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Chapter 1

Introduction

It is a well known result in Riemannian and Pseudo-Riemannian Geometry that the
theory of codimension-1 (admissible) immersions of a simply connected manifold
M into a space form is completely described by the study of two tensors on M, the
first fundamental form and the shape operator of the immersion, corresponding
respectively to the pull-back metric and to the derivative of a local normal vector
field.

On the one hand, for a given immersion the first fundamental form and the
shape operator turn out to satisfy two equations known as Gauss and Codazzi
equations. On the other hand, given a metric and a self-adjoint (1,1)-tensor on M
satisfying these equations, there exists one admissibile immersion into the space
form with that pull-back metric and that self-adjoint tensor respectively as first
fundamental form and shape operator; moreover, such immersion is unique up to
post-composition with ambient isometries of the space form. This class of results
are often denoted as Gauss-Codazzi Theorems, Bonnet Theorems or as Fundamen-
tal Theorem of hypersurfaces, and can be extended for higher codimension. See for
instance | ; ]. We will recall in Chapter 2 the Gauss-Codazzi theorems
for pseudo-Riemannian space forms of constant sectional curvature —1, such as H"
and AdS™.

Several remarkable results in the study of geometric structures on surfaces have
been developed from the study of immersions of surfaces into H?® and AdS3. A
convex equivariant immersion of S into H? induces a projective structure on S
with developing map defined by the immersion G : S — OH3 with G} (p) being
the endpoint of the geodesic ray starting at o(p), orthogonal to o and directed
toward the concave side: this has been a starting point for several results about
projective structures | ; ]. On the other hand, the Gauss map of an
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equivariant Riemannian immersion of S into AdS® points out a pair of points in
the Teichmiiller space of S and minimal isometries are related to the problem of
finding minimal Lagrangian maps between hyperbolic metrics, see | : ]
and also Appendix A.1.

In this thesis, we present two possible developments for this theory of immer-
sions.

e Immersions of smooth manifolds into holomorphic Riemannian space forms
of constant curvature —1, that we will denote as X,,,; (see Subsection 1.1.1,
complete definition in Chapter 3).

A proper definition of holomorphic Riemannian metric (and of correspond-
ing Levi-Civita connection and curvature) will be given in Chapter 3 (see
Definition 3.1.1). Let us just mention now that holomorphic Riemannian
metrics are a natural analogue of Riemannian metrics in the complex set-
ting, and that holomorphic Riemannian space forms are simply-connected
complex manifolds endowed with a holomorphic Riemannian metric with
the property of being complete and with constant sectional curvature.

The theory of immersions into X, generalizes the one of immersions into
hyperbolic pseudo-Riemannian space forms, since they all isometrically im-
merge into X, 1, leading to a more general version of the Gauss-Codazzi
Theorem.

This approach also allows to furnish a tool for constructing holomorphic vari-
ations of projective structures, with connections with the complex landslide.
Moreover, this theory leads to the definition of a new geometric structure for
surface, namely complex metrics, for which we state a uniformization theorem
that is deeply connected with Bers Simultaneous Uniformization Theorem.
For n = 3, we see that the space X3 is isometric to SL(2, C) equipped with
the global complex Killing form, up to a scalar.

e Immersions of smooth n-manifolds into the space G, 1 of the geodesics of
H"+L,

In general an immersion o of a hypersurface M = M" in H"*! induces
a Gauss map G, = (GF,G,) into its space of geodesics, identified with
OH" ! x OH" 1\ A =: G,,, 1, defined by taking, at each point, the endpoints
of the normal oriented unparametrized geodesic to o. If ¢ has principal
curvatures in (—1,1), both G} and G are developing maps for projective
structures.
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The space G,, has an interesting para-Kéhler structure (see Section 5.2) which
encodes a lot of geometric aspects of the hyperbolic space.

In this thesis we mainly question when an immersion G: M" — G, is the
Gauss map of an immersion into H"™!, distinguishing among local, global
and equivariant integrability: in this sense we provide a characterization for
integrability of Riemannian immersions in terms of their extrinsic geometry
in relation with the para-Kéhler structure of G, ;. We will also focus on
the symplectic geometry of G,,;; and of (equivariant) Hamiltonian symplec-
tomorphisms of this space, which turn out to send (equivariantly) integrable
immersions into (equivariantly) integrable immersions.

These two subjects have at least one point of contact: indeed, the space of
geodesics of H? has a structure of holomorphic Riemannian space form of constant
curvature —1.

This thesis draws its content mainly from the papers | | and [ |, in
which I have been working on together with Francesco Bonsante and Andrea Seppi
respectively, jointly with some unedited contents and remarks.

After the Introduction chapter, the thesis will proceed with the following struc-
ture.

e Part | is mainly devoted to the presentation of the spaces X,, and G,,. The
part will start with a short chapter dedicated to pseudo-Riemannian space
forms.

e Part II is dedicated to the study of immersions of smooth n-manifolds into
X411 and X,,, and to the geometric consequences.

e Part III is devoted to the study of Gauss maps of hypersurfaces in H"*! and
integrable immersions of n-manifolds into G,, ;.

e The Appendix chapter, dedicated to the presentation of some open questions
and possible developments of the topics in the thesis.

1.1 The spaces X,, and G,

Let us give a first look at the spaces X, and G,,.
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1.1.1 Holomorphic Riemannian manifolds and the space X,

The notion of holomorphic Riemannian metrics on complex manifolds can be seen
as a natural analogue of Riemannian metrics in the complex setting: a holomorphic
Riemannian metric (also denoted as hRm in this thesis) on a complex manifold
M is a holomorphic never degenerate section of Symc(T*M @ T*M), namely it
consists pointwise of C-bilinear inner products on the holomorphic tangent spaces
whose variation on the manifold is holomorphic. Such structures turn out to have
several interesting geometric properties and have been largely studied (e.g. see the
works by LeBrun, Dumitrescu, Zeghib, Biswas as in | I, 1 11 ],
[DZ09]).

In an attempt to provide a self-contained introduction to the aspects we will
deal with, Chapter 3 starts with some basic results on holomorphic Riemannian
manifolds. After a short overview in the general setting - where we recall the
notions of Levi-Civita connections (with the corresponding curvature tensors) and
sectional curvature in this setting - we will focus on holomorphic Riemannian space
forms, namely geodesically-complete simply-connected holomorphic Riemannian
manifolds with constant sectional curvature.

Drawing inspitation from the proofs in the pseudo-Riemannian setting, we
prove the following.

Theorem 3.2.1. For all integer n > 2 and k € C there exists exactly one holomor-
phic Riemannian space form of dimension n with constant sectional curvature k
up to isometry.

We will denote with X, the holomorphic Riemannian space form of dimension
n and curvature —1.
The space X, can be defined as

n+1
Xn:{(21,...,zn+1) c Crtl | sz+...+zi+1:_l}
i=1

with the metric inherited as a complex submanifold on C"*! equipped with the
standard C-bilinear inner product.

This quadric model of X,, may look familiar: it is definitely analogue to some
models of H", AdS™, dS™ and S™. In fact, all the pseudo-Riemannian space forms
of curvature —1 immerge isometrically in X,,: as a result, H", AdS™ embed isomet-
rically while dS™ and S™ embed anti-isometrically, i.e. —dS™ and —S™ (namely,
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dS™ and S™ equipped with the opposite of their standard metric) embed isometri-
cally.
For n =1,2,3, X,, turns out to be familiar also in another sense:

e X, is isometric to C* equipped with the holomorphic Riemannian metric
defined by the quadratic differential dz—‘f;

o X, is isometric to the space G of oriented lines of H?, canonically identified
with CP! x CP'\ A, equipped with the only PSL(2, C)-invariant holomorphic
Riemannian metric of curvature —1, that we will denote as (-, -)g;

e X3 is isometric (up to a scale) to SL(2, C) equipped with the Killing form.
Chapter 4 will treat the particular case of SL(2, C) and of its 2:1 quotient
PSL(2, C).

1.1.2 The space G,, of geodesics of H" and the bundle
p: T'H" — G,

In the groundbreaking paper | ], Hitchin observed the existence of a natural
complex structure on the space of oriented geodesics in Euclidean three-space. A
large interest has then grown on the geometry of the space of oriented (maximal
unparametrized) geodesics of Euclidean space of any dimension (see | ; ;

; ]) and of several other Riemannian and pseudo-Riemannian manifolds
(see | : : : : ]). In this paper, we are interested in
the case of hyperbolic n-space H", whose space of oriented geodesics is denoted
here by G,,. The geometry of G,, has been addressed in | | and, for n = 3, in
[ ; ; : ]. For the purpose of this paper, the most relevant
geometric structure on G, is a natural para-Kdhler structure (g, J, <) (introduced
in | ; ]), a notion that we will define in detail in Section 5.2. A
particularly relevant feature of such para-Kéhler structure is the fact that the
Gauss map of an oriented immersion ¢ : M — H", which is defined as the map
G,: M — G, that associates to a point of M the orthogonal geodesic of o endowed
with the compatible orientation, is a Lagrangian immersion in G,. We will come
back to this important point in Subsection 1.3.1. Let us remark here that, as a
consequence of the geometry of the hyperbolic space H", an oriented geodesic in
H" is characterized, up to orientation preserving reparametrization, by the ordered
couple of its "endpoints” in the visual boundary JH": this gives an identification

G, = OH" x JH" \ A.
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In this paper we give an alternative model for the para-Kéhler structure of G,
with respect to the previous literature (] ; ; ; ]), which
is well-suited for the problem of (equivariant) integrability. The geodesic flow
induces a natural principal R-bundle structure whose total space is T'H"*! and
whose bundle map is p : T'H""! — G,,,; defined in Equation (1.4), and acts by
isometries of the para-Sasaki metric g, which is a pseudo-Riemannian version of the
classical Sasaki metric on T'H"*!. Let us denote by Y the infinitesimal generator of
the geodesic flow, which is a vector field on T'H"*! tangent to the fibers of p. The
idea is to define each element that constitutes the para-Ké&hler structure of G, 1
(see the items below) by push-forward of certain tensorial quantities defined on
the g-orthogonal complement of y, showing that the push-forward is well defined
by invariance under the action of the geodesic flow. More concretely:

e The pseudo-Riemannian metric g of G, (of signature (n,n)) is defined as
push-forward of the restriction of ¢ to y*;

e The para-complex structure J (that is, a (1,1) tensor whose square is the
identity and whose +1-eigenspaces are integrable distributions of the same
dimension) is obtained from an endomorphism J of y*, invariant under the
geodesic flow, which essentially switches the horizontal and vertical distribu-
tions in THH" !,

e The symplectic form € arises from a similar construction on y*, in such a
way that Q(X,Y) = g(X,JY).

The symplectic geometry of G,1 has a deep relation with the structure of
TYH™!. Indeed the total space of TTH"*! is endowed with a connection form w,
whose kernel consists precisely of x* (See Definition 10.1.1). In Proposition 10.2.2
we prove that (2 is in fact the curvature form of the connection w on p, namely:

dw =p*Q). (1.1)

Finally, in Section 9.2 we show that the holomorphic Riemannian metric (-, -)g
on G3 (mentioned above in the end of Subsection 1.1.1 and defined in more detail
in Section 5.3) is related to the pseudo-Riemannian metric gg by

Re(<-,->G) — g
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1.2 Immersions into X,,,; and geometric structures

In this thesis we approach the study of immersions of smooth manifolds into the
spaces X,,.

The study of this kind of immersions turns out to have some interesting conse-
quences, including some remarks concerning geometric structures on surfaces. In
order to give a general picture, here are a few facts.

e it provides, as we mentioned, a formalism for the study of immersions of
surfaces into SL(2, C) and into the space of geodesics of H?;

e it generalizes the classical theory of immersions into non-zero curvature space
forms, leading to a model to study the transitioning of hypersurfaces among
H", AdS™, dS™ and S™;

e it furnishes a tool to construct holomorphic maps from complex manifolds to
the character variety of SO(n,C) (including PSL(2, C) = SO(3,C)), provid-
ing also an alternative proof for the holomorphicity of the complex landslide

map (see [ ;i

e it allows to introduce a notion of complex metrics which extends Rieman-
nian metrics and which turns out to be useful to describe the geometry of
couples of projective structures with the same monodromy. We also show a
uniformization theorem in this setting which is in a way equivalent to the
classical Bers Theorem for quasi-Fuchsian representations.

1.2.1 Immersions of manifolds into X,

In Chapter 6, we approach the study of immersions of smooth manifolds into X,,.
The idea is to try to emulate the usual approach as in the pseudo-Riemannian
case, but things turn out to be technically more complicated.

Given a smooth map o: M — X,,, the pull-back of the holomorphic Riemannian
metric is some C-valued symmetric bilinear form, so one can extend it to a C-
bilinear inner product on CT'M = TM ® C; it now makes sense to require it to be
non-degenerate. This is the genesis of what we define as complex (valued) metrics
on smooth manifolds, namely smoothly varying non-degenerate inner products on
each CI,M, x € M. We will say that an immersion o: M — X, is admissible
if the pull-back metric is a complex valued metric. By elementary linear algebra,
o is admissible only if dim(M) < n: the real codimension is n and, despite it
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seems high, it cannot be lower than that. It therefore makes sense to redifine
the codimension of o as n — dim(M). In this paper we focus on immersions of
codimension 1 and 0.

It turns out that this condition of admissibility is the correct one in order
to have extrinsic geometric objects that are analogue to the ones in the pseudo-
Riemannian case. Complex metrics come with some complex analogue of the
Levi-Civita connection, which, in turn, allows to define a curvature tensor and a
notion of sectional curvature. In codimension 1, admissible immersions come with
a notion of local normal vector field (unique up to a sign) that allows to define a
second fundamental form and a shape operator.

Section 6.3 ends with Theorem 6.3.1, in which we deduce some analogue of
Gauss and Codazzi equations. With a bit more work, we show in Theorem 6.4.2
that immersion data satisfying Gauss-Codazzi equations can be integrated for
simply-connected domains. Let us state here the theorem in the particular case of
immersions of surfaces into X3 = SL(2, C).

Corollary 6.4.3. Let S be a smooth simply connected surface. Consider a complex
metric g on S, with induced Levi-Civita connection V, and a g-self-adjoint bundle-
homomorphism V. CI'M — CT'M.

The pair (g, V)

1)d¥¥ = 0; (1.2)
2)K = —1 + det(¥). (1.3)

if and only if there exists an isometric immersion o: S — SL(2, C) whose corre-
sponding shape operator is W. Moreover, such o is unique up to post-composition

with elements in Isomy(SL(2,C)) = P(SL(2,C) x SL(2,C)).

The essential uniqueness of the immersion grants that if I" is a group acting on
S preserving g and ¥, then the immersion o is (I, Isomg(SL(2, C)))-equivariant,
namely there exists a representation

mon,: I' = Isomy(SL(2, C))

such that for all v € I
mong(y) oo =0 o7.

In other words, if S is not simply connected, solutions of Gauss-Codazzi equa-
tions correspond to (m(.5), Isomg(SL(2, C)))-equivariant immersions of its univer-
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sal cover into SL(2, C).

1.2.2 Immersions in codimension zero and into pseudo-Riemannian
space forms

The study of immersions into X,, in codimension zero leads to an interesting result.

Theorem 6.5.2. Let M be a smooth manifold of dimension n.
Then, g is a complex metric for M with constant sectional curvature —1 if and
only if there exists an isometric immersion

(M,3) = X,

which is unique up to post-composition with elements in Isom(X,,) and therefore
is (m1 (M), O(n + 1, C))-equivariant.

This result can be deduced by the Gauss-Codazzi Theorem: in fact, immersions
in X, of codimension 0 correspond to codimension 1 totally geodesic immersions
in X,,11, namely immersions with shape operator ¥ = 0. A full proof is in Section
6.5.

As a result, every pseudo-Riemannian space form of constant sectional curva-
ture —1 and dimension n admits an essentially unique isometric immersion into

X,

In fact, the last remark and the similar description of Gauss-Codazzi equations
for immersions into pseudo-Riemannian space forms lead to Theorem 6.6.1, which,
in the case of SL(2,C), can be stated in the following way.

Theorem 6.6.2. Let 0: S — SL(2,C) be an admissible immersion with pull-back
metric g and shape operator V.

e 0(9) is contained in the image of an isometric embedding of H? if and only
if g is Riemannian and ¥ is real.

e 0(9S) is contained in the image of an isometric embedding of AdS® if and
only if either g is Riemannian and iV is real, or if g has signature (1,1) and
U is real.
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e 0(S) is contained in the image of an isometric embedding of —dS® if and
only if either g has signature (1,1) and iV is real, or if g is negative definite
and WV s real.

e 0(9) is contained in the image of an isometric embedding of —S* if and only
if g is negative definite and iV is real.

1.2.3 Holomorphic dependence of the monodromy on the immer-
sion data

Given a smooth manifold M of dimension n, we say that (g, ¥) is a couple
of immersion data for M if there exists a 7 (M )-equivariant immersion M —
X, 41 with pull-back metric g and shape operator U. As a result of the essential
uniqueness of the immersion, each immersion data comes with a monodromy map
mong: T (M) = Isomy(X,41).
In Chapter 7, we consider families of immersion data {(gx, U»)}rea for M.
Let A be a complex manifold. We say that the family {(gx, Va)}area is holo-

morphic if for all p € M, the functions

A — Sym*(CT; M)
A+ ga(p)

and

A — Ende(CT,M)
A= \I/)\(p)

are holomorphic.
For a fixed hyperbolic Riemannian metric h on a surface S, an instructive
example is given by the family {(g.,%.)}.cc defined by

g. = cosh?(2)h;
¥, = tanh(z)id

whose monodromy is going to be the monodromy of an immersion into H? for
2 € R and the monodromy of an immersion into AdS? for z € iR.
The main result of Chapter 7 is the following.
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Theorem 7.1.2. Let A be a simply connected complex manifold and M be a smooth
manifold of dimension n.

Let {(gx, ¥x) }rea be a holomorphic family of immersion data for mi (M )-equivariant
immersions M — Xot1. Then there exists a smooth map

0:AxM—>Xn+1

such that, for all N € A and p € M:

e 0, :=0(\): M — X1 18 an admissible immersion with immersion data
(g)\v \Ij/\);

e o(,p): A — X, 41 is holomorphic.
Moreover, for all o € m (M), the monodromy map evaluated in o
A — SO(n+2,C)
A = mon(oy) (@)
18 holomorphic.

As an application of Theorem 7.1.2, in Subsection 7.4 we show an alternative
proof of the holomorphicity of the complex landslide introduced in | |, whose
definition we recall in Section 7.4.2. More precisely, denoting the complex landslide
with initial data (h,h(b-,b-)) as the complex flow z +— BP,;(2), we obtain the
following.

Theorem 7.4.3. The holonomy of the projective structure Py p.5)(2) is equal to
the monodromy of the immersion S — G with induced complex metric

g.=h ((cos(z)id — sin(2)Jb) -, (cos(z)id — sin(z)Jb) - )

with constant curvature —1.
As a consequence of Theorem 7.1.2 and Theorem 7.4.1, Py is holomorphic.

1.2.4 Uniformizing complex metrics and Bers Theorem

In Chapter 8 we focus on complex metrics on surfaces.
Even in dimension 2, complex metrics can have a rather wild behaviour. Nev-
ertheless, we point out a neighbourhood of the Riemannian locus whose elements
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have some nice features: we will call these elements positive complex metrics (Def-
inition 8.1.3).

One of the main properties of positive complex metrics on orientable surfaces is
that they admit a notion of Area form, analogous to the one defined for Riemannian
surfaces (see Theorem 8.1.5).

We prove that the standard Gauss-Bonnet Theorem also holds for positive
complex metrics on closed surfaces:

Theorem 8.2.1. Let S be a closed oriented surface and g a complex metric of
constant curvature K, and area form dA,. Then

/KgdAg = 2mx(S5)
S

where x(S) is the Euler-Poincaré characteristic of S.

After that, we prove the most relevant result in Chapter 8, consisting in a
version of the Uniformization Theorem for positive complex metrics (see Theorem
8.3.3 for the complete version of the statement).

Theorem. Let S be a surface with x(S) < 0.

For any positive complex metric g on S there exists a smooth function f: S —
C* such that the positive complex metric f - g has constant curvature —1 and has
quasi-Fuchsian monodromy.

The proof of this result uses Bers Simultaneous Uniformization Theorem (The-
orem 8.3.1 in this paper) and, in a sense, is equivalent to it.

Indeed, by Theorem 6.5.2, complex metrics on S with constant curvature —1
correspond to equivariant isometric immersions of S into G = CP! x CP' \ A:
hence, they can be identified with a couple of maps S — CP! with the same
monodromy. In this sense, Bers Theorem provides a whole group of immersions
into CP* x CP! \ A: such immersions correspond to complex metrics of curvature
—1 which prove to be positive. The proof of the uniformization theorem consists
in showing that every complex positive metric is conformal to a metric constructed
with this procedure.

1.3 Integrable immersions into G,

As we mentioned before, a hypersurface immersion o: M — H"*! defines a Gauss
map G, = (GF,G.): M — G, defined by G,(p) being the orthogonal geodesic
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to o in o(p). The main interest lies in the study of immersions o which are
equivariant with respect to some group representation p : mi (M) — Isom(H" ™),
for an n-manifold M.

Uhlenbeck | | and Epstein | ; ; | studied immersed
hypersurfaces in H", mostly in dimension n = 3, highlighting the relevance of
hypersurfaces satisfying the geometric condition for which principal curvatures are
everywhere different from +1, sometimes called horospherically convexity: this is
the condition that ensures that the components of the Gauss maps G= are locally
invertible.

As we will see, we will often focus on Gauss maps of immersions into H* 1 with
small principal curvatures, i.e. with principal curvatures lying in (—1,1).

The two main results of Part I11 are Theorem 10.5.5 and Theorem 11.1.4, which

we will discuss in the following subsections.

1.3.1 Integrability of immersions in G,

One of the main goals of this paper is to discuss when an immersion G: M" — G,, 14
is integrable, namely when it is the Gauss map of an immersion M — H"*! in
terms of the geometry of G, ;. We will distinguish three types of integrability
conditions, which we list from the weakest to the strongest:

e An immersion G: M — G, is locally integrable if for all p € M there exists
a neighbourhood U of p such that G|y is the Gauss map of an immersion
U — H*

e An immersion G: M — G4 is globally integrable if it is the Gauss map of
an immersion M — H"*!:

e Given a representation p: m (M) — Isom(H"™!), a p-equivariant immersion
G: M — G, is p-integrable if it is the Gauss map of a p-equivariant im-
mersion M — H"™,

Let us clarify here that, since the definition of Gauss map requires to fix an
orientation on M (see Definition 9.1.1), the above three definitions of integrability
have to be interpreted as: “there exists an orientation on U (in the first case) or
M (in the other two) such that G is the Gauss map of an immersion in H"™! with
respect to that orientation”.

We will mostly restrict to immersions ¢ with small principal curvatures, which
is equivalent to the condition that the Gauss map G, is Riemannian, meaning that
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the pull-back by G, of the ambient pseudo-Riemannian metric of G,,,; is positive
definite, hence a Riemannian metric (Proposition 9.3.2).

Local integrability

As it was essentially observed by Anciaux in | |[Theorem 2.10], local integra-

bility admits a very simple characterization in terms of the symplectic geometry
of Gn+1.

Theorem 10.3.4. Let M™ be a manifold and G: M — G, 1 be an immersion. Then
G 1s locally integrable if and only if it is Lagrangian.

The methods of this paper easily provide a proof of Theorem 10.3.4, which
is independent from the content of [ ]. Let us denote by T'H""! the unit
tangent bundle of H**! and by

p: T'H™™ — G, qq (1.4)

the map such that p(z,v) is the oriented geodesic of H"™! tangent to v at . Then,
if G is Lagrangian, we prove that one can locally construct maps ¢ : U — T H"*!
(for U a simply connected open set) such that p o ( = G. Up to restricting the
domain again, one can find such a map ( so that it projects to an immersion ¢ in
H"*! (Lemma 10.3.3), and the Gauss map of ¢ is G by construction.

Our next results are, to our knowledge, completely new and give characteri-
zations of global integrability and p-integrability under the assumption of small
principal curvatures.

Global integrability

The problem of global integrability is in general more subtle than local integrabil-
ity. As a matter of fact, in Example 10.4.1 we construct an example of a locally
integrable immersion G : (=T, T) — G, defined for some T' € RT, that is not glob-
ally integrable. By taking a cylinder on this curve, one easily sees that the same
phenomenon occurs in any dimension. We stress that in our example M = (=T, 7))
(or the product (=T,T) x R"! for n > 2) is simply connected: the key point in
our example is that one can find globally defined maps ¢ : M — T H"™! such that
G = p o (, but no such ¢ projects to an immersion in H"*!.

Nevertheless, we show that this issue does not occur for Riemannian immersions
G. In this case any immersion ¢ whose Gauss map is G (if it exists) necessarily
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has small principal curvatures. We will always restrict to this setting hereafter.
In summary, we have the following characterization of global integrability for M
simply connected.

Theorem 10.4.2. Let M"™ be a simply connected manifold and G: M — G4
be a Riemannian immersion. Then G is globally integrable if and only if it is
Lagrangian.

We give a characterization of global integrability for (M) # {1} in Corollary
10.5.6, which is a direct consequence of our first characterization of p-integrability
(Theorem 10.5.5). Anyway, we remark that if a Riemannian and Lagrangian im-
mersion G: M — G, is also complete (i.e. has complete first fundamental form),
then M is necessarily simply connected:

Theorem 10.4.3. Let M™ be a manifold. If G: M — Gpy1 is a complete Rie-
mannian and Lagrangian immersion, then M is diffeomorphic to R™ and G is the
Gauss map of a proper embedding o : M — H" L,

In Theorem 10.4.3 the conclusion that G = G, for o a proper embedding
follows from the fact that o is complete, which is an easy consequence of Equa-
tion (9.4) relating the first fundamental forms of o and G,, and the non-trivial
fact that complete immersions in H""!' with small principal curvatures are proper
embeddings (Proposition 9.3.15).

Equivariant integrability

Let us first observe that the problem of p-integrability presents some additional
difficulties than global integrability. Assume G: M — Gpyq is a Lagrangian,
Riemannian and p-equivariant immersion for some representation p: m (M™) —
Isom(H™!). Then, by Theorem 10.4.2, there exists o: M — H"™! with Gauss
map G, but the main issue is that such a ¢ will not be p-equivariant in general, as
one can see in Examples 10.5.1 and 10.5.2.

Nevertheless, p-integrability of Riemannian immersions into G, can still be
characterized in terms of their extrinsic geometry. Let H be the mean curvature
vector of GG, defined as the trace of the second fundamental form, and let €2 be
the symplectic form of G, ;. Since G is p-equivariant, the 1-form G*(Q(H, "))
on M is invariant under the action of m1 (M), so it descends to a 1-form on M.
One can prove that such 1-form on M is closed (Corollary 10.5.9): we will denote

with pg its cohomology class in Hin(M,R) and we will call it the Maslov class
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of G, in accordance with some related interpretations of the Maslov class in other
geometric contexts (see, among others, | : : : |). The Maslov
class encodes the existence of equivariantly integrating immersions, in the sense
stated in the following theorem.

Theorem 10.5.5. Let M™ be an orientable manifold, p: 7 (M) — Isom(H"*!) be a
representation and G: M — G,41 be a p-equivariant Riemannian and Lagrangian
immersion. Then G s p-integrable if and only if the Maslov class pg vanishes.

Applying Theorem 10.5.5 to a trivial representation, we immediately obtain a
characterization of global integrability for Riemannian immersions, thus extending
Theorem 10.4.2 to the case m (M) # {1}.

Corollary 10.5.6. Let M™ be an orientable manifold and G: M — G,1 be a
Riemannian and Lagrangian immersion. Then G is globally integrable if and only
if its Maslov class jug vanishes.

1.3.2 Nearly-Fuchsian representations

Let us now focus on the case for which M is a closed oriented manifold. Al-
though our results apply to any dimension, we borrow the terminology from the
three-dimensional case (see [ |) and say that a representation p: m (M) —
Isom(H" ") is nearly-Fuchsian if there exists a p-equivariant immersion o : M —
H™*! with small principal curvatures. We show (Proposition 9.4.2) that the action
of a nearly-Fuchsian representation on H"™! is free, properly discontinuously and
convex cocompact; the quotient of H"* by p(m(M)) is called nearly-Fuchsian
manifold.

Moreover, the action of p(m1(M)) extends to a free and properly discontinuous
action on the complement of a topological (n — 1)-sphere A, (the limit set of
p) in the visual boundary OH""!. Such complement is the disjoint union of two
topological n-discs which we denote by 2, and €2_. It follows that there exists
a maximal open region of G, over which a nearly-Fuchsian representation p
acts freely and properly discontinuously. This region is defined as the subset of
G141 consisting of oriented geodesics having either final endpoint in 2 or initial
endpoint in _. The quotient of this open region via the action of p, that we
denote with G,, inherits a para-Kéhler structure.

Let us first state a uniqueness result concerning nearly-Fuchsian representa-
tions. A consequence of Theorem 10.5.5 and the definition of Maslov class is that if
(G is a p-equivariant, Riemannian and Lagrangian immersion which is furthermore
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minimal, i.e. with H = 0, then it is p-integrable. Together with an application of
a maximum principle in the corresponding nearly-Fuchsian manifold, we prove:

Corollary 10.6.3. Given a closed orientable manifold M™ and a representation
p : m(M) — Isom(H""1), there exists at most one p-equivariant Riemannian
manimal Lagrangian immersion G : M — Gpy1 up to reparametrization. If such a
G exists, then p is nearly-Fuchsian and G induces a minimal Lagrangian embedding

of M in G,.

In fact, for any p-equivariant immersion o : M — H"' with small principal
curvatures, the hyperbolic Gauss maps GF are equivariant diffeomorphisms be-
tween M and Q.. Hence up to changing the orientation of M, which corresponds
to swapping the two factors O9H" ! in the identification G, 1 = OH" ™ x JH" 1\ A,
the Gauss map of o takes values in the maximal open region defined above, and
induces an embedding of M in G,,.

This observations permits to deal (in the cocompact case) with embeddings in
G, instead of p-equivariant embeddings in G,;. In analogy with the definition of
p-integrability defined above, we will say that a n-dimensional submanifold £ C G,
is p-integrable if it is the image in the quotient of a p-integrable embedding in G,, 1.
Clearly such L is necessarily Lagrangian by Theorem 10.3.4. We are now ready to
state our second characterization result for p-integrability.

Theorem 11.1.4. Let M be a closed orientable n-manifold, p : 7 (M) — Isom(H"*!)
be a nearly-Fuchsian representation and £ C G, be a Riemannian p-integrable sub-

manifold. Then a Riemannian submanifold L' is p-integrable if and only if there
evists ® € Ham,(G,, ) such that (L) = L'.

In Theorem 11.1.4 we denoted by Ham,.(G,, €?) the group of compactly-supported
Hamiltonian symplectomorphisms of G, with respect to its symplectic form (2.
(See Definition 11.1.2). The proof of Theorem 11.1.4 in fact shows that if £ is
p-integrable and £’ = ®(L) for & € Ham.(G,,?), then L’ is integrable as well,
even without the hypothesis that £ and £’ are Riemannian submanifolds.

If p admits an equivariant Riemannian minimal Lagrangian immersion, then
Theorem 11.1.4 can be restated by saying that a Riemannian and Lagrangian
submanifold £’ is p-integrable if and only if it is in the Ham.(G,, Q2)-orbit of the
minimal Lagrangian submanifold £ C G,, which is unique by Theorem 10.6.3.
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1.3.3 Relation with geometric flows

Finally, in Section 11.4 we apply these methods to study the relation between
evolutions by geometric flows in H"™! and in G,,;;. More precisely, suppose that
0o : M X (—¢€,¢) — H" is a smoothly varying family of Riemannian immersions

that satisfy:
d

— 0t = ftVt

dt

where v; is the normal vector of oy and f, : M X (—¢,€) — R is a smooth function.
Then the variation of the Gauss map G, of o, is given, up to a tangential term, by
the normal term —J(dG.(V'f,)), where V'f, denotes the gradient with respect to
the first fundamental form of Gy, that is, the Riemannian metric G g.

Let us consider the special case of the flow defined by f; := k,,, where k,, is
defined as the sum of the hyperbolic arctangent of the principal curvatures of o; (see
Equation (9.9)). The study of the associated flow has been suggested in dimension
three in | |, by analogy with a similar flow on surfaces in the three-sphere.
Combining the aforementioned result of Section 11.4 with Proposition 10.5.7, we
obtain that such flow in H"*! induces the Lagrangian mean curvature flow in G,,;;
up to tangential diffeomorphisms. A similar result has been obtained in Anti-de
Sitter space (in dimension three) in | ].
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Pseudo-Riemannian space forms

2.1 Pseudo-Riemannian metrics

We recall some very basic concepts in differential geometry in order to fix the
notation. The reader may refer to | ; | as good textbooks on these
topics.

Let M = M™ be a smooth manifold of dimension n. Throughout all the paper,
we will assume M to be connected.

A pseudo-Riemannian metric g on M is a smooth section of the bundle Sym?(T' M)
such that the bilinear form ¢g,: T, M x T, M — R is non-degenerate. By connect-
edness of M, the bilinear form ¢, has constant signature for all z € M.

A Riemannian metric g on M is a pseudo-Riemannian metric such that g,
is positive-definite for all z € M. We say that (M, g) is a (pseudo-)Riemannian
manifold if g is (pseudo-)Riemannian. As a matter of notation, we will often denote
pseudo-Riemannian manifolds with M instead of (M, g).

An affine connection V on a manifold M is a linear map

V:I(TM) — End(TM)
X = VXY~ VyX).

such that, for all XY € I'(T'M) and f: M — R,
V(fY)=df ® Y + fVY.

A pseudo-Riemannian metric ¢ induces canonically an affine connection, called
Levi-Civita connection of g, defined as the unique affine connection with the fol-
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lowing properties:

e V is compatible with the metric, i.e. for all X,Y € T'(TM), d(g(X,Y)) =
9(VX,Y) +g(X,VY);

e V is torsion-free, i.e. for all XY € '(TM), VxY — Vy X = [X,Y].

A connection V comes with a notion of parallel transport, geodesics and ex-
ponential map. Since the exponential map at any point of M is a local diffeomor-
phism, for every point x of M there exists a starred neighborhood U,, namely U,
is such that any of its points can be connected to x through a geodesic segment.

Lemma 2.1.1. Let f1, fo: (M, g) — (N, h) be two isometries between pseudo-Riemannian
manifolds (with M connected) such that, for some point x € M, fi(z) = fo(z) and
dxfl = dxfzi TIM — Tfl(m)N Then fl = fz.

Proof. Being f, g isometries, one has that
foexpy = expl, odof = expl,y o dyg = goexp)’

so f and ¢ coincide on any open neighbourhood of = whose elements can be linked
to x by a geodesic segment. For all y € M, one can take a connected compact
subset of M containg both x and y (e.g. a curve) and cover it by a finite amount
of starred open subsets of M. By iteration of the argument above and by standard
deductions, one gets that f and ¢ coincide on y. O

We say that a pseudo-Riemannian manifold is complete if its Levi-Civita con-
nection is geodesically complete, namely if geodesics can be extended indefinitely.
If the metric is not Riemannian, it is generally false that any two points on the
manifold can be connected by a geodesic segment.

An affine connection V defines a (1, 3)-type curvature tensor R € I'(T*M ®
T"M@T*M @TM) as

R(X,Y)Z :=VxVyZ = VyVxZ — Vixy 2.

If (M,g) is a pseudo-Riemannian manifold, one also has a (0, 4)-type curvature
tensor, that we will still denote with R, defined as

R(X,Y,Z,T) = —g(R(X,Y)Z,T).
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The (0,4)-type curvature tensor has several symmetries, generated by the equa-
tions

R(X,Y,Z,T) = R(Z,T,X,Y) (2.1)
R(X,Y,Z,T) + R(Y, Z,X,T) + R(Z, X,Y,T) = 0.

For all x € M, given a 2-dimensional vector subspace V < T, M such that g,|,,
is non degenerate, the sectional curvature of V is defined as

R(X,Y,X,Y)

V) = (X XV y) - X7

with V = Spang(X,Y). The multilinearity of R and g and the symmetries of R
ensure that the definition does not depend on the choice of the generators X,V
for V.

2.2 Pseudo-Riemannian space forms: uniqueness

We say that the pseudo-Riemannian manifold (M, g) has constant sectional cur-
vature k € R if, for all x € M and for all g-non-degenerate 2-dimensional vector
subspace V < T, M, K(V) = k.

We will say that a pseudo-Riemannian manifold (M, g) is a space form if it is
simply connected, complete and with constant sectional curvature.

Theorem 2.2.1. For alln,m € Zso, withn > 2 and m < n, and k € R, there exists
a unique pseudo-Riemannian space form of dimension n, signature (m,n—m) and
constant curvature k, up to isometries.

Despite Theorem 2.2.1 is a classical result in Differential Geometry, it will be
convenient to recall one way to prove the uniqueness part of the statement because
we will use the same idea for a main proof later on.

Step 1: The Cartan-Ambrose-Hicks Theorem for affine manifolds.

Let M and N be two smooth manifolds of the same dimension 7, let VM and
V¥ be two linear connections on T'M and on T'N respectively. The pair (M, VM)
(and (N, VY)) is often called an affine manifold. Assume that VM and V¥ are
complete and that M is simply connected.
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For convenience, assume both VM and V¥ are torsion-free. Fix o € M and
Yo € N and assume L: T, M — T, N is a linear isomorphism. For all X € T, M
and for any given 7 > 0, consider the geodesic v(t) = exp™ (tX) with ¢ € [0, 7] and
the geodesic curve ., (t) = exp™ (tL(X)) with ¢ € [0, 7]: the composition of L with
the parallel transports via the geodesics v and v induces a linear isomorphism

Ly: TyyM — Ty () N.

By iterating this argument, one gets that any piecewise geodesic curve y: [0, 7] —
M with starting point x, induces a piecewise geodesic curve ~: [0,7] — N with
starting point yo and the composition of L with the parallel transports defines once
again a linear isomorphism L. : Ty M — T, (- N.

Recall that, being M (and N) connected, any two of its points can be linked
by a piecewise geodesic curve.

Theorem 2.2.2 (Ambrose-Cartan-Hicks Theorem). Under the notations and the
assumptions above, if for all piecewise geodesic curve v: [0, 7] — M with v(0) =
the corresponding isomorphism L.: TymM — T, ;)N preserves the curvature
tenors, namely

Ly(RM(X1, X2)X3) = RV (Ly(X1), Ly(X2))(Ly(X3)) (2.2)

for all Xy, Xy, X3 € T r\M, then there exists a unique covering map f: M — N
such that:

o f is affine, i.e. f*VN =VM;
o f(xog) =yo and dy, f = L;

e for all piecewise geodesic curve y: [0, 7] — M starting at xo, f(v(7)) = v(7)
with d,y(f)f = LV‘

For a proof of Theorem 2.2.2 see | .

Step 2: The curvature tensor of manifolds with constant sectional curvature.

Proposition 2.2.3. Let M be a manifold and let R, R’ € T'(T*M*®) be two (0,4)-
type tensors both satisfying Equations (2.1). If

R(X,Y,X,Y)=R(X,Y,X,Y)
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for all XY € I(TM), then R=R'.

Proof. Observe that the tensor R— R’ satisfies Equations (2.1), being the equations
linear, and that it is such that (R — R')(X,Y, X,Y) = 0 for all X,Y € ['(T'M).
For all W, XY, Z € I'(T M), we have

(R—R)YX,Y+Z, X,Y+Z)=0=— (R— R)(X,Y,X,Z) =0;
(R-=R)X+WY X+W Z)=0= (R-R)X,Y, W, Z)=(R—q)(Y,W X, Z);
(R-RYX, YW, Z)+(R—RYW,X,Y,Z)+ (R—RY,W,X,Z) =0 —=

— 2(R— R)(X,Y,W,Z) = (R - R)(X,W,Y, Z);

then 4(R— R)(X,Y, W, Z) = 2(R— R)(X,W,Y, Z) = (R— R')(X,Y, W, Z), hence
R—-R =0. u

Corollary 2.2.4. If (M, g) is a pseudo-Riemannian manifold of constant sectional
curvature k € R, then, for any X,Y,Z, W € I'(TM),

R(Xv Y? Z7 W) = k(g(Xv Z>g<Yv W) - g(K Z)g(X7 W)>7

or equivalently

In particular, R(X,Y)Z € Span(X,Y).

Proof. The tensor R'(X,Y, Z, W) = k(9(X, Z)g(Y,W) —g(Y, Z)g(X,W)) satisfies
Equations (2.1) and is such that R'(X,Y, X,Y) = R(X,Y, X,)Y) for all X|Y €
T(TM). O

Step 3: Conclusion.

Proof of Theorem 2.2.1. Let (M, g) and (N, h) be two simply connected, complete
pseudo-Riemannian manifolds of dimension n, signature (m,n —m) and with con-
stant sectional curvature k. Denote with VM and V¥ respectively their Levi-Civita
connections. Fix x € M and y € N.

By standard linear algebra, there exists a linear isometry L: (T,M,g,) —
(TyN, g,) because T, M and T, N have the same dimension, and g, and h, have the
same signature. With notations as in Step 1, let v: [0,7] — M be a geodesic with
7(0) = 2 and let y,: [0,7] — N such that 4.(0) = L(§(0)). Since parallel trans-
port along vy defines an isometry between the tangent spaces T, M — TN,
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and likewise for v, the induced map
Ly: (TyryM, g) = (T, (n N, )

is a linear isometry. By iteration, the same holds for L., when v is a piecewise
geodesic curve starting at x.

By Corollary 2.2.4 applied to both M and N and by the fact that L, is an
isometry, for all X,Y,Z € T, ;)M one gets that

L(RM(X,Y)Z) = ~k g(X, Z)L,(Y) + k g(Y Z)L,(X) =
=k (LX), Ly (2) Ly (V) + k h(L (V). Ly (Z)) L (X) =
— RV(L,(X), L, (Y))(L,(2)).

By Theorem 2.2.2, there exists a covering map f: M — N such that for every
piecewise geodesic curve v: [0,7] — M starting at x, dy;)f = L, hence f is a
local isometry. Since M and N are both simply connected, f is an isometry. [

Remark 2.2.5. The proof of 2.2.1 leads to another observation: if (M,g) is a
pseudo-Riemannian space form, then, for any given x € M and any given linear
isometry L: (T, M, g,) — (T, M, g.), there exists an isometry f: (M,g) — (M, g)
such that f(z) =2 and d,f = L.

We will denote with F;""™* = (F""™?, (-, -)) the pseudo-Riemannian space form
of dimension my + my > 2, signature (ms, ms) and constant sectional curvature
ke R.

We will discuss existence of pseudo-Riemannian space forms in Section 2.4,
after recalling the Gauss-Codazzi Theorem. The reader might find quite unusual
to work with space forms before proving they exist, but hopefully the reason behind
this choice will be clear later on.

2.3 Immersions of hypersurfaces into pseudo-Riemannian
space forms

There exists a general theory of immersions of manifolds into pseudo-Riemannian
space forms. In the following we stick to the theory of hypersurfaces, where the the-
ory has a more simple description. The reader might refer for instance to | ]
which treats the topic in the general setting of immersions of any codimension into
products of space forms.
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The setting is very classical and in the following we will skip the main proofs.
Nevertheless, in Chapter 6, we will handle a similar formalism to study immer-
sions of smooth manifolds of dimension n into (n + 1)-dimensional holomorphic
Riemannian space forms and we will provide all the major proofs: mutatis mutan-
dis, proofs in the pseudo-Riemannian setting work in the same fashion with some
more attention to signatures but with generally fewer technical precautions.

Let M = M"™ be an orientable n-dimensional manifold, let mq, ms be two
integers with my +my = n + 1, and denote F = (F;""™*, (-, -)). Equip both F and
M with an orientation.

We say that an immersion o: M — F is admissible if the pull-back metric
I =o*(-,-) is a (non-degenerate) pseudo-Riemannian metric on M. The pull-back
metric I falls within one of the following two cases:

Case (a): I has signature (m; — 1, my);
Case (b): I has signature (mq,mg — 1).

The map do induces a canonical bundle inclusion of TM < ¢*(TF). In order
to relax the notation, we denote with (-,-) also the pull-back metric on o*(TTF).
By construction, (-, )y = 1.

There exists a unique section v € I'(6*(TF)) such that (v,v) =1 if in case (a)
and such that (v,v) = —1 if in case (b) and so that (do(eq),...,do(e,),do(v)) is
an oriented frame for F whenever (ey,...,e,) is an oriented frame for M. Such v
is a (global) normal vector field.

Denote with V the Levi-Civita connection on T'M with respect to I and with V
the Levi-Civita connection on ¢*(TF) with respect to (-, -), namely the pull-back
of the Levi-Civita connection of (-;-) on TF. One has that, for all X,Y € I'(T'M),

VXY = V)(Y + H(X, Y)I/ 5

where 1T is called second fundamental form of o and is a symmetric (0, 2)-tensor
on T'M.

By raising an index and changing a sign, one can define the shape operator B
for o as the (1, 1)-tensor on T'M defined by

I(B(X),Y):=1(X,Y).

Since II is symmetric, B is I-self adjoint.
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Define the exterior covariant derivative of a (1,1)-tensor § with respect to the
connection V as the skew-symmetric (1, 2)-tensor defined by

dVB(X,Y) = Vx(B(Y)) = Vy(B(X)) = B([X,Y]).

The following result is known as Gauss-Codazzi Theorem (also Bonnet Theorem
or also Fundamental theorem of hypersurfaces).

Theorem 2.3.1 (Gauss-Codazzi Theorem). Let I be a pseudo-Riemannian metric
on M with signature (my — %52, my + %52) with § € {£1}. Let B: TM — TM be
a I-self adjoint (1,1)-form. The pair (I, B) satisies

1)dVB =0, and;
2)R(e;,ej, ) +0B'ANB =k 0" A ¢

for some constant k € R and for alli,j =1,...n, where (e;)i, is any

I-orthonormal frame with corresponding coframe (6°)1, and with B = B' ® e;,

if and only if there exists a m (M)-equivariant isometric immersion o : (]/\\J/,T) —
™2 with shape operator B, with I and B denoting the natural lifts of I and B
on the universal cover.

Such immersion is unique up to post-composition of o with ambient isometries
mi,ma
of F, )

We recall that o: M — F is said to be m; (M )-equivariant, with 71 (M) denoting
the deck group of the covering map M — M , if for all o € (M) there exists
¢ € Isom(F) such that c o = ¢ o 0.

Gauss-Codazzi Theorem allows to see immersions into pseudo-Riemannian space
forms as a pair of metric and shape operator, translating extrinsic geometry into
intrinsic geometry.

Chapter 6 will be devoted to proving a similar result for immersions into
holomorphic Riemannian space forms, and the pseudo-Riemannian version of the
Gauss-Codazzi theorem will allow to see immersions into pseudo-Riemannian space
forms as particular cases of immersions into holomorphic Riemannian space forms
(see Section 6.6).
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2.4 Pseudo-Riemannian space forms: existence

Let my, mgy be non negative integers with n := my+msy > 2. Denote with (-, )., m,
both the bilinear form on R™ defined by

<:L‘7y>m1,m2 = T1y1 +---+ TmiYmi — Tomg+1Ymi+1 — = TnlYn

and the corresponding pseudo-Riemannian metric induced by the canonical iden-
tification TR™ = R™ x R", namely
<'7 '>m1,m2 = daﬁ +oot d$2

mi

2 2
—dxy, 4 — - —dx,.

The pseudo-Riemannian manifold R™"™2 = (R", (-, ), .m,) is often denoted as the
Minkowski space of signature (my, ms).

For all n = m; +my > 2, 0 < my,my and k € R, the space form F;"""™ exists,
and it admits a very simple description.

Proposition 2.4.1. 1) Fj'""™ = R™m2,

2) For k # 0, F""" is the isometric universal cover of any connected compo-
nent of

;cnl’mQ - {ZE & le+m2+1 | <17,5L‘>m1+17m2 - _} C Rmﬁ-l,mg ka: >0

T =

and

1
an,m2 - {CI} € Rt | <$;$>m1,m2+1 - E} c R if k<0,

both endowed with the submanifold metric.

Proof. 1) In the canonical identification I'(TR"™) = C*°(R",R"), one can check
explicitly on the canonical orthonormal frame generated by the canonical
basis that the Levi-Civita connection for R™"™2 is given by the standard
affine connection

dxY = Jac(Y) - X.
Schwarz Theorem on commutativity of partial derivatives in R"™ involves
R = 0, hence the sectional curvature is constantly zero.

Geodesics in this model are straight lines t — tx + y, hence R™""? is com-
plete.
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2) Denote with Q"™ the quadrics in the statement endowed with the sub-
manifold metric, namely

le,mz _ {ZL‘ € Rmmatl | <:)3 I mymatl = } if £ <0,

1
sz,mz _ {.%‘ c Rmtlm: | <$,$>m1+1,m2 = E} ifk>0.
In the following, in order to ease the notation, we denote with (-, -) both the

induced metric on Q""" and the corresponding ambient metric for R in
which Q"™ is embedded, bearing in mind that the latter depends on the

sign of k.

For any curve v on Q;""™, (y(t),7(t)) = ¢ implies (y(¢),%(t)) = 0: as
a result, we deduce that T,Q;""™ = x0mim2) that the normal vector field
along (the standard inclusion into R of ) Q"™ is given by v(x) = \/|k| x,

and that the retriction of (-,-) to Q""" ™ is a pseudo-Riemannian metric.

mi,

Denote with D the Levi-Civita connection of Q;'""*, then Dv is equal to

mi,m2 f

the orthogonal projection onto 7'Q);,

du—\/mdx—\/\?zd

hence Dv = \/|k| id as well. As a result, one gets that the second funda-
mental form of the inclusion Q""" < R™! is T = \/|k| (-,-) and that the
shape operator is B = +/|k| id.

By Gauss-Codazzi Theorem 2.3.1, one concludes that, for local orthonormal

frame ey, €5 (of any signature), the curvature tensor R for Q""" ™ satisfies

R(ey, ey, -, ) = sign(k)|k| (e1,-) A {(ea, ")

involving K (Span(ey, e)) = T2l — k- This proves that Q)™ has
constant sectional curvature k.

mi,ma

Geodesics of Q""" have a simple description. A curve v: R — Q)
is a geodesic if Dy = 0, namely if 4(t) = A(t)y(t) for some A\: R — R.
As a consequence, v has constant speed, i.e. (¥,%) = (§(0),7(0)). By
differentiating the equation (7, %) = 0, one gets that ~ satisfies

() = —k(¥(0),7(0)~(t) (2.3)
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for all ¢.

Equation (2.3) has solution v: R — @Q;'"" for any initial data v(0) and
7(0):

if —k(7(0),%(0)) >0,
(t) = cosh (v/—k(%(0),%(0))t)~(0) +

if —k(3(0),%(0)) <0,
B — sin (/k(3(0), 5(0))t) .,
() = cos (v/k(5(0),4(0))t)(0) + 500 4(0);

if (7(0),4(0)) =0, 7(t) = ~(0) + %(0).

sinh (\/—kﬁ/(o), ’V(O)>t)
vV =k {(3(0),%(0))

¥(0);

In conclusion, Q"™ has constant sectional curvature and is geodesically
complete: its universal cover endowed with the pull-back metric is a space

form.

]

Remark 2.4.2. We remark that Q""" is connected and simply connected for most
m,n and k.

First, observe that, for all k£ < 0, Q""" is diffeomorphic to Q™'}"™* and, by
swapping signs and rearranging the variables, to Q'}7"". Focusing on @™}, one
can construct the diffeomorphism

le X SmQ - QTllmw
(Wi, oy Ui, U1,y Unm1) > (U1, o, (V1 [[ul[2)or, o (VT [[u]?)vnemesn)

where ||ul|? = uf + - +uZ,.

As a result:

_ Ql"? is disconnected and each of its two connected components of its is con-
tractible;

_ ’:1’1 is connected and has fundamental group isomorphic to Z;
_ Q™™ is connected and simply connected in all the other cases.

In fact, the former two cases correspond to two very important pseudo-Riemannian
manifolds which will occur quite often in this paper:
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o H" =F"? = Q™' n {xn4+1 > 0} is the hyperbolic space;

o AdS™ = Q" is the Anti-de Sitter space.

2.5 Models of H"

We quickly recall some aspects of the geometry of the hyperbolic space H". The
reader might look at | | for a more complete survey.

In this thesis we will refer to the following three models for the hyperbolic
space.

e The hyperboloid model described above, canonically embedded in R™!. The
isometry group of QT_L’? coincides with the group of isomorphisms of R™! that
preserve the bilinear form, namely O(n,1). The subgroup of O(n,1) that
fixes H" (which is a connected component of Q™) is often denoted with
O (n,1) = Isom(H").

The group Isomg(H™) of orientation-preserving isometries of H" is connected
and corresponds to

SO(n,1) N O (n,1) = SOy(n,1)

which is the connected component of SO(n, 1) and of O(n, 1) containing the
identity.

e The half-space model corresponds to the manifold R"~! x R* equipped with

the Riemannian metric 1

For n = 2, the group of orientation preserving isometries of the half-space
model is Isomg(H?) = PSL(2,R) acting on the open subset R x RT C C by
Mobius transformations; the whole isometry group is generated by orienta-

tion preserving isometries and by the isometry z — —Z.

e The Poincaré disc model is the manifold given by the open ball {x € R™ | ||z||Z. <
1} endowed with the Riemannian metric

4
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For n = 2, regarding the disc as an open ball in C, the group of orientation
preserving isometries of the disc model corresponds to the group PSU(1,1)
acting by Mobius transformation, while an orientation-reversing isometry is
given by the map z +— Z is

As a negatively-curved, complete and simply-connected space, H" admits a
notion of visual boundary OH" at infinity. The visual boundary OH" can be defined
as the quotient of TTH" under the equivalence relation defined by

(x,v) ~ (2',0") if and only if sup distyn(exp,(tv), expy (tv')) < 0.
te[0,4-00)

By Cartan-Hadamard Theorem, one has that for all x € H" the projection
TIH" — OH" is a bijection. With respect to the half-space model and to the
Poincaré disc model, the boundary OH" can be identified as the boundary of the
corresponding open subsets of R” U {occ}, namely as R"~1 U {co} in the half-space
model, and as the sphere S"~! in the disc model: in both cases the correspondence
is obtained by simply taking

li )
(o, 0)] > lim_cap (t0)

As a consequence of the regularity of H", one has that for any two distinct
limit points p,,p_ € OH" there exists a unique maximal geodesic v up to positive
reparametrization such that lim; , 4., y(t) = p+. This is a key aspect to define the
space of geodesics of H"” in Chapter 5.

Finally, let us recall that for n = 3 the boundary has a conformal structure.
Regarding the half-space in R? as CxR™, its boundary can be seen as C = CU{o0},
which is naturally a complex manifold. On the other hand, also the boundary S?
of the disc in R? has a natural complex structure for which it is biholomorphic to
C: this allows us to say that OH?® has a complex structure, equivalently defined in
the two models.

Now, every isometry of H" clearly defines a homeomorphism of its boundary:
for n = 3, if the isometry preserves the orientation, this homeomorphism is in fact
a biholomorphism of the boundary, and this correspondence provides the isomor-
phism

Isomg(H*) = Bihol(OH?) .

For n = 3, this furnishes another useful description for the isometry group of H?.
Indeed, the biholomorphisms of C are given exactly by the Mabius transformation,
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leading, in the half-space model, to the isomorphism

Isomg(H?) = PSL(2,C) .



Chapter 3

Geometry of holomorphic
Riemannian space forms

3.1 Holomorphic Riemannian metrics

Let M be a complex analytic manifold, with complex structure J, let n = dimcM
and TM — M be the tangent bundle.
We recall that local coordinates (z1,%1,...,%n,¥Yn): U — R?*" = C", U C M,

are holomorphic if
0 0 0 0
om) =5 o) =om

A function f: U — C¥ is holomorphic if, in local holomorphic coordinates, it can
be seen as a holomorphic function from an open subset of C* to CV. Equivalently,
f is holomorphic if and only if df o J =i df.

A local vector field X on M is holomorphic if dz;(X) is a local holomorphic
function for all k € {1,...,n}, where dzy = dx) + idyy.

Definition 3.1.1. A holomorphic Riemannian metric (also hRm) on M is a sym-
metric 2-form (-,-) on TM, i.e. a section of Sym?(T*M), such that:

e (-,-) is C-bilinear, i.e. for all X,Y € T,M we have (JX,Y) = (X,JY) =
iX,Y);

e (-, -) is non-degenerate at each point as a complex bilinear form;

e for all X, X5 local holomorphic vector fields, (X7, Xs) is a holomorphic func-
tion; equivalently, for all local holomorphic coordinates (x1, 41, .., Tn, Yn),
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the functions ((%k, %) (or equivalently the functions <a%k, %) and (%, %))

are all holomorphic.
We also denote | X||* := (X, X).

Taking inspiration from basic (Pseudo-)Riemannian Geometry, one can define
several constructions associated to a holomorphic Riemannian metric, such as a
Levi-Civita connection - leading to notions of curvature tensor, (complex) geodesics
and completeness - and sectional curvatures. We recall some basic notions, the
reader might find a more detailed treatment in | ].

Remark 3.1.2. Observe that, for a given holomorphic Riemannian metric (-, -),
both the real part Re(-,-) and the imaginary part Im(:,-) are pseudo-Riemannian
metrics on M with signature (n,n). Indeed, if Xy,..., X, € T,M are (-,-),-
orthonormal, then (Xy,..., X, JX;, ..., JX,) is areal orthonormal basis for Re(-, -),
with signature (n,n); similarly for Im(-,-) = Re(i(-,-)).

There exists an analogous result to the Levi-Civita Theorem.

Proposition 3.1.3 (See | ]). Given a holomorphic Riemannian metric (-,-) on
M, there exists a unique affine connection D over T'M, that we will call Levi-Civita
connection, such that for all X,Y € T'(TM) the following conditions hold:

d(X,Y)=(DX,Y)+ (X, DY) (D is compatible with the metric); (3.1)
[X,Y]=DxY — Dy X (D is torsion free). (3.2)

Such connection coincides with the Levi-Civita connections of Re(-,-) and Im(-,-)

and DJ = 0.

Proof. Let D' and D? be the Levi-Civita connections for Re(,-) and Im(-,")
respectively. Let (z1,y1,...,Zn, yn) be local holomorphic coordinates for M.

A straightforward calculation shows that D! and D? are characterised by the
fact that for all X,Y, 7 € {8%1, %’ ce %, % (therefore X,Y, Z are pairwise
commuting) we have

Re(DYY, Z) = <8X(R6<Y, Z)) + 8y (Re(Z, X)) — 9(Re(X, Y)))

Im(D%Y, Z) =

|~ N

(aX(Jm<Y, ZY) + Oy (Im{Z, X)) — d,(Im(X, Y>)).
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Recalling that, for such X,Y, Z, we have 057((X,Y)) = i072((X,Y)), observe
that

Im(DyY,Z) = —Re(i{D%Y, Z)) = —Re({(D}Y,JZ)) =

= 5 (Ox(Re(¥. 12)) + Oy (Re(1Z, X)) ~ Dys(Re(X, YY)

- _%(Re(axm 12)) + Re(0y (12, X)) = Re(032(X.Y)))
- %(]m(c‘)xﬁ/, Z)) 4+ Im(dy(Z, X)) — Im(97(X, Y>)) =

= Im(D%Y, 7).

We conclude that D' = D? =: D and both equations (3.1) and (3.2) of the
statement hold since they hold for both the real and the imaginary part of the
metric.

Finally, for all X|Y € I'(TM), we have

d(X,Y) = —i d(JX,Y) = —i(D(JX),Y) + (X, DY),

so, by (3.1), (D(JX),Y) = ¢(DX,Y) = (JDX,Y). Hence D(JX) = JDX since

the bilinear form is non-degenerate. O]

Remark 3.1.4. A direct computation shows that, exactly as in Pseudo-Riemannian
Geometry, the Levi-Civita connection D for a hRm (-, ) is explicitly described by

(DxY,Z) = l(X(Y, ZY+Y(Z,X) — Z(X,Y)+
2 (3.3)
X, Y],2) = (v, 2], X) + ([2.X].))

for all X, Y, Z € I'(TM).

The notion of Levi-Civita connection D for the metric (-, -) leads to the standard
definition of the (1, 3)-type and (0,4)-type curvature tensors, that we will denote
with R, defined by

R(X,K Z, T) = —<R(X, Y)Z, T> = —<vayz — VyVXZ - V[X7y]Z, T>

for all XY, Z, T € I'(TM).
Since D is the Levi-Civita connection for Re(-,-) and for Im(:,-), it is easy to
check that all of the standard symmetries of curvature tensors for (the Levi-Civita
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connections of) pseudo-Riemannian metrics hold for (the Levi-Civita connections
of) holomorphic Riemannian metrics as well, namely all Equations (2.1) hold. So,
for instance,

R(X,Y,Z,T)=-R(X,Y,T,Z) = R(Z,T,X,Y) = —R(Z,T,Y, X).

Since the (0,4)-type R is obviously C-linear on the last component, we conclude
that it is C-multilinear.

Definition 3.1.5. A non-degenerate plane of T,M is a complex vector subspace
V < T,M with dim¢V = 2 and such that (-,-)y is a non degenerate bilinear form.

For holomorphic Riemannian metrics, we can define the complex sectional cur-
vature of a nondegenerate complex plane V = Spanc(V, W) < T,M as

K SpaneV: W) = e — v, wy 34

This definition of K (Spanc(V,W)) is well-posed since R is C-multilinear and sat-
isfies Equations (2.1).

Example 3.1.6. The Killing form on complex semisimple Lie groups.
Let G be a complex Lie group with unit e. Consider on T,G = Lie(G) the
Killing form
Kill: T.G x T.G — C,

defined by Kill(u,v) := tr(ad(u) o ad(v)). By standard Lie Theory, the Killing
form is C-bilinear and symmetric. Kill is also Ad-invariant, i.e. for all g € G

Kill(Ad(q)-, Ad(g)-) = Kill,
and ad-invariant, i.e. for all v € Lie(Q)
Kill(ad(v)-,-) + Kill(-, ad(v)-) = 0.

Assume that G is semisimple, namely that Kill is a non-degenerate bilinear
form.

For all ¢ € G one can push-forward K4ll via L, to define a non degenerate
C-bilinear form on 7,G, namely

Killy(X,Y) i= (L) Kill ) (X, Y) = Kill ((dg(Lgl))(X), (dg(Lgl))(Y))
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for all X,Y € T,G. By Ad-invariance, the analogous bilinear form (R,).Kill is
such that (Ry).Kill = (Lg).Kill.

This defines globally a nowhere-degenerate section Kill, € F(Sme(T*G))
such that, for all X,Y left-invariant vector fields, hence holomorphic vector fields,
Killy(X,Y) is constant, hence a holomorphic function. Since any other holomor-
phic vector field can be seen as a combination of left-invariant vector fields with
holomorphic coefficients, we conclude that Kill, is a holomorphic Riemannian
metric.

Let X, Y, Z be left-invariant vector fields for G, then Kill,(Y, Z) and Kill,(X, Z)
are constant functions and, by ad-invariancy, Kill.([Z,Y], X )+ Kills([Z, X],Y) =
0. In conclusion if D is the Levi-Civita connection for Kill,, then, by the explicit
expression (3.3), we get that

1
DxY = §[X Y]
for all XY left-invariant vector fields.

We can also explicitly compute the curvature tensor.

Let [, ] denote the Lie bracket on T,G = g. For all Xy, Yy, Zy € g, let XY, Z
be the corresponding left-invariant vector fields. Then,

R(X()?YO)ZO ::<DXDYZ — Dy Dx7Z — D[va]Z)‘e —
— (- pxa) -
:}l<[X, Y, Z))+ [V, 2, X)) + [Z,[X, Y]) - i[[x, Y], 7], =

e

[X,Y], Z],.

— (X0 %), .

3.2 Holomorphic Riemannian space forms

We will say that a connected holomorphic Riemannian manifold M = (M, (-,-))
is complete if the Levi-Civita connection is complete, namely if geodesic curves
can be extended indefinitely, equivalently if the exponential map is defined on the
whole TM.

We will call holomorphic Riemannian space form a complete, simply connected
holomorphic Riemannian manifold with constant sectional curvature.



Chapter 3. Geometry of holomorphic Riemannian space forms 44

Theorem 3.2.1. For all integer n > 2 and k € C there exists exactly one holomor-
phic Riemannian space form of dimension n with constant sectional curvature k
up to 1sometry.

We first prove uniqueness, then existence will follow from an explicit description
of the space forms.

3.2.1 Uniqueness
The proof of uniqueness follows exactly the same idea as in Section 2.2.

Lemma 3.2.2. If (M, (-,-)) is a manifold of constant sectional curvature k € C,
then, for any W, X,Y, Z € I'(TM),

or equivalently
R(X,Y)Z = —-k({X,2)Y — (Y, Z)X).

In particular, R(X,Y)Z € Span(X,Y).

Proof. Exactly as in the pseudo-Riemannian case, the tensor R'(X,Y,Z W) =
k((X, Z)(Y,W)—(Y, Z)(X, W)) satisfies Equations (2.1) and is such that R'(X,Y, X,Y) =
R(X,Y, X)Y) for all X,Y € I'(TM), so the thesis follows from 2.2.3. m

We can now prove uniqueness in Theorem 3.2.1.

Proof of Theorem 3.2.1 -Uniqueness. Let (M, (-, )y), (M, (-, )mr) be two holomor-
phic Riemannian space forms with the same dimension n and constant sectional
curvature k € C. Fix any x € M and y € M. Since all the non-degenerate com-
plex bilinear forms on a complex vector space are isomorphic, there exists a linear
isometry L: (T,M, (-, )m) = (T,M, (-, )wr).

With exactly the same notation as in Section 2.2, every piecewise geodesic curve
v:10,7] — M starting at = induces a piecewise geodesic curve vy, on M. Since
the Levi Civita connection of a hRm is the Levi-Civita connection for both the
real and the imaginary part of the metric, the parallel transport along v defines
an isomorphism T,M — T, M which is an isometry w.r.t. both Re(,-)m
and I'm(-, )y, hence it is a linear isometry for (-,-)y. The same for (-, -)y. The
composition of L with the parallel transports alogn + and v, defines an isometry

Ly: TyyM = T, ()M
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The explicit description of the curvature tensor in Lemma 3.2.2 and the fact that
L., is an isometry imply that

U

o (RY) = RY

both when R is meant as a (0,4)-tensor and as a (1, 3) tensor.

By Theorem 2.2.2, there exists a covering map f: M — N such that for every
piecewise geodesic curve v: [0,7] — M starting at x, dy)f = L., hence f is a
local isometry. Since M and N are both simply connected, f is an isometry. [J

~ SO(n +1,C
X, =500+ L.C) 600, 0)

The simplest example of holomorphic Riemannian manifold is C" with the usual

n
(z,w)p = Z 2;W;.
i=1

In this thesis, we will focus on another important class of examples.

3.2.2 Existence - the spaces

inner product

Consider the complex manifold
Xp=1{2€C" | (2,2)0 = sz = —1}.

The restriction to X,, of the metric (-,-)q of C*"™! defines a holomorphic Rie-
mannian metric. Indeed,

T.X, = 2= ={v e C" | (v,2)y = 0}

and the restriction of the inner product to 2 is non degenerate since (z,2) # 0;
finally, since X,, C C"*! is a complex submanifold, local holomorphic vector fields
on X,, extend to local holomorphic vector fields on C**!, and this allows to prove
that the inherited metric is in fact holomorphic.

Since SO(n + 1,C) acts by isometries on C"™! with its inner product, it acts
by isometries on X,, as well and the action on X, is transitive by linear algebra.
Moreover, for e = (0,...,0,7) € X,,,

Stab(e) = (S Ogg C) %) ~ 50(n,C):
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we conclude that X,, has a structure of homogeneous space

~ SO(n+1,C
X, =500+ 1.C) g5 0)

Theorem 3.2.3. The n—dimensional space form with constant sectional curvature
ke C is:

o C" with the usual inner product (-,-)o for k =0;
o (X, —2(-,")) fork eC*.

It is clear that C™ is the flat space form: its real and imaginary parts are indeed
the pseudo-Riemannian spaces R™™ which are flat pseudo-Riemannian space forms
and for which the curvature tensor is constantly zero.

It is also clear that, if we prove that X, = (X,,(-,-)) is the space form of
constant sectional curvature —1, then, for all « € C*, (X, —§<~, -)) has the same
Levi-Civita connection and is the space form of constant sectional curvature a.

We give a proof of the fact that X,, = (X, (-,-)) is the space form of constant
sectional curvature —1 among the following remarks on the geometry of this space.

Remark 3.2.4. 1. For future use, we will need to define a sort of extension of
the concept of “oriented frame” for the manifold X,,.

Define a complex orientation for X,, as a holomorphic non-zero n-form wy
with the property of being SO(n + 1,C)-invariant. At least one complex
orientation exists: any C-multilinear n-form on 7.X,, is SO(n, C)-invariant
(indeed, it is SL(n,C)-invariant), so the action of SO(n + 1,C) defines a
well-posed SO(n + 1, C)-invariant n-form on X,,.

By Lemma 2.1.1, we have that

SO(n+1,C) = Isomg(X,) = Isom(X,, wp).

Moreover, Isomy(X,,) is a subgroup of index 2 of Isom(X,,) = O(n + 1,C).

2. The Levi-Civita connection D for X, is the tangent component of the canon-
ical connection d for C"*!: in other words, seeing T'X,, as a subbundle of
TC&*: = X, x C"*, smooth vector fields on TX,, can be seen as smooth
functions X,, — C"*!, then

Dx»Y = (dx»)Y)"
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T

where (dx(,)Y)” is the tangent component of the vector (dx(,)Y)” along

T,X,.

Exactly as in pseudo-Riemannian geometry, this follows by observing that
d” is a linear connection for X,, which satisfies the same properties as the
Levi-Civita connection.

3. Consider the problem of finding a geodesic 7: R — X,, with initial data ~(0)

and §(0). The condition D)y (t) = (dzl—gt))T = 0 leads to ¥(t) € Spanc(y(t)),

hence differentiating the condition (¥, %) = (¥(0),%(0)) one gets the ODE

The ODE admits a solution for all initial data «(0) and 4(0) and leads to
the follwing explicit description of the exponential map:

exp,: 1.X, = X,

cosh(y/ (v, v))x + Mv if (v,v) #0 (3.6)
) if (v,v) =0.

V=

Notice that the description of the exponential map is independent from the
choice of the square root.

Moreover, this explicit description allows to see that for all z € X, and
v e T,X,, the map

C—X,
A= exp,(Av)

is holomorphic. We will refer to these maps A\ — exp,(\v) as complex
geodesics.

4. The space X,, is diffeomorphic to T'S™.
Regard T'S™ as {(u,v) € R"™ x R"™ | ||u||gn+1 = 1, (u, v)gn+1 = 0}. Then

a diffeomorphism X,, = T'S™ is given by

Z:$+Zy'_>< y,&?),

[9]|rs+
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which is well-posed since

it i =1 e [Tl = Dol #1150
7 <:L‘7y>]R"+1 =0

In particular, X, is simply connected for n > 2.

5. For n > 2, X, has constant sectional curvature —1.

It is clear that it has constant sectional curvature since SO(n, C) acts transi-
tively on nondegenerate complex planes of (T.X,,, (-,-)). In order to compute
the value of the sectional curvature, observe that the embedding

R2,1 N Cn-i—l

(xla T, I3) — (1‘17 T2, Oa SRR 07 Z[Eg)
induces an isometric embedding
H* — X,

which is admissible and totally geodesic (i.e. it sends geodesics into geodesics
or equivalently the pull-back of the Levi-Civita connection is the Levi-Civita
connection) by Formula (3.6).

Finally, one computes the sectional curvature of a complex 2-plane tangent
generated by the image of H? by choosing a basis lying in the real tangent
space to the image of H?, implying that the sectional curvature is —1.

6. More generally, one gets that Q™" defined as in Proposition 2.4.1 isomet-
rically embeds in X,,:

QU - X,

= (T1,. ., Tpe1) = (T4, Ty W1y - -+ W0a1),

(3.7)

hence F™"™™ admits an isometric immersion into X,.

Clearly these embeddings are planar, i.e. they are the restrictions of a totally
geodesic embedding of R™*! into C"*!. In fact, the embeddings of Q. 1
are totally geodesic as well: in general if YW < C"*! is a real vector subspace
such that (-,-)o,, is a real bilinear form, then Formula (3.6) shows that
W N X, is totally geodesic.
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7. In the above remark, the condition for which (-, ->0|W is real is essential.

For instance, let vy, vy € C**! be such that (v;,v;)o = d;; and define W =
Spang (ivy, ﬂvg). Then, WNX,, has real dimension 1 and passes by iv; € X,
where it is tangent to the vector v/ivy. By Formula (3.6) it is clear that the
geodesic of X,, by iv; and tangent to v/7v, is not contained in W.

This example shows both that the intersection of X, with a generic real
vector subspace of C"™! need not be totally geodesic and that smooth totally
geodesic submanifolds of X, need not be planar.

8. Consider the projective quotient P: C**1\ 0 — CP".

Then Ppx, is a two-sheeted covering on its image PX,,, which corresponds to
the complementary in CP" of the non-degenerate hyperquadric

OPX, = {25+ +22,, =0}

Since —id € O(n + 1,C), the hRm on X, descends to a hRm on PX,,. The
O(n + 1, C)-invariancy of X,, and its hRm implies that the action of SO(n +
1,C) on CP" fixes PX,, globally (hence the complementary hyperquadric)
and acts by isometries on it.

The group of isometries of PX,, is given by PO(n + 1,C) acting on the
whole CP™ as a subgroup of PGL(n + 1,C). Conversely, it is simple to
check that PO(n + 1, C) coincides exactly with the subgroup of elements of
PGL(n+1,C) that fix PX,, globally (or, equivalently, that fix 0PX,, globally).

9. From the expression of the exponential map given in Formula (3.6) it is
immediate to see that, if YW is a complex subspace of C*™! then WNX,, is a
totally geodesic complex submanifold. Equivalently, the intersection of PX,,
with a projective subspace of CPP" is a totally geodesic complex submanifold.

It turns out that the intersection of PX, with a complex projective line ¢
concides with the exponential of a complex subspace of (complex) dimension
1 of the tangent plane at any point of ¢/ N PX,,. As a result, any totally
geodesic complex submanifold is in fact the intersection of PX,, with a com-
plex projective subspace.

We remark that if (-, ->0|W is not degenerate then W N X, is isometric to X,
where k = dim¢(W) — 1.
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10. If £ = P(W) is a projective line in CP", then ¢ N JPX can contain either one
point (if £ is tangent to OPX) or two points (if the intersection is transverse).
In the latter case the restriction of the product (-, -) to WW admits two isotropic
directions, and in particular is not degenerate. In the former case there is only
one isotropic direction that in fact is contained in the orthogonal subspace of
W. The product in this case is degenerate and the restriction of the metric
on ¢ N OPX is totally isotropic.

We will show that the spaces X, and X3 have an interesting geometric descrip-
tion in relation with H?: we will devote Chapter 4 to showing that X3 is isometric
to SL(2, C) with its Killing form up to a scale, and Section 5.3 to showing that X
can be seen as the space of geodesics of H?3.

Before that, let us give a quick look at Xj.

3.3 X, as C* endowed with a holomorphic quadratic
differential

By regarding X; as {(21,22) € C* | 22 + 23 = —1} = {(icos(z),isin(z)) | z € C},
one can define the map

F12X1:>C*

(21, 22) = (icos(2),isin(2)) = 2o — iz = €”

which is in fact a biholomorphism.
Denote with (-, -) also the push-forward Riemannian holomorphic metric on C*.
A straightforward calculation shows that the automorphisms of (C*, (-, -)) cor-

cos()  — Sin(a)> c

respond to multiplications by a constant: indeed, for all
sin(a)  cos(«)

SO(2,C), a € C, we have

) t( (COS(O‘) - Sin(a)) . (Z COS(Z)) ) — Fy((i cos(z + ), isin(z + a)) = e,

sin(a)  cos(a) isin(z)

Using this isotropy, we can compute explicitly the holomorphic Riemannian
metric. At each point z € C*, we have
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for some holomorphic function A\: C* — C.

’\(21). In order to compute

Invariance by constant multiplication implies A(z) =

1
A(1), set the condition for which the vector F*(o’,»)< < > > = —i € T;C* has norm

0
1 to get A(1) = 1: we conclude that

dz?
() = 2

In general, we can see X; as CP! \ {p;, p2} and the holomorphic Riemannian
metric as some holomorphic quadratic differential on CP! with exactly two poles
of order 2 in p; and ps.

Finally, a direct computation via F' shows that geodesics in (C*, (-,)) are all
of the form ¢ — pye'? with py € C*, up € C: the images correspond either to a
circumference with center 0, a straight ray connecting 0 and oo or a spiraling ray
connecting 0 and co. As a result, the geodesics for (-, -) coincide with the geodesics

for the flat structure “d;'f induced by the metric seen as a holomorphic quadratic

differential.




Chapter 4

SL(2, C) as a holomorphic Riemannian
space form

4.1 X3 and SL(2,C) with its Killing form

We show that X3 is isometric (up to a scale) to the complex Lie group SL(2,C) =
{A € Mat(2,C) | det(A) = 1} endowed with the holomorphic Riemannian metric
given by the Killing form, globally pushed forward from I, equivalently by left or
right translation.

Consider on Mat(2,C) the non-degenerate quadratic form given by M
—det(M), which corresponds to the complex bilinear form

(M, N rtar, = %(t'r(M - N) — (M) -tr(N)).

In the identification TMat(2,C) = Mat(2,C) x Mat(2,C), this complex bilinear
form induces a holomorphic Riemannian metric on Mat(2, C).

Also notice that the action of SL(2, C) x SL(2, C) on Mat(2, C) given by (A, B)-
M := AM B~ is by isometries, because it preserves the quadratic form.

Since all the non-degenerate complex bilinear forms on complex vector spaces
of the same dimension are isomorphic, there exists a linear isomorphism

F: <C47 <'7 >O) - (Mat(27 6)7 <'7 '>Mat2)a
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such as, for instance,

—2] — 124 —2Z9 — 1%
F(Zl7 29, 23, 24) = (_z; X 7/22 Z12_ iz43) . (41)

As a linear isometry, F' is an isometry between the natural induced holomorphic
Riemannian metrics on C* and Mat (2, C): such isometry F restricts to an isometry
between X3 and SL(2, C), where SL(2, C) is equipped with the submanifold metric.

For all A € SL(2,C), T4SL(2,C) = A - T},SL(2,C) and

T,,SL(2,C) = s1(2,C) = {M € Mat(2,C) | tr(M) = 0}

can be endowed with the structure of complex Lie algebra associated to the complex
Lie group SL(2,C).
The induced metric on SL(2,C) at a point A is given by

1
<A‘/7 AW>A - <V, W>12 = <Vv7 W>M¢lt2 - §tT(V ’ W)v

as a consequence we have (-, ), = %Kill where Kill is the Killing form of
s[(2,C). Since sl(2, C) is semisimple, its Killing form is Ad-invariant, and (-, -) 4 is
the symmetric form on T4SL(2,C) induced by pushing forward (-,-) equivalently
by right or left translation by A.

We will often focus on

PSL(2, C) = SL(2 @)/{ﬂ2} ~ PX,

as well, which is a 2:1 isometric quotient of SL(2, C).

4.1.1 The group of automoporphisms
Proposition 4.1.1. Define Aut(SL(2,C)) := Isom(SL(2, C),inners). Then

Aut(SL(2,€)) 2 SLZ O XBLEC) ) )y

where the action of SL(2,C) x SL(2,C) is given by

SL(2,C) x SL(2, C) x SL(2, C) — SL(2, C)

(A,B)-C:=AC B™" (4.2)
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In particular, the Ad representation Ad: SL(2,C) — Isomg(sl(2,C), (-,-)) =
SO(3,C) is surjective.
Proof. Since Isomo(X3) = Isomo(C*, (-,-)) = SO(4, C), one has I'som(SL(2, C)) =
Isomg(Mat(2,C)) = SO(4,C). Since, for all A, B € SL(2,C), det(A M B™') =
det(M), the action above preserves the quadratic form, hence it is by isometries.

We therefore have a homomorphism SL(2, C) x SL(2,C) — Isom(SL(2, C)) whose
kernel is {£(1s, I3)}. Finally, since

dimg (SL(Q, C) x SL(2, C)/{:i:(fz,[2)}) = 6 = dimcIsom(SL(2,C)),

(SL(2,C)) = SL(2,€) x SL(27C)/{i(I27I2)}
The same dimensional argument shows that Ad is surjective. O

we conclude that Isomy

Remark 4.1.2. As a consequence of Proposition 4.1.1, one gets that
Isomy(PSL(2,C).(-,-)) = PSL(2, C) x PSL(2,C)

where PSL(2, C) x PSL(2,C) acts on PSL(2, C) by left and right multiplication.
Moreover, Ad: PSL(2, C) — Isomg(s[(2,C)) is an isomorphism.

4.1.2 Cross-product
Lemma 4.1.3. For all V,W € sl((2,C),
IV W12 = =4[ VP [W]? + 4V, W)
As a result, if V,W are orthonormal, then (V, W, %[V, W1) is an orthonormal basis.

Proof. 1t is enough to prove the formula for V' and W non-isotropic, since non-
isotropic vectors are dense in sl(2, C).
Observe that for V' € Mat(2,C) the following equations stand:

Tr(V?) = (Tr(V))? — 2det(V); (4.3)
det(V—1)=1—=Tr(V) + det(V);
if Vesl(2,C), then  VZ=det(V)I,

Hence, with a straightforward computation, if V, W € sl(2,C) are non isotropic,
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we get that

IV, W] =—det(VW — W V)= —det(VW VW™ — Ddet(V)det(W) =
= —det(V)det(W)(2 —Tr(V W VW) =
1 N
= —det(V)det(W) (2 - T (W)Tr<(V W) )) -
= —2det(V)det(W) + Tr((V W)?) — 2det(V)det(W) =
= —A[VIPIIW* + 4V, W),

If V,W are orthonormal, then ||[V,W]||? = —4. Moreover, since (-,-) is ad-
invariant on sl(2, C), we have ([V, W], V) = ([V,W],W) = 0, proving that (V, W, [V, W])
is an orthonormal basis. ]

The previous Lemma suggests the definition of a cross-product
x:5l(2,C) x sl(2,C) — sl(2,C)

given by
1
VxW:.= _22'[‘/’ W1.

Observe that, for all A € PSL(2,C),
Ad(A)(V) x Ad(A)(W) = Ad(A)(V x W)

since Ad(A) is a Lie-algebra endomorphism of s[(2,C). As a result, the cross
product can be extended to a (1,2) tensor on PSL(2,C), equivalently by left or
right pull-back.

We also say that a basis (V1, Vi, V3) for s((2,C) is positive if V3 =V} x V4.

We can fix a positive orthonormal basis given by B? = (V?, V2, V), where

1 0 01 0 —

Equivalently, one can consider the complex 3-form wy on sl(2, C) defined by
wo(V2, VR, V9) = 1. Such w is Ad-invariant and hence can be extended to a global
3-form wy on PSL(2, C): one can therefore check that, for all U,V € T4PSL(2, C),
the cross product U x V is the unique vector in T4PSL(2,C) such that, VW €
T4PSL(2,C), wo(U,V,W) = (U x V,W). So, a orthonormal frame Vi, V,, V3 is
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positive if and only if wy(V1, Vo, V3) = 1.
Exactly as it happened for X3 in Remark 3.2.4.1,

Aut(SL(2, C)) = Isomy(SL(2,C), (-, -)) = Isom(SL(2,C), (-, -),wo)-

4.1.3 sl(2,C) and isometries of H?

As we showed in Section 2.5, the group PSL(2, C) acts on C via M&bius maps: the
action furnishes an isomorphism with the group of biholomorphisms of the 2-sphere
PSL(2,C) = Aut(CP'), which induces a canonical isomorphism PSL(2,C) =
Isomg(H?).

There are several interesting correspondences between the Killing form of s((2, C),
equal to (-,-) defined above up to a scale, and the geometry of H3. Recall that
(V,V) = —det(V) for all V € sl(2, C).

Since the isometry F' defined above is a linear map, by Equation (3.6), we get
that the exponential map at I, € PSL(2, C) is given by

sinh(y/(V, V)

exp(V) = cosh(v/(V, V)5 + V, (4.7)
(V,V)
for all V' € sl(2,C), where we denote ShV VGV g (V,V)=0.

VVV)
As a result, Tr(exp(V)) = 2cosh(||V]]) and, if we see PSL(2,C) as the auto-

morphisms group of H?, we can determine the nature of exp(V') by the norm of
V. Since the type of the isometry A € PSL(2,C) can be deduced by tr(A) (See
[ |), we have the following,.

Proposition 4.1.4. Define
A:={W esl(2,C) | |[W] € 2irZ, |W]| # 0} U{0}.
Then, for V € sl(2,C):
o cxp(V) =id if and only if V € A;
o cxp(V) is elliptic if and only if V ¢ A and ||V|| € iR\ {0};
e cap(V) is parabolic if and only if |V| =0 and V # 0;
(V)

o cxp(V) is (purely) hyperbolic if and only if ||V || € R+2inZ with Re(||V 0;
D (purely) hyp f yif [[V]] ([V]]) # 0;
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o cxp(V) is lozodromic elsewise.
Now, define the set

= _ OH? x OH?
G. = S (2,y) ~ (g, )

and consider the map
Fiz: PSL(2,C) \ {5} — G. (4.8)

that assigns to each isometry of H? different from I, its fixed points, counted as a
double point if the isometry is parabolic. If A € PSL(2,C) \ {/2} is not parabolic,
we can also see Fiz(A) as an unoriented unparametrized maximal geodesic of H?.
The group PSL(2, C) acts on sl(2,C) \ A via Ad, acts on PSL(2,C) \ {I2} by
conjugation and acts on G. as PSL(2, C) is the isometry group of H?: the maps

erp Fix

s[(2,C) \ A =5 PSL(2,C) \ {L,} =5 G.
are all equivariant with respect to these actions.
Proposition 4.1.5. Let VW € sl(2,C) \ A.

1) Fizoexp(V) = Fix o exp(W) if and only if Spanc(V) = Spanc(W). As a
result
Fizoexp: Psl(2,C) — G.

15 a bijection.

2) If (V,W) =0 with (V,V),(W,W) # 0, then the two geodesics Fiz(exp(V))
and Fix(exp(W)) meet orthogonally.

3) If (V,W) =0 with (V,V) =0, then the point fized by exp(V') is also fized by
exp(W).

Proof. 1) Since the Ad representation is surjective by Proposition 4.1.1, the
diagonal in SL(2,C) x SL(2,C) acts transitively on the vectors of s[(2,C)
with squared-norm —1, and on the isotropic ones. As a consequence, it is
sufficient to check that the statement holds for V' = V,? and for V = V) —iV,
defined as in (4.6).

Pick the model OH® = C. We use extensively Equation (4.7).
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A
For all A € C, exp(A\V}) = (60 eO’\> has fixed points 0 and oo for all A and

one can immediately check that an element of PSL(2,C) fixing 0 and oo is
of this form.

In the same fashion, exp(A(Vy — V7)) = ((1) 21/\) has oo as unique fixed

point, and this is the description of every other automorphism with this
property.

This proves that Fix oexp is injective. It is also surjective because both Flix
and exp are.

2) The group SO(3,C) acts transitively on couples of orthonormal vectors, so
the statement holds if and only if it works for V =V and V = V2.

An explicit computation (composed with a suitable stereographic projection)
shows that, in the model OH? = S?,

Fix o exp(Spanc(V)) = {(0,1,0), (0, —1,0)}
Fix o exp(Spanc(Vy)) = {(0,0,1), (0,0, —1)}

and the thesis follows.

3) Once again, SO(3, C) acts transitively on couples of orthogonal vectors (V, W)
with V' isotropic and W with norm 1, so the thesis holds as it holds for
(Vy — V3, V).

]

4.1.4 A boundary for PSL(2, C)

~

The linear isomorphism F' defined in Equation (4.1) induces a map F: CP?® =
PMat(2,C) which restricts to F': PX3 = PSL(2, C). We can define the boundary
of PSL(2,C) as

OPSL(2,C) = PMat(2,C) \ PSL(2,C) = {[M] € PMat(2,C) | det(M) = 0},

in particular PSL(2, C) is a Zariski-open subset of PMat(2, C).
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Observe that the map

OPSL(2,C) = CP' x CP' = oH® x oH?
[M] — (KerM,ImM)

is a biholomorphism, with inverse

((z1: 22), (w12 ws)) > <w122 —w121)

Wo29 —W2Z21

As we noticed in Remark 3.2.4.8, every isometry of PXj3 extends to a linear
isomorphism of CP?, and clearly the same holds for PSL(2, C) inside PMat(2, C).

Proposition 4.1.6. Let vy be the closure in PMat(2,C) of a nonconstant mazimal
(real or complex) geodesic in PSL(2, C) with v(0) = Is. Then, via the identification
above,

e if4(0) is isotropic, then yNOPSL(2,C) = {(z, 2)} where Fixz(y(t)) = (z,2) €
G.. for all t #0;

e if 4(0) is not isotropic, then v N OPSL(2,C) = {(z1,22), (22,21)}, where
Fix(y(t)) = [(21, 22)] for all t for which ~(t) # I5.

Proof. See PSL(2,C) = PGL(2,C).
If Vesl(2,C), with |[V] =0 and V' # 0, we have

exp(tV)=[I+tV]=[V + %I],

hence, d{exp(tV) | t € C} = {(Ker(V),Im(V))}. Since det(V) = 0, V? =
0 by Formula (4.5), hence Ker(V) = Im(V). Moreover, for all z € Ker(V),
exp(tV)(z) = z for all ¢, proving that z := [z] € CP! is the fixed point of y(t).

If V € sl(2,C) with [|[V|[* =1 we have

exp(tV') = [cosh(t)] + sinh(t)V] = [I + tanh(¢)V],

hence, O{exp(tV) |t € C} = {(Ker(I+V),Im(I+V)), (Ker(I—=V),Im(I—-V))}.
Observe that (I+V)(I—=V)=(I—-V)(I4+V) =0, hence Ker(I+V) =Im(IFV).
Clearly, Ker(I+V) and Ker(I —V') correspond to eigenvectors of V', thus, by the
explicit description, they correspond to eigenvectors of exp(tV') for all ¢, proving
that they are fixed points of the corresponding Mébius maps. O]
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4.2 Some interesting immersions of F”;*~" in SL(2, C)

As we observed in Remark 3.2.4.6, F™*~"™ isometrically immerges into Xs in a
totally geodesic way. Let us see that, by post-composing Equation (3.7) with the
map F in Equation (4.1), H3, AdS® and —S?® admit some interesting embeddings
into SL(2, C).

e Let us start from AdS®. Recall that AdS? can be seen as the quadric Qz_} C
R?? which embeds into X3 via

AdS? — Xy

('rly Lo, T3, ..'13'4) — (1‘17 T, 'l..']}3, Z...'L'4),
and composing with F' we get the isometric embedding

Fy: AdS® — SL(2,C)

—r1+ x4 —X9+ ZL’3)

(1, T, T3,T4) >
—T9 — I3 T+ 2y

Observe that Fy(AdS?) is exactly the subset of the elements of SL(2,C)
whose entries are real, namely F, gives the isometry

Fy: AdS? — SL(2,R).

Since the Killing form of sl(2,R) is the restriction of the Killing form of
sl(2,C), Fy provides an isometry between AdS® and the global Killing form
of SL(2, C) up to a scalar.

e Replying the same constructions as above, the isometric immersion of —S?* C
R%* into X5 given by

('Tl; Zo, T3, ZE4) — (lea 1T2,1T3, 21'4)
provides an isometric immersion

Fy: —S* = SL(2,0)

Ty — ixl —f—l‘g — ZIQ)

(w1, 22, 23, 74) > . .
—X3 — 1T9 Ty — 1T
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One gets that the image of F; is in fact the Lie group SU(2), which corre-
sponds to the stabilizer of 0 € H? in the Poincaré disk model. One has once
again that the Killing form of su(2) is the restriction of the Killing form of
sl(2,C), therefore —S? is isometric up to a scalar factor to SU(2) with its
global Killing form.

e For H? in the hyperboloid model, let us slightly modify F' with —F to get
the explicit isometric immersion

Fy: H? — SL(2,C)

_ 25 - 4.9

(w1, 2, 3, 34) > (xl . Hx?’) (49)
Ty —1r3 X1+ X4

Since the immersion is totally geodesic, Fy(exp™) = expS2O)(dF5(v)),

hence the image of Fj is the image via expS" of dF3(T0,001)H"). Observe

that

ng(T(0,070’1)Hn) = {V S 5[(2, C) | tV = V} =
=i-{V esl(2,0) | 'V =V} =isu(2).

Now, H? has a natural structure of symmetric space for SL(2, C) when you
see it in the disk model: the stabilizer of 0 € H* C R® is SU(2) and the
corresponding Cartan decomposition is given by sl(2, C) = su(2)@isu(2) (see
also Section 5.4). By the classical theory of symmetric spaces, exp(su(2)) C
SL(2, C) corresponds to purely hyperbolic maps of H? with axis passing by
0: more precisely, the projection of exp(su(2)) in PSL(2, C) contains all and
only the isometries of this type.



Chapter 5

The space of geodesics of the
hyperbolic space

As a consequence of the geometry of the hyperbolic space H", a maximal non-
constant geodesic in H" is characterized, up to orientation-preserving reparame-
terization, by the ordered couple of its "endpoints” in its visual boundary at infinity
OH™: by means of this identification, from now on we will refer to the manifold

G, = OH" x JH" \ A

as the space of (maximal, oriented, unparameterized) geodesics of H™, namely, the
space of non-constant geodesics v : R — H" up to monotone increasing reparame-
terizations. The space G,, is a manifold of dimension 2(n — 1).

We recall that, in the disk model OH" is naturally identified with the unitary
sphere S™!, in the hyperplane model with R"~! N {oo}, while, in the hyperboloid
model, JH" can be identified to the projectivization of the null-cone in Minkowski
space:

n,l _
OH" = {ZL’ eR | <I,ZE> =0, Tnt1 > 0}/R>0 ) (51)

The aim of this chapter is to present a model for a para-Kéahler structure for
G, which is going to encode a lot of informations about the geometry of H" and
of T H".
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5.1 The geodesic flow and the para-Sasaki metric on
T'X,
As we have already observed, the tangent bundle to X,, can be seen as
TX, = {(z,v) € C"™' x C"™ | z € X, | (2, 2)0 = —1, {2,v)9 = 0},
where the obvious projection map is
7:TX,, = X, (z,v) =z .

We will be particularly interested in the unit tangent bundle of X,,, namely the
bundle of unit tangent vectors

T'X, = {(z,v) € TX,, | (v,v)o = 1} (5.2)

and let us denote m = 7|pyx, Notice that both TX,, and T'X,, are complex sub-
manifolds of C**! x C**! and that 7 and 7 are both holomorphic.

In this model, we can describe the tangent spaces to T'X,, and to T'X,, in a
point (z,v) as

T(ZW)TXN = {(Zu U) € Cn+1 X Cn+1 | <Za Z>0 = <Z7Q}>0 + <U7 Z>0 - 0}

Ty T'Xn = {(2,0) € C"1 x €™ (2, £)0 = (2,0)0 + (v, £)o = (v,0)0 = 0}
(5.3)

We observed that X, has both a notion of real geodesic and a notion of complex
geodesic. In the following, A can be seen both as a real or as a complex number.
Define the real (resp. complex) geodesic flow on TX,, as

A (z,0) = alz,0) = (v(N), 7' (V) (5.4)

where 7 is the unique parameterized real (resp. complex) geodesic such that v(0) =
z and 7/(0) = v.

Both the real and the complex geodesic flow restrict to flows on T'X,. By
Formula (3.6) the flow ¢y: T'H" — T'H" can be written explicitly as

©or(z,v) = (cosh(N)z + sinh(A)v, sinh(¢)z + cosh(t)v) . (5.5)
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We also denote the vector field x on TX,, defined by

d d

X(z0.v0) *= Elt:()%@t(zo,vo) = (20, 0)

%LZ:O
as the nfinitesimal generator of the geodesic flow.

In the following, we will use the expression geodesic flow to refer to the real
geodesic flow.

We shall now introduce a holomorphic Riemannian metric on 7'X,, and T'X,,
for which elements in Isom(X,,) and the geodesic flow act by isometries. For this
purpose, let us construct horizontal and vertical distributions on T'X,, and T'X,,.
This construction imitates the more standard construction in the Riemannian set-
ting.

Given (z,v) € TX,,, the vertical subspace at (z,v) is defined as:
View) = Tie (7 (2)) = TX,.

Hence given a vector w € T,X,, orthogonal to v, we can define its vertical lift
wY € V-, and vertical lifting gives a map from vt to Vizw) < T2 T'X,, which
is simply the identity map under the above identification. More concretely, in the
model for T(. nT'X,, defined in (5.3),

wY = (0,w) € C"™ x C"* .
For T'X,,, the induced vertical distribution is defined by
V(OZ:U) - T(z,v) (7.(.—1(2)) = UL < TzXn (56)

with the vertical lifting defined as for T'X,,.

Let us now define the horizontal lifting. Given u € T,X,,, let us consider the
parameterized geodesic v : R — X, with 7(0) = z and 7/(0) = u, and let v(¢)
be the parallel transport of v along 7. Then u* is defined as the derivative of
(v(t),v(t)) at time ¢ = 0; notice that if v € T!X,,, then v(¢) has norm 1 too, and
the curve (y(t),v(t)) lies in T'X,,.

Let us compute the horizontal lift on T'X,, in the hyperboloid model by distin-
guishing two different cases.

First, let us consider the case of u € v C T,X,,. In the model (5.3), using
that the image of the parameterized geodesic v is the intersection of X,, with a
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plane in C"*! orthogonal to v, the parallel transport of v along + is the vector field
constantly equal to v, and therefore

ut = —1  (y(t),v) = (u,0) € C"™ x C" . (5.7)

We shall denote by H?Z’v) the subspace of horizontal lifts of this form, which is
therefore a horizontal subspace in T(, ,yT' X,, isomorphic to vt.

This gives an injective linear map from 7T,X,, to T(w)Tlxn that we define as
the horizontal lift and whose image is the horizontal subspace H . ) < T(. ) TX,,
with

Hiow) < T T' X < T TX,
if v has norm 1.
There remains to understand the case of u = v.

Lemma 5.1.1. Given (z,v) € TX,, the horizontal lift v** coincides with the in-
finitesimal generator x (.. of the geodesic flow, and has the expression:

X(zw) = (v,2) € Ccrtl x ¢l

Proof. Since the tangent vector to a parameterized geodesic is parallel along the
geodesic itself, ¢;(z,v) also equals (v(t),v(t)), for v(t) the vector field used to
define the horizontal lift. Hence clearly

d
oMt = X(zw) = pr oi(z,v) .
=0

Differentiating Equation (5.5) at ¢ = 0 we obtain the desired expression. ]

In summary,

T(Z7U)T1Xn = H(z,v) D V?Z,v) = H?Z,v) D Spanc(x(zm)) &) V?Z,v)

T TXy = Hizw) & Vi) = ’H?Z,v) @ Spang (X (z,)) ® V(Ow) @ Spang((0,v)) .
(5.8)

We are now able to introduce the para-Sasaki metric on the unit tangent bundle.

Definition 5.1.2. Define the para-Sasaki metric on TX,, as the metric Sas,, defined
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by
+(ur,ug)o i V4, Vo € Hizpy and V; = H
Sas,(Vi,Va) = —(wy,wy)e if Vi, Vs € View and Vi = w)
0 if V] € Hiw) and V5 € Vizw) -
Clearly the metric Sas, is non-degenerate. Moreover it is holomorphic Rie-
mannian: if (vq,...,v,) is a holomorphic orthonormal frame for U C X, then
(v, ... vl Y ... oY) is a local orthonormal frame in #71(U), and, by the ex-

plicit description we have computed in the model (5.3), the elements of this frame
are local holomorphic vector fields on T'X,. Moreover, the restriction of Sas, to
T'X,, that we will denote with Sas,, is a holomorphic Riemannian metric since
it is non degenerate.

It is also worth observing that, from Definition 5.1.2 and Lemma 5.1.1, that

%n(X(z,'u)yX(z,v)) =1 ) (59)

and that x(.,) is orthogonal to both V?Z,v) and H(()M)-

Clearly the obvious action of the isometry group Isom(X,) on T*X,, preserves
the para-Sasaki metric, since all the ingredients involved in the definition are in-
variant by isometries. The same is also true for the action of the complex geodesic
flow, and this fact is much more peculiar of the choice we made in Definition 5.1.2.

Lemma 5.1.3. The C-action of the complex geodesic flow on T'X,, is isometric for
the para-Sasaki metric, and commutes with the action of Isom(X,,).

Proof. Let us first consider the differential of ¢y, for a given A\ € C. Since the
expression for ¢, from Equation (5.5) is linear in z and v, we have:

dpx(2,0) = (cosh(A)Z + sinh(A)v, sinh(A) 2 + cosh(A)v) | (5.10)

for X = (2,0) as in (5.3). Let us distinguish three cases.
If X =w" = (w,0) for w € vt C T, X, then

dpr(w*) = (cosh(MN)w, sinh(A)w) = cosh(A)w? + sinh(A\)w” . (5.11)
For X = wY = (0,w) a completely analogous computation gives

dpr(wY) = (sinh(A\)w, cosh(A\)w) = sinh(\)w™ + cosh(A\)w" . (5.12)
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Finally, for X = x(.,.,, by construction

dSOA(X(z,v)) = Xex(zw) - (513)
Now using (5.11) and (5.12), and Definition 5.1.2, we can check that that
Sas,(dpx(wit), dpxy(wit)) = (cosh?(\)—sinh?(\))(wy, ws) = (wy, wy) = Sas, (wit, wit) .

A completely analogous computation shows

Sasn(dpa(wy), dpa(wy)) = —(w,ws) = Sas,(wy, wy)
Also, one checks that Sas,(dpy(wit),dex(wy)) = 0 = Sas,(w,wy). By (5.9)
and (5.13), the norm of vectors proportional to x(..) is preserved. Together with
(5.11) and (5.12), vectors of the form dpy(w™) and dy,(wY) are orthogonal to
dea(X(2)) = Xex(zw)- This concludes the first part of the statement.
Finally, since isometries map parameterized geodesics to parameterized geodesics,
it is straightworward to see that the C-action commutes with Isom(X,,). O

5.1.1 The para-Sasaki metric on 7 H"

As we anticipated, the discussion above was only meant to present the geodesic
flow and the para-Sasaki metric on T H" in the most general setting: indeed, all
the constructions and the staments above for X,, can be repeated for the unitary
tangent space of any space form of constant curvature —1 via the fact that F™;"™™
isometrically immerges into X,.

The horizontal and vertical decomposition TT'F""™™ = H & V° depends
uniquely on the Levi-Civita connection on F™""™ and is defined as for T'X,.
Similarly we can define the para-Sasaki metric on T'F™"™™ as

+<u17 u2>m,nfm if ‘/1, ‘/2 € H(zﬂ,) and ‘/1 = uH

i
Sasmnm(Vi, Vo) = —(wy, Wa)pp—m V1, Vo€V, and V; = wy .
0 if Vi € Hioy and Vo € Vi, )

One can immediately check that the totally geodesic isometric immersion F™" "™ —
X, defined as in Equation (3.7), induces an isometric immersion T'F™"™™ —
T'X,, equipped with the respective para-Sasaki metrics. Also, this immersion is
equivariant with respect to the geodesic flow on T'F™"™™ (defined wordly as in
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Equation (5.4)) and the one on T'X,,.
As a consequence of Lemma 5.1.3 one also has the following.

Proposition 5.1.4. The geodesic flow acts by isometries for T'F™"™™ with the
para-Sasaki metric.
In particular, it is true for T'H", T*AdS™, and T-1dS".

Finally, let us summarize the description of horizontal and vertical lifts for
T'H" in the hyperboloid model.
Consider the hyperboloid model

H" = {z = (z1,...,7n1) € R™| (z,2)p1 = =1, Tpy1 >0} CR™.
Then
T'H" = {(z,v) € R™ x R™! | (,2)n1 = —1, (2, 0)p1 =0, (v,0),1 = 1},
and
Ty TH" = {(2,0) | (2, &)1 = (0,0)p1 = (2, 0)pn1 + (&,0),1 = 0}.

In the hyperboloid model, for all w € v+ < T,H", the vertical and horizontal lifts
are respectively

wv = (0, w) S V(xﬂ,),
w’ = (w,0) € H(w0)-

while
UH = X(zp) = (U, LE) € H(Z‘,U)7

and the para-Sasaki metric of T'H", that for simplicity we will denote by Sas,, is

Sas, (ult +wY, ult +w)) = (uy, us) — (wy, wy). (5.14)

5.2 A para-Kihler structure on G,

The aim of this section is to introduce a para-Kéahler structure on the space G,, =
OH™ x OH™ \ A of the geodesics of H".

Before that, let us start by quickly recalling the basic definitions of para-
complex and para-Kdhler geometry. First introduced by Libermann in | ,
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the reader can refer to the survey | ] for more details on para-complex ge-
ometry. Given a manifold M of dimension 2n, an almost para-complex structure on

M is a tensor J of type (1,1) (that is, a smooth section of the bundle of endomor-
phisms of T'M) such that J? = 1 and that at every point p € M the eigenspaces
T;* M = ker(J F 1) have dimension n. The almost para-complex structure .J is a
para-complex structure if the distributions T;M are integrable.

A para-Kdhler structure on M is the datum of a para-complex structure J and
a pseudo-Riemannian metric g such that .J is g-skewsymmetric, namely

8(IX,Y) = —g(X,TV) (5.15)
for every X and Y, and such that the corresponding fundamental form, namely
QX,Y) = g(X,TY), (5.16)

is closed.
Observe that Equation (5.15) is equivalent to the condition that J is anti-
isometric for g, namely:

g(JX,IY) = —g(X,Y) (5.17)

which implies immediately that the metric g is necessarily neutral (that is, its
signature is (n,n)) and that €2 is a 2-form, hence a symplectic form on M.

In order to introduce the para-Kéhler structure on the space of geodesics G,,,
consider the map
p: T'H" — G,

that sends (z,v) to the geodesic passing by = and tangent to v. Observe that p is
a R-principal bundle via the action of the geodesic flow.

The para-Kéhler structure on G,, will be defined by introducing some structures
on T'H"™ and showing that they can be pushed forward to G,. Clearly the group
Isom(H") acts both on T'H" and on G, in the obvious way, and moreover the
two projection maps 7 : T'H" — H" and p : T'H® — G,, are equivariant with
respect to these actions.

The kernel of the differential map dp is generated by the infinitesimal generator
of the geodesic flow. As a consequence, given a point (z,v) € T H", the decompo-
sition (5.8) shows that the tangent space T;G,, identifies to Xé«“,v) = H?x,v) & V(OM),
where ¢ € (5, is the oriented unparameterized geodesic going through = with speed
v, and the orthogonal subspace is taken with respect to the para-Sasaki metric
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Sas,: in other words, the differential of p induces a vector space isomorphism
oL
dp’X(Lz,v) . X(x,v) — DGH

Now, let us define J € End(x(tm)) by the following expression:
J(&,0) = (0,2) .

In other words, recalling that ’H?x’v) consists of the vectors of the form (w,0), and
VO of those of the form (0,w), for w € v+, J is defined by

(z,v)

J(w™) = w” and J(wY) = w* . (5.18)

Lemma 5.2.1. The endomorphism J induces an almost para-complezr structure J
on TyG,,, which does not depend on the choice of (z,v) € p~1().

Proof. By definition of the R-principal bundle structure p : T'H" — G,, and of
the geodesic flow ¢, po ¢y = p for every t € R. Moreover ¢; preserves the
infinitesimal generator y (Equation (5.13)) and acts isometrically on T'H" by
Lemma 5.1.3, hence it preserves the orthogonal complement of y. Therefore, given
vectors X, Y € T,G,,, any two lifts of X and Y on T'H" orthogonal to p~*(¢) differ
by push-forward by ;.

However, it is important to stress that the differential of ¢; does not preserve
the distributions H° and V° individually (see Equations (5.12) and (5.13)). Nev-
ertheless, by Equation (5.10):

(00)«(J(2,0)) = (1)« (0, &) = (cosh(t)v + sinh(t)x, sinh(t)v + cosh(t)i)
= J(sinh(¢)0 + cosh(t)Z, cosh(t)0 + sinh(t)%) = J(¢¢) (%, 0) ,

which shows that J is well-defined on 7;G,,. It is clear from the expression of J
that J2 = 1, and moreover that the f1-eigenspaces of J both have dimension n,
since the eigenspaces of J consist precisely of the vectors of the form (w,w) (resp.
(w, —w)) for w € v+ C T,H" . O

Let us now turn our attention to the construction of the neutral metric g,
which will be defined by a similar construction. In fact, given (z,v) € p~(£), we
simply define m on T;G,, as the push-forward of the restriction Sasn|x(¢” : by the
isomorphism ’

ot
dp’X(Lz,v) . X(z,v) — Tan .
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Well-posedness of this definition follows immediately from Equation (5.13) and
Lemma 5.1.3.

Lemma 5.2.2. The restriction of Sas, to X(Lx,v) induces a neutral metric g on

T,G,,, which does not depend on the choice of (x,v) € p~t({), such that J is
g-skewsymmetric.

Proof. Tt only remains to show g-skewsymmetry, namely Equation (5.15). The
latter is indeed equivalent to Equation (5.17), which is immediate from Definition
5.1.2 and the definition of J, see in particular (5.18). O

There is something left to prove in order to conclude that the constructions
of J, g, and Q := g(-,J-) induce a para-Kéhler structure on G, but we defer
the remaining checks to the following sections: in particular, we are left to prove
that the almost para-complex structure .J is integrable (it will be a consequence of
Example 9.1.11) and that the 2-form € is closed (which is the content of Corollary
10.2.3).

Remark 5.2.3. The group Isom(H") acts naturally on G,, and the map p: T H" —
G,, is equivariant, namely p(¢ - (z,v)) = ¥ - p(z,v) for all ¢ € Isom(H"). As a
result, by construction of g and J, the action of Isom(H") on G,, preserves both g
and J.

Remark 5.2.4. Of course some choices have been made in the above construction,
in particular in the expression of the para-Sasaki metric of Definition 5.1.2, which
has a fundamental role when introducing the metric g. The essential properties
we used are the naturality with respect to the isometry group of H" and to the
action of the geodesic flow (Lemma 5.1.3).

Some alternative definitions for Sas, would produce the same expression for g.
For instance one can define for all ¢ € R* a metric Sas, on T'H" so that, with
respect to the direct sum decomposition (5.8):

e Sas, ‘(W wlt) = —Sas,(wY,wy) = (wy,w,) for any wy,w, € v+ C T,H",

° %:C(X(ac,v)v X(JC,U)) =G

e Span(X(z)), 'H?m) and V(Omm) are mutually %n*c—orthogonal.

Replacing Sas,, with such a %n*c, one would clearly obtain the same metric
g since it only depends on the restriction of %:C to the orthogonal complement
of x. Moreover, Sas, ~ is invariant under the action of Isom(H") and under the
geodesic flow.
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Remark 5.2.5. It will be convenient to use Remark 5.2.4 in the following, by
considering T'H" as a submanifold of R™! x R™! and taking the metric given by
the Minkowski product on the first factor, and its opposite on the second factor,
restricted to T'H", i.e.

Sas, ((@1,01), (&2, 02)) = (@1, 42) — (01, 02) . (5.19)

In fact, it is immediate to check that Sas, (w?, w?) = Sas, ((wy,0), (ws,0)) =

(wy, ws) for w; € v, that similarly Sas, (wY,w)) = —(wy, w,), and that

%n*(X(x,va(x,v)) = %n*((v,a?), (U7$)) = <U’U> - <$,[B> =2.

Finally elements of the three types are mutually orthogonal, and therefore %n* =

Sasn*2 with Sasn*Q as in Remark 5.2.4.

5.3 The space G3 as X,

For n = 3, the space G3 of the geodesics of H® also has a structure of holomorphic
Riemannian manifold: in fact, it is isometric to X,.

From now on we will denote G = G3

Let us first observe that G has a natural complex structure. Indeed, OH? has
a natural complex structure for which it is biholomorphic to CP!: this structure
coincides with the standard complex structure on S? when you see H? in the disk
model, or equivalently to the one of C seen as the boundary of H? in the half-
space model C x R*. The action of the group PSL(2,C) = Isomg(H?) on H?
extends to an action of OH? which coincides with the action via Mébius maps in
the identification OH?® = C, hence it is by biholomorphisms.

As a result, the space G = OH? x 0H? \ A = C x C \ A inherits a natural
complex structure. The natural action of PSL(2, C) & Isomy(H?) on G is diagonal
and corresponds to the Mobius maps action on each component, namely

PSL(2,C) x G — G
A- (Zl,Zg) = (A'Zl,A'ZQ).

Theorem 5.3.1. The space G admits a complete holomorphic Riemannian metric
(,-)e of constant curvature —1 such that Isomg((:,-)g) = PSL(2,C) under the
natural action. As a consequence, one has (G, (-, )g) = (Xg, (-, ).
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Explicitly, if (U, z) is an affine chart for CP', then in the chart (UXU\A, z X z)
for G the metric is described by

4
———d - da. (5.20)

(21 — 22)

<.7 '>(G S

Finally, (-,-)g is the unique hRm on G with the property of being PSL(2,C)-
wmvariant and having constant curvature —1.

Proof. Let us start with showing that the metric locally defined in Equation (5.20)
does not depend on the choice of the affine chart. Clearly, since (5.20) gives a local
hRm, independence on the chart would prove that this local description defines a
global hRm on G.

Assume (U, z) and (U’, 2') be two overlapping affine charts for CP!, then ¢ =
2" 0 27! (defined on 2(U NU’)) is a Mobius map. As a result, in the local charts
(UxU\Azxz)and (U x U \ A2 x ) for G, denoting ¢(w) = % with
ad — bc = 1, we compute that

s o
T T TG e o) ) =
4 1 1
= - le'dZQZ

az b az b 2 2 )
(czllid - cz22_++d) (cz1 +d)? (cz2 + d)
4

— 2d21 . dZQ =
((az1 +b)(czo + d) — (azo + b)(cz1 + d))
4

= ——(Zl — 22)2d21 . dZQ

proving that Equation (5.20) does not depend on the affine chart: as a result it
defines a well posed hRm on G.

Let us prove that (-, )¢ is PSL(2, C)-invariant. Let £ € G and ¢ € PSL(2,C).
Let (U, z) be an affine chart on CP' such that the endpoints of £ and of (/) lie
on U. By definition of the action of PSL(2,C) on G, locally around ¢ one has that
(Y x ) o(zxz)=(zx z)o1. Using this and recalling that () x 1) o (2 x 2) is a
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local affine coordinate around ¢, we get (here (-,-) = (-, )g):

4

(21 — 22)?

V({5 ) ee) = ¢" ((— dz - d22)) o) =
4

T W) - ¢(z2))2d<¢ ©21) - d(ioz)l =

= <.’.>|€’

and the PSL(2, C) invariancy follows.
Since PSL(2, C) acts transitively on G, the Levi-Civita connection of (-, -)g en-

dows G with a structure of homogeneous space, hence the connection is geodesically
complete (See [ ]). We conclude that (G, (-,-)g) is a holomorphic Rieman-
nian space form.

We finally show that (-, )¢ has constant curvature —1. Clearly, it has constant
sectional curvature since PSL(2, C) acts transitively. Emulating our proof of the
fact that X, C C? has constant curvature —1, it is sufficient to show that there
exists an isometric embedding H? — (G, (-, -)g) which is totally geodesic.

Consider the immersion

c: H—->G

2 (2,2)

where H = {z € C | Im(z) > 0} is the upper half plane.
By Equation (5.20), the pull-back metric on H is

4 1
_——4(Im(z))2dz -dz = —(Im(z))ZdZdZ’

so ¢ is an isometric immersion of the hyperbolic plane H? in its upper half plane
model.

Moreover, observe that o(H) is the fixed locus of the involution (z, w) — (, Z).
A direct computation shows that this involution is an isometry for the pseudo-
Riemannian metric given by Re(mdzld@), hence it is an isomorphism for
the induced Levi-Civita connection which coincides with the one induced by (-, )¢
by Proposition 3.1.3: we conclude that o is totally geodesic.

Being G simply connected and being (-, -)g complete of constant curvature —1,
by Theorem 3.2.1, (G, (-, -)g) is isometric to Xs.

Since Isomy (G, (-, -)g) = Isomy(Xy) = SO(3,C) and since PSL(2, C) acts faith-
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fully on G, the induced map PSL(2,C) — Isomy(G, (-, )g) is an injective homo-
morphism of Lie groups of the same dimension, hence an isomorphism.

In conclusion, let us prove that (-, )¢ is the unique hRm on G being PSL(2, C)-
invariant and with constant curvature —1. Assume 7 is another such hRm on G,
then 7 coincides with (-, -)¢ if and only if they coincide in one point since PSL(2, C)
acts transitively.

Now, observe that if a bilinear form on C? is SO(2, C)-invariant, then, since
every element of SO(2, C) has eigenspaces {(z,2) | z € C} and {(z,—2) | z € C}
with eigenvalues generally different from =+1, one deduces that its eigenspaces
coincide with the isotropic directions for the metric. With the same argument
applied to (T,G, (-, ")gl¢) (for any ¢) and to its stabilizer Stab(¢) = SO(2,C),
one gets that (-,-)g and 7 have the same isotropic direction in T;G, therefore
T =M\ () for some A € C*, but then A = 1 because by ipothesis (-, )¢ and 7
have the same curvature. O

Notation. With a little abuse, in the following we will use G to denote the space
G3 equipped with the hRm (-, -)g.

We anticipate that we will prove later on in this thesis (Proposition prop: pull-
back Re hRm) that g5 = Re((:,)g).

It might turn out interesting to produce an explicit isometry between G and X,.
Hereafter, we present two explicit isometries which carry some geometric meaning.

Model 1.
Recall that we defined an isometry F': (C*, (-, -)¢) — (Mat(2,C), (-, ") atat,) by

—2] — 124 —2Z9 — 123
F(217ZQ7Z37Z4) - . . .
—Z9 +1z3  zZ1 — 124

As we previously observed, it restricts to an isometry F': X3 — SL(2, C).
On the other hand, by regarding X, as {(z1, 29, 23,0) € X3}, we have that F'
restricts to an isometry

F: Xy — s1(2,€) NSL(2,C) = {M € Mat(2,C) | det(M) = 1, tr(M) = 0}.

As we already observed in Equation (4.5), for all M € s((2,C) N SL(2,C) one has
that M? = I,, clearly with M # —I,: as a result, with respect to the standard
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action of SL(2, C) on H?, we get that s[(2, C)NSL(2, C) corresponds to orientation-
preserving isometries of order 2, i.e. to rotations of angle 7 around some axis in
H?. We therefore have a 2-sheeted covering map

Axis: SL(2,C) Nsl(2,C) — G = CPXCPN\A) /13 ) (y,2)

analogous to the one seen in Equation (4.8), that sends each matrix to the fixed
unoriented geodesic of the corresponding isometry in H?.

Since X, is simply connected, by uniqueness of the universal cover, Awis lifts
to some diffeomorphism

Azis: SL(2,C) Nsl(2,C) = G.

By precomposing with F'; we get a diffeomorphism Aziso F: Xy — G. Observe
that explicitly Axis is given by:

a b a+1 b a—1 b |
= — = — 21
(c —a) H( c a—i ¢ a+i>’ (5:21)

in particular it is a biholomorphism.

Let us show that Agzis is also an isometry of holomorphic Riemannian man-
ifolds, i.e. that the push-forward of (-,-)snc) via Azis coincides with (-, )G-
Indeed, the map Axis is equivariant with respect to the action of SL(2, C) via con-
jugation on SL(2, C) Nsl(2, C) and by M6bius maps on G, hence the push-forward
metric is SL(2, C)-invariant; since the pull-back metric also has curvature —1, it
coincides with (-, -)g by the uniqueness part of Theorem 5.3.1.

Model 2.

Let us construct a second isometry Xy, — G.

Recall that, as we observed in 3.2.4.8, we defined PX, C CP? as the comple-
mentary of the projective conic OPXy = Q := {z% + 22 + 22 = 0}.

Notice that ) can be seen as the image of some adapted version of the Veronese
embedding

v: CP' = Q c CP?
(t1:ty) > (i(t2 +13): 21ty 3 — 13)

!This notation means that, on each component, at least one between RHS and LHS makes
sense and they coincide if they both make sense.
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We can therefore describe a holomorphic 2-sheeted covering, hence a universal
covering, of PX, via the map

u: G := (CP' x CP") \ A — PX,

(5.22)
(P, @) = Loy N Lug)

where £, ;) denotes the tangent line to the quadric @ in the point v(x). The fact
that u is a 2-sheeted covering follows from the fact that () is a conic, hence, for
every fixed external point, there are exactly two lines passing by that point and
tangent to Q.

By uniqueness of the universal cover, we conclude that u lifts to a biholomor-
phism between X, and G = CP! x CP! \ A.

One can check explicitly that for all A € PSL(2, C) there exists 6(A) € SO(3,C)
such that u(A-p, A-q) = 6(A) - u(p,q), with 6: PSL(2,C) — SO(3,C) an isomor-
phism. As a result, the pull-back metric via u is PSL(2, C)-invariant, in addition
to having clearly curvature —1, hence it coincides with (-, -)g by Theorem 5.3.1.

5.4 M’ and G as symmetric spaces of PSL(2, C)

As we remarked previously, Isomo(H?) = I'somq(G) = PSL(2, C).
In fact, both H3 and G can be seen as symmetric spaces (in the sense of affine
spaces) associated to PSL(2, C):

a) H3 = PSL(2, C)/SU(Q)’ where the symmetry at 0 € H?> C R3 in the disk

model is given by the map x — —uz;

b) G = PSL(2, C)/SO(Q C): where the symmetry at a geodesic v € G is given
by the rotation of angle m around ~.

For a complete survey on symmetric spaces see | ]
Our aim in this section is to show that the metrics on H* and G are in fact
related to the hRm on PSL(2, C) through their structures of symmetric spaces.

Fix 21 € H? and 25 € G and, as a matter of convenience, denote in this section
X, :=H? and X, :=G.
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For k = 1,2, define the evaluation map related to (Xy, zx) as

(5.23)

The two marked symmetric spaces (Xi,z1) and (Xs,22) induce two Cartan
decompositions of the Lie algebra sl(2, C), namely

for (X1,21):  sl(2,C) = u(2) @ iu(2) =: h; & my;

5.24
for (Xs,22):  sl(2,C) =0(2,C) & (Sym(2,C)Nsl(2,C)) =: hy & ma. (5:24)
We recall the following facts (see | | §X-XI):

e h; = Lie(Stab(z;)), and the Ad action of Stab(z;) on sl(2,C) globally fixes
m;;

e [h;,m;] C m; and [m;, m;] C b;;

e the map
dr,Bi:m; = 1T, X;

is a linear isomorphism. Let us denote d,5;(V) =: V,, for all V € m;;

e For all A € PSL(2,C), one has
As a corollary, for all M € Stab(z;),

d[25i o Ad(A) = dIZA o dlgﬁi' (526)

e Forall U, V,IWW € m,,
R (Uxiv be)Wwb = _[[Uv V]? W] (5'27)

where R¥¢ is the curvature tensor of Xj.

Define on TPSL(2, C) the distribution

Di’A = (LA>*mZ < TAPSL(2, (D)
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Proposition 5.4.1. For both i = 1,2, the restriction to D; of the differential of
Bi is a linear isometry at each A € PSL(2,C) up to a constant. Namely, for all
A e PSL(2,C),

daBi: (Dila,4(:,)) = Tpo; X

Proof. Both the Riemannian metric of H? and the hRm of G are uniquely deter-
mined by being PSL(2, C)-invariant metrics (Riemannian and holomophic Rieman-
nian resp.) with constant sectional curvature —1. It is therefore enough to show
that push-forward bilinear forms (5;p,)«((:,-)) define two well-posed, PSL(2, C)-
invariant metrics of constant sectional curvature —4.

By standard Lie theory, Kill**©) ) = Kill*® which is a real negative-definite
bilinear form being U(2) compact and semisimple. By C-bilinearity of (-,-) =
%Kill“@’c), (-, *)jiu(2) is real and positive-definite.

On the other hand, (-, ), is a non-degenerate C-bilinear form with orthonor-

s (1.0 )

As we mentioned, consider on each X; the metric g; defined so that for all
A € PSL(2,C) and for all VW € m;,

(90 ((dm(vxi)? <dxiA><wxi>) = (VW)

e The definition of (g;) is well-posed. Indeed, if A -x; = B - x;, (d,;A)V,, =
(de, B)V,. and (dp, A)W,, = (d., B)W,_, then using that (-,-) is Ad-invariant
and equation (5.26) one has

(gZ)sz«dIzA)‘/xw (d%A)WIz) ::gﬂﬁi(vzﬁw Wl‘z) =
o ({047 D) (@ (7 D)) =
<Ad(A_1B)V/, Ad(A_lB)W/>SL(27C) =

(V! W'sLee) =
(94) Ba; ((de; B)V,.,, (do, BYW,,).

Since PSL(2, C) acts on X; transitively and by diffeomorphisms, g; is uniquely
defined.

By construction PSL(2, C) acts by isometries on both g; and gs.
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e The metric (g;)a.s, is the push-forward via j; of (-, -)p,, i.e.

daf;: (Dz’(A)a <'7 '>SL(2,C)) - (TA‘xiXiagi)

is a linear isometry for all A. Indeed, by equation (5.26), for all VW € m,,

(9i) A, ((daBi)(di, La)(V), (dafi)(dr, La) (W)
= (9i) aa, (de, A) (i, 5) (V) (dr, A) (dpy 5i) (W) = (5.28)
= (V.W)sre,e) = ((dLa)(V), (dLa)(W))sLe,o)-

e Since f; is smooth and [y is holomorphic, one can easily see that g is
Riemannian and ¢, is holomorphic Riemannian.

e We compute the sectional curvature of g;.

First, let V, W, Z € m; be orthonormal with respect to (-, -),then by Equation
3.5 and Equation (5.27) we have

1
=1 = K(Spanc(V,W)) = (RO W)W, V) = —([[V,W], W], V) =
1
= RSV W)W, Va) = (K (Spanc(Vi, W)

We conclude that (X;, g;) has constant sectional curvature —4 and the proof
follows.

]



Part 11

Immersions into X,,, | and geometric
consequences



Chapter 6

Immersed hypersurfaces in X,, |

In this Chapter we study the geometry of smooth immersions of the form
M — Xn—i—l

where M = M™ is a smooth manifold of (real) dimension n and X, is the Rie-
mannian holomorphic space form of constant sectional curvature —1 and complex
dimension n + 1.

One can immediately notice that, as an immersion between smooth manifolds,
it has very high codimension. Nevertheless, we can define a suitable class of im-
mersions for which we can translate in this setting some aspects of the classical
theory of immersions of hypersurfaces. In order to do it, we will introduce a new
structure on manifolds that extends the notion of Riemannian metric: complex
valued metrics.

In this Chapter, we will use X,Y,Z to denote elements (and sections) of T'M
and X,Y,Z to denote elements (and sections) of the complexified tangent bun-
dle CTM :=TM & iTM = C ®g T'"M whose elements can be seen as complex
derivations of germs of complex-valued functions.

Let M be a smooth manifold of (real) dimension m and o: M — X,, 1, with
n+ 1 > m, be a smooth immersion. Since X,,;; is a complex manifold, the
differential map do extends by C-linearity to a map

do: CTM — TX,,
X =X+1Y = do(X)+ J(do)(Y) =: do(X).
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Now, consider the C—bilinear pull-back form ¢*(-,-) on CT'M defined by

a*(-,-)p: CT,M x CI,M — C
(X,Y) — (do(X),do(Y)).

0*(-,-)p is C-bilinear and symmetric since (-, -)o(p) is C-bilinear and symmetric.

Definition 6.0.1. e A complex (valued) metric g on M is a non-degenerate
smooth section of the bundle Sym(CT*M @ CT*M), i.e. it is a smooth
choice at each point p € M of a non-degenerate symmetric complex bilinear

form
gp: CT,M x CT,M — C.

e A smooth immersion o: M — X,, 11 is admissible if g = 0*(-,-) is a complex
valued metric for M, i.e. if g, is non-degenerate.

e If g is a complex metric on M, an immersion o: (M, g) — X,, 11 is isometric
if o*(-,-) = g¢.

Remark 6.0.2. If o is an admissible immersion, then d,o: CI,M — T, )X, is
injective. Indeed, if d,o(X) = 0 then clearly o*(X,-) = 0, hence X = 0.

6.1 Levi-Civita connection and curvature for complex

metrics

Let M be a manifold of dimension m and g be a complex valued metric on CT'M.
Despite looking quite weak as geometric structures, complex metrics admit a notion
of Levi-Civita connection analogous to the one in pseudo-Riemannian geometry.
Recall that for sections X,Y of CI'M we have a well-posed Lie bracket [X, Y]
which coincides with the C-bilinear extension of the usual Lie bracket for vector
fields.
Define a connection on CT'M as the C-linear application

V: I(CTM) — T(Home(CTM, CTM))
a— Va(: X — Vya)

such that, for all f € C*(M,C), Vx(fa) = fVxa+ X(f)a.
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Proposition 6.1.1. For every complex valued metric g on M, there exists a unique
connection V on CT M, that we will call Levi-Civita connection, such that for all
X, Y e I'(CTM) the following conditions hold:

d(g(X,Y)) =9(VX,Y) + g(X,VY) (V is compatible with the metric);
(X, Y] =VxY —VyX (V is torsion free).

Observe that if g is obtained as a C-bilinear extension of some pseudo-Riemannian
metric, then the induced Levi-Civita connection is the complex extension of the
Levi-Civita connection for the (pseudo-)Riemannian metric on M.

We can also define the (0,4)-type and the (1,3)-type curvature tensors for g
defined as

R(X.Y,Z,T) = —g(R(X,Y)Z,T) := —g(VXVyZ — VyVxZ = Vixy Z. T)

with X, Y, Z, T € I'(CTM). The curvature tensor is C-multilinear and has all of
the standard symmetries of the curvature tensors induced by Riemannian metrics.

Finally, for every complex plane Spanc(X,Y) € CT,M such that g|spanc(x,v) is
non-degenerate, we can define the sectional curvature K (X,Y) := K(Spanc(X,Y))

o _g(R(X,Y)X,Y)

where the definition of K (X,Y’) is independent from the choice of the basis { X, Y}
for Spanc(X,Y).

K(X,Y) = (6.1)

It is simple to check, via the Gram-Schmidt algorithm, that in a neighbourhood
of any point p € M it is possible to construct a local g—orthonormal frame (X;)7,
on M. We show it explicitly.

Fix a orthonormal basis (Wj(p))7L, for CT,M and locally extend, in a neigh-
bourhood of p, each W;(p) to a complex vector field W;. Up to shrinking the
neighbourhood in order to make the definition well-posed, define by iteration the
local vector fields Y} by

—_

= g(VVj7 Yk)

Y, =W, —
’ ’ 9(Ye, Y)

Y

g

which are such that Y;(p) = W;(p) and by construction the Y;’s are pairwise orthog-
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Y;
9(Y;,Y;)
(defined for any local choice of the square root) determine a local g-orthonormal

onal. Finally, up to shrinking the neighbourhood again, the vectors X, =

frame around p. Similarly, every set of orthonormal vector fields can be extended
to an orthonormal frame.

Let (X;)7, be a local orthonormal frame for g, with X; € CT'M. Let (¢/)7,
be the correspondent coframe, 6 € CT*M, defined by 6 = g(X;, ).
We can define the Levi-Civita connection forms 03» for the frame (X;); by

VX, =) 0@ X,
h

or, equivalently, by the equations

o' = — 3 0L NG
0i = —0!

6.2 Extrinsic geometry of hypersurfaces in X,

From now on, assume dim(M) = n.

Let 0: M — X,,;1 be an admissible immersion and g = 0*(-,-) be the induced
complex metric. Denote with D be the Levi-Civita connection on X,,;; and with
V be the Levi-Civita connection for g. We want to adapt the usual theory of
extrinsic geometry for immersed hypersurfaces to our setting.

Define the pull-back vector bundle A = 0*(TX,,41) — M, which is a complex
vector bundle, defined by ioc*(v) := o*(Jv) for all v € TX,, 41, and is endowed on
each fiber with the pull-back complex bilinear form that we still denote with (-, -).

If U is an open subset of M over which o restricts to an embedding, then
A’U = TXnJrllo(U)-

Since the map do: CT'M — X, is injective, CI'M can be seen canonically
as a complex sub-bundle of A via the correspondence

CTM — A
X — o*(do(X)).

Moreover, the complex bilinear form on A corresponds to the one on CT'M when
restricted to it, since ¢ is an isometric immersion.
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We pull back the Levi-Civita connection D of TX,,,; in order to get a R-linear
connection V on A,

V:=0'D: T(A) - F(HomR(TM, A)).
Observe that V is completely defined by the Leibniz rule and by the condition
Vi o€ 1= o (DU*X 5) VE € D(TXni1), X € T(TM).
By C-linearity, we can see V as a map
V:T(A) F(Hom(c((CTM, A)).
by defining

vxwing = vxlé + ivaQ

Via the canonical immersion of bundles CT'M < A, it makes sense to consider
the vector field VyY with XY € I'(CTM).
Since DJ =0 on X,,41, for all X € I'(T'M) and Y € I'(CT'M) we have that

Vix(io*(§)) = o~ (Dda(x)(ﬂé)) =o" <Dda(x)J f) =
_ o (JJDdU(X) g) — i Vyo't,

and we conclude that V is C-bilinear.

We observed that CT'M is a sub-bundle of A over which the restriction of the
complex bilinear form of A is non-degenerate. Hence, we can consider the normal
bundle N'= CT M~ over M defined as the orthogonal complement of CT'M in A.
N is a rank-1 complex bundle on M.

For all local fields X,Y € I'(CT'M) we can define I[(X,Y") as the component
in N of VXY

Proposition 6.2.1. For all X,Y € ['(CTM), the component in CTM of VxY is
VxY, where V s the Levi-Clivita connection on M. In other words:

VxY =VxY +1I(X,Y).

Moreover, Il is a symmetric, C-bilinear tensor.

Proof. By C-linearity of V and V, it is enough to prove it for X, Y € I'(T'M). The
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proof just follows the standard proof in the Riemannian case: defining AxY =
VxY —I(X,Y), one can show that A is a connection on CT'M, that it is torsion
free and compatible with the metric, hence A = V by Proposition 6.1.1. n

For all p € M, consider on a suitable neighbourhood U, C M a norm-1 section
v of N: we call such v a local normal vector field for o.

A local normal vector field fixed, we can locally define the second fundamental
form of the immersion ¢ as the tensor

I:=(Iv)=(V,v).

Since there are two opposite choices for the section v, I is defined up to a sign.
We define the shape operator ¥ associated to the immersion o: M — X1 as
the tensor

U e r(sym(CT*M R0 @TM))
such that, Vp € M and V X,Y € T, M,
g(¥(X),Y) = (I(X,Y),v) = II(X,Y).

As 1T is defined up to a sign, ¥ is defined up to a sign as well.
We will say that o is totally geodesic if and only if I =0, i.e. ¥ = 0.

Remark 6.2.2. One can see that the curvature tensor R of the connection V is the
pull-back of the curvature tensor D. That is:

R(X,Y)Z = o* (RD(do(X), dU(Y))dU(Z)>
Hence, since X, 1 has sectional curvature —1,

g(R(X, Y)Y, X) = (R(do(X),do(Y))do(Y), do (X)) 6.2)
= _(9<X7X)29(Y7 Y)2 - g(X7Y>2)' '

Proposition 6.2.3. Let v be an normal vector field and let U be the corresponding

shape operator. Then,
U =—-Vv
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Proof. For all X € '(TM) and Y € I'(CT M),

g(U(X),Y) =1(X,Y) = (ViY,v) =
= —(Y, V) +d((Y,))(X) =

= _<§/, vxy>.
Moreover,
— 1
(Vyv,v) = 58}(((1/, v)) =0.
Hence, Vxv € CTM and ¥ (X) = —Vxv. The proof follows by C-linearity. H

6.3 (Gauss and Codazzi equations

Consider the exterior covariant derivative dV associated to the Levi-Civita connec-
tion V on CT'M, namely

(dV0)(X,Y) = Vx(T(Y)) = Vy(¥(X)) = ¥([X,V])

for all X, Y € I'(CTM).

Fix a local orthonormal frame (X;)?

=1

with coframe (6")"_,. We can see the
shape operator ¥ in coordinates:

U= R X = e X,
where W! € C®(U,C), with ¥ = ¥/, and ¥’ € Q'(CTM). Notice that
0(XG, ) = (U(X,), ) = (X, ) = Wlo7 = Wigl = (6.3)

We are ready to state the first part of an adapted version of Gauss-Codazzi
Theorem.

Theorem 6.3.1 (Gauss-Codazzi, first part). Let 0: M" — X,,11 be an admissible
immersion and g = o*(-,-) be the induced complex metric.

Let V be the Levi-Civita connection on M, RM the curvature tensor of g and
U the shape operator associated to o.

For any g-orthonormal frame (X;); with corresponding coframe (0%);, the fol-
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lowing equations hold:

DdvV¥ =0 (Codazzi equation); (6.4)

2 RM (X, X, ) — WA = 0 A G (Gauss equation,). (6.5)
Proof. In a neighbourhood U of a point p € M, fix a local normal vector field v.
Let Z € I'(CTU), let X(p),Y(p) € T,M and let X,Y € ['(TU) be local extensions
of X(p) and Y(p) such that [X,Y] = 0 (such extensions can be constructed through
a local chart).

By definition,
YVWwZ =VyZ +1(Z,Y),

hence, by second derivation,
vaYz - VXVYZ —I— v)((]:[(z, Y)V) -
= ViV Z + (X, Vy2)v + Vx(II(Z,Y)v) =

= ViVyZ + I(X, Vv 2)v + x(I(Z,Y))v + (Z,Y)Vyxv =
= ViVyZ — I(Z,Y)V(X) + (I(X, VyZ) + k(I(Z,Y)))v.

We compute R(X,Y)Z. Since [X, Y] = 0, we have
R(X,Y)Z =RM(X,Y)Z — g(¥(Y), Z)¥(X) + g(¥(X), Z)¥(Y)+

+ (u(x, Vv Z) + &(I(Z,Y)) — 1L(Y, Ve Z) — & (IL(Z, x))) .

Recall that R(X,Y)Z = o (RD(da(x), do(Y))da(Z)).
Also recall that by Lemma 3.2.2; for all V;, V5, V3 € T.X,, 11

RP(Vi,Va)Vs € Spanc(Vi, Va)

thus (R(X,Y)Z,v) = 0.
As a result, we have the equalities

(a) : (X, VyZ) + k(I(Z,Y)) — (Y, VxZ) — x(II(Z,X)) = 0;
(b): R(X,Y)Z = RM(X,Y)Z — g(¥(Y), Z)¥(X) + g(V(X), Z)¥(Y).

We deduce (6.4) from (a) and (6.5) from (b).
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By manipulation of (a), we get:

(X, Vy2)+0k(I(Z,Y)) — I(Y, Vi Z) — Oy(I1(Z,X)) =
= k(9(Z,¥(Y))) — g(VxZ,U(Y)) — o (9(Z,¥(X))) — g(VyZ, V(X)) =
= 9(Z,Vx(¥(Y))) — 9(Z, Vy(¥(X))) =
= g(Z,dV VU (X, Y));

since this holds for all Z in T'(CTM), d¥¥(X,Y) = 0 for all X,Y € T, M, hence
dVVU = 0.
In order to prove (6.5), observe that by C-linearity (b) is equivalent to

V:R(X,Y)Z = RM(X,Y)Z — g(U(Y), 2)U(X) + g(¥(X), Z)T(Y)

for all X,Y,7Z € I'(CTM).
Recalling Lemma 3.2.2 and equation (6.3), in the orthonormal frame (X;); we
have

R(X;, X, X, Xp) =RM(Xy, X, Xp, Xp)+
+ (W (X3), Xn)g(W(X;), Xi) — g(W(X;), Xn)g(¥(Xi), Xk),

so, by Equation (6.2)
—g(Xi, X0)g( X, Xp)+9(Xi, Xn)g(X;, Xi) = RM(X;, X5, Xpe, Xp)+H(UAW) (X, Xi)
and

—0' N0 = RM (X, X, -, ) — WP AW,

The proof follows.
O

For n = 2, the Gauss equation (6.5) can be written more simply. Fixed an or-
thonormal frame { X7, X5} on the surface M, the curvature tensor R is completely
determined by its value R(X7, X5, X1, Xs) which is the curvature of M. Similarly,
ULA U2 = (U703 — U200 A 62 = det(V)0' A 62, Therefore, equation (6.5) is
equivalent to

Gauss equation for surfaces in PSL(2, C): K — det(¥) = —1 (6.6)
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6.4 Integration of Gauss-Codazzi equations

The main aim of this section is to show that the converse of Theorem 6.3.1 is also
true for simply connected manifolds, in the way expressed in Theorem 6.4.2.
Let us first give a definition inspired from Theorem 6.3.1.

Definition 6.4.1. An immersion data for a smooth manifold M = M™ is a pair
(9, V) with g a complex metric and ¥ € I'(CTM ® CT*M) such that:

o V¥ =0, with V the Levi-Civita connection of ¢ ;

e for all g-orthonormal frame (X;)?_; with correspondent coframe (6°)7,

R(X;, X)) — VAW = g A G
with R the curvature tensor of g and the U7’s defined by ¥ = ¥’ @ X;.

Equivalently, we will say that (g, V) satisfy the Gauss-Codazzi equations, (i.e.
Equations (6.4), (6.5)).

Theorem 6.4.2 (Gauss-Codazzi, second part). Let M be a smooth simply connected
manifold of dimension n. Then, for all immersion data (g,V), there exists an
isometric immersion o: (M, g) — X, 11 with shape operator V.

Such o is unique up to post-composition with an element in Isomg(X,,11): i.e.,
if o’ is another isometric immersion with the same shape operator, there exists a
unique ¢ € Isomy(X,41) such that o'(z) = ¢ - o(x) for all x € M.

We state the case of surfaces in SL(2, C) as a corollary.

Corollary 6.4.3. Let S be a smooth simply connected surface. Consider a complex
metric g on S, with induced Levi-Civita connection V, and a g-self-adjoint bundle-
homorphism V. CTM — CTM.

The pair (g, V) satisfies

1)d¥¥ = 0; (6.7)
2)K = —1+det(V)

if and only if there exists an isometric immersion o: S — SL(2,C) whose corre-

sponding shape operator is V. Moreover, such o is unique up to post-composition
with elements in Isomo(SL(2,C)) = P(SL(2, C) x SL(2,C)).
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The proof of Theorem 6.4.2 will require some Lie theory.
Let G be a Lie group. Recall that the Maurer-Cartan form of G is the 1—form
we € QYG, Lie(G)) defined by

(we)g(9) = d(Lg)(9),

hence it is invariant by left translations. Moreover, the Maurer-Cartan form wg is
completely characterized as the unique solution to the differential equation

dw + [w,w] =0, w € QYG, Lie(@)).

The proofs of both existence and uniqueness of Theorem 6.4.2 are based on the
following result on Lie groups.

Lemma 6.4.4. Let M be a simply connected manifold and G be a Lie group.
Let w € Q' (M, Lie(GQ)).
Then
dw + [w,w] =0 (6.9)

if and only if there exists a smooth ®: M — G such that w = ®*wg, where wg
denotes the Maurer-Cartan form of G.
Moreover, such ® is unique up to post-composition with some Ly, g € G.

A proof of Lemma 6.4.4 follows by constructing a suitable Cartan connection
- depending on w - on the trivial principal bundle 7y,: M x G — M so that its
curvature being zero is equivalent to condition (6.9). In Chapter 7 we will prove
Proposition 7.2.1 which can be seen as a more general version of Lemma 6.4.4.

Lemma 6.4.4 provides a remarkable one-to-one correspondence between immer-
sions M — SO(n + 2,C) up to translations and elements in Q'(M,o(n + 2,C))
satisfying (6.9).

We start the proof of Theorem 6.4.2 providing a way, which will turn out to be
very useful for our pourposes, to construct (local) immersions into SO(n + 2,C)
from immersions into X, .

Let dim(M) = n and let o: (M, g) — X, 11 be an isometric immersion with
shape operator V.

Let (X;), be a local orthonormal frame for CI'M on some open subset U C
M and v be a normal vector field for the immersion ¢. Recalling that X,,;; C
C"*2 notice that (do(X}),...,do(X,),do(v(x)), —io(x)) is an orthonormal basis
for C*™2. Up to switching v with —v, we can assume that this basis of C"*2 lies in
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the same SO(n + 2, C)-orbit as the canonical basis (9, ..., 00 ,) of C"*2. Recall
that we defined
0
e= O = iv) 5 € Xpp1.

i
Given an immersion o: U — X1, we construct the smooth map
®: U — SO(n+2,C)
defined, for all x € U, by

O(x)(v;) = dpo(X5) i=1,...n
O (2)(vp11) = dgo(v), (6.10)
&(1) (1) = () (¢) = —io(x)

In the following, we denote by «, 3,7 indices in {1,...,n + 2} and by 4,j,k,h
indices in {1,...,n}
Let we be the Maurer-Cartan form for SO(n + 2, C) and define

we == P*wg € W(CTU,o(n+2,C)),

where we consider the canonical identification o(n + 2, C) = Skew(n + 2, C).
By definition of the Maurer-Cartan form, we satisfies

wa (2)(X) = d(Lg(,) © dP(X) = ®(z) ™" - (d.D(X))
We are now able to prove the following.

Proposition 6.4.5 (Uniqueness in Theorem 6.4.2). Let M be a connected smooth
manifold of dimension n. Let o,0": M — X, 11 be two admissible immersions of
a hypersurface with the same induced complex metric g = o*(-,-) = (¢')*(,-) and
the same shape operator W. Then, there ezists a unique ¢ € Isomg(X,,41) such that
o(x)=¢-o(x) for all x € M.

Proof. We first prove that ¢ is unique. Assume ¢ o 0 = ¢ o ¢ for some ¢, Py €
SO(n + 2,C), then, for any z € U, ¢, o ¢; coincides with the identity on
Spanc(o(x),do(T,M)) C C*"2? which is a complex vector subspace of dimension
(n + 1), therefore, since both ¢; and ¢, are orientation-preserving, we conclude
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that ¢ = ¢o.

We now prove that ¢ exists. Observe that it is enough to show that the state-
ment holds for any open subset of M that admits a global g-orthonormal frame,
then the thesis follows by the uniqueness of ¢ and by the fact that M is connected.
We therefore assume in the proof that M admits a global ortonormal frame without
loss of generality.

Consider an isometric immersion o: M — X,,;; with immersion data (g, ¥),
fix a g-frame (X;);, and construct the lifting ®: M — Isom(X,41) as in Equation
(6.10).

In order to prove the statement, it is enough to show that the form we de-
pends on ¢ only through g and W. Indeed, assume that o and ¢’ are two isometric
immersions with the same immersion data (g, V): the induced maps ®,®": M
G = SO(n + 2,C) would be such that ®*wg = (9’)*wg, hence, by Lemma 6.4.4,
there exists ¢ € SO(n + 2,C) such that ®'(z) = ¢ - &(x) for all z € M, hence

o'(x) =¢-o(x).

For a =1,...,n+ 2, define

Notice that i®, € X, for all o, and that ®3(x) € Tip, () Xnq1 for all o # § (see
Equation (6.10)). In particular, for 8 # n + 2, ®5 can be seen as a vector field on
X1 along o(U).

As usual, denote with 6} the Levi-Civita connection forms for (X;);",, so V.X; =
6! ® X;. Also recall the notation ¥ = ¥’ ® X.

We compute the form we explicitly using the extrinsic geometry of o. In the
following computations, elements such as wg(Y), ®(x), and (d,P)(Y) are to be seen

as matrices, while elements such as o(x) and (d,0)(Y) are to be seen as vectors.
Forallx e U and Y € T,U,

CI)(.I) wq’(Y) ’Ug = (dxCID)(Y) Ug = d:t ((I)() Ug) (Y) = (dxq)a)(Y)'
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In particular,

= —i(Y, Xp)vp = —i0*(Y)v)
k=1 k=1
We now compute wg -v}] with j = 1,...,n. Recall that the Levi-Civita connec-

tion on X,,.; C C"*? is the tangent component of the standard differentiation on
C"*? to deduce that

D(z) we(Y) v) = (d®;)(Y) = HP; =
= (dz0)(VyX;) + ((de®)(Y), py2) Do =
= (o) (VX)) + (Y, X,)dor () + {(ds5)(Y), @) =
= (d:0)(VyX;) + (Y, X;)do (v) = (P, (da®ni2) (Y)) Py =

= )y + (Y, X))@y + (P, do(Y)) Py o,
k
As a result,

we (Y)0) = 050) + T(Y, X001 +i(X;, Y)o) ., =
9k +\Ij]( ) n+1 +Z0]( )—n+2‘

We therefore have a complete description of we € ['(CTM,o0(n + 2,C)) =

Skew(n + 2,T(CTM)) in terms of g (and of the induced connection V) and ¥
only:

@ ol —ip!
We = wn —o" (6.11)
-yl —yn 0 0
N 1A 0 0
where © = (93)” The proof follows. ]

Corollary 6.4.6. Let o,0": (M™,g) — X411 be two isometric immersions with the
same shape operator ¥. Assume o(x) = o'(x) and d,o = d,0’, then o0 = o’.
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Proof. By Proposition 6.4.5, there exists ¢ € SO(n + 2,C) such that ¢ oo = o’.
Since there exists at most one matrix in SO(n + 2, C) sending n + 1 given vectors
in C"*2 into other n + 1 given vectors, we have do(s)¢ = id, hence ¢ = id. O

We are finally able to prove existence.

Proof of Existence in Theorem 6.4.2. We prove the statement in two steps.

Step 1. Assume M = U is such that there exists a globally defined g-orthonormal
frame (X;)" , in CTU with dual frame (6");.

Our aim is to construct a suitable form w € QY(U, o(n + 2, C)) satisfying (6.9)
in order to be able to apply Lemma 6.4.4 to obtain an immersion ®: U — SO(n +
2,C). Then, drawing inspiration from Equations (6.10), we will prove that the
immersion o(z) = i®(x) - v, ., into X, 1, satisfied the expected conditions.

Let © = (}) be the skew-symmetric matrix of the Levi-Civita connection forms
for (X;); and recall the notation ¥ = ¥ @ X; = \IJ; ¢’ ® X;. Also define

Pl 01

2 2

V= v and 0 := 0
pn o

Equation (6.11) in the proof of Proposition 6.4.5 suggests to define a form
w € QYU,0(n+2,C)) as

@ vl —ipt

w = un —ggn
-yl —yn 0 0
U1/ U 17 0 0

We want to prove that dw + [w,w] = 0.

By the explicit computation, we get that

dO+OANO —UANTU+OA ) dVU+OAT —idd —iO A6
dw + [w,w]| = —d¥ —O AT 0 TUAG
itdf +i'0 N © it N W 0

We now observe the following.
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e By definition of the Levi-Civita connection forms,
d¢’ + 05 N ¢ =0,
hence df + © AN 0 = 0.

e Since ¥ is symmetric, we have

Ny A= Zqﬂemek
7.k

e Expanding dV¥, one gets

g((dV)(Xi, X;), Xn) =(Vx, (WH(X;) X), Xn) —
= (Vx, U (X0) X, X)) — OM([X3, X)) =
=X; (V" (X;)) + UF(X;) 00 (X)) —
— X;(UM(X,)) = UR(XG)60:(X;) — (X, X)) =
=(d¥")(X;, X;) + (© A W) P (X, X).

which leads to the standard formula
AV =d¥ +O AT,
(see also | |). Thus, by Codazzi equation,

AV +0 AT =0
e By a straightforward computation
doi +Y 0, N0 = R(X;, X)),
t
Now use Gauss equation to get

doi+> 0L N0 — ' AT+ 0 NG =0
k

foralli,j =1,...,n, ie.

dO+ONO —UANT+HA 9 =0.
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We can finally conclude that dw + [w,w] = 0.

By Lemma 6.4.4 there exists ®: U — SO(n + 2,C) such that w = we = P*wg
where wg is the Maurer-Cartan form of SO(n + 2, C).

Define 0: M — X, 11 as o(z) := ®(x) - e = i®(z)v),,.

Now, we note that the way w is defined allows exactly to compute the following:

4e0(X)) = i(da(®()084)) () = i(dB)(X;) 08y =
= i0(2) W(X;) ) = 0°(X) B(2) of = D(2)es.

We conclude that o is an immersion at every point and that it is an isometric im-
mersion since its differential sends an orthonormal basis into orthonormal vectors.

Observe that this construction is in fact inverse to construction (6.10), i.e. ®
is the map one gets if they started from the immersion ¢ in the first place. By
the proof of Lemma 6.4.4, one gets that the penultimate column of w = ®*wg
has as non-zero entries the components of the shape operator w.r.t. the frame
(X1,...,X,), hence ¥ is the shape operator of o.

Step 2. We extend the result for simply connected manifold M with immersion
data (g, V). We will say that an open subset of M is immersible if it admits a
g-isometric immersion into X,,.; with shape operator .

Fix a point x € M and an immersible open neighbourhood U, of x and an
isometric immersion oy: Uy — X, 1. In fact, one can just fix the germ of an
immersion.

For any y € M, let a: [0, 1] — M be a simple path connecting z to y. Consider
a collection of open subsets {U;}7, of X,, 1 with the property of being a good cover
for ([0, 1]), i.e. such that:

- a([0,1]) c UL, Uss
_ U; is immersible for all ¢;

_ a }(U;) is a connected interval;

- UinU;Nna(0,1]) # O iff |i — j| <1 and U; NUj is either empty or connected
for all ¢, j.

By Corollary 6.4.6, we can construct a unique family {o;}, such that o;: U; —
X418 an isometric immersion and o;jy,qy, , = Ti1 |0, foralli=1,...m.
We prove that the germ of o, around y does not depend on the choice of the

good cover for a. Let {U/}""

1}iko, with Uy = Uy, be another good cover for o with
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associated set of immersions {0’ }2_,, with oy = 0. For all i € {0,...,m} and
J€10,...,p}, UsnU;Na([0,1]) is either empty or connected, since it is the image
of a connected interval; we define C; ; as the connected component of U; U} which
intersects «/([0, 1]).

By contradiction, assume that (i, jo) € {0,...,m} x {0,...,p} is such that
Ui, NUj, Na(I) # 0 and such that o;, and o} do not coincide over Cj, j,; also
pick (io, jo) so that this does not hold for any other couple (i,j) with i < ig and
J < jo. One can see (because of the topology of [0, 1]) that, for such (i, jo), either
Uie-1 NU, NUS # 0 or Ui N U, NUj, # 0; assume the former without loss
of generality. Then, by minimality o4, and o}, coincide over Cj, 4 j,, while by
construction o;,_1 and oy, coincide over U;, NU;,_1: as a result o;, and 0}0 coincide
on Cj, j, NU;, NU;,—1 which is nonempty, hence they coincide on Cj, ;, by Corollary
6.4.6, which is a contradiction.

Finally, we use the simply-connectedness of M to prove that the germ of o,
over y does not depend on the path « either. Indeed, any two paths from z to y
are linked by some homotopy H: [0,1] x [0,1] — M; by compactness, it is clear
that if {U;}7, is a good cover for the path oy := H(t,-), then there exists ¢, such
that {U;}; is a good cover for a; for all |s — t| < ¢; as a result, the function that
assigns to each time ¢ € [0,1] the germ of the corresponding !, in ¢ constructed
via a4 is locally constant, hence constant.

We can therefore extend o( to an isometric immersion o: M — X, 1. O

Remark 6.4.7. Let M be a manifold with immersion data (g, V) satisfying the
Gauss-Codazzi equation.

Consider its universal cover (M, §), over which (M) acts by isometries, and
the lifting U of W, which is 71 (M )-invariant; by the previous result, there exists
an isometric immersion N

o: (M,q) = X

with shape operator \Tl, unique up to an ambient isometry. It is now trivial to
check that o is (w1 (M), SO(n + 2,C))-equivariant. Indeed, for all a € (M),
0 o «v is a new isometric embedding with shape operator W, hence, by uniqueness
of Theorem 6.4.2. there exists a unique element mon(«) € SO(n + 2, C) such that

ooa=mon(a)oo.
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6.5 Totally geodesic hypersurfaces in X,

A particular case of immersions M — X,,,1 is given by totally geodesic immersions,
namely immersions with ¥ = 0. The study of this case leads to several interesting
results.

Lemma 6.5.1. If g is a complex metric on a smooth manifold M with constant
sectional curvature k € C, then, for any X,Y,Z, W € I'(CTM),

R(X,Y, Z,W) = k((X, Z)(Y, W) = (Y, 2){X, W)).

In particular, R(X,Y)Z € Spanc(X,Y).
Proof. The proof is exactly as in Lemma 3.2.2. ]

Theorem 6.5.2. Let M be a smooth manifold of dimension n.
Then, g is a complex metric for M with constant sectional curvature —1 if and
only if there exists an isometric immersion

which is unique up to post-composition with elements in Isom(X,,) and therefore
is (m(M),O(n + 1, C))-equivariant.

Proof. Let 1: C"™! — C"*2 be the immersion (21, ... 2,41) = (21, -, 2nt1,0).

Assume there exists an isometric immersion o: (M, g) — X, then the map
G=100: (M,g) = X,;1 is an isometric immersion as well, and it has 7*v) " as
a global normal vector field. The induced shape operator is therefore

U = V(e vyt?) = 0.

By Gauss equation, this means that, for every local orthonormal frame (X;);,
R(X;, X;, X;, X;) = —1, i.e. (M, g) has constant sectional curvature —1.

Conversely, assume (M, g) has constant sectional curvature —1. Then, by tak-
ing U = 0, the couple (g, ¥) trivially satisfies the Codazzi Equation (6.4), and, by
the previous lemma, we have R(X;, X;,-,-) = —0' A6, so the Gauss equation holds
as well. By Theorem 6.4.2, there exists an isometric 7 (M )-equivariant immersion
g: (M, g) = X,11.

Let v = 7*14 be a normal local vector field w.r.t. &, with vy(z) € To) X1
Let v(t) be a curve on M with v(0) = x over which v((y(t))) =: v(t) is well-defined.
Also denote vy(t) = da(v(t)).
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Since 1 is unitary it turns out that 74 is orthogonal to ry. On the other
hand, differentiating 0 = (14(t),@(7(t))) and using that vy is orthogonal to da (),
we deduce that g is orthogonal to the vector & (y(t)). Thus 14 is contained in
da(CTM), and

vy =do(Dyv) = —da(V(§)) = 0.

We conclude that (t) = 0, hence 1y is a constant vector and I'm(7) C v3-. Up
to composition with elements in SO(n + 2,C), we can assume vy = (0,...,0,1),
so Im(o) C X,,.

Finally, an isometric immersion of (M ,g) in X, is unique up to composition
with elements in SO(n + 2, C) that stabilize X,,, namely up to elements in O(n +
1,C). 0

Remark 6.5.3. By Theorem 6.5.2, every pseudo-Riemannian space form of constant

curvature —1 of dimension n admits an essentially unique isometric immersion into
X

An interesting case we are going to treat in Chapter 8 is the case n = 2. In
this setting, the previous theorem can be stated in the following way.

Proposition 6.5.4. Let (S, g) be a surface equipped with a complex metric, denote
with (S,q) the universal covering. Then:

e (S,g) has constant curvature —1 if and only if there exists an isometric
1MMErsion

4
——dzd
(21_22)2 21 22)

o= (f1,f): (5,5) = G = (CP' x CP'\ A, —

which is (m1(S), Isom(G))-equivariant. In particular, g induces a monodromy
map

mong: m(S) — PSL(2,C) x Zs
defined up to conjugation. Being o admissible, the maps f;: S — CP! are

such that rk(df;) > 1.

e By composing with some affine chart (U x U\ A,z x z) of G, a complex
metric g with constant curvature —1 can be locally expressed as

4

g=- (fr — f2)? df1df2
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e The maps f1, fa are local diffeomorphisms if and only if no real vector X €
TS\ {0} is isotropic for g = o*(-,-) = (f1, f2)" (-, ).

Proof. We only need to prove the last part of the proposition. There exists X € T,.S
such that ¢g(X,X) = 0 if and only if dfi(X) - df2(X) = 0 for some v, which holds if
and only if one between f; and f; is not a local diffeomorphism. m

Example 6.5.5. The hyperbolic plane H? in the upper half-plane model admits the
isometric immersion z — (z,%) into G as described in the proof of Theorem 5.3.1.
Consider the immersion of S? given by

(fi.f2): ?~C -G

1
— (2, —=
2 (2 —2)

which in fact embeds S? into the graph of the antipodal map. The pull-back metric
is given by
(f1, f2)" () = —mdzdz
which coincides with the negative definite space form of curvature —1, namely
—52, the sphere equipped with the opposite of the standard elliptic metric.
Another example is given by the 2-dimensional Anti-de Sitter space AdS? which
is isometric to S x ST\ A C G.

6.6 Connections with immersions into pseudo-Riemannian

space forms

Recall that in Section 2.2 we defined F™']"™ as the pseudo-Riemannian space
form of dimension n := m; + my, constant sectional curvature —1 and signature
(m1, m2). From now on, let us denote ™2 ;= ™2,

As we already observed in Remark 6.5.3, there exists a unique isometric im-
mersion of F™™2 into X,, up to composition with ambient isometries; moreover,
we constructed in 1.6 an explicit isometric immersion ¢: F™1™2 — X,,.

As we mentioned in Section 2.3, there exists a general theory of immersions of
hypersurfaces into F™"2 leading to the Gauss-Codazzi Theorem 2.3.1. By com-
position with the isometric immersion ¢: ™2 — X,,, one can see an immersion
o into F™"™2 as an immersion ¢ = ¢ o ¢ into X,, and, in a sense, the extrinsic
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geometry of the latter extends the one of the former. Let us look at this with more
attention.

e The map dv induces a canonical bundle inclusion of o*TTF™™2 into 7" TX,,:
in fact, since Spanc(do(T,F™"?)) = T, X, one has

" TF™ ™ @p C = ¢*'TX,,.
Since ¢ is isometric, the pull-back Levi-Civita connections coincide on o*TTF™ ™2,

o Let g =37%(,")x, = 0"(, )my.my- Recall that in Section 2.3 we distinguished
cases (a) and (b) according to the signature of g, respectively of type (m; —
1,ms) or (my,mg — 1). A local normal vector field v has squared norm +1
in case (a) and squared norm —1 in case (b).

Observe that in case (a), di(v) =: V' is a normal vector field for 7. Similarly,
in case (b), i(dt)(v) =: v/ is norm-1 and is a normal vector field for @.

e The exterior derivative of the local normal vector field defines a shape oper-
ator B, which coincides to the shape operator ¥ induced by & in case (a),
and which satisfies U = iB in case (b).

e Recall Theorem 2.3.1 and the notation § = —1 in case (a) and § = +1 in
case (b).

If o: M — F™ ™2 is an admissible immersion with pull-back metric I and
shape operator B, then 7: M — X, is an admissible immersion with im-
mersion data (g, V) = (g,0B). On the other hand, the data (g, V) uniquely
determines the immersion of M into X, up to ambient isometry. Since also ¢
is the unique isometric immersion of F™1"™2 into X,, up to ambient isometry,

one can conclude the following.

Theorem 6.6.1. Let M = M", (g, V) be immersion data for a m (M)-equivariant
immersion of M into Xpp1. Assume that g is real, namely that g|ry is pseudo-
Riemannian, and has signature (my, ms), with my + my = n.

Then, if ¥ is real, i.e. if ¥ restricts to a bundle homomorphism V: TM —
TM, there exists an isometric m (M)-equivariant immersion o : M — X, such
that o(M) C ((Fm+Lms),

Simz’larlygif iV is real, then there exists an isometric m (M )-equivariant im-

mersion o: M — X,, such that (M) C ((Fmtm2+l),



Chapter 6. Immersed hypersurfaces in X,,;1 104

Let us state, as a corollary, how the last theorem can be restated for immersions
into SL(2, C).

Theorem 6.6.2. Let 0: S — SL(2,C) be an admissible immersion with pull-back
metric g and shape operator W.

o 0(S) is contained in the image of an isometric embedding of H? if and only
if g is Riemannian and V is real.

e 0(S) is contained in the image of an isometric embedding of AdS® if and
only if either g is Riemannian and iV is real, or if g has signature (1,1) and
U is real.

e 0(S) is contained in the image of an isometric embedding of —dS® if and
only if either g has signature (1,1) and iV is real, or if g is negative definite
and ¥ s real.

e 0(9) is contained in the image of an isometric embedding of —S> if and only
if g is negative definite and iV is real.

6.7 From immersions into H°® to immersions into G

Given o: S — H3 a 7 (S)-equivariant immersion with corresponding immersion
data (I, B) on S and normal field v, one can define the immersion

G,: S =G

where G,(z) is the oriented maximal geodesic of H® tangent to v(x). In the
identification G = CP! x CP!' \ A, one has G, = (G}, G,) corresponding to the
endpoints of the geodesic rays starting at o(z) with tangent directions respectively
v(xz) and —v(z). We will call G, the Gauss map of 0. We notice that the map G,
is 71 (.5)-equivariant with the same monodromy as o.

We will extensively discuss Gauss maps of hypersurfaces in Part I11. We an-
ticipate the discussion here in order to get several examples of immersions into
G = X,, and, as a consequence, of complex metrics of constant curvature —1 on
surfaces.

The aim of this section is to prove the following formula for the pull-back metric
for G.
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Proposition 6.7.1. Let J be the complex structure induced by h and inducing the
same orientation as v. Under the notations above, the pull-back h = Gi{(-, )¢
descends to the complex bilinear form on CTS defined by

h=1((id — iJB)-, (id — iJB)-) =
=1-1(B-,B-) +il((JB — BJ)-,")

which is non degenerate (i.e. a complex metric) in x if and only if Ki(x) #0

In order to prove the proposition, we regard @ as the composition of the map
¢, = (0,v) : § — T'H? with the natural projection p : T*H? — G that sends each
vector to the unique tangent geodesic.

First of all, recall that in Section 5.1 we observed that the tangent space to
T(x0)(T'H?) is naturally identified with T,H? & v+ = H & V°. Under this decom-
position, one has that for a given path a : (—e,¢) — T'H?, which can be written
as a(t) = (x(t),v(t)) with v(t) being a unit vector field along the path x(t), the

identification is given by
Dv
v(0) = ((0), —(0)).
6(0) = (#(0), 2°(0))

Note that, since v is unitary, by differentiating (v(t), v(¢))ms = 1 one gets that the
vector %(O) is orthogonal to v, so the correspondence is well-posed.

Lemma 6.7.2. Under the above identification, for any p € S and X € Tpg we have
(dpGs)(X) = (X, =B(X)).

Proof. The proof is trivial by definition of the shape operator. Also see the proof

of Proposition 9. O]

Lemma 6.7.3. Let us fiz (z,v) € T'H? and wy,wy € v*. Then

<(d(’£,v)p) (w1, wa),(d(zvp) (W1, wa) >G =

(wy, w1 )gs — (wa, wa)ps + 1((wy, v X wa)gs — (Wa, v X W1 )ys),

where X is the vector product on TH?.

Proof. We consider the half-space model of H* = CxR™. Set z = (0,1) and, in the
identification T,H?® = CxR, set v = (1,0). As aresult, v = Spang((i,0), (0,1)) <
T,H?, we can canonically see OH? = C and p(z,v) = (1, —1). The tangent space
T(1,-1)G can be trivially identified with 7'C x T_;C = C x C.
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Let us consider the following 1-parameter groups of isometries of H?

a(t) =exp(tV), b(t) = exp(itV),
c(t) = exp(tW), d(t) = exp(itW).

where V., W € sl(2, C) are defined as V' = (1(/)2 _?/2), and W = (Z?2 _6/2).

Notice that a(t) and ¢(t) are groups of hyperbolic transformations with axis
respectively (0, 00) and (i, —i). On the other hand, b(t) and d(t) are pure rotations
around the corresponding axes. We have chosen the normalization so that the
translation lengths of a(t) and ¢(t) equal ¢, and so that the rotation angle of b(¢)
and d(t) is t. Observe that x lies on all the axes of a(t), b(t), c(t), d(t).

It follows that ¢ — a(t) - v is a parallel vector field along the axis of a(t), so the
derivative of a(t) - (x,v) corresponds under the natural identification to the vector
((0,1),(0,0)). On the other hand, the variation of the endpoints of the family of
geodesics a(t) - (—=1,1) € G is given by (—1,1) € T(_1,1yG. Using that the map p
is equivariant under the action of PSL(2, C), we conclude that

d(%v)p((oa 1)7 (07 0)) = (—1, 1) .

In the same fashion, using ¢(t) we deduce that

d(z0p((—4,0), (0,0)) = (—i, —i) .

On the other side, b(t) - x = z for all ¢, therefore one can explcitly compute
that
b(t) - v = (db(t))(v) = cost v +sint (0,1) x v € T,H?.

It follows that the derivative at ¢ = 0 of b(t) - (z,v) corresponds to ((0,0), (z,0)).
We conclude as above that

d(ﬂfﬂ))p((ov 0)7 <i7 0)) = (_iv 2)
and analogously for d(t) we get

d(x,v)p(((), 0)7 <07 1)) = (1, 1)
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Finally, we can explcitly compute
d(x’v)pr@vL: UJ' ©® UJ' = (ZR X R+) X (ZR X R+) — T(l,fl)G =2CxC

dp((iev, B), (i7,0)) = ((6 = B) + ila =), (6 + ) +i(a +7)). (6.12)

Using the description of the metric as in Equation 5.20, we get that

: : 2 6 =B)Fila =N+ P) +ila+7))] _
ldp((ie, 8) (7, )2 = 4 e
=’ + 32— =6 - 2i(ad — By) =

= ||icv, B)II* = Iy, O)II* + 2i((ix, B), (1,0) x (i, 6))) s

and the thesis follows. O]

Proof of Proposition 6.7.1. The proof follows directly by Lemmas 6.7.2 and 6.7.3.

If (X1,X5), with Xy = JX; is a [-orthonormal frame of eigenvectors for B,
with corresponding eigenvalues A; and Ay respectively, the pull-back bilinear form
via GG, is described by

1A (A — )
h 1
H (z’(Al ) 1A

whose determinant is (1 — A\;A\2)%: hence, by Gauss equation, I is a complex metric
at x if and only if Kj(z) # 0. O



Chapter 7

Holomorphic dependence on the
immersion data

7.1 The main result

In this chapter we discuss holomorphic dependence on the immersion data for
immersions into X,,;; and their monodromy.

Given a smooth manifold M of dimension n and any point p € M, CI,,M is a
complex vector space and provides a natural complex structure to the manifolds
CIy M, Sme(CT;M) and End(CT,M) = CI,M @ CT;M.

Definition 7.1.1. Given a complex manifold A, we will say that a family of im-
mersion data {(gx, V) }rea for m (M )-equivariant immersions of M into X, is
holomorphic if, for all p € M, the maps

A — Sym*(CT; M)

A () (7.1)

and

A — End(CT,M)

(7.2)
are both holomorphic in \.

We remark that this definition does not require any complex structure on M.
This section is devoted to the proof of the following theorem.



Chapter 7. Holomorphic dependence on the immersion data 109

Theorem 7.1.2. Let A be a simply connected complex manifold and M be a smooth
manifold of dimension n.

Let {(gx, ¥x) }rea be a holomorphic family of immersion data for mi (M )-equivariant
immersions M — Xot1. Then there exists a smooth map

0:AxM—>Xn+1

such that, for all N € A and p € M:

e 0y, :=0(A): M — X141 18 an admissible immersion with immersion data
(g)m \Ijk);

e o(-,p): A — X, 11 is holomorphic.

Moreover, for all o € wi (M), the monodromy map evaluated in o

A = SO(n +2,C)

A = mon(oy)(a)

s holomorphic.
We state as a Corollary the analogous result for immersions M" — X,

Corollary 7.1.3. Let A be a simply connected complex manifold, and M be a smooth
manifold of dimension n. If {gx}» is a family of complex metrics of constant sec-
tional curvature —1 which is holomorphic in A (namely if the function in Equation
7.1 is holomorphic), then there exists a smooth map

OZAXM—)Xn

such that o(),-) is m (M)-equivariant with pull-back metric gy for all X\ € A, and
such that o(-,p) is holomorphic for all p € M.
Moreover, the monodromy of o(X,-) is holomorphic in \.

Example 7.1.4. Let h be a hyperbolic metric on a closed surface S and let b: T'S —
TS be a h-self-adjoint (1,1)-form such that dV*b = 0 and det(h) = 1; one may
choose for instance b = id. Then, the family {(g,, ¥.)}.cc defined by

g. = cosh?(2)h;
U, = — tanh(2)b
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is a holomorphic family of 7 (S)-equivariant immersion data for constant curvature
immersions S — SL(2, C), with K, = —5=7. Observe that z € R corresponds
to an immersion data into H?, while z € iR corresponds to an immersion data into

AdS? by Theorem 6.6.1.
By Theorem 7.1.2, there exists a family of immersions o,: S — SL(2, C) with
data (g,, ¥.) whose monodromy is a holomorphic function in z.

7.2 Some Lie Theory lemmas

We start the proof of Theorem 7.1.2.
A great part of the proof of this result is a matter of integrating a distribution
on a manifold. We start from a technical result which extends Lemma 6.4.4.

Proposition 7.2.1. Let M and A be two simply connected manifolds, G a Lie group
with Lie algebra g.
Consider a smooth family of forms {wy}rea C QY(M, g), namely a smooth map
A — QY M, g).
The following are equivalent:
o forall A€ A
dwy + [wy, wy] = 0; (7.3)

e there exists a smooth map ®: A x M — G such that, for all A € A,
(DO, ) w = wn, (7.4)

where wg is the Maurer-Cartan form of G.

Moreover, both ® and @' satisfy equation (7.4) if and only if

for some smooth ¥: A — G.

In other words, for every fixed pg € M, smooth iy: A — G and for every smooth
collection of g-valued 1-forms {wx}ren, there ezists a unique : A x M — G such
that

{ wy = P(\, ) we
(A, po) = 1ho(A)
For A = {pt} one has Lemma 6.4./.
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Proof. 1t is clear by the differential equation of the Maurer-Cartan form that Equa-
tion (7.4) in the latter statement implies Equation (7.3) in the former one. We
prove the opposite implication.

Endow the trivial bundles maxp: AX M xG - AxMand 7y M xG— M
with the natural left action of G given by left translations on the last component.
Also let mg: M x G — G denote the standard projection.

On the tangent bundle of Ax M x G, let D = {D) p ¢) }(rp,g) be the distribution

DO\PQ {<)‘ p7 ) € T()\,p,g) (A X M X G) | w)\(]j) = CUG(Q)} = T()\,p,g)A b D(())\,p,g)'
(7.5)
where
Dy pgy = £00,5,9) € Topgh x M x G | wa(p) = wa()},

Both D and D? are invariant under the left action of G because the Maurer-Cartan
form on G is left invariant.

Step 1. We prove that the distribution D° is integrable.
For all A € A, consider on M x G the g-valued form

WOy = Tewa — Thyws € QY(M x G, g).

Clearly, defining for all A € A the map ¢y: M x G — A x M x G as the
inclusion (p, g) — (A, p, g), then

= U d(1\) (Ker(@,)).

Now, for all X, Y € I'(Ker(w,)), one has
dBA(X,Y) = X(B(Y)) = Y (@(X)) = Ba([X, Y]) = —Gx([X, V1),
therefore

dioN(X,Y) = dwe(dra(X), dra(Y)) — dw(dmy(X), dmy (V) =
—lwa(dme (X)), waldra(Y))] + [wa(dma (X)), wx(dmu (V)] =
—lwa(dme (X)), waldra(Y)] + [wa(dr (X)), wa(dra(Y))] = 0

so [X,Y] € Ker(w,): by Frobenius Theorem, the distribution Ker(w,) is
integrable, call Fy the integral foliation. As a result, D is integrable with
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Step 2.

Step 3.

integral foliation

U L,\(F)\).

AEA

The distribution D is integrable.

Recall that D = TA @ D° and that D° is integrable. Then, clearly, for all
X1,Y1 € T(TA) and X5, Y, € T'(DY),

(X1, X5), (Y1, Y2)] = ([X1, Y1), [ X2, Ya]) € D(TA) @ T(D°) = I(D)

and the integrability of D follows by Frobenius Theorem. Denote with F
the integral foliation.

Each leaf of F projects diffeomorphically onto A x M.

Since the distribution D on A x M x G is invariant under the left action of
G, G has a well-posed left action on the foliation, namely, given a maximal
leaf ¥ € F passing by the point (Ao, po, go), Ly(X) = ¢ - ¥ is the maximal
leaf passing by the point (Ao, po, 990)-

Since wg(g) = 0 if and only if ¢ = 0, by Equation (7.5) the fibers of ma s are
transverse to the distribution D, hence transverse to any maximal leaf of F.
As a result, for each leaf ¥ € F, the projection map (maxn)is: 2 = A x M
is a local diffeomorphism.

We show that it is also a proper map. Assume {(A,,Pn,0n)}n C X is a
sequence such that (\,, p,) € Ax M converges to some (p, A) in A x M, then,
for any choice of § € G, the maximal leaf 3 passing by (), p, §) projects via
a local diffeomorphism to A x M: so there exists g such that (A, pn, §gn) €
>’ definitely for n, therefore ¥ = §'3 and the sequence Ay Pnygn) € X
converges in ¥ to (A, p, g7 19).

Since (maxar)js: X — A x M is a local diffeomorphism and a proper map, it
is a covering map, hence a diffeomorphism being M simply connected.

For any fixed leaf > € F, one can finally conclude that the map

(1):7TG0<7TAXM)_ZIIAXM—>G

is smooth and such that ¥ = Graph(®), therefore

F={g- E}QEG ={g- Graph(q))}geG = {Graph(Lg ° (P)}QGG'
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As a result, for all (;\,p) € TirpA x M, one has that
wa(p) = wa(d(A, p)),

in particular,

wA(p) = wa (d®(0, p)) = wa(d(B(A, ) (P))-

We prove uniqueness.
Assume @1, Py: A x M — G both satisfy

(q)l(/\u '))*wG - (CI)2()‘a '))*W)\
for all A € A, i.e.

wi(P) = wa(d(P1(A,+)(P)) = weld(P2(A, ) ().

Then, the graphs of ®;(A,-) and ®5(A,-) are both integral manifolds for the dis-
tribution D°. As a result, since D° is left invariant, for each A\ € A there exists
() € G such that

for all p € M. A posteriori, ¥ is smooth. O]

With the same notations as in the previous theorem, let {wy}rea C QY(M, g)
be a smooth family of g-valued 1-forms, fix pg € M and let e € G be the unity.
Let ®: A x M — G be such that

(7.6)

for all .

Denote @) = ®(\,-): M — G.

The following technical Lemma will be useful to compute the derivatives of ®
with respect to the parameter \.

Lemma 7.2.2. With the above notation, assume (7.6) holds. Let Aoy € A and
A€ Ty A.
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The Cauchy problem

{ df = Ad(®y,) 0 (dwa(-)): TM — g (7.7)

f(po) =0

with unknown quantity f: M — g has

fp) = 95(2(-,p) - (2(No,p)) ")
as unique solution.

Proof. Assume f; and fy are both solutions to (7.7), then d(f; — f2) = 0, hence
fi — f2 is a constant, and fi(pg) = f2(po), hence f; = fo. This proves uniqueness.
Define £ : A x M — G as

ENp) = &(p) = PN, p)(P(Xo, p) " (7.8)

We need to prove that 05§: M — g satisfies (7.7).
Clearly, (Ao, -) = &(+, po) = e, therefore 05¢(po) = 0.
Differentiating

Da(p) = &x(p) - P, (p)-

one gets

dp(®x) = d(Lerp)) © dp( o) + d(R%O(p)) o dy(€r)
Recalling that wg is left-invariant, we deduce that the w)’s satisfy
wr = Wy, = B3(w6) — way = B, (W) + (60" (Ad(@r, (1) ) (war) ) — wn, =
= B, (wa) + Ad(@x (1)) (6 (wa)) —wn = (T.9)

= Ad(®, () ) ((62)" (we) ).

We will deduce the first equation of (7.7) with f = 05¢ by differentiating Equation
(7.9) in the direction .

In order to properly differentiate the RHS of Equation (7.9), we need to extend
¢ to

ZAXMXxG—MxG
<)\7P7g) = (p7 g€(>\7p))7
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so that Z(\, -, ) can be seen as a family of diffecomorphisms of M x G depending
on A.

Clearly (A, p,e) = (p,&\(p)) and

satifies

hence, defining @ := 7 (wg),

G(052) = O5¢ . (7.10)

We are finally able to differentiate Equation (7.9).
Let jo: M — M x G be the section j.(p) = (p, €), hence m7g o Zo j. = £. Then,
by Equation (7.10), the derivative of Equation (7.9) in the direction A gives

O = Ad( (@5, (p) ") (72 (Log= @) (7.11)

where L is the Lie derivative.
Recalling the properties of the Lie derivative with respect to differentiation and
contraction, for all p € TM,

i Loz B)(P) = (Lo= ©) (5, 0) =
= dw(05E, (p,0)) + d(@(3;2)) ((p, 0)) =
= dwg(05€,0) + d( 958)(p) =
= d(958)(p)-

From the last equation and (7.11), the thesis follows. O

7.3 Proof of Theorem 7.1.2

We are now able to discuss the holomorphic dependence on the immersion data
for immersions into X, 1.

Proof of Theorem 7.1.2. We prove that for all (Ao, pg) € AXx M there exists an open
neighbourhood U x V and a o: U x V — X,,;; as in the statement of Theorem
7.1.2 and that, for any other ¢’ satisfying the thesis like o, o/(\, p) = @(X) oo (A, p)
with ¢: U +— Isom(X,,) holomorphic. Then, since M x A is simply connected, the
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proof of the Theorem follows by the standard analytic continuation method as in
"Step 27 of the proof of Theorem 6.4.2.

Choose the neighbourhood U x V' so that there exists on V' a g),-orthonormal
frame (Xi,...X,), then the Gram-Schmidt algorithm applies on U x V to this
frame in order to have for all A € U a gy-orthonormal frame (ey,y,...,e,n) on V
in the form

ei;A(p) = Z sz ()‘7 p)Xj (p)

where

T =(T7);: UxV — Mat(n,C)

is such that T'(-, p) is holomorphic for all p € V. Define {64}, as the dual coframe.
Both the e;,’s and the 6}’s are (pointwise) holomorphic in A.

We recall the steps in the construction of the immersions from the immer-
sion data, as we showed in Section 6.4, and show the holomorphic dependence is
preserved at each step.

e From (gy, V), locally construct the form wy € Q'(V,o(n + 2,C))

—Wl —ifs

O

wy = —Ur —ify
vl wn 0 0
0y ... 0} 0 0

where (63)i-, is the dual of (esn)i;, ©x = (6).,);=; is the matrix of the

Levi-Civita connection forms w.r.t. the 65’s and ¥ = ¥} ® e;.,.
Let us show that the map A — w, is holomorphic in .

One can easily check in coordinate charts that the df%’s are holomorphic in
A. Defining
o' =: o ;07 N 6",

the coefficients oz§- xS are holomorphic in A, hence, since one can straight-
forwardly show that
i i J
ek;)\ T _aj,k;AQ )

we conclude that ©), is holomorphic in \; finally, the ¥’s are holomorphic
in A\ since ¥y = \Iff\ ®@ €j:x.



Chapter 7. Holomorphic dependence on the immersion data 117

e Up to shrinking U and V', assume they are simply connected. By Proposi-
tion 7.2.1, there exists a smooth map ®: U x V' — SO(n + 2,C) such that
O(-,pg) = e and ®(A, -)*wg = wy where wg is the Maurer-Cartan form of G.
We prove that ® is holomorphic w.r.t. A.

Define ¢ as in Equation (7.8). For all A € T),A, using Lemma 7.2.2 and the
fact that the wy’s vary in a holomorphic way in A, one has

d(az)f) = Ad(q))\o) ©] GAw = Ad(q))\o) o (Z'a/'\w) =1 d(aAf)

As a result, both 0,;€ and i0;¢ solve the Cauchy problem (7.7) for i\, hence
they coincide.

By (7.8), one has that for all p € V and A € U

(032)(A0: p) = d(La(r))((036) (Ao, p)) = d(La(20))(1(058) (Ao, p)) =
= 1(05®) (Ao, p).

e By the proof of Theorem 6.4.2, defining the map
o:UXxV =X,

by

O-()‘vp) = CI)<)‘7p> 6,
one has that o(),-) : V. — X1 is an immersion with immersion data
(gx, ¥y). Finally, o is holomorphic with respect to A since ® is.

e By Theorem 6.4.2, if ¢’ satisfies the statement of Theorem 7.1.2 like o, then
' (A, p) = ¢(A) - (A, p) for a unique function ¢: U — Isomy(X,) = SO(n +
2,C).

We prove that ¢ is holomorphic.

Fix p € V and a basis Xj,...,X,, € T,V. Then, the functions A, A": U —
GL(n + 2,C) defined by

AN = (dp(aX NEXD) |- | dp(oN)(Xn) | dp(a(X ) o) | a(p))

and

AN = (dp(@' N NXD) | | dp(@' N )(X) | dy(@' (N ) (vorny) | o' ())
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are holomorphic with respect to A: this is an elementary consequence of the
assumptions on ¢ and ¢’ and of the fact that vector fields on U and on V
commute with each other when seen as vector fields on U x V. By definition

of ¢, p(\) = A'(N\)(A(N))~!, hence, by the chain rule, ¢ is holomorphic.

By the analytic continuation argument mentioned above, one gets the existence
of a global equivariant o: M x A — X,,,; as in the statement.

It is now simple to check that the monodromy of o(J,-) is holomorphic with
respect to A. Indeed, for all a € 71(M), the map

mong: A — SO(n+2,C)

is defined by
g(A, a(p)) = mong(X) oa(A,p) :

since both ¢ and ¢ o « satisfy the conditions in the statement of the Theorem for
the data (g, ¥), by the previous step mon, is holomorphic in \.
O

Proof of Corollary 7.1.3. Since g, is holomorphic in A, the set {(gx,0)}ren is a
holomorphic family of immersion data for M. Then, Theorem 7.1.2 ensures that
there exists o: A x M — X1 with @ (-, p) holomorphic and with (), -) an im-
mersion with immersion data (gy,0).

Denoting v, as the normal vector field of oy, one has that v, is a constant
independent from p € M , as we showed in the proof of Theorem 6.5.2.

Now, one can construct a map ¢: A — SO(n + 2,C) such that ¢(\)(vy) =
(0 ... 0 1): indeed, clearly one can construct ¢ locally on A by extending v, to
a basis of C"*2, then applying Gram-Schmidt algorith to get a orthonormal basis,
and then choosing ¢(\) as the unique isometry of (C"2, (-, -)o) that sends this basis
to the canonical basis (one has ¢(A) € SO(n+2) up to rearranging the basis); to see
that ¢ can be chosen globally, apply the standard analytic continuation methods
we already used in the proofs of Theorem 7.1.2 and of Theorem 6.4.2.

Then, under the canonical inclusion X,, — X1 given by p — (p,0), the map
o: A x M — X, defined by o(\,p) = ¥(\) o (), p) is the researched function.
The monodromy of (), -) is holomorphic in A since SO(n + 1,C) is a complex
submanifold of SO(n + 2, C). O
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7.4 An application: the complex landslide is holomor-
phic

In this section, we would like to provide a direct application of Theorem 7.1.2: we
show an alternative proof for the fact that the holonomy of the complex landslide,
defined in | |, is holomorphic.

We briefly recall some basic notions on projective structures, the notions of
landslide, smooth grafting and complex landslide. One can use as main references

[ | and | ].

7.4.1 Projective structures and holonomy

Let us quickly recall the definition of PSL(2, C)-character variety, projective struc-
tures and of their holonomy. For a more complete survey on these topics, see
[ I

Let S be an oriented closed surface of genus g > 2.

Let us define the character variety of PSL(2,C). The general definition of
character variety is more complex but for immersions of m;(S) into PSL(2,C) it
has a simple description. The reader might refer to | : : | for more
detailed treatments.

Fixing a set of generators {a, ..., aq.}, the set

R(m(S), PSL(2, €)) := Hom(m (S), PSL(2, C))

x(

can be seen naturally as a subset of PSL(2, C) 2g), and inherits an affine complex

structure.
Define on R the equivalence relation

p1~ po if and only if  #r%(py(a)) = tr?(pa(a)) for all a € 71 (S)

with ¢r? denoting the square of the trace of a matrix. This equivalence relation
induces a quotient

X(S) := R(m(S), PSL(2, €)) / PSL(2, C) (7.12)

that we denote as the character variety of PSL(2,C). For a suitable choice of a
set of generators of 1 (S), the evaluation of ¢r? provides an injective map into CV:
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the image is an affine variety, and this allows us to say that X'(S5) is an algebraic
variety.

Let us now focus on complex projective structures. In terms of (G, X )-structures,
a (complex) projective structure on S is a (PSL(2, C), CP')-structure on S. A pro-
jective structure induces a complex structure and an orientation, we will stick to
projective structures compatible with the orientation on S. As a (PSL(2, C), CP!)-
structure, a projective structure is determined by a (m1(S), PSL(2, C))-equivariant
developing map S — CP!, which is unique up to post-composition with elements
in PSL(2, C). We therefore define

P(S) := {projective structures on S} =

(f.0) ‘ p: m(S) — PSL(2,C),
= i f: S — CP' p-equiv. orientation-preserving local diffeo /PSL(Z, Q)

P(S) =" gy s

Equip the set of pairs {(f,p)} with the compact-open topology, and ﬁ(S)
and P(S) with the quotient topology. The space P(S) is a topological manifold,
over which one can define a smooth and complex structure - compatible with the
topology - via the Schwarzian parametrization (e.g. see | 1.

Now, one can define the holonomy map

Hol: P(S) — X(S)
[(f,p)] =[],

which passes to the quotient to a map
Hol: P(S) = X(5).

In fact, one can prove that the image of Hol lies into a Zariski-open subset of
X(S) corresponding to representations m(S) — PSL(2,C) whose action on H?
and OH? does not fix neither an internal point, nor a point in the boundary, nor
an unoriented geodesic (] ]). As a result, the image of Hol is contained in a
smooth complex region of X'(S). In this context, the following Theorem holds.

Theorem 7.4.1. (Hejhal [ /, Hubbard [ |, Earle [ /) The holonomy

map Hol 1s a local biholomorphism.
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7.4.2 The complex landslide

Let &(S) be the Teichmiiller space of S.
In | |, the authors define two smooth functions satisfying several inter-
esting properties: the Landslide map

L:8(S)x6(5) xR —&(S) x 8(S5)
and the Smooth Grafting map
SGr: 8(S) x 8(S) x R — P(9)

which turn out to have several interesting geometric properties and are related
respectively to the earthquake map and to the grafting map. (For brevity we are
not going to discuss earthquakes and grafting in this thesis.)

There are several equivalent definitions of L and SGr, we mention the ones
most fitted to our pourposes.

Let h be a hyperbolic metric. As a consequence of some works by Schoen

[ ] and Labourie | |, it has been proved that the map
b: TS —TS h-self adjoint,
bundle isomorphism | dV#b = 0, = B(S)
such that: det(b) =1 (7.13)
b= [h(b-, )]

is well-posed and bijective. We will denote the tensors in the domain as h-regular.

e Given ([h], [h(b-,b")]) € B(S) x B(S) with b h-regular, define for all t € R

the operator
t t
By = cos(g)z'd + sin(E)Jb

where J is the complex structure induced by h. The landslide map is defined
as

LA, [h(b-, b)), ) = (Wﬁt 2B ) (1B B '>D

e Given ([h],[h(b-,1-)]) € B(S) x B(S), observe that for all s € R the pair

(Is, Bs) :== <Cosh2 <§) h, — tanh (g)b) (7.14)
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satisfies Gauss-Codazzi equations for H3. As a result, for all s there exists a
unique 7 (S)-equivariant isometric immersion

o (g,ﬁs) — |3

with shape operator — tanh (%)Es

We will discuss convex hypersurfaces in H"*! later on in Definition 9.3.8.
For now, let us just mention that o, is convex, i.e. the tensor b, is negative
definite, if and only if s > 0, and, as a result of convexity (see Lemma 11.3.1),
for s > 0 the map o4 induces a map

Gt: § — oH?® =~ CP!

which is a diffeomorphism onto its image and which is defined by G (p) being
the endpoint of the geodesic ray starting at o(p) with tangent direction v(p).
The map G is equivariant inducing the same monodromy into PSL(2, C) as
o5, thus it defines a projective structure on S.

In conclusion, the smooth grafting is defined as the map

Sgr([h], [(b-,0-)], s) = [G]].

Finally, in the same article, the authors define a complex landslide as the composi-
tion of landslides and smooth grafting: more precisely, for every hyperbolic metric
h and h-regular tensor b, they define a map

Poy: H — P(S) (7.15)
2 =t+isw Sgr <L([h], h(b-, b)), t),s) (7.16)

where H C C is the upper half-plane.

Theorem 7.4.2 (Bonsante - Mondello - Schlenker). Py, is holomorphic.

The argument for the proof in | | uses analytic methods. Here we provide
an alternative proof using Theorem 7.1.2 and Proposition 6.7.1.

Theorem 7.4.3. The holonomy of the projective structure Ppp(2) is equal to the
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monodromy of the immersion S — G with induced complex metric
g.=h ((cos(z)id —sin(2)Jb) -, (cos(z)id — sin(z)Jb) - )
with constant curvature —1.

As a consequence of Theorem 7.1.2 and Theorem 7.4.1, Py is holomorphic.

Proof. In order to make the notation more simple, observe that there exists a
natural right action of the group I'(GL(T'S)), with the operation of composition
pointwise, over the space I'(Sym?(T*S)) given by

L(Sym?(T*S)) x T(GL(TS)) — I'(Sym?*(T*S))

Txo=rT(a,a), (7.17)

and the same holds replacing T'S with CT'S and T*S with CT*S, and we will
adopt the same notation.

Let z = t+is and let us try to compute the holonomy of P, ;(z) = Sgr (L([h], [ (-, b)], t) : s) .

In order to do it, we need to compute some elements.

e For all z € R, define h, := h * ;. Then
L1100 0t) = (Bl ] ).

e By a straightforward computation on a h-orthonormal frame diagonalizing
b, one gets that JbJb = —id, and as a consequence that

Bi o Bs = (cos (%)zd + sm(%) Jb) o (cos (g)zd + sm(%) Jb) =
= oS <t —; S)z’d+sin (t + S)Jb =

2
= ﬁtJrs

for all £,s € R. Hence, one has that

}_lt+7r =h*Bir = (h*Br)x =
= (h*b)* [ = (h* ) * (B_:bp;) =
= Bt * (5—:&5@5)-
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Let us define b, := (8_;b53;). One can directly prove that b; is self-adjoint
and Codazzi for h; and has determinant 1.

e By a direct computation, one gets that the complex structure of h; is
jt - 5—tt] Bt-

In order to compute the monodromy of Sgr([h_], [h_¢1+],5), consider, as in Equa-

tion (7.14), the immersion into H® with immersion data (I, By) := (cosh?(s)h,, tanh(s)b,)
and apply Proposition 6.7.1 to conclude that it has the same monodromy as the
induced immersion into G with pull-back metric

= hy * (cosh (g)zd + isinh (g)l@) =

(cosh (%)zd + ¢sinh <§>5,tjbﬁt> =
= hy * <5t o <cosh <§)zd + 7sinh (g) Jb) o ﬁt) =
= h* ((cosh (%)zd + i sinh (g) Jb) o 6t> =
= h % ((cos (ig)id—f— sin <12>Jb> o (cos (%)id—i— sin (%) Jb)) =
= h * (cos (%)id+ sin <§>Jb>

By construction, each g, is a complex metric of curvature —1, corresponding
to an equivariant immersion of S into G for all z.
Clearly, for any X,Y € I'(T'S),

9.(X,Y) = cos?(2)h(X, X)+sin®(2)h(bX, bY ) +sin z cos z(h(X, JbY ) +h(JbX,Y))

is holomorphic in z, hence the family of complex metrics {g.}.cc is holomorphic.
By Corollary 7.1.3, there exists a map o: C x S — G with o = o(z,p) holomorphic
in z and with o, providing pull-back metric g,. The monodromy of g,, hence the
holonomy of P, is holomorphic in z; by Theorem 7.4.1, the projective structure
Py (%) depends on z holomorphicly. O



Chapter 8

A Gauss-Bonnet Theorem and a
Uniformization Theorem for complex
metrics

8.1 Positive complex metrics

In this section we suggest an intrinsic study of complex metrics on surfaces. To this
aim, we will introduce a natural generalization of the concept of complex structure
for surfaces and we will present a uniformization theorem in this setting.

In the following, S denotes an oriented surface.

The natural inclusion T'S < CT'S factors to a bundle inclusion

Py (TS) « » Po(CTS)

o~

S

Fiberwise, for every p € S, Pr(7,5) is mapped homeomorphicly into a circle
in Pc(CT,S) = S? whose complementary is the disjoint union of two open discs.
The conjugation map on CT'S descends to a bundle isomorphism on P¢(CT'S) that
fixes Pr(7T'S) and that swaps the two discs fiberwise.

Definition 8.1.1. A bicomplex structure on a surface S is a tensor J € T'(CT*S ®
CT'S) such that

e J2=JoJ = —iderg; as a result, J is diagonalizable with eigenvalues +i and
eigenspaces V;(J), V_;(J) € CT'S with complex dimension 1.
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e for all p € S, the eigenspaces V;(J,) and V_;(J,) of J,, have trivial intersection
with 7,,S and are such that the points Pc(V;(J,)) and Pc(V_;(J,)) lie in
different connected components of Pc(CT),S) \ Pr(7,,S5).

Remark 8.1.2. Clearly complex structures extend to bicomplex structures. Ob-
serve that a bicomplex structure J is not a complex structure for S in general,

since it may not restrict to a section of 'S @ T*S. In other words, J(X) # J(X)
in general.

Nevertheless, J induces two complex structures Ji, Jo defined by the conditions

‘/Z(J) = ‘/1(1]2) = V_Z(JQ) and V_,(J) = V_Z(Jl) = V;(Jl)

which totally characterize .J; and Js.
Also observe that J; and J, induce the same orientation. Indeed, representing

the set of complex structures on S as C'(S) U C(S), the map

C(S) U C(3) = Pe(CT,S) \ Pa(T,S)
Jo = Pc(Vi(Jo)p)

is continuous, hence it sends C(S) and C(S) onto the two distinct connected
component of the image.

As a result, every bicomplex structure induces an orientation. An orientation of
S fixed, denote with BC(S) the set of orientation-consistent bicomplex strucures.
With the notations above, we therefore have a bijection

BC(S) = C(S) x C(9) (8.1)
J = (J1, Jo). '
Endow BC(S) with the pull-back topology for which, in particular, it is connected.

Definition 8.1.3. Let g be a complex metric on S.

e Denote the set of isotropic vectors of g as

l(g) :=={v e CTS | g(v,v) = 0} \ {0s}

and define li(g,) = li(g) N CT,S. Notice that ll(g,) is the union of two
complex lines with trivial intersection.

e A positive complex metric on a surface S is a complex metric g such that the
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two points Pc(1l(gp)) lie in different connected components of Pc(CT,S) \
Pc(T,5).

e Denote with CM™(S) the space of positive complex metrics on S with the
usual C'*°-topology for spaces of sections.

For the rest of the chapter, we will mostly focus on positive complex metrics.
The main interest lies in the fact that positive complex metrics locally determine
a bicomplex structure.

Proposition 8.1.4. Let g be a positive complex metric on a surface S.

1) For all p € S there exist exactly two opposite endomorphisms J,, —J, €
End(CT,S) such that

{gp(Jp'7Jp') = 0p(+ "), (8.2)

Jo = —id,
The two solutions J,, —J, depend smoothly on p and on g,,.

2) For all py € S, there exists a local neighbourhood U = U(py) over which
J={J,}pev and —J = {—J,}pev define two bicomplex structures on U and

l(gp) = Vi(Jp) UV_i(Jp).

We will say that J and —J are (locally) compatible with g.

3) If J is compatible with g and J = (J1,J2) in correspondence (8.1), then
locally
g = [ dw; - dw,

where [ is a C-valued smooth function and wy, we are local holomorphic
coordinates for the complex structures J, and Jo respectively.

4) If J is compatible with g on U, for any norm-1 local vector field X on U, a
local g-orthonormal frame on U is given by {X, JX}.

Proof. 1) With respect to two local g-orthonormal vector fields X; and X, J,,
is represented by a matrix A, € Mat(2,C) satistying:

A=,
tAA, =1,
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)

which admits exactly two opposite constant solutions for A,, namely A, =

1
+ ( 01 O>’ so the two solutions J,, and —J,, are smooth.

The equation follows directly from (8.2). Since g is positive, Pc(V;(J,)) and
Pc(V_;(Jp)) lie in different connected components of Pc(CT,S) \ Pr(7,5), so
J and —J are bicomplex structures.

A C-bilinear form on a 2-dimensional C-vector space is determined up to a
constant by its isotropic directions. For local holomorphic coordinates wy, wo
for J; and Jy, we have
V(J)—V(J)—(Ca V(J)—V(J)—(C8
) — Vi\J2) — aw2 —1 — V—=i\J1) — 8@1’

hence the locally defined complex metrics g and dw, - dw, = %(dwl ® dwsy +
dw, ® dw,) are pointwise equal up to a constant since they have the same
isotropic directions. Explicitly, we have

g= g(i 0 )d’wld@2

871)1,8_@2

The thesis follows directly by the compatibility of J with g.
O

We just showed that positive complex metrics locally define a bicomplex struc-

ture.

In fact, the obstruction to the existence of a global compatible bicomplex

structure is only a matter of orientability.

Theorem 8.1.5. Let g be a positive complex metric on a surface S.

The following are equivalent:

e S is orientable;

e there exists a global positive bicomplex structure J on S compatible with g;

e there erists a complex 1-form dA € Q*(CTS,C), unique up to a sign, such

that ||[dA||> = 1, i.e. for all local g—orthonormal frame (X1, X2) one has
dA(Xl,XQ) S {—1, 1}

We will call dA the area form of g.
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Proof. As we showed, a bicomplex structure induces two complex structures which
induce an orientation on S. Conversely, given an orientation on S, locally there
exists a unique bicomplex structure compatible with ¢ and inducing the same
orientation, hence there exists a unique global one.

If J is a bicomplex structure compatible with g, then dA = g(J-,-) is a 2-form
of norm 1. Conversely, if J is a local bicomplex structure compatible with g, the
local 2-forms ¢g(J-,-) and g(—J-, -) are opposite, have module 1 and locally they are
the only 2-forms of g-module 1, since dim¢ /\2 CT,S = 1: as a result, for a given
dA, one has dA = g(J-,-) for a unique global J.

O

We will say that {X,Y} is a positive orthonormal frame for CT'S with respect
to the orientation induced by J if J(X) =Y.

With the language of fiber bundles, a positive complex metric on a surface S
provides a reduction of the frame bundle of CT'S — S to the structure group
0O(2,C), while the pair of a positive complex metric and an orientation on S
provides a reduction to SO(2,C).

Corollary 8.1.6. Given an oriented surface S, the map that sends a positive com-
plex metric g to the orientation-consistent bicomplex structure J compatible with
g induces a homeomorphism

OMI(S) (g vy = BO(S) 2 C(S) x C(S)
C™(S,C*) - g — J,

(8.3)

Conformal structures of Riemannian metrics correspond to elements of the diago-

nal of C(S) x C(95).

Proof. We showed that the map is continuous. Let us construct an inverse. Fix
a real volume form a € Q2*(TS), which extends by C-bilinearity to a form in
O?(CTS,C). For any bicomplex structure J, define the symmetric tensor

g=aJ,)+al,J):

g is a complex metric as one can check on any basis Y;,Y_; of eigenvectors for
J with different wigenvalues; moreover g induces J in turn, hence it is a positive
complex metric.

By choosing « as a real volume form for S, one gets an explicit correspon-
dence between the diagonal of C(S) x C(S) and the set of conformal structures of
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Riemannian metrics. O

Finally, we remark that Proposition 6.5.4 can be restated in an interesting way
for positive complex metrics in terms of developing maps for projective structures.

Theorem 8.1.7. Let S be an oriented surface and g a positive complex metric on
S. Denote with (S,g) the universal cover.
(S,g) has constant curvature —1 if and only if there exists a smooth map

(fi,f2): S — G =CP' x CP'\ A
such that:

i /gvz(flaf2)*<'>'>: (f1i—f2)2 f2 f df2

e f1 and fo are local diffeomorphisms, respectively preserving and reversing the
orientation.

o f1 and fy are (m1(5),PSL(2, C))-equivariant local diffeomorphisms inducing
two projective structures with the same representation

holy, = holy, = monyy, f,): ™1 (S) — PSL(2, C)

Moreover, if J is the bicomplex structure on S induced by g, then, in identification

= (f; (I, f3(—I%"))

where JF' is the standard complex structure on CP*.

Proof. As we observed in Proposition 6.5.4, the fact that the complex metric g is
positive implies that f; and f5 are local diffeomorphisms.

Let wy, be a local holomorphic chart on p € S for the pull-back complex struc-
J(CIP’1

ture f; . Then, by Cauchy-Riemann equations,

Ker(dfy,: CT,S — C) = Span@(@i)k )
p

so by the explicit description of the metric one has

i) = (Spane (= ) @ Spanc (52 )) \ {0}
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and the two points of Pc(ll(g,)) lie in two different components of P¢(CT,S) \
Pr(7,95) if and only if the two pull-back complex structures via f; and f induce
opposite orientations.

The choice of ( f1, f2) inducing the same ¢ is unique up to post-composition with
elements of PSL(2, C), since the composition with the diagonal swap s : (z,y)
(y,x) on G would give an immersion with orientation-reversing first component.

All the elements of 71 (S) are orientation-preserving, hence o is (m(.S), PSL(2, C))-
equivariant and, since PSL(2, C) acts diagonally on G, both f; and f, are equiv-
ariant with the same holonomy.

From the description of li(g) above, one can conclude the last part of the
theorem. O

8.2 A Gauss-Bonnet Theorem for positive complex met-
rics

In this section, our aim is to prove a generalization of Gauss-Bonnet Theorem in
the setting of positive complex metrics.

Let g be a positive complex metric on an oriented surface S. We defined the
area form dA, of g as the unique 2-form with constant g-norm 1 and compatible
with the orientation on .S, in the sense explained in Theorem 8.1.5. Locally,

dA, = 0" A 6>

for a local positive g-coframe {6', 62}.

Theorem 8.2.1. Let S be a closed oriented surface and g a complex metric of
constant curvature K,. Then

/KgdAg = 2mx(S5)
S

where x(S) is the Euler-Poincaré characteristic of S.

Proof. Consider areal vector field X € I'(7'S) with finite set of zeros A = {1, ..., 2, }.
Since the complex metric is positive, ||X||? # 0 over S\ A. Let the index k vary in

{1,...,n}.

Consider for all k£ two open disks By and §k in S, such that

l’kGBkCEkCEk
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and such that B, N B; # 0 iff k = j.
Let J be the bicomplex structure induced by g and by the orientation on S. The

g-orthonormal frame ( X J (i) can be defined locally on S\ A but is defined

[EIRAaNY
globally on it only up to a sign, and the same holds for the induced dual coframe
+(6',60%). Nevertheless, the area form dA, = ' A 6* is globally well-defined on
S\ A and so is the corresponding Levi-Civita connection form w defined by

ot = w A 0
d6* = —w A 6.

On the whole S\ A we have dw = —KdA as in standard Riemannian Geometry
(see | 1)

On each B; we fix a norm-1 complex vector field e; and consider the coframe
(61,0?) defined as the dual of (e;,J(e;)); let w; be the Levi-Civita connection form

with respect to (A1,62). Orient each dB; with the orientation induced by B;. By
Stokes formula,

/KdA:/ KdA+Z/ KdA =
S S\U; Bi i—1 Y Bi
= — dw — / dw; =
/S\Ui B 121 B;

n

0B;

i=1

We prove that |, ¢ KdA is a conformal invariant.
For all smooth f: S — C, g = fg is a positive complex metric conformal to
g. For some local choice of a square root of f and of ¢g(X,X), one can define a

X JX
VIIRXIZT \/FIIXXI2
—1 -2 o e . .

(0",67), which in turn defines a Levi-Civita connection form @ for g independent of

the choice of the root. On each Ei, fix a square root \/f of f, so a g-orthonormal

frame is given by (\6/—1]7, JE;)) with associated g-coframe (51 52) and Levi-Civita

177

local g-orthonormal frame ( ) with g-dual given by the coframe

connection form w;. By an explicit computation, one can check that on each
Bi\ {}

1
W—w=w; —w; = ——df ol.

2f
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As a result,

KzdA; = / w—wi: / w—wz:/KdA
/S J ! zzl 0B; ZZI dB; S J J

Now, on each By \ {1}, the coframes (6!, 62) and (6*,62) (the last one is well-

177

defined only locally) are both g-orthonormal and J-oriented, so we locally have

0"\ [ cos(oy) sin(ag)\ (0}

0?)  \—sin(ax) cos(ay)) \0?
where ¢/ € C* is a locally defined smooth function, defined only up to a sign on
B\ {x1}. Nevertheless, e**: 9B, — S' is a well defined smooth function and

day, is a well-defined one form on 0B;,.
A standard calculation shows that w — w; = day,, hence

A= — = —
/st Z/a W — W Zl/aBk daoy,
chk

2
= Z/@g % e2lak deeg(e k) € Z.
k k=1

Recalling that BC'(S) is connected and that the quantity fs K,dA, is a con-
formal invariant, the map

K: BC(S) = nZ
s

is well-posed and continuous, hence it is constant. Since [ KdA = 2mx(S) for
Riemannian metrics, the thesis follows. O

8.3 A Uniformization Theorem through Bers Theorem

The aim of this section is to prove a generalization of the classic Riemann’s Uni-
formization Theorem for bicomplex structures and positive complex metrics.
Before stating the main theorem, we recall some notions about quasi-Fuchsian
representations.
A representation p: m1(S) — PSL(2,C) is quasi-Fuchsian if its limit set A, C
CP!, i.e. the set of accumulation points of any p(m;(S))-orbit in CP!, is a Jordan
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curve in CP!. The set of quasi-Fuchsian representations defines QF(S) an open
subset of the character variety X(5), defined in Equation (7.12).

A major result in the setting of quasi-Fuchsian representations is the Bers
Simultaneous Uniformization Theorem.

Theorem 8.3.1 (Bers Simultaneous Uniformization Theorem, [ ). Let S be
an oriented surface with x(S) < 0. For all Jy, Jo complex structures over S, there
exists a unique quasi-Fuchsian representation p = p(Jy, Jo): m(S) — PSL(2,C)
such that, defined A, C CP' as the limit set of p and Q.,Q_ as the connected
components of CP'\ A,:

e there exists a unique diffeomorphism f: S = Q. , which is Ji-holomorphic
and p-equivariant;

e there exists a unique diffeomorphism fy: S — Q_, which is Jy-antiholomorphic
and p-equivariant.

Moreover, (p, f1, f2) are continuous functions of (Jy, Jo) € BC(S).
This correspondence determines a homeomorphism in the quotient

B: B(S) x B(S) = QF(S) (8.4)

where B(S) is the Teichmiiller space of S.

Recall that in Subsection 7.4.1 we considered the holonomy maps Hol and Hol

from the spaces P(S) and P(S) respectively. Define the loci

Por(S) =Hol (QF(S)) C P(S),
Por(S) :=Hol " (QF(S)) C P(S)

which, by continuity of the holonomy maps, are open subsets of 75(5 ) and of P(S)
respectively.

Theorem 8.3.2 (W. Goldman, | ). Let S be a compact oriented surface of
genus g(S) > 2.
An open connected component of the space Por(S) is

ﬁo(S) ={f: S — CP', p-equivariant for some quasi-Fuchsian p: 7 (S) — CP*,
with f(S)NA, = 0},
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Moreover, the restriction

1s a homeomorphism.
With the notations of Theorem 8.3.1 and equation (8.4), the inverse is given

by
] = (o)) = [£:(37(1eD)]

We are now able to state a generalization of the Uniformization Theorem.
For an oriented surface S, define

CM™,(S) := {Positive complex metrics with constant curvature —1}

endowed with the subspace topology from CM™(S).
Theorem 8.3.3. Let S be an oriented surface with x(S) < 0.

1) For all g € CM™(S), there exists a smooth f: S — C* such that f - g has
constant curvature —1 and quasi-Fuchsian monodromy.

More precisely, the map

J: CM*(S) — BC(S)
g lgl=J,

admits a continuous right inverse
U: C(S) x C(S) = BC(S) = CM*,(S)
such that the diagram

C(S) x C(S) = BC(S) —2— CM*,(9)

| Jon
(S

8(S) x B(5) —2—— X(9)

commutes, where B is defined as in (8.4).

2) If S is closed, the image of i is the connected component of CM™,(S) con-
taining Riemannian metrics.
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Proof of Theorem 8.3.3. 1) Consider J € BC(S), which corresponds to two

complex structures (Jy, J2) € C(S) x C(S5).
Applying Theorem 8.3.1 to the couple (J;, J2), there exist:

- p=p(J1,J2): m(S) = PSL(2, C) quasi-Fuchsian;
- fi: S — CP! Ji-holomorphic and p-equivariant embedding;
- fa: S — CP! Jo-antiholomorphic and p-equivariant embedding

with Im(f1) N Im(fy) = 0. Hence, we have an admissible, p-equivariant
embedding
o= (f1,f): S —G=CP' xCP'\ A.

By Theorem &8.1.7, the pull-back complex metric on S is positive and projects
to a positive complex metric g on S.

After we show that the constructed g is compatible with J, the thesis follows
by defining $4(J) := g. Let w; and wy be the complex coordinates on S
induced by J; and J, respectively. Then,

4 e g 4 Cdfy =
g= mfldzl fodze = (fl_fz)Qdfl dfs
4 Of1 0fs

= = dw, - dwsy;

(f1 = f2)? Ow, 0wy
hence V;(J2) = Vi(J) and V_;(J;) = V_;(J) are the isotropic directions of g.

By regarding
Im() = {g | (Lo J)(g) = g} C CMI(5),

we have that I'm(4) is a closed connected subset of CM™,(S). We need to
prove that it is also open.

As we stated in Theorem 8.1.7, for any g € C' M ™, there exist two developing
maps for projective structures f; and f, on S and S respectively, uniquely
defined up to post-composition with elements in PSL(2, C), such that ¢ =
(f1,f2): (S,9) = G is an isometric immersion. We therefore have a map

proj: CM*,(S) — P(S) x P(S)
g=(f1,f2) (", )e — ([fl], [fQ])-
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The thesis follows after we show that
Im(8) = proj—(Po(S) x Po(S))

since Py(S) is an open subset of Pop(S), hence of P(S).

By construction of i, clearly

Im(4) € proj " (Po(S) x Po(S)).

Conversely, assume g = (f1, f2)*(,)g € proj 2 (Po(S) x Po(S)). Since
holy, = holy,: m(S) — PSL(2,C), f1 and fs, by Theorem 8.3.2, the maps fi
and fy correspond exactly to the maps one gets through Theorem 8.3.1 from
the pair of complex structures (f7(JF"), f3(—=J")), hence

(i, fo)* (-, de = U(FF (T, f3 (—T°).
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Chapter 9

The (Gauss map of hypersurfaces in
H?H—l

In this Chapter we will focus on the construction of the Gauss map of an immersed
hypersurface, its relation with the normal evolution and the geodesic flow action
on the unit tangent bundle, and provide several examples of great importance for
the rest of Part III.

After a discussion in the general setting, we will then focus on the case of
immersions with small principal curvatures.

9.1 Lift to the unit tangent bundle

We defined the Gauss map associated to an immersion into H? in Section 6.7. Let
us formally recall it now for hypersurfaces in general dimension, together with the
notions of lift to the unit tangent bundle.

Recall that in Chapter 5 we defined a para-Sasaki metric Sas,; on T H"+!
and a para-Kahler structure (g, J,Q2) on the space G,,41.

Definition 9.1.1. Let M be an oriented n-dimensional manifold, let o : M — H"H!
be an immersion, and let v be the unit normal vector field of ¢ compatible with
the orientations of M and H"*!'. We define the lift of o as

G M = TH™  ((p) = (o(p),v(p) -

The Gauss map of o is then the map

G, : M — G, G,=po(, .
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In other words, the Gauss map of ¢ is the map which associates to p € M the
geodesic £ of H™"! orthogonal to the image of d,o at o(p), oriented compatibly
with the orientations of M and H"*!.

Recall that the first fundamental form 1 of o is defined as the pull-back Rie-
mannian metric [ = o* (-, -)gn+1 on M.

Also recall that the shape operator B of o can be defined as the (1, 1)-tensor
on M defined by

doo B(W)=—-Dwv , (9.1)

for D the Levi-Civita connection of H"*t!,

Proposition 9.1.2. Given an oriented manifold M™ and an immersion o : M —
H"Y, the lift of o is an immersion orthogonal to the fibers of p : T'H" ™ — G,,41.
As a consequence G, is an immersion.

Proof. By a direct computation in the hyperboloid model, the differential of (,
has the expression

dpCo(W) = (dpo (W), dpv(W)) = (dpo (W), —=dpa(B(W))) , (9.2)

indeed, the ambient derivative in R*™5! of the vector field v equals the covariant
derivative with respect to D, since d,v(W) is orthogonal to o(p) as a consequence
of the condition (o (p),v(p)) = 0.

As both d,o(W) and d,o(B(W)) are tangential to the image of ¢ at p, hence
orthogonal to v(p), d,(,(W) can be written as:

GGr(W) = dyo (W) — dyo (BOV))Y . (9.3)

Therefore, for every W # 0, d,(,(W) is a non-zero vector orthogonal to ¢ by
Definition 5.1.2. Since the differential of p is a vector space isomorphism between
Xé(p) and Tq, ;) Gpy1, the Gauss map G, is also an immersion. n

As a consequence of Proposition 9.1.2, we can compute the first fundamental
form of the Gauss map G, that is, the pull-back metric G g, which we denote by
I. Since the lift ¢, is orthogonal to Y, it suffices to compute the pull-back metric
of Sas,41 by (,. By Equation (9.3), we obtain:

I=1-11, (9.4)

where Ill = I(B-, B-) is the third fundamental form of o.
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Let us now see that the orthogonality to the generator of the geodesic flow es-
sentially characterizes the lifts of immersed hypersurfaces in H"™!, in the following
sense.

Proposition 9.1.3. Let M™ be an orientable manifold and ¢ : M — T'H™ ! be an
immersion orthogonal to the fibers of p : T'H" ™ — G,41. If 0 := mo( is an
immersion, then C is the lift of o with respect to an orientation of M.

Proof. Let us write ( = (0,v). Choosing the orientation of M suitably, we only
need to show that the unit vector field v is normal to the immersion o. By
differentiating, d¢ = (do,dv) and by (5.3) we obtain

{v(p), do(W)) + (o (p), dv(W)) = 0

for all W € T,M. By the orthogonality hypothesis and the expression x¢p) =
(v(p),o(p)) (Lemma 5.1.1) we obtain

(v(p),do(W)) = (o(p),dv(W)) =0,

hence (v(p),do(W)) = 0 for all W. Since by hypothesis the differential of o is
injective, v(p) is uniquely determined up to the sign, and is a unit normal vector
to the immersion o. O

In relation with Proposition 9.1.3, it is important to remark that there are
(plenty of) immersions in T*H"*! which are orthogonal to y but are not the lifts
of immersions in H"*!, meaning that they become singular when post-composed
with the projection = : T'H"™ — H"*'. Some examples of this phenomenon
(Example 9.1.9), and more in general of the Gauss map construction, are presented
in Subsection 9.1.2 below.

9.1.1 Geodesic low and normal evolution

We develop here the construction of the normal evolution of hypersurfaces into
H" .

Definition 9.1.4. Given an oriented manifold M" and an immersion o : M — H"*!,
the normal evolution of o is the map

Ot - M — Hn+1 O-t(p) = eXpo‘(p) (tl/(p)) )
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where v is the unit normal vector field of o compatible with the orientations of M
and H" L,

The relation between the normal evolution and the geodesic flow is encoded in
the following proposition.

Proposition 9.1.5. Let M™ be an orientable manifold and o : M — H" be an
immersion. Suppose o, is an immersion for somet € R. Then (;, = ¢t 0 (,.

Proof. The claim is equivalent to showing that, if the differential of o, is injective
at p, then (o4(p), v (p)) = wi(o(p),v(p)), where v, is the normal vector of oy.
The equality on the first coordinate holds by definition of the geodesic flow, since
t — v(t) = o(p) is precisely the parameterized geodesic such that v(0) = o(p)
with speed 7/(0) = v(p). It thus remains to check that the normal vector in oy(p)
equals /().

By the usual expression of the exponential map in the hyperboloid model of
H"*! the normal evolution is:

o¢(p) = cosh(t)o(p) + sinh(t)v(p) , (9.5)

and therefore

doy(V') = do o (cosh(t)id — sinh(t)B)(V) (9.6)

for V€ T,M. Tt is then immediate to check that

3(t) = sinh(t)o(p) + cosh(t)v(p)

is orthogonal to do (V') for all V. If doy is injective, this implies that ~/(¢) is the
unique unit vector normal to the image of o and compatible with the orientations,
hence it equals v4(p). This concludes the proof. ]

A straightforward consequence, recalling that the Gauss map is defined as
G, = po(, and that p o ¢, = p, is the following.

Corollary 9.1.6. The Gauss map of an immersion o : M™ — H"" is invariant
under the normal evolution, namely G,, = G,, as long as o, is an immersion.

Remark 9.1.7. It follows from Equation (9.6) that, for any immersion o : M™ —
H"*!, the differential of do; at a point p is injective for small . However, in general
oy might fail to be a global immersion for all £ # 0. In Section 9.3 we will discuss
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the condition of small principal curvatures for o, which is a sufficient condition to
ensure that o, remains an immersion for all ¢.

As a related phenomenon, it is possible to construct examples of immersions
¢ : M™ — T'H™! which are orthogonal to the fibers of p but such that mo ¢, o ¢
fails to be an immersion for all ¢ € R. We will discuss this problem later on, see
Example 10.4.1.

9.1.2 Fundamental examples

It is now useful to describe several explicit examples. All of them will actually
play a role in some of the proofs in the next sections.

Example 9.1.8 (Totally geodesic hyperplanes). Let us consider a totally geodesic
hyperplane P in H"™!, and let o : P — H"*! be the inclusion map. Since in this
case the shape operator vanishes everywhere, from Equation (9.4) the Gauss map
is an isometric immersion (actually, an embedding) into G,,+; with respect to the
first fundamental form of 0. Totally geodesic immersions are in fact the only cases
for which this occurs.

A remark that will be important in the following is that the lift (, is horizontal:
that is, by Equation (9.3), d(,(w) equals the horizontal lift of w for every vector
w tangent to P at x. Therefore for every x € P, the image of d(, at x is exactly
the horizontal subspace H?%V(m)), for v(x) the unit normal vector of P.

Example 9.1.9 (Spheres in tangent space). A qualitatively opposite example is the
following. Given a point € H""!, let us choose an isometric identification of
T,H"*! with the (n + 1)-dimensional Euclidean space, and consider the n-sphere
S™ as a hypersurface in 7, H" ™! by means of this identification. Then we can define
the map

¢:S" — T'H"! ((v) = (z,v) .

The differential of ¢ reads d¢,(w) = (0,w) = w” for every w € T,S™ = v+, hence
¢ is an immersion, which is orthogonal to the fibers of p. Actually, { is vertical:
this means that d(,(w) is the vertical lift of w for every w € vt, and therefore
d,((T,S™) is exactly the vertical subspace V(Om).

Clearly we are not in the situation of Propositions 9.1.2 and 9.1.3, as w o ( is
a constant map. On the other hand, p o { has image in G,,,; consisting of all the
(oriented) geodesics ¢ going through x. However, when post-composing ¢ with the
geodesic flow, ¢, o ¢ projects to an immersion in H"*! for all ¢ # 0 and is in fact
an embedding with image a geodesic sphere of H" ™! of radius |¢| centered at x. As
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a final remark, the first fundamental form of p o (, is minus the spherical metric
of S", since by Equation (5.14) Sas, 1 (wY,wY) = —(w, w).

The previous two examples can actually be seen as special cases of a more
general construction, which will be very useful in the next sections.

Example 9.1.10 (A mixed hypersurface in the unit tangent bundle). Let us consider
a totally geodesic k-dimensional submanifold @ of H"*!, for 0 < k < n. Consider
the unit normal bundle

N'Q = {(z,v) € T'"H"" |z € Q, v orthogonal to Q} ,

which is an n-dimensional submanifold of T*H"*!, and let ¢ be the obvious inclusion
map of N'Q in T'H"*!. Observe that o is nothing but the bundle map N'Q — Q,
hence not an immersion unless £ = n which is the case we discussed in Example
9.1.8. The map p o ¢ has instead image in G,,; which consists of all the oriented
geodesics ¢ orthogonal to Q). See Figure 9.1. Let us focus on its geometry in G, ;1.

Given (z,v) € N'Q, take an orthonormal basis {wy,...,w;} of T,Q. Clearly
the w;’s are orthogonal to v, and let us complete them to an orthonormal basis
{wi,...,w,} of v+ C T,H"™. Then {w,...,w,} identifies to a basis of T, ,,)N'Q.
By repeating the arguments of the previous two examples, di (g, (w;) is the hori-
zontal 1ift of w; at (z,v) if 1 < i <k, and is the vertical lift if ¢ > k. In particular
they are all orthogonal to x(;.), and therefore the induced metric on N'@ by the
metric %nﬂ coincides with the first fundamental form of p o .. This metric has
signature (k,n—k), and {wy, ..., w,} is an orthonormal basis, for which wy, ..., wy
are positive directions and wy.1, . .., w, negative directions.

Similarly to the previous example, for all t # 0 the map ¢, o« has the property
that, when post-composed with the projection , it gives an embedding with image
the equidistant “cylinder” around ().

Let us now consider a final example, which allows also to prove the integrability
of the almost para-complex structure J of G,,;; we introduced in Lemma 5.2.1.

Example 9.1.11 (Horospheres). Let us consider a horosphere H in H"*! and apply
the Gauss map construction of Definition 9.1.1 to the inclusion o : H — H"*!.

It is known that the shape operator of H is £id (the sign varies according to
the choice of the normal vector field, or equivalently by the choice of orientation
on H), a result we will also deduce later on from our arguments in Remark 9.3.10.
Define (+ as the lift of o induced by the choice of the normal vector field for which
the shape operator is +id.
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~ A

Figure 9.1: The normal bundle N'Q of a k-dimensional totally geodesic
submanifold @ in H"! (here k = 1 and n = 2). On the right: after
composing with the geodesic flow ¢; for ¢ £ 0, one obtains an equidistant
cylinder.

Now, by Proposition 9.1.2, the lift (4. is orthogonal to the fibers of p, and more-
over, by Equation (9.3), d(+(w) = w™ & wY. As a result, by Equation (5.18), one
has in fact that the image of d,(y is the whole (£1)-eigenspace of J in T¢, (T H".

A direct application of Example 9.1.11 shows that the almost para-complex
structure J is integrable:

Corollary 9.1.12. The (1,1)-tensor J is a para-complez structure on G, 4q.

Proof. Given (z,v) € T'H™"!, consider the two horospheres H* containing x with
normal vector v at x. The vector v points to the convex side of one of them,
and to the concave side of the other. Let us orient them in such a way that
v is compatible with the ambient orientation. Then Example 9.1.11 shows that
the Gauss maps of the horospheres H* have image integral submanifolds for the
distributions T*G,,;; associated to the almost para-complex structure .J, which is
therefore integrable. O

9.2 A consequence: (G3,g) = RB((G, (-, '>G))

We defined two different metrics on the space of geodesics of H?, the pseudo-
Riemannian metric g and the holomorphic Riemannian metric (-, -) = (-, -)g.

By Proposition 6.7.1 and Equation 9.4, we can immediately observe that if
o: S — H3 is an immersion, then

Gi () = Re(Gal()e) ). (9.7
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We show that Equation 9.7, together with the examples considered in Subsec-
tion 9.1.2, allows to prove the following

Proposition 9.2.1. On Gg,
g = R6<<', >G)

Proof. Let £ = p(z,v) € G, then in the hyperboloid model X(;.) = (v,0), and
X(LM) = Spang((wy,0), (wa,0), (0,w;), (0,ws)) C T(M)TlH?’
with (wy, ws, v) being a orthonormal basis for T, M. Then,
dp(ws,0), dp(ws,0),dp(0,w),dp(0,ws) € T)G3

generate the tangent space and are mutually g-orthonormal, with the former two
ones having g-norm 1 and the latter two ones having g-norm —1. We prove that
Re(-,-) coincides with g on this basis.

e As in Example 9.1.8, let o;: H? < H3 be the totally geodesic inclusion
passing by = and with normal vector v. Then (,,(z) = ¢ and

d¢,, (T,H?) = Spang((wy,0), (ws,0)).

As a result, by Proposition 9.2.1, the metrics g and Re(:,-) coincide on
Spang (dp(wy,0), dp(ws,0)), hence (wy,0) and (ws,0) have norm 1 and are
orthogonal for both metrics.

e As in Example 9.1.9, there exists an embedded sphere oy: S? < H? passing
by x and with ¢ as normal geodesic at x such that

d<02 (T$S2) = SpanR<<Ov wl)? (07 w2>)7

hence, similarly as above, dp(0,w;) and dp(0,w;) have norm —1 and are
orthogonal for both metrics.

e Using Example 9.1.10, one can take an embedded cylinder o3: S* x R — H?
passing by x with normal geodesic ¢ such that

dCU:a (TI(Sl X R)) = SpanR((wh 0)7 (O’ w2))'

Hence dp(w1,0) and dp(0,ws) are orthogonal for Re(-,-) too, and similarly
for (ws,,0) and (0, w,).
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e We are left to prove that Re(dp(wy,0),dp(0,wy))c = 0, with £ = 1,2. By
Example 9.1.11, the horosphere o4: H < H? passing by x and orthogonal
to v can be oriented so that

dCo (T H) = Spang((wi, w1), (wa, ws)).

Hence, clearly d¢,,(T,H) is isotropic for Sass, so dG.,(T,H) C T,Gs is
isotropic for both g and Re(-,-). As a result, for k = 1,2,

0 = Re(dp(wg, w), dp(wy, wy)) =
= Re(dp(w,0), dp(wy., 0)) + Re(dp(0,wy), dp(0, wy)) + 2Re{dp(wy, 0), dp(0,1w;)) =
= 2R€<dp(wk, O); dp(O, wk)>7

and the proof follows.

9.3 Immersions with small principal curvatures

In this section we define and study the properties of immersed hypersurfaces in
H"*! with small principal curvatures and their Gauss map.

9.3.1 Extrinsic geometry of hypersurfaces

Let us start by defining our condition of small principal curvatures. Recall that
the principal curvatures of an immersion of a hypersurface in a Riemannian man-
ifold (in our case the ambient manifold is H"™!) are the eigenvalues of the shape
operator, which was defined in (9.1).

Definition 9.3.1. An immersion o: M™ — H"! has small principal curvatures if
its principal curvatures at every point lie in (—1,1) C R.

As a consequence of Equation (9.4), we have a direct characterization of im-
mersions with small principal curvatures in terms of their Gauss map:

Proposition 9.3.2. Given an oriented manifold M"™ and an immersion o : M —
H"™, o has small principal curvatures if and only if its Gauss map G4 is a Rie-
mannian 1mmersion.
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We recall that an immersion into a pseudo-Riemannian manifold is Riemannian
if the pull-back of the ambient pseudo-Riemannian metric, which in our case is the
first fundamental form I = G%g, is a Riemannian metric.

Proof of Proposition 9.3.2. The condition that the Gauss map is a Riemannian
immersion is equivalent to I(W, W) > 0 for every W # 0. By Equation (9.4), this
is equivalent to |B(W)||> < ||[W]|* for the norm on M induced by I, and this is
equivalent to the eigenvalues of B (that is, the principal curvatures) being strictly
smaller than 1 in absolute value. [

Remark 9.3.3. Let us observe that a consequence of the hypothesis of small prin-
cipal curvatures is that the first fundamental form of o has negative sectional
curvature. Indeed, if V,W is a pair of orthonormal vectors on 7,/ , then by the
Gauss’ equation the sectional curvature of the plane spanned by V and W is:

KSpan(V,W) =—1+ H(VY, V)H(W, W) - H(V, W)2 .

Since the principal curvatures of o are less than one in absolute value, we have
|IB(V)|| < ||Vl and the same for W. Moreover V' and W are unit vectors, hence
both |II(V, V)] and |[II(W,W)| are less than one and the sectional curvature is
negative.

Recall that we introduced in Definition 9.1.4 the normal evolution o; of an im-
mersion o : M — H"™!, for M an oriented n-manifold. An immediate consequence
of Proposition 9.3.2 is the following:

Corollary 9.3.4. Given an oriented manifold M"™ and an immersion o : M —
H"Y with small principal curvatures, for all t € R the normal evolution o, is an
immersion with small principal curvatures.

Proof. 1t follows from Equation (9.6) that o; is an immersion if the shape operator
B of o satisfies ||B(W)|> < [[W]]? for every W # 0, that is, if ¢ has small
principal curvatures. Since the Gauss map is invariant under the normal evolution
by Corollary 9.1.6, o; has small principal curvatures for all ¢ as a consequence of
Proposition 9.3.2. O

It will be useful to describe more precisely, under the hypothesis of small prin-
cipal curvatures, the behaviour of the principal curvatures under the normal evo-
lution.
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Lemma 9.3.5. Let M"™ be an oriented manifold and let o : M — H"" be an
immersion. If oy is an immersion, the principal directions (i.e. the eigenvectors
of the shape operator) of o, are the same as those of o with principal curvatures

/\i — tanh(t
Aig = —————— . 9.8
71 — tanh(t) ) (9:8)
where A1 (p), ..., \u(p) denote the principal curvatures of o at p.
As a consequence, if o has small principal curvatures, the function
(p) = -3 arctanh(A(p) 9.9)
Ko(p) i= — arctanh(\; , )
p n = p
satisfies
Ko, = Ko — T

for every t € R.

Proof. We showed in the proof of Proposition 9.1.5 that in the hyperboloid model
of H"*! the normal vector of o;, compatible with the orientations of M and H"*!,
has the expression

vi(p) = sinh(t)o(p) + cosh(t)v(p) ,

where v = vy is the normal vector for ¢ = 0. Using also Equation (9.6), the
shape operator B; of oy, whose defining condition is do; o B{(W) = —Dw1; as in
Equation (9.1), is:

B; = (id — tanh(t)B) ' o (B — tanh(#)id) . (9.10)

First, Equation (9.10) shows that if V' is a principal direction (i.e. an eigenvalue
of B) for o, then it is also for oy. Second, if \; is a principal curvature of o, then
the corresponding principal curvature for o, is

)\i.t /\z — tanh(t

— AT P anh(u — 1) | 9.1
= T tanh(t)y, s =) (9:11)

where p; = arctanh(\;).
Observe that if the A)s are lower than 1 in absolute value, then arctanh); is
well-posed and one has

Ai+ = tanh(arctanh();) — t).
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The formula k,, = Kk, — t follows. O

Remark 9.3.6. Assume o has small principal curvatures. Although the principal
curvatures of o are not smooth functions, the function «, defined in (9.9) is smooth
as long as ¢ has small principal curvatures. Indeed, using the expression of the
inverse hyperbolic tangent in terms of the elementary functions, we may express:

& (S (2220) - (i) -

where B is the shape operator of o as usual. This proves the smoothness of k,,
which will be implicitly used in Proposition 10.5.7.

9.3.2 Comparison horospheres

Our next goal is to discuss global injectivity of immersions with small principal cur-
vatures (Proposition 9.3.15) and of their Gauss maps (Proposition 9.3.16), under
the following completeness assumption.

Definition 9.3.7. An immersion o: M"™ — H""! is complete if the first fundamental
form I is a complete Riemannian metric.

Here we provide some preliminary steps.

Definition 9.3.8. Given an oriented manifold M™ and an immersion o : M — H"*,
let B = —Dv be its shape operator with respect to the unit normal vector field
v compatible with the orientations of M and H"™'. We say that o is (strictly)
conver if B is negative semi-definite (resp. definite), and, conversely, that it is
(strictly) concave if B is positive semi-definite (resp. definite).

When o is an embedding, we refer to its image as a (strictly) convex/concave
hypersurface. Clearly reversing the orientation (and therefore the normal vector
field) of a (strictly) convex hypersurface it becomes (strictly) concave, and vicev-
ersa. An example of convex hypersurface

A classical fact is that a properly embedded strictly convex hyperurface in
H"*! disconnects it into two connected components and that exactly one of them
is geodesically convex (the one towards which —v is pointing): we denote the



Chapter 9. The Gauss map of hypersurfaces in H"*! 151

closure of this connected component as the convex side of the hypersurface, and
denote as the concave side the closure of the other one.

We need another definition before stating the next Lemma. We say that a
smooth curve 7 : [a,b] — H" parameterized by arclength has small acceleration if
Dy (t)]] < 1 for all t, where D denotes the Levi-Civita connection of H" as
usual.

Lemma 9.3.9. Let «y : [a,b] — H" be a smooth curve of small acceleration. Then
the image of v lies on the concave side of any horosphere tangent to v. More
precisely, v lies in the interior of the concave side except for the tangency point.

Proof. Up to reparametrization we can assume that the tangency point is v(0),
and we shall prove that () lies on the concave side of any horosphere tangent to
7' (0) for every t > 0. Recall that we are also assuming that ~y is parameterized by
arclength. We will use the upper half-space model of H", namely, H" is the region
{z, > 0} in R endowed with the metric (Z5)(dz} + ... 4+ dz2). Up to isometry,
we can assume that v(0) = (0,...,0,1), 7’(03 = (1,0,...,0) and that the tangent
horosphere is {z, = 1}.

Let us first show that + lies on the concave side of the horosphere for small
t, namely, denoting v(t) = (71(¢), ..., (t)), that v,(f) < 1 for small ¢. Since
7 (0) = 1 and ~/,(0) = 0, it will be sufficient to check that +/(0) < 0. Using the
assumption on /(0) and a direct computation of the Christoffel symbols '}y = 1,
we get

(D7 )n(0) = 7,(0) + 1.

Since by hypothesis v has small acceleration, and at v(0) the metric of the upper
half-space model coincides with the standard metric da?+. .. 4+dz2, |(D,7).(0)| <
1 and therefore v/(0) < 0. We conclude that, for suitable € > 0, 7, (t) < 1 for all
t € (—ee€)\{0}.

Let us now show that «(t) lies in the interior of the concave side of the tangent
horosphere {x, = 1} for all ¢t # 0, that is, that ~,(¢) < 1 for all £ # 0. Suppose by
contradiction that v, (ty) = 1 for some ¢y > e¢. Then =, has a minimum point ;,
in (0,%p), with minimum value m < 1. The horosphere {z,, = m} is then tangent
to 7y at y(tmin) and v, (t) > m for t in a neighbourhood of t,;,. By re-applying the
argument of the previous part of the proof, this gives a contradiction. See Figure
9.2. O

Remark 9.3.10. Given an immersion o : M" — H""' (or in general into any
Riemannian manifold), a curve v : [a, b] — M is a geodesic for the first fundamental
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Figure 9.2: A schematic picture of the argument in the proof of Lemma 9.3.9.
On the left, for ¢ € (—¢,€) the image of the curve 7(¢) lies in the concave
side of the horosphere tangent to v at t = 0. On the right, the same holds
in fact for every t, for otherwise one would obtain a contradiction with the
first part of the proof at the minimum point ¢yi,.

form of o (in short, it is an intrinsic geodesic) if and only if Doy (0 0 7)" is
orthogonal to the image of ¢. In this case we have indeed

Digoyy (0 07) =T (t),7' (1))v(7(t)) (9.12)

where v is the unit normal vector of the immersion with respect to the chosen
orientations.

By applying this remark to an intrinsic geodesic for the horosphere {z, = 1},
which has the form ~(t) = (ait,...,a,_1t,1) (here o is simply the inclusion),
and repeating the same computation of the proof of Lemma 9.3.9, we see that the
second fundamental form of a horosphere equals the first fundamental form. Hence
the principal curvatures of a horosphere are all identically equal to 1 for the choice
of inward normal vector, and therefore the shape operator is the identity at every
point, a fact we have already used in Example 9.1.11.

An immediate consequence of Lemma 9.3.9 is the following:

Lemma 9.3.11. Given a complete immersion o : M™ — H"*' with small principal
curvatures, the image of o lies strictly on the concave side of any tangent horo-
sphere. That is, for every p € M, o(M \ {p}) lies in the interior of the concave
side of each of the two horospheres tangent to o at o(p).

Proof. Let us fix p € M and let ¢ € M, with p # q. By completeness there exists
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an intrinsic geodesic v on M joining p and ¢, which we assume to be parameterized
by arclength. Applying Equation (9.12) as in Remark 9.3.10, we have

1Doory (@ 0) || = [I(y' (), 7' (1))] < I(v' (1), (1)) = (e o) (DII* =1,
hence o o v has small acceleration. The conclusion follows from Lemma 9.3.9. [

Remark 9.3.12. Observe that any metric sphere in H"*! is contained in the convex
side of any tangent horosphere. As a result, a hypersurface with small principal
curvatures lies in the complementary of any metric ball of H"*! whose boundary
is tangent to the hypersurface. See Figure 9.3.

Remark 9.3.13. A r-cap in the hyperbolic space is the hypersurface at (signed)
distance r from a totally geodesic plane. By a simple computation (for instance us-
ing Equation (9.10)), r-caps are umbilical hypersurfaces with principal curvatures
identically equal to — tanh(r), computed with respect to the unit normal vector
pointing to the side where r is increasing. Now, if o : M — H"*! is an immersion
with principal curvatures smaller that e = tanh(r)€ (0,1) in absolute value, then
one can repeat wordly the proofs of Lemma 9.3.9 and Lemma 9.3.11, by replac-
ing horospheres with r-caps, and conclude that the image of o lies strictly on the
concave side of every tangent r-cap for r = arctanh(e). See Figure 9.3. A similar
conclusion (which is however not interesting for the purpose of this paper) could of
course be obtained under the assumption that ¢ has principal curvatures bounded
by some constant € > 1, in terms of tangent metric spheres with curvature greater
than e in absolute value.

9.3.3 Injectivity results

Having established these preliminary results, let us finally discuss the global injec-
tivity of ¢ and G, under the hypothesis of completeness. Before that, we relate
the completeness assumption for o to some topological conditions.

Remark 9.3.14. Let us observe that proper immersions o: M — H""! are com-
plete. Indeed, if p, ¢ € M have distance at most r for the first fundamental form I,
then, by definition of distance on a Riemannian manifold, distyg.+1(c(p),o(q)) < r:
as a result,

o(Bi(x,r)) C Byn+i(x,r).
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Figure 9.3: Schematically, an immersion ¢ tangent at one point to a metric
sphere (whose principal curvatures are larger than 1), a horosphere (equal
to 1) and a r-cap (smaller than 1). The image of o is contained in the
concave side of the three of them.

Assuming o is proper, 0! (Byn+1(z,7)) is a compact subspace of M containing

Bi(x,r), therefore Bi(x,r) is compact. We conclude that I is complete by Hopf-
Rinow Theorem.

A less trivial result is that Remark 9.3.14 can be reversed for immersions with
small principal curvatures: in fact, for immersions with small principal curvatures,
being properly immersed, properly embedded and complete are all equivalent con-
ditions

Proposition 9.3.15. Let M"™ be a manifold and o : M — H"" be a complete
immersion with small principal curvatures. Then o is a proper embedding and M
is diffeomorphic to R™.

Proof. To show that o is injective, let us suppose by contradiction that o(p) =
o(q) = yo for p # q. Let 7 : [a,b] — M be an intrinsic I-geodesic joining p and
q parametrized by arclength, which exists because I is complete. As in Lemma
9.3.11, 0 o v has small acceleration. Let

o := max dgn+1 (Yo, 0 0 Y(t)) .
t€la,b]
Then oo+ is tangent at some point o o~y (#g) to the metric sphere in H"*! centered
at yo of radius ry, and contained in its convex side. By Remark 9.3.12, o o v lies
in the convex side of the horosphere tangent to the hypersurface at o o y(ty). This
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contradicts Lemma 9.3.9 and shows that ¢ is an injective immersion. See Figure
9.4.

Figure 9.4: A sketch of the proof of the first part of Proposition 9.3.15,
namely the injectivity of o. If o(p) = o(q) = yo for p # q, then the image
o o~y of a I-geodesic connecting p and ¢ would be tangent to a metric ball
centered at gy, which contradicts the assumption that ¢ has small principal
curvatures.

It follows that M is simply connected. Indeed, let u : M — M be a universal
covering. If M were not simply connected, then u would not be injective, hence
oou would give a non-injective immersion in H"*! with small principal curvatures,
contradicting the above part of the proof. Since the first fundamental form is
a complete negatively curved Riemannian metric on M (Remark 9.3.3), M is
diffeomorphic to R™ by the Cartan-Hadamard Theorem.

Let us now show that o is proper, which also implies that it is a homeomorphism
onto its image and thus an embedding. As a first step, suppose yp € H*™! is in
the closure of the image of 0. We claim that the normal direction of o extends
to 4o, meaning that there exists a vector vy € T, H**! such that [v(p,)] — [1]
for every sequence p, € M satisfying o(p,) — yo, where v(p) denotes the unit
normal vector of o at p and [-] denotes the equivalence class up to multiplication
by £1. By compactness of unit tangent spheres, if o(p,,) — yo then one can extract
a subsequence v(p,) converging to (say) vp. Observe that by Lemma 9.3.11, the
image of o lies in the concave side of any horosphere orthogonal to v(p,) at o(p,).
By a continuity argument, it lies also on the concave side of each of the two
horospheres orthogonal to 1 at 1. The claim follows by a standard subsequence
argument once we show that there can be no limit other than 414 along any
subsequence.
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We will assume hereafter, in the upper half-space model

1
({mn—i-l > 0}7 xz_(dm% +...+ dx?z—i—l)) )
n+1

that yo = (0,...,0,1) and vy = (0,...,0,1). See Figure 9.5 on the left. In this
model, horospheres are either horizontal hyperplanes {z, 1 = ¢} or spheres with
south pole on {x,,; = 0}. By Lemma 9.3.11, the image of o is contained in
the concave side of both horospheres orthogonal to 14, hence it lies in the region
defined by 0 < z,11 < 1land 22 + ... + 22 + (01 — %)2 > ;11. Now, if 11 # +uy
were a subsequential limit of v(g,) for some sequence ¢, with o(g,) — o, then
the image of o would lie on the concave side of some sphere with south pole on
{Zpt1 = 0,(x1,...,2,) # (0,...,0)}. But then o would either enter the region
Tnt1 > 1 or the region 23 + ... 4+ 22 4 (241 — 3)? < T in a neighbourhood of yj,
which gives a contradiction.

Having established the convergence of the normal direction to [14], we can now
find a neighbourhood U of yq of the form B(0,¢€) x (3, 2), where B(0,€) is the ball
of Euclidean radius € centered at the origin in {x, 1 = 0}, such that if o(p) € U,
then the vertical projection from the tangent space of o at o(p) to {z,41 =0} is a
linear isomorphism. By the implicit function theorem, o(M)NU is locally a graph
over R™. Up to taking a smaller €, we can arrange U so that o(M)NU is a global
graph over some open set of B(0,¢) C R"™. Indeed as long as the normal vector v
is in a small neighbourhood of 4y, the vertical lines over points in B(0, €) may
intersect the image of o in at most one point as a consequence of Lemma 9.3.11.
Let us denote V' C B(0,¢) the image of the vertical projection from o(M) N U
to R", so that o(M) N U is the graph of some function h : V' — (3, 2) satisfying
h(0) = 1. Since the gradient of h converges to 0 at 0, up to restricting U again,
there is a constant C' > 0 such that the Euclidean norm of the gradient of h is
bounded by C.

We shall now apply again the hypothesis that ¢ is complete to show that in
fact V' = B(0,¢€). For this purpose, we assume that V' is a proper (open) subset of
B(0,€) and we will derive a contradiction. Under the assumption V' # B(0,¢€) we
would find a Euclidean segment c : [0, 1] — R" such that ¢(s) € V for s € [0,1)
and ¢(1) € B(0,¢) \ V. The path s — (c(s),h oc(s)) is contained in o(M); using
h > % and the bound on the gradient, we obtain that its hyperbolic length is less
than 2v/1 + C2 times the Euclidean length of ¢, hence is finite. This contradicts
completeness of o. In summary, o(M) N U is the graph of a function globally
defined on B(0,¢), and clearly contains the point yo. See Figure 9.5 on the right.
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We are now ready to complete the proof of the fact that o is proper. Indeed,
let p, € M be a sequence such that o(p,) — yo. We showed above that yg is
in the image of o (say yo = o(py)) and that p, is definitively in ¢! (U), whose
image is a graph over B(0, €). Hence p, is at bounded distance from py for the first
fundamental form of o, and therefore admits a subsequence p,, converging to po.
In conclusion, ¢ is a proper embedding. O

o
{zn1 =1}

Figure 9.5: The setting of the proof that ¢ is proper in Proposition 9.3.15: in
the upper half-plane model, the image of ¢ is contained below the horosphere

{xp41 = 1} and in the outer side of the horosphere 22 + ... + 22 + (z,41 —

%)2 = i. On the right, the neighbourhood U of yg, where the image of o is

proved to be the graph of a function h : B(0,¢) — R.

By an application of Lemma 9.3.11 one can easily show that the Gauss map
G, : M — G, is injective as well if o is complete and has small principal
curvatures. However, we will prove here (Proposition 9.3.16) a stronger property
of the Gauss map. Recall that the space of oriented geodesics of H"*! has the
natural identification

Gy = OH" x OH" M\ A |

for A the diagonal, given by mapping an oriented geodesic ¢ to its endpoints at
infinity according to the orientation: as a consequence, the map G, can be seen
as a pair of maps with values in the boundary of H". More precisely, if we denote
by 7 : R — H"*! a parameterized geodesic, then the above identification reads:

v ( lim ’V(f%tljljloj(t)) : (9.13)

t——+o0

Given an immersion of an oriented manifold M™ into H"*!, composing the
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Gauss map G, : M — G, with the above map (9.13) with values in OH"*! x
OH™! and projecting on each factor, we obtain the so-called hyperbolic Gauss
maps G : M — OH"". They are explicitely expressed by

+ I T n—+1
Go(p) = lim_exp,, (tv(p)) € OH"™ .
The following proposition states their injectivity property under the small principal
curvatures assumption, which will be applied in Proposition 9.4.4,

Proposition 9.3.16. Let M™ be an oriented manifold and o : M — H"" be a
complete immersion with small principal curvatures. Then both hyperbolic Gauss
maps G£ : M — OH™ ! are diffeomorphisms onto their images. In particular, the
Gauss map G, is an embedding.

Proof. Let us first show that GF are local diffeomorphisms. Recalling the defini-
tion of o; (Definition 9.1.4) and its expression in the hyperboloid model of H"*!
(Equation (9.5)), G= is the limit for ¢ — 400 in JH" ! of

o¢(p) = cosh(t)o(p) £ sinh(t)v(p) .

Recalling the definition of the boundary of H"™! as the projectivization of the
null-cone (Equation (5.1)), we will consider the boundary at infinity of H"*! as the
slice of the null-cone defined by {z,,2 = 1}. Given py € M, up to isometries we
can assume that o(py) = (0,...,0,1) and v(po) = (1,0,...,0), so that GZ(p) =
(£1,0,...,0,1) and the tangent spaces to the image of o at py and of JH"™! at
GZ(p) are identified to the same subspace {z; = 2,15 = 0} in R™!.

To compute the differential of GF at py, we must differentiate the maps

. o¢(p) - o(p) £v(p)
P @) oG]~ o) % o), o (0))]

at p = po. Under these identifications, a direct computation for V' € T,, M gives:

dGE(V) =doo (idF B)(V) .

Hence both differentials of GF are invertible at py if the eigenvalues of B are always
different from 1 and —1, as in our hypothesis. This shows that GI and G, are
local diffeomorphisms.

To see that G is injective, suppose that GE(p) = GE(¢). This means that o is
orthogonal at p and ¢ to two geodesics having a common point at infinity. Hence
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o is tangent at p and ¢ to two horospheres H, and H, having the same point at
infinity. By Lemma 9.3.11 the image of o must lie in the concave side of both H,
and H,, hence the two horospheres must coincide. But by Lemma 9.3.11 again,
o(M \ {p}) lies strictly in the concave side of H,, hence necessarily p = ¢. See
Figure 9.6.

By the invariance of the domain, GF are diffeomorphisms onto their images.
Under the identification between G,,; and dH" ! x JH" 1\ A the Gauss map G,
corresponds to (G}, G, ), and it follows that G, is an embedding. O

Figure 9.6: The proof of the injectivity of GF. Suppose two orthogonal
geodesics share the final point, hence the image of ¢ is tangent at o(p) and
o(q) have the same point at infinity. As a consequence of Lemma 9.3.11,
this is only possible if the two tangent horospheres coincide, and therefore
if p = q. Replacing horospheres by metric spheres, the same argument
proves that the orthogonal geodesics at different points are disjoint (See
Proposition 9.4.2).

9.4 Nearly-Fuchsian manifolds and the space G,

Taking advantage of the results so far established in this chapter, we now introduce
nearly-Fuchsian representations and manifolds. These will appear again in Chapter
11.

Definition 9.4.1. Let M™ be a closed orientable manifold. A representation p :
m (M) — TIsomo(H"™) is called nearly-Fuchsian if there exists a p-equivariant
immersion o : M — H"*! with small principal curvatures.



Chapter 9. The Gauss map of hypersurfaces in H"*! 160

We recall that an immersion &: M — Isomo(H"™) is p-equivariant if
coa=pla)oar . (9.14)

for all a« € m(M). Let us show that the action of nearly-Fuchsian representations
is “good” on H"*! (Proposition 9.4.2) and also on a region in H"*! which is the
disjoint union of two topological discs (Proposition 9.4.4).

Proposition 9.4.2. Let M™ be a closed orientable manifold and p : w (M) —
Isomg(H" ) be a nearly-Fuchsian representation. Then p gives a free and properly
discontinous action of (M) on H" ™. Moreover p is convex cocompact, namely
there exists a p-invariant geodesically convez subset C C H" ' such that the quo-

.C .
tient /,0(7T1(M)) 1s compact.

Proof. Let ¢ be an equivariant immersion as in Definition 9.4.1. We claim that
the family of geodesics orthogonal to G(M ) gives a foliation of H"*!. Observing
that the action of m(M) on M is free and properly discontinous, this immedi-
ately implies that the action of 71 (M) on H"™! induced by p is free and properly
discontinous.

By repeating the same argument that shows, in the proof of Proposition 9.3.16,
the injectivity of G?, replacing horospheres with metric spheres of H"*! and using
Remark 9.3.12, one can prove that two geodesics orthogonal to 5(M ) at different
points are disjoint.

To show that the orthogonal geodesics give a foliation of H""!, it remains to
show that every point € H""! is contained in a geodesic of this family (which
is necessarily unique). Of course we can assume z ¢ 5(M ). By cocompactness, o
is complete, hence it is a proper embedding by Proposition 9.3.15. Then the map
that associates to each element of 5(M ) its distance from z attains its minimum:
this implies that there exists r > 0 such that the metric sphere of radius r centered
at x is tangent to 5(]Tj ) at some point p. Hence z is on the geodesic through p.
See Figure 9.8.

Let us now prove that p is also convex-cocompact. To show this, we claim
that there exists t,t_ € R such that oy, is a convex embedding, and 7, a
concave one. Indeed in the proof of Lemma 9.3.5 we showed that the principal
curvatures of the normal evolution &; are equal to tanh(u; — t), where pu; is the
hyperbolic arctangent of the corresponding principal curvature of o. Hence taking
t < 0 (resp. t > 0) one can make sure that the principal curvatures of 7, are all
negative (resp. positive), hence o, is convex (resp. concave). The region bounded
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by the images of o, and o, is then geodesically convex and diffeomorphic to
M x [t_,t;]. Under this diffeomorphism, the action of (M) corresponds to the
action by deck transformations on M and the trivial action on the second factor.
Hence its quotient is compact, being diffeomorphic to M x [t_, ¢, ]. O

This implies that in dimension three, nearly-Fuchsian manifolds are quasi-
Fuchsian.

Remark 9.4.3. There is another important consequence of Proposition 9.4.2. Given
0 an equivariant immersion as in Definition 9.4.1, it follows from the cocompactness
of the action of p on the geodesically convex region C that ¢ is a quasi-isometric
embedding in the sense of metric spaces. By cocompactness and Remark 9.3.3, M
is a complete simply connected Riemannian manifold of negative sectional curva-
ture, hence its visual boundary OM in the sense of Gromov is homeomorphic to
S"~1. By [Proposition 6.3, |, o extends to a continuous injective map do from
the visual boundary OM of M to OH"*. By compactness of OM , the extension
of ¢ is a homeomorphism onto its image.

Since any two p-equivariant embeddings o1, 05 : M — H™ are at bounded
distance from each other by cocompactness, the extension do does not depend on
o, but only on the representation p. In conclusion, the image of 9o is a topological
(n—1)-sphere A, in 9H" ™, called the limit set of the representation p. See Figure
9.7.

Q4

Q_

Figure 9.7: A picture of the limit set A,, which is a topological (n — 1)-
sphere and disconnects OH"*! in two connected components Q2 and Q_,
which are homeomorphic to n-discs.

Proposition 9.4.4. Let M™ be a closed orientable manifold, p : mi (M) — Isomg(H" )
be a nearly-Fuchsian representation and A, be its limit set. Then the action of p
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extends to a free and properly discontinous action on OH"'\ A,, which is the
disjoint union of two topological n-discs.

Proof. Since the action of (M) on M is free and properly discontinuous, and
G;—L are diffeomorphisms onto their image by Proposition 9.3.16, it follows that
the action of p(m; (M)) is free and properly discontinuous on G (]TJ ) and G (M ),
which are topological discs in H"*! since M is diffeomorphic to R". We claim that

GE(M)U G5 (M) =0H""\ A, .

Observe that, by the Jordan-Brouwer separation Theorem, the complement of A,
has two connected components, hence the claim will also imply that GZ (]T/[/ ) and
G- (]Tj ) are disjoint because they are both connected.

In order to show that OH"™' \ A, C G;(M) UG (M), one can repeat the
same argument as Proposition 9.4.2, now using horospheres, to see that every z in
the complement of A, is the endpoint of some geodesic orthogonal to E(M ). See
Figure 9.8.

It only remains to show the other inclusion. By continuity, it suffices to show
that every € A, is not on the image of Gal—L. Observe that by cocompactness the
principal curvatures of ¢ are bounded by some constant € < 1 in absolute value.
Now, if z € OH"*! is the endpoint of an orthogonal line ¢, then, for all 7, one would
be able to construct a r-cap tangent to ¢ N 5(]T4/ ) such that z lies in the convex
side of the r-cap: since, by Remark 9.3.13, for some r the image of ¢ lies in the

concave side of the r-cap, = cannot lie in do (M) = A,. See Figure 9.8 again. [

As a consequence of Proposition 9.4.2, if p : 7 (M) — Isomg(H"™!) is a nearly-
n+1
Fuchsian representation, then the quotient H / (1 (M) is a complete hyperbolic

manifold diffeomorphic to M x R. This motivates the following definition.

Definition 9.4.5. A hyperbolic manifold of dimension n + 1 is nearly-Fuchsian if it
. . . ! . .
is isometric to the quotient Ve (1 (M) for M a closed orientable n-manifold

and p : m (M) — Isomg(H" ™) a nearly-Fuchsian representation.

Remark 9.4.6. If 5 : M — H™!is a p-equivariant embedding with small princi-
pal curvatures, then o descends to the quotient defining a smooth injective map
o: M — Hn+1/p<m (M))- Moreover, since o is a p-equivariant homeomorphism
with its image, o is a homeomorphism with its image as well hence its image is an

embedded hypersurface.
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Figure 9.8: The arguments in the proof of Proposition 9.4.4. On the left,
since ¢ is proper and extends to A, in OH" !, from every point x ¢ A, one
can find a horosphere with point at infinity x tangent to the image of .
The same argument works for an interior point , using metric balls, which
is the argument of Proposition 9.4.2. On the right, a r-cap orthogonal to
a geodesic £ with endpoint x. Since & lies on the concave side of tangent
r-caps for large r, x cannot be in the image of G; The same argument
is used in Lemma 11.3.1, under the convexity assumption, in which case it
suffices to use tangent hyperplanes instead of r-caps.

We conclude this section with a final definition which appears in the statement
of Theorem 11.1.4. As a preliminary remark, recall from Propositions 9.3.16 and
9.4.4 that if ¢ is a p-equivariant embedding with small principal curvatures, then
each of the Gauss maps G;—L of ¢ is a diffeomorphism between M and a connected
component of 9H"" \ A,. Let us denote these connected components by Q4 as in
Figure 9.7, so that:

OH™\ A, =Q,UQ_  GHM)=9, G;(M)=9_.

with the representation p inducing an action of m1(M) on both Q, and Q_. Re-
calling the identification

Grpr & OH"M x 9HM\ A |

given by
v (fim (0, 1im 200

t——+o0

the following definition is well-posed.

Definition 9.4.7. Given a closed oriented n-manifold M and a nearly-Fuchsian
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representation p : m (M) — Isomg(H"™!), we define G, as the quotient:

{7 €Gppa | lim 4(t) € Qo or lim y(t) € Q—}/p(m( M)
Observe that, since the action of p(m(M)) on OH"*! is free and properly dis-
continuous on both 2, and €)_, it is also free and properly discontinuous on the
region of G, consisting of geodesics having either final point in 2, or initial
point in 2_. Moreover, such region is simply connected, because it is the union of
Q, x OH"M \ A and OH"™ x Q_ \ A, both of which are simply connected (they
retract on €, x {x} and {*x} x Q_ respectively) and whose intersection 2, x Q_ is
again simply connected. We conclude that G, is a 2n-manifold whose fundamental
group is isomorphic to w1 (M), and is endowed with a natural para-Kéhler structure
induced from that of G, (which is preserved by the action of Isomg(H"1)).

It is important to stress once more that €2, and {2_ only depend on p and not
on 0. We made here a choice in the labelling of €2, and ©2_ which only depends on
the orientation of M. The other choice of labelling would result in a “twin” region,
which differs from G, by switching the roles of initial and final endpoints.

A consequence of this construction, which is implicit in the statement of The-
orem 11.1.4, is the following:

Corollary 9.4.8. Let M™ be a closed orientable manifold, p : m (M) — Isomg(H" ™)
be a nearly-Fuchsian representation and o : M — H" be a p-equivariant embed-
ding of small principal curvatures. For a suitable choice of an orientation on M,

the Gauss map of o takes values in Q0 x Q_, and induces an embedding of M in
G,

Proof. The only part of the statement which is left to prove is that the induced
immersion of M in G, is an embedding, but the proof follows with the same
argument as in Remark 9.4.6. O]



Chapter 10

Local, global and equivariant
integrability of immersions into

Gn+1

In this chapter we introduce a connection on the principal R-bundle p and relate
its curvature with the symplectic geometry of the space of geodesics.

As a consequence, we characterize, in terms of the Lagrangian condition, the
immersions in the space of geodesics which can be locally seen as Gauss maps of
immersions into H"*'. After that, we focus on the problem of global integrabil-
ity for immersions into G, 1, looking at the obstructions and then focusing on
Riemannian immersions. The final sections of this chapter are devoted to char-
acterizing equivariantly integrable Riemannian immersions into G,,11 in terms of
their extrinsic geometry, namely in terms of their Maslov class.

10.1 Connection on the bundle T'H"” — G,,

Recall that a connection on a principal G-bundle P is a g-valued 1-form w on P
such that:

o Ady(Riw) = w;

e for every £ € G, w(X¢) = £ where X¢ is the vector field associated to £ by
differentiating the action of G.

In the special case G = R which we consider in this paper, w is a real-valued 1-form
and the first property simply means that w is invariant under the action of R.
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Let us now introduce the connection that we will use in the concrete.

Definition 10.1.1. We define the connection form on p : T'H" — G,, as
w(X) = Sasu(X, X))

for X € T, T'H", where x is the infinitesimal generator of the geodesic flow.

The 1-form w indeed satisfies the two properties of a connection: the invari-
ance under the R-action follows immediately from the invariance of Sas,, (Lemma
5.1.3) and of x (Equation (5.13)); the second property follows from Equation (5.9),
namely w(X(z)) = S50 (X(20); X(2)) = 1.

The connection w is defined in such a way that the associated FEhresmann
connection, which we recall being a

distribution of T*H" in direct sum with the tangent space of the fibers of p, is
simply the distribution orthogonal to y. Indeed the Ehresmann connection associ-
ated to w is the kernel of w. The subspaces in the Ehresmann connections defined
by the kernel of w are usually called horizontal; we will avoid this term here since
it might be confused with the horizontal distribution H with respect to the other
bundle structure of T'H", namely the unit tangent bundle 7 : T1H" — H".

Now, a connection on a principal G-bundle is flat if the Ehresmann distribution
is integrable, namely, every point admits a local section tangent to the kernel of
w. We will simply refer to such a section as a flat section. The bundle is a trivial
flat principal G-bundle if it has a global flat section.

Having introduced the necessary language, the following statement is a direct
reformulation of Proposition 9.1.2.

Proposition 10.1.2. Given an oriented manifold M™ and an immersion o : M —
H""L, the G,-pull-back of p : TTH" ™ — G4, is a trivial flat bundle.

Proof. The lift ¢, : M — T'H"™! is orthogonal to x by Proposition 9.1.2 and
therefore induces a global flat section of the pull-back bundle via G, =po(,. [
10.2 Curvature of the connection

The purpose of this section is to compute the curvature of the connection w, which
is simply the R-valued 2-form dw. (The general formula for the curvature of a
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connection on a principal G-bundle is dw + %w A w, but the last term vanishes in
our case G = R.)

Remark 10.2.1. It is known that the curvature of w is the obstruction to the ex-
istence of local flat sections. In particular in the next proposition we will use
extensively that, given X,Y € Xt“ﬂ)) C TiupT H™, if there exists an embed-
ding ¢ : M — T'H"*! such that ((p) = (z,v), that X,Y € d((T,M) and that
d¢(T,M) C x*, then dw(X,Y) = 0.

This can be easily seen by a direct argument: if we now denote by X and YV
some extensions tangential to the image of (, one has

dw(X,Y) = 0x(w(Y)) — Oy (w(X)) —w([X,Y]) =0,

since w(X) = w(Y) = 0 by the hypothesis that X and Y are orthogonal to ¥,
whence w(X) = Sas,(X,x) = 0, and moreover w([X,Y]) = 0 since [X, Y] remains
tangential to the image of o.

The argument can in fact be reversed to see that dw is exactly the obstruction
to the existence of a flat section, by the Frobenius theorem.

The following proposition represents an essential step to relate the curvature
of w and the symplectic geometry of the space of geodesics.

Proposition 10.2.2. The following identity holds for the connection form w on the
principal R-bundle p : T'H" ! — G,,.1 and the symplectic form Q of G-

dw =p*Q .

Proof. We shall divide the proof in several steps.

First, let us show that dw is the pull-back of some 2-form on G, ;. Since
dw is obviously invariant under the geodesic flow, we only need to show that
dw(X, X)) = 0 for all X € T,  T'H"*'. Clearly, it suffices to check this for
X € x*. To apply the exterior derivative formula for dw, we consider y as a
globally defined vector field and we shall extend X around (x, v). For this purpose,
take a curve ¢ : (—e, ) — T'H"*! such that ¢/(0) = X and ¢(s) is tangent to x*
for every s. Then define the map f(s,t) = ¢:(c(s)) and observe that x = 9;f.
We thus set X = 0, f, which is the desired extension along a two-dimensional
submanifold. Then we have:

dw (X, x) = Ox(w(x)) = O (w(X)) —w[X,x] =0,



Chapter 10. Local, global and equivariant integrability of immersions into
G 168

where we have used that w(x) = 1, that w(X) = 0 along the curves t — ¢;(z,v)
(since the curve c is taken to be in the distribution x* and the geodesic flow
preserves both x and its orthogonal complement), and finally that [X,x] = 0
since Y = 0;f and X = 0,f are coordinate vector fields for a submanifold in
neighborhood of (z,v).

Having proved this, it is now sufficient to show that dw and p*Q) agree when
restricted to x*. Recall that Q is defined as g(-, J-), where g and J are the push-
forward to T, (z,0)Gpy1, by means of the differential of p, of the metric Sas,,1 and
of the para-complex structure J on xy*. Thus we must equivalently show that

dw(X,Y) = Sas,1(X,JY)  forall X,Y € x(,) - (10.1)

To see this, take an orthonormal basis {wy,...,w,} for v+ C T,H"", and
observe that {w]t,... ,wl wY,...,wY} is a Sas,1-orthonormal basis of yt. It is
sufficient to check (10.1) for X, Y distinct elements of this basis. We distinguish

several cases.

e First, consider the case X = w} and Y = w?, fori # j. Then Sas,41(X,JY) =
Sasn1(w}, wY) = 0 by Definition 5.1.2. On the other hand, by Example
9.1.8, if o is the inclusion of the totally geodesic hyperplane orthogonal to
v at x, then its lift {, is a submanifold in T*H"™! orthogonal to x at every
point and tangent to X and Y. Then dw(X,Y) = 0 by Remark 10.2.1.

e Second, consider X = w} and Y = wY, fori # j. Then again Sas,41(X,JY) =
Saspi(wY, wZ{) = (. Here we can apply Example 9.1.9 instead, and see that
there is a n-dimensional sphere in V(OM) orthogonal to the fibers of p and tan-
gent to X and Y, whence dw(X,Y) = 0 by Remark 10.2.1.

e Third, consider X = w} and Y = w;}, for i # j. Then Sas,41(X,JY) =
%nﬂ(wﬁ,w;") = 0 since w; and w; are orthogonal. Let us now apply
Example 9.1.10, for instance by taking ) the geodesic going through x with
speed w;. The normal bundle N'@ is a submanifold orthogonal to the fibers
of p and tangent to w}* and w}}. So dw(X,Y) = 0 by the usual argument.

e Finally, we have to deal with the case X = w! and ¥ = w).

; ;. Here

Sasn1(X,JY) = Sas, 11 (w}, w}) = 1. For this computation, we may as-
sume n = 1, up to restricting to the totally geodesic 2-plane spanned by v
and w, which is a copy of H?. Hence we will simply denote w; = w, and
moreover we can assume (up to changing the sign) that w = 2 X v, where X
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In summary, we have shown that dw and p*Q) coincide on the basis {x, wi, ..., wl wY, ...

denotes the Lorentzian cross product in R*!'. In other words, (x,v,w) forms
an oriented orthonormal triple in R?!.

Now, let us extend X and Y to globally defined vector fields on T H?, by
means of the assignment (z,v) — (x X v)* and (z,v) — (z X v)Y. By this
definition, X and Y are orthogonal to x; we claim that [X,Y] = —x. This
will conclude the proof, since

dw(X,Y) = Ox(w(Y)) = 0y (w(X)) —w[X,Y] = —w[X,Y] = Sasy(x,x) =1 .

For the claim about the Lie bracket, let us use the hyperboloid model. Then
X = (¢X®v,0) and Y = (0,2 W v). We can consider X and Y as globally
defined (by the same expressions) in the ambient space R?! x R%! so as to
compute the Lie bracket in R%! x R?!, which will remain tangential to T H?>
since T'H? is a submanifold. Using the formula [X,Y] = JacxY — Jacy X,
where Jacx denotes the Jacobian of the vector field thought as a map from
R? to R3, we obtain

(X,)Y] = (X (zXv),0) — (0,(z Xv) Xv) = —(v,2) = —X(aw)

by the standard properties of the cross-product.

of T(I,U)TlH"“, and therefore the desired identity holds. O

We get as an immediate consequence the closedness of the fundamental form

), a fact whose proof has been deferred from Section 5.2.

Corollary 10.2.3. The fundamental form Q = g(-,J-) is closed.

Proof. Using Proposition 10.2.2 we have

pH(dQY) = d(p*Q) = d(dw) =0 .

Since p is surjective, it follows that d{2 = 0. O

10.3 Lagrangian immersions and local integrability

We have now all the ingredients to relate the Gauss maps of immersed hyper-

surfaces in H"™! with the Lagrangian condition for the symplectic geometry of

GnJrl
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Corollary 10.3.1. Given an oriented manifold M™ and an immersion o : M —
H", Gy : M — G, is a Lagrangian immersion.

Proof. By Proposition 10.1.2, the pull-back by G, of the principal R-bundle p
is flat because there exists G, = (, : M — T'H""! orthogonal to x such that
G, =poG,. Hence (G,)*dw vanishes identically and G, induces a flat section of

~

Gip. But by Proposition 10.2.2, (G,)*dw = (Go)*(p*Q) = (G,)*Q, therefore G,
is Lagrangian. [

Observe that in Corollary 10.3.1 we only use the flatness property of Proposition
10.1.2, and not the triviality of the pull-back principal bundle. When M is simply
connected, we can partially reverse Corollary 10.3.1, showing that the Lagrangian
condition is essentially the only local obstruction.

Corollary 10.3.2. Given an orientable simply connected manifold M™ and a La-
grangian immersion G : M — G, 11, there exists an immersion ¢ : M — T H"!
orthogonal to the fibers of p such that G = p o (. Moreover, if wo ( : M — H"H!
1s an immersion, then G coincides with its Gauss map.

Proof. Since G is Lagrangian, by Proposition 10.1.2 the G-pull-back bundle of p is
flat, and it is therefore a trivial flat bundle since M is simply connected. Hence it
admits a global flat section, which provides the map ¢ : M — T'H"*! orthogonal
to x. Assuming moreover that ¢ := 7 o ( is an immersion, by Proposition 9.1.3,
G = po ( is the Gauss map of o. n

Clearly the map ¢ is not uniquely determined, and the different choices differ
by the action of ¢;. Lemma 10.3.3, and the following corollary, show that (by post-
composing with ¢, if necessary) one can always find ¢ such that 7o ( is locally an
immersion.

Lemma 10.3.3. Let M be a n-manifold and ¢ : M — T'H"! be an immersion
orthogonal to x. Suppose that the differential of mo ( is singular at p € M. Then
there exists € > 0 such that the differential of ™o @, 0 at p is non-singular for all

t € (—e,€)\ {0}.

Proof. Let us denote ¢, := ¢y 0(, 0 := wo(, and o4 := 7o (;. Assume also
((p) = (x,v). Let {Vi4,...,Vi} be a basis of the kernel of d,o and let us complete
it to a basis {Vi,...,V,} of T,M. Hence if we denote w; := d,o(V;) for j > k,
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{wi41, ..., w,} is a basis of the image of d,o. Exactly as in the proof of Proposition
9.1.3, we have wy41,...,w, € vt C T,H""'. Hence we have:

dC(Vi) = ui,....dC(Vi) = wp, dC(Vir) = wily +wiyy, ., dC(Va) = w)f + uy,

for some w1, ..., u, € vt.

On the one hand, since ( is an immersion, ug, ..., u; are linearly independent.
On the other hand, ( is orthogonal to x, hence by Remark 10.2.1 we have (*dw = 0.
Using Equation (10.1), it follows that:

S, (dC(V), 3 0 d¢(V})) = 0

for all 7,7 = 1,...n. Applying this to any choice of i < k and j > k, we find
(u;, w;) = 0. Hence {uy, ..., ug, Wgi1,...,w,} is a basis of v*.
We are now ready to prove the statement. By Equations (5.11) and (5.12), we
have
do(V;) = dr o dg,(u)) = sinh(t)u;

for 1 <17 < k, while
doy(V;) =dmo dgot(w}{ + u})) = cosh(t)w; + sinh(t)u;

for k +1 < 7 < n. The proof will be over if we show that {do(V}),...,do(V,)}
are linearly independent for ¢ € (—¢,€), t # 0. In light of the above expressions,
dividing by sinh(¢) (which is not zero if ¢ # 0) or cosh(¢), this is equivalent to
showing that

{uy, ..., ug, wey1 + tanh(t)ugq, . .., w, + tanh(t)u, }

are linearly independent for small . This is true because we have proved above that
{uy, ..., U, Wgt1,...,w,} is a basis, and linear independence is an open condition.

]

Theorem 10.3.4. Let G: M"™ — G411 be an immersion. Then G is Lagrangian if

and only if for all p € M there exists a neighbourhood U of p and an immersion
o: U — H"™ such that G, = G|y.

Proof. The “if” part follows from Corollary 10.3.1. Conversely, let U be a simply
connected neighbourhood of p. By Corollary 10.3.2, there exists an immersion
¢: U — T'H"! orthogonal to the fibers of p such that G = po(. If the differential
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of o ( is non-singular at p, then, up to restricting U, we can assume ¢ := mo ( is
an immersion of U into H"™!. By the second part of Corollary 10.3.2, G|y is the
Gauss map of o. If the differential of wo( is instead singular at p, by Lemma 10.3.3
it suffices to replace ¢ by (; for small t and we obtain the same conclusion. O

10.3.1 Lagrangian condition in G in terms of complex metrics

In Proposition 9.2.1 we showed that the pseudo-Riemannian metric of g on Gg3
is the real part of the hRm (-, -)g. Moreover, by Theorem 6.5.2, we know that a
complex metric g with constant curvature —1 on a surface S corresponds to an
equivariant immersion S — G, unique up to post-composition with Isom(H?).

We show that there is a characterization of Lagrangian (i.e. locally integrable)
immersions GG: S — Gg3 in terms of the induced complex metric.

Before that, let us show that the symplectic form on G3 can be expressed in
terms of the complex structure of G.

Proposition 10.3.5. Let (U, z) be an affine chart on CP*. Then, on the local chart
(Ux U\ A,z x z) for Gg, the symplectic form Q satisfies

1 le A ng
Q=—Re| ———5 . 10.2
2 6((21_22)2) (10.2)

Proof. Let us first note that, using exactly the same techniques as in the proof of
Theorem 5.3.1, one can prove that the RHS of Equation 10.2 does not depend on
the local affine chart and that it is PSL(2, C)-invariant. Hence it is sufficient to
check that Equation 10.2 holds in a point of G

Let us recall that in Equation (6.12) we computed the map dp: Xé“;) — T,G,
where, in the hyperplane model C x R* for H3, we denote z = (0,1), v = (1,0),
(=(1,-1) e CxC\A.

With notations as in the proof of Proposition 10.2.2, define wit, wit, wY, wY €

1, Wy, Wy, Wy
vt vt = Xé?ﬂ]) as

wit = ((i,0),(0,0)) ,
wi’ = ((0,1),(0,0)) ,
wy = ((0,0), (i,0)) ,
wy = ((0,0),(0,1))

The images via dp of these vectors define a orthonormal basis for T;G: explicitly
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via Equation (6.12) we have

dp(wl) = (i,1) ,
dp(wy) = (=1,1)
dp(wy) = (=i,1) ,
dp(wy) = (1,1)

We computed in the proof of Proposition 10.2.2 that Q(dp(wit),dp(wit)) =
Q(dp(wy),dp(wy)) = 0, and that Q(dp(w}), dp(wy)) = 6. Using the explicit
descriptions above, one gets directly that the RHS of Equation 10.2 coincides on
this basis of T;G. O

Corollary 10.3.6. An immersion G: S — (-,-)G is Lagrangian if and only if the

(local) area form dA, of g = G*(-,-)g is real, i.e. it restricts to a real-valued 2-form
onTS.

Proof. First of all, observe that clearly the statement does not depend on the sign
of the area form.
Let G = (fi, f2), hence g =
Let us show that

7 f2)2df1 dfy, with fi, fo: S — CP*.

1
dA, = 8i———— 7 Sdf A dfs . (10.3)

In order to prove it, take a basis (V4, V;) for CT,S such that each Vj is a non-
zero isotropic vector for g with Vi, € Ker(d,f;: CI,S — C). Then, the vectors

Wy = —‘/,1+ﬂ/2 , W= = Vl._iVQ
2ig(V1, Va) iy/2ig(V1, Va)

define a g-orthonormal basis, and dA,(W;, W) = 1 leads to

as a result, one gets that Equation (10.3) holds since it holds in the basis (V1, V3).
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Finally, by Proposition 10.3.5 and Equation (10.3), one gets

cro=—gre (¢(00)) =
~ 3 ) -
8-
= %[m(dA ).
and the thesis follows. O

10.4 Global integrability

Let us now approach the problem of global integrability. We provide an example
to show that in general 7 o ¢; o ¢ might fail to be globally an immersion for all
t € R, as we already mentioned after Proposition 9.1.3.

Example 10.4.1. Let us construct a curve G : (—=T,T) — Go with the property of
being locally integrable! but not globally integrable.

Fix r > 0 and a maximal geodesic ¢ in H2. Let us consider a smooth curve
o.: (—¢,T) — H?, for some small enough ¢ and big enough T, so that:

e o, is an immersion and is parameterized by arclength;

® (04)|(~e,e) lies on the r-cap equidistant from ¢, oriented in such a way that
the induced unit normal vector field (v )|(_.) is directed towards ¢;

e (04)|(z,m lies on the metric circle {z € H? | dy2(x, z9) = r} for some z, € H?
and some € < Ty < T', oriented in such a way that the induced unit normal
vector field (v )|z, 1) is directed towards .

See Figure 10.1. By a simple computation, for instance using Equation (9.11),
m on (7y,T). Hence by the
intermediate value theorem, the image of the curvature function k: (—¢,7) — R

the curvature of o, equals tanh(r) on (—¢,¢) and

'As a matter of fact, any curve in Gs is locally integrable by Theorem 10.3.4, since the
domain is simply connected and it is trivially Lagrangian. However, in this example, we will see
by construction that G is locally integrable.
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Figure 10.1: On the left, the construction of the curve o, which is an
arclenght parameterization of a portion of r-cap equidistant from ¢ for s €
(—¢,¢€), and of a circle of radius r for s € (T, T). On the right, the curve o_
whose image is obtained by an order-two elliptic isometry from the image
of oy.

contains the interval [tanh(r), m] An important consequence of this observa-
tion is that (o), fails to be an immersion when ¢ > r. More precisely, if we denote
(,, the lift to T'H? as usual, using Equation (5.5) analogously as for Equation
(9.6), we obtain that:

d(mo @i o0(,, )(V) = (cosh(t) —sinh(t)k)do (V) .

This shows that the differential of m o ¢, 0 (,, at a point s € (—¢,T') vanishes if

and only if
1

tanh(t) = o) (10.4)

Since the image of the function k contains the interval [tanh(r), m], itt>r

then there exists s such that (10.4) is satisfied and therefore 7o ¢, 0 (,, is not an
immersion at s.

Now, let yo € £ be the point at distance r from o (0) and let Ry: H? — H?

be the symmetry at yo, i.e. Ry is the isometry of H? such that Ry(yy) = yo and

dyoRo = —id. Define o_: (=T, e) — H? as
5_(5) = Ro(0+(—3))

As a result, the normal vector field v_ of o_ is such that dRy(v4(s)) = —v_(—s)
and the curvature of o_ takes any value in the interval [—m, —tanh(r)]. Hence
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(0_); fails to be an immersion for t < —r.
Finally, consider the two lifts (,, and (, in T'H? By construction one has
that for all s € (—¢,¢)

Pr © C0+ (5) = P-ro go— (S)

As a result, we can define our counterexample : (=T,T) — T'H? as

B ©r 0 (s (5) if s >—¢
C<S)_{gpro§0_(5) ifs<e

By construction, we have that po(,, = po(|(—.r) and po(,_ = po(|(r,), therefore
p o ¢ is an immersion into Gs and clearly it is locally integrable. However, by the
above discussion, 7 o ¢, o ( fails to be an immersion for every ¢t € R: for ¢t > 0
because mop;0(,, has vanishing differential at some s > —¢, and for ¢ < 0 because
the differential of 7 o ; o (,_ vanishes at some s < e. See Figure 10.2.

Zo

Figure 10.2: The curve ¢ : (=T,T) — T'H? projects to a map 7 o ¢ into
H? which is not an immersion, because it is constantly equal to zg for
s € (Tp,T') and to Ro(zo) for s € (=T, —Tp). Moreover the curvature of
the regular part takes all the values in (—oo,+00). For this reason, each
immersion (; o ¢ into T'H? does not project to an immersion in H?2.

Corollary 10.3.2 and Theorem 10.3.4 can be improved under the additional
assumption that the immersion G is Riemannian. More precisely, we provide an
improved characterization of immersions into G,,,; that are Gauss maps of immer-
sions with small principal curvatures in terms of the Lagrangian and Riemannian
condition, again for when M is simply connected.
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Theorem 10.4.2. Given a simply connected manifold M"™ and an immersion G :
M™ — Gy,y1, G is Riemannian and Lagrangian if and only if there exists an
immersion o: M — H"™ with small principal curvatures such that G, = G, i.e.
if and only if G is globally integrable.

If in addition o is complete, then it is a proper embedding, G, is an embedding
and M 1is diffeomorphic to R".

Proof. We know from Corollary 10.3.1 and Proposition 9.3.2 that the Riemannian
and Lagrangian conditions on G are necessary. To see that they are also sufficient,
by Corollary 10.3.2 there exists (: M — (,,,1 orthogonal to the fibers of p such
that po( = G. We claim that mo( is an immersion, which implies that G = G, for
o = mo ( by the second part of Corollary 10.3.2. Indeed, if X € T),M is such that
dC(X) € Ve = ker(dme()), then d¢(X) = wY for some w € T,,H""!. Hence
by Definition 5.1.2 and the construction of the metric g, g(X, X) = —(w, w) < 0:
since g is Riemannian, necessarily w = 0 and therefore X = 0.

By Proposition 9.3.2 ¢ has small principal curvatures. The “in addition” part
follows by Proposition 9.3.15 and Proposition 9.3.16. O

As another consequence of Proposition 9.3.15 and Proposition 9.3.16, we obtain
the following result.

Theorem 10.4.3. Let M™ be a manifold. If G: M — Gpi1 is a complete Rie-
mannian and Lagrangian immersion, then M s diffeomorphic to R™ and there
exists a proper embedding o : M — H" ™ with small principal curvatures such that

G =0G,.

Proof. Let us lift G to the universal cover M obtaining a Riemannian and La-
granglan immersion G : M — Gp41 which is still complete. By Theorem 10.4.2,
G is the Gauss map of an immersion ¢ with small principal curvatures. We claim
that o is complete. Indeed by Equation (9.4) the first fundamental form of (NL
which is complete by hypothesis, equals I — III, hence it is complete since III is
positive semi-definite.

It follows from Proposition 9.3.16 that G is injective. Hence M = M and
G = G, and therefore G is the Gauss map of o, which is complete. By the “in
addition” part of Theorem 10.4.2, ¢ is properly embedded and M is diffeomorphic
to R". O

In summary, the Lagrangian condition is essentially the only local obstruction
to realizing an immersion G : M — G,; as the Gauss map of an immersion
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into H"*!, up to the subtlety that this might be an immersion only when lifted
to TTH"™*!. This subtlety however never occurs in the small principal curvatures
case. In the remainder of the paper, we will discuss the problem of characterizing
immersions into G, which are Gauss maps of equivariant immersions into H"*
with small principal curvatures.

10.5 Equivariant integrability of Riemannian immer-

sions

In this section, we provide the first characterization of equivariant immersions in
Gp41 which arise as the Gauss maps of equivariant immersions in H""!, in the
Riemannian case. This is the content of Theorem 10.5.5. We first try to motivate
the problem, introduce the obstruction, namely the Maslov class, and study some
of its properties. See for instance | ] for a discussion on the Maslov class in
more general settings.

10.5.1 Motivating examples

Given an n-manifold M, a representation p : m (M) — Isom(H"™!), and a p-
equivariant immersion o : M — H"!, it is immediate to see that the Gauss map
Gs - M — Gpy1 is p-equivariant (recall also Remark 5.2.3). Moreover, if o has
small principal curvatures, it follows from the discussion of the previous sections
that G5 is a Lagrangian and Riemannian immersion.

However, a p-equivariant Lagrangian immersion (even with the additional as-
sumptions of being Riemannian and being an embedding) does not always arise as
the Gauss map associated to a p-equivariant immersion in H"*!, as the following
simple example shows for n = 1.

Example 10.5.1. Let us construct a coordinate system for a portion of Gy. Let
v : R — H? be a geodesic parameterized by arclength, and let us define a map
n: R x (0,7) = Gy by defining 7(¢,0) as the oriented geodesic that intersects -y
at y(t) with an angle 6 (measured counterclockwise with respect to the standard
orientation of H?). We can lift n to a map 7 : R x (0,7) — T'H?, which will
however not be orthogonal to the fibers of the projection T'H? — G,. The lift is
simply defined as

1(t,0) = (4(t), cos(0)7'(t) + sin(0)w) ,
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where w is the vector forming an angle 7 with /(). We omitted the dependence
of w on t since, in the hyperboloid model, w is actually a constant vector in R?1.

Let us compute the pull-back of the metric g on Gy by the map . We have
already observed in Example 9.1.9 that the restriction of g on the image of 6 —
n(to, #) is minus the standard metric of S*. Indeed in this simple case, d7j 0)(9p) =
(0,w) is in the vertical subspace V° and by Definition 5.1.2 its squared norm is —1.
On the other hand, since the vector field cos(6)v/(t) + sin(f)w is parallel along ~,
when we differentiate in ¢ we obtain, by applying the definition of horizontal lift:

di.0)(8;) = cos(0) (7' (1))* + sin(0)w™ . (10.5)
Moreover, Equation (10.5) gives the decomposition of dij)(0;) in T3, , T'H? =
Span(y) @ x* as in Equation (5.8), since the first term is a multiple of the generator
of the geodesic flow, and the second term is in H°. This shows, by definition of
the metric g, that dnq ) (9;) has squared norm sin®(0) and that dng)(9;) and
dn,0)(0p) are orthogonal. In conclusion, we have showed:

n*'g = —db? + sin?(0)dt* .

We are now ready to produce our example of p-equivariant embedding G : M —
G, which is not p-integrable. Consider M = S!, M = R, and the representation
p : Z — Tsom(H?) which is a hyperbolic translation along . The induced action
on Gy preserves the image of n and its generator acts on the (t,6)-coordinates
simply by (¢,6) — (t + ¢,6). Hence the map

G:R— Gy G(s) =n(s,0o)

for some constant 6y € (0,7) is a p-equivariant Riemannian embedding by the
above expression of n*g. Of course the Lagrangian condition is trivially satisfied
since n = 1. By Theorem 10.4.2 GG coincides with the Gauss map G, associated to
some embedding ¢ : R — H? with small curvature. It is easy to see that any such
embedding o is not p-equivariant unless 6y = 7, see Figure 10.3.

We also briefly provide an example of a locally integrable, but not globally
integrable immersion in Gj for M not simply connected (lifting to the universal
cover M this corresponds to p being the trivial representation). This example in
particular motivates Corollary 10.5.6, which is a direct consequence of Theorem
10.5.5.
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Figure 10.3: On the left, the family of geodesics forming a fixed angle 6
with the horizontal geodesic (in the Poincaré disc model of H?). On the
right, the metric —df? + sin?(6)dt> represents a portion of Anti-de Sitter
space of dimension 2. Here are pictured some lines defined by 6 = ¢, in the
projective model of Anti-de Sitter space.

Example 10.5.2. First, let us consider a totally geodesic plane P in H?® and an
annulus A contained in P. Let ¢ : A — A be the universal covering. Then c is an
immersion in H? with small principal curvatures (in fact, totally geodesic), and is
clearly not injective. See Figure 10.4 on the left. Of course, in light of Proposition
9.3.15, this is possible because the immersion c is not complete.

Now, let us deform A in the following way. We cut A along a geodesic segment
s C P to obtain a rectangle R having two (opposite) geodesic sides, say r; and
ro. Then we deform such rectangle to get an immersion ¢ : R — H3, so that one
geodesic side remains unchanged (say /(1) = s), while the other side 5 is mapped
to an r-cap equidistant from P, for small r, in such a way that it projects to s
under the normal evolution. We can also arrange ¢ so that a neighbourhood of
is mapped to P, while a neighbourhood of ry is mapped to the r-cap equidistant
from P. See Figure 10.4 on the right.

By virtue of this construction, the Gauss map of ¢’ coincides on the edges rq
and ry of R, and therefore induces an immersion G’ : A — Gg3. Clearly G’ is locally
integrable, but not globally integrable. In other words, the lift to the universal
cover of GG’ is a p-equivariant immersion of A to Gg3 which is not p-integrable, for
p the trivial representation.

Motivated by the previous examples, we introduce the relevant definition for
our problem.

Definition 10.5.3. Given an n-manifold M and a representation p: m (M) —
Isom(H"™!), a p-equivariant immersion G: M — G, is p-integrable if there
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Figure 10.4: On the left, a totally geodesic annulus A in a plane P. On
the right, an embedded rectangle with the property that a neighbourhood
of one side lies in P, while a neighbourhood of the opposite side lies on an
r-cap equidistant from P. Such rectangle induces an embedding of A4 in G3
which is locally, but not globally, integrable.

exists a p-equivariant immersion o: M — H"™! whose Gauss map is G.

10.5.2 The Maslov class and the characterization

Let us now introduce the obstruction which will permit us to classify p-integrable
Lagrangian immersions under the Riemannian assumption, namely the Maslov
class. For this purpose, let G : M — Gp41 be a Riemannian immersion. The
second fundamental form of G is a symmetric bilinear form on M with values in
the normal bundle of G, defined as

(V,W) = (Dag)(dG(W)))*

for vector fields V, W, where D denotes the ambient Levi-Civita connection of g
and L the projection to the normal subspace of G. One can prove that I(V, W)
is a tensor, i.e. that it depends on the value of V' and W pointwise. The mean

curvature is then 1
ﬁ = —trfﬁ s
n

that is, it is the trace of Il with respect to the first fundamental form I of G, and
is therefore a section of the normal bundle of G.

Consider now the 1-form on M given by G*(Q(H,-)). It will follow from Propo-
sition 10.5.7 (see Corollary 10.5.9) that this is a closed 1-form. Since Isom(H")
acts by automorphisms of the para-Kdhler manifold (G,,1,g,J,Q), if G is p-
equivariant, then the form G*(Q2(H, -)) is 71 (M)-invariant: as a result, it defines a
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well-posed closed 1-form on M. Its cohomology class is the so-called Maslov class:

Definition 10.5.4. Given an n-manifold M, a representation p: 7y (M) — Isom(H" ™)
and a p-equivariant Lagrangian and Riemannian immersion G: M — G, 1, the
Maslov class of GG is the cohomology class

= [G*(Q(H, )] € Hyp(M) .

The main result of this section is the following, and it will be deduced as a
consequence of Theorem 10.5.14.

Theorem 10.5.5. Given an orientable n-manifold M and a representation p: m (M) —
Isom(H"™Y), a p-equivariant Riemannian and Lagrangian immersion G: M —
G118 p-integrable if and only if pg =0 in Hyp(M).

We immediately obtain the following characterization of global integrability for
m (M) # {1}

Corollary 10.5.6. Given an orientable n-manifold M and an immersion G: M —
Gni1, G is the Gauss map of an immersion o : M — H"M of small principal
curvatures if and only if G is Riemannian and Lagrangian and ug = 0 in Hn(M).

Proof. Denote p the trivial representation. Given G : M — (Gn+1, precomposing
with the universal covering map we obtain an immersion G : M — Gn+1 which is
p-equivariant. Observe that G is the Gauss map of some immersion o : M — Hr+
by Theorem 10.4.2. Then G is the Gauss map of some immersion in H"*! if and
only if o descends to the quotient M, i.e. it is p-integrable. Hence this is equivalent
to the vanishing of the Maslov class by Theorem 10.5.5. [

10.5.3 Mean curvature of Gauss maps

Recall that, given an embedding o : M — H"*! with small principal curvatures, we
introduced in (9.9) the function &, : M — R which is the mean of the hyperbolic
arctangents of the principal curvatures of o. This function is strictly related to
the mean curvature of the Gauss map of o, as in the following proposition.

Proposition 10.5.7. Let M" be an oriented manifold, o : M — H"™! an embedding
with small principal curvatures, and G, : M — G, 1 its Gauss map. Then

GE(QH, ") =d(k,) =d (% Zn: arctanhki) ,
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where Ay, ..., \, denote the principal curvatures of o.

The essential step in the proof of Proposition 10.5.7 is the following computa-
tion for the mean curvature vector of the Gauss map G,:

H=-J(dG,(Vk,)) , (10.6)

where V denotes the gradient with respect to the first fundamental form I of G,,.
Indeed, once Equation (10.6) is established, Proposition 10.5.7 follows immediately

QH, dG4 (V) = —g(I(H), dGo(V)) = 8(dG,(Vk,),dGo (V) = dro(V) .

The computations leading to Equation (10.6) will be done in T*H"*! equipped
with the metric %n*ﬂ defined in Remark 5.2.5, which is the restriction of the
flat pseudo-Riemannian metric (5.19) of Rt x R*TL to THH™! seen as a
submanifold as in (5.2). This approach is actually very useful: the Levi-Civita
connection of Sas,’, on T'H™! that we denote by D, will be just the normal
projection of the flat connection d of R**11 x R0 to THHHL

Indeed, the following lemma will be useful to compute the Levi-Civita connec-
tion D of G,41. Given a vector X € T,G,,; and (z,v) € p~*(£), we define the
horizontal lift of X at (x,v) as the unique vector X € T(z T H™! such that

XEX(L

z,v)

and  dp(X) =X . (10.7)

For a vector field X on an open set U of G, 1, we will also refer to the vector field
X on p~}(U), defined by the conditions (10.7), as the horizontal lift of the vector
field X.

Lemma 10.5.8. Given two vector fields X,Y on g,
DxY = dp(DgY)

Proof. By the well-known characterization of the Levi-Civita connection, it is suf-
ficient to prove that the expression AxY := dp(ﬁ;(f/) is a well-posed linear con-
nection which is torsion-free and compatible with the metric of g. We remark that
this is not obvious because, although the metric of g is the restriction of the metric
%:H to x*, there is no flat section of the bundle projection p : T'H"*! — G, 1,
hence G, 41 cannot be seen as an isometrically embedded submanifold of T H™*!.
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First, observe that the expression (AxY);, = (d(a;,v)p)(f);(?) does not depend
on the choice of the point (z,v) € p~'(¢). Indeed, given two points (x1,v;) and
(z2,v2) in p~(£), there exists ¢ such that (za,v2) = ¢4(z1,v1). By a small adapta—
tion of Lemma 5.1.3, the geodesic flow ¢, acts by isometries of the metric Sas asn 41
(see also Remarks 5.2.4 and 5.2.5), hence it also preserves the horizontal lifts X and
Y and the Levi-Civita connection D. Hence dp(lA) Y)=A xY is a well-defined
vector field on G,,4; whose horizontal lift is the projection of D Y to Y

We check that A is a linear connection. It is immediate to Check the addltivity
in X and Y. Moreover we have the C*-linearity in X since:

AsxY =dp <B(fop);z?> = dp ((f o p)ﬁxﬂ =f-(AxY),
and the Leibnitz rule in Y, for:
Ax(fY) = dp (05(Fop) ¥V + (fop)D5¥ ) = Oxf Y + f - (AxY) .
The connection A is torsion-free:
AxY — Ay X = dp(DzY) — dp(Dy X) = dp([X,Y]) = [X,Y] .

Finally, we show that A is compatible with the metric g:

g(AxY,Z)+g(Y,AxZ) = Sas,. AXY Z)+Sa3n+1(

+1(
‘a(Dx

= 0x (Saan( )) = Ox(g(Y, Z))7

where in the first line we used the definition of g, and in the second line the fact
that the horizontal lift of AxY is the orthogonal projection (with kernel spanned
by x) of D3Y. O

We are now ready to provide the proof of Proposition 10.5.7.

Proof of Proposition 10.5.7. As already observed after Equation (10.6), it suffices
to prove that H = —J(dG,(Vk,)). So we shall compute the mean curvature vector
of G, in G,41. For this purpose, let {e1,...,e,} be a local frame on M which is
orthonormal with respect to the first fundamental form I = GZ*g. To simplify the
notation, let us denote ¢; := dG,(e;). Then {Jei, ..., Je,} is an orthonormal basis
for the normal bundle of G, on which the metric g is negative definite since G,
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is Riemannian. The mean curvature vector can be computed as:

n

o= %Zﬁ(ﬁmﬁ) = —% ZZg(ﬁ(q,ei), Jeg)Jer, = —% ZZg(]DeiEm Jer)Jer

i=1 i=1 k=1 i=1 k=1

where in the last equality we used that II(V, W) is the normal projection of Dy W.

Let us now apply this expression to a particular I-orthonormal frame {ey, ..., e,}
obtained in the following way. Pick a local I-orthogonal frame on M of eigenvec-
tors for the shape operator B of o, and normalize each of them so as to have
unit norm for I. Hence each e; is an eigenvector of B, whose corresponding
eigenvalue \; are the principal curvatures of 0. We claim that, with this choice,
g(D,e€;, Je) = d(arctanh);)(eg). This will conclude the proof, for

H= %J] (i id(arctanh)\i)(ek)ek> =J <i O, Ko dG,,(ek)> = J(dG,(Vks))) .

i=1 k=1 k=1

To show the claim, we will first use Lemma 10.5.8 to get
8D, Jer) = Sas, 1 (D, J&)

where D is the Levi-Civita connection of S asnil and ¢; is the horizontal lift of ;.
As in Equation (9.2), we can write

dCa(ei) = (da(ei), —Alda(ez))

and the Levi-Civita connection D is the normal projection with respect to the
metric (5.19) of the flat connection d of R**11 x R 11 Hence we can compute:

g(De €, Jer) = =Ap{dao(e,)do(e;), do(er)) + Ai{dao(endo(e;), do(er)) + O, Ai{do(e;), do(er))
= ()\,L — )\k) I(Veiei, €k> + (862)\1) I(ei, €k) .

We recall that g denotes the first fundamental form of o, and V its Levi-Civita
connection, and in the last equality we used that the Levi-Civita connection of H"**
is the projection to the hyperboloid in Minkowski space R"™! of the ambient flat
connection.
Now, when ¢ = k we obtained the desired result:
862. )\,L

g(D, €, Je;) = v d(arctanh);)(e;)
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since e; is a unit vector for the metric I, hence using the expression I = I — Il from
Equation (9.4) its squared norm for the metric T is (1 — A?)~'. When i # k, the
latter term disappears since {ey,...,e,} is an orthogonal frame for g, and we are
thus left with showing that

(A — Ak) [(Ve, e, e) = d(arctanh)\;)(ey) .

For this purpose, using the compatibility of V with the metric, namely 0, (I(e;, ex)) =
(Ve ex) + 1(e;, Ve,er), that I(e;, ex) = 0, and that V is torsion-free, we get:

()\i—)\k) I(Vq@i, €k) = _()\i_)\k) I(ei, veiek) = M\ I(% veiek>_)\i I(€i7 Vekei)_)‘i I<ei7 [% ek]) .

Now, recall that the Codazzi equation for o is d¥B = 0. Applying it to the
vector fields e; and e, we obtain

dY Ble;,er) = Ve, (Arer) — Ve, (Niei) — B([es, ex]) = 0,
from which we derive
MeVeer — AiVe, i = (O Ni)ei — (O, Ak )er + B([es, ex]) (10.8)

Using Equation (10.8) in the previous expression, we finally obtain:

(A — M) I(Ve e, ex) =0, Ni) 1(es, i) — (O, M) 1(es, ex) + 1(es, Bles, ex]) — 1(B(e;), [es, ex])

)\,
— 186_16 )\Z2 = d(arctanh);)(e)

2

where the cancellations from the first to the second line are due to the fact that B
is I-self adjoint and that I(e;, ex) = 0. This concludes the proof. O

Corollary 10.5.9. Given an n-manifold M, a representation p: m (M) — Isom(H" 1)

and a p-equivariant Lagrangian and Riemannian immersion G: M — G,y1, the
Maslov class pg is a well-defined cohomology class in Hip(M,R).

Proof. By Theorem 10.4.2, G is the Gauss map of a (in general non equivariant)
immersion o : M — H""!. By Proposition 10.5.7, the 1-form G*(Q(H,-)) on M is
exact, and p-equivariant, hence it induces a closed 1-form on M whose cohomology
class is ug as in Definition 10.5.4. m
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10.5.4 Holonomy of the pull-back bundle and proof of Theorem
10.5.5

An immediate consequence of Proposition 10.5.7 is that the vanishing of the Maslov
class is a necessary condition for a p-equivariant Lagrangian and Riemannian
embedding G : M — Gns1 to be p-integrable (Definition 10.5.3). Indeed, if
& : M — H™!is a p-equivariant embedding with Gz = G (hence necessarily
with small principal curvatures), then the function f5 descends to a well-defined
function on M, hence by Proposition 10.5.7 G*(Q(H, -)) is an exact 1-form, i.e. the
Maslov class p¢, vanishes. We will now see that this condition is also sufficient,
which will be a consequence of a more general result, Theorem 10.5.14.

Let G: M — G141 be a p-equivariant Lagrangian and Riemannian embedding.
We have already used that the G-pull-back bundle p¢: P — M of p: TTH" —
G4 is a flat trivial R-principal bundle over M namely, it is 1som0rph1c as a flat
principal bundle, to the trivial bundle M x R — M with flat sections M x {x}.
Moreover, G being p-equivariant, the fundamental group (M) acts freely and
properly discontinously on ﬁ, thus inducing a flat R-principal bundle structure
pe: P — M, where P is the quotient of P by the action of m(M). However
the bundle pg: P — M is not trivial in general. The obstruction to triviality is
represented by the holonomy of the bundle, which can be defined, in our setting,
as follows.

Definition 10.5.10. Let P — M be a flat principal R-bundle that is isomorphic to
the quotient of the trivial bundle M x R — M by an equivariant (left) action of
m1(M). The holonomy representation is the representation hol : w1 (M) — R such
that the action of m (M) is expressed by:

a-(m,s) = (a-m,hol(a) +s) .

Remark 10.5.11. Fix p € M and « a closed C! loop based at p. Then pick a
horizontal lift @ to the total space of pg, namely with da - orthogonal to the fibers,
so that p o @ = a. (The lift is uniquely determined by 1ts initial point in p;'(p).)
It follows from Definition 10.5.10 that

holg(a) - a(1) = &(0).

In the identification 71 (M) = 7 (M, [p]), this allows to give an alternative defini-
tion of holg through homotopy classes of closed paths in M.
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Remark 10.5.12. We remark that in general, for flat principal G-bundles, the
holonomy representation is only defined up to conjugacy, but in out case G = R is
abelian and therefore hol is uniquely determined by the isomorphism class of the
flat principal bundle.

Also observe that, since R is abelian, holg induces a map from H;(M,Z) to
R, where H;(M,Z) is the first homology group of M and we are using that there
is a canonical isomorphism between H;(M,Z) and the abelianization of the fun-

damental group of M in a point. Equivalently, hols is identified to an element of
H'(M,R).

We can interpret the holonomy of the principal bundle pgs in terms of the
geometry of H**1. Global flat sections of the trivial bundle pg: P—M correspond
to Riemannian embeddings ¢ : M — T'H™! as in Corollaries 10.3.1 and 10.3.2.
By Theorem 10.4.2, such a ¢ is the lift to T H™! of an embedding o : M — Hn+!
with small principal curvatures.

Now, let a € m(M). By equivariance of G, namely Goa = p(a) oG, it follows
that po(oa =po p(a)o(, hence p(a) o Coa~t: M — T'H"! provides another
flat section of the pull-back bundle pg. Therefore there exists t, € R such that

or,oC=pl@)oCoa™t. (10.9)

Then the value t,, is precisely the holonomy of the quotient bundle ps, namely the
group representation

holg: m (M) =R holg(a) = t,

A direct consequence of this discussion is the following:

Lemma 10.5.13. Given an n-manifold M and a representation p: (M) — Isom(H" "),
a p-equivariant Lagrangian and Riemannian embedding G: M — G, is p-integrable
if and only if the R-principal flat bundle pg s trivial.

Proof. The bundle pg is trivial if and only if its holonomy hols vanishes identically,
that is, if and only if ¢, = 0 for every o € m(M). By the above construction, this
is equivalent to the condition that ( o = p(a) o ¢ for all «r, which is equivalent to
ooa = p(a) oo, namely that o is p-equivariant. O

We are ready to prove the following.
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Theorem 10.5.14. Given an n-manifold M, a representation p: m (M) — Isom(H" )

and a p-equivariant Lagrangian and Riemannian embedding G: M — G4, the
holonomy of pg s given by

hOlg(Oé) = /Mg.
for all o € m (M).

Observe that Theorem 10.5.5 follows immediately from Theorem 10.5.14 since,
by the standard de Rham Theorem, there exists an isomorphism

Hip(M,R) = H'(M,R)

nH(fH/gn),

hence holg; = 0 if and only if ug = 0.

Proof of Theorem 10.5.14. Let ( : M — T'H™! be a map such that po( = G, so
as to induce a global section of the pull-back bundle pg. Then by Equation (10.9)
the holonomy ¢, = holg () satisfies ¢;, o ( o = p(a) o ¢. By Proposition 9.1.5,
this gives the following equivariance relation for ¢ = 7o (:

(coa), =pla)oo .

Let now k, denote the mean of the hyperbolic arctangents of the principal curva-
tures, as in Equation (9.9). Lemma 9.3.5 and the fact that p(«) acts isometrically
imply:

fooa = Ko + 1o -

Now, by Proposition 10.5.7 and the definition of the Maslov class, we have:

/a e = / iy = k(@ (p)) — o (p) =

for any point p € M. This concludes the proof. O

10.6 Minimal Lagrangian immersions

We prove here two direct corollaries of Theorem 10.5.5. Let us first recall the
definition of minimal Lagrangian (Riemannian) immersions.
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Definition 10.6.1. A Riemannian immersion of an n-manifold into G, is minimal
Lagrangian if:

e its mean curvature vector vanishes identically;
e it is Lagrangian with respect to the symplectic form 2.
Our first corollary is essentially a consequence of Theorem 10.5.5.

Corollary 10.6.2. Let M™ be a closed orientable manifold and p : w (M) —
Isom(H" ™) a representation. If G : M — Gpy1 15 a p-equivariant Riemannian
manimal Lagrangian immersion, then G is the Gauss map of a p-equivariant em-
bedding o : M — H" with small principal curvatures such that

1 n
Ky = — Z arctanh\; = 0 .
=1

n-

In particular, p is a nearly-Fuchsian representation and G is an embedding.

We remark that if n = 2, then the condition k5 = 0 is equivalent to A\ + Ay = 0
since arctanh is an odd and injective function. That is, in this case ¢ is a minimal
embedding in H3.

Proof. Suppose G is a p-equivariant minimal Lagrangian immersion. Since its
mean curvature vector vanishes identically, we have pug = 0 and therefore G is
p-integrable by Theorem 10.5.5. That is, there exists a p-equivariant immersion
& : M — H" such that G = Gs. By Proposition 9.3.2, ¢ has small principal
curvatures, hence p is nearly-Fuchsian. By Proposition 10.5.7, we have that xz is
constant. By Lemma 9.3.5, up to taking the normal evolution, we can find ¢ such
that k3 vanishes identically.

Finally, o is complete by cocompactness, and therefore both ¢ and G are em-
beddings by Proposition 9.3.15 and Proposition 9.3.16. O]

The following is a uniqueness result for p-equivariant minimal Lagrangian im-
mersions.

Corollary 10.6.3. Given a closed orientable manifold M™ and a representation
p : m(M) — Isom(H"™), there exists at most one p-equivariant Riemannian
minimal Lagrangian immersion G : M — Gpa1 up to reparametrization. If such a
G exists, then p is nearly-Fuchsian and G induces a minimal Lagrangian embedding

of M in G,.
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Proof. Suppose that G and G’ are p-equivariant minimal Lagrangian immersions.
By Corollary 10.6.2, there exist p-equivariant embeddings 7,7 : M — H with
small principal curvatures such that G = Gz and G' = G5, with ko = ko’ = 0.
Moreover, G and G’ induce embeddings in G, by Corollary 9.4.8.

By Remark 9.4.6, both o and ¢’ induce embeddings of M in the nearly-Fuchsian
manifold Hnﬂ/p(m( M)); let us denote with ¥ and Y’ the corresponding images.
We claim that ¥ = Y, which implies the uniqueness in the statement.

To see this, consider the signed distance from 32, which is a proper function

Hn—i—l

r p(m(m)) TR

Since ¥ is closed, r|y admits a maximum value 7., achieved at some point
Tmax € X'. This means that at the point .., > is tangent to a hypersurface
)y
where r is decreasing. This implies that, if B’ denotes the shape operator of Y’
and B that of X
pointing to the side of increasing r, then B

at signed distance 7. from X, and ¥’ is contained in the side of X

Tmax Tmax

both computed with respect to the unit normal vector

Tmax Tmax ?

o — B’ s positive semi-definite at

«Tmax'

Let us now denote by Aq,...,\, the eigenvalues of B and A,..., A\l those

of B’. Let us moreover assume that \; < ... < A, and similarly for the \,. By

Tmax

Weyl’s monotonicity theorem, A\; > N, at Tyax for i = 1,...,n. Since arctanh is a
monotone increasing function, this implies that

Z arctanh\; (T max) > Z arctanh\}(Zpax) -
i=1 i—1

Since ko' = 0, the right-hand side vanishes. On the other hand, since ko = 0,
from Lemma 9.3.5 the left-hand side is identically equal to —ry.. Hence 1y, < 0.
Repeating the same argument replacing the maximum point of » on X' by the
minimum point, one shows 7y, > 0. Hence r|ss vanishes identically, which proves
that ¥ = ¥’ and thus concludes the proof. H
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Hamiltonian symplectomorphisms of
G, and deformations of immersions

In this chapter we will provide the second characterization of p-integrability, in
the case of a nearly-Fuchsian representation p : 7 (M) — Isom(H"). We first
introduce the terminology and state the result (Theorem 11.1.4); then we introduce
the so-called Lagrangian Fluz map which will play a central role in the proof of
Theorem 11.1.4.

11.1 Hamiltonian group and nearly-Fuchsian manifolds

We will restrict hereafter to the case of nearly-Fuchsian representations p : m (M) —
Isom(H™!). Let G : M — Gy.1 be a p-integrable immersion as in Definition
10.5.3. Since p is nearly-Fuchsian, we showed in Corollary 9.4.8 that G induces
an embedded submanifold in the para-Kéhler manifold G,, defined in Definition
9.4.7. This motivates the following definition in the spirit of Definition 10.5.3.

Definition 11.1.1. Given a closed orientable n-manifold M and a nearly-Fuchsian
representation p : w1 (M) — Isom(H"™), an embedding M — G, is p-integrable
if it is induced in the quotient from a p-integrable embedding G': M — Gy
Similarly, an embedded submanifold £ C G, is p-integrable if it is the image of a
p-integrable embedding.

Theorem 11.1.4 below gives a description of the set of p-integrable submanifolds
L C G, which are induced by immersions G with small principal curvatures.
Clearly, as we have previously shown, a necessary condition on L is that of being
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Lagrangian and Riemannian. To state the theorem, we need to recall the notion
of Hamiltonian symplectomorphism.

Definition 11.1.2. Given a symplectic manifold (X, (), a compactly supported
symplectomorphism ® is Hamiltonian if there exists a compactly supported smooth
function F, : X x [0, 1] — R such that & = ®,, where @, is the flow at time sq of
the (time-dependent) vector field X defined by:

dF, = Q(X,,") . (11.1)

The isotopy @, : X x [0,1] — X is called Hamiltonian isotopy.

Remark 11.1.3. If ®, is a Hamiltonian isotopy as in Definition 11.1.2, then ®, is
a symplectomorphism for every s € [0,1]. Indeed

LXSQ == LXSdQ —+ d(LXSQ) =0

as a consequence of Cartan’s formula and Equation (11.1), and ®, is clearly Hamil-
tonian.

Compactly supported Hamiltonian symplectomorphisms form a group which
we will denote by Ham, (X, Q).
The aim of this chapter is to prove the following result.

Theorem 11.1.4. Let M be a closed orientable n-manifold, p : w (M) — Isom(H" ™)
be a nearly-Fuchsian representation and L C G, a Riemannian p-integrable sub-
manifold. Then a Riemannian submanifold L' is p-integrable if and only if there

exists € Ham (G,, Q) such that (L) = L.

Of course, although not stated in Theorem 11.1.4, both £ and £’ are necessarily
Lagrangian as a consequence of Corollary 10.3.1.

11.2 The Lagrangian Flux

We shall now define the Flux map for Lagrangian submanifolds, which was intro-
duced in | ], and relate it to the holonomy of R-principal bundles.

Definition 11.2.1. Let (X, Q) be a symplectic manifold and let Ty : M x [0,1] = X
be a smooth map such that each Y, is a Lagrangian embedding of M. Then we
define:

Flux(T.,) = / 1 THQ(X,,))ds € Hin(M,R)
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where
d

XalCul) = 2| Xolp) € Pryn¥ .

s=s0
Observe that by Cartan’s formula the integrand Y%(2(Xy,-)) is a closed 1-form
for every s, hence Flux(T,) is well-defined as a cohomology class in Hj,(M,R).
Now, let £ be a Lagrangian embedded submanifold in G,, which is induced by
a p-equivariant immersion G : M — Gpy1- Recall that in Subsection 10.5.4 we
defined the principal R-bundle pg as the quotient of pg = G*p by the action of
7 (M). Moreover in Theorem 10.5.14 we computed the holonomy

holg : m(M) — R
of pg. The key relation between Lagrangian flux and holg is stated in the following
proposition.

Proposition 11.2.2. Let M be a closed orientable n-manifold and p : m (M) —
Isom(H") be a nearly-Fuchsian representation. If Y, is as in Definition 11.2.1

and Yo(M) =L, T1(M) = L', then

holy, (o) — holy, (o) = /FluX(T.) .

«

In particular, Flux(Y,)(«) depends uniquely on the endpoints of Y.

To prove Proposition 11.2.2, we will make use of the following expression for
the holonomy representation.

Proposition 11.2.3. Let G: M — Gpi1 be a p-equivariant Lagrangian embedding
and pg be the associated R-principal bundle over M. If a: [0,1] — M is a smooth
loop and @ a smooth loop in the total space of pg such that o = pg(@), then

holg(a) — /a w

where w is the principal connection of pq.

Proof. Say a(0) = a(1) = zo. Recalling Remark 10.5.11, let & be the horizontal
lift of o starting at @(0). We apply Stokes’ theorem. Define a smooth map f from
[0,1] x [0, 1] to the total space of pg so that

* f(z,0) =a(z),
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o f(z,1) = a(z),
* f(0,y) =@(0) =a(l),
e y — f(1,y) parametrizes the interval from @(1) to @(1) in pg'(z¢) ~ R.

By Stokes” Theorem and the flatness of pg, one gets that

O:/ f*dw:/w+/ w—/w—/ w
[O,I]X[O,l] [e% f(lv') a f(o")
:/w+/ w.
[e% f(lv')

By Remark 10.5.11, @(1) = (—holg(a)) - @(1). Since w = Sas,,1(x,-) and
f(1,+) is contained in pg'(x), one gets that

/ w = —holg(a)
f(lv')

and the proof follows. O
Proof of Proposition 11.2.2. Define © : [0,1] x S' — M by O(s,t) = Yy(a(t)).

Since the bundle ps has contractible fibre, there always exists a smooth global
section. In particular, there exists © such that © = pg0©. By Proposition 11.2.3,
recalling that dw = p*(2, and applying Stokes’ Theorem, we obtain:

hOln(Oé)—holro(a)z/ w—/ w:/ @*dw:/ 0"
e(1,) 6(0,) [0,1]x 5L [0,1]x 51

and the last term equals [ Flux(7,). O

We conclude this section by proving one (easy) implication of Theorem 11.1.4.
As mentioned in the introduction, this implication does not need the hypothesis
that £ and £ are Riemannian.

Proof of the “if” part of Theorem 11.1.4. Suppose there exists a Hamiltonian sym-
plectomorphism ® = &4, endpoint of a Hamiltonian isotopy ®,, such that (L) =
L'. Then define the map T, : M x [0,1] = G, in such a way that Yo : M — G is
an embedding with image £ and

TSZ(I)SOT().
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By Remark 11.1.3, @, is a (Hamiltonian) symplectomorphism for every s € [0, 1],
hence Y is a Lagrangian embedding for all s. We claim that Flux(Y,) vanishes
in Hjp(M,R). Indeed, for every s we have

by Equation (11.1), where X is the vector field generating the Hamiltonian isotopy
(and hence T,) and f; = F; o Ts. Therefore fol TH(Q(Xs, +))ds is exact, namely
Flux(Y,) = 0.

Using Proposition 11.2.2) we have holy, = holy,. By Lemma 10.5.13, this
shows that L is p-integrable if and only if £ is p-integrable, and this concludes
the proof of the first implication in Theorem 11.1.4. O

11.3 Conclusion of Theorem 11.1.4

We are left with the other implication in Theorem 11.1.4. Given two Riemannian p-
integrable submanifolds £, L C G, we shall produce ® € Ham.(G,, {2) mapping
L to L. We remark here that the results and methods of | | use stronger
topological hypothesis, hence do not apply under our assumptions.

Roughly speaking, the idea is to reduce the problem to finding a deformation
in the nearly-Fuchsian manifold Hnﬂ/p(m( M)) which interpolates between two
hypersurfaces of small principal curvatures corresponding to £ to £'. For technical
reasons, it will be easier to deal with convex hypersurfaces that we defined in

Definition 9.3.8

Lemma 11.3.1. Let M™ be a closed oriented manifold, p : m (M) — Isom(H" 1) be
a nearly-Fuchsian representation and o : M — H" ! be a p-equivariant embedding.

If & is convex, then the Gauss map GZ is an equivariant diffeomorphism between
M and the connected component Q0 of OH" T\ A,,.

Proof. By the same argument as in Section 9.4 (see the discussion between Propo-
sition 9.4.2 and Proposition 9.4.4), ¢ extends to a continuous injective map of the
visual boundary of M with image A,. We can now repeat wordly the argument of
Proposition 9.3.16 to show that, if B is negative semi-definite, then G is a diffeo-
morphism onto its image. To show that G (M ) = Q,, we repeat instead the proof
of Proposition 9.4.4. More precisely, one first shows (using tangent horospheres)
that every = € Q is in the image of G£. Then, by continuity, it suffices to show

that every « € A, is not on the image of GZ. To see this, the last paragraph of the
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proof of Proposition 9.4.4 applies unchanged, and when considering tangent r-caps
we can even take r = 0, that is, replace r-caps by totally geodesic hyperplanes.
See Figure 9.8. O

Lemma 11.3.2. Let M™ be a closed oriented manifold and p : mi (M) — Isom(H" )
be a nearly-Fuchsian representation. Given two closed hypersurfaces Yo and ¥y of
small principal curvatures in the nearly-Fuchsian manifold H™* / (1 (M)’ there

erists an isotopy
1

M x10,1] — H" o (M
Ve - X [ , ] /P( 1( ))
such that:

e v, is a conver embedding for all s € [0,1];
o Uo(M) is a hypersurface equidistant from o,

o vy (M) is a hypersurface equidistant from 3.

Proof. First of all, let us observe that we can find hypersurfaces equidistant from
Yo and X; which are convex. Indeed, by Corollary 9.3.4 and Remark 9.4.6, t¢-
equidistant hypersurfaces are embedded for all ¢t € R. Moreover, by compactness,
the principal curvatures of ¥y and ¥; are in (—e¢,¢) for some 0 < € < 1, and
applying Equation (9.11) we may find ¢y such that the principal curvatures of
the t-equidistant hypersurfaces are negative for t > t; — namely, the equidistant
hypersurfaces are convex.

Abusing notation, up to taking equidistant hypersurfaces as explained above,
we will now assume that ¥y and ¥, are convex, and our goal is to produce v, such
that v, is a convex embedding for all s € [0, 1], vo(M) = Xy and v, (M) = ¥;. Upto
replacing ¥y and ¥, again with equidistant hypersurfaces, we can also assume that
Y9N, = 0, that X; is in the concave side of Xy, and that the equidistant surfaces
from >; which intersect 3 are all convex. We call A the region of Hnﬂ/p(m( M)
bounded by ¥y and containing ;.

Let us now consider the (signed) distance functions rq and r from ¥y and ¥
respectively, chosen in such a way that both ry and r; are positive functions on
the concave side of ¥y and ¥; respectively. Again by Corollary 9.3.4 and Remark
9.4.6, these functions are smooth and have nonsingular differential everywhere.
Let us denote by v; the gradient of r;. The vector field v; has unit norm and is
tangent to the orthogonal foliations of ¥; which have been described in the proof of
Proposition 9.4.4. (Proposition 9.4.4 describes the foliation in the universal cover,

n+1
but it clearly descends to the quotient H" / (i ( M)))
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We claim that both r;’s are convex functions in the region A, i.e. that their
Hessians are positive semi-definite, as a consequence of the fact that the level sets
of r; in A are all convex. Recall that the Riemannian Hessian of a smooth function
f: A— Ris the symmetric 2-tensor defined as

V2F(X,Y) = 0x(0vf) — Opyvf, (11.2)

where X,Y are local vector fields and D is the ambient Levi-Civita connection
as usual. Clearly V2Ti<V¢, v;) = 0 since r; is linear along the integral curves of v;
and such integral curves, which are the leaves of the orthogonal foliation described
above, are geodesics. Moroever, if X is a vector field tangent to the level sets of r;,
then V2r;(X, ;) = 0: indeed the first term in the RHS of Equation (11.2) vanishes
because r; is linear along the integral curves, and the second term as well, because
Dxv; = —B;(X) is tangential to the level sets of r; and thus dp,,,r; = 0.
To conclude that V7 is positive semi-definite, it remains to show that V2r;(X, X) >

0 for all X tangent to the level sets. It is more instructive to perform this com-
putation in the general setting of a smooth function f : A — R. Since the unit
normal vector field to the level set of f is v = ﬁ,with D f being the gradient of
f, for all XY vector fields tangent to the fibers, we get that:

sz(Xv Y) = _anYf = _<DXY7 V>auf = —HDfHH(X7 Y) ) (113)

where in the last step we used that 0,f = (Df,v) = ||Df]|, and II denotes the
second fundamental form of the level sets of f. When f = r;, in the region A the
level sets of r; are convex, hence II is negative semi-definite and V?r;(X, X) > 0.

We remark that Equation (11.3) also shows that, if f is a convex function, then
its level sets are convex hypersurfaces as long as D f # 0. We shall now apply this
remark to the zero set of the function f, = (1 — s)rg + sry for s € [0,1]. The
differential of fs never vanishes, for ||Dro| = ||Dri|| = 1, hence Df; = 0 is only
possible for s = % if Drg = —Dry: nevertheless, this cannot happen since the
geodesics with initial vector Drg = 1y and Dry = v; both have final endpoint in
2, and initial endpoint in ©_ by (the proof of) Proposition 9.4.4. Hence {fs = 0}
is an embedded hypersurface for all s. Observe moreover that

(== {2 s}

Since Xy N X; = (0, vy — r1 never vanishes, and this shows that the hypersurfaces
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{fs = 0} provide a foliation of the region between ¥, and ¥, which is contained
in A. Since both ry and r; are convex functions in A,

V2 (X, X) = (1 —8)V?ro(X, X) +sVri (X, X) >0

for every X, hence f, is convex. As remarked just after Equation (11.3), since
|Dfsl] # 0, {fs =0} is a convex hypersurface.

It is not hard now to produce v, : M x [0,1] — H"“/p(m(M)) such that

vs(M ) = {fs = 0}. For instance one can flow along the vector field
= 7“0 r1
G 1n the universal cover induce diffeomorphisms of each hypersurface {f, = 0}

”DF”2 where

. Alternatively one can apply Lemma 11.3.1 to infer that the Gauss maps

with ¢ + o(m (M) = = M, and define vy as the inverse map. O

Proof of the “only if” part of Theorem 11.1.4. Suppose £ and L’ are p-integrable

Riemannian submanifolds in G,. Then there exists hypersurfaces ¥ and ' in
n+1 ) ] ) .
/ (1 (M)) whose Gauss map image induce £ and L' respectively. We now

apply Lemma 11.3.2 and find v, such that v, is convex for every s, and the images
of vg and vy are equidistant hypersurfaces from ¥ and X' respectively. Define
T, : M x[0,1] = G, so that T, is the map into G, induced by the Gauss map of
the lifts on the universal cover v : M — H", Asa consequence of Lemma 11.3.1
the Gauss map of each U, is an embedding with image in Q, x JH" ™\ A in G, ;.
Repeating the same argument of Remark 9.4.6, T, : M — G, is an embedding for
every s. As a particular case, by Lemma 9.1.6, Yo(M) = £ and V(M) = L.

By construction for every s € [0, 1] the image of T is a p-integrable embedded
submanifold in G,. Let us denote by Ls such submanifold. It follows (Lemma
10.5.13) that holy, is trivial for all s. By Proposition 11.2.2; together with the
definition of Flux, we have that

for all s, where X, is the vector field generating T,. Hence necessarily the coho-
mology class of Y*(Q(X,,)) in His(M,R) is trivial for all s. We can therefore
find a smooth function f, : M x [0,1] — R such that df; = Ti(Q(Xj,)) for all
s. Pushing forward f, by means of T, we have defined smooth functions on L,
whose differential equals Q(Xj, ). Let us extend them to F, : G, — R so that F,
is compactly supported and Fs; o Ty = f,.
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Let )?S be the symplectic gradient of F, namely

~

dF, = Q(X,, ),
and let @, be the flow generated by )/(\'S. From d(Fs o T) = dfs we see that
Q(X,, dY,(V)) = QX,,dY,(V))

for all V' € T,M. This implies that Q(X, — X,,-) vanishes identically along the
Lagrangian submanifold £;. By non-degeneracy of the symplectic form (2, )A(S - X
is tangential to L. Therefore &, 0 Ty and T, differ by pre-composition with a
diffeomorphism ¢4 of M (which is indeed obtained as the flow on M of the vector
field T*(X, — X,)). This shows that ®,(£) = £,. In particular, ® = ®; is the
desired compactly supported Hamiltonian symplectomorphism of G, such that
(L) =L O

11.4 Evolution by geometric flows

The aim of this last section is to provide a relationship between certain geometric
flows for hypersurfaces in H*™! and their induced flows in T'H"*! and in G, ;.

Let M = M™ be an oriented manifold. Let o: M x (—¢,g) — H""! be a smooth
map such that oy = o(+,t) is an immersion with small principal curvatures for all
t, and let v = v(z,t) be the normal vector field.

Proposition 11.4.1. Let f: M x (—¢,e) — R be a smooth map such that

d

—o0y = filn,

dt

and let §; == (5, : M — T'H™ ! be the lift to T'H" ™, G; := G, : M — G4 be
the Gauss map. Then,

6= ~da(BU(V' ) - HAG(T 1) + fix (11.9)
SGu= ~dG (BT 1) ~ TGV ) (1L5)

where tht is the gradient of f, with respect to the first fundamental form 1, = G g
and By is the shape operator of oy.
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As a preliminary step to prove Proposition 11.4.1, we compute the variation in
time of the normal vector field. Recalling that D denotes the Levi-Civita connec-
tion on H"™!, we show:

Duovy = —do(V'fy) (11.6)
dt

where now V! denotes the gradient with respect to the first fundamental form I,
of o;. On the one hand, by metric compatibility,

1
<D%Vt, v) = 53%0%7 vi) =0

hence Do, v; is tangent to the hypersurface.
dt

On the other hand, let X be any vector field over M. Since X and % commute
on M X (—¢,¢),
<D%Vt, dO't(X)> = 8% <Vt, dO’t(X>> — <Vt, D% (dO’t(X>>>
=0— (v, D%(dat(X)»
= —(u, DdO’t(X)(ftVt)>

= —X(fi) = filvt, Daoyxy11)
=—X(fy) =-L(V'f,X) .

This shows Equation (11.6). As a result, in the hyperboloid model (5.2) we have:

d d
EQ = (EanDﬁ?V) = (firr, —dat(tht)) (11.7)
Proof of Proposition 11.4.1. Let ey, ..., e, be a local Ii-orthonormal frame diag-

onalizing By, so Bi(ek,) = Agery. By definition of Sas,1 and of J,

(dCt(el;t)a s 7dCt(6n;t)7 X5 Jdgt(el;t)a s 7Jdct<en;t)) (118)

defines at each point of the image an orthonormal basis for the tangent space of
TYH"! with the former n + 1 vectors having norm 1 and the latter n vectors
having norm —1.

We prove Equation (11.4), then Equation (11.5) follows after observing that

%Gt = (dGy) (%) = (dp o d(;) (%) = dp (%Ct)
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We show that LHS and RHS of (11.4) have the same coordinates with respect to
the basis (11.8). By Equations (9.2) and (11.7),

Sasn1 (%Q, JdCt(ek;t)) = filvi, —doy(By(exy))) — (—doy(V* fr), doy(exy))
= (doy (V' fe), doy(ens)) = e, [
=1,

(V fts ek;t) = %n+1(_‘]d€t<vtft)v Jd(t(ek;t)) .

Similarly, recalling that B, is self-adjoint with respect to both I, and I,, one has

%nﬂ (%Ctvdgt<€k;t)> = <ftVt>dUt(ek;t)> - <—d0t(vtft), _dat(Bt<ek;t))>
—(doy(V' f,), dov(Bi(ex)))
= —It(vtft, Bt(ekt)) —It(v ft, Bt(ekt))
= _Tt(Bt(vtft)y €k; t) Sn+1( dCt(Bt( tft))> dCt(ek;t)) .

Finally,

N d
Sas, i1 (EQ, X) = ft<7/t7 Vt> fi= Sasn—l—l(ft)( X)

and the proof follows. O

An interesting corollary of Proposition 11.4.1 involves mean curvature flow.
Directly by Proposition 10.5.7, one has the following.

Corollary 11.4.2. The flow in H"* defined by

d

Egt - Z arctanh (A, ),

on hypersurfaces of small principal curvatures, induces in G,11 the mean curvature
flow up to a tangent factor, namely

d — —
%Gt = Ht -+ Bt(J(Ht))



Appendix A

Possible developments

There are several questions that might arise from the topics of the thesis. For
some of them I might have some partial answers or educated guesses but for some
others I am still very far from a solution. Here are some of them.

A.1 Gauss maps of PSL(2,C) into G x G and minimal

Immersions

A possible development of the theory of immersions into PSL(2, C) might consist in
approaching the theory of minimal immersions into PSL(2,C) and of their Gauss
maps in relation to some suitable definition of minimal Lagrangian maps between
surfaces with complex metrics, in analogy to what happens for PSL(2,R) which is
isometric to a 2 : 1 quotient of AdS®.

In fact, there are several aspects that can be generalized in the complex setting.

Let us recall very quickly the theory for PSL(2, R).

The space of future-oriented timelike geodesics of PSL(2,R) can be naturally
identified with H? x H? this identification is such that the natural action of
Isomy(PSL(2,R)) = PSL(2,R) x PSL(2,R) on the space of timelike geodesics
corresponds exactly to the natural action of PSL(2,R) x PSL(2,R) over H? x H?
factorwise. As a result, a Riemannian immersion o: S — PSL(2,R) induces a
Gauss map G, = (G, Gr): S — H? x H2 with G, (p) being the normal geodesic to
oino(p). If Sis oriented, closed and o is equivariant with monodromy p = (pr, pr)
into PSL(2,R) x PSL(2,R), both G, and G are equivariant diffeomorphisms with
monodromy p; and pr respectively. As a result, the pull-back metrics of H? via
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G, and G define two hyperbolic metrics on S, h; and hg respectively.

A well known result is that if o is a minimal immersion, then the identity
id: (S,hr) — (S, hg) is a minimal Lagrangian diffeomorphism. Conversely if there
exist two hyperbolic metrics hq, ho on S, with corresponding Fuchsian representa-
tions py, po such that id: (S, hy) — (5, hy) is a minimal Lagrangian diffeomorphism,
then there exists a minimal immersion S — PSL(2,R) with monodromy (p1, ps)
whose Gauss map induces h; and hs in return, in the sense described above.

The condition on hy and hs can be described in a useful way in terms of tensors.
Indeed, id: (S, h1) — (S, h2) is minimal Lagrangian if and only if there exists a
tensor b € End(T'S) such that hy = hy(b-, b-) with b being hi-regular as we defined
in Equation (7.13).

Finally, we recall the correlation with constant curvature immersions. Let
o: S — PSL(2, €) be an immersion with constant curvature (—2) - let us call them
(CC-2) immersions -, then ¢ is naturally a convex surface since the determinant of
its shape operator is positive. Defining the normal flow in PSL(2, C) similarly as
we did for H?, one can compute that the normal evolution of o at time 7 towards
the convex side is a minimal immersion. Conversely, starting from a minimal
immersion, a normal deformation at time 7 (in any normal direction) produces a
(CC-2) immersion. Since the normal evolution does not change the Gauss map,
in all the results recalled above one can replace minimal immersions with (CC-2)
immersion.

A lot of what works for PSL(2, R) works for PSL(2, C) too.

First of all, let £ be the set of unparametrized non-isotropic geodesics of
PSL(2, C), namely submanifolds of the form {expa(zV) | z € C} for some A €
PSL(2,C) and V € T4PSL(2,C) with (V,;V) # 0. One can observe that, by
Proposition 4.1.5, there is an identification of £ with G x G given by

GxG—L
(KL,ER) — {AG PSL(2,C) | A'ERZKL},

where the notation is w.r.t. the usual action of PSL(2,C) on G. This correspon-
dence is equivariant with respect to the action of PSL(2,C) x PSL(2,C) on G x G
factorwise and the natural action of PSL(2,C) x PSL(2,C) = Isom(PSL(2,C))
on L.

Given an admissible immersion o: S — PSL(2,C), one has a natural Gauss
map G, = (Gr,GR): S 5 GxG given by G,(p) being the unparamentrized
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geodesic orthogonal to o at o(p).

There are strong indications that the following statements hold.

Recall the notation 7 % o := 7(-, ) as in Equation (7.17).

Assume the immersion ¢ has embedding data (g, V) with ¢ being such that
there exists a global (1,1)-tensor J such that J* = —id and ¢(J-,J-) = g (if g is
positive, J is a corresponding bicomplex structure).

The maps G, and G are equivariant functions from S to G, and - for some
suitable choice of the sign of J - they give in pull-back the (possibly degenerate)
complex metrics on S defined by hy = g x (id + iJV) and hg = g * (id — iJ¥).

Assume o is a (CC-2) immersion, i.e. an immersion such that the curvature
of g is —2; then, by Gauss equation, det(¥) = —1. Then one gets that the
corresponding hy, and hgr are actual complex metrics and they are such that hr =
hy * b with b = (id + iJU)~! o (id — iJ¥): one can explicitly show that b €
End(CTM) has determinant 1, is hr-Codazzi and hp-self-adjoint, i.e. the tensor
b is hy-regular.

The converse holds as well.

Claim 1. Let h be a complex metric and let b € End(CT M) be h-regular. Then
there exists a CC-2 immersion o: S — PSL(2,C) such that the Gauss map
(Gr,GR): S — G x G is a pair of admissible equivariant immersions of S into
G such that the pull-back metrics G7 (-, )¢ and G%(-, )¢ descend respectively to
the complex metrics h and h(b-,b-) on S.

Despite the analogy with PSL(2,R), I do not know yet if in the previous state-
ment we can replace (CC-2) immersions with minimal immersions. Indeed, trying
to mimic what happens for PSL(2,R) we seem to find an obstacle, in the following
sense. Define the complex normal flow for immersed surfaces in PSL(2, C) as the

flow
2= (0.0 p = expyp)(2v(p))),
and one might notice that, for z = 3 and z = —i7%, if 0. is smooth, then it is

a minimal immersion; moreover, for at least one of these two values, o, is locally
smooth. The problem is that (CC-2) immersions seem to have no natural notion
of convexity, so: is there a global choice of z € {£i%} for which o, is smooth and
minimal? Despite not having an answer in the general case, one can see that the
question has affirmative answer if 4 is a real Riemannian metric and Re(b) > 0.

Finally, observe that if A is a complex metric of curvature —1 then, for every
h-regular tensor b, h(b-,b-) has the same area form as h: by Corollary 10.3.6, h
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is the pull-back metric of a locally integrable equivariant immersion into G if and
only if h(b-,b-) is. A possible research direction might consist in understanding
under what conditions of h and b (or equivalently, under what conditions on the
corresponding (CC-2) immersion), both h and h(b-, b-) correspond to Gauss maps
of equivariant immersions into H?.

A.2 Immersions into C"t!

The approach used in Chapter 6 naturally extends to the theory of immersions
of n-manifolds into (n + 1)-holomorphic Riemannian space forms of any non-zero
sectional curvature.

With a little adaptation, the same approach probably works for immersions
into (C"™,(-,-)g), allowing to deduce some analogue of Theorem 6.4.2. In the
same fashion, one could deduce a result analogue to Theorem 6.5.2 for immersions
of n-manifolds into C™ with a statement as follows.

Claim 2. Let M = M™ be simply connected.
A complex metric g on M has constant sectional curvature zero if and only if
there exists an admissible immersion M — C" with g being the pull-back metric

of (-,)o.

Let us focus on the case n = 2. Recall that the hRm (-,-)o on C? is defined by
(Vo = d22+dz2 = (dz; +idzy)- (dzy —idz,). As a consequence, if (01, 05): S — C2
is an admissible immersion with a positive complex metric as pull-back metric, then
(01 4 i0y) and (07 — i09) are local diffeomorphisms over C. Analogous arguments
to those in Theorem 6.5.2 would lead to the following.

Claim 3. Given a simply connected surface S, complex metrics g with curvature
zero on S are of the form ¢ = ¢ + ¢o with ¢; and ¢ holomorphic quadratic
differentials for two different complex structures on S.

If g has no non-zero isotropic directions in 7'S, then g = df; - dfs for some local
diffeomorphisms fi, fo: S — C. Moreover g is positive if and only if f; and fs
induce opposite orientations.

Holomorphic quadratic differentials correspond to metrics of the form df?, while
Riemannian flat metrics correspond to metrics of the form df - df.
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A.3 A suitable quotient for C M, (S)

Let S be a closed orientable surface of genus g > 2.
Through Theorem 8.3.3, one can see that

C°(S,C) x BO(S) — CM*(S)
(f;d) = f-U(J)

is a bijection, and probably a homeomorphism too.

The space C M7, (S) seems far more mysterious. Its topology might be of some
interest since it is in correspondence with suitable couples of oppositely-oriented
developing maps (fi, f2) for CP'-structures with the same holonomy and with
fi(p) # fa(p) for all p € S to be consider up to post-composition by PSL(2, C),
somehow extending the family of immersions arising from Bers’ Theorem.

Let us roughly try to give an example of such a pair (fi, fo) which does not
arise from Bers’ Theorem: one can imagine to start from a developing map w: S =
H? for a Fuchsian projective structure, then one can suitably apply a grafting
transformation to u around some curve, defining a new developing map u, in such
a way that a(p) # u(p) for all p € S: then, (4,7) is the example we were looking
for.

The problem starts by observing that C'M™,(S) is infinite-dimensional, and

CMjl(S)/Diffo(S) is infinite-dimensional: this

that - more interestingly - also
is clear just by looking at the connected component of CM™,(S) arising from
Theorem 8.3.3, which is homeomorphic to C(S) x C(S) over which the action
of Diffg(5) is diagonal. We would like to define a finite-dimensional quotient
preserving some geometric meaning.

The space C(S) x C(S) has a natural right action of Diffy(S) x Diffo(S) for
which the quotient is B(S) x 6(.5), which has finite dimension 12g—12. Regarding
at the space CM™,(S) in terms of classes of couples of local diffeomorphisms, a
promising quotient of C'M™,(S) can be defined as

B(S) := CMZ*,(9) -
where the equivalence relation ~ is defined as follows: [(f1, f2)] ~ [(f1, f3)] if there
exist two curves o1 (t), p2(t): [0, 1] — Diffo(.S) such that [(f1 o p1(t), fa 0 va(t))] €
CM,(S) with 1(0) = a(0) = id and [(fs o p1(1), f2 0 22(1))] = [(f1, £3).

The fact that P(S) — X' (S) is locally injective seems to imply that the equiv-
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alence relation ~ might be equivalently defined by hg ~ h; if and only if they can
be joined by a curve hy, t € [0, 1], such that the monodromy of h; is constant.
Observe that the more natural attempt to construct a quotient by trying to

define a right action of Diffy(S) x Diffo(S) on CM™,(S) by

[(f1, f2)] - (01, 02) = [(f1 0 ¢1, fa0 p2)],

is not well-posed: as the example given above shows, in general the images of f;
and f, on CP! might overlap, hence there always exists ¢ € Diffo(S) and p € S
such that (f; o ¢)(p) = fa(p). Theorefore, for such a ¢, (f1 o ¢, f2) would not be
an immersion into G = CP! x CP*.

It is legitimate to expect that B(S) with the quotient topology has a structure
of topological manifold of dimension 12g — 12. Moreover, the definition of B(S)
induces a natural map

5: B(S) = P(S) x P(S)
[(f1, £2)] = ([(f1, )], [(f2 0)])

with p being the monodromy of (fi, f2).
I might have an argument, inspired by the example above, showing that § is
not injective.

A.4 Mean curvature flow in G3

A classical problem in geometry consists in trying to understand when a nearly-
Fuchsian representation is the monodromy of a minimal immersion of a surface
into H3. Equivalently, given an equivariant immersed surface with small principal
curvatures, is there also a minimal immersed surface with the same monodromy?

An approach might consist in applying the mean curvature flow to an equiv-
ariant immersed surface, and trying to understand for what condition on its mon-
odromy (possibly no condition at all) such flow exists for all time, it converges
asymptotically to a minimal surface and such minimal surface has small principal
curvatures, which clearly would have the same monodromy. Proving this turns out
to be quite hard, especially the part for which the asymptotic immersion has small
principal curvatures.

Corollary 11.4.2 suggests another approach. Starting from an immersion into
H? with small principal curvatures and monodromy p, its Gauss map is a Rie-
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mannian immersion into Gs with the same monodromy p. By Corollary 11.4.2,
the mean curvature flow in Gj3 transforms its Gauss map into other p-integrable
immersions. If one proves that the mean curvature flow in Gj exists for all time,
that it converges asymptotically to a minimal surface and that such surface is
Riemannian (for instance by showing that the time-depending f.ff. I, from G is
uniformly bounded during the whole flow), then it is not hard to show that such
asymptotic minimal surface is p-integrable as well, and that it must admit an
integrand immersion into (3 that is minimal as well.

Jointly with Andrea Seppi, some steps have been done in an attempt to apply
the latter approach, but there is still some work to do.

A5 Is (X, Re(-,-)) isometric to (G,1,)?

As we showed in Proposition 9.2.1, the real part of the hRm on G is g, hence the
pseudo-Riemannian manifolds (Xy, Re(-,-)) =) and (Gs, g) are isometric. Can this
result be extended to higher dimensions? Is there a natural isometry (possibly up
to a constant) between (G,,41,g) and (X, Re(-,-))?

Some positive clues in this sense are given by the facts that X, and G,
are diffeomorphic (indeed they are both diffeomorphic to 7'S™), and that the two
metrics have the same signature, and that, as one can prove, they are both Einstein
manifolds.

Nevertheless, a clue in the opposite direction is that for n = 1 it is false: indeed,
(X4, Re(-,-)) is flat, while (G, g) is isometric to AdS?.

A.6 A Liouville measure for G,

For n = 2, one can observe that the symplectic form €2 on Gy coincides with the
standard Liouville form on Gy (possibly up to a constant), since it is PSL(2, R)-
invariant. Moreover, as one can easily deduce from the formula g = Q(-, J-), for
n = 2, { is the area form of g.

This remark suggests a definition of Liouville form on the space of geodesics
of H" as the area form of g, leading to a definition of Liouville measure in higher
dimension. An interesting fact in defense of this definition is that one can see that

1
dAy = —— QA ---ANQ
(n—1) —~—~

(n — 1) times
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hence symplectomorphisms of G,, preserve the measure.

Hopefully, this might partially lead to some suitable notion of geodesic currents
for quasi-Fuchsian, nearly-Fuchsian and almost-Fuchsian manifolds which could
help to furnish a suitable notion of boundary for these loci.

A.7 Transition geometry

The fact that the pseudo-Riemannian n-dimensional space forms of constant sec-
tional curvature —1 isometrically immerge into X,, might suggest that X,, might
be involved in the development of some considerations about transition geometry,
especially among H", AdS™ and S".

A possible question in this sense is: is there some admissible immersion of
H? x R into X3 such that the real part of the pull-back metric corresponds to the
half-pipe space (defined as in | N?
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