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ABSTRACT

This thesis deals with two fractional stochastic equations: the fractional stochastic heat equation
(a partial stochastic differential equation or SPDE) and a fractional stochastic Volterra equation
(a stochastic differential equation or SDE).

In the first part, we deal with the fractional stochastic heat equation

Ou=—(—=A)2u+ f(u) W

in the spatial domain R, driven by space-time white noise W. We prove the existence, uniquess
and regularity of the solution for « € (1, 2] through classical methods of stochastic integration.
Our first contribution is to prove these results under optimal assumptions on the initial datum,
which was previously known only in the non-fractional case « = 2. Our second main contribution
is to study the behavior of the solution for ¢ — 0, by proving a quantitative comparison
result between the solution of the stochastic problem and the solution of the corresponding
deterministic problem. As a by-product, we derive a new proof of the strict positivity of the
solution, in the linear case f(u) = u.
In the second part, we deal with the stochastic Volterra integral equation

t 1
u =& —|—/0 flus) (t— S)H_5 dWs,

which can be written in differential form D% = f(u)W for o = H + % We perform a
robust analysis of this equation, proving existence, uniqueness and regularity of the solution for
H € (%,1) in the framework of rough paths theory. We also prove finer estimates on the solution,
which lead to a finite-increment reformulation of the equation. To develop our analysis, we enrich
the usual rough paths theory with an extension of independent interest, namely the integration
with respect to singular kernels, in the spirit of Hairer’s theory of Regularity Structures, but in
a rather elementary way.
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INTRODUCTION

This thesis is divided in two parts: we consider two distinct stochastic differential problems and
we analyze them with two different approaches and methods.

In the first part, we deal with a stochastic partial differential equation (SPDE) in one space
dimension, called fractional stochastic heat equation (FSHE), written formally as

% + (A2 u= flu)W (FSHE)
where f is a Lipschitz function, W is the “density of a white noise” on R4+ xR, and (—A)% is
the fractional Laplacian of order «, for o € (1,2]. This kind of stochastic differential equation
has been widely studied in literature; for the case a = 2, coincides with the classical
stochastic heat equation, which has been intensively studied; for a € (1,2), the existence,
uniqueness and regularity of a solution has been proven only in recent years.

In particular the case @ = 2 was initially motivated by the parabolic Anderson model (in
which f(u) = u) (see [Carmona, Molchanov 94]). A study of the stochastic heat equation can
be found in [Bertini, Cancrini 95|, and, more recently, in [Dalang et al. 09], [Conus et al. 10],
[Conus et al. 14], and [Chen, Dalang 15 A]. The Holder continuity of the solution was already
studied in [Walsh 86], in the case of bounded inital data, and in [Shiga 94] and [Pospisil, Tribe 07]
in the case in which the initial data is a continuous function with tails that grow at most ex-
ponentially. In [Dalang et al. 07],[Dalang et al. 09], the authors proved the Holder continuity
of the solution of with vanishing initial conditions and in |[Chen, Dalang 15 A, the
authors extended the above results proving the regularity of the solution for a = 2 under the
weakest possible condition on the initial data.

The case a € (1,2) is a particular case of the fractional stochastic equations studied in
[Debbi, Dozzi 05], [Debbi 06]. They proved the existence and uniqueness of a solution with
the assumption that the initial condition is a bounded function. In [Chen, Dalang 15 A] and
[Chen, Kim 14] the authors extended the results by enlarging the space of the possible initial
data to locally uniformly bounded measures (see (1.2))) below.

Our first contribution is to present a general proof of the existence, uniqueness and regularity
of a solution of (FSHE) for a € (1,2] under optimal assumptions on the initial datum (see
Theorems and . In particular, we prove that, under optimal assumptions, the solution u
of is a locally Hélder continuous function with exponents (%-1)~ in time and (25%)~
in space.

For a = 2 this was done in [Chen, Dalang 15 A], while for a € (1, 2) this is a new result. We
follow a standard approach, based on Picard’s iteration scheme. However, instead of the classical
Gronwall’s inequality, we use Gronwall-type inequalities that involve space-time convolutions.
We obtain sharper results for a € (1,2) thanks to sharper estimates on the convolutions of the
square of the fractional heat kernel g (see Propostion , that is the solution of the following
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where § represent the Dirac delta measure.

Our second contribution concerns the behavior of the solution wu(t,z) as ¢ | 0, which depends
of course on the initial datum w(0,-) = po(-). We prove that u(t,z) is close to the solution
Io(t,z) = (o * g¢)(x) of the corresponding deterministic problem in a rather strong sense: the
ratio u(t,x)/Io(t, x)) converges to 1 as t | 0 uniformly for z in compact sets. Actually this ratio,
that we call normalized solution, can be extended to a Hoélder function on [0, 00) x R (including
t = 0) with explicit Holder exponents (see Theorem [2.2]).

Finally, we present an alternative proof of the strict positivity of the solution of the linear
(FSHE) (that is when f(u) = cu) started with non-negative initial conditions. This result was
proven first in [Mueller 91] for the case @ = 2, through a strong comparison principle but
under strong conditions on the initial datum; see [Moreno 14| and |[Gubinelli, Perkowski 17| for
alternative approaches. In [Chen, Kim 14], authors proved the strict positivity to the general
(non-linear) , extending Mueller’s comparison principle for the case a € (1,2). Here we
stick to the linear case, but we present an alternative approach, which is based on the proof of
the continuity of the normalized solution (see Theorem .

In the second part of this thesis, we consider the one-dimensional rough fractional differential
equation (RFDE), written as

D% = f(u) W, (RFDE)

where f is a Lipschitz function, W is the density of a white noise on R (i.e. the derivative of
Brownian motion) and D® denotes the fractional differential operator of order «, such that the
integral formulation of (RFDE) is written as

=u L ¢ U —_ s a—1
up = 0+F(a) /0 flus) (t—9)* " dWs. (I)

a—1

Equation represent the so-called Volterra integral equation with kernel given by ps = s
This kind of equation has been studied in literature and solved by different techniques. The first
studies were carried in [Berger, Mizel 80a]-|Berger, Mizel 80b|, where (I is solved by using the
classical theory of It6 stochastic integration. Then, many authors studied stochastic Volterra
equations in different settings and generality, for instance [Protter 85|, [Pardoux, Protter 90],
[Chocran et al. 95|, [Zhang 10]. In recent years, stochastic Volterra equations attracted atten-
tion in financial modelling, because stochastic Volterra equations with singular kernels consti-
tute very suitable models for the rough behaviour of volatility in financial markets; this was
first observed in [Gatheral et al. 18|. Very recently, in [Bayer et al. 17|, the authors used a new
and powerful tool to analyze rough volatility models, that is the theory of regularity structures
(|[Hairer 14]). Meanwhile [Promel, Trabs 18] develop a pathwise approach and a solution theory
for Volterra equations, using the theory of paracontrolled distributions.

Like [Bayer et al. 17]-[Promel, Trabs 18] (which appeared as a preprint simultaneously to
the writing of this thesis), here we present a robist pathwise analysis of . We prove the
existence, uniqueness and regularity of a solution of (see Theorem in the framework of
the rough path theory, which is more elementary than regularity structures or paracontrolled
distributions. To solve (I)) with the theory of rough paths, developed by Lyons (|Lyons 98])
and extended by |Gubinelli 04], we need some generalizations of independent interest: as in
[Hairer 14], but with more elementary techniques, we define the integration of singular kernel.

It is convenient to set @« = H + % The solution turns out to be a controlled path of the
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function

¢ 1
Xi=—— )/ (t— )2 aw,, (RL-fBM)
0

P(H +3
that is the so-called Riemann-Liouwville fractional Brownian motion with Hurst parameter H €
(0, %), close to the usual fractional Brownian motion. We are able to give finer estimate for
the solution (for the linear case in which f(u) = u), see Theorem [5.2] providing an equivalent
characterization of the equation based on increments.
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Part 1

Fractional Stochastic Heat Equation






INTRODUCTION TO PART 1

In the first part of this thesis, we consider the fractional stochastic heat equation (FSHE) in
the spatial domain R.

In Chapter [T} we investigate the existence, the uniqueness and the regularity of the solution
of (FSHE), taking inspiration from [Chen, Dalang 15 B| and [Chen, Kim 14|, and extending
their results to a wider class of initial data.

In Chapter 2| we focus on the normalized solution, that is the ratio of the solution of (FSHE)
and the fractional heat kernel, that is the solution of the (deterministic) fractional heat equation.
We study the properties of the normalized solution, in particular its continuity, from which we
derive an alternative proof of the strict positivity of the solution of (FSHE) (first proved in
[Mueller 91] for & = 2 and in [Chen, Kim 14] for « € (1,2]), when f is linear.






CHAPTER 1

FRACTIONAL STOCHASTIC HEAT EQUATION

INTRODUCTION

We consider the Fractional Stochastic Heat Equation (FSHE), which is formally written as

Eg:(t,x) = A2 u(t,z) + f(ut,z)) W(t,z) fort>0,zeR, 1)

U(O, ) = ko,

where a € (1,2] is fixed, f : R — R is a function, pg is the initial datum, which may be a
function or a measure on R, W(t,z) is “the density of a white noise” W(dt,dz) on Ry x R
and A% denotes the fractional Laplacian operator. Actually, it would be more correct to write
—(—A)% instead of A%, since —A is positive definite; however, for convenience, we will stick
to the notation used in .

In the case of a = 2, is the usual stochastic heat equation. Indeed, A% becomes the
Laplacian (since we are in the one-dimensional case, the Laplacian is just the second deriva-
tive in space). The stochastic heat equation has been intensively studied (i.e. [Mueller 91],
[Bertini, Cancrini 95|, [Khoshnevisan 09|, [Hairer, Pardoux 15]). When f is a linear function,
that is f(x) = Bz for some 8 € R, the problem is known as the parabolic Anderson model,
which has been studied in depth since [Carmona, Molchanov 94] and permits to model random
motions in random media.

When « € (1,2), the operator A? can be defined as the generator of a symmetric a-stable
Lévy process (recall that for o = 2, the Laplacian can be defined as the generator of a Brownian
Motion). We stick to the case a € (1,2] since, according to Theorem 11 in [Dalang 99|, even
the simplest form of , with f =1, does not have a solution if @ < 1.

This equation has been studied in literature also in recent years: in particular, we took
inspiration from [Chen, Dalang 15 B| and [Chen, Kim 14]. (In both articles, the authors ac-
tually consider a more general fractional operator of order o € (1,2] with skewness 4 (where
|0] < min(a, 2 — «)); here we stick for simplicity to the symmetric case 6 = 0). They proved
existence, uniqueness and regularity of a solution to for the class M(«) of initial data,
where

1
M(a) = {,uo Borel measures on R,  s.t. SEE/R S T 7= gt o (dy) < oo} for a € (1,2)
X
(1.2)

and

M(2) = {uo Borel measures on R,  s.t. /

e*ayQ,uo(dy) < oo foralla> 0}. (1.3)
R

Note that M(2) is the widest class of initial data for which the usual deterministic heat equation
(i.e. with f(u)W = 0) has a solution defined for all times, so it is an optimal choice.

5



6 1. FRACTIONAL STOCHASTIC HEAT EQUATION

Our first contribution, described in this chapter, is to extend the above results by allowing
an optimal class of initial data also for the case o € (1,2). Indeed, condition is much
stronger than the condition of the case a = 2, due to the presence of sup. We are able to
remove the sup thanks to sharp estimates of the convolutions of the sqare of the “fractional
heat kernels”, i.e. the fundamental solution of the deterministic fractional heat equation.

DESCRIPTION OF THE CHAPTER. This first chapter follows the following scheme:

o In Section we define the problem ([1.1)) more precisely and give the results of existence,
uniqueness and regularity of the solution; we re-write the problem in integral formulation,
using the theory of stochastic integration.

e In the remaining Sections, we give the proofs of existence and uniquess (Section |1.3]) and
regularity (Section |1.4]). Before that, in Section [1.2| we prove a basic but crucial estimate
on the convolution of the square of the square of the fractional heat kernel.

e The main properties of the fractional heat kernel are given in Appendix [A] and the most
technical proofs are deferred to Appendix

1.1. MILD SOLUTION, ASSUMPTIONS AND MAIN RESULTS

Fix a complete probability space (€2,.4,P), and a white noise W on R} x R defined on . All
the stochastic processes we will deal with, will be defined on (£2,.4,P). We also fix a complete
filtration F = (F¢)t>0, which is compatible with the white noise W. All the notions about
measurability, adaptedness and progressive measurability are done with respect to F. For our
goals, we could actually work with the augmented filtration generated by the white noise, that
is FV = (FV)i>0, where

FW = a({WS(A) |s€0,], A B*R)} u/\f),

where B*(R) are the Borel sets with finite Lebesgue measure, and N is the collection of the
P-null sets. Working with a more general filtration can be useful, e.g., to allow for random
initial data.

1.1.1. MILD SOLUTION AND MAIN RESULTS. Consider the stochastic differential problem
(1.1) with a measure as initial datum, that is formally

ou o .
E(t,m) = Az u(t,z) + f(u(t,z)) W(t,z) fort>0,z€R, (1.4
u(0,-) = po(-),

We now give a rigorous meaning to this equation.

DEFINITION 1.1. A mild solution of ([1.4) is a progressively measurable stochastic process
(u(t, ™)) (t,2)e(0,00)xr Such that, for every (¢,z) € (0,00) x R,

/0 /R E(f (u(s, 9))2)g2_, (& — y) ds dy < oo, (1.5)

and

u(t, z) = /R ge(z — y) po(dy) + /O /R (s, 9)gis(x —y) W(ds,dy) Pas.  (L6)
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A mild solution consists of two terms: the first one is a standard “deterministic” integral,
the second one is a stochastic integral with respect to W. Condition and the progressive
misurability of w ensure that the stochastic integral in the right hand side of is well
defined, see [Walsh 86].

For the deterministic term we will use the following notation:

Io(t,z) = /R ge(z — ) po(dy), (1.7)

that is the solution of the deterministic differential problem:

u(0,-) = pol.) (18)

We are going to study:

{%?(ta$)=A3U(t,x) fort > 0,7 € R

1. the existence of a mild solution;
2. the uniqueness;
3. the regularity.

We make the following hypothesis on f and uyg.

HypPOTHESIS ON f. The function f : R — R is globally Lipschitz and it has at most linear
growth: there exist constants L, K > 0 such that

[f(z) = f(y)| < Llz —y| forall z,y € R, (1.9)
|f(z)| < K(1+ |z|) forall x eR. (1.10)

REMARK 1.2. Condition (1.9)) implies condition (|1.10)). Indeed, suppose that f satisfies (|1.9),
then, for all z,y € R,

[f (@) < [f(x) = FW)I+ [f(y)] < Llz =yl + £ ()]

We can choose y = 0 and, if we define K = max{L, |f(0)|}, then we get (1.10). However, it
is customary to separate the two conditions, since they will play different roles in the proofs
of the theorems of existence, uniqueness and regularity of the solution. Moreover, can in
principle be weakened to a local Lipschitz condition — something we will not consider — in which
case it no longer implies (|1.10)).

HYPOTHESIS ON . The initial datum pg is a deterministic positive Borel measure on R,
where we recall that a Borel measure is a measure defined on the sigma-algebra of Borel sets.
We require that

/ gi(x —y)po(dy) < oo forallt >0,z € R, (1.11)
R

where g¢(x) denotes the functional heat kernel, i.e. the solution of (1.8) with ug = dp. See
Appendix [A] for a quick remainder of its main properties. In particular, by properties (3)) and
of Proposition , condition (|1.11)) is equivalent to (|1.2)) with sup,cgr removed.
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For the case av = 2, where g is the classic heat kernel, condition (1.11)) is equivalent to the
condition in [Chen, Dalang 15 B (see (1.3)):

/ e_“yQ/m(dy) < oo foralla>0.
R

For the case a € (1,2), condition is weaker than condition used in [Chen, Dalang 15 B]
(see (1.2))). Indeed, condition implies that the admissible measures have to uniformly
bounded on compact sets: sup,ep po([z, z + 1]) < co. Instead, condition (1.11]), which we un-
derline is the weakest possible condition on g to have the possibility to define the deterministic
solution Ij in , allows the initial datum to be a measure with a polynomial growth, e.g.
wo([z,z +1]) ~ |z|7 as |z| — oo, with v < a.

THEOREM 1.3 (EXISTENCE AND UNIQUENESS). If f satisfies (1.9) and (1.10), and uo

satisfies ((1.11]), then the fractional stochastic heat equation (1.4)) has an unique (up to mod-
ification) mild solution such that, for all (¢,z) € (0,00) x R,

| [ Ettuts.n)P)sk (o~ v) dsdy < oc. (1.12)
0 JR

For every p € [2, 00),

|w@@%§{QﬁXLH%%@B i £(0) #0 s
Cp(t) Ho(t, x)[* if f(0) =0
for all (t,z) € (0,00) x R, where
(S) T a;l)>k
2 k(a 1) ( «a
kzzo e K2)F W (1.14)

and ¢, is the constant that appears in Corollary and depends only on p.

THEOREM 1.4 (REGULARITY). The mild solution of (L.4) has a locally (%1~ 2-17)-

Holder continuous modification in (0, 00) x R.

SKETCH OF THE PROOF. We divided the proofs of existence and uniqueness (Theorem [1.3])
and regularity (Theorem [1.4)).

The strategy of the proof of the theorem of existence and uniqueness (see Theorem is
similar to the usual one adopted for SDEs (stochastic differential equations), in which the two
main tools are Gronwall’s inequality and Picard’s iteration scheme. One can proceed with the
standard Gronwall’s lemma (for example, see [Walsh 86| or [Khoshnevisan 09]); however, here
we use the properties of the convolutions of g, which play a similar role. They turn out to be
more specific for SPDEs, since they involve space-time convolutions, not only time ones and
they lead to sharper results. This kind of inequalities are of Gronwall-type: we present them and
their proofs in Appendix . This approach is similar to the one used in [Chen, Dalang 15 Al
and [Chen, Dalang 15 B]. The novel ingredient, which allows us to prove Theorems and
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under the weakest possible assumption on the initial datum (see (|1.11))) is the following
estimate on the square of the fractional heat kernel, whose proof can be found in Section [T.2]

PROPOSITION 1.5. Let o € (1,2]. For all 0 < s < t < 0o and = € R, we have

/ dy [To(s, )02 (x — 1) < e [o(t, )],
R sa(t—s)a

where c(«) is a positive constant which depends only on «.

To prove the regularity of a mild solution (see Theorem|1.11)), we need some useful estimates
on its p-norms. The starting points are the Generalized Kolmogorov Continuity Theorem (see
Theorem [B.17)), the Burkholder-Davis-Gundy (BDG) inequality and the regularity of the Gaus-
sian integral. All the most technical results can be found in Section of Appendix

1.2. PROOF OF PROPOSITION

In this section we contain the proof of Proposition [I.5] which is our key fundamental result to
prove the existence, uniqueness and regularity of a solution for the case a € (1,2).

PROOF OF PROPOSITION [LLAl It is enough to prove that, for all 21, 20 € R,

/R Ay gs(y — 21) gy — ) gEs@ —9) < e Gla— ) @le — ). (115)

sE(t—s)é
We consider two case:

1. Jz— 21| < 2mta or | — 22| < 2mta;

2. |z —z|> 2mt« and |z — 29| > 2m ta.

where m is the same of the Lemma In the first case, we can suppose that |z — z1| < 2m ta
and we can write

1
/ dy gs(y — 21) gs(y — 22) 91 _s(x — y) < |9l —— / dy gs(y — 22) gr—s(z — y)
R sa(t—s)a JR
2 1
= [l9ll% — r gt(x — 22)
sa(t—s)a
) 1
ta

g(2m) sé(t — s)é

having used (A.5) and the semigroup property of g and the fact that z — g(z) is a symmetric
1

function which decreases for z > 0 and then 1 < g;(z — zl)%. If we suppose that |z — 23| <

2mta, we just switch the role of z; and z and then ([1.15]) is proved in case (1).

In the case (2), we have both |z — z1| > 2m and |z — 23| > 2m. We can suppose that z; < 29
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and we divide the integral in three parts:

/R Ay gs(y — 21) 95y — 2) g7 (3 — y) =

= [/  dygs(y —21) gs(y — 22) gi_(x — y) + / dy g5(y — 21) gs(y — 22) g7—s(x — y)+
y>2 y< Tl

2

+/ dygs(y—zl)gs(y—zz)gf_s(m—y)]-
TElcy<t2

Let us first fix z such that z > z9. When y > 222 then also y > ZE2L (recall that 2o > 21)
and then we have

y— 29 > T which implies that gs(y — 22) < gs (x — z2>

x_
y— 21>

which implies that gs(y — 21) < gs (x — A )

Now, using Lemma we have

9s(y — z2) < gt(w_@) and  go(y —21) < gt(x;Z1)-
Then
I e I LI G K
< c(t_ls)clkgt(ac—zl)gt(a:—zg).

When y < 242 which implies that y < ££22, we use the fact that

T — 2 Tr—=z

> (0 which implies that g;—s(z —y) < gt_s( 5 >

).

—_

r—y>

T — 29 Tr—z

)

r—y>

> (0 which implies that g;—s(z —y) < gt_s(

[\

Then,

r— 21 Tr — 29
giﬂx—y)=gp4$—wﬁm—4m—y)Sgps< 5 )gbs< 5 )

<cgi(r —21) ge(r — 22),

using Lemma [A0] as above. We get

lgll
L/zﬂ dy gs(y — 21) 95 (y — 22) g (¢ —y) < ¢ = rgelx — z1) ge(w — 22) | dygs(y — z1)
y<T5 L Sa R
g
=c I Hoogt(x —21) gi(x — 22)
Sa

The last part of the integral is for % <y< ﬁf In this case, we get:

e _222 >0 and then g_s(x—1y) <cg(x— 2)

Tr — z1

T—y >

y— 21 > >0 and then gs(y—21) <cgi(z— 21).
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Finally,
/+ .., Wos(y—21) g4(y — 2) g1 (z —y)
x 221 S SIE 222

< cgula — =) g — 2) /R 6y — 21) gra(z — )

<c Hg!m gi(x — 21) gt(x — 29).

@

By summing up the estimate in the case (1) and these three estimates in the case (2), relation
is proved for for every x > zo. However, it is easy to extend the result also in the case x <
z1 0r 21 < x < z2. Indeed, in the prove of (1) nothing changes, while in the prove of (2) we have
to use always Lemma[A.6)and find convenient relations between x —y, y— 21,y — 22, — 21, £ — 22,
which gives convenient relations between g, recalling that z +— ¢(z) is increasing when z < 0,
and descreasing when z > 0. O

1.3. PROOF OF EXISTENCE AND UNIQUENESS

In this section, we are going to prove the existence and uniqueness, stated in Theorem Let
us recap the statement.

THEOREM 1.6 (EXISTENCE AND UNIQUENESS). If 1o is a positive Borel measure on R

that satisfies (1.11]) and f : R — R is a globally Lipschitz function (that is satisfies ([1.9)) and
(1.10)), then the fractional stochastic heat equation (|1.1)) has an unique (up to modification)
mild solution such that, for all (¢,z) € (0,00) x R,

[ [ Eute.Pat o - sy < o (1.16)
For every p € [2, 00),
lu(t, z)|lp < oo, (1.17)
and, for every even integer p € [2, 00),

Cp(t)(1 + | o(t, )[?) if £(0) # 0

: (1.18)
Cp(t) [Ho(t, x)[? if f(0)=0

lu(t, 2)15 < {

where t — C)p(t) is an increasing function and depends only on p (and on « and f, which are
fixed). We can define C), as

Y
0(6517 K M,

M8

Cp(t) := (1.19)

B
Il

where ¢, is the constant that appears in Corollary and depends only on p, ¢ is a linear
combination of ||g||ec and c(«) (see (A.8])), and K depends on the function f (see (1.10)).
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REMARK 1.7. Note that, if (1.18) holds for some p > 2, then ((1.16) is automatically satisfied.
Indeed, by || - [l2 < |- [lp,

// (luls, 9)[2)gb_o(z — y dsdy<//c )1+ (s, 9)[2)g?o(x — ) dsdy
(O (1 + ot 2)]?) < oo,

by Corollary B-5
Moreover, for any (possibly non integer) p € [2,00), denoting by p_ := 2[£] and py := 2[§]
the even integers closer to p, we have

[ut, ), < llult,2)llp < lult, z)]|y

and then (|1.18)) implies also (|1.17)).

REMARK 1.8. It is important to distinguish the case f(0) = 0. Indeed, this holds in the special
linear case in which f(u) = u. Relation (1.18) will be used in Chapter [2 to prove the strict
positivity for the linear case.

We divide the proof in two parts: in the first one we prove the uniquess, and, in the secon
part, we prove the existence.

PROOF OF THEOREM [I.3] UNIQUENESS. Suppose u and v are mild solutions of (I.1]), which
satisfy ([1.16]). We have to prove that u and v are modifications of one another. For all (¢,z) €
(0,00) x R, define

d(t,z) :=u(t,x) — v(t, z)
/ / — f(v(s, y))i|gt—s(x —y)Wi(ds,dy) P-as.

thanks to the definition ([1.6) of a mild solution. We will show that P(d(¢t,z) = 0) = 1, by
proving that E(d(t,z)?) = 0. By the Ito isometry and the Lipschitz condition (T.9) on f,

E(ld(t, z)?) < L? / /R E(Ju(s,y) — v(s,9)|") g7 — y) dsdy

=2 [ ] B(dts)P)st o - ) dsd

Moreover, applying the triangle inequality, we have

/Ot/RE(\d(S,y)\Q)gfs(x—y)dsdy§2 /t/E(u(s,y)F)gfS(a:—y)dsdy+
// (Iv(s.)P) g7 — v) ds dy)

=:I(t,r) < o0,

thanks to (1.16)).

Let us define ¢, (¢, z) := E(|d(t,2)|?) for every n € N (even though, of course, it does not
depend on n): it is a sequence of non-negative measurable functions defined on (0,00) x R that
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satisfy (B.4) with A = 0 and B = L2. (The measurability of ¢, follows by Fubini’s theorem,
because v and v, and hence d, being progressively measurable, are jointly measurable functions
of (w,t,z).) We can apply Lemma and get

a—1 "
2 2n n (n=b(a=1) F<T)
E(|d(t,z)|) < L "t o« ——~—IL1(t,x)

F(n(a@—l))
for all n € N. Letting n — oo, we have E(|d(¢, z)|?) = 0, and then P(u(t,z) = v(t,z)) = 1, for
all (t,z) € (0,00) x R. O

The next proof of the existence part is based on Theorem 2.4 of [Chen, Dalang 15 A].

PROOF OF THEOREM [I.3] EXISTENCE. We proceed with the standard Picard iteration scheme,
showing that the solution can be written as the limit in LP(€2) of a Cauchy sequence, for every
p > 2 (which means p € [2,00)). For all (t,z) € (0,00) x R define

vt x) = Io(t, z) = /R gu(z - y) poldy), (1.20)

v (£, 2) = Io(t,2) + /0 /R F(on(5,9))g1—s(z — ) W (ds, dy), (1.21)

for all n € Ny.

We divide the proof in four steps: in the first one we prove that the sequence (vp)nen is
well defined; in the second one we find useful estimates on the p-norms; in the third step we
show that, for every (¢,z) € (0,00) X R, (v, (¢, z))nen is a Cauchy sequence in LP(€2) and so it
converges to some u(t,r) in LP(£2); finally we prove that the process (u(t,))t)c(0,00)xR 15 @
mild solution of satisfying .

Step 1. (v,) are “well-defined”, that is the stochastic integral which appears in is
well-defined and v, is progressively measurable, for all n € N.

Let us start with the case n = 0 : since Iy is a non-random continuous function over (0, co) xR
(see Proposition [A.2)), clearly the following hold:

e [j is adapted;
e Iy(t,z) < oo by (I.11) and I is L?(£2)-continuous.
Thanks to Proposition with ¢ = vg = I, these properties imply that the process

(/Ot/Rf(IU(Say))gts(l‘—y) W(ds,dy))

(t,z)€(0,00) xR’

which appears in the definition of vy, is well-defined, adapted, continuous in L? and we have

/0 /R E(f (To(s,9)12)g2 s (z — y) dsdy < Ca(8) (Lo 4o + ot 2)]?) < oo,

by Proposition where, in this case, we can calculate directly Cy (t) = 2K2c(a)ta7_l, thanks
to the growth condition (|1.10) on f and Corollary (notice that when £(0) = 0, |f(lo)|*> <
K?|Iy|%). Then, even the process

o= (totn) + [ [ 500t = ) Wids, )

(t,x)€(0,00) xR
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is well-defined, adapted, continuous in L? and, by the triangle inequality and the Ito isometry,
E(fvr(t, 2)|?) < C1()(Ly(0)20 + Ho(t, 2)[?)

where C : (0,00) — R is a non-decreasing map.
Let us proceed by induction: let n > 1 and suppose that

t
W = (Io(t, 1 (5, 9))ge—s (z — y) W(ds, d 1.22
w=(fota)+ [ [ foaGaase—nWasap) o a2
is a well-defined stochastic process and the following properties hold:
L (Un(t7x>)(t7x)€(0,oo)><R is adapted,;
2. (t,x) = v,(t,x) is L?(£2)-continuous;
3. for all (t,z) € (0,00) x R, E(|vn(t,2)|?) < Cp(t)(1 + |Io(t, z)|?) for some non-decreasing
function C), : (0,00) — R.
By Proposition [B.15] we have that the process
t
WIW) * g = (S, _s(z —y) W(ds,d 1.23
GeaW)sg= ([ [ resiaa—pWasan) oo )

is well-defined and

1. (f(vy)W) g is adapted;
2. (f(vn)W) * g is L?()-continuous;

3. for all (t,z) € (0,00) x R, E(|(f(va)W) % g?) < C’n(t)(lf(o)?go + |[Io(t, z)|?) for some
non-decreasing function C, : (0, 00) — R.

But, since Iy(t, z) is a continuous and deterministic function, (1) and (2) holds even for v,4; =

Iy + (f(vy)W) % g. Moreover,
E(|vn41(t,2)[?) < 2[Io(t, 2)[* + 2C0 () (Ly0)20 + ot 2)[*) < Crsa () (Lg0)20 + [Lo(t, 7)),

where C),41 is a non-decreasing function over (0,00). We have just proved that the properties
(1), (2) and (3) holds for any n € Np, which means that the sequence (v,) is well-defined.
Step 2. Once we know that the Picard iteration scheme is well defined, we would like to
have some estimates on the p-norms of (v,) (that is to have a control on the C/;s which will
be useful in order to prove the property satisfied by a mild solution. Fix an even integer
p > 2: for every (t,z) € (0,00) x R, by and the triangle inequality,
2

o)l < 2t 2] [ [ fContosmannste - ) W, an)[

Now, since p is even, we can apply Corollary on the second term, getting

t
lonr1(t, )l < 20Lo(t, 2)” + 25p/0 /Rllf(vn(s,y))Hf) gi-s(z —y) dsdy

t
< 2|Io(t,x)* + 5,,4K2/0 (Lr)20 + llva(s,9)17)97—s(z — y) ds dy
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by the growth condition on f. If we define @, (t,2) := |lonq1(t, )2, then (pn)nen is
a sequence of non-negative and measurable functions that satisfy (B.10) with A = 2 and
B = ¢,4K? when f(0) # 0 and (¢n)nen satisfies (B.7) with the same A and B. Then, by
Lemma (when f(0) # 0) and Lemma (when f(0) = 0), we can write

k1
= CCES F(%_l)
lons1(t,2) 5 < 2 To(t, @) +(Lyo)0+ 2 0(t 2)[*) D (cEpdK?) m (1.24)
k=1 .

Step 3. Fix an arbitrary even p > 2; we are going to prove that, for every (¢,z) € (0,00) xR,
{vn(t, ) bnen, is a Cauchy sequence in LP(2).
For all (¢,z) € (0,00) x R define

dpt1(t, ) = vpy1(t, ) — v, (L, x)

/ / (Un(5,)) — F(n1(5,9))]g1—s(x — y) W(ds, dy),
for n € N, and
t
d(ta) = va(t,a) ~ Tota) = [ [ FIo(ss)gr-s(o ) W (ds,dp).
0 R
We notice that, for all (¢,z) € (0,00) x R and for all n € N, we have
2 ! 2 2
o (1) |12 < &, /0 [ 18 0n(50) = £0ns (59D P =) sy
2 ! 2 2
<&l /0 | Nanls. gt (e = sy,

having used Corollary and the Lipschitz condition (1.9) on f. Similarly, for n = 0, using
the growth condition (|1.10)),

t
ldy (8, 2)]2 < & /0 /R 1 (To(s, 9))|1267o(x — ) ds dy

o [ 2 2 (1.25)
< 2K (1f(0)7£0 + [Lo(s,y)|)gi—s(z — y) dsdy
<6 2K Cat @ (].f 0)£0 T ’Io(t a;)| ),
by Corollary
Denoting by @, (t,2) = |dn(t, 2)[2, then (¢n)nen is a sequence of non-negative and measur-

able functions defined on (0, 00) x R that satisfy the condition (B.4) of Lemma with A =0

and B = 6pL2. Then
( a ) REE S
Py Li(t,x)

()

ldn+1(t, )l < (c&L%)"
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where, by (B3) and (T:25),

t
L(t2) = /0 /R (s, 9) (1202, (= — ) ds dy

_ a1 [1
< co ) 2K /0 /R (1020 + Mo(5,9)[2)g2_o(x — ) ds dy

(@-1) )
o (Lpyzo + Ho(t, z)]7),

(in the same way we have done in ([1.25))) and this is finite for every fixed (¢, z). Then,

< cCaCp

« (n+1)(a—1)
D (1 (e, ).

ldnr (t, 2[5 < " (&) L*" K2

In particular, we have

> onta(t,x) = vat, @) lp = llda(t 2)lp + Y ldnta(t, )]
n=0 n=1

= a—1 a—1
< V2Kt 1+ (L) + 5 /(1 + [To(t 2)[2) (1.26)

n
T a—1)2
(n—1)(a—1)

- ( o
xS e (E) T LKt <o
n=1 r(me=b)
(03
Hence, for every (¢,x) € (0,00) x R, and for every even p > 2, {v,(t, ) }nen, is a Cauchy
sequence in LP(2) and so it converges to some random variable in LP(2). We define the process
(u(t,x))(t )€ (0.00) XE such that, for every (t,x) € (0,00) x R,

u(t,z) = lim v, (t,z) in LP(Q). (1.27)
n—oo
We stress that, for any fixed (¢, x), we have defined u(t,x) by choosing arbitrarily a random
variable in the LP equivalence class of the limit of vy, (¢, x), which is uniquely determined only
for a.e. w. As a consequence, for the moment we have no information on the path properties
of u(t,r) and, in particular, we have no guarantee that the process (u(t,))z)c(0,00)xR 18
progressively measurable. We are now going to show that this is the case, provided we choose
a suitable modification.
Fix (¢,z) € (0,00) x R, then, for every even p > 2, passing to the limit in (1.24)),

a1 k+1
k(a 1) F( «@ )

F((k-l-l)(a—l)) (128)

(67

o
lu(t, 2)[17 < 20To(t, 2) > + (Lpo)20 + 2Ho(t, 7)) D (cepdK?)F
k=1

< Cp(t) (L ()20 + [ o(t, 2)[?),

where C), is defined by (1.19). This proves that (L.18) holds, as well as (1.16) and (1.17)) (see

Remark .

Moreover, for every (t,z) € (0,00) x R, u(t,z) is Fi-measurable, since each vy, (¢, z) is; in
other words, the process (u(t,))(z)e(0,00)xr is adapted.
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Since the convergence holds for every even p > 2, we can say that it actually holds for every
p=>2.

Step 4. We shall verify that (u(t,))(t,2)e(0,00)xRr 18 @ mild solution of (1.1)). By Step 2, we
know that

e u is adapted;
e for all (t,z) € (0,00) x R, E(|Ju(t, z)|?) < Co(t)(1 + |Io(t, 2)|?).

If we prove that u is L?(€)-continuous, then Proposition will say that

t
() g i= ([ [ fals.m)gsta ~ ) W(ds,dy))
0 JR (t,x)€(0,00) xR
is a well defined stochastic process (this is the minimal requirement on u to be a mild solution).
To prove that u is L?(Q)-continuous, we show that v, (t,z) — u(t,z) in L2(Q) uniformly
with respect to (¢,z), on any compact set of (0,00) x R. Let M > 0 and define Ky = [+, M] x
[—M, M]; then we have

o

sup  [[vng1(t, @) — on(t,2)|2

n=0 (t,ZE)GK]\/j

B

< 55 (1 Io(t, 2QNNK N2 F( 1> M
N P e

(07
S

(see (|1.26))). Since Iy is continuous over Ky, and Ky is a compact set, Sy; < oo for any M > 0.
This implies that v,, — u uniformly over K, : indeed, for any (¢,x) € Ky,

oo

lu(t, 2) = va(t,2)ll2 < lim [lug(t, 2) = va(t, 2)]l2 < Yo s oii(s,y) — vils,y)lle,
1= n( 7y)€K1\I

which is the tail of a convergence series and proves that

sup |u(t,z) — vy (t, z)|]2 —— 0.
(t,LIJ)EKM n—00

Then u is L?(Q)-continuous over Kj; for any M > 0, which leads to say that u is L?(€2)-
continuous over (0,00) x R.

It remains to prove that u satisfies for all (¢,x) € (0,00) x R. Passing to the limit as
n — oo in (1.21)), for every (¢,z) € (0,00) x R, we get

u(t, ) = /R gu(@ — ) po(dy) + /0 /R F(u(s,))gi—a(x — ) W(ds, dy)

in L2(€2). Indeed, for every (t,x) € (0,00) x R,

n—oo

/Ot/Rf(vn(s,y))gts(w— y) W(ds, dy) —>/ [ Futs, sl =) Wids.dy)
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in L?(Q), since, by the Ito isometry and the Lipschitz condition on f, we can write
t 2
Bl [ [ (Gt = fonts.p)a—sto =) Wias.ay)[ ]
¢
= [ [ BUftus.0) ~ Fenls,)P)gt (o~ ) dsdy
o JR

t
< LQ/O /}RE(W(&?/) — vn(5,9)|2)g2 . (z — y) ds dy —— 0

by dominated convergence. In fact, for all (s,y) € (0,00) x R,

HU(S,y) —vn(s,y)Hg >0
n—oo
by (T27). and

E([u(s,y) = va(s,9)1")g7-s (@ = y) < 2 |E(Ju(s,9)[*) + E(lvn(s,9)[*) | g7 (z — )
< ACy(s) (1 + [o(s,y)[*) g7 (z — y),

(see and (1.28)) and (s, y) — 4C2(s)(1 + |lo(s,y)|?)g7_s(x — y) is in L1([0,] x R), since

we have
t
/ / 4C(5) (1 + |To(5,)2)g2_o(x — ) dsdy < o
0 R

by Corollary

1.3.1. CONTINUITY WITH RESPECT TO THE INITIAL DATUM. In Sectionwe proved
the existence of a solution to the differential stochastic problem (FSHE-q]). Clearly this solution
depends on the initial datum pg. We now prove that this dependence is continuos in the sense

of the weak convergence of measures.

We start by proving this Lemma, that gives an estimate for the difference in the L?-norm

of solutions with different initial data.

LEMMA 1.9 (DISTANCE BETWEEN SOLUTIONS). Let x(!) and ;(?) be Borel measures that
satisfy condition (T.11). Let u(!) be the solution to (FSHE-a]) with x(!) as initial condition

and let u(® be the solution to (FSHE-o]) with ,u(Q) as initial condition. Then

E[lu)(t,2) — u?(t,2)2] < C(t,a) (I (t,2) — 1§ (¢,2))%, (1.29)

where
1t ) = / gilw—y) u(dy)  fori=1,2,
R

and C' > 0 is a real constant which depends only on time ¢ and « and can be chosen as

(o=t k+1
Ct,a) =1+ Z T (a)
’ F((kJrl) afl))
keN «a
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ProOOF. Since vV and u(? are solutions to (FSHE-a)) with initial data given by p) and p(?)
respectively, then, thanks to the integral formulation (1.6)), for every (¢,z) € (0,00) x R for
1 = 1,2, we can write

u(t, ) = /R ai(z — ) 1®(dy) + / /R D (s,9)) ge—s(z — y) Wi(ds, dy).

Then, for every (¢,z) € (0,00) x R,

uV(t, z) —u?(t, z) = {/

ge(x —y) ) (dy)|
R

gr(z — y) D (dy) - /R

t
[ [ - 1 s00) gi-sle ) Wds ).
0o JR
For the second term, we can write
t 2
(1) I IANe)) _
5| [ [ (6 0) = 10 5.) 1ol = ) Wlas. )]
t
— [ [ E[lra .0) - 1 5.0 ] 67l ) dsely
0 JR
t
<o [E[lu0) ~u )] g7 e ) asdy,
Hence, we can write
E[‘u(l)(t, x) — ne (¢, :c)ﬂ
2 t
< (I[(,l)(t, x) — I(()Q) (t,x)) + L/o /RE[‘U(I)(s,y) — u(2)(s,y)ﬂ gfﬁs(x —y)dsdy.
We can apply Lemma : in this case A =1, B =L, ,(t,z) = E[Ju) (¢, 2) — v (¢, z)|?] for

every (t,z) and for every n (of couse it does not depend on n) and we can use as Iy(¢, ) the
map

(t2) /R gu(@ — 1) — v)(dy)

indeed, by triange inequality, it satisfies Proposition [I.5] Then,

keN r

F(L—l>k+1
E[ju)(t,2) —u®(t,2)"] < (1 (t.2) ~ 1(t.2))’ (1 +3 AL <a)>

that is (1.29)). O

We recall that, given a sequence of measures (fn,)nen, we say that they converge weakly to
the measure p, and we write

weakl
Hn —>n~>ooy M
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if, for all bounded and continuos functions h : R — R, we have

/ B(y) () —nsoo / h(y) p(dy).
R

R

We have the following.

PROPOSITION 1.10. Let (pyn)nen and p be Borel measures that satisfy (1.11f). For every
n €N, let (un(t,2))(t2)e[0,00)xr be the solution to (FSHE-f) with initial datum given by pu,,
and let (u(t, 7)) (¢,2)e[0,00)xr be the solution to (FSHE-o with p as initial datum.
If pup __yweakly i, then
lim E[|ju(t, ) — u,(t,z)[*] =0 for every (t,z) € (0,00) x R. (1.30)

n—oo

PRrROOF. Thanks to Lemma for every n € N and for every (¢,z) € (0,00) x R,

2

Elju(t,) - wn(t,2) < Ct.o) [ [

git(r —y) p(dy) — / gi(x — y) pn(dy)
R R

But we know that u, converge weakly to u, and then

im [ [ e =) utan) ~ [ e =) malan)] o

n—oo

since, for every fixed ¢t > 0, the map y — g¢¢(z — y) is bounded and continuous. This implies
(I1.30]). O

We would like to point out the the convergence in (|1.30) is actually uniform for (¢,x) €
[e,00) x R.

1.4. PROOF OF THE REGULARITY

Once we know a solution exists, we would like to know its regularity: in this section we will
prove that, away from ¢ = 0, the solution of has a continuous modification. In the sequel,
we will implicitly fix such a modification. Thanks to this fact, we can exchange “a.s.” and “for
all (¢,x)” in the definition of mild solution. Namely, a mild solution of is a continuous
adapted stochastic process, (u(t,))tx)e(0,00)xR, Such that, P-a.s.,

t
uta) = [ e =)o)+ [ [tz =) Wids.dy)
for all (¢,x) € (0,00) x R. We have the following:

THEOREM 1.11 (REGULARITY). Suppose that f is a globally Lipschitz function and gy is
a Borel measure such that g; x po(z) < oo for all (¢,2) € (0,00) x R. Then, the solution of

(L.1) has a locally ((0‘2—;1)*, (O‘T_l)*)—H('jlder continuous modification in (0,00) x R.

The first step is the following result, which says that the solution w(¢,z) at time t of the
SHE on the interval [0, ¢], with initial value pg at time 0, coincides with the solution at time ¢
of the SHE on the interval [e, t], with initial value u(e,-) at time e.
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ProprosiTION 1.12. Forall0 <e <t < oo and z € R,
t
) = /R ge( — yYule,y) dy + / /R Fuls, )gis(e — ) W(ds,dy)  (1.31)
E
P-a.s..

PROOF. Fix € > 0 and (¢,z) € (g,00) x R. We know that

u(e,y) = /Rga(y — 2) po(dz) + /0€ /]R f(u(s, 2))ge—s(y — z) W(ds, dz),

by Definition [I.I} So we can write

/Rgt_a(w —y)u(e,y)dy =E /Rgt_a(w —y) [/Rgs(y —z) uo(dZ)} dy+ )
Lot [ [ ot Doty — 9 Wids )] ay

Consider the first term: thanks to Fubini it can be rewritten as
L[ oete = v1geto = 21y motdz) = [ ute — 2 ola=).
R LJR R

by the semigroup property of the fractional heat kernel. Now, consider the second term in
(1.32): we claim that also in this case we can switch the order of integration:

/ ot [ s 2gensto = 2 wids. )] ay
D[ [ D] [ asto = n)gsly = 2) ] Wias,az
:/ /f(u(s,z))gts(:n—z) W (ds, dz).
0 R
This implies that
/R gr-e(z — y)ule,y) dy + / t /R F(uls,9))g1—s( — ) W (ds, dy)
- /Rgt(x — 2) po(dz) + /0E /R f(u(s, 2))gi—s(x — 2) W(ds, dz)
- t [ s, sar-ote =) Wi )
- /Rgt(x — 2) po(dz) + /ot /R f(u(s,y))gi—s(x —y) W(ds, dy)

= u(t,x)

in L2(€2), and then (1.31]) will be proved.
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It remains to justify (x) : we can switch the integrals thanks to the stochastic Fubini’s theo-
rem. We have to show that the hypothesis holds: it is clear that (f(u(s, 2))ge—s(y — 2)gt—c(z —
y)) (5,2,)€[0,6) xR is progressively measurable; we must prove that

L1 [P - 9asaz) oe - pay <o 9
We can write
/06 dS/RdZ!J?—s(y — 2)E(|f (u(s, 2))%)
< 2K? /06 dS/Rdzgg_s(y —2) (1 + E(|u(s, Z)|2)>

-~ £
> et +2K2/ ds/dzggs(y—Z) 02(8)(14‘2”0(572”2)
a—1 0 R

< Dy(g) + Do(e)|Io(e, y) %,

by Proposition where Dj(g) and Ds(e) are positive constant which depend only on ¢ (and
K), and Cy is defined by (T.19). Then, since va + b < y/a + v/b for any a,b > 0,

L1 =05 - 20 oo -y
R 0 R
< VD@ + VDA [ ol pa-ele = 9)dy.

Hence, to prove ([1.33)), we just have to show that

< 2K?

/ In(e,y) gt—c(z — y)dy < 0. (1.34)
R
This holds since

/Rlo(s, Y) gr—e(z —y)dy = /R [/Rgs(y — 2) po(d2) | gr—e(x — y)dy

= [ [ [ o:tv=2)ar-ota = ) ay] ol
= [ ol =2 o(az) = ht.),

thanks to (classic) Fubini and the semigroup property of the fractional heat kernel. It is finite
for every fixed (t,z) by (1.11]), and then we have finished. O

Proor oF THEOREM [L.T]] Fix e > 0; by Proposition[1.12] for all (¢, z) € (g,00) x R, the mild
solution of (|I.1) can be written as

u(t,x) = Ac(t,x) + Be(t,z), in P-a.s.,

where

Ac(t,x) = /Rgt_s(x —y)u(e,y) dy

B.(t,z) = / / F(ul(s,9))g1—s(z — ) W(ds, dy).
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First let us prove that A. is in C°°((e,00) x R). We note that A. is a path-by-path integral,
and, for every w € Q, A.(t,x)(w) is a deterministic space convolution between the fractional
heat kernel and the map y — u(e,y)(w). We can write

Ac(t,2)(w) = Io(ud ()it — e, 2) — To(pe (W)t — €, ), (1.35)

where Io(v;r,2) = [ gr(2—y) v(dy), according to definition of Iy (here we show the dependence
on the measure for convenience), and we define

1 (W) (dy) = [ule,y) ()] dy.

We claim that pf (w), pZ (w) are positive Borel measures on R which satisfy for almost
every w. In fact, for every (¢,z) € (0,00) xR, In(uE(w);t,x) < oo, since |lu(e,y)||2 < Ca(e) (1+
|Io(g,y)?). Hence, since Iy € C*((0,00) x R), and recalling (L.35)), one has that, for almost
every w, A-(t,z)(w) is in C*((g,00) x R). In particular, it is locally Hélder of any exponent in
(0,1).
Now we have to Show the continuity of the stochastic process given by the stochastic integral,
f Iz f( ))gt—s(x —y)W(ds, dy) for (t,z) € (¢,00) x [=M, M]. The strategy of
the proof is to use the (generahzed) Kolmogorov continuity theorem (see Theorem : let
us fix T'> 0, M > 0 and show that, for all even p > 2,

E(|B:(t,x) — B-(t,2')]P) < A(!t —PE o+ o - x’\p“T*l), (1.36)

for all (¢t,z),(t',2") € (,T] x [-M, M], where A = A(p,e,T,M) € Ry is a constant which
depends only on p,e, T and M.

Suppose that we proved : we can apply Theorem with a1 = % and ay =
@, where we can choose p arbitrarily large. This implies that (B:(t,))t2)e(e,7]x[-M,M]
has a ((%21)7, (25%)™)-Hélder continuous modification in (g,7] x [—~M, M], and the theorem
will be proved.

First of all, we can write

2

1Be(t, 2) — Bu(t', )2 = H [ [ £06s) (1-s( =) = 0l )W (. )

p

with the convention that g,(z) = 0 if » < 0. By applying Corollary for every p even, we
get for 0 < t' <t

IBultsz) = Beld )2 <8 [ s [ ayftulo i) (sl = )~ go-ala’ = )
< K%, / ds [ dy (14 uls)13) (sl = ) - goala’ = )
< K26,(1+ Cy(T / ds/dy (& = y) = gu—s(2' — y))*+

K26, Cy(T) / s /R ay I3(5,5) (G1—s(& — 4) — gu_so(a’ — 1))’

— [+ 11,
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having used condition (1.10) of f and (1.13) to bound [[u//2. In order to bound I and II, we
will use the following theorems, whose proofs use the fundamental result in Proposition [I.5]and

are deferred in Section in Appendix [B| (see Theorems and [B.22]).

THEOREM 1.13. For all z,2’ € R and ¢,# with 0 < ¢’ < ¢, we have

t —_
| [t a-pasay<mije-e= (1.37)
t JR
t
| [ s =0) = gimale’ — 1)) dsdy < Kalo =o', (1.38)
0 JR
t/
a—1
| [ se =) = oo =) sy < Kafe - )5 (1.39)
0 R

THEOREM 1.14. For all z,2’ € R, with 2’ < z, and ¢,t with 0 <t < t, we have
it = a—1
| [ 8o (e-ndsdy < Rt - ¢ (1.40)
v JR

t
/ / 1(5,9) (gr—s(z — y) — gr—s(a’ — )" ds dy
0 R

< i (1 + \}z 1&:2) (wrggxﬂ 12(t, w)) lz — 2']o, (1.41)
/ﬂ/I(%(s,y) (90-o(z — 1) — gr_o(z — 1)) dsdy
0 R

< &y (1+ \}i )(Cren[gx}fo(c z)) [t~ ¢ (1.42)

Thanks to Theorem I can be bounded by:
K?%&,(14 Cy(T)) (K1 + Ka + K3) [|t T |- :r’]o‘_l] :
and, in the meanwhile, thanks to Theorem [I.14] IT can be bounded by:

) o 1
K26, C,(T) (K1 + Kz + K3) (1 + %) (CE[E .

Since 12 is a continuous function, in the compact [e, T] x [~ M, M] its maximum is a real positive
constant which depends only on €, T, M. Hence we have just proved (1.36) and we are done.

We point out that from Theorems [[.13]and [I.14] that is from Proposmon [I.5 which is widely
used to prove them, we are able to write the Holder constant of the solution. ]

Ig(c,w)> [|t - L"|QT_1 + |z — :L"|O‘_1]



CHAPTER 2

NORMALIZED SOLUTION AND STRICT
POSITIVITY

INTRODUCTION

In this chapter we prove the strict positivity of the solution to the linear fractional stochastic
heat equation with measure-valued initial data, that is formally written as

ou a .
a(t,x) = A2 u(t,z) + fu(t,x) W(t,x) fort>0,z€eR, 2.1)

U(O, ) = [0,

(hence, with f(u) = Bu for some § € R; cfr. in Chapter [I)).

For the case o = 2, that is the “classical” stochastic heat equation, there are many refer-
ences in literature, starting by the well-known theorem proved by Mueller ([Mueller 91]) of a
strong comparison principle, and then, due to the links between the SHE and the KPZ models
(see |Quastel 11] for a review), the strict positivity of the solution was studied and proved in
[Moreno 14] and [Gubinelli, Perkowski 17] with alternative techniques based on concentration
of measure arguments and paracontrolled pathwise arguments, respectively. The problem of
strict positivity, for a different choice of noise, was also studied in [Tessitore, Zabczyk 98] and
[Wang 1§].

In [Chen, Kim 14], the authors proved the strict positivity of the solution to the nonlinear
fractional stochastic heat equation through a comparison principle, extending Mueller’s com-
parison principle on the stochastic heat equation ([Mueller 91]) to allow more general initial
data.

We are going to prove the strict positivity with an alternative proof, by showing the continu-
ity of the normalized solution 0, defined as the ratio of the solution u of the stochastic fractional
heat equation with the same initial datum, which is Io(t,z) = [ g:(x — y) po(dy) (see
(1.7)). This result is interesting in itself and becomes the real aim of this chapter. Indeed, this
yields information on the behavior of the solution to when time goes to zero. We point out
that in the recent preprint [Han, Kim 19|, in a multi-dimensional setting, the authors obtained
Holder regularity and boundary behavior using a suitable notion of normalized solution, defined
there as the ratio of the solution u and its distance from the boundary.

Our results also permit to prove the continuity of the four-parameter fundamental solution
(see Section , that is a continuity also with respect to the initial time. This feature is es-
sential to define a long-range version of the continuum directed polymer in random environments
([Alberts, Khanin, Quastel 14a], [Alberts, Khanin, Quastel 14b], [Caravenna, Sun, Zygouras 16|,
[Caravenna, Sun, Zygouras 17]).

DESCRIPTION OF THE CHAPTER.
e In Section we define the normalized solution and we present our main results.

25
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e In Sections [2.2] and we prove the Holder continuity of the normalized solution in
the case a € (1,2) and a = 2, respectively. For the case « = 2, we just prove the
continuity of the fundamental normalized solution, which actually is enough to prove the
strict positivity for the linear case.

e In Section [2.4] we define the Stochastic Fundamental Solution, which is the solution to the
fractional stochastic heat equation with the delta measure as initial datum. We present a
“four parameter” fundamental solution and we analyze its specific properties. In Section
[2.4.3] we prove the continuity of the normalized fundamental solution.

e In the last Section [2.5 we prove the strict positivity of the fundamental solution, which
implies the strict positivity of the solution of the fractional stochastic heat equation in
the linear case.

e In Section [2.6] we deferred some technical proofs.

2.1. NORMALIZED SOLUTION AND MAIN RESULTS
Let (u(t,2))(t,)e(0,00)xr be the solution of

ou a .

Pt x) = AT ut,z) + f(ult,z)) W(t,z) fort>0,zcR,

% 1) = A3 ult, @) + F(u(t, ) Wit 2) fort>0, @ I
U(O,‘):MO,

We know that u is well defined, unique and Holder continuos and we can write

t
u(t, ) = /R gu(@ — ) po(dy) + /0 /R £ (u(5,9))ge—s(z — y) W(ds, dy)

= po* g(t, ) + (f(o) W) x g(t, ),

(2.2)

where we have used the notation (B.16]) for the stochastic integral, while the first term denotes
the classic convolution and is another way to write the solution Ip(t,z) of the deterministic
problem

3u a

—(t,z) = A2 u(t,z) fort >0,z €R,

% (1,2) = AT u(t,2) )
U(O, ) = Ho,

Roughly speaking, for times close to 0, we expect that u(t,z) behaves like Iy(¢,x), and then

u(t,x)/Io(t, z) should be close to 1. This is a motivation to introduce the following definition.

DEFINITION 2.1. Let us define the Normalized Solution of (FSHE-a)) as the process (i(t, 7)) (¢,2)e(0,00) xR
such that

u(t, x) _
ft>0;
fb(t,l‘) = I()(t, J}) 1 (24)
1 ift=0.

We know will prove the following theorem.
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THEOREM 2.2. Let u be the solution of where f is a globally Lipschitz function such
that f(0) = 0 and let pg satisfy , that is pg is a Borel measure such that Iy(t, x) is well
defined for every (t,x) € (0,00) x R. Then the process (i(t, *))te)ec[0,00)xR, defined in
has a locally (v, d)-Holder continuous modification, where

1. if @ € (1,2), we can choose any v < QT_O} and any § < O‘T_l;

2. if & = 2, we can choose any v < % and any § < %

REMARK 2.3. In the case « € (1,2), we can write that both u and 4 have a locally <<a2_al) _, (O‘T_l> _> -

Hoélder continuous modification. The case o = 2 is worse, since the coefficient of Hélder conti-
nuity in time of the normalized solution 4 is lower that the one of the solution w. This is not
an artifact of the proof: it can be shown that the exponent (%)_ in time is optimal for o = 2.

The idea to prove Theorem is to use (a generalized version of) the Kolmogorov continuity
theorem (see Theorem [B.17)). The key step is the proof of the following result:

THEOREM 2.4. Fix T, M > 0. For all p large enough, for all 0 < ¢ <t < T and z,2' €
[_M’ M]v

Clit—t1° +o—2|*] if a € (1,2)

2.5
C’Ut—t’\%—i—]x—x/]] ifa=2 (2:5)

la(t, =) — a(t’, 2"l < {

where C' is a positive constant which depends only on p,T', M.

In order to prove Theorem [2.4] which leads directly to Theorem [2.2]thanks to the Kolmogorov
continuity theorem (see Theorem , we need to prove the following Theorem, whose proof
is deferred to Section and Section since we divide the cases a € (1,2) and o = 2. For
a = 2 we prove the following theorem only in the case Iy(s,y) = gs(y), which correspond to the
case o = 0o, that is the Dirac delta measure is the initial datum of the problem (FSHE-q).

THEOREM 2.5. For all 0 < ¢ <t < oo and z,2’ € R, we have
/ds/dy[o S5, Y) gt ‘;( — )<C’1 |15—15’|an1
t I5(t, )
¢! 2 /L_l 9
sz — _s(x — t—t'"a if a € (1,2)
s [ dy2(s.y) (¥ s(@—y) gvs(= y)> <o, dl 2,
/0 /R v 1o y)< Io(t, z) I(t', ) =2 It — |3 if =2

t / 2
ds d 1'2 s, (gt—s(x - y) - gt—S(w - y)) < C T — 37/ Oc—l.
[as [ausen (2502 - 22t ) <Cale=a!

PROOF OF THEOREM [2.4] If t = ¢ = 0, then 4(t,z) = @(¥, ') and we have nothing to prove.
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If ' =0 < t, then we can write

> 1
a(t,z) — 1= Tott.2) (u(t,x) — Io(t, x))
1 t
" Lt /0 /Rf(u(s,y)) gi—s(x —y) W(ds, dy).
Then,
2
|a(t, ) — 1”2 :m u(s,y)) gi—s(z — y) W(ds, dy)

gt s( — y)
<C [ d dy 13(
/ ° / y1o( IQ(t x)
as we have done to get (2.6). Thanks to the first relation of Theorem we have
la(t,z) — 12 < Ct°s

and we have done.
So, from now on, we consider the case in which ¢,# > 0. We first get a general estimate: if
0<t <t<T,xz,2 €R and p be is an integer, then, thanks to Theorem , we know that

la(t, ) — a(t', 2|2 = H /0 t /R F(u(s,y)) (gtIZEZ x)y) _ gt;f((,ff)y)YW(ds,dy) 2
<or?oye, [ [ Il (S0 - 20y g,

having used also Corollary [B:20]
Now, since we suppose that f(0) = 0, then we know that || f(u(s, y))||p <2K2Cp(s) [o(s,y)?
and we can write

la(t, z) —a(t', z")

Ip < 2K*C(T) & /Ot ds /Rdyfg(s,y) (gt_s(x —Y) _ grs(*' — y)>2.

Iy(t,x) Iy(t', x")
(2.6)
We can write
la(t, z) — a(t', 2")llp = a(t, =) —a(t,2') + a(t,2") — a(t’, "),
< llatt, =) —a(t’, a')|p + [lat, 2") — a(t’, "),
so it is enough to prove by considering the case t # ¢ and x = 2’ and the case t =t/ and
x # 2.

CASE z = 2/. We have

la(t, z) — fé(t,,x)H;Q) <C /Ot/Rds /Rdy Ig(s,y) (gt;—zgz ;)w - gt,j'os(gti ;)y)>2

t t 2
_ 5 gi—s(@ —y)  gr—s(@ —y)\? / 5 gi—s(x —y)
CAdféwﬂf“”W s ae ) TC ), 4 [l

thanks to (2.6) and the fact that we consider g,(z) := 0 when r < 0. By using the second
relation of Theorem [2.5] we get

Clt—t| if o € (1,2)

a(t,z) —a(t', x)|)? <
Jit, ) — i mp_{cﬁ_ﬂé N



2.2. PROOF OF THE HOLDER CONTINUITY FOR « € (1,2) 29

CASE t =t'. Thanks to (2.6), we have

lat,2') — at, 2')], < /O ds /]R dy I3 (s, y) (gt}zgz;)y) - gt;;ﬁ‘;f;)y)f

< C|.%' _ .iL‘/’a_l,

having used the third relation of Theorem [2.5] O

2.2. PROOF OF THE HOLDER CONTINUITY FOR « € (1,2)

This is the fundamental theorem which permits to prove Theorem when a € (1,2).

THEOREM 2.6. For all 0 <t <t < oo and z,2" € R, we have

t 2
gtfs(x_y> pe=L
ds/d B(s,y) 2= Y <oy |t - ¢ 2.7
[, s [avizn foai ) < cue-v (2.7
/st/dyﬂ@go 95z =y) _ gr—s(@=y) 2<cwt—ﬂ%%- (2.8)
Y S N YO Lt,e) ) = ’ |
/tds/dyﬁ(s y) (gts(w—y) B gts(ffl—y)>2 < C3lz —a'|*7 L (2.9)
0 R O Io(t, z) Io(t, 2') -

We first prove a simple lemma that will be used in the proof of Theorem 2.2

LEMMA 2.7. Forall 0 < s <t < oo and z,y € R, we have

e e e (2:10)
igtfs(w - y) 2 gtfs(w - y)
dw Iy(t,w) ’ T (t— s)é Io(t,w) (2.11)

PRrROOF. First of all, since we can change the order of integral and derivative, relations (A.12))
and (A.13) show that the following hold:

d 11

—1 < — — [ 2.12
o) < 1 nte) (2.12)
A w)‘<i1(t w) (2.13)
dwO ) _té o\, .

Then we can write

d ge—s(z —y) 1 d d
EP = —Gge—s(x —y) Io(c,x) — ge—s(x — y) —Io(c,
de Ip(c,x) Ig(c, x) dcg (@ =y) Tole, 2) = ge—s(v — ) de o, 7)
1 1 1 11
S Bloo) |a oo dem @9 Dolem) T ges(z —y) Tolole )
< 2 1 ge—s(z —y)
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having used (A.12)) and (2.12). To prove (2.11)), we proceed similarly and we write

d g—s(w—1y) d d
) Io(t Cw—y) Iyt
dw Iy(t,w) I2 t,w) dwgt (w =) Io(t, w) = gr—s(w —y) dw o(t; w)

o

1
I2 t, ’U) ' t—S igt s w y)IO(t w)+gt S(w y) I(tvw)‘

gi—s(w —y)
<(t—s)i Io(t, w)

Now we can pass to prove Theorem [2.6]

PROOF OF THEOREM [2.6] The proof of (2.7)) is straightforward: thanks to Proposition we

have
t 2 t 1
gtfs(x_y) Lo
ds/dyIQ(s,y)gc(a)/ ds ——
/t/ RO I3(t,x) v sa(t—s)a
a—1 oz71>

<) (=) Bema (S,

(67 [0

= Oy |t—t),

having used also Lemma [ATT]
Before proving ([2.8)) and (2.9)), we can write
t / 2
gi—s(z —y)  gr—s(z’—y)
ds/dy[2 S,y (
fp s Lo (U057 - 2
¢/ 2
gi—s(x —y) 9,5/_8(96 —y)
<2 [ ds [ dy I} 2 [ ds [ dyI3(
< [ [t Bt [Lan Lot et
1 ’ 1
ta ¢ ta
§20(a)/ ds —— + 2¢(« )/ ds(71<4c( )/ dsA1
0 Sa(t—s)E 0 sE(t’ —5)a 0 SE(t —5)a

a—1

-1 a-1 o
< Adc(a) BETA(Q , a ) (t') ,
« a

having used Proposition [I.5] and Lemma [A 11} In particular, we have

t 2
gt— s(ﬂf—y) gt'—s(l’—y) ne=t .. /
d dI — <Clt—-"*t|= ¢ <21t—t 2.14
/ 3/ Yy 0 S y < I (t $) I()(t/,$) —= ‘ ’ 1 = ’ ‘ ( )

gt—s(x —y) gt—s(ﬂfl — ) ? Na—1 /
d dy I3( — < -7 |* ft<2lz—2" (2.15
/ 8/ Yy O S y ( I()(t,x) I()(t,x,) _C|£U $’ 1 — ’.’13 $‘ ( )

Hence it is sufficient to prove (2.8)) in the case t' > 2|t — /| and we can prove (2.9)) in the case
t > 2|z — 2'|%; let us fix ¢, ¢, x, 2’ which satisfy these relations.
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Now we show ([2.8)); we split the integral:

% 2
gi-s(x—y) grsr—y
Qo :_/ ds/dy[o $,Y) ( tIOEt 2) ) tlo oz >
t—|t—t'| 2
gi—s(x — y) gtus T —
= ds /d I5(s < ) +
/o R y1o(y) Io(t, z)
(

t/
915—3(3j - y) gt/i T —y
+/ ds/dyIQ(s,y)( >
vepr) Jr Io(t, ) To(t',2)
= Qo—je—v| + Qe

ESTIMATE OF {;_|;_y| . For the second integral, we have

Qv et

t/ 2 #/ 2
9i—s(r —y) 9 gy_s(r —y)
§2/ ds/dyl(sy)—l—2/ ds/dy[ (s,9) ——
v —|t—t/| R 0 Ig(t,f’?) t—|t—t'| R 0 13(75’, )

v L t! "L

t‘l t @
< 2¢(a) / ds —— + 26(04)/ ds 1(7)

[t—¢/] t—lt—t'|  sa(

t— s)é t'—3s)

Q=

/\
|

S

-1

< Ae(a) BETA( ,
(0%

—1

Q
—_
N———
~
|
iy
_=
‘ Q

a

as we have done to prove ([2.7)).

ESTIMATE OF g ;|- To prove (2.8)), we now have just to prove that

a—1
<>O,t/f|t7t’\ <Clt- t/‘ >

We write

' —|t—t'| _ _ 2
gt—s(x Z/) gt’—s(x y)
| = ds [ dyI? —
<>O,t [t—t/| /0 S/]R Y O(Say) ( I()(t,.’l?) I()(t/,.’lf)
il ' dgesla =) )
= ds/d I2(s, < Hdc)
Lo foven (] a0
t—|t—t' t /4 (a:—y) 2
<(t—t / ds/d 12(s, / (90‘5 ) de,
—( ) 0 R Yy 0( y) y de I()(C,l’)

having used Jensen’s inequality. By using the estimate (2.10]) for the derivative, we get

A vttt 1 I§(s.y)g2_s(z — y)
Qoar—fp—v] < —5 (E =) / ds / ez / dy =
0 t R

c—s) (e, )

4 t'—|t—t'| t 1 L
< C(S) (t—1t) / ds / de 5 1 ¢ -,
o 0 v (c=8)? sa(c—s)a

thanks to Proposition [I.5]
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Since t' > 2(t — t'), we have t' — (t —t') > t//2 and then we can split the integral over s:

Qo —|t—t/|

t/ 1 / / 1
4 P t 1 = t'—(t—t") t 1 1
< C(;Y)(t—t/)[/2 ds/dc 5 I c l—i-/ ds/dc 5 1 ¢
a 0 v (c=5)? sa(c—s)a £ v (c—s
1 !

t

4 ta T 1 eI 1
c(za) (t—1t) [1/2 ds — de + : / ds/ dcl}
a /2% % Jo sa v (t'/2)% Ju v (c—s)2th

IA

2+ic(a)  ta o1 Ae(@) (25 +1) ot o
~ala—1) 7 (¢)2th (=) () s+ — g (t=1) e (t—t)"=;
indeed,
' —(t—t") ¢ ' —(t—t")
/ ds/ de . T :/ ds —— T |:(t—3)1_(t/—5)1a:|
5 v (e—s)taJg (=1-3)
a s=t/—(t—t")
= —(t—5) o+ tls_a:|
e IR R
o? t o2
< — ) _ "\ 3 < 27 & 1 A
<2 [e-DrEre-nrd s et ene-os

since t —t'/2 > 2(t — t'). Hence

ta [(t—1t)? a-
Qop—ft—v| < (const.) [( )1 + (t— t’)l_i} < (const.) (t — t’)Tl’

reminding that ¢’ >t —¢'.
Now we prove the last relation, ([2.9). First of all, we remind that we can consider only the case
t > 2]z — a'|%, since the other case can be proved simply (see (2.15))). We write

Qo= /Ot cls/R dylo(s,y)? <9tIZEZ ;)y) B gtlzg'x—/)y)>2
_ /Ot—p:_x

Gis(x—y)  gos(@ —y)\’
ds/Rdon(S,y)2< To(t7) — To(t.2) >+

+/t ds/ dylo(s,y)” (g”(x —Y) g’ = y))2
t*l{l?fx"a R ’ Io(t’ $) IO(t,CL'/)
= <>0,t—|x—x"a + Ot—\x—x’\a,t-

ESTIMATE OF <>t—|$—£17/|0‘7t' FOI" Qt_‘z_xllo:,t, we Wl"ite

/‘Ct

<>t—|27—y|o‘7t

t 2 t
gt—s(:C - y)

§2/ dS/ dyIQ(s,y)Jr?/

t—|o—a!|> R 0 Ig(t,.’I]) —

t ti
< 4c(a) / ds————
t—z—ylo  sa(t—s)a

—1la-1 o
< 4c(a) BETA<a = > (t -tz - y[”‘)) = (const.) |z — y|* 1.
a a

having used Proposition [I.5] and Lemma [A-TT]
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ESTIMATE OF $q;_|;—y/ja. We write

o o /t—lx—xwa ds/ ay 12(s.) (gt_s(w —y) g’ —y)>2
t—|z—a| 0 R 0% Io(t,(L') Ig(t,xl)

t—|z—x'|* ¢ q go(w—vy 2

twf* V(A ga(w—y)\
<m—xr/ (@d“@“ﬂ>/‘m(dwth@ug>v

having used Jensen’s inequality. Then, by using ([2.11]), which gives an estimate on the derivative
with respect to w, we can write

il I3(s,9)g7s(w — y)
e < 4 A d 0 t—s
<>O,t lz—z/ | = |a7 :E|/O t—s / y/ 12(t w)

t—|z—x'|* 12
:4‘I—$/|/ 2/ dw/ Sy29t s(w y)
0 t—s a I t w)

By using Proposition we write

' t—|z—x'|* té
e < de(a) |z — § —mmM——
<>O,t |z—a’ <4()| | d (
0

t— s)%sé'

Since we are in the case t > 2|z — 2/|*, then § < ¢t — |z — 2/|%, and we divide the integral by
convenience:

- t /o 1
2 ta t—le—a| ta
Owﬁwmaﬁmﬂwm—fpt/ @31+/ ds}
0 )aga t

ta 21 ta [l 1
< 4e(a) |z — 2| - / ds +— + — / ds 3]
t\= = t\ = t =
L(3)e Jo e () g (t—s)a
3 1

< 4e(a) |z — 2|

o
-1

< 23¢(a)
«

|ZL‘ . x/|a71’

and we have finished.

2.3. Proor oF THE HOLDER CONTINUITY FOR o = 2

In the case @ = 2, the proof of the Holder continuity is similar to the proof of the case o € (1, 2)
and can be done in the same way exept to

t—|t—t| (e L
Qo,t—[t—t/| :/0 ds /Rdyjo(s,y)2 <g IOELL’JU)?/) g ((t - ))

t—|z—a'|? _ ’
_ 2 (Gi=s(T—y)  gi-s(@’ —y)
<>0,t—|x—m’|2 _/0 ds /Rdy IO($7y) < Io(t,l’) T (t x/) >
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where we can assume that ¢ > 2|t — /| and t > 2|z — 2|, otherwise we can apply and
and get the expected results of Theorem [2.5

The problem is in these integrals, {¢;_|;—y| and $gy_|z—ep2, since here we use an approxi-
mation with derivatives, which have different behavior from the case o € (1,2), as can be seen
by comparing Lemma above and Lemma below. Indeed, in the case @ = 2, we have an
exponential function whose derivatives have polynomial factors.

We recall that here we report the proof only in the case in which the initial measure is the
Dirac delta measure, and then Iy(s,y) = gs(y).

In order to prove Theorem for a = 2, we need to show the following:

THEOREM 2.8. Let usfix 0 < ¢/ <t < oo and z,2’ € Rwitht' > 2[t—t| and t > 2|z —2/|.
Then we have

t'—|i—t| (e — (- 2
oot = /0 as [ ) (gt (& —y) _ gyl )y)) <Clt—t]} (216)

g¢(x) gy (x
t—|z—a'|? _ o 2
— 2 gi—s(x —y)  gi—s(z' —y) o
Qo,t—fo—a'|2 .—/0 ds /Rdygs(y)< () (@) ) <Clz—d|
(2.17)

We first need the following lemma (cfr. Lemma [2.7)).

LEMMA 2.9. Forall 0 < s <t < oo and z,y € R, we have

igc—s(x—y) . Je—s(x — 1) 1 (x—y)2 _:(,'72_#
de  ge(w)  ge(z) 2 [2(0 — P 20 de— S)} (2.18)
_gesl@—y)1[ly—22)* 2a(y—22) 2
= gc(.%') 4|: (0—8)2 C(C—S) C(C—s):| (219)
d gis(w—y) 1L gs(w—y) s
@ gt('w) N 2(75 — S) gt(w) ( - ;w) (2'20)

PRrROOF. The proof just follows from Lemma in Appendix [A]

Thanks to (A.14), we write

x— c—s(® — x —y)? x
% gc_;i@;) Y _¢ g((;(a:) . ;[c - s <(2(c _y2> 1) - %<27 - 1)]
_ Ge—s(x —y) 1 [ (v — 9)2 ?

ge(z)  2|2(c—s)2 22 clc— s)} ’

that is (2.18]). Moreover, by computation, one get

(z—y)? 2> (y-322)° 2a(y-— i)

(c—s)2 2 (c—s)? cle—s) ’

and then relation (2.19) follows.
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Thanks to (A.15]), we can write

dgsw—y) (w9 gsw-y wgs(w-y g-(w—y) —wt+ytt+wt— wS}
dw  gi(w) 2t —s)  gt(w) 2t gi(w) gt(w) 2t(t — s)

_ 1 gsw—y) s

2t —s) gr(w) (y )

that is (2.20)). O

Now we can prove Theorem 2.8

PROOF OF THEOREM 2.8 We divide the proof of the two estimates ) and (2.17).

ESTIMATE (2.16) FOR {¢; ;|- We can always write

ourr= [ st (2t o)

:/Htt/'ds/dygs( )(/td igc;c((x;y))Q
ot [ Lot [ (2550

having used Jensen inequality.
By using (2.19) for the derivative, we get

1 t—[t—t'| g2 (x—y) ((y—=2ix)? 2z(y— i) 2s
e S St =t ds [ dyg? /d Je 5~ S -
Qot—i—t| < 1 | | /0 s /R y95(y) ¢ 92() ( 2
(1) 2 (3)
< Qop—j—t) T Qop—pi—r T Cop—j—)

where

t—|t—t'| . _s,.0\4

G2()g2_(x—y) (y — Lx)

<>Ot’ [t—t/| —S‘t—t’/ dS/t/dC/dy . 828 (C—CS)4
t—|t—t/| . 20, 5,32
92 () gi_s(x —y) 42*(y — 2x)
Quir—i- t’l‘?"t‘t'/ /ﬂdc/dy T g =P

t'—|t—t'| _ 2
i)yt (x—y) 4s
<>0t/ |t t/ _3‘t_t|/ dS/t‘/dC/dy 2 02(0—8)2’

having used the fact that (a + b+ c)? < 3a® + 3b% + 3c?. Thanks to (A.7) and Lemma we
recall that

giW)ges(x—y) 1 e 95 (W)gezs (z — y)
92 (x) ~ VEr Vs(e—s) gg(x)

1 [ (v- )
= - S(C—S) QQic(c—s) Yy CZL‘ .
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Hence, with the change of variable

we can write

(1) _ 3
Qopr—j—v| = VT |t —1| /0

3 t'—|t—t
S = =t =1
0.8/ ~t—t| = Jgr o

' —|t—t'

| ¢ c 2t 52
d d d —
§ /t' ¢ s(c—s) /R 29(2) 4c2(c — s)?

We now proceed by estimating the three integrals.

1)

ESTIMATE FOR <>(() PP We write

t 2

' —|t—t|
() <3 _p—¢ / d /d c ° 4
Cop—jp—v| = 4\/87| | o * o N sle—s) Ec—s)? C4),

where
C4) = /Rdzg(z) 2t < oo, (2.21)

22
since we recall that g(z) = \/117 e~ 7 has an exponential decay. Then

<>(1) 3 CAlt—-+t tli'titl'd td 5
, 0 < t—t S c
0.t —[t=t'| 4+/87 ()] | /o /t’ 2 (

Nl

c—s)g
3 t/—|t—t/| 1
<—_C@ t—t’z/ ds ——— (2.22)
T 48w @ | 0 (t’—s)%
1 3 3 1 1
= ——C@|[t—tP|It—t]"2 - () 2| < ——C4) |t -1z,
roes CWle =P (¢)3] < g =Wl =7

since s < ¢ and (¢ —s) > (t' — s) for any s € (0,t' — |t — t']) and ¢ € (¢, t) and we recall that
> 2(t—t).

2
ESTIMATE FOR <>((J t)’f|t7t’|' We have

t—[t—t'| t
(2) _ 3 20 4 c 2s
Cor—fe—v) = V31 C@)a7t -t /0 ds /t, de \/ s(c—s) A3(c—s)

c(2) = /Rdzg(z) 2?2 < oo.

where
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We recall that, since (2.14) holds 1n general, then, if ¢/ < 2(t — ¢)3, then (2.16]) follows.

Hence, we can suppose t' > 2 (t —t')3 ) , and then ¢’ > 8(&',5))2 . We will ﬁnd an estimate for the

integral over [0,¢'] with a different split: we will prove that

¢ _lt= t'|2

(2) 22 ()2
Sg = t—t d < Clt—t 3
O e = gz @t [ as [lae [t <ot

(2.23)

and

¢ 2

gi—s(x —y)  gy—s(x—y) /i
¢, t_tzzlzz/ ds/dyggy ( — <Clt-1t1s, (2.24
T vl R ) g¢(x) gv () | 5 (224)

(t/)2 ’

which combined together leads to the proof of (2.16]) and then to Theorem for v = 2.
For the second integral, we can use the same argument used for the proof of the estimate
for $u_jy—y) ¢ in Theorem we can write

S e, = /t/ ds / dy g2 (y) <9ts(x—y) _gr—s(= —y)>2
t'_lt@/t)Z‘ ot polt=t]? R * gi() g ()

(2
|t —t| 1
< 4¢(2) BE A(2 2) — <dme(2) [t —1'f,

by using triangle inequality, Proposition [[.5] and Lemma [ATT] and recalling that we assume
> 2t —t']5.
Now it remains to prove (2.23)). We can write

t/_|t*tl\2 t
2) 3 9 / ()2 s
o® <= C©2)a \t—tl/ ds/dc,.
‘@32'2 Vo 0 v c3(c—s)2

Now, since s < ¢’ (and then 57 < (t’)%) and ¢ > t' (and then c3 (c— s)%
can write

D=

—

> ()3 (t — 5)2), we

—t’\2

|t
3 t—t]2 [t oe 1
o |t_t/‘2<—C(2)x2| ,2’/ « ds ———
- ) Jo (t' —s)2

since ¢’ > 2|t — ¢/ \%, and we have done also for this part.

ESTIMATE FOR <>((]3t),_| - We have

@) v —|t—t'|
. Y
<>07t’—|t vl /R |t 7§|/ ds/t,dc\/ s(c—s) 620—8

12 t—|t—t'| %
t—t / ds / de t— |
vV 87’[’ ’ ‘ t! c% (c — s)g \/ ‘

as we have done for 0812/,‘t,t/| (see (2.22)).
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ESTIMATE (2.17) FOR {q;_|,—p2- We can always write
2
<gt—s(m —y) g2 — y)>

t—|z—a'|?
g2 = ds [ dyI3(s,
o—a-a /0 [ hita)  Io(ta)
t—|z—a'|? x d U) ) 2
- ds | dy 12 d Gt—s\W—Y
/O S/Ryo(s,y)(/ e Totw)

B /t|mx/|2 dS/dyI2(s ) / dw( d gts(wy>
B 0 R o x! dw Io(t, w) 7

having used Jensen inequality.

Recalling that

(see ((A.7))), and by changing the order of integration, we have

t—|z—a'|? x d g, w y 2
oo [ s [ dw/dyg§<y>( sl 200
0 dw g (w)
1 , t—\x—x'|2 th (w y s \2
= — |z — d d 5 — -

having used relation (2.20)). Now, from (A.7)), we can write

having used also Lemma [A.9] We recall the fact that the following quantity

fivasicalo— ) - o)

represent the second moment of a Gaussian random variable with mean zero and standard
variation given by 5 (t — s).
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Then, we write

<>Ot |x—x|2

ot [ e e / sicn v 30) (5= o)’
sf'x“”/t - o F/ AwE[NO, 5t - )]

1 5 t—|z—x ‘2 1
= |z —2 d t—
1627 S /0 § (t —s)? s(t —3) t( 2
2
1 )9 /t—ac—:r S 1
= T —x dsy/- —=
16v2r | 0 t(t—s)2

1 5 t—|z—x ‘2 1
< |z — 2| / ds ——
16v/27 0 (t—s)

1
= —— |z — o' [\x—x'\_l —t_%]

N|w

8V 2w
<3 d
r -2,
827w
since t > 2|z — 2|2, O

2.4. THE STOCHASTIC FUNDAMENTAL SOLUTION

2.4.1. TWO-PARAMETER FUNDAMENTAL SOLUTION. Let us fix 8 € R and consider the
linear SHE with zero initial time and delta initial datum:

?;(t, z) = ASu(t, ) + Bu(t,x) W(t,z) fort>0,z€R (2.25)
U(O, ) = 50(')7

where §g is the Dirac delta in 0, which is the positive Borel measure on R such that
/ h(z) 6o(dz) = h(0), for all h € Cy(R),
R

where C3(R) denotes the set of the continuous and bounded functions. Clearly the measure
do satisfies the hypothesis of Theorem and Theorem Hence, all the results of
existence, uniqueness and regularity of a solution can be applied to this particular case.

We can give the following definition.

DEFINITION 2.10. The two-parameter fundamental solution of the linear SHE, also called
stochastic fundamental solution, is the unique (up to indistinguishability) continuous and adapted
process, denoted by (U(¢, 1’))(t,z)e(o o0) xRy which is a mild solution of (2.25)). It is locally Holder
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REMARK 2.11. By standard arguments any two mild solutions of (2.25)) with continuous tra-
jectories are indinstinguishable. Indeed, by the up-to-modification uniqueness, we have

P(u(t,z) =v(t,z)) =1 forallt>0,z¢€R.
Since the countable intersection of amost sure events is also almost sure, this implies that
P(u(t,z) = v(t,z) forallte€Qf, z€Q)=1.

But, for almost every w € €, both (¢, x) — u(t,z)(w) and (¢, z) — v(t,z)(w) are continuous: if
they agree on all the rational points, they must be the same function on (0,00) x R. In other
words,

P(u(t,z) = v(t,x) forallte (0,00) x R) = 1.

2.4.2. FOUR-PARAMETER FUNDAMENTAL SOLUTION. It is useful to define a stochastic
fundamental solution which depends on four parameters.

Fix (s,y) € [0,00) X R and consider now the linear fractional stochastic heat equation with
initial time s and initial datum d,,

ou a i
5 (@) = Azu(t,z) + Bult,e) W(t,z) fort>s zeR (2.26)

u(s,) = do(- = y)-

A mild solution of (2.26)) is a progressively measurable process, which will be denoted by
U*Y = (USY(t, 7)) 1,2)e(s,00) xRk Such that, for every (t,z) € (s,00) x R,

U*Y(t,z) = /Rgt_s(x —y) +/ /RUS’y('r, 2)gt—r(x — 2) W(dr,dz) (2.27)

P-a.s..
It is easy to show that Theorems [I.3] and [I.-4] combined with the fact that white noise has
a good behaviour with translations, ensure the existence, uniqueness and regularity of a mild

solution of (2.26)).

DEFINITION 2.12. The (four-parameter) fundamental solution of (1.1) is a stochastic process,

(U(Sv yst, x))(s,y;t,x)e[o,oo)i xR2

such that, for every (s,y) € [0,00) X R, (U(s,y;t,; 3))(t,2)e(s,00) xR 15 @ mild solution of (2.26)

with continuous trajectories.
We note that U(t,z) = U(0,0;t,z) P-a.s., for all (¢,z) € (0,00) x R.

REMARK 2.13. As things stand, the regularity of the four-parameter fundamental solution is
far from obvious. Indeed, for any fized (s,y) € [0,00) x R, the map

(t,x) = U(s, y; t, 2)(w)

is continuous on (s,00) x R, for all w € ). However, this does not imply the joint continuity in
all four variables. We are going to prove that joint continuity does hold.
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Now we can give the definition of the four-parameter normalized fundamental solution (cfr.

Definition .

DEFINITION 2.14. We define the normalized fundamental solution as the four-parameter pro-
cess

(U(Sv yst, 'r))(s,y;i&,aL")E[O,ooPS xR2

such that, for all (s,y;t,x) € [0,00)2 x R?,

U(s,yt, o) = { 9-s(2 = ¥) (2.28)
1 if t =s.

We denote by U(t,z) := U(0,0;t,z), for all t > 0 and z € R.

We now state some basic properties for the processes U. When necessary, we will write the
dependence on 8 by the writing “U(s, y;t,x; 5)” and “U(s,y;t,x; 8)”, where € R is the one

that appears in (2.25)).

PROPOSITION 2.15 (BASIC PROPERTIES). For every § > 0, the following properties hold.
e Stationarity: for all (¢, xo) € [0,00) x R,

(U(S,y;t,w;ﬂ)> @

(s,y5t,)€[0,00)2 xR?

U to, it =+ to, : ) .
( (s + to,y + zo;t + to, z + xo; B) (556:2) € [to,00)2 B2

Diffusive scaling: for every r > 0,

(U(Tzs, ry;r’t,ro; ﬁ)) Y (1U(8, yit, @ ﬁ\/?))

(s,y;t,2)€[0,00)2 xR? r (s,y5t,x) €[0,00)Z xR2

Independence: for any finite disjoint intervals {[s;,t;)}? ; and for all z;,y; € R, the
random variables {U(s;, yi; ti, x;; 8) }; are mutually independent.

Semigroup property: For all z,y e R and 0 < s <71 < t,

sty E) = / ey A BN e By I (2.29)
R

Non-negativity: for all s > 0, y € R,
P(U(s,y;t,x;ﬁ) >0 forallt>s, ze€ R) =1. (2.30)

The key property of the normalized fundamental solution is its continuity in all four vari-
ables, on the domain 0 < s <t < 0o and z,y € R. This permits us to prove the two missing key
properties of the four-parameter fundamental solution: the continuity and the strict positivity
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of U. The first one follows clearly from the corrisponding statement for U ; the second one is
proved in the next section.

THEOREM 2.16. The process (U(s, y;t7m))(s7y;t7x)€[0,oo)2< g2 has alocally (y=,6 ;97,07)-

Holder continuous modification;
L ifae (172)7’7:% and § = anl’

2. ifa:2,*y:%and5:%.

2.4.3. CONTINUITY OF THE NORMALIZED FUNDAMENTAL SOLUTION.

PROOF OF THEOREM [2.16l Fix T, M > 0 and let (s',y/;t',2'), (s,y;t,z) € [0,T]< x [-M, M].
In order to prove the continuity of the process, we use the generalized Kolmogorov continuity
theorem (Theorem [B.17)): it suffices to show that

B(|U(s,y;t,2) = U(s,3/s ', 2)P) <

2.31
T, M,p)(Js = 177+ ly = 1P + 1t = £ + | — 2/ ), 20

where

e if a € (1,2), then v = %1 and § = 2451,

(6%

° ifozzQ,then*yz%and&z%.

The constant C(T', M,p) > 0 depends only on T', M, p (and whose value may change from
line to line throughout the proof) and for all p large enough (we need to let p — oo in order to
get the optimal exponents).

By symmetry, we can suppose that s’ < s; applying the triangle inequality,

U (s, t,2) = U(s', 35t 2) |l <
10 (s, y5t,2) = U yst, 2) |l + 105,y t,0) = U (o5 t,) | oo+ (2.32)
10", y/st,2) = UGS, o5 8 a)llp + UGS, /58 2) = U(s' o5, 2) |-
By the stationarity property of U (which follows from Proposition ) and by Theorem
we can write
HU(&y; ta .%') - U(S,a y;tax)Hp = ”U(t —$T = y) - U(t - 5/7 r— y)HP
< C(Tv Map) |8 - S/|’y?
10", yst,2) = U, ofst,2)|lp = 1U(t = 8", —y) = Ot = 5',2 = o)l
S C(Tv Map) |y - y/|5a
10, y5t,2) = U5t )l = U = ',z =) = U = 5",z =3/l
< C(T,M,p) |t -],
UGyt ) = U ot )l = (U = s',2 = o) = U =52’ —y)
< C(Ta Map) “T - xl|6‘
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Then (2.31) holds true for every p big enough. By the Kolmogorov continuity theorem (see
Theorem [B.17), U has a continuous modification, which indeed is locally (y~,0 ;7,87 )-

Holder continuous. O

THEOREM 2.17 (REGULARITY). (U(s,¥;, %)) (s y:t.0)e[0,00)2 g2 D1as a continuous modifi-
cation, jointly in all four variables.

PROOF. We can write U(s,y;t,z) = gi—s(x — y) U(s,y; t, x); the statement follows from Theo-
rem and from the regularity of the fractional heat kernel. O

From now on, every time we write U, we implicitly consider the continuous modification of
the four-parameter process.

COROLLARY 2.18. We have

]P’(U(S,y;t,x):AU(S,y;T,z)U(r,z;t,x)dz for all 0§s<r<t,$,y€R>:1,
(2.33)

and
P(U(s,y; t,x) >0 forall (s,y;t,x) € [0,00)2< X ]R2> = 1. (2.34)

PrROOF. In Proposition we proved the semigroup property (2.29)) (see also Proposition
2.22)), that is, for all (s,y;t,7) € [0,00)2 x R?, and for all r € (s, ),

U(s,y;t,z) = / U(s,y;r,2)U(r,z;t,z)dz  P-as.. (2.35)
R
This implies that

P(U(s.yitin) = [ Uls,in2) Ulrsito) dz
R

(2.36)
for all (s,y;t,x) € ([0,00)2< X Rz) NQ* and r € Q) =1.
If we prove that the following map is continuous:
(sosteair) o> [ Ulssin2)@) Ulr st (o) dz (237)
R

on the domain s < r < t and z,y € R, then follows, since both sides of are
continuous, and by they must be equal almost surely (see Remark for more details).
With the same argument on the continuity, we can pass from of Proposition to

(12.34]).
O
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2.5. STRICT POSITIVITY IN THE LINEAR CASE

We now focus our attention on the linear (fractional) stochastic heat equation with general
initial datum, that is

ou o 1
E(t, $) = Az u(t,ﬂ?) + IBU(t,.’E) W for z € R, >0, (238)
U(O, ) - MO()

for some 8 € R and o € (1, 2). If the initial datum p satisfies (L.11]), that is [ g¢(2—y) po(dy) <
oo for all (t,z) € (0,00) x R, we can apply Theorems and getting all the results
of existence, uniqueness and regularity of the mild solution. Moreover, we are in the case of
f(0) = 0 and then we can apply Theorem The approach we use to prove the strict positivity
relies on the continuity of the normalized fundamental solution and on the semigroup property.
Roughly speaking, we have proved that U is continuous: since U(s, -3 8,+) = 1, this implies that
U (s,+;t,-) must be strictly positive for close times, i.e. ¢ — s > 0 small enough. Thanks to the
semigroup property, we can bootstrap this argument to prove strict positivity for all times.

THEOREM 2.19 (STRICT POSITIVITY FOR THE FUNDAMENTAL SOLUTION).

P(U(s,y;t,z) >0 for every (s,y;t,z) € [0,00)% x R?) =1, (2.39)

and
P(U(s,y;t,z) >0 for every (s,y;t,z) € [0, oo)2< x R?) = 1. (2.40)

PROOF. Note that it suffices to prove (2.39). Indeed, recalling that U(s,y;t,x) = g—s(x —

A~

YU (s,y;t,x), (2.40) follows from (2.39) and the strict positivity of the map (s,y;t,z) —
gi—s(z —y) over [0,00)2 x R
In order to prove (2.39) it is enough to show that

P((j(s,y; t,x) >0 for every (s,y;t,z) € [O,T]Qg x [-M,M]?) =1 (2.41)
for every T > 0 and M > 0. Indeed, let us suppose we proved ([2.41)): define

Apy = {U(s,y;t,ﬂs) >0 for every (s,y;t,x) € [O,T]Qg X [-M, M}Q}, and
A= () Aru.
TeNMeN
Then we have P(A) = 1, since it is a countable intersection of almost sure events; moreover
A= {U(s,y;t,x) >0 for every (s,y;t,x) € |0, oo)2S X RQ}, so we get (2.39).

Let us prove : fix T'> 0, M > 0 and denote by Q, a measurable set in A, such that,
for every w € Q, U(-,+, - -)(w) is a continuous function, and both the semigroup property
and the non-negativity hold true. Thanks to Theorem and Corollary we have
P(Q) =1.

Let fix w € . Then, the function

0,T)2 x [-M,M]* - R
(s,y;t,2) = U(s,y;t, ) (w)
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is uniformly continuous: for every n € (0,1), there exists e = e(n,w,T, M) > 0 such that, if
(s,y3t,2) — (5,5, 2)| < e, then

0,y ,2)(w) — DG, 56, ) )] < n, (2.42)
where we denote by | - | the Euclidean norm. For all a € (0,7, we define
D(a,T,M) = {(s,y;t,x) € [0,T]> x [-M,M]* |0 <t —s < a}.
Clearly D(T, T, M) = [0,T]2 x [-M, M]?; our aim is to show that

A

U(s,y;t,z)(w) >0 for every (s,y;t,z) € D(T,T,M). (2.43)

By induction, we will prove that, for all N =1,..., {g‘ ,

U(s,y;t,z)(w) >0 for every (s,y;t,z) € D(Ne, T, M). (2.44)
For N =1, we use the uniform continuity: for all (s,y;t,x) € [O,T]2S x [—~M, M)?, such that
t — s < e, since U(s,y;s,x) =1, by
U(s,y;t,2)(w) — 1] <= U(s,y;t,2)(w) >1—n>0.
Let N > 2 and suppose we proved that
U(s,y;t,x)(w) >0 for every (s,y;t,x) € D((N — e, T, M) (2.45)

We are now going to switch for a moment to U, which enjoys the semigroup property (2.50)):
for every (s,t) € [O,T]Qg, such that (N —1)e <t —s < Neg, and for every z,y € [-M, M],

U(s,y;t,z)(w) = /RU(s,y;s + (N =1)g,2)(w) U(s+ (N — 1)e, 2;t,z) (w) dz

> / U(s,y; s+ (N —1)e, z) (w) U(s + (N —1)g, z; t,a:) (w) dz,
|z|<M

where the last inequality is ensured by the non-negativity (2.56). We want to prove that the
last integral is strictly positive: we are going to show that the integrand is strictly positive. The
function defined by

[-M,M] —- R

2= U(s,y;8 + (N — 1)e, 2) (w)
is strictly positive by the induction hypothesis (2.45)), in fact, for every |z| < M, (s, y; s+ (N —
e, z) € D((N —1)e,T,M),and U = g U where g > 0. Analogously, the function defined by

[-M,M] - R
2= U(s+ (N —1)e, 2z t,2) (w)
is strictly posivite by the case N =1, since t —s — (N — 1)e < e.

We have just proved that U(s, y;t,2)(w) > 0 for (N —1)e <t—s < Ne and the same clearly
holds for U. Joining this fact with the induction hypothesis ([2.45)),

A

U(s,y;t,z)(w) >0 for every (s,y;t,z) € D(Ne, T, M),

which is what we had to prove.
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Now we have to prove the strict positivity of any mild solution u of (2.38) with general
measure as initial datum (but it always has to satisfy (1.11))).

LEMMA 2.20. Let (u(t,))(t2)e(0,00)xr be the solution to the linear fractional stochastic
heat equation (2.38) with po as initial datum, where ug is a Borel measure that satisfies
(1.11)). Then, for every (¢,z) € (0,00) x R,

u(t, z) = /R o(dy) U0,y t, ), (2.46)

and, for any s € (0,1),
u(t.o) = [ dyu(s,) Ul it.). (2.47)
R

PROOF. The proof is similar to the proof of Proposition 2:22] and here we just rewrite the
fundamental steps. We fix s > 0 and we define the process v such that, for every ¢t > s and
z € R,

v(t,:r):/Rdyu(s,y) U(s,y;t,x).

It is well defined, moreover, using the definition of mild solution for U, we have

v(t, x) ::/Rdyu(s,y) U(s,y;t,x)

:/Rdyu(s,y) [gt s(x—y / / S, Y1y 2) gr—p(x — 2) W(dr, dz)]
/dyU(S Y) gi—s(z —y / / </dyu $,Y) U(S,y;T,Z)) gt—r(z — 2) W(dr, dz)

/dyU(Sy)gtsw— // (8,y) gt—r(x — 2) W(dr,dz),

recalling Proposition [1.12] Then v is a modification of u and we have proved (2.47)). In order to
prove ([2.46)), one can running through the proof above and replace “dy u(s,y)” with “uo(dy)”.
O

The strict positivity of a solution u of a linear stochastic heat equation follows directly from
(2.46) and from the strict positivity of the four-parameter fundamental solution (see Theorem
2.19).

THEOREM 2.21. Let (u(t,)),2)e(0,00)xr be the solution to a linear fractional stochastic
heat equation with initial datum given by a Borel positive measure pg, not identically
null.
Then
P(u(t,z) >0 for every (t,z) € (0,00) X R) = 1. (2.48)

PRrROOF. With the same argument used in the proof of Theorem [2.19] it is enough to prove
(2.48) by proving that

P(u(t,z) >0) =1, for any (t,z) € (0,T] x [-M, M]. (2.49)
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Thanks to Lemma [2.20] we can write

u(t,x)—/Ruo(dy) U(s,y;t,x),

for any s € (0,t). Then we have done, since we know that g is a positive Borel measure
not identically null by assumptions and U is a continuous strictly positive function (Theorem
2.19)). O

2.6. TECHNICAL PROOFS

2.6.1. PROOF OF PROPOSITION . In this section we are going to prove the basic
properties of the four-parameter fundametal solution U. We split Proposition and prove
each statement independently. The stationarity, the diffusive scaling and the independence
properties are peculiar to the stochastic framework and due to the definition of a white noise
(in particular its covariance function). Then, we are going to prove the semigroup property and
the mon-negativity, which requires some further specifications.

SEMIGROUP PROPERTY. Relation (2.50) below is usually called Chapman—Kolmogorov equa-
tion.

PROPOSITION 2.22 (SEMIGROUP PROPERTY). Forall z,y €e Rand 0 < s <r <t,

U(s,y;t,x):/U(s,y;r,z)U(r,z;t,x) dz, P-as.. (2.50)
R

PROOF. Let us define the four-parameter process V, given by
Vis,y;t,x) == / U(s,y;r,2)U(r, z;t,x)dz, (2.51)
R

where 7 € (s,t) is fixed. Fix (s,y;t,z) € [0,00)2 x R? and 7 € (s,t). First of all we should
prove that V(s,y;t,x) is well defined, i.e.

]P’((U(s,y; r )U(r, 21, 7)) ser € Ll(R)) - 1. (2.52)
The measurability of the function
2= U(s,y;r, 2)U(r, 2yt ) (w)
follows from the property of mild solution. Moreover,
E(/R }U(s,y;r, Z)U(T’,Z;t,l‘)‘ dz) < /R U (s,y;7, 2)U(r, z;t,x)||2dz
= [0 7 U 258, (2.53)

= \/CQ(T - 3) CQ(t - T)gt—s(x - y)?

by Cauchy-Schwarz, the independence property, estimate (1.13]) in the linear case and the
semigroup property of the heat kernel. Relation (2.52)) follows.
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Now our aim is to prove that V is a modification of U, by the uniqueness of the solution.
We know that

t
U(r,z;t,x) = g—r(z — 2) + / / U(r,z;t1, 1) gr—t, (x — x1) W(dty,dzy).
r JR
Let us substitute the formula above in (2.51):
V(s,y;t,x)

t
— / U(S,y;r, Z) [gt—r(.’B — Z) + / / U(T, Z;tl,xl)gt_tl (x — xl) W(dtl,dwl) dz
R r JR
- / U(Say;ra Z)gt—r(x_Z) dZ—l—/
R

t
U(Say;r, Z)[/ /U("”, Z; t1,931)gt—t1(90—1‘1)W(dt1,d$1)} dz.
R r JR

We claim that

/U(s y; 1, 25 3) / / T,z t1, 215 B)gi—t, (x — x1) W(dt1,dx1) | dz
(2.54)

/ / / s,y;ry 2z B)U(ry 23 t1, 15 ) dz} Gt—t, (x — 1) W(dty,dzq).
This implies that
Visaita) = [ Ulsinaesto = 2)az+ [ [ Viswstiran (e - o) Wi, an),
P-a.s. and then V is a modification of U.

It remains to prove (2.54): it holds thanks to the stochastic Fubini’s theorem. In fact, we
can apply it since

N|=

/R {/Tt /RE(‘U(S’Z/;T’ DU (r, z3t1, 1) %) g7y, (v — 1) Aty dxl} dz
- /R [/t/ E(|U(s,y;r, 2)P)E(U (r, 23 t1, 21)[?) gt2—t1 (x — 1) dty dxl} : dz

1
sc<t>/gmz— //g 2) gy (0 — 1) iy | e,

and by Proposition [1.5] and Lemma [A T1], this is less than

o(t) [Bera (“ La- 1)(t _ T)QT”} : /Rgr_s(z )il — 2)dz < C(F) gos(z — ) < 00,

(@ [0

where C(t) is a constant which depens only on ¢ (and a). For the first equality, we have used
the independence property. O

NON-NEGATIVITY. The non-negativity, as stated in Proposition [2:24] below, can be proven
through the comparison principle; a proof of this, in the case a = 2 and with the assumptions
of continuity on initial data, can be found in [Mueller 91| and in [Bertini, Cancrini 95| there is a
generalization for measures. The proof for the general case with o € (1,2] is in [Chen, Kim 14]
(Theorem 1.1), which we report here:
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THEOREM 2.23 (WEAK COMPARISON PRINCIPLE). Let u(!) and p(® be positive Borel
measure on R such that M(l) < ,u(2) as measures and, for all 7" > 0,

o for a € (1,2)

1 .
S @ (q 0518 4§ =
su z) < 00, ort=1,2.
yeug/RlJrly—ZI”“M (42)

o for a = 2,

/ = pP(dz) < 0o for all a > 0.
R

Suppose that «(!) and (2 are the mild solutions of the following

% — ASu+ fw) W (2.55)

with @ and ) as the initial datum, respectively. Then
IP’(u(l)(t,a:) <u@(t,z) for all (t,z) € (0,00) x R) =1.

We see that in [Chen, Kim 14] the authors proves the weak comparison principle under a
stronger assumption for a € (1,2) on the initial measure (indeed it is the assumption with
which they proved existence, uniqueness and regularity, cfr. [Chen, Dalang 15 BJ). Actually
this is all we need, since we are going to show the non-negativity for the fundamental solution,
for which the initial datum is a Dirac delta measure.

However, to be complete, we can say that the weak comparison principle, as stated above,
can be easily carry to the case in which the measure satisfies the weaker assumption (|1.11))
thanks to the continuity of the solution with respect to the initial datum (see Proposition
1.10)).

PROPOSITION 2.24 (NON-NEGATIVITY). For all s >0, y € R,

P(U(s,y;t,x) >0 forallt>s, :):ER) =1. (2.56)

PROOF OF ProOPOSITION .24 Fix (s,y) € [0,00)xR), then the process (U (s, y;t, 7)) (t,2)c(s,00) xR
is a mild solution of with p® = dy as the initial datum. At the same time, the process
given by (V(t,2) = 0);.2)e(s,00) xR 1S @ mild solution of with ) = 0 as the initial datum.
Since M < 1@ applying Theorem we get . O
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INTRODUCTION TO PART 11

In the second part of this thesis, we study the rough differential equation (RDE) written as
follows

t
0

where £ is the starting point, F': R — R is a smooth function, W is a (possibly random) Holder
function and p is a singular kernel.

In the particular case where W is a (typical path of) Brownian motion, p, = u =3 for some
H € (0, %), and F' = 1, the solution Y of represents the so-called Riemann-Liouville
fractional Brownian motion.

This kind of integral equation of convolution type is usually called “Volterra equation” and it
has been already studied in literature, mostly with the classical theory of stochastic differential
equations.

In [Promel, Trabs 18|, the authors proved the existence and uniqueness of a solution of
using the theory of paracontrolled distributions. In [Bayer et al. 17], the authors solve
by using the theory of reqularity structures ([Hairer 14]).

Our aim is to prove existence and uniqueness of the solution Y of with a more
elementary approach, by using the theory of rough paths, initiated by [Lyons 98| and extended
by |Gubinelli 04], which provides an alternative approach to the theory of stochastic differential
equations.

H

In Chapter [3] we give some reminders as well as extensions of the classical rough path
theory: we first recall the definition of rough path, controlled path and rough integral and then
we define the integration with respect to singular kernels. This ingredient, which is one of the
cornerstones in the theory of regularity structures [Hairer 14], is necessary to study Volterra
equations in the framework of rough paths.

In Chapter [4] we prove the existence and uniqueness of the solution to (RDE]). In the case of
pu = ull _%, we are able to prove existence and uniqueness of the solution under the assumption
H > i, which is weaker than the assumption H > % of [Promel, Trabs 18|.

In Chapter [5], we give some finer properties of the solution, which lead to a finite reformu-

lation of (RDE].
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CHAPTER 3

CONTROLLED PATHS AND ROUGH INTEGRALS

INTRODUCTION

This chapter is a quick remainder, in the simplest setting, of rough path theory, originally
developed by Lyons in [Lyons 98| and later extended in [Gubinelli 04] (see also [Friz, Hairer 14]).
The motivation arises from rough differential equations of the form

t
Yi=c+ / F(Y,)dW,  for t € (a,] (RDE1)

which can also be written as a rough differential problem:

v._e (RDE2)

{dYt = F(Y,)dW, fort € (a,b]
where [a, b] is a subset of R, £ € R is the starting point, F' : R — R is a (say, smooth) function
and W : [a,b] — R is a continuos Holder function, which might be non differentiable and so
classical theory cannot be applied.

Note that, if W is differentiable, then the integral is well defined and equals to
f; F(Y,) W/ du. Then the solution is a path Y : [a,b] — R such that

t
Y =¢ +/ F(Y,) W/ du.

Under suitable and classical assumptions on F', there exists a unique well-defined solution Y.
However, if W is not differentiable, say W € C? with # < 1, then the integral with respect
to W is not well-defined. More generally, one wishes to define integrals of the form

/ X, diw,,

when X and W are continuous Holder functions, say X € C? and W € C?, with 8 < 1 and
0 < 1. Remarkably, when 846 > 1, we have a canonical definition of the integral, coming from
Young ([Young 36]). If instead 5 + 6 < 1, there is no canonical definition: actually, different
“approximations” of X and W may yield different integrals of X with respect to W. A “solution”,
first conceived by Terry Lyons (|Lyons 98]), is to enrich the path X, giving more “information”,
which leads to the notion of rough paths defined below. Then Gubinelli introduced the important
notion of controlled path (see |Gubinelli 04]).

Although rough path theory is a “deterministic” theory of integration, equations like
are very common in probability where the driving signal W might be a Brownian motion. So,
rough path theory can be used as a new path-wise approach to solve SDE, alternative to the
It6’s approach which constructs solutions as limits of random variables. Rough path theory
can also be used to solve SDE driven more generally by semimartingales (for the literature, see

55



56 3. CONTROLLED PATHS AND ROUGH INTEGRALS

[Gubinelli 04] and [Friz, Hairer 14]). In |[Gubinelli 10] there is a generalization of rough path
theory, which permits to study rough integrals through a larger algebraic structure. Hairer
used rough path theory to find a robust solution of KPZ equation ([Hairer 13]) and he also
generalized this theory to construct regolarity structures ([Hairer 14]).

In this chapter, after recalling the basic notions of rough paths and controlled paths, we
define the integration with respect to singular kernels in the framework of rough paths theory.
This can be done in a simple way, taking inspiration from [Hairer 14|, and seems not to have
been considered in the literature.

DESCRIPTION OF THE CHAPTER.
e In Section [3.1] we first fix some notation, then we recall the crucial Sewing Lemma.

e In Section [3.2] we give the definition of a generalized integral, and we recall the definition
of controlled path and rough path.

e In Section we give a meaning of integrals of the form [ gpdW, where g is controlled
by X and p is a singular function. These general results are very useful to solve the rough
fractional SDE introduced in the next chapter (Chapter [4)).

e In Section we defer some minor results and/or proofs.

3.1. NOTATION AND BAsIic TooOLS

Fix —0o < a < b < +00. We use the following notation: if f : [a,b] — R is a function, for any
a<s<t<b, we write

6f(s,t) == f(t) — f(s).
We recall the definition of Holder functions.

DEFINITION 3.1. We say that a function f : [a,b] — R is a Hélder function of index (3, with
B €(0,1),if

I£ls = sup OISO

) 3.1
a<s<t<b |t —s° (3:1)

and we write f € CP.
| - |l is a semi-norm on C?, which is null if and only if f is constant. We will also use the
standard notation

[fllo == sup [f(?)],
a<t<b

that is the standard norm on the space C° of the continuous functions.

We will deal also with functions of two ordered variables. We denote by [a,b]2 the following
subset of R?:

[a,b]2 := {(s,t) € [a,b]*such that s < t}.



3.1. NOTATION AND BASIC TOOLS 57

We say that a function A : [a,b]2 — R is in CJ if

A
| Al == sup | (S’t)’<oo

a<s<t<p [t — 8|7
We also define the “§” operator for a function of two variables in the following way:
SA(s,u,t) == A(s,t) — A(s,u) — A(u, t),
and we write

5A(s,u,t
164], = sup LAGwIL
a<s<u<t< [t — s

Here we state a very simple Lemma which characterizes the functions for which the “0
operator” has some particular property. The proof is deferred to Section

LEMMA 3.2. A one-variable function f satisfies
df(s,t) =o(|t —s|) uniformly for [t —s| — 0 (3.2)

if and only if it is constant.
A two-variable function A satisfies d A = 0 if and only if there exists a one-variable function
f such that A(s,t) =d0f(s,t).

Moreover we state the following useful computational tool, whose proof is immediate.

LEMMA 3.3. If A: [a,b]2 — R can be written as
A(s,t) = c(s) D(s,t),
for some functions ¢ : [a,b] — R and D : [a,b]2 — R, then
0A(s,u,t) = c(s) 6D(s,u,t) — dc(s,u) D(u,t). (3.3)

We end this section by stating the following fundamental result that we will often use and
whose proof can be found for instance in [Gubinelli|, [Friz, Hairer 14].

THEOREM 3.4 (THE SEWING MAP). If 4 : [a,b]2 — R is a function such that ||§A|, < oo
for some v > 1, then there exists a unique function I : [a,b] — R with I(a) = 0 and such
that

0I(s,t) = A(s,t) +o(|t — s|) uniformly for [t —s| — 0, (3.4)

More precisely, I is the limit of “Riemann sums”:

L= li At t; f t € la,bl, 3.5
(= lim 3 Alti) forevery t (3.5)
[tistit1]€EP

along arbitrary partitions P of the interval [a, t] with mesh [P| = max, ¢, jep [tiv1 —ti| — 0.
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The remainder
R:=0I— A, thatis R(s,t)=1(t)—I(s)— A(s,1), (3.6)

is a linear function of A and it satisfies the following inequality:

1

1Rlly < ey [l6Ally,  where ey = ;.

3.2. GENERALIZED INTEGRAL AND CONTROLLED PATH

We still fix the interval [a,b] C R and we work with continuous functions X, W : [a,b] — R.
We want to give a meaning to the “integral” of X with respect to W, that is

I(t) = / X(s) dW (s).

We know that, if W € C!, then

t
I(t) = / X(s) W'(s) ds.
Moreover, in this case we have
0I(s,t) = Xs W (s, t) +o(|t — s]|), uniformly for |t — s| — 0. (3.8)

Our goal is to extend the definition of integral when X € C# and W € C? for some fixed
3,0 € (0,1). However, we cannot expect that condition (3.8]) holds generally for any 5,6 € (0,1).
We are going to give a more general definition.

DEFINITION 3.5 (GENERALIZED INTEGRAL). Fix 8 and 6 in (0,1) and let us consider two
functions X € C% and W € O We say that I : [a,b] — R is a (8 + 0)-integral of X with
respect to W, and we write I = [ X dW, if the following holds

6I(s,t) = X (s)6W (s,t) + O(|t — s|*+?) uniformly for |t — s| — 0. (3.9)

We say that X is the derivative of I with respect to W.
Sometimes we will omit the (8 + 6) writing from the integral, even if the definition (3.9))
actually depends on 8 + 6.

In Sections[3.2.1] and [3:2.2] we are going to show that this definition is not empty. In Section
we deal with the case § 4+ 6 > 1, while in Section [3.2.2| we consider the case g+ 6 < 1.

3.2.1. YOUNG INTEGRAL. We notice that, when 8+ 6 > 1, implies . Then, by
Lemma , when 5+ 6 > 1, there exists at most one such a function I (up to the addition of a
constant). This is called the Young Integral of X with respect to W and its existence was first
studied and proved by Young in [Young 36| (in a slightly different context).

In the following theorem, we summarise the principal properties of the Young integral.
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THEOREM 3.6. Fix 5,0 in (0,1) with 5+ 6 > 1. Let X, W : [a,b] — R be functions such
that X € C% and W € C?. Then there exists a unique integral I : [a,b] — R of X with
respect to W such that I(a) =0 and (3.9) holds. Moreover, I satisfies

12lls < (11X lloo + cao 1 X115 7°) 1l (3.10)

where the norms are considered in the interval [a,b], T := b — a is the length of this interval
and Cp40 = W}ﬂ-@—l) as in "

A proof of Theorem can be found in [Gubinelli]; here we just give a brief sketch.

UNIQUENESS. If there exist I and I’ integrals of X with respect to W according to Definition

then, by ,
5(1 = I')(s,t) = O(Jt — 5/+*) = o[t — s1),
since 8 + 6 > 1. Hence, by Lemma , I — I’ is constant and then it is identically null, since
I(a) =I'(a) = 0.
EXISTENCE. The existence follows easily from the Sewing Map (Theorem . Indeed, we just
have to consider the function A : [a,b]2 — R defined by
A(s,t) == X(s)0W (s,1).
Thanks to Lemma[3.3] we have 0A(s, u,t) = —6X (s, u) W (u,t) and then, since y := f+6 > 1,
16 Ay = 1 XIlg [Wllo < o0,

which implies the existence of the (5 + 0)-integral I. Moreover, we have

|01(s,t)] < |0I(s,t) — X (s) W (s,t)] + |X(s) oW (s,t)]

< [Rlgro (t = )" + [ Xlloo [ W]l (t = 5)°.

Thanks to the relation (3.7)) in Theorem 3.4 we know that || R|| g6 < cgia [|Allg+o < carall Xl W ]lo,
and then, for the Young integral, (3.10) holds.

3.2.2. BEYOND YOUNG. When 3+ 6 < 1 there is no more uniqueness: if I satisfies ,
then also I + f satisfy (3.9), for any Hélder function f in CP*,

The existence of such a function I is not obvious, but we notice that the proof of this is
equivalent to proving that there exists a two-variable function R, that will play the role of
“remainder”.

ProPoOSITION 3.7. Fix 4,6 in (0,1) with f 4+ 6 < 1. Let X, W be functions such that
X eCPand W e CY.
The two following are equivalent.

(i) There exists a integral I of X with respect to W, according to Definition

(ii) There exists a function R : [a,b]2 — R such that R € Cg 0 and it satisfies the Chen
relation

SR(s,u,t) = X (s,u) 6W (u,t). (3.11)
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PROOF. If there exists a integral I of X with respect to W, by (3.9)), we have
6I(s,t) — X (s) oW (s,t) = O(|t — s|7+?).

If we set R(s,t) := dI(s,t) — X(s) W (s,t), then it is a function in C§+9 and, by Lemma
and Lemma [3.3]

OR(s,u,t) = 0X(s,u) W (u,t),

that is (3.11)).
Vice versa, if there exists R : [a,b]2 — R in 025+0 such that (3.11]) holds, then we define the
map I : [a,b] — R with I(a) = 0 and

I(t) = X(0) oW (0,t) + R(0,1).
It follows by that
0I(s,t) = X (s) W (s,t) + R(s,t).
Then [ is an integral of X with respect to W. O

Hence, to prove the existence of a integral I of X with respect to W, we should prove the
existence of a 2-variable function R such that |R(s,t)| = O(|t — s/**?) and holds. This
is actually always possible, by the Lyons-Victoir extension theorem |[Friz, Hairer 14]; see also
Sheet 3 of [Gubinelli]. We note that there is a one-to-one correspondence between an integral
I and the two-variable function, also called remainder, R.

ITO STOCHASTIC INTEGRAL AS ROUGH INTEGRAL. Since in the case of our interest W is a
path of a Brownian motion, we can show that It6 stochastic integral with respect to a Brownian
motion is an integral in the sense of .

Let us fix a probability space (€2, A, P) with a filtration (F¢)cjo,1]- Let (Wi)ico) be a
Brownian motion and let (Xt)te[o,l] be an adapted process with continuous paths. We recall
that a.s. W € C? for any 6 < % We know that

t
I = / X, dW, (3.12)
0

is well defined as a random variable and the stochastic process (I;)yc[,1) admits a version with
continuous paths.

We define
R(s,t) =1 — Iy — X 0W (s,1),

then R is a two-variable random continuous function. Moreover, it satisfies the Chen relation
(3.11]), because of the linearity of the stochastic integral. We have the following theorem, whose
proof can be found in [Gubinelli 04].

THEOREM 3.8. Assume that a.s. X € C? for some 3 € (0,1). Then there is an a.s. finite
constant C' such that

|R(s,t)| < Ct —s[P?,  forall0<s<t<I1. (3.13)

In particular, a.s. the It6 integral in (3.12)) is a integral of X with respect to W in the sense
of (39).



3.2. GENERALIZED INTEGRAL AND CONTROLLED PATH 61

3.2.3. CONTROLLED PATHS AND ROUGH INTEGRAL. We now introduce the notion of
controlled paths.

DEFINITION 3.9. We say that G = (g,¢') € C8 x CP is a controlled path by X if g is a
2(3-integral of ¢’ with respect to X, that is

59(s,1) = §'(s) X (5,1) + O(|t — 5|) (3.14)
uniformly for |t — s| — 0, according to Definition

We denote with Dg?’ﬁ ) the set of all the paths G € C? x C? controlled by X and we introduce
the following seminorm

Gl = 11(g: )l peer = 191l + 19I5, (3.15)

where
gf(s,t) == 0g(s,t) — g'(s) 6 X (s,1), (3.16)
is the remainder in 0225 , that is

19" (s, 1)]

R
19" M2 = sup 1t— 528 < 00,

a<s<t<b
thanks to (3.14)).

Fix X € CP. Classical rough path theory ensures that, if we fix a choice of the rough integral
“ [ X dX”, or equivalently if we fix the function X(s,t) = “ fst 56X (s,u)dX (u)”, and we suppose

that g > %, then, for any G € Dg?’ﬁ), there exists a unique function Z : [a,b] — R, the rough
integral of G with respect to X, Z(t) = ¢ f(j G dX”, such that Z(a) =0 and

52(s,1) = 9(s) 6X (s,1) + 9'() X(s,) + O([t — 5/)
uniformly for |t — s| — 0. Moreover, Z is the sum of “Riemann sums™:
Zi=Jim 3 (9t 8X (ttisr) + o/ (6) X(tistign) ) for every ¢ € [a,1]
|P|—0
[ti,tiﬂ]eP
along partitions P of the interval [a, ] with mesh [P| = maxy, 4, jep [tiv1 — ti| — 0.

In our setting, we need a slight extension: we need to define the integral of G € Dg?’ﬂ )

with respect to another path W, by fixing the value of “ [ X dIW” . Motivated by the classical
definition of rough paths and rough integrals (see for instance [Gubinelli 04]), we give the
following definition.

DEFINITION 3.10. Fix 3,0 € (0,1) with 25+6 > 1. A (3, 0)- rough path is a triplet (X, W, XW)
such that

e X :[a,b] - Risin CF;

e W:[a,b] = Risin CY
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e XW : [a,b]2 — R is a two-variable function in C’g ™ such that Chen relation holds, that
is

OXW(s,u,t) =X (s,u) W (u,t) (3.17)

In the classical definition of rough path X and W coincide, XW is denoted by X and the
rough path is just the pair (X, X), with the assumption that 5 > % (that coincides 25 +6 > 1,
for 8 = 0). Hence, Definition is a generalization of the classical definition for rough paths.

Shortly we keep in mind these relations:

e 3,0 € (0,1) such that 0+ f < 1 and 6 + 208 > 1;

o (X,W,XW) € C” is a (8,6)-rough path, that is € C® x C? x C5 and such that (3.17)
holds.

e G=(g,g)) € CP x CP is a path controlled by X.

We know that, since 46 < 1, there exist infinite integrals of X with respect to W, according
to Definition However, thanks to Proposition we can fix a choice of the integral of X
with respect to W, corresponding to the “remainder” XW.

We now want to define a rough integral of g with respect to W, by using the path X, since
G = (g,¢') is a path controlled by X and we have fixed the integral of X with respect to W
by fixing XW. Heuristically, we write I(t) = f(fg(u) dW (u)”, and then

S1(5,t) — g(s)oW (s, 1) = / (s w) VW (u)

=4'(s) / X (s,u) dW (u) +/ O(|u — s|*#) AW (u)
= ¢'(s) XW(s,t) + O(|t — s|772°).

We now give the following theorem, which gives a precise definition of such integral I. The proof
of the following is based on the Sewing Map (see Theorem and is postponed to Section

THEOREM 3.11. Let us fix §,0 € (0,1) such that 5+ 6 < 1 and 28+ 6 > 1. Also fix
(X, W) € CP x C? and XW ¢ C§+9 such that (3.17) holds. Then, for any controlled path
G=1(9,9) € Dgg’ﬁ), there is a unique I : [a,b] — R with I(a) = 0 such that

6I(s,t) = g(s) W (s, t) 4+ ¢'(s) XW(s, t) + O(|t — |?°T9), uniformly for |t — s| — 0.
(3.18)

We call informally I the “rough integral of G, or even g, with respect to W”, and write
I(t) = f(f gdW (even though I depends also on ¢’ and XW).
One can obtain I as the limit of “Riemann sums”:

I(t) = lim Z (g(ti)5W(ti,ti+1) -+ g'(ti) XW(ti,ti+1))
|P|—0 e dona]

along partitions P of the interval [a,t] with mesh |P| = maxy, 4, jep [tiv1 — ti| = 0.
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Moreover, we have the following estimates:

101 — goW — ¢'XW/lap40 < capr0 Cwxw G110 (3.19)
161 = gdW g+ < cap+o Cwxw (1G]l pe.m ™ + 1|9/ lloo) (3.20)
1611l < c2p-+0 Cwxw (1G] pge.0 7 411 lloo 7° + llglloo) (3.21)

where cpg19 = 1—2—@%’ T = b — a is the length of the interval, and

Cwxw := max{[|W|lg, [XW]|46}. (3.22)

3.2.4. ASSOCIATIVITY. We can also extend the results when we deal with an integral of a
controlled path G multiplied by a function p with a higher regularity. We always work with (3, 0
fixed with 8 +6 < 1 and 28 +60 > 1, and (X, W,XW) € C8 x C? x CB+9,

We first see that, given a controlled path G = (g, ¢') and a function p with a higher regularity
(at least C2P), it is always possible to construct another controlled path in a canonical way by
multiplication. The proof is just computational and is deferred to Section

LEMMA 3.12. For any p € C?2 if G = (¢,¢') € Dg?’ﬁ), then (pg,pg’) € Dg?’ﬁ).

Thanks to Theorem we can define the rough integral of pg with respect to W, that is
the map Ip, : [a,b] = R with Ip4(a) = 0 and such that

01pg(5,t) = (pg)(s) SW (s, 1) + (pg')(s) XW(s, t) + O(|t — s|*7*)
= p(s)9(s) OW (s, 1) + p(s) g'(s) XW(s, 1) + O(|t — s[***7),

uniformly for |t — s| — 0.

We are going to show that the rough integral of the controlled path pg with respect to W,
coincides with the rough integral of p with respect to the rough integral of g with respect to
W. We can use the following notation

I, = /gdW, and Ip, = /pgdW
even if these functions depend also on ¢’ and XW.

PROPOSITION 3.13. We have
Ipg = /P(ﬂm (3.23)

that is
t ¢
/ p(s) g(s)dW(s) = / p(s)dly(s) for every t € [a,b].
Moreover,

Mngllo < (17l + cassollpllas ™) 1l (3:24)
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_ 1
where o819 = T5—EFrD -

PROOF. First of all, we notice that I, € C?, thanks to Theorem Hence, it is well defined

the integral
/pdlg,

which is a Young Integral, and hence it is uniquely defined, since 25 + 6 > 1 by assumptions.
By Definition we recall that [ pdI, is the unique function such that

5( /pdlg) (5,8) = p(s) 1, (s, 1) + O(|t — s"9)
= p(s) g(s) W (s,t) + p(s) g'(s) XW(s,t) + O(|t — s|***)

by using the property (3.18)) of 64(s,t). Then (3.23) holds. Relation ([3.24) follows from relation
(3.10)), which follows from the Sewing Map (see Theorem and can be applied in this case

with X =p and W = I, (recall that 25 +6 > 1). O

To simplify notations, given a function p : [0,00) — R, C?# over the interval [a, b], we define
the following norm:

1Pl a4 = 1Pllso fa.b + [1Pll25,fa) (b — @) (3:25)
Then Proposition ensures that

pgllo < copvo [Pl I Zllo; (3.26)

and then

[ 1pg (0) = Ing(a)| < eag+0 (b — @)” 1ol oz I Lgllo (a0 (3.27)

These relations will be used also in the next Chapters.

3.3. SINGULAR KERNELS AND ROUGH INTEGRAL

In Section , we gave a meaning of the rough integral [ gdW, when g € CP and W e C?
are Holder continuous functions with 25 + 6 > 1, g is a path controlled by X and we fix the
function XW € Cg *9 such that holds.

In this section, that is the novel content of this chapter, we are going to study integrals in
the form

Igp(t) = /Otgde, (3.28)

where g € O, W € C? and p : [0,00) — R is a function in C?? except for a point s € [0, 00),
where p has a singularity of order 77 € R, for some # such that 77 < 6. We call p a singular
kernel. With the order of singularity, we mean that

Cc

and Pl < m,

| < = 3.29
P < o (329)
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for some ¢ > 0.

We are going to show that, under suitable assumptions and according to rough path theory,
it is possible to give a well-posed definition of the integral in . The regularity of the
integral function ¢ — I(t) will not be the same as the path W, as it happens in classical theory,
but it will be a (§ — 77)-Holder function; this is the reason for requiring that € > 7, that is the
regularity of the integrator function W has to be higher than the order of the singularity of the
integrand function. We still use the notation above and fix the following:

e 3,0 €(0,1) such that 0+ 5 < 1 and 28+ 6 > 1;

e 7 such that 0 < 7 < 6,

o (X, W,XW) e CP x (Y x C§+0 a rough path according to Definition
e G=(g9,9) € Dg?’ﬁ), a controlled path by X;

e p € C?P except a singularity at s 7, such that holds.

We first give the definition for the integral in (3.28)). If s > ¢, then (3.28) is a well defined
integral (see Section [3.2.4)), since in [0,#] p is in C?”. The problem arises when s € [0,]: in this
case we can write

t s t
/ Ju Du qu = / Ju Du qu + / Ju Du qu
0 0 s

and now we are going to define the integral (3.28|) when the singularity is one extreme of the
integral itself.

DEFINITION 3.14. Given G and p as above, we define

s L

s =
0 n—oo 0
and
t t
s n—o00 S"‘Q%

This definition is well posed, since in any interval of the form [0, s — 2%] and [s + 2%,75],
1

the kernel p is in C?% and then the integrals [; 2" gpdW and fst 1 gpdW are well defined
2n

thanks to Proposition [3.13] The limit exists, as we will show in Theorem [3.16] below.
We recall the definition of the norm |- (3.25)):

12Ml,57 == [1Plloo,ja8) + (b= @) |||95, (o,
i 5(u) — P (3.32)
~aup ) 4 (b— )2 sup 1P = PO
uG[aI,)b] |p( )| ( ) a§v<Iz)L§b (u - ’U)Qﬂ

Clearly this norm can be defined only on the intervals [a,b] where p has no singularities.
The following lemma gives an estimate for [||p||| that will be used to get estimates for the
norm of the integral Iy;.
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LEMMA 3.15. Let p : [0,00) be a C? function with a singularity at s of order 7 (in the
sense of (3.29)). Then, for all the intervals [a,b] with 0 < a < b < s, we have

c b—a
— < - — . °
DMl 6 < (s —b)n (1 + s — b) 335

For all the intervals [a,b] with 0 < s < a < b, we have

c b—a
D < + . .
H‘p’”[a,b] = (a _ 8)77 (1 > (3 34)

a— S

If [a, b] is an interval with no singularities for p, then we know by assumptions that p € C%8
and, by Proposition [3.13] we have

1 () = Ing(@)] < 2510 1Bl 0 g lo,ap) (b — @)’ (3.35)

(see also (3.27)).

However, we need to have an estimate for |I,4(b) — I,,4(a)| even when the singularity s is in
[a, b] and may coincide also with an end point of the interval. In this case, the Holder regularity
of the integral decreases, as we now show.

We recall the following constant, as we defined above:

B 1
C26+0 = T 5 @B1o-T) (3.36)
and we also define
1 1 1
o0 =4 TG i 7 — A i T (3.37)

THEOREM 3.16. Suppose that the function p : [0,00) — R has a singularity at s € [0, oo]
of order 7, according to (3.29)). Then the integral of Definition is well defined. Moreover,
for 0 < a < b < oo with s € [a,b] (included a and b), we have

| I5g () — Ing(a)] < cg9.5 ¢ M gllo,fa,e (b — a)?~7, (3.38)

where c is the same positive constant that appears in (3.29) and cg 5 is defined in (3.37)).

PRrROOF. We distinguish three cases, depending on the position of s in the interval [a, b].

CASE 1: s = a. In this case, we write

b
Tg(8) ~ Lo5)| = | [ puguaw,

b n s—l—b;—is
lim / PugudW,| < lim 37| / B gu dWa|,
s "m0 e taET

n—oo b—:
-1-2771g

which is consistent with Definition B.141
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For each integral in the intervals [s + 5;51 , S+ b;f], we notice that the function  is in C?#

for assumption, and we can apply relation (3.26|) and write

‘ / y. Jubu
—S
stoFT

Now we can use Lemma and we have

b
o) Mol ey Wl g i i (339

b—s\—17
1Pl 1 s vt < 26 (1)
and then, from (3.39)),

b—
st
’ . Gu Pu
—S8
S+2i+1

b— s\0-1
| < c2310 (W) 2¢ [ Zgllg,fs,0)-

Then

lim
n—00 4
1=

+he &> ,
o (b= 0T 32 0,
1 1=0

Since 8 — 1 > 0, the series is geometric and we can calculate the sum:

ir(mxew): 1 11

20-m1 1 20-71_1°

20-1

Recalling the definition (3.37)) of g4 5, we finally get

b
\/ GuBu
S

and then (3.38)) follows for s = a.

1 B
| S 5¢p0mC 1 gll0,s, (b — )77,

CASE 2: s = b. This case is symmetrical to Case 1 and can be done in the same way, getting

S
[ oon
a

CASE 3: a < s < b. In this case, we write

b s
’/ Gu Du )/ Gu Pu
a a
1

9 i
o— o—
5CB.0. € [1gl0,[a,s) (s — @)" " + 3CB.0 € 1 Zgll,fs8 (b — )"

< cg o, ¢ gl fay (0 —a)’ 7,

1 B
u| < 505,9,170”[9”9,[(1,5} (s —a)’",

IN

b
Gu Pu
s

IN

thanks to the proofs for cases 1 and 2. O

From Theorem and Theorem (in particular, see relation (3.21))), we can write the
following.
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COROLLARY 3.17. Suppose that the function p : [0, 00) — R has a singularity in s and/or
in ¢, of order 7 (according to (3.29)). Then, for any 0 < a < b < oo, we have

59 (b) = Iy @)] < Ep.03 ¢ iz (Gl pipr (0 = @)% +[lg'lloo (b= @) + llglloc ) (5= 07,

(3.40)
where c is the same positive constant that appears in , Cwxw is defined in and
Cp,0,5 1s a constant that depends only on the coefficients 3,0, 7 and can be chosen as

4 1y 1 © 1 3.41
€6.0.m = *C2640 59— _ 1 ~ (1 — 2—(2,8+e—1>> 26— — 1° (3.41)

3.4. TECHNICAL PROOFS

In this Section we put some technical and/or minor proofs of some results we stated above.

PRrooOF oF LEMMA [3.2]

PROOF. Relation (3.2)) says that, for any ¢ > 0, there exists a k > 0 such that, if |t — s| < k,
then |f(t) — f(s)| < e|t — s|. For any t € (a,b], we fix a partition of (a,t), say tp = a < t1 <
... <t, =t with max;—q,_n—1|tiy1 — ti| < k. We write

n—1
) = fla)l = | Y f(tisn) = F(t)
=0

n—1

§€Z|ti+1—ti‘:€(t—a).

1=0

n—1
<> ‘f(tz‘+1) — f(t)
i=0

Sending € — 0, we get f(t) = f(a) for every t € [a, b].
For the second part, we notice that, if A(s,t) = df(s,t), then

SA(s,u,t) =00f(s,t) —df(s,u) —df(u,t)
= f(t) — f(s) = f(u) + f(s) — f(t) + f(u) = 0.

Now let us suppose that JA = 0. We define a function f such that A(a,t) = f(t) for every
t € (a,b]. Since 6A = 0,for any s < t in (a,b), we can write

A(a,t) = A(a,s) + A(s,t) thatis A(s,t) = A(a,t) — A(a,s) = f(t) — f(s).

PROOF OF THEOREM [3.11]

PRrROOF. The proof is just an application of the Sewing Map (Theorem . We define the
function A : [a,b]2 — R as

A(s,t) = g(s) W (s, t) + ¢'(s) XW(s, t).
In order to apply Theorem [3.4] we have to prove that

16A]l26+0 < o0, (3.42)
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which yield to the existence and uniquess of the function I such that (3.18]) holds, since 8428 >
1 by assumption. By applying Lemma [3.3] we write

SA(s,u,t) = —0g(s,u) W (u,t) — 64 (s,u) XW(u, t) + ¢'(s) 6XW(s,u,t)
= —¢'(s) 6 X (s,u) 6W (u,t) — gTt(s,u) OW (u, t)+
— 89 (s,u) XW(u,t) + ¢'(s) 6 X (s,u) W (u, t)
= —gB(s,u) 6W (u,t) — 0g' (s, u) XW(u, 1),

having used also Lemma the fact that G = (g,¢’) is a controlled path by X (see (3.14))
and the Chen relation (3.17)). Then, we have

5 A(s,u, )] < g% (s, ) SW (u, )] + |69/ (s, ) XW (u, )]
< llg™l2p [u = sI* (W llg [t — ul” + 119/ llg [u — 517 || XW]| g [t —u] 7+
< G (Jl9™ a5 + 1115 It = s+,
Hence, we get

l0All25+6 < Cwxw |Gl p.m,

recalling the definition of || - [| ys.6 in (3.15).
X
Applying the Theorem of the Sewing Map, we have

1

161 — oW — g’ XWllag49 = (101 — All2g1o < c2p+0 [0 All219, where o549 = 1 o-@pro-)

which yields to (3.19).

Now we write
[01(s,t) — g(s) W (s, )] < |01(s,t) — A(s,t)] + |g'(s) XW(s, 1)
< 161 — Allagro [t = s+ + 1lg'lloo 1XW]lg40 [t — 57
< (161 = Allsg o1t 51 + ' lo [ XW 510 ) It — 5|+

< cap+0 Cwxw (HGHD%?,B) (t=5)" +11g'lloc) It = s/7*7,

which yields to ([3.20]).
Finally, to prove (3.21)), we write

81(s, )] < |61(s,) — g(s) W (5, )] + |g(s) W (s,1)|
< 1167 = g3W llgs st = 517 + llglloo IVl [t — 5|
= (1151 = oW llg1.5 1t = 517 + llglloe W o) It = s1".

Then,

I511lo < 1161 = g 6W |50 7 + llglloo W o
< cap0 Cwaxw (Gl o0 77 019 lloo ™ + l19ll0),

and we have done. O
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PRrRooOF OoF LEMMA [B.12]

PROOF. We are going to prove that
5(pg)(s,t) = (pg')(s) 6X (s,t) + O(|t — 5/**) uniformly for [t — s| — 0, (3.43)

which yields to conclusion, thanks to Definition [3.9 We can write

d(pg)(s,t) = p(t)g(t) — p(s)g(s) = p(t)g(t) — p(s)g(t) + p(s)g(t) — p(s)g(s)
= p(S) 59(37 t) + g(t> (52?(3, t)
= p(s) (9/(5)6X (5.8) + g"(s.1)) + O(ft = s)
=p(s) g'(s) 6X (s,t) + O(|t — s|*),

since g is a controlled path by X (see (3.14)) and p is in C?5. O

PRrRooOF OoF LEMMA [B.15]

PROOF. We can prove just relation (3.33)), since relation (3.34]) can be proved analogously.
We write

c c
1Plloc,fa,p) = sup_[p(u)| < sup - = -
ool u€la,b] u€la,b] ‘U - 5|77 (8 - b)TI’
and, at the same time,
_ ‘pu _pv| _/ 1-23 c 1-28
D = sup —- < sup |p,|(b—a <—(b—a
IPlasso = sp_ P < s (0= @) < o (0-a)

and these calculations hold directly to (|3.33). O



CHAPTER 4

ROUGH FRACTIONAL SDE

INTRODUCTION

In this chapter we are going to use rough path theory and, in particular, the results in Chapter
to prove the existence and uniqueness of the solution to the following stochastic integral
equatation:
1 t

A S / FY,) (t— w3 dw,  forall ¢ € 0,7, (41)
F(H - %) 0
for some H € (0, %), where £ € R is the starting point, F' : R — R is a smooth function and, in
this case, (Wy)yu>0 is a Brownian motion with stochastic integration in the Ito6 sense. Setting
oa:=H+ %, equation (4.1) can be formally written in the differential form as follows:

{DaYt =F(Y)W, fort>0 42)

}/E):fv

where D% is the fractional differential operator, i.e. the inverse of the integral operator J¢
defined by

1 t
JZy = —— Zy (t —u)* L du.
= i Jy Bl
This kind of stochastic differential equation is called “fractional” because of the presence of the
fractional operator D®. We will solve this equation in the framework of rough path theory. The

solution Y of (4.2) turns to be a path controlled by the process X given by

! >/Ot(t—u)H—%qu, (4.3)

Xy =
F(H+%

which is the so-called Riemann-Liouville (RL) fractional Brownian motion with Hurst param-
eter H € (0, 3), close to the usual fractional Brownian motion.

In applications, problems in the form of (4.2)) can be found in finance (see [Bayer et al. 17]).
Indeed, these differential equations appear in the study of the dynamics of an important class
of stochastic “rough” volatility models. Also in [Promel, Trabs 18], the authors deal with the
Volterra integral equation (4.1)) and they prove existence and uniqueness of the solution in the

1
case of H > 3.

DESCRIPTION OF THE CHAPTER.

e In Section We present a more general problem than (4.1)) and we state our main results
of existence and uniqueness, under suitable assumptions.

e In Section [£.2] we prove our main result.
e In Section [£.3] we prove some auxiliary technical results.

71
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4.1. MAIN RESULTS

In this section we present a more general form of the rough fractional differential equation ({4.1))
and we prove existence and uniqueness in this general formulation.
Now we fix

(i) the starting point £ € R;

(ii) a sufficiently smooth function F' : R — R (see below for details);

)
)
(iii) two exponents 6,1 € RT, with # > n and 8 := 6 — n;
(iv) a function W € CY;

)

(v) a function p : [0, 00) — R which is C? except for a singularity in zero of order 7 such that

Pl S g S s (4.4)
for some constant ¢ > 0, for all u < 1;
(vi) a function X defined by t
Xt :/0 Pt—u AWy; (4.5)

(vii) a function XW € C’g * such that the Chen relation (3.17) holds, that is

OXW(s,u,t) = 0X(s,u) W (u,t).

REMARK 4.1. We know that, for any ¢ € [0,7], X is well-defined as an easy consequence of
Theorem with g = 1 (for any t, we write p,, = pt—y, Which has a singularity in ¢ of order
7n). The following proposition, which will be proved below in Section says that X € CP,
where 8 = 0 — n, and then the definition of XW is well posed.

PROPOSITION 4.2. The function X defined in (4.5) is a Holder function with exponent
given by =60 —n.

REMARK 4.3. As we have seen in Chapter (3] if (g, ¢’) is a path controlled by X, then we can
uniquely define the integral of g with respect to W once we have fixed an integral of X with
respect to W, which is equivalent to fix a map XW & 025 0 that satisfies the Chen relation (see
Definition . If W is a Brownian motion, the existence of XW is ensured by Proposition
and Theorem [3.8

We want to solve the following rough fractional integral equation:
t
Yi=¢+ / F(Y,) pt—y dW,, for ¢t € [0, T] (4.6)
0

Because of the presence of the singular kernel p;_,, in the integral, we cannot treat as a
classic rough integral equation as in [Friz, Hairer 14]. So, we are going to proceed in a different
way, but always connected to the classical theory.

Let us give a meaningful definition of solution.
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DEFINITION 4.4. A function Y : [0,7] — R is called solution of (4.6]) if
(i) (Y, F(Y)) is a path controlled by the function X defined in (4.5));

(ii) Y satisfies (4.6, where the integral that appears is a rough integral with the singular
kernel p, as defined in Chapter [3]

Hence, the space of the solution to (4.6]) is given by the space the paths controlled by the
path X in (4.5)).
REMARK 4.5. In the special case of the rough differential equation (4.1]), we recall that W is

i p
. . . . . w2 s _ . .

a Brownian motion and X, as defined in (4.5)) with p, = TH+D)’ is a RL-fractional Brownian
motion with Hurst parameter H, and hence 6 = % —e,n= % — H and then rightly g = H — ¢,
for any € small enough.

Our goal is to ensure existence and uniqueness of a solution to (4.6[). Before stating the main
theorem, we show the assumptions we need for the function F'.

ASSUMPTIONS ON F. We now set two differents assumptions on F': the first one is enough to
prove local existence and uniqueness, while the second one is needed when we want to prove a
global existence.

The first set of assumption is

F" is locally Lipschitz (4.7)
and for the second one we set
F is bounded and F, F’, I are globally Lipschitz (4.8)

We note that, in order to have condition (4.7), it is sufficient to request that F' € C® and, in
order to have condition (£.8]), we can just require that F' € C3 and F, F’, F", F""" are bounded.

THEOREM 4.6 (EXISTENCE AND UNIQUENESS). We fix &, F,0,n, W, p, X, XW as above.
Consider the rough integral equation in (4.6). If 6,7 are such that

0+ (0—n) <1, 0+2(0—mn)>1, (4.9)
We have

e Uniqueness: if F' satisfies (4.7)), then there exists at most one solution;

e Local Existence: if F' satisfies (4.7]), then there exists a solution on a short time
interval, i.e. on the interval [0, T], for T" small enough;

e Global Existence: if F satisfies (4.8]), then there exists a global solution on an arbi-
trary time interval.

REMARK 4.7. We just prove global existence and uniqueness under assumption (4.8)), since

local existence and uniqueness under assumption follow by a localization argument.
Indeed, if F satisfies the weak assumption , then I satisfies the strong assumption

restricted to a closed ball B with center in &, which is a compact subset of R. Then there exists
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a function F' which satisfies the strong assumption on the whole R and coincides with F
on B. By global existence, there exists a solution Y : [0, 7] — R of with F replaced by F.
Since Y is continuous with Y(0) = &, we can find 77 < T such that Y (¢) € B for all ¢t € [0,7"].
Then F(Y;) = EF(Y;) for all t € [0,7"] (recall that F = F on B), so Y is a solution of the
original rough differential equation (4.6) on the shorter time interval [0, 7’]. We have proved
local existence under the weak assumption , assuming global existence under the strong
assumption (4.8). The same can be done for the uniqueness.

REMARK 4.8. For the orginal Volterra equation (4.1]), recalling that in this case 6§ = % — ¢ for
any ¢ small enough and n = % — H, the assumption (4.9) corresponds to

1 1
- < H < —. 4.10
1 < H< 5 ( )

SKETCH OF THE PROOF. To prove Theorem we use the Banach contraction principle, the
standard technique to solve SDE. We need the estimate that we got in Chapter [3] Section [3-3]
We first show that the integral that appears in is a well defined rough integral controlled
by the path X defined in (4.5)). To do this, we need to show that F(Y') is still a controlled path
by X and we prove that, if (g, ¢’) is a controlled path by X, then (I,,g) is still a controlled
path by X, where Iy(t) := fg Gu Pt—u AWy,
Then we prove that the integral operator

(YY) = (E+ Ipy), F(Y))

is a contraction in a suitable Banach space, and then it has a fixed point, which turns out to
be the solution Y to (4.6]).

4.2. PROOF OF THEOREM

The proof, based on the contraction mapping theorem, is given in Subsection [£.2.3] We first
derive useful estimates on the composition and rough integral operators (Subsections and
4.2.2)).

The framework is the following:

EelR
F:R—R satisfies the strong condition (4.8)
0,m >0, 0>n
B:=60-—n, 0+p <1, 0+28>1
p e C?0,00) satisfies
W e’ XeCP defined by ([{5),
XW e CQB T that satisifes the Chen relation (3-17).
We now are going to prove global existence and uniqueness under the strong assumption

(4.8]). We recall that this condition says that F' : R — R is twice differentiable and F, F’, F"
are globally Lipschitz. In particular, from now on we assume that Cr > 0 is such that

max{|F(y) - F(z)l, [F'(y) = F'(2) |, [F"(y) = F"(2)|} < Cp |y — 2.
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We note that the integral equation (4.6) can be written as
Y =8+ Ipyy,

where
t
Ipey)(t) ::/0 F(Yy) pt—u AWy (4.11)

Then, in order to prove the existence and uniqueness of a solution to (4.6)), we need to prove
that there exists a unique fixed point of the following integral operator:

YY) = I(Y) := (£ + Ipy, F(Y)). (4.12)

However, since we are interested in defining Z over the space of a possible solution of (4.6)),

we focus on the following subspace of Dg?’ﬁ ),

={V=(.Y)eD{? suchthat [Vl e0 <€ Y(0)=¢ and Y'(0) = F(E)},
X

(4.13)
where
¢:=4éggn CxwxwCr (14 [[Flloc) (140) (4.14)
and we recall that c is the same that appears in (4.4)), C x,wxw is defined as
Cxwxw := 3 Cwxw (1 4 [ X]|5) = 3 max{[|[Wllg, [XWl|o4s} (1 + [ X]|5), (4.15)

and ¢ggp is a positive constant which depends only on 6,1 (and f = 6 —n) which can be
defined as in .

We are going to show that there exists a unique solution of the rough integral equation 7
provided T small enough: we require that

T8 < L ,
T A1+ O (1 +[[Flleo)?(1 4 [1X]]5)?

where € is defined in (4.14)).

To complete the proof for an arbitrary time interval [0,7], we can split it into a finite
number of sub-intervals for which holds, and apply our existence and uniqueness result
to all sub-intervals.

We proceed by three steps:

(4.16)

e In Subsection we prove that, given Y, a path controlled by X, then also F(Y) (with
its appropriate derivative with respect to X)) is a path controlled by X (see Definition
, in order to make sense of the rough integral that appears in the right side of the
equation ([4.6). Moreover, we find useful estimates that link the norms ||F(Y)||D§(g,g) and

1Y|| 55 and also the norms of the differences [|F/(Y) — F(Y)HD(B,B) and ||Y — }/}H,D(ﬁ,ﬁ).
X X X
e In Subsection we show that also ¢ — [ F(Y,)pi—, dW, is a path controlled by X

with derivative given by F(Y) and we find some relations for the norms. This implies
that Z is a well defined operator over the space &£.

e In Subsection [1.2:3] we prove that the integral Z is a contraction over the closed space
EC Dg?’ﬁ ),
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4.2.1. CoMPOSITION OPERATOR. Since we are dealing with integrals of F(Y'), where Y

is a controlled path and F' is a function, then we need some statements on the rough path
F(Y):=(F(Y),F'(Y)Y). Now we show that F(Y) is still a path controlled by X and we get
a relation to control || F(Y)|| 5.5 with || V] s.5), where we use the notation ¥ = (Y, Y”).

X X

LEMMA 4.9. Let F': R — R be a Lipschitz differentiable function with a Lipschitz derivative
F’; in particular, we suppose that there exists Cr > 0 such that

max{|F(z) - F(y)|,|F'(¢) - F'(4)[} < Crlz — y|. (4.17)

If Y = (v,Y") is in DP? | then F(Y) := (F(Y), F/(Y)Y") is in DP?). Moreover
IF@) pipn < Cr (IPllpi + ¥ 1517 oo + 5 1Y 1) (4.18)
p® = CF D) B oo T 5 B) .

PrROOF. We have the following:
e F(Y) € CP, which can be easily proved by observing that
[F(Y)(t) = F(Y)(s)| = [F(Y(t)) = F(Y(s))| < Cp|Y(t) = Y(s)| < Cr |Y]glt —sl”,
which implies

1EX)lls < Cr Y [l
o F'(Y)Y' € CP, indeed:

(F'(Y)Y')(t) — (F'(Y)Y')(s)| = !F'(Y(t))Y'(f) F'(Y(5)Y'(s)l
= |F'(Y()Y'(t) = F'(Y () Y'(t) + F'(Y () Y'(t) = F'(Y(5)) Y(s)|
< |F'(Y () = F Y)Y (1) + [F'(Y ()| [Y'(£) = Y'(s)]
<Crl[Ylglt = s’ Yoo + Cr Yl |t = 51,

having used the Lipschitz property of F and F’.

Then

1) Y5 < Cr (I IalIY oo + V75)- (4.19)

Now it remains to prove that

IF(Y)(t) — F(Y)(s) — (F'(Y)Y")(s) 6X (s,t)| = O(|t — s/**) uniformly for |t — s| — 0.
(4.20)

Since Y is a controlled path by X, then Y”(s) X (s,t) = 6Y (s,t) — YF(s,t), where Y (s, 1)
is in 0226. We can write
F(Y(t) = F(Y(s) = F'(Y(s5)) Y'(s) 0X (s,1)
= F(Y (1)) = F(Y(s5)) = F'(Y(5)) (Y (t) = Y(5)) = F'(Y(5)) Y (5, 1).
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The last term is O(|t — s|?#), because so is Y and F” is bounded. For the first three terms, we
note that, since F' and F’ are Lipschitz with constant Cr, we have

Y (t)

[F(Y (1) = F(Y(s)) = F'(Y(s)) (Y(t) = Y(5))| = / (F'(z) = F'(Yy)) dz < %CF Y () =Y ().

Y(s)
This proves , noting that
(Y () =Y (s)* <[V |51t — s>
Moreover, we have just shown that
[FR(Y)(s,8)| = [6F(Y)(5,t) = F'(Y(5)) Y'(5) 0X (5, 1)
< SRV 1t~ 5 + O [¥ g |t — 5P,

which implies

1
IF() lag < Cr (5 IVIIE + 1Y Fllas ). (4.21)

Relation (4.18) follows easly from (4.19) and (4.21)):

IFX)lpas = IF'(¥) Y lg + [ F(Y) 25

Ips,
< Cr (IV16lY oo + 5 IV I3 + (1¥705 + 17 Rl )
= Cr (Wllpn + IV 6l oo + 5 1V12).
O

We need also estimates in order to control ||F(Y) — }"(Y)HD(g,B) by [|[Y — Y”D(B’B)’ where
X X

both Y = (Y,Y’) and Y = (Y, Y") are controlled paths in £ which is a subset of Dg?’ﬁ ) defined
in (4.13]). The proof of the following is deferred to Section

LEMMA 4.10. Let F : R — R be a twice differentiable function Lipschitz, with also F’ and
F" Lipschitz: in particular, suppose that there exists Cr > 0 such that

max{|F(z) — F(y)],|F'(z) — F'(y)|, |[F"(z) = F"(y)|} < Cr |z — yl.

Take Y = (Y,Y")and Y = (Y,Y”) in Dg?’ﬁ) such that | V|| p@.s < M and | Y| pe.s < M, for
some M > 0 in the interval [0, 7. Then there exists a positive constant C' = C(M, T, X, CF)
such that

[F(Y) - f(Y)!!Dgg,B> <C|y- 3>||D§§,ﬂ>~

More precisely, if J and Y are controlled paths in € C Dg?’ﬁ ) , then

|F) = FD)llpg < 3Ck 1+ [X1g) 1Y = Dl o
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4.2.2. ROUGH INTEGRAL OPERATOR. We now want to show that the rough integral
operator that we defined in (4.12)) is well-defined.

In the following Proposition, we show that, if (g, ¢’) is a path controlled by X, in notations

(9,9) € Dg?’ﬁ), then also the rough integral I, defined by (4.22)) below, is a path controlled by
X with derivative given by g. The proof of the following is deferred to Section [4.3]

PROPOSITION 4.11. For every G = (g,¢') € Dg?’ﬁ), let us define the rough integral

t
Ig(t) ::/0 Gu Dt—u AWy, (4.22)

Then (1,4, g) is in Dg?’ﬁ), that is I, is a path controlled by X in C” with g as a derivative
with respect to X.
More precisely, for all 0 < s <t < T,

313(5,0) = 000X (6.0)] = | [ (00 = 90) (icw =) AV,

(4.23)
< e(t = 5 2 pn Cwixw (IGll e ¢ + 119l + gl ).

where c is the same that appears in (4.4)), Cywxw = max{||W g, || XW|| 549} (the same defined

in (3.22)) and & g, is a positive constant which depends only on 6,7 (and § = 6 —n) and
can be chosen as the one in (3.41]).

By Lemma below (see Section [4.3|which contains technical proofs) and thanks to relation
(4.23) we got above, we obtain an estimates of |[Iy|| .6 (where I is defined by (4.22)).
X

COROLLARY 4.12. For any T > 0, we have
Myl 1o 7y < €60 Cxawazw (1+0) (|Gl o T + 19 O)]). (4.24)

where cg g, is defined in (3.37)), c is the same that appears in (4.4)) and Cx wxw is defined
as (4.15).

PrOOF. By definition,

R
gl .00 = Nlglls + 1145125

< llglls + ¢o,6.1 Cwixxw ¢ (llGHDgg,m TP+ 19"l + lllls),

where we used Proposition to get an estimate for || 15|25 (see (£23)). Then, by applying
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(4.31) and (4.32)) (see Lemma below), we can write (recalling (4.15])
B /
gl oz < 1+ 1X15) (I o T2 +19'0)] )+
+ g e |21G 0 T2 +160) + 1+ 1X1) (16l 7% +15/0)])
< L+ 11X018) (Gl o T + g/ O)]) + Eo,5.0 Cowscn e (1 + 1X115) (3G o T7 + 214/ (O)])
< W+ 11X015) (Gl o T + 19/ O)]) + .80 Cxcarm e (I Gl T? +1'(0))

< G Oxavzw (1+) (|Gl T% +19'(0)]).

that is (4.24)).
O
Thanks to Proposition the rough integral operator Z (see (4.12)) is well defined over

all the space Dg?”g ), Indeed, in Lemma we proved that, given (Y,Y”’) in Dg?”@ ), also

(F(Y),F'(Y)Y’) is in Dg?’ﬁ). Then, by applying Proposition we have that the rough
path (Ip(y), F(Y)) is in DY and then (€ + Ipy), F(Y)) is still in DY,

However, as we say above, we restrict our study to a close subspace £ of Dg?’ﬁ ), defined in

(4.13]), where we find the solution Y of (4.6]).

REMARK 4.13. The space Dg?’ﬁ) is a Banach space with the norm [|Y ||l + [|[Y[|oo + |Vl pce.5)
X

which is equivalent to [Y'(0) + [Y(0)[ + [ V|| ,s.5)- Hence, in the space £, we can just consider
X
the distance given by
dY,Y) =¥ - 3>||Dg§,ﬂ>-
Since £ is a closed subset of Dg?’ﬂ ), we can say that £ is a complete metric space with the
distance ||V — V| .5
X
REMARK 4.14. £ is not empty. Indeed, let us define
i =&+ F(§) Xy for t € [0,T].

Then Y is a controlled path by X with Y (0) = &, derivative identically equals to F'(¢) and with
null remainder; indeed, for any s,t,

3Y (s,t) = F(£) 0X (s,1).
Then || Y| .60 = 0 and hence Y belongs to €.
X

4.2.3. Fi1x PoIiINT SoLUTION OF RDE. Proving Theorem is equivalent to prove the
following.

PROPOSITION 4.15. 7 is a contraction in (€, d), where, for any Y, Y eE,

A, ) =Y = Dl pg- (4.25)

If we assume this result, then we can prove directly Theorem [4.6]
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PROOF OF THEOREM 4.6l Thanks to Remarks and we know that (€,d) is a non-
empty complete metric space and, thanks to Proposition [£.15 we know that Z is a contraction
on (E,d). Then, by the Banach fixed-point theorem, Z admits a unique fixed-point Y* in &,
i.e. Z(Y*) = Y*. In particular, Y* = (Y*,Y") is such that

t

Y*(t) =€+ /0 F(Y™)(u) pp—y AW,

and then it is the unique solution to (4.6)). O

Now it remains to prove Proposition and then we are done. In the following proof we
use some technical results whose proofs are deferred to Section [£.3]

PROOF OF PROPOSITION [£.T5l In order to prove Propposition [.15] we proceed in the follow-
ing way:

e first, we show that Z maps & to &, that is: for any J € &, we have Z(Y) € &, that is:

Z(Y)(0) = (& F(§)) and
VY eé: ||I(37)||Dgf,ﬁ> <¢ (4.26)

e second, we show that Z is a contraction: we will prove that, for all ), YinE ,

A 1 N
IZ) =ZD)lpea < 511V = Vllpes- (4.27)

Recalling the definition of € and the definition of the operator Z(Y) = ({+1p(y), F(Y)),
we know that § + Ipy)(0) = £ and its derivative in zero is F'(Y'(0)) = F(§), and so, in order
to say that Z(Y) € £, we just have to show (4.26).

Thanks to Corollary for Y € £, we write

IZNpe0 = el pe.e
< Zp0n Cxwxw (1+0) (IFD)lpp T7 + [F' () F (€)])

= 2,00 Cxwxw (1+¢) [FD)l pee0 TP +écg 9, Cxwxw (1 +¢) Cr || Flloos
Az

Aq

where, in Ay we used the fact that |[F'|lc < Cr and [F(§)| < || F|co-
Now we show that

1 1
A < §€ and Ay < 5@,
which lead to (4.26]).
For A,, easily, we have
1 |[Fllso 1
Ay=-———— €< =€,
T U Fle T2

directly from the definifion of € in (4.14)).
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To prove the relation for A;, we first show that, if ) € £, then

T5<:§Cf. (4.28)

IF O e o T < 2

If Y € &, from relation (4.18]) proved in Lemma [4.9| and by Lemma below, we can write
3
IFOpgn o0y < Cr (€45 (L4 [1X116)* (L4 [[Flloc)?)- (4.29)
Then
3
B B2 2 2B
IF @) o7y T7 < Cr (€77 + 5 (141 X115)2 (L + |1 Fllo) T7)

1 3 1
< Cp (€ + 5 (L4 | X[0) (1 + | Flloo)? )
11+ "2 ’ T A X2+ ([FTe)?
)
<-C
=3 F,
since T satisfies (4.16)). Recalling the definition of € (see (4.14])), we have
) ) ¢ 1
Ay <-¢ C Cr=——7-7—<-¢.

Hence we have proved .
Now we have to show . Thanks to Corollary for Y, :)7 € &, we write
1Z(Y) - 1(37)\|Dgg,s) = ey ranlpes < som Cxwxw (L+0) [|F(Y) — ]:(Y)Hpgg,ﬁ) 77,
(4.30)
because (14, g) is a controlled path by X, where
g=FY)-F{ ) and ¢=F)Y -FY)Y".

In particular, ¢’(0) = F'(Y(0))Y’(0) — F'(Y(0)) Y'(0) = 0, since both Y and Y are in £ (see

(4.13))) and then (4.30) holds.
Thanks to Lemma 4.10, which gives an estimate on [|F(Y) — F(Y)|[ 5.0, for Y,V € €, we
X

can write

1Z(Y) - IO})HD%&@ < g0, Cxwxw (L+¢)3Cr (1 + (1 X|I5) IV — 3>||Dgg,a> 77
—Kly-Y
1V = Ylpee,

where
- 3
K =3ég9nCxwxw(L+¢)Cr(L+ X)) T7 < 1 S+ 1Xlls) 77,

having used the definition (#.14)) of €. Since T satisfies ([.16)),

3 ¢ 1 3 1
<= <<z
T161+C1+|X[p 16 2

We have just proved that
A 1 A
) -1 |y —
IZ) =ZDlpem < 511V = Vlipes

and then the operator Z is a contraction on the close set £ of ,Dg?,/i ). ]
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4.3. TECHNICAL PROOFS

PROOF OF PROPOSITION [4.2].
PROOF. For any 0 < s <t < o0, write

Xt - Xs = /(pt—u _ps—u) qu;
R

with the convention that p, = 0 when v < 0. Now we use Proposition m (in particular (4.42)
with ¢ = 1), and we can write

X, — X,| <K (t—s)777,
where K is a constant which depends on the data of the problem, but not on s, . O

RELATIONS BETWEEN NORMS. In this section, we report some useful relations between the
norms.

LEMMA 4.16. Let G = (g,9') € D®P) be a path controlled by X. Then we have
l9'loo,js0 < 19" ()] + Gl o (t = 5)° (4.31)
X

and

ol gen < @+ 1X18) (I9/6)] + Gl (¢ = 5)?)- (4:32)

PROOF. Relation (4.31]) follows by

90] < 195l + lgu — ga < gl + 119/llg (¢ — 5)".
To get relation (4.32]), we recall that G is controlled by X and we can write
169(s, )| = |94 0X (s, 1) + 9" (s, )]
<119 lloo X [l (t = 5)7 + [lg™ 125 (¢ — 5)**
< (¢ = 9)° (1 G 1X 115 + Gl pign 1X 15 (¢ = ) + |Gl pam (¢ = 5)°),
having used also (4.31)). O
LEMMA 4.17. If Y € £ and T satisfies (4.16)), then
1Ylg < (1+[IX]lg) (T +[[Flloo) (4.33)

and

1Y loo < (1 + 1 F'lloo)- (4.34)

PROOF. The proof follows from Lemma {4.16 If V € £, thanks to (4.32), we can write

I¥Ylls < (1+ [1Xls) (F(€)] + € T7)
< (L+[1X1lg) (1Floc + 1),
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since T¥ < IJ%Q (see (4.16)).

From (4.31)), we can write

1Y [|oo < [F(E)| +€T? < ||F||oo + 1.

O
PROOF OF LEMMA [4.10L
PRrROOF. We define
H=(hh)=(F(Y)=FY),F (Y)Y —F{Y)Y. (4.35)
We know that H € Dg?’ﬁ) with H® := 6h — W/ 6X in 0226. By calculation, one gets
1K llg <
CrIYls Y =Y lloo + 1Y lloc 1Y = Yllg + 1Y = Yllg + (IY'll5 + [V lloo [Y[I5) Y = ¥ loc]
(4.36)
and
1|25

5 1 ) . 1 .
< Cp IV =Yg + (1Y 25 + 5 IVIE) 1Y = Yloo + ¥ lls [V = Ylls + 5 Y = YI3]
(4.37)

(the proofs of these two relations are postponed at the end of the proof).
By (4.36]) and (4.37), we have

1 gz = IRl + |l
R N N 1
< Cr |V =¥l + YV = ¥l + 1Y = Flloo (1Y Rllos + 5 IV + 1Y ls + 1Y oo [¥115) +
. . 1 .
Y = Pl (1Y oo + 1Y llg) + 1Y = ¥lloo 1Y ll3 + 5 1Y = VI3

Since Y'(0) = Y(0) and Y’(0) = Y”(0), then we have the follwing relations:

IV = Voo < Y = V577
1Y = Vllow < IV = V5 T <19 = Pl e T?

and
IV =Yg < Y = Y|l IXlg + [YF = V5 TP < |V - yllpgym T (1+ | X|g).
We also use the fact that

1Y = VI2 < Y =Vl (1Y 115 + 1715).
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and we write

1Hll g < CF (1Y~ JAJHDgg,er

1 = Dllpigon T (14 1X15) (Wlhpison + 3 1Y I3+ 1Yo 1 15) +

+ 1Y - yllpgg,ﬁ> T7 1+ [1Xlg) (1Y loe + 1Y 1) + 1Y — y!lpgg,m T7|Y]|g+

4 519 = Dl T2 41X 13) (1¥ s + 1711

<Cr(1+[X]p) 1V - yllpg,m x

x (14T GVl + 1V oo + 1¥18) + T2 (Wl + 5 VI3 + ¥ 17 13)).
In Lemma we proved that

max{[|Y g, [Y'lloc} < (1 + [ XIl5) (1 + [IF'llo0), (4.38)

for any )V € €. Then, since ),y € € and T satisfies (4.16)), by using also (4.31)) and (4.32)), we
have

5 N 9 9
2SIVl + 1Y oo + 171) < 5T (14 IX115) (1 + |1 Flloo) < 2
and
1 3
7% (Ilyllpgg,m +3 VI + 1Y oo Y [15) < T* (€ + 5 5 1+ 1X18)* (1+ [ Fllo)?)
<2
- 32
Then

9 )
|Hlpea < (145 +25) Cr (1 + XU 1Y = Pllpn < 3Ck (1+ [ X]15) Y = Pl

Proor orF (4.36). By definition of ' in (4.35)), we have
W(t) = W(s) = (FF(V) Y/ = F'(Y) Y)) = (F/(Ys) Y] = F'(Y;) YJ).
By adding and subtracting F’(Y;)Y! and F'(Y;) Ys', we can write
Wt~ H(s) = (F'(V;) — FI(Y))) Y + F(¥;) (V] — Y!)+

— (F'(V3) = F/(Y)) YJ = F'(V) (Y = YY)

= Go Yo+ F'(Y) 0Y, — §su Vi + F/(Y) 6Y,,
where we use the notations

gor = F' (V) = F'(YS),  fuy = F'(%) = F'(Y.).

By triangle inequality,

() = 1 (5)] < lgse = Gt [YE]+ [Gsl [YS = Y[+ [F (YO 0Y2, — Y| + [F'(Ya) — F' (V)| [0Y7,]-
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We use the following relations:
[Gsal = |F'(Y2) = F/(Y)| < Cp |V = Vi < Cr |Vl |t — s/
Y =YV <Y = V]|
[F'(Y)| < [[F']loo < CF
|6Y ey = 8Yi, < Y =Yg |t — 5|
|[F'(Y,) = F'(Y))| < Or Y = Vi < Cr[|Y — Yl
[6Y 04l < 1Yl It = 51,
We can write

[1'(8) = W ()| _ |gst = Gsl
|t —s|f - |t—slP

1Y lloc + CrIVI5 1Y =Y oo+ Cr Y = Y'llg + Cr |Y = Yoo Y]]

Now we focus on |gs ¢ — §s,¢|: we can write

= |(F'(Ys + 6Ysz) — F'(Yy + 6Y51)) — (F'(Y) = F'(Y0))l-

|gs,t - gs,t
By summing and subtracting the term F’ (173 + 0Y5+) and by triangle inequality, we get
196 = el < 1F'(YVs 4 6Ye) = F' (Yo + 0V 0)| + [F'(Ys + 6Ye ) = F/(Ye) — (F'(Ys + 6Y0) — F'(Y5))]

1
< OrldYis = 6¥iil + | / (F" (Y + udYi) = F'(Ve + udY,,)) 6Ysp dul
0

< CpldYay — 6YVor| + Cr Y = Yl|oo [0Y5 .
Hence

’gs,t - gs,t|
[t — sl

PROOF OF . We have
HR(s,t) = h(t) — h(s) — h'(s) 6 X (s,1)
= (F(Y) = F(V1)) = (F(Y:) = F(Y3)) — (F'(Y2) Y{ — F'(Y:) V) 6 X (s,1)
= (F(Y;) = F(Y;) = F'(Ys) Y] 6X (5,1)) — (F(Y;) — F(Y;) = F'(Ys) Y] 6X (5,1)).

<Cr(lY =Yg +1IY =Yl 1Y ]l5)-

By summing and subtracting F'(Y;) Y (s, t) and F'(Y;)8Y (s,t), we write

- (F(?; OV (s,)) — F(Vs) — F'(V3) 6V (s, t)) (4.39)
+ F'(Y,) (6Y (s,t) — Y's6X (s,t)) — F'(Y3) (6Y (s,t) — Y's X (s,1)).
For the last two terms, we can write
|F'(Y) (8Y (s,8) — Y's 6X (s,1)) — F'(Yy) (6Y (s,8) — Y's 6 X (s,1))]
= |F'(Ys) YT (s,1) = F'(Ys) Y(s,1)|
< F' (Y)Y (s, 1) = V(s )|+ [Y (s, )] [ (Ys) = F'(Y5)]
< Cp YR =Y |gg [t — s + [V F||ag [t = s Cr||Y = Voo
= Cp (V5 = ¥ g + 11V Fllag [V = Vlloo ) It = 5.
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Now we look at the first two terms of ([£.39). If we define
G(Y,8) =F(Y +4)-F(Y)-F\(Y)§, (4.40)
we write these two first terms of as
G(Y;,8Y (5,1)) — G(Y5,6Y (s,1))
= (G(Ys,6Y (5,t)) — G(Ye, 6Y (5,1))) + (G(Ys, 0Y (s, 1)) — G(Y5,6Y (s,1))) .

J/

A B

By (4.40)), we have
6.0 = [ (PO ub) - FOr)a,
hence
G(Y,9)] < 5 Cp 3P, )
and we write
A= /01 /Ol(F”(Ys +uvdY (s, t) — F"(Yy +uvdY(s,t))) 6% ududo,
which yiels that

1 N N
Al < 5 CrllY =Yoo 8Y (s, < 5 CRIY = Vlleo VI [ sI**.

N —

For B, we can write
B =F(Y,+6Y(s,t)) — F(Ys +6Y (5,)) — F'(Ys) (6Y (s,t) — 6Y (s, 1)).
By adding and subtracting the term F'(Y + 0Y (s,t)) (6Y (s,t) — 8Y (s, t)), we write
B=F(Y,+68Y(s,t)) — F(Yy+6Y(s,t)) — F'(Yy + Y (s,t)) (5Y (s, 1) — 6Y (s, 1))+
(Vs + 0¥ (5,1)) — F'(¥2)) (0 (5,1) — 0¥ (s,1))
= G(Ys 4 0Y (5,1),8Y (5,t) — Y (5,1)) + (F'(Ys + 6Y (s,1)) — F'(Y3)) (6Y (s, 1) — 6Y (s, 1)).
Then, recalling also , we have

B < 5 Cpl8Y (s,1) — 0¥ (5, 0)* + Cor [0 (5,0)] 5 (5,) — 6 (s, 1)

IN

S CrllY = VIRt = s 4 Cr ¥ lls Y — ¥t — s/

Then, summing up the estimates, we get

1|25

< Cr (I =PI+ IV 1Y = Tl + 5 IR IY = Floo + 1V = ¥R + [V Pl [V = V),
that is . O

PROOF OF PROPOSITION [4.11] Before the proof of Proposition [I.11] we need the following
result, whose proof is postponed to Chapter [5| (see Proposition .
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PROPOSITION 4.18. Let us suppose that G = (g,¢’) is a path controlled by X in Dg?’ﬂ)

and p : (0,00) — R is a function with a singularity of order 7 for v = 0 and is a C? function
elsewhere such that satisfies (4.4) for some ¢ > 0.
Then, if 0 —n < 1,

’ / Ju (pt—u - ps—u) qu
R

< cgm Owaw e (t = 9" (|Gl e 2 + 9/ llo0 ° + lgllo ).

(4.42)
If6+p5—n<1, we have

) /R(gu = 9s) (Pt—u — Ps—u) AW,

(4.43)
< a0 Cxwm et = 577 (IG e 17 + llg' oo + ),

where cg g, is a constant which depends only on 3, 6,7 and we use the convention that p, = 0
when u < 0.

Thanks to this result, we can easily prove Proposition

PROOF OF PROPOSITION [£.11] We know that, if (g, ¢’) controlled path of X in Dg?’ﬁ), then,

for any t € [0, 77,

t
Ig(t) = / Gu Pt—u dW’LL?
0

is well defined. In order to prove that (I, g) is in Dg?”g ), we have to prove the following relation:

Ly(t) = Ig(s) = gs 6 X5 + O(Jt — s[*),

uniformly for |t — s| — 0.
By using the definition (4.22)) of I,, we can write

Ig(t) - Ig(s) = /0 Ju (pt—u - ps—u) dW,

t t
= 0s / (pt—u - ps—u) qu + / (gu - gs) (pt—u - ps—u) qu
0 0

The first integral equals 60X, while, thanks to Proposition the second integral is O(|t —
5|%), and, in particular, relation ([#.23) follows. O
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CHAPTER 5

FINER ESTIMATE FOR THE SOLUTION TO A
LINEAR ROUGH FRACTIONAL SDE

INTRODUCTION

In Chapter [4] we proved the existence and uniqueness of a solution to a general class of rough
fractional stochastic differential equations. In this Chapter, we are going to find finer estimates
of the behavior of the solution, which will provide an equivalent characterization bound on its
increments. For simplicity, we will focus on the linear case, that is:

t
Y;=5+/ Yo prou AW, (5.1)
0

where we recall that:

§eR

B8,0,m€(0,1)  with f:=0—n

B+60<1, 28+60>1, n<é,

u— p, is a C? function in (0, 00) with a discontinuity of order 7 in zero

W e ¢’

and the solution Y turns to be a path controlled by the function X, where
t
X, = / Pt—udW,, and X € €% = 9.
0

We also fix XW, the ‘remainder” of the integral of X with respect to W, defined as a two-variable
function in Czﬁ % such that satisfies the Chen relation, that is:

IXW(s,u,t) =X (s,u) oW (u,t)
(cfr. (BT7)).

We recall that our motivation was the special case when W is a Brownian motion and

Piou = (t—u)¥ =3 In this case, X is a so-called Riemann-Liouville fractional Brownian motion
with Hurst exponent H where, with the notation used above,
1 1
025—5, nzi—H, B=0—-—n=H—¢, for any € > 0,

and then, in order to satisfies the relations between 6,8 and 7, it turns out that we need to

consider
11
H (7,7).
< 4’2

89
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Since this is the case of our interest, in this Chapter we stick to it, even if, for convienience, we
mantain the notation written as in (5.1)).

In order to search for finer estimate of the solution, we find a new writing for §Y'(s,t).
Starting from , we write for arbitrary s,t > 0

Y, v, — / Yo (Prow — pou) dWa = Y3 0X (s,1) + VE(s,1), (5.2)
R

with the convention that p, = 0 when u < 0 and where Y2 : [0,00)2 — R is a function in C3°
with the arguments (s,t) not necessary ordered. It is defined as

Y (v, u) ifv<u

§Y (u,v) 6X (u,v) — YE(u,v) if v>u. (5:3)

YR (v, u) = 6Y (v,u) — Y, 60X (v,u) = {

where Y7 : [0,00)2 — R is the remainder with ordered arguments defined after Definitin
(see (3.16))). The equation ([5.2)) is the starting point to find a new finer expression. We recall
that

6X(s,6)| = |Xe = Xs| = O(t —s|”)  and  |[YF(s,8)] = O(Jt — s|*),

where 8 < 1. The idea is to expand the remainder Y ® until we find a term which is o(|t — s|).
Of course, the expansion will be more and more complicated when (8 becomes smaller. Recall
that, in order to make sense of the SDE driven by a fractional Brownian motion, the Hurst
parameter H = 8 — ¢ should be in (% 1) and 6 < %, since it represents the Holder regularity of

)
a path of a Brownian motion process. Then, for our interests, we will treat the case § € (i, %)

DESCRIPTION OF THE CHAPTER.
e In Section [5.1] we present the results and we state the main theorem.

e In Section 5.2 we state and prove the key result to get the finer estimates for the solution.
Proposition [5.6| permits to get important bounds on the rough integrals with singular
kernels.

e In Section [5.3] we prove the theorem for the “characterization” of the solution. The proof
is divided in three steps: the first one is a general result; the secon step permits to find a
characterization when 8 € (%, %), the third step gives a characterization when 3 € (i, %)

e In Section we collect some technical proofs.

5.1. MAIN RESULT

Let us consider the case of the linear rough differential equation (see (4.6) in Chapter , that
can be written as

t
Y; = §+/ Y, pi—o dW, for t € [0,T]. (5.4)
0

Thanks to Theorem we know that there exists a unique global solution Y in the space of
paths controlled by X; = fg pt—u AWy, where the integral in (5.4) is a rough integral.
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We need the following further condition: p : [0,00) — R is a function which is C® except a
singularity at zero of order 1, more precisely there exists some positive ¢ > 0 such that

C
/1 <

C C C
Ipu| < ot Pl < s g Pl < s Py | < e (5.5)

We start from (5.2)) and find new expansions for the increment Y; — Ys, when [t — s| — 0.
To this purpose, we need to define the following objects, which will provide a finer description
of ; — Ys:

XW(s,t) := /R5X(s, ) (Pt—u — Ps—u) AW, (5.6)
C(,s) = /R?R(s,u)p;u dW,, (5.7)
X(s, 1) = /R XW (5, 1) (s — Poue — (t — 5)pl._) AWV (5.8)

where Y# is defined in (5.3).
A key step for the main Theorem is the following Proposition.

PRoOPOSITION 5.1.

XW(s, 1) = Ot - s*7)
C(Y, 5)] = O(s*1)
|%20(s, )| = O(|t — s*%)

THEOREM 5.2. Y € Dg('g’ﬁ) is a solution of if and only if, for any 0 < s < t:
(1) for%<ﬁ<%,
8Y (s,t) = Y5 0X (s,t) + Yo XW(s, 1) + (t — s) C(Y, s) + o(|t — s|); (5.9)
(ii) for i < B < %,
OY (s,t) = Y3 6X (s,) + Yo XW(s, ) + (t — s) C(Y, s) + Y5 X20(s, 1) + o(|t — s|).

(5.10)

It is enough to prove that the solution Y of (5.4) satisfies (5.9))-(5.10), because there can
be at most one Y which satisfies ([5.9))-(5.10]). This follows by Lemma because the r.h.s. of

these equations are linear in Y (note that C(Y,s) is linear in Y)).

REMARK 5.3. The “characterization” given by Theorem is not local in the sense that the

r.hes. of (5.9)-(5.10) is not a local function of Y, because the “coefficient” C(Y,s) depends on
the whole path Y and not only on the value Ys. This is in contrast with the case of the usual
SDE

dY;, = F(Y;) dW;

which, in our language, would correspond to taking p; := 1 o) (t) as the Heaviside function.
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SKETCH OF THE PROOF OF THEOREM [5.2] We will prove Theorem [5.2 and Proposition [5.1
simultaneously.

First, in Section [5.2] we present the key result to prove Theorem that is the fundametal
Proposition [5.6] This proposition permits to have finer estimates for rough integrals with singu-
lar kernels and is formulated in a more general way. We used the first part of that proposition
to prove Proposition [£.18 whose proof we have postponed in this chapter and which we used
in turn to prove Proposition

Once we get the estimates from Proposition [5.6] we can prove Proposition and then the
equations and by using repeatedly the integral formulation of the solution (5.4)).

5.2. FUNDAMENTAL PROPOSITION FOR ROUGH INTEGRAL WITH SINGULAR
KERNELS

In this section we are going to prove a fundamental proposition that will be used in the study
of the rough fractional SDE of Chapter [4]
In Chapter [3] Section [3.3] we defined the integral in the form

t
Igﬁ(t> :_A gﬁuquy

where p is a kernel with a singularity of order 77 and G = (g, ¢') is a controlled path by X € C.
In particular, by Corollary we got the following:

g (t) = Tpg ()| < @03 Oz (I Gl (¢ = 52 + g/l (£ = 9)° + gl ) (¢ = 5)° 77,
(5.11)

where g ¢ 5 is a positive constant which depends only on 6,7 and 8 :=  — 7 and can be defined

as in (3.41) and Cyxw := max{||W]||e, | XW||g1¢}, as defined in (3.22).

We give two different and stronger assumptions on the function p. We assume that p has a
singularity in some s € [0, 00) of order 7 in the sense of (3.29)), but also such that its behavior
improves “far” from s, in the following sense:

& .

B W lf‘u—5|<(5

|Pu| < co . (5.12)
W lf’u—8|2(5
u—S

and

—C iflu—s|<4

_ u— s+l

AR St S (513)
_ if lu —s| > 9.
lu — s|112 fl B

The reason for the above conditions ([5.12)) and (5.13)) is that we will deal with rough integrals
[ gpdW,, where p is a “remainder” in the following sense:
_ _ , . c
Pu = Pt—u — Ps—u or Pu = Pt—uw — Ps—u — (t —5) Ps—u> with Pu ~ un’
These functions satisfies (5.12) and (5.13]) with 7 =7 and 6 = (¢t — s) for the first case and, in
the second case, with ¢ =c(t —s), 7=n+1and 6 = (¢t — s) (see Corollaries [5.7] and [5.8)).
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The following Lemma can be compared with Lemma [3.15} in the following one, we use the
stronger assumptions (5.12)) and ((5.13]).

LEMMA 5.4. Fix g € (0, %) If p: [0,T] — R is a C?# function with a singularity at s and
such that (5.12) and (5.13)) hold for some ¢ > 0 and J > 0. Then, for all the intervals [a, b],
with 0 <a <b<s,and s — b > §, we have

_ cd b—a
2N < D! (1 + = b). (5.14)

PROOF. We recall the definition of ||p]|:

1BIlfa,5) = 1Blloolfa,py + (b — @) [1Bll261 0,5

We can write

sup [py| < sup i <<
u w| S SU = >~ A )
uelab] uelap) (8 — W)t = (s —b)TH1

having used condition (5.12)), and noting that s —u > s —b for any u € [a, b]. Also we can write

b — 5
sup 1Pu = pol < sup sup |p,|(u—v)t"% < ¢ (b—a) =%,

a<v<u<b (u - U)Q/B o a<v<u<b z€[v,u] N (S - b)ﬁ+2

Then

cd b—a
N .
Wollosy < 75—t (1 5=5)
[

REMARK 5.5. If p: [0,7] — R has a singularity at s of order 7, i.e. it satisfies (3.29)), then, for
any [a,b] with 0 < a < b < s, we can write

c b—a
_ < - E—
20l < (s — by (1 T b>’

thanks to Lemma 3.15l We note that this relation is weaker than (5.14)) when s —b > §. Then

assumptions (5.12)) and (5.13)) are needed to prove the following proposition, where (5.14) is
used repeatedly.

PROPOSITION 5.6. Fix s € [0,00). Let g : [0,5] — R be a controlled path of X and let
p:[0,5) — R be a C?7 function, with a singularity at s, and which satisfies (5.12) and ([5.13)).
For any G = (g, ¢') path controlled by X, we have

| [ gupuam,
0

Moreover:

< &30 Cwan ' (IGlpgp % + 19 leo® +lgll).  (5.15)



94 5. FINER ESTIMATE FOR THE SOLUTION TO A LINEAR ROUGH FRACTIONAL SDE

(i) If g satisfies
|9ul < K |5 —ul?, (5.16)

then, if 6 + 8 — 7 < 1,

| [ gupa,
0

(ii) If g satisfies:

< 50,3 Cwarw €897 (Gl o + e lloe + 2K (5:17)

l9ul < K|s —ul*

5.18
19| < K |s —ul?, (01%)

then, if 0 4+ 26 — 1 < 1,

‘ / Gu Dy AW,
0

< ép.0.7 Cwxwy ¢ 301281 (HGHD%M) + 4K) (5.19)

(iii) If g satisfies:

’gu’ <K ‘S — u]3ﬁ
9] < K |5 = uf* (5.20)
G155 sy < K (5 = u)?

then, if 6 + 38 — 7 < 1,

< 635,9777 CVV,XW c§03P-N8K. (5.21)

| [ upuaw,
0

In (5.17), (5.19) and (5.21)), the constants ¢ > 0 and § > 0 are the same that appear in
(5.12)-(5.13)) and we have used the following notations:

A 1 1
CnB0.0 = T 9—(2B+6-1) ] _ gnA+0-n—1

forn=1,2,3,
and

Cwxw = max{||[W o, [|XW]|z10}.

PROOF. We define
1[075} ::/0 Gu P AW,

If we use Corollary (note that (5.12)-(5.13) imply (3.29))), then we can write

ol < @0 Cwaw e (1G] 5% + 19 loo s + llgloc )

Then, if s < 24, we have proved (5.15]). Moreover, if g satisfies (5.16]), (5.18) or (5.20)), we obtain

(5.17), (5.19) or (5.21)), respectively.
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Now we just have to prove the proposition in the case of s > 2J. In this case, there exists
n = n(d) € N such that 2" § < s < 2"T1 5. We can divide the integral and write

n si
+> / Gu Bu AW,
i=1 %t

%
|I[075]| < ‘/0 Gu Pu AWy,

= 10,51l +)

i=1

S
+| / GuBu AW,
s—0

(5.22)
I[Si+1,5¢]| + ‘1[57575]‘7

where s; = s — 2071 §. For the last integral, I (s—s,s], We use Corollary and we write

‘ /:5 Gu Du AWy | < Cg0.5 C’wacdo*ﬁ (HG”DQ@ 5§26 4+ Hg/Hoo<5'8 4 HgHoo)-
If g satisfies (5.16), and then [|g|oo|(s—s. < K6, we obtain (5.17):
‘/8; Gu Pu AWy | < cg0,7 C’W,ch(59+/3—ﬁ (HGHDgfvﬁ) o8 + g lls0 + K)
If g satisfies (5.18), we obtain (5.19):
‘ /8; GuPu AWy | < cg.0.5 Cywscwy ¢ 6772077 (HGHD(}?@ + K),
and, if g satisfies , we obtain ([5.21)):
’/Séguﬁu AW, | < e Cwxw c 8T TEK.
5

Hence it remains to prove the estimates for the remaining integrals in ([5.22). If we use (3.26)),

we can write

\/ gupu AW, +Z]/ gupu AW,
0 i=1 st

(5.23)

s\°? i 9
< (5) Mpllio,g) s lolio,51 + D (s = sist)? plissy s, I ol
=1

We are going to give an estimate to the norms in this relation.
For the norms in the interval [0, 5] we can use condition (5.12)), since § > 4, and, by Lemma
(.4 we can write

s\ -1 Pl on(—Fel) e
lplllo.g < e(5) " 6 <eamtonr s, (5.24)

recalling also that s > 2" . For I, thanks to Theorem (in particular, relation (3.21))), we

write

s\ 28 s\ B
Mallolo,g) < ezso Cwacw (G ppr o0y (5) + 19051 (5) + Nallosony))- (5:25)
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If g satisfies (5.16]), then

B
l9llsciog) < K sup (s—u)’ =Ks* <2k (5),
2 ue0,5] 2

and we can write

[1gllo

s\B s\ B ,
0,5] < c28+0 Cwxw (5) (HGHD%&,B) (5) + 119 loo,f0,57 + 2K>

< a0 i 20 87 (1G5 + 19 oo + K ).

since s < 2ntl§.
If g satisfies (5.18]), then we have the following estimates

28 28
HQHOO,[O,E} <K sup (s— u)w < K228 (§> <2K <§)
2 uel0, 3] 2

and

s\8
19" 00,51 < K sup (s —w)’ < Ks° <2K (5) .
u€l0,3]

Then, by ([5.25)), we can write in this case

S\ 2

8
0,51 < c26+0 Cwxw (5) ("G”Dﬁ?’ma[oél * 4K>

S 025+9 CW}XW 2271,8 (5'8 (HGHDE?’B) + 4K> .

[1llo

If g satisfies (5.20]), then we know that

38 38
19llscog) <K sup (s —w» < K27 (2)7 <4k (£)7,
2 uel0,5] 2 2

28 28
190 0.5 < K sup (s —w)* < K22 (5)7 <2k ()
2 uel0,3] 2 2

and
B s\AB

B_pof (2 s
\|G1!D§5,ﬂ>,mé]gHGHD()?,ﬁ),[O’S]ng =K?2 (2) §2K< ) :

Then, we can write in this case

s\ 3

B
1 gllolo,5) < c28+0 Cwyxw <§> K

< c28+0 Cwxw 238 8 K.
For the integrals Ij, | .1, we first notice that

s—si:si—si+1:2ifl(5 and s—si+1:2i<5 fori=1,...,n.
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Since also s — s; > 9, for : = 1,...,n, we have by Lemma [5.4

_ 2c i1 (—F—1) 7
MM fs;41,50 < mésc% D= 5=, (5.26)

By using relation (3.21)), for [[Iyllg,[s,,, s, We write

11 H9,[8¢+1,8J

(8i = 5i41)%7 + 1|9l oo sis1,50) (5i — si41)” + HgHoo,[sM,si})

Si+1 as’i}

< c28+0 Cwxw (HGHD(}?,B)’[

= 20 Cwxw (‘|GHD§?’B>7[&'+1,S¢} (21'71 5)% - Hg/‘|007[5i+1,5i] (22'71 5)[3 + HgHOOv[SFFLSi]).
(5.27)

By proceeding in a similar way as we have done above for [ [0, if ¢ satisfies (5.16]), then

19l fsisrod K sup (s —u)? = K (s = sis1)” = K (2'6)° < 2K (2 §)°

u6[5i+1,s,-]
and we can write
g llo.si11.50 < C26+0 Cwixew 67 (HGHD%M% (27716)% + 19 lloo + 2K> 2(i~1)5

< cag+0 Cwxow 87 (I!G\ng,m 7+ 1g'lloo + 2K> oli—1)8

If g satisfies (5.18]), then

HgHOO,[Si+1,Si] S 2K (22715)2'8
19l oo, si 1,5 < 2K (27716)°

and we have

1

0,(si11.5] < C28+0 Cwixw 07 (||G||Dg§,6> + 4K> 2(i=1)28,

If g satisfies (5.20)), then

| <AK(2715)%
| <2K (2716)%

HgHoo,[si_H,si

Hg,||oo,[si+1,si
and

1G]] <2K(2719),

D.g?ﬁ)7[si+1:3i]
and we can write
[ gllo,s: 11,50 < c28+0 Cwxw 538 8 2(—1)38,

Incidentally, if we plug ¢ = n+1 in the previous bound, we find the estimate that we obtained

for I [0,5]- Then, summing up, recalling (5.23|) and bounding (%)9 < 259 it follows by (5.24)),
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and (E20), (520 that

o, 21l + D sy sl
=1
s\ 9
< (5 s
<(3) llel
n+1

< 2849 Cwxw ¢ 50— <||GHDg§,ﬁ) s+ 19 lo s” + Hg”oo> <Zz(i—1)(9—fz—1))
i=1

n

0.5 Hgllolo,5 + D (si = si1)” WAl s 50) 15 Nl s 1,50
i=1

= é5.0 Cwzw e 87 (1 Gllpge.0 8 + /10 5” + 9o )
where we set
1 1

[o@)

~ o (i—-1)(0—7—1) _

€p.0m = C2p+0 E 20700770 = 1 — 2—-(26+6-1) 1 — 90—n—1"
i=1

Moreover:

e if g satisfies ((5.16)),
n
|I[0,§]| + Z |I[Si+1,si]|
i=1

s\ _ - 0 111 —
< () Mpllio,5) M gllolio 3+ D (s = i) Ml 511,00 M gl
=1
~ n+1 ' B
< coprg Cwxew ¢ 6777 (IIGHDEE,B) 5%+ 1|g'lloo + QK) (Z 2(“1)(”5’"*1)).
=1

If 6+ 5 — 7 < 1, the sum is convergent and we have

2 " 8 _
| / gubudWa| + " | / 9B dWa| < 2303 O ¢ 3777 (|Gl o 5 + g oo + 2K ).
0 i=1 7Si+1
where
= 1 1
L Pp— 24 i(0+8-7-1) _
€B,0,n = C26+6 2 T 1 _9-(2B+6-1) | _ 90+B—i-1°

1=0

o If g satisfies (5.18)), we have
0,211 + D> s sl
i=1

n+1
< cog49 Cwxw ¢ 67127 (HGHDg?,m + 4K> <Z 2(’*1)(0”/3*77*1)).
i=1

Hence, if 4+ 28 — 77 < 1, the sum is convergent and we have

’ / Gu Du AWy, ‘1‘2 ‘ / Gu Pu AWy,
0 i=1

Sit+1

< 25,07 Cwzow ¢ 672077 <||G|’Dg§,ﬁ) + 4K>-



5.2. FUNDAMENTAL PROPOSITION FOR ROUGH INTEGRAL WITH SINGULAR KERNELS 99

o If g satisfies ([5.20)) we have

n n+1
o411+ 2 M sl < e O ¢ 799718 (30 2000807170,
i=1 =1

Hence, if 8 4+ 38 — 7 < 1, the sum is convergent and we have

[P omam]+ 30| [ gupeaw,
0 i=1 7S+

< 63579’77 CI/V,XW ¢ §0+38=1 8 K.

O

Here we can prove Proposition which we used in Chapter [4] and now turns out to
be a particular and useful case for which Proposition can be applied. We restate here the
Proposition as a Corollary of Proposition [5.6

PROPOSITION 5.7. Let us suppose that G = (g,¢’) is a controlled path by X in Dg?’ﬂ)
and p : (0,00) — R is a function with a singularity of order 7 for u = 0 and is a C? function
elsewhere such that satisfies for all u close to 0 and for some ¢ > 0.

Then, if 6 —n < 1,

< g0 Cwxw ¢ (t = 87" (Gl po. % + 19w ¢ + gl )
(5.28)

‘ / Ju (pt—u - ps—u) dW,
R
Then, if 6+ 8 —n < 1,

‘ /R(gu = 9s) (Pt—u = Ps—u) AWy

< 800 Cwacw e (t = )77 (Gll .0t + 1190 + gl )

(5.29)

where we use the convention that p, = 0 when u < 0.
PROOF. We can write
t s t
/ Gu (Pt—u — Ps—u) AWy = / Gu (Pt—u — Ps—u) AWy + / Gu Pt—u AWy,
0 0 s

For the second integral, we can use Corollary with p, = p;_u, which has a singularity in ¢
of order 7, and then we can write

t
‘/ Gu Dt—u AWy,

< Egom Cwxwe (t— )07 (IIGHDg,m (t =)+ 11g'llo (t = 5)° + HgHoo>-

It remains to prove ([5.28)) for the first integral over the interval [0, s]. This follows from (5.15))
of Theorem with P, = pr—u — Ps—u, once we have proved that such a p satisfies conditions

and (513).

For u € [0, s), we can write

2c
|pt7u - p87u| < m
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and, at the same time,

Pt—u — Ps—u| < sup |p,_,|(t—s) < % (t—s).
r€ls,t] (8 - u)ﬁ

Then condition (5.12)) is satisfied with 6 = ¢t — s. The same can be done with p;_,, —p,_,,, under
the assumption that [py;| < —%5. Then (5.28) follows.
To prove ((5.29)), we proceed in a similar way: we write

t
/0 (gu - gs) (ptfu - psfu) dW,

s t
= /0 (gu - gs) (ptfu - psfu) dW,, + / (gu - gs)ptfu dW,.

For the second integral, we use Corollary and, for the first one, relation ([5.29)) follows from
the part (i) of Proposition With Ju = Gu — gs and Dy, = Pr_y — Ps—v- Indeed, such p satisfies
(5.12) and (5.13)), as we have shown above, and clearly,

|9u = 95 < llglls (u — 5)°,

and then condition (5.16) holds with K = ||g|s.

We also give the following Corollary of Proposition [5.6] which is used below.

COROLLARY 5.8. Let X € C% and W € C? as above. Let p: (0,00) — R be a C?3 function
such that satisfies ((5.5]) for some ¢ > 0 (and we use the convention that p, = 0 when u < 0).
Let G = (g,9) be a controlled path of X.

(i) If g satisfies (5.16)), then, if 0 + 5 —n < 2,

‘ / Ju (pt—u — Ds—u — (t - S) p/s—u) dw,,
R

(5.30)
< &1 Oz ¢ (¢ = 5277 (Gll o0 ¢ + 119 oo + 2K ).

(i) If g satisfies (5.18)), then, if 6 + 28 —n < 2,

| [ 90 Grupom— (=) ) W] < 230711 o e(t=9)" 57 (Gl g +4K)
R

(5.31)
(iii) If g satisfies ((5.20)) then, if 6 + 35 —n < 2,

< 350001 Cwxw e (t — s)P TP 18K, (5.32)

‘ / Gu (Pt—u — Ps—u — (t — 5) plsfu) dwy,
R
PROOF. In the three cases, we can write

S t
/Rgu (Pt—v — Ps—u — (t = 8) Ply_,,) AW, = /O Gu (Pt—u — Ps—u — (t — 8) Ply_,,) AW, + / Gu Pt—v, AW,
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For the second integral, we can apply Theorem |3.16] and we write

t
’ / Gu Pt—u AWy,
S
< a0 Cxwxw e (t — )" (|’G‘|D§(Bﬁ)7[s7ﬂ (t =5 + 119" loo s (t = 8)° + Hglloo,[s,t])-

e If g satisfies ([5.16)), then
1glloc s < K (t — 5)°
and then

t
’/ Gu Dt—u AWy,

o If g satisfies (5.18)), then
HgHoo,[s,t] <K(s— t)2'8 and Hg,Hoo,[s,t} <K (t— 3)57

< g0 Cwar ¢ (t = )77 (|Gl (£ = ) + /0 + K).

and then

t
’/ Gu Pt—u AWy,

o If g satisfies ([5.20)), then
19lloo,is < K (s = 1), 119 loosy < K (=), and Gl pe 5 < K (8= 5)

< cpom Owam e (t = )77 (Gl +2K).

and then

t
‘ / Gu Pi—u AWy | < C8.0,n Cwxw ¢ (t— 3)9+3/3—77 3K.
S

Hence we just have to show that (5.30]), (5.31]) and (5.32)) holds for

‘ /0 Ju (pt—u — Ps—u — (t - 5) p{s—u) qu

We define

Du = pgs,t) = DPt—u — Ps—u — (t - 5) pls—u-

Then, p: [0,s) — oo has a singularity at s of order 77 = 1 + 1. Moreover,
_ c(t—s)?
Pul = [Pt—u = Psu = (t = 8) Do < (E—5)>  sup  [pf] < —upn?

TE€[s—u,t—u]

and, if s —u <t —s,

|pu| = ’pt—u — Ps—u — (t - 5) p,s—u| S ’pt—u - ps—u‘ + (t - 5) |p/s—u’

2¢(t —s)
<2(t—s) sup |pi| < — %
r€[s—u,t—u] ‘ (3 - u)ﬂ+1
Then condition ([5.12)) holds with
c=2c(t—s), =t—s, n=mn+1. (5.33)

The same can be proved for (5.13)), since we have supposed that p € C? and ([5.5) holds.
Thus we can apply Proposition with data given by (5.33) and we have done.

O]
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5.3. PROOF OF THEOREM

In this section we are going to prove Theorem by using mainly Proposition [5.6

5.3.1. STEP 1. The first step to prove Theorem is to start from the definition of solution
of (5.4) and get new estimates about the remainder of the controlled path Y. Moreover, we
point out the the remainder defined below does not have to have ordered arguments.

PROPOSITION 5.9. Let Y be the solution of (5.4). For any s,t € [0,T], we write
0Y (s,t) = Y3 0X (s, ) + YE(s,1), (5.34)

where [YE(s,t)| = O(|t — s|2P).
For any fixed s > 0, the function u — Y ®(s,u) is in Dg?’ﬁ), with derivative (Y #(s,u)) =
Y, — Ys. Then, for all v € [0, 7],

YR (s,u)| < (1Y 151X [lg + 1Y Fl2p)|s — ul*” < ¥ llpem (L+1X1p) |s — ul*  (5.35)
(YR (s,w)] < [[Y]lg]s — ul” (5.36)
Y7 (s, Nipes = 1Y llpee- (5.37)

PROOF. The first part follows directly from (5.4), that is the integral formulation of the solu-
tion. Indee, we can write

Y;ﬁ - }/s - / Yu (ptfu - psfu) qu
R

- }/s (Xt - Xs) + / (Yu - YS) (pt—u - ps—u) qu
R

=Y, (X; — X,) + YTi(s,1),

recalling our convention to set p, = 0 when u < 0. This equation holds for any s,t, not
necessarily ordered.

We already proved (see Proposition 4.11]) that

= O(|t — s|*),

|)~/R(5>t)| = ‘ /R(Yu - sz) (ptfu - psfu) qu

which shows that Y is a controlled path with derivative Y/ = Y with respect to X, by the
definition of controlled path (see Definition . Relation is a simple link between Y7,
whose arguments are unordered, and Y%, whose arguments are ordered, and follows immediately
from (5.3). (The second inequality holds because Y =Y and then ||[Y||z < HYHDS?’B)')

We now pass to prove the second part of Proposition We are going to show that ?R(s, )
is a controlled path by X. For 0 < v < u <t, we can write

YE(s,u) — YE(s,0) = (Yo = Vo) = Ya(Xy — X)) = (Yo — Y2) 6X (v,u) + YE(v,u), (5.38)

having applied the fact that (YY) is in Dg?’ﬁ ) with reminder Y.
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This implies that (YR(S, ), Y. —Y,) isin Dg?’ﬁ) with reminder Y. In particular,
(V) (s, )] = Vs = Ya| <[V ]lg|s = ul?,
that is (5.36]). Moreover, since the remainder is the same of Y, we have
1Y (s, e = 1Y s + 1Y Fll2s = Y 1| o0
X X

that proves ([5.37). O
LEMMA 5.10. We have

| [ ¥, (s = paa = (¢ = 9) ) AW
R

< &g om+1 Cwxwe (t — 5)* 1Y llp0 (1+11X16)

(5.39)

PROOF. We apply the second partNOf Corollary |5.8| where, in this case, g, = f/R(s, u). Thanks
to (5.35)) and (5.36)), we know that Y% (s, u) satisfies (5.18). Moreover, §+28—n = 33 < 2, since

8 < %, and then, from (5.31), we get (5.39), recalling that § —n = 8 and relation (5.37). O

5.3.2. STEP 2: THEOREM FOR [ € (%, %) Here we are going to recall and prove
Theoremfor RS (%, %)

PROPOSITION 5.11. For any s,t¢ € [0,T], we write

8Y (s,t) = Yy 0X (s, ) + Y, XW(s, 1) + (t — s) C(Y, s) + VE(s, 1), (5.40)

where we used the notations:

XW(s,t) = / 5X (5,1) (Pru — Ps_u) AW, (5.41)

R
C(Y,s) = / YE(s,u)p,_, AWy, (5.42)

R

VE(s,t) == / YR(s,u) (pt—u — ps—u — (t — 8) Pl_,) AW, (5.43)

R

Moreover,

[XW(s, )] < 5 Cwcw ¢ (1+ | X ) ¢ — 5/ (5.44)
IC(Y, 5)| < Egom+1 Cwxw e 2+ [ Xllg) (1Y [l 00 + Y ]lg) 57071 (5.45)
[V (5,8)| < Ep,6.9+11 Cwxw ¢ ||Y||Dg§,ﬁ)(1 + 11X ||g) [t — s> (5.46)

PrOOF. By Proposition [5.9, we know that
8Y (s,t) — V50X (s,t) = YE(s, 1)

= /(Yu - }/s) (pt—u - ps—u) qu
R

= /R(Y; 6X($,U) + ?R(&u)) (pt—u - ps—u) qu,
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having used again ([5.34)) for Y, — Ys. Then,
0Y (s,t) — Y5 0X (s,t) = Ys / 0X (syu) (Pt — Ps—n) AWy, + / Y R(s, 1) (pr—u — ps—u) AWy,
R R
= Y:? XW(Sa t) + (t - 8) C(K 3) + / ?R(Sv u) (pt—u — Ps—u — (t - 8) p;—u) dWU?
R

by adding and subtracting (¢ — s) p,_,, in the last integral. This is precisely .

To prove relation , we just apply relation Proposition with g, = Xy, which is
trivally a controlled path by X with derivative 1 and remainder identically zero. By ,
recalling that 8 =6 —n and 26 < 1, we get

‘XW(SJ)‘ = ‘ /(Xu - Xs) (pt—u _ps—u) dW,
R
< Zg0n Cwiw ¢ (IX |l pe 17 + X lloo + 1 X 5) (2 = 5)*7

= 5.0,y Cww ¢ (1 + [|1X|g) (¢ — 5)*.
(Note that ”XHD%W) =0).
Relation (5.45) follows from Theorem with p, = p._, (then 7 =n+1) and g, =

Y E(s,u); see more precisely Corollary with [a, b] = [0, s]. Then we can write

sl = | [ Vs p i,

< C,0,m+1 Cyyxw ¢ 877171 (HY/R(S? ')Hng(Bﬁ) s?0 + (YR, )Mo, [0,9] 7+ [V (s, ')||oo,[o,s}>

= g1 Cwamr ¢5° 7 (17505, Yl 8% + IV R(5, )Y lowyo, 8° + 1T (5 )loo 0.1

recalling that 8 —n = .
Moreover, recalling Proposition |5.9

1OV (5, )) oo = sup [V = Ya| < [V ][5
u€(0,s]

and

1Y (5, Moo 0.5 = SI[JOP]I?R(s,u)! <KsP, with K= (14 [[X5) 1Y -
ue|0,s

We can write

C(Y, 5)| < ég0.,901 Cwsew es™ ! (HYHD&B,B) HIY s + 1Y 50 (1 + ||X||/3)) (5.47)

< &0.,+1 Cwxw ¢ (24 ]| X |) ¥ e + 1Y), (5.48)
that is ((5.45]).
Finally, relation (5.46|) was already obtained in Lemma m O

Notice that, when 8 > %, then 38 > 1 and, by (5.46), we have that |[VZ(s,t)| = o(|t — s|),
and then (5.40) can be written as

OY (s,t) = Y50 X (s,t) + Ys XW(s,t) + (t — s) C(Y,s) + o[t — s|),

that is the characterization (5.9)) for the solution Y to the differential problem (5.4) when
B=60—n> %
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5.3.3. STEP 3: THEOREM FOR f3 € (1, %) When § < %, relation (5.46]) does not give
us a characterization, since 38 < 1. Then we have to go further in the rewriting of the solution

Y, by using (5.40).
PROPOSITION 5.12. For any s,t € [0,T], we have
0Y (s,t) = Y3 6X (s,1) + Yo XW(s, 1) + (t — s) C(Y, s) + Y, ¥ (s, 1)+

+C(Y,s) /R (u—8) (Pt—u = Ps—u — (t = 8)Ps_y,) AWyt (5.49)

4 / V(5,0) (Pt — Po—u — (¢ — $)p_) AW,
R

where XW, C(Y,-), YE and X920 are defined in (5.41)), (5.42) and (5.43) and (5.8).

Moreover,
%205, 01 = | | X0(5,0) (1o = paes = (6= 51y ) AW = Ot =), (550)
and, if 8 < %, then
| [ (=) (s = e = (¢ = ) ) AW = O = 519, 5:51)
| [ Y7 (500) (1o = pe = (£ = s)pl ) | = O = 1) (5.52)

We first need to prove that the maps t — XW(s, ) and ¢t — YE(s,t) are controlled paths by
X, otherwise the rough integrals given by the definition of XU and by the last integral
in would not be well defined. At the same time, we find useful relations on their norms.
We divide the results in two different lemmas whose proofs are deferred to Section [5.4]

LEMMA 5.13. Given a fixed s € [0,77], the map ¢ — XW(s,t) defined in (5.41) is a path
controlled by X with derivative given by (XW(s,t))' = Xy — X.
We have the following estimates, for suitable K that will be explicit from the proof.

IXW(s,u)| < K |s — ul* (5.53)
|(XW(s,1))| < K |s — ul’. (5.54)

LEMMA 5.14. Given a fixed s € [0,7], the map ¢ »—>~yR(s,t) defined in (5.43)) is a path
controlled by X with derivative given by (Vf(s,t)) = Y(s,t). Then we have the following
relations, for suitable K:

IVE(s,u)| < K |s —ul*® (5:55)
(V) (s,u)| < K|s —ul* (5.56)
”yRHDgg,ﬂ) ) < K |s— 0]’ (5.57)

With this results, we can proceed with the proof of Proposition [5.12]
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PROOF OF PROPOSITION [5.12] We start from (5.40]), that says that
YE(s,u) = 6Y (s,u) — Yy 60X (s,u) = Ys XW(s,u) + (u — s) C(Y, s) + YE(s,u).
Then, we can write, by ((5.43)),
Y (s,t) = [ F00) (o = = (¢ = S)p ) AW,
R
=Y, / XW(S, u) (Pt — Ps—u — (t — S)p;,u) dWy+
R

L O, s) /

]R(u - 3) (pt—u — Ps—u — (t - 8)p;—u) qu + /RyR(S, u) (pt—u — Ps—u — (t - 5)p;—u) qu

Then, from ([5.40)), recalling the definition ([5.8)) of X20,

8Y (s,t) = Yy 60X (s,t) + Ys XW(s,t) + (t — s) C(Y, s) + YE(s, 1)

=Y, 0X(s,t) + Y. XW(s,t) + (t — 5) O(Y, s) + Yy X (s, )+

+C(Y,s) / (u—8) (Pt—u = Ps—u — (t = 8)P_y) AWy + / VE(s,u) (Pt — Ps—u — (t = 8)pl_,) AW,
R R

that is (5.49).
Now we prove the second part, by applying Corollary In particular, by Lemma [5.13

gu = XW(s,u) satisfies (5.18)), and then by (5.31)), recalling that 3 = — 7,

— O(|t — ).

|X20(s,1)| = \ /R XW (s, u) (Pt—u — ps—u — (t — 5)Ps_,) AWy,

The function g, = u — s is a controlled path of X with zero derivative with respect to X.
Then we can apply Corollary [5.8|also for the second integral with the linear term. In particular,
when 35 < 1, for all u such that |u — s| < 1, we can easily show that g satisfies (5.20))

|9ul = lu— 5| < Ju—s*
90 =0 < Ju— s>

R —
1G i) g = 16 ll8 sy + 197 1280 = T = 57 < u = 5|,

u7s]

Then, from the third part of Corollary we get

= O(|t — ).

’ /(u = 8) (Pt—u — Ps—u — (t = 8)P_,,) AWy,
R
By Lemma gu = YB(s,u) satisfies (5.20]), and then we have

| [ Y7 600) (1o = s = (¢ = ) ) AW = Ot = 51*)
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5.4. TECHNICAL PROOFS
PRrooF oF LEMMA [5.13]
PROOF. Recalling the definition (5.41)) of XW, we write
XW(s, t) — XW(s,t') = /(Xu — X,) (Pt — prr—y) AW,
R
— (X, — X.) /]R (Do — D) AW, + /R (X — X0) (P — pr—) W,

— (Xp — X)OX(¢,1) + / (X — Xo) (o — pr—) AW,
R

Then we can use Proposition [£.18 with ¢, = X, and we have

‘ /R(Xu - Xt’) (ptfu _pt’—u) qu = O(|t - t/|2ﬁ)a

and this implies that ¢ — XW(S, t), for any fixed s, is a controlled path by X with derivative
given by (XW(s, 1)) = X; — X,.
Relation (5.53)) has already proved in (5.44]), while relation (5.54)) follows from the derivative

we have just found. O

PROOF OF LEMMA [5.14] For the proof of Lemma[5.14 and then of Proposition [5.12} and, in
particular, the fact that [9%(s, )| = O(|t—s[*’) when 8 < %, we need the following proposition,
whose proof can be compared to the proof of the above Proposition [5.6

LEMMA 5.15. Let p: (0,7] — R be a C? function with a singularity at 0 of order 7, such
that the following conditions hold:

c c c
Ipu| < wn’ |p;| < TS |pZ| < e (5.58)

Let s > 0 be fixed. Then, for any ¢,¢ with 0 <t <t < s, we have

‘ /R(?R(S, U) - Y/R(S, t,)) (ptfu — pt’—u) dw,

< Eg.0m Cwxw cl[Y [l pe.m (1 + 11 X1p) (¢ ~ t')? (s — )",

(5.59)

where ¢34, is a constant which depends only on 3, 6,7, the constant Cx wxw = [|[W|lg +
|XW||g19 and c is the same that appears in (5.58).

PRrOOF. First of all, we divide the integral in two parts: we can write

/R (PR(s,0) = VR(5,)) (prs — prr—u) AWy =

/0 (YE(s,u) = YE(s, ) (pt—u — prr—u) AWy, + / (YE(s,u) — YE(s, 1) pr—u AW,

t/
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We first look after the second integral. By using Theorem [3.16], more precisely Corollary
we have

[ = PR ) s,

< 0 Cuzon e (t =)' (IG e g (6 =) + 110 ooy (6= ) + lglloe o)

where, in this case, g, = Y (s,u) — Y(s,t') and ¢/, = (Y E(s,u)) = Y, — Y, and then we can
improve this inequality by using the relations above. In particular, recalling (5.38]), we have

HgHoth/ﬂ = sup |}7R(s,u) — YR(s,t')] = sup [0Y (s,t)0X (¥, u)+ YR(t’,u)\

u€lt t] u€lt’,t]
< (=7 (IV s 1 X (5 = ¢)7 + Y Fllas (¢ = )7),
and, recalling ,
19/ llsofery < (5 =Y [ |5

Recalling also that ||V (s, ‘)HDEE,B) ] = ||Y||Dg?,g) 17 by (5.37)), we can write

‘ //t(f/R(Sa u) = Y (s,)) pru dW,,
Stcﬁ,e,n Cwxew ¢ (t — /)08~ x

< (1Yl g (8= 0+ 1Y 115 (s = )% + IV 15 1 Xl = )% + 1Y Pl (= )7
< cgon Cwawe(s =) (L =) V| pem 1+ 1X|s),

since s > t > t’ for assumptions, recalling that for our case we have § —n = 3 and having used
the definition of norm in Dg?’ﬁ) and the fact that Y =Y.
Now we pass to the first integral over the interval [0, t']:

t/
Tow = /0 (7 (s5,0) = VR (5, ) (1 — pr—u) AW

In this case, we would like to use the first part of Proposition [5.6 but it is not enough. Indeed,

since P := py_y — Py satisfies (5.12)-(5.13]) with § = (¢ — s), by (5.17) we would obtain
t/
[ = T ) (s = ) AW
0

< G0 Cuon e (t = )2 (Il (¢ = )7 + 1077, ) loesourn + 177G, Yl jorn)

which misses the factor (s — /)% in . Hence, we have to decompose the proof of that
proposition and then recompose it using the properties of the special function “¢” of this case,
that is Y (s, -).
If ¢ <2(t —t'), then we can use Theorem more precisely Corollary and we have
jo.] < eg.0.,9 Cwew e ()77 <HGHD§,B>,[O¢,] ()% 419 llow, 0,07 () + HgHoo,[O,t})

< ¢cgom Cwixw e (t') 2071 ¥ e 1+ 1X15),
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having used the facts that for 0 < u <t < s, by (5.38)

sup |~ V(s u) — PR(s, )] = sup 0¥ (5,u) 6X (u, ) + Y R(u, 7))
u€e[0,t/] u€e[0,t/]

<YlglXllg sup (s —u)® (¢ —w)’ + [[YFllag sup (&' —u)®® <% () (IY (|5 | X |5 + [[Y F[l25)
u€e(0,t/] u€(0,t/]
<SP+ X

18) IV .00

Then, in the case of ¢/ < 2(t —t'), which implies s = (s —t/)+t/ < (s—t')+2(t —t') < 3(s—1),
we have

o] < ¢, Cwscw ¢ (8 = t)27 (s = )7 ¥l (1 +11X15)

< cgom Cwawe (t — )% (s — ')’ ¥ llpee (1+1X1),
and then (5.59) holds in this case.

Now we pass to the case t’ > 2 (¢t —t'). Following the scheme of the proof of Proposition
in this case we consider n = n(t,t') € N, such that 2" (t — ') < ' < 2" (t — ') and we write

n
|I[O,t’]| < |I[07%]| + Z ‘Iti+17ti| + u[t’—(t—t’),t’]‘v
i=1

with t; = ¢’ — 2¢ (t — t'). We now analyze these integrals.

For the last integral, we can use Theorem (see Corollary [3.17)) and we write
Tt — =] < €. Cxwzzw ¢ (£ — )77 x

X (HYHDggm (=) YR8, )) oo, — -ty (E — )7 + Y (s, ) — Y/R(sat/)Hoo,[t’—(t—t/),t’})
Now we use the fact that
||(1~/R(57 ‘))/||oo,[t'—(t—t’),t'} = sup
€t —(t—t') ']

<|Ylg sup  (s—u)’ = |Y|g(s—t' + (t—t))°
welt' —(t—t').¢']

<2|Y|s[(s = )7 + (¢ = )],

Y, — Y|

and, thanks to (5.38]),
H}}R(Sa ) = Y/R(Sa t/)Hoo,[t’—(t—t’),t’]

<[¥lgllXlls ~ sup

(' =)’ (s — u)’ + ||V H|l25
welt' —(t—t').¢']

sup (t' —u)?’
wElt —(t—t') /]
<Y ls IX Nt = 1) (s =t 4 (t = )7 + [V Fla (t — )

< IVl IXls + 1Y Bllag] (¢ — ) + [V g 1 X|Ig (t = ') (s — ).
Then

i — (-1,
< g Cwamw e (6 =)0 [ (6 = )22 (1Y L + 1Y 15+ 1Y 151X N5 + ¥ Pllzs)

(5.60)
+ (=) (s =) (IVlla + 1Y 115 1X15)
< cgom Cwaw ¢|Y Il (L X 18) [(£ = )% + (5 = )7 (¢ — ) %),
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recalling that § —n = [ in this case.

For ¢ =1,...,n, we notice that:
t =t =2"(t—1t), and t —t;=t; —t;y1 =271 (t—1).
Thanks to , we can write
] < (= ti0)° Wolljs e 1 ol
= 2099 (= ) Dl ey 1ol -
(',t)

In the proof of Corollary we proved that the function w — Py "7 = pr_o — Pr—,, Satisfies

(5.12) and (5.13) with § = (¢t —t') and #j = 7; then, thanks to Lemma [5.4] we have

IIpt*"

Ct—t/ tz‘—til i— o _
"[ti+17ti] < (t'(—ti)nll ( ((t,_;—))> — 9 90=1(=n-1) (t—t’) n

and, thanks to (3.21]),

Hgllo, e

< exvo e (IGlpim g (= 6607 419 o (5 = £14)” + gl 1)

tit1,ts
where g, = Y (s,u) — Y¥(s,t') and then,

19/ lloo fti 10 = sup Y =Yi| < |Yllg sup  Ju—s|” = |[Y]g (s —tir1)”
u€[tiy1,ti] u€[tiy1,ti]

IV lla (s =+ = ti2)” < ¥l (s = #)7 + 2 = ¢)7),

and
I9llcoftirats = sup  [YE(s,u) —YB(s,¢)| = sup [6Y (u,s)0X (u,t') — Y E(u,t)]
uE[tH_l,ti} ue[ti+17ti]
<|YlglXlls suwp (s—w)’ (' —w)’ +[[YF2s  sup (¢ —w)?
ue[ti+1,ti] Ue[ti+17ti}
<Yl X Na(s — tis)® (' — tis1)” + [V E|l25 (¢ — tig1)?”
<Y1 lIXls (s =) = tix)” + (1Yl 11X g + 1Y Fllag) (¢ = tis1)*
= 1Y lla X1 (s = )72 =) + (1Y 5 1 X115 + 1Y Fll25) (2°(t = t))*°.
Then,

g llo, b4, < c28+0 Cwixw X
x (1Y e 207028(1 — )2 4 ||| (s — )7 + 27t = £)7) 26705 (¢ — ¢) 7+
X[ttt

+YIglIXNlg (s = )20 (¢ =) + (1Y |5 1 X [l5 + 1Y "]l25) 2i(25)(t—t’)25)
< a0 Cwew 2070 (t — t/)° (HYHDggm 20708t — ) 4 |[V|g ((s — )7 + 2P (¢ —)°)+
+ YN I1X1s (s =) + (VI 11X 15 + 1Y Fll25) 27 (¢ — t')5>

< cagyo Cwxw 2070 (t — 1)F ¥l (1+11X15) [2(i_1)6(t — )7+ (s — t,)ﬁ] :
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Now we look at the integral in [0, %] In this case, we can proceed as above. We get

t—t

oy = P2 gn(=n=1) (4 _ )
2

15 g ) < 2

recalling that
t' > 2" (t—t).

At the same time,

/ /

t'\ 28 , t'\ B
Mgl 0,2y < eas0 Coxavacw (16 per oy (5) #1901 (5) + lellasgoe):
where, as above, we can prove that
191l g0,y < 1Y lls 5” < 1Y llg (s = #)7 +27),
and

HgHOO7[[)7%} - Sup/ ‘YR(S/U,) - Y/R(&t/)’ = Sllp/ MY(’U,, 8) 5X(u7t/) - YR(’U,’ZL,/)‘
u€l0,%] u€l0,%]

Y115 11X 115 ()7 ()7 + 1Y #l25 (')

<Y llg 1X1lg (s = )7 () + (IY I 11X 1l5 + Y Fll25) ()7

IN

Then, since t' < 2"+ (t —¢/),
g1l 10 1 < c2840 Cwxw 2 [V || s (141X |I5) [(s — )P + 7]
7[072] DX
< eaprg Cwzew 27 (8 — ')’ Y[l (14 11X15) [ (5 — )7 + 2" (t —)°].

We can use Theorem [3.16] and write
n
g g+ 2 Hitea
i=1

N0 . :
— —(t,t ) . . 0 _(tvt )
< (3) 0P gy WMl g+ 3000 = tasn)” Ul Ml

By using the relations we got above, we can write

n
o, + D Ml < casr0 Cxwxw e ¥l (14 11X 5)

i=1
n+1 n+1
x (t— >9+6 n [ ZQ i—1)(0+8-n-1) + (t— t’)ﬁ Zg(ifl)(ewﬁfnfl)]_
i=1

In our case, we have § —n = < %, and then, both the sum converge. We can write

n
T 3l + D2 el < G0 o € [¥ o (1 4+ IX11g) 15 = #)° (£ = )27 + (¢ = #)%9)
=1
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where

A 1 1
8.0 = C26+6 | T 907801 T ] _ 29+2ﬁ77771}

and then is the same estimate that we got for [Ijy__y) | (see (5.60)). Then
ol < g0 Cww e [Vl g (1 + 1 X1g) [(s = #)7 (¢ = ) + (¢ = )],

and, since v <t <t < s, this implies ([5.59)). O
Now we pass to prove Lemma

ProOOF OF LEMMA [5.14]l Relation ([5.55)) is proved in Lemma
Now we pass to prove that the map t — Y%(s,t) is a path controlled by X. For any t,t, we
can write

VE(s,t) = V(s 1) = /R’?R(& ) (Pt—u — prr—u — (t — 1) ply_,) AW,y

=YE(s,t)6X (1) +/

(VR(s,0) = VR(5,:)) (1 — prs) dWa — (£ — 1) / VE(s u) gl dW,.
R R

We can apply Proposition [£.18] and, recalling that 6 + 23 —n = 38 < 1, we have
| /R (FR(s,u) — TR(5,)) (D1 — pr—) AW,
< g e et = % (IF(5, ) g €2 + 1075, e + 1775, 3.
In particular, this implies that we can write
VE(s,t) — V(s ) = YE(s,¢) X (¢, 1) + Ot — '|?),

which implies that ¢ — is a controlled path by X with derivative given by ¢ ?R(s,t) and
the remainder term “O(|t — '|?)” is given by

R, 1) = / (PR(s,u) — V(5. 4)) (prs — pr—u) AW — (£ — ) / VE(su) pl,_ AW,
R R
Thanks to ([5.35)), we can write
((VEY (s, )| = [YE(s,u)| < K(s —u)?,

that is (5.56)).
Relation (5.57)) can be proved by noting that

[R(t',1)|
R vl = SUPp  ——5a
H H2,3’[ ] vgt’<€§s (t - t/)2ﬁ
| o (R (5,) = YR (,2)) (s — pr—) AW,
< sup +

v<t'<t<s (t - t,)Q/B

+ sup (t—t’)lzﬁ)/ffp”(s,u)pgu dw,,
R

v<t'<t<s
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For the first part, we use Lemma [5.15] and we get

e (VR () = Y(5,1)) (i — por—) AWy
sup

v<t'<t<s (t - t/)Qﬁ

< cpan Cwame (s =) (L XY o

For the second part, we can use Corollary with [a,b] = [0,5], gu = YE(s,u), Py = P,
and 7 =n+ 1, and we get

sup (£ )72 | [ VR(s,0) g W,
R

v<t'<t<s
< 30,41 Cxwxw e (s — v)' 2P 301 (”YHD%’,B) +Ylls + ||Y|\Dg§,ﬁ) (L+11X1s))

having used relations (5.35)) and ([5.36)). Now we can write

(s—v)'72P %1 = (7‘971})1_2555 < (Siv)ﬁsﬁ = (s —v)",
S S

when 8 < 1, and then, recalling also that [|Y|z = [|Y’||5 < 1Y 500,
X

sup (t - t/)l_zﬁ ‘ / Y/R(Sv U) p/s—u qu
R

v<t'<t<s

< g1 Cwxw (s = 0) (L4 [ X[la) [V [l pgm-

Moreover, thanks to (5.38]), we have

HOY (5 Mgliw,s) = 1Y (s, Mg,y < (5 =) I Nlg 1X g + 1Y Fl26]
< (s =)’ A+ I1X8) 1Y [l pgem-

Then

R
1% e

[v,s] = ”(yR)/(S’ ')||,3|[v,s] + ”Remainder’bﬁ“v,s}
< ¢, Cwiew (¢ +1) (s = 0)7 (1+ || X[|) ¥l

which completes the proof of (5.57]). O
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APPENDIX A

FRACTIONAL HEAT KERNEL

In this section, we will define and study the (fractional) heat kernel, whose properties are key
tools in our problem. We fix o € (1, 2]; in some case, results and proofs are separated for o = 2
and o € (1,2).

DEFINITION A.1. We denote by (t,z) — g:(z) the solution to the following non random
differential problem:

dg a
—(t,z) = A2 g(t,x) fort >0, z €R,
% 1,4) = A% g(t,) o

9(07 ) = 50'

We will call this function heat kernel for the case a = 2, and fractional heat kernel for the case
a € (1,2).

When a = 2, we have an explicit formula for g:

1 22
T) = e 4, forall (¢t,z) € (0,00) X R. A2
o) = o (t,2) € (0,0x) (A.2)
When «a € (1,2), we do not have an explicit formula for g, but we now show some properties
that are all we need in order to study the equation (1.1).
The following proposition contains the first elementary properties of the function g.

PROPOSITION A.2. The map (¢, z) — g;(x), solution to (A.1)), is the density of a symmetric
a-stable Lévy process. In particular, the following properties hold:

1. regularity: (t,z) — gi(x) is a C*° function defined over (0,00) x R.
2. gi(x) > 0 for all (t,z) € (0,00) x R and [ g¢(x) = 1, for every t > 0 (g is a density).

3. scaling property: for every t > 0,

where g() = g1(").
4. g is symmetric over R, that is g(x) = g(—=x) for all x € R.
5. x + g(x) is strictly decreasing in [0, 00) and ||g]/cc = g(0).

6. g satisfies the semigroup property: g, x gs = gi+s, that is

Geralz) = /}R (& — ¥) 9a(y) dy.

115
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7. characteristic function: the following relation holds:
/ e % gy(2) dz = 1101,
R

8. asymptotic behaviour: for a € (1,2), we have

g(x) ~ mcﬁ when |z| — oo (A.3)
for some ¢, > 0.
9. We have ¢/(0) = 0 and:
(a) for a =2, ¢'(z) = -5 g(x)
(b) for o € (1,2),
g (x) ~ —sign(z) cq w as |z| = oo; (A.4)

moreover, |z ¢ (z)| < ¢ g(x) and also |¢'(z)] < ¢ g(x) for some ¢, ¢ > 0.

Now we give some preliminary estimates on the square of g and its integral with respect to
time and space.

LEMMA A.3. The following properties hold:

1. for any (t,z) € (0,00) X R,

6:()? < llgllos ;gm). (A.5)

«@

2. for all (t,z) € (0,00) x R,

¢ ¢ (8] a—1
/ / @ (2 — y)dsdy = / / () dsdy < [lgloo —2— t°5*.  (A6)
o JR o Jr a—1

In particular, g € L*([0,T] x R), for any T > 0.

PRrOOF. Clearly g:(z)? < ||gtl|o0 9+(2), and (AF) follows from property (3] of Proposition [A.2]
Thanks to (A.5), we can write

t t 1
/ / () dsdy < [lgloe / ds L / dy gs(1),
0 R 0 Sa JR

which gives exactly || g||wﬁt%, since the integral over the space is 1 (we recall that g is a
density). O

REMARK A.4. In the case a = 2, we could get the exact values:

11
gt (x) = —=

N \ﬁg () (A7)

N+
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and

t
¢
//g?_s(a?—y)dsdyZ\/4-
0 JR 4

We now state a basic but crucial estimate, that will be used frequently. This estimate is

easy to show for the case a = 2, but it is more difficult and requires more efforts in the case
a € (1,2).

PROPOSITION A.5. For any z € R and 0 < r < t < 0o, we have

2 2 1
_ ta
/ gr(z) gt;r(l‘ Z) dz S C(Oé) _ (AS)
R 9 () ra(t—r)a
where ¢(«) is a constant which may depend only on a.
In the case a = 2, thanks to (A.7) and the semigroup property,
[ @6t - ds= [ @) gyl 21
R V8mr \/8r(t — 1) Jr TS
1 1

=— — x

R
= xr ,
V8T \/r(t —1) %
which proves (A.8)) for a = 2 with ¢(2) = %. For a € (1,2), it is not so straight forward.
Indeed, if we used the same argument, by (A.5]), we would get

Lo a =< ol ot [e@ane-a: (a0
=l ) (A1)

The point is that we cannot bound g(z) < ¢1 g2, () for o < 2 (recall (A.3)). Instead, we need
the following lemma.

LEMMA A.6. Let o € (1,2) and define m = m,, € (0,00) as the largest y > 0 such that
9(y) +y g (y) = 0. Then, for every x € R, the map

t— gi(x)

is incrasing over ¢ € (0, (;%)“].

PROOF. Thanks to (A.3)) and (A.4), we have

1 —(a+1
9(y) +yg'(y) ~ yotl + (ya+1 ) <0  forlargey > 0.
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Since the function g(y) + y ¢'(y) is continuous, and positive for y = 0, there is indeed a largest
y > 0 for which g(y) + y¢'(y) = 0, so m is well-defined.
We take the derivative of g;(x) with respect to the time:

2= 0[]
= o) e () (L )

@

L @)
T e [\ T EIE) ]

@

~
Ql~

For t € (0,(x/m)®] we have :U/té > m, hence the term in square bracket is negative, by
definition of m. This concludes the proof. ]

Now we are able to proof Proposition also for the case a € (1,2).

PROOF OF PROPOSITION [AL5] We have already proved (A.8)) in the case a = 2, hence we
focus on the case a € (1,2). Fix (t,z) € (0,00) x R (thanks to the symmetry of g, we just
consider x > 0); 1f < 2m, where m is defined in Lemma we have

1 x 1
T9<T> > — 9(2m),
ta ta ta
and, by (A.10)) (see also (A.5])), we can write
1

[ECltr=y,  Jolh

R g?(m) ~9(2m) pa(t —r)a
Hence, we now have to prove ) for o € (1,2) and for (¢,z) such that %+ > 2m, that is

s

t € (0, (5)“] and then, thanks to Lemma in this case the function s — g4(5) is increasing
for any s < t. We divide the integral:

+o00
22 2 r—z)daz = 22 2 T —z)dz 2 z 2 T —z)dz.
/Rgr( )gtfr( )d / gr( )gtfr( )d +[c gr( )gtfr( )d

o0 2

[SIE]

For z < %, we use the estimate

gt (z—2) < 91524(%) < g? (;) by the increasing property
1
9:(2) < llglloc — 9+ (2) (see (A.5)).
T
We get
: Iyl 2 gl
[ dod a0 @(0) [7 g <19 (3).
—00 Ta —00 T a
For z > %, we use the estimates
g2 (z) < g2 (g) < g? (g) by the increasing property
g
NI P UL SR (sce (&F)).

(t—r)a
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and we have

) € +oo 0 €
2 sl =2 < L2 2 (B) [ o zyaz < = (),
: (t—r)F : (t )

“+oo

o

Summing up,

[#ea - 9as <ol |3+ | #(5)

ra —r)é

to
< 2|glloc +——1 9

ro(t— r)é
since both % and ﬁ are greater than 1. Then
2 2 1
9-(2) gi—r(x — 2) ta
/ S dz <2|lgllec €57
R g; (z ra(t—r)a
2(z/2 . o
where C' := sup,cp gg% )) < 00 is a positive constant (recall (A.3))). O

With the following lemma, we estimate the derivatives of g in the case a € (1,2).

LEMMA A.7. Let a € (1,2). For all z € R and ¢ € (0,00), we have

21
— g, < ZZg.2). A.12
9:(2)| < = = gcl2) (A.12)
and
d 1
dw%®)| < < aw) (A.13)

ProoOF. To prove (A.12)), we can write

=) = ) - 2]

Since |z¢'(2)| < g(z), we have

For (|A.13)), we notice that

d (w)_ii wiyl_ L fw
dwgt _té dw g ta _t%g ta )

By using the fact that |¢'(z)| < g(z), we have

that is (A.13). O
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The following gives an estimate on the derivative of g in the case e = 2, in which the heat
kernel has an explicit representation and then the following relations can be proved just by

computing.

LEMMA A.8. Fix a = 2 (Gaussian case). For all z € R and ¢ € (0, 00), we have

Z2
S 0ea) = 5 (5 = 1)aclo) (A14

and B
w
@gt(w) = o gi(w) (A.15)

We also need the following lemma, that holds when o = 2.

LEMMA A.9. Fix a = 2 (Gaussian case). Let 0 < s < ¢ and a,b € R. For every r € (s,1),

9r—s(z = Y)gt—r(x — 2) ( r—s
=g=—ne-5 |2 — Y+ T — )
gi—s(x —y) HEpieso) W+ i=@-v)

PRrOOF. By direct calculation,

z— 2 T—2z 2 xr—1 2
gr_s(z _ y)gt—?" (.'E — Z) _ t — S e_ (Q(Ti/l) e_ (Q(t—Z‘) e(Q(t_‘uz>
g1-s(b—a) 2m(t —1r)(r —s)
—s —r r—s 2
_ t=s bt (i)
2m(t —r)(r —s)

r—s
O

A.0.1. BETA AND GAMMA FUNCTION AND INTEGRALS OVER TIME. Now we recall
some properties of the Beta and Gamma function; indeed, when we integrate with respect to

the time, we would face expression like this:

[ =
0 ré(t—r)é7

and it is useful to recall and state how to get exact expression of it.

DEFINITION A.10 (BETA FUNCTION). The Beta function is defined as

1
BETA(0v, B) = / w1 — )Pt du,
0

for all (a, B) € (0,00)2.

We recall that, for all («, 8) € (0,00)2,

BETA(av, B) = m. (A.16)
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where the Gamma function is given by
o0
I'(«) :/ 2 e dg,
0

for which we recall the following properties: The following properties hold:

1. N(a+1) = al'(«a) for all a > 0;

2. T'(1)=1land I'(n) = (n — 1)! for all n € N;

3. [(3) = v
We have the following

LEMMA A.11. For all 0 < s <t and o > 1, we have

t tl 1 1 I‘(Lﬁl>2
[t ammpm(estet) 2.,
0 7a( >

1t—r)é o o

b ta 1 a—1 F(*a_lf
/ﬂdrg(t—s)%lBEmC‘_ e )—(t—s)”‘of“ (A.18)
S T‘E( T 1

t— r)é o o
PrOOF. With a change of the variable u = 7, we write
t te 1 te
71 =t 11 1 rdu
0 ra(t—r)a 0 tayato(l —u)o
1
— =% / uia (1-— u)Tl_l du
0

o -1 a-1
:toclBETA(a ,a )

[0 (67

t—s

Relation (A.18) follows from (A.17) by a simple translation and the fact that £ < =% for any

r € (s,t):
ATl el s
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APPENDIX B

TECHNICAL TOOLS

In this section, we put all the technical tools which are useful for the proof of existence, uniquess
and regularity of the solution of the Fractional Stochastic Heat Equation in Theorems [I.3] and
Indeed, all the results in this section are the components of these proofs: we put them apart
since they require quite long calculations and have their own independence. We fix a € (1, 2]

and we recall that g;(z) = gga) (z) denotes the fractional heat kernel, see Appendix

B.1. GRONWALL-TYPE INEQUALITIES

LEMMA B.1. Let a € (1,2]. Let k € N;z € R and ¢ € (0,00). Then we have

a—1
1 t k(a—1) (kt1)(a=1) NS
oy [ LT e ) dsdy < et ( ) (B.1)
r(He 1) Jo Jr P((k+1)2sL +1)
and, for all z € R and r € [0,00) with r < ¢,
! /t/(s—r)’“‘“‘” 2 (y—2)g2 ,(x—y)dsd
I‘(UH—UOEQ_U) - Jr 9s—r\Y Jt—s Y Y
(o=t
(kt1)(a=1) o
< (comst.) (t—r)" «  gi,(z—y) (k(+2)(021)
(=)
(B.2)

where the constant may depend only on «.

PRrROOF. To prove (B.1)), using (A.5), we just write

P M- b 1
/ / s” o gii(z—y)dsdy < g(0) / s e ———
0 0 (t—s)a

1
(k+1)(a—1) k(a—1) a—
—g(O)t? / UT+1—1 (1 U)—al—l dv
0

a-— klaa—1 -1
= g(0) ¢ BETA( (a=1) +1,2 )

(@ (07

and conclusion follows from the relation between Beta and Gamma function (see (A.16))).

123
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Now, for (B.2]), we recall Proposition and write

t k(a—1) 2 2
R(S - T) « gsfr(y - Z) gtfs(x - y) ds dy

<Cg? (z—=z ts—r@ (t—r) —ds
la=2) (5= PTr—r

(k+1)(a=1)

:C(t—r)é/(s—r)a— (t— )% 1ds,

Q=

and, using the definition of Beta integral as above, we get

Cgt,(x—2)(t —T)W BETA((k+ Dle-1) a- 1),

’
(67 (@

and (B.2)) follows. O

LEMMA B.2. Let (¢n)nen be a sequence of measurable and non-negative functions defined
n (0,00) x R such that, for all (¢,z) € (0,00) x R

t
hto)= [ dn [ doeitegd @ - o) <o (B.3)
0 R

Suppose there exist constants A, B > 0 such that, for all (¢,z) € (0,00) x R,

t
Ont1(t,z) <A+ B/O /chn(s, Y) 97 (z — y) dsdy (B.4)

for all n € N. Then

k
k(a—1) «a Ta (n 1)(a 1)
ont1(t,z) < A g g0 B o —>— /2 4 B! ) Ii(t,z)

S g ey

for all (t,z) € (0,00) x R and n € N, where ¢ > 0 is a constant which can be chosen as the
one in (A.8)), and then it may depend only on «.

(B.5)

PROOF. Let us prove by induction the following

k
n-t k(a 1) F<a l)
Ont1(t,x <AZQ Bt o

5 r( )

non-1_\ & /) ! (" (=(e=1) 2
+ B"¢ ; dtl t—t 1 a RdZE1 gpl(tl,xl)gt_tl(x—xl),

(B.6)
which easily implies (B.5]).
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It n =1, by (BA)
t
pa(t,z) < A+ B / / o1ty 21) g7, (& — 1)ty day,
0 R

and then holds.
Let n > 1 and suppose that holds for all (t,z) € (0,00) x R. We have

k
n— a—1
. k Rk F( 0‘) ' Mol o
onia(t,r) <A+ BJ|AY ¢(0)*B — e s o giy(z—y)dsdy
F<T+1) 0 R

k=0

F(QT_ly t s (n=1)(a=1)
+ BT / dS/ dy/ dt; (s —t1)  « /dﬂfl o1t x1)gs,, (y — 21)g;_s(x — y) |
F(Laa 1)) o Jr Jo R

Using (B.1)) and (B.2)), the latter with & and r replaced respectively by n — 1 and ¢;, this is

—1 F(a—l)k—H
A+A 0)k+1 gktl o W
+ kzog( ) Y Ty +
n+1
a—1
+ Bt cn M t dh (t B tl) n(aa:l) Ay (pl(tl 161)92 (.fL' _ -'1:1)~
F(W) 0 " ’ t—t1

Then holds for every n € N. O

Thanks to Proposition we have the following corollaries: the first one can be derived
from the proof of Proposition while the other two are its direct consequences.

COROLLARY B.3. Let a € (1,2]. For all 0 < s <t < 0o and = € R, we have

/R dy [To(s, 9)]2e—s(z — v) < e(a) = [To(t, 2)]?,

Sa

where ¢(«) is a positive constant which depends only on «.

COROLLARY B.4. For all k € N, (t,z) € (0,00) x R, we have

k(a—1)
o

Lo(t, )] BETA(k(aa_ b 2 S

/ ds (¢ — 5= / To(s, ) (& — 4) < cfe)
0 R

COROLLARY B.5. For every positive and non-decreasing function C' : (0,00) — R,

/0 /R () (1 + [To(5,9)2)g2o (@ — ) dsdy < c(a) OB+ (1 + [Io(t, 2)P%),

for all (t,z) € (0,00) x R, where ¢(«) is a constant which depends only on a.
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The following two lemmas are variants of Lemma and contains Gronwall’s type inequal-
ities.

LEMMA B.6. Let (¢,)nen be a sequence of measurable non-negative functions defined on
(0, 00) xR and denote by @o(t,x) := |Io(t,z)|?, where Iy is defined in (or, more generally,
is a function which satisfies Proposition . Suppose that there exist constants A > 1 and
B > 0 such that, for all (¢,2) € (0,00) x R and n € Ny,

t
Pnt1(t, ) SA!Io(t,w)l2+B/0 /Rson(s,y)gfs(x—y)dsdy (B.7)
Then
k41
2 S k—1 pk ,Re=b F<QT_1)
Pnt1(t,x) < Allp(t,@))* (14> ' B* W ; (B.8)
k=1 B

for all (t,z) € (0,00) x R and n € Ny, where we can choose ¢ > 1 as a constant which may
depend only on « (a linear combination between ||g|lcc and c(«) of (A.8) and of Corollary

B4).
ProOF. We will prove that, for every n € Ny,

Ong1(t,z) < All(t, 2)|*+

k
n+1 t _ - %% (B 9)
- (h=1)(a=1) “
+Aa) 1B’“/ ds(t—s) = /dy\fo(s,y)!%?—s(x—y)(m—n
P 0 R F( a )

which yields (B.8)), since

td _glesn o 29 k(a—1>F<T)F< o ) I )
s(t—s) o ylo(s,y)|" gims(z —y) < c(a)t™ e ey ot o))
0 R F(M)

having used Corollary [B-4]
By induction: if n = 0, by (B.10)),

t
oi(t,2) < AlLo(t,2) + B /0 /R To(s, 9)? 67_o(x — ) ds dy

and then holds, since ¢, A > 1.
Suppose that n > 1 and, for all (s,y) € (0,00) x R,

son(sa y) < A|I0(87 y)|2+

n

s (k—1)(a—1) F<QT_1>k
+AY B’“/O dr(s—r) a /RdZIIo(T, Z)|29§fr(y_z)ri'

k=1
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By (B.10), we have
t
onia(t,2) < Allo(t,2) + B / /R on(s,4) g2 oz — y)dsdy
0

t
< Ally(t,z)P + AB / / To(s, )2 g2 (x — ) ds dy+
0 R

t
—i—AB/ ds/ dy g2 ,(z —y)x
0 R

X [zn:ck_lBk/s dr(s—r)(k_l)a(a_l)/dﬂlo(r 2 g (y—z)r<a;l>k }
X, ol =)y

Let us focus on the third term: for £k = 1,...,n we can change the order of integration and
write
a—1 k
' 2 [ (e=L)(a1) 2 2 F( @ )
dr dZ|IO(Ta Z)’ ds (5 - ’f’) * dy gt—s(:C - y)gs—'r(y - Z)ki
0 R r R I‘( (afl))
(0%

a—1

k+1
t k(a—1) F(T)
/ d’"/ dz [Io(r,2) 2 (t—=7) " & g2 (x — 2)—— Lt
0 R

F((kﬂ)aa—l)) ’

where we applied (B.2) with k replaced by k£ — 1 (such relation was proved in Lemma [B.1]).
Then

t
onii (1) < Allo(t,2)* + A B / /R To(s, 9)? g7_o( — ) ds dy+
0

. t r a1 k+1
k=1 pk b b 2 e
+ABCZC B dr(t—r)" dz|lo(r,2)|? g7, (z — 2) ———
0 R

k=1
which is . O

LEMMA B.7. Let (¢n)nen be a sequence of measurable non-negative functions defined on
(0,00) xR and denote by ¢o(t,x) := |Io(t, z)|?, where Ij is defined in (or, more generally,
is a function which satisfies Proposition . Suppose that there exist constants A > 1 and
B > 0 such that, for all (¢,2) € (0,00) x R and n € Ny,

pusnt0) < Aot 4 B [ [+ enls e v)dsdy  (B10)
Then
2 e k(a ., F(%)MJ
Ont1(t, ) < Allo(t, 2))? + (1 + A|lo(t, z)|? chBk W (B.11)

for all (t,z) € (0,00) x R and n € Ny, where we can choose ¢ > 1 as a constant which may
depend only on « (a linear combination between g(0) and c(a) of (A.g)).
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PrRoOOF. We will prove that, for every n € Ny,
eni1(t,z) < Allo(t, z)|*+

k
» t o (et (B.12)
- (k=1)(a=1) e
# B [ase- s dy[1+AIo<s,y>P]g?s<fv—y><k<a—1>
— 0 R F( « )

which yields (B.11]), since
¢ (k=1)(a=1) a k(a—1)
d t - « d 2 — < 0 _— t [eY
| ase= [ duat a =) < g0) g 1

' (e—)(e1) 2 2 7’“(“’1)F<71) F( (a )> 2
/0 ds (t — 5) " /R dy |To(s, 1) g (x — ) < c(e) £ Lot 2)]2,

having used the property (A.5) of g and Corollary
By induction: if n = 0, by (B.10J),

t
o1(t,2) < Allo(t, )2 + B /0 /R 11+ (s, 9)|2)g7o(x — ) ds dy

and then (B.12)) holds, since ¢, A > 1.
Suppose that n > 1 and, for all (s,y) € (0,00) x R,

Son(sa y) < A|IO(87 y)|2+

n s s r(et
£ kBt / dr(s—r)—a / dz[l+A|Io<r,z>|21g§_r<y—z>().
k=1 0 R <

By (B-I0), we have

pni1(t,x) < Allo(t,z)* + B /Ot/R [1+ ¢n(s,9)] g7 o(z — y) dsdy

t
< AlL(t,2)P + B / / 1+ AlIo(s, 9)|?] g2 — ) ds dy+
0 R

t
45 [ ds [dygt o)
0 R

k
- s (k=1)(a=1) F(QT_l>
X [chBk/ dr(s—r) a /dz [1+ AlIo(r, 2)lg%_.(y — 2) 7]
— 0 R F(M)
k=1 a
Let us focus on the third term: for k = 1,...,n we can change the order of integration and
write

k
a—1
t o [* (k=1)(a=1) 9 9 F( a )
dr [ dz[1+ A|lo(r,2)[7] [ ds(s—7) =« dygi o(x —y)gs_.(y — 2)7F
0 R r R A VA

1\
<o [far[a 1+ AL 2 (¢ — ) g2 F<%)
_C/O 7’/R Z [ To(r, 2)[7] ( r) e g (x 2)1“((]”1)0‘_1))7

«
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where we applied (B.2) with & replaced by k — 1 (such relation was proved in Lemma [B.1)).
Then

t
onii(t.2) < Allo(t, 2)* + B / / 1+ Allo(s, ) 2] 2. ( — ) ds dy+
0 R

n

a1\ Rt

ko [ k(a=1) 21 2 F( o )
+BeY B | dr(t—r) < dz[1 4 A|Io(r, 2)| ]gtr(x—z)r(
R AT\ 1)

k=1 0

which is (B.12)). O

B.2. PROGRESSIVE MEASURABILITY AND STOCHASTIC INTEGRAL

In this section we recall some definitions and properties of measurability. Indeed, it is a funda-
mental property required to define the stochastic integral that appears in the Definition [I.1] of
mild solution.

DEFINITION B.8. A stochastic process (X (t,7))q)c(0,00)xr 18 called measurable if the map
X @ ([0,00) x R" x Q,B(]0,00) x R") ® A) - R
(t, z,w) = X(t,2)(w)
is measurable

DEFINITION B.9. A filtration on (2, .4,P), with respect to the set [0,00), is a collection
(Ft)ie[o,00) Of non-decreasing sub-o algebras, that is

Fi C .A,
F: is a o algebra,
]:S g ]:t;

for all s,t € [0,00) and s < t.
If X = (Xt)ie[0,00) 18 @ stochastic process on (2, A, P), we denote by (FtX)tE[O,oo) the natural
filtration of X, given by

}—tX:U({Xs’OSSSt}>' (B.13)

DEFINITION B.10. A stochastic process (X(t,7))(,)c(0,00)xrn 18 adapted to the filtration
(Ft)tefo,00) if, for any (t,x) € [0,00) x R, X(t,x) is Fi-measurable, that is

X(t,;(}) : (Q,.Ft) —R
is measurable.
A stochastic process (X (t,))tx)e[0,00)xRr 18 progressively measurable with respect to the
filtration F if, for any ¢ > 0, the map
X ([O,t] x R" x Q, B([0,1] x R") ®}}> SR

is measurable.
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The assumption on a stochastic process ¢ to be progressively measurable is not always
easy to check. However, in Proposition below we present a sufficient condition which is
borrowed from Proposition 3.1 in [Chen, Dalang 15 A].

First we need the following definition.

DEFINITION B.11. We say that a stochastic process ¢ = (©(8,¥))(s,y)e(0,00)xR 18 L?(2)-
continuous if the map

(0,00) x R — L*(Q)
(t,z) = o(t, z)
is continuous. That is

lim  [|p(t,z) — p(t',2")|]a =0 for all (t,z) € (0,00) x R.
(" z")—(t,z)

For the notion of adaptedness and progressive measurability, see Definition

PROPOSITION B.12. Let t > 0 be fixed and let (¢(s,9))(s,y)c(0,t)xr be a stochastic process
such that

1. ¢ is adapted;
2. for all (s,y) € (0,t) x R, ||¢(s,)||2 < 0o and ¢ is L?-continuous;

3. f5 [ E(le(s,y)[?) dsdy < oo.

Then ¢ is is progressively measurable.

We now define the class of stochastic processes for which we can define the stochastic integral.

DEFINITION B.13. We denote by M?([0,T] x RY) the set of stochastic processes indexed by
[O) T] X RNa ¥ = (90(57 y))(s,y)G[O,T]XRNv such that

1. ¢ is progressively measurable;

IE(/OT/RN gp(s,y)stdy> < 00.

If p € M?([0,T] x RY), then we can define

2.

T
Wil)i= [ [ oo Wids,dy),
0o JRN
as a stochastic process in L?(§2, Fr,P). We report the following:
PropPosIiTION B.14. There exists a unique linear isometry
Wr: M?([0,T] x RY) — L*(Q, Fr,P)

such that
Wr(X 1igp) 14) = X [Wp(A) — Wo(4)]
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for all A € B*(RY), 0<a<b<T and X € L?(Q, F,,P). This isometry is called stochastic
integral with respect to the white noise on [0,T] X RN or Walsh integral. In particular,

e Wr(p) is a random variable in L?(2, Fr, P);

o E(Wr(e fo Jen B (s,)?) ds dy;

o Wr(ayp + BY) = aWr(e) + BWr(¥);

o (Wr(p), Wr(¥)) L2, 7r.p) = (0, V) Mm2(0,7]xRN) 1-€-

B(Wrlowe@) = [ [ Beloutou)asa, (B.14)

for all ¢, € M2([0,T] x RY) and for all a, 8 € R.

The following result will be used to prove that the Picard iteration scheme is well-defined
(see (L.21))). For the proof, we refer to Lemma 3.3 and Proposition 3.4 in [Chen, Dalang 15 A].

PROPOSITION B.15. Let ¢ = (¢(t, 7)) (t,2)e(0,00)xk De a stochastic process such that
1. ¢ is adapted ;
2. ¢ is L?(Q)-continuous;

3. for all (¢,z) € (0,00) x R,
E(lp(t,2)%) < C0)(1+ Io(t, 2)) (B.15)

for some non-decreasing function C' : (0,00) — R.

Then the process given by

W sgi= ([ [ 1es.)ala =) Wids, ) (B.16)

(t,x)€(0,00) xR
is well-defined and satisfies the following properties:
(i) (F()W)* g is adapted;
(i) (f(@)W)* g is L?(Q)-continuous;
(iii) for all (¢,z) € (0,00) x R,

E(| (W) = lt.2)] ) < 60 (1+ 10 2)P) (B.17)

for some non-decreasing function C : (0, 00) — R.



132 B. TECHNICAL TOOLS

B.3. TOoOLS FOR THE REGULARITY

To prove the regularity of the mild solution of (1.4]), we recall some definitions and the main
results.

DEFINITION B.16. Let I € RY; we say that a stochastic process X = (Xi)ier is continuous if,
for every w € Q, the trajectory i — X;(w) is a continuous function on I.

Now we give some sufficient condition for the existence of a continuous modification of a
given process X, in the special case of I C RY. The classical Kolmogorov continuity theorem
states that, if X = (Xy)es is a stochastic process indexed by a compact cube I = [aj, b1] X

- % [an,by] € RY | and there exist constants ¢ > 0, p > 0 and v > N such that

E(’Xt sz‘p) <c|t—s|" foralls,tel,

for some norm ||-|| on R%, then X has a continuous version which is in fact 3-Hélder continuous,

=N
for any S € (0, o)

However, we are interested in having a sufficient condition which involves a “metric” on RV
of the following form

N
It = slla =D [t — s:]™, (B.18)
i=1
for some o = (a1, ...,ay) € (0,00)", whose components are different. This is because we work

on the heat equation which is by its nature anisotropic, since time and space variables have
different natural scaling exponents. In particular, we shall deal with the following condition

E(}X(t,aj) - X(s,y)\p) < C(|t _ P 4| — mp‘%).
for all t,s € [0,T] and =,y € [—M, M] In principle we could still apply Kolmogorov’s theorem,
e.g. bounding |z — y[?/? < C(M)|z — y[P/®Y), since a € (1,2), but we would get non-optimal

exponents. Instead, we will use the following generalization of Kolomorov’s theorem; for a proof,
we refer to [Kunita 90|, Theorem 1.4.1.

THEOREM B.17 (GENERALIZED KOLMOGOROV CONTINUITY THEOREM). Let X =
(X¢)ter be a stochastic process indexed by a compact cube I = [ay,b1] x - - - x [an, by] C RV,
Suppose that there exist positive constants ¢, p and ag, ..., o, with Zf\il L <1, such that

g

N
E(]Xt—xs\p) <cY lti—sil™ forallt,sel.
=1

Then X has a continuous version X which is (51, ..., Bn)-Holder continuous, that is,
|1 Xe — X < Cllt = sllg
for all s,t € I, where C is a finite (random) constant such that E(C?) < oo, and || - ||3 is the
“metric” defined in (B.18)), for all (81, ..., Bn) such that
ag— N N

0< B <a , fori=1,...,N and og = ———.
C aop it
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In many cases of our interest, the set of indices I is thought of as an interval of time, for
instance I = [0, c0). More generally, we will consider the setting when I = [0, c0) x R™, since we
shall work with processes (X (,2))(;.4)e[0,00)xrn that are indexed by both “time” and “space”.

THEOREM B.18 (BURKHOLDER-DAVIS-GUNDY INEQUALITY). For all p > 2 there exist
universal positive constants by, ¢, (which depend only on p) such that, for every continuous
L? martingale (My)¢>0, with My = 0, and for all ¢ > 0,
P P
bE((M)7) < E(|Mf?) < E((M)7), (B.19)

where ((M)¢)¢>0 denotes the quadratic variation of M.

The following is the application of the BDG inequality to the case of our interest. For a
proof see Theorem 5.26 in [Khoshnevisan 09].

COROLLARY B.19. For all p > 2 there exists a constant ¢, > 0 (the same of the BDG
inequality) such that, for all ¢ > 0,

]E(‘/(:/RN o(s,y) W(ds,dy)‘p) SCpE<‘/Ot/RN ’(p(s’y)|2d8dy‘p/2>

for every o € M?2([0,00) x RY).

Note that, by the Ito isometry, when p = 2, we have

g [ [ esnwiasa)= [ [ Elonfdsa

Looking at the representation formula (1.6)), we have to deal with a process of the form

(f(W)W)*g := ([(f(u)W) *g} (t,z) = /Ot /]R f(u(s,y)gi—s(xz —y) W(ds, dy)>(t,x)e(0,oo)xR'
(B.20)

In order to get some useful bounds on the p-norms of a stochastic process of the form (B.20]),
we need the following result, which is a consequence of Corollary B.19]

COROLLARY B.20. Let (¢(s,¥))(s,y)cf0,)xr be a progressively measurable stochastic pro-
cess; then, for all even integers p > 2, and (¢,z) € [0,00) X R,

H/Ot/R(P(&y)gt—s(l’—y) W(ds,dy)HZgép /Ot/RHso(s,y)llig?s(:v—y)dsdy, (B.21)

where ¢, = 012;/ ? and ¢, is the constant in the BDG inequality.
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PRrROOF. By Corollary and using the fact that p is even,

]E(‘ /t/ o(s,y)gt—s(z —y) W(ds,dy))p> < CpEQ /Ot/R |<p(37y)|29152—s(1‘ —y) dsdy‘pm)

p/2

— H/ [ telsiw) P gt =) dsc )

p/2
/[0 t]p/2 /[Rp/2

[T 1eCsi, ) ] Gis,(x — yi) dFdG.
i=1
Applying the generalized Holder inequality,

p/2 p/2 p/2
E [H o (83, Z/i)P] < HE(\SD(Sz‘, yi)l?) H o (ss, Z/z)Hp
i=1

i=1 =1

ASAIN]

Then

E(| /ot /R o5, )9-s(x —y) W(ds,dy)| ) <, </ot/R lo(s: w)llp gi-o(x —y) ds dy>g'

Now we are going to prove Theorem
THEOREM B.21. For all 2,2’ € R and ¢, with 0 <t < t, we have
/ /gt s y)dsdy < Ky |t — /| (B.22)
v
[ [ osa =)= g ) dsdy < Koo — a2, (B.23)
[ [ e =) oo ) dsay < o), (B.24)

where K7, Ko and K3 are positive constants which depend only on «.

PROOF OF THEOREM [B.21l The proof of (B.22)) is straightforward; indeed,

t t 1
/ / g2 (x — y)dsdy < gllos / ds— / dy gos(z — )
v JR v (t—s)a JR

t 1 « a—1
= ds — = —(t—t)a .
lolle | sy = ol 2 =)

Q=

In a similar way, it is easy to show that

ot :=/0 /R (91—s(x —y) — gi_s(z’ —y))* ds dy

t
<2 [ [t - dsdy+2//gts y) ds dy

«
<4 71504
< llgloo—5 155,
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which satisfies (B.23) in the case ¢t < (const.) | — 2/|*. Then, we can prove (B.23)) considering
the case t > 2 |x — 2/|*. We can write

t—|z—a’| t
2 2
Si=[ [ losle =) g =) dsdys [ (o) = e’ ) dsdy
0 R t—|z—z'|* JR
= <>O,t—|z—at’|0‘ + <>t—|a:—cc’|°‘,t
For the second part, as above,
<>t |x—a! |2t

<2/ /gt Jr—y dsdy+2/ /gt s y)dsdy
t—|z—z'[* t—|z—a!|*

1
< 4||9||oo/ ds —— =4|gllc — [z —2|""".
t—|z—a'| (t — S)a -

For the first part, we write

t—|z—a'|™ T q 2
<>O,t—\x—x’|a = / ds / dy ( . dw 5 9t— s(w y) dw)
t—|x— m’\a 2
<|:cx/ /dy/ < gi—s(w — y))

having used Jensen inequality. For a € (1,2), we use the estimate (A.13]) for the derivative and
we get

t—|z—a'|*
612
Qosm |a:)x’|a<’x_$’/ st /dy/dwgtsw y)

t—
<l |:c—a:'|2/ it ds—2 = [lglloe |z — 22
> 00 3 9lloo

0 (t—s)a

a _ Jje=3
73_a]m x|

x/‘a—l.

= llglloo 5 o -

When a = 2, we use the estimate (A.15)) of the derivative, getting

1 t—|z—a'|? T w—y 2
OS2 s\x—m’!/ ds/dy/ dw(_—LgE_s<w—y>

t—|z—a'|? 1 -
. Y 2( WY
|$ $|/ ds/dw/dy t—s) t—s) t—sg<t—s>’

having changer the order of integrals and using the scaling property of the heat kernel. Defining

the new variable z = =% we have

Vit—s’

1 t—|z—a'|? 1 x 5 o
e < Slo—a ds / dw/dzz z
<>0t |z a:|2 —= 4| |/0 \/m o R g ( )

t—|z—a'|? 1
< (const.) |z — z'|? / ds ——
0 (t—s)2

< (comst.) |z — 2|
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We now prove (B.24)). By a similar argument used above:
¢ )
S0 = [ [ oo =) = gosla =) dsy

t/ t/
<2/ /gt R dsdy+2/ /gt, y),dsdy

e

1 a=1
<ol [ a5 = allgle 20
0 (t' —s)a -

Then, if ¢/ < |t — |, (B.24) follows easily. It remains to prove (B.24)) when ¢’ > |t — ¢/|; in this

case, we write
o,
t—[t—t| , o )
= / / (9t—s(x —y) = gr—s(z —y)) " dsdy + / / (9t—s(z —y) = gr—s(z —y)) " dsdy
0 R t'—|t—t'| JR
= Qo —|t—t1| + Qo jt—trer-

For the second integral, we use the triangle inequality and the argument used above:

t/
1
Svve <dlgle [ sty
t—lt—t'| (¢

e} a—1
=4 —t=t].
el s Ll

For the first integral,

t—[t—t'| tq 2
Qo —|i—t/| —/ ds/dy(/ de Ge—s(w —y)dc)
t—|t—t/|
<It—tl/ /dy/d6<d Ge—s(z —y)>,
t/

having used Jensen inequality. Now we use the estimates of the derivative of g, with respect to
the time, and we shall distinguish the case a € (1,2) and a = 2. If a € (1,2), by using (A.12]),

we get
a€g(1,2) vt
Qo ‘tt,_ t|/ ds/dy/dc
t/

4 t—|t—t'| 1
< Hgi!oolt—t’\ dc/ ds——
(6% 0 (

t c — S)?-‘ré

2 gc s( - y)
(B.25)

by changing the order of the integrals and using (A.5)). If & = 2, we use (A.14), getting

t/—|t—t’| (x—y)2 2
/ /< - —1 2 -
7 S I tr/ as [y [aer o [E2 ] g ey

!t t|/t, tt/d/d ! /d 1(”3_3/)2 PRy
° o C(c—s)Q R Y2\ e—s c—sI \Je—s)
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by changing the integral and the scaling property of g. Now, by changing the variable z = xc__ys
we write

1 tlf‘tft/‘ t 1 1 2
—|t =+ / ds / de ———— / dz (722 — 1) 7> (2)
4 0 t (c— 5)2+§ R 2

t—|t—t'| t 1
const.) |t — S cC——————,
t) |t —t d d .
0 v (c—s)?T2

since the integral over z is a real number. Looking at (B.25) and (B.26)), we have just proved
that for every a € (1, 2], we have

)

<>0 t—|t—t'|

| AN

(B.26)

IN

t t ‘t t’ 1 t 1
Oo—fi—p) < (comst.) |t —¢'| [ dc / ds————— = (const.) [t — /| [ dc
vl v Jo (c—s)2ta v (-2t 4 t) e
[0 1
< t.) ——|t —t|alt —t|"=
< (cons )a+1| o] \

= (const.) |t — /| "%

O
The following theorem coincides with Theorem [I.14} here we show the proof.
THEOREM B.22. For all 2,2’ € R, with 2/ < z, and ¢, with 0 < ¢’ < ¢, we have

[ [ 8606w dsay < R e =15, (B.27)
/Ot /R 13(,) (96-s(x — 9) = ge—s(2' —y)) " ds dy

< Ky (1 + \}z 1a:2) <Jé}3§] 12(, w)) lz — 2|71, (B.28)
/Ot/ /ng(s,y) (9e-s(z = y) = gr—s(z —y)) " ds dy

< Ky (1+ \2 ) <wn€1[lex} B(e,2)) It 1] (B.29)

PRrROOF OF THEOREM [B.22] Thanks to Proposition [I.5] we have

t t 1
ta
//RIS(S,y)gf_S(x—y)dsdySclg(t,x)/ ds 1 T
t/

t sa(t—s)a

1 a-1 o
< cI3(t, ) BETA(O‘ - )|t—t’|Tl
(6% «Q

(see also (A.18)) and (B.27) is proved.
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We now pass to (B.28]). The idea is similar to the one used to prove (B.23]). We first write

o = /0 /R (s, 9)(90—s(x — ) — gos(a’ — y))* dsdy

t t
<2 [ [ Blewd a2 [ [ B - dsay

1 a—1\ o
§4clg(t,x)BETA(O‘ @ ),tTl
(67

)

a

as done previously, by using Proposition and the definition of Beta function (see Definition
IA.10)). Hence, we can suppose that ¢ > 2|z — 2/|%, otherwise (B.28)) would follow easily from

the above calculation. We can write
t—|z—x'|* 9
Qog = / / 15(s,9) (gi-s(x — y) — gr—s(a’ — )" dsdy+
0 R

t
2
+ / / I§(s,y) (ge-s(z = y) — gr—s(a’ —y)) " dsdy
t—|z—z'|* JR
= <>0,t—|x—z’\°‘ + Ot—\x—x’\&,t

For the second part, as above,

<>t—|a:—x’\"‘,t

t t
< 2/ /Ig(s,y)gfs(w—y) dsdy+2/ /Ig(s,y)g?s@’—y) ds dy
t—|z—a'|* JR t—|z—a'|* JR
1

t
<temax(Bito) Bt [ ds
t—|z—a'|™ sa(t — s)a
-1 a-1
= 4c max(I3(t, x), [3(t,2)) BETA(a , a ) |z —

x/‘a—l
Qo Q ’

by using Proposition [I.5
For the first part, we write

t—|z—z'|* T q 2
<>0,t7|zfx/|a = / / 13(87 y) ( digt S(w y) dw) dsdy
0 R

t—|z—x'|* x d 2
<|z—2| / ds / dy I5 (s, y) / dw (dgt—s(w —y)> ,
0 R ! w

having used Jensen inequality. In the case a € (1,2), we use the estimate (A.13]) for the
derivative and, with a change of integrals in y, w, and Proposition we get

) t—|z—a’|* 1 x ) )
<>O,tf\:vfx’|°‘ < |.CL‘ - ’ ds ﬁ dw R dy I(] (5’ y) gtfs(w - y)
J— 8 /

Q\»—‘

t—|z—z’ t x
<c|x—w|/ Y / dw I3 (t, w) (B.30)
_S CL’I

t—|z—a’| ta
< c( max I3(t, w)) |z — 2)? / ds———.
we[z’ 2] 0 sa(t—s)a
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In the case of a« = 2, we use estimate (A.15)), and we write

y)?

t—|z—a'|? z (’LU _
<>0,t7|:rzfz/|2 <l|z - $/| /0 ds /Rdylg(s,y) /z' dw mgg—s(w -y).
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(B.31)

We use the fact that 2 g(z) < 1 (it is easy to see by plotting the function), that is 22 g?(z) <

g(z). In particular, we have

(w—y)? g7, (w—y) = (Z:‘Zf gQ(j%) < g(

=Vt—sg—s(w—1y).

Then, from (B.31]), we can write

2
1 , t—\x—x’\
<>0,t7|:10790/|2 < Z ’l‘ -z | /

t—|p—a! |2
Sy
\[(4)\3:1:/|2<

having used Lemma

| /\

<

Looking at (B.30f) and (B.32), we can write

Oo4—fo—ao < (const.) c() (1 + \2 1&:2) (

t—s)%

max I3
we[z! ,x]

1
/ dw I3 (t, w)

Vit

w—y)
t—s

3/dw/dylosy gi—s(w —y)
(t—s)2

t—|z—a'|?
max I5(t,w / _
s Tt ) 0 Js(t — )

(B.32)

1
ta

t—|z—a'|*
(t, w)) |z — ' |? / ds————5
0 sa(

t—s)%'

Since we are in the case t > 2|z — 2/|%, then § < ¢t — |z — 2/|%, and we divide the integral by

convenience:

<>0,t7|:1:71/|a
1 ra | 3 ta -

§c<1+—1a:2)( max I3(t, w)) |z — 2’| ds — +
Vit wele' 2] LJo  (t—s)asa Jt
1 [ te [z 1 ta

a 2 a

<c ( a 2) ( ma,X Ig(ta w)) |$_$,’2 PNE / 1 + L
Vi wela'a] (Hado ra (f)e
1 [ a3

< (1 5 ama) (. B00) o= |15 + b =
1 _

< c(1+ \[ ) ( max Io(t w)) |z — /|7,

and we have done with (B.28§]).
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We now pass to prove (B.29). We write

oy :=/ / BB(5,y) (9e-s(x — y) — gv—s(z — 1))  dsdy

t/ t
<2/ /Iosygtsx— dsdy+2/ /Iosygt/ —y)dsdy

<4cmax([0(t x), I3(t, x))/ ds(il

0 Sa(t’—s)a

1 a-1 o
= 4 ¢ max (Ig(t,:c), Ig(t/,x)) BETA<a , - )(t/)Tl

a o
If t/ < 2|t =1, (B.29) follows easily. It remains to prove (B.29) when ¢’ > 2|t — /| (that is
3t" > 2t); in this case, we write

Qo
t'—|t—t'| ) )

= / /RIO (5,9) (9t—s(z —y) — gy—s(z —y)) " dsdy+

0

t/ ) )
+ / / 15(s,y) (gi-s(z —y) — gr—s(x —y)) dsdy
t'—|t—t'| JR
=: Qo —jt—t'| + Qvr—je—t/), 1/
For the second integral, we use the triangle inequality and the argument used above:
’ (t)=
O _ji—pp < 4c max (Ig(t, x), I3(t, x)) / ds ———
' —|t—t|

é t/—s)é

s
a—1 a—l)

= 4 ¢ max (Ig(t, x), I3t SC)) BETA<

For the first integral,

t—|t—t'] tq 2
Qo4 —[t—t/| —/ ds /dyfo(s Y) (/t 30 Je—s(z = Y) dC)
t—|t—t| ) ¢ d 2
<Ilftl/ /dyfo(s,y)/ d6<dgcs(my)> ,
R + C

having used Jensen inequality. In the case of o € (1,2), we use the estimate (A.12) for the
derivative and, changing the order of the integrals and using Proposition we get

1 t/—|t—t'| 9 t 1 9
/
Sori-n < gt =t [ as [yt [ o=zt o=

/ / 1
T N
< _ - -
<y /0 ds | delflen) =y (B.33)
t'—|t—t'| t L
S@]t—t'\(max I2(c, x)) / ds/ dc%.
a celt b 0 t! SE( )2+E

cC— S
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If o =2, we use the estimate (A.14) for the derivative, and we get
1 o [ 1 2 ! (z —y)? 2,
Qopr—ji—tr| < 1 it —t| ; ds =9 Rdy 15(s,y) , de Ae—s) 1) gos(z—y).

We now use the fact that the function z — (% —1)%g(2) is limited, say (% —1)%g(2) < M for

z

any z, then (72 —1)2¢%(2) < Mg(z) for any z. In particular,

Then, we can write

M t—[t—t/| t 1 ,
Qopr—fi—tr] < T it —t'] / ds / de PRRY=Y / dy I5(s5,Y) ge—s(x — y)
v (c—s) R

t—|t— t’ t 1,
g de ——— —I5(c,x B.34
s ey e (B34
Mc(2) 1 /t’lt” /t 1
< t— |Vt max I c, T ds de —m8
4 \f| | (ce [t 1] o )> 0 v \/g(c_S)QJré

having used Lemma
Summing up (B.33]) and (B.34)), we can write

1 ) t—|t—t/| t 1
$op—ft—7| < (const.) (1 +— 10;2) [t —t|ta ( max I3 (c, x)) / ds / de ——.
Vit 0 v saf

1
celt! t] a(c—s)?Ta

Now we split the integral over s, recalling that ¢’ > 2(¢t —t'); we write

1! 1
= / P —
sa(c—s)*Ta
t—(t—t") t 1
[/ ds/dc +/ ds/dcl]
v sa (c —5)? £ t Sa(C—S)2+

te 1 t té t'—(t—t') t 1
\t—t![l/z ds — de + T / ds/ dcl}
(t'/2)* = Jo so Ju (t')2)a J¥ v (c—s)*Ta

1 1

ta " = / ta
(t/)2+é (t’)é

| /\

IN

< (const.) |t —¢/| [
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indeed,

¥ —(t—t') : ——
/ ds / dcé1 = / d811|:(t—5)_1_01¢ _ (t/—S)_l_é:|
¢ v (c—s)Ta I (-1—-13)

2 2
s=t'—(t—t')

1 _1 1 g ~1
_(1+;)(a)[_(t_8) a+(t'—s) L:g
< (const.) [(t - g)_i + (t — t/)—i] < (comst.) (t — t’)—i.

Hence

1

= AW 1
Qop—|t—t| < (const.) (1 + 1 la:2> < max Ig(c,a:)) b [(t t) +(t— t/)la:|

Vi cE[t! 1] (t/)é (t/)1+é
1 a-1
< (const.) (1 + 7 1a:2) (cren[?f}%} IE(c, ZL')) [t — | al’

reminding always that t' > 2|t — ¢|.
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