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ABSTRACT

The present dissertation is essentially divided into two parts.
In the first part, we investigate questions of spectral stability for eigenvalue problems

driven by the Laplace operator, under certain specific kinds of singular perturbations.
More precisely, we start by considering the spectrum of the Laplacian on a fixed, bounded
domain with prescribed homogeneous boundary conditions (of pure Dirichlet or Neumann
type); then, we introduce a singular perturbation of the problem, which gives rise to a
perturbed sequence of eigenvalues. Our goal is to understand the asymptotic behavior
of the perturbed spectrum as long as the perturbation tends to disappear. In particular,
we consider two different types of singular perturbation. On one hand, in the case of
homogeneous Dirichlet boundary conditions, we consider a perturbation of the domain,
which consists in attaching a thin cylindrical tube to the fixed limit domain and let its
section shrink to a point. In this framework, we combine energy estimates coming from
a tailor-made Almgren type monotonicity formula with the Courant-Fischer min-max
characterization and then we perform a careful blow-up analysis for scaled eigenfunctions;
with these ingredients, we identify the sharp rate of convergence of a perturbed eigenvalue
in the case in which it is approaching a simple eigenvalue of the limit problem. On the other
hand, we deal with a perturbation of the boundary conditions. More specifically, we start
with the homogeneous Neumann eigenvalue problem for the Laplacian and we perturb it
by prescribing zero Dirichlet boundary conditions on a small subset of the boundary. In
this context, we describe the sharp asymptotic behavior of a perturbed eigenvalue when
it is converging to a simple eigenvalue of the limit Neumann problem. In particular, the
first term in the asymptotic expansion turns out to depend on the Sobolev capacity of
the subset where the perturbed eigenfunction is vanishing. Then we focus on the case of
Dirichlet boundary conditions imposed on a subset which is scaling to a point; through
a blow-up analysis for suitable rescalings of capacitary potentials, we are able to detect
the exact vanishing order of the Sobolev capacity of such shrinking Dirichlet boundary
portion and consequently obtain sharp estimates for the eigenvalue variation. We point
out that, in both these cases, the rate of spectral convergence strongly depends on the
local behavior of the limit eigenfunction near the region where the perturbation is applied.

In the second part of this thesis, we deal with two problems, both governed by the
fractional Laplace operator, i.e. the power of order between 0 and 1 of the classical
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(negative) Laplacian. First, we address the question of positivity of a nonlocal Schrödinger
operator, driven by the fractional Laplacian and with singular multipolar Hardy-type
potentials. Namely, we provide necessary and sufficient conditions on the coefficients of
the potential for the existence of a configuration of poles that ensures the positivity of
the corresponding Schrödinger operator. In particular, the threshold is given by the best
constant in the fractional Hardy inequality in the whole space. This result is based,
in turn, on a criterion in the spirit of the Agmon-Allegretto-Piepenbrink principle, which
establishes the equivalence between positivity of quadratic forms associated with fractional
Schrödinger operators and the existence of positive supersolutions to a corresponding
perturbed Schrödinger equation. Finally, another element in the proof of our main theorem
is a result fitting in the theory of localization of binding. The second topic we investigate
in this part concerns geometric properties of the free boundary of solutions of a two-phase
penalized obstacle-type problem for the fractional Laplacian. In view of the Caffarelli-
Silvestre extension, we can interpret it as a thin obstacle-type problem driven by a second-
order differential operator living in one dimension more and with a Muckenhoupt weight,
that can be either singular or degenerate on the thin space. Working in this framework,
by means of Almgren and Monneau type monotonicity formulas and blow-up analysis,
we first prove a classification of the possible vanishing orders on the thin space and, as
a consequence, the boundary strong unique continuation principle. We finally establish
a stratification result for the nodal set (which coincides with the free boundary) on the
thin space and we provide sharp estimates on the Hausdorff dimension of its regular and
singular part. The main tools we exploit here come from geometric measure theory; in
particular, we rely on Whitney’s Extension Theorem and Federer’s Reduction Principle.
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In the end things must be as they are and have always been:
the great things remain for the great, the abysses for the profound,

the delicacies and thrills for the refined, and, to sum up shortly,
everything rare for the rare.

Infine i fatti devono stare come stanno e sono sempre stati:
le cose grandi sono riservate ai grandi, gli abissi ai profondi,

le finezze e i brividi ai sottili, e per esprimerci sinteticamente,
ai rari le cose rare.

F. W. Nietzsche
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CHAPTER 1

INTRODUCTION

The purpose of the present dissertation is essentially twofold. On one hand, this thesis
addresses the question of quantitative spectral stability for a couple of singularly perturbed
eigenvalue problems on bounded domains, driven by the Laplace operator; this is treated in
Part I and describes the results achieved in [FO20, FNO21]. On the other hand, the second
part of this thesis deals with positivity principles and obstacle-type problems for nonlocal
operators; these topics are carried out in Part II, which collects the results obtained in
[FMO20] and [DO]. In this introduction we would like to outline the main themes touched
throughout this exposition, to give a taste of what are the major issues that we had to
face and to summarize the foremost techniques we employed in order to overcome them.
We refer to the introductions of the single chapters for a more exhaustive description of
the frameworks and of the particular problems we take into consideration.

Part I For what concerns Part I, we start by fixing a bounded domain Ω ⊆ RN , with
sufficiently smooth boundary. Then, in Ω we consider the eigenvalue problem for the
Laplace operator, coupled with some kind of boundary conditions. Namely,{︄

−∆u =λu, in Ω,
B.C., on ∂Ω.

(EP)

In the particular cases we cover in this work, the boundary conditions we prescribe at this
stage are of homogeneous Dirichlet or Neumann type, that is

u = 0, on ∂Ω or ∂u

∂ν
= 0, on ∂Ω,

where ν denotes the outer unit normal. For both these choices, we refer to (EP) as the
unperturbed (or limit) problem. If u ̸≡ 0 is a solution of (EP) for some λ ∈ R, we say
that λ is an eigenvalue of the Laplacian and that u is a corresponding eigenfunction. By
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CHAPTER 1. INTRODUCTION

classical spectral theory (see Chapter 3 for the details), it is known that problem (EP)
admits a countable, diverging sequence of nonnegative eigenvalues, which we denote by

0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λn ≤ · · · → +∞.

Analogously, we call the λns the unperturbed (or limit) eigenvalues.
Now we consider a small, singular perturbation of (EP). In order to do this, we

first introduce a perturbation parameter ε > 0, which plays the role of the index of the
perturbation itself. Thence, we consider an ε-dependent family of eigenvalue problems.
In particular, we focus on two classes of perturbations: perturbation of the domain or
perturbation of the boundary conditions, that is{︄

−∆u =λu, in Ωε,

B.C., on ∂Ωε,

{︄
−∆u =λu, in Ω,

B.C.ε, on ∂Ω.
(EPε)

In the former case, we are dealing with a fixed differential equation and fixed boundary
conditions, though prescribed in a varying domain Ωε; on the other hand, in the latter
case, the domain is fixed, while the boundary conditions are changing with ε. In both these
instances, we call (EPε) the perturbed problem. One should think that the problem (EPε)
is more and more similar (in some sense) to (EP) as ε becomes smaller and smaller, but
still (EPε) is different in “nature” from (EP): in this perspective, the perturbation may
be regarded as singular. Let us assume that the perturbed problem admits a countable
sequence of nonnegative eigenvalues, which we denote by

0 ≤ λε1 ≤ λε2 ≤ · · · ≤ λεn ≤ · · · → +∞,

emphasizing the dependence on ε; this actually happens in the situations we investigate
in Part I. We refer to the eigenvalues λεn as the perturbed eigenvalues. The first question
one can ask concerns the stability of the unperturbed eigenvalues λn with respect to the
perturbation; in other words,

is it true that λεn → λn as ε → 0 ?

Again, in the cases under consideration in the present thesis, this question has a positive
response for any index n; therefore it makes sense to research for the rate of convergence
of λεn to λn, in terms of the parameter ε. In particular, the main goal of this first part of
the thesis is to determine the sharp asymptotic behavior of the perturbed eigenvalues, as
ε → 0. Namely, we look for expansions of the type

λεn = λn + h(ε) + o(h(ε)), as ε → 0, (1.0.1)

for some function h : (0,+∞) → R, which vanishes at 0.
We now try to give the idea, in a broad sense, of what are the perturbations that we

treat in Part I. Concerning the case of varying domains, we define the perturbed domain
Ωε as the limit (unperturbed) domain Ω attached to a thin tube Tε of fixed length and
shrinking section with radius of order ε, i.e.

Ωε := Ω ∪ Tε, (1.0.2)
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CHAPTER 1. INTRODUCTION

Ωε

εΣ

Tε

(a) Perturbation of the domain

Ω

KεNeu.

Dir.

Neu.

(b) Perturbation of the B.C.

Figure 1.1: Types of perturbation

see Figure 1.1 (a). In this case, we prescribe homogeneous Dirichlet boundary conditions
on ∂Ω and ∂Ωε. We observe that Ωε does not converge to Ω in the sense of Hausdorff
distance, even if convergence of the Lebesgue measures holds: in this sense we can label
the perturbation as singular. Nevertheless, Ωε converges to Ω, as ε → 0, in the sense
of Mosco (see Definition 4.1.1) and this ensures that λεn → λn, as proved in [Dan03].
We refer to [Hal05, BLLdK06] for thorough expositions of the topic of spectral stability
for differential operators under domain perturbations (see also Section 4.1 of the present
thesis). On the other side, concerning the perturbation of the boundary conditions, we
start from an unperturbed problem with assigned

∂u

∂ν
= 0, on ∂Ω

and we perturb it by prescribing homogeneous Dirichlet boundary conditions on a small
region Kε ⊆ ∂Ω, which is “disappearing” when ε → 0, see Figure 1.1 (b). Here the singular
nature of the perturbation lies in the fact that in the unperturbed problem the solution is
assumed to satisfy a single condition on the whole ∂Ω, while in the perturbed setting we
are dealing with a mixed Dirichlet-Neumann problem, for any ε. The question of stability
of the spectrum for mixed problem has been initiated, up to our knowledge, in [Gad92]
and [Gad93] for the two-dimensional case.

Actually, we work in a more general scenario, but for sake of simplicity in the exposi-
tion, we rather focus on these prototypical cases; for all the details, we refer to chapters
4 and 5, respectively. In both these cases we are able to provide the sharp asymptotic
behavior of a perturbed eigenvalue when it is converging to a simple eigenvalue of the
limit problem; this is what basically constitutes our main results, i.e. theorems 4.2.1 and
5.2.5. The rate of this spectral convergence turns out to strongly rely on the behavior
of the (unique, up to a multiplicative constant) eigenfunction, corresponding to the limit
(simple) eigenvalue, near the point where the perturbation is applied. This is due to the
local character of the perturbations we investigate, being them circumscribed to a small,
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CHAPTER 1. INTRODUCTION

vanishing region. Let us quickly enter into the details. First, let us denote by φn an
eigenfunction associated to the limit (simple) eigenvalue. Then, the function h describing
the first order term in the asymptotic expansion of the eigenvalue variation, as in (1.0.1),
in the case of the attachment of a thin tube, behaves like

h(ε) = −εN+2k−2,

up to multiplication by a positive constant, where k ∈ N is the vanishing order of φn at
the point of ∂Ω where the tube is shrinking; see Theorem 4.2.1 for the exact statement.
The basic tool we exploit in order to prove this result is the Courant-Fischer min-max
variational characterization of eigenvalues, that allows us to obtain lower and upper bounds
for the difference λεn − λn. These bounds are based, in turn, on energy estimates for the
perturbed eigenfunctions near the junction, that come as a consequence of a suitable
perturbed Almgren-type monotonicity formula. When dealing with a boundary value
problem with zero Dirichlet boundary conditions on a Lipschitz domain of the type (1.0.2),
one faces lack of regularity of the solutions and the proof of the monotonicity formula gets
stuck. In order to overcome this difficulty, we develop an approximation procedure for the
perturbed problem, that basically smooths away the corners of the perturbed domain; in
view also of a geometric assumption on the tube section, it is then possible to rule out
a remainder term in the derivative of the Almgren frequency function and to pass to the
limit, see Section 4.3.2. Finally, the sharpness of the energy estimates is in close connection
with the identification of a nontrivial limit profile for the blow-up sequence of a proper
rescaling of the perturbed eigenfunction, see Theorem 4.2.2. In order to uniquely recognize
this limit profile, the monotonicity formula is not sufficient by itself, since it only provides
an upper bound for its frequency at infinity. Therefore, in order to obtain a univocal
identification, we employ an argument based on a local inversion result, that yields an
energy control for the difference between the blow-up eigenfunction and a k-homogeneous
profile.

On the other hand, as far as the case of perturbation of the boundary conditions is
concerned, the proper parameter that quantifies the perturbation is a certain notion of
capacity of a set, tailored for our purposes. In particular, we have that λεn → λn as ε → 0,
for any n ∈ N, if and only if

CapΩ̄(Kε) → 0, as ε → 0,

where CapΩ̄(·) stands for the Sobolev capacity of a set, relative to Ω, see Definition 5.2.1.
Furthermore, we proved that also the rate of convergence of the perturbed eigenvalue is
sharply measured by a notion of capacity, that takes into account the values of the limit
eigenfunction φn on the perturbing set Kε. Namely, we have that

h(ε) = CapΩ̄(Kε, φn),

see Definition 5.2.4 and Theorem 5.2.5. In addition, in the particular case in which Kε is
obtained by rescaling a fixed, compact shape Σ by ε, we have that

CapΩ̄(Kε, φn) = CΣ,k ε
N+2k−2 + o(εN+2k−2), as ε → 0, (1.0.3)
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CHAPTER 1. INTRODUCTION

where k ∈ N denotes the vanishing order of φn at the point where Kε ≈ εΣ is concentrating
and CΣ,k > 0 is again a notion of capacity, relative to the half space, see Theorem 5.2.12.
Here the main difficulty comes from the fact that the region Kε is vanishing on a (possibly)
curved portion of the boundary of Ω. In order to overcome this issue, we had first to
perform a straightening of this region of the boundary, through a particular diffemorphism
that allows us to carry out a reflection argument. In this light, our initial problem with
bent boundary is equivalent to another problem, driven by a second order elliptic operator
in divergence form, but with flat boundary. At this point we implemented a careful blow-
up analysis for a suitable rescaling of the capacitary potential. This, together with ad-hoc
Poincaré and Hardy type inequalities and appropriate capacitary estimates, led us to the
proof of (1.0.3).

Part II Let us now introduce the content of Part II. Here the protagonist is interpreted
by the so called fractional Laplacian, that is the power of order s ∈ (0, 1) of the standard
Laplace operator. This can be defined, for functions u ∈ C∞

c (RN ), as

(−∆)su(x) : = P.V.
∫︂
RN

u(x) − u(y)
|x− y|N+2s dy, x ∈ RN

= lim
ρ→0+

∫︂
|x−y|>ρ

u(x) − u(y)
|x− y|N+2s dy,

up to a positive multiplicative constant, where P.V. means that the integral has to be
seen in the principal value sense. We refer to Chapter 6 for a more detailed presentation
of this nonlocal operator.

The first problem we investigate tackles the question of positivity of a Schrödinger
operator, driven by the fractional Laplacian and with a multipolar Hardy-type potential.
More precisely, for some fixed m ∈ N, let us pick m coefficients µ1, . . . , µm ∈ R and m
poles a1, . . . , am ∈ RN and let us consider the following fractional Schrödinger operator

L := (−∆)s −
m∑︂
i=1

µi

|x− ai|2s
.

Loosely speaking, the aim of our investigation is to understand how the values µis and
the position of the poles ais influence the coercivity of this operator. In order to better
describe the problem, let us first briefly introduce the functional setting. We work in the
fractional Beppo Levi space Ds,2(RN ), defined as the completion of C∞

c (RN ) with respect
to the following norm

∥u∥Ds,2(RN ) :=
(︄

1
2

∫︂
R2N

|u(x) − u(y)|2

|x− y|N+2s dxdy
)︄1/2

,

that amounts to the square root of the quadratic form naturally associated with (−∆)s.
Let us now consider the quadratic form corresponding to L

QL(u) :=(Ds,2(RN ))∗ ⟨Lu, u⟩Ds,2(RN ) = ∥u∥2
Ds,2(RN ) −

m∑︂
i=1

µi

∫︂
RN

|u(x)|2

|x− ai|2s
dx.

6



CHAPTER 1. INTRODUCTION

We say that the operator L is positive or, equivalently, that the form QL is positive definite
if there exists a constant Λ > 0 such that

QL(u) ≥ Λ ∥u∥2
Ds,2(RN ) , for all u ∈ Ds,2(RN ).

We point out that the form QL is well defined by virtue of the fractional Hardy inequality
(proved in [Her77]), which reads as follows

γH ∥u∥2
Ds,2(RN ) ≤

∫︂
RN

|u(x)|2

|x|2s
dx, for all u ∈ Ds,2(RN ),

where γH > 0 denotes the best constant possible. Our main result consists in a necessary
and sufficient condition on the coefficients µ1, . . . , µm for the existence of a configuration
of poles that makes the form QL positive definite. Namely, we have that

µi < γH , for all i = 1, . . . ,m, and
m∑︂
i=1

µi < γH

if and only if there exists a configuration of poles a1, . . . , am such that QL is positive
definite, see Theorem 7.2.4. This result is based, in turn, on a positivity principle reminis-
cent of the theory of Agmon-Allegretto-Piepenbrink and that possesses its own interest:
it establishes a relation between positivity of quadratic forms and existence of positive
supersolutions to certain (possibly perturbed) Schrödinger equations. The precise state-
ment can be found in Lemma 7.2.2. We refer to Section 7.1 for a more detailed description
of the classical Agmon-Allegetto-Piepenbrink positivity principle, whose first version was
proved in 1974, independently, in [All74] and [Pie74], and then refined by Agmon, see e.g.
[Agm83]. Another key ingredient is a result that fits into the theory of localization of
binding, see Theorem 7.2.3. Widely speaking, it says that, given two positive fractional
Schrödinger operators

(−∆)s − V1 and (−∆)s − V2,

then the operator
(−∆)s − (V1 + V2(· − y))

is also positive if the translation vector y ∈ RN is sufficiently large. This result was pointed
out for the first time in [OS79], in a prototypical situation with the standard Laplacian,
in the course of the proof of the Efimov’s effect. In the subsequent years, it has then been
deepened as a stand-alone matter of investigation, see e.g. [KS79, Sim80] and [Pin95].

We observe that this problem displays two opposite, discordant faces. Indeed, on one
hand it seems reasonable to examine, locally near the singularities of the potential ais,
the behavior of solutions of PDEs driven by L. This necessity of purely local arguments
is actually crucial in many steps. On the other hand, the operator L, in its principal
part (−∆)s, exhibits a nonlocal nature, that prevents us from easily understanding what
happens near the poles. A strategy to bypass this issue is provided by the so called
Caffarelli-Silvestre extension for functions in Ds,2(RN ), established in [CS07], which allows
to recover a local framework, paying the price of working in one dimension more. Namely,
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CHAPTER 1. INTRODUCTION

this approach provides a way to translate a nonlocal problem governed by the fractional
Laplacian in RN into a boundary value problem in

RN+1
+ := {(x, t) : x ∈ RN , t > 0},

led by a second order elliptic differential operator, with a weight that can be either singular
or degenerate at {t = 0}. To be more precise, we have that, for any u ∈ Ds,2(RN ) there
exists U : RN+1

+ → R belonging to a suitable functional space, such that⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
− div(t1−2s∇U) = 0, in RN+1

+ ,

U = u, on ∂RN+1
+

∼= RN ,

− lim
t→0+

t1−2s∂U

∂t
= κs(−∆)su, on ∂RN+1

+
∼= RN ,

(1.0.4)

with κs denoting a positive (explicit) constant. From this perspective, the fractional
Laplacian may be seen as a Dirichlet-to-Neumann operator in RN+1

+ . This procedure
decisively enters in our proofs and provides a fundamental tool in our work.

The second (and last) topic we investigate in this part concerns the study of the nodal
set of solutions to an obstacle-type problem. In particular, for s ∈ (0, 1), let us consider
the following equation

(−∆)su = λ−(u−)p−1 − λ+(u+)p−1, in B′
1, (1.0.5)

where λ− and λ+ are positive constant, p ≥ 2 and B′
1 is the unit ball in RN . Here, u−

and u+ denote, respectively, the positive and negative part of u. We notice that (1.0.5) is
a nonlocal, semilinear problem exhibiting two phases and that, in view of the Caffarelli-
Silvestre extension (1.0.4), it can be understood as follows⎧⎪⎨⎪⎩

− div(t1−2s∇u) = 0, in B+
1 ,

− lim
t→0+

t1−2s∂u

∂t
= λ−(u−)p−1 − λ+(u+)p−1 on B′

1,
(1.0.6)

up to a multiplicative constant, where

B+
1 := {z ∈ RN+1

+ : |z| < 1}

stands for the positive half ball. With an abuse of notation, we denote by u both the
solution of (1.0.6) defined on B+

1 and its trace on B′
1. The obstacle is here assumed to be

zero. Problem (1.0.6) emerges from physical motivations, such as boundary temperature
control and osmosis through semi-permeable membranes, as explained, for instance, in
[DL76] and [DJ21]. The object of our interest are the geometric properties of the free
boundary of solutions to (1.0.6) on the thin ball B′

1, defined as

Z(u) := B′
1 ∩ ∂{x ∈ B′

1 : u(x) ̸= 0}.

In this direction, our first result Theorem 8.1.1, yields a classification of the admissible
vanishing orders, which implies the strong unique continuation principle, see Corollary

8



CHAPTER 1. INTRODUCTION

8.1.2. In particular, this tells us that the nodal set on B′
1 has empty interior in the RN

topology; as a consequence we derive that the free boundary coincides with the nodal
set of the solution u on the thin ball B′

1. The proofs of these facts heavily rely upon a
weighted Almgren monotonicity formula, together with a fine blow-up analysis for suitable
rescalings of the solution. Let us briefly explain this. For any r ∈ (0, 1) and any x0 ∈ B′

1,
let

B+
r (x0) := {z ∈ RN+1

+ : |z − (x0, 0)| < r} and S+
r (x0) := ∂B+

r (x0) ∩ RN+1
+

and let us consider the weighted Almgren frequency function of u at x0

Nx0(u, r) :=
r

∫︂
B+

r (x0)
t1−2s |∇u|2 dxdt∫︂

S+
r (x0)

t1−2su2 dS
.

We start by proving the monotonicity in r of a slight perturbation of Nx0(u, r), which
takes into account the lower order terms coming from the nonlinearities. Consequently,
we obtain the existence of the limit at 0+ of Nx0(u, r),

Nx0(u, 0+) := lim
r→0+

Nx0(u, r)

for any x0 ∈ B′
1: we call it frequency of u at x0. Moreover, this limit is a nonnegative,

finite and integer number k and it coincides with the vanishing order of u at the point x0.
More specifically, the blow-up sequence

u(x0 + rx, 0)
rk

(1.0.7)

converges, as r → 0, to a homogeneous polynomial of degree k, in the variable x. Basically,
the study of the blow-up sequence is a procedure that enables to zoom in the graph of the
function u closer and closer to the point x0.

We finally investigate regularity and structural properties of the nodal set. As a first
step, we distinguish between the regular and the singular part of the free boundary, defined
respectively as

R(u) : = Z1(u),
S(u) : =

⋃︂
k≥2

Zk(u),

where, for any integer k ≥ 1,

Zk(u) := {x0 ∈ Z(u) : Nx0(u, 0+) = k}.

While we showed that R(u) is a regular submanifold of B′
1 (see Proposition 8.1.3), this

does not hold true for the singular part. Nevertheless, we were able to prove a stratification

9
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result for S(u), which basically tells us that the singular part is contained in a countable
union of lower dimensional C1-manifolds, see Theorem 8.1.5. The proof is essentially
based on the continuity of the function that maps any point x0 ∈ B′

1 to the homogeneous
blow-up limit of u at x0, as in (1.0.7), and on Whitney’s Extension Theorem, as stated
in [Whi34]. The last properties of the free boundary we analyze are estimates on the
Hausdorff dimension of Z(u), R(u) and S(u). In particular, we first proved that the nodal
set and its regular part are (N − 1)-dimensional. Finally we point out how the weight
t1−2s affects the analysis. Indeed, as a result of an explicit counterexample (provided in
[STT20]) that exploits the presence of the extra variable t > 0, we have that N − 1 is
also the optimal bound for the Hausdorff dimension of S(u), contrariwise to what happens
in other similar, unweighted, situations. These estimates are carried out with the aid of
another tool coming from geometric measure theory, that is Federer’s Reduction Principle,
see [Sim83, Appendix A].
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CHAPTER 2

THE ALMGREN MONOTONICITY
FORMULA

In the proof of the main results contained in this manuscript, at many stages, an Almgren-
type monotonicity formula plays a pivotal role, see sections 4.3.4 and 8.3. Therefore, in
this chapter we give a friendly and self-contained exposition of the celebrated Almgren
monotonicity formula in its classical version, first introduced in [Alm83] for harmonic
functions. In particular, we first present the main concepts and we sketch some of the
proofs; then we try to give a flavor of the importance of this idea, we exhibit some of its
applications in the world of PDEs and we show some of its possible generalizations.

For any r > 0 let Br be the ball of RN centered at the origin and with radius r and
let Sr := ∂Br. Let us begin by considering a function u ∈ H1(B1) such that

− ∆u = 0 in B1, (2.0.1)

in a weak sense, i.e. ∫︂
Br

∇u · ∇v dx = 0 for all v ∈ H1
0 (Br).

In relation with u, we introduce the following functions:

the energy function r ↦→ E(u, r) := 1
rN−2

∫︂
Br

|∇u|2 dx,

the height function r ↦→ H(u, r) := 1
rN−1

∫︂
Sr

u2 dS

and finally

the frequency function r ↦→ N (u, r) := E(u, r)
H(u, r) =

r

∫︂
Br

|∇u|2 dx∫︂
Sr

u2 dS
.

11
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First of all, we have the following preliminary properties of the functions just defined.

Lemma 2.0.1. The following hold:

1. E(u, ·), H(u, ·) ∈ C∞(0, 1);

2. E(u, r) = o(1) and H(u, r) = O(1) as r → 0+.

Proof. Point 1. immediately comes from classical regularity theory for harmonic functions.
Since u,∇u ∈ L∞

loc(B1), we have that

E(u, r) ≤ CN ∥∇u∥2
L∞(B1/2) r

2 and H(u, r) ≤ CN ∥u∥2
L∞(B1/2)

for all r ∈ (0, 1/2); then letting r → 0+ proves 2.

The name frequency is justified by the following lemma (see also Figure 2.1).

Lemma 2.0.2. If u ∈ H1(B1), u ̸≡ 0 is a harmonic function, homogeneous of degree
γ ≥ 0, then N (u, r) = γ. In particular, by classical regularity theory γ ∈ N.

Proof. Let us assume that u is a harmonic polynomial, homogeneous of degree γ, i.e.

u(αx) = αγu(x) (2.0.2)
−∆u = 0, in B1. (2.0.3)

From (2.0.2) we have that
∇u(x) · x = γu(x)

while multiplying (2.0.3) by u and integrating (by parts) on Br we deduce that∫︂
Br

|∇u|2 dx =
∫︂
Sr

u∇u · ν dS = 1
r

∫︂
Sr

u∇u · x dS,

since ν(x) = x/r on Sr. Combining these two facts we have that

N (u, r) =
r
∫︁
Br

|∇u|2 dx∫︁
Sr
u2 dS = γ.

Broadly speaking, the function N (u, r) counts (making an average) how many positive
peaks and negative wells the function u has when restricted to Sr. In [Alm83] the author
proved that, if u is harmonic in B1, then the function N (u, r) is nondecreasing with respect
to r ∈ (0, 1). Therefore the number of “ups and downs” of the function u on Sr can only
increase when r goes away from zero.

12
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x
y

u(x, y) = x2 − y2

(a)

x
y

u(r, θ) = r4 cos(4θ)

(b)

Figure 2.1: Frequencies of harmonic polynomials.

Proposition 2.0.3. Let u ∈ H1(B1) be such that u ̸≡ 0 and

−∆u = 0 in B1

in the sense of distributions. If H(u, r0) > 0 for some r0 ∈ (0, 1), then there exists
r1, r2 ∈ (0, 1) satisfying r1 < r0 < r2, such that N (u, ·) is smooth in (r1, r2) and

dN
dr (u, r) = 2r(︂∫︁

Sr
u2 dS

)︂2

[︄∫︂
Sr

u2 dS
∫︂
Sr

(︃
∂u

∂ν

)︃2
dS −

(︃∫︂
Sr

u
∂u

∂ν
dS
)︃2]︄

≥ 0. (2.0.4)

Proof. Thanks to Lemma 2.0.1 we know that the functions E(u, ·) and H(u, ·) are smooth
in a neighborhood of r ∈ (0, 1). Since H(u, r0) > 0, by continuity there exists a (possibly
smaller) neighborhood (r1, r2) ⊆ (0, 1) of r0, such that

H(u, r) > 0 for all r ∈ (r1, r2).

First, let us compute the derivative with respect to r of the height function. By rewriting,
with a change of variable,

H(u, r) = 1
rN−1

∫︂
Sr

u2 dS =
∫︂
S1
u2(rx) dS(x)

and by dominated convergence theorem we have that

dH
dr (u, r) = 2

rN−1

∫︂
Sr

u
∂u

∂ν
dS. (2.0.5)
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On the other hand, thanks to coarea formula we can compute

dE
dr (u, r) = 1

rN−2

∫︂
Sr

|∇u|2 dS − N − 2
rN−1

∫︂
Br

|∇u|2 dx.

With the help of the standard Pohovaev identity∫︂
Sr

|∇u|2 dS = 2
∫︂
Sr

(︃
∂u

∂ν

)︃2
dS + N − 2

r

∫︂
Br

|∇u|2 dx

we obtain the following expression

dE
dr (u, r) = 2

rN−2

∫︂
Sr

(︃
∂u

∂ν

)︃2
dS.

Finally, we observe that multiplying (2.0.1) by u and integrating by parts on Br yields

E(u, r) = 1
rN−2

∫︂
Sr

u
∂u

∂ν
dS. (2.0.6)

Now, plugging (2.0.5) and (2.0.6) into

dN
dr (u, r) =

H dE
dr − E dH

dr
H2

leads to the desired expression (2.0.4) for the derivative of N (u, r), with Cauchy-Schwartz
inequality telling us that it is nonnegative.

The present monotonicity formula has several applications in the framework of elliptic
PDEs, in particular in relation with unique continuation principle. The first time in which
this approach has been pursued was by Garofalo and Lin in [GL86]. The authors took
into account solutions to a more general class of elliptic equations and were able to prove
the validity of the unique continuation principle, exploiting the monotonicity of a suitably
modified version of the frequency function. A key step in their investigation is the proof of
the so called doubling property, which is a straightforward consequence of the boundedness
of the frequency function near 0 (which is, in turn, a consequence of its monotonicity). In
the following we present it in the model case of harmonic functions.

Lemma 2.0.4. If H(u, r0) > 0 for some r0 ∈ (0, 1), then there exist r1, r2 ∈ (0, 1),
satisfying r1 < r0 < r2, and a constant C = C(u) > 0 such that

H(u,R) ≤
(︃
R

r

)︃2C
H(u, r), for all r1 < r ≤ R < r2. (2.0.7)

Proof. From (2.0.5) and (2.0.6) we deduce that

d
dr logH(u, r) = 2

r
N (u, r).
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From Proposition 2.0.3 we know that N (u, ·) is differentiable in (r1, r2) and N (u, r) ≤
N (u, r2) =: C. Therefore

d
dr logH(u, r) ≤ d

dr log r2C .

By integration of this inequality in (r,R) ⊆ (r1, r2) we obtain the thesis.

As a consequence we obtain that the function H(u, ·) is actually always positive near
0, if u does not vanishes identically.

Corollary 2.0.5. If H(u, r0) > 0 for some r0 ∈ (0, 1), then H(u, r) > 0 for all r ∈ (0, r0].

Proof. From (2.0.7) we deduce that

lim
r→r+

1

H(u, r) = H(u, r1) > 0,

therefore H(u, ·) > 0 in a neighborhood of r1. Iteratively applying Lemma 2.0.4 we can
deduce the thesis.

In addition, we can derive that the frequency function is well defined in a neighborhood
of 0.

Corollary 2.0.6. If H(u, r0) > 0 for some r0 ∈ (0, 1), then

N (u, r) = E(u, r)
H(u, r)

is well defined and smooth in (0, r0). Moreover (2.0.4) holds in (0, r0) and there exists

lim
r→0

N (u, r) =: γ ∈ [0,+∞).

Finally N (u, ·) is constant if and only if u is homogeneous of degree γ.

Proof. The first part is trivial by virtue of Proposition 2.0.3 and Corollary 2.0.5. Con-
cerning the last statement, we observe that the Cauchy-Schwartz inequality (2.0.4) holds
with equality if and only if ∂u

∂ν = λu on Sr for some λ ≥ 0 and for any r ∈ (0, r0), i.e. if
and only if u is homogeneous of degree γ.

This fact allows us to infer the doubling condition for the function u, which reads as
follows.

Lemma 2.0.7 (Doubling property). If H(u, r0) > 0 for some r0 ∈ (0, 1), then there exists
a constant C = C(N, u) > 0 such that∫︂

B2r

u2 dx ≤ C

∫︂
Br

u2 dx

for all r ∈ (0, r0/2].
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Proof. Reasoning analogously to the proof of Lemma 2.0.4, in view of corollaries 2.0.5 and
(2.0.6), we obtain that

H(u, 2r) ≤ 22CH(u, r)
for all r ∈ (0, r0/2], thus implying that∫︂

S2r

u2 dS ≤ 2N−1+2C
∫︂
Sr

u2 dS.

Integrating the inequality above in (0, r) allows us to conclude the proof.

The doubling condition immediately implies the validity of the weak unique continua-
tion principle.
Corollary 2.0.8 (WUCP). If u ≡ 0 in an open set ω ⊆ B1 then u ≡ 0 in B1.
Proof. Since the Laplace operator is translation invariant, without loss of generality we
can assume that 0 ∈ ω. Then there exists r ∈ (0, 1/2] such that Br ⊆ ω. Since u ≡ 0
in Br, from Lemma 2.0.7 we have that u ≡ 0 in B2r. Iterating this argument we may
conclude the proof.

Actually, it is possible to prove the strong unique continuation property, which says
that a harmonic function cannot vanish with infinite order in a point, unless it is constantly
equal to 0.

In fact, it is possible to push this approach further and obtain more accurate, quanti-
tative results concerning the local behavior of solutions to elliptic PDEs (and derive the
unique continuation principle as a direct consequence). More precisely, combining the
monotonicity formula with a careful blow-up analysis for suitable rescalings of solutions
and separation of variables, it is possible to describe the asymptotics of the solution itself
in terms of some angular eigenvalue problems.

Several results have been produced in this spirit in the recent years. For instance, in
[FFT11] the authors classified the behavior of solutions to a Schrödinger equation near
the singularity of the potential (see also [FFT12]), while [FF13] focused on the boundary
local asymptotics near a corner point.

To conclude the section, it is worth to spend a couple of words about a possible
generalization of the classical monotonicity formula here described. In the last years, the so
called fractional Laplace operator has attracted a lot of attention among mathematicians,
also thanks to the new point of view provided by the celebrated work by Caffarelli and
Silvestre [CS07]. We now try to give an idea of how to define an Almgren frequency
function in the fractional context, avoiding all the details; we refer to Chapter 7 for
the precise description of the functional framework and to [CS07] for what concerns the
monotonicity formula. The fractional Laplacian of order s ∈ (0, 1) is defined, for functions
u ∈ C∞

c (RN ) as follows

(−∆)su(x) : = P.V.
∫︂
RN

u(x) − u(y)
|x− y|N+2s dy

= lim
δ→0

∫︂
RN \Bδ(x)

u(x) − u(y)
|x− y|N+2s dy,
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up to a positive, multiplicative constant. It is clear from its definition that the fractional
Laplacian is a nonlocal operator, in the sense that in order to compute (−∆)su in a point
x you need to know the values of u in the whole RN and not only in a neighborhood of
x, like for the standard Laplacian. Hence, at a first glance, it is not clear how to define
the analogous of the functions E,H and N , in view of their purely local nature. Here
the work [CS07] enters: indeed, the authors proved that it is possible to see (−∆)s as a
Dirichlet-to-Neumann operator for an elliptic problem in RN+1

+ := {(x, t) : t > 0, x ∈ RN},
driven by a local, weighted operator. More precisely, for any u : RN → R (in a suitable
function space) there exists a function U : RN+1

+ → R weakly satisfying{︄
− div(t1−2s∇U) = 0, in RN+1

+ ,

U = u, on ∂RN+1
+ ,

and such that
(−∆)su(x) = −CN,s lim

t→0+
t1−2s∂U

∂t
(x, t).

In this sense, the operator
u ↦→ −CN,s lim

t→0+
t1−2s∂U

∂t

is local and makes us able to define the frequency function as follows. For any U : RN+1
+ →

R in a suitable (weighted with t1−2s) functional Sobolev space that ensure the following
integrals to be well defined, we let

Es(U, r) := 1
rN−2s

∫︂
B+

r

t1−2s |∇U |2 dxdt, Hs(U, r) := 1
rN−2s+1

∫︂
S+

r

t1−2sU2 dS,

where
B+
r := {z ∈ RN+1

+ : |z| < r}, S+
r := ∂B+

r ∩ RN+1
+ .

Then we can define the frequency function in the expected way

Ns(U, r) := Es(U, r)
Hs(U, r)

.

In [CS07] it has been proved that, if u : RN → R is such that

(−∆)su = 0, in B1,

then
dNs

dr (U, r) ≥ 0,

where U : RN+1
+ → R is the Caffarelli-Silvestre extension of u.

Making use of this powerful tool, in [FF14] the authors provided the local asymptotics
of solutions to semilinear equations driven by the fractional Laplacian, with singular and
critical potentials. Moreover they proved, as a consequence, the strong unique continuation
principle. In the same spirit, similar results have been obtained in [FF15a] concerning a
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relativistic Schrödinger operator and in [FF20] for an application to fractional Laplacian
of higher order s = 3/2. Finally, we adopted this tool in Chapter 8, where we define
a tailor-made frequency function for solutions of a boundary weighted obstacle problem.
This allows us to prove classification of the possible vanishing orders, unique continuation
principles and geometric properties of the free boundary.

Aside from the study of the local behavior of solutions to elliptic PDEs, the Alm-
gren monotonicity formula is of considerable help also in other situations. For example,
the monotonicity of suitably modified frequency functions may be exploited in the area
of spectral stability of singularly perturbed eigenvalue problem. Up to our knowledge,
the first attempt in tackling such a problem making use of an Almgren-type monotonic-
ity formula was made in [FFT12] and in the subsequent papers [AFT14b, AFT14a]. In
those works, the picture is similar to the one presented in Section 4.2: they consider two
disjoint domain connected by a thin tube of radius proportional to a small parameter
ε > 0; therefore we now refer to the notation of Section 4.2. Since we are dealing with a
parameter-dependent domain, as one may expect, the frequency function depends on the
parameter as well. Namely, we define

E(φεi , r, λεi , ε) := 1
rN−2

∫︂
B+

r ∪Tε

(|∇φεi |
2 − λεip |φεi |

2) dx,

H(φεi , r) := 1
rN−1

∫︂
S+

r

|φεi |
2 dS and N (φεi , r, λεi , ε) := E(φεi , r, λεi , ε)

H(φεi , r)

where φεi is an eigenfunction of the perturbed problem and λεi the corresponding eigenvalue.
We also observe that, being φεi an eigenfunction, the term λεi

∫︁
B+

r ∪Tε
p |φεi |

2 dx naturally
appears. A similar approach has been pursued in [AF15] (see also [AF16, AFNN17]), where
the authors made a significant step forward in understanding the power of this tool. In
[AF15] the problem under consideration is the eigenvalue problem for the Aharonov-Bohm
operator with one pole a ∈ Ω ⊆ R2 and homogeneous Dirichlet boundary conditions and
the aim is the detection of the asymptotic behavior of an eigenvalue λai as a → (0, 0) ∈ Ω.
The perturbed Almgren functions are defined as follows

E(φai , r, λai ) :=
∫︂
Br

(|(i∇ +Aa)φai |
2 − λai |φai |

2) dx,

H(φai , r) := 1
r

∫︂
∂Br

|φai |
2 dS and N (φai , r, λai ) := E(φai , r, λai )

H(φai , r)
,

with Aa denoting the Aharonov-Bohm potential. We remark that the above definitions
have sense only under geometrical constraints: when attaching a thin tube, if r > ε, i.e. if
the upper half ball B+

r is larger than the tube; concerning the Aharonov-Bohm operator,
the frequency function is useful only if the ball Br contains the pole a, that is if r > |a|.
Hence we immediately observe that it is not allowed to let r → 0. Nevertheless, the
(almost) monotonicity of the frequency, in these frameworks, is a key tool in establishing
estimates of the energy of appropriately modified eigenfunctions, adapted to be admissible
test functions in the min-max characterization of eigenvalues, see for instance Lemma
4.3.34.
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Part I

Singularly perturbed eigenvalue
problems
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CHAPTER 3

THE EIGENVALUES OF THE
LAPLACE OPERATOR

We begin this part by introducing the main characters of our investigation, i.e. the eigen-
values of the Laplace operator, in the cases of homogeneous Dirichlet and Neumann bound-
ary conditions as well as for mixed type problems. We only give the main ideas of the
procedure that leads to the definition of eigenvalues and eigenfunctions for the Laplace
operator and we refer to [Bre11, Section 9.8] and [Jos13, Section 11.5] for a comprehensive
exposition. We also point out that what we present in this chapter is a classical matter,
nevertheless we believe it is useful for the reader to recall the principal concepts.

Let N ≥ 2 and let Ω ⊆ RN be an open and connected set. The eigenvalue problem for
the Laplace operator consists in finding a nonzero function u : Ω → R and a real number
λ ∈ R such that

− ∆u = λu, in Ω. (3.0.1)

The number λ is called eigenvalue and u a corresponding eigenfunction. It is natural to
couple equation (3.0.1) together with the prescription of boundary conditions on u. In
this thesis, we treat homogeneous Dirichlet boundary conditions, that is

u = 0, on ∂Ω,

homogeneous Neumann boundary conditions, i.e.

∂u

∂ν
= 0, on ∂Ω,

where ν denotes the exterior normal vector to ∂Ω, and mixed Dirichlet-Neumann homo-
geneous boundary conditions, namely

u = 0, on ΓD and ∂u

∂ν
= 0, on ΓN ,
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being ΓD,ΓN ⊆ ∂Ω such that ΓD ∩ ΓN = ∅ and ΓD ∪ ΓN = ∂Ω, with ΓD relatively closed
in ∂Ω. We approach these eigenvalue problems through a weak formulation in a general
abstract setting, which embraces the specific cases we consider. More precisely, we shall
work in a separable Hilbert space H ⊆ L2(Ω): in particular, we choose

H := H1
0 (Ω)

for the Dirichlet case and
H := H1(Ω)

for the Neumann case, where H1(Ω) and H1
0 (Ω) denote the classical Sobolev spaces

W 1,2(Ω) and W 1,2
0 (Ω), respectively. For what concerns the case of mixed boundary con-

ditions, we let H := H1
0,ΓD

(Ω) be the closure of C∞
c (Ω \ ΓD) with respect to the H1(Ω)

norm. We recall that, when one deals with a regular domain (and regular interfaces ΓD
and ΓN ), it is possible to characterize the aforementioned Sobolev spaces making use of
the notion of trace. Namely, we have that

H1
0 (Ω) = {u ∈ H1(Ω): u = 0, on ∂Ω} (3.0.2)

and
H1

0,ΓD
(Ω) = {u ∈ H1(Ω): u = 0, on ΓD}, (3.0.3)

where the values of u on ∂Ω has to be understood in the sense of traces. We assume Ω to
be such that the embedding

i : H ↪→ L2(Ω)

is compact. As an example, H = H1
0 (Ω) is compactly embedded in L2(Ω) if Ω is bounded;

if, in addition, Ω has Lipschitz boundary, then also H = H1(Ω) satisfies the assumption.
Moreover, concerning the space H = H1

0,ΓD
(Ω), the compact embedding into L2(Ω) holds

if either ∂Ω is Lipschitz regular or if a Poincaré type inequality is available. We equip the
Hilbert space with the following scalar products:

(u, v)H :=
∫︂

Ω
∇u · ∇v dx, if H = H1

0 (Ω)

and
(u, v)H :=

∫︂
Ω

(∇u · ∇v + uv) dx, if H = H1(Ω) or H = H1
0,ΓD

(Ω).

We now introduce the abstract (weak) formulation of the eigenvalue problems. We say
that u ∈ H is an eigenfunction for the scalar product (·, ·)H with respect to L2(Ω) and
λ ∈ R is the corresponding eigenvalue if u ̸= 0 and

(u, v)H = λ

∫︂
Ω
uv dx for all v ∈ H. (3.0.4)

In order to prove the existence of such eigenvalues and eigenfunctions we appeal to the
well known Hilbert-Schmidt (spectral) theorem.

21



CHAPTER 3. THE EIGENVALUES OF THE LAPLACE OPERATOR

Theorem 3.0.1 (Hilbert-Schmidt). Let (E , (·, ·)E) be a separable Hilbert space and let

T : E → E

be a linear, self-adjoint, compact operator. Then there exists a sequence of real num-
bers (µn)n and a sequence of vectors (φn)n ⊆ E that are, respectively, eigenvalues and
eigenvectors of T , that is

Tφn = µnφn, for all n ∈ N.

Moreover (φn)n is an orthonormal basis of E and, if E is infinite dimensional, then

lim
n→∞

µn = 0.

Let us now apply the spectral theorem by properly choosing the space E and the
operator T . Let us consider a function f ∈ L2(Ω). Since H ↪→ L2(Ω), then L2(Ω) ↪→ H∗,
where H∗ denotes the dual space of H, and so, from the Riesz representation theorem we
know that there exists a unique uf ∈ H such that

(uf , v)H =
∫︂

Ω
fv dx for all v ∈ H. (3.0.5)

We can now define the so called Green operator as follows

G : L2 → H
f ↦→ uf .

We notice that, again by the Riesz representation theorem, ∥Gu∥H = ∥uf∥H = ∥f∥L2(Ω),
which implies the continuity of the Green operator G. Now we let E := L2(Ω) and

T := i ◦ G : E G−→ H i−→ E .

It is easy to see that the operator T satisfies all the assumptions of Theorem 3.0.1; in
particular T is compact due to compactness of the embedding H ↪→ E . Therefore there
exists a sequence of eigenvalues (µn)n and eigenvectors (φn)n ⊆ E of T and by definition
of the operator we know that Tφn ∈ H, and then φn ∈ H for all n. From (3.0.5) we can
say that, for any v ∈ H

(Tφn, v)H = (Gφn, v)H = (φn, v)E ,

while, on the other hand, being φn an eigenvector

(Tφn, v)H = µn(φn, v)H.

Coupling these two facts we obtain that

(φn, v)H = 1
µn

(φn, v)E for all v ∈ H, (3.0.6)
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thus meaning that φn ∈ H is an eigenfunction with respect to the scalar product (·, ·)H
and λn := 1/µn is the corresponding eigenvalue. Moreover, letting v = φn in the equation
above we obtain that

∥φn∥2
H = λn ∥φn∥2

E = λn,

which implies that λn > 0, and therefore, in view of Theorem 3.0.1, we have that λn →
+∞. We also observe that, since

(φn, φm)E = δmn ,

where δmn denotes the usual Kronecker’s delta, from (3.0.6) we have

(φn, φm)H = λnδ
m
n .

Next, we show that, under suitable assumptions on the domain Ω, the λns are actually
the eigenvalues of the Laplace operator in the classical sense (3.0.1). By elliptic regularity
theory (see e.g. [GT83, Corollary 8.11]) we know that φn ∈ C∞(Ω) and hence, by the
divergence theorem

(φn, v)H = −
∫︂

Ω
v∆φn dx, for all v ∈ C∞

c (Ω)

in the case H = H1
0 (Ω) and

(φn, v)H =
∫︂

Ω
v(−∆φn + φn) dx, for all v ∈ C∞

c (Ω)

if H = H1(Ω) or H = H1
0,ΓD

(Ω). In view of (3.0.4), these two facts imply that, respectively,
there holds

−∆φn = λnφn, and − ∆φn + φn = λnφn

in Ω. Therefore we have that the λn and λn − 1 are indeed eigenvalues of Dirichlet and
Neumann or mixed Laplacian, respectively.

One can observe that the boundary conditions, for the Dirichlet parts, can be recovered
(in the trace sense) by characterization of the spaces H1

0 (Ω) and H1
0,ΓD

(Ω) (given in (3.0.2)
and (3.0.3), respectively), whereas the Neumann boundary condition naturally arises by
integration by parts.

We finally describe a few remarkable features of the eigenelements of the Laplacian.
We again refer to [Jos13, Section 11.5] for a complete exposition on this topic. Here we
additionally assume that Ω is bounded; moreover, we label the eigenvalues in nondecreasing
order, i.e.

0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λn ≤ · · ·

and we fix the orthonormal family of eigenfunctions (φn)n ⊆ H. We begin by describing
the features of the first eigenelements.

Proposition 3.0.2. The following properties hold true:
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1. the first eigenvalue is strictly positive, i.e. λ1 > 0;

2. the first eigenvalue is simple, i.e. the corresponding eigenspace is one dimensional;

3. the first eigenfunction does not change sign in Ω, i.e. φ1 > 0 or φ1 < 0 in Ω.

Remark 3.0.3. In fact, in the Neumann case H = H1(Ω), we know something more. In
particular, one can easily see that λ1 = 1 and φ1 is a constant function, which can be
explicitly found due to normalization, i.e.

φ1 = ± |Ω|−1/2
N ,

with |Ω|N denoting the N -dimensional Lebesgue measure of Ω.

We now present a variational, iterative characterization of the eigenvalues, which ba-
sically describes the procedure used to derive the sequences (λn)n and (φn)n in [Jos13,
Section 11.5]. We recall the notation E = L2(Ω).

Proposition 3.0.4. There holds

λn = min
{︄

∥u∥2
H

∥u∥2
E

: u ∈ H such that (u, φi)E = 0 for all i ≤ n− 1
}︄
.

We finally recall a second variational, non-iterative characterization of the eigenvalues,
known in the literature as the Courant-Fischer Min-Max principle. It turns out to be a
fundamental tool in our work.

Proposition 3.0.5. There holds

λn = min
{︄

max
u∈Vn

∥u∥2
H

∥u∥2
E

: Vn is a n-dimensional subspace of H
}︄
.

Notation We gather here the notation we adopt throughout this part:

- N∗ := N \ {0};

- BR := {x ∈ RN : |x| < R} and SR = ∂BR for, respectively, balls and spheres
centered at the origin;

- RN+ := {(x1, . . . , xN ) ∈ RN : xN > 0} for the upper half space;

- we may identify RN−1 := ∂RN+ ;

- B+
R := BR ∩ RN+ and S+

R := ∂B+
R ∩ RN+ for half balls and half spheres;

- SN−1 := S1 and SN−1
+ := S+

1 denote respectively the unitary sphere and upper
unitary half-sphere;

- B′
R := BR ∩ ∂RN+ denote the balls in RN .

24



CHAPTER 4

PERTURBATION OF THE DOMAIN

4.1 An introduction to spectral stability for the Dirichlet
eigenvalues

In this chapter we consider a perturbation of the eigenvalue problem for the Laplacian
with homogeneous Dirichlet boundary conditions. This perturbation amounts to a small,
localized singular modification of the domain.

First of all, in this section we discuss the general problem of spectral stability for the
Dirichlet-Laplacian. We let N ≥ 2 and we let Ω ⊆ RN be a bounded, open and connected
set.

First of all, we consider the unperturbed problem, which consists in{︄
−∆φ = λφ, in Ω,

φ = 0, on ∂Ω.
(4.1.1)

This boundary value problem must be thought in a weak sense. In particular, we say that
λ ∈ R is an eigenvalue and φ ̸≡ 0 is a corresponding eigenfunction if φ ∈ H1

0 (Ω) and∫︂
Ω

∇φ · ∇v dx = λ

∫︂
Ω
φv dx for all v ∈ H1

0 (Ω). (4.1.2)

With reference to Chapter 3, we know that there exists a diverging sequence of eigenvalues

0 < λ1 < λ2 ≤ · · · ≤ λn ≤ · · ·

and a corresponding sequence of eigenfunctions, which we denote by (φn)n, that forms an
orthonormal basis of H1

0 (Ω).
Now let us introduce a perturbation of problem (4.1.1). We consider a family of

bounded connected domains Ωε, indexed by a real parameter ε ∈ (0, 1). One must think
Ωε to be closer and closer to Ω as ε approaches 0 (more details about “convergence”
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of domains will be given later). We consider, on each Ωε, the corresponding eigenvalue
problem {︄

−∆φ = λφ, in Ωε,

φ = 0, on ∂Ωε,
(4.1.3)

meant in a weak sense. Reasoning as before, we have that for any ε ∈ (0, 1) there exists a
diverging sequence of positive eigenvalues of (4.1.3)

0 < λε1 < λε2 ≤ λε3 ≤ · · · → +∞,

repeated as many times as their multiplicity. Similarly, for every ε ∈ (0, 1), there exists a
sequence of eigenfunctions {φεn}n ⊆ H1

0 (Ωε) which forms an orthonormal basis of L2(Ωε).
Now the following natural questions raise:

If Ωε is close to Ω, then is λεn close to λn, fo any n?

If yes, how close is λεn to λn in terms of ε?

Before trying to answer these questions, it is important to specify in which sense Ωε should
be close to Ω. The suitable notion for our purposes turns out to be the convergence of
sets in the sense of Mosco, introduced for the first time in 1969 in [Mos69].

Definition 4.1.1. Let ε ∈ (0, 1) and let Uε, U ⊆ RN be open sets. We say that Uε is
converging to U in the sense of Mosco as ε → 0 if the following two properties hold:

(i) the weak limit points (as ε → 0) in H1(RN ) of every family of functions {uε}ε ⊆
H1(RN ), such that uε ∈ H1

0 (Uε) for every ε > 0, belong to H1
0 (U);

(ii) for every u ∈ H1
0 (U) there exists a family {uε}ε ⊆ H1(RN ) such that uε ∈ H1

0 (Uε)
for every ε > 0 and uε → u in H1(RN ), as ε → 0.

We may also say that H1
0 (Uε) is converging to H1

0 (U) in the sense of Mosco.

Hereafter, we refer to the domain Ω as the unperturbed (or limit) domain and to
the domains Ωε as the perturbed domains. An analogous nomenclature is used for the
eigenvalues (λn)n and (λεn)n. From [Dan03, Section 4] we derive a sufficient condition for
the stability with respect to ε of the Dirichlet eigenvalues (see also [BZ98]).

Theorem 4.1.2. Let Ω,Ωε ⊆ RN be open, bounded and connected for every ε ∈ (0, 1) and
assume Ωε converges to Ω in the sense of Mosco as ε → 0. Then, for any n ∈ N,

λεn → λn as ε → 0.

If the question of stability of the eigenvalues with respect to a perturbation has been
solved in a pretty general framework, the problem of quantitatively estimating the differ-
ence |λεn − λn| in terms of ε is much more subtle. Therefore, if investigating the asymptotic
behavior of the perturbed eigenvalues λεn as ε → 0 is, in its general formulation, an am-
bitious task, focusing on some particular classes of perturbation makes us able to give
partial answers.
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The first example of a perturbation one may think of, is a regular perturbation of
the domain. By this we mean that the perturbed domain Ωε is the image of Ω through
a sufficiently smooth diffeomorphism, i.e. Ωε = hε(Ω) for some hε ∈ Cr(Ω;RN ), being
r a positive integer. We denote by Kr(Ω) the collection of all regions which are Cr-
diffeomorphic to Ω. The first stability result in this framework has been achieved in the
early 20th century by Courant and Hilbert: in [CH53] they proved the continuity of the
eigenvalues with respect to the perturbing diffeomorphism, taking into account various
types of boundary conditions (see Theorem 10, Chapter VI, § 2). Some years later, in
[Mic72], Micheletti gave consistency to this approach and proved that Kr(Ω) is metrizable
with respect to a suitable topology and may be considered as a separable complete metric
space. We also mention [BV65], where the authors proved continuity of eigenvalues for
general higher order differential operators. Another remarkable result in this direction is
the celebrated Hadamard formula for the derivative of a simple eigenvalue with respect to
the perturbation parameter. In spite of its name, this formula was first formally computed
by Lord Rayleigh in some special cases in late 1800 (see [Ray45, eq. 11 pag. 338]) and
then for two dimensional domains by Hadamard in 1908, see [Had08]. However, the fist
rigorous proof was made in [GS53]. We briefly recall it and we refer to [Hen05, Section
3.6] for a comprehensive description. Let Ω be a fixed bounded domain with smooth
boundary. Let h(·, ε) be a family of diffeomorphisms in K2(Ω), of class C1 with respect
to the variable ε ∈ (0, 1), and assume that h(x, 0) = iΩ(x), where iΩ denotes the identity
over Ω. Let us assume that λn = λn(Ω) is a simple eigenvalue (i.e. with a one dimensional
eigenspace) of the Dirichlet-Laplacian over Ω and let λεn be the n-th eigenvalue of the
Dirichlet-Laplacian on the perturbed domain Ωε = h(Ω, ε). If we denote by φn the unique
(up to a sign) eigenfunction corresponding to λn such that∫︂

Ω
φ2
n dx = 1,

then the following formula holds

∂λεn
∂ε |ε=0

= −
∫︂
∂Ω

(︃
∂φn
∂ν

(x)
)︃2 ∂h

∂ε
(x, 0) · ν(x) dS(x).

Since then, a quantity of formulas of this kind has been proved for different types of
problems and for multiple limit eigenvalues (see, among many others, [Hen06, Section 2.5]
for a complete survey). We remark that, recently, an analogous formula has been derived
for the eigenvalues of the fractional Laplacian, see [DFW20]. Again concerning regular
perturbations of the domain it is worth mentioning the result obtained in [BL08] (see also
[BL05] and [LLdC05]), where the authors proved estimates on the eigenvalue variation in
a pretty general framework. Namely, as a particular case, they proved that if Ω and Ωε

are domains of class C1,1, then

|λn − λεn| ≤ Cn |Ω △ Ωε|N ,

where |·|N denotes the N -dimensional Lebesgue measure of a set and Cn is a positive con-
stant depending on the index n. We also cite the seminal paper [RT75], where the authors
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investigate some singular perturbations of the domain. We finally refer the interested
readers to [BLLdK06], [Hal05] and [Hen05] (see also [Hen06]) for fairly complete surveys
on regular domain perturbation theory in connection with the spectrum of differential
operators.

4.2 A singular perturbation
Description of the perturbation In the rest of present chapter, we consider a partic-
ular singular perturbation of the domain, which does not fit in any of the previous results.
In broad terms, the perturbed domain Ωε is made by attaching a tube of finite length and
section with radius of order ε to the fixed, “limit” domain Ω. In order to be more precise,
let us first set up the geometrical framework and little notation. We denote by

RN+ := {(x1, . . . , xN−1, xN ) ∈ RN : xN > 0}

the upper half space and, for any r > 0,

B+
r := {x ∈ RN+ : |x| < r}, S+

r := ∂B+
r ∩ RN+ , B′

r := {(x′, 0) ∈ ∂RN+ :
⃓⃓
x′⃓⃓ < r},

the upper half balls, half spheres and thin balls, respectively (centered at the origin). Let
us assume that 0 ∈ ∂Ω and that ∂Ω is flat in a neighborhood of the origin, i.e.

there exists Rmax > 0 such that B′
Rmax ⊆ ∂Ω. (4.2.1)

Without loss of generality we can assume that

Rmax > 1 and B+
Rmax

⊆ Ω ⊆ RN+ ,

see Figure 4.1 (a). Now let us rigorously introduce the perturbation. Let Σ ⊆ B′
Rmax be

open in the RN−1 topology, containing the origin and with boundary ∂Σ (always thought
in RN−1) of class C1,1; nevertheless, this last regularity assumption can be relaxed, see
Remark 4.3.14. Moreover we assume, for sake of simplicity, that Σ is contained in the
unitary thin ball, i.e.

Σ ⊆ B′
1.

Finally we assume that Σ is starshaped with respect to 0, i.e.

x · νΣ ≥ 0 for all x ∈ ∂Σ, (4.2.2)

where νΣ denotes the exterior unit normal vector to ∂Σ. Let ε ∈ (0, 1] and let Tε :=
εΣ × (−1, 0] be a cylindrical tube with section εΣ := {εx : x ∈ Σ}. We point out that the
length of the tube Tε is not relevant for our purposes, therefore we fixed it to 1. Let us
denote by

Ωε = Ω ∪ Tε (4.2.3)

the perturbed domain (see Figure 4.1 (b)). We remark that this perturbation cannot be
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x′

xN

0

Ω

B+
Rmax

B′
Rmax

(a) Unperturbed Domain

x′

xN

0

Ωε

εΣ

Tε

(b) Perturbed Domain

Figure 4.1

regarded as a regular one, in the sense of the previous section, since there does not exists a
regular family of diffeomorphisms that map Ω in Ωε. Moreover, Ωε is not even converging
to Ω in the sense of Hausdorff distance.

We can actually treat eigenvalue problems slightly more general than (4.1.1). More
precisely, let p ∈ L∞(RN ) be a weight function such that p ≥ 0 a.e. and p ̸≡ 0 in Ω. For
any open, bounded set ω ⊆ RN , we consider the weighted Dirichlet eigenvalue problem
for the Laplacian on ω {︄

−∆φ = λpφ, in ω,

φ = 0, on ∂ω,
(Eω)

thought in a weak sense, that is φ ∈ H1
0 (ω) and∫︂

ω
∇φ · ∇v dx = λ

∫︂
ω
pφv dx for all v ∈ H1

0 (ω).

By slight modifications of the arguments of Chapter 3, one can prove that, if p ̸≡ 0 in ω,
there exists a sequence of positive eigenvalues of (Eω)

0 < λ1(ω) < λ2(ω) ≤ λ3(ω) ≤ . . .

repeated according to their multiplicity. We denote by (λn)n := (λn(Ω))n the sequence of
eigenvalues of the unperturbed problem (EΩ), and by (φn)n a corresponding sequence of
eigenfunctions such that∫︂

Ω
p |φn|2 dx = 1 and

∫︂
Ω
pφnφm dx = 0 if n ̸= m.

Similarly, we denote by (λεn)n := (λn(Ωε))n and (φεn)n the sequences of eigenvalues and
eigenfunctions of the perturbed problem (EΩε), such that∫︂

Ωε
p |φεn|2 dx = 1 and

∫︂
Ωε
pφεnφ

ε
m dx = 0 if n ̸= m.

29



CHAPTER 4. PERTURBATION OF THE DOMAIN

Let n0 ∈ N be such that
λ0 := λn0 is simple. (4.2.4)

Assumption (4.2.4) is not so restrictive: indeed, the simplicity of all eigenvalues is a generic
property with respect to perturbations of the domain , see [Mic72, Uhl76]. Hereafter, we
use the following notation for the perturbed n0-th eigenvalue and eigenfunction, respec-
tively

λε := λεn0 and φε := φεn0 .

As we said in Section 4.1, classical results (see for instance [BZ98, Dan03]) ensure the
continuity with respect to our domain perturbation, i.e. λε is simple for ε small and

λε −→ λ0 as ε → 0. (4.2.5)

Furthermore, for every ε we can choose the eigenfunction φε in such a way that

φε −→ φ0 in H1
0 (Ω1) as ε → 0, (4.2.6)

where the functions are trivially extended in Ω1 outside their domains.
The main goal of this part of the thesis is to find the leading term in the asymptotic

expansion of the difference λ0 − λε as ε → 0.
The behavior of the spectrum of the Dirichlet-Laplacian when the domain is subject

to a singular perturbation has been widely studied in the past. In particular, concerning
the perturbation through the attachment of a thin tube, in [Gad03] the author proved
a power asymptotic expansion in ε for the difference λ0 − λε. However, Theorem 4.1
in [Gad03] provides the exact vanishing rate of the eigenvalue variation just in the case
in which ∇φ0(0) ̸= 0, but it does not says what happens when the limit eigenfuction
has, in the origin, a zero of order higher than one. We also mention the work [ACG10]
concerning a related two dimensional perturbed problem with thin shoots. In [Tay13]
the author considers, in a framework similar to ours, an eigenvalue problem for a vector
valued elliptic operator and gave any estimate of the type |λ0 − λε| = O(εa), with the
exponent a depending on the distance of λ0 from its neighbors. The starting points of
the present work are [Gad03] and [AFT14a, AFT14b, FT13]. On one hand, we aim at
providing a criterion for selecting the leading term in the asymptotic expansion given in
[Gad03], based on the vanishing order of the limit eigenfunction at the junction; on the
other hand, we improve and generalize some results of [AFT14a]. We note that [AFT14a]
(as well as many of the aforementioned articles) deals with dumbbell domains in which
the tubular handle is vanishing. However, from the point of view of both the expected
results and the technical approach, our method does not require substantial adaptions to
treat also the dumbbell case; hence for the sake of simplicity of exposition, in the present
part we consider only perturbations of type (4.2.3).

A motivation for the interest in studying the spectral behavior of the Laplacian on
thin branching domains comes from physics: for instance, it occurs in the theory of quan-
tum graphs, which models the propagation of waves in quasi one-dimensional structures,
like quantum wires, narrow waveguides, photonic crystals, blood vessels, etc. (see e.g.
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[BK13, Kuc05] and reference therein). Moreover, this topic is also related with engineer-
ing problems, such as elasticity and multi-structure problems, as well explained in surveys
[Cia90, Mov06]. We also point out that our results may be seen in the framework of scat-
tering theory: indeed, in [HM91] the authors proved that, if we consider a resonator made
of an unbounded domain Ωex such that Ω ⊆ RN \ Ωex and connected with Ω through a
thin channel Tε, the squares of the scattering frequencies of the resonator Ω ∪ Tε ∪ Ωex
coincide with the Dirichlet eigenvalues on Ω ∪Tε up to an exponentially small (in ε) error.

Statement of the main results In order to state our main results, we first need to
recall some known facts. Let us consider the eigenvalue problem for the standard Laplacian
on the (N − 1)-dimensional unit sphere

− ∆SN−1Ψ = µΨ in SN−1. (4.2.7)

It is well known that the eigenvalues of (4.2.7) are µn = n(n + N − 2), for n = 0, 1, . . .
and that their multiplicities are (see [BGM71])

mn =
(︄
n+N − 2

n

)︄
+
(︄
n+N − 3
n− 1

)︄
.

We denote by En the eigenspace corresponding to the eigenvalue µn. We recall that
the elements of En are spherical harmonics, i.e. the restriction to SN−1 of harmonic
homogeneous polynomials (of N variables) of degree n. It is known that the local behavior
of solutions to (EΩ) near 0 ∈ ∂Ω can be describe in terms of spherical harmonics vanishing
on {xN = 0}, see e.g. [Ber55] and [FFT11, Theorem 1.3]. Therefore, if we denote

E0
n := {ψ ∈ En : ψ(θ1, . . . , θN−1, 0) = 0} ,

we have that there exist k ∈ N, k ≥ 1 and Ψk ∈ E0
k such that

r−kφ0(rθ) → Ψk(θ) in C1,τ (S+
1 ), as r → 0+, (4.2.8)

r1−k∇φ0(rθ) → ∇SN−1Ψk(θ) in C0,τ (S+
1 ,R

N ), as r → 0+, (4.2.9)

for all τ ∈ (0, 1). Furthermore the asymptotic homogeneity order k can be characterized
as the limit of an Almgren frequency function (see [Alm83]), i.e.

lim
r→0+

r
∫︁
B+

r

(︂
|∇φ0|2 − λ0 |φ0|2

)︂
dx∫︁

S+
r

|φ0|2 dS
= k.

Hereafter we will denote

ψk(rθ) := rkΨk(θ), r ≥ 0, θ ∈ S+
1 . (4.2.10)

The sharp asymptotic estimate of the eigenvalue variation we are going to prove involves
a nonzero constant mk(Σ) which admits the following variational characterization. Let us
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consider the functional

J : D1,2(Π) −→ R,

J(u) :=1
2

∫︂
Π

|∇u|2 dx−
∫︂

Σ
u
∂ψk
∂xN

dx′,

where
T−

1 := Σ × (−∞, 0], Π := T−
1 ∪ RN+ ,

and, for any open set ω ⊆ RN , D1,2(ω) denotes the completion of the space C∞
c (ω) with

respect to the L2 norm of the gradient (see Section 4.3.1 for further details). In dimension
2, we will always deal with spaces D1,2(ω) with ω such that RN \ω contains a half-line; in
this case D1,2(ω) can be characterized as a concrete functional space thanks to the validity
of a Hardy inequality also in dimension 2, see Theorem 4.3.2.

By standard minimization methods, one can prove that J is bounded from below and
that the infimum

mk(Σ) := inf
u∈D1,2(Π)

J(u) (4.2.11)

is attained by some wk. Moreover

mk(Σ) = −1
2

∫︂
Π

|∇wk|2 dx = −1
2

∫︂
Σ
wk

∂ψk
∂xN

dx′ < 0, (4.2.12)

see [FT13]. With this framework in mind we are able to state the first (and main) result
of this chapter.

Theorem 4.2.1. Under assumptions (4.2.1), (4.2.2) and (4.2.4), let k denote the vanish-
ing order of the unperturbed eigenfunction φ0 as in (4.2.8)–(4.2.9). Then

λε = λ0 − Ck(Σ)εN+2k−2 + o(εN+2k−2),

as ε → 0, where
Ck(Σ) = −2mk(Σ) > 0 (4.2.13)

and mk(Σ) is defined in (4.2.11).

We recall that, for N ≥ 3, an asymptotic expansion for the eigenvalue variation is
constructed using the concordance method in [Gad03, Theorem 4.1], but explicit formu-
las are given only for the first perturbed coefficient, which turns out to be a multiple of
|∇φj(0)|2; in dimension N = 2, [Gad03, Theorem 10.1] performs a more detailed asymp-
totic analysis with the computation of all the coefficients and takes into account also
multiple limit eigenvalues. Hence, for N ≥ 3, [Gad03] finds outs what is the leading term
in the asymptotic expansion only when ∇φj(0) ̸= 0. We emphasize that, differently from
[Gad03], Theorem 4.2.1 detects the exact vanishing rate of λ0 − λε also when ∇φ0(0) = 0
and N ≥ 3; more precisely it establishes a direct correspondence between the order of
the infinitesimal λ0 − λε and the number k, which is the order of vanishing of φ0 at the
junction point 0.
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The proof of Theorem 4.2.1 is based on lower and upper bounds for the difference
λ0−λε carried out using the Min-Max Courant-Fischer characterization of the eigenvalues,
see Section 4.3.5. To obtain the exact asymptotics for the eigenvalue variation it is crucial
to sharply control the energy of perturbed eigenfunctions in neighborhoods of the junction
with radius of order ε. The sharpness of our energy estimates is related to the identification
of a nontrivial limit profile for blow-up of scaled eigenfunctions, as stated in the following
theorem.

Theorem 4.2.2. Under the same assumptions of Theorem 4.2.1, let φε be chosen as in
(4.2.6). Then

ε−kφε(εx) → Φ(x) as ε → 0,

in H1(T−
1 ∪B+

R) for all R > 1, where Φ := wk + ψk, being wk the minimizer for (4.2.11)
and ψk the homogeneous function defined in (4.2.10).

As mentioned before, Theorem 4.2.1 generalizes and improves [AFT14a, Th. 1.1]:
indeed, in [AFT14a] the weight p was assumed to vanish in a neighborhood of the junction
Σ and only the case of vanishing order k = 1 for the unperturbed eigenfunction φ0 was
considered. Furthermore the dimension N = 2 was not included in [AFT14a]. As in
[AFT14a], a fundamental tool for the proof of the energy estimates needed to study the
local behavior of eigenfunctions is an Almgren-type monotonicity formula, which was first
introduced by Almgren [Alm83] and then used by Garofalo and Lin [GL86] to study unique
continuation properties for elliptic partial differential equations.

In the particular case treated in [AFT14a, FT13], precise pointwise estimates from
above and from below for the perturbed eigenfunction and its gradient were directly ob-
tained via comparison and maximum principles: indeed, if the limit eigenfunction has
minimal vanishing order at the origin and the weight vanishes around the junction, then
such eigenfunction has a fixed sign and is harmonic in a neighborhood of 0. These esti-
mates were used in [FT13] to get rid of a remainder term in the derivative of the Almgren
quotient for the perturbed problem, however they are not available in the more general
framework of the present chapter. Nevertheless, under the geometric assumption (4.2.2)
on the tube section we succeed in proving that the remainder term has a positive sign,
thus obtaining the monotonicity formula, see Proposition 4.3.27. We also point out that
the 2-dimensional case requires the proof of an ad hoc Hardy type inequality for functions
vanishing on a fixed half-line, see (4.3.5).

We observe that in [AFT14a, FT13] the limit of the blow-up family ε−kφε(εx) was
recognized by its frequency at infinity, which must be necessarily equal to the minimal
one, i.e. 1, in the particular case k = 1. In the general case k ≥ 1, the monotonicity
argument implies that the frequency of the limit profile is less than or equal to k, and
this seems to be not enough for a univocal identification. To overcome this difficulty, we
use here an argument inspired by [AF15] and based on a local inversion result giving an
energy control for the difference between the blow-up eigenfunction and a k-homogeneous
profile, see Corollary 4.3.48.
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4.3 Proof of the asymptotic expansion
In this section we are going to prove our main results Theorem 4.2.1 and Theorem 4.2.2.
We organize it as follows. After some preliminary results in Subsection 4.3.1, in Subsection
4.3.2 we prove a Pohozaev-type identity, which is combined with the Poincaré inequalities
of Subsection 4.3.3 to develop a monotonicity argument in Subsection 4.3.4. From the
monotonicity formula established in Corollary 4.3.28, we derive some local energy esti-
mates which allow us to deduce sharp upper and lower bounds for the eigenvalue variation
in Subsection 4.3.5. In Subsection 4.3.6 we perform a blow-up analysis for scaled eigen-
functions from which we deduce first Theorem 4.2.2 and then, in Subsection 4.3.7, our
main result Theorem 4.2.1.

4.3.1 Preliminaries and notation

In this subsection we introduce some basic definitions and notation and we state some
introductory results which will be useful in the rest of this chapter. We start fixing some
notation:

Ωε
r := Tε ∪B+

r , ε ∈ (0, 1), r ∈ (ε,Rmax),
Πr := T−

1 ∪B+
r , r > 1.

For any measurable set ω ⊆ RN , we denote as |ω| its N -dimensional Lebesgue measure
and, if ω is a regular domain and there is no ambiguity, we denote by ν(x) the exterior
unit normal to ∂ω at the point x ∈ ∂ω.

For any R ≥ 2, we will denote as ηR a cut-off function satisfying

ηR ∈ C∞(Π), ηR(x) =
{︄

1, for x ∈ Π \ ΠR,

0, for x ∈ ΠR/2,

|ηR(x)| ≤ 1, |∇ηR(x)| ≤ 4/R for all x ∈ Π.
(4.3.1)

We now recall a well known quantitative result about the first eigenvalue of the
Dirichlet-Laplacian on bounded domains.

Theorem 4.3.1 (Faber-Krahn Inequality). Let ω ⊆ RN be open and bounded and let
λD1 (ω) denote the first eigenvalue of the Dirichlet-Laplacian on ω. Then

λD1 (ω) ≥ λD1 (B1) |B1|2/N

|ω|2/N
,

where B1 denotes the N -dimensional ball centered at the origin and with radius 1.

Moreover, if we denote
CN := 1

|B1|2/N λD1 (B1)
, (4.3.2)
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and we combine the previous Theorem with the usual Poincaré Inequality, we have that∫︂
ω

|u|2 dx ≤ CN |ω|2/N
∫︂
ω

|∇u|2 dx for all u ∈ H1
0 (ω). (4.3.3)

It is well known that the classical Hardy’s Inequality(︃
N − 2

2

)︃2 ∫︂
RN

|u|2

|x|2
dx ≤

∫︂
RN

|∇u|2 dx, u ∈ C∞
c (RN ), N ≥ 3,

fails in dimension 2. However we observe, in the following theorem, that, under a vanishing
condition on part of the domain (at least on a half-line), it is possible to recover a Hardy-
type Inequality even in dimension 2.

Let p = (xp, 0) ∈ R2 with xp > 0 and let sp := {(x, 0) : x ≥ xp}. Let D1,2(RN \ sp)
denote the completion of the space C∞

c (R2 \ sp) with respect to the norm

∥u∥D1,2(RN \sp) :=
(︃∫︂

R2
|∇u|2 dx

)︃1/2
.

Let us consider the function

θp : R2 \ sp −→ (0, 2π), θp(xp + r cos t, r sin t) = t.

We have that θp ∈ C∞(R2 \ sp).
Theorem 4.3.2. For all φ ∈ C∞

c (R2 \ sp)

1
4

∫︂
R2

|φ(z)|2

|z − p|2
dz ≤

∫︂
R2

|∇φ(z)|2 dz. (4.3.4)

Moreover the space D1,2(RN \ sp) can be characterized as

D1,2(RN \ sp) =
{︂
u ∈ L1

loc(R2) : ∇u ∈ L2(R2), u
|z−p| ∈ L2(R2), and u = 0 on sp

}︂
and inequality (4.3.4) holds for every φ ∈ D1,2(RN \ sp).

Proof. Let φ ∈ C∞
c (R2 \ sp) and let φ̃(z) := φ(z)ei

θp(z)
2 ∈ C∞

c (R2 \ sp,C). By direct
calculations, we have that

i∇φ(z) = e−i θp(z)
2 (i∇ + Ap)φ̃(z),

where
Ap(x, y) := 1

2

(︄
−y

(x− xp)2 + y2 ,
x− xp

(x− xp)2 + y2

)︄
is the Aharonov-Bohm vector potential with pole p and circulation 1/2. Now let us com-
pute the L2-norm of |i∇φ| and use the Hardy’s Inequality for Aharonov-Bohm operators
(see [LW99]):∫︂

R2
|∇φ|2 dz =

∫︂
R2

|(i∇ + Ap)φ̃|2 dz ≥ 1
4

∫︂
R2

|φ̃|2

|z − p|2
dz = 1

4

∫︂
R2

|φ|2

|z − p|2
dz.

The second part of the statement follows from (4.3.4) by classical completion and density
arguments.
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Corollary 4.3.3. There exists C = C(p) > 0 such that∫︂
R2

|φ(z)|2

1 + |z|2
dz ≤ C

∫︂
R2

|∇φ(z)|2 dz for all φ ∈ D1,2(RN \ sp). (4.3.5)

Proof. We observe that there exists K = K(|p|) > 0 such that

|z − p|2 ≤ K(|p|)(1 + |z|2) for all z ∈ R2.

Therefore the claim easily follows from Theorem 4.3.2 with C(p) = 4K(|p|).

The Space HR For R > 1 let us define the function space HR as the completion of
C∞
c (ΠR ∪ S+

R ) with respect to the norm induced by the scalar product

(u, v)HR
:=
∫︂

ΠR

∇u · ∇v dx.

Since ΠR is bounded in at least 1 direction, the Poincaré Inequality holds. Hence HR ↪→
H1(ΠR) continuously and we have the following characterization

HR :=
{︂
u ∈ H1(ΠR) : u = 0 on ∂ΠR \ S+

R

}︂
.

Moreover, when N ≥ 3, the classical Sobolev inequality implies that HR ↪→ L2∗(ΠR)
continuously, where 2∗ = 2N

N−2 .

Limit Profiles In this section we introduce some limit profiles that will appear in the
blow-up analysis of scaled eigenfunctions. We recall the following result from [FT13,
Lemma 2.4].

Proposition 4.3.4. For every ψ ∈ C2(RN+ ) ∩ C1(RN+ ) such that{︄
−∆ψ = 0, in RN+ ,

ψ = 0, on ∂RN+ ,

there exists a unique Φ = Φ(ψ) : Π → R such that

Φ ∈ HR, for all R > 1, (4.3.6){︄
−∆Φ = 0, in Π,

Φ = 0, on ∂Π,
(4.3.7)∫︂

Π
|∇(ψ − Φ)|2 dx < +∞. (4.3.8)

Hereafter we will denote
Φ := Φ(ψk) (4.3.9)
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where ψk is the function defined in (4.2.10). As observed in [FT13] we have that

Φ =
{︄
ψk + wk, in RN+ ,
wk, in Π \ RN+ ,

(4.3.10)

where wk is the function realizing the minimum mk(Σ) in (4.2.11). We observe that, in
the particular case N = 2, the function Φ corresponds to the function Xk introduced
in [Gad03, Sections 10-11]. By a classical Dirichlet principle, one can easily obtain the
following result.

Lemma 4.3.5. For every R > 1 there exists a unique function UR ∈ HR solution to the
following minimization problem

min
u∈HR

{︃∫︂
ΠR

|∇u|2 dx : u = ψk on S+
R

}︃
.

Moreover it weakly solves ⎧⎪⎪⎨⎪⎪⎩
−∆UR = 0, in ΠR,

UR = 0, on ∂ΠR \ S+
R ,

UR = ψk, on S+
R .

The function UR just defined turns out to be a good approximation of the limit profile
Φ, as explained in the following lemma.

Lemma 4.3.6. For every r > 1 we have

UR −→ Φ in Hr, as R → +∞.

Proof. We can assume R > max{r, 2}. The function UR − Φ satisfies, in a weak sense,⎧⎪⎪⎨⎪⎪⎩
−∆(UR − Φ) = 0, in ΠR,

UR − Φ = 0, on ∂ΠR \ S+
R ,

UR − Φ = ψk − Φ, on S+
R ,

and then it is the least energy function among those having these boundary conditions.
Let η = ηR ∈ C∞(Π) be the cut-off function defined in (4.3.1). Then∫︂

Πr

|∇(UR − Φ)|2 dx ≤
∫︂

ΠR

|∇(UR − Φ)|2 dx ≤
∫︂

ΠR

|∇(η(ψk − Φ))|2 dx ≤

≤ 2
∫︂

ΠR

|∇η|2 |ψk − Φ|2 dx+ 2
∫︂

Π
|η|2 |∇(ψk − Φ)|2 dx ≤

≤ 32
R2

∫︂
ΠR\ΠR/2

|ψk − Φ|2 dx+ 2
∫︂

Π−ΠR/2

|∇(ψk − Φ)|2 dx ≤

≤ 32
∫︂

Π\ΠR/2

|ψk − Φ|2

|x|2
dx+ 2

∫︂
Π−ΠR/2

|∇(ψk − Φ)|2 dx −→ 0

thanks to (4.3.8) and Hardy’s Inequality. In the case N = 2 we use the fact that 1+ |x|2 ≤
2 |x|2 for |x| ≥ 1 and the 2-dimensional Hardy inequality (4.3.5).
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Using again the Dirichlet principle, we construct also the limit profile ZR as follows.

Lemma 4.3.7. For every R > 1 there exists a unique function ZR ∈ H1(B+
R) solution to

the following minimization problem

min
u∈H1(B+

R)

{︄∫︂
B+

R

|∇u|2 dx : u = 0 on B′
R, u = Φ on S+

R

}︄
.

Moreover it weakly solves ⎧⎪⎪⎨⎪⎪⎩
−∆ZR = 0, in B+

R ,

ZR = 0, on B′
R,

ZR = Φ, on S+
R .

4.3.2 A Pohozaev-type inequality

The purpose of this subsection is to prove the following inequality.

Proposition 4.3.8. There exists ε̃, r̃ > 0, with 0 < ε̃ < r̃ ≤ Rmax, such that, for ε ∈ (0, ε̃],
r ∈ (ε, r̃] and i ∈ {1, . . . , n0}, we have∫︂

S+
r

|∇φεi |
2 dS − N − 2

r

∫︂
Ωε

r

|∇φεi |
2 dx ≥ 2

∫︂
S+

r

(︃
∂φεi
∂ν

)︃2
dS + 2λεi

r

∫︂
Ωε

r

pφεi∇φεi · x dx.

(4.3.11)

We observe that solutions to problems of type{︄
−∆u = f, in Ωε

r,

u = 0, on ∂Ωε
r,

with f ∈ L2(Ωε
r), in general do not belong to H2(Ωε

r) since ∂Ωε
r is only Lipschitz continuous

and doesn’t verify a uniform exterior ball condition (which ensures L2-integrability of
second order derivatives, see [Ado92]). But, along a proof of a Pohozaev Identity, one
tests the equation with the function ∇φεi · x, which could fail to be H1 in our case. To
overcome this difficulty we implement an approximation process.

Approximating domains Let ε ∈ (0, 1] and r ∈ (ε,Rmax]: in order to remove the
concave edge Γε := ∂(εΣ), we will approximate the domain Ωε

r with a family of starshaped
domains Ωε

r,δ (with 0 ≤ δ < r − ε) such that

Ωε
r,0 = Ωε

r, Ωε
r,δ1 ⊂ Ωε

r,δ2 for all 0 ≤ δ1 ≤ δ2 < r − ε,

and such that every Ωε
r,δ verifies the uniform exterior ball condition. In particular we will

define Qδ such that
Ωε
r,δ = Ωε

r ∪Qδ.
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h(s)

sδ

δ

(a) The function h

x′

xN

r

Ωε
r,δ

Qδ

S+
r

(b) The Approximating Domain

Figure 4.2

For δ > 0 small we define a “δ-enlargement” of εΣ:

εΣδ :=
{︂
x′ ∈ RN−1 \ εΣ: dist(x′,Γε) < δ

}︂
.

Let h ∈ C∞((0,+∞))∩C([0,+∞)) such that h(0) = δ, h(s) = 0 for s ∈ [δ,+∞), h′(s) < 0
for all s ∈ (0, δ) and h−1(s) = h(s) for s ∈ (0, δ). We define G : εΣδ ⊂ RN−1 → R as

G(x′) := −h(d(x′)),

where d(x′) := dist(x′,Γε). Now, let

Qδ =
{︂
x = (x′, xN ) ∈ RN : (x′, 0) ∈ εΣδ and G(x′) < xN ≤ 0

}︂
,

see Figure 4.2.
For what concerns the regularity we observe that, since Γε is of class C1,1, then also d

and the graph of G are of class C1,1 (see [KP81]). Moreover it is easy to verify that the
approximating domain Ωε

r,δ satisfies the uniform exterior ball condition.

Remark 4.3.9. We point out that Ωε
r,δ is starshaped. Indeed, first, if x ∈ B′

r \ (εΣδ ∪ εΣ)
(green part in Figure 4.2), trivially x · ν(x) = 0 while if x ∈ S+

r (red part) x · ν(x) =
r > 0. If x ∈ {xN = −1} ∩ ∂Ωε

r,δ (in orange), then x · ν(x) = −xN = 1 > 0. Third,
if x ∈ Γε × (−1,−δ) (in purple), then ν(x) = νεΣ(x′), where νεΣ(x′) is the exterior
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unit normal of Γε = ∂(εΣ); thus x · ν(x) = x′ · νεΣ(x′) ≥ 0 by (4.2.2). Finally, let
x ∈ {(x′, G(x′) : x′ ∈ εΣδ} (in blue): in this case we have that

ν(x) = (∇G(x′),−1)
∥(∇G(x′),−1)∥ = (−h′(d(x′))∇d(x′),−1)

∥(−h′(d(x′))∇d(x′),−1)∥ ,

and so
x · ν(x) = −h′(d(x′))∇d(x′) · x′ + h(d(x′))

∥(−h′(d(x′))∇d(x′),−1)∥ .

In fact, this quantity is nonnegative, since h(s) > 0, h′(s) < 0 for all s ∈ (0, 1) and

∇d(x′) · x′ = νεΣ(P (x′)) · (P (x′) + d(x′)νεΣ(P (x′)) = νεΣ(x′) · x′ + d(x′) > 0,

where P (x′) is the unique point of Γε that attains d(x′).

Approximating problems For α ∈ (0, 1), let us fix r̃, ε̃ > 0, with 0 < ε̃ < r̃ ≤ Rmax,
such that

⃓⃓⃓
Ωε
r,δ

⃓⃓⃓
≤
(︄

1 − α

CNλ0 ∥p∥∞

)︄N
2

for all ε ∈ (0, ε̃), r ∈ (ε, r̃), δ ∈ (0, r − ε), (4.3.12)

where CN has been defined in (4.3.2).
For fixed i ∈ {1, . . . , n0}, ε ∈ (0, ε̃], r ∈ (ε, r̃] and for all δ ∈ (0, r − ε), let us consider

the problem ⎧⎪⎪⎨⎪⎪⎩
−∆u = λεipu, in Dδ,

u = 0, on ∂Dδ \ S+
r ,

u = φεi , on S+
r ,

(4.3.13)

where, for simplicity of notation, in this section we call Dδ := Ωε
r,δ; we also denote δ0 :=

r − ε.

Theorem 4.3.10. There exists a unique uδ ∈ H1(Dδ) solution to problem (4.3.13). More-
over the family {uδ}δ∈(0,δ0) is bounded in H1(Dδ0) with respect to δ.

Proof. We observe that, if we extend φεi to zero in Dδ0 \ Ωε
r and we let v = u − φεi , then

problem (4.3.13) is equivalent to{︄
−∆v = λεipv + F, in Dδ,

v = 0, on ∂Dδ,
(4.3.14)

where F := λεipφ
ε
i +∆φεi ∈ H−1(Dδ). Existence and uniqueness of a solution vδ ∈ H1

0 (Dδ)
to (4.3.14) easily comes from Lax-Milgram Theorem. Indeed, the bilinear form

a(v, w) :=
∫︂
Dδ

(∇v · ∇w − λεipvw) dx, v, w ∈ H1
0 (Dδ)
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is coercive, since, by (4.3.3) and (4.3.12), we have

a(v, v) =
∫︂
Dδ

(︂
|∇v|2 − λεip |v|2

)︂
dx

≥
(︂
1 − CNλ0 ∥p∥∞ |Dδ|

2
N

)︂ ∫︂
Dδ

|∇v|2 dx ≥ α

∫︂
Dδ

|∇v|2 dx.
(4.3.15)

From Lax-Milgram Theorem we also know that

∥∇vδ∥L2(Dδ0 ) = ∥∇vδ∥L2(Dδ) ≤
∥F∥H−1(Dδ)

α
,

where vδ has been trivially extended in Dδ0 \Dδ. One can easily prove that ∥F∥H−1(Dδ) =
O(1) as δ → 0. Indeed, for w ∈ H1

Dδ
, we have, by Cauchy-Schwartz inequality

⃓⃓⃓
H−1(Dδ)⟨F,w⟩H1

0 (Dδ)

⃓⃓⃓
=
⃓⃓⃓⃓∫︂
Dδ

(λεipφεiw − ∇φεi · ∇w) dx
⃓⃓⃓⃓

≤ λεi ∥p∥∞ ∥φεi∥L2(Dδ) ∥w∥L2(Dδ) + ∥φ∥H1
0 (Dδ) ∥w∥H1

0 (Dδ) .

Now, trivially extending w in Dδ0 \ Dδ, by (4.3.3) we have that the last term can by
estimated by

(λεi ∥p∥∞
√︁
CN |Dδ0 |1/N ∥φεi∥L2(Ωε

r) + ∥φεi∥H1
0 (Ωε

r)) ∥w∥H1
0 (Dδ0 ) .

Hence
∥F∥H−1(Dδ) ≤ λεi ∥p∥∞

√︁
CN |Dδ0 |1/N ∥φεi∥L2(Ωε

r) + ∥φεi∥H1
0 (Ωε

r) .

Then uδ := vδ + φεi is the unique solution to (4.3.13) and {uδ}δ∈(0,δ0) is bounded in
H1(Dδ0).

Theorem 4.3.11. If uδ ∈ H1(Dδ) is the unique solution to (4.3.13), then

uδ −→ φεi in H1(Dδ0), as δ → 0.

Proof. Since {uδ}δ∈(0,δ0) is bounded in H1(Dδ0), then there exists U ∈ H1(Dδ0) such that,
up to a subsequence,

uδ ⇀ U weakly in H1(Dδ0), as δ → 0.

Actually U ∈ H1(Ωε
r) and moreover it weakly solves⎧⎪⎪⎨⎪⎪⎩

−∆U = λεipU, in Ωε
r,

U = 0, on ∂Ωε
r \ S+

r ,

U = φεi , on S+
r .

From the coercivity obtained in (4.3.15) we deduce that U = φεi .
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In order to prove strong convergence in H1(Dδ0), we notice that∫︂
Dδ0

|∇uδ|2 dx = λεi

∫︂
Dδ0

pu2
δ dx+

∫︂
S+

r

φεi
∂uδ
∂ν

dS. (4.3.16)

From the compactness of the embedding H1(Dδ0) ↪→ L2(Dδ0) we have that uδ → φεi in
L2(Dδ0) and so

∫︁
Dδ0

p |uδ|2 dx →
∫︁
Dδ0

p |φεi |
2 dx. Moreover, from the equation (4.3.13),

we have that ∇uδ ⇀ ∇φεi weakly in H(div, Dδ0) as δ → 0. Hence classical trace theorems
for vector functions yield∫︂

S+
r

∂uδ
∂ν

φεi dS →
∫︂
S+

r

∂φεi
∂ν

φεi dS, as δ → 0.

Therefore, from (4.3.16) and from the equation satisfied by φεi , we conclude that, along a
subsequence,

lim
δ→0

∫︂
Dδ0

|∇uδ|2 dx = λεi

∫︂
Dδ0

p |φεi |
2 dx+

∫︂
S+

r

∂φεi
∂ν

φεi dS

=
∫︂

Ωε
r

|∇φεi |
2 dx =

∫︂
Dδ0

|∇φεi |
2 dx.

Thanks to Urysohn’s Subsequence Principle the proof is thereby complete.

Theorem 4.3.12. Let uδ ∈ H1(Dδ) be the unique solution to (4.3.13). Then

∇uδ −→ ∇φεi in L2(S+
r ), as δ → 0.

Proof. Without loss of generality we assume that ε + δ < r/2. Let us consider a cut off
function ξ ∈ C∞

c (Br \ B r
2
) such that ξ = 1 in Br \ B 3

4 r
. If we oddly extend uδ and φεi in

Br \B r
2

with respect to {xN = 0} and we let wδ := ξ(uδ − φεi ), then we have⎧⎨⎩−∆wδ − λεipwδ = −(uδ − φεi )∆ξ − 2∇(uδ − φεi ) · ∇ξ, in Br \B r
2
,

wδ = 0, on Sr ∪ S r
2
,

in a weak sense, with BR denoting the ball centered at the origin and with radius R > 0
and SR := ∂BR. From Theorem 4.3.11 we deduce that wδ → 0 in H1(Br \B r

2
) as δ → 0,

indeed∫︂
Br\B r

2

(|∇wδ|2 + w2
δ ) dx ≤ Cξ ∥uδ − φεi∥

2
H1(Br\B r

2
) ≤ Cξ ∥uδ − φεi∥

2
H1(Dδ0 ) → 0,

as δ → 0. Since we have that f := −(uδ − φεi )∆ξ − 2∇(uδ − φεi ) · ∇ξ ∈ L2(Br \ B r
2
), by

classical elliptic regularity theory we know that wδ ∈ H2(Br \B r
2
) and that

∥wδ∥H2(Br\B r
2

) ≤ C(∥wδ∥H1(Br\B r
2

) + ∥f∥L2(Br\B r
2

)).
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One can easily see that

∥f∥L2(Br\B r
2

) ≤ C̃ξ ∥wδ∥H1(Br\B r
2

) ,

hence wδ → 0 in H2(Br \B r
2
) as δ → 0. From the definition of wδ, we deduce that uδ → φεi

in H2(Br \B 3
4 r

) as δ → 0, that is ∇uδ → ∇φεi in H1(Br \B 3
4 r

) which, by trace embedding,
implies the thesis.

Theorem 4.3.13. Let uδ be the unique solution to (4.3.13). Then the following identity
holds∫︂

S+
r

|∇uδ|2 dS − N − 2
r

∫︂
Dδ

|∇uδ|2 dx

= 1
r

∫︂
∂Dδ\S+

r

(︃
∂uδ
∂ν

)︃2
x · ν dS + 2

∫︂
S+

r

(︃
∂uδ
∂ν

)︃2
dS + 2λεi

r

∫︂
Dδ

p uδ ∇uδ · x dx.

Proof. We first observe that, by classical regularity theory, uδ ∈ H2(Dδ) since Dδ verifies
an exterior ball condition. Let us now test equation (4.3.13) with the function ∇uδ · x ∈
H1(Dδ). Integrating by parts and using the following identity

∇uδ · ∇(∇uδ · x) = 1
2 div

(︂
|∇uδ|2 x

)︂
− N − 2

2 |∇uδ|2

we obtain the conclusion.

Proof of Proposition 4.3.8. Let uδ be the unique solution to (4.3.13). From Theorem
4.3.13 and Remark 4.3.9 we know that∫︂

S+
r

|∇uδ|2 dS − N − 2
r

∫︂
Dδ

|∇uδ|2 dx ≥ 2
∫︂
S+

r

(︃
∂uδ
∂ν

)︃2
dS + 2λεi

r

∫︂
Dδ

p uδ ∇uδ · x dx.

Now, thanks to Theorems 4.3.11 and 4.3.12, we can pass to the limit as δ → 0 in the above
inequality, thus obtaining (4.3.11).

Remark 4.3.14. We observe that the assumption of C1,1-regularity for ∂Σ can be relaxed;
indeed, if Σ is less regular (e.g. if ∂Σ is Lipschitz continuous), we can approximate εΣ
with a class of C1,1- regular domains (εΣ)β and start the procedure of Section 4.3.2 from
the domain (εΣ)β.

4.3.3 Poincaré-type inequalities

In this section we consider the following spaces for ε ∈ (0, 1] and r > ε:

Vε(B+
r ) := H1

0,B′
r\εΣ

{︂
u ∈ H1(B+

r ) : u = 0 on B′
r \ εΣ

}︂
,

V0(B+
r ) := H1

0,B′
r
{u ∈ H1(B+

r ) : u = 0 on B′
r}.

We point out that, for 0 ≤ ε1 ≤ ε2 < r,

H1
0 (B+

r ) ⊆ V0(B+
r ) ⊆ Vε1(B+

r ) ⊆ Vε2(B+
r ) ⊆ H1(B+

r ). (4.3.17)
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Lemma 4.3.15 (Poincaré-Type Inequality). Let r > 0. Then, for every u ∈ H1(B+
r ), the

following inequality holds

N − 1
r2

∫︂
B+

r

|u|2 dx ≤
∫︂
B+

r

|∇u|2 dx+ 1
r

∫︂
S+

r

|u|2 dS. (4.3.18)

Proof. Integrating the equality div(u2x) = 2u∇u · x + Nu2 over B+
r and recalling the

elementary inequality 0 ≤ (u+ ∇u · x)2 = |u|2 + |∇u · x|2 + 2u∇u · x, we obtain that∫︂
∂B+

r

|u|2 x · ν dS =
∫︂
B+

r

(︂
2u∇u · x+N |u|2

)︂
dx

≥ −
∫︂
B+

r

(︂
|u|2 + |∇u · x|2

)︂
dx+N

∫︂
B+

r

|u|2 dx.

Since x · ν = 0 on B′
r and |x| ≤ r, then

r

∫︂
S+

r

|u|2 dS ≥ −r2
∫︂
B+

r

|∇u|2 dx+ (N − 1)
∫︂
B+

r

|u|2 dx.

Reorganizing the terms and dividing by r2 yields the thesis.

Lemma 4.3.16. For 0 ≤ σ < 1 the infimum

mσ = inf
u∈Vσ(B+

1 )
u̸=0

∫︁
B+

1
|∇u|2 dx∫︁

S+
1

|u|2 dS

is achieved. Moreover mσ > 0, the map σ ↦→ mσ is non-increasing in [0, 1) and continuous
in 0 and m0 = 1.

Proof. For u ∈ Vσ(B+
1 ), let us denote

F (u) :=
∫︁
B+

1
|∇u|2 dx∫︁

S+
1

|u|2 dS
.

Let {un}n ⊆ Vσ(B+
1 ) be a minimizing sequence such that

∫︁
S+

1
|un|2 dS = 1. From (4.3.18)

it follows that {un}n is bounded in H1(B+
1 ) and so there exists ũ ∈ H1(B+

1 ) such that,
up to a subsequence, un ⇀ ũ in H1(B+

1 ). Taking into account the compact embedding
H1(B+

1 ) ↪→ L2(∂B+
1 ), we have that

∫︁
S+

1
|ũ|2 dS = 1 and then ũ ̸= 0. Moreover ũ = 0 on

B′
r \ σΣ, since {un} do; in particular ũ ∈ Vσ(B+

1 ). By weak lower semicontinuity, we have
that ∫︂

B+
1

|∇ũ|2 dx ≤ lim inf
n→+∞

∫︂
B+

1

|∇un|2 dx = mσ.

Then mσ = F (ũ), i.e. ũ attains the infimum mσ. Trivially mσ > 0, due to the null
boundary conditions on B′

r \ σΣ. The monotonicity of the map σ ↦→ mσ follows from
(4.3.17).
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Now we have to prove continuity. Let σn → 0+. For every n there exists ũn ∈ Vσn(B+
1 )

such that ∫︂
S+

1

|ũn|2 dS = 1,
∫︂
B+

1

|∇ũn|2 dx = mσn .

Then, since mσn ≤ m0 for all n, we have that {ũn}n is bounded in H1(B+
1 ). Thus there

exists u0 ∈ H1(B+
1 ) sucht that, up to a subsequence, ũn ⇀ u0 weakly in H1(B+

1 ). So, first∫︂
S+

1

|u0|2 dS = 1 and u0 = 0 on B′
r.

Furthermore

m0 ≤
∫︂
B+

1

|∇u0|2 dx ≤ lim inf mσn ≤ lim supmσn ≤ m0.

Then, along the subsequence, m0 = limn→+∞mσn . Thanks to Urysohn’s Subsequence
Principle we may conclude that m0 = limσ→0+ mσ.

Finally we prove that m0 = 1. Since the function u0 achieving m0 is harmonic in B+
1 ,

thanks to classical monotonicity arguments (we refer to [FFT11] for further details) we
can say that the function

r ↦−→ M(r) :=
r
∫︁
B+

r
|∇u0|2 dx∫︁

S+
r

|u0|2 dS

is non-decreasing and that there exists k ∈ N, k ≥ 1, such that limr→0+ M(r) = k. Hence
M(r) ≥ 1 for every r ≥ 0. Then

m0 =
∫︁
B+

1
|∇u0|2 dx∫︁

S+
1

|u0|2 dS
= M(1) ≥ 1.

Furthermore the function v(x) = xN belongs to V0(B+
1 ) and F (v) = 1; hence m0 = 1.

Corollary 4.3.17. Let ε ∈ (0, 1] and r > ε. Then
mε/r

r

∫︂
S+

r

|u|2 dS ≤
∫︂
B+

r

|∇u|2 dx for all u ∈ Vε(B+
r ).

Moreover, for every ρ ∈ (0, 1) there exists µρ > 1 such that, if ε < r
µρ

, then

1 − ρ

r

∫︂
S+

r

|u|2 dS ≤
∫︂
B+

r

|∇u|2 dx for all u ∈ Vε(B+
r ). (4.3.19)

Proof. If we let σ = ε/r in the previous Lemma, we have that

mε/r

∫︂
S+

1

|u|2 dS ≤
∫︂
B+

1

|∇u|2 dx for all u ∈ Vε/r(B+
1 ).

The first inequality follows by the change of variables y = rx, while the second one trivially
comes from the continuity of mσ in 0.
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From (4.3.18) and Corollary 4.3.17 one can easily prove the following corollary.

Corollary 4.3.18. For every ρ ∈ (0, 1) there exists µρ > 1 such that, for every r > 0 and
ε < r

µρ
,

N − 1
r2

∫︂
B+

r

|v|2 dx ≤
(︃

1 + 1
1 − ρ

)︃∫︂
B+

r

|∇v|2 dx for all v ∈ Vε(B+
r ). (4.3.20)

4.3.4 Monotonicity formula

For any 0 < ε < r ≤ Rmax, λ > 0, φ ∈ H1(Ωε
r), let us introduce the functions

E(φ, r, λ, ε) := 1
rN−2

∫︂
Ωε

r

(︂
|∇φ|2 − λp |φ|2

)︂
dx

and
H(φ, r) := 1

rN−1

∫︂
S+

r

|φ|2 dS.

Moreover we define the Almgren type frequency function

N (φ, r, λ, ε) := E(φ, r, λ, ε)
H(φ, r) . (4.3.21)

Lemma 4.3.19 (Integration on the Tube). There exists a constant κ = κ(N,Σ) > 0,
depending only on N and |Σ|, such that, for every ε ∈ (0, 1] and for every u ∈ H1(Tε)
such that u = 0 on ∂Tε \ εΣ,∫︂

Tε

|u|2 dx ≤ κε2(N−1)/N
∫︂
Tε

|∇u|2 dx.

Proof. Let T̃ε = Tε ∪ ς(Tε), where ς is the reflection through the hyperplane {xN = 0},
and let ũ be the even extension of u on T̃ε. Since ũ ∈ H1

0 (T̃ε), thanks to (4.3.3) we have
that∫︂

Tε

|u|2 dx = 1
2

∫︂
T̃ε

|ũ|2 dx ≤ CN
2 |T̃ε|2/N

∫︂
T̃ε

|∇ũ|2 dx

= CN22/N |Σ|2/N ε2(N−1)/N
∫︂
Tε

|∇u|2 dx.

Hence we can conclude the proof letting κ = CN22/N |Σ|2/N .

Lemma 4.3.20. There exists ε1 ∈ (0, 1], R1 > 0, with 0 < ε1 < R1 ≤ Rmax, such that

H(φεi , r) > 0 for all ε ∈ (0, ε1], for all r ∈ (ε,R1], for all i = 1, . . . , n0.
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Proof. Suppose by contradiction that for every n there exists εn ∈ (0, 1], rn ∈ (εn, Rmax]
and in ∈ {1, . . . , n0} such that rn → 0 and H(φεn

in
, rn) = 0. Let us denote νn := λεn

in
,

ξn := φεn
in

and Ωn := Ωεn
rn

. From this it follows that ξn = 0 on S+
rn

and that∫︂
Ωn

|∇ξn|2 dx = νn

∫︂
Ωn

p |ξn|2 dx ≤ λ0 ∥p∥∞

∫︂
Ωn

|ξn|2 dx.

Using Lemma 4.3.19 when integrating on the tube we obtain∫︂
Tεn

|ξn|2 dx ≤ κε2(N−1)/N
n

∫︂
Ωn

|∇ξn|2 dx.

Moreover (4.3.18) says that∫︂
B+

rn

|ξn|2 dx ≤ r2
n

N − 1

∫︂
Ωn

|∇ξn|2 dx.

Then we have that∫︂
Ωn

|∇ξn|2 dx ≤ λ0 ∥p∥∞

(︄
κε2(N−1)/N

n + r2
n

N − 1

)︄∫︂
Ωn

|∇ξn|2 dx.

Thus ξn ≡ 0 in Ωn, provided n is sufficiently large. Thanks to classical unique continuation
properties for elliptic equations it follows that ξn = 0 in Ωεn , which is a contradiction.

Lemma 4.3.21. Let

R2 = min

⎧⎨⎩
(︄
N − 1
λ0 ∥p∥∞

)︄1/2

, Rmax

⎫⎬⎭ .
For every r ∈ (0, R2] there exist cr > 0 and εr ∈ (0, 1], with εr < r, such that

H(φεi , r) ≥ cr for all ε ∈ (0, εr), for all i = 1, . . . , n0.

Proof. We will prove the lemma for a fixed i ∈ {1, . . . , n0} and take as cr the minimum
among the constants found for each i. Suppose by contradiction that for a certain r ∈
(0, R2] and for every n (large enough) there exists εn ∈ (0, 1/n) such that

H(φεn
i , r) <

1
n
. (4.3.22)

We first note that, since εn → 0, then λεn
i → λi (see [Dan03]). Moreover∫︂

Ω1
|∇φεn

i | dx =
∫︂

Ωεn

|∇φεn
i | dx = λεn

i

∫︂
Ωεn

p |φεn
i |2 = λεn

i ≤ λ0.

Hence there exists v ∈ H1
0 (Ω1) such that φεn

i ⇀ v weakly in H1
0 (Ω1) along a subsequence.

Note that actually v ∈ H1
0 (Ω) and v ̸≡ 0 in Ω, since

∫︁
Ω p |v|2 dx = 1. Moreover φεn

i → v
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strongly in L2(Ω1) and in L2(S+
r ), so that (4.3.22) implies that v = 0 on S+

r . This tells
us that v weakly solves {︄

−∆v = λipv, in B+
r ,

v = 0, on ∂B+
r .

Testing the above equation with v we obtain that
∫︁
B+

r
|∇v|2 dx = λi

∫︁
B+

r
p |v|2 dx and

then, thanks to (4.3.18) and the fact that λi ≤ λ0 and r ≤ R2,

0 =
∫︂
B+

r

(︂
|∇v|2 − λip |v|2

)︂
dx ≥

(︃
N − 1
r2 − λ0 ∥p∥∞

)︃∫︂
B+

r

|v|2 dx

≥
(︃
N − 1
R2

2
− λ0 ∥p∥∞

)︃∫︂
B+

r

|v|2 dx.

Due to the initial choice of R2 we have that this last factor is positive; then v = 0 in
B+
r . This, together with classical unique continuation principles, implies that v = 0 in Ω,

which is a contradiction.

Let ε̃ and r̃ be the constants found in Proposition 4.3.8.

Proposition 4.3.22. Let i ∈ {1, . . . , n0}, ε ∈ (0, ε̃] and r ∈ (ε, r̃]. Then

dE
dr (φεi , r, λεi , ε) ≥ 1

rN−2

[︄
2
∫︂
S+

r

(︃
∂φεi
∂ν

)︃2
dS+

+2λεi
r

∫︂
Ωε

r

pφεi ∇φεi · x dx− λεi

∫︂
S+

r

p |φεi |
2 dS + N − 2

r
λεi

∫︂
Ωε

r

p |φεi |
2 dx

]︄
(4.3.23)

and
dH
dr (φεi , r) = 2

rN−1

∫︂
S+

r

φεi
∂φεi
∂ν

dS = 2
r
E(φεi , r, λεi , ε). (4.3.24)

Proof. We compute the derivative

dE
dr = 2 −N

rN−1

∫︂
Ωε

r

(︂
|∇φεi |

2 − λεip |φεi |
2
)︂

dx+ 1
rN−2

∫︂
S+

r

(︂
|∇φεi |

2 − λεip |φεi |
2
)︂

dS.

Then, thanks to (4.3.11), we obtain (4.3.23). The proof of (4.3.24) follows from direct
computations, the equation satisfied by φεi and integration by parts.

Lemma 4.3.23. Let ρ ∈ (0, 1/2], µρ be as in Corollary 4.3.17, ε ∈ (0, 1] and r ∈ (ε,Rmax].
If εµρ < r, then ∫︂

Ωε
r

|u|2 dx ≤ K1
ε,r

∫︂
Ωε

r

|∇u|2 dx

for any u ∈ H1(Ωε
r) such that u = 0 on ∂Ωε

r \ S+
r , where

K1
ε,r = κε2(N−1)/N + 3r2

N − 1
and κ is as in Lemma 4.3.19.
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Proof. Thanks to Lemma 4.3.19 we have an estimate about the integral on the tube, i.e.∫︂
Tε

|u|2 dx ≤ κε2(N−1)/N
∫︂
Tε

|∇u|2 dx ≤ κε2(N−1)/N
∫︂

Ωε
r

|∇u|2 dx.

On the other hand, by (4.3.20) we have that∫︂
B+

r

|u|2 dx ≤ r2

N − 1

(︃
1 + 1

1 − ρ

)︃∫︂
B+

r

|∇u|2 dx ≤ 3r2

N − 1

∫︂
Ωε

r

|∇u|2 dx.

The conclusion follows by adding the two parts.

Lemma 4.3.24. Let ρ ∈ (0, 1/2), µρ be as in Corollary 4.3.17, ε ∈ (0, 1] and r ∈ (ε,Rmax].
If εµρ < r, then ∫︂

Ωε
r

|u∇u · x| dx ≤ K2
ε,r

∫︂
Ωε

r

|∇u|2 dx

for any u ∈ H1(Ωε
r) such that u = 0 on ∂Ωε

r \ S+
r , where

K2
ε,r =

√
2κε(N−1)/N +

√︄
3

N − 1r
2

and κ is as in Lemma 4.3.19.

Proof. First we consider the integral over Tε: thanks to Cauchy-Schwarz Inequality and
Lemma 4.3.19 we know that∫︂

Tε

|u∇u · x| dx dx ≤
√

2κε(N−1)/N
∫︂

Ωε
r

|∇u|2 dx.

From the Cauchy-Schwarz Inequality and (4.3.20) it follows that

∫︂
B+

r

|u∇u · x| dx ≤
√︄

3
N − 1r

2
∫︂

Ωε
r

|∇u|2 dx.

Adding the two parts we conclude the proof.

Corollary 4.3.25. Let ρ ∈ (0, 1/2), µρ be as in Corollary 4.3.17, ε ∈ (0, 1], r ∈ (ε,Rmax].
If εµρ < r then∫︂

Ωε
r

(︂
|∇u|2 − λεip |u|2

)︂
dx ≥

(︂
1 − λεi ∥p∥∞K1

ε,r

)︂ ∫︂
Ωε

r

|∇u|2 dx (4.3.25)

for any u ∈ H1(Ωε
r) such that u = 0 on ∂Ωε

r \S+
r and for all i ∈ {1, . . . , n0}. Furthermore

there exists r0 ≤ Rmax such that, for every r, ε satisfying εµρ < r ≤ r0, we have∫︂
Ωε

r

|∇u|2 dx ≤ 2
∫︂

Ωε
r

(︂
|∇u|2 − λεip |u|2

)︂
dx

for any u ∈ H1(Ωε
r) such that u = 0 on ∂Ωε

r \ S+
r and for all i ∈ {1, . . . , n0}.
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Proof. The first statement (4.3.25) easily comes from Lemma 4.3.23. Besides, if we choose
r0 ≤ Rmax such that

K1
ε,r ≤ K1

r0,r0 ≤ 1
2λ0 ∥p∥∞

,

from (4.3.25), we can conclude the proof.

Lemma 4.3.26. Let ρ ∈ (0, 1/2) and µρ be as in Corollary 4.3.17. Let R1 and ε1 be as
in Lemma 4.3.20. Then there exists τ > 0 depending only on N , λ0, ∥p∥∞ and |Σ| such
that, for every ε ∈ (0, ε1], r1, r2, with 0 < µρε < r1 ≤ r2 ≤ min{1, R1}, we have that

H(φεi , r2)
H(φεi , r1) ≥ exp

(︂
−τR2(N−1)/N

1

)︂(︃r2
r1

)︃2(1−ρ)
for all i ∈ {1, . . . , n0}.

Proof. With the notation E(r) = E(φεi , r, λεi , ε), H(r) = H(φεi , r) and dH
dr (φεi , r) = H ′(r),

we have that, from Proposition 4.3.22 and Corollary 4.3.25

H ′(r) = 2
r
E(r) = 2

rN−1

∫︂
Ωε

r

(︂
|∇φεi |

2 − λεip |φεi |
2
)︂

dx

≥ 2
rN−1 (1 − λεi ∥p∥∞K1

ε,r)
∫︂

Ωε
r

|∇φεi |
2 dx

for all εµρ < r ≤ min{1, R1}. Hence, since λεi ≤ λ0, thanks to (4.3.19)

H ′(r) ≥ 2
rN−1 (1 − λ0 ∥p∥∞K1

ε,r)
1 − ρ

r

∫︂
S+

r

|φεi |
2 dS = 2(1 − ρ)

r
(1 − λ0 ∥p∥∞K1

ε,r)H(r).

So we have
H ′(r)
H(r) ≥ 2(1 − ρ)

r

[︂
1 − τ1ε

2(N−1)/N − τ2r
2
]︂

where τ1 = λ0 ∥p∥∞ κ and τ2 = λ0 ∥p∥∞
3

N−1 . Since ε < r and r ≤ 1, if τ0 = τ1 + τ2, then

(logH(r))′ = H ′(r)
H(r) ≥ 2(1 − ρ)

r

[︂
1 − τ0r

2(N−1)/N
]︂

≥ 2(1 − ρ)
r

− 2τ0r
1− 2

N .

Integrating from r1 to r2 and letting τ := τ0N/(N − 1), we obtain

log H(φεi , r2)
H(φεi , r1) ≥ 2(1 −ρ) log r2

r1
− τ(r2(N−1)/N

2 − r
2(N−2)/N
1 ) ≥ 2(1 −ρ) log r2

r1
− τR

2(N−1)/N
1 .

Taking the exponentials yields the thesis.

Hereafter let R0 := min{1, R1, R2, r0} where R1, R2, r0 are defined in Lemma 4.3.20,
Lemma 4.3.21 and Corollary 4.3.25 respectively. Moreover let ε0 = min{1, ε̃, ε1} where
ε̃, ε1 are defined in Proposition 4.3.8 and Lemma 4.3.20 respectively.
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Proposition 4.3.27. Let ρ ∈ (0, 1/2) and µρ be as in Corollary 4.3.17. Then, for every
r ∈ (0, R0], ε ∈ (0, ε0] such that 0 < εµρ < r ≤ R0

dN
dr (φεi , r, λεi , ε) ≥ −f(r)N (φεi , r, λεi , ε) for all i ∈ {1, . . . , n0},

where
f(r) = c1r + c2r

(N−2)/N + c3r
−1/N

and cn’s are positive constants depending only on ρ, ∥p∥∞, λ0, the dimension N and the
geometry of the problem (in particular on Ω and on |Σ|N−1).

Proof. With the usual notation

dN
dr (φεi , r, λεi , ε) =: N ′(r), dE

dr (φεi , r, λεi , ε) := E′(r), dH
dr (φεi , r) := H ′(r),

from Proposition 4.3.22 we have that

N ′(r) ≥ 1
H2

2
r2N−3

{︄[︄(︃∫︂
S+

r

(︃
∂φεi
∂ν

)︃2
dS
)︃(︃∫︂

S+
r

|φεi |
2 dS

)︃
−
(︃∫︂

S+
r

φεi
∂φεi
∂ν

dS
)︃2]︄

+
[︄
λεi
r

∫︂
Ωε

r

pφεi ∇φεi · x dx− λεi
2

∫︂
S+

r

p |φεi |
2 dS + N − 2

2r λεi

∫︂
Ωε

r

p |φεi |
2 dx

]︄ ∫︂
S+

r

|φεi |
2 dS

}︄
.

By Cauchy-Schwartz Inequality we have that

N ′(r) ≥ 2λεi∫︁
S+

r
|φεi |

2

[︄∫︂
Ωε

r

pφεi ∇φεi · x dx+ N − 2
2

∫︂
Ωε

r

p |φεi |
2 dx− r

2

∫︂
S+

r

p |φεi |
2 dS

]︄
.

Thanks to Lemmas 4.3.23, 4.3.24, Corollary 4.3.17 and Corollary 4.3.25 we can say that

N ′(r) ≥ −2λεi ∥p∥∞∫︁
S+

r
|φεi |

2

[︄
K2
ε,r + (N − 2)

2 K1
ε,r + r2

2(1 − ρ)

]︄ ∫︂
Ωε

r

|∇φεi |
2 dx

≥ − 4λεi ∥p∥∞
rN−1H(r)r

N−2E(r)
[︃
K2
ε,r + (N − 2)

2 K1
ε,r + r2

]︃
.

Taking into account that Kn
ε,r < Kn

r,r, n = 1, 2, we have

N ′(r) ≥ −
(︂
c1r + c2r

(N−2)/N + c3r
−1/N

)︂
N (r) = −f(r)N (r)

by some constants c1, c2, c3 > 0 independent of r and ε.

Corollary 4.3.28. Let ρ ∈ (0, 1
2) and µρ be as in Corollary 4.3.17. Then, for every

µ > µρ, r ∈ (0, R0], and ε ∈ (0, ε0] such that εµ ≤ r ≤ R0, we have that

N (φεi , r, λεi , ε) ≤ e
∫︁ R0

r
f(t) dtN (φεi , R0, λ

ε
i , ε).

Proof. Form Proposition 4.3.27 it follows that
(︁
e−
∫︁ R0

r
f(t) dtN (r)

)︁′ ≥ 0, which, by integra-
tion over (r,R0), yields the conclusion.
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Energy Estimates Thanks to the almost monotonicity of the perturbed Almgren-type
frequency functional (4.3.21), computed at φεi , we obtain the following energy estimates.

Proposition 4.3.29. Let ρ ∈ (0, 1/2). Then there exists Kρ > 0 such that, for every
R ≥ Kρ and for every i ∈ {1, . . . , j}, we have∫︂

Ωε
Rε

|∇φεi |
2 dx = O(εN−2H(φεi ,Kρε)) as ε → 0+, (4.3.26)∫︂

Ωε
Rε

|φεi |
2 dx = O(εN− 2

N H(φεi ,Kρε)) as ε → 0+, (4.3.27)∫︂
S+

Rε

|φεi |
2 dS = O(εN−1H(φεi ,Kρε)) as ε → 0+. (4.3.28)

Proof. For ρ ∈ (0, 1/2) let us consider µρ as in Corollary 4.3.17, ε0 = min{1, ε̃, ε1}, εR0 as
in Lemma 4.3.21 and let Kρ > max{µρ, R0/ε0, R0/εR0}. From Corollary 4.3.28 we deduce
that, if R ≥ Kρ and Rε < R0

N (φεi , Rε, λεi , ε) ≤ e
∫︁ R0

Rε
f(t) dtN (φεi , R0, λ

ε
i , ε). (4.3.29)

Now let us analyze the frequency function N at radius R0:

E(φεi , R0, λ
ε
i , ε) = 1

RN−2
0

∫︂
Ωε

R0

(︂
|∇φεi |

2 − λεi |φεi |
2
)︂

dx ≤ 1
RN−2

0

∫︂
Ωε

|∇φεi |
2 dx ≤ λ0

RN−2
0

.

Moreover, thanks to Lemma 4.3.21

H(φεi , R0) ≥ cR0 .

Thus we have that
N (φεi , R0, λ

ε
i , ε) ≤ λ0

cR0R
N−2
0

. (4.3.30)

Then, from (4.3.29)∫︂
Ωε

Rε

(︂
|∇φεi |

2 − λεi |φεi |
2
)︂

dx ≤ constH(φεi , Rε)(Rε)N−2. (4.3.31)

From the second statement of Corollary 4.3.25 we have that∫︂
Ωε

Rε

|∇φεi |
2 dx ≤ 2 constH(φεi , Rε)(Rε)N−2. (4.3.32)

Now let Kρε ≤ r ≤ R0. Then, from Proposition 4.3.22

H ′(φεi , r)
H(φεi , r)

= 2
r

N (φεi , r, λεi , ε)
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and from Corollary 4.3.28 and (4.3.30)

H ′(φεi , r)
H(φεi , r)

≤ C

r
. (4.3.33)

Now, integrating the previous inequality from Kρε to Rε, we obtain

log H(φεi , Rε)
H(φεi ,Kρε)

≤ C log Rε

Kρε
,

hence H(φεi , Rε) ≤ constρ,RH(φεi ,Kρε), i.e. H(φεi , Rε) = O(H(φεi ,Kρε)) as ε → 0. Then
(4.3.26) follows from (4.3.32), whereas (4.3.28) is a direct consequence of the previous
estimate and definition of H. Finally, thanks to Lemma 4.3.23 and (4.3.26), we have∫︂

Ωε
Rε

|φεi |
2 dx ≤ (c1ε

2(N−1)/N + c2(Rε)2)
∫︂

Ωε
Rε

|∇φεi | dx = O(εN− 2
N H(φεi ,Kρε)),

as ε → 0, thus proving (4.3.27).

Proposition 4.3.30. Let ρ ∈ (0, 1/2) and Kρ be as in Proposition 4.3.29. Then there
exists Cρ > 0 such that, for every R ≥ Kρ, for every ε ∈ (0, ε0] such that Rε ≤ R0, and
for every i ∈ {1, . . . , n0} we have∫︂

Ωε
Rε

|∇φεi |
2 dx ≤ Cρ(Rε)N−2ρ,∫︂

Ωε
Rε

|φεi |
2 dx ≤ Cρ(Rε)N+2−2ρ−2/N ,∫︂

S+
Rε

|φεi |
2 dx ≤ Cρ(Rε)N+1−2ρ.

Proof. From Lemma 4.3.26 we know that

H(φεi , Rε) ≤ exp
(︂
τR

2(N−1)/N
1

)︂(︃Rε
R0

)︃2(1−ρ)
H(φεi , R0) (4.3.34)

and, from (4.3.19), we have

H(φεi , R0) = 1
RN−1

0

∫︂
S+

R0

|φεi |
2 dS ≤ 1

RN−2
0 (1 − ρ)

∫︂
Ωε

R0

|∇φεi |
2 dx ≤ λ0

RN−2
0 (1 − ρ)

.

(4.3.35)
Combining (4.3.34) and (4.3.35) with Proposition 4.3.29 (in particular estimate (4.3.32)
in the proof) we can deduce all the claims.

As a consequence of Proposition 4.3.30 we can say that

H(φεi ,Kρε) = O(ε2−2ρ) as ε → 0. (4.3.36)

As a byproduct of the proof of Proposition 4.3.29 we obtain the following result.
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Corollary 4.3.31. Let ρ ∈ (0, 1/2) and Kρ be as in Proposition 4.3.29. Then there exist
C̄, q > 0 such that, if ε ∈ (0, ε0] and Kρε < R0,

H(φε,Kρε) ≥ C̄εq. (4.3.37)

Proof. If we integrate (4.3.33) over (Kρε,R0) and take the exponentials, we obtain

H(φε, R0)
H(φε,Kρε)

≤
(︄
R0
Kρε

)︄q
,

denoting by q the constant C in (4.3.33). Then Lemma 4.3.21 implies that

H(φε,Kρε) ≥ cR0

(︃
Kρε

R0

)︃q
.

Hence the claim is proved with C̄ := cR0(Kρ/R0)q.

4.3.5 Estimates on the difference λ0 − λε

We star this section by recalling from [AF15] the following lemma about maxima of
quadratic forms depending on a parameter, which plays a central role in estimating the
difference λ0 − λε.

Lemma 4.3.32. For every ε > 0 let us consider a quadratic form

Qε : Rn0 −→ R,

Qε(ξ1, . . . , ξn0) =
n0∑︂

i,n=1
Mi,n(ε)ξiξn,

with real coefficients Mi,n(ε) such that Mi,n(ε) = Mn,i(ε). Let us assume that there exist
α > 0, ε ↦→ σ(ε) ∈ R with σ(ε) ≥ 0 and σ(ε) = O(ε2α) as ε → 0, and ε ↦→ µ(ε) ∈ R with
µ(ε) = O(1) as ε → 0, such that the coefficients Mi,n(ε) satisfy the following conditions:

Mn0,n0(ε) = σ(ε)µ(ε),
for all i < n0 Mi,i(ε) → Mi < 0, as ε → 0,

for all i < n0 Mi,n0(ε) = O(εα
√︂
σ(ε)) as ε → 0,

for all i, n < n0 with i ̸= n Mi,n = O(ε2α) as ε → 0,
there exists M ∈ N such that ε(2+M)α = o(σ(ε)) as ε → 0.

Then
max
ξ∈Rn0
∥ξ∥=1

Qε(ξ) = σ(ε)(µ(ε) + o(1)) as ε → 0,

where ∥ξ∥ = ∥(ξ1, . . . , ξn0)∥ =
(︁∑︁n0

i=1 ξ
2
i

)︁1/2.
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Upper Bound For any i ∈ {0, . . . , n0}, R > 1 and ε ∈ (0, 1], with Rε ≤ Rmax, let us
consider the following minimization problem

min
{︄∫︂

B+
Rε

|∇u|2 dx : u ∈ H1(B+
Rε), u = 0 on B′

Rε, u = φεi on S+
Rε

}︄
.

One can prove that this problem has a unique solution vint
i,R,ε, which weakly solves⎧⎪⎪⎨⎪⎪⎩

−∆vint
i,R,ε = 0, in B+

Rε,

vint
i,R,ε = 0, on B′

Rε,

vint
i,R,ε = φεi , on S+

Rε.

Proposition 4.3.33. Let ρ ∈ (0, 1/2) and Kρ be as in Proposition 4.3.29. Then∫︂
B+

Rε

⃓⃓⃓
∇vint

i,R,ε

⃓⃓⃓2
dx = O(εN−2H(φεi ,Kρε)) as ε → 0+, (4.3.38)∫︂

B+
Rε

⃓⃓⃓
vint
i,R,ε

⃓⃓⃓2
dx = O(εNH(φεi ,Kρε)) as ε → 0+, (4.3.39)∫︂

S+
Rε

⃓⃓⃓
vint
i,R,ε

⃓⃓⃓2
dx = O(εN−1H(φεi ,Kρε)) as ε → 0+. (4.3.40)

for all R ≥ 2 and for any i = 1, . . . , n0. Moreover there exists Ĉρ such that, if R ≥
max{2,Kρ} and ε < R0/R, ∫︂

B+
Rε

⃓⃓⃓
∇vint

i,R,ε

⃓⃓⃓2
dx ≤ Ĉρ(Rε)N−2ρ, (4.3.41)∫︂

B+
Rε

⃓⃓⃓
vint
i,R,ε

⃓⃓⃓2
dx ≤ Ĉρ(Rε)N+2−2ρ, (4.3.42)∫︂

S+
Rε

⃓⃓⃓
vint
i,R,ε

⃓⃓⃓2
dx ≤ Ĉρ(Rε)N+1−2ρ. (4.3.43)

Proof. Proving (4.3.40) is trivial due to (4.3.28), since vint
i,R,ε = φεi on S+

Rε. Let η = ηR( ·
ε),

with ηR defined in (4.3.1); then∫︂
B+

Rε

⃓⃓⃓
∇vint

i,R,ε

⃓⃓⃓2
dx ≤

∫︂
B+

Rε

|∇(ηφεi )|
2 dx ≤

≤ 2
(︄∫︂

B+
Rε

|∇φεi |
2 + 16

(Rε)2

∫︂
B+

Rε

|φεi |
2 dx

)︄
≤ constρ

∫︂
Ωε

Rε

|∇φεi |
2 dx,

where the last step comes from (4.3.20). Combining this inequality with (4.3.26) we obtain
(4.3.38). Moreover (4.3.20) and (4.3.38) yield (4.3.39). Finally estimates (4.3.41)–(4.3.43)
follow from the above argument and Proposition 4.3.30.
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Now let us define, for all i ∈ {1, . . . , n0}, for all R > 1 and ε ∈ (0, 1] such that
Rε ≤ Rmax,

vi,R,ε :=
{︄
vint
i,R,ε, in B+

Rε,

φεi , in Ω \B+
Rε,

(4.3.44)

and

ZεR(x) :=
vint
n0,R,ε

(εx)√︂
H(φε,Kρε)

, φ̃ε(x) := φε(εx)√︂
H(φε,Kρε)

. (4.3.45)

It is easy to prove that the family of functions {v1,R,ε, . . . , vn0,R,ε} is linearly independent
in H1

0 (Ω).

Lemma 4.3.34. For all R ≥ max{2,Kρ}, we have that, as ε → 0+,

∫︂
Ω

|∇vn0,R,ε|
2 dx = λε + εN−2H(φε,Kρε)

(︄∫︂
B+

R

|∇ZεR|2 dx−
∫︂

ΠR

|∇φ̃ε|2 dx
)︄
,

(4.3.46)∫︂
Ω

|∇vi,R,ε|2 dx = λεi +O(εN−2ρ) for all i ∈ {1, . . . , n0}, (4.3.47)∫︂
Ω

∇vi,R,ε · ∇vn0,R,ε dx = O

(︃
εN−1−ρ

√︂
H(φε,Kρε)

)︃
for all i ∈ {1, . . . , n0 − 1},

(4.3.48)∫︂
Ω

∇vi,R,ε · ∇vn,R,ε dx = O(εN−2ρ) for all i, n ∈ {1, . . . , n0}, i ̸= n, (4.3.49)∫︂
Ω
p |vn0,R,ε|

2 dx = 1 +O(εN−2/NH(φε,Kρε)), (4.3.50)∫︂
Ω
p |vi,R,ε|2 dx = 1 +O(εN+2−2ρ−2/N ) for all i ∈ {1, . . . , n0}, (4.3.51)∫︂

Ω
pvi,R,εvn0,R,ε dx = O

(︃
εN+1−ρ−2/N

√︂
H(φε,Kρε)

)︃
for all i ∈ {1, . . . , n0 − 1},

(4.3.52)∫︂
Ω
pvi,R,εvn,R,ε dx = O(εN+2−2ρ−2/N ) for all i, n ∈ {1, . . . , n0}, i ̸= n, (4.3.53)

where, in (4.3.46), φ̃ε has been trivially extended in ΠR outside its domain.

Proof. We will only prove the first part of the estimates, i.e. (4.3.46), (4.3.47), (4.3.48),
(4.3.49), since the second part is completely analogous. To prove (4.3.46) we observe that,
by scaling,∫︂

Ω
|∇vn0,R,ε|

2 dx =
∫︂
B+

Rε

⃓⃓⃓
∇vint

n0,R,ε

⃓⃓⃓2
dx+

∫︂
Ωε

|∇φε|2 dx−
∫︂

Ωε
Rε

|∇φε|2 dx

= λε + εN−2H(φε,Kρε)
(︄∫︂

B+
R

|∇ZεR|2 dx−
∫︂

ΠR

|∇φ̃ε|2 dx
)︄
.
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Thanks to Propositions 4.3.30 and 4.3.33 we have that∫︂
Ω

|∇vi,R,ε|2 dx =
∫︂
B+

Rε

⃓⃓⃓
∇vint

i,R,ε

⃓⃓⃓2
dx+

∫︂
Ωε

|∇φεi |
2 dx−

∫︂
Ωε

Rε

|∇φεi |
2 dx

= λεi +O(εN−2ρ),
as ε → 0+, thus proving (4.3.47) and, by Cauchy-Schwarz Inequality, for i < n0∫︂

Ω
∇vi,R,ε · ∇vn0,R,ε =

∫︂
B+

Rε

∇vint
i,R,ε∇vint

n0,R,ε dx+
∫︂

Ωε
∇φεi · ∇φε dx−

∫︂
Ωε

Rε

∇φεi · ∇φε dx

= O(ε
N−2ρ

2 )O
(︃
ε

N−2
2

√︂
H(φε,Kρε)

)︃
= O

(︃
εN−1−ρ

√︂
H(φε,Kρε)

)︃
,

as ε → 0+, thus proving (4.3.48). Similarly, for i ̸= n∫︂
Ω

∇vi,R,ε · ∇vn,R,ε =
∫︂
B+

Rε

∇vint
i,R,ε∇vint

n,R,ε dx+
∫︂

Ωε
∇φεi · ∇φεn dx−

∫︂
Ωε

Rε

∇φεi · ∇φεn dx

= O(εN−2ρ),
as ε → 0+, which provides (4.3.49).

We construct a basis {v̂1,R,ε, . . . , v̂n0,R,ε} of the space span {v1,R,ε, . . . , vn0,R,ε} such
that ∫︂

Ω
p v̂n,R,εv̂m,R,ε dx = 0 for n ̸= m,

by defining

v̂n0,R,ε = vn0,R,ε, v̂i,R,ε = vi,R,ε −
n0∑︂

n=i+1
dεi,nv̂n,R,ε, for all i = 1, . . . , n0 − 1 ,

where
dεi,n =

∫︁
Ω p vi,R,ε v̂n,R,ε dx∫︁

Ω p |v̂n,R,ε|2 dx
.

Using the estimates established in Lemma 4.3.34, one can prove the following∫︂
Ω

|∇v̂n0,R,ε|
2 dx = λε + εN−2H(φε,Kρε)

(︄∫︂
B+

R

|∇ZεR|2 dx−
∫︂

ΠR

|∇φ̃ε|2 dx
)︄
,

(4.3.54)∫︂
Ω

|∇v̂i,R,ε|2 dx = λεi +O(εN−2ρ) for all i ∈ {1, . . . , n0}, (4.3.55)∫︂
Ω

∇v̂n0,R,ε · ∇v̂i,R,ε dx = O(εN−1−ρ
√︂
H(φε,Kρε)) for all i ∈ {1, . . . , n0 − 1}, (4.3.56)∫︂

Ω
∇v̂i,R,ε · ∇v̂m,R,ε dx = O(εN−2ρ) for all i,m ∈ {1, . . . , n0}, i ̸= m, (4.3.57)∫︂

Ω
p |v̂n0,R,ε|

2 dx = 1 +O(εN−2/NH(φε,Kρε)), (4.3.58)∫︂
Ω
p |v̂i,R,ε|2 dx = 1 +O(εN+2−2ρ−2/N ) for all i ∈ {1, . . . , n0}, (4.3.59)

as ε → 0.
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Proposition 4.3.35. Let ρ ∈ (0, 1/2), Kρ as defined in Proposition 4.3.29 and R ≥ Kρ.
For ε < R0/R there exists fR(ε) such that

λ0 − λε ≤ εN−2H(φε,Kρε)(fR(ε) + o(1)) as ε → 0

and
fR(ε) =

∫︂
B+

R

|∇ZεR|2 dx−
∫︂

ΠR

|∇φ̃ε|2 dx,

where φ̃ε has been trivially extended in ΠR outside its domain.

Proof. By the Courant-Fischer Min-Max characterization of eigenvalues (see Proposition
3.0.5)

λ0 = min

⎧⎪⎪⎨⎪⎪⎩ max
α1,...,αn0 ∈R∑︁n0

i=1|αi|2=1

∫︁
Ω |∇ (

∑︁n0
i=1 αiui)|

2 dx∫︁
Ω p |

∑︁n0
i=1 αiui|

2 dx
: {u1 . . . , un0} ⊆ H1

0 (Ω)
linearly independent

⎫⎪⎪⎬⎪⎪⎭ .
Testing the Rayleigh quotient with the family of functions

ṽi,R,ε = v̂i,R,ε√︂∫︁
Ω p |v̂i,R,ε|2 dx

we obtain that

λ0 − λε ≤ max
α1,...,αn0 ∈R∑︁n0

i=1|αi|2=1

∫︂
Ω

⃓⃓⃓⃓
∇
(︃ n0∑︂
i=1

αiṽi,R,ε

)︃⃓⃓⃓⃓2
dx− λε = max

α1,...,αn0 ∈R∑︁n0
i=1|αi|2=1

n0∑︂
i,n=1

M ε
i,nαiαn

where
M ε
i,n =

∫︁
Ω ∇v̂i,R,ε · ∇v̂n,R,ε dx(︂∫︁

Ω p |v̂i,R,ε|2 dx
)︂1/2 (︂∫︁

Ω p |v̂n,R,ε|2 dx
)︂1/2 − λεδ

n
i ,

with δni denoting the usual Kronecker delta, i.e. δni = 0 for i ̸= n and δni = 1 for i = n.
From estimates (4.3.54)–(4.3.59) one can derive the following estimates

Mn0,n0(ε) = εN−2H(φε,Kρε)(fR(ε) +O(ε2−2/N )),

Mi,n0(ε) = O

(︃
εN−1−ρ

√︂
H(φε,Kρε)

)︃
and Mi,i(ε) = λεi − λε + o(1) for all i < n0,

Mi,n(ε) = O(εN−2ρ) for all i, n < n0, i ̸= n,

as ε → 0. Moreover, from Corollary 4.3.31, we know that H(φε,Kρε) ≥ C̄εq for some
C̄, q > 0. Therefore, taking also into account (4.3.36) and the fact that fR(ε) = O(1) as
ε → 0 in view of (4.3.26) and (4.3.38), the hypotheses of Lemma 4.3.32 are satisfied with

σ(ε) = εN−2H(φε,Kρε), µ(ε) = fR(ε) + o(1), α = N

2 − ρ, M > (2ρ− 2 + q) 2
N − 2ρ.

The proof is thereby complete.
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Lower Bound For any R > 1 and ε ∈ (0, 1], with Rε ≤ Rmax, let us consider the
following minimization problem

min
{︄∫︂

Ωε
Rε

|∇u|2 dx : u ∈ H1(Ωε
Rε), u = 0 on ∂Ωε

Rε \ S+
Rε, u = φ0 on S+

Rε

}︄
. (4.3.60)

One can prove that this problem has a unique solution wint
j,R,ε, which weakly verifies⎧⎪⎪⎨⎪⎪⎩

−∆wint
n0,R,ε = 0, in Ωε

Rε,

wint
n0,R,ε = 0, on ∂Ωε

Rε \ S+
Rε,

wint
n0,R,ε = φ0, on S+

Rε.

Let us define

wn0,R,ε :=
{︄
wint
n0,R,ε, in Ωε

Rε,

φ0, in Ω \B+
Rε.

Lemma 4.3.36. There exists C̃ > 0 such that, for all i ∈ {1, . . . , n0 − 1}, for all R > 1
and ε ∈ (0, 1], with Rε ≤ Rmax,∫︂

B+
Rε

|∇φi|2 dx ≤ C̃(Rε)N ,
∫︂
B+

Rε

|φi|2 dx ≤ C̃(Rε)N+2,

∫︂
S+

Rε

|φi|2 dx ≤ C̃(Rε)N+1,

and ∫︂
B+

Rε

|∇φ0|2 dx ≤ C̃(Rε)N+2k−2,

∫︂
B+

Rε

|φ0|2 dx ≤ C̃(Rε)N+2k,∫︂
S+

Rε

|φ0|2 dx ≤ C̃(Rε)N+2k−1.

Proof. It follows from classical asymptotic estimates at the boundary, see e.g. [FFT11,
Th. 1.3] and (4.2.8),(4.2.9).

Lemma 4.3.37. There exists Ĉ > 0 such that, for all R > 1 and ε ∈ (0, 1], with Rε ≤
Rmax, ∫︂

Ωε
Rε

⃓⃓⃓
∇wint

n0,R,ε

⃓⃓⃓2
dx ≤ Ĉ(Rε)N+2k−2, (4.3.61)∫︂

S+
Rε

⃓⃓⃓
wint
n0,R,ε

⃓⃓⃓2
dx ≤ Ĉ(Rε)N+2k−1. (4.3.62)

Furthermore, for all R > µ1/2 and ε ∈ (0, 1], with Rε ≤ Rmax,∫︂
Ωε

Rε

⃓⃓⃓
wint
n0,R,ε

⃓⃓⃓2
dx ≤ Ĉ(Rε)N+2k−2/N . (4.3.63)

Proof. (4.3.62) is trivial since wint
n0,R,ε

= φ0 on S+
Rε. Also (4.3.61) is simple since φ0 is an

admissible test function for (4.3.60). Finally (4.3.63) comes from (4.3.61), (4.3.62) and
Lemma 4.3.23.
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Now let us define, for all R > 1 and ε ∈ (0, 1] such that Rε ≤ Rmax,

U εR(x) =
wint
n0,R,ε

(εx)
εk

, W ε(x) = φ0(εx)
εk

. (4.3.64)

From (4.2.8), we easily deduce that

W ε −→ ψk in H1(B+
R) as ε → 0, for all R > 0,

where ψk has been defined in (4.2.10).

Lemma 4.3.38. We have that

U εR −→ UR in HR as ε → 0, for all R > 1,

where UR is defined in Lemma 4.3.5.

Proof. From Lemma 4.3.37 and from the definition of U εR we know that∫︂
ΠR

|∇U εR|2 dx = O(1) as ε → 0.

where U εR has been trivially extended in ΠR outside its domain. So there exists V = VR ∈
HR such that, along a sequence ε = εn → 0,

U εR ⇀ V weakly in HR as ε = εn → 0.

This means that

∇U εR ⇀ ∇V weakly in L2(ΠR) as ε = εn → 0.

Since U εR = W ε on S+
R and W ε → ψk in L2(S+

R ), then V satisfies (in a weak sense) the
same equation as UR, defined in Lemma 4.3.5. So, by uniqueness, V = UR. Since the limit
V = UR is the same for every subsequence, Urysohn’s Subsequence Principle implies that
the convergence U εR ⇀ UR holds as ε → 0 (not only along subsequences).

To prove strong convergence it is enough to show that ∥U εR∥HR
→ ∥UR∥HR

as ε → 0.
First we notice that, trivially, −∆U εR ⇀ −∆UR weakly in L2(ΠR): so, we have that
∇U εR ⇀ ∇UR in H(div,ΠR), thus

∂U εR
∂ν

⇀
∂UR
∂ν

in
(︂
H

1/2
00 (S+

R )
)︂∗

as ε → 0,

where (H1/2
00 (S+

R ))∗ is the dual of the Lions-Magenes space H1/2
00 (S+

R ). Then, since W ε →
ψk in H

1/2
00 (S+

R ) as ε → 0, we obtain that∫︂
ΠR

|∇U εR|2 dx =
∫︂
S+

R

∂U εR
∂ν

W ε dS →
∫︂
S+

R

∂UR
∂ν

ψk dS =
∫︂

ΠR

|∇UR|2 as ε → 0,

thus completing the proof.
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It is easy to prove that the family of functions {φ1, φ2, . . . , φn0−1, wn0,R,ε} is linearly
independent in H1

0 (Ωε). As in the previous section, we construct a new basis of the space

span{φ1, φ2, . . . , φn0−1, wn0,R,ε} ⊆ H1
0 (Ωε)

by defining, for all i = 1, . . . , n0 − 1

ŵi,R,ε = φi

and

ŵn0,R,ε = wn0,R,ε −
j−1∑︂
i=1

cεiφi,

where
cεi =

∫︂
Ωε
pwn0,R,εφi dx.

In this way we have that
∫︁

Ωε p ŵn,R,εŵm,R,ε dx = 0 if n ̸= m.
Using the estimates established in Lemmas 4.3.36 and 4.3.37, one can prove the fol-

lowing ∫︂
Ωε

|∇ŵn0,R,ε|
2 dx = λ0 + εN+2k−2

(︄∫︂
ΠR

|∇U εR|2 dx−
∫︂
B+

R

|∇W ε|2 dx+ o(1)
)︄
,

(4.3.65)∫︂
Ωε

∇ŵn0,R,ε · ∇ŵi,R,ε dx = O(εN+k−1) for all i ∈ {1, . . . , n0 − 1}, (4.3.66)∫︂
Ωε
p |ŵn0,R,ε|

2 dx = 1 +O(εN+2k−2/N ), (4.3.67)

as ε → 0.

Proposition 4.3.39. Let ρ ∈ (0, 1/2), Kρ as defined in Proposition 4.3.29 and R ≥ Kρ.
For ε < R0/R there exists gR(ε) such that

λε − λ0 ≤ εN+2k−2(gR(ε) + o(1)) as ε → 0

and
gR(ε) =

∫︂
ΠR

|∇U εR|2 dx−
∫︂
B+

R

|∇W ε|2 dx,

where U εR has been trivially extended in ΠR outside its domain.

Proof. By the Courant-Fischer Min-Max characterization of eigenvalues (see Proposition
3.0.5) we have that

λε = min

⎧⎪⎪⎨⎪⎪⎩ max
α1,...,αn0 ∈R∑︁n0

i=1|αi|2=1

∫︁
Ωε

⃓⃓
∇
(︁∑︁n0

i=1 αiui
)︁⃓⃓2 dx∫︁

Ωε p
⃓⃓∑︁n0

i=1 αiui
⃓⃓2 dx

: {u1 . . . , un0} ⊆ H1
0 (Ωε)

linearly independent

⎫⎪⎪⎬⎪⎪⎭ .
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Testing the Rayleigh quotient with the family of functions

w̃i,R,ε = ŵi,R,ε√︂∫︁
Ωε p |ŵi,R,ε|2 dx

we obtain that

λε − λ0 ≤ max
α1,...,αn0 ∈R∑︁n0

i=1|αi|2=1

∫︂
Ωε

⃓⃓⃓
∇
(︂∑︂

αiw̃i,R,ε
)︂⃓⃓⃓2

dx− λ0 = max
α1,...,αn0 ∈R∑︁n0

i=1|αi|2=1

n0∑︂
i,n=1

Lεi,nαiαn,

where
Lεi,n =

∫︁
Ωε ∇ŵi,R,ε · ∇ŵn,R,ε dx(︂∫︁

Ωε p |ŵi,R,ε|2 dx
)︂1/2 (︂∫︁

Ωε p |ŵn,R,ε|2 dx
)︂1/2 − λ0δ

n
i ,

with δni denoting the usual Kronecker delta. From estimates (4.3.65)–(4.3.67) it follows
that

Lεn0,n0 = εN+2k−2(gR(ε) + o(1)), Lεi,n0 = O(εN+k−1) for all i < n0,

Lεi,i = λi − λ0 for all i < n0, Lεi,n = 0 for all i, n < n0, i ̸= n,

as ε → 0. Therefore, taking into account that gR(ε) = O(1) as ε → 0 in view of Lemma
4.3.36 and (4.3.61), the hypotheses of Lemma 4.3.32 are satisfied with

σ(ε) = εN+2k−2, µ(ε) = gR(ε) + o(1), α = N

2 , M >
4(k − 1)

N
.

The proof is thereby complete.

From the fact that W ε → ψk in H1(B+
R), as ε → 0, for all R > 0, and from Lemma

4.3.38 we can deduce the following result.

Lemma 4.3.40. For all R > 1 we have that

gR(ε) −→ gR as ε → 0,

where
gR :=

∫︂
ΠR

|∇UR|2 dx−
∫︂
B+

R

|∇ψk|2 dx. (4.3.68)

In order to compute the limit limR→∞ gR, we introduce the functions

ζ(r) :=
∫︂
S+

1

Φ(rθ)Ψk(θ) dS(θ) for r ≥ 1, (4.3.69)

χR(r) :=
∫︂
S+

1

UR(rθ)Ψk(θ) dS(θ) for 1 ≤ r ≤ R. (4.3.70)
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Moreover, we denote
γN :=

∫︂
S+

1

|Ψk(θ)|2 dS(θ). (4.3.71)

We immediatly notice, thanks to Lemma 4.3.6 and to the embedding H1(B+
1 ) ↪→ L2(S+

1 ),
that

ζ(1) = lim
R→+∞

χR(1). (4.3.72)

Lemma 4.3.41. Let ζ be the function defined in (4.3.69), γN the constant defined in
(4.3.71) and mk(Σ) the one defined in (4.2.11). Then

ζ(1) = γN − 2mk(Σ)
N + 2k − 2 . (4.3.73)

Proof. From the definition of Φ, given in (4.3.9), one can easily prove that ζ satisfies the
following ODE (︂

rN+2k−1(r−kζ(r))′
)︂′

= 0 in (1,+∞).

This yields

r−kζ(r) = ζ(1) + C
1 − r−N−2k+2

N + 2k − 2 (4.3.74)

for some constant C ∈ R. Now we note that r−kζ(r) → γN as r → +∞. Indeed, since
Φ = wk + ψk, we can rewrite

ζ(r) =
∫︂
S+

1

wk(rθ)Ψk(θ) dS(θ) + γNr
k.

By evaluating the vanishing order at 0 of the Kelvin transform of the restriction of the
function wk on Π \ Π1, we can prove that

|wk(x)| ≤ const |x|1−N for |x| > 1.

Hence, when r → +∞⃓⃓⃓
r−kζ(r) − γN

⃓⃓⃓
≤
∫︂
S+

1

|wk(rθ)|
rk

|Ψk(θ)| dS(θ) ≤ const r1−N−k → 0.

Then we can find the constant C in (4.3.74), letting r → +∞; so we can rewrite ζ as

ζ(r) = γNr
k + (ζ(1) − γN )r−N−k+2 in (1,+∞). (4.3.75)

Taking the derivative leads to

ζ ′(r) = kγNr
k−1 + (N + k − 2)(γN − ζ(1))r−N−k+1

= (N + 2k − 2)γNrk−1 − (N + k − 2)ζ(r)
r

.
(4.3.76)
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Hence, taking into account the definition of ζ and evaluating its derivative at r = 1, we
obtain ∫︂

S+
1

∂Φ
∂ν

(θ)Ψk(θ) dS(θ) = (N + 2k − 2)γN − (N + k − 2)ζ(1). (4.3.77)

Since −∆Φ = 0 in B+
1 , multiplying this equation by ψk and integrating by parts we obtain

that ∫︂
B+

1

∇Φ · ∇ψk dx =
∫︂
S+

1

∂Φ
∂ν

ψk dS =
∫︂
S+

1

∂Φ
∂ν

Ψk dS. (4.3.78)

Then, let us test the equation −∆ψk = 0 with Φ. From (4.2.12) and (4.3.10) it follows
that∫︂

B+
1

∇ψk · ∇Φ dx =
∫︂
S+

1

∂ψk
∂ν

Φ dS −
∫︂

Σ

∂ψk
∂xN

Φ dx′ =
∫︂
S+

1

∂ψk
∂ν

Φ dS −
∫︂

Σ

∂ψk
∂xN

wk dx′

=
∫︂
S+

1

∂ψk
∂ν

Φ dS + 2mk(Σ).

(4.3.79)

Moreover we note that
∂ψk
∂ν

(θ) = kΨk(θ) on S+
1 . (4.3.80)

Then, from (4.3.79) and (4.3.80) we obtain∫︂
B+

1

∇ψk · ∇Φ dx = k

∫︂
S+

1

ΦΨk dS + 2mk(Σ) = kζ(1) + 2mk(Σ). (4.3.81)

Finally, combining (4.3.77), (4.3.78) and (4.3.81) leads to the thesis.

Lemma 4.3.42. Let gR be as defined in (4.3.68) and mk(Σ) as in (4.2.11). Then
limR→+∞ gR = 2mk(Σ).

Proof. Integrating by parts we have that

gR =
∫︂
S+

R

(︃
∂UR
∂ν

− ∂ψk
∂ν

)︃
ψk dS.

If χR is the function defined in (4.3.70), then

χ′
R(r) =

∫︂
S+

1

∂UR
∂ν

(rθ)Ψk(θ) dS(θ)

and, by a change of variable,

χ′
R(r) = r1−N−k

∫︂
S+

r

∂UR
∂ν

ψk dS. (4.3.82)
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By simple computations one can prove that χR solves(︂
rN+2k−1(r−kχR(r))′

)︂′
= 0 in (1, R).

By integration, we arrive at

r−kχR(r) = χR(1) + C
1 − r−N−2k+2

N + 2k − 2 . (4.3.83)

From the fact that UR = RKΨk on S+
R , we have that χR(R) = RkγN , and this allows us

to know the constant C. After some computations, the expression (4.3.83) then becomes
as follows

r−kχR(r) = χR(1) + (γN − χR(1)) 1 − r−N−2k+2

1 −R−N−2k+2 , r ∈ (1, R).

From (4.3.82), we get∫︂
S+

R

∂UR
∂ν

ψk dS = χ′
R(R)RN+k−1

= [γN (N + k − 2) − χR(1)(N + 2k − 2)]R−N−k+1 + kγNR
k−1

1 −R−N−2k+2 RN+k−1

= γN (N + k − 2) − χR(1)(N + 2k − 2) + kγNR
N+2k−2

1 −R−N−2k+2 .

(4.3.84)
For what concerns the second part of gR, it is easy to see that

∂ψk
∂ν

(rθ) = krk−1Ψk(θ).

Therefore ∫︂
S+

R

∂ψk
∂ν

ψk dS =
∫︂
S+

1

kRN+2k−2 |Ψk|2 dS(θ) = kRN+2k−2γN . (4.3.85)

Finally, combining (4.3.72), (4.3.84), (4.3.85) and Lemma 4.3.41 and taking the limit when
R → +∞ we reach the conclusion.

Combining Propositions 4.3.35 and 4.3.39 with Lemmas 4.3.40 and 4.3.42 we obtain
the following upper-lower estimate for the eigenvalue variation.
Proposition 4.3.43. Let ρ ∈ (0, 1/2), Kρ as defined in Proposition 4.3.29 and mk(Σ) as
in (4.2.11). Then, for all R ≥ Kρ, we have that, as ε → 0,

−2mk(Σ) + o(1) ≤ λ0 − λε
εN+2k−2 ≤ H(φε,Kρε)

ε2k (fR(ε) + o(1)).

Since −2mk(Σ) > 0, as a direct consequence of Proposition 4.3.43 we obtain the
following estimate from below for H(φε,Kρε).
Corollary 4.3.44. We have that

ε2k

H(φε,Kρε)
= O(1) as ε → 0.
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4.3.6 Blow-up analysis

Let us introduce the functional

F : R ×H1
0 (Ω) −→ R ×H−1(Ω)

(λ, φ) ↦−→ (∥φ∥2
H1

0 (Ω) − λ0,−∆φ− λpφ)

where ∥φ∥2
H1

0 (Ω) =
∫︁

Ω |∇φ|2 dx and

H−1(Ω)⟨−∆φ− λpφ, v⟩H1
0 (Ω) =

∫︂
Ω

(∇φ · ∇v − λpφv) dx.

From the assumptions we know that F (λ0, φ0) = (0, 0). Moreover, from the simplicity
assumption (4.2.4) and Fredholm Alternative, one can easily prove the following result
(see e.g. [AF15] for details for a similar operator).

Lemma 4.3.45. The functional F is differentiable at (λ0, φ0) and its differential

dF (λ0, φ0) : R ×H1
0 (Ω) −→ R ×H−1(Ω)

dF (λ0, φ0)(λ, φ) =
(︃

2
∫︂

Ω
∇φ0 · ∇φ dx,−∆φ− λpφ0 − λ0pφ

)︃
is invertible.

Lemma 4.3.46. Let ρ ∈ (0, 1/2), Kρ as defined in Proposition 4.3.29 and R ≥ Kρ. Then,
when ε → 0,

vn0,R,ε −→ φ0 in H1
0 (Ω),

where vn0,R,ε is defined in (4.3.44).

Proof. First note that∫︂
Ω

|∇(vn0,R,ε − φ0)|2 dx =
∫︂

Ωε
|∇(φε − φ0)|2 dx

−
∫︂

Ωε
Rε

|∇(φε − φ0)|2 dx+
∫︂
B+

Rε

⃓⃓⃓
∇(vint

n0,R,ε − φ0)
⃓⃓⃓2

dx.

The first term tends to zero because of (4.2.6). For the second and the third term we can
exploit the energy estimates in Proposition 4.3.30, Lemma 4.3.36 and Proposition 4.3.33
to conclude.

Lemma 4.3.47. Let ρ ∈ (0, 1/2), Kρ as defined in Proposition 4.3.29 and R ≥ Kρ. Then

∥vn0,R,ε − φ0∥H1
0 (Ω) = O

(︃
εN/2−1

√︂
H(φε,Kρε)

)︃
as ε → 0

and, in particular,∫︂
Ω\B+

Rε

|∇(φε − φ0)|2 dx = O
(︂
εN−2H(φε,Kρε)

)︂
as ε → 0. (4.3.86)
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Proof. Taking into account Lemma 4.3.46 and (4.2.5), from the differentiability of the
functional F it follows that

F (λε, vn0,R,ε) = dF (λ0, φ0)(λε − λ0, vn0,R,ε − φ0) + o
(︂
|λε − λ0| + ∥vn0,R,ε − φ0∥H1

0 (Ω)

)︂
as ε → 0. Now let us apply dF (λ0, φ0)−1 to both members and obtain

|λε − λ0| + ∥vn0,R,ε − φ0∥H1
0 (Ω)

≤
⃦⃦⃦
dF (λ0, φ0)−1

⃦⃦⃦
L(R×H−1(Ω),R×H1

0 (Ω))
∥F (λε, vn0,R,ε)∥R×H−1(Ω) (1 + o(1))

and so

∥vn0,R,ε − φ0∥H1
0 (Ω) ≤ C

(︂⃓⃓⃓
∥vn0,R,ε∥

2
H1

0 (Ω) − λ0
⃓⃓⃓
+ ∥−∆vn0,R,ε − λεpvn0,R,ε∥H−1(Ω)

)︂
.

(4.3.87)
Thanks to (4.3.46), Proposition 4.3.43, and the fact that fR(ε) = O(1) as ε → 0 in view
of (4.3.26) and (4.3.38),⃓⃓⃓

∥vn0,R,ε∥
2
H1

0 (Ω) − λ0
⃓⃓⃓

≤
⃓⃓⃓
∥vn0,R,ε∥H1

0 (Ω) − λε
⃓⃓⃓
+ |λε − λ0| = O(εN−2H(φε,Kρε)). (4.3.88)

Let u ∈ H1
0 (Ω) be such that ∥u∥H1

0 (Ω) ≤ 1. Note that∫︂
Ω

∇vn0,R,ε · ∇udx =
∫︂
B+

Rε

∇vint
n0,R,ε · ∇udx+

∫︂
Ωε

∇φε · ∇udx−
∫︂

Ωε
Rε

∇φε · ∇udx ≤

≤
√︄∫︂

B+
Rε

⃓⃓⃓
∇vint

n0,R,ε

⃓⃓⃓2
dx+ λε

∫︂
Ωε
pφεu dx+

√︄∫︂
Ωε

Rε

|∇φε|2 dx.

So we have that∫︂
Ω

∇vn0,R,ε · ∇udx− λε

∫︂
Ω
pvn0,R,εudx ≤

≤
√︄∫︂

B+
Rε

⃓⃓⃓
∇vint

n0,R,ε

⃓⃓⃓2
dx+ λε

(︃∫︂
Ωε
pφεudx−

∫︂
Ω
pvn0,R,εudx

)︃
+
√︄∫︂

Ωε
Rε

|∇φε|2 dx.

(4.3.89)

Now let us analyze the middle term∫︂
Ωε
pφεudx−

∫︂
Ω
pvn0,R,εudx =

∫︂
B+

Rε

pφεudx−
∫︂
B+

Rε

pvint
n0,R,εudx ≤

≤ const
(︄√︄∫︂

B+
Rε

|φε|2 dx+
√︄∫︂

B+
Rε

|vint
n0,R,ε

|2 dx
)︄

where we implicitly used the Poincaré Inequality. Thanks to inequality (4.3.18) and to
the energy estimates made in Proposition 4.3.29∫︂

B+
Rε

|φε|2 dx ≤ (Rε)2

N − 1

∫︂
B+

Rε

|∇φε|2 dx+ Rε

N − 1

∫︂
S+

Rε

|φε|2 dx = O(εNH(φε,Kρε)),
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as ε → 0. Then, from (4.3.89), Proposition 4.3.30 and Proposition 4.3.33 we obtain that∫︂
Ω

∇vn0,R,ε · ∇udx− λε

∫︂
Ω
pvn0,R,εudx = O

(︃
εN/2−1

√︂
H(φε,Kρε)

)︃
as ε → 0

uniformly with respect to u ∈ H1
0 (Ω) with ∥u∥H1

0 (Ω) ≤ 1 and hence

∥−∆vn0,R,ε − λεpvn0,R,ε∥H−1(Ω) = O

(︃
εN/2−1

√︂
H(φε,Kρε)

)︃
as ε → 0. (4.3.90)

The conclusion follows by combining (4.3.87), (4.3.88), and (4.3.90).

Corollary 4.3.48. Let ρ ∈ (0, 1/2), Kρ as defined in Proposition 4.3.29 and R ≥ Kρ.
Then ∫︂

1
ε

Ω\B+
R

⃓⃓⃓
∇φ̃ε − εkH(φε,Kρε)−1/2∇W ε

⃓⃓⃓2
dx = O(1), as ε → 0,

where φ̃ε is defined in (4.3.45) and W ε in (4.3.64), while 1
εΩ = {1

εx : x ∈ Ω}.

Proof. It directly follows from a change of variables in (4.3.86).

The following Theorem provides a blow-up analysis for scaled eigenfunctions, which
contains Theorem 4.2.2.

Theorem 4.3.49. Let ρ ∈ (0, 1/2) and Kρ as defined in Proposition 4.3.29. Then

φ̃ε −→ 1√︁
Λρ

Φ in HR for all R > 2, (4.3.91)

H(φε,Kρε)
ε2k −→ Λρ, (4.3.92)

φε(εx)
εk

−→ Φ(x) in HR for all R > 2, (4.3.93)

as ε → 0, where
Λρ := 1

KN−1
ρ

∫︂
S+

Kρ

|Φ|2 dS.

Proof. Let εn → 0. From Corollary 4.3.44 we deduce that, up to a subsequence,

(εn)k√︂
H(φεn ,Kρεn)

−→ c ≥ 0.

Since, in view of Proposition 4.3.29, {φ̃εn} is bounded in HR, by a diagonal process there
exists Φ̃, with Φ̃ ∈ HR for all R > 2, and a subsequence (still denoted by εn) such that

φ̃εn ⇀ Φ̃ weakly in HR for all R > 2. (4.3.94)
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Moreover
∫︁
S+

Kρ

|φ̃εn |2 dS = KN−1
ρ , hence, by compactness of trace embeddings,

∫︂
S+

Kρ

|Φ̃|2 dS = KN−1
ρ , (4.3.95)

thus implying that Φ̃ ̸≡ 0.
Actually we can prove that the convergence in (4.3.94) is strong. Indeed, consider the

equation solved by φ̃εn :⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−∆φ̃εn = (εn)2λεnp φ̃

εn , in
(︂(︁

− 1
εn
, 0
]︁

× Σ
)︂

∪B+
R ,

φ̃εn = 0, on ∂
(︂(︂(︁

− 1
εn
, 0
]︁

× Σ
)︂

∪B+
R

)︂
\ S+

R ,

φ̃εn(x) = φεn (εnx)√
H(φεn ,Kρεn)

, on S+
R .

If we consider the restriction to B+
R \B+

R/2 and the odd reflection through the hyperplane
xN = 0, we have that {φ̃εn} is bounded in H2(BR\BR/2), where BR = {x ∈ RN : |x| < R}.
Hence, up to a subsequence, ∂φ̃εn

∂ν → ∂Φ̃
∂ν in L2(S+

R ) and therefore∫︂
ΠR

|∇φ̃εn |2 dx = (εn)2λεn

∫︂
ΠR

p |φ̃εn |2 dx

+
∫︂
S+

R

∂φ̃εn

∂ν
φ̃εn dS →

∫︂
S+

R

∂Φ̃
∂ν

Φ̃ dS =
∫︂

ΠR

|∇Φ̃|2 dx.

Then we conclude that φ̃εn → Φ̃ strongly in HR for all R > 2.
From Corollary 4.3.48 it follows that there exist c′ > 0 and n0 ∈ N such that, for all

n ≥ n0 and R̃ > R,∫︂
B+

R̃
\B+

R

⃓⃓⃓
∇φ̃εn − (εn)kH(φεn ,Kρεn)−1/2∇W εn

⃓⃓⃓2
dx ≤ c′.

Let us recall that W εn → ψk in H1(B+
R̃

) and (since the norms are equivalent) also in HR̃:
so, passing to the limit as n → ∞ in the above estimate, we obtain that∫︂

B+
R̃

\B+
R

|∇Φ̃ − c∇ψk|2 dx ≤ c′.

Since the constant c′ is independent on R̃, we deduce that∫︂
Π

|∇Φ̃ − c∇ψk|2 dx < +∞. (4.3.96)

Moreover, the function Φ̃ satisfies the following equation{︄
−∆Φ̃ = 0, in Π,

Φ̃ = 0, on ∂Π.
(4.3.97)
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We claim that c > 0. Otherwise, if c = 0 then, by (4.3.96) and (4.3.97), we could say that
Φ̃ = 0, which would contradict (4.3.95).

From Proposition 4.3.4 we conclude that Φ̃ = cΦ and hence, in view of (4.3.95),
c = Λ−1/2

ρ . Since the limit of the sequence {φ̃εn} is the same for any choice of the
subsequence, we conclude the proof by invoking the Urysohn’s Subsequence Principle.

Corollary 4.3.50. For all R > 2 we have that

ZεR −→ 1√︁
Λρ
ZR in H1(B+

R) as ε → 0.

Proof. From the definitions of the functions ZεR and ZR (in (4.3.45) and Lemma 4.3.7
respectively) ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−∆(
√︂

ΛρZεR − ZR) = 0, in B+
R ,√︂

ΛρZεR − ZR = 0, on B′
R,√︂

ΛρZεR − ZR =
√︂

Λρφ̃ε − Φ, on S+
R .

So ZεR−ZR is the unique, least energy solution with these prescribed boundary conditions.
Now, let η = ηR be as defined in (4.3.1). We have that∫︂

B+
R

⃓⃓⃓
∇(
√︂

ΛρZεR − ZR)
⃓⃓⃓2

dx ≤
∫︂
B+

R

⃓⃓⃓
∇(η(

√︂
Λρφ̃ε − Φ))

⃓⃓⃓2
dx ≤

≤ 2
∫︂
B+

R

|∇η|2
⃓⃓⃓√︂

Λρφ̃ε − Φ
⃓⃓⃓2

dx+ 2
∫︂
B+

R

η2
⃓⃓⃓
∇(
√︂

Λρφ̃ε − Φ)
⃓⃓⃓2

dx ≤

≤ 32
R2

∫︂
B+

R

⃓⃓⃓√︂
Λρφ̃ε − Φ

⃓⃓⃓2
dx+ 2

∫︂
B+

R

⃓⃓⃓
∇(
√︂

Λρφ̃ε − Φ)
⃓⃓⃓2

dx → 0

as ε → 0, thanks to (4.3.91) and to the embedding HR ⊂ L2(ΠR). The conclusion
follows taking into account Poincaré Inequality for functions vanishing on a portion of the
boundary.

4.3.7 Proof of Theorem 4.2.1

Thanks to Theorem 4.3.49 and Corollary 4.3.50, we know that

fR := lim
ε→0

fR(ε) = 1
Λρ

∫︂
B+

R

|∇ZR|2 dx− 1
Λρ

∫︂
ΠR

|∇Φ|2 dx.

Moreover, in view of Proposition 4.3.43 and (4.3.92), we have that, for anyR > max{2,Kρ}

Ck(Σ) ≤ lim inf
ε→0

λ0 − λε
εN+2k−2 ≤ lim sup

ε→0

λ0 − λε
εN+2k−2 ≤ ΛρfR, (4.3.98)

where Ck(Σ) = −2mk(Σ) > 0. To complete the proof of our main result it is then enough
to show that

lim
R→+∞

ΛρfR = Ck(Σ).
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For every R > 2 let us define

ξR(r) :=
∫︂
S+

1

ZR(rθ)Ψk(θ) dS(θ) for 0 ≤ r ≤ R. (4.3.99)

Lemma 4.3.51. There holds∫︂
S+

R

∂(ZR − ψk)
∂ν

(Φ − ψk) dS −→ 0 as R → +∞, (4.3.100)∫︂
S+

R

∂(ψk − Φ)
∂ν

(Φ − ψk) dS −→ 0 as R → +∞. (4.3.101)

Proof. In order to prove (4.3.100), we first take into account the equation solved by ZR−ψk,
i.e. ⎧⎪⎪⎨⎪⎪⎩

−∆(ZR − ψk) = 0, in B+
R ,

ZR − ψk = 0, on B′
R,

ZR − ψk = Φ − ψk, on S+
R .

(4.3.102)

Let η = ηR as defined in (4.3.1). Testing (4.3.102) with η(Φ − ψk), we obtain that∫︂
B+

R

∇(ZR − ψk) · ∇(η(Φ − ψk)) dx =
∫︂
S+

R

∂(ZR − ψk)
∂ν

(Φ − ψk) dS.

Then, by the Dirichlet principle,∫︂
S+

R

∂(ZR − ψk)
∂ν

(Φ − ψk) dS ≤
√︄∫︂

B+
R

|∇(ZR − ψk)|2 dx
√︄∫︂

B+
R

|∇(η(Φ − ψk))|2 dx

≤
∫︂
B+

R

|∇(η(Φ − ψk))|2 dx

≤ 32
R2

∫︂
B+

R\B+
R/2

|Φ − ψk|2 dx+ 2
∫︂
B+

R\B+
R/2

|∇(Φ − ψk)|2 dx.

The last terms vanish as R → +∞, thanks to the fact that Φ − ψk ∈ D1,2(Π) and to
Hardy’s inequality (reasoning as in Lemma 4.3.6).

For the second part, since −∆(Φ −ψk) = 0 in Π \ ΠR and Φ −ψk = 0 on {xN = 0} \ Σ,
then ∫︂

S+
R

∂(ψk − Φ)
∂ν

(Φ − ψk) dS =
∫︂

Π\ΠR

|∇(Φ − ψk)|2 dx → 0

as R → +∞.

Lemma 4.3.52. We have that limR→+∞ ΛρfR = −2mk(Σ).

Proof. Thanks to Lemma 4.3.51 we know that

lim
R→+∞

ΛρfR = lim
R→+∞

∫︂
S+

R

(︃
∂ZR
∂ν

− ∂Φ
∂ν

)︃
ψk dS. (4.3.103)
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From the definition of ζ (4.3.69) and from (4.3.76) we deduce that∫︂
S+

R

∂Φ
∂ν

ψk dS = RN+k−1ζ ′(R) = kγNR
N+2k−2 + (N + k − 2)(γN − ζ(1)). (4.3.104)

It’s easy to verify that the function ξR defined in (4.3.99) satisfies the following ODE(︂
rN+2k−1(r−kξR(r))′

)︂′
= 0 in (0, R).

By integration, we obtain

rN+k−2ξR(r) = rN+2k−2R−kξR(R) − C

N + 2k − 2 + C

N + 2k − 2r
N+2k−2R−N−2k+2.

Since ZR is regular at 0, we have necessarily that C = 0; hence

ξR(r) =
(︃
r

R

)︃k
ξR(R).

From the definition of ξR (4.3.99) we have∫︂
S+

R

∂ZR
∂ν

ψk dS = RN+k−1ξ′
R(R) = kRN+k−2ξR(R) = kRN+k−2ζ(R). (4.3.105)

Then, from (4.3.103), (4.3.104), (4.3.105), (4.3.75) and (4.3.73)

lim
R→+∞

ΛρfR = lim
R→+∞

(︂
kRN+k−2ζ(R) − kγNR

N+2k−2 − (N + k − 2)(γN − ζ(1))
)︂

= lim
R→+∞

RN+k−2(N + 2k − 2)(ζ(R) − γNR
k)

= (N + 2k − 2)(ζ(1) − γN ) = −2mk(Σ),

thus concluding the proof.

We are now able to prove our main result.

Proof of Theorem 4.2.1. From (4.3.98) and Lemma 4.3.52 we conclude that

lim inf
ε→0

λ0 − λε
εN+2k−2 = lim sup

ε→0

λ0 − λε
εN+2k−2 = Ck(Σ),

thus completing the proof.
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CHAPTER 5

PERTURBATION OF THE
BOUNDARY CONDITIONS

5.1 Spectral stability under mixed varying boundary condi-
tions

This chapter is devoted to the study of another kind of perturbation which consist of
a drastic change in the boundary conditions. In few words, we consider an eigenvalue
problem with homogeneous (Dirichlet or Neumann) boundary conditions and we modify
it by imposing another kind of boundary condition in a small portion of the boundary of
the domain. More precisely, we deal with mixed Dirichlet-Neumann problems in which one
of the two regions is disappearing and the problem is converging to a homogeneous one,
with Dirichlet or Neumann boundary conditions. We now introduce the problem in broad
terms and we refer to Section 5.2 for all the details. In fact, in this thesis, we focus on
the case in which the portion with Dirichlet boundary conditions is vanishing and in the
limit the pure Neumann problem is recovered. Nevertheless, the complementary situation
is now under investigation in a forthcoming paper [FNO] and is not included here.

Let N ≥ 2 and let Ω be a bounded open and connected set with Lipschitz boundary.
Let us consider two subsets ΓN ,ΓD ⊆ ∂Ω and assume, for sake of simplicity, that they
are both regular submanifold of ∂Ω. Moreover, let ΓD ∩ ΓN = ∅ and ΓD ∪ ΓN = ∂Ω, with
respect to the topology induced by ∂Ω. Let us now consider the mixed Dirichlet-Neumann
eigenvalue problem ⎧⎪⎪⎪⎨⎪⎪⎪⎩

−∆u = λu, in Ω,
∂u

∂ν
= 0, on ΓN ,

u = 0, on ΓD,

to be thought in a weak sense that will be specified later, see Section 5.2. By classical
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spectral theory the problem above admits nontrivial solutions just for a diverging sequence
of nonnegative values of λ, which we denote by (λDN

n )n, see Chapter 3. Clearly, the
sequence (λDN

n )n has a strong connection with the geometry (in a wide sense) of the two
regions ΓN and ΓD: our purpose is to investigate this dependence when one of these two
portions disappears. In particular we have that, in both cases, the values (λDN

n )n converge
towards the eigenvalues of a certain limit problem, as one of the regions ΓD or ΓN vanishes
(see Proposition 5.3.13 and [FNO] respectively). As one may expect, in the limit problem
the same homogeneous boundary condition is imposed in the whole ∂Ω. In this sense, we
may say that the eigenvalues of the limit problems are stable with respect to the singular
perturbation consisting of the prescription of the other boundary condition in a small
part of ∂Ω. Furthermore, we are able to detect the sharp asymptotic behavior of the
perturbed eigenvalues in the case in which they are converging, in a suitable sense, to a
simple eigenvalue of the limit problem.

In this framework, the first attempts of such an investigation we are aware of date
back to the late ’80s and are due to Gadyl’shin. More precisely, in [Gad86] (see also
[Gad96]) the author started the analysis by taking into account the case in which the
Neumann portion is disappearing on a flat part of the boundary of a three dimensional
domain, and proved an estimate on the rate of convergence of the first eigenvalue and of
the corresponding eigenfunction. Here the perturbing set ΓN is obtained by rescaling a
fixed shape of a parameter ε → 0+. After some years, in [Gad92] the author improved
those results in two dimensional domains: in particular, by means of the concordance
method of asymptotic expansion, he proved the existence of a power expansion of any
perturbed eigenvalue in terms of ε, see formula (2.1) in [Gad92]. Due to the strong
localized nature of the singular perturbation, as one may expect, the coefficients and the
exponents in the expansion depend on the local behavior of a suitably chosen basis of
unperturbed eigenfunctions (corresponding to the limit eigenvalue), near the point where
the perturbing set is concentrating. In addition, as a byproduct, the author obtain the
ramification of limit multiple eigenvalues, in the sense that there are m simple perturbed
eigenvalues converging to a limit eigenvalue of multiplicity m. Also, recently in [GS13]
the authors investigated the sharp asymptotic behavior of the first eigenvalue on a disk,
again when the Neumann part is shrinking, and applied the results in the context of
Friedrichs-Poincaré inequalities. In [AFL18] the authors provided a different proof of the
main result of [Gad92] in the case of simple limit eigenvalues and derived a more explicit
expression for the coefficient of the leading term appearing in the expansion obtained
by Gadyl’shin. Besides, [AFL18] contains a blow-up convergence result for the scaled,
perturbed eigenfunction and some applications to eigenvalue problems for operators with
Aharonov-Bohm potentials. Finally, in [Pla04, Pla05], in a three dimensional domain,
the case in which the Neumann part ΓN is a small strip is investigated and eigenvalue
asymptotics are provided in terms of the width of the strip.

Moving to the complementary problem, i.e. when the Dirichlet portion ΓD is disap-
pearing and the limit problem has homogeneous Neumann boundary conditions, the first
remarkable result to our knowledge is given in [Gad93]. In that work, the author con-
sidered a planar domain Ω and took into account the case in which ΓD is obtained by
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rescaling of a parameter ε → 0+ of a fixed relatively open set ω ⊆ ∂Ω, with ω contained
in a flat part of ∂Ω. In this framework, the author proved the complete power asymptotic
expansion of any perturbed eigenvalue in terms of the parameter ε, together with a rami-
fication result for multiple limit eigenvalues, see Theorem 1 and 2 in [Gad93]. Again, the
coefficients and the exponents in the asymptotic expansion depend on the local behavior
of the limit eigenfunctions. For what concerns perturbations in a non flat part of the
boundary, in the same framework, in [GRS16] and [GRS16] the authors investigated the
case in which the domain Ω is the unit disk and the perturbing set with length of order ε
is, respectively, one arc and the union of finitely many disjoint arcs.

We also mention [CP03], which concerns the spectral stability of the first eigenvalue, in
both cases of shrinking Neumann and Dirichlet part, and [LMP+18], where again the first
eigenvalue of the mixed problem is considered, but in a nonlocal framework. Furthermore,
it is worth citing [ABIN20], in which the authors investigate a perturbed, mixed eigenvalue
problem in two dimension, and apply the results in optimization of wave motion in bodies
with small cavities (see also [ABN15, AB17]).

Finally, we give a brief overview of other significant possible kinds of perturbation,
which are somehow related to the problems investigated in this section. In particular, a
relevant problem concerns the case in which a small hole is excised from the interior of a
domain. For instance, if ΓD is disappearing and it is contained in a flat part of ∂Ω, then, by
even reflection through this flat part (if Ω does not intersect its reflection), one can see that
the perturbation is equivalent to the removal of a small (N−1)-dimensional manifold from
the interior of a domain, with zero Dirichlet boundary conditions on the removed manifold
and Neumann on the rest of the boundary. In this context, the first notable contribution
has been [RT75], when the authors first discovered the role played by the capacity of a
set when dealing with spectral stability. Since then, a great amount of works has been
written concerning domain perforated with finitely many holes. We mention, among many
others, [Cou95], where a differentiability result for perturbed eigenvalue is proved, [Flu95],
in which the author provides some more explicit formulas for quantitatively estimating the
eigenvalue variation and [AFHL19], where the sharp asymptotics of perturbed eigenvalues
are proved, with application to Aharonov-Bohm operators with coalescing poles. See also
[AFN20] for analogous result in a nonlocal framework, which is also linked to Steklov-type
eigenvalues. For what concerns perturbation of Steklov problems by imposing Dirichlet
boundary conditions on a small part of the boundary, we mention [AC14] and references
therein. Finally, we cite [GLdC14] and [Naz14], where the authors take into consideration
the stability of Steklov eigenvalues on perforated domains.

5.2 The case of disappearing Dirichlet region
In this section we present the eigenvalue problem for the Laplacian with mixed Dirichlet-
Neumann homogeneous boundary conditions, with focus on the case in which the region
where Dirichlet boundary conditions are prescribed is disappearing, in a suitable sense
that will be specified later. Actually, the methods we developed to derive eigenvalue
asymptotics under this kind of perturbation turn out to be quite flexible and capable
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of treating also more general kinds of perturbation, e.g. the eigenvalue problem for the
Neumann-Laplacian with a shrinking hole in the interior of the domain where homogeneous
Dirichlet boundary conditions are assigned.

Let us introduce some basic assumptions and the functional setting. Let Ω ⊆ RN (with
N ≥ 2) be an open, bounded, Lipschitz and connected set and let K ⊆ Ω be compact.
Let c ∈ L∞(RN ) be such that

c(x) ≥ c0 > 0 a.e. in RN , for some c0 ∈ R. (5.2.1)

We define the bilinear form q = qc : H1(Ω) ×H1(Ω) → R as

q(u, v) :=
∫︂

Ω
(∇u · ∇v + cuv) dx for any u, v ∈ H1(Ω). (5.2.2)

For simplicity of notation we denote by q(·) also the quadratic form corresponding to
(5.2.2), i.e. q(u) = q(u, u). Thanks to assumption (5.2.1), the square root of the quadratic
form q(·) is a norm on H1(Ω), equivalent to the standard one

∥u∥H1(Ω) =
(︃∫︂

Ω
(|∇u|2 + u2) dx

)︃1/2
.

We also introduce the Sobolev spaceH1
0,K(Ω) defined as the closure inH1(Ω) of C∞

c (Ω\K).
We observe that, if ∂Ω is smooth and K is a regular submanifold of ∂Ω, the space H1

0,K(Ω)
can be characterized as

H1
0,K(Ω) = {u ∈ H1(Ω): u = 0 on K},

where u = 0 on K, for functions in H1(Ω), is meant in the trace sense, see [Ber11].
Defining qK as the restriction of the form q to H1

0,K(Ω), we say that λ ∈ R is an eigenvalue
of qK if there exists u ∈ H1

0,K(Ω), u ̸≡ 0, called eigenfunction, such that

qK(u, v) = λ(u, v)L2(Ω) for all v ∈ H1
0,K(Ω), (5.2.3)

where (·, ·)L2(Ω) is the usual scalar product in L2(Ω). From classical spectral theory (see
Chapter 3) we have that problem (5.2.3) admits a diverging sequence of positive eigenvalues

0 < λ1(Ω;K) < λ2(Ω;K) ≤ · · · ≤ λn(Ω;K) ≤ · · · ,

where each one is repeated as many times as its multiplicity. Moreover, we denote by
(φn(Ω;K))n a sequence of eigenfunctions, which we choose so that it forms an orthonormal
family in L2(Ω). Hereafter we denote, for any integer n ∈ N∗,

λn := λn(Ω; ∅), φn := φn(Ω; ∅), (5.2.4)

where N∗ := N\{0}. We notice that the connectedness of the domain Ω is not a restrictive
assumption, since the spectrum of qK in a non connected domain is the union of the spectra
on the single connected components. We also point out that the assumption (5.2.1) is not
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substantial and it can be dropped, since, up to a translation of the spectrum, we can
recover a coercive form as in (5.2.2). Besides, we notice that, in the particular case when
K is the empty set and c(x) ≡ c > 0, (λn(Ω; ∅) − c)n coincides with the sequence of
eigenvalues of the standard Laplacian with homogeneous Neumann boundary condition.
If K is smooth (e.g. if K is the closure of a smooth open set of RN or a regular submanifold
of ∂Ω), problem (5.2.3) admits the following classical formulation⎧⎪⎪⎪⎨⎪⎪⎪⎩

−∆u+ cu = λu, in Ω \K,
u = 0, on K,

∂u

∂ν
= 0, on ∂Ω \K.

(5.2.5)

When K ⊆ ∂Ω, (5.2.5) is an elliptic problem with mixed Dirichlet-Neumann homogeneous
boundary conditions and one can interpret the spectrum (λn(Ω;K))n as the square roots
of the frequencies of oscillation of an elastic, vibrating membrane, whose boundary is
clamped on K and free in the rest of ∂Ω.

In this section we start from the unperturbed situation corresponding to the Neumann
eigenvalue problem, i.e. the case K = ∅, and then we introduce a singular perturbation of
it, which consist in considering a “small”, nonempty K ⊆ Ω and zero Dirichlet boundary
conditions on it. Our aim is to study the eigenvalue variation due to this perturbation
and to find the sharp asymptotics of the perturbed eigenvalue, in the limit when K is
“disappearing” as a function of a certain parameter.

In the following we give the basic definitions and we present our main results. Let us
recall that, throughout this section, Ω denotes an open, bounded, Lipschitz and connected
subset of RN , where N ≥ 2.

As in [AFHL19, AFN20, Cou95], the quantity that measures the “smallness” of the
perturbation set K ⊆ Ω, which is suitable for the development of an eigenvalue stability
theory for our problem, is a notion of capacity, as defined below.

Definition 5.2.1. Let K ⊆ Ω be compact. We define the relative Sobolev capacity of K
in Ω as follows

CapΩ̄(K) := inf
{︃∫︂

Ω
(|∇u|2 + u2) dx : u ∈ H1(Ω), u− 1 ∈ H1

0,K(Ω)
}︃
.

We refer to Section 5.3 (see also [AW03]) for the mathematical description of this set
function. A first taste of the fact that the relative Sobolev capacity defined above is a
good perturbation parameter for our purposes is given by Proposition 5.3.8, which states
that the space H1

0,K(Ω) coincides with H1(Ω) if and only if CapΩ̄(K) = 0. This means
that zero capacity sets are negligible for H1 functions. Furthermore, the following theorem
yields continuity of perturbed eigenvalues when CapΩ̄(K) → 0.

Theorem 5.2.2. Let K ⊆ Ω be compact and let λn(Ω;K) be an eigenvalue of problem
(5.2.3) for some n ∈ N∗. Let also λn be as in (5.2.4). Then there exist C > 0 and δ > 0
(independent of K) such that, if CapΩ̄(K) < δ, then

0 ≤ λn(Ω;K) − λn ≤ C (CapΩ̄(K))1/2 .
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We observe that the left inequality is an easy consequence of the Min-Max variational
characterization of the eigenvalues, namely

λn(Ω;K) = min

⎧⎨⎩max
u∈Vn

q(u)
∥u∥2

L2(Ω)
: Vn ⊆ H1

0,K(Ω) n-dimensional subspace

⎫⎬⎭ . (5.2.6)

In order to state the first main result of this part, we introduce the following notion of
convergence of sets.

Definition 5.2.3. Let K ⊆ Ω be compact and let {Kε}ε>0 be a family of compact subsets
of Ω. We say that Kε is concentrating at K, as ε → 0, if for any open set U ⊆ RN such
that K ⊆ U there exists εU > 0 such that Kε ⊆ U for all ε ∈ (0, εU ).

We observe that the “limit” set of a concentrating family is not unique. Indeed, if Kε is
concentrating at K, then it is also concentrating at any compact set K̃ such that K ⊆ K̃ ⊆
Ω. Nevertheless, in the cases considered in the present manuscript (e.g. when the limit
set has zero capacity) this notion of convergence is the one that ensures the continuity of
the capacity (see Proposition 5.3.13); furthermore, it is related to the convergence of sets
in the sense of Mosco, see [AFHL19]. An example of family of concentrating sets is given
by a decreasing family of compact sets, see Example 5.3.12.

In order to sharply describe the eigenvalue variation, the following definition of capacity
associated to a H1-function plays a fundamental role.

Definition 5.2.4. For any f ∈ H1(Ω) and K ⊆ Ω compact, we define the relative Sobolev
f -capacity of K in Ω as follows

CapΩ̄,c(K, f) := inf
{︂
q(u) : u ∈ H1(Ω), u− f ∈ H1

0,K(Ω)
}︂
. (5.2.7)

We remark that, if K ⊆ ∂Ω, the above definition actually only depends on the trace
of f on ∂Ω, which belongs to H1/2(∂Ω), and in particular on its values on K, if K is
regular. Moreover one can prove that, if a family of compact sets Kε ⊆ Ω is concentrating
to a compact K ⊆ Ω such that CapΩ̄(K) = 0, then CapΩ̄,c(Kε, f) → 0 as ε → 0 for all
f ∈ H1(Ω), see Proposition 5.3.13 and Remark 5.3.9.

Hereafter we assume n0 ∈ N∗ to be such that

λ0 := λn0 is simple (5.2.8)

and we denote as
φ0 := φn0 , (5.2.9)

a corresponding L2(Ω)-normalized eigenfunction. Our first main result is the following
sharp asymptotic expansion of the eigenvalue variation.

Theorem 5.2.5. Let {Kε}ε>0 be a family of compact subsets of Ω concentrating to K ⊆ Ω
compact such that CapΩ̄(K) = 0. Let λ0, φ0 be as in (5.2.8), (5.2.9) respectively and let
λε := λn0(Ω;Kε). Then

λε − λ0 = CapΩ̄,c(Kε, φ0) + o(CapΩ̄,c(Kε, φ0))

as ε → 0.
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In order to give some relevant examples of explicit expansions, we finally provide the
sharp asymptotic behavior of the function ε ↦→ CapΩ̄,c(Kε, φ0) appearing above, in a
particular case. More precisely, we consider a family {Kε}ε>0 ⊆ Ω which is concentrating
at a point x̄ ∈ Ω in an appropriate way, that resembles the situation where a fixed set
is being scaled and it is therefore maintaining the same shape while shrinking to the
point. Hereafter we illustrate these results by distinguishing the cases x̄ ∈ ∂Ω and x̄ ∈ Ω.
Without losing generality we can assume that x̄ = 0. We perform this analysis under
the assumption N ≥ 3, since a detailed study of the case N = 2, with Kε,K ⊆ ∂Ω, has
been already pursued in [Gad93]; nevertheless, our method, which is based on a blow-
up analysis for the capacitary potentials, could be adapted to the 2-dimensional case by
using a logarithmic Hardy inequality to derive energy estimates, instead of the Hardy-type
inequality of Lemma 5.4.8, which does not hold in dimension 2.

Sets scaling to a boundary point We first focus on the case in which the perturbing
compact sets Kε ⊆ Ω are concentrating to a point of the boundary of Ω, which, up to
a translation, can be assumed to be the origin. In this situation, we assume that the
boundary ∂Ω is of class C1,1 in a neighborhood of 0 ∈ ∂Ω, namely

there exists r0 > 0 and g ∈ C1,1(B′
r0) such that

Br0 ∩ Ω = {x ∈ Br0 : xN > g(x′)},
Br0 ∩ ∂Ω = {x ∈ Br0 : xN = g(x′)},

(5.2.10)

where Br0 = {x = (x1, x2, . . . , xN ) ∈ RN : |x| < r0} is the ball in RN centered at the
origin with radius r0, x′ = (x1, . . . , xN−1) and B′

r0 = {(x′, xN ) ∈ Br0 : xN = 0}. It is not
restrictive to assume that ∇g(0) = 0, i.e. that ∂Ω is tangent to the coordinate hyperplane
{xN = 0} in the origin. Let us introduce the following class of diffeomorphisms that
“straighten” the boundary near 0:

C := {Φ : U → BR : U is an open neighborhood of 0, R > 0, (5.2.11)
Φ is a diffeomorphism of class C1,1(U ;BR), Φ(0) = 0,
JΦ(0) = IN , Φ(U ∩ Ω) = RN+ ∩BR and Φ(U ∩ ∂Ω) = B′

R},

where RN+ := {(x1, . . . , xN ) ∈ RN : xN > 0} and IN is the identity N ×N matrix. Let us
assume that, for any ε ∈ (0, 1), Kε ⊆ Ω is a compact set and the family {Kε}ε satisfies
the following properties:

there exists M ⊆ RN+ compact such that Φ(Kε)/ε ⊆ M for all ε ∈ (0, 1), (5.2.12)

there exists K ⊆ RN+ compact such that
RN \ (Φ(Kε)/ε) → RN \K in the sense of Mosco, as ε → 0,

(5.2.13)

for some Φ ∈ C, where Φ(Kε)/ε := {x/ε : x ∈ Φ(Kε)}. With reference to [Dan03, Mos69],
we recall below the definition of convergence of sets in the sense of Mosco.
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Definition 5.2.6. Let ε ∈ (0, 1) and let Uε, U ⊆ RN be open sets. We say that Uε is
converging to U in the sense of Mosco as ε → 0 if the following two properties hold:

(i) the weak limit points (as ε → 0) in H1(RN ) of every family of functions {uε}ε ⊆
H1(RN ), such that uε ∈ H1

0 (Uε) for every ε > 0, belong to H1
0 (U);

(ii) for every u ∈ H1
0 (U) there exists a family {uε}ε ⊆ H1(RN ) such that uε ∈ H1

0 (Uε)
for every ε > 0 and uε → u in H1(RN ), as ε → 0.

We may also say that H1
0 (Uε) is converging to H1

0 (U) in the sense of Mosco.

In order to clarify hypotheses (5.2.12) and (5.2.13) we adduce below a bunch of exam-
ples in which they hold for subsets Kε of ∂Ω.

Examples 5.2.7.

(i) The easiest case is when ∂Ω is flat in a neighborhood of the origin and

Kε := εK = {εx : x ∈ K},

for a certain fixed K ⊆ RN−1 compact. Here we can choose as Φ the identity so that
Φ(Kε)/ε ≡ K, which clearly satisfies both hypotheses (5.2.12) and (5.2.13).

(ii) Another interesting example (always in the case of flat boundary) is when Φ is the
identity and Kε/ε is a perturbation of a compact set. More precisely, let K1,K2 ⊆
RN−1 be two compact sets containing the origin and let f : (0, 1) → (0,+∞) be such
that f(s)/s → 0 as s → 0. If we consider

Kε := εK1 + f(ε)K2 = {εx+ f(ε)y : x ∈ K1, y ∈ K2}

then Φ(Kε)/ε fulfills (5.2.12) and (5.2.13) with K = K1. We remark that it is
possible to generalize this idea and produce other examples.

(iii) In the case of non-flat boundary, we have that conditions (5.2.12) and (5.2.13) hold
e.g. when Kε is the image through Φ−1, for some Φ ∈ C, of sets like the ones in
(i)–(ii). A remarkable case is when Φ(x′, xN ) = (x′, xN −g(x′)) in a neighborhood of
the origin, so that the restriction of Φ to ∂Ω is the orthogonal projection of ∂Ω onto
its tangent hyperplane at 0. Hence assumption (5.2.13) is satisfied, for example,
if the each set Kε is a compact subset of ∂Ω whose orthogonal projection on the
hyperplane tangent to ∂Ω at 0 is of the form εK, for K being a compact subset of
RN−1.

(iv) Finally, it is easy to prove that assumptions (5.2.12) and (5.2.13) hold for

Kε := Bε ∩ ∂Ω, with K = RN−1 ∩B1.
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The last ingredient needed to detect the sharp asymptotics of the Sobolev capacity of
shrinking sets is the notion of vanishing order for the limit eigenfunction. Let

L2(SN−1
+ ) :=

{︄
ψ : SN−1

+ → R : ψ is measurable and
∫︂
SN−1

+

|ψ|2 dS < ∞
}︄
,

where SN−1
+ := {(x1, . . . , xN ) ∈ RN : |x| = 1, xN > 0}. Moreover let

H1(SN−1
+ ) := {ψ ∈ L2(SN−1

+ ) : ∇SN−1ψ ∈ L2(SN−1
+ )}.

The following proposition asserts that the limit eigenfunction φ0 behaves like a harmonic
polynomial near the origin.

Proposition 5.2.8. Let Ω satisfy assumption (5.2.10) and let φ0 be as in (5.2.9). Then
there exists γ ∈ N (possibly 0) and Ψ ∈ C∞(SN−1

+ ), Ψ ̸= 0 such that, for all Φ ∈ C, there
holds

φ0(Φ−1(εx))
εγ

→ |x|γ Ψ
(︃
x

|x|

)︃
in H1(B+

R) as ε → 0, (5.2.14)

for all R > 0, where B+
R := BR ∩ RN+ .

Furthermore, for every R > 0,

ε−N−2γ
∫︂

Ω∩BRε

φ2
0(x) dx →

∫︂
B+

R

ψ2
γ(x) dx as ε → 0 (5.2.15)

and
ε−N−2γ+2

∫︂
Ω∩BRε

|∇φ0(x)|2 dx →
∫︂
B+

R

|∇ψγ(x)|2 dx as ε → 0 (5.2.16)

where
ψγ(x) := |x|γ Ψ

(︃
x

|x|

)︃
. (5.2.17)

We observe that the function Ψ appearing in (5.2.14) and (5.2.17) is necessarily a
spherical harmonic of degree γ which is symmetric with respect to the equator xN =
0, hence satisfying homogeneous Neumann boundary conditions on {xN = 0}. More
precisely, Ψ solves {︄

−∆SN−1Ψ = γ(N + γ − 2)Ψ, in SN−1
+ ,

∇SN−1Ψ · eN = 0, on ∂SN−1
+ ,

where eN = (0, . . . , 0, 1). The integer number γ is called the vanishing order of φ0 in the
origin. We also mention [Ber55, FT13, Nir59, Rob88] for asymptotic behavior of solutions
to elliptic PDEs.

Remark 5.2.9. We observe that the restriction of Ψ to the N − 2 dimensional unit
sphere ∂SN−1

+ cannot vanish everywhere. Indeed this would mean that the nonzero har-
monic function ψγ defined in (5.2.17) vanishes on ∂RN+ together with is normal derivative;
but then the trivial extension of ψγ to the whole RN would violate the classical unique
continuation principle (see [Wol92]), thus giving rise to a contradiction.
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Now let us introduce the Beppo Levi space D1,2(RN+ ) defined as the completion of
C∞
c (RN+ ) with respect to the norm

∥u∥D1,2(RN
+ ) :=

(︄∫︂
RN

+

|∇u|2 dx
)︄1/2

.

Furthermore, for any compact K ⊆ RN+ , we define the space D1,2(RN+ \K) as the closure of
C∞
c (RN+ \K) in D1,2(RN+ ). Thereafter we introduce a notion of capacity that will appear

in the asymptotic expansion of CapΩ̄,c(Kε, φ0), when ε → 0.

Definition 5.2.10. For any compact K ⊆ RN+ and for any f ∈ D1,2(RN+ ) we define the
relative f -capacity of K in RN+ as

capRN
+

(K, f) := inf
{︄∫︂

RN
+

|∇u|2 dx : u ∈ D1,2(RN+ ), u− f ∈ D1,2(RN+ \K)
}︄
.

If f ∈ D1,2(RN+ ) is equal to 1 in a neighborhood of K, we denote by

capRN
+

(K) := capRN
+

(K, f)

the relative capacity ofK in RN+ . The definition can be extended to functions f ∈ H1
loc(RN+ )

by letting

capRN
+

(K, f) := inf
{︄∫︂

RN
+

|∇u|2 dx : u ∈ D1,2(RN+ ), u− ηKf ∈ D1,2(RN+ \K)
}︄
,

where ηK ∈ C∞
c (RN+ ) is such that ηK = 1 in a neighborhood of K.

Remark 5.2.11. We remark that the relative Sobolev capacity in RN+ of a compact set
K ⊆ ∂RN+ , here denoted by capRN

+
(K), actually coincides with half of the capacity of K,

in the classical sense (see [MZ97, Chapter 2.1]), defined as

capRN (K) = inf
{︃∫︂

RN
|∇u|2 dx : u ∈ D1,2(RN ), u− ηK ∈ D1,2(RN \K)

}︃
.

Moreover we notice that capRN
+

(K) coincides, up to a constant, with the Gagliardo 1
2 -

fractional capacity of K in RN−1, see e.g. [AFN20] for the definition.

In this framework we are able to state the second main result of this section, which
concerns the sharp behavior of the function ε ↦→ CapΩ̄,c(Kε, φ0) as ε → 0+.

Theorem 5.2.12. Let N ≥ 3. Assume (5.2.10) holds true. Let {Kε}ε>0 ⊆ Ω be a family
of compact sets concentrating at {0} ⊆ ∂Ω as ε → 0 and let (5.2.12)-(5.2.13) hold for
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some Φ ∈ C and for some compact set K ⊆ RN+ satisfying capRN
+

(K) > 0. Let φ0 be as in
(5.2.9) and let γ, ψγ be as in (5.2.14)-(5.2.17). Then

CapΩ̄,c(Kε, φ0) = εN+2γ−2(︁capRN
+

(K,ψγ) + o(1)
)︁
, as ε → 0,

with capRN
+

(K,ψγ) being as in Definition 5.2.10.

Combining Theorems 5.2.12 and 5.2.5 we directly obtain the following corollary.

Corollary 5.2.13. Under the same assumptions and with the same notations of both
Theorems 5.2.12 and 5.2.5, we have that

λε − λ0 = εN+2γ−2(︁capRN
+

(K,ψγ) + o(1)
)︁
, as ε → 0.

The expansion stated in Corollary 5.2.13 provides the sharp asymptotics of the eigen-
value variation if capRN

+
(K,ψγ) > 0. This happens e.g. whenever K ⊆ ∂RN+ is a compact

set such that capRN
+

(K) > 0, as proved in Proposition 5.3.17; we observe that the validity
of such result strongly relies on the position of the nodal set of ψγ with respect to the set
K.

On the other hand, if K ⊆ ∂RN+ is compact, we have that capRN
+

(K) > 0 if its N − 1
dimensional Lebesgue measure is nonzero, see Proposition 5.3.18.

Sets scaling to an interior point Although the present study was mainly motivated
by our interest in the eigenvalue asymptotics for moving mixed Dirichlet-Neumann bound-
ary conditions, our techniques also apply to another class of perturbations, without any
substantial difference, in view of the various possibilities embraced by Theorem 5.2.5. In
particular, it is possible to state a result analogous to Theorem 5.2.12 in the case in which
the perturbing sets Kε are concentrating at a point that lies in the interior of Ω. In this
case the limit problem is the one with homogeneous Neumann boundary conditions on
∂Ω and the perturbed problem can be thought of as Ω without a “small” hole, on which
zero Dirichlet boundary conditions are prescribed. We assume that 0 ∈ Ω is the “limit”
of the concentrating subsets Kε and we ask assumptions similar to (5.2.12)-(5.2.13) to be
satisfied, that is

there exists M ⊆ RN compact such that Kε/ε ⊆ M for all ε ∈ (0, 1), (5.2.18)
there exists K ⊆ RN compact such that

RN \ (Kε/ε) → RN \K in the sense of Mosco, as ε → 0.
(5.2.19)

As before, these assumptions are fulfilled, for instance, in the case Kε := εK, for a certain
compact K ⊆ RN such that Kε ⊆ Ω for every ε ∈ (0, 1). Since 0 ∈ Ω is an interior point,
from classical regularity results for elliptic equations (see e.g. [Rob88]), there exist κ ∈ N
and a spherical harmonic Z of degree κ such that

−∆SN−1Z = κ(N + κ− 2)Z in SN−1
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and
φ0(εx)
εκ

→ ζκ(x) := |x|κ Z
(︃
x

|x|

)︃
in H1(BR) as ε → 0, (5.2.20)

for all R > 0. We can now state the last main result of this part, which is analogous to
Theorem 5.2.12.

Theorem 5.2.14. Let N ≥ 3 and {Kε}ε>0 ⊆ Ω be a family of compact sets concentrating
at {0} ⊆ Ω as ε → 0. Let (5.2.18)-(5.2.19) hold for some compact set K ⊆ RN satisfying
capRN (K) > 0. Let φ0 be as in (5.2.9) and κ, ζκ be as in (5.2.20). Then

CapΩ̄,c(Kε, φ0) = εN+2κ−2(︁capRN (K, ζκ) + o(1)
)︁
, as ε → 0,

where and capRN (K, ζκ) is the standard Newtonian ζκ-capacity of K, see Definition 5.3.15.

We point out that, in general, capRN (K, ζκ) may not be strictly positive, since K, still
having positive capacity, may happen to be a subset of the zero level set of ζκ. In Lemma
5.3.16 we provide sufficient conditions for capRN (K, ζκ) to be strictly positive: e.g. this
happens when K has nonzero capacity whereas the intersection of K with the nodal set
of ζκ has zero capacity. We refer to [EG15, Theorem 4.15] for a sufficient condition for
capRN (K) > 0: more precisely, we have that capRN (K) > 0 if its N -dimensional Lebesgue
measure is nonzero.

5.3 Preliminaries on Sobolev capacity and concentration of
sets

In this section we focus on the notions of capacity and concentration of sets (see definitions
5.2.1, 5.2.10 and 5.2.3): we prove some basic properties (e.g. propositions 5.3.17 and
5.3.18) and we investigate their mutual relations. Since this is an introductory passage,
we may temporarily relax the hypothesis of K being compact and put ourselves in a
slightly more general framework. In particular we are going to define the present notion
of capacity for any subset A ⊆ Ω and then we are going to point out its particular features
when restricted to a compact set K ⊆ Ω, thus justifying Definition 5.2.1. One of the main
references in this passage is [AW03] (see also [War15]), in which the authors employed the
notion of capacity we are presenting in order to define a realization of the Laplacian with
generalized Robin boundary conditions, on arbitrary sets. We also refer to [MZ97, Section
2.1] for a comprehensive, classical exposition.

For any A ⊆ Ω we call the Sobolev capacity of A relative to Ω the following quantity

CapΩ̄(A) : = inf
{︂

∥u∥2
H1(Ω) : u ∈ H1(Ω), u ≥ 1 a.e. in an open neighborhood of A

}︂
,

= inf
{︂

∥u∥2
H1(Ω) : u ∈ UΩ̄(A)

}︂
,

where
UΩ̄(A) := {u ∈ H1(Ω): u ≥ 1 in O ⊇ A relatively open in Ω}.
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One can immediately see that, by definition

CapΩ̄(A) = inf{CapΩ̄(O) : O ⊆ Ω relatively open and such that A ⊆ O}. (5.3.1)

Let us now briefly explain the nomenclature we adopt in the present chapter, concerning
the capacity. The word Sobolev in the definition stands for the fact that we are minimizing
the square of a Sobolev norm; indeed, on the contrary, in the classical definition of capacity
one seeks for the infimum of the energy

∫︁
Ω |∇u|2 dx, with u being in a Beppo-Levi type

space. In the literature classical capacities are usually denoted with “cap”, while Sobolev
capacities with “Cap”. Secondly, the word relative appears because Ω can be seen as a
reference domain with respect to which one computes the capacity of A, that does depend
on Ω. In fact, we call the Sobolev capacity of A the following quantity

Cap(A) := inf
{︂

∥u∥2
H1(RN ) : u ∈ H1(RN ), u ≥ 1 a.e. in an open neighborhood of A

}︂
,

where there is no reference domain.
The theory of capacities was basically born with the seminal work of Choquet [Cho54],

where the author laid the first theoretical foundation of this kind of set functions. Since
then, the following definition has been generally accepted.

Definition 5.3.1. Let T be a topological space and let P(T ) be the power set of T . A
function C : P(T ) → [0,+∞] is called a Choquet capacity of T if the following axioms are
satisfied:

(C1) C(∅) = 0;

(C2) (monotonicity) if A ⊆ B then C(A) ≤ C(B);

(C3) (lower continuity) for any sequence {An}n ⊆ P(T ) such that An ⊆ An+1, there
holds C(∪∞

n=1An) = limn→∞ C(An);

(C4) (upper continuity for compact sets) if {Kn}n ⊆ P(T ) is a sequence of compact sets
such that Kn+1 ⊆ Kn, then C(∩∞

n=1Kn) = limn→∞ C(Kn);

We have that the notion of capacity introduced above is Choquet. The result is essen-
tially classical, but for sake of completeness we report a proof here.

Lemma 5.3.2. The set function

CapΩ̄ : P(Ω) → [0,+∞]
A ↦→ CapΩ̄(A)

is a Choquet capacity, as in Definition 5.3.1.

Proof. Axiom (C1) is trivial, since ∅ is open and UΩ̄(∅) contains the null function, while
(C2) follows from the fact that A ⊆ B implies UΩ̄(B) ⊆ UΩ̄(A).

In order to prove (C4), let us consider a decreasing family of compact sets {Kn}n ⊆
P(Ω) and let K := ∩∞

n=1Kn. We first observe that limn→∞ CapΩ̄(Kn) does exists in view
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of (C2). If O ⊆ Ω is any relatively open set such that K ⊆ O, then there exists n̄ such
that Kn ⊆ O for all n ≥ n̄. Therefore

CapΩ̄(K) ≤ lim
n→∞

CapΩ̄(Kn) ≤ CapΩ(O).

(C4) is thus proved thanks to characterization (5.3.1).
Let us finally prove (C3). Let {An}n ⊆ P(Ω) be an increasing sequence and let

A := ∪∞
n=1An. We observe that lA := limn→∞ CapΩ̄(An) exists and it might be +∞. In

addition
lA ≤ CapΩ̄(A) ∈ [0,+∞].

In particular, if lA = +∞ the thesis is trivial, so let us assume lA < +∞. In order to
prove the converse inequality, let un ∈ UΩ̄(An) be such that

∥un∥2
H1(Ω) ≤ CapΩ̄(An) + 2−n.

Hence {un}n is bounded in H1(Ω) and so there exists u ∈ H1(Ω) such that, up to a
subsequence, un ⇀ u weakly in H1(Ω) and un → u a.e. in Ω, as n → ∞. In addition
there exist a sequence of open sets On ⊇ An such that un ≥ 1 in On and it is not restrictive
to assume that On ⊆ On+1. Therefore we have that, for any fixed n̄ ∈ N, un ≥ 1 a.e. in
On̄ for all n ≥ n̄; passing to the limit as n → ∞, this implies that u ≥ 1 a.e. in On̄ for
any n̄ ∈ N and so u ≥ 1 a.e. in O := ∪∞

n=1On. By construction A ⊆ O, hence u is an
admissible test function for CapΩ̄(A). Thus

CapΩ̄(A) ≤ ∥u∥2
H1(Ω) ≤ lim inf

n→∞
∥un∥H1(Ω) = lA

and the proof is thereby complete.

We can also observe that CapΩ̄ possesses a monotonicity property with respect to the
reference domain Ω: indeed, CapΩ̄(A) is nondecreasing with respect to Ω and then behaves
conversely to the classical relative capacity, which is nonincreasing.

Lemma 5.3.3. Let Ω1,Ω2 ⊆ RN be two open, bounded sets with Lipschitz boundary, such
that Ω1 ⊆ Ω2 and let A ⊆ Ω1. Then

CapΩ̄1
(A) ≤ CapΩ̄2

(A).

Proof. Let u ∈ UΩ̄2
(A) and let v := u|Ω1

. Then v ∈ UΩ̄1
(A) and so

CapΩ̄1
(A) ≤ ∥v∥2

H1(Ω1) ≤ ∥u∥2
H1(Ω2) .

The thesis easily comes by taking the infimum for u ∈ UΩ̄2
(A).

Another remarkable property of the notion of capacity we are studying is strong sub-
additivity.
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Lemma 5.3.4. Let A1, A2 ⊆ Ω. Then

CapΩ̄(A1 ∪A2) + CapΩ̄(A1 ∩A2) ≤ CapΩ̄(A1) + CapΩ̄(A2).

Proof. Let ui ∈ UΩ̄(Ai) for i = 1, 2 and let ū := max{u1, u2} and
¯
u := min{u1, u2}. We

have that ū,
¯
u ∈ H1(Ω) and

∥ū∥2
H1(Ω) + ∥

¯
u∥2

H1(Ω) = ∥u1∥2
H1(Ω) + ∥u2∥2

H1(Ω) .

In addition ū ∈ UΩ̄(A1 ∪A2) and
¯
u ∈ UΩ̄(A1 ∩A2). Therefore

CapΩ̄(A1 ∪A2) + CapΩ̄(A1 ∩A2) ≤ ∥u1∥2
H1(Ω) + ∥u2∥2

H1(Ω) .

By taking the infimum for u1, u2 we may conclude the proof.

We now start to focus on the particular case of capacity of a compact set. The follow-
ing lemma justifies the definition of relative Sobolev capacity given in this chapter (see
Definition 5.2.1). Here the Lipschitz regularity of ∂Ω does enter: indeed it ensures C∞(Ω)
to be dense in H1(Ω).

Lemma 5.3.5. Let K ⊆ Ω be a compact set. Then

inf
{︂

∥u∥2
H1(Ω) : u ∈ UΩ̄(K)

}︂
= inf

{︂
∥u∥2

H1(Ω) : u ∈ C∞(Ω), u− 1 ∈ C∞
c (Ω \K)

}︂
.

Proof. Let us consider u ∈ UΩ̄(K), that is u ∈ H1(Ω) and u ≥ 1 on O ∩ Ω, for some open
O ⊆ RN such that K ⊆ O ∩ Ω. Moreover, let O′ ⊆ O be open and such that K ⊆ O′ ∩ Ω
and dist(∂O, ∂O′) > 0. Let us consider a cut-off function η ∈ C∞

c (O) such that 0 ≤ η ≤ 1
and η = 1 on O′. Also, let v = min{u, 1} and (vn)n ⊆ C∞(Ω) be such that vn → v in
H1(Ω), as n → ∞. Let us now define

un := ηv + (1 − η)vn.

We can observe that un−1 ∈ C∞
c (Ω\K) and that un → v in H1(Ω), as n → ∞. Therefore

inf
{︂

∥u∥2
H1(Ω) : u ∈ C∞(Ω), u− 1 ∈ C∞

c (Ω \K)
}︂

≤ ∥un∥2
H1(Ω)

≤ ∥v∥2
H1(Ω) + o(1)

≤ ∥u∥2
H1(Ω) + o(1),

as n → ∞. By letting n → ∞ and taking the infimum among all functions u ∈ UΩ̄(K) we
prove that

inf
{︂

∥u∥2
H1(Ω) : u ∈ C∞(Ω), u− 1 ∈ C∞

c (Ω \K)
}︂

≤ inf
{︂

∥u∥2
H1(Ω) : u ∈ UΩ̄(K)

}︂
.

The converse is trivial, since{︂
u ∈ C∞(Ω): u− 1 ∈ C∞

c (Ω \K)
}︂

⊆ UΩ̄(K).
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In view of the previous result, we may now justify the definition of relative Sobolev
capacity, that we gave in Definition 5.2.1. Indeed, by density of C∞

c (Ω \ K) in H1
0,K(Ω),

we have that

inf
{︂

∥u∥2
H1(Ω) : u ∈ C∞(Ω), u− 1 ∈ C∞

c (Ω \K)
}︂

= inf
{︂

∥u∥2
H1(Ω) : u ∈ H1(Ω), u− 1 ∈ H1

0,K(Ω)
}︂
.

Given this brief and rather general introduction, we now focus on the capacity (or f -
capacity) of compact sets. We start by mentioning the existence of a capacitary potential,
that is to say a function that achieves the infimum in the definition of capacity. We omit
the proof since it follows the classical one.

Proposition 5.3.6 (Capacity is Achieved). Let K ⊆ Ω be compact, f ∈ H1(Ω) and
c ∈ L∞(Ω) satisfying (5.2.1). The f -capacity of K, as introduced in Definition 5.2.4, is
uniquely achieved, i.e. there exists a unique VK,f,c ∈ H1(Ω) which satisfies

VK,f,c − f ∈ H1
0,K(Ω) and CapΩ̄,c(K, f) = q(VK,f,c).

Since in the following the function c is fixed, for the sake of brevity we will write

VK,f := VK,f,c

omitting the dependence on c in the notation. We observe that VK,f satisfies⎧⎪⎪⎪⎨⎪⎪⎪⎩
−∆VK,f + cVK,f = 0, in Ω \K,

∂VK,f
∂ν

= 0, on ∂Ω \K,

VK,f = f, on K,

in a weak sense, that is VK,f − f ∈ H1
0,K(Ω) and

q(VK,f , φ) =
∫︂

Ω
(∇VK,f · ∇φ+ cVK,fφ) dx = 0 for all φ ∈ H1

0,K(Ω). (5.3.2)

Remark 5.3.7. In the particular case c, f ≡ 1 (as in Definition 5.2.1), we have that the
potential VK := VK,1 ∈ H1(Ω) satisfies

VK−1 ∈ H1
0,K(Ω) and

∫︂
Ω

(∇VK ·∇φ+VKφ) dx = 0 for all φ ∈ H1
0,K(Ω). (5.3.3)

It is easy to verify that V −
K , (VK − 1)+ ∈ H1

0,K(Ω), so that we can choose φ = V −
K and

φ = (VK − 1)+ as test functions in the above equation, thus obtaining that V −
K ≡ 0 and

(VK − 1)+ ≡ 0, i.e.
0 ≤ VK(x) ≤ 1 for a.e. x ∈ Ω. (5.3.4)
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The following proposition asserts that the Sobolev spaces H1(Ω) and H1
0,K(Ω) coincide

if and only if the set K has zero capacity, and draws conclusions on the eigenvalues of
(5.2.3).

Proposition 5.3.8. Let K ⊆ Ω be compact. The following three assertions are equivalent:

(i) CapΩ̄(K) = 0;

(ii) H1(Ω) = H1
0,K(Ω);

(iii) λn(Ω;K) = λn for every n ∈ N∗.

Proof. In order to prove that (i) implies (ii) it is sufficient to prove that H1(Ω) ⊆ H1
0,K(Ω)

since the converse is trivial. We actually prove that C∞(Ω) ⊆ H1
0,K(Ω) and the claim

follows by density. By assumption (i), there exists {un}n≥1 ⊂ H1(Ω) such that un − 1 ∈
H1

0,K(Ω) for every n ∈ N∗ and ∥un∥H1(Ω) → 0 as n → ∞. Let u ∈ C∞(Ω) and let us
consider the sequence {u(1 −un)}n≥1 ⊂ H1

0,K(Ω). We claim that u(1 −un) → u in H1(Ω).
Indeed

∥u− u(1 − un)∥2
H1(Ω) = ∥uun∥2

H1(Ω)

≤ 2
∫︂

Ω
(u2 |∇un|2 + u2

n |∇u|2) dx+
∫︂

Ω
u2u2

n dx

≤ 4 max{∥u∥2
L∞(Ω) , ∥∇u∥2

L∞(Ω)} ∥un∥2
H1(Ω) → 0,

as n → ∞.
We now prove that (ii) implies (i). Let us consider the equation (5.3.3) solved by VK .

Since H1
0,K(Ω) = H1(Ω), we can choose φ = VK in (5.3.3) and then reach the conclusion.

Finally, let us show that (ii) is equivalent to (iii). The fact that (ii) implies (iii)
follows from the min-max characterization (5.2.6). Conversely, suppose that (iii) holds,
i.e. λn(Ω;K) = λn for every n ∈ N∗. Then for every n ∈ N∗ there exists an eigen-
function belonging to H1

0,K(Ω) associated to λn. By the Spectral Theorem, there exists
an orthonormal basis of H1(Ω) made of H1

0,K-functions, which implies that property (ii)
holds.

Remark 5.3.9. An inspection of the proof of Proposition 5.3.8 shows that (ii) actually
implies that CapΩ̄,c(K, f) = 0 for all f ∈ H1(Ω), and so

CapΩ̄(K) = 0 if and only if CapΩ̄,c(K, f) = 0 for all f ∈ H1(Ω).

Moreover, for any f ∈ H1(Ω), we trivially have that CapΩ̄,c(K, f) = 0 if and only if
VK,f = 0.

Example 5.3.10 (Capacity of a Point). Let x0 ∈ Ω, then CapΩ̄({x0}) = 0.
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Proof. If N ≥ 3, let vn ∈ C∞(Ω) be such that vn(x) = 1 if x ∈ B(x0,
1
n) ∩ Ω, vn(x) = 0

if x ∈ Ω \ B(x0,
2
n), 0 ≤ vn(x) ≤ 1 and |∇vn(x)| ≤ 2n for all x ∈ Ω. It is easy to prove

that q(vn) → 0, as n → ∞ thus concluding the proof for N ≥ 3. If N = 2, we can
instead consider vn ∈ H1(Ω) defined as vn(x) = 1 if x ∈ B(x0,

1
n) ∩ Ω, vn(x) = 0 if x ∈

Ω \B(x0,
1√
n

), vn(x) = (logn)−1(− logn− 2 log |x−x0|) if x ∈ Ω ∩
(︁
B(x0,

1√
n

) \B(x0,
1
n)
)︁
.

It is easy to prove that q(vn) → 0, as n → ∞ thus concluding the proof for N = 2.

Remark 5.3.11. Let {Kε}ε>0,K ⊆ Ω be compact sets such that Kε is concentrating at
K as ε → 0. Then, for any φ ∈ C∞

c (Ω \K), there exists εφ > 0 such that φ ∈ C∞
c (Ω \Kε)

for all ε < εφ. Moreover
⋂︁
ε>0

Kε ⊆ K.

Example 5.3.12. An example of concentrating sets is a family of compact sets decreasing
as ε → 0. Precisely, let {Kε}ε>0 be a family of compact subsets of Ω such that Kε2 ⊆ Kε1

for any ε2 ≤ ε1 and let K ⊆ Ω be a compact set such that K = ∩ε>0Kε. Then, arguing
by contradiction, thanks to Bolzano-Weierstrass Theorem in RN , it is easy to prove that
Kε is concentrating at K.

With the next proposition we emphasize what is the relation between the notion of
concentration of sets and that of convergence of capacities: it turns out that convergence
holds if the limit set has zero capacity.

Proposition 5.3.13. Let K ⊆ Ω be a compact set and let {Kε}ε>0 be a family of compact
subsets of Ω concentrating at K. If CapΩ̄(K) = 0 then

VKε,f → VK,f in H1(Ω) and CapΩ̄,c(Kε, f) → CapΩ̄,c(K, f) as ε → 0

for all f ∈ H1(Ω) and all c ∈ L∞(Ω) satisfying (5.2.1). This result holds true, in particu-
lar, for the Sobolev capacity (see Definition 5.2.1) and its potentials, corresponding to the
case in which c ≡ 1.

Proof. Since q(VKε,f ) ≤ q(f) for all ε > 0, then {VKε,f}ε is bounded in H1(Ω) and so
there exists W ∈ H1(Ω) such that, along a sequence εn → 0,

VKεn ,f ⇀W weakly in H1(Ω) as n → ∞,

that is∫︂
Ω

(∇VKεn ,f · ∇φ+ cVKεn ,fφ) dx →
∫︂

Ω
(∇W · ∇φ+ cWφ) dx for all φ ∈ H1(Ω). (5.3.5)

Therefore, taking into account Remark 5.3.11 and the equation solved by VKε,f (5.3.2),
we have that ∫︂

Ω
(∇W · ∇φ+ cWφ) dx = 0 (5.3.6)

for all φ ∈ C∞
c (Ω \ K) and then, by density, for all φ ∈ H1

0,K(Ω). Moreover, taking
φ = VK,f − f (respectively φ = VKε,f − f) in the equation (5.3.2) for VK,f (respectively
VKε,f ), we obtain

CapΩ̄,c(K, f) =
∫︂

Ω
(∇VK,f · ∇f + cVK,ff) dx, (5.3.7)
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respectively
CapΩ̄,c(Kε, f) =

∫︂
Ω

(∇VKε,f · ∇f + cVKε,ff) dx. (5.3.8)

From Proposition 5.3.8, we have that H1
0,K(Ω) = H1(Ω) and then (5.3.6) yields W =

VK,f = 0; on the other hand, from (5.3.8) and (5.3.7) it follows that

CapΩ̄(Kεn , f) → CapΩ̄,c(K, f) = 0 as n → ∞.

Urysohn’s Subsequence Principle concludes the proof.

The following lemma is a fundamental step in the proof of our main results. It states
that, when a sequence of sets is concentrating, as ε → 0, at a zero capacity set, the squared
L2(Ω)-norm of the associated capacitary potentials is negligible, as ε → 0, with respect to
the capacity.

Lemma 5.3.14. Let K ⊆ Ω be compact and let {Kε}ε>0 be a family of compact subsets
of Ω concentrating at K. If CapΩ̄(K) = 0, then∫︂

Ω
|VKε,f |2 dx = o(CapΩ̄,c(Kε, f)) as ε → 0

for all f ∈ H1(Ω) and all c ∈ L∞(Ω) satisfying (5.2.1).

Proof. Assume by contradiction that, for a certain f ∈ H1(Ω), there exists εn → 0 and
C > 0 such that ∫︂

Ω

⃓⃓
VKεn ,f

⃓⃓2 dx ≥ 1
C

CapΩ̄,c(Kεn , f).

Let
Wn :=

VKεn ,f⃦⃦
VKεn ,f

⃦⃦
L2(Ω)

.

Then ∥Wn∥L2(Ω) = 1 and

∥∇Wn∥2
L2(Ω) +

∫︂
Ω
cW 2

n dx =
CapΩ̄,c(Kεn , f)⃦⃦
VKεn ,f

⃦⃦2
L2(Ω)

≤ C.

Hence {Wn}n is bounded in H1(Ω) and so there exists W ∈ H1(Ω) such that Wn ⇀ W
weakly in H1(Ω), up to a subsequence, as n → ∞. By compactness of the embedding
H1(Ω) ↪→ L2(Ω) we have that ∥W∥L2(Ω) = 1. Using Remark 5.3.11, we can pass to the
limit in the equation satisfied by Wn and then obtain∫︂

Ω
(∇W · ∇φ+ cWφ) dx = 0 for all φ ∈ C∞

c (Ω \K).

On the other hand, since CapΩ̄(K) = 0, in view of Proposition 5.3.8 C∞
c (Ω \K) is dense

in H1(Ω) and so W = 0, thus a contradiction arises.
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We are now going to prove that the term capRN
+

(K,ψγ), appearing in the expansion

stated in Corollary 5.2.13, is nonzero whenever K ⊆ ∂RN+ is a compact set such that
capRN

+
(K) > 0; to this aim we prove a more general lemma concerning the standard

(Newtonian) capacity of a set, whose definition we recall below. For any open set U ⊆ RN ,
we denote by D1,2(U) the completion of C∞

c (U) with respect to the L2(U)-norm of the
gradient.

Definition 5.3.15. Let K ⊆ RN be a compact set and let ηK ∈ C∞
c (RN ) be such that

ηK = 1 in a neighborhood of K. If f ∈ H1
loc(RN ), the following quantity

capRN (K, f) = inf
{︃∫︂

RN
|∇u|2 dx : u ∈ D1,2(RN ), u− fηK ∈ D1,2(RN \K)

}︃
is called the f -capacity of K. For f = 1, capRN (K) := capRN (K, 1) is called the capacity
of K (as already introduced in Remark 5.2.11).

Lemma 5.3.16. Let K ⊆ RN be a compact set such that capRN (K) > 0. Let f ∈ C∞(RN )
and let Zf := {x ∈ RN : f(x) = 0}. If capRN (Zf ∩K) < capRN (K), then

capRN (K, f) > 0.

Proof. In this proof we make use of some properties of the classical Newtonian capacity
of a set and we refer to [MZ97, Chapter 2] for the details. Let us consider a sequence of
bounded open sets Un ⊆ RN such that

Zf ∩K ⊆ Un+1 ⊆ Un, for all n and
⋂︂
n≥1

Un = Zf ∩K.

Let Kn := K \ Un. Since K ⊆ Kn ∪ Un, by subadditivity and monotonicity of the capacity

capRN (Kn) ≥ capRN (K) − capRN (Un).

Moreover, since ∩n≥1Un = Zf ∩K, then capRN (Zf ∩K) = limn→∞ capRN (Un), and so

capRN (Kn) > 0 (5.3.9)

for large n, by the assumption capRN (K) − capRN (Zf ∩K) > 0. Now we claim that

capRN (K, |f |) > 0. (5.3.10)

Let us fix a sufficiently large n in order for (5.3.9) to hold and let us set

cn := 1
2 inf
Kn

|f | = 1
2 min

Kn

|f | > 0.

By definition of Kn we have |f | ≥ 2cn > cn on Kn and therefore, by continuity, |f | > cn in
an open neighborhood of Kn. Let ηK ∈ C∞

c (RN ) be such that ηK = 1 in a neighborhood
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of K and let un ∈ D1,2(RN ) be an arbitrary function such that un−ηK |f | ∈ D1,2(RN \Kn).
We define

vn := min{1, un/cn} ∈ D1,2(RN ).

We have that vn − ηKn ∈ D1,2(RN \ Kn), where ηKn ∈ C∞
c (RN ) is equal to 1 in a

neighborhood of Kn. Therefore vn is an admissible competitor for capRN (Kn) and also,
by truncation, the energy of vn is lower than the energy of un/cn. Hence

capRN (Kn) ≤
∫︂
RN

|∇vn|2 dx ≤
∫︂
RN

|∇un|
c2
n

dx.

By arbitrariness of un, we have that capRN (Kn, |f |) ≥ c2
n capRN (Kn) > 0. Moreover, by

monotonicity, capRN (K, |f |) ≥ capRN (Kn, |f |) > 0 and so (5.3.10) is proved. Finally, we
claim that

capRN (K, f) ≥ capRN (K, |f |). (5.3.11)

Indeed, if ξ ∈ D1,2(RN ) is such that ξ−ηKf ∈ D1,2(RN \K), then |ξ|−ηK |f | ∈ D1,2(RN \
K). Hence

capRN (K, |f |) ≤
∫︂
RN

|∇|ξ||2 dx =
∫︂
RN

|∇ξ|2 dx

for all ξ ∈ D1,2(RN ) such that ξ−ηKf ∈ D1,2(RN \K), which implies (5.3.11). Combining
(5.3.10) and (5.3.11) we can conclude the proof.

As an application of the previous lemma, we obtain the following result.

Proposition 5.3.17. Let K ⊆ ∂RN+ be a compact set such that capRN
+

(K) > 0 and let ψγ
be as in (5.2.17). Then

capRN
+

(K,ψγ) > 0.

Proof. Let Zψγ = {x ∈ RN : ψγ(x) = 0} as in the statement of Lemma 5.3.16. We notice
that capRN (K) = 2cap

RN
+

(K) > 0 (see Remark 5.2.11), so that the first assumption of
Lemma 5.3.16 holds. Concerning the second assumption, we have that capRN (Zψγ ∩K) =
2capRN

+
(Zψγ ∩ K) = 0, since the set Zψγ ∩ K is (N − 2)-dimensional, in view of Remark

5.2.9, and (N − 2)-dimensional sets have zero capacity in RN , see e.g. [MZ97, Theorem
2.52]. Then Lemma 5.3.16 provides capRN (K,ψγ) > 0 and the proof follows by applying
again Remark 5.2.11.

We conclude this section with the following lower bound of capRN
+

(K) in terms of its
N − 1 dimensional Lebesgue measure, in case N ≥ 3.

Proposition 5.3.18. Let N ≥ 3 and K ⊆ ∂RN+ be compact. Then there exists a constant
C > 0 (only depending on N) such that

(|K|N−1)
N−2
N−1 ≤ C capRN

+
(K),

where | · |N−1 denotes the N − 1 dimensional Lebesgue measure.
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Proof. By definition of D1,2(RN+ ) and capRN
+

(K), for every ε > 0 there exists u ∈ C∞
c (RN+ )

such that u = 1 in an open neighborhood U of K and∫︂
RN

+

|∇u|2 dx ≤ capRN
+

(K) + ε.

On the other hand

|K|N−1 ≤ |U |N−1 =
∫︂
U

|u|
2(N−1)

N−2 dS ≤
∫︂
RN−1

|u|
2(N−1)

N−2 dS.

By combining the two previous inequalities with the embedding

D1,2(RN+ ) ↪→ L
2(N−1)

N−2 (RN−1)

we can conclude the proof.

5.4 Proof of the asymptotic expansion
The section is organized as follows: in Subsection 5.4.1 we prove the continuity of eigen-
values λn(Ω;K) with respect to CapΩ̄(K), i.e. Theorem 5.2.2. In Subsection 5.4.2 we
prove our first main result Theorem 5.2.5. In Subsection 5.4.3 we prove our second main
result Theorem 5.2.12 and finally, in Subsection 5.4.4, we prove Theorem 5.2.14.

5.4.1 Continuity of the eigenvalues with respect to the capacity

The aim of this section is to prove continuity of the eigenvalues λn(Ω;K), in the limit as
CapΩ̄(K) → 0.

Proof of Theorem 5.2.2. If CapΩ̄(K) = 0 the conclusion follows obviously from Proposi-
tion 5.3.8. Let us assume that CapΩ̄(K) > 0. Then, by definition of CapΩ̄(K), there
exists v ∈ C∞(Ω) such that v − 1 ∈ C∞

c (Ω \ K) and ∥v∥2
H1(Ω) ≤ 2 CapΩ̄(K). Letting

w = (1 − (1 − v)+)+, we have that w ∈ W 1,∞(Ω), 0 ≤ w ≤ 1 a.e. in Ω, w − 1 ∈ H1
0,K(Ω),

and ∥w∥2
H1(Ω) ≤ ∥v∥2

H1(Ω) ≤ 2 CapΩ̄(K).
Let φ1, . . . , φn be the eigenfunctions corresponding to λ1, . . . , λn and let Φi := φi(1 −

w), i = 1, . . . , n. It’s easy to prove that Φi ∈ H1
0,K(Ω) for all i = 1, . . . , n. Let us consider

the linear subspace of H1
0,K(Ω)

En := span{Φ1, . . . ,Φn}.

We claim that, if CapΩ̄(K) is sufficiently small, {Φi}ni=1 is linearly independent, thus
implying that dimEn = n. In order to compute q(Φi,Φj), we test the equation satisfied
by φi with φj(1 − w)2. It follows that∫︂

Ω
[(1 −w)2∇φi · ∇φj + c(1 −w)2φiφj ] dx =

∫︂
Ω

[λi(1 −w)2φiφj + 2(1 −w)φj∇φi · ∇w] dx.
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Thanks to the previous identity, we are able to compute

q(Φi,Φj) =
∫︂

Ω
[φj(1 −w)∇φi · ∇w−φi(1 −w)∇φj · ∇w+φiφj |∇w|2 +λiφiφj(1 −w)2] dx.

From classical elliptic regularity theory (see e.g. [Sta58, Proposition 5.3]) it is well-known
that φi ∈ L∞(Ω). Then, thanks also to Hölder inequality and (5.2.1), we have that

|q(Φi,Φj) − δijλi| ≤ C1[(CapΩ̄(K))1/2 + CapΩ̄(K)],

for a certain C1 > 0 (depending only on ∥φi∥L∞(Ω) and λi, i = 1, . . . , n), where δij is the
Kronecker’s Delta. The above inequality implies that

q(Φi,Φj) = δijλi +O((CapΩ̄(K))1/2) as CapΩ̄(K) → 0,

hence there exists δ > 0 such that, if CapΩ̄(K) < δ, then Φ1, . . . ,Φn are linearly indepen-
dent. Let us now compute the L2 scalar products∫︂

Ω
ΦiΦj dx =

∫︂
Ω
φiφj(1 − w)2 dx = δij − 2

∫︂
Ω
φiφjw dx+

∫︂
Ω
φiφjw

2 dx.

Arguing as before, by Hölder inequality we obtain that⃓⃓⃓⃓∫︂
Ω

ΦiΦj dx− δij

⃓⃓⃓⃓
≤ 2

√
2 ∥φiφj∥L2(Ω) (CapΩ̄(K))1/2 + 2 ∥φiφj∥L∞(Ω) CapΩ̄(K)

≤ C2[(CapΩ̄(K))1/2 + CapΩ̄(K)],

for a certain C2 > 0 (depending only on ∥φi∥L∞(Ω), i = 1, . . . , n), i.e.∫︂
Ω

ΦiΦj dx = δij +O((CapΩ̄(K))1/2) as CapΩ̄(K) → 0.

Now, from the min-max characterization (5.2.6), we have that

λn(Ω;K) ≤ max
α1,...,αn∈R∑︁n

i=1 α
2
i =1

q (
∑︁n
i=1 αiΦi)∑︁n

i,j=1 αiαj
∫︁

Ω ΦiΦj dx

= max
α1,...,αn∈R∑︁n

i=1 α
2
i =1

∑︁n
i,j=1 αiαjq(Φi,Φj)∑︁n

i,j=1 αiαj(δij +O((CapΩ̄(K))1/2))

= max
α1,...,αn∈R∑︁n

i=1 α
2
i =1

∑︁n
i=1 α

2
iλi +O((CapΩ̄(K))1/2)

1 +O((CapΩ̄(K))1/2)

≤ λn +O((CapΩ̄(K))1/2)
1 +O((CapΩ̄(K))1/2)

= λn +O((CapΩ̄(K))1/2)

as CapΩ̄(K) → 0.
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5.4.2 Sharp asymptotics of perturbed eigenvalues

This section is devoted to the proof of Theorem 5.2.5. To this aim, let us give a preliminary
lemma concerning the inverse of the operator −∆+c, when it acts on functions that vanish
on a compact set.

Lemma 5.4.1. For K ⊆ Ω compact, let AK : H1
0,K(Ω) → H1

0,K(Ω) be the linear bounded
operator defined by

q(AK(u), v) = (u, v)L2(Ω) for every u, v ∈ H1
0,K(Ω). (5.4.1)

Then

(i) AK is symmetric, non-negative and compact; in particular, 0 belongs to its spec-
trum σ(AK).

(ii) σ(AK) \ {0} = {µn(Ω;K)}n∈N∗ and µn(Ω;K) = 1/λn(Ω;K) for every n ∈ N∗.

(iii) For every µ ∈ R and u ∈ H1
0,K(Ω) \ {0} it holds

(dist(µ, σ(AK)))2 ≤ q(AK(u) − µu)
q(u) . (5.4.2)

Proof. (i) AK is clearly symmetric and non-negative; let us show that it is compact. We
write AK = R ◦ I, where I : H1

0,K(Ω) → (H1
0,K(Ω))∗ is the compact immersion

(H1
0,K(Ω))∗⟨I(u), v⟩H1

0,K(Ω) =
∫︂

Ω
uv dx for every u, v ∈ H1

0,K(Ω),

and R : (H1
0,K(Ω))∗ → H1

0,K(Ω) is the Riesz isomorphism (on H1
0,K(Ω) endowed with the

scalar product q) given by

q(R(F ), v) = (H1
0,K(Ω))∗⟨F, v⟩H1

0,K(Ω)

for every v ∈ H1
0,K(Ω) and F ∈ (H1

0,K(Ω))∗. Then AK is compact and 0 ∈ σ(AK) (see for
example [Hel13, Theorem 6.16]).
(ii) Again by [Hel13, Theorems 6.16], σ(AK) \ {0} consists of isolated eigenvalues having
finite multiplicity. Being q(·) a norm over H1

0,K(Ω), we have that µ ̸= 0 is an eigenvalue
of AK if and only if there exists u ∈ H1

0,K(Ω), u ̸≡ 0, such that

q(AK(u), v) = µq(u, v) for every v ∈ H1
0,K(Ω),

so that 1/µ = λn(Ω;K) for some n ∈ N∗.
(ii) This is a consequence of the Spectral Theorem (see for example [Hel13, Theorem 6.21
and Proposition 8.20]).

We have now all the ingredients to give the proof of Theorem 5.2.5. It is inspired by
[AFHL19, Theorem 1.4] (see also [AFN20, Theorem 1.5]).
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Proof of Theorem 5.2.5. Let us recall that, by assumption, λ0 = λn0 = λn0(Ω; ∅) is sim-
ple and that φ0 is an associated L2(Ω)-normalized eigenfunction. Recall also that λε =
λn0(Ω;Kε). For simplicity of notation we write Vε := VKε,φ0 and Cε := CapΩ̄,c(Kε, φ0) =
q(Vε). Moreover we let ψε := φ0 − Vε, that is ψε is the orthogonal projection of φ0 on
H1

0,Kε
(Ω) with respect to q. Indeed there holds

q(ψε − φ0, φ) = 0 for all φ ∈ H1
0,Kε

(Ω).

We split the proof into three steps.
Step 1. We claim that

|λε − λ0| = o(C1/2
ε ) as ε → 0. (5.4.3)

For any φ ∈ H1
0,Kε

(Ω), being λ0 an eigenvalue of q, we have

q(ψε, φ) − λ0(ψε, φ)L2(Ω) = q(φ0, φ) − λ0(ψε, φ)L2(Ω) = λ0(Vε, φ)L2(Ω). (5.4.4)

According to the notation introduced in Lemma 5.4.1, we can rewrite (5.4.4) as

(ψε, φ)L2(Ω) = µ0q(ψε, φ) − (Vε, φ)L2(Ω), (5.4.5)

where µ0 = µn0(Ω; ∅) = µn0(Ω;K) = 1/λ0. By (5.4.2) we have

(︁
dist(µ0, σ(AKε))

)︁2 ≤ q(AKε(ψε) − µ0ψε)
q(ψε)

. (5.4.6)

From Proposition 5.3.13 it follows that

|q(φ0, Vε)| ≤
√︂
q(φ0)

√︂
q(Vε) =

√︁
λ0
√︁
Cε = o(1)

as ε → 0, so that, using the definition of ψε, the denominator in the right hand side of
(5.4.6) can be estimated as follows

q(ψε) = q(φ0) + Cε − 2q(φ0, Vε) = λ0 + o(1) (5.4.7)

as ε → 0. Concerning the numerator in the right hand side of (5.4.6), the definition of
AKε and relation (5.4.5) provide

q(AKε(ψε), φ) = (ψε, φ)L2(Ω) = µ0q(ψε, φ) − (Vε, φ)L2(Ω),

for every φ ∈ H1
0,Kε

, so that, choosing φ = AKε(ψε) − µ0ψε in the previous identity, we
arrive at

q(AKε(ψε) − µ0ψε) = −(Vε, AKε(ψε) − µ0ψε)L2(Ω).

The Cauchy-Schwartz inequality, assumption (5.2.1) and Lemma 5.3.14, together with the
previous equality, provide

(︁
q(AKε(ψε) − µ0ψε)

)︁1/2 ≤ 1
√
c0

∥Vε∥L2(Ω) = o(C1/2
ε )
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as ε → 0. By combining the last inequality with (5.4.6) and (5.4.7) we see that

dist(µ0, σ(AKε)) = o(C1/2
ε ) as ε → 0. (5.4.8)

We know from Theorem 5.2.2 that λn(Ω;Kε) → λn as ε → 0 and so, since λ0 is assumed to
be simple, also λε is simple for ε > 0 sufficiently small. Hence, denoting µε = µn0(Ω;Kε) =
1/λε, we have

dist(µ0, σ(AKε)) = |µ0 − µε|

for ε > 0 small enough. Then, using (5.4.8),

|λ0 − λε| = λ0λε|µ0 − µε| = o(C1/2
ε )

as ε → 0, so that claim (5.4.3) is proved.

Let now Πε : L2(Ω) → L2(Ω) be the orthogonal projection onto the one-dimensional
eigenspace corresponding to λε, that is to say

Πεψ = (ψ,φε)L2(Ω)φε for every ψ ∈ L2(Ω),

where we denoted by φε a L2(Ω)-normalized eigenfunction associated to λε.
Step 2. We claim that

q(ψε − Πεψε) = o(Cε) as ε → 0. (5.4.9)

Let
Φε := ψε − Πεψε and ξε := AKε(Φε) − µεΦε.

Using the fact that Πεψε belongs to the eigenspace associated to λε and relation (5.4.4),
we have, for every φ ∈ H1

0,Kε
,

q(Φε, φ) − λε(Φε, φ)L2(Ω) = q(ψε, φ) − λ0(ψε, φ)L2(Ω) + (λ0 − λε)(ψε, φ)L2(Ω)

= λ0(Vε, φ)L2(Ω) + (λ0 − λε)(ψε, φ)L2(Ω).

Thanks to the previous relation, with φ = ξε, and the definition of AKε , we obtain

q(ξε) = q(AKε(Φε), ξε) − µεq(Φε, ξε) = −µε
[︂
q(Φε, ξε) − λε(Φε, ξε)L2(Ω)

]︂
= −λ0

λε
(Vε, ξε)L2(Ω) − λ0 − λε

λε
(ψε, ξε)L2(Ω).

(5.4.10)

Combining (5.4.5) and (5.4.7) we obtain that ∥ψε∥L2(Ω) = 1 + o(1) as ε → 0. There-
fore, from (5.4.10), taking into account (5.4.7), we deduce the existence of a constant C
independent from ε such that√︂

q(ξε) ≤ C
(︂
∥Vε∥L2(Ω) + |λ0 − λε|

)︂
.

Thus, using the definition of ξε, Lemma 5.3.14 and (5.4.3), we obtain that

q(AKε(Φε) − µεΦε) = o(Cε) as ε → 0. (5.4.11)
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Let
Nε =

{︂
w ∈ H1

0,Kε
: (w,φε)L2(Ω) = 0

}︂
.

Note that, by definition, Φε ∈ Nε. Moreover, being φε an eigenfunction associated to λε,
from the definition of AKε in (5.4.1) it follows that

AKε(w) ∈ Nε for every w ∈ Nε.

In particular, the following operator

Ãε = AKε |Nε
: Nε → Nε

is well defined. One can easily check that Ãε satisfies properties (i)-(iii) in Lemma
5.4.1; moreover σ(Ãε) = σ(AKε) \ {µε}. In particular, letting δ > 0 be such that
(dist(µε, σ(Ãε)))2 ≥ δ for every ε small enough, estimate (5.4.11), combined with (5.4.2),
provides

q(ψε − Πεψε) = q(Φε) ≤ 1
δ

(dist(µε, σ(Ãε)))2 q(Φε) ≤ 1
δ
q(Ãε(Φε) − µεΦε) = o(Cε)

as ε → 0, thus proving claim (5.4.9).
Step 3. We claim that

λε − λ0 = Cε + o(Cε) as ε → 0. (5.4.12)
From the definition of ψε, Lemma 5.3.14, and the previous step we deduce that

∥φ0 − Πεψε∥L2(Ω) ≤ ∥Vε∥L2(Ω) + ∥ψε − Πεψε∥L2(Ω) = o(C1/2
ε ) as ε → 0,

which yields both
∥Πεψε∥L2(Ω) = 1 + o(C1/2

ε ) as ε → 0 (5.4.13)
and, consequently,

∥φ0 − φ̂ε∥L2(Ω) = o(C1/2
ε ) as ε → 0, (5.4.14)

where φ̂ε = Πεψε/∥Πεψε∥L2(Ω). Using the fact that φ̂ε is an eigenfunction associated to
λε and (5.4.5) with φ = φ̂ε, we obtain

(λε − λ0)(ψε, φ̂ε)L2(Ω) = λ0(Vε, φ̂ε)L2(Ω). (5.4.15)

But actually
λ0(Vε, φ̂ε) = Cε + o(Cε) as ε → 0. (5.4.16)

Indeed, since ψε and Vε are orthogonal with respect to q and φ0 is an eigenfunction
corresponding to λ0, we have that

Cε = q(Vε) = q(Vε, φ0 − ψε) = q(Vε, φ0) = λ0(Vε, φ0)L2(Ω)

= λ0(Vε, φ̂ε)L2(Ω) + λ0(Vε, φ0 − φ̂ε)L2(Ω),

so that Lemma 5.3.14 and relation (5.4.14) allow us to prove (5.4.16). Concerning the left
hand side of (5.4.15) we have, exploiting (5.4.13) and (5.4.9),

(ψε, φ̂ε)L2(Ω) =
(ψε − Πεψε,Πεψε)L2(Ω) + ∥Πεψε∥2

L2(Ω)
∥Πεψε∥L2(Ω)

= 1 + o(C1/2
ε ) as ε → 0.

By combining the last estimate with (5.4.15) and (5.4.16), we complete the proof.
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5.4.3 Set scaling to a boundary point

Hereafter we assume N ≥ 3. The purpose of this section is to find, in some particular
cases, the explicit behavior of the function ε ↦→ CapΩ̄,c(Kε, φ0) and therefore to give a
more concrete connotation to the asymptotic expansion proved in Theorem 5.2.5. We
consider a particular class of families of concentrating sets, that includes the case in which
Kε is obtained by rescaling a fixed compact set K by a factor ε > 0.

First, we prove Proposition 5.2.8.

Proof of Proposition 5.2.8. The proof is organized as follows: we first derive (5.2.14) for a
certain diffeomorsphism in the class C and then we prove that it holds true for any diffeo-
morphism in C. Hence we start by taking into consideration a particular diffeomorphism
ΦAE ∈ C, first introduced in [AE97]. Let g ∈ C1,1(B′

r0) be, as in (5.2.10), the function
that describes ∂Ω locally near the origin and let ρ ∈ C∞

c (RN−1) be such that supp ρ ⊆ B′
1,

ρ ≥ 0 in RN−1, ρ ̸≡ 0 and −∇ρ(y′) · y′ ≥ 0 in RN−1. Then, for any δ > 0, let

ρδ(y′) = c−1
ρ δ−N+1ρ

(︃
y′

δ

)︃
with cρ =

∫︂
RN−1

ρ(y′) dy′,

be a family of mollifiers. Now, for j = 1, . . . , N − 1 and yN > 0, we let

uj(y′, yN ) := yj − yN

(︄
ρyN ⋆

∂g

∂yj

)︄
(y′),

where ⋆ denotes the convolution product. Moreover, we define

ψj(y′, yN ) :=
{︄
uj(y′, yN ), for yN > 0,
4uj(y′,−yN

2 ) − 3uj(y′,−yN ), for yN < 0.

One can prove that ψj ∈ C1,1(Br0/2). Finally, we let F : Br0/2 → RN be defined as follows

F (y′, yN ) := (ψ1(y′, yN ), . . . , ψN−1(y′, yN ), yN + g(y′)).

Computations show that the Jacobian matrix of F on the hyperplane {yN = 0} is as
follows

JF (y′, 0) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · 0 − ∂g
∂y1

(y′)
0 1 · · · 0 − ∂g

∂y2
(y′)

...
... . . . ...

...
0 0 · · · 1 − ∂g

∂yN−1
(y′)

∂g
∂y1

(y′) ∂g
∂y2

(y′) · · · ∂g
∂yN−1

(y′) 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

and so |det JF (0)| = 1 + |∇g(0)|2 = 1. Hence, by the inverse function theorem, F is
invertible in a neighborhood of the origin: namely there exists r1 ∈ (0, r0/2) such that F
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is a diffeomorphism of class C1,1 from Br1 to U = F (Br1) for some U open neighborhood
of 0. Moreover, it is possible to choose r1 sufficiently small so that

F−1(U ∩ Ω) = RN+ ∩Br1 = B+
r1 ,

F−1(U ∩ ∂Ω) = ∂RN+ ∩Br1 = B′
r1 ,

which means that, near the origin, the image of Ω through F−1 has flat boundary (coin-
ciding with ∂RN+ ). In particular we have that the diffeomorphism

ΦAE : U → Br1 , ΦAE := F−1

belongs to the class C defined in (5.2.11).
For y ∈ ΦAE(U ∩ Ω) = B+

r1 , we let φ̂0(y) := φ0(Φ−1
AE(y)); from the equation satisfied

by φ0 in Ω, we deduce that∫︂
B+

r1

(A(y)∇φ̂0(y) · ∇φ(y) + ĉ(y)φ̂0(y)φ(y)) dy = λ0

∫︂
B+

r1

p(y)φ̂0(y)φ(y) dy (5.4.17)

for all φ ∈ H1
0,S+

r1
(B+

r1), where S+
r1 := ∂Br1 ∩ RN+ and

A(y) = JΦAE(Φ−1
AE(y))JΦAE(Φ−1

AE(y))T
⃓⃓⃓
det JΦAE(Φ−1

AE(y))
⃓⃓⃓−1

,

ĉ(y) = c(Φ−1
AE(y))

⃓⃓⃓
det JΦAE(Φ−1

AE(y))
⃓⃓⃓−1

,

p(y) =
⃓⃓⃓
det JΦAE(Φ−1

AE(y))
⃓⃓⃓−1

.

(5.4.18)

We point out that equation (5.4.17) is the weak formulation of the problem{︄
− div(A(y)∇φ̂0(y)) + ĉ(y)φ̂0(y) = λ0 p(y)φ̂0(y), in B+

r1 ,

∇φ̂0(y)A(y) · ν(y) = 0, on B′
r1 .

One can prove that A is symmetric and uniformly elliptic in B+
r1 (if r1 is choosen sufficiently

small); moreover, if we denote A(y) = (ai,j(y))i,j=1,...,N , then ai,j ∈ C0,1(B+
r1 ∪B′

r1) and

ai,i(y′, 0) = 1 +
⃓⃓
∇g(y′)

⃓⃓2 −
(︃
∂g

∂yi
(y′)

)︃2
, for all i = 1, . . . , N − 1,

ai,j(y′, 0) = − ∂g

∂yi
(y′) ∂g

∂yj
(y′), for all i, j = 1, . . . , N − 1, i ̸= j,

ai,N (y′, 0) = 0, for all i = 1, . . . , N − 1,
aN,N = 1.

(5.4.19)

Therefore, if we consider an even reflection of φ̂0 (which we still denote as φ̂0) through the
hyperplane {xN = 0} in Br1 , then it satisfies, in this ball, an elliptic equation in divergence
form with Lipschitz continuous second order coefficients. More in particular φ̂0 weakly
satisfies

− div(Ā(y)∇φ̂0(y)) = h(y)φ̂0(y) in Br1 (5.4.20)
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where

Ā(y) :=
{︄
A(y1, . . . , yN−1, yN ), if yN > 0,
QA(y1, . . . , yN−1,−yN )Q, if yN < 0,

with

Q :=

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 · · · 0 0
0 1 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0
0 0 · · · 0 −1

⎞⎟⎟⎟⎟⎟⎟⎠
and h ∈ L∞(Br1). We point out that Lipschitz continuity of the coefficients of the matrix
Ā comes from the fact that ai,j ∈ C0,1(B+

r1 ∪ B′
r1) and that ai,N (y′, 0) = 0 for all i < N .

Hence we deduce, from [Rob88], that there exists a homogeneous harmonic polynomial ψγ
of degree γ ∈ N such that

φ̂0(y) = ψγ(y) +Rγ(y)

where ∥Rγ∥H1(Br) = O(rγ+ N
2 +1−δ) for some δ ∈ (0, 1) as r → 0. In particular (5.2.14)

holds.
Now let Φ ∈ C. We can rewrite

φ0(Φ−1(εx)) = φ0
(︂
Φ−1

AE (εGε(x))
)︂
, with Gε(x) := (ΦAE ◦ Φ−1)(εx)

ε
.

Thanks to regularity properties of ΦAE and Φ, we have that

Gε(x) = x+ |x|2O(ε), as ε → 0.

As a consequence, one can prove that

ε−γφ0
(︂
Φ−1

AE (εGε(x))
)︂

→ ψγ(x), in H1(B+
R) as ε → 0,

for all R > 0, thus concluding the proof of (5.2.14).
The proofs of (5.2.15) and (5.2.16) follow from (5.2.14) by making a change of variable

in the integral and taking into account that, for all R > 0,

χε−1Φ(Ω∩BRε) → χB+
R

a.e. in RN ,

with χA denoting as usual the characteristic function of a set A ⊂ RN , as one can easily
deduce from the fact that Φ−1(y) = y +O(|y|2) as y → 0.

In this section we consider a particular class of families of compact sets concentrating
to the origin (which is assumed to belong to ∂Ω), as described in Paragraph 5.2. Let us
fix Φ ∈ C with

Φ : U0 → BR0 (5.4.21)
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being U0 an open neighborhood of 0 and R0 > 0 such that Φ(U0 ∩ Ω) = B+
R0

and Φ(U0 ∩
∂Ω) = B′

R0
. In the rest of this section, we will use the same notation as in the proof of

Proposition 5.2.8 defining A and ĉ as in (5.4.18) (with Φ instead of ΦAE).
Since A ∈ C0,1(B+

R0
,MN×N ) (with MN×N denoting the space of N×N real matrices)

and A(0) = IN , it is possibile to choose R0 > 0 small enough in order to have

∥A(x) − IN∥MN×N
≤ 1

2 and ĉ(x) ≥ c0
2 for a.e. x ∈ B+

R0

(with ∥ · ∥MN×N
denoting the operator norm on MN×N ). With this choice of R0, we have

that∫︂
B+

R0/ε

A(εx)∇u(x) · ∇u(x) dx =
∫︂
B+

R0/ε

(A(εx) − IN )∇u(x) · ∇u(x) dx+
∫︂
B+

R0/ε

|∇u(x)|2 dx

(5.4.22)

≥ 1
2

∫︂
B+

R0/ε

|∇u(x)|2 dx

and ∫︂
B+

R0/ε

ĉ(εx)u2(x) dx ≥ c0
2

∫︂
B+

R0/ε

u2(x) dx (5.4.23)

for all u ∈ H1(B+
R0/ε

).
Let Kε ⊆ Ω ∩ U0 be a compact set for any ε ∈ (0, 1) such that (5.2.12) and (5.2.13)

hold. In the following we denote

K̃ε := Φ(Kε)/ε.

For any compact set H ⊆ RN we define the radius of H as follows

r(H) := max
x∈H

|x| . (5.4.24)

Remark 5.4.2. Concerning hypothesis (5.2.13), one can prove that the convergence of
RN \ K̃ε to RN \ K in the sense of Mosco, as ε → 0, introduced in Definition 5.2.6, is
equivalent to the convergence of the space H1

0,K̃ε
(B+

R) to the space H1
0,K(B+

R) in the sense
of Mosco for all R > r(M). We recall that H1

0,K̃ε
(B+

R) is said to converge to H1
0,K(B+

R) in
the sense of Mosco if the following holds:

(1) the weak limit points (as ε → 0) in H1(B+
R) of every family of functions {uε}ε ⊆

H1(B+
R), such that uε ∈ H1

0,K̃ε
(B+

R) for every ε, belong to H1
0,K(B+

R);

(2) for every u ∈ H1
0,K(B+

R) there exists a family {uε}ε ⊆ H1(B+
R) such that uε ∈

H1
0,K̃ε

(B+
R) for every ε and uε → u in H1(B+

R), as ε → 0.
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The proof of this equivalence is essentially based on the continuity of the extension operator
for functions in H1(B+

R) and of the restriction operator on B+
R for functions in H1(RN ).

Analogously, one can also prove that they are both also equivalent to the convergence
of H1

0,K̃ε∪S+
R

(B+
R) to H1

0,K∪S+
R

(B+
R) in the sense of Mosco, as ε → 0. These equivalent

hypotheses turn out to be more adequate for our needs in this final part of the section.
In view of Proposition 5.2.8 it is natural to consider the following rescalings of the

limit eigenfunction φ0 and of the φ0-capacitary potential of Kε

φ̃ε(y) := φ0(Φ−1(εy))
εγ

= φ̂0(εy)
εγ

, Ṽε(y) := VKε,φ0(Φ−1(εy))
εγ

, y ∈ B+
R0/ε

, (5.4.25)

where φ̂0(z) = φ0(Φ−1(z)) ∈ H1(B+
R0

). We have that φ̃ε ∈ H1(B+
R0/ε

), Ṽε − φ̃ε ∈
H1

0,K̃ε
(B+

R0/ε
), and they satisfy∫︂

B+
R0/ε

(A(εy)∇φ̃ε(y) · ∇φ(y) + ε2ĉ(εy)φ̃ε(y)φ(y)) dy = λ0ε
2
∫︂
B+

R0/ε

p(εy)φ̃ε(y)φ(y) dy,

(5.4.26)
for all φ ∈ H1

0,S+
R0/ε

(B+
R0/ε

) and∫︂
B+

R0/ε

(A(εy)∇Ṽε(y) · ∇φ(y) + ε2ĉ(εy)Ṽε(y)φ(y)) dy = 0, (5.4.27)

for all φ ∈ H1
0,K̃ε∪S+

R0/ε

(B+
R0/ε

).
The following Lemma provides a first, rough estimate of the boundary Sobolev capacity

appearing in the asymptotic expansion in Theorem 5.2.5.
Lemma 5.4.3. We have that

CapΩ̄,c(Kε, φ0) = O(εN+2γ−2), as ε → 0.

Proof. Recall the definition of M in (5.2.12) and that of r(M) in (5.4.24). Since Kε ⊆
Φ−1(εBr(M)) and Φ−1(y) = y+O(|y|2) as |y| → 0, there exists R > 0 such that Kε ⊂ BRε
for ε sufficiently small. Now let ηε ∈ C∞

c (RN ) be such that

0 ≤ ηε(y) ≤ 1,

|∇ηε| ≤ 2
εR

,
ηε(y) =

{︄
0, for y ∈ RN \B2εR,

1, for y ∈ BεR.

Since ηεφ0 ∈ H1
0,Kε

(Ω), from (5.2.7) we have that

CapΩ̄,c(Kε, φ0) ≤ q(ηεφ0)

≤ 2
∫︂

Ω∩B2Rε

|∇ηε(x)|2φ0(x) dx

+ 2
∫︂

Ω∩B2Rε

|ηε(x)|2|∇φ0(x)|2 dx+ ∥c∥L∞(Ω)

∫︂
Ω∩B2Rε

φ2
0(x) dx

≤
(︃ 8
ε2R2 + ∥c∥L∞(Ω)

)︃∫︂
Ω∩B2Rε

φ2
0(x) dx+ 2

∫︂
Ω∩B2Rε

|∇φ0(x)|2 dx
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The conclusion then follows from (5.2.15) and (5.2.16).

The following lemma, whose proof is classical, is useful in order to pass from a global
scale (functions in D1,2(RN+ )) to a local one (meaning functions in H1(B+

R)) and vice versa.

Lemma 5.4.4. Let K ⊆ RN+ be compact. If f ∈ D1,2(RN+ ) is such that f |B+
R

∈ H1
0,K(B+

R)

for some R > r(K), then f ∈ D1,2(RN+ \ K). Conversely, if f ∈ D1,2(RN+ \ K), then
f |B+

R

∈ H1
0,K(B+

R) for all R > r(K).

In the lemma below we compare the two notions of capacity arising in our work, namely
Definition 5.2.1 and Definition 5.2.10.

Lemma 5.4.5 (Equivalence of capacities). Let K ⊆ RN+ be a compact set and let R >
r(K). Then there exists a constant α = α(R) > 0 such that

α−1 capRN
+

(K) ≤ Cap
B+

R

(K) ≤ α capRN
+

(K).

Proof. Let ηK ∈ C∞
c (RN ) be such that ηK = 1 in a neighborhood of K.

In order to prove the left hand inequality, let WR ∈ H1(B+
R) be the potential achieving

Cap
B+

R

(K) and let ŴR ∈ H1(RN+ ) be its extension to RN+ . Obviously ŴR ∈ D1,2(RN+ ) and,

by Lemma 5.4.4, we have that ŴR − ηK ∈ D1,2(RN+ \K). Therefore ŴR is admissible for
capRN

+
(K) and hence

capRN
+

(K) ≤
∫︂
RN

+

|∇ŴR|2 dx ≤
∫︂
RN

+

(|∇ŴR|2 + Ŵ 2
R) dx

≤ C1(R)
∫︂
B+

R

(|∇WR|2 +W 2
R) dx = C1(R) Cap

B+
R

(K),

where C1(R) is the constant related to the extension operator for Sobolev functions. In or-
der to prove the other inequality, let WK ∈ D1,2(RN+ ) be the potential achieving capRN

+
(K).

Since WK − ηK ∈ D1,2(RN+ \ K), then WK ∈ H1(B+
R) and, in view of Lemma 5.4.4,

WK − 1 ∈ H1
0,K(B+

R). Hence WK is admissible for Cap
B+

R

(K). Moreover, by Hölder and
Sobolev inequalities, we have that

∥WK∥2
L2(B+

R) ≤ ∥WK∥2
L2∗ (B+

R)|B
+
R |2/N ≤ C2(R) ∥∇WK∥2

L2(RN
+ ) ,

for some C2(R) > 0 depending only on N and R. Then the following estimates hold

Cap
B+

R

(K) ≤
∫︂
B+

R

(|∇WK |2 +W 2
K) dx ≤ (1 + C2(R)) capRN

+
(K),

thus concluding the proof.

In order to prove Theorem 5.2.12 the following Poincaré type inequality is needed.
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Lemma 5.4.6 (Poincaré Inequality). Let M,K ⊆ RN+ and {Kε}ε∈(0,1) satisfy (5.2.12)–
(5.2.13) for some Φ ∈ C and let K̃ε := Φ(Kε)/ε. Let us assume that capRN

+
(K) > 0. For

any R > r(M) there exist ε0 ∈ (0, 1) and C > 0 (both depending on R and K) such that∫︂
B+

R

u2 dx ≤ C

∫︂
B+

R

|∇u|2 dx

for all u ∈ H1
0,K̃ε

(B+
R) and for all ε < ε0.

Proof. By way of contradiction, suppose that, for a certain R > r(M), there exist a
sequence of real numbers εn → 0+ and a sequence of functions un ∈ H1

0,K̃εn
(B+

R) such that∫︂
B+

R

u2
n dx > n

∫︂
B+

R

|∇un|2 dx.

Now let us consider the sequence

vn := un
∥un∥L2(B+

R)
,

so that
∥vn∥L2(B+

R) = 1 and
∫︂
B+

R

|∇vn|2 dx < 1
n
.

Therefore, since ∥vn∥H1(B+
R) is uniformly bounded with respect to n, there exists v ∈

H1(B+
R) such that, up to a subsequence, vn ⇀ v weakly in H1(B+

R). By compactness
vn → v strongly in L2(B+

R); this implies that ∥v∥L2(B+
R) = 1 and hence that v ̸≡ 0. On the

other hand, by weak lower semicontinuity,∫︂
B+

R

|∇v|2 dx ≤ lim inf
n→∞

∫︂
B+

R

|∇vn|2 dx = 0,

hence there exists a constant κ ̸= 0 such that v = κ a.e. in B+
R . Finally, since RN \ K̃εn

is converging to RN \K in the sense of Mosco, v ∈ H1
0,K(B+

R) (see Remark 5.4.2) and this
implies the existence of a sequence {wn}n ⊂ C∞

c (B+
R \K) such that ∥wn − κ∥H1(B+

R) → 0
as n → +∞. Letting zn = (κ− wn)/κ, we have that

zn − 1 ∈ H1
0,K(B+

R) and ∥zn∥H1(B+
R) → 0

as n → +∞, thus implying Cap
B+

R

(K) = 0 and hence contradicting, in view of Lemma
5.4.5, the fact that capRN

+
(K) > 0.

In the same spirit of Proposition 5.3.6, we have that the relative ψγ-capacity of the set
K, denoted by capRN

+
(K,ψγ) (see Definition 5.2.10), is uniquely achieved, as asserted in

the following lemma.
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Lemma 5.4.7. Let η ∈ C∞
c (RN+ ) be a cut-off function such that η = 1 in a neighborhood

of K. There exists a unique Ṽ ∈ D1,2(RN+ ) such that Ṽ − ηψγ ∈ D1,2(RN+ \K) and∫︂
RN

+

∇Ṽ · ∇φdx = 0 for all φ ∈ D1,2(RN+ \K),

i.e. weakly solving ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−∆Ṽ = 0, in RN+ \K,

Ṽ = ψγ , on K,

∂Ṽ

∂ν
= 0, on ∂RN+ \K.

Moreover
capRN

+
(K,ψγ) =

∫︂
RN

+

|∇Ṽ |2 dx

and Ṽ does not depend on the choice of the cut-off function η.

Since we are in the case N ≥ 3, the following Hardy-type inequality on half balls holds.

Lemma 5.4.8 (Hardy-type inequality). For all R > 0 and u ∈ H1(B+
R)

N − 2
2

∫︂
B+

R

u2

|x|2
dx ≤ N + 1

R2

∫︂
B+

R

u2 dx+ N

N − 2

∫︂
B+

R

|∇u|2 dx.

Proof. By integrating over B+
R the identity

div
(︄
u2 x

|x|2

)︄
= (N − 2) u

2

|x|2
+ 2u∇u · x

|x|2
,

we obtain that, for any u ∈ C∞(B+
R),

(N − 2)
∫︂
B+

R

u2

|x|2
dx =

∫︂
∂B+

R

u2x · ν
|x|2

dS − 2
∫︂
B+

R

u∇u · x

|x|2
dx

≤ 1
R

∫︂
S+

R

u2 dS + N − 2
2

∫︂
B+

R

u2

|x|2
dx+ 2

N − 2

∫︂
B+

R

|∇u|2 dx,

thanks to the fact that x · ν = 0 on {x1 = 0} ∩ ∂B+
R and x = R ν on S+

R .
On the other hand, integrating over B+

R the identity

div(u2x) = 2u∇u · x+Nu2

and arguing in a similar way, we deduce that∫︂
S+

R

u2 dS ≤ N + 1
R

∫︂
B+

R

u2 dx+R

∫︂
B+

R

|∇u|2 dx.

Combining those two relations the lemma is proved.
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The following proposition provides a blow-up analysis for scaled capacitary potentials,
which will be the core of the proof of Theorem 5.2.12.

Proposition 5.4.9. Let {Kε}ε>0 ⊆ Ω be a family of compact sets concentrating at {0} ⊆
∂Ω as ε → 0 and satisfying (5.2.12)-(5.2.13) for some Φ ∈ C and for some compact sets
M,K ⊆ RN+ with capRN

+
(K) > 0. Let φ0 be as in (5.2.9) and let γ, ψγ be as in (5.2.14)-

(5.2.17). Let Ṽε be as in (5.4.25) and Ṽ as in Lemma 5.4.7. Then

Ṽε ⇀ Ṽ weakly in H1(B+
R),

A(εx)∇Ṽε(x) ⇀ ∇Ṽ (x) weakly in L2(B+
R),

ε2ĉ(εx)Ṽε(x) ⇀ 0 weakly in L2(B+
R),

as ε → 0 for all R > r(M), where A and ĉ are as in (5.4.18) (with Φ instead of ΦAE).

Proof. From Lemma 5.3.14 and Lemma 5.4.3 we have that∫︂
Ω

|∇VKε,φ0 |2 dx = CapΩ̄,c(Kε, φ0)(1 + o(1)) = O(εN+2γ−2),

as ε → 0. On the other hand, letting U0 and R0 be as in (5.4.21), by a change of variables
we have that∫︂

Ω
|∇VKε,φ0 |2 dx ≥

∫︂
Ω∩U0

|∇VKε,φ0 |2 dx = εN+2γ−2
∫︂
B+

R0/ε

A(εx)∇Ṽε(x) · ∇Ṽε(x) dx

and so ∫︂
B+

R0/ε

A(εx)∇Ṽε(x) · ∇Ṽε(x) dx = O(1) (5.4.28)

as ε → 0. From (5.4.28) and (5.4.22) it follows that∫︂
B+

R0/ε

|∇Ṽε(x)|2 dx ≤ 2
∫︂
B+

R0/ε

A(εx)∇Ṽε(x) · ∇Ṽε(x) dx = O(1) as ε → 0. (5.4.29)

On the other hand, in view of (5.4.23),

CapΩ̄,c(Kε, φ0) ≥
∫︂

Ω∩U0
c(x)|VKε,φ0 |2 dx

= εN+2γ
∫︂
B+

R0/ε

ĉ(εx)|Ṽε(x)|2 dx ≥ c0
2 εN+2γ

∫︂
B+

R0/ε

|Ṽε(x)|2 dx

so that from Lemma 5.4.3 we deduce that

ε2
∫︂
B+

R0/ε

|Ṽε(x)|2 dx = O(1) as ε → 0. (5.4.30)

From (5.4.29) we deduce that there exists C1 > 0 (not depending on R) such that, for
every R > 0, ∫︂

B+
R

|∇Ṽε|2 dx ≤ C1 for all ε ∈ (0, R0/R). (5.4.31)
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From the Poincaré inequality proved in Lemma 5.4.6, we deduce that, for every R > r(M),
there exist C2 = C2(R) > 0 and ε1,R > 0 (both depending on R) such that, if ε ∈ (0, ε1,R),∫︂

B+
R

|Ṽε|2 dx ≤ 2
∫︂
B+

R

|Ṽε − φ̃ε|2 dx+ 2
∫︂
B+

R

|φ̃ε|2 dx

≤ 2C2

∫︂
B+

R

|∇(Ṽε − φ̃ε)|2 dx+ 2
∫︂
B+

R

|φ̃ε|2 dx

≤ 4C2

∫︂
B+

R

(|∇Ṽε|2 + |∇φ̃ε|2) dx+ 2
∫︂
B+

R

|φ̃ε|2 dx.

Hence, from (5.2.14) and (5.4.31) we have that, for every R > r(M), there exist C3 =
C3(R) > 0 and ε2,R > 0 (both depending on R) such that, if ε ∈ (0, ε2,R),∫︂

B+
R

|Ṽε|2 dx ≤ C3. (5.4.32)

Combining (5.4.31) and (5.4.32) with a diagonal process, we deduce that there exists
W ∈ H1

loc(RN+ ) (not depending on R) such that, along a subsequence ε = εn → 0+,

Ṽε ⇀W weakly in H1(B+
R),

Ṽε → W strongly in L2(B+
R),

Ṽε → W a.e. in RN+ ,
(5.4.33)

for all R > r(M). Since c is bounded and ∥A(εx) − IN∥MN×N
≤ C Rε for all x ∈ B+

R ,
from (5.4.33) it follows easily that

A(εx)∇Ṽε(x) ⇀ ∇W (x) weakly in L2(B+
R), (5.4.34)

ε2ĉ(εx)Ṽε(x) ⇀ 0 weakly in L2(B+
R), (5.4.35)

as ε = εn → 0, for all R > r(M).
Now let φ ∈ C∞

c (RN+ \K). Then there exists R > 0 such that

φ ∈ C∞
c (B+

R ∪ (B′
R \K)) ⊆ H1

0,K∪S+
R

(B+
R).

Since H1
0,K̃ε∪S+

R

(B+
R) is converging to H1

0,K∪S+
R

(B+
R) in the sense of Mosco (see hypothesis

(5.2.13) and Remark 5.4.2), there exists a sequence ψε ∈ H1
0,K̃ε∪S+

R

(B+
R) such that

ψε → φ strongly in H1(B+
R), as ε → 0. (5.4.36)

From the equation (5.4.27) satisfied by Ṽε we know that, for all ε ∈ (0, R0/R) (so that
B+
R ⊂ B+

R0/ε
) ∫︂

B+
R

(A(εx)∇Ṽε(x) · ∇ψε(x) + ε2ĉ(εx)Ṽε(x)ψε(x)) dx = 0.
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Therefore, combining (5.4.34),(5.4.35) and (5.4.36) we obtain that∫︂
B+

R

∇W · ∇φdx = 0.

Summing up we have that∫︂
RN

+

∇W · ∇φ dx = 0 for all φ ∈ C∞
c (RN+ \K). (5.4.37)

By weak lower semicontinuity and (5.4.31) we have that∫︂
RN

+

|∇W |2 dx < ∞. (5.4.38)

Now let R > r(M) and ε < R0/R. Thanks to Lemma 5.4.8 and estimates (5.4.29) and
(5.4.30) we have that∫︂

B+
R

|Ṽε|2

|x|2
dx ≤

∫︂
B+

R0/ε

|Ṽε|2

|x|2
dx

≤ 2(N + 1)
(N − 2)R2

0
ε2
∫︂
B+

R0/ε

Ṽ 2
ε dx+ 2N

(N − 2)2

∫︂
B+

R0/ε

|∇Ṽε|2 dx ≤ C4,

for a certain C4 > 0 not depending on ε and R. By weak lower semicontinuity we deduce
that

∫︁
B+

R

|W |2
|x|2 dx ≤ C4 for all R > r(M), hence

∫︂
RN

+

|W |2

|x|2
dx < ∞.

Thanks to this and to (5.4.38), we have that W ∈ D1,2(RN+ ); moreover, by density of
C∞
c (RN+ \K) in D1,2(RN+ \K) we have that (5.4.37) holds for any φ ∈ D1,2(RN+ \K).

Let η ∈ C∞
c (RN+ ) be such that η = 1 in a neighborhood of M : since, for every

R > r(M), Ṽε − ηφ̃ε ∈ H1
0,K̃ε

(B+
R) and since H1

0,K̃ε
(B+

R) is converging to H1
0,K(B+

R) in
the sense of Mosco, then, passing to the weak limit, there holds W − ηψγ ∈ H1

0,K(B+
R)

(see (5.2.14)). Hence, in view of Lemma 5.4.4, we have that W − ηψγ ∈ D1,2(RN+ \ K).
Combining this fact with (5.4.37), by uniqueness (stated in Lemma 5.4.7) we have that
W = Ṽ and, by Urysohn’s Subsequence Principle, we conclude that the convergences
(5.4.33),(5.4.34), and(5.4.35) hold as ε → 0 (not only along a sequence εn → 0+).

Now we are ready for the proof of our second main result.

Proof of Theorem 5.2.12. Let R > r(M) and let η ∈ C∞
c (RN ) be such that η = 1 in BR.

Also let R̃ > 0 be such that supp η ⊆ BR̃. For ε > 0 small we define

ηε(x) =

⎧⎨⎩η
(︂

1
εΦ(x)

)︂
, if x ∈ U0,

0, if x ∈ RN \ U0,
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and observe that, if ε is sufficiently small, ηε ∈ C1
c (RN ) and ηε ≡ 1 in a neighborhood of

Kε. Testing equation (5.3.2) with VKε,φ0 − φ0ηε leads to

CapΩ̄,c(Kε, φ0) =
∫︂

Ω

(︂
|∇VKε,φ0 |2 + c|VKε,φ0 |2

)︂
dx

=
∫︂

Ω
(∇VKε,φ0 · ∇(φ0ηε) + cVKε,φ0φ0ηε) dx

=
∫︂

Ω∩U0
(∇VKε,φ0 · ∇(φ0ηε) + cVKε,φ0φ0ηε) dx.

Then, by the change of variable x = Φ−1(εy), we obtain

CapΩ̄,c(Kε, φ0) = ε2γ+N−2
∫︂
B+

R̃

(︁
A(εy)∇Ṽε(y) · ∇(ηφ̃ε)(y) + ε2ĉ(εy)Ṽε(y)η(y)φ̃ε(y)

)︁
dy

(5.4.39)
where Ṽε and φ̃ε are defined in (5.4.25). From Proposition 5.4.9 and Proposition 5.2.8 it
follows that

lim
ε→0

∫︂
B+

R̃

(︁
A(εy)∇Ṽε(y) · ∇(ηφ̃ε)(y) + ε2ĉ(εy)Ṽε(y)η(y)φ̃ε(y)

)︁
dy =

∫︂
RN

+

∇Ṽ · ∇(ηψγ) dy.

(5.4.40)
Finally, testing the equation satisfied by Ṽ (see Lemma 5.4.7) with Ṽ −ηψγ ∈ D1,2(RN+ \K)
we have that

capRN
+

(K,ψγ) =
∫︂
RN

+

|∇Ṽ |2 dx =
∫︂
RN

+

∇Ṽ · ∇(ηψγ) dx.

This, combined with (5.4.39) and (5.4.40), concludes the proof.

5.4.4 Set scaling to an interior point

In this last section we consider the case in which the perturbing sets Kε are concentrating
to an interior point in a way that resembles (and comprehends) the scaling of a fixed
compact set and we sketch the steps that lead to the proof of Theorem 5.2.14 (counterpart
of Theorem 5.2.12). Always in the case N ≥ 3, we assume that 0 ∈ Ω and that the
family of compact sets Kε ⊆ Ω satisfy (5.2.18) and (5.2.19). Heuristically speaking, in
the previous section the rescaled domain Ω/ε was “approaching” the half space RN+ , due
to the fact that 0 ∈ ∂Ω and that ∂Ω was smooth in a neighborhood of the origin. In this
section, since 0 ∈ Ω the “limit” domain of Ω/ε turns out to be the whole space RN . For
the same reason the role of half balls B+

R is played, in this section, by balls BR.
Let κ and ζκ be as in (5.2.20). As in Lemma 5.4.3, by testing CapΩ̄,c(Kε, φ0) with φ0

suitably cutted off, it is possible to prove that

CapΩ̄,c(Kε, φ0) = O(εN+2κ−2), as ε → 0.

Also in this framework, a Poincaré type inequality holds and the proof follows the same
steps as Lemma 5.4.6.

111



CHAPTER 5. PERTURBATION OF THE BOUNDARY CONDITIONS

Lemma 5.4.10 (Poincaré Inequality). Let M,K ⊆ RN and {Kε}ε∈(0,1) satisfy (5.2.18)
and (5.2.19) and let K̃ε := Kε/ε. Let us assume that capRN (K) > 0. For any R > r(M)
there exist ε0 ∈ (0, 1) and C > 0 (both depending on R and K) such that∫︂

BR

u2 dx ≤ C

∫︂
BR

|∇u|2 dx

for all u ∈ H1
0,K̃ε

(BR) and for all ε < ε0.

Furthermore, the capacity capRN (K, ζκ), whose definition is recalled in Definition
5.3.15, is attained by a potential ˆ︁V ∈ D1,2(RN ), analogously to what is stated in Lemma
5.4.7. Also in this context it is possible to prove an Hardy type inequality, which reads as
follows.

Lemma 5.4.11 (Hardy-type inequality). We have that

N − 2
2

∫︂
BR

u2

|x|2
dx ≤ N + 1

R2

∫︂
BR

u2 dx+ N

N − 2

∫︂
BR

|∇u|2 dx

for all u ∈ H1(BR) and for all R > 0.

Following the same steps as in the proof of Proposition 5.4.9 and Theorem 5.2.12 and
adapting the ideas and the computations to the current framework, it is possible to prove
Theorem 5.2.14.
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CHAPTER 6

AN INTRODUCTION TO THE
FRACTIONAL LAPLACIAN

The second part of this thesis is devoted to the analysis of two differential problems that
are governed by the same operator, namely the fractional Laplacian. The purpose of this
introduction is to rigorously define this pseudodifferential operator and to get acquainted
with the basic notions and with the most relevant properties of concern for our work.
In addition, we are going to illustrate an interesting relation of fractional powers of the
(negative) Laplace operator with a Dirichlet-to-Neumann type map: this relation is based
on the so called Caffarelli-Silvestre extension, which has been established in [CS07].

Fractional powers of differential operators, and nonlocal operators in general, at-
tracted a lot of attentions among mathematicians in the recent years, and the litera-
ture is still blossoming. One of the reasons of their appeal is the abundance and great
variety of possible applications. Without aiming at giving a complete picture, we enu-
merate some of them. Nonlocal operators appear in physics, for instance concerning
crystal dislocation (see [GM12, Tol97, CDdP20]) or in the theory of water waves (see e.g.
[dlLV09, GG03, MV20] or the books [Whi74, NS94]) or are of concern for semipermeable
membranes (see [DL76, DJ21]), for flame propagation (see [CMS12]) and for mathematical
finance (see [CT04a]). Moreover, fractional operators manifest strong relevance in numer-
ous mathematical problems, for instance with reference to thin obstacle problems (see
[Sil07, CSS08, GP09, BFRO18, GRO19, CROS17], and see also Chapter 8), nonlocal min-
imal surfaces (see [CRS10, BDLV20, DV19]) and mean field games (see [CCD+19, EJ20]).

Among a number of surveys concerning the topic, we refer to [DNPV12], [Gar19] and
[BV16] for self-contained expositions (see also [Dip20]).

Let s ∈ (0, 1) and N > 2s. If S(RN ) denotes the Schwartz class of smooth, rapidly
decreasing functions, then we define the fractional Laplacian of order s, for functions
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u ∈ S(RN ), as follows

(−∆)su(x) : = C(N, s) P.V.
∫︂
RN

u(x) − u(y)
|x− y|N+2s dy

= C(N, s) lim
ρ→0+

∫︂
|x−y|>ρ

u(x) − u(y)
|x− y|N+2s dy,

where P.V. means that the integral has to be seen in the principal value sense and

C(N, s) = π− N
2 22s

Γ
(︂
N+2s

2

)︂
Γ(2 − s) s(1 − s),

with Γ denoting the usual Euler’s Gamma function. The reason of the presence of this
constant lies in an alternative, equivalent definition, based on the Fourier transform, that
is

(−∆)su = F−1(|ξ|2s F(u)).

This equivalence also highlights the nature of fractional powers of the Laplacian as pseu-
dodifferential operators with symbol |ξ|2s. One can observe that, in the range s ∈ (0, 1/2),
the integral ∫︂

RN

u(x) − u(y)
|x− y|N+2s dy

is in fact finite for any x ∈ RN and any u ∈ S(RN ). Moreover, one can prove that it
is possible to rewrite the singular integral defining (−∆)su as a weighted second order
differential quotient, see [DNPV12, Lemma 3.2]. Namely

(−∆)su(x) = −C(N, s)
2

∫︂
RN

u(x− y) + u(x+ y) − 2u(x)
|y|N+2s dy.

We now seek to define the fractional Laplacian for a wider class of functions. There are
several choices for this aim. One of the most general domain of definition is a family of
tempered distributions satisfying certain decay properties; we are not going to pursue this
path, but we refer to [Sil07, Section 2] for the specifics.

However, a very general interpretation of the fractional Laplacian is in the distribu-
tional sense. Indeed, if u belongs to the following space

L1
s :=

{︄
u ∈ L1

loc(RN ) :
∫︂
RN

|u(x)|
1 + |x|N+2s dx < ∞

}︄

then it is possible to define the fractional Laplacian of u to be a distribution acting as

⟨(−∆)su, φ⟩ :=
∫︂
RN

u(−∆)sφdx, for any φ ∈ C∞
c (RN ).

The proof of well posedness of this definition for functions in L1
s can be seen, for instance,

in [Sil07, Proposition 2.4].
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On the other hand, it is possible to provide a definition of fractional Laplacian, in a
“weak sense”, which is the one we are going to employ in the present manuscript. The
advantage of this approach is that it founded on an Hilbertian structure, which is obviously
a truly powerful boost in variational frameworks. By direct computations one can see that∫︂

RN
u(−∆)sv dx =

∫︂
RN

v(−∆)sudx = C(N, s)
2

∫︂
R2N

(u(x) − u(y))(v(x) − v(y))
|x− y|N+2s dxdy

for all u, v ∈ C∞
c (RN ). Therefore, we naturally define the following scalar product on

C∞
c (RN )

(u, v)Ds,2(RN ) := C(N, s)
2

∫︂
R2N

(u(x) − u(y))(v(x) − v(y))
|x− y|N+2s dxdy, u, v ∈ C∞

c (RN )

and we define the space Ds,2(RN ) as the completion of C∞
c (RN ) with respect to the norm

induced by (·, ·)Ds,2(RN ). In this sense we can see the fractional Laplacian as an operator

(−∆)s : Ds,2(RN ) → (Ds,2(RN ))∗,

which acts as follows

(Ds,2(RN ))∗⟨(−∆)su, v⟩Ds,2(RN ) = (u, v)Ds,2(RN ), for all u, v ∈ Ds,2(RN ).

The space Ds,2(RN ) is known in the literature as a fractional Beppo Levi space or fractional
homogeneous Sobolev space, and it may be denoted also by Ḣs(RN ) (or Ẇ s,2(RN )).

Fractional Beppo Levi spaces enjoy a variety of important functional inequalities. It
is a truly hard job to exhaust a list of them, and therefore we limit ourselves to state a
couple of results that turn out to be crucial for our work. The first inequality we recall
is the fractional Hardy inequality, which has been proved by Herbst in [Her77] (see also
[FLS08, Proposition 4.1] and [FS08] for a version with a remainder term).
Theorem 6.0.1 (Fractional Hardy inequality). There holds

γH

∫︂
RN

|u(x)|2

|x|2s
dx ≤ ∥u∥2

Ds,2(RN ) , for all u ∈ Ds,2(RN ),

where

γH = γH(N, s) := 22s
Γ2
(︂
N+2s

4

)︂
Γ2
(︂
N−2s

4

)︂
is the best (largest) possible constant, which is never attained.

The other result which is worth to be stated here is the continuous embedding of the
space Ds,2(RN ) into L2∗

s (RN ), being

2∗
s := 2N

N − 2s
the critical Sobolev exponent in the fractional framework. For the proof we refer to [CT04b,
Theorem 1.1], which actually establishes it for any s ∈ R (see also [SV11, Theorem 7] in
the Appendix).
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Theorem 6.0.2 (Fractional Sobolev inequality). There holds

S ∥u∥2
L2∗

s (RN ) ≤ ∥u∥2
Ds,2(RN ) , for all u ∈ Ds,2(RN ), (6.0.1)

where

S = S(N, s) :=
22sπsΓ

(︂
N+2s

2

)︂
Γ
(︂
N−2s

2

)︂
⎛⎝Γ

(︂
N
2

)︂
Γ(N)

⎞⎠
2s
N

is the best (largest) possible constant. Moreover the equality holds if and only if
u(x) = αU((x− x0)/β) for some x0 ∈ RN , α ∈ R, β > 0, where

U(x) := 1
(1 + |x|2)

N−2s
2

is the fractional Talenti function.

6.1 The Caffarelli-Silvestre extension
It is easy to observe that, by its definition, the fractional Laplacian is an integro-differential
operator, thus displaying a nonlocal nature. Indeed, in order to compute (−∆)s of a
function in a certain point, one must take into account the values of this function in the
whole space. The nonlocal behavior brings in a number of difficulties. However, it is
possible to recover from (−∆)s a differential, local operator by means of a boundary value
problem in a space with a dimension more RN+1

+ := RN × (0,+∞). This procedure has
been established by Caffarelli and Silvestre in their seminal paper [CS07].

Let us now describe the approach. To this end, we fist consider the weighted Beppo
Levi space D1,2(RN+1

+ ; t1−2s), defined as the completion of C∞
c (RN+1

+ ) with respect to the
norm induced by the scalar product

(u, v)D1,2(RN+1
+ ;t1−2s) :=

∫︂
RN+1

+

t1−2s∇u · ∇v dxdt, u, v ∈ C∞
c (RN+1

+ ).

First of all, we observe that the weight

w(x, t) := t1−2s

can be either singular or degenerate on the characteristic manifold RN ∼= {(x, t) : t = 0},
depending on the value of s ∈ (0, 1). Nevertheless, it still enjoys notable properties, in
particular it belongs to the second Muckenhoupt class A2, in the sense that is satisfies

sup
B ball in RN+1

+

(︄
1

|B|N+1

∫︂
B
w dxdt

)︄(︄
1

|B|N+1

∫︂
B
w−1 dxdt

)︄
< ∞,

with |·|N+1 denoting the N + 1 dimensional Lebesgue measure. This property allows
building a theory of weighted Sobolev spaces. In particular, there exists a well-defined
and continuous trace map

Tr: D1,2(RN+1
+ ; t1−2s) → Ds,2(RN ) (6.1.1)
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which is onto, see, for instance, [BCdPS13]. Let us now consider, for u ∈ Ds,2(RN ), the
following minimization problem

min
{︄∫︂

RN+1
+

t1−2s |∇Φ|2 dxdt : Φ ∈ D1,2(RN+1
+ ; t1−2s), Tr Φ = u

}︄
. (6.1.2)

By standard, direct methods of the calculus of variations, one can prove that there exists a
unique function H(u) = U ∈ D1,2(RN+1

+ ; t1−2s) (which we call the extension of u) attaining
(6.1.2), i.e. ∫︂

RN+1
+

t1−2s |∇U |2 dxdt ≤
∫︂
RN+1

+

t1−2s |∇Φ|2 dxdt (6.1.3)

for all Φ ∈ D1,2(RN+1
+ ; t1−2s) such that Tr Φ = u. Furthermore, in [CS07] it has been

proven that∫︂
RN+1

+

t1−2s∇U · ∇Φ dxdt = κs(u,Tr Φ)Ds,2(RN ) for all Φ ∈ D1,2(RN+1
+ ; t1−2s), (6.1.4)

where
κs := Γ(1 − s)

22s−1Γ(s) . (6.1.5)

We observe that (6.1.4) is the variational formulation of the following problem⎧⎪⎨⎪⎩
− div(t1−2s∇U) = 0, in RN+1

+ ,

− lim
t→0

t1−2s∂U

∂t
= κs(−∆)su, on RN .

(6.1.6)

Therefore, one can interpret the fractional Laplacian as a Dirichlet-to-Neumann operator.
Namely, given the extension operator

H : Ds,2(RN ) → D1,2(RN+1
+ ; t1−2s)

u ↦→ H(u),

and the “Neumann” operator

n : D1,2(RN+1
+ ; t1−2s) → (Ds,2(RN ))∗

U ↦→ n(U) := − lim
t→0

t1−2s∂U

∂t
,

then, in view of (6.1.4), we can rewrite

(−∆)s = κ−1
s n ◦ H : Ds,2(RN ) → (Ds,2(RN ))∗.

Thanks to the extension tool, we are able to obtain the Hardy and Sobolev functional
inequalities also in the space D1,2(RN+1

+ ; t1−2s). Namely, combining (6.1.3) and (6.1.4)
with theorems 6.0.1 and 6.0.2, we obtain, respectively

κsγH

∫︂
RN

|TrU |2

|x|2s
dx ≤

∫︂
RN+1

+

t1−2s |∇U |2 dxdt for all U ∈ D1,2(RN+1
+ ; t1−2s) (6.1.7)
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and

κsS ∥TrU∥2
L2∗

s (RN ) ≤
∫︂
RN+1

+

t1−2s |∇U |2 dxdt for all U ∈ D1,2(RN+1
+ ; t1−2s). (6.1.8)

Moreover, just as a consequence of (6.1.3) and (6.1.4), we have that

κs ∥TrU∥2
Ds,2(RN ) ≤

∫︂
RN+1

+

t1−2s |∇U |2 dxdt for all U ∈ D1,2(RN+1
+ ; t1−2s). (6.1.9)

We now state a result providing a compact trace embedding in weighted Lebesgue spaces,
which will be useful in Chapter 7.

Lemma 6.1.1. Let p ∈ LN/2s(RN ). If

(Un)n ⊆ D1,2(RN+1
+ ; t1−2s) and U ∈ D1,2(RN+1

+ ; t1−2s)

are such that
Un ⇀ U weakly in D1,2(RN+1

+ ; t1−2s) as n → ∞,

then
∫︁
RN p| TrUn|2 dx →

∫︁
RN p| TrU |2 dx as n → ∞. In particular, if p > 0 a.e. in RN ,

the trace operator
D1,2(RN+1

+ ; t1−2s) ↪→ L2(RN ; p dx)

is compact, where L2(RN ; p dx) :=
{︂
u ∈ L1

loc(RN ) :
∫︁
RN p |u|2 dx < ∞

}︂
.

Proof. Let (Un)n ⊆ D1,2(RN+1
+ ; t1−2s) and U ∈ D1,2(RN+1

+ ; t1−2s) be such Un ⇀ U weakly
in D1,2(RN+1

+ ; t1−2s) as n → ∞. Hence, in view of continuity of the trace operator (6.1.1)
and classical compactness results for fractional Sobolev spaces (see e.g. [DNPV12, The-
orem 7.1]), we have that TrUn → TrU in L2

loc(RN ) and a.e. in RN . Furthermore, by
continuity of the trace operator (6.1.1) and (6.1.8), we have that, for every ω ⊂ RN
measurable, ∫︂

ω
|p|| Tr(Un − U)|2 dx ≤ C∥p∥LN/(2s)(ω)∥Un − U∥2

D1,2(RN+1
+ ;t1−2s)

for some positive constant C > 0 independent of ω and n. Therefore, by Vitali’s Conver-
gence Theorem we can conclude that limn→∞

∫︁
RN |p|| Tr(Un−U)|2 dx = 0, from which the

conclusion follows.

We finally introduce a class of weighted Lebesgue and Sobolev spaces, on bounded
open Lipschitz sets ω ⊆ RN+1

+ in the upper half-space. Namely, we define

L2(ω; t1−2s) :=
{︃
U : ω → R measurable :

∫︂
ω
t1−2s |U |2 dxdt < ∞

}︃
and the weighted Sobolev space

H1(ω; t1−2s) :=
{︂
U ∈ L2(ω; t1−2s) : ∇U ∈ L2(ω; t1−2s)

}︂
.
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From the fact that the weight t1−2s belongs to the second Muckenhoupt class A2 and
thanks to well known weighted functional inequalities, one can prove that the embedding

H1(ω; t1−2s) ↪→ L2(ω; t1−2s)

is compact, see for details [OK90, Theorem 19.11] and [FF18, Proposition 7.1]. In addition,
one can prove that the trace operator

H1(ω; t1−2s) ↪→ L2(∂ω+; t1−2s),

is well defined and compact, where ∂ω+ := ∂ω ∩ RN+1
+ and

L2(∂ω+; t1−2s) :=
{︃
ψ : ∂ω+ → R measurable :

∫︂
∂ω+

t1−2s |ψ|2 dS < ∞
}︃
.

Finally, in the particular case when ω′ := ∂ω ∩ ∂RN+1
+ is the closure (in the RN topology)

of an open set, the same holds for the trace operator

H1(ω; t1−2s) ↪→ L2(ω′).

For the proof of these facts concerning traces of A2 weighted Sobolev functions we refer
to [Nek93] and [STV19, Section 3.1].

Besides the connection with the fractional Laplacian, a theory of weighted Sobolev
spaces has been largely developed, also in very general frameworks. In particular, we
acknowledge their central role in the context of elliptic PDEs, driven by second order,
weighted differential operators. Among a rich literature, we refer to the seminal paper
[FKS82], where the authors investigated for the first time qualitative properties of solu-
tions, such as maximum principles, Harnack inequalities, Hölder regularity etc. We also
cite [STV19, STV20], in which the authors deeply examined regularity of solutions, in
terms of Schauder estimates.

Notation We gather here some notation used throughout this part:
• RN+1

+ := {(x, t) : x ∈ RN , t > 0} = RN × R+ denotes the positive half space;

• B+
r (x0) := {z ∈ RN+1

+ : |z − x0| < r} and S+
r (x0) := {z ∈ RN+1

+ : |z − x0| = r}
denote, respectively, the positive half balls and half spheres, for any x0 ∈ RN and
r > 0;

• B′
r(x0) := ∂B+

r (x0) \ S+
r (x0) for balls on the thin space;

• in case of balls and spheres centered at the origin, we drop the center in the notation,
i.e. B+

r := B+
r (0), S+

r := S+
r (x0) and B′

r := B′
r(x0);

• SN := {z ∈ RN+1 : |z| = 1} is the unit N -dimensional sphere;

• SN+ := SN ∩ RN+1
+ and SN−1 := ∂SN+ ;

• for y ∈ R, y+ := max{0, y} and y− := max{0,−y};

• dS and dσ denote the volume element in N and N − 1 dimensional manifolds,
respectively.
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CHAPTER 7

FRACTIONAL MULTIPOLAR
SCHRÖDINGER OPERATORS

The present chapter is committed to the study of positivity properties of a particular
class of fractional Schrödinger operators defined in the whole space RN . However, before
stepping in the fractional framework and going into the details of the problem under
consideration, we think it is better to start with a more basic, classical model. This allows
us to better understand the aims and to start familiarizing with the essential techniques,
which are stand-alone subjects of interest. In particular, the original results contained
in the present chapter crucially rely on two ingredients: Agmon-Allegretto-Piepenbrink’s
positivity principle and localization of binding, suitably adapted to the our framework.
We are going to introduce them in the following section.

7.1 Agmon-Allegretto-Piepenbrink’s principle and localiza-
tion of binding: a brief overview

Let N ≥ 3 and let Ω ⊆ RN be an open and connected set. For V ∈ L1
loc(Ω) let us consider

the Schrödinger operator −∆ − V , together with its corresponding quadratic form

QV (φ) :=
∫︂

Ω
(|∇φ|2 − V φ2) dx, (7.1.1)

defined for φ ∈ C∞
c (Ω). In addition, it is natural to consider the associated partial

differential equation
− ∆u− V u = f, in Ω. (7.1.2)

with f ∈ L1
loc(Ω). All the results we are going to cite in this introduction are well known

and they hold with pretty light hypotheses on the potential V, which may change from
time to time. However, for sake of simplicity in the exposition, we prefer to emphasize
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the ideas behind and not to focus on the sharpness of the assumptions. For this reason
we restrict to a small class of potentials and we assume V ∈ C∞

c (Ω).
In 1974, W. Allegretto and J. Piepenbrink (see [All74] and [Pie74]) found out an

intriguing relation between the positivity of the quadratic form (7.1.1) and the existence
of a positive weak supersolution to (7.1.2). More precisely they proved that

QV (φ) ≥ 0, for all φ ∈ C∞
c (Ω)

if and only if there exists u ∈ H1
loc(Ω) such that u ≥ 0 a.e. in Ω and∫︂

Ω
(∇u · ∇φ− V uφ) dx ≥ 0, for all φ ∈ H1

loc(Ω) ∩ L∞
loc(Ω), φ ≥ 0 (7.1.3)

that are compactly supported in Ω. We say that such u is a positive supersolution of −∆−
V on Ω. These ideas have been deepened in the subsequent years by S. Agmon, who laid
the foundations of the so called “Criticality Theory”. This connection between existence
of positive supersolutions and nonnegativity of the corresponding quadratic form is then
known as the Agmon-Allegretto-Piepenbrink’s principle (AAP principle in the following).
Since then, this concept has been investigated in various flavours and a vast literature
flourished, see among many others [Agm83, Pin89, Pin90, PV20] and the comprehensive
work by Murata [Mur86]. We also refer to [Mor20] for an introduction to the AAP principle
and to some of its possible applications.

The AAP principle is based, in turn, on the well known Picone’s identity (frequently
used as inequality), which we here recall.

Lemma 7.1.1 (Picone’s identity). Let u, v ∈ H1
loc(Ω) be such that v ≥ 0, u > 0 a.e. in

Ω. Then
|∇v|2 − ∇

(︄
v2

u

)︄
· ∇u =

⃓⃓⃓⃓
∇
(︃
v

u

)︃⃓⃓⃓⃓2
u2 ≥ 0 a.e. in Ω.

We now state the AAP principle. For the first part of the statement, the minimal
assumptions on the potential V are V ∈ L1

loc(Ω) and V − ∈ L∞
loc(Ω) (with V − denoting the

negative part of V ), while for the second part V ∈ L∞
loc(Ω).

Theorem 7.1.2 (AAP Positivity Principle). Let f ∈ L1
loc(Ω) be such that f ≥ 0 a.e. If

there exists a positive supersolution to (7.1.2), that is a function u ∈ H1
loc(Ω) such that

u ≥ 0 a.e. in Ω and∫︂
Ω

(∇u · ∇φ− V uφ) dx ≥
∫︂

Ω
fφ, for all φ ∈ C∞

c (Ω)

then we have that

QV (φ) =
∫︂

Ω

(︂
|∇φ|2 − V φ2

)︂
dx ≥

∫︂
Ω
f
φ2

u
dx ≥ 0

for all φ ∈ C∞
c (Ω). Conversely, if QV (φ) ≥ 0 for all φ ∈ C∞

c (Ω), then there exists
u ∈ H1

loc(Ω) positive supersolution of −∆ − V .
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Proof. We prove only the first part, since the second one requires more involved arguments,
which go beyond the scope of this introduction. We refer to [Agm83, Theorem 3.1] for the
proof of the second part.

Since f ≥ 0 then u is a supersolution of −∆ − V and then

ess sup
K

u > 0 for any compact K ⊆ Ω,

thus implying that u−1 ∈ L∞
loc(Ω) This is a consequence of the weak Harnack inequality,

see e.g. [GT83, Theorem 8.19]. Hence, for any φ ∈ C∞
c (Ω) we have that φ2/u is an

admissible test function for (7.1.3) and so∫︂
Ω

(︄
∇u · ∇

(︄
φ2

u

)︄
− V φ2

)︄
dx ≥

∫︂
Ω
f
φ2

u
dx.

By Picone’s identity Lemma 7.1.1 we have that

∇u · ∇
(︄
φ2

u

)︄
= |∇φ|2 −

⃓⃓⃓⃓
∇
(︃
φ

u

)︃⃓⃓⃓⃓2
u2,

therefore we obtain that

QV (φ) =
∫︂

Ω

(︄
∇u · ∇

(︄
φ2

u

)︄
+
⃓⃓⃓⃓
∇
(︃
φ

u

)︃⃓⃓⃓⃓2
u2 − V φ2

)︄
dx

≥
∫︂

Ω

(︄
f
φ2

u
+
⃓⃓⃓⃓
∇
(︃
φ

u

)︃⃓⃓⃓⃓2
u2
)︄

dx ≥
∫︂

Ω
f
φ2

u
dx.

Remark 7.1.3. The functional

Qu(φ) :=
∫︂

Ω

⃓⃓⃓⃓
∇
(︃
φ

u

)︃⃓⃓⃓⃓2
u2 dx

is known in the literature as the “u-ground state transform” quadratic form and it is
generated by the nonnegative self-adjoint operator

−∆ − 2∇ log(u) · ∇

in L2(Ω, u2 dx).

We now state a straightforward corollary to Theorem 7.1.2 useful in order to prove
nonexistence of positive supersolutions.

Corollary 7.1.4. Let f ∈ L1
loc(Ω) be such that f ≥ 0 a.e. in Ω. If there exists φ0 ∈ C∞

c (Ω)
such that

QV (φ0) < 0,

then there are no positive supersolutions to (7.1.2).
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Now, for any nonnegative p ∈ L1
loc(Ω) such that p−1 ∈ L∞

loc(Ω), we define

mp(V ) := inf
φ∈C∞

c (Ω)

QV (φ)∫︂
Ω
pφ2 dx

. (7.1.4)

Definition 7.1.5. We say that the quadratic form QV satisfies the p-property if there
exists a nonnegative p ∈ L1

loc(Ω) such that p−1 ∈ L∞
loc(Ω) for which mp(V ) > 0.

The aforementioned criticality theory is based on the following classification.

Definition 7.1.6. We say that

1. −∆ − V is subcritical if QV satisfies the p-property;

2. −∆ − V is critical if QV is nonnegative, but does not satisfies the p-property;

3. −∆ − V is supercritical if QV is not nonnegative.

It is possible to prove that this classifications is meaningful in terms of existence and
uniqueness of positive supersolutions. Indeed the following result holds true. We refer to
[Agm83] for the proofs.

Proposition 7.1.7. The following holds:

1. If −∆ − V is subcritical, then for any f ∈ L2(Ω, p−1 dx), with f ≥ 0, there exists a
positive supersolution to (7.1.2);

2. if −∆ − V is critical, then there exists a unique (up to a scalar factor) positive
supersolution to −∆ − V , which is actually a solution;

3. if −∆−V is supercritical, then −∆−V has no positive supersolutions, see Corollary
7.1.4.

We also observe that the Schrödinger operator is subcritical if and only if the inequality∫︂
Ω
V φ2 dx ≤

∫︂
Ω

|∇φ|2 dx for all φ ∈ C∞
c (Ω)

can be improved with a positive term
∫︁

Ω pφ
2 dx on the left hand side.

The notion of criticality of a Schrödinger operator is closely related to the notion of co-
ercivity of the operator in the Beppo-Levi space D1,2(Ω), which basically is, in some sense,
the object of our investigation in the next section. Here D1,2(Ω) denotes the completion
of C∞

c (Ω) with respect to the L2-norm of the gradient. Let us now define

σ(V ) := inf
φ∈C∞

c (Ω)

QV (φ)∫︂
Ω

|∇φ|2 dx
.

The quantities mp(V ) and σ(V ) are related in the following way when one considers
more regular weights p (see [FMT07, Remark 7.4] for the justification).
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Lemma 7.1.8. If p ∈ LN/2(Ω) ∩ C(Ω) is such that p > 0 in Ω, then mp(V ) and σ(V )
have the same sign.

This result essentially relies on the following positivity principle, whose proof is in-
spired by AAP principle’s one and exploits ground state transform, Picone’s inequality
and continuity of σ(V ) with respect to the potential V . We refer to [FMT07, Lemma 2.1]
for the proof in a more general setting.

Lemma 7.1.9. Let V ∈ C∞
c (Ω). The following are equivalent:

(i) σ(V ) > 0;

(ii) there exists ε > 0 and u ∈ D1,2(Ω) ∩C1(Ω) such that u is a positive supersolution to
−∆ − (V + εV +).

The other ingredient we employ for our aims is the so called “localization of binding”.
Let us first introduce the setting. For Ω = RN , let us consider two potentials Vi ∈ C∞

c (RN ),
i = 1, 2 (again, the results we present actually hold for a more general class of potentials)
and let us assume that the quadratic forms QVi ’s are nonnegative. The question we address
is the following:

is it true that the quadratic form QV1−V2(·−y), associated to the potential

x ↦→ V1(x) + V2(x− y)

is nonnegative, for y ∈ RN and |y| sufficiently large?
(7.1.5)

The motivation for this type of questions comes from physics and, in particular, from
a notable phenomenon discovered in 1970, called the Efimov’s effect, named after the
scientist who first noticed and studied it, see [Efi70, Efi73]. This effect concerns a three-
body Schrödinger operator

−∆ −
3∑︂

i,j=1
i<j

Vi,j

with Vi,j : R3 → R, and reads as follows: if the three operators −∆−Vi,j , corresponding to
the two-body subsystems, are subcritical, then the three-particle operator −∆−

∑︁
i<j Vi,j ,

by the Efimov’s effect, has an infinite number of negative L2-eigenvalues accumulating to
zero. This phenomenon, from the mathematical point of view, turns out to be closely
related to the problem of localization of binding, stated in (7.1.5). This was first pointed
out in [OS79], where the authors gave a variational proof of the Efimov’s effect. We also
refer to [Tam91, Tam93] for further generalizations. On the other hand, the problem of
localization of binding became of independent interest in the mathematical literature. Its
study started in [KS79], where the authors examined the behavior of the ground state
energy E(y) of the operator −∆ − (V1 + V2(· − y)), as a function of the translation vector
y ∈ RN (see also [Sim80]). The most complete positive answer to (7.1.5), to the best of
our knowledge, has been given by Pinchover in [Pin95]. We report here one of the main
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theorems, assuming the potentials in the so called Kato class at infinity. We first recall
the definition and then state the result.

Definition 7.1.10 ([Pin95], Definition 2.3). We define the Kato class at infinity as follows

K∞
N :=

{︄
V ∈ C0,α(RN ) : lim

M→∞
sup
x∈RN

∫︂
|y|>M

|V (x)|
|x− y|N−2 dx = 0

}︄
.

Theorem 7.1.11 ([Pin95], Theorem 3.1). Let Vi be in the Kato’s class at infinity, for
i = 1, 2. If −∆ − Vi are subcritical for i = 1, 2, then

−∆ − (V1 + V2(· − y))

is subcritical for y ∈ RN and |y| sufficiently large.

In view of the connection asserted in Lemma 7.1.8, we finally cite [FMT07, Theorem
1.5]. This is an analogous result which allows the potentials to be outside the Kato’s class
and to takes into consideration also combinations of Hardy-type homogeneous functions.

7.2 The fractional multipolar problem
Let s ∈ (0, 1) and N > 2s. Let us consider m ≥ 1 real numbers µ1, . . . , µm (sometimes
called masses) and m poles a1, . . . , am ∈ RN such that ai ̸= aj for all i, j = 1, . . . ,m, i ̸= j.
The main object of our investigation is the operator

Lµ1,...,µm,a1,...,am := (−∆)s −
m∑︂
i=1

µi
|x− ai|2s

in RN . (7.2.1)

Here (−∆)s denotes the fractional Laplace operator, which acts on functions φ ∈ C∞
c (RN )

as

(−∆)sφ(x) := C(N, s) P.V.
∫︂
RN

φ(x) − φ(y)
|x− y|N+2s dy = C(N, s) lim

ρ→0+

∫︂
|x−y|>ρ

φ(x) − φ(y)
|x− y|N+2s dy,

where P.V. means that the integral has to be seen in the principal value sense and

C(N, s) = π− N
2 22s

Γ
(︂
N+2s

2

)︂
Γ(2 − s) s(1 − s),

with Γ denoting the Euler’s Gamma function. Hereafter, we refer to an operator of the
type (−∆)s − V as a fractional Schrödinger operator with potential V .

One of the reasons of mathematical interest in operators of type (7.2.1) lies in the
criticality of potentials of order −2s, which have the same scaling rate as the s-fractional
Laplacian.
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We introduce, on C∞
c (RN ), the following positive definite bilinear form, associated to

(−∆)s

(u, v)Ds,2(RN ) := 1
2C(N, s)

∫︂
R2N

(u(x) − u(y))(v(x) − v(y))
|x− y|N+2s dxdy (7.2.2)

and we define the space Ds,2(RN ) as the completion of C∞
c (RN ) with respect to the norm

∥·∥Ds,2(RN ) induced by the scalar product (7.2.2). Moreover, the following quadratic form
is naturally associated to the operator Lµ1,...,µm,a1,...,am

Qµ1,...,µm,a1,...,am(u) : = 1
2C(N, s)

∫︂
R2N

|u(x) − u(y)|2

|x− y|N+2s dxdy −
m∑︂
i=1

µi

∫︂
RN

|u(x)|2

|x− ai|2s
dx

= ∥u∥2
Ds,2(RN ) −

m∑︂
i=1

µi

∫︂
RN

|u(x)|2

|x− ai|2s
dx.

(7.2.3)
We observe that Qµ1,...,µm,a1,...,am is well-defined on Ds,2(RN ) thanks to the validity of the
fractional Hardy inequality:

γH

∫︂
RN

|u(x)|2

|x|2s
dx ≤ ∥u∥2

Ds,2(RN ) for all u ∈ Ds,2(RN ), (7.2.4)

where the constant

γH = γH(N, s) := 22s
Γ2
(︂
N+2s

4

)︂
Γ2
(︂
N−2s

4

)︂
is optimal and not attained.

One goal of the present chapter is to find necessary and sufficient conditions (on the
masses µ1, . . . , µm) for the existence of a configuration of poles (a1, . . . , am) that guarantees
the positivity of the quadratic form (7.2.3), extending to the fractional case some results
obtained in [FMT07] for the classical Laplacian. The quadratic form Qµ1,...,µm,a1,...,am is
said to be positive definite if

inf
u∈Ds,2(RN )\{0}

Qµ1,...,µm,a1,...,am(u)
∥u∥2

Ds,2(RN )
> 0.

In the case of a single pole (i.e. m = 1), the fractional Hardy inequality (7.2.4) immediately
answers the question of positivity: the quadratic form Qµ,a is positive definite if and only
if µ < γH . Hence our interest in multipolar potentials is justified by the fact that the
location of the poles (in particular the shape of the configuration) could play some role
in the positivity of (7.2.3). Furthermore, one could expect that some other conditions on
the masses may arise when m > 1. We mention that several authors have approached
the problem of multipolar singular potentials, both for the classical Laplacian, see e.g.
[BGG20, BDE08, CZ13, dAFP17, FFK18, FM13] and for the fractional case, see [FCnC17].
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In the classical (local) case, the problem of positivity of Schrödinger operators with
multi-singular Hardy-type potentials was addressed in [FMT07]. In that article, the au-
thors tackled the problem making use of a localization of binding result that provides,
under certain assumptions, the positivity of the sum of two positive operators, by trans-
lating one of them through a sufficiently long vector. This argument is based, in turn, on a
criterion which relates the positivity of an operator to the existence of a positive superso-
lution, in the spirit of Allegretto-Piepenbrink Theory (see [All74, Pie74] and Section 7.1).
As one can observe in [FMT07], the strong suit of the local case is that the study of the
action of the operator can be substantially reduced to neighborhoods of the singularities.
However, this is not possible in the fractional context due to nonlocal effects: we overcome
this issue by taking into consideration the Caffarelli-Silvestre extension (6.1.6) described
in Section 6.1, which yields a local formulation of the problem.

The equivalence between the fractional problem in RN and the Caffarelli-Silvestre
extension problem in RN+1

+ allows us to characterize the coercivity properties of quadratic
forms on Ds,2(RN ) in terms of quadratic forms on D1,2(RN+1

+ ; t1−2s). We say that a
function V ∈ L1

loc(RN ) satisfies the form-bounded condition if

sup
u∈Ds,2(RN )

u̸≡0

∫︁
RN |V (x)|u2(x) dx

∥u∥2
Ds,2(RN )

< +∞. (FB)

Let H be the class of potentials satisfying the form-bounded condition, i.e.

H = {V ∈ L1
loc(RN ) : V satisfies (FB)}.

It is easy to understand that, if V ∈ H, then V u ∈ (Ds,2(RN ))⋆ for all u ∈ Ds,2(RN ) and
the quadratic form u ↦→ ∥u∥2

Ds,2(RN ) −
∫︁
RN V u2 is well defined in Ds,2(RN ). For all V ∈ H

we define

σ(V ) = inf
u∈Ds,2(RN )\{0}

∥u∥2
Ds,2(RN ) −

∫︁
RN V u2 dx

∥u∥2
Ds,2(RN )

(7.2.5)

and observe that σ(V ) > −∞. The first taste of the relation between the fractional and
the extended problem is given by the following result.
Lemma 7.2.1. Let V ∈ H. Then

σ(V ) = inf
U∈D1,2(RN+1

+ ;t1−2s)
U ̸≡0

∫︂
RN+1

+

t1−2s|∇U |2 dxdt− κs

∫︂
RN

V | TrU |2 dx∫︂
RN+1

+

t1−2s|∇U |2 dxdt
. (7.2.6)

In the present chapter we focus our attention on the following class of potentials

Θ :=
{︄
V (x) =

m∑︂
i=1

µiχB′(ai,ri)(x)
|x− ai|2s

+
µ∞χRN \B′

R
(x)

|x|2s
+W (x) : ri, R > 0, m ∈ N,

ai ∈ RN , ai ̸= aj for i ̸= j, µi, µ∞ < γH , W ∈ LN/2s(RN ) ∩ L∞(RN )
}︄
,
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where, for any r > 0 and x ∈ RN , we denote

B′(x, r) := {y ∈ RN : |y − x| < r} and B′
r := B′(0, r).

We observe that, when considering a potential V ∈ Θ, it is not restrictive to assume that
the sets B′(ai, ri) and RN \ B′

R appearing in its representation are mutually disjoint, up
to redefining the remainder W .

It is easy to see that, for instance,
m∑︂
i=1

µi

|x− ai|2s
∈ Θ, when µi < γH for all i = 1, . . . ,m and

m∑︂
i=1

µi < γH .

We observe that any V ∈ Θ satisfies the form-bounded condition, i.e. Θ ⊂ H, thanks to the
fractional Hardy and Sobolev inequalities stated in theorems 6.0.1 and 6.0.2 respectively.

Our first main result is a criterion that provides the equivalence between the positivity
of σ(V ) for potentials V ∈ Θ and the existence of a positive supersolution to a certain
(possibly perturbed) problem. This criterion is reminiscent of the Agmon-Allegretto-
Piepenbrink Theory, developed in 1974 in [All74, Pie74] (see also [Agm83, Agm85, MP78,
PP16]), that we briefly recalled in Section 7.1 . As far as we know, the result contained in
the following lemma is new in the nonlocal framework; nevertheless, some tools from the
Agmon-Allegretto-Piepenbrink Theory have been used in [FLS08, MVS12] to prove some
Hardy-type fractional inequalities.

Lemma 7.2.2 (Positivity Criterion). Let V =
∑︁m
i=1

µiχB′(ai,ri)(x)
|x−ai|2s +

µ∞χRN \B′
R

(x)

|x|2s +W (x) ∈
Θ and let Ṽ ∈ L∞

loc(RN \{a1, . . . , am}) be such that V ≤ Ṽ ≤ |V | a.e. in RN . The following
two assertions hold true.

(I) Assume that there exist some ε > 0 and a function Φ ∈ D1,2(RN+1
+ ; t1−2s) such that

Φ > 0 in RN+1
+ \ {(0, a1), . . . , (0, am)}, Φ ∈ C0

(︂
RN+1

+ \ {(0, a1), . . . , (0, am)}
)︂
, and∫︂

RN+1
+

t1−2s∇Φ · ∇U dxdt ≥ κs

∫︂
RN

(V + εṼ ) Tr Φ TrU dx, (7.2.7)

for all U ∈ D1,2(RN+1
+ ; t1−2s), U ≥ 0 a.e. in RN+1

+ . Then

σ(V ) ≥ ε/(ε+ 1). (7.2.8)

(II) Conversely, assume that σ(V ) > 0. Then there exist ε > 0 (not depending on
Ṽ ) and Φ ∈ D1,2(RN+1

+ ; t1−2s) such that Φ ∈ C0
(︂
RN+1

+ \ {(0, a1), . . . , (0, am)}
)︂
,

Φ > 0 in RN+1
+ , Φ ≥ 0 in RN+1

+ \ {(0, a1), . . . , (0, am)}, and (7.2.7) holds for every
U ∈ D1,2(RN+1

+ ; t1−2s) satisfying U ≥ 0 a.e. in RN+1
+ . If, in addition, we assume

that V and Ṽ are locally Hölder continuous in RN \ {a1, . . . , am}, then Φ > 0 in
RN+1

+ \ {(0, a1), . . . , (0, am)}.
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In order to use statement (I) to obtain positivity of a given Schrödinger operator
with potential in Θ, it is crucial to exhibit a weak supersolution to the corresponding
Schrödinger equation, i.e. a function satisfying (7.2.7), which is strictly positive outside
the poles. Nevertheless, the application of maximum principles to prove positivity of
solutions to singular/degenerate extension problems is more delicate than in the classic
case, due to regularity issues (see the Hopf type principle proved in [CS14, Proposition
4.11] and recalled in Proposition 7.3.2). For this reason, in order to apply the above
criterion in Sections 7.7 and 7.8, we will develop an approximation argument introducing
a class of more regular potentials (see (7.7.2)).

The following theorem, whose proof heavily relies on Lemma 7.2.2, fits in the theory
of localization of binding, whose aim is study the bottom of the spectrum of Schrödinger
operators of the type

−∆ + V1 + V2(· − y), y ∈ RN ,

in relation to the potentials V1 and V2 and to the translation vector y ∈ RN . The case
in which V1 and V2 belong to the Kato class has been studied in [Pin95] (see Theorem
7.1.11), while Simon in [Sim80] analyzed the case of compactly supported potentials;
singular inverse square potentials were instead considered in [FMT07] (we refer to Section
7.1 for a more detailed overview). Our result concerns the fractional case and provides
sufficient conditions on the potentials and on the length of the translation for the positivity
of the corresponding fractional Schrödinger operator.

Theorem 7.2.3 (Localization of Binding). Let

V1(x) =
m1∑︂
i=1

µ1
iχB′(a1

i ,r
1
i )(x)

|x− a1
i |2s

+
µ1

∞χRN \B′
R1

(x)

|x|2s
+W1(x) ∈ Θ,

V2(x) =
m2∑︂
i=1

µ2
iχB′(a2

i ,r
2
i )(x)

|x− a2
i |2s

+
µ2

∞χRN \B′
R2

(x)

|x|2s
+W2(x) ∈ Θ,

and assume σ(V1), σ(V2) > 0 and µ1
∞ + µ2

∞ < γH . Then there exists R > 0 such that, for
every y ∈ RN \B′

R,
σ(V1(·) + V2(· − y)) > 0.

Combining the previous theorem with an inductive procedure on the number of poles
m, we obtain a necessary and sufficient condition for positivity of the operator (7.2.1).

Theorem 7.2.4. Let (µ1, . . . µm) ∈ Rm. Then

µi < γH for all i = 1, . . . ,m, and
m∑︂
i=1

µi < γH (7.2.9)

is a necessary and sufficient condition for the existence of at least a configuration of
poles (a1, . . . , am) such that the quadratic form Qµ1,...,µm,a1,...,am associated to the oper-
ator Lµ1,...,µm,a1,...,am is positive definite.
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Besides the interest in the existence of a configuration of poles making Qµ1,...,µm,a1,...,am

positive definite, one can search for a condition on the masses µ1, . . . , µm that guarantees
the positivity of this quadratic form for every configuration of poles; in this direction,
an answer is given by the following theorem (we refer to [FT06, Proposition 1.2] for
an analogous result in the classical case of the Laplacian with multipolar inverse square
potentials).
Theorem 7.2.5. Let t+ := max{0, t}. If

m∑︂
i=1

µ+
i < γH , (7.2.10)

then the quadratic form Qµ1,...,µm,a1,...,am is positive definite for all a1, . . . , am ∈ RN . Con-
versely, if

m∑︂
i=1

µ+
i > γH

then there exists a configuration of poles (a1, . . . , am) such that Qµ1,...,µm,a1,...,am is not
positive definite.

Finally, it is natural to ask whether σ(V ), defined as an infimum in (7.2.6), is attained
or not. In the case of a single pole, it is known that the infimum is not achieved, see e.g.
[FLS08]; however, when dealing with multiple singularities, the outcome can be different.
Indeed, for V in the class Θ, we have that σ(V ) ≤ 1 − 1

γH
maxi=1,...,m,∞ µi, see Lemma

7.6.1, and the infimum is attained in the case of strict inequality, as established in the
following proposition.
Proposition 7.2.6. If V ∈ Θ is such that

σ(V ) < 1 − 1
γH

max{0, µ1, . . . , µm, µ∞}, (7.2.11)

then σ(V ) is attained.
The rest of the chapter is organized as follows. In Section 7.3 we prove some estimates

for solutions of certain differential equations in subsets of the upper half space. In Section
7.4 we prove Theorem 7.2.5. In Section 7.5 we prove the positivity criterion, i.e. Lemma
7.2.2, while in Section 7.6 we look for upper and lower bounds of the quantity σ(V ). In
Section 7.7 we investigate the persistence of the positivity of σ(V ), when the potential V
is subject to a perturbation far from the origin or close to a pole. Section 7.8 is devoted to
the proof of Theorem 7.2.3, that is the primary tool used in the proof of Theorem 7.2.4,
pursued in Section 7.9. Finally, in Section 7.10 we prove Proposition 7.2.6.

7.3 Preliminaries
In this section we recall a couple of essential regularity results for solutions of A2-weighted
elliptic boundary value problems and we prove asymptotic estimates for these solutions;
this passes through the introduction of an auxiliary eigenvalue problem on the upper half
sphere.
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7.3.1 Regularity of solutions

The first regularity result is due to Fall and Felli [FF15b] and Jin, Li and Xiong [JLX14]
and reads as follows.

Proposition 7.3.1 ([FF15b] Proposition 3, [JLX14] Proposition 2.6). Let a, b ∈ Lp(B′
1),

for some p > N
2s and c, d ∈ Lq(B+

1 ; t1−2s), for some q > N+2−2s
2 . Let w ∈ H1(B+

1 ; t1−2s)
be a weak solution of{︄

−div(t1−2s∇w) + t1−2sc(z)w = t1−2sd(z), in B+
1 ,

− limt→0+ t1−2s ∂w
∂t = a(x)w + b(x), on B′

1.

Then w ∈ C0,β(B+
1/2) and in addition

∥w∥
C0,β(B+

1/2)
≤ C

(︂
∥w∥L2(B+

1 ) + ∥b∥Lp(B′
1) + ∥d∥Lq(B+

1 ;t1−2s)

)︂
,

with C, β > 0 depending only on N, s, ∥a∥Lp(B′
1), ∥c∥Lq(B+

1 ;t1−2s).

Now we recall, from [CS14], an Hopf-type Lemma.

Proposition 7.3.2 ([CS14] Proposition 4.11). Let Φ ∈ C0(B+
R ∪ B′

R) ∩ H1(B+
R ; t1−2s)

satisfy ⎧⎪⎪⎨⎪⎪⎩
− div(t1−2s∇Φ) ≥ 0, in B+

R ,

Φ > 0, in B+
R ,

Φ(0, 0) = 0.
Then

− lim sup
t→0+

t1−2sΦ(t, 0)
t

< 0.

In addition, if
t1−2s∂Φ

∂t
∈ C0(B+

R ∪B′
R), (7.3.1)

then
−
(︃
t1−2s∂Φ

∂t

)︃
(0, 0) < 0.

In several points of the present chapter we use the following result from [CS14] to
verify the validity of assumption (7.3.1) needed to apply Proposition 7.3.2.

Lemma 7.3.3 ([CS14] Lemma 4.5). Let s ∈ (0, 1) and R > 0. Let φ ∈ C0,α(B′
2R) for

some α ∈ (0, 1) and Φ ∈ L∞(B+
2R) ∩H1(B+

2R; t1−2s) be a weak solution to{︄
− div(t1−2s∇Φ) = 0, in B+

2R,

− limt→0+ t1−2s ∂Φ
∂t = φ(x), on B′

2R.

Then there exists β ∈ (0, 1) depending only on N, s, α such that

Φ ∈ C0,β(B+
R) and t1−2s∂Φ

∂t
∈ C0,β(B+

R).
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7.3.2 The Angular Eigenvalue Problem

Let us consider, for any µ ∈ R, the problem⎧⎨⎩ − divSN (θ1−2s
1 ∇SNψ) = σθ1−2s

1 ψ, in SN+ ,
− lim
θ1→0+

θ1−2s
1 ∇SNψ · e1 = κsµψ, on SN−1,

(7.3.2)

where e1 = (1, 0, . . . , 0) ∈ RN+1
+ and ∇SN denotes the gradient on the unit N -dimensional

sphere SN . In order to give a variational formulation of (7.3.2) we introduce the following
Sobolev space

H1(SN+ ; θ1−2s
1 ) :=

{︄
ψ ∈ L2(SN+ ; θ1−2s

1 ) :
∫︂

§+
N

θ1−2s
1 |∇SNψ|2 dS < +∞

}︄
.

We say that ψ ∈ H1(SN+ ; θ1−2s
1 ) and σ ∈ R weakly solve (7.3.2) if∫︂

SN
+

θ1−2s
1 ∇SNψ(θ) · ∇SNφ(θ) dS = σ

∫︂
SN

+

θ1−2s
1 ψ(θ)φ(θ) dS + κsµ

∫︂
SN−1

ψ(0, θ′)φ(0, θ′) dσ

for all φ ∈ H1(SN+ ; θ1−2s
1 ). By standard spectral arguments, if µ < γH , there exists a

diverging sequence of real eigenvalues of problem (7.3.2)

σ1(µ) ≤ σ2(µ) ≤ · · · ≤ σn(µ) ≤ · · ·

Moreover, each eigenvalue has finite multiplicity (which is counted in the enumeration
above) and σ1(µ) > −

(︂
N−2s

2

)︂2
(see [FF14, Lemma 2.2]). For every n ≥ 1 we choose an

eigenfunction ψn ∈ H1(SN+ ; θ1−2s
1 ) \ {0}, corresponding to σn(µ), such that∫︂

SN
+

θ1−2s
1 |ψn|2 dS = 1.

In addition, we choose the family {ψn}n in such a way that it is an orthonormal basis of
L2(SN+ ; θ1−2s

1 ). We refer to [FF14] for further details.
In [FF14] the following implicit characterization of σ1(µ) is given. For any α ∈(︂

0, N−2s
2

)︂
we define

Λ(α) := 22s
Γ
(︂
N+2s+2α

4

)︂
Γ
(︂
N+2s−2α

4

)︂
Γ
(︂
N−2s+2α

4

)︂
Γ
(︂
N−2s−2α

4

)︂ . (7.3.3)

It is known (see e.g. [FLS08] and [FF14, Proposition 2.3]) that the map α ↦→ Λ(α) is
continuous and monotone decreasing. Moreover

lim
α→0+

Λ(α) = γH , lim
α→ N−2s

2

Λ(α) = 0. (7.3.4)
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Furthermore, in [FF14, Proposition 2.3] it is proved that, for every α ∈
(︂
0, N−2s

2

)︂
,

σ1(Λ(α)) = α2 −
(︃
N − 2s

2

)︃2
. (7.3.5)

In particular, for every µ ∈ (0, γH) there exists one and only one α ∈
(︁
0, N−2s

2
)︁

such that
Λ(α) = µ and hence σ1(µ) = α2 −

(︁
N−2s

2
)︁2
< 0.

We recall the following result from [Fal20].

Lemma 7.3.4 ([Fal20, Lemma 4.1]). For every α ∈
(︂
0, N−2s

2

)︂
there exists Υα : RN+1

+ \

{0} → R such that Υα is locally Hölder continuous in RN+1
+ \ {0}, Υα > 0 in RN+1

+ \ {0},
and ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

− div(t1−2s∇Υα) = 0, in RN+1
+ ,

Υα(0, x) = |x|−
N−2s

2 +α , on RN ,

− lim
t→0

t1−2s∂Υα

∂t
= κsΛ(α) |x|−2s Υα, on RN ,

(7.3.6)

in a weak sense. Moreover, Υα ∈ H1(B+
R ; t1−2s) for every R > 0.

The first eigenvalue σ1(µ) satisfies the properties described in the following lemma.

Lemma 7.3.5. Let µ < γH . Then the first eigenvalue of problem (7.3.2) can be charac-
terized as

σ1(µ) = inf
ψ∈H1(SN

+ ;θ1−2s
1 )

ψ ̸≡0

∫︂
SN

+

θ1−2s
1 |∇SNψ|2 dS − κsµ

∫︂
SN−1

|ψ|2 dσ∫︂
SN

+

θ1−2s
1 |ψ|2 dS

and the above infimum is attained by ψ1 ∈ H1(SN+ ; θ1−2s
1 ), which weakly solves (7.3.2) for

σ = σ1(µ). Moreover

1. σ1(µ) is simple, i.e. if ψ attains σ1(µ) then ψ = δψ1 for some δ ∈ R;

2. either ψ1 > 0 or ψ1 < 0 in SN+ ;

3. if µ > 0 and ψ1 > 0, then the trace of ψ1 on SN−1 is positive and constant;

4. if µ = 0 then ψ1 is constant in SN+ .

Proof. The proof of the fact that σ1(µ) is reached is classical, as well as the proofs of
points (1) and (2), see for instance [Sal16, Section 8.3.3].

In order to prove (3), let us first observe that, if µ ∈ (0, γH), there exists one and only
one α ∈

(︁
0, N−2s

2
)︁

such that Λ(α) = µ. For this α let Υα > 0 be the solution of (7.3.6).
Thanks to [FF14, Theorem 4.1], it is possible to describe the behavior of Υα near the
origin: in particular, since Υα > 0, we have that there exists C > 0 such that

τ−aΛ(α)Υα(0, τθ′) → Cψ1(0, θ′) in C1,β(SN−1) as τ → 0+,
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where

aΛ(α) = −N − 2s
2 +

√︄(︃
N − 2s

2

)︃2
+ σ1(Λ(α))

Thanks to (7.3.5) we have that aΛ(α) = −N−2s
2 + α; then τ−aΛ(α)Υα(0, τθ′) ≡ 1 and so

ψ1(0, θ′) is positive and constant in SN−1.
Finally, if µ = 0 then σ1(0) = 0 is clearly attained by every constant function.

We note that, in view of well known regularity results (see Proposition 7.3.1 in the Ap-
pendix), ψ1 ∈ C0,β(SN+ ) for some β ∈ (0, 1). Hereafter, we choose the first eigenfunction
ψ1 of problem (7.3.2) to be strictly positive in SN+ . With this choice of ψ1, we also have
that, in view of the Hopf type principle proved in [CS14, Proposition 4.11] (see Proposition
7.3.2),

min
SN

+

ψ1 > 0. (7.3.7)

7.3.3 Asymptotic Estimates of Solutions

In this section, we describe the asymptotic behavior of solutions to equations of the type
− div(t1−2s∇Φ) = 0, with singular potentials appearing in the Neumann-type boundary
conditions, either on positive half-balls B+

r or on their complement in RN+1
+ .

Lemma 7.3.6. Let R0 > 0, µ < γH and let Φ ∈ H1(B+
R0

; t1−2s), Φ ≥ 0 a.e. in B+
R0

,
Φ ̸≡ 0, be a weak solution of the following problem⎧⎪⎨⎪⎩

− div(t1−2s∇Φ) = 0, in B+
R0
,

− lim
t→0

t1−2s∂Φ
∂t

= κs(µ |x|−2s + q)Φ, on B′
R0 ,

where q ∈ C1(B′
R0

\ {0}) is such that

|q(x)| + |x · ∇q(x)| = O(|x|−2s+ε) as |x| → 0,

for some ε > 0. Then there exist C1 > 0 and R ≤ R0 such that

1
C1

|z|aµ ≤ Φ(z) ≤ C1 |z|aµ for all z ∈ B+
R , (7.3.8)

where

aµ = −N − 2s
2 +

√︄(︃
N − 2s

2

)︃2
+ σ1(µ). (7.3.9)

Furthermore, if 0 ≤ µ < γH , then there exists C2 > 0 such that

lim
|x|→0

|x|−aµ Φ(0, x) = C2. (7.3.10)
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Proof. Since Φ ≥ 0 a.e., Φ ̸≡ 0, from [FF14, Theorem 4.1] we know that there exists C > 0
such that

τ−aµΦ(τθ) → Cψ1(θ) in C0,β(SN+ ) as τ → 0. (7.3.11)

Estimate (7.3.8) follows from the above convergence and (7.3.7). Convergence (7.3.10)
follows from (7.3.11) and statements (3–4) of Lemma 7.3.5.

Lemma 7.3.7. Let R0 > 0, µ < γH and let Φ ∈ D1,2(RN+1
+ ; t1−2s), Φ ≥ 0 a.e. in RN+1

+ ,
Φ ̸≡ 0, be a weak solution of the following problem⎧⎪⎨⎪⎩

− div(t1−2s∇Φ) = 0, in RN+1
+ \B+

R0
,

− lim
t→0

t1−2s∂Φ
∂t

= κs(µ |x|−2s + q)Φ, on RN \B′
R0 ,

where q ∈ C1(RN \B′
R0

) is such that

|q(x)| + |x · ∇q(x)| = O(|x|−2s−ε) as |x| → +∞,

for some ε > 0. Then there exist C3 > 0 and R ≥ R0 such that

1
C3

|z|−(N−2s)−aµ ≤ Φ(z) ≤ C3 |z|−(N−2s)−aµ for all z ∈ RN+1
+ \B+

R .

Furthermore, if 0 ≤ µ < γH , then there exists C4 > 0 such that

lim
|x|→∞

|x|N−2s+aµ Φ(0, x) = C4.

Proof. The proof follows by considering the equation solved by the Kelvin transform of Φ

Φ̃(z) := |z|−(N−2s) Φ
(︃
z

|z|2
)︃

(7.3.12)

(see [FW12, Proposition 2.6]) and applying Lemma 7.3.6.

Lemma 7.3.8. Let R0 > 0 and let Φ ∈ H1(B+
R0

; t1−2s), Φ ≥ 0 a.e. in RN+1
+ , Φ ̸≡ 0, be a

weak solution of the following problem⎧⎪⎨⎪⎩
− div(t1−2s∇Φ) = 0, in B+

R0
,

− lim
t→0

t1−2s∂Φ
∂t

= κsqΦ, on B′
R0 ,

where q ∈ C1(B′
R0

\ {0}) is such that

|q(x)| + |x · ∇q(x)| = O(|x|−2s+ε) as |x| → 0,

for some ε > 0. Then there exists C5 > 0 such that

lim
|z|→0

Φ(z) = lim
|x|→0

Φ(0, x) = C5.
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Proof. The thesis is a direct consequence of the regularity result of [JLX14, Proposition
2.4] (see Proposition 7.3.1 in the Appendix) combined with the Hopf type principle in
[CS14, Proposition 4.11] (see Proposition 7.3.2). It can be also derived as a particular
case of [FF14, Theorem 4.1] with µ = 0, taking into account that, for µ = 0, ψ1 is a
positive constant on SN+ , as observed in Lemma 7.3.5.

Lemma 7.3.9. Let R0 > 0 and let Φ ∈ D1,2(RN+1
+ ; t1−2s), Φ ≥ 0 a.e. in RN+1

+ , Φ ̸≡ 0,
be a weak solution of the following problem⎧⎪⎨⎪⎩

− div(t1−2s∇Φ) = 0, in RN+1
+ \B+

R0
,

− lim
t→0

t1−2s∂Φ
∂t

= κsqΦ, on RN \B′
R0 ,

where q ∈ C1(RN \B′
R0

) is such that

|q(x)| + |x · ∇q(x)| = O(|x|−2s−ε) as |x| → +∞,

for some ε > 0. Then there exists C6 > 0 such that

lim
|z|→∞

|z|N−2s Φ(z) = lim
|x|→∞

|x|N−2s Φ(0, x) = C6

Proof. The proof follows by considering the equation solved by the Kelvin transform of Φ
given in (7.3.12) and applying Lemma 7.3.8.

7.3.4 A density result

Finally, we prove a density result: the idea behind is that removing a point does not impair
the definition of D1,2(RN+1

+ ; t1−2s) and Ds,2(RN ); in other words, a point in RN has null
fractional s-capacity if N > 2s, see also [AFN20, Example 2.5].

Lemma 7.3.10. Let z0 ∈ RN+1
+ , N > 2s. Then C∞

c (RN+1
+ \ {z0}) is dense in the

space D1,2(RN+1
+ ; t1−2s). As a consequence, if x0 ∈ RN , then C∞

c (RN \ {x0}) is dense
in Ds,2(RN ).

Proof. Assume z0 ∈ ∂RN+1
+ = RN (the proof is completely analogous if z0 ∈ RN+1

+ ).
Moreover, without loss of generality, we can assume z0 = 0. Let U ∈ C∞

c (RN+1
+ ) and let

ξn ∈ C∞(RN+1
+ ) be a cut-off function such that

ξn(z) =

⎧⎨⎩1, if z ∈ RN+1
+ \B+

2/n,

0, if z ∈ B+
1/n,

ξn is radial, i.e. ξn(z) = ξn(|z|), |ξn| ≤ 1, |∇ξn| ≤ 2n.
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Trivially ξnU ∈ C∞
c (RN+1

+ \ {0}). We claim that ξnU → U in D1,2(RN+1
+ ; t1−2s). Indeed,

thanks to Dominated Convergence Theorem,∫︂
RN+1

+

t1−2s |∇((ξn − 1)U)|2 dxdt

≤ 2
∫︂
RN+1

+

t1−2s |ξn − 1|2 |∇U |2 dxdt+ 2
∫︂
RN+1

+

t1−2s |U |2 |∇ξn|2 dxdt

≤ o(1) + Cn2
∫︂
B+

2/n
\B+

1/n

t1−2s dxdt.

Moreover
n2
∫︂
B+

2/n
\B+

1/n

t1−2s dxdt = O(n2s−N ),

which concludes the proof of the claim, in view of the assumption N > 2s and the density
of C∞

c (RN+1
+ ) in D1,2(RN+1

+ ; t1−2s).
For what concerns the second statement, as before, without loss of generality, we can

assume x0 = 0. Let u ∈ Ds,2(RN ) and let U ∈ D1,2(RN+1
+ ; t1−2s) be its extension. By

the density of C∞
c (RN+1

+ \ {0}) in D1,2(RN+1
+ ; t1−2s) just proved, there exists a sequence

{Un} ⊂ C∞
c (RN+1

+ \{0}) such that Un → U in D1,2(RN+1
+ ; t1−2s). Then Tr(Un) ∈ C∞

c (RN \
{0}) and Tr(Un) → TrU = u in Ds,2(RN ), thanks to the continuity of the trace map
Tr: D1,2(RN+1

+ ; t1−2s) → Ds,2(RN ).

7.4 Proof of Theorem 7.2.5
Proof of Theorem 7.2.5. First, assume

∑︁m
i=1 µ

+
i < γH . By Hardy inequality (7.2.4) we

deduce that

Qµ1,...,µm,a1,...,am(u) ≥
(︄

1 −
∑︁m
i=1 µ

+
i

γH

)︄
∥u∥2

Ds,2(RN ) for all u ∈ Ds,2(RN ),

thus implying that Qµ1,...,µm,a1,...,am is positive definite.
Now we assume that

∑︁m
i=1 µ

+
i > γH . By optimality of the constant γH in Hardy

inequality, it follows that there exists φ ∈ C∞
c (RN ) such that

∥φ∥2
Ds,2(RN ) −

m∑︂
i=1

µ+
i

∫︂
RN

|φ|2

|x|2s
dx < 0. (7.4.1)

Let φρ(x) := ρ− N−2s
2 φ(x/ρ). Then, taking into account Lemma 7.9.1, we have that

∥φρ∥2
Ds,2(RN ) −

m∑︂
i=1

µ+
i

∫︂
RN

|φρ|2

|x− ai|2s
dx = ∥φ∥2

Ds,2(RN ) −
m∑︂
i=1

µ+
i

∫︂
RN

|φ|2

|x− ai/ρ|2s
dx

→ ∥φ∥2
Ds,2(RN ) −

m∑︂
i=1

µ+
i

∫︂
RN

|φ|2

|x|2s
dx < 0,
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as ρ → +∞. Therefore, there exists ρ̃ such that

∥ψ∥2
Ds,2(RN ) −

m∑︂
i=1

µ+
i

∫︂
RN

|ψ|2

|x− ai|2s
dx < 0, (7.4.2)

where ψ := φρ̃. Let R > 0 be such that suppψ ⊂ B′
R. Then

∫︂
RN

|ψ|2

|x− a|2s
≤ 1

(|a| −R)2s

∫︂
B′

R

|ψ|2 dx (7.4.3)

for |a| sufficiently large. Hence, from (7.4.2) and (7.4.3) it follows that

Qµ1,...,µm,a1,...,am(ψ) = ∥ψ∥2
Ds,2(RN ) −

m∑︂
i=1

µ+
i

∫︂
RN

|ψ|2

|x− ai|2s
dx+

m∑︂
i=1

µ−
i

∫︂
RN

|ψ|2

|x− ai|2s
dx

≤ ∥ψ∥2
Ds,2(RN ) −

m∑︂
i=1

µ+
i

∫︂
RN

|ψ|2

|x− ai|2s
dx+

m∑︂
i=1

µ−
i

1
(|ai| −R)2s

∫︂
B′

R

|ψ|2 dx < 0

if the poles ai’s, corresponding to negative µi’s, are sufficiently far from the origin. The
proof is thereby complete.

Remark 7.4.1. We observe that, in the case of two poles (i.e. m = 2), Theorem 7.2.5
implies the sufficiency of condition (7.2.9) for the existence of a configuration of poles that
makes the quadratic form Qµ1,...,µm,a1,...,am positive definite. Indeed, if m = 2 condition
(7.2.9) directly implies (7.2.10).

7.5 A positivity criterion in the class Θ
In this section, we provide the proof of Lemma 7.2.2, that is a criterion for establishing
positivity of Schrödinger operators with potentials in Θ, in relation with existence of
positive supersolutions, in the spirit of Allegretto-Piepenbrink theory.

We first prove the equivalent formulation of the infimum in (7.2.5) stated in Lemma
7.2.1.

Proof of Lemma 7.2.1. Let’s fix ũ ∈ Ds,2(RN ) \ {0} and let’s call Ũ ∈ D1,2(RN+1
+ ; t1−2s)

its extension. Since
κs ∥ũ∥2

Ds,2(RN ) =
∫︂
RN+1

+

t1−2s|∇Ũ |2 dxdt,

where κs is defined in (6.1.5), then

∥ũ∥2
Ds,2(RN ) −

∫︁
RN V ũ2 dx

∥ũ∥2
Ds,2(RN )

=

∫︁
RN+1

+
t1−2s|∇Ũ |2 dxdt− κs

∫︁
RN V | Tr Ũ |2 dx∫︁

RN+1
+

t1−2s|∇Ũ |2 dxdt
.
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Therefore

∥ũ∥2
Ds,2(RN ) −

∫︁
RN V |ũ|2 dx

∥ũ∥2
Ds,2(RN )

≥ inf
U∈D1,2(RN+1

+ ;t1−2s)
U ̸≡0

∫︁
RN+1

+
t1−2s|∇U |2 dxdt− κs

∫︁
RN V | TrU |2 dx∫︁

RN+1
+

t1−2s|∇U |2 dxdt

and then we can pass to the inf also on the left-hand quotient.
On the other hand, from (6.1.9), we have that, for any U ∈ D1,2(RN+1

+ ; t1−2s) \ {0}∫︁
RN+1

+
t1−2s|∇U |2 dxdt− κs

∫︁
RN V | TrU |2 dx∫︁

RN+1
+

t1−2s|∇U |2 dxdt ≥ 1 −
∫︁
RN V |u|2 dx
∥u∥2

Ds,2(RN )

where u = TrU . Taking the infimum to both sides concludes the proof.

Now we are able to provide the proof of the positivity criterion.

Proof of Lemma 7.2.2. Let us first prove (I). Let U ∈ C∞
c (RN+1

+ \ {(0, a1), . . . , (0, am)}) \
{0}, U ̸≡ 0 on RN . Note that U2/Φ ∈ D1,2(RN+1

+ ; t1−2s) and U2/Φ ≥ 0, hence we can
choose U2/Φ in (7.2.7) as a test function. Easy computations yield∫︂

RN+1
+

t1−2s |∇U |2 dxdt− κs

∫︂
RN

V |TrU |2 dx ≥ εκs

∫︂
RN

Ṽ |TrU |2 dx

which, taking into account the hypothesis on Ṽ , implies that

κs

∫︂
RN

V |TrU |2 dx ≤ 1
1 + ε

∫︂
RN+1

+

t1−2s |∇U |2 dxdt.

Hence ∫︁
RN+1

+
t1−2s |∇U |2 dxdt− κs

∫︁
RN V |TrU |2 dx∫︁

RN+1
+

t1−2s |∇U |2 dxdt
≥ ε

1 + ε
. (7.5.1)

Therefore (I) follows by density of C∞
c (RN+1

+ \ {(0, a1), . . . , (0, am)}) in D1,2(RN+1
+ ; t1−2s)

(see Lemma 7.3.10).
Now we prove (II). First of all we notice that, thanks to Hölder’s inequality, (6.1.7)

and (6.1.8)

κs

∫︂
RN

Ṽ |TrU |2 dx ≤ κs

∫︂
RN

|V | |TrU |2 dx

≤
[︄

1
γH

(︄
m∑︂
i=1

|µi| + |µ∞|
)︄

+ S−1 ∥W∥LN/2s(RN )

]︄ ∫︂
RN+1

+

t1−2s |∇U |2 dxdt

for all U ∈ D1,2(RN+1
+ ; t1−2s). If

0 < ε <
σ(V )

2

[︄
1
γH

(︄
m∑︂
i=1

|µi| + |µ∞|
)︄

+ S−1 ∥W∥LN/2s(RN )

]︄−1

, (7.5.2)
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then∫︂
RN+1

+

t1−2s |∇U |2 dxdt− κs

∫︂
RN

(V + εṼ ) |TrU |2 dx ≥ σ(V )
2

∫︂
RN+1

+

t1−2s |∇U |2 dxdt

(7.5.3)
for all U ∈ D1,2(RN+1

+ ; t1−2s). Hence, for any fixed p ∈ LN/2s(RN ) ∩ L∞(RN ), Hölder
continuous and positive, the infimum

mp = inf
U∈D1,2(RN+1

+ ;t1−2s)
TrU ̸≡0

∫︂
RN+1

+

t1−2s |∇U |2 dxdt− κs

∫︂
RN

(V + εṼ ) |TrU |2 dx∫︂
RN

p |TrU |2 dx

is nonnegative. Also mp is achieved by some function Φ ∈ D1,2(RN+1
+ ; t1−2s) \ {0}, that

(by evenness) can be chosen to be nonnegative: indeed, thanks to Hardy inequality (6.1.7)
and (7.5.3) it’s easy to prove that the map

D1,2(RN+1
+ ; t1−2s) ∋ U ↦→

∫︂
RN+1

+

t1−2s |∇U |2 dxdt− κs

∫︂
RN

(V + εṼ ) |TrU |2 dx

is weakly lower semicontinuous (since its square root is an equivalent norm in the space
D1,2(RN+1

+ ; t1−2s)), while Lemma 6.1.1 yields the compactness of the trace map from
D1,2(RN+1

+ ; t1−2s) into L2(RN , pdx). Moreover Φ satisfies in a weak sense⎧⎪⎨⎪⎩
− div(t1−2s∇Φ) = 0, in RN+1

+ ,

− lim
t→0+

t1−2s∂Φ
∂t

= κs(V + εṼ ) Tr Φ +mppTr Φ, in RN ,
(7.5.4)

i.e.∫︂
RN+1

+

t1−2s∇Φ · ∇W dxdt = κs

∫︂
RN

(V + εṼ ) Tr Φ TrW dx+mp

∫︂
RN

pTr Φ TrW dx

for all W ∈ D1,2(RN+1
+ ; t1−2s). From [JLX14, Proposition 2.6] (see also Proposition 7.3.1 in

the Appendix) we have that Φ is locally Hölder continuous in RN+1
+ \{(0, a1), . . . , (0, am)};

in particular Φ ∈ C0
(︂
RN+1

+ \ {(0, a1), . . . , (0, am)}
)︂
. Moreover, the classical Strong Maxi-

mum Principle implies that Φ > 0 in RN+1
+ ; then, in the case when V, Ṽ are locally Hölder

continuous in RN \ {a1, . . . , am}, the Hopf type principle proved in [CS14, Proposition
4.11] (which is recalled in the Proposition 7.3.2 of the Appendix) ensures that Φ(0, x) > 0
for all x ∈ RN \ {a1, . . . , am, }; we observe that assumption (7.3.1) of Proposition 7.3.2 is
satisfied thanks to [CS14, Lemma 4.5], see Lemma 7.3.3.

7.6 Upper and lower bounds for σ(V )
In this section we prove bounds from above and from below (in Lemma 7.6.1 and 7.6.2,
respectively) for the quantity σ(V ).
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Lemma 7.6.1. For any V (x) =
∑︁m
i=1

µiχB′(ai,ri)(x)
|x−ai|2s +

µ∞χRN \B′
R

(x)

|x|2s + W (x) ∈ Θ, there
holds:

(i) σ(V ) ≤ 1;

(ii) if maxi=1,...,m,∞ µi > 0, then σ(V ) ≤ 1 − 1
γH

maxi=1,...,m,∞ µi.

Proof. Let us fix u ∈ C∞
c (RN ), u ̸≡ 0 and P ∈ RN \ {a1, . . . , am}. For every ρ > 0 we

define uρ(x) := ρ− (N−2s)
2 u(x−P

ρ ) and we notice that, by scaling properties,

∥uρ∥Ds,2(RN ) = ∥u∥Ds,2(RN ) and ∥uρ∥L2∗
s (RN ) = ∥u∥

L2∗
s (RN ) . (7.6.1)

Moreover, since supp(uρ) = P + ρ supp(u), we have that a1, . . . , am ̸∈ supp(uρ) for ρ >
sufficiently small, hence

V ∈ LN/2s(supp(uρ)). (7.6.2)

Therefore, from the definition of σ(V ), thanks also to (7.6.1), (7.6.2), Hölder inequality,
and (6.0.1), we deduce that

σ(V ) ≤ 1 −
∫︁
RN V |uρ|2 dx
∥uρ∥2

Ds,2(RN )
≤ 1 +

∫︁
supp(uρ) |V | |uρ|2 dx

∥u∥2
Ds,2(RN )

≤ 1 +
∥V ∥LN/2s(supp(uρ)) ∥u∥2

L2∗
s (RN )

∥u∥2
Ds,2(RN )

≤ 1 + S−1 ∥V ∥LN/2s(supp(uρ)) = 1 + o(1),

as ρ → 0+. By density we may conclude the first part of the proof.
Now let us assume maxi=1,...,m,∞ µi > 0 and let us first consider the case

max
i=1,...,m,∞

µi = µj for a certain j = 1, . . . ,m.

From optimality of the best constant in Hardy inequality (7.2.4) and from the density of
C∞
c (RN \ {a1, . . . , am, 0}) in Ds,2(RN ) (see Lemma 7.3.10), we have that, for any ε > 0,

there exists φ ∈ C∞
c (RN \ {a1, . . . , am, 0}) such that

∥φ∥2
Ds,2(RN ) < (γH + ε)

∫︂
RN

|φ|2

|x|2s
dx. (7.6.3)

Now, for any ρ > 0 we define φρ(x) := ρ− (N−2s)
2 φ(x−aj

ρ ). From the definition of σ(V ) and
from (7.6.1) we deduce that

σ(V ) ≤ 1 −
∫︁
RN V |φρ|2 dx
∥φ∥2

Ds,2(RN )
. (7.6.4)
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On the other hand, we can split the numerator as∫︂
RN

V |φρ|2 dx = µj

∫︂
B′(aj ,rj)

|x− aj |−2s |φρ|2 dx+
∑︂
i ̸=j

µi

∫︂
B′(ai,ri)

|x− ai|−2s |φρ|2 dx

+ µ∞

∫︂
RN \B′

R

|x|−2s |φρ|2 dx+
∫︂
RN

W |φρ|2 dx.

From Hölder inequality and (7.6.1) we have that⃓⃓⃓⃓∫︂
RN

Wφ2
ρ dx

⃓⃓⃓⃓
≤ ∥W∥LN/2s(supp(φρ)) ∥φ∥2

L2∗
s

→ 0, as ρ → 0+, (7.6.5)

while, just by a change of variable∫︂
B′(aj ,rj)

|x− aj |−2s |φρ|2 dx =
∫︂
B′

rj /ρ

|x|−2s |φ|2 dx →
∫︂
RN

|x|−2s |φ|2 dx, (7.6.6)

as ρ → 0+. Moreover supp(φρ) = aj + ρ supp(φ), and therefore, thanks to (7.6.5) and
(7.6.6), we have that, as ρ → 0+,∫︂

RN
V |φρ|2 dx = µj

∫︂
RN

|x|−2s |φ|2 dx+ o(1). (7.6.7)

Hence, combining (7.6.4) with (7.6.7) and (7.6.3), we obtain that

σ(V ) ≤ 1 − µj(γH + ε)−1,

for all ε > 0, which implies that σ(V ) ≤ 1−µj/γH . Finally, let us assume maxi=1,...,m,∞ µi =
µ∞. Letting φρ(x) := ρ− (N−2s)

2 φ(x/ρ), we observe that φρ → 0 uniformly, as ρ → +∞.
So, arguing as before, one can similarly obtain that σ(V ) ≤ 1 − µ∞

γH
. The proof is thereby

complete.

The following result provides the positivity in the case of potentials with subcritical
masses supported in sufficiently small neighborhoods of the poles. In the following we fix
two cut-off functions ζ, ζ̃ : RN → R such that ζ, ζ̃ ∈ C∞(RN ), 0 ≤ ζ(x) ≤ 1, 0 ≤ ζ̃(x) ≤ 1,
and

ζ(x) = 1 for |x| ≤ 1
2 , ζ(x) = 0 for |x| ≥ 1,

ζ̃(x) = 0 for |x| ≤ 1, ζ̃(x) = 1 for |x| ≥ 2.

Lemma 7.6.2. Let {a1, a2, . . . , am} ⊂ B′
R, ai ̸= aj for i ̸= j, and µ1, µ2, . . . , µm, µ∞ ∈ R

be such that M := maxi=1,...,m,∞ µi < γH . For any 0 < h < 1 − M
γH

, there exists δ =
δ(h) > 0 such that

σ

(︄
m∑︂
i=1

µiζ(x−ai
δ )

|x− ai|2s
+
µ∞ζ̃( xR)

|x|2s

)︄
≥
{︄

1 − M
γH

− h, if M > 0
1, if M ≤ 0.
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Proof. Let us assume that M > 0, otherwise the statement is trivial. First, let us fix
0 < ε < γH

M − 1, so that

µ̃i := µi + εµ+
i < γH for all i = 1, . . . ,m,∞.

In order to prove the statement, it is sufficient to find δ = δ(ε) > 0 and Φ ∈ D1,2(RN+1
+ ; t1−2s)

such that Φ ∈ C0(RN+1
+ \ {(0, a1/δ), . . . , (0, am/δ)}),

Φ > 0 in RN+1
+ \ {(0, a1/δ), . . . , (0, am/δ)}

, and there holds∫︂
RN+1

+

t1−2s∇Φ·∇U dxdt−
m∑︂
i=1

κs

∫︂
RN

Vi Tr Φ TrU dx−κs
∫︂
RN

V∞ Tr Φ TrU dx ≥ 0 (7.6.8)

for all U ∈ D1,2(RN+1
+ ; t1−2s), U ≥ 0 a.e., where

Vi(x) =
µ̃iζ
(︁
x− ai

δ

)︁
|x− ai/δ|2s

, V∞(x) =
µ̃∞ζ̃

(︁
δ
Rx
)︁

|x|2s
.

Indeed, thanks to scaling properties in (7.6.8) and to Lemma 7.2.2, (7.6.8) implies that

σ

(︄
m∑︂
i=1

µiζ(x−ai
δ )

|x− ai|2s
+
µ∞ζ̃( xR)

|x|2s

)︄
≥ ε

1 + ε
,

so that, letting h := 1− M
γH

− ε
ε+1 , we obtain the result. Hence, we seek for some Φ positive

and continuous in RN+1
+ \ {(0, a1/δ), . . . , (0, am/δ)} satisfying (7.6.8). Let us set, for some

0 < τ < 1,

pi(x) := p

(︃
x− ai

δ

)︃
for i = 1, . . . ,m, p∞(x) =

(︃
δ

R

)︃2s
p

(︃
δx

R

)︃
,

where p(x) = 1
|x|2s−τ (1+|x|2)τ . We observe that pi, p∞ ∈ LN/2s(RN ). Therefore, thanks to

Lemma 6.1.1, the weighted eigenvalue

σi = inf
Φ∈D1,2(RN+1

+ ;t1−2s)
Tr Φ ̸≡0

∫︁
RN+1

+
t1−2s |∇Φ|2 dxdt− κs

∫︁
RN Vi |Tr Φ|2 dx∫︁

RN pi |Tr Φ|2 dx

is positive and attained by some nontrivial, nonnegative function Φi ∈ D1,2(RN+1
+ ; t1−2s)

that weakly solves ⎧⎪⎨⎪⎩
− div(t1−2s∇Φi) = 0, in RN+1

+ ,

− lim
t→0

t1−2s∂Φi

∂t
= (κsVi + σipi) Tr Φi, on RN .
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From the classical Strong Maximum Principle we deduce that Φi > 0 in RN+1
+ , while

Proposition 7.3.1 yields that Φi is locally Hölder continuous in RN+1
+ \ {(0, ai/δ)}. More-

over, from the Hopf type lemma in Proposition 7.3.2 (whose assumption (7.3.1) is satisfied
thanks to Lemma 7.3.3 outside {ai/δ}) we deduce that Tr Φi > 0 in RN \{ai/δ}. Similarly

σ∞ = inf
Φ∈D1,2(RN+1

+ ;t1−2s)
Tr Φ̸≡0

∫︁
RN+1

+
t1−2s |∇Φ|2 dxdt− κs

∫︁
RN V∞ |Tr Φ|2 dx∫︁

RN p∞ |Tr Φ|2 dx

is positive and reached by some nontrivial, nonnegative function Φ∞ ∈ D1,2(RN+1
+ ; t1−2s)

such that Φ∞ is locally Hölder continuous in RN+1
+ and Φ∞ > 0 in RN+1

+ . Moreover, Φ∞
weakly solves ⎧⎪⎨⎪⎩

− div(t1−2s∇Φ∞) = 0, in RN+1
+ ,

− lim
t→0

t1−2s∂Φ∞
∂t

= (κsV∞ + σ∞p∞) Tr Φ∞, on RN .

Lemmas 7.3.6–7.3.9 (and continuity of the Φi’s outside the poles) imply that there exists
C0 > 0 (independent of δ) such that

1
C0

⃓⃓⃓⃓
x− ai

δ

⃓⃓⃓⃓aµ̃i

≤ Tr Φi ≤ C0

⃓⃓⃓⃓
x− ai

δ

⃓⃓⃓⃓aµ̃i

, in B′(ai/δ, 1), (7.6.9)

1
C0

⃓⃓⃓⃓
x− ai

δ

⃓⃓⃓⃓−(N−2s)
≤ Tr Φi ≤ C0

⃓⃓⃓⃓
x− ai

δ

⃓⃓⃓⃓−(N−2s)
, in RN \B′(ai/δ, 1), (7.6.10)

1
C0

⃓⃓⃓⃓
δx

R

⃓⃓⃓⃓−(N−2s)−aµ̃∞
≤ Tr Φ∞ ≤ C0

⃓⃓⃓⃓
δx

R

⃓⃓⃓⃓−(N−2s)−aµ̃∞
, in RN \B′

R/δ, (7.6.11)

1
C0

≤ Tr Φ∞ ≤ C0, in B′
R/δ. (7.6.12)

Let Φ :=
∑︁m
i=1 Φi + ηΦ∞, with 0 < η < inf{ σi

4C2
0 µ̃i

: i = 1, . . . ,m, µ̃i > 0}. Therefore,

∫︂
RN+1

+

t1−2s∇Φ · ∇U dxdt−
m∑︂
i=1

∫︂
RN

Vi Tr Φ TrU dx−
∫︂
RN

V∞ Tr Φ TrU dx

=
∫︂
RN

[︃ m∑︂
i=1

(︃
σipi − V∞ −

∑︂
j ̸=i

Vj

)︃
Tr Φi + η

(︃
σ∞p∞ −

m∑︂
i=1

Vi

)︃
Tr Φ∞

]︃
TrU dx

=:
∫︂
RN

g(x) TrU(x) dx (7.6.13)

for all U ∈ D1,2(RN+1
+ ; t1−2s). Hereafter, let us assume U ≥ 0 a.e. in RN+1

+ . We will
split the integral into three parts and prove that each of these is nonnegative. First, let
us consider x ∈ B′

R/δ \ (∪mi=1B
′(ai/δ, 1)): here Vi = V∞ = 0 and we have that

g(x) =
m∑︂
i=1

σipi Tr Φi + ησ∞p∞ Tr Φ∞ ≥ 0.
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Now let us take n ∈ {1, . . . ,m} and x ∈ B′(an/δ, 1), where V∞ = Vi = 0 for i ̸= n. Then

g(x) =
m∑︂
i=1

σipi Tr Φi − Vn
∑︂
i ̸=n

Tr Φi + η(σ∞p∞ − Vn) Tr Φ∞

≥ σnpn Tr Φn − Vn

(︃ m∑︂
i=1
i ̸=n

Tr Φi + ηTr Φ∞

)︃
.

If µ̃n ≤ 0 this is clearly nonnegative; so let us assume µ̃n > 0. Thanks to (7.6.9), (7.6.10)
and (7.6.12) we can estimate this quantity from below by⃓⃓⃓⃓

x− an
δ

⃓⃓⃓⃓−2s [︃ σn
2τC0

⃓⃓⃓⃓
x− an

δ

⃓⃓⃓⃓τ+aµ̃n

− µ̃nC0

(︃∑︂
i ̸=n

⃓⃓⃓⃓
x− ai

δ

⃓⃓⃓⃓−(N−2s)
+ η

)︃]︃
. (7.6.14)

We observe that |x− an/δ|τ+aµ̃n ≥ 1, since µ̃n > 0 implies that aµ̃n < 0 and we can choose
τ < −aµ̃n . Moreover it’s not hard to prove that, for i ̸= n,⃓⃓⃓⃓

x− ai
δ

⃓⃓⃓⃓−(N−2s)
≤
(︃ 2

|an − ai|

)︃N−2s
δN−2s <

η

m− 1 ,

for δ > 0 sufficiently small. Thanks to this and to the choice of η we have that the
expression in (7.6.14) and then g(x) is nonnegative inB′(an/δ, 1) . Finally, if x ∈ RN\B′

R/δ,
then the function g in (7.6.13) becomes

m∑︂
i=1

(σipi − V∞) Tr Φi + ησ∞p∞ Tr Φ∞. (7.6.15)

Again, if µ̃∞ ≤ 0 this quantity is nonnegative. If µ̃∞ > 0, thanks to (7.6.10) and (7.6.11),
we have that the function in (7.6.15) is greater than or equal to

|x|−2s
[︃

− C0µ̃∞

m∑︂
i=1

⃓⃓⃓⃓
x− ai

δ

⃓⃓⃓⃓−(N−2s)
+ ησ∞

2τC0

⃓⃓⃓⃓
δx

R

⃓⃓⃓⃓−(N−2s)−aµ̃∞ +τ ]︃
. (7.6.16)

Now, one can easily see that⃓⃓⃓⃓
x− ai

δ

⃓⃓⃓⃓
≥
(︃

1 − a

R

)︃
|x| for all x ∈ RN \B′

R/δ, where a = max
j=1,...,m

|aj | ,

so that we can estimate (7.6.16) from below obtaining that, for all x ∈ RN \B′
R/δ,

g(x) ≥ |x|−N
[︃

− C0µ̃∞m

(︃
1 − a

R

)︃−(N−2s)
+ ησ∞

2τC0

⃓⃓⃓⃓
δ

R

⃓⃓⃓⃓−(N−2s)−aµ̃∞ +τ
|x|−aµ̃∞ +τ

]︃

≥ |x|−N
[︃

− C0µ̃∞m

(︃
1 − a

R

)︃−(N−2s)
+ ησ∞

2τC0

⃓⃓⃓⃓
δ

R

⃓⃓⃓⃓−(N−2s) ]︃
≥ 0

for δ > 0 sufficiently small, since aµ̃∞ < 0 if µ̃∞ > 0. The proof is thereby complete.
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7.7 Perturbation at infinity and at poles
In this section, we investigate the persistence of the positivity when the mass is increased
at infinity (Theorem 7.7.3) and at poles (Theorem 7.7.4).

In order to make use of Lemmas 7.3.6–7.3.9, we may need to restrict the class Θ to
some more regular potentials and to have a control on their growth at infinity.

For any δ > 0, we define

Pδ
∞ :=

{︃
f : RN → R : f ∈ C1(RN \B′

R∞) for some R∞ > 0

and |f(x)| + |x · ∇f(x)| = O(|x|−2s−δ) as |x| → +∞
}︃
.

(7.7.1)

Moreover, in order to prove some intermediary, technical lemmas based on the positivity
criterion Lemma 7.2.2, the need for even more regular potentials occasionally arises. So,
let us introduce the class

Θ∗ :=
{︂
V ∈ Θ: V ∈ C1(RN \ {a1, . . . , am})

}︂
. (7.7.2)

Then, we will recover the full generality of the class Θ, thanks to an approximation
procedure, which is based on the following lemma.

Lemma 7.7.1. Let V1, V2 ∈ Θ be such that V1 − V2 ∈ LN/2s(RN ). Then

|σ(V2) − σ(V1)| ≤ S−1 ∥V2 − V1∥LN/2s(RN ) ,

where S > 0 is the best constant in the Sobolev embedding (6.0.1).

Proof. From the definition of σ(V2), Hölder inequality and (6.1.8), we have that, for any
choice of U ∈ D1,2(RN+1

+ ; t1−2s),∫︂
RN+1

+

t1−2s |∇U |2 dxdt− κs

∫︂
RN

V1 |TrU |2 dx

≥
(︂
σ(V2) − S−1 ∥V2 − V1∥LN/2s(RN )

)︂ ∫︂
RN+1

+

t1−2s |∇U |2 dxdt, (7.7.3)

which implies that
σ(V1) ≥ σ(V2) − S−1 ∥V2 − V1∥LN/2s(RN ) .

Analogously one can prove that σ(V2) ≥ σ(V1) − S−1 ∥V2 − V1∥LN/2s(RN ), thus concluding
the proof.

Lemma 7.7.2. Let V ∈ H, a1, . . . , am ∈ RN , and R > 0 be such that

V ∈ C1(RN \ {a1, . . . , am}) and V (x) = µ∞
|x|2s

+W (x) in RN \B′
R,

where µ∞ < γH and W ∈ Pδ
∞ ∩ L∞(RN ) for some δ > 0. Assume that σ(V ) > 0 and let

ν∞ ∈ R be such that µ∞ + ν∞ < γH . Then there exist R̃ > R and Φ ∈ D1,2(RN+1
+ ; t1−2s)
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such that Φ is locally Hölder continuous in RN+1
+ \ {(0, a1), . . . , (0, am)}, Φ > 0 in RN+1

+ \
{(0, a1), . . . , (0, am)}, and∫︂

RN+1
+

t1−2s∇Φ · ∇U dxdt− κs

∫︂
RN

[︃
V + ν∞

|x|2s
χRN \B′

R̃

]︃
Tr Φ TrU dx ≥ 0,

for all U ∈ D1,2(RN+1
+ ; t1−2s) with U ≥ 0 a.e.

Proof. By (7.3.4) we can fix ε ∈
(︁
0, N−2s

2
)︁

such that

Λ(ε) − µ∞ > 0 and Λ(ε) − µ∞ − ν∞ > 0. (7.7.4)

Since W ∈ Pδ
∞ ∩ L∞(RN ), there exists C0 > 0 such that

W (x) ≤ C0
|x|2s+δ

in RN . (7.7.5)

Let R0 ≥ max
{︂
R, 1

2

[︂
C0

Λ(ε)−µ∞

]︂1/δ }︂
, so that

Λ(ε) − µ∞ − C0(2R0)−δ ≥ 0. (7.7.6)

From Lemma 7.3.4 there exists a positive, locally Hölder continuous function Υε : RN+1
+ \

{0} → R such that Υε ∈
⋂︁
r>0H

1(B+
r ; t1−2s) and⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−div(t1−2s∇Υε), = 0 in RN+1
+ ,

Υε(0, x) = |x|−
N−2s

2 +ε, on RN ,

− lim
t→0+

t1−2s∂Υε

∂t
, = κsΛ(ε)|x|−2s Tr Υε on RN ,

(7.7.7)

in a weak sense. Direct calculations (see e.g. [FW12, Proposition 2.6]) yield that the
Kelvin transform

Υ̃ε(z) = |z|−(N−2s) Υε(z/ |z|2)

of Υε weakly satisfies⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−div(t1−2s∇Υ̃ε) = 0, in RN+1

+ \ {0},

Υ̃ε(0, x) = |x|
2s−N

2 −ε, on RN \ {0},

− lim
t→0+

t1−2s∂Υ̃ε

∂t
= κsΛ(ε)|x|−2s Tr Υ̃ε, on RN \ {0},

(7.7.8)

Υ̃ε > 0 in RN+1
+ \ {0} and Υ̃ε is locally Hölder continuous in RN+1

+ \ {0}. Moreover we
have that∫︂

RN+1
+ \B+

r

t1−2s|∇Υ̃ε|2 dxdt+
∫︂
RN+1

+ \B+
r

t1−2s |Υ̃ε|2

|x|2 + t2
dxdt < +∞ for all r > 0. (7.7.9)
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Let η ∈ C∞(RN+1
+ ) be a cut-off function such that η is radial, i.e. η(z) = η(|z|), |∇η| ≤ 2

R0

in RN+1
+ ,

η(z) :=

⎧⎨⎩0, in B+
R0

∪B′
R0

1, in
(︂
RN+1

+ \B+
2R0

)︂
∪
(︂
RN \B′

2R0

)︂
,

and η > 0 in RN+1
+ \B+

R0
. We point out that

∂η

∂t
(0, x) = 0 and 1

t

⃓⃓⃓⃓
∂η

∂t
(x, t)

⃓⃓⃓⃓
= O(1) as t → 0 (uniformly in x).

We let Φ1 := ηΥ̃ε. By its construction, Φ1 is continuous on the whole RN+1
+ and Φ1 > 0

in RN+1
+ \ B+

R0
, whereas (7.7.9) implies that Φ1 ∈ D1,2(RN+1

+ ; t1−2s). Moreover direct
computations yield that Φ1 weakly solves⎧⎪⎨⎪⎩

−div(t1−2s∇Φ1) = t1−2sF1, in RN+1
+ ,

− lim
t→0+

t1−2s∂Φ1
∂t

= κsΛ(ε)|x|−2s Tr Φ1, on RN ,
(7.7.10)

where
F1 := (2s− 1)1

t

∂η

∂t
Υ̃ε − 2∇Υ̃ε · ∇η − Υ̃ε∆η.

We observe that F1 ∈ C∞(RN+1
+ ) and supp(F1) ⊂ B+

2R0
\B+

R0
. Given

f1(x) := κsΛ(ε) |x|−2s χB′
2R0

\B′
R0

Φ1(0, x),

we can choose a smooth, compactly supported function f2 : RN → R such that

f1 + f2 ≥ 0 in RN , H := f2 +
[︂
W + µ∞ |x|−2s

]︂
χB′

2R0
\B′

R0
Tr Φ1 ≥ 0 in RN .

(7.7.11)
We also choose another smooth, positive, compactly supported function F2 : RN+1

+ → R
such that F1 + F2 ≥ 0 in RN+1

+ . Since σ(V ) > 0 and H ∈ L
2N

N+2s (RN ), by Lax-Milgram
Lemma there exists Φ2 ∈ D1,2(RN+1

+ ; t1−2s) such that⎧⎪⎨⎪⎩
−div(t1−2s∇Φ2) = t1−2sF2, in RN+1

+ ,

− lim
t→0+

t1−2s∂Φ2
∂t

= κs [V Tr Φ2 +H] , on RN ,
(7.7.12)

holds in a weak sense. From Proposition 7.3.1 we know that Φ2 is locally Hölder continuous
in RN+1

+ \ {(0, a1), . . . , (0, am)}.
In order to prove that Φ2 is strictly positive in RN+1

+ \{(0, a1), . . . , (0, am)}, we compare
it with the unique weak solution Φ3 ∈ D1,2(RN+1

+ ; t1−2s) to the problem⎧⎪⎨⎪⎩
−div(t1−2s∇Φ3) = 0, in RN+1

+ ,

− lim
t→0+

t1−2s∂Φ3
∂t

= κs [V Tr Φ3 +H] , on RN ,
(7.7.13)
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whose existence is again ensured by the Lax-Milgram Lemma. The difference ˜︁Φ = Φ2 −Φ3
belongs to D1,2(RN+1

+ ; t1−2s) and weakly solves⎧⎪⎨⎪⎩
−div(t1−2s∇˜︁Φ) = t1−2sF2, in RN+1

+ ,

− lim
t→0+

t1−2s∂
˜︁Φ
∂t

= κsV Tr ˜︁Φ, on RN .

By directly testing the above equation with −˜︁Φ−, since σ(V ) > 0 we obtain that ˜︁Φ ≥ 0 in
RN+1

+ , i.e. Φ2 ≥ Φ3. Furthermore, testing the equation for Φ3 with −Φ−
3 , we also obtain

that Φ3 ≥ 0 in RN+1
+ . The classical Strong Maximum Principle, combined with Proposition

7.3.2 (whose assumption (7.3.1) for (7.7.13) is satisfied thanks to the assumption V ∈
C1(RN \ {a1, . . . , am}) and Lemma 7.3.3), yields Φ3 > 0 in RN+1

+ \ {(0, a1), . . . , (0, am)}
and hence

Φ2 > 0 in RN+1
+ \ {(0, a1), . . . , (0, am)}.

Finally, from Lemma 7.3.7 and from the continuity of Φ2, there exists C1 > 0 such that
1
C1

|x|−(N−2s)−aµ∞ ≤ Φ2(0, x) ≤ C1|x|−(N−2s)−aµ∞ in RN \B′
2R0 . (7.7.14)

Now we set Φ = Φ1 + Φ2. We immediately observe that Φ ∈ D1,2(RN+1
+ ; t1−2s) is locally

Hölder continuous and strictly positive in RN+1
+ \{(0, a1), . . . , (0, am)}. We claim that, for

R̃ > 0 sufficiently large,∫︂
RN+1

+

t1−2s∇Φ · ∇U dxdt− κs

∫︂
RN

[︃
V + ν∞

|x|2s
χRN \B′

R̃

]︃
Tr Φ TrU dx ≥ 0, (7.7.15)

for all U ∈ D1,2(RN+1
+ ; t1−2s) with U ≥ 0 a.e.

The function Φ weakly satisfies⎧⎪⎨⎪⎩
−div(t1−2s∇Φ) = t1−2s(F1 + F2), in RN+1

+ ,

− lim
t→0+

t1−2s∂Φ
∂t

= κs
[︂
Λ(ε) |x|−2s Tr Φ1 + V Tr Φ2 +H

]︂
, on RN .

(7.7.16)

Hence, if U ∈ D1,2(RN+1
+ ; t1−2s), U ≥ 0 a.e.,∫︂

RN+1
+

t1−2s∇Φ · ∇U dxdt− κs

∫︂
RN

[︃
V + ν∞

|x|2s
χRN \B′

R̃

]︃
Tr Φ TrU dx

≥
∫︂
RN

[︄
κs

Λ(ε) − µ∞ − ν∞

|x|2s
χRN \B′

R̃
Tr Φ1 + κs

Λ(ε) − µ∞ − |x|2sW
|x|2s

χB′
R̃

\B′
2R0

Tr Φ1

−κs

(︄
W Tr Φ1 + ν∞

|x|2s
Tr Φ2

)︄
χRN \B′

R̃
+ f1 + f2

]︄
TrU dx =:

∫︂
RN

F (x) TrU(x) dx.

If x ∈ B′
2R0

, then F (x) = f1(x) + f2(x) ≥ 0. If x ∈ B′
R̃

\B′
2R0

, then from (7.7.11), (7.7.5)
and (7.7.6)

F (x) ≥ κs(Λ(ε)−µ∞−|x|2sW ) |x|−2s Tr Φ1 ≥ κs(Λ(ε)−µ∞−C0(2R0)−δ) |x|−2s Tr Φ1 ≥ 0.
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Finally, if x ∈ RN \ B′
R̃

, then from the definition of Φ1, (7.7.11), (7.7.14) and (7.7.5) we
have that

F (x) ≥ κs(Λ(ε) − µ∞ − ν∞) |x|−
N+2s

2 −ε − κsC0 |x|−
N+2s

2 −ε−δ − κsC1ν∞ |x|−N−aµ∞ .

Since the function µ ↦→ σ1(µ) is strictly decreasing and µ∞ < Λ(ε), from (7.3.5) it follows
that σ1(µ∞) > ε2−

(︁
N−2s

2
)︁2 which yields −N−aµ∞ < −N+2s

2 −ε. Hence, if R̃ is sufficiently
large, F (x) ≥ 0 for all x ∈ RN \B′

R̃
. This concludes the proof.

Combining Lemma 7.7.2 with the positivity criterion Lemma 7.2.2 and an approxima-
tion procedure based on Lemma 7.7.1, we prove the persistence of the positivity under
perturbations at infinity for potentials in the class Θ.

Theorem 7.7.3. Let

V (x) =
m∑︂
i=1

µiχB′(ai,ri)(x)
|x− ai|2s

+
µ∞χRN \B′

R
(x)

|x|2s
+W (x) ∈ Θ.

Assume σ(V ) > 0 and let ν∞ ∈ R be such that µ∞ + ν∞ < γH . Then there exists R̃ > R
such that

σ

(︃
V + ν∞

|x|2s
χRN \B′

R̃

)︃
> 0.

Proof. Since V ∈ Θ and σ(V ) > 0, arguing as in (7.5.3) we have that, for ε chosen
sufficiently small as in (7.5.2), σ(V +εV ) > σ(V )

2 > 0. Moreover we can choose ε such that
µ∞ + ν∞ + ε(µ∞ + ν∞) < γH and µi + εµi < γH for all i = 1, . . . ,m,∞. Let ω = ω(ε) be
such that

0 < ω < min{Sε, Sσ(V )/2}. (7.7.17)

By density of C∞
c (RN ) in L

N
2s (RN ) there exists

V̂ (x) =
m∑︂
i=1

µiχB′(ai,ri)(x)
|x− ai|2s

+
µ∞χRN \B′

R
(x)

|x|2s
+ Ŵ (x) ∈ Θ∗

such that Ŵ ∈ Pδ
∞ for some δ > 0 and

∥V̂ − V ∥LN/2s(RN ) <
ω

1 + ε
. (7.7.18)

Then from Lemma 7.7.1, taking into account (7.7.17) and (7.7.18), we have that

σ(V̂ + εV̂ ) ≥ σ(V + εV ) − (1 + ε)S−1∥V̂ − V ∥LN/2s(RN ) > 0.

Now, thanks to Lemma 7.7.2, there exists R̃ > R and a function Φ ∈ D1,2(RN+1
+ ; t1−2s)

such that Φ is strictly positive and locally Hölder continuous in RN+1
+ \{(0, a1), . . . , (0, am)}

and∫︂
RN+1

+

t1−2s∇Φ · ∇U dxdt− κs

∫︂
RN

[︃
V̂ + εV̂ + ν∞ + εν∞

|x|2s
χRN \B′

R̃

]︃
Tr Φ TrU dx ≥ 0,
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for all U ∈ D1,2(RN+1
+ ; t1−2s) with U ≥ 0 a.e. Therefore Lemma 7.2.2 yields

σ

(︄
V̂ + ν∞

|x|2s
χRN \B′

R̃

)︄
≥ ε

1 + ε
.

Finally, thanks to Lemma 7.7.1, (7.7.17) and (7.7.18), we have the estimate

σ

(︄
V + ν∞

|x|2s
χRN \B′

R̃

)︄
≥ σ

(︄
V̂ + ν∞

|x|2s
χRN \B′

R̃

)︄
− S−1∥V̂ − V ∥LN/2s(RN ) > 0

which yields the conclusion.

Swapping the singularity at a pole for a singularity at infinity through the Kelvin
transform, we obtain the analog of Theorem 7.7.3 when perturbing the mass of a pole.

Theorem 7.7.4. Let

V (x) =
m∑︂
i=1

µiχB′(ai,ri)(x)
|x− ai|2s

+
µ∞χRN \B′

R
(x)

|x|2s
+W (x) ∈ Θ.

Assume σ(V ) > 0 and let i0 ∈ {1, . . . ,m} and ν ∈ R be such that µi0 + ν < γH . Then
there exists δ ∈ (0, ri0) such that

σ

(︃
V + ν

|x− ai0 |2s
χB′(ai0 ,δ)

)︃
> 0.

Before proving Theorem 7.7.4, it is convenient to make the following remark.

Remark 7.7.5. (i) By the invariance by translation of the norm ∥ · ∥Ds,2(RN ), we have
that, if V ∈ H, then, for any a ∈ RN , the translated potential Va := V (· +a) belongs
to H and σ(Va) = σ(V ).

(ii) If V ∈ H and VK(x) := |x|−4sV
(︁
x

|x|2
)︁
, then VK ∈ H and σ(VK) = σ(V ). To prove

this statement, we observe that, by the change of variables y = x
|x|2 ,∫︂

RN
|VK(x)|2u2(x) dx =

∫︂
RN

|V (y)|2(Ku)2(y) dy for any u ∈ Ds,2(RN ),

where (Ku)(x) := |x|2s−Nu
(︁
x

|x|2
)︁

is the Kelvin transform of u. The claim then follows
from the fact that K is an isometry on Ds,2(RN ) (see [FW12, Lemma 2.2]).

Proof of Theorem 7.7.4. Let V1(x) := V (x+ ai0). We have that

V1(x) =
µi0χB′

ri0
(x)

|x|2s
+
∑︂
i ̸=i0

µiχB′(ai−ai0 ,ri)(x)
|x− (ai − ai0)|2s +

µ∞χRN \B′
R

(x)
|x|2s

+W1(x) ∈ Θ

and, in view of Remark 7.7.5 (i), σ(V1) = σ(V ) > 0. Then we can choose some ε sufficiently
small so that σ(V1 + εV1) > σ(V )

2 > 0 (see (7.5.3)) and µi0 + ν + ε(µi0 + ν) < γH ,
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µi + εµi < γH for all i = 1, . . . ,m,∞. Let ω = ω(ε) ∈ (0,min{Sε, Sσ(V )/2}). By density
of C∞

c (RN \ {a1, . . . , am}) in L
N
2s (RN ) there exists

V2(x) =
µi0χB′

ri0
(x)

|x|2s
+
∑︂
i ̸=i0

µiχB′(ai−ai0 ,ri)(x)
|x− (ai − ai0)|2s +

µ∞χRN \B′
R

(x)
|x|2s

+W2(x) ∈ Θ∗

such that W2 ∈ LN/2s(RN ) ∩ L∞(RN ) vanishes in a neighborhood of any pole and in a
neighborhood of ∞ and

∥V2 − V1∥LN/2s(RN ) <
ω

1 + ε
.

Let V3(x) := |x|−4sV2
(︁
x

|x|2
)︁
. Then

V3 ∈ C1
(︃
RN \

{︂
0, ai−ai0

|ai−ai0 |2
}︂
i ̸=i0

)︃
and there exists r > 0 such that

V3(x) = µi0
|x|2s

in RN \B′
r.

Moreover, from Remark 7.7.5 (ii) and Lemma 7.7.1 it follows that V3 ∈ H and

σ(V3 + εV3) = σ(V2 + εV2)

≥ σ(V1 + εV1) − S−1(1 + ε)∥V1 − V2∥LN/2s(RN ) >
σ(V )

2 − S−1ω > 0.

From Lemma 7.7.2 we deduce that there exists R̃ > r and a function Φ ∈ D1,2(RN+1
+ ; t1−2s)

such that Φ is strictly positive and locally Hölder continuous in RN+1
+ \

{︂
0, ai−ai0

|ai−ai0 |2
}︂
i ̸=i0

and ∫︂
RN+1

+

t1−2s∇Φ · ∇U dxdt− κs

∫︂
RN

[︃
V3 + εV3 + ν + εν

|x|2s
χRN \B′

R̃

]︃
Tr Φ TrU dx ≥ 0,

for all U ∈ D1,2(RN+1
+ ; t1−2s) with U ≥ 0 a.e. Therefore Lemma 7.2.2 yields

σ

(︄
V3 + ν

|x|2s
χRN \B′

R̃

)︄
≥ ε

1 + ε
.

From Remark 7.7.5 (ii) we have that σ
(︂
V3 + ν

|x|2sχRN \B′
R̃

)︂
= σ

(︃
V2 + ν

|x|2sχB′
1/R̃

)︃
≥ ε

1+ε .

Hence, letting δ = 1/R̃, from Remark 7.7.5 (i) and Lemma 7.7.1 we deduce that

σ

(︃
V+ ν

|x− ai0 |2s
χB′(ai0 ,δ)

)︃
= σ

(︃
V1 + ν

|x|2s
χB′

δ

)︃
≥ σ

(︃
V2 + ν

|x|2s
χB′

δ

)︃
− S−1∥V1 − V2∥LN/2s(RN ) ≥ ε

1 + ε
− S−1ω

1 + ε
> 0

which yields the conclusion.
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Corollary 7.7.6. Let

V (x) =
m∑︂
i=1

µiχB′(ai,ri)(x)
|x− ai|2s

+
µ∞χRN \B′

R
(x)

|x|2s
+W (x) ∈ Θ

be such that σ(V ) > 0. Then there exists

˜︁V (x) =
m∑︂
i=1

µ̃iχB′(ai,r̃i)(x)
|x− ai|2s

+
µ∞χRN \B′

R
(x)

|x|2s
+ ˜︂W (x) ∈ Θ (7.7.19)

such that

˜︁V −V ∈ C∞(RN\{a1, . . . , am}), ˜︁V ≥ V, σ(˜︁V ) > 0, and µ̃i > 0 for all i = 1, . . . ,m.

Proof. For every i = 1, . . . ,m, let νi be such that νi > 0 and µi + νi ∈ (0, γH). From
Theorem 7.7.4 we have that, for every i = 1, . . . ,m, there exists δi such that, letting

ˆ︁V = V +
m∑︂
i=1

νi
|x− ai|2s

χB′(ai,δi),

σ(ˆ︁V ) > 0. Let us consider a cut-off function ζ : RN → R such that ζ ∈ C∞(RN ),
0 ≤ ζ(x) ≤ 1, ζ(x) = 1 for |x| ≤ 1

2 , and ζ(x) = 0 for |x| ≥ 1. Let

˜︁V (x) = V +
m∑︂
i=1

νi
|x− ai|2s

ζ

(︃
x− ai
δi

)︃
.

Then ˜︁V − V ∈ C∞(RN \ {a1, . . . , am}) and ˜︁V ≥ V . Moreover ˜︁V is of the form (7.7.19)
with µ̃i = µi + νi > 0 and, in view of (7.2.5) and the fact that ˜︁V ≤ ˆ︁V , σ(˜︁V ) ≥ σ(ˆ︁V ) > 0.
The proof is thereby complete.

7.8 Localization of Binding
This section is devoted to the proof of Theorem 7.2.3, which is the main tool needed in
order to prove our main result. Indeed this tool ensures, inside the class Θ, that the sum
of two positive operators is positive, provided one of them is translated sufficiently far.

For any δ > 0 and a1, . . . , am ∈ RN , we define

Pδ
a1,...,am

:= Pδ
∞ ∩

(︃ m⋂︂
j=1

Pδ
aj

)︃
(7.8.1)

where Pδ
∞ is defined in (7.7.1) and, for all j = 1, . . . ,m,

Pδ
aj

=
{︃
f : RN → R : f ∈ C1(B′(aj , Rj) \ {aj}) for some Rj > 0

and |f(x)| + |(x− aj) · ∇f(x)| = O(|x− aj |−2s+δ) as x → aj

}︃
.
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Lemma 7.8.1. Let

V1(x) =
m1∑︂
i=1

µ1
iχB′(a1

i ,r
1
i )(x)

|x− a1
i |2s

+
µ1

∞χRN \B′
R1

(x)

|x|2s
+W1(x) ∈ Θ∗,

V2(x) =
m2∑︂
i=1

µ2
iχB′(a2

i ,r
2
i )(x)

|x− a2
i |2s

+
µ2

∞χRN \B′
R2

(x)

|x|2s
+W2(x) ∈ Θ∗,

with W1 ∈ Pδ
a1

1,...,a
1
m1

, W2 ∈ Pδ
a2

1,...,a
2
m2

for some δ > 0. If σ(V1), σ(V2) > 0 and µ1
∞ +

µ2
∞ < γH , then there exists R > 0 such that for every y ∈ RN \ B′

R there exists Φy ∈
D1,2(RN+1

+ ; t1−2s) such that Φy is strictly positive and locally Hölder continuous in RN+1
+ \

{(0, a1
i ), (0, a2

i + y)}i=1,...,mj ,j=1,2 and∫︂
RN+1

+

t1−2s∇Φy · ∇U dxdt ≥ κs

∫︂
RN

(V1(x) + V2(x− y)) Tr Φy TrU dx (7.8.2)

for all U ∈ D1,2(RN+1
+ ; t1−2s), with U ≥ 0 a.e.

Proof. First of all we observe that it is not restrictive to assume that µji > 0 for all i =
1, . . . ,mj , j = 1, 2. Indeed, letting V1, V2 as in the assumptions, from Corollary 7.7.6 there
exist ˜︁V1, ˜︁V2 ∈ Θ∗ with positive masses at poles such that ˜︁Vj ≥ Vj and σ(˜︁Vj) > 0 for j = 1, 2.
If the theorem is true under the further assumption of positivity of masses at poles, we
conclude that, for every y with |y| sufficiently large, there exists Φy ∈ D1,2(RN+1

+ ; t1−2s)
strictly positive and locally Hölder continuous in RN+1

+ \ {(0, a1
i ), (0, a2

i + y)}i=1,...,mj ,j=1,2

such that (7.8.2) holds with ˜︁V1(x) + ˜︁V2(x − y) in the right hand side integral instead of
V1(x) + V2(x − y). Since ˜︁V1(x) + ˜︁V2(x − y) ≥ V1(x) + V2(x − y) we obtain (7.8.2). Then
we can assume that µji > 0 for all i = 1, . . . ,mj , j = 1, 2, without loss of generality.

Let ε ∈ (0, γH) be such that µ1
∞ + µ2

∞ < γH − ε, µ1
∞ < γH − ε, and µ2

∞ < γH − ε and
let Λ := γH − ε. Let us set

ν1
∞ := Λ − µ1

∞, ν2
∞ := Λ − µ2

∞,

so that ν1
∞, ν

2
∞ > 0. Let 0 < η < 1 be such that

µ2
∞ < ν1

∞(1 − 2η) and µ1
∞ < ν2

∞(1 − 2η). (7.8.3)

Let us choose R̄ > 0 large enough so that

∪mj

i=1B
′(aji , r

j
i ) ⊂ B′

R̄
for j = 1, 2.

We observe that, by Theorem 7.7.3, there exists R̃j > 0 such that

σ

(︄
Vj + νj∞

|x|2s
χRN \B′

R̃j

)︄
> 0.
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Since µji > 0 implies that a
µj

i
< 0, we can fix some ω > 0 such that ω < 2s and ω < −a

µj
i

for all i = 1, . . . ,mj , j = 1, 2. Let us consider, for j = 1, 2, pj ∈ C∞(RN \ {aj1, . . . , ajmj
}) ∩

Pω
aj

1,...,a
j
mj

such that pj(x) > 0 for all x ∈ RN and

pj(x) ≥ 1
|x− aji |2s−ω

if x ∈ B′(aji , r
j
i ), pj(x) ≥ 1 if x ∈ B′

R̄
\ ∪mj

i=1B(aji , r
j
i ). (7.8.4)

Since pj ∈ L
N
2s (RN ) satisfies the hypotheses of Lemma 6.1.1 the infimum

σj = inf
U∈D1,2(RN+1

+ ;t1−2s)
TrU ̸≡0

∫︁
RN+1

+
t1−2s|∇U |2 dxdt− κs

∫︁
RN

[︂
Vj + νj

∞
|x|2sχRN \B′

R̃j

]︂
|TrU |2 dx∫︁

RN pj |TrU |2 dx
> 0

is achieved by some nonnegative Ψj ∈ D1,2(RN+1
+ ; t1−2s), for j = 1, 2. In addition, Ψj

weakly solves⎧⎪⎪⎨⎪⎪⎩
−div(t1−2s∇Ψj) = 0, in RN+1

+ ,

− lim
t→0+

t1−2s∂Ψj

∂t
= κs

[︄
Vj + νj∞

|x|2s
χRN \B′

R̃j

+ σjpj

]︄
Tr Ψj , on RN .

(7.8.5)

From Proposition 7.3.1 we know that Ψj is locally Hölder continuous in

RN+1
+ \ {(0, aj1), . . . , (0, ajmj

)}).

In order to prove that Ψj is strictly positive in RN+1
+ \{(0, aj1), . . . , (0, ajmj

)}, we compare
it with the unique weak solution ˜︁Ψj ∈ D1,2(RN+1

+ ; t1−2s) to the problem⎧⎪⎨⎪⎩
−div(t1−2s∇˜︁Ψj) = 0, in RN+1

+ ,

− lim
t→0+

t1−2s∂
˜︁Ψj

∂t
= κsVj Tr ˜︁Ψj + κsσjpj Tr Ψj , on RN ,

(7.8.6)

whose existence directly follows from the Lax-Milgram Lemma. The difference ˜︁Φj =
Ψj − ˜︁Ψj belongs to D1,2(RN+1

+ ; t1−2s) and weakly solves⎧⎪⎪⎨⎪⎪⎩
−div(t1−2s∇˜︁Φj) = 0, in RN+1

+ ,

− lim
t→0+

t1−2s∂
˜︁Φj

∂t
= κsVj Tr ˜︁Φj + κs

νj∞
|x|2s

χRN \B′
R̃j

Tr Ψj , on RN .

By testing the above equation with −˜︁Φ−
j and recalling that σ(Vj) > 0, we obtain that˜︁Φj ≥ 0 in RN+1

+ and hence Ψj ≥ ˜︁Ψj . Moreover, testing (7.8.6) with −˜︁Ψ−
j , we also obtain

that ˜︁Ψj ≥ 0 in RN+1
+ . From the classical Strong Maximum Principle and Proposition
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7.3.2 (whose assumption (7.3.1) for (7.8.6) is satisfied thanks to Lemma 7.3.3 and the
assumption Vj ∈ Θ∗) it follows that ˜︁Ψj > 0 in RN+1

+ \ {(0, aj1), . . . , (0, ajmj
)} and hence

Ψj > 0 in RN+1
+ \ {(0, aj1), . . . , (0, ajmj

)}.

Lemma 7.3.7 yields
lim

|x|→∞
Ψj(0, x)|x|N−2s+aΛ = ℓj > 0,

for some ℓj > 0 (see (7.3.9) for the notation aΛ). Hence, the function Φj(x, t) := Ψj(x,t)
ℓj

satisfies (7.8.5) and Φj(0, x) ∼ |x|−(N−2s+aΛ) for |x| → ∞. Therefore, there exists ρ >
max{R̃1, R̃2, R̄} such that

(1 − η2)|x|−(N−2s+aΛ) ≤ Φj(0, x) ≤ (1 + η)|x|−(N−2s+aΛ) (7.8.7)

and
|W1(x)| ≤ ην2

∞
|x|2s

, |W2(x)| ≤ ην1
∞

|x|2s
(7.8.8)

for all x ∈ RN \B′
ρ. Also, form Lemma 7.3.6 we know that there exists C > 0 such that

1
C

|x− aji |
a

µ
j
i ≤ Φj(0, x) ≤ C|x− aji |

a
µ

j
i in B′(aji , r

j
i ), (7.8.9)

for i = 1, . . .mj , j = 1, 2. For any y ∈ RN , we define

Φy(x, t) := ν2
∞Φ1(x, t) + ν1

∞Φ2(t, x− y) ∈ D1,2(RN+1
+ ; t1−2s).

Then∫︂
RN+1

+

t1−2s∇Φy · ∇U dxdt− κs

∫︂
RN

(V1(x) + V2(x− y)) Tr Φy TrU dx =
∫︂
RN

gy(x) TrU dx

for all U ∈ D1,2(RN+1
+ ; t1−2s), where

gy(x) := κs

[︃
σ1ν

2
∞p1(x)Φ1(0, x) + ν1

∞ν
2
∞

|x|2s
χRN \B′

R̃1
(x)Φ1(0, x) + σ2ν

1
∞p2(x− y)Φ2(0, x− y)

+ ν1
∞ν

2
∞

|x− y|2s
χRN \B′(y,R̃2)(x)Φ2(0, x− y) − ν1

∞V1(x)Φ2(0, x− y) − ν2
∞V2(x− y)Φ1(0, x)

]︃
.

Therefore, to conclude the proof it is enough to show that gy ≥ 0 a.e. in RN .
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From (7.8.3), (7.8.7) and (7.8.8), it follows that in RN \
(︁
B′
ρ ∪B′(y, ρ)

)︁
gy(x) ≥ κs

[︃
ν1

∞ν
2
∞

|x|2s
Φ1(0, x) + ν1

∞ν
2
∞

|x− y|2s
Φ2(0, x− y)

− ν1
∞

(︄
µ1

∞
|x|2s

+W1(x)
)︄

Φ2(0, x− y) − ν2
∞

(︄
µ2

∞
|x− y|2s

+W2(x− y)
)︄

Φ1(0, x)
]︃

> κsν
1
∞ν

2
∞(1 − η2)

[︃
|x|−(N+aΛ) + |x− y|−(N+aΛ)

− |x|−(N−2s+aΛ)|x− y|−2s − |x|−2s|x− y|−(N−2s+aΛ)
]︃

= κsν
1
∞ν

2
∞(1 − η2)

(︃ 1
|x|N−2s+aΛ

− 1
|x− y|N−2s+aΛ

)︃(︃ 1
|x|2s

− 1
|x− y|2s

)︃
≥ 0.

For |y| > R > 2ρ, we have B′
ρ ∩B′(y, ρ) = ∅. From (7.8.4), (7.8.7), (7.8.8), (7.8.9) and the

choice of ω we have that, in B(a1
i , r

1
i ),

gy(x) ≥ κs

[︃
σ1ν

2
∞p1(x)Φ1(0, x) + ν1

∞ν
2
∞

|x− y|2s
Φ2(0, x− y)

− ν1
∞V1(x)Φ2(0, x− y) − ν2

∞V2(x− y)Φ1(0, x)
]︃

≥ κs|x− a1
i |
a

µ1
i

−2s+ω
[︃
σ1ν

2
∞

C

− ν1
∞(1 + η)|x− y|−(N−2s+aΛ)|x− a1

i |
−a

µ1
i

−ω
(µ1
i + ∥W1∥L∞(RN )|x− a1

i |2s)

− ν2
∞ν

1
∞(1 − η)C|x− y|−2s|x− a1

i |2s−ω
]︃

≥ κs|x− a1
i |
a

µ1
i

−2s+ω
[︃
σ1ν

2
∞

C
+ o(1)

]︃
,

as |y| → ∞. Now let x ∈ B′
ρ \

(︁
∪m1
i=1B

′(a1
i , r

1
i )
)︁
: since Φ1 is positive and continuous we

have C̃−1 > Φ1(0, x) > C̃, for some C̃ > 0, and so, thanks to (7.8.4), (7.8.7) and (7.8.8),
there holds

gy(x) ≥ κsσ1ν
2
∞C̃ + o(1),

as |y| → ∞. One can similarly prove that, for |y| sufficiently large, gy(x) ≥ 0 in B′(y, ρ)
as well. The proof is thereby complete.

Proof of Theorem 7.2.3. First, let

0 < ε < min
{︄

2Sσ(Vj),
σ(Vj)

2

[︃ 1
γH

(︄
m∑︂
i=1

|µji | + |µj∞|
)︄

+ S−1 ∥W∥LN/2s(RN )

]︃−1}︄
(7.8.10)

for j = 1, 2, such that, in addition, µ1
∞ + µ2

∞ + ε(µ1
∞ + µ2

∞) < γH and µji + εµji < γH for
all i = 1, . . . ,mj ,∞. Similarly to (7.5.3), one can prove that σ(Vj + εVj) > σ(Vj)

2 > 0 for
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j = 1, 2. Moreover, let ω = ω(ε) be such that

0 < ω < min
{︃
Sσ(V1)

2 ,
Sσ(V2)

2 ,
Sε

2

}︃
. (7.8.11)

Let, for j = 1, 2,

V̂j(x) =
mj∑︂
i=1

µjiχB′(aj
i ,r

j
i )(x)

|x− aji |2s
+
µj∞χRN \B′

Rj
(x)

|x|2s
+ Ŵj(x) ∈ Θ∗,

be such that Ŵj ∈ Pδ
aj

1,...,a
j
mj

for some δ > 0 and

∥V̂j − Vj∥LN/2s(RN ) <
ω

1 + ε
. (7.8.12)

From Lemma 7.7.1, (7.8.11) and (7.8.12) we deduce that

σ(V̂j + εV̂j) ≥ σ(Vj + εVj) − (1 + ε)S−1∥V̂j − Vj∥LN/2s(RN ) > 0.

Hence we infer from Lemma 7.8.1 that there exists R > 0 such that, for all y ∈ RN \B′
R,

there exists Φy ∈ D1,2(RN+1
+ ; t1−2s) such that Φy is strictly positive and locally Hölder

continuous in RN+1
+ \ {(0, a1

i ), (0, a2
i + y)}i=1,...,mj ,j=1,2 and

∫︂
RN+1

+

t1−2s∇Φy · ∇U dxdt

− κs

∫︂
RN

[︂
V̂1(x) + εV̂1(x) + V̂2(x− y) + εV̂2(x− y)

]︂
Tr Φy TrU dx ≥ 0

for all U ∈ D1,2(RN+1
+ ; t1−2s), with U ≥ 0 a.e. Therefore, thanks to the positivity criterion

(Lemma 7.2.2), we know that

σ(V̂1(·) + V̂2(· − y)) ≥ ε

ε+ 1 .

Combining Lemma 7.7.1 with (7.8.11) and (7.8.12), we finally deduce that

σ(V1(·) + V2(· − y)) ≥ σ(V̂1(·) + V̂2(· − y))
− S−1∥V1 − V̂1∥LN/2s(RN ) − S−1∥V2(· − y) − V̂2(· − y)∥LN/2s(RN ) > 0,

thus completing the proof.

7.9 Proof of Theorem 7.2.4
In order to prove Theorem 7.2.4, we first need the following lemma, concerning the left-
hand side in Hardy inequality (7.2.4).
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Lemma 7.9.1. We have that

lim
|ξ|→0

∫︂
RN

|u(x)|2

|x+ ξ|2s
dx =

∫︂
RN

|u(x)|2

|x|2s
dx and lim

|ξ|→+∞

∫︂
RN

|u(x)|2

|x+ ξ|2s
dx = 0

for any u ∈ Ds,2(RN ).

Proof. The proof easily follows from density of C∞
c (RN \ {0}) in Ds,2(RN ) (see Lemma

7.3.10), the Dominated Convergence Theorem and the fractional Hardy inequality (7.2.4).

We are now able to prove Theorem 7.2.4.

Proof of Theorem 7.2.4. First we prove that condition (7.2.9) is sufficient for the existence
of at least one configuration of poles a1, . . . , am such that the quadratic form associated
to Lµ1,...,µm,a1,...,am is positive definite. In order to do this, we argue by induction on the
number of poles m. For any m we assume the masses to be sorted in increasing order
µ1 ≤ · · · ≤ µm. If m = 2 the claim is proved in Remark 7.4.1. Suppose now the claim
is proved for m − 1. If µm ≤ 0 the proof is trivial, so let us assume µm > 0: since
(7.2.9) holds, it is true also for µ1, . . . , µm−1, hence there exists a configuration of poles
a1, . . . , am−1 such that Qµ1,...,µm−1,a1,...,am−1 is positive definite. If we let

V1(x) =
m−1∑︂
i=1

µi

|x− ai|2s
and V2(x) = µm

|x|2s
,

we have that V1, V2 ∈ Θ satisfy the assumptions of Theorem 7.2.3. Therefore there exists
am ∈ RN such that

Lµ1,...,µm,a1,...,am = (−∆)s − (V1 + V2(· − am))

is positive definite. This concludes the first part.
We now prove the necessity of condition (7.2.9). Let ε > 0 be such that

∥u∥2
Ds,2(RN ) −

m∑︂
i=1

µi

∫︂
RN

|u(x)|2

|x− ai|2s
dx ≥ ε ∥u∥2

Ds,2(RN ) (7.9.1)

for all u ∈ Ds,2(RN ) and let δ ∈ (0, εγH). Assume by contradiction that µj ≥ γH for
some j ∈ {1, . . . ,m}. By optimality of γH in Hardy inequality (7.2.4) and by density of
C∞
c (RN ) in Ds,2(RN ), we have that there exists φ ∈ C∞

c (RN ) such that

∥φ∥2
Ds,2(RN ) − µj

∫︂
RN

|φ(x)|2

|x|2s
dx < δ

∫︂
RN

|φ(x)|2

|x|2s
dx. (7.9.2)
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If we let φρ := ρ− N−2s
2 φ(x/ρ), we have that

Qµ1,...,µm,a1,...,am(φρ(· − aj)) = ∥φ∥2
Ds,2(RN ) − µj

∫︂
RN

|φ(x)|2

|x|2s
dx−

∑︂
i ̸=j

µi

∫︂
RN

|φ(x)|2⃓⃓⃓
x− ai−aj

ρ

⃓⃓⃓2s dx

→ ∥φ∥2
Ds,2(RN ) − µj

∫︂
RN

|φ(x)|2

|x|2s
dx as ρ → 0+,

(7.9.3)
in view of Lemma 7.9.1. Combining (7.9.1), (7.9.2), (7.9.3) and Hardy inequality (7.2.4)
we obtain

ε ∥φ∥2
Ds,2(RN ) ≤ ∥φ∥2

Ds,2(RN ) − µj

∫︂
RN

|φ(x)|2

|x|2s
dx < δ

∫︂
RN

|φ(x)|2

|x|2s
dx ≤ δ

γH
∥φ∥2

Ds,2(RN ) ,

which is a contradiction, because of the choice of δ.
Now suppose that K :=

∑︁m
i=1 µi ≥ γH . Arguing analogously, there exists φ ∈ C∞

c (RN )
such that

∥φ∥2
Ds,2(RN ) −K

∫︂
RN

|φ(x)|2

|x|2s
dx < δ

∫︂
RN

|φ(x)|2

|x|2s
dx.

The function φρ(x) := ρ− N−2s
2 φ(x/ρ) satisfies

Qµ1,...,µm,a1,...,am(φρ) = ∥φ∥2
Ds,2(RN ) −

m∑︂
i=1

µi

∫︂
RN

|φ(x)|2

|x− ai/ρ|2s
dx

→ ∥φ∥2
Ds,2(RN ) −K

∫︂
RN

|φ(x)|2

|x|2s
dx as ρ → +∞,

thanks to Lemma 7.9.1. With the same argument as above, we again reach a contradiction.

7.10 Proof of Proposition 7.2.6
Finally, in this section we present the proof of Proposition 7.2.6, that is independent of
the previous results from the point of view of the technical approach.

Proof of Proposition 7.2.6. First, let us denote µ̄ = max{0, µ1, . . . , µm, µ∞}. By hypothe-
sis there exists α ∈

(︁
0, 1 − µ̄

γH

)︁
such that σ(V ) ≤ 1 − µ̄

γH
−α. From Lemma 7.6.2 we know

that there exists δ > 0 such that, denoting by

V̄ =
m∑︂
i=1

µiζ(x−ai
δ )

|x− ai|2s
+
µ∞ζ̃( xR)

|x|2s
,

with ζ, ζ̃ being as in Lemma 7.6.2, we have that

σ(V̄ ) ≥ 1 − µ̄

γH
− α

2 . (7.10.1)
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if µ̄ > 0 and σ(V̄ ) ≥ 1 if µ̄ = 0. We can write V = V̄ + W̄ for some W̄ ∈ LN/2s(RN ). Now
let {Un}n ⊆ D1,2(RN+1

+ ; t1−2s) be a minimizing sequence for σ(V ), i.e.∫︂
RN+1

+

t1−2s|∇Un|2 dxdt− κs

∫︂
RN

V |TrUn|2 dx = σ(V ) + o(1), as n → ∞ (7.10.2)

and
∫︁
RN+1

+
t1−2s|∇Un|2 dxdt = 1. Since {Un}n is bounded in D1,2(RN+1

+ ; t1−2s), there exists
U ∈ D1,2(RN+1

+ ; t1−2s) such that, up to a subsequence (still denoted by {Un}n),

Un ⇀ U weamly in D1,2(RN+1
+ ; t1−2s) and Un → U a.e. in RN+1

+ , (7.10.3)

as n → ∞. There holds

σ(V̄ ) ≤
∫︂
RN

t1−2s|∇Un|2 dxdt− κs

∫︂
RN

V |TrUn|2 dx+ κs

∫︂
RN

W̄ |TrUn|2 dx

= σ(V ) + κs

∫︂
RN

W̄ |TrUn|2 dx+ o(1), as n → ∞.

Hence, from (7.10.3), (7.10.1), the choice of α, and Lemma 6.1.1 we deduce that (if µ̄ > 0)

1 − 1
γH

µ̄− α

2 ≤ σ(V ) + κs

∫︂
RN

W̄ |TrU |2 dx ≤ 1 − µ̄

γH
− α+ κs

∫︂
RN

W̄ |TrU |2 dx,

and so κs
∫︁
RN W̄ |TrU |2 dx ≥ α

2 > 0, which implies that U ̸≡ 0. The same conclusion
easily follows in the case µ̄ = 0. From the weak convergence Un ⇀ U in D1,2(RN+1

+ ; t1−2s),
the continuity of the trace map Tr : D1,2(RN+1

+ ; t1−2s) → LN/2s(RN ) and the definition of
σ(V ), we have that

σ(V ) ≤

∫︂
RN+1

+

t1−2s|∇U |2 dxdt− κs

∫︂
RN

V |TrU |2 dx∫︂
RN+1

+

t1−2s|∇U |2 dxdt

=
σ(V ) −

[︃ ∫︂
RN+1

+

t1−2s|∇(Un − U)|2 dxdt− κs

∫︂
RN

V |TrUn − TrU |2 dx
]︃

+ o(1)∫︂
RN+1

+

t1−2s|∇Un|2 dxdt−
∫︂
RN+1

+

t1−2s|∇(Un − U)|2 dxdt+ o(1)

≤ σ(V )
1 −

∫︂
RN+1

+

t1−2s|∇(Un − U)|2 dxdt+ o(1)

1 −
∫︂
RN+1

+

t1−2s|∇(Un − U)|2 dxdt+ o(1)

= σ(V ) + o(1)∫︂
RN+1

+

t1−2s|∇U |2 dxdt+ o(1)
.

Letting n → ∞ yields the fact that σ(V ) is attained by U and this concludes the proof.
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CHAPTER 8

AN OBSTACLE PROBLEM FOR THE
FRACTIONAL LAPLACIAN

8.1 Introduction
In the present chapter we investigate local properties of solutions of a stationary two-phase
fractional obstacle-type problem, with particular emphasis on regularity aspects and on
the structure of the nodal set. Our investigations focus on the study of weak solutions of
the following boundary value problem⎧⎪⎨⎪⎩

− div(t1−2s∇u) = 0, in B+
1 ,

− lim
t→0+

t1−2s∂u

∂t
= λ−((u− h)−)p−1 − λ+((u− h)+)p−1, on B′

1.
(8.1.1)

Here y+ := max{y, 0} and y− := max{−y, 0} denote the positive and negative parts of
y ∈ R, λ−, λ+ ≥ 0 are nonnegative constants, p ≥ 2 and, for r > 0,

B+
r := {z = (x, t) ∈ RN+1

+ : |z| < r}, B′
r := {x ∈ RN : |x| < r},

with
RN+1

+ := {(x, t) : x ∈ RN , t > 0} = RN × (0,+∞),

for N ≥ 2. We refer to the function h : B′
1 → R as the (thin) obstacle. Thanks to the

extension procedure established in [CS07], one can see that solutions to (8.1.1) are closely
related to solutions of an equation in N dimensions, driven by the fractional Laplacian

(−∆)su(x0) = C(N, s) lim
ε→0

∫︂
|x−x0|>ε

u(x0) − u(x)
|x0 − x|N+2s dx,
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where C(N, s) is a positive constant. Loosely speaking, it is shown in [CS07] that, in a
suitable sense,

(−∆)su(x0) = −κ−1
s lim

t→0+
t1−2s∂u

∂t
(x0, t), for x0 ∈ B′

1

for a certain (explicit) positive constant κs. Therefore, one can think of the trace on
{t = 0} of u in (8.1.1) as a solution to

(−∆)su = λ−((u− h)−)p−1 − λ+((u− h)+)p−1 in B′
1. (8.1.2)

We refer to Chapter 6 for a more accurate description of the operator (−∆)s, the fractional
setting, and the extension procedure. Thanks to this connection, the problem we study
can be read in two different ways. On one hand, it can be seen as a two-phase penalized
obstacle problem for the fractional Laplacian on RN , as in (8.1.2). On the other hand, in its
extended formulation (8.1.1), one can understand it as a (weighted) two-phase boundary
penalized obstacle problem associated to the operator − div(t1−2s∇(·)). Although we
keep in mind the parallel just outlined, in this work we focus on the study of the extended
problem (8.1.1). More precisely, our main objectives are to investigate the regularity of
the solution and the structure of the free boundary

∂{u(·, 0) ̸= 0} ∩B′
1.

We now observe a couple of limit problems that may emerge from (8.1.1). If we consider
both λ− = λ+ = 0 then the boundary condition in (8.1.1) becomes of homogeneous
Neumann type, while if we let λ+ → +∞, then the conditions boils down to

(u− h)+t1−2s∂u

∂t
= 0 on B′

1.

In the case s = 1/2, this is known as the thin obstacle problem (or even Signorini problem,
see [Sig59]).

Free boundary problems in relation with the fractional Laplace operator are pervasive
objects of investigation in the recent years and we refer the interested reader to [DS18,
DPP19] for thorough monographs on the subject. For instance, in [AP12, All12] the
authors studied the so called lower dimensional two-phase membrane problem, while in
[ALP15, All19] and [DJ21] the fractional version of a penalized obstacle problem is under
consideration. On the other hand, the works [GP09, GRO19] together with [AC04, ACS08,
CSS08] provide a fairly complete picture for what pertains to the regularity of the free
boundary for the “classical” lower dimensional obstacle problem. In [STT20] the authors
investigated geometric theoretical features of the nodal set of s-harmonic functions. We
finally quote [ST18, ST19], where the authors developed new techniques in order to study
regularity properties of zero level sets of solutions to local equations with sublinear (and
even singular) powers; [Tor20] extends some of the results to the nonlocal framework.

In order to state our main results, we first introduce the appropriate functional setting.
For any positive half ball B+

r , we consider the weighted Sobolev space H1(B+
r ; t1−2s),
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defined in Chapter 6, that coincides with the completion of C∞(B+
r ) with respect to the

norm
∥u∥H1(B+

r ;t1−2s) :=
(︃∫︂

B+
r

t1−2s(|∇u|2 + u2) dxdt
)︃1/2

.

Moreover, we denote by H1
0,S+

r
(B+

r ; t1−2s) the closure of C∞
c (B+

r \ S+
r ) in H1(B+

r ; t1−2s),

where S+
r := ∂B+

r ∩RN+1
+ . For a fixed function g ∈ H1(B+

1 ; t1−2s) ∩ C(B+
1 ), we consider

the problem ⎧⎪⎪⎪⎨⎪⎪⎪⎩
− div(t1−2s∇u) = 0, in B+

1 ,

u = g, on S+
1 ,

− lim
t→0+

t1−2s∂u

∂t
= λ−(u−)p−1 − λ+(u+)p−1, on B′

1.

(8.1.3)

In particular, we say that u ∈ H1(B+
1 ; t1−2s) ∩ Lp(B′

1) is a solution of the problem above
if u− g ∈ H1

0,S+
1

(B+
1 ; t1−2s) and

∫︂
B+

1

t1−2s∇u · ∇φdxdt =
∫︂
B′

1

(λ−(u−)p−1 − λ+(u+)p−1)φ dx, (8.1.4)

for all φ ∈ H1
0,S+

1
(B+

1 ; t1−2s). The Dirichlet boundary datum on S+
1 in (8.1.3) appears (in

contrast to (8.1.1)) in order to establish existence and uniqueness of a weak solution, see
Proposition 8.2.2. Also, we explicitly note that, for the sake of simplicity, we have taken
the thin obstacle h ≡ 0.

We carry out our analysis in the following steps. First of all, we establish the optimal
regularity of the solution u in Hölder spaces, see Lemma 8.2.7. We point out that there is a
substantial difference in this respect between the cases s = 1/2 and s ̸= 1/2. While in the
former the optimal Hölder space depends on the exponent p, this is no longer true in the
latter case. This is a clear indication of the strong influence of the weight t1−2s, which can
be degenerate or singular when t → 0+, and affects the behavior of the solution near the
thin space ∂RN+1

+ . Nevertheless, this weight belongs to the second Muckenhoupt class A2
and therefore it enjoys nice properties, including e.g. Sobolev and trace embeddings, see
for instance [FKS82, MS68]. At this point, we investigate the local behavior of u(x, t) when
t → 0+. In order to do so, we establish Almgren and Monneau type monotonicity formulas
that, together with a blow up analysis for a proper rescaling of u, provide the asymptotic
rate and shape of the solution near a free boundary point, in terms of t1−2s-harmonic
polynomials (see Definition 8.2.3), which are even in the variable t and homogeneous of
some degree. More precisely, for any integer k ≥ 0, let Psk denote the space of polynomials
p : RN+1 → R such that

p(x,−t) = p(x, t) for all (x, t) ∈ RN+1, (8.1.5)
p(µz) = µkp(z) for all z ∈ RN+1 and all µ ≥ 0, (8.1.6)

− div(|t|1−2s ∇p) = 0 in RN+1. (8.1.7)
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One can immediately notice that, given the other conditions, the first one is equivalent to

|t|1−2s ∂p

∂t
= 0 on RN × {0}.

Also, thanks to [STV19, Theorem 1.1], we know that, if the conditions above are satisfied,
no other values of k apart from integer ones are allowed.

We are now able to state our first main result.

Theorem 8.1.1. Let u ∈ H1(B+
1 ; t1−2s) be the unique solution to (8.1.3) and let x0 ∈ B′

1.
If

ux0
r (z) := u(rz + x0),

then there exists an integer k ≥ 0 and px0
k ∈ Psk such that

r−kux0
r → px0

k in H1(B+
1 ; t1−2s) and C0,α(B+

1 ),
r−kux0

r → px0
k in C1,α(B′

1),

as r → 0, for some α ∈ (0, 1).

Since the polynomial px0
k (at which we refer as blow-up limit of u at x0) cannot vanish

everywhere on the thin space RN × {0} (see Remark 8.4.3), then the previous theorem
readily implies the boundary strong unique continuation principle.

Corollary 8.1.2 (Strong unique continuation). Let u ∈ H1(B+
1 ; t1−2s) be the unique

solution of (8.1.3) and assume that u(z) = o(|z|n) as |z| → 0, z ∈ B+
1 for all n ∈ N. Then

u ≡ 0 on B+
1 .

This result tells us that the nodal set of u on the thin space

Z(u) := ∂{x ∈ B′
1 : u(x, 0) = 0}

has empty interior in the RN topology. Therefore, thanks to the continuity of u, it coincides
with the free boundary that separates the two phases of the solution

Z(u) = ∂{u(·, 0) ̸= 0}
= ∂{u(·, 0) > 0} ∪ ∂{u(·, 0) < 0}.

The last part of the present work is devoted to the analysis of the regularity and structural
properties of the nodal set Z(u). A fundamental tool is the notion of frequency. More
precisely, we introduce, for any v ∈ H1(B+

1 ; t1−2s), x0 ∈ B′
1 and r > 0

Nx0(v, r) :=
r

∫︂
B+

r (x0)
t1−2s |∇v|2 dxdt∫︂

S+
r (x0)

t1−2sv2 dS
,
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where

B+
r (x0) := {z ∈ RN+1

+ : |z − (x0, 0)| < r} and S+
r (x0) := ∂B+

r (x0) ∩ RN+1
+ .

We call Nx0(v, r), as a function of r, the frequency function of v at x0. In Proposition
8.3.9 we prove the existence of the following limit

Nx0(u, 0+) := lim
r→0+

Nx0(u, r),

with u denoting the unique solution of (8.1.3). In addition, we show in Theorem 8.4.1
that Nx0(u, 0+) is a nonnegative integer, and it is the degree of the blow-up limit of u at
x0. We refer to Nx0(u, 0+) as the frequency of u at x0. To proceed, we split the nodal set
Z(u) into two disjoint parts

R(u) : = Z1(u),
S(u) : =

⋃︂
k≥2

Zk(u),

where, for any integer k ≥ 1,

Zk(u) := {x0 ∈ Z(u) : Nx0(u, 0+) = k}.

We call R(u) and S(u) the regular and singular part of the free boundary, respectively. At
this point of our analysis, we are confronted again with the strong influence of the weight
t1−2s on the behavior of the solution u near the thin space. Indeed, we perform another
classification of the zero points of u, based on whether the blow-up limit of the solution
at x0 ∈ Z(u) depends on the variable t or not. Namely, let us consider the following two
spaces of polynomials

P∗
k := {p ∈ Psk : p(x, t) = p(x) for all (x, t) ∈ RN+1} and Ptk := Pk \ P∗

k.

It is readily seen that the former can be characterized as

P∗
k = {p ∈ Psk : ∆xp = 0 in RN+1}.

Moreover it is easy to observe that Pt1 = ∅: this leads to our first result about the free
boundary, concerning its regular part.

Proposition 8.1.3. The regular part of the free boundary R(u) is a C1,α-hypersurface of
B′

1, for some α ∈ (0, 1), and

R(u) = {x0 ∈ Z(u) : |∇xu(x0, 0)| ≠ 0}.

On the other hand, since Ptk ̸= ∅ for k ≥ 2, we cannot expect the same regularity for
the singular set. However, we are able to prove a stratification result which describes the
structure of S(u). Once more, we must distinguish between points for which the blow-up
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limit depends on the variable t, and points for which this does not happen. If we define,
for px0

k as in Theorem 8.1.1,

Z∗
k(u) : = {x0 ∈ Zk(u) : px0

k ∈ P∗
k},

Zt
k(u) : = {x0 ∈ Zk(u) : px0

k ∈ Ptk} = Zk(u) \ Z∗
k(u),

then the singular set naturally splits into the following two disjoint parts

St(u) :=
⋃︂
k≥2

Zt
k(u) and S∗(u) :=

⋃︂
k≥2

Z∗
k(u).

In order to prove their stratified structure, we need the notion of dimension of the singular
set at one of its points.

Definition 8.1.4. For any x0 ∈ Zk(u), we define the dimension of Zk(u) at x0 as

dx0
k := dim

{︂
ξ ∈ RN : ∇xp

x0
k (x, 0) · ξ = 0 for all x ∈ RN

}︂
.

We observe that, since px0
k ̸≡ 0 on RN × {0}, we have that 0 ≤ dx0

k ≤ N − 1. Finally,
let us define

Zn
k (u) :=

{︁
x0 ∈ Zk(u) : dx0

k = n
}︁
. (8.1.8)

We are now able to describe the structure of the singular set. Roughly speaking, we
show that Zk(u) is contained in a dx0

k -dimensional manifold near x0.

Theorem 8.1.5. The set St(u) is contained in a countable union of (N − 1)-dimensional
C1-manifolds, while S∗(u) is contained in a countable union of (N − 2)-dimensional C1-
manifolds. Furthermore

St(u) =
N−1⋃︂
n=0

Stn(u) and S∗(u) =
N−2⋃︂
n=0

S∗
n(u),

where
Stn(u) :=

⋃︂
k≥2

Zt
k(u) ∩ Zn

k (u) and S∗
n(u) :=

⋃︂
k≥2

Z∗
k(u) ∩ Zn

k (u)

and they are contained in a countable union of n-dimensional C1 manifolds.

The last result of our paper yields estimates on the Hausdorff dimension of the nodal
set and of its regular and singular part.

Theorem 8.1.6. Let u ∈ H1(B+
1 ; t1−2s) be the unique solution of (8.1.3) and assume

u ̸≡ 0 on B′
1. Then

either Z(u) = ∅ or dimH(Z(u)) = N − 1. (8.1.9)

Furthermore, in the latter case

either R(u) = ∅ or dimH(R(u)) = N − 1 (8.1.10)

and
either S(u) = ∅ or dimH(S(u)) ≤ N − 1. (8.1.11)
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The proof relies on Theorem 8.1.1 and Federer’s Reduction Principle. We observe that
the previous result immediately implies the boundary unique continuation from sets of
positive N -dimensional measure.

Corollary 8.1.7. Let u ∈ H1(B+
1 ; t1−2s) be the unique solution to (8.1.3). If |Z(u)|N > 0,

then u ≡ 0 in B+
1 .

Outline of the chapter The rest of the chapter is organized as follows. In Section
8.2 we provide some basic properties of the solution, including the optimal regularity in
Hölder spaces. Section 8.3 is devoted to the proof of monotonicity of a perturbed Almgren
type frequency function and of a Monneau functional. These results are then applied in
Section 8.4 to perform a blow-up analysis for a suitable scaling of the solution, which leads
to the proof of Theorem 8.1.1. Finally, in Section 8.5 we prove the structure of the free
boundary and Hausdorff dimension estimates.

8.2 Optimal regularity and main properties of the solution
In this section we higlight some important features of the solution and we establish its
optimal regularity.

In order to prove existence and uniqueness of a solution to problem (8.1.3), it is useful to
set up a variational framework. Hence, we introduce, for any v ∈ H1(B+

1 ; t1−2s) ∩Lp(B′
1),

the following energy functional

J(v) := 1
2

∫︂
B+

1

t1−2s |∇v|2 dxdt+ 1
p

∫︂
B′

1

(λ−(v−)p + λ+(v+)p) dx (8.2.1)

and the constraint

Θ = Θg :=
{︂
v ∈ H1(B+

1 ; t1−2s)∩Lp(B′
1) : v − g ∈ H1

0,S+
1

(B+
1 ; t1−2s)

}︂
. (8.2.2)

We need the following Poincaré inequality.

Lemma 8.2.1. For all r > 0 and for all v ∈ H1(B+
r ; t1−2s), there holds

N + 1 − 2s
r2

∫︂
B+

r

t1−2sv2 dxdt ≤
∫︂
B+

r

t1−2s |∇v|2 dxdt+ 1
r

∫︂
S+

r

t1−2sv2 dS.

Proof. Just by integration of the identity

div(t1−2sv2z) = 2t1−2sv∇v · z + (N + 2(1 − s))t1−2sv2

over B+
r and Young’s inequality (with z = (x, t)).

This variational setting allows us to prove the following.
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Proposition 8.2.2. There exists a unique solution to problem (8.1.3), i.e. a function
u ∈ Θ such that∫︂

B+
1

t1−2s∇u · ∇φ dxdt =
∫︂
B′

1

(λ−(u−)p−1 − λ+(u+)p−1)φ dx,

for all φ ∈ H1
0,S+

1
(B+

1 ; t1−2s). In particular, the solution u is the unique minimum of the
functional J under the constraint Θ. Here Θ and J are as in (8.2.1) and (8.2.2).

Proof. Thanks to the form of the functional J , the proof of existence is standard and is
based on Lemma 8.2.1, weak lower-semicontinuity of the weighted H1-norm, compactness
of the trace embedding H1(B+

1 ; t1−2s) ↪→ L2(B′
1), and Fatou’s Lemma. Uniqueness follows

from strict convexity of the functions t ↦→ (t±)p.

The first notable property of the solution is that its positive and negative part are
subharmonic functions, with respect to the operator − div(t1−2s∇(·)), in B+

1 ∪ B′
1. We

first give the precise definition.

Definition 8.2.3. We say that a function v ∈ H1(B+
1 ; t1−2s) is t1−2s-subharmonic in

B+
1 ∪B′

1 if ∫︂
B+

1

t1−2s∇v · ∇φdxdt ≤ 0,

for all φ ∈ H1
0,S+

1
(B+

1 ; t1−2s) such that φ ≥ 0 a.e. Moreover, we say that v ∈ H1(B+
1 ; t1−2s)

is t1−2s-harmonic in B+
1 ∪B′

1 if∫︂
B+

1

t1−2s∇v · ∇φdxdt = 0,

for all φ ∈ H1
0,S+

1
(B+

1 ; t1−2s).
Finally, we say that v ∈ H1

loc(Ω; t1−2s) is t1−2s-harmonic in an open Ω ⊆ RN+1 if∫︂
Ω
t1−2s∇v · ∇φdxdt = 0,

for all φ ∈ C∞
c (Ω).

We then prove t1−2s-subharmonicity of the positive and negative part of solutions to
(8.1.3).

Lemma 8.2.4. Let u ∈ H1(B+
1 ; t1−2s) be the unique solution to (8.1.3). Then u+ and u−

are t1−2s-subharmonic in B+
1 ∪B′

1.

Proof. Let φ ∈ H1
0,S+

1
(B+

1 ; t1−2s) such that φ ≥ 0 a.e. and, for ε > 0 small, let uε :=
(u− εφ)+ − u−. One can immediately notice that

u+
ε = (u− εφ)+ ≤ u+ and that u−

ε = u−. (8.2.3)
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Since uε = u on S+
1 , by minimality and (8.2.3) we have∫︂
B+

1

t1−2s
⃓⃓⃓
∇u+

⃓⃓⃓2
dxdt ≤

∫︂
B+

1

t1−2s
⃓⃓⃓
∇(u− εφ)+

⃓⃓⃓2
dxdt.

This yields∫︂
B+

1

t1−2s |∇u|2 χ{u≥0} dxdt ≤
∫︂
B+

1

t1−2s |∇(u− εφ)|2 χ{u≥εφ} dxdt

≤
∫︂
B+

1

t1−2s |∇(u− εφ)|2 χ{u≥0} dxdt.

By expanding the last term we obtain∫︂
B+

1

t1−2s∇u+ · ∇φ dxdt ≤ ε

2

∫︂
B+

1

t1−2s |∇φ|2 χ{u≥0} dxdt

for all ε > 0, which implies t1−2s-subharmonicity of u+. Similarly, by letting uε :=
u+ − (u+ εφ)− we can prove t1−2s-subharmonicity of u−.

Since u+ and u− are t1−2s-subharmonic, the weak maximum principle (together with
boundedness of g on S+

1 and a reflection argument) immediately implies the following, see
[FKS82, Theorem 2.2.2] and [MS68, Theorem 6.7].

Lemma 8.2.5 (Weak maximum principle). Let u ∈ H1(B+
1 ; t1−2s) be the unique solution

of problem (8.1.3). Then

min{0, inf
S+

1

g} ≤ u ≤ max{0, sup
S+

1

g}

a.e. in B+
1 . In particular u ∈ L∞(B+

1 ) and

∥u∥L∞(B+
1 ) ≤ sup

S+
1

|g| .

We also recall the validity of mean value inequalities for for t1−2s-subharmonic func-
tions. The following result immediately comes from [WW16, Lemma A.1] and an even-in-t
reflection.

Lemma 8.2.6. Let v ∈ H1(B+
1 ; t1−2s) ∩ C(B+

1 ∪ B′
1) be t1−2s-subharmonic in B+

1 ∪ B′
1.

Then

v(x0, 0) ≤ αN,s
rN+2(1−s)

∫︂
B+

r (x0)
t1−2sv dxdt and v(x0, 0) ≤ βN,s

rN+1−2s

∫︂
S+

r (x0)
t1−2sv dS

for all x0 ∈ B′
1 and r > 0 such that B+

r (x0) ⊂⊂ B+
1 , where

αN,s :=
∫︂
B+

1

t1−2s dxdt and βN,s :=
∫︂
S+

1

t1−2s dS.
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Boundedness of the solution, stated in Lemma 8.2.5, allows us to deduce its regularity.
In particular, from [ALP15, Theorem 6.4] (see also [STV19, Theorem 1.5 and 1.6]) and
[DJ21, Theorem 1.1] we deduce the following.

Lemma 8.2.7. Let u ∈ H1(B+
1 ; t1−2s) be the unique solution to problem (8.1.3). There

holds

• if s < 1/2 then u ∈ C0,2s(B+
1/4) and

∥u∥C0,2s(B+
1/4) ≤ C(N, s, p, ∥u∥L∞(B+

1 ));

• if s > 1/2 then u ∈ C1,2s−1(B+
1/4 ∪B′

1/4) and

∥u∥C1,2s−1(B+
1/4∪B′

1/4) ≤ C(N, s, p, ∥u∥L∞(B+
1 ));

• if s = 1/2 then u ∈ C1,α(B+
1/4 ∪B′

1/4) for some α ∈ (0, 1) (depending on p) and

∥u∥C1,α(B+
1/4∪B′

1/4) ≤ C(N, ∥u∥L∞(B+
1 )).

Remark 8.2.8. We point out that the result is optimal when s ̸= 1/2. Indeed, let Ψ(x)
be harmonic in RN . Then, the function u(x, t) = (t2s + 2s)Ψ(x) is a solution of (8.1.3)
with λ+ = λ− = 1 and p = 2, and so Lemma 8.2.7 is sharp. On the contrary, when
s = 1/2 the regularity is actually higher, depending on the exponent p (we refer to [DJ21]
for a detailed exposition).

Even though the global regularity cannot exceed the one just stated, if we look sep-
arately at the derivatives in x and the weighted derivative in t, we are able to prove
something more. Let us first recall a regularity result, which can be easily derived from
[TX11, Proposition 3.1].

Lemma 8.2.9. Let U ∈ H1(B+
1 ; t1−2s) be a weak solution of⎧⎪⎨⎪⎩

− div(t1−2s∇U) = 0, in B+
1 ,

− lim
t→0

t1−2s∂U

∂t
= b U + d, on B′

1,

with b, d ∈ L∞(B′
1). Then U ∈ L∞(B+

1/2) and

∥U∥L∞(B+
1/2) ≤ C(∥U∥L2(B+

1 ;t1−2s) + ∥d∥L∞(B′
1)),

for a certain C > 0 depending on N, s and ∥b∥L∞(B′
1).

Remark 8.2.10. By inspecting the proof of the previous lemma, which is based on an
iterative Moser-type argument, one can find a more explicit expression for the constant C
and emphasize the dependence on ∥b∥L∞(B′

1). More precisely

C = c1(max{c2, ∥b∥L∞(B′
1) + 1})c3 ,

where the ci’s are positive constant depending on N and s.
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Lemma 8.2.11. Let u ∈ H1(B+
1 ; t1−2s) be the unique solution to problem (8.1.3). Then

there exists α ∈ (0, 1)∩(0, 2s), R0 ∈ (0, 1/4) and C > 0, possibly depending on N, s, ∥g∥L∞(S+
1 ),

such that

∥∇xu∥C0,α(B+
R0

) ≤ C ∥∇u∥L2(B+
1 ;t1−2s) , (8.2.4)⃦⃦⃦⃦

t1−2s∂u

∂t

⃦⃦⃦⃦
C0,α(B+

R0
)

≤ C. (8.2.5)

Proof. Estimate (8.2.5) comes from Lemma 8.2.7 and [CS14, Lemma 4.5] (recalled in
Lemma 7.3.3).

On the other hand, for i = 1, . . . , N , let ei be the i-th vector of the standard basis of
RN+1 and, for h ∈ R sufficiently small and z = (x, t) ∈ B+

1/4, let

uh(x, t) = uhi (x, t) := u(x+ hei, t) − u(x, t)
|h|

.

This function weakly satisfies⎧⎪⎨⎪⎩
− div(t1−2s∇uh) = 0, in B+

1/4,

− lim
t→0+

t1−2s∂u
h

∂t
= Vhu

h, on B′
1/4,

where

Vh(x) =
[︃
λ−

(u−(x+ hei, 0))p−1 − (u−(x, 0))p−1

u(x+ hei, 0) − u(x, 0)

− λ+
(u+(x+ hei, 0))p−1 − (u+(x, 0))p−1

u(x+ hei, 0) − u(x, 0)

]︃
χ{uh(x) ̸=0}(x).

From Lemma 8.2.9 we know that uh ∈ L∞(B+
r1), for some r1 ∈ (0, 1/4) and that

∥uh∥L∞(B+
r1 ) ≤ C1

⃦⃦⃦
uh
⃦⃦⃦
L2(B+

1/4;t1−2s)
, (8.2.6)

with C1 > 0 depending on N, s and
⃦⃦⃦
V h
⃦⃦⃦
L∞(B′

1/4)
. Thanks to the Lipschitz continuity

of the function t ↦→ (t±)p−1 on real compact intervals and to Lemma 8.2.5, we have that
Vh ∈ L∞(B′

1/4) and its L∞-norm is bounded by a constant that depends on p, λ−, λ+ and
∥u∥L∞(B+

1 ), uniformly with respect to h. More precisely, a direct study of the function

(y1, y2) ↦→

⃓⃓⃓
(y±

1 )p−1 − (y±
2 )p−1

⃓⃓⃓
|y1 − y2|

tells us that

∥Vh∥L∞(B′
1/4) ≤ (λ− + λ+)(p− 1) ∥u∥p−2

L∞(B+
1 ) uniformly in h. (8.2.7)
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Combining this fact with (8.2.6), in view of Remark 8.2.10 and Lemma 8.2.5, we have that⃦⃦⃦
uh
⃦⃦⃦
L∞(B+

r1 )
≤ C̃1

⃦⃦⃦
uh
⃦⃦⃦
L2(B+

1/4;t1−2s)
, (8.2.8)

with C̃1 > 0 depending on N, s, λ+, λ−, p and ∥g∥L∞(S+
1 ). From [STV19, Theorem 1.5]

we know that, for α ∈ (0, 1) ∩ (0, 2s) for which (8.2.5) holds, there exists r2 ∈ (0, r1) and
C2 > 0, depending on N, s, α such that⃦⃦⃦

uh
⃦⃦⃦
C0,α(B+

r2 )
≤ C2

[︃⃦⃦⃦
uh
⃦⃦⃦
L2(B+

r1 ;t1−2s)
+
⃦⃦⃦
Vh u

h
⃦⃦⃦
L∞(B+

r1 )

]︃
. (8.2.9)

Actually, [STV19, Theorem 1.5] (see also [STV19, Theorem 8.2]) states this result for
Vhu

h ∈ Lq for some q sufficiently large; nevertheless, by scanning the proof, one can check
that it still holds true for q = ∞ without any change. On the other hand, by (8.2.7) and
(8.2.8) we have that ⃦⃦⃦

Vh u
h
⃦⃦⃦
L∞(B+

r1 )
≤ C̄2

⃦⃦⃦
uh
⃦⃦⃦
L2(B+

1/4;t1−2s)
,

with C̄2 > 0 depending on N, s, λ+, λ−, p. Therefore, combining this with (8.2.9), we
deduce that ⃦⃦⃦

uh
⃦⃦⃦
C0,α(B+

r2 )
≤ C̃3

⃦⃦⃦
uh
⃦⃦⃦
L2(B+

1/4;t1−2s)
(8.2.10)

with C̃3 > 0 depending on N, s, α, λ+, λ−, p. Since u ∈ H1(B+
1 ; t1−2s), we have that⃦⃦⃦

uh
⃦⃦⃦
L2(B+

1/4;t1−2s)
→
⃦⃦⃦⃦
∂u

∂xi

⃦⃦⃦⃦
L2(B+

1/4;t1−2s)
as |h| → 0.

Therefore, by the Ascoli-Arzelà Theorem, up to a subsequence,

uh → ∂u

∂xi
uniformly in B+

r2 as |h| → 0

and the, passing to the limit in (8.2.10) yields⃦⃦⃦⃦
∂u

∂xi

⃦⃦⃦⃦
C0,α(B+

r2 )
≤ C̃3

⃦⃦⃦⃦
∂u

∂xi

⃦⃦⃦⃦
L2(B+

1/4;t1−2s)
.

By iterating the argument for any i = 1, . . . , N we have that (8.2.4) holds.

Remark 8.2.12. By standard elliptic regularity theory, since the weight t1−2s is uniformly
bounded in every compact subset of B+

1 , we have that u ∈ C∞(B+
1 ). Moreover, by a

covering argument in B+
1 ∪B′

1 we can say that u, ∇xu and t1−2s∂tu are in C0,α
loc (B+

1 ∪B′
1).

In view of the regularity of the solution, we have that also a strong maximum principle
holds.
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Lemma 8.2.13. Let u ∈ H1(B+
1 ; t1−2s) be the unique solution to (8.1.3) and assume

g ̸≡ 0 on S+
1 . Then

u > 0 in B+
1 ∪B′

1 if g ≥ 0 on S+
1 ,

u < 0 in B+
1 ∪B′

1 if g ≤ 0 on S+
1 .

Proof. In view of Remark 8.2.12, the proof follows from Lemma 8.2.5, Hopf Lemma and
boundary Hopf Lemma for A2-weighted elliptic equations, which can be found respectively
in [FKS82, Corollary 2.3.10] and [CS14, Proposition 4.11] (also recalled in Proposition
7.3.2).

8.3 Monotonicity Formulas
In this section we introduce a perturbed Almgren type frequency function, suitable for our
problem, and we prove its monotonicity. As a consequence we deduce the existence of
the limit of the standard Almgren frequency function of the solution, as the radius of the
underlying ball vanishes. Finally, we introduce a Monneau type functional and we show
it is nondecreasing with respect to the radius.

For any v ∈ H1(B+
1 ; t1−2s) ∩ Lp(B′

1), x0 ∈ B′
1 and r ∈ (0, R0) (with R0 as in Lemma

8.2.11), such that B+
r (x0) ⊆ B+

R0
, we define the functions

Ex0(v, r) := 1
rN−2s

∫︂
B+

r (x0)
t1−2s |∇v|2 dxdt, Hx0(v, r) := 1

rN+1−2s

∫︂
S+

r (x0)
t1−2sv2 dS

(8.3.1)
and the classical frequency function

Nx0(v, r) := Ex0(v, r)
Hx0(v, r) . (8.3.2)

Moreover we let

F (v) := λ−(v−)p + λ+(v+)p, Gx0(v, r) := 1
rN−2s

∫︂
B′

r(x0)
F (v) dx. (8.3.3)

Then we introduce the perturbed frequency function

Ñx0(v, r) := Ẽx0(v, r)
Hx0(v, r) , where Ẽx0(v, r) := Ex0(v, r) + 2

p
Gx0(v, r).

The first goal of the section is to prove monotonicity of Ñx0(u, r) with respect to r ∈
(0, R0), where u is the unique solution to problem (8.1.3). Hereafter, when we compute
the functionals above at the origin x0 = 0 and for v = u, we may drop this dependence in
our notation and simply write, e.g. Ñ (r). Without loss of generality, in this section we
can assume x0 = 0.

Lemma 8.3.1. Let v ∈ C∞(B+
1 ). There holds the following formula, for z ∈ B+

1 ,

div(t1−2s |∇v|2 z−2t1−2s(∇v·z)∇v) = (N−2s)t1−2s |∇v|2−2(∇v·z) div(t1−2s∇v). (8.3.4)
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Proof. Since the proof is essentially just computations, we only sketch it. We first have
that

div(t1−2s |∇v|2 z − 2t1−2s(∇v · z)∇v)
= (N+2(1−s))t1−2s |∇u|2+t1−2sz·∇(|∇u|2)−2(∇v·z) div(t1−2s∇v)−2t1−2s∇v·∇(∇v·z).

(8.3.5)

Moreover it’s easy to check that the following identity holds

z · ∇(|∇v|2) = 2∇v · ∇(∇v · z) − 2 |∇v|2 .

By plugging this into (8.3.5) we obtain the thesis.

Lemma 8.3.2. For a.e. r ∈ (0, R0) we have that

1
rN−2s

∫︂
S+

r

t1−2s |∇u|2 dxdt = N − 2s
r

Ẽ(r) + 2
rN−2s

∫︂
S+

r

t1−2s
(︃
∂u

∂ν

)︃2
dS

− 2
prN−2s

∫︂
∂B′

r

F (u) dσ + 4s
pr
G(r). (8.3.6)

and ∫︂
S+

r

t1−2su
∂u

∂ν
dS =

∫︂
B+

r

t1−2s |∇u|2 dxdt+
∫︂
B′

r

(λ−(u−)p + λ+(u+)p) dx. (8.3.7)

Proof. Since similar computations can be found in literature, we give a sketch of the proof
and, among others, we refer to [FF14, Theorem 3.7] for a precise justification. In order to
prove (8.3.6) we first integrate (8.3.4) over B+

r , which, taking into account the equation
(8.1.3) satisfied by u, gives

(N − 2s)
∫︂
B+

r

t1−2s |∇u|2 dxdt

= r

∫︂
S+

r

t1−2s |∇u|2 dS−2r
∫︂
S+

r

t1−2s
(︃
∂u

∂ν

)︃2
dS−2

∫︂
B′

r

(︂
λ−(u−)p−1 − λ+(u+)p−1

)︂
(∇xu·x) dx.

(8.3.8)

Now, integrating by parts in B′
r and taking into account the identity

(u±)p−1∇xu
± · x = 1

p
∇x(u±)p · x

we obtain the following expression for the last term in (8.3.8)∫︂
B′

r

(︂
λ−(u−)p−1 − λ+(u+)p−1

)︂
(∇xu · x) dx = −r

p

∫︂
∂B′

r

F (u) dσ + N

p

∫︂
B′

r

F (u) dx,

where F is as in (8.3.3). Combining the previous identity with (8.3.8) and reorganizing the
terms yields (8.3.6). Finally, (8.3.7) comes from multiplying by u the equation satisfied
by u itself and integrating over B+

r .
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Lemma 8.3.3. We have that H(r) > 0 for all r ∈ (0, R0).

Proof. If we assume H(r̄) = 0 for a certain r̄ ∈ (0, R0), then we reach a contradiction
thanks to (8.3.7) and unique continuation principle (see e.g. [SS80, Theorem 7.1]).

In the following lemma we state the regularity of the function H and we compute its
derivative.

Lemma 8.3.4. We have that H ∈ C1(0, R0) and

H ′(r) = 2
rN+1−2s

∫︂
S+

r

t1−2su
∂u

∂ν
dS (8.3.9)

= 2
r

[︃
Ẽ(r) +

(︃
1 − 2

p

)︃
G(r)

]︃
, (8.3.10)

for all r ∈ (0, R0).

Proof. Let us fix r0 ∈ (0, R0) and let us examine the limit

lim
r→r0

H(r) −H(r0)
r − r0

= lim
r→r0

∫︂
S+

1

t1−2su
2(rz) − u2(r0z)

r − r0
dS(z),

where z = (x, t) ∈ S+
1 . Since u ∈ C∞(B+

1 ) (see Remark 8.2.12) we know that

lim
r→r0

u2(rz) − u2(r0z)
r − r0

= 2u(r0z)∇u(r0z) · z.

In order to pass to the limit under the integral sign, we make use of Lebesgue Dominate
Convergence Theorem. In fact, from Lagrange Theorem and regularity of the solution (see
Lemma 8.2.11) we derive that, for all z ∈ S+

1 and r ∈ (r0/2, R0),⃓⃓⃓⃓
⃓u2(rz) − u2(r0z)

r − r0

⃓⃓⃓⃓
⃓ ≤ C sup

B+
R0

\B+
r0/2

|u|
[︃

sup
B+

R0
\B+

r0/2

|∇xu| + sup
B+

R0
\B+

r0/2

⃓⃓⃓⃓
t1−2s∂u

∂t

⃓⃓⃓⃓ ]︃
,

with C > 0 depending on R0 and s. We also recall that the weight t1−2s is integrable; this,
together with Lemma 8.2.11, allows us to conclude the proof of (8.3.9). Finally, (8.3.10)
is a consequence of (8.3.9), (8.3.7) and the definition of Ẽ (8.3.1). The proof is thereby
complete.

Remark 8.3.5. In view of the assumption p ≥ 2, we infer from Lemma 8.3.4 that H ′(r) ≥
0 for all r ∈ (0, R0).

Lemma 8.3.6. We have that Ẽ ∈ W 1,1
loc (0, R0) and

Ẽ′(r) = 2
rN−2s

∫︂
S+

r

t1−2s
(︃
∂u

∂ν

)︃2
dS + 4s

pr
G(r)

in a distributional sense and for a.e. r ∈ (0, R0).
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Proof. For any r ∈ (0, R0) we let

E(r) :=
∫︂
B+

r

t1−2s |∇u|2 dxdt+ 2
p

∫︂
B′

r

F (u) dx,

so that
Ẽ(r) = 1

rN−2sE(r).

First of all it’s easy to verify that E ∈ L1(0, R0). Secondly, we compute its distributional
derivative, that is, by coarea formula

E′(r) =
∫︂
S+

r

t1−2s |∇u|2 dS + 2
p

∫︂
∂B′

r

F (u) dσ, (8.3.11)

where dσ denotes the surface N − 1 dimensional measure of RN . Again it’s easy to see
that E′ ∈ L1(0, R0), thus implying that E ∈ W 1,1(0, R0). Now, by definition we have that
Ẽ ∈ W 1,1

loc (0, R0) and

Ẽ′(r) = r−(N+1−2s)[rE′(r) − (N − 2s)E(r)].

This, together with identity (8.3.6), yields the thesis.

Theorem 8.3.7. The perturbed Almgren frequency function Ñ belongs to W 1,1
loc (0, R0) and

it is nondecreasing in (0, R0), i.e. Ñ ′(r) ≥ 0 for all r ∈ (0, R0) in a distributional sense.
In particular there exists

k := lim
r→0

Ñ (r) ∈ [0,∞).

Proof. Combining Lemma 8.3.4 and Lemma 8.3.6 we have that

H2(r)Ñ ′(r) = Ẽ′(r)H(r) − Ẽ(r)H ′(r)

= 2
r2N+1−4s

(︄∫︂
S+

r

t1−2s
(︃
∂u

∂ν

)︃2
dS
)︄(︃∫︂

S+
r

t1−2su2 dS
)︃

+ 4s
pr
G(r)H(r)

− r

2(H ′(r))2 + r

2

(︃
1 − 2

p

)︃
G(r)H ′(r)

= 2
r2N+1−4s

[︄(︄∫︂
S+

r

t1−2s
(︃
∂u

∂ν

)︃2
dS
)︄(︃∫︂

S+
r

t1−2su2 dS
)︃

−
(︃∫︂

S+
r

t1−2su
∂u

∂ν
dS
)︃2]︄

+ 4s
pr
G(r)H(r) +

(︃
1 − 2

p

)︃
G(r)H ′(r) ≥ 0,

where the last inequality follows from Cauchy-Schwartz inequality, Remark 8.3.5 and the
assumption s ∈ (0, 1).

From [FF14, Lemma 2.5] we immediately deduce the following trace inequality.
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Lemma 8.3.8. There exists a constant C1 = C1(N, s) > 0 such that∫︂
B′

r

v2 dx ≤ C1

(︃
r2s
∫︂
B+

r

t1−2s |∇v|2 dxdt+ r2s−1
∫︂
S+

r

t1−2sv2 dS
)︃

for all v ∈ H1(B+
r ; t1−2s) and for all r > 0.

We obtain as a consequence that the “unperturbed” frequency function N has a limit
at 0+.

Proposition 8.3.9. Let k ∈ [0,∞) be as in Theorem 8.3.7. Then there exists the limit of
N (r) as r → 0+ and limr→0+ N (r) = k.

Proof. Let r > 0 be sufficiently small. Trivially N (r) ≤ Ñ (r). On the other hand, thanks
to the boundedness of u, we have that∫︂

B′
r

F (u) dx ≤ 2 max{λ−, λ+} ∥u∥p−2
L∞(B1)

∫︂
B′

r

u2 dx.

Therefore, thanks to Lemma 8.3.8, we have that

G(r) = 1
rN−2s

∫︂
B′

r

F (u) dx ≤ Cr2s(E(r) +H(r)), (8.3.12)

(with C > 0 depending on N, s, λ±, p, ∥u∥L∞(B1) , p) which in turn implies

Ñ (r) ≤ (1 + Cr2s)N (r) + Cr2s.

Hence
Ñ (r) − Cr2s

1 + Cr2s ≤ N (r) ≤ Ñ (r)

and the proof is thereby complete.

Corollary 8.3.10. Let k = limr→0 Ñ (r). Then the following hold:

(i) there exists a constant K1 > 0, depending on N, s, ∥u∥L∞(B+
1 ) , k such that

H(r) ≤ K1r
2k for all r ∈ (0, R0);

(ii) for any δ > 0 there exists a constant K2 = K2(δ) > 0, depending also on N, s, u
such that

H(r) ≥ K2r
2k+δ for all r ∈ (0, R0).

Proof. From Lemma 8.3.4 and Theorem 8.3.7 we know that

H ′(r)
H(r) = 2

r

[︃
Ñ (r) +

(︃
1 − 2

p

)︃
G(r)
H(r)

]︃
≥ 2
r
k.
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By integrating the inequality above in (r,R0), thanks to the boundedness of u, we conclude
the proof of point (i). On the other hand, we recall that

H ′(r)
H(r) = 2

r

[︃
N (r) + G(r)

H(r)

]︃
.

Recalling (8.3.12), we obtain

H ′(r)
H(r) ≤ 2

r

[︂
N (r) + Cr2s(N (r) + 1)

]︂
.

Hence, since limr→0 N (r) = k, for any δ > 0 there exists r0 = r0(δ) > 0 such that, for all
r ∈ (0, r0)

H ′(r)
H(r) ≤ 2k + δ

r

Integrating the inequality above and taking into account the boundedness of u, we obtain
that

H(r) ≥ C2r
2k+δ for all r ∈ (0, r0).

Thanks to continuity and positivity of H we may conclude the proof of (ii).

The previous result readily implies an estimate on the growth rate of the solution u
near the origin.

Corollary 8.3.11. Let x0 ∈ B′
R0/2 and let k = limr→0 Ñ§′(u, r). Then there exists C̃ > 0

depending on N , s, ∥g∥L∞(S+
1 ) and k (independent of x0) such that

|u(x+ x0, 0)| ≤ C̃ |x|k for all x ∈ B′
R0/2.

Proof. Let x ∈ B′
R0/2 and let r := |x|. Thanks to Lemma 8.2.4 and Lemma 8.2.6 we have

that
|u(x+ x0, 0)| ≤ αN,s

rN+2(1−s)

∫︂
B+

r (x+x0)
t1−2s |u| dxdt.

Moreover ∫︂
B+

r (x+x0)
t1−2s |u| dxdt ≤

∫︂
B+

2r(x0)
t1−2s |u| dx.

From Cauchy-Schwartz inequality we deduce that

∫︂
B+

2r(x0)
t1−2s |u| dxdt ≤ C1r

1
2 (N+2(1−s))

(︄∫︂
B+

2r(x0)
t1−2su2 dxdt

)︄1/2

,

for some C1 > 0 depending on N, s and independent of x0. Gathering in chain all the
previous inequalities we obtain that

|u(x+ x0, 0)| ≤ C2

r
1
2 (N+2(1−s))

(︄∫︂
B+

2r(x0)
t1−2su2 dxdt

)︄1/2

, (8.3.13)
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with C2 > 0 again depending only on N, s. Now, Corollary 8.3.10 point (i) implies that∫︂
B+

2r(x0)
t1−2su2 dxdt =

∫︂ 2r

0

(︄∫︂
S+

ρ (x0)
t1−2su2 dS

)︄
d ρ ≤ C3r

N+2(1−s)+2k,

where C3 > 0 depends on N, s, ∥g∥L∞(S+
1 ) , k. Indeed the proof of Corollary 8.3.10 point

(i) can be trivially adapted to the function Hx0(u, r) with the same constant K1. The
proof may now be concluded by combining the inequality above with (8.3.13).

We now introduce the following functional of Monneau type

Mx0
γ (v, w, r) := 1

r2γHx0(v − w, r),

defined for v, w ∈ H1(B+
1 ; t1−2s), x0 ∈ B′

1, r ∈ (0, 1) and γ ≥ 0, with Hx0 as in (8.3.1).
As indicated before, we drop the index x0 in the notation for Mx0

γ when x0 = 0. In
the following proposition we prove the monotonicity of this functional with respect to
r ∈ (0, R0/2) when the solution u and a polynomial in Psk are “compared”.

Proposition 8.3.12. Let k = limr→0 Ñ (r) and let pk ∈ Psk be an t1−2s-harmonic homoge-
neous polynomial of degree k, even in t, i.e. respectively satisfying (8.1.7), (8.1.6), (8.1.5).
Then Mk(u, pk, ·) ∈ C1(0, R0/2) and

d
drMk(u, pk, r) ≥ −Ĉrk(p−2)+2s−1,

for some Ĉ > 0 depending on N , s, ∥g∥L∞(S+
1 ) and k.

Proof. Let r ∈ (0, R0/2). Since

d
drMk(u, pk, r) = d

dr (r−2kH(u− pk, r))

= −2kr−2k−1H(u− pk, r) + r−2k d
drH(u− pk, r), (8.3.14)

we thus need to compute the latter. By integrating the identity

div(t1−2su∇pk) = t1−2s∇u · ∇pk + udiv(t1−2s∇pk)

in B+
r we obtain ∫︂

B+
r

t1−2s∇u · ∇pk dxdt =
∫︂
S+

r

t1−2su
∂pk
∂ν

dS, (8.3.15)

since pk is t1−2s-harmonic and t1−2s ∂pk
∂t = 0 on B′

r. Moreover, on S+
r , we have

∂pk
∂ν

= 1
r

∇pk · z = k

r
pk
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by the homogeneity of pk. Combining this fact with (8.3.15) we have that

r

∫︂
B+

r

t1−2s∇u · ∇pk dxdt = k

∫︂
S+

r

t1−2supk dS. (8.3.16)

On the other hand, we have that the function u− pk weakly satisfies⎧⎪⎨⎪⎩
− div(t1−2s∇(u− pk)) = 0, in B+

r ,

− lim
t→0+

t1−2s ∂

∂t
(u− pk) = λ−(u−)p−1 − λ+(u+)p−1, on B′

r,

that, multiplied by u− pk and integrated gives that∫︂
S+

r

t1−2s(u− pk)
∂

∂ν
(u− pk) dS =

∫︂
B+

r

t1−2s |∇(u− pk)|2 dxdt

+
∫︂
B′

r

(λ−(u+)p + λ+(u+)p) dx+
∫︂
B′

r

(λ−(u−)p−1 − λ+(u+)p−1)pk dx′. (8.3.17)

Let us denote

I(u, pk, r) := 1
rN−2s

∫︂
B′

r

(λ−(u−)p−1 − λ+(u+)p−1)pk dx′.

Reasoning as in the proof of Lemma 8.3.4, we have that

d
drH(u− pk, r) = 2

rN+1−2s

∫︂
S+

r

t1−2s(u− pk)
∂

∂ν
(u− pk) dS.

Therefore, combining it with (8.3.17) and (8.3.16) we deduce that

d
drH(u− pk, r) = 2

r
[E(u− pk, r) +G(u, r) + I(u, pk, r)]

= 2
r

[︃
E(u, r) + E(pk, r) +G(u, r) − 2

rN−2s

∫︂
B+

r

t1−2s∇u · ∇pk dxdt+ I(u, pk, r)
]︃

= 2
r

[︃
E(u, r) + E(pk, r) +G(u, r) − 2k

rN+1−2s

∫︂
S+

r

t1−2supk dS + I(u, pk, r)
]︃
.

In addition, since pk is homogeneous, then E(pk, r) = kH(pk, r); hence

d
drH(u−pk, r) = 2

r

[︃
E(u, r) + kH(pk, r) +G(u, r) − 2k

rN+1−2s

∫︂
S+

r

t1−2supk dS + I(u, pk, r)
]︃
.

(8.3.18)
Finally, let us compute the other term in (8.3.14)

H(u− pk, r) = H(u, r) +H(pk, r) − 2
rN+1−2s−1

∫︂
S+

r

t1−2supk dS. (8.3.19)
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Putting together (8.3.18) and (8.3.19) with (8.3.14) we obtain thatMk(u, pk, ·) ∈ C1(0, R0/2)
and

d
drMk(u, pk, r) = 2

r2k+1

[︃
Ẽ(u, r) − kH(u, r) +

(︃
1 − 2

p

)︃
G(u, r) + I(u, pk, r)

]︃
= 2
r2k+1

[︃
Ẽ(u, r) − kH(u, r) +

(︃
1 − 2

p

)︃
G(u, r)

]︃
(8.3.20)

+ 2
rN+1−2s+2k

∫︂
B′

r

(λ−(u−)p−1 − λ+(u+)p−1)pk dx′.

From Corollary 8.3.11 we have that

∥u∥L∞(B′
r) ≤ C̃rk,

while, being pk an homogeneous polynomial of degree k,

∥pk∥L∞(B′
r) ≤ C̃1r

k

for some C̃1 > 0. Therefore⃓⃓⃓⃓
⃓ 2
rN+1−2s+2k

∫︂
B′

r

(λ−(u−)p−1 − λ+(u+)p−1)pk dx′
⃓⃓⃓⃓
⃓ ≤ Ĉrk(p−2)+2s−1

for some Ĉ > 0 depending on N , s, ∥g∥L∞(S+
1 ) and k. In view of the inequality above and

(8.3.20), together with the fact that Ñ (r) ≥ k and that p ≥ 2, the proof is complete.

Corollary 8.3.13. There exists limr→0Mk(u, pk, r) =: Mk(u, pk, 0+) ∈ [0,+∞). More-
over

Mk(u, pk, 0+) ≤ Mk(u, pk, r) + Ĉ1r
k(p−2)+2s, for all r ∈ (0, R0/2), (8.3.21)

where Ĉ1 := Ĉ(k(p− 2) + 2s)−1 and Ĉ > 0 is as in Proposition 8.3.12.

Proof. From Proposition 8.3.12 we can derive that

d
dr

[︄
Mk(u, pk, r) + Ĉrk(p−2)+2s

k(p− 2) + 2s

]︄
≥ 0. (8.3.22)

Hence the following limit exists and it is finite

lim
r→0

[︄
Mk(u, pk, r) + Ĉrk(p−2)+2s

k(p− 2) + 2s

]︄
.

Since s ∈ (0, 1) and p ≥ 2, we know that rk(p−2)+2s vanishes as r → 0, therefore

lim
r→0

[︄
Mk(u, pk, r) + Ĉrk(p−2)+2s

k(p− 2) + 2s

]︄
= lim

r→0
Mk(u, pk, r) =: Mk(u, pk, 0+).

In addition Mk(u, pk, r) ≥ 0 for all r ∈ (0, R0/2) and so Mk(u, pk, 0+) ≥ 0 as well. Finally,
by integration in (0, r) of (8.3.22) we obtain (8.3.21) and we conclude the proof.
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8.4 Blow-up analysis
This section is devoted the blow-up analysis of a particular normalization of the solution,
which then leads to the proof of Theorem 8.1.1.

Hereafter, we fix R̃ ∈ (0, R0/2). In this section we denote, for z ∈ B+
1 and r ∈ (0, R),

ur(z) := u(rz)√︁
H(r)

. (8.4.1)

The first step is the blow-up analysis for the function ur.

Theorem 8.4.1. Let k = limr→0 N (r) and ur as in (8.4.1). Then k ∈ N ∪ {0} and for
any sequence rn → 0+ there exists a subsequence rni → 0+ and a function ũ ∈ Psk, ũ ̸≡ 0,
such that

urni
→ ũ in H1(B+

1 ; t1−2s), and C0,α(B+
1 ) (8.4.2)

urni
→ ũ in C1,α(B′

1) (8.4.3)

as i → ∞.

Proof. Let rn → 0+. First, we have that urn ∈ H1(B+
1 ; t1−2s) and∫︂

S+
1

t1−2su2
rn

dS = H(urn , 1) = 1.

Moreover ∫︂
B+

1

t1−2s |∇urn |2 dxdt = N (urn , 1) = N (u, rn) ≤ Ñ (u,R0).

Therefore, thanks to the Poincaré type inequality Lemma 8.2.1, we know that {urn}n
is bounded in H1(B+

1 ; t1−2s). Thus there exists a subsequence rni → 0 and a function
ũ ∈ H1(B+

1 ; t1−2s) such that

urni
⇀ ũ weakly in H1(B+

1 ; t1−2s)

as i → ∞ and, due to compact embedding, urni
→ ũ strongly in L2(B+

1 ; t1−2s) which
implies that ∥ũ∥L2(B+

1 ;t1−2s) = 1 and then ũ ̸≡ 0. We have that ur ∈ H1(B+
1 ; t1−2s)

satisfies∫︂
B+

1

t1−2s∇ur · ∇φ dxdt = r2s(H(r))
p−2

2

∫︂
B′

1

(λ−(u−
r )p−1 − λ+(u+

r )p−1)φ dx

for all φ ∈ C∞
c (B+

1 ∪B′
1). Hence, for φ ∈ C∞

c (B+
1 ∪B′

1) we have⃓⃓⃓⃓
⃓
∫︂
B+

1

t1−2s∇urni
· ∇φdxdt

⃓⃓⃓⃓
⃓ ≤ Cr2s

ni
(H(rni))

p−2
2

∫︂
B′

1

⃓⃓⃓
urni

⃓⃓⃓p−1
dx, (8.4.4)
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where C = 2 max{λ−, λ+} ∥φ∥L∞(B+
1 ). We now observe that, thanks to Corollary 8.3.11,

⃓⃓⃓
urni

(x, 0)
⃓⃓⃓p−1

≤ Cr
k(p−1)
ni

(H(rni))
p−1

2
,

for another constant C > 0. Combining this with (8.4.4) we obtain that⃓⃓⃓⃓
⃓
∫︂
B+

1

t1−2s∇urni
· ∇φ dxdt

⃓⃓⃓⃓
⃓ ≤ Cr

k(p−1)+2s
ni

(H(rni))1/2 .

up to renaming the constant C. Now, by choosing δ = 2s in Corollary 8.3.10 point (ii),
and plugging the estimate on H in the previous equation, we derive that⃓⃓⃓⃓

⃓
∫︂
B+

1

t1−2s∇urni
· ∇φdxdt

⃓⃓⃓⃓
⃓ ≤ Crk(p−2)+s

ni
,

possibly renaming again the constant C. Thus, passing to the limit for i → ∞ yields
that ũ is t1−2s-harmonic in B+

1 ∪B′
1. Thanks to the regularity of ur in Hölder spaces (see

Lemma 8.2.7 and Lemma 8.2.11) we can easily deduce that

urni
→ ũ, in C0,α(B+

1 ), as i → ∞,

as well as

∇xurni
→ ∇xũ and t1−2s∂urni

∂t
→ t1−2s∂urni

∂t
, in C0,α(B+

1 ), as i → ∞,

which, after integration by parts, imply that ∥urni
∥H1(B+

1 ;t1−2s) → ∥ũ∥H1(B+
1 ;t1−2s) and

then urni
→ ũ strongly in H1(B+

1 ; t1−2s) as i → ∞. Hence (8.4.2) and (8.4.3) are proved.
Now we can pass to the limit in the Almgren frequency function and obtain that, for

any R ∈ (0, 1)
k = lim

i→∞
N (u,Rrni) = lim

i→∞
N (urni

, R) = N (ũ, R),

which implies that ũ is homogeneous of degree k. Therefore, the even reflection of ũ
through {t = 0} is an t1−2s-harmonic homogeneous polynomial of degree k. But such a
polynomial must be smooth (see e.g. [STV19, Theorem 1.1]) and so we know that k must
be a nonnegative integer and that ũ ∈ Psk. The proof is thereby complete.

Next, we prove a nondegeneracy result of the solution at any boundary point.

Proposition 8.4.2. There exists two constants C1, C2 > 0 such that the following esti-
mates from above and below hold:

|u(z)| ≤ C1 |z|k for all z ∈ B+
r (8.4.5)

and
sup
S+

r

|u| ≥ C2r
k (8.4.6)

for all r ∈ (0, R̃). Moreover, there exists limr→0 r
−2kH(u, r) ∈ (0,+∞).
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Proof. In order to prove (8.4.5), let us assume by contradiction that there exists a sequence
rn → 0 such that

sup
z∈S+

rn

|u(z)| ≥ nrkn.

Together with Corollary 8.3.10 and a change of variable this means that

sup
S+

1

|urn |2 ≥ K1n

∫︂
S+

1

t1−2su2
rn

dS.

But in view of Theorem 8.4.1 this gives rise to a contradiction for n sufficiently large.
Now let us prove (8.4.6). We observe that (8.4.6) is equivalent to

r−2k sup
S+

r

|u|2 ≥ C2
2 > 0. (8.4.7)

It is also possible to prove that

r−2kH(u, r) ≤ C̄r−2k sup
S+

r

|u|2 .

for some C̄ > 0. So let us contradict (8.4.7) and assume that, up to a subsequence

0 ≤ r−2kH(u, r) ≤ C̄r−2k sup
S+

r

|u|2 → 0,

and so that
H(u, r) = o(r2k), as r → 0. (8.4.8)

Let ũ ∈ H1(B+
1 ; t1−2s) be, as in Theorem 8.4.1, the blow-up limit of ur(z) = [H(u, r)]−1/2u(rz),

possibly passing to another subsequence as r → 0. By definition of the Monneau-type
functional, we have

Mk(u, ũ, r) = r−2k
(︃
H(u, r) +H(ũ, r) − 2

rN+1−2s

∫︂
S+

r

t1−2suũdS
)︃
. (8.4.9)

Thanks to homogeneity of ũ, we notice that

H(ũ, r) = r2kH(ũ, 1). (8.4.10)

On the other hand, by Hölder’s inequality, (8.4.8) and (8.4.10)⃓⃓⃓⃓
r−N+2s−2k

∫︂
S+

r

t1−2suũdxdt
⃓⃓⃓⃓

≤
√︂
r−2kH(u, r)

√︂
r−2kH(ũ, r) = o(1)

as r → 0. Combining this with (8.4.9) and (8.4.10) we obtain that

Mk(u, ũ, r) → H(ũ, 1),

186



CHAPTER 8. AN OBSTACLE PROBLEM FOR THE FRACTIONAL LAPLACIAN

as r → 0. Then, by monotonicity of Mk(u, ũ, r), proved in Proposition 8.3.12, we have
that

r−2kH(ũ, r) = H(ũ, 1) ≤ r−2kH(u− ũ, r) + Ĉ1r
k(p−2)+2s,

which, after expansion, says that

1
rN+1−2s

∫︂
S+

r

t1−2s(u2 − 2uũ) dS ≥ −Ĉ1r
kp+2s (8.4.11)

for the chosen sequence r → 0. But, after rescaling and dividing by
√︂
r2kH(u, r), thanks

again to the homogeneity of ũ, (8.4.11) becomes∫︂
S+

1

t1−2s(
√︂
r−2kH(u, r)u2

r − 2urũ) dS ≥ − Ĉ1r
k(p−1)+2s√︁
H(u, r)

.

Now, let us apply Corollary 8.3.10 point (ii) with δ = 2s. We have that there exists
K2 > 0 such that H(u, r) ≥ K2r

2k+2s; going on with the inequality above we get∫︂
S+

1

t1−2s(
√︂
r−2kH(u, r)u2

r − 2urũ) dS ≥ −Ĉ1r
k(p−2)+s

and passing to the limit as r → 0 we obtain that

−2H(ũ, 1) = −2
∫︂
S+

1

t1−2sũ2 dS ≥ 0

thus giving rise to a contradiction. Indeed H(ũ, 1) > 0 because, if not the unique contin-
uation principle would be violated, since H(ũ, 1) = r−2kH(ũ, r) for all r ∈ (0, 1). Then
there exists a constant C > 0 such that

C ≤ r−2kH(u, r) ≤ C̄r−2k sup
S+

r

|u|2

for all r ∈ (0, 1) and this proves (8.4.6). The second part of the thesis comes from the
inequality above and Corollary 8.3.10 point (i).

Here the monotonicity of the Monneau functional (defined in (8.3)) enters and it allows
to uniquely identify the blow-up limit and to prove Theorem 8.1.1.

Proof of Theorem 8.1.1. Let rn → 0. By Theorem 8.4.1 there exists a subsequence rni → 0
and an t1−2s-harmonic homogeneous polynomial ũ, even in t, such that

urni
→ ũ in H1(B+

1 ; t1−2s), C0,α(B+
1 ) and C1,α(B′

1)

as i → ∞. Therefore, if we let γ := limr→0 r
−2kH(u, r) ∈ (0,+∞), whose existence in

ensured by Proposition 8.4.2, we have that

ukrni
→ u0 := √

γ ũ in H1(B+
1 ; t1−2s), C0,α(B+

1 ) and C1,α(B′
1)
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as i → ∞, where
ukr (z) := u(rz)

rk
.

By Corollary 8.3.13 the functional Mk(u, u0, r) admits a limit as r → 0, therefore

lim
r→0

Mk(u, u0, r) = lim
i→∞

Mk(u, u0, rni) = lim
i→∞

Mk(ukrni
, u0, 1) = 0.

Now we prove that the limit does not depend on the choice of the subsequence. Let
rni → 0 another subsequence and ũ0 another possbile limit: again ũ0 is an t1−2s-harmonic
homogeneous polynomial of degree k and even in t. Hence, analogously

lim
r→0

Mk(u, ũ0, r) = lim
i→∞

Mk(u, ũ0, rni) = lim
i→∞

Mk(ukrni
, ũ0, 1) = 0.

Furthermore∫︂
S+

1

t1−2s(u0 − ũ0)2 dxdt = Mk(u0, ũ0, r) ≤ 2Mk(u, u0, r) + 2Mk(u, ũ0, r) → 0

as r → 0 and so u0 = ũ0 and the proof is concluded.

Remark 8.4.3. First of all we point out that the functions ũ and u0, defined respectively
in Theorem 8.4.1 and Theorem 8.1.1 are such that u0 = √

γ ũ, where γ = limr→0 r
−2kH(u, r) >

0.
Moreover, since u0 is an t1−2s-harmonic polynomial in RN+1

+ and since limt→0+ t1−2s ∂u0
∂t =

0, then u0 cannot vanish everywhere on the thin space {t = 0}, because otherwise its
trivial extension to the whole RN+1 would violate the unique continuation principle for
A2-weighted elliptic equations, see [TZ08, Corollary 1.4] (see also [GRO19, Lemma 5.2]).

Remark 8.4.4. We recall that

Z(u) = {x0 ∈ B′
1 : u(x0, 0) = 0},

Zk(u) = {x0 ∈ Z(u) : Nx0(u, 0+) = k}.

Thanks to Theorem 8.1.1, for any x0 ∈ Z(u) there exists a unique integer k ≥ 1 and a
unique t1−2s-harmonic polynomial px0

k ∈ Psk, homogeneous of degree k such that

uk,x0
r (z) := u(rz + x0)

rk
→ px0

k (z) in H1(B+
1 ; t1−2s).

We refer to this polynomial as the blow-up limit of u at the point x0.

We conclude the section by proving the continuous dependence of the blow-up limits
on the nodal points. This result plays a pivotal role in the analysis of the structure of the
free boundary.
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Theorem 8.4.5. Let k ∈ N, k ≥ 1. Then the map

Zk(u) −→ Psk

x0 ↦−→ px0
k

is continuous, where Z1(u) = R(u) and px0
k as in Remark 8.4.4. Moreover for any compact

K ⊆ Zk(u) ⃦⃦⃦
uk,x0
r − px0

k

⃦⃦⃦
L∞(B+

1/2)
→ 0 as r → 0, uniformly for x0 ∈ K.

In particular there exists a modulus of continuity σK(t) ≥ 0, σK(0+) = 0 such that⃓⃓
u(z) − px0

k (z − x0)
⃓⃓

≤ σK(|z − x0|) |z − x0|k ,

for any x0 ∈ K.

Proof. First we observe that Psk is a subset of finite dimensional space, namely the space
of homogeneous polynomial of degree k, and so all the norms are equivalent: we choose
to endow this space with the L2(S+

1 ; t1−2s)-norm. Thanks to Theorem 8.1.1, for any
x0 ∈ Zk(u) and any ε > 0 there exists rε = rε(x0) ∈ (0, ε) such that

Mx0
k (u, px0

k , r) = r−N+2s−2k
∫︂
S+

r

t1−2s(u(z + x0) − px0
k (z))2 dS < ε

for all r < rε. Moreover, due to α-Hölder continuity of u and the previous inequality,
there exists δε = δε(x0, k, α) > 0 such that

M x̄
k (u, px0

k , r) = r−N+2s−2k
∫︂
S+

r

t1−2s(u(z + x̄) − px0
k (z))2 dS < 2ε, (8.4.12)

for any x̄ ∈ Zk(u) satisfying |x̄− x0| < δε and for any r < rε. Then, the almost mono-
tonicity of M x̄

k (u, px0
k , r) (see Corollary 8.3.13) yields∫︂

S+
1

t1−2s(px̄k − px0
k )2 dS = lim

r→0
M x̄
k (u, px0

k , r)

≤ M x̄
k (u, px0

k , r) + Ĉ1r
k(p−2)+2s < 3ε (8.4.13)

and for any x̄ ∈ Zk(u) such that |x̄− x0| < δε and for any r < rε (up to taking a smaller
rε, chosen independently of x̄). This proves the first part of the statement.

Now, let us fix a compact K ⊆ Zk(u) and let x0 ∈ K. From now until the end of the
proof, we denote by C a positive constant, whose value may change from line to line, that
is independent of ε and of the choice of x̄. From (8.4.12) we deduce that∫︂

S+
r

t1−2s(u(z + x̄) − px0
k (z))2 dS ≤ 2εrN−2s+2k
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which, integrated in r and up to a change of variable, yields,⃦⃦⃦
uk,x̄r − px0

k

⃦⃦⃦2

L2(B+
1 ;t1−2s)

≤ Cε, (8.4.14)

for any x̄ ∈ Zk(u) such that |x̄− x0| < δε and for any r < rε. By a change of variable in
(8.4.13) we obtain that ∫︂

S+
r

t1−2s(px̄k − px0
k )2 dS ≤ CεrN−2s+2k.

Again, integrating in r and with a backwards change of variable, we can infer⃦⃦⃦
px̄k − px0

k

⃦⃦⃦2

L2(B+
1 ;t1−2s)

≤ Cε

for any x̄ ∈ Zk(u) such that |x̄− x0| < δε and for any r < rε. Combining the previous
estimate with (8.4.14) we have that⃦⃦⃦

uk,x̄r − px̄k

⃦⃦⃦
L2(B+

1 ;t1−2s)
≤ C

√
ε (8.4.15)

for any x̄ ∈ Zk(u) such that |x̄− x0| < δε and for any r < rε. We now observe that the
function wk,x̄r := uk,x̄r − px̄k ∈ H1(B+

1 ; t1−2s) weakly solves⎧⎪⎨⎪⎩
− div(t1−2s∇wk,x̄r ) = 0, in B+

1 ,

− lim
t→0

t1−2s∂w
k,x̄
r

∂t
= rk(p−2)+2s(λ−((uk,x̄r )−)p−1 − λ+((uk,x̄r )+)p−1), on B′

1.

If we let
d := rk(p−2)+2s(λ−((uk,x̄r )−)p−1 − λ+((uk,x̄r )+)p−1),

in view of Corollary 8.3.11 we have that

∥d∥L∞(B′
1) ≤ Crk(p−2)+2s.

Therefore, from Lemma 8.2.9, by virtue of the previous inequality and (8.4.15), we can
say that ⃦⃦⃦

wk,x̄r

⃦⃦⃦
L∞(B+

1/2)
≤ C

(︃⃦⃦⃦
wk,x̄r

⃦⃦⃦
L2(B+

1 ;t1−2s)
+ ∥d∥L∞(B′

1)

)︃
,

≤ C(
√
ε+ rk(p−2)+2s)

for any x̄ ∈ Zk(u) such that |x̄− x0| < δε and for any r < rε. In particular we can choose
rε sufficiently small (independently of x̄) in such a way that⃦⃦⃦

uk,x̄r − px̄k

⃦⃦⃦
L∞(B+

1/2)
≤ C

√
ε.

The conclusion of the proof follows by a covering argument of the compact set K.
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8.5 Regularity of the free boundary
The goal of this last section is to prove the results regarding the structure of the free
boundary, more precisely its rectifiability and estimates on the Hausdorff dimension of its
parts. A first step is the proof of the regularity of the regular part R(u).

Proposition 8.5.1. The regular part of the free boundary R(u) is relatively open in Z(u)
while, for k ≥ 2, the k-singular part Zk(u) is of type Fσ, i.e. the union of countably many
closed sets.

Proof. The proof of the first claim immediately follows from the upper-semicontinuity of
the map x0 ↦→ N (x0, u, 0+), combined with the fact that the frequency function takes no
values in the range (1, 2). In view of Proposition 8.4.2, the proof of the second claim is
the same as [GP09, Lemma 1.5.3], so we omit it.

Proof of Proposition 8.1.3. First of all, we recall that any t1−2s-harmonic, 1-homogeneous
polynomial p1(x, t) must be smooth (see e.g. [STV19]) and so it must depend only on
the variable x and be harmonic in x. In particular p1(x, t) = x · ν for some ν ∈ SN−1 =
SN ∩ {t = 0}. Then, from Theorem 8.1.1 we know that, for any x0 ∈ R(u) there exists
νx0 ∈ SN−1 such that

u(x, 0) = (x− x0) · νx0 + o(|x− x0|)

as x → x0. Moreover, from Theorem 8.4.5 we know that the map x0 ↦→ νx0 is continuous on
R(u). Since u(·, 0) ∈ C1,α(B′

1) we can compute the directional derivative and observe that
∇xu(x0, 0) = νx0 thus proving that R(u) ⊆ {x0 ∈ Z(u) : |∇xu(x0, 0)| ̸= 0}. The opposite
inclusion trivially comes from Theorem 8.1.1. Finally, the implicit function theorem allows
us to conclude the proof.

The following result is a key step in the proof of Theorem 8.1.5, and we refer to [STT20,
Theorem 7.7] for the proof, which basically relies on Theorem 8.4.5, Proposition 8.5.1,
Whitney’s extension theorem (as stated in [Whi34]) and the implicit function theorem.

Lemma 8.5.2. For any k ≥ 2 and for any n = 0, . . . , N − 1, the sets Zn
k (u) (defined in

(8.1.8)) are contained in a countable union of n-dimensional C1 manifolds.

As a consequence, we are now able to prove Theorem 8.1.5.

Proof of Theorem 8.1.5. For any fixed n ≥ 0, the sets Zt
k1

(u)∩Zn
k1

(u) and Zt
k1

(u)∩Zn
k1

(u)
are disjoint for k1 ̸= k2; therefore

Stn(u) = St(u) ∩
(︁ ⋃︂
k≥2

Zn
k (u)

)︁
and so it is contained in a countable union of n-dimensional C1 manifold, thanks to Lemma
8.5.2. Then, taking the union for n = 0, . . . , N − 1, we obtain the desired result for St(u).
The same applies for the stratum S∗(u), but in this case the dimension at any point cannot
exceed the threshold N − 2, since the polynomials in P∗

k are harmonic in RN .
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The last part of this section is dedicated to the proof of Theorem 8.1.6, regarding the
Hausdorff dimension of the nodal set Z(u) and of its regular and singular part. The main
tool we exploit is a generalization of the Federer’s Reduction Principle. The basic idea
is the following. Consider a family of functions F of RN invariant under rescaling and
translation and a map Σ which associates to every function in F a subset of RN . This
principles establishes that, under suitable conditions on F and Σ, in order to control the
Hausdorff dimension of Σ(f) for every f ∈ F , you just need to control the Hausdorff
dimension of Σ(f) for the functions f that are homogeneous of some degree. Up to our
knowledge, this principle (originally proved by Federer) appears for the first time in the
form we need in [Sim83, Appendix A]. We make use of the following version of the principle,
which is a particular case of the generalization made by Chen, see [Che98b, Theorem 8.5]
and [Che98a, Proposition 4.5].

Theorem 8.5.3 (Federer’s reduction principle). Let F ⊆ C1,α
loc (RN ) and let, for any

u ∈ F , x0 ∈ RN and r > 0
ux0
r (x) := u(x0 + rx).

We say that un → u in F as n → ∞ if un → u in C1,α
loc (RN ). Let us assume that the

family F satisfies the following conditions:

(F1) (closure under appropriate translations and rescalings) for any r, ρ ∈ (0, 1), x0 ∈
B′

1−r and u ∈ F we have that ρux0
r ∈ F ;

(F2) (existence of a homogeneous blow-up limit) for any x0 ∈ B′
1, rn → 0 and u ∈ F ,

there exists a sequence ρn > 0, a real number µ ≥ 0 and an µ-homogeneous function
û ∈ F such that, up to a subsequence ρnux0

rn
→ û in F ;

(F3) (singular set hypotheses) there exists a map Σ: F → C, where

C := {A ⊆ RN : A ∩B′
1 is relatively closed in B′

1},

such that

(i) for any r, ρ ∈ (0, 1), x0 ∈ B′
1−r and u ∈ F we have that

Σ(ρux0
r ) = Σ(u) − x0

r
;

(ii) for any x0 ∈ B′
1, rn → 0, u, û ∈ F such that there exists ρn > 0 for which

ρnu
x0
rn

→ û in F , the following holds true:

for any ε > 0 there exists nε > 0 such that
Σ(ρnux0

rn
) ⊆ {x ∈ B′

1 : dist(x,Σ(û)) ≤ ε} for all n ≥ nε.

Then either Σ(u) = ∅ for every u ∈ F or dimH(Σ(u)) ≤ d for every u ∈ F , where

d := max{dimV : V is a subspace of RN and there exists µ ≥ 0 and u ∈ F
such that Σ(u) ̸= ∅ and ux0

r = rµu for all x0 ∈ V, r > 0},
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Furthermore, in the latter case there exists a function ψ ∈ F , a d-dimensional subspace
V ⊆ RN and a real number µ ≥ 0 such that

ψbr = rµψ for all b ∈ V, r > 0 and Σ(ψ) = V ∩B1.

Finally, if d = 0 the set Σ(u) ∩B′
r is discrete for every u ∈ F and r ∈ (0, 1).

Let us consider the following class of problems, to be intended in a weak sense⎧⎪⎨⎪⎩
− div(t1−2s∇u) = 0, in B+

R ,

− lim
t→0

t1−2s∂u

∂t
= λ

(︂
λ−(u−)p−1 − λ+(u+)p−1

)︂
, on B′

R,
(8.5.1)

for R ≥ 1, λ ≥ 0 and let us introduce the following family of functions:

F :=
{︃
u(·, 0) : u ∈ C0,α

loc (RN+1
+ ), ∇xu ∈ C0,α

loc (RN ), u(·, 0) ̸≡ 0 in RN

and solves (8.5.1) for some R ≥ 1 and λ ≥ 0
}︃
. (8.5.2)

Remark 8.5.4. We observe that if u ∈ F is homogeneous of degree µ > 0, then it must
satisfy

− lim
t→0

t1−2s∂u

∂t
= 0, on B′

R

because the function y ↦→ λ−(y−)p−1 − λ+(y+)p−1 is homogeneous of degree p − 1 with
p ≥ 2. This means that the even reflection of such u is harmonic in B1.

Now we are ready to prove the last main result of our paper.

Proof of Theorem 8.1.6. Let F be as in (8.5.2). It is straightforward to check that as-
sumptions (F1) and (F2) in Theorem 8.5.3 are satisfied by F , in view also of Theorem
8.1.1. Then, we choose the map Σ depending on the claim.
Hausdorff dimension of Z(u). In order to prove (8.1.9), we let Σ(u) := Z(u). It’s easy
to prove that the singular set hypotheses in (F3) are fulfilled by this choice of the map Σ.
Therefore Theorem 8.5.3 applies and we have that either Z(u) = ∅ or dimH(Z(u)) ≤ d.
Assume by contradiction that d = N . Then there exists a function û ∈ F , homogeneous
of some degree µ > 0, that, in view of Remark 8.5.4, weakly solves⎧⎪⎪⎪⎨⎪⎪⎪⎩

− div(t1−2s∇û) = 0, in B+
1 ,

û = 0, on B′
1,

− lim
t→0

t1−2s∂û

∂t
= 0, on B′

1.

We notice that it must be û ≡ 0, because otherwise its trivial extension to the whole
B1 ⊆ RN+1 would violate the unique continuation principle. But this is a contradiction,
since 0 /∈ F .
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Hausdorff dimension of R(u). (8.1.10) is an immediate consequence of Proposition
8.1.3.
Hausdorff dimension of S(u). Finally, we let Σ(u) := S(u). Again, it’s not hard
to verify the hypotheses in (F3), hence we can apply the theorem in this case as well.
Moreover, since S(u) ⊆ Z(u), we have that dimH(S(u)) ≤ N − 1. In fact, this bound is
optimal. In order to see this, we consider [STT20, Proposition 4.13]. There, the authors
found explicit expressions for 2-dimensional t1−2s-harmonic polynomials, homogeneous of
any possible integer degree. In particular, for (y, t) ∈ R2 and k ∈ 2N, the following is a
k-homogeneous, t1−2s-harmonic polynomial of degree k, even in the variable t

p(y, t) =
(−1)

k
2 Γ
(︂

1
2 + 1−2s

2

)︂
2kΓ

(︂
1 + k

2

)︂
Γ
(︂

1
2 + 1−2s

2 + k
2

)︂ 2F1

(︄
−k

2 ,−
k

2 − 1 − 2s
2 + 1

2 ,
1
2 ,−

y2

t2

)︄
tk,

where Γ is the usual Gamma function and 2F1 is the hypergeometric function. To conclude
the proof of (8.1.11), it is sufficient to consider V = {x ∈ RN : xN = 0} and û(x, t) =
p(xN , t).
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