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Introduction

The Standard Model (SM) of particle physics represents one of the most im-
portant breakthroughs in the understanding of the fundamental interactions
of Nature. On general grounds, the SM is a quantum field theory which in-
corporates the Electroweak (EW) theory, proposed by Glashow, Salam and
Weinberg, to describe the electromagnetic and weak interactions among lep-
tons and quarks in a unified way [1, 2, 3], and Quantum Chromodynamics
(QCD), the theory of strong interactions among colored quarks [4, 5, 6]. The
phenomenon of Electroweak Symmetry Breaking (EWSB) is a cornerstone
of the theory |7, 8, 9, 10, 11, 12]. In a nutshell, the EWSB is a mechanism
which allows to generate weak boson masses in a way that preserves the
renormalizability [13, 14, 15] and unitarity [16, 17, 18, 19] of the theory. The
Higgs boson can be thought as a leftover of this mechanism, and its discovery
represented for many years one of the most challenging tests of the SM. Ever
since the SM took its present form in the 1970s, a multitude of experiments
has been performed to test its reliability: from the discovery of the weak
neutral currents by the Gargamelle experiment [20, 21, 22| up to the preci-
sion measurements carried out over the decades at LEP, SLC, Tevatron and
nowadays at LHC, the excellent agreement between SM predictions and ex-
perimental results has established that the SM provides a faithful description
of strong and electroweak interactions, at least up to the accessible energy
scales. Then, with the discovery by ATLAS [23] and CMS [24] collabora-
tions, of a spin-0 neutral boson, whose properties closely resemble those of
the Higgs boson, the last missing piece of the SM puzzle has been eventu-
ally found. The discovery of a particle compatible with the SM Higgs boson
marks the beginning of a new era for high energy physics, where the EWSB
sector can be finally probed by the experiments. After the discovery, many
efforts have been devoted to the study of the Higgs boson properties, such as
mass, spin, parity, and couplings |25, 26, 27, 28|. From the point of view of

1



2 Introduction

Higgs searches at the LHC, a Higgs boson mass of about 125 GeV represents
a very lucky coincidence. In fact, for this mass value, ATLAS and CMS are
able to observe the Higgs boson in several production and decay channels,
some of them allowing for a precise reconstruction of the invariant mass.
Nowadays, the most precise estimate of the Higgs boson mass is provided by
the combined analysis of the data collected by ATLAS and CMS during the
LHC Run-1 [29],

My = 125.09 4 0.21 (stat.) & 0.11 (sys.) GeV.

Regarding the spin-parity properties, the data analyzed by ATLAS and
CMS strongly favor the scalar nature J© = 0% of the observed particle,
rejecting other non-standard hypothesis (JP =0, 1%, Qi) or the possibility
of CP mixtures [30, 31]. Last but not least, the ATLAS and CMS combined
measurements of Higgs boson production and decay rates, as well as the
constraints on its couplings to vector bosons and fermions, are consistent
with the SM predictions [32]. Although the present data are in agreement
with the SM hypothesis, one of the main tasks of the LHC program for the
next years will be the precise determination of the Higgs profile and the
unraveling of the EWSB mechanism. The main production modes, i.e. the
loop induced gluon-gluon fusion, the vector boson fusion, the associate Higgs
production with a W or a Z boson and the associate production with a tf
pair, have to be thoroughly investigated, either in the most accessible decay
channels, as the H — vy, H — 4¢ and H — 202y, or in those channels,
as H — 77 and H — bb, where the unfavorable signal to background ratios
are compensated by larger decay rates. Finally, the measurement of the
Higgs self coupling would allow for the complete determination of the Higgs
potential.

The precise determination of the Higgs properties is of great importance
also for New Physics searches. Since no tantalizing hints of new particles have
emerged so far, it is reasonable to assume that the scale of new physics is too
heavy to be directly probed at the LHC. In this scenario, the best chance
to find evidence of new physics would lie in the discovery of discrepancies
between experimental data and theoretical predictions in SM processes. For
instance, higher-order corrections due to heavy particles would give rise to
anomalous couplings among SM particles, with consequent deviations from
SM predictions at the level of total rates and differential distributions. Con-
cerning the Higgs sector, more accurate measurements of the Higgs couplings
to fermions and gauge bosons will be then mandatory to unveil effects of new
physics, if additional ingredients beyond those of the SM are involved. This
is particularly true in weakly interacting theories such as Supersymmetric



theories (SUSY) in which the quantum effects are expected to be small if
the scale of mass of new particles is sufficiently light. At present, in order
to improve the sensitivity to New Physics, a large increase of the integrated
luminosity at the LHC is the option on which there is a wide consensus in
the community. According to the High Luminosity LHC project (HL-LHC),
an integrated luminosity of 3 ab™" per experiment should be the goal for the
next decade. The prospects for Higgs physics in the HL-LHC project have
been discussed in Refs. [33, 34, 35]|.

My PhD project has been developed in view of the precise theoretical pre-
dictions which are necessary to explore the Higgs sector with continuously
increasing detail. In particular, T have focused my attention on the Higgs
boson decay into four charged leptons. This decay channel plays a particu-
larly relevant role, as it provides the cleanest experimental signature, given
by a peak in the four lepton invariant mass spectrum on top of a flat and
small background. The H — 4¢ decay mode allows to derive a precise mass
measurement in the different combinations of lepton final states, to assess
the spin-parity quantum numbers using sensitive angular distributions and
to perform precision tests of the SM at the level of differential cross sections.

As a first step, the full set of Next-to-Leading Order (NLO) electroweak
corrections to H — ZWZ) — 40, with 4¢ = 4e, 4y, 22 has been cal-
culated. The calculation is publicly available in a new event generator,
Hto4l [36]. A preliminary study on the impact of the gauge-invariant NLO
and higher-order leading-logarithmic (LL) QED corrections to the determi-
nation of the Higgs boson mass in the H — 4¢ decay was performed in
Refs. [37, 38]. The NLO electroweak and QCD corrections to the Higgs de-
cay into four fermions have been calculated in Refs. [39, 40] and are available
in the Monte Carlo (MC) program Prophecy4f [41, 42|, which is used in the
context of Higgs studies at the LHC [25, 26, 27| for the precision calculation
of the branching ratios of the decays H — Z®)Z) /W W) — 4 fermions,
including all the leptonic, semi-leptonic and hadronic channels. Then, as a
sanity check, a tuned comparison of the two codes was performed, finding
an excellent agreement. Once the NLO accuracy was achieved, the NLO
corrections have been matched with a QED PS, in order to simulate mul-
tiphoton emission exclusively, providing final results at NLOPS electroweak
accuracy’. In the treatment of higher-order QED corrections, the present
calculation differs from the one implemented in Prophecy4f, where multi-
photon effects are taken into account in terms of QED collinear Structure
Functions. Once the NLOPS accuracy was achieved, an interesting develop-

INLOPS accuracy is the precision level of a calculation which includes the virtues of a
NLO calculation with the ones of a PS simulation.



4 Introduction

ment of the work has been identified in the inclusion of New Physics (NP)
effects in the H — 4¢ decay width. In particular, an Effective Field Theory
(EFT) framework has been adopted for a model independent parametrization
of NP effects. The main motivation is that, given the absence of any direct or
indirect signal of new physics, it is reasonable to assume that the scale where
new particles would eventually appear is at least in the TeV range and con-
sequently the low energy effects of new physics are well described by an EFT
Lagrangian. Moreover, the particularly clean signature and the non-trivial
kinematics make the H — 4/ an important channel for searching indirect
evidence of new physics. The EFT Lagrangian can be understood as arising
from integrating out the new heavy degrees of freedom, so that the different
terms in the Lagrangian are obtained from a systematic expansion in the
inverse power of the NP scale. Interactions with arbitrary mass dimension
D larger than four are allowed in this framework and the leading order term
in the expansion is the SM Lagrangian with operators up to D = 4.

This dissertation is organized as follows: in Chapter 1 a general introduc-
tion to Electroweak Theory is given. In particular, we illustrate the problem
of building a massive theory for electroweak interactions and we describe the
solution provided by the EWSB mechanism. Since one of the building blocks
of the work is the computation of O (o) EW corrections to the H — 4¢ decay
channel, a sizeable part of the chapter is devoted to the illustration of the on-
shell renormalization scheme. Furthermore, in order to treat the finite width
effects of unstable particles in a consistent way, the complex-mass scheme,
introduced in Ref. [43] and adopted in our calculation, is also described.
Chapter 2 deals with the problem of infrared divergences arising in QED
virtual and real higher-order corrections and their cancellation. The remain-
ing part of the chapter is devoted to the problem of collinear enhancement
in QED. In particular, a general introduction to the collinear factorization
problem in QED is given. Then, the structure function for the electron and
the related Altarelli-Parisi equations are derived. Finally, we describe the
main features of the Parton Shower algorithm in QED, which is one of the
main ingredients of the calculation. Chapter 3 provides a general overview
on the Higgs searches at the LHC: the main Higgs production and decay
mechanisms are reviewed, with a special attention to the state of the art of
theoretical calculations and related numerical tools. Then, the main aspects
of the Higgs particle discovery and the current efforts in the determination
of Higgs boson properties are summarized. In Chapter 4 we detail the calcu-
lation of O (o) EW corrections to the Higgs decay into four charged leptons
and the matching scheme for the consistent inclusion of a Parton Shower on
top of the NLO calculation. The calculation has been implemented in Hto41,
a new Monte Carlo event generator which describes the Higgs boson decay



into four charged leptons up to NLOPS accuracy. In Chapter 5 we show and
discuss the numerical results which have been obtained with Hto4l. First,
we show the comparison of our NLO predictions with the ones obtained with
Prophecy4f. Then, our best predictions at NLOPS accuracy are described.
In particular, since the full calculation can be split in different contributions,
a critical discussion on the impact of higher-order corrections is performed
for some observables of particular interest in experimental analysis. In Chap-
ter 6 we describe the EFT approach that we have adopted for the study of
BSM effects on the Higgs decay into four charged leptons and we show and
discuss some preliminary results. Finally, in the last chapter, we draw our
conclusions.

The main features of the calculation described in Chapter 4 and the
results presented in Chapter 5 have been published in the Journal of High
Energy Physics in 2015 (see Ref. [36]) and will appear in the CERN Yellow
Report 4 [28]. A paper on the BSM effects on the Higgs decay into four
charges leptons, studied in Chapter 6, is in preparation and will be submitted
to a peer-reviewed journal in the next weeks.






Chapter

The Standard Model of Electroweak

Interactions

The SM of particle physics is a quantum field theory which describes in
a unified framework the electromagnetic, weak and strong interactions be-
tween leptons and quarks at the quantum level. It can be thought as the
combination of QCD [4, 5, 6], the theory of strong interactions, and the
Glashow-Salam-Weinberg electroweak (EW) theory [1, 2, 3].

The purpose of this chapter is to provide a short introduction to the EW
sector of the SM. In Sec. 1.1 we introduce a massless Yang-Mills Lagrangian
that is locally invariant under the symmetry group SU (2); ® U (1), of left
isospin and hypercharge and we will show that a naive incorporation of mass
terms for weak gauge bosons and fermions leads to a violation of the gauge
symmetry. On the other side, from the short-range nature of weak inter-
actions it follows that the related gauge bosons have to be massive. In
Sec. 1.2 we introduce the EWSB mechanism [7, 8, 9, 10, 11, 12| as a clever
solution of generating weak boson masses in a gauge invariant way. In par-
ticular, we introduce a gauge invariant Lagrangian for a scalar doublet and
we describe how a non-zero vacuum expectation value for this field breaks
the SU (2), ® U (1), symmetry down to electromagnetic U(1),, gauge in-
variance, leading weak bosons to acquire mass. Of the new four degrees of
freedom, three are absorbed in the longitudinal components of the massive
weak bosons, while the remaining one is a physical field. The spin-0 particle
associated to this field is the Higgs boson. Fermion masses are generated by
coupling fermions to the Higgs field in a gauge invariant way through Yukawa
interaction terms.

We dedicate the remaining sections to the renormalization of the EW
theory, which is necessary for the treatment of the UV divergences arising in

7



8 Chapter 1. The Standard Model of Electroweak interactions

the calculations of higher-order corrections. The formal proof that a Yang-
Mills theory in presence of spontaneous symmetry breaking, such as the SM,
is renormalizable, was given by 't Hooft in Ref. [13]. In Sec. 1.3 we introduce
the problem of gauge-fixing and we introduce the renormalizable 't Hooft-
Feynman gauge according to the Faddeev-Popov procedure [44]. In Sec. 1.4
we describe the on-shell renormalization scheme, proposed in Ref. [45] and
widely used in electroweak precision calculations. Finally, in Sec. 1.5 we
take into account the problems arising when finite width effects are included
in the calculations of scattering amplitudes and we introduce the complex-
mass scheme, which allows to include such effects without running into gauge
dependent results.

1.1 A massless theory of Electroweak interac-
tions

Before starting to deal with the EWSB mechanism, it is worthwhile to give
a hint of the puzzling dilemma the theoretical community was facing in the
mid-sixties. To this end we start with the development of a massless La-
grangian for the electroweak interactions. In this Lagrangian quarks and
leptons are organized in three generations of left-handed and right-handed
chiral fermionic fields f;, p = % (1F5) f. Left-handed fermions are in weak
isodoublets, while right-handed ones are in weak isosinglets

Ve — u
Ll - (6) ) €Rr, = €pR, Ql - (d) ’ UR, = UR, de = dR’
L L

v _ C
L L

U, _ t
ba = <T> Ry =Tg, = <b) ) Upy =tr, dp, = b,
L L

with I} o = £(1/2) and I} = 0. Assuming that the unified theory for
weak and electromagnetic interactions must account for electric charge con-
servation, the hypercharge quantum numbers are derived by the Gell-Mann-
Nishijima formula,

Yy =2(Qs — I3), (1.2)

where the electric charge ()¢ is expressed in terms of the proton charge +e.
From Eq. (1.2) it follows



1.1. A massless theory of Electroweak interactions 9

1 4 2
3’ d 3 ( )

R; 3’ R;

The Lagrangian for free fermionic fields containing only the kinetic terms

Vi, =—1, Y,

€R;

=-2, Yo =

3
,Ck;m = ZZ (EjaLJ + éRjé/?eRj + Qj@@j + ERJ-@URJ- + JRjade) (14)

j=1
is invariant under a global SU (2), ® U (1), transformation
Li — L, = e+ R, — R = PR, (1.5)

where T are the generators of the SU(2) group defined by the commutation
relations
[T%, T =ifeTe. (1.6)

These generators are equivalent to 7¢ = 172 where 7% are the 2x2 Pauli

2
matrices

™= <(1) é) Ty = (? _OZ> Ty = ((1) _01) . (1.7)

In order to obtain an interacting Lagrangian invariant under local symmetry
transformations, namely when « and [ are functions of the spacetime coor-
dinates, we need to incorporate in the Lagrangian as many spin-1 bosonic
fields as the number of the generators of the symmetry group. In other words,
we have to introduce three W fields associated with the SU (2) generators
T* and a B, field associated with the Y generator. The fermionic fields
are minimally coupled to the gauge fields by replacing 0, with the covariant
derivative D, defined as

. . . Y
D, =0, —igT,W, — ZQIEBM- (1.8)

The Lagrangian that we obtain with this substitution is invariant under
SU (2); ® U (1), gauge symmetry group if the local version of the transfor-
mation in Eq. (1.5) is followed by the following transformations of the gauge
fields:
- - 1 -
W, (x) = W, (x) — —0,d(x) —d(x) x W, (x) (1.9a)
92

By (@) = B, (1) = 0,8 (2). (1.9b)
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Finally, we have to include a gauge invariant Lagrangian for the kinetic terms
of the gauge fields. The field-strength tensors for W¢ and B fields can be
derived by the commutator of covariant derivatives, from which the Feyn-
man rules for gauge-bosons self-interactions can be also derived. Since the
covariant derivative has been introduced in order to have

Db — € D b, (1.10)

also the commutator of the covariant derivative must be invariant. For the
EW case it follows that,

) a Y
Dy, D] = —igaW}, — ZQIEBWH (1.11)
where
Wi, = 0, Wg — 0,W;! + goe™ W W, (1.12a)
B, =90,B, —0,B,, (1.12b)

are respectively the W and B field-strength tensors. The pure bosonic part
of the EW Lagrangian can be written as

L = —lW“ WwHe — 1B B" (1.13)

gauge 4 uv 4 214 : ’

The first term of Eq. (1.13) contains trilinear and quartic self interactions of
the W fields which are proportional to the structure constants of the SU (2)
Lie algebra, and thus directly linked to the non-Abelian structure of the
symmetry group.

The theory we have described so far is not suitable to describe short-
ranged weak interactions. A gauge-boson mass term of the form %M‘Q/V#V”
violates local SU (2) ® U (1) gauge invariance. For the sake of clearness we
show the easier case of QED, where a mass term for the photon field would
transform under a U (1)em gauge transformation as

%MjAMA“ — %Mi (AM — éaﬂa) (A“ — é@“a) # %MjAMA”. (1.14)

On the other hand, in spite of the QED case, also mass terms for fermions
lead to gauge invariance violations. In fact, a mass term of the form —my f f
can be rewritten as
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—msff=msf <% (1—1s)+ % (1+ 75)) f=-—my (fRfL + foR) , (1.15)

which is not invariant under isospin transformation.

Now that we have shown why a trivial inclusion of mass terms in the
SM Lagrangian is not an available option, the terms of the problem should
be evident. Is there a chance to include mass terms for weak bosons and
fermions without giving up with gauge invariance?

1.2 The electroweak symmetry breaking in the
Standard Model

Since a massive spin-1 particle can be found in three polarization states, we
need to introduce at least three new degrees of freedom, two for the charged
W= bosons and one for the neutral Z boson, while the photon has to remain
massless. In the Brout-Englert-Higgs (BEH) mechanism of EWSB |7, 8, 9|
four additional degrees of freedom are provided by the complex doublet

s0+
d = <@0>, Yo = +1, (1.16)

which is minimally coupled to the gauge fields through the Lagrangian
Litiggs = (D"®)' (D,®)  V (@), (1.17)

where the potential includes a mass and a self-interaction term:
24 A 1 2
V(@):—ucb@qtz(@ ®)”. (1.18)

Assuming A > 0 (otherwise the potential would not be bounded from below)
and p2 > 0, the potential has a minimum for a non-vanishing energy and the
® field develops a Vacuum Expectation Value (vev),

v? o 2u?
(@) = (0|2 [0)* = 5 = = (1.19)
Since the vacuum has to be electrically neutral in order to preserve the U(1),

QED symmetry, the ground state is

By — (%) , (1.20)
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while small excitations from the ground state can be parametrized by the
formula

1 P9 + 2@1 90+
b =— _ = . 1.21
VQ(U+H_“% -+ H+ix))’ (121
where H is the Higgs field with mass v/2u, while ¢t = \/LE (p2 + 1¢1) and
X = —3 are unphysical Goldstone fields. A generic state for the ® field can

be obtained by a SU (2) transformation of a gauge equivalent state where
only the Higgs field is present:

2 = (4 s 1 i) == (F0) (50 +OH<x)zi>22>

Therefore, since the ¢; can be regarded as parameters of local gauge trans-
formations, they cannot be physical fields, we can adopt the so called unitary
gauge where the would-be Goldstone bosons are not present. In order to see
how weak bosons acquire mass we expand the derivative term in (1.17):

1 1 , 1
75 OuH) 4503 (0 + H)* (W iWiF g (04 H) lgaW,i =1 B,
(1.23)

From Eq. (1.23) we can derive the transformations for the expressions of the
physical Wj, Z, and A, fields as a superposition of the gauge fields W; and
B,,. In fact, identifying the mass terms as those proportional to v?, we define

|Du®’2 =

1

Ivi:—z(wj¢¢wﬁ (1.24)
ZH . Cw Sw WS
(Au) -\ —sw CW) (Bu 7 (1.25)
where
g2

cw = cos Oy = Sw = sin Oy, (1.26)

N

and Oy is the weak mixing angle. The W and Z masses are:

1 1
My, = 5V92 Mz = CRAY 9 + 93, (1.27)

while the photon remains massless as it has to be. Replacing the couplings
in (1.26) with the boson masses we derive the relation:
My,

2 =W 2 =1- - 1.28
Cyy M% ) Sw M% ( )
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while the transformation (1.25) in the gauge Lagrangian (1.13) and the iden-
tification of the electric charge e with the coupling of the photon field A, to
the lepton currents yields:

9192 € €
€= ————s, g =—, go = —. (1.29)

VIi T 92 w sw
We still have to incorporate gauge invariant mass terms for the fermions in
the EW Lagrangian. This can be done by introducing the most general gauge
invariant Lagrangian for the interactions between the Higgs doublet and the

fermion fields. To this end we introduce the charge conjugate of the Higgs
field

b = iryd*, (1.30)

and the Yukawa Lagrangian

3
EYukawa = - Z (f/iGi'jelR,j(I) + Q,’LGZ /R,jq) + leG?]ulR,'L(i) + hC) ) (131)

i=1

where prime denotes interactions eigenstates and h.c. stands for the her-
mitian conjugate of the terms in Eq. (1.31). The Yukawa couplings are
complex 3x3 matrices in generation space. In order to isolate the mass terms
for fermions we express the interaction eigentstates in terms of (unprimed)
mass eigenstates through the relations:

3 3
bpi = Z ULijr; — Yri= Z Ur,ij¥r,;, (1.32)
p= =1

where 1 represents both quark and lepton fields. Then, by picking up the
vev in the Higgs field, we get

3
v

mg; = 5”% ];21 UL,ikale,lj' (133)
For leptons and neutrinos we can set the transformation matrices equal to
the identity. The absence of a term coupling the lepton fields to ® leaves the
neutrino massless, as it must be if neutrino oscillations are neglected. On
the other hand, we have to consider the quark mixing in the charged cur-
rent interactions, parametrised by the Cabibbo-Kobayashi-Maskawa (CKM)
matrix [46, 47|, which can be written as:

P ‘/;Ld Vu9 Vub
U = Ve = [ Ve Vs Vi | - (1.34)
Vie Vis Vi
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It can be easily shown that quark mixing appears only in the charged cur-
rents. Since Vo can be parametrized by three angles and a complex phase
we can say that quark mixing takes into account CP violation effects.

1.3 Gauge fixing and ghost fields

In the previous section we have isolated the mass terms for weak bosons and
fermions from the classical Lagrangian

In principle, from Eq. (1.35) it is possible to derive all the couplings for the
interactions between classical fields. However, in order to derive the expres-
sions for the field propagators we have to define a gauge-fixing procedure.
As anticipated in the previous section, in the unitary gauge the gauge fixing
condition is chosen in order to get rid of the would-be Goldstone bosons. The
explicit expressions for gauge-boson propagators read:

—ig" + ikPk” | ME

k? — M2 '
Although the unitary gauge has the virtue to leave only the physical fields
in the Lagrangian, it is preferable to work in a gauge where the gauge-boson
propagators behave as k=2 for large momenta. For this reason we adopt the
so called R¢ gauge. According to the Faddeev-Popov (FP) procedure [44],
the gauge-fixing condition is chosen in order to remove the mixing terms
V, 0" between gauge bosons and would-be Goldstone bosons which give
rise to non-diagonal propagators. To this end we introduce the gauge-fixing
Lagrangian

A () =

(1.36)

Lrw =3 [(C*) + (07 +2(C7C)]. (1.37)
where the gauge fixing operators C" are
c4 = \/15?5“1%
Cc? = \/1578’”2# —\/EZ My, (1.38)
C* = Lwaﬂwj T iMy /&Y o™

Gl

The mixing terms V,0"¢ in the classical Lagrangian are cancelled by the
mixing terms in Eq. (1.37), while the quadratic terms in the gauge fields lead
to the following expressions for the gauge-boson propagators:
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—1 kP EY
A (k)= —— (¢ - (1-&)) ————— ). 1.39
The transverse parts of the propagators are independent of the gauge parame-
ters, whereas the longitudinal component are gauge dependent and thus have
to disappear in S-matrix elements. Furthermore, the quadratic terms of the
form &Y M2, and £ M2 can be identified as mass terms for the would-be
Goldstone bosons. Then, the Goldstone-boson propagator take the form
1
AV (k) = ——- 1.40

It just remains to consider the Lagrangian for the FP ghost fields,

0C(x) dVE(z)  0C(x) dp(z)

v

_ Ldd s 7% (¢ ub ]
tor == [ duttsar(o) (G iy + 5y ) 0 040

where §6' represents an infinitesimal gauge transformation. The coupling of
the Faddeev-Popov ghost fields u*, u?, u? with gauge fields and would-be
Goldstone bosons can be derived by inserting the gauge-fixing operators in
Eq. (1.41), whereas from the bilinear terms we get the expressions for the
ghost propagators

v 1

A, (k)= e (1.42)
We note that ghost and Goldstone propagators have the same &, dependence
of the corresponding gauge-boson longitudinal components. This is necessary
to remove the unphysical poles in the S-matrix elements. The unitary gauge
can be recovered by taking the limit £, — oo, so that the masses of unphysi-
cal bosons become infinite and the latter decouple from the rest of the theory.
In this work we adopt the 't Hooft-Feynman gauge, corresponding to

&y =1, so that the longitudinal components of weak bosons are absent and
the propagators of unphysical particles have the same poles of the corre-
sponding gauge bosons.

1.4 Renormalization

Eventually, after the inclusion of gauge fixing through the Faddeev-Popov
procedure the complete renormalizable Lagrangian for the electroweak inter-
actions reads

Lsnr :£c+£fix—|—ﬁpp, (1.43)
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whence the Feynman rules can be derived and measurable quantities for a
given process can be in principle calculated at any order of the perturbative
expansion (in this work we use the Feynman rules summarized in Appendix
A of Ref. [48]). In order to produce theoretical predictions we need as many
experimental inputs as the free parameters of the Lagrangian. For the EW
theory they can be chosen as the electromagnetic coupling constant, the mass
of the particles and the CKM matrix elements,

€, MW7 MZ7 MH7 mpg, VCK]W~ (144)

All the other parameters can be derived from this set. For instance, the
value of the weak mixing angle is fixed through the relation in Eq. (1.28).
The calculation of next-to-leading order (NLO) corrections to a generic pro-
cess proceeds through the evaluation of the virtual diagrams where a closed
loop has to be connected to each vertex, internal and external lines. The
corresponding integral over the unconstrained loop momentum ¢ may not be
finite in the high momentum region and the ultraviolet (UV) divergences,
which may arise, would forbid any physical interpretation of the (bare) pa-
rameters appearing in Eq. (1.43). However, if a theory is renormalizable all
UV divergences drop out in the relations that express physical observables in
terms of measurable quantities'. The proof that a non-abelian gauge theory
in presence of spontaneous symmetry breaking, and thus the SM, is renor-
malizable was given by 't Hooft in Ref. [14]. On general grounds, in the
counterterm approach the fields and the parameters are split into a finite,
renormalized part and a divergent counterterm, so that the bare Lagrangian
can be written as

Lo=L+ Lor. (1.45)

The renormalized Lagrangian £ has the same form of £, with bare parame-
ters and fields replaced by renormalized ones, while from Lo we can derive
the Feynman rules for the counterterms which have to be taken into account
in the calculation of higher-order corrections.

The counterterms and the renormalized parameters are fixed through ap-
propriate renormalization conditions, and the values of renormalized quanti-
ties are determined through experimental inputs. Throughout this work we
adopt the on-shell renormalization scheme, developed by Ross and Tayor [45]
and widely used in electroweak higher-order calculations. In this section we
summarize the renormalization procedure outlined in Ref. [48], to which the
reader can refer for further details. In this scheme the set of independent

!In the evaluation of one-loop integrals infrared divergences (IR) may also arise. The
problem of IR divergences and the relative cancellations will be investigated thoroughly
in the next chapter.
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parameters is the one listed in (1.44). The bare parameters are split into
renormalized parameters and counterterms

eo=(1+02.)e, (
Mo = My + 6 My, (
Mz, = M3+ M3, (1.46¢
Mo = Mj; + 0Mp, (
Myi0 = Myf;+ 0my,, (
V;j,() = Vz‘j + 5‘/;j, (1.46f

where the subscript ‘0’ denotes the bare parameters. In addition we fix the
condition that the renormalized vev is the physical one, ¢.e. it is given by
the minimum of the Higgs potential. This condition is equivalent to the
condition on the renormalized tadpole

t=to+ 0t =0, (1.47)

where ¢ = v? (u? — 20?). With this condition tadpole contributions have not
to be considered in practical calculations.
Finally, although the counterterms introduced so far are sufficient to guar-

antee finite S-matrix elements we introduce the renormalization for the SM
fields

Wi =\ ZyW* = (1 + %5ZW> W, (1.48a)
(o) - (2 v72) () - (il 292, (),

Ap iz ZLaa A %5ZAZ 1+%5ZAA A
(1.48b)
1
Hy=+/ZyH = (1 + §6ZH) H, (1.48¢)
1
fho=n2l 1 = (@-j + 552;3@) 1 (1.48)

Ty 1
z},%() - ZZ-J;RfJR - <5” —|— 5621];’}%) jR, (1486)

which are necessary to render all the Green functions finite.

1.4.1 The on-shell renormalization conditions

The on-shell scheme gets its name by the fact that the renormalization condi-
tions are formulated for external fields on their mass shell. All the parameters
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have a direct physical interpretation and can be measured with great preci-
sion in suitable experiments. Since for our purposes we can safely neglect
quark mixing effects, in the following we will always assume Vogpy = 1.
Then, besides the renormalization of the vev which has been introduced in
the previous section, we have to define the renormalization conditions for the
particle masses, the fields and the electric charge.

The renormalized masses of SM particles are required to be equal to the
physical ones. This amounts to say that they are equal to the real part of
the poles of the corresponding propagators, or equivalently, to the zeros of
the renormalized one-particle irreducible two-point functions, projected on
physical states

Rel)) (k)" (k) e 0, VV=WW,Z2Z AA (1.49a)
Re D7 (k)e” (k) s 0 (1.49b)
Re D7 (k)e” (k) o, =0 (1.49¢)
Re ' (k) e 0, (1.49d)

Re I (p) uy (p) o =0, (1.49¢)

where the symbol (") denotes renormalized quantities and it is understood
that M4 = 0. The expressions for the mass counterterms can be greatly
simplified by a suitable choice of the renormalization conditions for the SM
fields. These are fixed by imposing that on-shell particles do not mix with
each other. The further condition that the propagator of a given particle has
residue 1 at the pole mass leads to the following expressions:

: 1 V'V v .
k211>r1134‘2/ ml—-{e L, (k)e" (k)= —ie,(k), V=WAZ  (150a)

. 1 - ,
. +my A .
i, B0 R PIT () up (p) = iy (). (1.500)

2 2 m2 _
p—)mfp mf

In the 't Hooft-Feynman gauge the one-particle irreducible two-point func-
tions are defined as follows
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VY (k) = —igu (K — M) """
—i (o = B ) B (00) - Y (),

I (k) =i (K — M%) +i2" (k?), (1.51b)

(1.51a)

+1 [pw_ié () + pws % (p%) + (myw_ + mywy ) L (pz)] :
(1.51¢)

where we have introduced the shorthand notation wy = 3 (1++5). The
renormalization conditions in Egs. (1.49- 1.50) are thus equivalent to the
following conditions on the renormalized self energies in the bosonic sector:

- oSV (k?
Re SYW (M3,) =0, Re TaT() =0, (1.52a)
k2=MZ,
. W27 (]2
Re ¥77 (M3) =0, Re aTa—kz(k) =0, (1.52Db)
kQ:Mg
R i]AA L2
Re ¥4 (0) = 0, Re aTa—k?() =0, (1.52c)
k2=0
Re 4% (M2) = 0, (1.52d)
Re 347 (0) = 0, (1.52€)
A S (k2
Re X7 (M7) =0, Re 85—];) = 0. (1.52f)
k2=M3
(1.52g)

We remark that from the contraction with the polarization vectors €” only
the transverse parts of X1 enter the renormalization conditions. For fermions
we get
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msRe %] (m?) + myRe ] (m?) =0, (1.53a)
mgRe X% (m}) + myRe 2L (m}) =0, (1.53b)
2m5 (%2 (Re >/ (p*) + Re A (p*) + 2Re A (p2)> = 0. (1.53c)

The explicit form for the counterterms can be derived by substituting the
renormalized self energies with their expressions written in terms of the un-
renormalized ones and the counterterms, which read

SV (k) = SWW (k%) + (k2 — M2)) 6 Zw — OME, (1.54a)
S7 (1) = 277 (k) + (K* — M3) 6222 — 6M3, (1.54D)
247 (k) = 547 (K?) + %kZ(SZAZ + % (K — M2) 6Zza, (1.54c)
S (k%) = SpA (k%) + k26 Zaa, (1.54d)
SH (k) = 27 (K?) + (K — M%) 6Zy — M}, (1.54e)
> (p%) == (v%) + 629, o=L,R, (1.54f)
SL(p?) ==f (0*) — o0z —ozf - % (1.54g)

The explicit expressions for the unrenormalized self energies can be found in
Appendix B of Ref. [48]. Inserting these expressions in the renormalization
conditions we finally get
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SMy, = ReS (My)), (1.55a)
SMy = Rex7? (M3), (1.55b)
M} =ReX (MF), (1.55¢)
WW (1.2
57w = —Re L) , (1.55d)
Ok*  leoasz,
YA 2
6777 = —Re ol U : (1.55¢)
L PR
EAZ (M2)
6747 = —2Re TT%Z (1.55f)
ZAZ (0)
§Zz4 = 2L 1.
ZA M% ) ( 55g)
82AA (k;Q)
6744 = —Re —L "~ 1.55h
AA € 8]{72 - ) ( )
H 2
57y = —Re 22 F) (1.554)
LN Py
m .
omy = "LRe (£f (m2) + £, (m3) + 255 (m3)) (1.55)
0
07§ = —Re Sk (m}) —mizgRe [V () + 2 () + 255 0)] .
my
(1.55k)
SZF = “ReSE (m2) — m2-0 Re [ (52) + 3 (p?) + 25 (1?
7 = —ReXf (m}) "rop e 1 () + 3% (9°) + 255 (1°) Pem?
—f
(1.551)

We still have to renormalize the electric charge e. In the on-shell scheme e is
defined as the coupling of the full on-shell e™e™~ vertex in the Thomson limit,
i.e. for vanishing momentum transfer of the photon. This renormalization
condition can be expressed in terms of the one-particle irreducible vertex
function fff'y as follows:

a(p) il (k= 0,p,p) u(p) = ieu(p) Y (p) (1.56)

p?=m2

From this expression the counterterm 0Z, can be determined (see Ref. [48]
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for details). The final results is

Zo = ——0744 — ——0Z 74 = 11 L Sl N 1.
0Ze 50%a 2cW5 2479 (0) cw M (1.57)
where »
E 2
44 (k%) = 9%z~ (K) (1.58)

Ok?

is the photon vacuum polarization. We conclude this section with the intro-
duction of the counterterms for the weak mixing angle

Swo = Sw + (SSW Cw,o = Cw -+ (SCW (159)

which are rather convenient in higher-order computations because of their
direct relation with the counterterms of the gauge-boson masses

bew _ sty dsw _ 1, (EJWW (ME) 7 <M§>) | (160)

cw i oswo 2 M, M2

1.4.2 The ag,-scheme

In the previous section we have shown that in the on-shell scheme the renor-
malized parameters are equal to the physical ones to all orders in perturbation
theory. The latter have to be extracted by experimental data. In particu-
lar, the electric charge is fixed in the Thomson limit, namely for vanishing
photon transferred momentum. This specific condition defines the so called
a(0) scheme (a = e/4r is the fine structure constant). The counterterm of
the electric charge introduces universal logarithmic corrections o log (mfc / s)
in the S-matrix calculations (s is a generic scale characterizing the process).
These contributions arise from hadronic contributions to photon vacuum po-
larization. The sensitivity to light-quark masses of the hadronic contribution
to the photon vacuum polarization represents a serious conceptual problem.
In fact, although in the SM Lagrangian quarks are treated as free particles,
the non-perturbative nature of QCD at low energy confines them in colour-
less bound states and therefore no straightforward definition for free quarks
masses is available. In this section we present an alternative definition of
the electromagnetic coupling that allows to bypass the definition of quark
masses in the calculation of higher-order corrections, as far as one considers
processes without external photons (in the case of external photons the log-
arithms of fermion masses appearing in 0Z, are canceled by the photon wave
function renormalization).
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In the “G,-scheme” the electromagnetic coupling constant is derived from
the muon lifetime. Adopting the Fermi theory and including the O (o) QED
corrections the following expression has been derived in Refs. [49, 50]:

1 Gm, m? a (25
— =P B8 ) |1+—(==7%)]. 1.61
T 192773( mg){ +27r(4 ”)] (1.61)

This equation is used as definition of the Fermi constant G,. The muon
lifetime 7, can be calculated also in the full SM. In particular, the result of
the NLO calculation in the on-shell scheme reads

5s%,  6MZ SWW (0
GH:%{ML&Z@— ST R s 2<)+5}
Vasiy Mg, swo My My (1.62)
ﬁs%VM%, '

Ar includes W boson self-energy, vertex and box contributions (collectively
represented by 0) and counterterms, while the QED corrections included in
Eq (1.61) have been subtracted. After having inserted the explicit expressions
of the counterterms and after having performed the calculation of one-loop
contributions we get

S7 7 (0) — Re Xy (M7

Ar = T144(0) +
M,
52 M?2 M2 '
w 4 1%
cew 220 o 7 — 4s? M?2
+2— ]7\“4(2)+4 2(6 22W10gMV2V .
w Mz TSw Sw z

From the presence of gauge-boson self-energies it follows that Ar depends on
all the EW parameters. In particular, we can isolate the leading O(«) cor-
rections due to the presence of light quarks circulating in the W and Z boson
self-energy diagrams. In the limit m, < Mg, valid for ¢ = u,d, s,c,b we
can calculate the contribution of light fermion doublets, getting the following
expression:

Q M: 5 ch, — s?
Arpy = 3 Z [Qf <logm—§ - §> - wlogc%v] . (1.64)
f=ud w

The first term arises from the renormalization of the electromagnetic coupling
and becomes large for light-fermion doublets, accounting for the running of
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the electromagnetic coupling from the light-fermion mass scale (¢ — 0) to
the electroweak scale (¢* — M%). Therefore the first term in Eq. (1.64) can
be related to the UV finite quantity

Aa (M) = 11*4(0) — Re 1™ (M3) (1.65)

We still have to consider the effects of the third quark generation in the
self energies. In this case the dominant correction originates from the large
mass difference between b and ¢t quarks. It can be shown that in presence
of doublet with a light quark and a heavy one, the only term in Eq. (1.63)
which gives rise to enhanced corrections is:

EZZ M2 EWW M2
Re ( T (2 Z) _ T (2 W)) , (166)
M7 My,
which is related to the higher-order corrections to the p parameter
Mg,
= _ 1.67

The p parameter is exactly one at tree-level according to the weak mixing
angle definition in the on-shell scheme. From this relation it follows that
higher-order corrections to the p parameter originate from the renormaliza-
tion of ¢f,. It can be demonstrated that the contribution of the top-bottom
doublet is

c? 3am? c?
Arpp=—d——Ft = WA 1.68
T F 3 VMR (1.68)
Eventually we can write Ar as follows:
2
Ar = Ao (MZ) — (;TWA,) + Aty (1.69)

w

where Ar,.,, includes the remaining higher-order corrections that we have
not considered explicitly. Ar contains all high-order corrections to the muon
decay excluding the QED corrections in the Fermi model, which are absorbed
in the definition of G,,. Then we can replace the definition of «(0) with the
one derived from Eq. (1.62)

2 M2 2
ag, = V2GuMiysiy a(0)(1+ Ar), (1.70)

™

while the counterterm of the electric charge has to be modified as follows:

1
0Ze = 6Z. — SAr = 675, (1.71)
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in order to avoid double counting. In this way the quantity Aa (M) that
contains the hadronic contribution to the photon vacuum polarization is ab-
sorbed in the definition of ag, and the dependence on the light quark masses
is removed for all processes which do not involve external photons. Through-
out this work we adopt the ag, scheme if not stated otherwise.

1.5 Unstable particles and complex-mass scheme

In the discussion we have developed so far we have never mentioned that
many of the SM particles, as W and Z bosons, the Higgs boson and the top
quark, have a short lifetime 7 and decay into other particles. In this section
we briefly illustrate the issues related to the introduction of finite width effects
in the calculations of S-matrix elements involving unstable particles and we
introduce the complex mass-scheme |43, 51, 52|, which has been used in the
calculations presented in this work. If massive gauge bosons are treated
as stable particles, the poles of the related propagators 1/ (p? — M?) give
rise to divergences in S-matrix elements for processes involving gauge bosons
as intermediate states. These divergences can be avoided by considering
gauge bosons as unstable particles and, consequently, by introducing the
finite widths in the propagators. From a perturbative point of view, particle
widths arise naturally from the the Dyson resummation formula

AVY (p?) = { i { <i¥ (pZ))%-f—-”:

M2 Z (p _ M2)> - (1.72)

from which it follows that the width is related to the imaginary part of the
gauge-boson self energy

V(2
re () = 22 (L7
It should be then evident that the width of a particle represents a higher-order
effect and its inclusion in a fixed-order calculation entails a mixing between
different perturbative orders. In particular, as pointed out in Ref. [53|, the
two most adopted schemes at LEP, the fixed-width scheme and the running-
width scheme both violate gauge invariance. Different prescriptions have
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been developed to overcome this issue and an overview on the possible solu-
tions can be found in Ref. [54]. We just mention the pole expansion scheme,
which had been widely used in the past for the calculation of radiative cor-
rections in processes involving resonances [55, 56]. Whilst it provides gauge
invariant results, the pole expansion can be used only in resonance regions.
This scheme can be improved adopting an effective field theory approach
in the threshold regions [57, 58|. In this work we adopt the complex-mass
scheme, first introduced in Ref. [59] for lowest-order calculations and then
generalized to one-loop calculations [43, 51, 52|. In this scheme the W and Z
boson masses are promoted to be complex quantities, defined by the location
of the poles of the related propagators

piy = My, — ilyw My, py = Mz — il z My, (1.74)
where the bars are used to distinguish pole masses and widths from the on-
shell definitions. We remark, as pointed out in Ref. [60, 61|, that the pole
location is a S-matrix property, and consequently, it is a gauge invariant
quantity. Since the weak boson masses and widths quoted on the Review
of Particle Physics by the Particla Data Group [62] have been extracted at
LEP adopting the on-shell scheme, the conversion formulae from LEP values
to the pole-values (see Ref. [63]) read

B N/LEP B ['LEP
My = v , Ty = 4 : (1.75)
G -G
M\BEP A{‘L/EP

From a formal point of view, the complex-mass scheme consists in an ana-
lytic continuation of the masses in the complex plane. Ward identities and
Slavnon-Taylor identities, being algebraic relations, are still satisfied. Conse-
quently, matrix element gauge invariance and unitarity hold order by order in
perturbation theory. Let us stress that in order to preserve the gauge invari-
ance of S-matrix elements, the complex masses have to be used everywhere
in the Feynman rules. For instance, according to the relation
2
cos® Oy = 1 —sin? Oy = M—V;, (1.76)
Hz
the weak mixing angle becomes a complex quantity. In the one-loop gener-
alization, proposed in Ref. [43], the complex masses are introduced at the
Lagrangian level by splitting the real bare masses into complex renormalized
masses and complex counterterms. Although we limit the discussion to weak
gauge bosons, the complex-mass scheme applies to all unstable particles as
top quark and Higgs boson. The on-shell renormalization conditions have to
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be consistently generalized. Therefore, in addition to the counterterms for
W and Z boson masses

My = piy + Spsiy, (1.77a)
M3 = iy +op%, (1.77b)

we perform the renormalization of the fields. The analogous splitting of the
bare fields introduced in (1.48) reads

W = (1 * %&W) W, (1.78a)
ZO — 1+ %5ZZZ %5ZZA 7
<A0) B < %52,42 1+ %5ZAA Al (1.78b)

We note that renormalization constants and renormalized fields are complex.
This means that the renormalized Lagrangian is not hermitian, while the
total Lagrangian of course is. If we replace the masses and the counterterms
in Eqgs. (1.54a-1.54d) with their complex counterparts we can rewrite the
expressions for the renormalized self-energies as follows:

SWW(K2) = S (K2) + (K — 1) 62w — 01y,
ST () = 277 (k) + (K — 113) 6222 — iy,

S (k) = 247 (K%) + %kZ(SZAZ + % (K = 1i%) 0224,
DAA (K2) = 22 (k) + k20244,

Following the procedure outlined in Sec. 1.4, the renormalization conditions
can be expressed in terms of renormalized self-energies as follows:

~ aXAJWW k2
S (k) =0, TaT() =0, (1.80a)
k:2:,u€V

. 85]22 k2

S22 (1) =0, % =0, (1.80b)
k2=p?

O3 (k)

o » =0, (1.80c)

47 (1) =0, (1.80d)

3:42.(0) = 0. (1.80e)
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The conditions on X" and %7 fix the mass counterterms in such a way
that the renormalized boson masses are equal to the location of the poles of
the related propagators. The remaining conditions fix the counterterm for
the fields. We remark that, unlike the on-shell conditions, in the complex-
mass scheme the renormalization conditions are not limited to the real part
of the self-energies.

The solutions of the renormalization conditions in Eqs. (1.80), expressed
in terms of unrenormalized self-energies are

OXIW (|2
kQZ/L‘Q/V
azZZ k2
ouzy =377 (1z) 0247 = — % . (1.81b)
kQ:MQZ
oxAA (k2
6240 = — % R (1.81c)
k?=0
QEAZ 2
6Zaz = —%’LZ), (1.81d)
A
QEAZ
0274 = 2—2(0) (1.81e)
Z

In order to avoid the mathematical difficulties relative to the analytic con-
tinuation of the two-point functions entering the self-energies in Eqs. (1.81),
we can adopt an approximate treatment where self-energies on the complex
pole in the momentum transfer k? are expressed as an expansion around real
arguments,

S (42,) = SV (M2) + (i — MB)SPY (M2) + 0 (o), (182a)
)

A7 (1) = 947 (M2) + (1 — M2) S7% (M2) + O (o) | (1.82b)
i AZ (2 i AZ L AZ 2\ L AZ 2
QZZT (MZ) = MQZ ¥77(0) + M% X7 (MZ) M% Y77 (0)+0 (04 ) )

(1.82¢)

where the prime denotes differentiation with respect to the argument. The
O (a?) and O (a?) contributions result from the products of self-energies LY.V
and terms of the form (u} = M), which are of O («) and are UV-finite at
one-loop level. It is important to remark that the expansion described above
must preserve the one-loop accuracy. It has been noted in Ref. [52] that
the self-energy diagram with a virtual photon emitted and absorbed by a W
boson leads to a contribution with a branch cut in S¥W (42,) which breaks
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the validity of the expansion. In order to restore the one-loop accuracy
Eq. (1.82a) has to be modified as follows:

7 (k) =7 (MR) + (uiy — M) 277 (M) + ¢ +0 (o),
(1.83)
with the constant

iXe’ «
Y = —MyTw = — (M, — i) - (1.84)

By inserting the approximate expansions of the self-energies in the expres-
sions of the renormalization counterterms, we obtain the following results:

Supy = S (M) + (ufy — M) SV (M) + &, (1.85a)
oy = S22 (M3) + (u3 — M3) 7% (M), (1.85b)
ZWW k?2
§Zy = — # : (1.85c¢)
ok =02,
EZZ k2
6277 = — OxT 2( ) : (1.85d)
Ok* ooz
QEAZ
6274 = T—Qm) (1.85¢)
A
ZEAZ (Mz> ,u2
§Zaz = — TM% ( MZ% - 1) §Za. (1.85f)
(1.85g)

Then, by replacing the counterterms in (1.79) with their explicit expressions
we finally get

S (k2) = S (k2) + (K2 — M3) 0Zw — M3, — &Y, (1.86a)
SE(K?) = 577 (k) + (K* — M3) 5ZZZ — 6M3, (1.86b)
S (K?) = 247 (k%) + 1k25ZAZ + = (k2 M3)0Zza. (1.86¢)

2
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and the renormalization constants turn out to be

My, =SV (MG, (1.87a)
My =77 (M3), (1.87b)
EWW
§ 2w = 9 822 : (1.87c)
k2=M2,
)N
627 = ———L : (1.87d)
Ok k2=M2
ZAZ (MZ)
624y = 2L 27 (1.87e)
M3
EAZ (O)
824 =2-L (1.87f)
M3

All in all, the expressions for the counterterms in Eqs. (1.87) have the same
form of the corresponding ones in the on-shell scheme, without taking the real
part of the renormalized self-energies. In case of the charged particles, extra
constants must be added to preserve the one-loop accuracy of the result.

Owing to the definition in (1.76), the renormalization of the complex

angle reads
osw Gy dew  cy (5u%,v 5#22)

Sy stocw  2s% \ ud, u
Finally, the electric charge is fixed, in complex-mass scheme, through the
condition

(1.88)

de 1 0 (K?) sy ¥4Z(0)
—= - . (1.89)
2 0k? |, w1

Therefore, also the charge renormalization constant and the renormalized
charge become complex. Since the imaginary part of the bare charge vanishes,
the imaginary part of the charge renormalization constant is directly fixed by
the imaginary part of self-energies. In one-loop calculations, the imaginary
part of the renormalized charge drops out in the corrections to the absolute
square of the matrix element, because the charge factorizes from the lowest-
order matrix element. Starting from the two-loop level, the imaginary part
has to be taken into account.

In conclusion, the complex-mass scheme represents a consistent scheme
for the inclusion of finite widths effects in the calculation of cross sections
and decay widths. Gauge invariance and unitarity are preserved order by
order in the perturbative expansion. Furthermore, it is rather easy to be im-
plemented in the calculations and it is applicable in the full phase space, not
being restricted to the resonant regions. For this reason, in the calculations
presented in this work, the complex-mass scheme has been adopted.




Chapter

Infrared divergences and the Parton
Shower algorithm

In the previous chapter we have introduced the problem of UV divergences in
the calculation of radiative corrections to a generic EW process. In particular,
we have seen that UV singularities originate from infinite loop momenta and
are removed by a renormalization procedure. This chapter deals with another
kind of divergences, arising in the calculation of higher-order corrections
when massless particles are involved. In Sec. 2.1 the problem of infrared
(IR) singularities in QED, occurring when the energy of a virtual photon
goes to zero in the loop, is introduced. In a general framework, 7.e. without
the need to specify the underlying leading order process, we will show that
the calculation of real corrections develops the same IR divergences when
the energy of the emitted photon goes to zero. We will demonstrate that IR
divergences cancel in the sum of virtual and real corrections. We will also
show that photon emission is particularly enhanced in the collinear region,
namely close to the direction of the emitting particle. The large corrections
coming from collinear photons can be summed to all orders in a process
independent way. To this end the collinear factorization is introduced in
Sec. 2.2. In Sec. 2.3 the QED Altarelli-Parisi (AP) equations are derived.
Finally in Sec. 2.4 we introduce the Parton Shower (PS) algorithm, which
provides an exact numerical solution of the Altarelli-Parisi equation in QED
and allows for a detailed description of multiphoton final states.

31
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2.1 Infrared singularities in QED

In the introduction we have anticipated that IR divergences occurring in vir-
tual and real higher-order corrections cancel out in physical observables. In
this section we will show how IR singularities arise in real and virtual cor-
rections for the QED case. The results can be easily generalized to QCD.
We derive the main results of the general treatment of IR singularities given
by Yennie, Frautschi and Suura [64], following the discussion developed in
Refs. [63, 65] avoiding technical details and highlighting the cancellation be-
tween real and virtual divergent contributions.

Let us start by considering a process involving ¢ initial and f final state
particles that in principle can be of any type. In order to isolate an outgoing
fermion labeled by the index [, the matrix element M/ can be written,
without any loss of generality, as

M7 (p,p) = (p) Alp, p). (2.1)

If we consider the case where the fermion [ emits a photon with momentum
k and Lorentz index pu, the matrix element becomes

MTI = M (ke pryp)e* (k. 1) (2:2)

where e (k, h) is the polarization vector of the emitted photon with momen-
tum k and helicity h, while the remaining part of the amplitude is collected
in ./\/lfff 7, whose explicit expression reads

i(pl—i-%—i-m)

(p1 —|-]€)2 —m? + e

M (K, pryp) = (pr) [—ieQy) Alpi + k,p). (2.3)

In the soft-photon approximation, obtained by taking the limit & — 0,
Eq. (2.3) becomes

26@]71,“
2p; - ke

2€Qpl,u

i—f
ookt i (P, p), (2:4)

Mﬁt_}f’y(kvplap) ~ El(p) A(plap) =

where we have made use of the relation
w (pr) Vu <}’§l + m) =u(p) [2191,“ - (.’fél - m> ’Vu} = (p1) 2P (2.5)
From Eq. (2.3) it appears that the amplitude is divergent in the infrared limit.

The factorization formula for photon emission from an incoming fermion
differs from Eq. (2.3) only for a (—) sign and holds also when the fermion is
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replaced with another particle, e.g. a W boson. Summing over all external
particles we obtain the amplitude for the emission of an additional soft photon
in the ¢ — f process,

it+f

: : 2eQupy
Mk, p) ~ M ok 2.6
(ki p) (p) 12:1 T (2.6)
where 7, = +1 (1, = —1) for an outgoing (incoming) particle. This expression

can be further generalized for the emission of n soft photons. The final result
reads

n it+f
o . 2eQq pi
Mz—>f,"/1 Tn ,k ~U MZ%f —Mim . 27
W1 (p ) (p) H {lzl 27npl . ]{jm + ZE} ( )

m=1
The last equation is the starting point for the calculation of virtual and real
corrections in soft-photon approximation.

The virtual amplitude can be derived by taking, for an even number of
photons, the diagrams contributing to Eq. (2.7) and joining two photon lines
in all possible ways. Then, according to Feynman rules, for each virtual pho-
ton we must multiply the amplitude by a photon propagator —ig,,,/ (k* + ie).
Finally, we have to perform the loop integrals, which correspond to the inte-
gration over the photon momenta k. The formula for the virtual amplitude
is

M’mp):%(%Zez@l@mmpl,pm)) M), (28
) Il,m

where J,n (p1, Pm) is the loop integral

Tim (Pr:pm) = —1 274 (k2 + ie) (2mpik + i€) (—2nmpmk + i€)

The overall factor 1/n! in Eq. (2.8) is required in order to get rid of the
equivalent terms obtained by a permutation of the integrals J (e.g. J12J34 =
J34J12), while the factor 1/2 within the brackets cancels the equivalent terms
with the end point of the photon lines exchanged (e.g J12 = Jo1). Eq. (2.8)
takes into account also the case where the photon is emitted and reabsorbed
by the same particle. These terms originate from wave-function renormal-
ization of external particles, entering the calculation of a given S-matrix
element through the LSZ reduction formula and, according to the adopted
renormalization scheme, through the counterterms of the external fields.
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The integral in Eq. (2.9) is divergent in both UV and IR regime. The IR
singularities can be regularized introducing an unphysical lower energy cutoff
kmin in the integrals. We introduce also an upper cutoff k,,,, which can be
arbitrarily chosen. The integral can be evaluated with standard techniques
(see Ref. [63]) and the final result, for the case [ # m, is

1 1—
_ MiMm |:_1 5lm:| 1 kmax

fe Zfr]ﬁ (pljpm) B 82 Blm o8 I+ Blm 0 kmin’ (210)
where we have taken just the real part of the integral because the IR divergent
imaginary part drops out by squaring the matrix element and therefore is
irrelevant. The integral depends on the external momenta through f3;,,, which
is the relative velocity of the particles [ and m in the rest frame of the Im
system

mim2,
(pl ’ pm)2 '
The TR part of the loop integral for [ = m can be derived from Eq. (2.10) by
putting 7;m,,, = 1 and taking the limit ;,, — 0. It follows that

1 k‘mam
Ji = 32 log

Bim = 4|1 — (2.11)

2.12
We remark that while the IR singularities arise in Eqgs. (2.10) and (2.12) by
taking the limit k,,;, — 0, the expression in Eq. (2.10) is divergent also in
the limit f;,,, — 1, which corresponds to m; = m,, = 0. Therefore, although

log (i) becomes large for high energies (F > m) the fermion masses

1+Bl’m
prevent this logarithmic term to diverge.

In order to remove the IR singularities arising in the calculation of the
virtual corrections we have to consider the emission of n additional photons
in the ¢ — f process. Since there is no possibility to detect a photon with
vanishing energy, a process with a fixed number of final state particles is
experimentally indistinguishable from the corresponding one where a generic
number of additional soft photons are emitted. For this reason the calcula-
tion of the cross section for a given process beyond leading order must include
real contributions due to the emission of an arbitrary number of unresolved
photons. In the soft-photon approximation the S-matrix element can be de-
rived by contracting the Lorentz indexes p; - - - i, in Eq. (2.7) with n photon
polarization vectors, leading to

n H‘f L *
MiZEm (p k) = M (p) ] {Z e LY, } (2.13)

=1 mpr km

m=1



2.1. Infrared singularities in QED 35

where h; denotes the helicities of photons with momenta k;. The cross section
for the emission of n soft photons in the © — f process is obtained by squaring
the matrix element in Eq. (2.13), and since we are inclusive on the soft
radiation, we have to integrate over the (n)-body phase space and sum over
photon polarizations. In the sum we use the formula

2
. k.,k, n,k,+nk
Do e (kN ey (k) = —gy — =57+ 2T (214)

A=1

where n is a generic light-like four vector. Since from the electric charge
conservation follows that ), m@; = 0, only the first term survives in the
sum. The cross section formula for soft-photon emission reads

do' 7 (p) = wf(yo% 11 {Z EQQnTiy <pz,pm>} o (215)
“i=1 Ulm

where Z/ is the integral over the photon phase space

. 1 dgkl PiPm
7z m) = — m . 2.16
im (Pt Pm) (27?)3 / 2F; " (1 - ki) (pm - ki) ( )

Therefore, in the soft-photon approximation the part accounting for addi-
tional photon emission is factorized from the underlying leading order pro-
cess. In particular, the terms Zj  originate from the interference of the
subprocesses with the photon ¢ emitted respectively from the external legs [
and m, while the terms Z; arise by squaring the matrix elements with the
photon ¢ attached to the external leg [. As in the virtual case we work out
the integral in Eq. (2.16) by introducing an infrared regulator k,,;, and an
upper limit AFE for the energy of the photon. The final result reads:

AFE

(2.17)

log

nm 1 1 + ﬂlm
:z.lm (phprn) = - |:_

87T2 5lm 1-— Blm

The factor within square brackets arises from the integration over the angular
degrees of freedom, while the term log(AFE/kyy,) follows from the integra-
tion over the photon energy. As in Eq. (2.10) the fermion mass prevents
the angular integral to diverge in phase-space regions in which the photon
becomes collinear to one of the fermions.

It is easy to note that the dependence on the IR regulator k,,;, drops out
in the sum, which turns out to be finite. Since there is no upper bound to
the number of soft photons emitted by initial and final state particles, we

} log

kmin
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can take the limit n — oo in the sum of the virtual and real contributions to
the cross section. Eventually we get

do i (p) = do'™! (p) exp {Z QuQum [Re Tim (D1, Pm) + Zim (1 Pm)] } '

lym

(2.18)
Then, by replacing Ji, (p1, pm) and Zy,, (p1, pm) With their expressions we get
i i AENT
i =) (22) (2.19)
where ) . 145
B~ = - — T —— 1 iy 2.20
o ;Ql@ i - 0g 1— B ( )

In Eq. (2.19) AF plays the role of energy separation between the soft regime,
where the final state photons cannot be resolved by the experimental setup,
and the hard regime where the photon energy is greater than the threshold
of the detector and it can be experimentally isolated. Finally, k.., can be
thought as the maximum energy that photons can reach and can be put equal
to the energy scale of the process.

Few important remarks follow from the analysis of cross section formula
in Eq. (2.19). First of all we should note that the classical result which states
that a moving charged particle is always accompanied by electromagnetic ra-
diation is recovered in the QED framework by the vanishing of the cross
section of Eq. (2.19) in the limit AE — 0 , whose physical meaning is that
in a given process an arbitrary number of soft photons is always produced.
By contrast, the r.h.s. becomes equal to the Born cross section by putting
AFE = k.. This means that a leading order result is completely inclusive
on the additional emission of photons. The cancellation of IR divergences in
QED with finite fermion masses was proven by the Bloch-Nordsiek (BN) the-
orem |66]. This result can be extended also to non-Abelian theories as QCD,
where quarks are usually treated as massless particles and consequently also
collinear divergences arise in virtual and real contributions. The Kinoshita-
Lee-Nauenberg (KLN) theorem [67, 68| gives the formal proof that in the
sum over all degenerate states infrared and collinear singularities drop out.

2.2 Collinear factorization

In the previous section we have considered the cancellation of IR divergences
arising in higher-order corrections. In particular, working in the soft-photon
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approximation, we have seen that the fermion mass prevents the angular
integral to diverge. However, when the energy scale of a given scattering
processes is much larger than light-fermions mass scales, the emission of
collinear photons may lead to a large logarithmic enhancement. For instance,
if we consider a process with a single charged particle in the initial and final
state, Eq. (2.20) becomes

1+0 ]_Q g P =P
C2r &

: N @2
é&%B@’”—éﬂﬂgl%m“* 2
where p and p’ are respectively the momenta of initial and final state parti-
cles. The inclusion of these large collinear contributions in the cross section
leads to the so-called leading-logarithmic (LL) accuracy. Then, in the remain-
ing part of this chapter we describe a strategy for the inclusion of collinear
contributions to all orders in perturbation theory.

In this section we show that the factorization of photon emission in the
S-matrix calculations holds also in the collinear limit, i.e. when only the
transverse component of the photon momentum goes to zero (kz — 0). Let
us start by considering an initial state electron emitting a collinear photon.
In the reference frame in which the momentum of the emitting particle lies
in the z-direction, the photon momentum can be written as

k=(1—-2)p+kr+&n, (2.22)

where 7 is a light-like 4-vector and k - n # 0. From the on-shell condition we
derive the relations

£=3

- 1] . (2.21)

k7|
(p-n)(1—2)
Then, the S-matrix element for the process ¢ — f + 7, with the photon
emitted by the initial state electron [ is

k]
1—z

(p—k)* = (2.23)

. ilp —F .
M (pypry k) = —i€<l—2~>%u (p) e"*(k, \) | M (p,py — k),

(1 — k)
(2.24)
and using the relations in eqgs. (2.22) and (2.23) we get
= <pl _ ’%> pox i f
M7 p,p k) = | —ers v () € (k A) | M (p,pr— k).

w2 (1-2)
(2.25)
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Working out the Dirac algebra and using the relations plu(pl) = 0and k¥'ej, =

0 the matrix element is reduced to

ZZICT# —f- (]_
|k

Z)%TWU () e"*(k, N) | M7 (p,pr — k) .

(2.26)
Eventually, in order to calculate the cross section, we have to take the square
of the matrix element in Eq. (2.26), average over the spin of the initial states
particles, sum over the spin of the final state particles and integrate over the
phase space. In particular, with the change of variables in the phase space
of the photon:

Mi*}f’y(papl? k) =

A3k Pkr dz
= - 2.2
2k9(2m)% 2 (27?)‘3 1—2’ (2.27)

we can write the cross section for the radiative process in the following fac-
torized form:

a 1+ 22dk2 ;
dacoll (p.oi kr, 2) = [27? T ]‘k ‘| ] = (p, 2py) (2.28)
or, equivalently,
i a 1+ 22dg? ;
do‘collfﬁ%p b, qi, =z ) |:27T 1— 2 ql dz } il (pa Zpl>> (229)
!

where ¢? = (p —k)® is the change of virtuality of the electron after the

photon emission. In Eq. (2.23) we have used the change of variable d¢?/q? =

d|kz|*/|kr|?>. The same factorization formula holds also in the case of photon

emission by an outgoing electron, provided that we replace o'~/ (p, zp;) with
o/ (p,p;) on the r.h.s of Egs. (2.28) and (2.29).

From the factorized cross section formula we can derive the following
physical interpretation: the probability that the virtuality of the incoming
electron [ evolves from ¢ to g7 + dgi with the emission of a collinear photon,
carrying a fraction (1 — z) of its energy, does not depend on the underlying
hard process and is given by the expression

a dgf
——P..(2), 2.30
s g Pl (230
where . )
+z
P.(z) = 2.31
()= = (231)

is the Altarelli-Parisi splitting vertex which represents the energy distribution
of the emitted photon energy. The singularity arising for z — 1 corresponds



2.3. The Altarelli-Parisi equation in QED 39

to the infrared divergence. In the previous section we have seen that the
BN theorem states that only the sum of virtual and real contributions is
IR finite. A nice feature of collinear factorization is that we can derive the
leading logarithmic virtual contributions using probabilistic arguments and
avoiding explicit loop calculations. In fact, an electron can evolve from a
virtuality ¢® to ¢®> + dg¢? in two ways: with or without emitting a photon.
The probability for the first case is given by Eq. (2.30). In order to preserve
the unitarity, the probability of evolving without photon emission, which
includes Born and virtual corrections can be written as follows:

o dg [*

Po=1- P..(2)dz. (2.32)

2T ¢ Jo

The divergence for z — 1 corresponds to the IR singularity arising in the
evaluation of the loop integral that we have encountered in the previous
section. Accordingly to the BN theorem, in order to have a IR finite cross
section we have to the take the sum of real and virtual contributions. The
final result reads

i d 2 1
dac;lf(y)(pvplthZ) - { |: _gﬂ Pee (I) dil?:| (5(1 — Z)—I—

2 2

”512 0 (2.33)
a ag; i
% q12 Pee(z) } o —f (pa Zpl) )

which is equivalent to

i | dg?
o' (p,pr i, 2) = 6(1 — 2)0" (p) + —— AL

coll

Pi(z)o™! 2.34
ot G ee(z)o— <p7 Zpl) ) ( )
where in the last equation we have introduced the regularized Altarelli-Parisi

vertex

Pl(2) = P.e(2) — 6(1 — z)/o P..(z)dz. (2.35)

2.3 The Altarelli-Parisi equation in QED

In Sec. 2.1 we have pointed out that the classical emission of electromagnetic
radiation by a moving charged particle is reproduced in QED in terms of
soft-photon emission. In particular, we have seen that the cross section goes
to zero if we take the limit AE — 0 in Eq. (2.19). Therefore, in a scattering
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process, an initial state charged electron evolves from the original on-shell
condition emitting soft and/or collinear radiation and acquiring a negative
virtuality which is bounded by the scale of the hard process. By contrast, for
final state particles the evolution starts from the scale of the hard process up
to the particle mass. This leads us to introduce the electron-electron splitting
function fe.(x,s), i.e. the probability density to find an electron, at the scale
s, with a fraction = of its original energy, and whose s evolution is ruled by
the related Altarelli-Parisi (AP) equation.

To derive the AP equation for the electron-electron splitting function we
use the probabilistic arguments introduced in the last section. The density
function fe.(z,s + ds) is given by the formula

« ds

Jee(w, s+ ds) = fee(,s) {1 — 1d$Pee( )]

21 s
ods / dy / A2Poc (2) el )0 (2 — )

where the first term corresponds to the probability for the electron to change
its virtuality from s to s + ds without emitting a photon, while the second
term accounts for the probability to emit a photon, remaining with a fraction
x = zy of its initial energy (y is the fraction of the initial energy carried
by the electron before the emission of the photon). From Eq. (2.36) it is
straightforward to derive the AP equation

(2.36)

sgfee(x, s) = —g /1 dzP.. (2)

v [P0 (-)

which can be modified by introducing the regularized vertex defined in Eq. (2.35)
and using the identity

o) = [T (Fs) o (2-a)o (1-5)] ey

We finally get

(2.37)

s%fee(x,s) :%/ i 1, (Z5). (2.39)

z

Throughout this section and the previous one we have focused our atten-
tion only on the emission of photon by electrons and we have derived the
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AP equation for the electron-electron splitting function fe.(x,s). The same
arguments can be used to derive the evolution equations for other splitting
functions, as f..(z,s), which gives the probability to find, at scale s, a pho-
ton inside an electron with a fraction energy = of the original electron, or
oy (2,8), fre(x,s), and fyz(x,s) which are the density functions for the pho-
ton. The discussion on collinear emission can be also extended to QCD and
the AP equation for parton distribution functions can be derived with anal-
ogous arguments. For the details we refer to the original papers [69, 70, 71].

2.4 The Parton Shower algorithm in QED

In literature several analytic and numerical solutions of the AP equations
are available (for a complete discussion the reader can refer to [72] and the
references therein). In this section we describe the QED Parton Shower (PS)
algorithm, which provides a Monte Carlo solution of the AP equation for
the electron. This method has the important feature of giving access to the
kinematics of the emitted photons, allowing for a detailed description of the
final states.

The kernel of the PS algorithm is the Sudakov form factor II (s, s;), which
is defined as the probability for an electron to evolve from the virtuality s;
to the virtuality sy without emitting radiation above a given fraction ¢ of
the initial electron energy. According to the definition of the Altarelli-Parisi
splitting function P,.(z) we can write

d 1—¢
I (sy+dsy,s;) =1 (sy,si) [ - %siff i P(z)dz] : (2.40)

From this definition we can write the differential equation for the Sudakov
form factor as follows:

dIT (s}7si) B ﬁd_slf_ﬁ

_ , 2.41
II (s’f, s,-) 2m s’f () ( )

where

I't(e) = /01_E P(2)dz = —2loge — % (1—e)—1+e. (2.42)

The solution of Eq. (2.41) is

II(sf,s;) =exp {—% log 5+ (5)} . (2.43)

Si
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It should be noted that Eq. (2.43) represents an alternative way to realize the
exponentiation of the soft and virtual corrections with respect to Eq. (2.18)
and € represents the infrared separator between the soft and the hard photon
emission. In order to define the PS algorithm, we have to derive an iterative
solution of the AP equation for the electron. Using the definition of the
regularized AP vertex given in Eq. (2.35), we rewrite the AP equation (2.39)
as

ofulas) =5 [ )y (2 a - {% / 1 Pee<t>dt} fuol, )
[ )
- {fee(x,«?)/ /1 Fee (2 fee ,8) dZ} }
i [

with 7 = 1 — e. The last approximate equality follows by taking the limit
z — 1 in the third integral, and consequently by taking f..(z, s) out from it.
Using Eq. (2.41) we replace I*(¢), obtaining the following equation:
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(2.44)

d[fee(x,s')n(s,s’)]zgn(s,s')ds—‘f/ /f Peef) <§s) (2.45)

™

whose solution reads

fee(z,8) =11 (s,m2) (1 —x)+ @ /S d—f/H (s,5) /H %Pee( )fee(%, s,

27

(2.46)
where we have used the initial condition f..(z,m*) = 6 (1 — z). Reminding
the definition of f..(z,s), Eq. (2.46) states that the probability to find, at
the scale s, the electron with a fraction z of its original energy, is the sum
of two contributions: the first term of (2.46) accounts for the evolution from
the initial scale m? to scale s without photon emissions above the energy
threshold e, while the second represents the probability of a photon emission
at scale s’. The evolution from the initial scale m? to the branching scale s’
is absorbed in the term f,.(%, s’), Therefore Eq. (2.46) is an implicit solution
of the AP equation, which can be solved iteratively. The complete solution
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is an infinite sum of terms, where IT (s, m?)§ (1 — z) is the first term, while
the (n + 1)-th term is

noftds [ d ot ds,,
(;) / i/ ﬁ/ 8H(S,Sl)H(81,$2)~..H(sn,m?)><

m2 S1 m2 S2 m2 Sn

™

T

“J
0

From the discussion we have developed so far it should be easily understood
that the branching evolution, described by the iterative solution of the AP
equation, is a Markov process, in the sense that what happens at a given stage
of the evolution does not depend on the sequence of the preceding events. It
follows that Monte Carlo methods are particularly suitable to simulate the
emission of additional photons in a generic hard scattering. In particular,
the Parton Shower algorithm is based on the implicit expression of the AP
equation in (2.45) and it provides an exact numerical solution of the AP
equation, in the sense that, for a given virtuality s, it generates x according
t0 fee(x,s). The steps of the algorithm for an initial state electron are the
following;:

zt =+
dl’l/ dﬂfz/ danee (xl)Pee (xQ)'-'Pee (l'n)é(fl?—xlngxn)
0 0
(2.47)

1. set the initial virtuality s’ = m?;

2. generate a random number &;
3. solve the equation II(s”,s") = £ for s”;
4. if " < s no photon emission occurred and the algorithm stops;

5. if 8" > s a photon emission has occurred. Then the energy fraction
z carried by the electron after photon emission has to be generated
according to the AP vertex P,..(z).

6. update the virtuality s’ = s”. Go back to step 2.

At this point some critical comments on the PS algorithm are in order. First
of all we remark that, according to the probabilistic interpretation of the AP
equation, the PS algorithm preserves the unitarity. This crucial property can
be easily understood from a close analysis of the (n 4 1)-th term of f..(z,s)
in (2.47). In fact from the rule of composite probability follows that

I1(s,51)(s1,89) - - H(8,, m?) = II(s,m?), (2.48)

so that performing the integral over x we get
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1 ° o S\
/O drofoclw,s) =1 (s.m?) Y — (-0 log — ) = (2.49)

n=0
= II(s,m*)[I"*(s,m?) = 1.

The unitarity has an important consequence: the PS algorithm does not
change the total cross section calculated at the Leading Order accuracy,
whereas it allows to separate the contributions coming from different photon
multiplicities. From Eq. (2.49) we can read out the probability that n photons
are emitted in the final states, given by

Pn) =11 (s,m?) ~ (ﬁﬁ log i)" (2.50)

’ n! \ 2w m2/ '
Moreover, we must stress that the PS provides the reconstruction of the
kinematics during the shower evolutions, allowing a detailed description of
the final state. We limit to mention that there is more than one prescription
for the reconstructions of the momenta of the final state particles, starting
from the energy fractions and the virtualities generated by the PS at each
branching. A critical discussion on this delicate argument is given in Ref. [73],
which the reader can refer to for further details.

A comment has to be done on the sign of the virtualities generated by the
PS algorithm. In particular, moving towards the hard scattering, an initial
state particle produces a photon cascade (the so called space-like shower),
evolving from the mass shell condition decreasing its virtuality down to a
maximum negative value. On the contrary, if we consider a final state particle
the PS starts at a maximum positive virtuality fixed by the scale of the hard
process and it runs out when the mass shell condition is achieved.

We conclude this chapter with a final remark. In the PS framework each
external charged particle produces its own photon shower independently from
the other ones. It follows that quantum effects, coming from the interference
between contributions in which the same photons are emitted by different
external particles, are not taken into account. In Chapter 4 we will intro-
duce an improved PS algorithm which is able to simulate collinear emissions
including interference effects.



Chapter

State of the art in Higgs physics

To better understand how the work presented in this dissertation lies in the
current Higgs physics program at the LHC, we present a brief overview on
Higgs physics. In Sec. 3.1 we summarize the status of experimental and
theoretical constraints on Higgs boson mass before LHC started collecting
data. In Sec. 3.2 we describe the relevant Higgs production and decay modes,
providing, for the various channels, an overview on the status of theoretical
calculations and the available numerical tools. In Sec. 3.3 we recap the main
aspects of the historical discovery, by ATLAS and CMS, of a new boson
compatible with the SM Higgs boson. Finally, in Sec. 3.4 we review the
current knowledge of the Higgs boson properties, as the mass, the CP nature
and the couplings to the other SM particles.

3.1 Introduction

In Chapter 1 we have seen that gauge bosons and fermions acquire mass
through the EWSB mechanism: the spontaneous breaking of the

SU (2);, ® U (1), gauge symmetry is realized by a complex scalar doublet
which acquires a non-vanishing vacuum expectation value. Three degrees of
freedom are absorbed in the longitudinal components of weak bosons, while
the remaining one corresponds to the Higgs particle, a scalar boson with
JCP = 07+ quantum numbers under charge and parity conjugation.

The Higgs boson mass is a free parameter of the SM. Nevertheless, before
entering the LHC era, there were both experimental and theoretical argu-
ments suggesting the mass range where the Higgs boson was expected to be
found. Direct Higgs searches at LEP2 allowed to put a lower limit on the
Higgs mass My = 114 GeV at 95 % confidence level (CL) [75]. Further-
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Figure 3.1: The Ax? of the fit to the electroweak precision data as a function of My.
The solid line results when all data are included and the blue/shaded band is the estimated
theoretical error from unknown higher-order corrections. The effects of including the low
Q? data and the use of a different value for Aay,.q are also shown. [74].

more, the global fit of the electroweak precision data, to which the Higgs
boson contributes through higher-order corrections, yields the best fit value
My = 9273¢ GeV, corresponding to an upper value of My < 160 GeV (see
Fig. 3.1 taken from [74]).

After the shutdown of the LEP collider in 2000, the direct searches for
the Higgs boson continued at Fermilab’s Tevatron pp collider. The combined
results from approximately 10 fb~' recorded by the CDF and DO experi-
ments [76] excluded two ranges in Mpy: between 90 GeV and 109 GeV, and
between 149 GeV and 182 GeV. In addition, a broad excess was seen in the
mass range 115GeV < My < 140GeV with a local significance of 30 at
My =125 GeV.

Besides direct searches of the Higgs particle and theoretical constraints
based on the analysis of available data, lower and upper limits on the Higgs
boson mass can be derived by pure theoretical arguments. First of all, the
Higgs boson mass has a crucial impact on the unitarity of the SM. Tt is known
that, at very high energies, the cross section of a process with external gauge
bosons is dominated by the longitudinal contribution of the gauge bosons
themselves. The Electroweak Equivalence Theorem |77, 78, 19| states that
in these circumstances external gauge bosons can be replaced by the relative
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Goldstone bosons. It follows that for scattering processes involving external
vector bosons, such as WW — WW scattering, the cross section grows up
with the energy, leading, at some stage, to unitarity violation, so that an
upper bound My < 700 GeV has been derived by imposing unitarity in high
energy scatterings [79].

Other important hints on the Higgs boson mass come from the running of
the Higgs self-coupling Az, whose variation with the energy scale Q2 is ruled
by the Renormalization Group Equations (RGE). For a large value of the
Higgs mass, Ay (Q?) is a monotonically increasing function of the energy and
it could become, at some stage, infinite. On the other side, for small values of
Am, higher-order corrections would drive the self-coupling to negative values,
leading to an unstable vacuum. These arguments have been used to derive
theoretical constraints on the quartic Higgs coupling and hence on the Higgs
boson mass. We skip the details, for which we refer to Ref. [80] and references
therein. We limit ourselves to report the lower and upper limits on the Higgs
boson mass for the case in which the validity of the SM is extended up to the
Planck scale Mp ~ 10'8 GeV. In this conservative scenario the Higgs mass
lies in the range 130 GeV < My < 180 GeV (see Ref. [81]).

From this point of view, the discovery of the Higgs boson with a mass of
125 GeV represents a triumph of the SM and it confirms its validity in the
description of high energy processes. The averaged mass value measured by
ATLAS and CMS collaborations, My = 125.1 +0.24 GeV [29] is remarkably
close to the best-fit value extracted from the analysis of LEP2 precision
data, confirming the predictive power of the SM. Furthermore, the condition
for the absolute stability of the electroweak vacuum X (Mp) > 0 has been
recently derived [82]. The analysis takes into account all available higher-
order contributions and it gives the lower bound My 2 129 GeV for the

~

present value of top quark mass and the strong coupling constant,

my = 173.2 + 0.9 GeV and ag (Mz) = 0.1184 £+ 0.0007 [62]. Allowing for a
20 variation of the top mass one obtains My > 125.6, a value that is close
to the mass of the new particle discovered at the LHC.

3.2 Higgs production and decay channels

A Higgs particle with a mass of 125 GeV has the nice feature to be produced
in several channels at the LHC and to be detected in a variety of decay modes,
allowing a detailed study of the Higgs properties. In order to understand the
relative importance of the various channels, we illustrate the salient features
of the main production and decay modes. This overview will be also useful
to review the state of the art of theoretical calculations and the relative
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Figure 3.2: LO diagrams for the main Higgs production modes: gluon-gluon fusion
(top-left diagram), vector boson fusion (top-right diagram), V H associated production
(bottom-left diagram) and t#H associated production (bottom right diagram).

uncertainties. A detailed description of technical aspects is beyond the scope
of this review. The reader may refer to the three CERN reports by the LHC
Higgs Cross Section Working Group |25, 26, 27| and to the references therein
and to the upcoming CERN Yellow Report 4 which will be published soon ?7?.

3.2.1 Production modes

The main production mechanisms at the LHC are gluon-gluon fusion, vector
boson fusion (VBF), associated production with a gauge boson (VH) and
associated production with top quarks. Some illustrative examples of lowest
order Feynman diagrams are depicted in Fig. 3.2.

Gluon-gluon fusion

Gluon-gluon fusion through a heavy-quark loop [83] is the main production
channel of the Higgs boson at hadron colliders (see Figs. 3.3 and 3.4). The
inclusive cross section for a Higgs boson mass of 125 GeV (= 20 pb at

Vs =T7—8TeV and ~ 50 pb at /s = 13 TeV) is roughly one order of magni-
tude larger than the vector boson fusion cross section. The impact of QCD
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Figure 3.3: Inclusive Higgs boson cross section as a function of the Higgs boson mass
in the mass range [10,2000] GeV for a center-of-mass energy of 13 TeV in proton-proton
(pp) collisions (taken from [28]).
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Figure 3.4: Left plot: Inclusive cross section for the main Higgs production modes as
a function of the Higgs boson mass for a center-of-mass energy of 13 TeV in pp collisions.
Right plot: Higgs boson cross section for My = 125 Gev of the hadronic center-of-mass
energy (taken from [28]).
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corrections is very large and many efforts have been devoted in recent years
to reduce the theoretical uncertainties. Since the limit m; — oo provides a
very good approximation for the evaluation of the main top-quark contribu-
tions, QCD corrections are usually evaluated from an effective Lagrangian
containing a local operator HG, G**, where G, is the field-strength tensor
of the gluon field. In this framework NLO [84, 85, 86| and next-to-next-to-
leading order (NNLO) [87, 88, 89] QCD corrections have been calculated
for cross section and distributions, showing a slowly convergent perturbative
QCD expansion. With respect to the LO prediction, NLO QCD corrections
increase the cross section by approximately 80%, while NNLO corrections
lead to a further enhancement of 20%. Finally, N3LO QCD corrections to
the inclusive cross section have been recently computed in the heavy top-
quark approximation [90]. The up-to-date master formula for the calculation
of the inclusive gluon-gluon fusion cross section is taken from Ref. [91] and
it reads

& =~ Rio (6prr + 003 p7C + 66 5w) + 66,0, + 660 (3.1)

In this formula all the available higher-order corrections are included. QCD
corrections up to N3LO accuracy and calculated in the EFT framework are
absorbed in dgpp. The rescaling factor

O.LO

Rro = —5—, (3.2)
EFT

improves the validity of the EFT approximation, with ¢Z© denoting the
exact (hadronic) LO cross section in the SM, with a massive top quark and 5
massless quarks. The effect of top, bottom and charm masses at LO and NLO
are included through the terms 6629 and §6E°. Beyond NLO, only EFT
results are available. However, subleading corrections at NNLO calculated
in the effective theory as an expansion in the inverse top mass (see Refs. |92,
93, 94, 95]) are included in Eq. (3.1) through the term &6XNFC. Finally,
O («) electroweak corrections [96, 97, 98] and mixed QCD-EW corrections of
O () |99] are included through the term 06 gy. Using the master formula
in Eq. (3.1) the best-prediction for the inclusive gluon-gluon cross section for
a center-of-mass energy s = 13 TeV is

0 =48.58ph S50y (FiT0) (theory) & 1.56 pb (3.20%) (PDF +as) . (3.3)

The impact of N3LO QCD corrections on the inclusive cross section with
respect to the sum of all other contributions detailed above is of the order of
3%. Regarding the uncertainties quoted in (3.3), the PDF and oy uncertain-
ties are computed following the recommendation of the PDF4ALHC working
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group [100]. The remaining theoretical uncertainties in (3.3) are obtained by
adding linearly various sources of theoretical uncertainty affecting the differ-
ent contributions to the inclusive cross section. We limit ourselves to remark
that the inclusion of N®LO QCD corrections stabilizes the effect of vary-
ing the factorization and renormalization scales in the interval [My /4, My],
reducing it by a factor of five compared to NNLO.

Fixed-order calculations can be further improved by resumming the soft-
gluon contributions at all orders. In this context, the best available prediction
for the total cross section is given by the formula

ONSLO+N3LL = ON3L0 + A30NsLL, (3.4)

where the term Asopnsp; contains the all-orders resummation of enhanced
collinear contributions at N*LL accuracy minus its expansion at N*LO [101].

Besides the improvements in the calculation of the inclusive cross section,
accurate theoretical predictions of differential distributions are of great im-
portance in order to probe the properties of the Higgs boson. To improve the
signal to background ratio experimental cuts are implemented in the analy-
sis. Furthermore, in many analysis, the events are separated according to the
jet multiplicity. This separation is very useful to improve the signal to back-
ground ratio. For instance, ¢t pair production is a dominant background for
the Higgs searches in the W decay channel and it is removed by requiring
zero jets in the final state. An accurate description of differential distributions
is therefore necessary for a meaningful comparison between experimental data
and theoretical predictions computed with Monte Carlo event generators.
Several parton level codes for the computation of differential distributions
in gluon-gluon fusion production are available [102, 103, 104, 105, 106, 107|.
Regarding hadron level generators, three codes are used in experimental anal-
ysis: Gosam+Sherpa [108, 109], MG5_aMCONLO [110] and POWHEG NNLOPS [111].

Vector boson fusion

The Higgs boson production in association with two hard jets is an essential
process for the Higgs boson searches at the LHC and it receives contribu-
tions from different processes. The Higgs production via vector boson fusion
(VBF) proceeds via the t— or u—channel scattering of two quarks, mediated
by a W or Z boson, with the Higgs boson radiated off the weak boson prop-
agator. The two jets have a strong tendency to be emitted in the forward
and backward directions with a large rapidity gap in between. In fact, the
gluon emission in the central rapidity region is suppressed by the color-singlet
nature of the weak-gauge boson exchange [112, 113]. This peculiarity drives
the choice of selection cuts in order to increase the VBF signal with respect
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to background processes, such as loop-induced gluon-gluon fusion H + 2 jets
production and Higgs production in association with a W, Z bosons which de-
cays into a gq pair. From the theoretical side, several Monte Carlo programs
are available:

e HAWK is a parton level event generator for Higgs production in VBF and
VH channels. Regarding H +2 jets channel HAWK provides the complete
NLO QCD and EW corrections for all vector boson fusion and quark-
antiquark annihilation diagrams, ¢.e. the s-channel Higgs production
in association with a weak boson decaying hadronically. Higgs off-shell
effects can be taken into account in the calculation. For further details
we refer to [114, 115];

e VBFNLO is a parton level event generator for the simulation of various
processes with weak bosons at NLO QCD accuracy [116, 117, 118]. For
VBF Higgs production O (o) EW corrections are included. Moreover,
running options for the inclusion of anomalous couplings are available;

e VBF-induced Higgs production has been implemented in the POWHEG
BOX [119] allowing the matching of NLO QCD corrections with a Parton
Shower event generator according to the POWHEG method [120]. More
recently, the implementation of Higgs production in association with
three jets via VBF, based on the NLO QCD calculation described in
Ref. [121], has also become available;

e Higgs production through VBF', possibly in association with extra jets,
can be generated automatically in MadGraph5_aMC@NLO, allowing phe-
nomenological studies at NLOPS accuracy [122, 123|;

e LO, NLO and NNLO QCD corrections to VBF Higgs production ap-
proach are included in the VBFONNLO program [124, 125]. The higher-
order corrections are calculated in the structure function approach, i.e.
by treating the quark lines independently.

WH and ZH associated production

The Higgs productions in association with a W or a Z boson, also known
as Higgs-strahlung processes, are important channels at the LHC, mostly
because they provide a relatively clean environment for the search of Higgs
boson decay into bottom quarks. At NLO, QCD corrections to VH asso-
ciated productions are similar to the NLO QCD corrections to Drell-Yan
process [126] and can be written in a factorized form. By contrast, NLO EW
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corrections cannot be factorized and have been calculated in Ref. [127, 128].
At NNLO, Drell-Yan corrections [129] constitute a subset of V H associated
production. In addition, loop induced contributions which are sensitive to
the Yukawa couplings have to be taken into account in the calculations (see
Refs. [130, 131, 132]). Also for V H production different tools are available:

e as already mentioned, the parton level event generator HAWK calculates
full NLO QCD and EW corrections to the V H associated production
in the channels pp - WH — ylH and pp — ZH — [IH/vvH |128|.
As for VBF production, Higgs boson off-shell effects can be taken into
account;

e NLO QCD accuracy for Higgs associated production with additional
jets can be obtained at NLO QCD accuracy with MadGraph5_aMC@NLO
using the FxFx merging technique [133];

e the complete NNLO QCD corrections are available in MCFM [134], in-
cluding the decays of the unstable Higgs and vector bosons;

e VHNNLO is a parton level program for the calculation of fully differential
cross sections for pp — WH and pp — ZH including up to second
order QCD corrections. The decays of the weak bosons into leptons
and the Higgs decay a bb pair are taken into account [135].

e VHONNLO is a numerical program for the V H associated production, and
it includes NNLO QCD as well as NLO EW corrections |136].

Higgs production in association with a ¢t pair

Higgs boson production in association with a top-quark pair can provide im-
portant information on the the top-Higgs Yukawa coupling. The LO cross
section for this production channel was computed in Refs. [137, 138, 139, 140).
Later, the NLO QCD corrections were evaluated [141, 142, 143, 144, 145]
yielding a moderate increase of the total cross section of about 20%, but re-
ducing significantly the scale dependence of the inclusive cross section. The
total theoretical errors, estimated by combining the uncertainties from factor-
ization and renormalization scales, the value of ag, and parton distributions,
amount to 10 — 15% of the corresponding inclusive cross section. Fixed order
QCD calculations of ttH production have been interfaced with parton-shower
using MCONLO and POWHEG methods and several tools are nowadays available
(see for instance Refs. [146, 147, 148, 149, 150]). Quite recently, O (o) EW
corrections have been calculated in Refs. [151, 152, 153|. Although their effect
on total rates is usually suppressed with respect to NLO QCD corrections
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Figure 3.5: Standard Model Higgs boson decay branching ratios as a function of the
Higgs boson mass. In the left plot the mass range [80,200] GeV is considered, while in the
right plot a zoom in the tight mass window [120, 130] GeV is shown (taken from [28]).

by a factor of order a/ag, they can be enhanced by electroweak Sudakov
logarithms [154] in the high energy limit.

3.2.2 Higgs boson decay: branching ratios and total
width

For a detailed study of the Higgs boson properties, precision calculations of
all relevant Higgs partial decay widths are mandatory. A Higgs boson mass
of 125 GeV provides the opportunity to access to several decay channels
and consequently to explore the couplings of the Higgs boson to many SM
particles. In Fig. 3.5 the contributions of different decay channels to the
total Higgs width are shown. The dominant decay modes are H — bb and
H — WW*, followed by H — g9, H — c¢c and H — ZZ*. The decays of
unstable weak bosons into quarks or leptons have to be taken into account,
considering leptonic, semileptonic and hadronic final states. Finally, with
smaller rates, the decays H — vy, H — Z~ and H — p~pu* follow. Let
us remark that loop-induced channels as Higgs decay into gluons, photons
and Z~ can provide indirect access to the coupling of the Higgs to heavy
quarks, W and Z bosons and even to the Higgs self-coupling [155]. The
Higgs total width is given by the sum of all partial contributions. For the
evaluation of the theoretical uncertainties to the partial and total width we
limit to mention that there are two sources of uncertainties: the first ones
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arise from the uncertainties of the input parameters, while the second ones
are due to the missing higher-order corrections. For further details we refer
to Ref. [156].

HDECAY [157, 158] and Prophecy4f |39, 40, 41, 42| are the reference tools
for the calculations of branching ratios and total Higgs width. In particular,
for a given value of the Higgs mass, HDECAY calculates the partial decay
widths for all kinematically accessible channels. The decays H — bb and
H — cc are computed including the complete massless QCD corrections up
to N*LO accuracy [159], with a corresponding scale dependence of about
0.2%. The complete EW NLO corrections have been recently implemented.
The corresponding accuracy is of the order of 0.5% for My < 135 GeV. The
same applies to the EW corrections to H — 777~. For Higgs decays into
top quarks HDECAY includes the complete NLO QCD corrections [160, 161,
162, 163, 164, 165] interpolated to the large-Higgs-mass results at N*LO far
above the threshold [159]. The scale dependence is below 5%. Regarding
the EW corrections, only the contributions due to the self-interaction of the
Higgs boson are included. The contribution of the neglected EW corrections
amounts to about 0.5% for My < 500 GeV. For the loop induced H — gg
decay, the related QCD corrections are calculated up to N3LO [166] accuracy.
The uncertainty from scale dependence is about 3%. NLO EW corrections
are also included [98]. The impact of missing higher orders is estimated to
be below 1%. For H — ~v channel, HDECAY includes the full NLO QCD
and EW corrections [96, 97, 98, 167, 168, 169]. Also for this process the
uncertainty due to missing higher-orders is about 1%. The partial decay
width H — Z~ is included in HDECAY at LO including the virtual W, top,
bottom and 7 loop contributions. The QCD corrections are small in the
intermediate Higgs mass range [170] and can thus safely be neglected. The
associated theoretical uncertainty is about 1%. The electroweak corrections
to this decay mode are unknown and the consequent theoretical uncertainty
is about 5% in the intermediate Higgs mass range.

On the other hand, Prophecy4f is a Monte Carlo event generator for
H — W*W*/Z*Z* — 4f decay channels. Leptonic, semi-leptonic, and
hadronic final states are considered. The code calculates the partial width
for any possible 4-fermion final state, including complete NLO QCD and EW
corrections. The dominant two-loop contributions in the heavy-Higgs-mass
limit proportional to G2 M3, are included according to Refs. [171, 172]. Since
the calculations are performed in the complex-mass scheme (see Sec. 1.5 and
Refs. [43, 51]), on-shell approximations are not necessary and the results are
valid above, near, and below the gauge-boson pair thresholds. Eventually,
the master formula for the calculation of the Higgs total width reads
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Figure 3.6: Total Higgs width as a function of the Higgs mass (taken from [28]).

Ty =THP —THD — THRy + TP, (3.5)

where TP is the total Higgs width calculated with HDECAY, while FZ;Oph'

includes the decay width into four fermions at NLO QCD and EW accuracy,
calculated with Prophecy4f. This term can be split into WW, ZZ and
interference contributions:

Proph.
F4fop =Uuswewrsar + Uuzezesap + FH—>W*W*/Z*Z*—im‘ (3'6)

The terms 'S and T}y in Eq. (3.5) stand for the HDECAY partial widths
for the Higgs decay into a pair of on-shell W and Z bosons and they have to
be subtracted in order to avoid double counting.

For My = 125 GeV the total Higgs width is about 4 MeV (see Fig. 3.6),
too small to be resolved experimentally. Nevertheless, a method for con-
straining the Higgs width has been proposed in recent years. This method
is based on the substantial Higgs off-shell contribution to pp - H — VV
cross section [173| and it has allowed ATLAS [174] and CMS [175] to put the
upper limits 'y < 7.5T%M and 'y < 5.4T5M at 95% CL, respectively.
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Figure 3.7: Left panel: observed local significance (solid line) py for the combination of
the data collected by ATLAS at 7 TeV and 8 TeV in the H — vy and H — 4{ channels.
The dashed curve shows the expected local py under the hypothesis of a SM Higgs boson
signal at that mass with its 1o (from Ref. [23]). Right panel: The observed local p-value
for 7 TeV and 8 TeV data collected by CMS, and their combination as a function of the
SM Higgs boson mass. The dashed line shows the expected local p-values for a SM Higgs
boson with a mass My (from Ref. [24]).

3.3 The discovery of the Higgs boson

In Sec. 3.1 we have summarized the state of the art in Higgs searches before
LHC started collecting data. On July 4th, 2012, ATLAS [23] and CMS [24]
collaboration announced the observation of a new narrow resonance with a
mass of about 125 GeV. The analyzed data by ATLAS corresponded to an
accumulated luminosity of 4.8 fb™" at /s = 7 TeV in 2011 and 5.8 fb™' at
Vs = 8 TeV in 2012, while for CMS the corresponding values of integrated
luminosity are 5.1 fb™* at \/s = 7 TeV and 5.3 fb™* at \/s = 8 TeV. The
evidence was that the new particle decays into vy and ZZ* with rates com-
patible with the Higgs hypothesis. Since the discovery of the new particle,
ATLAS and CMS continued collecting data and all the subsequent analysis
have consolidated the hypothesis that the new particle is the Higgs boson.
In 2013, at the end of LHC Run-1, both ATLAS and CMS had reached
an integrated luminosity of about 20 fb™!, without finding any evidence of
departures from the SM hypothesis.

For a Higgs boson mass of 125 GeV the five decay channels which could
play a relevant role at the LHC are the Higgs decay into a pair of bottom
quarks, the Higgs decay into a 77 pair, the four fermions decays
H —- WW,ZZ — 4f and the Higgs decay into two isolated photons. Despite
their relative small branching ratio, the two main decay channels involved in
the new boson discovery are the H — v and H — Z*Z* — 4l channels.
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In fact the sensitivity to a specific channel depends on a certain number of
factors: the production cross section, the branching ratio of the decay chan-
nel, the mass resolution of the detector and the level of the background of
the final state. The excellent mass resolution (of the order of 1-2%) and the
relative clean environment have made these two channels of crucial impor-
tance for the discovery of the Higgs boson and for the determination of its
properties. In the H — ~v channel a search is performed for a narrow peak
over a smoothly falling background in the invariant mass distribution of two
high pr photons. The background in this channel stems from prompt v,
v+ jet and dijet processes. On the other side, the search of the Higgs boson
in the channel H — Z*Z* — (¢~ ('*{'~, with ¢ = e, u, is performed by look-
ing for a narrow mass peak over a small continuous background dominated
by the t— and u—channel gg annihilation into a pair of Z bosons and the
gluon-gluon fusion into two Z bosons mediated by a quark box. The excess
of events in these channels were confirmed by the high sensitivity channel
H — W*W* — 202v, despite its low mass resolution (about 20%). When
the discovery of the new boson was announced, ATLAS observed the largest
excess with a local significance of 5.90 at a mass My = 126.5 GeV, while
CMS observed maximum significance of 4.90 at a mass of My = 125.5 GeV,
as shown in Fig. 3.7.

3.4 Properties of the discovered Higgs boson

As already mentioned, after the discovery of the new boson, ATLAS and CMS
continued collecting data in order to study its properties and to confirm that
the new particle is the SM Higgs boson. To this end, a strong effort has
been made to investigate the properties of the new boson using the entire
Run-1 data. An essential ingredient for a direct study of the EWSB sector
is the precise measurement of the Higgs boson mass. As we have seen in
the previous section, the two decays channels with the best mass resolution
are H — ~v and H — Z*Z* — 2020' with (,/' = e,u. The Higgs mass
measurements are performed independently in these two channel. The results
are then combined to increase the total accuracy. In Fig. 3.8 the summary of
the mass measurement performed by ATLAS and CMS for the two photons
and four leptons channels and for a combined analysis is reported. The most

accurate measurement of the Higgs mass is provided by the combined analysis
of ATLAS and CMS data [29] and it gives the result:

My = 125.09 + 0.21 stat. + 0.11 syst. GeV (3.7)
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Figure 3.8: Summary of Higgs boson mass measurements from the individual analyses
of 7 and 8 TeV data by ATLAS and CMS and from the combined analysis (from Ref. [29])

The extremely high precision measurement (the total uncertainty is about
0.2%) is dominated by statistical uncertainty and will be further improved
by the analysis of present and future data collected at the LHC.

The compatibility of data with the SM hypothesis is foremost investigated
by measuring the signal strength p in the relevant decay modes. p measures
the departure from the theoretical SM prediction for a specific Higgs produc-
tion mode times the decay branching fraction H — X X and it is given by
the equation

_ Oeap. (pp — H = XX)  Oegp. (pp — H) X BRegp. (H — X X)
I = i (op = H — XX)  osar (pp — H) x BRsys (H — XX)

(3.8)

According to this equation, the rates are measured separately for the main

Higgs production modes. As for the Higgs mass measurement, ATLAS

and CMS data have been combined to increase the level of accuracy [32].

Fig. 3.9 shows the measured signal strength for the main production and

decay modes. The compatibility between data and SM predictions is about

24% and 75% for production and decay strengths, respectively. The com-
bined signal strength

j0=1.09 4 0.07 (stat.) +0.04 (syst.) = 0.03 (th.) (3.9)

is in good agreement with the SM hypothesis. The Higgs boson production
via gluon fusion and the Higgs boson decays into gauge bosons have been
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Figure 3.9: The measured production (left) and decay (right) signal strengths p relative
to the SM prediction for the combination of ATLAS and CMS data. Also shown are the
results from each experiment [32].

observed with high significance independently by the two experiments. The
combination of ATLAS and CMS data leads in addition to the clear obser-
vation of VBF production and H — 77~ decays with signal significance of
5.40 and 5.50, respectively. The significance for the V H prodcution is above
30. The combined significance for the t¢H production is 4.40 , whereas only
2.20 is expected, corresponding to a measured excess of events of 2.30 with
respect to the SM prediction. The signal strengths measured in each individ-
ual channel can be expressed in terms of the Higgs boson couplings relative to
the SM prediction. The ratios of coupling stregths are measured in a model-
independent way with a precision of 10%-20%, showing a good agreement
with the SM predictions. The potential presence of physics beyond the SM
is also probed using specific assumptions on the presence of new particles in
gluon-gluon fusion production and v~ decay loops, or in direct Higgs boson
decays. Under the assumption that there are no new particles appearing in
the loops or in direct decays, the p-value of the compatibility between the
data and the SM predictions is about 74%.

Besides detailed analysis of the Higgs boson to SM particles, the study
of spin-parity properties represents a fundamental test in order to unveil the
real nature of the new particle. To this end, extensive tests of various spin-
parity J¢¥ hypothesis have been performed. These tests are based on the
analysis of kinematic and angular correlation of the Higgs decay products.
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All the alternative scenarios have been excluded at more than 99.9% con-
fidence level in favor of the SM hypothesis of a spin 07+ particle [30, 31].
Possible small admixture of non SM CP states are still allowed and are now
probed by measuring the tensor structure of the Higgs couplings to weak
bosons. Moreover, the distribution in the azimuthal angle between the two
jets produced in association with the Higgs in the VBF channel discriminates
a CP—even from a CP-odd state [176]. Therefore, the VBE channel with the
Higgs decaying into a 777~ pair improves the sensitivity to the CP nature of
the Higgs boson [177]. There is currently no sensitivity to set limits at 95%
confidence level, but the limits obtained at 68% confidence level are about
a factor of ten stronger than the corresponding results from H — VV®)
decays.






Chapter

Higgs boson decay into four charged
leptons

The LHC Run-2 started in the spring of 2015, with centre-of-mass energy of
13 TeV and with a consequent increment of the Higgs total cross section by
a factor of 2 with respect to the Run-1. At the end of Run-2, in 2017, it is
foreseen that 100 fb™' of collision data will have been collected, arriving at
300 fb~' in 2021 at the end of Run-3. Then, the accelerator will be subject
an important upgrade to significantly increase the luminosity. Indeed, the
next phase is known as High Luminosity LHC (HL-LHC) |33, 34, 35]. The
hope is to reach an integrated luminosity of about 3 ab™! within 2030-35.
With these expected values of integrated luminosity there are many mea-
surements that could be significantly improved. With an integrated luminos-
ity of about 100 fb™! the mass of the Higgs boson will be determined with a
total uncertainty lower than 100 MeV, as opposed to the current 300 MeV.
This measurement, combined with increasingly more precise measurements
of W boson and top quark masses, will enable a very stringent verification
of the theory. It will be also possible to measure Higgs couplings with a
precision enhanced by 10% (limited by the theoretical uncertainty on the
cross section). These couplings are particularly sensitive to the phenomena
of new physics, especially when they are generated by quantum loops, as
in the case of Higgs production via gluon-gluon fusion or in the yvy and Z~vy
decay. Finally, important and still unexplored ingredients of the EWSB sec-
tor are the Higgs trilinear and quartic self couplings. The small expected
rates, the mild dependence of the cross section on the trilinear coupling and
the difficulty of selecting signal from background, make the determination of
the Higgs self-coupling through the measurement of Higgs pair production
total cross section a very challenging task [178, 179, 180]. An alternative and
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potentially competitive method, based on the indirect effects of anomalous
trilinear Higgs self-coupling on single Higgs production at the LHC, has been
recently proposed in Ref. [155].

From this brief introduction it should appear that, in order to compare
the SM predictions with very precise data, the reduction of theoretical un-
certainties is mandatory. This motivates our work on the Higgs decay into
four charged leptons. As already stressed in the previous chapter, this decay
channel plays a particularly relevant role, as it provides the cleanest experi-
mental signature, given by a peak in the four lepton mass spectrum on top
of a flat and small background. Actually, the H — 4¢ decay mode allows to
derive a precise mass measurement in the different combinations of leptonic
final states, to assess the spin-parity quantum numbers using sensitive an-
gular distributions and to perform precision tests of the SM at the level of
differential cross sections |181]. In this chapter we describe the main features
of the calculation of the full O (o) EW corrections to the H — Z®) Z() — 4¢
decay channel and the matching procedure for the consistent inclusion of a
QED PS algorithm, in order to simulate the multiple photon emission exclu-
sively. The calculation is available in an event generator, Hto41!, providing
a new tool for the simulation of the Higgs boson decay into four charged
leptons at NLOPS accuracy. This chapter is organized as follows: in Sec. 4.1
we introduce the notations and the conventions adopted in the calculation.
In Sec. 4.2 and in Sec. 4.3 we describe the main features of the calculation of
O (a) EW corrections. Finally, in Sec. 4.4 we introduce the matching scheme
adopted for the inclusion of a QED PS algorithm on top of the NLO calcula-
tion and we detail how this scheme has been implemented in our calculation.

4.1 Conventions and notations

Throughout this work we adopt the conventions defined in Ref. [48]. The
couplings entering the tree-level amplitudes are

3

Hw + Sw _ Sw I W,e
2z C%/VSW Jzet w Qﬁ Jzet Cw Qe Swew ( )

Q¢ is the relative charge of the particle with respect to the proton electric
charge, i.e. for leptons )y = —1, while ]%/,L’ is the third component of the
weak isospin of the left-handed part of the lepton field, and since we limit our
calculations to Higgs decay into charged leptons, [I?/)V,é = —1/2. We remark

!The reference web page is http:/www.pv.infn.it/hepcomplex/hto4l.html
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Figure 4.1: LO Feynman diagram for the H — 2e2u. In the case of identical parti-
cles (H — 4e,4u) an additional diagrams, obtained by switching two identical particles,
contributes to the LO decay width.

that according to the complex-mass scheme, detailed in Sec. 1.5 and adopted
in this calculation, the masses of gauge bosons are complex quantities given
by the expressions

Consequently, the Feynman rules for the vertexes and the propagators have
to be written in terms of complex masses. In particular, the weak mixing
angle is given by the relation

2

c%vzl—s%/v:u—‘;v. (4.3)
Hz

4.2 Leading Order calculation

In the tree-level approximation, there is only one diagram contributing to the
Higgs decay into two pairs of different flavor leptons, H — 2e2u, as depicted
in Fig. 4.1. For the sake of clearness, in the following we will always deal
with the case of different flavor leptons pairs. It is understood that for the
decay channels H — 4e and H — 4pu, a second tree-level diagram, obtained
by exchanging two identical particles, has to be taken into account in the
calculations.

The tree-level matrix element for the process H — Z®) Z) — 2e2;; reads
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: —ig"t . _ ;
Mo =1Crlzz 9w { (pr +p >2 12 g (p1) [Ze%\ (gJerJr + ng)]ve2(p2)}
1 2 A
_Zgyp —s3 . + _ S4
(p _|_p )2 ,U2 uH (p3) [ZG’)/p (ng"F + ng—)}v,u, (p4) ’
3 4) — Mg
(4.4)
with .
we = —(1 £ 5). (4.5)

2

The LO partial decay width is given by squaring the matrix element in
Eq. (4.4), summing over the spin configurations and integrating over the
four-body phase space. Eventually we get the following expression

1
'O (H — 2e2u) = TV / IMo(H — 2e2p)|” d®y, (4.6)
H

where d®, is the four-body phase-space

o . dgpi 7T4 4 . - )
0P, = (Z—m)%) (2m) 5<><PH 2p> (4.7)

=1

4.3 Next-to-Leading Order corrections

The decay width for the Higgs decay into four charged leptons is given, at
NLO electroweak accuracy, by the master formula

YO (H — 41) = / aro 4 L / d Tt 4 / darret s (4.8)
2Mpy

The O («) corrections consist of QED and purely weak contributions. Since
the H — 4/ decay is a neutral-current process, these two subsets are sepa-
rately gauge invariant and can be computed independently from each other.
As a consequence, the virtual part of NLO corrections can be written as

1 virt, _ 1 QED .
My /dF = 2My { /QRG ME (M) ] et L)
+ / 2Re (M (Mo)"] dP4 }

Both QED and pure weak corrections develop UV singularities have to be
removed according to a given renormalization scheme. On the other hand,
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QED virtual diagrams are also IR divergent. In Sec. 2.1 we have seen that,
according to KLN theorem, IR divergences arising in virtual and real QED
corrections cancel in the sum, leading to infrared safe observables.

Whereas the IR divergences are regulated by introducing a fictitious pho-
ton mass, finite lepton masses act as a natural cutoff for the singularities
associated to collinear photon emission. For this reason, the kinematics of
the radiative process is calculated including exactly the contribution of lep-
ton masses. In order to allow the cancellation of soft TR singularities, also
the tree-level kinematics is calculated by taking lepton masses into account.
This gives automatically the correct phase space integration boundaries for
the virtual contributions where a virtual photon is connected to an external
lepton pair. Although the kinematics is treated exactly, the non-IR O(«)
virtual amplitudes are calculated in the approximation of neglecting finite
fermion mass effects (with the exception of the quark Yukawa couplings, e.g.
in the fermion-loop Higgs vertex corrections). These contributions are ne-
glected in our calculation as they are irrelevant in view of a target accuracy of
the order of 0.1% and their inclusion would make the numerical computation
more time consuming.

Before entering into the details of the calculation an important remark is
in order. The tree-level amplitude, as well as the amplitude for the real radi-
ation process, contains poles in the phase space, corresponding to the points
where the momenta of the ¢T¢~ and ¢t¢ v systems cross the zero of the
inverse propagators, i.e. when (pe+ +pp-)* = M7 or (pe+ + pe- + py)? = M3.
These poles are avoided considering the Z boson as an unstable particle,
i.e. by inserting the finite Z-width in the propagators. This, however, would
spoil the IR cancellation between real and virtual corrections unless the QED
virtual corrections in Eq. (4.9) are calculated with unstable Z bosons. For
these reasons, as anticipated, we adopt the complex-mass scheme [43, 51],
which allows a consistent treatment of finite width effects, avoiding gauge in-
variance and unitarity violations, and whose general features are described in
Sec. 1.5: weak gauge-bosons masses become complex quantities identified by
the location of the related propagators in the complex plane (see Eq. 1.74).
For consistency, complex masses have to be used everywhere in the calcula-
tions, in the propagators, as wells as in the Feynman rules for the vertexes.
Furthermore, in order to evaluate loop diagrams with internal top quarks,
complex top mass has been introduced as well.

4.3.1 Real corrections

For the real part of O(«a) QED corrections we have to consider the inculsive
emission of a photon. The related Feynman diagrams are obtained by at-
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Figure 4.2: Feynman diagrams for real corrections.

taching a real photon to each lepton leg. The matrix element for the emission
of an additional real photon in the H — 2e2u channel is given by the sum
of the four diagrams represented in Fig. (4.2) and it reads explicitly

M(H = 2e2u+v) = My + My + M3z + My (4.10)

with

My =iCrlzz g X

Ji(h + E 4 me)
2p1k’

(—t€) Y€

(o

(p1 + p2 + k)2 - Mzz
| (4.11)

x u (p1) [ie (g5ws + gzw—)]ve (ps) }

—ig” _ o
{(p3 +p4)2 — 2 Uy (ps) [Ze% (QEWJr =+ gzw,)}ul;l (p4)} ,
Z
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xwmﬂmﬂﬂm+%wWWM},

The IR singularities are treated according to the standard procedure of as-
signing a small fictitious mass A to the photon in the computation. The
integral over the phase-space of the photon is then split in two parts

4
1 1
M /dFreal = m /dq)4 {|M0‘2 X 62 Z QZQ]IZ_] (pi;pjy k, )\, 6)}

ij=1
1

* 2Mpy

Emax
/ dds |IM(H — 40 +7)|?, (4.15)
where My is the Higgs mass, € is a soft-hard energy separator (e < Mpy),
My is the amplitude of the lowest-order (LO) process H — 4¢ and
M(H — 40 + ) is the matrix element of the radiative process H — 40 + ,
d®; being the 4 leptons plus 1 photon phase space element. On the r.h.s. of
Eq. (4.15) the first term has been written according to the the soft-photon
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factorization formula (2.17) derived in Sec. 2.1, where Z;; (p;, p;, k, A, €) stands

for
dko/ Pi - pj
Z . (416
27T / k’n 77] pz )(p] k) ( )

The integral over the soft-photon phase space has been evaluated analytically
in [182] (see also [48]) and it reads

Ti; (pispj, k, A €)

D 1 i2 4 2
:Zz] (pivpj»ka )‘76) = 471_@—2?] { §log (gp) logi

(&pi)* — p? p; A2
1 . . u=ap;
Liggzto=lul oy oy motluly oy =yl ,
4 ug + |ul v v w—p;
(4.17)
where ¢ is the positive solution of the equation
&} — 26p; - pj +p; =0, (4.18)
while ) )
_ (Ep)" —p] (4.19)

2 (Epio — pjo)
For p; = p; = p, Eq. (4.17) can be written as

. 1 4¢? 2 1
L-j:27rL{—logp0+pl %—L12< Pl )——log22M
(Po +qo) Ip| | 2 Do — P A Do+ P 4 Do — P
1 4¢> 2 1
_1ogq“+plogi2_L12( p| )__102_q0+p}'
2 Tq@-—p A q0 +P 4 dGo — P
(4.20)

For diagonal contributions, namely when p;, = p;, Eq. (4.20) takes the sim-
plified form

4 po . po—Ipl
Ty =2m {log + D] lo gpo e } : (4.21)
The hard-emission part of the bremsstrahlung corrections is calculated by
squaring the matrix element in Eq. (4.10). The Dirac algebra has been
carried out by means of symbolic manipulation program FORM [183] and the
integral has been evaluated using standard MC techniques with importance
sampling.

In order to achieve the cancellation of IR divergences, the photon mass A
has to be introduced in the evaluation of the QED virtual amplitudes as well.
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Then the IR cancellation follows by taking, in the numerical limit A\ — 0,
the sum of Eq. (4.10) and the QED contribution to Eq. (4.9). As a cross-
check of the calculation, we tested that the inclusive NLO QED correction
coincides with 2 -3/4 (a/m), which is correctly twice the inclusive final-state
O(a) electromagnetic correction to the Z — (¢~ decay [184].

4.3.2 Survey of virtual corrections and renormalization

Figure 4.3: Generic virtual diagrams contributing to O («) corrections. On the first line
the three UV divergent subsets of virtual contributions are represented: self-energy cor-
rections (left diagram); Z¢¢ vertex corrections (center diagram); HV'V corrections (right
diagram). On the second line the remaining three UV finite subset of virtual contributions
are depicted: rank-3 virtual corrections in which a ¢/ arises from a loop-induced decay of
the Higgs boson, while the missing lepton-antilepton pair is produced by the decay of an
intermediate photon or Z boson, emitted by one of the two external lepton (left diagram);
box corrections (center diagram); pentagons corrections (right diagram). Pentagons cor-
rections and Z¢/¢ vertex corrections, contain both QED and pure weak corrections, while
the remaining four subset are present only when full EW corrections are considered.

We start this section by describing the general aspects underlying the
computation of the complete O(«a) virtual corrections. Since we work in the
't Hooft-Feynman gauge, all the particles present in the spectrum of the
SM, including the Fadeev-Popov and Higgs-Kibble ghosts, are involved in
the calculation. As already mentioned, the virtual amplitudes are calculated
in the approximation of neglecting fermion masses, except in the fermionic
corrections to the Higgs vertex. The matrix elements M@ED and Mok
in Eq. (4.9) can be split in two contributions, the first containing all the
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virtual diagrams contributing to QED and pure weak corrections, whereas
the second contains the sum of the counterterms associated to a each vertex
and to each propagator according to the on-sell renormalization scheme. The
Feynman rules for the counterterms are taken from Ref. [48|, as well as
the expressions of the unrenormalized self-energies. Since we adopt the ag,
scheme, introduced in Sec. 1.4.2, the counterterm of the electric charge must
be rescaled according to Eq. (1.71).

The virtual diagrams can be classified according to the topology as in
Fig. (4.3). In particular, one-loop corrections receive contributions from self-
energy, vertex, box, and pentagons corrections. The related ultraviolet diver-
gences are regularized by means of dimensional regularization. The reduction
of the tensor n-point functions is carried out by means of the symbolic manip-
ulation program FORM [183]|. The necessary scalar form factors with complex
masses are evaluated using Looptoolsv2.10 [185, 186], which implements
the evaluation of the reduction of tensor five-point integrals according to
Refs. [187, 188], as well as according to Passarino-Veltman reduction tech-
niques [189]. The form factors are calculated with complex masses and real
external squared momenta. This is sufficient for the implementation of the
complex-mass scheme, introduced in Refs. [43, 51] (see Sec. 1.5). In the re-
maining part we describe the main feature of the various subset of virtual
diagrams.

Self-energy corrections

Self-energy corrections appear in the pure weak part of the calculation. Since
we are considering a process mediated, at tree level, by Z bosons, we must
consider Z — A transitions arising at one-loop level. The matrix-elements for
self energy corrections read

Maery = M+ M, = MZ7 + MZ+ MZ7 + M7, (4.22)

where e and p distinguish the self energy corrections of the two intermediate
Z bosons, while in the second equality we have explicitly separated the diag-
onal transitions (Z — Z) from the non-diagonal ones (Z — A). Each part of
the amplitude contains the unrenormalized self-energy and the related coun-
terterm. After having introduced the shorthand notation Dy = k* — M2 we
can write explicitly:
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Figure 4.4: One-loop diagrams contributing to Z*¢~ vertex.
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where k = p; + p2. The remaining amplitudes Mfz + /\/lfA can be derived
by switching the lepton currents, while the explicit expressions for the self
energies Y47(k?) and Y4Z(k?) can be found in Appendix B of [48]. The

expressions for the counterterms are
Ct =674, CZ% = M36Z 4, + dM3 (4.25)
1 1
= 5024z + 50224 C = M267Z4.,. (4.26)

Z 0T~ vertex corrections

The O (a) EW corrections on the Z¢*¢~ vertex can be split in two gauge
invariant subset. On one side, QED corrections are given by the exchange of
a virtual photon between two leptons attached to the same Z propagator. On
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the other side there are tree types of pure weak corrections: the first type can
be easily obtained by replacing the virtual photon with a virtual Z boson,
while the remaining two contributions are characterized by the presence of W
bosons and neutrinos (see Fig 4.4). We remark that one-loop contributions
containing Higgs bosons and Higgs-Kibble fields have not to be considered in
the limit of vanishing lepton masses. The matrix element for the insertion of
one-loop corrections to Z¢1¢~ vertex can be written in the following concise
form

MZK*K* = MZe*e* + MZ;FL,u*7 (427)
with

MZeJre* = Z.OHZZ Guv X

{ —0 s ) [ievf(pl’m)}vzz(m)}

(o1 p2)” = 1 (4.28)
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The form factors V¥ (p1,p2) and V}'(p3, ps) contain the integrals arising from

the one-loop diagrams depicted in Fig. 4.4

V,\Z(pmpﬁ :V;M(pivpj) + VAZM(pi7pj)+

o ; (4.30)
VI (o, py) + ViV (piy p))

The explicit expression of the generic QED one loop integrals reads

dPq 97 (¢ +1:) m (95w + g790-) 7 <¢ - H;)
2m)P (g2 = 22) [(q +p:)* = mF] [(a = p;)* —m}]

(4.31)
We remark that in the last integral a photon fictitious mass A has been
introduced to regularize the correspondent soft divergence in the integral. We
omit to write the explicit expression for the other form factors in Eq. (4.30)
which follow from a straightforward application of the Feynman rules. The
UV divergences are canceled by the following substitutions

V)\’Yﬁf(pi’pj) _ 62/<
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) 1 1 1
Gpee = Gpu |1+ ggm 5 (5Zzz +6ZF + 5ZRT) - Q€§5ZAZa (4.32)
I 7z .
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L Zut |
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s 1 ds
0950 = — WQe [52 + = S] , (4.34)
Ciy
N 3 sk, — ¢ 0s
09700 = — e |:5Ze + —WC%V W?] + 8950 (4.35)

It is important to note that the QED counterterms are included in (5ZZL ()

and 5Z M, Thus, to calculate the QED part of the O (a) EW corrections
it is sufﬁ(nent to isolate the QED part in the evaluation of the fermionic
self-energies (see Eqs. (1.55k) and (1.551)). These contributions are also IR
divergent and are the virtual counterparts of the IR singularities in Eq. (4.21).

HVV vertex corrections

While at LO the H — 4/¢ decay channel proceeds through the Higgs decay
into two intermediate Z bosons, at NLO Z~ and v loop-induced contribu-
tions have to be taken into account, so that we have to consider the following
four O (a) contributions:

MHZZ [VHZZ(]CIQ’ k34) + sCH?Z (/f12> k34)glw]

—iqgh . B .
{ﬁuzl (pl) [ZGIYA (g}_w"r + ng_)}UGQ (pQ)} (4 36)
1 A .
{% * (ps) [ie, (97w + gzw-) vt (m)} :
A

M7 =i [Vlﬁvz(lﬂm, ksa) + 6C™"7 (ky2, k3a) gpuv ]
—Z'g“)‘ . ) o
{ i () —ien|v: (pz)} (4.37)

—ig”’ » - .
{kQ ) uus (p3) [Ze% (9;0‘4 + gzw,)]vu“ (]M)} )
34 — Mz
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Z,y Z,y

Figure 4.5: Charged Rank-3 one-loop contributions to HVV vertex. According to
Feynman rules, the intermediate Z bosons can be replaced by photons.

Figure 4.6: Neutral Rank-3 one-loop contributions to HVV vertex. This subset of
virtual diagrams does not give rise to loop-induced H Z~ and H~~y vertexes.

MDY =i [VEP (ky, kaa) + 6CH7 (kna, ksa) g

_igu)\ 7751 ; + — s2
{mue (p1) [ien (9Fws + gzw-) i (p2)} (4.38)

—ig"P ' .
3 u;? (ps) [—va} vt (pa) ¢
k34
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Figure 4.7: Charged and neutral rank-2 one-loop contributions to HVV vertex.

M =i [V (g, k)]
—ig“A . » o
{ 2, (p1) [—ze%} Ve (Pz)} (4.39)

—ig¥P . i
= (ps) | e, | vt (o) b
k34

with k1o = p1 + po and kss = ps + ps. The form factors V/IV1"2 absorb all
rank-2 and rank-3 contributions to HV'V vertex listed Figs. 4.5, 4.6 and 4.7.
It is interesting to note that loop induced HZ~, HvyZ and H~~ contributions
arise only from loop contributions with internal charged particles.

In the evaluation of fermionic loop contributions all lepton and quarks
have been taken into account. The values for fermion masses are listed
in the next chapter. According to the complex-mass scheme, we evalu-
ate the loop contributions with internal top-quarks with a complex mass

e = v/my —imy, where I'; is set to

G, (m? — M)* (m? +2M3))
8v/2mrms

Finally, the expressions for 6C*74% and §CH%7 are:

Ft:

(4.40)

1 252, — ¢, s 16M2, 1
SCH?Z = )2 §Z, + W _TWZOW | ZPOW L 57, 4+ 62
WSWC%V + i sw 2 M3, +2 Ht 0247z,
(4.41)
1
50HZ'Y = M%/W(SZZA (442)
W
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Figure 4.8: One-loop diagrams in which the Higgs boson decays in the £,/; pair, with
one of the two leptons emitting a neutral gauge boson which decays in the missing £/o
pair. Four analogous diagrams obtained by switching the two lepton currents are included
in the calculation.

Additional vertex corrections

The contributions owing to this subset of UV finite one-loop corrections arise
from those diagrams where the Higgs boson decays, through a neutral or
charged loop, into a £¢ pair. Then, one of the external leptons emits a photon
or a Z boson which decays in the missing ¢¢ pair. The virtual diagrams
contributing to this subset of one-loop corrections are depicted in Fig. 4.8.
The correspondent matrix elements can be written in the following compact
way:

MEZ = (py) [iVu(pl + p3 + pa, p2) + iV, (p1, p2 + 3 +p4)} V2% (p2)

—igvP . (4.43)
u,? ' + g w_)|vt ,
{(p3 _|_p4)2 _ IU2ZUH (p3) [Ze,yﬂ (ng+ A )j|v,u, (p4)}
M = (p1) [iVu(pl + p3 + pa, p2) + iV, (p1, p2 + p3 +p4)} v:2(p2)
(4.44)

{%Uf (p3) [—ie%} v, (p4)} :

The analogous contributions /\/lfu and M7, can be obtained just by switching
the lepton currents in Eqs. (4.43) and (4.44). The form factors V,(pip;)
include charged and neutral loop contributions, and the dependence on the
external momenta needs to distinguish which of the initial external leptons
have emitted the Z boson or the photons which then decays in the missing
lepton-antilepton pair.
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Figure 4.9: Box diagrams in which the Higgs boson decays in the ¢,/; pair, with one of
the intermediate particles in the loop emitting a neutral gauge boson which decays in the
missing 2/, pair. Four analogous diagrams obtained by switching the two lepton currents
are taken into account in the calculation.

Box corrections

The UV finite corrections owing to this subset arise from the loop induced
Higgs boson decay into a ¢/ pair. The missing lepton-antilepton pair is
produced by the decay of a photon or a Z boson, emitted by one of the
internal legs, as shown in Fig. 4.9. As in the previous case, both neutral and
charged box corrections contribute to the virtual O («) corrections. In the
case of neutral box corrections the additional gauge boson can be emitted
only by the virtual lepton, while in the case of charged loop, the possibility
of emission by one of the virtual W bosons has to be taken into account. The
correspondent virtual amplitudes can be written as follows:

MZ = u (p) [iB,,Z(P17P2>P3 + p4)} V32 (p2)

—igvP B ' . B .
{(pg Fpi)?— MQZUMS (p3) [ZG'VP (gzw+ + gzwf)}v,fl (]M)} )

(4.45)




80 Chapter 4. Higgs boson decay into four charged leptons

Figure 4.10: 5-point contributions to H — 4/ decay channel. Analogous diagrams
obtained by considering all the possible combinations are taken into account in the calcu-
lation.

ME =t () [iBL(pr, b2y ps + )| 02 (p2)

—ig"? . . - .
{ (pg T p4)2 — M2Z u;’ (p3) [Z€7p (9;“—1— + ng_)}Uu‘* (p4)} )

(4.46)

where the form factors B} and BZ include the virtual contribution depicted
in Fig. 4.9.

Pentagon corrections

The last subset of virtual corrections which have to be taken into account
are the so-called pentagons corrections, which can be easily obtained by
connecting two leptons coming from the decay of different gauge bosons with
a virtual boson, as depicted in Fig. 4.10. The general form of the virtual
amplitudes reads

MeZe - |:E13(p17p27p37p4) + E14(p17p27p3’p4>+
Ess(p1, 2, p3.pa) + E24(p1,p2,P3,p4)} X (4.47)
a2t (1) v ()| [ (po) 03 ().

where the form factors F;; include the three contributions depicted in Fig. 4.10
with the additional internal leg connected to leptons ¢ and j. Pentagons cor-
rections can be split in QED contributions, where the virtual boson which
closes the loop is a photon, and weak contributions, when the additional
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virtual particle is a Z or a W boson. These contributions are UV finite.
However, QED pentagons are IR-divergent. The IR regulator A has to be
used as fictitious mass of the photon in the evaluations of five-point inte-
grals. The dependence on A is then removed in the sum of the virtual and
real parts.

4.4 Matching NLO electroweak corrections to
QED Parton Shower

The O (o) QED corrections are expected a priori to provide the dominant
contribution to Higgs decay into four charged leptons. In fact, from a close
inspection of NLO corrections, it appears that large logarithms of the form
alog (m?/Q?) arise in the sum of virtual and real QED corrections. These
large logarithmic enhancements arise in phase-space regions in which the
photon is emitted at small angle with respect to one of the final state lep-
tons. The same collinear logarithms arise also after the integration of the
hard photon contribution in Eq. (4.15). In Chapter 2 we have seen that
collinear contributions can be factorized from the underlying LLO matrix ele-
ments. Since collinear emissions of photons are always produced by moving
charged leptons, we have introduced the electron structure function fe.(z,s),
which provides the probability to find, at a given scale s, the electron with
a fraction x of its original energy. The evolution of the structure functions
from an initial scale s; to a final scale sy is ruled by the Altarelli-Parisi (AP)
equations. Finally, in Chapter 2, we have introduced the Parton Shower (PS)
algorithm, which provides a numerical solution of the AP equations and it
allows a detailed description of the multiphoton final states. From the dis-
cussion we have developed so far, the PS algorithm may seem an alternative
approach to fixed-order computations: instead of calculating all the virtual
and real contributions at a given order in the perturbative expansion, the PS
provides the resummation of the dominant contributions to all orders. How-
ever, there are cases in which the comparison between theoretical predictions
and experimental data requires a level of accuracy such that NLO correc-
tions have to be combined with multiple photon emission effects provided by
the PS. The matching of the two contributions is a highly non-trivial task.
Since part of the fixed-order corrections are included in the PS, a consistent
matching scheme must avoid double counting of LL contributions at O («).
In this section we present the scheme adopted for the matching of the com-
plete O (o) EW corrections to Higgs decay into four charged leptons with
a PS algorithm. This scheme has been developed for the matching of NLO



82 Chapter 4. Higgs boson decay into four charged leptons

corrections to PS for QED processes at low energy [190, 191] and then suc-
cessfully applied to Drell-Yan W/Z production at hadron colliders [192, 193].
For the sake of clarity the matching scheme is first introduced for a toy model
and then applied to the Higgs decay into four leptons.

4.4.1 The matching scheme

In order to write compact formulae we illustrate the matching scheme for an
unphysical process with only one charged external particle emitting photons.
Working in PS approximation, a general expression for the cross section with
the emission of an arbitrary number of photons can be written as

dose = T1(Q?, €) Z% IMPS” do,, (4.48)

n=0

The Sudakov form factor IT (Q?, €) accounts for virtual and soft-photon emis-
sions (up to €) at the hard scale Q% and it can be expressed by the formula

. o Q2 N 1—e
I1 (Q ,e) = exp (—%l log ﬁ) , I™ = /0 dzP(z), (4.49)

where P(z) is the AP splitting function (see Sec. 2.2). d®,, is the exact phase-
space element of the process, with n photons in the final state, divided by the
incoming flux factor. Finally, ’M55’2 describes, in collinear approximation,
the process with the emission of n hard photons, with energy larger than
€ in units of the radiating particle energy. As we have seen in Sec. 2.2,
the collinear approximation allows to factorize the photon emission from the
underlying Born matrix element. The squared amplitude for one-photon
emission reads -
pg|2 T
M = %[ () E?2(1—z)
I(k) is a function describing the angular spectrum of the photon. Then, from
the integral over the angular part we get

Mol (4.50)

QQ

m2’

/ A I(k) = log (4.51)
allowing the cancellation of infrared singularities in Eq. (4.48). The match-
ing scheme consists, roughly speaking, in the inclusion of the missing O («)
contributions in Eq. (4.48). The procedure can be better understood by com-
paring the exact O () cross section with the O (a) expansion of Eq. (4.48):
According to the separation of the bremsstrahlung correction into a soft and
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a hard part through an infrared regulator, the exact O («) cross section can
be written as

doo = (14 Co) [Mol* d®g + [ My |* Ay, (4.52)

where the coefficient C, contains the real matrix elements for soft-photon
emission and the interference between the Born amplitude and the virtual

ones. On the other hand the collinear approximation of this formula is given
by

«

2
do?S = [1 — L I*log %1 (M| A, + | MES|” do,

2m (4.53)
= (1+ CP8) [My|* ddy + [MPS[* d®,
Then, by introducing the coefficients
My [F = I MES]?
Fsy =1+ (C, — C%9), FH:1+| - 1}, (4.54)

2
M

the formula for the exact NLO cross section ca be rewritten, up to terms of
O (a?) as

doa = Fey (14 CP) [My|* Ao + Fy | MES|” dd,. (4.55)

Driven by this equation we can write the master formula for the resummed
cross section at NLOPS accuracy

0o 1 n
dd?athced = FSVH(QQa E) Z E (H FH72> ‘MES‘2 dq)n (456)
n=0 " \i=1

Since the O («) expansion of this formula coincides with the cross section in
Eq. (4.52) the NLO accuracy is achieved, while the LL contributions are the
same of Eq. (4.48). It is worth noticing that the coefficients Fsy and Fy
are infrared safe and free of collinear logarithms. Therefore, this matching
scheme allows to include infrared safe radiative corrections in the PS algo-
rithm. In the next section we will see the application of this scheme to the
realistic case of the Higgs boson decay into four charged leptons.

4.4.2 Higgs decay into four charged leptons at NLOPS
accuracy

Let us start by detailing the PS algorithm that we have adopted in our
calculation. At the end of Chapter 2 we have remarked that the simple PS
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algorithm described in Sec. 2.4 has the drawback to neglect the interference of
diagrams where the photon is emitted by different particles. Here we present
an improved version of the algorithm, where the interferences are taken into
account properly. The master formula for the partial decay width corrected
for the emission of an arbitrary number of photons in a PS framework can
be written as

ANLS = SR D oy M) (D[ a((o) () (430

where {p, k} stands for the set of the final state lepton and photon momenta
Lo pa, ki, s kn, |[MES]2 (of order o) is the PS approximation to the
squared amplitude for the decay H — 4¢ 4+ nvy, d®,, is the exact phase
space for the decay, while II({p}, €) is the Sudakov form factor accounting for
unresolved emission, i.e. soft (up to a cut-off energy €) and virtual corrections
in the PS approximation. The (4 +n)-body phase space d®,, reads explicitly

AP, = Gy )3n+8 (PH —~ Z P — Z k) H 21<;° (4.58)

J

It is understood that the integral over the phase space has a lower limit for the
photon energies set to €, to ensure the cancellation of the IR divergencies. The
integral is performed after choosing a convenient set of independent variables
and using multi-channel MC importance sampling techniques to improve the
integration convergence and follow the peaking structure of the partial decay
width of Eq. (4.57) to help event generation. The fully exclusive information
on final state particles momenta is kept. Details of the implementation are
given in Appendix A. The Sudakov form factor II({p},€) can be written as
follows:

I({p},e) = exp [—ELL] L= /dQ (k)2 me Pi - Pj

2m = i k) R)
(4.59)
where L generates the soft/virtual collinear logarithms, including also inter-
ferences effects of radiation coming from different charged legs, and I, the
integral of the Altarelli-Parisi vertex for the branching ¢ — ¢ 4 =, generates
the infrared logarithms. It is explicitly given by:

1—e 2
1+2 3 1
I = d = 2lne— = + 2 — =€, 4.60
/0 AT ne—g+2e— e (4.60)
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In the definition of L, the integral is performed over the angular variables of
k, and n; equals 1 if 7 is an anti-fermion or —1 if it is a fermion.

Before discussing the inclusion of NLO corrections into Eq. (4.57), it is
interesting to point out that the squared amplitudes with photon emissions
are enhanced in regions of the phase space where the photons are soft and /or
collinear or where the Z propagators are resonating. From this perspective, a
good approximation to the exact matrix element can be written in the form:

M ({p}, (kY {0}, {T}) =

J34
Chzz L X
% (p1 +p2+ Qp) — pi% (ps + ps + Rp)? — %
p’PZk’L

=1

where for the sake of simplicity, we consider the decay H — 2e2u + n7y, the
generalization to 4e or 4u being straightforward. In the previous equation,
{o, 7} label fermion and photon helicities, while J; = o, (pi)7" 4o, (p;). P
is a n-dimensional vector whose i component is the index of the fermion
to which the ¥ photon is attached and the sum over P denotes all possible
ways to share n photons among the four fermions. Finally, Qp is the sum of
the momenta of the photons, for a given P, attached to the electron current

(Rp to the muon current).

Equation (4.61) is derived from the amplitude for the emission of photons
in the soft limit but keeping the dependence on the photon momenta in the
Z propagators. The sum over the helicities of the squared amplitudes of
Eq. (4.61) gives an approximation of the exact squared matrix elements,
coherently including also interferences among diagrams. The final step to
obtain |[MPFP5|2 of Eq. (4.57) from Eq. (4.61) is to replace the photon energy
spectrum with the Altarelli-Parisi distribution for a better treatment of hard
collinear radiation.

Finally, the matching scheme introduced in the previous section can be
applied to Eq. (4.57), with the building blocks described above, getting the
master formula:

1 —~1 (T

Az = Fay ({0 Y - (HFH,z) IMEE({p), {kD)P2,
n=0 i=1

(4.62)
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where the coefficient Fgy and Fy,; are

AryEo — drhse
dFLO

MIEO |2 — | M5 (k)

Foy =1+
v M5 (k) 2

FH,i: 1+

(4.63)
The correction factors Fsy and Fp; carry the information of the exact NLO
calculation: dI'§© is the sum of the virtual corrections of Eq. (4.9) and
soft real correction given by the first line of Eq. (4.15), dfgg’a is its PS ap-
proximation, i.e. the O(a) term without any real hard photon of Eq. (4.57),
MNLO (kY is the exact one-photon bremsstrahlung amplitude and MY (k;)
is its PS approximation. Let us stress that Fsy and Fy; are by construction
free of collinear and/or infrared logarithms and that the O(«) expansion of
Eq. (4.62) exactly coincides with the NLO calculation, without any double
counting. Furthermore, Eq. (4.62) is still fully differential in the final state
momenta and can be conveniently implemented in a MC event generator.
Finally, we remark that the NLO virtual and real corrections used in Fgy
and Fp; are strictly defined only for 0 or 1 photon, while in Eq. (4.62) they
are used also when there are additional photons: this requires a mapping of
the n-photons phase space to 0 or 1 photon phase space. The mapping is
implemented in close analogy to the one adopted in Ref. [190].
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Numerical results

In the previous Chapter we have detailed the calculation of O (a) EW cor-
rections to the Higgs decay into four charged leptons and the matching be-
tween the fixed-order NLO calculation with a PS algorithm. Our calculations
have been implemented in Hto4l, a Monte Carlo program which allows for
the generation of unweighted events in the channels H — ¢+¢=¢*¢'~ (with
0,0' = e, ), up to NLOPS accuracy. In this section we show and discuss the
numerical results provided by our calculation, as obtained with Hto4l. In
Sec. 5.1 we show some tuned comparisons with the predictions of the refer-
ence code Prophecy4f at the level of NLO electroweak corrections. Then, in
Sec. 5.2 we present our best predictions for various observables at NLOPS
electroweak accuracy, as well as for Higgs production and decay in the pres-
ence of NLO QCD and electroweak corrections matched to PS. Finally, since
Hto41l is supplied with an interface which allows to use our code in associa-
tion with any event generator for the Higgs production, in Sec. 5.3 we show
and discuss some distributions obtained by interfacing Hto41 with POWHEG in
the channel g9 — H — 2e2p.

5.1 Comparison with Prophecy4f

5.1.1 Input parameters

In the comparisons between Hto4l and Prophecy4f v2.0.! as well as in
all the results presented in this chapter, we use the set of input parameters
reported in Table (5.1)

The Mzw and I'z are the running-width PDG values which have to be

! Available at https://prophecy4f.hepforge.org/

87
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«(0) = 1/137.03599911 G, = 1.16637 107> GeV2? M, = 91.1876 GeV

My = 80.398 GeV Iy = 2.141 GeV 'y = 2.4952 GeV
m. = 510.99892 KeV m,, = 105.658369 MeV m, = 1.77684 GeV
m, = 190 MeV m. = 1.4 GeV Miop = 172.5 GeV
mg = 190 MeV mg = 190 MeV my = 4.75 GeV

Table 5.1: Values of the input parameters used in the numerical calculations.

converted to the fixed-width scheme described in Sec. 1.5. As we work in the
G, scheme, for the electromagnetic coupling constant we use the expression

2 a2
ac, — V2 G, M}, sin® Oy, (5.1)

7
with sin? @y, = 1 — M2, /M2, in the calculation of the LO width and NLO
weak corrections, while we use «(0) for the coupling of the photon to the
external charged particles.? The top-quark width is set to the LO prediction
in the SM, and a fixed width is employed in all the resonant propagators in
the framework of the complex-mass scheme.

5.1.2 O («) corrections: comparisons to Prophecy4f

A sample of the Prophecy4f vs. Hto4l comparisons at NLO electroweak
accuracy is shown in Tab. 5.2 and in Figs. 5.1-5.3, in order to check the tech-
nical accuracy of our predictions in its different aspects sketched in Sect. 4.3.
Generally speaking, we observe very good agreement between our predictions
and the independent results of Prophecy4f.

In Fig. 5.1 we show the comparison for the NLO width in the leptonic
decay channels H — 2e2u and H — 4u,% as a function of the Higgs mass
in the range [125, 400] GeV, together with the relative contribution due to
the NLO electroweak corrections where the effect of mass thresholds present
in the loop computation is particularly visible. As can be seen, the two
calculations perfectly agree. For the sake of clarity and completeness, we
quote in Tab. 5.2 the predictions of the two codes for the decay channels
H — 2e2p and H — 4p for three specific values of the Higgs mass: the
level of agreement is within the statistical numerical uncertainty which is
well below the 0.1% accuracy.

2This value is used for all the numerical results shown in the following, with the excep-
tion of the comparisons with Prophecy4f, where we use ag, everywhere, to be consistent
with the default choice of Prophecy4f.

3 Analogous results are valid in the H — 4e channel, which coincides for the integrated
partial width with the 44 final state (apart from negligible mass effects).
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. PropheEyQ.O
Hto4l EW NLO

. Propheéy2.0
Hto4l EW NLO

150 200 250 300 350 400
]Lff{ ((}e\/)

Figure 5.1: Comparison between the NLO electroweak calculation of Prophecy4f and
Hto41 for the decay widths H — 2e2u (upper plot) and H — 4u (lower plot), as a function
of the Higgs mass in the range [125, 400] GeV. For each plot, upper panel: absolute
predictions in KeV; lower panel: ratio between LO width and NLO EW corrected width.

In Fig. 5.2 a comparison between Prophecy4f and Hto41 is shown for the
ete” invariant mass (in the Higgs rest frame), in the range [60, 100] GeV
(upper plot) and in the range [85, 95| GeV (lower plot). The results refer
to the decay channel H — 2e2u for My = 125 GeV. Also in this case, the
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My /Final State Prophecy4f Hto4l
125 GeV/H — 2¢2 || 0.24151(8) | 0.24165(2)
140 GeV/H — 2e2 || 1.2672(2) | 1.2667(1)
200 GeV/H — 221 || 825.9(1) | 825.8(1)

125 GeV/H — 4p || 0.13324(2) | 0.13325(2)
140 GeV/H — 45 || 0.6713(1) | 0.6711(1)
200 GeV/H — 4 || 413.02(7) | 412.98(2)

Table 5.2: Comparison between the NLO electroweak predictions of Prophecy4f and
our calculation (Hto4l) for the Higgs decay width (in KeV), for different values of the
Higgs mass and final states. The numbers in parenthesis are the statistical uncertainty on
the last digit due to MC integration.

agreement between the two codes is remarkable, in spite of the large effect
due to the radiative corrections*. Actually, at and above the peak of the
electron-pair invariant mass distribution the corrections are of the order of
30%, while for M,+.- below M they can reach 50%. The lowering of the
peak and the raising of a tail can be mainly ascribed to the photon radiation
off the leptons, as typical final-state radiation (FSR) effect observed around
the peak of resonant processes [192, 193, 194, 195].

A further comparison is given in Fig. 5.3 for the distribution of the angle
between the decay planes of the virtual Z bosons in the H rest frame for
the channels H — 2e2u (upper plot) and H — 4u (lower plot) for My =
125 GeV, which is the observable of main interest for spin-parity assignment.
For the ¢ angle we use the definition

(k12 x ky) - (ki2 x ks)
k1o x ki|[kio % k|
sgn(sin qb) = sgn {k12 . [(klg X kl) X (k12 X kg)]} (53)

(5.2)

cos ¢ =

where ks = k1 + ko and ki, ko, ks, k4 are the three-momenta of the final-
state leptons.

Again the predictions of the two codes nicely agree. The contribution of
the NLO corrections is particularly visible at the edges of the distribution,
where it can reach the 5% level for both the decay channels.

4For simplicity, in the present Section we provide results for bare electrons only, i.e. in
the absence of lepton-photon recombination effects.
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Figure 5.2: Comparison between the NLO electroweak calculation of Prophecy4f and
Hto4l for the eTe™ invariant mass (in the Higgs rest frame), in the range [60, 100] GeV
(upper plot) and in the range [85, 95] GeV (lower plot). Predictions for the decay H —
2e2p at My = 125 GeV. Upper panels: absolute predictions for dI'/dM,+.-; lower panels:
relative effect of the NLO corrections.

5.2 Hto4l: Predictions at NLOPS electroweak
accuracy

Some illustrative results obtained according to a number of variants of the
theoretical approach described in Chapter 4 are given in Figs. 5.4-5.6. In
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Figure 5.3: Comparison between the NLO electroweak calculation of Prophecy4f and
Hto4l for the ¢ angle distribution (in the Higgs rest frame) for the decay channels H —
2e2p (upper plot) and H — 4u (lower plot) at My = 125 GeV. Upper panels: absolute
predictions in GeV /deg; lower panels: relative effect of the NLO corrections.

order to disentangle the impact of the different sources of correction, we
consider the results obtained according to the following levels of accuracy:

1. the pure PS approximation for the decay width as in Eq. (4.57), asso-
ciated to multiple photon emission in the soft/collinear limit;
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2. the O(«) truncated approximation of Eq. (4.57), describing one photon
radiation in the PS framework;

3. the complete NLO electroweak calculation;

4. the NLO QED calculation, given by the gauge-invariant subset of elec-
tromagnetic contributions within the full set of electroweak corrections;

5. the NLO electroweak corrections matched to the QED PS, as in Eq. (4.62);

6. the NLO QED corrections matched to the QED PS, i.e. the QED
gauge-invariant realization of Eq. (4.62).

The comparison between approximations 1. and 2. is useful to quantify
the higher-orders contribution due to photon emission beyond O(«), while
the difference between options 3. and 4. is a measure of pure weak loop
corrections, the difference between approximations 2. and 3. is an estimate
of non-logarithmic O(«) QED terms plus pure weak loop corrections. The
comparison between approximations 3. and 5., as well as between 4. and 6.,
allows us to check that the NLOPS matching procedure correctly preserves
the effect of QED exponentiation as given by the difference between options
1. and 2. Moreover, the results of 1. vs. those of 5. and of 3. vs. those
of 5. provide an estimate of the accuracy of the predictions available in
the literature for Higgs physics at the LHC, in particular of the process-
independent, widely used code PHOTOS [196], which describes multiple photon
emission but does not include exact NLO electroweak corrections, and of
Prophecy4f, that does not take into account the contribution of exclusive
QED exponentiation.

In Fig. 5.4 we show the relative contribution of the different theoretical
approximations discussed above for the ete™ (upper plot) and ptpu~ (lower
plot) invariant mass in the Higgs rest frame, in the range [85, 95] GeV. The
results refer to the process H — 2e2u for My = 125 GeV, according to a
bare lepton definition. By inspection of Fig. 5.4 we can draw the following
conclusions: the NLO corrections to the lepton invariant masses are quite
large, since they amount to about 50% (30%) to the ete™ (u*p~) invariant
mass below the peak and about 30% (20%) at and above it. They are largely
dominated by the enhanced leading logarithmic contributions of QED nature
o alog(M%/m?), as can be inferred from the comparison between the results
of the pure O(a) PS algorithm and those of the NLO QED/electroweak
calculations. From this comparison, one can also conclude that the O(«)
non-logarithmic QED terms contribute at the some per cent level, both for
the ete™ and pt ™ invariant mass, whereas the pure weak loops have a much
smaller effect, not exceeding the 1% level.
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Figure 5.4:

The large impact of NLO QED corrections, which significantly modify
the shape of the invariant mass distribution, translates in a relevant contri-
bution due to higher-order photonic corrections. Multiple photon emission
is of the order of 10% for the ete™ final-state and at the level of some per

Relative contribution of the QED /electroweak corrections to the eTe™
(upper plot) and ptu~ (lower plot) invariant mass in the Higgs rest frame, in the range
[85, 95] GeV. Predictions for the decay H — 2e2u at My = 125 GeV. The theoretical
approximations corresponding to the different lines are explained in the text.
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cents for the ™ pu~ case, as a consequence of the different magnitude of the
lepton-photon collinear logarithm. It can also be noticed that QED exponen-
tiation reduces the impact of NLO corrections and that the NLOPS matching

correctly preserves the size of multiple photon emission.
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Figure 5.5: The same as Fig. 5.4 for the ¢ angle distribution in the decay channels
H — 2e2u (upper plot) and H — 4u (lower plot) at My = 125 GeV.

Quite different conclusions derive from the analysis of Fig. 5.5, which
shows the relative corrections of the different theoretical recipes on the ¢
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angle distribution for the H — 2e2y and H — 4pu decays. For such an
observable, the pure O(a) PS approximation significantly underestimates
the contribution of NLO EW corrections for ¢ close to 0° and 360", while it
provides an overestimate around 180°. Actually, it can be noticed that the
¢ angle distribution receives a non-negligible contribution from fixed-order
non-logarithmic terms and that, more importantly, is particularly sensitive
to pure weak corrections, which set the correct overall size and shape of the
radiative corrections. On the other hand, the effect of QED exponentiation
is moderate, varying between a few per mille to about 1%.

For completeness, we show in Fig. 5.6 results for the invariant mass of
the ete™ pair and the ¢ angle distribution (for the process H — 2e2u)
under the more realistic experimental condition of calorimetric or recombined
electrons and positrons. In this case, we replace the three-momentum of the
et with the effective momentum p = pe+ + p, for each photon satisfying

the condition AR+, = (Aﬁfi,y +A¢gi,‘/> 1/2 < 0.1, as typically done by
LHC experiments, where A¢,=+., is the lepton-photon separation angle in the
transverse plane. As can be seen from Fig. 5.6 in comparison to Fig. 5.4
and Fig. 5.5, the contribution of the radiative corrections is largely reduced,
as expected, when switching from bare to recombined electrons/positrons.
For the eTe™ invariant mass, the corrections are reduced by about a factor of
three, almost independently of the considered theoretical approximation, and
preserve their shape. However, non-negligible corrections still remain under
the calorimetric condition, of about +15% in the left tail of the invariant
mass and of the order of -10% around the peak of the distribution, when
considering the most accurate matched predictions. In comparison to the
case of bare electrons, the effect of QED exponentiation for dressed electrons
reduces to about 1% in the tail and at the per mille level at and above the
peak.

More interestingly, the QED relative corrections to the ¢ angle distribu-
tion are substantially modified both in size and shape by the recombination
effects, whereas the full electroweak predictions receive a slight size reduction
and a less pronounced shape modification. In particular, we checked through
detailed numerical inspections that the especially visible difference in shape
between the pure PS and the diagrammatic QED predictions is of virtual
origin and has to be ascribed to the QED pentagons, which are exactly in-
cluded in the Feynman diagram calculation and only (crudely) approximated
in the soft/collinear limit in the PS calculation. To some extent, we expect
that the rich angular correlations introduced by pentagon diagrams are only
poorly reproduced by the PS approximation. All in all, the results shown in
the lower plot of Fig. 5.6 reinforce the already noticed particularly relevant



5.2. Hto4l: Predictions at NLOPS electroweak accuracy 97

1.2
. NLO EW | —_ ‘matched EW
1.15 Liaaas = NLO QED ---- matched QED |
Falm 5 PS O(a) QED - PS exp QED
1.1 R
S 105
£ 1.05 -
s
~
Sl *
]
0.95 % |
0.9 | . i ST
recombined e* b Dl bl
0.85 I I I I I
86 88 90 92 94
Me+e— (Ge\/)
T T T T
1.07 | x NLO EW —— matched EW :
1.06 - = NLO QED ---- matched QED
+ PS O(a) QED - PSexp QED
1.05 &, xx |
Log % H — 2e2u x
) ; +
S 103 recombined e
s
S 102 - 1
SETa L LamT i
TP LLLLLTT rmamatunint
099 - LA T -
0.98 a2 R
0.97 I I I I I I I
50 100 150 200 250 300 350
¢ (deg)

Figure 5.6: Relative contribution of the QED /electroweak corrections to the eTe™ in-
variant mass (upper plot) and the ¢ angle distribution (lower plot) for recombined electrons
and positrons. Predictions for the decay H — 2e2u at My = 125 GeV in the Higgs rest
frame. The theoretical approximations corresponding to the different lines are explained
in the text.

role played by loop contributions with complex topology, both of QED and
weak nature, to obtain reliable predictions for the ¢ angle observable.

To summarize, the main conclusion of this Section is that both NLO elec-
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troweak and higher-order QED corrections, as well as their combination, are
relevant for reliable simulations of the most important observables considered
in precision studies of the Higgs sector at the LHC.

5.3 Interface to POWHEG: results for production
and decay

In order to facilitate phenomenological studies of Higgs boson production and
decay in the presence of both QCD and electroweak contributions, we have
implemented an interface which allows to use our code in association with
any event generator describing Higgs production. In Figs. 5.7-5.9 we show a
sample of illustrative results obtained by interfacing Hto41 with POWHEG [120]
for the simulation of Higgs boson production in gluon-gluon fusion. We use
the POWHEG version with NLOPS accuracy in QCD [197| from the POWHEG BOX
framework [198] and we consider Higgs production in proton-proton collisions
at a c.m. energy of 8 TeV®. The events generated by POWHEG are interfaced
to Hto4l according to the following procedure:

e generate unweighted events for the process pp — H(+7j) in the Les
Houches format using POWHEG, where H is an on-shell Higgs boson and
7 stands for the extra parton of the NLO QCD calculation;

e the Les Houches file is read event by event by Hto41l and the particles
momenta are stored in the generic common block structure introduced

in Ref. [199];

e cach event is decayed into the selected channel in the H rest frame,
using Hto4l. After boosting the decay products back to the laboratory
frame, the events including production and decay are written in a file
in the Les Houches format.

The Les Houches file can be finally passed to a shower event genera-
tor for QCD showering and hadronization. In our examples we use PYTHIA
v6.4 [200] as QCD PS. According to the above procedure, the pp — H — 4/
process is treated in narrow width approximation, as it is the case for a
125 GeV Higgs boson, and factorized in on-shell Higgs production and decay.

In our analysis we consider, for definiteness, the decay channel H — 2e2u
and the following observables: the transverse momentum pZ and rapidity vy

5However, as we are interested to study the relative impact of electroweak corrections
dominated by contributions of the kind o™ log" (M%/m?), the results shown in the following
are in practice independent of the c.m. energy.
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Figure 5.7: Comparison between the results obtained with POWHEG + Hto4l (Born) +
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of the Higgs boson (Fig. 5.7), the invariant mass of the subleading lepton pairs
and the magnitude of the cosine of the decay angle of the leading lepton
pair in the four-lepton rest frame with respect to the beam axis |cos6*|
(Fig. 5.8). The leading pair is defined as the lepton pair with invariant
mass closest to the Z boson mass and its angle is obtained by summing
the three-momenta of the two leptons. For the POWHEG calculation of Higgs
production in gluon fusion, we use the PDF set MSTW2008n1068c1 [201]| with
factorization /renormalization scale pp = pup = Mpy. The values of the other
input parameters are the same as the ones given in Tab. 5.1.

The results shown in the following refer to a sample of 1,2 x 10® un-
weighted events and to the selection cuts adopted in Ref. [181]: each muon
(electron) must satisfy transverse momenta pr > 6 GeV (7 GeV) and be in
the pseudorapidity range |n| < 2.7 (2.47). The highest-pr lepton must satisfy
the condition py > 20 GeV, while the subleading and the third leptons are
respectively required to have pr > 15 GeV and pr > 10 GeV. The leptons are

required to be separated by each other of AR = \/(An)2 +(A¢)? > 0.1 (0.2)
when having same (different) flavors. The leading invariant mass M;.qq is re-
quired to be in the range 50 GeV < M..q < 106 GeV, while the subleading
one must be in the range 12 GeV < My, < 115GeV. Finally, the four mo-
mentum invariant mass has to be in the range 118 GeV < Mj934 < 129 GeV.
We show the results for either bare leptons (blue solid line) and recombined
leptons (black dash-dotted line) leptons. In the latter case, we recombine
photons with both electrons and muons, if the condition AR, < 0.1 is sat-
isfied, as in [181].

In Fig. 5.7 and Fig. 5.8 we show the comparison between the predic-
tions obtained using POWHEG interfaced to our code at LO and NLOPS elec-
troweak accuracy. It can be noticed that the contribution due to NLOPS
electroweak corrections is almost flat and of about —15(—5)% for pZ ygy
and |cos#*| when considering bare (recombined) leptons, while the invari-
ant mass of the subleading lepton pairs receives a varying correction of size
between —20 (—10)% and —10 (—5)% for bare (calorimetric) leptons, respec-
tively.

In Fig. 5.9 we show the results for two observables which are fully exclusive
over QED radiation and which can be easily treated in our approach. The
results correspond to the process pp — H — 2e2u+ n -y, with Efyni“ =1 GeV,
for which we show the transverse momentum of the hardest photon and the
angular separation between the hardest photon and the closest lepton, that
exhibit the expected features of photon emission in radiative events.
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Chapter

New physics effects on Higgs decay
into four charged leptons

The particularly clean signature and the non-trivial kinematics make the
H — 40 decay an important channel for searching indirect evidence of new
physics. Indeed, the presence of anomalous couplings in the Higgs sector
would lead to unexpected deviations between theoretical predictions and ex-
perimental data. This motivates the recent developments of our study on
the H — 4/ decay channel. In this chapter we present some preliminary
results on the impact of new physics effects on the Higgs decay into four
charged leptons. To evaluate the deviations from SM predictions in a model-
independent way, we adopt an Effective Field Theory (EFT) approach. Other
studies on the BSM effects in the H — V'V — 4/ have been published in
the last years. In particular, in Refs. [202, 203, 204| new physics effects in
h — 4¢ decays are parametrized in terms of specific anomalous Higgs ver-
tices, while in Refs. [205, 206, 207] the language of pseudo-observables is
adopted. Here we directly start from an EFT Lagrangian. In this framework
the gauge invariance in preserved by construction. Moreover, since the EFT
approach is widely used in the analysis of LHC data, the link with experimen-
tal constraints is more transparent. Our analysis is performed at the level of
differential cross sections. In particular, we compare, for several kinematic
observables, the effects of effective operators with respect to SM predictions
at NLOPS accuracy. The results have been obtained with a new version of
Hto4l, where new LO H — 2e2u matrix elements have been calculated from
an effective Lagrangian that includes all the relevant dimension six operators
to H — 40 decay channel.

The chapter is structured as follows: in Sec. 6.1 we introduce some gen-
eralities on the EFT approach, with particular emphasis on the connection
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between EFT and LHC data; in Sec. 6.2 we describe the theoretical frame-
work that we have adopted, while the implementation of the anomalous part
in Hto41l is described in Sec. 6.3; finally in Sec. 6.4 we show and discuss some
preliminary results for the H — 2e2u channel.

6.1 Introduction to Effective Field Theory

The discovery of the Higgs boson and the consistency of its measured proper-
ties with the SM ones have definitively promoted the SM as the appropriate
theory for the unified description of fundamental interactions (with the re-
markable exception of gravity), at least up to the EW scale. However, as
we have mentioned in the introduction of this work, many arguments sug-
gest that the SM cannot be the ultimate theory of fundamental interactions:
it does not account for dark matter, neutrino masses and oscillations and
matter /anti-matter asymmetry. Moreover, theoretical arguments based on a
natural solution of the hierarchy problem suggest that at the TeV scale new
degrees of freedom would eventually appear. On the other hand, the lack of
direct signals of new physics is reinforcing the hypothesis that the scale of
new physics could not be accessible at the LHC. In this unfavorable scenario
the best chance for ATLAS and CMS to find hints of new physics would lie in
the analysis of SM processes and in the discovery of unexpected discrepancies
between theoretical SM predictions and experimental data. For instance, de-
viations from SM predictions could imply the presence of new particles in the
loops, which could give rise to anomalous couplings between SM particles.
From this point of view, the Effective Field Theory approach represents an
important theoretical framework for the description of new interactions in
a model independent way. On general grounds, the EFT approach is based
on the hypothesis that the SM is suitable to describe strong and electroweak
interactions at energy scales much lower than the scale A of new physics. If
the mass of the lightest new particle is much larger than the SM ones, the low
energy reduction of the complete theory at the EW scale proceeds through
the decoupling of heavy particles. These heavy degrees of freedom are then
integrated out according to the Appelquist-Carazzone theorem [208|, giving
rise to higher-dimensional operators which capture the low energy effects of
new physics. It is important to stress that the basic features of the SM still
hold in the EFT approximation: the effective Lagrangian has the same field
content and it is invariant under the local SU(3)¢ ® SU(2); ® U(1)y sym-
metry group. Moreover, the spontaneous breaking of the SU(2), @ U(1)y
down to U(1), is still due to the non vanishing vacuum expectation value of
a complex scalar field transforming as (1,2);/o under the local group. The
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effective Lagrangian can be written in the following general form

1 3) ), L (6) 1 (6)
»CEFTZESM+Kzi:Ci O, —I—in:ci o7+, (6.1)

where each (’)l(D) is a gauge invariant D-dimension operator suppressed by
powers of A, while the parameters cED) are the so-called Wilson coefficients.
The main motivation to use an EFT approach lies in its generality. All de-
coupling BSM theories where new particles are much heavier than the SM
ones and much heavier than the energy scale accessible by the experiments,
can be mapped in such a Lagrangian. The constraints on the Wilson coef-
ficients obtained by comparing experimental data with EFT predictions can
be then interpreted in terms of any UV complete theory. In fact, once the
underlying theory is specified, the dependence of the Wilson coefficients on
the parameters of the complete theory can be recovered by integrating out
the heavy degrees of freedom.

It is known from the first analysis of effective operators that the only
gauge invariant dimension-five operator which can be built with a SM content
leads to lepton number violation |209|. Since no dimension six operators can
do the same job, the related Wilson coefficient is strongly constrained by the
experiments and it is neglected in the analysis of LHC data. Then, the lead-
ing effects of new physics at the EW scale are expected to be parametrised by
dimension six operators. The first complete set of 80 operators was derived
in Ref. [210], assuming baryon and lepton number conservation, flavor uni-
versality, a linear realization of the EWSB, and a SM field content. However,
it was soon noted that not all the operators of this set are independent: they
can be linked through equations of motions of the SM fields, integration by
parts, or field redefinitions. The first complete and non redundant set of 59
CP-even dimension six operators (the so-called Warsaw basis), was published
only in 2010 |[211]. It is worth mentioning that if one wants to include the
low energy effects of CP violating models, other 6 CP-odd bosonic operators
are necessary. Although the angle between the decay planes of the two in-
termediate gauge bosons is sensible to the CP properties of the Higgs boson,
our analysis is restricted to CP-even operators, thus CP-odd operators will
be not considered in the following. Since there are alternative choices in the
redefinition of the fields and in the use of the equations of motion, differ-
ent bases have been proposed in the literature. The most popular choices
are the Warsaw basis [211]| and the SILH (Strong Interacting Light Higgs)
basis [212, 213|. The choice of the basis is usually led by the convenience
to minimize the number of operators that are necessary to paramatrize the
BSM effects on a given class of processes. Furthermore, the choice of the
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basis can be also influenced by model dependent assumptions. For instance,
the Warsaw basis is particularly appropriate for the low energy reduction of
BSM theories that modify the interactions of the SM fermions. In contrast,
the SILH basis has been designed to capture the effects of those theories
in which new physics mostly couples to SM bosons. Regarding the appli-
cation of EFT on Higgs physics, there is no theoretical obstacle to present
the results of LHC analysis as constraints on the Wilson coefficients of the
Warsaw or SILH basis. However this procedure can be rather cumbersome
from the experimental point of view. The reason is that Wilson coefficients
in either Warsaw and SILH basis enter the Higgs couplings to mass eigen-
state in a rather complicated way. An alternative approach is represented by
the BSM primaries basis [214], where the effective Lagrangian is written in
terms of mass eigenstates, after electroweak symmetry breaking. Within this
framework only the SU(3)c ® U(1), is manifest while the SU(2), @ U(1)y
is implicit, as it is encoded in the relations between different couplings in
the Lagrangian. Following the same procedure, the so-called Higgs basis has
been recently proposed to parametrize the space of D = 6 operators in a way
that can be more directly connected to observable quantities in Higgs physics.
On general grounds, the variables spanning the Higgs basis correspond to a
subset of the couplings parametrizing new interactions in the mass-eigenstate
effective Lagrangian. Since these couplings can be expressed as a linear com-
bination of Wilson coefficients of any other basis, from a technical point of
view the Higgs basis is nothing more than a linear transformation of the
SILH or the Warsaw basis. The total number of independent couplings is
the same of any other basis. The remaining dependent couplings are then
expressed as a linear combination of the independent ones. Of course, the
choice on which couplings are chosen as independent is free and is dictated
by convenience. The algorithm for the construction of the complete D = 6
Lagrangian in terms of mass eigenstates is described in Ref. [215]. Here we
limit to mention that in this formalism, by construction, all kinetic terms
are canonically normalized, there is no kinetic mixing between the Z boson
and the photon and there is no corrections to the Z boson mass. While, in
general, dimension six operators give rise to mixing and mass corrections, the
canonical form can always be recovered by using the equations of motions,
integration by parts and a redefinition of the fields and couplings. Only the
W mass receives a corrections from the term
ALD=6 L —

‘Ckinetic = 26mTW,u, M/,U, (62)
The independent coupling dm is a free parameter from the EFT point of
view. However since it is very well constrained by electroweak precision
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data (6m = (2.6 & 1.9) - 107%) it is neglected in the analysis of Higgs data.
Moreover, if custodial symmetry is preserved, ém = 0 by hypothesis.

6.2 D = 6 contributions to Higgs decay into
four charged leptons

In order to include the effects of D = 6 operators in the decay of the Higgs
boson into four charged leptons we adopt the Higgs basis, introduced in the
previous section. For the full derivation of the effective Lagrangian in terms
of mass eigenstate we refer to [215], limiting the discussion to the relevant
CP-even couplings for our case of study. The operators contributing to this
decay channel can be split into five classes. The first and most relevant class
is given by the D = 6 contributions to anomalous HV'V couplings

H

2 / 2
+CV’Y4A AW,—I—CZV# A#V+CZZgIZg2Z Z (63)

+ CzDQSZHaVZW + CVDglg2ZuayA,uu )

where we have adopted the convention to absorb the suppression factor 1/A
in the effective coefficients. Of the six couplings in Eq. (6.3) only five are
independent. We choose ¢, as dependent coupling, which can be expressed
as the following linear combination:

1
oo B—g 29520+ (95 + gt )ezz — €cyy — (95 — gi)es] - (64)

The second class of operators is given by the anomalous contributions to Z¢¢
vertex

Aﬁfo \ 91+ 952,

> 0 (B — 83 Qe+7u097") (ot

l=e,p

(6.5)
+0g (=8t Qe +7,09%") Lr ] :

while the third class gives rise to HV (¢ contact interactions

AL VZ[_Q\/gl—i_gQ

(%

Z SgiV HZ, b1y, + Sgn V“HZ“ZRWR] .
l=e,u

(6.6)
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In the Higgs basis the couplings of the contact terms are equal to the vertex
corrections in Eq. (6.5)

59 5gHV€E7 59 5gHV€€. (67)

Given the constraints on the anomalous Z/¢¢ couplings, the LHC Higgs stud-
ies cannot be sensitive to vertex corrections and contact interactions and
therefore their effects are neglected in current analysis. The last two con-
tributions involve the so-called dipole interactions. The first of these classes
includes the dipole interactions between the Z boson and leptons

\/ + m
ALdZM = — gl g2 Z €L 40w [dzgg]ij fRJZWJ + h.C., (68)

l=e,u

while the second is related to the dipole-type contact interactions of the Higgs
boson, parametrized by the following Lagrangian

G+ g2 N
AE?I—TE@E = — gil)—; 92 Z v JKL’Z'O'W, [dZHM]ij fR,jHZ/w -+ h.C., . (69)
l=e,u

As for the HV /¢ contact interactions, the Higgs dipole couplings are equal
to the dV¢¢ in Eq. (6.8). For Higgs decays into four light fermions, the
dipole-like contributions do not interfere with the SM amplitudes due to the
different helicity structure. Therefore, corrections to the decay width enter
quadratically and should be then neglected. Moreover, as a consequence of
the linearly realized electroweak symmetry in the D = 6 Lagrangian, the
dipole parameters are proportional to the respective lepton dipole moments
which are stringently constrained by experiment. For these two reasons,
dipole interactions are always neglected in LHC analysis.

6.3 Calculation details

At this preliminary level we have considered the effective Lagrangian
LP=6 = M 4 B8 (6.10)

where Lgy is supplemented only by D = 6 contributions to HV'V vertex
described in Eq. (6.4). The master formula for the LO decay width, in
presence of D = 6 operators reads

- 1
PE6° (= 2e2m) = 5 [ Ml + 2Re (Moo Miy) + [Moof'} d4
(6.11)
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An important remark is in order: the quadratic part ]MD:6\2 is suppressed
by a factor 1/A* in the scale of new physics. Then, from the point of view
of the EFT expansion, it contributes at the same level of D = 8 operators.
For this reason the quadratic part is usually neglected in the analysis. Nev-
ertheless, we have included the quadratic contributions in our calculation,
with the possibility to turn them off in the code. The reason is that for large
values of the D = 6 coefficients which are allowed by present constraints, the
leading anomalous contributions could be captured by the quadratic terms,
indicating that the low-energy description of new physics restricted to D = 6
operators may not be sufficient. In addition to an anomalous part in the HZZ
coupling, the presence of D = 6 operators gives rise to tree-level Hyy and
HZ~ vertexes which are not present in the SM Lagrangian. The Feynman
rules for for the HV'V vertexes couplings have been derived by implementing
the effective Lagrangian of Eq. (6.10) in FeynRules 2.0 [216], obtaining the
following expressions:

ie’c
Vi (1 pe) = —— {p’l‘Qpé“ — (p1p2) g’““?}, (6.12)

ie?
VHMZ#2 (p17p2) = Czy [plf?pé“ — (]91 ‘]92) g#wz] 4
W e (6.13)

cyo [P + (p1 - p2) 9912 } ;

2

C M2 1 _ . 1 2 —I—
012/1/3%4/“{ 22 DYDY (p1-p2) g ]

czo [=Ppht + (p1 - p2) 912 } ,

2iM%dcy S ie

Virzz (p1,p2) =

(6.14)

where p; and py are the incoming momenta of the gauge bosons. Then, the
new matrix elements have been carried out by means of the symbolic manip-
ulation program FORM [183], and they have been included in a new version of
Hto41l which will be publicly available soon. In order to make the code more
flexible we have implemented a mapping from the SILH basis to the Higgs
one. The relations between the two basis are reported in Appendix B. As
a consistency check we have compared the value of the matrix elements im-
plemented in Hto4l with the one generated with MadGraphb [217] for several
phase-space points, finding an excellent agreement.
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6.4 Numerical results

In this section we show the results obtained for the H — 2e2u decay channel
in presence of D = 6 operators. As a benchmark for the values of the Higgs
coefficients we use the constraints given in Ref. [218|:

ocy —0.12 4+ 0.20
Czz 0.5+1.8
e | = | 0214082 | (6.15)
ey 0.014 = 0.029
¢z, 0.01 £ 0.10
Higgs coefficient | T'j 002, X 107*[MeV] | I'psn/Tsm
dcy +0.2 3.33 1.39
—0.2 1.43 0.61
—1.0 2.88 1.21
Cz0 +0.5 2.73 1.14
—0.5 2.02 0.84
¢y | 10.015 2.38 :
—0.015 2.38 -
Cz~y +0.05 2.40 1.008
—0.05 2.36 0.983

Table 6.1: Higgs decay width in the 2e2u channel in presence of D = 6 operators. The
values are within the constraints of ref. [218].

In Table 6.1 we report the LO results for the decay width I',_,2.2,, obtained
by switching one coefficient at a time and for a choice of coefficients allowed
by the constraints reported in (6.15). The results have been obtained by
neglecting the quadratic contributions in Eq. (6.11) As it can be seen, dcg,
czz, czo are very weakly constrained by present data and large deviation
from the SM are allowed.

As already mentioned, in a linear EFT some of the parameters eneter-
ing to Higgs observables also contribute to EW observables and thus get
constrained by the LEP data. As a benchmark for the values of the Higgs
coefficients we use the constraints given in Ref. [218|. The analyses carried
out in this Ref. provides constraints on the five CP-even paramaters except
on the paramaters of the contact interaction. The parameters dc; and c,
are sevearly constrained by the LHC data. dcz multiplies a SM-like effective
operator and it does not change the shape of the distributions. On the other
hand, for numerical values within the present constraints, the effect of c,,
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on the H — 4/ channel is negligible and it has been omitted in the analysis.
The constraint on cyz., on the other hand, has large uncertainty. Therefore,
at the differential level we restrict our analysis to ¢z, czz and czo, where
sizeable effects are expected.

As it can be seen from Eq. (6.13) czz, czo enter the anomalous vertex
Vi z (we remind that ¢, is a dependent coupling, see Eq. (6.4)). Therefore,
the kinematic configurations with one of the invariant lepton pairs mass
close to zero could lead to an important contribution to the H — 2e2u
partial width. Therefore, in order to get rid of these large contributions
which would be rejected in the event selection, we have implemented a lower
cut of 15 GeV on the invariant mass of electrons and muons pairs.

In Figs. 6.1-6.6 we show the effects of ¢z, czz and czg by switching one
coefficient at a time for benchmark values of ¢z, = +0.05, czz = £1.0 and
czo = £0.5. We consider the following observables:

e the leading (Meaq) and the subleading (Mg,) lepton pair invariant
mass, with Me.q defined as the same-flavor opposite-sign (SFOS) lep-
ton pair invariant mass closest to the Z boson mass;

e ¢ is the angle between two intermediate gauge-bosons decay plane;

o Af.-,- is the relative angle between the electron and the muon.

Since the constraints quoted in [218] have been derived in the linear ap-
proximation, the results in Figs. 6.1-6.6 have been obtained by switching off
the 1/A* contributions. In these figures we show the effect of the D = 6
operators on the distributions of the kinematic observables described above
(upper panels).

It appears that although the global effects are comparable or even larger
than the higher-order EW corrections, the angular observables are the most
sensitive to BSM kinematic effects, while for invariant mass and lepton trans-
verse momenta distributions the largest modifications on the shape occur in
the tails, where the local significance is rather small. However, looking at
the M,,;, distributions in Figs. 6.3 and 6.5 we can see that for the adopted
values of czz and czo the effect on the shape is of the same order of the
higher-order SM contributions.
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Figure 6.1: upper panels: differential distributions of the leading (Mjeaq) and the sub-
leading (Msy,) SFOS invariant mass for the SM case at LO (black line), at NLOPS EW
accuracy (violet line), and for ¢z, = +0.05 (blue and red lines). Lower panels: ratio
between the normalized BSM and SM distributions and the SM one. (blue and red lines);
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Figure 6.2: left panel: differential distributions of the angle between two intermediate
gauge-bosons decay plane and of the relative angle between the electron and the muon for
the SM case at LO (black line), at NLOPS EW accuracy (violet line), and for ¢zz = +1
(blue and red lines). Lower panels: ratio between the normalized BSM and SM distribu-
tions and the SM one. (blue and red lines); ratio between the normalized SM distribution
at NLOPS accuracy and the LO one (violet line).
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Conclusions

In this thesis we have presented novel results on the Higgs decay into four
charged leptons (H — 4e, 4, 2e2p), including complete NLO EW corrections
matched with a QED PS algorithm for the exclusive description of multiple
photon effects. For inclusive partial widths at NLO EW accuracy without
multiple photon emission, Hto41l and Prophecy4f [41, 42| must agree for the
leptonic final states included in Hto4l. In order to emphasize the reliability
of our calculation, a comparison of the two codes has been carried out at
differential and integrated level, finding, in both cases, perfect agreement.
Going beyond the NLO EW accuracy, Hto4l includes also the possibility to
simulate multiphoton emissions in a QED PS approach, consistently matched
to the NLO calculation. In order to asses the effects of different sources of
higher-order corrections we have compared NLOPS distributions with the
ones obtained by considering only fixed-order corrections and in the pure
PS approximation. In this way we have shown that the relative impact
of different sources of corrections at the level of differential distributions
strongly depends on the kinematic observable considered in the analysis. For
instance, the NLO corrections on the invariant masses of leptons pairs are
dominated by the leading logarithmic contributions of QED nature, which
then translate in relevant contributions of higher-order QED corrections. On
the other hand, angular variables, such as the relative angle between the two
intermediate Z bosons decay planes, are particularly sensitive to pure weak
corrections, while the pure PS approximation gives an inaccurate description
of this distributions. In conclusion, our code combines, for H — 4/ channels,
the virtues of NLO corrections implemented in Prophecy4f with the ones
of a QED PS algorithm. Hto4l can be used in combination of any event
generator for Higgs production, and it will be useful for present and future
phenomenological studies.

Given the importance of the H — 4/ channel in the searches of indirect
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evidence of new physics, we are now studying the possible BSM effects with
a new version of Hto4l which will be publicly available soon. In particular,
we have derived the anomalous couplings which could affect the H — 2e2p
channel in an EFT framework, adopting the Higgs basis of D = 6 operators,
whose coefficients can be easily related to observable quantities. To make
the code more flexible we have also implemented a mapping from the SILH
basis to the Higgs one. In this work we presented some preliminary results,
showing the effects of D = 6 operators for values of the coefficients allowed
by present constraints. We have considered the effects both at the integrated
and differential level, considering a certain number of kinematic observables.
To highlight the effects on the shape we have considered the ratio between
the BSM normalized distributions with respect to the SM ones. Given the
weak constraints on some of the coefficients, large deviations from the SM
predictions are allowed at the integrated level. Moreover, it appears that
the angular variables are the most sensitive to BSM kinematic effects. In
the next future we expect to include the anomalous couplings also in the
H — 4e, 4y channels and to provide the possibility to include the anomalous
contributions as a part of a calculation which includes both LO BSM effects
and NLOPS SM corrections.



Appendix

Phase-space parameterisation and
imtegration

The 4 + n bodies phase space as in Eq. (4.58) is integrated according to
standard multi-channel MC techniques, combined with importance sampling
to reduce the variance of the integral and help event generation!. The first
step is to generate a photon multiplicity n and associate n; (ns) photons
to the electron (muon) current (n; + ny = n), defining the channel of the
multi-channel integration. The phase space is then conveniently split into
two decaying objects to follow the Z propagators, namely

dq)(PH7p17 Y 2% kh e 7kn) = (27T>6dQ2ZldQ2ZQdCI)(PHa PZM PZ2> X
d®(Pyz,;p1,p2, k1, -+ kny) AP(Pryi D3, Pay Kty - Kyny) - (AL1)

where Py, (P = Q%) are the momenta of the virtual Z bosons.

We refrain from writing explicitly the simple 1 — 2 decay phase spaces
of Eq. (A.1) and we focus instead on the case where at least one photon
is present. The efficient sampling of photons collinear to final state leptons
is a non trivial task, because the directions of the leptons are known only
after all the momenta are generated. Instead of adopting a solution based
on a properly chosen multi-channel strategy (see for instance Ref. [190]), we
adopt a different and elegant solution, which consists in writing the phase
space in the frame where the leptons are back-to-back, i.e. p, = —p; (see for
example [219, 220, 221]).

Omitting overall numerical factors for brevity, the building block we are

!Here we consider only the decay H — 2e2pu, the generalization to 4 identical leptons
being straightforward.
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interested in is

O\ @
d®(P;pa, o, kv, -+ k) = o (P_pa—pb_ZkZ) ; ng

0
i=1 Pa Py i=1 ki
= WP -Q-K)id

where we defined @ = p,+py, K =Y _;_, k; and d® contains the infinitesimal
phase space element divided by the final state particle energies. It is usually
understood that all the variables are expressed in the frame where P is at
rest, but we want to express them where () is at rest. In order to do that,
the previous equation can be further manipulated by inserting the following
identities

d'Q6M(Q — pa —pp) =1
ds'0(Q* —s') =1
AP G (P)§(P° — /5) = 2¢/s A*P6C)(P)6(P? —s) =1 (A.2)

which help to make explicit the Lorentz invariance of the phase space element.
With the help of Eq. (A.2) and appropriately rearranging the terms, we
can write

AD(P; pa, po, 1y -+ 5 ky) = 6@ A3Q6M(Q — pa — py) 0@ (P)

2/s d*PSW (P — Q — K)§(P? — 5)ds'dQ%(Q* — s') =

— 5c1>\/E, 5O (P)d(Q — pa — po)d((Q + K)? — 5)d*Qds’ =
S

. &g, &y 1y &k
= ds';5(4)(Q —Pa — P)0((Q + K)* = s) 20 pob Il =
a b j—1 M

1 T A3k
1+ % it

S/
= %ﬁaan (AS)

In the cascade of identities (A.3) we used the result d*Q 63)(P) = (s'/s)?
(see [220]) and we made use of Lorentz invariance. In the last identity it
is understood that all the variables are expressed in the frame where ) =
Pa + py is at rest and s = Q2 s = P2, B3, is the speed of particle a and
dQ, = dcosf,d¢,. The big advantage of the last equation is that the lepton
momenta p, and p, lie on the same direction defined by cosf, and ¢,, hence
all photons can be generated along this direction to sample the collinear
singularities. Once all particle momenta are generated, they can be boosted
back to the rest frame of the decaying Higgs boson.
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One last remark concerns the integration limits of the phase space. As
mentioned in Sec. 4.4.2; photon energies should be generated larger than the
infrared cut-off € in the Higgs frame, which is a non Lorentz invariant cut.
Since the minimum photon energy can not be determined a prioriin the frame
where () is at rest (because @ itself depends on the photons momenta), we
decide to generate photon energies starting from 0 to cover the whole phase
space and then, once boosted back, cut the event if a photon enegy falls
below €. Finally, in order to flatten the infrared divergence, we choose to
sample the photon energies according to the function

w>€

w <€

where € is a guessed (and tuned for efficiency) minimum energy.






Appendix B

The Higgs basis

In Chapter 6 we have introduced the Higgs basis as a new choice for the
parametrization of the space of dimension-six operators. In this basis the
dimension-six operators affecting the Higgs sector of the SM are explicitly
separated by the ones constrained by other experiments. For this reason, the
Higgs basis turns out to be particularly convenient for the analysis of LHC
Higgs data. In this Appendix, we limit ourselves to report the expressions
for the effective coefficients taken into account in Sec. 6.2, written in terms of
the SILH Wilson coefficients. The reader can refer to [215] for the derivation
of the remaining relations for the mapping between the two basis. The list
of bosonic dimension-six operators of the SILH basis is given in Table B.1,
while the list of two-fermion dimension-six operators is given in Tables B.2
and B.3. We omit to list the four-fermion operators because they do not play
any role in the Higgs decay into four fermions. The symbol D , states for
the so-called Hermitian derivative defined as

g .
goTz D o= upT (Du — §u> ©,

where wfﬁugo = (Dmp)T ¢. Let us start by considering the operators giving
rise to anomalous contributions to the HV'V vertex. The relations among
the effective coefficients of Eq. 6.3 and the Wilson coefficients of the SILH
basis are

1 3
dcz = _§CH ) [0;16}227 (B.1)
16 _
Cyy = 3¢y (B.2)
93
4 _ 9i _ 9% o
Cz7 = ——5—— |Cuw + —5Cup — 4=5 Sy Cy | , (B.3)
9 + g3 93 g "
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2
Coy = p [Cup — cuw — 8siyc, ], (B-4)
2
2 [ G 11
c.n = —5 |Cw + Caw + Cow + = (€ + Cup + C2B) — 51 + 5 [Chelan | »
92 92 2 2
(B.5)
2 _ g 11,
CyO = —(CHW—CHB)+ |:CW+C2W_ (CB+CQB)__CT+_[C } )
3 p g p 9 o (Crtl22
(B.6)

Regarding the anomalous interactions of the Z boson with leptons, the rela-
tions among the coefficients of the Higgs basis and SILH ones are given by
the following relations:

1 1 o1
097" = _§E/H€ - §EH€ +f (—57 —1) 5 (B.7)
1 R
5%l = —§C’He + £(0,-1), (B.8)

where

2
. 1
f (T;’7 Qf) = {EQW + %523 + §ET — [Chrel T;)
2 2 22 (B.9)
91 {(292 —91) 1 1

— Cop + Cow + Cw + g — =1 + = [Crylon | @
9% — ¢ 9 PRI I

The same relations hold for the contact terms of Eq. (6.6). Finally, we have
to consider the dipole interactions, which do not occur in the SM but may
appear in the EF'T with D = 6 operators. For the dipole interaction of the
Z boson with leptons we get

16
[dZM]ij = _Q(CIQ/VE@W + 5%/[/5@3)- (B.10)
2

As in the previous case, the same combinations give also rise to contact
interactions in the among the Higgs, weak bosons and fermions.
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Bosonic CP-even

Op

Onw
OHB

OQW
Osp

Osw

2
207 [0 (H“‘fﬂ2
<=
o (01Dl
A
- (H'H)
“-H'HB,, B,
o (Hbﬂﬁﬁ) D,Wi,
1%

29 (HT?HH) 9, B
% (DuHo' D, H) W,
b (D, D,) B,
777 DWW Do W,
M—lavauwwa,,pr

93 _ijkyysi J k
AW, W W,

Table B.1: bosonic CP-even operators of the SILH basis

Vertex and contact operators

(O, Ll G HT D L H
(Ol v%giak%EjHTakﬁuH
[Onely; v%éﬂuejHT%)uH
[Ongl,; U%QNMQJHT%)MH
[O}Iq ij v%(jiak’yﬂquTgkﬁuH
[Omul;; vizﬂﬂuUjHTﬁuH
Otudly; | Bt H'D H

Table B.2: Two-fermion operators of the SILH basis
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Dipole operators

2Me, Me . — k k
[Oew]ij ]\Z22 \/ vz : &'O' HU#VejW/LV

1%

w
/2Me . Me. —
[OeB]zj ]\g[;év#giHUuyejB
A/ 2My, My - ~
[OUW]U ]\?7‘2%/721 et (jiO'kHO'HVUjW/IfV
(Ouslyy |

ij M2, v GiHouujBuy
/2mg.mgy.
g2 diMd; L . k
[Odw]ij M‘%V T q;0 HU#VdJWMV
devmd.
g1 2 J . .
[Oasl; i i VN q;Ho,,d; By,

Table B.3: Two-fermion operators of the SILH basis which give rise to dipole interactions
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