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Abstract

In this thesis we establish some connections between the theory of self-similar fractals
in the sense of J. E. Hutchinson (cf. [20]), and the theory of boundary quotients of C*-
algebras associated to monoids. We show that the existence of self-similar M-fractals
for a given monoid M, gives rise to examples of C*-algebras generalizing the boundary
quotients discussed by X. Li in [27, §7, p. 71]. The starting point for our investigations
is the observation that the universal boundary of a finitely 1-generated monoid carries
naturally two topologies: the cone topology and the fine topology. The first is used
to define canonical measures on the attractor of an M-fractal for a finitely 1-generated
monoid M, while the latter plays a prominent role in the construction of the boundary
quotients mentioned above.

Moreover, we construct a Bass-Serre theory (cf. [35]) in the groupoid setting and
prove a structure theorem. Any groupoid action without inversion of edges on a forest
induces a graph of groupoids, while any graph of groupoids satisfying certain hypothesis
has a canonical associated groupoid, called the fundamental groupoid, and a forest,
called the Bass—Serre forest, such that the fundamental groupoid acts on the Bass—Serre
forest. The structure theorem says that these processes are mutually inverse, so that
graphs of groupoids “encode” groupoid actions on forests.

Finally, we prove a groupoid C*-algebraic Bass-Serre theorem following the ideas in
[%], where such a theorem is proved in the group setting. To this end, we need to consider
a different groupoid and forest as the ones defined above: we associate to any graph of
groupoids a groupoid, called the universal fundamental groupoid, and a forest, called
the universal forest, on which the universal fundamental groupoid acts. To a large class
of graph of groupoids we associate a C*-algebra universal for generators and relations
and show that it is isomorphic to the action groupoid C*-algebra induced by the action
of the universal fundamental groupoid on the boundary of the universal forest.
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Ora corollari dar gia, ma mai gradir alloro caro

Questa & la strada incalcolabile
di chi nasce in calcol abile
e prova con tentativo maldestro
a curar il proprio mal d’estro.
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Matematica fu decisa.
Ma tematica incerta, titolo confuso,
con fuso ampio mi spostai.

Nota azione coraggiosa,
cambiar la notazione!
Ma la mente si abitua,

seppur reagisca malamente.

O pacata inversa calotta,
hai placato I'opaca, cieca lotta!
Sedotta da nuove vie, poi edotta,
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Rime di ogni tipo furon rimedi
adatti seppur mai messi ad atti.
Integrata non fui mai
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D’altronde il conto & assai diverso
da chi ama andar di verso,
e alquanto bassa é la probabilita
di viver della mia proba abilita.

Non fu mai tutto fiori e rose
questa scelta che mi erose:

invero ha causato varia bile
al mio umore cosi variabile.

Conferita 'aurea laurea con ferita,
Perversi miei desideri per versi
Con dotti metodi via condotti,
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Chapter 1

Introduction

This thesis contains a number of results concerning two main topics: C*-algebras asso-
ciated to the boundary of monoids and C*-algebras associated to graphs of groupoids.
When studying the latter, it is predictable to encounter the so-called Bass-Serre theory
(cf. [35]) and to adapt its techniques and results to the groupoid context; hence, this
thesis also contains the construction of a Bass-Serre theory for groupoids.

In the first part of the thesis (cf. Chapter 3) we establish some connections between
the theory of self-similar fractals in the sense of J. E. Hutchinson (cf. [20]), and the
theory of boundary quotients of C'*-algebras associated to monoids. The motivation for
this work came from attempting to use monoids as partially ordered sets to generalize
the boundary quotient discussed by X. Li in [27, §7]. On a monoid M there is naturally
defined a reflexive and transitive relation “=<”, i.e., for w,7 € M one defines w <X 7 if,
and only if, there exists ¢ € M satisfying w = 7 - 0. In particular, one may consider
(M, =) as a partially ordered set. Moreover, if M is Np-graded (cf. Definition 2.1.24)
and finitely 1-generated (cf. Definition 2.1.28), then (M, <) is a Noetherian partially
ordered set (see Corollary 2.1.34). Such a poset has a poset completion iy;: M — M
(see Section 2.1.2), and one defines the universal boundary OM of M by

(1.0.1) OM = (M \ im(ip))/ =,

where = is the equivalence relation induced by "=<" on M \ im(iys) (see Section 2.1.2).
For several reasons (cf. Theorem A, Theorem B, Theorem C) one may consider 0M
as the natural boundary associated to the monoid M. However, it is less clear what
topology one should consider. Apart from the cone topology 7.(M) there is another
finer topology T7(M) which will be called the fine topology on OM (cf. Section 2.1.2),
i.e., the identity

(1.0.2) idon: (OM, Ty(M)) — (OM, Te(M))

is a continuous map. The monoid M will be said to be T -regular if idgys is a homeo-
morphism. The universal boundary M = (OM, T;(M)) with the fine topology can be
identified with the Laca boundary E (M) of the monoid M. This topological space plays
an essential role for defining boundary quotients of C*-algebras associated to monoids
(cf. |27, § 7], [28]). Indeed one has the following (cf. Theorem 3.1.6).

Theorem A. The map X.: (OM,T;(M)) — E(M) defined by (3.1.13) is a homeo-
morphism.

By Theorem A, the topological space (M, T;(M)) is totally-disconnected and com-
pact and thus it has the nicest topological regularity property that one can wish for.
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On the contrary, in general one can only show that (OM, T.(M)) is a Ty-space, which is
a low level regularity property. Indeed, if (9M,T.(M)) happens to be Hausdorff, then
(1.0.2) is necessarily a homeomorphism and M is 7T-regular (cf. Proposition 3.1.7).

If $: Q — M is a surjective graded homomorphism of finitely 1-generated monoids,
then, by construction, ¢ induces a surjective, continuous and open map

(1.0.3) 99 (0Q,7(Q)) — (0M, Te(M))
(cf. Proposition 2.1.26). This property can be used to establish the following.

Theorem B. Let M be a finitely 1-generated No-graded monoid. Then OM carries
naturally a Borel probability meausure

(1.0.4) par: Bor(OM) — R U {oo}
induced by the canonical homomorphism of monoids ¢pr: F(My) — M (cf. (2.1.24)).

On the other hand, the induced mapping ¢z is given by a map
(1.0.5) 651 E(M) — E(Q)

(cf. Proposition 3.1.8). Hence for the purpose of constructing Borel measures the fine
topology seems to be inappropriate.
Theorem B can be used to define the C*-algebra

C*(M, par) = C*({ By | w € M }) € B(L*(OM, C, uar))

for every finitely 1-generated Np-graded monoid M, where (5, is the mapping induced
by left multiplication with w (cf. § 3.1.5). We will show by explicit calculation that for
the monoid .%#,, freely generated by a set of cardinality n, the C*-algebra C*(.%,,, n.z, )
coincides with the Cuntz algebra O,, (cf. Proposition 3.1.21), while for the right-angled
Artin monoid M' associated to the finite graph I, C*(MT, u&) coincides with the
boundary quotients introduced by Crisp and Laca in [9] (cf. § 3.1.6).

Let M = UkeNO M, be a Np-graded finitely 1-generated monoid. In the context
of self-similar fractals in the sense of J. E. Hutchinson (cf. [20]) it will turn out to
be convenient to endow M with the cone topology T.(M). Let (X,d) be a complete
metric space with a left M-action a: M — C(X, X) by continuous maps. Such a
presentation is said to be contracting, if there exists a positive real number § < 1 such
that

(1.0.6) d(es)(x), als)(y)) < 0 -d(z,y),

for all z,y € X, s € M; (cf. |20, § 2.2]). For a contrating metric space (X, d) there
exists a unique compact subset K C X such that

(1) K = USEM1 OZ(S)(K),
(2) K = cl({Fix(a(t)) |te M} C X.

Obviously, by definition every map «a(t) € C(X, X) is contracting, and thus has a unique
fixed point z; € X. For short we call K = K(«) C X the attractor of the representation
a. One has the following (cf. Proposition 3.2.5).



Theorem C. Let M = oy, Mk be a finitely 1-generated No-graded monoid, let (X, d)
be a compact metric space and let a: M — C(X, X) be a contracting representation of
M. Then for any point x € X, « induces a continuous map

Kyt OM — K(a).
Moreover, if M is T -reqular, then k., is surjective.

Under the general hypothesis of Theorem C we do not know whether the topological
space (OM,T.(M)) is necessarily compact. However, in case that it is compact, we
call (OM,T.(M)) the universal attractor of the finitely 1-generated No-graded T -regular
monoid M.

For a finitely 1-generated monoid M, M carries canonically a probability measure
par (cf. § 3.1.5). Thus, by Theorem C, the attractor of the M-fractal ((X,d), ) carries
the contact probability measure p, = ps* for every point x € X, which is given by
pz(B) = pa(k;1(B)), for B € Bor(K).

Since the monoid M is acting on K, it also acts on L?(K,C, j1,) by bounded linear
operators 7,, w € M (cf. § 3.2.2) This defines a C*-algebra (cf. § 3.2.2)

(1.0.7) C*(M, X, d, jiz) = C*({w, | w € M}) C B(L*(K,C, p)).

In case that the equivalence relation ~ generated by =< on M is different from ~
(cf. (1.0.1)) the canonical map j: AM — M/~ is not the identity.

In the second part of the thesis (cf. Chapters 4,5), we deal with graphs of groupoids
and their C*-algebras. The motivation for our investigation came from the observation
that group actions on trees can be generalized by groupoid actions on forests, as well as
the Bass-Serre theory can be extended to the groupoid setting. Moreover, following the
ideas in [3], it became natural to aim to build a Bass-Serre theory in the groupoid C*-
algebraic setting. The well-known Bass-Serre theory (cf. §2.2.3) gives a complete and
satisfactory description of groups acting on trees via the structure theorem. A graph of
groups consists of a connected graph I' together with a group for each vertex and edge
of I', and group monomorphisms from each edge group to the adjacent vertex groups.
Any group action (without inversion) on a tree induces a graph of groups, while any
graph of groups has a canonical associated group, called the fundamental group, and a
tree, called the Bass—Serre tree, such that the fundamental group acts on the Bass—Serre
tree. The structure theorem (cf. Theorem 2.2.24) says that these processes are mutually
inverse, so that graphs of groups “encode” group actions on trees. Following these ideas,
we build the appropriate analogue of Bass-Serre theory for groupoids.

Groupoids (cf. §2.3) are algebraic objects that behave like a group (i.e., they satisfy
conditions of associativity, left and right identities and inverses) except that the multi-
plication operation is only partially defined. The collection G(©) of idempotent elements
in a groupoid G is called its unit space, since these are precisely the elements = that
satisfy xa = o and Bz = B whenever these products are defined. When considering
an action of G on a graph T, this leads to a fibred structure of T' over G(¥). As for
group actions, one associates to a groupoid action on a set a certain groupoid, called
the action groupoid (cf. Remark 2.4.5), which will be widely used in Chapter 5.

A graph of groupoids G(I) is given by a connected graph I' together with a groupoid
for each vertex and edge of I', and monomorphisms from each edge groupoid to the
adjacent vertex groupoid. We will only work with graph of groupoids having discrete
vertex and edge groupoids. In Chapter 4 we associate to any graph of groupoids G(T') a



groupoid 71 (G(I')), called the fundamental groupoid, and a forest Xg(ry, called the Bass-
Serre forest, such that m1(G(T')) acts on Xgr). Hence, we prove a structure theorem
(cf. Theorem 4.3.22) in this setting.

Theorem D. Let G be a groupoid acting without inversion of edges on a forest F'. Then
G is isomorphic to the fundamental groupoid of the graph of groupoids defined by the
desingularization of the action of G on F'.

One of the main differences between the two settings is the following: in the classical
setting, given a group action without inversion on a graph, one of the ingredients used
to build a graph of groups is the quotient graph given by such action; in the groupoid
context, there is not a canonical graph associated to the action of a groupoid on a graph.
Hence, we need to resort to the difficult notion of desingularization (cf. Definition 4.2.13)
of a groupoid action on a graph. In case we consider groupoids whose unit space is a
singleton, we recover the classical Bass-Serre theory.

In Chapter 5 we associate a different groupoid and forest to a graph of groupoids as
those defined in Chapter 4. In particular, for any graph of groupoids G(I"), we define a
universal fundamental groupoid I1;(G(I")) which is more general than the fundamental
groupoid m(G(I")). Indeed, the two groupoids 71 (G(I")) and II;(G(I")) have the same
generating set, and one obtains 71 (G(T")) from II; (G(T")) by adding two relations to the
defining relations of II;(G(I")) (cf. Remark 5.1.6). Moreover, we associate to G(I') a
forest, called the universal forest and denoted by Ygry, on which the universal funda-
mental groupoid acts. Such an action induces an action of II;(G(I')) on the boundary
9Ygr) of the universal forest Ygr).

The motivation for our interest in the universal fundamental groupoid and in the
universal forest comes from the fact that we want to prove a groupoid C*-algebraic
Bass-Serre theorem following the ideas in [3], where the authors prove such a theorem
in the group setting: given a graph of groups, they prove that the graph of groups
C*-algebra, which is universal for generators and relations, is stably isomorphic to the
boundary action crossed product C*-algebra induced by the action of the fundamental
group on the boundary of the Bass-Serre tree.

Given a locally-finite nonsingular graph of groupoids G(I'), we work with two C*-
algebras: the graph of groupoids C*-algebra C*(G) (cf. Definition 5.4.4), which is uni-
versal for generators and relations, and the action groupoid C*-algebra C*(I1;(G(I")) x
0Yg(ry) induced by the action of II;(G(T')) on 0Ygry. We prove the following theorem
(cf. Theorem 5.5.3).

Theorem E. Let G(I') be a locally finite nonsingular graph of groupoids. Then there is
an isomorphism ®: C*(G) — C*(I11(G(T)) x dYgr).

*

For the proof of this theorem we first use the universality of C*(G) to find a *-
homomorphism ®: C*(G) — C*(II1(G(I')) x 0Yg(ry). Then, we use the fact that the
space of continuous function with compact support C.(II1(G(T')) x 0Yg(ry) is dense in
C*(I1(G(T')) x 0Yg(ry) to build a representation 7: C.(II1(G(T)) x Ygr)) — C*(G)
which induces a *-homomorphism W: C*(II;(G(I')) x 0Ygr)) — C*(G). Finally, we
prove that such W is the inverse of ®.



The logical structure of the thesis may be outlined in the following diagram.

Chapter 2: N Chapter 3:.
Background s C*-algebras associated to
the boundary of a poset
Chapter 4: Chapter 5:
Bass-Serre theory > C*-algebras associated
for groupoids to graphs of groupoids

In Chapter 2 we recall background material and establish our notation. We begin in
Section 2.1 with the definitions and topological properties of boundaries of posets and
we recall some basic notions in monoid theory. In Section 2.2 we recall the necessary
concepts from graph theory and the main definitions and results of Bass-Serre theory.
In Section 2.3 we give some basic definitions and properties in the groupoid setting,
then in Section 2.4 we define groupoid actions on topological space and, in particular,
on graphs. Finally, in Section 2.5 we describe the construction of groupoid C*-algebras.

In Chapter 3 we show that the existence of self-similar M-fractals for a given monoid
M, gives rise to example of C*-algebras generalizing the boundary quotients of X. Li.
In Section 3.1 we study the boundaries of certain monoids and their C*-algebras. In
Section 3.2 we associate a C*-algebra to the action of a finitely 1-generated monoid on
a contracting metric space, which we will call an M -fractal.

In Chapter 4 we build a Bass-Serre theory in the groupoid setting. We begin with
the definitions of a graph of groupoid and its representation on a forest in Section 4.1.
Then, in Section 4.2 we define the desingularization of a groupoid action on a forest and
associate a graph of groupoids to such action. In Section 4.3 we define the fundamental
groupoid and the Bass-Serre forest associated to a graph of groupoids, and then we prove
the structure theorem. Finally, in Section 4.4 we give an example of the constructions
developed in the previous sections.

In Chapter 5 we prove a groupoid C*-algebraic Bass-Serre theorem. We begin with
the definitions of the universal fundamental groupoid and the universal forest of a graph
of groupoids in Section 5.1. Then, we define the boundary of the universal forest in
Section 5.2. In Section 5.3 we consider the action groupoid defined by the action of the
universal fundamental groupoid on the boundary of the universal forest and we define
a topology which makes it a Hausdorff ample groupoid. In Section 5.4 we define the
graph of groupoids C*-algebra generated by a G-family and prove some properties of
such a family. Finally, in Section 5.5 we prove that the graph of groupoids C*-algebra
is isomorphic to the action groupoid C*-algebra.



The prerequisites for understanding the content of this thesis include a basic knowl-
edge of measure theory, C*-algebras and functional analysis. For a comprehensive
overview of such topics we refer the reader to

e W. Arveson, An Invitation to C*-algebras, |3];

e B. Blackadar, Operator Algebras - Theory of C*-algebras and von Neumann alge-
bras, |0];

e W. Rudin, Real and Complex Analysis, |33].

Notation. By B(#) we will denote the C*-algebra of bounded linear operators on
a Hilbert space H.

Given a set of operators {s, | v € V' }, we use the notation C*({ s, | v € V' }) for
the C*-algebra generated by the operators in { s, |v € V }.

Given a set of elements V' we use the notation (z € V | R)" and (z € V | R) to
mean, respectively, the monoid and the group generated by the set V subject to the
relations in R.



Chapter 2

Background

In this chapter we present basic background material. In Section 2.1 we define the
boundary of a partially ordered set and recall some definitions concerning monoids.
In Section 2.2 we give some background of graph theory and then we recall the main
definitions and results of the so-called Bass-Serre theory. In Section 2.3 we give the
definition a groupoid and outline some of the elementary facts. In Section 2.4 we recall
some basic constructions concerning groupoid actions on topological spaces. Section 2.5
contains the basic constructions in the theory of groupoids C*-algebras.

2.1 Posets, monoids and their boundaries

All the definitions and results in this section have been pubished in [11].

2.1.1 Posets

Definition 2.1.1. A poset (or partially ordered set) is a set X together with a reflexive
and transitive relation <: X x X — {¢, f} such that for all z,y € X satisfying < y
and y < z follows that x = y.

Definition 2.1.2. For a poset (X, =) and 7,w € X the set
(2.1.1) Co={reX|z=w}

will be called the cone defined by w, and

(2.1.2) Or={yeX|y=z7}

the cocone defined by 7. For 7 < w the set

(2.1.3) [, w] =0, NCy ={zeX |72 <w}

is called the closed interval from 7 to w, i.e., [w,w] = {w}. The poset (X, <) is said to
be noetherian, if card(D,) < oo for all 7 € X.

Definition 2.1.3. Let X be a countable set. For a poset (X, <) let
(2.1.4) IINX, ) ={fe ZFN,X)|Vn,meN: n<m = f(n) = f(m)}

denote the set of decreasing functions which we will - if necessary - identify with the
set of decreasing sequences.

A poset (X, <) is said to be complete, if for all f € Z(N, X, <) there exists an element
z € X such that



(CP1) f(n) = z for all n € N, and
(CP3) if y € X satisfies f(n) = y for all n € N, then z > y.

Note that - if it exists - z € X is the unique element satisfying (CP;) and (CPg) for
fe 2N, X,=<). As usual, z = min(f) is called the minimum of f € (N, X, <).

Notation 2.1.4. Let (X, <) be a poset. For u,v € Z(N, X, <) we put

(2.1.5) u=xv <= VneN 3Tk, e N: u(k,) 2v(n),
and
(2.1.6) u~v = [(u2vAv=2U)V (V2 UAV = cp,m =min(u)) ],

where ¢, € 9(N, X, <), z € X, is given by ¢,(n) = z for all n € N.

Let =~ be the equivalence relation generated by ~ and put
(2.1.7) X=92(N,X,=x)/~.

Then the following properties hold for (X, <).
Proposition 2.1.5. Let (X, <) be a poset.

(a) The relation < defined in (2.1.5) is reflexive and transitive.

(b) For any strictly increasing function a: N — N and v € 2(N, X, =) one has
U R U0 .

(c) Define for [u], [v] € X that [u] < [v] if, and only if, u < v. Then (X, =) is a poset.

(d) (X,=) is complete.

Proof. (a) The relation < is obviously reflexive. Let u,v,w € Z(N, X, %), u < v, v < w.
Then for all n € N there exists hy, k, € N such that u(h ) = v(k,) = w(n). Thus,
u = w.

(b) Let u € Z(N, X, <) and let a: N — N be a strictly increasing function. Let m < n,
m,n € N. Since « is strictly increasing, a(m) < a(n). Then there exist mg,no € N such
that mg < a(m) < a(n) < ng. Then one has u(mg) = u(a(m)) = u(a(n)) = u(ng).
Thus v < u o« and uwo a = u, proving that u ~ u o a.

(c) Let [u],[v] € X, [u] = [v] and [v] = [u]. Then, by definition, u < v and v < u, and
thus u ~ v, i.e., [u] = [v].

(d) Let {ug}ren € 2(N, X, =), ie., ux € X for all k € N. Then one has u; = us = ...
by definition. Since each uy € Z(N, X, =), one has ug(n) = ug(m) for all n < m,
m,n € N. We define v € 2(N, X, <) by v(n) = u,(n), n € N. Then [v] € X is the
minimum of {ug }ren. This yields the claim. O

Assigning every element z € X the equivalence class containing the constant func-
tion ¢, € Z(N, X, X) yields a strictly decreasing mapping of posets tx: X — X. From
now on (X, <) will be considered as a sub-poset of (X, =<).

Definition 2.1.6. The poset (X, <) will be called the poset completion of (X, =).
The following proposition is straightforward.
Proposition 2.1.7. The map tx is a bijection if, and only if, (X, <) is complete.

Ezample 1. Let X = N U {oo} and define n < m if, and only if, n > m, where “>”
denotes the natural order relation. Then the poset (X, <) is complete and X = X.
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2.1.2 Boundaries of posets

Definition 2.1.8. For a poset (X, <) the poset X = X \ im(ix) will be called the
universal boundary of the poset (X, <).

Notation 2.1.9. From now on we use the notation x > y as a short form for z > y
and x # y.

Definition 2.1.10. A function f: N — X will be said to be strictly decreasing if
f(n+1) < f(n) for all n € N.

The following Proposition will turn out to be useful.

Proposition 2.1.11. Let f € (N, X, <) be a decreasing function such that [f] € 0X.
Then there exists a strictly decreasing function h € P(N, X, <) such that f ~ h, i.e.,

[f] = [n].
Proof. By hypothesis, J = im(f) is an infinite set. In particular, the set

Q= {min(f~({j}) |j€J}

is an infinite and unbounded subset of N. Let e: N — 2 be the enumeration function
of Q, i.e., e(1) = min(2), and recursively one has e(k + 1) = min(Q\ {e(1),...,ex}).
Then, by construction, h = f o e is strictly decreasing, and, by Proposition 2.1.5(b),
one has f ~ h, and hence the claim. O

Proposition 2.1.12. Let (X, <) be a noetherian poset, and let (X, <) be its completion.
Then for all T € X one has D.(X) C X. In particular, D;(X) = D,(X), where the
cocones are taken in the respective posets.

Example 2. Let X = AU B, where A, B = Z and define
(2.1.8) n<m< (((n,mGA\/n,mEB)/\nSm)\/(n6A/\m€B)>,

where “<” denotes the natural order relation on Z. Then (X, =) is a poset and its
completion is given by X = Z U {—oo} | |Z U {—o0}. For n € A, one has O, (X) #
D,(X), since —oo € B is in D, (X), but not in O, (X).

We now introduce two different topologies on the poset completion of a poset.

Definition 2.1.13. Let (X, <) be a poset, and let (X, <) denote its completion. For
T,w € X let

(2.1.9) S(ryw)={zeX|z=1 AN z=3w}

By transitivity,

(2.1.10) C,X)NC,(X)= |J C.(X)
z€S(T,w)

In particular,

(2.1.11) B.(X)={{z} |z e X}U{Cu(X)|we X}

is a base of a topology 7.(X) - the cone topology - on X.



By construction, the subspace X is discrete and open, and the subspace 90X is closed.

Notation 2.1.14. For w € X let NV (w) denote the set of all open neighborhoods of w
with respect to the cone-topology, and put S(w) = ﬂUeNc(w) U.

Then, by construction, one has S(w) = {w} for w € X, and S(w) = C,(X) for
w € 0X. This implies the following.

Proposition 2.1.15. Let (X, <) be a poset, and let (X, X) denote its completion. Then
(X,7.(X)) is a Ty-space (or Kolmogorov space).

Proof. Let T,w € X, 7 # w. If either 7 € X or w € X, then either {r} or {w} is an
open set. So we may assume that 7,w € 0X. As S(w) = Cy,(X), either there exists
U e Ne(w), 7 ¢ U, or 7 < w. By changing the role of w and 7, either there exists
VeMN(r), wd V,orw =< 7. Since 7 X w and w < 7 is impossible, this yields the
claim. O

Definition 2.1.16. For a partially ordered set (X, <) let
(2.1.12) S ={{r}, C,(X), C;(X)“ | re X}

denote the set of all subsets of X of cardinality 1, all cones and their complements in
X. Then . is a subbasis of a topology T7(X) on X which we will call the fine topology
on X. In particular, the set Q = { X = Mi<j<r X5 | X1y, Xy € 7} is a base of the
topology T7(X).

Note that the identity
(2.1.13) idonr: (DM, Tp(M)) — (OM, To(M))
is a continuous map.

Definition 2.1.17. The monoid M will be said to be T -reqular if idgys is a homeo-
morphism.

By definition, the fine topology has the following properties.
Proposition 2.1.18. Let (X, =) be a partially ordered set. Then
(a) (X,T¢(X)) is a Ty-space (or Hausdorff space).
(b) T.(X) € Ty ().

There is another type of boundary for a poset, the ~-boundary, which we will use
later on in this thesis. Before defining it, we need some more notation.

Notation 2.1.19. Let (X, <) be a noetherian poset, and let (X, <) denote its comple-
tion. We put

(2.1.14) Q=AX)U{(e,n) € 0X x0X |e =n},

where A(X) = {(z,7) | # € X}, and let & denote the equivalence relation on X
generated by the relation 2. Then one has a canonical map

(2.1.15) X = X,

where X = X /~. By construction, 7|y is injective.
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Definition 2.1.20. The set X = X \ 7(X) will be called the ~-boundary of the poset
(X, X).

Ezample 3. Let X be the monoid X = (w,y,2 | zy = yz)* . For 0,7 € X put
o = 7 if and only if 0 = 77, for n € X. Then one has that (X, =) is a poset and
x>®y>® € 0X is such that ®y>® < ¢’z> and z®°y> < 27y for all 4,7 > 0. That is,
ylx>®, 2iy> € [y~ for all i, j > 0, where [£°°y>°]™ denotes the equivalence class of
x>y with respect to the relation ~. However, whenever a generator z appears in an
infinite word w, one has that [w]~ = {w}.

Remark 2.1.21. We put
(2.1.16) I(~)={(w,T) eEXx X |wAT}CXxX

The set X carries the quotient topology 7:1(5() with respect to the mapping 7 and the
topological space N(Yﬂ}(f)) In particular, the subspace WLX ) € X is discrete and
open, and 0X C X is closed. For w € X we put C,, = 7(Cy(X)).

The space X will be considered merely as topological space. It has the following
property.

Proposition 2.1.22. The topological space ()?,7;()?)) is a Th-space.

Proof. For w € X one has

(2.1.17) S(m(w)) =w([) 8(r)) = 7([") Cr(X)) = {m(w)}.

TRwW TRW

This yields the claim. O

2.1.3 Monoids

Definition 2.1.23. A monoid (or semigroup with unit) M is a set with an associative
multiplication _ - _: M x M — M and a distinguished element 1 € M satisfying
l-x=x-1=x for all x € M. For a monoid M we denote by

(2.1.18) M*={zeM|IyeM:z-y=y-x=1}

the mazimal subgroup contained in M. Elements in M* = M \ M* will be called
non-invertible.

Ezample 4. The set of non-negative integers Ng = {0,1,2,...} together with addition
is a monoid.

Definition 2.1.24. A homomorphism of monoids is a map ¢: @ — M between two
monoids @ and M such that ¢(q-7) = ¢(q) - ¢(r) for all ¢,r € @ and ¢(1) = 1.

A monoid M together with a homomorphism of monoids |_|: M — Ny is called an
No-graded monoid.

For k € Ny one defines My = {x € M | |x| = k}. The Nyp-graded monoid M is called
connected, if My = {1}.

If @ and M are Np-graded monoids, a homomorphism ¢: Q — M of monoids is a
homomorphism of No-graded monoids, if ¢(Qy) C My, for all k € Ny.
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Notation 2.1.25. Let M be a monoid. For x € M, put

(2.1.19) Mz ={yx|yeM}
(2.1.20) aM ={zy|ye M}

For z,y € M we define

(2.1.21) xRy <= M C yM,

i.e., x <y if, and only if, there exists z € M such that z = yz.
The following property is straightforward.

Proposition 2.1.26. Let ¢: Q@ — M be a homomorphism of Ng-graded monoids. Then
¢ is monotone, i.e., x,y € Q, v <y implies ¢(x) X ¢(y), and thus induces a monotone
map

(2.1.22) 2¢: 9(N,Q, =) — (N, M, <).

Let ¢: Q — M denote the induced map. Let Op: 0Q — OM be the map induced by ¢.
Then 0¢ is continuous with repect to the cone topology.

Proof. Let 7 € M. Then the monotony of Z¢ implies that

(2.1.23) ¢~H(C- () = | 6,(Q),
yes
where . = {q € Q | $(q) € C-(M)}. Thus ¢ and ¢ are continuous. O

Definition 2.1.27. Let Y be a set. The free monoid on Y is the monoid F(Y') whose
elements are all words in the alphabet Y, where multiplication is given by concatenation
of words and the unit of the monoid is the empty word.

It is straightforward to see that F(Y') is naturally Nyp-graded. Moreover, F(Y) is
connected and F(Y); =Y.

Definition 2.1.28. For an Np-graded monoid M there exists a canonical homomor-
phism of Nyp-graded monoids

(2.1.24) drr: F(My) — M

satisfying ¢ps, = idps,. The Ny-graded monoid M is said to be 1-generated, if ¢y is
surjective. In particular, such a monoid is connected. By definition, free monoids are
1-generated. Moreover, M is said to be finitely 1-generated, if it is 1-generated and M,
is a finite set.

Definition 2.1.29. A monoid M is left cancellative if xy = zz implies y = z for all
x,y,z € M; it is right cancellative if yx = zx implies y = z for all x,y,z € M.

Proposition 2.1.30. Let M be a left-cancellative monoid. For xz,y € M one has
xM = yM if, and only if, there exists z € M* such that y = xz.

Proof. For z € M* one has zM = M. If y = zz, then one has yM = xM, for
x,y € M. Viceversa, suppose M = yM for z,y in M. Then there exist z,w € M
such that y = zz and x = yw, so y = ywz and x = xzw. Thus left cancellation implies
zw = 1 = wz, showing that z,w € M*. O
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Corollary 2.1.31. Let M be a left-cancellative monoid. Then (M /M*, <) is a poset.

Remark 2.1.32. If left cancellation is replaced by right cancellation, then one has Mx =
My if, and only if, there exists z € M* such that y = zz.

Proposition 2.1.33. Let M be a connected Ng-graded monoid. For x,y € M one has
aM = yM if, and only if, x = y.

Proof. Suppose tM = yM, for x,y € M. Then there exist z,w € M such that z = yz
and y = zw, so |x| = |y| + |z| and |y| = |z| + |w|. Thus |z| = 0 = |w|. Since M is
connected, this implies z =1 = w. O

As a consequence one obtains the following.

Corollary 2.1.34. Let M be a 1-generated Ny-graded connected monoid. Then (M, <)
is a poset. If M is finitely 1-generated, then (M, <) is a noetherian poset.

Remark 2.1.35. The following example shows that the universal boundary OM is in

general different from the ~-boundary OM. Let M = (x,y,z | zz = zx ). Consider
fl:N_>M7 fl(n):(xz)na

(2.1.25) fg: N — M, fg(n)
f3: N — Mv f3(n)

",
2",

Then fy &= fi < fs. Hence 7(f1) = 7(f2) = 7(f3s) € OM, and 7: IM — dM is not
injective.

2.2 Graphs, Trees and the Bass-Serre theory

2.2.1 Graphs

The notion of graph used in this thesis comes from J-P. Serre (cf. [35]).

Definition 2.2.1. A graph I' (in the sense of J-P. Serre) consists of a non-empty set of
vertices T'0, a set of edges I'!, a terminus map ¢t: I'! — T'?, an origin map o: I'' — I'V
and an edge-reversing map : I'l — I'! satisfying

e#e, e=e, te)=o(e).

Such a graph I' can be viewed as an wunoriented (or undirected) graph in which each
geometric edge is replaced by a pair of edges e and e.

A subgraph A of T consists of a non-empty subset A C T'Y and a subset A C T'!
such that AT C A, ¢(A') C A° and o(A') C A,

An orientation TY. C T of ' is a set of edges containing exactly one edge from each
pair {e,e}, e € 't

By definition, every subgraph of a graph is a graph. We will use graphs in the sense
of Serre in Chapter 4 to construct a Bass-Serre theory for groupoids and undirected
graphs in Chapter 3.

Definition 2.2.2. Let I' and A be two graphs. A graph homomorphism is a pair of
mappings ¥ = (¥°,4!), where 9¥: T® — AY and ¢': T — A!, which commutes with ¢,
oand ", ie.,

W0(o(e)) = o(¥'(e)), ¥°(t(e)) = t(W°(e)), ¥'(e) =l (e).

A homomorphism of graphs is called an isomorphism if ¥° and ! are bijective.
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By definition, any subgraph A of a graph I' defines a canonical injective homomor-
phism of graphs t: A = T.

Definition 2.2.3. Let I" be a graph. For v € I'?, we define the star of v in I' by
str(v) = {e € T | t(e) = v}

and we call the valence of v the cardinality of stp(v). We say that I" is locally finite if
each vertex has finite valence, i.e., if [t~!(v)| < oo for all v € T?. A locally-finite graph
such that each vertex has valence k will be called k-regular.

A vertex of I' is said to be singular if it has valence one, i.e., if it is the terminus
(equivalently, origin) of a unique edge. We say that I" is nonsingular if it has no singular
vertices.

Definition 2.2.4. A path of length n in T is either a vertex v € T’ (when n = 0), or
a sequence of edges ej...e, with o(e;) = t(e;41) for all i = 1,...,n — 1. For a path
p =e1...e, with t(e;) = v and o(e,) = w we say that p is a path from v to w. We
put t(p) = t(e1) and o(p) = o(ey,) and denote by ¢(p) = n the length of the path p. If
eir1 # € forallt=1,...,n— 1, then we say that p is without backtracking. A path of
length n is said to be reduced if either n = 0 or if there is no backtracking. We denote
by Pu.w the set of all paths from v to w without backtracking. A cycle is a path with
origin equal to its terminus. We say that I is connected if P, # 0 for all v, w € T°.
For a path p =e; ... e,, we define the reversal path p =€, ---€;.

In a connected graph I' one defines a distance function distr: I'’ x ' — Ny by
(2.2.1) distr (v, w) = min{£(p) | p € Py }, v,w, €T,

which satisfies distp(v, w) = 0 if and only if v = w.

Note that we use the “Australian” convention for paths in a graph, which is suitable
for the operator-algebraic methods used in this thesis.

Definition 2.2.5. A graph I' is said to be a tree if it is connected and for every
v € T'9, the only reduced path which starts and ends at v is the path of length 0 at v.
Equivalently, T is a tree if [P, | = 1 for all v,w € T°.

Remark 2.2.6. Let I" be a connected graph. The set
SubTr(I') ={ACTI'|Ais atree}

with the relation “C” is a non-trivial poset. Moreover, if & C SubTr(T") is a totally-
ordered subset of SubTr(T"), then the graph given by

(2.2.2) rE’=JA° r@'=Ja,

A€E A€E
is a connected subgraph of I'. Let u,v € T'(Z)" and suppose that there exist two distinct
paths p,q € Py »(I'(E)), where p = ey ---e, and ¢ = f1--- fp,. As E is totally ordered,
there exists a tree A € = such that e;, f; € Aforalli =1,...,nand j =1,...,m
Hence p,q € Py »(A), a contradiction. This shows that I'(Z) is a tree. Thus, by Zorn’s
lemma, SubTr(I") contains maximal elements.

Definition 2.2.7. Let T" be a connected graph. The maximal elements in SubTr(T")
are called mazimal subtrees.

Remark 2.2.8. Note that for a maximal subtree T C I' one has that 70 = I'? (see [37,
Proposition 1.11]).
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2.2.2 The boundary of a tree

Definition 2.2.9. Let 7' = (T% T?) be a tree and let v € T°. A ray p = (e;)ien is an
infinite reduced path, i.e., ¢; € T, o(e;) = t(e;11) and e; 11 # &; for all i € N. For any
m > 0 we define the m-shift of p by p[m| = (ej4m)jen. We define a relation ~, called
the shift relation, on the set of infinite reduced paths of T' by p ~ n if and only if there
exist m,n > 0 such that p[m] = n[n].

Lemma 2.2.10. The relation ~ defined above is an equivalence relation.

Proof. Clearly, ~ is symmetric. It is also reflexive, since p = p[0] for any infinite
reduced path p. Finally, it is transitive: suppose that p ~ 1 and 7 ~ (. Then there
exist m,n, k,l > 0 such that p[m] = n[n] and n[k] = ([l]. Without loss of generality,
suppose that m > n >k > 1. Then one has that p[m —n + k] = C[l]. O

Definition 2.2.11. Let T be a tree and let p be a ray in 7. We denote by [p] the
equivalence class of p with respect to the shift relation. The boundary T of T is given
by

ol ={[p||pisarayin T }.

Equivalently, fixed a base vertex xo € T, one has that
0T = {p=eres--- | pis areduced infinite path, t(p) = z¢ }.

Definition 2.2.12. Let T = (T°,T!) be a tree and let e € T'. Put T —e = (T°, T' \
{e,€}). Then T — e is a subgraph containing two connected components. We denote by
T. the connected component of T — e containing the vertex o(e). Then the connected
component of 7' — e containing ¢(e) concides with Tz. We put B, = 9T, C 0T

Proposition 2.2.13. Let T = (T°,T') be a tree. Then the set { B | e € T'} is a basis
for a topology on OT making it a totally-disconnected Hausdorff space. Moreover, if T
is locally-finite, OT is compact.

Proof. We first note that 0T = B, U B for all e € T'. Fix e, f € T'. Ife = f,
one has that B, = By. Suppose that e # f. If f € T}, one has two cases: either
distr((o(e), t(f)) < distr((o(e),o(f)), or distr((o(e), t(f)) > distr((o(e),o(f)). In the
first case, one has that By C B.. In the second case, one may express the intersection
B.NBy as follows. Let p = e1---en € Py(e)o(p) and put 2 = {o(e;), t(e;) [i =1,...,n}.

Put
Eoy= ( U stT(U)> \ ({&, F}U{ene | 1<i<n}).

vES)

Then one has
B.nBrf= |J Ba
deE(e,f)

Now suppose that f € T2. If distr((¢(e),o(f)) < distr((t(e),t(f)), then B, C By. If
distr((t(e), o(f)) > distr((t(e),t(f)), then B. N By = .

Let [p], [o] € OT, [p] # [o]. Then for any p = (e;)ien € [p] and for any o = (f;)ien €
0], there exists k& € N such that e; # fi for all i € N. Thus one has that [p] € By, ,
o] € By, and B 7. N By, = (. Hence, OT is a Hausdorff space. Moreover, since for any
e € T' one has that 9T = B, U Bg, where “[denotes disjoint union, each B, is also
closed. Hence, the component of a point x contains only the point x. This shows that
0T is totally disconnected.
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Finally, suppose that 7' is locally-finite and fix zg € 7°. For r > 0, let V, = {v €
T° | disty (v, z0) = r }. Since T is locally-finite, V} is finite for all k¥ > 0 and hence it
is also a compact discrete topological space. Let m.: 9T — V, be the map defined by
mr(p) = t(er), where p = (&;);en and e, is such that distr(t(e,),z9) = r. We define
Trr—1: Vo = Vo1 by mpp—1(v) = vp_1, where v,_; is the unique vertex in the path from
v to xg such that distr(v,—1,20) = r—1. Similarly, we define the map 7, : V; — V}, for
any k < r. Finally, let 7: 0T — []; oy Vi be definded by 7(p) = (mx(p))ren. Then, 7 is
continuous and im(97T) = @(Vk, 7 k). Note that [[, oy Vi is compact by Tychonoff’s
theorem. Since any subspace of [], .y Vi is Hausdorff and hence im(0T) is a closed
subset of [[;cx Vi, it is compact. Moreover, m,: 0T — @(Vk,wr,k) is bijective, and
also a homeomorphism. Thus, 0T is compact. O

2.2.3 Classical Bass-Serre theory

In this section we recall the theory of graphs of groups, also known as Bass-Serre theory.
It gives a complete and satisfactory description of groups acting on trees via the struc-
ture theorem. Any group action on a tree (satisfying some mild hypotheses) induces
a graph of groups, while any graph of groups has a canonical associated group, called
the fundamental group (cf. Definition 2.2.20), and a tree, called the Bass—Serre tree (cf.
Definition 2.2.21), such that the fundamental group acts on the Bass—Serre tree. The
structure theorem (cf. Theorem 2.2.24) says that these processes are mutually inverse.

Definition 2.2.14. Let I' be a graph and let G be a group. We say that G is acting
on the graph T' (on the left) if T and I' carry the structure of (left) G-sets and if ¢,
o, and ~ are morphisms of (left) G-sets. We say that G acts on I' without inversion of
edges if ge # € for all g € G and e € T'!,

Definition 2.2.15. Let G be a group acting without inversion of edges on a graph I
There is a well-defined quotient graph G\I' given by

(2.2.3) (G\D)? ={Guw|vel®}, (G\I)''={GeleecT},

and mappings

(2.2.4) o(G.e) = G.o(e), t(G.e)=G.tle), Ge=G.e.

Since G is acting without reversing any edge, one has that G.e # G.e. Thus, there is a
natural projection of graphs ng = (73, 7%): I' = G\I'.

Definition 2.2.16. Let I' be a connected graph. A graph of groups G(T') based on T
consists of the following data:

(i) a vertez group G, for every vertex v € I'V;
(ii) an edge group G, for every edge e € T'! satisfying G, = Gg;
(iii) a monomorphism ae: Ge — Gy for every edge e € It

Definition 2.2.17. Let I" be a connected graph, and let G(I') be a graph of groups
based on I'. We define the group F(G,T') to be the group with generating set

(2.2.5) I U ( | ] Gv>,

vel0

that is, the edge set of the graph I' together with the elements of the vertex groups of
G(T'), and defining relations the relations in the vertex groups, together with:
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(R1) e=e ! foralleecI
(R2) eaz(g)é = ae(g) for all e € T and g € Ge.

Definition 2.2.18. A sequence of elements p = giei1g2€e2 - - - gnengn+1 is called a gener-
alized path if ey - - - ey is a path in T', g; € Gy(,) for all 1 <7 <n and gnt1 € Gy(e,,). As
before we put ¢(p) = t(e1) and o(p) = o(e;,). We denote by [p] € F(G,T') the associated
element in F(G,T'). A generalized path p = g1e1g2€2 - - gnéngn+1 is said to be reduced
ifn=0and g1 #1,orn>1and ¢g; ¢ im(ag,) for all i € {1,...,n} with ¢;4; = ¢&;.

In particular, every generalized path p = gie1goes - - - gnengny1 such that ey --- ey, is
a path without backtracking of length n > 1 in I' is reduced.

Remark 2.2.19. One has that if p is a reduced generalized path, then [p] # 1 in (see [35,
Theorem I.11]).

Definition 2.2.20. Let G(I') be a graph of groups and let v € I'’. Then we define the
fundamental group of G(I') based at v by

(2.2.6) m(G,T,v) ={[p] | pis a generalized path with o(p) = t(p) =v } C F(G,T).

Let T C I'" be a maximal subtree of I'. Then a second version of the fundamental group
is given by

(2.2.7) (G, I,T) = F(G,T)/{ecT"),

where (e € T') denotes the normal subgroup generated by the elements of T'. Equiva-
lently, 1 (G, T, T') has generating set (2.2.5) as the group F(G,T") and defining relations
the relations in the vertex groups of G(I') together with (R1), (R2) and the additional
relation

(R3) e=1forallec T

For each choice of base vertex v and maximal subtree T' C T, the induced projection
F(G,T') = m (G, T, T) restricts to an isomorphism of fundamental groups m1 (G, T',v) —
m1(G,T,T) (see [35, Proposition 1.20]). Thus, up to isomorphism the fundamental group
of a graph of groups is independent of the choice of base vertex or of maximal subtree.

Definition 2.2.21. Let G(I') be a graph of groups based on I, let T C I" be a maximal
subtree of I and let I'}. C T'! be an orientation of I' such that o(e) € TV for all e € '}
For e € I'! we define the map

0 ifeell,
(2.2.8) e(e) = e
1 ifeell=T"\T4.

and put |e| = L N {e,e}. For e € I'', we put H. = im(a.). Then the graph X¢(r)
given by

(229) X?;(]“) = |_| Wl(GvFaT)/GU[U]v
vel©

(2.2.10) Xémy = || m(G.T.T)/Hygle]
eel'!
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with mappings given by

(2211) 0(gH|e| [6]) = ge_E(E)Ga(e) [0(6)]7
(2.2.12) t(gH g le]) = ge' =Gy [t(e)],
(2.2.13) gH\./[e] = gH e,

for g € m(G,T,T), is called the Bass-Serre tree (or universal cover) of the graph of
groups G(I'). Note that there is a natural left action of 71(G,T',T) on Xg(r).

Note that o and ¢ are well-defined (see [35, Section 1.5.3]). Moreover, the graph
X is a tree (see [35, Theorem 1.12]), so that the terminology used in Definition
2.2.21 is justified.

Definition 2.2.22. Let G be a group acting on a graph I without inversion of edges and
let A = G\\I' be the quotient graph with canonical projection mg = (72, 75): I — A.
A fundamental domain for the G-action on I' consists of

i) a subtree 7 C I'" such that m5|7o: — 18 bijective;
btree 7 C I' such that 7%|70: 70 — AY is bijecti
(ii) a subset Q@ C T\ 7! such that for Q= = {€| e € QT } one has that
(a) QT NQ™ =0;
(b) for @ = QT UQ™ and Al = TTUQ one has that 75|a1: AT — Al is bijective;
(c) o(e) € T? for all e € OF;
(iii) let s = (s%,s'): A — T be the pair of section associated to (79, Al) and let
T+ =7L(Q7), ie.,

0

01-1 1
s' =7glros S

= 7T1G]£}
Then for e € T there exists an element g, € G satisfying
(2.2.14) ge - $°(t(e)) = t(s'(e)).

Remark 2.2.23. One has that fundamental domains always exist (see [35, Section 1.3.1]).
By definition, a fundamental domain defines a maximal subtree "= wg(7) C A of A.
Moreover, the assignment

(i) G, = Stabg(s%(v)) for v € AY;
(ii) Ge = Stabg(s'(e)) for e € A;
(iii) for e € A\ YT, the map a.: G, — Gi(e) 1s just the canonical inclusion; while for
e € TT one puts
(2.2.15) 0t Ge < Stabg (H(s'(€))) < Stabg (s°(t(e))) = Gye)

defines a graph of groups, where 7,, denotes left conjugation by the element g. € G.
For simplicity, one puts g = 1 ife € T and gz = g, life€ T~ = ﬂé(Q*).

Theorem 2.2.24 (Structure theorem [35, Theorem 1.13]). Let G be a group acting on
a graph T’ without inversion of edges and let T C T' be a mazimal subtree of . Let A,
T C A and (ge)eenr be given as described in Definition 2.2.22, and let s: A — T be the
section associated to a fundamental domain. Then one has the following.
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(a) The map Vo: m (G, AN, T) — G given by

(2.2.16) Yola, =ida,, ve€A°,
(2.2.17) Yole) = ge, e €A,

extends to a homomorphism of groups

(2.2.18) v:m(G,AT) = G.

(b) The map ¥ = (V°, U'): Xgpy — T given by

(2:2.19) W(gGylo]) = ¥(g) - 8 (v),

(2.2.20) V! (gH g [e]) = v(g) - ' (e),

s a Y-equivariant homomorphism of graphs, i.e., for w € Xg'(r) and f € Xé(r)
one has

(2.2.21) Voly - w) = 9(y) - ¥ (w),

(2.2.22) Uy - f)=(y) - CH(f),

for ally € m(G,T,T).

(¢c) If T is a tree, then 1 is an isomorphism of group and ¥ is an isomorphism of
graphs.

2.3 Categories and groupoids

We will use two approaches to category theory, categories of structures and a category
as an algebraic object. The mathematical structures that we will study are groupoids
and topological spaces. We refer the reader to [18] for a full account on category theory.

Definition 2.3.1. A category C consists of the following data:
(i) a class of objects Ob(C);
(ii) a set of arrows Arr(C);
(iii) an underlying graph I'¢ given by I'S = Ob(C) and '} = Arr(C);
)

(iv) a family of multiplications

Arr(z,y) x Arr(y, z) — Arr(z,2)
(9,h) = gh
satisfying

(1) if g € Arr(x,y), h € Arr(y, z) and k € Arr(z,w), then (gh)k = g(hk);

(2) for all x € Ob(C) there exists an element 1, € Arr(z,z) such that 1,2 =z
and x1, =  whenever these multiplications are defined.

A small category C is category where the objects Ob(C) of C form a set. A set is a class
which is a member of some other class.
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Definition 2.3.2. A groupoid G is a small category in which every arrow has an inverse,
i.e., for all z,y € Ob(G) and g € Arr(z,y) there exists an element g~ € Arr(y, r) such
that g¢g~' =1, and g 'g = 1.

We denote by C(z,y) the set of arrows Arr(z,y) from y to z in C.

Definition 2.3.3. Let C and D be two categories. A covariant functor F': C — D
assigns to each object x € C an object F(z) € D and to each arrow g € C(z,y)
an arrow F(g) € D(F(x), F(y)) such that F(1;) = 1pq for each u € Ob(C) and
F(gh) = F(g)F(h) whenever gh is defined.

A contravariant functor F:C — D assigns to each object x € C an object F(x) € D
and to each arrow g € C(z,y) an arrow F(g) € D(F(y), F'(z)) such that F(1;) = 1p(y)
for each uw € Ob(C) and F(gh) = F(h)F(g) whenever gh is defined.

A covariant functor F': C — D is an equivalence if there exists a a covariant functor
G: D — C such that GF and FG are isomorphic to the identity functors 1¢ and
1p, respectively. If such an equivalence exists, we say that te categories C and D are
equivalent.

Remark 2.3.4. The identity functor 1¢: C — C is defined to be the identity map on
objects and arrows.

An important class of functors are forgetful functors. We obtain forgetful functors from
a groupoid to a category to a graph, G — C — I'¢, by thinking of a groupoid as a
category and a category as a graph.

Examples 5. The category of groups Gp has as objects all groups and as arrows all
homomorphisms of groups. We also note that a group G is a category with one object,
the identity 1g € G, arrows given by the elements of G, and composition given by the
multiplication in G.

The category of graphs Gph has as objects all graphs and arrows all graph homomor-
phisms. Composition is given by composing the object and arrow maps in the obvious
way. The identity arrow for each object I' is the identity graph map on Ob(I') and
Arr(T).

Similarly, one defines the categories Set, Top and Gpd of sets, topological spaces
and groupoids respectively.

2.3.1 Groupoids

As we have seen in Definition 2.3.2, a groupoid is a small category with inverses. We
now give an equivalent definition which we will use later on in this thesis. All the results
in this section are taken from [30].

Definition 2.3.5. A groupoid is a set G together with a multiplication map (o, 8) — a3
from Q(Q) to G, where 9(2) C G x G is a distinguished subset of G x G called the set
of composable pairs, and an inverse map v — v~ from G to G such that the following
relations are satisfied:

(i) ()t =nforallyeg;

(ii) if (a, ) and (B,7) belong to G, then (af,v) and (a, 37) belong to G?), and
af)y = a(Bv);

7~ 1~4) € G for all v € G, and for all (v,1) € G, one has v~ (yn) = n and
ymn~t =,

—

(iii)

—~
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Definition 2.3.6. Given a groupoid G, we call the set

(2.3.1) GO ={yy|veg}
the unit space of G and refer to elements of G(©) as units. We define the maps r,s: G —
GO by
(2.3.2) r() =y and s(y) =771y
for all v € G, and we call them the range map and the source map respectively.

The following results show that the Definitions 2.3.5 and 2.3.2 are equivalent.
Lemma 2.3.7 (|30, Lemma 2.1.2]). Let G be a groupoid. If v € G, then (r(v),7),
(7:5(7)) €6, and

One has that r(y~!) = s(vy) and s(y~* 1
satisfying (v,77') € G® and vy7! = r(y

(v"57) € 6@ and v~y = s(v).

Proof. Let v € G. Then by (2.3.2) and by (iii) of Defintion 2.3.5 one has that

7). Moreover, v~ is the unique element
, and also the unique element satisfying

~— =

rMy=0r"y=r DO =rv=9071) =s(y).

By definition, 7(y~!) = v~ 1(y71)~! = 471y = s(7). Suppose that there exists n € G
such that (v,7) € G® and yn = r(7) = ¥y~!. Then by (ii) of Defintion 2.3.5 one
has that (y"'y,n) € G® 5 = 4 lyn = v Ir(y) = v 's(y"!) = 4L Similarly, one
shows that if there exists § € G such that (3,v) € G and Sy = s(7), then it must be
B=~""1 O
Lemma 2.3.8 (|30, Lemma 2.1.3]). Let G be a groupoid. Suppose that (o, 7),(8,7) €

G® and that ary = By. Then o = B. Similarly, if (v, ), (7,8) € G? and ya = B,
then a = .

Proof. Let o, 8,7 € G be such that ay = 8. Then combining (ii) and (iii) of Defintion
2.3.5 one has that a = ayy™! = Byy~ 1 = 5. 0

Lemma 2.3.9 (|36, Lemma 2.1.4]). Let G be a groupoid. Then (a,B) € G if and only
if s(a) =r(B). Moreover, the range, source and inverse maps satisfy the following:

(1) r(af) = r(a) and s(aB) = s(B) for all (o, B) € GP;
(2) (aB)~' =B ta~ ! for all (o, B) € GP;
(3) r(z) =x = s(x) for all z € G,

Proof. Suppose that («,3) € G®). Then by (ii) and (iii) of Definition 2.3.5 one has
(=Y aB) € G® and a~'af = . Since f = 7(8)3 by Lemma 2.3.7, one has that
s(a)B =a taB =r(B)B. Thus, s(a) =r(B) by Lemma 2.3.8.

Now suppose that s(a) = r(8). By definition, one has that a~!'a = 837!, Hence
one has that (o, 367") = (a,a"'a) € 6@ and (o 'a,B) = (8871, 8) € G®. By
(ii) of Definition 2.3.5 one has that (o, 387'8) € G®, and thus (o, 3) € G@ since
BB~16=r(B)8 = 6.
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We now prove (1) — (3). Let (o, 8) € G By (ii) of Definition 2.3.5 one has that
(r(a),aB) € G@ and r(a)(af) = (r(a)a)8 = af = r(af)af. Thus, r(a) = r(af) by
Lemma 2.3.8. Similarly, one proves that s(af) = s(8). Thus, (1) is proved.

Since s(a) = 7(f), one has that s(371) = r(8) = s(a) = r(a™!) and hence
(B~ 1 a7t € G@). Moreover, s(af) = s(8) = r(8~') = (8~ 'a~ ') by (1), and hence
(B, T 1) € G?). Again, by (1) one has that s(aBf~") = s(8~') = r(B) = s(a) =
r(a~1) and thus (aBB~1,a~1) € G®. Thus, (aB)(f'a!) = (aBB HNa ! =aa! =
r(a) = r(aB). Hence one has that 37 'a™! = (aB)~! by Lemma 2.3.7, which proves
(2).

Finally, let = v~ 'y € G Then one has r(z) = r(y 1) = r(y 1) = s(y) =
vy =z and s(z) = s(y 1) = s(7) =77y = . O

Remark 2.3.10. For a groupoid G, one has that
(2:3.3) GO = {(,B) €Gx G |s(a) =r(B)}
by Lemma 2.3.9.

Lemma 2.3.11. Let G be a groupoid. Then one has that GO = {~v € G | (y,7) €
G®? and4? =~}.
2

Proof. For z € G one has that r(z) = = s(z) and hence z = zs5(z) = zz = 22
Thus, the first inclusion is proved. Viceversa, let v € G be such that (vy,7) € G®? and
42 = ~. Then one has that 7(7)y = v = vy and thus v = r(y) € G by Lemma 2.3.8,
which proves the lemma. O

Sometimes it is easier to work with the following definition of a groupoid.

Definition 2.3.12. A groupoid is a set G with a distinguished subset G(¥), maps
rs: G — GO amap (o, 8) — af from {(a,8) € G x G | s(a) = 7(B)} to G and
an inverse map G — G given by v — v~ ! satisfying

v~y = s(y) and vy~ = r(y) for all v € G;

r(apB) =r(a), s(af) = s(B) whenever s(a) = r(f);
(aB)y = a(fy) whenever s(a) = () and 5(8) = r(y).

Remark 2.3.13. One has that Definition 2.3.5 and Definition 2.3.12 are equivalent: every
groupoid in the sense of Definition 2.3.5 satisfies (1)-(6) by Lemmas 2.3.7 and 2.3.9. One
the other hand, given the structure above, by putting G® = {(a, 8) | s(a) = r(8)} one
has a groupoid according to Definition 2.3.5: we only have to show that (1)-(6) implies
that (y~1)~! = v. By (2),(4) and (6) one has cancellativity: if a, 3, € G are such that
s(a) = s(B) = r(y) and ary = B, then one has that

)
)
3) r(y1) = s(y) and s(y" 1) = r(y) for all v € G;
)
)
)

(2.3.4) a=as(@)=ar(y)=ayy " =By =Br(y) = Bs(B) = B.

By (3) and (4) one has that (y~1)"'y~! = s(y~!) = r(y) = vy~!. Then, one concludes
that (y~1)~! =+ by (2.3.4).
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Ezample 6. Every group G can be viewed as a groupoid, with G(0) = {1}, multiplication
given by the group operation, and inversion the usual group inverse. A groupoid is a
group if and only if its unit space is a singleton.

Ezxamples 7. (a) Fix n > 1. Define R, = {1,...,n} x{1,...,n} and put RY = {(2,1) |
1 <i<n}, r(,j)=(i1),s(j) = (j,7) and (i,75)(j, k) = (i, k). Then R, is a groupoid,
and (4,7)~ = (4,4) for all i,j. We usually identify R;O) with {1,...,n} in the obvious
way.

(b) For any set X, the set Ry := X x X is a groupoid with operations analogous to
above. Again, we identify Rg?) with X.

Ezample 8. If R is an equivalence relation on a set X, then R := {(z,2) | z € X}
is contained in R by reflexivity; we identify R(®) with X again. Then R is a groupoid
with T(.ZL‘,y) =, S(l‘,y) =Y, (x,y)(y,z) = (.’L‘,Z) and ($7y)71 = (y,.’L‘)

Example 9. Let X be a set and let G be a group acting on X by bijections. Let G :=
Gx X and put G = {1} x X. Define r(g, ) = g-z, s(g, z) = z, (g, h-x)(h, z) = (gh, x)
and (g,2)"' = (g7 !,g- ). Then G is a groupoid, called the transformation groupoid.

Notation 2.3.14. For 2 € G we write G, = Gz := {y € G | 5(y) = 2} and
G¥=12G :={ye€g|r(y) =x} We write G := G, NGY.

Definition 2.3.15. A subgroupoid H of a groupoid G, denoted by H < G is a groupoid
with H© € ¢, H C G and induced multiplication on H. A subgroupoid is full if
for any two objects u,v € H(® one has HY = Gr. A subgroupoid H of G is said to be
wide if HOO = G A subgroupoid N of a groupoid G, denoted by % < G is said to
be normal if N is wide in G, i.e., N© = GO and for all v € G, z,y € G, one has
YNE~N=L C N, A groupoid G is connected if for any objects x,y € G there is a path
in G from z to y or, equivalently, GZ # (.

The components of a groupoid G are the full connected subgroupoids of G. If the
components are all vertex groups, then G is totally disconnected.

A groupoid G is discrete if G is totally disconnected and for each object z € G,
the vertex group G7 is the identity group.

Definition 2.3.16. We say that a groupoid G is principal if the map v — (r(7), s(7))
is injective.
Definition 2.3.17. Let G be a groupoid. The full subgroupoid G¥, x € G is a group

called the vertex group at x. We call the isotropy subgroupoid of G, or just the isotropy
of G, the subset

(2.3.5) so(G)= |J gr={v€eg|r(y)=s(n}

zeG©)

It is straightforward to see that the isotropy subgroupoid really is a subgroupoid. Clearly
gl ¢ Iso(G).

Lemma 2.3.18 (|30, Lemma 2.2.1]). A groupoid G is principal if and only if Iso(G) =
g,

Proof. Suppose that G is principal and let v € Iso(G). Put x = r() = s(). Then one
has (r(7), s(y) = (r(x), s(z)) and since G is principal it follows that v = z € G(©),

Now suppose that Iso(G) = G(© and let v, € G be such that (r(v),s(y)) =
(r(c0), s(a)). Then ay~! € Iso(G) = G(© and hence ay~! = 7(a). Thus, one concludes
that « = v by Lemma 2.3.7. O
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2.3.2 Topological groupoids

Since we will work with C*-algebras, we will want to endow our groupoids with a
topology.

Definition 2.3.19. A topological groupoid is a groupoid G endowed with a locally
compact topology under which G C G is Hausdorff in the relative topology, the maps
r,s and y > 7!
to the relative topology on G2 as a subset of G x G.

are continuous, and the map (g, h) — gh is continuous with respect

Note the unit space G of a topological groupoid G is closed in G only when G is
Hausdorft.

Lemma 2.3.20 ([36, Lemma 2.3.2|). If G is a topological groupoid, then G is closed
m G if and only if G is Hausdorff.

Proof. Suppose that G is Hausdorff and let (;);c; be a net in G(O) such that z; — v € G.
Since 7 is continuous, one has that z; = r(z;) — 7(v) € (0. Since G is Hausdorff, this
limit point is unique, and hence one has that v = r(7y).

Now suppose that G () is closed in G. To prove that G is Hausdorfl, it suffices to show
that any convergent net has a unique limit point. Let (7;);er be a net in G and suppose
that there exist a, 8 € G such that v; — « and «; — S. Since both multiplication and
inversion are continuous, one has that ~, Lyi = o718, Since v Ly = s(yi) € G and
G is closed, one has that o' € G(© and hence a = 3. O

Example 10. Every groupoid is a topological groupoid in the discrete topology.

Example 11. If X is a second-countable Hausdorff space and R is an equivalence relation
on X, then R is a topological groupoid in the relative topology inherited from X x X.

Throughout this thesis, we will only consider second-countable and Hausdorff topo-
logical groupoids. In particular, we will focus on étale groupoids. These are the ana-
logue, in the groupoid context, of discrete groups.

Definition 2.3.21. A topological groupoid G is étale if the range map r: G — G is a
local homeomorphism.

We recall thst a local homeomorphism between two topological spaces X and Y is a
continuous map h: X — Y such that every z € X has an open neighbourhood U, such
that h(U,) C Y is open and h: Uy — h(U,) is a homeomorphism.

Note that r is a local homeomorphism as a map from G to G; not just from G to
G in the relative topology. One fas the following Lemma.

Lemma 2.3.22 ([306, Lemma 2.4.2]). If G is an étale groupoid, then G s open in G.

Proof. For each v € G, choose an open set U, containing ~ such that r: Uy, — r(Uy) is
a local homeomorphism. Then G(©) = U, eg r(Uy) is open. O

Note that if G is étale, since v — 7! is continuous and self-inverse, then the source

map s: G — G is also a local homeomorphism. So there exist open sets of G on which
r, s are both homeomorphisms.

Definition 2.3.23. A bisection of an étale groupoid G is a subset B such that there
exists an open set U containing B such that r: U — r(U) and s: U — s(U) are both
homeomorphisms onto open subsets of G(0).
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Lemma 2.3.24 (|30, Lemma 2.4.9|). Let G be a second-countable Hausdorff étale
groupoid. Then G has a countable base of open bisections.

Proof. Let {~,} be a countable dense subset of G. For each ~,, let {Uy,}; and {Vn,i};
be countable neighbourhood bases such that r is a homeomorphism of each U, ; onto an
open set, and s is a homeomorphism of each V, ; onto an open set. Then {U,; NV, |
n,i € N} is a countable base of open bisections. O

2.3.3 Groupoid homomorphisms and quotient groupoids

The theory of quotient groupoids is modelled on that of quotient groups, but differs
from it in important respects. In particular, the First Isomorphism Theorem of group
theory (that every surjective morphism of groups is obtained essentially by factoring
out its kernel) is no longer true for groupoids, so we need to characterise those groupoid
morphisms for which this isomorphism theorem holds.

Definition 2.3.25. Let G be a groupoid and let N/ C G be a normal subgroupoid. We
define an equivalence relation ~ on G by

(2.3.6) a~p e s(a)=s(8)and aft e N

Clearly, ~ is reflexive and symmetric. Moreover, it is transitive since @ ~ ( and
B ~ v implies that s(a) = s(B) = s(y) and ay~! = a7 1By~! € N. Hence, ~ is an
equivalence relation. The equivalence class of ~ containing « is the set aN = {af |
B e N, s(a) =r(B)} and is called the left coset of N in G. We denote by G/N the
quotient set G/ ~, i.e., the set of all left cosets of A/ in G. Then one has a quotient map
7 G — G/N.

Proposition 2.3.26. Let G be a groupoid, let N C G be a normal subgroupoid and let
7: G — G/N be the quotient map. Then G/N is a groupoid with unit space m(G()),
multiplication given by

(2.3.7) (aN)(BN) = aBN,

for a, B € G such that s(o) = r(8), and source, range and inverse map given by
(2.3.8) s(aN) = s()N, r(aN) =r(@N, (@N) ! =a W,
foraeg.

Proof. We need to prove that the maps defined above are well defined. Suppose that
a, f € G satisfy a ~ 8. Then, by definition, one has that s(a) = s(). Moreover, since
aB~! € N, one has that r(a) = r(af™!) = s(aB7!) = s(87!) = r(B). Thus, r and s
are well defined.

Let o, o/, 8,8 € G satisfy a ~ 3, o' ~ " and s(a) = r(a/). Then one has s(«
s(8) and r(a’) = (') by the argument above. Hence, s(8) = s(a) = r(a/) = r(
Thus, one has

s(aa’) = s(a) = s(8") = s(85')

)
/B/

and
ad/ (BB =ad BB = ad B a e = (ad B e (aB 7).

25



Since N is normal, one has that aa/f~'a~™! € N and since a ~ 3, one has that
aBf~! € N. Thus, one has that aa/(83')~! € N and hence aa’ ~ B3’. Finally, one
has that (aN)™! = a7 since (aN)(a"IN) = aa N = r(a)N and (o 'N)(aN) =
a"taN = s(a)N. O

If G is a topological groupoid, then we consider the quotient topology as a topology
of G/N. If N is open, then the projection 7 is an open map. Moreover, it is a local
homeomorphism (see [22, Lemma 2.1.7]).

Definition 2.3.27. Let G and H be groupoids. A map ¢: G — H is a groupoid
homomorphism if whenever (o, ) € G@, then (¢(),d(8)) € H? and in this case
o(aB) = d(a)p(B). If ¢ is also bijective then it is called a groupoid isomorphism.

Lemma 2.3.28 (|30, Lemma 2.1.12|). If ¢: G — H is a groupoid homomorphism, then

d(G©) € HO We have ¢(r(y)) = r(6(7)), ¢(s(7)) = s(¢(7)) and d(y7') = ¢(y)~"
forally€g.

Proof. For z € GO, one has that o(x)? = ¢(2?) = ¢(x). So, ¢(z) € H® by Lemma
2.3.11. This proves that ¢(G(?)) C H(®). Let v € G. Then one has that

o(r()) o(v) = o(r(V)7) = 6(7) = r((7)) ¢(7)
¢(7) ¢(s(7)) = o(vs(7)) = ¢(7) = 6(7) 5(6(7))
)

and thus qﬁ( (7)) = r(¢(7)) and ¢(sy) = s(¢p(vy)) by Lemma 2.3.7. Finally, one has that

6D = G171 = 6(r(2)) — r(é(1)) and hence 6(r-1) = ¢(2) 1 by Lonmma
2.3.7. [l

Definition 2.3.29. For a groupoid homomorphism ¢: G — H, we define the kernel
and the image of ¢ to be the subsets

kerp ={ge€G|og) € H(O)}7
im¢ ={¢(g) g€ G},
respectively.

One has that ker¢ < G is a normal subgroupoid of G, but, in general, im ¢ is
not a subgroupoid of H (see [, Proposition 3.11]). Thus, we need to resort to strong
homomorphisms, which have the same properties as group homomorphisms.

Definition 2.3.30. A groupoid homomorphism ¢: G — H is said to be strong if for
every (o(a), #(3)) € H® one has that (a, 3) € G

We will need the following result. We omit its proof.

Proposition 2.3.31 (|!, Proposition 3.14|). Let ¢: G — H be strong groupoid homo-
morphism. Then the following hold:

(i) if G < G is a subgroupoid of G, then ¢(G') < H is a subgroupoid of H;

(it) if G' < G is a normal subgroupoid of G, then ¢(G') < H is a normal subgroupoid
of #(G);

(1ii) ¢ is injective if and only if ker ¢ = G

(tv) (The Correspondence Theorem for Groupoids) There exists a one-to-one corre-
spondence between the sets A = {G' < G | ker C G} and B = {H' < ¢(G) }.
Moreover, this correspondence preserves normal subgroupoids.
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2.4 Groupoid actions on topological spaces

The notion of a groupoid action on a space is a straightforward generalization of group
actions. Much of this section is inspired by [23]| and [12].

Definition 2.4.1. A groupoid G is said to act (on the left) on a set X if there are
given a surjective map ¢: X — GO called the momentum, and a map G *+ X — X,
(g9, ) — gz, where

(2.4.1) G+ X ={(g9,2) €Gx X |[s(g) = ()},

that satisfy

(A1) @(gz) =r(g) for all (g,x) € G * X;

(A2) (g1,92) € G?), (g, ) € G * X implies (9192, ), (91,927) € G * X and

g1(927) = (g192)7;

(A3) ¢(x)xr =z for all z € X.

We say that X is a left G-set. The action is said to be free if gr = x for some z implies
9= lx) € g

Right actions and right G-spaces are defined similarly except that the action is
defined on the set X «G = {(z,9) € X x G | r(g9) = p(z)}.

Remark 2.4.2. Let X be a left G-set. Then one defines a relation ~ on X defined by
x ~ gy if and only if there exists ¢ € G such that y = gz. Then, ~ is reflexive since
r = @(z)r for all z € X. It is also symmetric, since y = gz implies that z = g~'y.
Finally, it is transitive: suppose that x ~ y and y ~ z. Then there exist g, h € G such
that y = go and z = hy. Since 7(g) = r(y) = s(h), one has that (h,g) € G?. Hence
one has that z = hgx, which implies that x ~ z. Thus, ~ is an equivalence relation.

When X is a right H-set the orbit relation is defined similarly and one uses the
notation X/H. If X is both a left G-space and a right H-space, one denotes it by
G\X/H.

Definition 2.4.3. Let X be a left G-set. We call the equivalence relation ~ defined
above the orbit relation. The quotient space of X with respect to this relation is denoted
by G\ X and the equivalence classes, i.e., the elements of G\ X, are denoted by

(2.4.2) Gr={gx|g€q,s(g) =¢)}, zelX.
We define the stabilizer of x to be the subgroupoid
Stabg(z) ={g€ G |gx=2x}.
Note that Stabg(z) is a subgroup of G, where u = ¢(z).

Definition 2.4.4. A topological groupoid G is said to act (on the left) on a locally
compact space X, if there are given a continuous, open surjection ¢: X — GO, called
the momentum, and a continuous map G * X — X, (g,z) — gz, where

(2.4.3) GxX ={(g9,2) €3G x X |s(9) = p(x)},

that satisfy (A1)-(A3) of Definition 2.4.1.
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Remark 2.4.5. The fibered product G * X has a natural structure of groupoid, called
the action groupoid or semi-direct product and is denoted by G x X, where

(2.4.4) (G x X)@ ={((g1,21), (g2, 22)) | m1 = gowa },

with operations

(91, 92x2) (92, 2) = (9192, x2),

(g:2)" = (9", ga),

source and range maps given by

s(g,z) = (s(9), ) = (p(x),7)
r(g,7) = (r(9),9 - =) = (v(g97), gx),

and the unit space (G x X)© may be identified with X via the map
i X - Gx X, i(x)=(p(x),x).

Definition 2.4.6. Let G be a groupoid and let X and X' be left G-sets. A morphism
of left G-sets is a map F': X — X' such that the following diagrams commute

X F X/ GxX — 5 X

@
\ % JidxF JF
GO GxX — 5 X

Definition 2.4.7. A left G-set X is said to be transitive if given x,y € X there exists
g € G such that gz = y.

We now clarify the notions of groupoid cosets and of conjugation between sub-
groupoids.

Definition 2.4.8. Let H be a wide subgroupoid of a groupoid G. We define a relation
~4 on G by

(2.4.5) g1 ~# g2 <= there exists h € H : g1 = g2h.

Remark 2.4.9. One has that ~4 is an equivalence relation. It is reflexive: g = gs(g)
and s(g) € H for any g € G, since H is wide in G. It is symmetric: if g1 = goh for
91,92 € G and h € H, then go = g1h~! and h™'H since H is closed under inversion.
Finally, it is transitive: if g1 = goh and g9 = g3k for g1,92,93 € G and h,k € H, then
g1 = gskh and kh € H since s(k) = s(g2) = r(h) and H is closed under multiplication.

Definition 2.4.10. The equivalence classes of ~4 are called cosets and denoted by
gH={gh|heMN, s(g)=r(h)},

and the set of cosets is denoted by G\H = {gH | g € G }. As in group theory, one may
choose a set of coset representatives called a transversal.

Proposition 2.4.11. Let H be a wide subgroupoid of a groupoid G. For g1,g92 € G, one
has that g1 € goH if and only if g2 € g1H. In this case, g1 H = goH.
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Proof. Let g1 € goH. Then there exists h € H such that g; = goh. Thus, go = g1h~ ! €
g1H. Viceversa, if go € ¢g1H, then there exists k € H such that go = g1k. Then
one has that g = gok™! € goH. Let a = g1l € g1H. Then a = gohl € goH, since
r(l) = s(g1) = s(h). Hence, one has that g1H C goH. Similarly, for b = gom € gaH one
has that b = g1km € g1, since r(m) = s(g2) = s(k). Thus, g1 H = g2H. O

One has the following straightforward proposition.

Proposition 2.4.12. Let H be a wide subgroupoid of a groupoid G. Then G\H is a left
G-set with momentum map <: G\H — G0 given by

s(gH) =1(9),

and the action G * G\H — G\'H defined by

(91,92H) = g192H.

Proof. We have to prove that (A1)-(A3) of Definition 2.4.1 are satisfied. One has
that G« G\H = {(g1,92H) € G x G\H | s(g1) = <(92H) = r(g2) }. Let (91,92 H) €
G*G\H. Then one has that ¢(g1g2H) = r(g192) = r(g1), which proves (Al). For ¢’ € G
with s(g’) = r(g1), one has that (¢'g1, 92H), (¢, g192H) € G * G\H and (¢'g1)geH =
9 9192 = ¢'(g1g2H), which proves (A2). Finally, one has that ¢(gH)gH = r7(9)gH =
gH for all g € G, which yields (A3). O

The following proposition from |[13]| characterizes, as in the classical case of groups,
the right cosets by the stabilizer subgroupoid. We omit its proof.

Proposition 2.4.13 (|13, Proposition 3.10|). Let G be a groupoid acting on the left on
a set X. For x € X, let H = Stabg(x). Then one has an isomorphism of left G-sets

G\H — Gz
gH — gzx.

In Chapter 4 we will use conjugacy in the groupoid context. The concept of con-
jugation for subgroupoids of a given groupoid is rather recent and unexplored. The
following definition is taken from |14, Definition 4.2|.

Definition 2.4.14. Let G be a groupoid and let ', H be subgroupoids of G. We
say that K and H are conjugated (or conjugally equivalent ) if there exists a functor
F': K — H which is an equivalence of categories (cf. Definition 2.3.3) and if there exists
a family {g.},cxc € G such that

(i) gz € G(F(z),z) for all z € KO
(i) for all k € K(x2, 1) one has that F(k) = g, k g5, € H(F(x2), F(21)).

It is shown in [11] that the conjugacy relation is reflexive, symmetric and also transi-
tive, i.e., it is an equivalence relation on the set of all subgroupoids of a given groupoid.
In contrast with the classical group setting, conjugated subgroupoids are not necessar-
ily isomorphic. In fact, we only know that conjugated subgroupoids have equivalent
underlying categories.

We will use conjugated subgroupoids such that the functor F' is an injective equiv-
alence of categories. In particular, one has the following lemma.
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Lemma 2.4.15. Let G be a groupoid and let IC, H be conjugated subgroupoids of G. Let

ig: KK — H denote the conjugation map, i.e., ig(k) = gp(y) kgs_(,ly). If the equivalence of
categories F': K — H is injective, then iy is an injective homomorphism of groupoids.

Proof. We first prove that i, is a groupoid homomorphism. For x € K@ one has that
(2.4.6) ig(2) = g9y ' = gug, ' = F(z) € HO.

Moreover, for k,l € K such that s(k) = r(l), one has

(2.4.7) ig(k) = 9rry K La gy = 9rk) K 9oy 9r) L9500y = g(K) (1)

Hence, i4 is a groupoid homomorphism. Suppose that there exist h,h’ € H such that
ig(h) = ig(h’). Then one has

~1 ~1
(248) Gr(h) hgs(h) = Gr(n) n gs(h/)7
which implies that
(2.4.9) () = r(gry)  and  s(gz) = s(g0)-
Hence, by (i) of Definition 2.4.14, one has that
(2.4.10) F(r(h))=F(r(h')) and F(s(h)) = F(s(h)).

Since F is injective, this implies that r(h) = r(h’) and s(h) = s(h’). Then one has that

-1 -1
h = 9y () Ir(h) hgs(h) Gs(h)

(2.4.11) = Ir(n) Ir(0) h 9s(ny 9s(h)

—1 —1
= 9r(nr) 9r(n) h 9s(nry s(n')
=h.

That is, i, is injective. O

2.4.1 Groupoids actions on graphs

Definition 2.4.16. Let I' = ('Y, T, 0,¢) be a topological graph, i.e. I'" and I'! are
locally compact spaces, o,t: I't — I'? are continuous maps and o is a local homeomor-
phism. We say that a topological groupoid G acts on I if there exist a continuous open
surjection ¢: % — G called the momentum, such that

(2.4.12) poo=got: Tt — gl

and continuous maps

(2.4.13) pl: G+« 1% and  pl:gsT! T
which satisfy (A1) — (A3) and

(2.4.14) o(pt(v,e)) =
(2.4.15) t(p'(y,e)) =

for all (y,e) € G »T'L.



Note that since ¢ and o are open maps, ¢ o o is open.

Remark 2.4.17. Since poo = pot, if G is discrete one has that ' is a union of graphs
I for z € Q(O), where

(2.4.16) 2T = p1(x),
(2.4.17) oIt =717 (2)).

Definition 2.4.18. Let G be a groupoid acting on a graph I' = (I'°,T'!). Then we
define G\I" by

(2.4.18) (G\D)°? = {p(G *x) |z €T},
(2.4.19) (G\D) = {pl(Gxe)|ecT}.

Then one has maps

(2.4.20) o: (G\I)' = (G\I)°,
(2.4.21) t: (G\D)" = (G\I)°,
(2.4.22) “(G\D)! = (G\I),
given by

(2.4.23) o(' (G * €)) = (G * o(e)),
(2.4.24) t(p' (G xe)) = (G  t(e)),
(2.4.25) pl(Gxe) = p'(G*e),

satisfying for all e € I'!

(i) (G xe) = pn'(G*e);

(i) o(1T(G *€)) = t(u'(G * ¢)) and t(u1(G  €)) = o(u}(G  €)).

However, ul(G * e) # u'(G * e) is not necessarily satisfied.

Definition 2.4.19. Let G be a groupoid acting on a graph I'. We say that G is acting
without inversion of edges if for all (y,e) € G+ I'" one has

p(y,e) # e

Then, for a groupoid G acting on a graph I', one has that G\\I" is a graph if and
only if G is acting on I without inversion of edges. Thus, one has a projection of graphs
mg: ' — G\I'.

Definition 2.4.20. Let G be a groupoid acting without inversion on a graph I'. We
say that T is a G-forest if I', is a tree for every z € G0,

2.4.2 Cayley graphs

Definition 2.4.21. Let G be a groupoid. A subset S of G is said to be an admissible
system for G if it does not contain any unit of G and if S = S™!, where S™! = {57! |
s € §}. We say that an admissible system S is a generating system if the groupoid
generated by S coincides with G.
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Definition 2.4.22. Given a groupoid G and a generating system S of G, the Cayley
graph T'(G,S) of (G,S) is the graph defined by

(i) rG,s8)°=g

(if) L(G.8)' ={(959) | (9.5) €G+S}

where the maps t, 0 and ~are given by
t((gs,9)) =gs, o((gs,9) =g, (g5.9) = (9,95).

Since for any unit r € G one has z ¢ S, one has that I‘(Q’,S)l CGxG\AG),
where A(G) ={(9,9) | g€ G}
Remark 2.4.23. Note that the Cayley graph I'(G,S) is fibered on G via the map

p=r: F(Q,S)O =G — GO For z in G we denote by I'(G, S), the fiber of z, i.e.,
L(G.S)a=¢""(2),
[(G,S)y =0 (¢ ! (z)).
Since for (gs, s) € T'(G,S)} and (hr,r) € T(G, S)le one has that p(o(gs, s)) = ¢(t(gs,s)) =
x and ¢(o(hr,r)) = @(t(hr,r)) =y, one has that I'(G,S), and I'(G, S), are disjoint for
any r # y.

Proposition 2.4.24. Let G be a groupoid and S C G be an admissible system. Then
the following are equivalent

(i) S is a generating system;
(ii) T(G,S), is connected for any z € G0,

Proof. Fix x € G° Suppose that (i) holds and let g,h € G = ¢~ !(x) such that g # h.
Since S generates G, there exist elements ay,...,a, € S such that s(a;) = r(a;+1),
s(h) = r(a1), s(g) = s(a,) and h~'g = a1 ---a,. Hence one has g = hay ---a,, and
thus
(h,hay) (hai, hajas) - - (hayag - - - ap—1, hajas - - - ap)

is a path from h to g. Thus, I'(G,S), is connected.

Now suppose that (ii) holds and let g € G with r(g) = x. Then there exists a path
from z to g given by

(z,b1) (b1,b2) -+ - (brn—1,bm)

where r(b;) =z for all i = 1,...,m and b,, = ¢g. By definition, b; € S and bj_ilbj €S.
So, by induction, g = by, € (S). Thus S generates G. O

2.5 Groupoids (C*-algebras

In this section we define the universal C*-algebra of an étale groupoid. The definitions
and proofs in this section are taken from [306, Chapter 3|. We refer the reader to [32]
for a full account on groupoids C*-algebras.

Let
Ce(G)={f:G— C| f is continuous and supp(f) is compact }.

Then C.(G) is a complex vector space with the obvious linear structure. We first discuss
the convolution product on C.(G) and then its C*-completion C*(G).
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Proposition 2.5.1 (|36, Proposition 3.1.1]). Let G be a second-countable locally compact
Hausdorff étale groupoid. For f,g € C.(G) and v € G, the set

{(a,8) €GP | aB =7 and f(a)g(B) # 0}

is finite. Then C.(G) is a *-algebra with multiplication and involution given by

(2.5.1) (fxg)(v) = > fla)g(B),
af=y
(2.5.2) () =f(v1,

respectively. For f,g € C.(G) one has that supp(f * g) C supp(f)supp(g).

Proof. Let v € G and let o, B € G be such that af = . Then a € G"®) and § € Gs(y)-
Since G is étale, both G and gs(v) are discrete sets. Hence, their intersections with
the compact sets supp(f) and supp(g) are finite. It remains to prove that C.(G) is a
*-algebra with multiplication and involution defined as above. For f € C.(G) and v € G,
one has that

(2.5.3) ) () === f().
Let g € C.(G). Then one has
(fxg) (M) = *g)(v1)
= Y fl@)y®B)

af=y~!

(2.5.4) af=

= (g"* f*)(7)-
Finally, for ¢ € C one has that
(1 + a1 () = FF el

=f(r ) +egvh)
(2.5.5) = fD +eg(yh)

=/ +eg"()

= (" +2g) ()
Thus, C.(G) is a *-algebra. O

It will be helpful for the calculations in the next sections to know that the convolution
algebra C.(G) is spanned by those functions in C.(G) whose supports are contained in a
bisection.

Lemma 2.5.2 ([30, Lemma 3.1.3|). Let G be a second-countable locally compact Haus-
dorff étale groupoid. Then

Ce(G) = span{ f € C.(G) | supp(f) is a bisection }.
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Proof. Let f € Cc.(G). Since G is étale, it has a countable base of open bisections. Thus,
supp(f) can be covered by open bisections {V;}ien, i.e., supp(f) C U;enV;. Since G is
locally compact, there exists a finite subcover {U;}? ; such that supp(f) € U, Ui.
Let {h;} be a partition of unity on |J;, U; subordinate to the Uj, i.e., supp(h;) C U;
forall1 <i<mnand) hi(r)=1forallz € G. Let f; = f-h; be the pointwise product
of f with h;, @ = 1,...,n. Then one has that f = > | f; and supp(f;) C U; for all
1 <i<mn, and hence f; € C.(G) . O

Lemma 2.5.3 ([30, Lemma 3.1.3]). Let G be a second-countable locally compact Haus-
dorff étale groupoid. If U,V C G are open bisections and f,g € C.(G) are such that
supp(f) C U and supp(g) C V, then supp(f *xg) C UV and for v = af € UV, one has

(2.5.6) (f*x9)(v) = f(a)g(B).

One has Co(G©) C C.(G). If f € C.(G) is such that supp(f) is a bisection, then f*x f €
Ce(G\) is supported on s(supp(f)) and (f** f)(s(v)) = [f(7)|* for any ~ € supp(f).
Similarly, [+ f* € Co(G©) is supported on r(supp(f)) and (f * [*)(v) = [F()]* for
7 € supp(f)-

Proof. Let v = af € UV. One has that (f*g)(y) = chzﬁ/ f(m)g(¢) by definition. For
any 7, appearing in the sum, one has that 7(n) = r(v) and s(¢) = s(vy). Since f and
g are supported on bisections and since o € G"(V) C supp(f) and 3 € G,y C supp(g),
the only nonzero term in the sum is f(«a)g(5).

Since G is étale, G is open in G. Then, one may regard CC(Q(O)) as a subalgebra
of Cc(G) as follows: f € C.(G?)) can be extended to a function in C.(G) which agrees
with f on C.(G®) and vanishes on its complement. Let f € C.(G) be supported on a
bisection. Then clearly f** f is supported on s(supp(f)) by (2.5.6). For v € supp(f),
one has

(= )(s()) = F ) FO) = FO) FO) = [F ()

Similarly, one proves the remaining statements. O

The following results from [30] allows us to define the universal C*-algebra of an
étale groupoid.

Proposition 2.5.4 ([36, Proposition 3.2.1]). Let G be a second-countable locally compact
Hausdorff étale groupoid. For each f € C.(G), there is a constant Ky > 0 such that
|lm(f)l| < Ky for every *-representation w: C.(G) — B(H) of Cc(G). If f is supported

on a bisection, we can take K¢ = || fl|oc-

Proof. Let f € C.(G). By Lemma 2.5.2 one has f = >, f;, where f; is supported on
a bisection, i = 1,...,n. Put Ky =>"", | filloo. Let m be a *-representation of C.(G).
Then the restriction ¢ gy is a *-representation of the commutative algebra Ce(G).

Hence, ||7(h)| < ||h]lso for every h € C.(G(?). For any i = 1...n one has that f¥ * f;
is supported on G and || f; * f;lloc = || fillsc by Lemma 2.5.3. Thus, one has

(2.5.7) lw(f)ll? = llw(fi)* m(F)ll = Im(f7 * fll < IF7+ fillo = I1fill 2
which implies that ||7(f;)|| < ||fillco for eachf;. By the triangle inequality one has that

(2.5.8) Il = || o mts| < S Ietl < 3 il = Ky,
=1 =1 =1

that is, ||7(f)|| < Ky. Finally, if f is supported on a bisection, then there is just one
term in the sum f =>", fi, so Kf = || f|loo- O
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Theorem 2.5.5 ([36, Theorem 3.2.2|). Let G be a second-countable locally compact
Hausdorff étale groupoid. Then there exists a C*-algebra C*(G) and a *-homomorphism
Tmax : Ce(G) — C*(G) such that mmax(Ce(G)) is dense in C*(G) and such that for every
*-representation w: C.(G) — B(H) there is a representation ¢: C*(G) — B(H) such
that 1 o Tax = ™. The norm on C*(G) satisfies

[ mmax ()| = sup { |7(f)|| | = is a *-representation of Co(G) }
for all f € Cc(G).

Proof. For each f € C.(G), the set {m(f) | 7 is a *-representation of C.(G)} is bounded
above by Proposition 2.5.4. Moreover, it is nonempty because it contains my(f), where
7o is the zero representation. Hence we define p: C.(G) — [0, 00) by

(2.5.9) p(f) =sup{||7(f)|| | 7: Cc(G) — B(H) is a *-representation }.
Clearly, p(f) > 0 for all f € C.(G). For f,g € C.(G) and A € C one has
p(Af) = sup{ [[w(Af)[| | 7: Cc(G) —

H) is a "-representation }

B(

(2.5.10) = sup{ [A| [|[7(f)]| | 7: Cc(G) — B(H) is a *-representation }

= |A| sup{ ||7(f)|| | 7: Cc(G) — B(H) is a *-representation }

= [Alp(f),
and

o(f+g) =sup{||n(f+9)| | 7: Cc(G) — B(H) is a *-representation }
(2.5.11) =sup{ ||7(f) + w(g)|| | 7: Cc(G) — B(H) is 'a *—representatior.l}
<sup{ ||[7(H)|l + [|[7(g)]| | 7: Cc(G) — B(H) is a *-representation }

< p(f) + p(9)-

Moreover, one has

p(f* = f) =sup{||n(f** f)|| | 7: Cc(G) = B(H) is a *-representation }
= sup{ |7 (f)*7(f)|| | 7: Cc(G) — B(H) is a "-representation }
= sup{ ||7(f)||? | 7: C.(G) — B(H) is a *-representation }
= p(f)*.

Thus, p is a C*-seminorm. So one defines the C*-algebra C*(G) to be the completion
of the quotient of C.(G) by N = {f € C.(G) | ||f|| = 0} with respect to the pre-C*-norm
|| - || induced by p.

We define mpax: Ce(G) — C*(G) by mmax(f) = f + N. For any *-representation 7
of Cc(G), one has that ||[7(f)|| < p(f) = ||mmax(f)| for any f € C.(G) by construction.
Then there is a well-defined norm-decreasing linear map v¢: C*(G) — B(H) such that
1 0 Tmax = 7. Finally, ¢ is a C"*-homomorphism by continuity. O

(2.5.12)

One has that mpax is injective (see |36, Corollary 3.3.4]).

Remark 2.5.6. For a groupoid G, one may consider two different norms on C.(G): the
uniform norm and the I-norm. If G is an étale groupoid, then the I-norm on C.(G) is
given by

(2:5.13) 1A= sw max{ 7 1F(L Y 1Kol }-

(0)
2eG( 7veGa veGE
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Note that in [32] Renault defines the universal norm not as the supremum over all
*-representations of C.(G), but as the supremum only over *-representations of C.(G)
that are bounded with respect to the I-norm on C.(G). In |32, Proposition II.1.4] it is
proved that boundedness in the I-norm is equivalent to continuity in the inductive-limit
topology on C.(G), i.e., the topology obtained by regarding C.(G) as the inductive limit
of the subspaces Xx := ({f € C(G) | supp(f) € K },| - ||os ), for K compact subspace
of G. In the general non-étale setting, this equivalence is nontrivial. It has been proved
in [36, Lemma 3.2.2] that every *-representation of C.(G) is continuous in the inductive
limit topology when G is étale and bounded with respect to the I-norm. This guarantees
that the universal C*-algebra defined in Theorem 2.5.5 coincides with the one defined
by Renault.

The following proposition will be useful to establish surjectivity of a homomorphism

into C*(G).

Proposition 2.5.7 (|36, Proposition 3.3.5]). Let G be a second-countable locally compact
Hausdorff etale groupoid. Let A be a C*-algebra and suppose that m: A — C*(G) is a
homomorphism. Suppose that for each open bisection U C G and each pair of distinct
points B,y € U there exists a € A such that w(a) € Co(U), w(a)(B) =0 and w(a)(y) = 1.
Then 7 is surjective.

Proof. We prove that C*(G) C m(A). By the Stone-Weierstrass theorem, one has that
7(A) contains Co(G(?)). Thus, by Lemma 2.5.3, for any open bisection U C G the set
m(A) N Cy(U) is closed under pointwise multiplication. Let f,g € w(A) N Co(r(U)).
Then for~! € Co(r(U)) C Co(G?) C w(A) and f-g = (f or~!) * g. By combining
the Stone-Weierstrass theorem with the fact that || - [|¢+(g) agrees with || - || on Cc(U),
one has that C.(U) C w(A). By Lemma 2.5.2, one has that C.(G) C m(A). Since 7 is
a C*-homomorphism, it has closed range, and hence C*(G) C m(A). This proves that
C*(G) =n(A), i.e., 7 is surjective. O
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Chapter 3

C*-algebras associated to the
boundary of a poset

In this chapter we show that, for a monoid M, the existence of self-similar M -fractals
gives rise to example of C*-algebras generalizing the boundary quotients of X. Li (cf.
[27]). In Section 3.1 we study the boundaries of a certain class of monoids and their C*-
algebras. In Section 3.2 we associate a C*-algebra to the action of a finitely 1-generated
monoid on a contracting metric space, which we will call an M -fractal.

All the results contained in this chapter have been published in [11].

3.1 Boundaries of monoids and their C*-algebras

3.1.1 Abelian semigroups generated by idempotents

Definition 3.1.1. Let E be an abelian semigroup with unit, i.e., a monoid, generated
by a set of elements ¥ C F satisfying 02 = o for all o € ¥, i.e., all non-trivial elements
of ¥ are idempotents. Then every element v € E is an idempotent, and one may define
a partial order "<" on E by

(3.1.1) u=v = u-v=wuv,

for u,v € E. Let R ={(u,v) € ¥ x ¥ | u <v}. By definition, one has

(3.1.2) E={u=o01--0, |0 €2}
Hence
(3.1.3) E ~ 7 (%)/R,

where .Z2P(X) is the free abelian semigroup over the set ¥, and R is the relation
(3.1.4) R={(w,v) | (u,v) € R} C .F® (%) x F?(%),

ie., E = .7%(X)/R~, where R™ is the equivalence relation on .#2"(X) generated by
the set R. Let

(3.1.5) E = {x: E —{0,1} | x a semigroup homomorphism, y # 0 }.

Note that x(0) = 0 by definition.
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Ezample 12. Let ¥ = {1,e, f}, where e, f are idempotents (in a commutative algebra)
such that e, f,e —ef, f — ef are all nonzero. Then one has

E={lefef}
R={11),(1,e), (1, 1), (L ef), (e,€),(f, f), (e.ef), (f,ef) },
R={(,1),(ee),(f ]), (ef,ef) (€% e), (f*, ). (€2 f,ef), (ef? ef) },
R~ ={(1,1), (" e), (e, e"), (f* f),(f,f"”),(6ifj,ef)7(ef>eifj)Iiyj,k'>0},
FP(E) ={ef|i+j>0}u{l},
F(8)/R™ = {[1],[e], [f], [ef] }-

Remark 3.1.2. One has that E coincides with the set of characters of the C*-algebra
C*(E) generated by E (satisfying e* = e for all e € E), and hence carries naturally the
structure of a compact topological space (cf. [27, Corollary 6.25]). By construction, E
can be identified with a subset of F(X,{0,1}) - the set of functions from 3 to {0, 1}.
In more detail,

(3.1.6) E={¢eF(3{0,1}) | Y(u,v) R : ¢(v) =o(u)-6(v)}.
Thus, identifying F (3, {0,1}) with {0,1}*, one obtains that
(3.1.7) E ={()ses € {0,1}” | V(u,v) ER : 0y = 00 - 0 }.

Definition 3.1.3. Let X be a set, and let S C Z(X) be a set of subsets of X. Then
S generates an algebra of sets A(S) C Z(X), i.e., the sets of A(S) consist of the finite
intersections and finite unions of sets in S. Then

(3.1.8) E(S)=(Ia|Ac A(S)) C F(X,{0,1})

is an abelian semigroup being generated by the set of idempotents

(3.1.9) Y={ly|YeS}

Moreover, by (3.1.6), one has

(3.1.10) E(S) ={p e F(S,{0,1}) |[VU,V €S, VCU:¢(V)=9¢U)- (V) }.
3.1.2 The Laca-boundary of a monoid

Definition 3.1.4. Let M be a 1-generated monoid. Then one chooses

(3.1.11) S={w-M|lweM}

to consist of all principal right ideals. For short we call the compact set M = E (S) for
S as in (3.1.11) the Laca boundary of M. For an infinite word w = (wy) € 2(N, M, =)
and for 7 € M one defines the element x,, € E(S) by Xw(TM) = 1if, and only if, there
exists k € N such that wy € 7M, i.e., 7 = wg, and thus 7 > w. This yields a map

(3.1.12) Y.: 2(N, M, <) — E(S)

(cf. [28, § 2.2]).
By definition, it has the following property:
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Proposition 3.1.5. For w = (wg) € Z(N, M, =), 7 € M, one has x,(TM) =1 if, and
only if, T = w. In particular, one has xn = Xw tf, and only if, n ~ w, and hence x.
induces an injective map

(3.1.13) X.: OM — BM.

Proof. The first part has already been established before. Let = (n%). Then by the
first part, w = n implies that for all 7 € M one has

(3.1.14) Xw(TM) =1= x,(TM) = 1.

Thus as im(x,) € {0,1} one concludes that w = 1 and w < 7 implies that x, = xy-
On the other hand x, = X, implies that 1 = Xn(ﬁkM) = Xg(ﬂkM) for all K € N. In
particular, n = w. Interchanging the roles of  and w yields w = 7, and thus 7 ~ w (cf.
Section 2.1). The last part is a direct consequence of the definition of M. O

The following theorem shows that for a 1-generated Np-graded left-cancellative
monoid M its universal boundary M with the fine topology is a totally-disconnected
compact space.

Theorem 3.1.6. The map X.: (OM,Tp(M)) — OM is a homeomorphism.

Proof. Tt is well known that y is surjective (see [28, Lemma 2.3]), and thus  is surjective.
By Proposition 3.1.5, ¥ is injective, and hence Y is a bijection. The sets

(3.1.15) Us={neEM)|nrM)=¢c}, rteM, =c{0,1}
form a subbasis of the topology of E (M), and
(3.1.16) Ul =x(C(M) N OM)

by (3.1.14). Hence U? = Y(C,(M)® N OM) and this shows that ¥ ! is continuous,
which yields the claim. O

The proof of Theorem 3.1.6 has also shown that
(3.1.17) X ' OM — (OM,T.(M))

is a bijective and continuous map. Thus, if (OM, T.(M)) is Hausdorff, then ¥~ ! is a
homeomorphism (see [7, § 9.4, Corollary 2]). This has the following consequence.

Proposition 3.1.7. Let M be a left-cancellative 1-generated Ng-graded monoid such
that (OM,Tc(M)) is Hausdorff. Then M is T -regular.

In contrast to Proposition 2.1.26 one has the following property for the Laca bound-
ary of monoids.

Proposition 3.1.8. Let ¢: Q — M be a surjective homomorphism of connected No-
graded monoids. Then ¢ induces an injective continuous map ¢z: OM — 0Q).

Proof. By Proposition 2.1.33, ¢ induces a map ¢x: X(Q) — (M) given by

(3.1.18) P5(wQ) = ¢(w)M.
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Moreover, for z,y € @ one has z < y, if and only if, x@Q) C y@, if and only if there exists
z € @ such that z = y-z. From the last statement one concludes that ¢x(zQ) C ¢x(2Q).
Thus, by (3.1.3), ¢y induces a homomorphism of semigroups

(3.1.19) op: B(Q) — E(M),
and thus a map
(3.1.20) ¢%: E(M) U {0} — E(Q) U {0}.

If ¢ is surjective, then ¢ is surjective, and gZ)OE restricts to a map

(3.1.21) 5 E(M) — E(Q).
It is straightforward to verify that ¢ is continuous and injective. O

Ezample 13. Let M be the monoid being freely generated by a set ¥ = {s; | £ € N}
of countably many generators. Then M with the fine topology is a compact Haus-
dorff space, but it is not sequentially compact, as (s;);en does not have a convergent
subsequence. Similarly, M with the cone topology is Hausdorff, but not compact, as
{s%° | i € N} is a discrete infinite subset of M.

3.1.3 The poset completion of free monoids

Definition 3.1.9. Let %, = .7 (z1,...,x,) be the free monoid on n generators. Let
S = {x1,...,z,} be the set of generators, and let |_|: .%#, — Ny be the grading mor-
phisms, i.e., |y| = 1 if and only if y € S. The Cayley graph I'(%#,, S) of %, with respect
to S is the graph defined by

(3.1.22) V=A{zx|ze%}

(3.1.23) E={(z,20;) eV xV |z Pz €S}

The terminus and origin maps t,0: E — V are given by the projection onto the first
and second coordinate, respectively.

Remark 3.1.10. One has that I'(.#,,S) is an n-regular tree with root 1 and all edges
pointing away from 1. The graph I'(.%,,, S) coincides with an orientation of the n-regular
tree T,,.

Definition 3.1.11. Let T}, be the n-regular tree. The boundary 97T,, of T,, is the set of
equivalence classes of infinite reduced paths under the shift relation ~. We denote by
[v, p) the unique path starting at v in the class [p] and define

(3.1.24) I, ={wedl, |velw)}
the interval of 0T, starting at v.

Then 0T, is compact with respect to the topology 77 generated by {I,},cv.

Remark 3.1.12. For any [p] € 0T, there exists a unique ray p = (eg)ken, t(p) = t(e1) =
1. One can assign to p the decreasing function w, € Z(N,.%,, <) given by w,(k) = o(ex).
The map ¢: 0T, — 0.%, given by

(3.1.25) e([p]) = [wp]

is a bijection. Hence one can identify 0T,, with 0.%,.
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Let .%, be the poset completion of .%, and consider the cone topology on (.%,).

Proposition 3.1.13. The topological space (Fp, To(Fy)) is compact.

Proof. Every cone C;(%,) defines a rooted subtree T} of T,, satisfying 0T, = 0.%,, N
C-(%,). Thus every covering Urev CF (Zn) N O.F, of the boundary of 0.%, by cones
defines a forest F' = |J, iy Tr. Let F' = J,c; F; be the decomposition of F' in connected
components. Then 0T;, = OF = | |,c; OF;, where U denotes disjoint union. Hence the
compactness of 97T,, implies || < oco.

As OF; C 0T, is closed, and hence compact, a similar argument shows that there
exist finitely many cones C7, ;, 1 < j < r;, such that F; = Ulgjgn- T, ;. Thus, if JV
is an open covering of .%, by open sets, it can be refined to a covering |JU, where U
consists either of a cone C,(%,) or of a singleton set {w}, w € .#,. Let A C T, be the
subtree being generated by the vertices 7; ;. Then A is a finite subtree, and the only
vertices of T;, not being covered by J; ; Cn,j(jn)) are contained in V' (A). This shows

that (Z,, To(Fy)) is a compact space. O

Proposition 3.1.14. Let M be a finitely 1-generated Ng-graded T -reqular monoid.
Then (M, T.(M)) is a compact space.

Proof. By definition, (OM,T.(M)) is a Hausdorff space, and hence (M, T.(M)) is a
Hausdorff space. By Proposition 2.1.26, the canonical mapping ¢u: F — M (cf.
(2.1.24)) induces a continuous surjective map ¢pr: % — M. This yields to the thesis.

O

3.1.4 The canonical probability measure on the boundary of a regular
tree

Let %, be the free monoid on n generators and let T, be the n-regular tree. By
Carathéodory’s extension theorem the assignment

(3.1.26) (L) =n~ll

v € TY, defines a unique probability measure u: Bor(9T},) — RJ . Hence the corre-
sponding probability measure p: Bor(8.%,) — R satisfies

(3.1.27) w(0.F, N Cr(Fn)) = n 1 for 7 € Z,.
Definition 3.1.15. Let _ - _: %, x 0.%, — 0.%, be the map given by
(3.1.28) z - [w] = [zw],

where zw: N — %, is given by (zw)(n) = zw(n)

Note that this action is well defined, since w ~ w’ implies that zw ~ zw'.

Definition 3.1.16. Let _ - _: L*(0.%,,C, u) x #, — L?(0.%,,C, u) be the map given
by

(3.1.29) fa="f

where

(3.1.30) ) (w]) = f(lzw]).



Remark 3.1.17. Note that for f € L?(0.%,,C, ) one has *f € L?(0.%,,C, j1), since

3.1.31 T2 = Tr2d
(3.131) =112 /aTn| 112 du
3.1.32 = 2d

(3.1.32) /mnm u
3.1.33 2d

(3.1.33) < /Mn P du
(3.1.34) = || £13,

where (3.1.33) follows since ©0.%,, C 0.%,.

Definition 3.1.18. For z € .%, we define the map T, : L?(0.%,,C, ) — L*(0.%,,C, 1)
by

(3.1.35) T.(f) =*.

Proposition 3.1.19. .%, acts via T. on L*(0.%,,C, ) by bounded linear operators.

Proof. Let z € #,. For f,g € L*(0.7,,C, 1), [w] € 0.%,, one has

(T=(f + 9)) () = (Z=(H) ([w]) + (T=(9)) ([w])

by definition. Thus T}, is linear. It is also bounded, since

(3.1.36) [T:lloc = sup [[To(f)ll2 < sup [[ff2 <1.
I Fll2=1 1 ll2=1

O

Hence T, € B(L*(8.%,,C,p)) for all z € #,. As B(L*(0.%,,C, 1)) is a C*-algebra,
T, has an adjoint operator 77, which is the bounded operator satisfying

(3.1.37) (T-f.9)=(fTg),
for all f,g € L?(0.%,,C, p).

Proposition 3.1.20. The bounded operator T, for z € %, is given by

. 0 if [w] & 207,
3.1.38 T —
13 D {f([w’]) i o] = o]
Proof. Note that T} f € L?(0.%,,C, u), since
(3.1.39) I3 = / 77 2 dp

0Fn

3.1.40 = T* fI2d
(3.1.40) / L, T
3.1.41 2 du.
(3.1.41) < /a ISP
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Let f,g € L?(0.%,,C, 1). Then one has

(3.1.42) (f,TZg) = - f(Tzg) dp
(3.1.43) = Lo f(TZg) du
(3.1.44) = [ @i
(3.1.45) < /6 Tn(TZf)Ed,u,
(3.1.46) =(T.f.9)

where equality (3.1.44) holds by

(3.1.47) F([2w') Tz g([2w']) = (T2 f)([w']) 9([w])-

Proposition 3.1.21. The following identities hold for all x,y € S C %,
(3.1.48) TIT, = 64y
(3.1.49) Y T,.T; =1
i=1
In particular, the C*-algebra C*(Fn, 1) C B(L*(0Fn,C, 1)) generated by F, is iso-
morphic to the Cuntz algebra O,,.
Proof. Let z,y € S C %, and let f € L?(0.%,,C, u). For any [w] € 0.%, one has

(3.1.50) T Ty () ([w]) = by f([w])

by Proposition 3.1.20. This proves identity (3.1.48).
Let [w] € 0.%,,. Then there exists z; € S such that [w] € x;0.%,. Hence one has

(3.1.51) T, Ty, f([w]) = 6ij f ([w])

for any f € L?(0.%,,C,u). This yields the identity (3.1.49). O

3.1.5 Finitely 1-generated monoids

Let M be a finitely 1-generated Ny-graded monoid. Then one has a canonical surjective
graded homomorphism ¢p;: % — M, where .# is a finitely generated free monoid (cf.
(2.1.24)), which induces a continuous map 9¢: 0.# — OM (cf. Proposition 2.1.26).
In particular,

(3.1.52) pias s Bor(OM) — R
given by s (A) = u((0¢ar)~1(A)) is a Borel probability measure on dM.
Definition 3.1.22. For s € M, define the map Bs: IM — OM by

(3.1.53) Bs(lf]) = [sf], [f] € OM,
where (sf)(n) =s- f(n) foralln e N, f € (N, M, =).
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Remark 3.1.23. As s is mapping cones to cones, (s is continuous. Hence one has a
representation

(3.1.54) B: M — C(OM,0M).
Proposition 3.1.24. There exists an antirepresentation
(3.1.55) Byt M — B(L*(OM,C, 1))
given by

Bus: L2(OM,C, ) — L*(OM,C, )
Bes(9)([f]) = 9(Bs([f]) = 9([s]),

for g € L2(OM, i), [f] € OM, s € M.

(3.1.56)

Proof. One has

(3.0.57) 1@ = [ o@D
(3.158) = [ la(ts ) dus
(3.1.50) = [ 1ol P s
(3.1.60) < /8 o () daa
(3.1.61) = llgl3,

for all g € L2(OM,C, ), s € M. Thus,

(3.1.62) B sll = S [B+,s(9)ll2 < 1
gll2=1

for all s € M, i.e., B, s is a bounded operator on L2(OM, C, u). By an argument similar
to the one used in the proof of Proposition 3.1.19 one can show that it is also linear. [

Then one can define the following C* algebra for every finitely 1-generated Ng-graded
monoid M.

Definition 3.1.25. Let M be a finitely 1-generated Nyp-graded monoid. We define the
C*-algebra

(3.1.63) C*(M, ) = C*({Bo |we M}) CB(L*(OM,C, pu))
where (3, is the mapping induced by left multiplication with w.

3.1.6 Right-angled Artin monoids

Definition 3.1.26. Let I' = (V, E) be a finite undirected graph, i.e. |V| =n < oo
and E C P5(V), where &5(V') denotes the set of subsets of cardinality 2 of V. The
right-angled Artin monoid associated to I is the monoid MT defined by

(3.1.64) MY = (z eV |zy=yxif {z,y} € E)T.
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Remark 3.1.27. Clearly, M" is Ng-graded and finitely 1-generated. By Luis Paris the-
orem (cf. [31]), M' embeds into the right-angled Artin group

Gr=(zeV|zy=yzxif {z,y} € E).

Thus M"' has the left-cancellation property as well as the right-cancellation property.
The canonical homomorphism ¢r: .Z (V) — MV is surjetcive and induces a continuous
surjective map

(3.1.65) dpr: O.F (V) —s OM?L.

(cf. Proposition 2.1.26). We denote by ur: Bor(OM') — R{ the Borel probability
measure induced by d¢r, i.e., for A € Bor(OM") one has

(3.1.66) pr(A) = w1 (4)),
where p is the measure defined on 0.% (V) by (3.1.27).

Definition 3.1.28. Let I' = (V, E)) be a graph, and let I'; = (V1, E1) and 'y = (Va, E»)
be subgraphs of I'. We say that I' is bipartitly decomposed by I'1 and I'e, if V =V, U Vs
and

(3.1.67) EZElLlEQLl{{Ul,UQ} ’1)16V1,’U2€V2}.

In this case we will write I' = I'y V I's. If no such decomposition exists, I' will be called
coconnected.

Any graph I' can be decomposed into connected components I';, i.e. I' = U;erly. In
a similar fashion one may define a decomposition in coconnected components.

Definition 3.1.29. Let I' = (V, ) be a graph and let I'P = | |,.; A; be the decompo-
sition of I'°P in its connected components. We will call

(3.1.68) I'=Ver AP,
the decomposition of I' in coconnected components.
One has the following property.

Proposition 3.1.30. Let I' = (V, E) be an undirected graph. Then T’ is coconnected if,
and only if, I'°P is connected. In particular, if T°P = | |..; A; is the decomposition of
I'°P 4n its connected components, then one has

(3.1.69) T =\, A%,
where A;® are coconnected subgraphs of T

Proof. Obviously, the graph I' = I'y V I'y is bipartitly decomposed if, and only if,
[oP = TP U TSP is not connected. This yields to the claim. O

Note that the decomposition in coconnected components implies that ant two ver-
tices in different components must be connected by an edge. From this property one
concludes the following straightforward fact.
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Proposition 3.1.31. Let I' = (V, E) be a finite graph with unoriented edges, and let
I' =V, I'i be its decomposition in coconnected components, I'; = (V;, E;). Then

(3.1.70) MY = MM xox M
where MY = (v € V;). In particular, OM" = xlSTaMri and
(3.1.71) L*(OM",C, ur) = L>(OM*" ,C, up,) ® - - - ® L*(OM" ", C, ur,.).

In [9], J. Crisp and M.Laca has shown the following.

Theorem 3.1.32 ([9], Theorem 6.7). Let I' = (V, E) be a finite unoriented graph such
that T°P has no isolated vertices, and let I' = \/_; I'; be the decomposition of T' in
coconnected components, T'; = (V;, E;). Then the universal C*-algebra with generators
{Sz | © € V'} subject to the relations

(i) SiSy =1 for each x € V;

(it) SzSy = SySy and S3S, = SySy if x and y are adjacent in I';
(iii) S3Sy =0 if x and y are distinct and not adjacent in T';
() Tley,(1 = S2S;) =0 for each i € {1,...,1};

is canonically isomorphic to the boundary quotient OC\(M"Y) for M" and it is a simple
C*-algebra.

Hence, one has the following proposition.

Proposition 3.1.33. The C*-algebra C*(M", ur) (cf. (3.1.63)) of a right-angled Artin
monoid MV is isomorphic to the boundary quotient OC\(MV) of Theorem 3.1.32.

Proof. Let T' = (V, E) be a finite unoriented graph such that |V| = nandletI' = \/]_, I;
be its decomposition in coconnected components. It is straightforward to verify (i)-(iii)
for the set of operators { T}, | # € V' }, where the operator T,, € B(L?*(OM",C, ur)), pur
as in (3.1.66), is defined by

(3.1.72) To(f)([w]) = f([zw]),
and the adjoint operators are given by
0 if [u] ¢ 2zOMT
F(W) it u] = 2[u],
where f € L2(OMY,C, ur). It remains to prove that it also satisfies (iv). Let
(3.1.74) ei = [[(1-T.T)).
z€V;

In order to show that e;(f) = 0 for all f € L?2(OM",C, ur) it suffices to show that
ei(f)=0for f=f1® - ® fr, fi € L2(OM"i,C, ur,) (cf. (3.1.71)). Note that

(3.1.73) (T3 )([u]) = {

0 if [u] € xOMT,

(3.1.75) (1 - Twa)(f)([u]) - {f([u]) otherwise.

Let [u] = [u1] -+ [u,], [uj] € OMYi. Then there exists y € V; such that [u;] € yOMT:.
Hence, by (3.1.75)

(3.1.76) (1=T,7;)(f)([u]) = 0.

Hence €;(f) = 0 and this yields the claim. O
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3.2 M-fractals

Definition 3.2.1. Let M be a finitely 1-generated monoid. By an M-fractal we will
understand a compact metric space (X, d) with a contracting left M-action ac: M —
C(X,X), ie., there exists a real number § < 1 such that for all z,y € X and all
w € M\ {1} one has

(3:2.1) d(a(w)(@), a(w)(y)) < - d(x,y).
The real number § will be called the contraction constant.

Ezample 14. Let s1,s9: I — I, I = [0,1], be defined by s1(z) = 3z, so(z) = 2 + s1(z).
Then (s1,s2) C C(I,I) is isomorphic to the free monoid .%#3 on 2 generators. The .Fa-
fractal (I, d, «), where d is the standard metric and « is the action described above, has
as attractor the Cantor set (see [20], Ex. 3.3).

3.2.1 The action of the universal boundary on an M-fractal

Let M be a finitely 1-generated monoid with grading |_|: M — Ny. For a strictly
decreasing sequence f € Z(N, M, =) and for n,m € Ny, m > n, there exists 7, €
M\ {1} such that f(m) = f(n) - 7 n. By induction, one concludes that |f(n)| > n. If
[f] € OM, then f can be represented by a strictly decreasing sequence (cf. Proposition
2.1.11).

As a is contracting, one concludes that (a(f(n))(z)) is a Cauchy sequence for every
strictly decreasing sequence f € Z(N, M, =) and thus has a limit point a(f)(z) =
lim, 00 (@(f(n))()). In more detail, if o has contracting constant § < 1, one has for
n,m € N, m > n, that

(322)  d(a(f(m))(@), a(f(n)(x)) < 8/ d(c(rn)(2),2) < 6V diam(X),
where diam(X) = max{d(y, z) | y,z € X }. Thus one has a map
(3.2.3) 9N M, <) x X — X

given by [f] -« = a(f)(z). This map has the following property.

Remark 3.2.2. (a) Let (X, d) be a compact metric space. For A, B C X the Hausdorff
metric 0: Z(X) x Z(X) — R{, where 2(X) denotes the set of subsets of X, is given
by

(A, B) = sup{d(a,B),d(b,A) |a€ A,be B},

where d(a, B) = inf{ d(a,b) | b € B} (cf. |20, (2.4)]).
(b) Let M be a finitely 1-generated monoid, and let ((X,d), ) be an M-fractal with
attractor K C X. For .¥: Z(X) — Z(X) given by

o€eM,

it is well known that (#*(A))gen, where #*(A) = .7 (#*~1(A)), converges to K in
the Hausdorff metric (cf. [20, Statement (1)]).

Proposition 3.2.3. Let M be a finitely 1-generated monoid, and let ((X,d),a) be an
M -fractal with attractor K C X. Then the map (3.2.3) is continuous and [f] - x € K
forall f € 2(N,M,=<) and x € X.
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Proof. Let f € 2(N, M, <) be a strictly decreasing function. For A = {z}, and . as
above, the sequence (.#*(A))ren converges to K in the Hausdorff metric. Thus for all
e > 0 there exists N(¢) € N such that for all n > N(e) one has 20(./"(A),K) < e.
Hence d(a(f(n))(z), K) < € for all n > N(¢g), and a(f)(z) is a clusterpoint of K. As
K is closed this implies a(f)(z) € K.

The map (3.2.3) is obviously continuous in the second argument. Moreover, let
fihe 2(NJM, <), f,h <7, 7€ M. Then
(3.2.4) d(a(f)(z)),a(h)(z)) < 2- 67 diam(X).
Thus (3.2.3) is continuous. O
Proposition 3.2.4. Let f,h € 2(N, M, <) satisfying f < h. Then, a(f)(z) = a(h)(z).

Proof. We may assume that f(n) < h(n) for all n € N, i.e., there exists y,, € M such
that f(n) = h(n) - y,. Then, by the same argument which was used for (3.2.2), one
concludes that

(3.2.5) d(a(f(n))(z),a(h(n)(z)) < "™ldiam(X) < §"diam(X).

This yields the claim. O
From Proposition 3.2.4 one concludes that the map (3.2.3) induces a map

(3.2.6) M xX —X

given by 7([f]) - z = a(f)(z) (cf. (2.1.15)), and thus an action of IM on X.

The following property suggest to think of (5M , Tc) as the universal attractor of an
M-fractal.

Proposition 3.2.5. Let x € X, and let K C X be the attractor of the M-fractal
((X,d),«). Then the induced map

(3.2.7) Kot OM — K

given by kx([f]) = a(f)(z) is surjective.

Proof. Let z € K, and A = {x}. By (cf. [20, (2.4)]), for all € > 0 there exists N(¢) € N
such that for all n > N(e) one has 0(.7"(A), z) < ¢, i.e., there exists a sequence (fr)nen,

fn € My, fat1 € Usepr {0+ fn}, such that d(a(fn)(2),2) <e.

If M is T-regular, then (M,7.(M)) is compact (cf. Proposition 3.1.14). Hence
(fa)nen has a cluster point f € M. As |f,| = n, one has f ¢ M and thus f € OM. It
is straightforward to verify that [f] -z = z, showing that k, is surjective. O

Note that, in general, we do not know whether the topological space (OM, T.(M))
is compact.

Definition 3.2.6. If the topological space (OM,T.(M)) is compact, we call it the
universal attractor of the finitely 1-generated Ng-graded T -regular monoid M .

Remark 3.2.7. Let M be a finitely 1-generated monoid. Then M carries canonically a
probability measure pps (cf. § 3.1.5). Thus, by Proposition 3.2.5, the attractor of the
M-fractal ((X,d),«) carries the contact probability measure p, = pk* for every point
x € X, which is given by

(3.2.8) 1e(B) = mar(i; (B), B € Bor(K).
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3.2.2 The C*-algebra associated to an M-fractals for a finitely 1-generated
monoid M

Let M be a finitely 1-generated monoid, and let ((X,d),a) be an M-fractal with at-
tractor K. For x € X, there exists a continuous mapping k,: M — K by Proposition
3.2.5. Let py: Bor(K) — R{ be the probability measure given by (3.2.8). Then the
action of M on K defines an action of M on L?(K,C, u,).

Proposition 3.2.8. The monoid M acts on the Hilbert space L*>(K,C, piz) by bounded
linear operators

VYt - L2<K7 C?:u’l‘) — LQ(Kv (Cvua?)

(3.2.9) )
Y(9)(7) = g(au()), g€ LY (K,C, )

foranyt e M.

Proof. Let t € M. Cleary, v; is linear. For g € L?(K,C, j1,) one has

||7t(9)||%:/K"Yt(g(z))’zd.um:/K|g(at(z))|2dﬂxS lgll3-

Thus, ~; is bounded. O

Definition 3.2.9. We define the C*-algebra generated by the M-fractal ((X,d), ) by

(3.2.10) C*(M, X,d, piz) = C* ({7 |t € M}) C B(L*(K,C, uz)).
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Chapter 4

Bass-Serre theory for groupoids

In this chapter we develop the analogue of Bass-Serre theory in the groupoid context.
We start by defining a graph of groupoids, then we construct a desingularization of a
groupoid action on a graph. In particular, we define a graph of groupoids associated
to a groupoid action on a graph. Then, given a graph of groupoids, we associate to it
a groupoid, called the fundamental groupoid, and a forest, called the Bass-Serre forest,
such that the fundamental groupoid acts on the Bass-Serre forest. Finally, we prove the
structure theorem.

4.1 Graphs of groupoids

Definition 4.1.1. A graph of groupoids G(I') consists of a connected combinatorial
graph I' = (T'°, T'!) together with the following data:

(i) a wertex groupoid G, for every vertex v € I'?;
(i) an edge groupoid G, for every edge e € I'! satisfying G. = Ge;
(iii) an injective homomorphism of groupoids ae: Ge — Gy for every e € I
If T is a tree, we call G(T') a tree of groupoids.

Standing Assumption. We suppose that a.(Ge) is a wide subgroupoid of Gy, for all

e € 'l i.e., it has the same unit space as Gi(e)» and that Qq(,o) is discrete for all v € T'°.

Notation 4.1.2. For e € I'!, we put He = a.(G.). We denote by
be: He C Goe) = He C Gy(e)

the map given by
Pe(g) = (e 0 aé_l)(g)a g € He.
Hence, ¢, is an isomorphisms between the groupoids Hz and H, and one has ¢z = ¢_ L.
Definition 4.1.3. A graph of partial isomorphisms I'P! is given by a graph I' = (I'°, T'!)
together with
(i) a set T, for each vertex v € I'Y;

(ii) a partial isomorphism ¢? for each edge e € I'!| i.e., an isomorphism such that
the domain and image of ¢ are subspaces dom(¢Y) C Loy and im(¢?) C Cye)
respectively, and such that ¢2 = (¢2)~1.
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If T' is a tree, we call I'P' a tree of partial isomorphisms.

Remark 4.1.4. Let TP be a tree of partial isomorphisms.
(a) Since I is a tree, for v,w € TV there exists a unique reduced path p € P, ., i.e.,
p=ce1---en, n €N, o(p) =o0(e,) =w and t(p) = t(e1) = v.

(&) €9 €n
. ° o< — — - — - — — ,—— o
v t(e2) t(en) w
Fach edge e;, 1 = 1,...,n, carries a partial isomorphism
Ge;: Di — Ci,

where D; = dom(¢,,) C [y, and C; = img,, C Ty,). Let A, = dom(¢e,) and
A;=D;NCiy1 fori=1,...,n—1. Suppose that A; # () for all i =1,...,n. Then

(4].].) (Pp = ¢61|A1 o ¢62’A2 -0 ¢6n|An

defines a partial isomorphism between I', and I',,.

(b) Let U = | |,cro I'y. Then the partial isomorphisms ¢, e € I'', associated to the
edges of I' induce an equivalence relation on U given by

(4.1.2) x ~y <= there exists p € P, such that ®,(y) =z, z €', y € T'y,.

Clearly, ~ is reflexive. It is also symmetric, since ®,(z) = y implies that ®5(y) = z,
where p is the reversal path of p. Finally, it is transitive, since ®,(z) = y and ®,4(y) = 2
implies that o(p) = t(q) and Ppe(z) = 2.

Therefore one has that for each € im(®,) C I', there exists a unique y €
dom(®,) C I'y, such that x ~ y.

Definition 4.1.5. Let A be a set, and let R be an equivalence relation on A. A subset
B of A is said to be saturated with respect to R if for all z,y € A, x € B and xRy
imply y € B. Equivalently, B is saturated if it is the union of a family of equivalence
classes with respect to R. For a subset C of A, the saturation of C' with respect to R
is the least saturated subset S(C') of A that contains C.

Definition 4.1.6. A tree of partial isomorphisms I'P! is said to be rooted if there exists
a vertex v € I'?, called the root, such that I', is a system of representatives for the
relation ~ defined in (4.1.2).

Remark 4.1.7. Via the forgetful functor (see Remark 2.3.4), one may associate to any
graph of groupoids G(A) a tree of partial isomorphisms '™ where I' C A is a maximal
subtree of A. The sets associated to the vertices of I' are given by I';, = géo), veT",
and the partial isomorphisms ¢¥, e € T'!; are given by
0 _ . c) (0)
G = (be’g((f()l) : go(e) - gt(e)‘
Since we will only consider graphs of groupoids where the edge groupoids are wide

subgroupoids of the adjacent vertex groupoids, i.e., ae(Ge) = He C Ge is a wide sub-

groupoid of Gy for all e € I'', we will only deal with tree of partial isomorphisms I'P!
such that each ¢?: Qé(()g) — Qlf(oe)) is bijective, e € I'l. Therefore, each T, is a system of
representative for the equivalence relation ~ defined in (4.1.2).
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Thus, under our assumptions, we will deal with rooted trees of full isomorphisms.

Remark 4.1.8. Let I'®! be a rooted tree of partial isomorphisms with root r € I'°. Then
['P! defines naturally a forest FP(T) given as follows.

FIT° =[] T,
vero

FPI) = { (2,y) € F x FPU [ 2 € Do),y € Ty, del) = y,e €T

Clearly, FP{(T") is a graph with terminus and origin maps given by the projection on the
first and second component, respectively, and inversion given by the interchange of the
components. Moreover, it is a disjoint union of graphs since each connected component
is given by an equivalence class of the relation ~ defined in (4.1.2). Finally, since I’
is a tree, for each pair of vertices z # y, x and y in the same connected component
of FPI(T) there is at most one path from = to y. Thus, each connected component of
FPIT) is a tree and hence FP(T) is a forest.

Definition 4.1.9. Let T'P' be a rooted tree of partial isomorphisms and let F be a
forest. A representation of TP on F is a graph homomorphism x: FP(I') — F from
the forest FP(T") defined by I'P! on its root to F. We say that F' = x(FP(T")) C F is
the representation of TP on F.

Given a tree of partial isomorphisms I'P', we can associate to each edge e € I'! aset I,
with injections az: I'e = Ty and ae: T'e — ['y(e in such a way that az(I'e) = dom(ee)
and ae(T'e) = im(oe).

Definition 4.1.10. Let I’ = x(FPY(T')) C F be a representation of a tree of partial
isomorphisms I'P! on F.
For v € T, we denote by x(T',) the set

X(To) = {x(z) |z €T, C FP(T)°} C F”
and we call it the representation of T',, on F. For e € I'', we denote by
x(Te) = {e € F"" | ofe) € x(To(e), 1) € X(Tye)) } S F”
and we call it the representation of I'c on F.

Remark 4.1.11. Let G be a groupoid acting on a forest F' with momentum map ¢: F0 —
G and let F' C F be any representation of a tree of partial isomorphisms I'P' on F as
in Defintion 4.1.9. The action of G on F induces an action of G on F’ which gives rise
to a tree of groupoids G, (I') based on I' as follows. We put

¢\ =T, vel",
) =T, eel

Then we define G, ,, to be the groupoid on gﬁ’% whose morphisms are given by the action
of G on x(T',) C FY ie.,

(4.1.3) Gyw=19€G|s(g9) =), vex(Ty) and u(g,v) € x(T'v) }-

Similarly, we define G, . to be the groupoid on g§£§ whose morphisms are given by the
action of G on x(I'e) C F!, i.e.,

(4.1.4) Gxe=19€G|s(g) =p(o(e)), e € x(I'e) and p(g,e) € x(I'e) }-
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Definition 4.1.12. Let G(T') be a tree of groupoids and let F' be a forest. A repre-
sentation of G(T) on F is a representation x of the tree of partial isomorphisms 7P
underlying G(T') on F' (see Remark 4.1.7) such that there are groupoid isomorphisms
between the vertex and edge groupoids of G(T') and the groupoids defined by the action
of G on the representations of the T;’s and T.’s on F, i.e., groupoid isomorphisms

gv — gx,va ge — gx,ey
forve TV and e € T,

Remark 4.1.13. Let G be a groupoid acting on a forest F'. The action of G on F' induces
an equivalence relation on FY and F', which we denote by Rg, defined by

vRgw <= there exists g € G : u(g,v) = w

(4.1.5) ,
eRgf <= there exists h € G : u(h,e) = f

(see Remark 2.4.2).

Definition 4.1.14. Let G be a groupoid acting without inversion on a forest F. A
tree of representatives (G(T'),x) of the action of G on F is given by a rooted tree of
groupoids G(T'), based on a rooted tree T, with vertex groupoids G,, € T%, and a

representation x of G(T') on F such that the saturations of the X(gg(go))’s, r € T°, with
respect to the equivalence relation Rg give a partition of F°,

4.2 The graph of groupoids associated to a groupoid action
on a forest

Definition 4.2.1. A topological space F' is said to be fibered on a topological space X
if there exists a continuous and surjective map 7: F' — X, called the projection, such
that 7~!(z) is countable for each x € X. We call F,, = 7~ !(z) the fiberof x, x € X. A
section of Fisamap o: X — F such that roo =idy. f AC X and o4: A — F'is
such that m o o4 = idy, we say that o4 is a partial section of F.

The following theorem (The Selection Theorem) guarantees the existence of a section
for a fibered space F on X.

Theorem 4.2.2 (|25, Theorem 12.13|). Let F' be a fibered space on X. Then there
exists a countable family of partial sections of F' such that their images form a partition
of F.

In particular, we will use the following corollary.

Corollary 4.2.3 (Lusin-Novikov, |21, Theorem 18.10]). Let F' be a fibered space on X.
Then there exists an enumeration of the fibers of F', i.e., there exists a map N: F — N
such that N|g,: Fy — N is injective for all x € X. Moreover, one may suppose that the
enumeration in each fiber of F starts from 1 and follows the natural enumeration of N.

We will deal with groupoid actions on fibered spaces.

Definition 4.2.4. Let G be a groupoid acting on a fibered space (F,7) on GO, 1If
o: AC GO 5 Fis a partial section of F', we call the stabilizer of o the subgroupoid

(4.2.1) Stabg(c) ={g € G |g-0(s(g)) = a(r(9)),s(g),r(9) € A} CG.
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Remark 4.2.5. Let G be a groupoid acting on a graph I' = (I'°,T'!) (cf. Definition
2.4.16). Then I'Y is fibered on GY via the momentum map ¢: I'0 — G0

Theorem 4.2.6. Let G be a groupoid acting without inversion on a forest F = (FO, F!).
Then there exists a countable or finite family ¥ = {o0;}icr, I C N, of partial sections of
FO with domains X; C GO, i.e., 0;: X; — F°, i € I, such that

(i) UiNUy, = 0 for alli # k, where U; = 0:(X;) and U, = S(U;) denotes the saturation
of U; with respect to Rg;

(ii) for V = U;c1U;, one has that V Ny (x) # 0 for all z € GO);
(iii) V = FO.

Proof. We construct recursively a sequence of partial sections {o;}icr, I C N, satisfying
(i) and (ii). Let X = G be the unit space of the groupoid G. Since we only consider
discrete and thus countable groupoids, we may suppose that X = {z1,z9,---}. The
graph F = (FY F') is fibered on X via the map ¢ = (g, 1), where ¢o: F¥ — X
and @1 = @got: F' — X. For each i, we enumerate the elements in the fiber ¢g ! (z;)
and choose the one corresponding to the smallest number, say y; is such an element in
@' (2i). Let 01: X — FO be the partial section defined by

Let Uy = im(oy) and let U; = S(Uy) be the saturation of U; with respect to Rg. Put
Ci = FO\Ul. If C; = 0, then U is a complete domain for the action of G on F© and the
thesis follows by choosing n = 1 and ¥ = {o1}. Otherwise, let X2 = ¢o(C}). For each
x; € Xo, let z; € C1 Ny 1(1'2) be the element corresponding to the smallest number in
the enumeration of C; N cpgl(a:i). Let 09: Xo — FP be the partial section defined by

(4.2.3) o2(x;) = 2.

Let Uy = im(O'Q), UQ = S(Ug) and Cy = FO \ (ﬁl U 02) If Cy = @, then Uy LU U; is a
complete domain for the action of G on F° and the thesis follows by choosing n = 2 and
Y = {01,02}. Otherwise, we use the same argument as above to construct the partial
sections oy, k > 2, recursively.

Let n > 1. Suppose that we have constructed n partial sections {o; }1<i<p satisfying
conditions (i) and (ii). Let V,, = L?_,U; and let C,, = F°\ V,,. Then either C,, = 0
and thus (iii) holds for I = {1,... ,n}, or C,, # () and we construct a partial section
ont1 as follows. Let C, = {z € C), | dist(z,V,,) = 1} and put X,,41 = {z € X |
o) N Cl # B} We define 0y,41: X1 — Ch by opyi(x) = min{ ¢yt () N C’,’L }s
where the minimum is taken over the enumeration of the elements of each fiber ¢, (x L),

Suppose that I = N and FO £V, where V = U2 Uk. Then the set C = {z €
FO\ V| dist(x,V) = 1} is nonempty. Let a € C. Then there exists v € Uy, for some
k € N, such that dist(a,v) = 1. Hence, dist(a, V) =1 for all | > k, and one has that if
a € p~(p(a)) N Cj is the m-th element in the enumeration, m € N, then

(4.2.4) ac |J im(opyy) CV,

1<j<m

a contradiction. Hence, one has that V = FVY.
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Remark 4.2.7. By the construction of the o;’s used above, one has that im(c;) contains
the smallest elements which have distance 1 from V;_; = (Ji_' im(o) in each fiber
¢y (x), » € GO, Then for each i € {1,...,n} one has a map

mi: FO = {1,...,n}

(4.2.5) @ (@)

where m;(a) denotes the integer m;(a) < i such that the vertex a is adjacent to
im (0, (q)) in the fiber of p(a). That is, there exists b € im(op,(q)) N vt (y), where
y = p(a), such that a and b are adjacent in Fg.

Notation 4.2.8. For a graph I' = (T°,T'!), [T% > 2, and v € 'Y, we denote by I' — v
the subgraph of I' given by

(0 —0)° =T\ {0}

(4.2.6) L )
(T —v) =T " \{eel" |tle)=voro(e) =v}.

The following property will turn out to be useful for our purpose.

Lemma 4.2.9 ([35, Proposition 9]). Let T = (T°,T") be a connected graph, |T°| > 2,
and let v € T be a terminal vertex. Then T is a tree if and only if T — v is a tree.

Proof. If T is a tree, then T'— v is a tree since it is a connected subgraph of T'. Suppose
that T — v is a tree. Since v is a terminal vertex, one has that T! = (T — v)! U {e, €},
where e € T! is the unique edge such that o(e) = t(€) = v. Let u,w € (T —v)°. By
hypothesis, one has that [Py | = 1. If ¢ € Py 4, then ¢ = pe, where p € Py, ,,. Hence,
Pyow| =1 and thus T is a tree. O

We are now ready to show the existance of a tree of representatives for the action
of a groupoid on a forest (see Definition 4.1.14).

Proposition 4.2.10. Let G be a groupoid acting without inversion on a forest F.
Then there exists a tree of representatives (G(T),x) of the action of G on F such that

w(x(gﬁo))) = GO where r € T is the root of T

Proof. By Theorem 4.2.6, there exists a family ¥ = {0, };c7, I C N, of partial sections of
FY satisfying (i), (ii) and (iii) of the theorem. If I = {1}, the thesis follows by choosing
T to be the tree with one vertex v and no edges. Then G, = Stabg(o1) (cf. Definition
4.2.4) is the groupoid associated to the vertex v. Moreover, the graph F' = (F'0 F'!)
given by

F/O — U17 F/l — @

is the representation of G(T') on F. If I = {1,2}, the thesis follows by choosing T =
(T°, TY) to be the segment tree, i.e., TO = {v1,v9} and T' = {e, &} as follows

e
(&

with vertex groupoids G,, = Stabg(ci) and G,, = Stabg(c2). Moreover, the graph
F' = (F" F'') given by

FO=U,UU,, F'={eeF"|ofe),t(e)ecF’}
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is the representation of G(T') on F. For k > 2, I = {1,...,k}, we define the graph with
k vertices Ty, = (TP, T}) by

TISZ{Ul,...,’Uk}

4.2.7
427 Ty = {{vi,v;} € T x T | v; € im(0ps,(0;)), 8 # G, = 1,k

where v; € im(0;) is adjacent to v; € im(oy,,(,)) and m; is the function defined in
Remark 4.2.7. Then for each £ > 2 one has that

TP =Ty U {vg}

(4.2.8) - )
T, =T, U{eeT |o(e) =wvortle) =y}

Thus, for k > 1, one has that T} is a tree by Lemma 4.2.9. Finally, we put

(4.2.9) T=JT.
el

We associate to each v; € T the groupoid
(4.2.10) G, = Stabg(a;)

Moreover, for e € T' we define the partial section o.: A € X — F! by putting
A = dom(0,(e)) N dom(ay) and

(4.2.11) oo(z) = f,

where f is the unique f € F* such that o(f) € o, (2), t(f) € oy(¢)(x), 2 € A. Thus,
we associate to each e € T the groupoid

(4.2.12) G. = Stabg(c.).

Finally, we put
F°=V, F'={ecF'|o(e),tle)c F}.

Since V = FO, one has that the graph F’ = (F'°, F'}) is the representation of a tree of
representatives of the action of G on F. By construction, if v,w € F? are in the same
orbit, then either v € F'0 or w € F". O

Remark 4.2.11. Note that by definition of T, one has an orientation T_~1_ CT'of T.

Remark 4.2.12. Let G be a groupoid acting on a forest F'. Then there exists a subforest
F' of F such that the vertices of F’ are a fundamental domain for the action of G
on FO. In particular, the vertices of F’ are a fundamental domain for the equivalence
relation Rg generated by the action of G on FC. Then the restriction 7|p: F' — G\ F
is injective on the vertex set and its image 7| g/ (F’) is a maximal subforest of G\ F, i.e.,
7|0 (F) = (G\F)°.

In classical Bass-Serre theory, given a group acting without inversion on a tree, one
defines a tree of groups by considering a maximal subtree of the quotient graph and the
stabilizers of its vertices and edges. A tree of representatives has the same role in this
context. However, the tree of representatives (G(T'), x) associated to a groupoid action
on a forest F' does not contain all the information we need: in general, the G-orbits of
the x(G.)’s, e € T', do not cover F'. Thus, we need the following definition.
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Definition 4.2.13. Let G be a groupoid acting on a forest F. A desingularization

D(G, F) of the action of G on F' (or a desingularization of G\\F') consists of

(D1) a connected graph I' with orientation T'L ;

(D2) a graph of groupoids G(I") based on T’

(D3) a maximal rooted subtree T' C T

(D4) a tree of representatives (G(T'), x);

(D5) a partial section oe: X, C GO — F! together with a family of elements g, =
{ge’z }x€¢(im(08)) CgGforany ec 'L \ T

satisfying the following properties:

(i) the tree of groupoids (G(T'), x) induced on T is a tree of representatives for the
action of G on F where go( X(TT(O)) ) =G and r € T is the root of T’

(ii) for each e € 'L \ 7" and for ¢ € im(o.) one has that o(e) € X(g(o)) and

o(e)
Gep(t(e)) " t(E) € X(gt((oe)) );

(iii) for each e € TL \ T, the maps

et Ge = Go(e)s
et Ge = Gy(e)

are given by inclusion and conjugation by ge (cf. Definition 2.4.14) composed with
inclusion, respectively;

iv) the saturations with respect to Rg of the x(G.)’s, e € I'!, form a partition of F!.
g

We prove that there exists a desingularization for any groupoid action without in-
version on a forest. This result is analogous to the construction of a graph of groups
associated to a group action without inversion on a tree. The main difference is that in
the classical Bass-Serre theory the underlying graph A of the graph of groups G(A) as-
sociated to a group action without inversion on a tree 7' is the quotient graph A = G\T,
while in this context there is no canonical graph underlying the desingularization.

Theorem 4.2.14. Let G be a groupoid acting on a forest F. Then there exists a
desingularization of the action of G on F.

Proof. By Proposition 4.2.10, there exists a tree T' (see (4.2.9)) and a tree of repre-
sentatives (G(T'), x) such that go(X(g,EO))) = GO where r € T is the root of T. Let
F' = (F'°, F'') C F be the representation of 7" on F. Then one has

(4.2.13) FO= | | u°(g, x(6")),

veTo

i.e., the G-orbits of the x( 1(;0))78, v € TY, form a partition of FY. Let

(4.2.14) S= ] u"(G x(6"))

ecT!
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i.e., S is the union of the G-orbits of the x(Ge)’s, e € T'. Let C = F'\ S. If C = ),
then we put I' = T and G(T) is the graph of groupoids required (cf. Proposition 4.2.10).
Suppose that C' # () and let

(4.2.15) C'={eecClole)e F’}.

Then C’ # () since the fibers of F' are connected graphs and since the action of G
preserves the distances on FV. Thus, we construct a family of partial sections of C such
that the saturations of their images form a partition of C. Let v € T° and let o, be the
partial section associated to v. For all w € TV, let

(4.2.16) Cow={e€C|ofe) €im(oy), t(e) € S(x(Guw)) }-

where S(x(Gw)) denotes the saturation of x(G,,) with respect to Rg. If Cy 4 # 0, then
it is fibered on @ 0 0 (Cy ) C GO where ¢ is the momentum map. Then by Theorem
4.2.6 there exists a family {o;}icr, I C N, of partial sections such that

el

gives a partition of C,, ,. For each ¢ in the decomposition of C, ,, we define a new edge
fi(v,w) € Tt such that o(f;(v,w)) = v, t(f;(v,w)) = w. Thus, I' = (I, T'!) is the graph
given by

r’=1°

(4.2.18) — . 0
'=7"uU{filv,w), filvw)|iel, v,weT"}.

We put

(4.2.19) T, ={filv,w)|ic,v,weT}, Y_={f|feTi}

and T'L = TL UY,. Thus, we have (D1) and (D3). It remains to construct (D2), (D4),
(D5). For v € T? and e € T?, we put G, = Stabg(o,) and G. = Stabg(c.) as in (4.2.10)
and (4.2.12), respectively. For f; € T, we associate to f; the groupoid

(4.2.20) Gy, = gﬁ = Stabg(0;).
Then Gy, injects naturally into G,, i.e.,
(4.2.21) Qg gfl. = Stabg(ai) — G, = Stabg(av)

is given by inclusion. Moreover, by construction one has that for ¢; € im(o;), there
exists gy, o(1(e;)) € U such that

(4.2.22) 10(9f oo e ) € F

Let G, = Stabg(oy) as in (4.2.10). Then the groupoid Gy, injects into G,, via the
conjugation by g5, = { 94, o(t(e,)) }escim(or) @S follows. Put o7 1=t o 0;: dom(o;) — FO,
Then Gy, = Stabg(0;) injects naturally into Stabg (o), i.e., the map ¢: Gy, — Stabg(o,)
is given by inclusion. Since the subgroupoid Stabg(c;) C G and G,, C G have the same
unit space, the equivalence of categories Stabg(c;) — G, in Definition 2.4.14 is an
identity on the unit space Stabg(o,)“), and the conjugation map is given by

igs,: Stab(or) = Gu

(4.2.23) —1
T Gfir(y) Y gfi,s('y) ’
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Since the identity functor is an injective equivalence of categories, by Lemma 2.4.15 one
has that iy, is injective. Hence, the composition

(4.2.24) ay: G, % Stabg(or) —25 Gu,

where the first map is given by inclusion and the second map by conjugation by gy, , is
an injective homomorphism of groupoids. Thus, we have (D2), (D4) and (D5). O

4.3 The fundamental groupoid of a graph of groupoids

In the previous section we have proved that given a groupoid G acting without inversion
of edges on a forest F', there exists a desingularization (G, F) associated to the action
of G on F (cf. Theorem 4.2.14), and hence a graph of groupoids associated to the action
of G on F. We now want to prove that it is possible to reconstruct G in terms of the
vertex end edge groupoids of the graph of groupoids G(I'). In particular, we will prove
that G is isomorphic to the fundamental groupoid of the graph of groupoids G(T").
4.3.1 The fundamental groupoid of a graph of groupoids

Let G(T') be a graph of groupoids and let 77 C T' be a maximal rooted subtree. Let
He = ae(Ge) and let ¢e: Hz — H, be the map given by ¢.(g) = ae(aé_l(g)). Since the
groupoids H, are wide subgroupoids of Gy, for all e € I't, the map

0_ G 0
(4.3.1) be = cbelgg(g) “Yote) ™ i)

is a bijection for all e € I''. Then the maps ¢9’s induce a rooted tree of partial isomor-

phisms TP which defines an equivalence relation ~ (see (4.1.2)) on Y = U,ero G\, Let
Y =Y/ ~and 7: Y — Y be the canonical projection. Let r € T" be the root of the
tree T'. Then

(4.3.2) X =gl

is a fundamental domain for the equivalence relation ~ and the map
(4.3.3) oi=my Y = X

is bijective. Let

(4.3.4) T=mom: Y =X

the map assigning to each y € Y the representative x € X such that y ~ z.

Definition 4.3.1. The fundamental groupoid m1(G(I")) of the graph of groupoids G(I")
is the groupoid defined as follows (see [17, §3] for presentation of groupoids). It has
unit space X defined in (4.3.2) and generators

(4.3.5) < | | Qv> U < L] (qﬁe(:v),x))

velo ecT'!,
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Note that for z € G one has that (ae(2),az(2)) is a generator, since ¢.(az(2)) =
e 0 az (ae(2)) = ae(z). The range and source maps r, s: 71 (G(I')) — X are defined
by

(4.3.6) r(g) =T 7(¢e(2)),
(4.3.7) s(g) =7(s'(9)),  s((¢e(),2)) = 7(2),

where 7 and s’ denotes the range and source maps in G,, v € I'’, and multiplication is
given by concatenation. The inverse map is given by the inverse map in G, for elements

g € Gy, v €TV and by (¢e(x), )"t = (7, ¢pe(x)) for e € T, z € Qg?i). Moreover, the
generators are subject to the relations in the vertex groupoids together with relations

(R1)  (¢e(z),2) = ids(y) for e € T, z € Q(()(()g);
(R2)  (ae(r(9)), ae(r(9))) - aelg) - (ae(s(9)), ac(s(9))) = aelg) for g € Ge,e € T

Definition 4.3.2. We call the free groupoid F(G(I')) the groupoid with the same gen-
erators as m1(G(I')), i.e., the generators in (4.3.5), subject to the relations in the vertex
groupoids together with the relation (R2).

Notation 4.3.3. In order to simplify calculations with fundamental groupoids elements,
we will use the following notation:

Pe(w)e = ex := (de(), ),
for z € Gy(c), e € I''. Thus, we may rewrite relations (R1) and (R2) as follows:
(R1) Pe(r)e = ex =idy(y), for x € Gy, € € T
(R2) eae(r(g)) - ae(g) - ae(s(g)) e = aclg) for g € Ge, e € T,
Since for any groupoid G and any morphism v € G one has r(v)y = v = vs(), we put
(4.3.8) gieg2 = g1 - s(g1) er(g2) - g2
for g1 € G(e), 92 € Go(e)» 5(91) = Pe(r(g2)). With this notation, (R2) becomes
(R2) eaz(g) e = ae(g),
for g € Go,e € T'L.
We can extend our definition of a path in I' as follows.

Definition 4.3.4. A graph of groupoids word w in G(I') is a sequence of elements

(4.3.9) W = g1€192€2 * ** Gn€nYn+1,
where
e, cllforalli=1,... n;

e o(e;) =t(ej41) foralli=1,...,n—1;
® gi € Gy, foralli =1,...,n and gni1 € Gy(e,);
e foralli=1,...,n onehas ¢z, (s(g:)) = 7(git+1)-
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We say that w has length n. A subword of w is a sequence g;e; - - - gi+r€i+k sSuch that
1>1,k>0and i+ k <n.

Remark 4.3.5. For all e € T'! we choose a left transversal T, of ae(Ge) in Qt(e) containing
the identity elements of G, ), i.e., for all g € Gy() there exist 7 = 7(g,e) € T and
h = h(g,e) € Ge such that

(4.3.10) g = Tae(h).

Then we may represent a graph of groupoids word w by

(4.3.11) W= g1€1G2€2 * * * GnnJn+1,
where
ee,cllforalli=1,... n;
o t(ej) =o(ej—1) forall i =2,... n;
® gi € Gy, forall i =1,...,n and gnt1 € Go(e,);
o foralli=1,...,n, subwords gie;gi+1 = Tiae, (h;) €; Tit10e,,, (hiy1) must satisfy

s(ag;(hi)) = r(Tit1)-

Definition 4.3.6. A graph of groupoids word w = giej - gnengn+1 is said to be
reduced if

e gi€Te foralli=1,....n and gnt1 € Go(e,);

o if e; = ¢, for some i = 2,...,n, then g; ¢ im(a,).
In particular, if e - - - e, is a path in I' without backtracking, then w is reduced.

We define the reduction of words by using the relations (R2). There are two types
of reduction: coset and length.

Definition 4.3.7. Let u = geg’ be a subword of a graph of groupoids word w, where
g = Tae(h) as in (4.3.10). The coset reduction w' is the graph of groupoids word
obtained from w by replacing u by v = Teg”, where ¢ = az(h)g'.

Definition 4.3.8. Let u = ege, g € Hs, be a subword of a graph of groupoids word w.
The length reduction w' is the graph of groupoids word obtained from w by replacing u
by ¢e(g). Note that when length reduction is applied to a graph of groupoids word, its
length is decreased by two.

Two graph of groupoids words w and w’ are said to be equivalent if one can get one
from the other by using coset and length reductions.

Hence a reduced graph of groupoids word is a word in which no coset and no length
reduction can be applied. The reduction process removes subwords ege, where g € Hg,
and moves a,(h) in the decomposition Tae(h) to the right. We prove that p € m1(G(T"))
is represented uniquely by a reduced graph of groupoids word p = g1e192€2 - - * gnenGn+1-
We adapt the proofs of [19, §3| and |29, Theorem 2.1.7].

Theorem 4.3.9. Every morphism of F(G(I')) is represented by a unique reduced graph
of groupoids word.
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Proof. Clearly, each p € m(G(T")) is represented by a graph of groupoids word by
definition. Let w = g1e1g2€2 - - - gnengn+1 be a graph of groupoids word.

If n =0, then w = g; € G, for some v € I'V is already reduced. Hence, suppose that
n > 1. Foralli=1,...,n, we choose a left transversal T, of ae,(Ge;) in Gy(,) as in
Remark 4.3.5. Thus, for all i = 1,...,n, we can write g € Gy(,) as g = Tae,(h), where
T =1(g,e;) € Te; and h = h(g,e;) € Ge,. Then one has that gie1g2 = T1ae, (h1)e1g2 =
T1e10e, (h1)g2, for 7 € Te, and hy € Ge,. We put g = az, (h1)g2. We repeat this process
with gheags to obtain geqgaeags = Tie172e20z, (ha)gs, where 7 € Te, and hy € G,,. By
repeating this argument, one obtains the graph of groupoids word

/ /
W = T1€172€2 " " " Tp€ngn41

with 7, € Te;, hi € Ge, for i = 1,...,n and g, ;1 € Gy(e,)- If w' is not reduced,
there exists ¢ € 1,...,n — 1 such that e;4; = &; and 7,41 is a unit of Qo(ei), ie.,

Titl = Tiy1 € géoii). Then, we apply length reduction to e;7;e;41 and obtain e;7e;41 =

€iTi+1€i = Ti € Gy(e;,s) = Yo(e;_1)- Lhus, we have a graph of groupoids word

w' = T1€1 " Ti—1€i—1TiTi+2€i42 " ** 6ng;+1
of length n — 2. By induction on n, one has that w” € m1(G(I")) is a reduced graph of
groupoids word.

To prove uniqueness of the reduced graph of groupoids word, we use the diamond
lemma method. We look at two different sequences of reductions for a graph of groupoids
word w and we assume that the first steps in the two sequences are different: in the
first one, the two (coset and length) reductions occur to disjoint subwords of w; in the
second one, the two reductions occur to the same subwword of w.

Case I. We suppose that reductions occur to disjoint subwords of w. Let w = afvde,
where «, 3,7, 4, e are subwords such that both 8 and § can be reduced. We denote by
r1 the reduction taking 3 to 3’ and ry the reduction taking ¢ to ’. Then by applying
r1 and 7o to w we will obtain to different graph of groupoids words w’ and w” that can
be reduced to a common graph of groupoids word by a sequence of reductions. That is,
we have the following commutative diamond:

w = afyde
/ \
w' = aff'yde w” = affyd'e
\ /
w* = af'yde

Case II. We suppose that two reductions in the first steps of the sequence occur to
the same subword of w. We have four cases.
Case (a). Let w = agjejxéiTheagee. If we apply length reduction first, we get

w=agiThesgae=ag 7 h heygoc.
We now apply coset reduction to w’ to obtain

w* = ag; 7 ez ps, (Wh) goc.
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Otherwise, by applying coset reduction to w first, we get

w”" =agieire;Tes e, (h) goe.

We now apply length reduction to w” and get
ag1Tespey(h)gae=at b eyde,(h)gae.
Again, we apply coset reduction and get
at' ez dey(h') ey (h) g2e.
Finally, since ¢g, is an isomorphism, we obtain the graph of groupoids word
w* =ag; 7 e de,(Wh) goc.
Case (b). Let w=aThexege. If we apply length reduction first, we get
w' =athge.

Otherwise, we apply coset reduction to w first and get

w’ =ateps(h)ege
Again, by applying coset reduction to w” we get

aTer(fe(h))ede(de(h)) ge = aTer(ge(h)) ehge.

Finally, by applying length reduction we get

w*=w =athge.

Case (c¢). Let w = am hieimahaeage. Then we can apply two different coset
reductions to w. Let

w = aTeids, (h)mohoesge = areiTyhheage.
Then, we apply the second coset reduction to w’ and obtain
w* = aT ey esds, (hh) ge.

On the other hand, let

w” = a7 hye1m eade, (ho) ge.

Then, by applying the first coset reduction to w” we get
aTie1de, (h) T2 eade, (he) g = i e1my hy eage, (h2) g €.
and, by applying coset reduction, we have reduced w” to
W= aTieiTy es de, (hy) dey(ho) ge = am ey es de, (bl ho) g e.
Note that ¢z, (h1) T2 ha = 75 hly and ¢¢, (h1) 72 = 74 b by construction. Hence, one has

that 75 hl, = ¢z, (h1) T2 ha = 74 hijhg, which implies that 7, = 75 and hl, = hihy. This
proves that w* = .
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Case (d). Let w = agexézeg'e. Then we apply two different length reductions
to w to obtain

w =agyzede=ageg e,

w" =agexuge=ageg e,

where y = z = s(g) € gt(?e)) and x =u=r(¢) € Q(()((E). Thus, we have reduced both w’
and w” to the same graph of groupoids word w* = ageg'e.

Now, we consider two equivalent graph of groupoids words w and w’ such that there
exists a family {w;}" ; of graph of groupoids words satisfying

(1) wp =w and w, = w';

(2) for each i = 1,...,n, either w; is given by a simple reduction of w;;+1 or w;41 is
given by a simple reduction of w;.

Suppose that there exists k such that w;1 is given by a simple reduction of w; for i < k
and wj; is given by a simple reduction of w;11 for ¢ > k. Then one has both w and w’
reduce to wy. If no such k exists, then there exists [ such that both w;—; and w4 are
given by a simple reduction of w;. Then, by deleting w; and w1 we obtain a family
{wit1<i<n, i1, i141 of graph of groupoids words satifying (1) and (2). Since by this
process the number of elements of the family {w;} decreases, by repeating the process
one finds a word w* given by the reduction of both w and w'. O

One has the following analogue of Britton’s Lemma.

Definition 4.3.10. A graph of groupoids word g = gie192€2 - - - gnéngn+1 is said to be
reduced in the sense of Serre if it satisfies the following: if n = 0, then g; is not a unit;
if n >0 and e;41 = &, then g;11 ¢ He,.

Lemma 4.3.11 (Britton’s Lemma). Let G(I') be a graph of groupoids based on T and
let p = g1e192 - - gneéngn+1 be a graph of groupoids word which is reduced in the sense
of Serre. Then p is not a unit.

Proof. The case n = 0 is trivial. Thus, let n > 0. For ¢ = 1,...,n let h; € H,, and
7; € Te; be such that

9i = Tihi,
de, (hi) Git1 = Tit1hig1.

Then by pulling the h;’s to the right one has that p = mie1m - - Thena, where 7; € T,
and a € Gy (- If there exists i such that e;1 = &;, then one has that ¢z, (h;) and h;4q
are both in Hg, and hence it must be 7,11 # x, with = r(h;+1). Thus, Tie172 - - - Thena
is not an unit. O

4.3.2 The universal cover of a graph of groupoids

Let G(I') be a graph of groupoids and let 7" C T' be a maximal subtree of I" which
induces an equivalence relation as in (4.1.2). For v € I'’ and e € I'!, the groupoids G,
and G, induce subgroupoids of 71 (G(I")). This allows us to define a universal cover for

g(I).
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Definition 4.3.12. Let G(I') be a graph of groupoids and let He = ae(Ge) C Gye)s
e € I''. We fix an orientation 1“1+ of I and put

0 ifeel!
(4.3.12) e(e) = Heety
1 ifeel"\Il.

In particular, one has that
e(e)=1—¢(e)

for all e € I''. We denote by |e| the edge satisfying {|e|} = {e,e} NTL.
Note that by definition, one has that H ¢, = Hg for all e € rk
Notation 4.3.13. For e € T'!, we put
(1) eGoe) = { 2e(r(g))eg | g € Gore) }
(ii) eGoreye™" = { e(r(9))ege™ de(s(9)) | 9 € Go(e) }-
Remark 4.3.14. Let e € T''. With the notations above, one has the following

(a) He = Gyey N €Gyey €
(b) H|e| _ el—a(e) Hé ea(e)—l;
(C) H|e| _ el—e(e) Hs ea(e)—l

_ el—a(e) (go(e) N 6_1 gt(e) e) ee(e)—l
— 6l—s(e) go(e) es(e)—l N 6—8(6) gt(e) 66(6).

We remind that for v € T and p € m(G(T)), the set pG, is the set pG, = {pg |
g € Gy,s(p) = r(g9)}. In what follows we simplify the groupoid notation and write

m1(G(T"))/G, to indicate the set { pG, | p € m(G(T)), s(p) € 7(G) }, for v € TO.

Definition 4.3.15. The Bass-Serre forest Xg(ry of the graph of groupoids G(I'), also
known as its universal cover, is the graph defined by

(4.3.13) Xg(r) = I_I m1(G(T))/Gulv],
vel0

(4.3.14) Xgry = | m(G()/Hyele].
ecT't

The maps o,t: Xé(r) — AY and ~: Xé(r) — Xé(r) are given by

(4.3.15) o(pHe)) = pe' =G, ) [0(e)] € m(G(T))/Gofe)s
(4.3.16) t(pHe) = pe Gy lt(e)] € m(G(T))/Gye),
and

(4.3.17) PHeile] = pHz[e).

Note that ¢t and o are well defined by Remark 4.3.14. In fact, suppose that for
p.q € m(G(T)) and e € T'! one has that p € ¢|,|. Then there exists h € H| such that
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p = qh. By Remark 4.3.14 (c), there exists g € G, such that h = el=e(@) g es(e)=1,
Then one has
O(pH|e|) = pel—e(e) go(e) [0(6)]

= qhe' ™9 Gy o(e)]

— qelfz-:(e) g ee(e)fl elfe(e) go(e) [0(6)]

= e ™) g Gye)[o(e)]

=q 61_6(6) T(g) go(e) [0(6)]

= 0(qH|e|>'

(4.3.18)

Moreover, it is easy to see that

(4.3.19) PHele] # pHele]
(4.3.20) PHe|[e] = pHle],

and, by (4.3.12)

o(pHye/[e]) = o(pHM,q[€])
(4.3.21) = pe' G, [o(e)],
= pe G, [t(e)],
= t(pH[e])-

Hence, Xg(r) is a graph.

Remark 4.3.16. The fundamental groupoid 71 (G(I')) acts on Xg(ry by left multiplication
with momentum map

¢: X9 — m(6(1)©

(43:22) PGy > 7(p)

[v] € Xg(r)’ qHele] € Xé

v ()
") one has that

(see Definition 2.4.16). That is, for p,p’ € m1(G(T')), ¢G
with s(p) = ¢(qGv) = r(q) and s(p') = @ o o(¢'He) = (g

(4.3.23) 10 (p, 4Gu[v]) = paGulv],
(4.3.24) p' (', d Hieple]) = p'qHiele],

where pg € m1(G(T")) is the reduced graph of groupoids word obtained from the con-
catenation of p and q.

Note further that for z € m(G(I'))(® and for all e € T" one has that

(4.3.25) o(zHe|[e]) = 2G,(e)[0(€)],  t(aH e le]) = zGye)[te)],

and for all e € '} \ T" one has that

(4.3.26) o(zH e [€]) = weGoey[o(e)],  t(aHelle]) = 2Gy(e)[t(e)].
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Remark 4.3.17. The Bass-Serre forest Xgry is fibered on 71(G(I))© via the map ¢
defined in (4.3.22). For each unit € m(G(T'))®, we denote by rXg(r) the subgraph
of Xg(ry which is fibered on {z}, i.e.,

Xy = (@),
PG O)

Clearly zXg(r) and yXgr) are disconnected for all x # y, 2,y € 71(G(T) @, Since
each vertex in xXgr) starts with z and each vertex in yXgr) starts with y, i.e., for
PGy € X, and ¢G,, € X, one has r(p) = = and r(¢) = y, there is no edge connecting
rXg(ry and yXg(r). In fact, the map ¢ is such that poo = pot by definition. Moreover,
rXg(ry is a tree (cf. Proposition 4.3.18). It follows that Xgr) is a forest, so that the
terminology used in Definition 4.3.15 is justified.

(4.3.27) 7

Proposition 4.3.18. v X ) is a tree for all x € m(g(r))@).

Proof. Fix z € m(G(T))Y). First we need to prove that rXgr) is a connected graph.
Let Z be the smallest subgraph of zXgry containing {zH . [e] | e € T'}. Then =
is connected by (4.3.25). and (4.3.26). Moreover, zXgr) = zm(G(I'))x x =, where
zm1(G(T))z is the isotropy group of m(G(I')) at z, i.e.,

xm(G(I))x = {p € m(G(I")) | s(p) =z =r(p)}.

By Proposition 2.4.24, it suffices to show that there exists a generating system S C
m1(G(I)) such that ZUa x = is connected for all @ € xSz. Then one has that the graph

(4.3.28) EUa*xZUaaZ U ---Uarag -ap * =

is connected for all ay,...,a, € Sz by induction on n. It suffices to prove the claim
for a € xSz. Choosing

(4.3.29) S= ( | | gv> N ( | | ¢>e(y)ey>-

vero 1 (0)
e€lL, ¥€0, 0

one verifies the claim for ¢ € zSx. Since = is connected by construction and a * =
is connected because the action of 71 (G(I")) preserves the distances, it is sufficient to
prove that there exists a vertex lying in both Z and a * Z, i.e., 29 Na* Z° # (. By
definition, for any a € S there exists a vertex pG,, v € I'°, such that a % pG, is defined
and a * pG, = pG,. Fix a € Sz, v € I'Y such that a * G, = 2G,. Then one has that
G, € E'Na* Z° # ), which proves that Z U a * = is connected. It remains to prove
that zXgr) does not contain non-trivial reduced paths from v to v, v € X, 8(1“)' Let

(4.3.30) b= (1M le1]) (PeHeyle2]) - (PuHpe fen])s n =1

be such a path. Put v; = o(e;). In particular, one has v, = o(e,) = t(e1). Then one
has

0o(pnHienen]) = Puek =G, [va] = pre; “ VG, [01] = t(p1H e, [e1]),
o(p1He, [e1]) = prey VG, [1] = paey Gy, [va] = tH(paHey)le2)]),

oDn-1He,_i[en-1]) = Paten 3Gy, [vn-1] = Pren Gy [vn] = t(pnHie, [en))-
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In particular, putting ¢; = piei—€(€i)

such that

, there exist elements a; € G,, with r(a;) = ¢z, (s(¢))

gn€nln = q1

qiei1a1 = g2

dn—1€n—10n—1 = Q4n-
In particular, one has

S(Qn)enan = QEIQI

s(qr)erar = QfIQ2

S(Qn—l)en—lan—l = q,:_llqn-

Then one has

(4.3.31) s(q1)eraregas - - - epan, = s(q1).

Thus, by Lemma 4.3.11, q := s(q1)e1a1e2az - - - epay, is not reduced. Hence there exists
i€{l,...,n—1} such that ¢;11 = € and a; € im(ag,) = He,, i.e., there exists b € G,
such that a; = ag, (b) and

(4332) €;0;€i+1 = €jQg; (b)éZ = Ole(b) S gt(ei) = gyi 1
Here we put vg = v,,. Then one has

pir1 Mo,y [eir1] = Girrel T He, €]

= gieiaié; " H, [¢]

(4.3.33) . |
= pie; " Vaie; A, [é]
=pie; " “Dae; 7 H, e,
Note that
1—c(es) , Ele)=1 _ eiaze; - if |eg| = e,
! e a; if le;| = ¢&;
(4.3.34)

B {%(b) if |e;| = e,

a; if |61| = €.

Since ag,(b) € H,, and a; = g (b) € He,;, one has that ez-l_e(ei)aief(ei)_l € He, by
Remark 4.3.14 (b). Hence one has

(4.3.35) Pit1H e |l€it1] = piH e, (€] = DiHe, [ei]-

Thus, p is not reduced, a contradiction, and this yields the claim. O
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4.3.3 The structure theorem

In this subsection we collect all the results of the previous sections. Let G be a groupoid
acting on a forest F’ without inversion of edges. Then we have seen in Section 4.2 that
one has a desingularization ©(G, F'), i.e., a graph of groupoids G(I') based on a graph
' =TuY,UY_, where T C T is a maximal subtree such that G(T) is a tree of
representatives for the action of G on F' and Y4 and Y_ are as in (4.2.19), and a family
of groupoid elements ge = {ge x }rep(t(im(o.))) for each e € I't, such that

(i) G, = Stabg(o,) for v € I'?;
(ii) Ge = G = Stabg(oe) for e € T'L;
(iil) ae: Ge = Gy(e) is given by inclusion for e € T U
(iv) ae: Ge = Gy is given by conjugation by g for e € T_ (see (4.2.24)).

We put ge = {ids}zep(im(o.)) for e € T' and g, = g; ' for e € 1.
So by definition for all e € F}i- one has a commutative diagram

Ge
) Gi(e)

go(e

Proposition 4.3.19. For G, F, ©(G, F) and {ge}ecr: as above, the assignment

(4.3.36) vor || (¢e(x)x)u | | Go — G
eel'l vel?
(0)
xego(e>
given by

Yo(g) = g; g € Gy,
Uol(e(2),2)) = Gey e €T, 2 €G)),

defines a groupoid homomorphism

(4.3.37)

(4.3.38) Y:m(G()) — G.
Proof. By definition, v, satisfies the relation
(4.3.39) Yo ((¢e(), 2)) Yo (2, Be())) = idg, (2

foralle e ', z € gf(’g). Moreover, by definition one has

o (e (), ae()) Po(ae(9)) o (ae(y) ae(y))) = Geae(a) @e(9) 9 p ()
(4.3.40) — a.(g)

for all e € Tt and g € G, with r(g) = = and s(g) = ¥. O
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Corollary 4.3.20. One has that i is a strong groupoid homomorphism.

Proof. Suppose that for p, ¢ € w1 (G(I')) one has that (1(p),¥(q)) € G2, i.e., s(¥(p)) =
r(¥(g)). Since 1) is a homomorphism, one has that ¥ (s(p)) = ¥(r(q)). By (4.3.37), one

has that s(p) = r(q), i.e., (p,q) € m1(G(I"))?. O

Since G(T') in the desingularization of the action of G on F' is a graph of groupoids,
one has that the fundamental groupoid 71 (G(T')) of G(T') acts on the Bass-Serre forest
Xg(r) associated to G(I') as we have seen is Subsection 4.3.1.

Proposition 4.3.21. Let G(I'), m1(G(T")) and Xgry be as above. Let
(4.3.41) U= v Xgp) — F
be the mapping defined by

V0 (pGulv]) = 1 (¥ (p), 0u((s(p))).
U (pH g le]) = 1! (D), oe((s(p)))),

where o, and o are the partial section associated to v € T? and e € T, respectively.
Then V¥ is a y-equivariant homomorphism of graphs, i.e.,

VOl (p,w)) = 1 (v (p), ¥0(w)),
U (utp, ) = p' (¥(p), U'(f))

for allp e m(G(I)), w e Xg(r) and f € Xé(r)'

(4.3.42)

(4.3.43)

Proof. We first prove that ¥ is a homomorphism of graphs. Note that for e € T_ and
PHye|le] € Xé(r)’ one has

(4344) t(Ue(w(S(Zﬁ)) = :U’O (w(ge,s(p))v Ot(e) (w(s(p»),

(4.3.45) 0(0e(1(3(p)) = To(ey (V(5(p)))-

For e € T' UY and pHle] € Xé(r)’ one has

t(oe(¥(s(p)) = o(0e(d(s(p))) = To(e) (¥ (s(P))) = T1(e) (¥(5(p))),

o(ae(d)(S(p))) = t(Ue ¢ S p ) ( ge s(p)) t(e )(111(5(29))) = Mo(dj(ge,s(p))_laUo(e)(d}(s(p))))‘
(

Thus with the notation as in (4.3.12), one obtains

(4.3.46) oe() = oz(x),
(4.3.47) t(oe(z)) = UO (1/}(96’%)1—2(@)’ Ot(e) (x))v
(4.3.48) o(oe(x)) = 10 (1(ge, 2) ), 0,y (7)),

for all e € I'', & € domo,. This shows that ¥ is a homomorphism of graphs which
commutes with the action of 71(G(I")) on Xgr). O

One has the following structure theorem.

Theorem 4.3.22. With the notation as above, 1 is an isomorphism of groupoids and
W is an isomorphism of graphs.

We need the following lemma for the proof of Theorem 4.3.22.
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Lemma 4.3.23. Let U = (¥°, U!): A — A be a homomorphism of graphs such that

(i) A is connected;
(1) A is a tree;
(iii) for all uw € A the map W'\, () sta(u) — sta(¥0(u)) is injective.

Then U is injective.

Proof. Since W' is injective by hypothesis, it suffices to show that UV is injective. Sup-
pose that there exist v, w € AY, v # w, such that ¥°(v) = ¥O(w). Since A is connected,
there exists a path p € P, (A) from v to w. Since A is a tree, by (iil) one has that
U, (p) is a reduced path from ¥°(v) to ¥O(v), which is a contradiction. Thus, ¥° is
injective. O

Remark 4.3.24. We recall that by the construction of the desingularization ©(G, F'),
one has that I' is a fundamental domain for the action of G on F. That is, for any
w € FO there exists v € I'Y such that w is in the saturation of imo,, i.e., there exists
u € imo, C FO such that w is in the orbit of w. Similarly, for any € € F! there exists
e € T'! such that ¢ is in the saturation of im oy, i.e., there exists f € imo, C F! such
that ¢ is in the orbit of f.

We are now ready to prove the structure theorem.

Proof of Theorem 4.3.22. Let © (7T1 (g(I)), Xg(p)) be the desingularization of the action
of m1(G(I')) on Xgr), given by a graph of groupoids &(A) based on a graph A and a
maximal subtree A C A such that (B(A), p) is a tree of representatives of the action of
m(G(T')) on Xgry. For v € I'Y, consider the partial section o, associated to v and the
stabilizer

Stabg(0v) = { g € G | 1%(g,00(s(9))) = u(r(9)), 5(g),7(g) € dom(oy) }.

Fix a unit z € m1(G(I'))© and consider the vertex zG,[v] € XS(F). Then there exists

w € A such that 2G,[v] is in the saturation of im ¢,,. Consider the stabilizer

Stabr, gy (ow) = {p € m(G(T)) | 1’ (p, 0w (5(p))) = ow(r(p)), s(p),7(p) € dom(ow) }.

Then the map

(4.3.49) w|Stabﬁ1<g<p))(ow) : Stabm(g(p))(Uw) — Stabg(oy)

is an isomorphism by construction. Then one has that the following diagram of graphs
commutes:

Xory) ——4—— F
d |

FPIA) —L—— FPYT)

where FP(A) and FP(T) are the forests of partial isomorphisms induced by &(A) and
G(T), respectively (cf. Remark 4.1.8). In particular, ¥ is an isomorphism of graphs.
Hence one has that

(4.3.50) MO(;b(m(g(F))), imov) = ;P(g, imo, )
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and, by (4.3.49), the groupoid homomorphism : m1(G(I')) — G is surjective. Thus,
since

FO = |_| uo(g,imav),

vel?

Fl = |_| /’Ll(gaimUE)a

ecl'!

(4.3.51)

by Remark 4.3.24, one has that W is surjective.
Note that Xgry is fibered on 71(G(I")) and each fiber corresponds to a connected
component of Xgr, i.e.

Xormy = | vXom),
yem (G(1)©)

where yXgr) denotes the fiber of y € 71(G(I)O (cf. Remark 4.3.17). Similarly, the
forest I is fibered on G(© and hence one has

F = |_| aF.
aeG“’)

Since V¥ is a v-equivariant homomorphism of graphs, one has that V(yXgry) C Fy(y)
for all y € w1 (G(I'))(®). Then for e € stp(v) one has canonical bijections

|_|e€stp(v) xgv/im(aé)
|—|e stp(v be
UEEStFM Nﬁ )
gl |Sth(F) (G [v])
86 g py (€Go[V]) ----mcmmmmmmm oo > str(ow(x))

given by

(4.3.52) ac(g) = gM e le],
(4.3.53) be(g) = 0e(s(9)),

for g € G, with r(g) = x. Hence \Ifllstxgm (2G.[v)) 18 bijective for every 2G,[v] € Xg(r)'
Thus, for any y € 71(G(I'))© the restriction

is an injective homomorphism of graphs by Lemma 4.3.23. Therefore, ¥ is injective.
Thus, V¥ is an isomorphism of graphs.

It remains to show that 1 is injective. Let N := ker(¢) = {p € m(G(T)) | ¥(p) €
GO}, For w e A, let m, = Stab, g(r))(0w). One has that N N, = 7 by (4.3.49).
On the other hand, for n € N and v € ng)r) such that s(n) = ¢(v) and v is in the
saturation of im o,,, one has

(4.3.55) O (10 (n,v)) = 10 (1(n), ¥ (v)) = ¥ (v)

since ¥ is a t-equivariant homomorphism of graphs. Since ¥ is injective, one has that
p(n,v) = v, ie, n = @v) € NNm, = 7. Thus, N = m1(G(I'))® and since 1) is
a strong groupoid homomorphism (see Corollary 4.3.20), it is injective by Proposition
2.3.31. This proves that 1 is an isomorphism of groupoids. 0
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4.4 Example

Example 15. Let I' be the graph

w e v
o ——=°
e

and let G(I") be the graph of groupoids

Guw g e G
@Qc——0

.

where

Go = {1, 22, 00,051}, s(aw) = 1, 7(ay) = 22,

Guw = {ylvaaawaa;1}7 S(aw) = Y1, T(aw) = Y2,
and

Ge = Ge = {21, 22}
That is, G(I") is the graph of groupoids

22 %1
° °
Y2 Z2
°
e
-1 -1
Ay a ———o Gy a,,
w Y v
(&
o
n I

for ¢ = 1,2. Then one has

and trasversals

7~é:gv'

We identify x; with y; for ¢ = 1,2 via the relation (4.1.2). Then the fundamental
groupoid 71 (G(T')) has unit space 7 (Q(I‘))(O) = {u1,us2}, generators

—1 1 _ _
{ay, a, ", aw, ay", y1€x1, Y2ers, T1€Y1, T2€Ys }
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and defining relations a;lav =uy, ava;1 = ug, a;law = uq, awa;l = ug, together with

relations
(R1) x1€y; = idy,, x2ey2 =idy,, vyiexr; =idy,, y2exs =idy,;
(R2) eX1€ = Y1, €eTo€ =19, EYie =11, EY2e = Io.

Hence one has

m(G(D)) = { w1, ug,

—1 —1
Qyy Ay 5 Aqpyy G

w

-1 -1 -1 -1
Ayl Oy Qs Quply, 5 Gy Gy

-1 -1, -1 -1 -1 -1
Oy Oy, Qyy Gy GopQy, 5 GGy Gapy Gy Gy Gy

S

That is, the morphisms of 71(G(I")) are the finite words given by the alternation of
composable red and blue arrows where no two successive arrows of the same color
occur, as shown in the subsequent diagram:

Ay
u1l Uug

—1
Ay

The Bass-Serre forest Xgr is defined as follows:

Xgry = {pGu[v] | p € m(G(D)) } U{pGulw] | p € m(G(D)) },

Xgry = {pHqle] | p € m(G(D)) },
where pG, = {pg | g € Gv, s(p) = r(g)} (see Definition 4.3.15). Then Xg(r) is a bipartite
graph, since the vertices of Xgr) are naturally partitioned into two disjoint sets and

each edge has initial vertex in one of these sets and terminal vertex in the other set.
The Bass-Serre forest Xg(r) is the union of the graphs uXgr), for u € m(g)@), ie.,

XQ(F) = ung(p) (] UQXQ(F) :

wGof] T vGu] wGule] — G
a; 1 He[e] a; Hele] ayHe[e] ayHele]
ay ' Gulw] (' Go[V] apGu[w)] ® awGo[v]

The fundamental groupoid m(G(T')) acts on Xgry by left multiplication with mo-
mentum map ¢: Xg(r) — 11(6)© given by ©(¢G,) = r(¢). Hence one has that
Xg(ry = ¢ Hu1) U (uz). There are two orbits of the action of m1(G(T')) on Xg(r):
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one is given by the collection of the red vertices and the other is given by the collection
of the blue vertices, i.e.,

Xgr = 10 (m(G(I), w1 Gv) U p° (m1(G(I)), u1Gu).

We enumerate the fibers of u; and wug (see the proof of Theorem 4.2.14), i.e., we enu-
merate the vertices of u1 Xgr) and u2 Xg(I') as follows:

1 1

® )
jxg 4

Such enumeration gives two partial sections of vertices o1, 09: 71 (G(I))(©) — X 8(1“) and

oc——0
oc——0

- >
w

a partial section of edges oe: 71 (G(I'))(®) — Xé(r) defined by

o1(u;) = uiGy[v],
o2(u;) = wiGu[w),
[

oe(u;) = uiHe[e],

for i = 1,2. Hence, we have a tree of representatives &(7") based on the segment tree
T = ({v1,v2}, {e, €}) as follows

V2 e U1

T '\‘\\‘__”,1'
€

&(T) O e O

where &; = Stab, gr))(01), &2 = Stab,, (gr))(02), and Ge = Stab, (gr))(ge). In
particular, &(T) is a desingularization of the action of 71(G(I")) on Xgr.
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Chapter 5

A groupoid C*-algebraic Bass-Serre
theorem

In Chapter 4 we have constructed a fundamental groupoid m;(G(I')) associated to a
graph of groupoids G(I') which generalizes the notion of the fundamental group of a
graph of groups. That is, if we consider the vertex and edge groupoids of G(I') to be
groups, then 71 (G(I")) coincides with the fundamental group of the graph of groups
m1(G(I")) as described in [35].

In [19] the author defines the fundamental groupoid F(G(T')) of a graph of groups
G(T) as follows. The unit space of F(G(T)) is the vertex set I'’, the generating set is
the same as for the fundamental group 71 (G(I")) as defined in Definition 2.2.20, i.e., it
is given by the edge set I'' together with the elements of the vertex groups G, v € I'°.
For e € T'!, the source and range map coincide with the origin and terminus map; for
g € Gy, v € TV, the source and range map are given by s(g) = r(g) = v. The defining
relations are given by the relations in the vertex groups together with the relation
eaz(g)e = ae(g) for each g € G, e € T''. This relation implies that ee = Ly(e), and
hence e and € are inverse elements in the sense of groupoids. The groupoid approach
is used in [19] to simplify calculations when establishing a normal form for elements of
the fundamental group.

In this chapter to a graph of groupoids we associate a groupoid, and we call it
univeral fundamental groupoid, which generalizes the fundamental groupoid of a graph
of groups, and then we associate to it an action groupoid.

5.1 The universal fundamental groupoid of a graph of groupoids

Standing Assumption. From now on, G(I') will denote a locally-finite nonsingular
graph of groupoids such that G, is a discrete groupoid for every v € T'? and a.(G,) is a
wide subgroupoid of Gy for each e € It

Definition 5.1.1. The universal fundamental groupoid of the graph of groupoids G(T')
is the groupoid II; (G(I")) defined as follows (see |17, §3| for presentation of groupoids).
It is generated by the set

(5.1.1) < | ] gu % {v}) U < L] o) {6}>

vel0 ecl'!
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with unit space

(5.1.2) N = | | 69 x {v}
velo

and range and source maps defined by

(5.1.3) r((z,€)) = (z,t(e)) and r((g,v))
514 s((x,€)) = (ge(w),0(e)) and s((g,v)) = (s(9),v),

I
<
—~~

)
~—
<
~—

for all x € gt (¢ €€ I'! and for all g € G, v € I'Y. Multiplication in IT; (G(I')) is defined

by concatenatlon Moreover, groupoid elements are subject to relations

(R) (g1,v) ’ (gQav) = (91927U)
(R27) (r(ae(g)).€) - (ae(g), t(e)) - (s(aelg)),e) = (aelg), ole))

for all g1,92 € Gy, v €T? and g € G, e € I''. Note that

(5.1.5) (9e(@), €) - (z,¢) = (9e(), €) - (z,t(e)) - (z,€) = (¢e(), 0(e))
by (R2’), that is, (z,e)~! = (¢e(),€), and that (g,v)" = (g7, v) by (R).

Remark 5.1.2. Unlike the unit space of the fundamental groupoid m1(G(T")), where we
identify some units of different vertex groupoids via the relation (4.1.2), we consider
here all the units in the disjoint union of the vertex groupoids.

As we have done in Chapter 4, we now define graph of groupoids II;-words, a forest
Yg(ry on which IT; (G(I')) acts without inversion of edges, and then we define the action
groupoid IT; (G(T)) x Yg(r).

Definition 5.1.3. We call a graph of groupoids 111-word a sequence

= (g1,t(e1)) (s(g1), e1) (g2, t(e2)) (5(g2), €2) - - (gns t(en)) (5(gn); €n) (gn+1, 0(en)),

where
ec,cllforalli=1,... n;
o o(e;) =t(ejy1) foralli=1,...,n—1;

® gi € Gye, foralli=1,...,n and gni1 € Go(e,);
e foralli=1,...,n one has qSéi(s(gi)) =1r(git1)-

Notation 5.1.4. We denote a graph of groupoids II;-word w = (g1,t(e1)) (s(g1),€1) - -

(gn,t(en))(s(gn), en) (gnt+1,0(en)) by w = gr€1 -+ gnengnt1, since it is clear that the
concatenation g;e; is possible if and only if g; € Gy(,).

For all e € T'! we choose a left transversal T, of a(G,) in Gi(e) containing the identity
elements of Gy, i.e., for all g € Gy there exist 7 = 7(g,e) € T and h = h(g,e) € Ge
such that g = Tac(h).

Definition 5.1.5. A graph of groupoids IIj-word w = g1e192€2 -+ - gn€ngnr1 is said to
be reduced if it satisfies

(i) gi € Te, foralli =1,...,n and gni1 € Go(e,);
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(ii) if e;—1 = &; for some 2 <7 < n, then g; is not a unit of Gy(,).

Again, one has that each element of IT; (G(I")) is represented uniquely by a reduced
graph of groupoids II;-word. We omit the proof of this statement, since it is identical
to the one of Theorem 4.3.9.

Since we work with two different groupoids associated to a graph of groupoids
G(TI"), i.e., the fundamental groupoid 71 (G(I")) and the universal fundamental groupoid
I1;(G(T")), we establish a connection between them.

Remark 5.1.6. The fundamental groupoid 7 (G(I")) has the same generators as I1; (G(I")).
In fact, for a generator (z,e) € II1(G(T')), where e € T'!, x € Qt(?e)), one has that

r((x,e)) = (z,t(e)) and s((z,€)) = (¢z(x),0(e)). Put ¢e(x) =y € gf()g). Then, (x,e€)
may be seen as an arrow from y to x. On the other hand, one has that (z,y) =
(¢e(y),y) € m(G(T)). That is, for z € gf(oe)), e € T (z,¢s(7)) is a generator of
m1(G(T")). Hence, one obtains the fundamental groupoid 7;(G(I")) by adding the rela-
tions ~ (see (4.1.2)) and (R1) (see (R1)) to II; (G(T)).

Furthermore, note that one may associate to a graph of groupoids G(I') a more

general groupoid, i.e., the groupoid generated by the same generators as I1; (G(T")) (see
(5.1.1)), and no relations.

As we have done in Chapter 4, we define a forest, which we call the universal forest,
on which the universal fundamental groupoid acts.

Definition 5.1.7. The universal forest Ygr) of the graph of groupoids G(I') is the
graph defined by

(5.1.6) = || m(G(1)/G. [0,
vel0

(5.1.7) = || T(G(T)/Hyelle).
ecT'!

The maps o, t: Ygl(r) — YO(F) and ~ g(r) — Y g(r) are given by

(5.1.8) o(pHe)) = pe' *9G,[0(e)] € TL(G(T)) /oo
(5.1.9) t(pHe) = pe DGy [t(e)] € M1(G(T))/Gre),
(5.1.10) pH,e/[e] = pH,¢ [,

where e: T — {0, 1} is the map defined in (4.3.12).

Remark 5.1.8. Note that the maps ¢t and o are well defined and Yy is a graph (cf.
Definition 4.3.15). The universal fundamental groupoid II; (G(I')) acts on Ygry by left
multiplication with momentum map

¢ Y9 — 1 (g(1) @

(5.1.11)
pGy > 1(p).
That is, for p,p’ € IL(G(D)), qGu[v] € Y1y, a'Hele] € Ygp) with s(p) = (qGy) = 1(q)
and s(p’) = poo(¢'He) = r(q’) one has that
(5.1.12) 10(p, aGu[v]) = pgGulv],
(5.1.13) wh (P, Hyele]) = p'q Hele],
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where pg € TI1(G(T")) is the reduced graph of groupoids IIj-word obtained from the
concatenation of p and g. Moreover, Yg(r) is fibered on 11 (G (T)© via the map ¢ and

one has that 0
Yom= | oY,

z€ll; (G(I))(©)

where 2Ygry = ¢~ (z) (see 4.3.17). In particular, Ygry is a forest (see 4.3.18).

5.2 The boundary of the universal forest

Let X = (X% X1) be a locally finite, nonsingular tree, i.e., each vertex has finite valence
bigger than 1, and choose a base vertex z € X°.

For n > 0 we write x X" for the set of reduced paths of length n with terminus «.
Since X is locally finite, the set X" is finite for each n. We denote by xX™* the set of
all finite reduced paths in X with range x, that is,

(5.2.1) eX* = JzX"
neN

Definition 5.2.1. The boundary (from z) 20X of the tree X is the set of infinite
reduced paths with range x, that is

(5.2.2) 20X = {ejex--- | tler) = x,e; € X1 0(e;) = t(eir1),i € N}

Definition 5.2.2. For a finite reduced path p € zX*, we define the cylinder set Z ()
to be the elements of x0X that extend p, that is

(5.2.3) Z(p)={wezdX |w= ' W €o(u)dX}.

Since X is nonsingular, the set Z(u) is nonempty for all such p. The collection {Z(u) |
p € xX*} is a base for a totally disconnected compact Hausdorff topology on zdX,
coinciding with the topology described in Section 2.2.2.

We now consider the universal forest Ygr) for a locally finite, nonsingular graph of
groupoids G(I"). Let II;(G(I")) be the universal fundamental groupoid of G(I'). Then

(5.2.4) Yg(p) = I_l ng(p)
€ (G)©

by Remark 2.4.17. Thus, we define the boundary dYgry of the universal forest Y r) as
the union of the boundaries of its subtrees Yg(r), that is

z€ll;(G)(©)

Then 9Yg(r) is a totally disconnected compact Hausdorff space. We can then identify
the boundary 0Yg r) with the set of infinite reduced graph of groupoids II;-words, which
is the set of all infinite sequences giejgoes ... such that each initial finite subsequence
of the form gie; - - - gne, is a reduced graph of groupoids II;-word, i.e., an element of
I1;(G(I")). The range map r extends to infinite reduced words in the obvious way:

(5.2.6) r(gieigzez...) :==r(g1).
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There is an induced action of I1;(G(I')) on the boundary 0Ygr). Let p € TI1(G(T'))
and let £ € 9Yg(r) and suppose that s(p) = 7(£). The infinite word consisting of the
concatenation of the reduced II;-word p with the reduced infinite II;-word £ will not in
general be reduced. However, by possibly infinitely many applications of the relations
in the vertex groupoids and relations (R2’), this concatenation can be transformed into
an infinite reduced graph of groupoids IIj-word &’. This procedure of concatenation
and then reduction taking & to & defines an action of the groupoid IT; (G(I")) on the
set OYg(ry. The image of a cylinder set Z(u) under this action is a union of cylin-
der sets, and so the fundamental groupoid I1;(G(I')) acts on the boundary 0Ygr) by
homeomorphisms.

5.3 The action groupoid II,(G(I')) x 9Ygr)

We have seen in Remark 2.4.5 that the action of a topological groupoid G on a locally
compact space X defines naturally a groupoid G x X, called the action groupoid. Thus,
given a graph of groupoids G(I'), we consider the action groupoid

I (G(T)) x 9Yg(r)

defined by the action of the fundamental groupoid IT;(G(T")) on the boundary dYgry of
the universal forest Yg ). We want to make TI; (G(I')) x 0Yg(r) into a locally compact
étale groupoid. Much of this section is inspired by [24]. The idea is to use the sets

{{u} x Z(W) | v € TL(G(T)), s() = r(v) }

as a basis for a topology on I11(G(I')) x 9Yg ).

Since Yg(ry is a forest, two cylinder sets Z(v) and Z(¢) in Yg(ry only intersect if
either v is a subword of {, and in that case Z(¢) C Z(v), or ( is a subword of v, in
which case Z(v) C Z({). Thus, the following lemma is straightforward.

Lemma 5.3.1. For u,v,~,¢ € I11(G(T")) with s(u) = r(v) and s(y) = r((), one has

{u}y x Z(v) ifp=r,v=_v forv e (G(I)),
{uy x Z(v) N {v} x Z(Q) = v} x Z(Q)  if u=", ¢ =v¢ for ' € (G(T)),

0 otherwise.

Proposition 5.3.2. Let G(I') be a locally finite nonsingular graph of groupoids. Then
the sets

{{u} x Z(v) | p,v € IL(G(D)), 5(p) = 7(v) }-

form a basis for a locally compact Hausdorff topology on 111 (G(I')) x 0Ygr). Moreover,
with this topology 111 (G(T')) x 0Yg(ry is an ample groupoid in which each {u} x Z(v) is
a compact open set.

Proof. By Lemma 5.3.1, each finite intersection of {u} x Z(v)’s is another set of the type
{p} x Z(v), and hence the sets {u} x Z(v) form a basis for a topology on II; (G(I")) x
0Yg(ry. Moreover, we now prove that it is a Hausdorff topology. Let (i,£), (W',& e
M (G(T)) x OYgry, (1,&) # (W,&). If pu # ', then it suffices to choose v and v/ in
I} (G(T')) such that & = vn, & = vy’ for 0,1’ € OYg(ry to have {u} x Z(v) N {u'} x
ZW) =0, (11,8 € {pu} x Z(v) and (¢, &) € {'} x Z(V'). If p = ¢/, then it must be

~— —
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& # &'. Suppose that & = gieigees -+ and & = gjejghel---. Then there exists n € N
such that

! / ! /
Gnt1€ni19ni2€ni2 - 7 In+16n+19n+2€n+2° -

Thus, by putting ( = gie192€2 - - - gnt1n+1 and ' = i€l gyes - - g}, €], we have that

{u} x Z2(¢) n {u'} x 2(¢') =0,

(1, €) € {u} x Z(¢) and (1, &) € {1} x Z(¢'). Furthermore, inversion and product are
continuous, since

({u} x ZW)) " ={n™"} x Z(w)

and

T x z) = U (I x 2(¢v) x ({¢) x Z2(v)).

y¢=p

Next note that the range map 7 is a homeomorphism from {u} x Z(v) to {r(u)} x Z(uv)
and the source map s is a homeomorphism from {u} x Z(v) to {s(n)} x Z(v). Thus,
each {u} x Z(v) is an open bisection. Finally, since the Z(v)’s form a basis of compact
open sets of dYg(r), one has that I1;(G(I')) x 9Yg(r) is Hausdorff ample. O]

5.4 The graph of groupoids C*-algebra

In this section we build the groupoid analogous of the graph of groups C*-algebra
defined in [8, §3]. We begin with the definition of a unitary representation of a discrete
groupoid, then we give the definition of a G-family and define the graph of groupoid
C*-algebra C*(G).

Definition 5.4.1. Let G be a discrete groupoid. A function U: G — B(H) is a unitary
representation of G if
(i) for z € GO, U, is the orthogonal projection on a closed subspace of H;

(ii) for all ¢ € G, Uy is a partial isometry with initial projection Uy and final
projection U,(y), that is, UjUy = Uy and UgUy = U, (y);

(iii) for g,h € G, one has

(5.4.1) UL, = {Ugh i s(g) = r(h)

0 otherwise.

The multiplication formula (5.4.1) applies when g and h are units, and then says
that the projections U, for z € G(9), are mutually orthogonal.

Definition 5.4.2. For each e € I'!, choose a left transversal 7. of a.(G.) in Gi(e)
containing the identity elements of Gy.). A (G, T)-family is a collection of partial
isometries S, for each e € I'' and unitary representations U., of G, for each v € I
satisfying the relations:

(Gl) UJ},’UUyﬂU - O for al] v # w, T c gq()o), Y c gg))’
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(G2) Uy, (g),t(e)Se = SeUa,(g),0(e) for each e € I' and g € Ge;

(G3)
> Usore) = SiSe + SzS;
megff()i)
for each e € T'!;
(G4)
SeSe = > Unot@SrSiUs oo

t(f)=o(e), heTy
hf#e, veg) ),

for each e € T'L.

Remark 5.4.3. Relation (G4) is independent of the choice of transversals. Given a
second choice of transversals {7/ | e € T''}, edges e, f € T'' with ¢(f) = o(e), and
h' € T7, we write b’ = hay(g) for some h € Ty and g € Gy. Then (G2) gives

(5.4.2) Uh’yo(e)SfS;U}tﬁo(e) = Uh,o(e)Uaf(g),o(e) Sf S;; U;f(g),o(e) U;{,o(e)

= Uh.o(e) St Uas(9).0() U s(g).0() 57 Unofe)
== Uh,O(E) Sf S; Uft,o(e)'

Given Remark 5.4.3, from now on we call a family of partial isometries and partial
unitaries as in Definition 5.4.2 a G-family. We can now define the graph of groupoids
C*-algebra.

Definition 5.4.4. Let G(I") be a locally finite nonsingular graph of groupoids as above.
The graph of groupoids algebra C*(G) is the universal C*-algebra generated by a G-
family (cf. [26, Proposition 4.1] for the existence and uniqueness of C*(G)), in the sense
that C*(G) is generated by a G-family {u.,,se | v € I'%,e € I''} such that if B is a
C*-algebra, and if {U.,,S. | v € % e € I''} is a G-family in B, there is a unique
*-homomorphism from C*(G) to B such that u., — U., and s, — Se.

Remark 5.4.5. We build a concrete G-family using regular representations of the trans-
formation groupoid II;(G(I')) x dYgr). Let & = gieigaea--- € Vgr). Put He =
2(IL(G(I))E ), where IL(G(D))E = {p€ | p € IL(G(T)), 5(p) = r(€)}. For v € IL(G),
let d,¢ be the point mass function. For e € ', let ¢: He — He be the map defined by

(5.4.3) de(h) = ac(az'(h)).

Since a, is a monomorphism and G, is a wide subgroupoid of Gy for all e € 't we
have that ¢, is an isomorphism of groupoids for all e € I''. We define a G-family in
B(H¢) by

(5.4.4) Sede = Opo(r(n))eve L T(Y) € Goey, ¥ € OVg(ry \ Z(r(7)e),
B 0 otherwise.
) if —
(5.4.5) Ugwlne = {Ogvé 1 7“(7). s(9),
otherwise.

for each e € Tt v € T, v € T[1(G(v)) and g € G,,.
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We verify that this is indeed a G-family. First, it is easy to see that (G1) follows
from the above formula for U, ,. Next note that

(5.4.6) 6. = 0 if A€ :'gbe(r(g’))ef’ for some &' € g \ Z(r(f’) é),

0 otherwise.
It follows that S.S7 is the projection onto span{ d,¢ | 7§ € Z(we),x € gé?e)) }. Observe
that U, , is the projection onto span{ d,¢ | 7(7) = « }, and hence Zzeg@ Uz is the

projection onto span{ d¢ | r(vy) € g }. It follows that

SiSe =Y Uso(e) — SeSz.

(0)
ngO(e)

Therefore, (G3) holds.
Next we note that for g € Ge, Uy, (g)(e)Sere 7 0 if and only if s(ae(g)) = ¢e(r(7))
and v§ € dYgr) \ Z(r(v)e). In this case, we have

Ua.(g),t(e)Se0r¢ = ac(g)eve = Or(ac(g))eae(g)re:

We also note that U, (g),0(e)0v¢ = Oaq(g)ye if and only if r(y) = s(az(g)). If moreover

ae(g)vE € OYgry \ Z(r(ce(g))e), we have
(5'4'7) SeUO‘é(g)vO(@)(s’Yf = S@(saé(g)’yf = 57"(045(9))604@(9)«/5'

Lemma 5.4.6. Lete € T, g € Ge, v € I11(G) such that () = s(ae(g)) and & € OYgr).
Then az(g)v€ € Z(r(az(g))e) if and only if v& € Z(r(v)e).

Proof. Lety = g1€1...gnengn+1. Thenr(y) =r(g1). Suppose that az(g)y§ € Z(r(aé(g))é).
Then there exists & € 0X such that

(548) Oéé(g)gl€1 .. gnengnJrlf = r(aé(g))éél,

This implies that e; = € and az(g9)g1 = r(az(g)), i.e., az(g)g1 must be a unit. Then
either g1 = az(g)~! or g; is a unit. Since v is reduced, one has that g; € 7z and hence
g1 # az(g)~'. This implies that gy is a unit, i.e. g1 = r(g1) and hence v¢ € Z(r(g1)e).

Viceversa, suppose that 7§ € Z(r(g1)e). Then there exists £’ € 9Ygr) such that
~¢ =r(g1)e€’. Thus, one has

/!

ae(9)7€ = ae(g)r(g1)es’ = aa(g)es’ = r(az(g))eae(g)¢’.
That is, ae(9)7v€ € Z(r(ce(g))e). O

By Lemma 5.4.6, one has that SeUag(g),o(e)(S’yf =0 if and only if Uae(g),t(e)seé'yi = 0,
and if non zero, they are equal. Hence (G2) holds.

Finally, one has that (Uh,t(f)Sf) (Uh7t(f)Sf)* is the projection onto span{ d,¢ | v €
Z(hf)} by the same argument as above. This observation together with (G3) yield to
(G4).

There are some important consequences of the relations (G1)-(G4) in Definition
5.4.2.

Lemma 5.4.7. Let G(T) be a graph of groupoids and let {U.,,S. | v € T% e €Tt} be
a G-family. For e € T'' one has

83



(’L) SeSé = SéSe = 0,’

(1) g0 Untte) Se = 2yeqe) SeUpole) = Se;

(iit) SeSg =0 for f € TV with t(f) # o(e);
(iv) Ug, 1, SeUgywy =0 for vy # t(e) or va # o(e).

Proof. Since S, and Sg are partial isometries and since S} S, and SgS: are orthogonal
projections, one has

(5.4.9) SeSe = (5.575.)(Se8:Se) = Se(SFS.5:5%)Ss = 0;

(5.4.10) SeS. = (825552)(S.57S.) = Se(SES25.5%)8, = 0.

This proves (i). It follows that

(5.4.11) > Uso(e) Se = (55Sz + SeS;)Se = 52528 + SeS;Se = Se;
xeg“’l

(5.4.12) » ST S.(SFS. 4 SeS%) = 5.1 Se + 5.5:5% = S,
veg,q))

which proves (ii). Moreover, one has that

(5.4.13) 881 =2 SUpoto) (D2 UnuiySr) =0
vegeL) =€0,0h

by (ii) and relation (G1), which proves (iii). Finally, (iv) follows by the same argument
used to prove (iii). O

Lemma 5.4.8. Lete, f € T'' and put v =t(f). Then for g € T; one has

* _ o) . _
(’L) S*Ug vSf _ {OSeSt?Uy,o(e) ngf zre,xr € gt(e y= ¢e($),

otherwise.

UgwSy tfv=o(e),gf #ye andy € g(()?i)v

0 otherwise.

(ii) S;SeUgwSy = {

Proof. If gf = xe for some = € gt((oe) , then one has

(5.4.14) SiUgwSt = SiUs ey S = SESety,o(c)

by (G2), where y = ¢z(x). If t(f) # t(e), then one has

(5415) S:Ug,vsf = S:( Z x,t(e))Ungf =0
zeG?

t(e)
by Lemma 5.4.7 (ii). If t(f) = t(e) and gf # xe, x € gt(?e)), one has

SeUgwSy = (Se8eS)Ugw(SyS3Sy)

’

= 57 (81U, 084 (8705 ) U5y )
(5.4.16)
= 52 (8e82 Uy S 1 (UgaS1) ) UgarS

:07
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since Uy, SF(UguSf)* is a subprojection of S:Sz by (G4) and since S.S; and S;Sg are
orthogonal by (G3). Thus, (i) is proved.

It remains to prove (ii). If o(e) # v, then S}S.Uy.,Sy = 0 by Lemma 5.4.7 (iv). If
gf = ye for some y € gf)‘()g), y = ¢z(x), then one has

(5.4.17) SeSeUg Sy = S;SeUy o(e)Se = Sz SeSeUy () = 0,
since Sesz = 0. Finally, if o(e) = v and gf # ye, y € Q’(()(()g), then one has

5256[]9’1)5]“ - S:SeUg,vSf(Ug,USf)*Ugﬂ’Sf
(5.4.18) = UygwS(UgwSs) UgwSs
= U, .5,

since Uy, Sy is a partial isometry and Uy, S¢(Uy,»Sf)* is a subprojection of S} Sc. This
proves (ii). O

Notation 5.4.9. For v € I? and p = gie1 - - - gnen € m(G(I)), we put

(a) Py = Z Ux,v;

xegl(;(])
(b) Sp = Ugl 7t(€1)S51 ng,t(€2)S€2 e Ugn,t(en)sen;
(C) O(:u) = 0(671), t(lu’) = t(el)a
(d) s(p) = bz, (s(gn)), r(n) =r(g1).

Lemma 5.4.10. Let e € T'Y. Then one has

SeSi =Y SaeSie-

Z‘egf?g)

Proof. By (G2) one has that Uy y(e)Se = SeUg, (2),0(c)- Then

D SeeSie= D Usa(e)Se StUs e

2eg((), z€G{ )

= D SeUset@yofe) Usa(w).ofe) Se

(0)
megt(e)

=5 (D UpoUsoe) S

©)
Y€9,(e)

=S ( > Uy,o(e)) Se

©
Y€Yo(e)

Lemma 5.4.11. Let v € I'Y Then for any k > 1 one has that

po= Y, SaSi.

aem (G(I)),
t(a)=v, |a|=k
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Proof. We prove it by induction on k.
Let k£ = 1. Then the right-hand side of the equation in the statement becomes

(5.4.19) Y SaSi= > SuSiy
aem (9(I)), FETLt(f)=v,
t(a)=v,|a|=1 heTy

On the other hand, for e € I'! such that o(e) = v, one has that
Do = S5 Se + 5eS;

:( 3 Shfs;;f)+sésg
ferti(f)=v,
heTy, hf#we

(X SuSi)+ Y SesSic

fert t(f)=v, zegl?
h€Ty, hf#xe

= > SuShp
fertt(f)=v,
heTy

where we have used (G3) for the first equality, (G4) for the second one and Lemma
5.4.10 for the third one.
Suppose the thesis is true for k = n, n > 1, and consider £ = n + 1. Then

2. SaSa= ) >SS

aem (G(I)), pem(6(I)),  B'em(9(I)),
t(a)=v, |a|=n+1 t(B)=v, |B|=n r(B)=s(B),|8'|=1

= > ST 5585858
pem (@), Fem(G(n),
HB)=v. [8l=n r(8")=s(5),|5' |1

= > S ( > Sglsg,> S5
Bem (G(I), §'em (G(1),
wB)=v,1Bl=n  r(8)=s(8),|5'|=1

= Y Sspup S

pemi(G(I),
t(B)=v, |Bl=n

= > 55

pemi(G(I),
t(B)=v, |Bl=n

= Do,

where the last equality is given by the induction hypothesis. O

5.5 A groupoid C*-algebraic Bass-Serre theorem

The action of the universal fundamental groupoid II;(G(I")) of a graph of groupoids
G(T') on the boundary dYgry of the universal forest Yy induces a groupoid, the ac-
tion groupoid, to which is associated the C*-algebra C*(II1(G(T")) x 9Ygr)). In this
section we prove our main theorem, which shows that the graph of groupoids C*-algebra
C*(G) is isomorphic to the action groupoid C*-algebra C*(II1(G(T')) x 9Yg(r))-
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Notation 5.5.1. (a) From here on we denote the graph of groupoid words z e ¢z(x)
by xe and ge ¢z(s(g)) by ge, where e € 'y, z € Qlf(oe)) and g € Gy()-

(b) Note that multiplication and inversion in C*(II1(G(T')) x Ygr)) are defined as in
2.5.1. For S,T € C*(I11(G(T')) x 9Yg(r)), we wil denote the convolution S * T by
ST.

Proposition 5.5.2. Let G(I') be a locally finite nonsingular graph of groupoids. For
eachv €T°, g€ G,, e € 't define

(5.5.1) Ugw = X{g}x 2(s(9))>

(5.5.2) Se = Xz.

where

(5.5.3) Ze = |_| {1‘6} X Exe»
:)36922)

and

(554) Eze = Z(¢é(x)) \ Z(¢é($)é)

Then the collection {U.,,Se | v eI ee T} is a G-family in C* (I (G(T)) x 0Yg ).

Proof. Firstly, we prove that U. , is a unitary representation of G, for each v € I'’. Let
veTY and g € G,. For (v,&) € II1(G(I)) x OYg we have

(Ug,v U;,v)('ya 5) = Z Ug,v(ryl’ ’725) ’ U;,v('YQv 5)

11,72€H1(G(T)),
Y1y2="y

= Z Ug,v (71, ’725) ’ W

~y1,72€1 (G(T)),
Y1iy2=Y

= Z Ugw(71,728) - Ug,v((751a72§))
v1,72€I11 (G(T)),
Y1iy2=Y
= D X)) (11:726)  Xigyx 2059y (V2 1726,

11,72€H1(G(T)),
Y1y2="y

and X (g} x 2(s(a)) (71> 728) * X{g)x 2(s(0)) (V2 - 72€) # 0 if and only if v1 = g, 75 ' = g and
1€ € Z(s(g)), i.e., if and only if v = gg~! = r(g) and £ € Z(r(g)). Hence, we have

(5.5.5) (Ugw Uy ) (75€) = X{r(9)3x 2(r(g)) = Ur(g)w(75€)-
Moreover, we have
(Ugw Ugw)(7,€) = > Ugo(11,728) - Ugw(72,€)
Y1,72€H1(G(T)),
Y1Y2=7

= Z Ug,w((11,728)71) - Ugw(72,€)

y1,72€M1 (G(T)),
Y1Y2="Y

= > Upen 28 - Uga(72,),

y1,72€M1 (G(T)),
Y1y2=7

(5.5.6)
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and Uy (7™, m72€) - Ugou(72,€) # 0 if and only if 5, ' = g, 72 = g, 7€ € Z(s(g)) and
€€ Z(s(g)), ie., if and only if v = g~1g = s(g) and £ € Z(s(g)). Hence, we have

(557) (U;,v Ug,v)(% 5) = X{s(g)}xZ(s(g)) — Us(g),v(’% 5)

Thus, Ugﬂ] Ug*,v = Ur(g),v and U;,v Ugﬂ, = Us(g),v-
Finally, for g, h € G,, s(g) = r(h), we have

(5.5.8) Ugw Uno) 1,8 = > Ugw(11,%28) - Unw(12,€)

At 772€H1(g(r))7
Y1v2="Y

and Uy (71,728) - Unw(72,€) # 0 if and only if v1 = g, 126 € Z(s(g)) 72 = h and
&€ Z(s(h)), i.e., if and only if v = gh and £ € Z(s(h)) = Z(s(gh)). Hence, we have

(5.5.9) (Ugw Unw) (7€) = Xqghyxz(s(h)) = Ughw(75€)-

Thus, Uy, Upy = Ugp,. Hence, U. , is a unitary representation of G,.
Then, we prove that S, is a partial isometry for all e € T''. Let (v, &) € II1(G(T))
9Ygr). Note that

(5.5.10) S(1:€) = Se((1, )70 = x2.((1,) 1) = Se((7:) 7).

Thus, one has

(S:S)(8) = Y Si(n.728) - Se(72,6)

71,72€1 (G(1)),
Y1Y2=7

— Z Se(v s 11728) - Se(72, )

7 ,72€M1 (G(T)),
Y1Y2=Y

(5.5.11)

Note that Se(v7 ", 7172€) - Se(y2,€) # 0 if and only if ;1 = ze for some 2 € Qt(?e)),
72 = ye for some y € G, 7 € By and € € Bye. That is, Se(77,7172) - Se(72,€) # 0
if and only if v1 = ¢e(z)e, z =y, v = 1172 = ¢e(r) and § € Zg. Thus, one has
1 if (’775) € I_lxeg(D) {(bé('x)} X Exm

t(e)

0 otherwise.

(5.5.12) (S¢ Se)(7,€) = {

Hence one has

(5.5.13) (Se SS9 = D> Selym28) - (S5 Se)(h2.6).

71,72€ (g(F))7
Y1Y2="Y

Note that Se(y1,728) - (S} Se)(72,€) # 0 if and only if 41 = ze for some z € gf?e)), Y& €
Eres Y2 = ¢(y) for some y € gt(?e)) and § € Eye. That is, Se(v1,728) - (S5 Se)(72,€) # 0

if and only if x =y, v = y1y2 = xe for some x € gt((oe)) and & € Z,.. Hence, one has

1 if (7,¢) € re} X Spe
(5.5.14) (Se 5% 5)(,€) = 08 € gy e}
0 otherwise
= Se(’% 5)7
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which proves that S, is a partial isometry.

Finally, we prove that the family {U.,,S. | v € I'%,e € I''} satisfies (G1)-(G4) in
Definition 5.4.2.
Let 2 € Gy, Yy € Gy, v,w € TV with v # w. For (v,£) € T[1(G(T)) x 9Yg(r), we have

(5-5-15) (Ua:,v Uy,w)(Vaé) = Z Ua: v(71;72§) yw(’727€)

71,72€I11(G(I)),
Y1v2=Y

In order to have Uy (71, 72£) - Uy,w(72,§) # 0 it must be vy = z and y2 = y, with y172 =
~. Since x € G, and y € Gy, they are not composable. It follows that (U, , Uyw)(7,€) =
0. This proves (G1).

Let e € ', g € G and (v,€) € IL1(G(T)) x 8Yg(r). Then one has

(5.5.16) Uaelgte) S (16 = D Uay(g)ite)(11:726) - Se(72,€).

y1,72€1(G(T)),
Y1v2="Y

Note that Uy, (g () (71,72€) - Se(72,€) # 0 if and only if v1 = e (g), 12§ € Z(s(e(9))),
~vo = xe for some x € gt((oe)) and £ € Z,, i.e., if and only if 71 = ae(g), 72 = ae(s(g)) e
and § € E,_(5(g))e- Hence one has

(5517) (Uae( )4 )(7 é) {1 if (’Yaé) S {Ole(g) 6} X Eae(s(g))ev

0 otherwise.

Similarly, one has

(5.5.18) (Se Uaé(g),o(e))(%é) = Z Se(71,78) - U, )o(e)(’VZaf)

Y1,72€m1(G),
Y1iv2=Y

Note that Se(71,7%2€) - Uau(g),o(e)(72:€) # 0 if and only if 71 = xe for some z € Qt(o

(e)
725 S :xea Y2 = Oée( ) andf € Z( ( ( ))) that IS if and Only if m= ae(r(g))
Y2 = ag(g) and § € E,_(5(g))e- Hence one has that S, (’717725) ae(g).o(e) (72:€) # 0

and only if v = a.(r(g)) e ae(g) = ac(g) e az(s(g)) and £ € Z,, (5(g))e-
Thus, one has

)

0 otherwise.

(5.5.19) (Se Untghofe)) (1) = {1 if (7,€) € {ee(9) €} X Ea,(s9) e

= (Uac(g),t(e) Se) (75 €)-

Thus, (G2) is proved.
It remains to prove (G3) and (G4). For e € I'!, note that

eG(()) 2€G)(),
where
(5.5.21) Zy= || {2} x Z(2).
$Eg((()))
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For (v,&) € I1(G(I')) x dYg(ry), one has

(5.5.22) > Usoe)(1,6) =

(0)
wego(e)

{1 if (7,€) € Zy

0 otherwise.

We also note that

(5.5.23) (Se SO = D Se(1,7%8) - Si(2,€)

71,72€111 (G(T)),
Y1v2=Y

= Z Se(W1»72f)'Se(7§l,72§)'

71,72€111 (G(T)),
Y1iv2=Y

Note that Se(v1,72€) - 55(72_17725) # 0 if and only if 74 = ze for some z € QE?E)),
72_1 = ye for some y € Qlf(oe)), i.e., 72 = ¢z(y)e for some y € Qf?e)), 72§ € Ege N Eye, that
is, if and only if x =y, 7 = zegs(x)ée = x and £ € Z(ze) for some x € Qt(?e)). Thus, one
has

L8 € Uyego (o} x Z(we),

0 otherwise.

(5.5.24) (Se 5)(7,€) = {

In particular,

1 if (v,¢) € Uwegf}?i){x} x Z(xe),

0 otherwise.

(5.5.25) (Se S2)(7:€) = {

Then (G3) follows by the combination of (5.5.22), (5.5.12) and (5.5.25).
Finally, we prove (G4). Let f € I'y and h € T;. We put

(5.5.26) Sht = Unu(p) Sy

and prove that

(5.5.27) SiSe= > SuSi
t(f)=o(e), heTs

hi#ve,x€dly))

Let (7,€) € IL(G(I)) x 0Yg ).
Step 1. One has

(5.5.28) Shr(7,€) = Z Unt(ry(715728) - Sp(72, ).

71 ,72€I11(G(I)),
Y1v2="Y

Note that Uy, 45 (71,726) - Sf(r2,§) # 0 if and only if 1 = h, 12§ € Z(s(h)), 72 = = f

for some x € gf?}) and & € Z,y; that is, if and only if = s(h), v = 1172 = hf and

§ € Eg(n)s- Thus, one has

(5.5.29) Shi(V:€) = X{hsixZun s
_ {1 if (7,€) € {hf} % Zguys

0 otherwise.
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Step 2. One has

Shp = (SUhsp)(156)

- Z St(115,728) - Up oy (2:€)

(5.5.30) 2€m (G(T),

= > Syt 28 - Unan (35 126)-

71 77261—[1 (g(F))7
Y1Yv2="Y

Note that Sf(yy ,7{)/2{) Uni( )(72_1,725) # 0 if and only if 47! = zf for some z €
gt((}), Y1728 € Eup, 750 = h and 1€ € Z(s(h)). That is, if and only if 2 = s(h),
7 = ¢5(s(h) fs(h), v& € Egpyps 72 = h™' and € € Z(r(h)). Thus, S(v ", 71728) -

Upa(p) (721 72€) # 0 if and only if v = ¢(s(h)) fh~! and £ € Z(hf).
Thus, one has

S (V) = X{5(s()) Fh-1}x2(hf)
(55.31) _ {1 if (v,) € {o7(s(h) 7'} x Z(hf)

0 otherwise.

Step 3. One has

(5.5.32) (Shy Spp)(7,€) = > Sup(y128) - Sip(12, )

V1,72 €lly (g(r))a
Y1v2="

Note that Spr(y1,728) - Spp(72,€) # 0 if and only if y1 = hf, € € Z(Tl) for some

h
(1,1) € Egny> 72 = ¢7(s(h)) FrY, € € Z(hf). That is, Spp(y1,72€) - Sjp(72,€) # 0 if
and only if v = ’}/1’)/2 =r(h) and £ € Z(hf).
Thus, one has

!
)

1 if (,6) € {r(h)} x Z(h[)

0 otherwise.

(5.5.33) (Sns Shp)(7:€) = {

Step 4. Finally, one has that

(5.5.34) StSe= > SuSiy
t(f)=o(e), heTy
hf#e, vegl ),

by combining (5.5.12) and (5.5.33).
We conclude that the collection {U.,,S. | v € T% e € T} satisfies (G1)-(G4) in
Definition 5.4.2 and hence it is a G-family in C*(IL; (G(T")) x 8Yg(r)-

The main purpose of this section is to prove the following theorem.

Theorem 5.5.3. Let G(I') be a locally finite nonsingular graph of groupoids. Then there
18 an isomorphism

(5.5.35) ®: C*(G) — C*(I(G(D)) x OYgr))
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satisfying

(5.5.36) Uy —> Uy
(5.5.37) Se —> Se
forallveTIV ecT!.

By Proposition 5.5.2 one has that {U.,,S. | v € % e € T'} is a G-family in
C*(I11(G(I)) x dYgry). Thus, using the universal property of C*(G) one has that
there exists a unique *-homomorphism ®: C*(G) — C*(II1(G(I')) x 8Yg ) satisfying
conditions (5.5.36) and (5.5.37). We need to prove that such ® is an isomorphism.

Notation 5.5.4. For u = giey - - gnengnt+1 € 1 (G(T)), we put
S = Ugy t(er) Ser Ugast(ea) Sea =+ Ugntlen) Sen Ugnsofen)-

Each S, is a partial isometry, because for each i € {2,...,n}, the final projection of
Uy, t(e;) Se; is a subprojection of the initial projection of Uy, | 4, ;) Se,_; by (G4).

The following lemma allows us to pull partial unitary representations of a vertex
group along finite paths whose range or source is that vertex in a similar way to how
(G2) works on an edge.

Lemma 5.5.5. Let p = gie192- - gnéngn+1 and let a € Gy, such that s(a) = r(g1).
Then there exist a unique b € Goe,y and p' = gie1gy - - - gnengy, 1 such that

(5538) Ua,t(er) Sp = Sp’ Ubo(en):
Proof. If n =1, i.e., u = gie1go, then one has
(5.5.39) Ug,t(e1) Sp = Ua,t(e1)Ugy,t(e1)Se1Uga,0(e1) = Uagy,t(er)Se1Uga,oler)-

Since ag € Gy(e,), there exist a unique g7 € Te, and hy € ae, (Ge,) such that ag; = g} hi.
Put b} = ¢¢, (h1). Then using (G2) and (5.5.39) one has

(5.5.40) Uat(er) Sp = Ugihy,t(er)Se1Uga,oer) = Ug) t(er)SerUh) ga,o0(er)-
If n > 1, then repeating this process we get the desired b and p’'. O

Lemma 5.5.6. For u,v € II1(G(T")), one has

S if p=uvp,

- /

Sy if v =puv

(5.5.41) shs, =4 ) v =,
u9n+17O(€n)sensenu9n+170(en) ny =K

0 otherwise .

Proof. Let 1 = gi€1--- gnéngnt1 and v = giel - g.€1,90, .- Then one has

*

55 40 ( Ug, t(er)Ser " ’Senugn+170(6n)) Ugl t(e))Seq =~ Sep, Ugl L 0(el,)

( ’ ’ ) . S* .. S 12 u
e €m

*
ugn+1,0(6n)8€n ' 1Ugy t(er) Uyl t(e))Sel Irnt1,0(€0)"

Note that u t(el) gi1e;) # 0 if and only if #(¢}) = t(e1) and r(g1) = r(g}). In that
case, we put g, gl =~ 6 Gi(e,) SO that

(5.5.43) =u

* —
Ugy t(er) Ugq.tler) = Ugrt t(er) Yot tler) vit(er)
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Hence, we have

* - * * DY * DY
(5.5.44) Sy = Ug,y ofen)Sen " Ser Ut(en) Sef Ugh t(e) " Seln U, 4 0(ely)-

By Lemma 5.4.8 (i), we have that s} u )Se; # 0 if and only if v} = we; for some

/th(el

T € gt((oe)l), Le., if g1 = ¢g]. In that case, one has 321ux,t(el)3e1 — Szlselu Y where

y70(61
Y = ¢z, (x). Moreover, uy (e, )Ugs (e;) 7 0 if and only if o(e1) = t(e3) and y = r(g3). In
that case one has uy (e, )Ug, 1(el) = Ugy1(e;)- Then one has

* f— * * .. * PR
(5.5.45) SpSy = Ug 1 ofen)Sen """ SeySerlgh t(eh)Seh " " Sel, Ug! | o(el,)-

By Lemma 5.4.8 (ii), we have that s7, se, ug 1(c)Se;, 7 0 if and only if o(e1) = t(e3) and

gheh, # yer, y € gé(()g). In that case, one has that s7, Se, Ugs 4(c))Se;, = Ugy t(ey)Sey- Hence
one has

* f— * * “ e * ...
(5.5.46) SpSy = Ug, 1 oen)Sen " Uy t(e)Uah t(eh) Seh ** Sel Ugl | o(el,)-

This string has the same form as the one in (5.5.42), and so again we are forced to have
t(eh) = t(e2) and 7(g2) = r(gh) for this string to be non-zero. Assuming that n < m
and repeating this process n — 1 times, u will be forced to be a subpath of v in order
to get a non-zero string. In this case, we write v = pv/, where v/ € TI;(G(T")) is the
extension of u, and get

(5.5.47) 81,5y = 8,58y = Sy

If m <n and p = v/, with a similar argument we obtain

* * * *
(5.5.48) SpSy = S,y8,8y = S,

If 4 = v, then one has

SpSpu = Ug, 1 o(en)Sen ga,t(e2)Se1Ugy t(er)Ugr t(er)Se1 gy t(e2) SenUgni1,0(en)
* *

e DY * * DY
- ugn+1,0(€n)85n u927t(62)861 us(gl)at(el)sel u927t(62) Sen ugnJrl,O(en)

<o U

f— * * .« .. * * ..
= Uy, 1,0(en)Sen Uy, t(e)Ser Se1 gy t(ea) Sea SenUgny1,0(en)

f— * * PR * * ...
= Uy, i1,0(en)Sen " Seallyy t(eg) Ugast(ez)Se2 " Senlgn1,0(en)
f— * * ... * * ...
= Uy i1,0(en)Sen " Ugst(es)SeaSeallgs t(es) " SenUgni1,0(en)

% *
- ugn+170(en)sen Se"ugn-Fl’o(e”)‘

O

Proposition 5.5.7. Let {u, s} be a G-family in a C*-algebra A and let T be a transversal
for G(I'). We put

C*({u,s}) 1= C* ({ser gy | € €T g € T} ).
and
B=span{s,uges;, | p,veI(G(T)), g€ G,
o(p) = v =o(v), s(u) = r(g), s(9) = s(v) }.
Then one has

(5.5.49) C*({u,s}) = B.
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Proof. Clearly, s,jugvs;, € C*({u,s}) for each p,v,g and v satisfing the conditions
in (5.5.49). Since B is in particular a closed subspace of C*({u,s}) it follows that
B C C*({u, s}). For the reverse inclusion, we first observe that

(5.5.50) Ug,v = Up(g),v Ugw u:(g)ﬂ)

and

(5.5.51) Se= D Sellpo(e) = D, Up(a)ae)Seliyofe):
xeg(g) ng(O)

o(e) o(e)

where the second equality is given by Lemma 5.4.7(ii). Hence, it suffices to show that
B is a C*-algebra. Since A is a C*-algebra, for any subset Y of A which is closed
under multiplication and involution we have C*(Y') = span(Y), it suffices to show that
B is closed under multiplication and involution. Clearly, B is closed under involution.
It remains to prove that it is closed under multiplication. Let 7, u,v,¢ € II1(G(I)),

[=g1€1" " GnenGnt1, V = G1€] * GrCmPm1 Satisfying
(5.5.52) o(n) = o(n), o(v) = o(().

Let a € Gy(,), b € Go() and suppose that v = puv/. Then one has

(5.5.53) 81 Ug, o) s; Su Up,o(v) SZ = Sy Uqt(v') S/ Up,o(v) SZ

by Lemma 5.5.6. Moreover, by Lemma 5.5.5 one has that ug (/) Sy = 8,7 Uc () for
some ¢ € G,y and V' =ci€) - ¢mel,cmy1. Then one has

(5.5.54) S ao(en) i 3 o) = 5081 Ueolr) Unolt)

= 8771/” Ueb,o(v) 5¢-

Since ¢b € Go) = Go(er ), there exist d € Ter and h € im(ag, ) such that cb = dh.
Thus, one has e o) S¢ = Ud,o(v) Un,o(v) S¢- SINCE Up o) = “2—1,0(1/) and o(¢) = o(v) by
hypothesis, one has that u o) s¢ = uj O(C)SZ = (S¢up-1,0(¢))" = s Thus one has

(5.5.55) 81 Ua,o(en) Sy Sv Ub,o(v) S¢ = 8" Udoo(v) 8¢y

which is in B. The argument is almost identical if u = vu'.
Finally, suppose that v = . Then one has

(5.5.56) S Ua,o(u) Sy Sv Ub,o(v) SC = 51 Ua,0(1) Ug,, 1 0() Sen Sen Ugn1,0() Ub,o(n) S¢
by Lemma 5.5.6. Since U i1,0() = g1 ofu
only if s(a) = s(gn+1) = 7(b). In this case, we put ¢ = agr;l1 and d = g,41b. Then one
has

), one has that (5.5.56) is non-zero if and

* * * *
S0 Wa,o(p) Sp Sv Ubo(v) S¢ = S0 Uco(u)Sep, SenUd,o(n) ¢

= Sn Uc,o(u) ( Z Uz, o0(en) — Sén5§n> Ud,o(p) SZ‘

€Yo (en)

* * *
= D Syl Unofen) Udo(n) S — 51 Ueo(n) SenSe, Udioln) ¢
Z‘Ego(e,ﬂ>

= Sy Ucd,o(en) S¢ — SnUc,0() Sn ey, (5()) H(en) Sen Y1 0(u) S

_ * *
= 877 Uh7o(en) SC — Sn/uy’t(en)SC/ s
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where we put h = cd, y = ¢, (s(c)), n’ = ncé,y and ¢’ = (d~'é,y. Again, we can pull
Uh,o(u) = Uh,o(e,) through szi to get sy Up o(e,) szi = S Up’ o(en) sz,, € B, with b € Tg,,.
Similarly, we can get Sn’uy,t(en)SZI = sn/uy/’t(en)sz,,, € B. Hence, B is closed under
multiplication and so C*({u, s}) = B. O

The following calculations will be useful for our purpose.

Lemma 5.5.8. For {u} x Z(v), {a} x Z(B) € I1(G(I')) x dYgr), one has

X{u}x2(r) * X{a}x 2(8) = X{ua}xa—LZ()NZ(8)-
Proof. For (v,§) € I1(G(I')) x 9Yg(r) one has
X} 2) X3z O = D Xqupwzm) (17128 - Xayxz(a) (12, §)-
v1,72€I11(G),

Y=Y172

Note that x{.1xz() (715 728) X{a}x2(8) (12, §) # Oifand only if y1 = p, y2€ € Z(v), y2 =
a and € € Z(B), i.e., if and only if v = pa, s(u) =r(a),and £ € a1 Z(v) N Z(B). O

Lemma 5.5.9. For u = gie1gaes ... gnen € I1(G(1)), one has
(5.5.57) S = X{u}Eaggy e -

Proof. Let g € G,, v € T, and let e € T! such that t(e) = v. Then for (v,¢) €
IT1; (G(T")) x 0Yg one has

(5-5~58) Ug,v Se ('ya E) = Z Ug,v(717'72£) : 56(72, 5)
11,72€M1(G),
Yy2=Y

Note that Ugu(71,726) - Se(v2,€) # 0 if and only if v1 = g, 128 € Z(s(g)), 72 = s(g)e
and § € Zy(g)e. That is, Uy (71,728) - Se(72,§) # 0 if and only if v = ge and § € Z)e.
Thus, one has

(5.5.59) Ugﬂ, Se = X{ge}XEs(g)g‘
Moreover, for (v,§) € I11(G(T)) x 0Ygr) one has

Ugl,t(el)se1 UgQ,t(62)562 (’775) = (Ugl,t(el) 561) : (ng,t(ez) Sez) (775)

= Z X{gle1}><Es<gl)el (’717725) ’ X{Q262}><Es(g2)e2 (72a£)

71,72€11(G(I)),
TY2=Y

Note that X{g,e,}x=,0, )0, (71:728) * X{goea}xZy(gy)e, (12:6) 7# 0 if and only if 1 = giey,

72§ € Eg(gy)ers V2 = 9262 and § € Ey(gy)e,, 1€, 1f and only if v = gie1gzez and § €
Es(g2)es- Thus, one has

(5.5.60) Ug t(e1)SerUga t(en) Ser = X{g1e192e2} X E(gg)eq

By iterating this argument, one proves the statement. O
Lemma 5.5.10. For u = gie192€2...gnen € I1(G(T)), one has

(5.5.61) SuSp = X{r(w)}x 2 (n)-
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Proof. For (v,§) € II1(G(T')) x 9Yg(ry one has

SuSi(1n ) = Y Suln,726) - 8572, 6)

~v1,72€1 (G(T)),
Y1iv2=Y

= > Su(11:72€) - Su(r ' 72€)

~v1,72€1 (G(T)),
Y1iv2=Y

Note that S, (y1,72€) - Su(v3 ', 72€) # 0 if and only if y1 = 1, 126 € Zgg)ens 12 = 17"

and 72§ € Z4(g,)e,- That is, Sy (v1,72) - S#(’ygl,’yg@ £ 0 if and only if v = pp~' and
§ € =g, )ens 1€, if and only if v = r(u) and £ € Z(p). Hence one has

(5562) S,LLS;(’% 5) = X{r(u)}xZ(u) (77 6)7

which proves the statement. O

Lemma 5.5.11. For u = gie1...gnen, v = hifi...hpmfm € I (G(T)) such that
o(en) = o(fm) =v, and g € G, with s(g) = ¢y, (s(hm)) and r(g) = ¢e,(s(gn)), one has

(5.5.63) SuUgio S5 = Xpgr—1xvg—12 0 -
Proof. Let (7,€) € II1(G(I')) x 0Yg(ry. Then one has
(5.5.64) SuUgv(7,6) = Z XX (gyen (V15 728) * X{ghx Z(s(9)) (V25 §)-
71’72’)/631(%(11))’
172=

Note that X(u}xz, ... (71:728) - X{g}x2(s(9))(72:€) # 0 if and only if y1 = p, 72 = g,
72§ € Ey(g,)e, and € Z(s(g)). That is, X(uyxz,,, ., (11,728) - X{g}x2(s(9)) (72, €) # O

if and only if v = pg and £ € g_lEs(gn)en. Thus one has

(5.5.65) SpUgw = X{pug}xg—!

Es(gn)en
Hence one has
" - -1
SpUgw S (7,6) = > X{ugh %12 (g yen (V13 728) * X35y (V2> 726)-
71,72€M1 (G(T)),
Y1Y2=Y

Note that x{,g)xg-12

Zs(gn)en

(71:728) * X{wyxZy s, (V2 5 726) 7 0 if and only if 31 = pg,

Y26 € 9 By (g)ens V21 = v, 12€ € Egnyp,- That is, X{pg}xg—1Z4 (gyen (V15728) -
X{uhxZoy (V2 s72€) # 0 if and only if ¥ = pgv™", € € Z(v) and v7'¢ € g7'E(q,)e,»
i.e., if and only if v = pgr~—" and & € Vg’lEs(gn)en. Thus, one has
(5.5.66) Sﬂ Ugﬂ, S; = X{ugyfl}xygflgs(gn)en

O

One has the following property.

Proposition 5.5.12. Let u = gie1--- gnen € I1(G(T)). For v € I11(G(T")) such that
o(p) = o(v) = v and for g € G,, v € T°, one has that the subset

(5.5.67) {pgr™"} x vg ' By gye, S M1(G(T)) % OYg(r

15 a bisection.
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Proof. Note that

{ugr™"} x vg ' Eggyen = { gy~ vg7E) [ 1) = $(gn), € € Eg(gnren -

For &,¢ € Es(gn)en, one has that

r(ugr " vg'E) = r(pgr~',vg'¢)
& (r(pgr™"), ugr=" - vg™18) = (r(ugr "), pgv=" - vg~'¢)
& (r(p), pg) = (r(p), ug)
& =€,

since pué and pg’ are reduced. Thus, the range map 7 is injective on the subset {ugr =1} x
Vg_lES(gn)en. Similarly, one has that the source map s is also injective on {ugr—'} x

1=

yg*IEs(gn)en. Hence, {ugr='} x vg~ Es(gn)en 18 @ bisection. O

Proposition 5.5.13. For u = giey...gneén, v = hifi... hifm € I1(G(T)) such that
r(v) = s(u), one has

S,u Sy S: = X{p}xZ(v)-
Proof. Let (v,€) € II1(G(I')) x 0Yg(ry. Then one has

(5.5.68)  SuS,S,(v,€) = > X{k%Z (g yen (Y15 728) * X{r()hx2(v) (125 §)-
Y1,72€101 (G(T)),
Yy2=y
Note that X(uyx=,.,.).. (71:728) * X{r)yx2) (12,€) # 0 if and only if v = p, 126 €
Es(gn)ens 72 =7(v) = s(n) and € € Z(v), i.e., if and only if v = p and § € Z(v). Hence
one has

(5569) S;L Sy S,f(%f) = X{M}XZ(V)(77§)'
O

To prove that the map ®: C*(G) — C*(II1(G(I")) x 9Ygr)) defined in Theorem
5.5.3 is an isomorphism, we construct a homomorphism W from C*(I1;(G(I")) x 0Yg(r))
to C*(G), which we will prove to be the inverse of ®. In order to do this, we note
that C.(T11(G(I")) x 0Yg(ry) is dense in C*(II1(G(I')) x 0Yg(ry) and hence we construct
a representation m: C.(I11(G(I')) x 0Ygry) — C*(G) and use Theorem 2.5.5 to obtain
U. We follow the ideas and techniques in [24, §4].

Remark 5.5.14. The support of any fixed f € C.(II1(G(T)) x dYgry)) is contained in a
union of compact open bisections of the form {u} x Z(v), u,v € I11(G(T")), by Propo-
sition 5.3.2. Moreover, these bisections are disjoint by Lemma 5.3.1. Thus, f is a finite
sum of functions with support in some {u} x Z(v). Since each {u} x Z(v) is a bi-
section, i.e., r and s are both homeomorphisms on {u} x Z(v), the uniform norm on
C({,u} X Z(u)) dominates the I-norm (cf. (2.5.13)), and thus it is enough to approxi-
mate f in the uniform norm. Note that C({u} x Z(v)) is a C*-algebra with the uniform
norm and pointwise operations. Hence, we can use the Stone-Weierstrass Theorem to
see that the *-subalgebra

C({u} x Z(v)) N spanf{ x{ayxz() | @, B € I(G(T)),s(a) =7(B) }
= span{ X{u}xz@we) | ¢ € M(G(T)),7(¢) = s(v) }
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is dense in C({p} x Z(v)) with respect to the uniform norm. In fact, it separates points

in {u} x Z(v): let (u,vQ), (1,vn) € {u} x Z(v) such that ¢ # 7. Since ¢,n € IYgr),
they are of the form

¢ = gie1gze2 -,
n = hifihafo---.

Since ¢ # 7n, there exists n € N such that gie;---gnen # hifi - hnfn. Put £ =
gie1---gn- Then x(nxzwe) € sPan{ x{uyxzwe) | ¢ € T(G(T)),7(¢) = s(v) } is such

that
X{uyxzwe) (1, v¢) =1
X{uyxz(we) (s vn) = 0.

Lemma 5.5.15. For any p,v € II1(G(T")), the map

hyv: Z(v) — X Z
thV(Vx) = (M7 V(I?)
is a homeomorphism.

Proof. Let p,v € II;(G(I')). Clearly, hy,, is bijective. Since both its domain and
codomain are compact, it remains to prove that it is continuous. One has that h, , is
continuous since the preimage of any open set {u} x Z(vv/') C {u} x Z(v) is the set
Z(vv'"), which is open in Z(v). O

Remark 5.5.16. By the Gelfand-Neumark theorem, the homeomorphism A, induces
an isomorphism of C*-algebras

Pur: C(Z(v)) = C({u} x Z(v))

9.5.71
( ) QZ),u,V(f) =fo h/:,}/

We need the following lemma to construct a representation from C(Z(v)) to C*(G).
The proof is analogous to the proof of Lemma 4.4 in [3].

Lemma 5.5.17. Let I11(G(I")) x OYgr) be as above and let v € 111 (G(T')). Then C(Z(v))
is the universal C*-algebra generated by a family

{pc| ¢=w/ v e (G)), r(v) = s(v) }
satisfying the relations

(1) the pe are communting projections;

(2) for all ¢ = vv' one has

pe= Y. pes

fertt(f)=o(¢)
¢f reduced
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Proof. Let A denote the universal C*-algebra in the statement. Note that the charac-
teristic functions

{xz@) | ¢=w/, v e M(G()), s(v) =r(V) }

satisfy the relations (1) and (2). Then there exists a *-homomorphism A — C(Z(v))
such that pc — xz(¢)- Let V' be te complex vector space with basis

(5.5.72) {we | ¢=v/, vV eIi(GD)), s(v) =r() }.

Define a linear map L: V' — C(Z(v)) by L(w¢) = xz()- Then the image of L is a dense
*-subalgebra in C(Z(v)). Let
E={uw— Y wyl|¢=w/,v €ILG), s(v) =r() }
¢ f reduced
and let M = spank. Clearly, M C ker L. We claim that M = ker L. Let z € ker L,
z = Z Ce We,
C=wvv/!

where only finitely many c¢¢ are nonzero. For p = gieq --- grex, € II1(G(T')), we denote
the length of p by ||, ie., |u| = k. Let n = max{|(| | ¢¢ # 0}. Let ( = vv/ with
|| < n. Then one has

(5.5.73) we = Z w<f+(w<— Z w<f>€< Z w<f>+M.

¢ f reduced ¢ f reduced ¢ f reduced

Applying this argument inductively, we find that for ¢ = v/ with || < n, one has

we e ( 5 w5> Y
B=¢n,
|Bl=n

Then one has

=Y cowg € ( > e Zw5>+M:< > ( ch)w5>+M.

=/ (=wvv'  B=(n, !

=ra, C:yy s

1Bl=n 1Bl=n p=¢¢’
In particular, since L(z) = 0, one has that
T (T a)w)-X (T «)un-o
B=vo, (=, B=va, (=vV/,
[Bl=n  B=¢¢’ 1Bl=n  B=¢¢’
Since the sets Z(3) for |3| = n are pairwise disjoint, it follows that for each 5 = va one

has
Z cc = 0.

¢=vv’, f=¢(’

Thus, z € M, which proves that M = ker L. Hence there is a linear isomorphism
Lo: V/M — span{ xz() | ¢ = v/}
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By the universal property of V', there exists a linear map K: V/M — A defined by
K(’UJC + M) =P¢-

Then one has that g := K o Ly': span{ Xz() | ¢ =vv'} — A'is a linear map. More-
over, it is a *-homomorphism since these characteristic functions have the same multi-
plication relations as the corresponding generators of A. Since span{ xz(¢) | { = v/} is
an increasing union of finite-dimensional C*-algebras, ¢g extends to a *-homomorphism
¢: C(Z(v)) — A, inverse to the canonical map of A onto C(Z(v)). O

Remark 5.5.18. By the universal property of C(Z(v)), there exists a representation

m: C(Z(v)) — C*(G)

(5.5.74) .
T (X2(a)) = SaSas

where a = v/’ for some ' € 0Yg(ry with r(v') = s(v). The representation 7, immedi-
ately gives a map
Tt C{u} x Z(v)) = C*(9)

5.7
(5.5.75) T (f) = 8w (6,5 ())

for any p € II;(G(T")). Note that

T (X gy 209) = 50T (D Xy 2(0)))
(

Sp Ty

(5.5.76)

_ *
= Su5u5,,.

We aim to define Wo: C.(II1(G(I")) x 9Ygr)) — C*(G) as follows. For any f €
Ce(IT1(G(T)) x OYg(ry), one has that supp(f) is contained in a disjoint union of basic
bisections, i.e., supp(f) C |I;_;{pi} x Z(v;). Then we put

(5.5.77) Uo(f) = > e (Flgpuyxzm) )-

i=1

Since there is more than one way of writing a compact set as the union of bisections, we
need to check that the representation Wy is consistent. We need the following technical
lemma. The proof is similar to the one of Lemma 4.4 in [21].

Lemma 5.5.19. Let f € C{pu} x Z(v)). For any k > 1, one has

(5.5.78) w0 (G (f)) = o wel b (flggxze)
cem (G(I), [¢]=k,

C=vr/

Proof. Both sides of (5.5.78) are continuous and linear in f. Thus, we may choose
f = ¢ur(Xz(a)) = X{u}xz(a), for some a € II;(G(T)) such that o = vv/. Then the
left-hand side of (5.5.78) is

(5.5.79) T (D0 (Xquyxz(@)) = Tv(Xz(a) = Sash-
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If £ < |af, then the only non-zero summand on the right-hand side of (5.5.78) occurs
when ( is a subword of «, i.e., when o = ((’. In this case, the right-hand side of (5.5.78)
becomes

-1
7 (e Xy xzcen)) = me(Xz(cer)
= SCC/ SZC/

*

= Sq S

If £ > |al, then the non-zero summands occur when ¢ = aa/ for some o € II;(G(T"))
with (/) = s(«). In this case, the right-hand side of (5.5.78) becomes

) Tao (Bp00r (X{u}x Z(aar)))

= Z Taa! (XZ(ao/))

ad'emi(G(D)),r(a')=s(a)

o |=k—]|a]
= Z Saa! See!
a’em (G(I),r(e/)=s(a)
o |=k—]|a]
= Sa Sal St Sy
a’em (G(I)),r(a)=s(a)
o |=k—]|a]
= Sa ( Z Sas Sps ) sy
a’em (G(I)),r(a)=s(a)
|o|=k—]|a]

_ *
= Sa Sa»

where the last equality is given by Lemma 5.4.11. Thus, one has that in both cases the
equality in (5.5.78) holds, which proves the thesis. O
The proof of the following proposition is similar to the one of Lemma 4.5 in [24].

Proposition 5.5.20. Let G and I11(G(T')) x 0Yg(ry be as above. Let f € C.(II1(G(T")) x
9Yg(r)), supp(f) < LI {mit x Z(v) for pi, vy € I(G(T)), i = 1,...,n and n € N.
Then the map

Po: C(IL(G(T)) x 0Ygry) — C*(9)

Po(f) = Zﬂmvw(ﬂ{m}xz(l’i))

i=1

(5.5.80)

1s a well-defined *-homomorphism.

Proof. We first prove that Wy is well-defined. Thus, it remains to prove that Vg is well-
defined. Suppose that there exist m € N and «;, 8; € II;(G(I")) such that supp(f) C
LI {y} x Z(By). Since {pi} x Z(vi) N {a;} x Z(B;) # 0 only when one set is contained
in the other by Lemma 5.3.1, one has that either each {u;} x Z(v;) is contained in a
disjoint union of {a;} x Z(f;)’s, or each {o;} x Z(3;) is contained in a disjoint union
of {ui} x Z(v;)’s. Without loss of generality suppose that

l

(5.5.81) {ui} x Z(wi) € | |{ou} x Z(Bp),

k=1
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i€ {l,...,n}. Then each {ax} x Z(Bk), k € {1,...,1}, has the form
(5.5.82) {an} X Z(Br) = {pi} x Z(viv},),

for some v} € II1(G(I")), r(v},) = s(v;). Let £ = maxg—1__, |v;|. Consider the decom-
position

(5.5.83) {,u@} X Z(Vi) = I_I {Nz} % Z(ViC)~
Cell (6(I),I¢|=¢
s(vi)=r(¢)

Then the ¢ in (5.5.83) must group together in subsets

Fp={vn| |nl=0—1vl},

ke {1,...,1}, to form decompositions of {ax} x Z (). Thus we can rewrite (5.5.83)
as

l

(5.5.84) {wi} x Z(vi) = | | ( HRGE Z(wwﬁ;n))
k=1 \ v neFy
l

(5.5.85) = | ( L] {ua} x Z(Bw))-
k=1 v nEFy,

Now we apply recursively Lemma 5.5.19 to get

T s ,v; (f’{,uz}XZ(l/Z)) = Su; Ty; (QS;L},VZ (f‘{,LLZ}XZ(VZ)))

= Z Spi ¢ (¢;i17<(f‘{ui}xZ(C)))
CElL (G(T)),[¢|=¢

(=vv;

l
0D san (60 son(Flianxzaim))

k=1 111’677€F)C
!
S, T (D 5. (Flian < 2(8)))

o
—_

l
= Wak,ﬂk(f‘{ak}XZ(ﬁk))‘

=
—_

By repeating the argument above to the decomposition of each {y;} x Z(v;),1 =1,...,n,
in terms of the {a;} x Z(;)’s, one shows that Wo(f) is independent on the choice of
the cover of supp f.

It remains to prove that ¥y is a *~-homomorphism. We first check it on characteristic
functions. For u,v € II1(G(T')), one has that

Yo(X{u1x2()" = Tuw(X{uyx2()"
= (Su v 8,)"

=8,8,8,
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and

Yo(X{uyxz) = Yo(X {1} x 2(uw))

= WN—I’HV(X{pﬁl}XZ(MV))

= S,-1 Su Sy

_ * %
= S,-15.505,5,

*S*

= 50,8,

Thus, one has that Wo(x{uyxzw))" = lIIO(X?/,L}XZ(V))'

Let p,v, o, € I1;(G(I')) such that s(u) = r(v), s(a) = r(B) and s(u) = r(«). Note
that X(.1xz0) - X{a}x2(8) = X{ua}xZ(8)na-12(v) Dy Lemma 5.5.8. Moreover, one has
that Z(8)Na~tZ(v) # 0 if and only if either v = a8’ or v = af’ and 3 = 'B". Then
one has that

Vo (Xgupxz) - X{ayx2(8)) = Yo(X{uayx2(8)na—12(1) )
Sua Spp Shy v = aff,
= 9 Sua 35 5% if v =af and B = 5",
0 otherwise

SuSa spsg sy sy fv=aBf,
e S,LL SOL SB 32; lf vV = OCB/ and ﬁ = 6/6//7

0 otherwise.

and

Vo (X{upxz(r) ) - o X{a}xz(8) ) = Su Sv 5, 5a 58 55

Su Sapp Sepp Sa S5 Sk if v =aBf,
= 4 SuSap Shg Sa Sgpr Shgn v = af’ and g = 38",
0 otherwise
SpSa 8P 8B Siy Sfy Sey Sa S8 S if v =apBp,
= SuSa Sp SfuSe Sa Sp Spn S Sfy v = af’ and g = 35",
0 otherwise

Su Sa S8 Sg Sk Sh if v =aBf,
= SuSasp Spr Shu sy ifv= af’ and = 33",
0 otherwise
SuSaspsp sy sy ifv= aff,
= SuSa 555k if v=ap and g = 35",
0 otherwise.

Thus, one has that o (X{u}z) - Xfatx2() ) = Yo (Xpumzw) ) - Po(Xfay () )- Since
Wy is linear and preserves multiplication and the adjoint on the characterstic functions,
one concludes that ¥q is a x-homomorphism by Remark 5.5.14. O

We now use Theorem 2.5.5 to get a *~homomorphism ¥: C*(II1(G(T")) x 9Yg) — C*(G).
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Proposition 5.5.21. Let ¥ be a second-countable locally compact Hausdorff etale groupoid.
Then there ezists a C*-algebra C*(¥) and a *-homomorphism Tmax: Ce(9) — C*(¥)
such that Tmax(Cc(¥)) is dense in C*(¥) and such that for every *-homomorphism
p: C(9) — A, where A is a C*-algebra, there is a *-homomorphism ¥: C*(¥) — A
such that VU o Tyax = p.

Proof. Let A be a C*-algebra and let p: C.(¢4) — A be a *-homomorphism. By the
Gelfand-Neumark theorem, there exists a Hilbert space H and a faithful *~-homomorphism
0: A — B(H). Then one has that 7 := fop is a *-representation of C.(¢) on H. Thus, by
Theorem 2.5.5 there is a *-homomorphism ¢ : C*(¥¢) — B(#) such that 9 o Tax = T,
where Tpax is the *-homomorphism in Theorem 2.5.5. Hence one has the following

diagram:
L ’ s B(H)
\mj %
)

C*
In order to define ¥ := =1 01, we must check that im C im(#). One has that

im ¢ = $(C(¥)) = ¢ (Tmax(Ce(¥))) € U (Tmax(Ce(9))) € 0(p(Ce(9))) € im 6,

where the last equality is given by the fact that im 6 is closed in B(#). Thus, we put
U := @~ o). Then one has

Ce(9)

O N

4

—_— =

\Ijoﬂ-max:e_lowoﬂ-maxze_loﬂ-:9_1000p2p¢
which concludes the proof. O

Remark 5.5.22. Consider ¢ to be the action groupoid IT;(G(T')) x 0Ygr) and the C*-
algebra A to be the graph of groupoids C*-algebra C*(G). Then, by Proposition 5.5.21
one has that the *-homomorphism Wo: C.(II1(G(I')) x dYgr)) — C*(G) defined in
Proposition 5.5.20 induces a *-homomorphism ¥: C*(II1(G(T)) x dYgr)) — C*(G)
such that ¥ o mpax = Po.

Finally, we prove that the homomorphism @ defined in Theorem 5.5.3 is an isomor-
phism of C*-algebras by proving that it is surjective and the homomorphism WV is its
inverse. We begin by proving surjectivity.

Proposition 5.5.23. Let G(I') be a locally finite nonsingular graph of groupoids. Then
the map ®: C*(G) — C* (1 (G(T)) x OYg(r)) defined in Theorem 5.5.3 is surjective.

Proof. We use Proposition 2.5.7 with A = C*(G) and G = 1(G(T)) x 0Ygry. Let
{u} x Z(v) € C*(I11(G(T)) x dYg(r)) be an open bisection and let 8 = (pu, (), v =
(,vm) € {u} x Z(v), ¢,n € 0Ygr), such that B # 7. Since (,n € IYg(r), they are of
the form

¢ =gie1g2e2 - -
n=hifihafa---

Since 8 # +, it must be ( # 1. Thus, there exists n € N such that gieq---gne, #
h1f1 s hnfn Put

5 = gi€e1 - Gnén & Hl(g(r))
¢ = hier - hnfn € I (G(D)).
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Then one has 8 = (u, v¢") and v = (u, v€’), where ¢/, 0 € 0Yg ().
Let a = s.0¢ Us(e) o(¢) 5er € C7(G). Then one has

D(a) = X{uewe)-11x2v6) = X{u}x2(ve)-

Hence one has

(I)(a)(ﬁ) = X{M}XZ(VE)(Mv Z/SC/) =1,
®(a)(7) = X{uyxz(we) (1, V€M) = 0.
Thus, ® is surjective by Proposition 2.5.7. O

It remains to show that V¥ is the inverse of ®.

Lemma 5.5.24. Let ®: C*(G) — C*(II1(G(I")) x 9Ygr)) and ¥: C*(II1(G(T)) x
0Ygr)) — C*(G) be the homomorphisms of C*-algebras defined above. Then one has
that ¥ o & =id.

Proof. Since C*(G) is generated by the s.’s and ug,’s, e € ', v € IV, g € G,,, it suffices
to show that the statement holds on the generators. For e € T'!, one has

U(P(se)) = U(S,)
= Yo(xz.)
= Z O(X{me}XZ(gf))

veg®  Fertup=o(e),
(©) gego(e)v (g) de ( )
gf#¢e(w)e

— Z Z 7Tme,gf(X{yve}XZ(gf))

g fertt(f)=o(e),
e te) gego(e)v (g) de ( )
gf#¢e(x)e

= 2 D sacsersys
cg®  fert i(f)=o(e),
v #e) gego(e)v (g) de ( )
gf#¢e(x)e

= > Do Uaa(e)SeSor Sy
g ferl,t(f)=o(e),
e te) gego(e)vT(g):¢é(x)v
gf#pe(x)e

(G2) > >, Se Uge(a).ofc) S9f Sgf

xeg<0) fert t(f)=o(e),
gego(e)vr(g):(z) ( )
e

gf7é¢e(x

=D s D sursy

ved\y)) FErY, t(f)=o(e),
gego(e)vr(g):(bé(x)v

gf#¢e(x)e

(G4)

= SeS Se

= Se.

Let v € TO, g € G,. Then one has
V(P(ugw)) = Y(Ugw)
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= Yo(X{g}x2(s(g)))

2‘1’0< > X{g}xsz))

fFert t(f)=wv,
heTg, r(h)=s(9)

= Y menrXgpxznp)

FeT t(f)=v,
heTy,r(h)=s(g)

= > Ug,v Shf Shy
fert,i(f)=v,
heTy,r(h)=s(g)

= Ugy Y Shf Shy
fert, t(f)=v,
heTy,r(h)=s(g)

=" Ugy | SeSe t+ Z Uz,o(e) S& SeUsz,oc)
(0)
2€00(e)
* * *
= Ugy (575 + 5e55)
(G3)
= Ugw Z Ug,v

ngq(;o)

= Ugp-
where the equality * is given by Lemma 5.4.7 (ii). Hence, one has that ¥ = ®~1. [0

Remark 5.5.25. Proposition 5.5.23 together with Lemma 5.5.24 prove Theorem 5.5.3,
i.e., one has that

C*(G) = C* (I (G(I)) x OYg(ry)-

Moreover, the action of the universal fundamental groupoid II;(G(I")) on the locally
compact space 0Ygr) induces an action of I1;(G(I')) on C(0Yg(r)) by

(p-N)E) =flp~" &), peIl(G)), e Vg

such that
C(OYg(ry) x 1 (G(D)) = C*(IL(G(T)) x OYg(ry),

where C(0Yg(ry) » 1 (G(I)) is the crossed product given by the action of TI;(G(I")) on
C(0Ygry) (see [12, Example 5.4]). We refer the reader to [30] for a full account on
groupoid crossed products. Hence one has the following isomorphisms of C*-algebras:
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