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Introduction

Motivation

The notion of Schur index has been introduced by Schur in 1905. Let x be
the character of an irreducible complex representation R of a finite group G.
Let F be any algebraic number field. We denote by F'(x) the field extension
of F obtained adjoining x(g) for all g € G. Let K be any field extension of
F(x) such that 1) R can be realized over K and 2) K has minimal degree
over F'(x) with respect to this property. This minimal degree |K : F'(x)| is
denoted by sp(x) . The computation of the Schur index has been studied by
many authors in the 20" century, some references are [15], [11] [12], [31], [32].

Our interest in this topic arises from the investigation of computational
aspects of representation theory. The problem of the construction of a rep-
resentation of a finite group G affording a given character x € Irr(G) has
no trivial solution but can be approached in some different ways. One pos-
sibility is to simplify the complexity of the problem by first constructing
a rational representation affording the character sg(x)GalSumg(x) (where
GalSumg(G) denotes the sum of the irreducible characters of G that are
Galois conjugated to x in the extension Q(x)/Q) and then decompose such
a rational representation into absolutely irreducible components in order to
find a suitable representation affording the given character. The complex-
ity of this strategy increases as the Schur index grows. In particular when
s(x) is greater than 2 no general ways to apply such strategies are known.
In order to study this situation we decided to find some small examples to

work on. This motivated us to focus our attention on the construction of



irreducible characters with Schur index greater than 2.
A classical example of a group with irreducible characters of Schur index 3,

studied also by Lam in [22], is
G = (a,b]|a", b’ a® = d?).

This group can by obtained as a semidirect product of two cyclic groups
of order 7 and 9, respectively. We decided to investigate whether such a
structure can be generalized to obtain other examples of characters with

Schur index greather than 2.

Outline

Let p and ¢ be two odd primes such that p =1 mod ¢™ for some positive
integer m, where ¢ is the maximal power of ¢ w.r.t. this property. In
this thesis we study metacyclic groups of the form G'= C}, 1, Cyr for some
integer k, where the action of Cyx on C), depends on a parameter [ such
that |o(Cu)| = ¢'. From our analysis it arises that any irreducible character
of these groups is either linear or it is obtained by induction to G from a
faithful character of the abelian subgroup C), x Z(G) of G, which has index
¢'. As a consequence, non linear characters of G have degree ¢'.

Classical results help us to bound the possible values that the Schur index
of these non linear character may attain. Let y € Irr(G) such that x(1) = ¢!
then sg ()| x(1) 19 10.2], sg(0)%|G] [10], sg()x(D|IG] 111,

Let ¢ € Trr(Cp x Z(G)) be such that x = ¢“. Then there is a representation
R of G over Q(¢) affording x. We ask if there exists any subfield K of Q(v))
with [K : Q(x)| = sq(x) such that there is a K-representation of G similar
to R.

In [I7] and [13] a method to find a minimal field for a representation is
described. If X € GLy(Q()) such that X 'R(g)X = R(g)” for some

i
o € Gal(Q(¢)/Q) and for all g € @, then XX7. X"
contained in the subfield K of Q(¢) fixed by o. The representation R is

similar to a K-representation if and only if the norm equation Nk () =

= ply for some p

1 has a solution. Algebraic number theory provides a way of determinate
whether this norm equation is solvable. In our case, the field extension

Q(v)/K is a cyclic extension, thus we can use the Hasse Norm Theorem



[26, VI,4.5] and move our problem from global to local norm equations. In
particular, the problem to determinate for which subfields K of Q(v) the
norm equation is solvable is reduced to the problem to understand when a
unique local norm equation has solution. In this thesis we prove for which
fields the norm equation is solvable. This allow us to conclude that, in the
family of groups we have studied, a stronger bound for the Schur index holds,

that is sQ(X)’q
In the last chapter of the thesis we discuss the problem of the construction

k—m

of an absolutely irreducible module affording a given character in the case
of Schur index equal 2 and 3. In the first case the problem is reduced to the
one of finding a singular element in a quaternion algebra and it can be solved
using algorithms due to A. Steel [30] and J. Voight [33]. The situation is
more complicated when the Schur index is equal 3 because Dickson algebras
are involved and it is necessary to solve an homogeneous quadratic equation

in eight variables over a number field.



Notation

N :

Irrp (G
Irr(G
Hompg( N

B(
GalSump(x
sr(X

)

)

, V)
Endpg(M) :
X)
)
)

: a primitive n

the set {1,2,3,..}

: the set of irreducible characters of a group G over a field F
: the set of irreducible characters of a group G over C

: the group of homorphisms from an F'G-module M to N

Hompe(M, M)
F({x(g) : g€G})

: the sum of characters Galois conjugate to x in F'(x)/F
: the Schur index of x € Irr(G) over a field F'

Op :
: K is a field extension of F'

the ring of algebraic integers of a number field F'

: the Galois group of K/F, when K/F is a Galois extension
o) : the subfield of K fixed by the subgroup of Gal(K/F') gene-

rated by o

: the ramification index of a prime ideal w above v
: the residue field O /v

: the group of units of O,

: the subgroup of principal units of O,

th_root of unity



CHAPTER 1

PRELIMINARIES

In this chapter we introduce some basic definitions and results about repre-
sentation theory which will be strongly used in the rest of the thesis. For
those who are familiar with the topic this chapter may be useful in order to
fix the notation. For a more complete overview of the topic see [3], [7], [I8]
and [19].

1.1 Representations, Modules and Characters

Definition 1.1.1. Let G be a group and let F' be a field. A representation
of G over F' (or F-representation) is an homomorphism R : G — GL,,(F),

where n is said to be the degree of R.

Representations are a very strong tool in group theory because they al-
low to deal with groups in a concrete way and to study group’s proprieties
through them.

Definition 1.1.2. Let G be a finite group, F be a field and R be an
F-representation of G. The map x : G — F defied by x(g) = Tr(R(g)) is
the character of G afforded by R.

It is possible that different F-representations afford the same character,
in particular two F-representations R and S of degree n afford the same char-
acter if and only if they are similar, that is there exists a matrix P € GL,(F)
such that PR(g) = S(g)P for all g € G.

We denote by F'G the group algebra of G over the field F. For every

F-representation R of G of degree n it is possible to construct an F'G-module



1.1 Representations, Modules and Characters

considering the n-dimensional row vector space M over F' where the action
of G over M is defined by g -m = R(g)m for every m € M and g € G.
Extending linearly this action to FG we get an F'G-module. On the other
hand, let M be an n-dimensional F'G-module and choose a basis B of M.
For every g € G it possible to define an homomorphism -4 : M — M such
that -4(m) = g - m for every m € M. As a consequence, for every g € G
there is a matrix Ry, € GL,(F) associated to -, with respect to the basis
B. Then R : G — GL,(F) defined by R(g) = R, is a F-representation
of G. A classical result in representation theory says that there is a 1-to-1
correspondence between F-representations of G and FG-modules, given by

the shown correspondence.

Definition 1.1.3. Let R be a F-representation of G. It is said to be #rre-
ducible if and only if its associated F'G-module M is irreducible, i.e. its only
submodules are 0 and M. If so, also the character afforded by R is said to

be an irreducible character.

We denote by Irrp(G) the set of all irreducible characters afforded by an
F-representation of G and by Irr(G) the set Irrc(G). It is a classical result
that |Irr(G)| is equal to the number of conjugacy classes of G.

Let M and N be FG-modules. We denote by Hompg (M, N) the set of
all linear transformation ¢ : M — N such that p(z-m) = x - ¢(m) for all
x € FG and m € M. We also denote by Endpg(M) = Hompg(M, M) and
we call it endomorphism algebra of M, Endpg(M) is an F-algebra.

Lemma 1.1.1. (Schur) Let M and N be irreducible FG-modules. If M 2% N
then Hompg(M, N) = 0, while Hompg(M, M) = Endpg(M) is a division

algebra.

Theorem 1.1.1. (Maschke) Let G be a finite group and F be field such that
its characteristic does not divide the order of G. Then every FG-module is

completely reducible (i.e. it is isomorphic to the direct sum of irreducible

FG-modules).

Let M be an FFG-module, where F' is a characteristic zero field. Then, by
Maschke theorem, M = M, & Mo @ .. & M, for some irreducible F'G-modules
My, Ms, .., M. It may also happen that some of these irreducible compo-

nents are isomorphic within each other, so it is also possible to write M as



1.2 Splitting Fields and Character Fields

the direct sum of F'G-modules H1® Ho®..® Hy, where each of the H; compo-
nents is isomorphic to the direct sum of irreducible isomorphic FG-modules.

Such modules H; are called homogeneous components of M.

Among the FG-modules there is a particular one: F'G itself, it is called
the regular module. If the characteristic of F is not a divisor of |G| then, by
Maschke theorem, it is a completely reducible module. When an algebra A
satisfies the property of being completely irreducible as a module, like F'G
does, than the algebra is said to be semisimple. It is also possible to say

something more about the irreducible components of FG:

Proposition 1.1.1. Let G be a finite group and F' o field such that its char-
acteristic does not divide |G|. Every irreducible FG-module is isomorphic to

a submodule of the reqular module FG.

1.2 Splitting Fields and Character Fields

If R is an F-representation of degree n of a group G and E is a field ex-
tension of F' then R(g) € GL,(F) C GL,(FE), hence R can be seen as an
E-representation. In this case we denote it by RF. If R is an irreducible

representation then R may not be irreducible.

Definition 1.2.1. Let R be an irreducible F-representation of a group G.
If RF is an irreducible representation for every field extension E of F then

R is said to be absolutely irreducible.

Definition 1.2.2. A field F is said to be a splitting field for G if every

irreducible representation of G over E is absolutely irreducible.

Splitting fields for a finite group G are far from being unique. Considering
representations over a splitting field is a guarantee that irreducibility will
not be lost if we extend our working field. As a consequence, if F is a
characteristic zero splitting field for G then Irrg(G) C Irr(G). But also

something stronger is true:

Proposition 1.2.1 (9.11 in [19]). Let E C C be a subfield containing Q.
It is a splitting field for G if and only if every x € Irr(Q) is afforded by a
E-representation of G.



1.2 Splitting Fields and Character Fields

As a consequence, if E is a characteristic zero splitting field for G then
Irrg(G) = Irr(G) and every irreducible C-representation of G is similar to
an (absolutely) irreducible E-representation. It follows that, when we are
interested in studying representations of a finite group G over the complex
number field, we can restrict our working field to any splitting field for G

without loosing any information.

Definition 1.2.3. Let G be a finite group, E a splitting field for G, F a
subfield of E and x € Irrg(G). The minimal subfield of E containing F' and

x(g) for all g € G is said to be the character field of x over F and it is
denoted by F(x).

When the field F' in the previous definition is the field of rational numbers
Q we refer to Q(x) simply as the character field of y. In this case F(x)
is always a subfield of the complex number field independently from the
splitting field F.
The character field over some field F' of a character y is a finite degree
extension of F', because of the finiteness of G. We need to pay attention about
the fact that in general it is not true that there exists an F'(x)-representation
of G which affords the character x. If a field extension K of F' is such
that there exists a K-representation of GG affording y then it must satisfy
F(x) € K. Moreover, since we are dealing with finite groups we can say

that there is an extension of F' of finite degree with such a property.

Definition 1.2.4. Let E be a splitting field for G, F' a subfield of E and
x € Irrg(G). A field K such that F(x) € K C E is a minimal field for x
over F' if there exists a K-representation of G affording x and K has minimal

degree over F' for such a property.

When the field F' is the rational number field we refer to a minimal field
of x over Q simply as a minimal number field of y. As we noted above
a minimal field K of x over F' is a finite degree extension of F(x), hence
|K : F(x)| = s for some integer s. We would like to have some information
about the degree s, some kind of measure of how much one should extend
the character field to construct a representation which afford .

Let E be a splitting field of a group G containing F as a subfield.
Let R be an E-representation of G of degree n and character x such that
R(g) € GL,(F) for all g € G, where F' is not necessary a minimal field for



1.3 Galois conjugation

x over F. If R is irreducible as E-representation then it is irreducible also
as F-representation. As a consequence x € Irrp(G). Minimal number fields
of characters over any field are not unique and there are no standard way to

choose one or another.

1.3 Galois conjugation

Starting from an irreducible character x € Irrg(G) over a splitting field E

of GG it is possible to construct other irreducible characters of G.

Proposition 1.3.1 (9.16 in [19]). Let x € Irrg(G) and let F' be a subfield
of the splitting field E such that F(x) = F. For every T € Aut(F) it holds
X" € Irrg(G).

The Galois group Gal(F(x)/F) is an abelian finite group because F'(x)
is contained in a cyclotomic extension of F' thus, by Webber-Kronecker The-
orem, it is an abelian extension of F.

Considering the implications of the previous proposition, it is natural to

define an equivalence relation on the set Irrg(x).

Definition 1.3.1. Let E be a splitting field for G and F be a subfield of
E. Two irreducible characters x, ¢ € Irrg(G) are Galois conjugated over F
if F(x) = F(v) and there exists 7 € Gal(F(x)/F)) such that x™ = v.

We denote by GalOrbg(x) the equivalence class of x and by GalSump(x)
the sum of all the characters contained in GalOrbg(x).

Proposition 1.3.2 (9.17 in [19]). Let E be a splitting field for G and let F
be a subfield of E. Then |GalOrb(x)| = |F(x) : F|.



CHAPTER 2

THE SCHUR INDEX

In 1905 Schur studied the problem that appear counsidering representations
over any field. What he found out is that a special number appears when
dealing with these fields.

The aim of this chapter is to introduce the notion of Schur index, introduced
by Schur, and to discuss some important results that concern it. In this

chapter G will always denote a finite group.

2.1 Schur Index

Let I be a splitting field for a group G and let M be an irreducible EG-module
of dimension d. For any subfield F' of F such that |F : F| < oo it is possible
to construct an F'G-module M’ in this way: let ey, eo, .., e, be a basis of F
over F' and m1, mg, .., mg be a basis of M over E, then M’ is the FG-module
generated as F-space by eymy,..,e1mq, .., epmi, .., €nMg.

If we consider representations R and S afforded by M and M’ respectively
then we have deg S = dim M’ = nd = ndim M = ndeg R.

Example 2.1.1. Let Qs = {(a,b | a® = b?,a® = a~') be the quaternion

group and let R : G — GL2(Q(7)) given by R(a) = <é ?) and R(b) =

0 1
-1 0

basis for M over Q(i). Then M’ is the QG-module generated by the basis

my, ma, myi, mai and the corresponding representation is S : G — GL4(Q)

. Let M be the Q(7)G-module associated to R and mj,my be a

0 0 1 0 0 1 0 0
such that S(a) = _01 8 8 (1) and S(b) = _01 g 0 (1) . Both R
0 -1 0 0 0 0 -1 0

10
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and S are irreducible. Let E = Q(¢) with €2 = 1. Then M’ ®qg E is a
EG-module. Notice that S(a) — el4 is a zero divisor, hence M’ ®q E is

reducible.

In order to simplify the notation we denote M’ by M, specifying when

it is viewed as an F'G-module or an EG-module.

Lemma 2.1.1. [19, 9.18] Let E be a splitting field for a group G and F C E
be a subfield of E such that |E : F| = n < oco. Let M be an irreducible
EG-module, R and S its corresponding representations over E and F', re-

spectively, x the character afforded by R. Then

1. S=Zp® ... p where p is an irreducible F-representation and R is the

unique (up to isomorphism) constituent of pE;
2. if F(x) = F then nx is the character afforded by S.

As an immediate consequence, for any irreducible F-representation p
such that R is an irreducible constituent of p”, it holds that degp divides
ndeg R.

Lemma 2.1.2. [19, 9.20] Let E be a splitting field for a group G and F C
E be a subfield of E (not necessary of finite degree), R an irreducible E-
representation of G affording x. Then

1. there exists an irreducible F-representation p such that R is the unique

(up to isomorphism) constituent of p¥;

2. the character afforded by p is sx for some integer s. If |E : F| < oo
then s is a divisor of |E : F|.

From Lemma it follows that for any irreducible F-representation
R we can always find an irreducible F-representation p such that p =
R® ...® R and the multiplicity of R as a constituent of p does not depend

on the choice of p. So we are enticed to give the following definition:

Definition 2.1.1. Let E be a splitting field for G, F' be a subfield of F
and y € Irrg(G). Let R be an irreducible E-representation of G affording
x and let p be an irreducible F-representation such that R is an irreducible
component of pP. The multiplicity of R in p¥ is called Schur index of x over
F and it is denoted by sp(x).



2.1 Schur Index 12

From Lemma we can also prove the following theorem:

Theorem 2.1.1. [19, 9.21] Let E be splitting field for G and F be a subfield
of E. Let p be an irreducible F'-representation of G. Then

1. the irreducible constituents of p¥ all occur with equal multiplicity s;
2. if E has prime characteristic then s = 1;

3. let {xi} C Irrg(QG) be the set of characters afforded by the irreducible
constituents of p?. It holds {x;} = GalOrbg(x), for some x € Irrg(G);

4. the irreducible constituents of p¥ %) occur all with multiplicity 1;

5. 4f pis any irreducible constituent of p¥'X:) then p¥ has a unique irre-

ducible constituent, which has multiplicity 1.

From 2. in the previous theorem it follows that Schur indices in prime
characteristic are not interesting. For this reason, from now on, we will focus

our attention on the characteristic zero case.

Important properties about Schur indices are given by:

Proposition 2.1.1. [19, 10.2,10.17] Let F be a subfield of C and x € Irr(G).
Then

1. sr(X) = sprpy)(X);
2. sp(x) is the smallest integer s such that sx € Irrp(,)(G);

3. sp(x)GalSump(x) is a character afforded by an irreducible F-representation
of G;

4. there exists a field E such that F(x) C E C C with |E : F(x)| = sp(x)
and such that x is afforded by an irreducible E-representation of G.

In literature assertion 2. of the previous proposition is often used as def-
inition for the Schur index. It has been used by Frobenius for the first time

and it is completely equivalent to the one we use.

Particularly interesting for us is the last part of the proposition. It gives

us a "measure" of how far one has to move from the character field of a
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given character to have a field big enough to construct a representation of G
which affords the given character. Hence, a minimal field K for a character
x € Irr(G) over a field F' must satisfy |K : F(x)| < sp(x). On the other
hand sp(x) is the smallest integer such that there exists a representation of
G over F(x) affording sp(x)x so, by Lemma [2.1.2] we have that |K : F(x)|
is a multiple of sp(x). This allow us to conclude that a minimal field for
x over F must have exactly degree sp(x) over F(x). In general, obviously,

this is not a sufficient condition.

2.2 Index of Algebras

Every algebra A is an A-module itself with the action given by the multi-
plication. Such an A-module is called reqular. An algebra A is said to be
semisimple if it is completely reducible as A-module.

A classical result due to Wedderburn asserts that:

Theorem 2.2.1. (Wedderburn) [27, Theorem 3.5] Let A be a finite dimen-
sion semisimple algebra over the field F'. Then A = My,,(D;)®...& My, (Dy)

for some positive integers mq, .., m¢ and some division algebras D1, .., Dy over
F.

Let F be any field. A central simple algebra over F is an F-algebra A
without non-trivial two-side ideals and with center Z(A) = F.

As a corollary of Wedderburn’s Theorem we have:

Theorem 2.2.2. Let A be a central simple algebra over the field F. Then
there exist a division algebra D with center Z(D) = F and a positive integer
n such that A = M, (D).

Let A and B be central simple algebras over a field F. They are said to
be Brauer equivalent if and only if there exists a division algebra D over F'
and two positive integers n and m such that A = M, (D) and B = M,,(D).
Denote by B(F') the set of all the equivalence classes of Brauer equivalent
central simple algebras over F. For any field F', B(F) form an abelian
group, named Brauer group, with respect to multiplication induced by the
tensor product. Each element of the Brauer group can be identified with
the division algebra over F' that realizes the equivalence, that is the division

algebra announced in Wedderburn’s theorem.
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Theorem 2.2.3. (Corollary 13.1a in [27]) Let A be a central simple algebra
over the field F. Then there exists a positive integer s such that dimp A = s?
and for any extension field K of F' contained in A, |K : F| is a divisor of s.

The integer s is said to be the degree of A over F and it is denoted by
deg(A). Let A be a central simple algebra over F' and D be the division
algebra that satisfies Wedderburn’s theorem (or equivalently the division al-
gebra Brauer equivalent to A). Since division algebras are central simple
algebras over their center, then the previous theorem holds also for D, if
considered as an algebra over its center Z(D). The positive integer s such
that dimy(p)(D) = 52 is called the Schur index of the central simple algebra
A, and it is usually denote by ind(A). Notice that the Schur index of central
simple algebras is invariant under Brauer equivalence, because it depends
only on the division algebra D and not on the representative element of the

equivalence class of the Brauer group.

How is the definition of Schur index of a central simple algebra related
to the one of Schur index of an absolutely irreducible character of a finite
group G7 In the remaining part of this section we will give an answer to this

question.

When the hypotheses of Maschke’s theorem are satisfied it is possible,
from the decomposition of a module in its irreducible components, to know
the structure of the endomorphism algebra of the module, using Wedder-

burn’s theorem.

Theorem 2.2.4. [3, 1.3.}] Let G be finite group and F be a characteristic
zero field. Let M be an FG-module, Hy, .., Hy be its homogeneous components
and S1,.., St be irreducible FG-modules such that each H; = m;S; for some
positive integer m;. Then, for everyi =1,..,t, D; = Endpg(S;) is a division
algebra, Endpg(H;) = My, (D) and Endpag(M) =2 & My, (D;).

Let Hy,.., H; be the homogeneous components of the regular module,
S1, .., 5; be its irreducible components such that H; = m;S; for some positive
integer m;. Then FG = M,,, (D1)®...®M,y,, (D;) where for each 1 < i <t we
have D; = Endpg(S;). Let M be an irreducible FG-module, by Proposition
it is isomorphic to S; for some i, and D; = Endpg(M). We refer to
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M, (D;) as the matrix algebra associated to M (or equivalently to H;) in
the Wedderburn decomposition of F'G.

Proposition 2.2.1. [I8, 37.2,37.3] Let G be a finite group and E a split-
ting field for G. Then EG = @®!_ My, (E) and Endgg(M) = E for every
(absolutely) irreducible EG-module M.

Let E be a splitting field of G and F a subfield of E. Let M be an
irreducible EG-module with character y. We have seen in Proposition 2.1.]
that sp(x)GalSum(y) is the character afforded by an irreducible F'G-module
N. Let M,,(D) be the matrix algebra associated to N in the Wedderburn
decomposition of F'GG. Notice that this process does not depend on the choice
of N (every irreducible FG-module affording sp(x)GalSum(x) is isomorphic
to N so it is associated to the same matrix algebra as N is). As a conse-
quence we can associate to each absolutely irreducible FG-module a matrix
algebra in the Wedderburn decomposition of EG and a matrix algebra in
the Wedderburn decomposition of F'G, both in a unique way.

Another way to look at this association is to think about the representa-
tion R associated to the EG-module M as a homomorphism from EG onto
M, 1)(E). Since EG = FG @p E = ®_; My, (D;) ®F E, as a consequence
each R(Mp,(D;)) # 0 if and only if M, (D;) ®F E = M, 1)(E) and such a

condition is satisfied for exactly one 1.

Theorem 2.2.5. [I8, 38.15] Let G be a finite group, F' any characteristic
zero field and E a splitting field for G, containing F. Let R be an absolutely
wrreducible E-representation of G with EG-module M and character x. Let
M,,(D) be the matriz algebra in the Wedderburn decomposition of FG such
that R(M, (D)) # 0, where m is a positive integer and D is a division algebra
over F'. Then Z(Mn(D)) = Z(D) = F(x) and sp(x) = y/dimyp)(D) =
ind(D).

If we consider an irreducible F-representation p in the statement of the
previous theorem then for each of its absolute irreducible components (that
are the irreducible components of p¥) the theorem can be applied and in
this case the division algebra D announced in the statement of the theorem
is Endpg(p). Note that this implies that the Schur indices of conjugate

characters are equal, and we already know this to be true.
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Definition 2.2.1. Let A be a central simple algebra over F. A field exten-
sion K of F is said to be a splitting field for A if A®p K = M, (K) where
n = deg A.

A splitting field K for a central simple algebra A is far from being unique,
for example any field extension of a splitting field for A is a splitting field.
Moreover it is not necessarily contained in A. If we consider a field extension
K of F contained in A we have that |K : F| is a divisor of deg A by Theorem
2.2.3] We say that K is a strictly mazimal subfield of A if |K : F| = deg A.

Theorem 2.2.6. Let A be a central simple algebra over F and K be a field
extension of F' such that |K : F| = deg A. Then K is a splitting field for A if
and only if K is isomorphic to a strictly mazimal subfield of A as F-algebra.

Let H be an irreducible F'(x)G-module affording sp(x)x. The correspon-
dence between Schur indices of absolutely irreducible characters and Schur
indices of algebras allows us to conclude that End F(X)G(H ) is a division alge-
bra over its center Z = F(x) and ind(Endp(,)q(H)) = sr(x). The following

diagram summarizes the situation:

EndF(X)G(H)

sr(X)

K
£
F(x)

where K is a splitting field for the algebra Endp(,)q(H). Moreover,
EndK(H ®F(X) K) = EndF(x)G<H) ®F(X) K= MSF(X)(K)

If sp(x) # 1 the matrix algebra M, (k) is not a division algebra, hence
HE =H® F(y) K 1s areducible KG-module and its irreducible components
are KG-modules affording x. This proves that a splitting field for the algebra
Endp(,)(H) is such that there exists an irreducible K-representation of G
affording character y. In particular when K has degree sp(x) (that is the
case when K is isomorphic to a strictly maximal subfield of Endp()q(H))

then it is a minimal field for x over F.
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2.3 Important properties

The aim of this section is to create a brief survey about results concerning
the Schur index. Most of these results are consequences of deep results in
number theory, their proofs does not give us additional tools useful for our

purpose so we do not describe them.

Lemma 2.3.1. [19, 10.2] Let G be a finite group and F be any subfield of
C. For every x € Irt(G) it holds sp(x) divides x(1).

Even if this lemma is not particularly difficult to prove, it is a very strong
bound for the possible values that the index can assume.
A trivial consequence is that any linear character has trivial Schur index.
However, this is obvious because any linear character is afforded by a 1-

dimensional representation over the character field itself.

Proposition 2.3.1. (Feit) [11] Let G be a finite group and F be any subfield
of C. For every x € Irr(G) it holds sp(x)x(1) divides |G)|.

We now introduce as a corollary of this two results a theorem of Fein and

Yamada that has been proved before Feit’s result.

Theorem 2.3.1. (Fein-Yamada) [10] Let G be a finite group and F be any
subfield of C. For every x € Irr(G) it holds sp(x)? divides |G|.

If we are interested in understanding whether and when some integer can
occur as a Schur index of a character of some finite group then the following

theorem gives us the answer.

Theorem 2.3.2. (Brauer) [{] For every integer s € Ns there exists a finite
group G and a field F' such that s = sp(x) for some x € Irr(G).

So every integer can occur as a Schur index. Anyway, many results shows
that most of the times Schur indices have values 1 or 2. The construction of
examples of characters with Schur index greater then 2 is not a trivial prob-
lem and it has been solved by Brauer in his paper using metacyclic groups.

A special situation of what he has shown can be seen by the following:

Proposition 2.3.2. [19, 10.16] Let p and s be prime integers such that the
mazimal power of p dividing s —1 is 1. Let G = H x T where H is a cyclic
group of order sp, T 4 G and |G| = ps®. Then there exists x € Irr(G) such
that sg(x) = s.
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A very strong result of Benard and Schacher gives us information about

the character field starting from the Schur index.

Theorem 2.3.3. ([2]) Let G be a finite group, x € Irr(G) and F a charac-

teristic zero field. Then in F(x) there is a primitive sp(x)-root of unity.

Since the Schur index tells us how much we need to extend the character
field to obtain a field big enough to construct the representation related to
the character, it also gives us some information about the splitting fields of
the group. An important result in this direction is the Brauer’s theorem on

splitting fields:

Theorem 2.3.4. [19, 10.3] Let G be a finite field of exponent n and let (,
be a primitive n'"-root of unity. Then Q((,) is a splitting field for G.

Schur indices are also related to norm equations. A very strong connec-
tion between these two mathematical objects has been observed by Springer
(in a seminar with Cohen), it was picked up by Glasby and Howlett in [I7]
(as well as by Plesken and Briickner). In [13|, Fieker showed that it ac-
tually works over number fields. Before going into the details we need to
introduce some notation. Given a matrix X with entries in a field K and
an automorphism o € Aut(K), we denote by X7 the matrix obtained by
applying o to each entry of X. Moreover we define a norm function as
N(X) = XXX . X" where s is the order of o.

Given a representation R of a group G over a number field K and an au-
tomorphism o € Aut(K), if there exists a matrix X € GL,(K) such that
X7'R(g)X = R(g)? for all g € G then N(X) is a scalar matrix, hence
N(z) = pl, for some p € Fix(o).

Using the matrix version of Hilbert’s Theorem 90 it is possible to prove the

following:

Theorem 2.3.5. [13, Theorem 3] Let R be a representation of a finite group
G over a number field K. Let 0 € Aut(K) and F = Fix(o). Suppose that
there exists a matriz X € GL,(K) such that X 'R(¢9)X = R(g)° for all
g € G and let p be such that N(X) = ul,. Then R is equivalent to an
F-representation of G if and only if there exists some x € K such that
Ngp(z) = p.

This result can be used as a tool to calculate the Schur index of a given

character. When we have an absolutely irreducible representation over a field
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K which affords the character y, if we are able to find the minimal degree
extension F' of the character field of x contained in K such that Theorem
is satisfied, then we can say that sg(x) < |F : Q(x)|. Anyway we
need to pay attention to the fact that equality may not hold. Indeed, it may
happen that no minimal field for x is contained in a given splitting field. An

example for this can be found in [I8].

Example 2.3.1. Let Qg be the quaternion group. A field K is a splitting
field for Qg if and only if there exist a,b € K such that a® + b> = —1. Let
p be a prime and r > 1 such that 2" +1 = ps for some s € N. Let (,
be a primitive pt’-root of unity and Q({,). From 1 = Cg”rl follows that

Cp_l = gr, S0 Cp 18 a square in K thus (" as well, for every m € N. It holds

p—1 S—1 27 2r—1 r—1 ‘
o:(m) S| =S a—gt Y =gt [0+
1=0 7=0 1=0 =0 1=0

thus —1 = ¢, H;:_&(l + Cgi). Since the product of the sum of two squares is
a sum of two squares and 1 + Cgi is a sum of two squares for every ¢, then
T a(1+ Cgi) is the sum of two squares. Hence, Q((,) is a splitting field for
Qg. In Irr(Qg) there is a unique character x such that x(1) = sg(x) = 2 and
Q(x) = Q. The splitting field Q({p) is not a minimal field for x. Is there
any subfield of Q((,) which is minimal for x7? Choose p to be a multiple of
4. Let n,m € N such that p — 1 = 2"m with n > 2 and m odd. Since Q((,)
is a cyclic extension of Q, there exists a unique maximal subfield K of Q((,)
such that |Q(x) : K| = m. Let M be an irreducible QG-module affording
so(x)x, then dimg Endgg(M) = 4. Let D = Endgg(ME). If K is not a
splitting field for Endgg (M) then D is a division algebra (16, 1.1.7]). Since
Q(¢p) is a splitting field for Qg, we have

D @k Q(G) = Endgo)a(MUP)) = My(Q(G)).

By Lemma the degree |Q((p) : K| = m is even, which is a contradiction.
Thus K is a splitting field for Qg. Let F' be the unique maximal subfield of
K, then |K : F| = 2. Since K C R so it can not be a splitting field for Qs.

As a conclusion there are no minimal fields for x contained in the splitting

field Q(¢,).

In [14], Fieker present an algorithm to find a minimal field K for an irre-
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ducible character x starting from a representation over some field E. Using
Galois cohomology the algorithm is able to find a field K with the desired

properties also if £ does not contain it.

When K is a cyclic Galois extension of Q(x) and we want to find the
minimal degree over the character field of a subfield of K that affords a rep-
resentation of character y, the number of needed checks is minimal because
for every integer divisor of the degree of K over the character field we have
a unique field and the related automorphism in the Galois group is easy to

compute.



CHAPTER 3

SOME ALGEBRAIC NUMBER
THEORY

The aim of this chapter is to introduce algebraic number theory in order
to present some tools that will be used in the remaining of the thesis. In
particular we are interested in discussing solvability of norm equations over

number field. General references for this chapter are [23], [26] and [21].

3.1 Ramification Theory

Let F' be an algebraic number field, i.e. a finite extension of the rational field

Q. The ring of algebraic integers of F' is denoted by Op and it is defined by
Op ={z € F | 3f # 0 € Z[z] monic such that f(z) =0},

it is a Dedekind domain (|24, Theorem 14]) and hence every ideal of Op
factorizes in a unique way as product of prime ideals of Op. Let K/F be a
finite extension of I’ and let v be a non-zero prime ideal of Op, then vOf is

an ideal of Ok and it has a unique factorization
€
V0K = wi'ws?...wy’

where w1, ws, ..,wy are distinct prime ideals of O and g,eq,e2,..,e, are
positive integers. Prime ideals w1, wo, .., w, are said to lie above v and they
satisfy w; N Op = v. Integers e; are usually denoted as e; = e(w;/v) and
are called ramification indices of w; over v. In a Dedekind domain every

non-zero prime ideal is a maximal ideal, thus we can define two finite fields

21
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Ok /w; and Op/v, both with the same characteristic p, where p is a prime
number such that pZ = vNZ = w; NZ. These fields are called residue fields
and are denoted by I, and F,, respectively. The field IF,,, is an extension
of F,, so we define the residue degree f(w;/v) as the field extension degree

[Fy, : Fy]. By [24, Theorem 21|, the following relation is always satisfied

g

> flwifv)e(wi/v) = [K : F].

i=1
The ideal v is said to be unramified in K/F if e(w;/v) = 1 for all i, otherwise
it is said to be ramified. If e(w;/v) = [K : F] for some ¢ then v is said to
be totally ramified in K/F. Note that if e(w;/v) = [K : F] for one i, then
v has a unique prime ideal of Ok lying above it. If vOg is a prime ideal
in Ok then v is inert in K/F and it is said to split completely in K/F if
g=I[K:F].
If K/F is a Galois extension then the Galois group permutes the ideals
wj transitively (see Proposition 5.11 in [23]). As a consequence e(w;/v) =
e(wa/v) = .. = e(wg/v) and f(wi/v) = f(we/v) = .. = f(wg/v). Hence
the prime ideals of Ok lying above v are all equivalent from the ramification
point of view, so we just need to study one of them, say w, to understand

what happens in general. We define
Gy = {0 € Gal(K/F) s.t. o(w) =w}

the stabilizer of w under the action of the Galois group. This group is
called decomposition group of w. It induces an action on F, that fixes
Fy, thus there is a natural homomorphism from ¢ : G, — Gal(F,/F,).
Moreover this homomorphism is surjective (Proposition 5.11 in [23]), its
kernel is called the inertia subgroup and it is denoted by T,,. Note that
Gy : Ty = |Gal(Fy/Fy)| = f(w/v) and |T,| = e(w/v). We call decomposi-
tion field and inertia field the subfields of K fixed by G, and T, respectively.
If v is unramified in K /F then the inertia group is trivial and ¢ is an isomor-
phism. Since F,,/FF,, is a finite extension of finite fields, then its Galois group
is cyclic and it is generated by the Frobenius automorphism ¢, : Fy, — Fy,
such that ¢(z) = 2. As a consequence also G,, is cyclic and it is gen-
erated by ¢~ !(p,). Such a generator is denoted by o(w, K/F), it is called
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Frobenius automorphism at w and it satisfies

o‘(w,K/F) = Oé'FU‘

« mod w Va € O.

If the Galois group Gal(K/F) is abelian then the decomposition group G,
is the same for all prime ideals w of Ok lying above v. Hence, for unramified
primes the Frobenius element of primes above v depends only on v and it is

called Artin automorphism for v.

Proposition 3.1.1. (Layer Theorem) [5, 1.3] Let K/F be an abelian ez-
tension of number fields. Let v be a prime ideal of O and w a prime ideal
of Ok lying above v. Then v splits completely in Fix(G)/F, the primes of
Fix(Gy) above v are inerts in Fix(Ty,)/Fix(Gy) and they totally ramify in
K/Fix(Ty).

A particular example of abelian Galois extensions are the cyclotomic

extensions of the rational field.

Proposition 3.1.2. [5, 1.8/ Let (,, be a primitive m'-root of unity and K
be a subfield of the cyclotomic field Q((). Let H be the subgroup of (Z/mZ)*
such that H = Gal(Q((n)/K). A prime p not dividing m splits completely
in K/Q if and only if p=h mod m for some h € H.

3.2 Completions

An absolute value on a field F' is a map v : ' — R such that
1. v(z) > 0 for all z € F and v(x) = 0 if and only if z = 0;
2. v(zy) = v(z)v(y) for all z,y € F;
3. vz +y) <v(xz)+v(y) forall z,y € F.

If the stronger condition v(z + y) < max(v(z),v(y)) is satisfied for all
x,y € F then the absolute value is said to be non-Archimedean, otherwise it
is said to be Archimedean.

Every absolute value defines a distance on F' given by d(z,y) = v(y — x),
thus we can see I’ as a metric space. Two absolute values are said to be
equivalent if they define the same topology on F'. If 11 and 15 are equivalent
absolute values of F then there exists A € F such that vi(z) = vo(x)* for
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all z € F. A place is a class of equivalent absolute values. A metric space F'
is complete if every Cauchy sequence converges in F'. The completion of an
algebraic number field F' with respect to an absolute value v is obtained as
the quotient of the ring of Cauchy sequences in F' by the maximal ideal of
all the sequences converging to 0. The completion is denoted by F,. It is a
field complete with respect to the topology induced by v, it is unique up to

isomorphism and the field F is dense in F,,.

Let v be a prime ideal of O for an algebraic number field F'. For every
xr € F* we have that zOp is a fractional ideal of Op and, since Op is a
Dedekind domain, xOp has a unique factorization into prime ideals. Let
zOp = v ..o be such a factorization, where vy, .., v; are different prime
ideals of Op (different also from v) and a,ay,..,cqp € Z. We denote by
ord,(x) the integer «; and we define ord,(0) = oco. Then ord, is a map
F — Z U {oo} and it is said to be a discrete valuation on F. For any real

number 0 < ¢ < 1 we can define a map v, : F' — R as

vy(z) =

Ordv(@) if g £
0 if £ =0.

The map v, is a non-Archimedean absolute value of F' for every choice of
¢ in the interval (0,1). Moreover the induced topology is independent of ¢
because all the absolute values are equivalent. At same time, if v1 and v are
two different prime ideals of O then v,, and v,, are not equivalent. Usually
the real number ¢ is chosen to be equal to % where p is the prime number such
that v N Z = pZ. Every non-Archimedean absolute value of F is equivalent
to v, for some prime ideal v of Op. For this reason we will usually denote
the completion of F' with respect to a non-Archimedean absolute value by

F,, where v is the prime ideal of O that realizes the equivalence. Let
O, ={z € F, s.t. vy(z) <1},

this a local ring contained in F,, and it is called the waluation ring of v. Let
P, be its unique maximal ideal, that is P, = {x € F}, s.t. v(x) < 1}. The
field O, /P, is isomorphic to the residue field F, (|26l 11,4.3]).

Proposition 3.2.1. 26, II,4.4] Let R be a set of distinct representatives
of Oy /Py in O, such that 0 € R and let 7 € v — v, Every element 0 #
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x € F, may be written as x = w"e for some integer m € Z and some

€€ 0 =0, =Py, (i.e. units of Oy) and it admits a unique representation

o

as a convergent sequence x = y .~ a;m" where a; € R.

Such a convergent sequence is called v-adic expansion of x. The prime
element 7 is called uniformizer in F, and it is such that P, = 70,. As a

consequence of the previous proposition we have F;' = (m)O}.

Every embedding of an algebraic number field F' into the real and com-
plex number fields R and C induces an Archimedean absolute value of F
(obtained simply by the composition of the embedding with the usual abso-
lute value on R or the usual norm on C). Different real embeddings induce
non-equivalent Archimedean absolute values of F'. Two different complex
embeddings induce equivalent absolute values of F' if and only if they are
obtained by conjugation one from the other. Moreover, a real and a com-
plex embedding induce non-equivalent absolute values (|23, 1.2]). Every
Archimedean absolute value of F' is equivalent to the absolute value induced
by some embedding of F' into R or C. The completion of F' with respect to
an Archimedean absolute value is R if the embedding is real and is C if the

embedding is complex (see Ostrowski Theorem [26], 4.2]).

Let v be a prime ideal of Op and K/F a field extension. Consider the
factorization of vOx = wi* ..w;g. The absolute values v, , .., 14, are pairwise
non-equivalent in K and their restriction to F' induce the same topology on
F' as v,. Moreover, every completion K, is a finite extension of F.

At the same time, every finite extension field of F;, is the completion of a
finite extension K/F with respect to v, for some prime ideal w of Ok lying
above v [26], 8.1,8.2].

Let K/F be a field extension, v be a prime ideal of Op and w a prime
ideal of O above v. The unique prime ideal P, of O, generates an ideal
P,0y which has a unique factorization as P¢, where e is a non-negative
integer called local ramification index denoted by e = e(P,/P,). It holds
e(Pw/Py) = e(w/v), f(Pyw/Py) = f(w/v) and, for a fixed v, we have

> [Ku:F]=[K:F]

w above v
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by [23] 8.3|. Similarly to the number field case, we say that P, is ramified in
K, /F, if e # 1, it is unramified in K,,/F, if e = 1 and it is totally ramified
in K,/F, if e = [Ky, : F].

3.3 Norm equations

Let K/F be a Galois extension of number fields and let v and w be prime
ideals of Op and O respectively, such that w lies above v. Let p be the
characteristic of the residue fields F,, and Fy, and Ng/p : K — F be the
norm of the extension K/F, i.e. Nk p(v) = HUEGal(K/F) x? for all x € K.
Exactly in the same way we can define the norm of the extension K,,/F,.
Solving a norm equation means finding an element ¢ € K such that Nk, (0) =
A, for some fixed A € F. Understanding if a norm equation has a solution
and, eventually, finding one is a problem with no general solution. However
things are easier in the case of cyclic extensions, thanks to a well known

theorem:

Theorem 3.3.1. (Hasse Norm Theorem - VI, 4.5 in [20]) Let K/F be a
cyclic extension of number fields. An element A € K* is a norm in K/F if
and only if it is a norm in the completion K,/ F,, for every prime ideals w

of O and v of Op, such that w lies above v.

Let my, be an uniformizer in K, then K = (m,)0}. Thus

N, /r,(Ky) = (Nk, /5, (70)) Nk, 7, (O)-

In order to understand if a local norm equation has solution, we need to
determine NKw/Fv(K:}). It is not obvious how to do it in general, but there

are some easy situations that we can handle.

Let Uy, = 14+P,, be the subgroup of O, of principal units of O,,. Consider

the following sequence
0 — Uy — 05, -5 0%, /U,y — 0,

where ¢ is the inclusion map and ¢ is the canonical quotient map. This is
an exact sequence. The quotient O} /U, is isomorphic to F}. By [20, 2.3]

O, contains a cyclic subgroup of order |F} | = |F,| — 1. Thus there exists a
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* |th

primitive [[Fy,|"*-root of unity (jp.| in Oy, and Oy, = (s ) Uw-

Since we assume K/F to be a cyclic extension, it is also an abelian
extension, therefore [0} : Nk, /r, (0,)] = e(w/v), see Corollary of Theorem
3 in [23] XI, §4]. Equivalently,

e(w/v) =[O0} : Nk, /r,(03)] =
=[{(Crz)Uv : Nr,, s, (e 1)) Nk /7, (Uw)] =
=[Uy : Nk /5, (Uw)],

where the last equality is due to the surjectivity of the norm of finite
fields.

If v is unramified in K/F then P, = P, 8o my, is an uniformizer of F,.

In particular 7, € F, and Ng, /p, (mw) = WLKw:F“} = ﬂf(w/v), where the
last equality is an easy consequence of e(w/v)f(w/v) = [K, : F,] in the

unramified case. As a consequence

Ni,/p, (K) = (a0 05 = {rkz s.t. k € f(w/v)Z and z € OF}.
In particular if A € O}, then it is a local norm of some elements of K,, (more
details in Proposition 9.8 in [21]).

If v is ramified in K/F then some more work is needed to determine
Nk, r, (Ky,). If we suppose v to be totally ramified in K/F then we have
f(w/v) =1 and [Fy| = |Fyl, so (x| € OF. Its norm is

A KwiFy])  e(w/v) A [K:F]

Nicw/ro Qe = Crgl ™ = Qe = Sral
As U, is a pro-p group (see Section 2.2 in [20]) and Nk, /5, (Uy) is a finite
index subgroup of U, then [U, : Nk, /g, (Uy)] is a power of p. With the
additional hypothesis of v to be tamely totally ramified in K/F (i.e. p{
e(w/v)) then it must be Ng, /5, (Uw) = Uy, otherwise U, /N, s, (Uy) would
contain an element with order a power of p this is a contradiction to the

statement (U, : Ng, /r,(Uw)] = e(w/v). In conclusion we can characterize
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the image of the norm for tamely totally ramified extensions as

Nicy 1, (K3y) = (Nig, s, (), Gan ) U

If v is an infinite prime then F,, = C or F;, = R. If F,, = C then it must
be Ky, = C and trivially N/, (Ky) = F, = C. In a similar way if both
F, and K, are the field of real numbers then Nk /g (Ky) = F, = R. It
may also happen that I, = R and K,, = C. In this case Nk, /5, (Ky) = RS,

where R denotes the set of non-negative real numbers.

Here we have decided to discuss only some special cases when we can
determine N/ r,(Ky) because in these cases we can have an explicit de-
scription of the image of the norm. In [I], Acciaro and Kliiners gave an
explicit algorithm to test whether a local norm equation is solvable or not
in every situation. By their algorithm and using the Hasse Norm Theorem

they are able to decide whether a (global) norm equation has a solution.

In the next chapter we will determine a bound for the Schur index of some
characters. To do it we will need to determine whether some norm equations
have a solution or not. As we will see, in the field extensions that we will
meet, every finite prime ideal is unramified or tamely totally ramified. For
this reason in this thesis it would be enough to deal with the cases treated

in this section to solve the norm equation that we will encounter.



CHAPTER 4

SCHUR INDICES OF
CHARACTERS OF SOME
METACYCLIC GROUPS

In 1930 Brauer proved that every integer can occur as Schur index of some
irreducible character of some finite group. Nevertheless, the most frequent
situation is to have Schur indices equal to 1 and 2. We are now interested

in understanding in which situations Schur indices greater than 2 may occur.

4.1 Groups of order 9p

Let G be a finite group and consider x € Irr(G). We know from Proposition

and Theorem that sg(x) divides the degree of x and sg(x)? di-
vides |G|. If we are interested in characters with Schur index 3 we need |G|

to be a multiple of 9 as a necessary condition.

As a first example we focus on groups of order 9p, with p > 3 a prime
number. We denote by ny(G) the number of ¢-Sylow subgroups of G for

every prime number q.

Lemma 4.1.1. Let G be a finite group of order 9p for some odd prime p > 3.
Then G = P X T with |P| =p and T € Syl3(G).

Proof. By Sylow Theorems we have four conditions on nz and n,: n3 =1

mod 3, ng‘p, np, = 1 mod p and np{9. The last condition implies n, equal

29
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1,3 0or 9. If ny is 3 or 9 then p must be 2, because of the third condition.
Since p is odd, p > 3, then np{9. Since np, =1 mod p, then we have n, = 1.
Let P be the normal subgroup of G of order p and T be one of the 3-Sylow
subgroups of G. It is sufficient to notice that G = TP and T N P = {1} to

get the conclusion. O

Lemma 4.1.2. Let G be a finite group of order 9p for some prime p > 3. If
G is non-abelian then n3(G) =p and p=1 mod 3.

Proof. By Sylow theorems we have ng = 1 or ng = p. Suppose ng = 1 then
G is abelian, otherwise ng = p, thus p =1 mod 3. O

We are interested only in non-abelian groups, since abelian groups have

only linear characters and trivial Schur indices.

Corollary 4.1.1. Let G be a group of order 9p for some prime p such that
there exists x € Irr(G) with sg(x) =3. Thenp=1 mod 3 and G =T x, P
with T € Syl3(G), n3(G) =p and ¢ : T — Aut(P) non-trivial.

From now on we suppose G to be a finite group of order 9p, for some
prime number p, such that there exists x € Irr(G) with sg(x) = 3. Our
aim is to characterize the structure of GG, with special attention to its center
Z(@G). The previous Corollary tells us that p = |G : Ng(T)|, where Ng(T)
is the normalizer of T'in G. At the same time T' < Ng(7T) and |G : T| = p,
hence T'= Ng(T'). The center Z(G) is a subgroup of Ng(T') = T, but it
can not be T itself otherwise T" would be normal in G, which is not the case.
Hence |Z| =1or |Z] = 3.

Consider the automorphism of the semidirect product ¢ : T — Aut(P).
As P is cyclic of order p then Aut(P) = Cp_1, hence it has only cyclic sub-
groups. The image of ¢ is a cyclic subgroup of Aut(P) of order that divides
|T| = 9. We can notice that T is either "> Cy or T' = C5 x C3. We analyse
the two cases separately. If T = Cy then ¢(T') is isomorphic to Cy or to Cj
(recall that we are excluding the case where ¢ is trivial). In the first situ-
ation we have the additional condition p =1 mod 9. If T = C3 x Cs then
lp(T)| # 9 (because C5 x C3 is not cyclic and ¢(T') is). Hence o(T') = Cs.

We can summarise the possible presentation of non-abelian groups of

order 9p with p =1 mod 3 a prime number as:
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1. Cy x Cp = {a,b | a?,b°,a® = a”) with o,(r) = 3, then Z = (b3);
2. Cog x Cp = {(a,b | a?, b, a® = a") with o,(r) =9, so Z = {1};

3. (C3 x O3) x Cp = {a,b,c | a?,b%,c3,a® = a",a® = a,b° = b) with
op(r) =3,50 Z = (c).

We start our analysis from groups isomorphic to type [2l Recall that the
condition on op(r) needs p = 1 mod 9 to be satisfied. These groups are
Frobenius groups with Frobenius complement the 3-Sylow subgroup 7" and
kernel the normal p-Sylow subgroup P. As a consequence of the Brauer’s
permutation lemma (I8, 18.5, 18.7]) we have
|Irr(P)| — 1 p—1

—9+ 2

(@) = ex(T)| + =7 5

In particular irreducible characters of G are either irreducible characters of
T, thus linear, or induced by non-trivial characters in Irr(P) (characters
conjugated by elements of T induce the same character on G). If there is
any character in Irr(G) with non-trivial Schur index it has to arise from the
second case. Let A € IrrP; A # 1. Since A is linear it is the character of a
1-dimensional K-representation of P, for some field extension K of Q((p),
where ¢, is a p'-root of unity. Let K = Q((,) and let 7 : P — GL;(K)
be an irreducible K-representation of P of character A with m(a) = ;. The

representation R of G induced by 7 is a degree 9 representation such that

G 0 0 0 0
0G0 0 .
R(a)=|[0 0 ¢ 0 R(b) = :
: : 0 '
8 0 1 0
0 0 0 ¢

Notice that G = PT, so every g € G can be written as g = a’b/ for some
i € Z/pZ and some j € Z/97Z, hence R(g) is a matrix of the form:

R<g>=<0B ?)

with A a diagonal j x j matrix and B a diagonal (9 — j) x (9 — j) matrix.
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As a consequence x(a't’) = Tr(R(a’t’)) = 0 for j 0 mod p and

C;i, 0O --- 0
. 4 0 ¢r -~ 0
X(al) — TI‘(R(QZ)) ="Tr : p . 0 Z = TTK/F Cp)
0o 0 ... C;rg

where Trg/r denotes the field trace of the cyclotomic extension K = Q((p)

over its subfield F' fixed by the automorphism o € Gal(K/Q) such that

o(Cp) = - Obviously Q(x) € F. Let (r) < (Z/nZ)* and t1,ta,..,tm be
7’9—1. For each k = 1,.

and each 4,j € t(r) the values of the diagonal on R(a’) are just a shlft

a transversal of (r) in (Z/nZ)*, where m =

permutation of the elements on the diagonal of R(a’), hence the value of
the character x(a’) depends only on the coset to which i belongs. This
means that Q(y) = Q({Z? 0l e 1,..m)- It is very easy to verify that
{Z?ZO Clt)“”j }i=1,..m are linearly mdependent over Q: let ay,..,a, € Q be
such that

then a; = 0 for all 4, because {C;”"j }ij is a basis of Q((p) over Q. As a
consequence |Q(x) : Q| = m and Q(x) =

Denote by R the K- representation of G obtained applying ¢ to each entry
of R(g) for every g € G.

¢ 0 0
0o ¢ ... 0

R7(a) = | C].D S, R7(b) = R(b)
0 0 - ¢

It is easy to verify that R(b)"'R(a)R(b) = R°(a) and, more in general,
R(b)"'R(g)R(b) = R?(g) for every g € G. Consider the norm function
Ng/p : K — F, that sends z 22°2°".2°" for each 2 € K. We can
extend such a norm to a map Ng,p : GLg(K) — GLg(F') by applying
N/ to each entry of the matrices. We have Ny p(R(b)) = R(b)? = Iy.
By Theorem there exists a representation equivalent to R over Q(y) if

and only if there exists some elements in K with field norm equal 1. In this
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case it is trivial to find a solution for the equation, for example Ng/p(1) = 1.
This allows us to conclude that we can write a representation equivalent to
R over Q(x), hence sg(x) = 1.

This shows that groups of type [2] affords only characters with trivial
Schur index. Hence, to find some characters of Schur index three, we focus
our attention on groups isomorphic to groups of type [I] or ] These two
kind of groups have some properties in common that allow us to prove the

following:

Proposition 4.1.1. Let G be a finite group of order 9p for some prime
number p =1 mod 3, such that there exists x € Irr(G) with sg(x) = 3. Let
Z = Z(Q) be the center of G. Then

1.1Z]=3;

3. x is faithful;
4. every subgroup of G of order 3p is cyclic.

Proof. The first statement is a direct consequence of the classification of
non-abelian groups of order 9p and of what we have noticed about groups of
type 2}

Let P be the normal p-Sylow subgroup of G, we have PZ < G. Hence, by
1t6’s Theorem ([19] 6.15]), x(1) divides |G : PZ|. The condition sg(x) = 3
implies x(1) = 3.

By [18, 38.18] G/ ker x has a fixed point free representation over Q(x). Since
P is cyclic of order p and G = T x P for some 3-Sylow subgroup T of
G, then the derived group G’ = P. It is contained in ker y if and only if
x € Irr(G/G’), thus linear, which is not the case. Hence G'Nker y = PNker y
is trivial. Suppose Z < kery, then x € Irr(G/Z) and sq(x)?||G/Z| = 3p,
that is not true under our hypothesis. Hence ZNker x = 1. As a consequence
G/ ker x has a subgroup isomorphic to C3 x Cp. Let R be a fixed point
free representation of G/kerx over some vector space V, R is a faithful
representation. If G/kery = Cs x C, then it acts point-fixed-freely over
V and it has order 3p. By Burnside’s lemma [I8, 16.11] G/ ker x is cyclic
and ker y is a normal subgroup of G of order 3, so x € Irr(G/ ker x), hence

it is linear with trivial Schur index. This contradicts our hypothesis hence
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kery = 1.
Let H < G be a subgroup of G of order 3p, by Burnside’s lemma it is
cyclic. O

If we consider the group G = (a,b,c | a?,b?, ¢, ab

= a",a° = a), with
op(r) = 3 then it has a subgroup generated by a and b which is not cyclic
of order 3p. By the previous proposition, such a group can not have any
irreducible character of Schur Index 3.

In conclusion, groups of order 9p, with p a odd prime, need to be isomorphic
to (a,b | a?,b°,a® = a”) with o,(r) = 3 to afford characters of non-trivial

Schur index.

With the help of a MAGMA code, we constructed some example of groups
of order 9p, letting p vary between the primes such that p = 1 mod 3.
Consequences of experiments for p = 7 ,19, 109, 163, 487 can be found in
the tables in Appendix B for £ = 2. In particular what is interesting to
notice is that the only case where we can find characters of Schur index 3
is when p = 7. Further experiments (not reported in the table), shows that
we can find non-trivial Schur indices only when p Z 1 mod 9. Try to find a
reason for this behaviour has been the starting point for our considerations

about Schur indices of absolutely irreducible characters of metacyclic groups.

4.2 Metacyclic Groups of order ¢*p

In the previous section we have found some very strong necessary conditions
for a group of order 9p, where p is an appropriate odd prime, to have some
characters of Schur index 3. The aim of this section is to study a more

general situation in order to understand whether 3 plays a special role.

Proposition 4.2.1. Let G = (a,b | ap7bqk,ab = a") with oy(r) = ¢~, k > 2,
q,p odd primes such that p =1 mod ¢*. Then sg(x) = 1 for all x € Irr(G).

Proof. Let P and T be the subgroups of G generated by a and b respectively,
P is a normal subgroup of G of order p and |T'| = ¢¥. The center of G is
trivial. The group G is a Frobenius group with respect to the complement
T and with kernel P. By [I8] 18.7] G has |Irr(T")| linear characters with P

contained in their kernel and % characters induced on G by non-trivial
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character in Irr(P). Moreover T acts on Irr(P) by conjugation, that is
A(a) =A@ ) = Aa" ) = Aa)"
Suppose now that 1 # A € Irr(P). Let p = ind%()\) be the representation of

G induced by A. Then p: G — GL(Q())) with Q(\) = Q(¢p) and (p a
primitive pt"-root of unity.

G 0 -~ 0 0 ... 0
0 ¢ 0

play=1. . . p(b) =
o 0 --- (;“k_l 0O --- 10

Consider X = p(b). It is such that p(a)X = Xp(a)? and p(b)X = Xp(b)?
where o € Gal(Q()\)/Q) such that o(A(a)) = A(a)". We denote by X°' the
matrix obtained by applying the automorphism o' to each entry of X. Since
X-X%.-X?" " = 1.1, and the field norm Ngy)q(1) = 1 then by Theorem
[2.3.5]there exists a representation of G over Fix (o), the subfield of Q() fixed
by o, similar to p, thus with character x. In particular |Q()) : Fix(co)| = ¢"
and Fix(c) = Q(x). As a consequence sg(x) = 1. O

Now we introduce a new parameter related to the action of a ¢-Sylow
subgroup of G on the normal p-subgroup. Let G = (a,b | aP, b?" ab = a”)
with o,(r) = ¢!, k > 2, ¢, p odd primes such that p=1 mod gand 1 <[ < k.
It is necessary for these parameters to satisfy another condition for G to be
well defined: let m € N such that ¢'™ is the maximal power of ¢ dividing
p— 1. It must be 1 <1 < m, because (r) < (Z/pZ)*, thus ¢! | p — 1.

Let P and T be subgroups of G generated by a and b respectively, then
P=C, T =Cp and G = P x, T where ¢ varies according to [. Let
Z = Z(G) be the center of the group G. Then Z = (b7 ), hence it is a cyclic

group of order ¢*~.

Definition 4.2.1. Let G be a finite group, H be a subgroup of G and
A € Irr(H). For every g € G, denote by A the class function A9 : H — C
defined by M(z) = A(¢* '), for all z € H. By [19, 6.1], A € Irr(H). Then
Ic(\) = {g € G s.t. A9 = A} is the inertia group of X\ in G.

Corollary 4.2.1. Let G = (a,b | aP b7 ab = a"y with op(r) = ¢', k > 2,
q,p odd primes such that m > 1 is the mazimal power of q dividing p — 1
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and 1 <1 <min(k,m). Let P = {(a) and Z = Z(G). Then the inertia group
of Nin G is Ig(A\) = PZ for every 1 # X\ € Irr(P).

Proof. Since P is a cyclic group of order p then its character table is easy to
compute. It contains the trivial character and p—1 characters {\;} such that
Ai(a) = Cf, for i = 1,..,p—1, where (, is primitive p'"-root of unity. Moreover
P < Ig(N\) and Z < Ig(\;). Suppose b € Ig();) for some 1 < j < ¢, then
M (a) = \i(a). Hence

G =Xila) = W (@) = M(a”) = M@ ) = ) = G

as a consequence ir 7 =i mod p. Since (i,p) = 1 then op(r)|j and ¥/ € Z,
hence Ig(\) = PZ. O

Since the inertia group in G of every character in Irr(P) has been deter-
mined, we can make some deductions also on Irr(G). In particular, in the
following proposition, we are able to determine the degrees of the character
table of G.

Proposition 4.2.2. Let G = (a,b | a?, be" b = a™y with o,(r) = ¢', k > 2,
q,p odd primes such that m > 1 s the mazimal power of q dividing p—1 and
1 <1 < min(k,m). Then G has ezactly ¢* linear characters, (p — 1)g*=?

characters of degree ¢ and no other character.

Proof. Let P = (a) and let x € Irr(G). By Clifford’s theorem we have
Xp = 62221 Ai where A = A\q, .., \; € Irr(P) are conjugate.

If \=1then yp =e-1. Hence P < kery, so x € Irr(G/P). The quotient
G/P is isomorphic to T, which is a cyclic group so it affords only linear
characters. Hence y is linear.

If A # 1 then, by the previous lemma, the inertia group of A in G is
Ic(\) = PZand t = |G : Ig(\)| = ¢'. Since A is linear then x(1) = xp(1) =
eq'. Consider A% and let {1;}; C Irr(PZ) be its irreducible components.
Hence A% = 3" e;4p; for some positive integers e; and (1;)p = e;\. Since
both P and PZ are abelian, then ¢; and A are both linear. As a consequence
e; = 1 for all i and |PZ : P| = ¢*~!. By Gallagher’s theorem (|19, Cor6.17])
\PZ = Z,BEIrr(Z) S Ef;l ¥; and A\C = ;1:[ Y&, Since y is an irre-
ducible constituent of A% then y = ¥¢ for exactly one i € {1,..,¢*'} (|19
Thm 6.11]), let 1 be such a character. Therefore x(1) = |G : PZ|y(1) = ¢

and e = 1.
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Linear characters of G are in one-to-one correspondence with the irreducible
characters of the abelian group G/ P, so they are ¢* in total. Each non-linear
character of G is obtained by induction from an irreducible non-trivial char-
acter of PZ such that its restriction to P is a faithful character of P, these
are (p — 1)¢"*~!. Two irreducible characters of PZ conjugated in G induce
the same irreducible character of G. Hence exactly ¢! different characters
of Irr(PZ) induce the same character of G, thus the number of non-linear
characters of G is (p — 1)gF 2.

An additional confirmation that these are all the absolutely irreducible char-

acters of G is given by

Gl= Y x(1)?=d"+@—-1)d"¢* =pg".
x€lrr(G)

O

We are interested in determining which are the Schur indices of the char-
acters of groups we are dealing with. The conditions about the degrees of
these characters, that we have found in the previous proposition, are very
strong. Obviously the ¢* linear characters have trivial Schur indices, but

what about the others (p — 1)¢*=? non-linear characters?

The bound of Lemma 2.3 1ltells us that the Schur index of a character is a
divisor of its degree. Hence, in our situation, the Schur index of a non-linear
character x is a power of ¢, say sg(x) = ¢' for some non-negative integer
t <. While, by Proposition we have that SQ(X)X(l)HG|, sot <k-—lL.
It is possible to summarize these two bounds by 0 <t < min(l,k — ).

In order to have some more precise information about the Schur indices
of these characters we decided to compute some examples (see Appendix
B). From our analysis it turns out that an additional condition is satisfied:
t < max(0,k —m). This bound is stronger then the previous one because

k — 1> max(0,k — m), by definition of parameters k,l and m.

Conjecture 4.2.1. Let G = (a,b | a?, bqk,ab = a") with op(r) = ¢', k > 2,
q,p odd primes such that ¢ > 1 is the mazimal power of q dividing p — 1
and 1 <1 < min(k,m). Then, for all x € Irr(G), it holds sq(x) = ¢' where
t < min(l, max(0,k —m)).
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Moreover, for every integer t such that 0 <t < min(l, max(0,k —m)), there

exists x € Irr(G) such that sg(x) = ¢'.

A first attempt in order to prove the conjecture may be to use the same
method used to prove Proposition Using the information given by
Proposition we have that G has at least ¢* characters with trivial
Schur index, because they are linear. What is an open question is what are
the Schur indices of the (p—1)¢* =% characters of degree ¢'. As we have seen
in the proof of Proposition these non-linear characters are obtained by
induction on G from the irreducible characters of PZ with faithful restriction
on P.

Let x € Trr(G) and ¢ € Trr(PZ) be such that x = ¢“. In order to
determine the Schur index of these characters by looking for the degree over
Q(x) of the minimal subfield of Q(¢) affording a representation of character
X, we have to convince ourself that there is a minimal field for x contained
in Q(¢). To do it we adapt the proof of |8, Theorem(b)| to our situation.
Let D be the division algebra central over Q(y) associated to x. For ev-
ery prime ideal v of Og(,) we can define by m, the v-local index of D, i.e.
my = ind(D ®g(y) Q(X)v). By [35, Proposition 1], D is similar to a crossed
product algebra. Checking the details of Yamada’s proof we can see that
such an algebra is (Q(v)/Q(x), 8) where 8 is a cocycle whose values are 1
and (-1 As a consequence m, = 1 for all the primes not above ¢ and
all the unramified primes in Q(v)/Q(x). The field Q(v/) = Q((y,n) where
Cpgh 18 @ primitive (pg")*"-root of unity for some h € Z such that pq” is the
exponent of PZ, while Q(¢%) is a subfield such that |Q(¢) : Q(¥%)| = ¢
and Cﬁqh € Q). If v is a prime ideal of Oq(y) lying above p and w a prime
ideal of Ogy above v, by [24, Therem 26| it holds e(w/p) = ¢(p) = p — 1.
This means that primes above p ramify totally in Q(+)/Q(¢/%). Since sg(x)
is a power of ¢, then we have m, = sg(x) if v is above p and m, = 1 oth-
erwise. For the Global Splitting Criterior [28], a field K is a splitting field
for D if and only if mv}[Kw : Q(x)v] for all prime ideals v, w of Og(y) and
Ok, respectively with w’v. As a consequence K is a splitting field for D if
and only if sg(x)|[Kw : Q(x)s] for v, w above p. However we have seen that
primes above p totally ramify in Q(¢)/Q(x) and also in K/Q(x) for every
field Q(x) C K C Q(), hence [K : Q(x)] = [K : Q(x)]. Since Q()/Q(x)
is cyclic, there must be a field K of the desired degree. Thus we can look
for minimal fields for x inside Q(%)).
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In the next proposition we prove that the value of the Schur indices of x

and ¢ strongly depends on the their kernel.

Proposition 4.2.3. Let ¢, ¢ € Irr(PZ) such that the restrictions of 1 and
@ to P are faithful characters of P. It holds %, % € Trr(G) and if | ker 1| =

| ker | then sg(¥%) = sg().

Proof. Let ¢ € Irr(PZ) be such that its restrictions to P is a faithful char-
acter, then kert) C Z. Let |kert)| = ¢°, for some 0 < § < [, then kere) is

®. It holds that Y (a) is a primitive p**-root of unity and 1 =

k—1—4 k—l—a)th

generated by b7~
Wb ") = (b ) , hence 1(b? ) is a primitive (¢
The subgroup PZ of G is generated by a and b7, hence Q) = Q(Cpgh—1-3)-

Since v is linear we can consider it as a representation over a 1-dimensional

-root of unity.

vector space and calculate the induced representation. Let R be such a
representation, thus R : G — GL,(Q(v))) and

Wla) 0 0 0 - 0 P

0 w(a)T 0 1 0 0
R(a) = . . R(b) =

0 0 Pla)™ 0 1 0

Let o € Gal (Q(1)/Q(1%)) be such that o (1(a)) = o (¥(a)") and ¢ (bql>
is fixed by o, then o(c) = ¢'. The character field of R is

Q) =Q (Tr(R(@))ict,..p1, (07 ) =
=Q (TrQ(w)/Fix(a) (¥(a)")i=1,..p—1, w(bql)) C Fix(0).

and it is a subfield of Q(¢) of degree |Q(v) : Q(v%)| = ¢!, hence Q(¢¢) =
Fix(c). To find sg(¥%) we should find a subfield K of Q(¢/) minimal with
respect to the property of existence of a K-representation of G similar to R.
Let K be a subfield of Q(¢)) and let ¢ € N be such that |K : Q(%)| = ¢!,

then Fix(r) = K where 7 = ¢¢'. From the Galois correspondence we have
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Q) 1
qlft qlft
K (1)
¢ ‘ ¢ ‘
Q(y%) (0) € Gal(Q()/Q(¢7))

The automorphism 7 acts on ¥(a) as b7 acts on a.
Let X = R(b?) € GL,(Q(¢)) then

t t

X'R(a)X = RV ) 'R(a)R(b') = R(a”" ) = R(a)"" = R(a)”

t
XT'R(B)X = RV ) IR()RDBI) = R(B" ) = R(b) = R(b)".
Using the notation of Theorem we have

t_1 t

NX) = xx7.x™ T = ety = RO = Db,

thus there exists a K-representation of G similar to R if and only if there
exists 0§ € Q(v) such that Ny, (0) = ¥(b7).

Let ¢ € Irr(PZ) be another character different from v such that its restric-
tion to P is faithful and |ker | = ¢°. Similarly to what happens for 1, we
have sg(¢) = ¢' for t the minimal integer such that there exists a subfield K
of Q(%) that satisfies |K : Q(»%)| = ¢* and such that No(p)/k(0) = go(bql)

k—l—ﬁ)th

has a solution 8 € Q(p). Since ¢(b? ) is a primitive (¢ -root, of unity,

then Q(¢¥)) = Q(p) and Q(¥:%) = Q(¢%). Possibly y(b) and ¢(b7) are

k—l—é)th

two different (g -roots of unity, anyway there exists a positive in-

teger i such that @(b?) = ¥(b?)i. If there exists § € Q(¢) such that
Now) i (6) = $(b7) then

! 1 i 7 o
p(0") =p(b" )" = (Ng)/k(0)" = I o=
0€Cal(Q(¥)/K)

= (67 | = Noq)/x(6°).
o€Cal(Q(¥)/K)

As a consequence, the two norm equations are both solvable or not solvable.
Thus sq (%) = sg(¢%). O
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Let G = (a,b|a?,b?", ab = a”) with op(r) = ¢' and let ¢ € Irr(PZ) with
faithful restriction on the normal subgroup P. The character ¢ is constant
on the cosets of kert in PZ. The class function ¢ on PZ/kert defined
by ¥(gkert) = 1(g) is an irreducible faithful character of PZ/ker. In
the proof of Proposition we have seen that kervy < Z. Let § € Z be
such that |kert| = ¢°. The group G/kert contains PZ/kerv as a sub-
group and it has the same metacyclic structure of the groups we are study-
ing. In particular G/ ker ¢ = <a,(§\ap,5qk_67al_’ = a") with o0,(r) = ¢'. The
character /¢ € Irr(G) corresponds to (G/¥r¥) ¢ Trr(G/ kere)) and thus
so(1%) = sg(¥(@/ker¥)). This means that, in order to understand which
values the Schur indices can assume in our groups it is enough to study the

Schur index of characters induced by faithful characters of PZ.

Summing up what we have said previously we have that, in order to
determine the Schur indices of the absolutely irreducible characters of G we
have to determine the Schur indices of characters ¢ such that v € Irr(PZ)
and ¢Yp € Irr(P) is faithful. We need to find the minimal non-negative

integer ¢ such that the norm equation

No)/rix(+)(0) = b(b7)

has a solution § € Q(¢), where 7 € Gal(Q(v))/Q(»“)) has order ¢'~*.

Solving norm equations is in general a difficult problem. However, in this
particular situation, we are in a special case for two main reasons. First, we
are not interested in finding a solution to the equation but just in under-
standing whether it has a solution or not. Moreover Q(¢)/Q(x%) is a cyclic
extension, thus we can use Hasse Norm Theorem (Theorem which as-
serts that there is a solution to the norm equation if and only if there is a

local solution everywhere.

In the following analysis we assume k > [. We just remember that, for

the case k = [, we have already found the behaviour of the Schur indices in
Proposition 4.2.1]

Passing from global to local norm different behaviour can arise depending
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on the ramification index of the prime ideal at which we are considering
the completion. For this reason, we are now interested in finding which
prime ideals of Fix(7) ramify in Q(¢)/Fix(7). Since the Galois extension
Q(¢¥)/Q(¥%) is cyclic there exists a unique 7 € Gal(Q(v)/Q(x)%)) such that
|Fix(7) : Q(x»%)| = ¢*. For this reason to every integer 0 < t < [ corresponds
a unique field Q(v%) C K C Q) with |K : Q(¢%)| = ¢*. We summarize

the fields involved in our discussion by the following schema:

where 1 is assumed to be a faithful character of PZ and hence w(bql) = (k1

k=1th_yoot of unity.

a primitive (g
Let v be a prime ideal of O, the ring of algebraic integers in K, and let

w be a prime ideal of Og(y) lying above v.

Since Q(¢) is a cyclotomic extension of Q of order pg*~! thus, by Corollary

10.4 in [26], the only primes that ramifies in Q(¢)/Q are p and q. As a

consequence e (w/v) = 1 if v does not lie above p or gq.

If v lies above ¢ let 8 = w N Og( , ,), then by [24, Theorem 26] it holds
q
e(B/q) = e(w/q) = ¢(¢" "), hence

e(w/q) _ 4
eB/la)

e(w/p) =

thus, also e (w/v) = 1.
If v lies above p let B = w N Og(gr—1y, then by [24) Theorem 26] it holds
e(w/p) = ¢(p) = p — 1, hence

_ew/p) _ o
e(w/B) = Cigy = cw/p =p-1,
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this means that e (w/v) = ¢!~ and v is totally ramifies in Q(¢)/K. More-
over p does not divide the ramification index, hence v is tamely ramified in
Q(¢)/K. For more details about the computation of ramification indices in
cyclotomic extensions see [6].

According to Section 2.3, if Q(¢)),, is an unramified extension of K, then
every unit of O, is the norm of a unit in Q(¢))y,.
In our case (- is invertible in O, thus the local norm equation at every
unramified prime v has a solution.
If v is an infinite prime of K then K, = C because K can not be embedded
into the real numbers. As a consequence also Q(¢),, = C, hence we are
considering the trivial norm Ng,c. Any element of C is the norm of itself,
thus also in the infinite case the local norm has a solution.
The only remaining case is when v ramifies in Q(¢0)/ K, that is when v lies
above p. In this case v totally ramifies in Q(¢))/K and, since e (w/v) = ¢!~
and p { e (w/v), then Q(v)g/ K, is a totally tamely ramified extension, where
B=wn OQ(qu—z)'
As a consequence

—t

Now)u /. (Q)w)") = (Now)w/k, (T), Crm 1 UKL

where 7 is the uniformizer of O, and Uk, = 1 + 70Ok, . Since f(v/5) =1
then the residue field of Q(%)),, is isomorphic to the residue field of K, and
f(v/p) = f(B/p). Our aim is now to determine the residue degree f(/3/v).
By Proposition we have that p splits completely in Q({x-1)/Q if and
only if p=1 mod ¢*~!. This mean that we have to distinguish two different

cases:

e if k —1 < mthen p=1 mod ¢*!. Here f(3/p) = 1 and the residue
field of Q((,x-1)p is isomorphic to the residue field of Q,. The local

norm equation has a solution if and only if

. b1
Cgret € No@yu/ie, (QUI)") & ¢ | T
Sk—1l<m-1l-—t

St>k—m.

The norm equation has a solution exactly for every ¢t > k — m, in

particular the minimal non-negative integer such that the equation
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has a solution is equal to max(0,k — m).

o if k—1 > m then ! < k—m, in particular the minimal non-negative in-
teger such that the equation has a solution is less or equal to max(0, k—

This allow us to conclude the proof of the first part of Conjecture that

we can now announce as a proposition

Proposition 4.2.4. Let G = (a,b | a?, bqk,ab =a") with op(r) = ¢', k > 2,
q,p odd primes such that m > 1 is the maximal power of q dividing p—1 and
1 <1 < min(k,m). Then, for all x € Irr(G) there exists a positive integer
t < min(l, max(0, k —m)) such that sg(x) = "

Proof. By Proposition G has ¢ linear characters with trivial Schur
index and (p — 1)¢*? characters of degree ¢'. Let x € Irr(G) have degree
¢'. By Proposition so(x) = ¢' for some integer 0 < t < I. Let P be
the subgroup of G generated by a and its center Z. Then y = ¥ for some
¥ € Irr(PZ) and it can be seen as a faithful character in Irr(G/kerv). It
holds

G/ ker = {(a, bla®, Eqkia, ab = a'y with o,(r) = ¢'.

Let 1 be the character corresponding to 1 in PZ/kert. From Theorem
2.3.5] t is the minimal non-negative integer such that there exists a subfield
K of Q(¢)) containing Q(¢/%) with |K : Q(¢/%)| = ¢ such that there exists a

solution to the norm equation

Nogy i (0) = D(b7).

Let § € N be such that |ker¢| = ¢°. If K — 0 — I < m then such a minimal ¢
is max(0,k — d — m), which is trivially less than or equal to max(0,k — m).
If Kk — 0 —1 > m then we can not determine the minimal ¢ but we know it is
at most . O

Let § € N be such that | kerv| = ¢°. From the proof of Proposition m
we can see that, if K — & — [ < m then the Schur index can be calculated
explicitly. In particular, a group G as in the statement of Proposition [4.2.4]
with the additional condition on the parameters k — [ < m has ¢* linear

characters with trivial Schur indices and % characters of degree ¢' and
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Schur index ¢™@x(0:k=m=0) where Ay_; =1 and for 6§ # k — 1

As =|{tp € Irr(Z) s.t. |kerp| = ¢°}| =
=i =0,.,¢" " —1st. v,(i) =0 =

=gt g - 1),

This allow us to find explicit formulas for determine how many irreducible
characters of G have a given Schur index. In particular the number of charac-
ter of trivial Schur index is obtained as the sum of the number of linear char-
acters and all of the characters of degree ¢! such that max(0,k —m —d) = 0.

As a consequence

k—1-1

> (-1l 0
—k—

m

-1
19

The number of character with Schur index ¢* =% is (p — 1)(q — 1)gF=2=9-1,
Hence, if K —m > 0 then for a fixed 0 <t < k — m it holds

[{x € Irr(G) s.t. sg(x) =q¢"} = (p—1)(g— 1)gt—2+m=1,

Note that, for every 0 < ¢ < max(0, k—m) the integer (p—1)(qg—1)g!~2+m~1
is non-negative, hence the Schur index assumes every value in the range
[0, max(0, k —m)].

4.3 Metacyclic Groups of order a multiple of a prime

In this section we prove a last generalization of the situation studied previ-
ously in this chapter by considering the semidirect product between a nor-
mal cyclic group P of prime order p and any other cyclic group K of order
k coprime with p. In order to avoid P %, K to a be a direct product we
want ¢(K) to be a non-trivial subgroup of Aut(P). This condition can
be seen well if we express P x, K by finite group presentation. Thus, let
G = (a,b | a?,b*,a® = a") where o,(r) = [, for some integer [ > 1 such that
l‘(k,p — 1), where by (k,p — 1) we denote the greatest common divisor be-
tween k and p — 1. Let P be the p-Sylow subgroup of G and K be the cyclic
subgroup of G generated by b. The center Z = (b).
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Proposition 4.3.1. Let \ € Irr(P). Then

G A=
T = {PZ /\7é11

Proof. Let A € Trr(P) be non-trivial, then \(a) = ¢, for some primitive p"-
root of unity ¢,. Let 0 <i <k — 1. If b* € I5(\) then AP (a) = A(a). This
means that (;ﬂ‘ = (¢, and 77 = 0 mod p. As a consequence op(r)‘i, S0
Ic(M)NK =Z. Since P<1g(\) and Z <1g(A), we have Ig(\) = PZ. O

Let x € Irr(G) be any irreducible character of G. Combining Clifford’s
theorem and Proposition we have yp = x(1)-1or xp=e- 22:1 A; for
some non-trivial conjugated characters A1, .., \; € Irr(P) and some positive
integer e. In the first case P is a subgroup of ker x, hence x € Irr(G/P) and
it is linear because G/ P is cyclic. In the second case we have Ig(\;) = PZ.
Let A = Ag, then A2 = S e, for some 1; € Irr(PZ) and some positive
integers e;. Since (¢;)p = e;A then e; = 1. Using Gallagher’s theorem we
can conclude that AF% = Zfl;ll i, hence yp = 22:1 Xi. . As a consequence
X = wiG for some component v; of ¥4 and x(1) = |G : PZ| = 1.

Proposition 4.3.2. Let ¢, € Irr(PZ) be such that keryp = kerp < Z.
Then the degree over Q(¢%) of the minimal field for & contained in Q1))
is equal to the degree over Q(¢%) of the minimal field for & contained in

Q(p)-

Proof. The center Z is a cyclic group generated by b'. Let § € Z be such that
kerv = ker = (b%). Then 9(b') = (5 where (s is some primitive 6*-root
of unity. Without loss of generality we can consider 1 < § < ki~

Let R: G — GL;(Q(%)) be the representation induced by 1 (seen as a one
dimensional representation) over G. Then R affords character /“ and it is

given by
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The character field Q(¢¢) corresponds to Q(Tr(R(a)),(b')). Notice that
Q(v)/Q(1%) is a cyclic extension of degree [ thus, for every integer 0 < ¢ <1

there is a unique field K such that Q(1/%) C K; € Q(¢) and |K; : Q(¢/%)| = t.

Let X = R(b') and 7 € Gal(Q()/Q(x%)) be such that Fix(t) = K;. We
have R(g9)X = XR(g)™ for all g € G and Ngy)/x(X) = 1 (b")];. By The-
orem the representation R is equivalent to a representation over K if
and only if the norm equation Ngy/x,(0) = Y(b!) has a solution. Let ¢
be the minimum integer such that the norm equation has a solution. Fx-
actly in the same way we can consider the representation induced by ¢.
Also ¢(b) is a primitive §*"-root of unity, hence p(b') = ¢} for some integer
i and Q(¢0) = Q(y). The degree over Q(¢%) of the minimal field for ¢
contained in Q(y) is the minimum integer ¢ such that the norm equation
No(p)/K: = ©(b") has a solution. The conclusion comes from the observation
that the first norm equation is solvable if and only if the second equation is

solvable too. O

Proposition 4.3.3. Let x € Irr(G) such that x(1) =1. Let ¢y € Irr(PZ) be
such that x = ¢ and |kery)| = § for some § | kI~'. Let s be the degree over
Q(x) of the minimal field for x contained in Q(v). Then

1. if%|p—1thens|ﬁ;

2. if % {p —1 then for all prime q such that v, <U€kal)) > (1) it holds
vg(s) < vg (ﬁ)

Proof. The value of s is the minimum integer ¢ such that the norm equation
No(y)/k, (0) = ¢ has a solution, where ( is a primitive (%)th—root of unity and
K; is the unique field such that Q%) C K; C Q(¢) and |K : Q(¢/%)| = t.
We use Hasse Theorem to verify the resolvability of the norm equation.
Let v be any prime ideal of Ok, lying above a prime ¢ in Z and w be a
prime ideal of Ogy lying above v. If ¢ J(p% then e(w/v) = 1. If ¢ | %, let
B = w N Og(¢)-Since p does not divide k, the ramification index e(w/3) =
¢(£) = e(B8/q), hence e(w/B) = 1. If ¢ = p then e(w/B) = p — 1 and
e(w/v) = % Moreover (p,p — 1) = 1, therefore [ ramifies tamely totally in
Q)/Q(C).
As a consequence ( is a norm in Q(¢)/ Ky if and only if it is a local norm
for every completion at primes over p. Let v and w be prime ideals of Og(y,)

and K respectively, lying above p, and L,,, K¢, be their completion. The
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extension L, /Ky, is a totally ramified extension, hence the residue field of
L., is isomorphic to the one of Ky, while the residue field of Ky, is isomorphic
to the one of Q(¢)g. In order to determine the residue field of Q(¢)s we need
to determine f(8/p).

If % | p— 1 then, by Proposition we have f(8/p) = 1. Thus

1
Np, i, (L) = (T, G 1)Uk,

where m; is the uniformizer of Ok, and Uk,, is the group of units of Kj,.

As a consequence,

ko tlp—1)
16 !
S k|ti(p—1)
k

s ——— |t
TE

(isanormin L, /K, <

The minimum integer ¢ that satisfies the condition is ¢ = G ;’;1) ( . 5
’ (k,p—1)°

If lg tp—1then f(8/p) > 1. Let ¢ be any prime number. If we suppose

L) > v,4(1) then, by sg(x) | x(1), follows

Yq \ Tep—1)

k
<wy(l) < — |
wls) < uld) < vy (G )
We remark that a prime ¢ that satisfies the condition v, (ﬁ) > v,(1)
always exists because the condition % { p — 1 is equivalent to (k’p%l) 1 10.

Hence, there exists at least one prime number ¢ such that

w<@gﬂn)>%m+%mz%m.



CHAPTER 5

CONSTRUCTION OF
IRREDUCIBLE MODULES WITH
ASSIGNED CHARACTER

One of the first questions to deal with when approaching the problem of
constructing a representation of a finite group G affording a given character
X, is about which field is needed to realize the representation.

Let x € Irr(G), we can see x as a class function on C and look for a repre-
sentation of G over C of degree n = x(1) affording x. From a computational
point of view, and more in general in algebra, working with the complex
number field may be very difficult because every complex number must be
approximated in computations. Moreover, the construction of a representa-
tion affording a given character is a difficult problem because there are many
degrees of freedom in the construction due to the fact that given a represen-
tation affording x all the similar representations, obtained by conjugation

with any invertible matrix, is again a representation affording x.

5.1 The splitting strategy

The goal of this section is to discuss the problem of the construction of an
irreducible representation starting from its character. We have already in-

troduced the main definitions and results needed to face this problem.

Let G be a finite group and x € Irr(G) be an absolutely irreducible char-

acter of G. The idea is to reduce the complexity of finding a representation

49
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over the complex number field to finding a representation of G over some
smaller field. We now describe a possible strategy to approach this problem.
Any detail and computational aspect will be discussed later.

Let F' be any field such that FF C C. In Proposition we have seen
that ¢ = sp(x)GalSump(y) is the character afforded by an irreducible
F-representation of (G. Hence, there exists an irreducible F'G-module af-
fording character v. We now suppose to be able to find an irreducible FG-
module M satisfying such a condition. Let K be a minimal field for the
character y containing F'. Then F(x) € K C C and |K : F(x)| = sr(x).
Once we have a splitting field we can extend the scalar field of M to K by
tensor product. We denote the KG-module M ®p K by M*X. Since K is a
minimal field for x and y is an irreducible constituent of ¢) then some of the
irreducible constituents of M ¥ affords character y. Our problem now is to
find a suitable irreducible component of A%,

We can illustrate our strategy with the following schema:

x € Irr(G)

Ve N\

¥ = sp(x)GalSump(x) F(x)CC, [F(x): F|=t
. b
K 2 F(x)

M FG-module +— P ’K : F(X)‘ = SF(X)

N\ e

MK =M epr K KG-module
i

Decomposition of MK = @E:l @ji(f() Si

In particular, by construction of character 1, the decomposition of M¥ is

well known:

ME>28 3. 8 DSD.. DS®...HS,®...HS;
N———

H; b H, e...e H;
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where S; denote the absolutely irreducible components of MX and H; are
irreducible F'(x)G-modules, hence HlK are the homogeneous components of
ME.

From the theoretical point of view this approach will produce the desired
result. From the computational point of view not every aspect is clear. We
now follow the steps of the procedure in order to understand if the algorithm

is reasonable or not.

5.2 Computational aspects

Let x € Irr(G) be an irreducible character of a finite group G and F be a
number field. To calculate the character ¥ we need to have a good way to
determine both sg(x) and GalSumpg(x). The calculation of the Schur index
of a given character in MAGMA uses an algorithm due to Gabi Nebe and
Bill Unger [32] and extended by Claus Fieker to the calculation of Schur
indices over number fields. The calculation of GalSumpg(y) is very easy.
As a consequence the computation of ¢ is not a difficult problem. The
same holds for the determination of F'(x): it is immediate once x is given.
Computational problems arise when we want to determine an F'G-module
of character ¥. As we have already said, the problem of the construction of
a representation starting from its character is very difficult and, if we were
able to do it in general, we would have solved our problem without any other
discussion. In general this problem does not have a good algorithm to be
solved. In [30] Allan Kenneth Steel introduced a new algorithm for F' = Q
named [rreducibleRationalRepresentations (it is used in MAGMA when the
function IrreducibleModules is called with the rational field as input field).
This algorithm takes as input a list of characters in Irrg(G) (possibly the
entire list for rational characters) and gives as output a list of QG-modules
affording characters of the input list. The idea behind this algorithm is
to create a queue of virtual representations of G sorted by degree, starting
with smallest representations. These representations can be constructed as
permutation representations, representations induced by representations of
subgroups or tensor product of two representations. Following the sort of
the queue each QG-module is decomposed into irreducible modules and non-

isomorphic modules affording characters in the input list are given as output.
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New representations are added to the queue until a rational module is found
for each input character. In general this algorithm can be very slow and
it needs a lot of memory, but for groups reasonably large it can be useful.
We remark that this algorithm works only for F' = Q, which is the most
interesting case.

Once we have the irreducible F'G-module M affording character 1 we
can divide the problem of finding its absolutely irreducible components in
two steps: first we find the homogeneous components of M* and then we
split them in absolutely irreducible modules. Homogeneous components of
M*X correspond to irreducible components of M*®) . To find them we do
not need to determine the minimal field K.

Algorithms for finding the homogeneous components of an FG-module are
known. From Theorem 2.2.4] and 2.2.5] we have

b rw.

X€GalOrbr(x)

1%

Z(Endpg(M))

Let a € Z(Endpg(M)) and f be the minimal polynomial of « over F'. Then
f is irreducible in F[z] and it splits completely in F'(x)[z]. Hence

t

f= H(az — «;) for some «; € F(x).
i=1

As a consequence (a — o;I) are singular elements of Endp(y)q(M* () for
each 1 < i <t. Thus ker(a — ;1) is a proper submodule of MF®X) for each
1. Iterating this procedure on the found submodules, we get all the homoge-
neous components of MFX) in particular they are irreducible F (x)-modules
affording characters of the form sp(x)x, where x € Irr(G) is an absolutely ir-
reducible character conjugate to y and exactly one of them affords character
sr(x)x. Let H be such an irreducible F'(x)G-module. It follows that

Hf~2SpSap.. a8
| ——

sF(X)

with S an absolutely irreducible component of H. A complete and improved
version of this algorithm for rational modules is HomogeneousComponents

in [30]. In order to apply the algorithm for splitting modules into homoge-
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our computations when an irreducible F'(x)G-module of character sp(x) is

found, we used the following code for our computations:

Homogeneous Component:= function (M, chi)
s:=Schurlndex(chi);
Z:—CentreOfEndomorphismRing (M) ;
d:=Dimension (Z);
B:=Basis (Z);
for b in B do
f:=MinimalPolynomial (b);
if (IsIrreducible(f) and Degree(f) eq d) then
return M,;
end if;
Fac:=Factorization (f);
k:=#Fac;
if (k gt 1) then
CompOmo: =] ;
for i in [1..k]| do
e:=Evaluate (Fac[i]|[1]|" Fac|i][2],b);
S:=sub<M|Image (e) >;
L:=$$(S, chi);
if Character (L) eq sxchi then
return L;
end if;
end for;
end if;
end for;
return M;

end function;

At this point, the aim is to find the absolutely irreducible components of
the F'(x)G-module affording character sp(x)yx. In this case we can not use
the same technique used for splitting M because Z(Endpyq(H)) = F(x)
and the minimal polynomial of each element of the center is a degree one
polynomial in F'(x). Let K be any splitting field of y, then we can summarize
the algebras involved in the splitting process by:
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Endpe(M) Endpq(H) Endge(S) = K
sF(X) sF(X)
K K
r(x) sr(0)
F(x) F(x)
t
F

Anyway the idea of finding a proper submodule of H looking for singular
elements in Endp(,q(H) is still valid, we just need to focus our attention

out of the center.

In the particular case of sp(x) = 1 the problem is trivial because F(x)
is also a minimal field for y over F' and the F(x)G-module H found above
is already the wanted output. This means that the described algorithm can
successfully be used for finding a representation of G affording a given char-
acter x € Irr(G) when sp(x) = 1. Moreover, the representation given by the

algorithms is over a minimal field of x.

If sp(x) = 2 then Endp(,)(H) is a division algebra over F'(x) of degree
4. By Proposition 1.2.1 in [I6] the algebra Endp(,)g(H) is isomorphic to
a generalized quaternion division algebra. To find such a quaternion alge-
bra and an isomorphism from the endomorphism algebra to it we use an
algorithm implemented in MAGMA and due to John Voight ([33]), named
IsQuaternionAlgebra. Let a,b € F(x) be such that Endp)q(H) is isomor-
phic to (1,4, j,4j) p(y) with i = a and j* = b. By Proposition 1.3.2 in [16]
the conic equation ax? + by? = 22 has only the zero solution over F(x) and
it has at least one non-trivial solution over K for every splitting field K
of Endp()g(H). We can use this fact to determine a splitting field K for
Endp(y)(H) considering a quadratic extension of F'(x) such that the equa-
tion has a non-zero solution on it. Let K = F(x)(y/a) as Proposition 1.2.3

in [I6] suggests (but other choices can be made). Since

Endgq(H X F(x) K) = EndF(X)G(H) D F(x) K= MSF(X) (K),
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every element e € Endgg(H ® Fix) K ) correspondent by the previous iso-
morphism to a singular matrix is a singular endomorphism of H¥ and kere
is a submodule of H¥. In particular, Endp(ya(H) @p(y) K is isomorphic to
(1,4,7,ij) k. We may look for elements e in the quaternion algebra such
that €2 = 0. Let e = t + xi + yj + zij for some t,x,y,2 € K, then
0 = e = t? 4 2twi + 2tyj + 2tzij + 2%a + y?b — z%ab. Hence the coordi-

nates of e must satisfy

t=20
z?a + y?b — z%ab = 0.

Since we have chosen K to be F(x)(y/a) then (0,+/a,1) € K3 is a solution
for the second equation in the system. Thus the element corresponding to
e = +/aj+ij in Endp)q(H) ®p(y) K is singular element and its kernel is a
proper submodule of H¥. Schur index equal 2 implies H¥X is the sum of two
absolutely irreducible modules, hence the submodule that we have found is
exactly the module we were looking for.

The following MAGMA code allow us to construct absolutely irreducible mod-
ules over minimal fields affording a given character of Schur index less then

3 using the procedure described above:

ConstructModule:= function (G, chi)
irrs:=IrreducibleModules (G, Rationals());
F:=CharacterField (chi);
s:=SchurIndex (chi);
psi:=0;
for x in GaloisOrbit (chi) do
psi+:i=s*x;
end for;
modules:=[M: M in irrs | Dimension(M) eq psi(1)];
modules:=[M: M in modules | Character (M) eq psi];
M:=ChangeRing (modules[1], F);
if s eq 1 then
return Homogeneous Component (M, chi);
elif s eq 2 then
H:=Homogeneous Component (M, chi);
E:=EndomorphismRing (H);
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,Q, :=IsQuaternionAlgebra (E);
K:i=ext<F| MinimalPolynomial (Q.2) >;
HK:=ChangeRing (H,K);
EK:=EndomorphismRing (HK);
_,QK, phi:=TIsQuaternionAlgebra (FK);
e:=Inverse (phi)(K.1+QK.3+QK.2xQK.3);
S:=sub<HK| Image(e)>;
return S;
else error ’’Schur index grather than 277;
end if;

end function;

5.3 Schur Index equal 3

Things are more complicated when sp(x) > 2 because the endomorphism
algebra has a more complicated structure and the splitting field is no more a
quadratic extension of the character field. As a consequence of Albert-Hasse-

Brauer-Noether Theorem (see section 18.4 in [27]) we have the following:

Theorem 5.3.1. (Theorem 18.6 in [27]) Let A be a central simple algebra
over a number field F, then A is a cyclic algebra (i.e. there is a strictly
mazimal subfield K of A such that K is a cyclic extension of F).

Hence, under our hypothesis, Endp(, g (H) is a cyclic algebra. The struc-
ture of a cyclic algebra is somehow a generalization of a quaternion algebra

for dimension greater than 4.

Proposition 5.3.1. (Proposition 15.1 a in [27]) Let A be a cyclic algebra
over F', K be a strictly mazimal subfield of A and Gal(K/F) = (o), with

o(c) =n. Then there exists an invertible element u € A such that
2. =z for allx € K;
3. put=ae€F*.

Finding a field K and elements u and a in Endp(,)q(H) that realize the

cyclic algebra is not a trivial problem. In order to lighten our notation,
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from now on we denote simply by s = sp(x), the degree of the algebra
Endp()q(H). To find a field K with the desired properties we may look for
an element o € Endp(,)q(H) such that its minimal polynomial over F'(x)
is of the form z* — b, for some b € F(x). Let K be a splitting field for
x® — b over F(x) and let 8 be a primitive element of the field extension
K/F(x). The Benard-Schacher Theorem asserts that F'(x) contains
a primitive st"-root of unity ¢, thus let ¢ be the automorphism of K such
that o(8) = (s and o(x) = z for all x € F(x). Then Gal(K/F(x)) = (o).

The field K is a normal extension of F'(x), thus z° — b splits completely

on K as
S

* = b= ][ -5
i=1
For each i we have that ker (o — 8¢) is a proper submodule of HX. If the
obtained module is not irreducible we can apply this procedure again until we
have an absolutely irreducible module affording character x. Let us remark

that until now we have not used the fact that Endg(,)q(H) is a cyclic algebra.

What is still difficult to do is to find an o € Endp(,)q(H) with minimal
polynomial of the form x*—b over F(x). We face this problem for the case of
s = 3. Let a € Endp(y)g(H). Since dimp(,) H = 3x(1) then Endpyq(H)
can be considered as a subalgebra of M3, 1)(F(x)). Let m(x) and p(x) be
respectively the minimal polynomial of o over F'(x) and the characteristic
polynomial of a. Since Endp(,)q(H) has degree 3 then degm is equal to 1
or 3. The minimal polynomial is linear if and only if « is a scalar matrix. To
avoid this situation we consider only non-scalar elements of Endp(y)a(H).
Hence, we suppose, degm = 3, while degp = 3x(1). The polynomial m is
the minimal polynomial of three different elements in Endp(,)q(H), that are
a, (3o and (3. Let K be a splitting field for m and A1, A2, A3 € K be the
three different roots of m. The minimal and the characteristic polynomial
of o have the same roots, thus A1, Ao, A3 are eigenvalues of a. The algebraic
multiplicity mq(A;) of A; is such that x(1) < mg(\;) (because the geometric
multiplicity of A; is x(1), the dimension of the absolutely irreducible com-
ponents of H). On the other hand Z§:1 ma(Ai) = 9, hence my(\;) = 3 for
each 7. This implies p(z) = m(z)X™).
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We now consider the matrix

A0 0
A=[0 X 0
0 0 A3

Its characteristic polynomial coincides with m(z) and it can be determined

by Newton’s identities as

m(z) =2° — Tr(A)z? + % (Tr(A)? — Tr(A?)) 2—

_ é (Te(A)? + 2Tr(A%) — 3Tr(A)Tr(A)).

The minimal polynomial m is of the desired form if the coefficients of

terms of degree 1 and 2 are zero.

—Tr(A) =0 R Tr(A) =0
3 (Tr(A)? = Tr(A%) =0 Tr(A2) = 0.

As we have said the eigenvalues of o are A1, A2 and A3, each with multi-
plicity x(1). This means that Tr(a) = x(1)Tr(A) and Tr(a?) = x(1)Tr(A2).
This allow us to conclude that, in order to find elements of Endp(y)q(H)
with minimal polynomial of the form 3 — b, we have to find an element such
that

Let B = {w1,ws, ..,wy } be a basis of Endp(,)q(H) over F(x) and {Fﬁj}lsy;’j,kgg
be the set of structure constants of Endp(y)q(H) with respect to B (that is
Wiw; = Y g Ff’jwk). Then an element o € Endp(,yg(H) is a linear combi-
nation of the basis, thus a = Z?:l a,w; for some coefficients o; € F(x).

Hence,

9
Tr(a) = ZaiTr(wi),
i=1
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and

9 9

Tr(a?) :Tr(z Z G ojwiw; ) =

i=1 j=1
9 9 9

=Te(Y_ D aioy ) Tijwn) =
] j k=1

=1 j=1

:Z oziajfﬁjTr(wk).

Conditions on the first and the second trace of o can be written as

{2?1 o Tr(w;) = 0

9 9 9 (5.1)
>im1 Zj:l > k=1 aiajrf,jTr(Wk) =0,

so the problem now is to solve a system of equations in 9 variables aq, .., ag
in F'(x). The first equation is linear, the second one is quadratic. Not ev-
ery element of the basis can have trace zero. We can suppose w; = 1 so
Tr(wy) # 0, thus we have a = Tr(w;) ™! Z?:Q a;Tr(w;). Our aim is now to
find a solution to the quadratic equation in 8 variables obtained by substi-
tuting oy as found in 3.5, 2?21 Sy a,-ajfﬁjTr(wk) =0.

As a first attempt we may try to use a probabilistic approach. Un-
fortunately the probability to pick randomly an element in Endp(,)q(H)
such that it is a solution of system is zero. In order to prove that,
recall that Endp,yq(H) is a cyclic algebra and (3 € F(x), thus there ex-
ists a cyclic extension K of F(x) contained in Endp()q(H) and a basis
{1,a,a?} of K over F(x). Let b € F(x) be such that a® = b. The Ga-
lois group of K over F(x) is generated by the automorphism that sends
a to (3a. Moreover there exists an invertible element p € Endpq(H)
such that Endpg(H) = K ®pK @ p?K and ap = Gua. Let a € F(x)
be such that u? = a. A basis of Endpq(H) over F(x) is given by
B = {1,a,a?, p, pa, pa?, 2, e, p?a®}. We can calculate the product of

each element of the basis:
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1 a 2 M e " o2 “2 “2 a “2 a?

1 1 « a? o po pa? T wla pra?

o o o? b Gspa | Gpa® | (sbu Guo | Gua® | Gbyp?
o’ o? b ba Gua® | Gbu GGbpa | Gpa® | Gbu? | Gbula
I I 1" po’ T wla pura? a aq aa?

por | opa | ope® | b Gula | Gpla® | Gbp® | (Gaa | (Faa® | (Gab
po® | pa® | bu bpa | GGpPa® | Gbp® | Gbpla | (saa® | (sab (saba
2 T wla pla? | a aq ac? ap apo apo’
o | e [ pPa? [ [ Gaa | Gad® | Gab | Gapa | Gapa® | Gabu
pla? | p?a® | bp? bula | Gaa? Cab Cabo CGapa? | Czabu Czabua

The trace of all the elements of B is zero, with 1 as unique exception.
Indeed, by construction Tr(a) = Tr(p) = 0 and consequently also Tr(a?) =
Tr(u?) = 0. If we consider ua then we have

Tr(pa) = Tr(ap) = Tr(Gspar) = GTr(ua).

It follows that Tr(pua) = 0. Exactly in the same way we can prove that
Tr(pua?) = Tr(p2a) = Tr(p?a?) = 0.

Looking at system [5.1] for the basis B chosen above, we have

aTr(1) =0
9 9
Dizt Zj:l aiajl“z{jTr(a) =0

where the numbering of coefficients ai,..,a9 € F(x) corresponds to the
numbering used to list the elements of B. From the table of product it is
easy to calculate the structure constants {Ffj} of Endpy)e(H). This allow

us to conclude that

a1 = 0
b asag + a agr + Cgab asag + (3ab agag = 0.

From a computational point of view we can not solve this conic equation
because we do not know the actual values of a and b. However we can note
that the anisotropic space of the conic has dimension not greater than 8 over
F(x), while the dimension Endp()q(H) over F'(x) is 9. This shows that a

probabilistic approach is not useful.

Solving quadratic equations can be very hard from a computational point
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of view. There are various methods in literature. One of the main works
in this field is [29] of Denis Simon. Here, a possible approach is introduced
for quadratic equations over Q, using a generalized LLL-algorithm to reduce
the quadratic form. Such an algorithm is implemented in MAGMA when
HasRationalPoints is called for a conic defined over the rationals. Let ¢ be
a positive defined quadratic form over Z". Let @ = (b; - b;) € My (R) be its
symmetric Gram matrix according to a basis by, .., b,, where - denotes the
scalar product. Then det @ # 0 and ¢(z) = X'QX, where X is the array
of integer coefficients of x respect to by,..,b,. Simon’s approach consist in
applying LLL-reduction on the basis b1, .., b, of Z™ in order to obtain a LLL-
reduced basis. Such a procedure may either end when an element b; such
that b - bf = 0 is found (in such a case the algorithm finishes returning a
zero of q) or it finds a reduced basis.

The major limit of this technique is that the LLL-reduction can be applied
only when the quadratic form is defined over the rationals. However, in [25]
LLL-reduction is generalized also to Fuclidean rings, giving the chance to
extend Simon’s approach also to quadratic equations defined over imaginary
quadratic fields.

This may be helpful for our purpose since the quadratic equations we are
dealing with are defined over field extensions of Q({3), because of Benard-

Schacher Theorem.



APPENDIX A

EXPERIMENTAL DATA

In order to understand the behaviour of the Schur index of absolutely irre-
ducible characters of the metacyclic groups studied in the previous chapters,
we have analysed some example using MAGMA. We collected the results of
our experiments in the tables contained in this Appendix. The output of
these experiments helped us to conjecture the bound proved in Proposition
4.2.4] Because of the high computational cost of the created example we
have not been able to complete the table via computation. However, the
proof of Proposition is constructive in some cases thus we used these
argumentations to complete the table when the cost of the computation was
too high (indicated with * in the table).

Let p, ¢ be two odd prime number such that p =1 mod ¢" for some integer
m > 1 and let G := (a,b | a?, b ab = a") where 0,(r) = ¢' for some integer
[ satisfying 0 < [ < k. In the next tables ¢ is equal 3, while p is taken
equal to 7,19,109, 163, 487, i.e. the smallest primes such that the parameter
m assumes value 1, 2, 3, 4 and 5 respectively. The value of the parameter
m 1is explicitly expressed in the table, even if it strictly related to p. The
first table reports the degrees of the irreducible characters of the analysed
groups. The second one reports their Schur indices. Chosen a column for k
and a row for p (or equivalently m) and [, at the intersection between them
is reported a list of numbers. The first number in the line corresponds to the
number of characters in Irr(G) of trivial degree (resp. Schur index) when G
is constructed with the chosen parameters k, p, [. The value of parameter r
is omitted. The second number represents the number of character in Irr(G)
of degree (resp. Schur index) 3, the third is the number of character of degree

(resp. Schur index) 9, and so on.
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€¥¢

xEVC

«GGLET
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€1¢

L8V

€V¢
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€1¢

€91

€¥¢

£7¢

€1¢

£V¢

£7¢

Table A.1: Degrees of irreducible characters of metacyclic groups.
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«10LT
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S0V
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x9168

«10LT

Lve

(9

6.0

€91

G¥¢

9%

19¢
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i

091

S¥e

(4"

€8
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Table A.2: Schur indices of irreducible characters of metacyclic groups
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