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Introduction

Recently, the interest of numerical methods for the approximation of Partial Differential
Equations (PDEs in short) based on polygonal and polyhedral meshes has grown consid-
erably. The reason for this success is due to the flexibility that these grids offer. Indeed,
employing polytopal meshes, we can handle, for instance, hanging nodes, non-convex el-
ements, mesh refinement, an easier construction of adaptive meshes and a more efficient
approximation of geometric data features.
Here we provide a short and non exhaustive list of polytopal methods: mimetic finite
differences (MFD) [29, 33, 44], hybrid discontinuous Galerkin method and discontinuous
Galerkin method (HDG-FEM and DG-FEM) [5, 51], polygonal finite element method
(PFEM) [49, 63], hybrid high-order methods (HHO) [58, 59], weak Galerkin finite element
method (WG-FEM) [84], extended finite element method (XFEM) [62].
Among these technologies, there is also the Virtual Element Method (in short VEM). Its
first appearance in the scientific community was in 2013, see [22], where the authors pre-
sented it either as a generalization of the Finite Element Method (FEM) and as an elegant
evolution of Mimetic Finite Differences. The fundamental idea behind this technology
consists of abandoning the concept of local polynomial approximation, typically FEM, and
using approximating functions that are solution of suitable local PDE. In general, these
discrete functions are not known pointwise, but a limited information of them (degrees
of freedom) is at disposal. Hence, the key point is to use the available information to
compute certain local projection operators onto polynomial spaces and stabilizing bilinear
forms. These two ingredients allow obtaining a stable and accurate method.
Although the Virtual Element Method is a very recent technology, its associated litera-
ture is widespread. Here we mention some of the topics and the problems covered by this
technique: problem with curved edges [11, 14, 34, 53], Stokes problem [3, 24, 25, 32, 48],
Cahn-Hillard equation [4], bilaplacian problem [23], magnetostatic problem [26, 27], geome-
chanics problem [2], Helmholtz problem [67, 68, 75] eigenvalue problem [64, 69], application
to discrete fracture network simulations [35, 36, 37], contact problem [38], structural me-
chanics problems [12, 13, 17, 30, 85, 86, 87].
In the present thesis, we propose some Virtual Element schemes for linear elasticity prob-
lems, focusing our attention on the stress-displacement formulation based on the Hellinger-
Reissner functional. As it is well-known, see for instance [10, 39], imposing both the
symmetry of the stress tensor and the continuity of the tractions at the inter-elements is
typically a great source of troubles in the framework of classical Galerkin schemes. Indeed,
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in the Finite Element practice, one is led either to consider quite cumbersome schemes [6]
or to relax the symmetry [8, 81, 82] with also the possibility of abandoning this feature [9].
Another recent interesting approach is analyzed in [73, 74]. The fundamental reason be-
hind this difficulty lies in the local polynomial approximation. This construction forces
the introduction of nodal degrees of freedom for the stress unknown, which is an addi-
tional complication if one aims at using the hybridization procedure to solve the discrete
linear system, see [7]. Therefore, we exploit the flexibility of the VE approach to avoid
these drawbacks. We propose some Virtual Element schemes that are reasonably cheap
concerning the delivered accuracy. Particular emphasis is given to low-order methods
for 3D problems, although in some cases, for simplicity, we present the analysis for the
bi-dimensional case. Finally, the whole numerical scheme is developed inside the vem++
library, a c++ code realized at the University Milano-Bicocca during the CAVE project
(https://sites.google.com/view/vembic/home).

A brief outline of the thesis
We briefly describe the structure of the work as follows:

• In Chapter 1, we present the Virtual Element Method and the elasticity equations.
Moreover, we introduce some basic notations and the main assumptions that we have
used in the thesis.

• In Chapter 2, we present a Virtual Element Method for 3D Hellinger-Reissner elas-
ticity problems. We propose a low-order scheme with a-priori symmetric stresses and
continuous tractions across element interfaces.

• In Chapter 3, we present and apply the hybridization technique to low-order VEMs
for elasticity problems. We show some computational aspects both for 2D and 3D
problems, and we suggest a possible post-processing to obtain a better reconstruction
of the continuous solution.

• In Chapter 4, we introduce a very preliminary investigation of a VEM for an aug-
mented Lagrangian formulation. More precisely, we present a deep numerical cam-
paign in order to show what we have already done for this kind of topic and suggest
the feasible future directions that need to be undertaken.
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Chapter 1

Virtual Element Method and
elasticity problem

The aim of this chapter is to introduce the two topics of this thesis: the Virtual Element
Method and the elasticity problem. More precisely, after having briefly remind some basic
notations and useful results of the classic PDEs theory, we will give a (non-exhaustive)
overview of the fundamental aspects of the VEM technology. Finally, we will present the
elasticity problem and its mixed formulation that will guide us to the remaining part of
this dissertation.

1.1 Preliminaries: notations and assumptions
We begin introducing some preliminary results regarding classic PDEs theory. First of all,
we will present some useful notations and a simple model problem, then we will discuss
admissible polytopal decompositions through their properties. Here, we do not claim to
be complete so, in the sequel, when a well-known concept is not explicitly introduced, we
refer for instance to [39, 41, 50, 65] for its definition.

1.1.1 Space notation
Let Ω ⊂ Rd a bounded Lipschitz-continuous domain and we denote by ∂Ω the boundary

of Ω. We firstly define the Lebesgue space of square integrable functions on Ω as:

L2(Ω) :=
{
u : Ω → R : u is Lebesgue measurable and

∫
Ω

|u|2 dΩ < ∞
}
. (1.1)

We endow this space with the following inner product and norm:

(u, v)0,Ω =
∫

Ω
u v dΩ, ||u||20,Ω :=

∫
Ω

|u|2 dΩ, ∀u, v ∈ L2(Ω). (1.2)

Then, we introduce the Sobolev spaces. For any integer m ≥ 0, we define

Hm(Ω) :=
{
u ∈ L2(Ω), Dαααu ∈ L2(Ω), |ααα| ≤ m

}
(1.3)
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where ααα := (α1, α2, . . . , αd) ∈ Nd is a multi-index and

Dαααu := ∂|ααα|u

∂xα1
1 ∂xα2

2 . . . ∂xαd
d

, |ααα| = α1 + α2 + · · · + αd. (1.4)

These (weak) derivatives are taken in the sense of distributions. On this space, we introduce
the following inner product and induced norm

(u, v)m,Ω =
∑

|ααα|≤m

∫
Ω
DαααuDαααv dΩ, ||u||2m,Ω = (u, u)m,Ω. (1.5)

In addition, we also define the classical Sobolev semi-norms as follows

|u|2m,Ω :=
∑

|ααα|=m

∫
Ω
DαααuDαααu dΩ. (1.6)

Clearly, for m = 0 we have that H0(Ω) = L2(Ω), whereas for m = 1 we have one of the
most common Sobolev space used in the PDEs theory

H1(Ω) :=
{
v ∈ L2(Ω) : ∇v ∈

[
L2(Ω)

]d}
, (1.7)

with
(u, v)1,Ω =

∫
Ω
(u v + ∇u · ∇v) dΩ, ||u||1,Ω :=

∫
Ω

(
|v|2 + |∇v|2

)
dΩ. (1.8)

Since the gradient ∇u of a scalar function is a vector-valued function, in (1.7) we ask that
each component of the gradient is a square integrable function, in accordance with the
notation used in (1.3). More in general, given a functional space X, we denote by

[X]d , [X]d×d and [X]d×d
s (1.9)

the d vectors, the d× d tensors and the d× d symmetric tensors whose components belong
to the space X, respectively.

Another important space, which is specially adapted to the study of mixed and hybrid
methods for elasticity problems, is the following:

H(div; Ω) :=
{
σσσ ∈

[
L2(Ω)

]d×d
s.t. div σσσ ∈

[
L2(Ω)

]d}
(1.10)

endowing it with the graph norm

||σσσ||2H(div;Ω) :=
∫

Ω
|σσσ|2 dΩ +

∫
Ω

| div σσσ|2 dΩ = ||σσσ||20,Ω + || div σσσ||20,Ω. (1.11)

As we can notice, H(div; Ω) is the space of tensor in [L2(Ω)]d×d whose divergence is the
vector-valued operator in [L2(Ω)]d. Henceforth, if the set Ω is clear from the contest we
can erase it and we can write Hm, H(div), || · ||m and (·, ·)m instead of Hm(Ω), H(div; Ω),
|| · ||m,Ω and (·, ·)m,Ω.
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Finally we introduce the space of polynomials up to degree k. Given a subset A ⊂ Rd and
integer k ≥ 0, we denote by Pk(A) the space of polynomials up to degree k, defined on A.
Conventionally, if k = −1 , we set P−1(A) = {0}. Moreover, for each k ≥ 0, we fix:

νk = dim(Pk(A)). (1.12)

We now assume that, for k ∈ N, we are given {mα}νk

α=1 a basis of Pk(A), then we obviously
have that

span ({mα}νk
α=1) = Pk(A). (1.13)

In this work, we select the set of scaled monomials Mk(A) as a basis of the polynomial
spaces. The advantage of our choice is that this set of functions is invariant with respect to
homothetic transformation [28]. This property will be useful from a computational point
of view. Now, we briefly show an example of the set of scaled monomials for d = 2, taking
into account that the three-dimensional case is only a simple extension.

Given A ⊂ R2 we denote by xA = (x1,A, x2,A) and hA the barycenter and the diameter
of A, respectively. Let x = (x1, x2) and given a multi-index ααα = (α1, α2) ∈ N2, we have
that

xααα = xα1
1 xα2

2 .

Then, we define the set of scaled monomials of degree less than equal to k as follows:

Mk(A) := {mααα : 0 ≤ |ααα| ≤ k} (1.14)

where
mααα :=

(x − xA

hA

)ααα
. (1.15)

We observe that there is a natural correspondence between the one-dimension index α
(cf. (1.13)) and the multi-index ααα (cf. (1.15)). We show this relation through the following
basic example.

Example. Fixed k = 2, we have that the dimension of the space P2(A), when A ⊂ R2 is
equal to 6. A possible correspondence is given by the following basis relations:

m1 ↔ m(0,0), m2 ↔ m(1,0), m3 ↔ m(0,1)

m4 ↔ m(2,0) m5 ↔ m(1,1) m6 ↔ m(0,2).
(1.16)

From now on, for convenience, we will use the notation mα instead of mααα to denote the
scaled monomials.

1.1.2 Model problem
Given Ω ⊂ R2 polygonal domain, and let f : Ω → R and g : ∂Ω → R two regular functions.
The aim is to find a function u : Ω → R such that the following equations are verified{

−∆u = f in Ω
u = g on ∂Ω.

(1.17)
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For simplicity, from now on, we will consider the Poisson problem (1.17) with homogeneous
boundary conditions, e.g., by considering g = 0 on the boundary. Then, the associated
variational formulation reads as{

find u ∈ V such that
a(u, v) = ⟨f, v⟩ ∀v ∈ V.

(1.18)

where
V = H1

0 (Ω) :=
{
v ∈ H1(Ω) : v = 0 on ∂Ω

}
(1.19)

and
a(w, v) =

∫
Ω

∇w · ∇v dΩ, ∀w, v ∈ V,

⟨f, v⟩ =
∫

Ω
f v dΩ ∀v ∈ V.

As it is well known, thanks to the Lax-Milgram theorem, this problem is well-posed [42],
indeed we have that

• a(·, ·) : V × V → R is a continuous bilinear form, i.e., there exists a constant α∗ > 0
such that

|a(w, v)| ≤ α∗||w||V ||v||V ∀w, v ∈ V. (1.20)

• a(·, ·) : V × V → R is a coercive form, i.e., there exists a constant α∗ > 0 such that

|a(v, v)| ≥ α∗||v||2V ∀v ∈ V. (1.21)

The constant derives from the Poincaré inequality.

• ⟨f, ·⟩ : V → R is a linear continuous operator, i.e., there exists a constant C > 0

|⟨f, v⟩| ≤ C||v||V . (1.22)

Hence, the problem (1.18) has a unique solution u ∈ V , which continuously depends on
data

||u||V ≤ ||f ||V ′

α∗
(1.23)

where V ′ is the dual space of V .

1.1.3 Polytopal decomposition
The Virtual Element technique, as we have already emphasized in the introduction, can

be considered as a generalization of the Finite Element Method to polytopal meshes. Here,
we introduce the basic notation and the reasonable assumptions on the mesh’s elements in
order to develop the theoretical analysis of the VEM.
Firstly, we take Ω ⊂ Rd (d = 2, 3) a bounded polygonal (polyhedral) domain, with a
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Lipschitz continuous boundary. Let {Th}h be a sequence of decompositions of Ω into
general nonoverlapping polygonal (polyhedral) elements E with

hE := diameter(E), h := sup
E∈Th

hE

and let Vh, Eh and Fh denote the set of vertices, edges and faces of Th, respectively.
Moreover, the previous three sets can be split into two simple disjoint subsets. For instance,
if we consider Vh, we denote by VI

h and VB
h the subset of the internal and boundary vertices

of the mesh Th. Similarly we can use the same notation for the edges Eh := EI
h ∪ EB

h and
for the faces Fh := F I

h ∪ FB
h .

Let’s start to introduce the assumptions for both cases d = 2, 3.

Polygonal domain. We firstly fix some useful notations. Given a polygon E ∈ Th with
nE

e edges, we denote its area, diameter and barycenter by |E|, hE and xE, respectively.
Moreover, given e an edge of the polygon E, we denote by |e| (or he) the length of this
edge. Afterwards, the basic assumptions that can be formulated on each element of the
mesh Th are the following (cf. [22]):

• (A1) : E is star-shaped with respect to a ball with radius greater or equal than γ hE,

• (A2) : the distance between any two vertexes of E is greater or equal than C hE,

where γ and C are positive constants independent from h and E.

Polyhedral domain. Given a polyhedron E with nE
f faces, we denote its volume, di-

ameter and barycenter by |E|, hE and xE, respectively. In a similar way we refer to the
area, diameter and barycenter of a face f . So, for each h, {Th}h is a regular polyhedral
decomposition if the following assumptions are satisfied (cf. [1]):

• (B1) : every element E is star-shaped with respect to all the points of a sphere of
radius greater or equal to γ hE,

• (B2) : every face f ∈ ∂E is star-shaped with respect to all the points of a disk having
radius greater or equal to γ hf ,

• (B3) : for every element E, for every face f ∈ ∂E, and for every edge e ∈ ∂f , we
have

he ≥ γ hf ≥ γ2 hE,

where γ is a suitable positive constant.

Remark 1. We remark that these assumptions are fundamental in the theoretical analysis
of the method, but not for a practical construction. Actually, in the numerical tests, we
will consider some meshes that do not satisfy the above conditions, but nevertheless, our
method will not lose accuracy.
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Figure 1.1: Elements A and B have 5 edges, C, D and E have 4 edges.

We point out some important advantages from the above mesh assumptions. First of
all, it is possible to observe that the meshes, considered forbidden in the standard finite
element theory, are now admissible, in particular, our assumptions cover the thorny issues
of the hanging nodes. Indeed, since we deal with general polygons (polyhedrons), the
hanging nodes can be seen as natural (extra) vertices of the element as it is showed in
Figure 1.1. In other words, a polytopal element can not be determined by its geometric
shape, but only for the number of its vertices, edges or faces. This means that, basically,
they are not really hanging.

Additional advantage of working under these mesh hypothesis is that we can easier
treat, for instance, the following problems: crack propagation, fractured materials, contact
problems, fluid-structure interaction, adaptive mesh refinement and mesh gluing.
Remark 2. Our mesh assumptions, although they are not too restrictive, could be further
relaxed. In [31, 43], for instance, the authors provide a stability and an error analysis for
the Poisson problem, by considering the presence of small edges. The main difference, in
considering these weaker hypothesis, is that the proofs become more technical. Nevertheless,
the assumptions stated above cover the use of very general decompositions and they turn
out to be reasonable for our analysis.

1.2 Virtual Element Method
Now we briefly present the Virtual Element Method and its main features through the use
of the Poisson problem, see (1.17). For this presentation we refer to [22, 28], which represent
two milestones in term of VE technology, from either a theoretical and computational point
of view.
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1.2.1 The discrete problem
We begin recalling the Poisson problem’s variational formulation with homogeneous bound-
ary conditions (1.18): ⎧⎨⎩find uh ∈ V k

h such that
ah(uh, vh) = ⟨fh, vh⟩ ∀vh ∈ V k

h

(1.24)

where

• V k
h ⊂ V := H1

0 (Ω) is a finite dimensional space, k is the degree of accuracy;

• ah(·, ·) : V k
h ×V k

h → R is the discrete bilinear form which approximates the continuous
bilinear form a(·, ·);

• fh is the discrete (loading) term.

Let {Th}h be a sequence of decompositions of Ω into general polygonal elements E such
that, for each h, every element E fulfills the assumptions (A1) and (A2), defined in the
Section 1.1.3.

1.2.2 The virtual spaces
Given a polygon E with nE

e edges we define, for k ≥ 1, the following finite dimensional
local space:

Bk
h(∂E) :=

{
vh ∈ C0(∂E) : vh|e ∈ Pk(e) ∀e ∈ ∂E

}
, (1.25)

which is the space of continuous functions defined on the boundary ∂E and they are,
restricted to each edge e ∈ ∂E, polynomials of degree less equal to k. Therefore, a function
in this space is uniquely determined by its values at the nE

e vertices of the polygon and, if
k > 1, by its values at k − 1 additional internal point on each edge. So the dimension of
this space is

dim(Bk
h(∂E)) := nE

e + nE
e (k − 1) = nE

e k. (1.26)

Once we have defined this space, we are ready to define the following local virtual space:

V k
h (E) :=

{
vh ∈ H1(E) : vh|∂E

∈ Bk
h(∂E) and ∆vh ∈ Pk−2(E)

}
. (1.27)

A first remark is that Pk(E) ⊂ V k
h (E). Indeed, a polynomial function p ∈ Pk(E) on the

boundary belongs to the space Bk
h(∂E), because it is a continuous function and restricted

to each edge is also a polynomial of degree up to k, while inside the element its laplacian is
a polynomial of degree less equal to k−2. This is a crucial condition for the approximation
properties of the method. Moreover, it is not hard to see that a general function of V k

h (E)
is virtual inside the element. Therefore, to describe a function in this space, we use the
following degrees of freedom, see Figure 1.2:

• DVE
: the values of vh at the vertices of the element E;

9



Figure 1.2: Degrees of freedom for k=1,2,3. We denote DVE
by blue dots, DEE

by red
squares, DME

by green squares.

• DEE
: the values of vh at k − 1 additional points for each edge e ∈ ∂E, i.e., we can

take the k− 1 internal points of the (k+ 1)-point Gauss-Lobatto quadrature rule on
edge e, see [28];

• DME
: the moments up to the order k − 2 of vh in E

1
|E|

∫
E
mαvh dE ∀mα ∈ Pk−2(E), (1.28)

where we recall that, for α = 1, . . . , νk−2, mα is a scaled monomial already defined in
the previous sections.

For sake of simplicity, we also refer to the first two sets of degrees of freedom, DVE
and

DEE
, as boundary degrees of freedom, while we use the term internal degrees of freedom for

the third set DME
.

Remark 3. For degree of accuracy k = 1, the only set of degrees of freedom that survives
is DVE

. The functions in the space V k
h (E) are harmonic functions and linear on each edge.

The dimension of the space V k
h (E) is:

dim(V k
h (E)) = #DVE

+ #DEE
+ #DME

= dim(Bk
h(∂E)) + νk−2

= nE
e k + (k − 1)k

2 .

(1.29)

We have the following unisolvence results for the degrees of freedom of the space V k
h (E).

Proposition 1.2.1. Let E a simple polygon in Th and we fix k ≥ 1, then vh ∈ V k
h (E) is

completely determined by the degrees of freedom DVE
, DEE

and DME
.
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Here we give an idea of the proof, see [22] for more details. We assume that the dimen-
sion of the space V k

h (E) is equal to #DVE
+ #DEE

+ #DME
to proof the Proposition 1.2.1

we only need to check that if vh has vanishing degrees of freedom, then vh is identically
zero.

Now, we are ready to introduce the global approximation space V k
h , by glueing the local

approximation spaces, see (1.27):

V k
h :=

{
vh ∈ V : vh|E ∈ V k

h (E) ∀E ∈ Th

}
. (1.30)

Therefore it holds that:

dim(V k
h ) := VI

h + EI
h + (k − 1)k

2 NE, (1.31)

where NE is the number of the element in Th, whereas we recall that VI
h and EI

h are the
sets of internal vertices and edges of Th, respectively. In agreement with the local sets of
degrees of freedom, the global degrees of freedom are the following:

• DV : the values of vh at the internal vertices VI
h of Th;

• DE : the values of vh at k − 1 additional points on each internal edge e ∈ EI
h ;

• DM: the moments up to the order k − 2 of vh in each element E ∈ Th

1
|E|

∫
E
mαvh dE ∀mα ∈ Pk−2(E). (1.32)

We observe that V k
h ⊂ V := H1

0 (Ω), then on the vertices and edges belonging to the
boundary ∂Ω we have vh = 0. This is why we consider only the internal vertices and edges
in the definition of the global boundary degrees of freedom. Their unisolvence easily comes
from Proposition 1.2.1.

1.2.3 The discrete form
We introduce the virtual discrete form and the construction of the right-hand side underling
the main properties of this technology.

The local bilinear form aE(·, ·). Usually the local bilinear form

aE(uh, vh) :=
∫

E
∇uh · ∇vh dE (1.33)

is not computable for an arbitrary pair (uh, vh) ∈ V k
h (E) × V k

h (E). The reason is that,
inside the element E, we do not know (explicitly) the discrete functions uh and vh, and
consequently the gradient of these functions. Thankfully, polynomials come to our aid
to solve this trouble. We can observe that, when one of the two entries is a polynomial,

11



the bilinear form in (1.33) is computable. Actually, for every vh ∈ V k
h (E) and for every

p ∈ Pk(E), using the divergence theorem, we have that

aE(p, vh) =
∫

E
∇p · ∇vh dE

= −
∫

E
∆p vh dE +

∫
∂E

∇p · n v ds
(1.34)

where n is the outward normal to the boundary ∂E.
The first term is computable from the local internal degrees of freedom since ∆p ∈

Pk−2(E), while the second term is also computable using, this time, the local boundary
degrees of freedom.

Therefore, the core of this technology is to introduce a suitable approximation of aE(·, ·)

ah
E(·, ·) : V k

h (E) × V k
h (E) → R (1.35)

such that the following two fundamental properties are verified:

• k-consistency: for all p ∈ Pk(E) and for all vh ∈ V k
h (E)

ah
E(p, vh) = aE(p, vh); (1.36)

• stability: there exist two positive constants α∗ and α∗, independent of h and E such
that

c∗aE(vh, vh) ≤ ah
E(vh, vh) ≤ c∗aE(vh, vh) ∀vh ∈ V k

h (E). (1.37)

Let’s start with the k-consistency and we introduce a suitable projection operator

Πk
E : V k

h (E) → Pk(E) (1.38)

defined as follows ⎧⎨⎩aE(Πk
Evh, q) = aE(vh, q) ∀q ∈ Pk(E)

P 0
E(Πk

Evh − vh) = 0
(1.39)

where the second equation takes care of the constant part. Here below, we show two
possible choice for P 0

E : V k
h (E) → P0(E):

P 0
E(vh) :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
1
nE

e

nE
e∑

i=1
vh(Vi) for k = 1

1
|E|

∫
E
vh dE for k ≥ 2

(1.40)

where V1, . . . , VNE
e

are the vertices of the polygon E. The projection operator Πk
E is com-

putable using integration by parts and the degrees of freedom, see [22]. Instead, to ensure
the stability, the strategy of VEM is to introduce a suitable symmetric, positive definite
bilinear form

SE(·, ·) : V k
h (E) × V k

h (E) → R (1.41)
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such that, for every vh ∈ V k
h (E) with Πk

Evh = 0, it holds

c∗aE(vh, vh) ≤ SE(vh, vh) ≤ c∗aE(vh, vh) (1.42)

where c∗ and c∗ are two positive constants, independent of E and h.
Then, for every uh, vh ∈ V k

h (E), the approximation of aE(·, ·) is thus:

ah
E(uh, vh) := aE(Πk

Euh,Πk
Evh) + SE(uh − Πk

Euh, vh − Πk
Evh). (1.43)

From the above definition, it is not hard to see that the bilinear form ah
E(·, ·) satisfies the

k-consistency and the stability properties.

Remark 4. The choice of the stabilization term depends on the problem and on the degrees
of freedom [22, 31, 56].

Finally, once we have defined the local approximation of aE(·, ·), see (1.43), the global
approximation form is achieved as follows

ah(uh, vh) :=
∑

E∈Th

ah
E(uh, vh), (1.44)

for every uh, vh ∈ V k
h

The discrete loading term. We first consider the case k ≥ 2, and we define for each
element E the L2-projection onto the space Pk−2(E), that is,

fh = P k−2
E (f) on each E ∈ Th. (1.45)

Consequently, the associated right-hand side is

⟨fh, vh⟩ =
∑

E∈Th

∫
E
fhvh dE

=
∑

E∈Th

∫
E
P k−2

E (f) vh dE

=
∑

E∈Th

∫
E
f P k−2

E (vh) dE.

(1.46)

and the fundamental observation is that P k−2
E (vh) can be computed from the internal de-

grees of freedom for V k
h . Rather, for k = 1 there is an “ad-hoc” precedure. We approximate

f by a piecewise constant and using (1.40) we define

⟨fh, vh⟩ =
∑

E∈Th

|E|P 0
E(f) 1

nE
e

nE
e∑

i=1
vh(Vi) (1.47)

where we recall that V1, . . . , VnE
e

are the vertices of the element E.
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1.2.4 Convergence analysis
In this section we briefly recall, without proving, the main important results for the con-
vergence of the method. We assume that the mesh assumptions (A1) and (A2) are always
fulfilled. In accordance with the classical Scott-Dupont theory [42] we have the following
two fundamental approximation estimates. The first estimate, regards polynomial func-
tions:

Proposition 1.2.2. Given h, let E ∈ Th and k ≥ 1, then for every w ∈ Hs+1(E), with
0 ≤ s ≤ k there exists a polynomial function wπ ∈ Pk(E) such that

||w − wπ||0,E + hE|w − wπ|1,E ≤ Chs+1
E |w|s+1,K (1.48)

where C is a constant independent of h.

On the other hand, the second result regards the interpolation operator, see [22] for its
definition.

Proposition 1.2.3. Given h and let E ∈ Th, then for every w ∈ Hs+1(E), with 1 ≤ s ≤ k
there exists a unique interpolation wI ∈ V k

h (E) such that

||w − wI ||0,E + hE|w − wI |1,E ≤ Chs+1
E |w|s+1,K (1.49)

where C is a constant independent of h.

Employing now the previous estimates, we present the following main convergence
result [22]:

Theorem 1.2.4. Let u be the solution of the Problem (1.18) and let uh be the solution
of the discrete Problem (1.24). Assuming that the solution u ∈ Hk+1(Ω) and the data
f ∈ Hk−1(Ω), then we have that

|u− uh|1,Ω ≤ Chk|u|k+1,Ω (1.50)

where C is a constant independent of h.

1.2.5 Implementation details
In this section, we briefly show some details about the implementation of the method,
see [28] for a deeper study for a bi-dimensional Poisson problem. As in the standard finite
element methods, the global stiffness matrix is obtained by assembling the local ones.
Therefore, we show the computation of the local stiffness matrix (cf. (1.43)).

First of all, we need to fix some notations. Fixed a mesh Th, we consider a polygonal
element E. Once numbered the local degrees of freedom from 1 to ηk

E = dim(V k
h (E)) we

define the operator
dofi : V k

h (E) → R (1.51)
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such that for every vh ∈ V k
h (E) we have

dofi(vh) := i-th degree of freedom of vh for i = 1, . . . , ηk
E. (1.52)

The basis functions φi ∈ V k
h (E) are defined as usual as the canonical basis functions:

dofi(φj) = δij i, j = 1, . . . , ηk
E. (1.53)

Moreover, the following identity holds:

vh =
ηk

E∑
i=1

dofi(vh)φi ∀vh ∈ V k
h (E). (1.54)

After we have introduced the previous useful notation, the local stiffness matrix is given
by

AE
h := (Π∇

∗ )T G̃(Π∇
∗ ) + (I − Π∇)T S(I − Π∇), (1.55)

where all the quantities are defined here below.

Matrix Π∇
∗ . This matrix is the representation of the projection operator Πk

E : V k
h (E) →

Pk(E) defined in (1.38):
Π∇

∗ := G−1B. (1.56)
We begin with the definition of νk × νk matrix G:

Gα,β :=

⎧⎪⎪⎨⎪⎪⎩
P 0

E(mβ) α = 1, and ∀β = 1, . . . , νk;
(∇mβ,∇mα)0,E ∀α, β = 2, . . . , νk;
0 otherwise.

(1.57)

Using (1.40) applied to the scaled monomials and a suitable quadrature rule, which depends
on the degree k, it is straightforward to implement the above matrix. Instead, the νk × ηk

E

matrix B is defined as follows

Bα,i :=
{

(∇φi,∇mα)0,E ∀α = 2, . . . , νk,∀i = 1, . . . , ηk
E;

P 0
E(φi) otherwise.

(1.58)

We recall that the functions φi are unknown inside the element E. Then, to compute the
matrix B, we absolutely need to use the divergence theorem

(∇φi,∇mα)0,E := −
∫

E
∆mαφi dE +

∫
∂E

∇mα · nφi ds. (1.59)

On the one hand, for the first term, we have that ∆mα ∈ Pk−2(E) so we use the internal
degrees of freedom DM to compute it. While, on the other we observe that the integrand
function of the second term is a polynomial up to degree 2k− 1, then we use the boundary
degrees of freedom (DV + DE) to exactly compute the integral.
Remark 5. The term “exactly”, referred to integrals’ computation, means that we do not
use any approximation for the integrand functions. Indeed, using the available information,
as degrees of freedom or polynomial functions, we can compute the integrals only with a
suitable quadrature rule.
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Matrix Π∇. This matrix represents the expansion of the projection operator Πk
E in term

of the basis functions of V k
h (E):

Π∇ = DΠ∇
∗ (1.60)

where D is a ηk
E × νk matrix and it is defined as

Di,α := dofi(mα) ∀i = 1, . . . , ηk
E, ∀α = 1, . . . , νk. (1.61)

Remark 6. Since Pk(E) ⊂ V k
h (E), for every β = 1, . . . , νk we have the following relation:

mβ :=
ηk

E∑
i=1

dofi(mβ)φi. (1.62)

So the matrix G can be expressed in terms of B and D as follows:

G = BD. (1.63)

Although we do not use (1.63) in the explicit construction of the matrix G, we can exploit
this relation to check the correctness of the VEM code, as a sort of crucial test.

Finally the last two matrices are the following:

G̃α,β :=
{

Gα,β ∀α, β = 2, . . . , νk;
0 otherwise

(1.64)

while the matrix S, which represents the stabilization term is defined as follows

Si,j = SE(φj, φi) ∀i, j = 1, . . . , ηk
E. (1.65)

Remark 4 states that there are different choices for the stabilization term. For instance,
in [28] the stabilization introduced is the simplest one: the identity matrix. Instead in [56],
the authors explore some high-order VEMs for 3D Poisson problem, with different stabi-
lization terms and polynomial bases.

1.3 Elasticity problem
In this section, we present the problem and its variational formulation discussed in this

work. When we deal with elasticity problems, we study both the deformations of elastic
bodies under the influence of applied forces and the stresses and strains which result from
deformations. Here, we focus our attention on the linear case considering a homogeneous
and isotropic material. Therefore, we work in the framework of small displacement and
small deformation.

In this setting, we have three different variational formulations for this problem, which
depends on the number of the variables considered. So we have
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• the displacement formulation, where the only variable is the displacement u;

• the mixed formulation based on Hellinger-Reissner principle, where the
stress σσσ and the displacement u are the variables of our problem;

• the mixed formulation based on Hu-Washizu principle, where we take into
account all variables: the stress σσσ, the strain εεε and the displacement u.

In this dissertation, we choose the second one.

1.3.1 The Hellinger-Reissner formulation
We present the elasticity problem based on the Hellinger-Reissner principle for the three-
dimensional case [39, 41]. The bi-dimensional problem will be analogous.

Let Ω ⊆ R3 be a Lipschitz polyhedral domain, which represents our elastic body and
let ∂Ω its regular boundary. Moreover, we denote by f ∈ [L2(Ω)]3 the loading term and let
C the Cauchy stress tensor, which depends on the material of the body. Then, the linear
elasticity problem reads⎧⎪⎪⎨⎪⎪⎩

find (σσσ,u) such that
div σσσ + f = 0 in Ω the equilibrium equation,
σσσ = Cεεε(u) in Ω the costitutive law,

(1.66)

where u and σσσ represent the displacement and the stress fields, respectively. Denoting by
εεε(·) the symmetric gradient operator, we define the strain tensor by:

εεε(u) := ∇u + ∇uT

2 . (1.67)

We recall that the first equation of (1.66) represents the equilibrium of all internal and
external forces of the system, while the second one is the Hook’s equation, which depends
on the material of the body. More precisely, since we are in the linear case, we observe
that the relationship between stress and strain can be written in the following easier way:

σσσ := Cεεε(u) = 2µεεε(u) + λtr(εεε(u))I, (1.68)

where λ > 0, µ > 0 are the Lamè coefficients, tr(·) is the trace operator and I is the identity
tensor.

Remark 7. Alternatively, the equation (1.68) can be define as follows

σσσ = E

1 + ν

(
εεε(u) + ν

1 − 2ν

)
tr(εεε(u))I, (1.69)

where we use a different set of material constants, namely the Young’s modulus of elasticity
E and the Poisson ratio ν.
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Remark 8. The natural relationship between the two couples of material parameters (λ, µ)
and (E, ν) is:

ν(λ, µ) = λ

2(λ+ µ) , E(λ, µ) = µ(3λ+ 2µ)
λ+ µ

, (1.70)

and
λ(E, ν) = Eν

(1 + ν)(1 − 2ν) , µ(E, ν) = E

2(1 + ν) . (1.71)

From physical considerations, we have that λ > 0, µ > 0, and E > 0, 0 < ν < 1/2.
Moreover, for compressible materials we have λ ∼ µ, whereas, for nearly incompressible
materials, λ >> µ, i.e., ν is very close to 1/2.

For the treatment of the boundary conditions we consider the general case. There-
fore, we split ∂Ω into two regular disjoint parts ∂ΩD and ∂ΩN and we take the following
conditions:

BCD(u) : u = g on ∂ΩD Dirichlet boundary conditions,
BCN(σσσ) : σσσ · n = ψψψ on ∂ΩN Neumann boundary conditions,

(1.72)

with n is the unit outward normal vector to ∂ΩN and the displacements g : ∂ΩD → R3

and the tractions ψψψ : ∂ΩN → R3 are two regular functions.
Defining (·, ·) as the scalar product in L2, D := C−1 and a(σσσ, τττ ) := (Dσσσ, τττ ), the

Hellinger-Reissner mixed formulation of the Problem (1.66):⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Find (σσσ,u) ∈ Σψψψ × U such that

a(σσσ, τττ ) + (div τττ ,u) =
∫

∂ΩD

g · τττ n dΩ ∀τττ ∈ Σ0

(div σσσ,v) = −(f ,v) ∀v ∈ U

(1.73)

where the displacement space U is

U =
[
L2(Ω)

]3
and, for a given function h : ∂ΩN → R3, the stress space Σh is

Σh =
{
τττ ∈ H(div; Ω) : τττ is symmetric; τττ · n|∂ΩN

= h
}
.

The elasticity fourth-order symmetric tensor D is assumed to be uniformly bounded,
positive-definite and sufficiently regular.

Remark 9. We remark that in this Hellinger-Reissner mixed formulation, the tractions
prescribed on ∂ΩN are directly included in the functional space Σψψψ (the so-called forced
boundary conditions), while the displacements prescribed on ∂ΩD are imposed in a weak
sense through the introduction of the right-hand side in the first equation of (1.73) (the
so-called natural boundary conditions).
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From now on, for sake of simplicity, we consider the case of homogeneous Dirichlet
boundary conditions, hence we take ∂ΩN = ∅ and g = 0. Thus, the problem (1.73)
becomes ⎧⎪⎪⎨⎪⎪⎩

Find (σσσ,u) ∈ Σ × U such that
a(σσσ, τττ ) + (div τττ ,u) = 0 ∀τττ ∈ Σ
(div σσσ,v) = −(f ,v) ∀v ∈ U

(1.74)

where
Σ := {τττ ∈ H(div,Ω) : τττ is symmetric} .

It is well known, see for instance [39, 41], that

• a(·, ·) : Σ × Σ → R is a symmetric and continuous bilinear form, i.e., there exists a
constant α∗ > 0 such that

|a(σσσ, τττ )| :=
⏐⏐⏐⏐∫

Ω
Dτττ : σσσ dΩ

⏐⏐⏐⏐ ≤ α∗||σσσ||Σ||τττ ||Σ ∀σσσ, τττ ∈ Σ, (1.75)

where τττ : σσσ = ∑
ij τττ ijσσσij is the Frobenius inner product, which is analogous to the

vector inner product. Moreover we observe that the constant α∗ depends on the
elasticity tensor D.

• The mixed term (div ·, ·) : Σ × U → R is a continuous bilinear form, i.e., there exist
a constant c such that

|(div σσσ,u)| :=
⏐⏐⏐⏐∫

Ω
div σσσ · u dΩ

⏐⏐⏐⏐ ≤ c||σσσ||Σ||u||U ∀σσσ ∈ Σ, ∀u ∈ U. (1.76)

• The ellipticity on the kernel condition is verified, i.e., there exists a positive
constant α such that

a(τττ , τττ ) ≥ α||τττ ||Σ ∀τττ ∈ K (1.77)

where
K := {τττ ∈ Σ : (div τττ ,v) = 0 ∀v ∈ U} . (1.78)

Therefore, it is sufficient to require that the bilinear form a(·, ·) is coercive on the
kernel K and not on the whole space Σ.

• The inf-sup condition is satisfied, i.e., there exists a constant β > 0 such that

sup
τττ∈Σ,τττ ̸=0

(div τττ ,v)
||τττ ||Σ

≥ β||v||U ∀v ∈ U. (1.79)

Hence the problem has a unique solution (σσσ,u) such that

||σσσ||Σ + ||u||U ≤ C||f ||0. (1.80)
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Chapter 2

A three-dimensional low-order
Virtual Element Method

In this chapter, we present a Virtual Element Method for three-dimensional elasticity
problems based on the Hellinger-Reissner variational principle. More precisely, in the
framework of small displacements and small deformations, we propose a conforming low-
order scheme with a-priori symmetric stresses.

As it is well known, in the Finite Element approach, designing a conforming method
that preserves the symmetry of the stresses is not at all a trivial task. The reason for this
difficulty stands in the local polynomial approximation, which forces us to consider quite
cumbersome schemes, especially for three-dimensional problems. Hence, to avoid these
troubles, we exploit the flexibility of the Virtual Element technology to approximate the
stress field, while for displacements, we use a suitable polynomial approximation.

Recently for these problems, some Virtual Element schemes have been proposed and
analyzed for the bi-dimensional case. In particular, in [15] the authors presented a low-
order scheme, while in [16] they developed a family of VE schemes with different degrees
of accuracy.

The aim of this chapter is to extend the analysis and the computational aspects of [15] to
a three-dimensional case, designing and implementing a robust method both with respect to
the different types of meshes and the compressibility parameter (the nearly incompressible
materials are allowed). These aspects show that, even for tetrahedral or hexahedral meshes,
the proposed VEM method is a valid alternative to the corresponding mixed Finite Element
with H(div)-conformity for stress and L2-conformity for displacements [6].

The outline of the chapter follows. Section 2.1 details the procedure of our discrete
method, by describing all the relevant projectors, bilinear and linear forms, together the
VEM approximation spaces. The stability and convergence analysis is developed in Sec-
tion 2.2, while the numerical experiments, which confirm the theoretical predictions, are
detailed in Section 2.3.

For the results of this chapter we refer to the paper [54].
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2.1 The Virtual Element Method
In this section, we define our Virtual Element discretization of Problem (1.74). Let {Th}h

be a sequence of decompositions of Ω into general polyhedral elements E satisfying the
usual assumptions (B1), (B2), (B3). Given a polygonal face f ∈ ∂E, we use x and x̃ to
indicate the global and local coordinates of a generic point of f , respectively. This notation
will be useful in the definition of the local degrees of freedom for the stress field. Moreover,
given two quantities a and b, we use the notation a ≲ b to mean: there exists a constant
C, independent of the mesh-size, such that a ≤ Cb.

Our Virtual Element method is based on the following procedure [15].

1. Firstly, we approximate the tensor D with D̄, a suitable piecewise constant concerning
the underlying mesh Th: for instance, we could take the local mean value of D,
component-wise. Hence, we consider the problem:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Find (σ̄σσ, ū) such that
− div σ̄σσ = f in Ω
D̄σ̄σσ = εεε(ū) in Ω
ū = 0 in ∂Ω.

(2.1)

2. Then, we approximate Problem (2.1) by an appropriate Virtual Element scheme
which returns a discrete solution (σσσh,uh) satisfying

||σ̄σσ − σσσh||Σ + ||ū − uh||0 ≲ h. (2.2)

We now show that, for smooth tensors D, the discrete solution (σσσh,uh) is also a first
order approximation of (σσσ,u), solution to the original Problem (1.66) with homogeneous
Dirichlet boundary conditions. More precisely, we have the following result:

Proposition 2.1.1. Let (σσσ,u) solve Problem (1.66) and let (σ̄σσ, ū) solve Problem (2.1).
Let D a regular tensor such that each component Dijkl of D satisfies the following condition

Dijkl|E
∈ H1(E) for every E ∈ Th, (2.3)

then we have

||σσσ − σ̄σσ||Σ + ||u − ū||1 ≲

⎛⎝ ∑
E∈Th

h2
E|D|21,E

⎞⎠1/2

||f ||0. (2.4)

In addition, if (σσσh,uh) fulfils (2.2), then

||σσσ − σσσh||Σ + ||u − uh||0 ≲ h. (2.5)
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Proof. Let’s start to prove the inequality (2.4). Using the uniform boundedness and
positive-definiteness of D, together with the Korn’s inequality, we have

||σσσ − σ̄σσ||20 + ||u − ū||21 ≲
∫

Ω
D(σσσ − σ̄σσ) : (σσσ − σ̄σσ) dΩ +

∫
Ω
C(εεε(u − ū)) : (εεε(u − ū)) dΩ. (2.6)

By the Hyper-Circle Theorem of Prager and Synge (see [76]), it holds

∫
Ω
D(σσσ−σ̄σσ) : (σσσ−σ̄σσ) dΩ+

∫
Ω
C(εεε(u−ū)) : (εεε(u−ū)) dΩ =

∫
Ω
D(σ̄σσ−Cεεε(ū)) : (σ̄σσ−Cεεε(ū)) dΩ.

(2.7)
Now we notice that D(σ̄σσ −Cεεε(ū)) = D(σ̄σσ −CD̄σ̄σσ) = (D− D̄)σ̄σσ, see (2.1). Hence, thanks to
the uniform boundedness of C and standard approximation results, we infer∫

Ω
D(σ̄σσ − Cεεε(ū)) : (σ̄σσ − Cεεε(ū)) dΩ =

∫
Ω
(D − D̄)σ̄σσ : C((D − D̄)σ̄σσ) dΩ

≲ ||(D − D̄)σ̄σσ||20

≲

⎛⎝ ∑
E∈Th

h2
E|D|21,E

⎞⎠ ||σ̄σσ||20.

(2.8)

Furthermore, we notice that div(σσσ − σ̄σσ) = 0. Therefore, combining (2.6), (2.7) and (2.8),
and employing the stability bound ||σ̄σσ||0 ≲ ||f ||0 we obtain

||σσσ − σ̄σσ||2Σ + ||u − ū||21 ≲

⎛⎝ ∑
E∈Th

h2
E|D|21,E

⎞⎠ ||f ||20, (2.9)

and thus we have estimate (2.4). From (2.9) we immediately get

||σσσ − σ̄σσ||Σ + ||u − ū||0 ≲ h ||f ||0, (2.10)
and estimate (2.5) now follows using (2.2) and the triangle inequality.
Remark 10. Proposition 2.1.1 shows that one may assume that D is piecewise constant
from the beginning. Indeed, if an error bound like (2.2) holds true, then the convergence
estimate (2.5) is also valid for D sufficiently regular, see (2.3). This is the approach we
follow in the sequel of the chapter and thesis.

2.1.1 The local spaces
To describe the local spaces employed in the VEM proposed scheme, we firstly introduce
two spaces: RM(E) and Th(f).

Space RM(E). It is the space of local infinitesimal rigid body motions:

RM(E) :=
{
r(x) = ααα + ωωω ∧

(
x − xE

)
s.t. ααα, ωωω ∈ R3

}
, (2.11)

whose dimension is 6.
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Space Th(f). For each face f ∈ ∂E, we introduce

Th(f) :=
{
ψψψ(x̃) = tf + a

[
nf ∧ (x(x̃) − xf )

]
+ p1(x̃)nf , s.t. a ∈ R, p1(x̃) ∈ P1(f)

}
,

(2.12)
where nf the outward normal to the face f , and tf is an arbitrary vector tangent to the
face f . Above, x(x̃) is the three dimensional position vector of a point on f , determined
by the two local coordinates x̃. The dimension of such a space is 6, indeed:

• The three dimensional tangent vector t is determined by a linear combination of two
given linearly independent tangential vectors t1 and t2, i.e.

t = b1t1 + b2t2.

• The rotational term a
[
nf ∧ (x(x̃)−xf )

]
is determined by a single scalar value a ∈ R.

• The polynomial p1(x̃) ∈ P1(f) is a two variable polynomial with respect to the local
face coordinate system so it is determined by three parameters, and here we use:

p1(x̃) = c1 + c2(x̃− x̃f ) + c3(ỹ − ỹf ).

Therefore, this space consists of vector functions whose tangential component is a 2D face
rigid body motion (the first two terms of (2.12)), while the normal component is a linear
two-variable polynomial (the last term of (2.12)), see Figure 2.1.

Stress space. We are now ready to introduce our local approximation space for the
stress field:

Σh(E) :=
{
τττ h ∈H(div;E) : ∃ w∗ ∈

[
H1(E)

]3
such that τττ h = Cεεε(w∗);

(τττ h n)|f ∈ Th(f) ∀f ∈ ∂E; div τττ h ∈ RM(E)
}
.

(2.13)

Accordingly, for the local space Σh(E) the following degrees of freedom can be taken, see
also (2.12).

• For each face f of the element E, the three degrees of freedom which determine the
tangential component of the tractions:

τττ h −→
∫

f
(τττ h n)|f ·

[
θθθf + α

[
nf ∧ (x(x̃) − xf )

]]
df. (2.14)

Above, α ∈ R and θθθf is an arbitrary vector tangential to the face f .

• For each face f of the element E, the three degrees of freedom which determine the
normal component of the tractions:

τττ h −→
∫

f
(τττ h n)|f ·

[
q1(x̃)nf

]
df ∀ q1(x̃) ∈ P1(f). (2.15)
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Therefore, we infer that the dimension of the space (2.13) is

dim(Σh(E)) = 6nE
f ,

nE
f being the number of element faces.

Proposition 2.1.2. Let τττ h ∈ Σh(E), then div τττ h is completely determined by (τττ h n)|f ,
with f ∈ ∂E face of E. More precisely, setting (cf (2.11))

div τττ h = αααE + ωωωE ∧
(
x − xE

)
, (2.16)

it holds

αααE = 1
|E|

⎛⎝ ∑
f∈∂E

∫
f
(τττ h n) df

⎞⎠ , (2.17)

and ωωωE is the unique solution of the 3 × 3 linear system∫
E

(
x − xE

)
∧
[
ωωωE ∧

(
x − xE

)]
dE =

∑
f∈∂E

∫
f

(
x − xE

)
∧ (τττ hn) df. (2.18)

Proof. Since τττ h ∈ Σh(E), we have div τττ h ∈ RM(E) and (τττ h n)|f = ψψψ(x̃)|f ∈ Th(f), for
f ∈ ∂E. Then, denoting with φφφ : ∂E → R3 the function such that φφφ|f := ψψψ(x̃)|f , the
integration by parts:∫

E
div τττ h · r dE =

∫
∂E
φφφ · r df ∀r ∈ RM(E), (2.19)

allows to compute div τττ h using the degrees of freedom of the space Th(f).
Testing (2.19) with constant functions r(x) = ααα and recalling (2.16), we have∫

E
αααE · ααα dE =

∫
∂E
φφφ|f · ααα df =

( ∑
f∈∂E

∫
f
(τττ h n) df

)
· ααα ∀ααα ∈ R3.

Hence, we obtain
αααE = 1

|E|

( ∑
f∈∂E

∫
f
(τττ h n) df

)
.

Now, we test (2.19) selecting r(x) = ωωω ∧
(
x − xE

)
. We have

∫
E

[
ωωωE ∧

(
x − xE

)]
·
[
ωωω ∧

(
x − xE

)]
dE =

∑
f∈∂E

∫
f
φφφ|f ·

[
ωωω ∧

(
x − xE

)]
df ∀ωωω ∈ R3,

(2.20)
i.e.

ωωω ·
(∫

E

(
x − xE

)
∧
[
ωωωE ∧

(
x − xE

)]
dE

)
= ωωω ·

⎛⎝ ∑
f∈∂E

∫
f

(
x − xE

)
∧ φφφ|f df

⎞⎠ ∀ωωω ∈ R3.
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We then infer that ωωωE satisfies∫
E

(
x − xE

)
∧
[
ωωωE ∧

(
x − xE

)]
dE =

∑
f∈∂E

∫
f

(
x − xE

)
∧ (τττ h n) df,

i.e. ωωωE solves system (2.18). We also notice that from (2.20) we deduce that the linear
operator

ωωωE ↦−→
∫

E

(
x − xE

)
∧
[
ωωωE ∧

(
x − xE

)]
dE

is symmetric and positive definite.

Displacement space. The local approximation space for the displacement field is de-
fined by, see (2.11):

Uh(E) =
{

vh ∈
[
L2(E)

]3
: vh ∈ RM(E)

}
. (2.21)

Accordingly, for the local space Uh(E) the following degrees of freedom can be taken:

vh −→
∫

E
vh · r dE ∀ r ∈ RM(E). (2.22)

It follows that dim(Uh(E)) = 6, see Figure 2.1.

Stress Dofs Displacement Dofs

Figure 2.1: Overview of the local degrees of freedom. On the left, the stress degrees of
freedom on a fixed face (green face); on the right the displacement degrees of freedom.

2.1.2 The local forms
In this section we introduce the VEM counterparts of the local forms associated with the
continuous problem.
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The local mixed term. Given E ∈ Th, we begin by noticing that the term

(div τττ h,vh)E =
∫

E
div τττ h · vh dE

is computable for every τττ h ∈ Σh(E) and vh ∈ Uh(E) via degrees of freedom. For this reason,
we do not need to introduce any approximation of the terms (div τττ ,u) and (div σσσ,v) in
problem (1.74).

The local bilinear form aE(·, ·). The local bilinear form

aE(σσσh, τττ h) =
∫

E
Dσσσh : τττ h dE

is not computable for a general couple (σσσh, τττ h) ∈ Σh(E) × Σh(E). As it is standard in the
VEM procedure (cf. [22]), we build a computable approximation of the bilinear form by
defining a suitable projection operator onto local polynomial functions. In our case, we
introduce ΠE : Σh(E) → [P0(E)]3×3

s , by requiring∫
E

ΠE τττ h : πππ0 =
∫

E
τττ h : πππ0 dE ∀πππ0 ∈ [P0(E)]3×3

s . (2.23)

This is a projection operator onto the constant symmetric tensor functions and it is com-
putable. Indeed, we notice that each πππ0 ∈ [P0(E)]3×3

s can be written as the symmetric
gradient of a linear vectorial function, i.e. πππ0 = εεε(p1), with p1 ∈ [P1(E)]3. Hence, using
the divergence theorem, the right-hand side of (2.23) becomes∫

E
τττ h : πππ0 dE =

∫
E
τττ h : εεε(p1) dE = −

∫
E

div τττ h · p1 dE +
∫

∂E
(τττ hn) · p1 df

which is clearly computable (see also Proposition 2.1.2). Then, the approximation of aE(·, ·)
reads:

ah
E(σσσh, τττ h) := aE(ΠE σσσh,ΠEτττ h) + sE ((I − ΠE)σσσh, (I − ΠE)τττ h)

=
∫

E
D(ΠEσσσh) : (ΠEτττ h) dE + sE ((I − ΠE)σσσh, (I − ΠE)τττ h) ,

(2.24)

where sE(·, ·) is a suitable stabilization term. In this chapter we propose the following
choice:

sE(σσσh, τττ h) := κE hE

∫
∂E

(σσσhn) · τττ hn df, (2.25)

Above, κE is a positive constant to be chosen according to D. For instance, in the numerical
examples of Section 2.3, κE is set equal to 1

2tr(D|E). However, any norm of D|E can be
used. A possible variant of (2.25) is

sE(σσσh, τττ h) := κE

∑
f∈∂E

hf

∫
f
(σσσhn) · τττ hn df.
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The local loading term. We split the load term on each element and we have

(f ,vh) =
∫

Ω
f · vh dΩ =

∑
E∈Th

∫
E

f · vh dE.

Since vh ∈ RM(E), the right-hand side is computable via quadrature rules for polyhedral
domains.

Remark 11. Since this integral involves a sufficiently regular function f , to get a “good”
approximation we exploit a quadrature rule of high degree. For the numerical examples in
Section 2.3, we use a quadrature rule of degree 4.

2.1.3 The discrete scheme
Starting from the local spaces and local terms introduced in the previous sections, we can
set the global problem. More specifically, we introduce a global approximation space for
the stress field, by glueing the local approximation spaces, see (2.13):

Σh =
{
τττ h ∈ H(div; Ω) : τττ h|E ∈ Σh(E) ∀E ∈ Th

}
. (2.26)

The global stress degrees of freedom are obtained by glueing together, on each internal
face of the mesh Th, the local degrees of freedom. Given an internal face, this accounts
for selecting one of the two normals once and for all, and then consider the corresponding
functionals (2.14) and (2.15). For the global approximation of the displacement field, we
take, see (2.21):

Uh =
{

vh ∈
[
L2(Ω)

]3
: vh|E ∈ Uh(E) ∀E ∈ Th

}
. (2.27)

Since no inter-element continuity is required, the global displacement degrees of freedom
are simply obtained by collecting the local degrees of freedom (2.22).

Now, given a local approximation of aE(·, ·), see (2.24), we set

ah(σσσh, τττ h) :=
∑

E∈Th

ah
E(σσσh, τττ h). (2.28)

The method we consider is then defined by (cf. Problem (1.74) and Remark 9):⎧⎪⎪⎨⎪⎪⎩
Find (σσσh,uh) ∈ Σh × Uh such that
ah(σσσh, τττ h) + (div τττ h,uh) = 0 ∀τττ h ∈ Σh

(div σσσh,vh) = −(f ,vh) ∀vh ∈ Uh.

(2.29)

2.2 Stability and convergence analysis
Since some results of the analysis follows the guidelines of the theory developed in [15],
in this section we do not provide full details of all the proofs. First, for all E ∈ Th, we
introduce the space:
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Σ̃(E) :=
{
τττ ∈ H(div;E) : ∃w ∈

[
H1(E)

]3
such that τττ = Cεεε(w)

}
. (2.30)

The global space Σ̃ is defined as

Σ̃ :=
{
τττ ∈ H(div; Ω) : ∃w ∈

[
H1(Ω)

]3
such that τττ = Cεεε(w)

}
.

In the sequel, given a measurable subset A ⊆ Ω and r > 2, we will use the following space

W r(A) :=
{
τττ : τττ ∈ [Lr(A)]3×3

s , div τττ ∈
[
L2(A)

]3}
,

equipped with the obvious norm.

2.2.1 An interpolation operator for stresses
We introduce the local interpolation operator IE : W r(E) → Σh(E), defined by:∫

∂E
(IEτττ )n · φφφ∗ df =

∫
∂E

(τττ n) · φφφ∗ df ∀φφφ∗ ∈ R∗(∂E), (2.31)

where:

R∗(∂E) =
{
φφφ∗ ∈

[
L2(∂E)

]3
: φφφ∗|f (x̃) = γγγf+ [δδδf ∧ (x(x̃) − xE)] ,

γγγf , δδδf ∈ R3, ∀f ∈ ∂E
}
.

(2.32)

We remark that if τττ is not sufficiently regular, the integral in the right-hand side of (2.31)
is intended as a duality between

[
W− 1

r
,r(∂E)

]3
and

[
W

1
r

,r′(∂E)
]3

. Instead, if τττ is a regular
function, the above condition is equivalent to require:⎧⎪⎪⎨⎪⎪⎩

∫
f
(IEτττ )n · ααα df =

∫
f
(τττ n) · ααα df ∀ααα ∈ R3;∫

f
(IEτττ )n · [ωωω ∧ (x(x̃) − xE)] df =

∫
f
(τττ n) · [ωωω ∧ (x(x̃) − xE)] df ∀ωωω ∈ R3;

(2.33)

for each face f ∈ ∂E.
We now show that IEτττ ∈ Σh(E) is well-defined by conditions (2.31). Indeed this is an

immediate consequence of the following Lemma.

Lemma 2.2.1. If τττ h ∈ Σh(E) is such that∫
∂E

(τττ h n) · φφφ∗ df = 0 ∀φφφ∗ ∈ R∗(∂E),

then τττ h = 0.
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Proof. Recalling (2.13), Proposition 2.1.2 and (2.32), it is sufficient to prove that, given a
face f ∈ ∂E, conditions∫

f
(τττ h n) ·

[
γγγf + δδδf ∧ (x(x̃) − xE)

]
df = 0 ∀γγγf , δδδf ∈ R3 (2.34)

imply (τττ h n)|f = 0. To this end, we first set (cf. (2.12))

(τττ h n)|f (x̃) = tf + a
[
nf ∧ (x(x̃) − xf )

]
+ p1(x̃)nf , (2.35)

with tf an arbitrary constant vector tangent to the face f , a ∈ R, nf the outward normal
vector and

p1(x̃) = c1 + c2(x̃− x̃f ) + c3(ỹ − ỹf ) ci ∈ R i = 1, 2, 3.
Choosing δδδf = 0 and γγγf arbitrary in (2.34), and considering (2.35), we infer tf = 0 and
c1 = 0. Hence, it holds:

(τττ h n)|f (x̃) = a
[
nf ∧ (x(x̃) − xf )

]
+
(
c2(x̃− x̃f ) + c3(ỹ − ỹf )

)
nf . (2.36)

We now select γγγf = 0 and δδδf = nf in (2.34). From (2.36) we get

a
∫

f

[
nf ∧ (x(x̃) − xf )

]
·
[
nf ∧ (x(x̃) − xE)

]
df = 0.

We have:∫
f

[
nf ∧ (x(x̃) − xf )

]
·
[
nf ∧ (x(x̃) − xE)

]
df =∫

f

[
nf ∧ (x(x̃) − xf )

]
·
[
nf ∧ ((x(x̃) − xf ) + (xf − xE))

]
df =∫

f

⏐⏐⏐nf ∧ (x(x̃) − xf )
⏐⏐⏐2df +

∫
f

[
nf ∧ (x(x̃) − xf )

]
·
[
nf ∧ (xf − xE)

]
df =∫

f

⏐⏐⏐nf ∧ (x(x̃) − xf )
⏐⏐⏐2df > 0.

(2.37)

Above, we have used that nf ∧ (xf − xE) is a constant vector and that nf ∧ (x(x̃) − xf )
has zero mean value over the face f , to infer that:∫

f

[
nf ∧ (x(x̃) − xf )

]
·
[
nf ∧ (xf − xE)

]
df = 0

From (2.37) we deduce a = 0, and therefore we get:

(τττ h n)|f (x̃) =
(
c2(x̃− x̃f ) + c3(ỹ − ỹf )

)
nf . (2.38)

We finally select γγγf = 0 and δδδf = tf in (2.34), with tf an arbitrary vector tangential to
the face f . Thus, we obtain:∫

f

(
c2(x̃− x̃f ) + c3(ỹ − ỹf )

)
nf · [tf ∧ (x(x̃) − xE)] df = 0.
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Using again x(x̃) − xE = (x(x̃) − xf ) + (xf − xE), we infer

T :=
∫

f

(
c2(x̃− x̃f ) + c3(ỹ − ỹf )

)
nf · [tf ∧ (x(x̃) − xf )] df =∫

f

(
c2(x̃− x̃f ) + c3(ỹ − ỹf )

)
(x(x̃) − xf ) · [nf ∧ tf ] df = 0.

(2.39)

We now choose tf such that the (tangential to the face) vector nf ∧ tf has components
(c2, c3) with respect to the local coordinate system (x̃, ỹ). Then, from (2.39) we get

T =
∫

f

(
c2

2(x̃− x̃f )2 + c2
3(ỹ − ỹf )2

)
df = 0,

which implies c2 = c3 = 0. Therefore, (τττ h n)|f = 0, see (2.38), and the proof is complete.

The global interpolation operator Ih : W r(Ω) → Σh is then defined by glueing the local
contributions provided by IE. More precisely, for every τττ ∈ W r(Ω) and E ∈ Th, we set

(Ihτττ )|E := IEτττ |E.

We now present the following Lemma, which is used to proof some error estimates for the
interpolation operator.

Lemma 2.2.2. Suppose that assumptions (B1), (B2) and (B3) are fulfilled. Given E ∈
Th, let w ∈ [H1(E)]3 be a solution of the problem:{

− div(Cεεε(w)) = g in E

(Cεεε(w))n = h on ∂E,
(2.40)

where g ∈ [L2(E)]3 and h ∈ [L2(∂E)]3 satisfy the compatibility condition∫
E

g · r dE +
∫

∂E
h · r df = 0 ∀r ∈ RM(E). (2.41)

Then it holds:

||Cεεε(w)||0,E ≲ hE||g||0,E + h
1/2
E ||h||0,∂E. (2.42)

Proof. For the proof of this Lemma, one can use the same steps detailed in [15].

Therefore, we have the following error estimates for the interpolation operator Ih.

Proposition 2.2.3. Under assumptions (B1), (B2) and (B3), for the interpolation oper-
ator IE defined in (2.33), the following estimates hold:

||τττ − IEτττ ||0,E ≲ hE|τττ |1,E ∀τττ ∈ Σ̃(E) ∩
[
H1(E)

]3×3
(2.43)

and

|| div(τττ − IEτττ )||0,E ≲ hE| div τττ |1,E ∀τττ ∈ Σ̃(E) ∩
[
H1(E)

]3×3
s.t. div τττ ∈ [H1(E)]3.

(2.44)

30



Proof. Let τττ ∈ Σ̃(E) ∩ [H1(E)]3×3, and let w ∈ [H1(E)]3 be such that τττ = Cεεε(w), see
(2.30). In addition, consider IEτττ ∈ Σh(E) and w∗ ∈ [H1(E)]3 such that IEτττ = Cεεε(w∗),
see (2.13). Hence, setting δδδ := (w − w∗) ∈ [H1(E)]3, it holds:

τττ − IEτττ = Cεεε(δδδ). (2.45)
Furthermore, using (2.33), (2.16) and (2.18), we infer that δδδ ∈ [H1(E)]3 satisfies:⎧⎪⎪⎨⎪⎪⎩

div(Cεεε(δδδ)) = div τττ − (αααIE
+ ωωωIE

∧ (x − xE)) on E

(Cεεε(δδδ))n =
∑

f∈∂E

(
τττ n − 1

|f |

∫
f
(τττ n) df

)
χf on ∂E,

(2.46)

where χf denotes the characteristic function of the face f and it holds

αααIE
= 1

|E|

⎛⎝ ∑
f∈∂E

∫
f
(τττ n) df

⎞⎠ , (2.47)

and ωωωIE
is the unique solution of the 3 × 3 linear system∫
E

(
x − xE

)
∧
[
ωωωIE

∧
(
x − xE

)]
dE =

∑
f∈∂E

∫
f

(
x − xE

)
∧ (τττ n) df. (2.48)

Applying Lemma 2.2.2 with:⎧⎪⎪⎨⎪⎪⎩
g := (αααIE

+ ωωωIE
∧ (x − xE)) − div τττ

h :=
∑

f∈∂E

(
τττ n − 1

|f |

∫
f
(τττ n) df

)
χf ,

(2.49)

we get

||τττ − IEτττ ||0,E = ||Cεεε(δδδ)||0,E ≲ hE||g||0,E + h
1/2
E ||h||0,∂E. (2.50)

We now estimate g and h. We denote respectively with Π0,E, ΠRM,E and Π0,∂E the L2-
projection operators onto the constant functions on E, onto the space RM(E) (cf. (2.11)),
and onto the piecewise constant functions on ∂E. Let’s start with the first equation
of (2.49). Using the divergence theorem and a direct computation we have

ΠRM,E div τττ = αααIE
+ ωωωIE

∧ (x − xE) . (2.51)

Noting that [P0(E)]3 ⊂ RM(E), from the properties of the L2-projection operator, we get

||g||0,E = ||αααIE
+ ωωωIE

∧ (x − xE) − div τττ ||0,E

= ||ΠRM,E div τττ − div τττ ||0,E

≤ ||Π0,E div τττ − div τττ ||0,E

≲ || div τττ ||0,E

(2.52)
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and in particular
||g||0,E ≲ hE| div τττ |1,E. (2.53)

Now we focus our attention on the second equation of (2.49). We remark that:

h =
∑

f∈∂E

(
τττ n − 1

|f |

∫
f
(τττ n) df

)
χf =

∑
f∈∂E

(
τττ − 1

|f |

∫
f
τττ df

)
nχf = (τττ − Π0,∂Eτττ ) n.

(2.54)
Hence, using a standard approximation estimate and a trace inequality, we get

||h||0,∂E = ||(τττ − Π0,∂Eτττ )n||0,∂E ≤ ||τττ − Π0,∂Eτττ ||0,∂E

≲ h
1/2
E |τττ |1/2,∂E

≲ h
1/2
E |τττ |1,E.

(2.55)

Taking into account (2.52) and (2.55), from (2.50) we obtain estimate (2.43).
We now notice that from (2.45), (2.46) and (2.49), we have:

div(τττ − IEτττ ) = −g. (2.56)

Then, using (2.53), we immediately get (2.44).

2.2.2 The ellipticity-on-the-kernel and inf-sup conditions
The proposed approach satisfies the compatibility conditions. First, we notice that (see
(2.26), (2.13) and (2.27), (2.21)):

div(Σh) ⊆ Uh. (2.57)

Then, we introduce the discrete kernel Kh ⊆ Σh:

Kh = {τττ h ∈ Σh : (div τττ h,vh) = 0 ∀vh ∈ Uh},

and we infer from (2.57) that τττ h ∈ Kh implies div τττ h = 0. Hence, it holds:

||τττ h||Σ = ||τττ h||0 ∀τττ h ∈ Kh. (2.58)

This is essentially the property that leads to the following ellipticity-on-the-kernel condi-
tion.

Proposition 2.2.4. For the method described in Section 2.1, there exists a constant α > 0
such that

ah(τττ h, τττ h) ≥ α ||τττ h||2Σ ∀τττ h ∈ Kh. (2.59)
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Proof. Fix E ∈ Th. By (2.23), (2.24) and (2.25), using the techniques of [22, 45], one has:

||τττ h||20,E ≲ ah
E(τττ h, τττ h) ≲ ||τττ h||20,E ∀τττ h ∈ Σh(E).

By recalling (2.28), we get the existence of α > 0 such that

ah(τττ h, τττ h) ≥ α ||τττ h||20 ∀τττ h ∈ Σh.

Estimate (2.59) now follows by recalling (2.58).

For the discrete inf-sup condition, we need the following commuting diagram property.

Proposition 2.2.5. For the operator Ih : W r(Ω) → Σh it holds:

div(Ihτττ ) = ΠRM(div τττ ) ∀τττ ∈ W r(Ω), (2.60)
where ΠRM denotes the L2-projection operator onto the space of the rigid body motions, see
(2.11).

Proof. It is sufficient to prove property (2.60) locally, in each element E ∈ Th. Fix now
r ∈ RM(E) and τττ ∈ W r(E). We have:∫

E
div τττ · r dE =

∫
∂E

(τττn) · r df (by (2.33))

=
∫

∂E
(IEτττ )n · r df (integration by parts)

=
∫

E
div(IEτττ ) · r dE

(2.61)

From (2.61) and the definition of L2-projection operator, we get div(IEτττ ) = ΠRM(div τττ )
on E.

Using Proposition 2.2.5 the following discrete inf-sup condition follows from the theory
developed in [15].

Proposition 2.2.6. Suppose that assumptions (B1), (B2) and (B3) are fulfilled. Then,
there exists β > 0 such that

sup
τττ h∈Σh

(div τττ h,vh)
||τττ h||Σ

≥ β||vh||U ∀ vh ∈ Uh.

2.2.3 Error estimates
We denote with P0(Th) the space of piecewise constant functions with respect to the given
mesh Th. Using the techniques developed in [15], one can prove the following result.

Proposition 2.2.7. Suppose that assumptions (B1), (B2) and (B3) are fulfilled. For
every (σσσI ,uI) ∈ Σh × Uh and every σσσπ ∈ [P0(Th)]3×3

s , the following error equation holds:

||σσσ − σσσh||Σ + ||u − uh||U ≲ ||σσσ − σσσI ||Σ + ||u − uI ||U + h || div σσσI ||0,Ω + ||σσσ − σσσπ||0,Ω.
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A suitable choice of uI , σσσI , and σσσπ leads to the following error estimate, see [15].

Theorem 2.2.8. Let (σσσ,u) ∈ Σ × U be the solution of Problem (1.74), and let (σσσh,uh) ∈
Σh × Uh be the solution of the discrete problem (2.29). Suppose that assumptions (B1),
(B2) and (B3) are fulfilled. Assuming σσσ|E ∈ [H1(E)]3×3 and (div σσσ)|E ∈ [H1(E)]3, the
following estimate holds true:

||σσσ − σσσh||Σ + ||u − uh||U ≲ C(Ω, σσσ,u)h,

where C(Ω, σσσ,u) is independent of h but depends on the domain Ω and on the Sobolev
regularity of σσσ and u.

2.3 Numerical results
In this section we numerically assess the proposed VEM approach by means of a selection
of test problems where the analytical solution is available. Furthermore, we consider a
more realistic, though simple, example.

2.3.1 Accuracy assessment on a cubic domain
We consider the standard unit cube Ω = [0, 1]3 as the domain of our problems and we take
the following four types of mesh:

• Cube, a mesh composed by standard structured cubes;

• Tetra, a Delaunay tetrahedralization of the domain Ω;

• CVT, a Voronoi tassellation obtained by the Lloyd algorithm [60];

• Rand, a Voronoi tassellation achieved with random control points.

We remark that the meshes CVT and Rand are very challenging. Indeed, they could have
some elements with small faces and edges, and we remark that such case is not covered
by the developed theory, i.e., assumptions (B1), (B2) and (B3). However, the numerical
results show that the proposed methods are fairly robust with respect to this geometric
situation. These two types of meshes are build via the voro++ library [77].

In order to assess the convergence rate, for each type of mesh, we define the following
mesh-size h:

h := 1
NE

NE∑
i=1

hE

where we recall that NE is the number of elements in the mesh, and hE is the diameter of
the polyhedron E. The accuracy and the convergence rate assessment is carried out using
the following error norms:
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Cube Tetra

CVT Rand

Figure 2.2: Overview of adopted meshes for convergence assessment numerical tests.

• L2 error norm for the displacement field:

Eu :=
⎛⎝ ∑

E∈Th

∫
E

|u − uh|2 dE
⎞⎠1/2

= ||u − uh||0.

• L2 error on the divergence:

Eσσσ,div :=
⎛⎝ ∑

E∈Th

∫
E

| div(σσσ − σσσh)|2 dE
⎞⎠1/2

= || div σσσ − div σσσh||0.
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• L2 error on the projection:

Eσσσ,Π :=
⎛⎝ ∑

E∈Th

∫
E

|σσσ − ΠEσσσh|2 dE
⎞⎠1/2

= ||σσσ − ΠEσσσh||0.

• Discrete error norm for the stress field:

Eσσσ :=
⎛⎝ ∑

f∈Fh

hf

∫
f
κ |(σσσ − σσσh)n|2 df

⎞⎠1/2

,

where Fh is the set of faces for Th and κ = 1
2tr(D) (the material is here homogeneous).

We remark that the quantity above scales like the internal elastic energy, with respect
to the size of the domain and of the elastic coefficients, i.e., ∼ h.

The above error quantities are computed by means of suitable quadrature rules based on
sub-triangulation and sub-tetrahedralization methods.

Example 1 (compressible material and mixed BC). We consider an elastic prob-
lem where a trigonometric solution is a-priori selected. Accordingly, the applied loads are
determined. Moreover, homogeneous Dirichlet boundary conditions are imposed on three
faces of the cube (x = 0, y = 0, z = 0), as well as homogeneous Neumann boundary con-
ditions on the remaining faces. The material is assumed to be homogeneous and isotropic.
More precisely, the displacement solution and the loads are as follows:⎧⎪⎪⎪⎨⎪⎪⎪⎩

u1 = u2 = u3 = 10S(x, y, z)
f1 = −10π2((λ+ µ) cos(πx) sin(πy + πz) − (λ+ 4µ)S(x, y, z))
f2 = −10π2((λ+ µ) cos(πy) sin(πx+ πz) − (λ+ 4µ)S(x, y, z))
f3 = −10π2((λ+ µ) cos(πz) sin(πx+ πy) − (λ+ 4µ)S(x, y, z)),

where S(x, y, z) = sin(πx) sin(πy) sin(πz). The Lamé constants are here set as λ = 1 and
µ = 1.

Figure 2.3 reports the h-convergence of the proposed method for Example 1. As ex-
pected, for the considered method, the asymptotic convergence rate is approximately equal
to 1 for all error norms and meshes. The Eu plot seems to exhibit a different convergence
rate with respect to the theoretical result, but this fact is essentially related to the nature
of the problem and the mesh-size. Indeed, refining the meshes, one can observe that the
convergence rate draws near to 1. In addition, the convergence graphs of each type of mesh
are close to each other and this fact confirms the robustness of the proposed method with
respect to the element shape.

Example 2 (nearly incompressible material). We again consider a problem with
known analytical solution. A nearly incompressible material is chosen by selecting Lamé
constants as λ = 105, µ = 0.5. The test is designed by choosing a required solution for
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Figure 2.3: Example 1 (compressible material and mixed BCs). h-convergence results for
all meshes.

the displacement field and deriving the load f accordingly. The displacement solution is
as follows:⎧⎪⎪⎪⎨⎪⎪⎪⎩

u1 = sin(2πx)2
(
cos(2πy) sin(2πy)sin(2πz)2 − cos(2πz) sin(2πz)sin(2πy)2

)
u2 = sin(2πy)2

(
cos(2πz) sin(2πz)sin(2πx)2 − cos(2πx) sin(2πx)sin(2πz)2

)
u3 = sin(2πz)2

(
cos(2πx) sin(2πx)sin(2πy)2 − cos(2πy) sin(2πy)sin(2πx)2

)
In Figure 2.4 we report the convergence results for the proposed VEM approach. It can be
clearly seen that our method shows the expected asymptotic rate of convergence for each
kind of mesh.The Eu plot seems to have a different convergence rate with respect to the
theoretical result, but this fact is essentially related to the nature of the problem and the
mesh-size. Hence, refining the meshes, one can observe that the convergence rate draws
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near to 1. Moreover, also in this case the convergence lines are close to each other and
this fact further confirms the robustness of the proposed scheme with respect to element
shape.
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Figure 2.4: Example 2 (nearly incompressible material). h-convergence results for all
meshes.

Example 3 (unloaded body). We consider a problem with polynomial solution, non-
homogeneous Dirichlet boundary conditions and zero loading. We take a homogeneous
and isotropic material with Lamé constants λ = 1 and µ = 1 (compressible case). As in
the previous examples, the test is defined by choosing a required solution and deriving the
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correspondig body load f = 0, as indicated in the following:⎧⎪⎪⎪⎨⎪⎪⎪⎩
u1 = 2x3 − 3xy2 − 3xz2

u2 = 2y3 − 3yx2 − 3yz2

u3 = 2z3 − 3zy2 − 3zx2

f = 0

We remark that this is a typical example where the displacement field is nontrivial, while
stresses are divergence-free. As expected, this latter feature is numerically satisfied by the
proposed VEM scheme. Indeed, in Table 2.1 the errors Eσσσ,div are close to the machine
precision at each mesh refinement step. The other error behaviours are similar to the ones
showed in the previous examples so we do not report such graphs.

Step Cube Tetra CVT Rand
1 2.1904e-14 4.7821e-14 2.2369e-14 2.9712e-14
2 4.7351e-14 1.2589e-13 4.5054e-14 6.4063e-14
3 1.0024e-13 2.0757e-13 8.7751e-14 1.3174e-13
4 1.1793e-13 2.7652e-13 1.0922e-13 1.6482e-13

Table 2.1: Example 3 (unloaded body). h-convergence results for error Eσσσ,div.

2.3.2 L-shaped domain test
In this subsection, we consider a problem for which we do not know the analytical solution.
First of all, we take the 3D L-shaped domain Ω = A \ B, where A = [0, 2] × [0, 1] × [0, 2]
while B = (1, 2] × [0, 1] × (1, 2]. Then, we study the following problem: find (σσσ,u) such
that ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

− div σσσ = f in Ω
σσσ = Cεεε(u) in Ω
u = 0 in ∂ΩD

σσσn = 0 in ∂ΩN0

σσσn = ψψψ in ∂ΩN1 ,

where the boundary ∂Ω is divided into three regular disjoint parts:

∂ΩD = {(x, y, z) ∈ ∂Ω : z = 2}
∂ΩN1 = {(x, y, z) ∈ ∂Ω : x = 2}
∂ΩN0 = ∂Ω \ (∂ΩD ∪ ∂ΩN1).

Furthermore, we take the loading term f = (0, 0,−0.001)T and boundary traction ψψψ =
(0, 0, 0.−0.008)T . The material is homogeneous and isotropic with Lamé coefficients λ = 1
and µ = 1 (compressible material). For this simulation we use a Tetra mesh.
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In Figure 2.5 we report both the mesh of our domain, and the deformed body the
force application. For a more significant visualization, we overlap the two images and we
use the transparency to show the unloaded body. Finally, contours representing the von
Mises equivalent stress distribution are reported in Figure 2.6. We remark that the discrete
stress distribution σσσh is not known inside the polyhedrons, but its projection ΠEσσσh onto
the constant tensors is computable. Thus, in Figure 2.6 we have used this latter quantity
to approximate and display the von Mises equivalent stress. As already mentioned, the
analytical solution to this problem is not available. Consequently, a quantitative evaluation
of the method performance cannot be easily performed (one possible way is, of course, to
take advantage of a reference discrete solution, computed on a very fine mesh). However,
a qualitative inspection of Figure 2.6 shows that both the computed deformed shape, and
the von Mises equivalent stress distribution are realistic.

(a) (b)

Figure 2.5: L-shaped domain test. Contours representing the problem: (a) unloaded body
and (b) deformed body.
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(a) (b)

Figure 2.6: L-shaped domain test. Contours representing the von Mises equivalent distri-
bution: (a) front view and (b) rear view.
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Chapter 3

Hybridization of a low-order Virtual
Element Method

In Chapter 2, we introduced an interesting low-order Virtual Element Method for 3D linear
elasticity problems. The main feature of this method is that the VEM concept is primarily
applied to the stresses, while the displacement field is modeled with polynomail functions,
in accordance with the classical Finite Element procedure. The reason of this choice is that
we need more flexibility in order to simultaneously manage the H(div)-conformity and the
symmetry of the stress. Another important property of the proposed scheme is that the
tractions, which are the stress degrees of freedom, are not defined on the vertices of the
mesh (as FEM), but they are entirely local to each polyhedron face. Therefore, there is
the possibility to apply the hybridization procedure to our Virtual Element Method.

The hybridization technology was born in 1965 [57] as an implementation technique
(for FEM) for solving the linear elasticity problems. The idea of this primordial procedure
was to exploit the Lagrange multipliers to impose the continuity constraints on the inter-
elements and to use the static condensation to lead to solving a linear system for a matrix
that is symmetric and positive definite instead of the original indefinite one. In 1985 [7], the
aim of this procedure changed a little bit. Besides, to produce computational advantages,
the idea was to employ the extra information inferred from the Lagrange multipliers to
produce a better approximation of the continuous displacement solution.

The aim of this chapter is to present the hybridization technique of a low-order VEM
for Hellinger-Reissner elasticity problems showing both the computational and theoretical
aspects. For simplicity, we will present the analysis of the method for a bi-dimensional
problem.

The chapter is organized as follows. In Section 3.1, we introduce the computational
aspects of the hybridization technique, in particular, we show the algorithm of static con-
densation. We devote Section 3.2 to the design of a virtual element method. Section 3.3
shows some interesting theoretical results, while in Section 3.4, we give possible post-
processing, exploiting some information derived from the Lagrange multipliers. Finally, in
Section 3.5 we provide some experiments to give numerical evidence of the proposed VEM
approach for both two and three dimensional problems.
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The results of this chapter can be found in [55].

3.1 Hybridization procedure
In this section, we present the hybridization technique for a mixed virtual element method
designed on the elasticity problems (see Section 1.3). Here, in particular, we will describe
the computational aspects of this technology, while we will postpone the issue of a possible
post-processing in the Section 3.4.

First of all, we recall the typical discrete formulation of elasticity Problem (1.66) with
non-homogeneous Dirichlet boundary conditions, see Section 2.1.3:⎧⎪⎪⎨⎪⎪⎩

Find (σσσh,uh) ∈ Σh × Uh such that
ah(σσσh, τττ h) + (div τττ h,uh) = ⟨g, τττ h n⟩ ∀τττ h ∈ Σh

(div σσσh,vh) = −(f ,vh) ∀vh ∈ Uh,

(3.1)

where Σh and Uh are the global discrete spaces for the stress and displacement field,
respectively, while ah(·, ·) is a suitable approximation of the corresponding bilinear form
a(·, ·). More details about possible choices of the spaces for a conforming low-order VEM
can be found in [15, 54]. The linear system associated with (3.1) has the following form(

A B
BT 0

)(
σσσh

uh

)
=
(
G
F

)
(3.2)

whose matrix is indefinite. The hybridization procedure is an implementational technique
for mixed method which leads to solve a linear system with a symmetric and positive
definite instead of the original indefinite one (3.2). To carry it out, this procedure is
split into two different steps: the imposition of the stress H(div)-conformity requirement
through the introduction of suitable Lagrange multipliers, and the static condensation
algorithm.

First step: introduction of Lagrange multipliers. We notice that the possibility
to perform hybridization highly depends on the particular features of the discrete scheme,
and it is not always possible. Therefore, to apply this step and this technology, we must
not have nodal degrees of freedom for the stress field, as happens, for instance, for the
method proposed in Chapter 2 or in [15]. Denoting by λλλh the Lagrange multipliers, the
resulting linear system has the following form⎛⎜⎝ Ã B̃ C̃

B̃T O O
C̃T O O

⎞⎟⎠
⎛⎜⎝σσσh

uh

λλλh

⎞⎟⎠ =

⎛⎜⎝G̃F̃
O

⎞⎟⎠ (3.3)

where the symbol ∼ here highlights that the quantity under consideration refers to the
(discontinuous) stress space, rather then the conforming one. Moreover, we remark that
the third equation

C̃Tσσσh = O (3.4)

43



represents the traction continuity for the stress field by means of the multipliers.
Immediately, we notice that, in this first phase, we have an increase in the dimension

of our linear system: we add the Lagrange multipliers and we double the number of the
stress degrees of freedom on the internal interfaces. Therefore, it is counter-productive to
stop at this point, because we do not see any improvement in the hybridization technique,
but on the contrary, we worsen the situation. So, the next step is fundamental.
Remark 12. We observe that a reasonable choice of the space of multipliers leads to obtain
the same discrete solution of the linear system (3.2), although the dimension of the stress
vector is obviously different.

Second step: static condensation algorithm. We observe that one of the advan-
tages to having discontinuous stress degrees of freedom is that the matrices Ã and B̃,
corresponding to the discrete bilinear form ah(·, ·) and the mixed term (div ·, ·) are block
diagonal matrices. Each block corresponds to the information of a single element in our
discretization. Hence, the matrix Ã is a block diagonal matrix, whose inverse can be found
in a fast and cheap way. Then we can compute σσσh via:

σσσh = Ã−1(G̃− B̃uh − C̃λλλh). (3.5)

Subtracting (3.5) into the second and third equations of (3.3) we have(
B̃T Ã−1B̃ B̃T Ã−1C̃
C̃T Ã−1B̃ C̃T Ã−1C̃

)(
uh

λλλh

)
=
(
B̃T Ã−1G̃− F̃
C̃T Ã−1G̃

)
(3.6)

which is symmetric and positive definite.
Now, recalling again that Ã and B̃ are block matrices, then we have that B̃T Ã−1B̃ is a
block diagonal matrix, too. As before, it can be inverted in a straightforward way and we
get

uh = (B̃T Ã−1B̃)−1
[
(B̃T Ã−1C̃)λλλh + B̃T Ã−1G̃− F̃

]
. (3.7)

Now, substituting uh in the third equation, our system has the following form

Hλλλh = R (3.8)

where
H = (−C̃T Ã−1B̃)(B̃T Ã−1B̃)−1(B̃T Ã−1C̃) − C̃T Ã−1C̃ (3.9)

and
R = −C̃T Ã−1G̃+ (CT Ã−1B̃)(B̃T Ã−1B̃)−1(B̃T Ã−1G̃− F̃ ). (3.10)

The matrix H is symmetric and positive definite. This is an advantage from a computa-
tional viewpoint. Indeed, one can use an “ad-hoc” procedure to solve (3.8), for instance
Cholesky decomposition. Once we have λλλh, the displacement and then the stress vectors
can be obtained explicitly via matrix-vector multiplication, see (3.7) and (3.5).
Remark 13. The Lagrange multiplier field has the physical interpretation of (generalized)
displacements. As we will see in Section 3.4, we will employ it to design a higher-order
(non-conforming) approximation of the displacement field.
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3.2 The Virtual Element Method
Following the steps of Section 2.1, we present the virtual element approximation stem-

ming from the hybridization procedure. Let {Th}h be a sequence decomposition of Ω into
general polygons E satisfying the assumption (A1) and (A2) listed in Section 1.1.3. For
simplicity, we assume that the material tensor D is piecewise constant with respect to the
decomposition Th, see Chapter 2.

3.2.1 The discrete spaces
To describe the local spaces employed in our VE scheme, we first need to introduce these
two “elementary” spaces: RM(E) and R(e), which are the bi-dimensional counterparts of
RM(E) and Th(f), see Section 2.1.1.

Space RM(E). It is the space of local infinitesimal rigid body motions:

RM(E) :=
{

r(x) = ααα + β
(
x − xE

)⊥
s.t. ααα ∈ R2 and β ∈ R

}
, (3.11)

where if c = (c1, c2)T is a generic vector in R2, we denote by c⊥ = (c2,−c1)T its counter-
clockwise rotation. The dimension of RM(E) is 3.

Space R(e). For each edge e ∈ ∂E, we introduce

R(e) = {ψψψ(s) = c te + p1(s) ne c ∈ R, p1(s) ∈ P1(e)} (3.12)

where ne is the outward normal to the edge e, and te is the tangent vector to the edge e,
in accordance with its direction. The dimension of such space is 3, indeed:

• the tangential component is determined by a single scalar value c ∈ R;

• the polynomial p1(s) ∈ P1(e) is one variable polynomial with respect to the local
edge coordinate system so it is determined by two parameters, as illustrated here
below:

p1(s) := d1 + d2(s− se). (3.13)

Therefore, this space consists of vector functions whose tangential component is constant
(first term of (3.12)), while the normal component is a linear (one-variable) polynomial
(the last term of (3.12)).

Stress space. Starting from RM(E) and R(e) we can define our local approximation
space for the stress field:

Σh(E) =
{
τττ h ∈H(div;E) : ∃w∗ ∈

[
H1(E)

]2
such that τττ h = Cεεε(w∗);

(τττ h n)|e ∈ R(e) ∀e ∈ ∂E; div τττ h ∈ RM(E)
}
.

(3.14)
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Accordingly, every local virtual function σσσh ∈ Σh(E) is uniquely determined by the follow-
ing degrees of freedom, see also (3.12).

• For each edge e of the element E, the degree of freedom which determines the tan-
gential component of the tractions:

τττ h →
∫

e
(τττ h n)|e · te ds. (3.15)

• For each edge e of the element E, the two degrees of freedom which determine the
normal component of the tractions:

τττ h →
∫

e
(τττ h n)|e · p1(s) ne ds ∀p1(s) ∈ P1(e). (3.16)

Firstly, we notice that div τττ h ∈ RM(E) is completely determined by

(τττ h n)|e := ce te + p1,e(s) ne,

where e is an edge of E. Indeed, denoting φφφ : ∂E → R2 such that φφφ|e = ce te + p1,e(s) ne,
the obvious compatibility condition∫

E
div τττ h · r dE =

∫
∂E
φφφ · r ds ∀r ∈ RM(E), (3.17)

allows to compute div τττ h using the information on the boundary. More precisely, setting
(cf (3.11))

div τττ h = αααE + βE(x − xC)⊥, (3.18)
from (3.17) we infer that the vector αααE can be computed as follows (cf. (3.13))

αααE = 1
|E|

∫
∂E
φφφ ds = 1

|E|
∑

e∈∂E

∫
e
(ce te + d1,e ne) ds, (3.19)

while the coefficient βE, in front of the rotational term, is given by

βE = 1∫
E |x − xE|2 dE

∫
∂E
φφφ · (x − xE)⊥ ds

= 1∫
E |x − xE|2 dE

∑
e∈∂E

∫
e
(cete + p1,e(s) ne) · (x − xE)⊥ ds.

(3.20)

Therefore, see Figure 3.1, we infer that the dimension of this space is

dim(Σh(E)) := νE = 3nE
e .

Since, in the hybridization procedure, no inter-element continuity is required, we define
the global space as follows

Σ̃h(Th) =
{
τττ h ∈

[
L2(Ω)

]2×2
: τττ h|E ∈ Σh(E) ∀E ∈ Th

}
. (3.21)
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The dimension of Σ̃h(Th) is thus given by

dim(Σ̃h(Th)) = νE NE,

where we recall that NE is the number of polygons in Th.

Remark 14. We observe that the local approximation space for the stress field is the same
as the conforming low-order VEM [15]. The crucial point lies in the definition of global
stress space. Indeed, we have that the conforming approximation space is characterized as
follows:

Σh := Σ̃h(Th) ∩H(div,Ω). (3.22)

Figure 3.1: Overview of the degrees of freedom. The degrees of freedom are denoted as
follows: square for displacement, arrow for stress and cross for Lagrange multiplier. Dark
colors are referred to the left element, while light ones to the right.

Displacement space. The local approximation space for the displacement field is de-
fined by, see (3.11)

Uh(E) =
{

vh ∈
[
L2(E)

]2
: vh ∈ RM(E)

}
. (3.23)

Accordingly, for the local space Uh(E) the following degrees of freedom can be taken:

vh →
∫

E
vh · r dE ∀r ∈ RM(E) (3.24)

and it follows, see Figure 3.1, that

dim(Uh(E)) = 3.
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The global space is defined by gluing together all local spaces which is thus set as

Uh =
{

vh ∈
[
L2(Ω)

]2
: vh|E ∈ Uh(E), ∀E ∈ Th

}
. (3.25)

The dimension of this space is
dim(Uh) = 3NE.

Lagrange multiplier space. Given EI
h , the set of the internal edges of Th, we define the

space of the Lagrange multipliers by (cf. (3.12)):

Λh(EI
h) :=

{
µµµh ∈

[
L2(EI

h)
]2

: µµµh|e ∈ R(e) ∀ e ∈ EI
h

}
, (3.26)

where, with a little abuse of notation, we denote with L2(EI
h) the L2 space defined on the

interior skeleton of Th, i.e., the union of e ∈ EI
h . We observe that the Lagrange multipliers

are defined only on the internal edges EI
h because their role will be to match the normal

stresses insisting on interior interfaces, see Figure 3.1. Indeed a tensor field τττ is H(div)-
regular if its normal component τττ n does not jump across any interface inside Ω. To force
such a continuity we consider the bilinear form

ch(·, ·) : Σ̃h(Th) × Λh(EI
h) → R (3.27)

defined as:

ch(τττ h, µµµh) := −
∑

E∈Th

∫
∂EI

µµµh · τττ h n ds ∀τττ h ∈ Σ̃h(Th), ∀µµµh ∈ Λh(EI
h), (3.28)

where ∂EI = ∂E ∩ EI
h .

Moreover, using the same steps detailed in [39] for the proof, we have the following
Lemma, which guarantees the good choice of the space of multipliers.

Lemma 3.2.1. If τττ h ∈ Σ̃h(Th), then τττ h ∈ Σh iff

ch(µµµh, τττ h) = 0 ∀µµµh ∈ Λh(EI
h). (3.29)

3.2.2 The local forms
The local mixed and loading terms are designed accordingly with the description of Sec-

tion 2.1.2, so we report the following terms.

The local bilinear form aE(·, ·). As usual, in the VEM procedure, see Section 1.2, the
local bilinear for

aE(σσσh, τττ h) =
∫

E
Dσσσh : τττ h dE (3.30)
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is not computable for a general couple (σσσh, τττ h) ∈ Σh(E) × Σh(E). So, we need to define a
suitable projection operator onto the local polynomial functions. We introduce

ΠE : Σh(E) → [P0(E)]2×2
s

as follows
aE(ΠEτττ h, πππ0) = aE(τττ h, πππ0) ∀πππ0 ∈ [P0(E)]2×2

s . (3.31)
Therefore, ΠE is a projection operator onto the constant symmetric tensor functions and
it is computable from the degrees of freedom. Indeed, using the divergence theorem and
the fact that each πππ0 ∈ [P0(E)]2×2

s can be written as πππ0 = Cεεε(p1), with p1 ∈ [P1(E)]2, we
rewrite the right-hand side of (3.31) as

aE(τττ h, πππ0) =
∫

E
Dτττ h : πππ0 dE

=
∫

E
Dτττ h : Cεεε(p1) dE =

∫
E
τττ h : εεε(p1) dE

= −
∫

E
div τττ h · p1 dE +

∫
∂E

(τττ h n) · p1 ds

(3.32)

which is clearly computable from the knowledge of the degrees of freedom. Then, the
approximation of aE(·, ·) reads:

ah
E(σσσh, τττ h) := aE(ΠE σσσh,ΠEτττ h) + sE ((I − ΠE)σσσh, (I − ΠE)τττ h)

=
∫

E
D(ΠEσσσh) : (ΠEτττ h) dE + sE ((I − ΠE)σσσh, (I − ΠE)τττ h) ,

(3.33)

where sE(·, ·) is a suitable stabilization term. We propose the following choice:

sE(σσσh, τττ h) := κE hE

∫
∂E
σσσhn · τττ hn ds. (3.34)

Above, κE is a positive constant to be chosen according to D. For instance, in the numerical
examples of Section 3.5, κE is set equal to 1

2tr(D|E).

The continuity condition. Given an element E ∈ Th and an edge e ∈ ∂E ∩ EI
h we have

that for every τττ h ∈ Σh(E) and µµµh ∈ Λh(EI
h) the term∫

e
µµµh · τττ h n ds (3.35)

is computable thanks to the degrees of freedom and the Lagrange multipliers. Therefore,
there is not need to introduce any approximation of the global term ch(µµµh, τττ h).

The boundary term. For a sufficiently regular function g, this term can be split on
each edge e ∈ EB

h as follows

⟨g, τττ h n⟩ =
∫

∂Ω
g · τττ h n ds =

∑
e∈EB

h

∫
e
g · τττ h ne ds. (3.36)

Since τττ h ∈ Σh(E) and in particular τττ h ne is a polynomial function, this term is computable.

49



3.2.3 The discrete scheme
We present the hybrid discrete scheme which is represented at matrix level by (3.3) as
follows:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Find (σσσh,uh, λλλh) ∈ Σ̃h(Th) × Uh × Λh(EI
h) such that

ah(σσσh, τττ h) + (div τττ h,uh) + ch(λλλh, τττ h) =< g, τττ h n > ∀τττ h ∈ Σ̃h(Th),
(div σσσh,vh) = −(f ,vh) ∀v ∈ Uh,

ch(µµµh, σσσh) = 0 ∀µµµh ∈ Λh(EI
h).

(3.37)

It is easy to prove that the two discrete Problems (3.1) and (3.37) are equivalent. In
this particular case, equilavence means that if (σσσh,uh, λλλh) ∈ Σ̃h(Th) × Uh × Λh(EI

h) solves
Problem (3.37), then (σσσh,uh) ∈ Σh × Uh and is the solution of Problem (3.1). Moreover
if (σσσh,uh) ∈ Σh × Uh is the solution of Problem (3.1), then there is a unique λλλh ∈ Λh(EI

h)
such that (σσσh,uh, λλλh) is the solution of Problem (3.37).

3.3 Error analysis
Since the hybridization technique of Section 3.1 can be seen as a computational way to
solve the original linear system stemming from the discrete Problem (3.1) (cf. (3.2)), the
error estimates developed in [15] hold also for the stress and displacement solutions of the
equivalent problem (3.37). In particular, the following result holds true.

Theorem 3.3.1. Let (σσσ,u) ∈ Σ × U be the solution of Problem (1.73), and let (σσσh,uh) ∈
Σ̃h(Th) × Uh be the discrete stress and displacement solution of Problem (3.37). Under
assumptions (A1) and (A2) on the mesh, and supposing (σσσ,u) sufficiently regular, the
following estimate holds true:

||σσσ − σσσh||Σ + ||u − uh||U ≲ h. (3.38)

It remains to study the convergence to u of the Lagrange multipliers λλλh (we recall that
the multipliers are physically a displacement field). It is useful to recall, see [15], that there
exist an interpolation operator

Ih : W r(Ω) → Σh

where
W r(Ω) :=

{
τττ : τττ ∈ [Lr(Ω)]2×2

s s.t. div τττ ∈
[
L2(Ω)

]2}
. (3.39)

Such an operator is obtained by glueing the local contributions. We define the local
interpolator IE : W r(E) → Σh(E) as∫

∂E
(IE τττ )n · φφφ∗ ds =

∫
∂E
τττ n · φφφ∗ ds ∀φφφh ∈ R∗(∂E), (3.40)
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where

R∗(∂E) :=
{
φφφ∗ ∈

[
L2(∂E)

]2
: (φφφ∗)|e = γγγe + δe(x − xE)⊥ γγγe ∈ R2, δe ∈ R, ∀e ∈ ∂E

}
.

The operator Ih satisfies the following commuting diagram property:

div(Ihτττ ) = ΠRM(div τττ ) ∀τττ ∈ W r(Ω), (3.41)

where ΠRM denotes the L2-projection onto the space of the rigid body motions. Further-
more, the following error estimates hold true.

Proposition 3.3.2. Under the standard mesh assumptions (A1) and (A2), for the in-
terpolation operator IE defined in (3.40) and for each τττ sufficiently regular we have{

||τττ − IEτττ ||0,E ≲ hE|τττ |1,E

|| div(τττ − IEτττ )||0,E ≲ hE| div τττ |1,E.
(3.42)

3.3.1 A superconvergence result
Henceforth, we will suppose Ω to be a convex polyogn (or a domain sufficiently regular for
the application of the shift theorem); moreover, in Problem (1.66) we consider homogeneous
Dirichlet boundary conditions, i.e., g = 0. Our aim is to prove that the L2-projection of u
onto the rigid body motion,

ūh = ΠRMu, (3.43)
superconverges to u.

Theorem 3.3.3. Let (σσσ,u) ∈ Σ × U be the solution of Problem (1.66) and let (σσσh,uh) ∈
Σh × Uh be the solution of the discrete Problem (3.1). Then, assuming the solution is
sufficiently regular and considering the standard mesh assumptions (A1) and (A2), the
following estimate holds true:

||ūh − uh||0 ≲ h2. (3.44)

Proof. Let φφφ ∈ [H2(Ω)]2 ∩ [H1
0 (Ω)]2 be the solution of the linear elasticity problem:{

div(Cεεε(φφφ)) = ūh − uh in Ω
φφφ = 0 on ∂Ω.

(3.45)

Due to standard regularity results (Ω is supposed to be convex), we have

||φφφ||2 ≤ C||ūh − uh||0. (3.46)

Set ξξξ = Cεεε(φφφ), let Ih ξξξ be the interpolation of ξξξ defined in (3.40). Using (3.41), (3.45) and
recalling that that (ūh − uh)|E ∈ RM(E), we get

div(Ih ξξξ) := ΠRM (div ξξξ) = ΠRM (ūh − uh) = ūh − uh. (3.47)
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Therefore, using the definition of ūh, we have

||ūh − uh||20 =
∫

Ω
(ūh − uh) · (ūh − uh) dΩ

=
∫

Ω
div(Ih ξξξ) · (ūh − uh) dΩ

=
∫

Ω
div(Ih ξξξ) · (u − uh) dΩ.

(3.48)

From (1.74), (3.1) and (3.48) we infer

||ūh − uh||20 =
∫

Ω
div(Ih ξξξ) · (u − uh) dΩ = ah(σσσh, Ihξξξ) − a(σσσ, Ihξξξ). (3.49)

Now, employing the definition of the projection operator ΠE (cf. (3.31)), we get

ah(σσσh, Ihξξξ) − a(σσσ, Ihξξξ)
=

∑
E∈Th

[
ah

E(σσσh, IEξξξ) − aE(σσσ, IEξξξ)
]

=
∑

E∈Th

[aE(ΠEσσσh,ΠE(IEξξξ)) − aE(σσσ, IEξξξ) + sE ((I − ΠE)σσσh, (I − ΠE)IEξξξ)]

=
∑

E∈Th

[aE (ΠEσσσh, IEξξξ) − aE(σσσ, IEξξξ) + sE ((I − ΠE)σσσh, (I − ΠE)IEξξξ)]

=
∑

E∈Th

[aE ((ΠE − I)σσσh, IEξξξ) + aE(σσσh − σσσ, IEξξξ) + sE ((I − ΠE)σσσh, (I − ΠE)IEξξξ)]

= T1 + T2 + T3.
(3.50)

We bound the three terms T1, T2 and T3 in (3.50) separately.
To estimate the term T1, we first write:

T1 : =
∑

E∈Th

aE ((ΠE − I)σσσh, IEξξξ)

=
∑

E∈Th

[aE ((ΠE − I)(σσσh − σσσ), IEξξξ) + aE ((ΠE − I)σσσ, IEξξξ)]

=
∑

E∈Th

aE ((ΠE − I)(σσσh − σσσ), IEξξξ − ξξξ) +
∑

E∈Th

aE ((ΠE − I)(σσσh − σσσ), ξξξ − ΠEξξξ)

+
∑

E∈Th

aE ((ΠE − I)σσσ, IEξξξ − ξξξ) +
∑

E∈Th

aE ((ΠE − I)σσσ, ξξξ − ΠEξξξ) .

(3.51)

Now, by employing the continuity of aE(·, ·), standard polynomial approximation results,
Proposition 3.3.2 and estimate (3.38), we have

T1 ≲ (||σσσh − σσσ||0 + ||σσσ − Πhσσσ||0) (||Ihξξξ − ξξξ||0 + ||ξξξ − Πhξξξ||0)
≲ h (||Ihξξξ − ξξξ||0 + ||ξξξ − Πhξξξ||0) ≲ h2|ξξξ|1
≲ h2||φφφ||2,

(3.52)
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where Πh is the operator that locally coincides with ΠE, for every E ∈ Th.
To estimate the term T2, we recall that ξξξ := Cεεε(φφφ) to write

T2 := a(σσσh − σσσ, Ihξξξ) =
∫

Ω
D (σσσh − σσσ) : Ihξξξ dΩ

=
∫

Ω
D (σσσh − σσσ) : (Ihξξξ − ξξξ) dΩ +

∫
Ω
D (σσσh − σσσ) : ξξξ dΩ

=
∫

Ω
D (σσσh − σσσ) : (Ihξξξ − ξξξ) dΩ +

∫
Ω
D (σσσh − σσσ) : Cεεε(φφφ) dΩ

=
∫

Ω
D (σσσh − σσσ) : (Ihξξξ − ξξξ) dΩ +

∫
Ω

div (σσσh − σσσ) · φφφ dΩ,

where an integration by parts has been used in the last step. Now, we recall (see (3.41))
that

(div(σσσh − σσσ),qh) = 0, ∀qh ∈ Uh(E),
Hence, taking qh = φ̄φφh := ΠRMφφφ, we obtain

T2 =
∫

Ω
D (σσσh − σσσ) : (Ihξξξ − ξξξ) dΩ +

∫
Ω

div (σσσh − σσσ) · (φφφ − φ̄φφh) dΩ. (3.53)

Employing Proposition 3.3.2 and (3.38) we have

T2 ≲ ||σσσh − σσσ||Σ(||ξξξ − Ih ξξξ||0 + ||φφφ − φ̄φφh||0)
≲ h(||ξξξ − Ih ξξξ||0 + ||φφφ − φ̄φφh||0) ≲ h2(|ξξξ|1 + |φφφ|1)
≲ h2||φφφ||2.

(3.54)

Concerning the term T3, it holds:

T3 =
∑

E∈Th

sE ((I − ΠE)σσσh, (I − ΠE)IEξξξ)

=
∑

E∈Th

κEhE

∫
∂E

[(I − ΠE)σσσhn] [(I − ΠE)(IEξξξ)n] ds

≲
∑

E∈Th

h
1/2
E ||(I − ΠE)σσσhn||0,∂Eh

1/2
E ||(I − ΠE)(IEξξξ)n||0,∂E.

(3.55)

Under assumption (A1) and (A2), using the same technique developed in [15, 31], we have
that

h
1/2
E ||τττ hn||0,∂E ≲ ||τττ hn||−1/2,∂E ≲ ||τττ h||0,E + hE|| div τττ h||0,E ∀τττ h ∈ Σh(E). (3.56)

From (3.55) and (3.56) we then deduce

T3 ≲

⎛⎝ ∑
E∈Th

[
||(I − ΠE)σσσh||20,E + h2

E|| div τττ h||20,E

]⎞⎠1/2

·

⎛⎝ ∑
E∈Th

[
||(I − ΠE)IEξξξ||20,E + h2

E|| div(IEξξξ)||20,E

]⎞⎠1/2

.

(3.57)
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It holds
||(I − ΠE)σσσh||20,E = ||(σσσh − σσσ) + (σσσ − ΠEσσσh)||20,E

≲ ||σσσh − σσσ||20,E + ||σσσ − ΠEσσσh||20,E

(3.58)

and

||(I − ΠE)IEξξξ||20,E = ||(IEξξξ − ξξξ) + (ξξξ − ΠE(IEξξξ))||20,E

= ||(IEξξξ − ξξξ) + (ξξξ − ΠEξξξ) + (ΠE(ξξξ − IEξξξ))||20,E

≲ ||IEξξξ − ξξξ||20,E + ||ξξξ − ΠEξξξ||20,E + ||ΠE(ξξξ − IEξξξ)||20,E.

(3.59)

Therefore, we use (3.58), (3.59), the continuity of Πh, Proposition 3.3.2 and (3.38), to get

T3 ≲ (||σσσ − σσσh||0 + ||σσσ − Πhσσσ||0 + h|| div σσσh||0) ·
(||ξξξ − Ihξξξ||0 + ||ξξξ − Πhξξξ||0 + h|| div(Ihξξξ)||0)

≲ h2|ξξξ|1 ≲ h2||φφφ||2.
(3.60)

Above, we have also used the estimate || div σσσh||0 ≲ 1. Now estimate (3.44) follows
from (3.46), (3.48), (3.50), (3.52), (3.54) and (3.60).

3.3.2 Error estimate for the Lagrangre multipliers
The next result gives some information about the convergence of the Lagrange multipliers.
To this end we introduce the following two norms on Λh(EI

h):

|µµµh|20,h =
∑

e∈EI
h

||µµµh||20,e (3.61)

|µµµh|2−1/2,h =
∑

e∈EI
h

he ||µµµh||20,e. (3.62)

We also need to define the L2-projection operator

Π∂
0 :
[
L2(EI

h)
]2

→
[
P0(EI

h)
]2

⊆ Λh(EI
h),

such that ∫
e
Π∂

0u · p ds =
∫

e
u · p ds ∀p ∈ [P0(e)]2 , ∀e ∈ EI

h . (3.63)

Theorem 3.3.4. Let (σσσ,u) be the solution of Problem (1.66), and let (σσσh,uh, λλλh) ∈
Σ̃h(Th) × Uh × Λh(EI

h) be the solution of the discrete Problem (3.37). For every element
E ∈ Th and edge e ∈ ∂E ∩ EI

h, if {Th}h is regular, it holds

||Π∂
0(λλλh − u)||0,e ≲ h

1/2
E ||σσσ − σσσh||0,E + h

−1/2
E ||ūh − uh||0,E, (3.64)

where ūh := ΠRMu, see (3.43).
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Proof. Given an element E ∈ Th, we fix an edge e ∈ ∂E ∩ EI
h . Using the unisolvence of the

degrees of freedom of Σh(E), we infer that there exists a unique function τ̃ττ h ∈ Σh(E) such
that {

τ̃ττ hne = Π∂
0 (λλλh − u) , on e

τ̃ττ hnẽ = 0 ∀ẽ ̸= e.
(3.65)

Then, recalling that div τ̃ττ h ∈ RM(E), an integration by parts, equations (3.65) and an
inverse estimate for polynomials, give

|| div τ̃ττ h||20,E =
∫

E
div τ̃ττ h · div τ̃ττ hdE =

∫
∂E
τ̃ττ hn · div τ̃ττ h ds

≤ ||Π∂
0 (λλλh − u) ||0,e|| div τ̃ττ h||0,e

≲ ||Π∂
0 (λλλh − u) ||0,eh

−1/2
E || div τ̃ττ h||0,E.

(3.66)

Hence, we get

hE|| div τ̃ττ h||0,E ≲ h
1/2
E ||Π∂

0 (λλλh − u) ||0,e. (3.67)

Using Lemma 5.1 of [15], from (3.65) and (3.67) we obtain

hE|| div τ̃ττ h||0,E + ||τ̃ττ h||0,E ≲ h
1/2
E ||Π∂

0 (λλλh − u) ||0,e. (3.68)

Now, in the first equation of (3.37) we take τττ h ∈ Σ̃h(Th) such that

τττ h = τ̃ττ h in E, and τττ h = 0 in Ω \ E, (3.69)

and using (3.65) we have∫
E
Dσσσh : τ̃ττ h dE +

∫
E

uh · div τ̃ττ h dE −
∫

e
λλλh · Π∂

0(λλλh − u) ds = 0. (3.70)

On the other hand, employing the constitutive law in (1.66) and the Green’s formula, we
infer ∫

E
Dσσσ : τ̃ττ h dE +

∫
E

u · div τ̃ττ h dE −
∫

e
u · Π∂

0(λλλh − u) ds = 0. (3.71)

Using (3.70) and (3.71) and recalling the fact that div τ̃ττ h ∈ RM(E) we get

||Π∂
0(λλλh − u)||20,e =

∫
e
Π∂

0(λλλh − u) · Π∂
0(λλλh − u) ds

=
∫

e
(λλλh − u) · Π∂

0(λλλh − u) ds

=
∫

E
D(σσσh − σσσ) : τ̃ττ h dE +

∫
E

(uh − u) · div τ̃ττ h dE

=
∫

E
D(σσσh − σσσ) : τ̃ττ h dE +

∫
E

(uh − ūh) · div τ̃ττ h dE.

(3.72)

Finally (3.72) and (3.68) give (3.64).
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As a consequence of the Theorem above, we have the following corollary, whose proof
is immediate (cf. (3.64), (3.38) and (3.73)).

Corollary 3.3.5. For each element E ∈ Th and for every edge e ∈ ∂E, we have

|Π∂
0(λλλh − u)|−1/2,h ≲ h||σσσ − σσσh||0,Ω + ||ūh − uh||0,Ω (3.73)

and
|Π∂

0(λλλh − u)|−1/2,h ≲ h2. (3.74)

3.4 Post-processing
In the present section, we introduce a post-processing procedure which leads to achieve

a better approximation for the displacement field. More precisely, we will employ the
available information, the Lagrange multipliers λλλh, to construct a non-conforming VEM
approximation u∗

h converging to u faster than uh.
Let’s start to present the framework of non-conforming VEM, see [18] for more details.

3.4.1 Non-conforming Sobolev spaces
Given {Th}h, a sequence of regular decomposition of Ω, we define the broken H1 space on
Th as

H1(Th) :=
∏

E∈Th

H1(E) =
{
v ∈ L2(Ω) : v|E ∈ H1(E)

}
. (3.75)

Then in particular [
H1(Th)

]2
:=

∏
E∈Th

[
H1(E)

]2
(3.76)

is the space of vector-valued functions that, locally, are in [H1(E)]2. For the vector
space (3.76), we introduce the corresponding broken seminorm and norm

|v|21,Th
:=

∑
E∈Th

||∇v||20,E, ||v||21,Th
:=

∑
E∈Th

||v||21,E. (3.77)

In order to define non-conforming Sobolev spaces associated with polygonal decompo-
sition, we need to fix some additional notation. Let e be an edge in EI

h . Then, there are two
adjacent elements E± which share the same edge e. We write nE+ , nE− for the exterior
unit normal on ∂E+ and ∂E−, respectively. Then, for v ∈ [H1(Th)]2, we define the jump
operator across an edge e ∈ Eh as

⟦v⟧ :=

⎧⎨⎩v+ ⊗ nE+ + v− ⊗ nE− on e ∈ EI
h

v ⊗ ne on e ∈ EB
h ,

(3.78)
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where ⊗ denotes the usual tensor product of vectors. Now, using the previous notation
and always considering the problem with homogeneous Dirichlet boundary conditions, we
introduce the global non-conforming H1 space as follows

H1,nc
0 (Th) :=

{
v ∈

[
H1(Th)

]2
:
∫

e
⟦v⟧ ds = 0 ∀e ∈ Eh

}
. (3.79)

We remark that the seminorm | · |1,Th
is a norm for functions in H1,nc

0 (Th) and that the
following Poincaré inequality holds true (see [18, 66]):

||v||0 ≲ |v|1,Th
∀v ∈ H1,nc

0 (Th). (3.80)

3.4.2 A low-order non-conforming Virtual Element Method
We briefly highlight the main features of a low-order non-conforming VEM according to [18,
66]. Given a polygon E ∈ Th, we define the local non-conforming virtual space as

U∗
h(E) :=

{
v∗

h ∈
[
H1(E)

]2
: ∂v∗

h

∂n
= ∇v∗

hn ∈ [P0(e)]2 ∀e ∈ ∂E, ∆v∗
h = 0

}
. (3.81)

Accordingly, for the local spaces U∗
h(E), we can take the following degrees of freedom:

v∗
h → 1

|e|

∫
e
v∗

h ds. (3.82)

Therefore, we infer that the dimension of space (3.81) is

dim(U∗
h(E)) := 2nE

e , (3.83)

where we recall that nE
e is the number of element edges. The unisolvence of the degrees of

freedom defined in (3.82) is given by the following proposition, whose proof can be found,
i.e., in [18].

Proposition 3.4.1. Let E a simple polygon with nE
e edges, and let U∗

h(E) be the space
defined in (3.81). The degrees of freedom (3.82) are unisolvent for U∗

h(E).

The global non-conforming virtual element space is given by

U∗
h(Th) :=

{
v∗

h ∈ H1,nc
0 (Th) : v∗

h|E
∈ U∗

h(E) ∀ E ∈ Th

}
. (3.84)

We also need to recall the projection operator Π∇ : [H1(E)]2 → [P1(E)]2, defined by∫
E

∇(Π∇v∗
h) : ∇q dE =

∫
E

∇v∗
h : ∇q dE ∀q ∈ [P1(E)]2∫

∂E
Π∇v∗

h dE =
∫

∂E
v∗

h dE.
(3.85)

Furthermore, the following estimates will be useful in the sequel.

57



Proposition 3.4.2. Under assumptions (A1) and (A2), for every E ∈ Th and every
v∗

h ∈ U∗
h(E), it holds

|v∗
h|1,E ≲ h−1

E ||v∗
h||0,E (3.86)

and

||v∗
h||0,E ≲ h

1/2
E ||Π∂

0v∗
h||0,∂E. (3.87)

Proof. We first notice that, since v∗
h ∈ U∗

h(E) is harmonic in E, we have

|v∗
h|21,E =

∫
∂E

∇v∗
hn · v∗

h ds ≤ ||∇v∗
hn||0,∂E ||v∗

h||0,∂E. (3.88)

Recalling that (∇v∗
hn)|∂E is a piecewise constant vectorial function, under assumptions

(A1) and (A2), the 1D inverse estimate

||∇v∗
hn||0,∂E ≲ h

−1/2
E ||∇v∗

hn||−1/2,∂E

holds true. Therefore, we get (cf. [15] and recall again that div ∇v∗
h = 0)

||∇v∗
hn||0,∂E ≲ h

−1/2
E ||∇v∗

h||0,E = h
−1/2
E |v∗

h|1,E. (3.89)
Hence, from (3.88) we get

|v∗
h|1,E ≲ h

−1/2
E ||v∗

h||0,∂E. (3.90)
We then exploit a scaled trace inequality, see for instance [42], to infer that it holds

|v∗
h|1,E ≲ h

−1/2
E ||v∗

h||1/2
0,E

(
|v∗

h|21,E + h−2
E ||v∗

h||20,E

)1/4
. (3.91)

Hence, we get

|v∗
h|1,E ≲ h

−1/2
E ||v∗

h||1/2
0,E |v∗

h|1/2
1,E + h−1

E ||v∗
h||0,E. (3.92)

Using the Young’s inequality, we obtain

|v∗
h|1,E ≲

1
2δh

−1
E ||v∗

h||0,E + δ

2 |v∗
h|1,E + h−1

E ||v∗
h||0,E, (3.93)

where δ > 0 is at our disposal. We now choose δ sufficiently small to absorb in the left-hand
side the second term of the right-hand side, and thus get (3.86).

To prove (3.87), we first split v∗
h ∈ U∗

h(E) as

v∗
h = (v∗

h − v̄∗
h) + v̄∗

h = w∗
h + v̄∗

h, (3.94)
where the constant vector v̄∗

h is defined by

v̄∗
h = 1

|∂E|

∫
∂E

v∗
h ds.
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and w∗
h := v∗

h − v̄∗
h. Then, a direct computation shows that

||v∗
h||0,E ≤ ||w∗

h||0,E + ||v̄∗
h||0,E ≲ ||w∗

h||0,E + h
1/2
E ||v̄∗

h||0,∂E. (3.95)

To estimate ||w∗
h||0,E, we notice that w∗

h has zero mean value on ∂E. Therefore, a Poincaré-
type estimate gives, see for instance [72]:

||w∗
h||0,E ≲ hE|w∗

h|1,E. (3.96)

Using that ∇w∗
hn is piecewise constant on ∂E, we get (cf. also (3.89))

|w∗
h|21,E =

∫
∂E

∇w∗
hn · w∗

h ds =
∫

∂E
∇w∗

hn · Π∂
0w∗

h ds ≤ ||∇w∗
hn||0,∂E||Π∂

0w∗
h||0,∂E

≲ h
−1/2
E ||Π∂

0w∗
h||0,∂E|w∗

h|1,E.
(3.97)

Therefore, we obtain

|w∗
h|1,E ≲ h

−1/2
E ||Π∂

0w∗
h||0,∂E. (3.98)

Combining (3.95), (3.96) and (3.98), we infer

||v∗
h||0,E ≲ h

1/2
E

(
||Π∂

0w∗
h||0,∂E + ||v̄∗

h||0,∂E

)
. (3.99)

We now notice that, since ∫
∂E

Π∂
0w∗

h · v̄∗
h ds = 0,

it holds

||Π∂
0w∗

h||0,∂E + ||v̄∗
h||0,∂E ≲ ||Π∂

0w∗
h + v̄∗

h||0,∂E = ||Π∂
0v∗

h||0,∂E. (3.100)

Now estimate (3.87) follows from (3.99) and (3.100).

We are ready to prove the following convergence result for a suitable non-conforming
post-processed displacement field.

Theorem 3.4.3. Let (σσσ,u) ∈ Σ × U be the solution of continuous Problem (1.66) and
let (σσσh,uh, λλλh) ∈ Σ̃h(Th) × Uh × Λh(EI

h) be the discrete solution of Problem (3.37). Define
u∗

h ∈ U∗
h(Th) such that it holds:

Π∂
0(u∗

h − λλλh) = 0. (3.101)

Then we have
||u − u∗

h||0 ≲ h2. (3.102)

In addition, if the family of meshes {Th}h is also quasi-uniform, it holds

|u − u∗
h|1,Th

≲ h. (3.103)

59



Proof. For the displacement field u, we define the non-conforming interpolant ũ∗
h ∈ U∗

h(Th)
imposing:

Π∂
0(ũ∗

h − u) = 0 (3.104)
for each edge e ∈ Eh. Due to Proposition 3.4.1, ũ∗

h is well-defined. Similarly, u∗
h ∈ U∗

h(Th)
is well-defined by (3.101). Writing now

u − u∗
h = (u − ũ∗

h) + (ũ∗
h − u∗

h) (3.105)
and using the triangle inequality, we have

||u − u∗
h||0 ≤ ||u − ũ∗

h||0 + ||ũ∗
h − u∗

h||0. (3.106)

By standard arguments, see [18, 42], we get

||u − ũ∗
h||0 ≲ h2. (3.107)

To estimate ||ũ∗
h − u∗

h||0, we notice that from (3.101) and (3.104), we have

Π∂
0 (u∗

h − ũ∗
h) = Π∂

0(λλλh − u). (3.108)

Fix an element E ∈ Th; due to estimate (3.87) of Proposition 3.4.2 and to (3.108), we get

||u∗
h − ũ∗

h||0,E ≲ h
1/2
E ||Π∂

0(u∗
h − ũ∗

h)||0,∂E = h
1/2
E ||Π∂

0(λλλh − u)||0,∂E. (3.109)

Summing all the local estimates (3.109) and combining with Corollary 3.3.5, we get

||u∗
h − ũ∗

h||0 ≲ h2. (3.110)

Estimate (3.102) now follows from (3.106), (3.107) and (3.110). To prove (3.103), we
observe that

|u − u∗
h|1,Th

≤ |u − ũ∗
h|1,Th

+ |ũ∗
h − u∗

h|1,Th
. (3.111)

By standard arguments, we have

|u − ũ∗
h|1,Th

≲ h. (3.112)
Using the inverse estimate (3.86) of Proposition 3.4.2, we get

|ũ∗
h − u∗

h|1,Th
=
⎛⎝ ∑

E∈Th

|ũ∗
h − u∗

h|21,E

⎞⎠1/2

≲

⎛⎝ ∑
E∈Th

h−2
E ||ũ∗

h − u∗
h||20,E

⎞⎠1/2

≲ h−1||ũ∗
h − u∗

h||0,

(3.113)

where in the last step we have used that the family of meshes is quasi-uniform. Since

||ũ∗
h − u∗

h||0 ≤ ||ũ∗
h − u||0 + ||u − u∗

h||0,
from (3.108) and (3.102), estimate (3.113) leads to

|ũ∗
h − u∗

h|1,Th
≲ h. (3.114)

Estimate (3.103) now follows from (3.111), (3.112) and (3.114).
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3.5 Numerical Results
In this section, we validate the proposed VEM hybridized approach through some numer-

ical experiments. We first give some numerical evidence to the theoretical results. Then,
we compare the solving time of the conforming and hybridized VE method, showing the
best performance of this latter procedure, especially for the 3D case. We will consider the
following two test problems.

Test case 2D. Given Ω1 = [0, 1]2 the unit square, we consider the following analytical
solution

u :=
(

0.5(sin(2πx))2 sin(2πy) cos(2πy)
−0.5(sin(2πy))2 sin(2πx) cos(2πx)

)
. (3.115)

The loading term f is computed accordingly. For this problem we consider a homogeneous
and isotropic material with Lamé coefficients λ = 105 and µ = 0.5 (nearly incompressible
material).

Test case 3D. Given the unit cube Ω2 = [0, 1]3, we consider a 3D elastic problem with
the following exact displacement solution and load term:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

u1 = u2 = u3 = 10S(x, y, z)
f1 = −10π2((λ+ µ)cos(πx)sin(πy + πz) − (λ+ 4µ)S(x, y, z))
f2 = −10π2((λ+ µ)cos(πy)sin(πx+ πz) − (λ+ 4µ)S(x, y, z))
f3 = −10π2((λ+ µ)cos(πz)sin(πx+ πy) − (λ+ 4µ)S(x, y, z))

(3.116)

where S(x, y, z) = sin(πx) sin(πy) sin(πz). In this case, we consider a compressible material
where the Lamé constants are λ = 1 and µ = 1.

Mesh. In order to test our problems we consider two packages of meshes of four types
each, see Figure 3.2:

• 2D meshes. The unit square Ω1 is discretized as follows: i) Square, a uniform mesh
composed by standard structured squares; ii) Tria, a Delanuay triangolation of the
domain Ω1 [78]; iii) Hexagon, a mesh composed by regular haxagons; iv) Rand, a
mesh composed by random polygons generated with Polymesher [83].

• 3D meshes. For the unit cube Ω2, we take: a) Cube, a uniform mesh composed by
standard structured cubes; b) Tetra, a Delanuay tetrahedralization of the domain
Ω2 [79]; c) CVT, a centroidal Voronoi tessellation [60]; d) Rand, random polyhedra
thanks to Voronoi tessellation achieved with random control points.

We remark that the meshes CVT and Rand have interesting features which challenge the
robustness of the virtual element approach. Indeed, they could have some elements with
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tiny faces and edges, and we remark that such case is not covered by the developed theory,
i.e., the assumptions (A1) and (A2) for the two-dimensional case and assumptions (B1),
(B2) and (B3) for 3D. In order to assess the convergence rate, for each type of mesh, we
define the following mesh-size h:

h := 1
NE

NE∑
i=1

hE

where we recall that NE is the number of elements in the mesh, and hE is the diameter of
the polytopal element E. Moreover, as we have seen in the previous chapter, all the error
quantities are computed through suitable quadrature rules based on the sub-triangulation
and sub-tetrahedralization methods.

i) Square ii) Tria iii) Hexagon iv) Rand

a) Cube b) Tetra c) CVT d) Rand

Figure 3.2: Overview of adopted meshes: in the first row the meshes for test case 2D, while
in the second row the meshes for test case 3D.

3.5.1 Convergence results
The first numerical results focus on the accuracy of the proposed VEM method using the

hybridized procedure on the previous two test cases. To carry out this assessment we use
the following error norms:
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• L2 error norm for the displacement field:

Eu :=
⎛⎝ ∑

E∈Th

∫
E

|u − uh|2 dE
⎞⎠1/2

= ||u − uh||0.

• L2 error on the divergence:

Eσσσ,div :=
⎛⎝ ∑

E∈Th

∫
E

| div(σσσ − σσσh)|2 dE
⎞⎠1/2

= || div σσσ − div σσσh||0.

• L2 error on the projection:

Eσσσ,Π :=
⎛⎝ ∑

E∈Th

∫
E

|σσσ − ΠEσσσh|2 dE
⎞⎠1/2

= ||σσσ − ΠEσσσh||0.

• Discrete error norms for the stress field:

Eσσσ :=
⎛⎝∑

e∈Eh

he

∫
e
κ |(σσσ − σσσh)n|2 ds

⎞⎠1/2

,

where κ = 1
2tr(D) (the material is here homogeneous). Here above, to avoid being too

heavy, we use the bi-dimensional notation. For 3D problems, we need to consider the
faces instead of the edges. Furthermore, we remark that for the internal edges (faces
for 3D) σσσhn is the mean value between the two contributes derived by the adjacent
elements. Finally, we observe that the quantity above scales like the internal elastic
energy, with respect to the size of the domain and of the elastic coefficients, i.e., ∼ h.

Results. Figure 3.3 and Figure 3.4 report the h-convergence of the proposed method
for test case 2D and 3D, respectively. Relative errors are displayed. As expected, the
hybridization leads to an asymptotic convergence rate equal to 1 for all error norms and
meshes (in fact, the hybridized schemes are equivalent to the original Hellinger-Reissner
methods of [15] and [54]). In Figure 3.4, the Eu and Eσσσ plots seem to have a different
convergence rate with respect to the theoretical result, but this fact is essentially related
to the nature of the problem and the mesh-size. Indeed, refining the meshes, one can
observe that, for each error, the convergence rate draws near to 1. Finally, the convergence
graphs are very close to each other, which confirms the good robustness of the proposed
VE method with respect to the mesh choice.

3.5.2 Post-processing results
The present section is split into two: we first show the superconvergence result, predicted
by Theorem 3.3.3, then we exhibit the accuracy of our post-processing, also giving a non-
conforming FEM reconstruction on the simplices (triangles and tetrahedra).
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Figure 3.3: Convergence results. h-convergence results for the test case 2D and for all
meshes.

Superconvergence. Let’s start with the first numerical result and for this purpose we
introduce the following error quantities:

• L2 error norm of the projection onto rigid body motion of the displacement field:

EuRM
:=
⎛⎝ ∑

E∈Th

∫
E

|ΠRMu − uh|2 dE
⎞⎠1/2

= ||ΠRMu − uh||0.

According to Theorem 3.3.3, the expected behaviour of such error is O(h2) for suffi-
ciently regular problems.
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Figure 3.4: Convergence results. h-convergence results for the test case 3D and for all
meshes.

• L2 error norm of the projection onto constants of the displacement field:

Eu0 :=
⎛⎝ ∑

E∈Th

∫
E

|Π0u − uh|2 dE
⎞⎠1/2

= ||Π0u − uh||0.

Since we do not develop a rigorous theoretical analysis for such quantity, we use the
numerical investigation to study the behavior of Eu0 .

Superconvergece results. In Figure 3.5 and Figure 3.6 we show the convergence lines
for the previous errors. Again, relative errors are displayed. The convergence rate for
the error norm EuRM

is 2, in accordance with the theoretical results, see (3.44). Instead,
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Figure 3.5: Superconvergence results. h-convergence results for test case 2D for all meshes.
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Figure 3.6: Superconvergence results. h-convergence results for test case 3D for all meshes.

the error norm Eu0 is only O(h). This result suggests to us that the superconvergence
behavior does not occur for the projection onto constants. Moreover, from these graphs,
we can also appreciate the robustness of the VEM concerning element distortions. Indeed,
the convergence lines for the four meshes (2D and 3D) are very close to each other.

Post-processing. Since the VE post-processing reconstruction is virtual inside the ele-
ment, we need to involve the projection operator Π∇, defined by (3.85). Then, we introduce
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the following error measures

E0
u∗

h
:= ||u − Π∇u∗

h||0 =
⎛⎝ ∑

E∈Th

∫
E

|u − Π∇u∗
h|2 dE

⎞⎠1/2

,

and

E1
u∗

h
:= |u − Π∇u∗

h|1,Th
=
⎛⎝ ∑

E∈Th

∫
E

|∇u − ∇(Π∇u∗
h)|2 dE

⎞⎠1/2

.

However, we remark that on simplices the function u∗
h is indeed computable: it corresponds

to the vectorial version of the non-conforming Finite Element post-processed solution de-
tailed in [52]. In such a case, the operator Π∇ is simply the identity.
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Figure 3.7: Post-processing. Convergence plots for the error E0
u∗

h
and E1

u∗
h

for test case 2D.

Post-processing results. In Figure 3.7 and Figure 3.8 we report the convergence lines
for the errors E0

u∗
h

and E1
u∗

h
for both test cases. Relative errors are displaced. The conver-

gence rate for the error E0
u∗

h
is approximately 2, while for the error E1

u∗
h

is 1, as expected by
Theorem 3.4.3. Although estimate (3.103) has been proved only for quasi-uniform meshes,
our numerical tests suggests that the same convergence behaviour occurs for more general
situations (e.g., Rand meshes are not quasi-uniform but a first order convergence rate takes
place). The convergence lines of the each mesh are close to each other, showing, one more
time, the VEM robustness with respect to the deformation of the mesh. In the end, we can
also notice that FEM and VEM reconstruction on the simplices (Tria and Tetra mesh) is
the same, as expected.
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Figure 3.8: Post-processing. Convergence plots for the error E0
u∗

h
and E1

u∗
h

for test case 3D.

3.5.3 Comparison of solving time
Here we report our last numerical result for the hybridization. In this experiment, we
qualitatively compare the solving time between the standard low-order VEM approach [15,
54] and the hybridization scheme procedure that we have shown in this chapter. We use
the library PETSc, which is an open-source code [19, 20]. In particular, we use the direct
solver MUMPS: LU factorization for the standard method; Cholesky for the hybridized
one. Moreover, we run our test only on one processor in order to have the same setting for
both cases. To better appreciate the results, we report only the 3D case for all meshes.

Results In Table 3.1 and in Table 3.2 we show a comparison between the solving time for
the standard VE method and the time of the hybridization procedure (static condensation
and solving time) for each mesh refinement step. Moreover, in the column “Hybrid”, we
also show the percentage of time used to solve the linear system (3.8). We can notice that,
refining the meshes, the hybridization procedure has better performance (in time) than
the standard procedure. Furthermore, focusing only on the hybridization technique, we
observe that the time improvement becomes more and more effective as the solving process
time dominates over the one needed to deal with the static condensation (this occurs for
larger and larger systems). All the quantities are expressed in seconds.
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Cube Tetra
Step Standard Hybrid Standard Hybrid

1 0.11 0.11 (38.02%) 0.12 0.11 (32.14%)
2 5.74 3.09 (82.06%) 3.80 2.28 (70.37%)
3 971.33 209.53 (97.15%) 568.12 284.78 (97.43%)
4 4178.47 903.67 (98.78%) 3393.64 1409.92 (98.33%)

Table 3.1: Comparison of solving time between standard approach and hybridization tech-
nique for test case 3D. We use Cube and Tetra meshes.

CVT Rand
Step Standard Hybrid Standard Hybrid

1 0.86 0.68 (63.22%) 1.22 0.91 (67.32%)
2 97.88 53.43 (94.88%) 161.21 72.13 (95.04%)
3 6877.68 53.43 (99.56%) 32 015.50 14 565.00 (99.70%)
4 128 626.00 41 000.70 (99.86%) 172 781.00 81 037.80 (99.91%)

Table 3.2: Comparison of solving time between standard approach and hybridization tech-
nique for test case 3D. We use CVT and Rand meshes.
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Chapter 4

Numerical investigation of a Virtual
Element Method for an augmented
Lagrangian formulation

In Chapter 2 and Chapter 3, we introduced and analyzed a low-order virtual element
method and its hybridization for linear elasticity problems, respectively. In all these cases,
we considered the classical mixed formulation based on the Hellinger-Reissner principle, as
the starting point of our discretization procedure. It is well known that for mixed Galerkin
methods, we need to satisfy two compatibility conditions, ellipticity-on-the-kernel and inf-
sup, to achieve stable and accurate methods. Such request is reflected in the fact that
in the previous low-order VEM schemes (2D and 3D), we take the discrete local space of
displacement as rigid body motion and not as the space of constant polynomials. Therefore,
a way to use less information is to modify the original variational formulation.

In this chapter, we present a preliminary study for a virtual element scheme on the
elasticity problem, but for a modified variational formulation. More precisely, we consider
an augmented Lagragian formulation [47, 61]. The advantage, in considering this new for-
mulation, is that the compatibility condition of ellipticity-on-the-kernel is automatically
satisfied on the whole space of the divergence operator. All this, without changing the so-
lution of the continuous problem. Such formulation allows, for instance, to design methods
with a better approximation properties [40] or to give the possibility to reduce the discrete
spaces without losing accuracy.

The aim of this chapter is to numerically investigate a virtual element method that
is “minimal” for both the stresses and displacements. Since we have not yet developed a
strong analysis about it, we will present the method and will show some insightful numerical
experiments. For sake of simplicity, we will deal with only the bi-dimensional case, even if
we implemented the code also for 3D problems.

The outline of the chapter follows. In Section 4.1 we briefly introduce the augmented
Lagrangian formulation. Section 4.2 is devoted to the presentation of the VEM, while in
Section 4.3 we introduce some numerical experiments that we have done in order to study
the behavior of the proposed method. Finally, in Section 4.4 we draw some conclusions of
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this investigation.

4.1 Augmented Lagrangian formulation
We present a different formulation of the elasticity problem (1.74), in the framework of

the so-called augmented Lagrangian formulations [40, 46]. As we have said before, the
main feature of the approach is the automatic fulfillment of the ellipticity-on-the-kernel
condition.
Given Ω ⊂ R2 a polygonal domain and f ∈ [L2(Ω)]2 the loading term, the new modified
formulation reads as follows⎧⎪⎪⎨⎪⎪⎩

Find (σσσ,u) ∈ Σ × U such that
a(σσσ, τττ ) + γ (div σσσ,div τττ ) + (div τττ ,u) = −γ (f ,div τττ ) ∀τττ ∈ Σ
(div σσσ,v) = −(f ,v) ∀v ∈ U,

(4.1)

where γ is a positive constant, which depends on the geometry and on the material pa-
rameters of the problem. Problem (4.1) is well-posed and admits the same unique solution
of standard formulation (1.74), since

div σσσ + f = 0 in
[
L2(Ω)

]2
. (4.2)

However, the bilinear form

aγ(σσσ, τττ ) := a(σσσ, τττ ) + γ (div σσσ,div τττ ) (4.3)

is now coercive over the whole space Σ. This allows for a different selection of discretization
spaces. In particular, with respect to the choice detailed in [15], reduced spaces can be
employed in connection with formulation (4.1).

4.2 The Virtual Element Method
Here, we present our proposed VE scheme for the augmented Lagrangian formulation. Let
{Th}h be a sequence decomposition of the domain Ω into general polygons E satisfying the
usual assumption (A1) and (A2), listed in Section 1.1.3. Following the steps of the previous
chapters, we present the virtual element approximation stemming from formulation (4.1).

4.2.1 The local spaces
Stress space. The local approximation space for the stress field is:

Σ0
h(E) =

{
τττ h ∈H(div;E) : ∃w∗ ∈

[
H1(E)

]2
such that τττ h = Cεεε(w∗);

(τττ h n)|e ∈ R2 ∀e ∈ ∂E; div τττ h ∈ RM(E)
}
.

(4.4)
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For the space Σ0
h(E), we get the following degrees of freedom, see Figure 4.1:

τττ h →
∫

e
(τττ hn)|e ds, (4.5)

for each edge e of the element E. In particular, we observe that div τττ h is completely
determined by (τττ hn)|e, for e ∈ ∂E. Indeed, setting (cf. (3.11))

div τττ h = αααE + βE

(
x − xE

)⊥
, (4.6)

and using the divergence theorem, we infer

αααE = 1
|E|

∑
e∈∂E

∫
e
(τττ hn)|e ds, (4.7)

and
βE = 1∫

E |x − xE|2 dE
∑

e∈∂E

∫
e
(τττ hn)|e · (x − xE)⊥ ds. (4.8)

Therefore, the dimension of Σ0
h(E) is:

dim(Σ0
h(E)) = 2nE

e ,

where we recall that nE
e is the number of the edges of E.

Displacement space. The local approximation space for the displacement field is de-
fined by:

U0
h(E) =

{
vh ∈

[
L2(Ω)

]2
: vh ∈ [P0(E)]2

}
. (4.9)

Accordingly, for the local space U0
h(E) the following degrees of freedom can be taken, see

Figure 4.1:
vh →

∫
E

vh dE (4.10)

and it follows that the dimension of U0
h(E) is

dim(U0
h(E)) = 2.

Remark 15. The degrees of freedom of such augmented Lagrangian formulation are con-
stant vectors compared to ones described in Chapter 3.

4.2.2 The local forms
The local mixed and loading terms are designed accordingly with the description of Sec-
tions 2.1.2 and 3.2.2.
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Figure 4.1: Schematic description of the local degrees of freedom: stresses (left); displace-
ments (right).

The local mixed term. Given an element E ∈ Th, for every τττ h ∈ Σ0
h(E) and vh ∈

U0
h(E), we notice that

(div τττ h,vh)E =
∫

E
div τττ h · vh dE (4.11)

is computable from the knowledge of the degrees of freedom. Therefore, there is no need
to introduce any approximation of the terms (div τττ ,u) and (div σσσ,v).

The div-div term. For every τττ h, σσσh ∈ Σ0
h(E), the term

(div σσσh,div τττ h)E =
∫

E
div σσσh · div τττ h dE (4.12)

is computable, see (4.6), (4.7) and (4.8).

The local bilinear form aE(·, ·). The local bilinear form

aE(σσσh, τττ h) =
∫

E
Dσσσh : τττ h dE ,

requires a slightly different treatment, since we need to introduce a suitable stress projection
operator. More precisely, we define Π0

E : Σ0
h(E) → [P0(E)]2×2

s by the following condition∫
E

Π0
Eτττ h : πππ0 dE =

∫
E
τττ h : πππ0 dE ∀πππ0 ∈ [P0(E)]2×2

s . (4.13)

Now, using the divergence theorem, the above condition becomes∫
E

Π0
Eτττ h : πππ0 dE = −

∫
E

div τττ h · p1 dE +
∫

∂E
(τττ hn) · p1 ds, (4.14)

where, given πππ0 ∈ [P0(E)]2×2
s , the vectorial polynomial p1 ∈ [P1(E)]2 is such that εεε(p1) =

πππ0. Hence, the operator Π0
E is clearly computable. Then, the approximation of aE(·, ·)
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reads:

ah
E(σσσh, τττ h) := aE(Π0

E σσσh,Π0
Eτττ h) + sE

(
(I − Π0

E)σσσh, (I − Π0
E)τττ h

)
=
∫

E
D(Π0

Eσσσh) : (Π0
Eτττ h) dE + sE

(
(I − Π0

E)σσσh, (I − Π0
E)τττ h

)
,

(4.15)

where sE(·, ·) is the following stabilization term, see Chapter 2:

sE(σσσh, τττ h) := κEhE

∫
∂E
σσσh n · τττ h n ds (4.16)

The right-hand side terms. In this formulation we have two right-hand side terms:
the loading term

(f ,vh) =
∫

Ω
f · vh dΩ =

∑
E∈Th

∫
E

f · vh dE, (4.17)

and the term derived by (4.2)

(f ,div τττ h) =
∫

Ω
f · div τττ h dΩ =

∑
E∈Th

∫
E

f · div τττ h dE. (4.18)

To compute (4.17) and (4.18), we use suitable quadrature rules for polygonal domains, see
for instance [70, 71, 80].

4.2.3 The discrete scheme
The global approximation space for the stress field is defined by glueing the local approxi-
mation spaces, see (4.4):

Σ0
h =

{
τττ h ∈ H(div; Ω) : τττ h|E ∈ Σ0

h(E) ∀E ∈ Th

}
. (4.19)

For the global approximation of the displacement field, we take, see (4.9):

U0
h =

{
vh ∈

[
L2(Ω)

]2
: vh|E ∈ U0

h(E) ∀E ∈ Th

}
. (4.20)

In addition, given a local approximation of aE(·, ·), see (4.15), we set

ah(σσσh, τττ h) :=
∑

E∈Th

ah
E(σσσh, τττ h). (4.21)

Then, the method that we consider is defined by⎧⎪⎪⎨⎪⎪⎩
Find (σσσh,uh) ∈ Σ0

h × U0
h such that

ah(σσσh, τττ h) + γ(div σσσh,div τττ h) + (div τττ h,uh) = −γ(f ,div τττ h) ∀τττ h ∈ Σ0
h

(div σσσh,vh) = −(f ,vh) ∀vh ∈ U0
h .

(4.22)
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We remark that the couple (Σ0
h, U

0
h) leads to a scheme for which a function τττ h in the

discrete kernel
Kh :=

{
τττ h ∈ Σ0

h : (div τττ h,vh) = 0 ∀vh ∈ Uh

}
(4.23)

does not necessarily satisfies div τττ h = 0 pointwise. If one uses (Σ0
h, U

0
h) in connection

with the standard Hellinger-Reissner formulation (1.74), this is severe drawback, which is
overcome by the stabilizing effect of the augmented Lagrangian approach.

4.3 Numerical investigation
In this section, we present some numerical experiments that we have used to investigate

the behavior and the approximation properties of the proposed VE method for this mod-
ified formulation. In Section 4.3.1, we address the accuracy of our scheme, showing what
happens in three simple test cases, whereas in Section 4.3.2, we focus our attention on
some further interesting issues about the proposed method.

We consider the unit square Ω = [0, 1]2 as the domain of our problems. The material
is assumed to be homogeneous and isotropic with the following Lamè coefficients: λ = 1
and µ = 1 (compressible material). For these problems, the analytical solution is available
and is chosen in terms of displacement field. The loading term f is computed accordingly.
The problems are

• Test case 1 (Patch test). We consider the following data

u =
(

3
−2

)
, f = 0. (4.24)

• Test case 2 (Linear test). In this test, we take the following data

u =
(
x+ 5y − 3
2x+ y + 1

)
, σσσ =

[
4 7
7 4

]
, f = 0. (4.25)

where solution is linear, the stress tensor constant and the loading term (and diver-
gence) is a null vector.

• Test case 3 (Quadratic test). Here, we consider the following data

u =
(
x2

0

)
, σσσ =

[
6x 0
0 2x

]
, f =

(
−6
0

)
. (4.26)

We have a linear stress tensor and a constant loading term (divergence).
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Mesh. We consider the standard unit square Ω = [0, 1]2 as the domain of our problems
and we take the following eight types of meshes, see Figure 4.2:

• standard meshes:

a) Square, a uniform standard structured squares meshes;
b) Tria, a Delanuay triangolation of the domain Ω, see [78];
c) Hexagon, a mesh composed by regular hexagons;
d) Rand, a mesh composed by random polygons generated with Polymesher [83];

• structured meshes, that are created from Square mesh as follows:

e) 2TriaR, a uniform structured triangles meshes, each square is divided in two
triangles by a diagonal;

f) 2TriaHN, starting from the previous mesh, we add a hanging node on diagonal,
so this mesh is composed by quadrilaterals elements;

g) 4TriaR, a uniform structured triangles meshes, each square is divided in four
triangles by the two diagonals;

h) 4TriaD, starting from the previous mesh we move the intersection of the diag-
onals in order to break the symmetry.

We underline that the Rand partitions could be interesting from the computational point of
view. Indeed, such meshes contain small edges and so the robustness of the virtual element
method will be severely tested. To assess the convergence rate, for each type of mesh, we
define the mesh-size parameter h as the mean value of element diameters

h := 1
NE

NE∑
i=1

hE,

where we recall that hE is the diameter of the element E ∈ Th, while NE is the number of
the elements in Th.

4.3.1 Accuracy assessment
The present section is devoted to the study of the accuracy of the proposed method and for
this aim we consider the following error norms: Eσσσ , Eσσσ,div, Eσσσ,Π and Eu, whose definitions
are in Section 3.5.1.

The numerical campaign has been conducted into two different chronological phases:
at first, we have tested all our problems on the general standard meshes; later, in light of
the results obtained, we have focused our attention on Test case 3 evaluating it on the
structured meshes. Here, for simplicity, we report the results divided by type of test.
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a) Square b) Tria c) Hexagon d) Rand

e) 2TriaR f) 2TriaHN g) 4TriaR h) 4TriaD

Figure 4.2: Overview of adopted meshes: in the first row the 2D standard meshes, while
in the second row the 2D structured meshes.

Patch test results. In Tables 4.1, 4.2, 4.3 and 4.4, we provide the errors for standard
meshes. All quantities behave as expected: indeed, they are close to the machine precision
at each mesh refinement step. Moreover, we notice that, refining the mesh, the errors
become larger. This fact can be ascribed to the conditioning of the global matrix of the
problem.

Linear test results. Figure 4.3 reports the h-convergence of the proposed method for a
linear test case. The asymptotic convergence rate is approximately equal to 1 for all errors
and meshes, except for Eσσσ,Π on the Square mesh, where the errors are exact up to machine
precision. The convergence rate is what we expect, although we do not have stress errors
(Eσσσ , Eσσσ,div and Eσσσ,Π) close to the machine precision for all meshes. Indeed, we recall that
the problem has constant stress tensor and null divergence. Moreover, since we employ
constant degrees of freedom, we can not expect to have a convergence order greater than
one unless we consider problems and meshes with specific properties, i.e., some symmetry.
Remark 16. The same kind of results have been obtained also when the solution is a rigid
body motion, but for the sake of brevity these results have been omitted.

Quadratic test results. In Figure 4.4, we report the h-convergence for quadratic test
on the standard and structured meshes. Immediately, we notice that the asymptotic con-
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Discrete error for the stress field
Step Square Tria Hexagon Rand

1 6.29736e-15 3.67744e-14 1.11455e-14 1.17551e-14
2 8.87421e-15 8.52208e-13 1.92446e-14 2.23804e-14
3 1.54616e-14 1.86801e-12 4.63053e-14 1.69440e-13
4 2.88012e-14 2.44488e-11 1.31449e-13 3.10865e-13

Table 4.1: Test case 1 (Patch Test). h-convergence results for error Eσσσ .

L2 error on the divergence
Step Square Tria Hexagon Rand

1 1.15126e-13 1.98533e-13 2.74099e-13 1.32310e-13
2 1.13386e-13 7.95424e-12 1.19696e-12 8.52652e-13
3 1.13492e-13 2.77922e-11 4.96398e-12 8.95224e-12
4 1.13409e-13 5.91654e-10 3.20486e-11 3.51223e-11

Table 4.2: Test case 1 (Patch Test). h-convergence results for error Eσσσ,div.

L2 error on the projection
Step Square Tria Hexagon Rand

1 4.91119e-15 3.28548e-14 9.81103e-15 1.27816e-14
2 8.83546e-15 7.78224e-13 1.55481e-14 2.12182e-14
3 1.59807e-14 1.74302e-12 4.18572e-14 1.94968e-13
4 3.00927e-14 2.28223e-11 9.87118e-14 3.66368e-13

Table 4.3: Test case 1 (Patch Test). h-convergence results for error Eσσσ,Π.

L2 error for displacement field
Step Square Tria Hexagon Rand

1 4.98458e-14 5.00449e-14 5.01009e-14 5.04163e-14
2 4.98429e-14 1.89908e-12 5.09036e-14 5.11523e-14
3 4.98625e-14 7.15558e-12 6.02846e-14 1.87605e-12
4 4.99291e-14 1.61151e-10 1.07341e-13 6.18440e-12

Table 4.4: Test case 1 (Patch Test). h-convergence results for error Eu.

vergence rate is approximately equal to 1 for all error norms, but only for Square, Hexagon,
Rand, 2TriaHN and 4TriaR meshes, while for Tria, 2TriaR and 4TriaD meshes we lose the
convergence rate. Moreover, if we focus our attention on the L2 error on the divergence,
we can observe that, for Square, Hexagon and 4TriaR, the convergence rate is 2. As we
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Figure 4.3: Test case 2 (Linear Test). h-convergence results for the standard meshes.

have said before, probably, this fact derives from some properties of the problem and the
mesh. Moreover, from the Figure 4.4, we infer the following conjectures:

1. the comparison between Rand mesh, which is composed of general polygons including
also the triangles, and Tria mesh suggests to us that, probably, the loss of conver-
gence is not related to a single triangle, but a mesh with a cluster of triangular
elements;

2. the comparison between 2TriaR mesh and 2TriaHN mesh suggests to us that, maybe,
the trouble is not related to the shape of the elements, but something tied to the
number of the edges;

3. the comparison between 4TriaR and 4TriaD says that the first one is probably a
lucky case due to its structure and symmetry.
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Figure 4.4: Test case 3 (Quadratic Test). h-convergence results for the standard and
structured meshes.

Therefore, in general, it seems that our method does not work well on triangular meshes.

Remark 17. To explore the second conjecture, i.e., the hypothesis that the number of edges
plays a role, we also tried adding an extra point to the triangles in the meshes 4TriaR and
4TriaD. The results are similar to those obtained with 2TriaNH.

4.3.2 Some further issues about our method
In this section, we investigate other aspects of the proposed method. Considering the

Test case 3, we deepen some interesting features about the divergence error, the best
approximation result for the stress field, and the natural interpolation operator, that we
do not define it but that we can infer from what we have seen in Chapter 2.
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Investigation on the divergence error. The aim of the present test is to investigate
the behavior of the stress degrees of freedom in the construction of the discrete divergence
(cf. (4.6), (4.7) and (4.8)). First of all, we recall that the (local) discrete divergence can
be written as follows

div σσσh := αααE + βE(x − xE)⊥,

and that the divergence of a quadratic function is a constant vector. Then, for this test
case, we exploit the following error norms:

• the L2 error norm of the constant part of divergence:

Ediv,ααα =
⎛⎝ ∑

E∈Th

|| div σσσ − αααE||20,E

⎞⎠1/2

, (4.27)

• the L2 error norm on the rotational part of divergence:

Ediv,β =
⎛⎝ ∑

E∈Th

||βE(x − xE)⊥||20,E

⎞⎠1/2

. (4.28)

The idea is to examine the constant and the rotational part separately in order to under-
stand the reason why, in the Eσσσ,div plot of the Figure 4.4, the convergence lines for Tria,
2TriaR and 4TriaD meshes are stagnant.

Results. In Tables 4.5, 4.6 and in Tables 4.7, 4.8 we report the Ediv,ααα and Ediv,β errors,
respectively. We notice that the L2 error norm on the constant part is close to the machine
precision at each mesh refinement step. Instead, for the rotational part, we have two
conflicting results. On the one hand, for Tria, 2TriaR and 4TriaD meshes the errors are
constants. On the other hand, for the remaining meshes, the errors seem converge with
rate 1. Hence, these results clarify the behavior of the L2 error on the divergence in the
Figure 4.4. Moreover, always considering the plots in Figure 4.4, we have that despite
the stress degrees of freedom fix the constant part of the divergence, they do not converge
to the continuous solution for Tria, 2TriaR and 4TriaD meshes. Hence, it seems that
the triangular meshes are too “rigid” (in some sense) to ensure both the continuity of the
tractions and the requirement that the divergence is in RM(E).

Investigation on the best approximation of the stress field. In this second test,
we want to numerically study the best approximation result for the stress field. In this
investigation, we consider the following two discrete global spaces for the stress field:

Σ0
h =

{
τττ h ∈ H(div; Ω) : τττ h|E ∈ Σ0

h(E) ∀E ∈ Th

}
,

which is defined in (4.19) and

Σ̃0
h =

{
τττ h ∈

[
L2(Ω)

]2×2
: τττ h|E ∈ Σ0

h(E) ∀E ∈ Th

}
. (4.29)
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Step Square Tria Hexagon Rand
1 7.72793e-16 2.23175e-15 1.56482e-15 1.03244e-15
2 1.36127e-15 1.85703e-13 3.49287e-15 2.33071e-15
3 2.63964e-15 9.15831e-14 6.51563e-15 4.46223e-15
4 5.06186e-15 1.63717e-11 2.41610e-13 7.85365e-15

Table 4.5: Divergence error results. h-convergence results for error Ediv,ααα on standard
meshes

Step 2TriaR 2TriaHN 4TriaR 4TriaD
1 2.02240e-15 2.23825e-15 2.96848e-15 2.28429e-15
2 3.88623e-15 4.38796e-15 5.98427e-15 4.76713e-15
3 7.44575e-15 8.26223e-15 1.13369e-14 9.57196e-15
4 1.50111e-14 1.71392e-14 2.30845e-14 1.93620e-14

Table 4.6: Divergence error results. h-convergence results for error Ediv,ααα on structured
meshes

Step Square Tria Hexagon Rand
1 2.29254e-03 7.70329e-02 7.08047e-03 1.19239e-03
2 3.37544e-04 6.32102e-02 3.07257e-03 1.80474e-04
3 4.70813e-05 7.28872e-02 1.55001e-03 4.23038e-05
4 6.41623e-06 5.59572e-02 8.92862e-04 1.23026e-05

Table 4.7: Divergence error results. h-convergence results for error Ediv,β on standard
meshes

Step 2TriaR 2TriaHN 4TriaR 4TriaD
1 8.04814e-02 1.62197e-02 8.61902e-02 3.70359e-04
2 8.04990e-02 6.86884e-03 8.66097e-02 8.68754e-05
3 8.05059e-02 3.13441e-03 8.67157e-02 2.12608e-05
4 8.05078e-02 1.52033e-03 8.67421e-02 5.28085e-06

Table 4.8: Divergence error results. h-convergence results for error Ediv,β on structured
meshes.
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The difference between these two spaces is that, in the first one we require continuous
tractions on the inter-elements, while for the second this does not happen. Therefore, the
problem that we want to study is the following: find σσσh ∈ Σ̂0

h such that

inf
σσσh∈Σ̂0

h

1
2 ||σσσh − σσσ||2Σ = inf

σσσh∈Σ̂0
h

1
2
(
||σσσh − σσσ||20,Ω + || div σσσh − div σσσ||20,Ω

)
, (4.30)

where σσσ is the solution of the Problem (4.1) and Σ̂0
h is our notation to denote one of the

two spaces previously defined. The above problem is equivalent to find σσσh ∈ Σ̂0
h such that∫

Ω
D(σσσh − σσσ) : τττ h dΩ +

∫
Ω

div(σσσh − σσσ) · div τττ h dΩ = 0 ∀τττ h ∈ Σ̂0
h. (4.31)

Using some algebraic steps, the equation (4.31) becomes∫
Ω
Dσσσh : τττ h dΩ+

∫
Ω

div σσσh ·div τττ h dΩ =
∫

Ω
Dσσσ : τττ h dΩ+

∫
Ω

div σσσ ·div τττ h dΩ, ∀τττ h ∈ Σ̂0
h.

(4.32)
Now, thanks to VEM technology (4.15), the problem of the best approximation can be
written as follows:⎧⎨⎩find σσσh ∈ Σ̂0

h such that
ah(σσσh, τττ h) + (div σσσh,div τττ h) = ah(σσσ, τττ h) + (div σσσ,div τττ h) ∀τττ h ∈ Σ̂0

h.
(4.33)

The idea of this test is to numerically simulate the best approximation result for both
stress spaces (4.19) and (4.29).

Results. In Figure 4.5 we report the error norms Eσσσ and Eσσσ,div for the investigation on
the best approximation of the stress field. First of all, we notice that when we consider
conforming discrete stresses for Tria, 2TriaR and 4TriaD meshes, we lose the convergence
rate, while this does not occur when we take σσσh ∈ Σ̃0

h. In addition, for the remaining
meshes, the errors seem to have the same convergent behavior. From these observations,
it seems that the H(div)-conformity of the stress field, together with the structure of the
mesh, could be one of the reasons for our troubles.

Investigation on the interpolation operator. In this final test, we would like to
investigate some properties of natural interpolation operator. Following the steps of Sec-
tion 2.2.1, we introduce the local natural interpolation operator I0

E : W r(E) → Σ0
h(E),

which is defined by:∫
∂E

(I0
Eτττ )n · φφφ∗ ds =

∫
∂E

(τττ n) · φφφ∗ ds ∀φφφ∗ ∈ R0
∗(∂E), (4.34)

where:
R0

∗(∂E) =
{
φφφ∗ ∈

[
L2(∂E)

]2
: φφφ∗|e = γγγe, γγγe ∈ R2, ∀e ∈ ∂E

}
. (4.35)
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Figure 4.5: Best approximation results. h-convergence results for Eσσσ and Eσσσ,div. In the
first row, we consider stresses in Σ0

h, while in the second one, we take stresses in Σ̃0
h.

If τττ is sufficiently regular, the above condition is equivalent to require:∫
e
(I0

Eτττ )n · ααα ds =
∫

e
τττn · ααα ds ∀ααα ∈ R2, ∀e ∈ ∂E. (4.36)

The local interpolated function I0
Eτττ ∈ Σ0

h(E) is well-defined by condition (4.36). Therefore,
the global interpolation operator I0

h : W r(Ω) → Σ0
h is just defined by glueing the local

contributions as follows:
(I0

hτ)|E := I0
Eτττ |E ∀E ∈ Th, ∀τττ ∈ W r(Ω).

Now set σσσI = I0
hσσσ, we introduce the following L2 error on divergence:

Ediv σI
:=
⎛⎝ ∑

E∈Th

∫
E

| div(σσσ − σσσI)|2 dE
⎞⎠1/2

= || div σσσ − div σσσI ||0. (4.37)
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For simplicity, we consider Test case 3 with Lamé coefficients λ = 0 and µ = 0.5. Hence,
the elastic fourth-order tensor C is the identity.
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Figure 4.6: Interpolation operator results. h-convergence results for error EdivσσσI
all

meshes.

Results. In Figure 4.6, we report the Ediv σI
plots for all meshes (standard and struc-

tured). Immediately, we can notice that for all meshes, except Square mesh, the errors do
not converge. These results seem to suggest to us that the natural interpolation operator
is not the best choice one can make. Hence, we probably need to find a more sophisticated
interpolation operator in order to justify the behavior of the method that seems to be
convergent if we exclude the triangular meshes.

4.4 Final considerations
We have presented a numerical investigation on a Virtual Element Method with reduced

stress and displacement spaces for an augmented Lagrangian formulation. The results
have shown that the proposed method does not converge when we deal with a triangular
mesh or, more generally, a mesh with a cluster of triangles. We presume that a possible
reason for this trouble is not related to a singular element but is connected to some global
properties: i.e., the relationship between the H(div)-conformity and the symmetry of the
stress. Therefore, considering the results of the proposed tests and these considerations,
our future steps could be as follows: design a new and more sophisticated interpolation
operator; study and implement, if it is possible, the inf-sup test [21], in order to obtain
(numerically) an indication on the discrete inf-sup condition; relax the symmetry condi-
tion or the H(div)-conformity, considering for instance a non-conforming scheme for our
augmented Lagrangian formulation.
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Conclusions

We have proposed some Virtual Element Methods for the mixed stress-displacement for-
mulation of linear elasticity problems. In particular, we have considered schemes with
a-priori symmetric stresses. First of all, we have presented a conforming low-order VEM
scheme for 3D problems, where we have exploited the flexibility of VEM to construct a
stable and accurate scheme. The convergence and stability analysis has been confirmed by
some numerical results. Afterward, exploiting the definition of the degrees of freedom of
the stress field, we have applied the hybridization procedure to low-order VEM schemes for
both bi-dimensional and three-dimensional problems. The numerical results have shown
advantages from a computational and theoretical point of view. Indeed, we have seen a re-
duction in the solving time and a better reconstruction of the continuous solution through
a simple post-processing procedure. Finally, we have presented a preliminary study of a
Virtual Element Method for an augmented Lagrangian formulation. More precisely, we
have numerically investigated the behavior of a method with reduced stress and displace-
ment spaces. The results have shown that the proposed method does not converge when
we deal with triangular meshes, but they also have suggested to us the future way to go.
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