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Cusps of hyperbolic 4-manifolds and rational homology spheres

Leonardo Ferrari, Alexander Kolpakov and Leone Slavich

Abstract

In the present paper, we construct a cusped hyperbolic 4-manifold with all cusp sections
homeomorphic to the Hantzsche–Wendt manifold, which is a rational homology sphere. By a
result of Golénia and Moroianu, the Laplacian on 2-forms on such a manifold has purely discrete
spectrum. This shows that one of the main results of Mazzeo and Phillips from 1990 cannot hold
without additional assumptions on the homology of the cusps. This also answers a question by
Golénia and Moroianu from 2012.

We also correct and refine the incomplete classification of compact orientable flat 3-manifolds
arising from cube colourings provided earlier by the last two authors.

1. Introduction

A Riemannian n-manifold M with a complete metric of constant sectional curvature −1 is
called a hyperbolic n-manifold. Equivalently, one may think of M as a quotient space of
the n-dimensional hyperbolic space Hn by a discrete torsion-free subgroup Γ < Isom(Hn) of
isometries. By replacing Hn with Xn = Sn (spherical space) or En (Euclidean space), we can
analogously define spherical (with constant sectional curvature +1) and Euclidean (or flat,
with constant sectional curvature 0) n-manifolds.

Hyperbolic n-manifolds of finite volume split into two natural classes: compact and cusped
ones. The latter ones are necessarily non-compact, and Margulis’ lemma [2, Theorem D.1.1]
implies that their topological ends have the form E × [0,+∞) with warped product metric,
where E is a compact Euclidean (n− 1)-manifold called a cusp section.

In this paper, we are interested in understanding the possible structure of cusps of finite-
volume hyperbolic 4-manifolds and, in particular, we give a positive answer to a question posed
by Golénia and Moroianu [8, Question 1].

Theorem 1.1. There exists a finite-volume orientable hyperbolic 4-manifold M with all
cusp sections homeomorphic to the Hantzsche–Wendt manifold.

The Hantzsche–Wendt manifold is the only rational homology sphere among the six possible
homeomorphism types of compact orientable Euclidean 3-manifolds (see [9] or [21, Corollary
3.5.10]). To the best of our knowledge, the manifold M of Theorem 1.1 is the first example
of an orientable complete non-compact finite volume hyperbolic n-manifold all of whose cusp
sections are rational homology (n− 1)-spheres.

The other interesting fact is that the spectrum of the Laplacian Δ2 acting on 2-forms
on M is purely discrete by [8, Theorem 1.2], and this is the first example of an orientable
hyperbolic manifold with such property. This contradicts the work of Mazzeo and Phillips
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[16, Theorem 1.11], which states that all finite volume, cusped hyperbolic n-manifolds should
have non-empty continuous spectrum for the Laplacian Δk on k-forms, for all k = 0, . . . , n.

The issue here is that Mazzeo and Phillips’ result [16, Theorem 1.11] apparently holds
under the tacit assumption that the cusped hyperbolic manifold M is orientable and that no
cusp section of M has two consecutive Betti numbers equal to 0zero. Moreover, Golénia and
Moroianu [8] conjecture that the latter condition on non-vanishing of the Betti numbers cannot
be taken for granted, which Theorem 1.1 shows indeed to be the case. The fact that spectra of
differential operators on cusped hyperbolic manifolds can be purely discrete was first remarked
by Bär in [1, Theorem 1] for Dirac operators.

Also we note that the classification from [12, Proposition 3.2] of the so-called proper
colourings of the 3-dimensional cube is incomplete, and use the opportunity to correct the
omissions. The resulting new classification turns out to be more succinct and transparent.

Outline of the paper

In Section 2, we review colourings on right-angled polytopes, how they can be used to define
hyperbolic manifolds, and some of their properties. In Section 3, we classify up to isometry all
orientable manifolds arising as colourings of a 3-dimensional unit cube, correcting and refining
the incomplete classification from [12, Proposition 3.2]. In Section 4, we introduce the right-
angled hyperbolic 24-cell, which is an ideal hyperbolic 4-polytope, and exhibit a colouring
which produces the manifold M of Theorem 1.1.

2. Preliminaries

A finite-volume polytope P ⊂ Xn (for Xn = Sn,En,Hn being spherical, Euclidean and hyper-
bolic n-dimensional space, respectively, cf. [19, Chapters 1–3]) is called right-angled if any two
codimension 1 faces (or facets, for short) are either intersecting at right angles or disjoint. It
is known that hyperbolic right-angled polytopes cannot exist if n > 12 [6, 18]†, and examples
are known up to dimension n = 8 [18]. A polytope is called ideal if all its vertices are located
on the ideal boundary ∂Hn. Ideal right-angled polytopes cannot exist if n > 8, and the only
examples known have dimensions n � 4 [10].

2.1. Colourings of right-angled polytopes

One of the important properties of hyperbolic right-angled polytopes is that their so-called
colourings provide a rich class of hyperbolic manifolds. By inspecting the combinatorics of
a colouring, one may obtain important topological and geometric information about the
associated manifold.

Definition 2.1. Let S be an n-dimensional simplex with the set of vertices
V = {v1, . . . , vn+1} and W an F2-vector space. A map λ : V → W is called a colouring of S.
The colouring of S is proper if the vectors λ(vi), i = 1, . . . , n + 1 are linearly independent.

Let K be a simplicial complex with the set of vertices V. Then a colouring of K is a map
λ : V → W . A colouring λ of K is proper if λ is proper on each simplex in K.

Note that if P ⊂ Xn is a compact right-angled polytope, then P is necessarily simple and
the boundary complex KP of its dual P∗ is a simplicial complex.

†The upper bound for the dimension of a right-angled finite-volume hyperbolic polytope was shown to be 14
in [18], and then improved to 12 in [6].
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If the polytope P ⊂ Hn is right-angled and non-compact, it will necessarily have some ideal
vertices, and the boundary of its dual P∗ will not be simplicial anymore. However, all of
its codimension k > 1 faces will be simplices, and we can consider the maximal simplicial
subcomplex KP of the boundary of P∗.

Definition 2.2. Let P ⊂ Xn be a polytope with the set of facets F and KP be the maximal
simplicial subcomplex of the boundary of P∗. A colouring of P is a map λ : F → W , where W
an F2-vector space. This map naturally defines a colouring of KP . Then λ is called proper if
the induced colouring on KP is proper.

If the polytope P or the vector space W are clear from the context, then we will omit them
and simply refer to λ as a colouring. The rank of λ is the F2-dimension of imλ. We will always
assume that colourings are surjective, in the sense that the image of the map λ is a generating
set of vectors for W .

A colouring of a right-angled n-polytope P naturally defines a homomorphism, which
we still denote by λ without much ambiguity, from the associated right-angled Coxeter
group Γ(P) (generated by reflections in all the facets of P) into W (with its natural group
structure). Being a Coxeter polytope, P has a natural orbifold structure as the quotient
Xn/Γ(P).

Proposition 2.3 ([12], Proposition 2.1). If the colouring λ is proper, then kerλ < Γ(P) is
torsion-free, and Mλ = Xn/kerλ is a manifold.

If the dimension of the vector space W is minimal, that is, equal to the maximum number
of vertices in the simplices of P∗, Mλ is called a small cover of P. This is equivalent to
dim F2W = n if P has proper hyperbolic vertices, and dim F2W = n− 1 if P is ideal.

Definition 2.4. Let Sym(P) be the group of symmetries of a polytope P ⊂ Xn having
set of facets F . Two W -colourings λ, μ : F → W of P are called equivalent (or DJ-equivalent,
after Davis and Januszkiewicz [5]) if there exists a combinatorial symmetry s ∈ Sym(P) and
an invertible linear transformation m ∈ GL(W ) such that λ = m ◦ μ ◦ s.

It is easy to see that DJ-equivalent proper colourings of a polytope P ⊂ Xn define
isometric manifolds.

2.2. Ideal vertices and cusp sections

When P has ideal vertices, it is also natural to determine the Euclidean cusp sections of the
manifold Mλ (see [12]). If p is an ideal vertex of P, its Euclidean vertex figure Ep is the
intersection of P with a sufficiently ‘small’ horosphere centred at p. Each facet of Ep will
correspond to a unique facet of P containing p.

Since P is right-angled, the vertex figure Ep has to be a right-angled Euclidean polytope
of dimension n− 1, uniquely determined up to homothety. This polytope will correspond to
a fundamental domain for the maximal affine Coxeter subgroup Γp < Γ(P) generated by the
reflections in the facets of P containing p. If P is regular, then also Ep has to be regular, and is
therefore forced to be an (n− 1)-cube. Given the colouring λ, let us consider its restriction to
the subgroup Γp. The kernel of this restriction will correspond to a maximal parabolic subgroup
in kerλ. We thus see that the vertex p lifts to a number of cusps in the manifold Mλ, and for
each such cusp the Euclidean cusp section corresponds to the manifold obtained by restricting
the colouring of P to Ep. The number of copies of each cusp is equal to [W : W ′], where W ′ is
the subspace of W generated by the colours of the facets of Ep.
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2.3. Symmetries of colourings

Given a (not necessarily proper) colouring λ of a right-angled polytope P, there is a natural
group of symmetries of the associated orbifold Mλ called its coloured isometry group. We
briefly recall its definition from [12, Section 2.1].

Definition 2.5. Let λ be a W -colouring of P. A symmetry s of P is admissible with respect
to λ if:

(1) the maps s induces a permutation of the colours assigned by λ to the facets of P;
(2) such permutation is realised by an invertible linear automorphism φ ∈ GL(W ).

Admissible symmetries are easily seen to form a subgroup, which we denote by Admλ(P),
of the symmetry group of P and there is a naturally defined homomorphism Φ from Admλ(P)
to GL(W ).

Recall that a colouring λ : Γ(P) → W defines a regular orbifold cover π : Mλ → P with
automorphism group W . The coloured isometry group Isomc(Mλ) is defined as the group
of symmetries of Mλ which are lifts of admissible symmetries of P. There is a short exact
sequence

1 → W → Isomc(Mλ) → Admλ(P) → 1

which clearly splits, so that

Isomc(Mλ) ∼= W � Admλ(P). (1)

The action of Admλ(P ) on W is precisely the one induced by the homomorphism Φ.
One advantage of colourings with large groups of admissible symmetries is that properties

such as properness, or the shape of eventual cusps, can be determined by looking at fewer
conditions and ‘pushing forward’ through the action of Admλ(P).

2.4. Computing the Betti numbers of colourings

Given a right-angled polytope P ⊂ Xn with an Fk
2-colouring λ, let us enumerate the facets F of

P in some order. Then, we may think that F = {1, 2, . . . ,m}. Let Λ be the defining matrix of
λ, that consists of the column vectors λ(1), . . . , λ(m) exactly in this order. Then Λ is a matrix
with k rows and m columns.

The manifold Mλ is homotopy equivalent to a non-positively curved cube complex Cλ
obtained by dualising the tessellation of Mλ into copies of the polytope P, so that for
every codimension-k stratum in the tessellation of Mλ, there is a k-dimensional cube in the
complex Cλ.

The cube complex Cλ admits a locally standard Fk
2-action, induced by the automorphism

group of the cover Mλ → P. This action endows Cλ with the structure of a real toric space
MR(K,Λ), where K = KP is the maximal simplicial subcomplex of the dual polytope P∗ and
Λ : Fm

2 → Fk
2 is the linear map represented by the defining matrix Λ (see [3]).

Let Row(Λ) denote the row space of Λ, while for a vector ω ∈ Row(Λ) let Kω be the simplicial
subcomplex of the complex K spanned by the vertices i (also labelled by the elements of
{1, 2, . . . ,m}) such that the i-th entry of ω equals 1.

If R is a commutative ring in which 2 is a unit, the co-homology of M = MR(K,Λ) can be
computed through the following formula [3, Theorem 1.1]:

Hp(M,R) ∼=
⊕

ω∈Row(Λ)

H̃p−1(Kω, R). (2)
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In what follows, we will be interested primarily in computing the Betti numbers of Mλ. By
applying equation (2) for R = Q, we obtain the following corollary.

Corollary 2.6. Let P ⊂ Xn be a right-angled polytope with a proper colouring λ, and
let Λ be the defining matrix of the latter. Then for the manifold Mλ, we have

βi(Mλ) =
∑

ω∈Row(Λ)

β̃i−1(Kω),

where βi denotes the i-th Betti number, and β̃i is the i-th reduced Betti number.

We conclude this section by proving the following useful proposition.

Proposition 2.7. Let P ⊂ Xn be a right-angled polytope with a proper colouring λ. The
manifold Mλ is orientable if and only if the vector ε = (1, . . . , 1) belongs to Row(Λ).

Proof. The manifold Mλ is orientable if and only if the kernel of the associated homomor-
phism λ : Γ(P) → Fk

2 contains only orientation preserving elements, that is, elements which
are expressed as the product of an even number of reflections in the facets of P. With each
element γ of Γ(P), we can associate a vector vγ in Fm

2 as follows: if the generator corresponding
to the ith facet of P appears an odd number of times in a word representing γ, then the ith
entry of vγ is equal to 1, and is zero otherwise. Note that vγ does not depend on the particular
choice of a word representing γ, since all the relations in the presentation of Γ(P) involve an
even number (possibly zero) of each generator. Indeed the above construction yields a group
homomorphism from Γ(P) to Fm

2 , and it easy to see that γ ∈ Γ(P) is orientation preserving if
and only if vγ is a vector with an even number of entries equal to 1.

Now, since the mth generator of Γ(P) is mapped by λ into the mth column of the matrix Λ,
for any γ ∈ Γ(P), λ(γ) = Λ · vγ , and therefore Mλ is orientable if and only if the right kernel
of Λ contains only vectors with an even number of 1 entries. Finally, vectors with an even
number of 1 entries are precisely those vectors which are orthogonal to ε = (1, . . . , 1). Since
Row(Λ) = (ker Λ)⊥, the proof is complete. �

3. Colouring the 3-cube

In this section, we take the opportunity to correct the incomplete classification of colouring
of the unit 3-dimensional cube that first appeared in [12]. This classification will be essential
later on in order to perform the main construction of the paper.

Let C = [0, 1]3 ⊂ R3 be the unit cube. We label its faces as shown in Figure 1, so that the
pairs of parallel faces have indices {1, 2}, {3, 4} and {5, 6}.

Given a colouring λ : Γ(C) → W = Fk
2 , k � 3, the rank of the matrix Λ clearly coincides with

the rank of the colouring λ. It is easy to see how the matrix Λ changes under DJ-equivalence:
if we pre-compose the colouring with a symmetry s ∈ Sym(C), we simply permute the columns
of Λ according to the action of the symmetry on the faces. If we post-compose the colouring
with a linear transformation m ∈ GL(Fk

2), we multiply Λ on the left by the k × k matrix that
represents the map m. Clearly, the kernel of Λ is invariant under post-composition with linear
transformation of Fk

2 , and so is Row(Λ) = (ker Λ)⊥.
Let ei be the standard ith basis vector, that is, a vector in Fk

2 such that (ei)j = δij , for
1 � j � k, where δij is the Kronecker symbol. The T -set associated to a cube C as in Figure 1
is T = {e1 + e2, e3 + e4, e5 + e6}, which is understood as a subset of F6

2. In general, the T -set
is a triple of vectors each having the form ei + ej , where the labels i and j correspond to a
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Figure 1. The cube C with labelled faces, and its dual octahedron O with labelled vertices.

pair of opposite sides of C: if the opposite sides of C have a different labelling, then the T -set
has to be changed accordingly.

Proposition 3.1. Let C be a cube and T be its T -set. Let λ : Γ(C) → Fk
2 , k � 3, be a proper

orientable colouring of C with defining matrix Λ, and let Mλ = R3/ kerλ be the associated
manifold. Then the following cases are possible.

(i) If Row(Λ) ∩ T = T , then Mλ
∼= F1 (the 3-torus).

(ii) If ∅ 
= Row(Λ) ∩ T � T , then Mλ
∼= F2 (the ‘half-twist’ manifold, that is, the unique

orientable Euclidean circle bundle over the Klein bottle).
(iii) If Row(Λ) ∩ T = ∅, then Mλ

∼= F6 (the Hantzsche–Wendt manifold).

Proof. The dual polytope of C is the octahedron O in Figure 1. Let K denote the simplicial
complex corresponding to the boundary of O. Given the face labelling on C, the vertices
of K also become labelled accordingly. Note that β̃0(Kω) equals 0 if Kω is connected, and
1 otherwise. Moreover, Kω is disconnected only for ω = {1, 2}, {3, 4} and {5, 6}. By using
Corollary 2.6, we have that β1(Mλ) = 3 if and only if T ⊂ Row(Λ), in which case we have
exactly three complexes Kω with β̃0(Kω) = 1, for ω ∈ T , and β̃0(Kω) = 0, for ω /∈ T . It follows
from [9] (see also [21, Corollary 3.5.10]) that F1 is the only closed flat orientable 3-manifold
with β1 equal to 3.

An analogous argument shows that β1(Mλ) = 0 if and only if T ∩ Row(Λ) = ∅. The only
closed flat orientable 3-manifold with vanishing β1 is F6 (see [9] or [21, Corollary 3.5.10]).

The remaining case is ∅ 
= Row(Λ) ∩ T � T . Moreover, the intersection can contain only
a single vector from T . Indeed, since λ is an orientable colouring, by Proposition 2.7 the
vector ε =

∑6
i=1 ei belongs to Row(Λ). This readily implies that whenever Row(Λ) contains

two elements of T , it contains their sum with ε, which is the third element of T .
Thus, we have that β1(Mλ) = 1. This does not completely identify Mλ: four out of six

closed orientable flat 3-manifolds satisfy this condition. However, all manifolds obtained from
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colourings have vanishing η-invariant, since they always admit orientation reversing isometries.
This is enough to conclude that Mλ is indeed F2: the only Euclidean 3-manifold with β1(Mλ) =
1 (see [9] or [21, Corollary 3.5.10]) and vanishing η–invariant (see [17] or [15, § 2.5]). �

3.1. DJ-equivalence and isometry classes of the colourings of the cube

We now refine the analysis of the previous section, and classify up to isometry all the orientable
manifolds arising from proper colourings of the unit cube.

The first step is to produce a classification up to DJ-equivalence. To do so, we generate all
possible orientable colourings of the unit cube using a computer and find representatives for all
DJ-equivalence classes. For the reader’s convenience, a SageMath worksheet which performs
this computation is available on GitHub [7].

Note that the dimension of the vector space is constrained between 3 (the rank of a small
cover) and 6 (the total number of faces of the cube). We then analyse the topology of the
resulting manifolds. Finally, we distinguish colourings of the same rank and homomorphism
type using properties which can be directly read off of the defining matrix and that are clearly
invariant under DJ-equivalence.

Rank 3

A 3-torus:

⎛
⎝ 1 1 0 0 0 0

0 0 1 1 0 0
0 0 0 0 1 1

⎞
⎠, and a half-twist manifold:

⎛
⎝ 1 1 0 0 0 1

0 0 1 1 0 1
0 0 0 0 1 1

⎞
⎠

Thus, there are only two types of manifolds arising from the cube as small covers. More
equivalence classes appear in higher ranks.

Rank 4

3-tori: (1)

⎛
⎜⎜⎝

1 0 0 0 0 0
0 0 1 1 0 0
0 0 0 0 1 1
0 1 0 0 0 0

⎞
⎟⎟⎠, (2)

⎛
⎜⎜⎝

1 0 0 0 0 1
0 0 1 1 0 0
0 0 0 0 1 1
0 1 0 0 0 1

⎞
⎟⎟⎠, (3)

⎛
⎜⎜⎝

1 0 0 1 0 1
0 0 1 1 0 0
0 0 0 0 1 1
0 1 0 1 0 1

⎞
⎟⎟⎠

These three tori can be distinguished by looking at the number of pairs of opposite faces
with linearly independent colours. In case (1), it is just one pair, two pairs in case (2) and three
pairs in case (3).

Half-twist manifolds: (1)

⎛
⎜⎜⎝

1 0 0 0 0 0
0 0 1 1 0 1
0 0 0 0 1 1
0 1 0 0 0 1

⎞
⎟⎟⎠, (2)

⎛
⎜⎜⎝

1 0 0 0 0 1
0 0 1 1 0 0
0 0 0 1 1 1
0 1 0 1 0 1

⎞
⎟⎟⎠

To distinguish (1) from (2), we use the same criterion that we used for the rank 4 tori: there
are two linearly independent pairs in (1) while there are three in (2).

A Hantzsche–Wendt manifold: Finally, there is a unique colouring of the cube which
yields the Hantzsche–Wendt manifold given below.⎛

⎜⎜⎝
1 0 0 0 0 1
0 0 1 1 0 1
0 0 0 1 1 0
0 1 0 1 0 1

⎞
⎟⎟⎠



8 LEONARDO FERRARI, ALEXANDER KOLPAKOV AND LEONE SLAVICH

Rank 5

3-tori: (1)

⎛
⎜⎜⎜⎜⎝

1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 1
0 1 0 0 0 0
0 0 0 1 0 0

⎞
⎟⎟⎟⎟⎠, (2)

⎛
⎜⎜⎜⎜⎝

1 0 0 0 0 1
0 0 1 0 0 0
0 0 0 0 1 1
0 1 0 0 0 1
0 0 0 1 0 0

⎞
⎟⎟⎟⎟⎠, (3)

⎛
⎜⎜⎜⎜⎝

1 0 0 0 0 1
0 0 1 0 0 1
0 0 0 0 1 1
0 1 0 0 0 1
0 0 0 1 0 1

⎞
⎟⎟⎟⎟⎠

In order to distinguish (1) from (2) and (3), we again look at the dimensions of the vector
spaces generated by the colours assigned to the pairs of opposite faces of the cube. There are
two pairs of linearly independent colours in (1) and three in (2) and (3).

Now, to tell (2) apart from (3), we note that all rows in (3) have an even number of 1 entries,
while in (2) there are two rows with an odd number of 1 entries. This means that if we multiply
these two matrices by the vector ε =

∑6
i=1 ei on the right, we obtain the zero vector in case

(3) and a non-zero vector in case (2). This property is invariant under DJ-equivalence, since
this amounts to changing the matrices by either multiplying by a permutation matrix on the
right (which fixes the vector ε) or by multiplying by an invertible matrix on the left (which
maps non-zero vectors to non-zero vectors).

A half-twist manifold: There is only one class up to DJ-equivalence.

⎛
⎜⎜⎜⎜⎝

1 0 0 0 0 1
0 0 1 0 0 1
0 0 0 0 1 1
0 1 0 0 0 0
0 0 0 1 0 0

⎞
⎟⎟⎟⎟⎠

Rank 6
Finally, there is a unique rank 6 colouring which produces a 3-torus: it corresponds to the 6 × 6
identity matrix.

Now we focus our attention on the classification of the colourings of the 3-cube up to isometry.
Equivalent colourings clearly produce isometric manifolds, so we ask ourselves if two different
DJ-equivalence classes can be isometric. We have the following.

Proposition 3.2. All DJ-equivalence classes of colourings of the 3-cube are pairwise non-
isometric.

Proof. Non-homeomorphic manifolds are non-isometric. Manifolds with colourings of
different rank are non-isometric either, since they are orbifold covers of the same orbifold
with different degrees, and therefore have different volume. It is enough then to distinguish
distinct DJ-equivalence classes with the same homeomorphism type and rank of the colouring.
To do this, we first find fundamental domains and side-pairings for each manifold, using the
methods in [12, Section 3]. We then look at the maximal translation sublattices in each lattice,
and then check the length spectra of geodesics in the corresponding tori.

The latter are generated as the lengths of integer linear combinations of the generating
translations. Those spectra are pairwise distinct for each set of DJ-equivalence classes with
the same homeomorphism type and rank, and therefore any two distinct DJ-equivalence classes
of proper colourings of C correspond to a pair of non-isometric manifolds. �
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4. Constructing the 24-cell manifold

The regular Euclidean 24-cell Z is a 4-dimensional polytope which is realised as the convex
hull in R4 of the following 24 points:

(±1, 0, 0, 0), (0,±1, 0, 0), (0, 0,±1, 0), (0, 0, 0,±1), 1/2 · (±1,±1,±1,±1).

The 24-cell is self-dual, with 24 octahedral facets and 96 triangular faces. By interpreting the
unit sphere in R4 as the boundary at infinity of hyperbolic space and taking the convex hull
in H4 of these 24 points, we obtain the regular ideal hyperbolic 24-cell, which is a regular
right-angled hyperbolic polytope with 24 ideal vertices, volume 4

3π
2 and Euler characteristic

1. Let this latter hyperbolic polytope be denoted by Z. The context in which this notation is
used should always resolve the ambiguity. For each vertex p ∈ Z, its Euclidean vertex figure is
a 3-dimensional cube.

Below, we exploit the great symmetry and associated algebraic structure of the regular 24-cell
Z in order to obtain a colouring that satisfies the following theorem.

Theorem 4.1. There exists a proper colouring λ : Γ(Z) → F4
2 of the ideal right-angled 24-

cell Z ⊂ H4 such that the associated manifold M = H4/ kerλ is orientable, and all of its cusp
sections are homeomorphic to the Hantzsche–Wendt manifold.

Proof. Our first step will be finding a suitable realisation of the ‘combinatorial’ 24-cell Z
that allows for an elegant and succinct description of the necessary colouring. Since the 24-cell
is self-dual, in order to give a colouring to Z it is sufficient to assign colours in F4

2 to its vertices,
and the properness conditions translates to the condition that the colours assigned to a triple
of vertices that span a triangle are linearly independent.

Points of R4 can be realised as elements of Hamilton’s quaternion algebra H by mapping
the point (x1, x2, x3, x4) to x1 · 1 + x2 · i + x3 · j + x4 · k. With this map, the vertices of Z
are mapped to unit quaternions and inherit a group structure (the operation being defined by
quaternion multiplication), which makes them isomorphic to the Hurwitz group H consisting
of the 24 integral and half-integral quaternions of unit norm [14, Tables 12.2 - - 12.3].

The Hurwitz quaternion group has presentation [4, Table 1, p. 134]

H ∼= 〈s, t | s3t3, (st)2s3〉, (3)

and can be generated by taking s = 1
2 (1 + i + j + k), t = 1

2 (1 + i + j − k). This group is also
isomorphic to SL(2,F3), and is sometimes called the binary tetrahedral group, as it is
isomorphic to the pre-image in Spin(3) of the group of orientation preserving symmetries of a
regular tetrahedron.

The group H acts on R4 through left and right quaternion multiplication. Since all elements
of H are unit quaternions, this is an action by isometries. We can therefore define a left action
of H× H on H ∼= R4 by setting (q1, q2) · x = q1 · x · q−1

2 .
The action above is not faithful: its kernel is the cyclic subgroup of order 2 generated by

the element (−1,−1). It preserves the vertices of Z and defines an index-two subgroup of the
orientation preserving symmetry group of Z isomorphic to H× H/<(−1,−1)>.

Now, we note that there exists an injective homomorphism ψ from the group H into the
group GL(4,F2) with image the group H described in Table 1. This homomorphism can be
obtained, for example, via

s 
→

⎛
⎜⎜⎝

0 0 1 1
0 1 0 1
1 1 0 1
0 1 0 0

⎞
⎟⎟⎠, t 
→

⎛
⎜⎜⎝

1 1 0 0
0 0 0 1
1 0 0 0
1 0 1 0

⎞
⎟⎟⎠.

Indeed, a simple computation is enough to check that ψ respects the relations of (3).
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The kernel of ψ is among the proper normal subgroups of H, which amount to the trivial
group, the centre {±1}, and Q8 = {±1,±i,±j,±k}, see [13, Proposition 85 (a)].

A straightforward computation shows

ψ(−1) = M =

⎛
⎜⎜⎝

0 1 1 1
0 1 0 0
1 1 0 1
0 0 0 1

⎞
⎟⎟⎠ ,

which implies that ψ is a monomorphism. A computational proof of the injectivity of ψ by
using SageMath [20] is available on GitHub [7].

We can therefore label each vertex q ∈ H of the 24-cell with the corresponding matrix φ(q) ∈
H. In the quaternion notation, two elements p, q ∈ H represent adjacent vertices if and only if
the real part of pq−1 equals 1

2 . This follows readily from regularity of the 24-cell and the fact
that the vertices of the 24-cell that are adjacent to the vertex 1 ∈ H are exactly those with real
part 1

2 .
Note that an element of H has real part equal to 1

2 if and only if it has order 6. Thus,
p and q being adjacent is equivalent to the element pq−1 having order 6. By applying the
homomorphism ψ, we obtain an alternative combinatorial model for the 24-cell such that:

(i) the vertices of Z are labelled by the 24 matrices in H < GL(4,F2);
(ii) two matrices M and N correspond to adjacent vertices if and only if M ·N−1 has order

6 in H;

Table 1. The matrices in GL(4,F2) as vertices of the regular 24-cell.

v1 =

⎛
⎜⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎠, v2 =

⎛
⎜⎝

1 0 0 1
0 1 0 0
1 1 0 0
1 1 1 0

⎞
⎟⎠, v3 =

⎛
⎜⎝

0 0 1 0
1 0 1 0
0 0 1 1
0 1 0 0

⎞
⎟⎠,

v4 =

⎛
⎜⎝

0 1 1 1
0 1 0 1
0 1 1 0
1 0 1 1

⎞
⎟⎠, v5 =

⎛
⎜⎝

0 1 1 0
0 0 0 1
1 1 0 1
0 1 0 1

⎞
⎟⎠, v6 =

⎛
⎜⎝

1 1 0 1
1 1 1 0
1 0 0 1
0 1 0 1

⎞
⎟⎠,

⎛
⎜⎝

0 1 1 1
0 1 0 0
1 1 0 1
0 0 0 1

⎞
⎟⎠,

⎛
⎜⎝

0 0 1 1
1 0 1 1
1 0 0 1
1 1 1 0

⎞
⎟⎠,

⎛
⎜⎝

0 1 1 0
0 1 0 0
0 0 1 1
1 1 1 0

⎞
⎟⎠,

⎛
⎜⎝

0 0 1 0
1 0 1 1
0 1 1 1
0 0 0 1

⎞
⎟⎠,

⎛
⎜⎝

1 1 0 0
1 0 1 1
0 1 1 0
1 1 1 0

⎞
⎟⎠,

⎛
⎜⎝

1 1 0 1
1 0 1 1
1 0 0 0
0 0 0 1

⎞
⎟⎠,

⎛
⎜⎝

1 0 0 1
1 0 1 0
0 1 1 1
1 0 1 1

⎞
⎟⎠,

⎛
⎜⎝

1 1 0 0
0 0 0 1
1 0 0 0
1 0 1 0

⎞
⎟⎠,

⎛
⎜⎝

0 0 1 1
0 1 0 1
1 1 0 1
0 1 0 0

⎞
⎟⎠,

⎛
⎜⎝

0 1 1 1
1 1 1 0
1 1 0 0
1 0 1 0

⎞
⎟⎠,

⎛
⎜⎝

1 1 0 0
0 1 0 1
0 0 1 0
0 1 0 0

⎞
⎟⎠,

⎛
⎜⎝

1 0 0 0
1 1 1 0
0 0 1 1
1 0 1 0

⎞
⎟⎠,

⎛
⎜⎝

1 1 0 1
1 0 1 0
1 1 0 0
0 1 0 0

⎞
⎟⎠,

⎛
⎜⎝

0 0 1 0
1 1 1 0
0 1 1 0
0 1 0 1

⎞
⎟⎠,

⎛
⎜⎝

1 0 0 0
0 1 0 1
1 0 0 1
1 0 1 1

⎞
⎟⎠,

⎛
⎜⎝

1 0 0 1
0 0 0 1
0 0 1 0
0 1 0 1

⎞
⎟⎠,

⎛
⎜⎝

0 1 1 0
1 0 1 0
1 0 0 0
1 0 1 1

⎞
⎟⎠,

⎛
⎜⎝

0 0 1 1
0 0 0 1
0 1 1 1
1 0 1 0

⎞
⎟⎠.
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(iii) there is a left action of H ×H on Z with kernel the cyclic group of order 2 generated
by (ψ(−1), ψ(−1)) = (M,M).

The F4
2-colouring on the vertices of Z is now given via the matrix model using the following

very simple formula:

λ(P ) = P · e1, for each vertex P ∈ H < GL(4,F2). (4)

where e1 denotes the first vector of the standard basis of F4
2.

Before checking for properness of the colouring and looking at the cusp sections we note
that, by construction, the group of admissible symmetries Admλ(Z) contains H as a subgroup
acting on Z via left multiplication. Indeed, left multiplication by a matrix M ∈ H permutes
the colours associated to the vertices precisely through multiplication by M , which is obviously
a linear map.

A more detailed check shows that Admλ(Z) = H × C3. Here C3 is the cyclic group of order
3 that acts on the vertices of Z via right multiplication by

S =

⎛
⎜⎜⎝

1 1 0 0
0 1 0 1
0 0 1 0
0 1 0 0

⎞
⎟⎟⎠.

Indeed, note that S ∈ ψ(H) according to Table 1. Since the first column of S is the vector
e1, then right multiplication by S preserves the colours of the facets. A complete search for
admissible symmetries following Definition 2.5 then proves that there are no other but the ones
indicated above. The reader can find this computation performed with SageMath [20] available
on GitHub [7].

Therefore the induced homomorphism

Φ : Admλ(Z) = H × C3 → GL(4,F2) (5)

is the identity on the left factor, and is trivial on the right factor.
We now have to check that the colouring of Z is proper. For this purpose, let us note that

O = {v1, v2, v3, v4, v5, v6} (with the functions vi as in Table 1) forms an octahedron in Z. This
octahedron is dual to an (ideal) vertex p of the ideal right-angled 24-cell Z and therefore its
vertices correspond to the generators of the maximal affine Coxeter subgroup Γp < Γ(Z). By
the discussion in Section 2.2, the induced colouring on Γp will determine the isometry class
of a Euclidean cusp section of the orbifold H4/ kerλ. This latter colouring is easily seen to be
proper, with the defining matrix

Λ =

⎛
⎜⎜⎝

1 1 0 0 0 1
0 0 1 0 0 1
0 1 0 0 1 1
0 1 0 1 0 0

⎞
⎟⎟⎠.

The space Row(Λ) satisfies the following equations:

x1 + x3 + x5 + x6 = 0, x1 + x2 + x4 + x5 = 0

and it is easy to check that no vector from the set T = {e1 + e2, e3 + e4, e5 + e6} belongs to
Row(Λ). By Proposition 3.1 the corresponding DJ-equivalence class is that of the rank 4
colouring producing the Hantzsche–Wendt manifold.

Then the rest of the colouring is proper, since each octahedron in Z can be obtained from
O by left multiplication by H and each triangle in Z is an image of a triangle in O, thus
M = H4/ kerλ is a manifold. By computing the dimensions of the colourings of Z and O
(both equal to 4), we conclude that M has 24 cusps in total [12, Proposition 3.2], all of whose
sections are homeomorphic to the Hantzsche–Wendt manifold. Indeed, the coloured isometry
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group of M acts transitively on the cusps, again because the group of admissible symmetries
acts transitively on the octahedra.

It is also easy to verify that λ is an orientable colouring: since all its colours have an odd
number of 1 entries, the vector ε = (1, . . . , 1) belongs to Row(λ) and Proposition 2.7 applies.
Thus M is an orientable manifold. �

4.1. The geometry and topology of M
We conclude this paper by providing the reader with some more information on the manifold
M. The orbifold cover M → H4/Γ(Z) corresponds to the kernel of a homomorphism from
Γ(Z) onto F4

2. Thus M is tessellated by 16 copies of Z: its volume equals 16 · 4
3π

2 = 64
3 π2 and

its Euler characteristic is χ(M) = 16.
The tessellation of M into copies of Z is an Epstein–Penner decomposition for M with

respect to the maximal cusp section (see [11, Proposition 2.5] for details), and thus is preserved
by Isom(M). Any isometry of M which preserves the tessellation into copies of Z lies in the
coloured isometry group of M, and therefore we are left with the task of computing this latter
group. We have all the ingredients for this: by (1) and (5) the coloured isometry group of M
is isomorphic to

(F4
2 � H) × C3

∼= Isom(M) (6)

with the action of H on F4
2 given by matrix multiplication.

By applying Corollary 2.6, we compute the Betti numbers of M. Namely,

β0 = 1, β1 = 0, β2 = 38, β3 = 23, β4 = 0,

which is consistent with the fact that M has Euler characteristic 16.
Finally, we remark the fact that the colouring described in equation (4) is the only orientable

rank 4 colouring (up to DJ-equivalence) of the ideal right-angled 24-cell Z which produces a
manifold with all cusp sections homeomorphic to the Hantzsche–Wendt manifold. We also
found a single rank 5 DJ-equivalence class of colourings of the 24-cell with these properties,
but no such rank 6 colourings. These facts were checked by the authors computationally using
SageMath [20].
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