+
iℏ

4π2

∑

J,n

∫
dkγJNL JJ,k,nv

2
g

4
√
ω1ω2ω3ω4gJCk,I

n1,m

× âloc†k2,J2,n2
(t)âlock3,J3,n3

(t)âlock4,J4,n4
(t)δJ1,Iδ(k1 − k),

(2.70)

where the first term is the linear evolution and the second term is the sum of all
nonlinear contributions, with J ∈ {(S,I,P,P ); (P,P,P,P ); (S,P,S,P ); (I,P,I,P )}
and

gJ =

{
2ifJ1 = J2

1ifJ1 ̸= J2

In the undepleted pump approximation, the pump field operators âlock,P,n(t) can
be replaced by their expectation value αP (t).

Eq. (2.70) can be solved numerically through a split-step method [76]. First
one evolves the operators linearly for a time step ∆t

2
, which corresponds to

adding k-dependent phases:

âlock,J,m(t) → âlock,J,m(t)e−iωk,J∆t. (2.71)

Subsequently, one computes the nonlinear evolution from the nonlinear part
of the equations of motion for a time ∆t, which involves a multiplication be-
tween the vector of local operators and a matrix that scales quadratically with
the number of phantom channels, resonances, and points in the wavevector
discretization. Finally, a second linear evolution of time step ∆t

2
is performed.

While this introduces larger mode dimensionality compared to the per-
turbative asymptotic-fields method (which scales linearly with the number of
channels and with the frequency discretization) and the Lorentzian treatment
(which involves only one phantom channel), it enables a local non-perturbative
treatment of the field evolution within the ring structure even beyond the high-
finesse approximation. For the ring resonators we are going to study in this
chapter (Lr = 2π × 120 µm, finesse F = 101 − 103), convergence is achieved
with NL = 10 − 20 phantom channels, making the method computationally
tractable, as opposed to a standard, non-perturbative asymptotic-field theory.

2.4.3 Results and Validation

We validated the local-modes treatment through comparison with established
approaches across different parameter regimes. Fig. 2.7 shows the expectation
value of the signal photon number generated per pump pulse as a function of
the ring finesse, comparing our local-modes method with the Lorentzian and
perturbative asymptotic-field treatments. For a fair comparison, we neglect
here the effects of SPM and XPM, because they are not immediately integrated
in a perturbative backward-Heisenberg picture. Here, we account for both the
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Lorentzian
Low-gain Asy.
Local-modes

Figure 2.7: Method comparison showing the mean generated signal photon
number. The asymptotic scattering method matches the PBH method in the
perturbative regime and the CM-IO method in the high-finesse regime, while
extending applicability beyond both. Image taken from [76].

photons coupled out to the bus waveguide and those lost to the phantom
channels.

In the intermediate region, all three methods agree well, demonstrating
that our method correctly reproduces established results. In addition, the local
modes have a wider range of applicability compared to the other two methods.
As shown in the two insets, in the low-finesse region, the Lorentzian model
overestimates the generation rate because the resonances are not Lorentzian,
while in the high-finesse region, the perturbative asymptotic fields underes-
timate it because the expected number of photons approaches 1. For these
calculations, we used a Gaussian pump pulse of duration 70 ps and energy 100
pJ, and a fixed ring escape efficiency of η = 0.75.

Beyond the photon number, the knowledge of how the local-field operators
evolve in time allows one to study the spectral correlations of the output state,
by defining N and M correlation functions as in Eqs. (2.37-2.38). From these
[77, 40], one can derive the first-order cross-correlation function

g
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Local-modes 

Figure 2.8: High-gain regime results showing the correlation functions g(1,1)

and g(2) as a function of the ring’s finesse. Image taken from [76].

and the second-order correlation function
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(2.73)

where Ê
(±)
J (t) are quantized electric field operators, and Ñ , M̃ are the N and

M moments associated with the local modes of the bus channel, i.e. tracing
over the phantom channels. In Fig. 2.8 we show these calculated correlations
as a function of finesse for a ring with escape efficiency of η = 0.75 and a
Gaussian pump pulse of duration 70 ps and energy 100 pJ. The local modes
and the Lorentzian approximation give compatible results.

Finally, we calculate the squeezing by using Eq. (2.40), where the N and M
moments for the local modes are intended as related to the bus waveguide. The
maximum and minimum of Eq. (2.40) give the antisqueezing and squeezing,
respectively. We show these in Fig. 2.9 for a ring with finesse F = 780 and
escape efficiency η = 0.75, proving excellent agreement with the Lorentzian
predictions in the appropriate limits.

In summary, the local-mode construction of the asymptotic fields offers
a powerful framework that complements both perturbative asymptotic treat-
ments and phenomenological Lorentzian-mode approaches. In practical appli-
cations, the choice between the three should be guided by the available com-
putational resources and by the target operation regime. While perturbative
methods provide analytically tractable solutions in low-gain regimes for any
device geometry, and Lorentzian-mode approaches efficiently treat high-finesse
resonators even at high pump powers, the asymptotic local-mode method ex-
tends the scope of nonperturbative quantum calculations to more general inte-
grated photonic devices. This approach retains computational tractability and
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Figure 2.9: Squeezing spectrum calculations for different pump powers in the
high-finesse nonperturbative regime. Image taken from [76].

unlocks the ability to model complex geometries and strong coupling regimes
that lie beyond the reach of traditional methods.

2.5 Conclusion

In this chapter, we presented a theoretical framework for modeling spontaneous
four-wave mixing in photonic integrated circuits, focusing on its application to
the generation of squeezed light. We first reviewed the properties of squeezed
states, highlighting their relevance for quantum technologies. This discussion
lays the groundwork for Chapter 3, where we will design a resonant interfero-
metric coupler for squeezed light generation.

We then introduced three complementary methods for calculating the gen-
eration rates and spectral correlations produced by a nonlinear interaction:
the Lorentzian model, the asymptotic-fields formalism, and the local-modes
approach. The Lorentzian model, discussed in Section 2.2, provides an accu-
rate description of parametric processes in high-quality ring resonators, where
the resonances are well-isolated and can be approximated as ideal Lorentzians.
This approach is particularly useful for understanding squeezed light in the
high-gain regime, as we will explore in Section 3.4.

The asymptotic-fields formalism, presented in Section 2.3, offers a more
general framework for describing parametric interactions in complex device
geometries, even when resonances are split or noisy. This method is well-suited
for analyzing the photon-pair generation in the low-gain regime, as we will do
in Section 3.3. Additionally, as we will show in the final part of this thesis,
the asymptotic fields can be adapted to describe non-radiative modes, such
as bound states in the continuum (Chapter 5), and non-parametric processes,
such as single-photon emission (Chapter 6).
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Finally, the local-modes approach, developed in Section 2.4, extends the
asymptotic-fields formalism into the high-gain regime, enabling non-perturbative
calculations for a broad class of integrated devices. This method bridges the
gap between the Lorentzian and asymptotic-fields approaches, providing a ro-
bust tool for modeling spontaneous four-wave mixing in realistic scenarios.
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Chapter 3

Squeezed Light from a Resonant
Interferometric Coupler

After having examined the theoretical formalism to describe spontaneous four-
wave mixing, we now turn our attention to two specific applications: the
heralding of pure single-photons, and the generation of single-mode strongly
squeezed states.

First, we analyze the challenges in implementing these applications, high-
lighting a common denominator in spite of their different characteristics. To
address these challenges, we present a resonant interferometric coupler (RIC)
combining multiple ring resonators coupled through a Mach-Zehnder Inter-
ferometer. We show that the RIC offers selective control over individual ring
resonances. Subsequently, we report the application of this device to the gener-
ation of uncorrelated photon pairs with reduced spectral correlations, which is
crucial for heralding pure single-photon states. Finally, we explore the possible
use of the RIC for enhancing squeezed state generation.

3.1 Limits to Squeezing

3.1.1 Low-Gain Regime

Single-photons are essential for quantum computation [78] and quantum com-
munication [79], where high purity is required to achieve optimal interference
visibility, critical to many protocols. While quantum dots can produce near-
unity purity single photons, they require demanding fabrication processes and
cryogenic operation [80], motivating the development of room-temperature in-
tegrated sources.

To this end, one possible approach is to start from low-gain squeezed states
produced through parametric processes such as parametric down-conversion
[81] and SFWM. The low-gain requirement is essential to have a negligible
probability of multipair generation, so that the squeezed state can be approx-
imated as the sum of a vacuum state and a two-photon state, as in Eq. (2.55).

51
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Equivalently, one can think of it as a photon pair that is generated only with a
certain probability |β|2, with |β|2 ≪ 1 the average number of signal-idler pairs
per pump pulse. Subsequently, if the pair is present, one photon is detected
and acts as a herald for the second photon, which is then projected into a
single-photon state.

The generation of uncorrelated photon pairs via SFWM in integrated res-
onators faces a fundamental challenge arising from the spectral-temporal cor-
relations between signal and idler photons. The extent of these correlations
depends on the relative linewidths of pump, signal, and idler. If the pump is
much narrower than the signal and idler resonances, which can be obtained,
for instance, by using a continuous-wave laser, the biphoton wavefunction will
be approximately antidiagonal in the signal-idler frequency space, and the cor-
relations will be very strong. Even when using a spectrally broad pulsed laser
as the pump, the presence of identical ring resonances at the pump, signal, and
idler modes will introduce correlations, limiting the spectral purity of heralded
single photons generated in a ring resonator to approximately 91.7% [82].

A possible approach is spectral filtering to reduce the effective width of
some resonances, but at the expense of reducing the effective heralding ef-
ficiency [83] Alternatives in χ(3) platforms include pump manipulation tech-
niques that use temporally structured pump pulses [75] or dual-pump configu-
rations [84], though these require more complex experimental setups. Recent
demonstrations have shown that resonator architectures beyond the simple ring
can overcome these limitations. Photonic molecule approaches using coupled
resonators have achieved purities exceeding 99% with high heralding efficiency
[85]. Similarly, interferometric coupling schemes have demonstrated the ability
to generate truly unentangled photon pairs without spectral filtering [74, 86],
highlighting the power of resonance engineering approaches.

3.1.2 High-Gain Regime

The second application is the generation of strongly squeezed states in the
high-gain regime, which are crucial resources for continuous-variable quantum
computing protocols such as Gaussian boson sampling [87, 60]. These appli-
cations require single-mode squeezed vacuum states with high squeezing levels
to achieve quantum computational advantage in fault-tolerant architectures.
Even in this case, efficient correlations can be achieved only when the involved
photons have high indistinguishability. In the frequency degree of freedom,
this is only possible when light is generated in a dual-pump scheme.

The generation of strongly squeezed states through dual-pump SFWM faces
a different but equally challenging set of limitations compared to the single-
pump one. In the high-gain regime required for significant squeezing, parasitic
nonlinear processes become prominent and can severely degrade the achiev-
able squeezing level [88]. These parasitic processes, including single-pump
SFWM and Bragg-scattering four-wave mixing, introduce excess noise into the
squeezed mode and limit the maximum achievable squeezing, as illustrated in
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Fig. 3.1.
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Figure 3.1: Parasitic nonlinear processes in high-gain dual-pump SFWM that
limit squeezed state generation. The ring resonator frequency comb supports
the desired dual-pump process (indicated by the two input beams) as well
as various parasitic interactions that introduce excess noise. These include
single-pump SFWM from each pump individually, Bragg scattering to adjacent
resonances, and higher-order nonlinear interactions that degrade the purity of
the generated squeezed state.

The challenge is particularly acute in integrated platforms, where the high
optical intensities required for strong squeezing can simultaneously excite mul-
tiple nonlinear processes. Unlike the low-gain regime, where parasitic effects
can often be neglected and a pump optimization is usually sufficient to obtain
high squeezing level in a simple resonator [89, 90], high-gain operation requires
careful management of the entire nonlinear spectrum to achieve optimal per-
formance.

Several strategies have been developed to suppress these parasitic effects.
One approach entails linearly uncoupled resonators, where careful design of
the coupling conditions can reduce parasitic processes while maintaining the
desired dual-pump interaction [91]. However, this approach often requires
reduced interaction lengths, limiting the achievable squeezing levels.

Pump detuning techniques can also mitigate parasitic effects by shifting
the pump frequencies away from perfect resonance [51], but this approach
necessarily reduces the field enhancement and thus the achievable squeezing
for a given pump power.

More sophisticated approaches involve resonance splitting through struc-
tural modifications of the resonator, such as corrugated photonic crystal rings
that selectively suppress unwanted resonances [92] or photonic molecules with
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asymmetric coupling [54], though these approaches typically offer limited re-
configurability once fabricated.

3.1.3 A Possible Solution

Whether the goal is to eliminate spectral correlations in photon pair gener-
ation or to suppress parasitic processes in squeezing generation, the ability
to independently tune the quality factors and coupling conditions of specific
resonances emerges as a key requirement in quantum technology.

Various resonance tuning mechanisms have been demonstrated in inte-
grated platforms. Optical force-based approaches can provide dynamic control
over coupling strengths [93], while stimulated Raman processes offer wavelength-
selective tuning capabilities [94]. Electro-optic approaches using carrier injec-
tion or depletion can modulate individual resonator properties [95], and in-
terferometric coupling schemes provide both static and dynamic control over
resonance characteristics [96, 97, 98].

The recent success of complex architectures such as the photonic molecule
[85] demonstrates that sophisticated resonance control can simultaneously ad-
dress multiple constraints, achieving high purity, high efficiency, and good
brightness in a single device. This opens the potential for more general res-
onance tuning approaches that can be dynamically reconfigured for different
applications.

In the following sections, we will present a resonant interferometric coupler
that enables selective and tunable control over the quality factors of individual
resonances in a ring resonator system. Then, we will study how this structure
can be used to address the problems of correlations and the parasitic noise in
squeezed state generation.

3.2 The Resonant Interferometric Coupler

The basic interferometric coupler, shown in Fig. 3.2(a), consists of a main
ring resonator of radius R that is coupled to a bus waveguide at two distinct
points, A and B, with coupling coefficients κA and κB, respectively. The
region between these two coupling points can be viewed as an asymmetric
Mach-Zehnder, where one arm travels a distance πR along the ring, while the
other arm travels a distance L along the bus waveguide. [97, 96, 98]

Light propagating from A to B can either travel along the bus waveguide
(direct path of length L) or couple into the ring, propagate halfway around
it, and couple back to the bus (ring path of length πR). The relative phase
difference between these two paths determines the constructive or destructive
interference at point B, directly controlling the effective coupling strength be-
tween the ring and the bus waveguide. The frequency-domain transmission of
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κA κB

a) b)

Figure 3.2: Schematic and spectral response of a basic interferometric coupler.
a) A main ring resonator of radius R is coupled to a bus waveguide at two
points with coupling coefficients κ and self-coupling coefficients σ, creating an
embedded Mach-Zehnder interferometer structure. The MZI arms have differ-
ent lengths: πR along the ring and L along the bus waveguide. b) (top) the
cosine of the MZI dephasing cos(δMZI) and (bottom) the intensity enhancement
(IE) of the ring resonances. The periodic nature of the MZI response creates
alternating high and low enhancement across different resonances, demonstrat-
ing the non-selective nature of basic interferometric coupling.

this structure can be expressed as [99],

T =

∣∣∣∣∣∣

eiϕ̃Main

(
σAσBe

iδMZI − κAκB − eiδMZIei2ϕ̃Main

)

1 − (σAσB − κAκBeiδMZI) ei2ϕ̃Main

∣∣∣∣∣∣

2

, (3.1)

where ϕ̃Main = kπR + ∆ϕMain is the accumulated phase in the ring, σj =√
1 − κ2j are the self-coupling coefficients, k = ωneff/c is the propagation con-

stant, δMZI = k(L− πR) + ∆ϕMZI represents the phase imbalance between the
MZI arms, and ∆ϕMain and ∆ϕMZI are the dephasings added by any external
factor (e.g. temperature or defects) to the ring and to the MZI respectively.

When L = 3πR, the phase difference becomes δMZI = 2πkR + ∆ϕMZI,
which assumes identical values for all the ring resonances. This ensures that all
resonances experience the same effective coupling, creating a periodic response
across the entire ring spectrum. From Eq. (3.1), we can define an effective
coupling coefficient between the ring and the bus waveguide as

|κeff|2 = |κAσB + κBσAe
iδMZI |2, (3.2)

which governs the loaded quality factor and intensity enhancement of the ring
resonances. When the coupling coefficients are matched (κA = κB = κ), the
effective coupling can reach its maximum value,

|κeff|2max = 4κ2σ2 = 4κ2(1 − κ2), (3.3)
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corresponding to an overcoupled ring resonator with enhanced extraction ef-
ficiency. In this situation, a π dephasing in the phase δMZI would completely
uncouple the ring.

In Fig. 3.2(b), we show a typical spectral response of the interferometric
coupler with L = 3

4
πR, ∆ϕMZI, and κ2A = κ2B = 0.03. The cosine of the

MZI phase difference cos(δMZI) varies sinusoidally across the frequency range,
with the period determined by the free spectral range of the interferometer.
This periodic modulation directly affects the intensity enhancement of the
ring resonances, creating a pattern where some resonances experience high
enhancement while others are suppressed.

While the basic interferometric coupler provides valuable control over ring
resonance properties, it suffers from limited wavelength selectivity: any phase
modulation applied through ∆ϕwg affects all ring resonances simultaneously
due to the periodic nature of the MZI response. This becomes problematic
when specific resonances need to be independently controlled, as required for
parasitic process suppression in squeezed light generation or for creating spec-
trally uncorrelated photon pairs.

To overcome the inherent limitations of basic interferometric coupling, we
introduce an auxiliary ring resonator (Aux) into the MZI structure, creating
what we term a Mach-Zehnder Resonant Interferometric Coupler (MZ-RIC)
[99]. This architecture, shown in Fig. 3.3, adds a wavelength-selective phase
control that enables independent manipulation of individual ring resonances.
To distinguish between the two resonators in the MZ-RIC, we name the original
main resonator Main.

𝜋R

A

R RAux

L

Mach-Zehnder Interferometer

Aux

Main

B

C

Figure 3.3: Schematic of the MZ-RIC. The basic interferometric coupler is en-
hanced with an auxiliary ring resonator of radius RAux coupled to the bus
waveguide with coupling coefficient κC . This auxiliary resonator provides
wavelength-selective phase modulation that enables independent control of in-
dividual Main ring resonances while leaving neighbouring resonances largely
unaffected. Image adapted from [99].

The Aux resonator introduces a frequency-dependent modification to Eq. (3.1)
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through its transmission coefficient

tAux =
σC − eiϕ̃Aux

1 − σCeiϕ̃Aux
, (3.4)

where σC =
√

1 − κ2C is the self-coupling coefficient of the Aux resonator,

ϕ̃Aux = kπR+∆ϕAux is its accumulated phase, and ∆ϕAux the external dephas-
ing. The resulting transmission of the device can be obtained by substituting
eiδMZI in Eq. (3.1) with

eiδ̃MZI =
σC − eiϕ̃Aux

1 − σCeiϕ̃Aux

eiδMZI . (3.5)

In practice, the MZI phase balance is modified by the transmission coef-
ficient of the Aux resonator. When the Aux resonator is far from any reso-
nance, it acts as a transparent element with minimal phase shift. However,
when tuned to coincide with a specific Main ring resonance, it imparts a sharp
phase transition that can dramatically alter the interference condition for that
particular frequency while leaving other resonances unaffected. The key ad-
vantage of this architecture lies in the resonant nature of the Aux ring’s phase
response. The transmission coefficient of the Aux resonator exhibits a rapid
phase change of approximately 2π when tuned through a resonance, effectively
providing a wavelength-selective switch that can alter the MZI interference
condition for specific frequencies.

Fig. 3.4 demonstrates this selective control capability. In Fig. 3.4(a), the
MZI length is set to L = 3πR to bring all the resonances to the maximal
overcoupling and the Auxiliary resonator is detuned from all the Main reso-
nances, as can be seen by the transmission spectrum. Corresponding to the
Aux resonances, the otherwise smooth MZI response features a sharp phase
discontinuity. When an Aux resonance is aligned with a target Main ring
resonance (for instance through the use of a micro-heater), as it happens in
Fig. 3.4(b), the phase jump can shift the interference from constructive to de-
structive, dramatically changing the effective coupling and resulting intensity
enhancement for that specific resonance while neighbouring resonances remain
largely unperturbed. Intermediate conditions can be achieved by partially de-
tuning either the Aux or the MZI, as shown in Fig. 3.4(c-d), where the target
resonance is first brought to critical coupling in an overcoupled comb of Main
resonances and then the reverse condition is achieved by shifting both the MZI
and Aux phases.

This selective control mechanism enables several applications needing qual-
ity factor tuning or intensity enhancement control with high resonance selec-
tivity or dynamic tuning [94, 93, 100, 95]. Multiple auxiliary rings can be
integrated along the extended bus waveguide, allowing independent control
of different Main ring resonances with minimal crosstalk. The design flexi-
bility of the MZ-RIC also extends to the choice of the Aux ring radius. By



58 3. Squeezed Light from a Resonant Interferometric Coupler

(d)(c)
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Figure 3.4: Selective resonance control using the resonant interferometric cou-
pler with κA = κB = 0.03, κC = 0.1, R = 120 µm, RAux = 3

4
R, and α = 0.1

dB/cm. The cosine of the dephasing and transmission are shown in the top
panel, while the intensity enhancement appears in the bottom panel. All the
spectra are shown as a function of the detuning from a target central reso-
nance (highlighted in green). (a) The Aux resonator is detuned from all the
Main resonances, with ∆MZI = 2mπ, setting all the resonances in overcou-
pling. (b) The Aux resonator is tuned to the central resonance from all the
Main resonances, with ∆MZI = 2mπ. (c-d) Both the Aux resonator and the
MZI are detuned to produce (c) a target critically-coupled resonance in a comb
of overcoupled resonances and (d) a target overcoupled resonance in a comb
of critically-coupled resonances. Image adapted from [99].

selecting RAux = 3
4
R, only one Main ring resonance out of every four aligns

with an Aux resonance, providing clear spectral separation for selective con-
trol. Alternatively, incommensurate ratios can be chosen to eliminate any
periodic interference patterns, enabling truly independent addressing of arbi-
trary resonances. We show this in Fig. 3.5, where the same parameters and
dephasings of Fig. 3.4(c) are applied to a MZ-RIC with an Aux resonator of
radius RAux = π

4
R.

3.2.1 Experimental Demonstration

The MZ-RIC was validated experimentally by our collaborators. These demon-
strations confirm the device’s capability to selectively modify individual res-
onance characteristics while preserving the quality factors of neighbouring
modes.

The device was fabricated on a silicon nitride photonic platform [101]. The
Main resonator features a radius of R = 120 µm, while the Aux resonator has
a radius of RAux = 90 µm, establishing the 4/3 ratio that ensures spectral
alignment between Main and Aux resonances with a periodic pattern. The
coupling coefficients between the Main ring and the bus waveguide at points
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Figure 3.5: Selective resonance control using the resonant interferometric cou-
pler with κA = κB = 0.03, κC = 0.1, R = 120 µm, RAux = π

4
R, and α = 0.1

dB/cm and dephasings set as in Fig. 3.4(c). The cosine of the dephasing and
transmission are shown in the top panel, while the intensity enhancement ap-
pears in the bottom panel. Image adapted from [99].

A and B are κ2A = κ2B = 0.03, while the Aux resonator couples to the bus with
κ2C = 0.21, placing it in the overcoupled regime for enhanced phase control.

The waveguides have a cross-section of 1.75 µm width and 800 nm thick-
ness, with a coupling gap of 0.4 µm between the Main resonator and the bus
waveguide. The intrinsic quality factor of the Main resonator is QI ≈ 3.2×106,
corresponding to propagation losses of approximately 0.1 dB/cm. The Main
and Aux resonators have free spectral ranges of 1.56 nm and 2.1 nm, respec-
tively, confirming the designed 4/3 ratio.

The experimental setup used for the characterization is shown in Fig. 3.6
[99]. A tunable continuous-wave laser provided the input signal, with polar-
ization controlled via a fibre polarization controller to match the TE mode of
the silicon nitride waveguides. Light coupling was achieved through an array
of UHNA4 fibres, introducing approximately 1.7 dB coupling loss per facet.
Three thermo-optic phase shifters enabled precise control over the device pa-
rameters, enabling the independent modulation of the Main ring, bus arm, and
Aux resonator. The device was mounted on a thermally stabilized platform,
with metallic micro-heaters controlled by voltage driver modules to ensure sta-
ble operation. The transmission measurements were performed by detecting
the output light through a power meter while continuously scanning the input
wavelength.

In Fig. 3.7(a) are shown the position and normalized transmission of a
target Main resonance at λ0 = 1543 nm while sweeping the Aux resonator
across it [99]. The Aux resonance was detuned over a range from ∆λAux/γAux =
5 to ∆λAux/γAux ≈ −2, where γAux = 0.067 nm represents the Aux resonance
linewidth. The theoretical prediction of same quantity is plotted in Fig. 3.7(b),
showing good agreemet. The effective coupling coefficient is also shown in the
inset of Fig. 3.7(b). Additionally, in Fig. 3.7(c), it is shown the extintion (i.e.
the minimum transmission) and the loaded quality factor QL = λ/∆λ where
λ is the resonance linewidth and ∆λ the extinction depth [99]. By combining
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Figure 3.6: Experimental setup for measuring the transmission of a MZ-RIC.
Image taken from [99].

all these quantities, it is possible to identify all the relevant coupling regimes.

The experimental results demonstrate remarkable control over the effective
coupling coefficient. When ∆λAux/γAux ∼ 2.5, the target resonance enters the
undercoupled regime with near-zero extinction, and the loaded quality factor
approaches the intrinsic limit of ∼ 3 × 106. As the Aux resonance approaches
alignment, critical coupling is achieved at ∆λAux/γAux ∼ 1.2, where extinc-
tion maximizes to approximately −10 dB and the loaded quality factor equals
half the intrinsic value, confirming κeff = κcc, which is the critical coupling
calculated from the measured intrinsic losses. When the Aux resonance aligns
with the target mode (∆λAux/γAux → 0), the system transitions to the over-
coupled regime. Here, the loaded quality factor reaches its minimum value of
6.5 × 104 with extinction reduced to −0.25 dB, indicating maximum effective
coupling. This continuous tuning capability spans nearly two orders of magni-
tude in quality factor, from 6.5×104 to 3×106. Overall, the effective coupling
coefficient varies by more than an order of magnitude.

Resonance selectivity is demonstrated in Fig. 3.7(d), where the quality fac-
tors of six Main ring resonances are tracked while moving the Aux resonance.
All the quality factors are normalized to their mean value. Only the resonance
at 1549.30 nm shows a significant modulation, which is compatible to that of
the target. This is because the two are spaced by four free spectral ranges. All
the other resonances remain scarcely affected by the presence of the Aux ring
[99].

A second practical advantage of the resonant interferometric coupler lies
in its reduced power consumption compared to conventional interferometric
approaches [99]. The power required to sweep the loaded quality factor from
10% to 90% of its is roughly 1

3
when modulating the heater of the Aux resonator

versus a direct phase control of the interferometer, as is clear from Fig. 3.8.
This power efficiency translates directly to reduced thermal crosstalk between
neighbouring components, a critical consideration for large-scale integrated
photonic circuits where multiple devices must operate simultaneously without
mutual interference.

In the following, we will discuss two applications of the MZ-RIC in quantum
photonics, where selective resonance control proves essential for generating
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Figure 3.7: Experimental demonstration of the tunability and selectivity in
a MZ-RIC. (a) Transmission of one Main resonance in the range 1523.95 −
1543.10 nm as the closest Aux resonance position is swiped across 7 Aux
linewidths. (b) Theoretical simulation of the same transmission spectra. The
Main and Aux positions are indicated by the two solid lines. In the inset is
shown the logarithm of the effective MZ-RIC coupling coefficient, with the red
line indicating critical coupling. (c) Extinction and effective quality factor of
the same Main resonance. (d) Quality factors (normalized to their average
value) of six Main resonances, as two Aux resonator resonances are swept
around 1543.00 nm and 1549.30nm. All the other Main resonances shown in
the figure do not overlap with any of the Aux ones.

uncorrelated photon pairs and suppressing parasitic processes in squeezed light
generation.

3.3 Unentangled Photon Pair Generation

Having established the resonant interferometric coupler’s selective tunability
capabilities, we now address its applications in Quantum Photonics. An in-
teresting experiment done with our architecture addresses one of the central
challenges in heralded single-photon sources development: achieving high spec-
tral purity in photon pairs generated through SFWM [101]. This experiment
directly tackles the correlation issues detailed in Section 3.1, demonstrating
how selective quality factor control enables the generation of nearly uncorre-
lated photon pairs that surpass the theoretical limits of conventional single-ring
configurations.

The experimental characterization employed time-resolved coincidence de-
tection to retrieve the joint temporal intensity of photon pairs generated by
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Figure 3.8: Quality factor of one Main resonance as a function of the applied
heating power. The same quality factor variation is obtained by acting on two
different modulators: the Aux heater and the MZI heater. The first approach
consumes approximately 1

3
of the power. Image taken from [99].

SFWM in the same silicon nitride resonator used for the experiments probing
the linear properties of the MZ-RIC [101]. The pump signal was modulated
using an electro-optic amplitude modulator to create rectangular pulses with
a duration T = 300 ps and a repetition rate of 10 MHz. This pulsed operation
enabled precise temporal discrimination between photon pairs generated in the
resonator versus those produced in the bus waveguide. As shown in Fig. 3.9,
the generated signal-idler pairs were separated from the pump using an off-chip
notch filter and subsequently demultiplexed to two independent superconduct-
ing nanowire single-photon detectors (SNSPDs). The detector outputs were
connected to a time-tagging unit with timing jitter of approximately 35 ps,
synchronized with the electrical trigger of the pump pulse to record the arrival
times of both photons relative to the pump trigger.

Figure 3.9: Experimental setup for measuring the temporal correlations of the
photon pairs generated in the MZ-RIC. Image taken from [101].

The choice of time-resolved and not of frequancy-resolved characterization
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was motivated by the narrow bandwidth of the Main ring resonances. This
configuration allowed reconstruction of the joint temporal intensity JTI(ts, ti),
describing the joint probability of detecting a signal photon at time ts and
an idler photon at time ti within a two-dimensional temporal histogram with
60 ps resolution. This quantity represents the Fourier transform of the more
common joint spectral intensity, which is the square modulus of the biphoton
wavefunction introduced in Chapter 2. The temporal resolved measurements
allowed also to correctly identify the photon pairs that are generated within
the resonator, as their arrival time was clearly separated from the arrival time
of the photons produced in the waveguide. This temporal separation arose
because the pump photon lifetime in the resonator τL ∼ 820 ps exceeded the
pump pulse duration τP = 300 ps.

In Fig. 3.10 are shown the resonator’s transmission and JTI for three dif-
ferent configurations of the MZ-RIC. In the first configuration, Fig. 3.10(a),
the device operated as a conventional single-ring resonator by positioning all
Aux resonances far from the Main resonances to minimize perturbation. The
pump, signal, and idler were aligned to resonances separated by four free spec-
tral ranges, ensuring identical quality factors of Q = 8×105 for all three modes
due to the periodic nature of the interferometric coupler with the chosen 4/3
radius ratio between Main and Aux resonators. The reconstructed JTI for this
single-ring-like operation exhibited the characteristic temporal correlations ex-
pected from equal quality factor resonances [101]. From the measured JTI, a
heralded single-photon purity upper bound of P = 0.9289 ± 0.0002 was ex-
tracted, corresponding to a Schmidt number of K = 1.0765 ± 0.0004. This
value approached the theoretical maximum of P = 0.93 achievable for res-
onators with equal quality factors and Gaussian pump pulses, confirming the
measurement accuracy and resonator’s quality.

The second configuration, Fig. 3.10(b), by positioning an Aux resonance
close to the pump mode, the pump quality factor was reduced to QP = 3.3×105

while the signal and idler resonances maintained higher quality factors of
QS = 7.6 × 105 and QI = 1.1 × 106, respectively. This asymmetric config-
uration created the condition min(QS, QI)/QP ∼ 2.3 > 1, enabling the gener-
ation of photon pairs with purity beyond the conventional limit. The resulting
JTI exhibited dramatically suppressed temporal correlations, appearing nearly
separable in the signal-idler time domain [101]. From this measurement, a high
purity of P = 0.9867± 0.0001 with a Schmidt number of K = 1.0134± 0.0002
were deduced, well beyond the single-ring limit. This result represents one
of the highest purities reported for integrated resonator-based sources and
demonstrates the clear advantage of selective quality factor engineering over
conventional approaches. This approach aligns with theoretical predictions by
Vernon et al. [74] showing that broader pump modes can reduce spectral cor-
relations and enable truly unentangled photon pairs without spectral filtering.

In the third configuration, Fig. 3.10(c), the opposite regime is explored,



64 3. Squeezed Light from a Resonant Interferometric Coupler

Fig. 3.

Citation
Massimo Borghi, Paula L. Pagano, Marco Liscidini, Daniele Bajoni, Matteo Galli, "Uncorrelated photon pair generation from an integrated silicon nitride resonator measured by
time-resolved coincidence detection," Opt. Lett.  49,  3966-3969 (2024);
https://opg.optica.org/ol/abstract.cfm?URI=ol-49-14-3966

Image © 2024 Optica Publishing Group. All rights, including for text and data mining (TDM), Artificial Intelligence (AI) training, and similar technologies, are reserved and may be used for noncommercial purposes only. Report a copyright concern regarding this image.

(f)

Fig. 3.

Citation
Massimo Borghi, Paula L. Pagano, Marco Liscidini, Daniele Bajoni, Matteo Galli, "Uncorrelated photon pair generation from an integrated silicon nitride resonator measured by
time-resolved coincidence detection," Opt. Lett.  49,  3966-3969 (2024);
https://opg.optica.org/ol/abstract.cfm?URI=ol-49-14-3966

Image © 2024 Optica Publishing Group. All rights, including for text and data mining (TDM), Artificial Intelligence (AI) training, and similar technologies, are reserved and may be used for noncommercial purposes only. Report a copyright concern regarding this image.

(b)

(e)

Fig. 3.

Citation
Massimo Borghi, Paula L. Pagano, Marco Liscidini, Daniele Bajoni, Matteo Galli, "Uncorrelated photon pair generation from an integrated silicon nitride resonator measured by
time-resolved coincidence detection," Opt. Lett.  49,  3966-3969 (2024);
https://opg.optica.org/ol/abstract.cfm?URI=ol-49-14-3966

Image © 2024 Optica Publishing Group. All rights, including for text and data mining (TDM), Artificial Intelligence (AI) training, and similar technologies, are reserved and may be used for noncommercial purposes only. Report a copyright concern regarding this image.

(a)

(d)

(c)

Figure 3.10: (a-b-c) Transmission (blue solid line) of the structure for three
different configurations. The red triangles indicate the quality factor of the
three resonances chosen for the SP-SFWM experiment. (d-e-f) Measured JTI
of the generated pairs. The inset shows the simulated JTI. (a-d) First configu-
ration: the pump, signal, and idler are enhanced by three identical resonances.
This simulates a simple ring resonator. (b-e) The pump resonance has a lower
quality factor compared to the others, reducing the correlations in the gener-
ated pair. (c-f) The pump resonance has a higher quality factor compared to
the others, slightly enhancing the correlations in the generated pair. Image
adapted from [101].

with a narrowed pump resonance, enhancing the Schmidt number to K = 1.20
and reducing the purity to P = 0.829. While this regime could benefit en-
tangled photon-pair generation, experimental constraints related to the pump
and detectors limited here the useful entanglement.

3.4 Enhanced Squeezed Light Generation with

noise suppression

Moving from the low-gain regime to high-power operation, we now explore how
the MZ-RIC addresses the challenge of parasitic processes that fundamentally
limit squeezed light generation in dual-pump SFWM [102].

The transition to high-gain operation necessitates a fundamentally different
device configuration optimized for field enhancement suppression rather than
quality factor modulation [102]. We increase the Main ring coupling coeffi-
cients to κA = 0.6 and κB = 0.48, with the phase of the interferometer set to
∆ϕMZI = π. This asymmetric coupling strategy enables the device to achieve
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efficient extraction at the desired signal resonance while simultaneously sup-
pressing parasitic processes at unwanted sideband resonances. The intensity
enhancement and transmission, along with the MZI dephasing, are shown in
Fig. 3.11(a), where the Aux ring was artificially decoupled from the structure
to simulate a conventional single-ring resonator. Our chosen parameters yield
a minimum effective coupling that maintains the Main ring in the overcou-
pled regime with 90% extraction efficiency and approximately 20 dB resonant
intensity enhancement relative to the input power [102].

(b)

X1 P1 S P2

(c)

X2

(a)

X1 X2P1 S P2

X1 X2P1 S P2

Figure 3.11: Dephasing and transmission (top panel), and intensity enhance-
ment (bottom panel) when (a) the Aux resonator is completely uncoupled,
(b) the Aux resonator is overcoupled, and (c) the Aux resonator is critically-
coupled. Image taken from [102].

We add the Aux resonator and choose it to operate with a much higher
coupling coefficient of κC = 0.4. The 4/3 radius ratio between Main and Aux
resonators ensures that only one every fourth resonance of the Main ring experi-
ences significant perturbation and suppression, preserving the pump and signal
modes needed for dual-pump SFWM. When the Aux resonator is tuned such
that its resonances align with the unwanted sideband modes X1 and X2, dra-
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matic suppression occurs through two complementary mechanisms. First, the
π phase shift introduced by the Aux resonator creates destructive interference
within the interferometric structure, effectively driving the aligned resonances
into extreme overcoupling. As shown in Fig. 3.11(b), this reduces their field
enhancement by more than 14 dB while leaving the central pump and signal
resonances virtually unaffected. Second, when the effective coupling reaches its
maximum value, the Main and Aux resonators enter a strong coupling regime
that induces resonance splitting. This splitting detunes the unwanted reso-
nances away from wavelengths that satisfy energy conservation for parasitic
SFWM processes, providing an additional suppression mechanism.

The analysis of loss tolerance reveals remarkable robustness of the sup-
pression mechanism [102]. Even when the Aux resonator experiences arti-
ficially increased propagation losses of 3.3 dB/cm to reach critical coupling
with the bus waveguide, the device maintains effective parasitic suppression,
as shown in Fig. 3.11(c). In this configuration, the Aux ring acts as an in-
terruption in the interferometric arm at each resonance, producing strongly
frequency-dependent effective coupling while preserving the fundamental sup-
pression characteristics. This tolerance to Aux resonator losses represents a
significant practical advantage for device fabrication and operation.

3.4.1 Expected Squeezing

The squeezing performance is governed by the balance between dual-pump
efficiency and parasitic noise suppression. This can be simulated by using the
Lorentzian model method outlined in Chapter 2. One thing to consider when
calculating the squeezing is that in this overcoupled regime, light is distributed
in also in the bus waveguide Fig. 3.12, causing an approximately 20% larger
effective mode volume compared to the sole Main ring. For the numerical

(a) (b)

Figure 3.12: Intensity enhancement distribution in three parts of the MZ-
RIC when the Aux ring is (a) detuned, (b) overcoupled, (c) critically coupled.
Image taken from [102].

analysis, we consider Gaussian pump pulses with 1.55 ns duration and 35 mW
average power, generating squeezed light in the signal resonance at 1547.1 nm
with pump resonances at 1548.7 nm and 1545.5 nm [103].
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The calculated squeezing level is shown in Fig. 3.13 demonstrates a clear
dependence on the Aux coupling coefficient κC . When κC = 0, corresponding
to operation without the Aux resonator, the device behaves as a conventional
single-ring resonator limited to −3.24 dB of squeezing due to unsuppressed
parasitic processes.

Figure 3.13: Calculated squeezing in the structure as a function of the Aux
coupling coefficient κC . Image taken from [102].

As κC increases, the Aux resonator progressively suppresses unwanted res-
onances, leading to weaker single-pump processes and enhanced squeezing per-
formance. At κC = 0.4, parasitic processes are almost entirely suppressed and
the resonant interferometric coupler achieves −6.48 dB of squeezing, regardless
of its intrinsic losses, approaching the theoretical maximum of −6.49 dB for
the given pump power and propagation losses.

This represents a factor of two improvement over the single ring and ap-
proaches the performance records achieved with photonic molecules [54] while
offering improved fabrication tolerance, post-fabrication tunability, reduced
thermal crosstalk between the heater modulators, and the potential for scal-
able integration of multiple Aux resonators along the bus waveguide to address
higher-order parasitic processes. These benefits position the resonant interfer-
ometric coupler as a highly attractive platform for practical squeezed light
sources requiring both high performance and operational flexibility.

3.5 Conclusion

In this chapter, we addressed the challenges of generating high-purity quantum
states of light in integrated photonic devices, focusing on two key applications:
the heralding of pure single photons and the generation of strongly squeezed
states. We first discussed the fundamental limitations imposed by spectral
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correlations in spontaneous four-wave mixing. These correlations reduce the
purity of heralded single photons obtained from non-degenerate photon-pairs
in the low-gain regime and introduce parasitic noise in degenerate high-gain
squeezing. These challenges motivated the development of a novel architecture,
the Mach-Zehnder resonant interferometric coupler, which combines ring res-
onators with a Mach-Zehnder interferometer to achieve selective control over
individual resonances.

The structure leverages the interference between light propagating in a
Main ring resonator and the bus waveguide coupled to it. The two are con-
nected at two separate points, forming an effective Mach-Zehnder interfer-
ometer. An auxiliary ring resonator coupled to the bus waveguide provides
a resonant phase shifts and enables tuning of the quality factors of specific
resonances. This capability can be harnessed to suppress unwanted spectral
correlations, as reported in Section 3.3, where our collaborators could mea-
sure an heralded single-photon purity up to 98.67%. The same architecture
was then adapted to the high-gain regime, where it was designed to selec-
tively suppresses two parasitic resonances, yielding a predicted squeezing level
of 6.49 dB. The squeezing calculations presented in this chapter build on the
theoretical methods that were introduced in Chapter 2.

The principles and results discussed here highlight the versatility of in-
terferometric coupling strategies for quantum photonics. The Mach-Zehnder
resonant interferometric coupler architecture overcomes the limitations of con-
ventional ring resonators and provides a reconfigurable platform for optimizing
quantum light generation. In Chapter 4, we will further refine this design by
addressing material and geometric optimization. In Chapter 5, we will explore
an additional application of the Mach-Zehnder resonant interferometric coupler
device, consisting in the realization of bound states in the continuum through
the complete uncoupling of one resonance involved in photon-pair generation.
Finally, in Chapter 6, we will present a second interferometric coupler archi-
tecture based on a Sagnac interferometer to optimize spontaneous emission
from a dipole.



Chapter 4

Platform Optimization

In the previous chapter, we demonstrated the generation of squeezed light
using a Mach-Zehnder resonant interferometric coupler, both in the low-gain
and high-gain regimes. The platform parameters used there were primarily
chosen to match common values in the literature or the characteristics of our
prototype sample, which was fabricated in a wafer with predetermined waveg-
uide geometry. In this chapter, we move further, investigating more in detail
some design parameters and the interplay between them. Our goal is to iden-
tify practical guidelines for enhancing a resonator’s performance in realistic
fabrication constraints. For simplicity, we focus on a ring resonator, but our
findings can be applied straightforwardly to more complex structures such as
the MZ-RIC.

We start by analyzing the choice of the material platform, considering
the trade-off between linear and nonlinear properties and fabrication compat-
ibility. We then review the effects of the waveguide geometry on dispersion
engineering, loss, backscattering, and nonlinear response. Finally, we propose
a concrete design strategy to account for all the effects mentioned above while
constraining the parameter space to a tractable set of configurations. As a
case study to guide our optimization strategy, we focus on enhancing heralded
single-photon source performance, but our method provides broader insights
applicable to other quantum photonic applications requiring different regimes
and figures of merit.

4.1 Material Platform Selection

The choice of material platform fundamentally determines the performance
limits of integrated nonlinear photonic devices. We review here the properties
of some common χ(3) nonlinear materials, of highlighting the trade-offs between
nonlinearities, losses, and fabrication complexity. The nonlinear refractive
index n2 directly governs the strength of third-order nonlinear interactions,
with highly nonlinear materials such as silicon-rich nitride (Si7N3) offering n2 =
28 nm2/W, aluminum gallium arsenide (AlGaAs) providing n2 = 26 nm2/W,

69
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and indium phosphide (InP) delivering n2 = 27 nm2/W [104] [105] [106]. These
high-nonlinearity platforms enable efficient four-wave mixing and enhanced
squeezing generation at reduced pump powers, making them attractive for
applications requiring strong nonlinear interactions.

However, nonlinearity alone does not determine device performance, as
propagation losses fundamentally limit the achievable interaction lengths and
quality factors. Low-loss materials such as silicon nitride (Si3N4) with prop-
agation losses of 0.03 dB/cm, chalcogenide glasses with As2S3 reaching 0.06
dB/cm, and silicon dioxide (SiO2) with losses below 0.01 dB/cm enable high-
quality factor resonators essential for efficient nonlinear processes [107] [108].
The superior loss characteristics of these platforms allow for extended interac-
tion lengths and enhanced field confinement, partially compensating for their
lower nonlinear coefficients.

Table 4.1: Material properties for spontaneous four-wave mixing generation in
integrated photonics platforms.

Material Kerr index n2

(nm2/W)
Propagation
Loss (dB/cm)

TPA
@1550 nm

CMOS
Compatible

Si3N4 0.24–0.25 [107]
[108]

0.03 [107] [108] NO [109] YES [109]

AlN 0.23 × [109] 0.14–0.42 [110]
[111]

NO [109] YES [112]

SiC 0.48–0.50 [113]
[114]

3–7 [113] NO [114] YES [114]

As2S3 2.5–11 [109, 115] 0.06–4 [109] SMALL [109] LIMITED
[115, 116]

InP 27 [106] [117] 0.4 [118] YES [109] [106] NO [119]
Si7N3 28 [104] 6 [104] NO [120] YES [107]

[120]
AlGaAs 26 [105] [104] 0.45–40 [109] YES [109] NO [109]
GaInP 9.4 [121] 10–12 [109] YES [121] NO [109]
Si 6.5 [104] 0.1–7 [109] YES [109] YES [109]

An additional critical consideration is two-photon absorption (TPA), which
introduces nonlinear losses that directly compete with desired third-order pro-
cesses. Materials exhibiting significant TPA at the operating wavelength, in-
cluding silicon, AlGaAs, GaInP, and InP, suffer from reduced conversion effi-
ciency and increased thermal effects [109] [106] [121]. For applications requiring
low-loss operation and high pump powers, TPA-free materials such as Si3N4,
aluminum nitride (AlN), and silicon carbide SiC are essential.

Table 4.1 summarizes the key properties of various integrated photonics
platforms, revealing the trade-offs between nonlinearity, loss, TPA character-
istics at telecommunications wavelengths, and fabrication requirements. For
our platform optimization, we select silicon nitride as the primary material due
to its good balance between losses and nonlinearity and its CMOS compati-
bility [107] [109]. This material selection prioritizes fabrication accessibility
and loss minimization over maximum nonlinearity, reflecting the requirements
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of quantum photonic applications where low-noise operation and large-scale
fabrication are paramount. Alternative platform choices may be justified in
different contexts: specialized fabrication facilities with access to high-quality
III-V semiconductor growth can exploit the superior nonlinearity of AlGaAs or
InP platforms despite their non-CMOS nature; applications tolerating higher
losses or specifically exploiting TPA effects might benefit from silicon plat-
forms; systems requiring ultra-high nonlinearity with acceptable loss penalties
could employ silicon-rich nitride or chalcogenide glass platforms. However, for
the broad class of quantum photonic applications requiring low-noise, high-
efficiency operation with accessible fabrication, silicon nitride provides the op-
timal foundation for platform optimization.

4.2 Waveguide Parameters

Having chosen to focus on a silicon nitride, we now address the waveguide
design, starting from the effects of height h and width w on some important
figures of merit for a straight waveguide. Then, we move to the description
of bent waveguides and ring resonators of radius R. Throughout our analysis,
we fix a waveguide with a silica cladding thickness of 15 µm both above and
below, as shown in Fig. 4.1, to ensure that there is no interaction with the
underlying substrate. We also fix the operating wavelength at 1550 nm.

Figure 4.1: Sketch of the two kinds of structures considered for this analysis.
(a) A straight waveguide, and (b) A bent waveguide, such as that forming a
ring resonator, with bending radius R. The waveguide cross-section is shown
on the left: a silicon nitride core of height h and width w, with 15 µm layers of
silica both above and below the silicon nitride layer. The orange grid represents
the simulation area we used in our numerical calculations.
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4.2.1 Dispersion Engineering

Dispersion engineering represents a critical aspect of nonlinear photonic design,
fundamentally determining the phase-matching conditions, spectral bandwidth,
and efficiency of both second-order (χ(2)) and third-order (χ(3)) nonlinear pro-
cesses [122]. In spontaneous four-wave mixing, group velocity dispersion plays
a particularly crucial role in compensating for the nonlinear phase shifts in-
duced by self-phase modulation (SPM) and cross-phase modulation (XPM).

Both SPM and XPM arise from the intensity-dependent refractive in-
dex and tend to redshift ring resonances. However, XPM exhibits twice the
strength of SPM, resulting in differential frequency shifts between pump, sig-
nal, and idler modes [123]. In single-pump operation, this asymmetry man-
ifests as a smaller shift of the pump resonance compared to signal and idler
resonances. Anomalous dispersion can compensate for this differential shift,
restoring the phase-matching condition essential for efficient nonlinear con-
version. Conversely, dual-pump configurations require normal dispersion to
achieve proper phase matching. The magnitude of both SPM and XPM scales
with pump power, necessitating higher absolute group velocity dispersion val-
ues in high-gain regimes such as intense squeezed light or bright frequency
comb generation. For photon-pair applications, operating at modest pump
powers, the GVD is not as crucial, and more modest values prove sufficient.

Several approaches exist for controlling waveguide dispersion. Material
engineering involves selecting or combining different core and cladding materi-
als [124, 120], while structural modifications encompass engineering the entire
resonator architecture [91]. However, geometric optimization of the waveguide
cross-section offers the most practical approach [122], as material combinations
are constrained by fabrication compatibility and structural modifications may
affect other crucial parameters such as nonlinearity and losses.

We employed the Ansys Lumerical two-dimensional Finite Difference Ele-
ment (FDE) solver to calculate the fundamental transverse electric modes of
straight silicon nitride waveguides. The computational domain, illustrated in
Fig. 4.1, comprises a silicon nitride core surrounded by a 15-µm silica cladding
with perfectly matched layer boundaries. Material properties were defined us-
ing the libraries by Philipp [125] for silicon nitride and Philipp-Palik [126] for
silica.

The effective index of the fundamental mode was computed across a pa-
rameter space spanning waveguide heights from 100 to 800 nm and widths
from 1000 to 3000 nm. For each geometric configuration, modal indices were
calculated over the wavelength range 1350-1750 nm and fitted with a quadratic
dispersion relation to obtain the effective index, group index, and group veloc-
ity dispersion Eq. (1.3).

Fig. 4.2 presents the computed group velocity dispersion across the investi-
gated parameter space. The dispersion is predominantly normal, except for a
slightly anomalous dispersion region that emerges for thick waveguides, in the
range h > 700 nm, where GVD values approach −0.07 ps2/m. This anomalous
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Figure 4.2: Group velocity dispersion as a function of the waveguide height
and width.

region may prove valuable for single-pump SFWM applications requiring high
pump powers, for which it might be worth exploring even thicker waveguides.
Conversely, the highest normal GVD of 1.69 ps2/m is reached for narrow, thin
waveguides at w = 1000 nm and h = 200 nm.

4.2.2 Loss Analysis and Modeling

Understanding and predicting propagation losses is therefore essential for op-
timizing device performance. For instance, in photon-pair generation, the loss
of either photon from a correlated pair destroys the possibility to herald the
other one, and leads to spurious uncorrelated counts [82].

A well-established theoretical framework to model losses in high-contrast
waveguides is the Payne-Lacey model, which correlates sidewall roughness pa-
rameters directly to optical losses [127]. This model expresses the scattering
loss parameter as:

α =
8 × 4.34rms2

k40w
4nco

g · f, (4.1)

where rms represents the root-mean-square roughness of the waveguide, k0 is
the free-space wave vector, nco is the core refractive index, and the functions g
and f depend on waveguide index contrast and roughness correlation length,
respectively.

For bent waveguides and ring resonators, Roberts et al. introduced a
correction factor to the Payne-Lacey model to account for enhanced mode-
sidewall interaction in curved geometries [128]. The modified Payne-Lacey
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Bending model incorporates a multiplicative factor η representing the ratio of
bent-to-straight mode overlap. The Payne-Lacey model accurately captures
the scattering to radiative modes due to sidewall roughness. However, other
waveguide parameters, such as the height and the cladding thickness, can im-
pact the overall loss, as they affect the field distribution inside the core, and
its overlap with the radiative modes.

Figure 4.3: Calculated losses as a function of the roughness parameters in a
silicon nitride waveguide of width 2000 nm.

A more comprehensive approach for high-contrast rectangular waveguides
was developed by Poulton et al., who derived a three-dimensional coupled-
mode theory incorporating the full radiation mode spectrum [129]. The calcu-
lated losses as a function of height are plotted in Fig. 4.3 for a waveguide of
cross section 2000x400 nm.

Absorption layers

Figure 4.4: Sketch of the structure we used for FDE simulations of the sidewall
roughness: a thin absorbing layer of 5 nm thickness is added at the core
sidewalls. This has a real refractive index equal to the average between the
core and the cladding refractive indices, and an imaginary refractive index
calibrated to match the losses of a 400-nm-high waveguide.
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To model this more in detail, we employ an FDE approach. We represent
surface roughness through thin absorbing layers of thickness 5 nm, as shown
in Fig. 4.4. These absorbing layers have a complex refractive index nabs =
Re(nabs) + i · Im(nabs), where Re(nabs) = 1.725 represents the unweighted
average of silicon nitride and silica refractive indices and Im(nabs) = 2.62×10−5

is calibrated to reproduce the Poulton model for waveguides of width w = 2000
nm, height h = 400 nm, root mean square rms = 1.5 nm, and coherence length
Lcoh = 50 nm.

a) b)

Figure 4.5: Losses calculated through a FDE approach, as a function of the
waveguide height and width.

In Fig. 4.5 we plot the calculated losses as a function of waveguide width
and height. Wider waveguides exhibit lower losses due to the reduced field over-
lap with the sidewalls, as the optical mode extends further from the perturbed
interfaces. The height dependence exhibits more complex behaviour: for thick
waveguides above 200 nm, losses decrease slightly with reducing height because
the smaller sidewall area provides less interaction surface for scattering. How-
ever, below a critical height of approximately 150-200 nm, this trend reverses
and losses increase dramatically with further height reduction. This reversal
occurs because the vertically compressed mode begins interacting significantly
with the top and bottom cladding interfaces, introducing additional scattering
mechanisms that dominate over the sidewall area reduction.

4.2.3 Backscattering Effects

Beyond radiation losses, sidewall roughness introduces another detrimental ef-
fect: backscattering, which couples energy from forward-propagating modes
into counterpropagating modes. This phenomenon becomes particularly prob-
lematic in ring resonators, where the periodic structure naturally provides
phase-matching conditions for contradirectional coupling, leading to resonance
splitting and degraded extinction ratios.

Little et al. developed a comprehensive analytical framework for predicting
backscattering in ring resonators based on a coupled-mode theory [130]. Their
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model treats sidewall roughness as distributed polarization currents that ra-
diate into forward, backward, and radiation modes. The effective reflectivity
per unit length is given by:

b =

(
ω0(n

2
co − n2

cl)

2 c w n2
eff

)2√
πLce

−(kLc)2rms2, (4.2)

where ncl is the cladding refractive index, Lc is the roughness correlation
length, and k is the wavevector. The maximum value is reached when Lc =
1/(

√
2βr), corresponding to optimal phase-matching conditions between for-

ward and backward modes.

Figure 4.6: Calculated backscattering probability for a silicon nitride waveg-
uide of length 754 nm, width 2000 nm and height 400 nm as a function of the
roughness parameters.

Fig. 4.6 presents the backscattering probability |b|2 for a silicon nitride
waveguide of length 754 nm as a function of roughness parameters. The
backscattering probability exhibits the characteristic exponential dependence
on correlation length, with maximum coupling occurring at correlation lengths
of 50-80 nm for our waveguide geometries.

4.2.4 Nonlinear Coefficient

The nonlinear coefficient γNL relates the nonlinear phase shift per unit length
to the optical power and is defined as [40]:

γNL =
ω0n2

cAeff

, (4.3)
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where ω0 is the angular frequency, n2 is the Kerr index, c is the speed of light,
and Aeff is the effective area. The effective area quantifies the spatial extent
of the optical mode and is calculated as [131]:

Aeff =
µ0

ε0

3
∣∣∫ e(r⊥) × h∗(r⊥) · ẑ dr⊥

∣∣2
∫ χ(3)(r⊥)

χ(3) [2|e(r⊥)|4 + |e(r⊥)|2|2] dr⊥
, (4.4)

where µ0 and ϵ0 are the magnetic and electric susceptibilities of vacuum, e
and h are the electric and magnetic field distributions, χ(3) is the third-order
susceptibility, and the overbar denotes a spatial average over the integration
domain.

Figure 4.7: Nonlinear coefficient as a function of the waveguide height and
width.

Fig. 4.7 shows the calculated nonlinear coefficient for the fundamental TE
mode across our parameter space spanning heights from 100 to 800 nm and
widths from 1000 to 3000 nm. For narrow waveguides in the range 400 <
h < 700 nm, the nonlinear coefficient reaches maximum values exceeding 1.15
W−1m−1 due to tight mode confinement and correspondingly small effective
areas. For large widths w > 2500 nm or low heights h < 250 nm, the nonlinear
coefficient decreases to below 0.6 W−1m−1 as the effective area grows, making
these regions undesirable for efficient squeezed light generation.

4.2.5 Bending Radius Effects and Ring Resonators

The bending radius of ring resonators significantly influences propagation losses
through mode distortion effects. We calculate this by using the FDE-solver
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method based on two artificial sidewall absorption layers that we introduced
at the end of Section 4.2.2. In Fig. 4.8, we show the calculated losses as a func-
tion of the bending radius for a few waveguide width and height dimensions.
For large radii exceeding 100 µm, bending-induced losses remain negligible
compared to material and scattering losses. However, as the radius decreases
below 50 µm, additional loss mechanisms become prominent due to enhanced
field interaction with the outer sidewall.

a) b)

c)

Figure 4.8: Losses as a function of the bending radius for different waveguide
heights. (a) Width 1000 nm, (b) Width 2000 nm, (c) Width 3000 nm.

The radius dependence exhibits distinct scaling regimes depending on waveg-
uide dimensions. Wide waveguides show a more rapid loss increase at small
radii due to significant mode displacement, while narrow waveguides maintain
more stable loss characteristics owing to tighter mode confinement. However,
this same confinement makes the overall losses of narrow waveguides higher.

A second parameter that suffers from bending effects is backscattering.
As it is caused by the same sidewall roughness that determines the losses, the
trend of the two quantities against the bending radius is very similar. However,
while losses entail scattering to non-guided modes, backscattering couples light
to the counterpropagating modes of a ring resonator.

For typical fabrication parameters with root-mean-square roughness of 0.5−
1.0 nm and correlation lengths of 50 − 100 nm, the backscattering probabil-
ity per round-trip ranges from 10−6 to 10−4. While these values may appear
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|b|2 = 1.8e-5

|b|2 = 2.9e-5|b|2 = 4.0e-5

|b|2 = 5.1e-5 |b|2 = 6.2e-5

|b|2 = 0.7e-5

a) b)

c) d)

e) f)

Figure 4.9: Effects of sidewall-roughness induced backscattering on a single
ring resonance. The dashed orange line represents the normalized transmission
of a ring without backscattering. The solid blue line represents the transmis-
sion in the presence of backscattering.

small, the cumulative effect over thousands of round-trips in high-Q resonators
can build substantial counterpropagating amplitudes. Fig. 4.9 illustrates the
evolution of resonance lineshapes as backscattering strength increases. For
weak backscattering with |b|2 < 10−5, the resonances maintain their original
Lorentzian profiles with negligible perturbation. However, as backscattering
increases, the resonances get distorted, with a higher extinction. In resonators
with very high quality factor or sidewall roughness, this distortion can even-
tually lead to splitting.

Beyond distributed roughness, localized defects or non-ideal point-couplers
represent another source of backscattering that can be analyzed within the
counterdirectional scattering matrix framework established in Section 1.1.3.
These discrete perturbations arise from fabrication imperfections, material in-
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homogeneities, or directional couplers. To distinguish this localized effect from
the distributed backscattering given by sidewall roughness, we here name it
backcoupling.

|b|2 = 7e-5|b|2 = 0 |b|2 = 7e-4

Figure 4.10: Combined effects of localized (backcoupling) and distributed
(backscattering) backscattering. The transmission of an ideal ring is shown
as a dashed green line, the one with distributed backscattering alone with a
dotted orange line, and the one with both distributed and localized backscat-
tering with a solid blue line.

Fig. 4.10 demonstrates the spectral impact of combining backscattering
and backcoupling in a ring resonator. The interference between these two
backscattering mechanisms creates resonance-dependent extinction variations
that cannot be explained by either mechanism alone. Some resonances ex-
perience enhanced extinction due to destructive interference between the two
coupling pathways, while others suffer degraded performance from constructive
interference.

4.3 Application-Driven Design Optimization

Having established the fundamental trade-offs between dispersion, nonlinear-
ity, losses, and backscattering, we now present a systematic methodology for
optimizing waveguide parameters for specific applications. We combine the
parameters discussed in the previous sections to inform the practical design of
a device. We focus on low-gain SFWM for heralding applications.

4.3.1 Application Requirements

We define the generation rate as our primary figure of merit, using the expres-
sion Eq. (2.59) derived for single-pump SFWM in ring resonators [73]:

Rpair =
64γ2NLP2

Pv
4
gωSωI

L2ω4
P (ωSQI + ωIQS)

Q4
PQ

2
SQ

2
I

Q2
C,PQC,SQC,I

, (4.5)

where γNL is the nonlinear coefficient, PP is the pump power, vg is the group
velocity, L is the ring circumference, QP,S,I are the loaded quality factors for
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pump, signal, and idler modes, and QC,P,S,I are the corresponding coupling
quality factors. This expression captures the interplay between nonlinear effi-
ciency, spatial confinement, and resonant enhancement.

Beyond generation rate maximization, practical heralded single-photon sources
require high escape efficiency to maintain photon purity and heralding fidelity.
We fix the escape efficiency at the ambitious but achievable target of η = 99%,
representing the fraction of generated photons that successfully exit the res-
onator rather than being lost to propagation mechanisms.

4.3.2 Quality Factor Analysis

The escape efficiency relates to quality factors through η = ΓC/ΓL, where ΓC

represents the coupling-limited linewidth and ΓL is the total loaded linewidth.
The loaded linewidth comprises contributions from coupling, scattering losses,
and backscattering: ΓL = ΓC + Γloss + Γback.

Following our loss analysis, we express the linewidth contributions as:

Γloss = (1 − e−2αL) · FSR, (4.6)

Γback = |b|2 · FSR, (4.7)

where α represents the propagation loss per unit length, L is the resonator
circumference, |b|2 is the backscattering probability amplitude per round-trip,
and FSR is the free spectral range.

Figure 4.11: Target coupling coefficient to reach an escape efficiency of 99%
with the given sidewall roughness.

Combining the escape efficiency constraint with these linewidth expressions
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yields the target coupling coefficient:

κtarget = ηtarget
(1 − e−2αL) + |b|2

1 − ηtarget
. (4.8)

This relationship reveals that achieving high escape efficiency requires in-
creasingly strong coupling as losses and backscattering increase, as shown in
Fig. 4.11.

From the target coupling coefficient, we derive the corresponding quality
factors: Γtarget

C = |κtarget|2 ·FSR and Γtarget
L = Γtarget

C +Γloss +Γback. The quality
factors follow as QX = ω0/ΓX for X ∈ {loss, back, C}.

Figure 4.12: Figure of merit Θ, defined as a ratio between loaded and coupling
quality factors. The higher this ratio, the higher will be the generation rate.

Substituting these expressions into the generation rate formula Eq. (4.5),
and assuming identical resonances for simplicity, enables calculation of the op-
timal quality factor ratio Θ(η, σ, Lc) = Qtarget 7

L /Qtarget 4
C , which represents the

figure of merit for achieving the desired escape efficiency given fixed roughness
parameters. This is illustrated in Fig. 4.12 as a function of roughness param-
eters. As expected, a smaller roughness leads to lower losses and higher Θ,
which implies higher generation rates.

4.3.3 Waveguide Geometry

All this treatment was done at a fixed radius of 200 nm. However, smaller
radii lead to increased scattering and losses, leading to smaller quality factors.
On the other hand, they increase the confinement and the overall rate.

We fix the roughness parameters: rms = 1 nm and Lcoh = 50 nm, and we
fix a maximum target coupling coefficient of κ = 2%, which is twice the value
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that we would derive in a straight waveguide. Based on our quality factor
analysis, this limits the tolerable bending losses to 0.9 dB/m, which is twice
the value that one would have in a straight waveguide with this roughness.

For each waveguide cross-section, we select the minimum viable radius that
allows for losses below 0.9 dB/m, to maximize spatial confinement, enhance
nonlinearity through reduced effective area, and increase the free spectral range
for experimental convenience.

Using the calculated minimum radius for each geometry, we evaluate the
complete figure of merit, namely the expected generation rate, by substituting
all optimized parameters into Eq. (4.5). The resulting generation rate per
unit pump power reveals the optimal trade-offs between the competing design
objectives. We show this predicted generation rate in Fig. 4.13 across our
design space, by assuming a pump power of 1 mW. The analysis suggests that
the best performance should be achieved with high waveguides and radii of
around 30 µm. The dependence on the width is less critical. Despite their
higher nonlinearity, narrow waveguides are slightly disfavoured due to their
increased sidewall scattering losses. However, this effect is small and might
be balanced out by the fact that larger coupling coefficients are more easily
achieved with narrower waveguides.

a) b)

Figure 4.13: (a) Expected generation rates per milliwatt pump power and (b)
corresponding target radius at which this rate is achieved.

This systematic optimization methodology demonstrates how fundamental
material and geometric constraints, combined with application requirements,
can guide the choice of practical design parameters. The approach can be
readily adapted to other applications by modifying the figure of merit while
maintaining the same underlying framework.
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4.4 Conclusion

In this chapter, we addressed the optimization of photonic integrated archi-
tectures for quantum light generation, focusing on the interplay between ma-
terial properties, waveguide geometry, and device performance. Most of these
features, if taken singularly, are well understood. However, the problem of
accounting for all of them in a practical design is still open.

We began by discussing the selection of the material platform, emphasiz-
ing the trade-offs between nonlinearity, losses, and fabrication compatibility.
After choosing silicon nitride on silica as the preferred material, we used the
Ansys Lumerical finite difference element simulator to systematically analyze
the platform dispersion engineering, propagation losses, backscattering, and
nonlinear coefficients as functions of the waveguide dimensions. To model the
losses induced by sidewall roughness, we introduced in our simulation two ab-
sorption layers with a complex refractive index at the waveguide sidewalls.
This allowed us to study the impact of curvature on the total waveguide loss.
Combining these insights with the scattering matrix theory from Chapter 1,
we investigated how the increased loss and backscattering in bent waveguides
influence the quality factor and resonance splitting of a ring resonator as a
function of its bending radius.

Finally, we introduced an application-driven design optimization strat-
egy, tailoring the discussion to high-purity heralded single-photon generation,
which is a key application of the Mach-Zehnder resonant interferometric cou-
pler described in Chapter 3. Our approach began by identifying critical target
metrics for the process, namely the extraction efficiency and generation rate.
Leveraging the insights from our earlier analysis of losses, backscattering, dis-
persion, and nonlinearity, we derived the optimal parameters for the system.
Given fixed values for the coupling coefficient and sidewall roughness (con-
strained by fabrication limitations), we determined the maximum tolerable
loss, which in turn defined the target quality factors. For each waveguide
width and height, we then calculated the corresponding nonlinear parameter
and the minimum radius compatible with the tolerable losses. Using these pa-
rameters and the analytical results from Chapter 2, we computed the expected
pair generation rate and identified the optimal cross-section that maximizes it.

While this analysis focused on low-gain single-pump spontaneous four-wave
mixing in ring resonators with rectangular waveguides, the strategy is broadly
adaptable to other nonlinear processes and geometries. The first step is to
identify parameters constrained by technological or fundamental requirements,
such as escape efficiency, sidewall roughness, and coupling coefficient. From
these, through finite difference element simulations, one can derive initial con-
straints on the platform (e.g., maximum tolerable loss and ring quality factors).
Finally, by defining a process-specific metric (e.g., generation rate), one can
optimize the remaining free parameters within a reduced parameter space.



Chapter 5

Bound States in a Resonant
Interferometric Coupler

In Chapter 3, we explored how the quality factor control provided by a Mach-
Zehnder resonant interferometric coupler enables the optimization of squeezed
light generation. In that context, we worked with overcoupled resonances
to achieve a high extraction efficiency. The same platform allows the explo-
ration of the opposite regime: complete uncoupling, where a resonant mode is
perfectly confined in the main ring despite its frequency lying within the con-
tinuum of radiating modes that are supported by the bus waveguide. Such an
uncoupled mode constitutes in effect a Bound State in the Continuum (BIC).

Notably, thanks to the reconfigurable resonant conditions of the MZ-RIC,
one can generate photon pairs with the signal in a radiating mode and the idler
in the BIC mode, thus making the properties of the BIC directly accessible in
a realistic experiment. In this chapter, we theoretically investigate this kind
of BIC-enhanced SFWM process. We begin by defining BICs and reviewing
their fundamental properties. Then, based on the asymptotic field theory, we
develop a theoretical framework for calculating photon-pair generation rates
in BIC-enhanced configurations. Finally, we discuss practical implementation
strategies for realizing BICs through the MZ-RIC architecture.

5.1 Bound States in the Continuum

BICs are resonant modes that lie within the continuous frequency range of
radiating states in an open system and yet remain perfectly confined without
coupling to the radiating channels [132, 133]. They can be classified according
to their underlying physical mechanism.

• Symmetry-protected BICs arise when the confined and radiating modes
belong to different symmetry classes that are orthogonal to each other
[134]. For instance, antisymmetric modes in structures with in-plane
symmetry cannot couple to symmetric plane waves propagating as radi-
ation channels [133].

85
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• Fabry-Perot BICs form when two cavities act as perfect reflectors only at
some discrete resonant frequencies, trapping waves between them while
transmitting all the other frequencies [132, 133].

• Friedrich-Wintgen, or accidental, BICs occur when destructive inter-
ference suppresses radiation through all available channels at specific
parameter values, often manifesting near the avoided crossings of reso-
nances [135, 132, 133].

• Separable BICs exist in systems that can be decomposed into a number
of subsystems. If bound states are supported in each of the subsystems,
then the tensor product of these states will remain localized in the higher-
dimensional system even when its eigenvalue lies within a continuous
spectrum of radiating modes [132].

The distinction between these mechanisms is not always sharp, as the same
physical system may support BICs through different mechanisms at different
points in the parameter space.

The concept of BICs was first introduced theoretically by von Neumann
and Wigner in 1929 as a curiosity arising in quantum electronic systems [136].
BICs have since been identified across many diverse physical systems, both
quantum [137, 138] and classical [132].

These studies hold substantial interest for both fundamental and applied
reasons. From a fundamental perspective, BICs challenge conventional under-
standing of wave confinement and provide insights into the topological proper-
ties of a system [139]. From an applications standpoint, the light confinement
with high quality factors can, in principle, enhance light-matter interactions.
In photonics, this is desirable for lasing with reduced thresholds [140, 141],
sensing [142, 143], enhanced nonlinear processes [144, 145, 146], and low-loss
optical waveguiding [147].

While true BICs represent ideal states with infinite quality factors and zero
linewidth, any perturbation breaking the exact conditions for a BIC, whether
through structural asymmetry, material losses, fabrication imperfections, or
intentional symmetry breaking, produces a state with a finite quality factor
[133]. This kind of states is often called quasi-BIC, and typically maintains
a strong field localization and a high quality factor, which gets higher as the
conditions approach those of the BIC. Since true BICs are completely decou-
pled from radiating waves, they are invisible in scattering experiments and
cannot be excited or accessed. For this reason, experimental observations and
practical applications invariably involve quasi-BICs, while the BIC properties
are only extrapolated as a limit of the quasi-BICs.

5.2 BIC-enhanced SFWM: a Toy Model

We start by neglecting the specific geometry of the MZ-RIC, assuming it be-
haves as a simple lossless ring resonator point coupled to a bus waveguide with
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a frequency-dependent coupling coefficient κ(ω). Under these hypotheses, one
can easily consider the case in which κ(ω) = 0 in a small range around the BIC
frequency ωBIC and κ(ω) is finite at all the other frequencies. The resulting
field distribution is shown in Fig. 5.1: at the pump and signal frequencies, only
the asymptotic field exists, and it is finite both in the ring and in the waveg-
uide. At the BIC frequency, the asymptotic field propagates only through
the waveguide, while the BIC mode is confined in the ring. It is important
to notice that an infinite quality factor does not necessarily correspond to an
infinite field. If no light is generated directly in the ring, the field in the BIC
mode remains zero regardless of the power of the injected light.

a)
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Figure 5.1: (a) Field enhancement of a ring resonator with the coupling coef-
ficient of the BIC resonance posed artificially to zero. The red line indicates
the BIC mode with zero linewidth. (b-d) Field distributions on resonance. For
the signal and pump resonance, the field injected from the outside is partly
coupled into the ring and partly transmitted (b); at the BIC frequency, the
asymptotic-in field does not couple into the ring (c), while any light generated
directly in the BIC mode remains confined there (d).

Building on the asymptotic-field theory discussed in Chapter 2, we study
a single-pump SFWM process generating light directly in the BIC mode, with
the pump and signal tuned at two coupled ring resonances. Since the BIC is
not a radiative mode, the standard asymptotic fields do not form a complete
basis anymore, as they can only describe fields that are injected or extracted
from the structure. We extend the theory to include bound modes and write
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the displacement field operator as

D(r) =

√
ℏωBIC

2
DBIC

ωBIC
(r)b̂ωBIC

+

∫ ∞

0

dω

√
ℏω
2vg

âωD
asy-in
ω (r) + H.c., (5.1)

where b̂ωBIC
is the annihilation operator associated the BIC, âω the one as-

sociated to an asymptotic-in field, vg is the group velocity, and DBIC
ωBIC

and
Dasy-in

ω (r) are the displacement fields associated to the corresponding modes.
Here we stress that b̂ωBIC

is dimensionless while âω has the units of s1/2. We

also point out that [b̂ωBIC
, âω] = 0, even when ω = ωBIC, because the BIC does

not couple to the radiative modes.
Here, for simplicity, we assume that the transverse field profile d(r⊥, ζ) in

the ring resonator is identical to that of the channel waveguide, except for the
field direction, which changes in the plane according to the direction of the
ring waveguide. For the asymptotic modes, one can write

Dasy-in, ring
ω (r) =

i κ(ω)

1 − σ(ω)eik(ω)L
d(r⊥, ζ)√

2π
eik(ω)ζ , (5.2)

where k is the wavevector component in the propagation direction ζ along the
resonator, and L is the resonator’s length. For the bound mode, one has

DBIC, ring
ωBIC

= NBICd(r⊥, ζ)eik(ωBIC)ζ , (5.3)

where NBIC is a normalization factor to be determined. To do that, we impose
the field normalization condition

∫
dr

DBIC, ring ∗
ωBIC

(r)DBIC, ring
ωBIC

(r)

ε0εr

vp(r⊥;ωBIC)

vg(r⊥;ωBIC)
= 1. (5.4)

Consequently, since d(r⊥, ζ) is normalized to 1, we find

1 =

∫
dr⊥

d∗(r⊥, ζ)d(r⊥, ζ)

ε0εr

vp(r⊥;ωBIC)

vg(r⊥;ωBIC)

∫ L

0

dζN2
BIC = 1 ·N2

BICL, (5.5)

from which

NBIC =

√
1

L
, (5.6)

DBIC, ring
ωBIC

(r) =
d(r⊥, ζ)√

L
eik(ωBIC)ζ . (5.7)

The expression of the BIC Eq. (5.7) describes a field enhancement that depends
only on the resonator length and is associated with a normalized energy. On the
contrary, the asymptotic field Eq. (5.2) has a frequency-dependent intensity
enhancement and is associated with a normalized flux density, which is more
suitable to describe a propagating wave.
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We now consider the case in which the nonlinear interaction involves three
asymptotic fields (two for the pump and one for the signal frequency) and a
BIC as the idler frequency. We start with the usual nonlinear Hamiltonian
Eq. (1.45) and, by keeping only the term associated with SFWM, we obtain

Ĥ(SFWM) = −
∫

dω1dω3dω4

√
ω1ωBICω3ω4 S⊥ J(ω1, ωBIC, ω3, ω4)

× â†ω1
b̂†ωBIC

âω3 âω4 + H.c., (5.8)

with

S⊥ =
ℏ2γNL

2π2ωP

, (5.9)

and

J(ω1, ωBIC, ω3, ω4) =

√
2πvg
L

i κ(ω1)

1 − σ(ω1)eik(ω1)L

i κ(ω3)

1 − σ(ω3)eik(ω3)L

× i κ(ω4)

1 − σ(ω4)eik(ω4)L
L, (5.10)

where we assumed a coherence length much larger than the physical length of
the resonator. Here, Eq. (5.9) differs from Eq. (2.53) by a factor of 2 because
the BIC and signal modes are distinguishable.

In the limit of a small generation probability per pulse, the biphoton wave-
function can be written as

ϕ(ω1, ωBIC) =
2iℏ
β

α2
P

γNL

4π

√
ω1ωBIC

ωP

∫
dω3 ϕP (ω3)ϕP (ω1 + ωBIC − ω3)

×
√
ω3(ω1 + ωBIC − ω3) J(ω1, ωBIC, ω3, ω1 + ωBIC − ω3),(5.11)

where |αP |2 is the average number of pump photons per pulse, γNL is the
nonlinear parameter, and again the factor

√
2 difference between Eq. (5.11)

and Eq. (2.56) arises from the BIC-signal distinguishability.

We consider a pump pulse centred at ωP that has the form

ϕP (ω) =
1√
π∆ω

sinc

(
ω − ωP

∆ω

)
. (5.12)

This corresponds to a top-hat function in time of duration ∆T = 2
∆ω

. In the
limit of a pump that is spectrally much narrower than the ring resonances, we
can write ω3 ≈ ωP , ω1 + ωBIC − ω3 ≈ ωP [71]. Thus,

J(ω1, ωBIC, ω3, ω1 + ωBIC − ω3) ≈ J(ω1, ωBIC, ωP , ωP ),
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and the biphoton wavefunction simplifies to

ϕ(ω1, ωBIC) =
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where we used the fact that
∫
dω sinc(ω − x) sinc(ω − y) = π sinc(x− y).

Knowing that the biphoton wavefunction must be normalized as

∫ ∞

−∞
dω1 |ϕ(ω1, ωBIC)|2 = 1, (5.14)

one can calculate the average number of photon pairs that are produced per
pump pulse as

|β|2 =

∫ ∞

−∞
dω1 |β ϕ(ω1, ω2)|2. (5.15)

Alternatively, one can consider the generation rate, defined as

R =
|β|2
∆T

=

=

∫ ∞

−∞
dω1

∆ω

2
|β ϕ(ω1, ωBIC)|2 =

=
∆ω

2

ℏ2γ2NL

8π2
α4
P

∫ ∞

−∞
dω1 ω1ωBIC|J(ω1, ωBIC, ωP , ωP )|2

× sinc2
(
ω1 + ωBIC − 2ωP

∆ω

)
. (5.16)

We consider an average number of pump photons equal to |αP |2 = EP

ℏωP
, with

EP the energy per pump pulse. In the narrow pulse limit, it is convenient to
express this in terms of the pump power PP = EP

∆T
= ∆ω

2
EP . Consequently,
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one can write |αP |2 = 2PP

ℏωP ∆ω
, and the pair generation rate is
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where we used the fact that

lim
∆ω→0

1

π∆ω
sinc2

(
ω1 + ωBIC − 2ωP

∆ω

)
= δ(ω1 + ωBIC − 2ωP )

and we substituted the overlap integral Eq. (5.10), approximating the resonant
field enhancement as

κ2(ω)

|1 − σ(ω)eik(ω)L|2 ≈ 4vg
Lω

Qω,

with Qω the loaded quality factor of the resonance centred at frequency ω,
which is equal to the coupling quality factor in this lossless scenario.

5.3 Truly Bound States in a Real Device

We now explicitly construct the asymptotic fields for MZ-RIC in Fig. 3.3. We
set it in a configuration in which the length of the bus waveguide arm is l = 3L
and its coupling coefficients to the main ring κA = κB = κ, so that all the
resonances are overcoupled, but one auxiliary resonance is tuned at the BIC
frequency. We keep the ratio 3/4 between the auxiliary and main ring radii, as
in the rest of the thesis, although other ratios can be used; we also keep κC as
a free parameter. The resulting field enhancement and transmission are as in
Fig. 3.4(b), where we consider the second and third resonances as signal and
pump, respectively, and the fourth suppressed resonance as the BIC. Again,
we neglect all the losses.

The BIC field is now distributed in the bus-waveguide arm of the Mach-
Zehnder interferometer and in the auxiliary resonator. We write it as

DBIC, ring
ωBIC

= NMZ-RICfMZ-RICd(r⊥, ζ)eik(ωBIC)ζ , (5.18)
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Figure 5.2: Calculated generation rate in a lossless ring resonator as a function
of the self-coupling probability σ2

I of the idler resonance, with fixed pump and
signal self-coupling probabilities σ(ω)2 = 0.96. The red circle is the generation
rate of the BIC mode, which is exactly the limit of σI = 1. In this simulation
we set γNL = 1 W−1m−1, PP = 1 mW, ωP = 1550 nm, L = 754 µm, and
ng = 2.

where fMZ-RIC is a field enhancement factor defined as

fMZ-RIC =





1 in the left part of the main ring

σ in the right part of the main ring

iκ in the bus waveguide before the auxiliary resonator

−iκ in the bus waveguide after the auxiliary resonator

0 elsewhere

,

(5.19)
where σ =

√
1 − κ2. Here, the fact that the field only changes its sign after

the auxiliary ring resonator is due to the absence of losses and to the fact that
this resonator is spectrally aligned with the BIC mode.

We point out that applying a scattering matrix theory to the BIC field
Eq. (5.19) would result in an indeterminate equation for the fields at the input
and output of the MZ-RIC. This is an essential feature of a Friedrich-Wintgen
BIC: since the interaction region is not coupled to the outside, there are two
linearly independent solutions for the fields in the structure. A straightforward
way to choose these solutions is to take the first one as the BIC, with zero field
outside the resonator, and the second as the asymptotic field of light injected
in the structure and emitted to the output port without overlapping with the
resonant field.

The normalization factor NMZ-RIC can be derived as in Eq. (5.4), but now
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we need to integrate over the whole structure. The result is

NMZ-RIC =

√[
1 +

5

2
κ2 +

κ2C
(1 − σC)2

]−1
√

1

L
:=

√
1

Leff

, (5.20)

where we defined an effective length containing the coupling-dependent pref-
actor. This effective length is always larger than the resonator’s length.

The signal and pump states can be expressed as asymptotic fields:

Dasy-in, ring
ω (r) = g(ω)

d(r⊥, ζ)√
2π

eik(ω)ζ , (5.21)

where gMZ-RIC is a field enhancement factor defined as

g(ω) =





1 at the input port
iκσ(1+tC(ω))
1−σ2+κ2tC(ω)

in the left part of the main ring
iκ(1+tC(ω))

1−σ2+κ2tC(ω)
in the right part of the main ring

− iκ2(1+tC(ω))
1−σ2+κ2tC(ω)

iat the output port

0 elsewhere

, (5.22)

where

tC(ω) =
σC − eiϕC(ω)

1 − σCeiϕC(ω)

is the transmission of the auxiliary resonator and ϕC(ω) = 3
4
Lk(ω), with κ the

wavevector.
The nonlinear calculations are exactly as in the toy model of a single-

resonator with a variable coupler, except that now the overlap integral J is

J(2ωP − ωBIC, ωBIC, ωP , ωP ) =

√
2πvg
Leff

(
iκ(1 + tC(ωP ))

1 − σ2 + κ2tC(ωP )

)2

(5.23)

× iκ(1 + tC(2ωP − ωBIC))

1 − σ2 + κ2tC(2ωP − ωBIC)
σ

1 + σ2

2
L.

The resulting generation rate is

Rasymptotic MZ-RIC =
vgL

Leff

(
γNLPP

ωP

)2

(2ωP − ωBIC)ωBIC σ
1 + σ2

2
(5.24)

×
∣∣∣∣
iκ(1 + tC(ωP ))

1 − σ2 + κ2tC(ωP )

∣∣∣∣
4 ∣∣∣∣

iκ(1 + tC(2ωP − ωI))

1 − σ2 + κ2tC(2ωP − ωI)

∣∣∣∣
2

.

In this case, the trend is not immediately relatable to the resonance quality
factor. However, Eq. (5.25) is a closed form for the rate in the presence of
BICs in a real device. In such a system, it is possible to generate a finite
number of photon pairs with one photon in the BIC mode and one in the
signal radiating mode. One can thus detect the signal and analyze its spectral
properties, reflecting the properties of the idler BIC mode. This constitutes
a path to study bound states in the continuum without employing quasi-BIC
modes.
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5.4 Conclusion

In this chapter, we proposed the realization of bound states in the continuum
using the Mach-Zehnder resonant interferometric coupler architecture intro-
duced in Chapter 3. Similarly to what was presented there, here we harnessed
the selective and tunable coupling conditions of our device to explore regimes
of spontaneous four-wave mixing that are not accessible with a simple ring res-
onator. However, while in Chapter 3 we primarily used overcoupled resonances
to generate and efficiently extract pure quantum states, here we completely un-
coupled one resonance to produce a bound state in the continuum and study
its behaviour from a fundamental perspective.

Before addressing the problem in the Mach-Zehnder resonant interferomet-
ric coupler, we briefly reviewed the fundamental properties of bound states in
the continuum and their potential applications in quantum photonics. Then,
as a first analysis, we considered a toy model with a spontaneous four-wave
mixing process taking place in a simple lossless ring resonator having two cou-
pled resonances that act as the pump and signal modes and one uncoupled
resonance that acts as the idler mode. This configuration allowed the sig-
nal photons to remain detectable while preserving their correlations with the
bound idler companion.

Building on the theoretical framework outlined in Chapter 2, we adapted
the asymptotic-fields formalism to include non-radiative modes. With this
extension, we could calculate the pair generation rates for the ring with an
uncoupled idler. We proved that this rate remains finite and corresponds to
the limit of a three-resonance ring system as the idler self-coupling coefficient
approaches unity. Finally, we showed that, although the toy model of a simple
ring resonator with a bound state is not physically realizable, a true bound
state can be implemented in the Mach-Zehnder resonant interferometric cou-
pler. The resulting spontaneous four-wave mixing pair generation rate remains
finite even when the idler resonance is completely uncoupled, with an ideally
infinite quality factor.



Chapter 6

Single-Photon Emission through
a Sagnac Interferometer

In the previous chapters, we saw how a resonant interferometric coupler can
provide enhanced control over the quantum light generated by SFWM in var-
ious contexts. We chose to study this particular parametric process for its
relevance to quantum technologies. Yet, the possibility of harnessing reso-
nances and interference for enhancing the quality of nonclassical states of light
has a much broader extent. As an example, we now study a fundamentally
different quantum phenomenon: spontaneous emission from a dipole, following
our recent work [148].

Contrary to SFWM, dipole emission is a nonparametric process, where an
excited two-level system directly transitions to its ground state through the
emission of a photon. Its deterministic nature makes it suitable for generating
single-photon states on demand without the need for heralding. Despite the
differences, dipole emission in an integrated platform still can benefit from the
light-matter interaction enhancement provided at a ring resonator’s resonances
[149, 150].

The theoretical framework underlying our analysis of dipole interaction
with a ring resonator remains rooted in the asymptotic-field formalism intro-
duced in Chapter 2. First, we recover the Purcell theory of cavity-enhanced
emission in waveguides and ring resonators. Subsequently, we extend the treat-
ment to backscattering-induced non-idealities, revealing, besides the expected
emission rate reduction, the potential to harness the interference between coun-
terpropagating modes for achieving directional control of the emitted light.
These insights motivate our design of a Sagnac interferometer-based resonant
interferometric coupler that deliberately exploits such interference for deter-
ministic emission control. Though different from the MZ-RIC presented in
Chapter 3, this Ring-Sagnac cavity can be regarded as a resonant interfero-
metric coupler as well, which we call S-RIC.

95
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6.1 Dipole Emitters for Single-Photon Gener-

ation

Single-photons are the simplest non-Gaussian quantum state of light and are
essential for the realization of a wide range of protocols in quantum key distri-
bution [151], quantum computing [152], and quantum metrology [153]. These
applications demand sources capable of producing single photons on demand,
with high emission rate, purity, and indistinguishability [154].

Several physical systems can act as quantum emitters for single-photon
generation. In bulk photonics, one can use trapped atoms, ions or molecules,
providing high purity, indistinguishability, and control [155]. In integrated pho-
tonics, quantum dots are well-established options, due to their high emission
rates, on-demand operation, and compatibility with deterministic excitation
schemes [156]. Another widely used family of emitters is colour centers, par-
ticularly nitrogen-vacancies and silicon-vacancies, which can operate at room
temperature and combine with long-lived spin degrees of freedom, enabling
applications in quantum memory and distributed entanglement.

These emitters are usually treated as two-level systems with a ground en-
ergy level Eg and an excited energy level Ee. An external optical or electrical
pulse is used to bring the system to its excited state. After a characteristic
time, the dipole decays back to the ground state, emitting a photon at energy
E0 = Ee − Eg. In this way, single-photon states with high purity can be gener-
ated on demand. In general, randomly oriented dipoles in a bulk medium of
refraction index n have an isotropic emission with a generation rate of

Γ0 =
p2ω3

0

3ε0ℏπc3
, (6.1)

where p is the electric dipole moment of the emitter, ε0 is the dielectric constant
of vacuum, and ω0 is the characteristic emission frequency, such that E0 = ℏω0.

To achieve higher brightness and a well-defined emission mode, the dipole
is often embedded in an optical resonator. According to Purcell’s law, a dipole
aligned spectrally and spatially to a resonance has an enhanced emission rate
of [148]

ΓPur = Γ0
3

4π2

(
λ0
n

)3
Q

Veff
, (6.2)

where λ0 is the characteristic wavelength of the emitter in vacuum, n is the
material refractive index, Q is the quality factor of the resonator, and Veff
is its effective mode volume. In Eq. (6.2) we can recognize two important
contributions to the cavity enhancement: time confinement, which is expressed
by the quality factor, and spatial confinement, which is related to the effective
volume.

In practical applications, micropillar cavities have been widely used as
bright and efficient single-photon sources, often combined with vertical emit-
ters in a free-space configuration [157]. Alternatively, plasmonic cavities such
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as nanogaps between metallic nanospheres can confine light to extremely small
volumes, leading to large Purcell enhancements and even strong coupling.
However, these systems suffer from intrinsic losses and are not easily inte-
grated into dielectric photonic platforms. Photonic crystal cavities offer much
tighter integration and have demonstrated extremely high Purcell factors due
to their low mode volumes and high quality factors [158]. Nevertheless, their
fabrication can be demanding, and they are highly sensitive to nanofabrication
imperfections, posing a challenge for reproducibility and scalability. In con-
trast, ring resonators can be easily interfaced with waveguides, and they offer a
mature platform often compatible with standard CMOS fabrication processes
[149, 150, 159]. These features make ring resonators a promising platform
for scalable, integrated single-photon sources, especially when combined with
quantum dots or colour centers.

Recent advances have demonstrated various approaches to achieve efficient
collection and control of single-photon emission in integrated platforms. For
instance, heterogeneous integration strategies have shown promise for coupling
quantum emitters to low-loss waveguide networks [160], while chiral coupling
mechanisms enable directional emission control through spin-momentum lock-
ing [161]. A careful design of the resonator can also provide configurability
of the emission direction and spectrum [162, 163]. Building on these develop-
ments, our approach leverages interferometric control to achieve deterministic
manipulation of both emission rate and output mode characteristics.

6.2 Emission Rate

As we discussed in Chapter 2, the quantization of the electromagnetic field
in terms of asymptotic-in/-out modes provides a powerful and general frame-
work to describe light-matter interactions in integrated photonic structures.
This also holds when analyzing non-parametric processes, although other ap-
proaches have been succesfully applied in this field [164]. In the following,
we apply the asymptotic fields formalism to calculate the generation rate of a
dipole embedded in an integrated circuit. We describe the structure as a set of
input/output channels with an interaction region where the dipole is located.

The interaction Hamiltonian can be expressed as [148]

ĤI = p̂ · Ê(r0), (6.3)

where p̂ = p σ̂x is the dipole operator, with σ̂x the Pauli matrix along the
x direction, and Ê(r0) is the electric field operator evaluated at the dipole
position r0 = (x0, y0, z0). We write the electric field in terms of the asymptotic-
in modes:

Ê(r) =
N∑

j=1

∫ ∞

0

dk

√
ℏωk

2
âj,k

Dasy-in
j,k (r)

ε0n2(r)
+ H.c., (6.4)
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where N is the number of channels, Dasy-in
j,k (r) is the asymptotic-in mode field

associated with channel j and wavector k, âj,k is the destruction operator for
that mode, and ωk is the corresponding frequency. Under the rotating-wave
approximation, only the terms responsible for photon creation in mode (j, k)
contribute to the transition matrix element. The resulting Hamiltonian is [148]

ĤI =
N∑

j=1

∫ ∞

0

dk

√
ℏωk

2
σ̂+âj,k

p ·Dasy-in
j,k (r0)

ε0n2(r0)
+ H.c., (6.5)

where σ̂+ is the Pauli raising operator.
We consider spontaneous emission from the dipole. The initial state is

|i⟩ = |0⟩ ⊗ |e⟩, where |0⟩ denotes the vacuum state of the electromagnetic
field and |e⟩ is the excited state of the dipole. After the emission of one
photon, the final state is |fj,k⟩ = |1j,k⟩ ⊗ |g⟩, describing the system with one
photon in channel j with wavevector k and the dipole in its ground state |g⟩.
The corresponding energy difference is Ef − Ei = ℏ(ωk − ω0), where ω0 is
the transition frequency of the dipole and ωk is the frequency of the emitted
photon. According to Fermi’s golden rule, the emission rate to channel j is
given by [148]

Γj =
2π

ℏ

∫ ∞

0

dk
∣∣∣
〈
fj,k

∣∣∣ ĤI

∣∣∣ i
〉∣∣∣

2

δ(Ef − Ei) =,

=
π

ε20n
4(r)

∫
dk ωk

∣∣∣p ·Dasy-in∗
j,k (r0)

∣∣∣
2

δ(ℏωk − ℏω0).

(6.6)

For a narrowband emitter centered at ω0, the dispersion relation can be
expanded in Taylor series around ω0 as

k(ω) ≈ k0 +
1

vg
(ω − ω0), (6.7)

where vg is the group velocity and k0 = k(ω0). This allows us to simplify
the Dirac delta function as δ(ℏωk − ℏω0) = 1

ℏvg δ(k − k0). Thus, recalling that

Dasy-in∗ = Dasy-out, the emission rate is

Γj =
πω0

ε20n
4(r0)ℏvg

∣∣p ·Dasy-out
j,k0

(r0)
∣∣2 . (6.8)

The total emission rate is [148]

Γ =
N∑

j=1

Γj =
πω0

ε20n
4(r0)ℏ

N∑

j=1

1

vg,j

∣∣p ·Dasy-out
j,k0

(r0)
∣∣2 , (6.9)

where we allow for different group velocity dispersions in the N channels com-
posing the structure.

In the following sections, we will apply this general formalism to analyze
emission from a dipole coupled to some simple photonic integrated structures.
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6.2.1 Dipole Emission in a Waveguide

We start by considering the simplest integrated photonic structure: a single-
mode, lossless dielectric waveguide of length L, as depicted in Fig. 6.1. We
assume that the dipole couples only to the guided mode of the structure.
In this configuration, the asymptotic-in fields correspond to the solutions of

Emitter

a) x
y

z

z0

Figure 6.1: Sketch of a dipole embedded in a ridge waveguide. The inset shows
the mode profile within the waveguide. Image taken from [148].

Maxwell’s equations for light travelling in the waveguide from the left (Port 1)
or right (Port 2), namely a wave with a field profile d(x0, y0):

Dasy-in
1,k0

(r0) =
d(x0, y0)√

2π
eik0z0 , (6.10)

Dasy-in
2,k0

(r0) =
d(x0, y0)√

2π
eik0(L−z0), (6.11)

where z0 is the distance of the dipole from Port 1.
For a dipole oriented along the displacement field, and using Eq. (6.8), the

emission rate into each propagation direction is

Γ1,wg = Γ2,wg =
p2ω0

2ε20n
4(r0)ℏvg

|d(x0, y0)|2 , (6.12)

and the total emission rate is

Γwg =
p2ω0

ε0n2(r0)ℏvg
|d(x0, y0)|2
ε0n2(r0)

. (6.13)

It is convenient to introduce the effective area of the mode at the dipole position

Aeff(r0) =
ε0n

2(r0)

d2(x0, y0)
, (6.14)

such that Eq. (6.13) can be rewritten as [148]

Γwg =
p2ω0

ε0n2(r0)ℏvg
1

Aeff(r0)
. (6.15)
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Equation Eq. (6.14) is a generalization of the commonly used effective area

Āeff =

∫
dr ε(r)|E(r)|2

max[ε(r)|E(r)|2] ,

which we recover in the assumption of a dipole located where the energy density
of the electric field is maximum.

Compared to the emission rate in a bulk medium, given by Eq. (6.1), the
bus waveguide provides an enhancement of [148]

Γwg

Γ0

=
3

4π

(
λ0
n

)2
ng

Aeff(r0)
, (6.16)

where ng = c/vg is the group index, and λ0 = 2πc/ω0 is the emission wave-
length in vacuum. This expression is analogous to the Purcell factor introduced
in Eq. (6.2) for a resonant cavity. In the case of a waveguide, however, the
spatial confinement is only two-dimensional rather than three-dimensional. As
a consequence, the enhancement depends on an effective mode area Aeff(r0)
instead of an effective mode volume, and it scales quadratically rather than cu-
bically with the wavelength. Another difference compared to the cavity case is
that a waveguide does not provide true longitudinal or temporal confinement.
For this reason, Eq. (6.16) does not depend on the quality factor, which in
Eq. (6.2) accounted for the resonant time confinement effects. In contrast, in
a waveguide, longer light-matter interaction times arise solely from the reduced
propagation velocity of the guided mode. The group index ng in Eq. (6.16)
quantifies this slow-light effect.

Emission enhancement in a waveguide has been widely exploited in pho-
tonic crystal waveguides, where large ng values can dramatically boost the
emission rate through engineered dispersion. In semiconductor integrated cir-
cuits, ng is smaller, and there is no sub-wavelength confinement; thus, the
waveguide alone does not provide a sufficient enhancement. However, its role
can not be neglected.

6.2.2 Beyond the Purcell Factor in a Ring Resonator

We now consider a dipole emitter embedded in a ring resonator side-coupled
to a bus waveguide, as illustrated in Fig. 6.2. We adopt a cylindrical reference
frame centred on the ring and define the dipole position r0 = (r0⊥ , ζ0), where
ζ0 is the distance along the ring circumference from the coupling point to
the bus waveguide. The ring supports two degenerate modes: one propagating
counterclockwise (excited from Port 1) and one propagating clockwise (excited
from Port 2). Due to the symmetry of the system, the two modes have the
same longitudinal field distribution, which was derived in Eq. (1). Building on
Eq. (1.14) and Eq. (6.4), we write the asymptotic-in fields of the two modes
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ζ0

Port 1 Port 2

Emitter

σ

l

Figure 6.2: Sketch of a dipole embedded in a ring resonator. Image taken from
[148].

at the dipole position as

Dasy-in
1,k0

(r0) =
iκ

1 − σeik0L
d(r0⊥)√

2π
eik0ζ0 , (6.17)

Dasy-in
2,k0

(r0) =
iκ

1 − σeik0L
d(r0⊥)√

2π
eik0(L−ζ0), (6.18)

where κ and σ are the cross- and self-coupling coefficients of the directional
coupler connecting the ring to the bus waveguide.

According to Eq. (6.8) and assuming that the dipole is aligned with the
field, the emission rate into each port of the bus waveguide is [148]

Γ1,ring = Γ2,ring =

∣∣∣∣
κ

1 − σeik0L

∣∣∣∣
2

p2ω0

2ε0n2(r0)ℏvg
|d(r0⊥)|2
ε0n2(r0)

, (6.19)

and the total emission rate to the bus waveguide is then

Γring =

∣∣∣∣
κ

1 − σeik0L

∣∣∣∣
2

Γwg. (6.20)

Here, we distinguish two contributions to the rate enhancement: the transverse
confinement due to the waveguides and an additional longitudinal (and tem-
poral) confinement introduced by the ring. The latter increases the generation

rate by a factor
∣∣∣ κ
1−σeik0L

∣∣∣
2

, equal to the field enhancement of the resonator.

It is instructive to express this factor in terms of the quality factor of a
resonance aligned to the emitter. In the high-finesse limit (σ ≈ 1), the quality
factor can be written as

Q =
ω0L

2vg

1

1 − σ
. (6.21)

Near resonance (eik0L ≈ 1), we can approximate

∣∣∣∣
κ

1 − σeik0L

∣∣∣∣
2

≈ 2

1 − σ
=

4vgQ

ω0L
. (6.22)
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Consequently, Eq. (6.19) reduces to [148]

Γring(σ ≈ 1) =
1

2

3

2π2

(
λ0
n

)3
Q

LAeff(r0)
Γ0. (6.23)

By defining the effective mode volume Veff = AeffL, we recover the standard
Purcell-enhanced emission rate of Eq. (6.2) for each emission mode of the struc-
ture.

6.2.3 Backscattering in Ring Resonators

The asymptotic field formalism not only rigorously reproduces the conventional
Purcell result but also extends beyond it to capture non-idealities that arise
in realistic integrated structures. Unlike the standard cavity theory, which
assumes resonances with a Lorentzian lineshape, Eq. (6.20) remains valid for
resonances that are non-Lorentzian, spectrally distorted, or detuned from the
emitter’s frequency. Moreover, this formalism can capture non-resonant con-
tributions and interference effects that arise in more complex integrated struc-
tures. As an example, we now study the effects of backscattering in the ring

Emitter

Scatterer

σ

ζ0 l1

ρl

Port 1 Port 2

Figure 6.3: Sketch of a dipole embedded in a ring resonator with backscatter-
ing. Image taken from [148].

resonator. Backscattering can arise from various imperfections in the ring,
such as edge roughness [9, 130], fabrication defects [165], or even the dipole it-
self [166]. Here, we model backscattering as originating from a single localized
scatterer located at position l1 along the ring circumference, as illustrated in
Fig. 6.3. The scatterer is characterized by a real reflection coefficient ρ and a
transmission coefficient τ =

√
1 − ρ2, where |ρ|2 represents the probability of

backscattering per round trip.
Unlike the simpler case discussed earlier, the clockwise and counterclock-

wise modes are now coupled through the scatterer. As a result, within the
ring resonator, the asymptotic fields for the left and right ports are general
superpositions of counter-propagating modes. Following the scattering matrix
approach, we can write the asymptotic-in fields at the dipole position as

Dasy-in
j,k0

(r0) = f
(j)
k0

(ζ0)
d(r0⊥)√

2π
,
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where j = 1, 2 denotes the port, and f
(j)
k0

(ζ0) describes the field enhancement
at the dipole location, accounting for interference between clockwise and coun-
terclockwise modes.

To derive these field enhancements, we consider the scatterer as a beam
splitter with transmission amplitude τ and reflection amplitude iρ. The scat-
terer couples the counterclockwise field propagating from the coupling point to
the clockwise field, and vice versa. Following the scattering-matrix treatment
of backscattering from Chapter 4, we obtain

f
(1)
k0

(ζ0) =
iκ

1 − σeik0L

[
τeik0ζ0 + iρσeik0(2ζ1−ζ0)

eik0L

1 − σeik0L

]
, (6.24)

f
(2)
k0

(ζ0) =
iκ

1 − σeik0L

[
τeik0(L−ζ0) + iρeik0(ζ0−2ζ1)

1

1 − σeik0L

]
. (6.25)

These expressions can be simplified by introducing the phase mismatch ∆ =
k0(ζ0−ζ1), which represents the phase difference due to the separation between
the dipole and the scatterer. After some algebra, we find [148]

f
(1)
k0

(ζ0) =
iκeik0ζ0

(1 − σeik0L)(1 − iρe−2i∆)

[
τ − τσeik0L + σ2eik0L(1 − iρe−2i∆)

]
,

(6.26)

f
(2)
k0

(ζ0) =
iκeik0(L−ζ0)

(1 − σeik0L)(1 − iρe−2i∆)

[
τ − τσeik0L + eik0L(1 − iρe−2i∆)

]
.

(6.27)

From these expressions and Eq. (6.8), the emission rate into each port of
the bus waveguide is [148]

Γj,rb =
p2ω0

2ε0n2(r0)ℏvg
|d(r0⊥)|2
ε0n2(r0)

∣∣∣f (j)
k0

(ζ0)
∣∣∣
2

, (6.28)

and the total emission rate is

Γrb = Γ1,rb + Γ2,rb =
Γwg

2

(∣∣∣f (1)
k0

(ζ0)
∣∣∣
2

+
∣∣∣f (2)

k0
(ζ0)

∣∣∣
2
)
. (6.29)

The parameter ∆ determines both the total emission rate and the dis-
tribution of emitted photons between the two ports of the structure. When
backscattering arises from random inhomogeneities in the fabrication process,
∆ cannot be controlled. However, one can envision using nanofabrication to
introduce intentionally designed reflectors in specific regions of the resonator
structure [167]. In such cases, it becomes possible, in principle, to have some
control over the emission properties.

It is useful to consider the case in which the dipole is resonantly coupled to
the ring, when k0L = 2mπ with m ∈ N. In this case, the expressions simplify
considerably, and the total emission rate becomes [148]

Γrb = Γwg
κ2

(ρ2 + (τ − σ)2)2
[
(1 + σ2 − 2τσ)(1 − ρ sin 2∆) + κ4τ 2

]
. (6.30)
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Figure 6.4: Emission rate in a ring resonator with backscattering as a function
of the dephasing ∆ between the dipole and the scatterer, and the scattering
probability ρ. Image taken from [148].

The presence of backscattering dramatically impacts the emission rate,
causing variations of several orders of magnitude depending on the relative po-
sitions of the dipole and the backscattering element, as shown in Fig. 6.4. This
significant change in emission arises from the onset of standing waves within
the resonator, resulting from the coupling of clockwise and counterclockwise
propagating modes. Consequently, emission is either strongly enhanced or
suppressed based on whether the dipole is located at a maximum or a node
of these standing waves. This finding is coherent with the result by Dignam
et. al. [168], who showed that in the presence of interference, the emission of
a properly positioned emitter can be efficiently suppressed. Notably, emission
can be entirely suppressed when ∆ = π/4 + nπ, where n ∈ N. As expected,
when ρ→ 0, one retrieves the result for the backscattering-free ring discussed
in the previous section.

Unlike the case with no backscattering, in general, the emission rates Γrb,1

and Γrb,2 from the left and right ports are different. These quantities, normal-
ized to the emission rate in a simple waveguide, can be written as [148]

Γrb,1

Γwg

=
κ2

2(ρ2 + (τ − σ)2)2
[
(2σ(σ − τ))(1 − ρ sin 2∆) + κ4τ 2

]
, (6.31)

Γrb,2

Γwg

=
κ2

2(ρ2 + (τ − σ)2)2
[
(2(1 − τσ))(1 − ρ sin 2∆) − κ4τ 2

]
. (6.32)

In Fig. 6.5, we show the normalized dipole emission rate Γrb/Γwg alongside
the probabilities Pj = Γrb,j/Γrb of the photon exiting the left or right port
of the structure as functions of the backscattering phase ∆. We consider a
point dipole emitting at λ0 = 630 nm, a ring of length L = 300πλ0 = 93.7
µm, self-coupling parameter σ = 0.98, and reflectivity ρ = 17 × 10−3. It
is evident that, even for a small backscattering probability per round trip,
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Figure 6.5: Black solid line (left): total emission rate. Red solid line (right):
probability of emission from the left port. Red dashed line (right): probabil-
ity of emission from the right port. The simulation parameters are emission
wavelength λ0 = 630 nm, ring length L = 300πλ0 = 93.7 µm, self-coupling
parameter σ = 0.98, and reflectivity ρ = 17 × 10−3. Image taken from [148].

where the overall dipole emission rate remains essentially independent of ∆,
the presence of backscattering still significantly impacts the spatial distribution
of the emitted light.

Due to the resonant field enhancement within the cavity, even a moderate
backscattering can produce a significant modification of both the emission rate
and the directional distribution of the emitted light. Therefore, such an effect
must be carefully considered in the design and fabrication of single-photon
sources based on dipole emission. On the other hand, the presence of two
counter-propagating modes offers a new degree of freedom that might be har-
nessed to enhance the selectivity of the emission mode. In the following section,
we will build on this finding to design and analyze a resonant interferometric
coupler for deterministic single-photon generation in a specific output mode.

6.3 Tuning Emission Properties via a Sagnac

Interferometric Coupler

As illustrated in Fig. 6.6, our designed system consists of a photonic molecule
formed by an auxiliary ring (Aux) of radius Ra and a main ring (Main) res-
onator of radius Rm coupled to an integrated Sagnac interferometer of length
ls with a 50 : 50 beam splitter at the output. The Main resonator hosts a
single-photon emitter resonantly coupled to the Main ring and operating at
the wavelength λ0. We assume that the resonant frequencies of the resonators,
as well as the interference at the output of the Sagnac interferometer, can be
controlled using phase shifters, such as heaters or electro-optic modulators,
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Figure 6.6: Sketch of a Sagac interferometric coupler. Image taken from [148].

depending on the material platform employed.
The Main ring is characterized by the coupling coefficient σms to the Sagnac

interferometer and σma to the Aux ring, with corresponding cross-coupling
coefficients κms =

√
1 − σ2

ms and κma =
√

1 − σ2
ma. The Sagnac beam splitter

has σs = κs = 1/
√

2.
At the dipole position r0 = (r0⊥ , ζ0) within the Main ring, the asymptotic-

in fields can be written as Dasy-in
j,k0

(r0) = f
(j)
k0

(ζ0)
d(r0⊥ )√

2π
, where j = 1, 2 denotes

the output port. Due to the presence of the Sagnac interferometer, regardless
of which port the photon exits, the dipole always experiences a superposition of
clockwise and counterclockwise fields. The field enhancements f

(j)
k0

(ζ0) can be
derived by solving the complete scattering problem. After defining the phase
shifts per round trip in the Main and Aux rings as δm = k0Lm = 2πk0Rm and
δa = k0La = 2πk0Ra, and introducing the Sagnac phase shift δs = k0ls, we find
[148]

f
(1)
k0

(ζ0) =
κms

D

[
−iσsC(σma, δa)e

i(δm+δs)/2eik0ζ0−κsC∗(σma, δa)e
−i(δm−δs)/2e−ik0ζ0

]

(6.33)

f
(2)
k0

(ζ0) =
κms

D

[
κsC(σma, δa)e

i(δm+δs)/2eik0ζ0 + iσsC
∗(σma, δa)e

−i(δm−δs)/2e−ik0ζ0
]
,

(6.34)

where we have defined

D = 1 − σmsC(σma, δa)e
iδm , (6.35)

and introduced the function

C(σma, δa) =
1 − σmae

−iδa

1 − σmaeiδa
. (6.36)

From Eq. (6.9), the total emission rate is

ΓT =
Γwg

2

(∣∣∣f (1)
k0

(ζ0)
∣∣∣
2

+
∣∣∣f (2)

k0
(ζ0)

∣∣∣
2
)
. (6.37)



6.3. Tuning Emission Properties via a Sagnac Interferometric Coupler 107

After some algebra, this can be written as

ΓT = Γwg
κ2ms

1 + σ2
ms + σms [C(σma, δa)eiδm + c.c.]

. (6.38)

Figure 6.7: Black solid line (left): total emission rate. Red solid line (right):
probability of emission from Port 1. Red dashed line (right): probability of
emission from the right Port 2. Image taken from [148].

A remarkable feature of this expression is that the total emission rate ΓT

is independent of both the dipole position ζ0 within the ring and the Sagnac
phase shift δs. This independence arises from the symmetric coupling of the
clockwise and counterclockwise modes through the Sagnac interferometer. The
total rate depends only on the coupling strengths and the phase detunings of
the Main and Aux rings. In the limit σma → 1, where the Aux ring is effectively
decoupled, Eq. (6.38) reduces to the single-ring result of Eq. (6.20).

The Sagnac interferometer enables control over the interference between
emission into the clockwise and counterclockwise modes. As a result, the
emitted photon is generally distributed unequally between Port 1 and Port 2.
The probability of emission from the j-th port is given by [148]

Pj =
Γj

ΓT

=
1

2

[
1 − (−1)j+1

2

(
C(σma, δa)e

i(δm+δs+2k0ζ0) − c.c.
)]
, (6.39)

where Γj = Γwg|f (j)
k0

(ζ0)|2/2 is the emission rate into the j-th port.
This expression reveals that the output distribution can be engineered by

tuning structural parameters and phase shifts, enabling control over the emis-
sion intensity and directionality. In Fig. 6.7, we show the normalized dipole
emission rate ΓT/Γwg and the normalized output probabilities Pj as functions of
the Sagnac phase shift δs. We consider parameters λ0 = 630 nm, Rm = 158λ0,
Ra = Rm/2, which yield δm = δa = 2π and resonant operation. The self-
coupling parameters are set as σs = 1/

√
2, σms = 0.98, and σma = 0.7.
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Figure 6.8: Effects of the Aux resonator dephasing δa. Black solid line (left):
total emission rate. Red solid line (right): probability of emission from Port 1
when δs = 5π/4. Red dashed line (right): probability of emission from Port 2
when δs = 5π/4. Blue dashed-dotted line (right): probability of emission from
Port 1 when δs = 3π/4. Image taken from [148].

Assuming a Main ring radius of Rm = 100 µm and an intrinsic quality
factor Q = 105 limited only by propagation losses, the structure achieves an
extraction efficiency of approximately 99%, as indicated by the nearly constant
value of ΓT/Γwg ≈ 100. This high efficiency, maintained across all values of δs,
reflects the strong enhancement of spontaneous emission, about two orders of
magnitude greater than that of a simple waveguide, ensuring that the dipole
primarily emits into the guided mode of the Main ring.

The Sagnac phase shift δs plays a crucial role in determining the photon’s
emission direction. When δs = 0 or δs = 2π, the photon always exits from Port
1, whereas for δs = π, it exits from Port 2. By continuously tuning δs, it is
possible to generate any coherent superposition of the photon exiting from the
two ports. This tunability allows full control over the photon’s path degree
of freedom, without requiring knowledge of the dipole’s precise longitudinal
position within the ring.

Finally, we discuss how this structure can be used to control both the
dipole emission rate and the output probability at each port by tuning the
Aux ring phase shift δa. As illustrated in Fig. 6.8, by adjusting δa, one can
selectively enhance or suppress the dipole’s emission rate. This effect stems
from the strong coupling between the Main and Aux resonators, which shifts
the resonance frequency of the Main ring and thereby controls the dipole-mode
interaction strength. When the coupling is strong and induces a full splitting of
the Main resonance, the dipole becomes off-resonant with both hybrid modes,
leading to a suppression of spontaneous emission. Conversely, when the Aux
ring is far-detuned and effectively uncoupled, the dipole remains resonant with
the Main ring, resulting in efficient photon emission.
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The presence of the Aux resonator influences both the emission rate and
the quantum state of the emitted photons, which, in the path degree of free-
dom, is determined by the probability of exiting from one of the two ports of
the structure. By adjusting both the values of δa and δs, one can achieve the
simultaneous control of the emission rate and the emission path. For example,
by fixing δs = 5π/4, the probability of having a superposition state of photons
emitted is close to one and can be controlled by varying δa, while simultane-
ously suppressing the dipole emission. For δs = 3π/4, the dipole emission is
still suppressed by adjusting δa, while the photon emission probability from
Port 1 is enhanced until it reaches unity.

6.4 Conclusion

In this final chapter, we introduced a second resonant interferometric coupler
architecture based on a Sagnac interferometer. While the Mach-Zehnder res-
onant interferometric coupler, introduced in Chapter 3 and further analyzed
in Chapter 5, was designed to selectively control resonance quality factors for
squeezed light generation and bound states in the continuum, this chapter fo-
cused on a fundamentally different application: controlling spontaneous single-
photon emission from a dipole embedded in a resonator. Here, we addressed
the challenge of tailoring the emission direction and rate of the generated state.
This was achieved by combining a ring resonator, providing the necessary field
enhancement, with a Sagnac interferometer creating an interaction between
counterpropagating modes.

We began by reviewing the principles of dipole emission in waveguides and
ring resonators. Building on the asymptotic-fields formalism from Chapter 2,
we not only recovered the well-known Purcell effect but also clarified the role
of backscattering in modifying the generation rates.

We then extended our analysis to describe dipole emission in a ring res-
onator coupled to a Sagnac interferometer. We demonstrated how the Sagnac
loop can enhance or suppress emission into desired channels, providing a ver-
satile platform for engineering single-photon sources with tailored properties.
An auxiliary resonator was then used to shift the resonances of the main ring
and increase the control on the generation rate.

This work highlights the broad potential of resonant interferometric cou-
pling strategies in quantum photonics, showcasing how different resonator ar-
chitectures can address a variety of challenges in quantum light generation and
manipulation.
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Conclusions

In this thesis, we presented a theoretical framework for the design and mod-
eling of integrated silicon nitride photonic circuits, with a focus on interfer-
ometric couplers as a tool to control the generation of nonclassical light in
ring resonators. The work addressed two primary objectives: the generation
of squeezed states and heralded single photons via spontaneous four-wave mix-
ing, and the enhancement of single-photon emission from dipoles embedded in
resonators.

We began by establishing a scattering matrix formalism to describe the clas-
sical properties of integrated photonic circuits, analyzing fundamental build-
ing blocks such as ring resonators, Mach-Zehnder interferometers, and Sagnac
interferometers. The quantization of the electromagnetic field in nonlinear me-
dia was then examined, providing the necessary foundation to model quantum
light generation in these systems.

Three complementary methods were presented to calculate squeezing lev-
els, generation rates, and spectral correlations of the squeezed state produced
by spontaneous four-wave mixing. After reviewing a Lorentzian treatment
of ring resonances, ideal for high-gain nonlinear processes in high-finesse sys-
tems, and an Asymptotic-field decomposition, separating linear and nonlinear
responses to yield analytical results in the low-gain regime even for split or
noisy resonances, we developed a local-fields method. In this latter approach,
we combined the advantages of the Lorentzian and Asymptotic methods, by
decomposing the asymptotic fields describing each resonance into a spatially
restricted local basis. In this framework, it was possible to improve the nu-
merical accuracy in solving the system’s equations of motion, enabling precise
characterization of squeezing processes.

With these theoretical tools in hand, we addressed squeezing optimization
by introducing a Mach-Zehnder resonant interferometric coupler, an archi-
tecture integrating two ring resonators and an Mach-Zehnder Interferometer
to selectively control the quality factor of the device’s resonances. In the low-
gain regime, this selectivity allowed spectral tuning of heralded single photons,
achieving purities up to 98.67%. In the high-gain regime, parasitic processes
that would degrade the squeezing level were suppressed by splitting specific
resonances, yielding highly squeezed states approaching 6.49 dB. Both these
results surpass the fundamental limits of single-ring resonators.

Platform optimization was subsequently addressed, with a focus on her-
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alded single-photon generation. Finite-difference time-domain simulations guided
the choice of the optimal waveguide geometry, accounting for dispersion engi-
neering, loss mitigation, and sidewall roughness effects. A systematic design
methodology was developed to balance performance metrics such as nonlinear-
ity, escape efficiency, and final generation rate, with fabrication constraints,
providing a practical pathway for quantum light source implementation.

Beyond squeezed light generation, we adapted the Mach-Zehnder resonant
interferometric coupler architecture to investigate bound states in the contin-
uum. By tuning the coupler to uncouple one resonance while maintaining the
others in the overcoupled regime, we demonstrated the feasibility of creating a
bound state in this structure. This can be investigated through a spontaneous
four-wave mixing experiment in which the idler is in the bound mode. We
extended the asymptotic-field formalism to include non-radiative modes, al-
lowing us to calculate the generation rate when the idler mode fell into a BIC.
We showed that this rate matched the limit derived for radiative asymptotic
fields in the absence of losses, confirming the robustness of the approach.

Shifting to single-photon emission from a dipole, we apply the asymptotic-
field framework to move beyond conventional cavity QED treatments. Fab-
rication non-idealities, such as losses and backscattering, were incorporated
naturally in our Fermi-golden-rule treatment. For greater tunability, we pro-
posed the Sagnac resonant interferometric coupler, relying on the interference
between clockwise and counterclockwise field in a Sagnac loop, to select the
emission mode of the single photon. The addition of an auxiliary resonator
further allowed tuning of the rates.

Together, these studies highlighted the versatility of interferometric cou-
plers in tailoring light-matter interactions for quantum applications. By bridg-
ing theoretical modeling, numerical simulation, and device engineering, this we
worked toward scalable, high-purity quantum light generation in integrated
photonics.
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werte”. In: Physikalische Zeitschrift 30 (1929), pp. 465–467.
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