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Introduction 
 

Over the past twenty years, microfluidic techniques and lab-on-chip (LoC) devices 

have raised a significant interest in the scientific community and opened new scenarios in 

many different research fields. This success is due to the inherent advantages of LoC 

systems over conventional technologies and to their ability to handle a significantly small 

sample volume. Moreover, the great advances occurred in the fields of micromachining 

and microfabrication technologies currently allow integrating multiple functionalities 

within a single chip, thanks to the inclusion of different sensors and actuation mechanisms, 

such as those based on dielectrophoresis, optical, acoustic and magnetic forces. 

Microfluidics successfully permeated into many different research areas, with particular 

attention being paid to the development of LoC devices for biological and chemical 

applications. The capability of working with reduced reagent volumes and parallel 

operations in the same microfluidic platform opened new perspectives in the field of 

analytical chemistry. Regarding biophysics and biology, the inherent micro-size 

characteristic of these devices offers a natural environment to detect, manipulate and even 

analyze biological samples at single cell level. Another scientific field which has strongly 

benefited from the advantages offered by microfluidics is rheology. The study of the 

rheological properties is of essential importance in different fields, ranging from industrial 

products development to basic research. Assessing the different responses of a material to 

an external perturbation (viscosity, elasticity, yield stress…) is particularly important not 

only to fine tune the material response to external conditions, but even to provide a 

significant insight about its structure, properties and microscale structural organization. 

The viscoelastic properties of a material can be measured by means of high-precision 

conventional devices called rheometers, for which a sample consumption of few mL is 

required. Nevertheless, during the last decades, an increasing interest has been shown to 

materials requiring to fully characterize very small sample quantities due to reasons such 

as low availability of precious and biological samples, thus pushing for the development of 

new techniques able to analyze sub-L sample volumes with high reliability. This kind of 

analysis, commonly identified as microrheology, is attracting a significant attention in the 

fields of bio-based and bio-inspired materials study. The typical approach employed in 

microrheology is to exploit micrometer-sized or nanometer-sized beads dispersed in the 

material under test, which act as tracers. By monitoring the movement of the tracers, 

simply due to Brownian motion (passive microrheology) or as a result of an externally 

applied perturbation (active microrheology), it is possible to determine the viscoelastic 

properties of the sample under study. In addition to the low sample consumption, another 

peculiar advantage of microrheology is the capability of investigating heterogeneous 
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samples as the experiments are carried out with a local probe in a limited region. 

Microrheology commonly relies on atomic force microscopy, optical or magnetic forces for 

trapping and manipulating the position of the tracers in the sample under test. Regarding 

the use of optical forces, microscope-based single-beam optical tweezers have been largely 

used for materials rheological study and represent nowadays the most common 

microrheological technique, mainly due to their versatility and relatively easy 

implementation. Optical tweezers have been largely adopted both in passive and active 

microrheological measurements on a wide range of materials. The use of optical tweezers 

is getting more and more important even for in vivo measurements in cells and biological 

samples. Despite all the recent great advances, there are still some main issues which 

deserve to be addressed in order to further increase the potentiality and the applications 

of microrheology. First of all, optical tweezers allow applying forces in a restricted range, 

which is not large enough for investigating all the situations of interest for microrheology. 

Specifically, the study of the nonlinear response of complex media and of particular classes 

of viscoelastic materials (e.g. yield stress fluids) requires the application of high forces, 

which cannot be achieved with conventional single-beam optical tweezers. Moreover, 

microrheological measurements performed by means of single-beam optical tweezers 

require a careful alignment of the optical components and lack the integration of the 

optical and microfluidic part (i.e. the sample chamber filled with the medium to be 

measured). 

In this thesis a fully integrated approach to microrheology exploiting a microfluidic 

chip and dual beam optical tweezers is proposed. Such an approach is really beneficial in 

terms of different aspects such as a good calibration and measurement repeatability and 

stability since no alignment procedure is required. The integrated system here proposed 

and investigated allows carrying out active microrheological measurements with the 

application of higher forces when compared to single-beam optical tweezers. The high-

level of integration ensures all the advantages of microrheology such as a reduced sample 

consumption and allows obtaining a stable optical trapping in a large set of conditions. 

Moreover, the microfluidic approach opens the way to the integration of different types of 

actuation mechanisms, such as those based on acoustic forces, which have been exploited 

in the here presented system to easily trap the tracers dispersed in the fluid under test. All 

these features make the proposed optofluidic microrheometer particularly well suited for 

studying the linear and nonlinear properties of complex materials. The objective of this 

thesis work was therefore the realization of an integrated microrheometer, able to 

measure a wide range of materials (from water and soft gels to stiffer materials), in 

different rheological regimes (linear and nonlinear) and by accessing a wide range of optical 

forces, frequencies and temperatures with all the advantages associated to an integrated 

approach. 
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In particular, the thesis is organized as follows: 

1. Chapter 1 will initially give a general overview of microfluidics and LoC devices, 

with a particular emphasis on the advantages associated with working in a 

microfluidic environment. The research field of optofluidics, resulting from the 

combination of optics and microfluidics, will be then described and a theoretical 

model for a numerical calculation of optical forces will be presented. The second 

part of the chapter will instead focus on acoustofluidics which, similarly to 

optofluidics, combines ultrasonic acoustic waves with the several advantages 

offered by microfluidics. The femtosecond laser micromachining technology, 

which was employed for the fabrication of the optofluidic chip used for the 

rheological measurements, will be briefly described at the end of the chapter. 

2. Chapter 2 will be dedicated to the presentation of the fundamentals of rheology, 

starting from the description of the rheological properties of simple elastic solids 

and viscous fluids. The chapter will continue with the discussion of viscoelastic 

materials, as well as the main rheological tests commonly performed to measure 

their properties. The chapter will end with a comparison between macroscopic 

and microscopic rheological techniques. 

3. Chapter 3 will focus on the development of an integrated optofluidic 

microrheometer for optical shooting microrheology. The optical shooting 

experiments consist in exerting a step optical force on a microbead which will 

move in the surrounding medium stressing it. As previously stated, by monitoring 

the movement of the tracer it is possible to infer the rheological properties of the 

surrounding medium. The design and fabrication of the optofluidic chip will be 

initially presented, together with the experimental setup and the measurement 

procedure. After the discussion of the microrheometer calibration and validation, 

the measurements performed on a DNA hydrogel will be reported. The final part 

of the chapter will be dedicated to the results obtained performing optical 

shooting-based creep tests on yield stress fluids. 

4. Chapter 4 will be centered on the realization of an integrated microrheometer for 

oscillatory microrheology. Differently from the optical shooting technique, in this 

configuration a microbead is sinusoidally oscillated at a certain frequency and at 

a certain stress level. This allows deriving the frequency-dependent viscoelastic 

properties of the surrounding medium. As it will be shown, the device is realized 

by connecting in cascade a Mach-Zehnder thermo-optical modulator and the 

integrated optofluidic chip. After the description of the working principle, the 

measurement protocol will be illustrated, as well as the microrheometer 

validation performed by measuring well-known aqueous worm-like micellar 

solutions. 
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5. Chapter 5 will finally focus on a theoretical study of the separation efficiency 

achievable in acoustofluidic systems, a minor project on which I have worked on 

during my PhD activity. An overview of acoustofluidic separation of 

microbeads/cells and of the main equations governing the motion of particles 

subjected to an acoustic field will be initially given. The chapter will then be 

dedicated to the investigation of the impact of different parameters on the 

achievable acoustic separation, dividing them in intrinsic and extrinsic factors, i.e. 

factors related to the samples’ properties and to the system design and 

operation, respectively. 

The work reported in this thesis has been carried out in the Integrated Photonics 

Lab (at the Department of Electrical, Computer and Biomedical Engineering of the 

University of Pavia), under the supervision of Prof. Paolo Minzioni. Moreover, during my 

PhD course I also worked for six months as a visiting PhD student in the Nonlinear Photonics 

group (at the Institute of Applied Physics of the University of Münster) headed by Prof. 

Cornelia Denz. I have been involved into an ongoing project focused on the measurement 

of viscoelastic properties of biological samples (such as cells and living tissues) by means of 

single-beam optical tweezers. The study of the rheological properties of biological 

specimens such as cells is particularly interesting due to the strong connection between 

these properties and the cellular health status. However, as the results of this study are still 

preliminary and need further in-depth analysis, they have not been included in this thesis. 
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1. Microfluidics and lab-on-chip technology 
 

During the last decades, microfluidics and lab-on-chip technology have attracted 

the attention of the scientific community and the interest of companies to invest in these 

promising platforms. The interest in lab-on-chip technology arises from the possibility of 

integrating in a single small device a lot of functionalities. Different scientific fields 

significantly benefited from this technological development, as for example biology [1], 

medicine [2], chemistry [3] and rheology [4–6]. 

This chapter will firstly give a brief introduction to the field of microfluids and the 

possibilities offered by this technology. The largest part of the chapter will be then 

dedicated to the research field of optofluidics and acoustofluidics, which developed from 

the combination of microfluids with optical and acoustic actuators, respectively. The 

presentation of these theoretical concepts collected from the scientific literature is 

necessary for a complete understanding of this thesis. 

 

1.1 Why microfluidics? 
According to a diffused definition, microfluidics has been described as the science 

and technology of systems that study and manipulate small amounts of fluids (10-9 to 10-18 

L) using channels with typical dimensions of tens to hundreds of micrometers [7]. 

Microfluidics represents the perfect platform for the integration of different functionalities 

toward the creation of the so-called lab-on-chip (LoC) devices, i.e. integrated systems in 

which it is possible to perform one or more highly-specialized laboratory functions handling 

a small fluid volume [8–10]. The extremely reduced sample volume required by LoC devices 

opened the way to the study of “precious” samples that are available only in very small 

quantities for different reasons such as production cost and lack of sample consistency. The 

ability to create micrometer-scale structures triggered a wide range of scientific researches 

devoted to the study, transport and manipulation of biological and complex samples in a 

fast, accurate and efficient way. The development of microfluids and LoC technology has 

been particularly evident in scientific areas like chemistry and biology. The possibility of 

working with reduced reagent volumes, parallel operations, and shorter reaction times 

opened new scenarios in the field of analytical chemistry [3,11]. Several emerging 

applications are becoming more and more important even in biophysics [12,13] and 

biology [1,14]. For example, LoC devices based on manipulation of living cells by means of 

optical forces allow studying the mechanical properties of single cells and their relation to 

cell differentiation, aging and malignant transformation [15–17]. Microfluidic technology is 

getting more and more interest even in other scientific areas such as medicine, 
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pharmaceutics, physical sciences, printing technology and rheology, just to name a few. 

Another advantage offered by microfluidics is the possibility to bring these small devices 

from one laboratory to another in order to easily build up a new setup. 

A last characteristic feature to be mentioned of microfluidics, which is related again 

to the devices’ small scales, is that the physical effects that take place in a microfluidic 

channel are different from what commonly happens in a “macro”-domain. In particular, 

the most evident physical phenomena in microfluidic systems is the laminar flow, which 

differs from the turbulent flow usually observed in everyday life. In a laminar flow regime 

all the fluid elements remain parallel to each other during the flow inside a closed space 

and do not mix during the propagation. The opposite situation is represented by the 

turbulent flow in which fluids vortex and mixing can happen. Figure 1.1 shows a graphical 

representation of the two different flowing regimes. 

 

Figure 1.1: Comparison of different flow behaviors for laminar (top) and turbulent (bottom) flow 

regimes. 

 

A dimensionless parameter usually employed in fluid dynamics to characterize the 

fluid behavior is the so-called Reynolds number 𝑅𝑒, which is defined as: 

 

 

𝑅𝑒 =
𝑖𝑛𝑒𝑟𝑡𝑖𝑎𝑙 𝑓𝑜𝑟𝑐𝑒𝑠

𝑣𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒𝑠
=

𝜌𝑣𝐿

𝜂
 

 

(1.1) 

where 𝜌 is the fluid density, 𝑣 is the fluid velocity inside the channel, 𝜂 is the fluid dynamic 

viscosity and 𝐿 is the characteristic length scale of flow (e.g. the microchannel diameter in 
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case of flow in a pipe). The reference value of 𝑅𝑒 = 3000 is generally considered as the 

boundary value between turbulent flow (𝑅𝑒 > 4000) and laminar flow (𝑅𝑒 < 2000) [18]. 

In a microfluidic environment the 𝑅𝑒 number usually assumes very small values in the 

range 1-100 due to the significantly small length scale of the systems (𝐿). This implies that 

the laminar flow is usually the dominant regime in microfluidic channels. 

In conclusion, a possible reply to the question “why microfluidics?” can be given by 

reporting all the inherent advantages associated to this technology such as integration, 

miniaturization, parallelization, portability, low fabrication cost, low sample consumption, 

laminar flow-related advantages, rapid and high-throughput analysis. 

 

1.2 Optofluidics 
Optofluidics is the research field where optics and microfluidics merge to create LoC 

devices for different applications such as imaging [19] and sensing [20]. This research area 

is relatively new as suggested by the fact that the first appearance of the “optofluidics” 

word on Web of Science database dates back to 2005 [18]. However, the interest in this 

field is growing very fast as confirmed by the large number of papers published and 

citations given to optofluidic research. Optofluidic applications include LoC devices for 

diagnostic and sensing [21–24], holographic on-chip microscopy and tomography [25,26], 

live cell imaging [27,28], optofluidic tunable microlenses [29,30], single-cell protein [31,32] 

and DNA analysis [33,34], rheology [35], immunoassays [36,37] and applications in the 

energy research field [38,39]. 

In this section the basic theory of optical forces and a theoretical model for optical 

force calculation will be presented as these concepts are necessary in order to have a 

complete understanding of this thesis. 

 

1.2.1 Optical forces 

The optical force is literally the force which is exerted by light on an object. Optical 

forces have been, and are, extensively used in biology and physical sciences. The main 

reason for their successful application in these scientific areas is the possibility of 

employing optical forces for trapping and manipulating micro-beads and cells in a contact-

less, gentle and bio-friendly way [40]. A tremendous contribution to the study and 

application of optical forces for optical trapping and micro-manipulation was given by the 

pioneering works conducted by Arthur Ashkin [41–46]. Ashkin was awarded half of the 

2018 Nobel Prize in Physics “for the optical tweezers and their application to biological 

systems”. He demonstrated the possibility of using a highly focused laser beam to trap and 
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move micro-particles and cells thus opening the way to different research studies as it is 

testified by the large number of “optical tweezers labs” around the world. 

In order to give a physical description of the optical force we can consider light as 

composed by a stream of elementary particles called photons. Each photon carries a certain 

energy 𝐸 given by: 

 

 

𝐸 = ℎ𝑓 

 

(1.2) 

where ℎ = 6.626 ∙ 10−34𝐽 ∙ 𝑠 is the Planck’s constant and 𝑓 is the photon’s frequency. 

Moreover, each photon carries a certain momentum 𝑝, whose magnitude equals to: 

 

 

𝑝 =
𝐸

𝑐
=

ℎ𝑓𝑛

𝑐0
 

 

(1.3) 

where 𝑐0 is the light speed in vacuum, 𝑛 is the refractive index of the medium where the 

photon is travelling and 𝑐 is the light speed in that medium. 

An intuitive description of the optical force exerted by light is the following. Let 

consider a light beam travelling through the interface separating two different media. The 

light beam will experience reflection and refraction due to the different refractive indices 

of the two media. These phenomena will change the momentum of the photons in terms 

of both direction and amplitude. As the total momentum of the system must be conserved, 

some momentum is transferred from the photons to the interface and hence, by Newton’s 

second law, the interface will be subjected to a force. 

For a better understanding, let consider the illustration and calculations reported in 

the example proposed by Guck et al. [15], which can be seen in Figure 1.2. A light beam is 

propagating in a medium with refractive index 𝑛1 and then it encounters a cube of optically 

denser dielectric material with a larger refractive index 𝑛2. By considering the momentum 

conservation, the light beam entering the dielectric medium increases its momentum and 

hence the interface gets a momentum in the opposite (backward) direction. When instead 

the light beam leaves the dielectric object exiting the other surface, it loses momentum 

while the cube surface gets momentum in the direction of the light propagation (forward). 

The light reflected on both surfaces results in a momentum transfer to both surfaces in the 

direction of the light propagation. In the considered example, this contribution to the 

surface forces is smaller than the contribution deriving from the increase of the light’s 

momentum inside the cube. The reason can be found in the small reflection coefficient 

being the refractive indices difference low in this specific case. Assuming as in the example 

an incoming beam with an optical power of 800 mW, 𝑛1 = 1.33 and 𝑛2 = 1.37, the two 
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forces acting on the cube surfaces are opposite in direction and have magnitudes equal to 

105 pN (in the backward direction) and 108 pN (in the forward direction). Considering 

separately the two forces acting on the cube surfaces, they tend to stretch the object. 

However, the asymmetry between the surface forces results in a net force that acts on the 

cube center in the direction of the light propagation. It should be pointed out that in this 

case the forces acting on the cube surfaces are significantly larger than the net force acting 

on the cube center. 

 

Figure 1.2: Illustration of the optical forces acting on a dielectric cube due to an incoming light 

beam [15]. (A) Schematic representation of a single light beam undergoing to reflection and 

refraction due to the interaction with a dielectric box and consequently partially transfer of its 

momentum. (B) Considering an incoming light beam with an optical power of 800 mW, the 

refractive indices of the surrounding medium and of the cube being equal to 1.33 and 1.37, 

respectively, it is possible to calculate the optical forces acting on the two cube surfaces. (C) Due 

to an asymmetry of the optical forces acting on the two surfaces, a resulting net force acting on 

the box center is responsible of its movement along the light propagation direction. 

 

1.2.2 Theoretical model for optical force calculation 

The calculation of the optical force exerted by a laser beam on an object obviously 

depends on a lot of parameters such as the spatial intensity distribution of the beam, the 

target object geometry and its dimensions with respect to the light wavelength. In the 

specific case for this work, a theoretical model for the optical force calculation will be 

employed for non-focused Gaussian laser beams imping on dielectric particles (which can 

be modelled as spheres) which are significantly larger than the laser wavelength. In this 

situation a paraxial ray-optics (PRO) approach can be used for the optical force calculation, 

which gives reliable results even in the case of a laser beam interacting with a dielectric 

particle within the beam Rayleigh range [47]. As previously described, when a light ray 

interacts with a particle, it modifies its momentum due to the reflection and refraction 

phenomena at the microsphere interface. This results in a momentum transfer from the 

light ray to the microsphere and hence the microsphere will be subjected to a force. In 

order to calculate the optical force exerted by a non-focused Gaussian laser beam on a 

microsphere in the PRO approximation, the first step is represented by an accurate 

decomposition of the light beam into a distribution of optical rays. Each ray will be 
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associated with a proper position in space, propagation direction and will carry a certain 

optical power. Once the optical field distribution is known in each spatial coordinate, it is 

possible to evaluate the optical force acting on the microsphere by summing all the 

contributions given by each ray. 

The first step, i.e. the decomposition of a non-focused Gaussian laser beam into 

optical rays, is shown as a sketch in Figure 1.3. The ray-optics decomposition can be 

obtained by considering the far field (FF) distribution, which can be calculated through an 

angular spectrum decomposition technique [48] starting from the knowledge of the near 

field (NF) distribution. Once the FF distribution is calculated, the propagation direction of 

each ray, which is perpendicular to the wavefronts, can be determined through the spatial 

phase gradient while the rays’ power can be assessed considering the FF amplitude. In 

particular, the power associated to each ray which intercepts the 𝑧 coordinate at a distance 

𝜌0 from the beam axis can be determined as the result of the integral of the FF intensity as 

a function of the radial coordinate 𝜌, in the region of the annulus determined by 𝛥𝜌, as 

schematically sketched in Figure 1.3 a). Specifically, by adopting the PRO approximation, 

the optical field of a non-focused Gaussian laser beam can be described according to the 

following analytical expressions [49]. Considering the optical beam having a minimum waist 

𝑤0 at a position 𝑧 = 0, it is possible to calculate the electric-field amplitude (𝐴) and the 

radius of curvature (𝑅) of the wavefronts as: 

 

 

𝐴(𝜌, 𝑧) = 𝐴0

𝑤0

𝑤𝑧
𝑒𝑥𝑝 (−

𝜌2

𝑤𝑧
2

) 

 

(1.4) 

 
𝑅(𝑧) = 𝑧 +

𝑧𝑅
2

𝑧
 

 

(1.5) 

 

where 𝐴0 is the electric-field amplitude at the position 𝑧 = 0, 𝑧𝑅 is the Rayleigh range and 

𝑤𝑧 is the beam width as a function of the propagation direction 𝑧, which are given by the 

following expressions: 

 

 

𝑧𝑅 =
𝜋𝑤0

2𝑛

𝜆
 

 

(1.6) 

 
𝑤𝑧 = 𝑤0√1 + (

𝑧

𝑧𝑅
)

2

 

 

(1.7) 
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By considering the previous equations it is possible to calculate a proper beam 

decomposition into a countless number of optical rays according to the PRO 

approximation. The amplitude 𝐴(𝜌, 𝑧) can be used to determine the optical power 

associated to each ray, while the radius of curvature 𝑅(𝑧) can be employed to assess the 

propagation direction, which is perpendicular to the wavefronts [50]. This step allows 

determining the optical field distribution for a non-focused Gaussian laser beam as a 

function of the space coordinates. Figure 1.3 reports a graphical representation of the 

electric-field amplitude and radius of curvature as a function of 𝜌 and 𝑧. 

 

Figure 1.3: Scheme of the method used to calculate the optical field distribution in the PRO 

approximation [49]. a) The power associated to each optical ray is calculated as the integral of the 

intensity of the beam, as a function of 𝜌 in the area of the annulus determined by 𝛥𝜌. At each 

position along the 𝑧 axis the b) electric-field amplitude and c) the radius of curvature of the 

Gaussian beam are calculated. These quantities are respectively used to calculate the power and 

the propagation direction associated to each ray. 

 

Once the spatial distribution of optical rays corresponding to the Gaussian beam is 

determined, the optical force exerted on the microsphere can be calculated as the sum of 

all the force contributions given by each ray. Figure 1.4 shows the interaction of a single 

ray from a Gaussian beam with a microsphere [49]. Each optical ray undergoes multiple 

reflections and refractions each time it interacts with the microsphere boundary. For each 

phenomena an optical force is induced on the microsphere surface. If the microsphere has 

a larger refractive index with respect to the surrounding medium, it can be shown that each 

force contribution is perpendicular to the microsphere surface and points away from the 

microsphere center. 
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Figure 1.4: Illustration of a single ray interaction with a microsphere having an higher refractive 

index with respect to the surrounding medium [49]. a) A single ray hitting a microsphere; the 

plane of incidence is indicated by gray color. b) The optical ray undergoes to different reflections 

(green arrows) and refractions (violet arrows) and an optical force (black arrows) is generated on 

the microsphere surface each time the optical ray interacts with the microsphere boundary. 

 

By summing all the contributions given by the ray-microsphere boundary 

interactions the final result is a net force acting on the center of the sphere which can be 

divided into a scattering component (𝐹𝑆) and a gradient component (𝐹𝐺), given by the 

following equations [42]: 

 

 

𝐹𝑆 =
𝑛𝑀𝑃

𝑐
{[1 + 𝑅𝑐𝑜𝑠(2𝜃)] − 𝑇2

𝑐𝑜𝑠(2𝜃 − 2𝛾) + 𝑅𝑐𝑜𝑠(2𝜃)

1 + 𝑅2 + 2𝑅𝑐𝑜𝑠(2𝛾)
} 

 

(1.8) 

 
𝐹𝐺 =

𝑛𝑀𝑃

𝑐
{[1 + 𝑅𝑠𝑖𝑛(2𝜃)] − 𝑇2

𝑠𝑖𝑛(2𝜃 − 2𝛾) + 𝑅𝑠𝑖𝑛(2𝜃)

1 + 𝑅2 + 2𝑅𝑐𝑜𝑠(2𝛾)
} 

 

(1.9) 

 

where 𝑛𝑚 is the refractive index of the surrounding medium, 𝑃 is the power of the optical 

ray, 𝑐 is the light speed in vacuum, 𝑅 and 𝑇 are respectively the Fresnel reflection and 

refraction coefficients at the microsphere interface, given a certain incidence angle 𝜃, and 

𝛾 is the angle of refraction, as shown in Figure 1.4. As it can be seen from the figure, the 

scattering force 𝐹𝑆 is directed along the beam axis and tends to push away the microsphere, 

while the gradient force 𝐹𝐺  is directed perpendicularly with respect to the optical axis and 

tends to pull the microsphere toward the beam axis in the region of the maximum optical 

intensity. 

Finally, the optical force acting on the microsphere can be obtained by summing all 

the force contributions given by the single optical rays. Figure 1.5 reports the numerical 

calculations of the scattering and gradient forces exerted on a PMMA microbead (𝑛 = 1.48 

at 1070 nm) with a radius equal to 5 μm immersed in water (𝑛 = 1.33 at 1070 nm). A non-
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focused Gaussian laser beam has been considered for the calculation, having a wavelength 

of 1070 nm, a minimum beam waist of 3.8 μm at 𝑧 = 0 and a power of 10 mW. The 

scattering force, which is shown in Figure 1.5 a), is calculated considering the microbead 

positioned in the beam center (𝜌 = 0) so as to keep the gradient force constant and equal 

to zero. Similarly, the gradient force, shown in Figure 1.5 b), is computed considering the 

microbead positioned at a fixed 𝑧 position (𝑧 = 0). 

 

Figure 1.5: Optical force acting on a PMMA microbead with a radius of 5 μm suspended in water. 

A non-focused Gaussian laser beam has been considered for the numerical calculations, with a 

wavelength of 1070 nm, a minimum beam waist of 3.8 μm at 𝑧 = 0 and a power of 10 mW. a) The 

scattering force is calculated as a function of the propagation direction 𝑧 considering the 

microbead positioned in the beam center (𝜌 = 0). b) The gradient force is calculated as a function 

of the 𝜌 coordinate at a fixed 𝑧 position (𝑧 = 0). 

 

Some observations can be made observing the shapes of the two forces. The 

scattering force is initially increasing, it reaches a maximum and then starts to decrease as 

a function of the 𝑧 coordinate. In order to explain the origin of this maximum, it must be 

pointed out that the optical force exerted on the microbead mainly depends on two 

factors: the optical power 𝑃 impinging on the microbead and the incidence angle 𝜃 formed 

between the ray and the normal to the particle surface. In particular, the force is an 

increasing function of 𝑃 and of 𝜃, as demonstrated in [42]. In the here-considered case, the 

optical power impinging on the microbead is a decreasing function of 𝑧 due to the beam 

divergence. Conversely, the angle of incidence 𝜃 formed by the optical rays with respect to 

the normal to the particle surface is small for small values of 𝑧 (i.e. closer to the origin), 

while it increases when 𝑧 becomes larger. This results in an initial increase of the scattering 

force due to the increase of 𝜃, while after reaching a maximum the force starts decreasing 



14 
 

because the force behavior starts to be dominated by the decrease of the incident optical 

power. Observing the profile of the gradient force it can be seen how this force tends to 

attract the microbead along the beam axis, where the gradient force goes to zero, creating 

an optical trap along the 𝜌 direction. Another point that can be noticed by comparing the 

two forces is that the gradient force is acting on a smaller distance scale with respect to the 

scattering force. 

The forces exerted on a microsphere in a multiple beam configuration can be 

numerically simulated by properly adding more laser sources and summing their 

contributions to find the overall optical force distribution on the microbead. An interesting 

configuration that is proposed in this thesis for rheological measurements is a dual beam 

laser trap consisting in two counterpropagating laser beams which can be exploited to trap 

and manipulate a single microbead. A graphical representation of this optical trapping 

system is shown in Figure 1.6. 

 

Figure 1.6: Schematic representation of the dual beam laser trap. a) A microbead is subjected to 

the optical forces exerted by two counterpropagating laser beams. The gradient forces tend to 

pull the microbead along the optical axis. b) Assuming that the optical beams have the same 

power, the microbead will be trapped at the channel center where the two scattering forces have 

the same magnitude. 

 

Let assume to have two optical waveguides emitting two optical beams with the 

same characteristics (laser wavelength, beam waist, optical power), which interact with a 

microbead having a refractive index higher than that of the surrounding medium (e.g. a 

PMMA microbead dispersed in a microfluidic channel filled with water). The microbead will 

be pulled toward the common beam axis (𝜌 = 0) due to the gradient forces. Once the bead 
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reaches the optical axis, the gradient forces will go to zero and only the scattering forces 

will be responsible of the microbead movement. Assuming that the two optical beams have 

the same power, the microbead will reach a stable trapping position in the microchannel 

center at the same distance from the two optical sources, where the scattering forces have 

the same magnitude and opposite direction. This configuration, together with numerical 

calculations of optical force profiles, will be discussed in more detail in Chapter 3. 

 

1.3 Acoustofluidics 
Similarly to optofluidics, on-chip acoustofluidics combines the use of ultrasonic 

acoustic waves with the advantages offered by microfluidic platforms. This scientific field 

is acquiring a significant research interest as it is testified by the several review 

papers [51,52], tutorials [53] and books [54] that have been recently dedicated to it. 

Acoustofluidics permeated into many different research studies and already found a lot of 

applications related to micro-particles and cells sorting [55], focusing [56], separation [57–

59], mixing [60] and arraying [61–63] to micro-droplets production [64] and 

manipulation [65,66]. Further applications of acoustofluidics will be presented in more 

detail in Section 5.1. As for optical forces, the great potentiality offered by acoustic forces 

relies in the possibility of manipulating micro-particles and cells in contact-less and bio-

friendly way. 

Following the same line of the previous paragraph, the first part of this section will 

be dedicated to a short description of the acoustic forces, only for the theoretical points of 

interest for this thesis. In particular, the acoustic radiation force acting on microbeads 

suspended in a fluid will be described, as this is the typical situation encountered in 

acoustofluidics and the one treated in this thesis. 

 

1.3.1 Acoustic resonance in microfluidic devices 

Acoustic forces can be employed in a microfluidic environment to trap and 

manipulate microbeads and cells. The movement of micro-objects induced by acoustic 

forces is called acoustophoresis. Acoustic forces result from the interaction of sound waves 

with the suspended objects and the surrounding medium. A peculiar advantage offered by 

acoustofluidics is the possibility of imposing standing ultrasonic waves in a microfluidic 

channel. The operation of acoustofluidic devices in this resonance mode has the advantage 

of being stable and highly reproducible, as the standing acoustic wave properties are 

related to the geometry of the device. This implementation opened the way to the 

realization of high-throughput, label-free devices for separation of different cell 

populations. In particular, the formation of an ultrasonic standing wave in a microfluidic 
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channel gives rise to two distinct contributions to the acoustic forces: the acoustic radiation 

force, from the scattering of sound waves by the particles, and the Stokes drag force, from 

the induced acoustic streaming flow [67]. The acoustic radiation force is commonly 

employed for acoustic pre-focusing and sorting of microbeads and cells. The second force 

contribution arises from the streaming flow effects produced in the fluid by the acoustic 

field. This induced streaming flow can result in a Stokes drag force acting on the microbead. 

In a microfluidic device one force contribution can be dominant over the other one and the 

crossover from one acoustic behavior to the other depends on different parameters such 

as the microchannel dimension, the fluid viscosity and density, the microbead radius and 

compressibility [67]. As the experimental conditions presented in this thesis always allow 

considering the acoustic radiation force dominant over the acoustic streaming induced 

drag force, the latter will not be theoretically treated in this section. 

In order to manipulate micro-particles in a microfluidic channel thanks to the use of 

acoustic forces, the ultrasound actuation is typically performed by applying bulk [56] or 

surface acoustic waves [51]. These waves can be produced by imposing a sinusoidal voltage 

to an externally mounted piezoceramic in contact with the microfluidic chip [56] or to 

interdigitated metal electrodes deposited on a piezoelectric substrate [68], respectively. 

Ultrasonic waves in the low MHz range are usually employed for microfluidic applications 

cause these frequencies allow easily obtaining an acoustic standing wave in the microfluidic 

channel, as it will be explained in this section. 

The governing equations for the acoustic field and its effect on microparticles 

suspended in a fluid are well-known and have been extensively reported in the scientific 

literature [53,69]. Considering the situation of interest for this thesis, we can assume to 

have a suspension of dielectric microbeads dispersed in a fluid (e.g. water) in a microfluidic 

channel realized in a glass chip. An external piezoceramic is positioned well in contact under 

the glass chip. When a sinusoidal AC voltage at MHz frequency is applied to the electrodes 

of the piezoceramic, it starts to vibrate and induces a time-harmonic ultrasound pressure 

field 𝑝1exp (−𝑖𝜔𝑡), where 𝜔 = 2𝜋𝑓 is the angular frequency and 𝑓 is the frequency. For 

the sake of simplicity, the time-harmonic factor is implicitly assumed and only the pressure 

field amplitude 𝑝1 will be reported. The same consideration applies for the velocity field 𝒗1 

of the carrier fluid. Before the application of the external ultrasound field, the microbeads 

suspension and the fluid inside the microfluidic channel are in a quiescent state at a 

constant uniform pressure 𝑝0 and at a velocity 𝒗0 = 0. The viscosity of the fluid in the 

microchannel has a negligible influence on the acoustic radiation forces and therefore, 

when the external ultrasound field is applied by actuating the piezoceramic, the pressure 

field 𝑝1 and the velocity field 𝒗1 inside the glass chip and the microfluidic channel are 

governed by the linear acoustics of inviscid fluids [69]. 



17 
 

In particular, the Helmholtz wave equation for the pressure and the potential flow 

for the velocity can be considered, as given by the following equations: 

 

 

𝛻2𝑝1 = −
𝜔2

𝑐𝑓
2 𝑝1 

 

(1.10) 

 
 𝒗1 = −

𝑖

𝜔𝜌𝑓
𝜵𝑝1 

 

(1.11) 

 

where 𝑐𝑓 and 𝜌𝑓 are the speed of sound and the density of the carrier fluid, respectively. In 

order to find the pressure field 𝑝1 which satisfies the previous equations in our situation, 

we must apply a proper boundary condition. At a boundary characterized by the surface 

normal vector 𝒏, three different boundary conditions can be applied: the hard wall (zero 

velocity) condition, the soft wall (zero pressure) condition and the continuity condition for 

the velocity and the pressure, which are described by the following equations: 

 

 

𝒏 ∙ 𝜵𝑝1 = 0 (hard wall) 

 

(1.12) 

 𝑝1 = 0 (soft wall) (1.13) 

 

 

𝒏∙𝛁𝑝1
(𝑎)

𝜌𝑎
=

𝒏∙𝛁𝑝1
(𝑏)

𝜌𝑏
,   𝑝1

(𝑎)
= 𝑝1

(𝑏)
 (continuity) 

 

(1.14) 

As anticipated, in the situation of interest for this thesis (and in most of the cases 

commonly encountered in acoustofluidic applications), an acoustically soft fluid inside the 

microchannel is surrounded by an acoustically hard glass chip. This situation can be 

modelled by an acoustic cavity, as graphically shown in Figure 1.7. As we are dealing with 

an acoustic cavity, this implies that it is possible to have an acoustic resonance only for 

certain specific angular frequencies 𝜔𝑗, with 𝑗 = 1,2,3, …, as reported in  [69]. In particular, 

when an acoustic resonance is set at a certain angular frequency 𝜔𝑗, this means that the 

system is in a condition in which the average acoustic energy density inside the cavity at 𝜔𝑗 

is different orders of magnitude larger than at any other angular frequency. By driving the 

piezo-stage at one of these resonance frequencies, the resulting acoustic forces become 

strong enough to be employed for moving microparticles suspended in the fluid in a 

controlled way. The values of the resonance frequencies depend on different parameters 

such as the density and the speed of sound of the liquid in the cavity and of the surrounding 

material as well as on the cavity geometry. 
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Figure 1.7: Schematic representation of the microchannel geometry considered in this study. A 

silica glass chip (gray color), having width 𝑤, length 𝑙 and height ℎ, is filled with a fluid (blue color). 

 

Generally, the resonance frequencies can only be calculated through numerical 

simulations. However, an analytical solution can be easily found by considering a 

rectangular channel of length 𝑙, width 𝑤, and height ℎ, as the one shown in Figure 1.7, 

surrounded by an infinitely hard material. This last condition is satisfied to a good 

approximation in the considered case of our silica glass chip. Under this assumption, the 

velocity on all the microchannel walls is equal to zero, which referring to Equation 1.11 is 

equivalent to the hard wall boundary condition, i.e. 𝒏 ∙ 𝜵𝑝1 = 0. By imposing this boundary 

condition, and considering a rectangular box (as the one shown in Figure 1.7) placed along 

the coordinate axes with its opposite corners at (0,0,0) and (𝑙,𝑤,ℎ), the pressure field 𝑝1 

solving Equation 1.10 is given by: 

 

 

𝑝1(𝑥, 𝑦, 𝑧) = 𝑝𝑎 𝑐𝑜𝑠(𝑘𝑥𝑥) 𝑐𝑜𝑠(𝑘𝑦𝑦) 𝑐𝑜𝑠(𝑘𝑧𝑧), 

with  𝑘𝑗 = 𝑛𝑗

𝜋

𝐿𝑗
  and  𝑛𝑗 = 0, 1, 2, 3, … 

 

(1.15) 

where 𝑝𝑎 is the pressure amplitude and the microchannel dimensions are given by 𝐿𝑥 = 𝑙, 

𝐿𝑦 = 𝑤 and 𝐿𝑧 = ℎ. An acoustic standing wave can be therefore induced in a microfluidic 

channel, whose most general expression is given by the previous equation. The 

corresponding three-index resonance frequencies can be written as: 

 

 

𝑓𝑛𝑥,𝑛𝑦,𝑛𝑧
=

𝑐𝑓

2
√

𝑛𝑥
2

𝑙2
+

𝑛𝑦
2

𝑤2
+

𝑛𝑧
2

ℎ2
 with 𝑛𝑥,𝑛𝑦, 𝑛𝑧 = 0, 1, 2, 3, … 

 

(1.16) 
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Considering the generic direction 𝑗, the nodes of the acoustic standing wave are given by 

the condition cos(𝑘𝑗𝑗) = 0, i.e. 𝑘𝑗𝑗 = (2𝑛𝑗 + 1)
𝜋

2
. Two examples of resonant standing 

acoustic waves for a water-filled microchannel having length 𝑙 = 1000 𝜇𝑚, width 𝑤 =

200 𝜇𝑚 and height ℎ = 100 𝜇𝑚 are shown in Figure 1.8. By considering for example the 

case reported in Figure 1.8 a), the lowest resonant frequency along the channel width (𝑦 

direction) is given by 𝑓0,1,0 =
𝑐𝑓

2𝑤
. Recalling that 𝜆𝑓 = 𝑐𝑓, the lowest resonant condition in 

this direction must satisfy the relation 𝑤 =
𝜆

2
 or 𝑘𝑦 =

𝜋

𝑤
 and this corresponds to have a 

single node position at half the channel width. 

 

Figure 1.8: Color plot of the pressure field 𝑝1 at resonance for a microchannel filled with water 

(speed of sound 𝑐𝑓 = 1483 𝑚/𝑠) having length 𝑙 = 1000 𝜇𝑚 (𝑥 direction), width 𝑤 = 200 𝜇𝑚 (𝑦 

direction) and height ℎ = 100 𝜇𝑚 (𝑧 direction) surrounded by an infinitely hard material. The 

values of the pressure field are normalized to the reported color scale. The resonance conditions 

are given by a) (𝑛𝑥,𝑛𝑦, 𝑛𝑧) = (0,1,0) with a resonance frequency 𝑓0,1,0 = 3.7075 𝑀𝐻𝑧 and b) 

(𝑛𝑥,𝑛𝑦 , 𝑛𝑧) = (1,1,0) with a resonance frequency 𝑓1,1,0 = 3.7809 𝑀𝐻𝑧. 

 

1.3.2 Acoustic radiation force 

The previously calculated first order pressure field 𝑝1 allows determining the first 

order velocity field thanks to Equation 1.11. Once both the pressure field and the velocity 

field are calculated, it is possible to find the acoustic radiation force acting on a microbead 

with volume 𝑉 = (4 3⁄ )𝜋𝑅3, whose radius 𝑅 is much smaller than the acoustic wavelength 

𝜆. This case is well verified for the microbeads dimensions considered in this thesis. The 

most general expression for the 3D time-averaged acoustic radiation force 〈𝑭𝑎𝑐〉 is given 

by the gradient of the acoustic energy potential 𝑈𝑎𝑐: 

 

 

 

〈𝑭𝑎𝑐〉  =  −𝛁𝑈𝑎𝑐 

 

(1.17) 
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where 〈𝑋〉 denotes the time average over an oscillation period and the acoustic energy 

potential is given by the following expression: 

 

 

𝑈𝑎𝑐 = 𝑉 [
𝑓1

2𝜌𝑓𝑐𝑓
2

〈𝑝1
2〉 −

3𝑓2𝜌𝑓

4
〈|𝒗1|2〉] = 

      =
𝑉

4𝜌𝑓𝑐𝑓
2

[2𝑓1〈𝑝1
2〉 − 3𝑓2

1

𝑘2
〈|𝛁𝑝1|2〉] 

 

(1.18) 

where 𝑘 is defined as 𝑘2 = 𝑘𝑥
2 + 𝑘𝑦

2 + 𝑘𝑧
2. By observing the previous equation, the acoustic 

radiation force can be seen as the time-averaged effect of the acoustic pressure field. The 

terms 𝑓1 and 𝑓2 in the equation are called compressibility and density factors, respectively, 

and are calculated as:  

 

 

𝑓1 = 1 −
1

𝛾𝜁2
, 𝑓2 =

2𝛾 − 2

2𝛾 + 1
 

 

(1.19) 

with 𝛾 and 𝜁, which are called density ratio and speed of sound ratio, respectively, that are 

given by: 

 

 

𝜁 =
𝑐𝑝

𝑐𝑓
, 𝛾 =

𝜌𝑝

𝜌𝑓
 

 

(1.20) 

with 𝑐𝑝 and 𝜌𝑝 being the speed of sound and the density of the particle, respectively. 

An easier formulation of the acoustic radiation force can be derived in the 1D 

standing wave situation, which is the one treated in this thesis. In the common situations 

of interest for acoustofluidics, the width 𝑤 and the height ℎ are significantly shorter than 

the length 𝑙 of the microchannel, which corresponds to the flowing direction. In particular, 

an acoustic standing wave is commonly created along the width and/or the height of the 

microchannel in order to affect in a controlled way the transversal position of the flowing 

objects. Therefore, in the following, a resonant condition along the flowing 𝑥 direction will 

be no more considered, meaning that 𝑘𝑥 = 0. By considering for example a 1D acoustic 

resonance along the 𝑦 direction, the analytical expression of the acoustic radiation force is: 

 

 

𝐹𝑎𝑐(𝑦) = (
4

3
𝜋𝑅3) 𝑘𝑦𝐸𝑎𝑐𝜑𝑠𝑖𝑛(2𝑘𝑦𝑦) 

 

(1.21) 
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where 𝑘𝑦 = 𝑛𝑦
𝜋

𝑤
 is, as before, the acoustic wave number, 𝐸𝑎𝑐 = 𝑝𝑎

2 (4𝜌𝑓𝑐𝑓
2)⁄  is the 

acoustic energy density in the 1D situation and 𝜑 is the acoustic contrast factor, whose 

expression is given by: 

 

 

φ =
5𝛾 − 2

2𝛾 + 1
−

1

𝛾𝜁2
=

5𝜌𝑝 − 2𝜌𝑓

2𝜌𝑝 + 𝜌𝑓
−

𝛽𝑝

𝛽𝑓
 

 

(1.22) 

in which 𝛽𝑝 = 1 (𝜌𝑝𝑐𝑝
2)⁄  and 𝛽𝑓 = 1 (𝜌𝑓𝑐𝑓

2)⁄  are the compressibility values of the particle 

and the fluid, respectively. 

Referring to Equation 1.21 and considering a microfluidic channel in which some 

microbeads are dispersed, if an acoustic standing wave is established along the channel 

width (or similarly along the channel height), the acoustic force, due to the scattering of 

acoustic waves by the microbeads, will push the microparticles toward the nodes of the 

acoustic standing wave, provided that the acoustic contrast factor is positive. Among all 

the possible resonant modes, the lowest order modes (ny, nz) = (1,0) (resonant 

frequency 𝑓1,0) and (ny, nz) = (0,1) (resonant frequency 𝑓0,1) can be exploited to obtain a 

node in the center of the selected channel dimension. For example, the microfluidic system 

employed in this thesis for the rheological measurements embeds a microfluidic channel 

having a square cross-section geometry (150 × 150 𝜇𝑚2). As the microchannel has a square 

cross-section, the resonant frequencies 𝑓1,0 and 𝑓0,1 have the same value, e.g. 4.9434 MHz 

considering water (speed of sound in water 𝑐𝑓 = 1483 𝑚/𝑠). Figure 1.9 shows the 

instantaneous pressure field (see color plot) and the acoustic radiation force pattern (see 

vector arrows) for the considered square channel for an acoustic resonance along the a) 𝑧 

direction (channel height) and b) 𝑦 direction (channel width). By referring to Figure 1.9 a), 

the microbeads will be pushed by the acoustic force toward the half height of the channel, 

while in case b) the microbeads will be pushed toward the half width of the channel. As the 

resonance frequency is the same for both the acoustic resonances, both the contributions 

will be present simultaneously and the combined effect on the acoustic radiation force 

pattern in the microfluidic channel is shown in Figure 1.9 c). The result is a single point node 

position exactly in the channel center, which allows the realization of the so-called 

acoustophoretic prefocusing, as all the microbeads will be pushed toward the center of the 

microchannel [56]. 
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Figure 1.9: Representation of the normalized instantaneous pressure field (see color plot) and of 

the acoustic radiation force patterns (see vector arrows) for a channel with dimensions 150 × 150 

𝜇𝑚2. The acoustic resonance along the a) height direction and the b) width direction are shown, 

corresponding to the resonant modes 𝑓0,1 and 𝑓1,0. The resulting acoustic radiation force pattern 

in the microchannel is shown in c). 

 

1.4 Femtosecond laser micromachining for lab-on-chip devices fabrication 

As previously discussed in Section 1.1, LoC devices opened the way to a precise 

control and manipulation of reduced sample volumes for applications such as sensing and 

imaging. These devices allowed downsizing chemical and biological analysis to small 

systems, which are characterized by small physical dimensions but high performances. 

Different techniques have been developed and improved for the fabrication of LoC systems 

using different materials such as glass, silica and polymers. In particular, the materials 

employed for the chip fabrication must fulfil some requirements, according to the specific 

application. Biocompatibility is for example required in case LoC devices are devoted to 

biomedical and biochemical analysis. Another common requirement is the material optical 

transparency in the visible range which allows recording videos during the device operation 

by optical microscopy. A good choice for many applications is represented by glass, which 

exhibits high-pressure resistance, high optical transparency and it is chemically inert. The 

main problem represented by glass is related to its high production cost for the fabrication 

of microfluidic devices. Due to this drawback, new materials have been studied. In 

particular, polymers offer a good alternative to glass as they are cheaper and require a 

faster and easier fabrication process. However, the performance exhibited by glass devices 

are still better in terms, for example, of measurement repeatability and high-pressure 

operation. For what concerns the fabrication methods, they can be divided in two main 

categories: soft photolithography and femtosecond laser micromachining (FLM). In 

particular, FLM is an emerging technique that has recently attracted a significant attention 

for the fabrication of microfluidic and optofluidic devices [70–73]. A significant advantage 

offered by FLM is the possibility to fabricate three dimensional structures in transparent 
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materials, including for example polymers and glass. In this section the basics of the FLM 

procedure will be presented. 

In general, when a single photon has an energy which exceeds the band-gap energy 

of a material, that photon can be absorbed and in this way an electron is promoted from 

the valence band (VB) to the conduction band (CB). This process is called single-photon 

absorption (SPA) and is shown in Figure 1.10 a). However, when a high-intensity laser pulse 

(and hence a high density of photons) is focused on a material, it could happen that an 

electron is promoted by the combined action of multiple photons via virtual states, even if 

the single photon energy is significantly smaller than the band-gap energy. This particular 

process is called multi-photons absorption (MPA) and it is shown in Figure 1.10 b). This 

nonlinear phenomenon, which allows the absorption of highly focused femtosecond laser 

pulses by transparent materials such as glass, is the basic principle exploited in FLM. It is 

worth noticing that this light-matter interaction occurs only closer to the focal area where 

the high optical intensity can trigger the MPA phenomenon. 

 

Figure 1.10: Schematic representation of a) single-photon and b) multi-photons absorption [74]. 

VB: valence band; CB: conduction band; 𝐸𝑔: band-gap energy; ℎ𝜈: single photon energy. 

 

The use of focused femtosecond laser pulses offers several advantages with respect 

to conventional laser fabrication techniques exploiting continuous wave (CW) lasers or 

lasers emitting long pulses. The first advantage is related to a significant reduction of the 

thermal diffusion effects during the material processing due to the fact that most of the 

energy of the femtosecond laser pulse is absorbed by the electrons and it is not transferred 

to the material lattice [74]. This is possible thanks to the fact that the femtosecond laser 

pulse duration is significantly shorter than the electron-phonon coupling time (typically of 

the order of several to few tens of picoseconds). The result is that the free electron 

temperature increases rapidly in the focal area of the femtosecond laser pulse and 

becomes significantly higher than the lattice temperature. The material in this area is 
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consequently ejected in a short time in the form of hot dense plasma, leaving the local 

lattice still at a relatively low temperature. This property avoids the formation of heat-

affected region, thus allowing the fabrication of three-dimensional structures with micro- 

and nano-scale features thanks to FLM. Contrarily, for CW lasers and for lasers emitting 

optical pulses having a duration significantly longer than the electron-phonon coupling 

time, the radiation energy is initially transferred to the electrons, but then the electrons 

transfer it to the material lattice before the pulse is terminated. In this way the free 

electrons and the lattice reach an equilibrium state and the result is that the laser simply 

heats the solid for all the pulse duration giving rise to a significant thermal diffusion and to 

a subsequent reduction of the fabrication quality and achievable resolution. Another 

advantage offered by FLM is given by the possibility of realizing a 3D internal processing in 

a transparent material, which cannot be made by exploiting CW or long laser pulses. The 

possibility of writing structures internally results from the fact that MPA only occurs in the 

beam focal volume of the femtosecond laser, where the light intensity is sufficiently high 

to trigger the nonlinear effect. A last characteristic to be mentioned is related to the sub-

diffraction-limited resolution achievable with FLM. Without entering into details, the 

effective processing profile achievable with a femtosecond laser beam can be much 

narrower than its Gaussian intensity profile and this characteristic is again related to the 

MPA process. The achievable fabrication resolution far beyond the optical diffraction limit 

opened the way to the realization of novel device architectures with enhanced 

functionalities. 

Considering all the reported advantages, FLM can be employed to fabricate 

photonic circuits (e.g. optical waveguides, modulators, quantum circuits) and integrated 

optofluidic systems, combing microfluidic channels and optical elements. As it will be 

presented in Chapter 3, the optofluidic chip employed for performing the microrheological 

measurements was realized exploiting the FLM technique by the Fastgroup (at the Istituto 

di Fotonica e Nanotecnologie, Consiglio Nazionale delle Ricerche of the University of Milan) 

headed by Dr. Osellame. 
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2. Fundamentals of rheology 
 

Rheology is the branch of physics which deals with the flow and deformation of 

matter, both in solid and liquid state. The term rheology was coined by Eugene C. Bingham, 

a professor and head of the department of chemistry at Lafayette College, who was a 

pioneer in this field. This word was inspired by the famous aphorism of Simplicius (often 

attributed to Heraclitus) panta rhei, which literally means “everything flows” and was firstly 

employed to describe the deformation of solids and the flow of liquids. 

The experimental study of the material rheological properties (called rheometry) is 

of fundamental importance in different fields, ranging from industrial products 

development to fundamental research. For an industrial point of view, understanding the 

different response of matter (viscosity, elasticity, yield stress, …) to an external 

perturbation is important to fine tune the material response to external conditions. 

Rheology is particularly important in the field of materials science and engineering. The 

study of the rheological behavior in materials science is a key factor for the optimized 

production of many industrially important products such as paint, rubbers, plastics and 

cements, just to report few examples. A large attention is paid to the study of the 

mechanical response of polymers, which represent the basic materials for the production 

of rubbers and plastics, that are of vital importance for a large number of industries in the 

textile, automotive and pharmaceutical field. Moreover, the processing, manufacture and 

production of food products strongly benefit from food rheology. Rheology permeates 

even other scientific areas such as biophysics, biology and medicine. For example, it has 

been shown that the change of the viscoelastic properties of blood are related to different 

cardiac pathologies [75,76] as well as metastatic cells present different mechanical 

properties with respect to non-metastatic and healthy cells [17]. 

This chapter is dedicated to the description of the fundamental concepts of 

rheology. After an introduction to the main physical quantities used to describe the 

rheological behavior of a medium, the main material classes will be presented ranging from 

simple viscous fluids and elastic solids to viscoelastic media. In the last part of the chapter, 

a comparison between the standard rheological techniques based on the use of a 

conventional rheometer with the emerging field of microrheology will be presented. Most 

of the theory presented in this chapter has been taken from  [77–79]. 
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2.1 Stress, strain and strain rate 
In order to estimate the rheological properties of a material it is possible to study 

its response to an externally applied perturbation. In rheology, an external perturbation is 

commonly described by a quantity called stress, which will be in the following indicated as 

𝜎 and which is defined as the force 𝐹 per unit area 𝐴: 

 

 

 

𝜎 =
𝐹

𝐴
     [𝑃𝑎] 

 

(2.1) 

In particular, the stress depends on the force magnitude, on the extension of the surface 

where the force is applied and on the spatial relation between the force and the surface 

itself. In general, it is possible to distinguish between two limit cases represented by the 

shear stress and the normal or extensional stress, graphically shown in Figure 2.1. The 

former is the stress component coplanar with a material cross-section and arises from the 

component of the force vector parallel to the material cross-section. The latter component 

results from the contribution of the force perpendicular to the material surface on which it 

acts, and it accounts for the typical case of compression and traction. 

 

Figure 2.1: Graphical representation of normal stress (left) and shear stress (right) acting on a 

material surface. 

 

As a result of the applied stress, the material can undergo to a certain deformation. 

The ratio of this deformation to the original material dimension gives a relative 

deformation that is commonly called strain, which is a dimensionless quantity and will be 

indicated in the following with the letter 𝜀 (even indicated in the scientific literature with 

𝛾). In particular, it is possible to distinguish between the normal and shear strain, 

depending on the type of applied stress, as shown in Figure 2.2. 
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The normal strain is defined as: 

 

 

 

𝜀𝑛𝑜𝑟𝑚 =
𝛥𝐿

𝐿
 

 

(2.2) 

where 𝛥𝐿 is the material deformation and 𝐿 is the original dimension along the 

direction of the force application. The shear strain is instead defined as: 

 

 

 

𝜀𝑠ℎ𝑒𝑎𝑟 =
𝛥𝐿

ℎ
 

 

(2.3) 

where again 𝛥𝐿 is the deformation induced by the shear force while ℎ is the nominal 

distance between the deformed and undeformed planes, as shown in Figure 2.2. 

 

Figure 2.2: Graphical representation of normal strain (left) and shear strain (right) induced by an 

applied stress. 

 

Another parameter that must be introduced for the study of the rheological 

properties of a material is the strain rate. The strain rate is defined as the rate of change in 

strain of a material with respect to time and it is generally given by the following 

expression: 

 

 

 

𝜀̇ =
𝑑𝜀

𝑑𝑡
     [𝑠−1] 

 

(2.4) 

Depending on the stress application, the strain rate can describe both the rate at which the 

material is shrinking or expanding (expansion rate) in case a normal stress is applied, and 

even the rate at which the material is being deformed by progressive shearing without 

modifying its volume (shear rate) in case a shear stress is applied. In order to better define 
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the shear rate, it is possible to refer to the simple situation of the planar Couette shearing 

flow. This configuration describes the flow of a fluid present between two infinitely large 

plates. One plate is fixed and cannot move, while the other plate is moving at a constant 

velocity 𝑢, tangentially with respect to the other one, as it is shown in Figure 2.3. By 

assuming that the speed of the top plate is low enough to avoid turbulence and considering 

the steady state condition, the fluid particles move parallel to the top surface, and their 

velocity goes from 0 at the bottom to 𝑢 at the top surface. In particular, each fluid layer 

moves faster than the layer just below it. The shear rate can be defined as the derivate 

of the fluid speed in the direction perpendicular to the plates and is given by: 

 

 

 

𝜀̇ =
𝑑𝑢

𝑑𝑦
     [𝑠−1] 

 

(2.5) 

In many fluids, the flow speed varies linearly from 0 at the bottom plate to the 

maximum velocity 𝑢 at the top. It must be noticed that the fluid applies to the top plate a 

force directed opposite to its motion, and a force of equal magnitude but opposite direction 

to the bottom plate. Therefore, an external force must be applied in order to keep the top 

plate moving at a constant velocity. 

 

Figure 2.3: Graphical illustration of the planar Couette flow. Since the friction between adjacent 

layers of the fluid opposes to the shearing flow, a force must be imposed in order to have the 

upper plate moving at a constant velocity. The magnitude of this force is related to the fluid 

viscosity. 

 

Lastly, the material rheological behavior and the perception that we have of it 

strongly depend on the relation between the time of force application and the observation 

time. This characteristic was well pointed out by Marcus Reiner, a professor at Technion in 
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Israel, who, referring to the phrase “The mountains flowed before the Lord” (Libro dei 

Giudici, 5, 5) pronounced by the prophetess Deborah, commented in this way [80]: 

 

“Deborah knew two things. First that the mountains flow, as everything flows. But, secondly, 

that they flowed before the Lord and not before man, for the simple reason that man in his 

short lifetime cannot see them flowing, while the time of observation of God is infinite.” 

 

Reiner observed that given enough time even a solid-like material can flow. 

Similarly, a fluid-like material can behave as a solid when it is deformed rapidly enough. 

These observations can be expressed by means of the so-called Deborah number [81] 𝐷𝑒, 

which is defined by the ratio between the relaxation time 𝑡𝑅, i.e. the time required by the 

material constitute molecules to respond and adjust to the external perturbation, to the 

observation time 𝑡𝑜𝑏𝑠 (or, alternatively, the force application time or the measurement 

characteristic time). For example, the relaxation time 𝑡𝑅 vanishes for a purely viscous fluid 

such as water, while it is infinite for a Hookean elastic solid. 

 

 

 

𝐷𝑒 =
𝑡𝑅

𝑡𝑜𝑏𝑠
 

 

(2.6) 

According to the value assumed by this parameter, it is possible to classify the materials in 

three main groups, that will be presented in the next sections. A material behaves like a 

liquid (liquid-like behavior) if it displays a really fast response (𝐷𝑒 ≪ 1), while it behaves 

like a solid (solid-like behavior) if the response is really slow (𝐷𝑒 ≫ 1). The situation in 

which the two times are comparable (𝐷𝑒~1) is the one described by viscoelastic materials, 

which shown properties in between purely viscous fluids and purely elastic solids. 

 

2.2 Elastic solids and viscous fluids 
This section will briefly report the basic theory and the constitutive equations that 

describe the behavior of elastic solids and viscous fluids, with particular attention to the 

description of Newtonian and non-Newtonian fluids. 
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2.2.1 Elastic solids 

The constitutive equation that describes the behavior of a purely elastic solid is 

given by the Hooke’s law, which postulates a linear relation between the stress 𝜎 and the 

strain 𝜀, as it is expressed by the following relation: 

 

 

 

𝜎 = 𝐸𝜀 

 

(2.7) 

where the proportionality constant 𝐸 ([Pa]) is called elastic modulus (even called Young’s 

modulus) and represents the resistance opposed by the solid to the deformation. The 

reciprocal of the elastic modulus is called compliance 𝐽 ([1/Pa]) and accounts for the 

ductility of the material. The previous equation is valid for a normal stress. In case a shear 

stress is applied, a similar relation holds in which 𝐸 is simply substituted by the shear 

modulus 𝐺 ([Pa]). It must be noted that the Hooke’s law well describes the behavior of an 

elastic solid only in its linear regime, i.e. the region in which the elastic modulus is 

independent on the value of the applied stress or imposed strain. 

In its linear regime, the response of a purely elastic material can be modelled with 

an elastic spring with stiffness 𝐸. When subjected to a certain stress, the spring will deform 

immediately according to Equation 2.7 and will store a certain amount of elastic energy, 

which will be released once the stress is removed. It is worth noticing that the elastic solid 

has the feature of having its response to an external stimulus perfectly in phase with the 

stimulus itself. For example, under the assumption of a linear response, if a sinusoidal stress 

at a certain frequency is imposed on a purely elastic material, the resulting strain will show 

a sinusoidal response with the same phase and frequency of the stress. 

 

2.2.2 Newtonian and non-Newtonian fluids 

As for the elastic modulus in case of an elastic solid, the viscosity 𝜂 ([Pa·s]) of a fluid 

represents the resistance of a fluid to flow at a given shear rate. It is possible to divide the 

fluids in two main categories, according to the dependence of the viscosity on the shear 

rate. In case the viscosity does not depend on the shear rate, the fluid is called Newtonian 

and it obeys to the constitute equation called Newton’s law of viscosity: 

 

 

 

𝜎 = 𝜂𝜀̇ 

 

(2.8) 

Examples of Newtonian fluids are water, glycerol and their mixtures. According to the 

previous equation, the shear stress and the shear rate have a linear relation and the 

proportionality constant is given by the viscosity, which represents the slope of the line in 
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a shear stress-shear rate graph. It is possible to model a Newtonian fluid with a viscous 

dash-pot, i.e. a piston-cylinder arrangement, filled with a viscous fluid. A strain is achieved 

by dragging the piston through the fluid by applying a certain stress to it and the system 

responds as described by Equation 2.8. The flowing behavior is obviously irreversible, 

therefore, once the stress is removed, the piston does not come back to its original 

position. This is because the energy is not stored as in the elastic case, but it is dissipated 

due to the internal friction. Therefore, it is possible to say that in case of elastic solids the 

energy is stored when subjected to an external stress, whereas in case of viscous fluids the 

energy is dissipated. Lastly, if a sinusoidal stress at a certain frequency is imposed on a 

purely viscous fluid, the resulting shear rate will show a sinusoidal response with the same 

phase and frequency of the applied stress. This implies that the strain is in quadrature of 

phase with respect to the stress. 

In case the fluid viscosity is not constant as a function of the shear rate, the fluid is 

called non-Newtonian fluid. This class of fluids can exhibit a viscosity which is an increasing 

or decreasing function of the shear rate. Examples of non-Newtonian fluids can be found 

among food products: ketchup, for example, becomes less viscous when it is shaken while 

corn starch mixed with water becomes thicker in response to an external force. Other 

examples of non-Newtonian fluids are shampoo, blood, mustard and toothpaste. For a non-

Newtonian fluid, the relation between the shear stress and the shear rate does not follow 

the Newton’s law of viscosity. Moreover, this kind of fluids can exhibit even a time-

dependent viscosity. A simple mathematical relation that is widely used to describe the 

behavior of these fluids is called Ostwald-de Waele (or power-law fluid) relationship, which 

is given by: 

 

 

 

𝜎 = 𝐾(𝜀̇)𝑛 

 

(2.9) 

where 𝐾 is called flow consistency index ([Pa·sn]), which is a quantity proportional to the 

viscosity, and 𝑛 is a dimensionless number called flow behavior index. For this class of fluids 

it is possible to define an apparent or effective viscosity, given by: 

 

 

 

𝜂𝑒𝑓𝑓 = 𝐾(𝜀̇)𝑛−1 

 

(2.10) 

The power-law fluids can be divided in three categories depending on the value assumed 

by the flow behavior index 𝑛. For 𝑛 = 1, Equation 2.9 reduces to Equation 2.8, with 𝐾 equal 

to the fluid viscosity 𝜂 and, in this case, the power-law model is used to describe a simple 

Newtonian fluid. For 𝑛 < 1 the fluid is called shear thinning or pseudoplastic and its 

viscosity is a decreasing function of the shear rate. In the opposite situation, 𝑛 > 1, the 
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fluid is called shear thickening or dilatant and it is characterized by a viscosity which is an 

increasing function of the shear rate. A graphical representation of the three different 

regimes described by the Ostwald-de Waele relationship is shown in Figure 2.4. 

 

Figure 2.4: Shear stress-shear rate curves and classification of fluids according to the Ostwald-de 

Waele relationship. 

 

As it can be seen, in case of a Newtonian fluid the shear stress is linearly 

proportional to the shear rate and the viscosity (the slope of the curve) is constant for 

different shear rates. Contrarily, for a non-Newtonian fluid the viscosity is not constant as 

a function of the shear rate, but it increases in case of a shear thickening fluid (increasing 

slope of the shear stress-shear rate curve) while it decreases for a shear thinning fluid 

(decreasing slope). 

The Ostwald-de Waele relationship is well known and widely used for its simplicity, 

but it must be observed that it only approximates the behavior of a real non-Newtonian 

fluid. Considering, for example, a shear thinning fluid with 𝑛 < 1, this model predicts that 

the apparent viscosity would decrease indefinitely with the increase of the shear rate. This 

would require a fluid with infinite viscosity at rest and zero viscosity for shear rate 

approaching infinite, but a real fluid has always a minimum and maximum effective 

viscosity. Other more precise, but even more complicated, models for describing the entire 

flow behavior of non-Newtonian fluids can be employed, as it will be discussed in Chapter 

3 for a shear thinning fluid. 
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2.3 Viscoelastic materials 
The vast majority of materials shows an intermediate behavior between the purely 

elastic solids and the purely viscous fluids previously presented. The response of these 

materials, called viscoelastic materials, depends on different parameters, such as the 

measurement time scale and the entity of the applied stress, and is characterized by a 

viscous and elastic contribution. Examples of everyday life viscoelastic materials are food 

products (ketchup, mayonnaise, yogurt), cosmetics (creams, gels, foams) and numerous 

other industrial products (inks, paints, rubbers) which display a different behavior 

depending on the using conditions. 

The background theory of viscoelastic materials is really broad and an entire book 

would not be enough to condensate it. In the following paragraphs the basic theoretical 

concepts required to have a complete understanding of this thesis will be presented, 

starting from the description of two well-known viscoelastic models. The rest of the 

paragraph will be then dedicated to the presentation of two widely-used rheological tests 

employed to characterize the properties of viscoelastic media. The theoretical background 

presented in the following has been taken from  [78]. 

 

2.3.1 Rheological models  

As a viscoelastic material exhibits both viscous and elastic behavior, it is possible to 

build a model of linear viscoelasticity by considering a proper combination of linear elastic 

springs (for the elastic contribution) and linear viscous dashpots (for the viscous part). In 

particular, linear viscoelastic materials are characterized by a linear relationship between 

the stress and the strain at any given time. In the following, two simple and well-known 

models will be presented. The first model is called Maxwell model and it is built considering 

a spring and a dash-pot in series, as graphically shown in Figure 2.5. 

 

Figure 2.5: Graphical representation of the Maxwell model, built considering a linear spring and a 

viscous dash-pot in series [78]. 

 

Considering applying a certain stress to the system, the equilibrium condition 

requires that the stress must be the same in both the elements while it is possible to divide 

the total strain into one contribution for the spring (𝜀1) and one for the dash-pot (𝜀2). By 
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recalling the basic equations for the viscous dash-pot and the elastic spring, it is possible to 

write the following three equations in four unknowns: 

 

 

 

𝜎 = 𝐸𝜀1     𝜎 = 𝜂𝜀2̇     𝜀 = 𝜀1 + 𝜀2 

 

(2.11) 

In order to eliminate two unknowns, 𝜀1 and 𝜀2, it is possible to differentiate the first and 

third equations: 

 

 

 

𝜎̇ = 𝐸𝜀1̇     𝜎 = 𝜂𝜀2̇     𝜀̇ = 𝜀1̇ + 𝜀2̇ 

 

(2.12) 

By substituting the first and second equations into the third one, it is possible to derive the 

constitutive equation of the Maxwell model, which is given by: 

 

 

 

𝜎 +
𝜂

𝐸
𝜎̇ = 𝜂𝜀̇ 

 

(2.13) 

The equation is written in its standard form, i.e. the stress terms on the left and the strain 

terms on the right, the coefficient of 𝜎 equal to 1 and an increasing order of derivatives 

from left to right. The ratio 𝜂 𝐸⁄  is called relaxation time 𝑡𝑅 and it is a characteristic time of 

the material. 

The second two-elements model, called Kelvin (or Voigt) model, consists of a spring 

and a dash-pot in parallel and it is schematically shown in Figure 2.6. 

 

Figure 2.6: Graphical representation of the Kelvin model, built considering a linear spring and a 

viscous dash-pot in parallel [78]. 

 

In this configuration the strain experienced by the dash-pot is the same as the one 

experienced by the spring, while the total stress is the sum of the stresses in each 

component. 
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Recalling again the basic equations for the single elements and considering the 

expression of the total stress, it is possible to write the following three equations: 

 

 

 

𝜎1 = 𝐸𝜀     𝜎2 = 𝜂𝜀̇     𝜎 = 𝜎1 + 𝜎2 

 

(2.14) 

where 𝜎1 and 𝜎2 are the stresses on the spring and on the dash-pot, respectively. As before, 

it is possible to eliminate two of the four unknown variables, 𝜎1 and 𝜎2, and find the 

constitutive law describing the Kelvin model, which is given by: 

 

 

 

𝜎 = 𝐸𝜀 + 𝜂𝜀̇ 

 

(2.15) 

The two models just presented are the simplest viscoelastic models as they include 

only two basic elements. These models are widely used for their simplicity. A more realistic 

material response can be described using more elements in series or in parallel, at the 

expense of an increasing complexity. Moreover, it is possible to use non-linear elements to 

better model the material response in case some non-linearities must be included. 

 

2.3.2 Creep-recovery tests 

The creep-recovery test consists in loading a material at a constant stress, 

maintaining the stress for a certain time and then removing it. The curve of the stress as a 

function of time and the strain response of a typical viscoelastic material are shown in 

Figure 2.7. In response to the applied stress, the material exhibits an instantaneous elastic 

straining. After this first phase, an ever-increasing strain over time, called creep strain, can 

be observed for all the time duration of the applied stress. For a large number of 

viscoelastic materials, the creep strain often increases over time with an ever-decreasing 

strain rate so that at a certain point a more-or-less constant strain steady-state is reached. 

However, there are materials for which this constant strain steady-state is never reached, 

even after a long stress application time. When the stress is removed, there is an 

instantaneous elastic recovery followed by an anelastic recovery, i.e. a certain strain is 

recovered over time. This anelastic strain recovery is commonly very small for metals, but 

it may be significant in materials based on polymeric chains. Moreover, a permanent strain 

may be left in the material under study, and the difference between the final and the initial 

strain is an indicator of the energy lost for phenomena associated to the viscous 

contribution. A test that is focused only on the loading part is simply called creep test. 
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When the loading is on, it is possible to define the parameter 𝐽(𝑡), called creep 

compliance, which is given by the following expression: 

 

 

 

𝐽(𝑡) =
𝜀(𝑡)

𝜎0
 

 

(2.16) 

where 𝜀(𝑡) is the time-dependent strain and 𝜎0 is the value of the applied stress. 

 

Figure 2.7: Stress and strain as a function of time for a typical viscoelastic material subjected to a 

creep-recovery test [78]. 

 

2.3.3 Oscillatory tests 

Creep-recovery tests do not provide all the information concerning the mechanical 

response of viscoelastic materials. These tests usually give information and provide test 

data in a time range longer than some seconds, so they are well suited for long-term 

testing. In order to obtain a viscoelastic material characterization for short time scales, it is 

better to use an oscillatory approach instead of a static loading approach. This section 

presents the basic concepts and the main equations behind the oscillatory tests, which 

allow measuring the response of a viscoelastic material in the frequency domain [78]. 

Let’s suppose to apply an oscillatory stress to the material of the form: 

 

 

 

𝜎(𝑡) = 𝜎0 cos(𝜔𝑡) 

 

(2.17) 
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where 𝜎0 is the stress amplitude while 𝜔 is the angular frequency. Under the assumption 

of measurements in the linear viscoelastic regime, the resulting strain will have the 

following expression: 

 

 

 

𝜀(𝑡) = 𝜀0 cos(𝜔𝑡 − 𝛿) 

 

(2.18) 

where 𝜀0 is the strain amplitude while 𝛿 is a phase term which is called loss angle. 

Therefore, the resulting strain will be oscillating at the same frequency as the applied stress 

(as the hypothesis of performing measurements in the linear viscoelastic regime was 

assumed, no higher frequency contributions are expected), but it lags behind by a certain 

phase angle 𝛿. By expanding the strain trigonometric terms in Equation 2.18 we find: 

 

 

 

𝜀(𝑡) = 𝜀0 cos(𝛿) cos(𝜔𝑡) + 𝜀0 sin 𝛿 sin 𝜔𝑡 

 

(2.19) 

The first term of the previous equation is perfectly in phase with the input stress while the 

second term is totally out of phase. If we consider the extreme situation in which 𝛿 = 0, 

then the stress and the strain are perfectly in phase (as the case of a purely elastic solid), 

whereas if 𝛿 = 𝜋 2⁄  the stress and the strain are completely out of phase (as it happens for 

a purely viscous fluid). 

It is then possible to define the following two parameters: 

 

 

 

𝐽′ =
𝜀0

𝜎0
cos 𝛿     𝐽′′ =

𝜀0

𝜎0
sin 𝛿 

 

(2.20) 

so that it is possible to rewrite Equation 2.19 as: 

 

 

 

𝜀(𝑡) = 𝜎0(𝐽′ cos 𝜔𝑡 + 𝐽′′ sin 𝜔𝑡) 

 

(2.21) 

The quantities 𝐽′ (called storage compliance) and 𝐽′′ (called loss compliance) give a measure 

of how in phase and out of phase the stress is with respect to the resulting strain, 

respectively. These two quantities are usually written as the real and imaginary 

components of a complex compliance 𝐽∗: 

 

 

 

𝐽∗ = 𝐽′ − 𝑖𝐽′′ 

 

(2.22) 
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The same considerations can be derived by considering a stress input in the form of a sine 

function. 

Alternatively, it is possible to consider the strain as the input and the stress as the 

output. In this case it is possible to write the following equations: 

 

 

 

𝜀(𝑡) = 𝜀0 cos(𝜔𝑡) 

 

(2.23) 

 

 

𝜎(𝑡) = 𝜎0 cos(𝜔𝑡 + 𝛿) = 𝜎0 cos 𝛿 cos 𝜔𝑡 − 𝜎0 sin 𝛿 sin 𝜔𝑡 

 

(2.24) 

 

Even in this case, the loss angle 𝛿 is the phase angle by which the strain lags behind the 

stress. It follows that it is possible to write the same considerations as before for what 

concerns the in phase and out of phase components. Equation 2.24 can be rewritten by 

defining the following two new parameters: 

 

 

 

𝐺′ =
𝜎0

𝜀0
cos 𝛿     𝐺′′ =

𝜎0

𝜀0
sin 𝛿 

 

(2.25) 

so that: 

 

 

 

𝜎(𝑡) = 𝜀0(𝐺′ cos 𝜔𝑡 − 𝐺′′ sin 𝜔𝑡) 

 

(2.26) 

Even in this case, these two quantities give a measure of how much the resulting stress is 

in phase with the input strain. The first term, 𝐺′, is called storage modulus, while the second 

term, 𝐺′′, is called loss modulus, and they are usually written as the real and imaginary part 

of a complex modulus 𝐺∗: 

 

 

 

𝐺∗ = 𝐺′ + 𝑖𝐺′′ 

 

(2.27) 

The complex compliance and the complex modulus are related by the following relation: 

 

 

 

𝐽∗𝐺∗ = 1 

 

 

(2.28) 

 

Even in this situation, the same considerations can be derived by considering a strain input 

in the form of a sine function. 
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As an example, by considering the constitutive equation of the Maxwell model 

(Equation 2.13) in case an oscillatory stress (as described by Equation 2.17) is applied, the 

following expression for the complex compliance can be derived: 

 

 

 

𝐽∗ = 𝐽′ − 𝑖𝐽′′ =
1

𝐸
− 𝑖

1

𝜔𝜂
 

 

(2.29) 

Moreover, by taking advantage of Equation 2.28, it is possible to derive the complex 

modulus described by the Maxwell model in case of an applied oscillatory stress: 

 

 

 

𝐺∗ = 𝐺′ + 𝑖𝐺′′ =
(𝜔𝜂)2𝐸

(𝜔𝜂)2 + 𝐸2
+ 𝑖

𝜔𝜂𝐸2

(𝜔𝜂)2 + 𝐸2
 

 

(2.30) 

For “low” values of the angular frequency, the elastic component 𝐺′ has a square 

dependence on the frequency while the viscous component 𝐺′′ has a linear dependence 

on it. More precisely, for low frequencies the viscous component is dominant over the 

elastic one up to a certain angular frequency 𝜔𝑐 (inversely proportional to the relaxation 

time 𝑡𝑅) for which 𝐺′ = 𝐺′′ and the loss angle 𝛿 equals 45°. For angular frequencies larger 

than 𝜔𝑐 the elastic component increases up to a certain plateau value equal to 𝐸 while the 

viscous part starts decreasing proportionally to the inverse of the angular frequency. 

 

2.4 Rheology and microrheology 
The rheological properties of a material are commonly measured by using standard 

devices called rheometers. A large variety of configurations have been proposed, which can 

be divided in two main categories: rotational and extensional rheometers. As the names 

suggest, rotational rheometers control the applied shear stress and measure the shear 

strain (or, alternatively, the opposite), whereas extensional rheometers apply an 

extensional stress and measure the resulting extensional strain (or, alternatively, the 

opposite). These devices can be used to measure different materials ranging from simple 

fluids, semi-solids and gels to solid systems such as polymer networks. Assessing the 

response of a material to an applied mechanical stress is particularly important for 

industrial applications in order to fine tune the material response to external conditions, 

during different phases of the fabrication process, to achieve the desired final 

performance. Rheometers can be employed for industrial applications to measure the 

dependence of the viscosity on the shear rate to determine the non-Newtonian behavior 

of the analyzed fluid or to measure the viscoelastic properties of the sample (𝐺′, 𝐺′′) as a 

function of frequency, temperature and applied stress. 
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As previously written, one of the most used configurations is the rotational 

rheometer. In this case, the sample to be measured is placed between two plates: the lower 

plate is fixed while the upper plate can rotate imposing a controlled torque (stress-

controlled rheometer) or a controlled strain (strain-controlled rheometer). In a stress-

controlled rheometer, the strain is measured as a function of the applied stress, whereas 

in a strain-controlled rheometer the torque is measured as a function of the imposed strain. 

The upper element can have different shapes to address different measurement 

requirements. For example, a geometry with two parallel plates makes it possible to tune 

the sample thickness between the two plates, thus allowing to explore different 

deformation regimes as a function of the gap height between the two plates. However, the 

strain (and the strain rate) is not uniform in this configuration. A geometry allowing to have 

a uniform strain and strain rate on the measured sample is the cone-plate geometry, 

consisting in a fixed plate and a rotating cone that, however, must be placed at a fixed 

distance. These two configurations are sketched in Figure 2.8. 

 

Figure 2.8: Examples of two commonly used configurations of rotational rheometers. a) cone-

plate geometry, which allows obtaining a uniform strain field at the expense of a fixed working 

distance; b) plate-plate geometry, in which it is possible to change the distance h between the 

two plates, but the strain is not uniform, as it is an increasing function of the distance r from the 

central axis. 

 

Rheometers allow carrying out different types of tests, such as: 

 Flow curve: a shear rate which increases as a function of time is imposed to the 

material and the shear stress required to obtain such a shear rate is measured. 

Similarly, an increasing shear stress can be applied, and the resulting shear rate 

obtained from the applied shear stress is measured. Flow curve data may be 

presented in two different ways: shear stress versus shear rate or, alternatively, 

viscosity versus shear rate. 

 Amplitude sweep: a sinusoidal strain of increasing amplitude and of constant 

frequency is imposed to the material in order to study the limits of the linear 



41 
 

regime and the onset of the nonlinear behavior. In this way it is possible to 

determine the storage and loss modulus as a function of the strain amplitude, 

which are constant in the linear regime and start decreasing for larger values of 

the strain amplitude, when the material enters in the nonlinear regime. 

 Frequency sweep: a sinusoidal stress (or strain) of fixed amplitude (in the linear 

regime of the material) is applied and by varying the oscillation frequency it is 

possible to measure the storage and loss modulus as a function of frequency. 

 Creep and recovery: a constant stress is applied to the material for a certain time 

and then the stress is released. The resulting strain allows estimating the 

conditions and time scale of the material response and relaxation. 

 Stress-relaxation: a step deformation (strain) is applied to the material and the 

measurement of the stress relaxation gives information about the relaxation time 

of the material. 

In order to measure the mechanical properties of a material with the use of a 

conventional bulk rheometer, a sample consumption of few mL is required. However, 

during the last decades, an increasing attention has been paid to the study of materials 

with a really low sample availability (for reasons such as high production cost, low 

availability of precious and biological samples, etc…), thus pushing for the development of 

new methods able to characterize sub-L sample with high reliability. This research area, 

commonly named microrheology, is of particular interest for the study of bio-based and 

bio-inspired materials [82–84]. The common approach employed in microrheology for the 

investigation of the material mechanical properties is to use microbeads or nanobeads, 

which get dispersed in the material under study, thus acting as tracers. These tracers can 

be naturally present in the sample or can be externally added to the material under test. 

By monitoring the movement of the tracers, it is possible to infer the rheological properties 

of the material [4,5,85]. In case the Brownian motion of the tracers, without the application 

of any external force, is exploited to derive the mechanical properties of the sample, the 

technique is named as passive microrheology. This approach is nowadays largely adopted 

to perform rheological measurements in a wide frequency range (from fractions of Hz to 

few tens of kHz) on fluids and soft materials. The detection of the beads Brownian motion 

can be performed with different methods such as direct particle tracking [86,87], Fourier-

space image analysis [88] or light scattering techniques [89]. The main limitation of passive 

microrheology is related to the smallest bead displacement that can be reliably detected 

with a given acquisition system, thus setting an upper limit to the maximum storage 

modulus (typically in the order of few tens of Pa) of the sample under study. A more 

powerful approach allowing to measure stiffer materials and to investigate the nonlinear 

response of the sample under study is represented by active microrheology, which consists 

in the application of a controlled external perturbation to actively move the beads. Active 

microrheology commonly relies on atomic force microscopy [90,91], optical forces [92,93] 
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or magnetic forces [94] to apply a known (and generally time varying) external force on the 

beads, which consequently stress the surrounding medium. For what concerns the use of 

optical forces, microscope-based single-beam optical tweezers have been widely employed 

to trap and move the tracers for materials rheological characterization [95–100]. This 

approach commonly allows applying forces in a restricted range going from ~0.1 pN to 

some tens of pN [5], which is not enough for studying all the situations of interest for 

microrheology. 

In addition to the limited sample consumption (in the order of few L or less), 

another advantage offered by microrheology is the possibility of investigating 

heterogeneous materials, as the measurements are performed with a local probe in a 

limited area. This characteristic is of particular interest for the study of biological samples 

that are characterized by an inherent heterogeneity, such as in the case of cells, which 

cannot be obviously studied by using a bulk rheometer. 

An important consideration must be pointed out for the calculation of the 

mechanical properties of a material in case a micrometer-sized (or nanometer-sized) tracer 

is used in microrheological experiments. In contrast to the classical cone-plate rheometer, 

in which a constant strain is applied throughout the sample under study, the strain field in 

a tracer-based microrheological experiment is inhomogeneous. Therefore, for a proper 

determination of the rheological properties of the medium, the effective area over which 

the force is applied and the strain field around the tracer should be calculated. For small 

displacements, the differential equation for the motion of a spherical tracer (with radius 𝑅) 

subjected to a force 𝑓(𝑡) in a viscoelastic medium is approximately given by: 

 

 

 

6𝜋𝑅𝜂𝑥̇ + 6𝜋𝑅𝐸𝑥 = 𝑓(𝑡) 

 

(2.31) 

where 𝜂 is the viscosity, 𝐸 is the elastic modulus, 𝑥 is the tracer position and 𝑥̇ is the tracer 

velocity [101]. The first term represents the viscous contribution given by the Stokes law, 

which expresses the frictional force exerted on a spherical object in a viscous fluid in a 

laminar flow situation (low Reynolds number). The second term represents the elastic 

contribution and recovery given by the elastic modulus 𝐸. In both cases, the form of the 

strain field is approximately incorporated in the geometric factor 6𝜋𝑅. 
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3. Development of a microrheometer for 

shooting microrheology 
 

After the description of the theoretical background, this chapter and the next one 

will be dedicated to my main PhD project: the realization of an integrated optofluidic 

microrheometer. In particular, this chapter will describe the development of an on-chip 

microrheometer for shooting microrheology realized in an optofluidic platform. The optical 

shooting procedure consists in exerting a step optical force on a microbead which will move 

in the surrounding medium stressing it. By monitoring the microbead position it is possible 

to infer the rheological properties of the surrounding medium. The optofluidic chip and the 

experimental procedure will be initially described as well as the system calibration with 

water. The system performance is proved by measuring different viscous media ranging 

from simple Newtonian fluids such as water-glycerol mixtures to more complex systems 

like a DNA hydrogel, which showed a strong non-Newtonian behavior. The last part of the 

chapter will be dedicated to the discussion of the results obtained from the measurement 

of yield stress fluids, a particular class of materials which exhibit a viscoelastic behavior 

strongly dependent on the applied stress and time scale of investigation. The proposed 

microrheometer allows carrying out creep and recovery measurements in an analogous 

way to a conventional bulk rheometer, with the advantage of requiring a significantly 

smaller sample volume. 

The work regarding the description and validation, by means of water-glycerol 

measurements, of the optical shooting-based microrheometer has been reported in  [102] 

while the results concerning the DNA hydrogel characterization have been published 

in  [103] in the framework of my PhD activity. 

 

3.1 Experimental procedure 
This section is dedicated to the description of the experimental setup and procedure 

performed for optical shooting rheological measurements. The core element of the setup 

is an integrated optofluidic chip that has been fabricated by the Fastgroup headed by Dr. 

Osellame. After the description of the optofluidic chip design and fabrication, the optical 

shooting protocol will be then presented, and the section will end with the discussion of 

the optical force profile and theoretical trajectory calculation, which will be then used for 

the data analysis. 
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3.1.1 Optofluidic chip design and fabrication 

As already described in Chapter 2, optical forces provide a high-precision and 

contactless tool to trap and manipulate microbeads suspended in a fluid. The use of 

microscope-based optical tweezers for rheological applications have been extensively 

reported in the scientific literature [95–97,104]. Optical tweezers, which rely on optical 

gradient forces to trap micro-objects, represent nowadays the most common 

microrheological approach to measure the viscoelastic properties of complex systems. In 

this thesis a different system configuration, based on a dual beam laser trap realized in an 

optofluidic platform, is proposed. The here-reported device exploits the scattering forces 

to trap and manipulate the position of a microbead for performing rheological 

measurements. A schematic representation of the integrated optofluidic chip is shown in 

Figure 3.1, while a photo of the same device is shown in Figure 3.2. The optofluidic chip is 

fabricated on a glass substrate by direct inscription of optical waveguides in a commercial 

microfluidic chip (Translume Inc., Ann Arbor, MI, USA) [56,105]. This commercial 

microfluidic chip is fabricated by FLM and chemical etching in a fused silica substrate and 

it embeds a straight microfluidic channel having a square section of 150 μm × 150 μm. The 

microfluidic channel presents an inlet and an outlet, which allow the injection and flow of 

the sample. In particular, two connectors are glued on the top surface of the optofluidic 

chip in correspondence of the microfluidic channel entrances, allowing to connect with 

plastic tubes the microchannel to an external micropump. 

 

Figure 3.1: Schematic representation of the optofluidic chip used for the microrheological 

measurements. A microbead is trapped thanks to the optical forces exerted by two counter-

propagating non-focused Gaussian laser beams, having the same optical power and emitted by 

two facing integrated waveguides. 
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Figure 3.2: Photo of the optofluidic chip employed for the microrheological measurements. The 

optofluidic chip is fabricated on a glass substrate and it embeds a straight microfluidic channel 

with a square cross-section and with facing waveguides lying perpendicularly to the channel. Two 

waveguides, one for each side, are fiber pigtailed to two optical fibers in order to connect the 

waveguides to a laser source and bring the optical radiation inside the microfluidic channel. The 

microchannel presents an inlet and an outlet for the sample injection and flow. 

 

Facing waveguides were written by FLM by the Fastgroup. The waveguides were 

inscribed at half height of the channel (75 μm from the channel floor) on the two sides of 

the microchannel, as it can be seen in Figure 3.1, which shows the cross-section of the 

optofluidic chip. The waveguides ending faces are separated by 200 μm, thus having a laser 

free propagation in the glass layer of 25 μm before the laser beams reach the microchannel 

section. Therefore, the microchannel results to be symmetrically illuminated from both 

sides. The optical waveguides were realized by focusing 150 nJ fs-laser pulses through a 

50×, 0.6 NA microscope objective and by moving the chip at a scan speed of 1 mm/s 

(Aerotech FiberGlide translation stages). In this fabrication process it was possible to obtain 

optical waveguides of very good quality and single mode at 1 μm wavelength, with a mode 

field diameter (at 1/e) of ~7.5 μm and propagation losses of ~3 dB/cm. The waveguide 

length, on each side of the microchannel, is 8.7 mm. After the waveguides fabrication, the 

next step was the polishing of the chip lateral surfaces in order to achieve low fiber-to-

waveguide coupling losses. Two optical fibers (Corning Hi1060) were pigtailed to the 

optofluidic chip in correspondence to the desired waveguides with an estimated coupling 

loss of ~1.3 dB. The final dimensions of the optofluidic chip are 50.8 × 17.6 × 1.1 (length × 

width × height, in [mm]). As it will be demonstrated, the high level of integration of the 

device ensures a high measurement repeatability and stability. Moreover, the portability 
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of the device makes it possible to easily move it from one lab to another in order to build a 

new setup. The two counter-propagating optical beams emitted by the two facing 

waveguides can be used to trap a microbead and manipulate its positions, as shown in 

Figure 3.1, where a microbead is trapped in the center of the microchannel thanks to the 

optical forces exerted by two beams carrying the same power. By unbalancing the power 

emitted by one of the two waveguides it is possible to change the microbead trapping 

position and hence to move the microbead along the beam axis (𝑥 direction) toward the 

new equilibrium position. This concept will be the conceptual basis for the realization of an 

integrated dual beam laser trap microrheometer. 

 

3.1.2 Experimental setup 

A schematic of the experimental setup for shooting microrheology is shown in 

Figure 3.3. The sample is prepared by mixing in a vial a small amount of microbeads (of 

known dimensions and optical properties) into the fluid of interest. A standard 

micropipette can be used to inject the prepared sample into the microfluidic chip reservoir. 

A sample volume lower than 1 μL is required for an entire set of measurements. The fluid 

movement inside the microfluidic channel is governed by capillarity, but it can be precisely 

controlled thanks to a LabVIEW-driven micropump (MFCS-FLEX 3C, Fluigent), which is 

connected to a microfluidic channel entrance with a plastic tube screwed to a chip 

connector. In this way the pressure inside the microchannel can be controlled in real time. 

The optofluidic chip is positioned on a phase-contrast inverted microscope (Nikon ECLIPSE 

TE2000-U), which allows monitoring the microbead movement thanks to a charge-coupled 

device (CCD) camera connected to the microscope. The setup is equipped with a 

temperature control system, consisting of a small Peltier module placed just below the 

optofluidic chip and a thermocouple (TC) well fixed on the top surface of the chip, which 

generates the feedback signal for the Peltier cell. A piezoelectric transducer (a thin 

piezoceramic disk) is positioned under the chip and it is driven by a function generator 

(Aim-TTi TG 2000 20MHz) controlled by a LabVIEW program. As discussed in Section 1.3, by 

driving the piezoelectric transducer at the right resonance frequency, it is possible to 

generate an acoustic standing wave in the microfluidic channel with a single node in the 

channel center. The acoustic radiation force will thus push all the microbeads along the 

central axis of the microfluidic channel (acoustophoretic prefocusing toward the center of 

the channel cross-section). A better coupling of the acoustic waves from the piezoelectric 

transducer to the glass optofluidic chip can be obtained by adding a glycerol drop between 

the transducer and the glass chip. For what concerns the optical part of the setup, a CW 

Yb-doped fiber laser (YLD-10-1064, IPG Photonics, Pmax = 10 W at 1070 nm) is employed as 

optical source and connected to a 50:50 fiber power splitter (FPS). Two single-mode optical 

fibers are used to couple the radiation in output from the two ports of the FPS to the optical 
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waveguides integrated in the optofluidic chip, and two fiber-to-fiber U-benches are 

inserted along the optical paths, allowing a full control of the optical power in the two 

branches. In particular, a manually-controlled variable attenuator is inserted in one U-

bench while the other U-bench is equipped with a beam blocker driven by a motorized 

stage, which allows to block/unblock the optical beam in a controlled and fast way. The 

motorized stage, as well as all the other instrumentations, are controlled thanks to a 

custom LabVIEW program. 

 

Figure 3.3: Schematic diagram of the experimental setup. The blue lines represent the optical 

fiber connections while the black lines represent the electrical cables. TEC: temperature controller 

circuit; CCD: charge-coupled device; TC: thermocouple; FPS: fiber power splitter. 

 

3.1.3 Optical shooting protocol and data acquisition 

After the sample injection in the microchannel, the pressure is adjusted by means 

of the micropump in order to produce a suitable flowing speed of the fluid. The first step 

consists in trapping a single microbead thanks to the laser radiation emitted by the facing 

waveguides. Let’s suppose to have a dispersion of microbeads in water: the microbeads 

will tend to sink toward the channel bottom surface due to gravity, with the consequent 

impossibility to trap them by means of the optical radiation, as the waveguides are located 

at half height of the microchannel. In order to solve this issue, it is possible to exploit the 

acoustophoretic prefocusing so that to push the microbeads toward the channel center. A 

sinusoidal voltage can be applied by means of the function generator to the piezoelectric 

transducer and by selecting a proper oscillation frequency it is possible to impose an 

acoustic standing wave in the microfluidic channel with a single node in the channel center, 

as previously described in Section 1.3.2. In the considered case of a microchannel with a 
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square cross-section geometry (150 × 150 𝜇𝑚2) filled with water (speed of sound in water 

𝑐𝑓 = 1483 𝑚/𝑠), the resonant frequency 𝑓1,0 and 𝑓0,1 will have the same value, e.g. 4.9434 

MHz. By driving the piezoelectric transducer at around this frequency, both the resonance 

contributions, along the width and height of the channel, will be present simultaneously 

and the combined effect is a single node position in the channel center. In this way all the 

microbeads will be aligned along the central axis of the microchannel and one single 

microbead can be trapped by means of the laser radiation. Once a microbead is optically 

trapped, the acoustic radiation is turned off and the flow is stopped by means of the 

micropump. It must be pointed out that when the microbead is illuminated by the two laser 

beams, the gradient forces tend to automatically align the microbead along the common 

beam axis, where the gradient force is zero and only the scattering component of the force 

is present. Therefore, once the microbead is aligned on the optical axis, only the scattering 

forces exerted by the two laser beams are responsible of the microbead movement and 

trapping in the equilibrium position along the common beam axis. This represents a 

substantial difference with respect to conventional microscope-based single-beam optical 

tweezers. In the here-proposed configuration, if the two laser beams have the same power, 

the trapping position is in the center of the microchannel, as shown in Figure 3.4 a). In this 

situation the two optical beams exert two scattering forces on the microbead which have 

the same magnitude and opposite direction (represented by the black arrows in Figure 3.4 

a)) and hence the net force acting on the microbead is zero, meaning that the microbead 

is trapped in an equilibrium position. 

 

Figure 3.4: Optical shooting experimental procedure. a) A single microbead is trapped by two 

counter-propagating laser beams carrying the same optical power; b) the trapping position is 

shifted toward the left border by decreasing the power emitted by the left waveguide; c) once the 

microbead is stably trapped closer to the left border, the right laser beam is abruptly blocked and 

the microbead will be pushed by the power emitted from the left waveguide from the left to the 

right border across the whole channel (optical shooting) [102]. 
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In order to perform the optical shooting experiment, the laser power emitted by 

the left waveguide is decreased by increasing the optical attenuation in the corresponding 

U-bench by means of the manually controlled variable attenuator. The microbead 

consequently moves toward the left border, reaching a new stable trapping position, as 

shown in Figure 3.4 b). Then, the right laser radiation is abruptly blocked by the beam 

blocker in the corresponding U-bench, thanks to the actuation of the LabVIEW-controlled 

motorized stage. The microbead is therefore pushed by the laser power emitted from the 

left waveguide from the left to the right side, across the whole channel, and we called this 

procedure optical shooting (see Figure 3.4 c)). By unblocking the right laser radiation, the 

microbead is pushed back toward the left border, in the previous stable trapping position 

and the optical shooting can be repeated by inserting again the beam blocker. The optical 

shooting procedure is repeated several times with the same microbead in order to increase 

the data statistics. It is then possible to change the fluid temperature thanks to the 

temperature control system by actuating the Peltier module and waiting some minutes for 

the fluid temperature stabilization. Optical shooting measurements can be performed at 

different temperatures to study the viscosity dependence of the fluid under test. After a 

complete campaign of measurements, the microbead can be released and a new one can 

be trapped in order to perform measurements with a new tracer. 

During the optical shooting procedure, the entire microbead movement is 

monitored thanks to the CCD camera connected to the inverted phase-contrast 

microscope. Thanks to the phase contrast mode, the microbead image presents a bright 

spot in the center, which allows identifying the microbead center and thus tracking the 

microbead position in an accurate way. The LabVIEW program employed for the setup 

management also allows the real-time extraction of the microbead trajectory from the 

optical shooting experiment thanks to a tracking algorithm, as it is shown in Figure 3.5. A 

stack of some images acquired by the phase-contrast microscope shows the positions 

sequentially occupied by the microbead during the shooting experiment at equally-space 

time intervals, as indicated by the red numbers. The corresponding microbead position as 

a function of time, retrieved with the particle tracking algorithm, is shown in the image 

below. 

An interesting feature offered by the real-time monitoring of the microbead 

position is that it allows evaluating and solving possible issues affecting the measurements 

such as an unstable laser power or a residual fluid flow. As it can be noticed, the microbead 

velocity is not constant along the trajectory across the channel and this depends on the 

shape of the optical force profile, as it will be discussed in the next section. 
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Figure 3.5: Stack of phase-contrast microscope images showing the sequential microbead 

positions at equally-spaced time intervals during an optical shooting experiment (scale bar: 10 

μm). The bright spot in the microbead center allows an accurate tracking of the microbead 

position. The extracted microbead position as a function of time is shown in the image 

below [102]. 

 

3.2 Governing equations and system calibration 
In this section the basic equations for determining the viscosity of the fluid under 

test will be presented together with the calculation of the optical force profile and the 

theoretical microbead trajectory. At the end of this section, the calibration of the optical 

force inside the optofluidic system will be discussed. 

 

3.2.1 Fluid viscosity derivation 

As previously explained, during the optical shooting experiment the microbead is 

pushed by the scattering force 𝐹𝑆 exerted by the left waveguide, as shown in Figure 3.4 c). 

The scattering force profile, its dependence on the spatial coordinate 𝑥 inside the 

microfluidic channel and its calculation according to the PRO approximation will be 

discussed in the next paragraph. When the microbead, pushed by the scattering force, 

moves inside the fluid, it also experiences the Stokes drag force, a frictional force which 

opposes to its movement. In case of a spherical object moving in a viscous fluid inside a 

microfluidic channel, the Stokes drag force 𝐹𝑑𝑟𝑎𝑔 is given by the following expression: 

 

 

𝐹𝑑𝑟𝑎𝑔 = 6𝜋𝜂𝑅𝑥̇ 𝛾⁄  

 

(3.1) 
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where 𝜂 is the fluid viscosity, 𝑅 is the microbead radius, 𝑥̇ is the microbead velocity and 𝛾 

is a correction parameter that accounts for the effect of the hard walls of the microfluidic 

channel and is defined as: 

 

 

𝛾 = 1 −
9

16

𝑅

𝑑
+

1

8
(

𝑅

𝑑
)

3

−
45

256
(

𝑅

𝑑
)

4

−
1

16
(

𝑅

𝑑
)

5

 

 

(3.2) 

in which 𝑑 is the distance from the microfluidic chip surface [106]. For the microbeads radii 

considered in this thesis, the contribution of 𝛾 is always negligible in case the microbeads 

are at least few micrometers away from the microfluidic chip surface. As the microbead 

positions closer to the channel walls are always discarded in the data analysis, it is possible 

to neglect the 𝛾 correction, as 𝛾 ≅ 1 for microbead positions sufficiently far from the 

channel wall. In case non-Newtonian fluids are considered, Equation 3.1 can still be used 

by simply substituting the viscosity 𝜂 with the proper apparent viscosity 𝜂𝐴 of the 

considered non-Newtonian fluid. 

The inertial effects during the movement of the microbead inside the microfluidic 

channel can be neglected due to the extremely low Reynolds number (< 10−3). Therefore, 

in each position and instant of time during the microbead movement, the optical scattering 

force will be equal to the Stokes drag force: 

 

 

𝐹𝑠(𝑥) = 𝐹𝑑𝑟𝑎𝑔(𝑥̇) 

 

(3.3) 

The scattering force 𝐹𝑠(𝑥) presents a spatial dependence on the 𝑥 coordinate along the 

beam propagation axis, while the Stokes drag force depends on the microbead velocity 𝑥̇. 

Therefore, the microbead will move with a position-dependent velocity that is always equal 

to the speed limit in the considered medium. Thanks to the fact that the scattering force 

profile 𝐹𝑠(𝑥) can be calculated by means of numerical simulations based on PRO 

approximation, and by considering that the microbead radius 𝑅 is known, it is possible to 

numerically derive the curve of the microbead position as a function of time by assuming a 

certain value for the fluid viscosity. This curve, numerically calculated for a certain “guess” 

of the fluid viscosity, will be named as theoretical bead trajectory in the following. The 

value of the viscosity of the fluid under test can be determined by the best fit of the 

experimentally measured bead trajectory with the simulated theoretical bead trajectories. 
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3.2.2 Optical force profile and theoretical bead trajectory 

For the optical shooting microrheological measurements, standard PMMA 

microbeads (Bangs Laboratories, Inc. BB01N), having radius equal to 5 μm and refractive 

index of 1.48 (@ 1070 nm), were initially used as tracers in different fluids such as milli-Q 

water and water-glycerol mixtures. In order to perform the system calibration and 

validation, the scattering force profile must be initially calculated so that to numerically 

derive the theoretical bead trajectories for fitting the experimental bead curve and hence 

determining the fluid viscosity. In our system configuration, the bead is automatically 

centered along the beam optical axis thanks to the gradient force and the scattering force 

is the only force component responsible of the bead optical shooting. In particular, the laser 

beam emitted by the optical waveguide inscribed in the optofluidic chip is a non-focused 

Gaussian laser beam having a wavelength of 1070 nm. Both the waveguides emit an optical 

beam with a beam waist equal to 3.8 μm (characterized with previous experiments), which 

diverges upon propagation in the channel. As discussed in Section 1.2.2, the PRO 

approximation can be assumed for the calculation of the theoretical force profile in the 

microfluidic channel. Figure 3.6 a) shows the theoretical calculation of the scattering force 

𝐹𝑠(𝑥) (as a function of the space coordinate 𝑥 along the channel width) applied by the left 

laser beam with an optical power of 10 mW on a PMMA microbead suspended in water 

(𝑛 = 1.325 at 1070 nm) and in ethanol (𝑛 = 1.354 at 1070 nm), respectively. As it can be 

noticed, a change of the refractive index of the medium significantly impacts the optical 

force magnitude. In particular, the scattering optical force applied to the microbead is 

larger when the refractive index difference between the microbead and the medium is 

higher. It can also be noticed that the optical force profiles in water and ethanol have a 

similar behavior: the force initially increases, it reaches a maximum and then it 

continuously decreases. Only a small shift in the maximum-force position can be observed 

and this is due to a change in the optical beam divergence. In Figure 3.6 b), the scattering 

force profiles calculated with the same microbeads in water for different values of the 

optical power are shown. As the total scattering force is obtained by summing the 

contributions of all single rays, which are directly proportional to the optical power, all the 

scattering force profiles are simply scaled copies of the same curve. 

From the calculated optical force profile, the corresponding theoretical bead 

trajectory can be derived, as discussed in Section 3.2.1, provided that the viscosity of the 

fluid surrounding the microbead is known. In Figure 3.6 c), d) the calculated theoretical 

bead trajectories corresponding to the scattering force profiles reported in Figure 3.6 a), b) 

are shown, respectively. A first observation is that the starting and ending positions of the 

bead trajectories are equal to 5 μm and 145 μm, respectively, as the microbead radius 

equals to 5 μm. Moreover, all the trajectories reported in Figure 3.6 d) can be overlapped 

by rescaling the time axis by a factor corresponding to the optical power considered in the 
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force profile calculation. This consideration, which may appear not so important, is 

particularly significant as it allows monitoring the presence/absence of viscosity changes 

induced by the laser heating effect, which is due to the absorption of the optical power by 

the fluid with the consequent material heating. In particular, in case of no laser heating 

effect and hence constant viscosity in a Newtonian fluid, the experimental optical shooting 

trajectories measured at different power levels should overlap with a proper rescaling of 

the time axis, whereas a deviation should be expected in case of laser heating-induced 

viscosity changes. 

 

Figure 3.6: Theoretical calculation of the scattering forces exerted by the left waveguide on a 5 

μm radius PMMA microbead and corresponding theoretical bead trajectories [102]. a) Scattering 

force profile along the microfluidic channel width for a laser beam having an optical power of 10 

mW in water and ethanol. b) Scattering force profile in water calculated for different laser 

powers. c) and d) Theoretical bead trajectories calculated according to the scattering force 

profiles a) and b), respectively. 

 

The calculation of the optical force profile resulting from two facing laser beams 

impinging on a dielectric microbead was then carried out. The same conditions as in Figure 

3.6 b) are considered, i.e. a 5 μm radius PMMA microbead suspended in water. Different 

optical powers from the two facing laser beams are investigated and the results are shown 

in Figure 3.7. Figure 3.7 a) reports the effect of an unbalanced power level between the 
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two beams on the overall force profile. The labels next to the force curves indicate the 

optical powers carried by the left (L) and right (R) laser beams. The nominal power is set 

equal to 10 mW (L and R refer to an optical beam carrying 10 mW of optical power) and 

fractions of this reference power are indicated by the curve labels. In case the scattering 

force is positive, the microbead will be pushed toward the right direction, whereas if the 

force is negative the bead will be pushed toward the left direction. Stable trapping positions 

correspond to points where the optical force profile crosses the zero line with negative 

derivative in the adjacent region. Considering, for example, two counter-propagating laser 

beams carrying the same power (“L+R” in Figure 3.7 a)), the force profile crosses the zero 

value, with negative derivative, exactly in the middle of the microfluidic channel. This 

results in a stable trapping position in the middle of the channel, corresponding to the bead 

trapping configuration shown in Figure 3.4 a). In order to perform the optical shooting 

experiment, the microbead trapping position is initially shifted toward the left channel 

border by introducing an attenuation in the left-branch U-bench, so that the microbead 

moves toward the new trapping position, paying attention it does not get in contact with 

the channel wall. The shift of the trapping position toward the left border can be even seen 

in Figure 3.7 a) for the curve labelled “2L/3+R”, for which the left power is decreased with 

the subsequent left-shift of the stable trapping position. Thanks to this configuration it is 

possible to obtain a repeatable and precise starting position for all the optical shooting 

trajectories, even when the optical power emitted by the laser is changed, as the trapping 

position depends only on the ratio of the power levels from the two sides and not on the 

absolute value of the power, as it can be appreciated in Figure 3.7 b). 

 

Figure 3.7: Optical force profile, as a function of the position in the microchannel, calculated for 

two counter-propagating laser beams impinging on a 5 μm radius PMMA microbead suspended in 

water [102]. Capital letter “R” stands for the right laser beam while “L” refers to the left laser 

beam. The optical power carried by the two laser beams is varied as indicated by the labels next 

to the force curves. The nominal power is set equal to 10 mW (“L” and “R”) and fractions of this 

reference power are indicated by the curve labels. 
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3.2.3 System calibration and data fitting procedure 

As previously discussed, the scattering force depends on the optical power carried 

by the laser beam in the microfluidic channel. The optical power emitted by the laser source 

can be controlled by varying the laser current 𝐼𝐿. However, the optical power inside the 

microfluidic channel is a priori unknown as the optical power emitted by the laser source 

undergoes different optical losses due to, for example, the propagation in the optical fibers 

and in the microchip waveguides. Therefore, a calibration procedure must be carried out 

in order to determine the optical power 𝑃𝑐ℎ𝑖𝑝 effectively present inside the microfluidic 

channel, which will be related to the set laser current 𝐼𝐿 by the relation 𝑃𝑐ℎ𝑖𝑝 = 𝐴𝐼𝐿, where 

𝐴 is a calibration constant to be found. Obviously, the previous relation is valid only for 

laser currents larger than the laser current threshold, which is around 0.75 A for the 

employed laser source. Considering this optical power dependence, the scattering force 

will be given by the following relation: 

 

 

𝐹𝑠(𝑥, 𝐼𝐿) = 𝐴𝐼𝐿𝑓(𝑥) 

 

(3.4) 

where 𝑓(𝑥) is the optical force profile, which can be calculated numerically. In order to 

determine the calibration constant 𝐴, it is possible to perform optical shooting experiments 

in fluids of known viscosity such as milli-Q water. Optical shooting experiments allow 

acquiring the space-time curves 𝑥(𝑡) corresponding to the microbead trajectories resulting 

from the particle tracking. As previously discussed and recalling Equation 3.3, in the 

considered case of a purely viscous fluid such as milli-Q water, the optical force will be 

balanced by the viscous friction: 

 

 

𝐹𝑠(𝑥, 𝐼𝐿) = 6𝜋𝜂𝑅𝑥̇ 

 

(3.5) 

Since the optical force 𝐹𝑠(𝑥, 𝐼𝐿) depends on the bead position 𝑥, but not on the time instant 

𝑡, it is possible to separate the two variables in order to obtain an equation that can be 

integrated between the initial space-time coordinates (𝑥𝑖, 𝑡𝑖) and those relative to a 

generic instant of the shooting experiment (𝑥∗, 𝑡∗): 

 

 

∫ 𝑑𝑡
𝑡∗<𝑡𝑓

𝑡𝑖

= ∫
6𝜋𝜂𝑅

𝐴𝐼𝐿𝑓(𝑥)
𝑑𝑥

𝑥∗<𝑥𝑓

𝑥𝑖

 

 

(3.6) 

where (𝑥𝑓 , 𝑡𝑓) represent the final space-time coordinates of the acquired data and the 

expression of the scattering force 𝐹𝑠(𝑥, 𝐼𝐿) has been made explicit. The determination of 
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the calibration constant 𝐴 can be performed introducing the function 𝑇(𝑥∗, 𝑡∗, 𝑥𝑖, 𝑡𝑖, 𝜂, 𝐴), 

which is given by: 

 

 

𝑇(𝑥∗, 𝑡∗, 𝑥𝑖, 𝑡𝑖, 𝜂, 𝐴) = ∫ 𝑑𝑡
𝑡∗<𝑡𝑓

𝑡𝑖

−
6𝜋𝜂𝑅

𝐴𝐼𝐿
∫

𝑑𝑥

𝑓(𝑥)

𝑥∗<𝑥𝑓

𝑥𝑖

 

 

(3.7) 

It must be pointed out that in the previous equation the microbead radius is known, as well 

as the force profile 𝑓(𝑥), which can be calculated numerically. The value of the current 𝐼𝐿, 

at which the optical shooting experiment is performed, is recorded for each measurement 

and hence it is a known parameter too. By performing experiments on a fluid with known 

viscosity 𝜂 (e.g. milli-Q water at various controlled temperatures), it is possible to 

determine the value of the calibration constant 𝐴 by minimizing the value of ∫ 𝑇2𝑑𝑡∗𝑡𝑓

𝑡𝑖
, i.e. 

by finding the value of 𝐴 which gives the best fit of the experimentally measured bead 

trajectories with the simulated ones. The calibration protocol was repeated before and 

after every measurement campaign to verify the stability of the system. The measurement 

setup was found to be very stable: the difference between the calibration constant 

evaluated before and after each measurement campaign was always found to be less than 

3%. The main reasons of this measurement repeatability can be found in the laser source 

stability and in the monolithic integration and alignment between the optical components 

and the microfluidic device. 

Conversely, once the calibration constant 𝐴 has been determined, the viscosity 𝜂 of 

an unknown fluid can be derived through exactly the same minimization procedure, i.e. by 

determining the value of 𝜂 which gives the best fit of the measured bead trajectories with 

the simulated ones. 

 

3.3 System validation: water-glycerol mixtures 
After the system calibration with milli-Q water, the integrated microrheometer was 

tested by measuring water-glycerol mixtures at different concentrations and different 

temperatures. These solutions are very well studied systems and their viscosity 

dependence on temperature is well known from literature [107]. Therefore, the 

comparison of the viscosity measurements with our integrated microrheometer with data 

from the scientific literature allows testing the performance of the here-proposed device. 

Water-glycerol solutions have been chosen as benchmark materials to validate the 

proposed microrheometer for different reasons. First of all, these solutions can be 

prepared by simply mixing water and glycerol at the desired concentration. Laboratory 

equipment such as an ultrasonic bath, a magnetic stirrer and a vortex mixer can be used to 
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properly mix the solutions. Another reason is that by changing the glycerol content in mass 

it is possible to change the viscosity of the final solution going from the viscosity of water 

(0% glycerol) to around 1000 times the viscosity of water at room temperature (100% 

glycerol). Moreover, the viscosity of these solutions exhibits a strong variation with 

temperature, which can be useful to test the temperature controller circuit in the setup. 

Water-glycerol mixtures at different mass concentrations were prepared and 

measured using 5 μm radius PMMA microbeads as tracers. Optical shooting measurements 

have been carried out at different temperatures by actuating the Peltier module placed 

below the optofluidic chip. As in the case of water, the optical shooting experiments were 

repeated several times with the same tracer for each temperature, and then repeated with 

new tracers in order to increase the statistics of the acquired data. The data analysis and 

the viscosity derivation were performed as described at the end of the previous section, 

after the system calibration with water and the numerical calculation of the scattering force 

profiles for each water-glycerol mixture. As the refractive index of a water-glycerol mixture 

changes by varying the glycerol concentration, the numerical calculation of the scattering 

force profiles for each solution is a fundamental step for a proper estimation of the optical 

force acting on the microbead. Some examples of the acquired microbead trajectories in 

case of a water-glycerol mixture at 30% glycerol concentration in mass are shown in Figure 

3.8, in which each curve corresponds to a single optical shooting experiment. As it can be 

observed, the velocity of the microbead increases by increasing the sample temperature. 

This is because the viscosity of a water-glycerol mixture is inversely proportional to the 

temperature. 

 

Figure 3.8: Optical shooting experiments performed on a water-glycerol mixture at 30% glycerol 

concentration in mass: experimentally measured microbead trajectories 𝑥(𝑡) at different 

temperatures (empty circles) and their fitting (colored lines) to determine the medium viscosity. 
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The measured viscosity values are reported in Figure 3.9 and show a good 

agreement with data from the scientific literature [107], indicated by the continuous lines 

for the different mixtures. The measurement uncertainty, calculated as the ratio of the 

viscosity standard deviation with respect to its average value, was found to be always lower 

than 8%, thus confirming the good measurement repeatability. 

 

Figure 3.9: Results from the viscosity measurements of water-glycerol mixtures at different mass 

concentrations and different temperatures. The experimental data, represented by scatter 

symbols, are compared with theoretical values from scientific literature [107], represented by 

continuous lines. The legend indicates the glycerol percentage in mass for the considered mixture. 

 

As it can be noticed, a small deviation between our measurements and data 

reported in the literature can be observed for the solutions at high glycerol concentration 

(70% and 85%). This small deviation can have different reasons such as a non-perfect mixing 

of the two liquids, even after multiple cycles of vortex mixing and magnetic stirring. In 

addition, it must be pointed out that the measurements at high glycerol concentration 

require a higher optical force (and hence a higher optical power) to move the tracer due to 

the higher viscosity with respect to mixtures at low glycerol content. This can result in a 

small laser heating-induced viscosity change, which is more evident in the high glycerol 

content solutions due to their higher viscosity dependence on temperature change. 

Another possible source of error can be found in the fact that the temperature readout is 

performed on the top surface of the optofluidic chip thanks to the thermocouple sensor. 

This could result in a possible error in the estimation of the real sample temperature inside 

the microfluidic channel. 
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3.4 Measurements of a DNA hydrogel 
After the system calibration and validation, we decided to employ the 

microrheometer for measuring the rheological properties of a DNA-based hydrogel, which 

exhibits a more complex non-Newtonian viscosity. Non-Newtonian viscosity is a typical 

characteristic of multicomponent, multiscale or structured fluids such as polymer networks 

and colloidal dispersions. Among these systems, physical gels (e.g. solutions of associating 

polymers, reversible hydrogels and more generally supramolecular transient networks) 

commonly show a shear thinning behavior for large shear rates [108–113]. Biomolecular 

networks belong to this class of systems and their rheological study can give important 

information about key structural properties of cells and biological tissues [114,115]. Even 

if it is well-known that the shear thinning behavior of transient networks is related to the 

strength of the bonds and their internal connectivity, a complete quantitative 

interpretation is challenging and still missing. This difficult interpretation is due to the 

inherent complexity of the transient networks, whose microscopic topology, bond lifetimes 

and interaction energies are usually known only as statistical distributions [116–118]. In 

this framework, a quantitative study of the shear thinning viscosity of transient networks 

and its relation to the microscopic network properties could be performed thanks to a 

model system characterized by a well-defined microscopic topology and mesh size together 

with a well-known bond strength and density of bonds. In this way it would be possible to 

clarify the microscopic mechanisms related to the emergence of non-Newtonian viscosity. 

This section will describe the transition from Newtonian to non-Newtonian regime of a 

model DNA-based hydrogel, which gives a quantitative interpretation of the shear thinning 

behavior in transient networks. This DNA hydrogel is composed by a dispersion of DNA 

nanoparticles that are independent at high temperature, while they interact and bind to 

create a transient network upon cooling. As it will be described in the next paragraph, the 

nanoparticles have the shape of 3-arms nano-stars (NS), and each arm terminates with a 6-

base-long overhang that represents a sticky spot for mutual interaction and binding [119]. 

The nanoparticles connectivity and therefore the network creation are related to the strong 

temperature (𝑇) dependence of the pairing of the overhangs, which can be precisely 

predicted on the basis of the well-studied thermodynamics of DNA hybridization [120]. As 

it will be shown, the system transforms continuously and in a reversible way from a 

dispersion of independent NS to a percolating transient network upon cooling. The non-

Newtonian viscosity of this transient network results from the activation of simple, single-

class molecular binding events. The complete control of the network structure parameters 

– including the number of NS arms (coordination number 𝑓 = 3), the bond lifetime (𝜏𝐵) 

and the binding free energy 𝛥𝐺 – allows quantitatively explaining the transition from linear 

to shear thinning viscosity in terms of the stabilization of the DNA network. 

 



60 
 

3.4.1 DNA hydrogel 

The preparation of the DNA hydrogel was performed by the Complex Fluids and 

Molecular Biophysics group (at the Department of Medical Biotechnology and Translational 

Medicine of the University of Milan) headed by Dr. Bellini, who collaborated with my group 

in this work, both for the sample preparation and the results interpretation. The DNA NS 

dispersion is obtained by annealing equimolar solutions of three 48-base-long oligomers: 

S1: 5'-p CTACTAAGCGTGGGCGTAAAAACGGTAACCGTTGCGTCATCC CGATCG-3' 

S2: 5'-p GGATGACGCAACGGTTACCGAACTCAAGAAGGTATTTATAGC CGATCG-3' 

S3: 5'-p GCTATAAATACCTTCTTGAGAATTTACGCCCACGCTTAGTAG CGATCG-3' 

These three sequences (S1, S2, S3) self-assemble into three-arms NS. Each arm of the NS is 

constituted by 20-base-pairs-long duplexes terminating with a 6-base-long overhang. In 

particular, each oligomer binds to the two others in 20-base-pairs-long sections, with the 

complementary sections highlighted by colored letters in the sequences above. The 

sequences hybridization results in the 3-arms nanostructure, in which each arm terminates 

with a 6-base-long auto-complementary sequence (CGATCG in the above sequences), as it 

can be seen in Figure 3.10 a). The DNA oligomers were synthesized by NOXXON Pharma. 

The DNA was hydrated using NaCl electrolyte solutions in order to yield a total ionic 

strength of about 20 mM. The NS annealing was done by slowly cooling the sample from 

90 °C to room temperature (at a rate of about 0.3 °C/min). It is possible to determine the 

fraction of resulting NS via gel electrophoresis, as presented in a previous work from the 

Complex Fluids and Molecular Biophysics group [119]. Solutions in which more than 86% 

of DNA is aggregated in NS were obtained. 

The DNA NS are independent and stable for 40 °𝐶 < 𝑇 < 60 °𝐶, while at lower 𝑇 

the overhangs of different NS hybridize, and the result is that the NS behave as interacting 

nanoparticles which attract each other with a valence equal to 3 [119]. A DNA NS 

concentration of 10 mg/mL was considered in this thesis. For this concentration, the DNA 

NS dispersion progressively and reversibly transforms from a dispersion of independent NS 

(at high 𝑇) into an arrested hydrogel (at low 𝑇) without undergoing to any phase 

separation [121]. This temperature-controlled gelation is an example of an equilibrium 

gelation, as the network creation is realized by going through different equilibrium states 

with no discontinuity [121]. Figure 3.10 b) and c) show an example of the 𝑇 dependence of 

the DNA NS network formation: by decreasing the 𝑇 from 35 °C to 20 °C, the fraction of 

bound terminals 𝑝 increases, resulting in the system transformation from a solution of 

dispersed NS or small clusters to a percolating transient network of bound DNA NS. 
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Figure 3.10: Graphical representation of the transient network based on interacting DNA NS [103]. 

a) Each DNA nanoparticle has the shape of a 3-arms NS, in which each arm ends with a sticky 

terminal that provides mutual attraction between the NS so that they can be thought as particles 

with valence equal to 3 (𝑓 = 3). The sticky spots consist of 6-base-long auto-complementary 

oligomers (CGATCG) that at low temperature hybridize with the overhangs of other NS. b) and c) 

Pictorial representations showing the temperature dependence of the DNA network creation. The 

fraction of bound terminals 𝑝 increases going from a temperature of 35 °C to 20 °C, meaning that 

the system transforms from a solution of dispersed NS or small clusters to a percolating transient 

network of bound NS. 

 

3.4.2 Newtonian to non-Newtonian crossover 

Optical shooting experiments have been carried out on the DNA hydrogel to 

investigate the viscous behavior of this material across its liquid-gel transition. The optical 

shooting experiment represents a stress-controlled microrheological technique that is 

particularly suited to measure the force-speed ratio and thus to precisely detect the 

appearance of non-Newtonian behavior. The measurements were carried out by filling the 

microfluidic channel with a solution of 1 μL of NS dispersed on 20 mM NaCl aqueous 

solution at a DNA concentration of 10 mg/mL, which corresponds to a NS molarity of 222 

μM. A small amount of 5 μm radius PMMA microbeads were dispersed in the DNA solution 

and used as tracers. A sufficiently long time is waited between two consecutive microbead 

shootings in order to let the system equilibrate. This condition was verified by checking the 

dependence of the microbead position 𝑥(𝑡) only on 𝑇 and optical power 𝑃𝑐ℎ𝑖𝑝 and not on 

the repetition rate of the optical shootings. In particular, attention has been paid to 

perform every shooting experiment in an unperturbed NS dispersion. Optical shooting 
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measurements have been carried out at different 𝑇 in the range 20-40 °C and at various 

optical power 𝑃𝑐ℎ𝑖𝑝 (corresponding to optical forces in the range 1-100 pN). Some examples 

of the acquired microbead trajectories are shown in Figure 3.11 a) (empty dots), in which 

each curve corresponds to a single optical shooting. As the microbead inertia can be 

neglected due to the small Reynolds number, the apparent viscosity 𝜂𝐴 of the DNA hydrogel 

can be found from 𝑥(𝑡) and 𝐹𝑠(𝑥, 𝐼𝐿) using the Stokes law: 

 

 

𝜂𝐴 =
𝐹𝑠(𝑥, 𝐼𝐿)

6𝜋𝑅𝑣(𝑥)
 

 

(3.8) 

where 𝑣(𝑥) is the microbead velocity, which is derived from 𝑥(𝑡). Figure 3.11 b) shows 𝜂𝐴 

as a function of the microbead speed for different 𝑇. 

 

Figure 3.11: Rheological characterization of the DNA hydrogel [103]. Viscosity measurements have 

been carried out in a 𝑇 range represented by the color bar adopted for all the figures. a) 

Experimentally measured microbead trajectories 𝑥(𝑡) for certain 𝑇 and optical powers (empty 

dots) and their fitting with the adopted Cross model for the apparent viscosity (lines). b) For each 

shooting experiment, the microbead velocity 𝑣(𝑥) was derived from 𝑥(𝑡) and used to determine 

the apparent viscosity 𝜂𝐴 as a function of 𝑣 (colored points). The dotted line stands for the water 

viscosity, reported for reference. 

 

It can be noticed that at the largest 𝑇, two different data sets at the same 𝑇 and at different 

optical powers were acquired in order to explore a larger force range (and so a larger 

microbead velocity range). As it can be seen, the viscosity of the DNA solution is Newtonian 

at high 𝑇 (red dots) as 𝜂𝐴 does not depend on 𝑣(𝑥). As 𝑇 decreases, two different 

phenomena occur. The first observation is that 𝜂𝐴 significantly increases as its value at the 

lowest microbead velocity grows of almost three orders of magnitude. Secondly, the DNA 
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solution becomes non-Newtonian and, in particular, 𝜂𝐴 shows a marked shear-thinning 

behavior. In the measured range of velocities, the apparent viscosity shows a power-law 

behavior that can be described as 𝜂𝐴 ∝ 𝑣𝑛−1 and thus the force will be of the form 𝐹 ∝ 𝑣𝑛, 

as it can be seen in Figure 3.12, which shows the force-velocity data on a log-log plot. The 

exponent 𝑛, called flow behavior index, goes from 1 (at the largest 𝑇, Newtonian limit) to 

almost 0, as it can be seen by observing the force-velocity data at the lowest 𝑇. In particular, 

the results observed at the lowest 𝑇 describe the strongest form of shear-thinning viscosity, 

in which the viscous friction does not depend anymore on the velocity, as it can be 

appreciated in Figure 3.12. 

 

Figure 3.12: Force vs velocity curves from the DNA NS solution measurements acquired at 

different 𝑇, as shown by the color bar [103]. Dotted line: force-velocity curve in pure water; 

dashed line: force-velocity curve corresponding to a flow behavior index 𝑛 = 0. 

 

It must be pointed out that in optical shooting-based experiments a distribution of 

shear rates is simultaneously probed, differently from conventional cone-plate geometry 

rheometers, for which the shear rate is uniquely set. In our microrheological experiments, 

the shear rate distribution is given by the velocity profile of the fluid 𝑣(𝑟, 𝜃) around the 

microbead, in which 𝑟 is the distance from the microbead center (𝑟 > 𝑅) and 𝜃 is the angle 

formed with respect to the velocity direction. In case of Newtonian fluids such as water, 

𝑣(𝑟) ∝ 1 𝑟⁄  is the dominant term far from the bead [122] that accounts for the Stokes law. 

When non-Newtonian shear-thinning power-law fluids are considered, for which the 

viscous friction force is given by 𝐹𝑃𝐿 ∝ 𝜀̇𝑚 [123], the expression of the velocity profile 

around a moving microbead is given by 𝑣(𝑟) ∝ 1 𝑟𝛼⁄ , where 𝛼 ≅ (2 − 𝑚) 𝑚⁄ > 1 and the 

viscous friction force on the microbead becomes 𝐹 ∝ 𝑣𝑚 [124]. Therefore, despite the 
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intrinsic inhomogeneity of the shear rate on the fluid induced by the microbead movement, 

our experimental data suggest that, in the explored 𝑇 range, the DNA NS hydrogel behaves 

as a power law fluid, whose exponent is equal to the one controlling the viscous friction 

force acting on the microbead, i.e. 𝑚 = 𝑛. 

As discussed in Section 2.2.2, power-law fluid model can be adopted to describe the 

non-Newtonian shear thinning behavior of fluids, and this approach is usually verified in a 

limited parameters range. In general, when the shear rate is small enough, every fluid 

shows a Newtonian behavior. In this condition, the equilibration time of the system, set in 

our DNA solution by the bond lifetime 𝜏𝐵, is lower than the characteristic time of the 

externally imposed stress. The onset of the shear-thinning behavior occurs when the 

dimensionless product 𝜀̇𝜏𝐵 becomes of the order of unity [125,126], which represents a 

condition in which the strain rate is sufficiently large to impose a significant tension in the 

network before it spontaneously opens for the finite lifetime. As in our experiments the 

shear rate is inhomogeneous, the natural dimensionless parameter to consider for 

evaluating the onset of the non-Newtonian behavior is 𝐵 = 𝑣𝜏𝐵 𝑅⁄   [127], which represents 

the Deborah number of our measurements. The values of 𝐵 for the measured DNA NS 

solution cover four orders of magnitude, as a combination of the small range of 

experimentally measured microbead velocities and of the significant variation of the bond 

lifetime that can be obtained as a function of 𝑇, as it will be reported in the next figures. 

In order to describe the transition from Newtonian to non-Newtonian viscosity in 

our DNS NS solution, it is possible to adopt the Cross model with exponent equal to 

1 [126,128], according to which the apparent viscosity is given by: 

 

 

𝜂𝐴 =
𝜂0 − 𝜂∞

1 + 𝐵
+ 𝜂∞ 

 

(3.9) 

where 𝜂0 and 𝜂∞ are the viscosities in the limit of zero and infinite velocity, respectively. 

The Cross model describes the transition from a regime of small structural deformations 

(i.e. high 𝑇, small 𝜏𝐵, small 𝑣) in which the system can be described as a Newtonian fluid, 

to a regime of large structural deformations (i.e. low 𝑇, large 𝜏𝐵, large 𝑣) where 𝜂𝐴 ∝

1 𝐵⁄ ∝ 𝑣−1, which coincides with the strong non-Newtonian behavior that is possible to 

observe in our measurements for the lowest 𝑇. The smooth transition between these two 

different regimes can be interpreted as a family of power-law fluids, each valid in a limited 

range of 𝐵 and whose flow behavior index 𝑛 varies with 𝐵 as 𝑛 ≈ (1 + 𝐵)−1. The 

expression of the apparent viscosity described by the Cross model can be exploited to fit 

the experimentally measured 𝑥(𝑡) (see Figure 3.11 a)) by integrating the equation of the 

microbead motion with 𝜂∞ set equal to the viscosity of water and with 𝜂0 and 𝜏 as fitting 

variables. It must be pointed out that the data analysis and fitting procedure presented in 
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Section 3.2.3 cannot be simply extended to shear-thinning fluids, as in this case the 

apparent viscosity changes with the microbead velocity. Anyway, it is possible to substitute 

the viscosity 𝜂 in Equation 3.5 with an apparent viscosity 𝜂𝐴, for which the Cross model has 

been adopted. By performing this substitution, a quadratic equation of the form 𝑎𝑣2 +

𝑏𝑣 + 𝑐 = 0 is obtained, whose coefficients are given by: 

 

 

𝑎 =
𝜂∞𝜏

𝑅
;      𝑏 = 𝜂0 −

𝐴𝐼𝐿𝑓(𝑥)𝜏

6𝜋𝑅2
;      𝑐 = −

𝐴𝐼𝐿𝑓(𝑥)

6𝜋𝑅
 

 

(3.10) 

As previously explained, it is possible to separate the variables and define a functional 𝑇: 

 

 

𝑇(𝑥∗, 𝑡∗, 𝑥𝑖 , 𝑡𝑖, 𝜂0, 𝜏) = ∫ 𝑑𝑡
𝑡∗<𝑡𝑓

𝑡𝑖

− ∫
2𝑎

−𝑏 + √𝑏2 − 4𝑎𝑐
𝑑𝑥

𝑥∗<𝑥𝑓

𝑥𝑖

 

 

(3.11) 

The best fit of the experimental microbead trajectories is accomplished by minimizing the 

functional 𝑇 with respect to the two parameters 𝜂0 and 𝜏. The results of the fit can be seen 

in Figure 3.11 a) (colored lines) and the good fit accuracy suggests that all the measured 

data can be expressed in terms of two dimensionless parameters (𝜂𝐴 − 𝜂∞) (𝜂0 − 𝜂∞)⁄  

and 𝐵, which can be calculated from 𝜂0(𝑇) and 𝜏(𝑇) resulting from the fit of each optical 

shooting. In particular, by rescaling the 𝜂𝐴(𝑣) datasets (see Figure 3.11 b)) using these two 

dimensionless parameters, they collapse on a universal curve, shown in Figure 3.13. This 

collapse validates the idea that the entire behavior of the DNA hydrogel can be explained 

as a single basic microscopic mechanism with the power-law behavior emerging as a cross-

over condition. This microscopic mechanism can be even appreciated by observing the 𝑇 

dependence of the best fit results of 𝜂0 (red triangles, right-hand axis) and 𝜏 (blue 

diamonds, left-hand axis), shown in Figure 3.14 as a function of 𝑇−1. In Figure 3.14 it is 

shown even 𝜏𝐷𝐿𝑆 (green squares, left-hand axis), which is the lifetime of thermally induced 

concentration fluctuations that was previously measured by the Complex Fluids and 

Molecular Biophysics group by means of Dynamic Light Scattering (DLS) measurements on 

the same DNA NS solution [119,121,129]. 
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Figure 3.13: The 𝜂𝐴(𝑣) datasets are rescaled using two dimensionless parameters based on 𝜂0(𝑇) 

and 𝜏(𝑇). This scaling of the apparent viscosity results in the collapse of all measured data on a 

universal curve [103]. 

 

Figure 3.14: The fit of the experimental bead trajectories with the Cross model for the apparent 

viscosity enabled estimating the values of the viscous characteristic time 𝜏(𝑇) (blue diamonds, 

left-hand axis) and the zero-shear viscosity 𝜂0(𝑇) (red triangles, right-hand axis) for each optical 

shooting [103]. The values of 𝜏𝐷𝐿𝑆(𝑇) (green squares, left-hand axis) were previously measured 

via Dynamic Light Scattering experiments by the Complex Fluids and Molecular Biophysics group. 

 

The results reported in Figure 3.14 suggest that the whole viscous and thermal behavior of 

the DNA NS solution is determined by a single Arrhenius process. It is possible to determine 

the associated activation enthalpy 𝛥𝐻 from the slope of the data, represented by the black 
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dashed line. The measured data give a value of 𝛥𝐻 ≈ 87 𝑘𝑐𝑎𝑙 𝑚𝑜𝑙−1, which is compatible 

with the enthalpy required to break the bonds between the NS [119,121,129]. Moreover, 

both the 𝑇 dependence and the absolute values of the viscous characteristic time 𝜏 (blue 

diamonds, left-hand axis of Figure 3.14) are in agreement with the expected inter-NS bond 

lifetime 𝜏𝐵 (characteristic time of the microscopic bonds), previously estimated from 

hybridization kinetic studies [130]. In addition to that, 𝜂0, the viscosity in the limit of zero 

speed, shows the same growing behavior as the characteristic times, according to an equal 

activation scaling. This characteristic agrees with the theory of network-forming molecular 

glasses such as silica [131], and it is reasonable because the characteristic energy scale in 

this system is set by the inter-NS bond enthalpy. 

 

3.4.3 Three regimes and final remarks 

The collapse of the optical shooting datasets into a single universal curve that 

depends on our Deborah number 𝐵 suggests that the entire DNA system behavior is related 

to the interplay between the shear stress, which is imposed by the microbead motion in 

the surrounding network, and the relaxation time of the network itself. According to this 

observation, it is possible to qualitatively describe the behavior of the DNA network and its 

dependence on 𝑇 as the evolution through three different regimes: the “cluster regime” 

(Newtonian), the “stretched elastic network regime” (Newtonian) and the “network 

fracturing regime” (non-Newtonian), which are pictorially represented in Figure 3.15. As 

previously discussed, at high 𝑇 the NS bond lifetime is short and the NS are independent or 

aggregated in small clusters. We labelled this phase as “cluster regime”, in which the 

viscosity is similar to the viscosity of water (𝜂𝑤, black dotted lines in Figure 3.11 b) and in 

Figure 3.12), increased by a correction factor proportional to the effective volume fraction 

of suspended NS and NS clusters [132]. Therefore, in this regime, the DNA NS solution 

basically behaves as a Newtonian fluid similarly to water (Figure 3.15 a1 and a2). As 𝑇 

decreases, a network begins to form and the NS clusters become extended enough to be 

significantly deformed by the local shear rate resulting from the microbead motion (Figure 

3.15 b1 and b2). Due to the imposed deformation, the DNA NS network generates a shear 

elastic force which is opposite to the microbead movement. However, in this phase that 

we called “stretched elastic network regime” (Newtonian), the NS bond lifetime is short 

enough such that the bonds are not directly broken by the microbead during its motion, as 

they open spontaneously fast enough before reaching their tearing point. By further 

decreasing the 𝑇, the network is long-lived and percolating and in this situation the 

microbead can move only by breaking the bonds, suggesting the name “network fracturing 

regime” (Figure 3.15 c1 and c2). In this regime, the work that is spent for the microbead 

motion must equal the energy required to break the inter-NS bonds opposing the bead 

movement. Therefore, the frictional force experienced by the microbead during its motion 
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just depends on the number of broken NS bonds and not on the bead speed, a condition 

that reflects the strong shear-thinning behavior of the material experimentally measured 

at the lowest 𝑇 (see Figure 3.12). 

 

Figure 3.15: Graphical representation of the three different regimes in the transition from 

Newtonian to non-Newtonian viscosity of the DNA hydrogel [103]. By decreasing the temperature 

of the system, the DNA NS solution passes through different regimes, here pictorially represented 

at the microbead length scale (left-hand side) and at the NS length scale (right-hand side). In the 

left panel the NS density is represented by purple shading. In the first state, that we called 

“cluster regime”, the system is a dispersion of independent NS or small clusters of NS and it 

behaves as a Newtonian fluid (a1 and a2). In the second phase, the Newtonian “stretched elastic 

network regime”, a NS network is created, but the NS bond lifetime is short enough such that the 

DNA network is stressed by the microbead motion, but the bonds are not broken by the 

microbead as they open spontaneously (b1 and b2). In the third state, the “network fracturing 

regime”, the network is long lived and the NS bond lifetime is long so that the microbead can 

move in the network only by breaking the NS bonds to create an opening to pass through the 

network (c1 and c2). This results in a strong non-Newtonian response of the material. 
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In conclusion, the model DNA NS hydrogel here-studied by an optical shooting-

based active microrheological technique allowed investigating the complex viscous 

behavior of network forming systems. The most important finding of this study is the 

experimental observation that the transition from Newtonian to non-Newtonian behavior 

(strong shear-thinning viscosity) of this model transient network occurs through a 

continuous set of power-law fluid regimes, covering all the possible shear-thinning flow 

behavior indices (from 1 to 0 upon lowering the 𝑇). In particular, the Newtonian to non-

Newtonian crossover going from the “stretched elastic network regime” to the “network 

fracturing regime” takes place in a really small 𝑇 range. More specifically, the exponents of 

these power-law fluids describing the transition vary from 𝑛 ≈ 0.8 to 𝑛 ≈ 0.2 in a 𝑇 range 

of 2-3 °C width around 26 °C. For the lowest 𝑇 experimentally measured we found a region 

in which the viscous friction is independent on velocity, i.e. 𝑛 ≈ 0 and therefore 𝜂𝐴 ∝ 𝑣−1. 

A key point for this study was the strong 𝑇 dependence of the NS bond lifetime, by 

which it has been possible to explore four decades of Deborah number 𝐵 with a moderate 

range of shear rates (microbeads velocities) and in a small 𝑇 range. A last observation is 

that the here-studied DNA NS hydrogel, which was proposed as a model of strong glass 

formers for its thermodynamic and equilibrium properties [121], has rheological properties 

similar to silica, which is considered the archetype of glass forming liquids. Specifically, the 

collapse of 𝜂𝐴(𝑣) once properly rescaled and the proportionality between the viscosity in 

the limit of zero speed and the relaxation time are characteristics that resemble the 

rheological behavior of silica. 

 

3.5 Creep tests of yield stress fluids 
The last part of this chapter is dedicated to the measurement of a particular class of 

viscoelastic materials named yield stress fluids (even called viscoplastic fluids). These 

materials are characterized by a certain threshold: for values of the applied stress lower 

than this threshold they behave as elastic solids, whereas for stresses larger than this 

threshold they flow as liquids [133,134]. However, for values of the imposed stress closer 

to this critical value the situation is still not clear. Other open questions concerning the 

response of these materials are related to the dependence of the yield tress threshold on 

the material microstructure and stress distribution in the material [135]. Examples of yield 

stress fluids are everyday life products such as toothpaste and cement. More complex 

systems showing a yield stress behavior are biological and synthetic fibers and biological 

samples such as blood. The rheological investigation of biological samples and materials 

which are available only in a limited quantity can really benefit from a microrheological 

approach, as already pointed out in this thesis. However, surprisingly few microrheological 

studies have been carried out on yield stress materials [136,137]. The main obstacle for the 
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investigation of these materials is given by the high stresses required to probe the material 

response in the different regimes, going from the elastic to the viscous one. In the next 

paragraphs it will be shown how the optical shooting technique proposed in this thesis can 

be successfully employed for probing the mechanical response of yield stress fluids in 

different rheological regimes. A theoretical introduction to yield stress fluids will be initially 

given in the next section. The chapter will end with the description of the measurement 

procedure and obtained results. 

 

3.5.1 Yield stress fluids 

The peculiar feature of a viscoplastic fluid is that it is characterized by a certain yield 

stress: the material is able to flow (i.e. deform indefinitely) like a fluid if it is subjected to a 

stress value larger than its critical threshold, whereas it deforms in a finite way like an 

elastic solid if the material is not sufficiently stressed. The rheological properties of 

viscoplastic fluids are difficult to predict as their study involves the rising of transient or 

permanent solid and liquid regions, whose location in the material structure is difficult to 

be a-priori determined. A further complication arises when viscoplastic fluids whose 

rheological properties depend on the flow history are considered. For these materials, 

which are labelled with the term thixotropic, the viscosity depends not only on the shear 

rate but even on the history of the sample, the aging, the aggregation of various 

microstructures and their rearrangement due to the sample flow and deformation. 

In order to quantify the steady-state flow characteristics of a non-Newtonian fluid 

the measurement of its complete flow curve is required, as the fluid viscosity depends on 

the applied stress [135]. As explained in Section 2.4, the flow curve gives the relation 

between the shear stress 𝜎 and the shear rate 𝜀̇. In case a Newtonian fluid is considered, 

these two quantities are linearly related, i.e. 𝜎 = 𝜂𝜀̇, where 𝜂 is the viscosity, which is 

independent on the applied stress. For a viscoplastic fluid, the viscosity strongly depends 

on the shear rate, 𝜎 = 𝜂(𝜀̇)𝜀̇, and the flow curve is no more a straight line crossing the 

origin, as in the case of Newtonian fluids. Different models have been proposed for 

describing the stress-shear rate relationship for a viscoplastic fluid and the existence of a 

yield stress value separating the elastic and viscous behavior. The simplest idealization of a 

viscoplastic fluid, but nevertheless one of the most known and used for its simplicity, is the 

Bingham model [135]: 

 

 

𝜎 < 𝜎𝑦:   𝜀̇ = 0 

𝜎 ≥ 𝜎𝑦:   𝜎 = 𝜎𝑦 + 𝜂𝑃𝜀̇ 

 

(3.12) 
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where 𝜎𝑦 > 0 is the value of the yield stress and the parameter 𝜂𝑃 accounts for the slope 

of the flow curve in the fluid region, that is defined by 𝜀̇ > 0. An equivalent formalization 

of the Bingham model is given by an effective viscosity, which is asymptotically equal to 𝜂𝑃 

for large values of the applied stress and it diverges continuously as the stress decreases 

and approaches the yield stress: 𝜂𝑒𝑓𝑓(𝜀̇) ≡ 𝜎 𝜀̇ =⁄ 𝜂𝑃 + 𝜎𝑦 𝜀̇⁄ . The simplicity of this model 

lies in the fact that it employs only one material-dependent number, the value of the yield 

stress 𝜎𝑦, to describe the complex, nonlinear behavior of viscoplastic fluids. A popular 

generalization of the Bingham model in the shear flow regime is the Herschel-Bulkley 

equation, which is given by [135]: 

 

 

𝜎 ≥ 𝜎𝑦:   𝜎 = 𝜎𝑦 + 𝐾𝜀̇𝑛 

 

(3.13) 

where 𝐾 and 𝑛 are two parameters which can be considered as the flow consistency index 

and flow behavior index, previously introduced in the description of non-Newtonian fluids. 

It can be noted that the Bingham model is a specific case of the Herschel-Bulkley equation, 

which is obtained by considering 𝑛 = 1. The Herschel-Bulkley model describes both the 

yield stress regime 𝜎 ≈ 𝜎𝑦 for low values of the shear rate, and a power-law shear thinning 

regime 𝜎 ≈ 𝐾𝜀̇𝑛 for large values of the shear rate, with 0 ≤ 𝑛 ≤ 1. 

Different experiments can be macroscopically performed by using a standard 

rheometer in order to distinguish between the solid and liquid regimes and determine the 

value of the yield stress. These tests include, for example, creep experiments, flow-curve 

measurements and amplitude sweep tests. It must be pointed out that different tests often 

give as a result non negligible differences in the value of the estimated yield stress, 

underlying again the difficulty in the rheological characterization of these materials. The 

creep test will be here explained as its microrheological implementation, based on the 

optical shooting technique, will be presented in the next sections. The creep tests 

performed with a conventional rheometer consist in recording the material deformation 

(strain 𝜀) as a function of time for a constant applied stress 𝜎, for different stress values. 

An example of creep tests performed on a hair gel is reported in Figure 3.16 [138]. As it can 

be seen, after an initial transient phase the different strain-time curves evolve according to 

two different behaviors. For values of the stress larger than a critical value (here around 62 

Pa), the curves significantly increase with time following a line with slope 1 on the log-log 

scale, which indicates that the viscoplastic fluid flows at a constant shear rate [134,138]. 

This situation corresponds to the liquid regime of the yield stress fluid. Instead, for values 

of the stress lower than this critical value, the strain tends to a plateau, as in the case of an 

elastic solid. However, differently from a purely elastic solid, in this second regime the 

strain keeps increasing with time, suggesting a really slow flow. Anyway, it can be noted 

that the slope decrease in time suggests that the apparent shear rate would continuously 
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decrease toward values even lower without arriving to a situation corresponding to a 

steady state flow. This apparently limited strain and the continuous decrease of the 

apparent shear rate with time justify the fact that we can label this regime as a solid regime. 

However, it must be underlined that for values of the stress close to this critical threshold 

the situation is still unclear: the strain can reach significant values, but the shear rate 

continuously decreases with time (slope less and less than 1 on the log-log scale). 

Therefore, this remarks once again that an exact determination of the value of the yield 

stress is challenging: ideally, the definition of the yield stress is the stress value which 

implies a steady flow at a shear rate infinitely small, which would require an infinite time 

to be reached due to the finite material deformation associated to the solid-liquid 

transition [138]. 

 

Figure 3.16: Typical behavior of the strain (here indicated with the letter 𝛾)-time curves measured 

for different stress values (increasing from bottom to top) applied to a hair gel. The stress values 

are: 0.8, 4, 6, 8, 12, 20, 28, 40, 50, 56, 60, 63.2, 66.8, 70, 80, 90, 100 Pa. The dotted line indicates 

the curve with slope 1 on the log-log plot [138]. The data are taken from  [139]. 

 

Yield stress fluids present some features which strongly differentiate them with 

respect to common solid materials. A solid behavior is commonly related to a given material 

structure, and a solid object breaks or flows in relation to the fact that it is brittle or ductile, 

respectively, but, in any case, it loses its initial mechanical properties once a critical 

deformation (beyond the breakage of the initial structure) is reached. Instead, yield stress 

fluids present different peculiar features: (i) these materials show a solid structure at rest, 

which may be thought as the structure of a usual solid; (ii) beyond a critical stress, this 

structure breaks and the material flows as a liquid; (iii) leaving again the material at rest for 

a sufficient time makes it recover its initial mechanical (solid) properties, with a structure 

similar to the initial one [138]. These materials are therefore able to change from a solid to 
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a liquid state, and vice versa, in a reversible way. These properties are the result of the soft 

interactions between the elements composing the fluid, which can build a jammed 

structure which resembles the properties of a solid, but the structure itself can also be 

easily broken if a sufficiently large stress is applied. Examples of materials showing this kind 

of behavior are foams, gels and emulsions. 

 

3.5.2 Measurement protocol 

The previously described optical shooting microrheological setup was employed to 

characterize some well-known yield stress fluids in order to show the performance of the 

integrated microrheometer. The measurements performed on these viscoplastic fluids will 

be compared to creep measurements of a conventional rheometer. As the measured 

samples show a non-significant change of their rheological properties over the 

temperatures measurable with our setup, all the experiments were carried out at room 

temperature, without the actuation of the temperature controller circuit. Some 

considerations related to the solid behavior at rest of viscoplastic fluids must be pointed 

out. Due to the material stiffness and rigid structure, the acoustic force cannot be exploited 

to perform the microbeads acoustophoretic prefocusing as this kind of force is not strong 

enough to move a microbead in these solid-like materials. Therefore, even the function 

generator previously used to drive the piezoceramic element is not actuated during these 

measurements. As significantly high optical forces are required to stress these materials, 5 

m radius polystyrene microbeads (Sigma Aldrich 72986, 𝑛 = 1.57 at 1070 nm) were used 

as tracers, as they have a higher refractive index with respect to PMMA microbeads (𝑛 =

1.48 at 1070 nm). In this way, for the same optical power, it is possible to achieve higher 

scattering forces on the microbead. Although the acoustic force cannot be exploited for 

the acoustophoretic prefocusing, the intrinsic stiffness of yield stress fluids helps us in 

finding and shooting a single microbead. Under certain conditions, which are related to the 

yield stress value of the material, to its density and to the density and radius of the tracer, 

the material structure is stiff enough to counteract the weight force of a dispersed 

microbead [140]. Therefore, in this situation, the microbeads remain stuck and do not 

move toward the channel bottom due to gravity. Some numerical studies have been 

performed to determine the conditions for which a particle moves in a viscoplastic fluid 

simply due to the weight force [140]. Without entering into details, in our specific situation 

polystyrene microbeads remain stuck in the material network and do not sink due to 

gravity, as even experimentally observed. This implies that, by dispersing a small amount 

of microbeads in the viscoplastic fluid to be tested and by injecting the prepared sample in 

the microfluidic channel, the microbeads will be dispersed at different channel heights. 

Optical shooting experiments can be therefore performed on microbeads positioned 

around half height of the channel, in correspondence of the optical waveguides which emit 
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the laser radiation. The gradient force acting on the microbead ensures that the microbead 

is automatically aligned along the beam axis, where the gradient force reduces to zero and 

only the scattering component of the force is present. For what concerns the optical 

shooting experiments, the measurement protocol is different with respect to the one 

presented in Figure 3.4. The first step consists in finding a microbead suitable for the 

measurements, i.e. located around half height of the channel. This can be done by simply 

making the sample flow by actuating the external micropump. Once an appropriate 

microbead is found, it is not shifted toward the left channel border, as previously shown in 

Figure 3.4. This is because the here-measured yield stress fluids are significantly stiffer than 

the materials previously characterized and shifting the microbead position toward the left 

channel border would require a large force, sometimes even not achievable with the 

current setup. Moreover, as it will be shown in the next section, the microbead 

displacement is in the order of few μm or less for each optical shooting experiment, which 

implies that many measurements can be carried out even without shifting the microbead 

position toward the left border. Obviously, this is valid just in case the microbead is not too 

close to the right border. Therefore, the optical shooting experiments can be performed by 

simply using a single laser beam, let assume the one emitted by the left waveguide, 

referring again to Figure 3.4. The optical power emitted by the right waveguide is shut 

down by means of the manually controlled variable attenuator placed in one U-bench. In 

order to perform the creep and recovery measurements, the force acting on the microbead 

must be of the form shown in Figure 3.17. The force is initially set to zero in order to retrieve 

the microbead starting position, then it is increased to a constant value for a certain time 

and then it is decreased back to zero to estimate the material recovery. During the whole 

process, the microbead position is recorded by tracking the particle movement as 

explained in Section 3.1.3. This protocol can be accomplished by initially blocking the power 

emitted by the left waveguide by means of the LabVIEW-controlled beam blocker placed in 

the U-bench and setting the laser at the desired emission power. In this way the power 

emitted by the laser is stable. The microbead position is initially recorded for a time T1, 

during which the optical force is equal to zero as the optical beam is blocked. After this 

initial time, the beam blocker in the U-bench is abruptly removed and hence the microbead 

will be subjected to a rectangular step optical force, which is maintained for a time duration 

equal to T2. Then the optical beam is blocked again and the microbead recovery is recorded 

for a time duration equal to T3. The optical force acting on the microbead during time T2 

can be considered almost constant for small microbead displacements, in the order of few 

μm or less, as the optical force profile of the scattering component slightly varies with the 

position along the channel width (see for example Figure 3.6 a)). This measurement 

procedure is highly automatized thanks to a custom LabVIEW program, which allows 

setting the different time durations. 
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Figure 3.17: Creep and recovery measurement protocol. A step force is applied to the microbead 

(top panel) and the microbead position is recorded over time (bottom panel). The bead response 

can follow three different regimes, depending on the value of the applied stress. For an applied 

stress lower than the yield stress: linear elastic response (blue curve). For an applied stress 

comparable or slightly larger than the yield stress: nonlinear creep (green curve). For an applied 

stress significantly larger than the yield stress: fluid regime (orange curve). 

 

The microbead displacement reflects the material response, which can basically 

follow three distinct behaviors, shown in the bottom panel of Figure 3.17. For stress values 

lower than the yield stress, the material response is elastic and the microbead 

displacement will have the same shape of the input force. Once the force is removed, the 

microbead will completely recover the deformation, coming back to the initial position. 

This corresponds to the linear elastic regime, for which, by doubling the stress value, even 

the strain will double. For stress values comparable or slightly larger than the yields stress, 

the material dissipates energy due to an inelastic deformation: the bead displacement does 

not exactly follow the force step function, but after an initial instantaneous deformation, it 

keeps increasing with time (nonlinear creep). Once the force is removed, the bead 

displacement is not completely recovered and the difference between the final and initial 

bead position is related to the energy dissipation. If the applied stress is significantly larger 

than the yield stress, after an initial instantaneous deformation, the microbead breaks the 

surrounding region and its position will be a linear function of time with a slope 1 on a log-

log scale, as in a viscous fluid (fluid regime). When the force is removed, the microbead will 

not recover its initial position as all the energy is lost due to the viscous friction. It is 

therefore possible to study the transition between the elastic and fluid regime and estimate 

the yield stress value by evaluating the change of the strain-time slope as a function of the 

applied stress. Moreover, it is interesting to estimate the value of the initial instantaneous 
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deformation as a function of the applied stress, which gives a measure of the storage (or 

elastic) modulus 𝐺′ of the material. This is because the elastic component is always in phase 

with the applied stimulus. The study of 𝐺′ as a function of the applied stress allows 

evaluating the transition from the linear to nonlinear regime. 

 

3.5.3 Colloidal fibers preparation 

In order to test the performance of the system, the rheological properties of well-

studied viscoplastic fluids were investigated. The results of creep and recovery 

measurements performed using the microrheometer were compared with those obtained 

by means of a conventional rheometer. The viscoplastic fluids were prepared by the 

Complex Fluids and Molecular Biophysics group. The same group also performed the 

macroscopic measurements with the rheometer. The measurements were carried out on 

a simplified version of a liquid detergent prepared from an aqueous solution of Linear 

Alkylbenzene Sulphonate (LAS) surfactant, in which a small quantity of fibers composed of 

Hydrogenated Castor Oil (HCO) is dispersed [141]. At the concentrations commonly used 

in liquid detergents, LAS is in a worm-like micellar phase, showing a typical Maxwell 

behavior. The addition of HCO fibers provides solid-like properties and a yield stress 

behavior to the system, which can be now mechanically modelled by a parallel connection 

of a Maxwell element and an elastic spring. Specifically, the measured materials are 

composed of aqueous solutions of LAS neutralized with monoethanolamine (MEA) to pH = 

8, and hydrophobic fibers composed of HCO. The HCO fibers were derived by emulsion 

crystallization of HCO in a solution of LAS at a concentration of [LAS] = 16 wt%. During this 

process, HCO is emulsified at high temperature and the emulsion is slowly cooled and 

sheared at the same time. During the cooling process, HCO nucleates within the aqueous 

surfactant phase and the emulsions droplets operate as a reservoir for HCO in the aqueous 

phase [142]. It must be noted that the final shape of the HCO-crystallites at the end of this 

production process strongly depends on the cooling rate and shear rate used. In particular, 

three main final crystal morphologies have been reported in the scientific literature: 

irregular crystals, rosettes and fibers [143,144]. The suspensions characterized in this thesis 

are mainly composed of rigid fibers having diameters of ~ 20 nm and lengths which vary in 

the range 2-20 m. The measured samples are produced following two different 

production protocols for the cooling rate and shear rate used, which have an impact on the 

length of the resulting fibers and hence on the rheological properties of the final systems. 

We can identify the two methods referring to the resulting fibers with the term long and 

short. The density of HCO fibers approximately matches the density of the LAS surfactant 

phase, so that gravity effects can be neglected. Samples with LAS concentrations of 5.8 wt% 

and 10 wt% and HCO concentration of 0.4 wt% were prepared by dilution from a stock 
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solution containing [HCO] = 4 wt% and [LAS] = 16 wt%. Two different samples were 

measured: 

 long fibers with HCO concentration of 0.4 wt% and LAS concentration of 5.8 wt%, 

which will be indicated in the following as long fibers 0.4 wt% (HCO) 5.8 wt% (LAS); 

 short fibers with HCO concentration of 0.4 wt% and LAS concentration of 10 wt%, 

which in the following will be indicated as short fibers 0.4 wt% (HCO) 10 wt% (LAS). 

 

3.5.4 Measurements of colloidal fibers 

The first measurements were performed on the long fibers 0.4 wt% (HCO) 5.8 wt% 

(LAS) sample by carrying out creep and recovery experiments at different laser powers with 

our active microrheological setup. These measurements were compared with creep 

measurements performed with a conventional rheometer (Anton Paar MCR 302 with cone-

plate geometry) by the Complex Fluids and Molecular Biophysics group. The experiments 

with the rheometer were carried out at different stress levels, as shown in Figure 3.18. In 

these measurements, the stress is set to a certain value (indicated by the color bar) and it 

is maintained for all the experiment duration. The strain resulting from the applied stress 

is recorded as a function of time for all the measurement duration. As it can be seen, by 

increasing the value of the stress (from blue lines to red lines), the system shows a 

transition from the elastic regime (constant strain or a slow strain increase as a function of 

time, after an initial transient phase) to the fluid regime (the strain as a function of time 

follows a line with slope 1 on the log-log plot). 

 

Figure 3.18: Creep measurements performed on the long fibers 0.4 wt% (HCO) 5.8 wt% (LAS) 

sample with a conventional rotational rheometer. Creep experiments were carried out at 

different stress values, as indicated by the color bar on the right. The dashed black line represents 

a line with slope 1 on the log-log graph. 
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As it was previously anticipated, the exact determination of the yield stress value is 

not easy, as it appears evident by observing the reported curves. As a first comment, the 

strain-time curves clearly follow a line with slope 1, after an initial transient phase, for an 

imposed stress value of 0.35 Pa (orange curve) and larger values (red curves). Therefore, 

one could say that the yield stress of this material is around 0.35 Pa. However, if we observe 

the curves behavior for a longer time, even the yellow curve follows a slope 1 after a longer 

time in which it just shows a nonlinear creep behavior, suggesting that the yield stress value 

is around 0.3 Pa. This behavior, i.e. the transition to the liquid regime after a nonlinear 

creep phase, is called delayed yielding. As the duration of the creep phase in our 

microrheological experiments will be set equal to 10 s, we will consider a yield stress value, 

according to the rheometer measurements, of around 0.35 Pa. The time duration was 

limited to 10 s in order to limit the heating effects due to the light absorption by the 

material. 

Some of the microbead trajectories acquired from the creep and recovery 

measurements performed with the integrated microrheometer, as a function of the 

applied stress (see color bar), are shown in Figure 3.19. In particular, the effective stress 𝜎 

acting on the microbead is calculated as 𝜎 = 〈𝐹𝑠(𝑥, 𝐼𝐿)〉 (12𝜋𝑅2)⁄ , where 〈𝐹𝑠(𝑥, 𝐼𝐿)〉 is the 

value of the scattering component of the optical force averaged over the positions where 

each optical shooting is performed, for the selected laser current 𝐼𝐿, while 𝑅 is the 

microbead radius. The effective area 12𝜋𝑅2 at the denominator is calculated from the 

geometric factor 6𝜋𝑅 introduced in Section 2.4 in case of small displacements [101]. It must 

be noted that this is only an approximation of the strain distribution around the bead. 

 

Figure 3.19: Microbead trajectories resulting from the creep and recovery measurements, as a 

function of the applied stress (see color bar), performed on the long fibers 0.4 wt% (HCO) 5.8 wt% 

(LAS) sample with the integrated microrheometer. 



79 
 

As it can be seen from Figure 3.19, for each optical shooting experiment, the 

measurement protocol consists in acquiring the bead initial position for some seconds with 

no optical force (time T1), then the optical force is switched on for 10 seconds (time T2) to 

perform the creep measurement and finally the optical force is switched off to measure 

the bead recovery (time T3). For the bead trajectories at low stress values, the response of 

the material is in the elastic regime, as it is particularly evident by observing the blue curves. 

By increasing the optical power, and hence the stress acting on the bead, the nonlinear 

creep becomes larger and larger and the bead recovery significantly decreases due to a 

partial energy dissipation. This is particularly evident for the trajectory corresponding to a 

stress around 0.4 Pa (the red curve), for which the bead recovery is significantly lower with 

respect to the other trajectories and a significant increase in the slope of the curve can be 

noticed around 9 s. The same behavior can be better appreciated by observing the 

percentage strain 𝜀(𝑡) as a function of time in Figure 3.20 a), which is calculated as 𝜀(𝑡) =

100 ∙ (𝑥(𝑡) − 𝑥0) (2𝑅)⁄ , where 𝑥(𝑡) is the bead position as a function of time while 𝑥0 is 

the initial bead position, before the optical shooting. In order to appreciate the transition 

from the elastic to liquid regime, it is possible to plot the strain data on a log-log scale, as 

shown in Figure 3.20 b). It can be observed that the red curve, corresponding to a stress of 

around 0.4 Pa, assumes a slope 1 at a time equal to around 9 seconds. Therefore, we can 

say that for this sample the yield stress value estimated with the microrheometer is around 

0.4 Pa, which is compatible with the value of 0.35 Pa resulting from the rheometer 

experiments by assuming the same time scale for the creep measurements (a rectangular 

step force applied for 10 seconds). 

 

Figure 3.20: Percentage strain curves as a function of time resulting from the creep and recovery 

measurements, as a function of the applied stress (see color bar), performed on the long fibers 

0.4 wt% (HCO) 5.8 wt% (LAS) sample with the integrated microrheometer. The same data are 

shown in a) a linear scale and in b) a logarithmic scale. The black dashed line in panel b) 

represents a line with slope 1 on the log-log scale. 
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It is then possible to quantify the microbead recovery, which is related to the energy 

stored and dissipated in the material in the linear and nonlinear regime, respectively. By 

identifying the maximum strain reached during time T2 as 𝜀𝑂𝑁 and the strain recovered 

during time T3 as 𝜀𝑂𝐹𝐹, where ON and OFF are related to the laser radiation, it is possible 

to graphically represent the material recovery by showing the ratio 𝜀𝑂𝐹𝐹/𝜀𝑂𝑁 as a function 

of the maximum strain 𝜀𝑂𝑁 (see Figure 3.21). The value of the ratio 𝜀𝑂𝐹𝐹/𝜀𝑂𝑁 can vary 

between 1 and 0: for values closer to 1, the recovery is almost total and the microbead 

comes back to the original position, whereas smaller values indicate a decrease in the 

elastic recovery and a transition from the linear elastic regime to a nonlinear regime (creep 

response and fluid regime). In particular, it is possible to distinguish between the three 

different regimes theoretically introduced in the previous section. For the blue point, the 

recovery is larger than 90%, which can be identified with the elastic regime in which the 

microbead comes back to almost the initial position. For higher levels of stress, the recovery 

decreases toward 80 %: in this nonlinear regime, after an initial instantaneous deformation, 

the microbead keeps slowly moving under the effect of the optical force (nonlinear creep), 

and the result is a significant energy dissipation and a non-complete recovery. For values 

of the stress larger than 0.4 Pa (red points), the recovery decreases to a value even lower 

than 30%, suggesting a strong nonlinear response of the material and the beginning of the 

fluid regime, as confirmed by the slope 1 observed in the strain-time curve in Figure 3.20 

b). It is interesting to notice that in our microrheological measurements the strain recovery 

is never equal to zero in case of material fluidification, as it commonly happens, instead, in 

the rheometer experiments. We still miss a clear explanation of this behavior and further 

measurements and analysis must be carried out in order to have a better understanding of 

this point. We speculate that this feature can be related to the local nature of our 

measurements, intrinsically different with respect to macroscopic measurements 

performed with a rheometer. Specifically, in a measurement performed with a rotational 

rheometer, the material breaking and fluidification take place in a large region as all the 

material is subjected to the applied shear stress. Instead, in an optical shooting experiment, 

the fluidized region is of the order of the microbead. Once the microbead completely 

breaks a certain region due to the significantly high stress level, it moves like in a viscous 

fluid, entering therefore in the liquid regime of the yield stress fluid. Then, after a 

movement which is of the order of the microbead size, the microbead reaches a new region 

that needs to be broken again in order to let the microbead pass. Therefore, the region 

which is subjected to the stress imposed by the microbead is always new and it stores a 

potential (elastic) energy always different from zero, which is released once the optical 

force is shut done, resulting in a certain microbead recovery. 
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Figure 3.21: Estimation of the microbead recovery resulting from the creep and recovery 

measurements performed on the long fibers 0.4 wt% (HCO) 5.8 wt% (LAS) sample with the 

integrated microrheometer. The quantity 𝜀𝑂𝐹𝐹 𝜀𝑂𝑁⁄  gives a measure of the microbead recovery: a 

value equal to 1 means that the microbead comes back to the original position, whereas smaller 

values account for a decrease of the elastic recovery and a transition to the nonlinear regime 

(creep response and fluid regime). 

 

From the creep measurements it is then possible to estimate the storage (or elastic) 

modulus 𝐺′(𝜀) and compare the results obtained from the microrheological measurements 

with those obtained from the rheometer. As the name suggests, the elastic modulus is 

related to the instantaneous elastic response of the material. The elastic modulus is here-

calculated, for both the measurement techniques, as 𝐺′ = 𝜎 𝜀⁄  at a time equal to 3 seconds 

after that the stress is turned on. Shorter times cannot be considered as the rheometer 

experiments are characterized by an initial transient phase related to the inertia of the 

measurement device (see Figure 3.18). Therefore, this can result in a certain error in the 

elastic modulus estimation as, at that time, a non-negligible creep deformation can be 

observed. However, a good agreement between the two measurement techniques was 

found, as it can be seen in Figure 3.22. The agreement is particularly good at low strain 

levels, whereas for higher values of the strain, the stress (and hence the storage modulus) 

seems to be overestimated in the microrheological measurements. This can be due to the 

assumption done in the stress calculation, for which the geometric prefactor 6𝜋𝑅 was 

considered for the area estimation. This could explain the discrepancy observed in the 

stress levels, as this geometric prefactor is a good approximation only for small microbead 

displacements (and hence for small strain and stress levels). The here-proposed optical 

shooting technique would allow carrying out measurements for a better estimation of the 
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strain profile around the microbead in the three different yield stress regimes and for 

different strain levels. Regarding this point, optical shooting experiments are currently 

underway in this yield stress fluid, in which a significant amount of “small” fluorescent 

tracers, having sub-μm dimensions, are dispersed together with the usual 5 μm radius “big” 

polystyrene tracers. The strain profile around the optically shooted polystyrene microbead 

could be effectively estimated by tracking the movement of the small tracers. These 

measurements are still in progress and therefore were not included in this thesis. By 

observing Figure 3.22 it can be noted that the nonlinear regime starts at strain levels very 

small, between 5% and 10%, and the nonlinear behavior of the elastic modulus becomes 

more and more evident as the stress level is increased. 

 

Figure 3.22: Estimation of the elastic modulus 𝐺′ resulting from the creep measurements 

performed on the long fibers 0.4 wt% (HCO) 5.8 wt% (LAS) sample with the integrated 

microrheometer (colored squares) and with a conventional rotational rheometer (colored circles). 

 

Measurements were then performed on the short fibers 0.4 wt% (HCO) 10 wt% 

(LAS) sample with the same experimental and analysis procedure. Following the same 

argumentations, from the strain-time curves it was possible to estimate a value of the yield 

stress of 0.3 Pa from the rheometer measurements and of 0.38 Pa from the 

microrheological experiments. These values were derived by considering a creep 

measurement time of 10 seconds. As previously observed for the long fibers, even for this 

sample the yield stress value derived from optical shooting microrheology is larger than 

that obtained using a conventional rheometer. Figure 3.23 a) shows the recovery-related 

quantity εOFF/εON as a function of the maximum strain εON and of the applied stress (see 

color bar). It must be noticed that, differently from the long fibers, a significant creep was 
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measured even for low stress values. The result was that the linear elastic regime was not 

observed in the short fibers measurements, as proven by the fact that the maximum 

microbead recovery is equal to around 80 % (blue point). By increasing the applied stress, 

the material response becomes more and more nonlinear, as shown by the decrease of 

εOFF/εON, in an analogous way to the long fibers. The same trend displaying the nonlinear 

behavior of the material can be appreciated even in Figure 3.23 b), which shows the 

comparison of the elastic modulus 𝐺′ derived from the macroscopic and microscopic 

techniques. As before, the elastic modulus is calculated at a time equal to 3 seconds after 

that the stress is turned on. A good agreement between the two measurement techniques 

was found. Moreover, the data agree quite well even for high levels of the stress, differently 

from what observed for the long fibers sample. The reason could be related to the fact that 

smaller strains have been reached in the short fibers measurement (maximum percentage 

strain around 60% against a value larger than 100% for the long fibers sample). Therefore, 

this could result in a better estimation of the area, and hence of the applied stress, as the 

geometric prefactor 6𝜋𝑅 is a good approximation of the strain field in case of small 

microbead displacements. 

 

Figure 3.23: Results obtained from creep and recovery measurements performed on the short 

fibers 0.4 wt% (HCO) 10 wt% (LAS) sample: a) Estimation of the microbead recovery 𝜀𝑂𝐹𝐹 𝜀𝑂𝑁⁄  

obtained by means of the integrated microrheometer; b) Elastic modulus 𝐺′ resulting from the 

creep measurements performed with the integrated microrheometer (colored squares) and with 

a conventional rotational rheometer (colored circles). 

 

A worth-noticing aspect of the here-presented optical shooting technique is that it 

allowed studying the nonlinear response of yield stress fluids thanks to the significantly 

high optical forces that can be applied to a tracer. Specifically, it was possible to apply a 

maximum force of around 400 pN to a polystyrene microbead, which represents a value 
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significantly larger with respect to the forces commonly applicable with standard optically-

based microrheological techniques such as single-beam optical tweezers. 
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4. Realization of a microrheometer for 

oscillatory microrheology 
 

In this chapter the design, realization and validation of an optofluidic 

microrheometer for oscillatory microrheology will be presented. Differently from the 

previously described optical shooting procedure, in this new configuration a microbead is 

sinusoidally oscillated at a certain frequency and stress level. This allows deriving the 

frequency-dependent viscoelastic properties of the surrounding medium by monitoring the 

microbead movement in response to the externally applied stress. The optofluidic chip 

employed for these measurements is the same described in the previous chapter. In order 

to perform the optical modulation, an integrated Mach-Zehnder thermo-optical modulator 

is included in the setup. The Mach-Zehnder modulator fabrication and characterization will 

be initially described. The chapter will continue with the presentation of the experimental 

setup, the measurement protocol and data processing, with a particular attention to the 

calibration procedure. The system validation, performed by measuring aqueous worm-like 

micellar solutions (well-studied viscoelastic systems), will be finally discussed. The 

measurements were performed at different temperatures and concentrations and were 

compared with the existing literature and results from experiments performed with a 

conventional rheometer. As it will be shown, the integrated microrheometer can be 

exploited to perform active-microrheological measurements by accessing a wide range of 

frequencies, optical forces and temperatures. In particular, frequency experiments in the 

range [0.06-60] rad/s have been carried out. 

The results of this activity are currently submitted for publication in Nature-

Scientific Reports. 

 

4.1 Integrated system description 
The oscillatory microrheometer is realized by a cascade of two integrated devices: 

an electrically-driven thermo-optical modulator, based on a Mach-Zehnder interferometer 

realized on a glass substrate, and the optofluidic chip previously described, based on the 

counter-propagating configuration. The Mach-Zehnder interferometer can be used to 

modulate the optical power emitted by the two facing waveguides in a well-controlled 

manner. In this way it is possible to sinusoidally oscillate a trapped microbead in the 

medium under study. The microbead is sinusoidally oscillated at a precise frequency thanks 

to the imposition of a precise force pattern, well known in amplitude and time. The 
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rheological properties of the surrounding medium can be derived by tracking the 

microbead movement as a function of time. 

 

4.1.1 Working principle 

The two microrheometer fundamental building blocks, i.e. the Mach-Zehnder 

interferometer and the optofluidic chip, are serially connected by optical fibers. The Mach-

Zehnder interferometer allows modulating the optical power emitted by the two facing 

optical waveguides in the optofluidic chip. All the details about the optofluidic chip 

fabrication, design and working principle can be found in Section 3.1.1. The Mach-Zehnder 

interferometer consists of two cascaded 50:50 directional couplers, as shown in Figure 4.1. 

A gold resistor placed near one of the two straight arms between the two directional 

couplers acts as an electrically-driven thermal phase shifter. 

 

Figure 4.1: Schematic representation of the integrated microrheometer consisting of two 

cascaded glass chips. The integrated Mach-Zehnder interferometer (on the left) converts a 

sinusoidally oscillating electrical signal in a sinusoidally oscillating optical power. The two outputs 

of the modulator are fiber-pigtailed to the optofluidic chip (on the right), in which the oscillating 

optical power allows sinusoidally moving the trapping position in the microfluidic channel. 

 

Each directional coupler can be thought as a beam splitter which equally divides the 

incoming optical power in the two output arms, while introducing even a 𝜋 2⁄  phase delay 

in the light beam that couples to the cross arm. Therefore, in case the interferometer is 

perfectly balanced (i.e. no phase difference is produced while light travels in the two 

straight arms), the result will be destructive interference at Output 1. This is because the 

light beam which propagates without crossing any couplers will have a phase difference 

equal to 𝜋 with respect to the optical beam which crossed both the directional couplers. 

Conversely, the two contributions will be in phase at Output 2, resulting in constructive 

interference. If a phase shift, in the range [0, 𝜋], is introduced in one of the two arms, it is 
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possible to tune the amount of optical power in output from each port of the Mach-

Zehnder interferometer, thus allowing to precisely change the power ratio between the 

two output ports. In our configuration, a relative phase shift between the two arms can be 

accumulated by taking advantage of the thermo-optic effect (i.e. a change of the refractive 

index resulting from a temperature variation) in glass. To exploit this effect, a resistive 

heater is realized next to one of the two interferometer arms [145], as shown in Figure 4.1. 

The output waveguides of the Mach-Zehnder interferometer are connected to the 

waveguides of the optofluidic chip by optical fibers, such that by electrically driving the 

interferometer resistor, it is possible to change the trapping position of the microbead 

inside the microfluidic channel. Specifically, by properly applying an oscillating voltage (at 

an angular frequency 𝜔) to the interferometer resistive heater, it is possible to impose an 

oscillation of the trapped microbead inside the microchannel at the same angular 

frequency. 

 

4.1.2 Mach-Zehnder modulator: fabrication and characterization 

The Mach-Zehnder modulator was fabricated by the Fastgroup. FLM was used both 

to write the waveguides in the two glass chips and to pattern the gold resistive heater on 

the interferometer chip surface. A detailed description of the Mach-Zehnder 

interferometer fabrication process can be found in [145]. The modulator fabrication 

process basically consists of three different steps: (i) waveguides inscription by FLM, (ii) 

deposition of a gold layer on the chip surface and (iii) patterning by femtosecond laser of 

the metallic layer on the surface to define the resistive heater shape. The integrated 

modulator is fabricated in an alumino-borosilicate glass substrate (Corning EAGLE-XG) by 

using a Yb:KYW cavity-dumped mode-locked laser oscillator emitting 300 fs pulses at 1030 

nm wavelength and 1 MHz repetition rate. The optical waveguides are realized by focusing 

240 nJ pulses with a 50× objective (NA = 0.6) at a depth of 30 μm below the glass surface 

and by translating the sample at 20 mm/s (Aerotech FiberGlide translation stages). The 

resulting waveguides are single mode at 1070 nm, with a mode diameter of about 8 μm. In 

order to assess its performance, the Mach-Zehnder optical modulator was initially 

characterized before its implementation in the microrheological system. Insertion losses, 

defined as the overall losses introduced by the modulator in the setup, of about 4 dB were 

estimated. In order to connect the interferometer to the optofluidic chip for performing 

the rheological experiments, the interferometer output waveguides are pigtailed to a fiber 

array. This fabrication step increased the insertion losses, which were finally estimated to 

be around 6.2 dB. The insertion losses increase is caused by a mismatch between the 

waveguide-to-waveguide distance in the chip and the core-to-core distance in the fiber 

array. This results in coupling losses significantly higher than those commonly achievable 

using a single-fiber array. However, this value of the insertion losses can be easily improved 
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in future fabrications. The optical transmission at the two output ports of the device was 

then measured as a function of the bias voltage applied to the resistive heater, which is 

about 125 Ω, and the results are shown in Figure 4.2 a). This characterization is crucial in 

order to identify the DC-bias voltage which allows to equally divide the incoming optical 

power between the two modulator output ports. 

 

Figure 4.2: a) Optical transmission at the two output ports of the Mach-Zehnder modulator as a 

function of the applied voltage on the resistive heater. The optical transmission at 𝑉 = 0 does not 

reach 100% on output 2 due to couplers non-idealities. b) Amplitude- and phase-frequency 

response of the Mach-Zehnder modulator. 

 

The frequency response of the Mach-Zehnder modulator was then estimated by 

superimposing a small (𝑉𝑝𝑝 < 1𝑉) sinusoidal signal, oscillating at different frequencies 

(from 0.01 Hz to 100 Hz), on the bias voltage. It should be noted that, differently from the 

commonly employed electro-optical modulators based on 𝜒(2) materials (such as, for 

example, Lithium Niobate) [146,147], in the here-presented situation the modulator 

transfer function is not sinusoidal with respect to the applied voltage 𝑉. The reason can be 

found in the fact that the dissipated electrical power, which is responsible of the phase shift 

due to the thermo-optic effect, depends on 𝑉2 instead of 𝑉. Nevertheless, in our situation, 

when a small sinusoidal signal is superimposed on the DC-bias, properly chosen to obtain 

a 50:50 power ratio between the two modulator output ports, the transfer function is 

sufficiently linear to induce a sinusoidal variation of the optical power at the two outputs. 

The optical power in output from the Mach-Zehnder modulator was sent to a photodiode 

connected to an oscilloscope so that to acquire a voltage signal proportional to the 

modulator output power. Figure 4.2 b) shows the measured amplitude-frequency and 

phase-frequency response of the modulator. The amplitudes are normalized to the value 
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acquired at the lowest angular frequency, while 𝛥𝜙 is defined as the phase difference 

between the voltage signal applied to the resistive heater and the voltage signal recorded 

by the photodiode. From the obtained results it was possible to estimate the value of the -

3 dB cut-off frequency to be around 17 Hz. 

 

4.2 Experimental procedure 
In this section the experimental setup and measurement protocol for performing 

the oscillatory microrheological experiments will be discussed. The last part of this section 

will be dedicated to the presentation of the fundamental equations and data processing 

required for the determination of the viscoelastic properties of the sample under test. 

 

4.2.1 Experimental setup 

A schematic representation of the experimental setup is shown in Figure 4.3. All the 

instruments are remotely controlled by a user interface developed in a LabVIEW 

environment. Concerning the optical part of the setup, a CW Yb-doped fiber laser (YLD-10-

1064, IPG Photonics, Pmax = 10 W at 1070 nm) is employed as optical source and connected 

to one input of the Mach-Zehnder optical modulator by optical fiber. The modulator is 

driven by a voltage-function generator (Aim-TTi TG 2000 20MHz) and its two output ports 

are connected to a 99/1 fiber power splitter (FPS) each. The optical fibers carrying 99% of 

the optical radiation are connected to the waveguides of the optofluidic chip, in order to 

trap and manipulate the microbeads inside the microfluidic channel, while the 1% of the 

power is input to two photodiodes, connected to a National Instruments data acquisition 

system (NI DAQ). The two photodiodes allow a real-time monitoring and recording of the 

power levels in the two optical branches of the setup. As for the optical shooting 

experiments, the optofluidic chip is mounted on a phase-contrast inverted microscope and 

the microbead movement is recorded by a CCD camera connected to the microscope. 

Moreover, the setup is equipped with a temperature controller circuit, realized by a Peltier 

element placed just below the optofluidic chip and a thermocouple (TC) placed on the top 

surface of the chip, which gives the feedback signal for the Peltier element. The pressure 

and hence the fluid movement inside the microchannel can be controlled by a LabVIEW-

driven micropump, whose tubing is screwed to one of the two connectors glued on the top 

surface of the optofluidic chip. As in the setup for optical shooting microrheology, a thin 

piezoceramic disk is placed under the optofluidic chip and is driven by a LabVIEW-

controlled function generator in order to generate an acoustic standing wave in the 

microfluidic channel and hence perform the acoustophoretic prefocusing. 
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Figure 4.3: Schematic diagram of the experimental setup for oscillatory microrheology. The blue 
lines represent the optical fiber connections while the black lines represent the electrical cable 

connections. TEC: temperature controller circuit; CCD: charge-coupled device; TC: thermocouple; 
FPS: fiber power splitter; PD: photodiode. 

 

4.2.2 Measurement protocol and data acquisition 

In an analogous way to optical shooting microrheology, the sample to be 

characterized is prepared by dispersing a small amount of microscopic tracers into the 

material under test and is then injected into the microfluidic chip reservoir by means of a 

standard micro-pipette. Polystyrene microbeads with 5 μm radius (Sigma Aldrich 72986) 

have been used as tracers. The measurement procedure consists of different steps. After 

the sample injection, a single microbead is trapped by the optical forces exerted by the two 

counter-propagating laser beams emitted by the facing waveguides. The pressure is then 

adjusted thanks to the LabVIEW-controlled micropump in order to have no sample flow 

inside the microfluidic channel. The DC-bias voltage of the modulator is then properly 

selected so that the microbead trapping position is exactly in the microchannel center. The 

temperature can be set to the desired value by actuating the temperature controller circuit, 

waiting several minutes (typically around 10) in order to thermally stabilize the system. The 

microbead is then sinusoidally oscillated by adding a small sinusoidal voltage signal to the 

DC-bias voltage applied to the modulator resistive heater. The viscoelastic properties of the 

material under test are investigated in the range [0.06-60] rad/s. For each angular 

frequency measurement, the microbead position and the voltage signals from the two 

photodiodes (PD1 and PD2 referring to Figure 4.3) are acquired. Specifically, the microbead 

movement is monitored by a CCD camera, which allows recording the tracer position as a 
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function of time, thanks to a Lab-VIEW tracking software. The voltage signals from the two 

photodiodes, which are proportional to the optical power in the two sides of the setup, are 

instead acquired by the NI DAQ. 

 

4.2.3 Fundamental equations and data processing 

As previously discussed, the microbead position, 𝑥(𝑡), and the two voltage signals 

acquired by the photodiodes are recorded while sinusoidally oscillating the microbead at a 

certain angular frequency. This measurement procedure is repeated several times by 

oscillating the microbead at different angular frequencies, so as to span the desired 

frequency-range. The strain 𝜀(𝑡) can be defined in the usual way starting from the 

microbead position as 𝜀(𝑡) = (𝑥(𝑡) − 𝑥0) (2𝑅)⁄ , where 𝑅 is the microbead radius and 𝑥0 

is the trapping position corresponding to the oscillation center. The stress acting on the 

tracer, 𝜎(𝑡), depends on the net force resulting from the difference between the optical 

forces exerted by the two counter-propagating beams on the tracer. As the two voltage 

signals recorded by the photodiodes are proportional to the optical power carried by the 

two counter-propagating beams, the difference between the photodiodes voltage 

signals, 𝑉𝑝ℎ(𝑡), allows determining the stress acting on the microbead, which is given by 

𝜎(𝑡) = 𝛽 ∙ 𝑉𝑝ℎ(𝑡), with 𝛽 being a calibration constant to be found. The determination of 

the constant 𝛽 can be performed by calibrating the system with Newtonian fluids of known 

viscosity (such as milli-Q water), as it will be discussed in the next section. It should be noted 

that the voltage difference signal, 𝑉𝑝ℎ(𝑡), is a sinusoidal signal as resulting from the 

difference of two sinusoidal signals with the same offset value. As a sinusoidal modulation 

is applied, the optical stress acting on the tracer will be of the form: 

 

 

𝜎(𝑡) = 𝛽 ∙ 𝑉𝑝ℎ(𝑡) = 𝛽 ∙ 𝑉𝑝ℎ,0 ∙ sin(𝜔𝑡) = 𝜎0 ∙ sin(𝜔𝑡) 

 

(4.1) 

where 𝑉𝑝ℎ,0 is the amplitude of the voltage difference signal, 𝜔 is the angular frequency at 

which the measurement is performed and 𝜎0 = 𝛽 ∙ 𝑉𝑝ℎ,0 is the amplitude of the stress. By 

assuming that the measurements are performed in the linear viscoelastic regime, as it will 

be proved, the resulting strain, as measured by the bead displacement, can be written as: 

 

 

𝜀(𝑡) =
𝑥(𝑡) − 𝑥0

2𝑅
=

𝐴 ∙ sin(𝜔𝑡 − 𝛿)

2𝑅
= 𝜀0 ∙ sin(𝜔𝑡 − 𝛿) 

 

(4.2) 

in which 𝐴 is the amplitude of the microbead oscillation, 𝛿 is the loss angle and 𝜀0 =

𝐴 (2𝑅)⁄  is the amplitude of the strain. The temporal evolutions of 𝑥(𝑡) and 𝑉𝑝ℎ(𝑡) are 

acquired over 20 periods for each single-frequency measurement included in the 
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investigated frequency range. From the recorded signals it is possible to derive the values 

of 𝜀0, 𝑉𝑝ℎ,0 and 𝛿 corresponding to the different angular frequencies (𝜔). In addition, once 

the calibration constant 𝛽 is known, even 𝜎0 can be immediately calculated. Once all these 

quantities have been determined, it is possible to calculate the complex compliance 𝐽∗, as 

defined in Section 2.3.3: 

 

 

𝐽∗ = 𝐽′ − 𝑖𝐽′′ =
𝜀0

𝜎0
(cos 𝛿 − 𝑖 sin 𝛿) 

 

(4.3) 

The complex compliance naturally describes the rheological properties of the material 

under test in case stress-controlled deformations are applied. Recalling the arguments 

presented in Section 2.3.3, the storage compliance 𝐽′ accounts for the elastic contribution 

while the loss compliance 𝐽′′ accounts for the viscous component. A good description for 

several viscoelastic fluids characterized by a single relaxation time and low frequency 

viscous behavior, as the aqueous worm-like micellar solutions that have been measured 

for the system validation, is given by the Maxwell model, which is represented by the serial 

connection of a purely elastic spring and a purely viscous damper. By considering the 

constitutive equation which describes the Maxwell model, it is possible to write the 

complex compliance as: 

 

 

𝐽∗ = 𝐽′ − 𝑖𝐽′′ =
1

𝐸
− 𝑖

1

𝜔𝜂
 

 

(4.4) 

where 𝜂 is the viscosity and 𝐸 is the elastic modulus. From these two quantities it is then 

possible to calculate the relaxation time 𝑡𝑅, which sets the crossover between the viscous 

and elastic regimes, as 𝜂 𝐸⁄ . Finally, the viscoelastic properties of the material under test 

can be expressed in an analogous way in terms of the complex modulus 𝐺∗ = 𝐺′ + 𝑖𝐺′′, 

with the storage modulus 𝐺′ accounting for the elastic contribution and the loss modulus 

𝐺′′ describing the viscous component. Assuming that measurements are performed in the 

linear viscoelastic regime, the complex modulus 𝐺∗ can be simply calculated from the 

complex compliance 𝐽∗ by means of Eq. 2.28. 

In order to give an estimation of the error resulting from the measurement of the 

complex compliance, it is possible to sum all the relative errors contributions affecting the 

quantities appearing in Eq. 4.3, which can be usefully rewritten as: 

 

 

𝐽∗ = 𝐽′ − 𝑖𝐽′′ =
𝐴

2𝑅𝛽 ∙ 𝑉𝑝ℎ,0
(cos 𝛿 − 𝑖 sin 𝛿) 

 

(4.5) 
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Concerning the amplitude of the bead oscillation 𝐴, a relative error equal to 3% and 9% 

was determined (as the ratio between the standard deviation and the amplitude average 

value resulting from the experiments) at the lowest and highest oscillation frequency, 

respectively. An uncertainty equal to 2% is considered to affect the radius of the 

polystyrene beads used in the oscillatory experiments (Sigma Aldrich 72986, 𝑅 = 5 m), as 

specified by the product data sheet. By analyzing the calibration measurements performed 

in water, whose procedure will be described in the next section, it was possible to assess 

the uncertainty in the 𝛽 calibration constant to be 1.5% and the uncertainty in the 

calculation of the trigonometric functions cos(𝛿) and sin(𝛿) to be 1%. Lastly, the relative 

error in the measurement of 𝑉𝑝ℎ,0 was measured to be equal to 0.5% and 2% for low and 

high oscillation frequency, respectively. Summing all the contributions, the relative error in 

the measurement of the complex compliance, and hence of the rheological properties of 

the sample under study, was estimated to be comprised between 8% (at the lowest 

measured frequency) and 15.5% (at the highest measured frequency). 

 

4.3 Calibration procedure 
In this section the system calibration will be discussed. Two calibration procedures 

were performed: stress calibration and temperature calibration. The stress calibration 

consisted in finding the previously introduced constant 𝛽, which allowed determining the 

stress acting on the microbead. Thanks to the temperature calibration, it was instead 

possible to estimate the temperature increase in the microchannel due to the laser heating 

effect. 

 

4.3.1 Stress calibration 
As anticipated, the calibration constant 𝛽 can be determined by performing 

oscillatory measurements of materials characterized by known rheological properties such 

as water. In case of water, the complex compliance 𝐽∗ simply reduces to its imaginary part 

𝐽′′, which can be written as: 

 

 

𝐽′′ =
𝜀0

𝜎0
sin 𝛿 =

𝜀0

𝛽 ∙ 𝑉𝑝ℎ,0
 

 

(4.6) 

where sin(𝛿) = 1 due to the purely viscous nature of water, as it was even experimentally 

measured. 
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Considering Eq. 4.4 we have that 𝐽′′ = 1 (𝜔𝜂𝑤𝑎𝑡𝑒𝑟)⁄  and by combining this relation with 

Eq. 4.6 it is possible to determine the calibration constant 𝛽 as: 

 

 

𝛽 =
𝜀0

𝑉𝑝ℎ,0
∙ 𝜔𝜂𝑤𝑎𝑡𝑒𝑟 

 

(4.7) 

Oscillatory experiments performed at different angular frequencies 𝜔 gave the same value 

of the calibration constant 𝛽. This confirmed the independence of 𝛽 on the oscillation 

frequency. It must be noted that the calibration procedure was performed in water using 

a low optical power (< 100 mW) in order to avoid a significant laser-induced heating effect. 

However, this calibration constant depends on geometrical data of the light beam, the 

refractive index 𝑛𝑃 of the microbead and the refractive index 𝑛𝑋 of the material under test. 

While the first two quantities are fixed for all the measurements that employ the same 

optofluidic chip and microbeads, 𝑛𝑋 can obviously change as materials with different 

refractive indexes can be measured. As the value of 𝑛𝑋 significantly affects three different 

parameters (the single-photon momentum, the beam divergence and the reflection 

coefficient at the microbead surface), numerical simulations based on PRO approximation 

were carried out to determine the appropriate force correction factor depending on the 

material under study. 

 

4.3.2 Temperature calibration 

As discussed at the beginning of the chapter, the idea was to validate the oscillatory 

microrheometer by measuring aqueous worm-like micellar solutions. These viscoelastic 

media exhibit a strong temperature dependence. In particular, the relaxation time of 

worm-like micellar solutions significantly changes even with a temperature variation of few 

degrees. Therefore, in order to validate the integrated microrheometer, a precise 

knowledge of the temperature inside the microfluidic channel was required. Thanks to the 

temperature calibration it was possible to compare our experimental results with those 

obtained using a conventional rheometer, which was set at a temperature equal to the one 

estimated in the microchannel. This allowed a reasonable comparison between micro- and 

macro-rheological measurements and hence the validation of the microrheometer. 

The temperature reached in the microchannel during oscillatory measurements was 

estimated to be equal to 𝑇′ = 𝑇 + 𝛥𝑇, where 𝑇 is the temperature measured by the 

thermocouple (TC) and 𝛥𝑇 is the temperature increase due to the laser heating effect. In 

particular, 𝛥𝑇 depends on the optical power in the microchannel and on the sample under 

test. As discussed in Section 4.2.1, the TC sensor is placed on the top surface of the chip 

and gives the feedback signal for the Peltier cell, which is used to change the system 
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temperature. In order to determine the laser-induced 𝛥𝑇 for aqueous solutions, the 

temperature-dependent fluorescence of Rhodamine B was used. Rhodamine B was 

employed because it is characterized by a well-studied temperature-dependent 

fluorescence in the range between 0 and 100 °C [148,149], making it a useful temperature 

probe for aqueous solutions. An aqueous solution of 0.1 mM Rhodamine B was prepared 

and injected in the microfluidic channel. Fluorescence imaging of the dye was carried out 

using the previously described microscope-based setup coupled with a fluorescence 

equipment consisting of a mercury arc lamp (Nikon C-SHG1) and an appropriate filter cube 

(TxRed, excitation: 540-580 nm; emission: 600-660 nm). The photobleaching effect was 

accounted by measuring the decrease of the fluorescence emission intensity due to the 

excitation light, whose level was kept constant during the acquisition time for all the 

experiments. The photobleaching estimation was performed by simply measuring the 

reduction of the fluorescence intensity as a function of time, without laser radiation. This 

correction was then applied to all the reported data. 

First, a calibration curve was derived to accurately determine the dependence of 

Rhodamine B fluorescence on the temperature in our system. Measurements of 

fluorescence emission intensity were carried out at different temperatures (in the range 

from 18 to 45 °C) by actuating the Peltier cell. Reasonably, the temperature displayed by 

the TC sensor was assumed to coincide with the one in the microfluidic channel, as the laser 

radiation is switched off during this initial calibration. The resulting intensity (normalized 

to the value measured for the lowest temperature, equal to 18 °C) versus temperature 

variation is shown in Figure 4.4. As it can be seen, in the explored temperature range the 

intensity variation is almost linearly dependent on the temperature variation and the 

measured values agree with those reported in scientific literature [148]. 

 

Figure 4.4: Normalized fluorescence intensity as a function of 𝛥𝑇. All the intensities are 

normalized to the value acquired at the lowest temperature, equal to 18 °C. 
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The laser-induced heating was then estimated by measuring the fluorescence 

intensity variation in the center of the microfluidic channel, as this is the area where the 

microbead is oscillated during the microrheological measurements. The DC-bias voltage of 

the modulator was properly set in order to have the same power emitted by the two facing 

waveguides so that to achieve a symmetric illumination condition. The optical power 

effectively present inside the microfluidic channel is well known thanks to the system 

calibration with water. Considering an optical power of 0.5 W in the microchannel, 

matching the power used in the oscillatory measurements reported in the following part 

of the chapter, a laser-induced heating 𝛥𝑇 equal to (5±1) °C was observed. As the optical 

power was kept constant for all the measurements, a fixed laser-induced offset 𝛥𝑇 of 5 °C, 

with respect to the temperature 𝑇 measured by the TC sensor, was considered for 

evaluating the sample temperature (𝑇′ = 𝑇 + 𝛥𝑇). It is worth noticing that the estimated 

temperature increase due to the laser-heating effect is in line with the value of (13±2) 

°C/W estimated by Ebert et al. [150] in a similar dual beam laser trap geometry. 

As a final consideration, it must be pointed out that the temperature calibration 

was carried out for oscillatory microrheology but not for optical shooting microrheology 

for two main reasons. The first one is that an exact determination of the temperature 

variation in case of optical shooting experiments is more difficult with respect to oscillatory 

experiments. One reason is that the temporal duration of an optical shooting experiment 

is significantly short, in the order of few seconds. Moreover, each optical shooting has a 

different duration, depending on the applied optical force. When an optical shooting is 

performed, the laser radiation emitted by one waveguide is abruptly blocked and hence a 

steady temperature could not be reached during the measurement time. Differently, in an 

oscillatory experiment the microbead is oscillated at a fixed optical power for a certain time 

before the data acquisition starts and therefore the system can reach a steady 

temperature. In addition, while in oscillatory experiments the microbead is always 

oscillated in the microchannel center, in an optical shooting-based experiment the 

microbead can move along all the channel width. This further increases the complexity of 

the temperature estimation, as the temperature variation is different along the channel 

width due to the optical beam divergence. The second and most important reason is that 

for most of the performed optical shooting experiments the optical power was lower than 

the one used for the next reported oscillatory experiments. This resulted in a lower laser-

induced heating, whose determination was not strictly necessary for the estimation of the 

rheological properties of the medium. As discussed at the end of the previous chapter, large 

optical forces (and hence large optical powers) were used to study yield stress fluids. 

However, as previously mentioned, the measured yield stress fluids are characterized by a 

negligible temperature dependence in the range of reached temperatures. Nonetheless, if 

optical shooting experiments at high power need to be carried out in media showing a 
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strong temperature dependence, the estimation of (13±2) °C/W can be used as a first order 

approximation for the laser-induced heating effect. 

 

4.4 Oscillatory microrheology measurements of viscoelastic systems 
After the system calibration, the performance of the oscillatory microrheometer 

was tested by measuring viscoelastic solutions of surfactant worm-like micelles and 

comparing the obtained results with those from macroscopic rheological experiments. 

Some surfactant molecules in solution can self-assemble into elongated, cylindrical 

micelles, which are commonly labelled as worm-like micelles [151]. These complex systems 

display distinct rheological properties and are widely used in different consumer products. 

Worm-like micelles show many analogies to covalently bonded polymers, but they also 

continuously break and reform and for this reason they are even defined as living polymers. 

Above a critical concentration of surfactant or counterion/surfactant ratio, the worm-like 

micelles begin to overlap and then create an entangled network, which shows the typical 

rheological characteristics of a Maxwell viscoelastic material. This micellar network is 

therefore characterized by an elastic response at high frequency, while at low frequency 

the system can rearrange and mainly behaves like a Newtonian fluid. The relaxation time 

which separates these two different regimes results from the combination of two 

mechanisms for stress relaxation: reversible breakage and reptation, i.e. the constrained 

diffusion of a micelle within the tube of the neighbouring micelles [152]. 

 

4.4.1 Measurements of worm-like micellar solutions 

Aqueous worm-like micellar solutions composed by Cetylpyridinium Chloride 

(CPyCl) and Sodium Salicylate (NaSal) were used to validate the microrheometer 

performance. The micellar solutions were prepared by the Complex Fluids and Molecular 

Biophysics group. The same group performed even the rheometer measurements on the 

same samples. They prepared solutions using CPyCl as a surfactant and NaSal as a 

counterion in milli-Q water at twice the final concentration and then mixed them at equal 

volumes to obtain 100 mM CPyCl/50 mM NaSal and 100 mM CPyCl/55 mM NaSal. All the 

chemicals were purchased from Sigma Aldrich. The final solutions were gently stirred for 

more than 24 hours and then stored at room temperature. The solutions remained stable 

over a few weeks without significantly changing their rheological properties. 

Microrheological experiments were carried out maintaining the system at a controlled 

temperature thanks to the actuation of the Peltier cell. In these conditions, CPyCl/NaSal 

micellar solutions display a well-studied rheological behavior [151,153], which can be used 

to validate the proposed integrated system. Oscillatory measurements were initially 
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performed on a 100 mM CPyCl/50 mM NaSal solution maintaining the TC temperature 𝑇 =

24 °C. Considering the average laser-induced heating 𝛥𝑇 = 5 °C, the sample temperature 

was estimated to be 𝑇′ = 29 °C. As expected, the micellar solution displays different 

rheological regimes depending on the investigated frequency, as it can be seen in the 

stress-strain (Lissajous) plots shown in Figure 4.5 a). The values of the stress, strain and loss 

angle 𝛿 for each measured frequency can be directly derived from the recorded signals, as 

previously explained in Section 4.2.3. For low values of the angular frequency, the system 

behaves as a purely viscous fluid (a circle in the stress-strain plane), whereas for high values 

of the angular frequency (> 20 rad/s), the micellar solution response is characterized by a 

strong elastic, in-phase component, which is evident by the fact that the Lissajous plots 

become elongated, tilted ellipses. 

 

Figure 4.5: Results from the measurements of an aqueous worm-like micellar solution of 100 mM 

CPyCl/50 mM NaSal at an estimated sample temperature 𝑇′ = 29 °𝐶. a) Lissajous plots for 

different angular frequencies. b) Loss angle 𝛿 as a function of angular frequency and optical force. 

 

The loss angle 𝛿 as a function of 𝜔, which is reported in Figure 4.5 b), quantifies the 

transition between these two different behaviors, going from almost 90° at low 𝜔 

(viscosity-dominated regime) to less than 30° for high values of 𝜔 (elasticity-dominated 

regime). By considering the Maxwell model for describing the rheological behavior of this 

sample, the 𝜔-dependence of the viscosity 𝜂 and of the elastic modulus 𝐸 can be derived 

(see Figure 4.6). As it could be expected, for an increasing angular frequency, the elastic 

modulus 𝐸 increases, whereas the viscosity 𝜂 decreases. 
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Figure 4.6: Results from the measurements of an aqueous worm-like micellar solution of 100 mM 

CPyCl/50 mM NaSal at an estimated sample temperature 𝑇′ = 29 °𝐶. Viscosity 𝜂 (blue squares) 

and elastic modulus 𝐸 (red circles) as a function of angular frequency. 

 

The microbead size is significantly larger than the mesh-size of the micellar network 

(few nm in our situation) and the limitation on strain linearity is simply set by the relative 

motion of the tracer [77]. As in the performed microrheological measurements the 

oscillation amplitude of the microbead was always measured to be within a few % of its 

diameter, the obtained results are expected to lie within the linear viscoelastic response of 

the micellar network. Nevertheless, in order to experimentally demonstrate the system 

linearity, oscillatory measurements at different angular frequencies for various imposed 

optical forces have been carried out. Various optical forces were applied by changing the 

amplitude of the small sinusoidal signal imposed to the modulator resistor, while 

maintaining the optical power in the microfluidic channel equal to 0.5 W. Figure 4.5 b) 

shows that both the loss angle 𝛿 and its 𝜔-dependence are not affected by the applied 

optical forces, thus demonstrating that all the obtained results lie within the linear-

response regime of the material under study. 

Figure 4.7 a) shows the same results of the microrheological measurements 

performed on the 100 mM CPyCl/50 mM NaSal solution at an estimated sample 

temperature 𝑇′ = 29 °C  in terms of storage and loss modulus, 𝐺′ and 𝐺′′, respectively. As 

it can be observed, at low angular frequency 𝐺′′ ∝ 𝜔 is dominant over 𝐺′ ∝ 𝜔2, as 

expected for a typical Maxwell viscoelastic material. Above a crossover frequency (the 

inverse of the relaxation time), the storage modulus 𝐺′ becomes dominant over the loss 

modulus 𝐺′′ and 𝐺′ approaches a plateau value. The measurement uncertainty, calculated 

as the ratio of 𝐺′ and 𝐺′′ standard deviation over their average values, was found to be 
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around 12% on average, considering the different measured angular frequencies, and 

always lower than 20%. For this reason, no error bars are reported in Figure 4.7 a), where 

a logarithmic scale is used. The estimated scaling behavior, the values of the crossover 

frequency and of 𝐺′ and 𝐺′′ closely match values obtained from measurements performed 

with a conventional rheometer (Anton Paar MCR 302 with cone-plate geometry) at a 

temperature of 29 °C. 

 

4.4.2 Effects of temperature and counterion concentration 

Changes in the concentration of surfactant, type and concentration of counterions, 

or temperature can significantly alter the flexibility and length of the worm-like micelles, 

resulting in a change of the elasticity and relaxation time of the network [151]. Oscillatory 

experiments were then performed on the same micellar solution of 100 mM CPyCl/50 mM 

NaSal at a stable TC temperature 𝑇 = 21 °𝐶 (resulting in an estimated sample temperature 

𝑇′ = 26 °𝐶) and the results are shown in Figure 4.7 b). 

 

Figure 4.7: Results from the measurements of aqueous worm-like micellar solutions. a) Complex 

modulus of the 100 mM CPyCl/50 mM NaSal solution measured at a TC temperature 𝑇 = 24 °𝐶 

(estimated sample temperature 𝑇′ = 29 °𝐶). b) Complex modulus of the 100 mM CPyCl/50 mM 

NaSal solution measured at a TC temperature 𝑇 = 21 °𝐶 (estimated sample temperature 𝑇′ =

26 °𝐶). The measurements carried out with the integrated microrheometer were compared with 

those performed using a conventional rheometer and the results showed a good agreement 

between the two data sets. 

 

As it can be seen, the temperature decrease has as a result a shift of the relaxation 

time to a higher value (and therefore of the crossover frequency to a lower value) due to 

the fact that it increases the average time for micellar breakage. On the other hand, the 

temperature decrease has almost no effect on the value of the elastic plateau, which 
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mainly depends on the mesh size of the network, which is not affected by the increased 

average length of the worm-like micelles. The measurements performed with the 

microrheometer were compared with those carried out with a conventional rheometer at 

a temperature of 26 °C and a good agreement between the two data sets was found even 

in this case. The small discrepancy (horizontal shift) between the two data sets can be due 

to a small error in the estimation of the sample temperature in the microchannel. 

Further measurements were then performed, by increasing the concentration of 

counterions, on a 100 mM CPyCl/55 mM NaSal micellar solution and were compared with 

those carried out on the 100 mM CPyCl/50 mM NaSal micellar sample. Both experiments 

were performed at the same TC temperature 𝑇 = 24 °𝐶 (estimated sample temperature 

𝑇′ = 29 °𝐶). The increase of the counterions concentration partially screens the 

electrostatic repulsion between micelles, and therefore increases the energetic cost of 

scission. This makes the micelles longer and more flexible, resulting in an increase of the 

relaxation time and a decrease of the mesh size, which in turn results in an increase of the 

value of the elastic plateau, as it was experimentally verified from the results reported in 

Figure 4.8. Even in this situation, the measured trends are in agreement with previously 

reported results on the same micellar systems [153]. 

 

Figure 4.8: Results from the measurements of aqueous worm-like micellar solutions. Complex 

modulus of two different worm-like micellar solutions (100 mM CPyCl/50 mM NaSal and 100 mM 

CPyCl/55 mM NaSal) measured at the same TC temperature 𝑇 = 24 °𝐶 (estimated sample 

temperature 𝑇′ = 29 °𝐶). 
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4.4.3 Final remarks 

The performances of a LoC oscillatory microrheometer based on a dual beam laser 

trap were reported. The integrated device allows performing active microrheological 

experiments and hence estimating the complex modulus of viscoelastic media in the 

frequency range [0.01-10] Hz with a very low sample consumption (< 1 μL) and with 

temperature setting capability. In conclusion, Chapter 3 and 4 highlighted the advantages 

of the integrated optofluidic microrheometer proposed in this thesis. In addition to the 

reduced sample consumption, the high integration level of the device ensures several 

benefits. The monolithic integration of the optofluidic chip provides an excellent calibration 

and measurement repeatability as no alignment of optical components is required. This 

represents a significant advantage with respect to microscope-based single-beam optical 

tweezers. Noteworthy, the chip portability offers the possibility to easily move the 

microrheological system from one lab to another. The here-presented device allows 

applying much larger forces with respect to conventional single-beam optical tweezers, as 

discussed at the end of Chapter 3. In addition, the use of a dual beam laser trap 

configuration allows trapping microbeads with a higher refractive index when compared to 

those generally allowed in conventional optical tweezers, thus further increasing the 

optical force. The wide range and precise control of the applicable optical forces provide a 

flexible use of the microrheometer, offering the possibility to perform active 

microrheological experiments, in linear and nonlinear regime, on a wide range of materials, 

ranging from aqueous polymer solutions and soft gels to stiffer materials and 

heterogeneous samples. Finally, even if not explicitly discussed in this work, the device can 

be employed to perform passive microrheological measurements, by simply monitoring the 

movement of optically trapped particles subjected to Brownian motion. 
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5. Acoustofluidic separation: a theoretical study 
 

In this chapter a numerical study about the separation of fluid-suspended 

microparticles (such as microbeads and cells) by acoustophoresis will be presented. This is 

a minor project I have been working on during my PhD activity. The first part of the chapter 

will give a general introduction to acoustophoresis-based samples separation and will 

report the governing equations and parameters used for numerical simulations. The 

chapter will continue with the investigation of the impact on particle separation of different 

parameters, which will be divided in two groups: sample’s “intrinsic” factors (i.e. the 

properties of the samples to be sorted) and “extrinsic” factors (i.e. factors related to the 

acoustofluidic system design and operation). The last section will specifically focus on the 

impact of both sample launch position and sample distribution at the input of the 

acoustofluidic system by an analytical study and numerical simulations of realistic 

configurations. This theoretical study shows how the device performance can be 

significantly improved by choosing the proper microfluidic channel dimensions and sample 

launch position, giving useful guidelines for the design of acoustofluidic-based LoC devices. 

All the here-discussed simulations were performed using custom MATLAB scripts. 

The work regarding the impact of intrinsic and extrinsic parameters on the 

achievable separation efficiency has been published in [154]. The study regarding the 

impact of the sample launch position and sample distribution on the separation efficiency 

has been reported in [155]. 

 

5.1 Background knowledge 
Over the past twenty years, microfluidic techniques and LoC systems successfully 

opened new perspectives in many different research areas, especially for cytology and 

chemistry. This success is mainly due to the intrinsic advantages of LoC devices with respect 

to standard technologies and to their ability to manipulate, detect and analyze biological 

samples at single cell level [18,156]. As already discussed, one of the main advantages 

offered by LoC technology relies in the possibility of integrating an increasing number of 

functionalities and actuators within microfluidic systems, thus increasing even further their 

possible applications. As an example, an actuation system which is currently attracting a 

significant attention from the scientific community is that based on the combination of 

ultrasonic acoustic waves with microfluidic systems for studying, manipulating and 

separating biological samples. This new research area, currently identified as 

“acoustofluidics”, has recently become an extremely active field as testified by the large 

number of papers published on this topic. The implementation of acoustic waves into 
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microfluidic systems can be currently accomplished either as surface acoustic waves (SAW) 

or as bulk acoustic waves in either a standing or travelling form. As discussed in Section 

1.3.1, the force applied to a microparticle inside a fluid by an acoustic wave can be 

described by the combination of two different contributions: the acoustic radiation force 

and the streaming-induced drag force, which can be generally neglected in case particles 

larger than 2 μm are considered [67]. Acoustofluidics offers the possibility to manipulate 

micro-objects in a bio-friendly and contactless manner and it also allows for easy, 

programmable operation, fast actuation and high throughput. Therefore, acoustofluidics 

has been successfully applied to several research fields, including for example droplet 

production [64] and handling [65,66], microparticle sorting [55], separation [57,58], 

mixing [60] and assembling [62]. A remarkable attention is also dedicated to the interaction 

of acoustic waves with cells, which has been demonstrated by several published papers 

about cells’ deformation [157], sorting [158], assays [159], manipulation [160–162], 

compressibility measurements [17,163] and acoustic prefocusing [56,164]. Among these 

possible applications, an interesting research direction for acoustofluidics is related to the 

separation and sorting of cells according to their properties [165–167]. In particular, 

substantial efforts are currently devoted to the realization of acoustofluidic systems 

enabling the isolation of circulating tumor cells from human blood samples [168–170]. 

Several groups already demonstrated the possibility offered by acoustofluidics in isolating 

target cells (or, in general, target microbeads) from a “background” composed of other 

suspended microparticles. Some analytical studies of particle kinematics in free-flow 

acoustophoretic systems have already been reported [171,172]. However, to the best of 

my knowledge, no systematic analysis has been performed so far in order to investigate 

the impact of different factors on the separation efficiency achievable in acoustofluidic 

devices. Understanding the impact of both “extrinsic” and “intrinsic” factors is the starting 

point to design and realize better acoustofluidic devices, as well as to further increase the 

separation efficiency. 

 

5.1.1 Overview of acoustofluidic separation 

In a microfluidic environment, a laminar fluid flow situation is generally 

encountered and a suspension of microbeads (or cells) simply moves together with the 

fluid flow. The application of an external acoustic field to the fluid in the microchannel 

makes the microparticles experience an additional acoustic force. In this theoretical study, 

a microchannel with a rectangular cross-section will be always assumed, and the only 

considered acoustophoretic force will be the one produced by a single node acoustic 

standing wave resonating along the microchannel width. This standing wave can be excited 

in the microfluidic channel by putting the chip in contact with a piezoelectric transducer 

driven at the proper microchannel eigenfrequency. By taking advantage of the acoustic 
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radiation force, it is generally possible to obtain two different separation regimes, as shown 

in Figure 5.1: stable separation and transient separation. 

 

Figure 5.1: Schematic representation of the different acoustic separation regimes of 

microparticles [154]. The buffer medium and the sample suspension flow from left to right. The 

active area of the acoustic field is indicated by the standing acoustic wave patterns. The 

“separation area” is the portion of the channel where the microparticles effectively change their 

transverse position and move toward the node or antinode of the acoustic standing wave, while 

in the “saturation area” the microparticles have already reached their equilibrium position and no 

significant transverse movement is observed. (a), (b): Stable separation regime. Two sample 

populations with strongly different properties (indicated by different colors) have different sign of 

𝜑, resulting in a movement toward the node (𝜑 > 0) or antinode (𝜑 < 0) position. (c), (d): 

Transient separation regime. The two different sample populations present a small variation of 

their properties, resulting in a small magnitude difference and same sign of 𝜑. Anyway, they show 

a different response speed to the applied acoustic field. The separation achieved between the 

different populations in the separation area is not maintained in the saturation area due to the 

fact that all the microparticles settled to the same node or antinode position. 

 

The standing wave patterns shown in each panel represent the single node acoustic 

standing wave resonating along the microchannel width direction. The simplest regime is 

graphically shown in Figure 5.1 (a), (b). In this situation, a “stable separation” of two sample 

populations with different properties (represented by two different colors) is achieved: if 

the sample properties make the two populations have an opposite sign of the acoustic 

contrast factor 𝜑, then the samples move toward the node or antinode position depending 

on the sign of 𝜑, making it possible an easy separation and collection of the two different 
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populations. In the case reported in Figure 5.1 (a), (b), red particles have 𝜑 > 0 and are 

therefore attracted to the node position, whereas green particles present 𝜑 < 0 and thus 

move toward the antinode position. Due to the fact that the two sample populations have 

different equilibrium positions, they begin separating in the “separation area”, and then 

they maintain their transverse separation even after reaching the “saturation area”. It must 

be clarified that the different dot sizes and colors are used just to allow an easy 

identification of the different population trajectories due to their different properties, but 

they are not related to any size (or color) difference between the populations. The stable 

separation regime is ideal in case sample populations with very different properties like 

very different compressibility or density are considered. However, this is not the case 

commonly encountered when similar cell samples are considered. For example, even if 

cancerous cells have a, statistically significant, higher compressibility compared to their 

normal counterpart [17,163], this difference is relatively small and is not large enough to 

change the sign of 𝜑. For these considerations and practical issues, the second possible 

regime of transient separation is commonly considered. As represented in Figure 5.1 (c), 

(d), sample populations with different properties (indicated by different colors), but 

characterized by the same sign of 𝜑, move toward the same node or antinode position of 

the acoustic standing wave, only showing a different velocity. Therefore, in this regime, an 

initial separation is achieved in the separation area, but after this transient separation 

condition, all the micro-objects saturate into the same microchannel position once the 

saturation area is reached. Thus, the only achievable separation in this regime is in the 

separation area, thanks to the different response speed of the different sample 

populations. Referring to situations of biological interest, cells usually have 𝜑 > 0 and they 

move toward the node position. Therefore, in the following study, only the situation shown 

in Figure 5.1 (d) will be considered. However, it should be noted that the methodology and 

theoretical analysis proposed in this chapter can be easily adapted to the other situations. 

Additionally, in this study it will be investigated the challenging situation in which the 

microparticles to be separated show a relatively small property deviation (between 0 and 

20%) from the background objects flowing along the channel, thus focusing the attention 

on situations in which achieving a good separation efficiency is difficult, as in the cases 

commonly encountered in the study of biological specimens. 

 

5.1.2 Governing equations 

As already discussed in Section 1.3, the acoustic radiation force, resulting from the 

scattering of acoustic waves by the microparticle, is the time-averaged effect of the 

acoustic pressure field. One of the main parameters influencing the microbead response to 

the applied acoustic field is the previously introduced acoustic contrast factor 𝜑, which is 

given by the following expression: 
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𝜑 =
5𝜌𝑝 − 2𝜌𝑓

2𝜌𝑝 + 𝜌𝑓
−

𝛽𝑝

𝛽𝑓
 

 

(5.1) 

where 𝜌𝑝 and 𝜌𝑓 are the densities of the suspended microparticles and fluid, respectively, 

and 𝛽𝑝 and 𝛽𝑓 are the compressibilities of microparticles and fluid, respectively. By 

considering a 1D acoustic resonance along the 𝑦-direction (microchannel width), the 

analytical expression of the acoustic radiation force 𝐹𝑎𝑐  acting on the suspended 

microparticles (microbeads or cells) is given by: 

 

 

𝐹𝑎𝑐 = 𝑉𝑝𝜑𝑘𝑦𝐸𝑎𝑐 sin(2𝑘𝑦𝑦) =
4

3
𝜋𝑅3𝜑𝑘𝑦𝐸𝑎𝑐 sin(2𝑘𝑦𝑦) 

 

(5.2) 

where 𝑉𝑝 is the volume of a spherical microparticle with radius 𝑅, 𝑦 is the microparticle 

position along the transverse direction, 𝐸𝑎𝑐 is the acoustic energy density in the 

microfluidic channel and 𝑘𝑦 is the acoustic wave number, which is equal to 2𝜋 𝜆⁄ , with 𝜆 

being the acoustic wavelength. Considering our situation in which 𝜆 = 2𝑤, with 𝑤 being 

the microchannel width, the acoustic wave number can be rewritten as 𝑘𝑦 = 𝜋 𝑤⁄ . As it is 

evident from the equation, the sign of 𝜑 determines the sign of the acoustic radiation force, 

and it is therefore responsible for the microparticle movement toward the node or 

antinode position. Figure 5.2 schematically represents the situation considered in this 

study: a single node resonant acoustic wave is established along the width of a rectangular 

microchannel and the acoustic radiation force acts perpendicularly to the flow direction 

with the resulting transversal movement of microparticles, with a positive value of 𝜑, 

toward the node position. The transverse movement of microparticles (along the 𝑦-

direction) is therefore induced by the oscillating pressure field. 
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Figure 5.2: Microparticle separation in the dynamic regime considered in this study [154]. This 3D 

representation displays that a possible dynamic separation can be achieved considering the flow 

of two sample populations with different properties (represented by different colors) along a 

fluid-filled rectangular microfluidic channel with an applied acoustic field. A 1D single node 

acoustic standing wave along the width direction is considered, as indicated by the pressure field, 

the acoustic radiation force and the standing wave patterns. The two particle populations both 

move toward the node position, as they both have 𝜑 > 0, but due to the fact that the two 

populations are characterized by a different response speed, it is possible to design and operate 

the system to achieve the microparticles separation before they both saturate in the node 

position. 

 

The relative motion of the microspheres with respect to the surrounding fluid 

induces a Stokes drag force 𝐹𝑑𝑟𝑎𝑔, which is given by the usual expression: 

 

 

𝐹𝑑𝑟𝑎𝑔 = 6𝜋𝜂𝑓𝑅𝑣𝑦 

 

(5.3) 

where 𝜂𝑓 is the fluid viscosity and 𝑣𝑦 is the relative velocity of the microsphere along the 

𝑦-direction. Due to the fact that in a microfluidic environment the inertial effects can be 

generally neglected, as given by the fact that the Reynolds number 𝑅𝑒 ≪ 1, it is possible 

to assume that in every instant of the microparticle motion the acoustic radiation force is 

exactly balanced by the Stokes drag force. Therefore, by imposing 𝐹𝑑𝑟𝑎𝑔 = 𝐹𝑎𝑐, both the 

transverse speed 𝑣𝑦 and transverse position 𝑦(𝑡) of the microsphere can be calculated, as 

given by the following equations: 

 

 

𝑣𝑦(𝑦) =
2𝑅2𝑘𝑦𝐸𝑎𝑐𝜑

9𝜂𝑓
sin(2𝑘𝑦𝑦) 

 

(5.4) 
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 𝑦(𝑡) =

𝑎𝑟𝑐𝑡𝑎𝑛 {tan[𝑘𝑦𝑦(0)]𝑒𝑥𝑝 [
4𝜑(𝑘𝑦𝑅)

2
𝐸𝑎𝑐

9𝜂𝑓
𝑡]}

𝑘𝑦
 

 

(5.5) 

 

where 𝑦(0) is the microparticle position at a time 𝑡 = 0 (i.e. in the instant of time when 

the microparticle enters the region where the acoustic field is present). By isolating 𝑡 from 

Eq. 5.5 it is possible to calculate the time interval required to move a microparticle from 

the initial position 𝑦(0) to a generic position 𝑦(𝑡), as shown by the following equation: 

 

 

𝑡 =
9𝜂𝑓

4𝜑(𝑘𝑦𝑅)
2

𝐸𝑎𝑐

𝑙𝑛 {
𝑡𝑎𝑛[𝑘𝑦𝑦(𝑡)]

𝑡𝑎𝑛[𝑘𝑦𝑦(0)]
} 

 

(5.6) 

It should be noted that no movement at all could be produced selecting an initial position 

𝑦(0) = 0, which is in any case an unpractical situation as the minimum initial position for 

a solid microsphere is 𝑦(0) = 𝑅. In an analogous way, due to the tangent function in the 

equation, an infinite time is required to exactly reach the node position by acoustophoresis 

(as the numerator would diverge toward infinite), independently from the choice of 𝑦(0). 

For this reason, when the calculation of the “saturation time” for microparticles to move 

from 𝑦(0) to the final node position is required, 𝑦(𝑡) = 𝑤 2⁄ × 0.995 will be considered as 

final position. Considering in this study a rectangular microchannel with 𝑤 > ℎ, with ℎ 

being the microchannel height, the velocity field 𝑣𝑥(𝑦, 𝑧) in the microchannel cross-section 

(0 < 𝑦 < 𝑤 and 0 < 𝑧 < ℎ) is given by Eq. 5.8 [54]: 

 

 

𝑣𝑐,∞ =
4ℎ2∇𝑃

𝜋3𝜂𝑓
 

 

(5.7) 

 
𝑣𝑥(𝑦, 𝑧) = ∑

𝑣𝑐,∞

𝑛3

∞

𝑛,𝑜𝑑𝑑

[1 −
cosh (𝑛𝜋

2𝑦 − 𝑤
2ℎ

)

cosh (𝑛𝜋
𝑤
2ℎ

)
] sin (𝑛𝜋

𝑧

ℎ
) 

 

(5.8) 

 

where ∇𝑃 is the pressure gradient. It can be noted that, under the simplifying hypothesis 

that 𝑤 ≫ ℎ (not assumed in the rest of the chapter unless explicitly specified), the term 

𝑣𝑐,∞ given by Eq. 5.7 is an approximation of the fluid velocity at the microchannel center 

(with a ~3% overestimation). Finally, the trajectories of the microspheres dispersed in the 

microfluidic channel under the action of the fluid flow and acoustic field can be calculated 

by Eq. 5.8 and Eq. 5.4 together. It must be noted that the acoustic radiation force and the 

resulting microbead transverse movement occur along the microfluidic channel width 
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direction (𝑦), which is perpendicular to the direction of the fluid flow (𝑥-direction). 

Consequently, the distance travelled by the microparticles along the flow direction, 𝑥(𝑡), 

can be simply determined by integrating in time 𝑣𝑥(𝑦, 𝑧), assuming that 𝑧 = ℎ 2⁄ , i.e. all 

the microparticles remain at half of the microchannel height while flowing. Until Section 

5.4.3, in which a realistic 3D system configuration will be considered, for the rest of the 

chapter the microparticles position along the 𝑧-direction will be always considered at half 

of the channel height, 𝑧 = ℎ 2⁄ , with no vertical spreading in the initial particles position. 

Moreover, even if in the whole analysis the effect of gravity is neglected, assuming that no 

significant movement along the 𝑧-direction occurs during the time that the microspheres 

flow along the microfluidic channel, it must be mentioned that gravity can be helpfully 

exploited to obtain a sample separation in the vertical direction [173]. 

 

5.2 Definition of the simulation parameters 
Acoustofluidic devices are commonly employed to sort and separate cells or other 

biological samples. However, as biological specimens are generally characterized by a 

significant spread of their mechanical properties, in the following part of the chapter 

polystyrene microbeads will be considered as “dispersed microspheres” and water as 

flowing medium in which the microbeads are dispersed. It is important to notice that this 

choice does not affect the validity of the proposed theoretical analysis, which could be 

extended even to cells dispersed in culture medium, provided that their mechanical 

properties are statistically known. The physical parameters of the simulated acoustofluidic 

systems considered in Section 5.3 are reported in Table 5.1. 

 

Table 5.1: Simulation parameters used in the acoustofluidic systems considered in Section 5.3. 
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Because of the symmetry of the considered acoustofluidic configuration, and of the 

equations governing the microbeads motion, the trajectories travelled by two identical 

microparticles input in symmetric positions of the microfluidic channel will remain 

symmetric with respect to the channel central axis during the flow, as it can be graphically 

seen in Figure 5.2. Taking advantage of this symmetry, in the following part of the chapter, 

the theoretical analysis and numerical simulations will be therefore limited to only half of 

the channel cross-section without any loss of generality. 

In real situations, the microparticles in input to the microchannel are generally 

characterized by a certain distribution of their initial position, which can be wider or 

narrower depending on the geometry of the considered configuration (e.g. the dimension 

of the input microchannel) and which is even related to possibly employed prefocusing 

strategies (e.g. acoustic prefocusing and inertial prefocusing). In order to properly consider 

this effect, in the here-presented study the initial position of the incoming microparticles 

is defined by a certain range, which will be indicated as “initial position range” (IPR). This 

allows better mimicking real situations encountered in acoustic separation experiments. 

Specifically, in the following analysis the center of the IPR will be indicated as 𝑦0 and the 

half width of the IPR along the channel width as ∆𝑦0, assuming therefore that all the 

microparticles enter the microchannel from an initial position included in the range 

[𝑦0 − ∆𝑦0, 𝑦0 + ∆𝑦0]. In a similar way for the channel height, the sample starting position 

will be indicated as 𝑧0 and the half width of the IPR as ∆𝑧0. As already anticipated, until 

Section 5.4.3, 𝑧0 = ℎ 2⁄  and ∆𝑧0 = 0 will be assumed. In the following, as a consequence 

of the introduction of the IPR concept, acoustophoretic trajectories will not be considered 

as “lines”, but as “areas”, as shown for example in Figure 5.3 (a). The microbeads in input 

to the microfluidic channel from a position within the IPR will move along the channel 

remaining inside the trajectory area. From the analysis of the trajectory areas, two different 

parameters can be introduced: the “bandwidth” (𝐵𝑊) and the “displacement” (𝐷), which 

are shown, for the considered trajectories, in Figure 5.3 (b), (c), respectively. The 𝐵𝑊 

parameter can be defined as the transverse width of the trajectory area at each position, 

while the 𝐷 parameter is the average transverse distance (along the 𝑦-direction) travelled 

from the average initial position. As both quantities depend on the 𝑥-position along the 

flowing direction, they should be correctly written as 𝐵𝑊(𝑥) and 𝐷(𝑥). By indicating the 

average position in the 𝑦-direction as 〈𝑦(𝑥)〉, the expressions of 𝐵𝑊(𝑥) and 𝐷(𝑥) in terms 

of the IPR center and width can be written as: 

 

 

𝐷(𝑥) = 〈𝑦(𝑥)〉 − 𝑦0 

 

(5.9) 

 
𝐵𝑊(0) = 2∆𝑦0 

 

(5.10) 
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Figure 5.3 (b) shows the evolution of 𝐵𝑊(𝑥) as a function of the flow distance 𝑥: it starts 

from a value equal to 2∆𝑦0, it increases upon reaching a maximum and then it finally 

decreases toward zero once the trajectory tends to saturate at the node position. An 

explanation for the particular shape of the 𝐵𝑊(𝑥) curve can be given by observing that the 

𝐵𝑊(𝑥) parameter can be thought as the evolution of the 𝑦-displacement between two 

microparticles ideally injected, in the same instant, on the “upper” and “lower” borders of 

the IPR. As the transverse velocity of both microparticles is described by Eq. 5.4, the 

trajectory lines of these two “extreme microbeads” can be perfectly overlapped by shifting 

one trajectory line horizontally. This horizontal shift, together with the “S-shape” of the 

trajectory lines due to the velocity profiles (see Eq. 5.4 and Eq. 5.8), is the motivation for 

the initial increase and subsequent decrease observed in the 𝐵𝑊(𝑥) parameter. The 

evolution of the 𝐷(𝑥) parameter is shown in Figure 5.3 (c): it increases monotonically from 

zero to a plateau value that is reached in correspondence to the trajectory saturation to 

the node position. 

 

Figure 5.3: Definition of the simulation parameters employed in the following analysis [154]. A 

microchannel having a width 𝑤 = 500 𝜇𝑚 is considered, so that the microchannel wall is located 

at 𝑦 = 0 and the channel central axis is at 𝑦 = 250 𝜇𝑚. (a) Considering a microparticles’ IPR with 

𝑦0 = 20 𝜇𝑚 and ∆𝑦0 = 10 𝜇𝑚, the trajectory areas calculated for two different microbead 

populations having different densities are shown. Blue microbeads are characterized by 100% 

polystyrene bead density while red microbeads have 80% polystyrene density. The dashed 

colored lines represent the average position in each 𝑥-coordinate. (b) The 𝐵𝑊(𝑥) parameter is 

shown, which is defined as the width in the 𝑦-direction of the trajectory area. (c) The 𝐷(𝑥) 

parameter is shown, which is defined as the difference between the average trajectory area in 

each 𝑥-position and the center of the IPR. (d) Spatial evolution of the 𝐼𝑆𝐸(𝑥) (dashed line) and 

𝑆𝐸(𝑥) (solid line) parameters, which can be used to quantify the separation efficiency of the 

considered acoustofluidic system. 
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The relative displacement 𝑅𝐷(𝑥) between the two particle populations can be then 

calculated by considering the difference between the two displacement curves 𝐷1(𝑥) and 

𝐷2(𝑥), where the subscripts 1 and 2 are used to refer to the two considered particle 

populations: 

 

 

𝑅𝐷(𝑥) = |𝐷1(𝑥) − 𝐷2(𝑥)| 

 

(5.11) 

From the above-presented quantities, it is possible to introduce an “ideal separation 

efficiency” (𝐼𝑆𝐸) parameter, which can be used to estimate the achievable separation 

between the two particle populations: 

 

 

𝐼𝑆𝐸(𝑥) = 2
𝑅𝐷(𝑥)

𝐵𝑊1(𝑥) + 𝐵𝑊2(𝑥)
 

 

(5.12) 

Adopting this definition, 𝐼𝑆𝐸 < 1 indicates that the trajectory areas are partially 

overlapped, whereas 𝐼𝑆𝐸 > 1 indicates that the two trajectory areas are completely 

separated. The dashed line in Figure 5.3 (d) shows the 𝐼𝑆𝐸(𝑥) evolution during the flow. It 

must be observed that as both 𝐵𝑊1,2(𝑥) parameters tend to zero in correspondence to the 

microbeads saturation to the node position, the large value assumed by the 𝐼𝑆𝐸 parameter 

does not correspond to a real possibility of achieving an efficient microbeads separation, 

as the microparticle radius is significantly larger than the calculated bandwidths. For this 

consideration, in the following a more realistic “separation efficiency” (𝑆𝐸) parameter is 

introduced, in which the impact of the microparticle radius 𝑅 is included: 

 

 

𝑆𝐸(𝑥) = 2
𝑅𝐷(𝑥)

𝐵𝑊1(𝑥) + 𝐵𝑊2(𝑥) + 2𝑅
 

 

(5.13) 

According to this new definition, 𝑆𝐸 > 1 when the two populations are completely 

separated by a distance larger than one microparticle radius. The solid line in Figure 5.3 (d) 

shows the evolution of the 𝑆𝐸(𝑥) parameter. As it can be seen, the best separation (i.e. 

the highest 𝑆𝐸 value) is reached during the transition phase and not when the microbeads 

are already saturating to the node position. 

 

5.3 Impact of acoustofluidic system design and of sample properties 
As it is evident from the previous equations, the acoustophoretic trajectory of a 

microbead subjected to an external acoustic field is determined by many parameters, 
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which affect the final separation efficiency. In the following analysis and simulations, the 

parameters of water (viscosity, density and compressibility) will be considered as reference 

values for the suspension medium and will be kept fixed, while polystyrene parameters will 

be considered for the dispersed microparticles and the impact of their variation (in a range 

[0-20] %) on the resulting separation efficiency will be investigated. In order to give a clear 

organization to the discussion, all the involved parameters will be divided into two 

categories: extrinsic and intrinsic factors. Extrinsic factors will be initially considered and 

then a critical system configuration will be selected to study the role of intrinsic factors. 

 

5.3.1 Extrinsic factors: chip design and operation 

All the elements related to the acoustofluidic system design and operation were 

considered in the group of extrinsic factors, i.e. the microfluidic channel dimensions, the 

acoustic energy density and the injection position of the microbeads. All these parameters 

can have a significant impact on the final separation efficiency and therefore should be 

carefully optimized. The first analyzed parameter is the channel width 𝑤. As the considered 

configuration is the one corresponding to an acoustic standing wave with a single node 

along the microchannel width, as represented in Figure 5.2, the acoustic wavelength 𝜆 is 

given by 𝜆 = 2𝑤 and the wave frequency can be easily calculated as 𝑓 = 𝜈 𝜆⁄ , with 𝜈 being 

the speed of sound in water. Figure 5.4 shows the acoustic separation results of numerical 

simulations performed considering microbeads with different compressibilities (80%, 100% 

and 120% of the polystyrene compressibility) for three different microchannel widths (400, 

500 and 600 μm). In all the simulations, the same IPR (𝑦0 = 20 𝜇𝑚 and ∆𝑦0 = 10 𝜇𝑚) and 

the same acoustic energy density (𝐸𝑎𝑐 = 1 𝐽 𝑚3⁄ ) are considered, with all the other 

parameters defined equal to the values listed in Table 5.1. 
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Figure 5.4: Acoustic separation of polystyrene microbead populations with different 

compressibilities considering different channel widths: 400, 500 and 600 μm [154]. 

Compressibility values corresponding to 80, 100 and 120% of polystyrene standard compressibility 

are considered, indicated by 0.8×, 1.0× and 1.2× in the figure legend. The dashed line in the first 

row represents the position corresponding to the node of the standing acoustic wave. The IPR is 

defined by 𝑦0 = 20 𝜇𝑚 and ∆𝑦0 = 10 𝜇𝑚 for all the three considered channel widths. All the 

other simulation parameters are reported in Table 5.1. For each channel width, the trajectory 

area and its corresponding 𝐵𝑊(𝑥) are shown in the first and second row, respectively. The third 

and fourth rows show 𝑅𝐷(𝑥) and 𝑆𝐸(𝑥) with respect to the 1.0× population. 

 

The first row of Figure 5.4 shows the trajectory areas calculated for each 

compressibility, while in the second row the corresponding 𝐵𝑊(𝑥) is displayed. To quantify 

the impact of the different channel widths on the separation efficiency, the third and fourth 

rows report the calculated 𝑅𝐷(𝑥) and 𝑆𝐸(𝑥), respectively. By observing the second row in 

Figure 5.4, the 𝐵𝑊(𝑥) parameter shows the same behavior as the one observed in Figure 

5.3 (b), but it can even be noticed that the maximum of 𝐵𝑊(𝑥) (𝐵𝑊𝑀𝐴𝑋) does not depend 

on the microparticle compressibility. The motivation can be found in the fact that the 

compressibility variation only modifies the 𝜑 value appearing in Eq. 5.5. Consequently, this 

variation just introduces a timescale factor between the different microparticle 

populations, explaining the fact that 𝐵𝑊𝑀𝐴𝑋 is located at different 𝑥-positions along the 

channel for the different populations, but it does not affect the value of 𝐵𝑊𝑀𝐴𝑋. The third 

row of Figure 5.4 reports the 𝑅𝐷(𝑥) parameter calculated between the 0.8× and 1.0× 

populations (green line) and that between the 1.0× and 1.2× populations (blue line). The 

observed 𝑅𝐷(𝑥) evolution is similar to the one of 𝐵𝑊(𝑥), but it must be pointed out that 

𝐵𝑊 is a “single population” parameter, as it can be calculated considering a set of identical 
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microbeads, whereas 𝑅𝐷 is a “two-populations” parameter, as it refers to the distinct 

behavior of two different sets of microbeads input to the same microfluidic channel. In 

order to achieve a high separation efficiency, a very small 𝐵𝑊 together with a large 𝑅𝐷 are 

desirable, so that the different particle populations can be efficiently collected at different 

outputs. However, as it is evident from the second and third rows of Figure 5.4, this mutual 

condition is difficult to be satisfied, and in order to determine the best sample collection 

position it can be useful to calculate the maximum of the 𝑆𝐸 parameter. By observing the 

evolution of 𝑆𝐸(𝑥), it can be noted that the highest value of 𝑆𝐸 is reached when 𝑅𝐷 is 

already decreasing, thanks to a trade-off between a small 𝐵𝑊 and a value of 𝑅𝐷 still 

sufficiently large. By comparing the results obtained with the three different microchannel 

widths, it is evident that the use of wider channels results in an increase of both the 𝐵𝑊𝑀𝐴𝑋 

and 𝑅𝐷 curves, but, overall, the maximum 𝑆𝐸 (𝑆𝐸𝑀𝐴𝑋) achievable by each configuration 

increases when wider channels are considered. Considering that the largest microchannel 

width of 600 μm emerges as the best configuration among the reported ones, yielding the 

highest 𝑆𝐸𝑀𝐴𝑋, we decided to continue the analysis considering the 500 μm-wide channel. 

The motivation lies in the fact that, in this way, it is possible to study the impact of the 

other parameters on the separation efficiency considering a “non-optimal” scenario. 

Another design parameter influencing the microparticle trajectory, and hence the 

resulting separation efficiency, is the IPR. While it is evident that a narrower IPR width 

(equal to 2∆𝑦0) allows achieving a higher separation efficiency, as it yields a 𝐵𝑊 reduction, 

some non-intuitive results can be derived studying the impact of 𝑦0 (the IPR central 

position) on 𝑆𝐸𝑀𝐴𝑋. The IPR, which is experimentally determined by the inlet geometry, is 

generally located very close to the channel border in order to have a larger distance 

between the injection point and the saturation node, and, obviously, the IPR strictly 

depends on the width of the inlet channel. In order to discuss the role of the IPR, Figure 5.5 

shows three different trajectory areas, together with the corresponding 𝐵𝑊(𝑥) and 𝐷(𝑥), 

calculated assuming three different IPR central positions 𝑦0: 20, 40 and 60 μm. The 

acoustophoretic trajectories are calculated considering polystyrene microbeads (see data 

in Table 5.1). As it can be observed, even if ∆𝑦0 = 10 𝜇𝑚 is the same for all three cases, 

the three areas become smaller as the IPR center gets closer to the microchannel central 

axis. By observing the 𝐵𝑊(𝑥) evolution, it can be seen that the 𝐵𝑊 parameter significantly 

increases in case the IPR is located in the proximity of the channel border (e.g., 𝑦0 =

20𝜇𝑚), whereas this behavior is almost non-existent when the IPR gets closer to the 

channel central axis (e.g., 𝑦0 = 60𝜇𝑚). The relation between 𝐵𝑊 and 𝑦0 can be better 

explained observing that when the IPR is moved toward “higher velocity” positions (i.e. 

from the channel border toward 𝑤/4, see Eq. 5.4), the scaling factor required to overlap 

the top and bottom trajectory lines reduces significantly. Moreover, if 𝑤 4⁄ < 𝑦0 < 𝑤 2⁄  

the 𝐵𝑊(𝑥) parameter will decrease monotonically, as in that space interval even the 
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transverse velocity decreases while approaching the node position. By observing the 𝐷(𝑥) 

evolution, it can be seen that when 𝑦0 is increased, the acoustic field-induced motion is 

initially faster, but the final displacement is smaller. 

 

Figure 5.5: Simulation of acoustophoretic trajectories of polystyrene microparticles under the 

assumption of three different IPR central positions 𝑦0: 20 μm (green), 40 μm (red), 60 μm 

(blue) [154]. For all the considered cases ∆𝑦0 = 10 𝜇𝑚. The trajectory areas are shown together 

with the corresponding 𝐵𝑊(𝑥) and 𝐷(𝑥). Channel width 𝑤 = 500 𝜇𝑚, 𝐸𝑎𝑐 = 1 𝐽 𝑚3⁄  and all the 

other parameters are reported in Table 5.1. 

 

As both 𝐵𝑊(𝑥) and 𝐷(𝑥) show a certain dependence on 𝑦0, even the 𝑆𝐸 parameter will 

be obviously influenced by the IPR center. Therefore, the impact of 𝑦0 and ∆𝑦0 on the 

𝐵𝑊𝑀𝐴𝑋 and 𝑆𝐸𝑀𝐴𝑋 parameters was investigated. For the simulations, the same three 

populations considered in Figure 5.4 and a fixed channel width 𝑤 = 500 𝜇𝑚 were 

assumed. The results of the numerical simulations are shown in Figure 5.6: panel (a) 

displays the 𝐵𝑊𝑀𝐴𝑋 and 𝑆𝐸𝑀𝐴𝑋 parameters as a function of 𝑦0 (for a fixed ∆𝑦0 = 10 𝜇𝑚), 

while panel (b) reports their evolution as a function of ∆𝑦0, assuming to have the IPR lower 

bound (defined as 𝑦0 − ∆𝑦0) located at 10 μm from the channel border. From Figure 5.6 

(a) it can be seen that by slightly changing the value of 𝑦0, from 20 to 50 μm, 𝐵𝑊𝑀𝐴𝑋 

strongly decreases, whereas a small increase of 𝑆𝐸𝑀𝐴𝑋 can be observed. Specifically, 𝑆𝐸𝑀𝐴𝑋 

increases from 1.42 to 1.48, when the separation between the 1.0× and 1.2× populations 

is considered, and from 1.15 to 1.19 considering the separation between the 0.8× and 1.0× 

populations. The 𝐵𝑊𝑀𝐴𝑋 and 𝑆𝐸𝑀𝐴𝑋 dependence on ∆𝑦0 is shown in Figure 5.6 (b): for an 

increase of ∆𝑦0, 𝐵𝑊𝑀𝐴𝑋 increases almost linearly, while the 𝑆𝐸𝑀𝐴𝑋 parameter decreases 

due to the wider areas overlap. The here-presented analysis just gives an idea of the 𝑆𝐸-
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dependence on the IPR. As this topic requires a more extensive discussion, Section 5.4 will 

be completely dedicated to the study and optimization of the sample launch position to 

achieve the highest 𝑆𝐸 for the considered configuration. 

The last extrinsic parameter to be analyzed is the acoustic energy density 𝐸𝑎𝑐, which 

depends on the driving voltage externally applied to the piezoelectric transducer. By 

observing Eq. 5.4, it can be noticed that the microparticle transverse velocity is directly 

proportional to this parameter. Therefore, it is possible to conclude that 𝐸𝑎𝑐 directly affects 

the particle velocity, but not the resulting 𝑆𝐸. By changing the driving voltage applied to 

the piezoelectric transducer, 𝐸𝑎𝑐 can be properly selected according to the length of the 

active separation area of the microchannel and the flowing velocity, which depends on the 

pressure gradient, to optimize the collection efficiency. 

 

Figure 5.6: Dependence of 𝑆𝐸𝑀𝐴𝑋 (blue and green lines) and 𝐵𝑊𝑀𝐴𝑋 (black lines) on the IPR [154]. 

Microbeads with different compressibility are considered, as in the case reported in Figure 5.4. (a) 

Parameters dependence on 𝑦0, by considering a fixed ∆𝑦0 = 10 𝜇𝑚. (b) Parameters dependence 

on ∆𝑦0, by considering the lower IPR boundary fixed at 10 μm. Channel width 𝑤 = 500 𝜇𝑚, 

𝐸𝑎𝑐 = 1 𝐽 𝑚3⁄  and all the other parameters are reported in Table 5.1. 

 

5.3.2 Intrinsic factors: sample properties 

After having studied the impact of the parameters related to the acoustofluidic 

system design and operation on the acoustic 𝑆𝐸, the effect of the sample’s intrinsic 

parameters (i.e. density, compressibility and radius) was investigated. These three factors 

are all present in the exponential term in Eq. 5.5, but they give different contributions: the 

density and compressibility are included in the acoustic contrast factor 𝜑, while the radius 
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squared appears as a time multiplying factor. Figure 5.7 (a) reports the impact of density 

and compressibility on the acoustic contrast factor 𝜑. Assuming a 20% variation with 

respect to the nominal polystyrene values, i.e. a range [80-120]% of the standard 

polystyrene parameters, it can be seen that the value of 𝜑 reduces from 0.6 to almost 0.4 

when the compressibility is increased, whereas it increases from 0.27 to 0.66 by increasing 

the density. From this simple calculation, it results clear that the density variation has a 

stronger impact on the value of 𝜑 with respect to the microbead compressibility, 

considering the same variation range. This implies that microparticles separation based on 

density would give a higher separation efficiency than compressibility-based acoustic 

separation. Another method to estimate the impact of the intrinsic parameters on 𝑆𝐸 is to 

study how the “response speed” is influenced by the microparticle properties. Specifically, 

it is possible to introduce a “saturation time” 𝑡𝑠𝑎𝑡, which can be defined as the time 

required to move a microparticle from the initial position to 𝑦 = 0.995 × 𝑤 2⁄ . Moreover, 

using this new parameter it is even possible to analyze the impact of the microparticle 

diameter, which obviously could not be studied by calculating the 𝜑 factor. Figure 5.7 (b) 

shows the evolution of the saturation time 𝑡𝑠𝑎𝑡 as a function of the intrinsic parameters 

variation in the same variation range [80-120]%. The results of the numerical simulations 

show once again that the effect of density variation on the microparticles movement is 

more pronounced than that of compressibility variation. In addition, it can be noticed that 

the effect of the microparticle diameter variation on 𝑡𝑠𝑎𝑡 is similar to the one resulting from 

the variation of the microparticle density. 

 

Figure 5.7: Sample properties effect on the acoustic contrast factor (a) and on the saturation time 

(b), calculated considering 𝑦0 = 20 𝜇𝑚 as the initial particle position [154]. The different curves 

refer, as indicated by the legend, to variation of different parameters: only one parameter is 

changed at a time, while the other two are set at the standard polystyrene value (100%). Channel 

width 𝑤 = 500 𝜇𝑚, 𝐸𝑎𝑐 = 1 𝐽 𝑚3⁄  and all the other parameters are reported in Table 5.1. 



120 
 

In a similar way to the analysis presented for the extrinsic parameters, the study on 

the intrinsic parameters was extended by using the IPR concept and by investigating the 

achievable 𝑆𝐸. For each microbead intrinsic parameter (compressibility, density and 

diameter), three different values (80, 100 and 120 %) of the polystyrene nominal properties 

were considered and the results of the numerical simulations are shown in Figure 5.8. It 

must be pointed out that the 1.0× value (red color) indicates that there is no variation of 

the sample properties and, therefore, the trajectory areas are exactly the same in the first 

row as well as the 𝐵𝑊(𝑥) curves reported in the second row. Observing the first row of 

Figure 5.8 it is evident that the acoustic separation based on different values of the sample 

compressibility is the most challenging, due to the high trajectory areas overlap, as it could 

be expected from the previously reported analysis. From the 𝐵𝑊(𝑥) curves, reported in 

the second row, it can be observed that the 𝐵𝑊𝑀𝐴𝑋 value does not depend on any of the 

intrinsic factors, but it is only related to the extrinsic ones. Conversely, the positions in 

which 𝐵𝑊𝑀𝐴𝑋 is observed are related to the different response speeds associated with 

different sample property variations. Finally, by analyzing the 𝑆𝐸(𝑥) curves (see the third 

row of Figure 5.8), it can be observed that the 𝑆𝐸𝑀𝐴𝑋 value is the smallest in case 

compressibility variations are considered, further confirming the above reported 

discussion. 

 

Figure 5.8: Impact of different sample’s properties on the acoustofluidic separation [154]. For 

each microbead intrinsic parameter (compressibility, density and diameter), three different values 

(80, 100 and 120 %) of the nominal polystyrene properties are considered, indicated in the figure 

legend by 0.8×, 1.0× and 1.2×. The channel width 𝑤 is set equal to 500 μm and the IPR is defined 

by 𝑦0 = 20 𝜇𝑚 and ∆𝑦0 = 10 𝜇𝑚 for all the considered cases. 𝐸𝑎𝑐 = 1 𝐽 𝑚3⁄  and all the other 

parameters are reported in Table 5.1. For each intrinsic microbead parameter, the trajectory 

areas are shown in the first row, and the corresponding 𝐵𝑊(𝑥) and 𝑆𝐸(𝑥) are displayed in the 

second and third row, respectively. 
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5.4 Study and optimization of the sample launch-position 
As it has been discussed in the previous section, the microparticles launch-position 

into the active area where the acoustophoretic force is present plays a critical role on the 

achievable acoustic separation. Even if it is commonly recognized that microparticles 

prefocusing and launch-position optimization have a key role on the acoustofluidic devices 

performance, a detailed discussion on how these two factors influence the device efficiency 

is still missing. 

The goal of this section is to study how the launch position of the sample inside the 

microfluidic channel affects the separation efficiency, and to show how the best launch 

position depends on several factors: the aspect ratio of the microfluidic channel, the cross-

section occupied by the microparticles distribution at the channel input and the size of the 

microparticles to be separated. This analysis will be carried out following different steps. A 

theoretical study will be initially performed assuming the simplistic hypothesis of a uniform 

flow speed in the microfluidic channel (1D-systems). Then the results of numerical 

simulations on more realistic configurations (2D- and 3D-systems) will be presented. For 

the theoretical analysis and numerical simulations, a rectangular microchannel with a 

cross-sectional area of 0.09 mm2 and with variable aspect ratio (defined as the ratio 

between the microchannel width and height, 𝑤 ℎ⁄ ) will be considered, where a single node 

acoustic standing wave resonating along the microchannel width is established. In real 

experiments, the microparticles injection-area yields a certain statistical distribution of the 

microparticles initial position (𝑦0, 𝑧0). Therefore, the impact of the initial position 

uncertainty (∆𝑦0, ∆𝑧0) on the achievable 𝑆𝐸 between two microbead populations 

characterized by slightly different properties will be investigated. As already anticipated, 

𝑧0 = ℎ 2⁄  and ∆𝑧0 = 0 will be assumed until Section 5.4.3, in which a certain vertical 

spreading will be considered in order to mimic common situations experienced in real 

experiments. 

 

5.4.1 Theoretical analysis: uniform flow speed in 1D-systems 

Observing Eq. 5.8 it can be initially noted that if the distance from the channel 

border is greater than twice the channel’s height (i.e. 𝑦 > 2ℎ), the ratio between the two 

hyperbolic cosine functions tends to zero. Consequently, in this condition the fluid velocity 

through the microchannel cross-section is independent on the 𝑦-coordinate. Considering a 

microfluidic channel characterized by a large aspect ratio (i.e. 𝑤 ≫ ℎ), the region where 

the flow velocity depends on the 𝑦-coordinate (𝑦 < 2ℎ) represents a negligible portion of 

the channel cross-section and it is therefore possible to assume that the microparticles 

motion along the 𝑥-direction is independent on the position along the 𝑦-direction. As a 

consequence, the microparticles separation solely depends on Eq. 5.5 and it is possible to 
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consider this configuration as a 1D-system. In order to simplify the writing of Eq. 5.5, but 

without losing important dependences, the following factors can be defined: 

 

 

𝐴 =
4𝜑(𝑘𝑦𝑅)

2
𝐸𝑎𝑐

9𝜂𝑓
 

𝑘 = 𝑘𝑦 

 

(5.14) 

According to these new definitions, Eq. 5.5 can be rewritten as: 

 

 

𝑦(𝑡) = 𝑘−1𝑎𝑟𝑐𝑡𝑎𝑛{tan[𝑘𝑦0]𝑒𝑥𝑝[𝐴𝑡]} 

 

(5.15) 

This compact expression was employed to develop an analytical characterization of the 

simplified 1D-system, which, although an oversimplification, allows deriving useful insights 

into the effect of different factors on 𝑆𝐸. Adopting this notation, a change in the microbead 

properties is expressed by a change of the 𝐴 parameter, and it is therefore possible to 

define an average 𝐴 and a deviation ∆𝐴. In order to determine the 𝑆𝐸 dependence on the 

𝑦0 and 𝐴 factors, two distinct microparticle populations (a “fast” one, F, and a “slow” one, 

S) can be considered and for each of them three different “injection points” can be 

selected: the center of the injection area (C), the border of the injection area closer to the 

channel wall (W) and the border closer to the node of the acoustic standing wave (N). In 

this way, six equations similar to Eq. 5.15 can be written, in which the parameter 𝐴 is 

modified in 𝐴 ± ∆𝐴 to include the effect of the “fast” and “slow” populations, and the 

terms 𝑦0, 𝑦0 − ∆𝑦0 and 𝑦0 + ∆𝑦0 are used to indicate the C, W and N injection positions, 

respectively (see inlet of Figure 5.9): 

 

 

𝑦𝐹,𝐶(𝑡) = 𝑘−1{tan[𝑘𝑦0]𝑒𝑥𝑝[(𝐴 + ∆𝐴)𝑡]} 

𝑦𝐹,𝑁(𝑡) = 𝑘−1{tan[𝑘(𝑦0 + ∆𝑦0)]𝑒𝑥𝑝[(𝐴 + ∆𝐴)𝑡]} 

𝑦𝐹,𝑊(𝑡) = 𝑘−1{tan[𝑘(𝑦0 − ∆𝑦0)]𝑒𝑥𝑝[(𝐴 + ∆𝐴)𝑡]} 

𝑦𝑆,𝐶(𝑡) = 𝑘−1{tan[𝑘𝑦0]𝑒𝑥𝑝[(𝐴 − ∆𝐴)𝑡]} 

𝑦𝑆,𝑁(𝑡) = 𝑘−1{tan[𝑘(𝑦0 + ∆𝑦0)]𝑒𝑥𝑝[(𝐴 − ∆𝐴)𝑡]} 

𝑦𝑆,𝑊(𝑡) = 𝑘−1{tan[𝑘(𝑦0 − ∆𝑦0)]𝑒𝑥𝑝[(𝐴 − ∆𝐴)𝑡]} 

 

(5.16) 
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Figure 5.9: Left scale: transverse position along the microchannel width direction 𝑦 of two 

microparticle populations with different properties (80% and 100% of the acoustic contrast factor 

of polystyrene microbeads in water). The microparticles flow along the 𝑥-direction. The inset 

displays a zoomed-in view of the injection area (“C” indicates the center of the injection region, 

“W” indicates the border of the injection region closer to the microfluidic channel wall and “N” 

indicates the border of the injection region closer to the node of the acoustic standing wave). 

Right scale: the resulting separation efficiency as a function of the flowing distance 𝑥 [155]. 

 

Using the previous equations, the 𝑆𝐸 parameter (see Eq. 5.13), can be rewritten as: 

 

 

𝑆𝐸 =
2 ∙ (𝑦𝐹,𝐶 − 𝑦𝑆,𝐶)

2𝑅 + [(𝑦𝐹,𝑁 − 𝑦𝐹,𝑊) + (𝑦𝑆,𝑁 − 𝑦𝑆,𝑊)]
 

 

(5.17) 

If the differences appearing in Eq. 5.17 are approximated with the corresponding 1st order 

differential terms, the separation efficiency can be rewritten as: 

 

 

𝑆𝐸 =
2∆𝐴

𝑑𝑦
𝑑𝐴

𝑅 + 2∆𝑦0
𝑑𝑦
𝑑𝑦0

 

 

(5.18) 

Moreover, it is possible to derive a more useful form of Eq. 5.18 by calculating the two 

derivatives so as to write an explicit expression for the 𝑆𝐸 evolution as a function of time, 

or of flow-distance, as a uniform flow velocity in the microchannel was assumed. 
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If we then set ∆𝐴 = ∆𝐴𝑟 × 𝐴, where ∆𝐴𝑟 indicates the relative variation of the considered 

𝐴 parameter, after some substitutions 𝑆𝐸 can be written as: 

 

 

𝑆𝐸(𝑡) =
∆𝐴𝑟

𝑘𝑅

𝐴𝑡 tan(𝑘𝑦0)𝑒𝐴𝑡

[
1
2 +

∆𝑦0

𝑅 𝑒𝐴𝑡] + [
1
2 𝑒2𝐴𝑡 +

∆𝑦0

𝑅 𝑒𝐴𝑡] tan2(𝑘𝑦0)
 

 

(5.19) 

In the following the values giving the best performance will be indicated with an asterisk 

(*): 𝑦0
∗ and 𝑡∗ are the launch-position and time-instant yielding the maximum separation 

efficiency (𝑆𝐸∗) obtainable between two microparticle populations. By analyzing Eq. 5.19 

some non-trivial considerations about 𝑦0
∗, 𝑡∗ and 𝑆𝐸∗ can be derived: 

i. The role of ∆𝐴𝑟: according to the given hypothesis, 𝑆𝐸(𝑡) (and hence 𝑆𝐸∗) is directly 

proportional to ∆𝐴𝑟, but ∆𝐴𝑟 has no impact on the 𝑦0 value maximizing 𝑆𝐸. This, 

therefore, means that the optimal injection position 𝑦0
∗ is independent on how large 

the sample property variations are. 

ii. The maximum separation-instant (𝑡∗): the time-instant yielding the maximum 𝑆𝐸 

cannot be explicitly derived as the resulting equation is transcendental. Nevertheless, 

it can be noted that the time 𝑡 always appears in the term 𝐴𝑡. This has as a result that 

the maximum separation-instant 𝑡∗ is inversely proportional to 𝐴, i.e. the term 𝐴𝑡∗ is 

independent on 𝐴. It is therefore useful to further rewrite Eq. 5.19 in a more compact 

form thanks to the definition of the following quantities: 

 

 

𝐸 = 𝐴𝑡∗𝑒𝐴𝑡∗
 

𝐹 = [
1

2
+

∆𝑦0

𝑅
𝑒𝐴𝑡∗

] 

𝐺 = [
1

2
𝑒2𝐴𝑡∗

+
∆𝑦0

𝑅
𝑒𝐴𝑡∗

] 

 

(5.20) 

The 𝑆𝐸 value reached at 𝑡∗ can be calculated according to the following equation, 

which has two important features: 𝐸 is a constant while both 𝐹 and 𝐺 depend only 

on the ratio ∆𝑦0 𝑅⁄ : 

 

 

𝑆𝐸(𝑡∗) =
∆𝐴𝑟

𝑘𝑅

𝐸 tan(𝑘𝑦0)

𝐹 + 𝐺 tan2(𝑘𝑦0)
 

 

(5.21) 

iii. The ratio ∆𝑦0 𝑅⁄ : considering the previous discussion, it can be observed that if both 

∆𝑦0 and 𝑅 are multiplied by the same factor, the optimal injection position 𝑦0
∗ does 

not change. Nevertheless, it must be pointed out that even if we keep the ratio 
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∆𝑦0 𝑅⁄  constant, a change in the value of 𝑅 influences both the value of 𝑡∗ and that 

of 𝑆𝐸(𝑡∗) due to the fact that they are proportional to 𝑅−2 and 𝑅−1, respectively. 

iv. The 𝑦0
∗ value: in the here-discussed 1D-situation 𝑦0

∗ depends only on the value of 

∆𝑦0 𝑅⁄ . Figure 5.10 shows the ideal injection position normalized to the channel 

width, 𝑦0
∗ 𝑤⁄ , as a function of the ratio ∆𝑦0 𝑅⁄ . It is interesting to observe that the 

ideal injection position is close to the channel wall when the value of ∆𝑦0 𝑅⁄  is almost 

zero, it rapidly grows when ∆𝑦0 𝑅⁄  increases from 0 to 1 (increasing from 0% to 12% 

of 𝑤) and finally it almost saturates around 20% of 𝑤 when ∆𝑦0 𝑅⁄  becomes much 

larger than 1. 

 

Figure 5.10: Best sample injection-position 𝑦0
∗, expressed as a percentage of the microfluidic 

channel width 𝑤, as a function of the ratio ∆𝑦0 𝑅⁄  [155]. The inset displays a zoomed-in view of 

the low-∆𝑦0 𝑅⁄  region (∆𝑦0 𝑅⁄ ≤ 1). 𝑦0
∗ shows a rapid growth in the initial part and then it almost 

saturates around 20% of the channel width 𝑤 when ∆𝑦0 𝑅⁄ ≥ 5. 

 

After the analysis of the 1D-system it is interesting to study, by means of numerical 

simulations, how the system properties are affected by moving to 2D- and 3D-systems, in 

order to find out if the above considerations are still valid. 

 

5.4.2 Numerical simulations: 2D-systems approximation 

The comparison with real acoustic separation experiments, by means of numerical 

simulations, is performed in a two-step analysis. The first step, which is treated in this 

section, consists in the introduction of a non-uniform flow speed profile across the channel 

width (𝑦-direction), with the comparison of the results obtained for different aspect ratios 

(𝑤 ℎ⁄ ) of the microchannel cross-section. In this case, the analysis of the results derived at 
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large aspect ratio can also be employed to estimate the validity of the results derived 

analytically in the previous section. In this “2D-situation” the dependence of the flow 

velocity (𝑣𝑥) on the 𝑧-direction is neglected, which corresponds to the assumption that the 

microbeads are injected at half-height of the channel with no vertical sample dispersion. In 

the second step, which will be discussed in the next section, the dependence of 𝑣𝑥 on the 

𝑧-direction will be included, 𝑣𝑥(𝑦, 𝑧), with a certain vertical dispersion of the microbeads 

at the channel input (∆𝑧0) in order to mimic real experiments. This allows us to study the 

effect on the achievable 𝑆𝐸 of the vertical position and dispersion at the sample inlet, giving 

the opportunity to derive some interesting design rules. All the simulations were 

performed assuming the typical parameters corresponding to a water suspension of 

polystyrene microbeads (Table 5.1). Even in this case, all the numerical simulations were 

computed by means of custom MATLAB scripts. Specifically, the microparticles trajectories 

at the 𝑥- 𝑦 (2D case) and 𝑥- 𝑦- 𝑧 (3D case) coordinates as a function of time were derived 

using Eq. 5.4 and Eq. 5.8, thanks to the use of the “ODE45” MATLAB function. The sample 

trajectories were computed over a time vector of 2000 uniformly spaced points, whose 

time-step is related to the sample properties and microchannel geometry, as they impact 

on the time required by the particles to reach the channel center. To have a general idea, 

the calculation of each point appearing in the graphs from Figure 5.11 to Figure 5.13 

required about 30 minutes of computation time on a 4-cores processor at 3.50 GHz and 

with 16 GB of RAM. The impact of different microchannel aspect ratios can be studied in 

two different ways: keeping one dimension fixed and changing the other one (for example 

fixed height and variable width), or by simultaneously changing both dimensions in order 

to maintain the cross-sectional area constant. In the following analysis, unless otherwise 

stated, the microfluidic channel area is kept fixed at 9×10-2 mm2, which corresponds to a 

microchannel with a square cross-section having a side of 300 μm. It is worth underlying 

that the dependencies and trends derived for this specific choice of the area are of general 

validity. 

The first step of the numerical simulations always consisted in the determination of 

the proper time-interval to be considered and of the appropriate temporal- and spatial-

resolution. For each combination of the microchannel-microbeads system, different launch 

positions 𝑦0 were considered and for each of them the corresponding 𝑆𝐸 was calculated, 

thus allowing to determine the best launch position 𝑦0
∗. The numerical study was initially 

performed to verify if the considerations reported in the previous section are still valid in 

the 2D-case. In order to prove the previously written consideration (i), in the 2D-numerical 

simulations different microbead populations characterized by a 𝜑 value different from that 

of standard polystyrene beads were considered. Figure 5.11 shows the 𝑦0
∗ values, as a 

percentage of the channel width, as a function of the channel aspect ratio for four different 

microbead population pairs. The first pair is constituted by microparticles characterized by 



127 
 

a 𝜑 value equal to 98% and 102% of the nominal polystyrene 𝜑-value in water, and it is 

therefore indicated as ∆𝜑 = ±2% in the legend (corresponding to the ∆𝐴𝑟 value in the 

previous section). In the exact same way, population-pairs with an increased difference of 

the acoustic contrast factor up to the ∆𝜑 = ±20% case were considered, corresponding 

to microparticle-populations characterized by a 𝜑 value equal to 80% and 120% of that of 

polystyrene microbeads in water. As reported in the 1D-system analysis, observing Figure 

5.11 it can be noted that 𝑦0
∗ does not depend on how large the microparticle property 

variations are, provided that the difference is not too pronounced. As it is clear analyzing 

the ∆𝜑 = ±20% case, if the 𝜑 variation becomes too big the 𝑦0
∗ position may start to 

change, and this is due to the fact that the first-order approximation employed to derive 

Eq. 5.18 is not sufficient anymore. Nevertheless, as the most challenging acoustic 

separation situation is when microparticle populations with small differences are 

considered, this limitation is not particularly important for the here-reported analysis. It is 

even interesting to observe that the 𝑦0
∗ value depends on the aspect ratio 𝑤 ℎ⁄  of the 

channel cross-section, but it becomes almost constant for 𝑤 > 10ℎ, as the configuration 

approaches the 1D-system previously studied. Finally, it is remarkable to notice that the 

data used to realize Figure 5.11 are characterized by a ratio ∆𝑦0 𝑅⁄ ≈ 2.7, which 

corresponds in Figure 5.10 to 𝑦0
∗ ≈ 15%, perfectly matching the numerically computed 

optimal injection position for large aspect ratios (𝑤 > 10ℎ) in the 2D-systems. 

 

Figure 5.11: 𝑦0
∗ 𝑤⁄  (optimal injection position expressed as a percentage of the channel width) as 

a function of the microchannel aspect ratio [155]. Parameters used for these numerical 

simulations: 𝑅 = 3.75 𝜇𝑚; 𝜑 = 0.5; ∆𝑦0 = 10 𝜇𝑚. The values reported in the legend correspond 

to the ∆𝐴𝑟 value in Eq. 5.19. 
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The second step was the verification that the 𝑦0
∗ value does not depend on the 

absolute value of 𝜑. To prove this points, three different microparticle population pairs 

with significantly different values of the nominal 𝜑 factor (0.05, 0.5 and 5) were considered, 

while keeping ∆𝜑 = ±5%. The results, graphically shown in Figure 5.12, confirm that no 

change of the 𝑦0
∗ value results from the modification of the nominal 𝜑 of the populations, 

independently of the microchannel aspect ratio. 

 

Figure 5.12: 𝑦0
∗ 𝑤⁄  as a function of the microchannel aspect ratio 𝑤 ℎ⁄  numerically calculated for 

three different values of 𝜑: 0.5, 5 and 0.05 [155]. Other parameters used for these numerical 

simulations: 𝑅 = 3.75 𝜇𝑚; ∆𝜑 = ±5%; ∆𝑦0 = 10 𝜇𝑚. 

 

The next step of the analysis was to verify the dependence of 𝑦0
∗ on the ∆𝑦0 and 𝑅 

parameters (i.e. consideration (iii) of the previous section). According to the previous 

discussion, we expect that the 𝑦0
∗ value depends on ∆𝑦0 𝑅⁄ , but not on ∆𝑦0 and 𝑅 

separately. In order to prove this dependence, the ideal 𝑦0
∗ values for five different 

combinations of ∆𝑦0 and 𝑅 (schematically reported in Table 5.2) were compared, while 

maintaining constant the acoustic contrast factors of the two microbead populations (𝜑 =

0.5; ∆𝜑 = ±5%). Three different combinations of ∆𝑦0 and 𝑅 giving the same ∆𝑦0 𝑅⁄  ratio 

(8/3), and two different combinations giving a four-times increase and decrease of the 

∆𝑦0 𝑅⁄  ratio (32/3 and 2/3, respectively) were selected. 
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Table 5.2: Simulation parameters employed to assess the dependence of 𝑦0
∗ on ∆𝑦𝑜 and 𝑅. 

 

The results of the numerical simulations, displayed in Figure 5.13, show that in this case, as 

in the previously described 1D-system, the best launch position depends on ∆𝑦0 𝑅⁄ , and 

therefore it does not change if both values are multiplied by the same factor. 

 

Figure 5.13: 𝑦0
∗ 𝑤⁄  as a function of the microchannel cross-section 𝑤 ℎ⁄  in case different ∆𝑦0 𝑅⁄  

combinations are considered [155]. The values of ∆𝑦0 and 𝑅 used for the numerical simulations 

are as reported in Table 5.2. Other simulation parameters: 𝜑 = 0.5; ∆𝜑 = ±5%. 

 

To complete the numerical simulations campaign on the 2D-system it is possible to 

create a figure showing the overall dependence of 𝑦0
∗ on ∆𝑦0 𝑅⁄  and 𝑤 ℎ⁄ , which are the 

only two factors influencing the 𝑦0
∗ value. Figure 5.14 shows the results of the numerical 

simulations as a color map. The simulations were performed assuming a nominal 𝜑 = 0.5, 

∆𝜑 = ±5% and 𝑅 = 5 𝜇𝑚, but the here-presented results have a much more general 

validity, as confirmed by the above reported discussion. In the same conditions the best 

value of 𝑆𝐸 (𝑆𝐸∗), achievable by a proper selection of the injection position, was also 

determined as a function of ∆𝑦0 𝑅⁄  and 𝑤 ℎ⁄ . The obtained results, shown in Figure 5.14 

(b), highlight the benefits of using channels characterized by large aspect ratios and the 
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advantages resulting from the reduction of ∆𝑦0, which can be accomplished, for example, 

by using a proper prefocusing section. The results of this study reveal two important points: 

(i) the importance of optimizing the injection position (𝑦0
∗) to achieve the maximum 𝑆𝐸 

value (𝑆𝐸∗) and (ii) that the 𝑦0
∗ value, expressed as a percentage of 𝑤, depends only on the 

channel aspect ratio (𝑤 ℎ⁄ ) and ∆𝑦0 𝑅⁄  ratio, but not on other sample parameters. 

However, it must be pointed out that the entire analysis reported up to this point 

completely neglects the vertical dimension of the channel and the vertical sample 

distribution at the sample inlet. 

 

Figure 5.14: a) Optimal injection position (𝑦0
∗) and b) corresponding separation efficiency (𝑆𝐸∗) as 

a function of ∆𝑦0 𝑅⁄  and of the microchannel aspect ratio 𝑤 ℎ⁄  in the 2D case [155]. 

 

5.4.3 Numerical simulations: extension to 3D-systems 

In this last section a realistic 3D-system will be studied by considering also the effect 

played by the microchannel vertical dimension on the resulting 𝑆𝐸. In particular, two 

important contributions will be included in the numerical simulations: the dependence of 

the flow velocity on the 𝑧-coordinate and the fact that the microparticle distribution is 

characterized by a non-zero dimension also along the 𝑧-direction. As a first step, a proper 

redefinition of the 𝑆𝐸 parameter is required as microparticles flowing at different 

microchannel heights are characterized by different speeds. Therefore, even if a 

rectangular distribution of microparticles at the sample inlet is assumed, the positions 

occupied while flowing along the microchannel create a curved distribution of 

microparticles at any other section, as it is shown in Figure 5.15. As the goal of this study is 

to have a realistic estimation of the system performance, the cross-section of the “sample-

extraction” outlet is assumed to have a rectangular shape, independently of the curved 

distributions corresponding to the microparticles positions. The definition of the 𝑆𝐸 
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parameter is thus kept the same as in Eq. 5.13, and the effect of the curved microparticles 

distribution is accounted by redefining the 𝐵𝑊 and relative displacement |𝐷1 − 𝐷2| values 

(see Figure 5.15). Specifically, the 𝐵𝑊 parameter of each microparticle population is 

defined as the maximum distance (along the 𝑦-axis) between two microbeads, i.e. 

considering at each section along the 𝑥-direction the microbead closer to the channel wall 

(at 𝑧 = ℎ 2⁄ ) and the one closer to the channel center (and closer to the channel floor). The 

relative displacement |𝐷1 − 𝐷2|, representing the distance between the “centers” of the 

two microparticle distributions, is simply calculated as the distance between the centers of 

the two population-bands. It must be highlighted that, as it is clear observing Figure 5.15, 

selecting an injection height different from the channel center can only worsen the system 

performance. As a matter of fact, the flow velocity gradient becomes larger moving apart 

from the middle-height position and therefore the microparticles distribution becomes 

wider. Consequently, in the following analysis the impact of a vertical spreading ∆𝑧0 is 

investigated while maintaining the center of the injection channel fixed at half height of 

the microchannel (𝑧 = ℎ 2⁄ ). Relatively to the ∆𝑧0 parameter, it can be defined as a given 

percentage of the microchannel height or by its own value (in μm). 

 

Figure 5.15: Schematic representation of microparticles acoustic separation in the 3D case [155]. 

Parameters used in the simulation: 𝑤 = 1000 𝜇𝑚; ℎ = 90 𝜇𝑚; water medium; compressibility 

and density of polystyrene (𝜑 = 0.5); ∆𝜑 = ±10%; 𝑅 = 5 𝜇𝑚; ∆𝑦0 = 8 𝜇𝑚; ∆𝑧0 = 15 𝜇𝑚. 

 

In order to be consistent with the previously reported study, the case of a vertical 

spreading ∆𝑧0 defined as a fixed percentage of the microchannel height is initially analyzed. 

In particular, a ∆𝑧0 equal to 5% of the microchannel height is initially considered, while 

keeping all the other parameters set as for the final 2D numerical simulations: nominal 𝜑 =
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0.5, ∆𝜑 = ±5% and 𝑅 = 5 𝜇𝑚. As for the 2D-system, both the optimal launch position 𝑦0
∗ 

and the corresponding separation efficiency 𝑆𝐸∗ were computed as a function of the 

channel aspect ratio 𝑤 ℎ⁄  and ∆𝑦0 𝑅⁄  ratio. The results, shown in Figure 5.16, reveal two 

partially surprising findings: the 𝑦0
∗ obtained in the 3D case is exactly the same as the one 

resulting from the 2D approximation and even the 𝑆𝐸∗ matches the one obtained in the 2D 

configuration, once properly rescaled by a constant factor. These results can be explained 

considering that the presence of a vertical spreading has as a result the presence of 

microparticles flowing at different heights, where the flow velocity is simply scaled (by a 

factor smaller than 1) with respect to the flow velocity at half height of the channel. As no 

distortion of the velocity profile is introduced, the 𝑦0
∗ value for microparticles flowing at 

half height of the channel and for those flowing at any distance from the channel bottom 

is the same, under the assumption that the microparticles interaction with the channel 

bottom surface can be neglected. Consequently, even simulations performed using a larger 

vertical spreading (e.g. ∆𝑧0 equal to 10% or 15%) would give the same results and therefore 

do not add any additional information. 

 

Figure 5.16: Assume the microbeads having a certain vertical distribution around the half height 
of the microchannel. The vertical spread is set to ±5% of the microchannel height ℎ. a) Best 

injection position 𝑦0
∗ as a function of the ratio ∆𝑦0 𝑅⁄  and 𝑤 ℎ⁄  in the 3D case. b) Corresponding 

value of 𝑆𝐸∗ as a function of the ratio ∆𝑦0 𝑅⁄  and 𝑤 ℎ⁄  in the 3D case [155]. 

 

The results reported in Figure 5.16 b) show that even a small vertical spreading can have a 

strong effect on the achievable 𝑆𝐸∗ when microchannels with high aspect ratio are 

considered: as an example, a 5% vertical spreading in a microchannel with an aspect ratio 

of 25 corresponds to a ∆𝑧0 as small as ±3 𝜇𝑚 and results in a significant 𝑆𝐸∗ reduction 

almost by a factor of 2. Conversely, the use of microchannels characterized by a smaller 

aspect ratio, although yielding a lower 𝑆𝐸∗ value in the ideal situation corresponding to 
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∆𝑧0 = 0, is expected to be significantly more tolerant to the sample vertical spreading. The 

next step was the study of the performance of microchannels with different aspect ratios 

in the situation of a fixed vertical spreading ∆𝑧0 equal to ±5 𝜇𝑚 and ±10 𝜇𝑚. The 𝑦0
∗ color 

maps calculated in these conditions do not bring any relevant information with respect to 

the one shown in Figure 5.16 a) and are therefore not reported. On the other side, it is 

interesting to observe the results shown in Figure 5.17, reporting 𝑆𝐸∗ in the above 

described conditions of a fixed ∆𝑧0 value. The two color maps show that, once ∆𝑦0 𝑅⁄  and 

∆𝑧0 are given, it is possible to determine the ideal microchannel cross-section and hence 

the achievable 𝑆𝐸∗. It is interesting to observe that while in the 2D situation an aspect ratio 

as large as possible was desirable (see Figure 5.14 b)), in the 3D-system the presence of a 

non-negligible ∆𝑧0 suggests the employment of higher microchannels, in order to mitigate 

the impact of the sample vertical spreading. In conclusion, the achievement of a high 

separation efficiency requires to find a trade-off between the mitigation of horizontal and 

vertical sample spreading, resulting in a non-obvious dependence of the ideal aspect ratio 

on both ∆𝑦0 𝑅⁄  and ∆𝑧0. 

 

Figure 5.17: a) Assume the microbeads having a certain vertical distribution around the half height 

of the microchannel. The vertical spread is equal to ±5 𝜇𝑚. 𝑆𝐸∗ as a function of the ratio ∆𝑦0 𝑅⁄  

and of 𝑤 ℎ⁄  in the 3D case. b) Assume the microbeads having a certain vertical distribution around 

the half height of the microchannel. The vertical spread is equal to ±10 𝜇𝑚. 𝑆𝐸∗ as a function of 

the ratio ∆𝑦0 𝑅⁄  and of 𝑤 ℎ⁄  in the 3D case [155]. 

 

In addition, it is important to mention that in the above reported analysis only the 

acoustic radiation force, which is applied on the flowing microbeads due to the sound-

waves scattering, was considered, whereas the acoustic streaming effect and the related 

drag-force were completely neglected. According to the study performed by Muller et 
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al. [67], it is possible to demonstrate that in order to neglect the acoustic streaming effect, 

the particle radius must exceed by a few times the boundary-layer thickness 𝛿: 

 

 

𝑅 > √
9𝛹

𝜑
𝛿 

 

(5.22) 

where 𝛹 is a factor related to the channel geometry and that in case of planar walls is equal 

to 3 8⁄ . After some simple mathematical passages, this condition can be expressed as a 

limitation on the channel width 𝑤, given by the following equation: 

 

 

𝑤 <
4𝜌𝜋𝑐0

27𝜂
𝑅2𝜑 

 

(5.23) 

where 𝜂 is the dynamic viscosity of the fluid, 𝜌 is the fluid density and 𝑐0 is the sound-wave 

velocity in the fluid. Considering for example cells characterized by 𝜑 = 0.15 and 𝑅 =

3 𝜇𝑚, the maximum microchannel width allowing to neglect the acoustic streaming effect 

is 𝑤 ≈ 1000 𝜇𝑚, which may therefore set a limit on the achievable channel aspect ratio 

𝑤 ℎ⁄ . 

In conclusion, it was shown that the optimal sample injection position depends on 

different parameters (the aspect ratio of the microchannel, the cross-section occupied by 

the particles distribution at the sample inlet and the radius of the particle). The 

optimization approach discussed in this chapter allowed finding interesting design rules, 

which can be applied to free-flow acoustofluidic separation devices independently of the 

presence or absence of pre-focusing strategies. It must be noted that thanks to a proper 

optimization of the sample injection point, high 𝑆𝐸 values can be obtained even if no 

prefocusing techniques are employed. This consideration allows a significant simplification 

of the design and operation of the acoustofluidic systems. 
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Conclusions 
 

The main objective of this thesis has been the realization of an on-chip optical 

microrheometer conceived for measuring a wide range of materials (from simple 

Newtonian fluids and soft gels to stiffer materials) in their linear and nonlinear rheological 

regimes. Besides that, during my PhD activity I worked on a minor project concerning the 

theoretical study, by means of numerical simulations, of the separation efficiency 

achievable in acoustofluidic systems. 

Three aspects were mainly considered: 

1. The realization of an integrated microrheometer for shooting microrheology and 

the characterization of the Newtonian to non-Newtonian crossover of a DNA 

hydrogel. 

2. The development of an integrated microrheometer for oscillatory 

microrheology able to characterize the viscoelastic properties of materials at 

different frequencies, temperatures and optical forces. 

3. The theoretical study of the acoustofluidic separation of microparticles and the 

impact of different parameters on the achievable separation efficiency in order 

to derive useful design rules for the system optimization. 

Regarding the first research line, the aim was the realization of an integrated optical 

microrheometer able to overcome the limitations of microscope-based single-beam optical 

tweezers (limited force range, need for optical alignment and lack of integration of optical 

and microfluidic parts). In the framework of a collaboration between my group, the 

Fastgroup and the Complex Fluids and Molecular Biophysics group of the University of 

Milan, we proposed an integrated optofluidic microrheometer based on a dual beam laser 

trap geometry. The device consists of an optofluidic chip fabricated on a glass substrate by 

direct inscription of facing optical waveguides in a commercial microfluidic chip. Thanks to 

the optical power emitted by two facing waveguides it is possible to trap and actively move 

a microbead in the fluid under test. By monitoring the movement of the microbead it is 

then possible to infer the rheological properties of the surrounding medium. The trapping 

position of the microbead can be controlled with high precision and stability thanks to the 

monolithic integration of the device. Moreover, this system allows obtaining higher optical 

forces when compared to conventional single-beam optical tweezers. The adopted 

technique consists in applying a step optical force on a microbead, which moves in the 

surrounding medium, thereby imposing a stress on it. In particular, the on-chip 

microrheometer was calibrated by performing experiments on water and validated by 

measuring water-glycerol mixtures at different concentrations. As a second step, the 
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viscosity of non-Newtonian fluids has been measured. In particular, the characterization of 

a DNA hydrogel provided a significant insight into the complex viscous behavior of network 

forming systems. The most important finding of the measurement campaign was the 

experimental observation that the transition from Newtonian to non-Newtonian behavior 

(strong shear thinning viscosity) of this model transient network takes place through a 

continuous set of power-law fluid regimes. The optical shooting procedure was then 

successfully employed for performing creep-recovery tests of yield stress fluids, whose 

experimental characterization is difficult to be carried out with conventional single-beam 

optical tweezers due to the high forces required to study these materials. 

The second activity was dedicated to the realization of an integrated 

microrheometer for oscillatory microrheology in order to characterize the viscoelastic 

properties of materials in the frequency domain. The microrheometer was realized by 

connecting a custom Mach-Zehnder optical modulator to the optofluidic chip. Thanks to 

the actuation of the optical modulator it was possible to sinusoidally oscillate the trapped 

microbead and consequently retrieve the viscoelastic properties of the material under test 

at different oscillation frequencies. The integrated device allowed performing active 

microrheological measurements in the frequency range from 0.01 Hz to 10 Hz with 

temperature setting capability. The microrheometer was validated by performing 

oscillatory measurements of aqueous worm-like micellar solutions, at different 

concentrations and temperatures, and comparing the obtained results with those acquired 

using a conventional rheometer. Although only the validation of the oscillatory 

microrheometer has been reported, the proposed device could be employed to carry out 

stress-controlled active measurements, both in linear and nonlinear regime, on bio-based 

or bio-inspired materials. In conclusion, the precise control and wide range of achievable 

optical forces ensure a flexible use of the microrheometer, both in the optical shooting and 

oscillatory configurations, thus opening the way to the realization of a miniaturized, 

automatized and fully-integrated device. 

As a minor project, a numerical investigation regarding the acoustic separation of 

micro-objects in acoustofluidic systems was carried out. Understanding the impact of 

different parameters on the achievable separation efficiency is the starting point to design 

and realize better acoustofluidic systems, as well as to further improve the device 

performance. The effect of many factors was analyzed, including extrinsic parameters 

(related to the acoustofluidic system design and operation: channel width, sample-launch 

position in the channel and acoustic energy density) and intrinsic parameters (samples’ 

density, compressibility and diameter). This theoretical study highlighted some important 

results. In particular, it was shown that the microchannel width is a key factor for 

acoustofluidic separation (larger channel yielding a higher separation efficiency) and that, 

differently from the commonly exploited configurations, the separation efficiency can be 
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improved by injecting the sample in a position relatively distant from the channel border. 

Specifically, it was demonstrated by means of numerical simulations that the best sample 

injection position (i.e. the injection position yielding the maximum separation efficiency for 

a given configuration) depends on different parameters (the aspect ratio of the 

microchannel, the cross section occupied by the microparticles distribution at the sample 

inlet and the radius of the microparticles). Taking into account all these relations, it is 

possible to carefully optimize the acoustofluidic system even in the challenging situation 

where the micro-objects to be separated are characterized by a small deviation of their 

intrinsic properties from the other micro-objects flowing along the microchannel. In 

conclusion, the optimization method developed in this thesis allowed to derive interesting 

design rules that can be applied to free-flow acoustofluidic separation systems 

independently on the presence or absence of pre-focusing stages. 
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