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Abstract

Let M be a complex projective manifold with a positive line bundle A on it.
The unit circle bundle X, inside the dual of A, is a contact and CR manifold
by positivity of A. Let H(X) C L?*(X) be the associated Hardy space, and
IT be the corresponding orthogonal projector, which is known in the litera-
ture as the Szego projector. Assume given a Hamiltonian and holomorphic
action of a compact Lie group G on M, and suppose that the action lifts
to a contact CR action on X. There is a naturally induced unitary repre-
sentation of G on H(X), which therefore splits equivariantly into a direct
sum of isotypical components, indexed by the irreducible representations of
G. Assuming that the moment map is nowhere vanishing, each isotypical
summand is finite-dimensional, and therefore the kernel of the corresponding
orthogonal projector (‘equivariant Szego kernel’) is a C*° function on X x X.
One is led to study the local asymptotics of the equivariant projectors per-
taining to the irreducible representations in a given ray in weight space. In
this thesis we consider the case of special unitary group SU(2) and unitary

group U(2).
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Chapter 1

Introduction

1.1 Geometric setting and goal

Let M be a connected compact complex d-dimensional projective manifold,
with a complex structure J (for a more detailed discussion and for definitions
see the preliminaries in the next chapter). Let (A, h) be a positive line bundle
on M, where h is the Hermitian structure, with connection V compatible with
the metric such that curvV = —2i w, where w is a Kahler form on M. We
shall denote by g the corresponding Riemannian structure on M, given by

gm(V, W) :=wp, (v, Ju(w)) (me M, v, weT,M). (1.1)

Furthermore M has a natural choice of a volume form: dV,; := (1/d!)w?.

If A > X 5 M is the unit circle bundle in the dual of A, then V
naturally corresponds to a connection 1-form o on X, such that da = 2 7*(w).
Let us notice that (X, «) is a contact manifold and inherits the volume form
dVy := (27) ' aAn*(dV),). Furthermore o determines an invariant splitting
of the tangent bundle of X as

TX = V(X/M) & H(X/M), (1.2)

where V(X/M) := ker(dn) is the vertical tangent bundle, and H(X/M) :=
ker(a) is the horizontal one. Given V € X(M) (the Lie algebra of smooth
vector fields on M), we shall denote by V*# € X(X) its horizontal lift to X. If
the vector field 9y € X(X) is the generator of the structure Sl-action, then
0y spans the vertical tangent bundle.



The holomorphic structure on M, pulled-back to the horizontal tangent
bundle, endows X with a CR structure. Explicitly, the complex structure J
on M naturally lifts to a vector bundle endomorphism of T'X, also denoted
by J, such that J(9p) = 0 and

JVH =JWv)?  (veXxX(M)). (1.3)

By the positivity of (A, h), X is the boundary of a strictly pseudo-convex
domain. The corresponding Hardy space H(X) C L?(X) encapsulates the
holomorphic structure of A and its tensor powers. The corresponding orthog-
onal projector II : L*(X) — H(X) is called the Szegd projector. For more
details concerning the Szego Kernel and its description as a Fourier Integral
Operator see section 3.3.1 in the next chapter.

Suppose that, in addition, one is given a compact Lie group G and a
holomorphic Hamiltonian action p : G x M — M with moment map P :
M — gY; then G acts on M via Riemannian isometries (see the next chapter
for a more detailed description of the representation theory of compact Lie
groups and for Hamiltonian group actions). In particular, for each £ € g, let
us denote with &y, € X (M) the vector field associated to £&. We shall assume
that the action pu lifts to an action g : G x X — X preserving the contact
and CR structures. The vector field {x associated to £ € g is related to &y
via the following formula

Ex(w) = &y (m) — (Dg(m), ) 0y (1.4)

Then pull-back of functions, given by g - s := fi7_1(s), is a unitary rep-
resentation of G on L?(X) leaving H(X) C L*(X) invariant. This yields a
unitary representation g : G — U(H(X)) which commutes with the stan-
dard S! action.

By the Theorem and Peter and Weyl, all the irreducible representations
of G are finite dimensional, and any unitary representation of G splits equiv-
ariantly as a direct sum of irreducible representations of G.

We shall focus in particular on the two cases G = SU(2) and G = U(2).
If G = U(2), the irreducible representations of GG are indexed by the couples
v = (11, 1) of integers satisfying v; > 5. There is an equivariant unitary
isomorphism

H(X)= P H(X).,,

V1 >12



where H(X), C H(X) is the v-isotypical component. Correspondingly,

I= Y 1,,

1492 %)

where IT,, : L*(X) — H(X), is the orthogonal projector. In the same spirit,
the action of SU(2) gives rise to the decomposition

H(X) = D H(X),

>0

where here v = (v, 0) and the corresponding equivariant Szegé kernels will
be denoted by II,,.

In general, H(X), may well be infinite dimensional; however, if 0 ¢
Oi(M) then dim(H (X),) < +0o0, see [Paol2]. In this case II, is a smoothing
operator, with a distributional kernel

I, (-, ) € C¥(X x X).

In particular,

dim H(X), — / M, (z, z) dVx ().
b's

The goal of this thesis is to study the concentration behavior of Il;, when
k — +o0, in the specific cases where G = SU(2) and G = U(2).

A few words about the organization of this thesis. In chapter §3 we review
some definitions and theorems about harmonic analysis, moment maps and
Szegd projector.

In chapter §1 we described the main results of this thesis. In section 1.2
(based on [GP18a]) we study the case G = SU(2). We obtain an asymptotic
expansion in descending powers of k for both the free and locally free action
on X. First we provide some quantitative information about the rate of decay
of Iy, (x, y) when z approaches to G -y. An explicit expression of the leading
order term is found for the asymptotic of I, (x, x) for a locally free action
at x and for a near-diagonal rescaled displacement when the the stabilizer
of x is contained in the center of G. In section 1.3 (based on [GP18b]) we
prove the results for U(2). It turns out that a very special role is played
by a locus ng, which is the inverse image via the moment map ® of the
cone through the co-adjoint orbit of . Under some reasonable hypotheses,
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ng is an hyper-surface and it divides M in two connected components: the
“outside” and the “inside”. We are able to give a precise result about the
rate of decay of the asymptotics of I, (z, y) when one approaches to Mgu
from the outside. Nevertheless, we prove that the equivariant Szego kernel
has a rapidly decreasing asymptotic on compact subset not lying in Z,, :=
{(z,y) € X§, x X§, : y €G-z}, where X§  denotes the pull-back of M§
on X. If the action of G on Xgu is free, we find an explicit expression for the
asymptotic along the diagonal, an asymptotic expansion for near-diagonal
rescaled displacements and a lower bound for the dimension of the isotypes
Hy,(X). Similar results are given also for the locally free case.

The proofs are collected in the last chapter. The case of G = SU(2)
bears a close resemblance to the case of S!, in sharp contrast with the case
of G = U(2); this reflects the fact that the cone over the coadjoint orbit is
open and dense in the case of SU(2) and S*, but has codimension 1 in the case
of U(2). The first main step in the proofs is to show that the equivariant
Szegd kernel has the same asymptotic as a compact supported oscillatory
integral. The leading term of the asymptotic expansion is found by the use
of stationary phase Lemma. In the case G = U(2), the proof concerning
the rapidly decreasing asymptotic of I, (x, y) on compact subset in the
complement of Z,, has a different approach: it is grounded on results of
Guillemin and Sternberg ([GS82¢]) regarding functorial properties of some
distributions related with the equivariant Szego kernel.

1.2 The case G = SU(2)

In this section we denote by G the group SU(2), The Lie algebra g of SU(2)
consists of skew-Hermitian matrices with trace zero. There is a natural G-
invariant Euclidean scalar product on g, given by (£, &) = trace(£,£). By
means of (-, -), we can equivariantly identify g and g¥. The first step will
be to provide quantitative information about the rate of decay of Iy, (z, y)
when z approaches to G - y.

Theorem 1.2.1. Assume that 0 does not lie in the image of the moment
map ®g(M). Let C, € > 0. Then, uniformly for

disty (z, G -y) > C kY2,

we have g, (x, y) = O(k~>) as k — +oo.

7



Before stating our next Theorem, we need to introduce some terminology.
Let us suppose that 0 ¢ ®(M). Thus there exists one and only one h,,T €
G/T such that

B ()bt = i (A%") ) A(zm)) |

where \(m) is the unique positive eigenvalue of ®;(m) and clearly A : M —
(0, +00) is smooth.

Remark 1. The positive eigenvalue A\(m) has a symplectic interpretation,
being closely related to the moment map for the action restricted to a suitable

torus T, < G. Let us set
1 0

thus [ is the infinitesimal generator of the standard torus 7', and there-
fore Ady,, (B) is the infinitesimal generator of the torus 7,,, := Cy,, (T') (here
Cy(h) :=ghg™*, for all g, h € G). Then for any m € M we have

2M(m) = (h,,' ®c(m)hp, B) = (Pa(m), Adp,, (B)) -

Let us denote by G, the stabilizer of x € X. By equivariance of &4, G,
stabilizes ®¢(m). Hence, G, C hy,, T h,,'. In particular, if the lifted action
i G x X — X is locally free at x, then G, is finite and Abelian. There
exists e’’s € S, j =1, ..., N,, such that

i,
Gm:{hmx (60 e_%j> hot o j=1, Nx} .

Let Z := {£1,} be the center of G, and set Z, := G, N Z. We shall see
that each g € GG, contributes to the rescaled asymptotics of 11, near x, and
that the nature of the contribution is quite different depending on whether

g€ Z,orgeG\G,.
Definition 1.2.1. If [ € Z, let us define f; : T'— C by letting
fi: e’ LeTr el eCr.

If h € G\ Z,, then h # h™!. Hence G,\ Z, has even cardinality b, = 2 a,,
and perhaps after renumbering its elements can be arranged in pairs (g;, gj_l),
j=1,...a,. Forevery j=1,... a,. Forevery j =1, ..., a., let us set

_ ei
b=ttahn = () (15)

e
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Definition 1.2.2. If z € C, let us set
(0 z
A(z) =1 (2 0) €g.
The the R-linear map

nj:z€Cr (Adt;1 - idg> (A(2)) €9

is injective. Therefore, since fi is locally free at x, there is a positive 2 x 2
matrix C'(z; j) such that

|Adw, ( () @I = 5-2C ) Z (2 )
where Z := (a, b)! € R? if 2 = a + i b. Let us define
B(x; j) := C(z; j) + 44 sin(29;) - A (my) I>.
Finally, let us denote by V3 the area of the unit sphere S C R?*, and set
Deyr :=2m/Vs
We shall prove the following.

Theorem 1.2.2. Le us assume that 0 ¢ (M), fu is locally free at x and that
G\ Ze={91, 97" ., Ga,, 9.1}, Then as k — +oo there is an asymptotic
ETPANSION

My (2, @) ~ Wi (2, 2) 2, + M (7, 26,0\ 2,

where
1
H ~
ku(l', x)Zz 2)\(77%) <27T/\ m:p > Zfl ku
9E€EZ,
+o00 A
L+ ) k97 By(x)|
j=1
and
vk d
W (2, @)a 0z, ~ 47 Doy <W>
ag .. AW zkl/ﬁ
_[Z%(lsul(ﬂ) >+Zk l/2plmz]7
— det (B(z; I>1

for appropriate smooth functions B, P;;: M — R.

9



We shall consider the asymptotic expansion for near-diagonal rescaled
displacement. Let us analyze the less general case where ji is locally free at
z and G, is contained in Z.

Let us choose a set of Heisenberg local coordinates centered at z € X for
which we refer to [SZ02]. We shall set z+(0, v) forv = (0, v) € (=7, m) xR,
When 6 = 0, we shall write z + v for z + (0, v).

Definition 1.2.3. If m € M and vy, vy € T,, M, following [SZ02] let us set

, 1
Vo (V1, Va) 1= —iwp(V1, V2) — 2 [vi — V2||2
Let us set v :=d,,, ity(v) and define
v
up(v, x) := N

Given this definition we can formulate our result about the scaling asymp-
totics for I, (z, ).

Theorem 1.2.3. Let us assume that 0 ¢ & (M) and that fi is locally free on
X. Let G, be the stabilizer subgroup of x, and suppose that G, < Z. Suppose
C>0,ee(0,1/6), and if v € X let us set m := w(x). Then, uniformly in
Vi, Vo € gur(my) satisfying ||v;|| < C'k¢, belonging to subspace transverse
to the orbit through x and with 0; — 6, = 0; we have for k — 400 an
asymptotic expansion

1 1
[T | x + V1, T+ —=
’“( VEET R )

1 (9)
~ . u0¢2(V1 ,V2)
2X(my) (271’)\ (my) ) Z Ji-xlg

geGy

1+ Zk—jhaj(y, m, Vi, Vg)] ;

J=1

where a;(v, m, -, -) is a polynomial of degree < 3j and parity (—1).

We can apply Theorems 1.2.3 and 1.2.2 to estimate the dimension of
H(X), when kK — +o00. Let us make this explicit in the case where [ is
generically free.

10



Corollary 1.2.1. Le us assume that 0 ¢ O (M) and that i is free on X,
we have

1

=5 [ M) aVag(m).

k—+o0 1%

lim [(?)d - dim (Hj (X))

Proof. For k = 1,2, ... let us define f;, € C®(M) by setting fr(m) :=
k=1, (z, x) if m = w(x). Given Theorem 1.2.2, f, < C for some con-
stant C' > 0 and f, — (v/27)? @@V /2 for k — 4o00. By the dominate
convergence theorem we can conclude. O]

1.3 The case G = U(2)

First, let us set some notations. In this section we will denote by G the
group U(2), its Lie algebra g is the space of skew-Hermitian matrices. There
is a natural G-invariant Euclidean scalar product on g, given by (&, &) =
trace(£,£5). By means of (-, -), we can equivariantly identify g and gV. If

v € Z2 v > 1y, let us set
L 1241 0
D, = (O 1/2) :

Let us introduce the following loci:
1. O, is the (co)adjoint orbit of i D,;
2. C(0,) =R, - O, is the cone over O,;
3. in M and X, respectively, we have the inverse images
M§ =o' (C(0,), X§ =n"(M5) .
Finally, let us define the following smooth functions
m € M§ + h,T € G/T, m € M§ ~ \(m) € (0, +00)

by the equality
Og(m) =i, (m)hmDyh, b (1.6)

Our first result is the following.

11



Theorem 1.3.1. Assume that 0 ¢ &g(M), and P is transverse to C (O,).
Let us define G x G-invariant subset of X x X

Z,={(r,y) € X§ xX§ :yeG-a}.
Then, uniformly on compact subset of (X x X)\ Z,, we have
My (2, y) = O(k™).
Corollary 1.3.1. Uniformly on compact subset of X \ ng, we have
(2, ) = O(k™)  for k— +o00.

The hypothesis of Theorem 1.3.1 imply that ng is a compact and
smooth real hypersurface of M. Our next aim is to elucidate the geome-
try of ng, we need to introduce some further loci related to the action.

Definition 1.3.1. Let

MG =o' iRy -D,), X5 :=n"'(MJ).

174 174

Remark 2. Under the assumption of Theorem 1.3.1, MS is a compact sub-
manifold of M, of real codimension 3. Clearly, ng = G- M¢S, ie. the
G-saturation of MY, by the equivariance of ®g.

There is a natural map diag : g¥ — t¥ given by

diae: i (@ %) =i (@
lag:a| o A

where a, b € R and z € C. The action of T on M induced by restriction of
1 is also Hamiltonian, with moment map given by

Op :=diago P : M — t.
Let us introduce the loci
ME = Ry -iv), XL :=aYML).

Let us assume that 0 ¢ ®7(M) and that ®7 is transverse to R, - iv; then
MY is a compact smooth real hypersurface of M. Since MS C M, we have
M§, c G- M.

12



In §4.5.1 we shall construct a vector field T = T, , tangent to M along
ng, naturally associated to the action and the weight, which is nowhere
vanishing and everywhere normal to M§ . Explicitly, T = T, ,, along M§

T(m) == Ju (p(m)ar(m))  (m € Mg,),

where

p(m) :=ih,,D, h,!

and v, = (—us, yl)t.
Theorem 1.3.2. Let us assume that:

1. &g and O are both transverse to Ry -iD,,;

2. 0¢ Op(M) (hence also 0 ¢ $a(M));

8. MS # 0 (equivalently M§, #0);

4. v+ #0.
Then

1. ng is a connected and orientable smooth hypersurface in M, and sep-
arates M in two connected components: the “outside” A .= M\ G-MYT
and the “inside” B := G - M\ M§ ;

2. the normal bundle to M§ in M is the real line sub-bundle of TM\MS
spanned by T;

3. Y is “outer” oriented if vi + vy > 0 and “inner” oriented if vy +1v5 < 0;

4. M, N MI = MS

o, and the two hypersurcafes meet tangentially along
ME

Let us clarify the meaning of the partition M = AUM§ UB. Clearly,
G-M!I'=B, A= (G -M For any m € M, let Og(n) = Pc(G - m)
be the coadjoint orbit of ®(m). By the Schur-Horn Theorem, see [Hor54],
diag (Oq>(m)) is the segment J,, joining i (A;, A2)" with ¢ (A2, A;)". Then:

1. m € A if and only if the orthogonal projection of the orbit Og ) in t,
diag (O¢(m)), is disjoint from iR, - v;

13



2. m e M§, if and only if diag(Op(m) N (iR - V) is an endpoint of J,;
3. m € B if and only if diag(Og(m)) N (iR - v) is an interior point of .Jy,.

The next step will be to provide some more precise quantitative informa-
tion on the rate of decay of I, (-, -) on the complement of Z,,. Namely, we
shall show that IIj, (z, y) is still rapidly decreasing when either y — G - x
at a sufficiently slow rate, or when at least one of x and y belongs to the
“outer” component A, and converges to Xgu sufficiently slowly.

Let us consider on X the Riemannian structure which is uniquely deter-
mined by the following conditions:

1. (1.2) is an orthogonal direct sum;
2. m: X — M is a Riemannian submersion;
3. the S'-orbits have unit length.

The corresponding density is dVx. Let distx : X x X — [0,4+00) denote
the associated distance function.

Theorem 1.3.3. In the situation of Theorem 1.53.1, assume in addition that
G acts freely on X§ . For any fized C, € > 0, we have I, (z, y) = O(k~)
uniformly for

max{distx (z, G - y), distx (2, G- X))} > Ck'/2.

Remark 3. Theorem 1.3.3 is built on the general theory of Guillemin and
Sternberg; we have established that the U(2)-equivariant asymtptotics of the
Szegd kernels are rapidly decreasing for points not lying in ng. However,
the precise structure of this rapid decrease along the boundary is not clear at
the moment, since the usual scaling techniques based on [SZ02] do not seem
to cope with “inner” directions.

In Theorem 1.3.4 below we shall consider the diagonal asymptotics be-
haviour of Il along ng assuming the action is free on it. Before giving
the statement, some further notation is needed.

Definition 1.3.2. Given v € Z? we shall denote by vy, € X(M) and
vx € X(X) the vector fields induced by iD,; similarly, for every ¢7 €
G/T, Ady(v)ym and Ad,(v)x will be the vector field induced by Ad,(iD,)
respectively on M and X.

14



Definition 1.3.3. Let ||-||,, : T;,,M — R and || - ||, : 7,X — R be the norm
functions. If vy, vy € Z2, vy > 1y, let us set v := (—1x, 11). Let us define
the smooth function D, : M§ — (0, +o0) by posing

D,(m) :=

For every m € M§ and ¢gT' € G/T we have (Pg(m), Ady(iD,,)) = 0.
Let us set 7(z) = m,. Hence, by (1.4), the function D, is well-defined since

[AdR,, (1) ar(ma),,, = ||Adh,, (v0)x(2)]|, > 0.

Let us record one more piece of notation. If V3 is the area of the unit
sphere S® C R*, let us set

Dgr =27 \/3_1 )

Theorem 1.3.4. Under the same hypothesis as in Theorem 1.5.2, let us
assume in addition that G atcs freely on ng. Then uniformly in x € ng
we have for k — +00 an asymptotics expansion of the form

D/ 1 (k Hv||>d‘”2
I (2, ) ~ -D,(my,
N T )

1+ Z k=a,(v, mx)] :

Jj=1

Let us also discuss how the expansion generalizes to the case where the
action on ng is only locally free. Let x € ng, then the stabilizer G, is
a discrete, hence finite, subgroup of G. By the equivariance of ®4, we have
that g commutes with ®¢(m,) for each g € G,,,. Thus, let h,,, as in (1.6),
all the matrices that commute with ®¢(m,) have the form

eia 0 _1

for some ei®, e'? € S*. Since G, C G,,,, there exists a well-defined finite
subgroup R, of T such that G, = h,, R, h!.

Let Z the subgroup of scalar matrices, Z = S*, and denote with Z, :=
ZNG,. Since Z, is finite subgroup of S, it is a cyclic group, i.e. there exists
b, € N such that .

Boc =eb ' [2

15



is the generator of Z,, |Z,| = b,. Let us define the function

be—1
(o) = 3 gF = S8
9EZy 7=0

Furthermore G, \ Z, has even cardinality 2a,, and perhaps after renum-
bering its elements can be arranged in pairs (g;, gj_l), j=1,...,a;. . Thus
for each j =1,2,..., a, the corresponding g; € G, \ Z, has the form

eiaj O 1

where a; # ;. In §4.8 we shall define a complex-valued smooth function
©,(z, v), depending on «;, §;, v and z; for ease of exposition we postpone
its definition and the proof of the following Theorem 1.3.5 in section §4.8 .

Theorem 1.3.5. Assume that the same hypothesis as in Theorem 1.5.2 hold.
Then uniformly in x € Xgu we have for k — 400 that the leading term of
the asymptotics expansion of Uy, (z, x) is

Dayr UWWWQI
. — Dy(my) Ny 4ok (@
7 (M) U1 (0 1wk ()

|Pe(m,)[ T2\

ax (eiOL]‘ B eiﬁj) e—ik (vioj+v2B;)
+24/2 ||® " — . r .
V2 [Ba(my)|| v] (v —12) - > [ e

§=0
From now on, to simplify our exposition, we shall make the stronger
assumption that [ is actually free along Xgu.
We can refine the previous asymptotic expansion at a fixed diagonal point
(x, x) € Xgu X ng to an asymptotic expansion for near-diagonal rescaled
displacement; however, for the sake of simplicity we shall restrict the direc-
tions of the displacements.

Definition 1.3.4. If m € M, let gy (m) C T, M be the image of the linear
evaluation map val,, : g — T, M, £ — &yr(m); also, let gy (m)te C T,,M be
its symplectic orthocomplement with respect to w,,, and let gy, (m)*s C T, M
be its Riemannian orthocomplement with respect to g,,. Hence,

gar(m) =" = gar(m)™ N gar(m)= C T, M

is the Hermitian orthocomplement of the complex subspace generated by
g (m) with respect to hy, i= gm — twi,.
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Definition 1.3.5. If vy, vy € T,, M, following [SZ02] let us set

Pa(vy, Vo) i = —iwp(vy, Vo) — % |vy — V2H3n : (1.7)
Here ||v]],, := gm(v, v)/2. The same invariant can be introduced in any
Hermitian vector space. Given the choice of a system of Heisenberg local
coordinates centred at x € X ([SZ02]), there is built-in unitary isomorphism
T,,M = C% with this implicit, (1.7) will be used with v; € C%

The choice of Heisenberg local coordinates centred at = € X gives a
meaning to the expression z + (6, v) for (0, v) € (m, 7) x R?*? with [|v|| of
sufficiently small norm. When 6 = 0, we shall write z + v.

Theorem 1.3.6. Let us assume the same hypothesis as in Theorem 1.5.4.
Suppose C > 0, € € (0,1/6), and if x € X let us set m, = w(x). Then,
uniformly in x € Xgu and vy, vo € gar(my)*h satisfying v; < C' k¢, we have
for k — 400 an asymptotics expansion

1 1
L, |z24+ —=vi, 24+ —=Vvo | ~
’“( Vi ¢E2>

Dgr e¥2(Vi:v2)/w(ma) (k: ||I/||)dl/2
™

V2@ (m,)||T

1 + Z k_j/4aj(7/, My, Vi, V2)]

Jj=1

Dy, (mx)

where a;(v, m, -, -) is a polynomial of degree < [35/2].

Furthermore, we shall provide an integral formula of independent interest
for the asymptotics of Il (2/, ') when 2/ — Xgu at a “fast” pace from the
“outside” (that is, 2’ € A in the notation of Theorem 1.3.2). While the latter
formula is a bit too technical to be described in this introduction, by global
integration it leads to a lower bound on dim H(X), which can be stated in
a compact form. With the notation of Theorem 1.3.2, we have

dim H(X), = dimy, H(X), + dimgu H(X), |

where

dime, H(X), == /AH,,(x, z)dVx(z),

and similarly for dim;, H(X),, with A replaced by B. Hence an asymptotic
estimate for dim,,; H(X), when k — +00 implies an asymptotic lower bound
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for dim H (X )g,. In Theorem 1.3.7 below, we shall show that dim,,; H (X )x,
is given by an asymptotic expansion of descending fractional powers of k, the
leading power being k4!,

Theorem 1.3.7. Under the assumption of Theorem 1.3.4, dimy, H(X), is
given by an asymptotic expansion in descending powers of k** as k — +o0,
with leading order term

Lp <k”””>d_1/ LD m)dV e (m)
- -_— 3 ° v G .
47 ug, [|9a(m)]? Ve,

1.4 Recalls on prior literature

The asymptotic expansions of the Szego kernel and its variants were studied
in a lot of papers and they are grounded on a well-known foundational result
due to Boutet de Monvel and Sjostrand [BAMS76], who proved that II is a
Fourier integral operator with complex phase. Beginning with the papers of
Zelditch on a theorem of Tian, [Zel98], the FIO construction for these kernel
functions has proved extremely useful in the study of the behavior, as the
power tends to infinity, of the space of sections of powers of a positive line
bundle over an algebraic variety.

More explicitly, let (A, h) be an Hermitian line bundle over a compact
d-dimensional Kéhler manifold (M, w). Let (s, ..., sk ) be any orthonormal
basis of HO(M, A®¥) (where dj, + 1 is the dimension of H°(M, A®*)), with
respect to the inner product

(s1, S2)n, = /th(sl(m), So(m)) dV (m).

Catlin and Zelditch, indipendently, sharpened a theorem conjectured by Yau,
solved by Tian, proving that there exists a complete asymptotic expansion:

dg,
Z ||sf(m)Hik = agk? + ay(m) kN 4 ag(m) K2 4L (1.8)
=0

for certain smooth coefficients a;(m) with ap = 7% More recently, Z. Lu

[Lu00] proved that the lower terms of the asymptotic expansion (1.8) is a
polynomial of the curvature and its covariant derivatives at m of the metric
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g, associated to the form w; and he computed the first three coefficients
of this expansion (see also [Loi04] and [Loi05] for the computations of the
coefficients a;’s).

The expansion (1.8) is sometimes called the TYZ (Tian-Yau-Zelditch) ex-
pansion (also Catlin in [Cat99] published the same result as Zelditch in the
same year). Since the CR structure of the circle bundle X is S'-invariant
(see the next chapter for definitions and details), there is a naturally induced
unitary representation of S' on H(X); therefore, H(X) splits unitarily and
equivariantly as a direct sum of isotypical components Hy(X), k € Z. We
have H(X) = 0if £ < 0, and for & > 0 there is a natural unitary isomor-
phism between H,(X) and H° (M, A®*). Thus the expansion (1.8) coincides
with the asymptotics of the kernel of the projector I, : L*(X) — Hy(X)
along the diagonal.

In the situation described above the standard S* action on X is trivial on
M and thus it is Hamiltonian with respect to 2w with constant moment map.
Thus we can generalize the situation described in the previous paragraph as
follow. Suppose that we have another Hamiltonian holomorphic action p of
St on M with moment map ® : M — R; suppose furthermore that it can be
linearized to a holomorphic action ji on A. Then S! acts on X as a group
of contactomorphisms under the naturally induced action. Since the lifted
action fi preserves the contact form « and it is a lifting of the holomorphic
action p, it leaves H(X) invariant; therefore it determines a unitary action
of St on H(X). Thus H(X) equivariantly and unitarily decomposes into the
Hilbert direct sum of its isotypes HJ/(X). In general, however, the isotypical
components in point don’t correspond to subspaces of holomorphic sections
of some higher tensor power of the polarizing line bundle.

Nonetheless, if ® > 0 then H}'(X) is finite-dimensional for any k € Z,
and is the null space if £ < 0; in particular, the orthogonal projector I} (X) :
L*(X) — H}(X) is a smoothing operator. Uniformly on z € X, there is an
asymptotic expansion of the form

(2, 2) ~ (5) - [<I><m>-<d+l> £ 3 ka(m,) |

T -
j=>1

and the first term af is computed in [Paol5]; in particular if ® = 1, one
recovers Lu’s subprincipal term [Lu00].

In the n-dimensional toric case, this theme has been studied in [Paol2],
[Paol5] and [Cam16]. One has a decomposition of the Hardy space into
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isotypes Hy, (X), v € Z", and one is led to investigate the behavior of the
kernel of the projector Iy, : L*(X) — Hy,(X) as k goes to infinity. Suppose
that 0 ¢ ®(M); then

1. If ®(m) ¢ R, - v, then Iy, = O(k~).

2. Assume that ® is transversal to R, - v. Then for every m = w(x) €
®~ (R, -v) (where 7 is the projection 7 : A — M) as k — oo we have

1 L\ d+(1-n)/2 .
I, (z, z) ~ T (HVH : ;) w9

geTm

1 1 d+1+(1—n)/2 ny
" D(m) (r|<1><m>n) '(”ZBl(m”)k )

>1

where T, is the stabilizer of m, x, is the character pertaining to v,
D : M — R is a distortion function and B;’s are smooth functions on
(R, - v) (we refer to [Paol2] for definitions).

In general, if the standard circle action is replaced by a geometrically
induced representation of a generic compact Lie group G, then, under appro-
priate hypothesis, the isotypes are finite dimensional and one can ask whether
there are some extension of the above asymptotic expansions. In this the-
sis, we turn to non-Abelian actions, and consider specifically the cases of
G =S5U(2) and G =U(2).

The analysis of Szego kernels have other applications in complex and sym-
plectic geometry. By studying the off-diagonal of I, Shiffman and Zelditch
obtain an analytic proof of the Kodaira embedding theorem (see [SZ02]).
Explicitly, when = € X tends to the orbit through y at a suitable fast pace,
there is an asymptotic expansion which captures an exponential decrease of
[y (z,y) away from (7 x )" '(Aj), in a family of shrinking neighborhoods of
the latter (A, is the diagonal in M x M). To express this, following [BSZ00]
and [SZ02] let us define v, : C¢ x C? — C by

1
¢2(V17V2) = _Zw(VhV?) - 5 ||V1 - V2”27

in the so-called Heisenberg local coordinates (henceforth, HLC’s) centered at
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r € X, where v; = (0,v;) e R® C? 2 T, X. We have

L d
(03 (0 30) (e

1 + Zkij/2 . Rj(TTLx;Vl,VQ)

j=1

Here R;(my;-,-) is a polynomial of degree < 3j. For fixed C > 0 and
e € (0,1/6), the asymptotic expansion (1.9) holds uniformly for ||v;|| < C'k*.

For a general torus action we have, under some suitable hypothesis and
uniformly in m, € ® (R, - v), the following asymptotic expansion as k —

m, (H& H&) N (1.10)

1 (H || k>d+(1—n)/2 1 ( 1 )(d+1)+(1—n)/2
— I/ . —_
(vV2m)nt m D(m) \[[®(m)]|

teTm

1+ Z/C_j/Q : Rj(mx;VIaVQ)] ;

Jj=1

where v; € N,,, C T,,M (here N is the normal bundle of ®~}(R, - v) in M)
and ||v;|| < C'k'°. The smooth functions R;’s are polynomial in the v;’s
and H : TM & TM — C is a smooth function (see [Paol2] for the precise
definition). We provided similar results for the case of G = SU(2) and
G = U(2), see Theorem 1.2.3 and Theorem 1.3.6. While we have restricted
the exposition to the complex projective setting, the results of these thesis
admit natural generalizations to the almost Kéahler context, following the
theory of generalized Szego kernels in [SZ02].

In the paper [SZ99] Shiffman and Zelditch also use the Szegd kernel to
show that the zeros of a ‘random section’ of H® (M, A®*) become uniformly
distributed as k — +oo; it is also a key ingredient in the investigations of
balanced metrics in Donaldsons terminology [Don01] (see also [AL04]). For
variants of and alternative approaches to the general theme of asymptotic

expansions see for instance [BU0O], [Chal6], [MMO7] and [MZ05].
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In closing, let us emphasize that while the present analysis and results
belong to the general framework of geometric quantization, since the unitary
representation on H(X) is a ‘quantization’ of the Hamiltonin action on M,
they do not fit into the traditional framework of Berezin-Toeplitz quantiza-
tion, since we are not working here within a fixed isotype for the structure
Sl-action. Rather, a more appropriate heuristic framework is the one dis-
cussed in [GS82¢| (and of course [BAMGS81]). In this respect, let us note
that, at least heuristically, the isotypical components in point should relate
to the Riemann Roch numbers of certain symplectic reductions, of which the
local asymtptotic expansions above can be seen as an estimate and geometric
reinterpretation.
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Chapter 2

Examples

2.1 Examples about G = SU(2)

Let us describe some examples where the geometric hypothesis of the previous
discussion are verified.

Example 1

Let A be the hyperplane line bundle on M = P!, then the circle bundle
X C AY may be identified with S® C C2, and the projection 7 : X — M with
the Hopf map. There is a natural action of G on X given by left translation
on itself. This action is free and descend to an Hamiltonian action on M
given by

ua(2) = [AZ), (2= (20, ) € C2\ {0}) .

The moment map is

L (2(|z0* = |21}) 202 )
U([2]) = —— [ 2\I700 1 01
(12D 1Z)|? ( 2021 Uz = 120))

which is everywhere non-vanishing. Then A([z : 2z1]) = 1/2 for any [z :
2] € P!, and the contact action i on S? is free, since it may be identified
with action of SU(2) on itself by left translations. Furthermore, Hy, (X) =
Hy,1(X), where the right hand side is the (k- v — 1)-th isotype for the
Slaction. With v = 1 the leading order term of the expansion of Theo-
rem 1.2.2 is (k/m)¢ - e¥2(V1v2) in agreement with the standard off-diagonal
scaling asymptotics for Szego kernels on P!, [SZ02].
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Example 2

Let us consider the diagonal action of G on P! x P!,
na([Z], [W]) = ([AZ], [AW]) .

For r = 1,2,..., consider the symplectic structure Q, := wpg X (rwprg) on
P! x P!, Then y is Hamiltonian with respect to 2€2,, with the moment map

O, - ([2], W]) = W([Z]) +r W(W]).

If r > 2, then ®, is nowhere vanishing.
On the other hand, €2, is the normalized curvature of the positive line

bundle A, := Op1(1) X Op:1(r). The unit circle bundle X, associated to A, is
the image of S® x S® under the map

(Z,W)eSBPxSPcCxC?— ZWe et
and the contact lift of y is given by
fia(Z @ WE) = (AZ) @ (AW)®" .
Let us consider the stabilizer subgroup of Z @ W®". We have
A(Z@QWE) = Z@W® & AZ =\ 2, AW =W

for certain A, Ay € ST with A\; - \j = 1.

If Z and W are linearly dependent, then \; = Ay and X{H = 1. The
stabilizer subgroup of Z ® W®" is therefore cyclic of order r + 1. Otherwise,
(Z, W) is an eigenbasis of A and Ay = A\{*, \]"" = 1. Hence, assuming that
Z NW # 0, the stabilizer subgroup of Z @ W®" is cyclic of order r — 1 when
(Z, W) is an orthonormal basis of C?, and otherwise it is trivial when r is
even and {£/>} when r is odd. Thus /i is locally free for r > 2. Furthermore,
the action is generically free when r is even, and the stabilizer is generically
of order two when r is odd.

Let us now consider how V},,, appears in

—+00
H(X,) =@ H(X,), H(X,)=HP' xP' A).
=0
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Since A®' = Op:1 (1) X Opi (I 7), by the Kiinneth formula we have
HY(P' x P', A®Y) =~ H° (P', O (1)) @ H° (P', Opi(i7))
= Vis1,00 @ Virs1,0) -

Thus the character of HO(P! x P!, A®!) as a G-representation is Xi41 * Xiri1-
We see by a few computations that

(Xi+1 * Xir+1) <(€;ﬁ eg 19))

i(lr+1)0 _ —i(Ir+1)0
. . ) e e
(ezl9 ez(l—2)9 e—zlﬂ) X

ettt _ g—if

ot L r+1-2§)0 _ =i (I4+1r+1-25) 0

!
:Z 0l _ o—i0

Therefore,

!
H° (P' x P!, A®') = Visir41-25,0) -
=0
We conclude that Vi, appears at most once in each H;(X,); it does appear
once, in fact, if and only if kv and [ (r + 1) + 1 have the same parity, and

kv—1 kv —1
> >

. 2.1
r—1 =7 7 r+1 (2.1)

Suppose, for example, that kv and r + 1 are both even. Then [ (r+1) + 1 is
odd for any choice of [ and we conclude that Hy, (X) vanishes. Notice that at
the general x € X, we have G, = {£}, and > fi-x,(g9) = 0. If, on the
other hand, r+1 is even and kv is odd, then there is a copy of Vj,, in H;(X,)
for every integer [ satisfying (2.1). Hence the number of copies of Vi, in
H(X,)is ~ 2kv/(r*—1), so that the dimension of Hy,,(X) is ~ 2(kv)*/(r*—
1). For the general x € X, we have in this case > o fi-r.(g9) = 2.

When r + 1 is odd, on the other hand, the generic stabilizer is trivial.
For the general x € X,., therefore, deGx fi—kv(g) = 1 irrespective of kv.
If kv is even (respectively, odd) then there is a copy of Vi, in H;(X,) if and
only if [ is odd (respectively, even) and satisfies (2.1). Thus the number of
copies of Vi, in H(X,) is ~ kv/(r? — 1), so that the dimension of Hj,,(X) is
~ (kv)? = (r* —1).
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2.2 Example about G = U(2)

Let A be the hyperplane line bundle on M = P3; then the unit circle bundle
X C AY\ {0} may be identified with S C C*\ {0}, and the projection
7 : X — P? with the Hopf map.

Consider the unitary representation of U(2) on C* = C* @ C? given by

A-(Z, W) = (AZ, AW); (2.2)

here Z = (21, 22)', W = (wy, wy)" € C2. This linear action yields by re-
striction a contact action p: G x S” — S7, and descends to an holomorphic
action i : G x P? — P3. If wpg is the Fubini-Study form on P2, then u is
Hamiltonian with respect to 2wpg. The moment map is

Og: [Z: W] eP?

(4
= s s (%7 R wi ] €9
1Z1” + W]

Furthermore, fi is the contact lift of pu.
From this, one can draw the following conclusions:

Lemma 2.2.1. Under the previous assumptions, we have:

1. —i®g([Z : W) is a convex linear combination of the orthogonal pro-
jections onto the subspaces of C* spanned by Z and W, respectively;

2. —i ®g([Z : W]) has rank 2 if and only if Z and W are linearly inde-
pendent, rank 1 otherwise;

3. ®a(M) = i K, where K denotes the set of all positive semi-definite
Hermitian matrices of trace 1;

4. the determinant of —i ®g([Z : W) is

|Z AW |2

det(—i @g([Z : W])) = (||Z||2 I ||W||2)2 ’

where Z NW = zqwe — 20wy € C;

5. the eigenvalues of —i ®g([Z : W) are both real and given by

(11\/1— 4|QZAW|22 )
U217+ [w]7)?
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Let us fix v € Z? with v; > v, > 0. Let, as above, O, C g denote the
coadjoint orbit od iD,. With M = P?, the locus M§ = ®;'(R; - 0,) is
given by the condition

1) /\1([Z : W]) — U >\2<[Z . WD =0.
In view of Lemma 2.2.1, this implies:

Corollary 2.2.1. Under the previous hypothesis,

Z NZT
Mguz{[Z:W]e]Pﬁ: ZAW] ”1”2}.

1ZIP + WP v+ v

Let us now consider transversality. By Lemma 4.5.1 below (see also the
discussion in §2 of [Paol2]), ®¢ is transverse to the ray Ry - iD, in g if
and only if i is locally free along X&' (that is, each x € X$ has discrete
stabilizer).

On the other hand, by (2.2) /i is locally free at (Z, W) € S7 if and only
if Z AW # 0, and this is equivalent to ®¢([Z : W]) having rank 2; this
means that —i ®¢([Z : W]) has two positive eigenvalues. Thus we obtain the
following.

Corollary 2.2.2. The following conditions are equivalent:
1. ®g s transverse to Ry -1 D,, and @51(R+ ~i1D,) £ 0;
1. ®¢ is transverse to O,, and ;' (Ry - O,) # 0;
3. v, 1y > 0.

Let us now consider the restricted Hamiltonian action of T'. Identifying t
with i R, &7 : M — t may be written:

i ’2’1|2 + ]w1|2
O PP Z: Wl —— €t. 2.3

Thus we obtain
Lemma 2.2.2. Assume that 11 > vy > 0; then:

1. the image of @1 in t = iR? is

@T(M):z'{(";) Pty =1, x,yzo};
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2. the locus ML is given by
My ={[Z: W] e P’ : m(|af +|wi*) = vi(lza] + [wal*)};

3. @ is transverse to Ry - iD, and MS # 0 if and only if vy, vy > 0.

Proof. The first two statements follow immediately from (2.3). As to the
third, let us recall again that ®r is transverse to R, -¢D,, if and only if the
action of T on XI' C S7 is locally free, [Paol2]. On the other hand, T acts
locally freely at (Z, W) € ST if and only if Z and W are neither both scalar
multiples of ey, nor both scalar multiples of e;, where (e1, e2) is the standard
basis of C2. By 2), there are no points (Z, W) of this form in X if and only
if vy > 0. O

Hence if v1, 15 > 0, then ®¢ and & are transverse to R, -v, and MS # (),
MY # (). For instance,

v v
L e : ! € EM,S;QMZ
V1 + vy V1 + vy

More generally, we have the following.
Lemma 2.2.3. For any v, MG N ML = & {i(vy +15)7'D,}.

Proof. By Lemma 2.2.1, [Z : W] € MS if and only if —i®g([Z : W]) is
similar t0 Dy /(s,41,); O the other hand, by Lemma 2.2.2, [Z : W] € M if
and only if for some z € C

gz w = ()

Equating determinants, we conclude that z = 0. This concludes the proof.

]

Let g; C g be the affine hyperplane of the skew-Hermitian matrices of
trace i; we may interpret ®¢ as a smooth map @, : P? — g,.

Lemma 2.2.4. If vy > vp > 0, then i(vy + v2) ' D, € g; is a regqular value
of .

Proof. Clearly, the latter matrix is a regular value of @, if and only if ®¢ is
transverse to the ray R, -2 D, ; thus the statement follows from Corollary 2.2.2.
[
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By Lemmata 2.2.3 and 2.2.4, we obtain
Corollary 2.2.3. Suppose vy > vy > 0. Then, with M = P3:
1. M§ and ML are smooth compact (real) hypersurfaces in M;
2. ng N MZ is a smooth submanifold of M of real codimension 3.
Let us now describe the saturation G - M[.

Lemma 2.2.5. Under the previous assumptions
ZANW
G'MZ:{[Ziw]EP?’: ||2 HQSW}
1ZI?+ WP~ v+

Proof. Consider [Z : W] € P? with (Z, W) € S7. By definition, [Z : W] €
G - M if and only if there exists A € G such that [AZ : AW] € ML ; we
may actually require without loss that A € SU(2). Let us write

A= (Z _ac> € SU®2), 7= (2) . W= (Z;) :

then [AZ : AW] € M} if and only if (with some computations)

0=w(laz —ez* + |law; — cws|*) — vi(|czr + @ 2)* + |cwy + aws|?)

(2 200

In other words, [Z : W] € G - ML if and only if there exits an orthonormal
basis B = (V4, V3) of C? such that
(21 Zg) ‘/2
w1 Wy

2 2
w1 Wy

2 Z1 W 21 Zo\ & 1 _
:vt(l 1)(1 2>V:Vt;¢g([Z:W])v.

Now, for any V' € S7 we have
Zg wy) \Wp W2

Z1 Z9 Vv
w1, Wy

If \i(Z, W) > X(Z, W) > 0 are the eigenvalues of —i®s([Z : W]) (see
Lemma 2.2.1), we then obtain for any V € S7

=12 —

2
:l/l

2

2 (2.4)

2

M(Z, W>ZH<;11 22)1/ > M\ (Z, W), (2.5)

(%)
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with left (respectively, right) equality holding if and only if V' is an eigen-
vector of —i®q([Z : W) relative to A (Z, W) (respectively A\o(Z, W)). We
conclude from (2.4) and (2.5) that if (Z, W) € G - X then the following
inequalities holds:

141 /\1(Z7 W) Z 125] )\Q(Z, W), 125)] )\1(2, W) Z 1%} )\Q(Z, W) (26)

While the former is trivial, since v; > vy > 0 and A\ (Z, W) > \(Z, W) > 0,
the latter is equivalent to the other

VI Sz AW . (2.7)

Suppose, conversely, that (2.7) holds. Then (2.6) also holds. Let (W5, Ws)
be an orthonormal basis of eigenvectors of —i®s([Z : W]) with respect to

the eigenvalues A\ (Z, W) and \y(Z, W), respectively. Evaluating the two
sides of (2.4) with V/ = W; and Vj = W, in place of (Vi, V2). We obtain

VAR ) , 21 22 /
Vi Vs
w1, Wy w1 Wy

Using instead V}" = Wy and V' = W in place of (V;, V4), we obtain

21 29 " 21 22 "
Vi &
w1 Wy w1 Wy

Since G = U(2) is connected, and acts transitively on the family of all or-
thonormal basis of C2, we conclude by continuity that there exists an or-
thonormal basis (V1, V5) on which (2.4) is satisfied. O

2

= U9 )\1(2, W) Z 1%} )\Q(Z, W) =1

2
Vg

2

= 19 )\Q(Z, W) S 1%} )\1(Z, W) =1

2
Vo

In view of Corollary 2.2.1, we deduce
Corollary 2.2.4. M§ = 0(G - M.

The boundary 9(G - M!) consists of those [Z : W] € P? such that
—i ®g([Z : W]) is similar to (v; + v2)~'D,, while the interior (G - M])°
consists of those [Z : W] € P3 such that —i ®¢([Z : W]) is similar to a

matrix of the form
1 1% 4
V) + o Z ’

for some complex number z # 0.
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Finally, the locus X’ C X = S7 of those (Z, W) at which /i is not locally
free is defined by the condition Z A W = 0, and therefore it is contained in
(G-MTI)°. Tt is the unit circle bundle over a non-singular quadric hypersurface
in P2. The stabilizer subgroup of (Z, W) € ST is trivial if Z AW # 0, and it
is isomorphic to St otherwise.

For any fixed v = (v, 1n) € Z? with v; > vy, let consider how V4,
appears in the isotypical decomposition of H(X) under ji. The Hopf map
7 : X = ST — P3? is the quotient map for the standard action r : S* x
S7T — ST c C*, given by complex scalar multiplication. The corresponding

unitary representation of S' on H(X) yields an isotypical decomposition
H(X) = @,.; Hi(X), where for [ € N we set

H(X):={feHX): f(e’x)=e"? fx)Va=(Z, W)€ X, e’ eS"}.
As is well-known, there are natural U(2)-equivariant unitary isomorphisms
H(X) = H(P*, Ops (1)) = Sy (C? & C)

= é Sym"(C?) ® Sym'™"(C?).
h=0
On the other hand, a character computation yields the following.

Lemma 2.2.6. Forp > q.

q
Sym?(C?) @ Sym*(C?) = @P(det)®* ® Sym?*¢>*(C?).

a=0
as U(2)-representations.

Proof of Lemma 2.2.6. The character of Sym?(C?) is x(p+1,0). Since the char-
acter of a tensor product of representations is the product of the respective
characters, the character of Sym”(C?) ® Sym?(C?) is X’ := X(p+1,0) * X(g+1.,0)-
Let us evaluate x on a diagonal matrix D, with diagonal z = (z1, 25). We
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obtain

zp+1 _Zp+1
/ 1 2 q q—1 q—1 q
X' (Dz) = o — 2 (2 +21 22+ + 2z +23) (2.8)
1 q q
Lba—i i ) Lbai
— . E:Z{)JFHJ%_E:Z{ZSJFHJ
21— %
=<2 \=o j=0
|
lba—i 4 . g
:§ : -(Z{H_ +q jZ%—Z{Z§+ +q J)
— 21 T 22
J=0
q
= Xpt14g-3.5(Dz) .-
Jj=0

Now, a character is uniquely determined by its restriction to 7', and on
the other hand the character of a direct sum is the sum of the characters;
therefore, in view of (3.4), we conclude from (2.8) that

q q
Sym?(C?) @ Sym*(C?) = @) Vipr114—5,5) = ) det™ Sym?H*=2(C?).
j=0

§=0
O]
Therefore
!
H(X) = @D Hyn(X), (2.9)
h=0
where we set
min(h,l—h)
Hp(X):= €5 (det)® @ Sym'>(C?). (2.10)
a=0

In order for the a-th summand in (2.9) to be isomorphic to Vj,, we need
to have a = kiy and [ — 2a = k(v; — 1) — 1; hence in this special case
H(X)k C H(X) with [ = k(1 + 1) — 1. Let us estimate the multiplicity
of H(X )k, in Hy(X). In order for the a-th summand with a = kvs to appear
in Hj;,(X) in (2.10) for some h < k(v; 4+ 1) — 1 we need to have

a = kvy <min(h, k(vy + 1) — 1 —h)
:>k1/2§h, kVQSk(V1+V2>_1_h
:>]{71/2§h§]€y1—1.
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Hence there are k(vy — v») — 1 values of h for which H; ,(X) contains one
copy of Vj,. The dimension of H(X)g, is thus

(k(vy — o) — 1) k(vy — 1) ~ K2 (11 — )2 + O(k).
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Chapter 3

Preliminaries

3.1 Quantized manifolds

Recall that a d-dimensional complex projective manifold is a complex sub-
manifolds of the complex projective space P"(C). A positive complex line
bundle on M is a triple (A, h, V) where

1. A is a complex line bundle,

2. h is an Hermitian metric on L (that is a smooth field of Hermitian
inner products (, -}, in the fibers of A);

3. V is a connection on M compatible with h, that is
d(s1, s2)n = (Vs1, s2)n + (s1, Visa)

for each smooth section sq, o, such that the curvature of V (up to a
factor 2/i) is a positive form w.

As a consequence M is a Kahler manifold with Kahler form w.
From the bundle (A, h) we pass to its dual (A, hY) and we consider the
circle bundle
X={a€A: h(a,a)=1},

which is the boundary of the following strictly pseudoconvex domain (by the
positivity of (A, h))

D={a€A: h'(a,a) <1}
Furthermore X is a contact manifold, that is there exists a 1-form o on X

such that a A (da)™ # 0 (see Example 3.5.11, p. 130 in [MS17]).
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3.2 Compact Lie groups and actions

A Lie group (G, ) is a group and a manifold such that the following maps
¢ 1 GxG — Gand 7' : G — G are smooths. Let us review some basics
facts concerning Lie groups and its actions on symplectic manifolds. (We
will write g h instead of ¢ -¢ h).

3.2.1 Volume elements

We will denote by dV(g) the Haar measure on a compact Lie group G, which
is the unique measure on G invariant under both left and right translations,
normalized by the condition
[ Vet =1,
G

For later use, we compute explicitly the volume element for SU(2)/T.
There exists a diffeomorphism ~ from SU(2) into the unit sphere S® C C?,

g = (g :f) 2 (g) €5, (3.1)

where o and /3 are complex numbers such that ||+ |3|> = 1. Furthermore,
7 intertwines the right action of 7= S on SU(2) with the standard circle
action on S®. Therefore, the projection SU(2) — SU(2)/T may be identified
with the Hopf map S® — P! = S2. It follows that the Haar measure on
SU(2)/T is a positive multiple of the pull-back of the standard measure on
S2.
In particular, when « - 8 # 0, we can set the following local coordinates
on SU(2):
a=c%cosf, B=ec%sing. (3.2)

Thus, the Haar volume element on SU(2)/T is
1
wrs = —sin(26) df dJ .
2m

3.2.2 Harmonic analysis on compact Lie groups

In this section we will resume some basic theorems in harmonic analysis of
compact Lie groups G, in particular for G = U(2) and G = SU(2). We refer
to the books [Var89] and [BtD95].
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The central notion is that of the character of a finite dimensional unitary
representation. Let us denote with s the representation, its character y, is
the function on G defined by

Xx(g) = trace (k(g)), g€ G.

Let us recall that two representations x : G — GL(V) and v : G —
GL(V"), respectively on the vector spaces V' and V', are called equivalent if
there is a linear isomorphism T : V' — V' such that «/(g) = T r(g) T~! for
all g € G. The character of k depends only on the equivalence class [r]. The
set of equivalence classes of irreducible representations of GG is written G and
is called unitary dual of G.

Furthermore the characters are class functions, i.e. are invariant under
the action of the group by conjugation. We will denote by L?*(G)¢ the space
of square integrable class functions.

In addition to the characters we can associate with a finite dimensional
unitary representation x its matriz elements, namely, the functions

M;Z cg— (k(g)a,b) (a,beV).
Theorem 3.2.1 (Completeness Theorem of Peter-Weyl). The irreducible
unitary representations of G are all finite-dimensional and they separate the
points of G. The irreducible characters form an orthonormal basis of L*(G)¢,
and L*(G) is the orthogonal direct sum of matriz elements.

We now want to show some explicit expressions for the characters of
U(2) and we will deduce from these the ones of SU(2). One is able to write
explicitly a formula for the restriction of y, to a maximal compact abelian
subgroup of U(2), the torus T. Let dVy be the Haar measure on 7" and
define the function A : T'— C by setting

A(t) = tl — tz, t .= (tl, tg) € 7—77

here we identify T with S! x S! in a natural manner. Furthermore, for any
feC®(U(2)) let us define Fy: T'— C by setting

Fy(t) := / flgtg™) dVuyr(gT).
U(2)/T
If fis a class function Fy(t) = f(t) for any t € T
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Theorem 3.2.2 (Weyl’s integration formula). A Borel function f on U(2)
lies in L*(U(2)) if and only if F; lies in LY(T, AAdVr); in this case

1 _
/ fdVye = = / F; AA dVy.
U2) 2 )7

In particular, an invariant function f on U(2) lies in L'(U(2)) if and only
if its restriction to T lies in LY(T, AAdVyr), and then

1 _
U(2) T

We will use Weyl’s integration formula in the proof of Theorems described
in the introduction and it is also the main tool in the proof of the following
theorem, see [Var89).

Theorem 3.2.3 (Weyl’s character formula). The irreducible characters of
U(2) are in one-one correspondence with the decreasing couples of integers.
For each v = (v, vy), with vy > vs, the character x,, is given on T by

V42 va4l1
_ tl t2 B tl t2

J(t) : 3.3
()= (53)
Namely, v corresponds to the irreducible representation

det > ® Sym”'~"271(C?), (3.4)

where Sym”* 27! is the space of homogeneous polynomials in two complex
variables of degree v; — vo — 1. Thus, the representations of U(2) labeled by
v has dimension k (v — vs).

The above theorems for U(2) remain valid for SU(2) with the sole mod-
ification that the character is x(,,0), ¥ > 0. Explicitly, the Weyl character
formula for SU(2) is

9 A i (kv—1)0 i (k—3)0 i (kv—1)0
X (€77) = T — = /(I g 0 g et DT (315

Similarly every finite dimensional irreducible representation of SU(2) is iso-
morphic to Sym” ! (C?), for some v > 0. Hence, the representations of SU(2)
labeled by v = (v, 0) has dimension k v.
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3.2.3 Hamiltonian group actions

Let M be a manifold, G a compact connected Lie group and g its Lie algebra.
Let us suppose that the smooth map u : G x M — M defines an action of
G on M. For each point m € M, the mapping

fm G — M
g pg(m):=g-m
is a smooth map and its differential

dnf 19— T, M
£ Eu(m)

is a Lie algebra homeomorphism. The vector field &, is called infinitesimal
vector field associated to £. If we have defined on M a complex line bundle
on A (with projection p : A — M) then we say that p can be lifted to a
group action ji : G X A — A on A if there exists a group action i of G on A
such that the induced restricted action on the fiber of A is linear.

If (M,w) is symplectic, we suppose that G acts on M via symplectomor-
phism g, : M — M, then for every { € g the infinitesimal vector field &,/
is symplectic. This means that ¢(&y/) w is closed for every &; if the 1-form
L&) w is exact then we say that the action is weakly Hamiltonian. More
explicitly there exists a function ®¢ € C>(M) such that d®¢ = (&) w.

The group G acts on itself by conjugation C' : GxG — G. The differential
of C, defines an action Ad, : g — g of G on its Lie algebra. The dual Ad”
of Ad is called the co-adjoint action. The action is called Hamiltonian if the
map & — ®¢ can be chosen to be G-equivariant, which means

D¢ o p1y = OAL,

for every £ € g and g € G. This last condition is equivalent to require that
the map & — ®¢ is a Lie algebra homomorphism with respect to the Poisson
structure {, } on C*(M) (see Lemma 5.2.1, p. 203 of [MS17]).

Now, assume that the action g is Hamiltonian. Then a moment map
® : M — g" is a G-equivariant smooth map such that ®*(m) = (®(m), ),
where (-, -) is the pairing between g and its dual. Equivalently,

d®S, (v) = W (v, Ear(m))

for each m € M, v € T,,M and € € g.
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3.3 The Szego projector

Let W C C" be a compact strictly pseudo-convex domain with smooth
boundary. Let r be a smooth function on W with » > 0 on Int W, r = 0
on OW and dr # 0 near OW. Let ¢ : OW — W be the inclusion map; the
one-form « := (*Imdr is a contact form on OW. Thus, v := a A (da)" !
defines a volume form on OW. Let L?(OW,v) be the space of square inte-
grable function over 0W with respect to the measure v. The Hardy Space
is the closure in L*(OW,v) of the space of smooth function on W which
can be extended to holomorphic function on W. The orthogonal projector
II: L2(0W,v) — H?*(OW) is called the Szego projector.

Let M be a connected complex d-dimensional projective manifold with
a (A, h) a positive line bundle on M, as described in chapter 1.1. If AY D
X 5 M is the unit circle bundle in the dual of A, then X is the boundary of
a strictly pseudo-convex domain and the structures defined in the previous
paragraph carry over this case. Here the domain W is the disc bundle,

W= {(m,v) € A : h(v,v) <1}

and the defining function 7 of the previous paragraph is r(m, v) = 1 — [|v||%,,
where ||-|| is the norm in the metric induced by h.

3.3.1 The Szego kernel

Let us recall some basic facts concerning the Szegd kernel from [BAMST76],
[Zel98]. The Szegd kernel is a Fourier integral operator of complex type, in
particular there exists a symbol s € S4(X x X x R*) of the type

“+00
S({L’7 Y, U) ~ Zud_k Sk(ma y)a
k=0

to be so that .
(z, y) = / et (®,y) s(z, y, u) du,
0

where the phase ¥ € C®(X x X) is determined up to a function which
vanishes to infinite order along the diagonal. Explicitly, ¢ is determined by
the following properties:

1. ¢(x, ) = 1 r(x), where r is the defining function of X;
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2. djy and dj ¢ vanish to infinite order along the diagonal;

Example 3.3.1. Consider the unit ball in C**!. The above formula has the

form
1

(x, y) = = /00 e @)y du
= Ty
where ¥(x,y) =1 — (z,y).

In [SZ02], Shiffman and Zelditch provide some results about the scaling
asymptotics of Szego kernel and their implications in symplectic geometry.
Their proofs rely on the notion of Heisenberg local coordinates. A set of
Heisenberg local coordinates on X centred at x determines a linear isometry
T,X = R @ CY, furthermore, they are horizontal at = with respect to the
connection 1-form.

3.3.2 Equivariant Szego projector

Suppose we have an unitary action of a compact Lie group G on the Hardy
space H(X). We have a natural decomposition, given by

H(X) =P H,(X).

ved

Let us focus on the case G = U(2). Let II, the projector onto the isotypical
component H,(X). We will denote its kernel by II,(-,-). For any z, y € X,
we have an explicit formula for the equivariant projector (see [GS82c|):

M (r, ) = dy /G o @) (g (2), ) dValg) (3.6)

where d,, is the dimension of the representation labeled by v. In order to
prove the main results we need to write (3.6) more explicitly. In view of the
Weyl’s integration formula the expression (3.6) can be rewritten

dy

(s, y) = % / WOADAWD F(t: z, y) dVe(t),  (3.7)

where
Flise. )= | iy @), ) VerloT). (3.5
T
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Thus, inserting the Weyl’s character formula (3.3) for U(2) we obtain,
instead of (3.7),

dV —V1 41—V —V9 31—V
(e, 9) = % [ (17657 = 677) MO F(t . 9) AV (o).
T

2
The previous integral splits in two summands that, after a change of variables,
add up to
I,(x, y) =d, / tTVA(t) F(t; z, y) dVp(t), (3.9)

T

where t7% = t;"t7"2 and d,, is explicitly given by d, = v; — 1. For G =
SU(2) the computations are similar. In the proof of Theorems in the next
chapters we will gloss over these computations starting directly with (3.9).
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Chapter 4

Proofs

4.1 Proof of Theorem 1.2.1

Proof. We have

M (2, 1) = kv /G Yoo (9) (g1 (2), ) dVa(g)

Let 6 > 0 and let p: R — (0, +00) be a bump function with p = 1 on
(=6, 0) and p =0 on (=24, 26)°. We have

Uiy (2, y) = M (x, y) + My (2, y)",
where
HkV(xa y)/
= kl// p(diStx(ﬂg—l(I), y)) Xku(g) H(ﬂg*1($)7 y) dvG(Q)?
G

and
Hk'/ (.T, y)”

= kv /G (1 — p(distx(fig-1(z), ¥))) Xww(9) (g1 (), y) dVal(g).

Since the function

g = (1 - p<diStX(ﬁg*1(x)> y))) H(“gfl(x)a y)
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is smooth on G, we obtain that Iy, (z, v)” = O(k~>).
We need to exploit the explicit description of II as an FIO developed in
[BAMS76]. Namely, up to a smoothing contribution, we have

Hk,,(@?, y)

o [ du [ WVolo) [pele) @ ) sty 2,0, )]

< [ du [ aValo) [palo) Nalgd 40 O (i, 1 (0), . )

where we have set
pz(g) = p (distx (fig—1(z), y)) -

Now, let D > 0 and p; : R — [0, +00) such that p; = 1 on [0, D] and
p=0on [2D, +00). We have

Hku('r y) ~ Hku(x7 y>1 + Hkl/<x? y)2 )

where

+00
My (2, y)1 := k2y/0 du /GdVG(g)
[px(g) p1() Y (g) €5 o1 @0) 55 (2), kU)] ,

and

“+o0
My (z, y)o := k‘21// du / dVeal(g)
0 G

[02(9) (1= 1) X (9) €5 0o 9) sy 2 (2), , )]
Lemma 4.1.1. II;,(z, y)2 = O(k™>°) as k — +oc.
Proof of Lemma 4.1.1. Let {G',G"} be an open cover of G where

G :={ge G : distg (g9,{xl>}) < 20},
G":={ge G : distg(g,{x}) > 5}

We may consider a subordinate partition of unity 5+ 8” =1 on G. Let us
set

=08, =075
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Then o = ¢ + ¢”, where ¢’ is supported in a small neighborhood of {£1,},
and o” is supported away from {+15}.
Accordingly, we have

Hku(xa y)2 = Hk,,(lll', y)/2 + Hk'/(xv y)IQ/ )

where in the former (respectively, latter) summand p(g) has been replaced by
o' (g) (respectively, 0”(g)). Let us study the two summands in the previous
expression separately.

Lemma 4.1.2. I}, (z,y)5 = O(k™°) as k — +o0.

Proof of Lemma 4.1.2. Let us assume to fix ideas that kv = 2/ + 1 is odd.
Then Vi, may be identified with the vector space C®)[zy, 2] of complex
homogeneous polynomials of degree 2/ in two variables. A natural basis
of the latter is given by the monomials P, (21, 25) := 2} * 25", where p €
{=1l,...,0,...1}. We shall accordingly denote the matrix elements of the
representation Vj,, by

ME) G —C, (abe{-l....0,....1}).

We have l
Xiw(9) = D ME ().
a=—1
Thus, we get l
Hk,,(:E, y)Q ~ Z Hku(ma y)lm
a=—I
where

Ui (2, )20 = k21//0+oo du /GdVG(g)
[02(9) (1= pr () M (g) € 0) iy (), y, k)|

On the support of ¢, either g ~ I or g ~ —I,, and hence we can write
explicatively

_ [Alg) €9 —4(g)
- ( (g)  Alg) e—wc<g>) ) (4.1)
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where A(g) > 0, and either 0(g) ~ 0 or 0;(g) ~ 7. Furthermore, A, v and
O are smooth functions of g € GG on a neighborhood of the support of ¢'.

We can write (see [Appl4], §2.7, formula (2.6.40)), with g as in (4.1), the
following expression for the matrix elements

ME)(g) = e29969) . P, (A(g)?), (4.2)

where P, , may be expressed in terms of suitable Jacobi polynomials, and is
itself a real polynomial. Since the left hand side of (4.2) is an entry of a
unitary matrix, we have at any rate |F,(A(g)%)| < 1.

Hence, we have

400
Hkl’(‘r7 y)Q,a = kZV/ dVG(g) / du [eik\l’a/k(m’y;g»u)
G D/2

Q$(g> : Qé(u) ' B,a(A(g)2> 8(:&9*1(‘%)7 Y, ku)}
where we have set

2a

Von(z,y:9, u) = u-9 (g (r), y) + = Oc(g) -

Since

—5 <<

14
9 )

(CTIAN
>

the family of phases W, is finite.
Let us view [, the infinitesimal generator of the standard torus 7', as
a left-invariant vector field on G; the corresponding 1-parameter group of
diffeomorphisms is ¢, (g) := ge™?. Therefore, if Ly is the same vector field
viewed as a differential operator on G, then Lg(6z) = 1 on the support
of ¢’. Also, Lg is a skew-hermitian operator on L?(G), since ¢, induces a
1-parameter group of unitary automorphisms of L?(G); hence, Ltﬁ = —Lg.
Furthermore, the function g — A(g)? is smooth, real and ¢, -invariant; there-
fore, Ly(A(9)%) = Ls(A(g)?) = 0.
On the other hand, we have
d d
E,&cpr(g)—l (2) = Eﬁe*fﬁ(ﬂg—l(x))

= Bl (2)
= —Bar(fig-1(ma))* + (Pi (g1 (M), B) Dy

7=0
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For o(g) # 0 we have distx (fi,-1(x),y) < 20; therefore,

(Pa(pg—1(ms)), B) = (Pa(my), B) + O(5). (4.3)

If § is sufficiently small, (4.3) is non-zero, since we are assuming that ®¢(m,,)
is not anti-diagonal; assuming to fix ideas that ®4(m,) is diagonal, then the
right hand side of (4.3) is (Pg(my), B) = 2 X\(my) + O(0).

In addition, by the discussion in [SZ02], where o(g) # 0

A, 010 = (05,10 =) +0(6).

Therefore,
a
La(Won(z;u,g9)) =2 [u “A(my) + ﬂ + 0(9).

For u > 0, we conclude that Lg (\Ila/k(u,g)) > C"-u+1 for some C" > 0,
which can be chosen uniformly for all a € {—I,...,0,...1}; by iteratively
integrating by parts by the transpose operator Ltﬁ = —Lg, we conclude that
Iy (7,y)s,, is rapidly decreasing as k — +oo uniformly for a € {1 ... l}.
Since this holds uniformly for each of the kv summands, the statement of
Lemma is established in the case where kv is odd.

The case where kv is even is only slightly different - one takes [ to be
half-integer (see Theorem 11.7.1 of [RT10]). O

Lemma 4.1.3. I, (z,y)5 = O(k~°) as k — +o0.

Proof of Lemma 4.1.5. The proof is similar to the one of previous Lemma,
except that we shall use eigenvalues rather than matrix elements, so we’ll be
somewhat sketchy.

If g € G\{+£L,}, then there is a unique ¥ (g) = cos™!(trace(g)/2) € (0, m)
such that the eigenvalues of g are e*"7¢(9). The map g € G\ £, — Ya(g) €
(0, w) is C*. On the same domain, the character of Vj, is thus given by

kv—1
§=0

We shall now write

kv—1

Hk,,(l‘, y)g ~ Z H/W(‘Ta y)g,j )
=0
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where Iy, (,y) ; has the same integrand as I, (z,y); with X, (g) replaced

by ethv=1=21)9¢(9)  Thus we can see I, (x, Y)y,; as a sum of oscillatory inte-

grals with phases

Vo (2, y5u,9) = ut (fig—1(z),y) — (v +0) - Jalg),

where b € R and again the phases ¥, vary in a bounded family. Notice that,
away from {+lr}, ¥¢ : G — C is a smooth function. We can argue as in the
proof of the previous Lemma. O

]

Thus, we have
My (2, y) ~ Wi (2, )1 -
Let us shrink further the support of the integrand. Let ps : R — [0, +00) be
a smooth function such that ps = 0on (0, 1/(2D)] and ps = 1 on [1/D, 400).
We have

(2, y) ~ (2, y)11 + i (2, y)12,

where

+oo
o (7, y)11 izk‘gl// du / dVe(g)
0 G

[px(g) pa(u) pr () xpu (g) € a1 @0) (i 1 (), , kU)] ,

and

400
o (z, y)12 := k‘Ql// du / dVe(g)
0 G

[02(9) (1= pa()) pr () X (9) € 0) sy s (), y, )|

Lemma 4.1.4. I, (z2)12 = O(k™) as k — +00.

Proof. By the use of the Weyl integration formula we have

v [t T
My (2, y)12 :2—/ du / dVer(gT) / dd
T Jo G/T -7

[p$(geiﬁg_1> (1 - pQ(U)) P1 (u) (ew — 6_“9) e—ikz/ﬁ

eikuw(ﬂge—i{)g—l(x)vx) $(fige-iv,-1(2), , k;u)] .

47



Let us set
U(u, gT, 9) = ut (fige-i04-1(2), y) — V0.
If D> 0and 0 <u<1/D we have

v
00V (u, 9T, 9)| > &
The statement follows integrating by parts in dd. O]

In view of the previous lemmas, we can write

My (2, y) ~ — du/ dVear(9T) / dv (4.4)
1/D G/T
[px(ge g ) pr(u) (€ — ey MBI (i oy (), y, k)
where
Uy y(u, 9T, 9) = uih (fige-i0g-1(x), y) — vV (4.5)

Let (z) denote the imaginary part of z € C. In view of Corollary 1.3 of
[BAMST76], there exists a fixed constant C, depending only on X, such that

S (Y(x, y)) > Cidistx(z, y)? . (4.6)
Thus, in the range fixed in the hypothesis, we have
disty (fgeiog—1(2), y) > C k™ 1/2
for every gT € G/T and ¢!’ € T. In view of (4.5) and (4.6),

105 Vs, (u, 9T’ V)| = D) (ﬂge—iﬂg‘l(m)a y) |
Z % (lp (ﬂge*iﬁgfl (x)v y)) Z CldlStX (ﬂge*iﬁgfl (.CU)’ y)Q Z Cl C2 k_QEfl )

Eventually, by the identity

d
%8u¢ ([Lge*i’@gfl (I‘), ,T) -t dueZklIlz Y — ezk\I/z y :

we can iteratively integrate by parts in du in (4.4) and the claim follows. [
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4.2 Proof of Theorem 1.2.2

Proof. Let o : G — [0, +00) be a smooth bump function supported in a
small neighborhood of the origin, and identically equal to 1 on a smaller
neighborhood. Let us set p;(g) := 0(g g;). We then have

M. 2) = ko [ aVole) [l 1 (i (@), o) (4.7

NZkv [ Vel [a) Xl 115y 2. )]

Let us write Iy, (z, z); for the j-th summand on the last line of (4.7).
Let Z, == G, N Z, where Z = {£I,} is the center of G. We shall
distinguish two cases, depending on whether g; € Z, or not. Let us write

(2, ) ~ (2, )z, + Ui (2, 2)e0\2,
where

My (2, )7 Zﬂkuxx (2, ©)a,\2, = Zﬂkya:x

9j€Zx 9j#Zx

Let us study Iy, (2, 2)¢,\z,. We shall consider the summand in (4.7) with
9j ¢ Zy. Then g; # gj’1 and thus G, \ Z, has even cardinality b, = 2 a,, and
perhaps after renumbering its elements can be arranged in pairs (g;, gj_l),

g=1... a,.
Let p: G/T xT — G, (gT, t) — gtg™'; since g; is a regular element of
G, it is a regular value of p. For every j =1,..., a,, let us set

_ etvi

We have
-1 1 0 -1
p (g5) = {(hsz, t;), (km, T, t; )} vk, = ha, YR (4.8)

Definition 4.2.1. If z € C, let us set

worei (! 3) o
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Then the R-linear map
nj:z€Cr (Adtfl - idg> (A(2)) €9

is injective. Therefore, since i is locally free at x, there is a positive define
2 x 2 matrix C(z; j) such that

|Adw, (n()x @ = 52 ) Z (z€C)

where Z := (a, b)! € R? if 2 = a+ib. Let us define
B(z; j) == C(z; j) + 41 sin(29;) - A (my) I>.

We shall prove the following.

Proposition 4.2.1. Assume that G, \ Z, = {91, 91"+ -+ Gass 9o }- Then
as k — 400 there i1s an asymptotic expansion

vk d
[Tp, (2, ~ 47D | —
k (SU x)cm\zm ™ G/T <27r)\( x)>

. QZ% i sin(v;) - e~ hvY 3k Py(m,)
det (B(z; ) T

j=1 1>1

Proof of Proposition 4.2.1. Let E : g — G be the exponential map. We
shall write the general ¢ € T' in exponential form as

e? 0 . 1 0
(4 5 =seom, o (1 1),

By the Weyl integration formula and character formulae, we have

k ™
T Ja/r r
[pj (g e’ Bg_l) et H(ﬁge—”Bg‘l(ﬁ)a x)(ezﬁ — 6_“9)} .

The pulled-back cut-off (g7, €'?) + 0;(g e’ P g~1) is supported in a small
open neighborhood of the pair (4.8). Therefore, we can further split (4.9) as

i (z, 2); = My (z, )51 + i (2, 2)j2,
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where in I, (x, x);1 (respectively, Il (z, x);2) integration is over a small
neighborhood of (hme T, t;) (respectively, (kno T, t5)).

Let us consider each Iy, (z, x); separately, starting with { = 1.

Let us introduce local coordinates on G/T and on 7. First, for z €
D(0, 0) C C for some suitably small § > 0, we set

h(z) = hm, E(A(2)) ,

where A(z) is as in Definition 1.2.2; then the assignment z € D(0, §) —
h(z)T € G/T is a system of local coordinates on G /T centered at h,, T. The
Haar measure on G//T', expressed in the z coordinates, is Vg, 7(2) dVe(2), for
an appropriate smooth function Vg r. The proof of the following Lemma
will be omitted.

Lemma 4.2.1. Let us set Dg/r = Vg r(0). Then Dgr = 27 /Vs, where Vs
is the surface of S®.

Next,
e (=9,0)—t;E(i0B)eT

is a system of local coordinates on T centered at ¢;. Furthermore, since
(fige—ivBg4—1(x), ) is in a small neighborhood of the diagonal in X x X, we
may replace I1 by its representation as an FIO. After performing the rescaling
u +— ku, we obtain

]{32 v ] é 400
H]a/(l’, x>j1 ~ E . 67”“”93' . /D(O . dV@(z) /5d9 /0 du (410)

le—ik[uw(ﬂh(zw(mB)tjlh(z>1(;5)795)_”'9} (ez’(ﬁj—&—e) _ 6—1’(19]'4-9))

$i1 (ﬂh(z)E(—mB)tglh(z)—l(“")7 z) k“) VG/T(Z)] :

Here, dV¢(z) is the Lebesgue measure on C = R?, and s;; denotes the
usual amplitude of the representation of Il as an FIO, with the above cut-
offs incorporated. In addition, by the same argument used before, only a
rapidly decreasing contribution is lost if the integrand is multiplied by a bump
function in u, compactly supported in (1/D, D), and = 1 in (2/D, D/2) for
some D > 0 (also implicitly incorporated in the amplitude).
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In order to proceed, we need to express the phase more explicitly. We
have

h(z) E(—i9 B)t; ' h(z)™"
= Ch. (E(A(z)) E(—i9B)E (— Adys (A(z)))) g;"
= E (- Ady,, (1(2,0))) g; ",
where (by the use of Baker-Campbell-Hausdorff)
Y(2,0) = 71(2,0) + 12(2,0) + Rs(z, 0),
with
(2 0) =10 B+ (Adyr —idg) (A(2) |

(2, 0) == — L0 B, A(2) + Ad, 1 (A2))] + [AG), Ad(A()].

while R; denotes a generic C'*° function vanishing to j-th order at the origin.
By Corollary 2.2 of [Paol2], we obtain in HLC’s

ﬁh(z)E(me)t;lh(z)—l(J:) = ’uE<—Adhmm (7(279)))(:[) =z +(0(z,0), V(,2)) ,
where

O(z,0) :=(Pg(my,), Ady,,, (v(2,0))) + Rs(z,0)
V(0,2) :=Ad,, (7(2,0)), (m) + Ra(2,0).

By the discussion §3 of [SZ02] (see especially (65)) we conclude that

uy </-Lh(z)E(—wB)t;1h(z)—1($)7 x) —vd
=uy (v + (0(z,0), V(0,2)), x) —vb

= iu [1= O] 2 VO, + Rz, 0)
— uO(z,0) + % [0(2,0)2 + |V (8, 2)|%] +uRs(z, ).

Let us choose C' > 0, ¢ € (0,1/6). Since p is a local diffeomorphism
at (hm,T, t;) and fi is locally free at x, the contribution to the asymptotics
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of (4.10) of the locus where ||(z,0)|| > C k<6 is O(k=>°). Adopting the
rescaling z — z/vk, 8 — 6/Vk we can rewrite (4.10) in the following form:

k1/2 v ] 1 +o0

o (z, )1 ~ c e i / dVe(z) / do / du  (4.11)
2m D(0,6) -5 0
|i€ik‘llk(x;u,9,z) Ak(l‘, u, 07 Z):| 7

here we have set

Pk u, 0, 2) =iV [ (®g(my), Ady,,, (11(2,0))) — 0]
+iu- <(I)G(mm)v Adhmz (72(279))>

u 9 5 )
A i W kA (2 2

(9, i, z
co(k™(2,0)) - (ez(ﬂﬁﬂ/x/E) _ e (19]+9/\/E)> V1 (ﬁ) 7

with ¢ an appropriate bump function. Integration in (z,0) in (4.11) is over
a ball of radius O(k~>°) centered at the origin.
The second summand in 7 (z, ) in ¥2(z) is anti-diagonal. Therefore,

(@a(ma), Adn,,, (1(,0)) = (Adys (Pa(ma), 1(=,0))
= (iX(my) B, i0 B) =2 X(m,) 6.

Let us define
+o00 +o0 )
Ix(z, 2) == / de / du [e’ﬁq’k(“’e) Ay (x5 u, 0, z)} , (4.12)
—00 0

where now

Ui (u,0) :=0[2X(m,) - u— V]
Ap(z; u, 0, 2) = W02 A (2: 0,0, 2),
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with
E(u, 0, z) :==iu- (Pg(my), Adp,,. (12(2,0))) (4.13)
U 2 z 0
— —-||Ad 2, 0)x(x +kR3| —, — ) .
3 Adu., (e, O+ ke (. )
Since fi is locally free at z, on the support of the integrand

R (Er(2,0)) < =D"- (|2 + 10])

for some positive constant D > 0.
Then we can rewrite (4.11) in the following form:
k2 y
2m

My (x, )1 ~ et -/Cd\/c(z) [I(z, 2)] . (4.14)

The following is straightforward.

Lemma 4.2.2. V. has a unique critical point, which is non-degenerate and
given by (ug,6p) = (v/(2A(my)),0); we have Vi (ug,0y) = 0. The Hessian
matriz has determinant —4X(my)? and vanishing signature.

We can apply the Stationary Phase Lemma to determine the asymptotic
expansion of (4.12). By a few computations we get

. 0 (e —1) -2
71<Z70)_l <<€2i19j_1>.2 0 )
Yo(2,0) = —i - |2]? - sin(29,) B .

If 2 =a+ibwitha, b€ R, let Z = (a, b)' € R? be the corresponding vector;
thus |z| = || Z]|. Then

1 :
|Ads,., (12, 0)x @) =5 - 2 C'(x. ) Z
where C'(x, 7) is as in Definition 1.2.2. From (4.13) we conclude

Exluo, 0, 2) = —% 7' B(x, §) Z + k Ry (%) ,

where B(z, j) is also as in Definition 1.2.2.
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On the other hand, we have (noting that sin(d;) # 0 as g; ¢ Z,)

1+Zk l/2a]l

7>1

ot Wi +0/VE) _ —i(9;+0/VEk) _ o, sin(V

Applying the Stationary Phase Lemma, we obtain that as k — +o0

Eug\® 7 26 sin(¥; ug ot ,
bar o)~ Do (F2) - BT E s g

1+ > k2 Ry(mg, Z)

>1

9

where Rj(m,, Z) is polynomial in Z of degree < 3. Inserting (4.15) in
(4.14), we obtain

sin(v;) - et d; vk
Oy (x, 2)j1 ~ 47 Dgyr - (%) : (

det B(z, j) 2m- /\<mx)> (4.16)

1+Zk l/2lew] .

>1

Let us remark that g; # gj_1 since g; # +Iy; summing the contribu-
tions (4.16) corresponding to g; and g = gj_l, we obtain

i sin(v;) - e~ tkvYi ( vk )d
IT v\, a1+ 11 v\, = 8m-R ! :
k (-1' 3:)]1 k (-1' 33)] 1 ™ ( det (A(.T, j)) 27 - )\(mx)

. [Dg/T—FZ/{ l/ Pl(mx)] .

>1

To deal with I, (z, x);2, in view of (4.8) we need only go over the previ-
ous computations replacing h,,, with k,, , and t; with tj_l. In the analogue
of (4.12), in place of the phase ¥,, we obtain

U (u, 0) = —60-[2X(my) -u+ 1],

so that 0pV/,(u, ) = —[2A\(m,) - u 4+ v] < —v on the domain of integration.
Thus Iy, (2, )2 = O(k™).

The proof of Proposition 4.2.1 is complete. O

[
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4.3 Proof of Theorem 1.2.3

Proof of Theorem 1.2.3. We have

Wy (218, Tor) = kl//

dVa(9) [Xew (9 L (g1 (210), @21)
G

Only a rapidly decreasing contribution to the asymptotic is lost, if integra-
tion is restricted to a small neighborhood of G,. Thus we may multiply the
integrand by a cut-off function ¢ € C*(G) supported in a small neighbor-
hood of G, and =1 in a slightly smaller neighborhood, without altering the
asymptotics. We may assume that p is invariant under conjugation; thus we
shall write o = o(t), or o(¢) working in coordinates.

By the Weyl integration formula and character formula,

H].“,(Zvlk, $2k)N]€V/dVT(t>/ dVG/T(gT)
T G/T

[ = 1) 00) g1+ (@, 2]

3m/2
/ i / dVe,r(gT)
w/2 G/T

7’Ll€ll’§ —e “9) Q(ﬁ) H(,Uge i Bg (l’lk) ka)} :

On the support of o, (fige—io54-1(215), T2) lies in a small neighborhood of the
diagonal; hence we may replace IT by its representation as an FIO, without
changing the asymptotics. Therefore,

+00 3m/2 . .
My (z1k, Tok) N—/ du / dv / dVear(9T) [p(ﬁ) (6“9 _ e_“9)
w/2 G/T

eik[uw(ﬂW%ﬂBgil(xlk)szk)imﬂ S(ﬂge—mBg—l(xlk)a T2k, ku):| )

where we have performing the rescaling u — k u.
The same arguments of Lemmas 4.1.1 and 4.1.4 apply here with minor
modifications. In particular, we have

Lemma 4.3.1. Let D > 0 and let o1 € C.(R) be > 0, supported in (1/D, D),
and =1 on (2/D, D/2). Then only a rapidly decreasing contribution to the
asymptotics is lost, if the integrand is multiplied by o1(u).
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We obtain

L2y +00 3r/2 4 4
gy (15, Tok) ~ 2—/ du / dv / dVear(9T) {gl (u) (6“9 - e’“g)
™ Jo —7/2 G/T
(4.17)

p(’&) 6ik[u¢(ﬂge_mBg_1(Ilk)jx%)_mg] S(ﬂge*iﬁBgfl(mlk% L2k, ku):| )

We can write o(¥) = 00(?) + 0-(1), where go(¥) is supported in a small
neighborhood of 0, and identically equal to 1 in a smaller neighborhood; on
the other hand, g, (1) is supported in a small neighborhood of 7, and in fact
it vanishes identically if —I, ¢ G,, while it is identically equal to 1 on a
smaller neighborhood if I, € G,.

Inserting the latter identity in (4.17), we shall accordingly write

Hiw (18, Tor) ~ Wiw (215, T2)o + iw (T1k, Tok)r

and examine the two summands separately.
First, let us consider the asymptotics of I, (z1x, T2r)o. We shall prove
the following.

Proposition 4.3.1. Under the assumptions of Theorem 1.2.3, as k — +00
we have

1 vk ¢
. ] N . . ouoP2(v, va)
ko (T8, T2k )o 2 \(my,) (QW)\(mx)) ‘

+oo
1 -+ Z l{?_j/QAj<l’, Vi, Vg)] s

Jjz1

where A;(x, -, -) is a polynomial of degree < 3j and parity (—1).

Proof of Proposition /.3.1. Here (1)) has been replaced by gq(1), therefore
integration in dv is restricted to (—24, 29). Let us fix C; > 0, ¢; € (0, 1/6).
[teratively integrating by parts in du, we conclude that the locus where
9] > C1k<~1/2 contributes negligibly to the asymptotics of Tl (215, 2ax)o.
More precisely, we have the following.

Lemma 4.3.2. Suppose that oo € C.(R) is > 0, supported in (-2, 2), and
=1 on (=1, 1). Then the asymptotics of Iy, (x1x, Tox)o are unchanged, if
the integrand is multiplied by oy(k'/>~199).
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Applying the rescaling ¥ — 9/v'k, we recover

iw (215, Tak)o
k3/2 +o0 +oo W
~ / du/ dﬁ/ dVe,r(9T) [PQ(k’ t9) o1 (u) e
G/T

(ez’ﬁ/\/E _ 6—1'19/\/E)

3([29671‘193/\/%9—1(33%), Lok, k'U,):| ’

where

N v
\];Ik(u7 U1, V2, 197gT) =1 <'U’ge—“93/\/gg*1 <$1k>> I2k> a ﬁ v
Integration in d¥ is effectively over an interval of length 4 k' centered at
the origin.
The next step is to make W, more explicit. By Corollary 2.2 of [Paol2],

with m, = 7(x) we have
/’19672‘193/\/%9—1<x1k) = /16779 Adg(,@)/\/E<x1k>
Vl)) )

1 1
+ (@k’(vh 19’ gT)7 _V<U1a 197 gT) + R2 (_197

Vk vk

where (for appropriate Rz and Ry)

-

1
Or(v1, 9, gT) 12@ 01+ - (Pg(m,), Ady(B))]
1 1 1
+ Eﬁ * W, (Adg(B)mr(m), vi) + Rs <—kl9, ﬁ‘ﬁ)
and

V(vy, ¥, gT) == vy — 0 Ady(B)m(my) -

Let us set

ék(vl, va, ¥, gT) := —A+ B + R3 <

vk x/_\/_>

where

A= A(vy, v9, U, gT) =0 - (Pg(my), Ady(B)) ,

and

B = B(v1, ¥, gT) =0 - wp, (Ady(B)m(m), v1).
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Then, in view of the discussion of §3 of [SZ02| (see especially (65)), we
conclude that

5 9
W (u, vy, v2, 9, gT) =i u [1 - egk} ——=V—1 % Y2 (V, va)

\/E
+ Ry (%@9, o, vz)) |

By a few computations, this leads to the following.
Lemma 4.3.3. We have

1
VE

Ry (%(ﬁ, o, v2)> |

1
qjk(u7 U1, Vg, 19) QT) = g91,02(u7 197 gT) + ED<ua U1, U2, 197 gT)

where

991792(u7 197 QT) =uA—Jv

and

D(u, v1, v2, ¥, gT) = u [B +1i (%AQ —Pa(V, V2))] :

Thus, we conclude that

]{?3/2 v 400 400
Hku(xlka $2k)0 ~ 2 / du / d19 / dVG/T(gT) (418)
@ 0 —00 G/T

{fg (1s0,97) giuBtu [ia(Vova) =3 4] (er gy

01 <u> (61'19/\/E _ e*iﬂ/\/g) S(ﬂge—mB/\/ngl(xlkL Lok, k‘u)

In order to make (4.18) yet more explicit, let us make recourse to the coor-
dinates (6, §) on G /T discussed in section §3.2.1. Thus we shall make the
replacement

1 w/2 ™
/ dVer(gT) — —/ de / ddsin(20) .
G/T 21 Jo .
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Furthermore, let h,, 7 € G/T be as in the introduction, we shall operate the
change of variable g7 + h,, g7 in G/T, and write g as in section §3.2.1 with
a = cos(f) € and 3 = sin(f). Then

bt = [ (58 ) o
(4.19)
— - [20 - cos(20) - M(my)] — O v .

Let Gp, ,(u, ¥, ) denote the expression on the last line of (4.19). We
can rewrite (4.18) in the following form

k3/2 +o0 +o0
Hku(xlk, l‘zk 0"~ A2 / du/ dﬁ/ d@/ dé (420)
™

z\fgel 03 (u, 9, 9T) SiuB+u [wQ(V va)— ]pQ(k} “ 19)

Ql(u) (eiﬁ/\/E _ 6—1‘19/\/%) S(ﬂge*iﬁB/Ig* (:L"lk), Lok, k:u) sin(?@)] ,

where (with abuse of notation) g = ¢(0, 6) and A = A(0, 0), B = B(6, 9)
with the obvious change of variables.

By the change of integration variable t = cos(26), we can further reformu-
late (4.20) as follows. With some abuse of notation, let us write g7" = g(t, 0)T
and set

F01792(u7 197 t) = gél,GQ (U, 19, 0)
= [20-t- A(mg)] — V.

Then

1 k3/2 +00 +o00

|:ei kLo, 0, (u,9,t) ZuBt—i-u[l/Jg(VVQ) ] 2 (B~ 9)

o1(w) (ez’ﬁ/\/E _ e—iﬂ/ﬁ) $(fige—io5/vig1(T1k), Tok, ku) sin(QQ)] ;

we have denoted by A;, B; the functions
At(vb V2, 197 5) = At(vlv Vg, 79’ g(tv 6)T)7 Bt(vb 297 5) = Bt(vb 197 g(t7 5)T)7
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and similarly for V;.
Let us remark that

o
Nk _ —id/VE _ -1 v
‘ ‘ Z 27+ 1) ko

21 0
2y hier (_)} |
Furthermore, working in HLC’s, Taylor expansion yields an asymptotic ex-
pansion

$(fiyy-i0 515y 1 (T11)s Tay k) ~ (’jr—“)d [1+R1 (%)} .

It follows that (4.21) is given by an asymptotic expansion in descending half-
integer powers of k; with a few computations, one sees that the dominant
term is to be extracted from

v 4t oo 400 1 ™
Loy, ua (k) = (—) / du / dv / dt / s (4.22)
T\ 0 o _1 .
|:ei\/EF91192(u,’l9,t) 3 (22 ﬁu)
el P34 g, () o (k7 ) ud‘l} ;

the latter may in turn be rewritten

U L d+1 1
Ivl,v2(k) —o_ (;) \/— )\m

400 +o0
Lo o] sl

ezuBt-‘ru [1/)2(\/ va2)— ]Ql( )p2<k761 ,19) ud1:| )

Integrating by parts in dt, we obtain

Loy oy (k) = = (k)dﬂ ! [T, k) = T (k) = T (k)]
v1, V2 - 87T T \/E /\(mm> v1,V2 V1,02 V1,02
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where

+00 +oo T
Torvp () = / du / dv / da{eimel,%(u,ﬂ,n
0 —c0 .

i PV =3 4] o, () py (ke ) u] ,

+oo +o00 T
Jllfllmz(k:) ::/ du / dd / dé |:€i\/EF91792 (u,9,-1)
0 —oo o

giuBortuva(Vive)—3 4%, ] o1(u) p2 (k= V) ud_l} )

1 +oo 400 T
Jl/)/1/71}2 <k) = / dt / du / d/l9 / d5 |:€i\/EF91792 (u7197t)
-1 0 — o -

-0y (ei“Bt“ [W(V"’Q)*%A?D 01(u) p2(k™ V) ud_l] :

and

Let us estimate the three summands separately.

Lemma 4.3.4. As k — 400, there is an asymptotic expansion of the form

272 v =1
J’ (k‘) ~ . euo¥2(vi,v2) ( )
V1,02 )\(mz)\/E 2)\(mx)
“+o0o
1+ Z kU2 ay(my; vy, U2>] ,

=1

where a;(my; -, +) s a polynomial of degree < 37, whose coefficient are smooth
function on M.

Proof of Lemma /.3.4. Let us view J! . (k) as an oscillatory integral in the

V1,02

parameter vk, with real phase Ty, g,(1; u, 0)
Lo, 0,(1; uy, ¥) =u-[2X(my) - 9] — v
=u- [(®a(my), Adp,, () - 9] = v,

and amplitude

eiuBl+u [TZ)Q(V,VQ)—%A%] 01 (U) p2(k—e1 19) Ud_l.
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Explicitly, the exponent is
1
E(u, ¥, vy, v9) :=iuB; +u {1&2 (V, vo) — 5/1%}
=u| —iwn(vy, Vo) +i 0wy, (Adhmz (B)ar(my), vy + v2)

1 2
= 5 [(vr = v2) =9 Ady,, (8)x ()| } -

Under the hypothesis of the Theorem, therefore, R(&£;) < —C"9? + C” for
some constants C’, C” > 0.

Furthermore, the phase has a unique critical point, given by (ug, ¥y) =
(v/2 X(my), 0), and Hessian matrix of the phase I'g, 4,(1, -, -) has determi-
nant —4 A\(m;)? and its signature is zero. Thus the critical point is non-
degenerate, and the critical value is I'p, 4,(1, up, 0) = 0. At the critical
point, the exponent in the amplitude is

51(160, 0, vi, V2) =Ug * %(Vl; V2)-

When applying the Stationary Phase Lemma, at the [-th step we need to let
the differential operator k=/2RL act on the amplitude, where

i 0?
Rr=7 Amg) Oudd’

and evaluate the result at the critical point. One sees inductively that

)

L2 RlF (ei Sl(u,ﬂ,vl,vz)) — H¢ E1(u,9,v1,v2)

where H; is a polynomial of degree < 3l in (¥, vy,vy) and parity (—1)".
The claimed asymptotic expansion follows by applying the Stationary Phase

Lemma. O
Lemma 4.3.5. As k — 400, we have J) . (k) = O(k~>°).

V1,02

Proof of Lemma 4.3.5. Let us view J” (k) as an oscillatory integral in vk,

V1,02

with the phase Iy, 4,(—1, u, ¥). We have
O9Llg, 0,(—1, u, V) = =2u-AN(my) —v < —v.

The claim follows by integration by parts in . ]
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Lemma 4.3.6. J"

V1,02

(k;t,0)s = O(k™) as k — +o0.

Proof of Lemma 4.3.6. Let us choose ¢ € (0, v/(8 D - A(m,))), and consider
the open cover U := {[—1, 2¢'), (¢/, 1]}. Let 71(t) + 12(t) = 1 be a smooth
partition of unity on [—1, 1] subordinate to &. Thus

jz:;,,’ug(k:) = \715;/,1)2 (k)l + jé;/,vg (k>27
where J"

o oy (K); is defined as 7", (k), except that the integrand has been
further multiplied by ~,(¢). Explicitly, let us write

T (k) / a5 / at [, (kit, )]
where

“+o00 “+o00
Faltit = [ au [ Zao | usien oy
0 —00
0y (et Pl ] gy () - g (1) - !

Let us view the integral 7,” , (k;t,6); as an oscillatory integral with phase
F91792(t, u, 19)
On the support of 1, we have u < 2D and t < €'; therefore,

DT, 0, (t, u, ¥) =2u-t-ANmy) —v<4D-€ - ANmy) —v < —g.

Therefore, integration by parts in ¥ implies that 7" (k;t,0); = O(k™>),
uniformly on the support of ;. It follows that 7,7 (k) = O(k~).

On the support of 72, on the other hand, Iy, g,(¢, -, -) has the non-
degenerate critical point

(), 90) = (57375-0)
with Hessian matrix
0 2t - A(my)
Hess(Tg, 0, (t, -, *)) = (215 A(my) 0 ) .

On the other hand, the integrand is divisible by 1), hence it vanishes at the
critical point. Furthermore, the integrand is of class L' as a function of the
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parameter t, since the exponent getting differentiated is a smooth function

of t and v/1 — ¢2.

Hence J," ,,(k, t, 0)2 admits an asymptotic expansion in descending half-

integer powers of k, with leading power k!, and coefficients of class L' as
functions of ¢, since the exponent getting differentiated is a smooth function

of t and v/1 — #2.

Hence 7,7 ,,(k;t,0)2 admits an asymptotic expansion in descending half-

integer powers of k, with leading power k=!, and coefficients of class L! as
functions of t. The general term of the expansion will be a scalar multiple of

/2. ert (at (& (u,9,v1,v2)) - egt(u’ﬁ’VhVQ)) ’ (4.23)

where |
E(u,0,vy,va) i=iu By 4+ u |19 (Vi, vo) — EAf :

Given integers a,b > 0, let us denote by H,;(1J; vi;Vvs) a generic polynomial
in (9J; vy, va), which is separately homogeneous of degree a in 9, and of degree
bin (v, vs), and by H,(¥; vy, va) a generic polynomial in (J; vy, ve) homo-
geneous of degree a (but perhaps not polyhomogeneous); both H,; and H,
are allowed to vary from line to line, and their coefficients depend smoothly
on u. Thus gt =Uu- H2 =Uu- (H270 +H171 +H072), éh‘,’t =U- (H270 —|—H1,1) (here
the polynomials do not depend on u). Hence we can split (4.23) as
E—+1/2 [R% (p(u) - Hsyg - €u~(H2,0+H171+H0,2))
t )
+ R (p(u) - Hyy - e 2ot HatHo2)) ]
The proof of Lemma is completed by the following two claims, which can be

proved inductively from the cases [ = 0, 1:

Claim 1. For [ =0,1,2,...
Ry, (p(u) - Hyy - %)
is a sum of term of the form
[Ho - Hy + Hyy - Hy - e,

where p; + 1 < 31, (=1)P* = (=1), and ¢ < 31, (—=1)% = (—1)".
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Claim 2. For [ =0,1,2,...
Ry, (p(u) - Hag - %)

is a sum of term of the form H,, - €, where b < 31, (—=1)*** = (=1)’.

[]

Since at the critical point ¥ = 0, the summands with a factor of the
form H,;, with a > 1 all vanish at the critical point. It follows that the
asymptotic expansion for (4.22) is as in the statement of Proposition 4.3.1.
This completes the proof. n

Let us next consider the asymptotics of T, (x1x, Tar).. We shall prove
the following analogue of the latter Proposition.

Proposition 4.3.2. Under the assumption of Theorem 1.2.3, as k — +00
we have

1 vk d
II v T~ . . u0¢2(v27v2)
b (Z1k; T2r) 2 \(m,,) (ZWA(mm)) €

+oo
1 -+ Zk_j/2 AJ(I, Vi, VQ)] s

j>1

where A;(x, -, -) is a polynomial of degree < 3j and parity (—1).

Proof of Proposition 4.3.2. Since the proof is a slight modification of the one
for Proposition 4.3.1, we shall be sketchy. In the integrand, o(«}) has now been
replaced by o, (¥), therefore integration in d4 is restricted to (7 —2 40, m7+24).
Since o, vanishes identically unless —I, € (G, we shall assume that the latter
condition holds. Let us set v} :=d,, p—1,(v1) and

Tk =1, (T1k)

1 1 1
=r+|(—=0,+R (—0),—v’+R v ) :
(\/E 1 3 \/E 1 \/E 1 2( l)
We may assume without loss that o.(0) = go(¢d — 7). Let us perform the
change of variable ¥ — 7 + 9, so that integration in dv is over (=24, 2).
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We have

iy (18, Tok)r

k3/2 “+o00 +o00
N / " / a / Ve (oT) [m(k 1.9) g0 () HHTH
G/T

o0

(ei(ww/\/@ — e—i(ww/\/ﬁ)) s(ﬂge_wB/\/Eg_l(x’lk), Tok, ku)} )

where

~ 9
Ci(u, vy, v, ¥,9T) :=up (Nge—mB/\/ngl(xllk)a ng) TR v—mv (4.24)

= (u, vy, vo, U, gT) — V. (4.25)

Let us write ¥} = Wy (u, v}, v, ¥, ¢T). Thus we may rewrite the latter
integral in the following manner

o (%15, T2k )
) k‘3/2 +oo +o0 ,
~ et / du / dv / dVer(gT) { 2 (K~ 0) e
G/T

o1 (w) (ez‘(ww/ﬁ) _ e—z‘(ww/\/ﬁ)) ([l go—i05/vEg—1 (T1), Tok, ku)] ,

i m(1—kv)

~e Mgy (2, T21)o0 -

The statement of Proposition follows from Proposition 4.3.1.

Thus the proof is concluded.

4.4 Proof of Theorem 1.3.1

Before we delve into the proof let us recall some relevant concepts and results
from [GS82c]. We shall use throughout the identification TG = G x g¥
induced by right translations. If R and S are manifolds and A C T*R x T*S
is a Lagrangian submanifold, the corresponding canonical relation is

A= {((T,U), (87_7» : (T7 U)v (37’7) S A}
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Definition 4.4.1. For every f € C(O,), let Gy < G be the stabilizer sub-
group of f, and let g; be its Lie algebra. Let H; be the closed connected
subgroup with Lie subalgebra b := {£ € g7 : (f, {) = 0}. The locus

ApL={(g,rf)eGxg": feO,,r>0,g9€ H}
is a Lagrangian submanifold of T*G.

Definition 4.4.2. For every weight v, Let us denote by L = L, := (kv)[ =5
the ladder sequence of weights generated by v, and set

+o0

XL =Y dw X € D'(G).
k=1

Then we have the following

Theorem 4.4.1 (Theorem 6.3 of [GS82¢|). x1 is a Lagrangian distribution
on G, and its associated conic Lagrangian submanifold of T*G = G x gV is
Ap.

Consider the Hilbert space direct sum
+00
H(X), =P HX ),
k=1

and let Iy, : L*(X) — H(X)y denote the corresponding orthogonal projector,
(-, -) € D'(X x X) its Schwartz kernel. then

My(z, y) == /G X @) Wfig1 (), v) AVilg).

We shall express II; in functorial notation using functorial behaviour
of wave fronts under pull-back and push-forward (see for instance §1.3 of
[Dui96]) to draw conclusions on the singularities of IIy,.

To this end, let us consider the map

fiGxXxX=>XxX, (9,2,9)— (fi,-1(x), y)
and the distribution I := f*(I) € D'(G x X x X). Let

Yi={(r,ra) :ze X, r>0} CT*X\ (0)
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denote the closed symplectic cone sprayed by the connection 1-form; by
[BAMS76], the wave front of II satisfies

WEF/(IT) = diag(X) € £ x 3.
It follows that WF'(IT) C f*(diag(X)). This implies the following.

Lemma 4.4.1. In terms of the identification T*G = G X g¥ induced by the
right translations, the canonical relation of 11 is

WEF/(IT) = { (g, 7 ®g(my)), (z, 7)), (y, 7)) € TG x T*X x T*X :
geEGrxeX, r>0,y= /]g_1(x)}

where my = 7(x).

Now let us give the functorial reformulation of the kernel of the ladder
projector. Consider the diagonal map

A:GXxXXxX—->GxGExXxX, (g,2,9)— (9,9 2,9),
and the projection
p: GXXxX—=>XxX, (g,2,9)— (z,9).
Lemma 4.4.2. The Schwarts kernel 11, € D'(X x X) is given by
1, = p. (A*(ﬁ& ﬂ)) .
Let 0 : T*G — T*G be given by (g, f) — (g, —f). Then
WF (x_L& H>
c (U(AL) x (0)> U (J(AL) x WF<ﬂ)) U ((0) X WF(ﬂ))
CT'GXx(T"GxT"X xT*X).
Therefore, the pull back A*(x7 X f[) is well-defined, and
WF (A* (mgﬁ)) C dA* (ﬁ&ﬂ)
c (U(AL) X (0)> UdA® (U(AL) x WF(ﬂ)) UWF (H)
CT"GxT'X xTX.
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Explicitly, we have
dA* (0’(AL) X WF(fI)) ={((g, —f +rPc(my)), (z, ray), (y, —roy)) :
feClO)geHpzeX, r>0,y=p,1(z)}.

Using that ®¢ is nowhere vanishing, we can now apply Proposition 1.3.4
of [Dui96] to conclude the following.

Corollary 4.4.1. The wave front WF(II) C (T*X \ (0)) x (T*X \ (0)) of

the distributional kernel 11, satisfies
WF(IIL) = {((z, ras), (y, =ray)) = ®a(ms) € C(O), y € Hy -z} .
where Hy - x is the Hy-orbit of x.

Corollary 4.4.2. Let SS(I1) C X x X be the singular support of the distri-
butional kernel I1,. Then SS(I1L) C Z,.

4.4.1 The proof

Proof of Theorem 1.5.1. For every v = (v1, vy) € Z* with v; > vy, let B, :
L*(X) — L*(X), be the orthogonal projector. Clearly

Hky = Pk,/ o HL . (426)

In terms of the Schwartz kernels, (4.26) can be reformulated as follows:

Mol ) = dio [ AVolo) @l @) 0] - (@20

Using the Weyl integration, character and dimension formulae, (4.27) can in
turn be rewritten as follows (see chapter §3):

k(v —v ‘ . ) .
Hku(x; y) — (21 . 2) / d9 [ezk<u,19) (6“91 _6“92) FL(x, v 6“9)] )
( 7T) (—m,m)2
(4.28)
where for ¢t € T we set
Fr(x, y; €7) = /G/ AV r(9T) ML (fig-14-1 (x), y)] - (4.29)
T
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Now suppose K € (X x X)\ Z,. We may assume without loss that K is
G x G-invariant. There exist G x G-invariant open subsets A, B C X x X
such that

KCcAe(XxX)\Z2, Z CBe(XxX)\K, XxX=AUB.

Hence A is a G x G-invariant open neighbourhood of K in X x X, and the
restriction of Iy to A is C*.
Therefore, we get a C* function

R:TxG/TxA—=C, (t g7, (z,y) =1L (fg-14-1(2),y) .
With F, as in (4.29), we obtain a C* function on 7' x A by setting
Bt (2, y) = AQ) Fu(e, y; t).

Let us denote with Fr the Fourier transform with respect to t € T of a
function on T x A, viewed as a function on Z? x A; then (4.28) may be
rewritten

Mo (o, 4) = 51 — ) Fo(B)hws ). (4.30

The statement of Theorem 1.3.1 follows from (4.30) and the previous con-
siderations. ]

4.5 Proof of Theorem 1.3.2

We shall assume in this section that the assumptions of Theorem 1.3.2 hold.

4.5.1 Preliminaries

Before attacking the proof, it is in order to list some useful preliminaries (see
also the discussion of §2 of [Paol2]).

For any m € M, let val,, : g — T,,M be the evaluation map & — &y (m),
and similarly for any x € X let val, : g — T, X be the evaluation map

£ Ex ().
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Ray transversality and locally free actions

Since [i preserves the connection 1-form, the induced action of G on T*X
leaves the symplectic cone ¥ invariant. The restricted action is of course
Hamiltonian, and its moment map ®¢ : & — g is the restriction to X of the
cotangent Hamiltonian map on 7% X.

Iftm e ng, then by equivariance ®¢ is transverse to R, - @ (m). Hence,

A @ (T, M) + span (Pg(m)) = g. (4.31)

Suppose € 77 '(m) C X and r > 0, and consider 0 = (z, ray,) € X.
Then it follows from (4.31) that

de®c(T,%) = dp @ (T M) + span (Pg(m)) = g.

Thus ®¢ is submersive at any (z, ra,) with z € X§ . If we let £§ =2
X§ xR, denote the inverse image of X§ in ¥, we conclude therefore that
G acts locally free on Zgu, and this clearly implies that it acts locally freely
on ng.

The previous implications may obviously be reversed, and we obtain the
following.

Lemma 4.5.1. The following conditions are equivalent
1. ®g is transverse to Ry -iv;
2. [u is locally free on ng;
3. for any x € ng, val, s injective;

4. for any m € Mgw val,, is injective on ®g(m)ts.

The vector field T, ,

Let us consider the normal vector field T =71, , to ng appearing in the
statement of Theorem 1.3.2.

By definition, m € Mg if and only if ®¢(m) is similar to i\, (m)D,,, for
some A, (m) > 0. Equating norms and traces, we obtain

(o — 126l trace (@(m)

e M§).
HVH UL+ vy (m Ou)

72



Since v, > v, there exists a unique coset h,, T € G/T such that
dg(m) =i A, (m) h,, D, hE. (4.32)
Let us set v, = (—vy, 11)", and define p = p,, : M§ — g by setting
p(m) :=ih, Dy, h,' (meM). (4.33)

Then p(m)y € X(M) is the vector field on M induced by p(m) € g; its
evaluation at m’ € M is p(m)y(m’) (and similarly for X).

Definition 4.5.1. The vector field T = T, ,, along M§ is
T(m) i= Ju (p(m)ae(m))  (m € M§,).

With abuse of notation, recalling (1.3) we shall also denote by T the
vector field along X§  given by

T(2) = J, (plmy)x (@), my, = w(x).
Notice that
(®a(m), p(m)) =X, (m) (v, v) =0  (meMg).

Therefore, in view of (1.4) for any z € 77(m) we have

A spectral characterization of G - MY

Suppose that —i ®;(m) has eigenvalues Ai(m) > Ay(m). Then m € M§
if and only if A\j(m)vs — Aa(m)ry = 0. We shall give a similar spectral
characterization of G - ML. Notice that if A;(m) = Ay(m), then ®g(m) is
a multiple of the identity, hence certainly m ¢ ng. Thus we may as well
assume that A\j(m) > Ag(m).

Proposition 4.5.1. Suppose m € M, and let the eigenvalues of —i g(m)
be M\i(m) > Xo(m). Then m € G - ML if and only if

Al(m) Vy — )\Q(m) 1241

Hom, ) = o ) — 3

c[0,1/2). (4.34)
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Proof of Proposition 4.5.1. Let us set A(m) := (A1(m), A\a(m)), and let Dy
be the corresponding diagonal matrix. By definition, m € G- M if and only
if there exists ¢ € SU(2) < G such that diag(g Dxg™') € Ry - v. This is
equivalent to the condition that there exists u, v € C such that

(Z _aw) Da (—aw Z) =¢ (1;1 ,Z) 7 (4.35)

for some ¢ > 0 and a € C. If we set t = |w|?, we conclude that m € G - M
if and only if there exists ¢ € [0, 1] such that

o= (G T == (1)

The condition A¢(m) Av = 0 translates into the equality ¢ = ¢(m, v). Hence
we need to have t(m, v) € [0, 1]. Given this, A;(m) is a positive multiple of
v if and only if

(1 — t(m, v))A(m) + t(m, v)Aa(m) > tim, v)\(m) + (1 — t(m, v))As(m)

and this is equivalent to t(m, v) < 1/2.
Conversely, suppose that t(m, v) € [0, 1/2), and define

g = (\/1—t(m, v) —y\/t(m, ) ) .
Vilm,v) /1 —t(m, v)

4.5.2 The proof

Proof of Theorem 1.53.2. As ®¢ is equivariant, it is transverse to Ry - iD,,
if and only if it is transverse to Ry - O,. Given that v; > vy, O, is 2-
dimensional (and diffeomorphic to S?); therefore, R, - O, has codimension
1 in g. Similarly, Ry -iD, has codimension 1 in t'. Given 0 ¢ ®g(M), we
conclude the following.

Step 4.5.1. MY, ng and M! are compact and smooth (real) submanifolds
of M. MY has codimension 3, and M§ and M are hypersurfaces.
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The Weyl chambers in t are the half-planes

te={p >}, t={p:m <p}

and clearly with our identifications D, <> v € t,. Since ®g(m)Nt, is a
convex polytope ([GS82al, [GS84], [Kir84al), (M) NR, -iD, is a closed
segment I. Furthermore, for any a € I, the inverse image ®5'(a) C M is
also connected ([Kir84b], [Ler95]). Thus we obtain the following conclusion.

Step 4.5.2. MS, M§ and M are connected.

Proof of Step 4.5.2. The previous considerations imply easily that MS is
connected. Given this, since M§ = G- MY the connectedness of G implies
the one of M§ . Let us consider M. Since ®7(M) is a convex polytope
([GS82a], [Ati82]), @7 (M) N Ry -iD, is also a connected segment I’. The
statement follows since the fibers of ®7 are connected again by [Kir84b] and
[Ler95]. O

For any m € M§ , let us set
Mg, () = G (Ry - Bi(m)) -

Since @ is transverse to R, - v, by equivariance it is also transverse to
R, - &g (m); hence Mgc (m) 18 also a connected real submanifold of M, of real

codimension 3 and contained in M§ .
Let us consider the normal bundle N (MgG(m)) to Mgc(m) C M. For any

£ € g, let & C g be the orthocomplement to ¢&. Under the equivariant
identification g = gV, £+ corresponds to &Y.

For any subset L C g, let L*s denote the orthocomplement of L (that is,
of the linear span of L) under the pairing (-, -),.

Lemma 4.5.2. For any m € ng, we have
Niy (Mg () = Jim © vl (Pa(m)*e)
Similarly, for any m € ML, we have

Ny, (M]) = Jy o valy, ((iv)™) = Jp 0 valy,(iv))
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Proof of Lemma 4.5.2. f v e T, Mg (my> then dp @ (v) = a®q(m) for some
a € R. Given n € ®g(m)*s, and with p as in (1.1), we have

P (T (ar (M), ©) = Wy (Mar (M), v) = d,, ®"(v)
= (dn®(v), n)g = a{P(m), n)g =0.

Therefore J,,oval,, ((IDG(m)Lﬂ) C N,, (MG ) Since we have that both <I>

and Nm(]\/[gc (m)) are 3-dimensional, it sufﬁces to recall that by Lemma 4.5.1
val,, is injective when restricted to ®g(m)ts.

The proof of the second statement is similar. O

For any vector subspace L C g, let us set Ly(m) := val,,(L) C T,,M
(m € M). For any m € M§ , given that M§ is the G-saturation of M
we have

a(m)’
TnM§, = Trn Mg,y + 8ar(m) (4.36)
Therefore, passing to p,,-orthocomplements
Nm(MgV) = Np (Mgc(m)) N gM(m)LPm .

We conclude from relation (4.36) and Lemma 4.5.2 that the normal bundle
N, (M§) is the set of all vectors J,(na(m)) € T, M, with n € ®g(m)*e
such that p,, (Jn(nar(m)), Eur) = 0 for every £ € g. From this remark we
can draw the following conclusion.

Step 4.5.3. Let T = T, ,, be as in §4.5.1. Then for any m € M§ we have
N, (M§)) = span (Y (m)) .

In particular, ng is orientable.

Proof of Step 4.5.3. By the above,

Non(MG,)

= {Julme(m)); n € Da(m)™> A pm (Ju(mr(m)), Eu(m)) =0, V& € g}
{Tn(nae(m)) s m € @a(m)te A wy (nar(m), Ear(m)) =0, VE € g}
{Tn(m(m)); n € Da(m)™® A nu(m) € ker(dnPe), V€ € g}

= A{Ju(u(m)); n € Da(m)™s A [n, Da(m)] =0, V¢ € g} .
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The latter equality holds because, by the equivariance of &4, we have

A (i (m) = S0 (ren(m)| = = Adu g (1)

dt o dt
There exists a unique h,,T € G/T such that ®g(m) = i\, (m)h,, D, b L.
It is then clear that (¢ (m), n)g = 0 and [, Pe(m)] = 0 if and only if

t=0

n € span (ih, Dy, ') = span (p(m)) ,
where p(m) is as in (4.33). This completes the proof on Step 4.5.3. ]
Step 4.5.4. M§ N ML = MS.

Proof of Step 4.5.4. Obviously, ng N MI O MS. Conversely, suppose
m € M§ N ML. Then on the one hand ®¢(m) is similar to a positive
multiple of i D,; for a unique h,,T € G/T,

B (m) = i, (m)hmDyh "

where we can assume without loss that h, € SU(2). On the other hand
diag (®¢(m)) is a positive multiple of iv. Hence the diagonal of h,, D, h,,! is
a positive multiple of v. Let us write h,, as in (4.35), and argue as in the
proof of Proposition 4.5.1; using that v? # v, one concludes readily that
h,, is diagonal. Hence h,,D,h' = D,, and so ®g(m) € R, - iv. Thus
m € M. [l

Step 4.5.5. For any m € MZ, T,,M§ = T, M}

Proof of Step 4.5.5. If m € ME, then h,, is the identity matrix in (4.32)
and (4.33); therefore, Y(m) = J,((¢Dy,)m(m)). Hence, we obtain that
N (M§)) = span (J,,((i Dy, )(m))). The claim follows from this remark and
Lemma 4.5.2. O

Step 4.5.6. For any M§ =0 (G- ML).

Proof of Step 4.5.6. Suppose m € M§ . Thus ®g(m) = i\(m)hy,Dyh,!
for a unique h,,T € G/T. Let us choose 6 > 0 arbitrarily small, and let
M(m, §) C M be the open ball centred at m and radius ¢ in the Riemannian
distance on M. Since P4 is transverse to Ry - v, there exists €; > 0 such
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that the following holds. For every e € (—e¢y, €1) there exists m’ € M(m, 0)
with
Do(m') = iA(mVhmDyyo b} (4.37)
for some A(m') > 0 (see §2 of [Paol2]). This implies that the eigenvalues of
—iPg(m') are
A(m') = Am') (1 —err),  Xa(m') = A(m')(ra +€1r).
Therefore, the invariant defined in (4.34) takes the following value at m':

€ 1/% + V22
vy (1 —1s) —eln+uva)

Therefore, if € (v; +15) > 0 (and € is sufficiently small) then m’ ¢ G- ML by
Proposition 4.5.1. This implies M§ C 9(G - M]).

To prove the reverse inclusion, assume that m € G- M \ M§ . Then
t(m, v) € [0,1/2) by 4.5.1. Furthermore, t(m, v) # 0, since otherwise
m € M§, . Hence t(m, v) € (0,1/2); by continuity, then, ¢(m/, v) € (0,1/2)
for every m’ in a sufficiently small open neighbourhood of m. Hence Propo-

sition 4.5.1 implies that G - Ml \ M§ contains an open neighborhood of m
in M. Thus G- MI'\ M§, is open, and in particular m ¢ 9(G - ML). O

t(m', v) = —

Step 4.5.7. T is outer oriented if 11 +1v5 > 0 and inner oriented if v +15 < 0.

Proof of Step 4.5.7. Let denote by B, the collection of all B € g such that

diag(gBg™') € R, -iv for some g € G. Thus B, is a conic and invariant

closed subset of g\ {0}; in addition, m € G - ML if and only if ®5(m) € B,.
If \1(B) > X\o(B) are the eigenvalues of —i B, the Proposition 4.5.1 implies

that B € B, if and only if A;(B) > A\2(B) and
)\1(B)V2 — )\Q(B)Vl

(1 + v2)(M(B) — A2(B))

In particular, if ¢(B, v) € (0, 1/2) then B belongs to the interior of B,,.
Suppose m € MS and consider the path

t(B, v) =

€10, 1/2).

7 (=€ €)dT7H Pg(m+7Y(m)) €9,

defined for sufficiently small € > 0; the expression m + 7Y (m) € M is meant
in an adapted coordinate system on M centred at m. Then

1(0) = @g(m) = iX,(m) D,
1(0) = Wi+, T(m)) = pm(, (1D, )ar(m))

78



Let us consider a smooth positive function y : (—¢, €) — R, to be de-
termined but subject to the condition y(0) = A, (m). Let us define a second
path of the form

'72(7—) =1 y(T) AdeT§ (iDV—i—aTuL) )

where a > 0 is a constant also to be determined.
Then

m (0) = 72(0),
Y2(0) =i [y(0) Dy + A\ (m) [€, v] +a X, (m) Dy, | .

Clearly, we can choose a > 0 uniquely so that

a X (m) [[° = pun (i Do, )ar(m), (iDy,)ar(m))

so that (42(0), v1) = (§1(0), v, ). Having fixed a, we can then choose §(0)
uniquely so that

9(O) [#]” = pm ((iD)ar(m), (iDy,)ae(m))
so that we also have (§2(0), v) = (31(0), v). Finally, if we set

oo (01 oo (0
= \=-1 0/ 2 \i o0

we can choose £ € spang{v, v2} uniquely so that

Mo (m)([€; V], v5) = pm ((05)ae(m), (1D, )ar(m))

so that in addition (42(0), v;) = (%1(0), v;) for j = 1, 2. With this choices,
~v1 and 7, agree to first order at 0.
Let us remark that when 7 is sufficiently small v2(7) has eigenvalues

M(72(7)) = y(1) (1 — aTve) > Aa(72(7)) = y(7) (v + aTr).

Hence ) )
aT vi + 14

t(B, v):=—

V1+V2.V1—V2+(IT(I/1+V2).

Thus if 11 +v5 > 0 then 75(7) ¢ B, when 7 € (0, €); since v, and v, agree
to second order at 0, we also have ®¢(m + 7Y (m)) ¢ B, when 7 ~ 0.
The argument when vy + v5 < 0 is similar. O

The proof of Theorem 1.3.2 is complete. ]
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4.6 Proof of Theorem 1.3.3

4.6.1 An a priori polynomial bound
Let us record the following rough a priori polynomial bound.

Lemma 4.6.1. There is a constant C, > 0 such that for any x € X one has
Mgy (2, 2)| < C, k4!

for k> 0.

Proof of Lemma 4.6.1. Let r : S' x X — X be the standard structure action
on the unit circle bundle X. Thus there is a natural decomposition

H(X) =@ H(X),

into isotypes for the S'-action.
Since ji commutes with the structure action S* on X, we have

H(X ) = é H(X ) N H(X),.

On the other hand, by the theory of [GS82b] we have H(X )y, N H(X); # (0)
only if the highest weight vector r(kv) of the representation indexed by kv
satisfies

r(kv) = (kv — 1, k) = kv + (—=1,0) € I Dg(M) C g.

Let us define
ag :=min || Pg||, Ag:=max||Pq] .

Thus Ag > ag > 0. Therefore, we need to have
LA
lag < |r(kv)|| <Ek|v|+1=1<Li(k) = k + )
Similarly,

Elv|—1<||r(kv)| <1Ag = Lao(k) = \‘MI{: — LJ <.
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On the other hand, in view of the asymptotic expansion of I (z, =) from the
article [Zel98] we also have II;(z, x) < 2(I/7)? for [ > 0. We conclude that

Lo (k) Lo (k)
o (z, ) < Z I(z, x) < i Z 1 <C,k
I=Lq (k) I=L1(k)
for some C,, > 0. O

4.6.2 The proof

We shall use the following shorthand notation. If x € X, g € G, t € T, let
us set

2(g,t) = fgr-14-1(2) ;
similarly, if m € M

m(g, 1) := pgr-1g-1(m) .
If t = e := (&1 e2), we shall write 2(g, t) = z(g, 9), m(g, t) = m(g, 9).
Since [ is a lifting of p, if m = 7(z) then

m(g, 9) = (x(g, 9)) .

Proof of Theorem 1.3.3. We replace v by kv in (3.9), and use the angular
coordinates on T', we obtain

k(v — v T[T , ,
i (2, y) = ((;T);)/ / e A (6“9) F (6“9; x, y) d9, (4.38)

here ¥ = (6“91, 6“92).
For o > 0, let us define

Vs ={(x,y) € X : distx(z, G-y) >} .

Proposition 4.6.1. For any § > 0, we have I, (x, y) = O(k~>°) uniformly
on V.

Proof of Proposition 4.6.1. The singular support of II is the diagonal in X x
X. Therefore,

B: ((z,y), gT,t) € Vs x G/T x T — Il(z(g, t),y) € C

is C*>°. The same then holds of ((x, y), t) € Vs x T — A(t) F(t; =, y). Hence
its Fourier transform (4.38) is rapidly decreasing for k — +oc. O
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We are thus reduced to assuming that distx(z, G - y) < § for some fixed
d>0. Let p € C°(R) be =1 on [-1,1] and = 0 on R\ (-2, 2). We can
write

HV<I7 y) = H,/(J,’, y>1 + HV(‘Tv y)Q )

where the two summands on the right are defined as in (4.38), but with the
integrand of F(t; x, y) multiplied respectively by o (6~ distx (z(g, 9), v))
and 1 — o (6 ' disty (z(g, 9), v)).

Lemma 4.6.2. 11}, (z, y)2 = O(k~°) for k — +oc.

Proof of Lemma 4.6.2. On the support of the integrand in Iy, (z, y)o we
have distx(x(g, t), y) > 0. We can then apply with minor changes the argu-
ment in the proof of Proposition 4.6.1. O]

On the support of the integrand in I, (x, y);, distx (z(g, t), y) < 26;
therefore, perhaps after discarding a smoothing term contributing negligibly
to the asymptotics, we can apply the explicit description of II as an FIO.
With some passages, we obtain in place of (4.38):

k‘2 _ +o0
1/1 7/2 / / /G/T/ zk\I!T yAw W du dVG/T(gT) d’l9

we have applied the rescaling u — ku to the parameter in (4.38), and set
Vo = Vo y(u, 9, gT) := uth(fige-i0y-1(2), y) — (v, 9) (4.40)
Asy = Asyy(u, 9, gT) = A (") ' (fige-i04-1(2), y, ku)
with
§' (fige=i0g-1(x), Y, k) 1= 8(fige—ing—1 (), y, ku) o (67" distx (z(g, 9), y)) -

Lemma 4.6.3. Only a rapidly decreasing contribution to the asymptotics is
lost, if in (4.39) integration in du is restricted to an interval of the form
(1/D, D) for some D > 0.

Proof of Lemma 4.6.5. Suppose that z, y € X, (goT, ¢¥°) € (G/T) x T and

distx ((go0, o), y) < 9.
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In view of [SZ02], in any system of local coordinates we have
d(z(g0,90), )% = (ax(goﬂo)’ _ay) +0(9). (4.41)
Let d™® denote the differential with respect to the variable 9. If in € t, we

obtain with m, := 7(x):

= — Ady, (in)x((g0, Yo)) (4.42)

7=0

= — Ady, (im) e (2(90, B0))* + (Pc (ma(go, o)), Adg,(in)) D .

On the other hand, as ®¢ is G-equivariant we get

d
El’(go, Yy +71)

(@6 (ma (g0, Do) Adyy(im)) = (Adys (O (ma(go, Do), im)  (4:43)
— (G (figs (malgo: 90))) » im) = (@1 (figs (malgo, 90))) s im) -

—1
0

Now, (4.41), (4.42) and (4.43) imply

d
51/1 (‘r<907 190 + 7—77)7 y)

7=0

= — d(a(go,90). )V (Adgo(m)x(l“(gm o)), 0)
= —0g(gg,0) (Adgo(in)X(x(g(h 190))) + <O(5)’ n>

1

= <Adgo—1 (; (I)T (mx(go, 190))) + 0(5), ’T’> .

Recalling (4.40), we obtain
9 (%
A0 0 oy = 5 Or (Hgo_l(mx)) — v+ 0(6). (4.44)
By assumption, 0 ¢ ®7(M). Let us set
ar :=min ||®r|, Ar:=max|dr| .

Then A7 > ar > 0, and (4.44) implies

o

u, goT',90)

> max{uar — [[v]| + O(0), |[v|| —uAr + O()} .

r7y
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Thus if D > 0 and v > D we have

(9) ar
Hd(u,goT,ﬂo)\Ij%y > DY u+1, (4.45)
while for 0 <u < 1/D
(9) il
Hd(u,goT,l‘)o)\Ijﬂ?,y > 5 (4.46)
The Lemma then follows from (4.45) and (4.46) by a standard iterated inte-
gration by parts in ¥ (in view of the compactness of T'). n

Suppose that ¢ € C3° ((0, +00)) is =1 on (1/D, D) and is supported on
(1/(2D), 2D). By Lemma 4.6.3, the asymptotics of (4.39) is unaltered, if
the integrand is multiplied by o(u). Thus we obtain

kQ(Vl - l/2> 2D LW
I, ~——" Wy A" du dV T) d9
k (ma y) (271')2 /(v_ﬂ_ﬂr)2 /G/T/l e Ax,y u G/T(g ) )

/2D
(4.47)
where we have set
A, (u, 9, gT) == o(u) Ay y(u, 9, gT),

and the integration in du is now over a compact interval.
Let $(z) denote the imaginary part of z € C. In view of Corollary 1.3 of
[BAMST6], there exists a fixed constant D', depending only on X, such that

S (p(2, 2)) > D' distx (2, 2”)? (2, 2" € X). (4.48)
Proposition 4.6.2. Uniformly for
distx (z, G - y) > C k12 (4.49)
we have I, (x, y) = O(k~>).
Proof of Proposition 4.6.2. In the range (4.49), we have

distx(x(g, 9), y) > C k12
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for every ¢gT € G/T and €' € T. In view of (4.40) and (4.48),

10,V s,y(u, 9, gT)| = [Y(2(g, 9), y)| > (Y (x(g, 9), y)) (4.50)
> D distx(z(g, 9), y)> > DC? k* *. (4.51)

Let us use the identity

] d | .
— lalg, 9), y) 7 ey = R (4.52)

to iteratively integrate by parts in du in (4.47); then by (4.50) at each step
we introduce a factor O(k~2¢). The claim follows. O

To complete the proof of Theorem 1.3.3, we need to establish the follow-
ing.

Proposition 4.6.3. Uniformly for
distx(z, G- XT) > C kY2 (4.53)

we have I, (x, y) = O(k=>).

Remark 4. Let disty, denote the distance function on M; if m = 7(z), then
distx(z, G- XI') = distpy (m, G- MT).

Proof of Proposition 4.6.3. Since G acts on M as a group of Riemannian
isometries, (4.53) means that for any g € G we have

C k2 < distar(m, p1g(M,))) = distar(pg-1(m), My).

On the other hand, as —i® is transverse to R, - v, by the discussion in
§2.1.3 of [Paol7] there is a constant b, > 0 such that every u € [1/(2D), 2D]
we have

| —iu®r(pg-1(m)) —v| > b, CkY2. (4.54)
Let us consider (4.47) with z = y:

Iy (7, x) ~ (4.55)

2 —
k2( 1/1 V2 / / /G/ // RV A du AV (gT) 49,
—ndr e Jij2p
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Let us choose € € (0, €) and multiply the integrand in (4.55) by the identity

0 <k1/2_6/ distx (z(g, V), x)) + [1 -0 (k:l/Z_e/ distx (z(g, V), x))} =1.

Here ¢ is as in the discussion preceding Lemma 4.6.2. We obtain a further
splitting
My (z, x) ~ gy (z, )0 + g (2, )y, (4.56)

where Iy, (7, z), is given by (4.55) with A’ , replaced by
B, =0 (kl/H’ distx (z(g, 9), x)) A (4.57)
similarly Iy, (z, x), is given by (4.55) with A},  replaced by

By, = [1 -0 (k;l/Q_e/ distx (z(g, 9), x))} A, .-

Lemma 4.6.4. 1}, (z, ), = O(k™) as k — +0.

Proof of Lemma 4.6./. On the support of B” . we have

distx (z(g, 9), z) > kY2,

Thus we may again appeal to (4.52) and iteratively integrate by parts in du,
introducing at each step a factor O(k~'k'~2¢) = O(k=%). O

Thus the proof of the Theorem will be complete once we establish the
following.

Lemma 4.6.5. II;,(z, ), = O(k™°) as k — +o0.
Before attacking the proof of Lemma 4.6.5, let us prove the following.

Lemma 4.6.6. If (4.53) holds, then for any u € [1/(2D), 2D] and k> 0
b
9 v e
Hd(u,gT,ﬂ)\ijmxH > ?Ck’ 1/2

on the support of B ,.
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Proof of Lemma 4.6.6. On the support of B!, _, we have

x, T’

distx (z(g, 9), z) < 2k ~1/2,

Thus, instead of (4.41) we have

date, 9), 0¥ = (Qu(g, 9), =) + O (kre/’lﬂ)

Therefore, in place of (4.44), on the support of B, , we have
9 u v
dEU,)gT, ﬂ)qut,w = ; CDT(Mg_l(mx)) —v++40 <k 1/2>

Thus in view of (4.54) the claim follows from 0 < ¢’ < e. O

Given Lemma 4.6.6, we can prove Lemma 4.6.5 essentially by iteratively
integrating by parts in dd.

Proof of Lemma 4.6.5. Since [ is free on Xgu, it is also free on a small tubu-
lar neighbourhood X' of X§ o, in X. Without loss, we may restrict our analysis
to X in view of Theorem 1.3.3. On the support of B, ,, therefore, e” € T
varies in a small neighbourhood of I,. Let f: T — [0, +oo) be a bump func-
tion compactly supported in a small neighbourhood U C T of I, (identified
with (1, 1)), and identically = 1 near I5. Then we obtain

iy (2, )o ~

k,2 _
V1 V2 / / / Yoo f(t) B, , du dVgr(g9T) d¥,
G/T /2D

Let us introduce the differential operator

2
9, Ve z 0
P = ;
Zl (8191 ) (8192 x m) aﬁh
so that

%P (eikzqzz,z) — ik
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Thus,

[ e pw,, a0
U

2
1 aﬂhg’zx 0 i kU i 9\ 12/
- ) 7 z, 7 d’l9
ik;/y(am,x>2+<am,z>wh [ S B

= ! 52 0 Oy, ¥

ikW 9, Ve, o iy /
k - + d9
k h=1 /Ue a’lgh {(8ﬂ1@$7x)2 (aﬂgquym)z f(@ ) B:B,z:|

[ e P pe) B do.
U

> =

where

t o : 0 99, Vo,
Piy) =" 7| - (4.58)
h=1 819}1 (8191 \I]:c,x)Q + (8192 \le,:r;)Q

Iterating, for any » € N we have

7:7"

/ ether f(e') B, dd = / et (P [f(e) B, ] d9.  (4.59)
U U
Let us consider the function

D : 9w distx(z(g, 9)) = distx(fie-iv © fig—1 (), fig-1(x)) .

We have the following.
Lemma 4.6.7. For ¥ ~ 0, we have

diStX(x(ga 19)7 x) = Fl(gTa 19) + FZ(gTa 0) +... )

where F;(gT, 9) is homogeneous of degree j in 9, and C> for 9 # 0. In
addition, Fy(gT, ¥) = ||Ady(9)x(x)|| = ||9x (ftg-2(2))]|.

For any ¢ € N let D@ denote a generic iterated derivative of the form
0°D .
oy, - 0,

clearly D is not uniquely determined by ¢. By Lemma 4.6.7, as k — 400

D <%> _0 <k<c—1)<1/2—e/>>
K
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where o(k'/2~¢ D) # 1. For any multi-index C = (cy,--- ,¢,) let us denote
by D©) a generic product of the form D) ... D(): then

19 /
D) (_ -0 <k(1/2—e )Zj(cj_l)) '
VE

Lemma 4.6.8. For any r € N, (P")"(f(t)B,, ,) is a linear combination of
summands of the form

Pal(\Ilac,;t» 6\IJ$7LE>
[(8791\1/$7$)2 + (8192‘1Jr,z)2]a2

times omitted factors bounded in k depending on f and its derivatives, where

o® (kl/Q’ﬁ/Dk(0)> jb(1/2=¢) p(O) (4.60)

1. P,, denotes a generic differential polynomial in ¥, , homogeneous of
degree ay in the first derivatives OV, ,;

2. if a == 2as — aq, then a, b, C are subjected to the bound
at+b+ (—1)<2r (4.61)
j=1

(the sum is over ¢; > 0);
3. C is not zero if and only if b > 0.
Here o\ is the b-th derivative of the one-variable real function o.

Proof of Lemma 4.6.8. Let us set F:= f(e'®)B, . For r =1, we have

; S e (4.62)
aﬁh (8191 \le,x>2 + (8192 \I]:E,Z)Q *
_ aﬂh\llz,m 8F X F a aﬂh\ljx,a:
(89, Vs ) + (09, V. 2)” O O0n | (95, W0 2)° + (99, Vs 0)2
We have

aehqjx,a: oF

(99, V. 2)” + (D9, Wy 2)* OV,
— s _ { f B, 4+ —= f} ,
(891 \I]x,:c) + (892\11%38) (919h ’ aﬁh
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Thus, in view of (4.57), the first summand on the right hand side of (4.62)
splits as a linear combination of terms as in the statement, with a; = ay =1, b
and C both zero, or a; = az = 1,b =1, C = (1). Hence a+b+3_,(¢;—1) =2
in either case. On the other hand, the second summand on the right hand
side of (4.62) satisfies

0

. 09, Wy F
a9y

(09, 92.2)" + (00, %02)" | [(09, V0 2)* + (09, Vs 2)?]

2
: {85}“19}1\1/36,1‘ [(8191 \I]ac,x)Q + (8192\1190,:(;)2] - Qaﬂhlpx,x Z aﬁalpx,:c 8ga ﬁh\Ijaz,x} .

a=1

This is of the stated type with a; = as = 2, b and C both zero. Hence
a=4-2=2

Passing to the inductive step, let us consider (4.58) with v given by (4.60),
and assume that (4.61) is satisfied. Let us write o for the factor in front
in (4.60). We obtain a linear combination of expressions of the form

) P (U, 4, 00, ) 7, ,
Q] a1+1\ *z, x5 z,T kb(1/2 e)D(C) kb(1/2 e)D(C) )
00 |° 100V, 02 + (95,0,

(4.63)

It is now clear that (4.63) splits as a linear combination of summands of the
following forms:

(b) Pa’(qu,m aqu,w) kb(l/Z—e’) D) kb(1/2—e’) D(C) :
[(8191\1/-27$)2 + (aﬁglpm,z)Q]a?—H

0

with a’ € {a1, a1 + 1, a1 + 2};

0 TaoWea MWaa) paj2-¢) p(o) pp/z-<) plo),

¢ [(@191\1193796)2 + ((‘)19211136@)2]@2—1—2

(b+1) Poy1(Ve 2, OV, 4) H)(1/2-¢) (C) Lb(1/2-¢) D(C)
[(6191 \Ilw,x)Q + (8,92\11%96)2]“2'*‘1 ’

where C’ is of the form C’' = (1, C);

0

() Pa1+1<\11171“7 8\11171“) kb(1/2_€l) D(C/)
[(8191 qu,x)z + (8192\1150795)2]“2“ 7

0
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where C’ is obtained from C' (if the latter is not zero) by replacing one of
the ¢;’s by ¢; + 1, and leaving all the others unchanged.

In all these cases we obtain a term of the form (4.60), satisfying (4.61)
with r replaced by r 4+ 1. This completes the proof of Lemma 4.6.8. n

As 0 < € < ¢, the general summand (4.61) is
0 (k,a(l/2—e)+[b+2j(q—l)](l/?—le')) —0 <k[a+b+2j(0j—1)](1/2—15')>

—0 <k2r(1/2—15’)> —0 (kr(l—Ze')> _

Making use of the latter estimate in (4.59), we obtain the following
Corollary 4.6.1. For anyr € N,

/U_ eV f(t) B, ,d¥ =0 (,(2“,) |

The proof of Lemma 4.6.5 is thus complete. O
Given (4.56), Proposition 4.6.3 follows from Lemmata 4.6.4 and 4.6.5. [

Thus the statement of Theorem 1.3.3 holds true when x = y. The general
case follows from this and the Schwartz inequality

L (2, y)| < \/H,,(:B, ) \/HV(ya Y);

in fact both factors on the right hand side have at most polynomial growth
in & by Lemma 4.6.1, and if say (4.53) holds, then the first one is rapidly
decreasing. The proof of Theorem 1.3.3 is complete. O

4.7 Proof of Theorem 1.3.4, 1.3.6 and 1.3.7

4.7.1 Preliminaries on local rescaled asymptotics

In the proof of Theorem 1.3.4, 1.3.6 and 1.3.7, we are interested in the asymp-
totics of ITy, (2, 2”) when (27, ") approaches the diagonal of X§ in X x X
along appropriate directions and at a suitable pace.

In Theorems 1.3.4 and 1.3.7, we consider ' = z” in a shrinking “one-
sided” neighbourhood of X§ . In Theorem 1.3.6, we shall assume that
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(', ") approaches the diagonal in ng along “horizontal” directions or-
thogonal to the orbits. We shall treat the former case in detail, and then
briefly discuss the necessary changes for the latter. Suppose x € Xgu and let
m = w(z). Let us choose a system of HLC centered at , and let us consider
the collection of points

-

Tr =T+ \/ET,,(m),
where £ = 1,2,..., and |7| < C'k° for some fixed C' > 0 and € € (0,1/6).
The sign of 7 is chosen so that 7Y, (m) is either zero or outer oriented. Thus
T (v1 + v9) > 0. We shall provide an integral expression for the asymptotics
of Uy (zr g, xr ) when k — +o00. Applying as before the Weyl integration
and character formulae, inserting the micro-local description of II as an FIO
and making use of the rescaling v — ku, ¥ — ﬁ/\/E, we obtain that, as
k — 400,

Hk‘l/(xT,kJ x‘r,k)) ~ (464>
k(l/l _ 1/2) / +o00 /+oo /+oo
_ d T dv dv d
(2m)? G/T Veyr(oT) o ' —o0 ? 0 !

eik {UTZ) (ﬂgg—w/ﬁg—l (xr, k), T, k) —(3, V)/\/E}

A (6“9/\/E> S </7’gefn9/fg*1 (xTvk) » Lk ku) ] '

Integration in 9 = (¢;,1,) is over a ball centered at the origin and radius
O(k?) in R?. A cut-off function of the form g(k¢49) is implicitly incorporated
into the amplitude.

In order to express the previous phase more explicitly, we need the fol-
lowing.

Definition 4.7.1. Let us define p = p,, : G/T — t 2 R?, gT — pyr, by
requiring

(Pyr, 9) = win (Ady (iDg)y, (m), Ty(m)) (9 € RY).

Next, let the symmetric and positive definite matrix E(¢g7T) = E,.(¢T') be
defined by the equality

9 E(gT)9 = |Ad, (i Dy)x ()], (9 €R?).
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Furthermore, let us define W(u, ¢T, 7) = U, (u, g1, 7) € t by setting
B(u, T, 9) 1= u diag (Ady+ (D(m)) — v, Bly(m) = —i (m)
Finally, let us pose
U(u, gT, 9) := <\if(u, gT), 19> :

The following Proposition is proved by a rather lengthy computation,
along the lines of those in the proof of Theorem 1.3.3 and in [Paol2].

Proposition 4.7.1.

i [0 (igeoey s (02,0 s ) = (9, 1)/ V]

u U
=ivVkWU T,9)— =09"E(gT) 9 + 2i V) +k — | .
R, g, 9) = 50 E(T) 0+ 20wt (pyr, 0) + e (T, )

-

Corollary 4.7.1. (4.64) may be rewritten as follows:

e (27 1y Tr k) ~ (4.65)
k(vy — vs) / /+°0 /+0<> /+oo
_— dVv T dv dv d
(2m)? G/T 6/1(9T) oo ' —0 ? 0 !

[eiﬁ‘y(“’gT’ﬁ) A w(u, T, 7, 19)} )

where (leaving implicit the dependence on x)

9

Aw o, gT, 7, 9) 1= ¢~ 50 PO D420 oyr 94 Ia (. ) Gl
(4.66)

-5 (ﬂge—iﬂ/fgfl (7 1), Tr ks ku) :

Let h,, T € G/T be the unique coset such that h,'®g(m)h,, is diago-
nal. Then only a rapidly decreasing contribution to the asymptotics is lost
in (4.65), if integration in dV¢/7 is localized in a small neighbourhood of
h,T. In the following, a C'*° bump function on G /T, supported in a small
neighbourhood of h,, T and identically equal to 1 near h,, T, will be implicitly
incorporated into the amplitude (4.66).
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For some choice of h,, € h,,T and 6 > 0 sufficiently small, let us consider
the real-analytic map

h:we B(0;0) C Cr h(w) ::hmexp<i (3} lg)) €eqG.

By composition with the projection 7’ : G — G/T', we obtain a real-analytic
coordinate chart on G/T centred at h,,T € G/T, given by w € B(0; )
h(w)T € G/T. The Haar volume form on G//T has the form Vg r(w) dVe(w),
where dV¢(w) is the Lebesgue measure on C, and Vg r is a uniquely deter-
mined C* positive function on B(0; §). We record the following statements,
whose proofs we shall omit for the sake of brevity.

Lemma 4.7.1. Vg1 is rotationally invariant, that is,
Veyr(w) = Var(ew),

for allw € B(0; 0) and € € S*. In particular, Vg r is given by a convergent
power series in r* = |w|* on B(0;96).

Thus we shall write
Ver(w) = Vear(r) = Dayr - Sayr(r)
where Dgr is a constant, and Sgr(r) = 1+ 37, s;7%.
Lemma 4.7.2. Let V3 be the total area of the unit sphere S® C C2. Then
Dgr=2mVy "',
Furthermore, let us introduce the real-analytic function
K=K : w € B(0; 0) — diag (Ady-1 (P(m))) € R?.
Then we also have the following.

Lemma 4.7.3. k is rotationally invariant, and is given by a convergent
power series of the following form

) = Aol = 20 - )58 b= (1))
where r = |w| and Sk(r) is a real-analytic function of r, of the form

Se(r) =1+ ij r

j>1
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If w = re’ in polar coordinates, we shall write accordingly Vaor =

Ver(r) and k = k(7).
Recalling the previous notations, let us set

Uy(u) = unlr) —v, Vylu, 9) = <\ifw(u), 19> .

We obtain the following integral formula (dependence on x on the right hand
sides is left implicit).

Proposition 4.7.2. As k — +o0o we have

k(v — v h toeo
My (27, 5, Tr ) NDg/Tw / de / dr [Iu(7, 7, 0)] , (4.67)
-7 0

Lu(r, v, 0) =Iy(7, w) == / / / du (4.68)
h(re

[lvﬁww (U )T, 7, 9)Ser(r) ]-

where

Our next goal is to produce an asymptotic expansion for Iy (7, r, 6).
Definition 4.7.2. Let us set
K(r)
l(r)]l”

and let ny(7) be uniquely determined for |r| < § so that B, := (ny(r), ny(r))
is a positively oriented orthonormal basis of R?. We shall write the change
of basis matrix in the form

ME (idgs) = (g((:)) _CS(%)) , (4.69)

n(r) =

where C; is the canonical basis of R?, and denote the change of coordinates

by 9 = (i ny(w) + G2 na(w).

A straightforward computation then yields the following.
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Corollary 4.7.2. With w = re'’ € B(0; ) and I(t; w) as in (4.68), we
have

+00
Birow) = [ dG [ R g s G) Sap)r| L @0)

o0

where

RirwiG)i= [ da [ du [T A (b 7 9(0)]
(4.71)

and

To(u, G) = [u l5(r) [} = (v, m(r))] G -
Let us view Jj as an oscillatory integral with phase T,.

Lemma 4.7.4. T, has the unique critical point

P = (), 0)= (520 o)

Furthermore, YT,.(P.) = 0, and the Hessian matriz is

0 k)]
H(T’”)PT_(HR(T)H 0 )

Hence its signature is zero and the critical point is non-degenerate.

Recalling that so(z, z) = 7~%, the amplitude in (4.71) may be written in
the following form

'Ak,V(ua h(w)Ta T, ﬁ(C)) (4.72)

~ o 59O E(w)9(C)+2iut (ppuyr, 9(C)) [eﬁm(o _evi?2(©)

ku d
7T

in (4.72) we have set E(w) = FE

4.

k Rs(1/Vk, ©/Vk) appearing in (
nomial in (7, ) of degree < 3j.

1+ Zaj(u, w; T, 19(())/{”1 ;

Jj=1

(h(w)T), and in view of the exponent
66), a;(u, w; -, -) is an appropriate poly-
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Given Lemma 4.7.4, we may evaluate Ji in (4.71) by the Stationary Phase
Lemma, and obtain an asymptotic expansion in descending powers of k'/2.
The latter expansion may be inserted in (4.70), and integrated term by term,
thus leading to an asymptotic expansion for I,. The leading order term of
either expansion is determined by the contribution of the leading order term
in the asymptotic expansion for the amplitude in (4.72), which is given by
the following:

AN too T N N
Ji(T, w; o) = <%> / dgl/ du [eu/ﬂw(u,cnud <6ﬁ191(<) B 6@192@))
e 0

o 490 B(w) 0<c>+2iuf<ph<wmﬂ<€>>} .

Definition 4.7.3. Suppose w = r ¢’ € B(0, §) and let C(r) and S(r) be as
in (4.69). Let us set

a(w) ==u(r) (~S(r) C(r)) E(w) (—OS(S;)>

=u(r) HAdh(w) (n2(r))x (z) ”2

X
and

(w) ==2u(r) (pauyr, mar)
=20(r) i, (Adauy (a(r) (), T () |

Given the previous considerations, an application of the Stationary Phase
Lemma yields the following.

Definition 4.7.4. With |r| < 0, let us set b(r) := (v, na(r)), and

Dyr) =

= [C(r) + (=1)S(r)] .
The definition of b(r) implies:

() — 1) (11 + 119
vl

b(r) = —
where S) is a real-analytic function of the form Sy(r) = 14>, ¢;r?.
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Proposition 4.7.3. Suppose x € ng. Then as k — +o0o we have
e (Tr, ks Tr k) (4.73)

k(v —v T oo
NDG/T%/WdG/O dr [I(r, r, 0)] |

where I(T; ; 0) is given by an asymptotic expansion in descending powers
of k'/2, the leading power being k%~'. As a function of T, aside from a phase
factor, the coefficient of k%492 js o polynomial of degree < 3j. Up to
non-dominant terms we may replace Iy (T, w) by

I(r, w) = - (2) (2%) Serntryr-utwy! (74)

+oo
‘ZDM / dc, [e—i\/ECﬂ(va)Cé.e—%a(w)@]’

/2
1>1
where for k=1, 2,..., we have set
-
fe (T, w) = b(r) — Wt(w). (4.75)
The Gaussian integrals in (4.74) may be estimated recalling that
L —i¢z—L1aa? (=)' —55 &2
| we 2 da = \/27TW P(&)e x| (4.76)

where P(&) = &+ > sy £=% is a monic polynomial in &, of degree | and

parity (—1)! (thus the previous sum is finite). Applying (4.76) with
=k f(w, 7), A=a(w)

we obtain the following conclusion.

Proposition 4.7.4. Let us set

B [0 05t (VER(rw)

! ()] K2 a(w)+1/2
Up to lower order terms, we can replace I}, in (4.74) by

I(r, w) = - (f) (52) Sentorutwrt a9
S R ).

>1

Fy(r, w) = (4.77)
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Thus the leading order asymptotics of I, (2. k, z, ) are obtained by
replacing Iy (7, r, ) in (4.73) by Ix(7, w)".

4.7.2 Proof of Theorem 1.3.4

We shall set 7 = 0 in 4.7.3 and obtain an asymptotic estimate for I, (z, x)
when z € X§ and k — +oo.

Proof of Theorem 1.3./. It follows from the definitions that

(0, w)? _ b(r)?
a(w)  a(w)

where S(r, 0) = 1+ 3., 17 d;(0), and

=M\ (m) D) r*S(r, 0),

(11 — 12)? (1 + 10)?

P A o I,
Similarly,
P (VERO.w) P (VEo)
K172 a(w)i+1/2 = 2 a(w)1/2

1 [1/2]
_ I A Y
= yn b(r)" + Zplj k=7 b(r) %

j21
w2 ‘
=2 TS0,
j=0

where S, (r, 6) is a convergent power series in 7. The resulting series may be
integrated term by term. The [-th summand in (4.78) then gives rise to a
convergent series of summands of the form

1 e ~2l—4j+a —L1k A, (m) D(v)-i* ~ 3~ 1
By.1 i(m, O)B/O T e 2 rdr =0 e

e

with 7 < |I[/2] anda =10, 1, 2, ....

The previous discussion shows that Iy, (z, z) is given by an asymptotic
expansion in descending powers of k'/4, and that the leading order term
occurs for [ =1 and a = 0.
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By equation (4.76), F,(§) = & by Lemma 4.7.3, ||c(r)]| = A\(m) ||V -
S/(r), where S (r) is a convergent power series in 7? with S’ (0) = 1.
In view of (4.77), we obtain

(1 — o) (V1 + 1)? 1/2 2
F(0, w) = —v2m - Ao (m)'2 12 Sy (1, 6),
1Adn,, (1) ar(m)]*
where Sp, is real-analytic function and §”(0, 0) = 1.
Hence the leading order term of the asymptotic expansion of Il (z, ) is
given by

k (Vl _ 1/2) s +oo
DG/TW /;W d9/0 dr [Lk(T, 9)] s (479)
where
50 K472 d—1/2
Li(r) :==2% 7rd*3/2)\"(m)_( —1/2) (4.80)

) [(Vl - Vz)(’/l + V2)i] e—%k)\y(m) D(v)r* S(r,6) 35(7, 9)
[Adp,, (v1)ar(m)|

where again S is real-analytic and e S(0, §) = 1.

We need to integrate in dr the product of the last two factors in (4.80).
Let us perform the coordinate change s = vk 12 S(r, 6)'/2, and argue as
above. To leading order, we are reduced to computing

Dby |+ b
ds [e72 =5 N () D)

Inserting this in (4.79), we conclude that the leading order term in the asymp-
totic expansion of I, (z, z) is

1 [re
2k

Der 1 (k ||u||>d‘”2, vl
V2 [@m)|* T [Adn,, (L) (m)]]
The proof of Theorem 1.3.4 is complete. [

4.7.3 Proof of Theorem 1.3.6

The proof is a modification of the one of Theorem 1.3.4, so the discussion
will be sketchy. We shall set

J]j’kizl’—i‘_vj, ]:17 27

vk
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Definition 4.7.5. With the previous notation, let us set

P('ﬁv gT? Vj)
1 [(ing (Ady +(®(m) 9+ [vi = va + Ady i Da)uu(m)I,

+ 1 [—win(v1, Vo) + Wi (Ady(i D) (m), vi + va)] .

Then, the same computations leading to Proposition 4.7.1 yield the fol-
lowing.

Proposition 4.7.5.
1k [Uw (ﬂge_m/ﬂg—1 ($17k> ) x2,k> - <'l97 V)/\/Ei|

-
= iVEU(u, gT, 9) +uT(9, gT, v;) + k Ry (% ﬁ) .

Remark 5. Assuming vy, vy € gur(m,)" and recalling Definition 4.7.1 we
have

1
L'(9, gT, vj) = ¢a(vy, va) — EﬂtE(gT)ﬁ.
In place of Corollary 4.7.1, we then obtain the following:

e (21,1, 2, 5) ~

o +o0 +o0 +oo
k(”l—f) / dVer(gT) / o, / dd, / du
(271—) G/T —00 —00 0

|:€Z'\/E\I/(u,gTﬂ9) A;C,V(u, qgT', 9, Vj)} .
with the amplitude

A, 9T, 9, v,) s=e 2080 B0 (G ) A (o000

S </~igefm/\/ﬁg—1 (iﬁl,k)7 T2k, ku) .

Similarly in place of (4.72) we now have the following expansion:

;€7u(u7 gTa 197 Vj)

o Gt (vi,v2) = 58" B(gT) 0+k Ry (1 2) [eﬁm(o _ eﬁwo}

)

1+ Zaj(u, w; Vi, Vo, ﬂ(<)>k—j/2] :

j=1
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where a; is, as a function of v; and vy, a polynomial of degree < 3j.
With these changes, Theorem 1.3.6 can be proved by applying the argu-
ments in the proof of Theorem 1.3.4 with minor modifications.

4.7.4 Proof of Theorem 1.3.7

Proof. Let A C X be a one-sided “outer” tubular neighbourhood of ng,
that is, the intersection of A with a tubular neighbourhood of X§ in X.
By Theorem 1.3.1, we have

dimgys H (X )k
= /AH,W(x, x) dVx(x) ~ // [y (7, ) dVx (7).

Let us denote by m, = m(z) the sign of v4 + vs. Then, locally along X§ , for
some sufficiently small § > 0 we can parametrize A’ by a diffeomorphism

I X§ x[0,0) = A, (z,7)—z+71w)Ty(my),

where m, = 7(z). The latter expression is meant in terms of a collection
of smoothly varying systems of Heisenberg local coordinates centred at x €
Xgu, locally defined along Xgu (to be precise, one ought to work locally
on Xg,» introduce an appropriate open cover of ng, and a subordinate
partition of unity; however for the sake of exposition we shall omit details on
this).

We shall set z, := I'(z, 7), and write

I"(dVx) = Vx(z, 7) dVxg (z)dr,

where Vx : X§ x [0, §) = (0, +o0) is C* and Vx(z, 0) = || Tp(m,)].
Hence we obtain

dimgy, H(X ) (4.81)

),

By Theorem 1.3.3, only a rapidly decreasing contribution to (4.81) is lost, if
integration in (4.81) is restricted to the locus where 7 < C' k"2, Thus the
asymptotics of dim,,; H(X )y, are unchanged, if the integrand is multiplied

dvxgu (SL’) /0 dT[VX(l’y 7') Hku(xﬂ xT)]

G
Ov
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by a rescaled cut-off function o(k'/27¢7), where o is identically one sufficiently
near the origin in R, and vanishes outside a slightly larger neighbourhood.
With the rescaling 7 — 7/v/k, we obtain

1

dimout H(X)kl, ~ ﬁ .
XOV

IV g () (2]
where with x, j, := ['(, k~%/27) we have set

Hi(z) = /0 T {g(k;—ﬁf) Vx (m ﬁ) i (27, xﬁ,ﬁ)} L (4.82)

Integration in dr is now over an expanding interval of the form [0, C” k€).

Let us consider the asymptotics of 4.82. Having in mind (4.78), and in-
serting the Taylor expansion of Vx, we are led to considering double integrals
of the form

1 +oo “+oo
o [ [ (4.83)
ACEIE /0 o

(VR w) e

afwyiz ¢

rC(r) I S (r)

with [ > 1 and j > 0, and their analogues with S(r) in place of C(r); S’ is
some real-analytic function (dependence on # and z is implicit).
In view of (4.75), we have

o@)rw) o[t tal a0 T W) o 9]
) ()[ lvam O EE g O

where again S3(0, 6) = 1. Therefore, with the change of variables
5= kY r\/Si(r), 7 :=78,(r, 0)
we obtain

o) w) o) [(ul—u2>\vl+uzy$2+ (0) ]
I v/a(0) Va(0)

a(w) -V

103



Therefore, we also have

5 (o) 7. ) :_a\(/%) [(Vl—V2)|V1+V2’$2+t(O>%] . [1+R1 (%)} '

gl

With the substitution a = s?, (4.83) may be rewritten as a linear combi-
nation of summands of the form

1 +oo +oo
s dr/ da
k(l+]+1)/2/0 0
Va l b_j Va -1 (A1a+B
C( (Aya+By7)’7m - |14+ Ry L7z (AratBir)?
Vk Vk

1
=0 (k(l+j+1)/2) :

Hence the leading contribution occurs for [ = 1, 7 = 0, and dropping the
term R;(k~Y/*y/a). The conclusion of Theorem 1.3.7 then follows by a fairly
simple computation. O]

4.8 Proof of Theorem 1.3.5

Arguing as in the proof of Theorem 1.3.4, we can restrict the integration in
dV¢ over a small neighbourhood of each g; € G,. Let us denote with p; the
bump function vanishing outside a small neighborhood of g; in G. We have,

My (, ) (4.84)
|Gzl 2 o +0o0
k 1/1 V2 / / / / zk\I/x w.A du dVG/T(gT) d’l9
j 1 —nJ—mJG/T
where
Voo = Vo o(u, 9, gT) := utp(fige-ing-1 (), ) — (v, 9), (4.85)

Aj = Aj(u, 9, gT) := A (") 8/ (fige-i0,-1 (), x, ku),
with

s’(ﬂge_mg_1(x), x, ku) == s(ﬁge_mg_l(x), x, ku) o, (ge_wg_l) )
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Suppose that ¢ € C§°((0, +00)) is = 1 on (1/D, D) and is supported
on (1/(2D), 2D). Lemma 4.6.3 holds with minor modifications. Thus the
asymptotics of (4.84) is unaltered, if the integrand is multiplied by o(u). We
obtain

My (2, y) ~ (4.86)

(Ga] k2 () —v
S / / / / Ve AL du dVgr(gT) 49,
-nJG/T J1/2D

where we have set
Al(u, 9, gT) := o(u) Aj(u, 9, gT),

and the integration in du is now over a compact interval. Let us write
Ik, (x, z); for the j-th summand in (4.86).

We shall distinguish two cases, depending on whether g; € Z, or not. Let
us write

Hky(l’, I) = Hkl,(l’, J,‘)Z27 + Hky(l’, x)G,;\Z,J y
where

iy (2, )z Z i (x, )5, (2, 2)g0\z, = Z iy (z, ),

9j€Za 9 Zx

First, let us consider the summand in (4.86) with g; lying in the centre of
the group. Thus, in this case the integral is over a compact neighbourhood
of €% . Let us perform the following change 9; + ¥; + 3;, for i = 1, 2. We
have

U, o(u, 94 B, gT) =V, .(u, 9, gT) — (11 + 1) B,
where 35 = (8, ;). Thus, the j-th summand in (4.86) becomes

k _
I, (z, 2); ~ ¢fli-tati %W)_VQ) (4.87)

™ ™ +oo
. / dd, / dds / dVear(9T) / du [eik\yz,z(u,ﬂ,gT)Ag(u? 9, gT)
-7 — G/T 0

where, for j = 0 we have set g9 = I,. Hence the integral (4.87) is the
same appearing in (4.64) with 7 = 0. Thus we can argue as in the proof of
Theorem 1.3.4.
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Let us now consider the case g; ¢ Z. By the discussion preceding the
statement of Theorem 1.3.5 in §1.3, there exist e!®/, e’ € S' and two unique
cosets Ny, , km, € G/T such that

95 = P, tj1 P = b, L2 K

where

0 1 et 0 eBi 0
km = hm (1 0) s tjl = ( 0 €i’8j) and tjg = ( 0 eiaj) .

The pulled-back cut-off (g7, €'?) + ;(ge? g~') is supported in two small
open neighbourhoods of (h.,, T, t;1) and (k,, T, t;2). Therefore, we can fur-
ther split Il (z, z);, g, € G, \ Za,

i (z, z); = My (z, )51 + (2, 2)j2,

where in I, (z, z);1 (respectively Iy, (x, x);2) integration is over a small
neighbourhood of (h,,, T, t;;) (respectively (k,,, T, t;2)).

Let us focus on Ilj, (x, x);1. By the previous remark and by composition
with the projection 7’ : G — G /T, we obtain a real-analytic coordinate chart
h(z) on G/T centred at h,, T € G/T, and t(9;) on T centred at (e' %, ¢'%i);
explicitly given by the following.

Definition 4.8.1. Let us denote by

(0 2
- A(z) —
hz) = hp, e, A(z):=1i (z O) :

i(a;+91) 0
e
t(ﬁj) = ( O ei(ﬁj+ﬁ2)) )

and

where o # f;.

The Haar volume form on G/T has the form Vg, r(w)dVe(w), where
dVe(w) is the Lebesgue measure on C, and Vg is a uniquely determined
C* positive function on B(0; 4). In view of Lemma 4.7.2, we obtain

Var(w) = Dgyr - Sayr(r),

where D7 is a constant, and Sg/r(r) =1+ ) s
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Thus, in this case, the j-th summand in (4.86) becomes

2
i (7, 2)j1 ~ e~tlagntpive)k M

(27)?
‘/_:dﬁl /_:dﬁQ /Cd\/@(z) /O+Oodu

{eiwm,m(u,ﬂ,gT(Z))A;.(u, 9, gT(2)) VG/T("')] :

(4.88)

where

\Ilm,a:(ua 197 gT(Z)) = uw<,ah(z)t(19j)—1h(z)_1(x)7 :C) - <V7 Il9> s
A;(u, ’19, gT(Z)) = A (t(’l.%)) Sl(ﬂh(z)t(ﬁj)_lh(z)_l(w)a Z, ku) g(u) .

As usual let us express fi(zyi(s,)-1h(z)-1 (¢) in Heisenberg local coordinates
centred in x. We have

h(2)t(9;) ' h(z)™t = Cy,, [6‘4(2)6_“9 C’tj_f [e‘A(z)]] g,

where C; denotes the conjugation by g € G. Thus, by the Baker-Campbell-
Hausdorff formula, we get

GAG) =i O [e=AC)] = A() gi? At AR i) 7
where we have set

v (2,9) = v1(2, 9) +7j2(2, ¥) + R3 (2, 9) ,
with

Yi(z,9) == —A(z) + i + Adt;A(z) ,

a9, 2) = % A(2), Ady A)] - % 9, A() + AdsAG)| (489

and Rj (z, ¥) denote a smooth function vanishing at 3-rd order at the origin
in C x R% Thus, by Corollary 2.2 of [Pao12], we obtain

fin(zy0,)-1h()—1 (2) =2 + (O(2, 9), V(2, 9)),
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where
@(zv 19) = <Adh;ﬁ_r ((I)(ma:))/)/j(zv 19)) + RS(Z’ 19) )
V(z,9) == (Ady,, (2,9)),, (ne) + Ra(2,9) .

In view of the discussion in chapter §3 of [SZ02], after some computations,
we can rewritten the phase v as follow

P (fin()e9,)-1hz)-1 (T), ) = uO(2, )
5 [0 9P + V(= 9] +uRa(z, 9).

Let us notice that (Adtfll — I5) A(z) and the second summand in (4.89)

vanish on the diagonal. Thus the phase of the compact supported oscillatory
integral 11y, (z, z); is

U, o (u, 9, gT) = u{Ady-1 (P(m)), 9) — (v, 9) (4.90)
%“ [Ady,, (;(z, 9x @)} +u <Adh<w>-1 (@(m)), % A(z), Adt]_-;A<z>]>
+ R3(z, 9).

The following is straightforward.

Lemma 4.8.1. The phase (4.90) can be written in the following form

U, . (u, 9, 2) = (ﬂ - 1) (w, ) +ulz)? sin(B; — a;)(v1 — ) (4.91)

Ug

+ % WG, w + Rs(z, 9),

where ug = [|®(m)||/ [|[v|| and G, is a positive-defined symmetric matriz

defined by

2

W= (2, 9) — HAdhmz ((Ad ;= 1) A2) —2'19>X(;1:)

x

The phase (4.91) has a unique non degenerate critical point,

POZ(u07 07 0)7
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and the Hessian at the critical point is

[0 —ibl
HP0<\II$7$) =1 (_Z' b, H )
where b, = (0, 0; v/ug) and

. : . I, 0O
i H' :=iuy Gy + 2ug sin(f; — o) (11 — 1) <02t O) :

We are now in position to apply the Stationary Phase Lemma in (4.88).
By Lemma 4.8.1 we have

det (w) —— (2;)5 det ((t?,, 'Zty)) - (er)g) bl, (H') b, - det(H'),

(4.92)

where, for the last equality, we have used Lemma 2.1.3 of [Paol2]. For ease
of notation let us set ©,(v, z) :=bl, (H')"'b,, - det(H’).
Since H' and (H')™! are complex matrices with positive defined real part,
we have
R (bf, (H’)’lb,,) >0 and R (det(H'))>0.
Thus, for both factors appearing in (4.92) we can choose a well-defined square
root with argument in (—x /4, 7/4), in such a way that

i <\/det (%>) > 0.

Thus, we can compute the leading term of Il (x, z);1, g; € G, \ Z, by
the Stationary Phase Lemma, it is

d d— e )
ﬁ( vl >.D0/T-(E) o) (=) e
[oclm.)] " 0, 7)

(4.93)

Notice that I, (x, z);2 has the same expression as (4.88) with h,,, re-
placed by k,,, and t; replaced by ¢;,. Thus it is an oscillatory integral with
phase
2

T

W, (9, T) = 2 |[Ady,, (2, 9)x(@)]]” — (v, 9)

J

+u <Adk(w)1 (®(m)), i9 + % [A(z), Adt?A(z)] > 4 Ry(z, 9).
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In a similar way as before, one can prove that W/ has not critical point,
thus I, (x, x),2 has rapidly decreasing asymptotic expansion.

Eventually, let us remark that g; # gj’1 since g; ¢ Z,; summing the
contribution corresponding to g; = gj_l, we obtain the desired asymptotic
expansion.
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