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Abstract

We propose a new type of diffuse interface model describing the evolution of a tumor mass under the
effects of a chemical substance (e.g., a nutrient or a drug). The process is described by utilizing the variables
@, an order parameter representing the local proportion of tumor cells, and o, representing the concentra-
tion of the chemical. The order parameter ¢ is assumed to satisfy a suitable form of the Cahn—Hilliard
equation with mass source and logarithmic potential of Flory—Huggins type (or generalizations of it). The
chemical concentration o satisfies a reaction-diffusion equation where the cross-diffusion term has the same
expression as in the celebrated Keller—Segel model. In this respect, the model we propose represents a new
coupling between the Cahn—Hilliard equation and a subsystem of the Keller—Segel model. We believe that,
compared to other models, this choice is more effective in capturing the chemotactic effects that may occur
in tumor growth dynamics (chemically induced tumor evolution and consumption of nutrient/drug by tumor
cells). Note that, in order to prevent finite time blowup of ¢, we assume a chemical source term of logistic
type. Our main mathematical result is devoted to proving existence of weak solutions in a rather general
setting that covers both the two- and three- dimensional cases. Under more restrictive assumptions on coef-
ficient and data, and in some cases on the spatial dimension, we prove various regularity results. Finally, in
a proper class of smooth solutions we show uniqueness and continuous dependence on the initial data in a
number of significant cases.
© 2022 Elsevier Inc. All rights reserved.
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1. Introduction

Let QCcRY, d e {2, 3}, be a smooth and bounded domain, and let 7 > O be an assigned final
time. In this paper, we consider the following Cahn—Hilliard—Keller—Segel (CHKS) model aimed
at describing some classes of tumor growth processes:

@ — div (m(p, 0)Vu) = S(p, o) in Q:=Qx(0,7),
(1.1)
n=—-eAg+e ! f(p)—Xo in O, (1.2)
o, —div (on(p, 0)V(Ino + X (1 — ¢))) = b(g, 0) in O, (1.3)
o = (m(e,0)Vu) -n=(on(p,o)V(no + X(1 —¢))) -n=0 on X:=dQ x (0,7),
(1.4)
¢li=0 =90, 0oli=0=00 in Q. (1.5)

Equations (1.1)-(1.2) correspond to a generalized version of the Cahn-Hilliard (CH) system
with mass source for the two unknown variables ¢ and . Here, ¢ denotes an order pa-
rameter, or phase-field, representing the difference between the tumor cells and healthy cells
volume fractions, and is normalized in such a way that, at least in principle, the level sets
{p=1}:={x € Q:¢(x) =1} and {¢p = —1} describe the regions occupied by the pure (“tumor”
and “healthy”) phases, respectively. These regions are separated by a narrow transition layer of
thickness scaling as ¢ € (0, 1), in which {—1 < ¢ < 1}. As we will specify below, the fact that
¢ takes value in the reference interval [—1, 1] is enforced by the occurrence of the function f
in (1.2), which represents the derivative of what, in the Cahn—Hilliard terminology, is generally
noted as a “singular (configuration) potential”. The variable p is an auxiliary quantity denoting
the chemical potential of the phase separation process. Since in tumor growth processes the total
mass of the tumor is not conserved, we also assume the occurrence of a volumic source term S
on the right-hand side of (1.1). We shall comment on the precise expression of S later on.

The Cahn-Hilliard system (1.1)-(1.2) (cf. [6]) is coupled with the reaction-diffusion equation
(1.3) describing the effects of a chemical substance on the evolution of the tumor. This may
be a nutrient like oxygen or glucose which constitutes the primary source of nourishment for
the tumor cells, as well as a drug or a medicine preventing the tumor to grow. In either case, the
concentration of such a substance is represented by the variable 0. We shall extensively comment
below on the expression of equation (1.3). The functions m(¢, o) and n(¢,o) in (1.1) and
(1.3) are nonnegative mobility functions related to the phase-field and the nutrient concentration,
respectively. The system is complemented with the Cauchy conditions (1.5) and with the no-flux
(i.e., homogeneous Neumann) boundary conditions (1.4), where n is the outer unit normal vector
to 0€2.

Diffuse interface models for tumor growth are now receiving a notable attention among the
scientific community and the recent mathematical literature is very vast (we may quote, with
no claim of completeness [7-9,1,10,12,13,18,19,21,27-31,23,22,46], see also the references
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therein). Actually, most of the models considered in these papers turn out to couple a Cahn—
Hilliard relation for the tumor cell proportion (which may be of multi-phase type if more than
two types of cells are considered, cf., e.g., [17,32,20]) with other equations describing the be-
havior of further significant quantities, like nutrient concentration (as in our case), macroscopic
velocity, or even temperature [33].

Compared to previous tumor growth models of the same type (i.e., based on the coupling
of the Cahn—Hilliard system with a reaction-diffusion equation), the main novelty in our sys-
tem (1.1)-(1.5) is represented by the expression of the reaction-diffusion equation (1.3), which is
also what led us to use the terminology “Cahn-Hilliard—Keller—Segel model”. In this direction,
we are aware of the recent contribution [15], where a connection between a generalized form of
the Keller—Segel system and a relaxed version of the Cahn—Hilliard system is rigorously shown
through a suitable limiting procedure). In a sense, the biological effect we would like to repre-
sent is chemotaxis, basically corresponding to the active movement, in a biological sense, of the
tumor cells towards regions of high nutrient concentration. Considering for simplicity the case
of a constant mobility m = 1, in previous models (see, e.g., [21]), this “active transport” effect
was described utilizing a relation of the form

or— Ao+ XAp=b(p,0), (1.6)

where b is, as in our case, a volumic nutrient source. However, relation (1.6), which is math-
ematically simpler compared to (1.3), in our view seems to present several drawbacks from a
modeling perspective. First of all, in view of the fact that the term X A¢ has no sign properties,
(1.6) does not obey the minimum principle; hence, one cannot exclude, at least in principle, that
the variable o might somewhere assume strictly negative values conflicting with the physical
interpretation of o as a concentration. A further issue can be observed if one integrates (1.6) on
areference volume V C 2. Indeed, applying the Gauss—Green formula, one then obtains

d
< a=/ano+[b(<p,o)—x/an<p, (1.7)
\% A% 1%

A%

and we may notice that the last integral prescribes that the variation of o in V depends on the
flux of tumor cells across 9V, independently of the value of ¢ . For instance, if many tumor cells
(¢ ~ 1) are present outside V and fewer ones (¢ ~ —1) occur inside V (so that d,¢ is positive),
then there is a nutrient flux from the inside to the outside of V, but this flux is in fact independent
of the actual nutrient concentration.

On the other hand, if (1.6) is replaced by our (1.3), then (still in the case m = 1), (1.7) assumes
the different form

d
m a=/8n0+/b(<p,o)—)(/08ngo, (1.8)
v av 1% av

where, as physically expected, the nutrient flux across dV driven by consumption by tumor cells

is proportional to the actual value of o: the more nutrient is present, the more it flows away. This

is, indeed, the main reason that led us to consider the present expression for the equation (1.3).
It is clear that the above choice, corresponding in the constant mobility case to the equation

oy — Ao + X div(e V) =b(p, 0), (1.9)
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gives rise to a number of mathematical complications mainly due to the quadratic behavior of the
cross-diffusion term. This is, indeed, one of the main sources of difficulty in the mathematical
analysis of the Keller—Segel (KS) model [35]. Despite the vastness of the mathematical literature
dealing with the KS model (cf., e.g., [5,11,34,48-50]), it is worth noting that, up to our knowl-
edge, this is the first paper where the coupling between a “Keller—Segel-like” expression of the
form (1.3) (or (1.9)) with the Cahn—Hilliard system is considered. From a modeling perspective,
while in true Keller—Segel models, a relation like (1.3) is combined with a second order reaction-
diffusion equation describing the evolution of a further concentration, in the present coupling,
relation (1.3) is coupled with a fourth order equation describing the evolution of a proportion,
i.e., of a normalized variable, the order parameter ¢. This new type of coupling has some impli-
cations both on the regularity of solutions and on the mathematical techniques we use to address
the system. For instance, we may notice that, compared to the case when the coupling variable
@ satisfies a second order relation (like in the true KS model), here ¢ enjoys more regularity in
space, but less regularity in time. This leads to some modifications of the regularity scenario and
of the expected properties of solutions compared to the standard KS case.

It is worth noting that, as also happens in the KS model, the regularity obtained by the a-priori
estimate corresponding to the energy balance principle (the variational formulation of the model
starting from the free energy balance is presented below) seems not sufficient to prevent finite
time blowup of the solution, unless the mass source term b in (1.3) is suitably designed. In par-
ticular, as is habitual in the Keller—Segel context, we have to assume b to present a “generalized
logistic growth” property (see the next section for the precise assumption); namely, it goes like o
for o ~ 0 (so to preserve the minimum principle), while it behaves as —o ? (for suitable p > 1,
with the reference case given by p = 2 corresponding to a “true” logistic growth) for large o
(see [26,48,49] for examples of Keller—Segel models with logistic growth). With this choice,
relation (1.8) prescribes that, if the nutrient concentration is high, then there occurs a volumic
effect leading it to decrease. We believe this property be biologically reasonable, in addition to
being probably unavoidable mathematically.

As anticipated above, system (1.1)-(1.5) could be variationally derived from the free energy
functional

.F((p,d):§/|V¢I2+2/F(<p)+[(a(lna—1)+X0(1—<p)), (1.10)
Q Q Q

=:E(p) =:M(p,0)

where F is an antiderivative of f. In particular, equation (1.1) is obtained as a balance law by
setting

Dt + diVJ(ﬂ = S((pa 0)9

where, as is typical for the Cahn-Hilliard equation, the flux J, is prescribed as J, =
—m(p, o)V for a mobility function m(¢, o), and where the chemical potential p is defined
as the variational derivative of the free energy with respect to the order parameter, namely
u :=8F/5¢. Note that also equation (1.3) can be obtained as a balance law for the nutrient
flux J,, i.e.,

. . 8F M
o +div), =b(p,0), with J; :=—0on(p,0)Vie, W= 5o = 3o =Ilno + X1 —¢),
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where the mobility function has the expression on(g, o), hence, in particular, degenerates (in
fact linearly) as o \ O (so guaranteeing the minimum principle).

The above expression (1.10) for the free energy permits us to remark a further peculiarity
of the present model. This is related to the coercivity of F, which is linked to the choice of a
“singular potential” F', with the most usual choice in the Cahn—Hilliard literature being given by
the Flory—Huggins “logarithmic potential” given by

Fry=(0+r)logd+r)+ 1A —r)log(l —r) — %},2’ rel[—1,1], 1*=0. (1.11)

For the standard Cahn—Hilliard model the expression (1.11) represents a source of mathematical
difficulties (cf., e.g., [41]), due to its singular character, and, for this reason, it is often replaced
by a double well potential of controlled growth like, e.g., Freg(r) = (r2 — 1)2. Here, instead, the
singular character of F helps us to get coercivity of the energy functional, and in particular to
control the coupling term (i.e., the last summand in (1.10)).

Notice also that such a difficulty does not occur when the nutrient equation has the form (1.6).
Indeed, in that case the free energy takes the expression

1 1
R0 =5 [196P 42 [Fy+ [ (3024700 -9).
Q

Q Q

which keeps its coercivity because of the contribution of o2 (note also that, in this case, the
variational derivation of the model is similar, but one has to consider a mobility of the form
n(o, @) rather than on(o, ¢)).

We also have to observe a further difficulty occurring in Cahn—Hilliard models with mass
source and singular potentials like (1.11). Namely, the forcing term S in (1.1) has to be designed
in such a way to prevent the spatial average of ¢ to become larger than 1 or smaller than —1,
which would be inconsistent with (1.2). Indeed, the mass balance (i.e., the evolutionary law
ruling the spatial average of ¢) only depends on (1.1), but at the same time its outcome must be
consistent with (1.2). Following the lines of [17], we actually assume S(¢, o) = —me +h(p, o),
where m > 0 is “large” compared to the L°°-norm of the (bounded) function /, which is readily
seen to be an appropriate choice (see Subsec. 3.1 below for details). Note also that, for constant
h, (1.1)-(1.2) reduces to the well-known Cahn-Hilliard—Oono system (see, e.g., [25,40,42,43]).

Our main mathematical results are devoted to proving existence of weak solutions under mild
conditions on parameters and data as well as regularity and uniqueness results holding in more
restrictive settings. In particular, under the sole “energy regularity” conditions on the initial data
(basically corresponding to the finiteness of the functional F at the initial time), we can prove
existence of weak solutions for nonconstant, bounded and nondegenerate mobilities m, n, and
for a wide class of logistic terms. In particular, we provide, depending on the space dimension d,
sufficient conditions on the growth of b at infinity in order to exclude the occurrence of blowup.
This result is proved by a-priori estimates and weak compactness methods. A possible approxi-
mation scheme compatible with the a-priori estimates is also sketched.

In the case of true logistic growth, i.e., for b behaving like —o 2 at infinity, we can also present
a number of regularity results holding under additional hypotheses on the mobilities and on the
other coefficients and data. As is customary for the CH system, some regularity results are only
valid in spatial dimension d = 2, for reasons depending both on the structure of equation (1.3)
(and, in particular, on the quadratic behavior of the cross-diffusion term), and on the occurrence
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of the singular potential, which gives rise, in the three-dimensional case, to an upper regularity
threshold (see, e.g., [37]). In some cases we can also prove uniqueness; in fact, this is presented as
a conditional result stating that two weak solutions starting from the same initial data and obeying
some additional regularity properties must coincide. Then, it is observed that these regularity
conditions are fulfilled for proper classes of strong solutions, also depending on the regularity of
data and on the space dimension.

The plan of the paper is as follows: in the next section, we introduce our precise assumptions
and present the statements of all our mathematical results. Then, in Section 3, we prove existence
of weak solutions, while in Section 4 we move to the regularity results. Finally, Section 5 is
devoted to uniqueness of “strong” solutions.

2. Mathematical preliminaries and main results
2.1. Notation

Before diving into the mathematical details, let us introduce the notation employed in the
paper. Letting X be a Banach space, we denote by || - ||x the corresponding norm, by X* the
topological dual of X, and by (-, -)x the related duality pairing between X* and X. Standard
Lebesgue and Sobolev spaces defined on €2, for every 1 < p < oo and k > 0, are indicated by
LP(2) and W5 P(Q), with associated norms || - e =1 - I and || - llyk.p(q). respectively.
When p =2, these become Hilbert spaces and we use || - || = || - ||2 for the norm of L?(2) and
set H*(Q) := W*2(2). Moreover, for brevity we introduce the following notation:

H:=L*(Q), V:.=HY(Q), HX(Q):={ve H*(Q):8,v=00nT},

where we denote by I' the boundary of €2, thatis I' = 9€2.
For every v € V*, we use vg := I_SI2I(U’ 1)y for the generalized mean value of v. Let us also
point out a version of the celebrated Poincaré—Wirtinger inequality:

lv—vall <calVvll, veV, 2.1)

where the constant cg > 0 depends only on €2 and the spatial dimension d. The norm in V* will
be simply denoted by | - ||«. Identifying H with H* by employing the scalar product of H, we
obtain the chain of continuous and dense embeddings V C H C V*. Moreover, we may denote
as Vp, Hp, VO* the (closed) subspaces respectively of V, H, and V*, consisting of functions (or
functionals) with zero spatial mean. Then, we observe that the weak version of the operator —A
with homogeneous Neumann boundary conditions, i.e.,

(=A):V = V¥, (=AM, z) := / Vv-Vz, (2.2)
Q

for v, z € V, is invertible when it is restricted to the functions with zero spatial mean (i.e., when
it operates from Vj to V). Its inverse operator will be denoted by N : VJ — Vj.
Finally, we remark that, for any v € V* there exists a positive constant ¢ such that

1
= |— ,1 ’< s
val = |t v | <l
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whence the Poincaré—Wirtinger inequality (2.1) yields

lvllv =c(Vull + lval) < c(IVoll +[lvllv), veV.

From now onward, we convey that the small-case symbol ¢ denotes every constant that only
relates to structural data of the problem and the norms of the involved functions; thus, its meaning
may vary from line to line. When an additional positive constant § also enters the computation,
we use c¢; to stress the dependency of ¢ on §.

2.2. Main results

We describe here our basic assumptions on coefficients and data, which will be kept for the
remainder of the paper. Each assumption will be presented with a number of comments aimed at
outlining its meaningfulness in the light of our specific application to tumor growth processes.

Moreover, we observe that more restrictive conditions, needed for the regularity and unique-

ness results, will be specified on occurrence.
(A1) - Assumptions on the potential. We assume F to be decomposed as F = F| + F;, with
F) denoting the “singular” convex part and F, the “smooth” nonconvex part. The latter is simply
given by F>(r) := —Ar2/2, r € R, with A > 0 (so including the case F> = 0 corresponding to a
convex potential F'). The properties of F] are better described by using some basic notions from
the theory of subdifferential operators. Namely, we assume Fj : R — (—o00, +00] be convex
and lower semicontinuous with the set {r € R : F{(r) < 400} (usually indicated as domain of
F1 in the convex analysis terminology) coinciding either with [—1, 1] or with (—1, 1). In such
a situation it is well-known that the subdifferential fi = d F} is a maximal monotone, possibly
multivalued, operator in R such that { f (r)} is nonempty at least for » € (—1, 1) and at most for
r € [—1, 1]. Here, we are not interested in considering nonsmooth operators; for this reason we
will also assume Fj € C?(—1, 1) so that fr)y= A0+ fr(r)= Fl/(r) + Fz/(r) forr e (—1,1).
Moreover, just for the sake of simplicity, we assume Fj so normalized that F|(0) = 0, which
implies in particular that F’ 1/ (r)y>=0forr>0and F ]’ (r) <0 for r <0. Notice that this includes
both the case of the Flory—Huggins potential (1.11) (whose domain is [—1, 1]) as well as the case
of “more singular” potentials like that considered in [45], i.e.,

Fi(r)=—log(1 —r?), re(=1,1). (2.3)

Notice however that nonsmooth potentials, like the so-called double obstacle potential F)(r) =
I1—1,17(r), with I;_; 1] denoting the indicator function of the interval [—1, 1] (cf., e.g., [4]) may
be considered as well, at least for what concerns existence of weak solutions.
(A2) - Assumptions on the mass source term. We assume S to be given by

S(p,0)=—mo+h(p,0), (¢,0)ecR>?, (2.4)

where m > 0 is a constant. Moreover, we assume 4 to be uniformly bounded and Lipschitz con-
tinuous with respect to the complex of its variables. Finally, the following compatibility condition
is assumed to hold

K

- <1, where K :=||h]poRxR)- 2.5
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Notice that, in principle, only the behavior of & over the physical reference set H =[—1, 1] x
[0, +00) is significant. On the other hand, it is worth assuming % be defined for every value of
its arguments because, for instance, in an approximation, it may happen ¢ to take values outside
[—1, 1] (cf. Subsec. 3.3).

It is worth observing that, if 4 is a constant function (still indicated as 4 for notational sim-
plicity), the expression of S corresponds to that occurring in the so-called Cahn—Hilliard—Oono
equation (see, e.g., [25,40,42,43] and the references therein), i.e.

S(p,0)=—me+h, he(—m,m).

Moreover, we observe that the case m = h = 0, corresponding to the conservation of total tumor
mass, is admissible too, and in fact simpler to deal with. The variations needed to consider the
situation with no mass source will be outlined on occurrence.

(A3) - Assumptions on the chemical source term. We assume b has a generalized logistic
expression of the form

b(p,0) = B(p) (koo — keoo?), ¢ €R, >0, (2.6)

where p € (1, 2] is a given exponent, and kg > 0, koo > 0 are positive constants. Note that, in
view of the minimum principle holding for equation (1.3) (and preserved in the approximation)
it is sufficient to specify the above expression for o > 0. Here, the function g : R — R is assumed
to be Lipschitz continuous and to satisfy

0<B(r)<B<+oo forevery r eRR, 2.7
0<by<pB(r) for every r € [-3/2,3/2], 2.8)
B(r)=0 for every r ¢ (—2,2), 2.9)

where bo, B > 0 are given constants. In fact, in the limit, the only significant values of () will
be those assumed as r € [—1, 1]. However, as in the case of 4, it is necessary to extend 8 also
outside that interval in view of an approximation. We finally observe that the motivations under-
lying the choice of a logistic behavior for the chemical source have been extensively detailed in
the introduction.

(A4) - Assumptions on the mobility functions. We assume m € C?(R x [0, +00)) and n €
C!'(R x [0, 400)) to be globally Lipschitz continuous in the complex of their arguments, and to
satisfy

0<mg<m(p,0),n(p,0) <M <400, forevery peR, o >0, (2.10)
[0pm(p,0)| <M < +oo, forevery peR, o0>0, 2.11)

where, again, mo, M > 0 are given constants. In order to properly state a weak formulation of
the system, we also set

N(p,0):= /m(ga,s) ds,
0
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and we notice that, thanks to (2.10), N satisfies

moo < N(p,0) < Mo forevery g eR, o >0. (2.12)

Moreover, it is not difficult to prove that

IN(p1,01) — N(¢2,02)| <N (¢1,01) — N(¢1,02)| + [N (91, 02) — N(¢2,02)|
< Ll|o1 — 02| + Loz|e1 — ¢2| (2.13)

where L > 0 is a Lipschitz constant. We also need to define

g

ni(¢,0) = 8,N(p.0) = / d,m(p. ) ds,
0

whence there holds the identity
VN(¢,0) =n(p,0)Vo +mnj(p,o0)Ve. (2.14)
Moreover, since n is assumed to be C!, m; turns out to be continuous and to satisfy

Ini(p,0)| <Mo forevery p €eR, o >0, (2.15)

as a direct check shows.

In addition to the above assumptions, we take the chemotaxis sensitivity X appearing in
(1.2)-(1.3) to be a strictly positive constant. We keep its value explicit because its magnitude
will play a role in part of the results. On the other hand, the magnitude of the interfacial en-
ergy coefficient ¢ > 0 has no importance for the mathematical analysis. Hence, for the sake of
simplicity, we will directly take £ = 1 from now onward, without further reference.

The above choices lead us to rewrite system (1.1)-(1.3) in the following form, where, for the
sake of clarity, some expressions of the source terms have been expanded:

¢ — div (m(p,0) Vi) = —mg + h(p, o) inQ. (216
w=—A¢+ F(p) —rep — Xo inQ, (.17
o; — div (Jn((p, U)VU) — X div (mn(qo, o)V(l — (p)) = B(p) (koo — ksoo?) in Q.  (2.18)
In particular, we have written the equation for o in the “decoupled” form (2.18) where the cross-
diffusion term is split between two distinct components. Indeed, this is a necessary step in order
to deal with a mathematically tractable weak formulation. On the other hand, it is also worth

recalling the following “coupled” version of the equation for o which is more suitable for the
derivation of the a-priori estimates:

o; — div (om(p, 0)V(no + X (1 — ¢))) = B(¢) (koo — keco?) in Q. (2.19)
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It is clear that, as far as “smooth” solutions are considered, relations (2.18) and (2.19) may be
interpreted as equivalent. In particular, this may happen in the approximation thanks to additional
regularity available at that level.

We can now present our first result for the chemotaxis system (1.1)-(1.5) concerning the ex-
istence of weak solutions in dimensions two and three holding under the assumptions detailed
above. We observe in particular that, in order to pass to the limit in the cross-diffusion term (and
in particular to decouple its components as expressed by equation (2.18)), we will be forced to
restrict the admissible range of the exponents p in (2.6) in a way depending on the space dimen-
sion d. In the sequel, functions of the form g(r) = r Inr, or similar, are implicitly intended to be
extended, by continuity, to r = 0 by setting g(0) = 0.

Theorem 2.1 (Existence of weak solutions, d € {2, 3}). Suppose that Assumptions (A1)-(A4) are
satisfied, let X > 0 and let d € {2, 3}. Moreover, assume that the initial data satisfy

weV, Fl)el (@, (oee(=11), (2:20)
00>0 ae. in Q, oolnog € L1(Q). (2.21)
Moreover, assume that the exponent p in (2.0) satisfies p € [3/2,2] ford =2 and p € [8/5, 2]

ford = 3. Then, system (1.1)-(1.5) admits at least one weak solution; namely there exists a triplet
(o, i, o) satisfying the regularity properties

©e H' (0, T; VYNL>®0,T; V)NLP©O, T; W>P(Q)), (2.22)
9eLl®(Q): —1<gx,1)<1 forae (x,1)€Q, (2.23)
o(x,t)>0 forae (x,t)eQ, (2.24)
o € CO0, T, WH NL™®(0, T; L'(R)), (2.25)
oPIno e LY(0,T; LY(Q)), olno e L2, T; LY (Q)), (2.26)
o!2V(Ino + X (1 — ) € L>(0, T; H), (2.27)
wel*0,T;V), (2.28)
F(p) € L®(0,T: L'(Q)). f(p) € LP(0,T; L(Q)), (2.29)

together with the “pointwise” formulation

u=—-Ap+ f(p) —Xo ae.in Q, (2.30)

the boundary condition

onp =0 inthe sense of traceson T" x (0, T), (2.31)

and the weak variational formulations
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(¢, V)V —l—/lm(go,a)Vu -V = / S(p,o0)v, a.e. in (0,T), (2.32)
Q Q

t t t
(o (), w(®))w, —//N(a, ¢)Aw—//m1(¢,a)V¢~Vw—Xf/0m(<p,0)V<p~Vw
0 Q 0 Q 0 Q

t

t
= (o0, w(O)) ), + /(0, we)w, + //b((p, o)w, foreverytel0,T], (2.33)
0 0 Q

for all test functions ve V, w € Cl([O, T1; W), where we have set
W i={we W@ n w2 (Q): 8,w=0 on T},

with p’ being the conjugate exponent of p, i.e., the exponent such that 1/p+1/p’ = 1. The space
W, is naturally endowed with the graph norm, which turns it into a Banach space. Besides, the
initial conditions are satisfied in the sense that

(p|t:0 =@y a.e. in Q, (234)
oli—o=o0¢ in Wy. (2.35)

Furthermore, if the source term b has a standard logistic growth, i.e., b fulfills (2.6) with p =2,
then the solution (¢, |1, o) obtained before satisfies the additional regularity property

a2 e L?0,T; V). (2.36)

It is worth providing some further comments on the above statement. First of all, we notice
that, due to (A1), the second condition in (2.20) implies in particular that ¢g € L°°(2) with
—1 < ¢ < 1 almost everywhere in 2. We also observe that relations (2.32)-(2.33) conveniently
incorporate the boundary conditions. Finally, we observe that there may be proved the additional
regularity property o € BV (0, T; Wy).

The above result may be improved as soon as the source term is pure logistic, i.e., b verifies
(2.6) with p = 2. Specifically, that additional assumption, along with natural conditions on the
initial data, suffices to improve the regularity of the weak solutions for d = 2 without any further
restriction. In the three-dimensional case, a similar property holds provided that the chemotactic
coefficient X is assumed small enough and the mobility n is taken as a constant function (however
this condition may be partially relaxed, see Remark 4.2 below).

Theorem 2.2 (Regularity properties of weak solutions). Suppose that Assumptions (A1)-(A4) and
(2.20)-(2.21) hold with p =2 in (2.6), and assume that the initial datum oy additionally satisfies

oo € H. 2.37)
Moreover, if d = 3, suppose also that
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X </ 2kx0by, (2.38)

n(p,o)=1. (2.39)

Then, the weak solution (¢, 1, o) provided by Theorem 2.1 satisfies the following additional
regularity properties:
e H' (0, T; V)N L*0,T; HX(R)) N L*(0, T; WH4 (%)), (2.40)
o e HY(0,T; VYN C?(0,T1; H)YNL*(0,T; V)N L0, T; L3()), (2.41)
where g = 6 in (2.40) if d = 3, whereas one can take any q € [1, 00) if d = 2. Moreover, the sys-

tem equations are satisfied in the following sense: (2.30)-(2.31) hold together with the variational
equalities

<¢:,v>v+/m(¢),a)Vu-Vv=/S(<p,0)v, (2.42)
Q Q

(o, v)y + / n(eg,o0)Vo - Vv — X /om(fp, o)V - Vv :fb((p, o)v, (2.43)
Q Q Q

for every test function v € V and almost everywhere in (0, T). Finally, the initial conditions
(2.34)-(2.35) are now both satisfied almost everywhere in 2.

Under the assumptions of the previous theorem (including in particular (2.38) in the three-
dimensional case), we can prove additional regularity of solutions for constant mobilities pro-

vided that also the initial data are smoother. This is stated in the following theorem.

Theorem 2.3. Suppose that Assumptions (Al)-(A4) hold, with p = 2 in (2.6), together with
(2.20)-(2.21). Moreover, assume

m(p,0)=n(p,0)=1, (2.44)
and, if d = 3, assume also (2.38). If the initial data satisfy the additional conditions
Q€ Hy(Q),  po=—Ago+ flpo) —XopeV,  op€eV, (2.45)

then, the weak solution (¢, i, ) provided by Theorem 2.1 satisfies the following additional
regularity properties:

e WL, T; VHNHY0,T;: V) NL®©, T; W>4()), (2.46)
Fi(p) € L0, T; LY(Q)), (2.47)
neL>®0,T;V), (2.48)
o e H'0,T; Hync®([0,T]; V)N L*0, T; H*(Q)), (2.49)

where q =6 if d =3 and q € [1,00) if d = 2. Moreover, (2.42)-(2.43) can be interpreted as
equations holding a.e. in Q with the boundary conditions holding in the sense of traces.
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The next result, valid only in the two-dimensional case, extends to the present system a regularity
property holding for the Cahn—Hilliard equation for those singular potentials whose convex part
fulfills the growth condition

|F{'(r)| < eCFIFIORD - forevery r e (—1, 1), (2.50)

for some positive constant Cr. It is well-known that (2.50) is satisfied by the logarithmic poten-
tial in (1.11); as one can directly check, it also holds for “more singular” potentials, like (2.3),
such that | F|(r)| behaves like a negative power of 1 — |r| as || / 1. It does not hold, instead,
in the case of the double obstacle potential. Nevertheless, whenever (2.50) holds, we can prove
that, for smoother initial data, the solution ¢ is “separated” from the singular values +1 in the
uniform norm. This is stated in the following theorem.

Theorem 2.4. Suppose that Assumptions (Al)-(A4) hold with p = 2 in (2.6), together with

(2.20)-(2.21). Moreover, assume that d = 2, the potential fulfills (2.50), and (2.44) holds. If the
initial data satisfy the additional conditions

g0 € HEX(Q),  wo:=—Ago+ f(po) — Xop€ HZ(Q),  op€V, (2.51)

then the weak solution (¢, i, o) provided by Theorem 2.1, in addition to the regularity stated in
Theorem 2.3, satisfies the following additional properties:

eeWh®, T: H)NHY0,T; H*(Q)) N L>®(0, T; HY(Q) N W>1(Q)), ¢ €[2,00),

(2.52)
peL®0.T; HA(Q) N L0, T: H (), (2.53)
F{'(¢) € L=(0, T; LY(2)). (2.54)
Moreover, if the initial data also satisfy
oo € L™(Q), (2.55)
then one also has
o eL®(Q) (2.56)

and there exists a computable constant § € (0, 1) only depending on the problem data such that
the following “separation property” holds:

—14+6<¢p<1-8 aein Q. (2.57)
Remark 2.5. A direct check shows that, if (2.51) and (2.56) hold, then the separation property
(2.57) holds at the initial time (i.e., its analogue is satisfied by ¢g). Hence, (2.57) is fully com-
patible with (2.51).
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Remark 2.6. The separation property (2.57) is extremely important for singular potentials like
(1.11). Indeed, if (2.57) holds, then, the singularity of F is no longer an obstacle for the analysis
as, actually, ¢ is limited to range in a closed subinterval of (—1, 1) where F has controlled
growth.

Remark 2.7. Given the parabolic nature of system (1.1)-(1.5), most of our regularity results
could be seen as smoothing properties of weak solutions (i.e., of solutions starting from “en-
ergy regular” initial data as those constructed in Theorem 2.1), holding for strictly positive times
(provided that the required additional assumptions on coefficients, like for instance constant mo-
bilities, hold). Of course, since uniqueness is not known to hold for weak solutions, we can
assert that from energy regular initial data starts at least one weak solution that enjoys parabolic
smoothing properties. However, we cannot exclude that there might exist other weak solutions
which do not regularize in time.

Our last result is devoted to establishing uniqueness of solutions in the case of constant mobility
functions. We prefer to formulate the result in a general version holding both for d = 2 and for
d = 3 though in a conditional way.

Theorem 2.8 (Uniqueness). Suppose that assumptions (Al)-(A4) hold. Moreover; let m, n, B =
1 and p =2 in (2.6). Let us consider a couple of weak solutions {(¢;, (ti, 0i)}i=1,2 additionally
satisfying

@1 € L*(0,T; W>%(Q)), (2.58)
o1 € L*0,T; H), (2.59)
o € L*0, T; L)), (2.60)

associated to initial data {(¢o.;, 00,;)}i=1,2 fulfilling (2.20)-(2.21) and (2.45). Let us also assume
that either h is a constant function, or F € C 2(—1, 1) and there hold the additional conditions

F'(¢1), F"(¢2) € L*(0,T; H) (2.61)

as well as {(¢o.i, 00,i)}i=1,2 also fulfill (2.51). Then, (@1, 1, 01) = (@2, 2, 02) almost every-
where in Q.

Remark 2.9. We notice that conditions (2.58)-(2.59) are verified under the regularity setting of
Theorem 2.2. The main obstacle is represented by (2.60), which holds only under the more
restrictive conditions in Theorem 2.3. Finally, the validity of (2.61) is limited to the two-
dimensional case under assumption (2.50) and in the regularity setting of Theorem 2.4.

Remark 2.10. It is worth noticing that, under the assumptions of the above theorem, a continuous
dependence estimate also holds. For instance, in the case of & constant, one has

2
lor =02 = (@D = @) {0,721 + 1 @D = @Dallixo 1) + 1 @De — @)allLxor)

+ o1 — 02 = (D2 = ©)2) |70 7.y + @D — ©@DalF~ 1)
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2 2
+ ”§01 - ‘P2||L2(0’T;V) + ||01 - 02”[12(0,7";1_1)

2
e T (90,02 — (9o.)el* + [(vo.De — (9o.2)el

= K(”§00,1 — 902 — ((9o,D2 — (90,2)2)|

+ [l00.1 — 00,2 — ((00,1)2 — (00.2)2) | %,* + (o0, 1)e — (00,2)sz|2>, (2.62)

for some K depending only on the known data, including the norms in (2.58)-(2.59).

Remark 2.11. Aiming at reducing the technical burden, Theorem 2.8 is proved by consider-
ing the two- and three-dimensional cases together. As a consequence, it is worth noticing that
conditions (2.58)-(2.60) are unlikely to be optimal, especially in dimension two where better in-
equalities hold, and may be in fact replaced by other similar assumptions. For instance, it will be
noted in the proof that (2.60) might be replaced by

0y € L0, T:; L>%()) for some § > 0.
3. Well-posedness

This section is devoted to the proof of Theorem 2.1, which will be split into several parts
presented in separate subsections.

3.1. Mass dynamics

The main tool in the existence proof consists in the derivation of suitable a-priori estimates.
For the sake of simplicity, these will be presented by working on a triplet (¢, i, o) solving
the original system (2.16)-(2.18) plus the initial and boundary conditions, without referring to
any explicit approximation or regularization of it. In Subsection 3.3 below we will propose a
regularization of the system and explain how the formal estimates derived here may be adapted
to the rigorous framework.

In this respect, it is worth observing from the very beginning that a crucial point stands in the
fact that the coercivity of the energy functional F (cf. (1.10)) is tied to the choice of a “singular”
potential F'. Hence, dealing with the original (i.e., non-regularized system) and assuming in
particular that the component ¢ of the solution satisfies the a-priori information

—1<¢kx,t)<1 forae. (x,t) e Q 3.1

represents a real simplification at this level. Indeed, let us recall the expression of the energy
functional F, namely (recall that ¢ = 1)

1
Flg.0) =3 / Vol + f F() +/o(lna 4+ X/o(l _o).
Q Q Q Q

Then, it is clear that, as far as (3.1) holds, the last term is nonnegative due to the expected positive
sign of the variable o. As a consequence, F turns out to be coercive: it is easy to check that there
exists a computable constant C > 0 depending only on the known data such that
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1 1
(C+Fp.0) = 5lglly + 5 llo ol (32)

Notice that the above still holds when ¢ € L°, even if (3.1) is not known to hold. Indeed, the
coupling term can then be controlled as follows

X‘/a(l—(p)
Q

where the last ¢ also depends on the L°°-norm of ¢.

On the other hand, if the singular potential F is replaced by a function of controlled growth,
then the boundedness of ¢ is lost, (3.3) cannot be used, and consequently the energy functional
loses its coercivity. This is the main issue we will need to fix when detailing the approximation
in Subsection 3.3.

That said, we first show that, under assumptions (2.4)-(2.5) the spatial mean of ¢ is con-
strained to take values in the physical interval (—1, 1) for every # > 0. Actually, testing (1.1) by
|2|~! and setting for simplicity y = ¢q, we deduce the ODE-like relation

1
§X||0||1(1+||<ﬂ||oo)<§I|01n0||1 —c, (3.3)

1
/
|Q|Q

whence, using (2.5), we obtain the differential inequalities
—K <y +my<K.

Consequently, it holds that, for every ¢t € [0, T'],

YO + (1 =)= ) <y < y O (- e
m m

Using again (2.5) and recalling the last assumption in (2.20), we then deduce that, for some § > 0
depending only on ¢y, K and m, there holds

[(p()a| <1—8 forevery t €0, T], (3.4)

which entails that the total mass of ¢ is prevented to reach the critical values £1. Of course the
same property (3.4) holds also when one takes S = 0 because the spatial mean of ¢ is conserved
in that case.

3.2. Formal energy estimate

First of all, we observe that, using assumption (2.21) and applying a standard minimum prin-
ciple argument, there follows that o > 0 almost everywhere in Q. Then, testing (2.16) by u,
(2.17) by ¢, and taking the difference, we infer

d
& —x / o+ f m(p, 0)|Vul* = / S(g, o), (3.5)
Q

Q Q
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where we recall that £ denotes the standard Ginzburg-Landau energy introduced in (1.10) (with
& = 1). Next, testing (2.19) by Ino + X (1 — ¢), and setting for the sake of simplicity L(o) :=
o(Ino — 1), we obtain

%fL(o)er/a,u—go)+/am(<p,a)|vana+x<1—cp))|2
Q

Q Q

:fﬂ(w)(xoa—Kooap)(lno+X(1—<p)). (3.6)
Q

Adding (3.5) with (3.6) and rearranging, using also (2.10), we deduce

d
5[5(@ + / (L(o)+ Xo (1 — (p))]
Q

+mo/a|V(lno+X(1 —<p)>|2+mo||vm|2+xoo/ﬂ(go>aplna
Q Q

S/S(¢,U)M+Kofﬂ(<p)0 lnG+Xfﬂ(<p)(K00’ —koeoP)(1 = ). (3.7
Q Q

Q

To control the first term on the right-hand side, we observe that, replacing the expression of ©
given by equation (2.17) and using (A2) along with (3.1) and the Poincaré—Wirtinger inequality
(2.1), there follows

/S(w,U)M=/S(¢,0)(M—MQ)+MQ/5(¢LG)S(M+K)CQIIVMII+|Q|(m+K)IMQI,

Q Q Q

(3.8)
where cq > 0 is a Poincaré constant. Now, integrating (2.17) over 2 and recalling that o > 0
almost everywhere in Q and (1.4), we have

Qlluel < 1F @ +x/a. (3.9)
Q

Replacing (3.8) and (3.9) into (3.7), using (2.7) and (2.8) with the fact 1 — ¢ > 0 (which is, in

turn, a consequence of (3.1)), it is not difficult to obtain

d
d—tf(¢,0)+mo/a|V(an+X(l —(p))|2+m0||Vu||2+Koob0/(0plna+2)
Q Q

5c+cfo+c||wu +m+ KN f @I
Q

+Ko/ﬁ(<ﬂ)01n0+X/ﬂ(<ﬂ)(Koa — koo P)(1 — )
Q Q
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m
5c+c/o+ oIl + (m o+ I F @ +KOB/ oo +XKOB/<7(1 _o),
Q

Q
(3.10)

where we recall that F was defined in (1.10) (with ¢ = 1). In order to control the norm of f(¢)
on the right-hand side, we test (2.17) by ¢ — pgq to get

/f(w)(w—wsz)Jr||V<0|I2=/u(<p—¢Q)+Xfo(<p—<psz)- (3.11)
Q

Q Q

Using the mass property (3.4) and proceeding similarly as in [37] (see also, e.g., [16,39]) we
then deduce that there exist two constants « > 0 (small) and ¢ > 0 (large), both depending on the
constant § in (3.4), such that

ff(¢)(¢—¢9)2a||f(¢)||l —c. (3.12)
Q

Hence, recalling (3.1) and operating straightforward manipulations in (3.11) leads to

all f(@)h SCIIVMIIIIV¢II+2Xfo+c
Q

565||V¢||2+8||V/L||2+2X/0+C, (3.13)
Q

where § > 0 can be taken arbitrarily small, in a way that will be specified later on, and c5 > 0
depends on the choice of §.

Next, we multiply (3.13) by P > 0 large enough such that Po > m 4+ K + 1; then, we choose §
small enough such that Pé < mg/4. Finally, we add the result of this operation to (3.10) deducing
that

d m
5@ +mo/a|V<lna+X(1 —on[ + 7°||Vu||2 +aPlf@lh +Koobo/<a"1na +2)
Q Q

§c||Vg0||2+c+c/a +KoB/|O‘lnG|+XKoBfU(1—(p).
Q Q Q

In order to get an estimate from the above relation, we observe that, since p > 1, we have

Koobo
2

0/0+K0B/|oln0|+XKoB/U(1—go)fc—l—
Q Q Q

/(U”lna +2).
Q

Then, we may set
V:=C+ F(p,0),

547



E. Rocca, G. Schimperna and A. Signori Journal of Differential Equations 343 (2023) 530-578

where C > 0 is chosen such that the coercivity property (3.2) holds. As noted above, here we
are using the constraint (3.1) in an essential way. With these choices, we arrive at the differential
inequality

d 2 mo 2 Koobo P
aV—i-mO o|Vno+x(1 - )| +7||VM|| +aP||f(<p)I|1+T (6PIno+2) <cV.
Q

Q
(3.14)

Noting that V(0) < oo thanks to (2.20)-(2.21), we can then apply Gronwall’s lemma to deduce
the following a-priori bounds:

l@liLe©.7:v) + llo o || pooo. 7.1 () + 1F @ L0, 7:21 ()
+ o2V no + X (1= ) 20.7:1) + IVl 20,7 1)
+ ”f(w)”Ll(O,T;Ll(Q)) + ||O'p1n0'||L1(07T;Ll(Q)) <c. (3.15)

Here and below, it is intended that the constant ¢ > 0 on the right-hand side, whose explicit value
may vary on occurrence, depends only on the known data of the problem, including the initial
data, but is independent of any hypothetical approximation parameter.

Next, going back to (3.13), squaring its first row, and integrating in time, using also the infor-
mation resulting from (3.15), we infer

If @207 @) =¢- (3.16)

Then, we go back to (3.9): squaring and integrating in time, using (3.15) and (3.16) lead us to
luallz20, 7y < ¢, and applying once more the Poincaré-Wirtinger inequality, we arrive at

||H||L2(0,T;V) <c.

Next, comparing terms in (2.16) and using in particular assumptions (A2) and (2.10), it is not
difficult to deduce

ol 20,72 v+ < c- (3.17)
Finally, we observe that (2.17), complemented with the no-flux boundary condition, can be in-

terpreted as a family of time-dependent elliptic problems with maximal monotone perturbations
of the form

—Ap+ F{(¢) =+ rp + Xo. (3.18)
Here, we observe that, since we assumed p < 2, the maximal summability available for the right-
hand side is exactly the L?-one. Hence, applying standard tools (which basically correspond to

testing (3.18) by |F| ()P~ sign(F|(¢)) and exploiting the monotonicity of F|), we deduce the
additional estimates

I Fi (@ lLro,7:0r @) + 1A@llLr©,1:07 () < C. (3.19)
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Suppose now that b has a true logistic growth, that is (2.6) is fulfilled with p = 2. Then, testing
(2.18) by Ino and using (2.12), (2.14), and (2.15), it is not difficult to arrive at

d
a/a(lna - 1)+4m0||v(;1/2||2+boxoof021na
Q Q

§X/m(<p,o)V<p-Vcr +K0fﬂ(¢)alno
Q Q

— X / VN(9.0)-Vg — X fml(so, )|Vol? +Ko/ﬁ(¢)oln0
Q Q Q

5—XfN(go,a)Atp+c/o|V<p|2+Ko/,8(<p)01na
Q Q

Q

< C/ alAgl +clolllellollel g2 +clol
Q

bok
§c||A(p||2+%/azlno+c,
Q

where we also used the well-known interpolation inequality

1/2 1/2
vllyraqy < c||v||ljz(9)||u||oé for every v € H2(2) N L(RQ). (3.20)

Hence, integrating the above in time and using (3.19) with p =2, we obtain the additional esti-
mate

||Ul/2||L2(0,T;V) <c. (321)
3.3. Approximation scheme

In this part, we outline a possible regularization scheme for system (1.1)-(1.5). Usually, in
Cahn-Hilliard-based models, approximation is provided by smoothing out the singular term
(here represented by F|) and replacing it with a Lipschitz continuous function. In this way,
at least locally in time, existence of approximate solutions may be proved for instance by us-
ing a Faedo—Galerkin or time discretization scheme. Here, however, a further difficulty arises
because the coercivity of the free energy (1.10) is tied to the presence of the singular potential
F1. In other words, if F; is smoothed out, it is also necessary to intervene on the coupling term
Xo (1 — @) by suitably truncating it; indeed, approximating F7i, the property |¢| < 1 is lost and
the coupling term becomes supercritical if it is not smoothed out. This is why, similarly, e.g., to
[26], we propose a regularized scheme where also o is properly truncated. Namely, we consider
the system

¢ — div (m(p, 0)Vu) = S(p, o) in 0, (3.22)
n=—Ap+ F,(9) — 1o — XT,(0) in 0, (3.23)
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T,(o0); —div (m(go, o)Va) — X div (am(go, o)V — (p)) = B(@) (koo — keoo?) in Q, (3.24)

with n € N denoting the regularization parameter, intended to go to infinity in the limit. As for
the boundary and initial conditions, we consider the same as in (1.4) and (1.5). In this part we
will avoid employing the subscript n to denote the approximate solution for the sake of notational
clarity. Here, we assume the following properties. First of all, { F},}, with F;, : R — R, is a family
of convex and regular functions such that, as n — oo, F, tends to Fj in the sense of Mosco.
We refer to [2, Chap. 3] for the necessary background in convex analysis; we just observe that a
simple condition ensuring this property holds when, for every fixed r € R, F,(r) is increasingly
monotone with respect to n and converges to the limit value F(r) (which is intended to be +o0
as far |r| is larger than 1, cf. (A1)). We also assume the normalization property

F!(r)signr > n(Ir| — 1) forevery |r|> 1. (3.25)

Indeed, it is apparent that, for every potential F| compatible with assumption (A1), an ap-
proximation F;, satisfying the above conditions can be constructed by standard methods. For
instance one could take the Yosida approximation (see [3,4]) of F| of order n~! and add to it
n3(|r| — 1)1 signr.

Concerning the truncation operator 7, we assume the following properties:

T, € CI’I(R); T,(r)=r forevery r <n, (3.26)

T, is strictly monotone and concave, (3.27)

T,(r)y<n+1 forevery r eRR, lim 7,,(r)=n+1. (3.28)
rF— 00

Explicit forms of 7}, can be also constructed very easily.

We also need to introduce its inverse function, that is, y, := Tn_l. Then, y, € C 1((—00, n—+
1); R) and y, can also be interpreted as a maximal monotone graph in R x R so to apply the
usual machinery of maximal monotone operator theory. Then, we also set

s:=T,(0) so that o = y;,(s)

and equation (3.24) can be consequently restated in terms of the new variable s in the following
equivalent way:

st — div (n(@, Y () Vya () = X div (v ($)n(e, yu () V(1 =) = B(9) (k0 ¥n (5) = Koo Vn (5)P).

(3.29)
Of course, also relations (3.22)-(3.23) could be equivalently reformulated in terms of s. Besides,
by using the variable s, the initial conditions may be expressed as follows:

$]i=0 = 50 = T (00), ¢lr=0 = ¢o. (3.30)

Dealing with the regularized system (3.22)-(3.24), complemented with the initial conditions
(3.30) and with the no-flux boundary conditions, may still be nontrivial. Indeed, equation (3.29)
contains the singular function y,. A strategy that could be used in order to obtain at leas local in
time existence can be sketched as follows:
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(A) Smoothing out the function y,, (for instance by replacing in with its Yosida regularization
vn.e for a regularization parameter € intended to go to zero in the limit); one may also need
to add further regularizing terms to get better properties of approximating solutions;

(B) Proving local in time existence to the obtained system through the Faedo—Galerkin method;

(C) Getting a-priori estimates uniform with respect to € and, exploiting these, passing to the
limit with respect to the approximation parameter € so to obtain a solution to (3.22)-(3.24)
with the initial and boundary conditions.

As said, even if the above strategy (A)-(C) may be not trivial, we believe that the main difficulties
are just of technical nature. Indeed, equations of the form

st — Ay () = f. (3.3

with y maximal monotone graph (possibly, as here, of singular nature), have been extensively
studied in the literature and the proposed strategy in order to get local existence (i.e., smoothing
y, discretizing by Faedo—Galerkin, then going back to the original y) is very well established.
Of course, in our setting, equation (3.29) is more complicated than (3.31) and we also have the
additional difficulties resulting from the coupling with the CH system. Nevertheless, to reduce
technical details, we assume to have accomplished the above strategy and we just focus on what
we believe to be the main difficulty to get an existence theorem, i.e., the passage to the limit
n — oQ.

For this purpose, we first have to reproduce the energy estimate by working on the regularized
system (3.22)-(3.24). Of course, we can use either the original nutrient variable o or the trans-
formed (truncated) variable s = T, (o) since the formulations in terms of o and s are equivalent
at this level. Notice also that the proposed approximation is devised as to preserve the minimum
principle property; hence we can freely assume s and o to be nonnegative.

That said, using the variable o so to get an estimate more similar to that obtained in the
previous section, we have to test (3.22) by u, (3.23) by ¢;, and (3.24) by Ino + X (1 — ¢). Then,
by proceeding as before, we arrive at the analogue of (3.7), which takes now the form

d
a]:n(<ﬂ,6)+mof0|v(ln6+x(1—<P))|2+m0||VM||2+Koo/ﬁ(<ﬂ)0pln0
Q Q

< / S(g, o) +Ko/ﬂ(¢)0 o +K0X/ﬁ(<ﬂ)0(1 —) +xoox/ﬁ<¢>o"<¢ _,
Q Q Q

Q
(3.32)

and where the approximated energy takes the expression

1 2 A 2
Fal0.0)= [ (3196F + Fuo) = 567 + Lu(@) + XT,(0)(1 = ).
Q

The function L, is defined as follows:

o

L, (o) =/T,:(r)lnr dr,

0

551



E. Rocca, G. Schimperna and A. Signori Journal of Differential Equations 343 (2023) 530-578

so that we have in particular
L,(c)=0(no —1) for o <n and L,(c)>n(lnn —1) for ¢ > n. (3.33)

Let us now verify that the coupling term X7, (c)(1 — ¢) can be controlled, uniformly in n, by
using the other integrands. We actually notice that

X/Tn(a)(l—¢)=X/Tn(a)—X/Tn<o><p

Q Q Q
=Xan(a)—x f Tp(0)p — X / Ty(o)
) (lol=2) (loi>2)
zx/Tn(a)—zx / T,(0) — (n+ )X / 0
Q {lo|<2} {lo|>2}

z—X/Tn(a)—2(n+1)X / (p—D.
Q {lel>2}

To control the right-hand side, one can first verify that

XT,(0) < %Ln(a) +c, (3.34)

for every o > 0 and a suitable constant ¢ > 0 independent of n. Analogously, owing to (3.25), it
is clear that, for ¢ > 0 as above, we have

3
F,(r)> %(|r| — 1)2 —c¢ forevery |r| > 1. (3.35)

Consequently, thanks also to Young’s inequality, we have in particular

1
2+ DX(@—1) < ZF,,((p) +c¢ forevery ¢ > 2.

Based on the above considerations, and noting also that, by (3.25),

’\ 2<1F()+
* ! c.
2‘/)_41190

again for ¢ > 0 independent of n, we conclude that there exists a constant C independent of n
such that

Futw.0) = [ (51967 + 3 F20) 4 5Lu() = C) (336)
A Y 2" 2" ' '
Q

Namely, coercivity of the energy is preserved at the approximate level.
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Then, in order to deduce from relation (3.32) an analogue of the energy estimate (3.14), we
need to check that we can still control the right-hand side. To this aim, we start observing that
the first integral can be managed similarly with (3.8)-(3.12). We only notice that, when the ana-
logue of (3.11) is performed, we can no longer use the uniform boundedness of ¢. On the other
hand, the mean property (3.4) is preserved also in the approximation. Then, the contribution
corresponding to the last integral in (3.11) is now managed as follows:

x/Tn(a)«p—m):x / T,(0) (@ — p) + X / T,(0) (@ — pa)

Q {lel=3/2} {lel>3/2}

<c f ITo(0)] +c(n + 1) / (ol - 1)
{lo|<3/2} {lo|>3/2}

5cf|Ln<a>|+c+chn<¢),
Q

Q

where we used (3.34), (3.35) and the control (3.4) on the spatial average of ¢, which is not
affected by the approximation. Then we notice that the last integral on the right-hand side can
be controlled by Gronwall’s lemma. In order to estimate the remaining terms in (3.32), we first
observe that, using (A3) and in particular (2.9),

KooX/,B((p)ap(‘P_l):KooX / B(@)oP (g —1)
) {lpl<2)

= Koo X / B(@)oP (9 —1) + koo X / Blp)al(p —1) =11 + 1.
{lpl<3/2) {3/2<l¢l<2}

Now, using (2.7) with a generalized form of Young’s inequality, we have

b
I <c of <c+ Foo20 lo?Ino|. (3.37)
{lpl<3/2} {lpl<3/2}
Similarly, we have
Koo
I <c / B(p)a? §c+T / B(@)|o?Ino|. (3.38)
{(3/2<le|=2} {3/2<lp|=2}

The integrals on the right-hand sides of (3.37) and (3.38) can be estimated by noting that the last
term on the left-hand side of (3.32) gives

Koo/ﬂ((p)aplna > Koobo f lo?Ino| + koo f B(@)|oPIno| —c, (3.39)
Q {lpl<3/2} {3/2<le|<2}
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as a straightforward check shows. The remaining two integrals on the right-hand side of (3.32)
have a slower growth with respect to o ; hence they can be controlled in a similar but in fact easier
way.

As a consequence, it is not difficult to obtain from (3.32) the following inequality:

loP Ino|

d
a.ﬁ((p,a)—l—mo/UW(]no—i—X(l —(p))|2 2
Q {lol<3/2}

K
T / ﬁ(w)lo!’lm5c||w||2+c+c/Fn<¢>+c/|Ln<o)|.
{3/2<|p|<2}

Estimating the last term similarly with (3.37) we end up with

d b
5(Co+fn(ga,a))+mo/a|V<lna+X<1—¢>)|+ Ovul® + TO / lo”Ino|
Q {lo|<3/2}

K
+%° / ﬁ(¢)|af’1na|5c||V<p||2+c+c/Fn(<p>+c/|Ln(o)|, (3.40)
(3/2<lp|=2} Q Q

where C > 0 is large enough so that Cy + F;, is coercive uniformly with respect to n (cf. (3.36)).
Then, we can apply Gronwall’s lemma to the above relation so to deduce the following bounds
which are independent of the approximation parameter n:

lell Lo, 7;v) <c, 3.41)
IVl 2o,y < ¢, (3.42)
I Fn(@) oo, 701 () + 1L (@l L 0,7;21(2)) =€ (3.43)
lo' 2V (Ino+x (1 — @)l 207,11y < c- (3.44)

As in the previous part, the uniform control (3.4) of the spatial average of ¢ permits us to improve
(3.42) leading to

Il z20,7;v) < c- (3.45)

Now, from the first of (3.43) and (3.35) it is not difficult to deduce that
{lpC, 01 =3/2})| <cn™ forae. 1€ (0,T).
As a consequence, we have

//|op1na| / / |oP1no|+/ / lo” Ino|

{loC.01=<3/2} 0 {loC.01>3/2}

<c+cenPInnl{loC, 0] >3/2)| <c+en”Pnn <,
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where we used the control (3.40) and the fact p < 2. Hence, we end up with
||O'p1n0'||Ll(0’T;LI(Q)) <c. (346)
A similar procedure, combined with the second bound in (3.43), permits us to deduce

loIno |l Lo, 7;01 () < ¢ (3.47)

Finally, we notice that the analogues of (3.17) and (3.19) can be obtained reasoning as in the
previous section. On the other hand, concerning (3.21), since the property |¢| < 1 is not known
to hold at the approximate level, we cannot apply the interpolation inequality (3.20) and for
this reason the procedure should be modified by operating a proper truncation of the mobility
function n. We omit the details since property (3.21) is not essential for the sequel. In addition
to that, we notice that this difficulty does not arise when n is a constant function.

3.4. Passage to the limit

In this part, we assume to have a sequence {(¢y, iUn, 0,)}n Of solutions complying with the
a-priori estimates uniformly with respect to the parameter n. Such a sequence may be an out-
come of the “strategy” (A)-(C) outlined before. In particular, we will assume (¢,, iUn, 0,) toO
solve, at least locally in time, system (3.22)-(3.24) complemented with homogeneous Neumann
boundary conditions and suitable initial conditions. Moreover, from now on, the dependence of
the approximate solution on the parameter 7 is stressed.

Moreover, since the estimates derived in the previous part are uniform in time, by standard
extension arguments the solution obtained in the limit will acquire a global in time character. For
this reason, and for the sake of simplicity too, we will directly assume to have a global solution
at the approximate level.

That said, we observe that the approximated version of estimates (3.17) and (3.19),
(3.41)-(3.45), (3.46), with standard weak and weak star compactness results, imply that there
exist limit functions ¢, o, i, and & such that, as n — oo,

) weakly-star in H'(0,T; V*)NL>®(0,T; V)N LP(0, T; W2P(Q)), (3.48)
op— 0 weakly in L? (0, T; L (2)), (3.49)
Un — L weakly in L2(0, T; V), (3.50)
F)(py) — & weakly in L7(0, T; LP (). (3.51)

The above convergence relations, as well as the ones that follow, are intended to hold up to
the extraction of non-relabelled subsequences of n — oo. Since (3.26)-(3.28) imply in particular
|T,(r)| <1 forevery n € N and r € R, we also have

sp — s weakly in L?(0, T; L (),

where, at this level, the functions s and o need not be related to each other.
Next, note that (3.48), applying the Aubin—Lions lemma, also gives

¢n — ¢ strongly in (10, T1; H'7%(Q)) for every § > 0. (3.52)
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The above implies, in particular, pointwise (almost everywhere) convergence. As we will
see below, properties (3.48)-(3.51) are sufficient to pass to the limit in the Cahn—Hilliard system
(2.16)-(2.17). On the other hand, as is common in Keller—Segel-type models, the main difficulties
arise when one considers the equation (2.18) for the chemical concentration. In particular, the
key step stands in providing a suitable control of the cross-diffusion term, which has a quadratic
growth. To this aim, the choice of a logistic source term is crucial and a suitable refined argument
has to be devised.

Before detailing the procedure to pass to the limit, we need some preparation. In this direction,
we set Z := W122/(=D(Q) and we first notice that

“Unm((/?n, Un)v(lno'n + X(l - (pn)) ||L2p/(p+l)(Q)

1/2 1/2
< Mo 20y o> Vo + X (1= 9| 120, <€ (3.53)

the last inequality following from (3.44) and (3.46).
Next, we consider the second term in (3.24) multiplied by z € Z. Integrating by parts and
using the analogue on €2 of (3.53), we obtain

/Unm((pn» on)V(no, + X(1 —¢,)) - Vz
Q
< Joun(en, o) Vnon + X1 = @), 1) IV2l2p/p-1)

< Mol |on"*Vno, + X (1 = g)|lIzll - (3.54)

Moreover, we observe that, if p is as in the statement of Theorem 2.1, i.e., p € [3/2,2] if d =
2 and p € [8/5,2] if d = 3, then we also have Z C L°°(2) by Sobolev’s embeddings. As a
consequence, we have

/ﬂ(wn)('coon — ko001 )z < c(1+ lonllH)llzlloe < c(1+ llonllh)lzllz. (3.55)
Q

Hence, recalling (3.46) and (3.44), it is not difficult to deduce from (3.54) and (3.55) that

Isn,el 1o, 7:2%) <c- (3.56)

Now, to apply once again the Aubin—Lions lemma, we also need an estimate of the gradient of
5. To this aim, we need to decouple the information on the cross-diffusion term resulting from
the energy estimate. In order to achieve this goal, the constraints on the exponent p in (2.6) are
essential.

Indeed, we start noticing that, by the second in (3.19) (or the corresponding convergence
(3.48)), there holds

IVeon ”LP(O’T;Ldp/(d—p)(Q)) <c,
where, in the critical case p =d =2, dp/(d — p) is intended to be replaced by any p € [1, 00).
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Interpolating the above information with the L°°(0, T'; H)-bound resulting from the second
in (3.48), it is then not difficult to obtain

IV@ull L pa+2racgy < c, (3.57)

which holds also in the critical case p = d = 2 thanks to LadyZenskaja’s inequality and the last
of (3.48). Combining this fact with the uniform L?-bound for o,,, we also deduce that

1 d
lonVnllpioy <c¢ provided that — + (3.58)

T AN S 1’
p pd+2)
where the condition on the exponents corresponds exactly to p > 8/5 ford =3 and p > 3/2 for

d =2, as stated in Theorem 2.1. Next, comparing (3.58) with (3.53) and using also that | 7| < I,
it is not difficult to obtain

IVonllLico) + IVsallLigy <c. (3.59)
Properties (3.56) and (3.59) allow us to apply to s, the generalized Aubin—Lions in the form [44,
Cor. 4, Sec. 8], which implies, in particular, the pointwise (a.e.) convergence s, — s.

More precisely, the control of the last summand in (3.46) provides the following uniform
integrability estimate:

||Un In'/7(1+ o'n)”Lp(Q) <c (3.60)

and, as before, the same bound holds for s,,. Combining this fact with the pointwise convergence
shown above and applying Vitali’s theorem [47], we then infer

s, — s strongly in L?(Q). (3.61)
We now show that, in fact, the functions s and o do coincide. To this aim, setting le‘ = SZ,T ()=

{x € Q:0y,(x,t) > n}, thanks to (3.33) there follows |2} (t)| < ¢/(nlnn) for almost every ¢ €
(0, T). As a consequence,

lon —slizicg) < llon = sullig) + llsn — sliL1()
= ”Un —Th(on)llLicg) + lIsn — sl

T
S/ [ on (-, 1) dt + |lsn — sli1c)

0 o

T
p=1
< f (1235017 Toull Lo ) @+l = sll1g)
0

c
< —=lowllLro,riLr@) + Isn = slliLig), (3.62)
no
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and it is readily seen that the right-hand side tends to zero in view of (3.60) and (3.61) as n — oo.
Comparing with (3.49), we then obtain the identification s = o. In particular, the truncation
operator 7, disappears in the limit. For this reason, we can drop the use of the letter s in the limit
and go back to the original variable o. Notice also that, applying Vitali’s theorem again, we have

opn — o strongly in L?(Q). (3.63)

We are now ready to take the limit n — oo in the Cahn—Hilliard system. To this aim, we first
notice that, by the facts that ¢, — ¢ and 0, — o almost everywhere, combined with the bound-
edness and Lipschitz continuity of #, m, n, and B, we may deduce, as n — oo,

1(@n, 0n), (@, 0n), 1@, On), B(9n) = h(p, ), m(p,0), (g, 0), B(p) strongly in LF(Q),

(3.64)
for every p € [1, 00), thanks also to a generalized version of Lebesgue’s dominated convergence
theorem. Combining this with (3.50) we have, by virtue of the weak-strong convergence princi-
ple,

m(¢y, 6,)Vin — m(p,0)Vu  weakly in L2(0, T; H). (3.65)

Hence, in view of the above relations, testing (3.22) by a generic test function v € V and inte-
grating by parts, it is apparent that all terms pass to n — oo so to obtain (2.32) in the limit.

Concerning (2.30), this is obtained by testing (3.23) by v € V and then letting n — oco. To
check that this procedure work we just need to take care of the nonlinear term depending on
the configuration potential. In other words, going back to the weak convergence in (3.51), we
need to identify the limit function £. To this aim, we first notice that from (3.52) and Sobolev’s
embeddings there follows in particular

on — @ strongly in L9(0, T; LY()), (3.66)
for any g € [1, 6). Hence, under our assumptions on p, we have in particular
on — @ strongly in L” (0, T; L? (Q)), (3.67)

where p’ is the conjugate exponent to p.

Actually, the strong convergence (3.67) combined with the weak convergence (3.51) guar-
antees the identification & = F|(¢) by means of a suitable version of the standard strong-weak
compactness argument for maximal monotone operators. Indeed, we recall that the assumed
Mosco-convergence F,, — F| implies a convergence property on the maximal monotone opera-
tors induced by the derivatives F,. Referring once more to [2, Chap. 3] for the background, what
holds is the graph convergence

F.— F| in L”(Q) x LP(Q).
This corresponds to saying that, for every couple [w, n] € LY (Q) x LP(Q) such that n = Fl/(w)
a.e. in Q there exists a sequence {[wy,, n,]} C LP/(Q) x LP(Q), with n, = F,,(w,) a.e.in Q and

such that
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[wy, na] — [w, n]  strongly in L” (Q) x LP(Q).

Thanks to this property, an appropriate version of the usual monotonicity argument in (reflexive)
Banach spaces (cf., e.g., [3]) permits us to achieve that, as n — oo,

F)(¢n) > F{(p) weaklyin L”(Q).
Hence, we can pass to the limit # — oo in (3.23) so to obtain (2.30).
Finally, we need to take the limit in the equation for o, which is a bit trickier. First of all, we

go back to (3.24), test it by w € W, and integrate by parts. Using the condition d,w = 0 on the
boundary and (2.14), we then get

/m(¢n’ on)Vo, - Vw = f(VN(wna on) — 01 (@n, 0) V) - Vw
Q Q

:_/N((pn»an)Aw_/ml((pnvan)vwn'Vwa
Q Q

which leads us to the n-analogue of (2.33), namely

(Sn,t>, W, —/N(on,qon)Aw—fm(cpn,an)wn-Vw—X/UHJn(wn,On)chn'Vw
Q Q Q

= / B(@n) (K00 — KooO Y. (3.68)
Q

To take the limit in this relation, we first observe that, by (3.63) and (3.64),

B(@n) (1000 — ko0 ) = B(@) (koo — koo ) weakly in L'(Q). (3.69)

Next, by (3.63), (3.67) and (2.13), it turns out that N (¢,,, 0,) = N (¢, o) almost everywhere. As
a consequence of the generalized Lebesgue theorem we then deduce

N(gu,0,) = N(p,0) strongly in L?(Q). (3.70)
Analogously, recalling (2.15), we infer

ny(¢n, 0n) = ny(p,0) strongly in LP(Q). (3.71)
To deal with the cross-diffusion terms, for clarity we just consider the worst case, corresponding,

as said, to d =3 and p = 8/5. In that case, the exponent of the space in (3.57) reduces to 8/3.
Then, using (3.64) with the uniform boundedness of n and (3.57), we deduce

n(¢n. 00)Ven — 0, 0)Ve  weakly in L¥3(Q),
whence, by virtue of (3.63), as n — oo,
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on(@n, 0,)Ve, - on(ep,o0)Ve weakly in LI(Q). (3.72)

Analogously, owing to (3.71), we get, as n — 00,

N1 (¢n, 00)Vgn — n(p,0)Ve weakly in L(Q). (3.73)

The above relations serve as a starting point to pass to the limit in (3.68). Indeed, the diffusion
terms are managed by means of (3.70) and (3.72), whereas the right-hand side goes to the desired
limit thanks to (3.69). On the other hand, the best estimate we have on s, ; is given by (3.56).
Hence, in order to take the limit n — 0o, we have to consider, as specified in the statement,
w € C'([0, T]; W,) and integrate (3.68) with respect to time between 0 and ¢ < T integrating
by parts the first term. In this way, the time derivative of s, disappears; nevertheless, (3.56) still
does not suffice to take the desired limit, unless one uses a generalized tool like Helly’s selection
principle. In particular, the limit function s is expected to be only BV with respect to time, which
would allow it to have jumps with respect to the time variable.

In order to exclude this fact, we need to refine a bit the information on s, ; by exploiting in
a suitable way the uniform integrability property (3.60). This procedure will allow us to recover
also the initial datum in the sense (2.35). To this aim, we go back to (3.24) and test it by w € W,.
Using, in particular, the fact W, C W1>°(), it is then not difficult to obtain

Iswellws < cllonl|lon”*Vano, + X (1 — @) | +c(1+ loall})

1/2

1/2
<cllon 1| on 2Y(no, +x(1 - o) || + ¢+ cllonlly =: My + ¢+ Ma .

(3.74)

Now, it is clear that t ||onl/2(t)|| is bounded in L2P(0, T) as a consequence of (3.63) and that
t—> Hol/z(t)V(lnan(t) + X(1 — <pn(t)))H is bounded in LZ(O, T) as a consequence of (3.44).
Combining these facts, we readily obtain that

”Ml,n”LZp/(pH)(o,T) <c, (3.75)

with ¢ independent of n. Let us now set, for r > 0, ®(r) :=rIn(e + ) and let us notice that ®
is convex and increasing. Then, applying @ to inequality (3.74) and integrating in time, it is not
difficult to check that

T T
/(D |Snt||W* /q)(Ml,n +C+M2,n)
0 0
T T
5c+c/d>(M1,n)+c/d><Mz,n>
0 0

T
sc+c/<1>c||an||
0
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5c+c/a,{’ In(e + 0,) < C, (3.76)
Q

where C > 0 is a computable constant depending only on the known data of the problem. Notice
also that, to estimate the first integral on the second row, we used (3.75) with the fact 2p/(p +
1)>1.

Next, let 0 <t <t < T. Then, we have

50 (2) — s () v
It —|

t
1
< / s ()l dr.
il ;
T

Using that @ is nondecreasing and convex, and applying Jensen’s inequality, we then deduce

1
d)(”s,,(t)—sn(f)ﬂw,’;) Sq)(/ 1 s ) vz dr)
[t — | It — 7l

t
1
< D (s, (r) llyz) dr
T

|t — 7]

1

|t — 7

T
< /@(”Sn,t(r)“W;f) dri |Z—T|’
0

where C > 0 is the constant introduced in (3.76).
Then, using again the strict monotonicity of ®, we deduce

sp(®) — s, (T %
Il (2) ()Ilw,,sq)_l< C )
[t — 1| [t — 7|

or, in other words,

C
lsn () = sa (@Dl <1t —f""_l(n—ﬂ)'

Then, noting that ®~! is strictly sublinear at infinity, as a direct check shows, we may observe

that there holds the following equicontinuity property: for every & > 0 there exists § > 0 such
that for every n € N and every 0 <t <t < T with |t — 7| < § there holds

ll50 (8) = 50 (D) Iy < .

Now, using (3.47) with (3.26)-(3.28), it is easy to deduce

[Is5 ||L°°(O,T;Ll @) =¢
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Hence, observing that L' (Q) C W, with compact embedding, if we take as Z a generic (re-
flexive) Banach space (which, of course, will have a negative order as a Sobolev space) such
that

LY(Q)cc Zzcwz,

using some interpolation it is not difficult to check that Ascoli’s theorem can be applied to the
sequence {s,} in the space CO([O, T1; Z) so to obtain

s, — s=o strongly in C°([0, T1; Z) (3.77)

and, a fortiori, in C°([0, TT; W;). In particular, since s, ;=0 = T, (00) and T, (0¢) tends to op in
L' (Q) thanks to Lebesgue’s dominated convergence theorem, we obtain that the initial condition
o |;=0 = 0y is satisfied in a standard sense, which excludes the occurrence of jumps of o with
respect to the time variable. Moreover, (3.77) allows us to pass to the limit in the time-integrated
version of (3.68) so to obtain (2.33) (which, we remark, also incorporates the boundary condi-
tions). We incidentally notice that (2.25) also follows from the above procedure. In particular, the
second regularity in (2.26) is a consequence of (3.47) and an equiintegrability argument. Finally,
(2.36) follows from the analogue of (3.21). This concludes the proof of Theorem 2.1.

4. Proof of the regularity results

The proofs of the regularity results are mainly based on the derivation of higher-order addi-
tional sets of a-priori estimates. It is worth observing from the very beginning that these estimates
will be derived in a formal way by working on the “original” system (1.1)-(1.5). We believe that,
at this regularity level, obtaining the estimates in a fully rigorous way would require a very
lengthy and technical adaptation of the approximation scheme. Since such a procedure would,
however, present a very limited mathematical interest, we prefer to proceed formally.

Proof of Theorem 2.2. We distinguish between the 2D and the 3D cases, which have to be man-
aged by different methods.

Two dimensional case. For convenience, let us start with the two dimensional case recalling that
now p = 2. In that setting, we test (2.18) by o to obtain

1d
mnanz+mo||w||2+xoobo||a||§se||o||2+X/am(<p,o>V<p~Vo. .1
Q

Then, we test (2.17) by —Ag to infer that

/F{/(¢)|V<p|2 +lAg]® < —X /oAgo +AIVell> + Vel Vi, 4.2)
Q Q

whence, squaring and using the previous estimates with the monotonicity of F;, standard manip-
ulations lead us to

lagl* <c(1+lol* + IVil?). 4.3)
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Then, to control the last term on the right-hand side of (4.1), we observe that, by Holder’s and
standard interpolation inequalities holding for d = 2,

X/m(so,a)GVw'Va =clloll4liVelallVall
Q

12, n1/2 172

oy lelly el g Vol

<cloll

<clo"2(lo ' + IVa ') (1 + lael ) Ve
mo 1

< 7||Vcr||2+ 5||A<p||4+c<||o||4+ 1), (4.4)

where we used in particular that ¢t — ||@(#)|ly is L*°(0, T) and Young’s inequality. Summing
(4.1) with (4.3) and using (4.4), we then arrive at

1d mo 1
Ed—tnan% 7||Vo||2+xoobo||a||§ + EnAwn“ <c(l+llol*+ 1Vurl?).

Next, recalling that (2.26) holds with p =2, an application of Gronwall’s lemma, along with
elliptic regularity results, yields the additional regularity bounds
lellL40,7: m2(22)) =< €5 “4.5)

loll oo, 7; ynL20,7: v)NL3 0, T: L3 () = €5 (4.6)

where (2.37) has also been used.
Using (4.5)-(4.6) and comparing terms in (2.18), it is then a standard matter to derive that

||Ut||L2(0,T;V*) <c.

This permits us to write the nutrient equation in the standard form (2.43) rather than in the inte-
grated form (2.33); moreover, by classical results for second-order parabolic equations, this also
gives the continuity property in (2.41). By the above relations we also recover the usual regular-
ity scenario for the Cahn—Hilliard equation with singular potential under the “energy regularity”
of the initial data in two space dimensions, i.e.,

@ e H' (0, T; VYNL>®O,T; V)NL*O0, T; H*(Q)) N L*(0, T; W>1(Q)),

for any g € [1, 0o), where the latter regularity property is obtained by considering once more
(2.17) as an elliptic equation with maximal monotone nonlinearity, namely

—Ap+ F{(p) =rp + Xo + p, 4.7
and noting that the right-hand side lies (or, in a suitable approximation, is uniformly bounded in)
L2(0,T; L9(2)) thanks to continuity of the two-dimensional embedding V < L4(2) for any
q €[1,00).
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Three dimensional case. We now move to the three dimensional case. As said before, we pro-
ceed formally and, to begin, we provide an auxiliary estimate which will play an important role
in the sequel. To this aim, we set y (¢) := —(F| )2 (¢) (where (-)_ denotes the negative part of a
quantity). Then, noting that y is monotone and nonpositive, we test (2.17) by y (¢) to obtain

/F{(wy«p) +/y/(<p)|Vg0|2 =A/¢y<¢) X /ay(go) +/w(¢>. 48)

Q Q Q Q Q

Now, as y(¢) = —(Fl/)s_(go) = Fl/((p)SX{(/K()} (recall the normalization property F;(0) = 0,
cf. (A1)), it is clear that

/Ff(w)y(w) = I(FD_(@)lg. 4.9)

Q

Moreover, the second term on the left-hand side of (4.8) is clearly nonnegative, while the second
term on the right-hand side is nonpositive due to (2.24). By Holder’s and Young’s inequalities
we also have

l/(ﬂy(fp)vL/m/((p) <c(llplls + llelle) 1y @ lless < c(1+ lllle) I(FD_(@)IIg
Q Q

1
< (14 11lg) + S IFD_@)lg. (4.10)

Hence, replacing (4.9) and (4.10) into (4.8), it is not difficult to deduce

1
SNED_ @G < c(1+ 1I11G).
Taking the cubic root, using Sobolev’s embeddings and recalling (2.28) this implies
(F))_(9) € L*(0, T; L(Q)). (4.11)

Next, recalling assumptions (2.38)-(2.39), we may test (2.18) (withn =1 and p =2) by o to
obtain
1d 2 2 3 2
S lol” HIVol™ +kebollolls = cllof” + X [ oVe- Vo (4.12)
Q
and we need to properly manipulate the last term on the right-hand side. To this aim, we integrate
by parts and exploit the no-flux conditions with relation (1.2) to deduce

X 2 X 2
X O’V(/%VO:E V(p-V(U):—E Ago

Q Q Q
X , X 5 AX . SN
=5/MU —5/ [(@)o +7/§00 +7||0"||3

Q Q Q
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=11 + 1+ 15 + I4.

We now provide a bound of the various terms on the right-hand side. First of all, for every § > 0,

L < lelsllolisllol < 8loll3 +csllul ol
The second term is the key one. Using again that F|(¢) has the same sign as ¢, we have
X X X
L=-3 [ fwe*-3 [ Awer=-3 [ Feo
{9=0} {p<0} {p<0}

X 1 2 X /
=5/I(F1)_(<p)|0 < E||(F1)_(‘/))||6||U”3||0'”
Q

<slol} + el (F)_(@ 12l

The control of I3 is immediate, while 4 has to be moved to the left-hand side. Collecting the
above considerations, then (4.12) gives, for every “small” § > 0 and correspondingly “large”
cs >0,

1d X2
S 1017+ 190 12+ (ocbo = = )03 = s (14 ICFD_@)IE + el 12 + 3515

Hence, under the compatibility condition (2.38), recalling (2.28) and the preliminary bound
(4.11) we can adjust § € (0, 1) and apply Gronwall’s lemma to deduce

o€ L>®0,T; H)NL*0,T; V)NL30, T; L*(Q)).

Finally, with this property at hand, the regularity of ¢ can be bootstrapped easily by arguing as
done above for the two dimensional case. O

Remark 4.1. It is not difficult to check that, in the three-dimensional case, the “smallness” con-
dition (2.38) might be avoided if one takes a superquadratic logistic term on the right-hand side
of (1.3),1i.e., B(¢) (koo — Koo 21P), where p > 0 may be arbitrarily small.

Remark 4.2. In the three dimensional case, even when the mobility n is not taken as a constant
function, something could still be said. Indeed, (4.12) would then be replaced by

1d 2 2 3 2
EEIIGII +mol[Voll” +kecbollollz <cllol”+ X | on(g,0)Ve - Vo
Q
and the last term could be integrated by parts as follows:
X/mn(w,o)Vw-VG=—X/Nz(w,a)Aw—X/mz(w,o)lvwlz, (4.13)
Q Q Q
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where we have set

o o

No(p,0) ::/m(tp,s)s ds, na (@, o) ::/me(tp,s)s ds.
0 0

Then, the procedure performed above can be adapted at least when either n depends only on o
(so that the last integral in (4.13) disappears) or n satisfies proper structure assumptions ensuring
that the last integral in (4.13) is nonnegative (so that it can be moved to the left-hand side and
does not need to be controlled). On the other hand, in the general case (i.e., for n depending both
on ¢ and o with no sign conditions), the last integrand in (4.13) behaves like o2|Ve|?, which
appears to have a supercritical behavior in space dimension d = 3, as the interested reader can
verify.

Proof of Theorem 2.3. Again, we derive additional a-priori estimates in a formal way and with-
out referring to the proposed approximation. We also recall that, at this level, weak solutions are
already known to enjoy the regularity in (2.22)-(2.29) and (2.40)-(2.41). That said, we formally
differentiate equation (2.17) with respect to time obtaining the identity

e =—A¢ + F{' (©)¢; — Aoy — Xoy. (4.14)

Next, we multiply (2.16) (where m = 1) by u,, the above expression (4.14) by ¢;, and add to
both sides the term ||¢;||>. Then, summing the resulting equalities together and integrating by
parts we infer

1d 2 2 1 2
S VA +ledy + [ Frieled
Q

=/S(¢,o>u,+(1+A>||¢,||2+X/o,¢,
Q Q

d
@ S(w,G)M—/az(S(%U))M-Hl+l)||</>t||2+X/0z<Pz-
Q Q Q

Note that here we assumed, just for simplicity, that F] is twice differentiable, which is unnec-
essarily true under our assumption (A1). However, it is easy to see that, using standard convex
analysis tools, the argument might be adapted to work for nonsmooth, but convex, F; (as in our
case). That said, we add to the above relation the result of (2.18) (where m = 1) tested by o;.
Using the specific expression of the source term in (2.6) with p = 2, after some rearrangements
we obtain

d /1 ) 1 2 2 2
E(E“V”” - [ S.ou+lvol )+||(/’z||v+||<7t||
Q

S(l+)\)||(ﬂz||2_/at(s(%U))H‘i‘X/Ut(Dt_X/(VU'pr-l-OA(D)Ut
Q Q Q
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2
+ / B(@) (koo — koo “)07, (4.15)
Q

and we need to control the terms on the right-hand side. First of all, by elementary interpolation,
it is clear that

1
I+ Mleell* < gnwtnzv +cllg 2. (4.16)

Next, by the global Lipschitz continuity of S (cf. (A2)) and a well-known chain rule formula for
Lipschitz functions in Sobolev spaces, we obtain

1 1
- / 3 (S(p, o)) < cfam + o)l < §||wt||2 + gllmllz +cllul®.
Q Q

Analogously, owing to interpolation once again, we deduce

1
X /otcpt = X(orp0v = gllarl} +elorl
Q

The estimation of the remaining terms is just a bit more involved. Firstly we notice that, by
standard Sobolev’s embeddings holding both in the two- and in the three-dimensional case, we
have

—X/(VG'W)JrGA(p)GzSC(IIVGIIIIVWIOOIIG:H+||0I|4||A<0I|4||01II)
Q

1 2 2 2
< gllor > +ello g1z o)

Next, using (2.7), we infer

/ﬁ(sv)(Koo — ko007 < B(kollo | + koollorlI3) llor |
Q

1
< g||ot||2+c(1 +llol$)- (4.17)

Replacing the outcome of (4.16)-(4.17) into (4.15), we then arrive at

d(luv 1 /S( i+ 219 ||2)+5|| 1+ 2ol
—| = — N —|IVo - —|lo
ar\2 vt vRTS g vrilv gl

Q
<c+clgly +clloglls +ellull® + e(1+ lolly + lelfaag)lolly.  “.18)

To close the estimate, we go back to (4.12). Neglecting some nonnegative terms on the left-hand
side and performing standard manipulations, that relation implies
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ld o 2 VolllVol < ¢(1 2 2 4.19
EEIIGII <clol® +clolelValllVells < c(1+ llgllyag) oy (4.19)

Adding this relation to (4.18), we recover the full V-norm of o on the left-hand side. Next, we
prove that the functional we get under time derivative is coercive. In this direction, we employ
(1.2), Young’s inequality and the uniform boundedness of S (in particular we can now use that
—1 < ¢ <1 almost everywhere) to infer that

—/S(w,a)u=—/5(u—usz)—/SMszZ—cIIM—MszII—CI/mI
Q Q Q
1 2
Z—C||VM||—C|MQ|2—§||VM|| —clugl—c

Z_

IVill? = c(IF{ @)l + el + llolh)

Z_

IVl = el F{ @)l —c. (4.20)

oo — 00| =

Next, testing once more (2.17) by ¢ — ¢q and proceeding similarly with (3.11)-(3.13), we arrive
at

al Fi@llr <c(14+11Vull), 4.21)

where o > 0 is as in (3.12) and ¢ > 0 on the right-hand side also depends on other quanti-
ties that have already been controlled uniformly with respect to time. As a consequence, from
(4.18)-(4.19), we deduce the differential inequality

d 1 2 1 2\, 0 2 2 2 2
—(—”VMH - S(%U)M+—|IGIIV)+—||6:|| =c+clglly +cllorlly +clill
dr \2 2 8

Q

=J
+e(L+ ol + 19200, + 101172 lo 117, (4.22)

where the functional 7, thanks to (4.20)-(4.21), satisfies

3 1 1 1
J> gnwu2 —cllVul —c+ Enouzv > annz + Enon% -C,

and C > 0 depends only on quantities that have already been controlled uniformly in time. Hence,
for C > 0 as above, (4.22) can be rewritten in the form

d 5 5
— C e 2 > 2
dt(j_l_ )+ 8||(/’t||v + 8||Ut||
2 2 2 2 2 2
<c+ellgli +clorlly +cllul +c(L+lolly + 101524, + 101152 (T +O).
Then, recalling (2.28) and (2.40)-(2.41), an application of Gronwall’s lemma yields the estimate
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||(P||H'(0,T;V) + ||V,U«||L<’°(0,T;H) + ||0||Hl(0,T;H)mLoo(0,T;V) =c,

provided that the functional .7 is finite at the initial time, and we actually note that this follows,
at least formally, from (2.45).

Next, using the control on the mean value of u resulting from (4.21), it is a standard matter to
infer that

lullL=,7;v) < c.

In turn, this also allows us to improve the regularity of ¢. Indeed, we may go back to relation
(4.7) and notice that, now, the right-hand side lies in the space L°°(0, T'; V). Then, arguing once
more as in [25, Lemmas 7.3 and 7.4], we deduce that

||F{(<P)||L°°(O,T;Lq($2)) + ||(P||L00(0,T;W2,q(§z)) <c, (4.23)

where g =6 if d =3 and g € [1, 00) if d = 2. Finally, by a comparison of terms in (2.16), it is
easy to check that

leellL=,7;v*) <c,

whereas, applying elliptic regularity in (2.18), one can easily deduce

llo ||L2((),T;H2(Q)) <c.

Noting that the continuity property in (2.49) is, once more, a consequence of standard regularity
results, this concludes the proof of the theorem. O

Proof of Theorem 2.4. First of all, proceeding as in [25, Lemmas 7.3 and 7.4] and using the
growth condition (2.50) with the Trudinger—Moser inequality (see also [38]), we deduce

I FY (@)l Lo 0,7: 142 < ¢ (4.24)

for any g € [1, 00). This acts as a starting point to prove the additional regularity in the state-
ment. As before, we proceed formally to avoid unnecessary technicalities, noting that rigorous
estimates could be performed, e.g., by working on a time discrete level as done in [25]. In this
direction, we differentiate in time (2.16) (where, we recall, m = 1), to find

O = Apr + (S(@,0))r = Ay — mey + 90 (9, 0)@r + 351 (g, 0)o;.

Then, we test the above equation by ¢;. Integrating by parts and using the Lipschitz continuity
of h, we deduce

1d
wuwtnz +/w, Vo < c(lell* + lloe|1?). (4.25)
Q

Next, differentiating (2.17) in time and testing the result by —Ag;, we get
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/ Vi -Vor = | Ag % — / F () Mgy — MV 1> + X / o1 Ag;. (4.26)
Q Q Q

Combining (4.25) with (4.26) and performing standard manipulations, it is easy to get

1d 1
S e+ S1aed? < ey + lowll?) + / Fl' (@) Mgy (4.27)
Q
and the last term can be controlled as follows:
/Ff/(<p)<pzA<Pz < IF @ llalle 4l Ag |
Q
/" 2 2 1 2 2 1 2
<clFy@lizllelly + ZIIAfptII <clletlly + ZIIAfptII ; (4.28)

the last inequality following from (4.24). Hence, replacing (4.28) into (4.27), using the known
regularity properties (2.46) and (2.49), we deduce

@ llLooo. ;) + @l 2200, 7: H2(2)) = € (4.29)
provided ¢; lies in H at the initial time. As before, this property has to be read by formally
evaluating (2.16) at the time # = 0. Then, by a direct check one can verify that this corresponds
exactly to the condition on pq postulated in (2.51).

Then, viewing (2.16) as a family of time-dependent elliptic equations whose right-hand sides
lie in L°°(0, T; H) N L2(0, T; V) due to (4.29), (2.49) and the Lipschitz continuity of &, we
deduce

el oo o,7; 2 ) T Nl 20, 7; 13 () = €

Note that the above, by Sobolev’s embeddings, also gives

il Loy <c. (4.30)
Next, to improve the regularity of ¢, we rewrite (2.17) as
—Ap = — Fi(p) +rp + Xo.

Then, recalling (4.23) and (4.24), a simple check permits us to verify that the above right-hand
side lies (at least) in L°°(0, T'; V). Hence, by elliptic regularity we deduce also

||<P||L00(0,T;H3(Q)) =c. “4.31)
Next, to get the L°°-bound of o, we come back to (2.18), which, rearranging, can be rewritten as
o — Ao =—X(Vo - Vo +0oAp) + B(p) (koo — Koo02) =: G.
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We now claim that G € L*°(0, T'; H). To check this, we consider only the two cross-diffusion
terms, the other ones being simpler to deal with. Indeed, we first observe that

Vo - VollLe©,1:H1) < cllVollLewo,1.mIVellLeg) <c,

thanks to (4.31), (2.49) and Sobolev’s embeddings. Analogously,

loAgllLeo,7;H) < C||0||L00(0,T;L4(Q)) ||A§0||L00(0,T;L4(Q)) =c.

Then, recalling the assumption (2.55) on the initial datum, by an application of [36, Thm. 7.1,
p- 181] we readily obtain (2.56). Finally, the above regularity allows us to obtain the separation
property (2.57). To this aim, we go back to the expression (3.18) and notice that the right-hand
side, thanks to (4.30), (4.31) and (2.56), is now bounded in the L°°(Q)-norm. Hence, (2.57) can
be obtained by reasoning exactly as in the proof of [ 14, Thm. 2.2]. This concludes the proof. O

Remark 4.3. With the separation property (2.57) at disposal, the singular character of F| at £1 is
essentially lost and the term F;(¢) in (2.17) behaves like a smooth function of ¢ with controlled
growth. Thanks to this fact, the regularity of solutions may be further improved at least as far as
the nonlinear terms (like %, or F) itself) satisfy additional regularity properties (e.g., C* for large
k).

5. Uniqueness of strong solutions

This section is devoted to the proof of Theorem 2.8. We first recall that in Subsection 2.1
was introduced the operator A : Vj — Vj representing, in a suitable weak sense, the inverse of
(minus) the Neumann Laplacian acting on the functions with zero spatial average. Moreover, as
anticipated in Remark 2.11, we just consider the case d = 3, noting that the conditions may be
relaxed in the two-dimensional setting.

Proof of Theorem 2.8. Let us assume to have a couple of solutions (¢, 111, 01) and (@2, 12, 02)
fulfilling the assumptions of the theorem and let us correspondingly set

Q=01 — @2, ni=gr — U2, 0 =01 — 02,
Si:==8(¢pi,0;) fori=1,2, ©0 = 0,1 — ¥0,2, 00 1= 00,1 — 00,2. 5.1

Then, under the assumptions of the theorem the triplet (¢, w, o) turns out to solve the system

or=Ap+ (51— ) in Q, (5.2)
p=—A2p+(flp1) = f(g2) = Xo in Q, (5.3)
o — Ao + X div(c Vg1 + 02V9) = koo — koo (01 4 02) in Q, 5.4
On@ =yt = 0po =0 on X, (5.5)
¢li=0=¢0, oli=0=00 in Q. (5.6)

We then start by integrating (5.2) over €2 to find that
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1
9o =1 —S)a= ] / (S(g1,01) — S(¢2,02)). (5.7)
Q

Testing the above by ¢q and using Young’s inequality with the Lipschitz continuity of S, we
easily deduce

1d
mwz <lpal* +cllel* + o). (5.8)

Next, we subtract (5.7) from (5.2) and test the resulting equality by A/ (¢ — ¢q) obtaining that

1d
Eallfp—fmlli+/(¢—¢Q)(M—MQ)=/((51 — ) — (51 — $)a) N(p — ¢e)
Q

Q

<clel? +cllol? +cllg — pall2. (5.9)

Let us now point out that, by the Poincaré—Wirtinger inequality and some elementary interpola-
tion,

clol? < c(le — eall® +loal?) <clle — ealv e — eall + cloal?
<8IVl +cslle — pall? + clpal? (5.10)

for “small” § > 0 and correspondingly “large” cs > 0.
Next, noting that fQ ua (e — ¢q) =0, we may use (5.3) to obtain that

/(go )i — pa) = [Vll® + /(w ) (flp1) — f@2) — X /(w — ge)o. (5.11)
Q Q Q
Using also (5.10), we deduce

X'/(w—fﬂsz)a
Q

for § > 0 and c¢s > 0 as above.
Summing (5.8) with (5.9) and using (5.11), (5.12) and (5.10) again, we deduce

<cloll* +clig — pal* <8IVel* +cslle — pall2 +cllol?,  (5.12)

1d 2 2 2
55 le —ealli+lgal®) + /(w —9a)(f(p1) — flg2) + (1 =28)|Vel|
Q
<cs(lle — gl + lol* + lpal?).

Next, decomposing f into its monotone and remainder parts, it is not difficult to get
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d

1
Ea(llw — gl +lpal®) + (1= 38)|Ve|?

<cs(llg —pal2 + o2+ lpal?) + /(F{(wl) ~ Flp))a. (5.13)
Q

We now move to the estimation of o . Integrating (5.4) over 2 we obtain

(0Q) = KooQ — Koo (0] — 07) o (5.14)

Subtracting the above from (5.4), we then get

(0 —0q)i— Ao+ Xdiv(c Vo1 +02Ve) =ko(o —oq) —Koo(Glz—O’zz— (012)9—1—(622)9). (5.15)

Testing (5.14) by ogq, it is not difficult to obtain

1d ) | Koo /
——|o < Kkg|o + —|o ol|lo] + o
2dt| al” <«ologql IQI| szlQ lo|lo1 + 02|

<kolog|* + cloal(llo — ool + loal) o1 + o2
<nllo —oql?+cy(1 + lo1? + llo2 %) loal?, (5.16)

where 1 > 0 denotes a positive constant whose value will be fixed at the end. Next, we test (5.15)
by N'(0 — ogq) to deduce that

1d
55 lo —oall +llo —ognst/owl VN (o —09)+X/02V§0~VN(0 —oq)
Q Q
2 2 2 2 2
+kollo — oqll? — Koo/ (62 — o2 — (6D)a + (D) N (o — op). (5.17)

Q

As for the right-hand side, we first notice that

X /UV% "VN(o —og) =cllollIVeillclVN (o — o)l
Q

2 2 2
=cllolliVeilcollo —oalls <nlloll” + ¢, IVeiligllo — oalli

<2nllo = ogll* + enloal® + ¢y 911126 gl = onlly. (5.18)

To control the second integral, several strategies are possible, leading to different assumptions
on o,. Under the conditions in the statement, we may proceed by noting that

X/02V¢~VN(U —aq) = cllozlellVellIVN (o —a0)l3
Q

1/2

2|
H%(Q)

< cloallslVollIN (o — o)l IN (0 — o0l

573



E. Rocca, G. Schimperna and A. Signori Journal of Differential Equations 343 (2023) 530-578

1/2 1/2
<cloalislVelllo — ool llo —oall

<nlVel? +nlo —oall? + cylloaliglo — oall;. (5.19)
Next, we move to the last term in (5.17), which can be treated as follows:

_K‘X’/(olz_ozz_(012)94-(022)9)]\/(0—UQ)

Q

<clo? — a3 = (D)o + (@Dl IN (@ — 00l

1/2 1/2
<cloli(loill+ loal)IN @ — o) I * IV (@ = o0l g
1/2
<c(llo = oall +loal)(lo1ll + lo2ll) lo — oall*llo — oql'/?
<cy(1+ lotl* + o2 lo — oal? + nllo — ol + clogl?. (5.20)

Next, we replace (5.18), (5.19) and (5.20) into (5.17) to deduce that

1d
T —oql?+ 1 —4n)llo —ogll?

<ey(L4llorll* + lloallg + It [3260)) lo = olZ + 0l Vel* + clogl*.

Adding (5.16) to the above relation gives

| e

(lo —oall2 + loal?) + (1 = 5n)llo — oall < ¢y (1 + llo1]1* + llo2ll?) loel?

N =
o

t
+op(1+ ol + lloallg + i 13260, llo = o0llz + 0l Vel (5.21)

We then take § = 1/6 in (5.13) and multiply that relation by ¢ > 0 to be chosen below. Finally,
we add the result to (5.21). This yields

1d c
aa“"’ — gl +loal? +¢le — eall? + ¢leal®) + 5||V<o||2+ (1 =35m0 — ogl?

<cy(1+ ot + o2l ol

+op(1+ llotl* + loallg + @1 15,26g)) o = ol + 1l Vel?

’

+ctllo —pal? +cicllo —oall® + c¢logl? + cLlpal® + C‘/(F{(qn) — Fl(¢2)pa
Q

where c¢; > 0 is a computable constant independent of ¢ and 7. Then, choosing first ¢ <
min{l, 1/2c¢;}, we arrive at

c 1
(lo = oall2 + loal* + ¢ llp = eall: +¢lgal®) + 1 Vel + (5 = 5n)llo —oal®

N =
&~

<cy(1+ ot l? + llo2l1?) ol
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+oy(1+ ol + loalig + It 15260, llo = alz + 0l Vell?

+cllg — 9l + cloal® + clpal® + ‘/(F{(gol) — F(¢2)9a|.
Q

Next, choosing n < min{1/20, ¢ /4}, we get

1d ¢ 1
55 (lo = oalli +loal® + ¢lle = golli + tleal®) + 7Vl + 1 llo — oall?
<c(1+llorl? + llo2?) ol + (1 + lot* + loalig + 911526 ) llo = o0ll7

+cllp = pall? + cloal* + clpal* + ‘ /(F{«al) — F{(¢2)gal. (5.22)
Q

To obtain a contractive estimate, we need to manage the last term. This is treated in two different
ways depending on the assumption on /. Indeed, if % is a constant, we may proceed as in [24]
since in that case the ODE relation (5.7) reduces to

94 +mog =0. (5.23)

For constant 7 we may then proceed by noting that
‘ f(F{(<p1) — Fl(p))9a| < (IF{ (@Dl + I1F{ (92)]11)9al- (5.24)
Q

Then, testing (5.23) by the sign of ¢g (this standard procedure may be also justified by approxi-
mation), summing the result to (5.22), and using (5.24), we deduce

|

e 1
(lo —oql? +loal? +¢le — eall? + ¢lpal® + lpal) + anu2 +5llo — agql?

N =
o

1
<c(1+lo1l* + lloa2l*)loal® + c(1 + llo1l* + loallg + 1126 o = o2ll3

+cllg — pall + cleal® + (I1F; (el + I F{ (@)1 Ipal,

where we recall that ¢ is a positive constant whose value has already been fixed. Next, we observe
that, in view of (2.29) and (2.58)-(2.60), we may apply Gronwall’s lemma, which gives the
statement (and, more generally, the continuous dependence estimate (2.62)). This concludes the
analysis of the first case.

On the other hand, when # is nonlinear, it does not seem to be possible to proceed as above.
For this reason, we need to provide a different control of the last integral term in (5.22). Namely,
we may first notice that a simple computation shows, as we are assuming F € C>(—1, 1), that

1

Fl(1) — Fl(g) = Lo, with €= f Fl'(sg1 + (1 — $)p2) ds.
0
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Consequently, by the Young, Holder and Poincaré—Wirtinger inequalities we infer

'/(F{(q)l) — Fi(¢2))¢n mfﬁw’ < lpalllellel
Q Q

< lpel(lle — eall + lpal)IlL] < cleal (IVel + lel) 1€

¢ ¢
< g||V<p||2 +e(1+11€1%)lpal* < guwn2 +cloa (1 + 1 F] (@DII* + 1 F{ (p2)1%).

where the value of ¢ was assigned before (and the last constants ¢ > 0 also depend on it). Re-
placing this into (5.22), we then get

1 d(
2 dt
<c(1+llorl? + llo2?)loal? + c(1+ ot 1* + loalig + 911526 llo = o0ll7

e 1
lo — oall? + loal® + ¢lle — eall? + ¢leal?) + gnwnz + 4l - oall®

+cllg — pall2 + cloal*(1+ 11 F] (@D 1> + 1 F{ (02 11?).

Once again, using also the additional assumption (2.61), Gronwall’s lemma gives the thesis.
Finally, with reference to Remark 2.11, we notice that the second integral on the right-hand
side of (5.17) can alternatively managed in the following way employing Holder’s inequality:

X /02V§0 VN0 = 00) = clozlls4s I VRIIVN (@ = 00)l| ez
Q

< 8IVQI? + esll02l17 e g, 7 345 ) I VNV (@ = og)u%%z;,
o +

where § > 0 is arbitrarily small (but fixed) and the right-hand side can be managed by using
interpolation and accordingly adjusting the magnitude of the occurring constants as the interested
reader may verify. O
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