
UNIVERSITY OF PAVIA
Department of Brain and Behavioral Science

PhD program in Psychology, Neuroscience and Data Science

Use and misuse of P-values: a

conditional approach to

post-model-selection inference

Thesis by:

Mauro Gioè

Advisor:

Prof. Mario Comelli

Academic year 2019/2020, XXXIII Doctorate Cycle



Abstract

Adaptive generation of hypotheses is among the main culprits of the lack of

replicability in science. Under conditions of uncertainty, the statements, or the

process that generates them, can only be trusted if the reported error rates are

reflected in the replication attempts. The discrepancy between the two is due to

many factors, but interactive data analysis plays a major role in the inflation of

type I error. In this regard, inference after model selection is of particular interest

because its misuse can be analyzed through a Monte Carlo simulation. As the

findings of this thesis show, inflation of type I error can be quite severe even in

low dimensional scenarios, with up to 40% of false positives in the selected set

of variables. Depending on the model selection strategy and the structure of the

true data-generating mechanism, this percentage varies greatly. The results of the

simulation show different performances between the Least Absolute Shrinkage

and Selection Operator (LASSO) and the Forward Selection (FS). In particular,

the LASSO yields a type I error lower than the FS when the structure of the true

data-generating mechanism is additive and a higher one when the structure is

multiplicative. The results also provide additional empirical evidence that given

an extensive class of problems, most methods will provide on average compa-

rable solutions. As shown in this thesis, the conditional probability approach

to selective inference represents a viable solution to control type I error while

avoiding any data loss due to data splitting. In the current research environment,

incentives and funding policies need to be reshaped in order to bring about ef-

fective changes on the overall reliability of the published papers, but the tools to

provide rigorous results, while meeting the needs of the researchers, are avail-

able for anyone conscientious enough.
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Chapter 1

Introduction

1.1 Search for truth: determinism vs chaos in brief

Humankind has always tried to control the surrounding environment in order to

improve its existence. To accomplish such task, we had to gain knowledge about

the laws of the world, and the more we evolved the more we wanted to extend

this control to the smallest of the details. Nowadays this is more true than ever,

but even though we are able to create complex systems that make our everyday

lives easier, things do not always go as planned. When we face discrepancies

between what we planned and what actually happened, we often blame our mis-

fortune, but was it simply our lack of knowledge that led to the unwanted result,

or was it something we truly could not predict? In other words, is reality deter-

ministic or stochastic?

In philosophy, the debate over the deterministic or stochastic nature of the world

has been going on for centuries. Possibly the first to start the argument in mod-

ern literature was Descarte with the principle of causality in 1641 [1] "Every

effect has an antecedent proximate cause". Eventually the concept of universal

determinism of Laplace came into being in 1778 [2], he argued that through sci-

entific causality we can exactly predict the state of things, we would "just" need

to comprehend all the forces acting to cause any given event.

Although probability came into being into the 18th century, we had to wait until

the 1892, for the birth of the chaotic universe theory. While studying the evo-

lution of a physical system over time, Poincaré observed that even the slightest
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difference in the initial conditions might result in large differences in the final

phenomena, due to events that we may call random, which are unpredictable

even if the laws of nature held no secret for us [3].

Many other arguments were brought in favor of the two views, but what remain

certain is that with our actual tools we are not able to discern between our lack

of knowledge and a truthfully random universe, actually at the moment these

opposing views seem more like two sides of the same coin. A coin is also the

perfect example to show how probability can be seen under both paradigms.

Let us say that we are interested into knowing what the outcome of a fair coin

toss will be. We know that in the long run we are going to observe half of the

time tail and half of the time head. Unfortunately, that does not tell us anything

at all about the exact result of the next coin toss, thus one could be led to think

that it is in fact randomness that rules our world. Now, let us add some details to

our previous case. Let us say that the coin toss is going to be performed inside a

room and in total absence of wind. Moreover, imagine to know the details about

the amount of strength that will be put in the coin toss, the exact spin that it will

be given, when and how the spinning will be stopped, and all the rest of possible

factors that may interfere with the outcome. Would it not be possible to exactly

determine the outcome of the coin toss? If we believe the answer to be yes, and

extend this reasoning to everything in our universe, then we are using statistics

and probabilities just to deal with our lack of knowledge about a deterministic

world by simply evaluating the chances of something happening in the long run.

If instead we believe the answer to be no, then we are dealing with a stochastic

world by trying to identify its stochastic rules. The debate is without doubt fas-

cinating, but from a practical point of view, it does not matter which one reflects

the underlying truth, since even if the world is in fact deterministic, it would sim-

ply be impossible to have perfect knowledge about all the factors influencing

every outcome. So regardless of the true nature of reality, in order to put sense
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into randomness, statistics has become our torch to peer into the unknown in the

pursuit of knowledge.

Despite its focal role, we must bear in mind that statistics is not an exact science,

and that we have to rely on the multiplicity of the evidences to draw a conclusion

about the presence or absence of an effect. Unfortunately, replicability, which

is the only source of real evidence of effects, is often hurt by researchers mis-

conduct in particular by adaptive generation of hypotheses, that as expressed by

Benjamini [4], may be referred to as the silent killer of replicability.

1.2 Replicability

Replicability is the ability of a scientific experiment or trial to be repeated by

others and obtain a consistent result. The need for such a characteristic in a sci-

entific experiment was firstly stated in the 17th century by Robert Boyle, who

noted that a single experiment is not enough and one should continue to repli-

cate it until we are convinced of its validity [5]. According to Fisher, replica-

bility is also a characteristic of a good experiment; “A scientific fact should be

regarded as experimentally established only if a properly designed experiment

rarely fails to give ... significance.” [6]. Replicability cannot be assured but it can

be enhanced through well and transparently designed experiments, and repro-

ducible data analysis. It should be responsibility of journal editors to have only

this kind of papers getting published. However, as of 2019, we are in the mid-

dle of a replicability crisis, both in academic ([7, 8]) and industry research ([9]),

with replication rates often ranging from 40% to 10%, how did we get to this

point? By summarizing what stated by Ioannindis in 2005 [10], and the main

points of a 2016 workshop about this crisis [11], the main culprits are:

• The ratio of true to no relationships among the relationships probed in

each scientific field;
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• Suboptimal power due to small samples;

• Extreme multiplicity, with many factors being analyzed;

• Adaptive search of the results (i.e. selective inference, which will be dis-

cussed in detail in chapter 3);

• Financial and other interests, and prejudice;

• Chasing of statistical significance.

Some of these points are hardly improvable, due to the conflict of interest that

revolves around a researcher career and his publications, and publishers’ inter-

est in the higher citation rate provided by positives findings. Having accounted

for these problems, there are ways in which we may improve the scientific pro-

cess, one way to do so, is to spread knowledge about the problem while hoping

in researchers’ good faith. One concrete solution has been proposed by Ben-

jamini [4], the idea is to have a mandatory replication study, for the main out-

comes of the studies, attached to the published article. In this way, we protect

ourselves from the conflict of interest by having another researcher carrying out

the study while having a probability of wrongly rejecting the null hypotheses in

both studies, with effects in the same direction, equal to 0.00125 (for α = 0.05).

Of course, in order to make this possible, granting agencies would have to co-

operate and allocate funds accordingly to the replication effort and its adequacy.

However, inconclusive or negative replication results should not be a reason to

cancel a grant. Another way to improve things is to have journals accept papers

before studies are actually conducted, so that their decision would be based only

on the starting hypothesis and the methodology, and not on the results, thus re-

moving one of the incentives to follow statistical significance.
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1.3 Evolution of statistics and statistical needs

Frequentist statistics taught in universities nowadays, tells us that statistical in-

ference is the process through which we extend the results observed on a random

sample to the underlying infinite population. In order to correctly infer results,

the classical frequentist approach relies on a priori specification of hypotheses,

in other words we fix a model, which is a set of assumptions, under which our

results are valid. This singular view of the inferential process is actually a hy-

bridization [12]. In fact, this topic created debate among whom we may call the

father of Statistics, Ronald Fisher, and the duo formed by Neyman and Pearson.

Where the first thought a statistician should be flexible and create ad-hoc mod-

els for every single case, the seconds thought a rigorous mathematical approach

should be consistently followed each time, in order to obtain coherence in the

formalization of statistical problems[12]. Several other differences can be seen

in the two school of thoughts, the most of important of which is probably the

role of the p-value. For Fisher it should have been used as a continuous index of

evidence against the null hypothesis without any decision rule, which was later

introduced by Neyman and Pearson, as it is necessary in order to express a judg-

ment over the presence or absence of an effect. Despite their differences, what

they could not foresee is that their approaches would eventually become known

as one thing.

Statistics is still a new science, and since its purpose is to find answers to real

problems, methods have constantly evolved with the emergence of new needs.

Modern statistics was born between the late-19th and early-20th century, at that

time computations had to be done by hand so methods were built to handle few

variables and small samples. With the advent of the digital revolution, data avail-

ability and computation speed greatly grew, thus researchers tried to make the

most out the data they had, giving rise to what we may call "adaptive statistics"
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(i.e. model selection procedures) and to machine learning. Attention has been

shifted to prediction (i.e. machine learning), which surely has its purpose, but

the results stemming from prediction tools should not be lightly used to carry out

frequentist inference, where the latter establishes objective rules in order to take

decisions regarding the absence of an effect, the former does not establish any

objective decision mechanism. At the boundary between statistics and machine

learning lies model selection, which is embedded into the prediction mindset,

but should find place in statistics only if applied with the proper care. Improper

inference carried out on the selected model increases type I error [13], thus by

treating the selected model as if it was pre-specified, we invalidate the proce-

dure (see chapter 4 for a quantification of the extent of type I error). Users of any

method should always be aware of its pros and cons in order to use it properly.

Sadly, that is often not the case with statistics. Researchers often have so many

data that it is almost impossible to make any sense out of them, thus leading to

abuse of automatic procedures. These methods are used to quickly look through

data in order to find best evidence of the presence of an effect, without realiz-

ing how this a posteriori formulation of hypotheses can easily lead to decep-

tive results, see chapter 4. Critics to this approach have been made for over 20

years[14] (see section 3.2), but up to the last 7 years, the only solution was to use

data splitting [15], which never caught on in standard research, due to the loss

of observations and thus statistical power. In the last half-decade, the so-called

selective inference framework has started emerging. This framework allows us to

take into account the model selection procedure used to identify a given model,

thus allowing to carry out inference without sacrificing any data and while con-

trolling type I error.
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1.4 Aim of the thesis

The aim of this thesis is to show the threat posed by adaptive generation of hy-

potheses to the reliability of science. In order to fully understand the implica-

tions of the findings reported in chapter 4, it is necessary to get a grasp of the

problems arising in knowledge creation and the role played by the current in-

centive system within the scientific environment. These problems are faced in

chapter 2. In chapter 3, the selective inference framework is summarized in order

to grant the reader a basic understanding of it.
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Chapter 2

The role of science

In order to understand why it is important to address selectivity, we have to re-

call what is the goal of science and how can researchers be attuned to it while

performing frequentist inference. As exemplified by Fig.2.1, science is a learn-

ing process that starts by observation of the surrounding world and ends with

some acquired knowledge about it that eventually becomes integrating part of

our shared knowledge.

Figure 2.1: Exemplified scientific process. The solid bar represents the inaccessi-
bility of an objective state of perception to humankind

We use science to build up over time a reliable source of knowledge, but since

the only thing we are sure to perceive is our subjective sense of reality, how can

we define what is reliable? Even if an objective reality were to exist, we as hu-

mans are bounded to never know for sure how far our perceived reality is from it.

Epistemologists have long debated on how to define a reliable process [16], and

despite the valid counter-arguments, an interesting definition is given by Gold-

man [17], which says that a process is reliable if its truth ratio (number of true
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beliefs generated/number of beliefs generated) is close to 1.0. Unfortunately,

the only way to use such definition would be to know what is true and what is

not. Instead, what we humans do to evaluate the reliability of a process is to look

at internal coherence of the generated beliefs, which does not imply at all that

our beliefs are true or that the process is reliable, but this is as much as we can

do. Given this abiding condition of uncertainty, on which basis can we define

whether a learning process is scientific or not? This eternal dilemma goes by the

name of demarcation problem and despite the long debate there is no complete

consensus on a foolproof solution to it. Probably the best demarcation method-

ology is given by Lakatos [18], who properly explained Popper’s point of view

on the matter [19]. To summarize the concept, we could say that a theory is sci-

entific if it is possible to produce data that could potentially falsify it. This leads

inevitably to an ever-increasing degree of knowledge for humankind, with old

views of the world being replaced by new ones. In other words, science can be

seen as a collection of stochastic processes, one for any given set of hypotheses,

H0, which is evaluated through a model, M, so that over time the natural filtra-

tion of such processes can be written as

F0(H00 ,M0) ⊆ Ft(H0t ,Mt) (2.1)

Hopefully reducing our uncertainty about the nature of H0, while assuming that

its true value stays fixed over time.

Up until now, I have glossed over the trickiest part of the process, how do we

move from observation of phenomenons to acquisition of knowledge? Since

the observation process occurs under lack of knowledge about the true data-

generating mechanism, and thus under conditions of uncertainty about all the

involved factors, we have to find ways to incorporate this uncertainty into our

acquisition of knowledge. Inferential statistics was born to answer this need, bor-
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rowing elements from both the deductive and the inductive reasoning in order

to gauge the evidence brought by data against a given hypothesis. Now depend-

ing on the inferential framework we choose to follow, frequentist or Bayesian,

the way in which we formalize the problem changes. Despite the long debate

between ideologists of both sides upon which is the correct way to carry out in-

ference, both are valid approaches to inference, as they are simply different ways

of looking at the decision-making process. Where frequentist inference takes

shelter under an objective approach, Bayesian inference chooses to rely on the

strength of subjective views, so where the latter reflects a human approach to

knowledge, the first tries to escape it. Both approaches have weaknesses and

both are easily susceptible to exploitation through poor management of proce-

dures. There is no doubt though, that suspicions about the reliability of a finding

should arise when conclusions change systematically depending on the inferen-

tial framework used.

Having introduced the concept of inference under conditions of uncertainty we

can now try to define what a reliable process should be like in this context. Fol-

lowing a frequentist framework, we know that we can commit type-I and type-

II errors when carrying out inference, this means that a process which exploits

such a methodology will be reliable (i.e. truth ratio close to 1) only if it sticks to

the declared error rates. As shown in section 1.2, replication efforts will usually

show very low replication rates, this is a strong evidence of a high presence of

false positives in the published literature. If one stops to think about it though,

this outcome should not be so surprising.

To start off, the publishing process acts as a discriminant between what is deemed

to be worthy of being published and what is not, on the basis of several factors

which are not related to the quality of the paper in question. The most relevant is

the citation potential, which is higher for positive findings and which therefore

makes them more sought after by journal publishers, thus leading to a biased
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publication strategy. If you combine this behavior with the propensity of fund-

ing agencies to more easily fund researchers with a high number of citations, or

those who promise novel findings, you can see how the positive feedback loop

between a researcher’s career and the publishing of such results continues to be

fueled. This relationship has been increasingly exploited over the years, since as

shown by [20], the number of positive findings in the literature kept rising from

70.2% in 1990 to 85.9% in 2007, with this last observation possibly not repre-

senting the final plateau. To sum it up, this means that when we talk about the

reliability of the scientific process, we are actually also talking about the reliabil-

ity of the publication process, which is the only evidence on which basis we can

evaluate the underlying mechanism that generates knowledge.

Taking inspiration from Ioannidis [10], we can now think of a thought experi-

ment. Let us assume that we happened to know the true state of several hypothe-

ses being tested, if the ratio of false to true null hypotheses (R) was to be equal

to 1, and if everybody was to run analysis with the same inferential error rates,

we could think of some possible scenarios as the ones in Tab. 2.1. If this were

the case, it would be easy to evaluate the reliability of researchers’ actions by

simply looking at the gap between the declared error rates and the ones observed

through replications efforts.

Hypotheses
being tested

100 FalseH0 100 TrueH0 Published false positives
Scenario 1 (β = 20%, α = 5%) 80 rejection 5 rejection 5/85=5.88%

Scenario 2 (β = 80%, α = 20%) 20 rejection 20 rejection 20/40=50%

Table 2.1: Published literature scenarios with ratio of false to true null hypothe-
ses equal to 1

If now we let R varies to 1/3, by looking at the higher degree of false positives

in the literature, Tab.2.2, we can realize how dangerous it is to randomly test

hypotheses. By trying to portray this thought experiment into reality, we know
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that exploratory studies and phase I clinical trials test many hypotheses, so R is

likely to be way lower than 1/3. Moreover, we know that before conducting a

study researchers quite often run power analysis only for the main outcome, or

they do not run it at all, and at the same time they often carry out several actions

which lead to an inflation of type I error, see section 1.2. It becomes therefore

easy to see why the literature is filled up with false positives.

Hypotheses
being tested

50 FalseH0 150 TrueH0 Published false positives
Scenario 1 (β = 20%, α = 5%) 40 rejection 8 rejection 8/48=16.67%

Scenario 2 (β = 80%, α = 20%) 10 rejection 30 rejection 30/40=75%

Table 2.2: Published literature scenarios with ratio of false to true null hypothe-
ses equal to 1/3

In order to enhance the reliability of science, funding agencies and journal pub-

lishers should start acting differently. Either by removing the link between a

researcher’s career and the amount of positive findings he discovers or by in-

troducing incentives to publish replicable results. Otherwise, as pointed out by

Higginson and Munafò [21], within this ecosystem (i.e., incentive structures) re-

searchers will keep maximizing their fitness (i.e., publication records), regardless

of the scientific value of their discovery.

In this context the least one could do is to promote the proper way to carry out

inference. In this thesis, I focus on the control of type I error, which is something

that can be achieved even after data collection. Something that should be easily

understood, but is often neglected, is the need to keep type I error under control

when running several statistical tests or models. When performing multiple hy-

potheses tests the probability of making at least one false discovery (FWER), is

equal to

αFWER = 1− (1− α(per comparison))
m (2.2)
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with m equal to the number of comparisons. Now, something more subtle occurs

when out of all the possible tests we only select those passing a threshold, or in

multipurpose surveys, when we ignore the total amount of tests being done while

focusing only on one aspect of the whole survey. This selection leads to an infla-

tion of type I error due to a reduction of the number of comparisons taken into

account and thus to adaptive generation of hypotheses. In the next chapter the

focus will slowly shift to inference after model selection, which is only one of

the possible ways in which selectivity may occur, leading the way for the fourth

chapter in which I will show through a simulation the extent of type I error infla-

tion in post-model-selection inference.
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Chapter 3

Selective inference background

When we talk about selective inference, we refer to a framework in which infer-

ence is carried out on a subset of parameters that turned out to be of interest after

viewing the data, which therefore implies an adaptive generation of hypotheses.

The selection can occur in different ways, we talk about out-of-study selection

when it is not evident in the published works

• File drawer/publication bias: bias due to the tendency to publish only posi-

tive results.

• P-hacking: extensive "manipulation" of the analysis in order to obtain sig-

nificant results.

• Interactive data analysis: selection of hypotheses after data snooping.

these actions will always lead to a bias into the pool of published papers. In-

stead, we talk about in-study selection when it is evident in the published work

• Selection by the abstract, table, figure.

• Selection by highlighting effects passing a threshold.

• Reported model selection.

Out-of-study selection cannot be recognized in most cases, but sometimes it is

possible to highlight the presence of publication bias, through instruments like

contour-enhanced funnel plots [22]. On the contrary, in-study selection is evi-

dent, but not easy to deal with. Often, papers have many results, so a researcher
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has to focus on the most interesting ones in order to create an alluring paper, it is

inevitable. As for inappropriate inference after model selection, this can either be

reported in the published paper, due to unawareness of the inappropriateness of

such procedure, or it can fall under the category of interactive data analysis when

not reported.

3.1 Model selection procedures

A model is an abstract construct which we use to describe the relationship be-

tween different elements of reality. We usually use them to explain an asym-

metrical relationship between some explanatory variables, X , and a response

variable, f(X). In order to understand which explanatory variables, among a

given subset of candidate ones, are part of the true data-generating mechanism,

we resort to selection procedures. The most basic form of model selection is the

scientific inquiry itself, in fact over time, through evaluation of hypotheses, we

are eventually able to build up enough evidence to add or remove variables from

what we may call a standard model. When exploring the effects of new possible

explanatory variables, we should always be careful in carrying out inference, in

the words of Ronald Coase "If you torture the data enough, nature will always

confess" [23]. When using frequentist inference to be careful means that the

identification of the best fitting model should be done on observations that are

different from the ones used to carry out inference (i.e., data splitting [15]), by

doing this we are able to keep type I error under control in the long run. Sadly,

this approach is not often applied due to the loss of statistical power it entails.

To overcome this obstacle new methods which exploit conditional probabilities

have been developed in the last 7 years. The main extensions regard the forward

selection (FS) 3.1.1, and the Least Absolute Shrinkage and Selection Operator

(LASSO) 3.1.2.
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3.1.1 Forward selection

The forward selection is a kind of stepwise regression [24], it is an automatic

procedure that allows to select the best model out of several ones by minimiz-

ing a given selection criterion. This procedure adds, or removes, a regressor at

each step depending on the chosen direction (forward or backward). In the for-

ward selection, the procedure starts from the null model (i.e., model with only

intercept) and variables are added to it until there is no more improvement in the

selection criterion. Originally, the selection criterion used was the drop in RSS

(residual sum of squares),

RSSs−1(y,X[p1,...,pJ ]) ≤ RSSs(y,X[p1,...,pJ ,k1]) (3.1)

with p representing the predictors at step s-1, and k the predictor added at the

following step. The drop in RSS would be deemed to be significant by using the

following F test

F =
(RSSp −RSSp+k)/k

RSSp+k/(n− (p+ k)− 1)
(3.2)

where n is the number of observations. This procedure is actually invalid and

several critics have been reported in the literature (see section 3.2). Eventually,

in order to take into account model complexity in the selection process, other

selection criteria such AIC or BIC were introduced. The idea is to control model

complexity by simply adding a penalization factor, λ, to the log likelihood of a

given model

Information criterion = λ− 2ln(L̂) (3.3)

with the procedure stopping when it is not possible to further minimize the infor-

mation criterion. Regardless of the chosen criterion, these methods haven been
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criticized for a long time, but as shown in chapter 4, their performance is similar

to the usually more appreciated LASSO estimator.

3.1.2 LASSO

The LASSO [25] is an estimator which is obtained by simply adding a penal-

ization, λ, for the magnitude of the regression coefficients to the classical OLS

estimator

arg min
β

(y −XB)T (y −Xβ) + λ||β||1 (3.4)

where ||·||1 represent the absolute value. For λ=0 the LASSO solution is equal to

the OLS, while for λ = ∞, the solution is equal to
−→
0 . So for a given lambda the

LASSO provides model selection by setting to 0 some regression coefficients.

The idea is to introduce some bias in the estimation process in order to reduce

the variance and thus obtain a lower mean squared error for the regression coeffi-

cients

MSE(β̂) = (Bias(β̂))2 + V ar(β̂). (3.5)

So the chosen value of λ will usually be either the one minimizing the MSE, or

the one which is 1 standard error away from it, in order to avoid overfitting[26].

3.2 Critics to inference after model selection

In contrast to proper frequentist inference, which relies on pre-specified hypothe-

ses, inference after model selection relies on hypotheses which are selected on

the basis of the results; thus, these hypotheses have to be treated differently or

the subsequent inference will be invalid due to inflation of type I error. Since the

introduction of stepwise regression in 1960 [24], inappropriate inference after
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model selection has begun to spread, despite having been recognized as a flawed

procedure several times over the years. Lockart et al. [27] and Draper et al. [28],

show that the F-tests used for selecting regressors do not have the claimed F dis-

tribution, thus a model selected in this way is not the best among the candidate

ones, but even if the model was selected by other more performing means, such

as the minimization of information criteria, the p-values of the select regressors

could not be trusted as shown in chapter 4. Moreover, as stated by Copas and

Long [29], "The choice of the variables to be included depends on estimated re-

gression coefficients rather than their true values, and so Xj is more likely to be

included if its regression coefficient is overestimated than if its regression coef-

ficient is underestimated", in other words the use of such methods would lead

to bias into the published effects and thus on the subsequent meta-analysis. The

general framework to overcome these problems is summarized in the next sec-

tion.

3.3 Post-model-selection inference

Adaptive generation of hypotheses, such as those formulated after model selec-

tion, violates the classical inference paradigm, resulting in inflation of type I er-

ror. In order to avoid such inflation we have to take into account that the model,

M, was obtained through a model selection procedure, so that under the assump-

tion of H0 being true we can control for the selective type I error, α

PM,H0(reject H0| (M,H0) selected) ≤ α (3.6)

As suggested by Fithian et al.[13], we can think about the scientific process as

a random process, in which models and hypotheses are chosen (randomly) on

the basis of the outcome of previous results, and it is implicitly assumed that

the randomness in selecting M and H0 is independent of the data used for infer-
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ence. Data splitting tries to emulate this process by splitting the data Y= (Y1, Y2)

with Y1 independent of Y2, so to then set aside Y1 for selection and Y2 for infer-

ence. Instead of sacrificing some of the data, which leads to a loss of statistical

power, we could condition to the event that (M,H0) is selected. As with data

splitting, we treat data as if they were revealed in stages: in the first stage, we ob-

serve "just enough" data to resolve the decision of whether to test (M,H0), after

which we can treat the data (Y |(M,H0) selected) as "not yet observed" when

the second stage commences. So we carry out inference only on the selected pre-

dictors in model M, which means that µ (i.e. E(Y )), in the simple linear case

Y ∼ Nn(µ, σ2In) , is equal to

µ = XMβ
M (3.7)

In the non selective case the OLS estimator would be β̂ = (XT
MXM)−1XT

MY ,

instead after the model selection we can rewrite for a particular j and M the esti-

mator as β̂Mj
= ηTMj

Y , with

ηMj
=

Xj·M

||Xj·M ||2
, (3.8)

where Xj·M = P⊥XM\j
Xj , is the reminder after adjusting Xj for other columns of

XM , and P⊥XM\j
denotes the projection onto the column space of XM\j . In other

words we project Xj in the space defined by the model selection procedure, with

Xj·M being the adjusted value of Xj in the selected model, which is then nor-

malized so to have a vector of length one.

For any distribution belonging to the exponential family, under the selected

model we have

Y ∼ exp{ 1

σ2
βTXT

My −
1

2σ2
||y||2 − ψ(XMβ, σ

2)} (3.9)

If σ2 is known, the sufficient statistics are XT
k Y for k∈M. Letting A be the se-
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lection event, inference for βj is based on

LβMj
= (XT

Mj
|XT

M\j, A) (3.10)

Which is equivalent to carry out inference on the Z test statistic

Z =
ηTMj

Y

σ||ηTMj
||

(3.11)

with σ2 = ||P⊥XM\j
Y ||2/(n − |M |). Although, Z is marginally independent of

XT
M\jY , it is not conditionally independent given A, which means that the dis-

tribution of Z depends on the model selection procedure, and thus on XT
M\jY . In

order to obtain a tractable likelihood, Lee et al.[30] have shown that condition-

ing to the selected model as in 3.10 is not enough and we need to condition also

on the signs of the selected effects, thus obtaining a simpler selection event. In

general, to obtain a tractable likelihood when conditioning to the model section

procedure is not an easy task. Given that model M has been selected and being

XT
j Y the sufficient statistic for j ∈ M , if σ2 is known, by following [31], we can

write the conditional post-selection likelihood as

L(βM) =
P (M |XT

j Y )f(XT
j Y )

P (M)
IM (3.12)

where P(M) is the unconditional probability of selecting M, and IM = I{S(y)=M},

is the indicator function for the selection event. The main problem of carrying

out inference after model selection is to identify P(M). In this regard, probably

the most interesting result in inference after model selection is related to the

polyhedral condition set. Tibshirani et al. [32] shows that as long as it is possi-

ble to characterize the selection event as y falling into a polyhedral set, Ay ≤ b

(see Fig. 3.1), it is possible to carry out valid inference.

In particular, [30], shows that for the LASSO with fixed λ, it is possible to rewrite

the polyhedron in terms of ηTy and Z, so that it is possible to explicitly write the
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Figure 3.1: Reformulated representation by Ryan J Tibshirani et al.[32], that
shows the quantities involved in the polyhedral selection

polyhedron boundaries

{Ay ≤ b} = {(Ac)j(ηTy) ≤ bj − (AZ)jfor all j} (3.13)


ηTy ≤ bj−(AZ)j

(Ac)j
, for j:(Ac)j >0 ,

ηTy ≥ bj−(AZ)j
(Ac)j

, for j:(Ac)j <0 ,

0 ≤ bj − (AZ)j, for j:(Ac)j = 0 ,

(3.14)

where A and b represent the constraints of the LASSO solution, and c ≡ Ση(ηTΣη)−1.

By also conditioning on the observed value of Z, we have that

[ηTy|Ay ≤ b, Z = Z0] ∼ TN(ηTµ, σ2||η||2, V −(Z0), V
+(Z0)) (3.15)
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The work by Tibshirani et al. [32], shows that similar results are also available

for the FS, since it is possible to characterize the procedure as y falling into a

polyhedral set. P-values for the FS can be computed in three different ways:

• Inference from sequential p-values: here we test sequentially the null hy-

pothesis that a new predictor, which enters at step k into the active set Ak,

is equal to 0.

• Inference at a fixed step k: here for every predictor in the active set Ak, at

a fixed step k, we test the null hypothesis that the predictor is equal to 0.

• Inference at an adaptively selected step k: here for every predictor in the

active set Ak, at a step k selected through a given criterion (e.g. AIC), we

test the null hypothesis that the predictor is equal to 0.

This paradigm has been extended to accommodate quadratic inequalities which

are needed in order to take into account the search for λ in the LASSO [33], or to

allow inference in presence of categorical variables [34].

To summarize the rationale behind this section, we can say that to carry out in-

ference under the selected model means to condition on the selection event A

that identifies such model. This event affects the distribution of the Z-test statis-

tic by making some values of Z impossible to observe, thus, in order to keep un-

der control the percentage of false positives, we need to observe more extreme

values of Z that if no model selection was carried out. In general, the selection

event will reduce the range of possible observed values starting from values

closer to the null hypothesis, in other words after the model selection procedure

occurs, it is more likely to find significant predictors in the selected set than in

the starting one.
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Chapter 4

Adaptive generation of hypotheses

in inference after model selection

4.1 Introduction

In this chapter the inferential performances of the FS and the LASSO are com-

pared through a Monte Carlo simulation (see section 4.2). The comparison is

carried out while keeping under control type I error, through the conditional

probability approach, and while avoiding to do so. Some comparison between

the two procedure have been carried out over the years, [35, 36], but none of

these addresses an important question "What is the extent of type I error infla-

tion in the selected models?". Awareness around this bad practice started to rise

in the 2000s, but as any practitioner would surely recognize, model selection is

still often practiced carelessly. The worst part is that models are treated as pre-

specified, thereby altering the perception about the quality of the work in ques-

tion. Inflation of type I error, leads inevitably to adaptive generation of hypothe-

ses, with researchers coming up with hypotheses in order to justify their results.

While it is complicated to evaluate the extension of this behavior in general prac-

tice, the aforementioned severe lack of replicability in the literature is evidence

of its presence. The idea of this work is to simulate results of bad practice in

model selection usage. This means that for the LASSO, a variable recovered in

the true set is treated as significant, which while being a misinterpretation it is

also a useful way to show how the LASSO threshold fares in comparison with
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the FS. Obviously, the standard LASSO should not be used to carry out infer-

ence, using the selection event as a threshold for significance, as much as the

results stemming from the FS should not be used to carry out inference.

4.2 Simulation setup

4.2.1 Steps

The simulation can be described by the following steps which are repeated for

each loop

(i) Data generation: data are generated from a multivariate normal distribu-

tions, X ∼ MVN(0, σ2I). The variance, σ2, is fixed equal to 1. The re-

sponse variable, Y, is generated as Y = Xβ + ε, with ε ∼ N(0, 1).

(ii) Model selection: the model selection procedure is applied to the dataset

containing both true predictors and noise variables.

(iii) Outcomes: estimates of the outcomes reported in 4.2.3 are stored.

Afterwards, the average of these estimates is computed over 1000 loops, then

this process is repeated again three times and results are averaged again. This is

done in order to avoid any possible influence of the starting seed in the random

generation process, to obtain more stable estimates and compute a measure of

variability. The function to run the simulation is written in R [37] and is avail-

able in the supplementary material 5. The external packages required are the se-

lectiveInference [38], for the conditional probability approach, the glmnet [39],

for the LASSO, and their related dependencies. The FS is available in the stan-

dard R environment through the step function by simply setting the direction

parameter as forward.
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4.2.2 Parameters configuration

The parameters involved in the simulation are the following

Selective error:

Uncontrolled: inference carried out on the same data used for the model

selection;

Controlled: inference carried out through the conditional probability ap-

proach.

Model selection procedure:

LASSO: the model is selected using the 1 SE rule, [26];

FS: the model selected is the one holding the smallest AIC, within the

range of possible models. For the additive model this range spans

from the null model (only intercept) to the maximum model (all re-

gressors included additively). For the multiplicative model, the range

spans from an additive model to the one with all possible pairwise

interactions.

Structure of the fitted model:

Additive: E[Y ] = X1β̂1 + ....+Xkβ̂k +Xnoise1 β̂1 + ...+Xnoisej β̂j; the true

values of the regression coefficients associated to the noise variables

are all equal to 0.

Multiplicative: it is created by adding to the additive model all the pos-

sible pairwise interactions between regressors; the true values of the

regression coefficients associated to the interactions involving any

noise variable are equal to 0.

Effect size: three predictors are used to generate Y. The effect sizes are fixed to

0.1, 0.3 and 0.5, in both the additive and the multiplicative scenario. In the
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latter they are also the values for the regression coefficients of the inter-

actions. The regressors respectively explain 0.74%, 6.67% and 18.52%

of the variation of Y in the additive scenario. The focus is on small to

medium effects, as they are the ones that are difficult to identify.

Number of noise variables: the amount of noise variables ranges from twice

to four times the number of true effects. This values only reflect a low di-

mensional case, due to exponential increase of computational times as the

number of variables increases.

Observation to variable ratio: this parameter is fixed either to the usual min-

imum recommended value of 10 observation per variable, [40], or to the

half of it.

4.2.3 Outcomes of interest

In order to compare the procedures, both the power for each effect size and the

selective alpha are computed for all the 32 combinations of the above parame-

ters. The threshold used for rejection of the null hypothesis is a p-value smaller

than 0.05 for the FS in the selected model or the inclusion of the variable in the

recovered set for the LASSO. Additionally, in the uncontrolled scenario, the

variation in inferential conclusions is computed as the difference in the amount

of noise variables passing the threshold in the selected model with respect to the

pre-specified full model. While for the controlled scenario, the percentage of

times that the Truncated Gaussian (TG) constraints are not satisfied is evaluated,

since when this occurs the procedure does not properly keep type I error under

control.

All the results discussed in the next section are available in the supplementary

material 5. High dimensional scenarios were not fully evaluated due to exponen-

tial increase of computational times. A constant variability was observed for all
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comparisons, with the range of the average result usually being within ± 1-2%.

4.3 Results

4.3.1 Extent of type I error inflation

The observed extent of type I inflation in Fig. 4.1, shows that even in low dimen-

sional scenarios, the inflation can be quite severe.

The minimum and the maximum observed values of the selective error for the

LASSO are respectively 12% and 40%, while for the FS, values range from 20%

to 33%. The LASSO performs better than FS in the additive scenario while it

performs worse in the multiplicative scenario. Reducing the number of obser-

vations per variable leads to an increase in the selective error, but this inflation

is stronger in the FS than in the LASSO. Observing this relationship in a more

extreme additive scenario, using 40 noise variables and 80 observations, the

selective error raises to 50% for the FS and to 21% for the LASSO, as for the

multiplicative scenario, both procedures show a selective error equal to 50%.

When the number of noise variables increases and the number of observations

decreases, by using the FS, variables which are not significant in the starting

model that end up in the selected model tend to have smaller p-values and to

become significant. In the aforementioned high dimensional case, on average

3 noise variables become significant in the selected model for the FS, while 1

noise variable which is significant in the starting model is removed on average

by the LASSO. This variation in inferential conclusions tends to 0 as the number

of observations per variable increases.
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Figure 4.1: Inflation of type I error due to model selection

4.3.2 Trade-off between type I and type II error

It is straightforward to see that when we control for the selection, Fig.4.3 and

Fig.4.4, the trade-off is way higher than when we do not control. The differ-

ences between the two procedures in the controlled approach are mostly due to

the observation to variable ratio and the effect size. With the LASSO always

improving its performances with respect to the FS when more observations are

available. Also, The LASSO seems to perform slightly better than the FS for

the two smaller effects but the result is reversed for the higher one. Another rel-

evant difference can be seen in Fig. 4.2, with the LASSO failing to satisfy the

TG constraints in some occurrences, leading to a small inflation of false posi-

tives in the long run with respect to the desired level α. This problem might be

due to the search for lambda in the LASSO [33], which is not yet implemented

in the package. As the number of observations per variable gets smaller and the
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complexity of the model increases so does the percentage of times that the TG

constraints are not satisfied. As for the uncontrolled scenario both procedures

show the same results for the smallest effect considered, instead for the other two

effects the LASSO performs better than the FS in the additive case and worse in

the multiplicative case.

Figure 4.2: Relationship between the percentage of time that the TG constraints
are not satisfied and the simulation parameters
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4.4 Conclusions

The results of this simulation clearly show that inflation of type I error can be

extremely severe in inference after model selection. In order to keep type I er-

ror under control while carrying out inference, without using data-splitting, we

can resort to the conditional probability approach to selective inference, which

additionally leads to more powerful procedures for a fixed alpha. Differences be-

tween FS and the LASSO are negligible in the conditional probability approach,

but when not accounting for the model selection in the inferential procedure, the

LASSO seems to behave better in additive scenarios while the FS seems to be-

have better in multiplicative scenarios. This difference might represent a useful

insight on the different behavior of the two procedures in the identification of the

best fitting model. Despite our search for easy answers, these results represent

additional evidence in favor of the no free lunch theorem [41], which shows how

across all possible datasets the performances of machine learning algorithms are

on average the same. Thus, without knowing for sure which is the structure of

the underlying true data-generating mechanism we cannot know a priori which

method will provide the best results.
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Chapter 5

Discussion

This thesis rationale was to explore the reasoning behind the making of science,

in order to understand why it is important to keep type I error under control

when carrying out inference after model selection in a frequentist framework.

To gather insight about the underlying data-generating mechanism is not easy

by any means, and actually we may have already hit a dead end in the pursuit of

the best methodology to carry out such task. But despite its lack of perfection,

the scientific method is the best way to get a better understanding of what sur-

round us and in order enhance its efficacy we should improve the environment in

which research happens. The current publication and funding system allows and

promotes the production of papers of low scientific value (i.e. little is done to

promote replicable science). This means that a viable strategy to advance one’s

career is represented by the collection of high dimensional dataset with subse-

quent massive testing, which is equivalent to testing hypotheses randomly, in

order to then select the most promising results. Something must be off with the

system that allows such a practice, that is the farthest from something we could

define scientific, to be productive. In this context, it becomes important to look

at common bad practices in order to raise the awareness about such misbehav-

iors, since the first step to overcome problems is to realize that they exist. One of

these misbehaviors, which could be easily corrected, is related to inference after

model selection. It should be understood that inferential claims are trustworthy

only if researchers carry out appropriate actions. Talking about statistical power

makes sense only when the type I error of the procedure is fixed to the value de-
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clared by the researcher. The conditional probability approach represents a solid

solution to the problem of inference after model selection, which as shown can

lead to a severe inflation of false positives even in low dimensional scenarios.

It is also interesting to note how the structure of the true data-generating mech-

anism differently affects the two selection procedures in the uncontrolled sce-

nario, which is something that has not been reported in the literature. Instead,

when conditioning to the model selection event the differences between the FS

and the LASSO become less relevant, and depend on the observation to vari-

able ratio and the sizes of the effects rather than the structure of the true data-

generating mechanism.

This thesis brings additional evidence to the threat posed by selective inference

to the reliability of science. If nothing changes, we risk of spreading a sense of

distrust in research, with loss of money and time that will become a common

thing among researchers that start projects on the basis of the scientific litera-

ture. If we truly wish to improve the reliability of science, we need to start en-

acting policies which incentivize replicable findings rather than positive find-

ings. Despite the difficulty of giving a truthful description of our reality, during

the last three hundred years humankind has surely started making great leaps

forward in this difficult task. As often happens in our daily lives it all comes to

down to seeing the glass either half empty or half full, but in the making of sci-

ence we should always be mindful about the importance of what we are doing,

which means that we must be strict about all the steps leading to the production

of knowledge. If we wish to further extend our control over nature, we first need

to control how we produce science.
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\chapter*{Abstract}
Adaptive generation of hypotheses is among the main culprits of the lack of replicability in science. Under conditions of uncertainty, the statements, or the process that generates them, can only be trusted if the reported error rates are reflected in the replication attempts. The discrepancy between the two is due to many factors, but interactive data analysis plays a major role in the inflation of type I error. In this regard, inference after model selection is of particular interest because its misuse can be analyzed through a Monte Carlo simulation. As the findings of this thesis show, inflation of type I error can be quite severe even in low dimensional scenarios, with up to 40\% of false positives in the selected set of variables. Depending on the model selection strategy and the structure of the true data-generating mechanism, this percentage varies greatly. The results of the simulation show different performances between the Least Absolute Shrinkage and Selection Operator (LASSO) and the Forward Selection (FS). In particular, the LASSO yields a type I error lower than the FS when the structure of the true data-generating mechanism is additive and a higher one when the structure is multiplicative. The results also provide additional empirical evidence that given an extensive class of problems, most methods will provide on average comparable solutions. As shown in this thesis, the conditional probability approach to selective inference represents a viable solution to control type I error while avoiding any data loss due to data splitting. In the current research environment, incentives and funding policies need to be reshaped in order to bring about effective changes on the overall reliability of the published papers, but the tools to provide rigorous results, while meeting the needs of the researchers, are available for anyone conscientious enough.





% Search for the true data-generating mechanism is the inherent purpose of science. Following what common sense would suggest, in order to prove causation we have to rely on the replicability of findings, in other words we look for causal determinism. Ironically, the more we know about the universe the more we have to deal with randomness, with the birth of statistics representing the maximum expression of humans' need to find meaning into randomness. Although statistics is among the lasts arrived scientific disciplines that humans have used to describe the world around themselves, it does play a big role in every field nowadays, and doing quantitative research almost always means to use it. Statistics allow us to explore the randomness around us and exploit it to gain a better understanding of reality, whether this is in fact deterministic or stochastic. As time goes by, statistics is evolving to get the best out of the enormous amount of available data. This often leads to thoughtless use of automatic procedures, which results into a departure from the founding principles of frequentist inference about the decision making process, such as the error rate control, which thanks to Neyman and Pearson became integral part of classical frequentist statistics.

% In this dissertation, I focus on the selective inference framework and in particular on correct post model-selection inference. %This dissertation starts off with an introduction about a concept each researcher should relate to, the search for truth, which is strictly related to the search for the underlying nature of reality, then a brief introduction about replicability and statistics evolution over time will follow. In the second chapter, I talk about my view on the role of science in the process of knowledge creation and how the latter is influenced by selective inference. Then in the third chapter, the selective inference framework is summarized with particular focus to inference after model selection. In chapter 4, I show the extent of type I error inflation in inference after model selection, and how this can be easily prevented through the conditional probability approach to inference after model selection. Lastly, a summary of this dissertation under form of discussion will follow.
%. Then in chapter 5 an application to a big data scenario of selective inference methods shows how easily can results of published papers change when addressing selectivity or not. Lastly discussions will follow.
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 \chapter{Introduction}
 
 \section{Search for truth: determinism vs chaos in brief}
 \label{sec:determinism}
 Humankind has always tried to control the surrounding environment in order to improve its existence. To accomplish such task, we had to gain knowledge about the laws of the world, and the more we evolved the more we wanted to extend this control to the smallest of the details. Nowadays this is more true than ever, but even though we are able to create complex systems that make our everyday lives easier, things do not always go as planned. When we face discrepancies between what we planned and what actually happened, we often blame our misfortune, but was it simply our lack of knowledge that led to the unwanted result, or was it something we truly could not predict? In other words, is reality deterministic or stochastic?\\
 In philosophy, the debate over the deterministic or stochastic nature of the world has been going on for centuries. Possibly the first to start the argument in modern literature was Descarte with the principle of causality in 1641 \cite{descartes1984philosophical} "Every effect has an antecedent proximate cause". Eventually the concept of universal determinism of Laplace came into being in 1778 \cite{laplace1998pierre}, he argued that through scientific causality we can exactly predict the state of things, we would "just" need to comprehend all the forces acting to cause any given event.\\
 Although probability came into being into the 18th century, we had to wait until the 1892, for the birth of the chaotic universe theory. While studying the evolution of a physical system over time, Poincaré observed that even the slightest difference in the initial conditions might result in large differences in the final phenomena, due to events that we may call random, which are unpredictable even if the laws of nature held no secret for us \cite{poincare1992new}.\\
Many other arguments were brought in favor of the two views, but what remain certain is that with our actual tools we are not able to discern between our lack of knowledge and a truthfully random universe, actually at the moment these opposing views seem more like two sides of the same coin. A coin is also the perfect example to show how probability can be seen under both paradigms. Let us say that we are interested into knowing what the outcome of a fair coin toss will be. We know that in the long run we are going to observe half of the time tail and half of the time head. Unfortunately, that does not tell us anything at all about the exact result of the next coin toss, thus one could be led to think that it is in fact randomness that rules our world. Now, let us add some details to our previous case. Let us say that the coin toss is going to be performed inside a room and in total absence of wind. Moreover, imagine to know the details about the amount of strength that will be put in the coin toss, the exact spin that it will be given, when and how the spinning will be stopped, and all the rest of possible factors that may interfere with the outcome. Would it not be possible to exactly determine the outcome of the coin toss? If we believe the answer to be yes, and extend this reasoning to everything in our universe, then we are using statistics and probabilities just to deal with our lack of knowledge about a deterministic world by simply evaluating the chances of something happening in the long run. If instead we believe the answer to be no, then we are dealing with a stochastic world by trying to identify its stochastic rules. The debate is without doubt fascinating, but from a practical point of view, it does not matter which one reflects the underlying truth, since even if the world is in fact deterministic, it would simply be impossible to have perfect knowledge about all the factors influencing every outcome. So regardless of the true nature of reality, in order to put sense into randomness, statistics has become our torch to peer into the unknown in the pursuit of knowledge.\\ Despite its focal role, we must bear in mind that statistics is not an exact science, and that we have to rely on the multiplicity of the evidences to draw a conclusion about the presence or absence of an effect. Unfortunately, replicability, which is the only source of real evidence of effects, is often hurt by researchers misconduct in particular by adaptive generation of hypotheses, that as expressed by Benjamini \cite{benjatalk}, may be referred to as the silent killer of replicability.
 

 
 
 \section{Replicability}\label{sec:rep}
Replicability is the ability of a scientific experiment or trial to be repeated by others and obtain a consistent result. The need for such a characteristic in a scientific experiment was firstly stated in the 17th century by Robert Boyle, who noted that a single experiment is not enough and one should continue to replicate it until we are convinced of its validity \cite{10.2307/284940}. According to Fisher, replicability is also a characteristic of a good experiment; “A scientific fact should be regarded as experimentally established only if a properly designed experiment rarely fails to give ... significance.” \cite{fisher1926}. Replicability cannot be assured but it can be enhanced through well and transparently designed experiments, and reproducible data analysis. It should be responsibility of journal editors to have only this kind of papers getting published. However, as of 2019, we are in the middle of a replicability crisis, both in academic (\cite{klein2018many,aarts2015estimating}) and industry research (\cite{begley2012drug}), with replication rates often ranging from 40\% to 10\%, how did we get to this point? By summarizing what stated by Ioannindis in 2005  \cite{ioannidis2005most}, and the main points of a 2016 workshop about this crisis \cite{NAP21915}, the main culprits are:
  
 \begin{itemize}
 	\item The ratio	of true to no relationships among the relationships probed in each scientific field;
 	\item Suboptimal power due to small samples;
 	\item Extreme multiplicity, with many factors being analyzed;
 	\item Adaptive search of the results (i.e. selective inference, which will be discussed in detail in chapter \ref{chap:background}); 
 	\item Financial and other interests, and prejudice;
 	\item Chasing of statistical significance.
 \end{itemize}
 
Some of these points are hardly improvable, due to the conflict of interest that revolves around a researcher career and his publications, and publishers' interest in the higher citation rate provided by positives findings. Having accounted for these problems, there are ways in which we may improve the scientific process, one way to do so, is to spread knowledge about the problem while hoping in researchers' good faith. One concrete solution has been proposed by Benjamini \cite{benjatalk}, the idea is to have a mandatory replication study, for the main outcomes of the studies, attached to the published article. In this way, we protect ourselves from the conflict of interest by having another researcher carrying out the study while having a probability of wrongly rejecting the null hypotheses in both studies, with effects in the same direction, equal to 0.00125 (for $\alpha=0.05$). Of course, in order to make this possible, granting agencies would have to cooperate and allocate funds accordingly to the replication effort and its adequacy. However, inconclusive or negative replication results should not be a reason to cancel a grant. Another way to improve things is to have journals accept papers before studies are actually conducted, so that their decision would be based only on the starting hypothesis and the methodology, and not on the results, thus removing one of the incentives to follow statistical significance.
 

 
 
\section{Evolution of statistics and statistical needs}	
Frequentist statistics taught in universities nowadays, tells us that statistical inference is the process through which we extend the results observed on a random sample to the underlying infinite population. In order to correctly infer results, the classical frequentist approach relies on a priori specification of hypotheses, in other words we fix a model, which is a set of assumptions, under which our results are valid. This singular view of the inferential process is actually a hybridization \cite{lenhard2006models}. In fact, this topic created debate among whom we may call the father of Statistics, Ronald Fisher, and the duo formed by Neyman and Pearson. Where the first thought a statistician should be flexible and create ad-hoc models for every single case, the seconds thought a rigorous mathematical approach should be consistently followed each time, in order to obtain coherence in the formalization of statistical problems\cite{lenhard2006models}. Several other differences can be seen in the two school of thoughts, the most of important of which is probably the role of the p-value. For Fisher it should have been used as a continuous index of evidence against the null hypothesis without any decision rule, which was later introduced by Neyman and Pearson, as it is necessary in order to express a judgment over the presence or absence of an effect. Despite their differences, what they could not foresee is that their approaches would eventually become known as one thing.\\ Statistics is still a new science, and since its purpose is to find answers to real problems, methods have constantly evolved with the emergence of new needs. Modern statistics was born between the late-19th and early-20th century, at that time computations had to be done by hand so methods were built to handle few variables and small samples. With the advent of the digital revolution, data availability and computation speed greatly grew, thus researchers tried to make the most out the data they had, giving rise to what we may call "adaptive statistics" (i.e. model selection procedures) and to machine learning. Attention has been shifted to prediction (i.e. machine learning), which surely has its purpose, but the results stemming from prediction tools should not be lightly used to carry out frequentist inference, where the latter establishes objective rules in order to take decisions regarding the absence of an effect, the former does not establish any objective decision mechanism. At the boundary between statistics and machine learning lies model selection, which is embedded into the prediction mindset, but should find place in statistics only if applied with the proper care. Improper inference carried out on the selected model increases type I error \cite{fithian2014optimal}, thus by treating the selected model as if it was pre-specified, we invalidate the procedure (see chapter \ref{chap:adpt} for a quantification of the extent of type I error). Users of any method should always be aware of its pros and cons in order to use it properly. Sadly, that is often not the case with statistics. Researchers often have so many data that it is almost impossible to make any sense out of them, thus leading to abuse of automatic procedures. These methods are used to quickly look through data in order to find best evidence of the presence of an effect, without realizing how this a posteriori formulation of hypotheses can easily lead to deceptive results, see chapter \ref{chap:adpt}. Critics to this approach have been made for over 20 years\cite{Harrell:2006:RMS:1196963} (see section \ref{sec:crit}), but up to the last 7 years, the only solution was to use data splitting \cite{faraway1995data}, which never caught on in standard research, due to the loss of observations and thus statistical power. In the last half-decade, the so-called selective inference framework has started emerging. This framework allows us to take into account the model selection procedure used to identify a given model, thus allowing to carry out inference without sacrificing any data and while controlling type I error.


\section{Aim of the thesis}
The aim of this thesis is to show the threat posed by adaptive generation of hypotheses to the reliability of science. In order to fully understand the implications of the findings reported in chapter \ref{chap:adpt}, it is necessary to get a grasp of the problems arising in knowledge creation and the role played by the current incentive system within the scientific environment. These problems are faced in chapter \ref{chap:role}. In chapter \ref{chap:background}, the selective inference framework is summarized in order to grant the reader a basic understanding of it.


%This doctoral dissertation goal is to spread correct practice in the use of inference after model selection, by highlighting flaws of bad practice, and by summarizing results of post model-selection inference. Moreover, it reflects my contribution through an extensive simulation which compares model selection procedures available in the selective inference framework, showing how severe type I error inflation can be when model selection is not addressed and how this can easily be kept under control through conditional probability methods.


\chapter{The role of science}
\label{chap:role}
In order to understand why it is important to address selectivity, we have to recall what is the goal of science and how can researchers be attuned to it while performing frequentist inference. As exemplified by Fig.\ref{fig:Role}, science is a learning process that starts by observation of the surrounding world and ends with some acquired knowledge about it that eventually becomes integrating part of our shared knowledge. 

 	\begin{figure}[h!]
 		\begin{center}	
 			$\includegraphics[scale=0.6]{Role.png}$
 			\caption{Exemplified scientific process. The solid bar represents the inaccessibility of an objective state of perception to humankind}
 			\label{fig:Role}
 		\end{center}
 	\end{figure}


We use science to build up over time a reliable source of knowledge, but since the only thing we are sure to perceive is our subjective sense of reality, how can we define what is reliable? Even if an objective reality were to exist, we as humans are bounded to never know for sure how far our perceived reality is from it. Epistemologists have long debated on how to define a reliable process \cite{goldman2012reliabilism}, and despite the valid counter-arguments, an interesting definition is given by Goldman \cite{goldman1979justified}, which says that a process is reliable if its truth ratio (number of true beliefs generated/number of beliefs generated) is close to 1.0. Unfortunately, the only way to use such definition would be to know what is true and what is not. Instead, what we humans do to evaluate the reliability of a process is to look at internal coherence of the generated beliefs, which does not imply at all that our beliefs are true or that the process is reliable, but this is as much as we can do. %In some cases, internal coherence of beliefs happens to be enough, for instance we know for sure that humans need water to survive. This is a true statement that can be observed at macroscopic level, by looking at the aftermath of prolonged water deprivation, or at microscopic level by observing how water it is used by cells for their survival, upon which ours also depend. In other cases, internal reliability is not enough, for instance Newton's law of universal gravitation was considered to be correct everywhere in the universe for two centuries, but Einstein shown that it was just an approximation and therefore not an universal truth. At the same time Einstein theory is probably incomplete, since it contrasts with quantum mechanics, but as long as we know that we do not have a complete picture of a problem we are legitimated to follow abdutive reasoning in order to explain a given phenomenon%.\\    
Given this abiding condition of uncertainty, on which basis can we define whether a learning process is scientific or not? This eternal dilemma goes by the name of demarcation problem and despite the long debate there is no complete consensus on a foolproof solution to it. Probably the best demarcation methodology is given by Lakatos \cite{lakatos1976falsification}, who properly explained Popper's point of view on the matter \cite{popper2014conjectures}. To summarize the concept, we could say that a theory is scientific if it is possible to produce data that could potentially falsify it. This leads inevitably to an ever-increasing degree of knowledge for humankind, with old views of the world being replaced by new ones. In other words, science can be seen as a collection of stochastic processes, one for any given set of hypotheses, $H_0$, which is evaluated through a model, M, so that over time the natural filtration of such processes can be written as


\begin{equation}
	F_0(H_{0_0},M_0) \subseteq	F_t(H_{0_t},M_t) 
\end{equation}

Hopefully reducing our uncertainty about the nature of $H_0$, while assuming that its true value stays fixed over time. \\Up until now, I have glossed over the trickiest part of the process, how do we move from observation of phenomenons to acquisition of knowledge? Since the observation process occurs under lack of knowledge about the true data-generating mechanism, and thus under conditions of uncertainty about all the involved factors, we have to find ways to incorporate this uncertainty into our acquisition of knowledge. Inferential statistics was born to answer this need, borrowing elements from both the deductive and the inductive reasoning in order to gauge the evidence brought by data against a given hypothesis. Now depending on the inferential framework we choose to follow, frequentist or Bayesian, the way in which we formalize the problem changes. Despite the long debate between ideologists of both sides upon which is the correct way to carry out inference, both are valid approaches to inference, as they are simply different ways of looking at the decision-making process. Where frequentist inference takes shelter under an objective approach, Bayesian inference chooses to rely on the strength of subjective views, so where the latter reflects a human approach to knowledge, the first tries to escape it. Both approaches have weaknesses and both are easily susceptible to exploitation through poor management of procedures. There is no doubt though, that suspicions about the reliability of a finding should arise when conclusions change systematically depending on the inferential framework used.\\
	Having introduced the concept of inference under conditions of uncertainty we can now try to define what a reliable process should be like in this context. Following a frequentist framework, we know that we can commit type-I and type-II errors when carrying out inference, this means that a process which exploits such a methodology will be reliable (i.e. truth ratio close to 1) only if it sticks to the declared error rates. As shown in section \ref{sec:rep}, replication efforts will usually show very low replication rates, this is a strong evidence of a high presence of false positives in the published literature. If one stops to think about it though, this outcome should not be so surprising. \\To start off, the publishing process acts as a discriminant between what is deemed to be worthy of being published and what is not, on the basis of several factors which are not related to the quality of the paper in question. The most relevant is the citation potential, which is higher for positive findings and which therefore makes them more sought after by journal publishers, thus leading to a biased publication strategy. If you combine this behavior with the propensity of funding agencies to more easily fund researchers with a high number of citations, or those who promise novel findings, you can see how the positive feedback loop between a researcher's career and the publishing of such results continues to be fueled. This relationship has been increasingly exploited over the years, since as shown by \cite{fanelli2012negative}, the number of positive findings in the literature kept rising from 70.2\% in 1990 to 85.9\% in 2007, with this last observation possibly not representing the final plateau. To sum it up, this means that when we talk about the reliability of the scientific process, we are actually also talking about the reliability of the publication process, which is the only evidence on which basis we can evaluate the underlying mechanism that generates knowledge.\\
Taking inspiration from Ioannidis \cite{ioannidis2005most}, we can now think of a thought experiment. Let us assume that we happened to know the true state of several hypotheses being tested, if the ratio of false to true null hypotheses (R) was to be equal to 1, and if everybody was to run analysis with the same inferential error rates, we could think of some possible scenarios as the ones in Tab. \ref{tab:ex1}. If this were the case, it would be easy to evaluate the reliability of researchers' actions by simply looking at the gap between the declared error rates and the ones observed through replications efforts.



\begin{table}[h!]	
	\setlength\tabcolsep{4pt}

		\begin{adjustbox}{max width=1.1\textwidth,center}
	\begin{tabular}{cccc}
		& \multicolumn{2}{c}{\begin{tabular}[c]{@{}c@{}} \textbf{Hypotheses}\\ \textbf{being tested}\end{tabular}}  &                           \\
		& \multicolumn{1}{c}{ \textbf{100 False \boldsymbol{$H_0$}}} & \multicolumn{1}{c|}{ \textbf{ 100 True \boldsymbol{$H_0$}}}                & \textbf{Published false positives} \\
		\textbf{Scenario 1} (\boldsymbol{$\beta=20\%, \alpha=5\%$})   & \multicolumn{1}{c}{80 rejection}   & \multicolumn{1}{c|}{5 rejection}                  & 5/85=5.88\%               \\
		\textbf{Scenario 2} (\boldsymbol{$\beta=80\%, \alpha=20\%$}) & \multicolumn{1}{c}{20 rejection}   & \multicolumn{1}{c|}{20 rejection}                 & 20/40=50\%               
	\end{tabular}
		\end{adjustbox}
		\caption{Published literature scenarios with ratio of false to true null hypotheses equal to 1}
		\label{tab:ex1}
	
	\hspace*{-2cm}
\end{table}


If now we let R varies to 1/3, by looking at the higher degree of false positives in the literature, Tab.\ref{tab:ex2}, we can realize how dangerous it is to randomly test hypotheses. By trying to portray this thought experiment into reality, we know that exploratory studies and phase I clinical trials test many hypotheses, so R is likely to be way lower than 1/3. Moreover, we know that before conducting a study researchers quite often run power analysis only for the main outcome, or they do not run it at all, and at the same time they often carry out several actions which lead to an inflation of type I error, see section \ref{sec:rep}. It becomes therefore easy to see why the literature is filled up with false positives. 

\begin{table}[h!]
	\setlength\tabcolsep{4pt}
	
	\begin{adjustbox}{max width=1.1\textwidth,center}
	\begin{tabular}{cccc}
		& \multicolumn{2}{c}{\begin{tabular}[c]{@{}c@{}} \textbf{Hypotheses}\\ \textbf{being tested}\end{tabular}}  &                           \\
		& \multicolumn{1}{c}{ \textbf{50 False \boldsymbol{$H_0$}}} & \multicolumn{1}{c|}{ \textbf{ 150 True \boldsymbol{$H_0$}}}                & \textbf{Published false positives} \\
		\textbf{Scenario 1} (\boldsymbol{$\beta=20\%, \alpha=5\%$})   & \multicolumn{1}{c}{40 rejection}   & \multicolumn{1}{c|}{8 rejection}                  & 8/48=16.67\%               \\
		\textbf{Scenario 2} (\boldsymbol{$\beta=80\%, \alpha=20\%$}) & \multicolumn{1}{c}{10 rejection}   & \multicolumn{1}{c|}{30 rejection}                 & 30/40=75\%               
	\end{tabular}
	\end{adjustbox}
	\caption{Published literature scenarios with ratio of false to true null hypotheses equal to 1/3}
	\label{tab:ex2}		
\end{table}

In order to enhance the reliability of science, funding agencies and journal publishers should start acting differently. Either by removing the link between a researcher's career and the amount of positive findings he discovers or by introducing incentives to publish replicable results. Otherwise, as pointed out by Higginson and Munafò \cite{higginson2016current}, within this ecosystem (i.e., incentive structures) researchers will keep maximizing their fitness (i.e., publication records), regardless of the scientific value of their discovery.\\
In this context the least one could do is to promote the proper way to carry out inference. In this thesis, I focus on the control of type I error, which is something that can be achieved even after data collection. Something that should be easily understood, but is often neglected, is the need to keep type I error under control when running several statistical tests or models. When performing multiple hypotheses tests the probability of making at least one false discovery (FWER), is equal to


\begin{equation}
	\alpha_{FWER}=1-(1-\alpha_{ \text{(per comparison)}})^m
\end{equation}

with m equal to the number of comparisons. Now, something more subtle occurs when out of all the possible tests we only select those passing a threshold, or in multipurpose surveys, when we ignore the total amount of tests being done while focusing only on one aspect of the whole survey. This selection leads to an inflation of type I error due to a reduction of the number of comparisons taken into account and thus to adaptive generation of hypotheses. In the next chapter the focus will slowly shift to inference after model selection, which is only one of the possible ways in which selectivity may occur, leading the way for the fourth chapter in which I will show through a simulation the extent of type I error inflation in post-model-selection inference. 




\chapter{Selective inference background} 
\label{chap:background}	
When we talk about selective inference, we refer to a framework in which inference is carried out on a subset of parameters that turned out to be of interest after viewing the data, which therefore implies an adaptive generation of hypotheses. The selection can occur in different ways, we talk about out-of-study selection when it is not evident in the published works


\begin{itemize}	
	\item File drawer/publication bias: bias due to the tendency to publish only positive results.
	\item P-hacking: extensive "manipulation" of the analysis in order to obtain significant results.
	\item Interactive data analysis: selection of hypotheses after data snooping.
\end{itemize}

these actions will always lead to a bias into the pool of published papers. Instead, we talk about in-study selection when it is evident in the published work
\begin{itemize}
	\item Selection by the abstract, table, figure.
	\item Selection by highlighting effects passing a threshold.
	\item Reported model selection.
\end{itemize}

Out-of-study selection cannot be recognized in most cases, but sometimes it is possible to highlight the presence of publication bias, through instruments like contour-enhanced funnel plots \cite{peters2008contour}. On the contrary, in-study selection is evident, but not easy to deal with. Often, papers have many results, so a researcher has to focus on the most interesting ones in order to create an alluring paper, it is inevitable. As for inappropriate inference after model selection, this can either be reported in the published paper, due to unawareness of the inappropriateness of such procedure, or it can fall under the category of interactive data analysis when not reported.   



\section{Model selection procedures}
A model is an abstract construct which we use to describe the relationship between different elements of reality. We usually use them to explain an asymmetrical relationship between some explanatory variables, $X$, and a response variable, $f(X)$. In order to understand which explanatory variables, among a given subset of candidate ones, are part of the true data-generating mechanism, we resort to selection procedures. The most basic form of model selection is the scientific inquiry itself, in fact over time, through evaluation of hypotheses, we are eventually able to build up enough evidence to add or remove variables from what we may call a standard model. When exploring the effects of new possible explanatory variables, we should always be careful in carrying out inference, in the words of Ronald Coase "If you torture the data enough, nature will always confess" \cite{coase1988should}. When using frequentist inference to be careful means that the identification of the best fitting model should be done on observations that are different from the ones used to carry out inference (i.e., data splitting \cite{faraway1995data}), by doing this we are able to keep type I error under control in the long run. Sadly, this approach is not often applied due to the loss of statistical power it entails. To overcome this obstacle new methods which exploit conditional probabilities have been developed in the last 7 years. The main extensions regard the forward selection (FS) \ref{sec:forward}, and the Least Absolute Shrinkage and Selection Operator (LASSO) \ref{sec:LASSO}.



\subsection{Forward selection}
 \label{sec:forward}
 The forward selection is a kind of stepwise regression \cite{ralston1960mathematical}, it is an automatic procedure that allows to select the best model out of several ones by minimizing a given selection criterion. This procedure adds, or removes, a regressor at each step depending on the chosen direction (forward or backward). In the forward selection, the procedure starts from the null model (i.e., model with only intercept) and variables are added to it until there is no more improvement in the selection criterion. Originally, the selection criterion used was the drop in RSS (residual sum of squares), 
 
 
 \begin{equation}
RSS_{s-1}(y,X_{[p_1,...,p_J]}) \le RSS_s(y,X_{[p_1,...,p_J,k_1]})
 \end{equation}
 
 with p representing the predictors at step s-1, and k the predictor added at the following step. The drop in RSS would be deemed to be significant by using the following F test 
 
  \begin{equation}
 F=\frac { (RSS_p-RSS_{p+k})/k }{RSS_{p+k}/(n-(p+k)-1) }
 \end{equation}
 
 where n is the number of observations. This procedure is actually invalid and several critics have been reported in the literature (see section \ref{sec:crit}). Eventually, in order to take into account model complexity in the selection process, other selection criteria such AIC or BIC were introduced. The idea is to control model complexity by simply adding a penalization factor, $\lambda$, to the log likelihood of a given model
 
 \begin{equation}
 \text{	Information criterion}= \lambda-2 ln (\hat L)
 \end{equation}
 
 with the procedure stopping when it is not possible to further minimize the information criterion. Regardless of the chosen criterion, these methods haven been criticized for a long time, but as shown in chapter \ref{chap:adpt}, their performance is similar to the usually more appreciated LASSO estimator.

\subsection{LASSO}
 \label{sec:LASSO}
The LASSO \cite{tibshirani1996regression} is an estimator which is obtained by simply adding a penalization, $\lambda$, for the magnitude of the regression coefficients to the classical OLS estimator

\begin{equation}
\argmin_\beta (y-XB)^T (y-X\beta)+ \lambda ||\beta||_1
\end{equation}

where $||\cdot||_1$ represent the absolute value. For $\lambda$=0 the LASSO solution is equal to the OLS, while for $\lambda=\infty$, the solution is equal to $\overrightarrow{0}$. So for a given lambda the LASSO provides model selection by setting to 0 some regression coefficients. The idea is to introduce some bias in the estimation process in order to reduce the variance and thus obtain a lower mean squared error for the regression coefficients

\begin{equation}
MSE (\hat{\beta})= (Bias (\hat{\beta}))^2+ Var (\hat{\beta}).
\end{equation}

 So the chosen value of $\lambda$ will usually be either the one minimizing the MSE, or the one which is 1 standard error away from it, in order to avoid overfitting\cite{friedman2001elements}.


\section{Critics to inference after model selection} \label{sec:crit}
In contrast to proper frequentist inference, which relies on pre-specified hypotheses, inference after model selection relies on hypotheses which are selected on the basis of the results; thus, these hypotheses have to be treated differently or the subsequent inference will be invalid due to inflation of type I error. Since the introduction of stepwise regression in 1960 \cite{ralston1960mathematical}, inappropriate inference after model selection has begun to spread, despite having been recognized as a flawed procedure several times over the years. Lockart et al. \cite{lockhart2014significance} and Draper et al. \cite{draper1971distribution}, show that the F-tests used for selecting regressors do not have the claimed F distribution, thus a model selected in this way is not the best among the candidate ones, but even if the model was selected by other more performing means, such as the minimization of information criteria, the p-values of the select regressors could not be trusted as shown in chapter \ref{chap:adpt}. Moreover, as stated by Copas and Long \cite{copas1991estimating}, "The choice of the variables to be included depends on estimated regression coefficients rather than their true values, and so $X_j$ is more likely to be included if its regression coefficient is overestimated than if its regression coefficient is underestimated", in other words the use of such methods would lead to bias into the published effects and thus on the subsequent meta-analysis. The general framework to overcome these problems is summarized in the next section.


\section{Post-model-selection inference}

Adaptive generation of hypotheses, such as those formulated after model selection, violates the classical inference paradigm, resulting in inflation of type I error. In order to avoid such inflation we have to take into account that the model, M, was obtained through a model selection procedure, so that under the assumption of $H_0$ being true we can control for the selective type I error, $\alpha$

\begin{equation}
\mathbb{P}_{M,H_0}(reject \ H_0|\ (M,H_0) \ selected ) \le \alpha
\end{equation}

As suggested by Fithian et al.\cite{fithian2014optimal}, we can think about the scientific process as a random process, in which models and hypotheses are chosen (randomly) on the basis of the outcome of previous results, and it is implicitly assumed that the randomness in selecting M and $H_0$ is independent of the data used for inference. Data splitting tries to emulate this process by splitting the data Y= ($Y_1,Y_2$) with $Y_1$ independent of $Y_2$, so to then set aside $Y_1$ for selection and $Y_2$ for inference. Instead of sacrificing some of the data, which leads to a loss of statistical power, we could condition to the event that $(M, H_0)$ is selected. As with data splitting, we treat data as if they were revealed in stages: in the first stage, we observe "just enough" data to resolve the decision of whether to test $(M,H_0)$, after which we can treat the data ($Y|(M,H_0)\ selected $) as "not yet observed" when the second stage commences. So we carry out inference only on the selected predictors in model M, which means that $\mu$ (i.e. $\mathbb{E}(Y)$), in the simple linear case  $Y\sim N_n (\mu, \sigma^2I_n)$ , is equal to


\begin{equation}
	\mu=X_M \beta^M
\end{equation}

In the non selective case the OLS estimator would be $\hat{\beta}=(X_M^TX_M)^{-1}X_M^TY$, instead after the model selection we can rewrite for a particular j and M the estimator as $\hat{\beta}_{M_j}=\eta_{M_j}^TY$, with 

\begin{equation}
\eta_{M_j}= \frac{X_{j\cdot M}}{ ||X_{j\cdot M}||^2},
\end{equation}

where $  X_{j\cdot M}= P^\perp_{X_{M\backslash j} }X_j$, is the reminder after adjusting $X_j$ for other columns of $X_M$, and $ P^\perp_{X_{M\backslash j}}$ denotes the projection onto the column space of $X_{M\backslash j}$. In other words we project $X_j$ in the space defined by the model selection procedure, with $X_{j\cdot M}$ being the adjusted value of $X_j$ in the selected model, which is then normalized so to have a vector of length one. \\For any distribution belonging to the exponential family, under the selected model we have

\begin{equation}
	Y\sim exp \{ \frac{1}{\sigma^2} \beta^TX_M^Ty - \frac{1}{2\sigma^2} ||y||^2- \psi(X_M\beta ,\sigma^2)    \}
\end{equation}

If $\sigma^2$ is known, the sufficient statistics are $X^T_{k}Y$ for k$\in$ M. Letting A be the selection event, inference for $\beta_j$ is based on

\begin{equation}\label{eq:1}
	\mathcal{L}_{\beta_{M_j}}=(X^T_{M_j}| X^T_{M \backslash j} ,A )  
\end{equation}

Which is equivalent to carry out inference on the Z test statistic


\begin{equation}
	Z=\frac{\eta_{M_j}^TY}{\sigma ||\eta_{M_j}^T||}
\end{equation}



with $\sigma^2= ||P^\perp_{X_{M\backslash j}}Y||^2/(n-|M|) $. Although, Z is marginally independent of $ X^T_{M \backslash j}Y$, it is not conditionally independent given A, which means that the distribution of Z depends on the model selection procedure, and thus on $ X^T_{M \backslash j}Y$. In order to obtain a tractable likelihood, Lee et al.\cite{lee2016exact} have shown that conditioning to the selected model as in \ref{eq:1} is not enough and we need to condition also on the signs of the selected effects, thus obtaining a simpler selection event. In general, to obtain a tractable likelihood when conditioning to the model section procedure is not an easy task. Given that model M has been selected and being $X_j^TY$ the sufficient statistic for $j\in M$, if $\sigma^2$ is known, by following \cite{meir2017tractable}, we can write the conditional post-selection likelihood as

\begin{equation}
	\mathcal{L}(\beta_M)=\frac{P(M|X_j^TY) f(X_j^TY) }{P(M)} I_M
\end{equation} 

where P(M) is the unconditional probability of selecting M, and $I_M=I_{  \{S(y)=M \}  }$, is the indicator function for the selection event. The main problem of carrying out inference after model selection is to identify P(M). In this regard, probably the most interesting result in inference after model selection is related to the polyhedral condition set. Tibshirani et al. \cite{tibshirani2016exact} shows that as long as it is possible to characterize the selection event as \textit{y} falling into a polyhedral set, $Ay \le b$ (see Fig. \ref{fig:Selectiom}), it is possible to carry out valid inference.


\begin{figure}[h!]

	\begin{center}	
		$\includegraphics[scale=1,trim={3cm 0 0 0}]{Selection.png}$
		\caption{Reformulated representation by Ryan J Tibshirani et al.\cite{tibshirani2016exact}, that shows the quantities involved in the polyhedral selection}
		\label{fig:Selectiom}
	\end{center}
\end{figure}
In particular, \cite{lee2016exact}, shows that for the LASSO with fixed $\lambda$, it is possible to rewrite the polyhedron in terms of $\eta^Ty$ and Z, so that it is possible to explicitly write the polyhedron boundaries


\begin{equation}
\{ Ay \le b   \}= \{(Ac)_j (\eta^Ty) \le b{_j} - (AZ)_j \text{for all j}    \}
\end{equation}

\begin{equation}
	\begin{cases}
	\eta^T y \le \frac{b_j-(AZ)_j}{(Ac)_j}, \ \ \text{for j:$(Ac)_j$ >0 ,}  \\
	\eta^T y \ge \frac{b_j-(AZ)_j}{(Ac)_j}, \ \ \text{for j:$(Ac)_j$ <0 ,}\\
	0\le b_j-(AZ)_j, \ \ \text{for j:$(Ac)_j$ = 0 ,}
	\end{cases}
\end{equation}

where A and b represent the constraints of the LASSO solution, and $c\equiv \Sigma\eta (\eta^T\Sigma\eta)^{-1}$.\\ By also conditioning on the observed value of Z, we have that  
\begin{equation}
	[\eta^Ty|Ay \le b, Z=Z_0]\sim TN(\eta^T\mu, \sigma^2 ||\eta||^2,V^-(Z_0),V^+(Z_0))
\end{equation}
  
The work by Tibshirani et al. \cite{tibshirani2016exact}, shows that similar results are also available for the FS, since it is possible to characterize the procedure as y falling into a polyhedral set. P-values for the FS can be computed in three different ways:

\begin{itemize}
\item Inference from sequential p-values: here we test sequentially the null hypothesis that a new predictor, which enters at step k into the active set $A_k$, is equal to 0. 
\item Inference at a fixed step k:  here for every predictor in the active set $A_k$, at a fixed step k, 
we test the null hypothesis that the predictor is equal to 0.
\item Inference at an adaptively selected step k: here for every predictor in the active set $A_k$, at a step k selected through a given criterion (e.g. AIC), we test the null hypothesis that the predictor is equal to 0.
\end{itemize}


This paradigm has been extended to accommodate quadratic inequalities which are needed in order to take into account the search for $\lambda$ in the LASSO \cite{loftus2015selective}, or to allow inference in presence of categorical variables \cite{loftus2015selective_g}.\\To summarize the rationale behind this section, we can say that to carry out inference under the selected model means to condition on the selection event A that identifies such model. This event affects the distribution of the Z-test statistic by making some values of Z impossible to observe, thus, in order to keep under control the percentage of false positives, we need to observe more extreme values of Z that if no model selection was carried out. In general, the selection event will reduce the range of possible observed values starting from values closer to the null hypothesis, in other words after the model selection procedure occurs, it is more likely to find significant predictors in the selected set than in the starting one.

 	

\chapter{Adaptive generation of hypotheses in inference after model selection}
\label{chap:adpt}

\section{Introduction}
%This chapter is an extract of a work of mine by the same name, which is currently under review \cite{gioe20}.\\
In this chapter the inferential performances of the FS and the LASSO are compared through a Monte Carlo simulation (see section \ref{sec:sim}).
The comparison is carried out while keeping under control type I error, through the conditional probability approach, and while avoiding to do so. Some comparison between the two procedure have been carried out over the years, \cite{hastie2007forward,hastie2017extended}, but none of these addresses an important question "What is the extent of type I error inflation in the selected models?". Awareness around this bad practice started to rise in the 2000s, but as any practitioner would surely recognize, model selection is still often practiced carelessly. The worst part is that models are treated as pre-specified, thereby altering the perception about the quality of the work in question. Inflation of type I error, leads inevitably to adaptive generation of hypotheses, with researchers coming up with hypotheses in order to justify their results. While it is complicated to evaluate the extension of this behavior in general practice, the aforementioned severe lack of replicability in the literature is evidence of its presence. The idea of this work is to simulate results of bad practice in model selection usage. This means that for the LASSO, a variable recovered in the true set is treated as significant, which while being a misinterpretation it is also a useful way to show how the LASSO threshold fares in comparison with the FS. Obviously, the standard LASSO should not be used to carry out inference, using the selection event as a threshold for significance, as much as the results stemming from the FS should not be used to carry out inference.



\section{Simulation setup}
\label{sec:sim}
	\subsection{Steps}
The simulation can be described by the following steps which are repeated for each loop
\begin{enumerate}[label=(\roman*)]
	\item Data generation: data are generated from a multivariate normal distributions, $X\sim MVN(0,\sigma^2I)$. The variance, $\sigma^2$, is fixed equal to 1. The response variable, Y, is generated as $Y=X\beta+\epsilon$, with $\epsilon \sim N(0,1)$.
	\item Model selection: the model selection procedure is applied to the dataset containing both true predictors and noise variables.
	\item Outcomes: estimates of the outcomes reported in \ref{sssec:out} are stored. 
\end{enumerate}
Afterwards, the average of these estimates is computed over 1000 loops, then this process is repeated again three times and results are averaged again. This is done in order to avoid any possible influence of the starting seed in the random generation process, to obtain more stable estimates and compute a measure of variability. The function to run the simulation is written in R \cite{R_prog} and is available in the supplementary material \ref{supp}. The external packages required are the selectiveInference \cite{pack_sel}, for the conditional probability approach, the glmnet \cite{glmnet}, for the LASSO, and their related dependencies. The FS is available in the standard R environment through the step function by simply setting the direction parameter as forward.

\subsection{Parameters configuration}\label{sec:par}

The parameters involved in the simulation are the following
\begin{description}
	\item [Selective error:] \mbox{}
	\begin{description} 
		\item Uncontrolled: inference carried out on the same data used for the model selection;
		\item Controlled: inference carried out through the conditional probability approach.
	\end{description}
	
	\item [Model selection procedure:]
	
	\begin{description}   \item[]
		\item LASSO: the model is selected using the 1 SE rule, \cite{friedman2001elements};
		\item FS: the model selected is the one holding the smallest AIC, within the range of possible models. For the additive model this range spans from the null model (only intercept) to the maximum model (all regressors included additively). For the multiplicative model, the range spans from an additive model to the one with all possible pairwise interactions.
	\end{description}
	\item [Structure of the fitted model:]  \mbox{}
	\begin{description}
		\item Additive: $\mathbb{E} [Y]= X_1\hat{\beta}_1+....+X_k \hat{\beta}_k+ X_{\text{noise}_1} \hat{\beta}_1+...+X_{\text{noise}_j} \hat{\beta}_j $; the true values of the regression coefficients associated to the noise variables are all equal to 0.
		\item Multiplicative: it is created by adding to the additive model all the possible pairwise interactions between regressors; the true values of the regression coefficients associated to the interactions involving any noise variable are equal to 0.
	\end{description}
	\item [Effect size:] three predictors are used to generate Y. The effect sizes are fixed to 0.1, 0.3 and 0.5, in both the additive and the multiplicative scenario. In the latter they are also the values for the regression coefficients of the interactions. The regressors respectively explain 0.74\%, 6.67\% and 18.52\% of the variation of Y in the additive scenario. The focus is on small to medium effects, as they are the ones that are difficult to identify.

	\item [Number of noise variables:] the amount of noise variables ranges from twice to four times the number of true effects. This values only reflect a low dimensional case, due to exponential increase of computational times as the number of variables increases.
	\item [Observation to variable ratio:] this parameter is fixed either to the usual minimum recommended value of 10 observation per variable, \cite{harrell1984regression}, or to the half of it.

	
\end{description}


\subsection{Outcomes of interest}\label{sssec:out}
In order to compare the procedures, both the power for each effect size and the selective alpha are computed for all the 32 combinations of the above parameters. The threshold used for rejection of the null hypothesis is a p-value smaller than 0.05 for the FS in the selected model or the inclusion of the variable in the recovered set for the LASSO. Additionally, in the uncontrolled scenario, the variation in inferential conclusions is computed as the difference in the amount of noise variables passing the threshold in the selected model with respect to the pre-specified full model. While for the controlled scenario, the percentage of times that the Truncated Gaussian (TG) constraints are not satisfied is evaluated, since when this occurs the procedure does not properly keep type I error under control.\\
All the results discussed in the next section are available in the supplementary material \ref{supp}. High dimensional scenarios were not fully evaluated due to exponential increase of computational times. A constant variability was observed for all comparisons, with the range of the average result usually being within $\pm$ 1-2\%.  



  \section{Results}
\subsection{Extent of type I error inflation}
The observed extent of type I inflation in Fig. \ref{fig:Extent}, shows that even in low dimensional scenarios, the inflation can be quite severe. \\The minimum and the maximum observed values of the selective error for the LASSO are respectively 12\% and 40\%, while for the FS, values range from 20\% to 33\%. The LASSO performs better than FS in the additive scenario while it performs worse in the multiplicative scenario. Reducing the number of observations per variable leads to an increase in the selective error, but this inflation is stronger in the FS than in the LASSO. Observing this relationship in a more extreme additive scenario, using 40 noise variables and 80 observations, the selective error raises to 50\% for the FS and to 21\% for the LASSO, as for the multiplicative scenario, both procedures show a selective error equal to 50\%. When the number of noise variables increases and the number of observations decreases, by using the FS, variables which are not significant in the starting model that end up in the selected model tend to have smaller p-values and to become significant. In the aforementioned high dimensional case, on average 3 noise variables become significant in the selected model for the FS, while 1 noise variable which is significant in the starting model is removed on average by the LASSO. This variation in inferential conclusions tends to 0 as the number of observations per variable increases.

\begin{figure}[h!]
	\begin{center}
			\hspace*{-0.7cm}	
		$\includegraphics[scale=0.5]{Alpha_extent.png}$
		\caption{Inflation of type I error due to model selection}
		\label{fig:Extent}
	\end{center}
\end{figure}



\subsection{Trade-off between type I and type II error}
It is straightforward to see that when we control for the selection, Fig.\ref{fig:ADD_Trade} and Fig.\ref{fig:Mult_Trade}, the trade-off is way higher than when we do not control. The differences between the two procedures in the controlled approach are mostly due to the observation to variable ratio and the effect size. With the LASSO always improving its performances with respect to the FS when more observations are available. Also, The LASSO seems to perform slightly better than the FS for the two smaller effects but the result is reversed for the higher one. Another relevant difference can be seen in Fig. \ref{fig:TG}, with the LASSO failing to satisfy the TG constraints in some occurrences, leading to a small inflation of false positives in the long run with respect to the desired level $\alpha$. This problem might be due to the search for lambda in the LASSO \cite{loftus2015selective}, which is not yet implemented in the package. As the number of observations per variable gets smaller and the complexity of the model increases so does the percentage of times that the TG constraints are not satisfied. As for the uncontrolled scenario both procedures show the same results for the smallest effect considered, instead for the other two effects the LASSO performs better than the FS in the additive case and worse in the multiplicative case.\\


\begin{figure}[h!]
	\begin{center}	
		\hspace*{-0.7cm}
		$\includegraphics[scale=0.50]{"TG_constr".png}$
		\caption{Relationship between the percentage of time that the TG constraints are not satisfied and the simulation parameters}
		\label{fig:TG}
	\end{center}
\end{figure}


\begin{landscape}
\begin{figure}[h]
	\begin{center}	
		\vspace*{-1.27cm}	
		$\includegraphics[scale=0.40]{"Additive scenario_trade".png}$
		\caption{Relationship between the inferential errors trade-off and the simulation parameters in the additive scenario}
		\label{fig:ADD_Trade}
	\end{center}
\end{figure}
\end{landscape}


\begin{landscape}
  	\begin{figure}[h]
	\begin{center}	
			\vspace*{-1.27cm}
		$\includegraphics[scale=0.40]{"Multiplicative scenario_trade".png}$
		\caption{Relationship between the inferential errors trade-off and the simulation parameters in the multiplicative scenario}
		\label{fig:Mult_Trade}
	\end{center}
\end{figure}
\end{landscape}


\section{Conclusions}
The results of this simulation clearly show that inflation of type I error can be extremely severe in inference after model selection. In order to keep type I error under control while carrying out inference, without using data-splitting, we can resort to the conditional probability approach to selective inference, which additionally leads to more powerful procedures for a fixed alpha. Differences between FS and the LASSO are negligible in the conditional probability approach, but when not accounting for the model selection in the inferential procedure, the LASSO seems to behave better in additive scenarios while the FS seems to behave better in multiplicative scenarios. This difference might represent a useful insight on the different behavior of the two procedures in the identification of the best fitting model. Despite our search for easy answers, these results represent additional evidence in favor of the no free lunch theorem \cite{wolpert1996lack}, which shows how across all possible datasets the performances of machine learning algorithms are on average the same. Thus, without knowing for sure which is the structure of the underlying true data-generating mechanism we cannot know a priori which method will provide the best results.
 	
%\chapter{Applicazione su dati?} 	
%\section{Data description}
%\section{Results}

\chapter{Discussion}
This thesis rationale was to explore the reasoning behind the making of science, in order to understand why it is important to keep type I error under control when carrying out inference after model selection in a frequentist framework. To gather insight about the underlying data-generating mechanism is not easy by any means, and actually we may have already hit a dead end in the pursuit of the best methodology to carry out such task. But despite its lack of perfection, the scientific method is the best way to get a better understanding of what surround us and in order enhance its efficacy we should improve the environment in which research happens. The current publication and funding system allows and promotes the production of papers of low scientific value (i.e. little is done to promote replicable science). This means that a viable strategy to advance one's career is represented by the collection of high dimensional dataset with subsequent massive testing, which is equivalent to testing hypotheses randomly, in order to then select the most promising results. Something must be off with the system that allows such a practice, that is the farthest from something we could define scientific, to be productive. In this context, it becomes important to look at common bad practices in order to raise the awareness about such misbehaviors, since the first step to overcome problems is to realize that they exist. One of these misbehaviors, which could be easily corrected, is related to inference after model selection. It should be understood that inferential claims are trustworthy only if researchers carry out appropriate actions. Talking about statistical power makes sense only when the type I error of the procedure is fixed to the value declared by the researcher. The conditional probability approach represents a solid solution to the problem of inference after model selection, which as shown can lead to a severe inflation of false positives even in low dimensional scenarios. It is also interesting to note how the structure of the true data-generating mechanism differently affects the two selection procedures in the uncontrolled scenario, which is something that has not been reported in the literature. %These differences are probably due to how the two methods differently handle the bias-variance tradeoff. %%%
Instead, when conditioning to the model selection event the differences between the FS and the LASSO become less relevant, and depend on the observation to variable ratio and the sizes of the effects rather than the structure of the true data-generating mechanism.\\This thesis brings additional evidence to the threat posed by selective inference to the reliability of science. If nothing changes, we risk of spreading a sense of distrust in research, with loss of money and time that will become a common thing among researchers that start projects on the basis of the scientific literature. If we truly wish to improve the reliability of science, we need to start enacting policies which incentivize replicable findings rather than positive findings. Despite the difficulty of giving a truthful description of our reality, during the last three hundred years humankind has surely started making great leaps forward in this difficult task. As often happens in our daily lives it all comes to down to seeing the glass either half empty or half full, but in the making of science we should always be mindful about the importance of what we are doing, which means that we must be strict about all the steps leading to the production of knowledge. If we wish to further extend our control over nature, we first need to control how we produce science.
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\chapter{Simulation results}
	
	\begin{table}[h!]
	
		\centering
		\caption{Uncontrolled scenario parameters}
		\label{tab:tab2}
		\begin{adjustbox}{height=4.5cm,width=1.65\textwidth,angle=90}			
		\Huge
			\begin{tabular}{cccccc}
				Procedure & Structure & \multicolumn{1}{l}{Number of noise variables} & Observation to variable ratio & Variation of the number of significant effects & Range variation of the number of significant effects \\
				LASSO & Additive & 6     & 5/1   & -0.065 & [-0.085,-0.039] \\
				Forward & Additive & 6     & 5/1   & 0.114 & [0.104,0.131] \\
				LASSO & Multiplicative & 7     & 5/1   & 0.123 & [0.085,0.147] \\
				Forward & Multiplicative & 7     & 5/1   & 0.102 & [0.082,0.117] \\
				LASSO & Additive & 6     & 10/1  & -0.127 & [-0.145,-0.116] \\
				Forward & Additive & 6     & 10/1  & 0.047 & [0.042,0.051] \\
				LASSO & Multiplicative & 7     & 10/1  & 0.152 & [0.118,0.193] \\
				Forward & Multiplicative & 7     & 10/1  & -0.00025 & [-0.015,0.019] \\
				LASSO & Additive & 12    & 5/1   & -0.307 & [-0.331,-0.292] \\
				Forward & Additive & 12    & 5/1   & 0.248 & [0.232,0.261] \\
				LASSO & Multiplicative & 12    & 5/1   & 0.110 & [0.091,0.143] \\
				Forward & Multiplicative & 12    & 5/1   & 0.213 & [ 0.197,0.237] \\
				LASSO & Additive & 12    & 10/1  & -0.444 & [-0.470,-0.419] \\
				Forward & Additive & 12    & 10/1  & 0.104 & [0.096,0.108] \\
				LASSO & Multiplicative & 12    & 10/1  & -0.046 & [ -0.068,-0.010] \\
				Forward & Multiplicative & 12    & 10/1  & -0.0055 & [ -0.032,0.029] \\
			\end{tabular}%
		\end{adjustbox}
	\end{table}%
	
	
	




	\begin{table}[htbp!]
		\centering
		\caption{Controlled scenario parameters}
		\label{tab:tab3}
		\begin{adjustbox}{height=4.5cm,width=1.65\textwidth,angle=90}
			
			\begin{tabular}{cccccc}
				Procedure & Structure & \multicolumn{1}{l}{Number of noise variables} & Observation to variable ratio & \multicolumn{1}{l}{TG constraints not satisfied (\%)} & Range TG constraints not satisfied (\%) \\
				LASSO & Additive & 6     & 5/1   & 1.200 & [0.850,1.350] \\
				Forward & Additive & 6     & 5/1   & 0     & [0,0] \\
				LASSO & Multiplicative & 7     & 5/1   & 3.825 & [3.450,4.600] \\
				Forward & Multiplicative & 7     & 5/1   & 0     & [0,0] \\
				LASSO & Additive & 6     & 10/1  & \multicolumn{1}{c}{0.475} & [0.400,0.550] \\
				Forward & Additive & 6     & 10/1  & 0     & [0,0] \\
				LASSO & Multiplicative & 7     & 10/1  & \multicolumn{1}{c}{0.825} & [0.700,0.900] \\
				Forward & Multiplicative & 7     & 10/1  & 0     & [0,0] \\
				LASSO & Additive & 12    & 5/1   & \multicolumn{1}{c}{0.988} & [0.650,1.250] \\
				Forward & Additive & 12    & 5/1   & 0     & [0,0] \\
				LASSO & Multiplicative & 12    & 5/1   & 2.438 & [2.000,3.000] \\
				Forward & Multiplicative & 12    & 5/1   & 0     & [0,0] \\
				LASSO & Additive & 12    & 10/1  & \multicolumn{1}{c}{0.325} & [0.250,0.400] \\
				Forward & Additive & 12    & 10/1  & 0     & [0,0] \\
				LASSO & Multiplicative & 12    & 10/1  & \multicolumn{1}{c}{0.675} & [0.550,0.800] \\
				Forward & Multiplicative & 12    & 10/1  & 0     & [0,0] \\
			\end{tabular}%
		\end{adjustbox}
	\end{table}%




	
	\begin{table}
		
		\centering
		\caption{Common parameters between scenarios}
         	\label{tab:tab1}
         	
         	
         	\begin{adjustwidth}{-1.75cm}{}
         	
		\begin{adjustbox}{height=9cm,width=1.68\textwidth,angle=90}
			
				\begin{tabular}{ccccccccccccc}	
				Inference & Procedure & Structure & \multicolumn{1}{l}{Number of noise variables} & Observation to variable ratio & Power $\beta$=0.1 & Range power $\beta$=0.1 & Power $\beta$=0.3 & Range power $\beta$=0.3 & Power $\beta$=0.5 & Range power $\beta$=0.5 & Selective $\alpha$ & Range selective $\alpha$ \\
				Uncotrolled & LASSO & Additive & 6     & 5/1   & 0.063 & [0.052,0.07] & 0.247 & [0.242,0.251] & 0.489 & [0.476,0.50] & 0.142 & [0.125,0.158] \\
				Uncotrolled & Forward & Additive & 6     & 5/1   & 0.134 & [0.127,0.147] & 0.391 & [0.368,0.405] & 0.621 & [0.604,0.635] & 0.229 & [0.220,0.235] \\
				Uncotrolled & LASSO & Multiplicative & 7     & 5/1   & 0.120 & [0.110,0.132] & 0.354 & [0.341,0.370] & 0.595 & [0.582,0.608] & 0.312 & [0.296,0.331] \\
				Uncotrolled & Forward & Multiplicative & 7     & 5/1   & 0.087 & [0.080,0.098] & 0.421 & [0.408,0.432] & 0.845 & [0.835,0.865] & 0.281 & [ 0.269,0.301] \\
				Controlled & LASSO & Additive & 6     & 5/1   & 0.10  & [0.087,0.113] & 0.322 & [0.304,0.340] & 0.592 & [0.577,0.602] & 0.058 & [0.055,0.062] \\
				Controlled & Forward & Additive & 6     & 5/1   & 0.064 & [0.06,0.07] & 0.192 & [0.184,0.209] & 0.560 & [0.546,0.579] & 0.052 & [0.050,0.054] \\
				Controlled & LASSO & Multiplicative & 7     & 5/1   & 0.082 & [0.079,0.088] & 0.210 & [0.206,0.216] & 0.384 & [0.372,0.399] & 0.071 & [0.064,0.074] \\
				Controlled & Forward & Multiplicative & 7     & 5/1   & 0.0625 & [0.054,0.069] & 0.161 & [0.148,0.175] & 0.380 & [0.373,0.400] & 0.053 & [0.048,0.056] \\
				Uncotrolled & LASSO & Additive & 6     & 10/1  & 0.083 & [0.071,0.096] & 0.467 & [0.433,0.484] & 0.820 & [0.812,0.833] & 0.127 & [0.124,0.130] \\
				Uncotrolled & Forward & Additive & 6     & 10/1  & 0.155 & [0.147,0.167] & 0.546 & [0.533,0.556] & 0.660 & [0.644,0.675] & 0.203 & [0.190,0.227] \\
				Uncotrolled & LASSO & Multiplicative & 7     & 10/1  & 0.179 & [0.171, 0.192] & 0.668 & [0.632,0.690] & 0.922 & [0.912,0.929] & 0.382 & [0.374,0.395] \\
				Uncotrolled & Forward & Multiplicative & 7     & 10/1  & 0.144 & [0.137,0.149] & 0.771 & [0.765,0.786] & 0.992 & [0.990,0.998] & 0.245 & [0.238,0.258] \\
				Controlled & LASSO & Additive & 6     & 10/1  & 0.134 & [0.120,0.144] & 0.616 & [0.593,0.646] & 0.838 & [0.811,0.853] & 0.053 & [0.0498,0.0564] \\
				Controlled & Forward & Additive & 6     & 10/1  & 0.070 & [0.060,0.078] & 0.419 & [0.397,0.441] & 0.829 & [0.818,0.836] & 0.051 & [0.048,0.053] \\
				Controlled & LASSO & Multiplicative & 7     & 10/1  & 0.110 & [0.100,0.123] & 0.462 & [0.448,0.490] & 0.715 & [0.706,0.738] & 0.055 & [0.051,0.061] \\
				Controlled & Forward & Multiplicative & 7     & 10/1  & 0.069 & [0.062,0.079] & 0.320 & [0.306,0.344] & 0.646 & [0.625,0.662] & 0.049 & [0.047,0.052] \\
				Uncotrolled & LASSO & Additive & 12    & 5/1   & 0.060 & [0.054,0.069] & 0.351 & [0.338,0.365] & 0.688 & [0.668,0.709] & 0.168 & [ 0.158,0.179] \\
				Uncotrolled & Forward & Additive & 12    & 5/1   & 0.215 & [0.205,0.224] & 0.683 & [0.674,0.705] & 0.880 & [0.859,0.893] & 0.315 & [0.304,0.324] \\
				Uncotrolled & LASSO & Multiplicative & 12    & 5/1   & 0.135 & [0.120,0.151] & 0.47  & [0.448,0.497] & 0.77  & [0.746,0.793] & 0.405 & [0.379,0.420] \\
				Uncotrolled & Forward & Multiplicative & 12    & 5/1   & 0.118 & [0.110,0.123] & 0.618 & [0.612,0.622] & 0.955 & [0.945,0.962] & 0.335 & [0.333, 0.340] \\
				Controlled & LASSO & Additive & 12    & 5/1   & 0.098 & [0.089,0.112] & 0.398 & [0.372,0.413] & 0.638 & [0.617,0.650] & 0.059 & [0.057,0.061] \\
				Controlled & Forward & Additive & 12    & 5/1   & 0.060 & [0.051,0.068] & 0.293 & [0.289,0.299] & 0.748 & [0.735,0.759] & 0.052 & [0.051,0.053] \\
				Controlled & LASSO & Multiplicative & 12    & 5/1   & 0.083 & [0.068,0.100] & 0.246 & [0.210,0.275] & 0.436 & [0.428,0.452] & 0.070 & [0.066,0.075] \\
				Controlled & Forward & Multiplicative & 12    & 5/1   & 0.064 & [0.059,0.071 ] & 0.205 & [0.188,0.228] & 0.516 & [0.498,0.531] & 0.053 & [0.052,0.055] \\
				Uncotrolled & LASSO & Additive & 12    & 10/1  & 0.082 & [0.071,0.097] & 0.641 & [0.625,0.660] & 0.956 & [0.955,0.959] & 0.120 & [ 0.108,0.131] \\
				Uncotrolled & Forward & Additive & 12    & 10/1  & 0.296 & [0.283,0.307] & 0.840 & [0.823,0.850] & 0.878 & [0.867,0.891] & 0.295 & [0.281,0.313] \\
				Uncotrolled & LASSO & Multiplicative & 12    & 10/1  & 0.192 & [0.173,0.212] & 0.820 & [0.799,0.838] & 0.989 & [0.984,0.994] & 0.405 & [0.399,0.413] \\
				Uncotrolled & Forward & Multiplicative & 12    & 10/1  & 0.219 & [0.227,0.244] & 0.920 & [0.897,0.939] & 0.999 & [0.998,1.000] & 0.307 & [0.298, 0.326] \\
				Controlled & LASSO & Additive & 12    & 10/1  & 0.167 & [0.143,0.188] & 0.705 & [0.686,0.727] & 0.841 & [0.835,0.853] & 0.052 & [0.051,0.054] \\
				Controlled & Forward & Additive & 12    & 10/1  & 0.085 & [0.077,0.100] & 0.664 & [0.638,0.693] & 0.936 & [0.928,0.945] & 0.052 & [0.051,0.053] \\
				Controlled & LASSO & Multiplicative & 12    & 10/1  & 0.132 & [0.121,0.140] & 0.526 & [0.508,0.543] & 0.707 & [0.697,0.718] & 0.052 & [0.0494,0.054] \\
				Controlled & Forward & Multiplicative & 12    & 10/1  & 0.072 & [0.060,0.086 ] & 0.429 & [0.418,0.442]  & 0.770 & [0.761,0.783] & 0.051 & [0.049,0.053] \\
			\end{tabular}%
			
		\end{adjustbox}
	\end{adjustwidth}
	\end{table}

\end{comment}

\chapter*{Supplementary material}
\label{supp}
\begin{itemize}
\item\href{https://github.com/MauroGioe/Thesis_supplementary_material/raw/main/Results.xlsx}{Results}
\item \href{https://github.com/MauroGioe/Thesis\_supplementary\_material/blob/main/Simulation%20code.R}{Simulation function}
	\item 
	\href{https://github.com/MauroGioe/Thesis\_supplementary\_material/blob/main/Template%20for%20obtaining%20results.R}{{Template for obtaining results}}
\end{itemize}
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