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Abstract

The use of data-driven and learning-based models in model predictive con-
trol (MPC) has gained an increasing popularity in recent years thanks to
the growing availability of data collected in industrial plants and on the
development of powerful deep learning techniques. In this framework, the
aim of this thesis is to design nonlinear MPC algorithms with guaranteed
stability and robustness properties based on data-driven models of the sys-
tem under control. A particular attention is devoted to the development
of strategies that take into account modeling errors and uncertainties, and
that guarantee offset-free tracking.

The first part of the thesis explores the design of MPC algorithms for
incrementally input-to-state stable (δISS) nonlinear systems modeled by re-
current neural networks (RNN). This class of models can be trained using
input-output data, and stability properties of the model can be enforced
during the training procedure. Considering different RNN architectures,
the thesis develops output-feedback MPC algorithms that ensure closed-loop
stability, satisfaction of input and incremental input constraints, robust sat-
isfaction of output constraints in presence of uncertainties and offset-free
tracking. Moreover, considering a general δISS system, it is presented how
it is possible to guarantee stability considering a positive semi-definite stage
cost in the MPC optimization problem (e.g. for output weighting), and how
it is possible to enlarge the feasibility region employing an artificial reference.

The second part of the thesis considers data-driven models in the Koop-
man framework, and studies how convergence to the origin can be guaran-
teed in presence of modeling errors. First, an offset-free MPC algorithm is
designed for systems modeled using extended dynamic mode decomposition
(EDMD). Then, considering kernel based EDMD models, it is shown how
asymptotic stability of MPC without terminal ingredients can be achieved
provided that there exist suitable bounds on the modeling error.

The last part of the thesis presents the application of MPC to the current
control in synchronous reluctance motors, showing performance improve-
ment in presence of model uncertainties compared to the baseline control
approaches.

All the control algorithms developed in the thesis have been theoretically
analyzed, and their validity is assessed in simulation examples.
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Chapter 1

Introduction

Model predictive control (MPC) is a successful optimization-based control
technique, with a well-established theoretical framework, and a strong in-
dustrial impact [197]. It is based on a simple, yet effective idea. At each
sampling time instant, MPC solves an optimization problem over a finite
horizon to determine the best future input sequence to fed to the system
according to a given cost function. Then, only the first element of the op-
timal input sequence is applied to the plant, the new state is measured
and the optimization is solved again starting from the new state and on a
shifted window. Since the optimization is formulated over a finite horizon,
its solution can be computed online, and thus nonlinear systems and explicit
constraints can be easily taken into account.

MPC relies on a system model to perform predictions of the future evo-
lution of the system. The model can be obtained by first principles, using
data-driven methods, or by a combination of the two. The derivation of first
principle models can be time consuming, and is not trivial when the system
is complex and there is a lack of knowledge of the physical laws that govern
it. Moreover, there are often some parts of the system dynamics that are
difficult to model accurately, such as frictions or uncertainties due to the
manufacturing process. Even when a physical description of the system is
available, the identification of all the parameters of the model can be a hard
task. For these reasons, the use of data-driven models has a long history in
MPC, that starts from the very first formulations. In fact, some of the first
MPC algorithms relied on simple impulse response models identified from
plant data. In recent years, thanks to the growing availability of data and to
the development of powerful method, increasingly sophisticated data-driven
identification and control methods have been developed. Many industrial
processes generate and store huge amounts of process data at every time in-
stant of every day, containing all the information of process operations and
equipments, that can be exploited for model identification, control design,
fault detection and state and disturbance observations. The use of data-

1



Chapter 1. Introduction

driven control strategies allows to alleviate the need for human knowledge
in the loop, since it provides some standardized procedures for the controller
design that can be applied starting from the plant data, without requiring an
accurate knowledge of the physical laws of the system [106]. Moreover, there
have been a fruitful interchange of ideas between the deep learning and the
control community, allowing the development of new effective learning-based
methodologies.

Data-driven control methods can be classified in direct and indirect ap-
proaches. In direct data-driven control, the system data are directly used
for the derivation of a controller, completely avoiding the model identifica-
tion step. In this category find, e.g., iterative feedback tuning [102], virtual
reference feedback tuning [39] and methods based on Willems’ fundamental
lemma [62]. In indirect data-driven control, instead, a data-driven model
is identified first, and then is used to synthesize a model-based control. In
the literature, many data-driven MPC algorithms have been proposed. For
linear systems, a popular data-driven approach [13] is based on the use of
Willems’ fundamental lemma [241] avoiding the model identification step
and directly using input-output data [71, 163]. This direct method has been
shown to be equivalent to a (relaxed) indirect approach, where a linear model
is identified first, and then is used in the MPC predictions [167]. For non-
linear systems, a common indirect method consists in the use of data-driven
surrogate models. Such models can be obtained, e.g., by means of nonlin-
ear ARX models [61], neural networks [199], Bayesian identification [190],
Koopman operator-based system identification [137] and Gaussian process
regression [100, 135].

Both when using first principle models and data-driven ones, model un-
certainties and errors are unavoidable. MPC guarantees and performances
are strongly related to the model quality. Hence, the study of MPC al-
gorithms in presence of disturbances and uncertainties is a field of active
research. A part of the literature studies inherent robustness of MPC, i.e.
under which assumptions the MPC control law designed using the nomi-
nal model asymptotically stabilizes also the uncertain system [160, 87, 253].
Another widely studied field is the formulation of robust MPC algorithms,
that are explicitly designed to cope with uncertainties [169]. Many different
methods have been developed in the literature, that differ for the considered
framework (e.g. deterministic or stochastic), the objective, and the assump-
tions on the uncertainty.

The aim of this thesis is to study methods to guarantee stability, ro-
bustness and offset-free tracking of MPC using data-driven models in the
prediction and optimization step. This is done considering different classes
of data-driven models, based on recently proposed powerful learning tech-
niques. In the first part of the thesis, we provide a general introduction
on stability and on MPC. Then, we focus on the design of MPC for incre-
mentally input-to-state stable (δISS) systems [210], using recurrent neural
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network (RNN) models. For this class of systems, we design different output-
feedback MPC algorithms with guaranteed stability [211] to solve a variety
of control problems, that include robust satisfaction of output constraints
in presence of model uncertainties [212, 213], offset-free tracking [215, 213,
77], constraints on the input variation [209, 77] and the use of a positive
semi-definite stage cost [77]. The algorithms are designed for different RNN
classes, and it is shown how to generalize the requirements to any δISS sys-
tem, without considering the specific model equations but only assuming the
knowledge of a δISS-Lyapunov function [77]. The third part of the thesis
considers data-driven models in the Koopman operator framework, and is
focused on the design of algorithms that guarantee convergence to the de-
sired equilibrium point. To this end, we exploit offset-free MPC algorithms
[208] or the bounds on the modeling error that are available for kernel-based
Koopman models [23, 216]. In the last part of the thesis we deal with a real
world application, that is the control on current in synchronous reluctance
motors, and we show how MPC can improve performances in presence of
uncertainties in comparison to standard baseline control strategies [214].

1.1 Thesis structure

The thesis is divided in four parts and is structured as follows.

Part I – Introduction to MPC and stability In the first part of the
thesis we introduce the concept of stability, and we give a general overview
of the aspects of MPC that are studied in the thesis. This part of the thesis
is composed by two chapters.

Chapter 2 introduces the stability notions that are used along the thesis,
considering both autonomous systems and systems with input. In the
second part of the chapter, a new result about incremental input-to-
state stability of interconnected discrete-time systems is presented.

Chapter 3 provides a general overview on MPC. First, we introduce the
MPC algorithm, and we describe the most common techniques to guar-
antee closed-loop stability. Then, we describe the more complex con-
trol problems that can be managed with MPC, and we summarize the
techniques used in the thesis to deal with them.

Part II – MPC for δISS systems using RNN models This part of
the thesis is devoted to the design of MPC algorithms for incrementally
input-to-state stable (δISS) systems. Most of the proposed MPC schemes
are based on data-driven models belonging to the class of recurrent neural
networks (RNN). Since the system under control is δISS, the considered
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RNN models are trained in a way that guarantees that they are also δISS.
This part of the thesis is structured as follows.

Chapter 4 After a brief review of the methods to model dynamical systems
using neural networks, this chapter introduces RNNs, and describes
the architectures that are considered in the thesis. For each archi-
tecture we report the sufficient conditions for δISS, and we explain
how to train the model to guarantee the satisfaction of the stability
conditions.

Chapter 5 introduces the main ideas behind the design of observers and
MPC algorithms for δISS systems. These methods are then exploited
for the design of an MPC based on a recurrent equilibrium network
model of the system under control. The algorithm is tested in simula-
tion on a pH neutralization process.

Chapter 6 designs a robust MPC scheme based on a gated recurrent unit
model of the system. In particular, we guarantee satisfaction of input
and output constraints, recursive feasibility and stability in presence
of bounded uncertainties of the model. The algorithm is tested in
simulation on a four-tanks system.

Chapter 7 presents an MPC algorithm for long short-term memory net-
work models, that guarantees robust constraint satisfaction and offset-
free tracking of asymptotically constant set-points. To do so, the con-
trol algorithm includes an enlarged observer, a reference calculator,
and a robust MPC that exploits a constraint tightening technique to
guarantee constraint satisfaction in presence of model uncertainties
and disturbances. The pH neutralization process is consider as bench-
mark example to test the proposed control approach.

Chapter 8 studies the issue of constraints on the input variation in RNN-
based MPC. In particular, we propose a stabilizing MPC formulation
that can be applied to any δISS RNN model, under the knowledge of a
δISS-Lyapunov function and of an observer with a suitable structure.
The design of MPC ingredients is exemplified in the case of a long
short-term memory network model, and is tested on the four-tanks
process.

Chapter 9 proposes an offset-free, output-feedback, tracking MPC algo-
rithm for generic δISS systems subject to input and input rate con-
straints. The algorithm allows to use of a positive semi-definite stage
cost (e.g. for output weighting), and includes an artificial reference to
enlarge the feasibility region. The algorithm is tested on the pH neu-
tralization process, considering a recurrent equilibrium network model
of the system.
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Part III – Data-driven MPC in the Koopman operator framework
In this part of the thesis we present some MPC design methodologies using
data-driven surrogate models based on the Koopman operator. A particular
focus is placed on the derivation of algorithms guaranteeing convergence to
the origin, exploiting offset-free MPC algorithms or bounds on the error of
the surrogate models.

Chapter 10 introduces the Koopman operator framework and extended
dynamic mode decomposition (EDMD), that is a data-driven method
to obtain approximations of the Koopman operator. In particular,
we present different approaches to derive surrogate models for au-
tonomous and actuated systems.

Chapter 11 presents an offset-free MPC algorithm using nonlinear Koop-
man-based models. Two formulations of the algorithm are provided,
considering both the case in which the target equilibrium of the system
is fully known and the case in which only a partial information about
the set-point is available. The algorithm is tested in simulation on the
van-der-Pol oscillator and on the four-tanks process.

Chapter 12 is devoted to the derivation of conditions on the error of the
surrogate model under which data-driven MPC asymptotically stabi-
lizes the system. The derived requirements are then verified for data-
driven models in the Koopman framework based on kernel EDMD,
exploiting the availability of point-wise bounds on the approximation
error. Our findings are demonstrated considering the van-der-Pol os-
cillator and the four-tanks process as simulation examples.

Part IV – Applications In this part of the thesis we focus on the use
of MPC in a real world application, consisting in the control of currents in
synchronous reluctance motors.

Chapter 13 presents stabilizing velocity form MPC algorithm for the con-
trol of currents in synchronous reluctance motors. From a theoretical
point of view, the main advantages with respect to the literature about
the use of MPC for the control of electric motors is the guaranteed
stability. In the simulations, the proposed method achieves similar
performances of the state of the art control based on PIs and decou-
pling in the nominal case, but it is more robust to model uncertainties
and does not require a precise knowledge of the function that relates
inductances to currents, that is typically difficult to obtain.

Chapter 14 draws the conclusions of the thesis.
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1.2 List of peer-reviewed scientific publications

In the following we report the list of the publications derived from the work
described in this thesis.

Journal

• [216] Schimperna, I., Worthmann, K., Schaller, M., Bold, L. and
Magni L. (2025). Data-driven Model Predictive Control: Asymptotic
Stability despite Approximation Errors exemplified in the Koopman
framework. Submitted, available at https://arxiv.org/abs/2505.

05951.

• [77] Galuppini, G., Schimperna, I. and Magni L. (2025). Offset-free
Output Feedback Tracking MPC for δISS Nonlinear Systems Subject to
Input and Input Rate Constraints. IEEE Transactions on Automatic
Control.

• [210] Schimperna, I., Magni, L. (2025). On Incremental Input-to-
State Stability of interconnected discrete-time systems. Automatica,
179, 112406.

• [214] Schimperna, I., Rubino, A. and Magni, L. (2025). Velocity
Form MPC for Current Control in Synchronous Reluctance Motors.
IEEE Transactions on Control Systems Technology, 33(6), 2463-2469.

• [209] Schimperna, I., Galuppini, G., Magni, L. (2024). Recurrent
Neural Network Based MPC for Systems With Input and Incremental
Input Constraints. IEEE Control Systems Letters, 8, 814-819.

• [213] Schimperna, I., and Magni, L. (2024). Robust offset-free con-
strained model predictive control with long short-term memory net-
works. IEEE Transactions on Automatic Control 69(12), 8172-8187.

• [212] Schimperna, I., and Magni, L. (2024). Robust constrained non-
linear model predictive control with gated recurrent unit model. Auto-
matica, 161, 111472.

Conference proceeding

• [208] Schimperna, I., Bold, L. and Worthmann, K. (2025). Offset-
free Nonlinear MPC with Koopman-based Surrogate Models. IFAC-
PapersOnLine, 59(19), 466-471. Presented at the 13th IFAC Sympo-
sium on Nonlinear Control Systems.

• [23] Bold, L., Schaller, M., Schimperna, I., and Worthmann, K.
(2025). Kernel EDMD for data-driven nonlinear Koopman MPC with
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stability guarantees. IFAC-PapersOnLine, 59(19), 478-483. Presented
at the 13th IFAC Symposium on Nonlinear Control Systems.

• [211] Schimperna, I., and Magni, L. (2024). Recurrent equilibrium
network models for nonlinear model predictive control. IFAC-Papers-
OnLine, 58(18), 226-231. Presented at the 8th IFAC Conference on
Nonlinear Model Predictive Control NMPC.

• [215] Schimperna, I., Toffanin, C., and Magni, L. (2023). On offset-
free model predictive control with long short-term memory networks.
IFAC-PapersOnLine, 56(1), 156-161. Presented at 12th IFAC Sympo-
sium on Nonlinear Control Systems.

1.3 Notation

Given two numbers a, b ∈ Z, we use the abbreviation [a : b] := Z ∩ [a, b].

Considering a vector v, v(j) is its j-th component, v⊤ is its transpose,

∥v∥2 is its 2-norm, ∥v∥∞ is its infinity-norm and ∥v∥2A = v⊤Av is the squared
norm weighted with matrixA. |v| is the vector containing the absolute values
of the elements of v. ∥v∥ is used when the relation hold independently on
the choice of the norm. Inequalities between vectors are considered element
by element. Given two vectors v and w, v ⊗ w is their Hadamard product
(element-wise product).

Considering a matrix M , M(ij) is its element in position ij, M(i∗) is
its i-th row, M(∗j) is its j-th column, ρ(M) is its spectral radius, i.e. the
maximum absolute value of its eigenvalues, ∥M∥2 and ∥M∥∞ are its induced
2-norm and ∞-norm, while ∥M∥F is its Frobenius norm. M † is the pseudo-
inverse of matrix M . With λmax(M) and λmin(M) we denote the maximum
and minimum eigenvalues of the symmetric matrix M . Positive definite
and positive semi-definite matrices are denoted respectively by M ≻ 0 and
M ⪰ 0. Given a matrix A ≻ 0, A1/2 is the unique positive definite matrix
B such that BB = A.

0m,n is the m × n null matrix, In is the n × n identity matrix and
1n and 0n are respectively the vectors of ones and of zeros of n elements.
We use 0 instead of 0m,n when the dimensions are clear from the context.
diag(d1, . . . , dn) is the diagonal matrix with elements d1, . . . , dn on the di-
agonal.

We denote the ball of center x0 and radius r ≥ 0 as Br(x0) := {x ∈ Rn :
∥x − x0∥2 ≤ r}. The symbols ⊕ and ⊖ represent the Pontryagin set sum
and difference, respectively.

The inverse of the function α is α−1. id is the identity function from R
to R. The composition of the scalar functions γ1(r) and γ2(r) is denoted by
γ1 ◦ γ2(r) := γ1(γ2(r)), while their sum is (γ1 + γ2)(r) := γ1(r) + γ2(r). By
Cb(Ω;Rn), we denote the space of bounded continuous functions on a set Ω
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with codomain Rn, and Cb(Ω) := Cb(Ω;R). The sigmoid activation function
is

σ(z) :=
1

1 + e−z
.

Activation functions σ(·) and tanh(·) are applied to vectors element by ele-
ment.

We use the bold style to denote time sequences, i.e.

uk1,k2 := {uk1 , uk1+1, . . . , uk2−1}.

The norm of the sequence uk1,k2 is

∥uk1,k2∥ :=

{
sup{∥uh∥ : k1 ≤ h < k2} if k1 < k2

0 if k1 = k2

The subscripts indicating the initial and final time instants of sequences are
omitted when clear from the contest.

To indicate the discrete time instant, we typically use the subscript k,
i.e. xk denotes the value of the variable x at time k. In some parts of
the thesis, to improve clarity, the time dependency is expressed between
parenthesis together with the information about the initial state and the
input sequence, i.e. we use x(k;x0,u) to denote the value of the variable x
at time k obtained starting from the initial state x0 and applying the input
sequence u.

The mathrm style is used in the subscripts and superscripts that are not
variables.
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Chapter 2

Stability notions

In this chapter we formally present the stability notions used in the the-
sis. We first consider stability definitions for autonomous systems, and then
we define different types of stability for systems with input. The stabil-
ity notions are presented for discrete-time systems, but they all have a
continuous-time counterpart defined in similar way. The last part of the
chapter is devoted to the study of the stability properties of the intercon-
nection of incrementally input-to-state stabile (δISS) discrete-time systems.
In particular, we derive two different formulations of the small gain theorem
for δISS systems.

Section 2.4 about the interconnection of δISS systems is based on:

• [210] Schimperna, I., Magni, L. (2025). On Incremental Input-to-
State Stability of interconnected discrete-time systems. Automatica,
179, 112406.

2.1 Comparison functions

The stability definitions make use of comparison functions [124], defined as
follows.

Definition 2.1 (K-function). A continuous function α : R≥0 → R≥0 is of
class K if α(r) > 0 for all r > 0, it is strictly increasing and α(0) = 0.

Definition 2.2 (K∞-function). A continuous function γ : R≥0 → R≥0 is of
class K∞ if it is a class K function and γ(r) → ∞ for r → ∞.

Definition 2.3 (KL-function). A continuous function β : R≥0×Z≥0 → R≥0

is of class KL if β(r, k) is a class K function with respect to r for all k, it
is strictly decreasing in k for all r > 0, and β(r, k) → 0 as k → ∞ for all
r > 0.

We report here a useful property of comparison functions that will be
employed in the proofs.
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Property 2.1 (Weak triangle inequality, [124]). Given α ∈ K and any
function ρ ∈ K∞, for any r1, r2 ∈ R≥0 it holds that

α(r1 + r2) ≤ α ◦ (ρ+ id)(r1) + α ◦ (ρ−1 + id)(r2). (2.1)

A useful particular case of the previous property is obtained considering
ρ = id. In this case we get

α(r1 + r2) ≤ α(2r1) + α(2r2). (2.2)

2.2 Stability of autonomous systems

In this section we consider the stability properties of an autonomous discrete-
time system

xk+1 = f(xk) (2.3)

with state x ∈ Rn. System (2.3) can represent both an autonomous system
or the feedback connection of a system with a controller. Before stating the
stability definitions, we must introduce the concept of equilibrium point and
of positive invariant set of the autonomous system (2.3).

Definition 2.4 (Equilibrium point). A point x̄ ∈ Rn is an equilibrium point
of the system (2.3) if

x̄ = f(x̄).

Definition 2.5 (Positive invariant set). A closed set X ⊆ Rn is positive
invariant for the system (2.3) if x ∈ X implies f(x) ∈ X .

2.2.1 Asymptotic stability

In this section we introduce the definitions of Lyapunov stability for the
system (2.3). Moreover, we introduce the concept of Lyapunov function,
and we state the Lyapunov theorem for asymptotic stability. For a more
detailed description of the topic, see [197, Appendix B]. Without loss of
generality, the stability definitions are referred to an equilibrium point in
the origin of system (2.3).

Definition 2.6. The equilibrium point x = 0 of the system (2.3) is:

1. Locally stable if, for each ε > 0, there exists δ = δ(ε) > 0 such that

∥x0∥ < δ =⇒ ∥xk∥ < ε, ∀ k ∈ Z≥0.

2. Unstable if it is not stable.

3. Locally asymptotically stable if it is stable and δ can be chosen such
that

∥x0∥ < δ =⇒ lim
k→∞

xk = 0.

12
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4. Asymptotically stable in the closed positive invariant set X including
the origin if it is stable and, for all x0 ∈ X ,

lim
k→∞

xk = 0.

5. Globally asymptotically stable if it is asymptotically stable in the set
X = Rn.

An alternative equivalent definition of asymptotic stability can be given
by means of comparison functions.

Definition 2.7. Suppose that the closed set X including the origin is a
positive invariant set for the system (2.3). The equilibrium point x = 0
of the system (2.3) is asymptotically stable in X if there exists a function
β ∈ KL such that for all x0 ∈ X and for all k ∈ Z≥0

∥xk∥ ≤ β(∥x0∥, k).

Proposition 2.1 (Proposition B.9 in [197]). Suppose that f is continuous.
Then, 4. in Definition 2.6 and Definition 2.7 are equivalent.

The verification of asymptotic stability using the definition is typically
a hard task. A common and often more straightforward method to study
stability is by means of Lyapunov functions.

Definition 2.8 (Lyapunov function). A continuous function V : X →
R≥0 is a Lyapunov function for the system (2.3) if there exist functions
α1, α2, α3 ∈ K∞ such that for all x ∈ X

α1(∥x∥) ≤ V (x) ≤ α2(∥x∥), (2.4a)

V (f(x)) − V (x) ≤ −α3(∥x∥). (2.4b)

Theorem 2.1 (Lyapunov theorem). Suppose that the set X is closed and
positive invariant for the system (2.3). If the system (2.3) admits a Lya-
punov function, then the equilibrium point x = 0 is asymptotically stable in
the set X .

2.2.2 Practical asymptotic stability

In this section we define practical asymptotic stability. In standard asymp-
totic stability, the system trajectories converges to the origin (or to the
considered equilibrium). If the origin of the system is practically asymptot-
ically stable, the state trajectories goes towards the origin in a first phase,
and then stagnates in a neighborhood of the origin of fixed size. This behav-
ior can be found in closed-loop systems where there is a mismatch between
the model used for controller design and the real plant under control.
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Definition 2.9 (Practical asymptotic stability). The origin of the system
(2.3) is said practically asymptotically stable (PAS) in the set X if there
exist β ∈ KL and r ≥ 0 such that for all x0 ∈ X and for all k ∈ Z≥0

∥xk∥ ≤ β(∥x0∥, k) + r. (2.5)

Remark 2.1. An alternative formulation of PAS requires the existence of
a function β̃ ∈ KL and a constant r̃ ≥ 0 such that

∥xk∥ ≤ max{β̃(∥x0∥, k), r̃}. (2.6)

The two formulations of the definition are equivalent. In fact we can exploit
that given a, b ≥ 0, it holds that max{a, b} ≤ a + b ≤ max{2a, 2b} to show
that, given β and r satisfying (2.5), there exist β̃ and r̃ satisfying (2.6), and
vice versa.

2.3 Stability of systems with input

In this section we consider the stability properties of a discrete-time system
with input described by

xk+1 = f(xk, uk), (2.7)

where x ∈ Rn is the state and u ∈ Rm is the input. The input uk in system
(2.7) can represent both the controlled input of the system or an external
disturbance. The system can be both an open-loop system or the system
obtained by the feedback connection of a controlled system and a controller,
where the input represents the exogenous signals that influence the closed-
loop. As in the autonomous system case, we first introduce the definitions
of equilibrium point and positive invariant set for the system (2.7).

Definition 2.10 (Equilibrium point). A point (x̄, ū) is an equilibrium point
of the system (2.7) if

x̄ = f(x̄, ū).

Definition 2.11 (Positive invariant set). A closed set X ⊆ Rn is positive
invariant for the system (2.3) with inputs u ∈ U if x ∈ X implies f(x, u) ∈ X
for all u ∈ U .

There exist several extensions of the concept of asymptotic stability for
systems with input. In this thesis we consider Input-to-State Stability (ISS),
that relates the behavior of state trajectories to the magnitude of the initial
state and of the input signal, Input-to-State practical Stability (ISpS), that
can be seen as en extension of PAS to systems with inputs, and Incremental
Input-to-State Stability (δISS), that concerns the difference between couples
of state trajectories.

In the following, the stability definitions are stated with respects to the
sets X and U , where the set X is assumed to be positive invariant with
inputs u ∈ U . If we have that X = Rn and U = Rm, the stability properties
are said to be global.
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2.3.1 Input-to-State Stability

In this section we provide the definitions of ISS and of ISS-Lyapunov func-
tion. ISS means that the magnitude of the system trajectory is bounded
by a vanishing term that depends on the magnitude of the initial state,
and by a term that is related to the magnitude of the input signal. These
definitions for discrete-time systems were first introduced in [114]. For con-
venience, the definitions are given for an equilibrium point in the origin of
the system (2.7).

Definition 2.12. The system xk+1 = f(xk, uk) is Input-to-State Stable
(ISS) in the sets X and U if there exist functions β ∈ KL and γ ∈ K
such that for any k ≥ 0, any initial condition x0 ∈ X and any input se-
quence u0,k := {u0, u1, ..., uk−1} with uh ∈ U for all h ∈ [0 : k − 1], it holds
that

∥xk∥ ≤ β(∥x0∥, k) + γ (∥u0,k∥) . (2.8)

Definition 2.13 (ISS-Lyapunov function). A continuous function V : X →
R≥0 is an ISS-Lyapunov function for the system xk+1 = f(xk, uk) if there
exist functions α1, α2, α3 ∈ K∞ and γ ∈ K such that for all x ∈ X , u ∈ U

α1(∥x∥) ≤ V (x) ≤ α2(∥x∥), (2.9a)

V (f(x, u)) − V (x) ≤ −α3(∥x∥) + γ(∥u∥). (2.9b)

The following theorem is taken from [90], and is a generalization of [114,
Lemma 3.5] that does not require continuity of the Lyapunov function.

Theorem 2.2 (Lyapunov theorem for ISS). If the system xk+1 = f(xk, uk)
admits a ISS-Lyapunov function in the sets X and U , then it is ISS in X
and U .

Definition 2.13 of ISS-Lyapunov function is given in the so called dissi-
pation form. In the literature there exists also an alternative formulation,
called implication form ISS-Lyapunov function. For its definition and its
relation to the dissipation-form ISS-Lyapunov function, in particular for
systems with discontinuous dynamics, we refer the interested reader to [90].

2.3.2 Input-to-State practical Stability

ISpS is a similar property to ISS, but it does not require the system state
to asymptotically reach the origin when the input is null. Instead, it is
sufficient that the trajectory reaches asymptotically a neighborhood of the
origin of fixed size. An overview of ISpS can be found in [194].

Definition 2.14 (Input-to-State practical Stability). The system (2.7) is
Input-to-State Practically Stable (ISpS) in the sets X and U if there exist
functions β ∈ KL and γ ∈ K, and a constant r ≥ 0, such that for any
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k ∈ Z≥0, any initial condition x0 ∈ X and any input sequence u0,k :=
{u0, u1, ..., uk−1} with uh ∈ U for all h ∈ [0 : k − 1], it holds that

∥xk∥ ≤ β(∥x0∥, k) + γ (∥u0,k∥) + r.

Definition 2.15 (ISpS-Lyapunov function). A function V : X → R≥0

is an ISpS Lyapunov function for the system (2.7) if there exist functions
α1, α2, α3 ∈ K∞, γ ∈ K, and two constants c1, c2 ≥ 0, such that, for any
x ∈ X , u ∈ U , it holds that

α1(∥x∥) ≤ V (x) ≤ α2(∥x∥) + c1,

V (f(x, u)) − V (x) ≤ −α3(∥x∥) + γ(∥u∥) + c2.

Theorem 2.3 (Lyapunov theorem for ISpS, [194]). If the system (2.7) ad-
mits an ISpS-Lyapunov function, then it is ISpS in the sets X and U .

2.3.3 Incremental Input-to-State Stability

δISS is a property that describes the stability of state trajectories of a dy-
namical system with respect to each other. In particular, in a δISS system,
the contribution of the initial state vanishes asymptotically, and the differ-
ence between state trajectories is bounded by the difference between the
corresponding input sequences.

Incremental stability properties of nonlinear continuous-time systems are
extensively studied in [7]. The interest in δISS for discrete-time systems was
mainly stimulated by the design of robust MPC, where a crucial point to
prove recursive feasibility is the analysis of perturbed trajectories. In this
perspective, the notions of Incremental Global Asymptotic Stability, δISS
and δISS-Lyapunov functions are first introduced for discrete-time systems
in [11]. In [232], the main results of [7] regarding the Lyapunov characteri-
zation of δISS systems are extended to the discrete-time framework.

Definition 2.16 (Incremental Input-to-State Stability). The system (2.7)
is Incrementally Input-to-State Stable (δISS) in the sets X and U if there
exist functions β ∈ KL and γ ∈ K such that for any k ∈ Z≥0, any pair of
initial conditions xa0, x

b
0 ∈ X , any pair of input sequences ua

0,k and ub
0,k with

uah, u
b
h ∈ U for all h ∈ [0 : k − 1], it holds that

∥xak − xbk∥ ≤ β(∥xa0 − xb0∥, k) + γ
(
∥ua

0,k − ub
0,k∥
)
. (2.10)

Definition 2.17 (Exponential δISS). The system (2.7) is exponentially δISS
in the sets X and U if it is δISS in X and U and the function β is exponential
in the second argument, i.e. there exist µ > 0 and λ ∈ (0, 1) such that

β(r, k) ≤ µrλk.
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Definition 2.18 (δISS-Lyapunov function). A continuous function V : X ×
X → R≥0 is a δISS-Lyapunov function for the system (2.7) if there exist
functions α1, α2, α3 ∈ K∞ and γ ∈ K such that for any xa, xb ∈ X and
ua, ub ∈ U it holds that

α1(∥xa − xb∥) ≤ V (xa, xb) ≤ α2(∥xa − xb∥), (2.11a)

V (f(xa, ua), f(xb, ub)) − V (xa, xb) ≤ −α3(∥xa − xb∥) + γ(∥ua − ub∥).
(2.11b)

Theorem 2.4 (Lyapunov theorem for δISS, [232]). If the system (2.7) ad-
mits a δISS-Lyapunov function, then it is δISS in the sets X and U .

2.3.4 Contraction

Contraction is a property similar to exponential δISS, but that considers
couples of trajectories associated to the same input sequence. In this the-
sis, we consider contraction as defined in [155] and [201, Definition 2], and
reported in the following definition.

Definition 2.19. The system (2.7) is contracting with rate α ∈ (0, 1) if, for
any two initial conditions xa0, x

b
0 and any input sequence u0,k, there exists

µ > 0 such that
∥xak − xbk∥ ≤ µαk∥xa0 − xb0∥.

2.4 Interconnection of incrementally input-to-state
stable systems

In this section we study the properties of the interconnection of δISS systems.
The study of the stability of interconnected systems is very useful to deal
with complex systems, such as network systems [122], and can be exploited
in the control design. In this framework a common instrument are small
gain theorems. Different formulations of the small gain theorem exist in the
literature, depending on the considered stability property and on the class
of systems. For instance, small gain theorems were derived for ISS systems
both for continuous-time systems [109, 112] and discrete-time systems [114],
and for δISS for continuous-time systems [7]. Small gain theorems are also
often exploited for control design [110, 111]. However, in the literature
there are not many results concerning the interconnection of discrete-time
δISS systems, and the only available results are derived for systems with
a particular structure. For instance, in [30] and [28], the δISS property of
multi-layer RNN is studied with reference to the particular equations of the
systems in exam, showing that if all the composing subsystems (i.e. the
RNN layers) are δISS, then the overall system is δISS. This is a particular
case of a more general result derived in [37] for the cascade connection of
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δISS systems. The aim of this section is to study the more general feedback
connection of discrete-time δISS systems, deriving conditions under which
the overall system enjoys the δISS property. In particular, two different
small gain theorems are derived, one based on the definition of δISS and
one based on δISS-Lyapunov functions. Notably, the result for the cascade
connection of δISS systems of [37] is a particular case of the result derived
here.

For sake of simplicity, in this section all the stability properties are con-
sidered global. To improve clarity, we will explicitly state the dependence
of state trajectories from the initial condition and the input sequence. In
particular x(k, x0,u) denotes the state of the system (2.7) at time step k,
emanating from the initial state x0 and applying the input sequence u.

To derive the results of this section, some additional definitions related
to δISS are required.

Definition 2.20 (Incremental asymptotic gain, [232]). The system (2.7)
has an incremental asymptotic gain if there exists γ̃ ∈ K such that

lim sup
k→∞

∥x(k;xa0,u
a
0,k) − x(k;xb0 ,u

b
0,k)∥ ≤ γ̃

(
lim sup
k→∞

∥uak − ubk∥
)
.

Definition 2.21 (Incremental UBIBS, [232]). The system (2.7) is incre-
mentally Uniformly Bounded Input Bounded State (incrementally UBIBS)
if there exist σ, γ ∈ K such that

∥xa
0,∞ − xb

0,∞∥ ≤ σ(∥xa0 − xb0∥) + γ
(
∥ua

0,∞ − ub
0,∞∥

)
,

where xa
0,∞ and xb

0,∞ are the state sequences obtained with initial states xa0
and xb0 and input sequences ua

0,∞ and ub
0,∞.

Theorem 2.5 ([232]). Consider the system (2.7) and assume that f is
continuous. The following statements are equivalent:

1. The system (2.7) is δISS.

2. The system (2.7) has an incremental asymptotic gain and is incremen-
tally UBIBS.

3. The system (2.7) admits a δISS-Lyapunov function.

In the following, we consider the interconnected system{
xk+1 = f(xk, yk, uk)

yk+1 = g(xk, yk, uk)
(2.12)

with x ∈ Rnx , y ∈ Rny and u ∈ Rm, and where f and g are continuous. The
δISS property of the system (2.12) is studied by considering the difference
between two trajectories with initial states [xa⊤0 ya⊤0 ]⊤ and [xb⊤0 yb⊤0 ]⊤, and
input sequences ua

0,∞ and ub
0,∞, respectively.
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2.4.1 Small gain theorem for δISS

In order to derive a small gain theorem for the system (2.12), the following
technical lemma is introduced first.

Lemma 2.1. Let hx : Rnx × Rnx → Rpx and hy : Rny × Rny → Rpy be two
continuous mappings. Assume that hx is such that if lim supk→∞ ∥hx(xak, x

b
k)∥

is finite then lim supk→∞ ∥xak − xbk∥ is finite, and that hy is such that if
lim supk→∞ ∥hy(yak, y

b
k)∥ is finite then lim supk→∞ ∥yak − ybk∥ is finite. As-

sume that the following δISS-like properties hold for the subsystems in (2.12)

∥hx(xak, x
b
k)∥ ≤ βx(∥xa0 − xb0∥, k) + γu

(
∥ua

0,k − ub
0,k∥
)

+ γy

(
∥hy(ya

0,k,y
b
0,k)∥

)
,

(2.13a)

∥hy(yak, y
b
k)∥ ≤ βy(∥ya0 − yb0∥, k) + γ̃u

(
∥ua

0,k − ub
0,k∥
)

+ γx

(
∥hx(xa

0,k,x
b
0,k)∥

)
.

(2.13b)

If there exist ρ1, ρ2 ∈ K∞ such that for all r ≥ 0

(id + ρ1) ◦ γy ◦ (id + ρ2) ◦ γx(r) ≤ r (2.14)

then the following properties hold for the interconnected system:

(P1) There exist σ, γ ∈ K such that∥∥∥∥[hx(xa
0,k,x

b
0,k)

hy(ya
0,k,y

b
0,k)

]∥∥∥∥ ≤ σ

(∥∥∥∥[xa0 − xb0
ya0 − yb0

]∥∥∥∥)+ γ
(
∥ua

0,k − ub
0,k∥
)
. (2.15)

(P2) There exists γ̃ ∈ K such that

lim sup
k→∞

∥∥∥∥[hx(xak, x
b
k)

hy(yak, y
b
k)

]∥∥∥∥ ≤ γ̃

(
lim sup
k→∞

∥uak − ubk∥
)
. (2.16)

Proof. The proof is reported in Section 2.6.1.

Remark 2.2. Given functions γx and γy, functions ρ1, ρ2 ∈ K∞, satisfying
(2.14), can be chosen as ρ1(r) = ε1r and ρ2(r) = ε2r with ε1, ε2 > 0.

It is now possible to state the small gain theorem for δISS discrete-time
systems.

Theorem 2.6 (Small gain theorem for δISS). Consider the interconnected
system (2.12), and assume that each subsystem is δISS with respect to u and
the state of the other subsystem, i.e.

∥xak − xbk∥ ≤ βx(∥xa0 − xb0∥, k) + γu

(
∥ua

0,k − ub
0,k∥
)

+ γy

(
∥ya

0,k − yb
0,k∥
)
,

(2.17a)
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∥yak − ybk∥ ≤ βy(∥ya0 − yb0∥, k) + γ̃u

(
∥ua

0,k − ub
0,k∥
)

+ γx

(
∥xa

0,k − xb
0,k∥
)
.

(2.17b)

If there exist ρ1, ρ2 ∈ K∞ such that for all r ≥ 0

(id + ρ1) ◦ γy ◦ (id + ρ2) ◦ γx(r) ≤ r (2.18)

then the interconnected system (2.12) is δISS with respect to u.

Proof. By applying Lemma 2.1 considering hx(xa, xb) := xa − xb and
hy(ya, yb) := ya − yb, it follows that the interconnected system (2.12) is
incrementally UBIBS and has an incremental asymptotic gain. Then, the
δISS property follows from Theorem 2.5. □

Remark 2.3. The small gain condition (2.18) is equivalent to

(id + ρ2) ◦ γx ◦ (id + ρ1) ◦ γy(r) ≤ r

for [124, Lemma 27].

2.4.2 Small gain theorem for δISS-Lyapunov functions

In many applications the δISS property is proven by means of δISS-Lyapunov
function. Hence, a formulation of the small gain theorem directly based on
δISS-Lyapunov functions is derived in the following theorem.

Theorem 2.7. Assume that the subsystems in (2.12) admit δISS-Lyapunov
functions Vx and Vy such that

α1(∥xa − xb∥) ≤ Vx(xa, xb) ≤ α2(∥xa − xb∥) (2.19a)

Vx(f(xa, ya, ua), f(xb, yb, ub)) − Vx(xa, xb) ≤
− α3(Vx(xa, xb)) + γ(Vy(ya, yb)) + γu(∥ua − ub∥)

(2.19b)

and

ᾱ1(∥ya − yb∥) ≤ Vy(ya, yb) ≤ ᾱ2(∥ya − yb∥) (2.20a)

Vy(g(xa, ya, ua), g(xb, yb, ub)) − Vy(ya, yb) ≤
− ᾱ3(Vy(ya, yb)) + γ̄(Vx(xa, xb)) + γ̄u(∥ua − ub∥)

(2.20b)

where α1, α2, α3, ᾱ1, ᾱ2, ᾱ3 ∈ K∞ and are such that id−α3 ∈ K, id−ᾱ3 ∈ K,
and γ, γu, γ̄, γ̄u ∈ K. If there exist functions ρ1, ρ2, µ1, µ2 ∈ K∞ such that
for all r ≥ 0

(id + ρ1) ◦ α−1
3 ◦ (id + µ1) ◦ γ ◦ (id + ρ2) ◦ ᾱ−1

3 ◦ (id + µ2) ◦ γ̄(r) ≤ r,
(2.21)

then the interconnected system (2.12) is δISS with respect to u.
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Proof. The proof is reported in Section 2.6.2.

Remark 2.4. Two different small gain conditions, (2.18) and (2.21), have
been derived. These conditions depend on γx, γy and on α3, γ, ᾱ3, γ̄, respec-
tively, that are not uniquely defined given the considered system. γx, γy and
α3, γ, ᾱ3, γ̄ are conceptually related, but the derivation of one set of functions
from the other is not straightforward, and is typically based on possibly con-
servative inequalities. Hence, the derivation of two independent conditions
is very useful.

2.4.3 Cascade connection

An useful particular case of the interconnection of two systems is the cascade
connection, i.e. when the system (2.12) is reduced to{

xk+1 = f(xk, yk, uk)

yk+1 = g(yk, uk)
(2.22)

In this case, if the two subsystems are δISS, it is always possible to apply
the results of Theorem 2.6 with γx = 0. In particular, the following result
holds.

Corollary 2.1. Consider the interconnected system (2.22). If the x-sub-
system is δISS with respect to u and y, and the y-subsystem is δISS with
respect to u, then the overall system (2.22) is δISS with respect to u.

2.5 Conclusions

In this chapter we have introduced the stability notions used in the the-
sis, and the corresponding formulations of the Lyapunov theorem. These
notions will be used in the reminder of the thesis to characterize both the
system under control in open-loop and the behavior of the closed-loop sys-
tem controlled by MPC. Moreover, we derived two different formulations of
the small gain theorem for the interconnection of discrete-time δISS systems.
In particular, the formulation of Theorem 2.7 is useful when the stability
analysis of the subsystems is carried out by means of Lyapunov functions.
Notably, the result for the cascade connection of δISS systems of [37] is a
particular case of the generic feedback interconnection studied in this thesis.

2.6 Proofs

2.6.1 Proof of Lemma 2.1

The proof is divided in the proof of the incremental UBIBS-like property
(P1) and in the proof of the incremental asymptotic gain-like property (P2).
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Property (P1): From (2.13a)

∥hx(xa
0,k,x

b
0,k)∥

(2.13a)

≤ βx(∥xa0 − xb0∥, 0) + γu

(
∥ua

0,k − ub
0,k∥
)

+ γy

(
∥hy(ya

0,k,y
b
0,k)∥

)
(2.13b)

≤ βx(∥xa0 − xb0∥, 0) + γu

(
∥ua

0,k − ub
0,k∥
)

+ γy

(
βy(∥ya0 − yb0∥, 0) + γ̃u

(
∥ua

0,k − ub
0,k∥
)

+ γx

(
∥hx(xa

0,k,x
b
0,k)∥

))
(2.1)

≤ βx(∥xa0 − xb0∥, 0) + γu

(
∥ua

0,k − ub
0,k∥
)

+ γy ◦ (id + ρ2) ◦ γx
(
∥hx(xa

0,k,x
b
0,k)∥

)
+ γy ◦ (id + ρ−1

2 )
(
βy(∥ya0 − yb0∥, 0) + γ̃u

(
∥ua

0,k − ub
0,k∥
))

for any ρ2 ∈ K∞. By rearranging the previous inequality, one has that

(id − (γy ◦ (id + ρ2) ◦ γx)) (∥hx(xa
0,k,x

b
0,k)∥)

≤ βx(∥xa0 − xb0∥, 0) + γu

(
∥ua

0,k − ub
0,k∥
)

+ γy ◦ (id + ρ−1
2 )

(
βy(∥ya0 − yb0∥, 0) + γ̃u

(
∥ua

0,k − ub
0,k∥
))

.

From (2.14), there exists a function ρ1 ∈ K∞ such that

(id − (γy ◦ (id + ρ2) ◦ γx)) (r) ≥ ρ1 ◦ γy ◦ (id + ρ2) ◦ γx(r).

Hence

ρ1 ◦ γy ◦ (id + ρ2) ◦ γx(∥hx(xa
0,k,x

b
0,k)∥)

≤ βx(∥xa0 − xb0∥, 0) + γu

(
∥ua

0,k − ub
0,k∥
)

+ γy ◦ (id + ρ−1
2 )

(
βy(∥ya0 − yb0∥, 0) + γ̃u

(
∥ua

0,k − ub
0,k∥
))

.

Note that ρ3 := ρ1◦γy◦(id+ρ2)◦γx is the composition of functions of classes
K and K∞, hence it is a K∞ function and is invertible. By using the weak
triangle inequality on the last term of the right hand side and applying ρ−1

3

to both sides, it is possible to obtain that there exist functions σ1, γ1 ∈ K
such that

∥hx(xa
0,k,x

b
0,k)∥ ≤ σ1

(∥∥∥∥[xa0 − xb0
ya0 − yb0

]∥∥∥∥)+ γ1
(
∥ua

0,k − ua
0,k∥
)
. (2.23)

In a similar way it is possible to obtain that there exist functions σ2, γ2 ∈ K
such that

∥hy(ya
0,k,y

b
0,k)∥ ≤ σ2

(∥∥∥∥[xa0 − xb0
ya0 − yb0

]∥∥∥∥)+ γ2

(
∥ua

0,k − ub
0,k∥
)
. (2.24)
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The incremental UBIBS-like property (2.15) follows from (2.23) and (2.24)
by taking σ =

√
σ21 + σ22 and γ =

√
γ21 + γ22 .

Property (P2): From (2.23) and (2.24) it follows that if
lim supk→∞

∥∥uak − ubk
∥∥ is finite, then there exists some c > 0 (depending on

∥xa0 − xb0∥, ∥ya0 − yb0∥ and ∥ua
0,∞ − ub

0,∞∥) such that ∥hx(xak, x
b
k)∥ ≤ c and

∥hy(yak, y
b
k)∥ ≤ c for all k ∈ Z≥0. Hence, the limits lim supk→∞ ∥hx(xak, x

b
k)∥

and lim supk→∞ ∥hy(yak, y
b
k)∥ are finite. Then, by assumption, also

lim supk→∞ ∥xak − xbk∥ and lim supk→∞ ∥yak − ybk∥ are finite.

Define k̄ := ⌈k2⌉. Then

∥hx(xak, x
b
k)∥

(2.13a)

≤ βx(∥xak̄ − xbk̄∥, k − k̄) + γu

(
∥ua

k̄,k − ub
k̄,k∥

)
+ γy

(
∥hy(ya

k̄,k,y
b
k̄,k)∥

)
≤ βx(c̄, k − k̄) + γu

(
∥ua

k̄,k − ub
k̄,k∥

)
+ γy

(
∥hy(ya

k̄,k,y
b
k̄,k)∥

)
for some c̄ > 0. Take the limit superior and exploit its subadditivity property

lim sup
k→∞

∥hx(xak, x
b
k)∥ ≤ lim sup

k→∞
βx(c̄, k − k̄) + lim sup

k→∞
γu

(
∥ua

k̄,k − ub
k̄,k∥

)
+ lim sup

k→∞
γy

(
∥hy(ya

k̄,k,y
b
k̄,k)∥

)
≤ γu

(
lim sup
k→∞

∥uak − ubk∥
)

+ γy

(
lim sup
k→∞

∥hy(yak, y
b
k)∥
)
.

(2.25)

Similarly

lim sup
k→∞

∥hy(yak, y
b
k)∥ ≤ γ̃u

(
lim sup
k→∞

∥uak − ubk∥
)

+ γx

(
lim sup
k→∞

∥hx(xak, x
b
k)∥
)
.

(2.26)

Substitute (2.26) in (2.25)

lim sup
k→∞

∥hx(xak, x
b
k)∥

≤ γy

(
γx

(
lim sup
k→∞

∥hx(xak, x
b
k)∥
)

+ γ̃u

(
lim sup
k→∞

∥uak − ubk∥
))

+ γu

(
lim sup
k→∞

∥uak − ubk∥
)

(2.1)

≤ γy ◦ (id + ρ2) ◦ γx
(

lim sup
k→∞

∥hx(xak, x
b
k)∥
)

+ γy ◦ (id + ρ−1
2 ) ◦ γ̃u

(
lim sup
k→∞

∥uak − ubk∥
)

+ γu

(
lim sup
k→∞

∥uak − ubk∥
)
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for any ρ2 ∈ K∞. Rearranging the previous inequality

(id − (γy ◦ (id + ρ2) ◦ γx))

(
lim sup
k→∞

∥hx(xak, x
b
k)∥
)

≤ γy ◦ (id + ρ−1
2 ) ◦ γ̃u

(
lim sup
k→∞

∥uak − ubk∥
)

+ γu

(
lim sup
k→∞

∥uak − ubk∥
)
.

From (2.14), with steps similar to the first part of the proof, it follows that
there exists a function ρ1 ∈ K∞ such that

ρ1 ◦ γy ◦ (id + ρ2) ◦ γx
(

lim sup
k→∞

∥hx(xak, x
b
k)∥
)

≤ γy ◦ (id + ρ−1
2 ) ◦ γ̃u

(
lim sup
k→∞

∥uak − ubk∥
)

+ γu

(
lim sup
k→∞

∥uak − ubk∥
)
.

Then the incremental asymptotic gain-like property (P2) can be proven
by applying ρ−1

3 to both sides of the inequality, and repeating the same
reasoning for lim supk→∞ ∥hy(yak, y

b
k)∥. □

2.6.2 Proof of Theorem 2.7

The proof of Theorem 2.7 makes use of the following auxiliary Lemma.

Lemma 2.2. If system (2.7) has a δISS-Lyapunov function V such that

V (f(xa, ua), f(xb, ub)) − V (xa, xb)

≤ −α3(V (xa, xb)) + γ(∥ua − ub∥)

with α3 ∈ K∞ such that id − α3 ∈ K and γ ∈ K, then there exist β ∈ KL
and γ̃ ∈ K such that

V (x(k, xa0,u
a
0,k), x(k, xb0 ,u

b
0,k))

≤ β
(
V (xa0, x

b
0), k

)
+ γ̃(∥ua

0,k − ub
0,k∥)

where γ̃ = α−1
3 ◦ ρ−1 ◦ γ for any function ρ ∈ K∞ such that id − ρ ∈ K∞.

Proof. Consider any function ρ ∈ K∞ such that id − ρ ∈ K∞, and define
the sets S(k) := {(xa, xb) ∈ Rn × Rn : V (xa, xb) ≤ b(k)}, where b(k) :=
α−1
3 ◦ ρ−1 ◦ γ(∥ua

0,k+1 − ub
0,k+1∥). Distinguish two cases:

(C1) (xak, x
b
k) ∈ S(k);

(C2) (xak, x
b
k) /∈ S(k).
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Case (C1): One has that

V (xak+1, x
b
k+1) ≤ (id − α3)(V (xak, x

b
k)) + γ(∥uak − ubk∥)

≤ (id − α3)(V (xak, x
b
k)) + γ(∥ua

0,k+1 − ub
0,k+1∥).

Since id − α3 ∈ K,

V (xak+1, x
b
k+1) ≤ (id − α3)(b(k)) + γ(∥ua

0,k+1 − ub
0,k+1∥)

= − (id − ρ) ◦ α3(b(k)) + b(k) − ρ ◦ α3(b(k))

+ γ(∥ua
0,k+1 − ub

0,k+1∥)

= − (id − ρ) ◦ α3(b(k)) + b(k)

≤ b(k) = α−1
3 ◦ ρ−1 ◦ γ(∥ua

0,k+1 − ub
0,k+1∥)

= γ̃(∥ua
0,k+1 − ub

0,k+1∥)

i.e. (xak+1, x
b
k+1) ∈ S(k). Moreover, note that S(k + 1) ⊇ S(k) because

b(k + 1) = γ̃(∥ua
0,k+2 − ub

0,k+2∥) ≥ γ̃(∥ua
0,k+1 − ub

0,k+1∥) = b(k). Hence, if
the system is in Case (C1) at time step k, it remains in Case (C1) for all
the subsequent time steps.

Case (C2): One has that

V (xak+1, x
b
k+1) − V (xak, x

b
k) ≤ − α3(V (xak, x

b
k)) + γ(∥uak − ubk∥)

= − (id − ρ) ◦ α3(V (xak, x
b
k))

− ρ ◦ α3(V (xak, x
b
k)) + γ(∥uak − ubk∥)

≤ − (id − ρ) ◦ α3(V (xak, x
b
k)).

Since the system can be in Case (C2) only in the initial time steps, it is
possible to use [113, Lemma 4.3] to show that there exists a function β ∈ KL
such that

V (xak, x
b
k) ≤ β(V (xa0, x

b
0), k).

Finally, the Lemma is proven combining Cases (C1) and (C2). □

Proof of Theorem 2.7. In view of Lemma 2.2, it is possible to rewrite
(2.19b) and (2.20b) as

Vx(xak, x
b
k) ≤ βx

(
Vx(xa0, x

b
0), k

)
+ α−1

3 ◦ ρ−1
x

(
γ(∥Vy(ya

0,k,y
b
0,k)∥) + γu(∥ua

0,k − ub
0,k∥)

)
,

Vy(yak, y
b
k) ≤ βy

(
Vy(ya0, y

b
0 ), k

)
+ ᾱ−1

3 ◦ ρ−1
y

(
γ̄(∥Vx(xa

0,k,x
b
0,k)∥) + γ̄u(∥ua

0,k − ub
0,k∥)

)
,
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for any couple of functions ρx, ρy ∈ K∞ such that id − ρx ∈ K∞ and id −
ρy ∈ K∞ and for some functions βx, βy ∈ KL. Applying the weak triangle
inequality (2.1) and using (2.19a) and (2.20a), one obtains that for any
µx, µy ∈ K∞

Vx(xak, x
b
k) ≤ β̂x

(
∥xa0 − xb0∥, k

)
+ α−1

3 ◦ ρ−1
x ◦ (id + µx) ◦ γ(∥Vy(ya

0,k,y
b
0,k)∥)

+ α−1
3 ◦ ρ−1

x ◦ (id + µ−1
x ) ◦ γu(∥ua

0,k − ub
0,k∥)

and

Vy(yak, y
b
k) ≤ β̂y

(
∥ya0 − yb0∥, k

)
+ ᾱ−1

3 ◦ ρ−1
y ◦ (id + µy) ◦ γ̄(∥Vx(xa

0,k,x
b
0,k)∥)

+ ᾱ−1
3 ◦ ρ−1

y ◦ (id + µ−1
y ) ◦ γ̄u(∥ua

0,k − ub
0,k∥)

where β̂x(r, k) := βx(α2(r), k) and β̂y(r, k) := βy(ᾱ2(r), k).
Pick µ̂x, µx ∈ K∞ such that (id + µ̂x) ◦ (id +µx)(r) = (id +µ1)(r) for all

r ≥ 0 (this is always possible in view of [124, Lemma 23]), and ρx such that
ρ−1
x = id+µ̂x. Similarly, pick µ̂y, µy ∈ K∞ such that (id+µ̂y)◦(id+µy)(r) =

(id + µ2)(r) for all r ≥ 0, and ρy such that ρ−1
y = id + µ̂x. Then, in

view of (2.21), it is possible to apply Lemma 2.1 with hx = Vx, hy = Vy,
γy = α−1

3 ◦ (id + µ1) ◦ γ and γx = ᾱ−1
3 ◦ (id + µ2) ◦ γ̄ to obtain that there

exist σ, γ̂, γ̃ ∈ K such that∥∥∥∥[Vx(xa
0,k,x

b
0,k)

Vy(ya
0,k,y

b
0,k)

]∥∥∥∥ ≤ σ

(∥∥∥∥[xa0 − xb0
ya0 − yb0

]∥∥∥∥)+ γ̂
(
∥ua

0,k − ub
0,k∥
)

(2.27a)

and

lim sup
k→∞

∥∥∥∥[Vx(xak, x
b
k)

Vy(yak, y
b
k)

]∥∥∥∥ ≤ γ̃

(
lim sup
k→∞

∥uak − ubk∥
)
. (2.27b)

Inequalities (2.27a) and (2.27b) can be combined with (2.19a) and (2.20a)
to obtain that the system is incrementally UBIBS and has an incremental
asymptotic gain. Then, δISS follows from Theorem 2.5. □
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Chapter 3

Introduction to Model
Predictive Control

In this chapter, we introduce the basics of MPC and the main control prob-
lems that are analyzed in the thesis. First, we introduce the MPC algorithm
in the simplest case, that is the regulation to a constant set-point, and we
present the two main methods to achieve closed-loop stability, that are the
design of terminal ingredients and the use of a long enough prediction hori-
zon in combination with a cost controllability property of the system. Then,
we analyze the more complex control problems that will be studied in the
remaining parts of the thesis in combination with data-driven models. In
particular, output-feedback MPC schemes are introduced in Section 3.3. In
Section 3.4 we deal with the issue of state constraints in presence of model
uncertainty, and we give a general overview of robust MPC algorithms.
In Section 3.5 we introduce some algorithms for offset-free tracking MPC
in presence of disturbances and model-plant mismatch. A modified MPC
scheme to deal with incremental input constraints is shown in Section 3.6.
Finally, the use of artificial reference and of semi-definite stage cost in the
MPC algorithm are analyzed respectively in Sections 3.7 and 3.8.

The presentation of this chapter is done in a general way, and we intro-
duce all the main ideas while neglecting some of the technical details, that
will instead be treated in an exhaustive way in the following chapters for
each one of the specific MPC algorithms.

3.1 MPC algorithm

Consider a discrete-time system

xk+1 = f(xk, uk) (3.1)

with state x ∈ Rn and input u ∈ Rm. In the simplest formulation of the
MPC, the control objective is to perform regulation to a reference equilib-
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MPC Plant
x̄, ū u

x

Figure 3.1: Block diagram of the MPC algorithm.

rium (x̄, ū) of the system. The control problem may include input constraints
u ∈ U ⊆ Rm and state constraints x ∈ X ⊆ Rn.

In the MPC algorithm, we solve a finite horizon optimal control prob-
lem (FHOCP) at each time step, and then we apply to the plant only the
first element of the optimal input sequence, according to the so-called reced-
ing horizon (RH) principle. Since the FHOCP solved at each time step is
initialized using the current value of the system state, the MPC algorithm
implicitly defines a state-feedback control law.

The cost function in the optimization problem is given by the sum of the
stage cost over N steps in the future, where N is called prediction horizon.
The stage cost is a function ℓ : Rn × Rm → R. A typical choice is the use
of quadratic positive definite stage cost functions, i.e. cost functions in the
form

ℓ(x, u) = ∥x− x̄∥2Q + ∥u− ū∥2R (3.2)

where Q = Q⊤ ∈ Rn×n and R = R⊤ ∈ Rm×m are positive definite matrices,
while (x̄, ū) is the reference equilibrium of the system under control. The
final state in the optimization problem may be penalized more according to
a terminal cost Vf : Rn → R. The terminal cost is often designed to take into
account the cost on the infinite horizon, and can be used to enforce stability
of the closed-loop. It is also possible to include a terminal constraint on the
last predicted state, that is given by the set Xf . The terminal set is used to
ensure constraint satisfaction on the infinite horizon. The MPC algorithm
is reported in Algorithm 3.1. The algorithm considers the ideal case (also
called nominal case), in which the future predictions of the system used to
compute the cost and constraints are obtained using the system dynamics
(3.1). When the exact description of the system is not available, a surrogate
model can be used in (3.3c). A common method is the use of first principle
models or gray box models. In this thesis we explore the use of data-driven
models. Through the thesis, we use k to denote the current time step of the
system, while i is used as an index in the FHOCP predictions.

The block diagram that schematically represents the components of the
closed-loop with MPC is reported in Figure 3.1, where we can see the state-
feedback nature of the MPC control law. This schema will be modified
with additional blocks in the next sections to consider more complex control
problems.

In order for the MPC algorithm to be well defined, it is required that the
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Algorithm 3.1 Model Predictive Control

Input: Horizon N ∈ N, input constraints U , state constraints X , stage cost
ℓ(·, ·), terminal cost Vf(·), terminal set Xf

For each k = 0, 1, ...
(1) Measure current state xk.

(2) Let u := {ui|k}N−1
i=0 . Solve the finite horizon optimal control problem

min
u

N−1∑
i=0

ℓ(xi|k, ui|k) + Vf(xN |k) (3.3a)

s.t. xi|k = xk (3.3b)

xi+1|k = f(xi|k, ui|k), for i ∈ [0 : N − 1] (3.3c)

ui|k ∈ U , for i ∈ [0 : N − 1] (3.3d)

xi|k ∈ X , for i ∈ [0 : N − 1] (3.3e)

xN |k ∈ Xf (3.3f)

to obtain the optimal control sequence u⋆ = {u⋆0|k, . . . , u
⋆
N−1|k}.

(3) Apply the MPC feedback law

uk = µMPC(xk) = u⋆0|k. (3.4)

optimal control problem (3.3) is feasible for all k. This property is not always
guaranteed when state constraints are present in the optimization problem.
Therefore, one of the key properties that must be guaranteed when designing
an MPC control law is recursive feasibility. The MPC control law is said to
be recursively feasible if the existence of a solution of the FHOCP at time
step k = 0 implies that the FHOCP is feasible ∀ k ∈ Z≥0.

We introduce now some useful notation. We denote the MPC cost func-
tion as

J(x,u) :=
N−1∑
i=0

ℓ(xi|k, ui|k) + Vf(xN |k)

where u := {u0|k, . . . , uN−1|k}, x0|k := x and xi|k are defined according
to (3.3c). We also define V (x) := J(x,u⋆) as the optimal cost of (3.3).
V (x) is also called (optimal) value function. In some parts of the thesis, the
dependence of the cost function and of the value function from the prediction
horizon will be explicitly stated, and it will be indicated as a subscript, i.e.
by using JN (x,u) and VN (x).
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3.2 MPC stability

In general it is not guaranteed that the MPC Algorithm 3.1 stabilizes the
system (3.1). In fact, there are several examples in which the application of
the MPC control law renders unstable systems that are open-loop stable and
even linear, see, e.g., the chain of mass-spring-dampers example in Section
VII-A in [133]. For this reason, the study of stabilizing MPC algorithms
is very important. There are two main methods in the literature to design
stabilizing MPC algorithms. The first one relies on the design of the terminal
cost and terminal constraint. The second uses a sufficiently long prediction
horizon in combination with a cost controllability property of the system
under control.

In the simplest version, the stabilizing MPC algorithms require the use
of a positive definite stage cost ℓ. This means that the stage cost must
satisfy the following assumption.

Assumption 3.1. There exists a function αℓ ∈ K∞ such that

ℓ(x, u) ≥ αℓ(∥x− x̄∥) (3.5)

for all x ∈ X and u ∈ U .

The most common choice is a quadratic stage cost as in (3.2), with
positive definite matrices Q and R. The use of a stage cost that is only
positive semi-definite is further discussed in Section 3.8.

3.2.1 Stability based on terminal ingredients

This method [169, 197] is based on the knowledge of a locally stabilizing
auxiliary control law µa for the system, that is used for the design of the
terminal cost Vf and the terminal set Xf .

Assumption 3.2. The terminal set Xf and the terminal cost Vf are such
that, for an auxiliary control law µa : Xf → Rm, it holds that:

1. Xf ⊆ X and contains the target equilibrium x̄ in its interior;

2. Xf is a positive invariant set for the system under the auxiliary control
law, i.e. f(x, µa(x)) ∈ Xf for all x ∈ Xf ;

3. µa(x) ∈ U for all x ∈ Xf ;

4. The terminal cost Vf : Xf → R≥0 is such that

Vf(f(x, µa(x))) − Vf(x) ≤ −ℓ(x, µa(x)) (3.6)

for all x ∈ Xf . Moreover, there exists αf ∈ K∞ such that

Vf(x) ≤ αf(∥x− x̄∥) ∀x ∈ Xf . (3.7)
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In the following, we state the main result about asymptotic stability of
MPC with terminal ingredients. The proof is reported for tutorial reasons,
and to introduce some of the notation that will be employed in the stability
proofs along the thesis.

Theorem 3.1. Let Assumptions 3.1 and 3.2 hold and assume that U is
bounded. Let XN be the set of states from which there exists a solution of
the FHOCP. Then, the MPC Algorithm 3.1 is recursively feasible and x = x̄
is an asymptotically stable equilibrium point of the closed-loop system in the
set XN .

Proof. The proof is composed by the proof of recursive feasibility and the
proof of asymptotic stability.

Recursive feasibility. Assume that the FHOCP (3.3) is feasible at time
step k, and denote the optimal input sequence by u⋆

k := {u⋆0|k, . . . , u
⋆
N−1|k}.

Moreover, denote by x⋆
k := {x⋆0|k, . . . , x

⋆
N |k} the associated optimal state

sequence, defined by x⋆0|k := xk and x⋆i+1|k := f(x⋆i|k, u
⋆
i|k). Then, it is

possible to define a feasible input sequence ũk+1 at the subsequent time
step as

ũk+1 := {u⋆1|k, . . . , u
⋆
N−1|k, µa(x

⋆
N |k)}. (3.8)

Note that the state trajectory associated to ũk+1 is given by

x̃k+1 := {x⋆1|k, . . . , x
⋆
N |k, f(x⋆N |k, µa(x

⋆
N |k))}.

The sequence ũk+1 respects the constraint (3.3d) in view of Point 3. of
Assumption 3.2. Moreover, the state trajectory x̃k+1 respect constraints
(3.3e)-(3.3f) in view of Points 1. and 2. of Assumption 3.2. Hence, we have
shown the existence of a feasible sequence at time k + 1, which implies
recursive feasibility of the optimization problem.

Asymptotic stability. In this part of the proof we show that the optimal
MPC cost V (x) is a Lyapunov function for the closed-loop system in XN ,
by showing that it respects the conditions in (2.4). Using Assumption 3.1,
we can derive the lower bound

V (x) ≥ ℓ(x⋆0|k, u
⋆
0|k)

(3.3b)
= ℓ(x, u⋆0|k)

(3.5)

≥ αℓ(∥x− x̄∥).

To derive an upper bound for V (x), we first define the input sequence ũk

obtained by applying iteratively the auxiliary control law µa to the system
(3.1) starting from x. In view of Points 2. and 3. in Assumption 3.2, the se-
quence ũk is feasible for all x ∈ Xf . Denote by x̃k := {x̃i|k}Ni=0 the associated
state trajectory. By MPC optimality, for all x ∈ Xf we have that

V (x) ≤ J(x, ũk) =

N−1∑
i=0

ℓ(x̃i|k, µa(x̃i|k)) + Vf(x̃N |k) ≤ Vf(x)
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where the last inequality is obtained by applying (3.6) iteratively in a tele-
scopic sum. Then, in view of (3.7), we have that for all x ∈ Xf

V (x) ≤ αf(∥x− x̄∥).

Then, the upper bound can be extended to all x ∈ XN using [197, Proposi-
tion 2.16].

To show the decrease of V (x), we make use of the feasible control se-
quence ũk+1 defined in (3.8). In view of the MPC optimality, we have that

V (f(xk, µ
MPC(xk))) − V (xk) ≤ J(f(xk, µ

MPC(xk)), ũk+1) − V (xk)

= ℓ(x⋆N |k, µa(x
⋆
N |k)) + Vf(f(x⋆N |k, µa(x

⋆
N |k)))

− Vf(x
⋆
N |k) − ℓ(xk, µ

MPC(xk))

(3.6)

≤ −ℓ(xk, µMPC(xk))
(3.5)

≤ −αℓ(∥xk − x̄∥).

We have shown that V is a Lyapunov function on XN . Then the MPC
closed-loop is asymptotically stable in view of Theorem 2.1. □

When the control problem is more complex, the proof of Theorem 3.1
can be modified in order to take into account all the possible differences with
respect to the nominal case. In particular, a main concern in the thesis is
the presence of differences between the model used in the MPC optimization
in (3.3c) and the system under control, so that the initialization of the MPC
at time step k+ 1 is different from x⋆1|k. This is the typical case when data-
driven models are used, or when the state is not directly measurable and a
state observer is introduced in the closed-loop.

There exist several algorithms that exploit this method to guarantee
closed-loop stability [169]. The simpler method consists in the use of a
terminal equality constraint, firstly introduced in [123]. This algorithm con-
siders Vf = 0 and Xf = {x̄}, which trivially satisfy Assumption 3.2 with the
control law µa(x) = ū. In this MPC algorithm, the state predictions must
arrive at the equilibrium at the end of the horizon. This method is easy to
design, but it often suffers of bad performances and of a limited feasibility
region, in particular when the prediction horizon is short. The decrease
of performances is related to the fact that the solution of the optimization
is strongly influenced by the terminal constraint and may not reflect the
objective required by the cost.

For linear systems with a quadratic stage cost, the design of termi-
nal ingredients is typically based on the use of the auxiliary control law
µa(x) = Kx, where the gain K ∈ Rm×n and the associated Lyapunov func-
tion Vf(x) = ∥x∥2P can be derived, e.g., from the solution of the discrete time
Riccati equation associated to the infinite horizon linear quadratic control.
Then, the terminal constraint set can be chosen as a suitable sublevel set of
the terminal cost Vf(x), or as the maximal output admissible set (MOAS,
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[81]) of the closed-loop system associated with the feedback law u = Kx.
The use of the MOAS has the advantage of providing a polytopic terminal
set. This method to obtain a stabilizing MPC algorithm can be extended
to nonlinear systems by using a linearization of the system under control in
the reference equilibrium, see [41, 161].

3.2.2 Stability based on cost controllability

The design of terminal ingredients may be a demanding task for nonlinear
systems, because it relies on the explicit knowledge of an auxiliary control
law, a Lyapunov function and a control invariant set. For this reason, MPC
algorithms that guarantee stability without the use of terminal conditions
have been developed both for discrete-time systems [20] and for continuous-
time ones [198]. The typical approach to achieve asymptotic stability with-
out terminal conditions relies on cost controllability, a controllability condi-
tion originally proposed in [86, 233], in combination with a sufficiently long
prediction horizon [92, 51], see [244] for a unifying comparison. In this case
Algorithm 3.1 is implemented using Vf = 0 and Xf = X .

The following (standard) definition is taken from [20, Definition 1].

Definition 3.1 (Admissible control sequence). A sequence of control values
u = {u0|k, . . . , uN−1|k} is called admissible for xk ∈ X and N ∈ N ∪ {∞} if

f(xi|k, ui|k) ∈ X and ui|k ∈ U

for all i ∈ {0, 1, . . . , N−1}. The set of admissible control sequences of length
N ∈ N ∪ {∞} is denoted by UN (xk).

We can now introduce the cost controllability assumption required to
prove closed-loop stability.

Assumption 3.3 (Cost controllability). The system (3.1) with stage cost
ℓ(x, u) is cost controllable, i.e. there exists a monotonically increasing and
bounded sequence (BN )N∈N such that, for every state x, there exists a control
sequence u ∈ U∞(x) satisfying the growth bound

VN (x) ≤ JN (x,u) ≤ BNℓ
⋆(x) ∀N ∈ N, (3.9)

where ℓ⋆ := minu∈U ℓ(x, u).

If the stage cost ℓ is positive definite, i.e. it respects Assumption 3.1, the
cost controllability assumption implies the existence of a control sequence
that drives the system state to x̄ asymptotically. Note that in (3.9) the first
inequality directly follows from the definition of the value function.

Then, the following stability theorem holds.
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Theorem 3.2. Let Assumptions 3.1 and 3.3 hold. Let the prediction horizon
N be chosen such that

αN := 1 −
(B2 − 1)(BN − 1)

∏N
i=3(Bi − 1)∏N

i=2Bi − (B2 − 1)
∏N

i=3(Bi − 1)
∈ (0, 1). (3.10)

Then, x = x̄ is an asymptotically stable equilibrium point of the closed-loop
system in each sublevel set

V −1
c := {x ∈ X : VN (x) ≤ c} ⊂ int(X ).

The proof of Theorem 3.2 shows that the value function VN (x) is a
Lyapunov function of the closed-loop system satisfying

VN (f(x, µMPC(x))) − VN (x) ≤ −αNℓ(x, µ
MPC(x)).

Condition (3.10) on the value of αN is satisfied when the prediction
horizon is sufficiently long, i.e. there exists N̄ ∈ N such that αN ∈ (0, 1)
for all N ≥ N̄ . However, it is in general difficult to find the minimum
value of N̄ guaranteeing asymptotic stability, and its estimates can be rather
conservative [133]. For linear systems, there exist approaches based on the
Riccati equation to derive the minimum horizon that guarantees stability,
see [179] and [245, Section 5.5].

3.3 Output-feedback

The classic MPC algorithm defines a state-feedback control law. However,
the state of the system under control is not always directly measurable. In
output-feedback MPC the only measurable quantity is the system output
y ∈ Rp, that typically is also the quantity of interest of the control. We
consider the output as a static function of the system state and input, i.e.

yk = g(xk, uk). (3.11)

A common method to manage this situation is the introduction of a state
observer in the closed-loop. A state observer is a dynamical system that
takes as inputs the input u and output y of the system, and produces as
output x̂ ∈ Rn, that is an estimation of the system state x. Its general
equation can be written as

x̂k+1 = f̂(x̂k, uk, yk). (3.12)

There exists a vast literature about the design of state observers [14]. Some
common methods include Luenberger observers [157], Kalman filters and
extended Kalman filters [238], high gain observers [126], moving horizon
estimators [197] and sliding mode observers [223].
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MPC Plant

Observer

x̄, ū u y

x̂

Figure 3.2: Block diagram of the output feedback MPC algorithm.

The schematic layout of the output-feedback MPC algorithm is reported
in Figure 3.2. With respect to the standard MPC closed-loop in Figure 3.1,
we have an additional block inserted between the plant and the MPC. Then,
in the FHOCP initialization (3.3b), the observer state estimation x̂ is used
instead of the real state value, which is not available. More specifically, the
initialization constraint (3.3b) is substituted by x0|k = x̂k.

To study asymptotic stability of the output-feedback MPC closed-loop
composed by (3.1)-(3.11)-(3.12)-(3.4) it is possible to use similar techniques
to the state-feedback case. The main difference is that now the closed-
loop system has two states: the system state x and the observer state x̂.
Moreover, the MPC feedback law µMPC is a function of the observer state x̂
and not of the system state. To study stability, the effect of the two states
can be separated by performing a change of variables. Instead of considering
[x⊤ x̂⊤]⊤, we study the system with states [e⊤ x̂⊤]⊤, where e := x − x̂ is
the observer estimation error. Then, in a first step, we study the observer
estimation error dynamics. Typically, it is possible to infer stability of the
observer estimation error independently on the value of the system input.
Then, the closed-loop system can be seen as the cascade connection of two
systems: the one describing the observer estimation error, and a system

x̂k+1 = f(x̂k, µ
MPC(x̂k)) + ek+1.

The stability of this second subsystem can be studied by modifying the
standard MPC stability proofs to consider ek+1 as an external perturbing
term.

The final stability result that can be derived depends on how the behavior
of the observer estimation error e is characterized in the first step of the
proof. If there are no uncertainties and disturbances affecting the system,
and the observer is properly designed, it is possible to show that the observer
estimation error converges to 0. In this case it is possible to show asymptotic
stability of the closed-loop system following the arguments of the proof of
Theorem 3 in [219]. Instead, when there are disturbances affecting the
system, the estimation error e does not converge to zero, but decreases until
it reaches a neighborhood of the origin whose size depends on the magnitude
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of the disturbance. In this case, it is typically possible to prove that the
closed-loop is ISS or ISpS with respect to the disturbance term.

3.4 State constraints and robust MPC

One of the main features of MPC is the possibility to explicitly include hard
constraints on the system state in the control problem formulation. The
stabilizing MPC algorithms described in the previous section are capable
to guarantee recursive feasibility. When the system under control behaves
exactly as its model, the satisfaction of constraint (3.3e) by the optimal
solution guarantees that also the system state respects the constraints. In
fact one has that xk+1 = f(xk, µ

MPC(xk)) = x⋆1|k.

However, in most of the practical cases, the model used in the MPC does
not exactly describes the behavior of the system under control. In presence
of model-plant mismatch or disturbances and state or output constraints, it
is necessary to rely on robust MPC techniques to guarantee robust feasibility
and constraint satisfaction despite the uncertainties [169].

There exist many different approaches to robust MPC, and they are
distinguished by how the uncertainty is characterized. In the deterministic
approaches, the uncertainty is described by a disturbance bounded in a
deterministic set. Alternatively, the uncertainty can be characterized in a
probabilistic framework. In this case, we have a stochastic MPC. The design
of the algorithm depends also on how the uncertainty is assumed to affect
the system. The simpler case is the one of additive uncertainty, where the
uncertainty effect is assumed to behave as an disturbance that is added to
the state equation. Another widely studied case is the one of parametric
uncertainty, that is an uncertainty affecting the parameters of the system
model.

In case of linear systems with deterministic additive uncertainty, the
most common solution is tube MPC [145]. For nonlinear systems in a de-
terministic setting, the most common approaches for the design of robust
MPC are constraint tightening methods, for example based on the Lipschitz
constant of the system under control [164, 191] or on an incremental control-
lability property [132], and min-max approaches [194]. In a stochastic frame-
work, some possible approaches can be found in [100, 69, 96]. Stochastic
MPC must also consider the issue of feasibility, that cannot be guaranteed
by the standard MPC algorithms in presence of unbounded disturbances.
Possible methods to solve this issue are the use of indirect feedback [101] or
of back-up controllers [188].

When a state observer is present, its estimation error is an additional
source of uncertainty that must be taken into account by the MPC. In most
of the literature about output MPC the observer estimation error is regarded
as a generic disturbance [204]. Few exceptions can be found in [130], that
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proposes a constraint tightening technique based on the evolution of the
maximum observer estimation error, and in [50], that uses a min-max opti-
mization problem to simultaneously compute a moving horizon estimation
and a robust MPC.

In this thesis, we consider deterministically bounded additive distur-
bances, and the presence of an observer estimation error. The proposed
robust MPC algorithms are based on the constraint tightening approach
proposed in [130], that exploits an incremental controllability property of
the system and an incremental stability property of the observer estimation
error. In particular, robust MPC algorithms considering recurrent neural
networks models will be designed and analyzed in Chapters 6 and 7.

3.5 Offset-free tracking

In presence of model-plant mismatch and disturbances, the MPC algorithm
does not guarantee zero-error regulation, and typically the closed-loop sys-
tem presents a static tracking error at steady state. A common method to
solve this issue is the use of the so-called offset-free MPC. This approach
was first introduced for linear systems in [186], and was further developed
in [159, 184]. The extension of offset-free MPC to nonlinear systems was
first proposed in [173]. Tutorial reviews and comparisons of different formu-
lations can be found in [183, 185].

More formally, the objective of offset-free MPC is to guarantee that

lim
k→∞

yk = y0 (3.13)

where y0 ∈ Rp is the MPC output reference. In this algorithm, the model
used for the MPC predictions is enlarged with an artificial disturbance d ∈
Rnd , obtaining an augmented model in the form

xk+1 = fd(xk, uk, dk) (3.14a)

dk+1 = dk + wk (3.14b)

yk = gd(xk, uk, dk) (3.14c)

where fd and gd are such that

fd(x, u, 0) = f(x, u), gd(x, u, 0) = g(x, u).

The term w ∈ Rnd represents the variation of the disturbance term between
consecutive time steps and, depending on the MPC formulation, it can be
considered equal to zero at all time steps or as an exogenous unknown van-
ishing input of the closed-loop, such that limk→∞wk = 0. We point out
that the disturbance model (3.14b) is not directly employed in the MPC
algorithm, but it is only used in the analysis of the closed-loop properties.
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Figure 3.3: Block diagram of the offset-free MPC algorithm.

The schematic layout of the offset-free MPC is reported in Figure 3.3,
and is composed by three main blocks. The first block is an observer. Dif-
ferently from the case considered in Section 3.3, the observer is based on
the augmented system (3.14), and estimates both the system state and the
disturbance term. If the system state is measurable, a deadbeat observer
can be employed to estimate the disturbance only, see [185, Theorem 15].
The observer outputs are the state estimation x̂ ∈ Rn and the disturbance
estimation d̂ ∈ Rnd . The second block of the schema is the reference cal-
culator, that computes the MPC references x̄, ū starting from the output
reference y0 and from the current value of the observer disturbance esti-
mation d̂. In the more general version, the reference calculator solves the
following optimization problem

min
x̄,ū

ℓr(x̄, ū) (3.15a)

s.t. x̄ = fd(x̄, ū, d̂) (3.15b)

y0 = gd(x̄, ū, d̂) (3.15c)

ū ∈ U , x̄ ∈ X . (3.15d)

The function ℓr : Rn × Rm → R is a steady state cost function, and it is
employed to choose between all the possible equilibrium points satisfying
(3.15b)-(3.15c). The optimization problem is assumed to be feasible and to
have a unique solution. If (3.15b)-(3.15c) have a unique solution, it is not
necessary to implement the reference calculator as an optimization problem,
but it is sufficient to compute the unique solution of the system of equations.
The output of the reference calculator are the MPC state and input refer-
ences x̄, ū. Note that since the disturbance estimation d̂ may change at
every time step, also the MPC references may vary. The last block of the
control schema is the MPC. The MPC employs the dynamics (3.14a) of the
augmented model to make the predictions, with the disturbance set at the
current value of the observer estimation d̂ and maintained constant along
the horizon. The MPC predictions are initialized by the observer state esti-
mate x̂. Moreover, in the MPC cost we penalize the difference of the state
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and input to the current value of the references x̄, ū computed by the ref-
erence calculator. If the observer and the MPC are properly designed, this
algorithm is able to guarantee the offset-free tracking property (3.13) also
in presence of model-plant mismatch and asymptotically constant distur-
bances.

In this thesis, different offset-free MPC algorithms are developed. In
Chapter 7, a robust offset-free MPC algorithm is designed for long short-
term memory neural network models. The control algorithm proposed in
Chapter 9 for δISS systems guarantees the offset-free tracking property. Fi-
nally, an offset-free MPC algorithm is developed in Chapter 11 for Koopman
operator-based surrogate models.

For linear systems with measurable state, a convenient alternative to
offset-free MPC to achieve zero tracking error is the use of the velocity form
MPC [237, 16, 15], that does not require the introduction of an observer.
This method consists in considering in the MPC model the state increment
and the output error as an enlarged state, and the control increment as
manipulated variable. The velocity form MPC algorithm is described in
detail in Chapter 13, and is applied to the current control in synchronous
reluctance motors. A possible extension of velocity form MPC exists for
nonlinear systems [49], that requires a velocity-based linearization of the
model. In [185] it is shown that the velocity form MPC can be seen as a
particular case of offset-free MPC.

3.6 Incremental input constraints

With incremental input constraints (or input rate constraints), we indicate
constraints on the variation of the input between subsequent time steps,
i.e. on ∆uk := uk − uk−1. While input, state and output constraints are
commonly considered, the control input variation is often just penalized in
the cost, and is not included in the hard constraints. As a matter of fact,
the satisfaction of incremental input constraints can be very important to
guarantee the safety of the system. For example, in hydraulic networks, the
speed of control valves is usually limited. Fast valve operations results in
strong hydraulic transients, which could stress and eventually damage the
structure of the network [75]. Similarly, in mechanical systems, it is desirable
to avoid large accelerations and jerks that could wear out the system [147].
In the control of assisted an driverless vehicles, accelerations and jerks are
limited to improve passengers comfort [156]. In [56], incremental input con-
straints are introduced in the control of a mobile robot, in the consideration
of the safety and comfort needs in real life.

A common way to take into account constraints on the input variation
is to consider ∆u as an optimization variable in the MPC, and then employ
a discrete time integrator to obtain the control variable u. A discrete time
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Figure 3.4: Block diagram of the MPC algorithm with incremental input
constraints.

integrator can be represented in the Z-transform by the transfer function
z

z−1 , or as the state-space system

vk+1 = vk + ∆uk

uk = vk + ∆uk

with input ∆u, state v and output u. We point out that the state of the
discrete-time integrator at time k is equal to its output at time k−1. Hence,
in the following chapters, uk−1 is considered as state of the discrete-time in-
tegrator at time k, without introducing the additional notation v to indicate
the integrator state.

The resulting closed-loop is schematically represented in the block dia-
gram in Figure 3.4. We note that the system under control considered by
the MPC is composed by the discrete time integrator and the plant. Then,
when studying the stability properties of the closed-loop system in Figure
3.4, we have to consider that the state of the closed-loop system is composed
by the union of the plant state and the state of the discrete-time integrator.
Hence, if stability is enforced by means of terminal ingredients, both those
components must be considered in their design. This aspect is further stud-
ied in Chapters 8 and 9, considering the particular class of open-loop δISS
plants, in combination with recurrent neural network models.

3.7 MPC for tracking and the use of artificial ref-
erences

In the standard MPC algorithm, given the reference output yt ∈ Rp, the
state and input references (x̄, ū) to be used in the MPC cost (3.2)-(3.3a)
can be computed as the equilibrium state and input associated to the out-
put yt. Instead, in MPC for tracking, we consider the MPC reference as an
additional variable of the optimization problem, called artificial reference.
The artificial reference is given by the triplet (xs, us, ys), and it is constrained
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to be an equilibrium of the system under control, i.e.

xs = f(xs, us)

ys = g(xs, us).

The MPC stage cost penalizes the difference of the state and input from the
artificial reference, instead of penalizing the difference from (x̄, ū) as in (3.2).
To ensure that the system is driven to the desired equilibrium, an additional
term VO(ys − yt) is summed to the cost function. The function VO is called
offset cost, and must satisfy some technical convexity assumptions, see [151,
Assumption 2]. A common choice of the offset cost is the use of a quadratic
positive definite function VO(ys − yt) = ∥ys − yt∥2T , with T = T⊤ ≻ 0.

Let Yt ⊆ Rp be a convex set of equilibrium outputs whose associated
equilibrium state and input respect the constraints. If all the elements of
the tracking MPC algorithm are properly designed, it is possible to prove
that the closed-loop is stable, fulfills the constraints throughout time and
converges to an equilibrium point such that

1. If yt ∈ Yt, then limk→∞ ∥yk − yt∥ = 0;

2. If yt /∈ Yt, then limk→∞ ∥yk − y⋆s ∥ = 0, where

y⋆s := arg min
ys∈Yt

VO(ys − yt).

This means that the system output reaches its reference yt if it is feasible. If
the reference is not feasible, then the output will reach the closest possible
value according to the offset cost, that is y⋆s .

The use of artificial references in MPC allows to enlarge the feasibility
region with respect to the standard MPC algorithm. In fact, one of the
possible issues of MPC is the limited size of the feasibility region in pres-
ence of constraints on the system state. This can be particularly critical
when a terminal set is introduced in the algorithm, that may reduce the
feasibility region and may deteriorate the performances with respect to the
unconstrained case. Moreover, the MPC for tracking allows to maintain
feasibility in presence of variations of the reference yt and when the yt can-
not be reached respecting the constraints. The introduction of the artificial
reference can be particularly beneficial when a terminal equality constraint
MPC algorithm is employed.

The MPC algorithm with artificial reference for linear systems is de-
scribed and analyzed in [150], and for nonlinear systems in [151]. The basic
approach is further extended to solve more complex control problems, e.g.
the tracking of dynamic target signals [131] and the use of semi-definite stage
costs [76], or to consider the use of harmonic artificial references, which al-
lows to further enlarge the domain of attraction [141]. For a comprehensive
review of MPC algorithms using an artificial reference we refer to [142].
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In this thesis, the use of artificial references is considered in the MPC
algorithm developed in Chapter 9 for δISS systems, and in the velocity form
MPC schema designed for the current control in synchronous reluctance
motors in Chapter 13.

3.8 Semi-definite stage cost

In the classical MPC formulations described in the previous sections, a key
point to guarantee stability of the closed-loop is the use of a positive def-
inite stage cost ℓ, see Assumption 3.1. However, in many practical cases,
the penalization of the system output is more meaningful than the penal-
ization of the full system state. This is in particular true when high order
and/or black-box models [153] are used in the MPC predictions. Due to the
high model dimensionality, the tuning of a state-based cost function may be
cumbersome and lead to suboptimal results. In all these cases, the use of a
semi-definite stage cost may be a solution. Stability results for NMPC with
positive semi-definite stage cost have been derived in [86]. This approach is
also studied in [133], where an analysis of the minimum prediction horizon to
guarantee stability is carried out, and in [76], where the use of semi-definite
stage costs is combined with the use of artificial references.

In this framework, the standard MPC stability proofs have to be suitably
modified. In particular, it is not possible to use the MPC optimal cost only as
Lyapunov function. Instead, the candidate Lyapunov function is composed
by the sum of the MPC optimal cost and of a cost detectability function Ψ :
Rn → R≥0. The cost detectability function satisfies the following properties
for all u ∈ U and x ∈ X

Ψ(x) ≤ γ0µ(∥x− x̄∥) (3.16a)

Ψ(f(x, u)) − Ψ(x) ≤ −ε0µ(∥x− x̄∥) + ℓ(x, u) (3.16b)

for some constants γ0, ε0 > 0 and a K∞ function µ. The key element in the
proof is inequality (3.16b), that requires that whenever the stage cost ℓ(x, u)
is equal to zero, the cost detectability function decreases with a rate related
to the distance of the current state to the desired set-point. Cost detectabil-
ity functions can be obtained by relying on input-output-to-state stability
(IOSS) [38, 3] or on strict dissipativity methodologies [89, 104]. For non-
linear autoregressive-exogenous (NARX) models, and in case of quadratic
input-output stage cost, a suitable cost detectability function can be ob-
tained by relying on the knowledge of the lag/observability index (NARX
models are final-state observable) [133]. For linear systems and quadratic
cost, a quadratic cost detectability function can be computed by solving an
LMI problem, as discussed in [89].

Another class of MPC algorithms that do not consider a positive definite
stage cost is the one of economic MPC [68, 196], that is outside of the scope
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of the thesis. In economic MPC there are no restrictions on the structure
of the cost, allowing also for negative stage costs. Typically, the cost in
economic MPC is related to some measurable physical quantity to minimize
or to some economic criterion. The stability proofs use different arguments
to the ones described in this section.
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MPC for δISS systems using
RNN models
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Chapter 4

Incrementally Input-to-State
Stable Recurrent Neural
Networks

The following chapters of the thesis are devoted to the design of MPC algo-
rithms for open-loop nonlinear δISS systems, using surrogate models based
on recurrent neural networks (RNN).

The choice of considering δISS systems is motivated by different reasons.
The first one is safety. δISS systems have the property that similar input
sequences produce to similar output sequences. This is a desirable property
when using black-box identification. In fact, if small perturbations of the in-
put could lead to large output variations, it is hard to predict how the model
will behave with unseen values of the inputs. Moreover, since the system
state will be considered not measurable and we will use only input-output
data, it is desirable that the effect of the initial state vanishes asymptoti-
cally. The second reason is that limiting the class of systems simplifies the
control design with respect to the general case of nonlinear systems. In the
next chapters, the δISS property of the system will be extensively exploited
for the design of the MPC algorithms. Finally, a lot of real world systems
are δISS. For linear time-invariant (LTI) systems, asymptotic stability im-
plies δISS. For general globally Lipschitz continuous systems, a Lipschitz
constant in the interval (0, 1) implies δISS [11]. The δISS property of the
system under control can be checked either by a direct computation of a
δISS-Lyapunov function, or by relying on recent results related to conver-
gent dynamics or contraction-metric analysis, see e.g. [79, 231]. Moreover,
for non δISS systems, an inner closed-loop can be introduced to pre-stabilize
the system. This is a common method in complex control systems, where a
hierarchical control structure is often used.

RNNs are chosen for their flexibility, and for the possibility of being
trained by means of input-output data only. Moreover, we exploit the wide
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literature about RNN models that are open-loop δISS, see the results in [27]
and in the derived articles. This allows to have a model that provides the
same stability properties of the system under control.

After a general overview of the use of neural networks (NN) for system
identification, in this chapter we introduce the RNN architectures that will
be employed in the control schemes developed in the following chapters
of the thesis, that are long short-term memory (LSTM), gated recurrent
units (GRU) and recurrent equilibrium networks (REN). For each of these
architectures, we state sufficient δISS conditions, and we explain how these
conditions can be enforced in the training. Finally, we give a brief summary
of other δISS RNN structures available in the literature.

The derivation of the δISS property of the REN model in Section 4.4.1
is taken from:

• [211] Schimperna, I., and Magni, L. (2024). Recurrent equilibrium
network models for nonlinear model predictive control. IFAC-Papers-
OnLine, 58(18), 226-231. Presented at the 8th IFAC Conference on
Nonlinear Model Predictive Control NMPC 2024, Kyoto, Japan.

4.1 Neural network models of dynamical systems

Neural networks (NN) are a powerful class of flexible and modular math-
ematical models, that can be learned with data-driven methods. In view
of their universal approximation capability [55, 105] and of their perfor-
mances, NNs have been extensively employed in control design from the
early days [107]. A very common application of NNs in the control field is
their use for the identification nonlinear systems models to be employed for
the design of model-based control algorithms, such as MPC [199]. Other
possible applications of NNs in control are detailed in [33], and include
the approximation of computationally intensive control laws [99, 67], the
synthesis of controllers directly from data [118, 58], the learning of model
uncertainties [248, 74] and their use as part of reinforcement learning algo-
rithms [148].

There exists a variety of different methods for the use of NNs for system
identification, spanning from purely black-box models to physics-informed
ones. When using a black-box approach, the choice of the NN architecture
depends on the available data. The simpler case is when the system state
is known and measurable. Then, it is possible to learn is the static map
f : Rn × Rm → Rn. Since this function is static and does not have a time
dependence, it is possible to use feed-forward neural networks (FFNN), such
as multi-layer perceptrons (MLP) to approximate it. This class of models
are sometimes called neural state-space models, and have been applied, e.g.,
in [154, 73]. Instead, when only input-output data are available, a different
approach is required to correctly describe the dynamic relation between these
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two quantities. Many works consider an autoregressive approach, in which
sequences of past inputs and outputs of the system are used to predict the
next system output [189, 220]. This can be done with NNs with different
architectures, including autoencoder structures [165]. Another successful
method is the use of recurrent neural networks (RNN), a family of NN
specialized to deal with sequential data. RNNs have the same mathematical
structure of a dynamical system, with an internal state that can memorize
the information contained in the past inputs of the network [84]. Reviews
of different approaches for the use of RNN models in MPC can be found in
[117, 146].

The alternative to purely black-box models is the use of physics-informed
approaches, in which the data-driven learning is combined with the avail-
able knowledge about the physics of the system [240, 121, 54]. One of the
possible methods involve the use of a physics-informed loss function in the
training phase, enforcing relevant physical relations [66]. Another strategy
consists in embedding the physical knowledge directly in the NN architec-
ture. This latter approach include cases in which some physical constraint,
e.g. the positivity of some quantity, is hard coded in the network architec-
ture [59], and the case in which the NN is designed with a structure that
matches the topology of the physical system. For example, in [82, 83], the
authors design a physics-informed RNN (PI-RNN) composed by different
RNN modules, whose connection reflects the network structure of the un-
derlying system. Finally, another possible approach consists in models that
combines a physics-based part with a black-box part, as done, e.g., in [25].

4.1.1 Recurrent Neural Networks

RNNs, firstly introduced in [206], are a particular class of NNs able to deal
with sequential data and temporal dependencies, due to the presence of an
internal state. In the machine learning field, this architecture is mainly used
to process sequential data in applications like time series prediction, natural
language processing, translation and handwriting recognition. In this thesis,
RNNs are used to model dynamical systems from input output data. This
task corresponds to a sequence-to-sequence prediction considering sequences
of the same length, meaning that for each value of the input sequence the
RNN produces one value of the predicted output sequence. Mathematically,
RNNs are discrete-time dynamical systems in the form

xk+1 = f(xk, uk)

yk = g(xk, uk),

with input u ∈ Rm, state x ∈ Rn and output y ∈ Rp. Functions f and
g have a predefined structure that depends on the considered architecture,
and depend on trainable parameters called weights. This notation will be
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used throughout the thesis for all the different RNN architectures. In most
RNNs architectures, the state x is an artificial quantity used to store the
information about the previous inputs, and it has no physical meaning. The
output y corresponds to the prediction of the RNN, and the objective of the
training is to obtain a model whose output matches the real output of the
system under control. We follow the most common approach and we define
RNNs in discrete-time, but in the literature there exist also continuous time
RNN structures [249].

In this thesis we consider different RNN architectures. The first ones
are Long Short-Term Memory (LSTM) and Gated Recurrent Unit (GRU),
that are the most popular RNN architectures in the machine learning field.
In addition, we consider Recurrent Equilibrium Networks (REN), an archi-
tecture recently proposed in the control field [201] with interesting stability
properties. Since we assume that the system under control is δISS, we re-
quire that its model has the same property. This choice is often taken for the
design of RNN-based controllers for δISS systems [27]. The δISS property
of the model allows to guarantee that the effect of the state initialization
vanishes, and that a small input variation does not lead to a large state
variation. This is a desirable property that is in general not satisfied by
NNs. In fact, it has been observed that NNs can be very sensitive to small
changes in inputs [229]. Moreover, since the state of the RNN models has
no physical meaning, it is desirable that its initialization does not affect the
output predictions in the long term.

4.2 Long Short-Term Memory

Long Short-Term Memory (LSTM) neural networks have been first intro-
duced in [103]. Their popularity is due to the fact that they solved the
vanishing gradient problem that affects the training of simpler RNN ar-
chitectures. LSTM neural networks have been successfully employed in a
variety of tasks in different fields, including to model dynamical processes
considered in automatic control, see [146] for a detailed list.

The LSTM module is composed by two states: the cell state c ∈ Rnc

and the hidden state h ∈ Rnc , where nc is also called number of neurons.
Then, the LSTM state is x := [c⊤ h⊤]⊤ ∈ R2nc . At each time-step k, the
LSTM network receives an input u ∈ Rm and produces an output prediction
y ∈ Rp. Cell state and hidden state are modified through structures called
gates. The equations that describe the LSTM network are the following

ck+1 = σ(Wfuk + Ufhk + bf) ⊗ ck

+ σ(Wiuk + Uihk + bi) ⊗ tanh(Wcuk + Uchk + bc)
(4.1a)

hk+1 = σ(Wouk + Uohk + bo) ⊗ tanh(ck+1) (4.1b)

yk = Wyhk + by (4.1c)
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Figure 4.1: Schematic representation of the LSTM cell.

where both tanh(·) and σ(·) activation functions are applied to vectors
element by element. Note that tanh(·) and σ(·) are Lipschitz continu-
ous functions, with Lipschitz constants respectively of 1 and 1

4 . Matrices
Wf ,Wi,Wc,Wo ∈ Rnc×m, Uf , Ui, Uc, Uo ∈ Rnc×nc , Wy ∈ Rp×nc and vectors
bf , bi, bc, bo ∈ Rnc , by ∈ Rp contain the trainable weights of the network. The
LSTM cell, described by the state equations (4.1a)-(4.1b), is schematically
represented in Figure 4.1.

4.2.1 Stability of LSTM networks

Stability conditions for LSTM models have been extensively studied in the
literature. The first results [225, 63] consist in conditions for asymptotic
stability of the autonomous LSTM model, and are based on linearization
approaches. Instead, in [172], the authors derived a sufficient condition for
the contraction of the LSTM model without biases for any value of the input.
The first stability result that takes into account the effect of the input is
the ISS condition proposed in [31]. Later, a different condition for ISS and
a condition for δISS have been derived by the same authors in [230]. More
recently, a new and less conservative condition for ISS of LSTM networks
based on infinity norms have been proposed in [60].

In this thesis, we consider LSTM neural networks satisfying the sufficient
condition for δISS proposed in [230]. This condition is valid for inputs
bounded in the set

U := {u ∈ Rm : ∥u∥∞ ≤ umax}. (4.2)

Assumption 4.1. The weights of the LSTM network (4.1) respect the con-
dition ρ(Aδ) < 1, where

Aδ :=

[
σ̄f α
σ̄oσ̄f ασ̄o + 1

4 σ̄x∥Uo∥2

]
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and
σ̄f := σ(∥[Wfumax Uf bf ]∥∞),

σ̄i := σ(∥[Wiumax Ui bi]∥∞),

σ̄o := σ(∥[Woumax Uo bo]∥∞),

σ̄c := tanh(∥[Wcumax Uc bc]∥∞),

σ̄x := tanh

(
σ̄iσ̄c

1 − σ̄f

)
,

α :=
1

4
∥Uf∥2

σ̄iσ̄c
1 − σ̄f

+ σ̄i∥Uc∥2 +
1

4
∥Uc∥2σ̄c.

Theorem 4.1 ([230]). Let Assumption 4.1 hold. Then it is possible to
upper bound the difference between any couple of system trajectories xa =
[(ca)⊤ (ha)⊤]⊤ and xb = [(cb)⊤ (hb)⊤]⊤ with the following inequality[

∥cak+1 − cbk+1∥2
∥hak+1 − hbk+1∥2

]
≤ Aδ

[
∥cak − cbk∥2
∥hak − hbk∥2

]
+Bδ∥uak − ubk∥2

where

Bδ :=

[
β

βσ̄o + 1
4 σ̄x∥Wo∥2

]
β :=

1

4
∥Wf∥2

σ̄iσ̄c
1 − σ̄f

+ σ̄i∥Wc∥2 +
1

4
∥Wi∥2σ̄c

and the LSTM system (4.1) is exponentially δISS in the sets X and U , where
X := C ×H, with

C :=

{
c ∈ Rn : ∥c∥∞ ≤ σ̄iσ̄c

1 − σ̄f

}
, (4.3a)

H := {h ∈ Rn : ∥h∥∞ ≤ 1}. (4.3b)

4.2.2 Training of δISS LSTM networks

In this thesis, RNNs are trained using datasets composed by input-output
sequences from the system that we want to model, and the data are divided
in standard way in training, validation and test datasets. The procedure
for the training of RNNs is based on gradient descent algorithms, such as
ADAM [127] and RMSProp [85], combined with a back-propagation through
time (BPTT) method for the automatic computation of the gradient of the
network with respect to its weights [84]. As loss function we consider the
mean squared error (MSE), which is defined as

MSE :=
1

p

1

T

T∑
k=0

∥yreal,k − yk∥22 ,
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where T is the length of the sequence, yreal are the real system output and
y are the RNN predictions. A key element to speed-up the training and
obtain a high prediction accuracy is the normalization of the model inputs
and outputs. This step is also useful to obtain inputs in a set in the form
specified in (4.2) and required by the stability conditions. After the training,
we use the FIT index to assess the quality of the final model, which is defined
as

FIT := 100

(
1 −

∥yreal − y∥2
∥yreal − yavg∥2

)
%,

where yreal is the vector containing the sequence of real outputs, y is the
vector of the predictions and yavg is the average of yreal. The FIT index takes
values in (−∞, 100]%, with a FIT of 100% corresponding to a perfect model,
and a FIT equal to 0% corresponding to a model giving the same prediction
error as the trivial model predicting the average of the real output.

To train RNN networks satisfying a sufficient condition for stability,
we follow the procedure proposed and detailed in [33]. In particular, this
method allows to obtain a RNN model that satisfies any condition expressed
in the form

ν < 0,

where ν is a scalar function of the system weights. This method consists
in adding a regularization term in the loss function that penalizes set of
weights that do not respect the stability condition, weighted by an hyper-
parameter λ+. It is also possible to include an additional term in the loss
to penalize ν also when it already satisfies the stability condition, weighted
by an hyperparameter λ−. This is particularly useful in situations in which
it is desirable that the stability condition is satisfied with some margin, and
it helps to improve the smoothness of the training procedure avoiding con-
tinuous jumps between sets of weights that respect and do not respect the
stability condition. Then, the loss function employed in the training is

MSE + λ+ max{0, ν} + λ− min{0, ν}. (4.4)

Typically λ+ is chosen larger than λ−, that can also be set to zero without
compromising the stability of the final model. To ensure that the final
model satisfies the stability condition, a condition on the termination of
the training can be added. In particular the training is terminated after
a predefined number of epochs only if the stability condition is satisfied,
otherwise it was left running for a larger number of epochs.

To use this method for the training of δISS LSTMs, the condition of
Assumption 4.1 has to be first rewritten in the form ν < 0. This was
done in [230] using the Jury criterion, where it is shown that the condition
ρ(Aδ) < 1 is equivalent to require that

−1 + σ̄f + ασ̄o +
1

4
σ̄x∥Uo∥2 <

1

4
σ̄f σ̄x∥Uo∥2 < 1.
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Recent results using both simulated [28] and real data [30] have shown
that the imposition of stability conditions in the training of RNNs may
slightly increase the number of epochs required for the convergence of the
training, but it does not affect the prediction capabilities of the model, even if
the space of admissible weights is reduced with respect to the unconstrained
case.

4.3 Gated Recurrent Units

Gated Recurrent Unit (GRU) neural networks have been firstly introduced
in [44] as a simplification of the LSTM structure, with a lower number
of trainable parameters for the same number of units. As LSTMs, GRU
networks are in the family of the gated RNN. In fact, also in this class of
networks, the state is updated through gate structures. The performances of
LSTM and GRU are comparable, and the choice of the best model depend on
the application [46]. As LSTMs, also GRUs have been exploited in a variety
of applications, both related and not related with automatic control [146].

The GRU model has a state x ∈ Rn, and, given the input u ∈ Rm of the
plant, it produces an output prediction y ∈ Rp. The model equations are
the following

xk+1 = zk ⊗ xk + (1 − zk) ⊗ hk (4.5a)

zk = σ(Wzuk + Uzxk + bz) (4.5b)

rk = σ(Wruk + Urxk + br) (4.5c)

hk = tanh(Whuk + Uh(rk ⊗ xk) + bh) (4.5d)

yk = Uoxk + bo. (4.5e)

where matrices Wh,Wz,Wr ∈ Rn×m, Uh, Uz, Ur ∈ Rn×n, Uo ∈ Rp×n and
vectors bh, bz, br ∈ Rn, bo ∈ Rp contain the trainable weights of the network.
zk = z(xk, uk) is called update gate, while rk = r(xk, uk) is called forget
gate or reset gate and hk = h(xk, uk) is the candidate activation. The state
equation (4.5a) is schematically represented in Figure 4.2.

4.3.1 Stability of GRU networks

The literature about conditions for stability of GRU networks is less broad
than the one for LSTMs. The local stability properties of the autonomous
GRU network are studied in [224], while the stability of the GRU model with
input is studied in [28], where conditions for its ISS and δISS are derived. In
this thesis, we consider GRU networks that satisfy the sufficient condition
for δISS derived in [28] and reported in the following theorem. The stability
result is valid under the assumption that the input of the GRU is bounded
in the set

U := {u ∈ Rm : ∥u∥∞ ≤ 1}.
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Figure 4.2: Schematic representation of the GRU cell.

This condition can be satisfied by a proper normalization of the input signals,
provided that the input is bounded.

Theorem 4.2 ([28]). If the GRU model (4.5) is such that

ν := ∥Uh∥∞
(

1

4
∥Ur∥∞ + σ̄r

)
+

1

4

1 + ϕ̄h
1 − σ̄z

∥Uz∥∞ < 1 (4.6)

where

σ̄z := σ(∥[Wz Uz bz]∥∞)

σ̄r := σ(∥[Wr Ur br]∥∞)

ϕ̄h := tanh(∥[Wh Uh bh]∥∞)

then it is δISS in the sets X and U , where

X := {x ∈ Rn : ∥x∥∞ ≤ 1}. (4.7)

To train a GRU network respecting the δISS condition (4.6) it is possible
to use the same approach described in Section 4.2.2 for the training of δISS
LSTM models.

4.4 Recurrent Equilibrium Networks

Recurrent Equilibrium Networks (REN) are a recently proposed RNN ar-
chitecture [201], designed as the recurrent counterparts of the feed-forward
deep equilibrium model proposed in [10]. One of the characterizing proper-
ties of this architecture is that it is possible to parametrize it in a way that
guarantees the model contraction property while performing the training in
an unconstrained way, without the need of adding regularization terms in
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the training loss. RENs are state-space models that include a nonlinear part
given by an equilibrium network [10], and have the following structure

xk+1 = Axk +B1wk +B2uk + bx (4.8a)

yk = C2xk +D21wk +D22uk + by (4.8b)

where wk is the solution of the equilibrium network

wk = ϕ(D11wk + C1xk +D12uk + bv) (4.8c)

where x ∈ Rn, w ∈ Rq, u ∈ Rm and y ∈ Rp. Note that (4.8c) defines
w implicitly as the solution of an equilibrium problem. ϕ(·) is a nonlinear
activation function that is applied to vectors element by element and respects
the following assumption.

Assumption 4.2. The activation function ϕ(·) is piecewise differentiable
and slope-restricted in [0, 1], i.e.

0 ≤ ϕ(a) − ϕ(b)

a− b
≤ 1, ∀a, b ∈ R, a ̸= b.

Assumption 4.2 is satisfied by many commonly used activation functions,
such as the sigmoid, the hyperbolic tangent and the Rectified Linear Unit
(ReLU). The equilibrium network (4.8c) is said to be well-posed if for all
x and u there exists a unique solution w of the equation that defines the
equilibrium network. Sufficient conditions for the well-posedness of feed-
forward equilibrium networks have been found in [200], and are exploited in
[201] to extend the analysis to the recurrent counterpart.

4.4.1 Stability of the REN model

In this subsection, the stability and robustness properties of REN models
are analysed. In particular, a δISS condition is derived following the method
proposed in [201] to analyse contraction.

Theorem 4.3. Consider the REN model (4.8) satisfying Assumption 4.2.
Given ᾱ ∈ (0, 1), if there exist P = P⊤ ≻ 0 and Λ ∈ D+ such that

Q̃ :=

[
ᾱ2P −C⊤

1 Λ
−ΛC1 W

]
−
[
A⊤

B⊤
1

]
P

[
A⊤

B⊤
1

]⊤
≻ 0 (4.9)

whereW := 2Λ−ΛD11−D⊤
11Λ and D+ denotes the set of the diagonal positive

definite matrices, then the REN model is well-posed and exponentially δISS.

Proof. The proof is reported in Section 4.6.1.
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Remark 4.1. Condition (4.9) is the condition derived in [201] for the con-
traction of the REN. In Theorem 4.3 we have shown that this condition also
implies exponential δISS of the model. Exponential δISS is a stronger prop-
erty than contraction. In fact contraction only characterizes the behavior
of couples of trajectories obtained applying the same input sequence, while
δISS provides also guarantees for the behavior of state trajectories obtained
by applying different input sequences.

4.4.2 Training of REN models

When implementing a REN model, we have to consider that the equilib-
rium layer (4.8c) is defined implicitly, and the computation of the value wk

requires the solution of an equilibrium problem if D11 is a full matrix. To
do so, it is necessary to use an iterative algorithm to solve the system of
equations. When training RENs using gradient descent, the Jacobian of the
equilibrium network (4.8c) with respect to the model weights must be com-
puted. The Jacobian expression can be found using the implicit function
theorem, as shown in [10], so that it is not necessary to backpropagate the
gradient through the solving algorithm used in the forward pass. A possible
method to simplify the REN implementation is to consider the subclass of
acyclic RENs, in which the matrix D11 is strictly lower triangular, and the
solution of (4.8c) can be written in explicit form. In [201] it is shown that
this is not a limitation, as acyclic REN achieve similar performances to the
general REN. For the training of the REN models used in the simulation
examples of this thesis, the Anderson acceleration algorithm [5] has been
employed for the solution of the equilibrium problems.

To obtain a REN model satisfying condition (4.9), we use the direct
parametrization proposed in [201]. In particular, the REN model written
in the direct parametrization satisfies (4.9) for all the possible values of
the parameters. Hence, it is possible to use unconstrained optimization
methods for the training, without introducing regularization terms in the
loss function. This is an advantage because it does not require the tuning
of the hyperparameters λ+ and λ− weighting the regularization term in the
loss (4.4), which is typically done in a trial-and-error way.

4.5 Other δISS RNN structures

4.5.1 Multi-layer RNN

The LSTM and GRU structures described in Sections 4.2 and 4.3 are shallow,
i.e. consisting of a single layer. In complex applications, one may benefit
from the use of RNNs composed by several layers, also called deep RNN. In
multi-layer RNNs, the state of the LSTM layer (4.1a)-(4.1b) or of the GRU
layer (4.5a) is not directly fed into an affine output transformation, but it
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is considered as input of the subsequent layer. The number of layers in the
RNN is a tuning parameter, that is chosen to improve performances.

In the literature, there exist sufficient conditions for δISS also for these
more complex structures. In particular, sufficient conditions for the δISS of
multi-layer GRU are derived in [28], and of multi-layer LSTM in [30]. Those
results show that if all the layers composing the deep GRU or the deep
LSTM satisfy the sufficient condition for δISS of the shallow network, then
the deep network is δISS. These results can be seen as a particular case of
the more general properties derived in Section 2.4 for the interconnection of
δISS systems. In fact, as reported in Corollary 2.1, the cascade connection
of δISS systems is δISS.

4.5.2 Other classes of δISS RNN

In the literature, there exist many other RNN classes whose stability prop-
erties have been characterized. One of the first networks to be characterized
in terms of δISS are echo state networks (ESN) in [8], where the network
is also used as surrogate model in MPC. Another class of NNs analyzed
from the stability point of view is the one of neural nonlinear autoregres-
sive exogenous (NNARX) models, i.e. NARX models in which FFNNs are
used as regressor functions to predict the future output value based on past
values of the system input and output. In [29], these models are written in
the form of a RNN, considering as state the concatenation of the previous
inputs and outputs used for regression. Then, sufficient conditions for ISS
and δISS of the model are derived. In [57], a sufficient condition for δISS is
derived for a general class of RNN that includes ESN and NNARX models.
This condition is also exploited in the derivation of an LMI-based method
for control design. Finally, in [162], the authors study the ISS and δISS
property of gated graph neural networks, a RNN architecture particularly
suited for distributed tasks.

All the stability conditions considered so far are global, i.e. are valid
either for x ∈ Rn, or in a positive invariant subset of Rn where it is reasonable
that the RNN state lies at all time steps. This may a limitation in some
applications, for example when considering systems that are not globally
δISS. To overcome this issue, in [143], some regional stability conditions for
a particular class of RNNs are derived.
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4.6 Proofs

4.6.1 Proof of Theorem 4.3

In the proof, the REN equations (4.8) are denoted in compact way by

xk+1 = f(xk, uk)

yk = g(xk, uk).

Moreover, we denote the difference between trajectories using ∆x = xa−xb,
and similarly for the other variables. Finally,

v := D11w + C1x+D12u+ bv.

The proof of well-posedness follows from Theorem 1 of [201].
The proof of δISS is based on the study of

V (xa, xb) = ∥∆x∥2P
as a δISS-Lyapunov function. We first note that (2.11a) is trivially satisfied
in view of the quadratic nature of V (xa, xb).

Condition (2.11b) is now proven. To do so, we first derive some relations
between ∆w, ∆x and ∆u. Assumption 4.2 implies that

(ϕ(a) − ϕ(b))(a− b) ≥ (ϕ(a) − ϕ(b))2 ∀a, b ∈ R. (4.10)

Then, for any diagonal matrix Λ ≻ 0 we have that

∆w⊤Λ∆v ≥ ∆w⊤Λ∆w (4.11)

where
∆v = C1∆x+D11∆w +D12∆u. (4.12)

By substituting (4.12) in (4.11) we obtain

−1

2
∆w⊤W∆w + ∆w⊤ΛC1∆x+ ∆w⊤ΛD12∆u ≥ 0. (4.13)

It is now possible to analyze the evolution of the δISS-Lyapunov function
between consecutive time steps.∥∥∥f(xa, ua) − f(xb, ub)

∥∥∥2
P
− ∥∆x∥2P

= ∥A∆x+B1∆w +B2∆u∥2P − ∥∆x∥2P
(4.13)

≤ ∆x⊤A⊤PA∆x+ ∆w⊤B⊤
1 PB1∆w

+ ∆u⊤B⊤
2 PB2∆u+ 2∆x⊤A⊤PB1∆w

+ 2∆x⊤A⊤PB2∆u+ 2∆w⊤B⊤
1 PB2∆u

− ∆x⊤P∆x− ᾱ2∆x⊤P∆x+ ᾱ2∆x⊤P∆x

− ∆w⊤W∆w + 2∆w⊤ΛC1∆x+ 2∆w⊤ΛD12∆u

59



Chapter 4. Incrementally Input-to-State Stable Recurrent Neural
Networks

(4.9)
= −

[
∆x
∆w

]⊤
Q̃

[
∆x
∆w

]
+ ∆u⊤B⊤

2 PB2∆u+ 2∆x⊤A⊤PB2∆u

+ 2∆w⊤(B⊤
1 PB2 + ΛD12)∆u+ (ᾱ2 − 1)∆x⊤P∆x.

Since Q̃ ≻ 0,

−
[

∆x
∆w

]⊤
Q̃

[
∆x
∆w

]
≤ −λmin(Q̃)

∥∥∥∥[∆x
∆w

]∥∥∥∥2
2

≤ −λmin(Q̃) ∥∆w∥22 .

Then ∥∥∥f(xa, ua) − f(xb, ub)
∥∥∥2
P
− ∥∆x∥2P

≤ −λmin(Q̃)∆w⊤∆w + ∆u⊤B⊤
2 PB2∆u

+ 2∆x⊤A⊤PB2∆u+ 2∆w⊤(B⊤
1 PB2 + ΛD12)∆u

− (1 − ᾱ2)∆x⊤P∆x.

Given τ ∈ (0, 1), by completing the squares, we obtain that∥∥∥f(xa, ua) − f(xb, ub)
∥∥∥2
P
− ∥∆x∥2P

≤ −τ(1 − ᾱ2)∆x⊤P∆x+ ∆u⊤B⊤
2 PB2∆u

+
1

λmin(Q̃)
∆u⊤(B⊤

1 PB2 + ΛD12)
⊤(B⊤

1 PB2 + ΛD12)∆u

+
1

(1 − τ)(1 − ᾱ2)
∆u⊤B⊤

2 P
⊤AP−1A⊤PB2∆u,

(4.14)

i.e. V (xa, xb) respects condition (2.11b). Then, in view of Theorem 2.4 and
on the existence of a δISS Lyapunov function respecting (2.11a) and (2.11b),
the REN model is δISS. □
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MPC design for δISS systems
and application to REN
models

In this chapter, we introduce some of the main ideas that can be used for the
design of MPC algorithms for δISS systems, and that will be exploited also
in the following chapters. In particular, we provide some guidelines for the
design of the MPC terminal ingredients and for the design of the observer,
exploiting the δISS property of the system under control. These general
ideas are then applied to the design of an MPC algorithm based on REN
models. The REN-based MPC is tested in simulation on a pH neutralization
process.

The REN-based MPC algorithm is taken from:

• [211] Schimperna, I., and Magni, L. (2024). Recurrent equilibrium
network models for nonlinear model predictive control. IFAC-Papers-
OnLine, 58(18), 226-231. Presented at the 8th IFAC Conference on
Nonlinear Model Predictive Control NMPC 2024, Kyoto, Japan.

5.1 Design of MPC algorithms for δISS systems

In this section, we consider the problem of designing a stabilizing MPC
algorithm for a globally δISS nonlinear system. In the formulation of this
chapter we only consider input constraints, with the input constraint set U
containing the input reference ū in its interior. We also consider the observer
design problem in case of output-feedback. This is the typical case when
using RNN models, in which the state does not have a physical meaning
but is an artificial quantity that is used to memorize the past history of the
system.
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5.1.1 MPC for δISS systems

The δISS property of the system facilitates the design of stabilizing MPC
algorithms based on terminal ingredients. In fact, it is possible to use as
auxiliary control law to satisfy Assumption 3.2 the constant control law
µa(x) = ū for all x ∈ Rn. In view of the δISS property of the system,
the state trajectory associated to the constant input ū converges to the
equilibrium state x̄. Then, an open-loop δISS Lyapunov function can be
used as terminal cost of the MPC. Since the δISS property is assumed to
hold globally, if there are no state constraints it is not necessary to introduce
a terminal constraint in the optimization. This is an advantage because it
allows to always have feasibility of the optimization problem.

In presence of constraints on the system state, it is necessary to introduce
a terminal set that respects Points 1. and 2. of Assumption 3.2. The simpler
design of the terminal set consists in the use of a sublevel set of a terminal
cost included in the state constraint set X . This aspect will be further
analyzed in the MPC design in Chapters 6 and 7.

5.1.2 Observer for δISS systems

If the state of the system is not measurable, an observer must be introduced
in the closed-loop, as explained in Section 3.3. The δISS property is very
useful for the design of observers [7]. In fact, it can be seen as an “open-
loop observability” property, meaning that for δISS systems the trivial open-
loop observer is guaranteed to provide a converging state estimation. This
property immediately follows from the definition (2.10) of δISS, where we
can see that if we provide the same input sequence to the system, the state
trajectories starting from any initial state converge asymptotically.

Typically, the open-loop observer does not provide the best performances
in terms of convergence speed of the state estimation. However, it can serve
as baseline for the design of more complex observers, and it ensures the
existence of an observer structure with guaranteed convergence properties.

5.2 MPC design for REN models

In this section, we show the procedure for the design of an observer and a
stabilizing MPC for a system modeled by a REN, following the ideas pre-
sented in the previous section. The control design and the stability analysis
are carried out under the assumption that the REN model (4.8) exactly
represents the dynamics of the system under control.

5.2.1 Observer for the REN model

The state x of the REN model has no physical meaning, but it encodes the
memory of the past inputs of the plant. So, when the REN model is used to
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provide the predictions for the MPC, it is important to initialize the state
in a meaningful way, that is consistent with the past history of the plant.
In order to do so, an observer is introduced in the control loop, and is used
to provide an estimate x̂ of the state x of the REN model.

The observer for the REN model is designed with a structure similar
to the one of the REN model (4.8), but including in the state equation an
additional term to penalize the difference between the output predicted by
the observer and the real output. The equations of the REN observer are
the following

x̂k+1 = Ax̂k +B1ŵk +B2uk + bx + L(yk − ŷk) (5.1a)

ŵk = ϕ(D11ŵk + C1x̂k +D12uk + bv) (5.1b)

ŷk = C2x̂k +D21ŵk +D22uk + by (5.1c)

where L ∈ Rn×p is the observer gain, that has to be properly tuned in order
to guarantee convergence, as reported in the next Theorem.

Theorem 5.1. If the plant behaves according to (4.8), with ϕ(·) satisfying
Assumption 4.2, and respects the δISS condition (4.9), and the observer gain
L is selected so that there exist Po = P⊤

o ≻ 0, Λ ∈ D+ and ᾱo ∈ (0, 1] such
that

Q̃o ≻ 0, (5.2)

where

Q̃o :=

[
ᾱ2
oPo −C⊤

1 Λ
−ΛC1 W

]
−
[

(A− LC2)
⊤

(B1 − LD21)
⊤

]
Po

[
(A− LC2)

⊤

(B1 − LD21)
⊤

]⊤
and W := 2Λ − ΛD11 −D⊤

11Λ, then the observer provides an exponentially
converging and bounded state estimation, i.e. xk − x̂k → 0 for k → ∞ and
there exist M > 0 and µ ∈ (0, 1) such that

∥xk − x̂k∥2 ≤Mµk ∥x0 − x̂0∥2 . (5.3)

Proof. The proof is reported in Section 5.5.1.

Remark 5.1. A possible suboptimal choice of the observer gain is the open-
loop observer with L = 0n,p. In fact, with this choice, (5.2) is trivially
satisfied for Po = P and ᾱo = ᾱ.

5.2.2 MPC design

The objective of the MPC is to stabilize the system at an equilibrium point
(x̄, ū, ȳ) of the REN model, while respecting an input constraint u ∈ U . To
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do so, the following FHOCP is solved at every time instant k:

min
u·|k

N−1∑
i=0

(∥∥xi|k − x̄
∥∥2
Q

+
∥∥ui|k − ū

∥∥2
R

)
+ s

∥∥xN |k − x̄
∥∥2
P

(5.4a)

s.t. x0|k = x̂k (5.4b)

xi+1|k = f(xi|k, ui|k) (5.4c)

ui|k ∈ U (5.4d)

where ū is such that ū ∈ U , and the cost matrices are such that Q = Q⊤ ≻ 0,
R = R⊤ ≻ 0, P satisfies (4.9) and

s =
λmax(Q)

(1 − ᾱ2)λmin(P )
. (5.5)

In (5.4c), the function f represents the REN state equation (4.8a)-(4.8c).
Then, denoting by u⋆

k := {u⋆0|k, ..., u
⋆
N−1|k} the optimal input sequence

at time step k, the MPC control law is selected according to the receding
horizon principle, i.e.

uk = µMPC(x̂k) = u⋆0|k. (5.6)

5.2.3 Convergence properties

In the following theorem the main result about the stabilizing properties of
the proposed control schema is derived.

Theorem 5.2. If the REN model respects Assumption 4.2 and the δISS
condition (4.9), the observer is tuned in order to satisfy (5.2), and the in-
put constraint set U is bounded, then the equilibrium point x = x̄, x̂ = x̄
of the closed loop composed by the plant (4.8), the observer (5.1) and the
MPC (5.6) is asymptotically stable.

Proof. The proof is reported in Section 5.5.2.

5.3 Illustrative example

5.3.1 pH neutralization process

To test the proposed algorithm, we considered the control of the pH neu-
tralization process proposed in [97]. This system is a simplification of the
process proposed in [95], that was specifically designed to test advanced
control strategies. This is a SISO system, with nonmeasurable state, and is
open-loop δISS. The system is highly nonlinear, and its gain varies several
order of magnitude over a modest range of pH values. A schematic layout of
the process is reported in Figure 5.1. The process consists in a tank where
three flows of substances are mixed: an acid flow q1, a buffer flow q2, and
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pH

Figure 5.1: Schematic layout of the pH neutralization process.

a basic flow q3. The basic flow q3 is considered as controlled variable. The
acid flow q1 is considered constant at the nominal operating point. The
buffer flow q2 is an unmeasurable disturbance. The output of the system is
the pH on the output flow q4. The physical model of the plant is based on
conservation equations and equilibrium relations. Defining the state, input
and output of the system as

x := [Wa4, Wb4, h1]
⊤, u := q3, y := pH,

where Wa4 is a charge related quantity in the output flow, Wb4 is the con-
centration of CO2−

3 ions in the output flow, h is the tank level and the acid
flow q1 is assumed to be a constant parameter, the process model can be
written in the form

ẋ = f(x) + g(x)u+ p(x)q2,

c(x, y) = 0, (5.7)

where

f(x) =


q1

A1x(3)
(Wa1 − x(1))

q1
A1x(3)

(Wb1 − x(2))
1
A1

(q1 − Cv4(x(3) + z)n)

 ,

g(x) =


1

A1x(3)
(Wa3 − x(1))

1
A1x(3)

(Wb3 − x(2))
1
A1

 ,

p(x) =


1

A1x(3)
(Wa2 − x(1))

1
A1x(3)

(Wb2 − x(2))
1
A1

 ,
c(x, y) = x(1) + 10y−14 − 10−y + x(2)

1 + 2 × 10y−pK2

1 + 10pK1−y + 10y−pK2
.
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z = 11.5cm Wa1 = 3.00 · 10−3M q1 = 16.6mL/s
Cv4 = 4.59 Wb1 = 0.00M q2 = 0.55mL/s
n = 0.607 Wa2 = −0.03M q3 = 15.6mL/s
pK1 = 6.35 Wb2 = 0.03M q4 = 32.8mL/s
pK2 = 10.25 Wa3 = 3.05 · 10−3M A1 = 207cm2

h1 = 14cm Wb3 = 5.00 · 10−5M Wa4 = −4.32 · 10−4M
pH = 7.0 Wb4 = 5.28 · 10−4M

Table 5.1: Nominal operating conditions of the pH system.

The output equation (5.7) can be rewritten in explicit form as

ẏ = −c−1
y (x, y)cx(y)ẋ,

where

cx(y) =

[
1,

1 + 2 × 10y−pK2

1 + 10pK1−y + 10y−pK2
, 0

]⊤
,

cy(x, y) = ln(10)

(
10y−14 + 10−y

+ x(2)
10pK1−y + 10y−pK2 + 4(10pK1−y)(10y−pK2)

(1 + 10pK1−y + 10y−pK2)2

)
.

The nominal values of the model parameters are reported in Table 5.1.

5.3.2 Simulation results

For the MPC simulations of this section, the buffer flow q2 is considered
constant at its nominal value, and the system input q3 = u is considered
saturated in

u ∈ U := [12.5, 17] mL/s.

To derive a REN model of the plant, a dataset is collected by forcing a sim-
ulator of the system with multilevel pseudo-random inputs, and the output
response is sampled with a sampling time Ts = 10s. A sequence of 20000
time steps is collected, and is divided into 15000 time steps for training,
2500 time steps for validation and 2500 time steps for testing. Then, the
training data is divided into shortest subsequences of 100 time steps each,
and the training was performed with a batch size of 25.

To simplify the implementation we considered an acyclic REN, where
D11 is strictly lower triangular, that has shown to provide models of similar
quality of the general REN. The training code is implemented in Python,
using PyTorch library. In particular, a model with n = 5, q = 8, hyperbolic
tangent as activation function and with guaranteed contraction property is
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Figure 5.2: Simulation results: output (pH).

trained using ADAM optimizer for 200 epochs. The final model used for
the MPC implementation obtains a satisfactory FIT of 86.8% on the test
dataset.

To select the observer gain L we solve the following optimization problem

max
L

λmin(Q̃o) (5.8)

where Q̃o is computed fixing Po = P and ᾱo = ᾱ, and P is obtained ac-
cording to the formulas reported in [201]. This is a nonlinear optimization
problem, and is solved using Matlab fmincon function, initializing the solver
in the feasible point L = 0n,p. The idea behind the optimization (5.8) is
that large eigenvalues of Q̃o are related to a fast convergence of the observer
estimation error in view of Equation (5.12) in the proofs. In the FHOCP,
the cost matrices are set to Q = 100In, R = 1, and s is chosen according to
(5.5). The prediction horizon is set to N = 10. The simulation is carried out
in Matlab, and the FHOCP is solved using CasADi [6]. In the simulation,
step-wise variations of the output reference ȳ has been applied to the con-
troller. The resulting closed-loop trajectory is reported in Figure 5.2, while
the control variable evolution is reported in Figure 5.3, showing that the
controller is able to manage the plant in a satisfactory way and to respect
the saturation constraints on the input. A small static gain mismatch is
present, that is due to modeling errors.

5.4 Conclusions

In this chapter, an observer and a stabilizing MPC are proposed for the
REN model, following general design ideas that can be adapted to any δISS
model. The observer is based on the REN model equations, and a condition
for its convergence is derived. In the MPC formulation, a terminal cost
is introduced in order to guarantee closed-loop stability. Since no state or
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Figure 5.3: Simulation results: input (q3).

output constraints are considered, in view of the δISS property of the model,
it is not necessary to include a terminal constraint.

5.5 Proofs

5.5.1 Proof of Theorem 5.1

In this proof, we study the evolution of the observer estimation error x− x̂.
By subtracting (5.1a) from (4.8a) and substituting the expressions (4.8b)
for y and (5.1c) for ŷ, we obtain that

xk+1 − x̂k+1 = (A− LC2)(xk − x̂k) + (B1 − LD21)(wk − ŵk). (5.9)

Let’s now denote

vk := D11wk + C1xk +D12uk + bv

v̂k := D11ŵk + C1x̂k +D12uk + bv

so that wk = ϕ(vk) and ŵk = ϕ(v̂k). We have that

vk − v̂k = C1(xk − x̂k) +D11(wk − ŵk). (5.10)

In view of (4.10), for any diagonal matrix Λ ≻ 0 we have that

(wk − ŵk)⊤Λ(vk − v̂k) ≥ (wk − ŵk)⊤Λ(wk − ŵk).

Substituting (5.10) we obtain

1

2
(wk − ŵk)⊤W (wk − ŵk) − (xk − x̂k)⊤C⊤

1 Λ(wk − ŵk) ≤ 0. (5.11)

Let’s now consider [
xk − x̂k
wk − ŵk

]⊤
Q̃o

[
xk − x̂k
wk − ŵk

]
.

68



Chapter 5. MPC design for δISS systems and application to REN models

In view of (5.9) and positive definiteness of Q̃o, if xk ̸= x̂k

∥xk+1 − x̂k+1∥2Po
< ᾱ2

o ∥xk − x̂k∥2Po

− 2(xk − x̂k)⊤C⊤
1 Λ(wk − ŵk) + (wk − ŵk)⊤W (wk − ŵk)

(5.11)

≤ ᾱ2
o ∥xk − x̂k∥2Po

(5.12)

Then the bound (5.3) and convergence can be proven by iterating the pre-
vious equation over k. □

5.5.2 Proof of Theorem 5.2

To study the stability of the closed loop system in presence of perturbation
terms due to the observer estimation error x− x̂, we consider as Lyapunov
function the optimal cost of the MPC, i.e.

V (x̂k) =
N−1∑
i=0

(∥∥∥x⋆i|k − x̄
∥∥∥2
Q

+
∥∥∥u⋆i|k − ū

∥∥∥2
R

)
+ s

∥∥∥x⋆N |k − x̄
∥∥∥2
P

where x⋆
k = {x⋆0|k, ..., x

⋆
N |k} denote the optimal state sequence at time k,

defined by x⋆i+1|k := f(x⋆i|k, u
⋆
i|k) with x⋆0|k := x̂k.

Firstly, we note that

V (x̂k) ≥ a ∥x̂k − x̄∥22 ,

where a = λmin(Q).

To derive an upper bound for V (x̂k), we consider the suboptimal control
sequence ũk = {ũ0|k, ..., ũN−1|k} defined by ũi|k := ū for all i = 0, ..., N − 1.
We denote with x̃k = {x̃0|k, ..., x̃N |k} the associated state trajectory defined
by x̃i+1|k := f(x̃i|k, ũi|k) with x̃0|k := x̂k. We have that

V (x̂k) ≤
N−1∑
i=0

∥∥x̃i|k − x̄
∥∥2
Q

+ s
∥∥x̃N |k − x̄

∥∥2
P
.

Then, in view of the δISS property of the REN model, noting that x̄ is the
state evolution with initial state x̄ and input ū, there exists b > 0 such that

V (x̂k) ≤ b ∥x̂k − x̄∥22 .

Let’s now study the variation of the Lyapunov function between subse-
quent time steps. At time k + 1 we have that

V (x̂k+1) =
N−1∑
i=0

(∥∥∥x⋆i|k+1 − x̄
∥∥∥2
Q

+
∥∥∥u⋆i|k+1 − ū

∥∥∥2
R

)
+ s

∥∥∥x⋆N |k+1 − x̄
∥∥∥2
P
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where u⋆
k+1 = {u⋆0|k+1, ..., u

⋆
N−1|k+1} is the optimal input sequence at time

k + 1, and x⋆
k+1 = {x⋆0|k+1, ..., x

⋆
N |k+1} is the associated state trajectory,

defined by x⋆i+1|k+1 := f(x⋆i|k+1, u
⋆
i|k+1) with x⋆0|k+1 := x̂k+1. Note that, in

view of the presence of the observer, x̂k+1 can be different from x⋆1|k.

To prove the decreasing property of the Lyapunov function, we intro-
duce the suboptimal input sequence ũk+1 = {ũ0|k+1, ..., ũN−1|k+1} defined
by ũi|k+1 := u⋆i+1|k for i = 0, ..., N − 2 and ũN−1|k+1 := ū. We denote

by x̃k+1 = {x̃0|k+1, ..., x̃N |k+1} the associate state trajectory, defined by
x̃i+1|k+1 := f(x̃i|k+1, ũi|k+1) with x̃0|k+1 := x̂k+1.

To take into account the different initialization of the FHOCP at each
time step we introduce the following error terms for i = 1, ..., N + 1

εk+i := x̃i−1|k+1 − x⋆i|k

where x⋆N+1|k := f(x⋆N |k, ū).

In view of optimality, we have that

V (x̂k+1) ≤
N−1∑
i=0

(∥∥x̃i|k+1 − x̄
∥∥2
Q

+
∥∥ũi|k+1 − ū

∥∥2
R

)
+ s

∥∥x̃N |k+1 − x̄
∥∥2
P

=
N−1∑
i=0

(∥∥∥x⋆i+1|k − x̄
∥∥∥2
Q

+ ∥εk+i+1∥2Q + 2(x⋆i+1|k − x̄)⊤Qεk+i+1

)
+

N−2∑
i=0

∥∥∥u⋆i+1|k − ū
∥∥∥2
R

+ s
∥∥∥x⋆N+1|k − x̄

∥∥∥2
P

+ s ∥εk+N+1∥2P + 2s(x⋆N+1|k − x̄)⊤Pεk+N+1.

Then

V (x̂k+1) − V (x̂k) ≤−
∥∥∥x⋆0|k − x̄

∥∥∥2
Q
−
∥∥∥u⋆0|k − ū

∥∥∥2
R

+
∥∥∥x⋆N |k − x̄

∥∥∥2
Q

+ s
∥∥∥x⋆N+1|k − x̄

∥∥∥2
P
− s

∥∥∥x⋆N |k − x̄
∥∥∥2
P

+
N−1∑
i=0

(
∥εk+i+1∥2Q + 2(x⋆i+1|k − x̄)⊤Qεk+i+1

)
+ s ∥εk+N+1∥2P + 2s(x⋆N+1|k − x̄)⊤Pεk+N+1.

Let’s consider now the terms related to the states at time steps k+N and
k +N + 1, and let’s use the δISS property of the REN. In particular, since
x̄ = f(x̄, ū), the Lyapunov inequality (4.14) can be applied with ∆u = 0
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and τ = 1:∥∥∥x⋆N |k − x̄
∥∥∥2
Q

+ s
∥∥∥x⋆N+1|k − x̄

∥∥∥2
P
− s

∥∥∥x⋆N |k − x̄
∥∥∥2
P

≤ λmax(Q)
∥∥∥x⋆N |k − x̄

∥∥∥2
2

+ s
(∥∥∥x⋆N+1|k − x̄

∥∥∥2
P
−
∥∥∥x⋆N |k − x̄

∥∥∥2
P

)
(4.14)

≤ λmax(Q)
∥∥∥x⋆N |k − x̄

∥∥∥2
2

+ s(ᾱ2 − 1)
∥∥∥x⋆N |k − x̄

∥∥∥2
P

≤
(
λmax(Q) − s(1 − ᾱ2)λmin(P )

) ∥∥∥x⋆N |k − x̄
∥∥∥2
2

(5.5)
= 0

Then

V (x̂k+1) − V (x̂k) ≤ −
∥∥∥x⋆0|k − x̄

∥∥∥2
Q
−
∥∥∥u⋆0|k − ū

∥∥∥2
R

+ pk

where

pk =
N−1∑
i=0

(
∥εk+i+1∥2Q + 2(x⋆i+1|k − x̄)⊤Qεk+i+1

)
+ s ∥εk+N+1∥2P + 2s(x⋆N+1|k − x̄)⊤Pεk+N+1.

In view of the boundedness and convergence of the observer estima-
tion error, there exist M1 > 0 such that ∥εk+i+1∥2 ≤ M1 ∥xk − x̂k∥2, and
εk+i+1 → 0 for k → ∞, for all i = 0, ..., N . Moreover, for the δISS property
of the model and the boundedness of U , the system state xk is guaran-
teed to be bounded for any k. In view of (5.3) and of the boundedness of

xk and of ∥x0 − x̂0∥2, there exist M2,M3 > 0 such that
∥∥∥x⋆i+1|k − x̄

∥∥∥
2
≤

M2

∥∥∥x⋆0|k − x̄
∥∥∥
2

= M2 ∥x̂k − x̄∥2 ≤ M3, for i = 0, ..., N . Then the Lyapunov

function V (x̂k) is such that

a ∥x̂k − x̄∥22 ≤ V (x̂k) ≤ b ∥x̂k − x̄∥22
V (x̂k+1) − V (x̂k) ≤ −c ∥x̂k − x̄∥22 + pk

for some a, b, c > 0, where pk is bounded by a quantity that depends only
on ∥xk − x̂k∥2, and pk → 0 for k → ∞.

In view of the properties of V (x̂k), stability of the equilibrium point
of the closed loop system can be proven following the proof of Theorem 3
in [219]. □
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Chapter 6

Robust MPC with GRU
networks

In this chapter, we consider the design of MPC for a δISS GRU model in
presence of output constraints. The proposed control algorithm includes a
state observer designed as in [32], and a constraint tightening method is used
in the design of the robust MPC algorithm to take into account the presence f
modeling errors and of the observer estimation error. In particular, we model
the uncertainty as an additive disturbance acting on the output of the GRU
model, and we design the constraint tightening inspired by [130] on the
base of an incremental Lyapunov function of the model and of a Lyapunov
function for the observer estimation error. The model Lyapunov function
is also used to derive the terminal ingredients for the MPC, following the
ideas already detailed in Section 5.1.1. Compared to the MPC formulation
for δISS GRU models proposed in [32], our algorithm does not require a
large prediction horizon, allowing to keep the computational cost low, and
considers the presence of output constraints.

The content of this chapter is based on:

• [212] Schimperna, I., and Magni, L. (2024). Robust constrained non-
linear model predictive control with gated recurrent unit model. Auto-
matica, 161, 111472.

6.1 Problem formulation and control algorithm

The objective of the GRU-based MPC designed in this chapter is to perform
regulation at a set point ȳ, while respecting input saturation constraints

u ∈ U = {u ∈ Rm : ∥u∥∞ ≤ 1} (6.1)

and compact polytopic constraints on the output

y ∈ Y = {y ∈ Rp : Ly ≤ h} (6.2)
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Figure 6.1: Block diagram of the control scheme.

where L ∈ Rq×p and h ∈ Rq. The formulation of the input saturation con-
straint as unity boundedness of u is very general, since it can be obtained by
applying a proper normalization to the input of the model. The schematic
layout of the proposed control algorithm is reported in Figure 6.1, and is
composed by two main blocks. The first block is an observer, that provides
an estimation of the state of the GRU model on the basis of the input and
the output of the plant. The second block is the robust MPC, that solves a
FHOCP and gives in output the first element of the optimal input sequence.
In the FHOCP, the evolution of the plant is predicted by the GRU model,
and the constraints are tightened to guarantee their robust satisfaction de-
spite the presence of model-plant mismatch and of the observer estimation
error. Moreover, the terminal ingredients of the FHOCP are designed to
guarantee stability.

6.2 Gated Recurrent Unit model and observer

6.2.1 Model properties and uncertainty description

We consider a GRU NN as model of the system under control, described
by equation (4.5). In this chapter we take into account the presence of
modeling errors. Hence, we denote the output of the GRU model produced
by equation (4.5e) by ξ ∈ Rp instead than by y, to distinguish it from the
real system output y. The GRU model is also denoted in a more compact
way by

xk+1 = f(xk, uk) (6.3a)

ξk = g(xk). (6.3b)

We consider a GRU model satisfying the sufficient condition for δISS of
Theorem 4.2, with the state x ∈ X , where X is defined in (4.7). Under this
condition, it is possible to define an incremental Lyapunov function for the
GRU model, that is used to define the terminal ingredients for the MPC
and the parameters for the constraint tightening.
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Lemma 6.1. If the GRU model respects condition (4.6), then

Vs(x
a, xb) = ∥xa − xb∥∞

is an incremental Lyapunov function for the system (6.3), such that

Vs((x
a)+, (xb)+) ≤ ρsVs(x

a, xb) (6.4a)

LUo(x
a − xb) ≤ csVs(x

a, xb) (6.4b)

where (xa)+ := f(xa, u), (xb)+ := f(xb, u), ρs := σ̄z + (1− σ̄z)ν and cs ∈ Rq

with cs(j) := ∥(LUo)(j∗)∥∞.

Proof. The proof is reported in Section 6.6.1.

Note that if ν < 1, then ρs < 1. In fact ρs is the average between 1 and
ν weighted by σ̄z ∈ (0, 1). Hence, ρs ∈ (ν, 1).

Because of model-plant mismatch, the GRU model is not an exact rep-
resentation of the dynamics of the system under control. We assume that
the real plant with input u and output y behaves as a perturbed version of
its GRU model, described by the following equations

xk+1 = f(xk, uk) (6.5a)

yk = g(xk) + wy,k (6.5b)

where wy is bounded in the set

wy ∈ Wy := {wy ∈ Rp : ∥wy∥∞ ≤ w̄y}

and w̄y ∈ R can be estimated as the maximum output error of the model.

6.2.2 Observer

The state x of the GRU model has no physical meaning, hence it cannot be
directly measured from the system, but it needs to be estimated by means
of an observer. In particular, we use the observer for the GRU proposed
in [32], that is described by the following equations

x̂k+1 = ẑk ⊗ x̂k + (1 − ẑk) ⊗ ĥk (6.6a)

ẑk = σ(Wzuk + Uzx̂k + bz + Lz(yk − ŷk)) (6.6b)

r̂k = σ(Wruk + Urx̂k + br + Lr(yk − ŷk)) (6.6c)

ĥk = tanh(Whuk + Uh(r̂k ⊗ x̂k) + bh) (6.6d)

ŷk = Uox̂k + bo (6.6e)

where Lz, Lr ∈ Rn×p are observer gains that must be properly selected,
ẑk = ẑ(x̂k, uk, yk), r̂k = r̂(x̂k, uk, yk) and ĥk = ĥ(x̂k, uk, yk). In presence of
perturbations, it is not possible to guarantee that the observer estimation
error converges to zero. However it is possible to prove that it is ISS with
respect to the perturbation term wy.
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Lemma 6.2. If the plant behaves according to (6.5) and respects the δISS
condition (4.6), x ∈ X , x̂ ∈ X , u ∈ U and the observer gains Lz and Lr are
selected so that

νo < 1 (6.7)

where

νo := ∥Uh∥∞
(

1

4
∥Ur − LrUo∥∞ + σ̄r

)
+

1

4

1 + ϕ̄h
1 − σ̄z

∥Uz − LzUo∥∞

then the function
Vo(x− x̂) := ∥x− x̂∥∞

is an ISS-Lyapunov function for the system describing the observer estima-
tion error x̂− x with respect to the input wy, such that

Vo(x
+ − x̂+) ≤ ρoVo(x− x̂) + κ ∥wy∥∞ (6.8a)

LUo(x− x̂) ≤ coVo(x− x̂) (6.8b)∥∥x̂+ − f(x̂, u)
∥∥
∞ ≤ LmaxVo(x− x̂) + κ ∥wy∥∞ (6.8c)

where x+ = f(x, u), x̂+ is the next state computed by the observer (6.6),
ρo := σ̄z + (1 − σ̄z)νo, co ∈ Rq with co(j) := ∥(LUo)(j∗)∥∞, and

κ =
1

4
(1 + ϕ̄h)∥Lz∥∞ +

1

4
σ̄z∥Uh∥∞∥Lr∥∞

Lmax =
1

4
(1 + ϕ̄h) ∥LzUo∥∞ +

1

4
σ̄z ∥Uh∥∞ ∥LrUo∥∞ .

Proof. The proof is reported in Section 6.6.2.

Remark 6.1. A possible suboptimal choice of the gains of the observer that
satisfies the condition νo < 1 is the open loop observer with Lz = Lr = 0n,p.
In fact with this choice νo = ν, that is smaller than 1 by assumption.

Theorem 6.1. If the plant behaves according to (6.5) and respects the δISS
condition (4.6), x ∈ X , x̂ ∈ X , u ∈ U , wy ∈ Wy and νo < 1, then the system
that describes the observer estimation error x− x̂ is ISS with respect to the
input wy.

Proof. The proof follows from Theorem 2.2, in view of the existence of an
ISS-Lyapunov function Vo(x− x̂). □

6.3 MPC design

6.3.1 Tightened constraint design

On the base of the derived Lyapunov functions for the model and for the
observer estimation error, it is possible to introduce the coefficients ai, bi ∈
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Rq for the constraint tightening that will be employed in the robust MPC.
Such coefficients are designed as follows [130]

a0 := co, b0 := 0q,1, (6.9a)

ai+1 := ρoai + ρisLmaxcs, (6.9b)

bi+1 := bi + aiw̄ + csρ
i
sw̄, (6.9c)

where w̄ is such that

κ ∥wy∥∞ ≤ w̄ (6.10)

for all wy ∈ Wy .

For the constraint tightening the MPC uses also a time variant term
êo ∈ R related to the uncertainty of the observer. The evolution in time
of this term corresponds to the worst case evolution of the observer ISS-
Lyapunov function Vo(x− x̂):

êo,k+1 = ρoêo,k + w̄. (6.11)

Note that depending on the values of êo,0, ρo and w̄, êo can increase or
decrease, but its behavior is always monotonic with

lim
k→∞

êo,k = ē∞ :=
w̄

1 − ρo
.

6.3.2 Robust MPC formulation

It is now introduced the Finite Horizon Optimal Control Problem (FHOCP)
solved by the MPC. In the FHOCP the deviation of states and inputs from
the reference values x̄ and ū is penalized. These references values are com-
puted from the GRU model (6.3) as the equilibrium state and input corre-
sponding to the output ξ = ȳ.

Definition 6.1 (FHOCP). Given the prediction horizon N , the FHOCP
for the robust MPC is the following:

min
u·|k

N−1∑
i=0

(∥∥xi|k − x̄
∥∥2
Q

+
∥∥ui|k − ū

∥∥2
R

)
+ s

∥∥xN |k − x̄
∥∥2
∞ (6.12a)

s.t. x0|k = x̂k (6.12b)

xi+1|k = f(xi|k, ui|k) (6.12c)

L(Uoxi|k + bo) + wL ≤ h− aiêo,k − bi (6.12d)

ui|k ∈ U (6.12e)

for i = 0, ..., N − 1

xN |k ∈ Xf (6.12f)
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where Q and R are positive definite matrices and are design choices, while

s ≥ nλmax(Q)

1 − ρ2s
. (6.13)

The term wL ∈ Rq for the constraint tightening is defined element by element
as

wL(j) =

p∑
k=1

|L(jk)|w̄y (6.14)

for j = 1, ..., q.
Xf is a terminal set chosen as a level line of the terminal cost

Xf := {x ∈ Rn : ∥x− x̄∥∞ ≤ α} (6.15)

with

α := min
j=1,...,q

−L(j∗)ȳ + h(j) − ẽoaN(j) − bN(j) − wL(j)∥∥(LUo)(j∗)
∥∥
∞

(6.16a)

where
ẽo := max{êo,0, ē∞}. (6.16b)

At each time step k the solution of the FHOCP is denoted by u⋆
k =

{u⋆0|k, ..., u
⋆
N−1|k}. According to the Receding Horizon principle, the MPC

control law is obtained applying only the first element of the optimal input
sequence, i.e.

uk = µMPC(x̂k, êo,k) = u⋆0|k. (6.17)

6.3.3 Recursive feasibility and stability analysis

In this section we analyze the recursive feasibility and stability of the pro-
posed control schema. First, note that in order to have a solution of the
FHOCP, it is necessary that α > 0. To guarantee this condition we introduce
the following assumption on the set-point.

Assumption 6.1. The set-point ȳ is such that

Lȳ < h− ẽoaN − bN − wL.

Let’s define the state of the closed-loop system, shifted with respect to
the nominal equilibrium, as ψ = [(x − x̄)⊤ (x̂ − x̄)⊤ (êo − ē∞)]⊤ and the
feasible set of states

XMPC := {ψ : x, x̂ ∈ X , êo is such that Vo(x− x̂) ≤ êo

and ∃ a solution of the FHOCP}.
(6.18)

Then, it is possible to state the following theorem concerning the properties
of the closed-loop system.
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Figure 6.2: Schematic layout of the four-tanks plant.

Theorem 6.2. If the plant behaves according to (6.5), the GRU model re-
spects the δISS condition (4.6), the observer gains are selected to satisfy con-
dition (6.7), Assumption 6.1 is satisfied and the following inequality holds

ρNs (Lmaxêo,k + w̄) ≤ α(1 − ρs) (6.19)

for all k ≥ 0, then the FHOCP is recursively feasible, the constraints (6.1)
and (6.2) are satisfied ∀ψ ∈ XMPC and the closed loop system is ISS with
respect to the input wy, for ψ ∈ XMPC and wy ∈ Wy.

Proof. The proof is reported in Section 6.6.3.

Remark 6.2. The satisfaction of inequality (6.19) depends on the values of
N , Lmax and w̄. The value of Lmax is related to the observer gains Lz and
Lr, that can be selected as small as needed, as noted in Remark 6.1. The term
N can be enlarged to satisfy the condition for recursive feasibility. However,
with large values of N , the requirement of Assumption 6.1 may become more
conservative, and the computation effort needed to solve the optimization
increases. Lastly, w̄ is related to the maximum of the perturbation term
wy, that represents the modeling error. Hence, recursive feasibility can be
obtained for any value of the prediction horizon N when the modeling error
wy is small enough, by using a proper tuning of the observer gains.

6.4 Illustrative example

6.4.1 Four-tanks process

As numerical example to test the proposed control algorithm we consider
the four tank benchmark described in [4]. The schematic layout of the plant
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Symbol Value Unit Description

a1 1.31e-4 m2 Discharge constant of tank 1

a2 1.51e-4 m2 Discharge constant of tank 2

a3 9.27e-5 m2 Discharge constant of tank 3

a4 8.82e-5 m2 Discharge constant of tank 4

S 0.06 m2 Cross-section of the tanks

γa 0.3 - Parameter of the 3-way valve

γb 0.4 - Parameter of the 3-way valve

qamax 3.26 m3/h Maximum flow of qa

qbmax 4 m3/h Maximum flow of qb

qmin 0 m3/h Minimum flow of qa and qb

q̄a 1.63 m3/h Equilibrium of qa

q̄b 2 m3/h Equilibrium of qb

h01 0.65 m Nominal level of tank 1

h02 0.66 m Nominal level of tank 2

h03 0.65 m Nominal level of tank 3

h04 0.66 m Nominal level of tank 4

q0a 1.63 m3/h Nominal flow of qa

q0b 2.00 m3/h Nominal flow of qb

Table 6.1: Numerical values of the parameters of the four tanks system.

is reported in Figure 6.2. The system is characterized by the following
differential equations:

ḣ1 = −a1
S

√
2gh1 +

a3
S

√
2gh3 +

γa
S
qa

ḣ2 = −a2
S

√
2gh2 +

a4
S

√
2gh4 +

γb
S
qb

ḣ3 = −a3
S

√
2gh3 +

1 − γb
S

qb

ḣ4 = −a4
S

√
2gh4 +

1 − γa
S

qa

(6.20)

where the states h1, h2, h3, h4 are the water level in the four different tanks,
while the inputs are qa and qb and represent the inlet flows in the two valves.
The numerical values of the system parameters and their descriptions can
be found in Table 6.1.
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6.4.2 Simulation results

The objective of the developed control algorithm is to control the water
level in the two bottom tanks, h1 and h2, while respecting the following
constraints:

qa ∈ [0.0, 9.05] × 10−4m3/s, h1 ∈ [0.0, 2.0]m,

qb ∈ [0.0, 11.1] × 10−4m3/s, h2 ∈ [0.0, 2.0]m.

To obtain the dataset for the training of the GRU network, a simulator
of the plant is forced with a multilevel pseudo-random signal, and the output
response is sampled with a sampling time Ts = 25s. In particular, qa and
qb in the dataset are two piecewise constant signals, with random values
within the saturation constraints and a random changing step time. A
sequence of input-output data of 20000 time steps is collected, and it is split
in 15000 time steps for training, 2500 for validation and 2500 for testing.
Then, the training data is divided into shortest subsequences of length 500
time steps each, and the training is performed using a batch size of 5. To
enforce the δISS property in the final network, we use the procedure detailed
in Section 4.2.2. The training is performed in Python, using TensorFlow
library. The final network has n = 20 neurons, respects the δISS condition
(4.6), and has a FIT on the test dataset of 92.7% for h1 and of 89.7% for h2.
For the simulation, the observer gains Lr and Lz are selected to minimize
νo, that is equivalent to minimize ∥Ur − LrUo∥∞ and ∥Uz − LzUo∥∞. The
resulting gains are such that ∥Lr∥∞ = 0.002 and ∥Lz∥∞ = 0.003. The cost
matrices for the MPC are set to Q = In and R = 0.01Im, and we select a
prediction horizon of N = 15. w̄y is estimated as the maximum absolute
value of the prediction error on the test dataset in the normalized variables,
obtaining w̄y = 0.12. To try to keep as low as possible the initial observer
estimation error, the initial output of the plant is measured and x̂0 is set
to the equilibrium point of the GRU network corresponding to that output.
The initial value of êo is assumed to be 0.02, and it monotonically decreases
to ē∞ ≈ 0.01. The simulation is performed by applying step-wise variations
of the reference ȳ, where all the values of the reference respect Assumption
6.1. When ȳ changes, the value of α that defines the terminal set is updated.
The simulation parameters are such that condition (6.19) is satisfied for
all k ≥ 0. The closed-loop simulation is performed in Matlab, and the
FHOCP is solved with fmincon function of Matlab optimization toolbox.
The resulting closed-loop trajectories are reported in Figure 6.3, showing
that the controller is able to manage the plant in a robust satisfactory way
in spite of uncertainties due to modeling errors. Only a small static gain
mismatch is present.
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Figure 6.3: Closed loop performances: output (solid red line) and references
(dashed blue line).

6.5 Conclusions

This chapter develops and analyses a robust MPC algorithm with input
and output constraints, based on the use of a GRU model. Robustness and
recursive feasibility are achieved using a constraint tightening approach,
based on Lyapunov functions for the model and for the observer estimation
error. The MPC formulation includes terminal ingredients that allow to
guarantee ISS of the closed-loop system with respect to the perturbation
terms without having requirements on the length of the prediction horizon,
allowing to maintain the computational effort tractable.

As also verified in the simulations, this control algorithm only guarantees
ISS of the closed-loop, and a static error may be present at steady state.
To solve this issue, in the next chapter we propose a robust MPC algorithm
that also includes offset-free tracking capabilities.

6.6 Proofs

For sake of readability, in some of the proofs the time index k is omitted, and
the quantities at the subsequent time step are denoted by the superscript +.

The following property is used in the proofs.

Lemma 6.3. Given two vectors x, y ∈ Rn

∥x+ y∥2∞ ≤ ∥x∥2∞ + ∥y∥2∞ + 2 ∥x⊗ y∥∞ (6.21)
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Proof.

∥x+ y∥2∞ =

(
max

i
|x(i) + y(i)|

)2

= max
i

(x(i) + y(i))
2

= max
i

(x2(i) + y2(i) + 2x(i)y(i))

= max
i

|x2(i) + y2(i) + 2x(i)y(i)|

≤ max
i

|x2(i)| + max
i

|y2(i)| + 2 max
i

|x(i)y(i)|

= ∥x∥2∞ + ∥y∥2∞ + 2 ∥x⊗ y∥∞

□

6.6.1 Proof of Lemma 6.1

Preliminarily, note that if x ∈ X and u ∈ U , then σ̄z, σ̄r and ϕ̄h are bounds
for z, r and h, as shown in [28]. In particular we have that

|z(j)| ≤ ∥z∥∞ ≤ σ̄z, (6.22a)

|r(j)| ≤ ∥r∥∞ ≤ σ̄r, (6.22b)

|h(j)| ≤ ∥h∥∞ ≤ ϕ̄h. (6.22c)

Moreover, in view of the symmetry of the sigmoid activation function σ(·),
we have that for j = 1, ..., n

0 < 1 − σ̄z ≤ z(j) ≤ σ̄z < 1, (6.23a)

0 < 1 − σ̄z ≤ 1 − z(j) ≤ σ̄z < 1. (6.23b)

Condition (6.4a). Let’s start by denoting za = z(xa, u), ra = r(xa, u),
ha = h(xa, u), and let’s adopt the same notation for zb, rb, hb. Moreover, let
∆x = xa−xb. Let’s now consider the time evolution of the j-th component
of ∆x:

∆x+(j) = za(j)x
a
(j) + (1 − za(j))h

a
(j) − zb(j)x

b
(j) − (1 − zb(j))h

b
(j)

= za(j)(x
a
(j) − xb(j)) + (za(j) − zb(j))x

b
(j)

+ (1 − za(j))(h
a
(j) − hb(j)) + (zb(j) − za(j))h

b
(j).

It is possible to take the absolute value of both sides, and to study the
different terms separately. Firstly note that we have that |xb(j)| ≤ ∥xb∥∞ ≤ 1

in X , and that the bounds (6.22) hold.

Exploiting the lipschitzianity of σ(·) we can derive that

|za(j) − zb(j)| ≤
∥∥∥za − zb

∥∥∥
∞

≤ 1

4
∥Uz∥∞ ∥∆x∥∞ .
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In a similar way, we have that

|ra(j) − rb(j)| ≤
∥∥∥ra − rb

∥∥∥
∞

≤ 1

4
∥Ur∥∞ ∥∆x∥∞ .

Finally, exploiting the lipschitzianity of tanh(·), we have that

|ha(j) − hb(j)| ≤
∥∥∥ha − hb

∥∥∥
∞

≤ ∥Uh∥∞
∥∥∥ra ⊗ xa − rb ⊗ xb

∥∥∥
∞

= ∥Uh∥∞
∥∥∥ra ⊗ (xa − xb) + (ra − rb) ⊗ xb

∥∥∥
∞

≤ ∥Uh∥∞
(
σ̄r

∥∥∥xa − xb
∥∥∥
∞

+
∥∥∥ra − rb

∥∥∥
∞

)
≤ ∥Uh∥∞

(
1

4
∥Ur∥∞ + σ̄r

)∥∥∥xa − xb
∥∥∥
∞
.

Combining the previous inequalities we have that for all j = 1, ..., n

|∆x+(j)| ≤ κx,j∥∆x∥∞

where

κx,j := za(j) +
1

4
(1 + ϕ̄h)∥Uz∥∞ + (1 − za(j))∥Uh∥∞

(
1

4
∥Ur∥∞ + σ̄r

)
.

In view of the definition of infinity norm, to prove (6.4a), i.e. ∥∆x+∥∞ ≤
ρs ∥∆x∥∞, it is sufficient to show that κx,j ≤ ρs for all j. In this regard we
have that

κx,j − za(j)

1 − za(j)
=

1

4

1 + ϕ̄h
1 − za(j)

∥Uz∥∞ + ∥Uh∥∞
(

1

4
∥Ur∥∞ + σ̄r

)
(6.23b)

≤ ν.

Then for all j = 1, ..., n

κx,j ≤ ν(1 − za(j)) + za(j) = za(j)(1 − ν) + ν

(6.23a)

≤ σ̄z(1 − ν) + ν = ν(1 − σ̄z) + σ̄z = ρs.

This concludes the proof of (6.4a).

Condition (6.4b). Consider the j-th row of LUo(x
a−xb) for j = 1, ..., q:

(LUo)(j∗)(x
a − xb) ≤ ∥(LUo)(j∗)(x

a − xb)∥∞
≤ ∥(LUo)(j∗)∥∞∥xa − xb∥∞ = ∥(LUo)(j∗)∥∞Vs(xa, xb).

□
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6.6.2 Proof of Lemma 6.2

Condition (6.8a). Let’s study the time evolution of the j-th component of
the observer estimation error, for all j = 1, ..., n:

x+(j) − x̂+(j) = z(j)x(j) + (1 − z(j))h(j) − ẑ(j)x̂(j) − (1 − ẑ(j))ĥ(j)

= z(j)(x(j) − x̂(j)) + (z(j) − ẑ(j))x̂(j)

+ (1 − z(j))(h(j) − ĥ(j)) + (ẑ(j) − z(j))ĥ(j).

We can now take the absolute value of both sides, and study the different
terms separately. First, we note that X is a positive invariant set for x̂, since
x̂+(j) is computed as the convex combination of x̂(j) and ĥ(j) ∈ (−1, 1). Then

|x̂(j)| ≤ ∥x̂∥∞ ≤ 1 and |ĥ(j)| ≤ ∥ĥ∥∞ ≤ ϕ̄h.
Exploiting the lipschitzianity of σ(·) we can derive that

|z(j) − ẑ(j)| ≤ ∥z − ẑ∥∞ ≤ 1

4
∥Uz(x− x̂) − Lz(y − ŷ)∥∞

≤ 1

4
∥Uz − LzUo∥∞ ∥x− x̂∥∞ +

1

4
∥Lz∥∞ ∥wy∥∞ .

In the same way, we have that

|r(j) − r̂(j)| ≤ ∥r − r̂∥∞

≤ 1

4
∥Ur − LrUo∥∞ ∥x− x̂∥∞ +

1

4
∥Lr∥∞ ∥wy∥∞ .

Finally, exploiting the lipschitzianity of tanh(·), we have that

|h(j) − ĥ(j)| ≤
∥∥∥h− ĥ

∥∥∥
∞

≤ ∥Uh∥∞ ∥r ⊗ x− r̂ ⊗ x̂∥∞
= ∥Uh∥∞ ∥r ⊗ (x− x̂) + (r − r̂) ⊗ x̂∥∞
≤ ∥Uh∥∞ (σ̄r ∥x− x̂∥∞ + ∥r − r̂∥∞)

≤ ∥Uh∥∞
(

1

4
∥Ur − LrUo∥∞ + σ̄r

)
∥x− x̂∥∞

+
1

4
∥Uh∥∞ ∥Lr∥∞ ∥wy∥∞ .

Combining the previous computations we have that for all j = 1, ..., n

|x+(j) − x̂+(j)| ≤ κo,j ∥x− x̂∥∞ + κw,j∥wy∥∞

where

κo,j := z(j) +
1

4
(1 + ϕ̄h) ∥Uz − LzUo∥∞

+ (1 − z(j)) ∥Uh∥∞
(

1

4
∥Ur − LrUo∥∞ + σ̄r

)
,
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κw,j :=
1

4
(1 + ϕh)∥Lz∥∞ + (1 − z(j))

1

4
∥Uh∥∞∥Lr∥∞.

It is now sufficient to show that κo,j ≤ ρo for all j and κw,j ≤ κ for
all j to prove condition (6.8a). The inequality for κw,j follows immediately
considering that 1−z(j) ≤ σ̄z, as already noted in (6.23b). Considering κo,j ,
we have that

κo,j − z(j)

1 − z(j)
= ∥Uh∥∞

(
1

4
∥Ur − LrUo∥∞ + σ̄r

)
+

1

4

1 + ϕ̄h
1 − z(j)

∥Uz − LzUo∥∞

(6.23b)

≤ νo.

Then

κo,j ≤ νo(1 − z(j)) + z(j) = z(j)(1 − νo) + νo
(6.23a)

≤ σ̄z(1 − νo) + νo = νo(1 − σ̄z) + σ̄z = ρo.

Condition (6.8b). The proof is similar to the proof of condition (6.4b)
in Lemma 6.1.

Condition (6.8c). Let’s study x̂+ − f(x̂, u)

x̂+ − f(x̂, u) = ẑ(x̂, u, y) ⊗ x̂+ (1 − ẑ(x̂, u, y)) ⊗ ĥ(x̂, u, y)

− z(x̂, u) ⊗ x̂− (1 − z(x̂, u)) ⊗ h(x̂, u)

= (ẑ(x̂, u, y) − z(x̂, u)) ⊗ x̂

+ (1 − z(x̂, u)) ⊗ (ĥ(x̂, u, y) − h(x̂, u))

+ (z(x̂, u) − ẑ(x̂, u, y)) ⊗ ĥ(x̂, u, y)

= (ẑ(x̂, u, y) − z(x̂, u)) ⊗ (x̂− ĥ(x̂, u, y))

+ (1 − z(x̂, u)) ⊗ (ĥ(x̂, u, y) − h(x̂, u)).

Let’s now take the infinity norm of both sides of this expression, and consider
separately the different terms of this sum. In view of lipschitzianity of σ(·)
and of the fact that

∥∥∥ĥ(x̂, u, y)
∥∥∥
∞

≤ ϕ̄h, we have that∥∥∥(ẑ(x̂, u, y) − z(x̂, u)) ⊗ (x̂− ĥ(x̂, u, y))
∥∥∥
∞

≤ 1

4
∥Lz(y − ŷ)∥∞

∥∥∥x̂− ĥ(x̂, u, y)
∥∥∥
∞

≤ 1

4
(1 + ϕ̄h)

(
∥LzUo∥∞ ∥x− x̂∥∞ + ∥Lz∥∞ ∥wy∥∞

)
.

Note now that

∥r̂(x̂, u, y) − r(x̂, u)∥∞ ≤ 1

4
∥Lr(y − ŷ)∥∞

≤ 1

4
∥LrUo∥∞ ∥x− x̂∥∞ +

1

4
∥Lr∥∞ ∥wy∥∞ .
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Then, in view of lipschitzianity of tanh(·) and of (6.23b)∥∥∥(1 − z(x̂, u)) ⊗ (ĥ(x̂, u, y) − h(x̂, u))
∥∥∥
∞

≤ ∥(1 − z(x̂, u))∥∞ ∥Uh(x̂⊗ r̂(x̂, u, y) − x̂⊗ r(x̂, u))∥

≤ 1

4
σ̄z ∥Uh∥∞

(
∥LrUo∥∞ ∥x− x̂∥∞ + ∥Lr∥∞ ∥wy∥∞

)
Combining the previous computation we obtain that∥∥x̂+ − f(x̂, u)

∥∥
∞ ≤ Lmax ∥x− x̂∥∞ + κ ∥wy∥∞ ,

so that (6.8c) is proven. □

6.6.3 Proof of Theorem 6.2

Proof of the satisfaction of constraints (6.1) and (6.2) for ψ ∈ XMPC.
Satisfaction of (6.1) is obtained thanks to the constraint (6.12e) in the
FHOCP. To prove satisfaction of (6.2), first note that for j = 1, ..., q

wL(j) = max
wy∈Wy

L(j∗)wy. (6.24)

Then

Lyk
(6.5b)

= L(Uoxk + bo + wy,k)
(6.8b)

≤ L(Uox̂k + bo + wy,k) + coVo(xk − x̂k)

(6.12b)(6.18)

≤ L(Uox0|k + bo) + Lwy,k + coêo,k
(6.24)

≤ L(Uox0|k + bo) + wL + coêo,k
(6.9a)(6.12d)

≤ h− a0êo,k + a0êo,k = h.

Definition and study of the candidate solution. We define now a candi-
date solution for the FHOCP that will be exploited both in the proof of
recursive feasibility and in the proof of stability. Firstly, given the op-
timal solution u⋆

k of the optimization problem at time step k, let’s de-
note with x⋆

k = {x⋆0|k, ..., x
⋆
N−1|k} the associate state trajectory defined by

x⋆i+1|k := f(x⋆i|k, u
⋆
i|k) with x⋆0|k := x̂k. Let’s also define x⋆N+1|k := f(x⋆N |k, ū).

Then, let’s define ũk+1 = {ũi|k+1}N−1
i=0 the candidate solution at time step

k + 1, where ũi|k+1 := u⋆i+1|k for i = 0, ..., N − 2 and ũN−1|k+1 := ū. Con-

sider also the associate trajectory x̃k+1 = {x̃0|k+1, ..., x̃N |k+1} defined by
x̃i+1|k+1 := f(x̃i|k+1, ũi|k+1) with x̃0|k+1 := x̂k+1.

Note that, in view of the presence of the term wy and of the observer,
x̂k+1 can be different from x⋆1|k, and this difference propagates along the
prediction horizon so that x̃i−1|k+1 ̸= x⋆i|k. In the following, we derive bounds
on the difference between the optimal state trajectory at time step k and
the candidate solution at time step k + 1. In this regard, let’s define for
i = 1, ..., N + 1

εk+i := x̃i−1|k+1 − x⋆i|k.
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For i = 1 we have that εk+1 = x̃0|k+1−x⋆1|k = x̂k+1−f(x̂k, u
⋆
0|k). In view

of (6.8c)

∥εk+1∥∞
(6.8c)

≤ Lmax ∥xk − x̂k∥∞ + κ ∥wy,k∥∞
(6.18)(6.10)

≤ Lmaxêo,k + w̄.

Then, for i = 2, ..., N + 1, in view of (6.4a), we have that

∥εk+i∥∞ ≤ ρi−1
s ∥εk+1∥∞

≤ ρi−1
s Lmax ∥xk − x̂k∥∞ + ρi−1

s κ ∥wy,k∥∞
≤ ρi−1

s (Lmaxêo,k + w̄).

(6.25)

Proof of recursive feasibility. We first verify that the terminal set is
designed so that x ∈ Xf =⇒ L(Uox+ bo) + wL ≤ h− aN êo − bN . We first
note that

Uox+ bo = Uo(x− x̄) + Uox̄+ bo = Uo(x− x̄) + ȳ.

Consider now the j-th row of L(Uox + bo) + wL, for j = 1, ..., q and for
x ∈ Xf :

(L(Uox+ bo) + wL)(j) = (L(Uo(x− x̄) + ȳ) + wL)(j)

= (LUo)(j∗)(x− x̄) + ȳ) + L(j∗)ȳ + wL(j)

≤
∥∥(LUo)(j∗)(x− x̄)

∥∥
∞ + L(j∗)ȳ + wL(j)

≤
∥∥(LUo)(j∗)

∥∥
∞ ∥x− x̄∥∞ + L(j∗)ȳ + wL(j)

(6.15)

≤
∥∥(LUo)(j∗)

∥∥
∞ α+ L(j∗)ȳ + wL(j)

(6.16)

≤ h(j) − ẽoaN(j) − bN(j)

≤ h(j) − êoaN(j) − bN(j)

i.e. x ∈ Xf =⇒ L(Uox+ bo) ≤ h− aN êo − bN .
Then, using the candidate sequence introduced in the previous part of

the proof and in view of the fact that x ∈ Xf =⇒ L(Uox + bo) + wL ≤
h− aN êo,k − bN , recursive feasibility with respect to (6.12d) can be proven
as follows:

L(Uox̃i|k+1 + bo) + wL

(6.4b)

≤ L(Uox
⋆
i+1|k + bo) + wL + csVs(x̃i|k+1, x

⋆
i+1|k)

(6.12d)

≤ h− ai+1êo,k − bi+1 + cs ∥εk+i+1∥∞
(6.9)(6.25)

≤ h− ρoaiêo,k − ρisLmaxcsêo,k

− bi − aiw̄ − csρ
i
sw̄ + csρ

i
s(Lmaxêo,k + w̄)

(6.11)
= h− aiêo,k+1 − bi.
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Finally, we can prove recursive feasibility with respect to the terminal
constraint (6.12f), i.e. prove that

∥∥x̃N |k+1 − x̄
∥∥
∞ ≤ α given that ∥x⋆N |k −

x̄∥∞ ≤ α:∥∥x̃N |k+1 − x̄
∥∥
∞ ≤

∥∥∥x̃N |k+1 − x⋆N+1|k

∥∥∥
∞

+
∥∥∥x⋆N+1|k − x̄

∥∥∥
∞

(6.4a)

≤ ∥εk+N+1∥∞ + ρs

∥∥∥x⋆N |k − x̄
∥∥∥
∞

(6.25)

≤ ρNs (Lmaxêo,k + w̄) + ρsα
(6.19)

≤ α.

Proof of stability. First, note that the evolution of the state êo does not
depend on wy, and that êo,k → ē∞ for k → ∞.

Then, instead of studying directly the evolution of the closed loop states[
x− x̄
x̂− x̄

]
, it is possible to make a change of variables and study the equiva-

lent system with state

[
x− x̂
x̂− x̄

]
. The advantage is that in Theorem 6.1 we

have already derived the ISS property for the subsystem that describes the
evolution of x − x̂. Hence it is now sufficient to study the subsystem that
describes the evolution of x̂ − x̄, considering x − x̂ as an additional input.
To do so, we consider as candidate ISS-Lyapunov function the optimal cost
of the MPC optimization, i.e.

V (x̂k − x̄) =
N−1∑
i=0

(
∥x⋆i|k − x̄∥2Q + ∥u⋆i|k − ū∥2R

)
+ s

∥∥∥x⋆N |k − x̄
∥∥∥2
∞
.

We start by proving that our candidate Lyapunov function respects (2.9a).
We have that

V (x̂k − x̄) ≥ ∥x⋆0|k − x̄∥2Q ≥ λmin(Q)∥x̂k − x̄∥22.

Consider now the input sequence ũi|k = ū for i = 0, ..., N − 1, and the
corresponding state trajectory x̃i|k. This input sequence is feasible at least
for x̂k close to x̄, i.e. for ∥x̂k − x̄∥2 ≤ δ for some δ > 0. Hence, for x̂k such
that ∥x̂k − x̄∥2 ≤ δ, we have that

V (x̂k − x̄) ≤
N−1∑
i=0

∥x̃i|k − x̄∥2Q + s
∥∥x̃N |k − x̄

∥∥2
∞ .

In view of the δISS property of the GRU model there exist µ ≥ 0 and
λ ∈ (0, 1) such that

∥x̃i|k − x̄∥2 ≤ µλi∥x̃0|k − x̄∥2 = µλi∥x̂k − x̄∥2.

Therefore there exist a constant b̃ > 0 such that if ∥x̂k − x̄∥ ≤ δ then

V (x̂k − x̄) ≤ b̃∥x̂k − x̄∥22.
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Consider now x̂k such that ∥x̂k − x̄∥ > δ. Note that there exists Vmax > 0
such that V (x̂k − x̄) ≤ Vmax in XMPC. Then

V (x̂k − x̄) ≤ Vmax

δ2
∥x̂k − x̄∥22.

Hence we have that

V (x̂k − x̄) ≤ b∥x̂k − x̄∥22

with b = max{b̃, Vmax
δ2

}, so that (2.9a) is verified.

We consider now the variation of the Lyapunov function between subse-
quent time steps, to prove that (2.9b) is verified:

V (x̂k+1 − x̄) − V (x̂k − x̄)

=
N−1∑
i=0

(
∥x⋆i|k+1 − x̄∥2Q + ∥u⋆i|k+1 − ū∥2R

)
+ s

∥∥∥x⋆N |k+1 − x̄
∥∥∥2
∞

−

(
N−1∑
i=0

(
∥x⋆i|k − x̄∥2Q + ∥u⋆i|k − ū∥2R

)
+ s

∥∥∥x⋆N |k − x̄
∥∥∥2
∞

)
.

Considering the feasible solution ũi|k+1, we have that the corresponding
cost is larger or equal than the optimal cost at timestep k + 1. Then

V (x̂k+1 − x̄) − V (x̂k − x̄)

≤
N−1∑
i=0

(
∥x̃i|k+1 − x̄∥2Q + ∥ũi|k+1 − ū∥2R

)
+ s

∥∥x̃N |k+1 − x̄
∥∥2
∞

−

(
N−1∑
i=0

(
∥x⋆i|k − x̄∥2Q + ∥u⋆i|k − ū∥2R

)
+ s

∥∥∥x⋆N |k − x̄
∥∥∥2
∞

)
= −∥x⋆0|k − x̄∥2Q − ∥u⋆0|k − ū∥2R

+
N−1∑
i=1

(
∥x̃i−1|k+1 − x̄∥2Q − ∥x⋆i|k − x̄∥2Q

)
+

N−1∑
i=1

(
∥ũi−1|k+1 − ū∥2R − ∥u⋆i|k − ū∥2R

)
+ ∥x̃N−1|k+1 − x̄∥2Q

+ ∥ũN−1|k+1 − ū∥2R + s
∥∥x̃N |k+1 − x̄

∥∥2
∞ − s

∥∥∥x⋆N |k − x̄
∥∥∥2
∞
.

In this expression, all the terms related to the input cancels out in view of
how the candidate input sequence was selected, except for −∥u⋆0|k − ū∥2R.

Considering now the state terms between time steps k+1 and k+N−1,
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we have that

N−1∑
i=1

(
∥x̃i−1|k+1 − x̄∥2Q − ∥x⋆i|k − x̄∥2Q

)
=

N−1∑
i=1

(
∥εk+i + x⋆i|k − x̄∥2Q − ∥x⋆i|k − x̄∥2Q

)
=

N−1∑
i=1

(
∥εk+i∥2Q + (x⋆i|k − x̄)⊤Qεk+i

)
.

Consider now the state terms at time steps k +N and k +N + 1, i.e.

∥x̃N−1|k+1 − x̄∥2Q − s
∥∥∥x⋆N |k − x̄

∥∥∥2
∞

+ s
∥∥x̃N |k+1 − x̄

∥∥2
∞ .

We have that

∥x̃N−1|k+1 − x̄k+1∥2Q = ∥x⋆N |k − x̄+ εk+N∥2Q
= ∥x⋆N |k − x̄∥2Q + ∥εk+N∥2Q + (x⋆N |k − x̄)⊤Qεk+N .

Moreover, recalling that x̃N |k+1 = f(x̃N−1|k+1, ū), in view of the δISS prop-
erty of the GRU network, one has

s
∥∥x̃N |k+1 − x̄

∥∥2
∞

(6.4a)

≤ sρ2s
∥∥x̃N−1|k+1 − x̄

∥∥2
∞

= sρ2s

∥∥∥x⋆N |k − x̄+ εk+N

∥∥∥2
∞

(6.21)

≤ sρ2s

∥∥∥x⋆N |k − x̄
∥∥∥2
∞

+ sρ2s ∥εk+N∥2∞ + 2sρ2s

∥∥∥x⋆N |k − x̄
∥∥∥
∞
∥εk+N∥∞ .

Then the following inequality holds:

∥x̃N−1|k+1 − x̄∥2Q − s
∥∥∥x⋆N |k − x̄

∥∥∥2
∞

+ s
∥∥x̃N |k+1 − x̄

∥∥2
∞

≤
∥∥∥x⋆N |k − x̄

∥∥∥2
Q

+ sρ2s

∥∥∥x⋆N |k − x̄
∥∥∥2
∞

− s
∥∥∥x⋆N |k − x̄

∥∥∥2
∞

+ ∥εk+N∥2Q + (x⋆N |k − x̄)⊤Qεk+N

+ sρ2s ∥εk+N∥2∞ + 2sρ2s

∥∥∥x⋆N |k − x̄
∥∥∥
∞
∥εk+N∥∞ .

Using the fact that for a vector v ∈ Rn it holds ∥v∥2Q ≤ λmax(Q) ∥v∥22 and
that ∥v∥∞ ≤

√
n ∥v∥2, we have that∥∥∥x⋆N |k − x̄

∥∥∥2
Q

+ sρ2s

∥∥∥x⋆N |k − x̄
∥∥∥2
∞

− s
∥∥∥x⋆N |k − x̄

∥∥∥2
∞

≤
(
nλmax(Q) − (1 + ρ2s )s

) ∥∥∥x⋆N |k − x̄
∥∥∥2
∞

(6.13)

≤ 0.
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Finally, we have that

− ∥x⋆0|k − x̄∥2Q − ∥u⋆0|k − ū∥2R ≤ −λmin(Q)∥x̂k − x̄∥22.

Combining all the computations we obtain that

V (x̂k+1 − x̄) − V (x̂k − x̄) ≤ −c∥x̂k − x̄∥22 + γ(k)

where c = λmin(Q) and

γ(k) =

N−1∑
i=1

(
∥εk+i∥2Q + (x⋆i|k − x̄)⊤Qεk+i

)
+ ∥εk+N∥2Q + (x⋆N |k − x̄)⊤Qεk+N

+ sρ2s ∥εk+N∥2∞ + 2sρ2s

∥∥∥x⋆N |k − x̄
∥∥∥
∞
∥εk+N∥∞ .

In view of the bounds for εk+i derived in (6.25) and on the boundedness
of the states of the GRU, there exist functions γ1, γ2 ∈ K such that

V (x̂k+1 − x̄) − V (x̂k − x̄) ≤ −c∥x̂k − x̄∥22 + γ1(∥xk − x̂k∥) + γ2(∥wy,k∥)

i.e. V (x̂k− x̄) is an ISS-Lyapunov function for the subsystem describing the
evolution of x̂− x̄, considering as inputs x− x̂ and wy.

To sum up, we have shown that the closed loop system can be described
by two connected subsystems. The subsystem that describes the evolution
of x − x̂ is ISS with respect to the input wy, and is independent by the
subsystem describing the evolution of x̂− x̄. The subsystem that describes
the evolution of x̂ − x̄ is ISS considering as inputs x − x̂ and wy. Then,
in view of [114, Theorem 2], the overall system composed by the cascade
connection of the two subsystems is ISS with respect to the input wy. □
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Chapter 7

Robust offset-free MPC with
LSTM networks

In this chapter, we design an MPC algorithm for δISS LSTM models that
takes into account constraints on the system output and guarantees offset-
free tracking of slow time variant references. In particular, the algorithm
proposed in [230] has been modified to cope with time variant set-points
and disturbances, output constraints and to guarantee zero-error regulation
for asymptotically constant set-points and disturbances. Robust satisfaction
of the output constraints is obtained with a constraint tightening method
inspired by [130] and similar to the one proposed in the previous chapter.
The control algorithm proposed in this chapter includes also an augmented
observer and a Reference Calculator to guarantee offset-free tracking in pres-
ence of model uncertainties and external disturbances [173]. The design of
the observer and of the MPC terminal ingredients for the LSTM model are
inspired by [230], but are modified to solve a more complex control problem.

The material in this chapter is taken from:

• [213] Schimperna, I., and Magni, L. (2024). Robust offset-free con-
strained model predictive control with long short-term memory net-
works. IEEE Transactions on Automatic Control 69(12), 8172-8187.

A preliminary version of the work, that does not consider output constraints,
is published in:

• [215] Schimperna, I., Toffanin, C., and Magni, L. (2023). On offset-
free model predictive control with long short-term memory networks.
IFAC-PapersOnLine, 56(1), 156-161. Presented at 12th IFAC Sympo-
sium on Nonlinear Control Systems.
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N
Reference

calculator

LSTM

based

MPC
N−1 plant

dϕ

u uϕ

LSTM

based
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yϕ

NN

y0ϕ y0

y0

u yx̂
d̂

x̄, ū

Figure 7.1: Block diagram of the control scheme.

7.1 Problem formulation and control algorithm

In this chapter, we consider as system under control a nonlinear plant with
unknown dynamics, input uϕ ∈ Rm, output yϕ ∈ Rp and a possible un-
known bounded asymptotically constant disturbance dϕ. The plant input is
saturated, i.e.

uϕ ∈ Uϕ = {uϕ ∈ Rm : uϕ,min ≤ uϕ ≤ uϕ,max} (7.1)

with uϕ,min, uϕ,max ∈ Rm, and the output has to be limited in

yϕ ∈ Yϕ = {yϕ ∈ Rp : yϕ,min ≤ yϕ ≤ yϕ,max} (7.2)

with yϕ,min, yϕ,max ∈ Rp. For sake of simplicity in this chapter we only con-
sider box constraints on the output, but all the derivations can be extended
to polytopic constraints following the methods presented in Chapter 6.

Assumption 7.1. The plant has the same number of inputs and outputs,
i.e. m = p.

Remark 7.1. Assumption 7.1 is typical of offset-free MPC schemes [173]
for nonlinear systems, and is required to have a unique input combination
associated to each output at equilibrium. However, if m > p the proposed
algorithm can still be applied by selecting a subset of p inputs to be used for
control and leaving the other m− p inputs constant.

The objective of the control is to achieve null error at steady state for
an asymptotically constant reference y0ϕ also in presence of model-plant mis-
match and of bounded asymptotically constant plant disturbances dϕ, and
to respect input and output constraints. The proposed control algorithm,
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whose block diagram is reported in Figure 7.1, is based on an LSTM nominal
model of the plant. A key element to obtain a well tuned LSTM model is the
normalization of input and output signals, that is represented in the scheme
with the blocks “N” and that consists in an affine transformation that scales
the variables in a predefined range (typically [-1,1]). The normalized input
is denoted with u and the normalized output with y. For the normalized
variables constraints (7.1)-(7.2) become

u ∈ U = {u ∈ Rm : ∥u∥∞ ≤ umax} (7.3)

where umax ∈ R and is typically equal to 1, and

y ∈ Y = {y ∈ Rp : ymin ≤ y ≤ ymax} (7.4)

where ymin, ymax ∈ Rp.
To achieve null error at steady state, the LSTM model is augmented

with an asymptotically constant disturbance term d. Then an observer
based on the equations of the LSTM model provides an estimation x̂ of
the state x of the LSTM and an estimation d̂ of the disturbance d. At each
sampling instant the current values of the normalized set-point y0 and of the
disturbance estimation d̂ are used by a Reference Calculator to compute the
current values of input and state set-points ū and x̄ for the MPC. The last
block is the MPC, that solves a FHOCP and gives in output the first element
of the achieved optimal control sequence. Since in the control problem
formulation output constraints are considered, to ensure recursive feasibility
in presence of the observer estimation error and time variant set-points, it
is necessary to rely on a robust MPC algorithm.

As usually done for the analysis of offset-free control schemes, closed-loop
stability and constraint satisfaction will be proven in Section 7.2.1 under the
assumption that the plant behaves according to its LSTM model with an
asymptotically constant additive disturbance d, as reported in Figure 7.2,
while offset-free will be shown in Section 7.2.2 for the real closed-loop system
(Figure 7.1) under the assumption that closed-loop convergence is not lost.

In the next subsections the different components of the control scheme
are presented in detail.

7.1.1 LSTM model

We consider a LSTM model of the system under control, described by (4.1).
We denote the model prediction produced by (4.1c) by ξ ∈ Rp instead of
y, to distinguish it from the real output of the plant. The LSTM model is
indicated in a more compact way by

xk+1 = f(xk, uk) (7.5a)

ξk = g(xk) (7.5b)
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Figure 7.2: Block diagram of the nominal closed-loop control scheme, where
the real plant is replaced by its LSTM model augmented with a disturbance
term.

where x = [c⊤ h⊤]⊤ ∈ R2nc . In the following, we assume that the model re-
spects the δISS condition of Assumption 4.1. Then, it is possible to compute
an incremental Lyapunov function for the model. Such Lyapunov function
will be used to define the terminal cost, the terminal constraint and the
constraint tightening for the MPC.

Lemma 7.1. Let the LSTM model respect Assumption 4.1, and denote xa =
[(ca)⊤ (ha)⊤]⊤, xb = [(cb)⊤ (hb)⊤]⊤ with xa, xb ∈ X (defined in Theorem
4.1), and Ps the solution of the Lyapunov equation A⊤

δ PsAδ −Ps = −Qs for
some symmetric positive definite matrix Qs. Then the function

Vs(x
a, xb) =

∥∥∥∥[∥ca − cb∥2
∥ha − hb∥2

]∥∥∥∥
Ps

is an incremental Lyapunov function for the system (7.5), such that for all
u ∈ U

cs,l∥xa − xb∥2 ≤ Vs(x
a, xb) ≤ cs,u∥xa − xb∥2 (7.6a)

Vs((x
a)+, (xb)+) ≤ ρsVs(x

a, xb) (7.6b)

|Wy(ha − hb)| ≤ csVs(x
a, xb) (7.6c)

where (xa)+ := f(xa, u), (xb)+ := f(xb, u), cs,l :=
√
λmin(Ps), cs,u :=√

λmax(Ps), ρs :=
√

1 − λmin(Qs)
λmax(Ps)

and cs ∈ Rp with

cs(j) :=
∥∥∥[0 ∥∥Wy(j∗)

∥∥
2

]
P

−1/2
s

∥∥∥
2
.

Proof. The proof is reported in Section 7.5.1.
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7.1.2 State and disturbance observer

We introduce now a disturbance model to take into account the inaccuracy
of the model and the effect of the possible disturbance dϕ. The disturbance
is denoted by d ∈ Rp, and is modelled as the integral of a bounded unknown
input w ∈ Rp, that represents its variation. This representation is motivated
by the fact that one of the goals of the chapter is to guarantee zero error
at steady state when y0 and dϕ are constant, and therefore w is null. The
equations of the LSTM model augmented with the disturbance are

ck+1 = σ(Wfuk + Ufhk + bf) ⊗ ck

+ σ(Wiuk + Uihk + bi) ⊗ tanh(Wcuk + Uchk + bc)
(7.7a)

hk+1 = σ(Wouk + Uohk + bo) ⊗ tanh(ck+1) (7.7b)

dk+1 = dk + wk (7.7c)

yk = Wyhk + by + dk (7.7d)

and are also denoted by

χk+1 = faug(χk, uk) + Ewk (7.8a)

yk = gaug(χk) (7.8b)

where χ := [x⊤ d⊤]⊤ and matrix E can be obtained from (7.7). Observer
convergence, robust constraint satisfaction and offset-free tracking can be
achieved only for bounded disturbances. For this reason in the following d
and w are assumed to be bounded, i.e. d ∈ D := {d ∈ Rp : ∥d∥∞ ≤ dmax}
and w ∈ W := {w ∈ Rp : ∥w∥ ≤ wmax}.

To achieve offset-free tracking it is necessary that for the model aug-
mented with the constant disturbance there exists an equilibrium associated
to any possible pair (u, y), and that this equilibrium is unique, see [173, As-
sumption 2]. In the following lemma and corollary it is shown that in view
of the δISS property of the LSTM model it is sufficient to add the distur-
bance only on the output transformation to satisfy this property. Hence,
the disturbance is not included also in the state equations.

Lemma 7.2. If the dynamical system xk+1 = f(xk, uk) is exponentially
δISS in the sets X and U , then, given a constant input u ∈ U , there exists
a unique corresponding equilibrium state x∗ ∈ X , such that

x∗ = f(x∗, u). (7.9)

Corollary 7.1. For the augmented system (7.7), given (u, y) with u ∈ U ,
there exist unique values (x∗, d∗) with x∗ ∈ X such that

x∗ = f(x∗, u) (7.10a)

y = g(x∗) + d∗. (7.10b)
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Proofs. The proofs of Lemma 7.2 and of Corollary 7.1 are reported in
Section 7.5.2.

We design now an observer to obtain an estimation χ̂ = [x̂⊤ d̂⊤]⊤, with
x̂ = [ĉ⊤ ĥ⊤]⊤, of the state χ of the augmented LSTM model (7.7). The
structure of the observer is based on the LSTM observer proposed in [230],
but it has an additional equation for the estimation of the disturbance d.
The equations of the observer are the following

ĉk+1 = σ(Wfuk + Uf ĥk + bf + Lf(yk − ŷk)) ⊗ ĉk

+ σ(Wiuk + Uiĥk + bi + Li(yk − ŷk)) ⊗ tanh(Wcuk + Ucĥk + bc)

(7.11a)

ĥk+1 = σ(Wouk + Uoĥk + bo + Lo(yk − ŷk)) ⊗ tanh(ĉk+1) (7.11b)

d̂k+1 = sat(d̂k + Ld(yk − ŷk), dmax) (7.11c)

ŷk = Wyĥk + by + d̂k (7.11d)

where sat(v, vmax) denotes the saturation operator between −vmax and vmax,
that is applied element by element when v is a vector. The observer gains
Lf , Li, Lo ∈ Rnc×p and Ld ∈ Rp×p are selected according to the following
assumption.

Assumption 7.2. Denoting

ˆ̄σf := σ(∥[Wfumax, Uf − LfWy, bf , LfWy, 2Lfdmax]∥∞),

ˆ̄σi := σ(∥[Wiumax, Ui − LiWy, bi, LiWy, 2Lidmax]∥∞),

ˆ̄σo := σ(∥[Woumax, Uo − LoWy, bo, LoWy, 2Lodmax]∥∞),

α̂ :=
1

4

σ̄iσ̄c
1 − σ̄f

∥Uf − LfWy∥2 + σ̄i∥Uc∥2 +
1

4
σ̄c∥Ui − LiWy∥2,

β̂ :=
1

4

σ̄iσ̄c
1 − σ̄f

∥Lf∥2 +
1

4
σ̄c∥Li∥2,

γ̂ := ˆ̄σoα̂+
1

4
σ̄x∥Uo − LoWy∥2,

Ad :=

 ˆ̄σf α̂ β̂
ˆ̄σo ˆ̄σf γ̂ ˆ̄σoβ̂ + 1

4 σ̄x∥Lo∥2
0 ∥LdWy∥2 ∥Ip − Ld∥2

 , (7.12)

the observer gains Lf , Li, Lo, Ld are selected so that ρ(Ad) < 1.

Remark 7.2. In Theorem 7.1 it is shown that Ad is the matrix dynamic
for an upper bound of the estimation error dynamic.
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Remark 7.3. A possible suboptimal choice for the gains of the observer
that satisfies Assumption 7.2 is Lf = Li = Lo = 0nc,p and Ld = ℓdIp with
0 < ℓd < 2. With this choice the matrix Ad becomes

Ad =

[
Aδ 02,1

0 ∥LdWy∥2 |ℓd − 1|

]
and therefore the eigenvalues of Ad are the eigenvalues of Aδ and an eigen-
value in |ℓd − 1| ∈ [0, 1). Hence, because the LSTM is tuned with the con-
straint that ρ(Aδ) < 1, ρ(Ad) < 1.

The following lemma defines a positive invariant set for the state χ̂ of
the observer, in which it is possible to prove the convergence of the observer
estimation.

Lemma 7.3. If hk ∈ H and dk ∈ D, ∀k ∈ Z≥0, then the set Î := Ĉ ×H×D,
with

Ĉ :=

{
ĉ ∈ Rn : ∥ĉ∥∞ ≤

ˆ̄σiσ̄c
1 − ˆ̄σf

}
is a positive invariant set for the observer (7.11).

Proof. The proof is reported in Section 7.5.3.

We can now derive the main results related to the observer convergence.

Theorem 7.1. If the plant behaves according to (7.7) with x ∈ X , d ∈ D
and w ∈ W, Assumption 4.1 holds, the observer parameters are selected
according to Assumption 7.2 and χ̂ ∈ Î, then the function

Vo(χ̂, χ) =

∥∥∥∥∥∥
∥ĉ− c∥2
∥ĥ− h∥2
∥d̂− d∥2

∥∥∥∥∥∥
Po

, (7.13)

where Po is the solution of the Lyapunov equation A⊤
d PoAd − Po = −Qo

for a matrix Qo = Q⊤
o ≻ 0, is an incremental Lyapunov function for the

observer estimation error, such that

co,l ∥χ̂− χ∥2 ≤ Vo(χ̂, χ) ≤ co,u ∥χ̂− χ∥2 (7.14a)

Vo(χ̂
+, χ+) ≤ ρoVo(χ̂, χ) + w̄ (7.14b)

|Wy(h− ĥ) + (d− d̂)| ≤ coVd(χ̂, χ) (7.14c)∥∥χ̂+ − faug(χ̂, u)
∥∥
2
≤ LmaxVo(χ̂, χ) (7.14d)

where χ+ := faug(χ, u) +Ew, χ̂+ is the next state computed by the observer

(7.11), co,l :=
√
λmin(Po), co,u :=

√
λmax(Po), ρo :=

√
1 − λmin(Qo)

λmax(Po)
∈ (0, 1),

w̄ :=
√
Po(3,3)wmax, Lmax > 0, and co ∈ Rp with

co(j) :=
∥∥∥[0 ∥∥Wy(j∗)

∥∥
2

1
]
P

−1/2
o

∥∥∥
2
.

Moreover, if wk → 0 for k → ∞, then the observer provides a converging
state estimation, i.e. ∥χk − χ̂k∥ → 0 for k → ∞.
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Proof. The proof is reported in Section 7.5.4.

Remark 7.4. In view of the properties of the Lyapunov function Vo(χ̂, χ),
the observer estimation error is also ISS with respect to the disturbance w.

7.1.3 Reference Calculator

One of the most important characteristics of the proposed algorithm is the
possibility to be applied with time variant set-point and disturbances un-
known in advance. In order to do so the MPC assumes a constant set-point
along the prediction horizon but it is designed to preserve, under suitable
assumptions, recursive feasibility even if the exogenous signals change at
any time instant. To manage possible variations of the set-point y0 and/or
of the disturbance estimation d̂, a Reference Calculator is introduced in the
control loop. The goal of the Reference Calculator is to provide the state
and input references x̄ = [c̄⊤ h̄⊤]⊤ and ū for the MPC, that are computed
by solving the following system of equations:

x̄ = f(x̄, ū) (7.15a)

y0 = g(x̄) + d̂. (7.15b)

To guarantee offset-free of the closed-loop system, we introduce the fol-
lowing assumption on the set-point y0 and on the LSTM model. An addi-
tional assumption on the set-point y0 will be introduced in the next section.

Assumption 7.3. The set-point y0 and the LSTM model (7.5) respect the
following conditions:

1. there exists a bounded set Y0 ⊂ Rp such that y0k ∈ Y0 ∀k ∈ Z≥0;

2. the set-point is asymptotically constant, i.e. y0k → y0∞ for k → ∞;

3. ∀y0 ∈ Y0, ∀d̂ ∈ D, there exists (x̄, ū) with ū ∈ U solving (7.15), and
the Jacobian matrix[ ∂

∂x(f(x̄, ū) − x̄) ∂
∂u(f(x̄, ū) − x̄)

∂
∂x(g(x̄) + d̂− y0) ∂

∂u(g(x̄) + d̂− y0)

]
(7.16)

is invertible.

Remark 7.5. The assumption that the Jacobian matrix (7.16) is invertible
implies that there exists a neighborhood of (y0, d̂) where the solution of the
Reference Calculator (7.15) is unique.

Moreover, since a large variation of the set-points x̄, ū is critical for the
MPC recursive feasibility, in the following lemma an upper bound for the
variation of the state set-point x̄ between consecutive time-steps is derived.
This upper bound depends on the variation of the set-point y0 and on the
observer parameters.
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Lemma 7.4. Under Assumption 7.3, given the maximum output estimation
error ēy = maxk∈Z≥0

∥yk − ŷk∥2, there exists a finite constant K̄ such that

∥x̄k+1 − x̄k∥2 ≤ K̄ ∥Ld∥2 ēy + K̄
∥∥y0k+1 − y0k

∥∥
2
. (7.17)

Proof. The proof is reported in Section 7.5.5.

Remark 7.6. In general K̄ cannot be computed explicitly, but it can be
estimated numerically by gridding.

7.1.4 Robust MPC formulation

The robust MPC solves at every time-step a FHOCP where the evolution of
the states of the system is predicted with the LSTM model and is initialized
with the observer state estimation. The cost function penalizes the deviation
from the state and the input set-points computed at the current time instant
by the Reference Calculator, that are assumed constant along the prediction
horizon. The terminal cost and the terminal set are designed to stabilize the
closed-loop system. To ensure satisfaction of the output constraints despite
the observer estimation error, the disturbance and the set-point variation,
a constraint tightening approach similar to the one proposed in [130] and
also used in Chapter 6, and a time variant terminal set are employed. For
the constraint tightening, we use a time variant term êo ∈ R related to the
uncertainty of the observer, whose evolution is described by

êo,k+1 = ρoêo,k + w̄. (7.18)

Depending on the values of êo,0, of ρo and of w̄, êo can increase or decrease,
but its behavior is always monotonic with

lim
k→∞

êo,k = ē∞ =
w̄

1 − ρo
. (7.19)

Definition 7.1 (FHOCP). Given the prediction horizon N , the FHOCP
for the robust MPC is the following

min
u·|k

N−1∑
i=0

(∥∥xi|k − x̄k
∥∥2
Q

+
∥∥ui|k − ūk

∥∥2
R

)
+

∥∥∥∥[∥cN |k − c̄k∥
∥hN |k − h̄k∥

]∥∥∥∥2
Pf

(7.20a)

s.t. x0|k = x̂k (7.20b)

xi+1|k = f(xi|k, ui|k) (7.20c)

Wyhi|k + by + dmax1p ≤ ymax − aiêo,k − bi (7.20d)

Wyhi|k + by − dmax1p ≥ ymin + aiêo,k + bi (7.20e)

ui|k ∈ U (7.20f)

for i = 0, ..., N − 1

xN |k ∈ Xf (k) (7.20g)
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where Q ≻ 0 and R ≻ 0 are design choices, while Pf ≻ 0 satisfies the
Lyapunov condition A⊤

δ PfAδ −Pf ≺ −qI2, where q = λmax(Q). Coefficients
ai ∈ Rp and bi ∈ Rp for the constraint tightening are defined as

a0 := co, b0 := 0p,1 (7.21a)

ai+1 := ρoai + ρiscs,uLmaxco,s (7.21b)

bi+1 := bi + aiw̄ (7.21c)

Xf (k) is a time variant terminal set, chosen as a sublevel set of the terminal
cost:

Xf (k) :=

{[
c
h

]
∈ R2nc :

∥∥∥∥[ ∥c− c̄k∥2∥∥h− h̄k
∥∥
2

]∥∥∥∥
Pf

≤ αk

}
(7.22)

with

αk := min
j∈[1:p]

min
{
αmax
j,k , αmin

j,k

}
(7.23a)

where

αmax
j,k :=

∥∥∥[0
∥∥Wy(j∗)

∥∥
2
]P

−1/2
f

∥∥∥−1

2
(ymax(j) − y0k(j) − 2dmax − aN(j)ẽo,k − bN(j))

(7.23b)

αmin
j,k :=

∥∥∥[0
∥∥Wy(j∗)

∥∥
2
]P

−1/2
f

∥∥∥−1

2
(y0k(j) − ymin(j) − 2dmax − aN(j)ẽo,k − bN(j))

(7.23c)

ẽo,k = max {êo,k, ē∞} . (7.23d)

Remark 7.7. The coefficients for the constraint tightening defined in (7.21)
are defined analogously to Chapter 6. However, the constraint tightening
formulation in (7.20d)-(7.20e) is different from the one in (6.12d), because
it takes into account also the upper bound of the disturbance dmax.

At each time-step k the solution of the FHOCP is denoted by u⋆
k =

{u⋆0|k, ..., u
⋆
N−1|k}. According to the Receding Horizon principle, the MPC

control law is obtained applying only the first element of the optimal input
sequence, i.e.

uk = µMPC(x̂k, êo,k, x̄k, ūk, y
0
k) = u⋆0|k. (7.24)

7.2 Stability and offset-free results

In this section we analyze the properties of the closed-loop. To guarantee
offset-free results, in Section 7.2.2 we have to introduce a mild assumption
on the convergence of the closed-loop of Figure 7.1. However, we first have
to prove recursive feasibility and stability for the nominal closed-loop system
reported in Figure 7.2, where the plant is substituted by the LSTM with an
additive disturbance on the output (7.7).
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7.2.1 Recursive feasibility and stability analysis

In this subsection recursive feasibility and stability of the nominal closed-
loop system reported in Figure 7.2 are analyzed. First note that in order to
have a solution of the FHOCP, it is necessary that αk > 0 for all k ∈ Z≥0.
To guarantee this condition, the following assumption on the set-point is
introduced.

Assumption 7.4. The set-point y0 is such that

y0k(j) < ymax(j) − 2dmax − aN(j)ẽo,k − bN(j) (7.25a)

y0k(j) > ymin(j) + 2dmax + aN(j)ẽo,k + bN(j) (7.25b)

for all j = 1, ..., p, for all k ∈ Z≥0.

Consider the closed-loop system composed by the augmented LSTM
(7.8), the observer (7.11), the Reference Calculator (7.15) and the MPC
(7.24). This system has state

ψ := [c⊤ h⊤ ĉ⊤ ĥ⊤ d̂⊤ êo]
⊤

and inputs d and y0. Let’s now define the feasible set of states and inputs

XMPC := {(ψ, d, y0) : x ∈ X , χ̂ ∈ Î, d ∈ D, y0 ∈ Y0,

êo is such that Vo(χ̂, χ) ≤ êo

and ∃ a solution of the FHOCP}.

Remark 7.8. In the feasible set XMPC it is required that êo is an upper
bound for Vo(χ̂, χ). This condition is similar to require that êo is an upper
bound of the observer estimation error. In fact, using Equation (7.14a)
and Vo(χ̂, χ) ≤ êo, the following inequality relating êo and ∥χ− χ̂∥2 can be
derived:

∥χ− χ̂∥2 ≤
êo
co,l

.

In the following theorem the main result for the nominal closed-loop
schema described in Figure 7.2 is derived.

Theorem 7.2. Let the LSTM model respect Assumption 4.1, and let As-
sumptions 7.1, 7.2, 7.3, 7.4 hold. Then there exist L̄max > 0, L̄d > 0
and ∆y0max > 0 such that for Lmax ≤ L̄max, ∥L∥d ≤ L̄d and y0 such that∥∥y0k+1 − y0k

∥∥ ≤ ∆y0max for all k ∈ Z≥0, for the closed-loop system composed
by the augmented LSTM (7.8), the observer (7.11), the Reference Calculator
(7.15) and the MPC (7.24) the following properties hold:

• constraints (7.3) and (7.4) are satisfied ∀(ψ, d, y0) ∈ XMPC;
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• the FHOCP is recursively feasible, i.e. (ψk, dk, y
0
k) ∈ XMPC =⇒

(ψk+1, dk+1, y
0
k+1) ∈ XMPC;

• the closed-loop system (7.8)-(7.15)-(7.24) is ISpS with respect to the
observer estimation error χ− χ̂ in XMPC;

• if dk → d̄∞ for k → ∞, then

lim
k→∞

∥ψk − ψ∞∥ = 0

where

ψ∞ = [c̄⊤∞ h̄⊤∞ c̄⊤∞ h̄⊤∞ d̄⊤∞ ē∞]⊤

and x̄∞ = [c̄⊤∞ h̄⊤∞]⊤ and ū∞ are the solution of (7.15) when y0 = y0∞
and d̂ = d̄∞.

Proof. The proof is reported in Section 7.5.6.

Remark 7.9. To satisfy the condition on the rate of change of y0 it is
sufficient to pass the set-point through a rate limiter.

7.2.2 Offset-free result

It is now possible to follow the results in [173] to show that the proposed
scheme based on the model augmented with the disturbance and on the
Reference Calculator guarantees offset-free at steady state also when applied
to the real plant (see Figure 7.1), provided that the uncertainty on the model
is sufficiently small to preserve convergence and constraints satisfaction, as
assumed in the following assumption.

Assumption 7.5. The plant disturbance dϕ is bounded and asymptotically
constant, and the closed-loop system composed by the plant, the observer
(7.11), the Reference Calculator (7.15) and the MPC (7.24) respects the
constraints and converges to constant values strictly in the interior of the
feasible set.

Theorem 7.3. If Assumptions 7.1, 7.2, 7.3, 7.4, 7.5 are satisfied and the
LSTM model respect Assumption 4.1, then the closed-loop system composed
by the plant, the observer (7.11), the Reference Calculator (7.15) and the
MPC (7.24) is offset-free at steady state, i.e. yϕ,k → y0ϕ,∞ for k → ∞, where

y0ϕ,∞ = limk→∞ y0ϕ.

Proof. The proof is reported in Section 7.5.7.
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7.3 Illustrative example

As benchmark example to test the proposed control algorithm we consider
the pH neutralization process described in Section 5.3.1. The objective is
to control the pH (that is the output yϕ) by acting on the alkaline flow
q3 =: uϕ, respecting the input saturation constraint

uϕ ∈ Uϕ = [12.5, 17] mL/s.

In this chapter, the buffer flow q2 is considered as an unmeasurable time
variant disturbance. As output constraint we consider the set Yϕ = [6.0, 9.0].

7.3.1 LSTM model identification

To extract the dataset for the training of the LSTM model, a simulator of the
plant is forced with multilevel pseudo-random signals, and the input-output
response is sampled with a sampling period of Ts = 10s, as done in [230]. In
particular, the input signals for the plant simulator are piecewise constant
signals with random values in Uϕ, where each constant value is applied for
a random time between 10Ts and 100Ts. 15 sequences of Nt = 1500 time-
steps each are extracted, and are split in 10 sequences for training, 3 for
validation and 2 for testing. All the sequences are generated considering the
disturbance constant at its nominal value q2 = 0.55mL/s. Before the train-
ing, inputs and outputs are normalized using their maximum and minimum
values present in the training dataset, so that −1 ≤ u ≤ 1 and −1 ≤ y ≤ 1.

The LSTM neural network is developed in Python 3.9, using Tensorflow
2.8. To obtain a final network respecting the δISS condition of Assumption
4.1, the training loss and the stopping rule for the training are modified as
detailed in Section 4.2.2. In this case, the tuning of hyperparameter λ− in
the loss function (4.4) is important to obtain a a model that satisfies the
δISS condition by a larger margin, providing a model with smaller values of
ρs. In fact, a small value of ρs, together with a small value of ρo, implies
that coefficients ai defined in (7.21) are smaller, leading to a less conservative
constraint tightening for the MPC.

For the MPC simulations we use an LSTM model with n = 5 neurons
and with a FIT on the test set of 94.0%. The network is trained using ADAM
optimizer for 1000 epochs, with a learning rate of 0.001 and hyperparameters
λ+ = 0.03 and λ− = 0.02. The final model respects the δISS condition of
Assumption 4.1, and has ρs = 0.92 when the incremental Lyapunov function
Vs is computed using Qs = 1000I2.

7.3.2 Control implementation

To tune the controller we assume dmax = 0.1, that corresponds to the 5% of
the range of variation of the output in the training dataset, since the output
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Figure 7.3: Evolution of the output of the LSTM model (blue line) compared
with reference y0 (black dashed line), and evolution of the disturbance d
(orange dash-dotted line). y0 and d are selected to respect the sufficient
conditions for recursive feasibility of Theorem 7.2.

is normalized in [−1, 1], and w̄ = 0.01. Under this assumption, the following
parameters are used. The cost matrices are set to Q = I2n and R = 1, and
the prediction horizon to N = 5. The observer gains Lf , Li, Lo are chosen
by solving the optimization proposed in [230, Proposition 3], while Ld is set
to 0.01. The matrix Po is obtained by solving the Lyapunov equation with
Qo = 1000I3, leading to ρo = 0.99, Lmax = 8.4×10−4, wmax = 4.3×10−5 and
ē∞ = 1.04. Concerning the parameters related to the recursive feasibility
condition, K̄ = 2.67 is estimated by gridding, while ēy is set to 0.03. This
value is clearly affected by the quality of the initialization of the observer.
In the considered simulations this bound is always largely respected. The
initial value for the observer state is set to the state equilibrium of the
LSTM model associated with the initial output of the system under control
and d̂0 = 0. With the considered parameters, the time variant interval for
y0 needed to satisfy Assumption 7.4 converges to [6.49, 8.51] after an initial
transient.

7.3.3 Simulation results

First, the conservatism of the feasibility/stability conditions is tested by
performing some simulations where the controller is applied on a perturbed
version of the LSTM model. In the first simulation, reported in Figure 7.3,
slow variations of the set-point y0 and of the disturbance d are applied, in
order to respect all the sufficient conditions required by Theorem 7.2. As
predicted by the theory, recursive feasibility, stability and zero error are
fulfilled. Then, considering that all the bounds have been derived using a
sequence of possibly conservative inequalities, we carried out an analysis
to verify the applicability of the control in presence of larger variations of
the set-point y0 and of the disturbance d, that do not satisfy the sufficient
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Figure 7.4: Evolution of the output of the LSTM model (blue line) compared
with reference y0 (black dashed line), and evolution of the disturbance d
(orange dash-dotted line). The sufficient conditions for recursive feasibility
of Theorem 7.2 are not respected, but recursive feasibility is maintained in
the practice.
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Figure 7.5: Evolution of the output of the LSTM model (blue line) com-
pared with reference y0 (black dashed line), and evolution of the disturbance
d (orange dash-dotted line). In the time instants highlighted in gray the op-
timization problem (7.20) is not feasible and the control law is selected by
solving (7.20) without constraints (7.20d)-(7.20e)-(7.20g).
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Figure 7.6: Evolution of the output of the real plant (blue line) compared
with reference y0ϕ (black dashed line), and evolution of the plant disturbance
dϕ (orange dash-dotted line), when Ld = 0.01.
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Figure 7.7: Evolution of the output of the real plant (blue line) compared
with reference y0ϕ (black dashed line), and evolution of the plant disturbance
dϕ (orange dash-dotted line), when Ld = 0.1.

conditions required by Theorem 7.2. In particular, in Figures 7.4 and 7.5,
simulations with increasingly larger set-point and disturbance variations are
reported. In the simulation reported in Figure 7.4 feasibility is never lost,
while in Figure 7.5 in the time instants highlighted in gray the FHOCP
is not feasible because of the large variations of y0. Notably, feasibility is
maintained also with large step variations of the disturbance d.

Then, the controller is applied to the real plant (represented by the
physical equations describing the system). Since model uncertainty is not
estimated, the bounds dmax and w̄ are considered as tuning parameters of
the control. Also êo is considered as an additional tuning parameter of the
control, since the states of the plant do not coincide with the states of the
LSTM. The first simulation is carried out using the same parameters of the
simulations performed using the LSTM model, and is reported in Figure 7.6.
It can be noticed that the response of the plant to the disturbances is very
slow, and null error is reached only after a very long transient. Hence, in a
second simulation, Ld is increased to 0.1 to make the disturbance estimation

108



Chapter 7. Robust offset-free MPC with LSTM networks

in the observer faster. With this tuning of the observer ρo = 0.97, Lmax =
8.5×10−3 and ē∞ = 0.38. In this case, the asymptotic interval for y0 needed
to satisfy Assumption 7.4 is [6.57, 8.43]. The resulting trajectory is reported
in Figure 7.7, and it can be seen that the control is able to correctly manage
the plant, maintain the recursive feasibility and achieve null tracking error
also in presence of disturbances.

7.4 Conclusions

In chapter we proposed an MPC control scheme based on an LSTM model
of the plant under control. The MPC algorithm is able to take into account
input and output constraints and to guarantee null error at steady state
also in presence of modelling errors and of asymptotically constant bounded
disturbances. Offset-free is obtained by introducing the estimation of a
disturbance term in the observer, that is used to update at every time-
step the reference values for the MPC cost. The satisfaction of output
constraints in presence of the observer estimation error and time variant set-
point is obtained using a constraint tightening technique, based on an upper
bound of the norm of the observer estimation error. The key element for the
design of the constraint tightening is the derivation of incremental Lyapunov
functions for the LSTM model and for the observer, whose parameters are
employed in the definition of the coefficients for the constraint tightening. In
the FHOCP formulation for the MPC a time variant terminal constraint is
also introduced, that guarantees recursive feasibility in presence of variations
of the reference values. Then, ISpS and convergence are proven by means of
a Lyapunov function, different from the optimal cost because considers the
deviation from the asymptotic values of state and input set-points that are
a-priori unknown.

The main limitation of the proposed approach is the conservatism of
the robust constrained MPC algorithm that must cope with both the dis-
turbances and the set-point variations. In order to partially reduce this
limitation an artificial reference approach could be adopted, avoiding the
restriction on the tightened constraints introduced by the set-point varia-
tion. Further improvement could be achieved by deriving less conservative
bounds along all the proofs. However most of the conservatism is inherent in
the worst case deterministic approach. As shown in the simulation example
it is possible to find a compromise between a-priori feasibility guarantee and
performance by adapting some of the algorithm parameters.

7.5 Proofs

The following lemmas will be used for the proofs.
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Lemma 7.5 (Property 3 in [230]). Given two vectors a, b ∈ Rn and a
positive definite matrix M , for any φ ̸= 0 it holds that

∥a+ b∥2M ≤ (1 + φ2)∥a∥2M +

(
1 +

1

φ2

)
∥b∥2M . (7.26)

Lemma 7.6. Given two sets of n numbers each, {a1, ..., an} and {b1, ..., bn},
one has that

min
i∈[1:n]

ai − min
i∈[1:n]

bi ≥ min
i∈[1:n]

(ai − bi). (7.27)

Proof. Equation (7.27) can be rearranged as

min
i∈[1:n]

ai ≥ min
i∈[1:n]

bi + min
i∈[1:n]

(ai − bi).

Let’s now denote ci = ai − bi for i ∈ [1 : n]. Then

min
i∈[1:n]

ai = min
i∈[1:n]

(bi + ci) ≥ min
i,j∈[1:n]

(bi + cj) = min
i∈[1:n]

bi + min
j∈[1:n]

cj

= min
i∈[1:n]

bi + min
i∈[1:n]

ci = min
i∈[1:n]

bi + min
i∈[1:n]

(ai − bi).

□

7.5.1 Proof of Lemma 7.1

Condition (7.6a) is easily verified for the definition of Vs.

Condition (7.6b) can be verified as follows:

Vs((x
a)+, (xb)+) =

√[
∥(ca)+ − (cb)+∥2
∥(ha)+ − (hb)+∥2

]⊤
Ps

[
∥(ca)+ − (cb)+∥2
∥(ha)+ − (hb)+∥2

]
(4.1)

≤

√[
∥ca − cb∥2
∥ha − hb∥2

]⊤
A⊤

δ PsAδ

[
∥ca − cb∥2
∥ha − hb∥2

]

=

√[
∥ca − cb∥2
∥ha − hb∥2

]⊤
(Ps −Qs)

[
∥ca − cb∥2
∥ha − hb∥2

]

≤

√∥∥∥∥[∥ca − cb∥2
∥ha − hb∥2

]∥∥∥∥2
Ps

− λmin(Qs)

∥∥∥∥[∥ca − cb∥2
∥ha − hb∥2

]∥∥∥∥2
≤

√(
1 − λmin(Qs)

λmax(Ps)

)∥∥∥∥[∥ca − cb∥2
∥ha − hb∥2

]∥∥∥∥2
Ps

= ρsVs(xa, xb).

Finally, to verify condition (7.6c), consider the j-th row of |Wy(ha−hb)|
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for j = 1, ..., p:

|Wy(j∗)(h
a − hb)| =

∣∣∣∣[01,n Wy(j∗)]
[
ca − cb

ha − hb

]∣∣∣∣
≤
∣∣∣∣[∥0n,1∥ ∥∥Wy(j∗)

∥∥] [∥ca − cb∥2
∥ha − hb∥2

]∣∣∣∣
=

∣∣∣∣[0 ∥∥Wy(j∗)
∥∥]P−1/2

s P 1/2
s

[
∥ca − cb∥2
∥ha − hb∥2

]∣∣∣∣
≤
∥∥∥[0 ∥∥Wy(j∗)

∥∥]P−1/2
s

∥∥∥ · ∥∥∥∥P 1/2
s

[
∥ca − cb∥2
∥ha − hb∥2

]∥∥∥∥
= cs(j)Vs(x

a, xb).

□

7.5.2 Proofs of Lemma 7.2 and of Corollary 7.1

Proof of Lemma 7.2

Existence of x∗: We first prove that if a constant input u is applied to
a δISS system, then the resulting state trajectory is asymptotically con-
stant. Considering any possible initial state x0, and applying the definition
of δISS (2.10) with xb0 = x0, x

a
0 = x1 = f(x0, u) and uah = ubh = u for all

h = 0, ..., k − 1, it follows that

∥xk+1 − xk∥ ≤ β(∥x1 − x0∥, k).

Hence the difference between xk+1 and xk becomes small when k increases.
By summing up the previous inequality one has that limT→∞ ∥xT − x0∥ ≤∑∞

k=0 β(∥x1 − x0∥, k), that is finite in view of the exponential nature of
the function β. Then, the resulting trajectory is asymptotically constant.
Moreover, given any u there exists x∗ solving (7.9), that corresponds to
the asymptotic value of the trajectories associated to the constant input u.
Finally, x∗ ∈ X in view of the positive invariance of X .

Uniqueness of x∗: Consider the definition of δISS (2.10), and assume
that there exist two different equilibrium states x∗a and x∗b corresponding
to the same input u. Under this assumption it is possible to study the
evolution of the system with xa0 = x∗a, x

b
0 = x∗b and uah = ubh = u for all

h = 0, ..., k−1. Then, for the δISS assumption, it follows that ∥xak−xbk∥ → 0
for k → ∞. This is a contradiction with the fact that x∗a and x∗b are two
different equilibrium states. Then the equilibrium state x∗ is unique. □

Proof of Corollary 7.1

The existence and uniqueness of x∗ follows from Lemma 7.2. Then there
exists a unique value d∗ satisfying (7.10b), that is d∗ = y − g(x∗). □
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7.5.3 Proof of Lemma 7.3

First, we recall from [230] that σ̄f , σ̄i, σ̄o and σ̄c are bounds on the values
of the gates of the LSTM. In particular, if h ∈ H and u ∈ U , then for
j = 1, ..., nc

|σ(Wfu+ Ufh+ bf)(j)| ≤ σ̄f , (7.28a)

|σ(Wiu+ Uih+ bi)(j)| ≤ σ̄i, (7.28b)

|σ(Wou+ Uoh+ bo)(j)| ≤ σ̄o, (7.28c)

| tanh(Wcu+ Uch+ bc)(j)| ≤ σ̄c. (7.28d)

Consider Equation (7.11b) for ĥ. H is an invariant set for ĥ because each
component of ĥk+1 is computed as the product between a sigmoid function,
whose output lies in (0, 1), and an hyperbolic tangent, whose output lies
in (−1, 1).

Moreover, D is an invariant set for d̂ in view of the saturation in Equa-
tion (7.11c).

It is now proved that Ĉ is a positive invariant set for ĉ. First note that
if u ∈ U , h, ĥ ∈ H, d, d̂ ∈ D, in view of (7.7d), one has that

|σ(Wfu+ Uf ĥ+ bf + Lf(y − ŷ))(j)|

= σ
(

(Wfu+ Uf ĥ+ bf + Lf(y − ŷ))(j)

)
≤ σ

(∣∣∣(Wfu+ Uf ĥ+ bf + Lf(y − ŷ))(j)

∣∣∣)
≤ σ

(
max

u,h,ĥ,d,d̂
max

j

∣∣∣(Wfu+ Uf ĥ+ bf + Lf(y − ŷ))(j)

∣∣∣)

= σ

(
max

u,h,ĥ,d,d̂
∥Wfu+ Uf ĥ+ bf + Lf(y − ŷ)∥∞

)
≤ σ(∥[Wfumax, Uf − LfWy, bf , LfWy, 2Lfdmax]∥∞) = ˆ̄σf

(7.29)

and that
|σ(Wiu+ Uiĥ+ bi + Li(y − ŷ))(j)| ≤ ˆ̄σi. (7.30)

Consider now the j-th component of ĉ, and assume ĉk ∈ Ĉ, hk, ĥk ∈ H
and dk, d̂k ∈ D. By taking the absolute value of the j-th component of
(7.11a) one gets

|ĉk+1(j)| ≤ |σ(Wfuk + Uf ĥk + bf + Lf(y − ŷ))(j)| · |ĉk(j)|

+ |σ(Wiuk + Uiĥk + bi + Li(y − ŷ))(j)| · | tanh(Wcuk + Ucĥk + bc)(j)|
(7.28d)(7.29)(7.30)

≤ ˆ̄σf |ĉk(j)| + ˆ̄σiσ̄c ≤
ˆ̄σiσ̄c

1 − ˆ̄σf

i.e. Ĉ is a positive invariant set for state ĉ. □
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7.5.4 Proof of Theorem 7.1

The proof is divided in three parts:

1. Derivation of an upper bound for the evolution of the observer esti-
mation error;

2. Proof of the properties (7.14) of the observer Lyapunov function Vo;

3. Proof of convergence, under the assumption that wk → 0 for k → ∞.

Part 1: First note that, in a similar way to (7.29), it is possible to show
that

|σ(Wou+ Uoĥ+ bo + Lo(y − ŷ))(j)| ≤ ˆ̄σo. (7.31)

Let’s now define the error variables ec := c−ĉ, eh := h−ĥ and ed := d−d̂,
and let’s study their evolution in time.

Consider the time evolution of ec:

e+c = c+ − ĉ+

= σ(Wfu+ Ufh+ bf) ⊗ c+ σ(Wiu+ Uih+ bi) ⊗ tanh(Wcu+ Uch+ bc)

−
(
σ(Wfu+ Uf ĥ+ bf + Lf(y − ŷ)) ⊗ ĉ

+ σ(Wiu+ Uiĥ+ bi + Li(y − ŷ)) ⊗ tanh(Wcu+ Ucĥ+ bc)
)

= σ(Wfu+ Uf ĥ+ bf + Lf(y − ŷ)) ⊗ (c− ĉ)

+ c⊗
(
σ(Wfu+ Ufh+ bf) − σ(Wfu+ Uf ĥ+ bf + Lf(y − ŷ))

)
+ σ(Wiu+ Uih+ bi) ⊗(
tanh(Wcu+ Uch+ bc) − tanh(Wcu+ Ucĥ+ bc)

)
+ tanh(Wcu+ Ucĥ+ bc) ⊗(
σ(Wiu+ Uih+ bi) − σ(Wiu+ Uiĥ+ bi + Li(y − ŷ))

)
.

Taking the norm of both sides, exploiting c ∈ C, (4.1c), (7.28), (7.29), (7.31),
the definition of σ̄x, and the fact that σ(·) and tanh(·) are Lipschitz con-
tinuous functions with Lipschitz constants respectively of 1

4 and 1, one has
that

∥e+c ∥2 ≤ ˆ̄σf∥ec∥2 +
σ̄iσ̄c

1 − σ̄f

1

4
∥Ufh− Uf ĥ− LfWy(h− ĥ) − Lf(d− d̂)∥2

+ σ̄i∥Uc(h− ĥ)∥2 + σ̄c
1

4
∥Uih− Uiĥ− LiWy(h− ĥ) − Li(d− d̂)∥2

≤ ˆ̄σf∥ec∥2 +
σ̄iσ̄c

1 − σ̄f

1

4
(∥Uf − LfWy∥2∥eh∥2 + ∥Lf∥2∥ed∥2)

+ σ̄i∥Uc∥2∥eh∥2 +
1

4
σ̄c(∥Ui − LiWy∥2∥eh∥2 + ∥Li∥2∥ed∥2).
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Ordering all terms one has

∥e+c ∥2 ≤ ˆ̄σf∥ec∥2

+

(
1

4

σ̄iσ̄c
1 − σ̄f

∥Uf − LfWy∥2 + σ̄i∥Uc∥2 +
1

4
σ̄c∥Ui − LiWy∥2

)
∥eh∥2

+

(
1

4

σ̄iσ̄c
1 − σ̄f

∥Lf∥2 +
1

4
σ̄c∥Li∥2

)
∥ed∥2

= ˆ̄σf∥ec∥2 + α̂∥eh∥2 + β̂∥ed∥2.

(7.32)

Consider the time evolution of eh:

e+h = h+ − ĥ+

= σ(Wou+ Uoh+ bo) ⊗ tanh(c+)

− σ(Wou+ Uoĥ+ bo + Lo(y − ŷ)) ⊗ tanh(ĉ+)

= σ(Wou+ Uoĥ+ bo + Lo(y − ŷ)) ⊗ (tanh(c+) − tanh(ĉ+))

+ tanh(c+) ⊗
(
σ(Wou+ Uoh+ bo) − σ(Wou+ Uoĥ+ bo + Lo(y − ŷ))

)
.

Taking the norm of both sides, exploiting (7.28), (7.29), (7.31), the definition
of σ̄x, lipschitzianity of σ(·) and tanh(·), one has that

∥e+h ∥2 ≤ ˆ̄σo∥c+ − ĉ+∥2 + σ̄x
1

4
∥Uoh− Uoĥ− LoWy(h− ĥ) − Lo(d− d̂)∥2

≤ ˆ̄σo∥e+c ∥2 +
1

4
σ̄x∥Uo − LoWy∥2∥eh∥2 +

1

4
σ̄x∥Lo∥2∥ed∥2.

By substituting ∥e+c ∥2 with its upper bound (7.32) and ordering all terms
one has

∥e+h ∥2 ≤ ˆ̄σo ˆ̄σf∥ec∥2 + γ̂∥eh∥2 + (ˆ̄σoβ̂ +
1

4
σ̄x∥Lo∥2)∥ed∥2. (7.33)

Consider the evolution in time of ed. First define d̂+ns := d̂ + Ld(y − ŷ),
that is (7.11c) without the saturation operator. Then

e+d,ns = d+ − d̂+ns = d+ w − d̂− LdWy(h− ĥ) − Ld(d− d̂)

= (Ip − Ld)ed − LdWyeh + w.

By taking the norm of both sides one has that

∥e+d,ns∥2 ≤ ∥LdWy∥2∥eh∥2 + ∥Ip − Ld∥2∥ed∥2 + ∥w∥2. (7.34)

Moreover, noting that ∥e+d ∥2 ≤ ∥e+d,ns∥2, it is possible to write in matrix
form (7.32), (7.33) and (7.34), obtaining∥e+c ∥2∥e+h ∥2

∥e+d ∥2

 ≤ Ad

∥ec∥2∥eh∥2
∥ed∥2

+

0
0
1

 ∥w∥2 (7.35)
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where Ad is defined in (7.12).

Part 2: Condition (7.14a) is easily verified for the definition of Vo.

Proof of (7.14b) is shown in the following:

Vo(χ̂
+, χ+) =

∥∥∥∥∥∥
∥ĉ+ − c+∥2
∥ĥ+ − h+∥2
∥d̂+ − d+∥2

∥∥∥∥∥∥
Po

(7.35)

≤

∥∥∥∥∥∥Ad

∥ĉ− c∥2
∥ĥ− h∥2
∥d̂− d∥2

+

0
0
1

 ∥w∥2

∥∥∥∥∥∥
Po

≤

∥∥∥∥∥∥Ad

∥ĉ− c∥2
∥ĥ− h∥2
∥d̂− d∥2

∥∥∥∥∥∥
Po

+

∥∥∥∥∥∥
0

0
1

 ∥w∥2

∥∥∥∥∥∥
Po

.

The two terms of this sum are now considered separately.

For the first term we have that

∥∥∥∥∥∥Ad

∥ĉ− c∥2
∥ĥ− h∥2
∥d̂− d∥2

∥∥∥∥∥∥
Po

=

√√√√√√
∥ĉ− c∥2
∥ĥ− h∥2
∥d̂− d∥2

⊤

A⊤
d PoAd

∥ĉ− c∥2
∥ĥ− h∥2
∥d̂− d∥2



=

√√√√√√
∥ĉ− c∥2
∥ĥ− h∥2
∥d̂− d∥2

⊤

(Po −Qo)

∥ĉ− c∥2
∥ĥ− h∥2
∥d̂− d∥2



≤

√√√√√√
∥∥∥∥∥∥
∥ĉ− c∥2
∥ĥ− h∥2
∥d̂− d∥2

∥∥∥∥∥∥
2

Po

− λmin(Qo)

∥∥∥∥∥∥
∥ĉ− c∥2
∥ĥ− h∥2
∥d̂− d∥2

∥∥∥∥∥∥
2

2

≤

√√√√√√(1 − λmin(Qo)

λmax(Po)

)∥∥∥∥∥∥
∥ĉ− c∥2
∥ĥ− h∥2
∥d̂− d∥2

∥∥∥∥∥∥
2

Po

=

√
1 − λmin(Qo)

λmax(Po)
Vo(χ̂, χ) = ρoVo(χ̂, χ).

For the second term, in view of boundedness of set W, we have that
there exists a finite constant w̄ such that for all w ∈ W∥∥∥∥∥∥

0
0
1

 ∥w∥2

∥∥∥∥∥∥
Po

≤
√
Po(3,3)wmax =: w̄.

It follows that Vo(χ̂
+, χ+) ≤ ρoVo(χ̂, χ) + w̄.

Condition (7.14c) is now verified. Consider the j-th row of |Wy(h− ĥ) +
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(d− d̂)|:

|Wy(j∗)(h− ĥ) + (d(j) − d̂(j))|

=

∣∣∣∣∣∣[01,n Wy(j∗) Ip(j∗)]

 c− ĉ

h− ĥ

d− d̂

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
[
0
∥∥Wy(j∗)

∥∥
2

1
]∥c− ĉ∥2

∥h− ĥ∥2
∥d− d̂∥2

∣∣∣∣∣∣
=

∣∣∣∣∣∣
[
0
∥∥Wy(j∗)

∥∥
2

1
]
P−1/2
o P 1/2

o

∥c− ĉ∥2
∥h− ĥ∥2
∥d− d̂∥2

∣∣∣∣∣∣
≤
∥∥∥[0 ∥∥Wy(j∗)

∥∥
2

1
]
P−1/2
o

∥∥∥
2
·

∥∥∥∥∥∥P 1/2
o

∥c− ĉ∥2
∥h− ĥ∥2
∥d− d̂∥2

∥∥∥∥∥∥
2

= co(j)Vo(χ̂, χ).

Finally, to study condition (7.14d), first note that

∥∥χ̂+ − faug(χ̂, u)
∥∥
2

=

∥∥∥∥∥∥
∥ĉ+ − fc(χ̂, u)∥2
∥ĥ+ − fh(χ̂, u)∥2
∥d̂+ − fd(χ̂, u)∥2

∥∥∥∥∥∥
2

where fc and fh represent Equations (7.7a) and (7.7b) respectively, and fd
represents Equation (7.7c) without the term wk.

Consider ĉ+ − fc(χ̂, u):

ĉ+ − fc(χ̂, u) = σ(Wfu+ Uf ĥ+ bf + Lf(y − ŷ)) ⊗ ĉ

+ σ(Wiu+ Uiĥ+ bi + Li(y − ŷ)) ⊗ tanh(Wcu+ Ucĥ+ bc)

−
(
σ(Wfu+ Uf ĥ+ bf) ⊗ ĉ

+ σ(Wiu+ Uiĥ+ bi) ⊗ tanh(Wcu+ Ucĥ+ bc)
)

=
(
σ(Wfu+ Uf ĥ+ bf + Lf(y − ŷ)) − σ(Wfu+ Uf ĥ+ bf)

)
⊗ ĉ

+
(
σ(Wiu+ Uiĥ+ bi + Li(y − ŷ))

− σ(Wiu+ Uiĥ+ bi)
)
⊗ tanh(Wcu+ Ucĥ+ bc).

Taking the norm of both sides, exploiting the positive invariance of the set
Î, the upper bound (7.28d), and lipschitzianity of σ(·) and tanh(·) we have
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that

∥∥ĉ+ − fc(χ̂, u)
∥∥
2
≤ 1

4
∥Lf(y − ŷ)∥2 ∥ĉ∥2

+
1

4
∥Li(y − ŷ)∥2

∥∥∥tanh(Wcu+ Ucĥ+ bc)
∥∥∥
2

≤ 1

4

ˆ̄σiσ̄c
1 − ˆ̄σf

∥LfWy∥2
∥∥∥h− ĥ

∥∥∥
2

+
1

4
∥Lf∥2

ˆ̄σiσ̄c
1 − ˆ̄σf

∥∥∥d− d̂
∥∥∥
2

+
1

4
σ̄c ∥LiWy∥2

∥∥∥h− ĥ
∥∥∥
2

+
1

4
σ̄c ∥Li∥2

∥∥∥d− d̂
∥∥∥
2

=

(
1

4

ˆ̄σiσ̄c
1 − ˆ̄σf

∥LfWy∥2 +
1

4
σ̄c ∥LiWy∥2

)∥∥∥h− ĥ
∥∥∥
2

+

(
1

4
∥Lf∥2

ˆ̄σiσ̄c
1 − ˆ̄σf

+
1

4
σ̄c ∥Li∥2

)∥∥∥d− d̂
∥∥∥
2
.

(7.36)

Consider ĥ+ − fh(χ̂, u):

ĥ+ − fh(χ̂, u) = σ(Wou+ Uoĥ+ bo + Lo(y − ŷ)) ⊗ tanh(ĉ+)

−
(
σ(Wou+ Uoĥ+ bo) ⊗ tanh(fc(χ̂, u))

)
=
(
σ(Wou+ Uoĥ+ bo + Lo(y − ŷ))

− σ(Wou+ Uoĥ+ bo)
)
⊗ tanh(ĉ+)

+
(
tanh(ĉ+) − tanh(fc(χ̂, u))

)
⊗ σ(Wou+ Uoĥ+ bo).

Taking the norm of both sizes, exploiting the positive invariance of the
set Î, the upper bound (7.28c), lipschitzianity of σ(·) and tanh(·), and by
substituting (7.36) we have that

∥∥∥ĥ+ − fh(χ̂, u)
∥∥∥
2
≤ 1

4
∥Lo(y − ŷ)∥2 tanh

(
ˆ̄σiσ̄c

1 − ˆ̄σf

)
+
∥∥ĉ+ − fc(χ̂, u)

∥∥
2
σ̄o

≤ 1

4
tanh

(
ˆ̄σiσ̄c

1 − ˆ̄σf

)
∥LoWy∥2

∥∥∥h− ĥ
∥∥∥
2

+
1

4
tanh

(
ˆ̄σiσ̄c

1 − ˆ̄σf

)
∥Lo∥2

∥∥∥d− d̂
∥∥∥
2

+ σ̄o

(
1

4

ˆ̄σiσ̄c
1 − ˆ̄σf

∥LfWy∥2 +
1

4
σ̄c ∥LiWy∥2

)∥∥∥h− ĥ
∥∥∥
2

+ σ̄o

(
1

4
∥Lf∥2

ˆ̄σf σ̄c
1 − ˆ̄σf

+
1

4
σ̄c ∥Li∥2

)∥∥∥d− d̂
∥∥∥
2
.

(7.37)
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Consider d̂+ − fd(χ̂, u):∥∥∥d̂+ − fd(χ̂, u)
∥∥∥
2

=
∥∥∥sat(d̂+ Ld(y − ŷ), dmax) − d̂

∥∥∥
2

≤
∥∥∥d̂+ Ld(y − ŷ) − d̂

∥∥∥
2

= ∥Ld(y − ŷ)∥2

≤ ∥LdWy∥2
∥∥∥h− ĥ

∥∥∥
2

+ ∥Ld∥2
∥∥∥d− d̂

∥∥∥
2
.

(7.38)

Combining (7.36), (7.37) and (7.38), we have that∥ĉ+ − fc(χ̂, u)∥2
∥ĥ+ − fh(χ̂, u)∥2
∥d̂+ − fd(χ̂, u)∥2

 ≤ L

∥c− ĉ∥2
∥h− ĥ∥2
∥d− d̂∥2

 (7.39)

where L is a matrix that can be obtained from (7.36)-(7.37)-(7.38). In
particular

L :=

0 ᾱ β̄
0 γ̄ ∥LoWy∥2 + σ̄oᾱ γ̄ ∥Lo∥2 + σ̄oβ̄
0 ∥LdWy∥2 ∥Ld∥2


with

ᾱ :=
1

4

ˆ̄σiσ̄c
1 − ˆ̄σf

∥LfWy∥2 +
1

4
σ̄c ∥LiWy∥2

β̄ :=
1

4
∥Lf∥2

ˆ̄σiσ̄c
1 − ˆ̄σf

+
1

4
σ̄c ∥Li∥2

γ̄ :=
1

4
tanh

(
ˆ̄σiσ̄c

1 − ˆ̄σf

)
.

Taking the norm of both sides of (7.39), we have

∥∥χ̂+ − faug(χ̂, u)
∥∥
2
≤

∥∥∥∥∥∥L
∥c− ĉ∥2
∥h− ĥ∥2
∥d− d̂∥2

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥LP−1/2
o P 1/2

o

∥c− ĉ∥2
∥h− ĥ∥2
∥d− d̂∥2

∥∥∥∥∥∥
2

≤
∥∥∥LP−1/2

o

∥∥∥
2
Vo(χ̂, χ)

so that Equation (7.14d) is verified with Lmax :=
∥∥∥LP−1/2

o

∥∥∥
2
.

Part 3: If wk → 0 for k → ∞, then observer convergence immediately
follows from (7.35). □

7.5.5 Proof of Lemma 7.4

Let’s define ŷ0 := d̂− y0 and ζ := [x̄⊤ ū⊤]⊤. Then the equilibrium problem
(7.15) can be rewritten as the problem of finding the solution of F (ŷ0, ζ) = 0,
with

F (ŷ0, ζ) :=

[
f(x̄, ū) − x̄
g(x̄) + ŷ0

]
.
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In this proof the function ζ = γ(ŷ0) such that F (ŷ0, γ(ŷ0)) = 0 is studied.
Let’s define the following Jacobian matrices of F in the point (ŷ0, γ(ŷ0)):

Jζ(ŷ
0, γ(ŷ0)) :=

[
∂
∂x(f(x̄, ū) − x̄) ∂

∂u(f(x̄, ū) − x̄)
∂
∂x(g(x̄) + ŷ0) ∂

∂u(g(x̄) + ŷ0)

]
,

Jŷ0(ŷ0, γ(ŷ0)) :=

[
∂

∂ŷ0
(f(x̄, ū) − x̄)

∂
∂ŷ0

(g(x̄) + ŷ0)

]
=

[
02nc,p

Ip

]
.

Under Assumption 7.3, the implicit function theorem states that

∂γ

∂ŷ0
(ŷ0) = −[Jζ(ŷ

0, γ(ŷ0))]−1Jŷ0(ŷ0, γ(ŷ0)) = K(ŷ0).

Let’s denote K(ŷ0) = [Kx̄(ŷ0)⊤ Kū(ŷ0)⊤]⊤, where Kx̄(ŷ0) are the first 2nc
rows of K(ŷ0) and Kū(ŷ0) are the remaining m rows. Then, denoting

K̄ := max
ŷ0:y0∈Y0,d̂∈D

∥∥Kx̄(ŷ0)
∥∥
2

it is possible to obtain a relationship between the maximum variation of x̄
and the variation of ŷ0:

∥x̄k+1 − x̄k∥2 ≤ K̄
∥∥ŷ0k+1 − ŷ0k

∥∥
2
.

Note that the maximum that defines K̄ is always finite in view of the bound-
edness of the sets Y0 and D.

The variation of ŷ0 = d̂ − y0 can be given by a variation of the dis-
turbance estimation d̂ and/or by a variation of the set-point y0. This two
contributions can be separated, obtaining

∥x̄k+1 − x̄k∥2 ≤ K̄
∥∥∥d̂k+1 − d̂k

∥∥∥
2

+ K̄
∥∥y0k+1 − y0k

∥∥
2
. (7.40)

The maximum variation of the disturbance estimation d̂ depends on the
maximum estimation error ēy and on the observer gain Ld. In particular it
holds that ∥∥∥d̂k+1 − d̂k

∥∥∥
2

(7.11c)

≤ ∥Ld(yk − ŷk)∥2 ≤ ∥Ld∥2 ēy (7.41)

Then, combining (7.40) and (7.41), (7.17) is proven. □

7.5.6 Proof of Theorem 7.2

The proof is divided in 3 parts:

1. Proof of satisfaction of constraints (7.3) and (7.4), given that (ψ, d, y0) ∈
XMPC.
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2. Proof of recursive feasibility, that is divided in:

(a) Show that if [c⊤ h⊤]⊤ ∈ Xf (k) then Wyh+ by +dmax1p ≤ ymax−
aN êo,k − bN and Wyh+ by − dmax1p ≥ ymin + aN êo,k + bN ;

(b) Show that the candidate solution satisfies (7.20d) and (7.20e);

(c) Show that the candidate solution satisfies the terminal constraint
(7.20g).

3. Proof of ISpS and convergence, that is divided in:

(a) Proof of ISpS;

(b) Proof of convergence.

Part 1: If ψ ∈ XMPC, the satisfaction of the input saturation (7.3)
follows from constraint (7.20f) of the FHOCP formulation. Also the satis-
faction of the output constraint (7.4) is guaranteed by the control design.
In particular yk ≤ ymax follows from

yk = Wyhk + by + dk
(7.14c)

≤ Wyĥk + by + d̂k + coVo(χ̂k, χk)

≤Wyh0|k + by + dmax1p + coêo,k
(7.21a)(7.20d)

≤ ymax − a0êo,k + a0êo,k = ymax.

The fact that yk ≥ ymin can be proven in a similar way:

yk = Wyhk + by + dk
(7.14c)

≥ Wyĥk + by + d̂k − coVo(χ̂k, χk)

≥Wyh0|k + by − dmax1p − coêo,k
(7.21a)(7.20e)

≥ ymin + a0êo,k − a0êo,k = ymin.

Part 2a: To verify that if x ∈ Xf (k) then the tightened output con-
straints are satisfied, first note that if x ∈ Xf (k) then

∣∣Wy(j∗)(h− h̄k)
∣∣ =

∣∣∣∣[01,n Wy(j∗)]
[
c− c̄k
h− h̄k

]∣∣∣∣ ≤ ∣∣∣∣[0 ∥∥Wy(j∗)
∥∥
2
]

[
∥c− c̄k∥2∥∥h− h̄k

∥∥
2

]∣∣∣∣
=

∣∣∣∣[0 ∥∥Wy(j∗)
∥∥
2
]P

−1/2
f P

1/2
f

[
∥c− c̄k∥2∥∥h− h̄k

∥∥
2

]∣∣∣∣
≤
∥∥∥[0

∥∥Wy(j∗)
∥∥
2
]P

−1/2
f

∥∥∥
2
·
∥∥∥∥[ ∥c− c̄k∥2∥∥h− h̄k

∥∥
2

]∥∥∥∥
Pf

(7.22)

≤
∥∥∥[0

∥∥Wy(j∗)
∥∥
2
]P

−1/2
f

∥∥∥
2
αk.

(7.42)
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Considering now the j-th row of Wyh+ by + dmax1p, we have that

Wy(j∗)h+ by(j) + dmax

= Wy(j∗)(h− h̄k) +Wy(j∗)h̄k + by(j) + d̂k(j) − d̂k(j) + dmax

(7.15b)
= Wy(j∗)(h− h̄k) + y0k(j) − d̂k(j) + dmax

≤
∣∣Wy(j∗)(h− h̄k)

∣∣+ y0k(j) + 2dmax

(7.42)

≤
∥∥∥[0

∥∥Wy(j∗)
∥∥
2
]P

−1/2
f

∥∥∥
2
αk + y0k(j) + 2dmax

(7.23a)

≤ ymax(j) − aN(j)ẽo,k − bN(j)

(7.23d)

≤ ymax(j) − aN(j)êo,k − bN(j).

In a similar way it is possible to prove that Wyh + by − dmax1p ≥ ymin +
aN êo,k + bN . In fact, considering the j-th row of −Wyh − by + dmax1p, we
obtain that

−Wy(j∗)h− by(j) + dmax

= −Wy(j∗)(h− h̄k) −Wy(j∗)h̄k − by(j) − d̂k(j) + d̂k(j) + dmax

(7.15b)
= −Wy(j∗)(h− h̄k) − y0(j) − d̂k(j) + dmax

≤
∣∣Wy(j∗)(h− h̄k)

∣∣− y0(j) + 2dmax

(7.42)

≤
∥∥∥[0

∥∥Wy(j∗)
∥∥
2
]P

−1/2
f

∥∥∥
2
αk − y0(j) + 2dmax

(7.23a)

≤ −ymin(j) − aN(j)ẽo,k − bN(j)

(7.23d)

≤ −ymin(j) − aN(j)êo,k − bN(j).

Part 2b: Given the optimal solution u⋆
k of the optimization problem

at time-step k, let’s denote with x⋆
k = {x⋆0|k, ..., x

⋆
N−1|k} the associate state

trajectory defined by x⋆i+1|k := f(x⋆i|k, u
⋆
i|k) with x⋆0|k := x̂k. Let’s also define

x⋆N+1|k := f(x⋆N |k, ūk+1).

Let’s define ũk+1 = {ũi|k+1}N−1
i=0 the candidate solution at time-step

k+1, where ũi|k+1 := u⋆i+1|k for i = 0, ..., N −2 and ũN−1|k+1 := ūk+1. Note
that ūk+1 ∈ U for Assumption 7.3. Consider also the associate trajectory
x̃k+1 = {x̃0|k+1, ..., x̃N |k+1} defined by x̃i+1|k+1 := f(x̃i|k+1, ũi|k+1) with
x̃0|k+1 := x̂k+1.

Preliminarily, note that thanks to Lemma 7.1 and Theorem 7.1 we have
that

Vs(x̃0|k+1, x
⋆
1|k)

(7.6a)

≤ cs,u

∥∥∥x̃0|k+1 − x⋆1|k

∥∥∥
2
≤ cs,u

∥∥∥∥∥
[
x̃0|k+1

d̂k+1

]
−

[
x⋆1|k
d̂k

]∥∥∥∥∥
2

(7.14d)

≤ cs,uLmaxVo(χ̂k, χk) ≤ cs,uLmaxêo,k

and that using Lemma 7.1 and inequality (7.6b) recursively it follows that

Vs(x̃i|k+1, x
⋆
i+1|k) ≤ cs,uρ

i
sLmaxêo,k (7.43)
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for i = 0, ..., N . Moreover, as shown in Part 2a of the proof, since x⋆N |k ∈
Xf (k)

Wyh
⋆
N |k + by + dmax1p ≤ ymax − aN êo,k − bN

Wyh
⋆
N |k + by − dmax1p ≥ ymin + aN êo,k + bN .

Hence, x̃i|k+1 satisfies (7.20d) for i = 0, ..., N − 1 as shown in the following

Wyh̃i|k+1 + by + dmax1p
(7.6c)

≤ Wyh
⋆
i+1|k + csVs(x̃i|k+1, x

⋆
i+1|k) + by + dmax1p

(7.20e)(7.43)

≤ ymax − ai+1êo,k − bi+1 + cs,uρ
i
sLmaxêo,kcs

(7.21)
= ymax − ρoaiêo,k − cs,uρ

i
sLmaxêo,kcs − bi − aiw̄ + cs,uρ

i
sLmaxêo,kcs

(7.18)
= ymax − aiêo,k+1 − bi.

In a similar way it follows that x̃i|k+1 also satisfies (7.20e) for i = 0, ..., N−1:

−Wyh̃i|k+1 − by + dmax1p
(7.6c)

≤ −Wyh
⋆
i+1|k + csVs(x̃i|k+1, x

⋆
i+1|k) − by + dmax1p

(7.20e)(7.43)

≤ −ymin − ai+1êo,k − bi+1 + cs,uρ
i
sLmaxêo,kcs

(7.21)
= −ymin − ρoaiêo,k − cs,uρ

i
sLmaxêo,kcs − bi − aiw̄ + cs,uρ

i
sLmaxêo,kcs

(7.18)
= −ymin − aiêo,k+1 − bi.

Part 2c: In this part we prove that x̃N |k+1 ∈ Xf (k + 1), i.e.∥∥∥∥[∥c̃N |k+1 − c̄k+1∥2
∥h̃N |k+1 − h̄k+1∥2

]∥∥∥∥
Pf

≤ αk+1 (7.44)

starting from the fact that x⋆N |k ∈ Xf (k), i.e.∥∥∥∥∥
[
∥c⋆N |k − c̄k∥2
∥h⋆N |k − h̄k∥2

]∥∥∥∥∥
Pf

≤ αk. (7.45)

Comparing (7.44) and (7.45) it is apparent that both the sides of the in-
equalities change. Hence, an upper bound for the left hand side of (7.44)
and a lower bound for the variation of the right hand side are computed in
the following.

Before deriving the upper bound for the left hand side, we derive the
following preliminary inequalities:∥∥∥x̃N |k+1 − x⋆N+1|k

∥∥∥
2

(7.6a)

≤ 1

cs,l
Vs(x̃N |k+1, x

⋆
N+1|k)

(7.43)

≤ cs,u
cs,l

ρNs Lmaxêo,k
(7.46)
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and

∥∥∥∥∥
[
∥c⋆N+1|k − c̄k+1∥2
∥h⋆N+1|k − h̄k+1∥2

]∥∥∥∥∥
Pf

≤ ρf

∥∥∥∥∥
[
∥c⋆N |k − c̄k+1∥2
∥h⋆N |k − h̄k+1∥2

]∥∥∥∥∥
Pf

(7.47)

with ρf :=
√

1 − q
λmax(Pf)

. The proof of this inequality is similar to the proof

of Equation (7.6b) in Lemma 7.1, using Qs = qI2.

Then, the upper bound for the left hand side of (7.44) is

∥∥∥∥[∥c̃N |k+1 − c̄k+1∥2
∥h̃N |k+1 − h̄k+1∥2

]∥∥∥∥
Pf

≤

∥∥∥∥∥
[
∥c̃N |k+1 − c⋆N+1|k∥2
∥h̃N |k+1 − h⋆N+1|k∥2

]∥∥∥∥∥
Pf

+

∥∥∥∥∥
[
∥c⋆N+1|k − c̄k+1∥2
∥h⋆N+1|k − h̄k+1∥2

]∥∥∥∥∥
Pf

(7.47)

≤
√
λmax(Pf)

∥∥∥∥∥
[
∥c̃N |k+1 − c⋆N+1|k∥2
∥h̃N |k+1 − h⋆N+1|k∥2

]∥∥∥∥∥
2

+ ρf

∥∥∥∥∥
[
∥c⋆N |k − c̄k+1∥2
∥h⋆N |k − h̄k+1∥2

]∥∥∥∥∥
Pf

≤
√
λmax(Pf)

∥∥∥x̃N |k+1 − x⋆N+1|k

∥∥∥
2

+ ρf

∥∥∥∥∥
[
∥c⋆N |k − c̄k∥2
∥h⋆N |k − h̄k∥2

]∥∥∥∥∥
Pf

+ ρf

∥∥∥∥[∥c̄k − c̄k+1∥2
∥h̄k − h̄k+1∥2

]∥∥∥∥
Pf

(7.45)(7.46)

≤
√
λmax(Pf)

(
cs,u
cs,l

ρNs Lmaxêo,k + ρf ∥x̄k+1 − x̄k∥2
)

+ ρfαk

(7.17)

≤
√
λmax(Pf)

(
cs,u
cs,l

ρNs Lmaxêo,k + ρfK̄ ∥Ld∥2 ēy + ρfK̄
∥∥y0k+1 − y0k

∥∥
2

)
+ ρfαk.

(7.48)

Let’s now compute a lower bound for the possible variation of α (right
hand side of (7.44) and (7.45)):

αk+1 − αk
(7.23a)

= min
j∈[1:p]

min
{
αmax
j,k+1, α

min
j,k+1

}
− min

j∈[1:p]
min

{
αmax
j,k , αmin

j,k

}
(7.27)

≥ min
j∈[1:p]

min
{
αmax
j,k+1 − αmax

j,k , αmin
j,k+1 − αmin

j,k

}
.
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Noting that

min
{
αmax
j,k+1 − αmax

j,k , αmin
j,k+1 − αmin

j,k

}
(7.23)

= min

{
−
∥∥∥[0

∥∥Wy(j∗)
∥∥
2
]P

−1/2
f

∥∥∥−1

2
(y0k+1(j) − y0k(j))

−
∥∥∥[0

∥∥Wy(j∗)
∥∥
2
]P

−1/2
f

∥∥∥−1

2
aN(j)(ẽo,k+1 − ẽo,k),∥∥∥[0

∥∥Wy(j∗)
∥∥
2
]P

−1/2
f

∥∥∥−1

2
(y0k+1(j) − y0k(j))

−
∥∥∥[0

∥∥Wy(j∗)
∥∥
2
]P

−1/2
f

∥∥∥−1

2
aN(j)(ẽo,k+1 − ẽo,k)

}
= −

∥∥∥[0
∥∥Wy(j∗)

∥∥
2
]P

−1/2
f

∥∥∥−1

2

∣∣∣y0k+1(j) − y0k(j)

∣∣∣
+
∥∥∥[0

∥∥Wy(j∗)
∥∥
2
]P

−1/2
f

∥∥∥−1

2
aN(j)(ẽo,k − ẽo,k+1)

it is possible to derive that

αk ≤ αk+1 + max
j∈[1:p]

{∥∥∥[0
∥∥Wy(j∗)

∥∥
2
]P

−1/2
f

∥∥∥−1

2

∣∣∣y0k+1(j) − y0k(j)

∣∣∣}
− min

j∈[1:p]

{∥∥∥[0
∥∥Wy(j∗)

∥∥
2
]P

−1/2
f

∥∥∥−1

2
aN(j)(ẽo,k − ẽo,k+1)

}
≤ αk+1 + max

j∈[1:p]

{∥∥∥[0
∥∥Wy(j∗)

∥∥
2
]P

−1/2
f

∥∥∥−1

2

∣∣∣y0k+1(j) − y0k(j)

∣∣∣} .
(7.49)

From (7.48) and (7.49) it is possible to obtain∥∥∥∥[∥c̃N |k+1 − c̄k+1∥2
∥h̃N |k+1 − h̄k+1∥2

]∥∥∥∥
Pf

(7.48)

≤
√
λmax(Pf)

(
cs,u
cs,l

ρNs Lmaxêo,k + ρfK̄ ∥Ld∥2 ēy + ρfK̄
∥∥y0k+1 − y0k

∥∥
2

)
+ ρfαk

(7.49)

≤
√
λmax(Pf)

(
cs,u
cs,l

ρNs Lmaxêo,k + ρfK̄ ∥Ld∥2 ēy + ρfK̄
∥∥y0k+1 − y0k

∥∥
2

)
+ (ρf − 1)αk+1

+ ρf max
j=1,...,p

{∥∥∥[0
∥∥Wy(j∗)

∥∥
2
]P

−1/2
f

∥∥∥−1

2

∣∣∣y0k+1(j) − y0k(j)

∣∣∣}+ αk+1.

Finally, note that ρf < 1 by definition and αk+1 > 0 for all k in view of
Assumption 7.4. Then there exist L̄max > 0, L̄d > 0 and ∆y0max > 0 such
that for Lmax ≤ L̄max, ∥Ld∥2 ≤ L̄d and y0 such that

∥∥y0k+1 − y0k
∥∥
2
≤ ∆y0max∥∥∥∥[∥c̃N |k+1 − c̄k+1∥2

∥h̃N |k+1 − h̄k+1∥2

]∥∥∥∥
Pf

≤ αk+1.
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Part 3: To prove the ISpS and convergence properties of the closed-loop
system we introduce a candidate Lyapunov function with a structure similar
to the optimal cost of the MPC where the asymptotic values of the state
and input set-points are used, instead of their values at time-step k. Note
that these values cannot be used in the MPC cost function because they are
unknown. The candidate Lyapunov function is defined as

Wk :=

N−1∑
i=0

(
∥x⋆i|k − x̄∞∥2Q + ∥u⋆i|k − ū∞∥2R

)
+

∥∥∥∥∥
[
∥c⋆N |k − c̄∞∥2
∥h⋆N |k − h̄∞∥2

]∥∥∥∥∥
2

Pf

where u⋆0|k, ..., u
⋆
N−1|k and x⋆0|k, ..., x

⋆
N |k are defined as in Part 2b of this proof,

and x⋆N |k =
[
(c⋆N |k)⊤ (h⋆N |k)⊤

]⊤
. Note that Wk is a function of x = x̂k, êo,k,

x̄k and ūk, because all these values are needed to compute the optimal input
sequence u⋆

k.
In Part 3a, a lower bound and an upper bound for Wk and a bound

on the variation of Wk between subsequent time-steps are derived to prove
ISpS. In Part 3b, convergence is shown by studying the asymptotic values of
the bounds, under the assumption that y0k → y0∞ and dk → d̄∞ for k → ∞.

Part 3a: The lower bound for Wk follows from

Wk ≥ ∥x⋆0|k − x̄∞∥2Q = ∥x̂k − x̄∞∥2Q ≥ λmin(Q)∥x̂k − x̄∞∥22. (7.50)

The upper bound for Wk is now proven.
Consider the possibly suboptimal control input ũk = {ũi|k}N−1

i=0 with
ũi|k := ūk for all i, and denote by x̃k = {x̃0|k, ..., x̃N |k} the correspondent
state trajectory with initial condition x̃0|k := x̂k. Note that there exists
µ > 0 such that this control input is feasible at time-step k for all x̂k such
that ∥x̂k − x̄k∥2 ≤ µ.

Three different cases are considered:

1. ∥x̂k − x̄∞∥2 ≤
µ
2 and ∥x̄k − x̄∞∥2 ≤

µ
2 ;

2. ∥x̂k − x̄∞∥2 >
µ
2 ;

3. ∥x̂k − x̄∞∥2 ≤
µ
2 and ∥x̄k − x̄∞∥2 >

µ
2 .

Case 1: ∥x̂k − x̄∞∥2 ≤
µ
2 and ∥x̄k − x̄∞∥2 ≤

µ
2 .

In this case the sequence ũk is feasible. In fact

∥x̂k − x̄k∥2 ≤ ∥x̂k − x̄∞∥2 + ∥x̄k − x̄∞∥2 ≤
µ

2
+
µ

2
= µ.

Let’s introduce new variables for the difference between the set-point at
step k and the set-point for k → ∞

δx̄k := x̄k − x̄∞, δūk := ūk − ū∞,

δc̄k := c̄k − c̄∞, δh̄k := h̄k − h̄∞.
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Terms δx̄k, δūk, δc̄k, δh̄k can be related to d̂k − d̄∞ and y0k − y0∞ with a rea-
soning similar to the proof of Lemma 7.4. In particular, under Assumption
7.3, there exist finite constants K̄x and K̄u such that

∥δx̄k∥2 ≤ K̄x

∥∥∥d̂k − d̄∞
∥∥∥
2

+ K̄x

∥∥y0k − y0∞
∥∥
2

(7.51a)

∥δūk∥2 ≤ K̄u

∥∥∥d̂k − d̄∞
∥∥∥
2

+ K̄u

∥∥y0k − y0∞
∥∥
2
. (7.51b)

Considering Wk, we have that

Wk ≤
N−1∑
i=0

(
∥x⋆i|k − x̄k∥2Q + ∥u⋆i|k − ūk∥2R

)
+

∥∥∥∥∥
[
∥c⋆N |k − c̄k∥2
∥h⋆N |k − h̄k∥2

]∥∥∥∥∥
2

Pf

+

N−1∑
i=0

(
∥δx̄k∥2Q + ∥δūk∥2R + 2(x⋆i|k − x̄k)⊤Qδx̄k + 2(u⋆i|k − ūk)⊤Rδūk

)

+

∥∥∥∥[∥δc̄k∥2∥δh̄k∥2

]∥∥∥∥2
Pf

+ 2

[
∥c⋆N |k − c̄k∥2
∥h⋆N |k − h̄k∥2

]⊤
Pf

[
∥δc̄k∥2
∥δh̄k∥2

]
.

This expression contains the optimal cost of the MPC optimization at step
k, that is

Vk :=
N−1∑
i=0

(
∥x⋆i|k − x̄k∥2Q + ∥u⋆i|k − ūk∥2R

)
+

∥∥∥∥∥
[
∥c⋆N |k − c̄k∥2
∥h⋆N |k − h̄k∥2

]∥∥∥∥∥
2

Pf

.

Consider now the cost associate to the suboptimal control input ũi|k, and
note that it is greater or equal than the optimal cost, i.e.

Vk ≤
N−1∑
i=0

∥x̃i|k − x̄k∥2Q +

∥∥∥∥[∥c̃N |k − c̄k∥2
∥h̃N |k − h̄k∥2

]∥∥∥∥2
Pf

.

Now we use that∥∥∥∥[∥c̃N |k − c̄k∥2
∥h̃N |k − h̄k∥2

]∥∥∥∥2
Pf

≤ λmax(Pf)

∥∥∥∥[∥c̃N |k − c̄k∥2
∥h̃N |k − h̄k∥2

]∥∥∥∥2
2

= λmax(Pf)∥x̃N |k − x̄k∥22

and that, in view of Assumption 4.1 and Theorem 4.1, there exist µ̄ ≥ 0 and
λ ∈ (0, 1) such that ∀i ≥ 0

∥x̃i|k − x̄k∥2 ≤ µ̄λi∥x̃0|k − x̄k∥2 = µ̄λi∥x̂k − x̄k∥2

to obtain that there exists a constant b̃ ≥ 0 such that

Vk ≤ b̃∥x̂k − x̄k∥22 = b̃∥x̂k − x̄∞ − δx̄k∥22
= b̃∥x̂k − x̄∞∥22 + b̃∥δx̄k∥22 − 2b̃(x̂k − x̄∞)⊤δx̄k.
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Therefore

Wk ≤ b̃∥x̂k − x̄∞∥22 + β(k) (7.52)

where

β(k) :=
N−1∑
i=0

(
∥δx̄k∥2Q + ∥δūk∥2R +2(x⋆i|k − x̄k)⊤Qδx̄k + 2(u⋆i|k − ūk)⊤Rδūk

)

+

∥∥∥∥[∥δc̄k∥2∥δh̄k∥2

]∥∥∥∥2
Pf

+ 2

[
∥c⋆N |k − c̄k∥2
∥h⋆N |k − h̄k∥2

]⊤
Pf

[
∥δc̄k∥2
∥δh̄k∥2

]
+ b̃∥δx̄k∥22 − 2b̃(x̂k − x̄∞)⊤δx̄k.

In view of (7.51) and boundedness of D and Y0, terms δx̄k, δūk, δc̄k and
δh̄k are bounded for all k ∈ Z≥0. In addition, inputs are limited in U and
states are limited in Ĉ × H. Then there exists a constant c̃1 ≥ 0 such that
β(k) ≤ c̃1 for all k ∈ Z≥0.

Case 2: ∥x̂k − x̄∞∥2 >
µ
2 .

There exists Wmax > 0 such that Wk ≤Wmax in XMPC. Then

Wk ≤ 4Wmax

µ2
∥x̂k − x̄∞∥22 . (7.53)

Case 3: ∥x̂k − x̄∞∥2 ≤
µ
2 and ∥x̄k − x̄∞∥2 >

µ
2 .

We have that

Wk ≤ 0 ∥x̂k − x̄∞∥22 + β̃(k) (7.54)

with β̃(k) = Wk ≤Wmax.

Hence, in view of (7.52), (7.53) and (7.54),

Wk ≤ b∥x̂k − x̄∞∥22 + c1 (7.55)

with b = max
{
b̃, 4Wmax

µ2

}
and c1 = max {c̃1,Wmax}.

Let’s now study the variation of Wk between subsequent time-steps.

Consider the Lyapunov function at time-step k + 1:

Wk+1 =
N−1∑
i=0

(
∥x⋆i|k+1 − x̄∞∥2Q + ∥u⋆i|k+1 − ū∞∥2R

)
+

∥∥∥∥∥
[
∥c⋆N |k+1 − c̄∞∥2
∥h⋆N |k+1 − h̄∞∥2

]∥∥∥∥∥
2

Pf

where u⋆
k+1 = {u⋆0|k+1, ..., u

⋆
N |k+1} is the optimal sequence given by the MPC

at step k + 1 and x⋆i+1|k+1 := f(x⋆i|k+1, u
⋆
i|k+1) with x⋆0|k+1 := x̂k+1. Note

that x̂k+1 can be different from x⋆1|k. It is possible to derive the following
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upper bound for Wk+1:

Wk+1 ≤
N−1∑
i=0

(
∥x⋆i|k+1 − x̄k+1∥2Q + ∥u⋆i|k+1 − ūk+1∥2R

)

+

∥∥∥∥∥
[
∥c⋆N |k+1 − c̄k+1∥2
∥h⋆N |k+1 − h̄k+1∥2

]∥∥∥∥∥
2

Pf

+

N−1∑
i=0

(
∥δx̄k+1∥2Q + ∥δūk+1∥2R

+ 2(x⋆i|k+1 − x̄k+1)
⊤Qδx̄k+1 + 2(u⋆i|k+1 − ūk+1)

⊤Rδūk+1

)
+

∥∥∥∥[∥δc̄k+1∥2
∥δh̄k+1∥2

]∥∥∥∥2
Pf

+ 2

[
∥c⋆N |k+1 − c̄k+1∥2
∥h⋆N |k+1 − h̄k+1∥2

]⊤
Pf

[
∥δc̄k+1∥2
∥δh̄k+1∥2

]
.

This expression contains the optimal cost of the MPC optimization at step
k + 1, that is

Vk+1 =
N−1∑
i=0

(
∥x⋆i|k+1 − x̄k+1∥2Q + ∥u⋆i|k+1 − ūk+1∥2R

)

+

∥∥∥∥∥
[
∥c⋆N |k+1 − c̄k+1∥2
∥h⋆N |k+1 − h̄k+1∥2

]∥∥∥∥∥
2

Pf

.

Consider now the feasible trajectory ũi|k+1 for i = 0, ..., N−1 used in Part
2b of this proof. Noting that the cost associated to the feasible trajectory
is greater or equal than Vk+1, we have

Wk+1 ≤
N−2∑
i=0

(
∥x̃i|k+1 − x̄k+1∥2Q + ∥u⋆i+1|k − ūk+1∥2R

)
+ ∥x̃N−1|k+1 − x̄k+1∥2Q + ∥ūk+1 − ūk+1∥2R

+

∥∥∥∥[∥c̃N |k+1 − c̄k+1∥2
∥h̃N |k+1 − h̄k+1∥2

]∥∥∥∥2
Pf

+N∥δx̄k+1∥2Q +N∥δūk+1∥2R

+

N−1∑
i=0

(
2(x⋆i|k+1 − x̄k+1)

⊤Qδx̄k+1 + 2(u⋆i|k+1 − ūk+1)
⊤Rδūk+1

)

+

∥∥∥∥[∥δc̄k+1∥2
∥δh̄k+1∥2

]∥∥∥∥2
Pf

+ 2

[
∥c⋆N |k+1 − c̄k+1∥2
∥h⋆N |k+1 − h̄k+1∥2

]⊤
Pf

[
∥δc̄k+1∥2
∥δh̄k+1∥2

]
.
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Therefore, the variation of the Lyapunov function is bounded by

Wk+1 −Wk ≤
N−2∑
i=0

(
∥x̃i|k+1 − x̄k+1∥2Q + ∥u⋆i+1|k − ūk+1∥2R

)
+ ∥x̃N−1|k − x̄k+1∥2Q +

∥∥∥∥[∥c̃N |k+1 − c̄k+1∥2
∥h̃N |k+1 − h̄k+1∥2

]∥∥∥∥2
Pf

+N∥δx̄k+1∥2Q +N∥δūk+1∥2R

+
N−1∑
i=0

(
2(x⋆i|k+1 − x̄k+1)

⊤Qδx̄k+1 + 2(u⋆i|k+1 − ūk+1)
⊤Rδūk+1

)

+

∥∥∥∥[∥δc̄k+1∥2
∥δh̄k+1∥2

]∥∥∥∥2
Pf

+ 2

[
∥c⋆N |k+1 − c̄k+1∥2
∥h⋆N |k+1 − h̄k+1∥2

]⊤
Pf

[
∥δc̄k+1∥2
∥δh̄k+1∥2

]

−
N−1∑
i=0

(
∥x⋆i|k − x̄∞∥2Q + ∥u⋆i|k − ū∞∥2R

)
−

∥∥∥∥∥
[
∥c⋆N |k − c̄∞∥2
∥h⋆N |k − h̄∞∥2

]∥∥∥∥∥
2

Pf

= − ∥x⋆0|k − x̄∞∥2Q − ∥u⋆0|k − ū∞∥2R

+

N−1∑
i=1

(
∥x̃i−1|k+1 − x̄k+1∥2Q − ∥x⋆i|k − x̄∞∥2Q

)
+

N−1∑
i=1

(
∥u⋆i|k − ūk+1∥2R − ∥u⋆i|k − ū∞∥2R

)
+ ∥x̃N−1|k+1 − x̄k+1∥2Q

−

∥∥∥∥∥
[
∥c⋆N |k − c̄∞∥2
∥h⋆N |k − h̄∞∥2

]∥∥∥∥∥
2

Pf

+

∥∥∥∥[∥c̃N |k+1 − c̄k+1∥2
∥h̃N |k+1 − h̄k+1∥2

]∥∥∥∥2
Pf

+
N−1∑
i=0

(
2(x⋆i|k+1 − x̄k+1)

⊤Qδx̄k+1 + 2(u⋆i|k+1 − ūk+1)
⊤Rδūk+1

)

+ 2

[
∥c⋆N |k+1 − c̄k+1∥2
∥h⋆N |k+1 − h̄k+1∥2

]⊤
Pf

[
∥δc̄k+1∥2
∥δh̄k+1∥2

]

+N∥δx̄k+1∥2Q +N∥δūk+1∥2R +

∥∥∥∥[∥δc̄k+1∥2
∥δh̄k+1∥2

]∥∥∥∥2
Pf

.

We introduce now the error terms related to the fact that x̃0|k+1 =
x̂k+1 ̸= x⋆1|k because of the presence of the observer in the control loop:

εk+i+1 := x̃i|k+1 − x⋆i+1|k,

εc,k+N := c̃N−1|k+1 − c⋆N |k,

εh,k+N := h̃N−1|k+1 − h⋆N |k.
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The different terms of the upper bound of Wk+1 −Wk are now considered
separately.

Consider the state terms at time-steps between k + 1 and k +N − 1:

N−1∑
i=1

(
∥x̃i−1|k+1 − x̄k+1∥2Q − ∥x⋆i|k − x̄∞∥2Q

)
=

N−1∑
i=1

(
∥x⋆i|k − x̄∞ + εk+i − δx̄k+1∥2Q − ∥x⋆i|k − x̄∞∥2Q

)
=

N−1∑
i=1

(
2(x⋆i|k − x̄∞)⊤Q(εk+i − δx̄k+1) + ∥εk+i − δx̄k+1∥2Q

)
.

Consider the input terms at time-steps between k + 1 and k +N − 1:

N−1∑
i=1

(
∥u⋆i|k − ūk+1∥2R − ∥u⋆i|k − ū∞∥2R

)
=

N−1∑
i=1

(
∥u⋆i|k − ū∞ − δūk+1∥2R − ∥u⋆i|k − ū∞∥2R

)
=

N−1∑
i=1

(
−2(u⋆i|k − ū∞)⊤Rδūk+1

)
+ (N − 1)∥δūk+1∥2R.

Finally, consider the state terms at time-steps k +N and k +N + 1. In
view of Lemma 7.5 we have that, for any φ ̸= 0,

∥x̃N−1|k+1 − x̄k+1∥2Q = ∥x⋆N |k − x̄∞ + εk+N − δx̄k+1∥2Q
(7.26)

≤ (1 + φ2)∥x⋆N |k − x̄∞∥2Q +

(
1 +

1

φ2

)
∥εk+N − δx̄k+1∥2Q

≤ q(1 + φ2)∥x⋆N |k − x̄∞∥22 +

(
1 +

1

φ2

)
∥εk+N − δx̄k+1∥2Q

= q(1 + φ2)

∥∥∥∥∥
[
∥c⋆N |k − c̄∞∥2
∥h⋆N |k − h̄∞∥2

]∥∥∥∥∥
2

2

+

(
1 +

1

φ2

)
∥εk+N − δx̄k+1∥2Q.

Moreover, for any φ ̸= 0,∥∥∥∥[∥c̃N |k+1 − c̄k+1∥2
∥h̃N |k+1 − h̄k+1∥2

]∥∥∥∥2
Pf

(4.1)

≤
∥∥∥∥Aδ

[
∥c̃N−1|k+1 − c̄k+1∥2
∥h̃N−1|k+1 − h̄k+1∥2

]∥∥∥∥2
Pf

≤

∥∥∥∥∥
[
∥c⋆N |k − c̄∞ + εc,k+N − δc̄k+1∥2
∥h⋆N |k − h̄∞ + εh,k+N − δh̄k+1∥2

]∥∥∥∥∥
2

A⊤
δ PfAδ
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(7.26)

≤ (1 + φ2)

∥∥∥∥∥
[
∥c⋆N |k − c̄∞∥2
∥h⋆N |k − h̄∞∥2

]∥∥∥∥∥
2

A⊤
δ PfAδ

+

(
1 +

1

φ2

)∥∥∥∥[∥εc,k+N − δc̄k+1∥2
∥εh,k+N − δh̄k+1∥2

]∥∥∥∥2
A⊤

δ PfAδ

.

Then the following inequality holds:

−

∥∥∥∥∥
[
∥c⋆N |k − c̄∞∥2
∥h⋆N |k − h̄∞∥2

]∥∥∥∥∥
2

Pf

+ ∥x̃N−1|k+1 − x̄k+1∥2Q +

∥∥∥∥[∥c̃N |k+1 − c̄k+1∥2
∥h̃N |k+1 − h̄k+1∥2

]∥∥∥∥2
Pf

≤

∥∥∥∥∥
[
∥c⋆N |k − c̄∞∥2
∥h⋆N |k − h̄∞∥2

]∥∥∥∥∥
2

−Pf+(1+φ2)qI2+(1+φ2)A⊤
δ PfAδ

+

(
1 +

1

φ2

)
∥εk+N − δx̄k+1∥2Q +

(
1 +

1

φ2

)∥∥∥∥[∥εc,k+N − δc̄k+1∥2
∥εh,k+N − δh̄k+1∥2

]∥∥∥∥2
A⊤

δ PfAδ

.

By construction Pf is selected such that A⊤
δ PfAδ − Pf < −qI2. Therefore

there exists a value of φ small enough to have −Pf + (1 + φ2)qI2 + (1 +
φ2)A⊤

δ PfAδ < 0.
Combining all the computations, we obtain that

Wk+1 −Wk ≤ −∥x⋆0|k − x̄∞∥2Q − ∥u⋆0|k − ū∞∥2R + γ(k) (7.56)

where

γ(k) :=
N−1∑
i=1

(
2(x⋆i|k − x̄∞)⊤Q(εk+i − δx̄k+1) + ∥εk+i − δx̄k+1∥2Q

)
+

N−1∑
i=1

(
−2(u⋆i|k − ū∞)⊤Rδūk+1

)
+ (N − 1)∥δūk+1∥2R

+

(
1 +

1

φ2

)
∥εk+N − δx̄k+1∥2Q

+

(
1 +

1

φ2

)∥∥∥∥[∥εc,k+N − δc̄k+1∥2
∥εh,k+N − δh̄k+1∥2

]∥∥∥∥2
A⊤

δ PfAδ

+

N−1∑
i=0

(
2(x⋆i|k+1 − x̄k+1)

⊤Qδx̄k+1 + 2(u⋆i|k+1 − ūk+1)
⊤Rδūk+1

)

+ 2

[
∥c⋆N |k+1 − c̄k+1∥2
∥h⋆N |k+1 − h̄k+1∥2

]⊤
Pf

[
∥δc̄k+1∥2
∥δh̄k+1∥2

]
+

∥∥∥∥[∥δc̄k+1∥2
∥δh̄k+1∥2

]∥∥∥∥2
Pf

+N∥δūk+1∥2R +N∥δx̄k+1∥2Q.

In this expression:
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• Terms εk+i, εc,k+N , εh,k+N are present because x̂k+1 ̸= x⋆1|k. These
terms have bounds related to the observer estimation error χk − χ̂k.
In particular

∥εk+1∥2
(7.14c)

≤ LmaxVo(χ̂k, χk)
(7.14a)

≤ co,uLmax ∥χk − χ̂k∥2 ,

∥εk+i∥2
(7.6a)

≤ 1

cs,l
Vs(x̃i−1|k+1, x

⋆
i|k)

(7.6b)

≤ ρi−1
s

cs,l
Vs(x̃0|k+1, x

⋆
1|k)

(7.6a)

≤ cs,uρ
i−1
s

cs,l
∥εk+1∥2 ≤

cs,uρ
i−1
s

cs,l
co,uLmax ∥χk − χ̂k∥2 .

• Terms δx̄k+1, δūk+1, δc̄k+1, δh̄k+1 are present because the reference
values x̄ and ū change at each time-step with the variation of the
disturbance estimation d̂k. As already noted in (7.51), these terms are
bounded.

• Inputs are limited thanks to MPC constraint (7.20f).

• States are limited in the set XMPC.

Moreover, since

∥x⋆0|k − x̄∞∥2Q + ∥u⋆0|k − ū∞∥2R ≥ λmin(Q)∥x̂k − x̄∞∥22,

there exist constants c = λmin(Q) and c2 ≥ 0 and a K-function γ̃ such that

Wk+1 −Wk ≤ −c∥x̂k − x̄∞∥22 + γ̃(∥χk − χ̂k∥2) + c2. (7.57)

In view of (7.50)-(7.55)-(7.57), Wk is an ISpS-Lyapunov function. Then,
the closed-loop system (7.8)-(7.15)-(7.24) is ISpS with respect to the observer
estimation error χ− χ̂.

Part 3b: To prove convergence, first note that if dk → d̄∞ for k → ∞, the
observer estimation error χ−χ̂ converges to 0 in view of Theorem 7.1. Then,
in view of (7.51), terms δx̄k, δūk, δc̄k and δh̄k converge to 0 for k → ∞.

The bounds on Wk and on Wk+1 −Wk are now studied for k → ∞.
Consider the upper bound of Wk. If dk → d̄∞ and y0k → y0∞ for k → ∞,

in view of observer convergence, ∥x̄k − x̄∞∥ → 0 for k → ∞. Then there
exists k̄ ∈ Z≥0 such that ∥x̄k − x̄∞∥2 ≤ µ

2 for all k ≥ k̄. Hence, for k ≥ k̄,
only Cases 1 and 2 of the upper bound can appear. Then

Wk ≤ b ∥x̂k − x̄∞∥22 + β(k) (7.58)

where β(k) → 0 for k → ∞ for the convergence of δx̄k, δūk, δc̄k and δh̄k.
Consider the bound on Wk+1 −Wk of Equation (7.56). We have that

γ(k) → 0 for k → ∞ in view of the convergence of the observer estimation
error and of δx̄k, δūk, δc̄k and δh̄k.
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Then for k ≥ k̄ the Lyapunov function Wk is such that

a ∥x̂k − x̄∞∥22 ≤Wk ≤ b ∥x̂k − x̄∞∥22 + β(k) (7.59a)

Wk+1 −Wk ≤ −c ∥x̂k − x̄∞∥22 + γ(k) (7.59b)

for some a, b, c > 0, with β(k) → 0 and γ(k) → 0 for k → ∞.
The fact that limk→∞ ∥ψk − ψ∞∥ = 0 follows from (7.59), observer con-

vergence proven in Theorem 7.1 and (7.19). □

7.5.7 Proof of Theorem 7.3

The proof follows the proof of Theorem 4 in [173].
In view of Assumption 7.5 the output of the plant converges to a constant

value yϕ,∞. Then it is sufficient to prove that yϕ,∞ = y0ϕ,∞.

In view of Assumption 7.5, the observer states x̂ and d̂ converge to
asymptotic values, denoted by x̂∞ and d̂∞. By Corollary 7.1 and Theorem
7.1, the observer is nominally error free (i.e. it reaches steady state only if
y = ŷ), and at steady state satisfies

x̂∞ = f(x̂∞, u∞) (7.60a)

yϕ,∞ = g(x̂∞) + d̂∞ (7.60b)

where u∞ is the input generated by the controller (Reference Calculator +
MPC), and is a function of x̂∞, d̂∞, y0ϕ,∞. From (7.60a), Assumption 7.3 and
Theorem 7.2 it follows that

y0ϕ,∞ = g(x̂∞) + d̂∞. (7.61)

Hence, from a comparison of (7.60b) and (7.61), it follows that yϕ,∞ = y0ϕ,∞.

□
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Chapter 8

RNN-based MPC for
systems with input and input
rate constraints

In this chapter, we propose an MPC algorithm based on a generic δISS RNN
model for systems with input and incremental input constraints (also called
input rate constraints). To take into account the incremental constraint
on the input, the input variation is considered as control input, and an
integrator is introduced to obtain the actual system input. Closed-loop
stability is guaranteed by means of a suitable terminal cost and a terminal
equality constraint only on the state of the integrator, that is the input of the
system. Since state/output constraints are not considered, and in view of the
stability property of the RNN model, no terminal constraint on the model
state is required. This is a significant advance because it is not necessary
to introduce conservative contracting constraints to cope with the observer
estimation and modeling errors. In fact the equality constraint on the state
of the integrator is not affected by uncertainties. The proposed algorithm is
then applied to control a four-tanks process modeled with an LSTM network.
To satisfy all the assumptions introduced in the general algorithm, the input
constraint is tightened with respect to the set considered for stability.

The content of this chapter is taken from:

• [209] Schimperna, I., Galuppini, G., and Magni, L. (2024). Recur-
rent Neural Network Based MPC for Systems With Input and Incre-
mental Input Constraints. IEEE Control Systems Letters 8, 814–819.

8.1 Problem formulation

The objective of this chapter is to design an MPC algorithm for a nonlinear
system, given its RNN model. In particular, the problem of regulation to
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a set point ȳ is considered, while respecting constraint on the input and on
the maximum input variation, i.e.

u ∈ U , ∆u ∈ ∆U , (8.1)

where ∆uk = uk − uk−1, U ⊂ Rm is a bounded closed set and ∆U ⊂ Rm

includes the origin in its interior. In the following, the RNN model will be
denoted in compact form as

xk+1 = f(xk, uk) (8.2a)

yk = g(xk) (8.2b)

where u ∈ Rm is the input of the model, y ∈ Rp is the predicted output,
x ∈ Rn is the RNN state, and the pedix k denotes the time dependence.
As in previous chapters, we consider RNN models that are δISS. The model
properties are formalized in the following assumption.

Assumption 8.1. The model (8.2) is δISS in the sets X ISS and U ISS ⊇ U ,
and there exists an incremental Lyapunov function Vf(x

a, xb) such that for
any xa, xb ∈ X ISS, u ∈ U ISS

a∥xa − xb∥22 ≤ Vf(x
a, xb) ≤ b∥xa − xb∥22 (8.3a)

Vf(f(xa, u), f(xb, u)) − Vf(x
a, xb) ≤ −c∥xa − xb∥22 (8.3b)

for some a, b, c > 0. Moreover, Vf(x
a, xb) is locally Lipschitz continuous in

any bounded set, i.e. given any bounded set X̄ ⊆ X ISS, if xa, x̃a, xb ∈ X̄ then
there exist a finite constant L̄V such that∣∣∣Vf(xa, xb) − Vf(x̃

a, xb)
∣∣∣ ≤ L̄V ∥xa − x̃a∥2 .

δISS conditions and incremental Lyapunov functions that satisfy (8.3)
have been presented in the previous chapters for LSTMs, GRUs and RENs,
and can be found also for other particular classes of RNNs [57]. Moreover,
the property of local Lipschitzianity is satisfied by quadratic functions, that
are the most common types of Lyapunov functions used to study RNN
stability.

8.2 Control algorithm

In Figure 8.1, we report the scheme of the proposed control algorithm. It is
composed by three main blocks. The first one is the observer, that is needed
to properly initialize the predictions in the MPC. As already mentioned
in the previous chapters, the observer is necessary because in general the
state x of the RNN model is not measurable and has no physical meaning.
The second block is the MPC. To take into account the constraint on the
input variation, the MPC considers ∆u as optimization variable. The value
of the control variable u is obtained from ∆u by means of a discrete time
integrator.
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RNN based
MPC

z

z − 1
Plant

RNN
observer

ȳ ∆u u y

x̂

u

Figure 8.1: Block diagram of the control scheme.

8.2.1 Observer

In view of the δISS property of the model, it is always possible to design a
converging observer, see Section 5.1.2. In particular, we consider an observer
satisfying the following assumption.

Assumption 8.2. There exists an observer for the RNN model that can be
written in the form

x̂k+1 = f(x̂k, uk) + δx(x̂k, uk, yk) (8.4)

where

∥δx(x̂k, uk, yk)∥2 ≤ Lmax ∥xk − x̂k∥2 (8.5)

for some Lmax ≥ 0. The observer satisfies the following properties:

1. there exist a finite k̄ ≥ 0 and a set X̂ such that for any x̂0 ∈ X̂ , and
for any input sequence in U , x̂k ∈ X ISS ∀k ≥ k̄;

2. the observer estimation error converges to 0, i.e. for any input sequence
in U , ∥xk − x̂k∥ → 0 for k → ∞.

Observers respecting Assumption 8.2 have been designed for LSTMs
in [230], for GRUs in [32] (see also Chapter 6), for RENs in Chapter 5 and
for other particular classes of RNNs in [57].

8.2.2 MPC design

The MPC solves at every sample time instant a FHOCP, where the devia-
tions from the state and input reference values x̄ and ū are penalized. The
references values are computed from the RNN model (8.2) as the equilibrium
state and input corresponding to the output ȳ. It is assumed that ū ∈ U
and x̄ ∈ X ISS. Let ∆uk := {∆u0|k, . . . ,∆uN−1|k}. Then, the FHOCP is
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given by

min
∆uk

N−1∑
i=0

(∥∥xi|k − x̄
∥∥2
Q

+
∥∥ui|k − ū

∥∥2
R

+
∥∥∆ui|k

∥∥2
R∆

)
+ sVf(xN |k, x̄) (8.6a)

s.t. x0|k = x̂k, u0|k = uk−1 (8.6b)

uN |k = ū (8.6c)

for i = 0, ..., N − 1

xi+1|k = f(xi|k, ui+1|k) (8.6d)

ui+1|k = ui|k + ∆ui|k (8.6e)

ui|k ∈ U (8.6f)

∆ui|k ∈ ∆U . (8.6g)

In the cost function (8.6a), the matrices Q = Q⊤ ≻ 0, R = R⊤ ≻ 0,
R∆ = R⊤

∆ ≻ 0 and

s ≥ λmax(Q)

c
(8.7)

are design choices. In order to guarantee closed-loop stability, the terminal
equality constraint (8.6c) is introduced on the last element of the input
sequence, while no terminal constraints are introduced on the system state.
Denote by ∆u⋆

k = {∆u⋆0|k, ...,∆u
⋆
N−1|k} the optimal solution of the FHOCP.

According to the receding horizon principle, the MPC control law is

∆uk = µMPC(x̂k, uk−1) = ∆u⋆0|k.

Then, the system input is

uk = uk−1 + µMPC(x̂k, uk−1). (8.8)

8.2.3 Stability analysis

In this section, the stability properties of the closed-loop system are ana-
lyzed, under the assumption that the system behaves according to its RNN
model.

Firstly, note that the feasibility of the FHOCP depends only on the value
of uk−1 and not on the initial state, since there are no state constraints.
Hence, define

UMPC(ū) := {u ∈ U : ∃ a sequence ∆u0|k, ...,∆uN−1|k
respecting (8.6c)-(8.6e)-(8.6f)-(8.6g) with u0|k = u}.

The size of UMPC depends on the incremental constraint set ∆U and of the
prediction horizon N . In presence of a small set ∆U it may be necessary to
enlarge N to obtain a sufficiently large feasibility set UMPC(ū).
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Theorem 8.1. Let Assumptions 8.1-8.2 hold. Then, for the closed-loop
system composed by the RNN model (8.2), the observer (8.4) and the MPC
(8.8), the FHOCP is recursively feasible and the closed-loop system converges
to x = x̄, u = ū, x̂ = x̄ with domain of attraction x ∈ X ISS, u ∈ UMPC(ū),
x̂ ∈ X̂ .

Proof. The proof is reported in Section 8.5.1.

8.3 Illustrative example with LSTM models

This section discusses how the control algorithm proposed in Section 8.2 for
the generic RNN model can be applied to the particular case of LSTM net-
works, considering as system under control the four-tanks process described
in Section 6.4.1.

8.3.1 Algorithm for the LSTM model

Consider the LSTM model (4.1) satisfying Assumption 4.1. Then, the LSTM
model is δISS in the sets X ISS := C×H and U ISS, where C and H are defined
in (4.3) and

U ISS = {u ∈ Rm : ∥u∥∞ ≤ umax}.

Under the δISS condition, the function

Vf(x
a, xb) =

∥∥∥∥[∥ca − cb∥2
∥ha − hb∥2

]∥∥∥∥2
P

(8.9)

is an incremental Lyapunov function for the LSTM model, where P ∈ R2×2

is the solution of the Lyapunov equation1

A⊤
δ PAδ − P = −I2,

xa = [(ca)⊤ (ha)⊤]⊤ and xb = [(cb)⊤ (hb)⊤]⊤. Note that condition (8.3) is
fulfilled with a = λmin(P ), b = λmax(P ) and c = 1. Therefore, Vf(x

a, xb)
can be used to define the terminal cost for the MPC.

We consider the observer for the LSTM model proposed in [230], that is
described by

ĉk+1 = σ(Wfuk + Uf ĥk + bf + Lf(yk − ŷk)) ⊗ ĉk

+ σ(Wiuk + Uiĥk + bi + Li(yk − ŷk)) ⊗ tanh(Wcuk + Ucĥk + bc)

(8.10a)

ĥk+1 = σ(Wouk + Uoĥk + bo + Lo(yk − ŷk)) ⊗ tanh(ĉk+1) (8.10b)

ŷk = Wyĥk + by (8.10c)

1The Schur matrix Aδ is defined in Assumption 4.1.
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The state of the observer is x̂ = [ĉ⊤ ĥ⊤]⊤ ∈ R2nc , and Lf , Li, Lo ∈ Rnc×p are
the observer gains. Under a proper selection of Lf , Li and Lo, the LSTM
observer (8.10) provides a converging state estimation, i.e. ∥x̂k − xk∥ → 0
for k → ∞, for any x̂0 ∈ R2nc .

The observer structure satisfies (8.4)-(8.5). In particular, it is possible to
prove (8.5) by following the proof of Theorem 7.1 with d = d̂ = 0. However,
it is not guaranteed that X ISS is an invariant set for the observer state x̂,
as required by Assumption 8.2. To circumvent this issue, a tightened input
constraint set U such that U ⊂ int(U ISS) can be considered in the MPC
formulation. In fact, if U ⊂ int(U ISS), then there exists a positive invariant
set X ⊂ int(X ISS) for the LSTM state. The observer convergence implies
that for any ε > 0 there exists a finite k̄ such that ∥x̂k − xk∥ ≤ ε for all
k ≥ k̄. Hence, there exists k̄ such that x̂k̄ is sufficiently close to xk̄ to
guarantee that x̂k̄ ∈ X ISS, in view of the fact that xk ∈ X .

In conclusion, in view of the existence of an incremental Lyapunov (8.9)
for the LSTM model that satisfies Assumption 8.1, and of an observer that
satisfies Assumption 8.2, the proposed control algorithm can be applied
using an LSTM model, provided that the input constraint set is such that
U ⊂ int(U ISS).

8.3.2 Simulation results

For the simulation example, we consider the four-tanks process described
in Section 6.4.1. We consider the operational and safety constraints qa ∈
[0.0, 9.05]×10−4m3/s, qb ∈ [0.0, 11.1]×10−4m3/s and ∆qa,∆qb ∈ [−1.0, 1.0]×
10−4m3/s, where ∆qa and ∆qb are the maximum input variations between
subsequent sampling instants. The need for incremental input constraint is
motivated by the fact that the system is actuated by pumps, whose accel-
eration is related to wear and electrical consumption [53].

To derive the LSTM model of the plant, a sampling time of Ts = 25s is
considered. The model is trained using an input-output dataset composed
of 20000 time steps, that is split in a training set of 15000 time steps, a
validation set of 2500 time steps, and a test set of 2500 time steps. The
training set is then divided into subsequences of 1000 time steps each, and a
training of 1000 epochs is performed using a learning rate of 0.001 and Adam
optimizer [127]. The loss function is the sum of the mean squared error and
of a regularization term used to enforce the δISS property, see Section 4.2.2.
The model inputs and outputs are normalized within the range [-1,1], using
the maximum and minimum values of the input constraints to normalize the
inputs, and the maximum and minimum values in the training dataset to
normalize the outputs. The resulting network has nc = 10 neurons, achieves
a FIT on the test dataset of 93.4% for h1 and of 87.9% for h2, and fulfills
the δISS condition considering umax = 1.05, that is larger that the range of
feasible inputs in the normalized variables.
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Figure 8.2: Closed-loop trajectories: output (orange solid line) and reference
(blue dashed line).
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Figure 8.3: Closed-loop trajectories: input (blue solid line) and constraints
(black dashed lines).

For the design of the control algorithm, the observer is tuned according
to the optimization proposed in [230], whereas the cost matrices for the
MPC are set to Q = I2nc , R = Im, R∆ = Im and s is selected according
to (8.7) with the equality. The considered prediction horizon is N = 10.
The closed-loop simulations are performed in Matlab, and the optimization
problem is solved numerically using CasADi [6].

The output, input and input variation of the closed-loop trajectories for
the four-tanks process are reported respectively in Figures 8.2, 8.3 and 8.4.
It can be seen that the control system is capable of correctly managing the
plant and respecting the constraints on the input and on the input variation.
Moreover, the simulation shows that the proposed algorithm is able to handle
also step-wise variations of the reference, and not only constant references as
proven in Theorem 8.1. In fact, the feasibility of the FHOCP only depends
on the input, so it is maintained provided that the new reference ū is such
that the current value of the input is in UMPC(ū).
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Figure 8.4: Closed-loop trajectories: variation of the input (blue solid line)
and constraints (black dashed lines).

8.4 Conclusions

In this chapter, an MPC algorithm based on a δISS RNN model is proposed
for systems with hard constraints on the input and on the input incremental
variation. Closed-loop convergence is guaranteed by introducing a general
formulation for the terminal cost, while a terminal equality constraint on
the optimal input sequence takes into account the presence of the integrator.
Remarkably, the proposed approach can be easily applied to different δISS
RNN architectures. In the application to LSTM models it is shown how it
is possible to manage the case where the δISS property is valid only in an
invariant set.

8.5 Proofs

8.5.1 Proof of Theorem 8.1

Denote the optimal input sequence and state trajectory computed by the
MPC at time step k respectively by u⋆

k = {u⋆i|k}
N
i=0 and x⋆

k = {x⋆i|k}
N
i=0,

where x⋆0|k = x̂k and u⋆0|k = uk−1.

To prove recursive feasibility, assuming that the FHOCP is feasible at
time step k, it is sufficient to consider as candidate solution at time step k+1
the sequence ∆ũk+1 = {∆ũ0|k+1, ...,∆ũN−1|k+1}, defined by ∆ũi|k+1 :=
∆u⋆i+1|k for i = 1, ..., N − 2 and ∆ũN−1|k+1 := 0, that trivially satisfies

constraints (8.6c)-(8.6f)-(8.6g).

In view of Assumption 8.2, there exists a finite value k̄ ≥ 0 such that x̂k ∈
X ISS for all k ≥ k̄. Moreover, for Assumption 8.1, the set X ISS is positive
invariant for the model state x. Hence, along the proof of convergence, it
is assumed that x̂ ∈ X ISS and x ∈ X ISS, which is true for all k ≥ k̄. In
addition, in view of Assumption 8.2, ∥xk − x̂k∥ is bounded and converges to
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zero. Hence, the observer innovation δx is considered as a disturbance term,
and it is shown that the closed-loop system is ISS with respect to it. Then,
convergence follows in view of (8.5) and of the convergence of the observer
estimation error.

In order to prove ISS, consider the optimal cost of the MPC V (x, u) as
candidate ISS-Lyapunov function, i.e.

V (x, u) =
N−1∑
i=0

(
∥x⋆i|k − x̄∥2Q + ∥u⋆i|k − ū∥2R + ∥∆u⋆i|k∥

2
R∆

)
+ sVf(x

⋆
N |k, x̄)

where x = x⋆0|k and u = u⋆0|k. Note that V is also a function of u, that is the
state of the discrete time integrator at time step k.

Firstly, derive a lower bound for V (x, u)

V (x, u) ≥ ∥x⋆0|k − x̄∥2Q + ∥u⋆0|k − ū∥2R
≥ λmin(Q) ∥x− x̄∥22 + λmin(R) ∥u− ū∥22 .

(8.11)

To derive an upper bound for V (x, u), consider as candidate solution
at time k the sequence ∆ũk = {∆ũ0|k, ...,∆ũN−1|k}, where ∆ũ0|k = ū − u
and ∆ũi|k = 0 for i = 1, ..., N − 1. This solution is feasible for u in a

neighborhood of ū. Denote by x̃k = {x̃i|k}Ni=0 the associate state trajectory.
One has that

V (x, u) ≤
N−1∑
i=0

∥∥x̃i|k − x̄
∥∥2
Q

+ ∥u− ū∥2R + ∥ū− u∥2R∆
+ sVf (x̃N |k, x̄).

In view of the δISS property of the model and of (8.3a), there exists bx > 0
such that, for u in a neighborhood of ū,

V (x, u) ≤ bx ∥x− x̄∥22 + (λmax(R) + λmax(R∆)) ∥u− ū∥22 . (8.12)

Given this local upper bound, the existence of an upper bound for any
u ∈ UMPC(ū) follows from [149, Lemma 4].

To prove the decreasing property of V (x, u), denote u+ := u+µMPC(x, u)
and x+ := f(x, u+) + δx. The term δx due to the observer presence is
regarded as an external disturbance. Consider now the candidate solu-
tion ∆ũk+1 introduced to prove recursive feasibility. Denote by ũk+1 =
{ũ0|k+1, ..., ũN |k+1} the associate input sequence, defined by ũ0|k+1 := u+

and ũi+1|k+1 := ũi|k+1 + ∆ũi|k+1 for i ∈ [0 : N − 1], and by x̃k+1 =
{x̃0|k+1, ..., x̃N |k+1} the associate state trajectory, defined by x̃0|k+1 := x+

and x̃i+1|k+1 := f(x̃i|k+1, ũi+1|k+1) for i ∈ [0 : N − 1].

Define x⋆N+1|k := f(x⋆N |k, ū), and denote εk+i := x̃i−1|k+1 − x⋆i|k for i ∈
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[1 : N ]. Then

V (x+, u+) − V (x, u) ≤
N−1∑
i=0

(∥∥x̃i|k+1 − x̄
∥∥2
Q

+
∥∥ũi|k+1 − ū

∥∥2
R

+
∥∥∆ũi|k+1

∥∥2
R∆

)
+ sVf (x̃N |k+1, x̄)

−
N−1∑
i=0

(∥∥∥x⋆i|k − x̄
∥∥∥2
Q

+
∥∥∥u⋆i|k − ū

∥∥∥2
R

+
∥∥∥∆u⋆i|k

∥∥∥2
R∆

)
− sVf (x⋆N |k, x̄)

≤ −∥x− x̄∥2Q − ∥u− ū∥2R −
∥∥∥∆u⋆0|k

∥∥∥2
R∆

+
N−1∑
i=1

(
∥εk+i∥2Q + ε⊤k+iQ(x⋆i|k − x̄)

)
+ sVf (x̃N |k+1, x̄) +

∥∥x̃N−1|k+1 − x̄
∥∥2
Q
− sVf (x⋆N |k, x̄).

Consider now the terms related to the terminal cost. First, note that
x̃N |k+1, x

⋆
N+1|k and x̄ are bounded in view of the boundedness of U and of

the δISS property of the system. Then, in view of Assumption 8.1, there
exists a Lipschitz constant L̄V such that

|Vf (x̃N |k+1, x̄) − Vf (x⋆N+1|k, x̄)| ≤ L̄V ∥εk+N+1∥2 .

Then

sVf (x̃N |k+1, x̄) +
∥∥x̃N−1|k+1 − x̄

∥∥2
Q
− sVf (x⋆N |k, x̄)

≤ sVf (x⋆N+1|k, x̄) + ∥x⋆N |k − x̄∥2Q − sVf (x⋆N |k, x̄)

+ sL̄V ∥εk+N+1∥2 + ∥εk+N∥2Q + ε⊤k+NQ(x⋆N |k − x̄)

≤ sVf (f(x⋆N |k, ū), f(x̄, ū)) − sVf (x⋆N |k, x̄) + λmax(Q)∥x⋆N |k − x̄∥22
+ sL̄V ∥εk+N+1∥2 + ∥εk+N∥2Q + ε⊤k+NQ(x⋆N |k − x̄)

(8.3b)

≤ −sc∥x⋆N |k − x̄∥22 + λmax(Q)∥x⋆N |k − x̄∥22
+ sL̄V ∥εk+N+1∥2 + ∥εk+N∥2Q + ε⊤k+NQ(x⋆N |k − x̄)

(8.7)

≤ sL̄V ∥εk+N+1∥2 + ∥εk+N∥2Q + ε⊤k+NQ(x⋆N |k − x̄).
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Combining the computation, one has that

V (x+, u+) − V (x, u) ≤

− ∥x− x̄∥2Q − ∥u− ū∥2R −
∥∥∥∆u⋆0|k

∥∥∥2
R∆

+
N−1∑
i=1

(
∥εk+i∥2Q + ε⊤k+iQ(x⋆i|k − x̄)

)
+ sL̄V ∥εk+N+1∥2 + ∥εk+N∥2Q + ε⊤k+NQ(x⋆N |k − x̄).

In view of the boundedness of U and of the δISS property of the system, the
values of x⋆i|k are bounded for i = 1, ..., N . Moreover, εk+1 = δx and, for the

δISS property of the model, ∥εk+i+1∥2 ≤ β(∥δx∥2 , i) for a KL-function β.
Then, there exists a K-function γ such that

V (x+, u+) − V (x, u) ≤ −∥x− x̄∥2Q − ∥u− ū∥2R + γ(∥δx∥2). (8.13)

In view of (8.11)-(8.12)-(8.13), the closed-loop system is ISS with respect
to the disturbance δx. Convergence follows from the fact that δx → 0 for
k → ∞. □
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Chapter 9

Offset-free tracking MPC for
δISS systems with input rate
constraints

In this chapter we propose a stabilizing MPC formulation for δISS systems
that considers simultaneously

1. output feedback,

2. artificial reference-based tracking,

3. offset-free tracking of asymptotically constant references,

4. input rate constraints and penalty,

5. use of a positive semi-definite stage cost (e.g. for output weighting).

The proposed MPC algorithm is highly modular, with each aspect taken
care of with few specific ingredients, and it joins in a unique framework
different aspects that have already been analyzed separately in the previous
chapters. For the proposed control algorithm, we prove recursive feasibility
and stability by relying on terminal ingredients, and on a cost detectability
function. The size of the feasible region depends on input and input rate
constraint, and on the length of the horizon, and can greatly benefit from
the use of artificial reference variables. The MPC formulation is tested in
simulation on the pH neutralization process, whose dynamics is modeled by
means of a REN model. In the example it is also shown how to design and
tune an observer to estimate both the state and the disturbance, starting
from an observer for the state only, using the small gain theorem.

The content of this chapter has been published in:

• [77] Galuppini, G., Schimperna, I. and Magni L. (2025). Offset-free
Output Feedback Tracking MPC for δISS Nonlinear Systems Subject to
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Input and Input Rate Constraints. IEEE Transactions on Automatic
Control.

9.1 Preliminary notation and definition

In this chapter, given a set A ⊂ Rn, we use the notation

S(A) := max
a1,a2∈A

∥a1 − a2∥2.

We also introduce the following definition.

Definition 9.1 (Uniformly strongly convex function, [221]). A function
V : Rn → R is uniformly strongly convex if there exists a constant σ > 0
such that for all x1, x2 ∈ Rn and λ ∈ (0, 1)

V ((1 − λ)x1 + λx2) ≤(1 − λ)V (x1) + λV (x2) −
1

2
σλ(1 − λ)∥x1 − x2∥22.

9.2 Problem statement

In this chapter, we consider as system under control a disturbed discrete-
time system given by

xk+1 = f(xk, uk) (9.1a)

dk+1 = dk + wk (9.1b)

yd,k = h(xk, uk) + dk, (9.1c)

with state x ∈ Rn, input u ∈ Rm, and output yd ∈ Rp, with p ≤ m. Func-
tions f : Rn × Rm → Rn and g : Rn × Rm → Rp are assumed continuous.
dk ∈ D ⊂ Rp and wk ∈ W ⊂ Rp represent respectively an output distur-
bance term and its variation, and the sets D and W are assumed closed and
bounded. In the following, we will indicate the disturbed system (9.1) by
Σd, and we will use xd := [x⊤ d⊤]⊤ to denote its state, and fd(x, u, d, w)
and hd(x, u, d) to denote its dynamic equation and output transformation
functions, respectively.

The objective of the chapter is to design an output-feedback tracking
MPC based on the nominal model Σ of the system, given by

xk+1 = f(xk, uk) (9.2a)

yk = h(xk, uk), (9.2b)

where y ∈ Rp. The system is subject to hard constraints on the control
input and the control input rate: uk ∈ U , ∆uk ∈ ∆U for all k ∈ Z≥0, with
∆uk := uk − uk−1, and with U ⊂ Rm and ∆U ⊂ Rm compact sets with non
empty interior, and ∆U containing the origin in its interior. We define y0k as
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the exogenous setpoint signal to be tracked at time instant k, and assume
y0k ∈ Y0 for all k ∈ Z≥0, with Y0 ⊂ Rp a closed and bounded set.

The nominal model Σ is assumed to be δISS, as formalized in the fol-
lowing assumption.

Assumption 9.1 (δISS property of the model). The model (9.2) is δISS,
and there exists a δISS-Lyapunov function V (xa − xb) such that for any
xa, xb ∈ Rn, ua, ub ∈ Rm

α1(∥xa − xb∥2) ≤ V (xa − xb) ≤ α2(∥xa − xb∥2), (9.3a)

V (f(xa, ua) − f(xb, ub)) − V (xa − xb) ≤−α3(∥xa − xb∥2) + γ1(∥xa − xb∥2)
(9.3b)

with α1, α2, α3 ∈ K∞ and γ1 ∈ K.

Let an equilibrium state, input, and output of the system Σ be denoted
by (xs, us, ys). Then, by introducing an arbitrarily small constant εu > 0,
define the set of admissible equilibrium states, inputs and outputs such that
the constraints are not active as

Û := {u : u+ eu ∈ U , ∀ ∥eu∥2 ≤ εu},
Zs := {(x, u) ∈ Rm+n : u ∈ Û , x = f(x, u)},
Ys := {y = h(x, u) : (x, u) ∈ Zs}.

Assume Zs is non empty, and define Yt as a non empty convex subset of Ys.
Note that, since Û is bounded and Σ is δISS, then Ys and Yt are bounded.

Assumption 9.2 (Uniqueness of the equilibrium). For any equilibrium out-
put ys ∈ Yt there exists a unique equilibrium (xs, us, ys). Moreover, there
exist Lipschitz continuous functions gx : Yt → Rn and gu : Yt → Rm

such that xs = gx(ys) and us = gu(ys), i.e. f(gx(ys), gu(ys)) = gx(ys) and
h(gx(ys), gu(ys)) = ys.

Define then a function g : Yt → Rn+m such that [x⊤s u⊤s ]⊤ = g(ys) =
[gx(ys)

⊤ gu(ys)
⊤]⊤, and let Lg be its Lipschitz constant. The dependence of

xs(ys) and us(ys) on ys may be omitted in the reminder of the chapter for
sake of compactness.

Remark 9.1. Assumption 9.2 is frequently introduced in the design of MPC
for tracking as well as offset-free MPC (see e.g., [151, 76, 142, 173]) to
ensure convergence of the closed-loop to the desired steady-state. Moreover,
if the equilibrium (xs, us, ys) is univocally determined by ys, and f and h
are continuously differentiable, a straightforward way to verify g is (locally)
Lipschitz is checking that the Jacobian

(
∂f(x,u)

∂x

∣∣∣x=xs
u=us

− In

)
∂f(x,u)

∂u

∣∣∣x=xs
u=us

∂h(x,u)
∂x

∣∣∣x=xs
u=us

∂h(x,u)
∂u

∣∣∣x=xs
u=us

 (9.4)
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MPC
z

z − 1
System

Σd

Observer

y0 + yt ∆u u yd

x̂

d̂

−
u

w

Figure 9.1: Block scheme of the control algorithm.

is nonsingular for all (xs, us) ∈ Zs. Moreover, when uniqueness of the couple
(xs, us) ∈ Zs corresponding to any ys ∈ Yt does not directly follow from f and
h, it can be restored by properly restricting Zs to exclude multiple choices.

9.3 Control design

This section is devoted to the description of the proposed control method-
ology. The block scheme of the control algorithm is reported in Figure 9.1,
and includes a state observer, an MPC, and an integral action acting on
the plant input. At each time instant k, the observer provides estimates
for both plant state and output disturbance (x̂k and d̂k). The MPC is in
charge of forcing the plant output yd,k to track the setpoint y0k. To do so,
the MPC is designed based on the knowledge of the nominal δISS system Σ
only, and the unmodeled output disturbance dk is considered by modifying
the setpoint provided to the MPC with the disturbance estimation obtained
with the observer. Therefore, the MPC setpoint is given by

yt,k = y0k − d̂k.

Moreover, the integral action allows constraining and penalizing in the MPC
both the plant control input uk, and the control input rate, ∆uk. Each
element of the control scheme is discussed in detail in the reminder of this
section.

9.3.1 State Observer

Consider a generic time invariant observer for the system Σd, with structure

x̂d,k+1 = fd(x̂k, uk, d̂k, 0) + δxd(x̂k, uk, d̂k, yd,k)

=

[
f(x̂k, uk)

d̂k

]
+

[
δx(x̂k, uk, d̂k, yd,k)

δd(x̂k, uk, d̂k, yd,k)

]
(9.5)
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where x̂d = [x̂⊤ d̂⊤]⊤ ∈ Rn+p is the estimate of the state of Σd, and
δxd(x̂k, uk, d̂k, yd,k) is the observer innovation1. Note that any time invari-

ant observer x̂d,k+1 = f̂d(x̂k, uk, d̂k, yd,k) can be written in this form with

δxd(x̂k, uk, d̂k, yd,k) = f̂d(x̂k, uk, d̂k, yd,k) − fd(x̂k, uk, d̂k, 0). The state esti-
mation error is given by

ed,k := xd,k − x̂d,k. (9.6)

Note that the disturbance w affecting the plant is not measurable, and its
dynamics not available. This motivates the choice of setting wk = 0 in the
design of the observer, thus resulting in a constant output disturbance.

Assumption 9.3 (Bound on the observer innovation term). There exists a
function αOI ∈ K such that ∥δx∥2 ≤ αOI(∥ed∥2).

Assumption 9.3 ensures that for ed = 0 the observer state evolves without
any correction based on the system output yd,k. Now, let ΣO be the system
that describes the dynamic relation between the system inputs, and the
observer estimation error, i.e. the system with state ed and inputs u and w.

Assumption 9.4 (ISS of the observer estimation error). The system ΣO is
ISS with respect to the disturbance w, for any input sequence in U .

Assumption 9.5 (Boundedness of initial conditions). There exist bounded
sets Xd,0 ⊂ Rn+p and X̂d,0 ⊂ Rn+p such that xd,0 ∈ Xd,0 and x̂d,0 ∈ X̂d,0.

Note that since x̂d,0 is a design choice, its boundedness required by As-
sumption 9.5 can be directly enforced in the algorithm design.

Lemma 9.1 (Boundedness of system and observer states). Under Assump-
tion 9.1, 9.4 and 9.5, if uh ∈ U for all h = 0, ..., k − 1, then there exist
bounded sets X ⊂ Rn and X̂d ⊂ Rn+p, such that xk ∈ X and x̂d,k ∈ X̂d, for
all k ∈ Z≥0.

Proof. The fact that xk is bounded ∀k ∈ Z≥0 follows from Assumption
9.1, and boundedness of u. Then, since x̂d,k = ed,k − xd,k, the fact that
x̂d,k is bounded follows from the ISS property of the observer and from
boundedness of w, d, x, xd,0 and x̂d,0. □

9.3.2 MPC Formulation

As in Chapter 8, to constrain and penalize the control input variation, the
MPC considers a system Σu given by the model Σ extended by an integral

1δxd(x̂k, uk, d̂k, yd,k) will be also denoted as δxd,k in the reminder of the chapter, for
sake of compactness.
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action, as follows

xk+1 = f(xk, uk) (9.7a)

uk = uk−1 + ∆uk (9.7b)

yk = h(xk, uk). (9.7c)

We denote by χk = [x⊤k u⊤k−1]
⊤ and yk the state and output of the ex-

tended system (9.7). The steady state of Σu is given by [x⊤s u⊤s ]⊤ =
[gx(ys)

⊤ gu(ys)
⊤]⊤, that we will denote in a compact way by χs.

For a given state estimation x̂k, a given input uk−1, and a given setpoint
yt,k

2, the cost function of the proposed MPC is

JN (x̂k, uk−1, yt,k;∆uk, ys,k) =
N−1∑
i=0

ℓ(xi|k − xs,k, ui|k − us,k,∆ui|k)

+ Vf(xN |k − xs,k, ys,k) + VO(ys,k − yt,k)

+ Ψ(x̂k − xs,k, uk−1 − us,k)

(9.8)

where ∆uk = {∆ui|k}N−1
i=0 is the sequence of control input variations, ys,k is

the artificial reference at time k, and N is the control horizon. xi|k and ui|k
are respectively the predicted states of the system and of the discrete time
integrator, obtained by applying ∆uk to the system Σu with initial state
[x̂⊤k u⊤k−1]

⊤. The function ℓ : Rn+m+m → R≥0 is the stage cost function,
the function Vf : Rn → R≥0 is the terminal cost function, the function
VO : Rp → R≥0 is the offset cost function, and the function Ψ : Rn+m → R≥0

is the cost detectability function. Specifically, VO is necessary to regularize
the choice of the artificial output reference ys,k with respect to the actual
output reference yt,k, see [151]. If the stage cost is positive semi-definite
(i.e. it does not satisfy Assumption 3.1 on positive definiteness), the cost
detectability function Ψ is necessary to regularize the choice of the artificial
steady-state xs,k with respect to the current estimated state x̂k, see [76].

The MPC for tracking control law at time step k is derived from the

2Recall that the actual MPC setpoint is yt,k = y0
k − d̂k, to account for the current

disturbance estimation available at time instant k.
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solution of the FHOCP

min
∆uk,ys,k

JN (x̂k, uk−1, yt,k;∆uk, ys,k) (9.9a)

s.t. x0|k = x̂k, u0|k = uk−1 (9.9b)

xi+1|k = f(xi|k, ui+1|k), for i ∈ [0 : N − 1] (9.9c)

ui+1|k = ui|k + ∆ui|k, for i ∈ [0 : N − 1] (9.9d)

ui|k ∈ U , for i ∈ [0 : N − 1] (9.9e)

∆ui|k ∈ ∆U , for i ∈ [0 : N − 1] (9.9f)

xs,k = f(xs,k, us,k) (9.9g)

(xs,k, us,k) ∈ Zs (9.9h)

ys,k = h(xs,k, us,k) (9.9i)

ys,k ∈ Yt (9.9j)

uN |k = us,k. (9.9k)

Denote the optimal input sequence and output reference respectively by
∆u⋆

k(x̂k, uk−1, yt,k) = {∆u⋆i|k}
N−1
i=0 and y⋆s,k(x̂k, uk−1, yt,k), and the corre-

sponding optimal cost by VN (x̂k, uk−1, yt,k). Moreover, let x⋆s,k := gx(y⋆s,k)
and u⋆s,k := gu(y⋆s,k). According to the receding horizon policy, the closed-
loop control law µN (x̂k, uk−1, yt,k) is

µN (x̂k, uk−1, yt,k) = ∆u⋆0|k.

Then, the system input is

uk = uk−1 + µN (x̂k, uk−1, yt,k).

Remark 9.2. The feasibility of the FHOCP does not depend on the initial
system state, since there are no state constraints, but only depends on the
value of uk−1, given the input rate constraint set ∆U , the prediction horizon
N , and on the auxiliary reference constraint set Yt. In particular, if Yt = Ys,
then the FHOCP can be made feasible for all uk−1 = u0|k ∈ U by selecting
a sufficiently small value of εu. In fact, for δISS systems, given a constant
input ū ∈ Û , there always exist (unique) associated equilibrium state x̄ and
equilibrium output ȳ (see Lemma 7.2), and therefore (x̄, ū) ∈ Zs and ȳ ∈ Yt.
Since ∆U contains the origin, it is possible to choose εu sufficiently small
to guarantee that, even if uk−1 ∈ U \ Û , the closest ū ∈ Û is a feasible
auxiliary input reference, while ∆u0|k = ū − uk−1 and ∆ui|k = 0 for i =
1, ..., N − 1 is a feasible control sequence. If instead Yt ⊂ Ys, the FHOCP is
feasible at least for all uk−1 = u0|k ∈ Û such that ys,k = h(xs,k, u0|k) ∈ Yt,
where xs,k = f(xs,k, u0|k). In fact, under these assumptions, the control

sequence ∆ui|k = 0 for i = 0, ..., N − 1 satisfies all the constraints in the
FHOCP. For all the other values of uk−1, feasibility can be achieved if the
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prediction horizon N is sufficiently long. Hence, the introduction of an
artificial reference allows to enlarge the feasibility region of the FHOCP
with respect to standard MPC, where the feasibility cannot be guaranteed for
short horizons N if uk−1 is far from the input reference associated to yt,k
(compare, e.g., with Chapter 8).

To provide stability guarantees, the stage cost function, the offset cost
function and the cost detectability function must fulfill the following as-
sumptions.

Assumption 9.6 (Local Lipschitz continuity). Let X̂ := {x̂ ∈ Rn : ∃ d̂ ∈
Rp : x̂d ∈ X̂d} ⊂ Rn and D̂ := {d̂ ∈ Rp : ∃ x̂ ∈ Rn : x̂d ∈ X̂d} ⊂ Rp, and
assume that the stage cost function, the terminal cost function, the offset
cost function, and the cost detectability function are Lipschitz continuous
for x ∈ X , u ∈ U , ∆u ∈ ∆U , d ∈ D, x̂k ∈ X̂ , d̂ ∈ D̂, (xs, us) ∈ Zs, ys ∈ Yt,
y0 ∈ Y0. Let their Lipschitz constants be Lℓ, LVf

, LVO
, LΨ, respectively.

Note that all sets considered in Assumption 9.6 are bounded by definition
or in view of Lemma 9.1.

Assumption 9.7 (Stage cost polynomial upper bound). Given the stage
cost ℓ(x− xs, u− us,∆u), there exist constants λ1, λ2 > 0 and η1, η2 > 1 so
that

ℓ(x− xs, u− us,∆u) − ℓ(x− xs, 0, 0) ≤ λ1∥u− us∥η12 + λ2∥∆u∥η22 (9.10)

for (x, u) in a neighborhood of (xs, us), u ∈ U , ∆u ∈ ∆U and (xs, us) ∈ Zs.

Assumption 9.8 (Cost detectability function). There exists constants γ0,
ε0, c > 0 and ξ > 1, and a K∞ function µ such that

Ψ(x− xs, u− us) ≤ γ0µ(∥χ− χs∥2) ≤ c∥χ− χs∥ξ2, (9.11a)

Ψ(xk+1 − xs, uk − us) − Ψ(xk − xs, uk−1 − us)

≤ −ε0µ(∥χk − χs∥2) + ℓ(xk − xs, uk−1 − us,∆uk),
(9.11b)

for any xk ∈ Rn, any uk−1 ∈ U , any ∆uk ∈ ∆U and any (xs, us) ∈ Zs.

For a discussion of different methods for the design of cost detectability
functions satisfying Assumption 9.8, see Section 3.8. Moreover, in Section
9.5 we will explore how to design cost detectability functions for δISS systems
if the parts of the cost associated to the input and the input rate are positive
definite.

Assumption 9.9 (Offset cost function). For all ys ∈ Yt and all yt ∈ Rp,
the offset cost function VO : Rp → R is a uniformly strongly convex positive
definite function of class C1 with locally Lipschitz continuous gradient such
that the minimizer

y⋄s = arg min
ys∈Yt

VO(ys − yt)
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is unique. Moreover, there exists a K∞ function αO such that

VO(ys − yt) − VO(y⋄s − yt) ≥ αO(∥ys − y⋄s ∥2).

Assumption 9.9 can be satisfied, e.g., using a quadratic offset cost func-
tion [151].

Assumption 9.10 (Terminal cost). Let Vf(x− xs, ys) be a Lyapunov func-
tion such that for all x ∈ Rn, ys ∈ Yt, and xs = gx(ys), there exist constants
b > 0 and σ > 1 which verify

Vf(x− xs, ys) ≤ b∥x− xs∥σ2 (9.12)

and

Vf(f(x, us) − xs, ys) − Vf(x− xs, ys) ≤ −ℓ(x− xs, 0, 0). (9.13)

Remark 9.3. Assumption 9.10 requires a decrease bounded by an open-
loop stage cost (i.e. u = us and ∆u = 0). Therefore, following the ap-
proach discussed in Section 5.1.1, if the δISS Lyapunov function V defined
in Assumption 9.1 is locally Lipschitz continuous in any bounded set, and
can be upper bounded as in (9.12), then Assumption 9.10 can be (con-
servatively) verified by multiplying V with a positive constant s, so that
Vf(x− xs, ys) = sV (x− xs), and the following inequality holds

−sα3(∥x− xs∥2) ≤ −ℓ(x− xs, 0, 0).

This idea was followed in Chapter 8 for the design of the terminal cost
function, where a lower bound for s is also provided in Equation (8.7).

Remark 9.4. The proposed control design is highly modular, since each re-
quirement (output feedback, artificial-reference tracking, offset-free, positive
semi-definite stage cost, input rate constraints and penalty) is taken care of
with few, specific ingredients introducing design overhead. Each ingredient
can be straightforwardly removed from the design if the associated require-
ment does not need to be satisfied.

9.4 Stability Analysis

In the following theorem we report the main result of this chapter concerning
the stability and convergence properties of the proposed control scheme.

Theorem 9.1. Suppose that Assumptions from 9.1 to 9.10 hold. Then, for
any feasible u−1,

3 the closed-loop system ΣC composed by the plant Σd, the
MPC controller, the discrete-time integrator, and the observer, fulfills the

3See Remark 9.2.
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constraints and is ISpS with respect to the bounded disturbance w. Moreover,
consider asymptotically constant setpoint y0 and output disturbance d (i.e.
asymptotically vanishing disturbance w), and denote their asymptotic values
by y0∞ := limk→∞ y0k and d∞ := limk→∞ dk. Then, for any feasible u−1, the
closed-loop system ΣC converges to an equilibrium point such that

1. If yt,∞ ∈ Yt, then limk→∞ ∥yk−yt,∞∥ = 0 and limk→∞ ∥yd,k−y0∞∥ = 0.

2. If yt,∞ /∈ Yt, then limk→∞ ∥yk − y⋄s,∞∥ = 0 and limk→∞ ∥yd,k − (y⋄s,∞ +
d∞)∥ = 0

where

y⋄s,∞ := arg min
ys∈Yt

VO(ys − yt,∞),

yt,∞ := y0∞ − d̂∞,

d̂∞ := lim
k→∞

d̂k = d∞.

Proof. The proof is reported in Section 9.8.2.

9.5 Input and Input-Rate Regularization

The control design introduced in this chapter allows to use a generic positive
semi-definite stage cost in the FHOCP. This section specializes the design to
the case of a stage cost that is positive definite with respect to input rate and
input, while being positive semi-definite with respect to the system state.
Specifically, the section discusses how to exploit the knowledge of a δISS-
Lyapunov function for the original system Σ to derive a cost detectability
function Ψ satisfying Assumption 9.8 for the extended system Σu. Note
that this result can be useful in many situations, including the case of output
weighting. In fact, with output weighting, the stage cost is typically positive
definite with respect to the system output, but only positive semi-definite
with respect to the system state.

Assumption 9.11. Consider a δISS-Lyapunov function V for the nominal
system Σ defined in Assumption 9.1. Assume that it is Lipschitz continuous,
and that there exist constants c > 0 and ξ > 1, so that, for any x ∈ X , and
any (xs, us) ∈ Zs

V (x− xs) ≤ c∥x− xs∥ξ2. (9.14)

Moreover, there exist constants aℓ, εℓ > 0 such that

ℓ(x− xs, u− us,∆u) ≥ (aℓ + εℓ)γ1(2∥u− us∥2) + aℓγ1(2∥∆u∥2) (9.15)

for any x ∈ X , (xs, us) ∈ Zs, u ∈ U , ∆u ∈ ∆U , and γ1 as defined in
Assumption 9.1.

156



Chapter 9. Offset-free tracking MPC for δISS systems with input rate
constraints

Then, the following Lemma shows how to exploit Assumption 9.11 to
compute a suitable cost detectability function Ψ by directly scaling the δISS
Lyapunov function V of the nominal system Σ.

Lemma 9.2. Consider the δISS system Σ, and suppose Assumption 9.11
holds. Then, Assumption 9.8 holds with Ψ(x− xs, u− us) = aℓV (x− xs).

Proof. The proof is reported in Section 9.8.3.

Note that Assumption 9.11 requires a sufficient penalization of both input
and input rate in the stage cost. Assumption 9.11 is not required to hold if
Ψ is directly derived for the extended system Σu, as discussed e.g. in [197,
133].

9.6 Illustrative example

This section showcases the application of the proposed control scheme on the
the pH neutralization process described in Section 5.3.1 using a REN model,
and it also illustrates a possible approach to design an observer satisfying
Assumption 9.4 based on the small gain theorem [114].

In particular, the pH neutralization process is considered with the buffer
flow q2 constant at its nominal value, with a sampling time Ts = 10s and
subject to the following constraints on the input and input rate:

u ∈ [12.5, 17]mL/s, |∆u| ≤ 0.2mL/s.

9.6.1 REN model

For the MPC implementation a REN model of the system under control is
considered, similarly to the numerical example of Chapter 5. In particular,
we consider the same model dimension (i.e. n = 5, q = 8), training data and
training parameters except for the number of epochs, increased to 250, and
the learning rate, that is initially set to 5 × 10−3 and decreased to 1 × 10−3

after 50 epochs. To simplify the design, we use a simplified version of the
REN, removing the contribution of uk and zk in the output transformation,
obtaining a model with equations

xk+1 = Axk +B1zk +B2uk + bx (9.16a)

zk = tanh(D11zk + C1xk +D12uk + bv) (9.16b)

yk = C2xk + by, (9.16c)

where u ∈ R, y ∈ R, x ∈ R5 and z ∈ R8. Also in this example we consider an
acyclic REN, where D11 is strictly lower triangular. The final network ob-
tains a FIT of 85.9%, comparable but slightly worse than the result obtained
in Chapter 5 for the REN with the complete output transformation. Note
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that the offset-free formulation of the MPC allows to achieve zero steady
state error despite the model plant mismatch.

For the REN model, the lipschitzianity of the function g associating
the equilibrium (xs, us) to the steady state output ys has been verified by
numerically checking that the associated Jacobian is nonsingular for all ys ∈
Yt.

9.6.2 Design of the augmented observer

The state observer for both model state and disturbance is designed by
augmenting the observer for the REN model proposed in Chapter 5, which
guarantees a converging estimation of the REN state only, and does not cover
the estimation of the disturbance. In this work, the small gain theorem is
used to derive a condition for the convergence of the augmented observer,
starting from convergence of the original observer, so that Assumptions 9.3
and 9.4 are fulfilled. The observer has the following equations

x̂k+1 = Ax̂k +B1ẑk +B2uk + bx + L(yd,k − ŷk) (9.17a)

ẑk = tanh(D11ẑk + C1x̂k +D12uk + bv) (9.17b)

d̂k+1 = d̂k + Ld(yd,k − ŷk) (9.17c)

ŷk = C2x̂k + by + d̂k (9.17d)

where L ∈ R5×1 and Ld ∈ R are tunable gains. The first two equations
(9.17a)-(9.17b) for the estimation of the model state have the same structure
of (5.1a)-(5.1b), except for the presence of d̂ in the definition of ŷ. In
Theorem 5.1 a condition on the gain L is provided, under which it is shown
that for the observer with d̂ = 0

∥xk+1 − x̂k+1∥Po = ∥(A− LC2)(xk − x̂k) +B1(zk − ẑk)∥Po

≤ αo∥xk − x̂k∥Po

(9.18)

for a positive definite matrix Po and αo ∈ (0, 1) (see Equation (5.12)). In
particular, this condition is satisfied by the trivial open-loop observer with
L = 0.

To study the estimation error of observer augmented with the distur-
bance, it is possible to consider the overall error as the interconnection of
two subsystems: a subsystem describing the estimation error on the state
x− x̂, and one describing the estimation error on the disturbance d− d̂. In
this way it is possible to use the small gain theorem to derive a sufficient
condition for the stability of the interconnection of the two systems. Con-
sider first the system of x− x̂, and assume that L satisfies the conditions of
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Theorem 5.1

∥xk+1 − x̂k+1∥Po

(9.16)(9.17)
= ∥(A− LC2)(xk − x̂k) +B1(zk − ẑk) − L(dk − d̂k)∥Po

≤ ∥(A− LC2)(xk − x̂k) +B1(zk − ẑk)∥Po + ∥L(dk − d̂k)∥Po

(9.18)

≤ αo∥xk − x̂k∥Po + ∥P 1/2
o L(dk − d̂k)∥2

≤ αo∥xk − x̂k∥Po + ∥P 1/2
o L∥2∥dk − d̂k∥2.

Consider now the evolution of d− d̂

∥dk+1 − d̂k+1∥2
(9.1b)(9.17)

= ∥(Ip − Ld)(dk − d̂k) − LdC2(xk − x̂k) + wk∥2
≤ ∥Ip − Ld∥2∥dk − d̂k∥2 + ∥LdC2(xk − x̂k)∥2 + ∥wk∥2
= ∥Ip − Ld∥2∥dk − d̂k∥2 + ∥LdC2P

−1/2
o P 1/2

o (xk − x̂k)∥2 + ∥wk∥2
≤ ∥Ip − Ld∥2∥dk − d̂k∥2 + ∥LdC2P

−1/2
o ∥2∥xk − x̂k∥Po + ∥wk∥2.

It is now possible to apply the small gain theorem for Lyapunov functions
[114, Theorem 3] to the interconnection of the subsystems with Lyapunov
functions ∥x− x̂∥Po and ∥d− d̂∥2, respectively, to obtain the following suf-
ficient condition for the ISS of the complete system with respect to w:

(1 − αo)
−1(1 + ε)∥P 1/2

o L∥2(1 − ∥Ip − Ld∥2)−1(1 + ε)∥LdC2P
−1/2
o ∥2 < 1

for some ε > 0. In case of single output systems, if Ld is selected in (0, 1),
the condition reduces to the following condition on the gain L:

(1 − αo)
−1(1 + ε)∥P 1/2

o L∥2(1 + ε)∥C2P
−1/2
o ∥2 < 1. (9.19)

For the tuning of the observer for the simulations, Ld = 0.5 is chosen.
To select L, first the optimization (5.8) is solved, and then the resulting
gain is multiplied with a sufficiently small constant so that the small gain
condition (9.19) is satisfied. This procedure can be applied to augment the
design of converging observers for more general nonlinear systems and obtain
observers that meet Assumptions 9.3 and 9.4.

9.6.3 Simulation results

For the implementation of the MPC, the stage cost and the offset cost are
set to

ℓ(y − ys, u− us,∆u) = ∥y − ys∥2Qy
+ ∥u− us∥2Qu

+ ∥∆u∥2R,
VO(ys − yt) = ∥ys − yt∥2T ,
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with

Qy = 100, Qu = 1, R = 100, T = 106.

The prediction horizon is set to N = 3. In the proof of Theorem 4.3, it
is shown that the REN model has a δISS-Lyapunov function in the form
V (xa − xb) = ∥xa − xb∥2P , where P ∈ Rn×n depends on the weights of
the network. Then, the terminal cost for the MPC is chosen as Vf(x −
xs, ys) = s∥x − xs∥2P , where the scalar parameters s is selected according
to (8.7) considering Q = C⊤

2 QyC2, and the cost detectability function is
Ψ(x− xs, u− us) = aℓ∥x− xs∥2P where the scaling parameter aℓ is selected
as proposed in Section 9.5. The nonlinear MPC problem is solved using
CasADi with Ipopt optimizer [6].

The MPC is compared with the one proposed in Chapter 8, which can
also cope with input rate constraints, but it is designed for regulation at a
constant setpoint. In particular, the algorithm does not include an artificial
reference and does not offer offset-free tracking capabilities. In the compar-
ison we use an observer the same expression and gain L, with the exception
of equation (9.17c), which is equivalent to set Ld = 0. The MPC is tuned
using the same positive semi-definite stage cost ℓ and terminal cost Vf , even
if Chapter 8 only proves stability for positive definite stage costs. In this
simulation it was not possible to use the prediction horizon N = 3, because
it gave infeasibility in presence of changes of the reference. This is in accor-
dance with the theory, since in Chapter 8 recursive feasibility is proved only
for constant references, and the step-wise variations of the setpoints have
been treated as reinitializations in the simulation. To maintain feasibility in
presence of the first setpoints variations, the prediction horizon was enlarged
to N = 20.

The results of the simulations are reported in Figure 9.2. The simulation
with the MPC of Chapter 8 stops at 4000s, because the algorithm is designed
under the assumption that the reference output respects the constraints.
When this condition does not hold, the FHOCP results infeasible for any
prediction horizon N . Instead, with the proposed algorithm feasibility is
maintained also for the infeasible setpoint in the interval [4000, 5000]s, and
the system reaches the closest feasible output. In this example no external
disturbance is introduced in the simulation, but there are modeling errors
in the REN model used by the MPC, that cause a static gain mismatch
for the MPC of Chapter 8, where the estimation of the disturbance is not
implemented. Instead, the proposed algorithm tracks feasible setpoints with
zero error, and achieves similar transient performances of Chapter 8 with a
shorter prediction horizon.
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Figure 9.2: Closed-loop simulation. Top: output yd for the proposed MPC
(blue, solid line) and for the MPC from Chapter 8 (orange, dashed line),
setpoint y0 (black, dotted line), and auxiliary reference ys (green, dashed-
dotted line). Middle-top: input u for the proposed MPC (blue, solid line)
and and for the MPC from Chapter 8 (orange, dashed line), constraints
(black, dashed-dotted lines) . Middle-bottom: input rate ∆u for the pro-
posed MPC (blue, solid line) and for the MPC from Chapter 8 (orange,
dashed line), constraints (black, dashed-dotted lines). Bottom: tracking er-
ror y0 − yd for the proposed MPC (blue, solid line) and for the MPC from
Chapter 8 (orange, dashed line).
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9.7 Conclusions

This chapter deals with offset-free, output feedback, tracking MPC for δISS
systems subject to input and input rate constraints. Specifically, the control
scheme offers recursive feasibility and stability guarantees, by relying on a
Lyapunov-based terminal weight on the system state, and on a terminal
equality constraint on the system input. A cost detectability term can be
included in the controller cost function to enable the use of positive semi-
definite stage cost (e.g. in case of output weighting for black-box or high
dimensional models). The use of artificial reference variables allows for an
extended feasibility region. A state observer that estimates the system states
and an output disturbance allows output feedback and offset-free tracking
of asymptotically constant reference signals. The proposed approach can be
applied to linear asymptotically stable systems [77] and to nonlinear ones,
including systems modeled using RNNs, as shown in the illustrative example.

9.8 Proofs

9.8.1 Auxiliary lemmas

Lemma 9.3. Consider system Σu subject to constraints (9.9e)-(9.9k). Sup-
pose that Assumptions from 9.2 to 9.10 hold. Consider a given setpoint yt,
and assume that for a given state x, and a given integrator state u, the op-
timal solution to the FHOCP is such that x = x⋆s (x, u, yt) = gx(y⋆s (x, u, yt)),
u = u⋆s (x, u, yt) = gu(y⋆s (x, u, yt)). Then, VN (x, u, yt) = VO(y⋄s − yt).

Proof. The lemma is proved by contradiction. Assume that VO(y⋆s − yt) >
VO(y⋄s −yt). Then, since y⋄s is the unique minimizer of VO, y⋆s ̸= y⋄s . Consider
β ∈ [0, 1], and define then ŷs as

ŷs := βy⋆s + (1 − β)y⋄s . (9.20)

From the definition of set Yt, it follows that u⋆s ∈ Û . Therefore, there exists
a β̂ ∈ [0, 1) such that, for ŷs given by a β ∈ [β̂, 1], the sequence of inputs
∆û = {∆ûi|k}N−1

i=0 , defined by ∆û0|k := ûs,k − u, and and ∆ûi|k := 0 for
i = 1, ..., N − 1, and the auxiliary reference ŷs,k = ŷs constitute a feasible
solution to the FHOCP. Denote by x̂i|k, i = 0, ..., N , the associate state
trajectory. From the Lipschitz continuity of the functions g, gx and gu, and
taking into account that y⋆s − ŷs = (1 − β)(y⋆s − y⋄s ) and the optimality of
the solution, the following holds

VO(y⋆s − yt) = VN (x, u, yt) ≤ JN (x, u, yt;∆û, ŷs)

(9.11a)

≤ ℓ(x⋆s − x̂s, u
⋆
s − ûs, ûs − u⋆s ) + Vf(f(x⋆s , ûs) − x̂s, ŷs)

+ VO(ŷs − yt) + c∥χ⋆
s − χ̂s∥ξ2
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(9.13)

≤ ℓ(x⋆s − x̂s, u
⋆
s − ûs, ûs − u⋆s ) + Vf(x

⋆
s − x̂s, ŷs)

− ℓ(x⋆s − x̂s, 0, 0) + VO(ŷs − yt) + c∥χ⋆
s − χ̂s∥ξ2

(9.10)(9.12)

≤ λ1∥u⋆s − ûs∥η12 + λ2∥u⋆s − ûs∥η22 + b∥x⋆s − x̂s∥σ2
+ VO(ŷs − yt) + c∥χ⋆

s − χ̂s∥ξ2
Ass.9.2
≤ g1L

η1
g ∥y⋆s − ŷs∥η12 + g2L

η2
g ∥y⋆s − ŷs∥η22

+ bLg∥y⋆s − ŷs∥σ2 + VO(ŷs − yt) + cLξ
g∥y⋆s − ŷs∥ξ2

(9.20)
= g1L

η1
g (1 − β)η1∥y⋆s − y⋄s ∥

η1
2 + g2L

η2
g (1 − β)η2∥y⋆s − y⋄s ∥

η2
2

+ bLσ
g (1 − β)σ∥y⋆s − y⋄s ∥σ2 + VO(ŷs − yt) + cLξ

g(1 − β)ξ∥y⋆s − y⋄s ∥
ξ
2.

From the convexity of VO, it follows that

VO(ŷs − yt) ≤ βVO(y⋆s − yt) + (1 − β)VO(y⋄s − yt).

Therefore

VO(y⋆s − yt) ≤ g1L
η1
g (1 − β)η1∥y⋆s − y⋄s ∥

η1
2

+ g2L
η2
g (1 − β)η2∥y⋆s − y⋄s ∥

η2
2 + bLσ

g (1 − β)σ∥y⋆s − y⋄s ∥σ2
+ βVO(y⋆s − yt) + (1 − β)VO(y⋄s − yt) + cLξ

g(1 − β)ξ∥y⋆s − y⋄s ∥
ξ
2,

which leads to the following inequality

VO(y⋆s − yt) − VO(y⋄s − yt) ≤ g1L
η1
g (1 − β)η1−1∥y⋆s − y⋄s ∥

η1
2

+ g2L
η2
g (1 − β)η2−1∥y⋆s − y⋄s ∥

η2
2

+ bLσ
g (1 − β)σ−1∥y⋆s − y⋄s ∥σ2 + cLξ

g(1 − β)ξ−1∥y⋆s − y⋄s ∥
ξ
2.

Since σ, η1, η2, ξ > 1, taking the limit of both sides of the inequality as
β approaches 1 from the right, leads to

VO(y⋆s − yt) − VO(y⋄s − yt) ≤ 0

which in turn leads to a contradiction and concludes the proof. □

Lemma 9.4. Suppose that Assumptions from 9.1 to 9.10 hold. Then, there
exists a K∞-function αd verifying

∥χ̂− χ⋆
s∥2 ≥ αd(∥χ̂− χ⋄

s∥2) (9.21)

for all yt ∈ Yt and all feasible χ̂ ∈ (X̂ × U), with χ⋄
s = g(y⋄s ).

Proof. First note that ∥χ̂ − χ⋆
s∥2 = 0 ⇐⇒ ∥χ̂ − χ⋄

s∥2 = 0. In fact,
∥χ̂ − χ⋆

s∥2 = 0 =⇒ ∥χ̂ − χ⋄
s∥2 = 0 follows from Lemma 9.3, while ∥χ̂ −
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χ⋄
s∥2 = 0 =⇒ ∥χ̂ − χ⋆

s∥2 = 0 follows by optimality. Then it also holds
∥χ̂− χ⋄

s∥2 > 0 ⇐⇒ ∥χ̂− χ⋆
s∥2 > 0.

Moreover, since the set U is compact, in view of the δISS property of Σ,
Zs is also compact. Then, there exists a K∞ function αd verifying

∥χ̂− χ⋆
s∥2 ≥ αd(∥χ̂− χ⋄

s∥2)

for all yt ∈ Yt and all feasible χ̂. □

Lemma 9.5. Consider a discrete-time, nonlinear time invariant system
Σa, with input u and state xa, and a discrete-time, nonlinear time invariant
system Σb, with input v = xa and state xb. Assume Σa is ISS w.r.t. u,
and Σb is ISpS w.r.t. v. Then, the overall system Σ, with input u and state
χ = [(xa)⊤ (xb)⊤]⊤ is ISpS w.r.t. u.

Proof. For Σa, there exist functions βa ∈ KL and γa ∈ K, such that
for any k ∈ Z≥0, any initial condition xa0 ∈ Rn and any input sequence
u0,k = {u0, u1, ..., uk−1} with uh ∈ Rm for h = 0, ..., k − 1, it holds

∥xak∥2 ≤ βa(∥xa0∥2, k) + γa (∥u0,k∥) . (9.22)

For Σb, there exist functions βb ∈ KL and γb ∈ K, and a constant φ ≥ 0,
such that for any k ∈ Z≥0, any initial condition xb0 ∈ Rn and any input
sequence v0,k = {v0, v1, ..., vk−1} with vh ∈ Rm for h = 0, ..., k − 1, it holds

∥xbk∥2 ≤ βb(∥xb0∥2, k) + γb (∥v0,k∥) + φ = βb(∥xb0∥2, k) + γb
(
∥xa

0,k∥
)

+ φ.
(9.23)

The proof is inspired by the proof of Proposition 4.7 in [7], and makes use
of the weak triangle inequality (2.2). Define k̄ := ⌈k2⌉, where ⌈·⌉ denotes the
ceiling function. Then

∥xbk∥2
(9.23)

≤ βb(∥xbk̄∥2, k − k̄) + γb

(
∥xa

k̄,k∥
)

+ φ

(9.23)

≤ βb

(
βb(∥xb0∥2, k̄) + γb

(
∥xa

0,k̄∥
)

+ φ, k − k̄
)

+ γb

(
∥xa

k̄,k∥
)

+ φ

≤ βb

(
3βb(∥xb0∥2, k̄), k − k̄

)
+ βb

(
3γ2

(
∥xa

0,k̄∥
)
, k − k̄

)
+ βb

(
3φ, k − k̄

)
+ γb

(
∥xa

k̄,k∥
)

+ φ

(9.22)

≤ βb

(
3βb(∥xb0∥2, k̄), k − k̄

)
+ βb

(
3γb

(
βa(∥xa0∥2, 0) + γa

(
∥u0,k̄∥

))
, k − k̄

)
+ βb

(
3φ, k − k̄

)
+ φ+ γb

(
βa(∥xa0∥2, k̄) + γa

(
∥uk̄,k∥

))
≤ βb

(
3βb(∥xb0∥2, k̄), k − k̄

)
+ βb

(
3γb (2βa(∥xa0∥2, 0)) , k − k̄

)
+ βb

(
3γb

(
2γa

(
∥u0,k̄∥

))
, k − k̄

)
+ βb

(
3φ, k − k̄

)
+ φ

+ γb
(
2βa(∥xa0∥2, k̄)

)
+ γb

(
2γa

(
∥uk̄,k∥

))
.
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Then

∥xbk∥ ≤ β̂a(∥xa0∥2, k) + β̂b(∥xb0∥2, k) + γ̂ (∥u0,k∥) + φ̂ (9.24)

where

β̂a(r, k) := βb
(
3γb (2βa(r, 0)) , k − k̄

)
+ γb

(
2βa(r, k̄)

)
β̂b(r, k) := βb

(
3βb(r, k̄), k − k̄

)
γ̂(r) := βb (3γb (2γa (r)) , 0) + γb (2γa (r))

φ̂ := βb (3φ, 0) + φ.

Finally, ISpS of the complete system comes from the sum of (9.22) and
(9.24). □

9.8.2 Proof of Theorem 9.1

The proof of Theorem 9.1 requires three steps. Recursive feasibility of the
FHOCP is proved for any yt in the first step. ISpS w.r.t. the disturbance w
is proved for the closed-loop system ΣC in the second step. Asymptotic con-
vergence of the closed-loop system ΣC is proved for asymptotically constant
setpoint y0 and output disturbance d in the last step.

Recursive Feasibility

Consider the optimal solution to the FHOCP at time step k, that is given by
∆u⋆

k = {∆ui|k}N−1
i=0 and y⋆s,k, and denote the corresponding optimal input

and state trajectory by u⋆i|k and x⋆i|k for i = 1, ..., N , where x⋆0|k = x̂k and
u⋆0|k = uk−1. Assuming that the FHOCP is feasible at time step k, recursive
feasibility can be proven by considering as candidate solution at time step
k + 1:

• the feasible auxiliary reference ỹs,k+1 = y⋆s,k

• the control sequence ∆ũk+1 = {∆ũi|k+1}N−1
i=0 , defined by ∆ũi|k+1 :=

∆u⋆i+1|k for i = 0, ..., N −2 and ∆ũN−1|k+1 := 0, which satisfies all the
constraints in the FHOCP.

Input-to-State Practical Stability

Consider the overall closed-loop system ΣC. Since Assumption 9.4 holds for
any input sequence in U , ΣC can be reformulated as the series connection of
the system that describes the observer estimation error ΣO, and the closed
loop system Σn composed of the system Σ, the MPC controller, and the
discrete time integrator, where the observer estimation error ed acts as an
input. Since Assumption 9.4 ensures that ΣO is ISS with respect to the
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disturbance w, in order to conclude that the overall closed-loop system is
ISpS with respect to the disturbance w, the proof first shows that Σn is ISpS
with respect to the state estimation error ed, and then relies on Lemma 9.5
to derive the stability properties of full system.

To prove that Σn is ISpS with respect to ed, the following candidate ISpS
Lyapunov function is considered, where χ̂k = [x̂⊤k u⊤k−1]

⊤

Wk = W (χ̂k;∆u⋆
k, y

⋆
s,k)

:= JN (x̂k, uk−1, yt,∞;∆u⋆
k, y

⋆
s,k) − VO(y⋄s,∞ − yt,∞).

The proof shows that W is an ISpS Lyapunov function, by deriving lower
and upper bound to W , as well as to its decrease, consistently with Defini-
tion 2.15.

Lower Bound Consider the following lower bound

Wk ≥ ℓ(x̂k − x⋆s,k, uk−1 − u⋆s,k,∆u
⋆
0|k)

+ VO(y⋆s,k − yt,∞) − VO(y⋄s,∞ − yt,∞) + Ψ(x̂k − x⋆s,k, uk−1 − u⋆s,k).

From Assumption 9.9 and Lipschitz continuity of g, it holds

Wk ≥ ℓ(x̂k − x⋆s,k, uk−1 − u⋆s,k,∆u
⋆
0|k)

+ Ψ(x̂k − x⋆s,k, uk−1 − u⋆s,k) + αO(L−1
g ∥χ⋆

s,k − χ⋄
s,∞∥2).

Then, there exists a K∞ function α̂O defined as α̂O(r) := αO(L−1
g r) such

that

Wk ≥ ℓ(x̂k − x⋆s,k, uk−1 − u⋆s,k,∆u
⋆
0|k)

+ Ψ(x̂k − x⋆s,k, uk−1 − u⋆s,k) + α̂O(∥χ⋆
s,k − χ⋄

s,∞∥2).
(9.25)

Note that Assumption 9.8 can be rearranged as

ℓ(x̂k − x⋆s,k, uk−1 − u⋆s,k,∆u
⋆
0|k)

+ Ψ(x̂k − x⋆s,k, uk−1 − u⋆s,k) ≥ ε0µ(∥χ̂k − χ⋆
s,k∥2).

(9.26)

Combining (9.25) and (9.26), and using the weak triangle inequality (2.2),
there exists a K∞ function αW so that

Wk ≥ α̂O(∥χ⋆
s,k − χ⋄

s,∞∥2) + ε0µ(∥χk − χ⋆
s,k∥2)

≥ αW (2∥χ⋆
s,k − χ⋄

s,∞∥2) + αW (2∥χk − χ⋆
s,k∥2)

≥ αW (∥χ⋆
s,k − χ⋄

s,∞∥2 + ∥χ̂k − χ⋆
s,k∥2).

Therefore, applying the triangle inequality, a lower bound forWk is obtained:

Wk ≥ αW (∥χ̂k − χ⋄
s,∞∥2). (9.27)
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Upper Bound For this part of the proof, we define χ⋄
s = [(x⋄s )

⊤ (u⋄s )
⊤] :=

g(y⋄s ).

The proof starts by adding and subtracting VO(y⋆s,k − yt,k) to Wk:

Wk =

N−1∑
i=0

ℓ(x⋆i|k − x⋆s,k, u
⋆
i|k − u⋆s,k,∆u

⋆
i|k)

+ Vf(x
⋆
N |k − x⋆s,k, y

⋆
s,k) + VO(y⋆s,k − yt∞) + Ψ(x̂k − x⋆s,k, uk−1 − u⋆s,k)

− VO(y⋄s,∞ − yt,∞) + VO(y⋆s,k − yt,k) − VO(y⋆s,k − yt,k)

(9.8)
= VN (x̂k, uk−1, yt,k) + VO(y⋆s,k − yt,∞) − VO(y⋆s,k − yt,k)

− VO(y⋄s,∞ − yt,∞).

(9.28)

Consider now the case in which u⋄s,k−uk−1 ∈ ∆U , i.e. the input steady-state
reference u⋄s,k is reachable in one step from uk−1. A locally feasible sequence

∆ũk = {∆ũi|k}N−1
i=0 can be defined by ∆ũ0|k := u⋄s,k − uk−1, and ∆ũi|k := 0

for i = 1, ..., N − 1, and the (locally) feasible auxiliary reference ỹs,k := y⋄s,k.
Denote by x̃i|k, i = 0, ..., N , the associated state trajectory. Then, using
Assumption 9.10,

VN (x̂k, uk−1, yt,k) ≤ JN (x̂k, uk−1, yt,k;∆ũk, ỹs,k)

= ℓ(x̂k − x⋄s,k, uk−1 − u⋄s,k,∆ũ0|k)

+
N−1∑
i=1

ℓ(x̃i|k − x⋄s,k, 0, 0) + Vf(x̃N |k − x⋄s,k, y
⋄
s,k)

+ VO(y⋄s,k − yt,k) + Ψ(x̂k − x⋄s,k, uk−1 − u⋄s,k)

(9.13)

≤ ℓ(x̂k − x⋄s,k, uk−1 − u⋄s,k,∆ũ0|k) + Vf(x̃1|k − x⋄s,k, y
⋄
s,k)

+ VO(y⋄s,k − yt,k) + Ψ(x̂k − x⋄s,k, uk−1 − u⋄s,k)

(9.12)

≤ ℓ(x̂k − x⋄s,k, uk−1 − u⋄s,k, u
⋄
s,k − uk−1) + b∥x̃1|k − x⋄s,k∥σ2

+ VO(y⋄s,k − yt,k) + Ψ(x̂k − x⋄s,k, uk−1 − u⋄s,k)

Ass.9.6
≤ Lℓ∥x̂k − x⋄s,k∥2 + 2Lℓ∥uk−1 − u⋄s,k∥2 + b∥x̃1|k − x⋄s,k∥σ2

+ VO(y⋄s,k − yt,k) + Ψ(x̂k − x⋄s,k, uk−1 − u⋄s,k).

In view of the δISS property of the model, there exists a KL function β such
that

∥x̃i|k − x⋄s,k∥2 ≤ β(∥x̃0|k − x⋄s,k∥2, i) = β(∥x̂k − x⋄s,k∥2, i).
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Then

VN (x̂k, uk−1, yt,k) ≤ Lℓ∥x̂k − x⋄s,k∥2 + 2Lℓ∥uk−1 − u⋄s,k∥2
+ bβ(∥x̂k − x⋄s,k∥2, 1)σ + VO(y⋄s,k − yt,k)

+ Ψ(x̂k − x⋄s,k, uk−1 − u⋄s,k).

Therefore, there exist two K∞ functions β1 and β2 such that

VN (x̂k, uk−1, yt,k) ≤ β1(∥x̂k − x⋄s,k∥2) + β2(∥uk−1 − u⋄s,k∥2)
+ VO(y⋄s,k − yt,k) + Ψ(x̂k − x⋄s,k, uk−1 − u⋄s,k).

Combining with the expression of Wk, and using the upper bound for Ψ

Wk

(9.28)(9.11a)

≤ β1(∥x̂k − x⋄s,k∥2) + β2(∥uk−1 − u⋄s,k∥2)
+ |VO(y⋄s,k − yt,k) − VO(y⋄s,∞ − yt,∞)|
+ |VO(y⋆s,k − yt,∞) − VO(y⋆s,k − yt,k)| + γ0µ(∥χ̂k − χ⋄

s,k∥2)
Ass.9.6
≤ β1(∥x̂k − x⋄s,k∥2) + β2(∥uk−1 − u⋄s,k∥2) + γ0µ(∥χ̂k − χ⋄

s,k∥2)
+ LVO

∥y⋄s,k − yt,k − y⋄s,∞ + yt,∞∥2
+ LVO

∥y⋆s,k − yt,∞ − y⋆s,k + yt,k∥2
≤ β1(∥x̂k − x⋄s,k∥2) + β2(∥uk−1 − u⋄s,k∥2) + γ0µ(∥χ̂k − χ⋄

s,k∥2)
+ LVO

∥y⋄s,k − y⋄s,∞∥2 + 2LVO
∥yt,k − yt,∞∥2.

Then, there exists a K∞ function β3 such that

Wk ≤ β3(∥χ̂k − χ⋄
s,k∥2) + LVO

∥y⋄s,k − y⋄s,∞∥2 + 2LVO
∥yt,k − yt,∞∥2

≤ β3(∥χ̂k + χ⋄
s,∞ − χ⋄

s,∞ − χ⋄
s,k∥2)

+ LVO
∥y⋄s,k − y⋄s,∞∥2 + 2LVO

∥yt,k − yt,∞∥2.

Hence, there exists a K∞ function βW defined by βW (r) := β3(2r) such that

Wk ≤ βW (∥χ̂k − χ⋄
s,∞∥2) + βW (∥χ⋄

s,∞ − χ⋄
s,k∥2)

+ LVO
∥y⋄s,k − y⋄s,∞∥2 + 2LVO

∥yt,k − yt,∞∥2
= βW (∥χ̂k − χ⋄

s,∞∥2) + ρ1k

with

ρ1,k := βW (∥χ⋄
s,∞−χ⋄

s,k∥2)+LVO
∥y⋄s,k−y⋄s,∞∥2 +2LVO

∥yt,k−yt,∞∥2. (9.29)

Then, using Lipschitz continuity of the function g, there exists a K∞ function
β̃W such that

ρ1,k ≤ β̃W (∥y⋄s,k − y⋄s,∞∥2) + 2LVO
∥y0k − y0∞∥2 + 2LVO

∥d̂∞ − d̂k∥2.
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In view of [221, Theorem 2.5], of the properties of VO and of convexity of
Yt, there exists a K function ω such that

∥y⋄s,k − y⋄s,∞∥2 ≤ ω(∥yt,k − yt,∞∥2) = ω(∥y0k − d̂k − (y0∞ − d̂∞)∥2). (9.30)

Hence, by applying the weak triangle inequality, there exists a K function
ω̃1 such that

ρ1,k ≤ ω̃1(∥y0k − y0∞∥2) + ω̃1(∥d̂k − d̂∞∥2) ≤ ρ1

where

ρ1 := ω̃1(S(Y0)) + ω̃1(S(D̂)). (9.31)

Since all the sets involved in the definition of ρ1 are bounded, it holds
ρ1 <∞. To conclude

Wk ≤ βW (∥χ̂k − χ⋄
s,∞∥2) + ρ1. (9.32)

Given this local upper bound derived under the assumption that u⋄s,k −
uk−1 ∈ ∆U , the existence of an upper bound valid also if u⋄s,k − uk−1 /∈ ∆U
can be derived from [149, Lemma 4] by showing that W (x̂, u, yt) < ∞ for
all x̂ ∈ X̂ , y⋆ ∈ Y0, d̂ ∈ D̂, and all feasible u. First, based on (9.28), Wk ≤
JN (x̂k, uk−1, yt,k;∆uk, ys,k)+VO(y⋆s,k−yt,∞)−VO(y⋆s,k−yt,k)−VO(y⋄s,∞−yt,∞)
for all feasible ∆uk, ys,k. Then, boundedness of JN and VO follows from
boundedness of their arguments and Assumption 9.6. Specifically, bound-
edness of x̂ and d̂ follows from Lemma 9.1; boundedness of yt follows from
boundedness of Y0 and boundedness of D̂; boundedness of ys follows from
boundedness of Yt; boundedness of u follows from boundedness of U .

Decrease For this part of the proof, we recall that uk = uk−1 +
µN (x̂k, uk−1, yt,k), and that

x̂k+1 = f(x̂k, uk) + δxd,k. (9.33)

In the following, δxd,k is considered as an external disturbance. The candi-
date Lyapunov function at time k + 1 is given by

Wk+1 = W (χ̂k+1;∆u⋆
k+1, y

⋆
s,k+1)

= JN (x̂k+1, uk, yt,∞;∆u⋆
k+1, y

⋆
s,k+1) − VO(y⋄s,∞ − yt,∞)

where ∆u⋆
k+1 and y⋆s,k+1 are the optimal control sequence and optimal aux-

iliary reference computed by the MPC at step k + 1, given the observer
estimate x̂k+1.
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Adding and subtracting VO(y⋆s,k+1 − yt,k+1) leads to

Wk+1 =
N−1∑
i=0

ℓ(xi|k+1 − x⋆s,k+1, ui|k+1 − u⋆s,k+1,∆u⋆
i|k+1)

+ Vf(xN |k+1 − x⋆s,k+1, y
⋆
s,k+1) + VO(y⋆s,k+1 − yt∞)

+ Ψ(x̂k+1 − x⋆s,k+1, uk − u⋆s,k+1) − VO(y⋄s,∞ − yt,∞)

+ VO(y⋆s,k+1 − yt,k+1) − VO(y⋆s,k+1 − yt,k+1)

(9.8)

≤ VN (x̂k+1, uk, yt,k+1) − VO(y⋄s,∞ − yt,∞)

+ |VO(y⋆s,k+1 − yt,∞) − VO(y⋆s,k+1 − yt,k+1)|
Ass.9.6
≤ VN (x̂k+1, uk, yt,k+1) − VO(y⋄s,∞ − yt,∞)

+ LVO
∥yt,k+1 − yt,∞∥2.

Consider now the feasible sequence ∆ũk+1 = {∆ũi|k+1}N−1
i=0 , defined in

the proof of recursive feasibility, and the feasible auxiliary reference ỹs,k+1 :=
y⋆s,k. Then

VN (x̂k+1, uk, yt,k+1) ≤ JN (x̂k+1, uk, yt,k+1;∆ũk+1, ỹs,k+1)

= JN (x̂k+1, uk, yt,k+1;∆ũk+1, y
⋆
s,k).

Hence, denoting by x̃i|k+1 and ũi|k+1 the state and input trajectories asso-
ciated to ∆ũk+1, we have that

Wk+1 ≤
N−1∑
i=0

ℓ(x̃i|k+1 − x⋆s,k, ũi|k+1 − u⋆s,k,∆ũi|k+1)

+ Vf(x̃N |k+1 − x⋆s,k, y
⋆
s,k) + VO(y⋆s,k − yt,k+1)

+ Ψ(x̂k+1 − x⋆s,k, uk − u⋆s,k)

+ LVO
∥yt,k+1 − yt,∞∥2 − VO(y⋄s,∞ − yt,∞).

Then

Wk+1 −Wk

≤
(N−1∑

i=0

ℓ(x̃i|k+1 − x⋆s,k, ũi|k+1 − u⋆s,k,∆ũi|k+1) + Vf(x̃N |k+1 − x⋆s,k, y
⋆
s,k)

+ VO(y⋆s,k − yt,k+1) + Ψ(x̂k+1 − x⋆s,k, uk − u⋆s,k)

+ LVO
∥yt,k+1 − yt,∞∥2 − VO(y⋄s,∞ − yt,∞)

)
−
(N−1∑

i=0

ℓ(x⋆i|k − x⋆s,k, u
⋆
i|k − u⋆s,k,∆u

⋆
i|k) + Vf(x

⋆
N |k − x⋆s,k, y

⋆
s,k)

+ VO(y⋆s,k − yt,∞) + Ψ(x̂k − x⋆s,k, uk−1 − u⋆s,k) − VO(y⋄s,∞ − yt,∞)
)

170



Chapter 9. Offset-free tracking MPC for δISS systems with input rate
constraints

=
N−1∑
i=0

ℓ(x̃i|k+1 − x⋆s,k, ũi|k+1 − u⋆s,k,∆ũi|k+1)

−
N−1∑
i=0

ℓ(x⋆i|k − x⋆s,k, u
⋆
i|k − u⋆s,k,∆u

⋆
i|k)

+ Vf(x̃N |k+1 − x⋆s,k, y
⋆
s,k) − Vf(x

⋆
N |k − x⋆s,k, y

⋆
s,k)

+ VO(y⋆s,k − yt,k+1) − VO(y⋆s,k − yt,∞)

+ Ψ(x̂k+1 − x⋆s,k, uk − u⋆s,k) − Ψ(x̂k − x⋆s,k, uk−1 − u⋆s,k)

+ LVO
∥yt,k+1 − yt,∞∥2

Ass.9.6
≤

N−1∑
i=0

ℓ(x̃i|k+1 − x⋆s,k, ũi|k+1 − u⋆s,k,∆ũi|k+1)

−
N−1∑
i=0

ℓ(x⋆i|k − x⋆s,k, u
⋆
i|k − u⋆s,k,∆u

⋆
i|k)

+ Vf(x̃N |k+1 − x⋆s,k, y
⋆
s,k) − Vf(x

⋆
N |k − x⋆s,k, y

⋆
s,k)

+ Ψ(x̂k+1 − x⋆s,k, uk − u⋆s,k) − Ψ(x̂k − x⋆s,k, uk−1 − u⋆s,k)

+ 2LVO
∥yt,k+1 − yt,∞∥2

=
N−2∑
i=0

ℓ(x̃i|k+1 − x⋆s,k, ũi|k+1 − u⋆s,k,∆ũi|k+1)

−
N−1∑
i=1

ℓ(x⋆i|k − x⋆s,k, u
⋆
i|k − u⋆s,k,∆u

⋆
i|k)

+ Vf(x̃N |k+1 − x⋆s,k, y
⋆
s,k) − Vf(x

⋆
N |k − x⋆s,k, y

⋆
s,k)

+ Ψ(x̂k+1 − x⋆s,k, uk − u⋆s,k) − Ψ(x̂k − x⋆s,k, uk − u⋆s,k)

+ 2LVO
∥yt,k+1 − yt,∞∥2

+ ℓ(x̃N−1|k+1 − x⋆s,k, ũN−1|k+1 − u⋆s,k,∆ũN−1|k+1)

− ℓ(x̂k − x⋆s,k, uk−1 − u⋆s,k,∆u
⋆
0|k).

Define x̃N+1|k using the auxiliary control law ∆ũN |k = 0, i.e. x̃N+1|k :=
f(x⋆N |k, ũN+1|k) where ũN+1|k := ũN |k. Then, by adding and subtracting

Vf(x̃N+1|k − x⋆s,k, y
⋆
s,k) and ℓ(x⋆N |k − x⋆s,k, 0, 0), and recalling ∆ũN−1|k+1 = 0,
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we have that

Wk+1 −Wk

≤
N−1∑
i=1

|ℓ(x̃i−1|k+1 − x⋆s,k, ũi−1|k − u⋆s,k,∆ũi−1|k+1)

− ℓ(x⋆i|k − x⋆s,k, u
⋆
i|k − u⋆s,k,∆u

⋆
i|k)|

+ |ℓ(x̃N−1|k+1 − x⋆s,k, 0, 0) − ℓ(x⋆N |k − x⋆s,k, 0, 0)|

+ |Vf(x̃N |k+1 − x⋆s,k, y
⋆
s,k) − Vf(x̃N+1|k − x⋆s,k, y

⋆
s,k))|

+ Ψ(x̂k+1 − x⋆s,k, uk − u⋆s,k) − Ψ(x̂k − x⋆s,k, uk−1 − u⋆s,k)

− ℓ(x̂k − x⋆s,k, uk−1 − u⋆s,k,∆u
⋆
0|k) + 2LVO

∥yt,k+1 − yt,∞∥2
+ Vf(x̃N+1|k − x⋆s,k, y

⋆
s,k) − Vf(x

⋆
N |k − x⋆s,k, y

⋆
s,k) + ℓ(x⋆N |k − x⋆s,k, 0, 0).

(9.34)

Due to Assumption 9.10

Vf(x̃N+1|k − x⋆s,k, y
⋆
s,k) − Vf(x

⋆
N |k − x⋆s,k, y

⋆
s,k) + ℓ(x⋆N |k − x⋆s,k, 0, 0) ≤ 0.

(9.35)

Due to the definition of ∆ũk+1, Lipschitz continuity of ℓ, and δISS of the
system Σ

N−1∑
i=1

|ℓ(x̃i−1|k+1 − x⋆s,k, ũi−1|k − u⋆s,k,∆ũi−1|k+1)

− ℓ(x⋆i|k − x⋆s,k, u
⋆
i|k − u⋆s,k,∆u

⋆
i|k)|

=

N−1∑
i=1

|ℓ(x̃i−1|k+1 − x⋆s,k, u
⋆
i|k − u⋆s,k,∆u

⋆
i|k)

− ℓ(x⋆i|k − x⋆s,k, u
⋆
i|k − u⋆s,k,∆u

⋆
i|k)|

Ass.9.6
≤

N−1∑
i=1

Lℓ∥x̃i−1|k+1 − x⋆i|k∥2
Ass.9.1
≤ γ1(∥δxd∥2)

(9.36)

with a K-function γ1.
Lipschitz continuity of ℓ, and δISS of the system Σ also imply that

|ℓ(x̃N−1|k+1 − x⋆s,k, 0, 0) − ℓ(x⋆N |k − x⋆s,k, 0, 0)|
Ass.9.6
≤ Lℓ∥x̃N−1|k+1 − x⋆N |k∥2

Ass.9.1
≤ γ2(∥δxd∥2)

(9.37)

with a K-function γ2.
Moreover, due to the Lipschitz continuity of Vf , and δISS of the system Σ

|Vf(x̃N |k+1 − x⋆s,k, y
⋆
s,k) − Vf(x̃N+1|k − x⋆s,k, y

⋆
s,k)|

Ass.9.6
≤ LVf

∥x̃N |k+1 − x̃N+1|k∥2
Ass.9.1
≤ γ3(∥δxd∥2)

(9.38)
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with a K-function γ3.
In view of Assumption 9.8, Lipschitzianity of Ψ, and using Lemma 9.4,

it holds that

− ℓ(x̂k − x⋆s,k, uk−1 − u⋆s,k,∆u
⋆
0|k)

+ Ψ(x̂k+1 − x⋆s,k, uk − u⋆s,k) − Ψ(x̂k − x⋆s,k, uk−1 − u⋆s,k)

(9.33)
= −ℓ(x̂k − x⋆s,k, uk−1 − u⋆s,k,∆u

⋆
0|k)

+ Ψ(f(x̂k, uk) + δxd,k − x⋆s,k, uk − u⋆s,k) − Ψ(x̂k − x⋆s,k, uk−1 − u⋆s,k)

+ Ψ(f(x̂k, uk) − x⋆s,k, uk − u⋆s,k) − Ψ(f(x̂k, uk) − x⋆s,k, uk − u⋆s,k)

(9.11b)

≤ −ε0µ(∥χ̂k − χ⋆
s,k∥2) + Ψ(f(x̂k, uk) + δxd,k − x⋆s,k, uk − u⋆s,k)

− Ψ(f(x̂k, uk) − x⋆s,k, uk − u⋆s,k)

(9.21), Ass.9.6

≤ −υ(∥χ̂k − χ⋄
s,k∥2) + LΨ∥δxd,k∥2

(9.39)

with a K∞-function υ. Furthermore

υ(0.5∥χ̂k − χ⋄
s,∞∥2) ≤ υ(0.5∥χ̂k − χ⋄

s,k∥2 + 0.5∥χ⋄
s,k − χ⋄

s,∞∥2)
≤ υ(∥χ̂k − χ⋄

s,k∥2) + υ(∥χ⋄
s,k − χ⋄

s,∞∥2).

Then there exists a K∞-function Υ

−υ(∥χ̂k − χ⋄
s,k∥2) ≤ −υ(0.5∥χ̂k − χ⋄

s,∞∥2) + υ(∥χ⋄
s,k − χ⋄

s,∞∥2)
≤ −Υ(∥χ̂k − χ⋄

s,∞∥2) + υ(∥χ⋄
s,k − χ⋄

s,∞∥2).
(9.40)

Combining (9.34), (9.35), (9.36), (9.37), (9.38), (9.39), (9.40), we have
that

Wk+1 −Wk ≤ γ1(∥δxd,k∥2) + γ2(∥δxd,k∥2) + γ3(∥δxd,k∥2) + LΨ∥δxd,k∥2
+ υ(∥χ⋄

s,k − χ⋄
s,∞∥2) + 2LVO

∥yt,k+1 − yt,∞∥2 − Υ(∥χ̂k − χ⋄
s,∞∥2).

Then, there exists a K-function γ4 such that

Wk+1 −Wk ≤ −Υ(∥χ̂k − χ⋄
s,∞∥2) + γ4(∥δxd,k∥2)

+ υ(∥χ⋄
s,k − χ⋄

s,∞∥2) + 2LVO
∥yt,k+1 − yt,∞∥2.

Due to Assumption 9.3, there exists a K-function γ such that

Wk+1 −Wk ≤ −Υ(∥χ̂k − χ⋄
s,∞∥2) + γ(∥ed,k∥2)

+ υ(∥χ⋄
s,k − χ⋄

s,∞∥2) + 2LVO
∥yt,k+1 − yt,∞∥2

= −Υ(∥χ̂k − χ⋄
s,∞∥2) + γ(∥ed,k∥2) + ρ2,k

with
ρ2,k := υ(∥χ⋄

s,k − χ⋄
s,∞∥2) + 2LVO

∥yt,k+1 − yt,∞∥2. (9.41)
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Moreover, using Lipschitz continuity of the function g, there exists a K∞-
function υ̃ such that

ρ2,k ≤ υ̃(∥y⋄s,k − y⋄s,∞∥2) + 2LVO
∥y0k+1 − y0∞∥2 + 2LVO

∥d̂∞ − d̂k+1∥2.

Using (9.30) again and applying the weak triangle inequality, there exists a
K-functions ω̃2

ρ2,k ≤ ρ2 = ω̃2(S(Y0)) + ω̃2(S(D̂)). (9.42)

Since all the sets involved in the definition of ρ2 are bounded, it holds
ρ2 <∞. To conclude

Wk+1 −Wk ≤ −Υ(∥χ̂k − χ⋄
s,∞∥2) + γ(∥ed,k∥2) + ρ2. (9.43)

In view of (9.27), (9.32) and (9.43), it is possible to conclude that Wk is an
ISpS Lyapunov function for the closed-loop system Σn. The ISpS property of
the overall closed-loop system ΣC with respect to the disturbance w follows
from Assumption 9.4 and Lemma 9.5.

Remark 9.5. Based on the ISpS-Lyapunov function constants, ρ1 and ρ2,
it is possible to provide (a conservative) estimate of the ISpS constant φ,
and characterize the transient behavior of the closed-loop system. Note that
ρ1 and ρ2 depend only on the size of sets Y0 and D̂. Therefore, the tran-
sient behavior of the control loop can be improved by being more restrictive
in the choice of available setpoints (thus reducing S(Y0)), and, based on As-
sumption 9.4, by improving the observer initialization (thus reducing S(D̂)).
In fact, according to Assumption 9.4, S(D̂) decreases as S(W) decreases.
Also note that, if the control scheme is used for disturbance rejection only,
then Y0 = {y0∞}, and S(Y0) = 0. Additionally, in case of measurable dis-
turbance d, d̂k = dk and S(D̂) = S(D). Finally, as it will be detailed in
the following Subsection, the ISpS-Lyapunov function can be used to prove
asymptotic convergence in case of asymptotically constant setpoint y0 and
output disturbance d.

Asymptotic Convergence

To prove asymptotic convergence, consider the term ρ1,k appearing in the
upper bound for W , as defined in (9.29). Then, in view of Assumption 9.9,
for k → ∞, yt,k → yt,∞, y⋄s,k → y⋄s,∞ and therefore x⋄s,k → x⋄s,∞ and u⋄s,k →
u⋄s,∞. Therefore ρ1,k → 0 for k → ∞, and

Wk ≤ βW (∥χ̂k − χ⋄
s,∞∥2). (9.44)

Similarly, consider the term ρ2,k appearing in the decrease of W , as defined
in (9.41). Then, for k → ∞, δxd,k → 0 in view of Assumptions 9.3 and 9.4,
and both yt,k and yt,k+1 → yt,∞. Moreover, in view of Assumption 9.9, for
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k → ∞, y⋄s,k → y⋄s,∞ and therefore x⋄s,k → x⋄s,∞ and u⋄s,k → u⋄s,∞. Therefore
ρ2,k → 0 for k → ∞, and

Wk+1 −Wk ≤ −Υ(∥χ̂k − χ⋄
s,∞∥2). (9.45)

Thus, asymptotic converge follows from (9.44) and (9.45), and from As-
sumption 9.4. In fact, for k → ∞, Assumption 9.4 and wk → 0 guaran-
tee that x̂k → xk and d̂k → dk, while (9.44) and (9.45) guarantee that
χ̂k → χ⋄

s,∞. Therefore, xk → x⋄s,∞, uk → u⋄s,∞ and yk → y⋄s,∞. If yt,∞ ∈ Yt,
then y⋄s,∞ = yt,∞, which implies yk → yt,∞. Since yk = yd,k − dk and

yt,k = y0k − d̂k, and recalling that dk → d∞ for k → ∞, it can be concluded
that yd,k → y0∞. On the contrary, if yt,∞ /∈ Yt, using again yk = yd,k − dk, it
holds yd,k → y⋄s,∞ + d∞. □

9.8.3 Proof of Lemma 9.2

The existence of a suitable upper bound follows from (9.14) and ∥x− xs∥ ≤
∥χ− χs∥:

aℓV (x− xs)
(9.14)

≤ aℓc∥x− xs∥ξ2 ≤ aℓc∥χ− χs∥ξ2.

To prove the decrease property, start by upper bounding the decrease of the
δISS-Lyapunov function V

aℓV (xk+1 − xs) − aℓV (xk − xs)

(9.3b)

≤ −aℓα3(∥xk − xs∥2) + aℓγ1(∥uk − us∥2)
(9.7b)

= −aℓα3(∥xk − xs∥2) + aℓγ1(∥uk−1 + ∆uk − us∥2)
≤ −aℓα3(∥xk − xs∥2) + aℓγ1(2∥uk−1 − us∥2) + aℓγ1(2∥∆uk∥2).

Then, by adding and subtracting εℓγ1(2∥uk−1 − us∥2), and using Assump-
tion 9.11, we have that

aℓV (xk+1 − xs) − aℓV (xk − xs)

≤ −aℓα3(∥xk − xs∥2) − εℓγ1(2∥uk−1 − us∥2)
+ (aℓ + εℓ)γ1(2∥uk−1 − us∥2) + aℓγ1(2∥∆uk∥2)
(9.15)

≤ −aℓα3(∥xk − xs∥2) − εℓγ1(2∥uk−1 − us∥2)
+ ℓ(xk − xs, uk−1 − us,∆uk).

Therefore, there exists a constant ε0 and a K∞-function µ such that

aℓV (xk+1 − xs) − aℓV (xk − xs)

≤ −ε0µ(∥χk − χs∥2) + ℓ(xk − xs, uk−1 − us,∆uk)

for any xk ∈ Rn, any uk−1 ∈ U , any ∆uk ∈ ∆U and any (xs, us) ∈ Zs. □
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Data-driven MPC in the
Koopman operator

framework
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Chapter 10

Introduction to the
Koopman operator

This part of the thesis is devoted to the design of MPC algorithms using
Koopman operator-based surrogate models. The Koopman operator was in-
troduced in the 1930s by Koopman [136], and provides a powerful theoretical
framework for data-driven analysis, prediction, and control of dynamical sys-
tems. In the last years, approaches related to Koopman’s idea have received
significant interest [36], and many Koopman-based data-driven methods for
estimation and control of dynamical systems have been developed [181], see
also the recent review [226]. One of the key features of Koopman-based sur-
rogate models is the availability of bounds on the model estimation error.
This property can be exploited to provide guarantees on the behavior of the
MPC algorithm when applied to the real plant.

In this chapter, we introduce the Koopman operator and different data-
driven methods for its approximation. Moreover, in Section 10.5, we present
a brief review on the use of Koopman-based models in MPC.

10.1 Definition of the Koopman operator

The Koopman operator is a linear but infinite dimensional operator that
encodes the behavior of the associated nonlinear autonomous dynamical
system [171, 205]. In this thesis, we define the Koopman operator for
discrete-time systems, even if the Koopman operator was first developed in
the continuous-time framework. The main reason for this choice is that we
want to exploit the Koopman operator theory to derive data-driven models
of dynamical systems, and the system data are inherently in discrete-time.
Moreover, discrete-time is the typical framework for MPC, that is the final
goal for the use of these models in the thesis.
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Next state

Observable p

Initial state x  

Koopman

Evaluation

Evaluation

System dynamics

Figure 10.1: Schematic representation of the definition of the Koopman
operator (10.2).

Consider an autonomous discrete-time system given by

xk+1 = f(xk) (10.1)

with a map f : Ω → Rn, with Ω ⊂ Rn a compact and non-empty set. For
sake of simplicity, in this thesis we assume the set Ω to be positive invari-
ant for the system (10.1), and we refer to [134] for the necessary technical
modification needed to manage the case in which this property is not valid.

The Koopman operator K : Cb(f(Ω)) → Cb(Ω) associated to system (10.1)
is defined considering functions ψ : Rn → R, called observables, by the iden-
tity

(Kψ)(x) = ψ(f(x)) ∀x ∈ Ω, ψ ∈ Cb(f(Ω)). (10.2)

The idea behind (10.2) is illustrated in Figure 10.1. The Koopman opera-
tor propagates the observable function ψ, obtaining another function Kψ.
Evaluating this new function in the original state x is equivalent to compute
the next state of the system, that is f(x), and evaluating the observable in
the next state. This means that the Koopman operator allows to compute
the value of the observable functions in the next system state without using
the system dynamics f .

10.2 Approximation of the Koopman operator for
autonomous systems

The Koopman operator provides a nice theoretical framework for the deriva-
tion of alternative descriptions of dynamical systems. What is particularly
of interest is the possibility of obtaining approximations of the Koopman op-
erator for unknown systems using data [18]. The most popular method to do
so is extended dynamic mode decomposition (EDMD), which is described
in the next section. EDMD has been successfully applied in many fields,
including climate prediction [9], molecular dynamics [247], power systems
[251], turbulent flows [80], neuroscience [35], and deep learning [65].
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10.2.1 Extended Dynamic Mode Decomposition

Extended Dynamic Mode Decomposition (EDMD) is a data-driven method
to obtain a finite-dimensional approximation of the Koopman operator [242].
Consider a finite dictionary of observable functions {ψj ∈ Cb(Rn) : j ∈ [1 :
M ]}, and let V := span({ψj}j∈[1:M ]) be the M -dimensional space spanned
by the chosen observables. With EDMD we obtain an estimation of PVK|V,
that is the compression of the Koopman operator restricted to the finite
dimensional space V. In particular, K|V denotes the restriction of the Koop-
man operator to the functions in V, i.e. it represents how the Koopman
operator acts on the functions in V, while PV denotes the projection onto
V. The projection operation is needed because it is not guaranteed that
the result of the application of the Koopman operator to functions in a
given subspace remains in the same subspace. In view of the linearity of the
Koopman operator, the estimation of PVK|V is a matrix K̂ ∈ RM×M .

In EDMD, K̂ is obtain as the solution of a linear regression problem.
We assume to have a dataset D := {(xi, x

+
i )}di=1 containing couples of state

and subsequent state, where the subscript i is the index of the data item
and x+i = f(xi) for all i ∈ [1 : d]. Note that it is not required that the data
come from the same trajectory. Let

Ψ = (ψ1, . . . , ψM )⊤ (10.3)

be the stacked vector of observables, with Ψ : Rn → RM . Then, we can
create the following matrices of lifted data

ΨX := [Ψ(x1) . . . Ψ(xd)], ΨY := [Ψ(x+1 ) . . . Ψ(x+d )]. (10.4)

The approximation K̂ of PVK|V is then given by the solution of the linear
regression problem

K̂ = arg min
K∈RM×M

∥KΨX − ΨY ∥F ,

which can be explicitly computed by

K̂ = (ΨXΨ⊤
X)−1ΨXΨ⊤

Y .

It is now possible to write the data-driven model, which can be given either
in the lifted space, i.e. the space of observable, or in the original state space.

The model in the lifted space is given by

z0 = Ψ(x0) (10.5a)

zk+1 = K̂zk (10.5b)

and describes the evolution of the vector of observable functions z ∈ RM .
To obtain the value of the original system state x from the value of the lifted
state z we need the projection operation

xk = PΩzk.
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There are different possible methods to perform the projection. In the sim-
plest case the coordinate functions are included in the observables, i.e. we
have that ψi(x) = x(i) = e⊤i x for i ∈ [1 : n], where ei denotes the i-th
unit vector of Rn. Then, the projection simply consists in taking the first n
components of the lifted state z, i.e.

xk =
[
In 0n×(M−n)

]
zk.

When the coordinate functions are not included in the observables, it is
possible to identify a linear projection matrix C ∈ Rn×M such that x = Cz
from data. In order to do so, consider the data matrix

X := [x1 . . . xd]. (10.6)

Then, C is the solution of the linear regression problem

C = arg min
C∈Rn×M

∥CΨX −X∥F , (10.7)

whose solution can be obtained in closed-form. More advanced projection
methods have been developed in [235], but are outside of the scope of the
thesis.

With the model in the lifted space we can perform multi-step predictions
using the linear model (10.5b), where the only step that involves a nonlinear
function is the lifting of the initial state (10.5a). However, this method often
has poor performances for predictions over a long horizons. This is due to the
fact that it is not guaranteed that the predicted next lifted state z+ can be
written as Ψ(x̃+) for some x̃+ ∈ Rn. This causes an error that accumulates
in multi-step predictions, causing a degradation of performances. This issue
can be solved by writing the model in the original state space. To do so,
a reprojection operation is performed at each prediction step, obtaining a
model

xk+1 = PΩK̂Ψ(xk).

This model is nonlinear, since the state is lifted at each step, but it provides
better performances for long prediction horizons, as pointed out in [168] and
[180, Remark 20].

In [138], it is shown that EDMD converges to the Koopman operator in
the infinite data limit and for an infinite number of observables. However,
only a finite number of data are available for identification, and a finite
number of observables is used to derive the EDMD model. Hence, it is
interesting and useful to derive finite-data error bounds for EDMD models.
The first results about finite data error bounds can be found in [170, 255].
Then, the probabilistic error bounds were further extended to stochastic
systems using both i.i.d. and ergodic sampling in [180], also for systems
with inputs.
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10.2.2 Choice of the observables

When deriving an EDMD-based model, the choice of the observables dic-
tionary is critical for the performances. Hence, many observable selection
methods have been developed in the literature [168, 18].

First, it is a good practice to include the constant observable in the
dictionary. Typically, the index 0 is assigned to the constant observable, i.e.
ψ0(x) ≡ 1. Then, the simplest method to design the other observables is
to use functions belonging to standard classes, such as monomials or radial
basis functions (RBF). This choice is straightforward, but it does not always
provide the best prediction accuracy.

When there is some information about physics of the system, an effective
choice is the use of physics informed observables. In this category we include,
e.g., observables given by functions that are likely to appear in the state
equations and observables that encode information about the symmetries
of the system. An example is the use of trigonometric lifting functions
for state variables related to angles. The effectiveness of physics informed
observables has been shown in [24] for the derivation of surrogate models of
non-holonomic robots, where the model obtained with a small dictionary of
physics informed observables achieves a higher prediction accuracy than the
model based on a large dictionary of monomials.

A different successful approach consists in the use of data-driven meth-
ods. A widely spread technique is the use of NNs [252] and deep learning
methods. In this category we find, e.g., the use of autoencoder structures to
learn simultaneously the lifting and projecting function and the matrix ap-
proximation of the Koopman operator [158, 9]. In [45], the authors present
an hybrid method that combines the use of NNs for learning lifting func-
tions and a physics-informed loss to ensure consistency in the projection
step. Another data-driven method for the choice of observables is use of
kernel functions, that will be described in details in Section 10.4.

10.3 Koopman operator for systems with input

While the theoretical framework of the Koopman operator for autonomous
systems is well understood, its extension to systems with input is still object
of research [193, 181]. In particular, various approaches have been proposed
to generalize EDMD to actuated systems, which provide models with differ-
ent degrees of complexity and approximation capabilities.

In the next sections, we describe different methods to obtain Koopman-
based surrogate models for the discrete-time system

xk+1 = f(xk, uk) (10.8)

with state x ∈ Ω ⊆ Rn and input u ∈ U ⊆ Rm. System (10.8) can be inher-
ently defined in discrete-time, or it can be derived from the discretization of
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a continuous-time system fed with a piecewise constant input.

10.3.1 Extended Dynamic Mode Decomposition with con-
trol

Extended Dynamic Mode Decomposition with control (EDMDc) is the sim-
plest method to generalize EDMD to actuated systems, and it provides a
linear surrogate model in the lifted space. Dynamic mode decomposition
with control was first introduced in [192], and was connected to the Koop-
man framework in [193].

In EDMDc, the approximated Koopman model is given by

z0 = Ψ(x0)

zk+1 = Azk +Buk

xk = Cxk

where A ∈ RM×M , B ∈ RM×m and C ∈ Rn×M . Similarly to the matrix
K̂ in EDMD for autonomous systems, the model matrices A,B,C can be
identified from data by means of a linear regression problem. In this case,
the dataset is given by D := {(xi, ui, x

+
i )}di=1, with x+i = f(xi, ui). Defining

U := [u1 . . . ud],

and ΨX and ΨY as in (10.4), matrices A,B are obtained by solving

(A,B) = arg min
A,B

∥ΨY −AΨX −BU∥F ,

while C is obtained as in the autonomous case by solving (10.7).
Even if the basic formulation of EDMDc uses state data, this method

can also be implemented when measurement of the system state are not
available. In this case it is possible to use sequences of past input and
output values in place of the state, see, e.g., [137, Section 7.1] and [116].

EDMDc is simple to implement and the linearity of the model is at-
tractive from a computational point of view. However, in [108] it is shown
that EDMDc may be insufficient to describe the overall system dynamics,
even when the inputs enters linearly in the state dynamics. To improve the
description capabilities of Koopman-based models it is possible to use more
complex methods, such as bilinear EDMD [34].

10.3.2 Bilinear EDMD

Bilinear EDMD is a method for the extension of EDMD to control-affine
systems that was firstly proposed in [243], and provides a model that is
bilinear in the lifted space. Consider the discrete-time control-affine system

xk+1 = f(xk, uk) = g0(xk) +G(xk)uk (10.9)
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where x ∈ Ω ⊂ Rn is the state, u ∈ U ⊂ Rm is the input, and G(x) =
[g1(x) . . . gm(x)]⊤.

Remark 10.1. Continuous-time control-affine systems are a very wide class
of systems, and control affinity is assumed by many nonlinear control tech-
niques, such as feedback linearization and sliding mode control [125]. Con-
sider a continuous-time control-affine system of the form

ẋ(t) = f̃(x(t), u(t)) = g̃0(x(t)) + G̃(x(t))u(t),

a sampling time Ts > 0, and a piecewise constant input u(t) ≡ uk for t ∈
[kTs, (k+ 1)Ts). Then, the corresponding discrete-time sampled-data system
with zero-order hold is given by

xk+1 = xk +

∫ (k+1)Ts

kTs

g̃0(x(τ)) dτ +

∫ (k+1)Ts

kTs

G̃(x(τ))uk dτ

where xk := x(kTs) and x(τ) = x(τ ;xk, uk). As pointed out, e.g., in [178]
and [22, Remark 4.1], this discrete-time system is approximately control-
affine, with an error term that scales with T 2

s .

Hereafter, we consider bilinear EDMD as proposed in [187]. This method
exploits the property that the Koopman operator approximately preserves
control affinity. In particular, system (10.9) can be seen as the linear com-
bination of the autonomous systems g0, g1, . . . , gm weighted by the input
components u(i). Hence, given a fixed control value u ∈ U , an approxima-

tion of the Koopman operator K̂u ∈ RM×M is given by a linear combination
of matrices K̂i ∈ RM×M for i ∈ [0 : m], where M denotes the number of
observables. Let u0 = 0 and consider the inputs ui ∈ U , i ∈ [1 : m] providing
a base of the input space Rm. Moreover, consider the coefficients λi solving
the linear equations

m∑
i=1

λiui = u.

If ui are the unit vectors of Rm, then λi = u(i). Then, K̂u is constructed by

K̂u = K̂0 +

m∑
i=1

λi ·
(
K̂i − K̂0

)
. (10.10)

The Koopman matrices K̂i, i ∈ [0 : m], corresponding to the inputs ui can
be identified from data. To do so, we can consider m + 1 distinct datasets
Di := {(xij , x

+
ij)}

di
j=1 for i = [0 : m]. The data in Di are obtained applying

the constant input ui, i.e. x+ij = f(xij , ui). Each matrix K̂i is obtained as
in the autonomous system case using the data in Di.
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Then, the model reads

z0 = Ψ(x0)

zk+1 = K̂uk
zk

xk = PΩzk,

and is bilinear in the lifted space. It is also possible to consider a model in
the original state space by adding a projection at each time step, obtaining

xk+1 = PΩK̂uk
Ψ(xk).

If we consider a system with an equilibrium in the origin, i.e. with
f(0, 0) = 0, and a dictionary of observables Ψ = (ψ0, ψ1, . . . , ψM )⊤ with
ψ0(x) ≡ 1, it is possible to enforce a certain structure in the Koopman ma-
trices to ensure that the equilibrium is preserved in the data-driven surrogate
model. This is done in SafEDMD proposed in [228], where the Koopman
matrices are structured as

K̂0 =

[
1 0
0 A

]
, K̂i =

[
1 0
bi Bi

]
(10.11)

with K̂i ∈ R(M+1)×(M+1) for all i ∈ [0 : m] and A,Bi ∈ RM×M and bi ∈ RM .
The advantages in the use of bilinear EDMD in comparison to EDMDc

are the better approximation capabilities [34], and the availability of finite
data error bounds on the approximation error, that have been derived in
[180, 207].

10.3.3 LPV formulation

In [108] it is shown that EDMDc and bilinear EDMD are insufficient to fully
capture the dynamic of a general actuated nonlinear system

xk+1 = f(xk, uk).

Therefore, the authors propose a linear parameter-varying (LPV) approach,
where the matrix B of the linear model in the lifted space depends on the
state and input of the system. This approach is able to represent a wide
class of nonlinear systems, but the surrogate model has a complex structure,
that is less attractive when the model is used for control purposes.

10.4 Kernel EDMD

Kernel extended dynamic mode decomposition (kEDMD) is a technique for
the approximation of the Koopman operator based on the use of kernel
functions, that was proposed for the first time in [128, 129]. One of the
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advantages of this method is that it does not require the selection of observ-
able functions, since the dictionary consists of the canonical features of an a
priori chosen kernel function centered at the data points. In particular, we
follow the procedure proposed in [134], that allows to derive finite-data er-
ror bounds exploiting the properties of the reproducing kernel Hilbert space
(RKHS) induced by the considered kernel functions.

Kernel EDMD has been recently extended to systems with input in [22],
where finite-data error bounds are derived also for this more complex frame-
work. The identification algorithm of kEDMD allows to use data samples
with arbitrary input values. This is an advantage compared to bilinear
EDMD for actuated systems, where the use of different datasets obtained
with constant values of the input is required for the identification. An alter-
native data-driven kernel-based Koopman method for control-affine systems
that shares the advantage of flexible state-control sampling was proposed
in [19], using an additional kernel function to express the dependency on
the control input. Therein, however, no error bounds were provided.

10.4.1 Reproducing kernel Hilbert spaces

A function k : Rn × Rn → R is a symmetric and strictly positive definite
kernel function if, for every set X = {x1, . . . , xp} ⊂ Rn of pairwise distinct
elements, the kernel matrix KX := (k(xi, xj))

p
i,j=1 is positive definite. Then,

for z ∈ Rn, it is possible to define the canonical features Φz of k as

Φz(x) := k(z, x), x ∈ Rn. (10.12)

By completion, the kernel k induces an Hilbert space H of functions with
inner product ⟨·, ·⟩H, see [239]. In addition, the elements f ∈ H fulfill the
reproducing property, i.e.

f(x) = ⟨f,Φx⟩ ∀x ∈ Rn,

showing that point evaluation is well defined in H. H is called reproducing
kernel Hilbert space (RKHS).

In the following, we use piecewise-polynomial and compactly-supported
kernel functions based on the Wendland radial basis functions (RBF) ΦRBF

n,k :

Rn → R with smoothness degree k ∈ N, where ΦRBF
n,k (x) := ϕn,k(∥x∥2). The

RKHS induced by the Wendland kernels coincides with fractional Sobolev
spaces with equivalent norms [239], a key property, which also holds for
Matérn kernels; see [70]. The induced (Wendland) kernel is given by

k(x, y) = ϕn,k(∥x− y∥2) for x, y ∈ Rn,

where functions ϕn,k depend on the space dimension n and on the smooth-
ness degree k, and can be found in [239, Table 9.1]. For k = 1, the Wendland
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RBF is defined by

ϕn,1(r) :=

{
1
20(1 − r)4(4r + 1) r < 1

0 otherwise

for n ∈ {2, 3}, and by

ϕn,1(r) :=

{
1
30(1 − r)5(5r + 1) r < 1

0 otherwise

for n ∈ {4, 5}, and is such that ϕn,1 ∈ C2([0,∞),R).

10.4.2 Kernel EDMD for autonomous systems

Consider the autonomous discrete time system (10.1), and a set of d ∈ N
pairwise distinct data points

X = {x1, . . . , xd} ⊂ Ω,

and assume that the images of the data points through the discrete time
dynamics (10.1) are known, i.e. we have the set {f(x1), . . . , f(xd)}. Then,
using (10.12), it is possible to define the features as {Φx1 , . . . ,Φxd

}, and
the d-dimensional subspace of features as V := span{Φx1 , . . . ,Φxd

} ⊂ H.
Moreover, we can define PX as the orthogonal projection onto V, i.e., for
f ∈ H, PXf solves the regression problem

min
g∈V

∥g − f∥2H.

By the reproducing property, PXf interpolates f at X. The objective of
kernel EDMD is to use the data points in X and their images to obtain the
matrix approximant K̂ of PXK|V. As derived in [134, Equation (3.7)], the
solution of this problem is given by

K̂ = K−1
X KF (X)K

−1
X ∈ Rd×d, (10.13)

where KF (X) = (k(xi, F (xj)))
d
i,j=1 and KX is the kernel matrix of the set X.

Then, for an observable function ψ ∈ H ⊂ Cb(F (Ω)), the surrogate dynamics
are given by

ψ(x+) ≈ ψ+(x) =

d∑
i=1

(K̂ψX)(i)Φxi(x), (10.14)

where ψX = (ψ(x1), . . . , ψ(xd))⊤, and ψ+ is the propagation through the
approximation of the Koopman operator of the observable ψ.
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In [134, Theorem 5.2] it is shown that the quality of the kEDMD approx-
imator of the Koopman operator depends on the fill distance of the dataset
X, defined as

hX := sup
x∈Ω

min
xi∈X

∥x− xi∥2.

In particular, the following uniform error bound holds.

Theorem 10.1 (Error bounds, [134]). Let H be the RKHS on Ω generated
by the Wendland kernels with smoothness degree k ∈ N. Let the right-hand

side f ∈ C⌈σn,k⌉
b (Ω;Rn) of system (10.1), with σn,k := n+1

2 + k. Then, there
exist constants C, h0 > 0 such that the bound on the full approximation error

∥K − K̂∥H→Cb(Ω,Rn) ≤ Ch
k+1/2
X (10.15)

holds for all sets X := {xi : i ∈ [1 : d]} ⊂ Ω, d ∈ N, of pairwise-distinct data
points with fill distance hX , hX ≤ h0.

We note that, for a large number of data points in X, the computation
of the approximation of the Koopman operator (10.13) can be numerically
unstable due to bad conditioning of the kernel matrix KX . To alleviate this,
one may include regularization by replacing K−1

X with (KX + λI)−1 with
regularization parameter λ > 0. Error bounds in the spirit of Theorem 10.1
for this regularized surrogate were proven in [22, Theorem 2.4].

10.4.3 Kernel EDMD for systems with input

In this section, we consider the extension of kEDMD for discrete-time control-
affine systems in the form of (10.9), with Lipschitz continuous maps g0 :
Ω → Rn and G : Ω → Rn×m, as proposed in [22]. We denote the Lip-
schitz constants of g0 and G respectively by Lg0 and LG. For the re-
lation to continuous-time systems, we refer the interested reader to [22,
Rem. 4.2] and [227], where it is shown that the uniform and proportional
error bounds presented below are preserved for fixed ε and sufficiently small
time step ∆t > 0 if only the continuous-time system is control affine. More-
over, incorporating minor modifications analogously to [228] leads to a bi-
linear data-driven surrogate model as shown in [227]. This method allows
to use flexible data sampling, and is not restricted to the use of datasets
obtained with constant values of the input as the bilinear EDMD method
described in Section 10.3.2. In particular, we consider a dataset composed
by data points in the form (x, u, x+), with x+ = f(x, u). The key idea of
the kEDMD identification algorithm is to use the procedure described in the
previous section for autonomous systems to obtain data-driven approxima-
tions of the functions g0 and G. However, differently from the autonomous
system case, the data points do not directly contain the information about
the functions gi(x), i ∈ [0 : m]. Hence, in [22], a two steps algorithm for
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the kEDMD model identification is proposed. In Step 1, the available data
points are used to reconstruct an approximation

Hi = [g̃0(xi) | G̃(xi)] ∈ Rn×(m+1)

of the matrix [g0(xi) | G(xi)] in some virtual observation points (or cluster
points) xi ∈ X. This step is based on a clustering algorithm, where for each
virtual observation point xi we use di data points contained in BrX (xi) to
derive Hi. In the following, rX ≥ 0 is called cluster radius, and its value
is related to the prediction accuracy of the surrogate model. We point out
that the points xi are called virtual because no sample is required in them.
In Step 2, the interpolation coefficients are computed analogously to the
autonomous case by using the approximation values Hi from Step 1.

The algorithm is based on the following data requirements assumption.

Assumption 10.1 (Data requirements). Let the set of virtual observation
points

X := {x1, . . . , xd} ⊂ Ω

the cluster radius rX ≥ 0 and the bounded input set U ⊂ Rm be given. Then,
for each i ∈ [1 : d], assume to have di ≥ m+1 data triplets (xij , uij , x

+
ij), j ∈

[1 : di], with pairwise distinct uij, where x
+
ij = f(xij , uij), xij ∈ BrX (xi)∩Ω,

uij ∈ U and
rank([ui1 | . . . | uidi ]) = m. (10.16)

The kEDMD identification procedure is reported in Algorithm 10.1.
If we choose the coordinate functions as observables, i.e. ψi(x) = x⊤ei

for i ∈ [1 : n], we obtain a state space surrogate model in the form

xk+1 = fε(xk, uk) = gε0(xk) +Gε(xk)uk. (10.18)

The superscript ε refers to the error bounds, that are reported in the fol-
lowing theorem and depend on the fill distance of the virtual observation
points hX and on the cluster radius rX .

Theorem 10.2 (Error bounds for kEDMD, Theorem 4.3 in [22]). Assume
that the data respects Assumption 10.1, and consider the kEDMD model
(10.18) built by Algorithm 10.1. Then, there exist C, h0 > 0 such that for
any set X ⊂ Ω with hX < h0, the error between the real system f and the
kEDMD model f ε satisfies

∥f(x, u) − fε(x, u)∥∞ ≤ CD(x)(1 + ∥u∥1) =: ε (10.19)

for all (x, u) ∈ Ω × U , where

D(x) := h
k−1/2
X dist(x,X) max

p,q
∥H(pq)∥H

+
√

2 max
i∈[1:d]

di

(
max

v:∥v∥∞≤1
v⊤K−1

X v

)1/2

max
i∈[1:d]

∥U †
i ∥2(Lg0 + LGu)Φ

1/2
n,k (0)rX

with H := [g0 G] and u := maxu∈U ∥u∥∞.
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Algorithm 10.1 kEDMD for control-affine systems

Input : Virtual observation points X and data triplets (xij , uij , x
+
ij)

respecting Assumption 10.1.

Step 1 (Clustering):

For each i ∈ [1 : d]:

• Set

Ui :=

[
1 . . . 1
ui1 . . . uidi

]
• Set

Hi := arg min
Hi

∥∥[x+i1 | . . . | x
+
idi

] −HiUi

∥∥
F
.

Step 2 (Interpolation):

The propagation step of an observable ψ is

ψ(f(x, u)) ≈ ψ+(x) :=
d∑

i=1

[(
K̂0 +

m∑
j=1

u(j)K̂j

)
ψX
]
(i)

Φxi(x) (10.17)

with K̂j = K−1
X Kg̃j(X)K

−1
X , where KX is the kernel matrix of the set X and

(Kg̃j(X))(kl) = k(xk, g̃j(xl)) = k(xk, (Hl)(∗,j+1))

for all k, l ∈ [1 : d] and j ∈ [0 : m].

10.5 Koopman operator for MPC

Koopman operator-based surrogate models have been successfully employed
in MPC in a variety of different applications. Many works focus on the use
of EDMDc-based surrogate models, that are computationally attractive for
their linearity in the lifted space. In fact, if the cost is quadratic and the
constraints are polytopic in the lifted space, the MPC optimization problem
can be formulated as a quadratic program (QP) that can be solved in a more
efficient way than the nonlinear program that is typically obtained from
nonlinear MPC. One of the first papers to propose EDMDc-based MPC
is [137], and the scheme was extended to robust linear tube-based MPC
in [256]. In [116], recursive feasibility and ISS are proved for a linear MPC
algorithm in the lifted space, based on a multi-step Koopman predictior
that improves prediction accuracy compared with the standard single-step
predictor.

The use of more complex classes of Koopman based-surrogate models in
MPC is less computationally attractive, because it requires the solution of
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a nonlinear optimization program. However, the better prediction accuracy
make it a preferable choice in some application [34], and the availability of
bounds of the modeling error provides an appealing theoretical framework to
derive guarantees on the closed-loop stability. In [177], a bilinear continuous-
time surrogate model is used in a Lyapunov-based predictive controller with
guaranteed closed-loop stability. This work, however, does not consider the
prediction error due to uncertainties. The model uncertainties are considered
in [246] and [21], where the error bounds of the EDMD surrogate models are
exploited to prove PAS of the closed-loop with MPC applied to the original
system, respectively with and without terminal conditions.

To reduce the computational effort of MPC based on a bilinear EDMD
model, some authors propose to approximate at each step the bilinear model
in a linear one by fixing the value of the state in the bilinear term [34, 120].
This method allows to exploit the highest prediction accuracy of bilinear
EDMD, while reducing the computational cost of the solution of the opti-
mization problem to the solution of a QP.

EDMD-based MPC has been employed in a variety of applications, in-
cluding soft actuators [236], control of vehicles [47], power grid transient
stabilization [139], nonlinear chemical process systems [176], power sys-
tems [257], and control of non-holonomic robots [203].
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Chapter 11

Offset-free MPC for EDMD
models

EDMD models have been successfully applied in MPC in a variety of applica-
tions. Moreover, thanks to the availability of bounds on the approximation
error, PAS of EDMD-based MPC with and without terminal conditions was
proven respectively in [246] and [21]. In particular, it is shown that the sys-
tem state converges asymptotically to a neighborhood of the origin, whose
size depends on the quality of the model used in the predictions, and the
closed-loop presents a non-zero asymptotic error. As already discussed in
the thesis in Section 3.5 and Chapters 7 and 9, a possible remedy is offset-
free MPC, which is able to guarantee zero steady-state error in presence of
model-plant mismatch. In [222], linear offset-free MPC has been used in
combination with EDMDc surrogate models, showing promising results. A
similar method is employed in [42], where EDMDc-based offset-free MPC
shows an improvement of performance in the control of a soft manipulator
with respect to a standard EDMDc-based MPC.

In this chapter, we propose a nonlinear offset-free control algorithm for
bilinear EDMD surrogates. Unlike the general case studied in offset-free
MPC, we consider the state of the system to be measurable. Hence, an
observer is designed to estimate the disturbance state only. Two different
formulations of the MPC are proposed. In the simpler first case, the target
equilibrium of the system under control is considered fully known. In the
second case, only partial information about the desired set-point is available.
Then, a reference calculator is included in the algorithm to compute the state
and input references for the MPC based on the estimation of the disturbance
state. The control algorithm is tested in two simulation examples. The first
is the van-der-Pol oscillator, where the information about the equilibrium is
known. The second is the four-tanks process, where only an approximated
value of the equilibrium of the system is available.

The content of this chapter has been developed during the visiting period
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at TU Ilmenau, and is published in:

• [208] Schimperna, I., Bold, L. and Worthmann, K. (2025). Offset-
free Nonlinear MPC with Koopman-based Surrogate Models. IFAC-
PapersOnLine, 59(19), 466-471. Presented at the 13th IFAC Sympo-
sium on Nonlinear Control Systems.

11.1 Problem formulation

Consider a discrete-time control-affine system under control

xk+1 = f(xk, uk) = g0(xk) +G(xk)uk (11.1)

with state x ∈ Rn and input u ∈ U , where U ⊂ Rm is a compact and
convex set containing the origin in its interior. The dynamics of system
(11.1) is assumed unknown, and a data-driven surrogate model is used for
MPC design. In particular, the objective is to design an offset-free MPC
algorithm based on an offline-learned data-driven surrogate model of the
system (11.1), denoted by

xk+1 = f̂(xk, uk),

obtained using bilinear EDMD. The surrogate model is obtained as described
in Section 10.3.2, and is given by

xk+1 = PΩK̂uk
Ψ(xk), (11.2)

where K̂u is defined in (10.10). For sake of simplicity, we consider an ob-
servables dictionary Ψ = (ψ0 ψ1 . . . ψM )⊤ ∈ RM+1 including the constant
observable and the coordinate functions, so that ψ0(x) ≡ 1 and ψi(x) = x(i)
for i ∈ [1 : n]. In this way, the projection PΩ reduces to a matrix multipli-
cation, and the model becomes

xk+1 =
[
0n×1 In 0n×(M−n)

]
K̂uk

Ψ(xk).

11.2 Offset-free MPC

In this section, we present the offset-free MPC algorithm. Therein, the
model is augmented by a disturbance term, which is estimated online by
an observer and used, together with the model, in the optimization step
of the MPC scheme. A specific observer structure is proposed for EDMD
surrogate models, where the state is measurable and only the estimation of
the disturbance term is required. The offset-free MPC algorithm can handle
both the following two distinct cases:
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(ke) Known Equilibrium: full information about the system equilibrium is
available.

(ue) Unknown equilibrium: only partial knowledge about the equilibrium
is available.

In the following, we will first present the offset-free MPC algorithm for the
known equilibrium case (ke), and then we will introduce the modifications
that are needed to manage the case (ue).

11.2.1 Case of known system equilibrium

The objective of the MPC is to track without offset a constant reference,
that is an equilibrium of the real system. In some cases the physics of the
system allows us to know the full information about the equilibrium (x̄, ū)
of system (11.1), that we want to track. In the following, it is assumed that
ū is in the interior of U . The control objective for the closed-loop system is

lim
k→∞

xk = x̄, lim
k→∞

uk = ū.

In offset-free MPC, the model used in the optimal control problem is
augmented with a term d̂ ∈ Rn to compensate for the presence of modeling
errors. In particular, this term is added to the state equation of the model,
and is estimated by an observer with the following equations

x̃k = f̂(x̂k−1, uk−1) + d̂k−1,

x̂k = xk,

d̂k = d̂k−1 + (x̂k − x̃k).

(11.3)

The observer includes a state x̂ ∈ Rn that is used to keep in memory the
previous value of the state of the system, but is not used by the MPC, and a
term x̃ ∈ Rn that is the one-step prediction of model corrected by d̂ starting
from the previous value of the system state. The output of the observer is d̂,
that is used to update the MPC prediction model. If the system state is
unmeasurable, a state and disturbance observer can be employed, as shown,
e.g., in [173].

The MPC is designed based on the augmented model with stage cost
function ℓ(x, u) : Rn × Rm → R≥0. At time step k, the MPC algorithm
solves the following finite horizon optimal control problem

min
u

N−1∑
i=0

ℓ(xi|k − x̄, ui|k − ū)

s.t. x0|k = xk

xi+1|k = f̂(xi|k, ui|k) + d̂k

ui|k ∈ U for all i ∈ [0 : N − 1],

(11.4)
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given the measured initial value xk, where u := {u0|k, . . . , uN−1|k}. Note
that the disturbance estimation from the observer is added to the state
equations in the MPC optimal control problem (11.4), and it is kept constant
along the horizon. The MPC control determines the control value uk, that
is given by

uk = µMPC(xk, d̂k) = u⋆0|k,

where u⋆0|k is the first element of the optimal input sequence.

Remark 11.1. Our MPC formulation does not consider a terminal cost or
a terminal constraint. Hence, a sufficiently long prediction horizon should be
used to guarantee recursive feasibility and stability of the MPC closed-loop,
see Section 3.2.2.

Remark 11.2. In the description of offset-free MPC we have considered
a system model in the form of (11.2), where a projection operation is per-
formed at each prediction step. The projection step improves the quality of
the predictions, in particular with long prediction horizon, see, e.g., [168]
and [180, Remark 20]. However, it is also possible to implement the offset-
free MPC in the lifted space, without including a projection operation at
each prediction step. In this case the disturbance state has the dimension of
the lifted space, i.e. d̂ ∈ RM+1, and the prediction model used in the MPC
algorithm has the form

z0|k = Ψ(xk),

zi+1|k = K̂ui|kzi|k + d̂k, i ∈ [0 : N − 1].

The observer has the same structure of (11.3), but is designed in the lifted
space.

11.2.2 Case of unknown system equilibrium

In some systems only partial information about the equilibrium is available.
An example is when we only know the values of a subset of the states at the
equilibrium. The controlled output is yc that is a function of the state

yc = r(x)

and y0 is the desired setpoint for yc. The control objective for the closed-loop
is to reach an equilibrium such that

lim
k→∞

yc,k = y0.

To derive the full information about the equilibrium to be used in the MPC
cost function, a reference calculator is introduced in the algorithm. The
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reference calculator solves the following optimization problem

min
x,u

ℓr(x, u) (11.5a)

s.t. x = f̂(x, u) + d̂ (11.5b)

r(x) = y0 (11.5c)

u ∈ U , (11.5d)

where ℓr : Rn × Rm → R≥0 is a steady state cost function. It is assumed
that (11.5) is feasible and that its (unique) solution is denoted by (x̄, ū) and
represents the reference to be used by the MPC. If (11.5b)-(11.5c) have a
unique solution, then it is not needed to implement the reference calcula-
tion as an optimization problem, but it is sufficient to compute the unique
solution of the system of equations. The MPC references are updated at
every time step depending on the current value of d̂. All the other parts of
the algorithm are implemented as described in the previous subsection. The
complete algorithm is summarized in Algorithm 11.1.

Algorithm 11.1 Offset-free MPC

Input: Horizon N ∈ N, stage cost ℓ : Rn×Rm → R≥0, data-driven model f̂ ,
input constraints U , steady state cost function ℓr : Rn × Rm → R≥0, con-
trolled output function r, controlled output set point y0.

Initialization: Set k = 0 and d̂0 = 0.

(1) Measure current state xk.

(2) Solve (11.5) to obtain the MPC reference (x̄, ū).

(3) Solve the optimal control problem (11.4) to obtain the optimal control
sequence u⋆ = {u⋆0|k, . . . , u

⋆
N−1|k}.

(4) Set the feedback law µMPC(xk, d̂k) = u⋆0|k and shift k = k + 1.

(5) Update the disturbance d̂k with equation (11.3) and go to (1).

Now, we recall the theoretical results available in the literature for offset-
free MPC, which also apply with EDMD-based surrogate models. First,
define the modeling error as

wk := f(xk, uk) − f̂(xk, uk).

Then, the following theorem follows from Theorems 14 and 15 in [185].

Theorem 11.1. Assume that w is bounded and asymptotically constant, i.e.
there exists w̄ such that

lim
k→∞

wk = w̄.
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Then limk→∞ xk − x̃k = 0 and limk→∞ d̂k = w̄, where x̃ is defined in (11.3).
Moreover, if the closed-loop system reaches an equilibrium with input u∞
and state x∞, then r(x∞) = y0.

Remark 11.3. The theorem is formulated in considering the system equi-
librium unknown. The case with the known system equilibrium can be seen
as a particular case.

Remark 11.4. The error bounds of the EDMD model has been exploited
in [21] to prove practical asymptotic stability of EDMD-based MPC. Practi-
cal asymptotic stability means that the tracking error reaches a neighborhood
of the origin, but in general it does not go to zero in view of the presence
of modeling errors. The proposed offset-free MPC algorithm overcomes this
issue, allowing the system to asymptotically reach the reference with zero
error.

11.3 Illustrative examples

11.3.1 Van-der-Pol oscillator

As first example, we consider the nonlinear control-affine van-der-Pol oscil-
lator

ẋ1(t) = x2(t)

ẋ2(t) = ν(1 − x1(t))
2x2(t) − x1(t) + u(t)

(11.6)

with parameter ν = 0.1. We consider the discretization of the ODE (11.6)
obtained with the classic Runge-Kutta method of fourth order and step
size Ts = 0.05. This results in a discrete-time system

xk+1 = f(xk, uk) (11.7)

which serves as ground truth. We point out that the system (11.7) is not con-
trol affine as assumed in (11.1), but the offset-free MPC is still able to exactly
stabilize it, as shown in the following. For the approximation of the Koop-
man operator we use bilinear EDMD as described in Section 10.3.2. d = 1000
data points are sampled on the set Ω = [−2, 2]2 for each of the datasets Di,
i ∈ {0, 1} required for the derivation of the bilinear EDMD model. We have
used a large number of data points to ensure a high prediction accuracy of the
model, but similar results are obtained considering d = 100. The dictionary
of observables is chosen to be {ψ(x) = xp1x

q
2 : p, q ∈ [0 : 3] and p + q ≤ 3},

so it contains all monomial functions of the state variables up to degree 3.
Other possible choices for the observable functions have been discussed in
Section 10.2.2.

The objective of MPC is to reach the equilibrium point in the origin
of the system, that is (x̄, ū) = (0, 0). In this example, the value of the
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Figure 11.1: Norm ∥xk∥2 of the closed-loop solution of the van-der-Pol oscil-
lator (11.7) for bilinear EDMD-based and EDMDc-based MPC and offset-
free MPC, and for SafEDMD-based MPC.

equilibrium can be easily deduced from the physical meaning of the state and
input variables. The MPC stage cost function is chosen to be the quadratic
function ℓ(x, u) = ∥x∥2Q + ∥u∥2R with weighting matrices Q = I2 and R =

10−2, subject to −2 ≤ u ≤ 2. For our simulations, the horizon N = 50 is
set. In Figure 11.1 the errors in closed-loop simulations with initial state
x0 = (1.0, 1.0)⊤ are reported. The bilinear EDMD-based offset-free MPC
and a standard bilinear EDMD-based MPC are compared to (offset-free)
EDMDc-based MPC. In addition, we also report the results for a SafEDMD-
based MPC algorithm. It can be seen that standard MPC can only provide
practical asymptotic stability (see [21]), and the error stagnates at a value
close to 10−5, which also occurs in the EDMDc-based MPC case with a
slightly larger offset. Instead, offset-free MPC, for both bilinear EDMD-
and EDMDc-based algorithms, provides exponential convergence towards
the origin, and the closed-loop behavior of the two algorithms is almost
the same. The same precision is reached by using SafEDMD-based MPC
without using the offset-free technique. This is due to the structure of the
Koopman matrices in (10.11), which preserves the equilibrium of the system.

11.3.2 Four-tanks system

As a second example, we consider the four-tanks system [4] described in
Section 6.4.1. We consider a sampling time of Ts = 25s. As in the previous
example, the classic Runge-Kutta method of fourth order is used to numeri-
cally solve the integrals. For this system only an approximation (x̃, ũ) of the
equilibrium is available, and is given by x̃ = (0.65, 0.66, 0.65, 0.66)⊤m and
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ũ = (1.63, 2.0)⊤m3/h. The objective of the control is to drive the controlled
output r(x) = (x1, x2)

⊤ to the value y0 = (x̃1, x̃2) for input constraints U =
[0, 3.26]m3/h × [0, 4]m3/h. First, we carry out some simulations assuming
that the full equilibrium information is available. These simulations are de-
noted with “known equilibrium” (ke) in the following. To do so, the real
value of the system equilibrium (x̄, ū) associated to y0 is calculated using
the system equations, which leads to x̄ = (0.65, 0.66, 0.6417, 0.6882)⊤m and
ū = (1.666, 1.974)⊤m3/h. Note that this is in general not possible in a
realistic setting, where only data from the system are available. For the
derivation of the model, the states and inputs are shifted so that the equi-
librium (x̄, ū) corresponds to the origin, and the inputs are scaled using their
maximum value, so that each component of the shifted and scaled input lies
in the set [−2, 2]. As observables, we used monomials up to degree 2, re-
sulting in M = 14 functions, and we considered d = 1000 data points for
each approximation of the Koopman operator. The state data are randomly
sampled with a uniform distribution in the set Ω = [0.2, 1.36]2× [0.2, 1.30]2.
Then some simulations are performed without using the information about
the real value of the system equilibrium and are denoted by “unknown equi-
librium” (ue). In this case, the model is obtained by shifting the states
and inputs so that the approximated equilibrium (x̃, ũ) corresponds to the
origin. In both the known equilibrium case and the unknown equilibrium
case, the offset-free MPC is compared with a standard bilinear EDMD-based
MPC. For all closed-loop simulations, the initial state of the system is x0 =
(1.0, 1.0, 1.0, 1.0)⊤. The cost of the MPC is ℓ(x, u) = ∥x− x̄∥2Q + ∥u− ū∥2R,

where Q = I4, R = 10−4I2, and the prediction horizon is set to N = 50.
In the offset-free MPC in the unknown equilibrium case, the reference cal-
culator solves (11.5b)-(11.5c) using Newton’s method at every time step to
compute the reference (x̄, ū) for the MPC. In the simulation with standard
MPC and unknown equilibrium, the approximated equilibrium (x̃, ũ) is used
in the MPC cost instead of (x̄, ū).

Figure 11.2 shows the comparison of the tracking error of the controlled
output of standard MPC and offset-free MPC based on bilinear EDMD and
EDMDc for the scenario of a known equilibrium. As for the van-der-Pol
oscillator, the errors of both MPC algorithms stagnate, whereas offset-free
MPC leads to higher precision. In this example, the difference between bi-
linear EDMD and EDMDc becomes very obvious. Not only is the offset
for EDMDc clearly higher when using MPC, but also the decay of the er-
ror is noticeably slower with offset-free MPC. In Figure 11.3, the norm of
the tracking error for bilinear EDMD-based MPC and offset-free MPC is
pictured for the two cases of a known and an unknown equilibrium. The
error is larger when the real value of the equilibrium is unknown, and an
approximation is used in the MPC implementation. Steady-state error is
instead not present in the simulations with the offset-free MPC, both in the
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Figure 11.2: Output error ∥r(x) − y0∥2 the four-tanks system for EDMD-
based MPC and offset-free MPC comparing EDMDc and the bilinear ap-
proach for a known equilibrium.
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and offset-free MPC, in the cases with unknown equilibrium (ue) and known
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known and unknown equilibrium cases.

11.4 Conclusions

In this chapter we proposed an offset-free algorithm for the control of systems
modeled using EDMD. The observer is designed to estimate a disturbance
term that is used to modify the prediction model of the MPC. To handle
the case when the full information about the equilibrium is unknown, a ref-
erence calculator can be included in the closed-loop to provide the state and
input references for the MPC. The effectiveness of the proposed approach
is illustrated with two simulation examples, in which the offset-free MPC
provides better performance compared to the standard EDMD-based MPC.
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Asymptotic Stability of
kernel EDMD-based MPC in
presence of approximation
errors

In this chapter, we derive conditions under which data-driven MPC guaran-
tees asymptotic stability in presence of approximation errors in the surrogate
model. In fact, approximation errors are always present in data-driven mod-
els, and are related to the choice of the model class used for approximation
and to the finite amount of data available for the identification. While the
asymptotic stabilization of a steady-state equilibrium can be guaranteed in
the nominal case, i.e. when the model used in the optimization step coincides
with the system under control, in presence of modeling errors typically only
PAS can be achieved. PAS means that the tracking error decreases until a
certain threshold, and then stagnates to a value different from zero. The
stagnation value can typically be related proportionally to the underlying
approximation error.

Hence, the first contribution of the chapter is a general framework for
stability analysis of MPC with data-driven surrogate models subject to ap-
proximation errors. In particular, we show that if the error of the surrogate
can be bounded in a proportional way, the MPC algorithm designed using
the data-driven surrogate model asymptotically stabilizes the system. With
proportional we mean that the error vanishes at the desired set point, and
its magnitude is bounded by a quantity that depends on the size of the state
and input. We show that proportional error bounds imply the preservation
of cost controllability for the data-driven model provided a sufficiently high
approximation accuracy. Then, invoking this controllability property, we
rigorously show asymptotic stability of the origin w.r.t. the MPC closed-
loop using the surrogate model in the prediction and optimization step if
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the prediction horizon is sufficiently long, where the origin serves as a pro-
totypical controlled steady state.

The second part of the chapter is devoted to the verification of the as-
sumptions for the class of kEDMD surrogate models. To this end, we con-
sider the learning framework proposed in [22], suitably modified to ensure
that the model is consistent with the system dynamics in the origin. We
derive proportional and uniform error bounds without requiring invariance
assumptions on finite dictionaries, and under non-restrictive data require-
ments.

The content of this chapter has been developed during the visiting period
at TU Ilmenau, and has been submitted to:

• [216] Schimperna, I., Worthmann, K., Schaller, M., Bold, L. and
Magni L. (2025). Data-driven Model Predictive Control: Asymptotic
Stability despite Approximation Errors exemplified in the Koopman
framework. Submitted, available at https://arxiv.org/abs/2505.

05951.

The preliminary version of this work, that considers a less general learning
framework and where only PAS is proven (instead of asymptotic stability),
is published in:

• [23] Bold, L., Schaller, M., Schimperna, I., and Worthmann, K.
(2025). Kernel EDMD for data-driven nonlinear Koopman MPC with
stability guarantees. IFAC-PapersOnLine, 59(19), 478-483. Presented
at the 13th IFAC Symposium on Nonlinear Control Systems.

12.1 Data-driven MPC formulation

Consider a discrete-time nonlinear control system given by

xk+1 = f(xk, uk) (12.1)

with state x ∈ Rn and input u ∈ U , where U ⊆ Rm is a convex and compact
set containing the origin in its interior, i.e., 0m ∈ int(U). The system
dynamics f is assumed to be continuous and locally Lipschitz continuous
in its first argument, i.e., for each compact set K ⊂ Rn there is a Lipschitz
constant Lf = Lf (K) such that, for all x, y ∈ K

∥f(x, u) − f(y, u)∥2 ≤ Lf∥x− y∥2, ∀u ∈ U . (12.2)

Let the origin be a controlled equilibrium of the system (12.1) for the control
input u = 0, i.e. f(0, 0) = 0. The objective is to control the system to the
origin using an MPC controller, while taking the input constraints u ∈ U
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into account.1 However, since the system dynamics (12.1) is assumed to be
unknown, the MPC design is based on a data-driven surrogate model

xk+1 = fε(xk, uk), (12.3)

with ε ∈ (0, ε̄], ε̄ ∈ (0,∞). The superscript ε refers to the approxima-
tion accuracy and, throughout the chapter, will be used to refer to all the
parameters related to the surrogate dynamics (12.3). Typically, the approx-
imation error depends on the available data (quantity, distribution, etc.).
To be more precise, we consider models accompanied by proportional error
bounds, where proportional means that the error is zero at the origin and
grows, at most, proportionally in the size of state and input. This property
is formalized in the following assumption.

Assumption 12.1 (Error bounds on a set Ω). Consider a set Ω ⊆ Rn con-
taining the origin 0n in its interior. Let f ε defined by (12.3) be a surrogate
model for the control system (12.1). For every ε ∈ (0, ε̄], let the surrogate
model satisfy

1. proportional error bound

∥f(x, u) − fε(x, u)∥2 ≤ cεx∥x∥2 + cεu∥u∥2 (12.4)

2. uniform error bound

∥f(x, u) − fε(x, u)∥2 ≤ ηε (12.5)

for all x ∈ Ω, u ∈ U such that the parameters cεx, c
ε
u, and ηε satisfy

limε→0+ max{cεx, cεu, ηε} = 0.

The proportional error bound (12.4) of Assumption 12.1 requires that
the surrogate model is exact at the origin, which is a reasonable assumption
since the control objective is to stabilize the equilibrium located at the origin.
While a proportional error bound is highly beneficial close to the origin, it
may become rather conservative if the distance to the desired set point,
i.e., the equilibrium located at the origin, grows. Then, using the uniform
bound (12.5) on the approximation error may result in tighter bounds.

In addition to Assumption 12.1, we require uniform Lipschitz continuity
of the surrogate model in the approximation accuracy ε to derive asymptotic
stability of the origin w.r.t. the MPC closed loop.

Assumption 12.2 (Lipschitz continuity of surrogate model). Consider a
set Ω ⊆ Rn containing the origin 0n in its interior. Let the surrogate dy-
namics (12.3) be locally Lipschitz continuous in the first argument on the

1The upcoming analysis can be directly applied to the regulation of arbitrary controlled
equilibrium by considering the shifted dynamics.
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set Ω uniformly in u ∈ U and ε ∈ (0, ε̄], i.e., for every compact set K ⊆ Ω
there exists L̄ = L̄(K) such that, for every ε ∈ (0, ε̄], there is a Lipschitz
constant Lfε with Lfε ≤ L̄ satisfying

∥f ε(x, u) − f ε(y, u)∥2 ≤ Lfε∥x− y∥2

for all x, y ∈ K and u ∈ U .

In Section 12.3, we verify Assumptions 12.1 and 12.2 for data-driven
surrogate models (12.3) generated by kernel EDMD using the Koopman op-
erator theory under a suitable smoothness assumption on the system under
control on bounded sets Ω.

In the following MPC algorithm, we use the quadratic stage costs

ℓ(x, u) = ∥x∥2Q + ∥u∥2R = x⊤Qx+ u⊤Ru (12.6)

with symmetric and positive-definite weighting matrices Q ∈ Rn×n and R ∈
Rm×m. Moreover, we require the following notion of admissibility.

Definition 12.1 (Admissible control sequences). A control sequence u =
{uk}N−1

k=0 ⊂ U of length N ∈ N ∪ {+∞} is said to be admissible. The set of
admissible control sequences is denoted by UN .

Admissibility according to Definition 12.1 does not depend on the system
dynamics meaning that the definition is the same for the original dynam-
ics (12.1) and the surrogate model (12.3).

The proposed data-driven MPC scheme is summarized in Algorithm 12.1.

The (optimal) value function V ε
N : Rn → R≥0 for the MPC algorithm

associated to the optimal control problem (12.7) is defined by

V ε
N (x̂) := inf

u∈UN

Jε
N (x̂,u)

with Jε
N (x̂,u) :=

∑N−1
i=0 ℓ(xε(i; x̂,u), ui) and xε(i; x̂,u) defined in (12.7).

Analogously, we define the nominal cost JN (x̂,u) :=
∑N−1

i=0 ℓ(x(i; x̂,u), ui),
where x(i; x̂,u), i ∈ [0 : N − 1] is obtained by propagating the original
system dynamics (12.1) starting from x(0; x̂,u) = x̂. Finally, we define the
nominal optimal value function by

VN (x̂) := inf
u∈UN

JN (x̂,u).

12.2 Asymptotic stability of MPC

In this section, we prove asymptotic stability of the origin for the MPC
closed-loop dynamics defined in Algorithm 12.1. Since no terminal ingre-
dients are used in the MPC formulation, we rely on cost controllability in
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Algorithm 12.1 Data-driven MPC

Input: Horizon N ∈ N, surrogate fε, input constraints U , stage cost ℓ.

Initialization: Set k = 0.

(1) Measure current state xk and set x̂ = xk.

(2) Let u := {ui}N−1
i=0 and solve the optimal control problem

min
u∈UN

∑N−1

i=0
ℓ(xε(i; x̂,u), ui)

s.t. xε(0; x̂,u) = x̂

xε(i+ 1; x̂,u) = f ε(xε(i; x̂,u), ui) for i ∈ [0 : N − 1],

(12.7)

to obtain the optimal control sequence u⋆ = {u⋆i }
N−1
i=0 .

(3) Apply the MPC feedback law µεN (x̂) = u⋆0 at the plant to generate the
closed-loop

xk+1 = f(xk, µ
ε
N (xk)),

shift k = k + 1, and go to Step (1).

combination with a sufficiently long prediction horizon N (see Section 3.2.2),
to ensure a relaxed Lyapunov inequality

VN (f(x̂, µN (x̂))) ≤ VN (x̂) − αNℓ(x̂, µN (x̂))

with αN ∈ (0, 1], where µN denots the MPC control law using the orig-
inal dynamics f in the optimization step (2), see [51, 245] and also [133]
for an extension to detectable stage costs. Then, asymptotic stability of the
MPC closed-loop can be concluded using relaxed dynamic programming [91].
αN ∈ (0, 1] is called suboptimality degree (performance index) since the
MPC closed-loop costs on the infinite horizon are bounded by V∞(x̂)/αN ,
e.g., a factor two for αN = 0.5. The computation of the suboptimality de-
gree αN using cost controllability was originally proposed in [86, 233] as well
as further elaborated in [88, 92], see also [244] for a unifying comparison. In
particular, we follow the recent formulation of cost controllability proposed
in [51, Assumption 1].

Definition 12.2 (Cost controllability on a set S). Consider a set S ⊆
Rn containing the origin 0n in its interior. The system (12.1) with stage
cost (12.6) is cost controllable on the set S if there exists a monotonically
increasing and bounded sequence (BN )N∈N = (BN (S))N∈N such that for
every x̂ ∈ S there exists a control sequence u = u(x̂) ∈ U∞ that renders the
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set S invariant and satisfies the growth bound2

VN (x̂) ≤ JN (x̂,u) ≤ BNℓ
⋆(x̂) (12.8)

for all N ∈ N with ℓ⋆(x̂) := minu∈U ℓ(x̂, u) = ∥x̂∥2Q.

Cost controllability links controllability to the performance measure ℓ
and, thus, ensures that the the system can be controlled to the origin suffi-
ciently fast.

Next, we derive asymptotic stability of the origin for the MPC closed-
loop relying on the surrogate (12.3) in the optimization step. To this end, we
first show in Proposition 12.1 that the growth condition (12.8) is essentially
preserved if only the approximation is sufficiently accurate, i.e., if the error
bound of Assumption 12.1 are sufficiently small. Then, we conclude asymp-
totic stability in Theorem 12.1 and, finally, even prove cost controllability
in Corollary 12.1.

Proposition 12.1. Suppose that system (12.1) is cost controllable on a
set S. Further, let N̄ ∈ N be given and the Assumptions 12.1 and 12.2 hold

on a set Ω satisfying S ⊕ Br(N̄)ηε(0) ⊆ Ω with r(N̄) :=
∑N̄−1

i=0 L̄i for all
ε ∈ (0, ε̄]. Then, for the surrogate model (12.3), the growth bound (12.8)
is satisfied on S for all N ∈ [1 : N̄ ] uniformly in ε, i.e., there exists a
monotonically increasing sequence (Bε

N )N∈[1:N̄ ] parametrized in ε such that,

for each pair (x̂, N) ∈ S × [1 : N̄ ], there exists u = u(x̂) ∈ UN satisfying

V ε
N (x̂) ≤ Jε

N (x̂,u) ≤ Bε
N · ℓ⋆(x̂). (12.9)

Moreover, limε→0+ B
ε
N = BN for all N ∈ [1 : N̄ ].

The statement holds also upon switching the roles of f and f ε, i.e. if the
cost controllability condition (12.8) holds for the surrogate model f ε, then
the growth bound (12.9) holds for the original system f for all N ∈ [1 : N̄ ].

Proof. The proof is reported in Section 12.6.1.

Proposition 12.1 shows that the growth bound (12.8) characterizing cost
controllability of the system (12.1) is preserved for the surrogate model (12.3)
up to a maximal horizon length N̄ . The restriction to an arbitrary, but fixed
maximal horizon is necessary to apply the proposed proof technique in view
of the condition S ⊕ Br(N̄)ηε(0) ⊆ Ω for all ε ∈ (0, ε̄]. Otherwise, one has
either to enlarge the set Ω on which Assumptions 12.1 and (12.2) hold or
reduce ε̄.

Note that, differently from cost controllability as stated in Definition 12.2,
the sequence (Bε

N )N∈[1:N̄ ] derived in Proposition 12.1 is finite. In particular,
if max{cεx, cεu} > 0, the terms Bε

N defined in (12.18) grow unboundedly for

2The first inequality directly follows from the definition of the value function and is
only stated to link (12.8) to cost controllability as stated in [92].
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N → ∞. However, a finite sequence is sufficient to infer asymptotic stabil-
ity of the origin w.r.t. the MPC closed-loop resulting from Algorithm 12.1
for sufficiently small ε (and, thus, sufficiently small cεx and cεu in Assump-
tion 12.1). The existence of a bounded sequence (B̃ε

N )N∈N of infinite length
satisfying the characteristic growth bound (12.8) of cost controllability for
the data-driven surrogate model will then be proved in Corollary 12.1 lever-
aging the then established asymptotic stability.

The results of Proposition 12.1 are similar to [21, Proposition 9], but
a tighter bound on the difference between BN and Bε

N is provided and it
is clarified that for a given ε > 0, the sequence (Bε

N )N∈[1:N̄ ] can only be

derived up to some horizon N̄ . Moreover, it is shown that the statement
is symmetric and holds switching the role of the system and the surrogate
model. This property, which was not studied in [21], can be particularly
useful in practical applications, in which the real dynamics is unknown and
cost controllability can only be checked on the surrogate model.

In the following theorem, we derive the first main result of this chapter.
In essence, we show that, if the nominal MPC controller asymptotically
stabilizes the origin, the data-driven MPC controller also ensures asymptotic
stability of the origin w.r.t. the resulting closed-loop dynamics.

Theorem 12.1. Let the assumptions of Proposition 12.1 hold with an op-
timization horizon N = N̄ such that αN ∈ (0, 1] holds, where αN is given
by3

αN := 1 −
(B2 − 1)(BN − 1)

∏N
i=3(Bi − 1)∏N

i=2Bi − (B2 − 1)
∏N

i=3(Bi − 1)
. (12.10)

Then, there exists ε0 ∈ (0, ε̄] such that the MPC controller of Algorithm 12.1
ensures asymptotic stability of the origin on each sublevel set V −ε

N (c) := {x ∈
Rn | V ε

N (x) ≤ c} satisfying the set inclusion V −ε
N (c) ⊆ S for ε ∈ (0, ε0).

Proof. The proof is reported in Section 12.6.2.

Based on Theorem 12.1 we can now even prove cost controllability of the
surrogate model, i.e., existence of a bounded sequence (Bε

k)k∈N satisfying the
growth bound (12.8) on the sub-level set V −ε

N (c) for which we were able to
conclude asymptotic stability in Theorem 12.1.

Corollary 12.1 (Cost controllability of the surrogate model). Let the as-
sumptions of Theorem 12.1 hold. Then there exists a monotonically increas-
ing and bounded sequence (Bε

k)k∈N such that cost controllability holds for the
surrogate model, i.e. for all pairs (x̂, N) ∈ V −ε

N (c) × N, there exists u ∈ UN

satisfying

V ε
N (x̂) ≤ Jε

N (x̂,u) ≤ B̃ε
Nℓ

⋆(x̂).
3The condition αN ∈ (0, 1] is always satisfied for sufficiently large N according to [92]

if the system (12.1) is cost controllable with a bounded sequence (BN )N∈N0 .
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Proof. The proof is reported in Section 12.6.3.

Corollary 12.1 shows that cost controllability is inherited by the data-
driven surrogate model (12.3) provided that Assumptions 12.1 and 12.2 hold.
This result extends Proposition 12.1, in which the growth bound is only
shown for finitely many optimization horizons N , N ∈ [1 : N̄ ].

Remark 12.1. We point out that the sets Ω and S are not employed in
the MPC algorithm meaning that we have not yet incorporated state con-
straints. Rather, we assume cost controllability of the original system (12.1)
on a set S and, then, require Assumptions 12.1 and 12.2 on a (sufficiently
large) set Ω, such that S ⊕ r(N̄)ηε ⊆ Ω, in which we have to collect data
to generate the surrogate model (12.3). Clearly, a larger set S (and, thus,
also a larger set Ω) allows for a larger sublevel set, which corresponds to the
(guaranteed) domain of attraction. The incorporation of state constraints is
left for future research and requires additional care to ensure recursive fea-
sibility. This might, e.g., be done based on the techniques proposed in [20]
or using the recently introduced concept of a constraint horizon [64], where
only a finite number of predicted state are forced to obey the imposed state
constraints. Moreover, we incorporated state constraints in a data-driven
MPC with stabilizing terminal conditions in our recent work [217], where
the constraints were tightened based on the Lipschitz constant L̄ of the sur-
rogate model. Then, combining both ideas using Assumptions 12.1 and 12.2
may resolve problems with so-far missing state constraints.

Finally, we emphasize the symmetry in the derived results meaning that
verifying cost controllability of the surrogate model (12.3) for sufficiently
small accuracy parameter ε would suffice to conclude cost controllability
of the original system and, thus, also to ensure asymptotic stability of the
MPC closed loop based on the surrogate model, but applied to the original
system (12.1).

12.3 Application to kernel EDMD surrogate mod-
els

In this section, we show how the assumptions used to derive asymptotic sta-
bility of the MPC closed-loop in Section 12.2 can be met using Koompan-
based surrogate models. To this end, we leverage kEDMD, for which point-
wise error bounds on the approximation errors are available, see Theo-
rem 10.2. However, the error bound of Theorem 10.2 is proportional only
for a cluster radius rX = 0, which corresponds to zero approximation error
in Step 1 of the identification algorithm. In fact, if rX = 0 and we have a
cluster point in the origin, i.e. x1 = 0, the bound (10.19) becomes

∥f(x, u) − fε(x, u)∥∞ ≤ C̃h
k−1/2
X dist(x,X) ≤ C̃h

k−1/2
X ∥x∥2
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where C̃ := C(1+maxu∈U ∥u∥1)·maxp,q ∥H(pq)∥H. To achieve a proportional
error bound also for rX > 0, in the following we modify Step 1 of the kEDMD
identification algorithm.

12.3.1 Modified kEDMD identification algorithm

Consider the control-affine discrete-time system under control

xk+1 = f(xk, uk) = g0(xk) +G(xk)uk (12.11)

with locally Lipschitz-continuous maps g0 : Ω → Rn and G : Ω → Rn×m

with Lipschitz constants Lg0 , LG on Ω and control input u restricted to a
compact set U ⊂ Rm containing the origin in its interior. We denote by gi :
Ω → Rn the i-th column of the matrix-valued map G. Moreover, g0(0) = 0
is assumed, so that the origin is an equilibrium of the system (12.11) with
u = 0.

We consider similar data requirements of the standard kEDMD, but in
addition we require the presence of a virtual observation point in the origin.

Assumption 12.3 (Data requirements). Let

X = {x1, . . . , xd} ⊂ Ω

with x1 = 0 and a cluster radius rX ≥ 0 be given. Then, for each i ∈ [1 : d],
let4 di ≥ m + (1 − δ1i) and data triplets (xij , uij , x

+
ij), j ∈ [1 : di], with

pairwise distinct uij be given such that xij ∈ BrX (xi) ∩ Ω, x+ij = f(xij , uij),
and rank(Ui) = m+ 1 for all i ∈ [1 : d], where

Ui :=

[
1 . . . 1
ui1 . . . uidi

]
∈ R(m+1)×di

Assumption 12.3 requires D :=
∑d

i=1 di data triplets.
Step 1 (Clustering): Approximation of the values g0(xi) and G(xi) at

the virtual observation points xi, i ∈ [1 : d]. The data triplets (xij , uij , x
+
ij),

j ∈ [1 : di], are used to compute an approximation

Hi = [g̃0(xi) | G̃(xi)] ∈ Rn×(m+1)

of the matrix [g0(xi) | G(xi)] for each xi ∈ X by solving the linear regression
problem

Hi = arg min
Hi

∥∥[x+i1 | . . . | x
+
idi

] −HiUi

∥∥
F
.

The solution may be expressed by the pseudoinverse U †
i , which, for every

virtual observation point xi, is well defined in view of Assumption 12.3.

4δ1i is the Kronecker-δ, i.e., δ11 = 1 and δ1i = 0 for i ∈ [2 : d].
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Later, we will become interested in a uniform bound on maxi∈[1:d]
√
di∥U †

i ∥.
On the one hand, this may be achieved by generating (sufficiently) exciting
control values uij , j ∈ [1 : di], following the guidelines derived in [218] lever-
aging, among others, subspace-angle conditions, to ensure data efficiency
(di = m+ (1− δ1i)). On the other hand, one may also use randomly chosen
input values in combination with a slightly larger di, see [22, Remark 4.6].

To derive proportional error bounds for the surrogate model, we directly
incorporate our knowledge for the data point x1 = 0, that is, g0(x1) = 0.
Hence, we set g̃0(x1) = 0 while G̃(x1) is obtained by solving the reduced
regression problem

G̃(x1) = arg min
G1

∥∥∥[x+11 | . . . | x
+
1d1

] −G1[u11 | · · · | u1d1 ]
∥∥∥
F

resembling the approach presented, e.g., in [234, Section III.B].

Step 2 (Interpolation): The interpolation coefficients are computed anal-
ogously to Section 10.4.3, which leads to the following propagation step of
an observable ψ:

ψ(f(x, u)) ≈ ψ+
ε (x) :=

d∑
i=1

[(
K̂0 +

m∑
j=1

ujK̂j

)
ψX

]
(i)

Φxi(x) (12.12)

with K̂j = K−1
X Kg̃j(X)K

−1
X , where

(Kg̃j(X))(kl) = k(xk, g̃j(xl)) = k(xk, (Hl)(∗,j+1))

for all k, l ∈ [1 : d] and j ∈ [0 : m], and g̃j denotes the j-th column of G̃.
Then, we directly construct the state-space surrogate of system (12.11), i.e.,

xk+1 = fε(xk, uk) =

(ψ1)
+
ε (xk, uk)

...
(ψn)+ε (xk, uk)

 = gε0(xk) +Gε(xk)uk, (12.13)

using the approximants (12.12) of the Koopman operator with observables
ψℓ(x) = x(ℓ) for ℓ ∈ [1 : n], that is,

gε0(x)(ℓ) :=
d∑

i=1

(K̂0(x(ℓ))X)(i)Φxi(x),

(Gε(x))(ℓj) :=
d∑

i=1

(K̂j(x(ℓ))X)(i)Φxi(x),

for ℓ ∈ [1 : n] and (ℓ, j) ∈ [1 : n] × [1 : m], respectively. The i-th column of
Gε will also be denoted by gεi .
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12.3.2 Error bounds for kEDMD

In the following, we verify Assumptions 12.1 and 12.2 for the proposed
Koopman surrogate model (12.13) of the control-affine dynamics (12.11). To
this end, we derive the inequalities (12.4) and (12.5) and establish (uniform)
Lipschitz continuity on the bounded set Ω. The bounds depend on the fill
distance hX and on the cluster radius rX , and can be made arbitrarily tight
by appropriately decreasing these two parameters of the proposed data-
driven approximant.

The uniform error bound derived in the next theorem extends Theo-
rem A.1 of the extended arXiv version5 of [22] to control systems by adapting
the arguments used in the proof of [22, Theorem 4.3].

Theorem 12.2 (Uniform approximation error). Let k ≥ 1 be the smoothness
degree of the Wendland kernel function. Further, let the dynamics (12.11)

satisfy f ∈ C⌈σn,k⌉
b (Ω;Rn) with σn,k := n+1

2 + k. Suppose that the data
satisfies Assumption 12.3 with fill distance hX and cluster radius rX sat-
isfying hX ≤ h0 and rX < hX/2, respectively. Then, there exist constants
C1, C2, h0 > 0 such that the error bound

∥f(x, u) − fε(x, u)∥∞ ≤ C1h
k+1/2
X + C2c∥K−1

X ∥2rX (12.14)

holds for all (x, u) ∈ Ω × U , where c is defined by

c := max
i∈[1:d]

√
di∥U †

i ∥2 · ΦRBF
n,k (0)1/2

(
max

v∈Rd:∥v∥∞≤1
v⊤K−1

X v

)1/2

.

Proof. The proof is reported in Section 12.6.4.

As can be seen in Theorem 12.2, the approximation quality depends on
the fill distance hX of the grid X of cluster points and on the cluster radius
rX ≥ 0. In particular, by choosing the cluster radius rX such that the two

terms are balanced, we may ensure the uniform upper bound ηε := 2C1h
k+1/2
0

such that (12.5) holds. The choice of the virtual observation points not only
influences the first term of the error bound via the fill distance, but also
∥K−1

X ∥2 and c in the second term. Depending on the choice of X, the cluster
radius rX has to be chosen sufficiently small to compensate for C2c∥K−1

X ∥2.
In the following lemma we verify Assumption 12.2 for the kEDMD sur-

rogate model, i.e. we show that the surrogate model is Lipschitz in the first
argument, uniformly in u and ε.

Lemma 12.1 (Lipschitz continuity of surrogate f ε). Let the assumptions
of Theorem 12.2. Then, there exist constants h0, L̄ > 0 such that, if the fill
distance hX and the cluster radius rX satisfy hX ≤ h0 and rX ≤ hX/2, the

5See the arXiv preprint https://arxiv.org/abs/2412.02811.
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surrogate f ε defined by (12.13) is Lipschitz continuous in x uniformly in u
with Lipschitz constant Lfε ≤ L̄, i.e.

∥f ε(x, u) − f ε(y, u)∥2 ≤ Lfε∥x− y∥2 (12.15)

holds for all x, y ∈ Ω and u ∈ U .

Proof. The proof is reported in Section 12.6.5.

The continuity in Lemma 12.1 is uniform in the approximation bound
ε > 0. This is in contrast to finite-element dictionaries, see [207], where the
derivative of the functions increases for decreasing mesh size.

The uniform error estimate in Theorem 12.2 still contains a constant
offset in the upper bound, which results from Step 1 of the approximation
scheme. Given an exact approximation of g0 and G at the grid points in X,
i.e., rX = 0, the error bound (12.14) is proportional in the distance to the
grid points. In the following, we show how one can obtain a proportional
error bound even if rX > 0 holds. To this end, we leverage the fact that we
used the knowledge of the drift dynamics in the origin, that is, we enforced
gε0(0) = 0 in the first step of the algorithm, so that the model exactly
describes the system in the origin. This is done in the following proposition.

Proposition 12.2 (Proportional error bound). Let the assumptions of The-
orem 12.2 hold. Then, there exist constants h0, r0 such that, if the fill dis-
tance hX and the cluster radius rX satisfy hX ≤ h0 and rX ≤ r0, we have
the proportional error bound

∥f(x, u) − fε(x, u)∥2 ≤ cεx∥x∥2 + cεu∥u∥2,

for all x ∈ Ω, u ∈ U , where cεu := C1h
k−1/2
X dist(x,X) + C2c∥K−1

X ∥2rX , and

cεx := CJg0
h
k−1/2
X +m max

i=[1:m],u∈U
CJgi

|u(i)|h
k−1/2
X + n

m∑
i=0

cXi,

where cXi are defined in (12.24) and depend linearly on the cluster radius
rX .

Proof. The proof is reported in Section 12.6.6.

Remark 12.2. For the kEDMD surrogate, the coefficients in the propor-
tional error bounds cεx and cεu are functions of the fill distance hX and of the
cluster radius rX , and can be rewritten as

cεx = chxh
k−1/2
X + crxrX

cεu = chuh
k+1/2
X + crurX
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for suitable chx, c
r
x, c

h
u, c

r
u. The terms crx and cru have a dependence on ∥K−1

X ∥2,
which is related to the location and number d of virtual observation points.
For increasing d, the minimal eigenvalue of the kernel matrix KX may
decrease, and consequently ∥K−1

X ∥2 may increase. Hence, to satisfy given
bounds for cεx and cεu, one should first select the location of the virtual ob-
servation points (that is related to the fill distance hX) to obtain sufficiently

small terms chxh
k−1/2
X and chuh

k+1/2
X . Given the location of the virtual obser-

vation points, ∥K−1
X ∥2 is fixed. Then, in a second step, it is possible to select

the cluster radius rX sufficiently small to satisfy the required bounds for the
terms crxrX and crurX .

The proportional error bound derived in Proposition 12.2 may be more
conservative than the bounds of Theorem 12.2 further away from the origin,
but converges to zero for (x, u) → (0, 0), which is a key property to rigor-
ously show asymptotic stability of the MPC, as shown in Theorem 12.1 and
summarized in the following theorem.

Theorem 12.3. Let Assumption 12.3 on the data hold and consider the
data-driven MPC scheme summarized in Algorithm 12.1 using the kEDMD
surrogate model (12.13) of the control-affine dynamics (12.11) in the pre-
diction and optimization step. Let N ∈ N be such that αN defined in
(12.10) is in (0, 1] and assume that the system is cost controllable on a
set S ⊆ Ω ⊖ Br(N)ηε, see Definition 12.2, with u ∈ UN . Then, if the fill
distance hX and the cluster radius rX are sufficiently small, Algorithm 12.1
asymptotically stabilizes the system (12.11).

Proof. We have verified (12.4) and (12.5) of Assumption 12.1, and Assump-
tion 12.2 for the kEDMD surrogate of the control-affine dynamics (12.11) in
Proposition 12.2, Theorem 12.2, and Lemma 12.1, respectively. Hence, all
assumptions of Theorem 12.1 hold in view of the imposed cost controllability
and the assertion can be inferred. □

12.4 Illustrative examples

In this section, we illustrate the asymptotic stability of the origin w.r.t.
the MPC closed loop using the kEDMD surrogate in the prediction and
optimization step by conducting numerical simulations. In the following, we
denote by physics-informed kEDMD (PI-kEDMD) the models obtained
with the modified Step 1 for the encoding of the equilibrium as described
in Section 12.3.1, and with kEDMD the models obtained according to [22]
without modifying Step 1 (see Algorithm 10.1).

12.4.1 Discretized Van-der-Pol oscillator

The first example is the forward Euler discretization of the nonlinear van-
der-Pol oscillator (11.6). The Euler discretization yields the discrete-time
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control-affine system

x+1 = x1 + Tsx2

x+2 = x2 + Ts(ν(1 − x1)
2x2 − x1 + u)

with parameters Ts = 0.05, ν = 0.1, and control constraints U = [−2, 2]
on the domain Ω = [−2, 2]2. The kEDMD surrogate (12.13) is constructed
using Wendland kernels with smoothness degree k = 1, see Section 10.4.1
for details. The cluster points are chosen according to a Padua grid. The
set of Padua points of order p in the domain [−1, 1] × [−1, 1] is defined as

{(µj , ηk), 0 ≤ j ≤ p, 1 ≤ k ≤
⌊p

2

⌋
+ 1 + δj}

where δj = 1 if p and j are both odd and δj = 0 otherwise. Then, the pair
(µj , ηk) is defined by

µj := cos
(jπ
p

)
, ηk :=

cos
(
(2k−2)π

p+1

)
j odd,

cos
(
(2k−1)π

p+1

)
j even.

Moreover, we add a cluster point in the origin to the Padua grid, according to
Assumption 12.3. The Padua grid is properly scaled to cover the domain Ω.
Padua grids of order p ∈ {25, 50} are considered, resulting in d ∈ {352, 1327}
state-space sample points. In comparison to a uniform grid, the use of
a Padua grid allows to have a more uniform error through the domain,
and lower condition numbers in the model matrices. In fact, Padua points
minimize, analogously to Chebychev nodes in one dimension, the Lebesgue
constant and, thus, the condition number and are, thus, preferable. The use
of a uniform grid with a large number of data points may lead to numerical
problems in the solution of the optimal control problem.

For each cluster point xi ∈ X, di = 25 random control values uij ∈ U
are chosen, yielding the data points (xij , uij , x

+
ij). Herein, xij and uij are

drawn according to our data requirements with rX =
√
2
d to specify the

neighborhood of xi. For the derivation of the PI-kEDMD model Step 1 of the
algorithm is modified for the cluster point x1 = 0 by setting g̃0(x1) = 0, while
in the kEDMD model Step 1 is performed in the same way for all cluster
points. The MPC cost function is chosen as in (12.6) with matrices Q = I2
and R = 10−4. The following closed-loop simulations emanate from the
initial state x0 = [0.5 0.5]⊤, and consider a prediction horizon N ∈ {10, 30}
in MPC. The comparison of the closed loop error with different number of
clusters and different prediction horizons is reported in Figure 12.1.

In the simulations with the kEDMD model, we observe practical asymp-
totic stability only: the error stagnates at a positive constant value. The
tracking accuracy increases with the number of cluster points. This is ex-
pected, as a large number of cluster points is related to lower modeling
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Figure 12.1: Van der Pol: Error ∥xk∥2 for the kEDMD-based MPC closed
loop with different horizons and number of clusters.

errors. On the other hand, the PI-kEDMD models allow to reach a lower
error, with a decrease up to the solver tolerance at around 10−14, in accor-
dance to the shown asymptotic stability property of the MPC closed loop.
We also notice that a fast decrease to the origin is obtained with the pro-
longed prediction horizon N = 30 – a property related to the degree of
suboptimality αN . Finally, in Figure 12.2, we report the trajectories of the
same simulations in the phase space. We can see that, while the asymptotic
behavior is strongly related to the accuracy of the model in the origin, the
transient behavior is mainly influenced by the prediction horizon and the
number of cluster points.

12.4.2 Four-tanks process

As a second example, we consider the four-tank system described in Section
6.4.1, with a sampling time Ts = 10s. In particular, the discrete-time version
of (6.20) obtained with the forward Euler method is considered as ground
truth. The controlled state for this system is the equilibrium given by x̄ =
[0.65, 0.66, 0.6417, 0.6882]⊤m and ū = [1.666, 1.974]⊤m3/h. To derive
the kEDMD surrogate model, the state and inputs are shifted around the
origin. The state domain, where we sample, is Ω = [0.2 m, 1.36 m]2 ×
[0.2 m, 1.30 m]2, while the input is constrained by the set U =
[0 m3/h, 3.26 m3/h] × [0 m3/h, 4 m3/h]. The cluster centers are chosen in
a uniform grid in Ω. Moreover, an additional cluster center is added at the
equilibrium. We consider datasets with d ∈ {626, 1297, 2402} cluster centers,
that correspond to 4

√
d− 1 ∈ {5, 6, 7}. We decided to stick to a uniform

grid, because the explicit construction of a grid minimizing the Lebesgue
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d= 1327,N= 30, kEDMD

Figure 12.2: Van der Pol: trajectories of the kEDMD-based MPC closed
loop with different horizons and number of clusters.

constant in dimensions higher than two is more involved and we did not run
into numerical issues. Possible approaches to reduce the condition number
of the model matrices are the use of the cartesian product of Padua grids
or of more sophisticated approaches as outlined, e.g., in [115]. The cluster
radius is rX = 2/d for all the models, and 25 data points (xij , uij , x

+
ij) are

are considered in each cluster. For the closed-loop simulations, we consider
an initial state x0 = [1.0, 1.0, 1.0, 1.0]⊤m, MPC cost matrices Q = I4 and
R = 10−4I2, and a prediction horizon N = 10.

The errors of the closed loop simulations are reported in Figure 12.3.
As in the previous example, we can see that the error reaches a higher
accuracy with the PI-kEDMD model, and the accuracy increases with a
larger number of cluster points. The number of cluster points also influences
how quickly the error decreases, which occurs more slowly for d = 626. In
this example, the closed loop behavior remains the same if the prediction
horizon is increased to N = 20, see Figure 12.4.

12.5 Conclusions

In this chapter, we have proposed a framework to rigorously show asymp-
totic stability of an equilibrium w.r.t. the MPC closed, where data-driven
surrogate models are used in the optimization step, assuming cost control-
lability of the original system. The key ingredients are three properties of
the data-driven surrogate: First, a uniform Lipschitz continuity w.r.t. the
approximation accuracy (see Assumption 12.2). Second and third, uniform
and foremost proportional finite-data error bounds (see Assumption 12.1).
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Figure 12.3: Four-tank: Error ∥xk − x̄∥2 for the kEDMD-based MPC closed
loop with horizon N = 10.

Then, cost controllability is preserved and the desired asymptotic stability
can be inferred despite the use of the data-driven surrogate for the predic-
tion and optimization in MPC. Then, we rigorously verified all assumptions
for a data-driven kEDMD surrogate models using Koopman operator the-
ory resulting in finite-data error bounds. Finally, the theoretical results are
verified by numerical simulations for two representative examples.

Note that the proposed method requires the exact knowledge of the sys-
tem equilibrium to be implemented. When this information is not available,
it is possible to rely to offset-free MPC algorithms, as described in Chap-
ter 11. Moreover, the stability analysis can be extended to consider the
presence of state constraints, disturbances and time-varying reference sig-
nals, which are not taken into account in this paper and require additional
treatment as outlined in Remark 12.1. In addition, also an extension towards
input-output data based would be of interest.

12.6 Proofs

12.6.1 Proof of Proposition 12.1

For given N̄ ∈ N, let x̂ ∈ S and u ∈ UN̄ satisfy the growth bound (12.8),
and denote xk := x(k; x̂,u) and xεk := xε(k; x̂,u).

First, we show xεk ∈ Ω, k ∈ [1 : N ]. Note that cost controllability yields

xk ∈ S, k ∈ [1 : N̄ ]. We show ∥xεk − xk∥ ≤ r(k)ηε =
∑k−1

i=0 L
i
fεηε by

induction. For k = 1, we exploit (12.5) to derive

∥xε1 − x1∥ = ∥f(x̂, u0) − f ε(x̂, u0)∥ ≤ ηε.
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Figure 12.4: Four-tank: Error ∥xk − x̄∥2 for the kEDMD-based MPC closed
loop with horizon N = 20.

Now, we assume that the assertion holds for k, and we prove it for k + 1.
We have

∥xεk+1 − xk+1∥ = ∥f(xk, uk) − f ε(xεk, uk) + f ε(xk, uk) − f ε(xk, uk)∥
≤ ∥f(xk, uk) − f ε(xk, uk)∥ + ∥f ε(xk, uk) − f ε(xεk, uk)∥
≤ ηε + Lfε∥xεk − xk∥

≤ ηε + Lfε

k−1∑
i=0

Li
fεηε =

k∑
i=0

Li
fεηε.

Hence, we have xεk ∈ S ⊕Br(k)ηε(0) ⊆ S ⊕Br(N̄)ηε(0) ⊆ Ω for all k ∈ [0 : N̄ ],
so that Assumptions 12.1 and 12.2 hold.

Now, we study the difference between JN (x̂,u) and Jε
N (x̂,u). Let λ̄ :=

λmax(Q) and λ := min{λmin(Q), λmin(R)}. Then, we have

ℓ(xεk, uk) − ℓ(xk, uk)
(12.6)

= ∥xεk − xk + xk∥2Q + ∥uk∥2R − ∥xk∥2Q + ∥uk∥2R
≤ λ̄∥xεk − xk∥22 + 2λ̄∥xεk − xk∥2∥xk∥2.

Then, using the shorthand notation ek := ∥xεk−xk∥2 for the error, summing
up this inequality over k ∈ [0 : N − 1] yields (as ek = 0 for k = 0)

Jε
N (x̂,u) ≤ JN (x̂,u) + λ̄

(∑N−1

k=1
e2k + 2ek∥xk∥2

)
.

Hence, we next derive bounds on e2k and ek∥xk∥2. To this end, the error
ek+1 := ∥xεk+1−xk+1∥2 at time k+1 is estimated using the triangle inequality
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by

ek+1 = ∥fε(xεk, uk) − f(xεk, uk) + f(xεk, uk) − f(xk, uk)∥2
(12.4),(12.2)

≤ cx∥xεk∥2 + cu∥uk∥2 + Lf∥xεk − xk∥2
= cx∥xεk − xk + xk∥2 + cu∥uk∥2 + Lf∥xεk − xk∥2
≤ cx∥xk∥2 + cu∥uk∥2 + (Lf + cx)ek

≤ c̄(∥xk∥2 + ∥uk∥2) + (Lf + cx)ek (12.16)

≤ c̄
∑k

i=0
(Lf + cx)k−i(∥xi∥2 + ∥ui∥2). (12.17)

with c̄ := max{cx, cu}. Let d := Lf + cx. Using inequality (12.16) and the
fact that (a+ b)2 ≤ 2a2 + 2b2, we get

e2k ≤ 4c̄2(∥xk−1∥22 + ∥uk−1∥22) + 2d2e2k−1

(12.6)

≤ 4c̄2λ−1 · ℓ(xk−1, uk−1) + 2d2e2k−1

≤ 4c̄2λ−1 ·
∑k−1

i=0
(2d2)k−1−iℓ(xi, ui)

= 4c̄2λ−1 ·
∑k

j=1
(2d2)j−1ℓ(xk−j , uk−j).

Analogously, leveraging inequality (12.17) and the fact that 2∥a∥2∥b∥2 ≤
∥a∥22 + ∥b∥22 yields

ek∥xk∥2 ≤ c̄
k−1∑
i=0

dk−1−i
( ≤ 1

2
(∥xi∥22+∥ui∥22+2∥xk∥22)︷ ︸︸ ︷

∥xi∥2∥xk∥2 + ∥ui∥2∥xk∥2
)

(12.6)

≤ c̄

2λ

k−1∑
i=0

dk−i−1
(
ℓ(xi, ui) + 2ℓ⋆(xk)

)
=

c̄

2λ

k∑
j=1

dj−1
(
ℓ(xk−j , uk−j) + 2ℓ⋆(xk)

)
.

We begin with studying the term
∑N−1

k=1 e
2
k. Then, applying the derived

inequality for e2k yields

N−1∑
k=1

e2k ≤ 4c̄2

λ

N−1∑
k=1

k∑
j=1

(2d2)j−1ℓ(xk−j , uk−j).

Then, noting that the summation
∑N−1

k=1

∑k
j=1 is equivalent to

∑
1≤j≤k≤N−1 =
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j=1

∑N−1
k=j and invoking the assumed cost controllability (12.8) leads to

N−1∑
k=1

e2k ≤ 4c̄2

λ

N−1∑
j=1

[
(2d2)j−1

N−1∑
k=j

ℓ(xk−j , uk−j)︸ ︷︷ ︸
=
∑N−j−1

r=0 ℓ(xr,ur)

]

≤ c̄2
4

λ

∑N−1

j=1
(2d2)j−1BN−j︸ ︷︷ ︸
=:cN

ℓ⋆(x̂).

We proceed similarly for the term
∑N−1

k=1 ek∥xk∥2:

N−1∑
k=1

ek∥xk∥2 ≤
c̄

2λ

N−1∑
k=1

k∑
j=1

dj−1
(
ℓ(xk−j , uk−j) + 2ℓ⋆(xk)

)

=
c̄

2λ

N−1∑
j=1

dj−1

(N−j−1∑
r=0

ℓ(xr, ur)︸ ︷︷ ︸
(12.8)

≤ BN−jℓ⋆(x̂)

+2

N−1∑
k=j

ℓ⋆(xj)︸ ︷︷ ︸
=(N−j)ℓ⋆(xj)

)

≤ c̄
1

2λ

(N−1∑
j=1

dj−1BN−j + 2BN max
j∈[1:N−1]

dj−1·(N − j)

)
︸ ︷︷ ︸

=:c̄N

ℓ⋆(x̂),

with d = Lf + cx and c̄ = max{cx, cu}.

Combining the previous estimates leads to

Jε
N (x̂,u) ≤

(
BN + c̄2cN + c̄c̄N

)
ℓ⋆(x̂) =: Bε

Nℓ
⋆(x̂), (12.18)

where, for each N ∈ [1 : N̄ ], Bε
N → BN for c̄ := max{cεx, cεu} → 0 as claimed.

Finally, note that the proof is only based on the bounds on the difference
between xk and xεk. Hence, the same reasoning can be applied to derive a
bound on JN (x̂,u) starting from Jε

N (x̂,u). □

12.6.2 Proof of Theorem 12.1

First, we show a relaxed Lyapunov inequality

V ε
N (f ε(x, µεN (x))) ≤ V ε

N (x) − αε
Nℓ(x, µ

ε
N (x)). (12.19)

for the surrogate system f ε, following the proof of [21, Theorem 10]. First,
we infer a lower bound on the optimal value function by

V ε
N (x̂) = inf

u∈UN

Jε
N (x̂,u) ≥ inf

u∈U
ℓ(x̂, u) = ∥x̂∥2Q ≥ λmin(Q)∥x̂∥22.
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Second, we derive an upper bound on the value function V ε
N on the set S

directly follows from the imposed (and essentially preserved) growth bound
(12.9). Then, the suboptimality index αε

N of the surrogate model (12.3) is
defined analogously to Formula (12.10) using the sequence (Bε

i )Ni=2 instead.
Since Bε

i → Bi converges monotonically for ε → 0 in view of Proposi-
tion 12.1, we have that αε

N ∈ (0, αN ) for all ε ∈ (0, ε0) for some sufficiently
small ε0 ∈ (0, ε̄]. This ensures the relaxed Lyapunov inequality (12.19)
with Lyapunov function V ε

N , ε ∈ (0, ε̄] by applying [92, Theorem 5.4] and
[51, Theorem 1] on V −ε

N (c) provided c is chosen sufficiently small such that
V −ε
N (c) ⊆ S. Hence, we established the value function V ε

N (x̂) as a Lyapunov
function for the closed-loop of the surrogate dynamics f ε.

In the following, we derive novel bounds to show that V ε
N is a Lyapunov

function also for the system dynamics f . We have that

V ε
N (f(x̂, µεN (x̂)))=V ε

N (f(x̂, µεN (x̂)))+V ε
N (f ε(x̂, µεN (x̂))) − V ε

N (f ε(x̂, µεN (x̂)))

(12.19)

≤ V ε
N (x̂) − αε

Nℓ(x̂, µ
ε
N (x̂)) + V ε

N (f(x̂, µεN (x̂))) − V ε
N (f ε(x̂, µεN (x̂))).

(12.20)

Next, we exploit the proportional bounds of Assumption 12.1 to derive a
bound for V ε

N (f(x̂, µεN (x̂))) − V ε
N (f ε(x̂, µεN (x̂))). To this end, we recall that

f ε(x̂, µεN (x̂)) = xε(1; x̂,u⋆), where u⋆ is the optimal solution of (12.7) with
initial state x̂, and we denote the real successor state of the system by x+ :=
f(x̂, µεN (x̂)). ũ = (ũi)

N−1
i=0 represents the solution of MPC optimization

problem initialized with x̃+ := xε(1; x̂,u⋆).6 Then, for the optimality of
MPC, we have that

V ε
N (f(x̂, µεN (x̂)))︸ ︷︷ ︸

=V ε
N (x+)≤Jε

N (x+,ũ)

−V ε
N (f ε(x̂, µεN (x̂))) (12.21)

≤
N−1∑
i=0

(
ℓ(xε(i;x+, ũ), ũi) − ℓ(xε(i; x̃+, ũ), ũi)

)
.

Consider now the i-th term of this summation

ℓ(xε(i;x+, ũ), ũi) − ℓ(xε(i; x̃+, ũ), ũi)

(12.6)
= ∥xε(i;x+, ũ)∥2Q − ∥xε(i; x̃+, ũ)∥2Q
≤ ∥Q∥2∥xε(i;x+, ũ) − xε(i; x̃+, ũ)∥2 · ∥xε(i;x+, ũ) + xε(i; x̃+, ũ)∥2︸ ︷︷ ︸

=∥xε(i;x+,ũ)−xε(i;x̃+,ũ)+2xε(i;x̃+,ũ)∥2
≤ 2∥Q∥2∥xε(i; x̃+, ũ)∥2∥xε(i; x̃+, ũ) − xε(i;x+, ũ)∥2

+∥Q∥2∥xε(i; x̃+, ũ) − xε(i;x+, ũ)∥22, (12.22)

6Note that ũ is never computed in practice, but is needed to define V ε
N (fε(x̂, µε

N (x̂))) in
the relaxed Lyapunov inequality (12.19), which we are going to leverage in the remainder
of the proof.
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where we have used the inequality

∥a∥2M − ∥b∥2M = (a+ b)⊤M(a− b) ≤ ∥M∥2∥a− b∥2∥a+ b∥2.

In the following, we derive upper bounds for the two terms appearing in
(12.22), that are ∥xε(i; x̃+, ũ) − xε(i;x+, ũ)∥2 and ∥xε(i; x̃+, ũ)∥2.

First, we consider the term ∥xε(i; x̃+, ũ) − xε(i;x+, ũ)∥2. For i = 0, we
use the proportional error bound (12.4) of Assumption 12.1 to derive that

∥xε(0; x̃+, ũ) − xε(0;x+, ũ)∥2 = ∥x̃+ − x+∥2

= ∥f ε(x̂, µεN (x̂)) − f(x̂, µεN (x̂))∥2
(12.4)

≤ cεx∥x̂∥2 + cεu∥µεN (x̂)∥2.

Using Lipschitz continuity of the surrogate model (12.3) given by fε with
Lipschitz constant Lfε due to Assumption 12.2, we obtain for i ≥ 1

∥xε(i; x̃+, ũ) − xε(i;x+, ũ)∥2 ≤ Li
fε∥xε(0; x̃+, ũ) − xε(0;x+, ũ)∥2

≤ Li
fε(cεx∥x̂∥2 + cεu∥µεN (x̂)∥2).

Second, we consider the term ∥xε(i; x̃+, ũ)∥2. For the growth bound
of f ε derived in Proposition 12.1 and for the relaxed Lyapunov inequality
(12.19), we have that

V ε
N (f ε(x̂, µεN (x̂))) =

N−1∑
i=0

ℓ(xε(i; x̃+, ũ), ũi)

(12.19)

≤ V ε
N (x̂)

(12.9)

≤ Bε
Nℓ

⋆(x̂) = Bε
N∥x̂∥2Q.

Since, for each i ∈ [0 : N − 1], we have the inequality

ℓ(xε(i; x̃+, ũ), ũi) ≥ ∥xε(i; x̃+, ũ)∥2Q,

we also have

∥xε(i; x̃+, ũ)∥2Q ≤ Bε
N∥x̂∥2Q.

By exploiting standard inequalities of weighted squared norms and taking
the square root, we have that

∥xε(i; x̃+, ũ)∥2 ≤

√
Bε

N

λmax(Q)

λmin(Q)
∥x̂∥2.
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Then, substituting this inequalities in (12.22), we obtain

ℓ(xε(i;x+, ũ), ũi) − ℓ(xε(i; x̃+, ũ), ũi)

≤ 2∥Q∥2

√
Bε

N

λmax(Q)

λmin(Q)
∥x̂∥2Li

fε(cεx∥x̂∥2 + cεu∥µεN (x̂)∥2)

+∥Q∥2L2i
fε(cεx∥x̂∥2 + cεu∥µεN (x̂)∥2)2

≤ 2∥Q∥2

√
Bε

N

λmax(Q)

λmin(Q)
Li
fε(cεx∥x̂∥22 + cεu∥x̂∥2∥µεN (x̂)∥2︸ ︷︷ ︸

≤ 1
2
cεu(∥x̂∥22+∥µε

N (x̂)∥22)

)

+2∥Q∥2L2i
fε

(
(cεx)2∥x̂∥22 + (cεu)2∥µεN (x̂)∥22

)
.

Substituting this back in (12.21) and (12.20), we obtain that

V ε
N (f(x̂, µεN (x̂))) ≤V ε

N (x̂) − αε
Nℓ(x̂, µ

ε
N (x̂)) + Cx∥x̂∥22 + Cu∥µεN (x̂)∥22,

where

Cx := 2∥Q∥2
N−1∑
i=0

(√
Bε

N

λmax(Q)

λmin(Q)
Li
fε(cεx +

1

2
cεu) + (Li

fεcεx)2

)
,

and

Cu := 2∥Q∥2
N−1∑
i=0

(√
Bε

N

λmax(Q)

λmin(Q)
Li
fε

1

2
cεu + (Li

fεcεu)2

)
.

Cx and Cu can be made arbitrarily small with a sufficiently small propor-
tionality constants cεx and cεu. Then there exists a sufficiently small ε0 (po-
tentially further tightened in comparison to our first choice resulting from
the computation of the lower bound αε0

N on the suboptimality index) such
that c̄x, c̄u are sufficiently small to ensure the inequality

−αε
Nℓ(x̂, µ

ε
N (x̂)) + Cx∥x̂∥22 + Cu∥µεN (x̂)∥22 ≤ −ᾱ∥x̂∥22

for some ᾱ ∈ (0, αε0
N ) and for all ε ∈ (0, ε0). This completes the proof

and, thus, shows asymptotic stability of the MPC closed loop based on the
surrogate model (12.3). □

12.6.3 Proof of Corollary 12.1

The proof resembles the proof of Proposition 6 in [174]. In the proof of
Theorem 12.1, in (12.19), we showed that there exists a sufficiently small ε
such that

V ε
N (f ε(x, µεN (x))) ≤ V ε

N (x) − αε
Nℓ(x, µ

ε
N (x))
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holds for all x ∈ V −ε
N (c). Then, denoting by uMPC the input sequence

obtained applying the MPC control law µεN to the surrogate f ε, we can
relate the infinite-horizon optimal cost to αε

N

V ε
∞(x̂) ≤ Jε

∞(x̂,uMPC) ≤
∞∑
i=0

ℓ(xε(i; x̂,uMPC), µεN (xε(i; x̂,uMPC)))

≤ (αε
N )−1

∞∑
i=0

(
V ε
N (xε(i; x̂,uMPC))

− V ε
N (f ε(xε(i; x̂,uMPC), µεN (xε(i; x̂,uMPC)))

)
≤ (αε

N )−1V ε
N (x̂) ≤ (αε)−1Bε

Nℓ
⋆(x̂).

Since V ε
N (x̂) ≤ V ε

N+1(x̂) ≤ V ε
∞(x̂) for all N ∈ N, it follows that

V ε
N (x̂) ≤ (αε

N )−1Bε
Nℓ

⋆(x̂).

Hence, the growth bounds holds with Bε
k := Bε

N/α
ε
N for k > N , which shows

the assertion. □

12.6.4 Proof of Theorem 12.2

In a first step, completely analogous to [22, Proof of Theorem 4.3], we obtain

|H(pq)(xi) − (Hi)(pq)| ≤
√

2di(Lg0 + LGu)∥U †
i ∥2 · rX

for i ∈ [1 : d], where H : Rn → Rn×(m+1) is defined by H(x) = [g0(x) |G(x)]
and u := max{∥u∥∞ : u ∈ U}. Due to uniform continuity of the kernel k on
Ω × Ω,7 we get the estimate

∥Kg̃j(X) −Kgj(X)∥2 ≤ ck[Lg0 + LGu] max{
√

2di∥U †
i ∥2 | i ∈ [1 : d]}rX

(12.23)

for a constant ck ≥ 0 depending on the continuity modulus of the kernel k.
Consequently, (12.23) implies

∥K̂j −K−1
X Kgj(X)K

−1
X ∥2 = ∥K−1

X (Kg̃j(X) −Kgj(X))K
−1
X ∥2

≤ ∥K−1
X ∥22∥Kg̃j(X) −Kgj(X)∥2

≤ c̃∥K−1
X ∥2 max

i∈[1:d]

√
di∥U †

i ∥ · rX

with c̃ =
√

2ck · (Lg0 + LGu).
Next, we prove the assertion or, to be more precise, we show inequal-

ity (12.14) with h
k−1/2
X dist(x,X) instead of h

k+1/2
X , which will turn out to be

7With Ω we denote the closure of the set Ω.
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beneficial in the proof of Proposition 12.2. Using [239, Theorem 11.17] with
multiindex |α| = 1 together with [22, Theorem 3.7], we get the proportional
bound

|(K−1
X Kgj(X)K

−1
X φX)⊤kX(x) − φ ◦ gj(x)| ≤ ĉh

k−1/2
X ∥φ∥H dist(x,X)

with ĉ ≥ 0 for all φ ∈ H and kX := (Φx1 , . . . ,Φxd
)⊤. Thus, by the triangle

inequality, we obtain a bound on the full error:

|(K̂jφX)⊤kX(x) − φ ◦ gj(x)| ≤
(
ĉh

k−1/2
X dist(x,X) + c̃c∥K−1

X ∥rX
)
∥φ∥H.

Last, choosing the coordinate functions as observables, we have that the
observable function φ is linear. Thus,

φ(x+) = φ(g0(x) +G(x)u) = φ(g0(x)) +
m∑
j=1

φ(gj(x))ui

and hence, we get (12.14) with C1 = ĉmaxi∈[1:n] ∥xi∥H and
C2 = c̃maxi∈[1:n] ∥xi∥H, where xi, i ∈ [1 : n] denotes the i-th coordinate
map. □

12.6.5 Proof of Lemma 12.1

In the proof, the notation Jf is used to denote the Jacobian of the function
f , and Jf,x is used to denote the Jacobian of f w.r.t. its argument x.

Let x, y ∈ Ω and u ∈ U be given. Then, it holds by using Taylor’s
theorem

f ε(x, u) = f ε(y, u) + (x− y)⊤Jfε,x(ξ, u)

for some ξ ∈ {ξ̃ ∈ Rn | ξ̃ = (t−1)x+ ty, t ∈ [0, 1]}. Hence, we may estimate

∥f ε(x, u) − f ε(y, u)∥2≤ ∥x− y∥2∥Jfε,x(ξ, u) − Jf,x(ξ, u) + Jf,x(ξ, u)∥2
≤ ∥x− y∥2(∥Jfε,x(ξ, u) − Jf,x(ξ, u)∥2 + ∥Jf,x(ξ, u)∥2).

In the following, let ĝi for i ∈ [0 : m] be the approximation of gi obtained
with rX = 0, i.e. without errors in Step 1 of the identification algorithm. To
compute a bound for ∥Jfε,x(ξ, u)−Jf,x(ξ, u)∥2, we first leverage the control-
affine structure and, then, apply [239, Theorem 11.17] with multiindex |α| =
1 to obtain

∥Jfε,x(z, u) − Jf,x(z, u)∥2 ≤ ∥Jgε0(z) − Jg0(z) + Jĝ0(z) − Jĝ0(z)∥2

+

m∑
i=1

∥(Jgεi (z) − Jgi(z) + Jĝi(z) − Jĝi(z))u(i)∥2

≤
[
CJg0

+ max
u∈U

m∑
i=1

CJgi
|u(i)|

]
h
k−1/2
X

+ ∥Jĝ0(z) − Jgε0(z)∥2 +
m∑
i=1

∥(Jĝi(z) − Jgεi (z))u(i)∥2,
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where CJgi
, i ∈ [0 : m], are constants independent of hX and rX . Analo-

gously to the proof of [22, Theorem 4.3], letting u0 = 1, we can estimate for
i ∈ [0 : m] and j ∈ [1 : n]

∥(∇ĝij(z) −∇gεij(z))ui∥2

≤ max
u∈U

|ui|LJgi

√
2 max
k∈[1:d]

dk

(
max
ℓ∈[1:d]

∥U †
ℓ ∥2
)
∥K−1

X kX(z)∥2∥K−1
X ∥2rX

≤ max
u∈U

|ui|LJgi

√
2 max
k∈[1:d]

dk

(
max
ℓ∈[1:d]

∥U †
ℓ ∥2
)

ΦRBF
n,k (0)

· max
v:∥v∥∞≤1

v⊤K−1
X v∥K−1

X ∥2rX =: cXi, (12.24)

where kX(z) = (k(x1, z), . . . , k(xd, z))⊤ and LJgi
are the Lipschitz con-

stants of the matrix-valued functions Jgi . Since the function f is contin-
uously differentiable w.r.t. its first argument on the compact set Ω, we have
∥Jf,x(ξ, u)∥2 ≤ C̃ ∈ (0,∞). Overall, we have verified inequality (12.15) with
Lipschitz constant Lfε given by

C̃ + CJg0
h
k−1/2
X +m max

i=[1:m],u∈U
CJgi

|ui|hk−1/2
X + n

m∑
i=0

cXi.

Hence, suitably adjusting the cluster radius rX depending on the virtual
observation points and, thus, ∥K−1

X ∥2, shows the statement. □

12.6.6 Proof of Proposition 12.2

To prove the statement, we first show that the difference ∥Jfε(x, u)−Jf (x, u)∥2
between the differentials of f and f ε is bounded. From the proof of Lemma 12.1
we obtain the bound

∥Jfε,x(x, u)−Jf,x(x, u)∥2 ≤ CJg0
h
k−1/2
X +m max

i=[1:m],u∈U
CJgi

|ui|hk−1/2
X + n

m∑
i=0

cXi.︸ ︷︷ ︸
=:cεx

To compute a bound for ∥Jfε,u(x, u) − Jf,u(x, u)∥2, we exploit the error
bounds of Theorem 12.2, to obtain

∥Jfε,u(x, u) − Jf,u(x, u)∥2 = ∥Gε(x) −G(x)∥2
≤ C1h

k−1/2
X dist(x,X) + C2c∥K−1

X ∥2rX =: cεu.

Now, let e(x, u) := fε(x, u) − f(x, u). In view of the modified learning
algorithm, there is no approximation error in the origin, i.e. e(0, 0) = 0. We
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now study e(x, u) using Taylor’s theorem. There exists t ∈ [0, 1] such that,
denoting z = tx and v = tu,

∥e(x, u)∥2 = ∥ e(0, 0)︸ ︷︷ ︸
=0

+Je,x(z, v)x+ Je,u(z, v)u∥2

≤ ∥Jfε,x(z, v) − Jf,x(z, v)∥2∥x∥2 + ∥Jfε,u(z, v) − Jf,u(z, v)∥2∥u∥2
≤ cεx∥x∥2 + cεu∥u∥2,

which proves the statement. □
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Chapter 13

Velocity form MPC for
current control in
Synchronous Reluctance
motors

In recent years, Synchronous Reluctance motor (SynchRel) drives have gained
attention in academia and industry as an alternative to induction motors
and Permanent Magnet Synchronous Motors (PMSM). SynchRel motors are
a cheap solution since no rotor windings and no rare-Earth materials are re-
quired. Hence, this chapter is devoted to the design of an MPC algorithm for
the control of currents in a SynchRel motor. Differently from the majority of
the control schemes available in the literature, our design considers the sta-
bility issue of MPC. In particular, we propose an equality terminal constraint
formulation of velocity form MPC, and we introduce an artificial reference
in the optimization to enlarge the feasibility region and improve the closed-
loop performances. This algorithm is simple to implement, does not require
the introduction of a state observer, and guarantees zero tracking error in
presence of the model approximations. The proposed equality constraint
formulation of the velocity form MPC does not require terminal inequal-
ity constraints. This is an advantage compared to the method proposed in
[15], where the terminal region may require a large number of inequalities
constraints to be described, resulting in a significant increase of the compu-
tational complexity for the solution of the optimization problem. The MPC
is inserted in a cascade scheme that involves also an external loop for the
control of the motor speed. The velocity form MPC is based on a linear ap-
proximation of the SynchRel electrical dynamics in the (d, q) reference frame
[182], that does not require a precise knowledge of the inductance values of
the motor. Finally, the effectiveness of the proposed algorithm is compared
in simulation to a current control based on Proportional-Integral (PI) regu-
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lators and decoupling and to a classic MPC, also considering uncertainties in
the inductances models, showing better performances both in the nominal
and in the perturbed case.

The work reported in this chapter was carried out in collaboration with
SPIN Applicazioni Magnetiche Srl, and is published in:

• [214] Schimperna, I., Rubino, A. and Magni, L. (2025). Velocity
Form MPC for Current Control in Synchronous Reluctance Motors.
IEEE Transactions on Control Systems Technology, 33(6), 2463-2469.

13.1 Introduction to the control of electric motors

Two main concepts that are often used for the control of SynchRel motors
are Direct Torque Control (DTC) [144] and Field-Oriented Control (FOC)
[166, 17, 250]. DTC is known for its robustness and fast dynamics [26], but
can lead to high current distortions and torque ripples [43]. FOC is able to
improve the efficiency of the system [119] and the torque response [195], but
requires precise values of the system parameters to be implemented.

When a speed sensor is available, a common approach to implement
the motor control is to apply a cascade scheme, where an inner closed-loop
controls the motor currents, that have a fast dynamics, and an external
closed-loop controls the speed and provides the references for the current
control. The most common implementation of the cascade schema employs
PI regulators for both the control loops. When a rotational transducer is
not available, position estimation algorithms can be applied to obtain the
speed value [94].

An alternative to classical approaches for the control of electric motors is
the use of MPC, that can be employed in a cascade schema to substitute the
PI in one or both the two control loops [152, 2], or can be used as a unique
controller for both the speed and the currents [175, 40]. The advantages of
the use of MPC in electrical drives and power electronics are the possibility
to be applied to a variety of systems, and the fact that constraints, nonlin-
earities and multivariable systems can be easily considered [52]. Moreover,
MPC is based on a model of the system under control, that is typically
available in these applications. There are two possible ways to implement
MPC for transistor-based systems: Finite Control Set MPC (FCS-MPC)
and Continuous Control Set MPC (CCS-MPC). In FSC-MPC, the transis-
tor states are directly regarded as control variables, without the need of an
additional modulation stage [78, 202, 140]. Instead, in CCS-MPC, a contin-
uous optimization problem is considered and the determination of switching
sequences is delegated to an external modulator [78, 254]. CCS-MPC is
typical more computational demanding, but recent works have shown that
with the current technologies and optimization algorithms it is possible to
solve the MPC optimization problem in real time even in the high sampling
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frequencies required by the motor drives. For instance, in [48], an explicit
MPC algorithm [12] is employed to solve the quadratic programming prob-
lem associated to the MPC for the current control of a PMSM. The worst
case solution time is assessed, and the proposed approach is experimentally
validated. In [254], instead, the MPC optimization problem related to the
current control in SynchRel motors is solved online on embedded hardware,
and meets the sampling times required by the application.

The stability and feasibility issues are often neglected when MPC is
applied for the control of electric motors, and the few works considering these
problems are focused on FCS-MPC. The stability issue is considered in [93]
in the control of induction motors, where the FCS-MPC objective function
is reformulated using the Lyapunov function time derivative as objective
function, and introducing some stability constraints in the optimization.
In [1], closed-loop practical stability of horizon-one quadratic FCS-MPC
for linear power converters is obtained by designing the terminal cost and
terminal set for the MPC on the base of the discrete time Riccati equation.

The use of velocity form MPC for the control of electric motors is not
a novelty. For instance, velocity form MPC is applied to SynchRel motors
in [72] for the regulation of the currents at constant set-points. Since no
input and state constraints are considered, the solution of the MPC is a
linear state feedback control law that can be computed explicitly. In [40],
the velocity form MPC is considered for the control of speed and currents
in a PMSM. However, none of the cited works provides a formal analysis of
the stability of the closed-loop system.

13.2 Stabilizing MPC in velocity form

13.2.1 Incremental model

Consider a discrete-time linear model in the form

xk+1 = Axk +Buk (13.1a)

yk = Cxk (13.1b)

where x ∈ Rn, u ∈ Rm, y ∈ Rp and the subscript k denotes the discrete time
instant. The objective of the control is to steer the output of the system
to a desired reference yref , also in presence of model uncertainties. The
following standard assumption on the model is required to introduce the
integral action.

Assumption 13.1. The pair (A,B) is controllable, m ≥ p, and the input-
output system does not have invariant zeros in 1, i.e.

rank

([
In −A −B
−C 0

])
= n+ p.
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To derive the velocity formulation, the model is firstly enlarged with an
integral action on the tracking error

xk+1 = Axk +Buk (13.2a)

vk+1 = vk + ek+1 (13.2b)

where ek := yk − yref . The enlarged system (13.2) is not directly used in the
MPC design. Instead, an incremental system is considered, with states that
are the variations of the states of (13.2), and the input variation as controlled
input. In particular, the incremental system has state ξ := [δx⊤ e⊤]⊤ ∈
Rn+p and input δu ∈ Rm, where δxk := xk − xk−1 and δuk := uk − uk−1.
The dynamics of δx can be derived as follows

δxk+1 = xk+1 − xk = Axk +Buk − (Axk−1 +Buk−1)

= A(xk − xk−1) +B(uk − uk−1) = Aδxk +Bδuk.

The dynamics of e is derived in the following way

ek+1 = vk+1 − vk = vk + yk+1 − yref − vk

= Cxk+1 − yref = C(δxk+1 + xk) − yref

= C(Aδxk +Bδuk) + Cxk − yref

= CAδxk + CBδuk + (yk − yref)

= CAδxk + ek + CBδuk.

Combining the previous computations, the following dynamics is obtained[
δxk+1

ek+1

]
=

[
A 0
CA Im

]
︸ ︷︷ ︸

Ā

[
δxk
ek

]
+

[
B
CB

]
︸ ︷︷ ︸

B̄

δuk (13.3)

to be used as model for the MPC.

13.2.2 MPC formulation

The objective of the MPC is to steer the incremental variables δx and δu
and the error e to zero, independently on the value of the reference yref ,
while respecting the input constraints given by the compact set U ⊂ Rm.
This is an advantage with respect to other MPC formulations, because it
is not required to use the model, which may be inaccurate, to compute the
equilibrium correspondent to the reference.

Stability of the closed-loop system with the MPC control law is obtained
using a terminal equality constraint. This strategy is simple to implement
and does not require the use of possibly computationally expensive algo-
rithms for the offline computation of the terminal set. However, the intro-
duction of the terminal constraint can lead to problems of infeasibility and a
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decrease of performances. In particular, feasibility can be achieved only for
values of the initial state ξ that are sufficiently close to zero, and the solu-
tion of the optimization is strongly influenced by the terminal constraint and
may not reflect the objective required by the cost. To solve these issues, it
is possible to introduce an artificial reference ȳ in the optimization problem
[150]. The artificial reference is an additional variable of the optimization
problem, and its deviation from the real reference yref is penalized in the
cost.

The velocity form MPC with equality terminal constraint and artificial
reference solves the following optimal control problem

min
ȳ,δu·|k

N−1∑
i=0

(∥∥ξi|k∥∥2Q +
∥∥δui|k∥∥2R)+ ∥ȳ − yref∥2S (13.4a)

s.t. ξ0|k =

[
δxk
yk − ȳ

]
(13.4b)

ξi+1|k = Āξi|k + B̄δui|k i = 0, ..., N − 1 (13.4c)

ui|k = uk−1 +

i∑
j=0

δuj|k ∈ U i = 0, ..., N − 1 (13.4d)

ξN |k = 0 (13.4e)

where the cost matrices Q = Q⊤ ≻ 0, R = R⊤ ≻ 0 and S = S⊤ ≻ 0
are design choices. Note that the artificial reference ȳ is used in (13.4b) to
initialize the prediction error. Initializing the error as the difference with
respect to the artificial reference allows the error with respect to the real
reference (i.e. y − yref) to be different from zero at the end of the horizon.
In this way feasibility is guaranteed also in presence of sudden variations of
yref . Denoting the optimal input increment sequence by δu⋆0|k, ..., δu

⋆
N−1|k,

the control law is obtained according to the receding horizon principle as

uk = uk−1 + µMPC(δxk, uk−1, yk, yref) = uk−1 + δu⋆0|k. (13.5)

Note that state constraints are not considered in the MPC formulation be-
cause they are not present in the SynchRel motor application, but they can
be easily included in the algorithm.

13.2.3 Stability result

The equality terminal constraint formulation of the velocity form MPC al-
lows to prove stability of the closed-loop system. Moreover, the introduction
of the artificial reference guarantees recursive feasibility also when yref varies
or is outside of the set of the set-points that can be reached while respecting
the input constraints. All these results can be derived along the lines of
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Symbol Description Unit

Id, Iq Stator currents [A]

Vd, Vq Stator voltages [V]

Rs Stator winding resistance [Ω]

Ld, Lq Inductances [H]

ω Mechanical speed of the rotor [rad/s]

ωe Electric speed of the rotor [rad/s]

T Torque produced by the motor [Nm]

TL Load torque [Nm]

np Number of pole pairs -

kw Friction coefficient
[
Nm·s2
rad2

]
J Motor inertia [kg · m2]

Table 13.1: Parameters of the SynchRel motor model.

[151, Theorem 2]. In order to do so, the set of admissible equilibria is first
defined as

Y := {y ∈ Rp : ∃(x, u) ∈ Rn × U
such that y = Cx, x = Ax+Bu}.

Theorem 13.1 ([151]). Let Assumption 13.1 hold and the prediction hori-
zon satisfy N ≥ n + p. Then, if a feasible solution to (13.4) exists at time
k = 0, the resulting MPC controller is recursively feasible and asymptotically
steers the system (13.1) to the admissible set-point ŷ, where

ŷ := arg min
y∈Y

∥y − yref∥2S .

13.3 Reluctance synchronous motors control

The mathematical model of the SynchRel motor can be divided into the
electric subsystem and the mechanical subsystem. In Table 13.1 the descrip-
tions of the physical quantities involved in the motor model are reported.
The electrical subsystem of the SynchRel motor can be described, using the
Clarke-Park transformation, with respect to the (d, q) reference frame [182],
that is rotating synchronously with the rotor, with the following equations

İd(t) =
−Rs

Ld(Id(t), Iq(t))
Id(t) +

1

Ld(Id(t), Iq(t))
Vd(t)

+ ωe(t)
Lq(Id(t), Iq(t))

Ld(Id(t), Iq(t))
Iq(t)

(13.6a)
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Figure 13.1: Inductances Ld (left) and Lq (right) as functions of Id and Iq.

İq(t) =
−Rs

Lq(Id(t), Iq(t))
Iq(t) +

1

Lq(Id(t), Iq(t))
Vq(t)

− ωe(t)
Ld(Id(t), Iq(t))

Lq(Id(t), Iq(t))
Id(t)

(13.6b)

where ωe(t) = np ·ω(t). The subscripts d and q indicate the quantities on the
two axes. V = [Vd Vq]⊤ is the control variable, that can be forced by means
of an inverter. The electric state I = [Id Iq]⊤ is considered measurable. The
output of the electric dynamics is the torque produced by the motor, that
is a nonlinear function of the currents

T (t) =
3

2
np(Ld(Id(t), Iq(t)) − Lq(Id(t), Iq(t)))Id(t)Iq(t). (13.7)

Given the torque T , the mechanical dynamics of the motor can be described
by

ω̇(t) =
1

J
(T (t) − TL(t) − kwω(t)|ω(t)|) (13.8)

where TL is an external time variant load torque, whose value is in general
unknown and unmeasurable. In Equations (13.6) and (13.7) the inductances
Ld and Lq are nonlinear functions of the currents Id and Iq. The values
assumed by the inductances at a given value of current can be estimated
using the Finite-Element Method (FEM). In particular, in the simulations,
two 2-dimensional Look-Up Tables (LUT) obtained from FEM data are used
to relate the values of Ld and Lq with the values of Id and Iq. The plots
of the inductances as functions of Id and Iq for the considered motor are
reported in Figure 13.1.

13.3.1 Cascade control scheme

The objective of the motor control is to track a speed reference ωref by
acting on the stator voltages Vd and Vq, and to reject the unmeasurable
disturbance given by the load torque TL. In Figure 13.2 the scheme of the
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PI
MTPA/
MTPV

Current
controller

Electric
dynamics

(13.6)-(13.7)

Mechanical
dynamics
(13.8)

Speed
sensor

Gf(s)

ωref + Tref Iref V T ω

ωm

-

TL
I

Figure 13.2: Block diagram of the general schema of the motor control.

motor control is reported. Since the motor dynamics is composed by two
main parts with different time constants, a cascade control scheme is typ-
ically applied. In particular, an internal control loop is closed around the
electric dynamics (13.6), that is faster, while an external control loop con-
siders the mechanical dynamics (13.8). This technique allows to exploit the
redundancy of the control action in order to minimize the power consump-
tion. In fact, two control variables Vd and Vq are available to control a single
output ω. Hence, it is possible to select, between the different combinations
of the control variables that give ωref as output, the more energy efficient
one. This is done by means of the MTPA/MTPV (Maximum Torque Per
Ampere/Maximum Torque Per Volt) block, as it is better explained later.

To obtain a measurement of the motor speed, a speed sensor is included
in the schema. The sensor can introduce measurement noise and a nonlin-
earity, for example due to the quantization error. To mitigate these effects,
that act mainly in high frequency, a low-pass filter Gf(s) is typically in-
troduced after the sensor. The motor currents are assumed measurable by
the inverter. The control variables Vd and Vq are saturated at a value that
depend on the external voltages supplied to the inverter VDC. In particular

Vd, Vq ∈
[
−VDC√

3
,
VDC√

3

]
. (13.9)

The external speed controller is composed by two blocks. The first block
is a PI, whose output is interpreted as a torque reference Tref . The second
block, denoted by MTPA/MTPV, provides the optimal current reference
Iref = [Id,ref Iq,ref ]

⊤ given the torque reference Tref and the measured and
filtered speed ωm. In particular Iref is the couple of currents that provides
the torque Tref at the current speed of the motor using the minimum amount
of power and respecting the machine constraints. The MTPA/MTPV block
is typically implemented using a LUT, that can be derived from the FEM
data.
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13.3.2 Current control with velocity form MPC

To implement the velocity form MPC, a discrete-time linear approximation
of the electric dynamics (13.6) in a working point is considered. The work-
ing point is defined by the nominal values of the speed ω̄ and of the load
torque T̄L. By considering the equilibrium of (13.8), it is possible to derive
the steady state motor torque T̄ in the working point as T̄ = T̄L + kwω̄|ω̄|.
Then, the desired values of steady state currents Īd and Īq can be derived
as the output of the MTPA/MTPV block with inputs T̄ and ω̄. Finally, the
values of the inductances in the working point L̄d and L̄q can be obtained
from Īd and Īq using the FEM data, as L̄d = Ld(Īd, Īq) and L̄q = Lq(Īd, Īq).

Then, the continuous time linear approximation of the electric dynamics
is [

İd(t)

İq(t)

]
=

[
−Rs

L̄d
ω̄e

L̄q

L̄d

−ω̄e
L̄d

L̄q
−Rs

L̄q

] [
Id(t)
Iq(t)

]
+

[
1
L̄d

0

0 1
L̄q

] [
Vd(t)
Vq(t)

]
(13.10)

where ω̄e = np · ω̄. Note that a single working point is considered in order
to derive the linear approximation. The same approximated model is used
in the MPC also when the working point varies, and the zero tracking error
property is maintained despite the model mismatch thanks to the velocity
formulation of the MPC. To derive a discrete time model to be used in the
MPC, (13.10) is discretized with a sampling time Ts using a zero-order hold
method, obtaining a discrete time linear model in the form

xk+1 = Axk +Buk (13.11)

where

xk =

[
Id(kTs)
Iq(kTs)

]
, uk =

[
Vd(kTs)
Vq(kTs)

]
with k ∈ Z≥0. Since the objective is to control with zero offset the current
on both axes, in the output transformation (13.1b) C = I2 is considered.
The model obtained in this way satisfies Assumption 13.1 on controllability.
Then, the velocity form MPC is implemented as described in Section 13.2,
considering (13.9) as input constraint set.

13.4 Implementation and simulation results

In Table 13.2 the numerical values of the parameters considered in the sim-
ulation, carried out on the true continuous-time system, are reported. An
encoder is employed as speed sensor, that introduces a measurement error
due to the quantization in the measurement of the rotor angle. To mitigate
this effect a low-pass filter with transfer function

Gf(s) =
1

1 + 0.002s
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Parameter Symbol Value Unit

Stator resistance Rs 0.62 [Ω]

Pole pairs np 3 -

Friction coefficient kw 5 × 10−6
[
Nm·s2
rad2

]
Motor inertia J 8.4 × 10−3 [kg · m2]

Inverter sampling frequence 1
Ts

8000 [Hz]

Nominal speed ω̄ 2500 [rpm]

Nominal load torque T̄L 10 [Nm]

DC supply voltage VDC 650 [V]

Table 13.2: Numerical values of the parameters for the motor simulator.

Figure 13.3: Comparison between the motor speed ω (blue), the the encoder
measure (green) and the filtered measure ωm (orange).

is introduced on the measured speed. The bandwidth of the filter is chosen
to alleviate the effect of the oscillations on the measured speed, but not too
narrow in order to avoid large delays that could compromise the stability of
the closed-loop. In Figure 13.3 an example of the encoder measure compared
with the actual angular velocity of the motor ω and the filtered measure ωm

is reported. The presence of the filter significantly improves the quality of
the measure used to implement the control, but some oscillations are still
present on the filtered measure ωm.

For the simulations, a time variant speed reference and a time variant
load torque profile, reported in Figure 13.4, of the duration of 106 s are
used. The reference speed profile varies between 1870 rpm = 196 rad/s and
2645 rpm = 277 rad/s, while the load torque varies between -35.9 Nm and
28.5 Nm. This duty cycle comes from a traction automotive application,
and is selected in order to excite the motor in different working points for
the currents.

The PI for the speed closed-loop is tuned on the base of a linearization of
the mechanical dynamic (13.8) around the desired working point, taking into
account the delay effect introduced by the filter Gf(s). The selected propor-
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Figure 13.4: Load torque and speed reference profiles considered in the
simulations.

tional and integral constants are respectively KP = 1 and KI = 20. The cost
matrices for the velocity form MPC are set to Q = diag(0.1, 0.1, 10, 5), R =
0.1I2 and S = diag(100, 10), while the prediction horizon is N = n+ p = 4,
that is the minimum value that guarantees the properties of Theorem 13.1.
Note that the error of the current on the d axis is penalized more than the
one on the q axis because the variation of the current on the d axis is in
general slower, since Ld > Lq.

The velocity form MPC algorithm is compared with a schema with PI
controllers and decoupling, that is the most commonly used in the indus-
try, and with a classic MPC. All the simulations are implemented in Mat-
lab/Simulink environment on a standard laptop, and the MPC optimization
is solved using Matlab quadprog function. This setup does not allow to
analyze the real time feasibility of the optimization problem, since in the
considered application the controller is typically implemented on a micro
controller. Nevertheless, recent works [254, 48] have shown that MPC algo-
rithms for electric motors with a similar complexity to the one proposed in
this chapter can be successfully implemented in real time.

13.4.1 Current control with PI and decoupling

A PI control with decoupling is considered as first baseline controller for
the inner closed-loop. The electric dynamics (13.6) is firstly decoupled by
considering new auxiliary control variables

Ṽd(t) = Vd(t) + ωe(t)Lq(Id(t), Iq(t))Iq(t) (13.12a)

Ṽq(t) = Vq(t) − ωe(t)Ld(Id(t), Iq(t))Id(t). (13.12b)
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Then, considering the values of the inductances in the working point, the
following linear approximation of the decoupled electric dynamics is obtained

İd(t) = −Rs

L̄d
Id(t) +

1

L̄d
Ṽd(t) (13.13a)

İq(t) = −Rs

L̄q
Iq(t) +

1

L̄q
Ṽq(t). (13.13b)

In this way the MIMO system is approximated as a collection of two SISO
independent subsystems, and a PI controller for each subsystem can be
tuned using standard techniques. In particular, the zeros of the two PIs
are selected to cancel the poles of the SISO approximation of the decoupled
system (13.13). Then, the two gains are selected to have a bandwidth of
about 500 rad/s for the two closed-loops. The gains of the PI for the d axis
are KP = 24 and KI = 300, while for the q axis are KP = 4.8 and KI = 300.
The outputs of the two PIs are Ṽd and Ṽq, and the original control variables
Vd and Vq can be retrieved from (13.12). Note that to apply (13.12) the
values of the speed ω and of the inductances Ld(Id, Iq) and Lq(Id, Iq) must
be known.

13.4.2 Current control with classic MPC

As a second baseline controller, a classic MPC for regulation is considered.
The classic MPC considers the same linear discrete time model (13.11) of
the velocity form MPC, and uses a quadratic stage cost that penalizes the
difference of the state and input with respect to their references xref and
uref , that are the equilibrium state and input correspondent to the output
yref . In particular xref = yref and uref = B−1(I2 −A)xref . The optimization
problem of the MPC is the following

min
u·|k

N−1∑
i=0

(∥∥xi|k − xref
∥∥2
Q̃

+
∥∥ui|k − uref

∥∥2
R̃

)
+
∥∥xN |k − xref

∥∥2
S̃

s.t. x0|k = xk

xi+1|k = Axi|k +Bui|k i = 0, ..., N − 1

ui|k ∈ U i = 0, ..., N − 1

where Q̃, R̃ and S̃ are design choice, and in the implementation are set to
Q̃ = 104I2, R̃ = I2, while S̃ is selected as the solution of the discrete time
Riccati equation. The prediction horizon is selected to be the same of the
velocity form MPC, i.e. N = 4. Then, denoting with u⋆0|k, ..., u

⋆
N−1|k the

solution of the optimization, the MPC control law is uk = u⋆0|k. Note that,
as typical for this application, this formulation of MPC does not guarantee
closed-loop stability. The introduction of a terminal inequality constraint
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Figure 13.5: Currents with the velocity form MPC control: reference (blue)
and actual values (orange).

Figure 13.6: Speed with the velocity form MPC control: reference (blue)
and actual value (orange).

to guarantee stability is not straightforward since the MPC references may
change at each sampling instant.

13.4.3 Simulations on the nominal system

In Figures 13.5-13.10 the currents and speed of the closed-loop simulations
with the three controllers are reported. In the current profiles of all the
simulations there are regions where the current references have large os-
cillations, in particular on the d axis. This is due to the interpolation of
the values in the MTPA/MTPV LUT, that in those regions are less dense.
Small oscillations on the current references are also present independently
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Figure 13.7: Currents with the PI and decoupling control: reference (blue)
and actual values (orange).

Figure 13.8: Speed with the PI and decoupling control: reference (blue) and
actual value (orange).

on the working point because of the oscillations on the filtered speed mea-
sure ωm. Both the velocity form MPC and the PI with decoupling are able
to control the motor in a satisfactory way, giving comparable closed-loop
performances. Instead, the classic MPC is not able to correctly follow the
current reference on the q axis, and the tracking error on the current causes
a degradation of the speed profile. This is due to the approximation errors
in the model used by the MPC, that are not compensated by the presence of
an integral action as in the velocity form MPC. Moreover, the simulations
show that the introduction of the artificial reference is a key element for the
implementation of the velocity form MPC with the terminal equality con-
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Figure 13.9: Currents with the classic MPC control: reference (blue) and
actual values (orange).

Figure 13.10: Speed with the classic MPC control: reference (blue) and
actual value (orange).

straint. If the artificial reference is not included, the optimization problem
results infeasible. Note that the velocity form MPC is based on constant
values of Ld and Lq, and does not require the use of the LUT describing
the relation between the currents and the inductances. On the contrary, the
decoupling in the PI control scheme assumes the knowledge of the relation
between the inductances and the currents. If only constant values are used,
as for the MPC, the closed-loop has a strong oscillatory behavior, and the
simulation, reported in Figure 13.11, encounters an error after about 1.4
s. This is an important difference because the derivation of the LUT can
be time consuming since it requires a FEM model of the motor or specific
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Figure 13.11: Currents and speed with PI and decoupling control, using
constant inductance values to compute the decoupling terms: references
(blue) and actual values (orange). The simulation encounters an error after
about 1.4 s.

experiments on the physical machine. Moreover, both FEM and physical
experiments are affected by uncertainties. Hence, in the next subsection,
the performances of the velocity form MPC and of the PI control are tested
in presence of uncertainties in the inductances values.

13.4.4 Simulations in presence of model uncertainties

To test the robustness of the proposed control approaches to errors in the
inductances values, some additional simulations are carried out using per-
turbed versions of the inductances LUT in the motor simulator. Firstly,
some measurements of the inductances have been performed on the physical
motor at different values of Id and Iq, and the measured values Ld,m and
Lq,m have been compared with the nominal values obtained from the FEM
model Ld,n and Lq,n. In this way the following uncertainty ranges have been
derived

0.88 ≤
Ld,m

Ld,n
≤ 1.26, 0.72 ≤ Lq,m

Lq,n
≤ 1.53. (13.14)

Note that since Lq < Ld it is expected that the uncertainty on Lq is in
proportion larger than the uncertainty on Ld. To derive the perturbed
LUTs it was considered that the error on the inductance may be different in
different current regions, but the inductances that correspond to close values
of currents are similar. Hence, some matrices of random coefficients in the
ranges (13.14) with a dimension that is much smaller than the dimension of
the inductances LUT have been extracted. Then, the random matrices have
been linearly interpolated to obtain matrices of the same dimension of the
LUT, to be multiplied element by element with the nominal LUT to obtain
the perturbed LUT. Using this procedure, 7 different sets of perturbed LUT
have been derived. The simulations have been preformed using the nominal
LUT in for the controller, and the perturbed LUT in the motor simulation
model.

The results of the simulation with one of the perturbed LUT are in
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Figure 13.12: Currents with the PI and decoupling control, and the per-
turbed LUT in the simulation model: reference (blue) and actual values
(orange).

Figure 13.13: Speed with the PI and decoupling control, and the perturbed
LUT in the simulation model: reference (blue) and actual value (orange).

Figures 13.12-13.15. The performances with the velocity form MPC are
comparable with the simulation with the nominal model of the motor. This
is expected, because only one value of inductance is used in the MPC algo-
rithm, and the algorithm is already designed to cope with modeling errors.
Instead, in the simulation with the PI, there is a degradation of performances
with respect to the simulation with the nominal model of the motor. In par-
ticular, in some time intervals some undesired oscillations appear on the
speed profile (see Figure 13.13).
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Figure 13.14: Currents with the velocity form MPC, and the perturbed LUT
in the simulation model: reference (blue) and actual values (orange).

Figure 13.15: Speed with the velocity form MPC, and the perturbed LUT
in the simulation model: reference (blue) and actual value (orange).

13.5 Conclusions

In this chapter, the use of velocity form MPC for the control of currents in
SynchRel motors is proposed. The velocity form MPC is designed to guaran-
tee closed-loop stability and zero-error regulation, and consists in a quadratic
programming optimization problem that can be solved in efficient way. The
introduction of an artificial reference in the MPC is fundamental to guaran-
tee feasibility and better performances in presence of the terminal equality
constraint. The velocity form MPC algorithm requires the knowledge of a
single value of inductance for the implementation. This is a significant im-
provement with respect to the standard PI control with decoupling, where
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the use of accurate values of the inductances is fundamental to maintain an
acceptable closed-loop behavior. Moreover, the velocity form MPC shows
better performances in presence of model uncertainties with respect to the
PI and decoupling control, and can explicitly manage the voltage saturation
constraints.
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Conclusions

In this thesis, we studied how to provide theoretical guarantees on stability,
robustness and performances in nonlinear MPC using data-driven models,
with a particular focus on the presence of modeling errors. This was achieved
considering two families of models: RNNs and Koopman operator-based
models.

RNNs were used to model open-loop δISS systems. Since the system
under control was assumed to be δISS, we have considered RNN models
satisfying the same stability property. The δISS property of the model
was exploited in the design of the ingredients of the MPC algorithm. In
particular, we showed how to design observers for this class of systems and
how a δISS-Lyapunov function of the model can be employed to synthesize
stabilizing terminal ingredients for the MPC and constraint tightening for
robust satisfaction of output constraint. In this framework, we have also
shown how it is possible to manage hard constraints on the input variation
and how to prove stability in presence of positive semi-definite stage costs.
On the performance point of view, we showed how to implement offset-
free MPC to achieve zero-error regulation in presence of modeling error
and disturbances, and how to employ an artificial reference to enlarge the
feasibility region of the optimization problem. The MPC algorithms were
designed for different RNN architecture. Along the chapters, we highlighted
that the general design ideas can be applied to all the RNN classes, provided
that the δISS property is guaranteed, and even to δISS systems that are not
described by RNNs. Instead, the specific expression of the MPC ingredients
(such as the terminal cost or the observer structure) have to be adapted
depending on the particular equations of the model.

For Koopman operator-based models, we focused on the problem of con-
vergence of MPC to the desired equilibrium. Our main result is that it
is possible to guarantee asymptotic stability of data-driven MPC provided
that there exist sufficiently tight proportional and uniform error bounds on
the modeling error. Moreover, we showed how these requirement can be
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satisfied using kernel EDMD to approximate the Koopman operator. When
proportional error bounds cannot be guaranteed or when the full descrip-
tion of the reference equilibrium is unknown, an alternative to ensure that
the closed-loop reaches asymptotically the setpoint is the use of offset-free
MPC, that was presented in Chapter 11 using different model classes in the
Koopman framework.

Finally, in the application to the current control of SynchRel motors,
we showed a possible way to implement a stabilizing MPC that guarantees
offset-free tracking in a real world application, obtaining an improvement
of performances with respect to standard control strategies in presence of
uncertainties in the motor model.

The results of this thesis allows to combine powerful learning-based
methods with MPC in a safe way. In particular, the derived theoretical
results take explicitly into account the presence of uncertainties in the data-
driven models. This is an improvement with respect to many results in
the literature, that are often based on heuristics or are derived only in the
nominal case, i.e. assuming that the data-driven model exactly describes
the plant. The theoretical results are validated in simulation on popular
benchmark processes, showing the effectiveness of the proposed approaches.

14.1 Future research directions

The results of this thesis open many possible future research directions and
extensions.

Uncertainty estimation for RNN models The robust MPC algorithms
proposed for RNN models rely on the assumption that the uncertainty is
bounded. However, we did not provide a rigorous method to assess the
uncertainty bounds, that have been estimated from testing data in the sim-
ulation examples. If the bounds are underestimated, there is the risk of
loss of feasibility and of constraint violations, while an overestimation of the
uncertainty leads to a high conservatism of the algorithm. The availability
of bounds on the modeling errors could also allow to extend the stability
analysis carried out in Chapter 12 to RNN models.

Stochastic MPC The boundedness of uncertainty assumed by the robust
MPC algorithms proposed in the thesis is not always easy to guarantee in
a real world setting. Moreover, most of the deterministic approaches to ro-
bust MPC suffer of conservatism, in particular in the nonlinear framework.
A possible method to reduce the conservatism while maintaining (probabilis-
tic) guarantees on the constraint satisfaction is the use of stochastic MPC
algorithms.
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Extension to multi-layer RNN All the RNN-based MPC algorithms
presented in the thesis rely on shallow RNNs, i.e. RNNs composed by a
single layer. However, it has been shown that for complex systems the
use of multi-layer RNNs (also known as deep RNNs) can provide a higher
prediction accuracy. The results of Section 2.4 and of [28, 30] show that
if each layer of a deep RNN is δISS, then the overall model is δISS. This
property could be exploited to design MPC algorithms for deep RNN models
similarly to how it was done in the thesis for shallow RNNs.

Enlargement of the class of systems for RNN-based MPC In the
thesis, we have always considered systems that are open-loop δISS to be
modeled with RNNs. While this choice guarantees a degree of safety, since it
ensures that the state initialization vanishes and that similar input sequences
lead to similar output predictions, it also reduces the class of systems to
which the control algorithms can be applied. Hence, the study of RNN-based
MPC for systems that are not open-loop δISS would expand the applicability
of the methodology to many more systems.

Koopman-based MPC with terminal ingredients In Chapter 12 we
have derived conditions on the modeling error that guarantee asymptotic
stability of data-driven MPC without terminal ingredients. Similar results
can also be obtained for MPC with terminal ingredients, in the presence of
proportional and uniform error bounds and of a properly designed quadrat-
ically upper bounded terminal cost [217].

Other Koopman-based MPC extensions The results in Part III of the
thesis are focused on the stability properties of Koopman-based MPC algo-
rithms, but do not consider the presence of state constraints. The availability
of tight error bounds in error bounds in EDMD models could also allow to
design robust MPC algorithms, see the preliminary results in [217]. More-
over, an interesting open research point is the derivation of error bounds
for kernel EDMD for stochastic systems, see the recent results in [98] for
autonomous stochastic dynamics, that could be applied in the design of
stochastic MPC algorithms. Finally, the use of input/output data for the
derivation of Koopman-based models would broaden the applicability of
Koopman MPC to the wide class of systems with unmeasurable states.

Application to real world systems The proposed data-driven MPC
algorithms have been successfully tested in simulation on different bench-
mark examples. However, the thesis lacks of experiments on real world
applications, that would further confirm the effectiveness of the proposed
approaches.
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[198] Marcus Reble and Frank Allgöwer. “Unconstrained model predictive
control and suboptimality estimates for nonlinear continuous-time
systems”. In: Automatica 48 (2012), 1812–1817.

272



Bibliography

[199] Yi Ming Ren et al. “A tutorial review of neural network modeling
approaches for model predictive control”. In: Computers & Chemical
Engineering 165 (2022), p. 107956.

[200] Max Revay, Ruigang Wang, and Ian R Manchester. “Lipschitz bounded
equilibrium networks”. In: arXiv preprint arXiv:2010.01732 (2020).

[201] Max Revay, Ruigang Wang, and Ian R Manchester. “Recurrent equi-
librium networks: Flexible dynamic models with guaranteed stabil-
ity and robustness”. In: IEEE Transactions on Automatic Control
(2023).

[202] Jose Rodriguez et al. “State of the art of finite control set model
predictive control in power electronics”. In: IEEE Transactions on
Industrial Informatics 9.2 (2012), pp. 1003–1016.

[203] Mario Rosenfelder et al. “Data-driven predictive control of nonholo-
nomic robots based on a bilinear Koopman realization: Data does
not replace geometry”. In: Robotics and Autonomous Systems (2025),
p. 105156.

[204] Bas J. P. Roset et al. “On robustness of constrained discrete-time
systems to state measurement errors”. In: Automatica 44.4 (2008),
pp. 1161–1165.

[205] Clarence W Rowley et al. “Spectral analysis of nonlinear flows”. In:
Journal of fluid mechanics 641 (2009), pp. 115–127.

[206] David E Rumelhart, Geoffrey E Hinton, Ronald J Williams, et al.
Learning internal representations by error propagation. 1985.

[207] Manuel Schaller et al. “Towards reliable data-based optimal and pre-
dictive control using extended DMD”. In: IFAC-PapersOnLine 56.1
(2023), pp. 169–174.

[208] Irene Schimperna, Lea Bold, and Karl Worthmann. “Offset-free Non-
linear MPC with Koopman-based Surrogate Models”. In: IFAC-Papers-
OnLine 59.19 (2025), pp. 466–471.

[209] Irene Schimperna, Giacomo Galuppini, and Lalo Magni. “Recurrent
Neural Network Based MPC for Systems With Input and Incremen-
tal Input Constraints”. In: IEEE Control Systems Letters 8 (2024),
pp. 814–819.

[210] Irene Schimperna and Lalo Magni. “On Incremental Input-to-State
Stability of interconnected discrete-time systems”. In: Automatica
179 (2025), p. 112406.

[211] Irene Schimperna and Lalo Magni. “Recurrent equilibrium network
models for nonlinear model predictive control”. In: IFAC-PapersOnLine
58.18 (2024), pp. 226–231.

273



Bibliography

[212] Irene Schimperna and Lalo Magni. “Robust constrained nonlinear
Model Predictive Control with Gated Recurrent Unit model”. In:
Automatica 161 (2024), p. 111472.

[213] Irene Schimperna and Lalo Magni. “Robust offset-free constrained
Model Predictive Control with Long Short-Term Memory Networks”.
In: IEEE Transactions on Automatic Control 69.12 (2024), pp. 8172–
8187.

[214] Irene Schimperna, Alberto Rubino, and Lalo Magni. “Velocity Form
MPC for Current Control in Synchronous Reluctance Motors”. In:
IEEE Transactions on Control Systems Technology 33.6 (2025), pp. 2463–
2469.

[215] Irene Schimperna, Chiara Toffanin, and Lalo Magni. “On offset-free
Model Predictive Control with Long Short-Term Memory Networks”.
In: IFAC-PapersOnLine 56.1 (2023), pp. 156–161.

[216] Irene Schimperna et al. “Data-driven model predictive control: Asymp-
totic stability despite approximation errors exemplified in the Koop-
man framework”. In: arXiv preprint arXiv:2505.05951 (2025). Sub-
mitted.

[217] Irene Schimperna et al. “Stability of data-driven Koopman MPC with
terminal conditions”. In: arXiv preprint arXiv:2511.21248 (2025).

[218] Philipp Schmitz et al. “On excitation of control-affine systems and
its use for data-driven Koopman approximants”. In: arXiv preprint
arXiv:2511.03734 (2025).

[219] Pierre OM Scokaert, James B Rawlings, and Edward S Meadows.
“Discrete-time stability with perturbations: application to model pre-
dictive control”. In: Automatica 33.3 (1997), pp. 463–470. issn: 0005-
1098.

[220] Katrine Seel et al. “Neural network-based model predictive control
with input-to-state stability”. In: 2021 American Control Conference
(ACC). IEEE. 2021, pp. 3556–3563.

[221] Ilya Shvartsman. “On stability of minimizers in convex program-
ming”. In: Nonlinear Analysis: Theory, Methods & Applications 75.3
(2012), pp. 1563–1571.

[222] Sang Hwan Son, Abhinav Narasingam, and Joseph Sang-Il Kwon.
“Development of offset-free Koopman Lyapunov-based model pre-
dictive control and mathematical analysis for zero steady-state offset
condition considering influence of Lyapunov constraints on equilib-
rium point”. In: Journal of Process Control 118 (2022), pp. 26–36.

[223] Sarah K Spurgeon. “Sliding mode observers: a survey”. In: Interna-
tional journal of systems science 39.8 (2008), pp. 751–764.

274



Bibliography
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