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Abstract

A group G is said to be poly-free if there exists a subnormal series of subgroups

{1@}:G0<1G1<1...<1Gk_1<1Gk:G

whose factors G?_il are non-trivial free groups. In this thesis we will explore poly-
freeness and some stronger variants of this property, such as requiring that all the
factors are finitely generated or that each G; is normal in G (and in this last case
we will say that G is strongly poly-free).

An Artin group A(I") is a group defined via a presentation whose structure is
encoded inside a Coxeter graph I'. In this thesis we achieve the following new

results about poly-freeness of certain families of Artin groups.

1. In Chapter [1| we set up the basic definitions we need and survey the most
important properties of Artin groups. We also explain why poly-freeness is
an interesting property for groups, which are its implications for the structure
of a group and we also provide an original result where we show that strong
poly-freeness is preserved by free products.

2. In Chapter [2] we focus on irreducible Artin groups of finite type and we
establish that the only poly-free Artin groups in this family are those of type
Zo(m) (m > 3), As, Bs, By and Dy, with the only possible exception of F,
which remains undetermined at the moment.

3. In Chapter [3| we study Artin groups built on Coxeter trees. We prove that
these groups are strongly poly-free with finitely generated factors and we
deduce that also Artin groups built on Coxeter forests are strongly poly-free.

4. In the last section of Chapter [3| we define a (new) costruction for a family of
Coxeter graphs that we call ‘2-join’ and we prove that the associated Artin
group is strongly poly-free when each graph in the family we begin with has
at most 2 vertices.
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Chapter 1

Introduction

1.1 Preface

In this section we simply want to make a brief digression about the history of Artin
groups without the aim to be overly precise, but rather to give a general idea of
how they arise, what are the most important results regarding them and how they
are connected with other active fields of research in mathematics.

Although usually referred as “Artin groups” by Emil Artin who worked on braid
groups in the first half of the XX century, the definition of this whole family of
groups (which includes braid groups) is due to Jacques Tits in [21] (1966) so that
the name “Artin-Tits groups” would be much more appropriate even if it rarely
occurs in the literature (except for this section, however, we will stick with the
established convention). Tits introduced these groups as extensions of Coxeter
groups which had already been intensively studied since the thirties, when H. S. M.
Coxeter discovered them during the study of reflection groups (i.e., subgroups of
Aut(R™) generated by elements of order two).

Artin-Tits groups are defined in a purely algebraic way by means of an explicit
presentation in terms of generators and relators and the description of such presen-
tation is commonly encoded in a simplicial graph I' whose edges are labelled with
integers. This leads to wonder whether there exists any connection between the
structure of the combinatorial data that is written in the graph and the algebraic
properties of Artin-Tits groups. Not surprisingly, this is sometimes the case and a
number of results we will present in this thesis (either original or already known in
the literature) state hypotheses on the structure of the graph I' in order to infer
algebraic information regarding the Artin-Tits group associated to it. For example,
in [2] (2017) the authors Blasco-Garcia, Martinez-Pérez and Paris prove that if I'
has only even labels and for any triangular subgraph at least two edges are labelled
with ‘2’, then the associated Artin-Tits group is poly-free. However, the “slightest
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variation” in the structure of the graph may change a lot the properties of the
related Artin-Tits group; e.g., all results contained in the work we have just cited
heavily rely on the hypothesis that all edges are labelled with an even integer.
This situation has the consequence that many general questions about Artin-Tits
groups have been answered only for some more or less extended families using tools
specifically developed for that cases. For example, the following questions are still
open in the general case.

1. Do Artin-Tits group have torsion?

2. What is the center of Artin-Tits groups?

3. Are Artin-Tits groups orderable?

4. Does the K (m, 1) conjecture hold for all Artin-Tits groups?

We find pretty astonishing the lack of an answer especially for the first question,
which is widely believed to be true although no one has been able to prove it or
provide a counterexample (that, if exists, should not be that hard to find).
However, Artin-Tits groups are not just interesting in themselves. Their relation
to Coxeter groups is not limited to the definition, but extends to topological
applications. The easiest case is the one of braid groups (and pure braid groups)
which can be shown to be the fundamental groups of certain topological spaces
(built thanks to the action of the related Coxeter group on a vector space of
dimension equal to the number of vertices of I'). Such approach has been greatly
generalized to all Artin-Tits groups which in [22] (1983) by Van der Lek are shown
to be the fundamental groups of spaces of the form

Mz(TXV)\(UerHT>

reR

where V' is the finite dimensional vector space on which the Coxeter group acts, R is
the set of all its elements of order two, H, is the hyperplane of V fixed by r € R and
T is a particular open cone inside V' called the “Tits cone”. The K (m, 1) conjecture
says that the manifold M is a classifying space for the associated Artin-Tits group
and an affirmative answer is known only for some families such as finite type
Artin-Tis groups (see |9] (1972) by Pierre Deligne).

In this thesis we will not deal with topological aspects and we will obtain all
results using algebraic techniques. In particular, we want to study poly-freeness,
a strong structural property of groups that in turn implies an affirmative answer
to questions [1| and [3] above, together with other properties that we will explain in
Section [I.3] We will show that the only poly-free irreducible Artin-Tits groups
of finite type are those of type Ir(n) (n > 3), As, Bs, By and D4 (with the only
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exception of Fj which remains unknown at the moment). Moreover, we will prove
that all Artin-Tits groups whose associated graph is a tree or a forest are poly-free
and we give a couple of results that will hopefully help to study other families.

Finally, although this thesis has entirely been edited by myself, I must greatly
thank my advisors Thomas Stefan Weigel and Conchita Martinez-Pérez for the
huge support I received.

1.2 Basic facts and definitions

This section is devoted to set some elementary definitions and state some very
well-known results for later reference. In particular we provide a couple of short
paragraphs where we recall some results that we will need from the theory of sigma
invariants and Bass-Serre theory.

1.2.1 Presentation of groups

Since Artin groups are defined by means of their presentation, in this section we
recall what it means to give the presentation of a group by generators and relators
as well as some well-known properties that we will use extensively throughout this
thesis.

Definition 1.2.1. A group F is said to be free over a set X if there exists an
injection v: X — F such that for any group H and any map of sets f: X — H there
exists a unique morphism of groups p: F — H such that f = ¢ o ; equivalently
there exists a unique morphisms of groups ¢ that makes the following diagram
commute.

There are other equivalent definitions of what a free group should be: the one
we chose above is what - from a categorical point of view - is called the universal
property of free groups. Although in this thesis we will not adopt the point of
view of category theory the above is nevertheless a remarkable property that allows
us to define morphisms from a free group F' to an arbitrary group H by simply
specifying the images of the standard generators ¢(X) of F' without any further
concern about the existence and uniqueness of such map. Anyway, we still have to
show that for any set X such an algebraic object exists.

Proposition 1.2.2. For any set X there exists a group F which satisfies the
definition of free group over the set X together with a suitable inclusion of X into
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F. Moreover, if F' and G are two such groups, they are isomorphic. Finally, if
X and'Y are equipotent sets, then any two groups F' and G free over X and Y,
respectively, are isomorphic.

Proof. If X = () the trivial group satisfies the definition of free group over X,
otherwise let Xt and X~ be sets each containing exactly a copy of each element x
in X that we will mark with an upper ‘+’ or ‘=’ respectively, i.e.

X+::{:E+|V:UGX}, X_::{:E_}V:BEX}.

For ease of notation we will henceforth identify the elements inside X with the
corresponding ones inside X so that X* = X. Let W be the set of words in
the alphabet S = X L X, i.e. all possible finite sequences xy’z{'z5? ... z;" with
i€ Xandeg; € {+, —}foralli=0,...,k, including the empty sequence ) € W.
Given a word w = xy’zT'a3? ... x;" € W we say that w is reduced if for each
0 <i < k—1either x; # z;11 or x; = ;41 but g; # —&;11. We also define the
empty word () to be reduced. We say that a word w’ comes from an elementary
reduction of another word w if it can be obtained from the latter after the deletion
of a subsequence of type z7z~ or x~x" for some x € X. If a word w” can be
obtained from w after a (possibily empty) finite sequence of elementary reductions
we say that w” comes from w by reduction. Given any two words v, w € W we say
that they are equivalent if there exists a sequence of words w = wq, wy, ..., w, =v
such that for each 0 < j <m — 1 one of w; and wj;; comes from the other by an
elementary reduction. It’s readily checked that being equivalent is an equivalence
relation on the set W and we will denote it by ‘~’. We are therefore allowed to
consider the quotient set F' = % and it can be shown that there is a unique reduced
word inside each equivalence class (see, for instance, [4, Chapter I, Theorem 4]).
On W we define a binary operation o: W x W — W which sends any two words
wp = xy ... and wy = y)° ... y)r to the word wy o wy = xg® ... ximyll ..y
given by juxtaposing the sequence of symbols of wy after those of w;. This
operation induces a well-defined binary operation x: F' x F' — F by setting
[wi]~ * [wa]~ = [wy 0 wg]~. We claim that the pair (F,*) is a group that satisfies
the definition of free group over the set X with the inclusion ¢: X — F' sending
any element x inside X to the equivalence class of the word of length one made
just of the symbol 2. The operation * is associative, the identity element is the
equivalence class represented by the empty word (since for any [w]. € F' we have
(W] *[0] = [wol]. = [w]. = [Dow]. = [0].*[w].) and for each element [w] € F
with w = 2 ... 25" its inverse is the equivalence class [0 . )] where § is
the function that sends + + — and — — +, in particular [x*]Z! = [z7].. Therefore
(F, %) is a group and it is generated by the set of elements { [z7]. |z € X } in a
one-to-one correspondence with the elements of X.

We are left to show that for any group H and for any map f: X — H there exists a
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unique morphism of groups ¢: F' — H such that f = po«. Denote with h, € H the
image of x € X under f. Since ¢ sends z +— [z1]. and [xT2z7] = [0]~, then 15 =
p([0]~) = o(lz"27]) = ¢([a*].)e([z7]~) which implies o([z7].) = p(fz*].)7"
Since the set of all [x]. generates F, for each g = [z°...2}*]. € F the only
choice we have for a morphism of groups ¢ subject to the above restrictions is
to set w(g) = @([r’]~) .. p([xif])~ = A0 ... k3t (where & = —1if ¢; = *—" and
g; = 1 otherwise), provided that such map is well-defined over the set of equivalence
classes of F'. Indeed, this is the case since two words in any equivalence class differ
only by subsequences of type 22~ or x~x+ which both get mapped to the product
of an element of H and its inverse, which is the identity in H. Therefore F is a
free group over X.

Now, suppose that F' and G are free groups over the same set X with respect to
the inclusions ¢: X — F and \: X — G. By the defining property of F' there
exists a unique morphism ¢: F' — G such that A = p o and by the same argument
for G there exists a unique morphism v¢: G — F such that + = ¢ o A\. This
implies + = (¢ 0 ¢) o ¢, but the definition of free groups says that F' admits a
unique morphism that can replace the function inside the parenthesis in the last
equality. Since Idg trivially satisfies such condition it must be ¥ o ¢ = Idp. With
a completely analogous argument one shows that ¢ o = Idg, so ¢ and ¢ are one
the inverse of the other and F' is isomorphic to G.

Pt

X 225G |ur
F

Finally, let X and Y be sets, f: X — Y a bijection and let " and G be free groups
on X and Y, respectively, together with inclusions ¢: X — F and A: Y — G.
Arguing in a very similar fashion as we have just done, with regard to the diagram
below the equality

popor=1olof=1oflof=1

implies that (by the universal property of the free group F') ¢ o ¢ = Idp and with
an analogous argument for G we also get ¢ o) = Idg. Therefore F' and G are
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isomorphic.

Idp

T Qe ™

Although in the construction we gave above elements of free groups are equiv-

alence classes of a convenient set of words, for the sake of convenience from now
on we will always write  instead of [z7]. even if we are actually referring to the
equivalence class of the symbol x. Of course we will pay special attention when
there could be the chance of confusion.
Moreover, since abstract algebra is concerned with the study of groups up to
isomorphism, the previous proposition allows us to speak about the free group
built from a set X and we will denote it by the symbol F'(X). Since what actually
matters in the construction of F'(X) is the cardinality of X, when |X| =n < 400
we will also write F,, instead of F'(X).

Definition 1.2.3. Let G be a group and let X be a set, F(X) the free group over
X and N Q F(X) a normal subgroup. If G ~ % then we say that the pair
(F(X), N) is a presentation for the group G.

Quite obviously a group may have many presentations over a lot of different
sets X (i.e., its set of generators), however the remarkable result is the following.

Proposition 1.2.4. Every group G admits a presentation.

Proof. Consider F(G) and consider Idg also as the inclusion map from G to F(G)
(so far G is regarded just as a set). By the definition of free group there exists a
unique morphisms of groups ¢: F(G) — G such that Idg = poldg, in particular ¢
is surjective and the first homomorphism theorem tells us that ?—GJJ ~ Im(p) = G.

er

The pair (F(G),Ker(y)) is a presentation for G. |

However, most of the time we will deal with the presentation of a group G
we will not depict it as a pair (F(X), N) but rather we will adopt the following
striking notation

G =(X|R)
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where R is a set of elements of N that generates it as a normal subgroup inside
F(X). If the elements of X or R are indexed by some set of indexes we will also
adopt the convention of explicitly listing them inside brackets, e.g.

G = <ZL‘1,ZE2,JZ3,... | Tl,Tg,T‘g,...>.

Finally, since the (equivalence classes of) words r inside R represent elements that
are “sent to the identity” when passing to the quotient % ~ (G we will also write
them as ‘r = 17 to stress this fact and we will called them relators. Recalling that
the r’s inside R are just elements of F'(X) (and hence equivalence classes of finite
sequences of symbols) we will sometimes manipulate the equality r = 1 inside F'(X)
to get some other equality that we will more generally call a relation as it depicts
an equality that must hold once the LHS and RHS are projected over G (e.g., we
may rewrite the relator ab~'c =1 to the relation b = ca).

In general, given two presentations it is an extremely difficult problem to
establish if they represent isomorphic groups, however there are some easy moves,
called Tietze transformations, that allow to manipulate the presentation of a group
without changing its isomorphism type.

Theorem 1.2.5 (H. Tietze). Let G ~ (a,b,c,... | P,Q,R,...) be a presentation
of groups, then the following transformations leave the group unchanged.

i) Adding or deleting a generator: if w(a,b,c,...) is a word in the defining
generators of G, then

(a,byc,... | PQ,R,...) ~{a,byc,....,x | PQ,R,...,z =w(a,b,c,...).
ii) Adding or deleting a relation: if W(P,Q,R,...) is a word in the defining
relators of G, then
(a,byc,... | P,Q,R,...) ~{a,b,c,... | P,Q,R,.... U=W(P,Q,R,...)).

Proof. See [14, Chapter I, Theorem 1.5]. [ |

Since we will work a lot with morphisms between presentations of groups we
will make extensive use of the following proposition.

Proposition 1.2.6. Let X be a set, let N < F(X) be a normal subgroup of F(X)
and let H be any group. Suppose we have a map of sets ¥: X — H such thaﬂ

!The universal property of free groups ensures that there exists a unique morphism ¢: F(X) —
H such that @ot = 1) where t: X — F(X) is the standard embedding of X inside F(X). By abuse
of notation in what follows we identify the set X with its image through ¢ so that its elements
can be regarded as elements of the group F(X) and whenever we write ¢ (g) for any g € F(X)
we actually mean (¢ o ¢)(g) with no chance of ambiguity since by construction (z) = (¢ o ¢)(z)
for all x in X.
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Y(N) = {1y}, then there exists a unique morphism of groups v: % — H such

that ¥ (x) = ¥(xN) for each x in X.
In particular, if G = (X | R) and 1 is such that (R) = { 1y }, then there exists a
unique morphism of group v: G — H such that 1(z) = y(xN) for each x in X,
where G ~ % and N = (R)) p(x)-

Proof. By the definition of free group there exists a unique morphisms of groups
¢: F(X) — H such that p(z) = ¢(x) for each z in X C F(X). By the first
homomorphism theorem the hypothesis ¢)(N) = {1y} allows to build a well-
defined morphism of groups 1: % — H sending a coset 2N to p(z).

If G = (X |R) is given by a presentation, the hypothesis ¢/(R) = { 1y } implies
that also the image of N = ((R))p(x) is trivial since each element in the normal
closure of R can be written as a product of elements conjugate to elements of R or
their inverses, i.e. for each n in N there exist r1,...,7; in R, &1,...,6, € {£1}

and g1, ..., g in F(X) such that n = (r{")? - ... (r;")?, so that
) =) 0 =1u, VnEN
and the first part of the proposition applies. |

Whenever a map 1 satisfies the hypotheses of previous proposition we will say
that ¢ preserves the relators (or relations) of G. Moreover, with a slight abuse of
notation we will denote the morphism ) with the same plain letter ¢ that denotes
the initial map defined only on the set of generators.

Proposition 1.2.7. Given two groups H and K, suppose that a presentation is
known for each of them, say H = (X|R) and K = (Y|S). When taking various
kind of products between H and K it may be possible to describe the resulting group
by means of a presentation as well. We will make use of the following results.

1. IfG=Hx K, then G~ (XUY|RUS).
2. IfG=H XK, then G~ (XUY|RUSU{zy=yx, Ve € X, yeY}).
3. If G == H x, K for some morphism of groups p: K — Aut(H), then

G (XUY | RUSU{yzy ' =o(y)(z), Vo€ X, yeY}).

4. Another common type of construction is the amalgamated product of H and K
over a common subgroup A (this construction, for example, is central in the
well-known Seifert-Van Kampen theorem and corresponds to the pushout in
the category of groups). If A is a group with injections 1: A — H, \: A — K,
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we write G .= H x4 K for the amalgamated product of H and K over A and
it can be shown that

G (XUY | RuSU{ua)=Xa), Vac A}).
Of course, the above presentation can also be taken as a definition for H x4 K.

We take the chance to state a couple of results about free products with
amalgamation and semidirect products. Since both are very well-known we refer
to external sources for the proofs.

Lemma 1.2.8. Let G = Gy xy Gy and let T; (i = 1,2) be a set of representatives
of the right cosets of G; in G containing the identity. Set T} =T, \ {1} and
Ty =Ty \ {1}, then each element g of G can be written in an unique way as a
word of the form go ... g, (k € N) where

® go € H;
o cither g; € 1V, g1 € Ty org; € Ty, gjp1 € Y for each j=1,...,k— 1.
The word gq . . . gr 1s called the H-normal form of g.

Proof. See [13, Theorem 2.6, Chapter IV]. [ |

Proposition 1.2.9. Let 1 - H & G B K = 1 be a short ewact sequence of
groups, the following statements are equivalent.

1. The exists a homomorphism of groups v: K — G such that o~y =1dg (v
is said to be a section for (3),

2. There exists a homomorphism of groups p: K — Aut(H) and an isomorphism
0: G — H x, K such that

1 s H e ¢ b LK > 1
1d el 1d
1 > H > H x, K > K > 1

commutes, where the bottom short exact sequence is the standard one for
semadirect products.

Proof. See [5, Theorem 3.3]. [ |
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1.2.2 Graphs

Definition 1.2.10. Let V' be a set and let E C P (V') such that each element e of
E has ezactly two (distinct) elements, called the endings of e. A simplicial graph T’
is a pair (V, E), where the elements of V' are called vertices of I' and the elements
of £/ are called edges of I'. To avoid confusion we will often denote V' and E by
V(I") and E(T'), respectively.

Throughout this thesis we always suppose that all graphs we consider have
a finite number of vertices and edges. Given a graph I' = (V| FE) we say that
A= (V' E') is a subgraph of ' (and we will write ACT")if V' CV and E' C E.
A clique A of T' is a subgraph of I' such that each vertex of A is connected to any
other vertex in V(A) (i.e., A is a complete graph if regarded on its own). We say
that A is a full subgraph of T if for each e = {v1,v9 } € E(I") with vy, vy € V(A) we
have e € E(A). We denote with I' \ A the graph given by (V' \ V', E'\ E’). Finally,
given a subset W of V(I') we call the (full) subgraph spanned by W the subgraph
of I having W as vertices and edges the edges of I' with both endings in W.

Definition 1.2.11. Given a graph T' and a vertex v € V(T'), a path p inside T’ of
length n € N based at the vertez v is a sequence of vertices p == (v;)o<i<n Such that
v =1y and {v;,vi41 } € E(') for each i =0,...n — 1.

Clearly, to any path (v;)o<i<n based at v we can associate

e the symbol 0, if n =0,
o the sequence of edges (€;)1<i<n where e; = {v;_1,v; }, if n > 1.

Since the above correspondence is one-to-one we will tacitly switch between the
sequences (V;)o<i<n and (€;)1<j<n when talking about paths.
A path p is said to be reduced if either n =0 orej #ejyq forallj=1,...,n—1.

Let v,w € V(I'), we say that v ~ w if there exists a path p = (v;)o<i<n in I' such
that v = vy and w = v,,. It’s easy to check that ‘~’ is an equivalence relation over
the set of vertices of I" and the full subgraphs spanned inside I' by its equivalence
classes are called the connected components of T'.

Definition 1.2.12. A graph I is a tree if for any pair of vertices there exists a
unique reduced path connecting them. A graph I is a forest if all its connected
components are trees.

Lemma 1.2.13. For any connected graph ' there exists at least one subgraph T
which is a tree and such that V(T) = V(I'). Such subtrees T are called maximal
subtrees of T'.



CHAPTER 1. INTRODUCTION 11

1.2.3 Bass-Serre theory

Despite the definition we have just given (that will be implicitly adopted everywhere
else in this thesis unless otherwise stated), only in this section we need a more
refined definition of graph in order to state the fundamental theorem of Bass-Serre
theory. Moreover, since we are only interested in the applicative results that this
theory provides, we will refer to external references for all proofs but a couple of
them (for a complete introduction to the topic see [19]).

Definition 1.2.14. A graph I' = (V, E,o0,t,7) in the sense of Serre is a pair of
sets (V, E) together with three maps o,t: E —V and ~: E — E such that

ec=cande+#e, for cache € E,

e o(e) =t(e), for each e € E.

An orientation ET for T is a subset of E such that |[ET N {e,e}| =1 for each
ec k.

We say that a group G acts on the graph I' = (V, E 0,t,7) if V and E are G-sets
and o,t,” are maps of G-sets. The action is said to be without inversion of edges
if for all g € G and e € E we have g - ¢ # €.

Lemma 1.2.15. Let I' = (V, E,0,t,”) be a graph in the sense of Serre and let G
be a group acting on I'. Denote with Oy and Opg the set of orbits of G on V and
E, respectively. Then the tuple G\ T" := (Oy, O, 0,t,7) where

e Vec E, o(G-e)=G-ole),
e Vec E, t(G-e):=G-te),
eVecE, G-e =G -,
s a well-defined graph in the sense of Serre, called the quotient graph of I' by G.

Proof. The proof is just an easy check that the maps o,t: Og — Oy and —: O —
Opf are well-defined. The other requirements are trivial. |
Definition 1.2.16. A graph of groups (I', G) is a connected graph ' = (V, E, 0,t,7)
together with two families of groups G = (Gv, Gg) indexed over the set of vertices
and edges of I' and a family of injective morphisms { ae: Ge = Gyey | € € E'} such
that G, = Gz for all e € E(T').

Definition 1.2.17. The fundamental group of a graph of groups (I, G) with respect
to a maximal subtree T of T' is

G,, veV(D),

tetgzl, V EEF,
t., eeB(), e € E()

t-lae(g)te = az(g), Ve E(I'), Vg € Ge,>
te =1, Ve € E(T),

7T1(F7 Q, T) = <
(1.1)
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It can be shown that the isomorphism type of m(I',G,T") does not depend on
the choice of the maximal subtree 7" in I, therefore we will also denote this group
simply by 71 (I, G) when the choice of a specific tree T is not relevant.

Theorem 1.2.18 (Bass-Serre fundamental theorem). If G is the fundamental
group of a graph of groups (I',G), then G acts without inversion of edges on a
tree T' (called the Serre tree of (I',G) ) such that ' ~ G\ T and the stabilisers in
G of the vertices and edges of the tree T are isomorphic to G, (v € V(I')) and
G. (e € E(I)), respectively.

Conversely, if G acts on a tree T' without inversion of edges, then G is isomorphic
to the fundamental group of the graph of groups (G\T,G) whose vertex and edge
groups are (up to isomorphism) the stabilisers of the vertices and edges of T,
respectively.

Proof. See [4, Chapter 8, Theorem 24 and Theorem 26]. |

The following statement provides a concrete example of the above theorem
when the group G is a free product with amalgamation.

Proposition 1.2.19. Let G = G4 xy G4, then there exists a tree T on which G
acts without inversion of edges such that T'= G\ T is a segmenﬂ Moreover, this
segment can be lifted to a segment in T such that the stabilisers in G of its vertices
and edge are equal to G, Gy and H, respectively.

Proof. Given G = G *y G2 we choose the set of vertices of T'= (V, E,0,t,7) to
be the left cosets of G; and G5 in G. As edges we choose the cosets of H in G
together with the maps o(gH) == gG; and t(gH) = gGs. The action of G on T
is given by left multiplication and it follows straight from the definition of T that
this action is without inversion of edges.

To show that T is connected observe that the vertices indexed by the cosets G
and (G5 are connected by the edge associated to H. For ¢+ = 1,2 we show that
all vertices indexed by cosets of G; are connected to G;: this will imply that 7'
is a connected graph. Fix ¢ = 1 (the case for i = 2 being analogous) and take
any left coset gGG;. The normal form theorem for elements of an amalgamated
product tells us that g = gy...gr Where gg ... gy is the unique H-normal form of
g described in Lemma [I.2.8] We will prove the claim by induction on the length
of the H-normal form of g. If k£ = 0, then gy € H implies that goG; = G; and
the claim is trivial. Now suppose the statement true for k — 1: if g, € G, then
9o ---9k—19xG1 = go - - - gr_1G1 are the same vertex which is connected to GGy by the
inductive hypothesis; otherwise gr € G2 and there is an edge between gq . .. gx_1G1

2A graph T in the sense of Serre is called a segment if V(') = {v,w }, E(T') = {e,e}, o(e) = v
and t(e) = w.
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and go...9k-1G2 = go...gr—19xG2 and from this vertex to gg...gr_19xG1, the
inductive hypothesis allows us to conclude again that gG; is connected to G;. In
any case we have shown that the vertices G; and ¢gG; (i = 1,2) are connected and
therefore T" is connected.

To show that T' is a tree assume by contradiction that there exists a closed reduced
path eg, ..., e, in T of length h > 0. Since T is connected we may assume without
loss of generality that such path is based at the vertex Gy, i.e. o(eg) = t(en) = G;.
For each j =1,...,h — 1 we have

o(ej) € Glar = t(e;) € Gfca,
o(ej) € Gfa = t(e;) € Yan,

therefore A must be odd. Set t := %, there exist elements ay,...,a; € G\ H and
elements by, ...,b, € Gy \ H such that

0(60) = Gy, 0(61) = a1Go, 0(62) = a1bGy,
o(en) = arby ... a;Go, t(en) = arby ... a:b Gy,

but o(eg) = t(ep) by construction and this is a contradiction with the uniqueness
of the H-normal forms for G = GG xg GG5. Therefore T is a tree on which G acts
without inversion of edges and the set of orbits of the vertices Oy = { ¢/a1,G/a, }
has only two elements that are connected by the only orbit ¢/u of all edges of T
Therefore G\ T is a segment. [ |

Finally, we provide a couple of applications of what is stated in Theorem [1.2.18
that we will need later.

Theorem 1.2.20 (Nielsen-Schreier). Let F' = F(X) be a free group and H < F,
then H 1is free.

Proof. The Cayley graph T := Cay(F, X) of F' with respect to the set of generators
X is a tree. Indeed, T' is connected since X is a generating set for F', therefore 7'
is a tree if and only if there exists a unique reduced path connecting 1z to g for
any g € F. Since reduced paths in T based at 1 correspond to reduced words in
the alphabet X and each element g has a unique reduced representative (see proof
of Proposition , T is a tree.

I acts freely on it by left multiplication and without inversion of edges. The
induced action of H on T' is without inversion of edges as well and Theorem [1.2.18
implies that H is isomorphic to the fundamental group of a graph of groups with
trivial edge and vertex groups, therefore it is free. [ ]

Theorem 1.2.21 (Kurosh). Let H, K be groups and set G == H *x K, then for any

subgroup S of G there exist two families of subgroups { H; },c; and { K; },_; of H
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and K, respectively, together with two families { g; },c;, { 9; }jEJ of elements in G
and a subset X C G such that

S~ F(X) * [ J(x0)7 = [ (55)%.

il jed

Proof. Let T be the Serre tree associated to the free product G = H* K as described
in the proof of Proposition [1.2.19] Since G acts on T (by left multiplication), then
also S acts on T" and by Theorem S is isomorphic to the fundamental group
of the graph of groups (=, S) with = := S\ 7. Each vertex group of (Z,8) is, by
construction, a subgroup of the stabiliser in GG of some vertex of T', then either
G, 2 HY or G, = Kjgj for suitable subgroups H; < H, K; < K and elements
i, g; € G. Moreover, since the edge stabilsers of (I', G) are trivial, so are the edge
stabilisers of (Z,S). By Theorem S is isomorphic to the fundamental group
of the graph of groups (=, S) which reads

<GU, v e V(2),

m(=6, 1) = {, e € E(2)

=m(@)« [[ G

veV(E)

tetg = ]_7 Ve & E(E),
t.=1, Vec E(R),

where R is any maximal subtree of = and m(Z) is the fundamental group of =
in the standard topological sense. Since we observed that each vertex group is
conjugated to a subgroup of either H or K through an element of G, the thesis
follows. [ ]

1.2.4 Sigma invariant

In this section we briefly define the ¥! invariant of a group G and a couple of
theorems that we will use in Section to achieve a preliminary result about
dihedral Artin groups. However, since the main results in this thesis do not depend
on the theory of sigma invariants we will give just the main definitions and the
statements we need, referring to external references for all proofs.

Let G be any group (although the typical case is when G is infinite) and denote by
Hom(G, R) the set of homomorphism of groups from G to the additive group of real
numbers. The elements of Hom(G, R) are called characters, the set Hom(G,R) has
a natural structure of real vector space and to each p € Hom(G,R) we associate
the monoid

Gu={g€G|pulg)>0}.

Clearly G, does not change if i is replaced by a positive multiple so that the
collection of these submonoids can be thought as the set of open rays in Hom(G, R).
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Definition 1.2.22. Let G be any group, we define the character sphere S(G) as
the quotient of Hom(G, R) under the equivalence relation ‘~’ defined as follows.

Vug, o € Hom(G,R): g~ <= INERT: uy = Ao,
S(G) = {[u]~ | p € Hom(G,R)\ {0} }.

If G is finitely generated, the real vector space Hom(G, R) has dimension equal
to the torsion-free rank of G (see [20, Lemma A1.1]), which is finite. Therefore
Hom(G,R) can be endowed with the (essentially unique) topology induced by the
standard norm of R™. As a consequence the space S(G) equipped with the quotient
topology is homeomorphic to the unit sphere in a Euclidean vector space of the
corresponding dimension.

Definition 1.2.23. Let G be a finitely generated group, X C G a set of generators
and I' = Cay(G, X)) the Cayley graph of G with respect to X. For each non-zero
homomorphism p € Hom(G,R) denote by I',, the full subgraph of I' spanned by the
monoid G, then

YHG) = { [y~ € S(G) | T, is connected }

1s called the sigma 1 invariant of G and does not depend on the choice of the
generating set X.

For each 1 € Hom(G, R) we define its rank as the Z-rank of p(G) C R. Since
the rank is constant over equivalence classes of ~ we define the rank of [u|. € S(G)
as the rank of his representative. We are now ready to state the results we are
interested in.

Theorem 1.2.24. The kernel of a rank 1 character p: G — Z — R 1is finitely
generated if and only if { [p]~,[—p]~ } € ZHG).

Proof. See [20, Corollary A4.3]. [ |

Theorem 1.2.25 (Brown). Let G be a group given by a presentation {(a, b|r) where
r=cC1Cy...c 1S a cyclically reduced, non-empty word containing both generators.
Then a non-zero character p: G — R represents a point of X1(G) if and only

if the sequence f.(u) = (u(c1), p(cice), .., p(cice...c)) satisfies the following
conditions:

e if one of p(a) and u(b) is zero, then f.(u) achieves its minimum twice,
e otherwise f.(u) achieves its minimum once.

Proof. See [20, Theorem B4.1]. [ |
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1.3 Poly-freeness

Definition 1.3.1. A group G is called poly-free if there exists an integer k and a
subnormal series of subgroups (Gi)g<;<y, such that

{1@}:G0<1G1<1...<]Gk_1<le:G

and for each i € {1,... k} the factors ch—il are non-trivial free groups. We will
call such subnormal series a poly-free series for G. We say that G is poly-fg-free if
there ezists a poly-free series for G such that each factor is a (non-trivial) finitely
generated free group. In general, poly-(fg)-free series, if they exist, are not unique
and we define the poly-(fg)-free length of a poly-(fg)-free group G as the minimum

integer k such that G admits a subnormal series as the above one, i.e.

pfl(G) = rnin{ keN ‘ (Gi)o<ick 18 a poly-free series for G } ,
pl(G) = min{ keN ‘ (Gi)o<ick 18 a poly-fg-free series for G } )

We call G strongly poly-(fg)-free (or normally poly-(fg)-free) if there exists a
poly-(fg)-free series of G such that each term is a normal subgroup of G. We define
spil(G) and spll(G) correspondingly.

Example 1.3.2. The trivial group {1} is (the only) poly-free group of length 0
and non-trivial free groups F' are the only poly-free groups of length 1; they are
also strongly poly-free. It is also easy to give an example of a group G that admits
poly-free series of different length. Let G = F({a,b}) be the free group on two
elements. The series { 1g } <G is obviously strongly poly-free of length 1. If we
consider the series of normal subgroups {1} <G’ <G we have that the first factor
is the commutator subgroup of G (which is free since it is the subgroup of a free
group, see Theorem while the second factor is % = G ~ 7 x 7 which is
poly-free (as it is the direct product of two free groups, see Lemma . Starting
from this we can build the subnormal series

{16} <G < (G a)c <G

which is a strongly poly-free series of length 3 with free factors G' (of infinite
countable rank), 7. and 7.
In Corollary we will show that the length of a strongly poly-fg-free series of

a group G is actually unique.

In the following statements we show that poly-freeness has some basic algebraic
properties that one may expect when studying properties of a group, e.g. subgroups
of a poly-free group are poly-free and the extension of a poly-free group by another
poly-free group is poly-free as well.
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Lemma 1.3.3. Let G be a poly-free (respectively, strongly poly-free) group and let
H < G, then H is poly-free (respectively, strongly poly-free) and pfl(H) < pfl(G)
(respectively, spfl(H) < spfl(G) ).

Proof. Given a poly-free series of minimal length (Gi)ogi <n for G, then the sequence
(Gi N H)yce,, can be refined (after deleting potentially equal consecutive terms)
to a poly-free series for H of length at most n. Indeed, for each i € {1,...,n},

G,;_1 N H is the kernel of the projection of G; N H over GG_jl (which is not surjective
in general), therefore GGerfH is isomorphic to a subgroup of the free group G?;
and hence is free (see Theorem [1.2.20)). Clearly, if (Gi)ogign is a strongly poly-free

series, so is also (G; N H) ;- "

Remark 1.3.4. Observe that in the previous lemma we cannot say anything about
the rank of the free factors of the poly-free series we build for H since the factors

% are just subgroups of the free factors % and may have arbitrary rank.

Lemma 1.3.5. Let G be a group and H < G a poly-free normal subgroup of G
such that % is also poly-free, then G is poly-free and pfl(G) < pfl(H) + pﬂ(%).
Moreover, if H and % are both strongly poly-free, then G is also strongly poly-free
and spfl(G) < spfl(H) + spl(%).

Proof. Let (P;)y<ic;, and (Qi)o<<,,, be poly-free series of minimal length for H and

%, respectively, and let 7: G — % be the canonical projection on the quotient.

For each i = 0,...,m set R; .= 7~ 1(Q;), then
{lg}<Py<...<P,=H=Ry<.. <R, =G

is a poly-free series for G. Indeed, for each ¢ = 0,...,m we have (); ~ % and by
the third homomorphism theorem we get

Riy1 Rivi/n - Qit1
Ry — R Q)

hence % is free as well and if each (); is normal in = then each R; is normal
in G. Since the poly-free series we have bullt has h + m terms it follows that
pll(G) < pA(H) +pfl(£). Finally, if H and & are both strongly poly-free, the same
series for G is also strongly poly-free and spfl(G) < spfl(H) + spfl($). [ |

Notice that the inequality in the previous lemma cannot be made into an
equality since given any non-trivial poly-free normal subgroup N of a non-trivial
free group F such that £ is poly-free we have pfi(F) = 1, pfi(N) = 1 (since all

a
subgroups of a free group are free as well, see Theorem |1.2.20)) and pfl (N) > 1.
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Lemma 1.3.6. Let H, K be poly-free (respectively, strongly poly-free) groups, then
G = H x K is poly-free (respectively, strongly poly-free) and pfl(G) < pfl(H)+pfl(K)
(respectively, spfl(G) < spfl(H)+spfl(K)). Moreover, if H, K are poly-fg-free groups,
then G is poly-fg-free.

Proof. Since G can be seen as an extension of H and K the first part of the thesis
follows straight from previous lemma; however in this case a (strongly) poly-free
series for H and K can be written explicitly in an easy way. Let (H;),.,., and
(K;)geicp be (strongly) poly-free series of minimal length for H, K respectively,
then

{1(;}:HQXKQ<IH1XK0<1...<]HhXKQQHhXKlﬂ...QHhXKk:G

is a (strongly) poly-free series for G and pfl(G) < h + k. This construction also
shows that if H, K are poly-fg-free, then G is also poly-fg-free. [ |

Definition 1.3.7. A group G is called indicable if it admits a surjective homo-
morphism onto Z. A group G is called locally indicable if each non-trivial finitely
generated subgroup H < G 1is indicable.

Lemma 1.3.8. A poly-free group G is locally indicable.

Proof. Let H < G be any non-trivial subgroup of G, by Lemma [1.3.3] H is poly-free,
hence it admits a poly-free series (H;),<;<; With & > 0. Then % is a non-trivial
free group F', hence it contains a copy of Z. Let m: H — F' be the canonical
projection, which is surjective, then composing 7 with the surjective map F — Z

gives the desired surjection from H to Z. Therefore G is locally indicable. |
Corollary 1.3.9. If G is poly-free, then G is torsion-free.

Proof. By previous Lemma G is locally indicable, hence torsion-free since any
torsion element would generate a finite subgroup that could not be mapped onto
Z. [ |

Corollary 1.3.10. Every poly-free group G is right orderable (i.e., for every
a,b,g € G there exists a total order ‘<’ on G such that a <b = ag < bg).

Proof. 1t is a consequence of Lemma and [18, Proposition 1.1] by Rhemtulla
and Rolfsen where it is shown that every locally indicable group is right orderable

(which in turns is an easy consequence of a result contained in [3] by Burns and
Hale). |

Lemma 1.3.11. Let H, K be strongly poly-free groups. Set h = spfl(H) and
k = spll(K), then the free product G = H x K is strongly poly-free and

spil(G) <max{h,k}+ 1.
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Proof. We proceed by induction on n = max { h, k }.
If n =1, then H and K themselves are (possibly trivial) free groups and G = H %« K
is free as well, hence strongly poly-free.
Now let H, K be groups with (H;)o<i<n and (K;)o<j<k strongly poly-free series of
minimal length for H and K, respectively. Consider the projections
H K
H = — K — —
f g v e
and observe that Hil is strongly poly-free with a series given by

Hy 4 H, H

Hy Hy  Hy

Indeed, by the third homomorphism theorem its factors are isomorphic to the last
h — 1 factors of the strongly poly-free serie of H

Hi/Hl N Hi

{1}—H1

~ Vi=2,...,h.
H;_ / H; H i—1 7 ! 7 ’
Hence 77 is strongly poly- free of length less than or equal to h — 1. Slmllarly = is
poly- free of length less then or equal to k£ — 1. By the inductive hypothesis we may
assume Hﬁ * o K strongly poly-free and

H K
spfl <—*—) =max{h—1k—1}+1=max{hk}.

Consider the kernel of the map induced by f and g on the free product of H and

K, namely
H K
fxg: Hx K — o * w
By Theorem [1.2.21| there exist a family { H; },., of subgroups of H, a family

{K; }jEJ of subgroups of K, elements g;,g;, € G and a subset X C H * K such

that

Ker(f * g) = F(X) = [ [(H)* « [ (%)% (1.2)

iel jeJ

Moreover, in our case all subgroups H; and K; must be contained inside the free
groups H; = Ker(f) and K 1 = Ker(g), respectively, otherwise there would be some
element in Equation ((1.2)) that does not get sent to the identity by f * g. Since
H, and K, are normal subgroups H;: = H}" and K = K 9 still lie inside H, and
K, for each 7 € [ and j € J, in particular they are free groups This implies that
Ker(f * g) is free.
In conclusion we have proven that H * K is an extension of Hﬂl * Kﬁl by the free
subgroup Ker(f * g) of G. Proposition allows to conclude that the group
H * K is strongly poly-free and spfl(G) < max{h, &k} + 1. [ |
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Remark 1.3.12. The proof of the above lemma is original and we do not know
whether it holds under the weaker hypothesis of H, K being just poly-free, however
we have not been able to find any counterexample.

While the length of general poly-free series of a group G may actually behave
unexpectedly as shown in Example [1.3.2] under the assumption of restricting to
strongly poly-fg-free series the associated length is unique, this is a consequence of
a result by Meier which reads as follows.

Theorem 1.3.13 (Meier, [15, Theorem 16]). A group G is poly-locally free if there
exists a subnormal series

{1} = No<N;<...<N,,_1< N, =G

whose factors are locally free groups (i.e., each finitely generated subgroup is free).
If all subgroups N; are normal in G and the abelianized factors (NN—;)“I’ are non-zero
and of finite torsion-free rank as abelian groups, then the homological dimension of

G over a field K of characteristic 0 is equal to n, the number of locally free factors.

Corollary 1.3.14. All the strongly poly-fg-free series (G;)o<i<n of a group G have
the same length, which coincides with the homological dimension of G over any
field of characteristic 0.

Proof. Every poly-free group G is poly-locally free since all subgroups of a free
group are free as well. Since all factors in a poly-fg-free serie for G are non-trivial
finitely generated free groups, the abelian rank of their abelianization equals their
free rank which is finite and non-zero. Hence we can apply the theorem above to
deduce that the length of a strongly poly-fg-free serie is unique since it equals the
homological dimension of G over any field of characteristic 0. |

1.4 Artin groups

In this section we are going to define the main object of interest for this thesis
together with some examples and a brief summary of what is known and what is
not. Since Artin groups are closely related to Coxeter groups we will start giving
the definition of the latter, whose definition relies on a combinatorial type of data
represented by a Coxeter matrix or a Coxeter graph.

Definition 1.4.1. A square matrizc M = (m;;) of dimension n € NT is called a
Coxeter matrix if it is symmetric and

i) my =1 for eachi=1,... n,
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i) mi; =my; €{2,3,...}U{o0} foreachi,j=1,...,n andi#j.

Definition 1.4.2. A Coxeter graph is a simplicial graph T with a finite number
of vertices and edges, each of the latter labelled with integers greater than or equal
to ‘2. For later purpose we define I ,qq as the Cozeter graph obtained from I' after
the deletion of all edges labelled with an even integer.

When drawing a Coxeter graph we adopt the convention to mark each edge with

its associated label except for those with label ‘2’ which will be tacitly understood.
A Coxeter matrix brings the same amount of information as a Coxeter graph. The
bijection between the former and the latter objects is given by sending a Coxeter
matrix M to the Coxeter graph I' having the set of vertices indexed over the set
of columns (or rows) of M. Two distinct vertices ¢, j in I" are linked by an edge e
labelled with m, := m;; if and only if m,; # co in M. Clearly this correspondence
is a bijection.
However, depending on the which families of Coxeter groups one is dealing with,
it could be more convenient to use another (equivalent) convention for Coxeter
graphs. From a Coxeter graphs I' as defined above we can build the labelled graph
I' adding an edge labelled with ‘oo’ for any pair of unlinked vertices in T’ and
deleting all edges labelled with ‘2’ in I". When drawing this type of Coxeter graph
we adopt the convention to mark each edge with its associated label except for
those with label ‘3", which will be implicit.

Notation 1.4.3. Whenever we will consider a Coxeter graph denoted by a Greek
upper case letter with a dot above it (e.g., f) it will be implicit that such graph has
to be understood following the alternative definition we have just given. Instead,
whenever we denote a graph by a plain Greek upper case letter, it has to be understood
as described in Definition |1.4.2.

In particular, in Chapter[q we will always adopt the second convention we described
(the one denoted by I“), while in C’hapter@ we will always use the first definition
we gave for a Cozeter graph T'.

Clearly this construction can be reversed and there is a bijection between the
two types of Coxeter graphs: we are introducing this alternative version just to ease
the representation of some families of Coxeter graphs with a lot of edges labelled
with 27

Definition 1.4.4. Let I be a Cozeter graph with vertex set { s1,...,s, }, we define
the Cozeter group W(T') of type T as the group having the following presentation

B S? = 1, VSi € V(F>7
W(L) = <S vsi € V() ‘ (sis;)™ =1, Ve={s;s;}€ E(F)>'



CHAPTER 1. INTRODUCTION 22

Coxeter groups have been introduced in the thirties by H. S. M. Coxeter. They
arose during the study of real reflection groups, i.e. subgroups of the automorphisms
of Euclidean vector spaces generated by elements of order 2 called reflections. Indeed,
the relator s? = 1 that holds for each s; € W(T') can be geometrically interpreted
saying that each s; is an automorphisms of a vector space fixing an hyperplane 7;
pointwise and reflecting the remaining points across it. Given such action of the
s;’s on the vector space, the product s;s; of two distinct reflections corresponds to
a rotation of twice the angle a between the hyperplanes 7; and 7;. If m :== = is an
integer, then s;s; is an element of Aut(R") of order m and the vertices s;, s; of I'
are connected by an edge labelled with m; otherwise, if m is not an integer, the
product s;s; is of infinite order and we set no conditions on it in the presentation
of W(I'). This geometric interpretation explains the second type of relations that
appear in the definition of Coxeter groups. In particular, when a pair of vertices
is linked by an edge labelled with ‘2’ it means that they commute (since each
generator is also a reflection)

s;5,) =1 = s, =s;'s"
J J J 7

— SZ'SJ' = SjSi.

For a Coxeter graph I, consider its related graph [:if T has Iy,..., Iy connected
components, then the presentation of W(I') is the same presentation as W(I'1)x. .. x
W(T'4) since each pair of generators belonging to different connected components
commutes. This leads to the following definition.

Definition 1.4.5. Let ' be a Cozeter graph. If T is connected, then W(T') is called
irreducible.

The main result in this area is due to Coxeter who showed that each real
reflection group admits a presentation in the form of a Coxeter group and each
Coxeter group admits a linear representation over Aut(R") for some n € Nt (the
first part of this statement is proven in [6] (1934) while the second is contained in
[7] (1935)). Moreover, in the case of finite reflection groups such correspondence is
one-to-one, whereas there exist infinite Coxeter groups that do not admit a faithful
representation as a Euclidean reflection group.

H. S. M. Coxeter in [7] also achieved the classification of all finite irreducible
Coxeter groups shown in Table [I.1]

Artin groups are obtained from Coxeter groups removing the condition that
generators must be elements of order 2. Before giving the definition of Artin groups
let us establish the following notation for the sake of simplicity.

Notation 1.4.6. For any finite set of symbols a1, as, . .., a, and each integer m € N
we set
(a1, ag,...,an;m) :=ay ag ... Gy a1 a3 ... .

~
m symbols
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Ap, (n>2) o oo B, (n>3) o o oo
1 a2 On B Ba B
671—1 X n
Dy, (n>4) e—e—- Ir(n), (n = 3) oo
01 02 On,

Table 1.1: Classification of all finite irreducible Coxeter groups.

Definition 1.4.7. Let I" be a Coxeter graph (as in Deﬁm’tion with vertex
set V(I') ={a,...,a, }, we define the Artin group A(T") of type I' as the group
having the following presentation

AT = (a;, a; € V(I') | (a;, aj;me) =(aj, a;;me), Ve ={a;,a;} € E(I)).
For a Cozeter graph of type I' (as described in Notation we set A(I') = A(T).

Definition 1.4.8. IfT' is any graph whose related graph I' appears in Table the
associated Artin group A(T') is called of finite type. For simplicity we will denote
such groups with the calligraphic version of the letter that represents the graph (e.g.,

A, = A(A,), B, = A(B,), Ir(n) = A(Iy(n)), etc...).

Since Coxeter groups are closely related to vector spaces, identifying them with
a Coxeter matrix instead of a Coxeter graph may sometimes be advantageous;
however, since we study Artin groups, we will always use Coxeter graphs and with
a slight abuse of notation we will denote with the same symbols (e.g., a;) both the
vertices of I" and the generators of A(T"). Moreover, when useful, we will write the
defining relation of A(I") associated to the edge e with endings a; and a; as

R;; = R, =1(a;, a;;me) - I1(a;, a; me)fl

-1 -1 -1
_Jaiag.aiapap ag, m, odd,
Lot at

ai aj... a;a; " a; ;s e even,

so that we can write more compactly

A) ={a;, a; € V(') | Re=1, Ve e E(I)).
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If needed, to avoid confusion we will specify with a superscript to which Coxeter
graph or Artin group the relation R, refers (e.g., we will write either RL or Rf(r)).

Each Coxeter group W(I') is the quotient of the corresponding Artin group
A(T") under the kernel of the unique morphism of groups defined extending the
map ¢ which sends each generator a; of A(I') to the generator s; of W(I'). The
existence and uniqueness of such map is guaranteed by Proposition [1.2.6| since for
each relator of A(I") we have

-1 -1 -1

i Si... S; S S, ... S, . odd,
S(R,) = {s 5; Si S; 8, S; me O = (s:8;)™ = 1.

Si Sj... Sj sststt st me even,

i 7 i
The kernel of p: A(I') = W(T') is called the pure Artin group of type I and we will
denote it with P(I"). In the next chapters we will be interested in studying a few
structure properties of some families of Artin groups, in particular poly-freeness.
Since each normal subgroup is the kernel of a morphism of groups, building a
poly-free series for a group G essentially amounts to find the right morphisms going
from G to another smaller poly-free group and iterate this process. With this in
mind we will make extensive use of the following map defined for any Artin group.

Lemma 1.4.9. Let T" be a Cozeter graph, then the map xr: A(I') — Z defined on
the generators of A(T") in the following way

a; — 1, Vai € V(F)

extends (uniquely) to a well-defined morphism of groups and it is surjective if I is
non-empty.

Moreover, let Ay,..., Ay be the connected components of T ,qq, then the maps
X(Fh) (h=1,...,d) defined sending

a; 1, a; € V(Ah),
a; —r 0, a; ¢ V(Ah),

extends (uniquely) to a well-defined epimorphism of groups.

Proof. We just have to apply Proposition to check that xr is well-defined.
For any edge e of I let R, be the associated relator in the presentation of A(T").
By construction each R, is a word of even length containing the generators of A(T")
in the first half and their inverses in the other half. This implies that xr(R.) = 0z
for any edge e of I and by the proposition cited above yr is morphism of groups.
Clearly xr is surjective if I' is non-empty.

For h =1, ..., d the proof for the map X(Fh) is analogous observing that if a;, a; are

distinct vertices of Aj, then the same argument as above applies; otherwise if two
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vertices a; € V(A,) and a; € V(Ay) (with k # h) are connected inside I' the integer

m;; must be even and both a; and a; appear inside the relator R;; as many times

as their inverses, so that X(Fh)(Rij) = 0. We conclude that X(Fh) is a well-defined

morphism of groups and since each connected component has at least one vertex
by definition each X(Fh) is surjective. |

From now on, given a Coxeter graph I', we will denote by xr: A(I') — Z the
homomorphism of groups defined in Lemma [1.4.9]

Notation 1.4.10. For a Cozxeter graph I' we denote by A (I') the commutator
subgroup of A(T").

Lemma 1.4.11. Let T" be a Coxeter graph, then A'(I') = Ker(xr) if and only if
I'aq is connected.

Proof. Since Artin groups are defined by means of their presentation it is easy to
compute the abelianization

_ A
A

Given any edge e = {a;,a; } € E(I') the abelianization of the corresponding
relation R, leads to a; = a; if m, is odd and to the identity if m, is even, therefore

A ~ 7

A(T)2P =(a; | Re=1 (Ve € E(I)), aja; = aja; (Va;,a; € V(I'))).

where d is the number of connected components of I'yqq and the isomorphism is
given by sending any element g = afll . af: e A(T) to (X(Fl)(g), . ,X(Fd) (9)) € Z4.
Now, suppose A'(I") = Ker(xr), this means that

AT AD)

- A Ker(xr)

therefore d = 1 and I'yqq is connected. Conversely, suppose I'yqq is connected, by

the observation above the isomorphism between A(T)*> and Z is given by X(Fl) = Xr,

so that A'(I") = Ker <X(r1)> = Ker(xr). [

A(F)ab

For the same reason explained in previous paragraph we will also make wide
usage of the following well-known property.

Proposition 1.4.12. Let " be a Cozeter graph and let S be a (non-empty) subset
of the vertices of I'. Let 3 be the full subgraph spanned by S inside I', then the
subgroup generated inside A(L') by the elements associated to the vertices in S
is isomorphic to the abstract Artin group A(X) and the isomorphism is the most
obvious one, namely

S3a;—a; € AY).
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Proof. The original proof has a topological approach and is due to Van der Lek in
[22, Chapter II, Theorem 4.13] (1983). Also, Paris gave an alternative exclusively
algebraic proof in [17, Theorem 3.1] (1997). |

1.5 An example

Before moving further we give an extensive example of all the definitions we gave
above taking as Coxeter graphs the family of type A, (n > 2). Artin groups of this
type are called “braid groups” due to the geometric interpretation we will explain
below. Also, these have been the very first family of Artin groups to be studied
due to their interesting properties and connections with other fields of mathematics
such as knot and link theory or mapping class groups; actually Artin groups may
be regarded as some kind of generalisation of those. In particular we will show
that pure Artin groups of this type are poly-fg-free by means of their connection
with some topological objects. All we are going to show in this section is already
well-known in the literature and can mostly be found in the book by Kassel and
Turaev [12, Chapter I]. We will use it as a reference for some technical statements
for which we will not provide proofs as well as the source for some images included
below.

The explicit presentations of the Coxeter and Artin groups of type A, are as follows

2
s; =1, 1=1,...,n,
WA =(si, i=1,...,n $;S; = 8;S;, ihwj=1,....,n, i #£7j, ),
$iSi+15i = Si4+15iSi+1, i=1,...,n—1
. AiQj = Q;Q;, Lj=1...,n, Z#]?
A, =(a;, 1=1,....n , )
;010 = Aip10i0i11, 1=1,...,n—1

Let us start identifying the Coxeter group W(A,) as the symmetric group S, 1
on n + 1 objects. By Proposition it is a straightforward check that the map
sending each generator s; of W(A,,) to the simple transposition (i,i+ 1) inside S,41
extends uniquely to a morphism ¢: W(A,) = Sn41 (indeed, any two transpositions
(i,24+1) and (j,j + 1) with |i — j| > 2 commute and (i, 4 1)(i+1,i+2)(i,i+ 1) =
(14 1,0+ 2)(i,3 + 1)(¢ + 1,7 + 2) holds for each i = 1,...,n). Since the set of

simple transpositions { (i,7+ 1) | i = 1,...,n } generates S,+1 it follows that ¢ is
surjective. This means that &, ~ % admits a representation like

. 2
<5i7 1=1,...,n | {si=1, §iSj = SjSiy SiSi4+1Si = Si4+15iSi+1 Pu R>

where R is a (possibly empty) set of words (relations) whose normal closure generates
Ker(y) inside W(A,,). However, it is possible to show (see [12, Theorem 4.1]) that
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the presentation above with R = () is already a presentation for S, ., so that
W(An) ~ §,,11; in a more informal language each word in the simple transpositions
of 8,41 that equals the identity can be reduced using only the relators that appear
in the definition of W(An) Therefore, S,,11 provides a concrete interpretation for
the abstract Coxeter groups of type A,.
From this identification we can give the following description of the action of W(A,)
on a real vector space of dimension n: each generator s; (i.e., a simple transposition)
acts by a permutation of the 4*® and (i +1)*® component of each vector with respect
to any fixed basis for the vector space.

The description of A,, is even more geometric as it can be identified with the
group of geometric braids up to isotopy, however we need a couple of preliminary
definitions before giving the exact statement.

Definition 1.5.1. A geometric braid b on n > 1 strings is a subset b C R? x [0, 1]
formed by n disjoint topological intervals called the strings of b such that the
projection R? x [0,1] — [0, 1] maps each string homeomorphically onto [0,1] and

bN(R?2x {0})=1{(1,0,0),(2,0,0),...,(n,0,0)},
bN(R*x {1})=1{(1,0,1),(2,0,1),...,(n,0,1) }.

We will denote with &,, the set of geometric braids on n strings.

L

Figure 1.1: A geometric braid on 4 strings.

Two braids on the same number of strings b; and b, are isotopic if there exists
a continuous map F': by x [0,1] — R? x [0, 1] such that for each ¢ € [0, 1] the map
F, = F(-,t): by — R? x [0, 1] is an embedding whose image is a geometric braid on
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n strings, F(-,0) = Id,, and F(by,1) = by. Notice that since F;(b;) is a geometric
braid on n strings for each t € [0, 1] and F' is continuous by assumption, then F;
fixes pointwise all starting and ending points of each string. It is an easy check
to verify that being isotopic is an equivalence relation on the set of geometric
braids and we denote it with ‘~’. We will call G, := %= the set of braids whose
objects, loosely speaking, are determined only by how strings are interlaced ignoring
continuous deformations that fix their endings.

Also, for any pair of geometric braids b; and by on the same number of strings we
define their geometric product as their concatenation (together with a suitable
reparametrization), i.e.

blbgz{(x,y,t)E]R2><[0,1] ‘ (x,y,2t) € by or (x,y,2t—1)€b2}.

The above geometric product induces a well-defined operation on the set of braids
G, = %= just setting [b1][ba]~ = [b1b2]~. The set G, together with this product
turns out to be a group since the operation is easily checked to be associative, the
identity is given by the braid with n straight strings and the inverse of an element
[b]~ € G, is the equivalence class represented by the braid b obtained reflecting b
across the hyperplane with equation z = %

With the help of braid diagrams and of the related Reidemeister moves (in a much
similar way to the theory of Reidemeister moves for knots) it can be shown that
A, ~ G,.1 under the mapping sending a generator a; (i = 1,...,n) of A, to the
equivalence class of the geometric braid o; with n + 1 strings obtained from the
identity by twisting the i*" and (i + 1) strings together as shown in Figure [1.2]

1 i—1 1 i+1 1+2 n

\
\

0,

Figure 1.2: A representative of the braid o;.

A complete proof of this isomorphism is rather long and may get technical; we
point the interested reader to |12, Section 1.2] and we restrict ourselves to observe
that the images of the LHS and RHS of each defining relation of A,, do get sent to
the same element of G,, as shown in Figures [I.3] and [T.4]
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ARAART

Figure 1.3: Isotopy transforming o;0; to o;0;.

\ \
\
/N
) \

Figure 1.4: Isotopy transforming o,0;.10; to 0;110;0;41.

Under this geometric interpretation of A, it is possible to give the following

description of the standard projection to W(A,): each element g = o} ... 0} €
Gni1 =~ A, is sent to the permutation

1 2 ... n n+1
(t(l) t(2) ... t(n) t(n+ 1))

where (i) denotes the position of the ending of the string starting at the i*® place.
The kernel of this projection is the group of pure braids P, = P(A,). Its elements
are exactly those braids whose underlying permutation is the identity. We are
going to show that these groups are poly-free leveraging a topological argument
involving certain spaces whose fundamental group is exactly P,.

Let ¢,,: A, — A4 the morphism defined sending each generator o; (i = 1,...,n)
of A, to the braid ¢; obtained from a geometric representative of o; adding a
(n+ 1)™ string unlinked from the previous (this operation is well-defined on the set
of braids). If we restrict to the pure braid group P,, the map ¢,, admits a section
fn: Pn — Pn_1 which sends a braid b to the braid & obtained deleting the last
string of b (note that such map is well-defined since we are working with pure
braids whose strings does not permute their endings). Thinking in terms of braids
it is readily checked that f,, 11 o, = Idp, , which in particular implies that ¢, is
injective and f,, is surjective for all n > 2. The subgroups we are interested in to
build a poly-free series for P,, are the kernels of the family of maps f;

U = Ker(fr: Pr = Pr_1), k=1,...,n.
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Theorem 1.5.2. For each n > 2 the group U, is free on n — 1 generators.

Proof. The core idea of the proof is to build a topological space whose fundamental
group is P, and apply the long exact sequence of homotopy groups induced by
a Serre fibration. The candidate for the space we need comes from looking at a
geometrical braid as the one in Figure consider the projection of each string
on the plane with equation z = 0, their images already look like the collection of n
closed paths in R? drawn in the same plane. The idea at the base of the following
definition is to realize the image of the projection of the n strings as a single closed
path in an appropriate space (rather than the union of n distinct closed path inside
the same plane). For n > 2 we define the configuration space C,, as follows

Cp={(z1,....,2,) € (R*)" | wi#a;, Vi#je{l,...,n}}.

Notice that each coordinate of a point in C, must be distinct from the others
(otherwise we would have C, = R?*" whose fundamental group is trivial): this
restriction we adopt in the definition is harmless to our purpose since by definition
a geometric braid excludes the possibility that two strings intersect each other in
one or more points. In this way we have a bijection between the set of braids on n
strings and the homotopy classes of closed paths in C,,. To any geometric braid b
we can associate a closed path p: [0, 1] — C, starting at the point ((1,0),...,(n,0))
and sending ¢ € [0,1] to (p1(t),...,pn(t)) where p;(-) denotes the projection on the
first two coordinates of the i*® string of b. Conversely, given a closed path p =
(p1(+)y .., pn(+)): [0,1] — C,, we associate to it the braid represented geometrically
by the union of the strings (p;(t),t) inside R? for ¢ = 1,...,n (notice that any pair
of these strings does not intersect inside R? because of the condition we set in the
definition of configuration spaces). We also define C,,,, = C,, \ @y, where @Q,, is
any set of m points in C,. Given these definitions the strategy is as follows.

e Prove that for n > r > 1, the projection map

Pnyr: Cm,n — Cm,r

(X1, xp) = (T, ..o, 2p)

is a locally trivial fibration with fiber C,, 4, ,—,. This is quite technical and is
proven in [12, Lemma 1.27 with M = R?].

e Prove that for any m > 0, n > 1, the group m;(C, ) is trivial for all i > 2.
To achieve this it is enough to apply the long exact homotopy given by the
fibration p,1: Conn — Cra = R*\ @y, with fiber Cpyy10-1

e = Tl (R2 \ Qm) — 7ri+1(Cm+1,n_1) — Tit1 (Cm,n) — Wi(R2 \ Qm) — ... .
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Since 7;(R? \ Q,,) is trivial for each ¢ > 2, we have
71—i(cm—‘rl,n—l) = 71—i(cm,n)7 Vi Z 27
which means that

71-i(cm,n) = 71-i(cm—&-n—l,l) = 71-i(IR2 \ Qm—i—n—l) = { 1 } ) Vi > 2.

e Finally, since R? minus a finite set of points is connected, then mo(R?\ @,,) has
only one element (although it is not canonically a group) and the homotopy
sequence induced by p,, 1 is non-trivial only for 7 =1

*

Pp,
1— 7r1(Cn,1,1) — ’/Tl(CQ’n) —1> 7T1<Co7n,1) — 1.

By the bijection we constructed between homotopy classes of closed paths in
Co.» and pure braids we can actually replace m(Co,) and m1(Co—1) with P,
and P,,_; respectively and obtain

1—)7T1(Cn 11)-)7) &>,Pn 1—>1

This means that U, = Ker(f,: Pn = Pp-1) = m1(Cp—11) is free, since C,_11
is R% minus n — 1 points, whose fundamental group is free on n — 1 generators.

Corollary 1.5.3. For each n > 2 the group P, is strongly poly-free and it admits
a poly-fg-free series

{1} =09 UMW a.. . aU Y =P,

n

()
where L([ i 45 free of rank n — i for each it =1,...,n—1.

Proof. Choose U\ = {1} and foreach i =1,...,n — 1 set

U = Ker(fp_is10...0 fu: Pp — Pp_y).
o0
Thinking in terms of braids we see that the elements of (1 7 are precisely those
which get sent to the identity by the map f,,_;i1, therefore

Uy
W ~ Ker(fo—iv1: Poit1 = Pnoi) = Frei

and the statement follows. [ |
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Obviously this proof of the poly-freeness of pure braid groups heavily relies
on their connection with topological objects which allows to leverage a number of
powerful tools. However, for general Artin groups such a proof cannot be carried
out. Motivated by the result of [2, Theorem 3.17] (2017) where Blasco-Garcia,
Martinez-Pérez and Paris prove using an exclusively algebraic method that even
Artin groups of FC typeﬂ are poly-free, the aim of this thesis is to find new results
about the poly-freeness of Artin groups using only algebraic tools.

3An Artin group of type I is even if all the edges of I' are labelled with even integers. Such
Artin group is said to be of FC type if each tringular subgraph of I' has at least two edges labelled
with ‘27,



Chapter 2
Finite type Artin groups

This section is devoted to classify which finite type Artin groups are poly-free
and which are not. Since poly-freeness is preserved by subgroups and direct
products (see Lemma and Lemma the study of poly-freeness for Artin
groups of finite type can be reduced to the study of poly-freeness of the irreducible
Artin groups inside this family. Recall that the irreducible Artin groups of finite
type are those built starting from Coxeter graphs listed in Table and that we
denote them by the calligraphic version of the same letter used for the graph (e.g.,
A, = A(A,), Tr(n) = A(Iy(n)), etc...). Also, when we are working on Artin
groups with at most four generators we will denote them by the letters a,b, ¢, d
rather than aq, as, as, ay, and when we are dealing with multiple Artin groups at
the same time we will use the symbols «;’s, 8;’s and 9;’s instead of a;’s to avoid
confusion (as shown in Table [L.1)).

2.1 Known obstructions

Mulholland and Rolfsen in [16, Theorem 1.1] show that the following groups are
not locally indicable

A, (n>4), B,(n=>5), D,(n>5), & (n=6,7,8), H,(n=34).

By Lemma they cannot be poly-free. We will show that all the remaining
irreducible Artin groups of finite type, i.e.

IQ(m) (m 2 3)7 A37 837 847 D47 'F47

are poly-free up to the possible exception of F; which remains undetermined at
the moment. Moreover, we will construct an explicit poly-fg-free series for each of
them (and in the case of Zy(m) and Bs it will also be a strongly poly-fg-free series).

33
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2.2 Dihedral Artin groups

Set m > 3, we will prove that dihedral Artin groups

Tam) = A #5 ) = (0.0 | T, bim) = 110,05m)

a b

are poly-fg-free and their poly-fg-free length is 2, hence they are strongly poly-fg-
free. In order to obtain this result we will consider the morphism y,, = x fa(m)
defined in Lemma and show that Zo(m) & K,,, x Z where K,, = Ker(y,,) is

a free group of finite rank, so
{1} < K,,<Zy(m)

is a poly-fg-free series for Zo(m) of length 2.

2.2.1 Preliminaries

In this section we establish some key lemmata that hold both for odd and even
dihedral Artin groups.

Lemma 2.2.1. Let x,, as above and set K,, = Ker x.,, then
Zo(m) = K, X Z.

Proof. Tm(x,,) = Z is free, hence the short exact sequence of groups

1—>Km<—>12(m)x—»mZ—>1

splits since freeness returns a section of the map x,,. By Proposition this is
equivalent to say that Zy(m) = K, x Z. [ |

We want to find a generating set for K,,. Observe that the character y,,
coincides with the group homomorphism e: Zo(m) — Z defined by sending an
element g of Z5(m) to the integer number ) .+, where ~; are the exponents of the
letters a, b in a word representing g.

Lemma 2.2.2. The subgroup K,, of Zo(m) is generated by the set {kbi i€ Z}
where k == ab™'.

Proof. Let g € Zy(m), then g can be represented by a word in a, b belonging to one
of these two cases:

(i) g = a*bPra*2b® ... a®bP with oy, 3; € Z\ {0} and f3; possibly 0,
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(ii) g = bPra*bP2a2 .. bPa® with oy, B; € Z\ {0} and oy possibly 0.

Without loss of generality we can suppose to be in case (fiil), indeed suppose the word
representing g is of type a®b%a®2b% ... a0’ , then we can replace the leading
letter a with

) II(b, a;m) O(a',07;m —1), m odd,
(b, a;m) TI(b~Y, a™Y;m — 1), m even,

falling back in case . For the sake of convenience define

l
o= i+ f, V=11,
=1

g g a; > 0,
Ai = 1 oy = O,
(=17 (B < 0.

We claim that any non-trivial element g = b*1a®1b%2a2 ... b%a®* of Zy(m) can be
written as

g=A1 .. ADY
We proceed by induction on ¢t. If ¢ = 1 we distinguish three cases.
e If oy > 0, then
g="0b"a" =" (ab~ ') = b7 (kb)™
_ [kb‘ﬁlbﬁl*J’(kb)al‘l] - [kb_ﬁl.. .kb_51+1] = A
o If oy =0, then
g="0" =017 = Ab.
o If oy <0, set v == —ayq, then
g="0b"a" =" (ab” ') = b7 (kb)) =b" (67K
ol (G A s R e [ R B
=AD"

In any case the base step is verified.
Now suppose the statement true for ¢ — 1 (¢ > 2) and consider an element

g =0 b2a% WPt = Ay A B D = Ay A DO P
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Applying the same procedure as we did in the base step to the term %1172 we

obtain
pot-1+Be g — Atb5t—1+,3t+oét — Atbét

and the claim is proven.
If we restrict to consider g = b%1a1b%2a%2 ... bPa™ € K, this amounts to say that
6 = >, (o + i) = xm(g) = 0 and the statement follows. [ |

Notice that the map x,,: Zo(m) — Z < R can be regarded as an element of
Hom(Z,(m),R) and it determines two different equivalence classes [x.], [—Xm] €
S(Zy(m)). With this in mind we now show that K, is finitely generated, while in
Propositions [2.2.11| and [2.2.14] we will show some finite generating sets explicitly.

Lemma 2.2.3. K, is finitely generated.
Proof. Theorem states that K, is finitely generated if and only if

{ D], [=xm] } € BH(Za(m).

To achieve this we use Theorem [1.2.25] The defining relation of Zy(m) can be
rewritten to form the cyclically reduced word

r = I(a, b;m) II(b,a;m) ™"

that we use to construct the sequences 7; = x(r;) and p; = —xn(r;) for 1 <i <
2m, where r; denotes the word given by the first ¢ letters of r. Explicitly we have

m= Xm(a) = ]-7

N = Xm(H(a,b;m)) =m,
Nm+1 = Xm(H(a7 b7 m)g_l) =m — 17

Nom = Xm (I (a, b;m) I(b,a;m)~") = 0

and

H1 = _Xm(a) = _17

Hm = _Xm(H(aa b7 m)) = —-m,
Mm1 = _Xm(H(aa b; m)S_l) = —m+ 17
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Hom = _Xm(H(a’ b7 m) H(b7 a; m)_l) - O’

where £ is either b if m is odd or a if m is even. Both sequences assume their
minimum only once, therefore [x,,|, [—Xm] € X' (Z2(m)) by the theorem cited above.
We conclude that K, is finitely generated. [ |

The goal of the next two sections is to prove that K, is actually a free group of
rank m — 1. In order to obtain such result we need to work directly on the relator
defining Zy(m), hence the necessity to distinguish between the cases when m is
even and m is odd.

2.2.2 0Odd dihedral Artin groups

In this section let m = 2n + 1 (n > 1). Although not necessary before moving to
the main result we compute the character sphere of Zy(m).

I
To(m)™ = I?E ; (a,b | M(a,b;2n + 1) =11(b,a;2n + 1), ab = ba)
2
= (a,b | a"™V" = a"b""", ab = ba)
= {a,b | a="b)
= (a|0)
~ 7.

It follows that the torsion free rank of Zy(m)®® is 1 and by [20, Lemma A1.1] it is
the dimension of Hom(Z,(2n+1),R) as a real vector space. Therefore the character
sphere S(Z,(m)) is homeomorphic to S, i.e. it consists of two points, namely the
equivalence classes [x.], [—Xm]. Taking into account the proof for Lemma we
have

S Z2(2n + 1)) = { [xansa], [=X2n41] } = S(Z2(2n + 1)).

Remark 2.2.4. In the odd case the character sphere S(Zy(2n + 1)) could also
be determined by observing that a generic character 6: Io(m) — R sending the
generator a to a € R and the generator b to B € R must preserve the defining
relation of Iy(m), hence

O(Il(a, b;2n 4+ 1)) = 6(11(b, a; 2n + 1)),
(n+1Da+nf = (n+1)5+na,
a=f.

This means that 0 is a real multiple of the character xoni1 defined above and
S(Zy(2n + 1)) contains exactly two equivalence classes.

Now let us resume our main goal.
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First examples: 7,(3) and Zy(5)

To achieve that
Z5(3) = (a,b | aba = bab) (2.1)

is poly-free we work towards proving that K3 is free. Clearly k := ab~! belongs
to K3 and since K3 is normal in Zy(3) we have Kg = Kj3. In order to find a finite
generating set for K3 we study the action of conjugation by b on the element k.

Proposition 2.2.5. K3 is generated by the set { k,k®}, where k = ab™! and a,b
are as in Equation (2.1)).

Proof. By Lemma we know that {k" |i € Z} is a set of generators for
K3. Actually this set is much bigger than what is needed to generate Kj3. Set
k; .= k", i € Z. We show by induction that for i < —1 and 7 > 2 each k; can be
expressed as a product of kg = k and k; = k®. The base step for induction is as
follows.

k=K =b"lab b = b a, (2.2)
ky =k = b 2ab=b"1 (b"1ab) = b7 (aba?) = (b7%a) (ba™') = KK, (2.3)
ko =k = (bab )b~ = a "bab~! = (K°) k.

For ¢ > 0 suppose the claim true for i, i.e. k; = W;(ko, k1) a word involving only
ko and ki, then k; 1 = k2 = W;(k, kb) = W;(k1, kiky ') and the statement follows
for © > 0. Analogously the case i < —1 can be checked. This implies that K3 is
generated by the set { k, k*} and it is the normal closure of { k } inside Z,(3). W

Proposition 2.2.6. K3 is free of rank 2.

Proof. The calculation carried out in the previous proof suggests that K3 may be
realized as the semidirect product of an infinite cyclic group (t) acting on a free group
of rank 2, F, = F'({ ko, k1 }). We now prove this intuition. From now until the end of
this proof ko and k; will be regarded as abstract generators of F;. Eventually we will
show an isomorphism connecting ko, k1 € Fy to kg = ab™', k; = b~ta € Z,(3) which
justifies the abuse of notation. Start defining a homomorphism ¢: (t) — Aut(Fz)
by setting

o(t) = pp: Fy — Fy,
ko — ]{51,
kl — klk‘al

as suggested by Equations (2.2)) and (2.3]) (here we want the action of ¢ to mimic
the action of conjugation through b). Clearly ¢, is a group homomorphism as it is
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defined on the generators of a free group, moreover it is invertible having as inverse
the map

Y1 FQ — Fg,
]{30 — k'l_lkio,
ki +— ko.

Since we want ¢ to be an homomorphism we must set

o, k>0,
gp('[;k) = IdF27 k= 07
got__]‘i, k<0

and we can build the semidirect product Hs := F, X, (t). As it is clear from the
construction the action of (t) on Fy is uniquely determined by the action of the
generating element ¢, therefore (taking into account Proposition , case [3) we
have the presentation

Hy = (t, ko, k1 | kb =k, ki = kikg").

Applying a sequence of Tietze transformations (see Theorem [1.2.5)) we can rewrite
such presentation in the following way

My = <t ko kr | k= kb, K = k3k51> substitute ki,
<s tko | = kot, kT = kiky > remove kp, add s = ko,
= <s t, ko ‘ = st_l, (st_l)t = (st_l)t (st_1)71> solve for kg, substitute,
= <s, ‘ = (st_l)t (st_1)71> remove kg,
= (s,t | sts= tst> simplify and rearrange.

This means that Hs = Z,(3) through the isomorphism sending s — a and t — b.
Such isomorphism maps the free group generated by { ko, k1 } inside Hs to the
subgroup of Z,(3) generated by {ab™',b7a} = { k, k®} which is K3, as shown in
Proposition [2.2.5] Therefore K3 is a free group of rank 2. |

Theorem 2.2.7. Z,(3) is strongly poly-fg-free with a strongly poly-fg-free series of
length 2 and free factors given by

1<« Kg < 1'2(3),
75(3)

3

Kg ~ FQ, ~ 7.
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Proof. Follows immediately from Lemma and Proposition [2.2.6] |

Before generalizing to arbitrary odd dihedral Artin groups (where computations
become messy) let us try to apply the same procedure to the group

Z5(5) = (a,b | ababa = babab) (2.4)

to check that the result obtained with m = 3 is not just a lucky case. As before, we
want to show that the kernel K5 of x5 is a free group. Although the technique we
use is essentially the same as before, the “bigger” defining relation ababa = babab
requires to proceed in a more systematic way.

Proposition 2.2.8. Kj is generated by the set { k, k®, kY kY }, where k == ab™!
and a,b are as in Equation (2.4)).

Proof. By Lemma we know that { k¥ | i € Z} is a set of generators for K.
Set k; == k%, i € Z. In order to reduce this set we exchange the generators { a, b } of
Z,(5) with a new generating set { ko, b } rewriting the only relation in the following
way

ababa = babab,
a (bilb) ba (bilb) ba (bilb) =ba (bilb) ba (bilb) b,
(abil) b (abil) b? (abil) b=> (abil) b? (abil) b2,
kob?kob?kob = blkob*kob®.

In turn this relation can be manipulated to obtain new ones expressing k_; and ky
in terms of k, k¥, k¥ and k.

b 2kob? kb’ kob = b~ kgb®kob?, multiply by b~2 on the left,
A (lco_l)lf2 kot solve for kY,
-1
R T <k82> , conjugate by b7, (2.5)

ko = <k82)_1 (k84)_1 KCkL. solve for ko,
K = (k:(b))_l <k83>1 kY ko, conjugate by b " (2.6)

Arguing by induction as we did in Proposition using Equations (12.5)) and ([2.6))
as base step we conclude that for ¢ < —1 and ¢ > 4 each k; can be expressed in
terms of ko, k1, ko and ks, therefore { k, k°, kY kY } is a generating set for K5. W

Proposition 2.2.9. K5 is free of rank 4.
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Proof. As we did for the group Z(3) let us define an action of the infinite cyclic
group (t) on Fy = F({ ko, k1, ko, k3 }) mimicking the action by conjugation through
b on k inside Zy(5). Again, by abuse of notation, we will regard ko, ..., ks as
abstract generators of F) and eventually we will connect them to the elements
ko =ab™t, ..., ks =0b"3ab® € Ty(5). Let ;: Fy — Fy the homomorphism defined
setting

. -1
pilko) = ki, eulk) = ks, i) = ks, (k) = KRk (KE)

as suggested by Equation (2.5)). Such homomorphism is an automorphism having
as inverse the homomorphism ;-1 given by

N\ 1
Pt 1<k0) (/fo) (kéa) k(tfko, SOt—l(/ﬁ) = ko, %—1(7@) = ki1, Sﬁt—l(/fs) = k.
As we did in the proof of Proposition [2.2.6| we consider the homomorphism

w: (t) = Aut(Fy)
tk = (Spt)ka k Z 07
s (o1)7F, k<0,

and we can define the semidirect product Hs = K5 X, (t) which has a presentation
Hs = (t. ko, k1, ko, ks | kb = ki, ki = ko, kb = ks, k§ = kskikg'ky') .

Applying a sequence of Tietze transformations we can rewrite such presentation in
the following way

Hs = <t, ko, by, ko, ks ( k= kY (i =1,2,3), k. = k3k1k51k51>

(sitoho | 5= oty 4 = KRR (k7))
(suteho | ho= st (st7)" = (st7)” ) o) ((67)7) )
S I (")

(s,t | t74st™ 1t4 =t st st s P s )
= (s,t | ststs = tstst).

Notice that the elements s,¢ in the last presentation satisfy exactly the same
relations as the generators { a, b } in the standard presentation of Zy(5), so that the
groups Z»(5) and Hs are isomorphic through the map sending s — a and t +— b.
Therefore

tsb, ko ab ke (@b )’ ke (a0 ) ks e (abh)”
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is an isomorphism that maps the free group generated by { ko, k1, ko, k3 } inside Hs
to the subgroup of Zy(5) generated by

{ab™ 67 a b 2ab, b %ab? } = { b K70 )

which is K75, as shown in Proposition ([2.2.8]). We conclude that Kj is a free group
of rank 4. [ |

Theorem 2.2.10. Z,(5) is strongly poly-fg-free with a strongly poly-fg-free series
of length 2 and free factors given by

1< K5 <Zy(5),
Iy(5)
Ky~ F, =7.
5 4, K5
Proof. Follows immediately from Lemma and Proposition [2.2.9] |

The general case

Following the same process as in the previous examples we are able to prove that
odd dihedral Artin groups are strongly poly-fg-free with spflg,(Z2(m)) = 2. In
Lemma [2.2.3] we showed that K, is finitely generated for any integer m > 3 and
now we give an explicit finite set of generators for K, when m is odd.

Proposition 2.2.11. Ky, is generated by the set { k, K, ..., b2 s

Proof. By Lemma we know that { K | e Z } is a set of generators for Ky, 1.
Set k; == k%, i € Z. In order to further reduce this set we exchange the generators
{a,b} of Zo(2n + 1) with the generating set { ko, b} rewriting the only relation in
the following way.

II(a,b;2n + 1) = II(b, a; 2n + 1), defining relation of Z5(2n + 1),
H(a, b=t b,b;4n +3) = I(b,a,b™",b;4n + 1), insert b~'b after ecach a,
[(ko, b, b;3n + 2) = H(b ko, b;3n + 1), substitute ko = ab™?,
b=? T (ko, b, b; 3n 4 2) = b2 TI(b, ko, b; 3n + 1), multiply on the left by b~
kY TI(ko, b, b: 3n — 1) = b~" T(ko, b, b; 3n), rearrange LHS, simplify RHS.

Now solve for k82 and further manipulate the right hand side to obtain a new
relation involving only b and the conjugate of kq through positive powers of b

kY = 07" (ko b, b; 3n — 1) (kb7 07130 — 2),
kY = kS TL(b, ko, b; 3n — 3) T(ky ', b7, 671 3n — 2),
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kY = KOEY b TL(b, b, ko; 3n — 5) (kg ', b~ ", b7 " 3n — 2),

kY = KOEYT KRE 0P (b, b, koy 3n — 8) T(kg ', b=, b7 3n — 2),

Y = kSRS RS RS Tkt b b7 3 — 2),

K = kSRS RS RS TR T (kY b7 b 30— 2),

R = BRSO () R (b b kg 3 — 3),

R = kR R R )T (k)T 0 T b kgt 30— 6),

kbg _ k;bk;b_lkb_g o k83—2n (ko_l)b%zn (ko_l)b%zn N (ko_l)bﬂ (k?o_l)bo,
n—1
SRR

and conjugating by b?"~2 both sides we obtain

[y

n—

b2n H kbzn 1—24 ) H ]{]0 1)b2i .

=0

The last equality together with Lemma implies that { ko, k3, ... k¥ ' }is a
generating set for Ko, 1. [ |

Proposition 2.2.12. Ky, s free of rank 2n.

Proof. Let the infinite cyclic group (t) act on Fj, mimicking the action by con-
jugation of b on k¢ inside Zy(2n + 1). Let ¢;: Fy, — F5, be the homomorphism
defined by setting

SOt(ko) = ki, <Pt(k’1) =ky, ..., @t(k’zn—Q) = kon—1,
n—1
pi(kon_1) = Hkt T (kD
= 1=0

Such homomorphism is an automorphism having as inverse ;-1 given by

Op1 ko _ H 21—}—1 Hl{ié%_2_2i7
=0
fl(lﬁ) = ko, @ ( )

and we obtain a homomorphism ¢: (t) — Aut(Fy,) by setting ¢(t7!) = ;1
P(th) = of for k > 0 and @(t*) = ¢, % for k < 0. Hence we can define the

C) Pe—1 <k2n—1) - an—Q
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semidirect product Ha,11 = F, X, (t) which has a presentation
ki=k_,, (i=1,...,2n—1),
Hont1 = & ko, kony iy i ¢2i

W= [T W I (67
i=0 =

Applying a sequence of Tietze transformations we can rewrite such presentation in
the following way

ki=kY, (i=1,....2n—1),

—1 —1
H?n-i—l =\ t, ]{30, cee 7k2n—1 12n e (2n—1-2i 3 1\ %
ko = Hko ) (ko )
=0 i=0
n—1 n—1 9
2n 2n—1-—24 N 20
= (s.tko | s=kot, ki =] * T (k)
=0 i=0
2 n—l 2 1—-24 n—l 21
_ _ t n _ t n—1l—at _ t 1
s,t ko | ko =st, (st 1) = (st 1) . (ts 1)
=0 i=0
2 n-l 2 1—24 n-l 2i
N 2 N
= (st =11 (st7™") A (s
1=0 i=0
= < st =72 ot st osotsT s .t151t2"2>
N s NG - J/
2n—2 letters 2n—2 letters
= < st=tst...stst s 't s, .t151>
2n+1‘1retters 2n—metters

(s,t | H(s,t;2n+1) =11(t,s;2n + 1)) .

The elements s,t in the last presentation satify exactly the same relations as the
generators a,b in the standard presentation of Z3(2n + 1), this means that the

groups Zy(2n + 1) and Ha,4 1 are isomorphic through the map sending s — a and
t — b. Therefore

tes b, ko ab ™l ke (abh)’

b2n71

Cy k‘gnfl — (abil)

is an isomorphism that maps the free group generated by { ko, ..., k2,1 } inside
Hont1 to the subgroup of Zy(2n + 1) generated by

N e L

which is K5, 1, as shown in Proposition (2.2.11)). We conclude that K, is a free
group of rank 2n. |
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2.2.3 Even dihedral Artin groups

In this section let m := 2n (n > 2). As we did at the beginning of the previous
section we compute the character sphere of Zy(2n).

Zo(m)
Tr(m)™ = T(m) = (a,b | (ab)®* = (ba)*", ab = ba)
= {(a,b | a"b" =a"b", ab = ba)
= (a,b | ab—ba)
~ 7, X 7.

It follows that the torsion free rank of Z,(2n)® is 2 and by [20, Lemma A1.1]
it is also the dimension of Hom(Zy(2n),R) as a real vector space. Therefore the

character sphere S(Z,(2n)) is homeomorphic to S. Taking into account the proof
for Lemma [2.2.3 we have

{ [X2n), [=X20) } € BN (Za(2n)) C S(Zn(2n)).

Remark 2.2.13. In the even case the character sphere S(Zy(2n)) can be determined
by observing that a generic character 0: Iy(2n) — R sending the generator a to
a € R and the generator b to f € R must preserve only the defining relation of
Z5(2n), hence

0((ab)*™) = 0((ba)*") = na+nB=nB+na = 0=0.

This means that Hom(Zy(2n),R) is a 2 dimensional real vector space with basis

a1 a0

Now let us resume our main goal moving directly to the general case. The
strategy to achieve poly-freeness of even dihedral Artin groups will be the same
as in the odd case (i.e., proving that Ks, is free), however computations has to
be redone because the change of the parity of the lengths of LHS and RHS in the
defining relator of Zy(2n) leads to slightly different results.

The general case

We remind that in Lemma we showed that K, is finitely generated for any
integer m > 3 and now we give an explicit finite set of generators for K,, when m
is even.

Proposition 2.2.14. Ko, is generated by the set { k,k°, ... R 1.
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Proof. By Lemma we know that {k* | i € Z} is a set of generators for Ko,.
Set k; == k¥, i € Z. Start exchanging the generators a,b of Z,(2n) with the
generating set { ko, b} rewriting the only relation in the following way

[I(a, b;2n) = 1(b, a; 2n), defining relation of Zy(2n),
[(a,b™",b,b;4n) = T1(b,a,b™ ", b; 4n), insert b~'b after each a,
II(ko, b, b; 3n) = T1(b, ko, b; 3n), substitute ko = ab™*,
b=2 (ko, b, b; 3n) = b2 TI(b, ko, b; 3n), multiply on the left by b2,
kY TI(ko, b, b; 3n — 3) = b~' Ik, b,b;3n — 1), rearrange LHS, simplify RHS.

Now solve for k82 and further manipulate the right hand side to obtain a new
relation involving only b and the conjugate of ky through positive powers of b

K =07  T(ko, b, b: 3n — 2) TI(b™ Y kg, b~y 3n — 4),

kY = kY TL(b, ko, b 3n — 4) TI(b™ " k3, b7 3n — 4),

kY = KOEY T b TI(b, b, ko; 3n — 6) TI(b~", kg ', b7 % 3n — 4),

kS = KSkY T KY 0P TL(D, b, Koy 3n — 9) TI(0™Y, kgt b7 30 — 4),

K = ROKSTRYT KT (0 Ky Y b 30— 4),

K = kOSSR T (kL b b7 30— 5),

= ROk (k)" T b = 8),

6—2n —2 0
) N (T M (e

b3 2n b4—2n

T A T (e

n—2

ka H kbl 24 . H )b4 2n+21

=0

and conjugating both sides by b?"~3 we obtain

|
)

n—1 n

n— n—2—2i 2i+1
]{782 1 _ H k}82 2-2 ) (k(]_l)b .
i=0 i=0
The last equality together with Lemma implies that { ko, k3, ..., k¥ " }is a
generating set for Ks,. |

Proposition 2.2.15. K, is free of rank 2n — 1.

Proof. Let the infinite cyclic group (t) act on Fj, ; mimicking the action by
conjugation of b on kq inside Zy(2n). Let ¢;: Fy, 1 — Fb, 1 be the homomorphism
defined by setting

SOt(ko) = ky, <Pt(/ﬁ) =ky, ..., Spt(k2n73) = kop—2,
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n—1 n—2 2it1
2n—2-2 _1\t**
QOt(k2n—2) = H /f(t) ' Z ( 0 1)
=0 =0

n—2 - n—1 )
%—1(/40) _ H (k‘o_l)t i+ ‘ H k62n7272z’
=0 1=0
SOt—l(kl) = ko, th—l(k&) =k, ..., Sot—l(an—l) = kop—2

and we obtain a homomorphism ¢: (t) — Aut(Fy, 1) by setting o(t71) == @41,
@(t*) = F for k > 0 and p(t*) = ¢, % for k < 0. Hence we can define the
semidirect product Ha, = Fy,—1 X, (t) which has a presentation

ki=k,, (i=1,...,2n—2),

n—1 n—2
Hon =\ t,ko,..., Ekop_s . 2n—2-2i 1\t
koo = H ko ) H (ko )

Applying a sequence of Tietze transformations we can rewrite such presentation in
the following way

_ n—1 n—2
Hon = t, kOa ceey k2n—2 12n—1 (2n—2-2i RN G
1=0 =0
n—1 n—2 2it1
t2n 1 t2n72721 1 =t

= (s.tko | s=hot, ki =]]* (ko)

=0 1=0

2n—1 n-l 2n—2-2 n—2 2i+1

_ t n— _ t Nn—zos—21 _ t 7
= (st kg | ko=st", (St 1) = (st 1) (ts 1)
1=0 1=0
2n—1 nl oo 2 22 2441
_1 t n— _1 t NnN—sLs—al _1 t K3
={s,t (st ) = (st ) (ts )
=0 =0
= <s,t g TP =7 ot st stl-slélsl...tls£t2”3>
V NV
2n—2 letters 2n—4 letters
= (st | st=tst...stst st tls!
' Vv -
2n letters 2n—2 letters

= (s,t | (st)™ = (ts)™").
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The elements s,t in the last presentation satisfy exactly the same relations as
the generators a, b in the standard presentation of Z,(2n), this means that the
groups Zs(2n) and Ha, are isomorphic through the map sending s — a and t — b.
Therefore

b2'n—2

tes b, ko ab ™l ke (ab )’ o ko (ab7Y)

is an isomorphism that maps the free group generated by { ko, ..., ka2,_2 } inside
Hay, to the subgroup of Zy(2n) generated by

{ab™!, .. b2 2y ) = { ky o k0 }

which is Ky, as shown in Proposition [2.2.14. We conclude that K, is a free group
of rank 2n — 1. [ |

Finally, we can gather the results from the previous sections in the following
theorem.

Theorem 2.2.16. For each m > 3, Zy(m) is strongly poly-fg-free with a strongly
poly-fg-free series of length 2 and free factors given by

1< K, <Zy(m),
Ty(m
Km >~ Pm—1, ;ém) ~ 7.
Proof. Follows immediately from Lemma [2.2.1] Proposition [2.2.12| and Proposition
2.2.15 [ |

2.3 Other finite type Artin groups

2.3.1 Artin group Aj

While we cannot immediately apply the same approach used to prove poly-freeness
of dihedral Artin groups (essentially because we suspect that the poly-free length
of Aj is greater than 2), it is enough to analyse the quotient of

Ang(m) = (a,b,c | aba = bab, bcb = cbe, ac = ca)

a b c

by its commutator subgroup before applying the same kind of machinery we used in
Section We will obtain a poly-fg-free serie for A3 of length 3. In [16, Theorem
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3.6] a description of the commutator subgroup A} is given in terms of generators
and relations as followdl]

—1 1
, @ =q, 0 =¢q ¢
Az = po, p1s Q. &1 -1 1 ,
Py _—1 Py -1 3 9
9 =4 91, ¢4 = (Q() QI) dy N1

where po, p1, qo, ¢1 are given with respect to the generators a, b, ¢ of A3 by

-1 1

po=ba"t, pr=aba?, q=cat, ¢ =batecal.

Let us start evaluating the abelianization of Aj

i? = (a,b,c | aba = bab, bcb = cbe, ac = ca, ab = ba, bc = cb)

A
el a=b=rc)

= (a
= (a]0)
~ 7.

Looking at the defining relations of A} it seems possible that it may have the
structure of a semidirect product of two free groups of rank 2, namely we want
to show that the presentation of Aj is actually a presentation for the semidirect
product given by F({ po,p1 }) acting on F'({ qo,q1 }). From now on pg, p; and qo, ¢
will denote abstract letters and we will justify the abuse of notation later on by
identifying them with the corresponding elements inside Aj.

Set A=F ({po,p1}) and B =F ({qo,q }), in order to build a semidirect product
we need to provide a morphism ¢: A — Aut(B); for ¢ = 1,2 we will denote
by ¢,, the image of p; under ¢ (i.e., the action of p; on B). Since A is a free
group we only need to provide the values of ¢ on its generators and since ¢ takes
values in the automorphism group of a free group this amounts to say that ¢ is
uniquely determined once we provide the values of the action of py, p; on o, ¢ (or
equivalently the values of the action of the inverses of py and p;). Looking at the
defining relations of A’ we are led to set

1(%) = g1, (2.7)
ppot(@) = qi qo ‘a1, (2.8)
Pyt (@0) = dg a1, (2.9)

v (@) = (g9 Ch) 0% q- (2.10)

!The approach of the authors consists in the application of the Reidemeister-Schreier rewriting
procedure (that we present in Section [3.1)) followed by a non-trivial change of generators.
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It remains to check that Pprt and p,-1 are actually automorphlsms of B. To do that

let us show that the actions given by Equations (2.7 and Equations (2.9) -
- have inverses (which will be the actions of the related p; on the generators

qo, q1 of B). From (2.7) it follows immediately that it must be
Ppo(@1) = qo- (2.11)

Moreover, with a bit of manipulations we obtain
Equation ({2.8]),

substitute ¢; from Equation ([2.7)),

vpot(@) = 6igy '@,

©p=2(q0) = (sop—l(q())) do ¢yt (%),

Yro(@0") = 4y "2y (00)dp apply ¢y, and retrieve @y, (g, "),
©po(q0) = qo%ppgl(% )qo, take inverses,
o (20) = G001 43, use Equation ([2.8]). (2.12)

Further, gpp—l(qo) =4qy 'q1 implies ©p: (90)

Yp —1(Q1)

(qo Ch) @0,

=, (q1)qy ", so that

Equation ({2.10)),

q1 = QOQDIH (QE2)90p1 <QI)7
@ =q (op (@)ag") ~ op (@),

substitute Equation (2.9)) and apply ¢,,,

use identity above,

G = ngOpl (%)716}0, simplify,
o -1 4 .
©p (Q1) = Q041 G retrieve ¢, (q1), (2.13)
and also
©p (@0) = p (@) 00" = G065 @3- (2.14)

So far we have recovered the action of ¢,, (i = 0, 1) on qo, ¢; applying only necessary
conditions in order for them to be the inverses of the corresponding ¢,-1. Actually
these conditions are also sufficient as the following full computation SilOWS

© N SDp_l _ _
Qo —> Qe @ —— (P ) ¢ = q,
%El Ppo
q q1 — qo,
_ Pt _ _ 3 _ -1, _ 3
Qo T % '@ [(Q()IQI) q02q1} (%'a1)” = qo»
ot _ @ _ -1
g —— q01q1 — (CIOQ11(]§) QOQ1_1Q§:(]Oa
¥Ppo “OPEI
qg do — qi,
‘Pp—l B © B _
a — dala > @ (9007'@) " a0 =1,
© _ Pprt - _ 3 _ -1 4
G Qg gy —— %' ¢ [(quql) qo2q1} (% 'a) =a,
ot _ 3 _ @ _ -1 _ 3 _ - _
o — (@'a) o’ —> [(qoqllqg) Q4; 1q§] (q007'@) " q0qi a5 = ¢1-
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Therefore Equations (2.7)) to (2.10) provide a unique homomorphism from A to
Aut (B), hence the above presentation of Aj is actually the same of A %, B. The
isomorphism linking these groups is the obvious one, i.e. the one identifying the
generators p;,q; (1,7 = 0,1) of A} to the generators of A and B (whence the
previous abuse of notation).

Theorem 2.3.1. Aj3 is poly-fg-free with a poly-fg-series of length 3 and free factors
given by

{1} (g0, @) A, 9 A,
As As
~ [, il
<907Q1> 2 Ag
Proof. The above discussion shows that A% ~ F ({ qo,q1 }) X F ({ po, 1 }), hence

the subgroup generated by qo, ¢ inside Aj is free, normal and its quotient is
isomorphic to the group generated by pg, p1, which is free. |

~ 7.

<q07 CJ1> = FQ,

2.3.2 Artin groups B3 and B,

Mulholland and Rolfsen in [16, Theorem 1.1] prove that the Artin groups of type
B,, are not locally indicable for n > 5. As already stated at the beginning of this
chapter this result implies that they cannot be poly-free. In this section we will
prove that the Artin groups of this type for n = 3,4 are poly-free.

Obtaining a strongly poly-free series for

ab c

By = A ( F.é.> = (a,b,c | aba = bab, (bc)* = (cb)*, ac = ca)

is straightforward using [16, Theorem 3.9] which proveﬂ that its commutator
subgroup is a free group of rank 4 generated by

bo = [a_la b_1]> b = [07 b] [a_17 b_l]’
p2 = [a,b][a™t, 07, p3 = [ac,b][a™t, b7,

Theorem 2.3.2. Bj is strongly poly-fg-free with a poly-fg-free series of length 3
and free factors given by

{1} <By < (B, b)) s, < Bs,

/ (B, b)), Bs
By ~ Fy, v ~ 7, - ~ 7.
By (B, b) s,
2The approach of the authors consists in the application of the Reidemeister-Schreier rewriting
procedure (that we present in Section followed by a non-trivial change of generators.
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Proof. Follows from the result of Mulholland and Rolfsen contained in [16, Theorem
3.9] and the fact that B> ~ Z x Z under the isomorphism

V: B 5 7x 7,
aBBy — (17,0z),
bB; — (1z,0z),
cBy — (07, 1z).

Although [16] also provides a presentation for 1) we have not been able to use
that result to build a poly-free series for B,. Instead, for By we rely on the paper
[8] by Crisp and Paris where they show that B, = F,, x A, _; for all n > 3, which
in turn means that poly-freeness of B, follows from poly-freeness of A3 that we
achieved in Section [2.3.1. This result also allows to construct a poly-free series
for B of length 3 whose terms are not all normal in the whole group. Although
the central result in this section is due to Crisp and Paris we nevertheless give a
complete proof for it since the authors do not provide computations in their article.
To state the result of Crisp and Paris we need the following proposition due to
Artin (see [1]).

Proposition 2.3.3. Let F,, = F({x1,...,2, }) be the free group on n generators,
then the map sending each generator o; (i =1,...,n—1) of A,_1 to the element
pi of Aut(F,)

Ti = Tiy1,
) —1 _
Q> Pit S Tig1 T T, ) Vi=1,...,n—1
l‘j'—>$j, j?’él,lﬂ—]_,

extends (uniquely) to a well-defined homomorphism of groups p: A,_1 — Aut(F},).
Such map is called the Artin’s representation of braid groups.

Proof. First of all we retrieve the action of p on «a; *:

T;—r $Z‘JZZ‘+11'Z-_1,
plait) = plew) ™ = w1 = @, , Vi=1,...,n— 1.
Tjt— Xy, j#l,l—i-l,
By Proposition the map p is well-defined if and only if it preserves all the

relators in the definition of A,,_;. Such presentation has exactly one relation for
each pair of distinct vertices «;, a; inside the graph A,,_;. If 4, j are consecutive
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: : An—1 _ -1 -1 -1 An—1 _ -1 -1
integers the relator is R} = oo o o and B 7 = aua0; o
otherwise. In the former case for i = 1,...,n — 2 we have

( -1
Tit1 > T 1Ty,
An—1y __ -1 -1
p(Ri,i:-l )= P(%%H%%H% )0 4 Tigo > Tiy1,
\IjH])j, j?é2+1,®+2,
¢ -1
Ti B> TiTip1 T,
-1
_ -1 Tit1 B> TiTiqa;
= P(%%‘H%‘%H)O
Tit2 > Ty,
(T =z, JFLI+1i42,
( -1 -1
Ti V> TiTi41Ti42%;, 1T,
-1
o Tip1 > TiTi41T;
= plaiip104)0
Tit2 > Ty,
\Z; = Zj, j#Z,Z—Fl,Z—FQ,
( -1 -1
Ti v TiZi41Ti42%;41T;
_ Tiy1 > T4
= p(ayir1)o <
Tito H> Tit1,
(T =z, JFLiI+1i42,
( -1
Ty =2 TiTlip1Z;
Tiy1 — T
Tiyo > Tiq2,
(zj =z, jF#LT+1i4+2,
(
Ti = T;
Tit1 > Tit1
Tit2 b Tiq2,
(zj =z, JFLI+1i42,
=Idp, .

Whereas the latter relators hold when |i — j| > 2, in such case the sets of generators
of F,, on which p(c;) and p(c;) act non-trivially are disjoint, therefore p(c;) and
p(a;) commute and

p(RAn—l) _ p(ai@jai—laj_l) = Ian .

1,J

Hence p is a well-defined homomorphism of groups. |
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Theorem 2.3.4 (Crisp and Paris, [8, Theorem 2.1]). For alln >3, let p: A,—1 —
Aut(F,) be the Artin’s representation of braid groups defined in Proposition
then

B, ~ F, x, A,_1.

Proof. To prove the statement Crisp and Paris explicitly construct an homomor-
phism from B, to F,, x,.A,,_; and show that there exists an inverse homomorphism.
Let F,, = F({z1,...,2, }) and ¢: B, = F,, 1, A,_; be the homomorphism defined

on the generators fy,..., 3, of B, in the following way
ﬁiH&i, izl,...,n—l,
Q:
Bn > T,

According to Proposition this mapping on the generators extends uniquely
to a homomorphism of groups if ¢ sends the relators of B,, to the identity of
F,x,A,_1. Foralli,j=1,...,n—1 with |[¢ — j| > 2 we have

( ) (6%6]5 /B ) (1Fn7aiajai_1aj_1) = (1Fn? 1-/477,71)’
@(Rffﬂ) = 80(515i+15z’5i+15i '84) = (s, oo o o)) = (s, 1a, ).

If j=n,foralli=1,...,n — 2 we have

P(Rin) = ¢(BiBuf; 8, )
= (15, 0)(xn, 14, )(1p,, ) (Tn, 1a, )"
= (pi(zn), )(/)z Hapt),aih)
= (n, i) (@, 07")
= (zn pilay"), 14, )
= (1g,, 1a,_,)-

Finally, for i =n — 1 and 7 = n we have

(anln) = @(Bu-1BnBn-18nBy 1187 B 118
= (1g,, ap_ 1)(xn,1An D, 1)(mn,1An ) -
(g e )@y 1a, ) (e, ot (@, 1, )
= (Pn-1(Tn), n1)(Pn—1(Tn), n1) -
(pnta (@), 00t ) (ot (2,1, 0 hy)

= (x;la:n,lxn, Qn-1) (x;lxn,la:n, O‘nfl)(%:ila a;il) (5’7;;1; O‘;h)

= (fgll"n—lfn Pn—l(xglzn—lxn)a04721—1)@;1 P;il(fp;;)aa;i)

= (x_lxn 1.Tn<<13_1.1?n lxn)_lxn(xrjlxn—lxn)%aifl) ’

@t @y 2 l) 00 )
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- xn—lxnvagb 1>(ZE lxnll’avjzl)

(

= (Tn-12n Pn 1($ T, )71An—1)
= (Tp1Tn po1 (et ), 14, )
(
(

xn_ﬂn(x;ll’n—wn) 1x1’_Ll’ 14,-1)

Therefore ¢ is an homomorphism of groups. We claim that the function
v Fyx, Aoy — B,
defined on the generators of F}, x, A,_; in the following way
(g, ) = B, Vi=1,...,n—1,
v: {(xi,un) = B B BBt B Yi=1,....n

is a homomorphism of groups. According to Proposition a presentation for
the semidirect product F,, x, A,_; is given by

a, i=1,...,n—1, | Ry =1, Vi,j=1,....n—1, i

zj, j=1,...,n ot =pi(xy), Yi=1,....n—1,Vj=1,....n/"
hence to check that v is a well-defined homomorphism of groups we have to check
that it sends all relators in the previous presentation to 15,. For relators of type
R "~ the check is straightforward

An o o
77Z}( 1) 6@&]6 15 1_1Bn, Vi,j=1,...,n—1, |Z—j|227
An .
¢< zz—l—ll) Blﬁl-i-lﬁlﬁﬁ-lﬁ 1614_1 ]-Bn7 Vi = ]., o, = 1.
Foreachi=1,...,n—1and j=1,...,nset S,; = aixjai_lpi(xj)_l, for relators

of this type we have a few cases to discuss.
e If i = 5 we have
(Sii) = V(ouwia;  pi(a) ™)
= 5% (ﬁz_l s 57;_11/8n .. 51) 5 (Bprl /Bn 1ﬁn cee Bi-‘rl)_l

=1z,

e [f j = i+1 we proceed by induction to show that the elements of B,, represented
by the words W; := 9 (S,—;n—it+1) are all trivial for all i = 1,...,n — 1. For
1 =1 we have

Wy = ¢<O‘nflxna;i1 pnfl@n)il)
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= Bn—lﬁnﬁaz—ll w(‘rglxn—lxn)_l

= Bue1BuBrt1 (B Byt 1 BuBn—15n) "
= Bn1Bn (B 118, 8,218, Bua1Bn
= Bn1Bn (8, B:218, ' 8:241) Ba1Ba

= 1z..

Now suppose W; = 15, (i > 1), then

Wit1 = ¥(on_io1 Tnoi @iy pio1(n- z)fl)
= Bt (B li o BB Bai) Bty (Bti o By Bt Bi)
’ ( n_—li—l s /67:1571—1 e 'Bn—Z—l) (/Bn—lz .- ﬁnﬂﬁn .- ﬁn—z)
= Baic1 (Boti oo BitiBu - Baivt) Batio1BntiBa—ic1 -
c(Brlisr By Baet - Bamiv1) Brti 1Bt iBaict -
(Botivr BBt Brmit) Bt BniBnic1 -
( ;11+1 57; 15n-- ﬁn—z)
= Pn—i— 15n i 11,  ( 7: i1 57:_11571 oo Bnziv1) 57;1@
’ ( n 11—1—1 /3 lﬁn 1- 571 z+1) .
(BliBrliga - By 151171 o Bniv1Bni) -
( nll+1 571 15n~ B i+1) Bn—i—l@n—i
= B, lﬁn lz 1Bn—i (B, z+1 57:_11571 o Brit1) 57;11
’ ( n12+1 5 lﬁn 1+ B i+1) :
(BBt By 157%1 e Bneiv1Bni) -
c(Brlir - BrtiBa - Baitt) Bu—ic1Bni
_ i

= 1z,.

o If j # ¢,7 + 1, recalling that 5, and (; commute, if j > ¢ 4+ 1 we have
immediately

(Si;) = Y(euxjoy pi(e;) ™)
= Gi (5{1 . 6n 16n~ ) (5]1 : n 16n~-5j)71
= Bzﬁfl (5] h ‘ﬁnflﬁn . 5]) (5; b 571 15n . -Bj)il

= 1z..

Otherwise, when j < ¢ we have

V(Si;) = Y(uzja; pi(z;) ")
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=6 (87" .. B laBn - By) ﬁ;l B BB B

= (BB B (BB BN - BB B BiBicy) B
(Bia- - B5) (B B, lﬁn 1 54)

= (5;1 L BEY) B (BB ,+1 B Ba - Biv) (BiBicaB) -
(BB B B 5]')

= (5{1 Biy) Bi (BABT B - ButiBa - Bi1) By -
By By B By)

= (87 By (BB 15_1) (B Bibi1 ... B))

= (ﬁj_l -~ Biz 2) (B 16 15@ 1) (6;11 BiBi-1 - ﬁj)

= 15,,

where in the third to last equality we used the fact that ﬁ commutes with
each g for all [ > i+ 1.

Hence v is a well-defined homomorphism of groups and it is trivial to verify on the
generators that 1o ¢ = Idg, and ¢ oY = Idp, w4, ,. The claim follows. ]

Theorem 2.3.5. The group Bs admits a poly-fg-free series of length 3 as follows
1« Bél) < B§2) aABs
where

D (B85 BB, By e, By, BY = (B, BByt B8,

and the free factors are

B ~ F3, —— ~ [y,
3 B§1) B§2)

Proof. Follows from the isomorphisms shown in Theorem and Theorem [2.2.16
(since Ay = Z5(3)). [ |

Theorem 2.3.6. The group By is poly-fg-free with a poly-fg-free series of length 4

given by
1« B(I) N B(z) N Bff’) <A By,

where
V= (B85 B3  BaBa e, BBy BaBabr, By BsBay Bs)
BY = (B, BB, BB )
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34(13) = <B§2), BafBi 51525f2>

and the free factors are

(2) (3)
(1) B By Bi
Bty m=hh g =L
4 4 4

Proof. Follows from the isomorphisms shown in Theorem and Theorem

231 [

2.3.3 Artin group Dy,

The approach we will adopt to build a poly-fg-free series of length 3 for Dy is to
use a result analogous to the one we used for By, provided in the same article by
Crisp and Paris [8]. They show that D,, = F,,_1 x A,,_; for all n > 4, which in
turn means that poly-freeness of D, follows from poly-freeness of A3. Also in this
case we provide complete computations for the result of Crisp and Paris which are
missing in their article. To state their result we need the following proposition.

Proposition 2.3.7. Let I,y = F({x1,...,2,-1}) be the free group on n — 1
generators, then the map sending each generator a; (i =1,...,n—1) of A,_1 to
the element p; of Aut(F,_1)

—1
XT; TiT; 1 %q,

o it Tl > T, , Vi=1,...,n—2,
Tj+— Zj, ]#Z,Z—f—l,
xir—>x;i1:v,-, 1=1,...,n—2,
Qp—1 '_>pn71 :
Tp—1 7> Tp—1,

extends (uniquely) to a well-defined homomorphisnﬂ of groups

p: Anfl — Aut(anl).

Proof. Let us begin retrieving the action of p on a;*

Ti = Tjt1,
—1

plo; ):/);1_

Tit1 > L1y Xiq1, , Vi=1,...,n—2,
rj—x;, JjFii+1,

3In the literature p is also referred as the “braid monodromy representation” since it has a
topological interpretation explained in |8, Section 2.3].
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_1 T Tp 1%, t=1,....,n—2,

-1
Q. _ = _ =
p( n 1) Pn-1 Tpo1 — Tn1,

By Proposition the map p is well-defined if and only if it preserves all the
relators in the definition of A,,_;. Such presentation I_las exactly one relation for

cach pair of distinct vertices «;, a; inside the graph A,,_;. If 4, j are consecutive
: : An—1 _ -1, -1 -1 An—1 __ -1, -1
integers the relator is R} = oo o a; and B = asa05 o

otherwise. To check the former relator we distinguish two cases.
o Ifi=1,...,n—3, then

.
Tiy1 = Tit2,
R-An—l _ ) . . -1 -1 -1
p( ) ) = plaiqip 1040005 )0 § Tigo — Lit2lip1it2,
\I’jf—)ﬂfj, ]7é2+]-72+27
(
T — Tit1,
B _1 Tiy1 — Tit2,
= p(aiai+1aiai+1)o -1 -1
Tito 7 Tital; 1 Ti%y 1 Tit2,
(zj =z, JFLIF1i42,
.
T; — Tit2,
-1
Tit1 B> Tip2X; {1 Tit2,
= p(a;ap105)0 -1 —1
Tito = Tit2T; 1 TiTi1Tit2,
\ L — Zj, ]7&2,24“172"»27
(
Ti > Tiyo,
-1
o Tit1 > Ti42T;  Tit2,
= p(aiaiy1)o -1
Tito b7 Tip2X; {1 Tit2,
(zj =z, JFLT+1i42,
(
T — Tit1,
-1
Tit1 B> Tit1X; " Tit1,
Tiyo — Tiqo,
(zj =z, jFLT+1i4+2,
(
T; F— T,
Tiy1 > Tit1,
T2 7 Tit2,
\I'j'—>$j, ]%Z,Z‘i‘l,l‘i_z;
=Idp,_,.
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e If i =n — 2, then

Tp—1 7 Tp—1,

A"/* p— —
P(Rn—zln—l) = p(Oéananlan72ani1anE2)o _
T '—>$n7133'j, J 7&”_17

( -1
Tp_o > Tp—1T, _9Tpn—-1Tn-1,
-1
o -1 Tp—1 7 Tp-1Tp_oTn—1,
- p(an—Zan—lan—Qan_l)o 1
Tjr=> Tpn-1T, oTn-1Tj,

\ J 7A n— 27 n— 17
( -1

Tp—2 Lp—1Tp_9Tn—1,

—1

Tpn1 > Tpn1Tp_ o
= p<anf2anflan72>o 71n ’

Tj = Tpn-1T, oTn—175,
\ J 7é n— 27 n— ]-7
p

Tp—9 > Tp_1,

—1

- n— n—1

Tjr=> Tn-1T;,
\ J % n— 27 n— 17
p

Tp—9 > Tp—1,
_ —1
= p(Qn—2)0  Tn_1 > Tn 1T, 9Tn1,
(T =y, jFEN—2n—1,
(

Tp—9 > Tp_2,

= Tp_1 > Tp_1,

(T =y, j#EN—2,n—1,
=1dg,_, .

Whereas the latter relators hold when |i — j| > 2 and we have again two cases.

o If i,j # n — 1 the sets of generators of F,,_; on which p(«;) and p(¢;) act
non-trivially are disjoint, therefore p(«;) and p(«;) commute and we have

PR = pleiajeiay!) = Tdg, .

i,
e If either i or j is equal to n — 1, say j = n — 1, we still have to do a little

check

_A _1 -1 xn—l ’_> :L‘n—lv
R ) = plozo,—10; o
p( ,n 1) p( 1Un—1 ) {xj = T, ] 7& n— 17
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.
Ti b7 Tp—1Tit1,
-1
. Titl V7 Tp—1Ti+1%;  Ti+1,
= p(@ioy-1)0
Tp—1 > Tpn-1,

(T = Tp1Ty, JFLI+H1,n—1,

(2 = 241,
—1
_ p(az)o< Lit1 x2+1x1 Lit1,
Tp—1 F> Tp—1,
Zj — x5, j#ELi+1,n—1,
=Idg,_,.
We conclude that p is a well-defined homomorphism of groups. |

Theorem 2.3.8 (Crisp and Paris, [8, Theorem 2.3]). For alln >4, let p: A,—1 —
Aut(F,_1) be the representation described in Proposition[2.5.7, then

Dn = Llp ><]p An—l-

Proof. Let F,,_y = F({x1,...,2,-1}). To prove the theorem Crisp and Paris ex-
plicitly construct an isomorphism ¢: D,, — F,,_4 %, A, _; defined on the generators
01, -..,0, of D, in the following way
) 5,~r—>(lpn71,ai), 1=1,...,n—1,
v 5n = (xn—la an—l)-
According to Proposition this mapping on the generators extends uniquely

to a homomorphism of groups if ¢ sends the relators of D, to the identity of
Fo1x,A, 4. Foralli=1,...,n—2and j =1,...,n—1 with |i — j| > 2 we have

p(ROM) = (L, ciaza; og ') = (1g,_y, 1, ),
(Rzpﬁrl) (1Fn 1’a’a’+1alal+1a aerl) (1Fn 171An 1)

Instead, when j =n, forallt=1,...,n —3,n — 1 we have

(RD7) = (6:6,6;0,") = (1p,_ys ) (@n—1, 1) (15, _y i) " (@01, Qo) ™"
1

(
= (pi(xn—1), ciam—1)(p; (1)), 0t )
= (xn—la%oén—l)(%lpa fa,l)
(xn 1 PiPn— 1( ) La,_ 1)

(

1Fn—17 1An—1)
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and for ¢ = n — 2 we have
(Rn 2n) = 90(571—2571571—257:15;15;—12)
= <1Fn_1 ) Oén,2>($n,1, an71)<1Fn_17 05n72) .
*\Tn-1,0p—1 - Fn_1;an—2 B Tp—1, Op—1
( ) (1 )~ )
= (pn- 2(% 1), Ofn—2an—1)(,0n—2(ff;i1) O — 2%11)
n—2 nll) O‘;iQ(X;LEl)
(pnlo(
= (Tp-2, 00y 1) (1, a0 ) (2 20 0wt oy )
- (mn—Q Pn—2 Pn—l(-’E;ig) Oy 20,100 — 2an11)
! (I 11$n 2$n117a;i2anil>
== (xnfl pn72pn71pnf2p;£1(l’;ill'nfﬂc;il); 1An_1)
= (1Fn—17 1An—1)'

Therefore ¢ is an homomorphism of groups. Next, we claim that the function

Y Fyx, Ayy = Dy

-1

defined on the generators of F,,_; %, A,_; in the following way
w, (1Fn71705i>'_>5i7 Vi:1,...,n—1,
| (@i La,y) = 00 - Ona (640,1) 0,1 '-751+15_ , Vi=1,...,n—1,

is a homomorphism of groups and is the inverse of ¢. According to Proposition
a presentation for the semidirect product F,_; %, A,_; is given by

- An1 — o
a, i=1,...,n—1, | Bj77 =1, Vi,j=1,...,n—1, i # j,
zj, j=1,...,n=1 | quzja;' =pi(x;), Yi=1,....n—1,Vji=1,...,n ’
hence to check that v is a well-defined homomorphism of groups we have to check
that it sends all relators in the previous presentation to 1p, . For relators of type
RA" ' the check is straightforward

YR = 6:0;0, 161 =1, Vi,j=1,...,n—1, |i—j| >2,
w(Rﬁﬁf) = 0;0i4+10; 5Z+15 151+11 =1, Vi=1,...,n—2.
For each ¢,7 =1,...,n—1set S;; = ozixjozi_lpi(xj)*l, for this type of relators we

have to make a few cases.

elfj=n—1landi=1,...,n—2, then

On—1 (5n5;il) ’r: 1 ( )_1 =lp,, i=n-—1,
Y(Sin-1) = %4<%%L);2<nﬁ5151>—=1%,@:n_z
6 (6,01 071 (6,01 ) =1p,, 1<i<n-3.
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e Ifj=1,...,n—2, then
— Ifi<j—1, we have
Y(irja;  pi(xy) ™) = dpp(x;)6; p(xy) = 1p,

since t(x;) is written using only 0y, (k > j) and §; commutes with all of
them.

— If i =75 — 1, we have
dlajazjastip(e) ™) = 0o (85 057) 62 (85-1-..0;7) 7 = 1p,.

— If i = j, we proceed by induction on W; == ¢(S,—i—1,-i-1), ¢ > 1. In
the base case we have

Wi = P(an—2@n-205 ypp—2(Tn2) ")
= 0p—2 (571—25715;—1157:—12) 57:E2 )
’ (5717257157:;5;}2)71 On0p—1 (5n726n§;—115;—12>71
= 0n_20n (0,210, 1900-1) (0,10, 250,) (0, 210,—20,-1) 0,70, 2,
= 0500 (00=20,2107"5) (n—20,"0,05) (Bu—20,-10,25) 6,0,
= 02 00020, 110 10,101,616 1,
= 62 0n0n_20, 100161,
= 5721—25732571571—25;;5;1532
—1p,.
Now suppose the statement true for i — 1 (¢ > 2), we have
Wi = w(an—ixn—iar_ziipn—i(xn—i)_l)
= w(an—ixn—z‘Ofgiix;iixn—i—i—lx;ii)
= Oni (Op—io o 0,8) 00ty (Gpi o6 0) 7
Onrgr 0 0) B 6,0) 7
= Op—i (Oni - 0,0) 67 00 ibp—iv1 (On—iga ... 0, i 0) "
0100 i0n—i1 (Oniga - 0,05 00) Ot OniGniva -
’ (5n—i+2 e '57;1#2)_1 5;—1#157;11‘
= Onini Onoivt -0, 01) 0, i0n—i1 (Bnina. 0,0 00) 7"
’ 5n—i5;ii+15;—1i (5n—i+2 e -5;ii+2) 5n—i5n—i+15;ii ’
’ (5n7i+2 e '5;—1¢+2)71 5;—11—&-16;—12'
= 6n—iOn—i Ozt 1) O tiOn—is10n—i (Oniva. . 07 i o) "
: 57:—11'-1-16;—11‘571—2' (5n—i+2 e -5;Ei+2> 5n—i+1 ’
(Oniga . Ot o) O 00

n—i’n—i+1"n—
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= On—iGn—i (Onist -+ O tiy1) Ot iOnmic1On—iOy iy -
“(On—ig1 - - -(5;;—&-1)71 (n—iv2 ... 5;—1i+2) '
’ (5n—i+1 - '57;1141)_1 57:1'5;—1#1

= On—iOn—i0n—it1 (5n—i+2 e '5;—11'—&-2) 5;ii+167:—1i5n—i+15n—i67:—1i+1 )
(it 0 )T Onign Ot i) -
’ (5n—i+1 .- -57;1#1)_1 57;11'5;—1#1

= On—iOn—iOn—it1 (5n—i+2 - -5;—1i+2) 5n—iéﬁii+157:i5n—i5;—li+1 ’
“(Op—ig - - .5;ii+1)_1 (On—ita - - 57:—11'-',-2) :
) (6n7i+1 .- '5;—1¢+1)71 5;—116;—11'4-1

= OniOn—iOn—i10n—i (On—ita -0, ii0) 0,010, 00 -
(Onig1 - -5rii+1)_1 (On—it2 - 57:—114-2) '
(i 0, 0) T 0 L0

= Oni10n—iOn—it1 (Onin -+ 0, 00) 0,05y (i 6y 0540)
(Onmiv 07 40) (i - 0 0500) 7 0,000

_ ngiﬁ;im

=1p,.
— Ifi =7+ 1, we have

VY(Siiv1) = ¢(aj+193ja;+11pi($j)_l)
= i1 (650551 075671) 050 (850541 ... 05,46, ) 7!
= 0j110;0541 (8jan - 0549) 0:405 105 (050,41 ... 650,07
= 0;6,4105 (6542 ..05)) 07167561 (050500650, 1)7!
1 e

1)—1

J
= 030541 (05 (Gj42--0545) 65 (42 0;05) 1] 670,65
= ¢(ajxj+2a}1pi(wj)_1)6;+16;

= 1Dn

where in the last equality we used the first case i < j + 1.

— Ifi > j+1, we have

Y(Si;) = Y(uwo;  pi(x;) ™)
=0; (6;...6;1) 671 (6;...6; )7

= (0j...0i—2) 0;0i—10; (8iy1...0534) 6; 16,56,
(6. (. T

J J



CHAPTER 2. FINITE TYPE ARTIN GROUPS 65

(81107 B (6201 N0, 5))
— (85 652) 0:0i10; (Gipr ... 07) 67467167, -
(6210 -+ 02 (000,11 0,6

= (6;...6i_2) (6:;0,10:6; 1,6, 16,7%) (6;%...5:1)

J

= (8. 6i_s) 0:6;10: (Bign ... 67%) 67 67467

= 1p,.

Therefore v is a well-defined homomorphism of groups and its trivial to verify on
the generators that ¢ o ¢ =Idp, and p oy =1dp, x4, ,. The claim follows. W

Theorem 2.3.9. The group D, is poly-fg-free with a poly-fg-free series of length 4
given by
1« Df) < Df) < Df’) 4Dy,

where

DY = (618,0405 1651071, 020405185, 0485 ),
DR = <D§”, 5507, 525;1535;1>,
DY = (D, 807", 010,072 )

and the free factors are

DO e D
DYV~ Ry, s B, —me B s~
D4 D4 D4

Proof. Follows from the isomorphisms shown in Theorem [2.3.8] and Theorem

231 n

2.3.4 Artin group F;

As we have already stated in the introduction we have not been able to prove or

disprove that F; = A(Foéoﬂ) is poly-free. Our approach mainly consisted in
projecting F4 over some smaller group GG that we knew to be poly-free and try
to detect the isomorphisms type of the kernel in the hope of finding it out to be
poly-free (the main tool we employed for this step is the Reidemeister-Schreier
rewriting procedure explained in Section . Unfortunately we did not succeed,
mostly because we have not been able to simplify enough the presentations we
obtained for the kernels mentioned above. Observe, however, that if F, is poly-free
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this approach must surely work for some group G (e.g., the last factor of its poly-
free series). More precisely the projections we took into account are the following
(well-defined) maps.

-

™~
—
N
!
™~
—
2l
~_
X
~
-
21
~_

WQ:A(FAH)%A<H> X 7,
ab cd a b
0

ngA(O—Zéf—&)%ZXZ,

7T4Z./4(0—0é0—0) — 7,
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Summary

In Table we provide a summary of the main results of this chapter.

67

Group Poly-fg-free | Strongly poly-free | Poly-free length
Zy(m) (m > 3) Yes Yes spil (Zo(m)) = 2
As Yes ? plg(As) <3
B Yes Yes spilge (Bs) = 3
B, Yes ? pil (By) < 4
D, Yes ? pil(Dy) < 4
Fa ? ? ?

Table 2.1: List of all poly-free irreducible Artin groups of finite type: all the other

irreducible Artin groups of finite type not listed in this table are not poly-free.



Chapter 3

Artin groups built on trees

In this chapter we show that Artin groups built on trees are strongly poly-fg-free
of length 2 and we use this result to prove that Artin groups built on forests are
also strongly poly-free. Finally, in the last section we describe another approach to
study poly-freeness of Artin groups which leverage the theory of Bass and Serre for
groups acting on trees.

To achieve the first result we will need to compute a presentation of certain
subgroups starting from the presentation of the whole Artin group. The main tool
to do this is the so called “Reidemeister-Schreier rewriting procedure” that we
describe in the next section.

3.1 Reidemeister-Schreier rewriting procedure

Definition 3.1.1. Let G be a group given by a presentation (X |R). Let H be a
subgroup of G and let K be a set of words in the alphabet X such that

i) D ekK,

ii) the elements of G represented by words in IC form a system of right coset
representatives for H,

iit) for each word w € K each initial segment of w is also in K.
Then K is called a Schreier system for G modulo H.

Notation 3.1.2. Let IC be a Schreier system for G modulo a subgroup H. Given a
word w in G we will denote with w the unique element of K such that Hw = Hw.

Theorem 3.1.3 (Reidemeister-Schreier rewriting procedure). Let G be a group
given by a presentation (X | R). Let H be a subgroup of G and let IC be a Schreier

68
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system for G modulo H. Then a presentation for H is given by

i VK € K,
~ ( SK.a,;
K’"VaVEX,

SK.a, = 1, VK € K, VYa, € X: Ka, = Ka,,
T (KR,K™') =1, VK € K, VR, € R,

where the generators sk ,, are defined with respect to the generators of G' as

SK,a, = (Kau) (K_al/)ila

Ka, = Ka, means that those two words are equivalent inside the free group F(X)
and T is the Reidemeister-Schreier rewriting function defined as follows

T:F(X) = F({sKa }),

E; Em €1 Em
gy - G S e SE an
with
€i €i—1 ; L
Uiy -y ife; =1,
Kij = —E Er)
i i o —
iy - - -4, if e; = —1.
Proof. See |14, Theorem 2.9]. |

3.2 Artin groups built on trees

Definition 3.2.1. Let I' be a graph. A vertex v of I' is said to be a cut vertex if
the full subgraph of T spanned by the set of vertices V(T')\ {v } has more connected
components than T.

Theorem 3.2.2. Let " be a Cozeter graph. Suppose that I' has a cut vertez a;.
Denote by Yy (t = 1,...,d) the connected components of the full subgraph of T’
spanned by the set of vertices V(I') \ {a1} and denote by Y, the full subgraph
of T spanned by the set of vertices V(Y;) U {ay}. Let A(T') be the Artin group
associated with T", then the kernel of the map xr defined in Lemma admits a
decomposition as follows

Ker(xr) = [ [ Ker(xr,)-

Proof. Since xr is surjective, Z is isomorphic to the quotient of A(T") by the kernel
of xr. Clearly, the map sending any integer k to a is a section for xr, hence the set
K={a"|keZ} is aset of transversals for Ker(xr) and it satisfies all requests to
be a Schreier system for A(I") modulo Ker(xr). Applying the Reidemeister-Schreier



CHAPTER 3. ARTIN GROUPS BUILT ON TREES 70

rewriting procedure with Schreier system K as described in Theorem [3.1.3| we
obtain the following presentation

Vk € Z,
1 <1< n,

Ker(XF) = <5a’f,ai )

Saba, =1, VK EZ, 1<i<n: ava; = a’fai,>

T (afRea;®) =1, Vk€Z, Ve € E(D),
(3.1)

where

-1
_ .k k _ .k —k—1

The following steps point towards simplifying such presentation. First observe that

a¥a; = dba; = i = i=1,
hence
Sabay =1, VK EZL (3.2)

and we can delete such generators from the above presentation.
Next, we want to write explicitly the relators of type T (a¥R.a;*), where, for each
edge e of I' with endings a; and a;, the relator R, has shape

_ -1 -1 —1 o -1 -1 1
Re = a;aj...a;a5 a; ...q; or Re = a;a;...a5a; a; ...q; (3.3)
N ~ 7\ ~~ - ~ ~ '\ ~ -
me letters me letters me letters me letters

according to the parity of m.. We remind that for each K € K we have K = a} for
some integer k and we denote by R., (1 <r < 2m,) the word given by the first r
letters of R, so we can compute the values of the Reidemeister-Schreier rewriting
function 7~ on the word a¥R.a;* simply by applying its definition. In the following,
when the edge e is understood, we will always write m instead of m.; e.g., Re.,
means R, ., . If R. is as the first expression of Equation (3.3)) (i.e., if e has an odd
label) and k > 0, then

T (afRea™) = T (¥ - asa; . .. aa;ta;t . ay ! a;™)

= |\ ST SaT e ST .
( l,a; “a1,a1 alf 1,0,1
— S— ... 8 s=L g1 Los=L
a’fyai a’fRe,lyaj alfRe,anlyai a]fRe,nH»lyaj aIfRe,7n+2aai a’fRe,QnLaaj
* S 1 S ) co. ST "k
< a"fRea1 ,a1 a’fREa1 a1 a’l‘Rcal a1
= (81@1 Sar,ar - - - Sa]ffl,m) .
Sk 4. S _k+1 S jm—1, S s -
* . e m— _ _ “e .
at,a; “ai" a; ay ,a; afler'm l,aj allv+m 27611' a’f,aj

S k-1 S k-2 R
a; a1 Tay T,a1 1,a1
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-1 -1 -1
=Sk, S k+1 oo S kdm—1 S _ S _ oo S
ap,ai “aqy,a; ay ,a; a7f+m 17C’4j allc+m 2,0«7; a’f,a]-’

where in the second to last equality we use the fact that

et — 2me—t

ai”',  1<t<m,,
aj , Me <t < 2me,.

For the sake of convenience in the following we will denote the word we obtained
above by Sf;’j. If £ < 0 then the computation does not change and we get again a
word of type Sf;.
Instead, if R, is as the second expression of Equation (3.3)) (i.e., if e has an even
label), with completely analogous computations for any integer k we obtain
kp —k -1 -1 -1 .k

T(aiReay™) = Sab 4, Sabtla, oo Sqbtmelo Sibimot  Sikamea oe Sgkg = 1.
Recalling Equation (3.2), if we consider an edge e having a; as one of its endings,
say a; = a1, according to the type of R, we obtain either

kp o —ky _ t 1 1 -1 _. g7k
T(alReal ) = Sa’f“,aj Sallﬁ—s,aj Salf+m—27aj Salﬁm*l,a]’ Sa,lﬁm,;g’% e Sk T Uj
or
k —k -1 -1 -1 k
a7 Rea7") =8 k11 S k43 ... 8 ktm-1_ S S ... S = V.
T( 1+4te™1 ) a1+ ,Gj a1+ ,aj a1+m ,aj a’f+m_2,a]- a’f+m_4,aj alf""l,a]- 7

Since such words are going to be relators for our presentation and since 77", and
Vj’“ are the inverses of Sfjj and U Jk respectively, we will use only the latter to denote
the relation associated to an edge e of I'. All the above implies that Presentation
(3.1) can be written more explicitly as follows

Vk € 7,

UF =1, if {a;,a,} € ET), Vk € Z,
2 <1< n, ’

Ski=1,if {a;,a;} € E(D), VK€ Z, i,j #1

(3.4)
Let X be the family of generators in the above presentation and notice that the
index ¢ describing this family ranges from 2 up to n. Since ¢ originally indexed the
set of vertices of I' and each vertex different from a; belongs exactly to one Y, for
t=1,...,d, this allows to say that, if we set

X = { Sak a;

Ker(XP) = <sa]f,ai )

a; € V(T,), i;«él}, Vi=1,....d,

then

X = |i|2(t. (3.5)
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Similarly, the set of relations R inside (3.4 can be written as the disjoint union

R=| R (3.6)

where

Ry ={UF|{a,a1} € E(T,), VkeZ}U
U{ S | {aia;} € BE(Ty), Vi,j#1, VkeZ}, Vt=1,....d.

Moreover, each word in R; is composed only of generators inside X, since each
vertex of I except a; is contained in exactly one subgraph Y, and the generators
of Ker(xr) of type s, ,, have been cancelled from Presentation (3-4). This allows
us to consider the abstract groups defined by (X;|R;) for t = 1,...,d. Each of
these groups contains the same generators and relators as those provided by the
Reidemeister-Schreier rewriting procedure applied to each subgraph Y, using the
Schreier system { af | k € Z} for A(T;) modulo Ker(x,), based at the copy of the

vertex a, belonging to each T,. This amounts to say that
Ker(xy,) = (X[ Re), VE=1,...,d.

Using Equations (3.5)) and (3.6 we have
d
Ker(xr) = (¥ |R) = (UL, X [ UL, Re) = [ | Ker(xx,).
t=1

Remark 3.2.3. We observe that in the case of dihedral Artin groups Iy(m) =
A( %) the set of generators in the presentation of Ker (XIz(m)) we obtained in the
above proof is exactly the same as the one we studied in Section[2.3. Indeed, if we
set b:=ay and a = as, then

Ker (Xz(m)) = <sa,f7a2 (k € Z) ’ Uk =1 (ke Z)> ~ Fyps

where, by construction, the generators correspond to the elements

_k B
Sa’f,ag — a/llga@al*k*l — (CLQCEIl)al — (abfl)b k7

L€y S04y = aza;' = ab™' is precisely the element whose normal closure generates

the subgroup Ker (XIQ(m)) in Proposition (2.2.11].
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Poly-freeness of Artin groups built on trees comes straight as a corollary of the
previous theorem.

Corollary 3.2.4. Let I' be a Coxeter tree on n > 2 vertices. Let A(I") be the
associated Artin group, then Ker(xr) is free of rank

Z (me_l)a

ecE(T)
where m, denotes the label associated to the edge e of T'.

Proof. If n = 2 the group Ar is a dihedral Artin group and the claim has already
been proved in Theorems [2.2.12] and 2.2.15]

For n > 3 we proceed by induction on the number of vertices of I'. Indeed, suppose
the statement true for trees built on less than n vertices and let I' be a tree with n
vertices. Since n > 3 and I is a tree there exists at least a vertex, say a, that is a
cut vertex for I'. Applying Theorem [3.2.2] using a; as cut vertex we get

Ker(xr) HKer XT,)

All subgraphs T, (1 < ¢ < d) have strictly less vertices than I' and being subgraphs
of T they are trees as well. By the inductive hypothesis for each t = 1,....d
Ker(x,) is free of rank

rk (Ker(xy,)) = Z (me —1).

e€E(Ty)

Each edge of I' belongs exactly to one of the connected components T; and the
decomposition above gives us

Ker XF Z Z (me_l) - Z (me_l)'

Corollary 3.2.5. Let I" be a Coxeter tree, then A(T') is strongly poly-fg-free; more
precisely:

o If|V(I)| =1, then A(T') >~ Z is free, hence spflg(A(I")) = 1 and a strongly
poly-fg-free series is trivially given by {1} < A(T"). Notice that in this case
Ker(xr) = {1}.
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o If V()| > 2, a strongly poly-fg-free series for A(T') is given by
{1} <Ker(xr)<A()

with free factors

A(T)
K ~ [, ~ [,
erxr) er(xr) '
where m =3 pry(me — 1) and spilg(A(L)) = 2.
Proof. Tt follows straight from Corollary [ |

Corollary 3.2.6. Let I" be a Coxeter forest with connected components I'1, ..., Iy,
then the Artin group A(T) is strongly poly-free with

spi(A(l')) < d+ 1.

Proof. We prove the claim by induction on the number of connected components
of I'. If d =1, then I' =T'; is a tree and the associated Artin group is strongly
poly-free by Corollary with spfl(A(T")) = 2.

Let the statement be true for forests with d — 1 connected components. Set
A =Ty U...UT4_ 1, by the inductive hypothesis A(A) is strongly poly-free and
spfl(A(A)) < d. Looking at the presentation of A(T") we have A(T") = A(A) x A(Ty)
and by Lemma the claim follows. [ |

Under the hypothesis that I'yqq is connected we can restate Theorem and
Corollay as follows.

Corollary 3.2.7. Let I' be a Coxeter graph such that I ,qq is connected. Suppose
I' has a cut vertexr ay. Denote by Ty (t =1,...,d) the connected components of
the full subgraph of T spanned by the set of vertices V(I') \ { a1} and denote by Y,
the subgraph of I obtained by re-adding a copy of the vertex ay to the connected
component Y;. Let A(T') be the Artin group associated with T', then its commutator
subgroup admits a decomposition as follows

AT) =AM

Moreover, if I' is a tree its commutator subgroup A'(I") is free of rank

> (me—1).

ecE(T)

Proof. Tt follows immediately from Theorem |3.2.2| Corollary and Lemma
411 [ |
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Next we give a generalized version of Theorem with a much abridged
proof. This is possible since the key steps that make the previous proof work are
much more combinatorial than it could seem from our exposition. We chose to
do so because the particularly easy shape of the Schreier system we had actually
allowed us to make explicit computations for all relators. However, if all what we
care about is just obtaining a decomposition for Ker(xr) we can argue in a much
more abstract way as follows.

Theorem 3.2.8. Let I' be a Coxeter graph. Let I'y and I's be full subgraphs of T’
such that A =11 N1y is not empty and I' ="y Uy, then

Ker (xr) = Ker (xr,) *ker(xa) Ker (xr,) -

Proof. Since A # (), it has at least one vertex, say a;. Let A be any full subgraph
of T such that a; € V(A). Choose K = {a¥ |k € Z} as a Schreier system for
A(A) modulo Ker(xa). The Reidemeister-Schreier procedure described in Theorem
applied using the Schreier system /C tells us that the kernel of x, admits a
presentation

Ker(xa) = (Xa| Ra),

where

Xy = {shh,, | vaevin },

Vk € Z, Ya; € V(A): dba; = dFa;, }

R o ﬁk,ai’
U T (dh Rear), Vi € Z, Ve € E(A),

We are particularly interested in the cases when A = I', Ty, I's, or A. Since
A =T7NT%, Ais a full subgraph of I' and Proposition guarantees that A(A)
injects into A(T"), A(T";) and A(T';), therefore Ker(xa) injects inside Ker(xr,) for
t = 1,2 through the identity. Finally

Ker(xr) = (Xr | Rr)
= <Xr1 U Xr, | Rp, U Rp, U { SZ’%,ai = sarllf’ai, Va;, € V(A) }>

= (X1, | Rr) *(xs | Rra) (X1, | Rr)
Ker (XFI) *Ker(xa) Ker (sz) .

Remark 3.2.9.

e The previous theorem generalises Theorem[3.2.9, indeed if ay is a cut vertex
for T', then let Ty be one of the connected components (including ay) that
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arise when ay 1s removed from I' and let I'y be the union of the remaining
components (including ay as well). Since A =T1NTy={a;}, A(A)~Z
and clearly Ker(xa) = {1} from Theorem we have

Ker(xr) = Ker(xr,) * Ker(xr,)

and the statement of Theorem[3.2.9 follows from iterating such procedure on
[s. In particular, this means that all the computations done in the proof of
Theorem are not strictly necessary to obtain the conclusion, however
they are interesting since they show that the rewriting function T can be
actually computed (thanks to the extremely easy shape of the words inside the
Schreier system we chose).

e The hypothesis A # () is required. Indeed, consider

I = .i.b Ty = .i:i acV(I), ceV(ly),
and let I' =T'y Uy, then, by definition, A(I') = I5(2) * Z5(2). The element
ac™t € A(T) clearly belongs to Ker(xr). If it were true that such kernel admits
a decomposition as Ker(xr,) * Ker(xr,), this would imply a € Ker(xr,), a
contradiction.

3.3 Further developments

In the last part of this thesis we propose an approach to deal with the study of
Artin groups whose Coxeter graph may be “more connected” than a tree or a forest.
This approach requires the use of results from Bass-Serre theory that we briefly
recalled in Section [[.2.3]

Lemma 3.3.1. Let I' be a Cozxeter graph and A C T" be a full subgraph. Denote
by Nx (“neighbours” of A) the set of vertices of I' \ A that are connected to
at least a vertexr of A and denote by By (“bridges” of A) the set of all edges
having exactly one of their endings in V(A) (and the other in Ny ). Suppose that
d:=ged{m.|ee By} >2. LetT be the labelled graph obtained by replacing all
vertices of A C I' with a single vertex v linked to all vertices in Ny with edges
labelled with d. Then T is a Cozeter graph and the map defined on the generators
of A(T") sending

a; — 0, a; €A\,
a; — Q;, Ay g A:

extends (uniquely) to a surjective homomorphism of groups ¥ : A(L') — A(f)
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Proof. The proof is just an application of Proposition [1.2.6 Let e € E(T), if
e € E(A), then
Ua(RE) = 0.0 0L 0 =1 .
me letters me letters

If e € By, then m, is a multiple of d, say m. = kd (k € N) and

¢A(R£) = H({)7 a;, me) : H(aia @a me)_l

(9, a;; d)* - Tl(ay, 0;d)~*, d even,
= S (0, a:;d) - MW(az, 0;d)...-...T(D,a;;d)"" - T(a;, 0;d)"", d odd,
k factors ~ k factors g
= 1A(f‘)‘

In the remaining case )
Ua(Rg) = Ry =141

Therefore 15 is a well-defined homomorphism of groups. Clearly it is surjective. W

Definition 3.3.2. Let § = {T'1,...,Ix} be a finite family of Coxeter graphs and
let Jz be a subset of (L V(T;)) such that for each e € Jz we have e = {v;,v; }
where v;,v; are vertices belonging to distinct elements of §. We define the 2-join
iny (8, Jz) of § along Jz as the Coxeter graph with

V(ina(S: J5)) = [V B (ina(8, J5) <|_|E ) U Js

where each edge in Jgz is labelled with ‘2.

Remark 3.3.3. A 2 join iny(§, Jz) such that for each e = {v;,v; } € Jz we have
{ v, v} } € Jg for all v; in the same graph as v; and all v} in the same graph as v,
coincides with the graph pmducﬂ of the Coxeter groups A(T'y), ..., A(Ty).

Observe that each element of § is a full subgraph of jn,(§, Jz) for any set Jz
satisfying the conditions of previous definition.

Proposition 3.3.4. Let § be a finite family of Coxeter graphs, each of them
having at most two vertices. Let Jz be any set satisfying the conditions described
in Definition with respect to the family § and let I’ == jny(F, J3). Suppose
that the hypotheses of Lemma [3.3.1] are satisfied for a fized subgraph A € § with
exactly two vertices u,w and let I' be the Coxeter graph obtained from I' collapsing
A to a single verter v as described in Lemma |3.5. 1] [3.5.1], then the kernel of the map
Ya: A(D) — A(T) is free.

IFor the definition of the graph products of groups see [10].
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Proof. We proceed by induction on the number & of vertices of © :=T"\ A that are
not connected to all vertices of A.

If k =0, then each generator of A(A) commutes with each generator of A(©), this
means that A(T') = A(A) x A(©) and the map 1, factors as

Pp = xa X Idge): AA) x A(©) = Z x A(O),

therefore Ker(¢y) = Ker(xa) x Ker(Id 4e)) ~ Ker(xa) which is free by Corollary
B.2.4

Now let k > 1 and suppose the statement true for k& — 1. There exists at least one
vertex v of © not linked to at least a vertex u of A and we proceed as follows: let
I'; be the full subgraph spanned inside I" by the set of vertices V(I') \ {u } and let
I’y be the full subgraph spanned inside I' by the set of vertices V/(I") \ {v }. Set
A =T;NTy, since I' = 'y UT, then A(I") = A(T'y) * 4a) A(l'2). Consider the Serre
tree ¥ (described in Proposition associated to this decomposition of A(I")
as a free product with amalgamation. Since I'y can be embedded in I' sending the
other vertex w of A to v and each other vertex to its own copy, the restriction of
¥ to the subgroup A(T'y) of A(T") is injective; therefore Ker(y,) N A(Ty) = {1}
and since a kernel is a normal subgroup we have

Ker() NA(I)? ={1}, Vg e A(T). (3.7)
Since A(A) is a subgroup of A(I'y) we also have
Ker(¢) NA(A)? = {1}, Vg € A(T). (3.8)

Recalling the action by left multiplication of A(I") on its Serre tree 3, Equations ({3.7))
and amount to say that under the induced action of Ker(t,) the stabilisers of
the edges and the stabilisers of the vertices represented by the left cosets AT)/4(ry)
are trivial. In the language of the Bass-Serre theorem this means that the graph of
groups associated to the action of K = Ker(1,) on ¥ has trivial edge groups K,
for all e € F(K \ ) and trivial vertex groups K, for all v € { O, | x € AD)/ar)) }
(where O, denotes the orbit of a coset x under the action of K). In particular, the
first relation in Equation becomes trivial, so that

Ker(¢) ~ (Stab(0,) (z € AD)/awy)), t. (e € EV(K\X)\ E(T)) | 0), (3.9)

where T is a maximal subtree of the quotint graph K \\ ¥ (see Lemma and
ET(K \\ X) the choice of an orientation for K \\ X. Since I's contains A and I'y \ A
has exactly k — 1 vertices not linked to all vertices of A, the inductive hypothesis
ensures that Ker (¢5|ar,)) is free and

Stab(v) = Ker(1y) N A(T2) = Ker (¥alars)) » Vo € AD)/Ar,)
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is free as well since they are subgroups of a free group. Therefore Equation (3.9)
implies that K = Ker(¢y) is free since it decomposes as a free product of free
groups. This proves the claim. |

Theorem 3.3.5. Let § be a finite family of Coxeter graphs, each of them having at
most two vertices. Let Jz be any set satisfying the conditions described in Definition
with respect to the family § and let T' == jny(§, Jz), then the associated Artin
group A(T") is strongly poly-free.

Proof. We proceed by induction on the number n of vertices of T'.

The case n =0 (i.e., § = 0) is degenerate with A(T") = {1} and the statement is
trivial. If n = 1, then T" is made of just a vertex, A(I') ~ Z and the statement
follows immediately.

Now let n > 2. If I' is not connected, then it is the disjoint union of its connected
components I'y,... Iy (d > 2), each of them having strictly less vertices than I'.
Lemma and the inductive hypothesis imply that A(I') = A(I';) * ... % A(T'y)
is strongly poly-free. Therefore, to prove the statement for n > 2, we can suppose
that I' is connected. If § contains graphs with two vertices, then call A one of such
graphs, otherwise let A be the subgraph spanned by any connected pair of vertices
in [ The hypotheses we made on the structure of I' ensure that the surjective map
Ya: A(T) — A(D) described in Lemma is a well-defined homomorphism of
groups. Since |V(I')| = n— 1 the inductive hypothesis tells us that A(L") is strongly
poly-free and by Proposition the map 15 has free kernel. Lemma [1.3.5] allows
to conclude that A(T") is strongly poly-free. [ |
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Conclusion

In Chapter [2| we have been able to determine which irreducible Artin groups of
finite type are poly-free and which are not (with the only exception of F,; which
remains unknown at the moment) and to build explicit poly-fg-free series for each
of them. Namely, we have proven that the only poly-free irreducible Artin groups
of finite type are Zy(m) (m > 3), As, Bs, By, and Dy. However, to achieve this
result we had to rely on very specific constructions and facts which are extremely
(if not completely) unlikely to be generalised to other families of Artin groups. Still,
if compared to the work of Hermiller and Sunié¢ [11] (2007) who proved that all
right angled] Artin groups are poly-free, it is interesting that the only irreducible
finite type Artin groups which are poly-free are those built from the smallest graphs
in this family. This also gives a wide set of obstructions against poly-freeness of
a generic Artin group built on a Coxeter graph I': subgroups of poly-free groups
are poly-free and since the Artin groups built on full subgraphs of I' injects as
subgroups inside A(I"), if A(I") is poly-free then I" cannot contain any full subgraph
isomorphic to those of finite type that are not poly-free.

In Chapter [3], instead, we considered the case when I is a tree and leveraged
the Reidemeister-Schreier rewriting procedure to obtain the explicit presentation
of a suitable normal subgroup of A(I") and deduce that such subgroup is free. This
allowed us to conclude that all Artin groups build on Coxeter trees are strongly
poly-fg-free and we have also been able to compute the rank of each factor. However,
in order to successfully apply this technique the hypothesis of I being a tree has
revealed to be essential. For this reason in the last part of the chapter we changed
approach and gave some partial results about poly-freeness of Artin groups built
on graphs that can be “more connected” than a tree or a forest. Despite the
hypotheses of Theorem [3.3.5 are still a bit restrictive, we think that a refinement
of that kind of approach employing Bass-Serre theory could lead to more general

LAn Artin group of type I is right angled if all the edges of T" are labelled with ‘2’.
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results.
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