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Chapter 1

Introduction

Isogeometric Analysis (IGA) was introduced by Hughes et al. in [41] to unify computer
aided geometric design (CAGD) and numerical simulations. Indeed, IGA uses CAGD
mathematical primitives, that are splines, NURBS and their extensions, to represent
both the geometry and the unknowns of Partial Differential Equations (PDEs) that
model physical phenomena of interest. In this way, thanks to an exact representation
of the computational domain, the error due to the approximation of the geometry
is eliminated. Moreover, the use of splines and NURBS as building blocks for the
construction of discrete spaces turns out to be a key ingredient of numerical schemes
enjoying features that would be hard to achieve by standard finite element methods.
This is in particular due to the spline smoothness that brings several advantages: it
improves the accuracy per degree of freedom (comparing to standard C° finite ele-
ments), it improves significantly the approximation of the spectrum of the differential
operators, it allows direct approximation of PDEs of order higher than two and it
facilitates construction of spaces that can be used in schemes that preserve specific
fundamental properties of the PDE of interest.

The use of highly refined meshes or high degree splines introduces challenging prob-
lems at the computational level. Indeed, the conditioning of the matrices associated
to the discrete systems produced by isogeometric methods can degenerate rapidly
for decreasing mesh size h and increasing spline degree p. Therefore the design and
analysis of efficient and robust iterative solvers and preconditioners for IGA is a very
active research topic. In this context, we say that a preconditioner P for the linear
system Au = b is robust if the condition number x(P~!.A) is bounded from above by a
reasonably low number, independent of the mesh size and the spline degree. Further,
we say that a preconditioner is computationally efficient if its setup and application
has a computational cost comparable to the one of the matrix-vector product for the
system matrix A.

This thesis is devoted to the study of efficient method for solving PDEs discretized
through IGA. We begin with an efficient and robust preconditioner for the isogeometric
mass matrix for single patch domain. Then, we extend it to conforming multipatch
geometries where continuity across the patches is imposed strongly. As an application,
we combine this preconditioners with the high-order generalized-a method, introduced
in [21], as the time integrator to solve a model hyperbolic boundary-value problem.
After that, we focus on the analysis of a solver for a fourth-order PDE in the framework
of non conforming multipatch domains. In this case the C'-continuity is imposed
weakly through a super-penalty method. The main idea of our method is to eliminate
the Lagrange multipliers originated in the mortar formulation of the bilaplace problem
by introducing a singular perturbation. Then we propose a preconditioner for the
resulting system based on a combination of the Schur Complement Reduction (SCR),
introduced in [48, 49|, with the Fast Diagonalization technique, developed in [62, 57,
51].



2 Chapter 1. Introduction

The structure of the work is as follows. Chapter 2 consists of a brief presentation
of the main tools we use in this thesis. In particular we start by introducing the basic
concepts of Isogeometric Analysis like univariate and multivariate B-spline functions,
single patch and conforming multipatch isogeometric spaces. Then we presents the
notion of Kronecker product and its main properties.

Chapter 3 deals with the fast solution of linear systems associated with the mass
matrix, in the context of isogeometric analysis. We propose a preconditioner that is
both efficient and easy to implement, based on a diagonal-scaled Kronecker product
of univariate parametric mass matrices. Its application is faster than a matrix-vector
product involving the mass matrix itself. We prove that the condition number of
the preconditioned matrix converges to 1 as the mesh size is reduced, that is, the
preconditioner is asymptotically equivalent to the exact inverse. Moreover, we give
numerical evidence of its good behaviour with respect to the spline degree and the
(possibly singular) geometry parametrization. We also extend the preconditioner to
the multipatch case through an Additive Schwarz method.

Chapter 4 focuses on a novel family of high-order explicit generalized-a methods

applied in combination with isogeometric analysis. Our method can deliver 2k order
of accuracy in time consisting of solving k matrix systems explicitly and updating the
other 2k variables at each time-step.
Next, to deal with the computational cost, we exploit the preconditioners for the
matrix systems presented in Chapter 3. Our high-order schemes require simple mod-
ifications of the available implementations of the generalized-a method. Finally, we
present numerical examples to prove the performance of the overall methodology re-
garding single and multipatch IGA discretizations.

Chapter 5 focuses on the development of a super-penalty strategy based on the L2-
projection of suitable coupling terms to achieve C'-continuity between non-conforming
multi-patch for the isogeometric discretization of the bilaplace equation. In partic-
ular, the choice of penalty parameters is driven by the underlying perturbed saddle
point problem from which the Lagrange multipliers are eliminated and is performed
to guarantee the optimal accuracy of the method. Moreover, by construction, the
method does not suffer from locking also on very coarse meshes. We demonstrate
the applicability of the proposed coupling algorithm to Kirchhoff plates by studying
several benchmark examples discretized by non-conforming meshes. In all cases, we
recover the optimal rates of convergence achievable by B-splines where we achieve a
substantial gain in accuracy per degree-of-freedom compared to other choices of the
penalty parameters.

Parts of the results presented in this thesis are contained in papers that have been
submitted by the author and coauthors in peer reviewed journals, they are available
online or they are in preparation:

e Chapter 3:
[52] G. Loli, G. Sangalli, and M. Tani. Fasy and Efficient preconditioning of
the Isogeometric Mass Matriz. Submitted to Computers & Mathematics with
Applications. 2020. arXiv: 2006.02313.

e Chapter 4:
[6] P. Behnoudfar, V. M. Calo, G. Loli, A. Reali, and G. Sangalli. “Explicit high-
order generalized-a methods for isogeometric analysis of structural dynamics”.
In: In preparation (2020).

e Chapter 5:
[13] A. Buffa, L. Coradello, and G. Loli. A projected super-penalty method for the


https://arxiv.org/abs/2006.02313
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C'-coupling of multi-patch isogeometric Kirchhoff plates. 2020. arXiv: 2007 .
14343.

[14] A. Buffa, L. Coradello, and G. Loli. “Isogeometric penalty method for the
Bilaplace equation”. In: In preparation (2020).

[7] A. Benvenuti, G. Loli, G. Sangalli, and T. Takacs. “Isogeometric Analysis
for weak C'-continuous Mortar Method”. In: In preparation (2020).

Finally, we would like to mention two papers co-authored by the author but not
included in this thesis:

e [15] F. Calabro, G. Loli, G. Sangalli, and M. Tani. “Quadrature Rules in the Iso-
geometric Galerkin Method: State of the Art and an Introduction to Weighted
Quadrature”. In: Advanced Methods for Geometric Modeling and Numerical
Simulation. Ed. by Carlotta Giannelli and Hendrik Speleers. Cham: Springer
International Publishing, 2019, pp. 43-55.

e [51] G. Loli, M. Montardini, G. Sangalli, and M. Tani. “An efficient solver for
space—time isogeometric Galerkin methods for parabolic problems”. In: Comput-
ers & Mathematics with Applications 80.11 (2020). High-Order Finite Element
and Isogeometric Methods 2019, pp. 2586 —2603. 1SSN: 0898-1221.

The first one is focused on an efficient method for assembling matrices related to
isogeometric analysis, while the second one deals with efficient solution of parabolic
problems, approximated with smooth splines in both space and time.
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Chapter 2

Preliminaries

This first chapter is devoted to fix the notation and present some preliminary results
which will be useful in what follows. In particular, we recall the definitions of B-splines
and isogeometric spaces for both single patch and multipatch domain. Finally, we also
report the main properties of the Kronecker product.

2.1 B-splines

Given two positive integers p and m, consider an open knot vector
E={&,, §mtpr1}

such that

51:--~:§p+1<fp+2§~--§£m<€m+1:---:€m+p+17

where interior repeated knots are allowed with maximum multiplicity p + 1. Without
loss of generality, we assume §; = 0 and &, 4p+1 = 1. From the knot vector =, B-
spline functions of degree p are defined following the well-known Cox-De Boor recursive
formula: we start with piecewise constants (p = 0):

~ 1 G << &g,
blvo(C)_{ 0 otherwise,

and for p > 1 the B-spline functions are defined by the recursion

bip(C) = gj_p__gi&gi,p—l(o + m&—i—l,p—l(o:

with the convention 0/0 = 0. Each B-spline /b\i,p depends only on p 4+ 2 knots, which
are collected in the local knot vector

Eip =1{&, -, &itpsr1 )

is non-negative and supported in the interval [&;, &i+pt1]. Moreover, these B-spline
functions constitute a partition of unity, that is

i@,p(fc) =1, vz € (0,1). (2.1)
i=1

The univariate spline space is defined as

Sh = 8x([0,1]) == span{bi, 12y,
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N

0 I — I I

0 0.2 0.4 0.6 0.8 1

FIGURE 2.1: Example of cubic B-spline basis defined on the open knot
vector £ = {0,0,0,0,0.2,0.4,0.6,0.8,0.8,0.8,1,1,1,1}.

where h denotes the maximal mesh-size, and corresponds to piecewise polynomials of
degree p with p—m; continuous derivatives at the point &;, where m; is the multiplicity
of the knot & in the knot vector Z. We assume that the maximum multiplicity of the
internal knots is less than or equal to the degree p, i.e., the B-spline functions are at
least continuous. Finally, we remark that B-splines are not in general interpolatory:
they are interpolatory at knots & with multiplicity at least p, that is where B-splines
are at most C°. An example of B-splines is given in Figure 2.1. For brevity, the degree
p is not always reported in the notation. For more details on B-splines properties see
[18, 19].

Multivariate B-splines are defined from univariate B-splines by tensorization. Let

d be the space dimension and consider open knot vectors Zp = {1, -, Ekmapt1}
and a set of multi-indices I:={i = (i1,...,ig): 1 <i; < m}. For each multi-index
i=(i1,...,1q), we introduce the d-variate B-spline,

Bi(¢) := b[Zi, p)(C1) - - - b[Ei, p] (Ca)-

Observe that, for the sake of simplicity, the knot vectors are assumed to have the same
length and the degree is the same in all directions. The support of each multivariate
basis function is

d

Qi = Supp(éi) = H[fk,z’kafk,iﬁpﬂ]-

k=1

For notational convenience, we define the index set for mesh elements

L= {(j1,-nda) s 1<i<m+p+1},

d
Q5 = [ [[&rns kg1 jel (2.2)
k=1
and
Zi:={iel:int(Q;N Q5 # 0} (2.3)

The corresponding spline space is defined as

Sy = 8,([0,1]%) :=span {B; : i € I},
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where h is the maximal mesh-size in all knot vectors, that is

h = i1 — kil b
max, {1k i+1 — &ril}

1<i<m~+p+1

Assumption 1. We assume that the knot vectors are quasi-uniform, that is, there
exists o > 0, independent of h, such that each non-empty knot span (&, k. iv1) fulfils
ah < &iv1 — &k, for 1 <k <d.

A family of linear functionals {@;}icr is called a dual basis for the set of tensor-
product B-splines Sy, if it verifies

%i(Bj) = dijs
where d;; is the Kronecker delta.

Theorem 1. [65, Theorem 12.5] There exists a dual basis and a positive constant C,
mdependent of h, satisfying

1@1(u)] < Ch‘%H@HLz(Q;), Vi e L2((0,1)%) and Vi e L.

2.2 Isogeometric space on a single patch domain

Now, we consider a single patch domain Q C R? given by a d-dimensional spline
parametrization F', that is

0= F(Q)j with F(§) = ZCiEi(SL

where C; are the control points and Ei are tensor-product B-spline basis functions
defined on the parametric patch Q= (0,1)%. We require that F is an invertible map.
Further assumptions will be specified in Assumption 2. Following the isoparametric
paradigm, the isogeometric basis functions Bj are defined as B; = Ei o F~'. Thus,
the isogeometric space on {2 is defined as

Sp = Sp(£2) := span {Bi = BioF ! . ic I} )
Corollary 1. The family {pi}ict, defined as
vi(u) := gi(uoF), Viel,

s a dual basis for Sp. Moreover, there exists a positive constant C, independent of h,
satisfying

i) < Ch™% lull 2y, Vu e LA(Q) and Vi€ L.

Proof. The inequality is obtained from Theorem 1 by a standard change of variables.
O

Proposition 1. There exists a positive constant C, independent of h and p, such that

lull 2 (pgp) < Ch? max| ()] Vu e L3(Q) and Vi € 1.
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Proof. Using the extension to d-variate isogeometric functions of the partition of unity
property (2.1), it holds

2 2

ul? .:/ i(u)B; S/ max |@;(u B;
| HLQ(F(QI)) Q) ZSO( ) Pon \ Jet |05 )|Z

i€Z; JEL;

= |F(Qo) max ipj(w)

< Ch%ma H(u)]?.
< jegfl%( )|

O

By introducing a co-lexicographical reordering of the basis functions, with a minor
abuse of notation we will also write in what follows

Sp =span {B; : i € I} = span { B;} %" . (2.4)

2.3 Isogeometric spaces on a multipatch domain

We follow the notation of [72]. A multipatch domain Q C R? is an open set, defined
as the union of Npaien subdomains,

Npatch
Q= [J an, (2.5)

r=1

where the subdomains Q") = F(T)(ﬁ) are referred to as patches and are assumed
to be disjoint. Each F) is a different spline parametrization. In the following,
the superindex (r) will identify entities that refer to Q("). Then, following the same
construction as above, we introduce, for each patch Q). B-gpline spaces

3}:) := span {B\(T) ce=1,.. .,Nc(lg%}

i
and isogeometric spaces
S}(lr) = span {BZ-(T) ti=1,... ,Nég)} .

We assume for simplicity that the degree p is the same for all patches. For the
definition of the isogeometric space in the whole €, we further impose continuity at
the interfaces between patches, that is

Vi = {v e C%Q) :vfgm € S™ forr=1,... ,Npatch} . (2.6)

To construct a basis for space Vj,, we introduce a suitable conformity assumption. For
all ;s € {1,..., Npatch }, with 7 # s, let T's = 90" N 9NS) be the interface between
the patches Q") and Q).

Assumption 2. We assume:

1. T'ys 1s either a vertex or the image of a full edge or the image of a full face for
both parametric domains.

2. For each Bi(r) € S,(Lr) such that supp(Bi(r)) NT,.s # 0, there exists a function
Bj(s) € S}(ls) such that Bi(T)h" Bj(s)h"m.

TS
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We define, for each patch Q) an application
GO {1, NI - T = {1, dim(Vi)},

in such a way that G (i) = GC)(j) if and only if T # 0 and B{"|r,, = B{"|r,..
Moreover, we define, for each global index [ € J, the set of pairs J; := {(r,i) :
G (i) = 1}, which collects the local indices of patchwise contributions to the global
function, and the scalar

n = #, (2.7)
that expresses the patch multiplicity for the global index I. Furthermore, let
Naygj == max{n; : l € J} (2.8)

be the maximum number of adjacent patches (i.e., whose closure has non-empty in-
tersection). We define, for each | € 7, the global basis function

B if z € QW) and (r,i
Byx) = 4 i (x) ifxe . and (r,i) € 7, (2.9)
0 otherwise,
which is continuous due to Assumption 2. Then
Vi, =span{B;: l € J}. (2.10)

The set {B; : | € J} where B is defined as in (2.9), represents a basis for V},. Finally,
we also introduce the index set 7 c J such that [ € J) if and only if [ = G(”)(i)

for some i. Clearly #J N =N ég% and J (") can be used directly as index set for 3\,(:)

and S,(Lr), with minor abuse of notation.

2.4 Kronecker product

The Kronecker product between two matrices A € C"*"2 and B € C"*™ is defined

as
A1 B ... [A],,B

ARB: = : .. : € Crminaxnana
[A]m,lB [A]m,nzB

where the ij-th entry of the matrix A is denoted by [A]; ;. The most important
properties of the Kronecker product that we will exploit in this work are the following:

e if A, B, C and D are matrices of conforming order, then it holds
(A®B)- (C®D)=(AC)® (BD); (2.11)
e if A and B are non-singular, then

(AB)'=A"12B " (2.12)

Finally, we recall that the matrix-vector product can be efficiently computed for a
matrix that has a Kronecker product structure. For this purpose we define, for m =
1,...,d, the m-mode product x,, of a tensor X € C™* X" with a matrix M €
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Ckxnm a9 a tensor of size ny X -+ X Nypy_1 X k X Nm+1 X ...ng whose elements are

n

X X M = [ Xirime 1 gsimeg1eesia M i -

U1,00q

3

<.
Il
-

Then, given M; € CF*" for i = 1,...,d, it holds
(Mg ® ---® M;j) vec (X) = vec (X x1 Mj X9 -+ xqgMy), (2.13)

where the vectorization operator “vec” applied to a tensor stacks its entries into a
column vector as

[vece(X)]j = [XJir,...pias

foriy=1,...,n;,l=1,...,d and

d
j =it 3 (k= DS

k=2

For more details on Kronecker product we refer to [47].
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Chapter 3

Preconditioning of the
Isogeometric Mass Matrix

The focus of this chapter is the solution of the linear systems associated with the
isogeometric Galerkin mass matrix, for arbitrary degree and continuity of the spline
approximation. In particular, we want to cover the case of high-degree and high-
continuity spline approximation (the so-called isogeometric k-refinement) whose ad-
vantages are explored in, e.g., [27, 71, 61, 67, 11, 63]. Solving the mass matrix system
is needed, for example:

e in explicit dynamic simulation, that is, when an explicit finite difference schemes
in time is coupled to an isogeometric discretization in space, see e.g. [33]

¢ in PDE-constrained optimization problem [9]
e when the mass matrix is used as a smoother in a multigrid solver 39, 38|

e when the mass matrix is used as a preconditioner for the Schur complement of
the Stokes problem [26]

e in general, when evaluations of L2-projections are needed, for example in nearly-
incompressible elasticity with the B-F method [25], or in the mortar method
for multipatch gluing [12], or in other applications like fast simulation of tumor
evolution [53].

Due to the condition number of the mass matrix, that grows exponentially with
respect to the spline degree (see [29]), finding efficient solvers is not a trivial task
unless we are in the low degree case.

One of the first ideas that have been explored is to use collocation instead of a
Galerkin formulation, since in this case the mass matrix (that is, the B-spline collo-
cation matrix) is easier to invert (see |28, 2] and the references therein).

If we stay with the Galerkin formulation, the classical strategy of lumping and
then inverting the mass matrix lacks accuracy and, as a preconditioner for an iter-
ative solver, lacks robustness with respect to the spline degree. There are instead
ad hoc constructions of sparse and approximated inverse of the mass matrix, see for
example [68], or biorthogonal bases, see [76], designed with the aim of keeping ac-
curacy. Approximated inverses or preconditioners of the mass matrix often use one
key feature of multivariate splines: the tensor-product construction. Indeed M, the
Galerkin mass matrix on the reference patch [0,1]%, is a Kronecker matrix of the form

—~

M:ﬁd@)...@ﬁl, (31)

where the M; are unidimensional parametric mass matrices. Inverting M above only
requires the inversion of the factors M;. However, on a generic patch, due to the
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geometry mapping, the structure above is lost, that is, the true isogeometric mass
matrix M we are interested in is not a Kronecker matrix like M. One could use M as
a preconditioner for M, but, depending on the geometry parametrization of the patch,
the results are not always satisfactory. Then, [30] developed an extension of (3.1)
that better approximate M and is suitable for a fast application, see also [75] for its
parallel implementation. Another possibility is to seek for a low-rank approximation
of M, that is, approximate M as a sum of Kronecker matrlces see [55, 54 37] The
recent paper |16] constructs an approximation of M~! as M- Mdet( DF)- M1 , where
Mget(pr)-1 18 a suitable weighted mass.

In our work, we also propose and study a preconditioner M of the Galerkin mass
matrix. The main feature of our approach is that, compared to previous results, it is
very easy to 1mPlement but also extremely efﬁment and robust. On a single patch, we
define M as DD~ :MD 2D> , where D and D are the diagonal matrices made with
the diagonals of the true mass M and parametric mass M respectively. Therefore,
we approximate M by the Kronecker M combined with a symmetric diagonal scaling.
The computational cost of one application of the preconditioner is then just O(pNgor)
FLOPS, while each matrix-vector multiplication with M requires O(p?Ngof) FLOPS,
where p is the spline degree and Ngot is the number of degrees of freedom. For
multipatch domains, we combine the preconditioner above on each patch with an
Additive Schwarz method. We prove the robustness of the preconditioner with respect
to the mesh size and, in the single patch case, we also show that H(M_%MM_%) — 1
when h — 0. Our numerical benchmarks show that the preconditioned problem
behaves well also for large p and even in the case of typical singular parametrizations
of the computational domain, which is a case not covered by the theory.

The rest of this chapter is organized as follows. In Section 3.1 we describe the
proposed preconditioner on a single patch domain and we prove its h-robustness,
while in Section 3.2 we generalize it to multipatch domains by means of the Additive
Schwarz theory. We show how to efficiently apply the preconditioner and analyze its
computational cost in Section 3.3. In Section 3.4 we report numerical results assessing
the effectiveness of the proposed preconditioner, its good behaviour with respect to
p and in case of singular parametrizations, and compare with the approach of [16].
Concluding remarks are wrapped up in Section 3.5.

3.1 Mass preconditioner on a patch

In this section we propose a preconditioner for the Galerkin mass matrix associated
to a single patch domain, denoted 2, that is

[M];j = /A BiBj| det(DF)). (3.2)
Q
Generalizing, we will consider

[M]i,j = /\ B\igjw (33)
Q
for a weight w that fulfils the following assumption.
Assumption 3. We assume w € C°([0,1]¢) and w(x) > 0, for all = € [0, 1]%.
Let

Wmin = min  w(x),
z€[0,1]¢
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that, thanks to Assumption 3, is strictly positive. Furthermore, thanks to Heine-
Cantor theorem, the function w is uniformly continuous, that is there exists a non-
decreasing p : [0,00) — [0, 00) such that

w(z) — w(ms)| < |z — @), Vi, xy € (3.4)

and
lim pu(t) = 0. 3.5
Jim p(t) (3.5)

As a preconditioner for the mass matrix M, defined in (3.3), we consider

—

M :=D:D :MD :D?, (3.6)
where

[ﬁ]i,j = / Eiﬁj, D := diag (ﬁ) , D := diag(M). (3.7)
Q

From now on, given u € Sy, we will denote by w the vector containing the coordinates
of u with respect to spline basis.

Lemma 1. There exist a constant C > 0, independent of h, such that
Ch? < Amin(M) < Aax(M) < b, (3.8)

where )\max(ﬁ) and )\min(ﬁ) are the mazimum and minimum eigenvalue of M.

Proof. Recalling Assumption 1, from the classical result [20, Theorem 5.1-5.2]|, for
d=1 we get

2

ah m m N m
mzvf <[> vibip(2) <h) v
p i=1 =1 L2(0,1) =1

The bounds (3.8) follow by tensorization and applying the Courant-Fischer theorem.
O

Corollary 2. Under Assumption 3, there exist two positive constants C1,Cy, inde-
pendent of h, such that

C1h®* < Amin(M) < Amax(M) < Coh. (3.9)
Proof. We observe that
o (M v Mo . Ja (Zf\fff ”ZBZ) w
win(M) = min =y = 8

and similarly
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Thanks to Assumption 3, w is bounded from below and above by two positive constants
Wmin and wmax, thus exploiting Lemma 1, we obtain the thesis with C] = wpyinC' and
CQ = Wmax- O

Remark 1. Thanks to Courant-Fischer theorem, the last inequality in (3.9) can be
rewritten as follows

ullF2(q) < Coh® > l@i(w)[?, Yu € Sp, (3.10)
iel

where {¢;tier denotes the dual basis introduced in Corollary 1.

Corollary 3. Under Assumption 3, there exist two positive constants 61,6’2, inde-
pendent of h, such that

Crh® < Amin(M) < Apax(M) < Coh?.

Proof. 1t holds

_ min(D))\mm(ﬁ) (311)
Amax(D)
and similarly .
Amax(M) < AmaX(D)A“ia"(M) (3.12)
)\min(D)

Having that the matrices D and D are diagonal, their eigenvalues correspond to their
diagonal entries. We have

~

[D}i;i = [M]i; = ef Me; and [D}i; = M];; = e] Me;,
where e; denotes the i-th vector of the standard basis. Thus, it holds

Amin(M) < [Dlii < Amax(M)  and  Amin(M) < [D]is < Amax(M).  (3.13)

In this way, equation (3.11) becomes

min M min ﬁ
Amin (M) > Auin )AA ( ), (3.14)
)\maX(M)
while equation (3.12) becomes
Amax (M) Amax (M
Amax (M) < @) — M) (3.15)
Amin(l\/—[)

Combining (3.11) and (3.14) with Lemma 1 and Corollary 2, it follows that there
exists a constant C7, independent of A, such that

Amin(M) > C1h%.

Similarly, thanks to (3.12) and (3.15), there exists a constant C», independent of h,
such that B
/\max(M) S Cth-
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By using the definition

Amax(A)

Kk(A) = 7)\min(A)7

(3.16)

for a symmetric, positive definite matrix A, the following result holds.

Theorem 2. Under Assumption 3, there exists a constant C, independent of h, such
that

KM IMM 2) < C.

Proof. Recalling Courant-Fischer theorem, it follows

1 1 ’UTM’U Amin(M)
)\min M T2) =mi >
(MEEMME2) =00 TA Mo ~ A (M)

and similarly

1 1 v Mo Amax (M)
)\max(M MM 2) o rzr)l;?(})i UTM’U B )\min(M).

The thesis follows from Corollary (2), Corollary (3) and from (3.16). O
The previous result can be improved as follows.

Theorem 3. Under Assumption 3, it holds

lim #(M™2MM™2) = 1. (3.17)
h—0

Proof. Recalling Courant-Fischer theorem, it follows

T
_1 _1 . v Mwo
Amin(MT2MM™2) = 151;8 oT Mo 518
. 'wTDféf)%Mf)%Dféw . wMuw .
= min — = min ——
w#0 wIMw w#0 I Mw
and similarly
.
M
Amax(MT2MM™3) = max o = (3.19)

—,
w#0 wTMuw
1 ~1

where we have defined Mf D_EDEMIA)%D_%.
The entries of the matrix M can be rewritten as

||B2HL2(§)HBJHL2(Q) oy
H\@BiHLz(Q)H\@BjHH(@) @

We observe that for all ¢ € {1..., Ngof}, it holds

N

DM

[N

1
2D

o

M];,; = [D~ Jij

1/\7[ o ”Bi||i2(§)

9 —~ —
= PO B = B2, = Ml
”\/EBZH%/Q(Q)/E\Z ¢ tr2(Q) 1,0

2,0
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Let us now consider i,j € {1..., Ngot}, with ¢ # j. From equation (3.4), it follows
w(@1) < w(@a) + pllT1 — @a]), Vi, @2 € Q.

As a consequence, by observing that diam (supp(B ) N supp(B )) < h(p + 1)V/4d, for
all 3,5 =1,..., Ngof with ¢ # j, and denoting

x;j := argmin {w( )rx € supp(B ) N supp(B; )}
we obtain

w(@iy) /@ BB, < /A wBiB; < (w(ay) + u(h(o+ WVA)) [ BB (3:20)

S5~

Similarly, for all 4,5 = 1,...,Ngor with ¢ # j and such that
supp(B;) Nsupp(B;j) # 0, it holds

w(a’ij)HBin(ﬁ)HBij(ﬁ) < H\@Biup(ﬁ) H\@Bij(ﬁ

(3.21)
< (wl@ig) + b+ DVD)) [1Bill | Bil 2y

Thus, by combining inequalities (3.20) and (3.21), we have the following bounds for
the entries of M:

_ Bil oI B 55
L L P g
||fBi||L2@)||fBjHL2(§)
w(il?ij)'i‘ﬂ(h(p""l)\/a)/ﬁ,/\
- (mz’j) a7 (3.22)
_ Bill 1Bl 55

||fBi||Lz@)||fBjHL2(§)

w(is) -3
Z (o) + ulhip + DV f,5:

Having defined

_ p(h(p+1)Vd)
we observe that o
llzli%a =0 (3.23)
and
wlwy) + -+ V) _ | plhp+ OV
w(zxi;) wlxiy) ’ (3.24)
() IR
w(@ij) + p(h(p + 1)Vd) w(@iy) + p(h(p + 1)Vd) ~

Collecting (3.2), (3.22) and (3.24), we can bound the entry-wise distance between the
matrices M and M as follows

—oM];; < [M];; — [M];; < o[M];,;. (3.25)
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For all w # 0, it holds

™ TM+M-M TM-M
'w/\'w:’w( +M )w:1+M. (3.26)
wlMw w! Mw wl Mw
Exploiting equation (3.25), it follows
- N — —
. wT (M -~ M)w sp > =1 wiw;([Ml;; — [M]; 5)
w#0 wT Muw w#0 wT Muw
N — A
> it [wiw;|[[M]; j — [M]; ;]
< sup —
w0 wTMuw (3.27)
Uzi,j:1 lwiw;|[M];,;
< sup —
w#0 wTMw
[ |7 [M] | i
S Pw0 W < O_)\max(/l\il)
infw¢0 ww%w )\min (M)
where, in the last step, we have used the property that
|w|Tﬁ]w| wMuw
SUP ————— = SUp ———,
wlw wlw

where indeed the last sup is obtained for a w with non-negative entries, due to the
fact that M has non-negative entries. Similarly

T(M — M —0 ZN; wiw'ﬁi-
i WM Mw 7 2 [ |[M (3.28)
w#0  wTMuw w#0 wTMuw
N - —
iie1 |wiw; | [M]; 5 Amax (M
> —0 sup i1 A]H liy > —U#. (3.29)
w0 wT Muw Amin (M)
From (3.26), (3.27) and (3.28) we get
—  wMw —~
l1—0k(M) < ——— <1+ 0k(M), Vw # 0. (3.30)
w! Muw

Finally, combining Lemma 1, (3.16), (3.5), (3.18), (3.19), (3.23) and (3.30) we obtain

1
lim k(M- EMM3) < Tim 7 _
h—0 h—01—Co

O

Remark 2. By applying Theorem 3 to the constant coefficient mass matriz (3.2), if
we assume that F € C'([0,1]) and that det(DF) > 0 for all x € [0,1]¢, then the
preconditioned matriz fulfils (3.17).

Remark 3. Theorem 3 states that if we define
pu(h) = k(M TMM™2) — 1,

then u(h) = o(1) as h — 0. Clearly, the function pu may depend on other parame-
ters beside the mesh size, in particular it may depend on the spline degree p and the
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parametrization F. However, in all problems considered in Section 3.4 our numerical
tests indicate that w is linear with respect to p and mildly depends on F', even when
the geometry parametrization is singular.

3.2 Mass preconditioner on multipatch domain

We now turn to examine a preconditioner for the mass matrix arising from multipatch
domains, that is

[M]i,j = / Bz'Bja Bi,Bj S {Bl :le j}, (3.31)
Q

where Q is formed by the union of patches Q") see definition (2.5). We combine the
single patch preconditioner, introduced in (3.6), with an Additive Schwarz method.
Let us define a family of local spaces

Vh(T) := span {Bl (e j(r)} , r=1,..., Npatch, (3.32)

with J() defined as in Section 2.3. Therefore, Vh(r) is the subspace of V}, spanned
by the B-splines basis function whose support intersect Q). Moreover, following

the notation of [69], we consider restriction operators R") : V}, — V}ET) with r =
1,..., Npatch, defined by

R (ZUIBZ> = Z w; By.

leg legm

Their transpose, in the basis representation, R(T)T : Vh(r) — V}, correspond, in our
case, to the inclusion of Vh(T) into V},. We denote with R(") and R(™" the rectangular
matrices associated to R(") and R(T)T, respectively. From now on, given ul" e Vh(r),
we will denote by u(") the vector of its coordinates with respect to the basis {B; :
I € JM} and define the family of bilinear forms a( : V" x V") 5 R, for r =
1,..., Npatch, as

" (@, o) = v MO, u® M ey (3.33)

with ) ) ) .
M .= DD 2P I p )2 (3.34)

where we have set
M), = /@ BUBM, D = diag (M(”> , D™ .= diag (M(’")> . (3.35)

~ (r) (r)
with the assumption that the basis functions {Bi(r) iV:dff and {Bi(r)}i\;dff are ordered
as described at the end of Section 2.3. We underline that the bilinear forms {a("}
are symmetric and positive definite. The Additive Schwarz Preconditioner (inverse)

is defined as
Npatch

ML= 3 ROTMO TR, (3.36)

r=1



3.2. Mass preconditioner on multipatch domain 19

The following Lemma follows straightforwardly from [69, Theorem 2.7| and pro-
vides a bound on the condition number of the multipatch mass matrix (3.31) precon-
ditioned by (3.36).

Lemma 2. Let the following three hypothesis be satisfied:

e (Stable Decomposition) There ezists a constant Csp > 0, such that every u € Vj,
admits a decomposition

Npatch
u= Z u(™, with u') e Vh(r)7
r=1
that satisfies
Npatch
S @, ul) < Cspllula(ey,
r=1

e (Strengthened Cauchy-Schwarz Inequalities) There exist constants 0 < e,5 < 1,
for 1 <r,s < Npagen, such that

(", u®)) 2] < ersllul]] L2 14| 220
for u(") e Vh(r) and ul®) € Vh(s).
e (Local Stability) There exists Crs > 0, such that for all v =1,..., Npatch,
a2 < Crsa® (), u), vul) e v,
Then the condition number of the preconditioned operator satisfies
_1 _1
K <Mad2 MMMf) < CspCrsp(€),

where p (£) represents the spectral radius of the matriz € = {€,5}.

Assumption 4. Let F(") ¢ C'([0,1]%) and assume that for all € [0,1]%, det(DF ™)) >
0, for all v =1,..., Npatch-

We are now able to present the main result of this section.

Theorem 4. Under Assumption 4, there exists a constant C, independent of h and
Nagj, verifying

_1 _1
K <Mad2 MMad2> < CN.jdj,

where Nyqj, defined in (2.8), denotes the mazimum number of adjacent patches.

Proof. We show that the hypothesis of Lemma 2 hold with Csp and Ctg independent
of h and p(€) < Nagj-

Part I: Stable Decomposition. The argument we use is similar to the one pre-
sented in [73, Lemma 4.1|. Given u € V},, with

u = ZUZBI,

leg



20 Chapter 3. Preconditioning of the Isogeometric Mass Matrix

we define u(") € Vh(r) as
uj
) = Z ;Bl, r=1,..., Npatch,
legm
where n; is defined in (2.7). It is straightforward to see that

Npatch

Z u = .

r=1

Recalling definitions (3.33), (3.34) and (3.35) and introducing

MOy = [ BUB,
) Q(T) 7 J

we have

Npatch patch

3 a® ), ) Z MOEY VIO
r=1

Npatch O VIGMG)

- Zl W M) )

T M) )

(3.37)
N, atch T
patch ()T A (1) gy (r)
u Uu
< v M 2y
N Zl u™ T M) (1) I 00 Iz un)
(T‘)TM( ) patch

< el AN A )
= <T1I?%\)fiatch u() > Z ||U |Q<>HL2 QM)

Combining Corollary 2 and Corollary 3, we obtain a constant Cpax, independent of
h, such that

MORY VIGMG)

< Crnaxs vu € VI W =1, Npaten- 3.3
)T M) () h pateh (3:38)

ulr

By observing that n; > 1, for all [, it follows

— | <y
ny

and thus

er(uh)] < |ertuam)|. vieIt), (3.39)
where {¢j};c1 denotes the dual basis introduced in Corollary (1), relative to the iso-
geometric space defined on the patch Q). Using Corollary 1, (3.39) and (3.10) in the
patch Q) and the adjacent ones Q)| there exist constants C;, Co, Cs3, independent
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of h and Ngqj, such that

H ”L2 Q) < Clh Z (7') < Clhd Z Spi(u|Q(T))2

ic1(m) ieI(n)
<Oy Z HU|Q(T)||L2(F(7 Q) < CBHUHLQ(Q(T‘))
iel(r)

Finally, summing over all r € {1,..., Npatch }, it holds

Npatch

Y 1Nz ey < Callullegy- (3.40)
r=1

Combining (3.37), (3.38) and (3.40), we obtain

Csp < C3Chax- (3.41)

Part 1I: Strengthened Cauchy-Schwarz Inequalities. Cauchy-Schwarz inequal-
ity, assures us that e, < 1, for all 1 < r,s < Npaen- Furthermore, for each
r € {1,... Npatch }, there are at most N,qj indices s € {1 Npateh } such that there
exists two ba81s functions B;, € {B; : 1 € J"} and Bl2 €{B;: 1€ J®} with
supp(By, ) Nsupp(By,) # 0. As a consequence, in every row of the matrix & = {e,}
there are at most N,q; non-zero entries. Combining these facts, we can conclude that
the spectral radius of £ satisfies:

p(€) < Nagj. (3.42)

Part III: Local Stability. Using (3.10) in the patch Q) and the adjacent ones
Q) there exists a constant C, independent of h and Nagj, such that

HU(T)H%Q(Q) = Z HU‘Q(S HL2 Q)
5:Q(MNQ) £
< CNadjhd Z (ui(T))2 _ CNadjhd(u(r))Tu(r)_
ic1()

It holds
g ()T (@)

BN T () — p (MNT AL (1) g, (T)
O ()T M) (™) M u
d (3.43)
< a(r) (u(T) , u(r)).
N /\min(M(r))
Using (3.43) and Corollary 3, finally yields local stability:
[ )72y < CNagial” (ut),u), (3.44)

with another constant C, independent of h and N,g;.
Finally, by applying Lemma 2 with the estimates provided in (3.41), (3.42) and
(3.44), we obtain that there exists a constant C, independent of h, verifying

_1
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O

3.3 Preconditioners application and cost

The mass matrices and the preconditioners introduced in this paper are symmetric
and positive definite. We then adopt the Preconditioned Conjugate Gradient method
(PCG) to solve the associated linear systems. For evaluating the computational cost of
PCG, we recall that for each iteration, the two most expensive steps are: the solution of
a linear system associated to the preconditioner and the computation of the residual,
through a matrix-vector with M. We recall that all the univariate matrices have
dimension m. Then, the single patch mass matrix has dimension Ngor = m?, while
for the multipatch one we have Ny ~ Npatchmd.

3.3.1 Single patch preconditioner

The application of the single patch preconditioner is the solution of a linear system
associated to

—

MD™

[NIES

Dz.

ol
ol

]/j,

N

M=D
Thanks to (2.11), it holds
D =diag(My®---®M;) =Dy ®--- @ Dy,

where we have set D; = diag(ﬁi), fori=1,...,d, and

o~

~ o~ ~_1l ~ ~_1 ~_1 ~_
D :MD :=D,>M;D,?®---@D, °M,D; °.

N

By exploiting (2.12), the inverse of M may be expressed as

Therefore, the solution of a linear system associated to M can be summarized as
follows.

Algorithm 1 Single patch

1 1
1: Assemble the matrices D, *M;D, *, fori=1,...,d
2: Compute the diagonal scaling z = D 22
1l 1 1~ 1
3: Solve the linear system (Dd *MyD,? ®---®@D; 2M1D, 2> Y=z

4: Compute the diagonal scaling y =D

1~ ~

Step 1 represents the preconditioner setup. The matrices ]A);ngDZ_ need to be
constructed only once, before starting the PCG solver. The overall cost of this step
is C'(p)dm FLOPs, where C(p) denotes a constant that depends on p and depends on

N|=

how the matrices M; are computed: Gauss quadrature is the least efficient approach
and in such a case C(p) = O(p?). However this cost can be considered negligible in
practice (for examples, in all the tests we present in Section 3.4, where p < m), since
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m = N;élfl and Steps 2-4 have a cost which is proportional to Ngor. Furthermore,
Steps 2-4 need to be performed at each iteration. Both Steps 2 and 4 consist in the
product of a diagonal matrix by a vector, thus their cost is 2Ngof FLOPs. Thanks to
(2.13) and recalling that univariate mass matrices are symmetric banded matrices with
bandwidth p, Step 3 costs roughly 2d(2p + 1) Ngof = O(pNgot) FLOPs. To sum up,
we get that the application of Algorithm 1 requires roughly 2 (d(2p 4+ 1) + 1) Ngor =
O(pNgor) FLOPs. We emphasize that the cost of our preconditioner is proportional
to Ngof, and depends linearly with respect to p. Moreover, this cost is even smaller
than that required for the residual computation PCG (or any iterative solver). Indeed,
having in mind that the computational cost of a matrix-vector product is twice the
number of non-zero entries of that matrix and that for the isogeometric mass matrix
this number is at most (2p+1)4Nger, it follows that the residual computation requires
2(2p + 1)4Ngor = O(p?Ngor) FLOPs.

3.3.2 Multipatch preconditioner

The application of M;dl, provided in (3.36), involves, for 7 € {1,..., Npaten }, the ap-
)T

plication of the operators R and R(")" | whose cost is negligible, and the application

-1
of (M(T)) , whose cost has been analyzed in the previous section. In conclusion,

the cost of application of M_; is O(p Zi\[:p‘i‘mh Nég)) = O(pNgof)-

3.4 Numerical Tests

In this section we show the performance of the preconditioners presented in this paper.
In our simulations, we consider only sequential executions and we force the use of
a single computational thread in a Intel Core i7-5820K processor, running at 3.30
GHz and with 64 GB of RAM. All the tests are performed with Matlab R2015a and
GeoPDEs toolbox [70]. The linear system is solved by PCG, with tolerance equal
to 10~® and with the null vector as initial guess. We denote by ng,, the number
of subdivisions, which are the same in each parametric direction and in each patch.
Moreover, we underline that we only consider splines of maximal regularity. The
symbol “*” denotes the impossibility of formation of the matrix M, due to memory
requirements.

For assessing the performance of the preconditioners, we consider the problem of
finding the L2-projection of a given function f, on different domains, see Figures 3.1
and 3.2. For  bidimensional problems, the given function is
f(x,y) = cos(mz) cos(my), while for the tridimensional ones, we have set
f(z,y, z) = cos(mx) cos(my) cos(mz).

3.4.1 Single Patch domains

As examples of regularly parametrized single patch domains, we consider a bidimen-
sional kite and a tridimensional blade (see Figures 3.1a and 3.2a). For the kite domain,
we compute the condition number of the unpreconditioned and preconditioned mass
matrix for different values of h and p and report them in Tables 3.1 and 3.2, re-
spectively. By comparing these numbers, we can see that the condition number is
dramatically reduced by our preconditioning strategy. In particular, as predicted by
Theorem 3, the condition number of preconditioned matrices converges to 1 as the
mesh-size h goes to 0. Tables 3.3 and 3.4 show the number of iterations and com-
putation time spent by PCG for the kite and the blade domain, respectively. We
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IS

(B) Multipatch Star.

(¢) Holed plate. (D) Multipatch Disc.

(E) Disc with one singularity. (F) Disc with four singularities.

FIGURE 3.1: Bidimensional domains.
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(A) Blade. (B) Multipatch Fan.

Fi1GURE 3.2: Tridimensional domains.

Nsub p=2 p=3 p=4 pP=>5 p=06
16 | 5.540-10% | 2.980-10% | 1.673 - 10* | 9.892 - 10* | 6.106 - 10°
32 | 7.040-10% | 4.063-10% | 2.435-10* | 1.523-10° | 9.853 - 10°
64 | 8.150-102% | 4.929-103 | 3.082-10% | 2.002-10° | 1.340 - 109
128 | 8.900-102 | 5.536- 103 | 3.555-10* | 2.366 - 10° | 1.617 - 10°

TABLE 3.1: Condition number of mass matrix for kite.

emphasize that the number of iterations is always very low and even decreases when
h is reduced.

The case of singularly parametrized domains is beyond the theory of Section 3.1
(Assumption 3 does not hold). Nevertheless, we test numerically this situation on
three examples: a holed plate with a singular point in the top left vertex (see Figure
3.1c); a disc with a singularity in the center (Figure 3.1e) and a disc with four singu-
larities on the boundary (Figure 3.1f). In all the three examples the condition number
is always close to 1 and, even though it does not converge to 1 as in the non-singular
case, it does not grow as h goes to 0. Accordingly, the number of PCG iterations is
very low (see Tables 3.6, 3.8 and 3.10).

We are interested in studying the dependence on p of the condition number
of the preconditioned system. For this purpose, we follow Remark 3 and define
Ui=K (M*%MM*%) — 1. For all the problems considered so far, the numerical
results show that p grows roughly linearly with respect to p. This phenomenon can
be clearly seen in Figure 3.3a. The crucial consequence of this fact is that the number
of PCG iterations is almost independent of p. This is confirmed by the results already
shown in Tables 3.3, 3.4, 3.6, 3.8 and 3.10.

We now compare our preconditioner M as defined in (3.6) with the preconditioner

Nsub | P=2|p=3|p=4|p=5|p=6
16 | 1.056 | 1.077 | 1.103 | 1.129 | 1.157
32 | 1.034 | 1.047 | 1.062 | 1.078 | 1.094
64 | 1.019 | 1.027 | 1.035 | 1.045 | 1.054
128 | 1.010 | 1.015 | 1.019 | 1.024 | 1.030

TABLE 3.2: Condition number of preconditioned mass matrix for kite.
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Nsub p=2 p=3 p=4 pP=5 p=6
16 |4 /0.00134 | 4 /0.00141 | 4 / 0.00152 | 4 / 0.00167 | 4 / 0.00184
32 | 3/0.00191 | 3 /0.00203 | 3 /0.00225 | 4 / 0.00316 | 4 / 0.00352
64 | 3 /0.00465 | 3 / 0.00525 | 3 / 0.00578 | 3 / 0.00675 | 3 / 0.00812
128 |3 /0.0155 |3 /0.0181 |3/0.0213 |3 /0.0255 |3 /0.0310

TABLE 3.3: Iterations and time spent by PCG for kite.

Nsub p=2 p=3 p=4 p=>5 p=6
16 | 6/0.0137 |6 /0.0315 | 6 /0.0654 | 6 / 0.137 | 7/ 0.274
32 |5/0.0821 |5/0154 |5/0299 |5/0.608]|6/1.27
64 |4/0499 |4/1.01 4 /1.75 4 /349 |4/6.37

TABLE 3.4: Iterations and time spent by PCG for blade.
Neuwb | P=2|p=3|p=4|p=5|p=6
16 | 1.692 | 1.861 | 2.018 | 2.173 | 2.330
32 | 1.696 | 1.866 | 2.024 | 2.177 | 2.330
64 | 1.699 | 1.869 | 2.028 | 2.182 | 2.334
128 | 1.700 | 1.871 | 2.029 | 2.184 | 2.336

TABLE 3.5: Condition number of preconditioned mass matrix for

holed plate.

Nsub p=2 p=3 p=4 p=>5 p==6
16 | 6 /0.00181 | 7 /0.00227 | 7/ 0.00248 | 7 / 0.00275 | 7 / 0.00311
32 | 6/0.00335 | 6 /0.00370 | 6 / 0.00414 | 6 / 0.00466 | 6 / 0.00528
64 | 5/0.00734 | 6 / 0.00968 | 6 / 0.0108 | 6 /0.0124 | 6 / 0.0151
128 | 5/0.0250 |5 /0.0287 |5/0.0343 |5 /0.0405 |5 /0.0488

TABLE 3.6: Iterations and time spent by PCG for holed plate.

Nsub | P=2|p=3|p=4|p=5|p=©6
16 | 1.093 | 1.170 | 1.249 | 1.323 | 1.395
32 | 1.090 | 1.159 | 1.230 | 1.305 | 1.381
64 | 1.082 | 1.148 | 1.212 | 1.276 | 1.339
128 | 1.077 | 1.140 | 1.200 | 1.259 | 1.317

TABLE 3.7: Condition number of preconditioned mass matrix for disc
with one singularity.

Ngub p=2 p=3 p=4 p=>5 p=>06

16

5/ 0.00156

5/ 0.00172

5/ 0.00192

6 / 0.00259

5/ 0.00259

32

4/0.00198

5/ 0.00274

5/ 0.00305

5/ 0.00355

5/ 0.00416

64

4 /0.00435

4 /0.00498

5/ 0.00693

5/ 0.00815

5/ 0.00951

128

4/0.0125

4/0.0146

4/0.0175

4 /0.0220

5/ 0.0330

gularity.

TABLE 3.8: Iterations and time spent by PCG for disc with one sin-
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Nsub | P=2|p=3|p=4|p=5|p=6
16 | 1.167 | 1.252 | 1.350 | 1.459 | 1.575
32 | 1.161 | 1.241 | 1.341 | 1.450 | 1.564
64 | 1.158 | 1.237 | 1.338 | 1.447 | 1.559
128 | 1.156 | 1.236 | 1.336 | 1.444 | 1.556

TABLE 3.9: Condition number of preconditioned mass matrix for disc
with four singularities.

Nsub p=2 p=3 p=4 p=>5 p=6
16 | 5/0.00157 | 5 /0.00172 | 6 / 0.00203 | 6 / 0.00229 | 6 / 0.00245
32 | 5/0.00282 | 5/0.00310 | 5/ 0.00329 | 5 / 0.00368 | 6 / 0.00478
64 | 4 /0.00575 | 4 /0.00648 | 5/ 0.00858 | 5 / 0.00983 | 5/ 0.0117
128 | 4 /0.0191 |4 /0.0223 |4 /0.0264 |4/0.0315 |4 /0.0378

TABLE 3.10: Iterations and time spent by PCG for disc with four
singularities.

proposed by Chan and Evans in [16], that we denote by Mcg. This preconditioner has
some similarity with the one we propose and, moreover, is one of the best performing
to our knowledge. The application of M¢p is, by definition, a multiplication by

Mep =M "My pp)- 1M,

where Mgeq(ppy-1 is a weighted mass matrix as (3.3) with w = det(DF)~'. Table
3.11 reports on the condition number of the preconditioned mass matrix, by M and
Mcop. For a more in-depth analysis of the efficiency of the two methods, we need
to consider that one iteration of Mcg-PCG costs roughly as two iterations of M-
PCG. This is because in the latter case the cost is concentrated in the matrix-vector
product with M and the solution of a system with M, while in the former case two
such products (one with M and one with My ppy-1) and two such solutions are
needed.

It is well-known that when Conjugate Gradient (CG) is used to solve a linear
system Az = b, with A symmetric and positive definite, it holds

k
llexlla K(A) -1
<2 k=12,
lleolla VE(A)+1

where ey, is the error relative to the k—th iteration, and ||eg| 5 := /el Aey for k > 0.

Thus, at each iteration of CG , the upper bound on the relative error is reduced by a
factor
k(A)—1
q (A) = # <1
VE(A)+1
In our case, A is the preconditioned mass matrix. Then, we use this principle in
order to compare the effectiveness of M and Mgg. Since one iteration of M¢og-
_1 _1
PCG costs twice as one iterations of M-PCG, we compare ¢(M ;MM ;) with
the factor by which the error bound is reduced after 2 iterations of M-PCG, which

is q(M_%MM_%)z. The results are shown in Table 3.12. In all cases, the bound-
reducing factor is significantly small, confirming that both approaches lead to fast
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domain K(M;%MME%) %(M*%MMfé)
kite 1.049 1.157
blade 1.202 1.538
holed plate 1.051 1.216
disc (e) 3.652 1.395
disc (f) 3.185 1.575
TABLE 3.11: Condition number of preconditioned mass matrix for

nsup = 16 and p = 6: comparison between M and M¢g.

domain q(M;%MM(_;%E) q(./\/l*%M./\/l*%)2
kite 1.20 - 1072 1.33-1073
blade 4.60 - 1072 1.15-1072
holed plate 1.24-1072 2.39.1073
disc (e) 3.13-107! 6.89-1073
disc (f) 2.82-1071 1.28 1072
TABLE  3.12: Comparison  between q(MZ%MME%) and

q(/\/l_%M./\/[_%)2 for ngup, = 16 and p = 6.

solvers, with an advantage for M in all the considered problems and especially in the
case of the singular parametrizations considered.

3.4.2 Multipatch domains

Finally, in order to evaluate the performance of our Additive Schwarz preconditioner,
we consider three domains: a multipatch five-pointed star (Figure 3.1b), a multipatch
disc (Figure 3.1d) and a multipatch fan (Figure 3.2b), obtained by gluing together 7
blade-shaped patches like the one represented in Figure 3.2a.

As in the single patch case, we compare the condition number of the original mass
matrix (Tables 3.13 and 3.16) with that of the preconditioned one (Tables 3.14 and
3.17). In all cases, the preconditioner greatly reduces the condition number of the
matrix, robustly with respect to h. Moreover, the growth of the condition number
with respect to the spline degree p seems to be linear (see Figure 3.3b). This is
reflected also in the number of iterations needed by PCG to reach the given tolerance,
see Tables 3.18 and 3.19.

3.5 Conclusions

In this chapter, we have presented a simple and efficient preconditioner for mass
matrices arising in isogeometric analysis. The main idea for the single patch case is to

Nisub p=2 p=3 p=4 p=95 p==6

16 | 1.326-10% | 9.994 - 10% | 6.848 - 103 | 4.611 - 10* | 3.160 - 10°
32 | 1.503-102% | 1.156- 103 | 8.104 - 103 | 5.565 - 10* | 3.845 - 10°
64 | 1.618-102% | 1.258 - 103 | 8.935-10% | 6.217-10* | 4.351 - 10°

TABLE 3.13: Condition number of mass matrix for multipatch star.
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Nsub | P=2 |p=3|p=4|p=5|p=06
16 | 39.69 | 48.05 | 56.17 | 64.03 | 71.62
32 | 39.80 | 48.23 | 56.42 | 64.32 | 71.95
64 | 39.86 | 48.33 | 56.55 | 64.48 | 72.13

TABLE 3.14: Condition number of preconditioned mass matrix for
multipatch star.

Nsub p=2 p=3 p=4 p=>5 p=206
16 | 13 /0.0111 | 14 / 0.0134 | 14 / 0.0145 | 15 / 0.0175 | 15 / 0.0198
32 |12 /0.0251 | 12 / 0.0276 | 13 / 0.0320 | 13 / 0.0375 | 14 / 0.0488
64 | 10 /0.0647 | 12 /0.0892 | 12 / 0.102 |12 /0.119 |12 /0.141
128 | 9/0221 |11 /0303 |11 /0.348 |11 /0.393 |12 /0.502

TABLE 3.15: Iterations and time spent by PCG for multipatch star.

Nsub p=2 p=3 p=4 p=>5 p=6
16 | 2.098-10% | 1.550-10% | 1.049 - 10* | 7.007 - 10* | 4.761 - 10°
32 | 2.585-10% | 1.970-10% | 1.374-10* | 9.360 - 10* | 6.399 - 10°
64 | 2.949-10% | 2.291-10% | 1.637-10* | 1.143-10° | 7.994 - 10°

TABLE 3.16: Condition number of mass matrix for multipatch disc.

Nsub | P=2|p=3|p=4|p=5|p=6
16 | 13.88 | 16.02 | 18.03 | 19.92 | 21.70
32 | 13.99 | 16.16 | 18.18 | 20.08 | 21.87
64 | 14.06 | 16.24 | 18.28 | 20.18 | 21.98
TABLE 3.17: Condition number of preconditioned mass matrix for
multipatch disc.
Nsub p=2 p=3 p=4 p=>5 p=06
16 | 14 / 0.0125 | 15 / 0.0147 | 17 / 0.0180 | 17 / 0.0203 | 18 / 0.0240
32 | 14 /0.0310 | 15 / 0.0365 | 16 / 0.0424 | 17 / 0.0513 | 17 / 0.0617
64 | 14 /0.0995 | 14 / 0.114 | 16 / 0.145 16 / 0.170 16 / 0.196
128 | 14 / 0.380 14 / 0.421 15 / 0.496 16 / 0.606 16 / 0.704
TABLE 3.18: Iterations and time spent by PCG for multipatch disc.
Nsub p=2 p=3 p=4 p=>5 p=6
16 |12 /0.205 | 13/ 0436 [ 13/ 0.844 | 14 /1.96 | 15/ 3.76
32 |10/ 1.11 10/ 2.04 |12/ 4.50 12 /9.02 | 12 / 16.0
64 9 /7.70 9 /132 10 / 27.7 * *

TABLE 3.19: Iterations and time spent by PCG for multipatch fan.
In the cases denoted by “*”, we were not able to assemble the mass
matrix due to memory limitations.
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FiGure 3.3: Condition number of preconditioned mass matrix
(nsub = 64)

exploit the Kronecker product structure of parametric mass matrix on the reference
domain, combined with a diagonal scaling to correctly incorporate the effect of the
geometry parametrization. In order to deal with multipatch domains, we have used
the single patch strategy in an Additive Schwarz preconditioner. The preconditioner
has an application cost of O(pNgof) FLOPs, and is well suited for parallelization. We
have proved that the single-patch preconditioner converges, as the mesh-size h goes
to 0, to the exact mass, and that robustness with respect to h is preserved in the
multipatch case. Numerical tests reflect the theoretical results and show a very good
behaviour also with respect to the spline degree p.
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Chapter 4

Explicit high-order generalized-o
methods

Chung and Hulbert in [17] introduced the generalized-a method for solving hyperbolic
equations arising in structural dynamics. The method has second-order accuracy in
time, unconditional stability and user-control on the high-frequency numerical dissi-
pation. Consequently, the method has been widely used for various applications. In
[21], Behnoudfar, Calo and Deng propose a k-step form of the generalized-a method
that delivers 2k accuracy in time for problems of second derivatives in time. The main
idea of their generalization is to add higher-order terms as the residuals obtained by
solving auxiliary systems as well as adopting higher-order terms in Taylor expansions
used in the generalized-a method. More precisely, to gain 2k-th order of accuracy,
they build an algorithm that consists of 3k equations. For each set of three equations,
it is solved a system for a variable while other two variables are updated explicitly. For
applying explicit generalized-a method in combination with isogeometric discretiza-
tion in space, at each time step we need to solve a linear system associated to the
isogeometric mass matrix. The resolution of this linear systems could require a con-
siderable computational effort, especially if we deal with splines of high degree. In this
chapter, we combine the explicit fourth-order generalized-a method with the precon-
ditioners presented in Chapter 3, which is very easy to implement but also extremely
efficient and robust.

The structure of this chapter is as follows. In Section 4.1 we introduce the model
problem and its spatial discretization. In Section 4.2 we recall the definition of the
classical generalized-a method and its extension to the fourth-order accuracy. Fi-
nally, in Section 4.3 we present some numerical results assessing the accuracy of the
generalized-a method and the performance of the preconditioner for both single patch
and multipatch spatial domains.

4.1 Problem Statement

We start with a initial boundary-value hyperbolic problem that can describe a struc-
tural dynamics as

t(x,t) — Au(x, t) + C (u(x,t) = f(=,t), (x,t) € Q x (0,7,

u(x,t) =up, x € 09, (4.1)
u(z,0) = uyp, x e,

u(x,0) = 2y, x e

Let © = (0, l)d Cc R% d =1,2,3, an open bounded domain. The operator A denotes

Laplacian and superscript dot shows derivative with respect to time as @(x,t) = %
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and i(x,t) = %. C (u(x,t)) denotes a linear function of damping. The source

f, the initial data wug, vg, and the Dirichlet boundary condition up are given and
assumed regular enough so that the problem admits a weak solution.

To solve (4.1), we first obtain a semi-discretized problem by considering spatial dimen-
sions. Then, we deploy our explicit generalized-a method to have a fully discretized
system.

4.1.1 Spatial discretization

We adopt an isogeometric method for the spatial discretization. For this aim we
consider a finite-dimensional spline space Vj on 2 as in 2.2 or 2.3, depending on
if Q0 is a single patch or multipatch domain. We multiply the hyperbolic equation
(4.1) with a sufficiently regular test function w € Vj,, integrate over €, and apply the
divergence theorem to obtain the the semi-discretised form of the continuous problem
as: find up(t) = up(-,t) € V3 for t > 0, such that

(tin, wp) + (Vup, Vwy) = (f,wn), Ywy, € Vy, (4.2)

where (-,-) is the Loy scalar product. Besides, we approximate u(z,t) for each fixed
t by a function that belongs to V} denoted by up(z,t). We consider the variational
formulation (4.2) with ugp = up(+,0) and g = 1p(-,0) being the L%-projection of
ug and vg in Vp, respectively.

Then, one can obtain the matrix form of the discrete problem (4.2) as:

MU +CU + KU = F, (4.3)

where M, C, and K are the mass, damping, and stiffness matrices, respectively. U
denotes the vector of the unknowns, and F' is the source vector. The initial conditions
also read:

U) =0,  V(0) ="V, (4.4)

where Uy and Vg are the given vectors of initial conditions ugj and g p, respectively.
In the next section, we present the numerical technique to deal with the time derivative
U and U in (4.3) with accuracy of order 2k in the temporal domain with k € N.

4.1.2 Time-discretization

To obtain a fully discretized description of the (4.2), we require to adopt an appropriate
time integrator to deal with 4. For this aim, one can consider the discretization of
the temporal domain and then choose an appropriate algorithms including implicit
or explicit families. In the next section, we propose our novel high-order explicit
generalized-a method.

4.2 Explicit generalized-a method

We start introducing the method by taking into account a partitioning of the time
interval [0,7] with a grid size 7: 0 = tg < t; < --- < ty = T and approximating

Ul(tyn),U(tn),Ul(ty) using Uy, Vi, Ay, respectively. To solve (4.3) at time-step n + 1,
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the explicit generalized-o method with second-order of accuracy in time reads:

MAn+am + CVn + KUn == n+tay (45&)
Vot1r = Vi + 1A, + 7[AL] (4.5b)

2
Unir = Un + 7V + %An + 728[ Ay, (4.5¢)

where we have set

Fn+af — F(tn+af)

(4.6)
Anta,, = An + an[An].
with
[A.] = Ans1 — Ap.
To retrieve the unknown A at the initial state, we solve
Ag = M~ (Fy — KUyp). (4.7)

Plugging (4.6) into (4.5) results in the method which consists of two steps. Firstly, we
solve an explicit system to find [A,]. Then, apply the result to the (4.5b) and (4.5¢)
to update V41 and U, 41, respectively. We continue this approach until we find the
solutions at the final time step.

In the method introduced in (4.5), the order of accuracy in time is controlled by
the truncation errors of O(73) applied to the system by the Taylor expansion used
to derive the formulations (for more details, see [17]). To overcome this limitations,
assuming sufficient regularity in the time dimension, we exploit a Taylor expansion
with higher-order terms. For this aim, let £%(-) denotes the a-th order derivative in
time operator. Therefore, for example, to derive a fourth-order explicit generalized-o
method, we propose an approach based on solving

MA%I —+ CVn + KUn = n+tagy

3 2 1 3 (48)
MEY(A2) + CL2(Ay) + KLY (A) = L3(Fotayy).

with updating conditions

7 7 1 Tt 2 7 3 2
n = Un n 7An - An a4 An Tan An Pn
Uni1 U+TV+2 +6£( )+24£( )+120£( )+ BT

7.2 7_3 ,7_4
Vi1 =V + 1A, + gcl(An) + Eﬁz(An) + ﬂ£3(An) + TP,
2
LY A1) = LY(An) + TL2(A,) + %ﬁ(An) 263 (A)]
L2(Ans1) = L2(An) + TL3(An) + m72[L3(A40)],

(4.9)
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where

7_2 7_3
Py=Ap1 — A, —7LYA,) — 352(14”) — E,c?’(An)

2 3
AP = Ayt rL(A) + A+ A e, Y

6
LI(AR?) = L2(An) + o £7(An)]-

Following the approach stated in (4.7), one can readily obtain the initial data of the
unknowns using the given information on Uy and Vy as

Ay = MY (Fy — KUp)
LY(Ao) = M~ (L (Fo) — K Vo)
L3(Ag) = M~ (L2 (Fy) — K Ao)
L3(Ag) = M~ H(L3(Fo) — KL (Ap))

In the next section, we discuss the accuracy of the proposed method.

4.2.1 Order of accuracy in time

Herein, we report the conditions on the parameters v, and v, to guarantee the fourth-
order accuracy of the scheme in the form of (4.8). For the generalization to 2kth-order
we refer to [21|. We have the following result.

Theorem 5. Assuming that the solution is sufficiently smooth with respect to time,
the method in (4.8) is fourth-order accurate in time given

1 1
"= §—Oéf1+041, "2 = §—O‘f2+0‘2- (4.11)
Proof. For the proof we refer to [21]. O

Before closing this section, we should notice that a possible drawback of using
explicit time integrators can be the cost inverting the mass matrix. To overcome this
shortcoming we propose the use of the preconditioner for isogeometric mass matrix
presented in Chapter 3.

4.3 Numerical results

In this section, we provide different numerical results to show the performance of our
method. All the tests are performed with Matlab R2015a and GeoPDEs toolbox [70].
The linear systems are solved by PCG, with tolerance equal to 107'? and with the
null vector as initial guess. We focus only on the fourth-order in time method and we
restrict our tests to splines of maximal regularity. In this context, for all the numerical
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Relative L?-norm error
\
\

1.6 3.2

FIGURE 4.1: L%*(Q) norm relative error at 7' = 0.0205 on 2 = [0,1],
with ng,, = 64 and p = 8.

tests we set:

Oéflzl
Oéf2:0
2— p(1+
o = 2721 TP
(1-p)
a2:2+p(1—p)
(1+p)?
1+ p)3
8 = (1+p)

(1=p)(2=p(1+p)
—5—Tp+p*+3p°
(1+p)2(2-23p+p3)’

Ba =
with p = 0.8 while ~; and -9 are chosen as in Theorem 5.

4.3.1 Convergence of the generalized-a method

For verifying the accuracy of the 4-th order explicit generalized-a method, we solve
(4.1) on = [0, 1], choosing the source term, Dirichlet boundary conditions and initial
conditions such that the exact solution is

u(z, t) = sin(x) [cos(607t) + sin(607t)] .

Figure 4.1 confirms the 4-th order of convergence of our method with respect to 7.

4.3.2 Performance of the preconditioners

In order to analyze the behaviour of the proposed preconditioners, we solve (4.1)
on a regular single patch domain (Figure 4.2a), a singular one (Figure 4.2b) and a
multipatch domain (Figure 4.2¢), obtained by gluing together 7 blade-shaped patches
like the one represented in Figure 4.2a. For each of them, source term, Dirichlet
boundary condition and initial conditions are chosen such that the exact solution is
always

u(x1, x9, x3,t) = sin(xy) sin(xs) sin(xs) [cos(207t) 4 sin(207t)] .
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(¢) Multipatch Fan.

FIGURE 4.2: Spatial domains.
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nsub | p=1|p=2|p=3|p=4
8 75 | 10.1 | 10.2 | 10.4
16 | 6.1 8.4 8.4 8.9
32 | 5.5 6.5 6.5 7.2
64 | 5.0 5.5 5.5 6.0

TABLE 4.1: Mean values, across all the time steps, of the iterations
needed by PCG on the Blade, for 7 = 1075 and T' = 64 - 7.

nsub | P=1|p=2|p=3|p=4
8 6.0 8.0 9.0 | 10.0
16 | 5.0 7.0 8.0 8.0
32 | 5.0 6.0 7.0 8.0
64 | 5.3 6.5 7.0 7.8

TABLE 4.2: Mean values, across all the time steps, of the iterations
needed by PCG on the Donut, for 7 = 107° and T = 64 - 7.

We report the mean value, across all the time steps, of the number of iterations
needed by PCG for reaching the given tolerance for the three different spatial domains.
Tables 4.1 and 4.3 shows that the number of PCG iterations is always very low and
decreases when the subdivisions are increased. This is true also for the singularly
parametrized Donut domain (see Table 4.2), even though this case is beyond the
robustness result presented in Section 3.1.

Furthermore, for assessing the good behaviour of the isogeometric discretization,
for each spatial domain, we report the relative error in L?(2) norm at the final instant
T =6.4-10"* with 7 = 107 for different mesh size and spline degree. In Figure 4.3,
we can see that the rates of convergence are optimal with respect to the mesh size

~ ns_u%, i.e. of order O(RPT!), for p = 1,2,3,4, as expected from standard a priori
error estimate.

4.4 Conclusions

In this chapter we have combined an explicit high-order time integrator with an iso-
geometric discretization in space for the solution of an hyperbolic boundary-value
problem. In order to recover computational efficiency, we have exploited the precon-
ditioning technique presented in Chapter 3. Numerical tests shows that our method
performs very well in terms of both accuracy and computational costs.

nsub | p=1|p=2|p=3 | p=4
8 | 225 | 32.0 | 37.7 | 41.9
16 | 21.0 | 27.8 | 30.8 | 35.6
32 | 19.0 | 25.5 | 27.9 | 29.9
64 | 17.0 | 225 | 26.0 | 275

TABLE 4.3: Mean values, across all the time steps, of the iterations
needed by PCG on the Donut, for 7 =5-107° and T = 64 - 7.
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Relative L>-norm error

Relative L?*-norm error

Tsub Tsub

Relative L*-norm error

8 16 32 64

Tsub

FIGURE 4.3: L?*(Q) norm relative error at T = 64 - 7 with 7 = 1075
for Blade (top-left), Donut (top-right) and Fan (bottom).
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Chapter 5

A projected super-penalty method
for the 1sogeometric bilaplace
problem

A distinguishing feature of splines is the high regularity achievable by construction,
which allows the approximation of higher-order variational problems directly in their
primal; for instance Kirchhoff plates [58, 50|, Kirchhoff-Love shells [45, 60, 46, 43|
and the Cahn-Hilliard equation [31]. For a detailed review of the method and its
recent applications, the reader is referred to [41, 18, 42|, whereas its mathematical
foundations can be found in [5, 72].

Although smoothness is attained naturally within a patch, geometries of engineer-
ing relevance are in general described by multiple patches, where typically the underly-
ing spline representations are non-conforming at the common interface. Clearly, in this
scenario, a direct strong coupling between patches is not straightforward to achieve.
Moreover, as in the scope of this chapter we are interested in the bilaplace problem,
an efficient strategy to obtain C'-coupling is needed since a global C!-continuity is
required to obtain a well-defined bilinear form for the problem at hand. In the litera-
ture, three methods are predominantly used to achieve the latter coupling in a weak
sense and they are summarized in the following.

High-order mortar methods have been studied in [40, 36] in the context of Kirchhoff
plates and Kirchhoff-Love shells, respectively, and have been extended to a general
C"-coupling in [23]. For a detailed review in the context of isogeometric analysis, we
refer to the review article [35]. However, mortar methods leads to the formulation of a
saddle point problem, where the associated Lagrange multipliers constitute additional
unknowns to be solved for in the global system of equations.

Nitsche method has been analyzed in [64] for coupling isogeometric Kirchhoff plates in
the scope of immersed methods and in [32] for imposing weakly kinematic boundary
conditions for fourth-order PDEs. Although this family of method is less sensitive to
the choice of parameters compared to classical penalty approaches, their formulation
requires additional consistency terms which, in the Kirchhoff problem, involve the
computation of derivatives of shape functions up to order three. This adds some extra
steps of complexity in the implementation and increases the overall computational cost
of the coupling strategy.

Finally, penalty methods are widely used in the engineering community due to their
conceptual simplicity, see the seminal work [3|. Furthermore, they can be easily and
efficiently incorporated into a numerical code, where we refer to [44, 1, 24, 34] for more
insights and some applications in the context of isogeometric Kirchhoff-Love shells.
Nonetheless, a major drawback of this approach resides in their lack of robustness
with respect to the choice of penalty parameters. Typically, the choice of penalty
coefficients is problem-dependent and is based on a time-consuming, heuristic process.
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As noted in [34], on one hand, if the penalty factors are chosen too small the interface
constraint is satisfied only loosely. On the other hand, if the coefficients are too high,
the condition number of the resulting system matrix is negatively impacted and the
convergence behaviour is spoiled by spurious locking phenomena.

Our contribution falls into this realm. Inspired by the super-penalty method stud-
ied in [4], our goal is to introduce a simple coupling procedure for the displacement and
rotation fields, respectively, for non-conforming multi-patch Kirchhoff plates, which
preserves the high-order optimal convergence rates achievable by B-splines while mit-
igating the detrimental effects related to locking. To alleviate the over-constraint of
the solution space we perform an L?-projection of the penalty terms onto a space of
reduced degree defined on the slave side of the coupling interface where, motivated by
the work in [12]| for mortar methods, we select a p/p — 2 pairing, where p denotes the
B-splines degree. In particular, starting from the perturbed saddle point formulation
of the bilaplace model problem, we show how the corresponding Lagrange multipliers
can be eliminated from the system and, more importantly, how the perturbation gives
us insights into the optimal choice for the penalty coefficients. Indeed, the proposed
methodology is truly parameter-free, as the penalty factors are fully determined by
the given physical constants, the geometry and its discretization, i.e. mesh size and
spline degree. We remark that the proposed methodology is especially advantageous
for moderate degrees p = 2,3, where locking phenomena are particularly pronounced
and the L?-projection proves to be an effective and computationally efficient remedy.
Then, we address the ill-conditioning issues stemming from our choice of super-penalty
parameters. We adapt the block preconditioner based on an inexact Schur Comple-
ment Reduction (SCR) introduced in [48, 49] and we combine it with a preconditioner
tailored to the isogeometric discretization of the bilaplace problem, where we exploit
the tensor product structure of B-splines and an efficient algorithm for the solution
of the arising Sylvester-like system; for a detailed derivation we refer to [62, 57, 51].
Finally, we show through several numerical benchmarks the optimal convergence prop-
erties of the presented methodology, where our approach does not suffer from locking
also on very coarse meshes. This leads to a substantial improvement in the accuracy
achievable per degree-of-freedom (dof).

The structure of this chapter is as follows. Section 5.1 describes in details the
derivation of the proposed methodology. In Section 5.2 we provide an estimate of the
a priori error and motivates our choice of penalty parameters. In Section 5.3 we discuss
how to actually impose the continuity at the cross-points. Section 5.4 presents the
ideas used in the construction of the preconditioner employed in this work. In Section
5.5 the method is validated on several numerical benchmarks and it is applied to the
analysis of an idealized multi-patch design of an L-bracket. Finally, some conclusions
are drawn in Section 5.6.

5.1 The projected super-penalty method

In this section, we introduce a method which alleviates locking phenomena arising
when coupling non-conforming isogeometric patches. Inspired by the work presented
in [12] in the context of isogeometric mortar methods, the proposed technique is based
on the projection of the coupling terms at the interface, typically defined in terms
of the degree p of the solution space, onto a reduced space of B-splines of degree

pred = p — 2 defined on the slave side of the interface.
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5.1.1 The strong form of the Kirchhoff plate problem

Let us introduce the governing PDE, characterized by the bilaplace differential op-
erator, that describes the bending-dominated problem of a Kirchhoff plate, following
the notation in [60]. Let us define an open set  C R? with a sufficiently smooth
boundary 052, such that the normal vector n to the boundary is well-defined (almost)
everywhere. Let us also introduce two admissible splittings of the boundary 0f2 into
o = PUUFQ and 002 = F¢UF[\/[, such that T, ﬂPQ = @ and F¢ Ny = @,
respectively. Consequently, the strong form of the problem reads:

DA%y =g in
u=ur on I
—Vu-n=¢r on Iy
vDAu+ (1 —v)Dn-(VVun=Mr on Ty
D(V(Au)+ (1—v)¥(u)) - n=Qr on Ig, (5.1)

where u represents the deflection of the plate, D its bending stiffness, v is the Poisson
ratio, g is the load per unit area in the thickness direction, ur, ¢r, Mr and Qr are
the prescribed deflection, rotation, bending moments and effective shear, respectively.
The bending stiffness D is defined as:

Et3

D=—" _
12(1 —12)’

where E is the Young modulus and ¢ denotes the thickness of the plate. For the sake
of simplicity and without loss of generality, these are assumed to be a constant in (2.
Finally, the differential operator ¥(-) reads:

P BT
0x0%y’ 02z0y|

w()= |

5.1.2 The multi-patch formulation of the perturbed saddle point
Kirchhoff problem

Here, following the notation used in [12], we introduce a decomposition of §2 into N
non-overlapping subdomains €2* such that:

N
Q= U@, where QN =@ for i#j.
i=1
Now, let us define the interface v¥¢ between two adjacent patches QF Qf 1 < k, ¢ < N
as the intersection of their corresponding boundaries:
~RE = 90k U ant.

Then, the skeleton T' is defined as the union of all non-empty interfaces (which we
suppose to be labelled with an index ¢ =1,..., L) and reads:

I'= 'yf.

L
=1

14
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FIGURE 5.1: Example of two subdomains QF, Q¢ with their coupling
interface v*¢, highlighted in red, and their corresponding normal vec-

tors n*, nf. Note that we have separated the subdomains for visual-

ization purposes. For a correct interpretation of the colours, the reader
is referred to the web version of this manuscript.

Consequently, we can denote by u* and n* the value of the primary field and the
outward normal on 9QF, and u’ and n’ the value of the primary field and outward
normal on the neighbouring subdomain 9, see Figure 5.1 for an example on two
patches. Then, for each interface 4% we can write the following coupling conditions:

uF—u'=0 on 'yk’g

Vi -n* +vu -nf =0 on A,

which can be rewritten using the standard jump and normal jump operators, respec-
tively, as:

[ul =0 on ~**
[Vu], =0 on ~**. (5.2)

Further, given 1 < s,t < L, s # t, we denote the cross-points by ¢*! = 7*N7! and we
label them with an ordered index ¢®, s = 1,...,S5. For ease of notation and without
loss of generality, in the following we assume the flexural rigidity D to be constant in
2 and the Poisson ratio v to be zero. Further, we assume 02 = I',, = I'y, that is we
restrict our analysis to the case of fully Dirichlet boundary conditions.

Now, let us introduce for each subdomain €’ the following space:

_ o} ,
N

from which the following broken Sobolev space can be characterized as:

o't
on

H2(QF) = { € () : vlponon:

V= {’UELQ(Q): vl € HX(QY),i=1,...,N, v is continuous in ¢*, s=1,...,5},

endowed with the broken norm || - |3 = Z’f\il I ”%12(91‘)' Then, let us also define the
spaces:

HE(T) = {[Ve],: veV)
HX(T) ={[v]: veV},
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equipped, respectively, with the norms

L
H ’ Hf’fiﬂ(l“) = Z H ) Hill/?(yf)
=1
L
2 2
I ||Hf/2(l“) =21 Wers/2yey:

o~
Il

1

Lastly, we need to introduce the following dual spaces:
3 /
@ = |mim)
1 /
@ = |mkm)| -

Let u be a smooth function and v € V. Thanks to standard Green’s identities, it
holds

/ Ay =

Q
L
—

N
Z AuAvy + Z /e (OpAufv] — Au[Vo],) =

i—1 I 1

N L
Z - V(Vu) : V(Vo) + Z/ (OpAuffv] — Au[Vv],, + Opu [Vo],, — Oneu [Vo],) =
=1 /Y =177"
L
Z V Vu) )+ Z/ (OnpAuf[v] — Au[Vv],, + Ouu [VU],, + Onuru [0]) ,
e=177"

(5.3)

where 9, and J; denotes the normal and the tangential derivative, respectively.
We are now ready to formulate (5.1) as a saddle point problem. Given f € V’, find
(u, A1, A2) € V x Q1 x Q2 such that:

L
Z VVU :V(Vv)—i-;(LZHUHA1+LZHVUHHA2> =(f,v) YveV
L
Z/[ﬂuﬂm =0 Vi € Q
=177

L
Z/Z[[Vuﬂnm:o Yz € Qs
{= Y
1 (5.4)
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We also define three continuous bilinear forms a: V xV —- R, b1 : V x @1 — R and
by : V x Q2 — R as follows:

N
a(u,v) = Z -V (Vu) : V(Vo) u,v eV

i=1 7
L

bi(v, 1) = Z/ [v] e veV,u €@
=177
L

bo(wopn) =3 [ 1901, VeV, i eQs.
=1""7

Further, we denote by A: V — V', B : V — Q] and By : V — Q), respectively,
the linear continuous operators associated with a, by and b, namely

(Au,v)yr oy = alu,v) Yu,v € V
<31U,M1>Q/1XQ1 = <U7B1TM1>VX‘/, = by (v, p1) Vo eV, Vur € Q1
(Bav, p2) g1 xy = <UszTM2>VXv, = ba(v, p2) Vo eV, Vus € Q2.

For i = 1,2, we set K; = ker B;, H; = ker B] and K = K; N K.
Theorem 6. The following characterization holds:
H(Q) =K.
Proof. If v € H2(Q), then for all £ =1,..., L it follows
[u] = [Vu], =0 on A~
In particular, it holds
b1(v, p1) = ba(v, pu2) =0 Vil € Q1, Vug € Q2,

which corresponds to have v € K.
On the other hand, let be v € K, which means

bi(v, 1) = ba(v, p2) =0 Vi € Q1, Va2 € Qo (5.5)

We observe that for every v € V, it holds [v] € @} and [Vv],, € Q5. Then (5.5)
implies

M=

by, [o]) = 3 1ol = 0

(=1

M=

b2 (v, [V2],) = D IIVoll72e) = 0.

~
Il

1

Thus, for all  =1,..., L it follows
[u] = [Vu], =0 on A,

then we get v € H3(Q). O
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Combining Theorem 6 with generalized Poincaré-Friedrichs inequality, it follows
that there exists a constant Cp > 0 such that

Cp|lvoll¥ < a(vo, vo), Voo € K.

Further, we are able to prove the coercivity of the bilinear form a in a subspace of V
bigger than K.

Theorem 7. There exists a constant o« > 0 such that
OJHUH%/ < a(v,v), Yv € Vp,

where we have set

VOZ{UEV: /Wé[[Vv]]n:/%[[v}]:O,lzl,...,L}.

Proof. First of all, we recall that

N
a(v,v) = Z ||amv\|%2(9i) + ||ayyv||%2(9i) + 2\\8@””%2(90-
=1

We proceed by contradiction. Suppose the thesis does not hold for any constant o > 0.
Then there exists a sequence {v,,} C Vp, with ||v,, ||y = 1 for all m € N; such that

N
1
—> D N0uav 7210 + 10501172, + 210zy0ll72(0,)-

=1
We observe that
N
W%gnooz HaxxUmH2L2(Qi) + Hayyvm”%%gi) + 2H8xyvm||%2(§2i) =0. (5~6)

i=1

Thanks to the compact embedding H?(Q;) — H'(Q;), there exists a subsequence,
that with an abuse of notation we still denote by {v,,}, such that

N
Uy = 0 W.I.t. - Ny = DI o
k=1
From (5.6), it follows that {v,} converges in Vg, wrt. || - |lv, and Vg, is constant
foralli=1,...,N. To proceed, we consider two different cases:

1. If 9Q; N O has positive measure, denoting by n and t respectively the normal
and tangent versor to 92; N J€), we have

(Vv - n)aa,nan = (VU - t)a0,n00 = 0,
which implies
Vvjaq,nan = 0. (5.7)
Combining (5.7) with the fact that Vug, is constant, it follows

Vulq, = 0.
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Further, recalling homogeneous Dirichlet boundary conditions for v, we obtain

vlg, = 0.

. Let ©; and 2; be such that ¢ c o9 N 08Yy, for some [ = 1,...,L, and let us

assume vjg, = 0. From the continuity at cross-points, we have vjg,¢ = 0, that
implies

/ZVv-tZO. (5.8)

Moreover, combining the definition of Vj with vo, = 0, it holds

/WZVv-n:/%[[Vv]]n:O. (5.9)

Having Vv constant on each patch, (5.8) and (5.9) become

VU|,YZ‘/Y61’120

Vol / £=0. (5.10)
fyi

Recalling that 7¢ is not a closed path, we obtain that

UL

form an orthogonal basis of R?. As a consequence, from (5.10) it follows
Vul,e =0,

which, combined with the fact that Vug; is constant, implies
Vulg, =0,

Hence v|g; is constant and, having

we have v|g, = 0.

Starting from a patch Q' as in the first case, iterating the considerations in the second
one for all the remaining patches, we obtain v = 0 on {2, which is in contradiction to
the fact

lim [|on v = loflv = 1.
n—oo
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By construction it holds

Im (B;) = Q}
Im (Ba|r,) = Q.

Finally, we are in the hypothesis of Appendix A Theorem 11, hence there exists a
unique solution (u, A1, A2) of (5.4).

5.1.3 Perturbed saddle point problem

Now, given Egg),sg) > 0,/ = 1,...,L, we can introduce the singularly perturbed

version of (5.4): given f € V', find (ug, M1 c, o) € V x L") x L*(T'), such that

Z V (Vue) : V(Vo) —|—;L; (//Z [v]Aie + ’ [Vo],, A2 5) (f,v) Vo eV
Ll (/ [ue]pr — 8 /[ )\1,5111) =0 Yuy € LA(T)
3 ([, 1ot [ ) =0 e
(5.11)

0

Proposition 2. For all ;7,5 > 0, there exists a constant & > 0 such that

L
1
allvlly < a(v,v) + Z ( H[[U]]HLZ' 0] Wanv]]||%2(~/)> ; Vo evV.
=1 €

Proof. We proceed by contradiction. Suppose the thesis does not hold for any constant
a. Then there exists a sequence {v,,} C V, with ||vp,|[y = 1 for all m € N, such that

L

1 1
E>avm7vm +Z< g H[[Um]]HL2 4)

(=1

II[[f?nv]]Hm > :

2

We observe that

lim a(vm, vm) = hm Z ||amvm||%2(§2¢) + ”8yyvm||%2(ﬂi) + 2|’8nymH%2(Qi) =0

m—r0o0

(5.12)

L
Jm S el =0 513
=1

L
Tim S [Vonl, 22 = 0. (5.14)
=1
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Thanks to the compact embedding H?(Q!) — H'(Q?), there exists a subsequence,
that with an abuse of notation we still denote by {v,,}, such that

=

Upy = ¥ w.r.t. I i) = D1 oy
k=1
From (5.12), it follows that {v;,} converges in V and Vo) is constant. To proceed,
we consider two different cases:

1. If 992° N 9N has positive measure, homogeneous Dirichlet boundary conditions
imply Vojqi = 0 and vjpqi = 0.

2. Let be Q' and 2 such that vt c o9 n 082, for some ¢ = 1,...,L, and let us
assume vjg; = 0. From (5.13) and (5.14), it follows v|g, = 0.

Starting from a patch Q° as in the first case, iterating the considerations in the second
one for all the remaining patches, we obtain v = 0 on {2, which is in contradiction to
the fact

lim_ ol = [lolly = 1.
m—0o0
O
Combining Proposition 2 with
(B1v,w) p2(p Zlefe[[vﬂz
|Bioll oy = sup © > = = ||l )
weL2(T) Hw||L2(r) ||[[U]]||L2(F) (5.15)
(BQan)LQ(I‘) Zszlf ¢ ﬂvvﬂi .
Bov||r2ry = sup > 7 = ||[Vv],, ,
1Bl = o Tl = TV, 0 el

we obtain that for all g > 0, there exists a constant a > 0 such that, for all

0< 856,656) < €g,

L

~ 1 1
alloll < a(v,v) + Y ({:_(Z)HBWH%MIZ) + E(NBWH%?(%)) :
/=1 1 2

From Appendix A Theorem 12, it follows that (5.11) has a unique solution (us, A\ ¢, A2 ¢)-

The following estimation of the error introduced by the perturbations Ege) and 556) on

the solution of the original saddle point problem (5.4) holds.

Lemma 3. If we assume u € H®(Q), then there exists a constant C > 0 such that

[ = tellv + [|A1 = Arellgr + 1Az = Azl

Q2
<C (51”)‘1”1{3/2@) +€2||)\2||H}/2(p)> )

where we have defined:

2 — ) d - ()
1= max ¢&; an €2 = max &y .
t=1,...,L t=1,...,L
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Proof. From (5.3) and (5.4), it follows

)\1 = (8nAu + 8nttu) |F
)\2 = (8ttu — AU) |I‘

and, under the assumption u € H®(£), it follows

M €W = {we L) : ullg, =l s, < o0}
do € Wi = {w € L(D) : [lwllgy = [l 12 g, < 20).
Hence, the thesis follows from Appendix A Remark 12. O

5.1.4 The projected super-penalty formulation

For each patch Qf, we assume p > 2 and we indicate with S,’;(Qi) the space trivially
obtained extending by zero the elements of Sﬁi(Qi) over Q\ Q. Additionally, let us
define:

Vi = span {B](.Z) e S7(2) : BY|pq = 8,BY |oq= o} .
This allows us to introduce the following finite dimensional subspace of V,
N
Vi = {v € UVM : v is continuous in ¢°, s = 1,...,5} )
i=1
Moreover, for each interface ~*, we denote by Z¢ the knot vector on ~* inherited

from the slave side. Motivated by the choice of the p/p — 2 stable pairing in [12], we

construct the following isogeometric space Sﬁﬁ(wé) on the reduced knot vector Z¢

1

obtained by removing from Z=¢ the first and last two knots, for reducing the spline
degree, and the first and last internal knots, for a further reduction of the dual space
dimension:

4
= = {517527 s )£p+1)£p+2) s a€m7€m+17 s a€m+pa€m+p+1}

Ei = {}%7}?{? cee 7§p+17§?<é7 s a%>£m+17 cee 7%7%}7

with
51:€2:---:§p+1<§p+2<--~<§m<€m+1:~--:§m+p:§m+p+l~

Similarly to before, we indicate with S,f;é (%) the space obtained extending by zero

over I'\ 4 the elements of Sﬁﬁ (7%). We can now define the discrete counterpart of
the Lagrange multiplier spaces as:

L
Qi = Q20 = 55;&(%) :
=1
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Denoting by hy the mesh size on ’yz, we can endow Q1 5, and (2 with the following
mesh-dependent norms

Hth ZH ”Q1he Hth ZH ”Q2hé’

where we have defined

3 1
I- Hg?Lh,e =hi|l- ”QLQ(WE) I- Hg?z,h,,e =hill- H%Q(WZ)

Remark 4. The inf-sup stabilities are proved on the reduced knot vector Eﬁ. However,
from a numerical standpoint, we retain the optimality of the method without removing
the first and last internal knots and in all our examples we directly employ, as the
projection spaces, Sﬁ_z(fyg), defined on

"—‘** {5?{% "7£p+17£p+27"‘7€m7€m+1)'"aéﬂ‘b‘i—/pvm}~
Remark 5. By construction, it holds V, C V. Moreover, we have

3
2

Qi C L*T) C [H* (r)]/ = Q,

Qo C L*(T) C [HE (r)]/ = Q.

With these definitions at hand, the discretized version of (5.11) reads: find
(Whs At hs A2,n) € Vi X Qp X Qp such that:

Z YV (Vun) : V(Vn) +i (/z[[vhp”ﬁfye [th]]nkz,h> = (fon) (5.16)
XL: (/ Ll *51 L ALt h> =0 (5.17)

=1
- ¢
E </[ [Vur],, p2n — €§ ) /e )\2,hM2,h> =0 (5.18)
=1 v Y

Vop, € Vi, pin € Q1p and po g, € Qo .
We can now formally eliminate the Lagrange multipliers and recast (5.16) into its
primal form. Indeed, we can write:

)\1,h|'yé = HZ[[UI‘LH
51
L
Ag,hhz = @H [Vuh]]n
€2

where T1¢ : L2() — 82_2(74) denotes the L%-projection, associated to the interface
~¢, onto the reduced space S}’Z;\; (7%). Finally, employing the previous results and the
properties of the L?-projection, the resulting discretized bilinear form, augmented by
suitable penalty terms that weakly enforce the coupling conditions (5.2), reads: find
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up, € Vj, such that:

N

Y [ V(Vup) : V(Vop)+
i=1 7

L
1 1
+ E - T [y J I on] + — I [Vur], 0 [Voi],, | = (f,vn) Yop, € V.
(=1 55) v ey Sy

2
(5.19)

5.2 A priori error analysis

In section 5.1.3, we have already provided an estimate for the error introduced by
perturbating the original saddle point problem (5.4). In order to state an estimation
of the discretization error for the perturbed saddle point problem (5.11), we need to
prove the coercivity of the bilinear form « in the discrete kernel

Kh = {Uh € Vh : bl(”hvﬂl) = bl(“ha/Q) = Oa levMQ € Qh}7

and the inf-sup stability condition for both the bilinear forms by and bs.

5.2.1 Coercivity in the discrete kernel

By observing that for all h > 0, @1, and ()2, contain constant functions, it holds
Ky C Vg, for all h > 0. Thus, Theorem 7 yields coercivity for the bilinear form a in
the discrete kernel Kj,, uniformly with respect to the mesh size h.

5.2.2 Discrete inf-sup stability

In this section, in order to apply the convergence results of [10] for singularly perturbed
saddle point problems, we prove the inf-sup stability for the bilinear form b; between
Q1,, and Vj, and the inf-sup stability for by between @25, and Vj, N K.

From now on, C will denote a positive constant, independent of h, possibly different
at each occurrence.

Theorem 8. For h sufficiently small, there exists a constant 81 > 0, independent of
h, such that

b
inf  sup (o pin) > Pr.
BREQ1R v, €V, HUhHVH:uhHQLh

Proof. The thesis follows by combining Appendix B Theorem 14 with arguments
similar to the ones in the proof of [12, Theorem 13| and the ones in the proof of [74,
Lemma 1.9]. O

Theorem 9. For h sufficiently small, there exists a constant B2 > 0, independent of
h, such that

, b (Vp, ftn)
inf sup >
BhEQ2,h v, eViNK th HVh Huh HQQ,h

Proof. Fixed ¢ € {1,...,L}, let us set k = s(¢). There are four possible cases:

o ' ={F(0,9): 7€ [0,1]},
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o v ={Fr(1.9): g€ 0,1]},
o 7/ = {F(7,0): 7 € [0,1]},
o 7/ = {Fu(@,1): 7 €0,1]}.

We focus only on the first case. Indeed, the other cases can be treated with a similar
argument. On the physical interface 7¢, the outward normal ny, w.r.t. the master
side, can be expressed in parametric coordinates as

~ 1 0:F},.2(0,7)
Fr(0.9) = om0 | o
2 B0 D) = 5 50,901 | -05Fa (0.5)
or
R 1 —05F12(0,7)
Fr(0,9) = s3=7=7 Fer(0.7) |
ny o Fi(0,7) ||(9ng(0’9)|| 6§Fk,1(079

depending on the orientation of Fy. As before, we focus only on the first case. It
holds

Jp, (ng 0 Fi(0,7)) =
1
det(Jr,)||05Fx(0,7)|

—0;Fr2(0,y)  0:Fp( —05F11(0,7)

O05F12(0,y)  —05F11(0, ??)]
0,y

05F2(0,7) ]

det(Jp,)[105F (0, 9)|| | —0:F%(0,7) - 95F% (0,7
1 [ 105F (0, )|

1 95F%2(0,9)? + 95F;1(0, @2]

det(JFk) - ]ﬁang(g:/y\)k”

For each v, = 7)o F,;l € Vi n, it holds

[ ot = [ 95.0.5) - I (o B0, D) det (g )5
Y Y

(5.20)
a/m@%@u@+w@%m@@M@

ol
where we have set
pe(y) = ||05F (0, )|

105F%(0,9) |

If we restrict ourselves to vy € Y, with
Vi, = {v, =0, o F;,' € Vi N K1 ¢ 950,(0,7) =0, ¥y € [0,1]},

equation (5.20) reduces to

[ o= [ pi@)0501(0. 537
A Y



5.2. A priori error analysis 53

We observe that p; is smooth except at the mesh line, where it is only CP73, it is
bounded by above and below and it is h-independent. Moreover, it is straightforward
to see that for each

w € S};(ﬁ) : w(0) = w'(0) =w(l) =a'(1) =0,
there exists v € Yj such that 0;0(0,-) = w. Consequently, the thesis can be proven
with an argument similar to the proof of Theorem 8. O
5.2.3 Error estimates

Thanks to Theorem 7, 8 and 9, we are in the hypothesis of Appendix A Theorem 13,
hence there exists a constant C' > 0, independent of h, such that

[ue —unllv + [Are = AvnllQu + 1A2e = A2nllQu,

< (C| inf — inf Me — g1llA1e —
< <v;I€1VhHue UhHVer,;erlQl,h{H e = i nllQuy + VELIAL: = pinll2ey b+

inf Aog —
uz,hEQz,h{H 28~ K2

‘QQ,h + \/?Z\Ikz,a - N2,h||L2(r)} > . (5.21)

Theorem 10. Let g be an integer such that 2 < ¢ < p+1. Ifu € H>(Q) N HY(Q),
then there exists a constant C > 0, independent of h, such that

|u —upllv + | A1 — )‘17h||Q1,h +[[A2 — )\27h||Q2,h

N
_ —2,,3/2 | =
< C| o h P ull oy + > b 20" + VED I ell a2y +
i—1 =1

— 1/2 = — _
S B0 + VE) el o2 + 1A e gy + B2l e |
(=1

Proof. We start by observing that
lu —unlly < flu—uellv + l[ue = unllv- (5.22)
For the estimation of |lus — up||y we can rely on (5.21). Firstly, it holds
inf [|u, — — lu— inf |lu — vp[v-
Jnf lue —vnllv = [lu —uellv + inf flu—olly (5.23)

Further, recalling the definitions of Q)1 and Q)2 5, we have

- 32 =
M — pnllor, + VELIALe = pinll2r) = Z(h/ +VED) I Ae = i nllpzi0,

(=1
= 1/2 =
o = tanll@u, + VEaldoe = ponllam = D (h'* + V&) o = panllzacye.
/=1

(5.24)
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From standard approximation results for splines, see [5], we get
N
inf [lu— <Oy I ),
=l < OS2kl
inf (0 + VED M — inlliage < O DT + VED Ml a2y,
;U'l,hEQlJL /=1 =1
inf Z(h;m +22)[[ A2 — p2,nllL2(y0) < C Z h(fz(h;/z + V&) A2l a2
M2, h€Q2 = —
(5.25)

Finally, combining Lemma 3 with (5.21), (5.22), (5.23), (5.24) and (5.25), we get the
thesis. 0

5.2.4 On the choice of penalty parameters

It is well-known that the penalized problem (5.19) is variationally consistent only in

the limit egg) = Eg) — 0¢=1,...,L. On the other hand, the well-posedness of this
problem is robust with respect to the choice of the parameters 556) and Ege). Therefore,
the proposed methodology will not suffer from locking for any choice of penalty values.
A () 0) :

s a consequence, €; ~ and €5 can be chosen solely to guarantee the optimal accuracy

of the method.

Remark 6. A clear trade-off of this choice is the negative impact on the conditioning
of the resulting system matriz. A possible remedy based on an ad-hoc preconditioner
will be discussed in a later section. Another drawback consists in the loss of significant
digits due to the (potentially big) difference in magnitude between the penalty contri-
bution and the internal stiffness. For this reason (amongst other which will be pointed
out in the rest of manuscript), we advise to use this method in combination with
splines of degree p = 2,3, as these round-off errors occur below a tolerance threshold
of significance to most engineering applications.

Inspired by the method proposed in [34] in the context of Kirchhoff-Love shells, we
want to develop a fully parameter-free penalty method. To this end, we scale the
deflection and rotation penalty parameters by the physical constants, the local mesh
size and the geometry as:

1 001 Lt
— =meas(y")" ' —F 5+
-0 (= %)
1 0\0—1 Bt
—— = meas(7") , (5.26)
0 12(h0)°(1 = 12)

where the exponent 6 is chosen to ensure the optimal convergence of the method
with respect to the degree p of the underlying discretization. Note that all of these
parameters are known and depend only on the problem definition, meaning that no
user-defined factor is required. We highlight that our choice is based on the fact that
the perturbations introduced in (5.11) cannot be “big” compared to the accuracy with
which we want to solve the original problem and the estimate provided in Theorem 10
guides the choice of . Moreover, as we want to recover optimal rates of convergence
for the error, the exponent 6 must be a function of the underlying splines degree p.

From the numerical experiments conducted thus far, as expected from Theorem 10,
the scaling factor § = p — 1 in (5.26) is necessary to ensure optimal convergence of
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(A) B-splines involved in the computation of the (B) Cross-point modification, where the black dots
coupling terms, where each coloured box contains represent the untouched control points associated
the dofs associated to the corresponding coupling to basis functions that give non-zero contribution
interface v*¢. to the interface coupling. The squares are the con-

trol variables used to impose the C° constraint,

where we choose a master node (the red one) and

the rest are labelled as slave nodes (the blue ones)

and are eliminated from the system, see Algorithm

2.

FI1GURE 5.2: Example of the dofs involved in the computation of the
coupling integrals and cross-point modification in a four patches setup.

the method in the H? norm, whereas for a scaling of # = p we observed optimality in
the H? and H! norms. Finally, a factor of § = p + 1 provides optimality in the H?,
H'" and L? norms. If not stated otherwise, we will use # = p + 1 in all our numerical
examples.

5.3 Cross-points modification

In the literature of mortar methods, it is well-known that the treatment of cross-
points requires extra considerations, see [22| and references therein for a discussion
in the context of mortar coupling of isogeometric multi-patches. Analogously, our
method also inherits the need for a cross-points modification. Indeed, in order to
retain optimality of the method, a linear constraint must be imposed to the control
variables meeting at the cross-point to ensure C%-continuity. An example with four
patches is depicted in Figure 5.2, where in Figure 5.2a we depict the dofs associated to
each coupling interface and in Figure 5.2b we visualize the imposition of the constraint.
To explain the procedure, let us start from the following unconstrained system of
equations:

Aup, = f . (5.27)

Now, the constraint can be incorporated easily into the standard linear system in a
fully algebraic fashion, where a possible implementation is presented in Algorithm 2.
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Algorithm 2 Algorithm for applying a C° constraint at a cross-point.
1: procedure APPLY _C?_ CONSTRAINT(vector of dofs at cross-points u.p)
2: Label one dof in uc, as master
3: Label the remaining dofs in wu, as slaves
4: Build the rectangular matrix C representing the linear master-slaves constraints
(see (5.28))
5: Solve the reduced system A@Gj, = f, where A =CTAC and f=C' f
6: Recover the solution uy, from uy, = Cuy,
7: end procedure

The construction of the rectangular matrix C is best explained with an example.
Let us assume that the dofs at the cross-point are numbered as Ucp = [Ucp1 Ucp2 Ucp3 Ucpd)-
Now, without loss of generality, we pick ucp1 as the master control point and the rest
as slave nodes. Then, the constraint can be expressed via the matrix C as follows:

U1 1 0 0 0 0
Ucpl 0O 0... 1 0... O
uepz | [0 0.0 1 0... 0
up=| | =|: | Uep1 | = Cup, (5.28)
Ucp3 0O 0... 1 0... O
: . _undof_
Ucpd O 0... 1 0... O
| Undof | 10 0 0 0 1 ]

where ndof denotes the total number of degrees-of-freedom in the system. This
procedure allows to eliminate the unknowns associated to the slave nodes from the
system.

5.4 A nested preconditioner based on the Schur Comple-
ment Reduction

In this section, following the notation introduced in [59] and building upon the work
presented in [48, 49| in the context of elastodynamics and hemodynamics, we present
an efficient way to mitigate the detrimental effects on the condition number stemming
from our choice of super-penalty parameters. This preconditioner is based on the
approximate solution of the block factorization of the system matrix known as Schur
Complement Reduction (SCR). We remind the reader that before performing the
algorithm described in the following, we apply a symmetric diagonal scaling to the
system matrix.
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F1GURE 5.3: Example of reordering of the dofs in a two patches setup,
discretized by B-splines of degree p = 2, associated to the block system
matrix A.

5.4.1 The Schur Complement Reduction

We begin by reordering the matrix A € Rr4oxndof stemming from (5.19) in blocks as
follows:

A;; Bir

A p—
BZ.TI Crr

where the subscripts ¢ and I refer to internal and interface dofs, respectively, where an
example is depicted in Figure 5.3. Let us remark that A, ; is a block-diagonal matrix
where every block is the matrix associated to an homogeneous Dirichlet problem (fully
clamped) on the corresponding patch Q. Moreover, with a slight abuse of notation,
we assume that, if needed, A has already been modified to account for the constraints
related to the cross-points introduced in the previous section.

Now, we can perform the following block factorization of A:

I 0 Aiﬂ' 0 I A;ilBi,F
B/rA; I/ |0 Spr||o I

where we have introduced the Schur complement Sy := Crr — BIFAi_,ilBiI and I
denotes the identity matrix. Multiplying by £ on both sides we get:

r -1
X o I 0 r;
Xr _B ZTF A;’ll I rr

o [ I 0 r;
_—BZFA;; I| |rp

- i ] . (5.29)

T A-1..
T — Bi,FAi,i r;

A=LDU =

Y

A;; B;r
0 Snp

We highlight that, up to this point, this factorization is performed in exact algebra.
Then, from (5.29), we can solve for x in a segregated fashion by exploiting Algorithm
3.
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Algorithm 3 SCR algorithm
1: procedure SOLUTION OF Ax =r BASED ON SCR
2: Solve for an intermediate solution X;
3: Update the interface residual rp = rp — BIFX,»
Solve for the interface solution xr from the Schur equation
SF,FXI‘ =TIr (531)
Update the internal residual r; = r; — B; rxr
Solve for the internal solution x; from
Am‘Xi =7T; (532)

7: end procedure

Clearly, the Schur complement Srr is in practice expensive and often infeasible
to compute explicitly. A way around this issue is given in Algorithm 4, where we
summarize a matrix-free procedure to apply the Schur complement to a vector.

Algorithm 4 Algorithm for applying the Schur complement to a vector
1: procedure APPLICATION OF Spr TO A VECTOR Xr

2: Compute the matrix-vector multiplication Xr = Cr rxr
3: Compute the matrix-vector multiplication Xr = B, rxr
4: Solve for an intermediate solution Xr from
A;;Xp = Xp (5.33)
5: Compute the matrix-vector multiplication Xr = BiTchp
6: Return Xr — Xr

7: end procedure

Remark 7. As noted in [48], the cost of the preconditioner is often dominated by the
solution of the Schur system (5.31). To reduce the computational burden of this step,
we use as preconditioner a coarse approrimation of the Schur complement obtained
by applying only a few iterations of GMRES to A;; for assembling gr‘,r =Crr —
B;I—FAZ-_,;BLF, where for efficiency we leverage again the FD algorithm. Although this
choice works reasonably well for our numerical examples, we remark that more research
is needed to find a robust (both in h and p) and scalable preconditioner for the Schur
complement and, more in general, for fourth-order PDEs.

5.4.2 Nested block preconditioner strategy based on SCR

The main idea presented in [48] is to combine the robustness of the SCR factorization
with the ease of application of a block preconditioners (such as SIMPLE or variants
thereof [59]). Indeed, we can build a preconditioner Pgcr based on an approximate
factorization of (5.29), where equations (5.30), (5.31) and (5.32) are solved within
a prescribed tolerance. Given that Pscr changes its algebraic definition at every
iteration, following [48], we employ a flexible GMRES algorithm (FGMRES) as the
iterative method for the most outer solve Ax = r. At each iteration of FGMRES, we
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can apply the preconditioner Pscr via Algorithm 3, where this entails the solution of
the blocks A;; and St r. This part of the algorithm is denoted as intermediate solver.
Last, since we do not assemble the Schur complement explicitly, but we apply its action
on a vector through Algorithm 4, we perform a final solve for A;; in (5.33), denoted
as inner solver. The final performance of the preconditioner is therefore determined
by the prescribed tolerances for the outer, intermediate and inner layers, respectively,
where the objective is finding a good balance between the computational cost and the
robustness of the method. In the following, we denote the aforementioned tolerances
by 10,1 and n,, for the outer, intermediate and inner layers, respectively.

A preconditioner based on the Fast Diagonalization (FD) algorithm

Since each outer iteration of the nested preconditioner is based on the solution of three
systems involving the block A;;, an efficient and robust preconditioner for this block
is required. In this work, we extend the isogeometric preconditioner studied in [62,
57], based on the Fast Diagonalization algorithm, to the Kirchhoff plate problem. In
the following, we focus our derivation on the single-patch case. The extension to the
multi-patch case is straightforward by construction, since the block A;; is formed by
disjoint sub-blocks associated to each patch Q.

Now, exploiting the tensor product structure of the B-spline basis at the patch
level, let us introduce the preconditioner Prp in Kronecker form as:

Prp = My @ Ko + K1 @ M2, (5.34)

where M;, and K with & = 1,2 refer to the one-dimensional, parametric mass and
hessian matrices associated to the k-th parametric dimension, respectively. They can
be expanded as follows:

1
[Mk]” :/0 bip (k) bjp (k) i

1
Ky = | ) () e

where b indicates the univariate B-spline basis functions introduced in Chapter 2.
Then, analogously to [56], we partially include the geometry and physical coefficients
inside the preconditioner. In particular, let us denote by € the following function:

(n) =D (||75"]|,)" ldet (Jr)],

where we recall that Jg represents the jacobian of the B-spline parametrization F and
D is the flexural stiffness of the plate. Now, as explained in [56, Appendix A.3], we
perform a separation of variables on € such that we can write:

= w1 (m)72(n2) 0
0 T1(m)wa(n2)

where this matrix is evaluated at each quadrature point. With this, we can modify the
preconditioner given in (5.34) to partially account for the geometry and coefficients
information as follows:

Php = M ® Ky + K1 © My, (5.35)
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where

%,]

[Mk} - /01 Wi (M%) bip (1K) bjp(11k) di

B 1
{Kk} : _/0 i (1) by (k) U (1) e -

1/)-7

Finally, each iteration of the iterative solver requires the solution of the following
system:

Pips =1 (5.36)

where r denotes the current residual. Due to the tensor structure of the preconditioner,
we can rewrite (5.36) as a Sylvester matrix equation [66]:

MQSKl + IN(QSMl =R,
where s = vec(S) and r = vec(R).

Remark 8. Let us recall that for any matriz Z € R"*¢ the operator vec(Z) gives as
output the vector z € R" formed by stacking the columns of Z.

Let us now consider the generalized eigendecomposition of the matrix pencils (IN( 1, M 1)
and (Ko, Ms), respectively, as:

KUy, = MU, Dy
KyUs = MoUsDs . (5.37)

Here, D1 and D, are diagonal matrices containing the eigenvalues of ]\71_ 1K1 and
My LK, respectively. Further, U; and U, are defined as:

Ul MU, =1
Uy MaUy =1.
With these definitions at hand, we can rewrite (5.35) in Kronecker form as:
(U1 @Uy) " (D1 @T+1@ Dy) (U1 @Uy) s =1,

where the preconditioner can be efficiently applied via Algorithm 5.

Algorithm 5 FD method for applying PgD
1: procedure UPDATE OF THE ITERATION RESIDUAL VIA THE FD METHOD
2 Compute the generalized eigendecomposition in (5.37)
3 Compute the intermediate result 7 = (U; @ Up) ' r
4: Compute the intermediate residual 3 = (D @ I+1® Do) ' 7
5
6:

Return s = (U; ® Us) &
end procedure

Remark 9. We remark that the application of the nested preconditioner Pscr com-
bined with PIIJ:D can be implemented in a fully matriz-free framework. Furthermore,
although not investigated in this work, the patch-wise block structure of A;; could be
further exploited for parallelization.
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For the sake of conciseness, we do not provide here further details of the FD algorithm,
but we refer to [62, 57| for a thorough theoretical and numerical investigation of the
method in the scope of isogeometric analysis.

5.5 Numerical Examples

In this section we assess the performance of the proposed coupling method with sev-
eral numerical examples defined on multi-patch geometries. All the numerical exper-
iments presented in the following have been implemented in the open-source and free
Octave/Matlab package GeoPDEs |70], a software designed for the solution of partial
differential equations in the context of isogeometric analysis.

5.5.1 A four patches example with non-matching curved interfaces

In this example we consider the computational domain Q = [0,2] x [0,2] depicted
in Figure 5.4, split into four subdomains 2. We remark that all meshes are non-
conforming at every coupling interface, as the irrational factor 1/2/100 has been used
to shift the interface knots. The body source and boundary data are computed such
that the exact solution is smooth and it reads:

u®® = sin(mzx) cos(mz) .

This setup is used to test the robustness of our method in the case of severe non-
matching discretizations and with respect to the problem parameters. To this end,
we present the convergence results for all combinations of Young’s moduli £ =
[10%,108] [Pa] and thickness of the plate ¢ = [0.05,0.01,0.005] [m], where we set the
Poisson’s ratio v = 0[—]. We compare our method to a classical penalty approach,
where we set a%é) = 5(% =10*E,f =1,...,L, and to a choice of penalty parameters

1 2

scaled with respect to the physical parameters as proposed in [34]. In particular, they
read:

1 _, Bt
Ege) hf(]. - V2)
1 Et

=4

ééf) 12hp(1 — 12) 7

where the user-defined parameter § = 102 is chosen. From the results in Figure 5.5,
we observe that the projection strategy shows robustness with respect to the input
parameters and allows for an easy treatment of locking phenomena, where optimal
convergence rates are attained also for very coarse meshes.

In Figure 5.6 the convergence behaviour of the error measured in the H? norm
with and without the imposition of the C° constraint at the cross-point is plotted.
We observe that the loss of accuracy hinders the convergence for p = 3,4, whereas
the expected optimal rates of convergence are recovered in all cases when the linear
constraint is imposed to the system. This is further highlighted in Figure 5.7, where
the element-wise H? error is depicted for a discretization of degree p = 4, without
and with the constraint, respectively. On one hand, we remark how the error is
concentrated and much higher in the elements around the cross-point, spoiling the
optimal convergence, when the constraint is not imposed. On the other hand, with
the linear constraint, we recover optimal convergence properties of the method.
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(A) Geometry setup and physical parameters. (B) Initial discretization.

FIGURE 5.4: Problem setup and initial multi-patch non-conforming
discretization for the curved four patches example.

Finally, for this example we also analyze the performance of the nested precon-
ditioner. In Table 5.1 we report the iterations needed by the external solver and
in brackets the average number of intermediate iterations, for several degrees of the
discretization p = 2,3, and we compare it with a classical diagonally preconditioned
conjugate gradient (PCG), a PCG where an incomplete LU (ILU) is used as pre-
conditioner and a GMRES preconditioned with ILU. All the results refer to a global
tolerance 7, of 1071 and, for the nested SCR-FGMRES strategy, the intermediate
and inner tolerances 7; and 17, are set to 1076, Further, the Schur complement is
preconditioned by an approximation Snp obtained with a maximum of 6 iterations of
GMRES. For the sake of completeness, we perform the same test with the choice of
penalty parameters studied in [34]. The results are summarized in Table 5.2, where we
observe no substantial difference regarding the iterations needed to solve the system
compared to the case where our choice of parameters is employed. This suggests that
the proposed preconditioner is robust with respect to the penalty factors and it is also
suitable to precondition systems stemming from other penalty approaches.

256 el. 1024 el. 4096 el. 16384 el.
Diagonally scaled PCG 792 953 - -
PCG with ILU 111 980 - -
GMRES with ILU 63 174 402 -
Nested SCR-FGMRES | 3 (21.6/3.3/20.3) | 3 (36/6/30.3) | 4 (51/17.5/40.7) | 6 (66.5/51/51.3)
(A) p=2.
256 el. 1024 el. 4096 el. 16384 el.
Diagonally scaled PCG 921 - - -
PCG with ILU 53 221 - -
GMRES with ILU 35 73 - -
Nested SCR-FGMRES | 3 (26.6/4/24) | 3 (41.6/9/35) | 4 (58/25.5/45.7) | 6 (76.3/68.3/55.3)
(B) p=3.

TABLE 5.1: Number of iterations needed by different iterative meth-

ods, p = 2,3, as a function of the elements (el.).

For the nested

SCR-FGMRES, the numbers in brackets indicate the average number
of intermediate iterations needed to solve equations (5.30), (5.31) and
(5.32) in Algorithm 3, respectively. Iterations marked with — did not
reached convergence within the prescribed 1000 maximum number of

iterations.

In Table 5.3 we study the influence of the intermediate and inner tolerances on
the number of outer iterations required by the FGMRES solver, on a fixed mesh of
4096 elements, for B-splines of degree p = 2, 3. We note that as the chosen tolerances
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FIGURE 5.5: Convergence study of the error measured in the H?

norm in the non-matching case for four patches with curved interface

example for different Young moduli and values of the thickness, B-

splines of degree p = 2,3. Comparison of a classic penalty method,

the scaled version with respect to the problem parameters proposed in
[34] (scaled) and our projection approach (proj).
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FIGURE 5.6: Convergence study of the error in the H? norm in the
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FIGURE 5.7: Element-wise plot of the error in the H2 norm in the non-

matching case for the curved four patches example, B-splines of degree

p = 4. Influence of imposing a C° constraint at the cross point, notice
the difference of one order of magnitude used in the two colorbars.
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256 el. 1024 el. 4096 el. 16384 el.
Diagonally scaled PCG 992 - - -
PCG with ILU 175 - - -
GMRES with ILU 79 209 478 -
Nested SCR-FGMRES | 3 (22.3/4/21.6) | 3 (32/7.3/28.3) | 4 (44.5/20.2/34.7) | 5 (63.2/55/50.2)
(A) p=2.
256 el. 1024 el. 4096 el. 16384 el.
Diagonally scaled PCG 778 - - -
PCG with ILU 697 - - -
GMRES with ILU 90 209 - -
Nested SCR-FGMRES | 3 (28.6/5.3/27.3) | 3 (39.3/13/34.6) | 5 (55.8/29.4/41) | 6 (74/73.3/48.3)
(B) p=3.

TABLE 5.2: Number of iterations needed by different iterative meth-

ods, p = 2,3, as a function of the elements (el.) for the parameters

proposed in [34]. For the nested SCR-FGMRES, the numbers in brack-

ets indicate the average number of intermediate iterations needed to

solve eugations (5.30), (5.31) and (5.32) in algorithm 3, respectively.

Iterations marked with — did not reached convergence within the pre-
scribed 1000 maximum number of iterations.

become smaller and smaller, we recover the algebraically exact SCR method, where
in the limit the algorithm converges in one iteration. We also remark that finding an
optimal choice for these parameters is, to the best of the authors’ knowledge, still an
open question in the community.

nt=nn=10"1 | =0, =10"% | e =mn=10"% | gy =0 =10"% | npy = = 10710
p=2 11 5 4 3 2
p=3 13 7 4 3 2

TABLE 5.3: Influence of the intermediate and inner tolerances 7, and

7n (where we always set 1, = 7,,) on the number of outer iterations

needed by the FGMRES solver, p = 2,3, on a fixed mesh with 4096
elements.

5.5.2 A nine patches geometry

In this example we consider the computational domain Q2 = [0, 3] x [0, 3] depicted
in Figure 5.8, divided into nine subdomains . Similarly to the previous example,
all meshes are non-conforming at every coupling interface, where again an irrational
factor of v/2/100 has been used to shift the interface knots. The body source and
boundary data are derived from the following analytical exact solution:

u®® = sin(7z) cos(mx) .

Further, we set the Young’s modulus to E = 10°[Pal, the thickness of the plate to
t = 0.01 [m] and the Poisson’s ratio to ¥ = 0 [—]. The convergence results of the error
measured in the L?, H! and H? are presented in Figure 5.9, for splines of degree
p = 2,3. In this example we test the robustness of the method with respect to:

e floating patches;

e the presence of multiple cross-points where a constraint must be applied.
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(A) Geometry setup and physical parameters. (B) Initial discretization.

FI1GURE 5.8: Problem setup and initial multi-patch non-conforming
discretization for the nine patches example.
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FIGURE 5.9: Convergence study of the error measured in the L%, H'
and H? norms in the non-matching case for nine patches example for
different B-splines of degree p = 2,3. Comparison of a classic penalty
method, the scaled version with respect to the problem parameters
proposed in [34] (scaled) and our projection approach (proj).

We observe again the expected asymptotic convergence rates of the error for all norms,
where we remark that the method behaves optimally also for very coarse meshes, where
locking phenomena are avoided. Indeed, on one hand, we notice again that a classical
“vanilla” choice of the penalty parameters yield a severe overconstraint of the solution
space, resulting in a loss of accuracy of several order of magnitudes compared to the
projection method. On the other hand, the scaling studied in [34] leads to better
results especially in the energy norm. However, for coarse meshes, we note that the
method still suffers from locking, thus hindering the accuracy achievable by B-splines.

5.5.3 A three patches example with a geometrically non-conforming
interface

In this example we consider the computational domain Q = [0,2] x [0, 2], split into
three subdomains 2%, see Figure 5.10a. The initial non-conforming discretization used
in the following is depicted in Figure 5.10b, where the interface knots are again shifted
by a factor of v/2/100 to induce the non-conformity. The peculiarity of this example is
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F1GURE 5.10: Initial configuration and non-conforming discretization
for the three patches example.

the presence of a geometrically non-conforming interface between the patches, which
is further used to assess the robustness of our method.

Remark 10. Similarly to [12], we define an interface as geometrically conforming if
the pull-back with respect to both slave and master domains is an entire edge of each
parametric domain §°.

Similarly to the previous examples, the exact solution reads:

u®® = sin(mz) cos(mz),

from which the applied body load and imposed boundary conditions are derived.
Regarding the problem parameters, we set the Young’s modulus to E = 10° [Pa], the
thickness of the plate to ¢ = 0.01 [m] and the Poisson’s ratio to v = 0[—].

The convergence results of the error measured in the L2, H' and H? are presented
in Figure 5.11, for splines of degree p = 2,3. Analogously to our previous results, our
method attains optimal rates of convergence, even in the presence of a geometrically
non-conforming interface. Moreover, this numerical experiment confirms again that
our method is insensitive to locking, starting from very coarse discretizations, where
a substantial gain in accuracy per degree-of-freedom is observed.

5.5.4 A flat L-bracket

The last example we present is meant to show the applicability of the method to
more complex multi-patch geometries. Analogously to the example studied in [8], we
modeled a flat L-bracket with 28 patches, coupled along 34 interfaces, as depicted in
Figure 5.12. We applying a constant line load of 100 [N/m] in the negative z-direction
on the upper right edge and we impose clamped boundary conditions on the entire
boundary of the upper left and lower left holes, respectively. Further, we set the
Young’s modulus to E = 200 - 10° [Pa], the thickness of the plate to ¢t = 0.01 [m] and
the Poisson’s ratio to v = 0[—|. The solution field obtained with B-splines of degree
p = 2,3 is depicted in Figure 5.13, where we remark the smoothness of the obtained
solution, especially across the coupling interfaces. In Figure 5.14 we also plot the
bending stress tensor m, where its components are defined as:

mij; = D (I/(Sijukk + (1 — I/)uij) ,

and where ¢;; denotes the standard Kronecker delta. We obtain again a smooth
stress field, where no visible spurious oscillations are introduced by the proposed
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FIGURE 5.11: Convergence study of the error measured in the L2, H!

and H? norms in the non-matching case for the three patches example,

B-splines of degree p = 2,3. Comparison of a classic penalty method,

the scaled version with respect to the problem parameters proposed in
[34] (scaled) and our projection approach (proj).

coupling strategy. Finally, in Figure 5.15, we plot the convergence results of the stress

component myi, evaluated at point A marked in Figure 5.12a, as a function of the

number of dofs on a series of uniformly refined meshes. We note that for the classical

penalty approach, and only for this example, we have tuned the penalty parameters

to converge towards the reference value, where we have set 5(%7) =10*E, E(%) =FE /=
1 2

1,..., L. This example highlights once again the gain in accuracy achieved on coarse
meshes by the proposed method, also for point-wise quantities of interest.

5.6 Conclusions

In this chapter we have introduced a simple methodology for the C'-coupling of iso-
geometric patches based on the L2-projection of suitable super-penalty terms in the
context of bilaplace equation. Exploiting standard results for saddle point problems,
we have proved that the mortar formulation and its singular perturbation, which is at
the base of our penalty method, are well-posed. Further we have provided a criterion
for choosing the penalty parameters, in function of the mesh size and the spline de-
gree, in order to get optimal order convergence in the H? norm. The method does not
suffer from locking phenomena, even in the case of severe non-matching discretization,
where optimal rates of convergence of the error measured in the L?, H' and H? norms
have been attained also on very coarse meshes and a substantial gain in accuracy per
degree-of-freedom has been observed compared to a classical penalty approach and
to the scaled choice of parameters presented in [34] in the scope of Kirchhoff-Love
shells. The method turns out to be particularly effective for moderate spline degrees
p = 2,3. Our choice of parameters is completely determined by the problem definition
and is based upon the underlying perturbed saddle point formulation associated to
the plate, from which the two Lagrange multipliers are eliminated and the magnitude
of the corresponding perturbations gives us insights on how to appropriately select the
penalty factors. Then, to mitigate the detrimental effects of this choice on the condi-
tion number of the system matrix, we have combined the nested block preconditioner
introduced in [48] with a preconditioner based on the Fast Diagonalization algorithm
tailored for isogeometric bilaplace equation, inspired by the strategy in [62].
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FIGURE 5.12: Geometry setup and non-conforming discretization for
the flat L-bracket example.
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FIGURE 5.14: Components of the bending stress tensor m for the flat
L-bracket example, B-splines of degree p = 2, 3.
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To conclude, we have demonstrated numerically the applicability and robustness of
the proposed projected super-penalty approach for the bilaplace equation discretized
by non-conforming isogeometric patches, where the method does not show any locking
also on very coarse meshes.
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Appendix A

Analysis of doubly constrained
saddle point problems

In what follows, we recall some useful results obtained generalizing the ones from [10]
to saddle point problems with two constraints.

Assumption 5. Let V, Q1, Q2 be three Hilbert spaces. Let be a : V XV — R,
b1:VxQ1—Randbs : V X Q2 — R three continuous bilinear forms. We denote by
A, By and Ba, respectively, the linear continuous operators associated with them. We
also set, fori=1,2,

K; = ker B, K =K N Ky, H; = ker BT .

Let us consider the following generalized saddle-point problem: given f € V/,
g1 € Q) and g2 € Q), find (u, A1, X2) € V X Q1 X Q2 such that

a(u,v) 4+ b1(v, A1) + ba(v, A2) = (f,v) Vv eV
b1(u, p1) = (g1, p11) Vpr € Q1
ba(u, p2) = (g2, p2) Vp2 € Q2. (A1)

Theorem 11. Together with Assumption 5, assume that ImBy |k, = Q', ImBy = Q)
and that the bilinear form a is coercive on K, that is

Jag > 0 agllvol|F < alvo,vo) Yo € K. (A.2)
Then, for every (f,g1,92) € V' x Q) x @, problem (A.1) has a unique solution.

Proof. Let us first prove the existence of a solution. From the surjectivity of By and
Corollary [10, p. 4.1.1], we have that there exists a lifting operator Lp, such that
By(Lp,g) = g for every g € Q). Setting ugy := Lp,g, we therefore have Baugy = g.
We now consider the new unknown ug := u — uy and, in order to have Bou = g, we
require ug € Ky. For every vy € Ko, we obviously have ba(vg, q) = 0 for every q € Qo,
so that the first two equations of (A.1) now imply

a(ug, vo) + b1(vo, A1) = (f,vo) — a(ug,vo) Yo € Ko
bi(uo, 1) = (g1, p1) Y € Q1 (A.3)

and [10, Theorem 4.2.1] ensures that we have a unique (ug, A1) € Ko x @1 satisfying
(A.3). Remark now that the functional

v = L(v) == (f,v) —a(ug + ug,v) — b1 (v, A1),
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thanks to (A.3), vanishes identically for every v € K. Hence, ¢ € K (the polar space
of K3), which due to [10, Theorem 4.1.4], coincides with ImB3. Hence, ¢ is in the
image of BQT, and there exists a Ay € Q2 such that Bg)\g = ¢. This means that

<Bg)\2,v> = (l,v) = (f,v) —alug + up,v) — b1 (v, A1)

for every v € V, and since u = uy4 + uo, the first two equations are satisfied. On the
other hand, Bou = Boug + Baug = g and the third equation is also satisfied.

We now prove uniqueness. By linearity, assume that f =0, g1 = 0 and g3 = 0: then,
u € K. testing the first equation on v = u we get a(u,u) = 0 and then v = 0 from
(A.2). Using u =0 and f = 0 in the first equation of (A.1), we have then

bl(v, )\1) + bQ(U, /\2) =0 Yv e V. (A4)

In particular, for all vy € Ky we have by (v2, A1) = (Bjve, A1) = 0 and from Corollary
[10, p. 4.1.1], we have A; = 0 and (A.4) reduces to ba(v, A2) = 0, for all v € V. Finally,
Corollary [10, p. 4.1.1] implies Ao = 0. O

Assume that, for s = 1,2, we are given a Hilbert space W; continuously embedded
in @; and dense in @);. We now consider, for every 1,2 > 0, problems of the form:
find (ug, Mg, A2e) € V x Wi x Wy such that

a(ugz,v) +b1(v, A c) + ba(v, o) = (f,v) Vv eV (A.5a)
bi(ue, p1) = ex(Ares p)wn = (915 1) 1 gy + (s i)y, Vi € W1
(A.5b)
ba(ue, p2) — €2(Moe, 2)wy = (92, H2) p <y + (h2 2wy,  Vh2 € W
(A.5c)

Assumption 6. Let us assume that for every x. > 0 there exists an o, > 0 such
that:

VX > xe 36 > ay : alully < alu,u) + x| B3, Yo € V. (A.6)

Theorem 12. Together with Assumption 5, assume that, for i = 1,2, ImB; is closed
in Q; and that a(-,-) is positive semi-definite and verifies Assumption 6. Then, for
every 0 < e1,e9 < 1/2, for every f € V', for every g1 € ImBi|k,, g2 € ImBs and for
every h; € W/, fori = 1,2, the problem (A.5) has a unique solution which, moreover,
satisfies

~ ~ 2 2
luclly + [ Xiellgr + Pacllas + a1 sl + e Ao

Wa

1 1
<C (Hfllw +llgillqy +llgzllay + =7 lIPallwy + 1/2||h2!w5> , (A7)
€1 €9

where, fori=1,2, \;c is the component of \; . in HZJ-

Proof. Since we do not yet have the existence of the solution, we apply a regularization
argument. We first substitute a with ag given by

as(u,v) = a(u,v) + 6(u,v)y,

with § > 0. Then, we prove a-priori bounds independent of § and we have the solution
in the limit for § — 0*. For brevity, we do not re-write problem (A.5) with as in
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place of a, and we do not indicate the dependence of the solution of the regularised
problem on §. Taking the first equation (A.5a) with v = wu., and subtracting the
second equation (A.5b) for 1 = A and the third equation (A.5c) for pg = Ao ¢, we
get

5”“5”%/ + a(u57 ue) + 51(/\1,57 )\l,a)Wl + 52()\2,57 )\Q,S)Wg

= <f7 U6> + <gl7 )‘1,€>Q’1><Q1 + <h17 )‘175>W1’><W1 + <g2’ A275>Q’2><Q2 + <h27 A2,5>W2’><W2 ’
(A.8)

From Corollary [10, p. 4.1.1] and the first equation (A.5a), we have

Billdiellor + Ballrzellqe < C (llucllv + [1£1lv), (A.9)

and since we assumed g; € ImB; for i = 1,2, we have

(g1, M) + (92, M) = (g1, Are) + (g2, Xoe) < C <||91HQ/1 + ||92||Q’2) (luellv + [[fllv) -

(A.10)
On the other hand, we also have
(frue) < N fllvelluellv. (A.11)
and, for i =1, 2,
1 1/2 1 2 €
(his Aie) < =g llhillwye; I Aiellwe < 5 lhilli; + 5 1Aiellws. (A12)
E; € *

7

Inserting (A.10) and (A.11) and (A.12) in (A.8) and dropping the term with ¢ (which
is positive), we then easily have

a(ue, ue) + e1fArelliv, + e2llXaelliv,

< | (lgnllgy + lgallay ) el + 1£11v) + I f v lucllv+

1 1
2 2 2 2
lg1lley + llg2llgy, + o |hallyy, + 52Hh?HW2’]

< C|lhuellv (Ifllve + llgallgy + llgallay ) + 1713+

1 1
2 2 2 2
g1l + llg2llgy, + a”hang + gWMHQ; - (A13)

On the other hand, from the second equation (A.5b) we have that €1 Ry, A\ - (where
Ryy, is the Ritz operator in W) is equal to Bju. — g1 — h;. Hence,

1
et Aelliy, = eullBws Aelly, = - 1Brue — g1 = hlyy- (A.14)
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Hence, using (a + b)? < 2a? + 2b%, the assumption g1 < 1/2, (A.14) and Jwllws <
Cllwllg;, we have

1Brue|[§y, < 2[Brue — g1 — hallfy; + 2llg1 + hallfy,
1
< ;lHBlue — g1 = iy + 4llgnlify; + 4Rl (A.15)
< etllhaelli, + 4llgnllfy + 4l
Similarly, we also have
1Baue 3y < e2llMaelliy, + 4llg2lliy, + 4125y, (A.16)

Combining (A.15), (A.16) and (A.13), we obtain

a(ue, ue) + || Bruellwr + | Bauellwy + 1l M cllf, + e2llAaclliy,

< 0 |lluelly (I fllve + larllgy + llgallgy ) + 171+

1 1
2 2 2 2
g1l + llg2llgy, + a”thW{ + ;2Hh2||wzg - (A7)

Finally, using (A.9) together with (A.6) and (A.17) gives

el + IALellD, + 1X2elld, + elldiellfy, + eallracll,
< C (luell¥ + 17 + erlldellf, +e2llroclliy,)

< C (a(ue, ue) + | Brucllwy + | Baelwy + 113 + e1lAclif, + 22l doc iy, )

< | luellv (171> + ol + lgallgy) + 112+

1 1
2 2 2 2
o + 2y, + =l + @nhanﬁ] ,

which easily yields the (A.7). Hence, the operator M : (ue, A1 g, A2c) = (f, 91,92) is
bounding. Then, M is injective and MT = M is surjective. This ensures existence
and uniqueness for the solution of (A.5). O

Remark 11. Under the assumption ImB; = Q}, it holds H) = Q!, which implies

27 7

H; = {0} and H* = Q;. Hence, (A.7) reduces to

1/2 1/2
0s + a1 el + €5 2 Az ellw

[uello + 1 AellQr + [[A2,e]
1 1

<C (!flw +lgillqy + llgzlloy + =7 1Pallwy + 1/2Hh2||w2’> . (A18)
€1 €9

For the sake of simplicity, from now on, we will restrict our analysis to the case

Proposition 3. With the same assumptions of Theorem 12, and assuming moreover
that hy =0 fori = 1,2, let (uc, Mg, Aoe) € V x Wy x Wy be the solution of problem
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(A.5) and (u, A1, A2) € V x Q1 X Q2 be the solution of problem (A.1). We then have

|u —uclly + A1 = AellQy + [[A2 = A2ellq,

< (C| inf (H)\l —w1HQ1 +\/€1||w1||W1)+ inf (H)\Q—UJQHQQ +\/52Hw2HW2)
w1 €Wy wo EWo
(A.lg)

Proof. Subtracting (A.5) from (A.1) with uy € Wi and ug € Wa, one has

0 Yo eV
1( Mg, pp)w, Y € Wi
2(A2e, 2)w, Vp2 € Wa. (A.20)

a(u — ue,v) + b1 (v, A1 — A1) + b2 (v, A2 — o)
bl(u - uE?/J'l) =€
b2(u — Ug, /-1'2) =€

Let be A1 € Wh and Mg, € Wo. We rewrite (A.20) as

a(u — e, v) + b1 (v, M — A1 ,e) + b2(v, Ao — Xae) =
bl('l}, )\1,w — /\1) + bg(v, )\2,w — /\2) YoeV
bi(u — ue, p1) +e1(A1w — Are, p1)wy, = e1(Are, p1)wy, Y € Wi

ba(u — ue, pi2) + €2(A2w — A2e, 2)wy, = €2(A2e, 2)wy, Vo € Wa.
(A21)

Applying Theorem 12 with <h1,,u1> = 51(/\1,w7N1)W1 and <h2,,u,2> = 82()\2711},#2)1/[/2,
and using estimate (A.18), we get

Ju = el + (A — Aelld, + A2 — A2l
< C (IMw — Allgy, +e1ldwlliy, + 2w — A2lle, + 2l Xewlfy,) - (A22)

From the triangle inequality and the arbitrariness of A; ,, and Ag ,,, one deduces (A.19).
O

Remark 12. Having defined
W — {w eW:: |lullg < oo},
for every )\;r € W;r, we have
N mw, < I ol Vi € Wi

Taking now A € I/Vf, we can go back to (A.21), considering this time that the right-
hand side of the second and third equations (that are e1( A w, p1)w, and e2(A2.w, H2)w, )
corresponds to the choice hi = hy = 0, (g1,p1) = e1(Aiw, t1)w, and (g2, 2) =
€2(A2,w, 1) w, when using Theorem 12. In particular, thanks to (A.18), we now have

|u —uelly + A1 = AellQy + A2 — A2ellq,

gC’( inf +{H>\1—/\1,w\|Q1 +51H)\17wHW1+}+

Al,wer

inf {II)\Q — AwllQ, + €2||)\2,w||w,j} )

/\2,w€W2
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Finally, we observe that, whenever \; € Wf, we would have
= welly + 21 = Al + e = Aacllge < € (etllhllyy +e2lAallyy ) - (A:23)

Let us consider the discretized version of the problem (A.5): given f € V', g1 € @}
and g2 € Q5, find (up, A p, A2p) € Vi X Q1 X Q25 such that
a(up, vp) + b1 (v, A1p) + b2(vn, A2 n) = (f, vn) Vo € Vj,
bi(ue, p1,n) — €1( A p, H1p) W, = <glaN1,h>erle Vi € Qi
ba(un, pia,n) = €2(A2hs P2 n)ws = (92, H2h) gy gy, VH2h € Qo (A24)
Assumption 7. Together with Assumption 5, we assume that we are given three finite
dimensional spaces Vi, CV, Q15 C Q1 and Qa2 C Q2. Let us define Aj, and B, p,

respectively, the restrictions Ay, and Byy,. Together with the kernels K; and H;, we
consider then the discrete kernels

K, = ker B p, Ky, = Ky, N Koy, H;p =ker B},
Assumption 8. Let us assume that there exist two constants 1, Py > 0 such that

nf sup ) g

mn€Q1n vy e Koy, I0nllvIlenllQr —

and

b
inf  sup M > [a.
ph€Q2.n v, Vi, [[VRIIV |kl Qs

Theorem 13. Together with Assumption 6, 7 and 8, assume that, fori =1,2, Q; C
W;. For every 0 < e1,e0 < 1/2, let (ue, Mg, A2e) and (up, A1 p, A2 p) be the solutions
of (A.5) and (A.24) respectively. Then, we have

e —upllf + 1A = ALallG, +e1lAe = Aplliy, + 1 A2e = A2nlley, +e2llA2e = A2 nlliy,

<C('f T inf [N\ — 2 ALe — 2
<c( it fu-onlp+ it (= mald, +ealde - paly ) +

inf  {Iec — maallh, +e2lhec — ponlfi} )
M2, h€Q2

Proof. For the proof we refer to [10, Theorem 5.5.4 and Remark 5.5.5]. O
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Appendix B

Discrete inf-sup stability on the
parametric domain

In this section, we report some useful results about the discrete inf-sup stability be-
tween spline spaces built on parametric domains, see [7]. Starting from a generic open
knot vector, defined on 5 = [0, 1],

EP = {fly ce. 7§n+p+1} )
with
0=6=8=... =1 <2< . <& <&nt1=... =&nip = Entpt1 = 1,
we consider three reduced knot vectors:
EP =& 1, Epras - gty - -+ s St S LY

'—P f= {% 527"'>£p+1>§?ﬁ>"'7%7£n+17"'7§n+paw}
—‘p 2_{}%}?{ "7€p+17§ﬁ47"'7%7£n+17~'-,%,M}.

We also introduce six different isogeometric spaces:
Shoo = {w € Sy (EP) : w(0) = w(l) = w'(0) = w'(1) = 0}
St = {w e S (=Y)  w(0) = w(l) = }

p—1

Assumption 9. Let us assume n > 3p — 1.

o . . . . ap p—1 . qp—1
Proposition 4. The derivative operators D : Sh,OO — ShOzmv and D : ShM’va —

Sﬁ&? are bijections.
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Proof. Let us focus on the operator D : SV, — sl For |65, Theorem 5.9] the

h,0,zmv "
derivative of a spline of degree p is a spline of degree p — 1. Now, if v € S} oo it holds

/aDU — u(1) = v(0) = 0,

then Dv € SP~! To show the injectivity let v,w € S oo be such that Dv = DW.

h,0,zmv "

Then we have v = w + ¢, with ¢ € R. But v(0) = w(0) = 0 and so v = w.
The surjectivity is shown by constructing an element of the preimage space. Given

p—1
w e Sh,o,zmv we define

v(z) = /Oz w(s)ds.

From [65, Theorem 5.16] it follows that v is a spline of degree p. We also have
v(0) =v(1) =0, v'(0) = w(0) = w(1) =v'(1) = 0. Thus v € 55700.

Similarly, for D : Sﬁjlv},zmv — SﬁTN%, if v € Sgil\/},zmv’ from [65, Theorem 5.9]
it follows that Dv € Sﬁ;ﬁ. For the injectivity, if v,w € SZ’_N}’ZHW are such that
Dv=Dwe Sﬁﬁ, then v = w + ¢, with ¢ € R. From the hypothesis follows that

1 1 1
Oz/v:/w+c:c+/ w,
0 0 0
1
/sz
0

so ¢ = 0. For the surjectivity, if w € SZ_N?, we can define

o(z) = /Oxw(s)ds - /01 w(s)ds.

From [65, Theorem 5.16] it follows that v € Sﬁﬁ and from

/01 v(r)dr = /01 w(s)ds — /01 w(s)ds =0

. p—1
we obtain v € Sh,M,zmv' O

but we have

Proposition 5. There exists a constant C > 0 such that
w25 < ClDw| 1)) Yw € Hy (7).

Proof. For all w € L?(7), there exists a function w € H}

zmv

(), with

H;sz{weﬂ%%:éwzo}
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such that Dw = w. For all v € H} () it holds
Jsvw JsvDw

[vllL2s) = sup = sup
2 weL2() HwHL2 weHL . (7) |w‘H1 @)

c WD C|1Do|
< sup —— < V||[HL ()
L A

where C is the Poincaré constant. O

Proposition 6. Let be 2 < p < 9. For a uniform knot vector defined on 7, there
exists a constant C' > 0, independent of h, such that

J5wn
inf  sup (B.1)
wess pespot Tl TRl )
Proof. If we prove that, for all w € S} 0 , there exists u € Sp nt Such that
l1all 25y < Crllwll 25 (B.2)
Hw”m@) < CQ/AU)/J? (B.3)
7

then the thesis holds with C' =
First of all, we observe that

1
C1Cy -

dim (S7") = dim (P ) =n—2=m
Let (B )™, and ( i), be the B-spline basis functions of Sﬁal and Sgﬁ, respectively.

We denote by I; and I; the supports of B; and B;, respectively, and by |IAZ| and \m
their respective lengths. Having w € SZBI, we can express it as

m
w = ZwiBz
i=1
and we can define u € Sp I as
m ~
=Soun
i=1

Let be I C (0,1) a knot span. The restriction of ;& on I can be expressed as
K = Z wigia
i ICINi

then we have

W’iwfff S wib; s/I Y o Y B

i ICI:‘ i ICE i:ICTi
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Since every function in B-spline basis (El);’ll satisfies 0 < B; < 1, we obtain
2 2
el Femy < HI D wi
i ICE’

From [65, Theorem 4.41], there exists a constant C' > 0, independent of h, such that

lulFey < 11D wi <O Y- Tl w a7y <C D w7,

I3 ICI i ICI i ICI

Finally, summing over all knot span I, we get (B.2). .
In order to prove (B.3), we note that, for all p+ 1 <i <n — p, it holds B; = B;,

then
Eap+1 ) 1
Low= [ o Wl + [ (B.4)
v n—1

We focus on the first term of (B.4). We want to prove that there exists a constant
C5 > 0, independent of h, such that

€2p+1
w
inf o T > (B.5)
wesy ' HwHLQ(O@pH)
w#0

The restrictions of w and g on [0, {2pt2] can be expressed as

2p
~« [ €
i, Sopt1] = Zwl g |[07§2p+1] = sz’Bi (h
=1 |[07£2p+1}
~ 2p ~ /¢
HIl0,€2p41] = ZwiBi(OHo@pH} =Y wib; (h) ,
=1 i=1 1[0,€2p+1]

where (B*)l L and (B})™, are, respectively, the B-spline basis analogous to (B;)™,
and (B;)™,, but built on

—=p—1

:*z: = {g7£;7-“7§;+17§;+27"'7§;7§;+17"~7§;+p7§:7m}
—p—1

‘—‘5)\4,* {ﬁf 527"'a ;—l—l’%"'"%g’;kl-f—l""’g;;-i-p’%}?

0=6=6=. =11 <Eua < <& <& = =&ip = Sniprts
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p=2 | p=3|p=4|p=5|p=6]|p=T7|p=8|p=
0.5763 | 0.5889 | 0.6152 | 0.6268 | 0.6044 | 0.5321 | 0.3984 | 0.1819

TABLE B.1: Numerically computed value of Cj.

where each knot span in =271 has size equal to 1. With a change of variables, we

obtain

inf S wp inf i (ZQplwzé’(O ' nglw’éz@)) d
m — Y — = 1
wes? s, |w||%2(0’£2p+1) weRP\{0} f052p+1 (valwz z(C)) ¢
w#0
& * *
e (SR B ) S wiBl () e
= 1mn = L3.
Bl ()
(B.6)

We stress the fact that Cs is independent of h. To conclude, we only need to show
that it is positive. This step can be done numerically. In Table B.1 we report the
value of C5 for p = 2,...,9. Thanks to the symmetry of B-spline basis, with a similar
argument, we can also prove that

Je.  wn
inf ——t——— =Cs. (B.7)
wESh ,||w”L2(5"71,1)
w;éO
Combining (B.4), (B.6) and (B.7) we get (B.3). O

Remark 13. The restriction to p < 9 in the assumptions of Proposition 6 is due to the
fact that for p > 10 the constant Co appearing in (B.5) becomes negative. Nevertheless,
numerical tests show that the quantity in (B.1) is positive and independent of h even
for greater values of p.

Definition 1. The operator ./(/l\;; cL2(R) — Sﬁﬁ given by
/ Miwi = / oy, v e Sy,
gl 2l 7

is well defined. This follows from the fact that dim(SﬁBl) = dim(Sﬁ_N}) and from
Proposition 6.

Lemma 4. The operator ./T/l\}kl : Sﬁ Si]fM is bijective.
Proof. Let us assume that there exists ¢ € S 1.0 ! such that M = 0. For all Sﬁo it
holds

Aw¢—é(¢—ﬁ@@w—a

then ¢ = 0 on 7. By the fact that dim(SﬁBl) = dim(Sﬁ?\}), surjectivity follows. [
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Proposition 7. There erists a constant C > 0, independent of h, such that, for any
p—1
pE Sh,o , 1t holds

sup

=L > Clllm gy
restyt Ml ) o

Proof. First of all, we are interested in showing that M\;‘L is L2-stable. Thanks to
Proposition [10, Proposition 3.4.3], we can interchange the spaces in Proposition 6
and we obtain

~w

> Cllpllzeq Ve Sh
west st 1wllzz) v i

In particular, for each A\ € L?(9) it holds M\,’TLA € Sﬁ;\}[, thus
. o wMiA [ wA
[MEAlL25) < € sup ||7H7A =C sup Hw”iA < ClIMz2s)-
wesp )t IIL2@3) wesp b 12 ()

We check that M\TL is also Hl-stable. Let be A € H'(J) and let A, be its best
approximation in Sﬁ_]\}. Using the inverse inequality for splines, we get

[MuA 5y < [IMEA = Millm gy + Al 5 5y
= [MLA = A lar @) + I All5r )
< Ch7 MG = M) llr2@) + Ml i),

but thanks to the L?-stability we have

IMiM gy < ChHIX = Arllz2 ) + Al )
< ClMm@) + ClMm @) < ClMa @)

For any ¢ € [H(¥)]’ it holds

wp D1

= Cllelm @y (B.8)
peri @) 11l ) i

and, in particular, it holds for any ¢ € Sﬁgl. Now, from Lemma 4, for each ¢ € Sﬁ]}
there exists u € Sﬁgl such that ¢ = M\Zu, that is

/jﬁ@z/ﬂ«p Vo €SP
i Y

and [[¢[| 15y < Cllpllgi5). Hence, for all ¢ € Sﬁgl there exists ¢ = X/l\;‘“u € SZ;\}[
such that

S5 .o S5 e |
[ 71 5 l12ll 1 %)

taking the supremum over x4 € H'(7) and using (B.8) yields the thesis. O
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Proposition 8. There exists a constant C > 0, independent of h, such that, for any
A€ SPr it holds

fa PA

sup -2 ClM| )

pesrotNelime)

Proof. From Proposition 7 we have that for all ¢ € Sp ! there exists \ € SpM such
that

ﬂ oA > Cliglum ey Mme
Y

and in particular it holds for all ¢ € SP Now we can choose

hOzmv

)\*:)\—/)\.
gl

In this way, we obtain

/Am* = /;pk > Cllellim @y M &)
Bl il

It is straightforward to see that [A*[|g15) < [[Allg1s), then for all ¢ € S} Olzmv
holds

*

¥
b 2 Cliellumay-
A*ng ]\} zmv H ||H1(,y)

Thanks to [10, Proposition 3.4.3|, we can interchange the spaces and we obtain the
thesis. O

Theorem 14. There exists a constant C > 0, independent of h, such that

Jywp
inf  sup > C.
“esh M WESY oo HwHL2 ”:UHLQ(»Y

Proof. Let € Sh M, then there exists \ € Sﬁ ]Vllzmv such that X' = p. integrating by
parts, we get

S W ~wN ~w'A
sup f’Yi = sup f’Yi = sup fVi
wesy o, [wlL25) wESY, 4, w25 wesy o, lwllz2g)
From Proposition 5 we have that for all
lwll 2y < Cllw'[lm @y Vw € Hy(9).

Then, setting p = w’ we obtain

Sw' W' R (p/\
sup f’Y > C sup {'77 =C sup f’Yi
wES} 00 lwll 22 ) weS? ([ [l  7y) e el (1.3
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and applying Proposition 8 we get the result

~ O
sup fwi > Cl Mm@ = ClM ) = Cllpllz2@)-
pesrot el @y
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