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Abstract 

This thesis assesses the potential of a new technological path for the monolithic integration of III-V 

and IV based materials in view of the realization of high efficiency - low cost – 

InGaP/InGaAs/SiGeSn/Ge quadruple junction (QJ) solar cells.  

A new mathematical approach is first proposed for evaluating the performance of a Multi-junction 

(MJ) devices with reduced substrate thickness (and improved voltage), in order to overcome the 

limit that the Hovel model and the transfer matrix method (TMM) showed for this application. 

Then, an in depth growth analysis has been addressed in other to advance in the deposition of III-V 

and IV elements in the same Metalorganic Vapour Phase Epitaxy (MOVPE) growth chamber, 

trying to overcome the problems that hindered so far this approach.  

The new mathematical approach has been developed by considering the scattering matrix method 

(SMM) and building a simplified generation function that allows describing with good accuracy the 

propagation of electromagnetic waves in the solar cell device, preserving, at the same time, the 

possibility of getting simple analytical solutions of the continuity equations. The robustness of the 

new mathematical approach is validated by considering as a case study a triple junction 

InGaP/InGaAs/Ge solar cell, in which the Ge substrate is considered as the last layer (layer N) and 

then as the N-1 layer (i.e. by also considering the substrate in the calculation of the reflection 

coefficient).  

In order to accomplish a step ahead towards the realization of - all MOVPE grown - III-V and IV-

based monolithic architectures, the experimental work has been addressed to tackle four key 

challenges: i) to identify a growth approach suitable for an industrial scale-up of the SiGeSn 

MOVPE process, by adopting only commercially available sources (IBuGe, GeH4, Si2H6 and 

SnCl4), ii)  to grow SiGeSn layers tin precipitation/segregation free by keeping the temperature as 

high as possible, to allow controlling the temperature profile over the wafer during the MOVPE 

deposition, iii) to reduce the As “carry-over” to avoid growth rate penalization in the deposition of 

IV-based materials, and iv) to adopt proper growth conditions in order to control the III-V and IV 

elements cross influence, so that the conductivities of both III-V and IV-based semiconductors 

could be modulated and the morphology controlled. 

The study allows bringing insights on several aspects of the MOVPE SiGeSn growth in order to get 

a better control of SiGeSn composition and to obtain epitaxial layers with improved morphology. In 

this first stage, diluted SiGeSn (i.e., layer with Si and Sn content <5%) have been deposited and 

extensively characterized by several structural, optical and electrical techniques. 

In particular, when SiGeSn is grown in the kinetic growth regime, it is shown that the gas source 

Si2H6 is more influenced by the growth temperature compared to GeH4 and SnCl4, moreover, its 

competition with SnCl4 makes it difficult to incorporate Si in SiGeSn, as SnCl4 partial pressure is 

increased. SiGeSn morphology is shown to be strongly dependent on temperature, As carry-over 

and growth rate. It has been discovered that this last parameter can be increased (up to 40%) by the 

use of DEZn, exploiting its radicals. A new growth model has been introduced in order to explain 

the importance of the adatom bond lengths in inhibiting tin segregation when SiGeSn is grown at 

relatively high growth temperature (>480 °C). 
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Concerning the cross influence between III-V and IV elements, it is shown that by adopting an 

innovative proper design of the MOVPE growth chamber and proper growth condition, the IV 

elements growth rate penalization due to As “carry over” can be eliminated and the background 

doping level in both IV and III-V semiconductors can be drastically reduced. The possibility to 

control the layers conductivity is considered a key achievement for the monolithic integration of the 

of III-V and IV elements in the same MOVPE growth chamber.   

In the temperature range 748 K - 888 K, Ge and SiGe morphologies do not degrade when the 

semiconductors are grown in a III-V-contaminated MOVPE growth chamber. On other hand, 

critical morphology aspects have been identified III-Vs, when the MOVPE deposition takes place, 

in a Sn-contaminated MOVPE growth chamber. In particular, III-Vs morphologies are influenced 

by substrate type and orientation. 

A GaAs/InGaP/SiGeSn/Ge functional device has then been manufactured in order to finally 

investigate the PV properties of SiGeSn realized in the same MOVPE chamber used for III-V 

deposition. For this purpose, external quantum efficiency (EQE) and current-voltage measurements 

in the concentration range 1-170 X, under AM1.5D spectrum, have been carried out.  

The experimental data and the performed simulations show that the quality of SiGeSn n-type layers 

realized in this study are already sufficient to be integrated in triple-junction structures 

(InGaP/InGaAs/SiGeSn). In particular, owing to the remarkably higher absorption coefficient of 

SiGeSn with respect to Ge, we show that it is possible to use SiGeSn layers with a thickness three 

times lower than Ge to produce the same photovoltaic current. This suggests that SiGeSn solar cells 

could be more radiation resistance than Ge ones and, apart CPV and TPV applications, SiGeSn 

solar cells could be profitably used also for space application. On the other hand, further MOVPE 

growth optimizations are envisaged for getting SiGeSn p-type layers Sn-precipitation free. 

In conclusion, an assessment of the potential of the InGaP/InGaAs/SiGeSn/Ge solar cell technology 

has been carried out by using the experimentally determined optical properties of SiGeSn and by 

applying the new developed mathematical method to simulate the performance of thin QJ 

InGaP/InGaAs/SiGeSn/Ge solar cells, in two and three terminal configuration. For these devices, 

efficiency values up to 45.1% and 44.9%, have been respectively simulated at 1000× concentration. 

Eventually, we estimated that InGaP/InGaAs/SiGeSn/Ge solar cells have the potential to reach 

efficiencies over 50% by assuming proper antireflective coatings and by considering the QJ device 

limited by the InGaAs sub-cell.  
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Introduction  

World electricity generation has been constantly increasing from 1971 to 2018, for example, it 

raised of a factor five (from 5000 TWh to 26000 TWh). The increase of the world electricity 

generation has followed the trend in the electricity needs. A recent study still foresees a 30% rise in 

global energy demand to 2040 [1]. The high energy consumptions brought our Country to become a 

net importer of electricity: from 2014 to 2018, Italy imported around 44-46 TWh/year [2],[3],[4].  

Having in mind the well-known fundamental statement: ”No foreign cartel can set the price of sun 

power; no one can embargo it”2, we could better and safer fulfil our electricity needs, by reducing 

and even by eliminating the amount of imported electricity, throughout a wider exploitation of the 

solar resources.  

Photovoltaic (PV) technology offers a renewable-energy source of electricity at a cost that has 

become more and more competitive with respect to fossil-fuel power generation and it allows 

reducing the greenhouse-gas emissions as well [5]. In particular, Italy has abundant solar resources, 

not always fully recognised.  

From Milan to Catania the available global solar energy (GHI) changes from 1400 kWh/m2year to 

1851 kWh/m2year3. By considering an average amount of solar energy of 1625 kWh/m2year and by 

exploiting just 0,1% of the area of our Country (~3x108 m2), even with 10% efficient PV systems, 

we could generate an amount of energy per year of 48.9 TWh, which is higher than the energy Italy 

imported in 2018. Therefore, our Country could stop importing electricity whether, for example, 

each of its 20 regions covered just 15 Km2 of their surface with PV systems. This goal could be 

accomplished just by exploiting the house’s roofs. The city of Piacenza, for instance, has a surface 

of 118 km2, if 10% of this surface were covered by PV roofs, we would be already near to fulfil the 

regional contribution.  

These calculations are more conservative than optimistic, since nowadays Si flat plate technology 

already reached PV system efficiencies that easily overcome 15% and there is room for developing 

new PV technologies which promise efficiency values even twice times higher. So far, the PV 

technology that more than others can fulfil this efficiency target is the concentrator photovoltaic 

(CPV) one, which uses lenses or mirrors to concentrate the direct solar light on tiny, very efficient, 

multi-junction (MJ) solar cells, firstly developed for space application.  

The CPV technology is still in earlier stage of development if compared with the PV technology 

based on silicon, but it has a great potential to reduce the environmental impact and the cost of the 

energy generation, since nowadays the CPV solar cell conversion efficiency is more than 40% and 

the area of the costly semiconductors (i.e. the area of the solar cells materials) is very much reduced 

and replaced with cheaper mirrors or lens [6].  

 
2 By President Jimmy Carter, Solar Energy Message to the Congress. June 20, 1979 

http://www.presidency.ucsb.edu/ws/?pid=32503  
3 http://globalsolaratlas.info/?c=37.335224,27.333984,4&s=45.02695,9.839357 
 

http://www.presidency.ucsb.edu/ws/?pid=32503
http://globalsolaratlas.info/?c=37.335224,27.333984,4&s=45.02695,9.839357


INTRODUCTION 

 

 

2 

Another advantage of the CPV technology is that it fully exploits the direct component of the solar 

light. It has to be considered that the maximum amount of energy that is possible to extract from the 

sun is not the same for direct and diffused radiation, since the loss of directivity is evidently an 

irreversible process. Willian H. Press has calculated that till 93% of the sun energy can be utilized if 

the sun direct component is considered, while the utilization drops to 70% for the diffused 

component [7]. Therefore, in location characterized by a high level of direct normal solar irradiation 

(DNI), a fixed PV system is penalized with respect to a CPV one, since for the former, the more 

exploitable component of the sun, the direct light, is diluted by a factor 𝑐𝑜𝑠𝜃 (where 𝜃 is the angle 

between the sun rays and the normal to the PV module surface) and the diffused component, which 

is present in a much lower percentage, can be 20 % less exploited.  

As a matter of fact, a recent study conducted by Sumitomo Electric has shown that in regions with 

direct radiation of 6.8 kWh/m2 per day, 33% efficient CPV modules are able to produce twice the 

energy that can be produced by 18% efficient fixed Si-based modules with the same area [8]. In 

locations characterized by a high level of DNI, like, for example, the south of Italy and its island, 

and where the footprint of the PV technology has to be minimized, it appears more convenient to 

install photovoltaic systems that fully exploit the high energetic content of the DNI, like CPV 

systems, than to use any other PV technology.  

From an energetic point of view, still considering location characterized by a high level of DNI and 

the same occupied surface, the advantage in the utilization of a CPV system is even preserved over 

a Si-based one with sun tracking, thanks to the much higher efficiency conversion of the former. 

For example, in Madrid the average direct and diffused radiation components are, respectively, 

2000 kWh/m2y and 500 kWh/m2y [9]; a 33% efficient CPV module would be able to produce 660 

kWh/m2y, while a 18% efficient Si-based PV module with sun tracking would be able to produce 

only 450 kWh/m2y.  

Two further important factors make CPV a very attractive renewable technology from the 

performances point of view: i) by increasing the concentration factor, the PV conversion entropy 

losses are decreased [10], therefore the efficiency values of the CPV system can be nearer the PV 

conversion theoretical limits, ii) the performance are less sensitive to temperature variation [11].  

In spite of the all mentioned advantages, nowadays the CPV market is still a niche market owing to 

the production cost of the components, which, although it has decreased in recent years, is not yet 

competitive with the costs of Si-based photovoltaics. If the cost of the land is not of importance and 

larger area can be occupied to get the same power, the PV silicon-based technology installations are 

preferred over CPV ones, since the cost/W of the Si-based photovoltaic is lower the cost/W of CPV 

technology.  

The plant size, the efficiency, the standardization, the ability to raise capital and to take on the risk 

of large investments have been the main driving factors that helped the PV silicon technology to 

reduce its costs [12]. The CPV technology has to follow the same path to see its wide-spread 

deployment. First, CPV technology has to arrive developing a standard module type that can be 

produced everywhere on large scale, while nowadays too many technological solutions are still 

proposed in the CPV community. On the 14th CPV conference hold in Puertollano in 2018, for 
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example, I have been able to identify at least 15 different CPV system types4. In the future, a clearer 

convergence towards less “academic” solutions, with real potentiality to drive down the cost will be 

of crucial importance for the success of the CPV technology.  

In particular, the research has to be addressed towards smarter and cheaper solar tracking solutions, 

as well as towards the development of more efficient optics and solar cells. By all means, the 

photovoltaic device is the “heart” of the CPV system and the success of the CPV technology has 

been so far mainly due to the constant improvement in the multi-junction solar cell performances 

[13].  

Among 2000 and 2019 the MJ solar cell efficiency has increased from 32%, with the Spectrolab 

triple junction solar cell, to 47%, with the NREL inverted metamorphic six-junction solar cell [14], 

whose design has even the potential to exceed 50% efficiency [15].  

In parallel, trying to reduce the cost, it is also worthwhile to mention the experimentation in the 

combination of the Si technology with III/V semiconductors, which in a tandem or TJ 

configuration, reached, respectively efficiency around 30 and 35.9% [16], [17], [18].  

It has to be pointed out, that ultra-highly efficient devices have not been transferred from the lab to 

the market yet. Most of the CPV systems are still using triple junction (TJ) InGaP/InGaA/Ge solar 

cells. This is due to practical and economic challenges that must still be overcome.  

Therefore, it seems that in order to bring solar cells performances closer to theoretical limits, 

without a penalty cost and/or complicated manufacturing processes, novel multi-junction (MJ) solar 

cell architectures using advanced materials and deposition processes for an optimal solar energy 

harvesting have to be conceived.  

One promising path for a progress in MJ technology, both from an efficiency and cost point of 

view, concerns the utilization of 1 eV SiGeSn semiconductor material, lattice-matched to 

Germanium [19]. In fact, first theoretical calculations have showed that a 1.0 eV sub-cell placed in 

between a Ga0.99In0.01As middle cell and a Ge bottom cell of a lattice-matched 

In0.49Ga0.51P/Ga0.99In0.01As/Ge triple-junction device would lead to a nearly optimal 45 % efficient 

solar cell [20]. SiGeSn alloys have then been proposed both for MJ and thermo-photovoltaic 

applications, as well as an intermediate buffer layers to realize monolithic III-V structure on silicon 

substrate, paving the path for next generation low cost MJ devices [21].  

Even if the efficiency value predicted for the InGaP/InGaAs/SiGeSn/Ge device is lower than the 

actual world record  (47%) obtained with a metamorphic structure [14], this multi-junction solar 

cell would offer the remarkable advantage to present a monolithic configuration - all lattice 

matched - with the same front-end of the most common InGaP/InGaAs/Ge TJ cell. Therefore, 

adopting this solution, the CPV technology could indeed make a jump ahead in the market, as we 

 
4 High concentration (HC) point focus modules with achromatic doublet on glass (i), CPV modules with Fresnel lenses 

(ii), or mirrors (iii), with hybrid PV/thermal receiver and linear tracking (iv), CPV systems with parabolic mirrors (v), 

and with central receiver (CPV/T) (vi), with Dense array (vii),  CPV/T with Trough-Lens-Cone (three stage optic) (viii), 

with Hybrid Dense array/Point focus, HC (500 X) (ix), with Hybrid Lens Arrays, Static LC (3 X and 4 X) (x), with 

Hybrid Concentrator III-V/Planar Thin-Film Modules (HC) (xi), CPV/T, with Hybrid Photovoltaic and Thermoelectric 

Module (with Cassegrain–type concentrator) (xii), hybrid concentrator photovoltaic module III/and Si MC (226 X) 

(xiii).  CPV with passive tracking (xiv), CPV with Spectrum splitting systems (xv). 



INTRODUCTION 

 

 

4 

could get higher performances keeping down, at the same time, the “post growth” manufacturing 

cost.   

So far, the main problem that still hindered the take-off of the InGaP/InGaAs/SiGeSn/Ge solar cell 

technology has been the difficulty of growing the SiGeSn semiconductor and properly integrating it 

in III-V MJ structures.  

The very low solubility of Sn in the Ge matrix [22] introduces a severe challenge for tin 

incorporation. The pioneering work of M.Bauer [23] and J.Kouvetakis [24] on the binary GeSn 

already showed the necessity to set up very low deposition temperature in order to avoid Sn 

segregation. For the same reason, the ternary SiGeSn has also been grown in the temperature range 

300-350°C [25]. The requirement of an unprecedented very low temperature growth process has 

earlier stimulated the necessity to develop new gas sources [26], and it has introduced a challenge 

for the deposition control, since in most commercial MOVPE systems, the pyrometers used to 

control the temperature profile over the wafer surface during the MOVPE growth start working over 

400 °C.  

The “cross contamination” among the III-V elements and the IV elements of the periodic table [27] 

has been the other barrier to be overcome for a low cost integration of  SiGeSn in the III-V MJ 

structure.  As a matter of fact, the most recent integration of SiGeSn with III-V for MJ solar cells 

applications has been accomplished by using two different growth equipment: a CVD reactor for 

the growth of SiGeSn and a MOVPE growth chamber for the deposition of the remaining part of the 

cell structure [28], [29]. The utilization of twofold growth equipment, however, reduces the 

economic advantage of the monolithic architecture, owing to the related higher capital expenditure 

required.  

Last but not least, the realization of the first SiGeSn solar devices manufactured by using two 

different growth equipment did not bring to the expected results yet: the open circuit voltage value 

of the SiGeSn SJ cells was even lower than that obtained by Ge solar cells [30].  

From these considerations it appears that for a scale up and an industrial take off of the MJ 

technology based on the combination of III-V and SiGeSn alloys, new advanced MOVPE 

deposition solutions have to be searched that address both the reduction of the manufacturing cost 

and the increase of the MJ device performance.  

The goal of this thesis is to assess the potential of combining III-V and IV elements in the same 

MOVPE equipment in order to fulfil the above reported requirements, and therefore exploit the band 

gap engineering possibilities which this integration offers, with the final objective, to realize 

monolithic,  low cost, high efficiency, - fully MOVPE grown - InGaP/InGaAs/SiGeSn/Ge solar 

cells.   

The first chapter of the thesis motivates the use of the MJ technology. Chapter 2 describes the 

different mathematical methods so far developed for simulating the electromagnetic radiation 

distribution inside the cell structure. In particular, I introduce the Hovel model (HM) and the 

Transfer Matrix method (TMM) as well as their limits.  
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In chapter 3, I describe a new mathematical approach based on the scattering matrix method (SMM) 

and on a simplified generation function. This method overcomes the limit presented by the previous 

models, in order to get a very good trade-off between computing time and accuracy. The 

experimental work is introduced by a literature survey in chapter 4. The challenges to be faced for 

the MOVPE growth of SiGeSn and for its integration in a III-V based MJ structure are explained in 

detail.  

Then, in chapter 5, I present a new approach to MOVPE material deposition, with the final aim to 

successfully integrate, at low cost, SiGeSn in III-V structures. The criteria for the precursor’s 

selection are indicated, the growth condition to deposit SiGeSn - Sn precipitation free - and to 

reduce the cross-contamination effects between III-V and IV base materials are identified. The 

growth data are supported by an extensive material characterizations work. To understand the 

critical issues related to the low temperature growth necessary for the deposition of SiGeSn, several 

Ge and SiGe MOVPE runs have been preliminary carried out. Afterwards, SiGeSn layers have been 

grown with different solid composition, both on Ge and GaAs, 4- and 6-inch substrates, testing 

different precursors. An in-depth investigation on the effect of the cross influence between groups 

IV and III-V elements on the growth rate, background doping and morphology is finally carried out, 

to show the feasibility of the new proposed path. 

In order to investigate the PV properties of SiGeSn realized in the same MOVPE chamber used for 

III-V deposition, in chapter 6, the external quantum efficiency and I-V characterizations of a single 

junction InGaP/SiGeSn/Ge functional device filtered by a GaAs layer are presented. For a final 

assessment of the potential of the InGaP/InGaAs/SiGeSn/Ge solar cell technology, the PV 

performances of the MJ device have been calculated, in two and three terminal configuration, by 

using the SMM implemented in chapter 3 and the optical properties of SiGeSn measured and 

reported in chapter 5. The results of the modelling are compared with previous theoretical 

calculations.  

In the Conclusions, I discuss the open problems to be solved and the perspectives for developing 

next-generation, high efficiency, and cost-effective MJ devices. 
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1. Efficiency limit of single-Junction solar cells and the multi-

junction solar cell concept 

 

 

 

 

 

1.1. The “give and take” balance of single junction solar cells 

A fundamental limitation related to single junction solar cells is the “give and take” balance 

between the current and the voltage. Once the energy gap (Eg) value is decreased for improving the 

photovoltaic current, the output voltage of the solar cell is reduced. We must take less voltage to 

give more current. Another way to see this limitation is the “give and take balance” between the 

absorption coefficient and the density of states. It has to be taken into account that when an electron 

and a hole are produced by a photon with a proper energy, an average entropy per electron and per 

hole, σe,h, is also produced. This term reduces the electrochemical energy terms for each electron 

and hole and then, the solar cell’s voltage. The entropy produced per electron and hole is given by 

the following expression [31]: 

 𝜎𝑒,ℎ = 𝑘 (
5

2
+ 𝑙𝑛

𝑁𝑐,𝑣

𝑛𝑒,ℎ
)                                            1.1 

The entropy contribution is higher for the semiconductors that have higher value of the effective 

conduction band or valance band density of states, Nc,v. In fact, while carriers distribute 

macroscopically in the conduction and valence band with a certain probability of occupying the 

different energetic levels, that is, by following the Fermi-Dirac or Boltzmann statistics, there are 

different microscopic distributions of the electron and holes in the possible available states. 

Therefore, at room temperature, the carriers are preferably distributed near the edge of the 

conduction (valence) band, however, the higher the values of the conduction (valence) band density 

of states, the higher the number of microscopic distribution of the electrons (holes) within these 

permitted energy levels, hence, according to the Boltzmann formula, the higher the entropy value. 

Since the absorption coefficient is proportional to the product of the densities of the initial and final 

states, it results that if we decrease the density of states in order to decrease the entropy contribution 

produced per electron and hole and give more voltage to the device, we also take less photovoltaic 

current. By considering that the solar cell conversion efficiency is proportional to the product of the 

voltage and the current, we can understand why in the efficiency versus Eg curve of single junction 

solar cells we can always find a maximum.  

 

The “give and take” balance limits the photovoltaic 

conversion efficiency in single-junction solar cells. 

To overcome this limit, the multi-junction solar cell 

concept is introduced.  
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1.2. The multi-junction (MJ) solar cell concept  

One way to overcome the “give and take” balance limitation is to consider the multi-junction solar 

cell concept. The monolithic, series-connected, multijunction (MJ) solar cell is an optoelectronic 

device formed by a stack of p-n (or n-p) junctions interconnected with tunnel junctions, whose 

bandgaps values is usually decreased from the top to the bottom of the device, resulting, in the 

simplest case, in a two-terminal electrical output device (see Figure 1). 

 

 

Figure 1. Structure of a two terminal MJ solar cell composed of InGaP (Eg= 1.9 eV), InGaAs ( Eg= 1.39 eV) and 

Ge (Eg= 0.67 eV)  junctions connected in series trough two tunnel junctions. 

In a MJ solar cell, the “give and take” balance limitation between the current and the voltage can be 

overcome, as it is possible to collect photons in a wide wavelength region and, at the same time, get 

a voltage which is the sum of the voltages produced by the series-connected junctions.  

It is quite seldom recognized that one of the successful proof of the quantum mechanics is the MJ 

solar cell device, since its working principle is based on the utilization of “Esaki tunnel diodes”[32]. 

The Esaki tunnel diodes are p–n (n-p) junctions formed between degenerate p-type materials and 

degenerate n-type materials. The variation of current with voltage for the diodes is controlled by 

quantum mechanical tunneling between the two sides of the diodes. The MJ solar cell works on the 

positive resistive part of the tunnel diode IV characteristic, so that the different junctions of the MJ 

device can be connected by “resistances”.  

It is worthwhile to point out that the tunnel junctions are both the strength and weakness of the MJ 

device, since during the growth of the MJ layers, the temperature activates atoms diffusion, 

therefore the high doping level in the two sides of the diodes required for the tunnel effect can be 

reduced and the good functioning of the tunnel diode compromised.  

This means that the higher the number of junctions, the more critical is the operation of the MJ 

device (especially at high concentration) and the temperature of the MOVPE growth process must 

be properly selected.   

Tunnel 

junction 

Tunnel 

junction 
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2. Modelling Multi-junction solar cells  

 

 

 

 

 

 

 

 

 

 

 

 

The performances of a MJ solar cell can be determined in the following main steps: i) preliminary 

design of the solar cell structure, suitable for a certain solar spectrum, with the calculation of the 

related band diagram and the solution of the Poisson equation, ii) calculation of the EQE and the 

generated current in the active parts of the solar device, through the solution of the continuity 

equation, which allows checking the currents balance among the sub-cells and optimize the cell 

structure, iii) identification of the cell equivalent electrical model to establish a relationship between 

the current and the voltage, which eventually allows the fine tuning of the cell structure and 

designing the solar cell front contact (see Figure 2).  

In order to solve the continuity equation, the generation rates of holes/electrons in excess with 

respect to the thermal equilibrium value have to be determined. For this purpose, according to the 

structures to be simulated, different mathematical models have been applied: from the most 

complex ones, based on Finite Element Analysis (FEA) which take into account 2D effects [33], or 

based on Rigorous Coupled-Wave Analysis (RCWA), for solar cells with nano-photonic designs 

[34], to the simpler and most popular ones, like the Hovel [35] and the Transfer Matrix Method 

(TMM) [36], [37], [38]. In particular, the Hovel model has been successfully applied to simulate the 

performance of optical thick single junction solar cells [39], while TMM has been widely applied 

for analysing the propagation of electromagnetic waves through planar stratified media, like the MJ 

structures [40], [41], [42] and through some organic thin films [43], where interference effects are 

more important.  

As it can be expected, the more complex is the mathematical model for the calculation of the 

generation function, the more difficult is to find analytical solutions for the continuity equation, and 

when they are found, they are usually quite complicated [44], [45]. 

The determination of the “generation function” i.e. of photon flux in 

each layer of the MJ structure, is of paramount importance for the 

computation of the photovoltaic performance of a MJ solar cell. For 

this purpose, several mathematical methods have been developed. 

Among them, I describe the Hovel model and the transfer matrix method 

(TMM), as well as their limits. The TMM is developed in detail, starting 

from the Maxwell equation formulation till to determine the energy flux 

in each solar cell layer. The transfer matrix elements will then be used 

for the construction of the scattering matrix elements, at the base of the 

new mathematical approach that will be presented in chapter 3.   
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However, it will be shown that the generation function calculated by applying the TMM can be 

notably simplified and the continuity equation solved with simpler analytical solutions once the 

counter propagating waves in the active layers of the solar cell can be omitted. 

This approximation is justified by the fact that the counter propagating waves introduce a very 

negligible variation in the Poynting vector. This was already reported by Deparis for a Si-based 

thin-film tandem solar cell structure [46] and here it will be also confirmed for a III-V-based MJ 

cell structure.  

 

 

Figure 2. Main steps for the calculation of the output performance of a MJ solar cell (as a particular case a triple 

junction solar cell is considered). 

 

Applying TMM, it can be discovered that this method can fail in the determination of the reflection 

coefficient in the short wavelength range for a MJ designed for improving the device voltage 

(obtained by thinning the solar cell and depositing on the back side a perfect mirror).  For this 

reason in chapter 3, the numerical instability has been overcome by replacing TMM with a 

simplified Scattering Matrix Method (SMM) implemented from [47] with proper precaution. 

For sake of completeness, the general assumptions adopted in the mathematical modelling and a 

brief description of the transport and continuity equation as well as a short retrieval of the Hovel 

model are introduced. The TMM, as introductive to the SMM, is described in detail.  
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2.1. General assumptions 

The different mathematical methods here after presented have all in common the following 

assumptions: 

1. One Dimension (edge effects are neglected). 

2. Boltzmann approximation for the calculation of the carriers distribution. Non-degenerate 

semiconductors. 

3. Low injection conditions. 

4. All parameters, mobility, diffusion coefficient, lifetimes are assumed constant within each 

semiconductor material. Since the concentrations of dopant atoms in the base and emitter5 are 

assumed uniform (quasi neutral region) the electric field value is zero outside the depletion 

region. 

5. The mobility of minority carriers is supposed to depend on the doping of the side where 

majority carries are located. In reality, scattering by donors is different from that by acceptors, 

because repulsive potentials scatter less than attractive potentials of the same strength [48]. In 

other words, the minority carrier mobility is not equal to the majority carrier mobility, but it is 

higher. If the majority carrier mobility values obtained by Hall measurements are assumed for 

minority carriers, the related minority diffusion length values will be lower than the actual ones. 

Therefore, this assumption brings to a more conservative computation of the PV performances. 

6. The solar cell window absorbs the solar light, however the carriers here produced by absorption 

are neglected for the computation of the photovoltaic current. This assumption can bring to 

underestimate the photovoltaic current, as reported in [49]. The same assumption is applied for 

the back-surface field (BSF) layers. The reason behind these assumptions is that such layers are 

usually very thin compared with base and emitter layers of the solar cell. 

7. In the depletion region, owing to the strong electric field, it is assumed that all the generated 

carries are swept in opposite direction and collected. Instead of assuming a 100 % probability 

that the carries are swept in opposite direction and collected, it is also possible to introduce a  

“loss factor” by reducing the percentage of the collection probability. 

8. The tunnel current peak value of each tunnel diode (TD) is supposed to be higher than the solar 

cell short circuit current value. Therefore, TD layers are considered only with respect to light 

absorption. The series resistance of the TD can be included in the total series resistance of the 

MJ device 

9. For each absorbed photon an electron-hole pair is produced,, that is, the photon absorption rate      

[n.ph s-1 m-3 nm-1] is equal to the carriers generation rate [n.e-/h+ s-1 m-3 nm-1]. 

 

2.2. Transport and continuity equation 

Transport and continuity equation are reported in several text books (see for example [50]). 

Hereafter a brief description is considered. In compositional homogeneous semiconductor, with no 

thermal gradient, the current densities can be determined by considering the drift and diffusion 

components.  

 
5 The term ”emitter” comes from the fact that in a N-P junction, the N- type semiconductor emits or produces 
electrons that are transferred to the base, as in a transistor. 
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For the 1D case, the values of the holes and electron current densities are given respectively by: 

 𝐽𝑝 = 𝑞𝜇𝑝𝑝𝑛𝐸 − 𝑞𝐷𝑝

𝑑𝑝𝑛

𝑑𝑥
                                            2.1 

 𝐽𝑛 = 𝑞𝜇𝑛𝑛𝑝𝐸 + 𝑞𝐷𝑛

𝑑𝑛𝑝

𝑑𝑥
                                            2.2 

Where: 

Jp,n =  hole/electron current density in N-type/P-type semiconductor. 

µp,n =  mobility on holes/electrons. 

pn =    hole density in the N-type semiconductor. 

np =    electron density in the P-type semiconductor. 

E =    electric field 

Dp,n = holes/electron diffusion coefficient 

 

The balance of electrons and holes in P-type and N-type regions are described by the continuity 

equations: 

 
𝜕𝑛𝑝

𝜕𝑡
=

1

𝑞

𝑑𝐽𝑛
𝑑𝑥

+ 𝐺𝑛 − 𝑈𝑛                                             2.3 

 
𝜕𝑝𝑛

𝜕𝑡
= −

1

𝑞

𝑑𝐽𝑝

𝑑𝑥
+ 𝐺𝑝 − 𝑈𝑝                                             2.4 

Where, Jp and Jn are given by Eq.2.1 and Eq.2.2, Gp,n is the volume generation rate of 

holes/electrons in excess with respect to the thermal equilibrium, Un,p is the volume recombination 

rate of holes/electrons in excess with respect to the thermal equilibrium, which can be expressed by 

[51]: 

                     𝑈𝑛 =
∆𝑛

𝜏𝑛
  ; 𝑈𝑝 =

∆𝑝

𝜏𝑝
 2.5 

where ∆𝑛 and ∆𝑝 are the excess of minority carriers in P-type and N-type material repetitively and  

𝜏𝑛 and 𝜏𝑝 are the electron and holes lifetime. For each sub-junction, the continuity equations are 

solved in the two quasi-neutral regions of the emitter and the base (where the electric fields are 

assumed equal to zero), by considering proper boundary conditions. (see Figure 3). 
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Figure 3. Schematic of each single junction sub cell and boundary conditions considered to solve the continuity 

equation in the emitter and base in order to get the short circuit current. The expression of the current generated 

in the depletion region (Jdr) is also explicitly shown considering the Hovel model.  

The equations from Eq.2.1 to Eq.2.4 are thus solved for each sub cell of the MJ device, identifying 

for each sub cell the proper incident flux. In all cases which will follow, in first approximation, the 

generation terms owing to self-excitation [52] and photon coupling effects [53] are not explicitly 

considered. Self-excitation can be easily encompassed by introducing an effective lifetime, while 

photon coupling effects will be considered in a future work.  

 

2.3. Hovel model 

In the Hovel mathematical model [35] the multiple light reflections inside the MJ structure are 

neglected, therefore, the generation term, G, is calculated only considering positive light flux, 

F(λ,x), absorbed according to the Beer–Lambert law. The reflection coefficient, R(λ), which takes 

into account the solar light reflected at the solar cells surface, is computed only considering the 

interference effects produced inside the coating and the solar cell window layer. By considering the 

assumption 9 of chapter 2.1, it holds: 

𝐹(𝜆, 𝑥) = [1 − 𝑅(𝜆)]𝐹(𝜆, 0)𝑒−𝛼(𝑥)𝑥   2.6 

  𝐺(𝜆, 𝑥) = −
𝑑𝐹(𝑥, 𝜆)

𝑑𝑥
= 𝛼(𝜆)𝐹(𝜆)[1 − 𝑅(𝜆)]𝑒−𝛼(𝑥)𝑥 2.7 

Where “λ” and “x” are respectively the wavelength and the path travelled by light. The continuity 

equations are then solved by replacing in the Eq.2.3 and Eq.2.4 the generation term given by 

Eq.2.7. The electron and hole density distributions in excess with respect to the equilibrium value 

are then introduced in Eq.2.1 and Eq.2.2 to get the electron and hole currents. 

Depletion  
region 
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2.4. The transfer matrix method  

In MJ solar cells, several layers with different refraction index and thicknesses comparable with 

light wavelength are present. This means that multiple reflections and interference phenomena take 

place inside the MJ structure and they can strongly modify the light distribution in the photovoltaic 

active layers of the solar cells. The transfer matrix method (TMM) is a suitable mathematical 

method which considers the complex nature of the wave vector and is able to consider multiple 

reflections and interference phenomena of the forward and backward travelling waves. The 

calculated electromagnetic radiation by TMM can then be inserted in the semiconductor continuity 

equations to determine the photo-carrier generation, replacing the flux term used by Hovel. It has 

been pointed out that the utilization of TMM to describe the position dependent flux in the solar 

cells can become prohibitively complicated even for relatively few layers [45]. In Chapter 3, the 

generation function will be simplified, and the continuity equation solved with simple analytical 

expressions even by applying the TMM. Despite TMM is very popular, rarely the method has been 

explained in detail. Hereafter the formalism of the TMM is then  developed step by step, from the 

contribution of Yuffa and Scales [47]. 

Let’s consider the structure reported in Figure 4.  The following starting general assumptions are 

considered: 

1. Solar Radiation propagates like plane waves coming from the #0 layer (air) 

2. The solar intensity is not polarized, and it can be thought as equally distributed in the 

transvers magnetic (TM) and transvers electric (TE) polarization modes. 

3. Without loss of generality, we can set null the component of the wave vector along the z 

direction, kz = 0, because we can always rotate the coordinate system so that the incidence 

plane is the x-y plane. 

4. The substrate, or more generally, the last layer, (#N layer) is very thick and the reflected 

radiation at its back can be neglected; this means that for convenience of calculus, the N# 

layer thickness can be set to zero. 

5. Each layer is homogeneous and isotropic. 

6. lateral dimensions of the MJ solar cell are much greater than the thickness (1D problem) 

7. Source-free layers and interfaces (current density, J, and charge density, ϱ, are set to zero). 

The starting equations for determining the electromagnetic radiation inside the MJ structure are the 

source-free macroscopic Maxwell equations, which in the SI Unit are given by: 

 ∇ × 𝑯 =
𝜕𝑫

𝜕𝑡
                                            2.8 

 ∇ × 𝑬 = −
𝜕𝑩

𝜕𝑡
                                            2.9 

 ∇ ∙ 𝑫 = 0                                              2.10 

 ∇ ∙ 𝐁 = 0                                            2.11 

 𝑫 = 𝜀𝑬                                              2.12 
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 𝑩 = 𝜇𝑯                                                   2.13 

 

Figure 4. Schematic of a MJ structure. Solar Radiation propagates like plane waves coming from the #0 layer (air). The solar 

intensity is not polarized, and it can be thought as equally distributed in the TM and TE polarization modes. When the 

substrate is very thick, the backward propagating wave coming from the substrate-air interface can be neglected. 

Where, E is the electric field, D is the displacement field, B is the magnetic field, H is the magnetic 

intensity,  and µ are, respectively, the complex permittivity and complex permeability. The bold 

character has been used to indicate the vector notation. The solar radiation propagates like plane 

waves coming from the #0 layer (air). Plane waves can be generally described by: 

 𝐄(𝐫, t) = 𝑬(𝒓)𝑒𝑖(𝒌∙𝒓−𝜔𝑡)                                            2.14 

 𝐇(𝐫, t) = 𝑯(𝒓)𝑒𝑖(𝒌∙𝒓−𝜔𝑡)                                            2.15 

Where k is the complex wavenumber, ω is the angular frequency, 𝒓 is the position vector. 

By considering Eq.2.12  and Eq.     2.13 and by replacing Eq.2.14 in Eq.2.8, and Eq.2.15 in Eq.2.9 it 

holds: 

 𝛁 × 𝑯(𝒓, 𝑡) = −𝑖𝜔𝜀𝐄(𝐫, t)                                            2.16 

 𝛁 × 𝐄(𝐫, t) = 𝑖𝜔µ𝐇(𝐫, t)                                            2.17 

By applying the curl to Eq.2.16 and by considering Eq.2.17, we can write: 

 𝛁 × 𝛁 × 𝑯(𝒓, 𝑡) = 𝜔2µ𝜀𝑯(𝐫, t) 2.18 
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Similarly, by applying the curl to the Eq.2.17 and by considering the Eq.2.16, we can get: 

 𝛁 × 𝛁 × 𝐄(r, t) = ω2µε𝐄(r, t) 2.19 

By remembering that for a generic vector T, it holds: 

 𝛁 × 𝛁 × 𝐓 = ∇(𝛁 ∙ 𝐓) − ∇2𝐓 2.20 

and by  considering that 𝛁 ∙ 𝑬 = 0 and 𝛁 ∙ 𝑯 = 0, Eq.2.18 an Eq.2.19 become: 

 𝛁 × 𝛁 × 𝑯(𝒓, 𝑡) = −∇2𝑯(𝐫, t) 2.21 

 𝛁 × 𝛁 × 𝑬(𝒓, 𝑡) = −∇2𝑬(𝐫, t) 2.22 

Eq.2.21 and Eq.2.22 along with Eq.2.18 and Eq.2.19  allow showing that the electric field and the 

magnetic intensity satisfy the Helmholtz wave equations: 

 ∇2𝑯(𝒓, 𝒕) + 𝑘2𝑯(𝒓, 𝒕) = 𝟎 2.23 

 ∇2𝑬(𝒓, 𝒕) + 𝑘2𝑬(𝒓, 𝒕) = 𝟎 2.24 

With: 

 𝑘2 = ω2µε 2.25 

and:  

 𝑘2 =
ω2

𝑣2
 2.26 

  where  𝒗  is the wave propagation velocity, and according to Figure 4: 

 𝑘2 = 𝑘𝑥
2 + 𝑘𝑦

2    →  𝑘𝑥 = √
ω2

𝒗𝟐 − 𝑘𝑦
2    2.27 

The  boundary conditions for a source-free interface separating two adjacent layers j and j+1 can be 

obtained by applying the divergence and Stokes theorems (see Figure 5) . 

 𝐧 ∙ (𝑩𝒋 − 𝑩𝒋+𝟏) = 𝟎 2.28 

 𝐧 × (𝑬𝒋 − 𝑬𝒋+𝟏) = 𝟎 2.29 

 𝐧 ∙ (𝑫𝒋 − 𝑫𝒋+𝟏) = 𝟎 2.30 

 𝐧 × (𝑯𝒋 − 𝑯𝒋+𝟏) = 𝟎 2.31 

Eq.2.28 and Eq.2.30 show that the components of the magnetic field and displacement field  normal 

to interface are conserved, while Eq.2.29 and Eq.2.31 show that the components of the electric field  

and magnetic intensity tangent to interface are conserved. 

 



MODELLING MULTI-JUNCTION SOLAR CELLS 

 

 

17 

                                                 

 

 

 

 

                                             

 

        

                                                                 

                                     a)                                                                                                       b) 

Figure 5. Boundary condition for B, D, E and H. a) Divergence theorem applied to B and D.  B and D are 

thought uniform inside the infinitesimal volume of the cylinder. The height ∆h of the cylinder volume is reduced 

to zero so that the flux of B and D has to be calculated only though the top and bottom base of the cylinder; b) 

Stokes theorem applied to H and E.  H and E are thought uniform along the infinitesimal path ∆𝒍 of the circuit. 

The height ∆h of the circuit is reduced to zero so that the contribution of H and E is different from zero only 

along the horizontal part of the circuit and the surface integrals become zero, while  
𝝏𝑩

𝝏𝒕
 and 

𝝏𝑫

𝝏𝒕
 are finite. 

A useful relationship between E and H can be determined considering the following relationship 

between a scalar quantity β and a vector T: 

 𝛁 × (β𝐓) = β(𝛁 × 𝐓) + (𝛁β) × 𝐓 2.32 

From Eq.2.14 and Eq.2.15, and setting: 

 β = 𝑒𝑖(𝒌∙𝒓−𝜔𝑡)  

and 

 𝐓 = 𝑬(𝒓), H(𝒓)  

It holds: 

 𝛁 × 𝐄(𝐫, t) = {𝛁 × 𝐄(𝐫) + i𝐤 × 𝐄(𝐫)}𝑒𝑖(𝒌∙𝒓−𝜔𝑡) 2.33 

 𝛁 × 𝐇(𝐫, t) = {𝛁 × 𝐇(𝐫) + i𝐤 × 𝐇(𝐫)}𝑒𝑖(𝒌∙𝒓−𝜔𝑡) 2.34 

By considering  Eq.2.16 and Eq.2.17, we get: 

 𝐇(𝐫) =
𝛁 × 𝐄(𝐫)

𝑖𝜔µ
+

𝐤 × 𝐄(𝐫)

𝜔µ
 2.35 

Hj 

J+1 

 

ම𝛁 ∙ 𝑩  𝑑𝑉 = ඵ𝑩 ∙ 𝒏𝑑𝑠 

 

ම𝛁 ∙ 𝑫  𝑑𝑉 = ඵ𝑫 ∙ 𝒏𝑑𝑠 

j 

J+1 

Bj Dj 

Bj+
Dj+1 

nj 

nj+1 

∆ℎ 

j 

Ej 

Ej+ Hj+

 

ර𝑬 ∙ 𝑑𝒍 = ඵ(𝛁 × 𝑬) ∙ 𝒏 𝑑𝑆 = ඵ−
𝜕𝑩

𝜕𝑡
∙ 𝒏 𝑑𝑠 

 

ර𝑯 ∙ 𝑑𝒍 = ඵ(𝛁 × 𝑯) ∙ 𝒏 𝑑𝑆 = ඵ
𝜕𝑫

𝜕𝑡
∙ 𝒏 𝑑𝑠 

∆ℎ 
∆𝒍 
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 𝐄(𝐫) = − [
𝛁 × 𝐇(𝐫)

𝑖𝜔𝜀
+

𝐤 × 𝐇(𝐫)

𝜔𝜀
] 2.36 

It is possible to show that the first right terms of Eq.2.35 and Eq.2.36 are null. Let’s start 

considering  𝛁 × 𝐄(𝐫): 

𝛁 × 𝐄(𝐫) =

[
 
 
 
 

�̂� �̂� �̂�
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝐸𝑥(𝒓) 𝐸𝑦(𝒓) 𝐸𝑧(𝒓)]
 
 
 
 

= 

= �̂�(
𝜕𝐸𝑧(𝒓)

𝜕𝑦
−

𝜕𝐸𝑦(𝒓)

𝜕𝑧
) − �̂� (

𝜕𝐸𝑧(𝒓)

𝜕𝑥
−

𝜕𝐸𝑥(𝒓)

𝜕𝑧
) + 𝒛 ̂ (

𝜕𝐸𝑦(𝒓)

𝜕𝑥
−

𝜕𝐸𝑥(𝒓)

𝜕𝑦
) 

As we have assumed each layer homogeneous and isotropic, all the partials derivate along y and z 

are null, therefore: 

𝛁 × 𝐄(𝐫) = −�̂� (
𝜕𝐸𝑧(𝒓)

𝜕𝑥
) + 𝒛 ̂ (

𝜕𝐸𝑦(𝒓)

𝜕𝑥
) 

However, as the components of the electric field tangent to interface are conserved, also the last 

expression has to be null. The same procedure can be applied for the magnetic intensity. We can 

then write: 

 𝐇(𝐫) =
𝐤 × 𝐄(𝐫)

𝜔µ
 2.37 

 𝐄(𝐫) = −
𝐤 × 𝐇(𝐫)

𝜔𝜀
 2.38 

and multiplying by 𝑒𝑖(𝒌∙𝒓−𝜔𝑡): 

 𝐇(𝐫, t) =
𝐤 × 𝐄(𝐫, 𝐭)

𝜔µ
 2.39 

 𝐄(𝐫, t) = −
𝐤 × 𝐇(𝐫, t)

𝜔𝜀
 2.40 

The fact that the factors 
𝛁×𝐄(𝐫)

𝑖𝜔µ
  and 

𝛁×𝐇(𝐫)

𝑖𝜔𝜀
 can be neglected means that both 𝐄(𝐫) and 𝐇(𝐫) in reality 

are not dependent by r, that is, they do not change when the wave propagates in each layer. 

Therefore, the spatial dependence of E and H is only contained in the term 𝑒𝑖(𝒌∙𝒓−𝜔𝑡).  

By using the Eq.2.39 and considering the boundary condition given by Eq.2.28 and Eq.2.29, it is 

possible to arrive to an important expression for the wave vector.  

According to Figure 4, the normal to the interfaces is along the �̂�, therefore the Eq.2.28 becomes: 
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 𝜇𝑗𝐻𝑗,𝑥𝑒
𝑖(𝒌𝒋∙𝒓𝒋−𝜔𝑡) = 𝜇𝑗+1𝐻𝑗+1,𝑥𝑒

𝑖(𝒌𝒋+𝟏∙𝒓𝒋−𝜔𝑡) 2.41 

The “x” component of the magnetic intensity can be obtained from Eq.2.39, by pointing out that the 

plane of incidence is defined by �̂� and �̂� and therefore, kz=0: 

 𝐻𝑥 =
k𝑦 ∙ E𝑧

𝜔µ
 2.42 

By replacing 𝐻𝑗,𝑥 and 𝐻𝑗+1,𝑥 in Eq.2.41 with the expression given by Eq.2.42: 

 𝑘𝑗,𝑦𝐸𝑗,𝑧(𝒓𝒋, 𝑡) = 𝑘𝑗+1,𝑦𝐸𝑗+1,𝑧(𝒓𝒋, 𝑡) 2.43 

Where it has been assumed 𝜇𝑗 = 𝜇𝑗+1. From Eq.2.29: 

𝐧 × ⌈𝑬𝒋(𝒓𝒋, 𝑡) − 𝑬𝒋+𝟏(𝒓𝒋, 𝑡)⌉ =

= [

�̂� �̂� �̂�
1 0 0

𝑬𝒋,𝒙(𝒓𝒋, 𝑡) − 𝑬𝒋+𝟏,𝒙(𝒓𝒋, 𝑡) 𝑬𝒋,𝒚(𝒓𝒋, 𝑡) − 𝑬𝒋+𝟏,𝒚(𝒓𝒋, 𝑡) 𝑬𝒋,𝒛(𝒓𝒋, 𝑡) − 𝑬𝒋+𝟏,𝒛(𝒓𝒋, 𝑡)
] 

= −�̂� [𝑬𝒋,𝒛(𝒓𝒋, 𝑡) − 𝑬𝒋+𝟏,𝒛(𝒓𝒋, 𝑡)] + �̂�⌈𝑬𝒋,𝒚(𝒓𝒋, 𝑡) − 𝑬𝒋+𝟏,𝒚(𝒓𝒋, 𝑡)⌉= 0 

Therefore: 

 𝐸𝑗,𝑧(𝒓𝒋, 𝑡) = 𝐸𝑗+1,𝑧(𝒓𝒋, 𝑡) 2.44 

 𝐸𝑗,𝑦(𝒓𝒋, 𝑡) = 𝐸𝑗+1,𝑦(𝒓𝒋, 𝑡) 2.45 

Considering Eq.2.43 and Eq.2.44, it must be: 

 𝑘𝑗,𝑦 = 𝑘𝑗+1,𝑦 = 𝑘0,𝑦 2.46 

The wave vector is conserved along  �̂� (that is, along the direction parallel to the interfaces) and its 

value is real. In the following, the electric field and magnetic intensity will be calculated for TM 

and TE polarization and then the boundary condition will be applied in the two cases.  
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2.4.1. Matrix elements for TM polarization 

 

 

 

 

 

 

Figure 6. TM polarization representation: the electric field is in the plane of incidence while the magnetic 

intensity is perpendicular to the plane on incidence. 

The wave vector can be written as: 

 𝒌± = ±�̂�𝑘𝑥 + �̂�𝑘𝑦 2.47 

The sign “+” indicates a transmitted wave propagating in the +x direction, while the sign “-“ 

indicates a reflected wave propagating in the –x direction; there is no reflection along y direction, as 

the side dimension of the solar cells is assumed much bigger than the solar cell thickness (therefore 

in y direction the cell is optically thick). By introducing the Eq.2.14 and Eq.2.47 in Eq.2.39 we get: 

𝐇±(𝐫, t) =
1

𝜔µ
[

�̂� �̂� �̂�
±𝑘𝑥 𝑘𝑦 0

𝐸𝑥(𝒓, 𝑡) 𝐸𝑦(𝒓, 𝑡) 0
]=

1

𝜔µ
�̂� [±𝑘𝑥𝐸𝑦(𝒓, 𝑡) − 𝑘𝑦𝐸𝑥(𝒓, 𝑡)] 2.48 

Setting: 

𝐸± =
[±𝑘𝑥𝐸𝑦 − 𝑘𝑦𝐸𝑥]

𝜀µ𝜔2
 2.49 

It holds: 

𝐇±(𝐫, t) = �̂�𝐸± 𝜀𝜔𝑒𝑖(𝒌±∙𝒓−𝜔𝑡) 2.50 

H± has the dimension of [Cs-1m-1], while the dimension of E± is [V]. By introducing in the Eq.2.40, 

the expression k and H given, respectively by Eq.2.47 in Eq.2.50, we get: 

𝐄±(𝐫, t) =  [±�̂�𝑘𝑥 − �̂�𝑘𝑦]𝐸± 𝑒𝑖(𝒌±∙𝒓−𝜔𝑡) 2.51 

The total magnetic intensity and electric field are the sum of the two components propagating in 

opposite direction along “x”. For each layer “j“ , as 𝑒𝑖(𝒌±
𝒋∙𝒓−𝜔𝑡) = 𝑒𝑖(±𝒌𝒋,𝒙∙𝒙+𝑘𝑗,𝑦𝑦)𝑒−𝑖𝜔𝑡 , it holds: 

𝑯𝒋(𝐫, t) = �̂�𝜀𝑗𝜔[𝐸𝑗
+𝑒𝑖𝑘𝑗,𝑥𝑥 + 𝐸𝑗

−𝑒−𝑖𝑘𝑗,𝑥𝑥] 𝑒𝑖(𝑘𝑗,𝑦𝑦−𝜔𝑡) 2.52 

𝑬𝒋(𝐫, t) = [𝐸𝑗
+(�̂�𝑘𝑗,𝑥 − �̂�𝑘𝑗,𝑦) 𝑒𝑖𝑘𝑗,𝑥𝑥 − 𝐸𝑗

−(�̂�𝑘𝑗,𝑥 + �̂�𝑘𝑗,𝑦)𝑒−𝑖𝑘𝑗,𝑥𝑥]𝑒𝑖(𝑘𝑗,𝑦𝑦−𝜔𝑡) 2.53 

𝐸𝑥, 𝐸𝑦, 𝐻𝑧 ≠ 0 

𝐸𝑧 , 𝐻𝑥, 𝐻𝑦 = 0 
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Once the expressions for the magnetic intensity and electric field for TM polarization have been 

determined, it is possible to apply the boundary condition at rj by using Eq.2.29 and Eq.2.31 (see 

Figure 7). 

 

 

 

 

 

 

Figure 7. Geometrical representation of the interface between layer j and j+1.  The coordinate xj identifies the 

end of the layer j. 

 𝐧 × 𝑬𝒋(𝒓𝒋, 𝑡) =

𝑒𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡) [

�̂� �̂� �̂�
1 0 0

−𝐸𝑗
+𝑘𝑗,𝑦𝑒𝑖𝑘𝑗,𝑥𝑥𝑗 − 𝐸𝑗

−𝑘𝑗,𝑦𝑒−𝑖𝑘𝑗,𝑥𝑥𝑗 𝐸𝑗
+𝑘𝑗,𝑥𝑒

𝑖𝑘𝑗,𝑥𝑥𝑗 − 𝐸𝑗
−𝑘𝑗,𝑥𝑒

−𝑖𝑘𝑗,𝑥𝑥𝑗 0
]= 

=�̂� [𝐸𝑗
+𝑘𝑗,𝑥𝑒

𝑖𝑘𝑗,𝑥𝑥𝑗 − 𝐸𝑗
−𝑘𝑗,𝑥𝑒

−𝑖𝑘𝑗,𝑥𝑥𝑗]𝑒𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡) 

2.54 

Therefore: 

 𝐧 × 𝑬𝒋+𝟏(𝒓𝒋, 𝑡) == 

=�̂� [𝐸𝑗+1
+𝑘𝑗+1,𝑥𝑒

𝑖𝑘𝑗+1,𝑥𝑥𝑗 − 𝐸𝑗+1
−𝑘𝑗+1,𝑥𝑒

−𝑖𝑘𝑗+1,𝑥𝑥𝑗]𝑒𝑖(𝑘𝑗+1,𝑦𝑦𝑗−𝜔𝑡) 
2.55 

By remembering the conservation of the wave vector along “y”, it holds: 

 𝐸𝑗
+𝑘𝑗,𝑥𝑒

𝑖𝑘𝑗,𝑥𝑥𝑗 − 𝐸𝑗
−𝑘𝑗,𝑥𝑒

−𝑖𝑘𝑗,𝑥𝑥𝑗 = 𝐸𝑗+1
+𝑘𝑗+1,𝑥𝑒

𝑖𝑘𝑗+1,𝑥𝑥𝑗 − 𝐸𝑗+1
−𝑘𝑗+1,𝑥𝑒

−𝑖𝑘𝑗+1,𝑥𝑥𝑗  2.56 

   

 

𝐧 × 𝑯𝒋(𝒓𝒋, 𝑡) = 𝑒𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡) [

�̂� �̂� �̂�
1 0 0
0 0 𝜀𝑗𝜔[𝐸𝑗

+𝑒𝑖𝑘𝑗,𝑥𝑥𝑗 + 𝐸𝑗
−𝑒−𝑖𝑘𝑗,𝑥𝑥𝑗]

]= 

=�̂� 𝜀𝑗𝜔[𝐸𝑗
+𝑒𝑖𝑘𝑗,𝑥𝑥𝑗 + 𝐸𝑗

−𝑒−𝑖𝑘𝑗,𝑥𝑥𝑗]𝑒𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡) 

2.57 

In the same way, since ω does not change at the boundary between layers: 

 𝐧 × 𝑯𝒋+𝟏(𝒓𝒋, 𝑡) = �̂� 𝜀𝑗+1𝜔[𝐸𝑗+1
+𝑒𝑖𝑘𝑗+1,𝑥𝑥𝑗 + 𝐸𝑗+1

−𝑒−𝑖𝑘𝑗+1,𝑥𝑥𝑗]𝑒𝑖(𝑘𝑗+1,𝑦𝑦𝑗−𝜔𝑡) 2.58 

Hence: 

𝒓𝒋 = 𝒓𝒋+𝟏 − �̂�𝑑𝑗+1 

𝒙𝒋 = 𝒙𝒋+𝟏 − 𝑑𝑗+1 
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 𝜀𝑗𝐸𝑗
+𝑒𝑖𝑘𝑗,𝑥𝑥𝑗 + 𝜀𝑗𝐸𝑗

−𝑒−𝑖𝑘𝑗,𝑥𝑥𝑗 = 𝜀𝑗+1𝐸𝑗+1
+𝑒𝑖𝑘𝑗+1,𝑥𝑥𝑗 + 𝜀𝑗+1𝐸𝑗+1

−𝑒−𝑖𝑘𝑗+1,𝑥𝑥𝑗  2.59 

Eq.2.56 and Eq.2.59 can be written in a more compact form by setting: 

ℵ𝑗
± = ±𝑘𝑗,𝑥𝐸𝑗

±𝑒±𝑖𝑘𝑗,𝑥𝑥𝑗  2.60 

where, ℵ𝑗
±denotes the y-component of the electric field at the end of the layer j. Defining 𝑤𝑗 as: 

𝑤𝑗 =
𝜀𝑗

𝑘𝑗,𝑥
 2.61 

and referring to Figure 7,  

 𝑒±𝑖𝑘𝑗+1,𝑥𝑥𝑗 = 𝑒±𝑖𝑘𝑗+1,𝑥(𝑥𝑗+1−𝑑𝑗+1) 2.62 

By considering Eq.2.60 in Eq.2.56 and in Eq.2.59, we get: 

 ℵ𝑗
+ + ℵ𝑗

− = ℵ𝑗+1
+𝑒−𝑖𝑘𝑗+1,𝑥𝑑𝑗+1 + ℵ𝑗+1

−𝑒𝑖𝑘𝑗+1,𝑥𝑑𝑗+1 2.63 

 𝑤𝑗( ℵ𝑗
+ − ℵ𝑗

−) = 𝑤𝑗+1(ℵ𝑗+1
+𝑒−𝑖𝑘𝑗+1,𝑥𝑑𝑗+1 − ℵ𝑗+1

−𝑒𝑖𝑘𝑗+1,𝑥𝑑𝑗+1) 2.64 

Since we have N interfaces (at x0, x1,… xN-1), Eq.2.63 and Eq.2.64 form a system of 2N equations 

with  ℵ1
+,  ℵ2

+ … .  ℵ𝑁
+,  ℵ1

−,  ℵ2
−. .  ℵ𝑁−1

− = 2𝑁 unknowns. In fact, ℵ0
+is known, as it can be 

shown related, through the Poynting vector, to the input electromagnetic field (i.e. to the incident 

solar radiation, see Eq.2.101), while ℵ𝑁
− = 0, since there is no electromagnetic radiation coming 

back from the last layer (very thick). 

As far as the wave vectors are concerned, recalling Eq.2.25, Eq.2.26 and Eq.2.27, and the Snell’s 

law it can be easily shown that: 

 𝑘𝑗,𝑥 =
2𝜋

𝜆0
𝑛𝑗 𝑐𝑜𝑠𝜗𝑗     2.65 

Where nj  and 𝜗𝑗 are respectively the complex refractive index and refractive angle related to the 

layer j and 𝜆0 is the wavelength of the plane wave propagating in the layer. 

By setting: 

            Ψ𝑗
± = 𝑒±𝑖𝑘𝑗,𝑥𝑑𝑗  2.66 

Eq.2.63 and Eq.2.64 can be further simplified and written as: 

 ℵ𝑗
+ + ℵ𝑗

− = ℵ𝑗
+Ψ𝑗+1

− + ℵ𝑗
−Ψ𝑗+1

+ 2.67 

 𝑤𝑗( ℵ𝑗
+ − ℵ𝑗

−) = 𝑤𝑗+1(ℵ𝑗+1
+Ψ𝑗+1

− − ℵ𝑗+1
−Ψ𝑗+1

+) 2.68 

It is possible to express the above equations by solving with respect to ℵ𝑗
+ and ℵ𝑗

−: 
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                 ℵ𝑗
+ =

1

2
 [ℵ𝑗+1

+Ψ𝑗+1
− (1 +

𝑤𝑗+1

𝑤𝑗
) + ℵ𝑗+1

−Ψ𝑗+1
+ (1 −

𝑤𝑗+1

𝑤𝑗
)] 2.69 

                 ℵ𝑗
− =

1

2
 [ℵ𝑗+1

+Ψ𝑗+1
− (1 −

𝑤𝑗+1

𝑤𝑗
) + ℵ𝑗+1

−Ψ𝑗+1
+ (1 +

𝑤𝑗+1

𝑤𝑗
)] 2.70 

By using the matrix notation: 

                [
ℵ𝑗

+

ℵ𝑗
−] =

1

2𝑤𝑗
 [
Ψ𝑗+1

−(𝑤𝑗 + 𝑤𝑗+1) Ψ𝑗+1
+(𝑤𝑗 − 𝑤𝑗+1)

Ψ𝑗+1
−(𝑤𝑗 − 𝑤𝑗+1) Ψ𝑗+1

+(𝑤𝑗 + 𝑤𝑗+1)
] [

ℵ𝑗+1
+

ℵ𝑗+1
−] 2.71 

 

Therefore, for each layer we can define a matrix Mj : 

            𝑀𝑗 =
1

2𝑤𝑗−1
 [
Ψ𝑗

−(𝑤𝑗−1 + 𝑤𝑗) Ψ𝑗
+(𝑤𝑗−1 − 𝑤𝑗)

Ψ𝑗
−(𝑤𝑗−1 − 𝑤𝑗) Ψ𝑗

+(𝑤𝑗−1 + 𝑤𝑗)
] 2.72 

Eq.2.71 becomes: 

            [
ℵ𝑗

+

ℵ𝑗
−] = 𝑀𝑗+1 [

ℵ𝑗+1
+

ℵ𝑗+1
−] 2.73 

It is straightforward to see that the matrix 𝑀𝑗+1  can be expressed as a product of an “interface” and 

“propagation” matrix, which describe the reflection of the electric field at the interface j, j+1 and the 

propagation of the electric field inside the layer j+1: 

𝑀𝑗+1 =
𝑤𝑗+𝑤𝑗+1

2𝑤𝑗
 [

1
𝑤𝑗−𝑤𝑗+1

𝑤𝑗+𝑤𝑗+1

𝑤𝑗−𝑤𝑗+1

𝑤𝑗+𝑤𝑗+1
1

] [
Ψ𝑗+1

− 0

0 Ψ𝑗+1
+] 2.74 

 

 

Where: 

                            
𝑤𝑗 + 𝑤𝑗+1

2𝑤𝑗
 

[
 
 
 1

𝑤𝑗 − 𝑤𝑗+1

𝑤𝑗 + 𝑤𝑗+1

𝑤𝑗 − 𝑤𝑗+1

𝑤𝑗 + 𝑤𝑗+1
1

]
 
 
 

=
1

𝑡𝑗,𝑗+1
[

1 𝑟𝑗,𝑗+1

𝑟𝑗,𝑗+1 1
] 2.75 

𝑡𝑗,𝑗+1 and 𝑟𝑗,𝑗+1, are, respectively, the Fresnel transmission and reflection coefficient for TM 

polarization  

The solution of the linear system expressed by Eq.2.71 or Eq.2.73 is easily obtained pointing out 

that: 

Interface Propagation 
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            [
ℵ0

+

ℵ0
−] = 𝑀1 [

ℵ1
+

ℵ1
−] ,   [

ℵ1
+

ℵ1
−] = 𝑀2 [

ℵ2
+

ℵ2
−]  →    [

ℵ0
+

ℵ0
−] = 𝑀1𝑀2 [

ℵ2
+

ℵ2
−]   2.76 

Therefore. 

            [
ℵ0

+

ℵ0
−] = 𝑀1𝑀2 . . 𝑀𝑁  [

ℵ𝑁
+

ℵ𝑁
−]   

 

2.77 

Since ℵ𝑁
− = 0, it holds:  

Where:  

            𝑀 = 𝑀1𝑀2 . . 𝑀𝑁 → 𝑀 = [
𝑀11 𝑀12

𝑀21 𝑀22
]   2.79 

From Eq.2.78 and Eq.2.79 it follows: 

         
ℵ0

+

ℵ𝑁
+ = 𝑀11, → ℵ𝑁

+ =
ℵ0

+

𝑀11
 ,    

ℵ0
−

ℵ𝑁
+ = 𝑀21 →  ℵ0

− = ℵ𝑁
+𝑀21  2.80 

hence, we can calculate with the following procedure: 

         

[
 
 
 
 
ℵ𝑁−1

+

ℵ𝑁
+

ℵ𝑁−1
−

ℵ𝑁
+ ]

 
 
 
 

= 𝑀𝑁 [
1
0
] ,→   

[
 
 
 
 
ℵ𝑁−2

+

ℵ𝑁
+

ℵ𝑁−2
−

ℵ𝑁
+ ]

 
 
 
 

= 𝑀𝑁−1

[
 
 
 
 
ℵ𝑁−1

+

ℵ𝑁
+

ℵ𝑁−1
−

ℵ𝑁
+ ]

 
 
 
 

… .→    

[
 
 
 
 
ℵ1

+

ℵ𝑁
+

ℵ1
−

ℵ𝑁
+]
 
 
 
 

= 𝑀2  

[
 
 
 
 
ℵ2

+

ℵ𝑁
+

ℵ2
−

ℵ𝑁
+]
 
 
 
 

 2.81 

all the ratios:  
ℵ𝑁−1

+

ℵ𝑁
+ , 

ℵ𝑁−2
+

ℵ𝑁
+ ,… 

ℵ1
+

ℵ𝑁
+  and 

ℵ𝑁−1
−

ℵ𝑁
+ ,

ℵ𝑁−2
−

ℵ𝑁
+ , … 

ℵ1
−

ℵ𝑁
+. that is, the electric field at the end of 

each solar cell layer for TM polarization. 

 

2.4.2. Determination of the Poynting vector for TM polarization 

The energy flux through a surface can be calculated by means of the Poynting vector: 

 �̃� = �̃� × �̃� 2.82 

Where Ẽ and H̃ are the real part of the complex vectors E and H  given by Eq.2.14 and Eq.2.15. 

By recalling that for a complex vector T, it holds: 

            

[
 
 
 
 
ℵ0

+

ℵ𝑁
+

ℵ0
−

ℵ𝑁
+]
 
 
 
 

= 𝑀 [
1
0
]   2.78 
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 𝑅𝑒[𝑻] =
1

2
[𝑻 + 𝑻∗] 2.83 

where T*is the complex conjugate of T, it follows: 

 
�̃� =

1

4
[𝑬 + 𝑬∗] × [𝑯 + 𝑯∗] 2.84 

Introducing Eq.2.14 and Eq.2.15 in Eq.2.84 : 

 
�̃� =

1

4
{𝑬(𝒓) × 𝑯(𝒓)𝑒2𝑖(𝒌∙𝒓−𝜔𝑡) + 𝑬(𝒓)𝑒𝑖𝒌∙𝒓 × [𝑯(𝒓)𝑒𝑖𝒌∙𝒓]

∗

+ [𝑬(𝒓)𝑒𝑖𝒌∙𝒓]
∗
× 𝑯(𝒓)𝑒𝑖𝒌∙𝒓 + [𝑬(𝒓)]∗ × [𝑯(𝒓)]∗[𝑒2𝑖𝒌∙𝒓]

∗
 𝑒−2𝑖𝜔𝑡)} 

2.85 

We can now argue that the integration time of the measurement of the electromagnetic radiation is 

much longer than the period of the wave associated to the electromagnetic radiation itself. For 

example, if we consider λ= 500 nm, the related oscillation period is 1.6 10-15 sec, while the 

measurement time can be of the order or msec. This means that we can consider the average of the 

above expression. The average of the oscillatory terms containing 𝑒−2𝑖𝜔𝑡 are null. Therefore, the 

Eq.2.85 becomes: 

 
〈�̃�〉 =

1

4
{𝑬(𝒓)𝑒𝑖𝒌∙𝒓 × [𝑯(𝒓)𝑒𝑖𝒌∙𝒓]

∗
+ [𝑬(𝒓)𝑒𝑖𝒌∙𝒓]

∗
× 𝑯(𝒓)𝑒𝑖𝒌∙𝒓} 2.86 

which recalling the Eq.2.83 simplifies to: 

 
〈�̃�〉 =

1

2
𝑅𝑒{𝑬(𝒓)𝑒𝑖𝒌∙𝒓 × [𝑯(𝒓)𝑒𝑖𝒌∙𝒓]

∗
} 2.87 

By multiplying and dividing for 𝑒𝑖𝜔𝑡 : 

 
〈�̃�〉 =

1

2
𝑅𝑒{𝑬(𝒓)𝑒𝑖(𝒌∙𝒓−𝜔𝑡) × [𝑯(𝒓)𝑒𝑖(𝒌∙𝒓−𝜔𝑡)]

∗
} =

1

2
𝑅𝑒[𝑬(𝒓, 𝑡) × 𝑯(𝒓, 𝑡)∗] 2.88 

The energy that in unit time crosses a surface is given by the flux of the Poynting vector: 

 
𝝋(𝑺) = ඵ𝑺 ∙ 𝒏 𝑑𝑎 2.89 

where n is the normal to the surface. Considering that the Poynting vector does not change on the 

plane yz, the energy that in unit time and unit surface crosses a surface at the end of layer j is given 

by 〈�̃�𝒋(𝐫𝒋)〉 ∙ �̂�.  

In order to determine 〈�̃�𝒋(𝐫𝒋)〉𝑻𝑴 ∙ 𝒙, let’s start writing the expression of 𝑬(𝒓, 𝑡) and H(r,t) given by 

Eq.2.52 and Eq.2.53 by considering Eq.2.60:. 

 𝑯𝒋(𝐫, t) = �̂�
𝜀𝑗𝜔

𝑘𝑗,𝑥
[ℵ𝑗

+ − ℵ𝑗
−] 𝑒𝑖(𝑘𝑗,𝑦𝑦−𝜔𝑡) 2.90 
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𝑬𝒋(𝐫, t) = {�̂�

𝑘𝑗,𝑦

𝑘𝑗,𝑥
[−ℵ𝑗

+ + ℵ𝑗
−] + �̂�[ℵ𝑗

+ + ℵ𝑗
−]} 𝑒𝑖(𝑘𝑗,𝑦𝑦−𝜔𝑡) 2.91 

𝑬𝒋(𝐫𝒋, t) × 𝑯𝒋(𝒓𝒋, 𝑡)
∗
=

=

[
 
 
 
 
 

�̂� �̂� �̂�
𝑘𝑗,𝑦

𝑘𝑗,𝑥
{−ℵ𝑗

+ + ℵ𝑗
−}𝑒

𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡)
[ℵ𝑗

+ + ℵ𝑗
−]𝑒

𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡)
0

0 0 {
𝜀𝑗𝜔

𝑘𝑗,𝑥
[ℵ𝑗

+ − ℵ𝑗
−] 𝑒

𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡)
}

∗

]
 
 
 
 
 

 
2.92 

Since we only need the projection of the Poynting vector along �̂�, we can just consider6  

{𝑬𝒋(𝐫𝒋, t) × 𝑯𝒋(𝒓𝒋, 𝑡)
∗
}
𝑥

= [ℵ𝑗
+ + ℵ𝑗

−]𝑒𝑖(𝑘𝑗,𝑦𝑦𝑗) {
𝜀𝑗𝜔

𝑘𝑗,𝑥
[ℵ𝑗

+ − ℵ𝑗
−] 𝑒𝑖(𝑘𝑗,𝑦𝑦𝑗)}

∗

 2.93 

Therefore, since 𝑘𝑗,𝑦 is real, |𝑒𝑖(𝑘𝑗,𝑦𝑦𝑗)|
2
=1, then it follows: 

{𝑬𝒋(𝐫, t) × 𝑯𝒋(𝒓, 𝑡)∗}
𝑥

=
𝜀𝑗

∗𝑘𝑗,𝑥

|𝑘𝑗,𝑥|
2 𝜔 {|ℵ𝑗

+|
2
− |ℵ𝑗

−|
2
− ℵ𝑗

+ℵ𝑗
−∗ + ℵ𝑗

−ℵ𝑗
+∗

} 2.94 

〈�̃�𝒋(𝐫𝒋)〉𝑻𝑴 ∙ �̂� =
1

2
𝑅𝑒{𝑬𝒋(𝐫, t) × 𝑯𝒋(𝒓, 𝑡)∗}

𝑥

=
1

2
𝑅𝑒 {

𝜀𝑗
∗𝑘𝑗,𝑥

|𝑘𝑗,𝑥|
2 𝜔 [|ℵ𝑗

+|
2
− |ℵ𝑗

−|
2
− ℵ𝑗

+ℵ𝑗
−∗ + ℵ𝑗

−ℵ𝑗
+∗

]} 
2.95 

The Eq.2.95 can be written as:  

〈�̃�𝒋(𝐫𝒋)〉𝑻𝑴 ∙ �̂� = 〈�̃�𝑗(x𝑗)〉
+

𝑇𝑀
+ 〈�̃�𝑗(x𝑗)〉

−
𝑇𝑀

+ 〈�̃�𝑗(x𝑗)〉
±

𝑇𝑀
 2.96 

〈�̃�𝑗(x𝑗)〉
+

𝑇𝑀
=

1

2
𝑅𝑒[𝜀𝑗

∗𝑘𝑗,𝑥]𝜔
|ℵ𝑗

+|
2

|𝑘𝑗,𝑥|
2 2.97 

〈�̃�𝑗(x𝑗)〉
−

𝑇𝑀
= −

1

2
𝑅𝑒[𝜀𝑗

∗𝑘𝑗,𝑥]𝜔
|ℵ𝑗

−|
2

|𝑘𝑗,𝑥|
2 2.98 

〈�̃�𝑗(x𝑗)〉
±

𝑇𝑀
=

1

2

𝜔

|𝑘𝑗,𝑥|
2 𝑅𝑒{𝜀𝑗

∗𝑘𝑗,𝑥[ℵ𝑗
−ℵ𝑗

+∗
− ℵ𝑗

+ℵ𝑗
−∗]} 2.99 

 〈�̃�𝑗(x𝑗)〉
+

𝑇𝑀
 represents the TM energy current density7 at the end of layer j, owing to the electric 

field propagating in the x positive direction, 〈�̃�𝑗(x𝑗)〉
−

𝑇𝑀
 represents the TM energy current density at 

the end of layer j, owing to the electric field propagating in the x negative direction, while 

 
6 It holds: 

1

2
𝑅𝑒{𝑬𝒋(𝐫𝒋, t) × 𝑯𝒋(𝒓𝒋, 𝑡)

∗
} ∙ �̂� =

1

2
𝑅𝑒{[𝑬𝒋(𝐫𝒋, t) × 𝑯𝒋(𝒓𝒋, 𝑡)

∗
] ∙ �̂�} 

7 The energy current density is expressed in W/m2. 
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〈�̃�𝑗(x𝑗)〉
±

𝑇𝑀
 represents the TM energy current density at the end of layer j, due to the interference 

between the counter propagating waves.  Since: 

[ℵ𝑗
−ℵ𝑗

+∗
− ℵ𝑗

+ℵ𝑗
−∗] = 2i[𝐼𝑚(ℵ𝑗

−)𝑅𝑒(ℵ𝑗
+) − 𝐼𝑚(ℵ𝑗

+)𝑅𝑒(ℵ𝑗
−)] 2.100 

the third term vanishes when 𝑘𝑗,𝑥 𝑎𝑛𝑑 𝜀𝑗 are real (not absorbing material).  As the solar radiation 

comes from layer #0, by recalling the assumption 2) of section 2.4, it holds: 

〈�̃�0(x0)〉
+

𝑇𝑀
=

1

2
𝐼0 → |ℵ0

+| = √
𝐼0𝑘0,𝑥

𝜔𝜀0
 2.101 

Where I0 is the solar energy current density. 

The transmittance and reflectance are given by: 

T𝑇𝑀 =
〈�̃�𝑁(x𝑁)〉+𝑇𝑀

〈�̃�0(x0)〉
+

𝑇𝑀

=
𝑅𝑒[𝜀𝑁

∗𝑘𝑁,𝑥]|𝑘0,𝑥|
2
|ℵ𝑁

+
|
2

𝑅𝑒[𝜀0
∗𝑘0,𝑥]|𝑘𝑁,𝑥|

2
|ℵ0

+
|
2

 2.102 

R𝑇𝑀 =
〈�̃�0(x0)〉

−
𝑇𝑀

〈�̃�0(x0)〉
+

𝑇𝑀

=
|ℵ0

−|2

|ℵ0
+
|
2

 2.103 

By considering Eq.2.80, Eq.2.102  and Eq.2.103 can be written as: 

T𝑇𝑀 =
𝑘0,𝑥𝑅𝑒[𝜀𝑁

∗𝑘𝑁,𝑥]

𝜀0|𝑘𝑁,𝑥|
2
|𝑀11|

2
 2.104 

 

R𝑇𝑀 =
|𝑀21|

2

|𝑀11|2
 2.105 

2.4.3. Matrix elements for TE polarization 

 

Figure 8. TE polarization representation: the magnetic intensity is in the plane of incidence while the electric 

field is perpendicular to the plane on incidence. 

𝐻𝑥, 𝐻𝑦, 𝐸𝑧 ≠ 0 

𝐻𝑧 , 𝐸𝑥, 𝐸𝑦 = 0 
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By introducing Eq.2.15 and Eq.2.47 in Eq.2.38 we get: 

𝐄±(𝐫, t) = −
1

𝜔𝜀
[

�̂� �̂� �̂�
±𝑘𝑥 𝑘𝑦 0

𝐻𝑥(𝒓, 𝑡) 𝐻𝑦(𝒓, 𝑡) 0
]=

1

𝜔𝜀
�̂� [±𝑘𝑥𝐻𝑦(𝒓, 𝑡) − 𝑘𝑦𝐻𝑥(𝒓, 𝑡)] 2.106 

Setting: 

𝐸± =
[±𝑘𝑥𝐻𝑦 − 𝑘𝑦𝐻𝑥]

𝜔𝜀
 2.107 

where 𝑬𝑗
± has the dimension of [V/m],  while in Eq.2.49 it had the dimension of [V] and the 

superscripts “±" have the same meaning as in given in the previous chapter, it is possible to write: 

𝑬𝑗
±(𝐫, t) = �̂�𝐸𝑗

± 𝑒𝑖(𝒌𝒋
±∙𝒓−𝜔𝑡) 2.108 

By introducing Eq.2.108 and Eq.2.47 in Eq.2.39, it holds for the generic layer j 

𝑯𝑗
±(𝐫, t) = [�̂�𝑘𝑗,𝑦 ∓ �̂�𝑘𝑗,𝑥] 

𝐸𝑗
±𝑒𝑖(𝒌𝒋

±∙∙𝒓−𝜔𝑡)

𝜇𝑗𝜔
 2.109 

Applying the boundary condition in rj, Eq.2.29 and Eq.2.31: 

𝐧 × 𝑬𝒋
±(𝒓𝒋, 𝑡) = 𝐸𝑗

±𝑒𝑖(𝒌𝒋∙𝒓−𝜔𝑡) [
�̂� �̂� �̂�
1 0 0
0 0 1

] = −�̂�𝐸𝑗
±𝑒𝑖(𝒌𝒋

±∙𝒓−𝜔𝑡) 2.110 

 

𝐸𝑗
+ 𝑒𝑖(𝒌𝒋

+∙𝒓𝒋) + 𝐸𝑗
− 𝑒−𝑖(𝒌𝒋

−∙𝒓𝒋) = 𝐸𝑗+1
+ 𝑒𝑖(𝒌𝒋+𝟏

+∙𝒓𝒋) + 𝐸𝑗+1
− 𝑒−𝑖(𝒌𝒋+𝟏

−∙𝒓𝒋) 2.111 

Since  𝑒𝑖(𝒌𝒋
±∙𝒓𝒋) = 𝑒𝑖(±𝑘𝑗,𝑥∙𝑥𝑗+𝑘𝑗,𝑦𝑦𝑗) , and remembering  Eq.2.46, it holds  

𝐸𝑗
+ 𝑒𝑖(𝑘𝑗,𝑥∙𝑥𝑗) + 𝐸𝑗

− 𝑒−𝑖(𝑘𝑗,𝑥∙𝑥𝑗) = 𝐸𝑗+1
+ 𝑒𝑖(𝑘𝑗+1,𝑥∙𝑥𝑗) + 𝐸𝑗+1

− 𝑒−𝑖(𝑘𝑗+1,𝑥∙𝑥𝑗) 2.112 

By setting: 

            Ω𝑗
± = 𝐸𝑗

±𝑒±𝑖𝑘𝑗,𝑥𝑥𝑗 2.113 

and considering Eq.2.62: 

Ω𝑗
+ + Ω𝑗

− = Ω𝑗+1
+𝑒−𝑖𝑘𝑗+1,𝑥𝑑𝑗+1 + Ω𝑗+1

−𝑒𝑖𝑘𝑗+1,𝑥𝑑𝑗+1  2.114 

 

𝐧 × 𝑯𝒋
±(𝒓𝒋, 𝑡) =

𝑬𝑗
±𝑒𝑖(𝒌𝒋∙𝒓−𝜔𝑡)

𝜇𝑗𝜔
[

�̂� �̂� �̂�
1 0 0

𝑘𝑗,𝑦 ∓𝑘𝑗,𝑥 0
] = ∓�̂�𝑘𝑗,𝑥

𝑬𝑗
±𝑒𝑖(𝒌𝒋∙𝒓−𝜔𝑡)

𝜇𝑗𝜔
 2.115 
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−
𝑘𝑗,𝑥

𝜇𝑗
 𝐸𝑗

+𝑒𝒊(𝒌𝒋,𝒙∙𝒙𝒋) +
𝑘𝑗,𝑥

𝜇𝑗
𝐸𝑗

− 𝑒−𝒊(𝒌𝒋,𝒙∙𝒙𝒋)

= −
𝑘𝑗+1,𝑥

𝜇𝑗+1
𝐸𝑗+1

+ 𝑒𝒊(𝒌𝒋+𝟏,𝒙∙𝒙𝒋) +
𝑘𝑗+1,𝑥

𝜇𝑗+1
𝐸𝑗+1

− 𝑒−𝒊(𝒌𝒋+𝟏,𝒙∙𝒙𝒋) 

2.116 

By considering Eq.2.113 and setting: 

ƞ𝑗 =
𝑘𝑗,𝑥

𝜇𝑗
 2.117 

Eq.2.116 becomes (changing the sign to all terms): 

ƞ𝑗(  Ω𝑗
+ − Ω𝑗

−) = ƞ𝑗+1(Ω𝑗+1
+𝑒−𝑖𝑘𝑗+1,𝑥𝑑𝑗+1 − Ω𝑗+1

−𝑒𝑖𝑘𝑗+1,𝑥𝑑𝑗+1) 2.118 

Solving  Eq.2.114  and  Eq.2.118 with respect to   Ω𝑗
+, Ω𝑗

−: 

Ω𝑗
+ =

1

2
[(1 +

ƞ𝑗+1

ƞ𝑗
)Ω𝑗+1

+𝑒−𝑖𝑘𝑗+1,𝑥𝑑𝑗+1 + (1 −
ƞ𝑗+1

ƞ𝑗
)Ω𝑗+1

−𝑒𝑖𝑘𝑗+1,𝑥𝑑𝑗+1] 2.119 

Ω𝑗
− =

1

2
[(1 −

ƞ𝑗+1

ƞ𝑗
)Ω𝑗+1

+𝑒−𝑖𝑘𝑗+1,𝑥𝑑𝑗+1 + (1 +
ƞ𝑗+1

ƞ𝑗
)Ω𝑗+1

−𝑒𝑖𝑘𝑗+1,𝑥𝑑𝑗+1] 2.120 

Eq.2.119 and Eq.2.120 , by considering Eq.2.66 can be written in matrix form as: 

                [
Ω𝑗

+

Ω𝑗
−] =

1

2ƞ𝑗
 [
Ψ𝑗+1

−(ƞ𝑗 + ƞ𝑗+1) Ψ𝑗+1
+(ƞ𝑗 − ƞ𝑗+1)

Ψ𝑗+1
−(ƞ𝑗 − ƞ𝑗+1) Ψ𝑗+1

+(ƞ𝑗 + ƞ𝑗+1)
] [

Ω𝑗+1
+

Ω𝑗+1
−] 2.121 

We can define, for each layer a matrix:  

            𝑀�̃� =
1

2ƞ𝑗−1
 [
Ψ𝑗

−(ƞ𝑗−1 + ƞ𝑗) Ψ𝑗
+(ƞ𝑗−1 − ƞ𝑗)

Ψ𝑗
−(ƞ𝑗−1 − ƞ𝑗) Ψ𝑗

+(ƞ𝑗−1 + ƞ𝑗)
] 2.122 

It is straightforward to see that the matrix �̃�𝑗+1  can be expressed as a product of an “interface” and 

“propagation” matrix, which describe the reflection of the electric field at the interface j, j+1 and the 

propagation of the electric field inside the layer j+1: 

�̃�𝑗+1 =
ƞ𝑗+ƞ𝑗+1

2ƞ𝑗
 [

1
ƞ𝑗−ƞ𝑗+1

ƞ𝑗+ƞ𝑗+1

ƞ𝑗−ƞ𝑗+1

ƞ𝑗+ƞ𝑗+1
1

] [
Ψ𝑗+1

− 0

0 Ψ𝑗+1
+] 2.123 

 

 

Where: 

Interface Propagation 



MODELLING MULTI-JUNCTION SOLAR CELLS 

 

 

30 

                            
ƞ𝑗 + ƞ𝑗+1

2ƞ𝑗
 

[
 
 
 1

ƞ𝑗 − ƞ𝑗+1

ƞ𝑗 + ƞ𝑗+1

ƞ𝑗 − ƞ𝑗+1

ƞ𝑗 + ƞ𝑗+1
1

]
 
 
 

=
1

𝑡𝑗,𝑗+1
[

1 𝑟𝑗,𝑗+1

𝑟𝑗,𝑗+1 1
] 2.124 

𝑡𝑗,𝑗+1 and 𝑟𝑗,𝑗+1, are, respectively, the Fresnel transmission and reflection coefficient for TE 

polarization. 

Following the same procedure shown for TM, Since Ω𝑁
− = 0. It holds: 

 

            �̃� = �̃�1�̃�2 . . �̃�𝑁 → �̃� = [
�̃�11 �̃�12

�̃�21 �̃�22

]   2.126 

From Eq.2.125 and Eq.2.126 it follows: 

         
Ω0

+

Ω𝑁
+ = �̃�11,→ Ω𝑁

+ =
Ω0

+

�̃�11

 ,    
Ω0

−

Ω𝑁
+ = �̃�21 →  Ω0

− = Ω𝑁
+�̃�21  2.127 

Hence, we can calculate with the following procedure: 

         

[
 
 
 
 
Ω𝑁−1

+

Ω𝑁
+

Ω𝑁−1
−

Ω𝑁
+ ]

 
 
 
 

= �̃�𝑁 [
1
0
] ,→   

[
 
 
 
 
Ω𝑁−2

+

Ω𝑁
+

Ω𝑁−2
−

Ω𝑁
+ ]

 
 
 
 

= �̃�𝑁−1

[
 
 
 
 
Ω𝑁−1

+

Ω𝑁
+

Ω𝑁−1
−

Ω𝑁
+ ]

 
 
 
 

… .→    

[
 
 
 
 
Ω1

+

Ω𝑁
+

Ω1
−

Ω𝑁
+]
 
 
 
 

= �̃�2  

[
 
 
 
 
Ω2

+

Ω𝑁
+

Ω2
−

Ω𝑁
+]
 
 
 
 

 2.128 

all the ratios:  
Ω𝑁−1

+

Ω𝑁
+ , 

Ω𝑁−2
+

Ω𝑁
+ ,… 

Ω1
+

Ω𝑁
+  and 

Ω𝑁−1
−

Ω𝑁
+ ,

Ω𝑁−2
−

Ω𝑁
+ , … 

Ω1
−

Ω𝑁
+. that is, the electric field at the end of 

each solar cell layer for TE polarization. 

 

2.4.4. Determination of the Poynting vector for TE polarization 

 

We have to determine: 

 
〈�̃�𝒋(𝐫𝒋)〉𝑻𝑬 ∙ �̂� =

1

2
𝑅𝑒{𝑬𝒋(𝐫, t) × 𝑯𝒋(𝒓, 𝑡)∗}

𝑥
 2.129 

Let’s start writing the Eq.2.108 and Eq.2.109 by using Eq.2.113: 

            

[
 
 
 
 
Ω0

+

Ω𝑁
+

Ω0
−

Ω𝑁
+]
 
 
 
 

= �̃�  [
1
0
]   2.125 
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𝑬𝒋(𝐫𝒋, t) = �̂�[Ω𝑗
+ + Ω𝑗

−]𝑒𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡) 2.130 

 
𝑯𝒋(𝐫, t) = {�̂� [

𝑘𝑗,𝑦

𝜇𝑗𝜔
(Ω𝑗

+ + Ω𝑗
−)] − 𝒚 ̂ [

𝑘𝑗,𝑥

𝜇𝑗𝜔
(Ω𝑗

+ − Ω𝑗
−)]}  𝑒𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡) 2.131 

It holds: 

𝑬𝒋(𝐫𝒋, t) × 𝑯𝒋(𝒓𝒋, 𝑡)
∗
=

=

[
 
 
 
 
 

�̂� �̂� �̂�

0 0 [Ω𝑗
+ + Ω𝑗

−
]𝑒

𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡)

{
𝑘𝑗,𝑥

𝜇𝑗𝜔
(Ω𝑗

+ + Ω𝑗
−
) 𝑒

𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡)
}

∗

−{
𝑘𝑗,𝑥

𝜇𝑗𝜔
(Ω𝑗

+ − Ω𝑗
−
) 𝑒

𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡)
}

∗

0
]
 
 
 
 
 

 

Since we only need the projection of the Poynting vector along �̂�, we get: 

{𝑬𝒋(𝐫𝒋, t) × 𝑯𝒋(𝒓𝒋, 𝑡)
∗
}
𝑥

= [Ω𝑗
+ + Ω𝑗

−]𝑒𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡) {
𝑘𝑗,𝑥

𝜇𝑗𝜔
(Ω𝑗

+ − Ω𝑗
−) 𝑒𝑖(𝑘𝑗,𝑦𝑦𝑗−𝜔𝑡)}

∗

 2.132 

{𝑬𝒋(𝐫, t) × 𝑯𝒋(𝒓, 𝑡)∗}
𝑥

=
𝑘𝑗,𝑥

∗

𝜇𝑗
∗

1

𝜔
[|Ω𝑗

+|
2
− |Ω𝑗

−|
2
− Ω𝑗

+Ω𝑗
−∗ + Ω−Ω𝑗

+∗
] 2.133 

〈�̃�𝒋(𝐫𝒋)〉𝑻𝑬 ∙ �̂� =
1

2
𝑅𝑒{𝑬𝒋(𝐫, t) × 𝑯𝒋(𝒓, 𝑡)∗}

𝑥

=
1

2𝜔
𝑅𝑒 {

𝑘𝑗,𝑥
∗

𝜇𝑗
∗ [|Ω𝑗

+
|
2
− |Ω𝑗

−
|
2
− Ω𝑗

+Ω𝑗
−∗ + Ω−Ω𝑗

+∗
]} 

2.134 

Eq.2.134 can be written as:  

〈�̃�𝒋(𝐫𝒋)〉𝑻𝑬 ∙ �̂� = 〈�̃�𝑗(x𝑗)〉
+

𝑇𝐸
+ 〈�̃�𝑗(x𝑗)〉

−
𝑇𝐸

+ 〈�̃�𝑗(x𝑗)〉
±

𝑇𝐸
 2.135 

〈�̃�𝑗(x𝑗)〉
+

𝑇𝐸
=

1

2𝜔
𝑅𝑒 [

𝑘𝑗,𝑥
∗

𝜇𝑗
∗ ] |Ω𝑗

+
|
2

 2.136 

〈�̃�𝑗(x𝑗)〉
−

𝑇𝐸
= −

1

2𝜔
𝑅𝑒 [

𝑘𝑗,𝑥
∗

𝜇𝑗
∗ ] |Ω𝑗

−
|
2

 2.137 

〈�̃�𝑗(x𝑗)〉
±

𝑇𝐸
=

1

2𝜔
𝑅𝑒 {

𝑘𝑗,𝑥
∗

𝜇𝑗
∗ [Ω𝑗

−Ω𝑗
+∗

− Ω𝑗
+Ω𝑗

−∗
]} 2.138 

 〈�̃�𝑗(x𝑗)〉
+

𝑇𝐸
 represents the TE energy current density at the end of layer j, owing to the electric field 

propagating in the x positive direction, 〈�̃�𝑗(x𝑗)〉
−

𝑇𝐸
 represents the TE energy current density at the 

end of layer j, owing to electric field propagating in the x negative direction, while 〈�̃�𝑗(x𝑗)〉
±

𝑇𝐸
 

represents the TE energy current density at the end of layer j, owing to interference term between 

the counter propagating waves.  Since: 
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[Ω𝑗
−Ω𝑗

+∗
− Ω𝑗

+Ω𝑗
−∗

] = 2i[𝐼𝑚(Ω𝑗
−
)𝑅𝑒(Ω𝑗

+
) − 𝐼𝑚(Ω𝑗

+
)𝑅𝑒(Ω𝑗

−
)] 2.139 

the third term vanishes when 𝑘𝑗,𝑥   and 𝜇𝑗  are real (not absorbing material).  As the solar radiation 

comes from layer #0, it holds: 

〈�̃�0(x0)〉
+

𝑇𝐸
=

1

2
𝐼0 → |Ω0

+
| = √

𝐼0𝜔

𝑘0,𝑥
 2.140 

Considering Eq.2.127, the transmittance and reflectance are given by: 

T𝑇𝐸 =
〈�̃�𝑁(x𝑁)〉+𝑇𝐸

〈�̃�0(x0)〉
+

𝑇𝐸

=

𝑅𝑒 [
𝑘𝑁,𝑥

∗

𝜇𝑁
∗ ] |Ω𝑁

+
|
2

𝑅𝑒 [
𝑘0,𝑥

∗

𝜇0
∗ ] |Ω0

+
|
2

=
1

|�̃�11|
2
𝑘0,𝑥

𝑅𝑒 [
𝑘𝑁,𝑥

∗

𝜇𝑁
∗ ] 2.141 

R𝑇𝐸 =
〈�̃�0(x0)〉

−
𝑇𝐸

〈�̃�0(x0)〉
+

𝑇𝐸

=
|�̃�21|

2

|�̃�11|
2

 2.142 

Since the solar intensity can be thought as equally distributed in the TM and TE polarization modes, 

the total transmission and reflection coefficient are given by: 

T =
T𝑇𝑀+𝑇𝑇𝐸

2
 ;        R =

R𝑇𝑀+𝑅𝑇𝐸

2
                         

2.143 

In conclusion, by solving the linear systems expressed by Eq.2.81 and Eq.2.128, respectively for 

TM and TE propagation, we can compute the related Poynting vectors given by Eq.2.96 and 

Eq.2.135, from which we can get the photon flux inside each layer of the MJ device. The photon 

flux can be finally inserted in the continuity equations for the determination of the minority carriers 

distribution.  

The solution of the continuity equation, however, is complicated by the presence of the interference 

terms between the counter propagating waves. In the next chapter a simplification will be 

introduced, that will allow solving the continuity equation analytically. 
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3. A new mathematical approach for MJ solar cells performance 

simulation  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.1. Simplifying the generation function 

In the previous analysis, the Poynting vector has been determined at the end of each layer.  It is very 

useful to show how the Poynting vector is changing within each layer, since this helps determining 

the generation function to be used to solve the continuity equation.  

Let’s start considering the propagation of the energy flux in the positive and negative direction for 

TM and TE polarization. 

Setting: 

δ =

1
2𝑅𝑒[𝜀𝑗

∗𝑘𝑗,𝑥]𝜔

|𝑘𝑗,𝑥|
2  3.1 

Eq. 2.97 and Eq. 2.98,  calculated in xj-x, by considering Eq. 2.60, become: 

〈�̃�𝑗(x𝑗 − 𝑥)〉+
𝑇𝑀

=  δ|ℵ𝑗
+|

2
= δ |𝑘𝑗,𝑥𝐸𝑗

+𝑒𝑖𝑘𝑗,𝑥(𝑥𝑗−𝑥)
|
2

= 〈�̃�𝒋(x𝑗)〉
+

𝑇𝑀
|𝑒−𝑖𝑘𝑗,𝑥𝑥|

2

= 〈�̃�𝑗(x𝑗)〉
+

𝑇𝑀
𝑒2𝐼𝑚(𝑘𝑗,𝑥)𝑥 

3.2 

〈�̃�𝑗(x𝑗 − 𝑥)〉−
𝑇𝑀

= −δ|ℵ𝑗
−|

2
= δ|𝑘𝑗,𝑥𝐸𝑗

−𝑒−𝑖𝑘𝑗,𝑥(𝑥𝑗−𝑥)|
2

= 〈�̃�𝒋(x𝑗)〉
−

𝑇𝑀
|𝑒𝑖𝑘𝑗,𝑥𝑥|

2

= 〈�̃�𝑗(x𝑗)〉
−

𝑇𝑀
𝑒−2𝐼𝑚(𝑘𝑗,𝑥)𝑥 

3.3 

In similar way, setting: 

The “generation function” to be used to solve the continuity equation is 

simplified by showing that it is possible to neglect the interference 

terms between the counter propagating waves. For this purpose, as a 

case study, a triple junction (TJ) InGaP/InGaAs/Ge solar cell is 

introduced. The three different terms of the Poynting vector are 

computed and compared for the emitter and the base of the top and 

middle cells. I show explicitly that, for certain MJ structures, TMM can 

be numerically unstable, therefore, I develop the scattering matrix 

method (SMM), as an alternative solution for the determination of the 

photon flux inside each solar cell layer. As an example, the continuity 

equation is solved for the TJ case study, obtaining simple analytical 

solutions. Eventually, I compare the Hovel model, the TMM and SMM. 

The robustness of the new mathematical approach is validated on thin 

TJ cells, while showing its advantage in offering a very good trade-off 

between computing time and accuracy. 
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γ =
1

2𝜔
𝑅𝑒 [

𝑘𝑗,𝑥
∗

𝜇𝑗
∗
] 3.4 

Eq. 2.136 and Eq. 2.137,  calculated in xj-x, by considering Eq.2.113, become: 

〈�̃�𝑗(x𝑗 − 𝑥)〉+
𝑇𝐸

=  γ|𝛺𝑗
+|

2
= γ |𝐸𝑗

+𝑒𝑖𝑘𝑗,𝑥(𝑥𝑗−𝑥)
|
2

= 〈�̃�𝑗(x𝑗)〉
+

𝑇𝐸
|𝑒−𝑖𝑘𝑗,𝑥𝑥|

2

= 〈�̃�𝑗(x𝑗)〉
+

𝑇𝐸
𝑒2𝐼𝑚(𝑘𝑗,𝑥)𝑥 

3.5 

〈�̃�𝑗(x𝑗 − 𝑥)〉−
𝑇𝐸

=  γ|𝛺𝑗
−|

2
= γ |𝐸𝑗

−𝑒−𝑖𝑘𝑗,𝑥(𝑥𝑗−𝑥)
|
2

= 〈�̃�𝑗(x𝑗)〉
−

𝑇𝐸
|𝑒𝑖𝑘𝑗,𝑥𝑥|

2

= 〈�̃�𝑗(x𝑗)〉
−

𝑇𝐸
𝑒−2𝐼𝑚(𝑘𝑗,𝑥)𝑥 

3.6 

Eq.3.2, Eq.3.3, Eq.3.5 and Eq,3.6 tell us that the energy flux propagates inside each layer by 

following a “generalized” Beer-Lambert law8. The factor 2𝐼𝑚(𝑘𝑗,𝑥) is exactly equal to the 

absorption coefficient in case of perpendicular incidence. Therefore, the generation rate, 𝐺±(𝜆, 𝑥), 

can be computed by: 

𝐺±(𝜆, 𝑥) = ∓
𝑑𝐹±(𝑥, 𝜆)

𝑑𝑥
 3.7 

where, 𝐹±(𝑥, 𝜆) is the photon flux propagating in positive and negative x direction, determined by 

the Poynting vector, as the following. If we could neglect the interference terms between the 

counter propagating waves, the generation function in each layer, j, which starts at coordinate x0 and 

ends at coordinate xN, (therefore with x0<x< xN) could be written as: 

𝐺𝑗(𝑥, 𝜆) = 2𝐼𝑚[𝑘𝑗,𝑥(𝜆)] [𝐹𝑗
+(𝑥0, 𝜆)𝑒2𝐼𝑚[𝑘𝑗,𝑥(𝜆)](𝑥0−𝑥) + 𝐹𝑗

−(𝑥𝑁, 𝜆)𝑒2𝐼𝑚[𝑘𝑗,𝑥(𝜆)](𝑥−𝑥𝑁)] 3.8 

𝐹𝑗
+(𝑥0, 𝜆)  is the photon flux propagating in the positive x direction, present at the beginning of the 

layer in x0,  𝐹𝑗
−(𝑥𝑁 , 𝜆) is the photon flux propagating in the negative x direction, present at the end 

of the layer, in xN, given by: 

𝐹𝑗
+(𝑥0, 𝜆) =

{〈�̃�𝑗(x0)〉
+

𝑇𝐸
+ 〈�̃�𝑗(x0)〉

+

𝑇𝑀
} 𝜆

ℎ𝑐
 3.9 

𝐹𝑗
−(𝑥𝑁, 𝜆) =

{〈�̃�𝑗(x𝑁)〉−
𝑇𝐸

+ 〈�̃�𝑗(x𝑁)〉−
𝑇𝑀

} 𝜆

ℎ𝑐
 3.10 

Where: h= Plank constant.  

Let’s now consider the counter propagating waves contribution. 

 
8 Increasing x means to go from the end to the beginning of the layer, therefore the energy flux increases exponentially.  
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For TM polarization, by considering that for two complex numbers A and B it holds:                 

Re[A-B] =Re[A]-Re[B] 

〈�̃�𝑗(x𝑗)〉
±

𝑇𝑀
=

1

2

𝜔

|𝑘𝑗,𝑥|
2 𝑅𝑒{𝜀𝑗

∗𝑘𝑗,𝑥[ℵ𝑗
−ℵ𝑗

+∗
− ℵ𝑗

+ℵ𝑗
−∗]}

=
1

2

𝜔

|𝑘𝑗,𝑥|
2 𝑅𝑒{𝜀𝑗

∗𝑘𝑗,𝑥[ℵ𝑗
−ℵ𝑗

+∗
]} −

1

2

𝜔

|𝑘𝑗,𝑥|
2 𝑅𝑒{𝜀𝑗

∗𝑘𝑗,𝑥[ℵ𝑗
+ℵ𝑗

−∗]} 

3.11 

Therefore: 

〈�̃�𝑗(x𝑗 − 𝑥)〉±
𝑇𝑀

=

=
1

2

𝜔

|𝑘𝑗,𝑥|
2 𝑅𝑒 {𝜀𝑗

∗𝑘𝑗,𝑥[ℵ𝑗
−ℵ𝑗

+∗
]𝑒

𝑖2𝑅𝑒(𝑘𝑗,𝑥)𝑥}

−
1

2

𝜔

|𝑘𝑗,𝑥|
2 𝑅𝑒 {𝜀𝑗

∗𝑘𝑗,𝑥[ℵ𝑗
+ℵ𝑗

−∗]𝑒
−𝑖2𝑅𝑒(𝑘𝑗,𝑥)𝑥} 

3.12 

A similar expression is found for TE polarization: 

 

〈�̃�𝑗(x𝑗)〉
±

𝑇𝐸
=

1

2𝜔
𝑅𝑒 {

𝑘𝑗,𝑥
∗

𝜇𝑗
∗ [Ω𝑗

−Ω𝑗
+∗

− Ω𝑗
+Ω𝑗

−∗
]} 3.13 

〈�̃�𝑗(x𝑗 − 𝑥)〉±
𝑇𝐸

=

=
1

2𝜔
𝑅𝑒 {

𝑘𝑗,𝑥
∗

𝜇𝑗
∗ [Ω𝑗

−Ω𝑗
+∗

]𝑒
𝑖2𝑅𝑒(𝑘𝑗,𝑥)𝑥} −

1

2𝜔
𝑅𝑒 {

𝑘𝑗,𝑥
∗

𝜇𝑗
∗ [Ω𝑗

+Ω𝑗
−∗

]𝑒
−𝑖2𝑅𝑒(𝑘𝑗,𝑥)𝑥} 

3.14 

Both 〈�̃�𝑗(x𝑗 − 𝑥)〉±
𝑇𝑀

 and 〈�̃�𝑗(x𝑗 − 𝑥)〉±
𝑇𝐸

 are oscillatory terms whose values will be shown (in the 

next section), negligible with respect to the energy density fluxes in positive and negative direction, 

therefore the photon flux owing to the interference between the counter propagating waves given by 

Eq.3.12 and Eq.3.14 will be ignored in the continuity equation and the following expression will be 

used: 

𝐹𝑗
±(𝑥𝑗 − 𝑥, 𝜆) =

{〈�̃�𝑗(x𝑗 − 𝑥)〉±
𝑇𝐸

+ 〈�̃�𝑗(x𝑗 − 𝑥)〉±
𝑇𝑀

} 𝜆

ℎ𝑐
 3.15 

Where with 〈�̃�𝑗(x𝑗 − 𝑥)〉±
𝑇𝐸

 in Eq.3.15 have the same  expression of the oscillatory terms, but in 

this case, they mean the positive or negative pointing vectors given respectively by Eq.3.5 and 

Eq.3.6.  The same meaning is used for TM polarization. 

 

 

3.2. The triple junction InGaP/InGaAs/Ge benchmark case study 

In order to demonstrate that the photon flux oscillatory terms are negligible with respect to the 

photon flux in positive and negative direction, the TMM is applied to study the electromagnetic 
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radiation distribution inside a “conventional” InGaP/InGaAs/Ge triple junction solar cell structure 

(benchmark structure).  

As far as the optical properties are concerned, in first approximation, the difference introduced by 

doping levels are not considered. This means that for the InGaP top cell, for example, all the layers, 

namely: the emitter, the base, the spacer and the BSF layer have all the same value of the complex 

refractive index.  

The structure of the InGaP/InGaAs/Ge TJ solar cell is reported in Table 1. For this structure, the 

photon fluxes for the layers #6, #9 and #10, are computed and compared. For improving the 

comparison, the negative and interference components of the photon flux are multiplied 

respectively by 10.  It is also assumed to concentrate the solar light of a factor 500 X. 

 

Table 1. InGaP/InGaAs/Ge TJ optical layers. 

# Layer Thickness (nm)  

1 SiO2 88 

 Ta2O5 52 

5 AlInP (window top) 36 

6 
InGaP (emitter+ spacer+ 

base + BSF) 
456 

7 AlGaAs TD2 30 

8 InGaP TD2 + Window mid 45.7 

9 AlInGaAs (emitter) 100 

10 InGaAs (base +spacer) 3800 

11 GaAs BSF 290 

12 AlGaAs - barrier TD1 50 

13 AlGaAs TD1 72 

14 GaAs TD1 70.6 

15 AlGaAs - barrier TD1 50 

16 InGaAs buffer 1751 

17 InGaP nucleation 114 

18 
Ge substrate  (emitter + 

base) 
150 
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Figure 9. Absolute value of the spectral photon fluxes at the end of the layer #6. 

 

 

Figure 10. Absolute value of the spectral photon fluxes at the end of the layer #9. 
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Figure 11. Absolute value of the spectral photon fluxes at the end of the layer #10. 

Figure 9, Figure 10 and Figure 11 clearly show that the photon flux oscillatory terms are negligible 

with respect to the photon flux in positive and negative direction. A numerical evaluation of the 

photon fluxes is also reported in Table 2. In all cases, the photon flow values due to the interference 

between counter propagating waves are four order of magnitude lower than the values of the 

positive flow and two order of magnitude lower than the values of the negative flow. 

 

Table 2. Photon flows values in InGaP, AlInGaAs and InGaAs photovoltaic active layers. 

Flux (ph/m2sec) Layer #6 Layer#9 Layer#10 

Positive Flux 1.3 1024 1.31 1024 8.79 1023 

Negative Flux 5.36 1022 4.85 1022 4.85 1022 

Interference flux 

between counter 

propagating waves 

3,00 1020 7.03 1019 2.03 1019 

 

In conclusion, it is possible to use a simplified generation function, given by Eq.3.8, in which the 

positive and negative flow at the beginning and at the end of each layer can be calculated by TMM9.  

The simplified generation function will be used to solve the continuity equation in each PV active 

layer of the MJ structure. 

 
9  The positive and negative fluxes at the beginning of each layer have been computed by using the matrix elements 
reported in Appendix 1. 
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3.3. Scattering matrix method 

It has been shown that by applying TMM the complex amplitudes of the forward and backward 

waves of a layer j are connected to the forward and backward waves of the layer j+1 , so that it is 

possible to connect the first layer with the last one according to scheme reported in Figure 12. 

 

 

 

Figure 12. Tracking the complex amplitudes of the forward and backwards waves from the layer “0” to the layer “N” with 

the transfer matrix M.  The backward propagating wave coming from the last layer-air interface is considered null. 

Considering the matrix elements, it is straightforward to assess that the transfer matrix M can grow 

exponentially as the number of layers and their thicknesses increase. I discovered that in a MJ 

structure where the substrate is thinned in order to increase the photo-voltage, and then it is 

considered as an active layer of the structure, a numerical instability can arise.  In fact, for both 

polarization, each layer matrix contains the propagation matrix term (see Eq.2.74 and Eq.2.123) 

given by: 

[
𝚿𝒋

− 𝟎

𝟎 𝚿𝒋
+] 

 

Considering N layers, the overall propagation matrix becomes: 

[
𝚿𝟏

− ∗ … ∗ 𝚿𝒋𝑵
− 𝟎

𝟎 𝚿𝟏
+ ∗ … . .∗ 𝚿𝑵

+] 

The lefts terms of the propagation matrix are: Ψ1
− ∗ … . .∗ Ψ𝑗𝑁

− = 𝑒−𝑖𝑘1,𝑥𝑑1 ∗ ……∗ 𝑒−𝑖𝑘𝑁,𝑥𝑑𝑁 =

𝑒−𝑖(𝑛1+𝑖 𝑘′
1,𝑥)𝑑1 ∗ … .∗ 𝑒−𝑖(𝑛𝑁+𝑖 𝑘′

𝑁,𝑥)𝑑𝑁 = 𝑒𝑖(𝑛1𝑑1+⋯𝑛𝑁𝑑𝑁) ∗ … .∗ 𝑒(𝑘1,𝑥
′ 𝑑1+⋯..+𝑘𝑁,𝑥

′ 𝑑𝑁) 

It is easy to see that the last exponential term can diverge if the thickness of the layers overcome a 

certain limit, especially in the wavelength region where the extinction coefficient, (𝑘𝑁,𝑥
′ ) are larger. 

In the simulation of MJ solar cell over a Ge substrate, for example, usually the substrate is 

considered optically thick and it is not considered in the propagation matrix. However, in the case 

where the solar cell substrate is thinned (for example, reduced from 150 µm to 10 µm) and its 

thickness is considered in the propagation matrix, the numerical instability arises as the computation 

of the overall propagation matrix goes in overflow (see an example in chapter 3.6). 

The simple S-matrix formulation suggested in [47] is a suitable alternative method that can be 

applied to study the electromagnetic fluxes in MJ solar cells, in order to avoid the numerical 

instabilities. In this thesis, the S-matrix elements have been calculated considering a different 

relationship among the outgoing and incoming waves with respect to what has been reported in 

[47]. The outgoing waves are connected to the incoming waves as reported in Figure 13 and 

Eq.3.16. 

M 
Ƒ0+ 

Ƒ0- 

ƑN+ 

0 

M=M1*M2*...*Mj+1*…*MN     
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Figure 13. Tracking the complex amplitudes of the outgoing waves and incoming waves of the layer “0” and layer “N” 

connected by the S-matrix. The backward propagating wave coming from the last layer is considered null. 

 (
ȹ0

−

ȹ𝑁
+
) = 𝑆 (

ȹ0
+

0
) 3.16 

In particular, we can think to build up a scattering matrix which connects the outgoing and 

incoming waves of the generic j layer with the outgoing and incoming waves of the last layer (still 

considering null the backward propagating wave coming from the last layer-air interface): 

 (
ȹ𝑗

−

ȹ𝑁
+
) = 𝑆𝑗 (

ȹ𝑗
+

0
) = [

𝑆𝑗(1,1) 𝑆𝑗(1,2)

𝑆𝑗(2,1) 𝑆𝑗(2,2)
] (

ȹ𝑗
+

0
) 3.17 

Therefore  Sj-matrix elements, for example for the TM mode,  can be calculated by forcing the 

compatibility of the system of Eq.2.73 with the system of Eq.3.17, and then  considering:  

          Ƒ𝑗
± = ȹ𝑗

±  3.18 

More generically (for TM and TE case), for a layer j, we can build a characteristic layer matrix, 

such as: 

 {
Ƒ𝑗

+ = 𝑀𝑗+1(1,1)Ƒ𝑗+1
+ + 𝑀𝑗+1(1,2)Ƒ𝑗+1

−             (𝐴)

Ƒ𝑗
− = 𝑀𝑗+1(2,1)Ƒ𝑗+1

+ + 𝑀𝑗+1(2,2)Ƒ𝑗+1
−             (𝐵)

 3.19 

The wave function Ƒj
± are then equal to ℵ𝑗

± or Ω𝑗
±, and the matrix element 𝑀𝑗+1(𝑖, 𝑗) are given by 

Eq 2.74 or Eq.2.123 respectively for TM and TE case. Eq.3.17 can written as: 

 {
Ƒ𝑗

− = 𝑆𝑗(1,1) Ƒ𝑗
+                                                           (𝐶)

Ƒ𝑁
+ = 𝑆𝑗(2,1)Ƒ𝑗

+                                                           (𝐷)
 3.20 

For j=N, Eq.3.20  becomes: 

 {
Ƒ𝑁

− = 𝑆𝑁(1,1)Ƒ𝑁
+

Ƒ𝑁
+ = 𝑆𝑁(2,1)Ƒ𝑁

+ 3.21 

 

Since Ƒ𝑁
− = 0 → 𝑺𝑵(𝟏, 𝟏) = 𝟎 𝑎𝑛𝑑 𝑺𝑵(𝟐, 𝟏) = 𝟏 

Now, let’s force the compatibility of the system of Eq.3.19 with the system of Eq.3.20. 

For Eq. 3.19 A) and Eq. 3.20  C), it holds: 

S 
ȹ0

++ 

ȹ0- 

ȹN+ 

 0 
S 

ȹ0

++ 

ȹ0- 

ȹN+  0 
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Ƒ𝑗
+ = 𝑀𝑗+1(1,1)Ƒ𝑗+1

+ + 𝑀𝑗+1(1,2)𝑆𝑗+1(1,1)Ƒ𝑗+1
+ = Ƒ𝑗+1

+[𝑀𝑗+1(1,1) + 𝑀𝑗+1(1,2)𝑆𝑗+1(1,1)] 3.22 

Since Eq.3.20 holds for every j, we can also write: 

  Ƒ𝑁
+ = 𝑆𝑗+1(2,1)Ƒ𝑗+1

+ = 𝑆𝑗(2,1)Ƒ𝑗
+ 3.23 

From Eq.3.23 Therefore, we get:        

  Ƒ𝑗
+ = Ƒ𝑗+1

+
𝑆𝑗+1(2,1)

𝑆𝑗(2,1)
 3.24 

Considering Eq.3.22 and Eq.3.24, it follows: 

  
𝑆𝑗+1(2,1)

𝑆𝑗(2,1)
= 𝑀𝑗+1(1,1) + 𝑀𝑗+1(1,2)𝑆𝑗+1(1,1) 3.25 

For Eq.3.19 B) and Eq.3.20 C), it holds: 

 Ƒ𝑗
− = 𝑆𝑗(1,1)Ƒ𝑗

+ = 𝑀𝑗+1(2,1)Ƒ𝑗+1
+ + 𝑀𝑗+1(2,2)𝑆𝑗+1(1,1)Ƒ𝑗+1

+  3.26 

Therefore: 

  𝑆𝑗(1,1) = ⌈𝑀𝑗+1(2,1) + 𝑀𝑗+1(2,2)𝑆𝑗+1(1,1)⌉
Ƒ𝑗+1

+

Ƒ𝑗
+  3.27 

Eq.3.27 and Eq.3.24 gives: 

  𝑆𝑗(1,1) = ⌈𝑀𝑗+1(2,1) + 𝑀𝑗+1(2,2)𝑆𝑗+1(1,1)⌉
𝑆𝑗(2,1)

𝑆𝑗+1(2,1)
 3.28 

Then: 

  
𝑆𝑗+1(2,1)

𝑆𝑗(2,1)
=

⌈𝑀𝑗+1(2,1) + 𝑀𝑗+1(2,2)𝑆𝑗+1(1,1)⌉

𝑆𝑗(1,1)
 3.29 

By equalling Eq,3.25 with Eq.3.29: 

 𝑀𝑗+1(1,1) + 𝑀𝑗+1(1,2)𝑆𝑗+1(1,1) =
⌈𝑀𝑗+1(2,1) + 𝑀𝑗+1(2,2)𝑆𝑗+1(1,1)⌉

𝑆𝑗(1,1)
 3.30 

The Eq.3.30 allows calculating the scattering matrix element 𝑆𝑗(1,1): 
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 𝑆𝑗(1,1) =
⌈𝑀𝑗+1(2,1) + 𝑀𝑗+1(2,2)𝑆𝑗+1(1,1)⌉

𝑀𝑗+1(1,1) + 𝑀𝑗+1(1,2)𝑆𝑗+1(1,1)
 3.31 

by knowing the scattering matrix element Sj+1(1,1) and the transfer matrix elements Mj+1(1,1), 

Mj+1(1,2), Mj+1(2,1), Mj+1(2,2). 

Let’s now introduce in the Eq.3.31  the explicit expression of the matrix elements Mj+1, that we can write for 

TM and TE polarization with the generic form: 

 𝑀𝑗+1 =
1

2𝛾𝑗
[
𝜓𝑗+1

−(𝛽𝑗 + 𝛽𝑗+1) 𝜓𝑗+1
+(𝛽𝑗 − 𝛽𝑗+1)

𝜓𝑗+1
−(𝛽𝑗 − 𝛽𝑗+1) 𝜓𝑗+1

+(𝛽𝑗 + 𝛽𝑗+1)
] 3.32 

where the terms 𝛽𝑗  are given by Eq.2.61 or by Eq.2.117 for TM and TE case respectively. Then it 

holds: 

 𝑆𝑗(1,1) =
𝜓𝑗+1

−(𝛽𝑗 − 𝛽𝑗+1) + 𝜓𝑗+1
+(𝛽𝑗 + 𝛽𝑗+1)𝑆𝑗+1(1,1)

𝜓𝑗+1
−(𝛽𝑗 + 𝛽𝑗+1) + 𝜓𝑗+1

+(𝛽𝑗 − 𝛽𝑗+1)𝑆𝑗+1(1,1)
 3.33 

Now, the divergent terms 𝜓𝑗+1
−

 can be easily eliminated by multiplying the numerator and denominator of 

Eq.3.33 by 𝜓𝑗+1
+

,  thus, we get : 

  𝑺𝒋(𝟏, 𝟏) =
(𝜷𝒋 − 𝜷𝒋+𝟏) + (𝝍𝒋+𝟏

+)
𝟐
(𝜷𝒋 + 𝜷𝒋+𝟏)𝑺𝒋+𝟏(𝟏, 𝟏)

(𝜷𝒋 + 𝜷𝒋+𝟏) + (𝝍𝒋+𝟏
+)

𝟐
(𝜷𝒋 − 𝜷𝒋+𝟏)𝑺𝒋+𝟏(𝟏, 𝟏)

 3.34 

Since 𝑆𝑁(1,1) = 0, from Eq.3.34  we can calculate SN-1(1,1): 

   𝑺𝑵−𝟏(𝟏, 𝟏) =
(𝜷𝑵−𝟏 − 𝜷𝑵)

(𝜷𝑵−𝟏 + 𝜷𝑵)
 3.35 

By remembering that  𝜓𝑁
+ = 𝑒𝑖𝑘𝑥,𝑁𝑑𝑁  =1  because the thickness of the last layer can be considered 

null, from Eq.3.34 and Eq.3.35 it is then possible to calculate all the Sj(1,1) terms without numerical 

instability and utilizing Eq.3.20 C), all the Ƒ𝑗
− terms from the Ƒ𝑗

+ ones. 

By considering Eq.3.29 and Eq.3.31, it holds: 

 

   𝑆𝑗(2,1)  =  
𝑆𝑗+1(2,1)

𝑀𝑗+1(1,1) + 𝑀𝑗+1(1,2)𝑆𝑗+1(1,1)
 3.36 

Then, by considering the explicit expression of the matrix elements Mj+1: 
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  𝑆𝑗(2,1)  =  
2𝛽𝑗𝑆𝑗+1(2,1)

𝜓
𝑗+1

− (𝛽
𝑗
+ 𝛽

𝑗+1
) + 𝜓

𝑗+1
+ (𝛽

𝑗
− 𝛽

𝑗+1
) 𝑆𝑗+1(1,1)

 3.37 

Now, the divergent terms 𝜓𝑗+1
−

 can again be easily eliminated by multiplying the numerator and 

denominator of Eq.3.37  by 𝜓𝑗+1
+

, so we get: 

 𝑺𝒋(𝟐, 𝟏)  =  
𝟐𝜷𝒋𝝍𝒋+𝟏

+𝑺𝒋+𝟏(𝟐, 𝟏)

(𝜷𝒋 + 𝜷𝒋+𝟏) + (𝜷𝒋 − 𝜷𝒋+𝟏)𝑺𝒋+𝟏(𝟏, 𝟏)(𝝍𝒋+𝟏
+)

𝟐 3.38 

Since 𝑆𝑁(2,1) = 1 and 𝑆𝑁(1,1) = 0, per J=N-1 it holds: 

 𝑺𝑵−𝟏(𝟐, 𝟏)  =  
𝟐𝜷𝑵−𝟏𝝍𝑵

+

(𝜷
𝑵−𝟏

+ 𝜷
𝑵
)
 3.39 

Therefore, from Eq.3.38 and Eq.3.39, we can calculate all the matrix elements Sj(2,1). 

The outgoing and incoming waves in each layer, for TM and TE polarization, can now be easily 

calculated.  

From Eq.3.20 D), for j=0, it holds:  

   Ƒ𝟎
+ =

Ƒ𝑵
+

𝑺𝟎(𝟐, 𝟏)
 3.40 

The electric field Ƒ0
+ propagating in the layer “0” (air) in the positive direction (toward the solar 

cell surface) can be calculated from the Poynting vector from Eq.2.140 or Eq.2.101 for TE  and TM 

respectively. Therefore, From Eq.3.40 we can get  Ƒ𝑵
+ and therefore from Eq.3.20 all the Ƒ𝑗

+ and 

Ƒ𝑗
−.  In the following block diagram, the sequence of steps to be followed to calculate the outgoing 

and incoming waves in each layer with the S-method are summarized. 
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  𝑆𝑁−1(1,1) =
(𝑤𝑁−1−𝑤𝑁)

(𝑤𝑁−1+𝑤𝑁)
 

 

𝑆𝑗(1,1) =
(𝑤𝑗−𝑤𝑗+1)+(𝜓𝑗+1

+)
2
(𝑤𝑗+𝑤𝑗+1)𝑆𝑗+1(1,1)

(𝑤𝑗+𝑤𝑗+1)+(𝜓𝑗+1
+)

2
(𝑤𝑗−𝑤𝑗+1)𝑆𝑗+1(1,1)

 

 

𝑆𝑁−1(2,1)  =  
2𝑤𝑁−1𝜓𝑁

+

(𝑤𝑁−1+𝑤𝑁)
 

 

𝑆𝑗(2,1)  =  
2𝑤𝑗𝜓𝑗+1

+𝑆
𝑗+1

(2,1)

(𝑤𝑗+𝑤𝑗+1)+(𝑤𝑗−𝑤𝑗+1)𝑆𝑗+1(1,1)(𝜓𝑗+1
+)

2 

 

 

 

 

 

 

 

 

 

                χ𝑗
− = 𝑆𝑗(1,1)χ𝑗

+ 

 

Figure 14. Sequence of steps to calculate the outgoing and incoming waves in each layer with the S-method for 

TM mode. 

 

 

 

|χ0
+| = √

𝐼0𝑘𝑥,0

𝜀0𝜔
   

  χ𝑁
+ = χ0

+𝑆0(2,1) 

  χ𝑗
+ =

χ𝑁
+

𝑆𝑗(2,1)
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  𝑆𝑁−1(1,1) =
(ŋ𝑁−1−ŋ𝑁)

(ŋ𝑁−1+ŋ𝑁)
 

 

𝑆𝑗(1,1) =
(ŋ𝑗−ŋ𝑗+1)+(𝜓𝑗+1

+)
2
(ŋ𝑗+ŋ𝑗+1)𝑆𝑗+1(1,1)

(ŋ𝑗+ŋ𝑗+1)+(𝜓𝑗+1
+)

2
(ŋ𝑗−ŋ𝑗+1)𝑆𝑗+1(1,1)

 

 

𝑆𝑁−1(2,1)  =  
2ŋ𝑁−1𝜓𝑁

+

(ŋ𝑁−1+ŋ𝑁)
 

 

𝑆𝑗(2,1)  =  
2ŋ𝑗𝜓𝑗+1

+𝑆
𝑗+1

(2,1)

(ŋ𝑗+ŋ𝑗+1)+(ŋ𝑗−ŋ𝑗+1)𝑆𝑗+1(1,1)(𝜓𝑗+1
+)

2 

 

 

 

 

 

 

 

 

 

                Ω𝑗
− = 𝑆𝑗(1,1)Ω𝑗

+ 

 

Figure 15. Sequence of steps to calculate the outgoing and incoming waves in each layer with the S-method, TE 

case. 

 

 

|Ω0
+| = √

𝐼0𝜔

𝑘𝑥,0
 

  Ω𝑁
+ = Ω0

+𝑆0(2,1) 

  Ω𝑗
+ =

Ω𝑁
+

𝑆𝑗(2,1)
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3.4. Analytic solution of the continuity equation 

Figure 16 shows a generic top-cell structure. Each sub-cell can include heterojunctions, intrinsic 

materials (or slightly doped materials), called spacer, inserted between the emitter and the base and 

eventually a BSF layer. 

 

Figure 16. Schematic of a top cell structure (without the window layer) having the emitter, the spacer, the base 

and the BSF realized with different materials. The photon flows, F, to be calculated by TMM are indicated with 

the black colour, the photon flows indicated by a red colour can be easily obtained from the formers by using the 

generalized Lambert-Beer law. In each layer, the fluxes propagating in postive and negative direction to be used 

in the continuity equation are evidenced. 

 

Figure 17. Schematic of the top cell homojunction structure (without the window layer) considering the same 

materials for all the layers. The photon flows calculated by TMM or SMM are indicated with the black colour, 

the photon flows indicated by a red colour can be easily obtained from the formers by using the generalized 

Lambert-Beer law. 

With wn and wp are indicated the thickness of the depletion regions extending respectively in the 

emitter and base. With ∆ is indicated the thickness of the spacer layer. According to the MJ solar 

Emitte

r 

Spacer Base 

Emitte

r 

Spacer Base 
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cell structure reported in Table 1, the emitter, the spacer, the base and the BSF of the top cell are 

made of the same material (top cell homojunction), therefore the photon flows to be calculated by 

TMM are those reported in Figure 17. The spacer, with thickness Δ, can be considered completed 

depleted of free carriers, therefore the total thickness of the depletion region is: W=Wn+Δ+Wp. 

According to Eq. 3.8, the top cell emitter and the base generation rates are respectively given by: 

𝐺𝑝,𝑡𝑜𝑝(𝑥, 𝜆) = 2𝐼𝑚[𝑘𝑡𝑜𝑝,𝑥(𝜆)] [𝐹𝑁
+(𝑥0, 𝜆)𝑒2𝐼𝑚[𝑘𝑡𝑜𝑝,𝑥(𝜆)](𝑥0−𝑥) + 𝐹𝑁𝑗

− (𝑥𝑁 , 𝜆)𝑒2𝐼𝑚[𝑘𝑡𝑜𝑝,𝑥(𝜆)](𝑥−𝑥𝑁)] 3.41 

𝐺𝑛,𝑡𝑜𝑝(𝑥, 𝜆) = 2𝐼𝑚[𝑘𝑡𝑜𝑝,𝑥(𝜆)] [𝐹𝑃𝑗
+ (𝑥𝑃 , 𝜆)𝑒2𝐼𝑚[𝑘𝑡𝑜𝑝,𝑥(𝜆)](𝑥𝑃−𝑥) + 𝐹𝑃

−(𝐻, 𝜆)𝑒2𝐼𝑚[𝑘𝑡𝑜𝑝,𝑥(𝜆)](𝑥−𝐻)] 3.42 

Where 𝑘𝑡𝑜𝑝,𝑥 = 𝑘𝐼𝑛𝐺𝑎𝑃 ;  and (𝑥0 − 𝑥), (𝑥 − 𝑥𝑁), (𝑥𝑃 − 𝑥), (𝑥 − 𝐻)  ≤ 0.  

In the top cell depletion region, with the assumption that all the generated carries are swept in 

opposite direction and collected, the generation rate is: 

𝐺𝑑𝑟,𝑡𝑜𝑝(𝑥, 𝜆) = {[𝐹𝑁𝑗
+ (𝑥𝑁 , 𝜆) + 𝐹𝑃𝑗

− (𝑥𝑃 , 𝜆)] (1 − 𝑒−2𝐼𝑚[𝑘𝑡𝑜𝑝,𝑥(𝜆)]𝑤)} 3.43 

By considering the TJ structure reported in Table 1, for the middle cell, the emitter and the BSF are 

made of different materials with respect to the spacer and the base, therefore the photon flows to be 

considered are those reported in Figure 18. 

 

Figure 18.Schematic of the middle cell structure (without the window) considering the emitter and the BSF 

realized with a different material with respect to the spacer and base. The photon flows calculated by TMM or 

SMM are evidenced with the black colour, the photon flows indicated by the red colour are easily obtained from 

the former by using the generalized Lambert-Beer law. 

 

The generation rates in emitter and base have the same expression determined for the top cell: 

𝐺𝑝,𝑚𝑖𝑑(𝑥, 𝜆) = 2𝐼𝑚[𝑘𝑒𝑚(𝜆)][𝐹𝑁
+(𝑥0, 𝜆)𝑒2𝐼𝑚[𝑘𝑒𝑚(𝜆)](𝑥0−𝑥) + 𝐹𝑁𝑗

− (𝑥𝑁, 𝜆)𝑒2𝐼𝑚[𝑘𝑒𝑚(𝜆)](𝑥−𝑥𝑁)] 3.44 
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𝐺𝑛,𝑚𝑖𝑑(𝑥, 𝜆) = 2𝐼𝑚[𝑘𝑏𝑎𝑠𝑒(𝜆)][𝐹𝑃𝑗
+ (𝑥𝑃 , 𝜆)𝑒2𝐼𝑚[𝑘𝑏𝑎𝑠𝑒(𝜆)](𝑥𝑃−𝑥) + 𝐹𝑃

−(𝐻, 𝜆)𝑒2𝐼𝑚[𝑘𝑏𝑎𝑠𝑒(𝜆)](𝑥−𝐻)] 3.45 

Where 𝑘𝑒𝑚 = 𝑘𝐴𝑙𝐼𝑛𝐺𝑎𝐴𝑠  and 𝑘𝑏𝑎𝑠𝑒 = 𝑘𝐼𝑛𝐺𝑎𝐴𝑠 . 

For the middle cell depletion region, we have two contributions: 

𝐺𝑑𝑟1,𝑚𝑖𝑑(𝑥, 𝜆) = {[𝐹𝑁𝑗
+ (𝑥𝑁, 𝜆) + 𝐹𝑥𝑠

−(𝑥𝑠, 𝜆)](1 − 𝑒−2𝐼𝑚[𝑘𝑒𝑚(𝜆)]𝑤𝑛)} 3.46 

𝐺𝑑𝑟2,𝑚𝑖𝑑(𝑥, 𝜆) = {[𝐹𝑠
+(𝑥𝑠, 𝜆) + 𝐹𝑠

−(𝑥𝑃, 𝜆)] (1 − 𝑒−2𝐼𝑚[𝑘𝑏𝑎𝑠𝑒(𝜆)](∆+𝑤𝑝))} 3.47 

For the bottom cell, in this first computation, we can consider the substrate very thick, therefore 

only the positive flow has to be considered and the generation function is much more simplified 

(see Figure 19). 

The generation rate for the base and the emitter can be written as: 

𝐺𝑝,𝑏𝑜𝑡(𝑥, 𝜆) = 2𝐼𝑚[𝑘𝑏𝑜𝑡(𝜆)][𝐹𝑁
+(𝑥0, 𝜆)𝑒2𝐼𝑚[𝑘𝑏𝑜𝑡(𝜆)](𝑥0−𝑥)] 3.48 

𝐺𝑛,𝑏𝑜𝑡(𝑥, 𝜆) = 2𝐼𝑚[𝑘𝑏𝑜𝑡(𝜆)] [𝐹𝑃𝐽
+ (𝑥𝑝, 𝜆)𝑒2𝐼𝑚[𝑘𝑏𝑜𝑡(𝜆)](𝑥𝑝−𝑥)] 3.49 

These terms are formally identical to the generation terms of the Hovel model, therefore for the 

bottom cell, the solution of the set of equations from Eq.2.1 to Eq. 2.4, considering Eq. 2.5, and the 

boundary condition shown in Figure 3, coincides with the solution obtained by Hovel, simply by 

replacing the absorption coefficient with 2𝐼𝑚[𝑘𝑏𝑜𝑡(𝜆)] and the incident photon flows reported in 

the Eq.2.6 and Eq,2.7 with the terms 𝐹𝑁
+(𝑥0, 𝜆)  or  𝐹𝑃𝐽

+ (𝑥𝑝, 𝜆) for the emitter and base respectively. 

Here the solution obtained by Hovel is not reported as it can be found in several textbooks and 

papers (see, for example ref [35]). 

 

Figure 19. Schematic of the bottom cell structure (without the window). The photon flows calculated by TMMor 

SMM are evidenced with the black colour, the photon flows indicated by the red colour are easily obtained from 

the formers by using the generalized Lambert-Beer law. 

For the bottom depletion region holds: 

Xb_bot 
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𝐺𝑑𝑟,𝑏𝑜𝑡(𝑥, 𝜆) = {𝐹𝑁 
+𝑒−2𝐼𝑚𝑘𝑏𝑜𝑡(𝜆)𝑥𝑗 (1 − 𝑒−2𝐼𝑚[𝑘𝑏𝑜𝑡(𝜆)](𝑤𝑛+𝑤𝑝))} 3.50 

Since for the top and middle cells the generation terms have the same expression, the solution of the 

set of equations from Eq.2.1 to Eq.2.4  will be formally identical. Eq.3.41 and Eq. 3.44  can be 

generically written as: 

𝐺𝑝 = 2𝐼𝑚(𝑘)[𝐹𝑁
+𝑒−2𝐼𝑚(𝑘)𝑥 + 𝐹𝑁

−𝑒2𝐼𝑚(𝑘)(𝑥−𝑥𝑁)] 3.51 

where it has been assumed, 𝑥0 = 0 and it has been implicitly considered the dependence of Gp by 

the wavelength and position. 

Similarly Eq3.42 and Eq.3.45 can be generically written as: 

 𝐺𝑛 = 2𝐼𝑚(𝑘)[𝐹𝑃
+𝑒2𝐼𝑚 (𝑘)(𝑥𝑃−𝑥) + 𝐹𝑃

−𝑒2𝐼𝑚(𝑘)(𝑥−𝐻)] 3.52 

 

3.4.1. Determination of jp 

 

Let’s start to solve the set of equations from Eq.2.1 to Eq.2.4  for the emitter. 

By considering the assumption 4) of chapter 2.1 and Eq.2.5,  the Eq.2.4, in stationary condition, can 

be written as: 

 −
1

𝑞

𝑑

𝑑𝑥
(𝑞𝐷𝑝

𝑑(𝑝𝑛 − 𝑝𝑛0)

𝑑𝑥
) − 𝐺𝑝 +

𝑝𝑛 − 𝑝𝑛0

𝜏𝑝
= 0 3.53 

Where the equilibrium hole concentration in the emitter, 𝑝𝑛0,  has been considered position 

independent. 

Multiplying the Eq.3.53 by 𝜏𝑝𝐿𝑝
3  and again, considering 𝐷𝑝 and 𝐿𝑝 position independent, we have: 

 𝐷𝑝𝜏𝑝

𝑑2

𝑑𝑥2 [(𝑝𝑛 − 𝑝𝑛0)𝐿𝑝
3] + 𝐺𝑝𝜏𝑝𝐿𝑝

3 − (𝑝𝑛 − 𝑝𝑛0)𝐿𝑝
3 = 0 3.54 

Setting: 

 𝑦 = (𝑝𝑛 − 𝑝𝑛0)𝐿𝑝
3 ;   𝐿𝑝 = √𝐷𝑝𝜏𝑝 ;  𝕩 =

𝑥

𝐿𝑝
 3.55 

Eq.3.54 becomes: 

 
𝑑2𝑦

𝑑𝕩2
+ 𝐺𝑝𝜏𝑝𝐿𝑝

3 − 𝑦 = 0 3.56 

By considering Eq.3.51  and Eq.3.55, it holds: 

 𝐺𝑝𝜏𝑝𝐿𝑝
3 = 𝜏𝑝𝐿𝑝

3 {2𝐼𝑚(𝑘) [𝐹𝑁
+𝑒

−2𝐿𝑝𝐼𝑚(𝑘)
𝑥
𝐿𝑝 + 𝐹𝑁

−𝑒
2𝐿𝑝𝐼𝑚(𝑘)

(𝑥−𝑥𝑁)
𝐿𝑝 ]} 3.57 
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 𝐺𝑝𝜏𝑝𝐿𝑝
3 = 𝜏𝑝𝐿𝑝

3{2𝐼𝑚(𝑘)[𝐹𝑁
+𝑒−2𝐿𝑝𝐼𝑚(𝑘)𝕩 + 𝐹𝑁

−𝑒2𝐿𝑝𝐼𝑚(𝑘)(𝕩−𝕩𝑁)]} 3.58 

By setting: 

 𝑓𝑁
+ = 𝜏𝑝𝐿𝑝

32𝐼𝑚(𝑘)𝐹𝑁
+ ;    𝑓𝑁

− = 𝜏𝑝𝐿𝑝
32𝐼𝑚(𝑘)𝐹𝑁

− ;    𝛽𝑝 = 2𝐿𝑝𝐼𝑚(𝑘) 3.59 

Eq.3.56 becomes: 

 
𝑑2𝑦

𝑑𝕩2
+ 𝑓𝑁

+𝑒
−𝛽𝑝𝕩 + 𝑓𝑁

−𝑒
𝛽𝑝(𝕩−𝕩𝑁)

− 𝑦 = 0 3.60 

The Eq. 3.60 is a second order nonhomogeneous differential equation. 

The general solution of Eq. 3.60  is given by: 

 𝑦 = 𝑦𝑐 + 𝑦𝑝 3.61 

where: 𝑦𝑐 is the solution of the associated homogeneous equation: 

 
𝑑2𝑦

𝑑𝕩2
− 𝑦 = 0 3.62 

which can be written as: 

 𝑦𝑐 = 𝐴𝑝 cosh𝕩 + 𝐵𝑝 sinh𝕩 3.63 

and 𝑦𝑝 is a particular solution. As particular solution we can chose: 

 𝑦𝑝 = 𝐶𝑝 [𝑓𝑁
+𝑒

−𝛽𝑝𝕩 + 𝑓𝑁
−𝑒

𝛽𝑝(𝕩−𝕩𝑁)
] 3.64 

The constant 𝐶𝑝 can be easily determined by introducing Eq. 3.64 an its second derivate in Eq.3.60. 

𝛽𝑝
2𝑦𝑝 +

𝑦𝑝

𝐶𝑝
− 𝑦𝑝 = 0 3.65 

𝐶𝑝 =
1

1 − 𝛽𝑝
2 3.66 

The solution of Eq.3.60 is then: 

 𝑦 = 𝐴𝑝 cosh𝕩 + 𝐵𝑝 sinh𝕩 +
𝑓𝑁

+𝑒
−𝛽𝑝𝕩 + 𝑓𝑁

−𝑒
𝛽𝑝(𝕩−𝕩𝑁)

1 − 𝛽2
 3.67 

The constants 𝐴𝑛, 𝐵𝑛 can be determined by applying the two boundary conditions: 

 𝐷𝑝
𝑑(𝑝𝑛−𝑝0)

𝑑𝑥
= 𝑆𝑝 (𝑝𝑛 − 𝑝0)       𝑎𝑡  𝑥 = 𝑥0 = 0   3.68 

 (𝑝𝑛 − 𝑝0) = 0      𝑎𝑡  𝑥 = 𝑥𝑁   3.69 

The Eq.3.68 indicates that there is a recombination current towards the surface which, through the 

recombination velocity 𝑆𝑝,  is proportional to the excess carrier concentration. Eq.3.69 indicates that 
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at the depletion region boundary, the generated carriers are swept away and the minority carrier 

concentration is equal to the equilibrium one.  By considering Eq.3.55, the boundary conditions can 

be written as: 

 𝐷𝑝
𝑑[(𝑝𝑛−𝑝0)𝐿𝑝

3]

𝐿𝑝𝑑
𝑥

𝐿𝑝

= 𝑆𝑝 [(𝑝𝑛 − 𝑝0)𝐿𝑝
3]   →   

𝑑𝑦

𝑑𝕩
=

𝑆𝑝𝐿𝑝

𝐷𝑝
𝑦 →  

𝑑𝑦

𝑑𝕩
= 𝜂𝑝𝑦     𝑎𝑡  𝕩 = 0   3.70 

(𝑝𝑛 − 𝑝0) = 0 → 𝑦 = 0    𝑎𝑡 𝕩 =  𝕩𝑁 = 𝕩𝑒 −
𝑤𝑛

𝐿𝑝
   3.71 

Where 𝕩𝑒 is the reduced emitter thickness, that is the ratio between the emitter thickness and the 

diffusion length and 𝜂𝑝 =
𝑆𝑝𝐿𝑝

𝐷𝑝
. 

From Eq.3.70 it follows: 

 𝐵𝑝 = 𝜂𝑝𝐴𝑝 +
𝑓𝑁

+(𝜂𝑝 + 𝛽𝑝) + 𝑓𝑁
−(𝜂𝑝 − 𝛽𝑝)𝑒−𝛽𝕩𝑁

1 − 𝛽𝑝
2  3.72 

From Eq.3.71 and considering Eq.3.72 it holds: 

𝐴𝑝 =
𝑓𝑁

+[(𝜂𝑝 + 𝛽𝑝) sinh𝕩𝑁 + 𝑒−𝛽𝑝𝕩𝑁] + 𝑓𝑁
−[(𝜂𝑝 − 𝛽𝑝)𝑒−𝛽𝕩𝑁 sinh𝕩𝑁 + 1]

(𝛽𝑝
2 − 1)(cosh𝕩𝑁 + 𝜂𝑝 sinh 𝕩𝑁)

 3.73 

The emitter current can be calculated in 𝕩𝑁, by using Eq..1 and remembering the assumption 4) of 

the chapter 2.1: 

 𝐽𝑝(𝕩𝑛) = −𝑞𝐷𝑝

1

𝐿𝑝
3

𝑑(𝑝𝑛 − 𝑝𝑛0)𝐿𝑝
3

𝑑
𝑥
𝐿𝑝

𝐿𝑝

|

𝕩𝑛

= −𝑞𝐷𝑝

1

𝐿𝑝
4

𝑑𝑦

𝑑𝕩
|
𝕩𝑛

 3.74 

 𝐽𝑝(𝕩𝑛) = −𝑞𝐷𝑝

1

𝐿𝑝
4 [𝐴𝑝 sinh𝕩𝑛 + 𝐵𝑝 cosh𝕩𝑛 + 𝛽

𝑓
𝑁
− − 𝑓

𝑁
+𝑒−𝛽𝑝𝕩𝑛

1 − 𝛽
𝑝
2 ] 3.75 

Where 𝐴𝑝 and 𝐵𝑝 are given respectively by Eq. 3.73 and Eq.3.72. 

 

 

3.4.2. Determination of jn 

 

Considering Eq.2.2 and Eq. 2.3 with the assumption 4) of chapter 2.1, and that the equilibrium 

electron  concentration in the base, 𝑛𝑝0,  is position independent, in stationary condition it holds: 

 1

𝑞

𝑑

𝑑𝑥
(𝑞𝐷𝑛

𝑑(𝑛𝑝 − 𝑛𝑝0)

𝑑𝑥
) + 𝐺𝑛 −

𝑛𝑝 − 𝑛𝑝0

𝜏𝑛
= 0 3.76 
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Multiplying Eq. 3.76  by 𝜏𝑛𝐿𝑛
3  and considering, again, both 𝐿𝑛 and  𝐷𝑛 position independent,     

Eq. 3.76  becomes: 

 𝐷𝑛𝜏𝑛

𝑑2

𝑑𝑥2
[(𝑛𝑝 − 𝑛𝑝0)𝐿𝑛

3] + 𝐺𝑛𝜏𝑛𝐿𝑛
3 − (𝑛𝑝 − 𝑛𝑝0)𝐿𝑛

3 = 0 3.77 

Setting: 

 𝑦 = (𝑛𝑝 − 𝑛𝑝0)𝐿𝑛
3 ;   𝐿𝑛 = √𝐷𝑛𝜏𝑛 ;  𝕩 =

𝑥 − 𝑥𝑝

𝐿𝑛
 3.78 

Eq. 3.77 can be written as: 

 
𝑑2𝑦

𝑑𝕩2
+ 𝐺𝑛𝜏𝑛𝐿𝑛

3 − 𝑦 = 0 3.79 

The generation function is given by Eq.3.52, therefore: 

 𝐺𝑛𝜏𝑛𝐿𝑛
3 = 𝜏𝑛𝐿𝑛

32𝐼𝑚𝑘(𝜆) [𝐹𝑃
+𝑒

2𝐼𝑚 (𝑘)𝐿𝑛
(𝑥𝑃−𝑥)

𝐿𝑛 + 𝐹𝑃
−𝑒

2𝐼𝑚(𝑘)𝐿𝑛
(𝑥−𝐻)

𝐿𝑛 ] 3.80 

By considering Eq.3.78 and setting: 

 𝑓𝑃
+ = 𝜏𝑛𝐿𝑛

32𝐼𝑚(𝑘)𝐹𝑃
+; 𝑓𝑃

− = 𝜏𝑛𝐿𝑛
32𝐼𝑚(𝑘)𝐹𝑃

−;  𝛽𝑛 = 2𝐿𝑛𝐼𝑚(𝑘); 𝕩𝑝 =
𝑥𝑝

𝐿𝑛
 ;  ℎ =

𝐻

𝐿𝑛
 3.81 

Eq.3.79 becomes: 

 
𝑑2𝑦

𝑑𝕩2
+ 𝑓𝑃

+𝑒−𝛽𝑛𝕩 + 𝑓𝑃
−𝑒𝛽𝑛(𝕩+𝕩𝑝−ℎ) − 𝑦 = 0 3.82 

 

Eq.3.82 is formally identical to Eq.3.60  in which −𝕩𝑁 is replaced by 𝕩𝑝 − ℎ and 𝛽𝑝 is replaced 

with 𝛽𝑛. The solution of Eq.3.82 is then: 

 𝑦 = 𝐴𝑛 cosh 𝕩 + 𝐵𝑛 sinh 𝕩 +
𝑓𝑃

+𝑒−𝛽𝑛𝕩 + 𝑓𝑃
−𝑒𝛽𝑛(𝕩+𝕩𝑝−ℎ)

1 − 𝛽𝑛
2  3.83 

The constants 𝐴𝑛, 𝐵𝑛 can be determined by applying the two boundary conditions with the same 

meaning as those written previously in Eq.3.68 and Eq.3.69: 

 (𝑛𝑝 − 𝑛𝑝0) = 0      𝑎𝑡  𝑥 = 𝑥𝑃   3.84 

 𝑞𝐷𝑛
𝑑(𝑛𝑝−𝑛𝑝0)

𝑑𝑥
= −𝑞𝑆𝑛 (𝑛𝑝 − 𝑛𝑝0)       𝑎𝑡  𝑥 = 𝐻   3.85 

By considering Eq.3.78, the boundary conditions of Eq. 3.84 and Eq. 3.85 can be respectively 

written as: 

𝑦 = 0    𝑎𝑡  𝕩 = 0   3.86 
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 𝐷𝑛
𝑑[(𝑛𝑝−𝑛𝑝0)𝐿𝑛

3]

𝐿𝑛𝑑
𝑥

𝐿𝑛

= −𝑆𝑛 [(𝑛𝑝 − 𝑛𝑝0)𝐿𝑛
3]   →   

𝑑𝑦

𝑑𝕩
= −

𝑆𝑛𝐿𝑛

𝐷𝑛
𝑦 →  

𝑑𝑦

𝑑𝕩
= −𝜂

𝑛
𝑦     𝑎𝑡  𝕩 = ℎ − 𝕩𝑝  3.87 

Where 𝜂𝑛 =
𝑆𝑛𝐿𝑛

𝐷𝑛
. 

Considering Eq.3.86, it holds:  

 𝐴𝑛 =
𝑓𝑃

+ + 𝑓𝑃
−𝑒𝛽𝑛(𝕩𝑝−ℎ)

𝛽𝑛
2 − 1

 3.88 

Considering Eq.3.87 , it holds: 

 

𝐴𝑛 sinh(ℎ − 𝕩𝑝) + 𝐵𝑛 cosh(ℎ − 𝕩𝑝) +
−𝛽𝑛𝑓𝑃

+𝑒−𝛽𝑛(ℎ−𝕩𝑝) + 𝛽𝑛𝑓𝑃
−

1 − 𝛽𝑛
2

= −𝜂
𝑛
[𝐴𝑛 cosh(ℎ − 𝕩𝑝) + 𝐵𝑛 sinh(ℎ − 𝕩𝑝) +

𝑓𝑃
+𝑒−𝛽𝑛(ℎ−𝕩𝑝) + 𝑓𝑃

−

1 − 𝛽𝑛
2 ] 

3.89 

Setting: 

 𝜉 =
𝑓𝑃

−(𝛽𝑛 + 𝜂𝑛) − 𝑓𝑃
+𝑒−𝛽𝑛(ℎ−𝕩𝑝)(𝛽𝑛 − 𝜂𝑛)

𝛽𝑛
2 − 1

 3.90 

 Γ = [sinh(ℎ − 𝕩𝑝) + 𝜂𝑛 cosh(ℎ − 𝕩𝑝)] 3.91 

 Ξ = [cosh(ℎ − 𝕩𝑝) +𝜂𝑛sinh(ℎ − 𝕩𝑝)] 3.92 

The coefficient 𝐵𝑛 is given from Eq. 3.89 by: 

 𝐵𝑛 =
𝜉 − Γ𝐴𝑛

Ξ
 3.93 

The base current can be calculated in 𝕩 = 0  by using Eq.2.2 and remembering the assumption 4) of 

the chapter 2.1: 

 𝐽𝑛(0) = 𝑞𝐷𝑛

1

𝐿𝑛
3

𝑑(𝑛𝑝 − 𝑛𝑝0)𝐿𝑛
3

𝑑
𝑥
𝐿𝑛

𝐿𝑛

|

𝕩=0

= 𝑞𝐷𝑛

1

𝐿𝑝
4

𝑑𝑦

𝑑𝕩
|
𝕩=0

 3.94 

 𝐽𝑛(0) = 𝑞𝐷𝑛

1

𝐿𝑛
4 [𝐵𝑛 + 𝛽𝑛

𝑓
𝑃
−𝑒𝛽𝑛(𝕩𝑝−ℎ)−𝑓

𝑃
+

1 − 𝛽
𝑛
2 ] 3.95 

Where 𝐵𝑛 is given by Eq.3.93. 

In conclusion, it has been shown that it is possible to find simple analytical solutions of the 

continuity equation, expressed by Eq.3.75 and Eq.3.95, which allow calculating the currents in each 

sub-cell of a MJ device, as a function of the positive and negative flows determined in each layer by 

TMM model.  
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3.5. Hovel model, TMM and SMM applied on thick InGaP/InGaAs/Ge TJ cells 

The Hovel model and the TMM-SMM model have been applied to calculate the external quantum 

efficiency of the TJ structure reported in Table 1 in which the Ge substrate is 150 µm thick, 

therefore, is not considered in the computation of the propagation matrix (see Figure 20). 

 

Figure 20. External quantum efficiency of the top, middle and bottom cells calculated by TMM, SMM and by the 

Hovel model. In this TJ structure case, TMM and SMM gives rise to the same results, so only SMM data are 

shown. In the case of the TMM and SMM models, the reflectance considers all the reflections which take place 

inside the multi-junction structure. In the case of the Hovel model, the reflectance considers only the reflections 

which take place inside the coating structure and the top cell window layer. 

 

Once the EQE is integrated with the impinging solar flux, it is possible to calculate the short circuit 

current density generated in each sub cell, as reported in Table 3. As expected, the results obtained 

by the Hovel model differs from those obtained by TMM or SMM where the interference effects are 

more pronounced.  

The Hovel model slightly overestimates the short circuit current with respect to SMM-TMM 

especially for the mid and bottom cell. It should be also considered that the above calculations have 

been carried out by assuming the light at normal incidence, that is, when the solar rays hit 

perpendicularly the solar cell’s surface. In fact, in the mathematical Hovel model is not included 

any dependence of the EQE from the incidence angle. As a matter of fact, by changing the incident 

angle, it can happen that a TJ structure optimized to be middle limited by SMM-TMM can be top 

limited when the Hovel model is applied (see Table 4). 
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Table 3. Short circuit current density calculated by Hovel model and by TMM for the solar 

spectrum ASTM G173-03. 

Cell Short circuit current density 

calculated by using the SMM-

TMM model (mA/cm2) 

Short circuit current density 

calculated by using the 

Hovel model (mA/cm2) 

Top 13.87 13.88 

Middle 13.93 14.07 

Bottom 22.61 23.89 

 

This difference has to be taken into account when MJ solar cells operate under lenses at high 

concentration. 

 

Table 4. Short circuit current density calculated by Hovel model and by TMM for the solar spectrum ASTM 

G173-03 and considering the solar light impinging the solar cell with an angle of 50°. 

Cell Short circuit current density 

calculated by using the SMM-

TMM (mA/cm2) 

Short circuit current density 

calculated by using the 

Hovel model (mA/cm2) 

Top 13.88 13.81 

Middle 13.68 13.90 

Bottom 21.5 22.72 

  

In conclusion, the Hovel model allows a good estimation of the sub-cells currents values in TJ solar 

cells, however for a fine tuning of cell’s structure in order to reduce the current mismatch, 

especially for solar cells to be used in concentrator system, TMM and SSM have to preferred as 

they give more accurate results.   
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3.6. TMM and SMM applied on MJ solar cells with improved voltage (thin 

substrate) 

In order to improve the MJ cell voltage, the substrate can be thinned and a mirror deposited on the 

back side of the device [54]. It will be firstly shown that, in such a structure, TMM fails in the 

determination of the reflection coefficient in the short wavelength range, and, as a consequence, the 

top cell EQE becomes undetermined. As already reported in chapter 3.3,  this failure is due to the 

intrinsic numerical instability of the TMM, as the number of layer and their thickness overcome a 

certain threshold. The numerical instability can be overcome by replacing TMM with SMM. 

 

3.6.1. Numerical instability of TMM on MJ solar cells with improved voltage 

(thin substrate) 

Let’s start considering the MJ structure of Table 1 in which the substrate has been thinned. In the 

Ge substrate the third junction is still present. We assume that the back side of the Ge cell is 

perfectly passivated and, further, a perfect aluminium mirror is deposited. The TMM is applied on 

such a structure to get the reflectance and then determine the EQE. To better visualize the numerical 

instability, for all the wavelength in which the calculus based on TMM goes in overflow, the 

reflectivity values have been set to zero.  Figure 21 shows that TMM fails in the determination of 

the reflectance in the low wave wavelength range. As a benchmark, in the same figure, it is also 

reported the reflectance calculated by SMM. While the semi-infinite substrate structure allows 

neglecting the coherent reflections in the substrate, which in turn, it is equivalent to consider a 

substrate with zero thickness, once the substrate is thinned, the coherent reflections inside this layer 

have to be taken into account. This means that a further layer has to be included in the TMM 

calculation for getting the intensity of the forward and backward waves propagating inside the MJ 

structure. In this situation the TMM becomes numerically instable and the numerical instability gets 

worse, that is, the calculus starts going in overflow, at longer wavelength, as the thickness of the 

substrate is increased. 

  

Figure 21. Reflection coefficient calculated by TMM and S-matrix method for the full InGaP/InGaAs/Ge solar cell structure 

considering a 6 μm (left) and 15 μm (right) thick Ge substrate. An Al mirror was considered as last layer. 
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Since TMM fails in the calculation of the reflectance in the low wavelength region, this means that 

the top cell EQE cannot be determined. In order to overcome this problem, the TMM can be 

replaced with SMM which does not become unstable as the number of MJ layers increases. As 

shown in Figure 21, the SMM fulfils the requirement of the numerical stability. 

 

3.6.2. Validation of the SSM on thin 3J InGaP/InGaAs/Ge solar cells 

The TMMs and SMMs are hereafter applied to simulate the performance of the 3J 

InGaP/InGaAs/Ge solar cell whose structure has been reported in tab 2 and in which: i) the 

substrate has been further thinned with respect to the previous example, ii) the substrate is also 

included in the computation of the reflection coefficient, i.e., is considered as the N-1 layer. In the 

simulation the IV curves have been obtained neglecting the series and shunt resistance (ideal IV 

curves). In all the simulations an Al back contact layer is considered.  The IV curves shown in 

Figure 24 put in evidence that by thinning the Ge substrate, the Voc of the bottom Ge solar cell 

improves of 20 mV (because it is possible to reduce the bulk recombination), bringing the Voc of the 

TJ from 3.174 V to 3.194 V. It has to point out that the possibility to increase the Voc value by 

thinning the Ge substrate is tightly related to the surface recombination velocity value at the 

base/BSF interface. In the calculation it has been assumed a surface recombination velocity value of 

103 cm/sec. If were possible to decrease the surface recombination velocity to 102 cm/sec, the Voc of 

the TJ would reach 3226 V, with a voltage increase of 52 mV. As a consequence, the TJ efficiency 

would increase from 38.79% to 39.43%. 

It can be pointed out that the SMM simulations carried out by considering a 200 µm thick substrate 

as the N-1 layer or as the last (N) layer give, as expected, the same results (see Figure 23, Figure 24 

and Figure 25). 

 

 

 

 

 

 

 

 

 

Figure 22. Reflection coefficient a 3J InGaP/InGaAs/Ge solar cell calculated by applying TMM and SMM and 

by considering a 200 µm thick (left) and a 3 µm thick (right) Ge substrate with a back Al layer.  The calculation 

has been carried out by considering both the electric fields at the beginning (beg) and at the end of the layers. 

For comparison, the reflection coefficient calculated only for the coating and the top cell window layer, assuming 

an underlying thick InGaP layer is also shown. 
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Figure 23. EQE of a 3J InGaP/InGaAs/Ge solar cell considering a 200 µm thick (left) and a 3 µm thick (right) Ge 

base. 

 

This is indeed what we expect, because when the substrate is very thick the negative component of 

the Poynting vector is negligible.  

  

Figure 24. 500 x- illuminated ideal IV curve of a 3J InGaP/InGaAs/Ge solar cell considering a 200 µm thick (left) 

and a 3 µm thick (right) Ge base. The subscript m indicates that the solar cells have a mask with a grid 

shadowing depicted. The surface recombination velocity value for the base/BSF interface was assumed equal to 

103 cm/sec. 
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Figure 25. SMM calculated EQE (left) and ideal IV curve (right) of the 3J InGaP/InGaAs/Ge solar cell 

considering a 200 µm thick substrate as the last layer. 

 

The excellent agreement among the data and the numerical stability of the computation 

demonstrates the robustness of the developed mathematical code based on SMM. 
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4. State-of-the-art integration of SiGeSn in III-V based 

heterostructures 

 

 

 

 

 

 

 

 

 

 

 

4.1. Motivation and challenges 

The defining characteristics of a semiconductor are mostly related to its fundamental electronic 

bandgap.  The horizon of bandgap engineering was dramatically expanded in the early 1970s with 

the introduction of epitaxial growth techniques, like the Metalorganic vapour phase epitaxy 

(MOVPE) one, in which binary, ternary quaternary semiconductor alloys started to be deposited 

with excellent thickness and composition uniformity [55]. Thus, the new limit imposed in the 

realization of the heterostructures became the lattice matching, that is, the problem of adapting the 

lattice constants of the film and the substrate. A lattice mismatch, in fact, can generate large stresses 

in epitaxial films and the epitaxial strain energy can be relieved by dislocations once a characteristic 

critical film thickness is exceeded [56].  

 

Figure 26. Bandgap and lattice constant variation in the InGaAsP alloy. When lattice-matched to GaAs, the band 

gap of InGaAsP can be tuned from 1.42 to 1.88 eV, by keeping unchanged the lattice constant and by varying the 

composition following the dashed red line. When lattice matched to InP, the band gap can be tuned from 0.73 

to1.35 eV. 

This chapter answers to the following questions: why is it convenient to 

integrate SiGeSn in III-V-based structures? What are the challenges 

related to the integration of IV and III-V-based semiconductors? What 

are the results so far related to the photovoltaic devices realized with 

SiGeSn? A survey of the basic literature concerning the structural and 

optical properties of SiGeSn, as well as some significant growth 

experiments are summarized. State-of-the-art performances on SiGeSn-

based solar cells are reported.   
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Since dislocations act as recombination centers, lattice matched heterostructures–based devices are 

the preferred ones to be used. Once the compositional change allows decoupling the strain and 

band-structure variables, then, it is also possible to expand the band gap engineering possibilities. In 

the case of III-V materials, for example, the versatility of the InGaAsP quaternary compounds made 

it possible to control independently the bandgap and the lattice-constant, as shown in Figure 27.  

A strong interest on SiGeSn alloy was started when it was reported that, like for the III-V based 

quaternary material, by changing the composition of the ternary semiconductor in a proper way, it 

became possible decouple strain and band-structure effects and deposit the ternary alloy lattice 

matched to Ge [57]. 

Therefore, it was considered the idea to integrate the ternary SiGeSn in III-V based MJ solar cells, 

in particular as 1 eV material for replacing InGaAs or InGaNAs in four junction solar cells, or as a 

buffer layer for growing on the Si platform [58], [59], [60] and [61]. 

The main question still to be answered is how efficiently integrate the SiGeSn material in a III-V 

structures without a quality and penalty cost. 

Indeed, if we go back to beginning of 80s, we can point out that the integration between III-V and 

IV elements has always been a subject of great interest for the semiconductor sector. The 

integration between III-V and silicon, in particular, motivated a lot of research, owing to the high 

performance of the former compounds and the low cost of the second one. However, the monolithic 

integration of III-V on Si has been very difficult, not only because of the possible creation of 

antiphase boundaries, but overall, owing to the lattice and thermal mismatches between the 

semiconductors, which introduce high threading dislocation density [62]. Therefore, so far, the most 

successful integrations among III-V and IV elements for PV applications have been accomplished 

by complex manufacturing process, i.e., by mechanical stacking or by the wafer bonding (see, for 

example, [17] and [63]). In these cases III-Vs are grown on lattice matched substrates, which are 

subsequently removed, and replaced by the Si support.  

In principle, a cheaper monolithic integration of IV and III-V elements can be developed by using 

the so called “virtual substrate approach”, where, the III-V compounds are grown by MOVPE over 

a heterostructure, the so called virtual substrate, which is composed of a substrate plus a certain 

number of intermediate layers, which favour the adaptation between the substrate and the III-V 

compounds [64].  However, so far, in order to accomplish this process, two pieces of equipment 

have been used: a CVD reactor for the growth of IV elements and a MOVPE growth chamber for 

the deposition of the remaining III-V part of the cell. GaAsP/SiGe tandem structures, for example, 

have been realized by growing SiGe epilayers by reduced pressure chemical vapor deposition 

(RPCVD) and the III-V epilayers by metal organic chemical vapor deposition (MOCVD) [65]. The 

integration of Ge and III-V for the realization of heterojunction bipolar transistors has been carried 

out by using a ultrahigh vacuum (UHV) electron-beam evaporation system for the Ge deposition 

and an organometallic vapour phase epitaxy (OMVPE) system for the growth of GaInP [66]. As 

reported in the introduction, also the integrations of SiGeSn with III-V for MJ solar cells have been 

accomplished by using a CVD reactor for the growth of SiGeSn and a MOVPE growth chamber for 

the deposition of the remaining part of the cell structure [28], [29] and [59]. 



STATE-OF-THE ART INTEGRATION OF SiGeSn IN III-V BASED HETEROSTRUCTURES 

 

 

63 

The utilization of two growth equipment, however, reduces the economic advantage of the 

multijunction monolithic architecture, owing to the required higher capital expenditure. 

The reason behind the utilization of different equipment for the growth of III-V and IV elements is 

the related “cross contamination” problem: III-V elements are dopants for IV-based alloys and vice 

versa, IV elements are dopants for III-V based compounds. The severe consequence of growing a 

sequence of III-V ad IV based semiconductors in the same growth environment is the difficulty to 

control their conductivity, as shown, for example, by E. Welser et al., who measured memory 

effects of Ge in III-V alloys [27]. 

Preliminary experiments to integrate III-V and IV element in the same MOVPE growth chamber, 

have been reported by R. Jakomin in [67], concerning the growth of epitaxial germanium in a 

reactor utilized for III-V growth. More recently, epitaxial Ge solar cells grown on GaAs (001) 

substrates have been realized by MOCVD [68]. A much higher level of integration was 

accomplished in [69]. with the manufacturing of InGaP/InGaAs/SiGe/Ge TJ structures. This 

attempt was based on the results obtained on an earlier study, whose aim was to measure and limit 

the contamination of  IV elements in III-V compounds. In particular, it was measured a background 

doping level of 5*1017 cm-3 in GaAs layers grown after SiGe layers deposition and III-V coating 

runs [70]. These results were considered promising and encouraged the research to further reduce 

the residual contaminations with the final aim to realize high efficiency MJ solar cells. More 

recently, a contributions related to the integration of III-IV-V elements in the same MOVPE 

chamber has been reported concerning, in particular the growth of  (GaAs)1-x (Ge2) alloy [71]. 

However, a detailed analysis of the cross doping was not included. 

The following experimental work extends and improves these preliminary experiences carried out 

on integrating IV and  III-V elements, in particular, also considering the integration of SiGeSn 

ternary alloys with III-V-based materials in the same MOVPE apparatus, with the purpose of 

identifying the MOVPE hardware change, the gas sources and process condition necessary to 

decrease the residual contamination in the IV and III-V compounds to a level adequate to 

manufacture high efficiency MJ solar cells. 

In order to better understand all the challenges related to integration of SiGeSn with III-V based 

heterostructures, a critical survey of some significant literature results is preliminary reported.   

 

4.2. Literature survey 

 

4.2.1. The problem of tin incorporation in SiGeSn and related challenges 

The starting point for the semiconductor deposition is the knowledge of the phase stability of the 

material. We need to know, in particular, how much Sn can be incorporated in the SiGe matrix. The 

phase stability of a solution can be assessed by evaluating the molar Gibbs free energy of mixing, 

∆𝐺𝑚𝑖𝑥, that for a simple regular solution of a binary compounds is simply given by (see, for 

example [72]  : 
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 ∆𝐺𝑚𝑖𝑥 = 𝑎𝑜𝑋1𝑋2 + 𝐾𝑇(𝑋1 ln 𝑋1 + 𝑋2 ln 𝑋2) 4.1 

where the first term on the right side of the Eq. 4.1 is the molar heat of mixing, while the second one 

is the molar entropy of mixing.  X1 and X2  are the molar fraction of the elements. 

 

If we restrict our attention to the SiGeSn alloy lattice matched to Ge, in this case, the Si 

concentration is linked to the tin one according to the following ratio [73]: 

 
XSi

XSn
= 4 4.2 

Therefore, by setting:  

 
𝑋 = 𝑋𝑆𝑛,  𝑋𝑆𝑖 = 4𝑋 and 𝑋𝐺𝑒 = (1 − 5𝑋) 

4.3 

we can then study the alloy, Si4xSnxGe(1-5x), only as a function of tin concentration. For regular 

solution, the molar entropy of mixing is equal to the ideal molar entropy of mixing: 

 
∆𝑆𝑚𝑖𝑥 = −𝑘 ∑𝑋𝑖𝑙𝑛𝑋𝑖

3

𝑖=1

= −𝑘[𝑥𝑙𝑛𝑥 + 4𝑥𝑙𝑛(4𝑥) + (1 − 5𝑥)ln (1 − 5𝑥)] 
4.4 

 

The molar enthalpy of mixing has been calculated by Junqi Xie et al., by assuming that for the    

Si4xSnxGe1-5x, alloy the usual quadratic form can be applied: 

 
∆𝐻 = ∆𝑈𝑚𝑖𝑥(𝑋) = 𝛽𝑋(1 − 𝑋) 

4.5 

where β =553.7 meV [74]. 

 

By using the enthalpy and entropy of mixing, the Gibbs free energy of mixing is then calculated, as 

reported in Figure 27 and Figure 28. 

 

Figure 27. Gibbs free energy of mixing per atom for the ternary Si4xGe1-5xSnx as a function of temperature and 

tin concentration, 3D and 2D representation. 
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Figure 28. Gibbs free energy of mixing per atom for the ternary Si4xGe1-5xSnx for different temperature values. 

 

Figure 27 and Figure 28 show that in SiGeSn, equilibrium tin concentration around 5% can be 

obtained at growth temperature around 490°C, however, at room temperature the equilibrium 

solubility of tin is lower than 1%. The solid solubility of tin in the alloy is very low because of the 

high value of the lattice constant of the tin (6,489 A) as compared to that of Ge (5.6579 A) and Si 

(5,431 A). Therefore, tin concentration at room temperature ≥1% can be obtained only by 

considering growth condition out of equilibrium and applying kinetic barriers which do not allow 

reaching the equilibrium concentration. While Liquid Phase epitaxy (LPE) is an equilibrium process 

which cannot be used to grow tin-rich SiGeSn alloy, the MOVPE is a non–equilibrium deposition 

technique and it has been successfully used for growing semiconductors out of equilibrium. Kinetic 

barriers necessary to stabilize tin concentrations higher than equilibrium value can be created by 

lowering the growth temperature or by increasing the growth rate. As a matter of fact, the  

experiments  carried out on GeSn showed the necessity to lower the growth temperature to avoid tin 

precipitation [75], [76]. Low temperature deposition has also been applied for SiGeSn as reported in 

the next 1 paragraph. However, if for avoiding tin segregation and precipitation is necessary to 

grow at low temperature, on the other hand, this growth requirement has introduced several 

challenges: 

1) Identify suitable gas precursor with low temperature cracking to get reasonable growth rate; 

2) control the growth in the kinetic regime, where small variation of temperature can cause 

gradient in the alloy composition;  

3) obtain mirror like morphologies despite the low diffusivity of the atomic species on the 

surface. 

Furthermore, since in the most MOVPE system, the in-situ temperature control starts working over 

400°C, a challenging compromise on the growth temperature should be reached: it should be low 

enough to avoid tin precipitation/segregation and high enough to allow controlling the temperature 
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profile over the wafer surface, in order increase the growth uniformity and then the wafer yield. 

This objective is indeed relevant to pursue un industrial scale up of the growth process. 

4.2.2. Structural properties of SiGeSn 

Considering the Vegard’s law, the lattice constant of SiGeSn can be determined from that of its 

constituent atoms: 

 
𝑎𝑆𝑖𝐺𝑒𝑆𝑛 = 𝑥𝑎𝑆𝑛 + 𝑦𝑎𝑆𝑖 + (1 − 𝑥 − 𝑦)𝑎𝐺𝑒 

4.6 

 

Therefore considering: aSi= 5.431 Å, aGe=5.6579 Å, aSn= 6.486 Å, (α-Sn), the SiGeSn alloy can be 

lattice matched with Ge with the following composition: Ge0.9108Si0.070Sn0.019. It is possible to check 

that also the alloy with composition Ge0.9402Si 0.047Sn0.0128 is lattice matched with Ge. In general, it 

occurs that by keeping the ratio between the atoms of Si and Sn around 4:110, the SiGeSn alloy can 

be lattice matched to Ge, while we can get a variation of the energy gap.  The decoupling between 

strain and band-structure effects is showed in Figure 29. 

 

Figure 29. In a matrix of Ge atoms (light blue circles), the number of atoms of Si (orange spheres) and Sn (large 

spheres of grey colour) is increased, maintaining between them a ratio of 4:1. The graphs illustrate the 

corresponding increase of the energy gap value associated with the increase of Si and Sn atoms concentration in 

the Ge matrix, while preserving the lattice matching with the substrate. The picture is taken from [26]. 

Such materials can therefore be considered as pseudo-binary compounds described by the general 

formula: Ge1-X(Si0.8Sn0.2)X. Junqui Xie showed by TEM perfect interfaces between the SiGeSn and 

Ge, with surface morphologies devoid of defects. The measures performed at the atomic force 

microscope reported surfaces with roughness of 0.5 nm [60]. P.Aella et al., have reported an 

empirical formula for determining the lattice constant of the SiGeSn alloy that deviates from 

Vegard's law [77]: 

𝑎𝑆𝑖𝐺𝑒𝑆𝑛(𝑥, 𝑦) = 𝑎𝐺𝑒 + ∆𝑆𝑖𝐺𝑒𝑥 + 𝜃𝑆𝑖𝐺𝑒𝑥(1 − 𝑥) + ∆𝑆𝑛𝐺𝑒𝑦 + 𝜃𝑆𝑛𝐺𝑒𝑦(1 − 𝑦) 
4.7 

where: 

 
10 Exactly at 3.67 by considering the Vegard's law 
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∆𝑆𝑖𝐺𝑒  = aSi-aGe 

∆𝑆𝑛𝐺𝑒  = aSn-aGe 

𝜃𝑆𝑖𝐺𝑒= - 0.026 

𝜃𝑆𝑛𝐺𝑒  = 0.166 

 

According to P.Aella at., SiGeSn is lattice matched with the Ge when the ratio between the atoms of 

Si and those of Sn is around 3.91, a value a bit larger than the exact value calculated considering the 

Vegard’s law. 

Of course, structural integrity is one essential precondition for good devices, therefore it was 

important to analyse the structural stability of the film SiGeSn when thermally treated.  

The structural stability of the film SiGeSn has been studied by Yan-Yan Fang [78], the most 

significant results are shown in Figure 30. 

 

Figure 30- HR-XRD reciprocal lattice space maps relating to the reflections (224) for a heterostructure 

Ge/Ge0.90Si0.08Sn0.02 grown on Si at different temperature. The graphs identified with the letters b) and c) show 

the variation of the value of the lattice constants parallel and perpendicular to the plane of growth as a function 

of temperature. From [78]. 

Figure 30 shows the changes in the lattice constants as a function of temperature after heating the 

SiGeSn alloy in nitrogen up to 700°C and subsequent cooling to ambient temperature. In Figure 30 

a), the XRD peaks marked "20°C, 500°C, 600°C and 700°C" correspond to the XRD measurements 

carried out at different temperatures. It can be pointed out that the heterostructure 

Ge/Ge0.90Si0.08Sn0.02 remains lattice matched to Ge up to 600°C, at temperatures above, the lattice 

constants perpendicular to the plane of growth differ and a lattice mismatch is set up between 

SiGeSn and Ge; this lattice mismatch cancels in cooling to ambient temperature.  
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The thermal stability of the SiGeSn alloy, with tin incorporation up to 9%, was also investigated, 

more recently, by Bader Alharthi at al, by in situ annealing performed at 650 °C in H2 ambient, at 

atmospheric pressure. XRD characterization shown even an improved material quality under 

thermal treatment [79].   

In apparent contradiction with the above presented results, J.-H. Fournier-Lupien at al. found a  

phase separation in 50 nm thick Ge0.84Si0.04Sn0.12 alloy, after annealing above 410°C, with the 

formation of randomly distributed Sn-rich particles which grown as the annealing temperature was 

increased [80]. However, the discovered thermal instability of the Ge0.84Si0.04Sn0.12 alloy could be 

due to the high concentration of tin in the alloy. As reported in chapter 4.2.1, a 12% of Sn is 

strongly far from the equilibrium concentration, therefore the annealing of the sample, at increasing 

temperature, acts as a mean to overcome the kinetic barrier previously introduced by growing at low 

temperature, so that the alloy attempts to reach the tin equilibrium concentration with a phase 

separation. These results suggest that SiGeSn can be subjected to higher temperatures during the MJ 

junction solar cell growth once the tin concentration in the alloy is lower than 12%. 

 

4.2.3. Optical properties of SiGeSn 

First calculations of the energy gap value of the SiGeSn alloy have been reported by R.A Soref and 

C. Perry [57]. From the calculations performed, it is highlighted the possibility of making an alloy 

lattice matched with Ge lattice, having different values of the energy gap. 

 

 

 

 

 

 

 

 

Figure 31. Energy gap (Eg) diagram of the SiGeSn alloy. On the left, the dotted line represents the materials with 

indirect gap. The red dot shows the alloy with a 1 eV value of energy gap lattice matched with Ge. On the right 

the predicted energy gap of Si1-x-y Gex Sny as a function of composition x,y. The upper and the middle sheet show 

indirect Eg region, while the bottom one shows a direct Eg region. The vertical lines show Eg along the 

composition line x +y =1. From [57]. 

According to Figure 31, all possible ternaries found within the triangle bounded by the x = 0 line, 

the y = 0 line and the   x + y = 1 line, present indirect Eg.   
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The value of the direct energy gap (Eg) of SiGeSn lattice matched to Ge has been determined by 

V.R.D’Costa at al [19],[81], as a function of the alloy composition, by considering SiGeSn as a 

pseudo-binary compound. It has been found that Eg varies with composition presenting a highly 

non-linear behaviour and it can be described the following equation: 

 

 𝐸𝑔[𝐺𝑒1−𝑥(𝑆𝑖0.8𝑆𝑛0.2)𝑥] = 𝐸𝑔
0(𝐺𝑒) + 1.7𝑥 − 1.62𝑥2 4.8 

The energy gap initially increases with decreasing Ge concentration but reaches a maximum for a 

Ge concentration of about 0.55 and then decrease to values lower Ge concentration. 

A.V.G Chizmeshya and J. Kouvetakis have reported that the Eg magnitude and the Eg character 

(indirect- direct) can drastically change by Sn clustering [73] . In particular, it has been shown that 

Sn clustering reduces the gap by 50% and alters the character of the transition from Γ→Γ to Γ→X. 

Bader Alharthi at al. evaluated the energy bandgap of Si0.13Ge0.804Sn0.066 and Si0.19Ge0.783Sn 0.027 

samples by fitting the measured (αhυ)2- hυ curves, by considering for the absorption coefficient, α, 

the following expression: 

 
𝛼(ℎυ) =

𝐴(ℎυ − 𝐸𝑔
𝛤)

1
2

ℎυ
 

4.9 

The fitted 𝐸𝑔
𝛤 values were respectively 0.85 eV and 1.05 eV [82]. The low energy side of the 

absorption curve, however, was not fitted. 

Pairot Montragoon at al. have reported the following formulas for indirect (L) and direct transitions      

(Γ) in Six Ge1-x-ySny [83]: 

 𝐸𝐿(𝑥, 𝑦) = 0.723 + 0.564𝑥 − 2.352𝑦 + 0.189𝑥𝑦 − 0.074𝑥2 + 0.068𝑦2 4.10 

 𝐸𝛤(𝑥, 𝑦) = 0.880 + 0.929𝑥 − 3.807𝑦 − 0.16𝑥𝑦 − 0.078𝑥2 + 0.937𝑦2 4.11 

By considering the Si0.19 Ge0.793Si0.027 alloy, the direct energy gap value is 0.95 eV, a bit lower than 

the value calculated by Bader Alharthi at al. 

The data so far shown demonstrate that SiGeSn can be deposited lattice matched to Ge, with an 

energy gap value around 1 eV; therefore, the alloy can be theoretically integrated to realize high 

efficiency four junction solar cells InGaP/InGaAs/SiGeSn/Ge.  

More recently, Richard Soref has introduced as a possible semiconductor candidate with a “truly 

direct” Eg, spanning from 1.5 eV down to 0.41 eV, the quaternary CSiGeSn, however the lattice 

parameter of this quaternary changes from 0.576 nm to 0.649 nm; these values are out of the range 

values necessary for getting a lattice matched semiconductor to Ge [84].  

 



STATE-OF-THE ART INTEGRATION OF SiGeSn IN III-V BASED HETEROSTRUCTURES 

 

 

70 

4.2.4. Some significant growth experiments on Ge, GeSn and SiGeSn  

The phase diagram presented in the previous chapter explains why the growth of the ternary SiGeSn 

has been performed at very low temperature. For this purpose, at Arizona State University new gas 

sources for ultra-low-temperature deposition have been proposed [26],[85]. They concerns complex 

gas sources like (GeH3)xSiH4-x  (with 1<x<4) that reacting with SnD4 can form the ternary alloy, at 

temperatures around 300-350°C. For example, it was used GeH3SiH3 (x=1) which reacts readily 

with SnD4, at a temperature of 300-350 °C, to form Ge-rich alloys, with a content of Si and Sn 

ranging among ~ 20 to 37 % and 2-12%, respectively. Since in the molecule GeH3SiH3, Ge and Si 

are present with the same concentration, but the Si was found incorporated in the alloy SiGeSn with 

a concentration lower than 50%, it was assumed the following reaction: 

2SiH3GeH3→(GeH3)2SiH2+SiH4 

which provides for the formation of silane, which, however, does not decompose at the 

temperatures considered and therefore explains why part of the silicon is not incorporated in the 

alloy. It is then the combination of (GeH3)2SiH2 with SnD4 at 350°C that gives rise to the film 

SiGeSn wherein the ratio of Ge:Si is 2:1, respecting the ratio of atoms present in the gaseous 

precursors. Through the reaction of SiH3GeH3 and SnD4, at 330°C, it was deposited a film of 80 nm 

of Ge0.745Si0.20Sn0.05 which is almost the lattice match with the Ge. The growth rate was, however, 

around 1.5 to 2 nm/min, which can be considered too low for growing films with a few microns of 

thickness. 

In order to have a higher flexibility and control independently the incorporation of Ge and Si, the 

following gas sources have been also used: SiH2(SiH3)2 (trisilane, Si3H8, liquid source) and/or 

SiH3GeH3 to supply the Si atoms and Ge2H6, to supply Ge atoms. With SiH2(SiH3)2, SnD4 e Ge2H6, 

it has been possible to obtain SiGeSn alloy with 2% of tin, that is, with the following composition: 

Ge0.90Si0.08Sn0.02. At 350°C, the SiH2(SiH3)2 and Ge2H6 react according to the following chemical 

reaction: 

x[SiH2(SiH3)2]+y[Ge2H6]→Si3xGe2y+(4x+3y)H2 

which indicates that the two gas sources react completely to give rise to a solid phase that contains 

the same stoichiometric ratio of the gaseous phase 

In the paper of Junqui Xie at al. above cited, besides the structural analysis, a study of dopant 

incorporation in SiGeSn, deposited on Ge and Si substrates, has also been reported. The gas source 

utilized were: Si3H8, SnD4 and Ge2H6. The samples, not intentionally doped, showed a p-type 

polarity with dopant levels around 2-3x1017cm-3. A heating treatment reduced the level of 

background impurities at concentrations around 5x1016 cm-3. Holes mobility was measured around 

250 cm2/Vs. Very high concentration levels of p-type doping, around 1020cm-3, have been achieved 

by using B2H6 (diborane). Similar results were reported in the work of Yan-Yan Fang at al. who 

used diborane for the P-type doping and P(GeH3)3 and P(SiH3)3 for N type-doping [78]. 

All the above reported depositions were performed by low pressure CVD. Deposition of  GeSn and 

SiGeSn has also been reported by MBE technique [86]. Despite the good results obtained on the 

growth of SiGeSn, the gas sources developed on purpose are not easily commercially available and 



STATE-OF-THE ART INTEGRATION OF SiGeSn IN III-V BASED HETEROSTRUCTURES 

 

 

71 

they are expensive.  The possibility of pursuing the growth of SiGeSn at industrial level is bound to 

the utilization of more easy-to-buy gas sources to be used by the MOVPE technology  

Wirths at al. reported the growth of Ge, GeSn and SiGeSn by the CVD technique, with a 

showerhead type reactor (AIXTRON TRICENT), using as gas sources GeH4, Ge2H6, Si2H6 and 

SnCl4 [76], [87]. The growth rate of Ge as a function of the temperature, the precursors type and the 

used carrier gases are shown in Figure 32.  

 

Figure 32. Growth rate of the Ge as a function of the inverse value of temperature (Arrhenius plot) by using H2 

and N2 as carrier gasses. Activation energies for GeH4 and Ge2H6 are 1.3 eV and 0.7 eV, respectively, by using H2 

as carrier gas. The activation energy for Ge2H6 drops to 0.5 eV by using N2 as carrier gas. (b) Growth rate of the 

Ge versus temperature by considering different Ge precursors; Ge2H6 and GeH4 are used with partial pressure 

of 15 Pa. From [76]. 

The growth rate of Ge at 375°C, by using Ge2H6 and N2 as carrier gas was around 0.4 µm/h (6-7 

nm/min).  It is evident the advantage of using Ge2H6 with respect to GeH4 for temperature lower 

than 450°C: the growth rate was increased of 350% at 375°C by using Ge2H6 instead of GeH4. The 

drawback of using Ge2H6 instead of GeH4 is the higher source cost. The strong dependence of the 

growth rate on temperature indicates that the deposition takes place in the kinetic regime and is 

therefore limited by the surface chemical reactions. The utilization of nitrogen as carrier gas instead 

of hydrogen allows getting higher growth rate owing to the reduction of the H-surface coverage 

which inhibits the growth [88]. 

In order to avoid Sn segregation, the growth of GeSn was carried out at temperatures lower than 

450°C, maintaining a ratio between the partial pressure of Ge2H6 and SnCl4 equal to 100. The GeSn 

deposition took place in the kinetic regime, with an activation energy of 0.4 eV, comparable to the 

value of 0.5 eV found for the growth of Ge. However, for the growth of GeSn it was used a value of 

the partial pressure of Ge2H6 eight times higher than that used for the deposition of Ge. The growth 

rate of GeSn at 375°C, by using N2 as the carrier gas, was much higher than the value found for 

epitaxial germanium, as it was around 2 µm/h (33 nm/min). 

For the epitaxial growth kinetically controlled, the growth rate should be independent on the partial 

pressure of the precursor. Since the ratio of partial pressure between the Ge2H6 and SnCl4 was 100, 
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the increase in the growth rate observed in the GeSn compared to that obtained for the Ge was 

mainly attributed by the authors to the higher partial pressure of Ge2H6 used for the grow of GeSn., 

because they assumed that the dissociation of Ge2H6 in GeH3 radicals accelerated the surface 

reactions. The high value of the growth rate obtained for GeSn was necessary in order to avoid the 

segregation of tin during the growth. 

SiGeSn layers have been grown both on Si and Ge substrates, by selecting  proper partial pressure 

of the precursors obtaining growth rate as high as 4.8 µm/h (80 nm/min) at temperature around 450-

475°C  (see Figure 33). The film deposited had thickness of the order of 200 nm. The incorporation 

of Sn decreases as the temperature increases and reaches 1% at 475°C.  

  

Figure 33. On the left, growth rate dependence on the absolute temperature for SiGeSn and GeSn epitaxially 

grown on Si(100) and Ge buffered Si (ii), on the right,  reduction of Sn incorporation in GeSn and SiGeSn as a 

function of temperature. From [87]. 

The data of Wirths showed that it is possible to growth SiGeSn - tin precipitation free - at 

temperature much higher than the temperature reported by J. Kouvetakis.  

This could be due to the high growth rate reached for SiGeSn deposition. This hypothesis is 

supported by the contribution of Noriyuki Taoka at al. In fact, they reported that the possible 

accumulation of Sn at the surface of SiGeSn could be due to the thermally activated tin migration 

from the bottom layers, contrasted by the growth rate [86]. Noriyuki Taoka at al. observed an 

increased accumulation of tin at the surface by increasing the growth temperature from 200°C to 

350°C with growth rate 50 times lower than the growth rate obtained by Wirths at al. 

More recently, Nupur Bhargava at al. reported very interesting results concerning the role of arsine 

during the (Si)GeSn growth [89]. It was found that diluted AsH3 during the (Si)GeSn growth allows 

inhibiting the formation of unwanted Sn precipitates. The Authors explained this result by 

considering the possible role of As/AsH3 as surfactants in suppressing the islanding and/or Sn 

segregation during growth with consequent benefit in reducing the surface roughness. It was also 

observed that during the growth of GeSn when the AsH3 flow is increased, the Sn composition 

decreases and a first increase of the growth rate is also observed, followed by a quenching of the 
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growth at highest AsH3 flow. The first increase of the growth rate was explained as the catalysing 

H-desorption action of arsenic. The quenching of the growth rate has been attributed to the blocking 

role of As in saturating the surface sites: when the surface is completely saturated with As, no 

adsorption sites are available for GeH4 and SnCl4 adsorption. A shift in Bragg angle in the XRD 

measurement towards more negative values (higher lattice constant) was measured by increasing 

the arsine flow. As tin incorporation was observed to decrease by increasing arsine concentration in 

the gas phase, the XRD peak shift was attributed to the lattice expanding action produced by the 

incorporated arsenic in the layer. In the case of SiGeSn, the role of arsine was found opposite to 

what discovered for GeSn: an increase of arsine concentration in the gas phase produced a decrease 

of Si incorporation and an increase of Sn incorporation, both resulted in a shift of the Bragg angle 

in the XRD measurement towards more negative values. Also, for SiGeSn, a quenching of the 

growth could be reached at high AsH3 flow. The dramatic consequence of the As incorporation in 

the layers, owing to the utilization of an arsine flow during the growth, is the strong decrease of the 

semiconductor resistivity: As-doped SiGeSn alloys were found to have resistivity values  as low as 

0.6 mΩ cm with arsenic carrier concentration 2.5 x1020 cm−3. 

 

4.2.5. SiGeSn devices 

The opportunity offered by the (Si)GeSn technology to expand the energy gap possibilities, opened 

the path for the realization of different optoelectronic IV-based devices.  R.Soref has exhaustively 

reported how the physical properties of SiGeSn materials can be exploited to create active devices 

and how those devices can be integrated monolithically in a photonic integrated ‘circuit’ (PIC) or 

opto-electronic integrated circuit (OEIC) [90]. Hereafter some selected contributions are reported, 

mostly related to the photovoltaic application.    

The first diodes of SiGeSn, with 2% of Sn and 10% of Si, were made on Ge substrates by Richard 

T. Beeler at al. by applying the CVD technique, with deposition temperature of 390°C and working 

pressure = 0.53 mbar. As gas sources, Si3H8, Ge2H6, and SnD4 were utilized (growth rate= 0.72 

µm/h) [91]. P-type doping was obtained with boron, getting dopant concentration level around 1 

1017 cm-3, while for the N-type doping, P(GeH3)3 was used and very high doping level around 8 

1019 cm-3 was achieved.  

Translucent realized a first photovoltaic device of SiGeSn in 2015. The N/P junction was formed by 

diffusion of arsenic from the solid state [92]. The structure of the device and it electrical 

characterization are reported in Figure 34 and Table 5, respectively. In spite of the fact that the 

reported spectral response showed the onset at 1400 nm and it was peaking at 1200 nm, 

corresponding to the 1.0 eV gap of the Si-Ge-Sn alloy, the open circuit voltage of the device was 

lower than the typical value measured for Ge cells.  This result could be due to the defect density 

present in the depletion region of the device and/or to a possible further absorption of the photons 

that could take place at lower energy (not shown in the EQE curve), due to the indirect nature of the 

semiconductor. 
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Figure 34. Realization of a SiGeSn N/P junction through the solid-state diffusion of As from InGaAs deposited 

on the top of the p-type SiGeSn/Ge heterostructure. From [92]. 

 

Table 5. Electrical characterization of the InGaAs filtered SiGeSn N/P junction reported in [92]. 

Pmax (W) Imax (A) Isc(A) Vmax(V) Voc(V) FF(%) 

1 10-3 0.75 10-2 9.4 10-3 0.132 0.194 54.7 

 

The indirect nature of SiGeSn was confirmed in the contribution of Phoebe Pearce at al, where an 

open circuit voltage (Voc) lower than expected was measured on a triple junction 

InGaP/InGaAs/SiGeSn solar cell and this result was attributed to the carriers thermalization to the 

lowest available conduction band states connected to the upper valence band states by un indirect 

gap transition. This effect, possibly in combination with high non-radiative recombination, lowered 

the Voc [93]. Similar results were reported by Radek Roucka at al.[30]. 

SiGeSn has been implemented also as barrier material, embedding GeSn active layers, to allow 

efficient light emission in the resulting device (LED). The SiGeSn/GeSn heterojunction was shown 

to form a type I alignment, which is advantageous for carrier confinement in the active region [94]. 
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5. Advancement on the MOVPE technology to expand the band 

gap engineering possibilities with the combined growth of III-V 

and group-IV materials 

 

 

 

 

 

 

 

 

 

 

 

 

A new path for combining III-V and IV elements is hereafter proposed in order to exploit the band 

gap engineering possibilities which this integration offers and set up the basis for realizing, low 

cost- high efficiency - monolithically thin - InGaP/InGaAs/SiGeSn/Ge solar cells. 

While in all previously cited contributions related to SiGeSn, the ternary semiconductor was grown 

by CVD or MBE and the subsequent integration with III-V elements was carried out by using 

another CVD or MOVPE growth chamber, for the first time, in this thesis, the results of the 

investigation concerning the growth of SiGeSn and III-V compounds in the same MOVPE growth 

chamber are presented.  

The growth analysis started by considering the utilization of the following precursors: Si2H6, 

(CH3)2CHCH2GeH3 (IBuGe) and SnCl4. To understand the critical issues related to the low 

temperature growth necessary for the deposition of SiGeSn, several SiGe MOCVD runs have been 

preliminary carried out.  

A more detailed growth analysis has been carried out by replacing IBuGe with GeH4.  Ge, SiGe and 

SiGeSn depositions have then been further optimized. The value of the growth temperature has 

been selected in the attempt to find a compromise between the low temperature growth needed for 

obtaining Sn precipitation free SiGeSn layer and the minimum temperature required by the MOVPE 

I propose a new path for a monolithic integration of III-V and IV 

elements in MJ solar cells, by growing Ge, SiGe, SiGeSn, InGaP, 

InGaAs, AlGaAs in the same MOVPE growth chamber. After a 

preliminary study on SiGe and SiGeSn growth by using IBuGe, the Ge 

precursor has been replaced by GeH4 and an in-depth growth analysis 

is carried out on Ge, SiGe and SiGeSn deposition. In this first stage, 

diluted SiGeSn layers (i.e., layers with Si and Sn content <5%) have 

been deposited, searching for adequate growth conditions and suitable 

commercial gas precursors that can prevent tin segregation. The 

growth temperature has been kept as high as possible to allow 

controlling the temperature profile over the wafer surface during the 

MOVPE growth. This chapter from one side, brings insights on several 

aspects of the MOVPE SiGeSn growth to get a better control of SiGeSn 

composition and to obtain epitaxial layers with improved morphology. 

On the other hand, a study on the effect of the cross influence between 

groups IV and III-V elements on the growth rate, background doping 

and morphology is carried out, to show the feasibility of the new prosed 

path. The MOVPE hardware changes that have been introduced to 

reduce the cross doping between groups IV and III-V elements are also 

indicated. 
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pyrometer to measure a suitable radiation signal and make it possible the in-situ temperature 

monitoring.  

In parallel to the study of the SiGeSn growth, an in-depth analysis on the cross influence between 

III-V an IV element has been carried out. 

The grown materials have been characterized with several techniques. The structural 

characterization have been carried out by high resolution X-Ray diffraction (HRXRD), scanning 

electron microscope (SEM), transmission electron microscopy (TEM), including selected area 

electron diffraction (SAED), high angle annular dark field scanning transmission electron 

microscopy (HAADF-STEM), high energy dispersive X-ray mapping (EDX). The layer 

morphology has been analysed by optical microscope, SEM planar view and by atomic force 

microscopy (AFM). The cross-doping evaluation has been accomplished by secondary ion-mass 

spectroscopy (SIMS) and electrochemical capacitance-voltage (ECV) profiling. Optical properties 

have been measured by ellipsometry.  

An important consideration has to be introduced concerning the SiGeSn composition determination. 

Since SiGeSn layers with the same lattice constant can be obtained with different Si and Sn 

concentration [24], the determination of the SiGeSn composition must be accomplished by applying 

different characterization techniques. In this study, in particular, HRXRD characterization has then 

been correlated to the secondary ion mass spectrometry (SIMS) analysis. The samples have been 

sputtered by using Cs+ ions at 5.5 KeV. 

The following methodology has been followed. I started considering that secondary ion emission is 

dependent by the so called “matrix effects” (therefore the exact quantification of the elements inside 

a sample requires the utilisation of “standards” whose composition value is near to the composition 

value of the sample to be analysed). The following hypothesis is then been assumed: when Sn 

concentration in SiGeSn is very low (around 1%, as measured for the samples of this study) the 

matrix effects produced by SiGeSn and SiGe are the same11. Therefore, SiGe samples, previously 

characterized by HRXRD, with silicon compositions comparable to the expected values in SiGeSn, 

have been selected as standards. Once Si concentrations is extracted by SIMS, this value is 

eventually used as input in the XRD analysis to get Sn concentration, by further assuming fully 

strained SiGeSn layer. The XRD simulation procedure is based on the dynamic theory of X-rays 

and was carried out by means of LEPTOS software supplied with the HRXRD Bruker system [95]. 

The condition of fully strained layers has been double check with reciprocal space map analysis 

(RSM) in correspondence of -2-24 asymmetrical reflection and TEM cross section. It has been 

assessed that a variation in simulated Sn content of 0.1 % (in the range 0.6 – 0.8 %) determines a 

complete disagreement between experimental and simulated HRXRD curves. 

 
11 It is worthwhile to mention that in order to reduce the matrix effect, the SiCs+, GeCs+, and SnCs+ concentrations 
have been measured.  According to Y. Gao (Applied Physics Letters 33, 832 (1978); https://doi.org/10.1063/1.90546), 
by measuring the MCs+ concentration, (where M is the element in the matrix whose concentration has to be 
measured ) the composition of the matrix element can be determined with an absolute accuracy better than 2%. 

https://doi.org/10.1063/1.90546
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5.1. MOVPE equipment and basic growth background 

This chapter has the scope to briefly describes the MOVPE apparatus used for the growth of the 

group IV and III-V elements as well as to introduce a fundamental theoretical background on the 

MOVPE growth which will be useful to understand the experimental results. 

 

5.1.1. The MOVPE equipment 

The growth of IV based materials (Ge, SiGe, SiGeSn) and III-V compounds (GaAs, AlGaAs, 

InGaP, InGaAs) has been carried out in a AIX 2800G4 MOVPE “planetary” reactor. The original  

“planetary” reactor design was introduced by Frijlink in 1988 [96], with the purpose of eliminating 

reactor-induced angular non-uniformity generators through susceptor rotation. Furthermore, a wafer 

rotation was also added to reduce the intrinsic effect of gas phase reactant decomposition and 

precursor depletion in the gas phase. The MOVPE growth can be performed from atmospheric 

pressure to low pressure around 20 mbar, by using a rotary pump. All gas flows are controlled by 

digital mass flow controllers. A key component of the MOVPE system is the glove box, that allows 

loading the wafers in a controlled atmosphere of nitrogen: oxygen and H2O vapour content are kept 

under 0.1 ppm. The carrier gasses and gas precursors are purified before to be introduced in the 

growth chamber. All the precursors used in this study, apart SnCl4, had high purity, 99,9999% (6N) 

or 5N. The MOVPE growth chamber utilized for this research has also been equipped with: i) a 

multi wavelength reflectometer for the growth rate determination, using three wavelength: 905 nm, 

633 nm and 405 nm, ii) an emissivity corrected pyrometer, for the wafer temperature measurement 

and iii) a deflectometer, for the wafer bowing determination.  

For the experimentation here after reported some hardware modification has been introduced in the 

MOVPE reactor.   

1) The conventional graphite susceptor has been modified with a special 2 x 4 inch and 6 x 6-

inch wafers configuration for an easier process transfer.  

2) The growth chamber has been equipped with a “double gas foil rotation” (DGFR), which  

allows injecting in the centre zone and in the edge zone underneath each graphite satellite, 

where the wafers are set, a different mixture of N2/H2 gases, thus allowing in-situ control of 

the temperature profile across the wafer with the possibility to change the wafer temperature 

profile in a few seconds. The in-situ temperature tuning capability allows also countering 

partial wafer lift-off from the graphite satellite during growth due to strain [70]. 

3) A special triple gas injector has been developed by AIXTRON which allows injecting the  

elements precursors in the growth chamber trough three independent gas lines, nominally: 

the top hydride (top hyd), the bottom hydride (bot hyd) and the metalorganic (MO) line. In 

case of III-V growth, the diffusion of group-III species to the growth surface is impeded by 

the group-V flow underneath, thereby shifting the peak of depletion profile slightly 

downstream away from the edge of the injector.  

4) As the radial position of the initial point of deposition is mainly defined by the injector 

properties, first and foremost by the injector diameter, in order to enhance precursor 
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utilisation efficiency over previous generations of the same reactor type, the diameter of the 

gas injector has been increased [97].  

5) In addition, a quartz plate, which stays at a substantially lower temperature than the 

susceptor, is inserted into the centre of the cylindrical graphite susceptor disc itself. In this 

way, the deposition at the centre zone, upstream of the leading wafer edge, was minimised.  

 

This starting configuration of the MOVPE reactor has been further modified to minimize the 

parasitic deposition. In particular, un optimization of thermal decoupling between the ceiling 

and the top reactor cooling plate has been carried out in order to decrease the unwanted parasitic 

deposition on the ceiling due to condensation (see chapter 5.3.2). Concerning the deposition of 

group IV elements, in the starting configuration, IBuGe precursor has been injected both 

thought the top and bottom hydride lines, the silicon precursor trough the top hydride line, while 

the Sn precursor trough the MO line. Subsequently, the Ge, Si and Sn precursors have been 

injected through separate gas lines (Si2H6 on the top hyd, GeH4 on the bot hyd, SnCl4 in the MO 

line).  An overview of the MOVPE system and of some details of the growth chamber are 

reported in  Figure 35 and Figure 36.  

 

Figure 35 Overview of the MOVPE system. 

 

           

 

 

  

Figure 36. A schematic of the MOVPE growth chamber on the left; In the center, the  graphite ceiling and the 

triple gas injector, on the right, the susceptor, the white quartz plate and the special graphite “satellites”  for an 

easier process transfer from 4 inch to 6 inch”. The area of the ceiling and of the susceptor, which are sources of 

possible contaminations, have been reduced with respect to the standard 2800G4 configuration.  

     Top Hyd 

      MO 

      Bot Hyd 
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As during the experimentation, IBuGe has been replaced by GeH4 and the concentration of disilane 

in hydrogen was increased from 1000 ppm to 10%, proper new gas cabinets had to be installed to 

guarantee a safe utilization of the precursors. The safety provisions foreseen for the utilization of 

Si2H6 are shown in Figure 37. 

 

Figure 37. Gas cabinet for disilane 10% diluted in hydrogen. The main safe features are indicated: a flame 

detector and a hydrogen detector are used to detect any disilane leakage; in case of leakage, a pneumatic valve 

automatically closes the gas cylinder and activates an aspiration line in order to dilute the leakage. 

 

5.1.2. Basic MOVPE growth background 

MOVPE since its invention from H.M Manasevit in 1968 has become an important deposition 

technique for semiconductors alloys, because of the layer thickness and composition controllability, 

and its suitability for large scale production. An overview of the MOVPE growth technique can be 

found in several text books and review papers (see, for example: [98], [99], [100]). For the scope of 

a better comprehension of this thesis work, some basic concepts related to the MOVPE growth are 

hereafter reported.  

The MOVPE growth process is a cold wall chemical vapour deposition process mainly based on the 

pyrolysis reaction of metalorganic sources and hydrides gases which supply the constituent atoms 

of the semiconductor to be grown. In the best growth condition, the substrate temperature is 

typically held at a value substantially higher than the pyrolysis temperature of the metal alkyls and 

hydrides, thus ensuring their rapid decomposition at the growth surface. For III-V growth, for 

example, since in most cases, a large excess of the group V constituent over the metal alkyl is 

adopted, the growth rate is limited by the mass transport of the group III reactants to the growth 
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surface and it shows only a week dependence on temperature. In particular, when a laminar flow is 

fully developed, the mass transport can be described through the formation of a diffusional 

boundary layer over which the concentration of reactants changes from its initial concentration to 

the reduced concentration at the growth front. Besides the mass transport regime, less favourable 

growth conditions exist: the kinetic limited regime, which is encountered at low deposition 

temperature, where the rate limiting step is due to the slow decomposition of the molecular species 

and the high temperature regime, where the growth rate decreases as the temperature increases, 

owing to higher desorption of the adsorbed species and, for example, in the case of GaAs, owing to 

the higher vapour pressure of Ga which increases the concentration of Ga at the growth front. The 

three different regimes for the deposition of GaAs are shown, for example, in Figure 38. 

 

 

 

 

 

 

 

Figure 38. Growth rate of GaAs as a function of the growth temperature. Adapted from [99]. The three different 

growth regimes, as explained in the text, are indicated by different colours.   

In the planetary MOCVD reactor (which has been used in this thesis work),  the radial flow can be 

conceptually split up into three distinct regions of reactor operation along the radial direction “r”: i) 

the central region where the reactants heat quickly due to the high reactor temperature required for 

epitaxial growth, ii) a second reactor region characterized by an increasing deposition rate with 

respect to r, where, after sufficient heating, the gas phase reactions commence, and iii) a third and 

final region which begins after the peak deposition rate; in this region, no gas chemical reactions 

take place and the species involved in growth are depleted, resulting in a radial deposition profile 

that tapers off with increasing r (see Figure 39 a). 

The precursor efficiency is maximised by minimising the “entrance length” for deposition, which is 

defined as the radial distance between the initial point of deposition and the leading wafer edge. In 

general, it is necessary to find a compromise between the optimization of the precursor utilisation 

efficiency and thickness and composition uniformity.  

The deposition uniformity is governed by the shape of the typically declining growth rate profile 

over the wafer radius, which is averaged via substrate rotation. If depletion is too steep, rotational 

averaging will result in a concave, bowl-shaped profile. Uniformity tuning is most effectively 

carried out by changing the total flowrate of the carrier gas, as the steepness of depletion can be 

reduced with increasing total flow (see Figure 39 a and Figure 39 b).  
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The behaviour of the growth rate vs the total carrier gas velocity is, however, dependent on the type 

of precursors utilized and on the gas injector diameter. If, for example, a precursor with a low 

pyrolysis temperature is considered, a strong deposition in the entrance zone of the reactor can take 

place, with a consequent low growth efficiency on the wafer. In this case, the growth efficiency can 

be increased by increasing the gas velocity, as the decomposition is brought more over the wafer 

zone. On the other hand, by increasing the injector diameter, the peak of the depletion profile is 

shift partially or fully onto the wafer area. Therefore, for improving the uniformity, this effect can 

be compensated by reducing the total flow rate. This explains why for each material and precursor 

selection a proper carrier gas flow has to be searched.  

  

Figure 39. Computed (lines) and measured (symbols) growth rate profiles of AlxGa1-xAs (x=0.28) in the Planetary 

reactor AIX 2400G3 on static (a) and rotated (b) substrates for various carrier gas flow rates. Growth 

temperature T = 600°C (mass transport regime), process pressure P = 100 mbar. Adapted from [101].  

As already mention, in the planetary AIX 2800 reactor, a special triple gas injector has been 

developed which allows injecting the precursors in the growth chamber trough three independent 

gas lines. In this way, also the momentum of the group V species entering through the bottom inlet 

defines the gas entrance length, which acts as an impedance to the supply of growth contributing 

species (group III) to the growing surface. A larger mass flow entering the bottom inlet results in a 

longer gas entrance length, and this modifies the position of the depletion curve. The ratio of the 

hydride gas flows (from the top and from the bottom) is then an additional tuning parameter and can 

be used to fine-tune the depletion curve position and layer thickness uniformity. 

A particular attention has to be payed to avoid parasitic depositions, that is, depositions that do not 

take place on the substrates. Part of the parasitic depositions are unavoidable, i.e the deposition on 

the graphite susceptor and partially on reactor walls and ceiling. The parasitic deposition on the 

susceptor can only be minimized by reducing the area of the susceptor out of the area necessary to 

allocate the substrates. It is very important to minimize the parasitic deposition on the walls and on 

the ceiling of the reactor chamber to avoid the contamination of the growing layers. This can be 

done by controlling the heat transfer in the different zones of the reactor, and in particular, since in 

the MOCVD the chemical reactions are endothermic, the temperature of the ceiling and walls are 

kept at much lower temperature than the graphite satellites where the substrates are set. The heat 

transfer between the hot zone of the reactor and the ceiling is mainly due to the emitted radiation 

from the hot susceptor and wafers and to the carrier gas conduction. The emitted radiation is 
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governed by the emissivity. Taking into account that the emitted radiation in semiconductors is due 

to band to band transition, free carrier absorption and lattice vibration, since, in particular, the free 

carrier absorption and lattice vibration depend on temperature, the emissivity value assumes 

different values as a function of the temperature. Therefore, the heat transfer between the susceptor 

(wafers) and the ceiling is not constant during the different depositions. In order to get reproducible 

growth condition, in the AIX 2800 MOVPE system, the ceiling is thermally coupled, through a 

mixture of N2 and H2 gas to the top reactor ring, which is also water cooled. The temperature of the 

ceiling can thus be controlled by changing the distance between the ceiling and the reactor top ring 

and/or by changing the N2 and H2 gas mixture. A right ceiling temperature window has to be 

selected, since if the ceiling temperature were too high, a strong deposition of polycrystalline 

material would took place on the ceiling; whereas, if it were too low, a strong condensation of 

material would occur. 

Another important concept to be kept in mind is related to the MOVPE in-situ temperature 

measurement. As already shown, the reactor temperature is a key parameter to be controlled in 

order to select the wanted growth regime. Nowadays the most used method of controlling the 

temperature at the wafer surface is to measure the thermal radiation emitted from the wafer itself. 

However, most of the pyrometers today used for this purpose allow controlling the wafer’s 

temperature starting from 400°C. This means that every deposition process performed a temperature 

lower than 400°C would not allow monitoring the temperature distribution over the wafer during 

the growth. In other words, working at wafer temperature lower than 400°C, the deposition 

processes performed in the kinetical controlled regime would be “thermally blind” for the MOVPE 

operator. This fact could compromise the wafer yield, and consequently, hinder un industrial scale 

up of the growth process. This is the reason why for the SiGeSn growth, the efforts have been 

addressed to find the minimum temperature suitable for obtaining good crystallographic and 

morphology properties without compromising the possibility to control and tune the temperature 

profile over the wafer. 

 

5.2. Criteria for precursor selections 

Having in mind the industrial scalability of the growth process, the following main criteria have 

been identified for the selection of the gas sources to be used for the growth of SiGeSn. 

1) Since in the MOCVD growth, mostly organometallic and hydrides are used as gas 

precursors, it has been a priority to identify between these classes of gas sources those 

precursors that could be appropriate also for the MOCVD growth of SiGeSn. As suggested 

by Manasevit in one of his first work on the MOCVD growth [102], the use of hydride is 

recommended if organometallic sources are used as well: in fact, the hydrogen liberated in 

the decomposition of the hydride source can be combined with the methyl radicals coming 

from the decomposition of the metalorganic source to give rise methane, which is generally 

expelled from the growth chamber. In this way it is possible to avoid the incorporation of 

carbon (carbon contamination) in the growing film.  
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2) For the solar cell realization, depending on the light absorption properties of the layers, 

several microns of material are needed, therefore in order to avoid long growth processes, 

the gas sources should have adequate vapour pressure, in particular they should be suitable 

to reach growth rate in the range 2-10 µm/h. 

3) According to the literature review, the growth temperature should be kept in the range 350-

500°C, therefore the gas sources should present adequate decomposition in the considered 

temperature range.  

4) Commercially available, easy-to-buy precursors have to be preferred for an easier scale up 

of the industrial process. 

 

5.3. MOVPE Growth of SiGe and SiGeSn by IBuGe, Si2H6 and SnCl4. 

The IV elements growth has been carried out after depositing III-V compounds in the same growth 

chamber. In a first phase, SiGe and SiGeSn have been deposited just after III-V growth, without 

introducing any intermediate buffer or coating. Several SiGe layers have been preliminary grown at 

moderate temperature, around 600°C, with different gas phase composition and carrier gas. Then, 

SiGe deposition has been carried out by reducing the temperature to values lower than 500°C. Once 

SiGe deposition has been optimized, the study of SiGeSn growth took place.    

 

5.3.1. Preliminary SiGe deposition by IBuGe and Si2H6  

For SiGe growth, disilane Si2H6 (diluted in H2 with concentration of 1000 ppm and 10%) and 

IBuGe have been firstly selected. Disilane is a commercially available, easy-to-buy gas, that was 

already successfully used for SiGe growth at low temperature [103],[104]. IBuGe is metalorganic 

source, with a good vapour pressure (155 torr at 25°C), similar to that of TMGa and therefore, it 

should allow the deposition with a growth rate comparable with that obtained in III-V growth. 

Moreover it has been reported that IBuGe decomposes at 350°C [105], so it might be suitable for 

growing the ternary SiGeSn layer around 380-400°C. A  possible drawback of using IBuGe is due 

to the fact that for the epitaxial germanium growth, good surface morphologies were obtained by 

introducing a moderate quantity of arsine in the growth chamber. Furthermore, the growth rate of 

epitaxial germanium was greatly reduced in the presence of arsine or TMGa (for T = 550°C, the 

growth rate dropped from 44 nm/min to 10 nm/min, with IBuGe partial pressure = 1.3 Pa and 

Arsine partial pressure of 0.018 Pa) [67].  Since arsenic is a N-type dopant for Ge, epitaxial 

germanium grown by IBuGe, in presence of arsine, is strongly N-type, making it difficult to obtain 

low p-type doped Ge layers. In spite of this critical factors, it was worthwhile to check the 

suitability of the IBuGe source at least for growing SiGeSn – N-type layers. 

A calibration curve has been first identified, by linking the SixGe1-x solid phase composition 

determined by high resolution X ray diffraction (HR-XRD), with the gas phase composition 
𝑃𝑆𝑖𝐻6

𝑃𝑆𝑖𝐻6+𝑃𝐼𝐵𝑢𝐺𝑒
 . In particular, the XRD peaks splitting (related to the SiGe solid composition), as  

function of the gas phase composition is reported in Figure 40. 
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By increasing the silicon content in the solid phase, the splitting between the SiGe XRD peak and 

the GaAs XRD substrate peak is reduced and becomes negative, indicating a lattice constant of the 

layer lower than the substrate. In order to get SiGe lattice matched to GaAs, a Si2H6 gas phase 

composition a bit lower than 6% has to be selected. As a reference, the silicon content in the sample 

460 and 506, grown with a gas phase composition of 9.74% has been evaluated by HR-XRD to be 

2.85%. The Si2H6 cracking efficiency does not seem influenced by the carrier gas, since all the data 

can be fit along the same straight line. At the deposition temperature of 620°C-640°C, the SiGe 

layers present mirror like morphologies, and high crystallographic quality, as showed by the 

interference fringes in the diffraction peak (see Figure 41).  In order to confirm the possibility to use 

IBuGe for the growth of the SiGeSn ternary material, the temperature window has been reduced in 

the range 460°C-640°C. By keeping fixed the temperature at 460°C and the Si2H6 partial pressure at 

0.2 Pa, the IBuGe partial pressure has been changed between 1.9 Pa and 188 Pa and the 

corresponding variation of the growth rate measured (see Figure 42). 

 

Figure 40. Splitting between the SiGe XRD peak and the GaAs XRD substrate peak versus gas phase 

composition, obtained from HRXRD − curves. The samples have been deposited between 620°C-640°C, by 

using hydrogen ad nitrogen as carrier gas and disilane with different hydrogen dilution. The total gas flow was 

12 l/min. The partial pressure of IBuGe and Si2H6 have been changed between 1.9 Pa - 5.4 Pa  and 0.1 Pa - 0.46 

Pa, respectively.  

The results of the experiments have been compared with the data reported by S.Wirths at al., for the 

growth of germanium [76]. Within the indicted temperature window, SiGe deposition proceeds in 

the kinetically limited regime. The activation energy for the “diluted” SiGe is 2.0 eV, against the 

1.3 eV value reported for the Ge growth. 
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Figure 41. on the left, − curve acquired on SiGe grown on GaAs, sample 514, with the same composition of 

sample 460 or 506.  On the right side, the surface morphology detected at the optical microscope and the 

reflectivity curve measured, at 950 nm, in-situ, during the deposition.  T growth = 628°C. 

Such a difference is neither due to the utilization of Si2H6, since the disilane phase composition is 

too low to justify such a growth rate difference (see later Figure 59 and Figure 60), nor due to the 

different carriers gas utilized, as nitrogen has been reported to favour the growth with respect to 

hydrogen [88]. 

 

Figure 42. Comparison between the data reported in [76], related to the Ge growth by GeH4 (15 Pa)  with 

hydrogen carrier gas (red  circles) and those obtained by RSE on SiGe (triangles and squares).  In the Arrhenius 

plot (black square) the IBuGe and Si2H6 partial pressures were kept respectively at 1.9 Pa and 0.2 Pa. By keeping 

fixed the Si2H6 partial pressure value, the IBUGe partial pressure was then increased (as indicated by the blue 

triangle) and the corresponding growth rate variation measured. Total carrier flow = 12 l/min. 

The higher activation energy found for SiGe growth could be attributed to the lower cracking 

efficiency of IBuGe with respect to GeH4. However, in literature, GeH4 decomposition is reported 

to take place at higher activation energy than IBuGe, even if data are dispersed in a wide range of 

values. For example, in [106] and [107] an activation energy of 41.2 kcal/mole and 42 kcal/mole are 

Run 514, 200 x 
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respectively reported considering GeH4 decomposition on Ge. A lower activation energy, 29.97 

kcal/mol, has been reported in [76]. An activation energy of 39.7 kcal/mole is reported in [108] for 

a GeH4 decomposition when Ge is grown on GaAs. These values should be compared with the 

activation energy of 27.4 kcal/mole (1.18 eV) determined for homoepitaxial Ge on Ge with IBuGe 

[109].  

Two other factors could explain the lower growth rate of SiGe grown by IBuGe with respect to Ge 

grown by GeH4, namely, the “As carry over” and the dependence of the growth rate from the 

precursor partial pressure.  

As a matter of fact, all the SiGe runs have been performed after several III-V growths, therefore we 

need to take into account the possible blocking role of As in saturating the surface sites, as reported 

in [89] for the growth of GeSn in presence of As. A strong change in the growth regime was also 

observed by R,Jakimin at al,, in the growth of epitaxial Germanium by IBuGe as a function of the 

doping level of the samples [67]. In order to eliminate any possible penalization in the growth rate 

due to As “carry over”, in the next paragraph the growth procedure of depositing coating layers has 

been applied. 

The dependence of the activation energy from the gas precursor partial pressure, as shown in [104], 

can also be considered: as matter of fact, in this work the activation energy for SiGe growth was 

determined by using a partial pressure of IBuGe of 1.9 Pa, while the data of S.Wirths reported in 

Figure 42 were obtained with a partial pressure of germane equal to 15 Pa. Indeed, by looking at 

Figure 42, SiGe growth rate has been changed by two order of magnitude, from 0.01 nm/min to 1 

nm/min, when IBuGe partial pressure has been increased form 1.9 Pa to 21 Pa. However, by always 

referring to Figure 42, at the temperature of 460°C, even by considering SiGe deposited with a 

IBuGe partial pressure of 21 Pa, its growth rate remains one order of magnitude lower the Ge 

growth rate. SiGe growth rate becomes comparable with Ge growth rate, when IBuGe partial 

pressure is raised to 188 Pa, an order of magnitude higher than the GeH4 partial pressure used for 

Ge growth. Therefore, we can rule out the effect of the precursor partial pressure and come to the 

conclusion that the main factor responsible for reduction in the SiGe growth rate is the “As carry 

over”.     

 

5.3.2. SiGe deposition optimization by IBuGe and Si2H6 

In order to increase the utilization efficiency of IBuGe, the growth rate has been maximised by 

reducing the parasitic deposition. In this way, the possible sources of contamination has also been 

minimized. In particular, owing to possible depletion of the gas phase at the ceiling of the growth 

chamber, the SiGe growth rate has been analysed as a function of the ceiling temperature (see 

Figure 43).  The growth rate increases by increasing the ceiling temperature and the highest SiGe 

growth rate was obtained at the deposition temperature of 620°C, with a ceiling temperature > 190 

°C. A similar behaviour was also observed at lower deposition temperature (540°C), however, in 

this case, a growth rate plateau was not identified, as it was not possible to increase the ceiling 

temperature over 180°C.  This problem was more severe once the deposition temperature was 

lowered to 460°C: in this case the maximum attainable ceiling temperature was 113 °C. In order to 
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minimize the parasitic deposition on the ceiling, a new configuration of the ceiling was then 

conceived. Since the ceiling is cooled trough a N2/H2 mixture by the top plate of the reactor 

chamber, a better thermal decoupling was accomplished by increasing the gap between the ceiling 

surface and the top plate (indicated by the arrow in Figure 43). For a medium and large ceiling gaps, 

temperatures of 150°C and 190°C could be obtained, respectively, bringing the ceiling temperature 

into the required range for maximizing the growth rate at low deposition temperature. 

The parasitic deposition on the ceiling has also been investigated by changing the gas line through 

which IBuGe source is injected in the growth chamber, that is, IBuGe has been injected from the 

top or from the bottom of the hydride lines (see Figure 44). As expected, in order to maximize the 

growth rate, IBuGe should be injected from the bottom hydride line, this allows decreasing the 

parasitic deposition on the ceiling and therefore the depletion of the mother gas phase. Eventually 

the SiGe composition uniformity has been evaluated along the wafer radius, as showed in Figure 

45. It is possible to point out a slight shift of the epilayer peak to higher diffraction degrees, as well 

as a higher FWHM, indicating, respectively, a silicon richer composition and a lower thickness 

going towards the edge of the wafer. The higher Si incorporation is due to a 5°C higher temperature 

on the edge with respect to the center. The lower growth rate in the edge has been ascribed to the 

presence of H2 in the DGFR, as explained later in chapter  5.4.3.1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 43. Influence of the ceiling temperature on the SiGe growth rate, at different deposition temperature, as 

indicated in the figure. IBuGe and Si2H6 partial pressures are 1.9 Pa and 0.20 Pa respectively The dotted lines 

are added just to help the reading. A picture of the ceiling of the growth chamber is also included in the inset. 
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Figure 44. SiGe Growth rate as a function of the IBuGe line injection and ceiling temperature. IBuGe is injected 

into the bottom or in the top hydride lines as indicated in the inset. 

 

 

 

 

 

 

 

 

Figure 45. On the left, comparison among the − curves along the 004 symmetrical reflection acquired for the 

SiGe runs as a function of the position on the wafer; on the right reflectance and temperature measured on the 

center and edge of the wafer. 

 

5.3.3. SiGeSn deposition by IBuGe, Si2H6 and SnCl4. 

By adding SnCl4 to disilane and IBuGe and by keeping the temperature at 460°C, the study of 

SiGeSn MOVPE deposition was started. SnCl4 is cheaper and easier to be purchased with respect to 

SnD4, that was utilized in the starting experiment on SiGeSn,. This source was also selected because 

was successfully utilized for the GeSn growth [110]. SiGeSn has been firstly deposited on GaAs 

(100) toward <110> and Ge (100) 6°off toward  <111> substrates by keeping a small pressure of 
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arsine (PAsH3= 4 Pa) over the wafers. These first SiGeSn runs have been carried out after six IV 

elements coating runs from the last III-V deposition. It is worthwhile pointing out that it is the first 

time the SiGeSn layers have been grown by MOVPE by using Si2H6, IBuGe and SnCl4. The 

SiGeSn samples have been deposited by keeping the silicon gas phase composition in the range 

5.95% - 9.88 %, near the value used for the samples of SiGe 506, 508, 516, (9.74%), whose XRD 

characterization results have been shown in Figure 40. The IBuGe and the SnCl4 partial pressures 

were kept fixed to 71 Pa and 1.2 Pa respectively, while Si2H6 partial pressure was changed from 4.5 

Pa to 7.9 Pa. The SiGeSn HR-XRD characterization results are reported in Figure 46. 

 

Figure 46. HR-XRD − curves acquired on (004) symmetric related to SiGeSn samples grown, with different 

thickness, on GaAs and Ge substrates.  XRD peaks are measured at the center of the wafers.  PIbuGe = 71 Pa,  

PSnCl4 = 1.2 Pa,  PSi2H6 (519) = 4.5 Pa, PSi2H6 (520) = 7 Pa, PSi2H6 ( 521) = 7 Pa, PSi2H6 ( 522) = 7.9 Pa. 

Tin incorporation in the SiGe matrix brings the epilayer XRD peak from the right to the left of the 

substrate XRD peak. Even by thinking that Sn can just reduce the silicon incorporation, in the worst 

case, this should finally produce an XRD layer peak overlapped to the Ge/GaAs XRD substrate 

peaks, while the layer peak is clearly on the left side of the Ge/GaAs peaks. Therefore, it can be 

concluded that the shift of the XRD SiGe peak on to the left side of the Ge (GaAs) substrate XRD 

peak is surely due to Sn incorporation in SiGe. The incorporation of Sn and Si in SiGeSn has thus 

an opposite effect: Sn increases, while Si decreases the value of the lattice constant. As expected, by 

increasing the film thickness, the SiGeSn diffraction peak intensity increases, while its position is 

almost unvaried in the center of the wafer, indicating no change in the average lattice parameter 

with different thickness. For the samples grown on the GaAs substrate, an apparent shift of the 

SiGeSn XRD peak towards the left side is found by increasing the thickness from 100 nm to 150 

nm (sample 521 and 520 respectively), while no XRD shift is shown for the SiGeSn grown on Ge. 

This difference could be explained by assuming that for the samples grown on the GaAs substrate 

the XRD measurements have not been taken exactly in the same wafer central position.  In fact, as 

shown in Figure 47, there is a SiGeSn composition non –uniformity along the wafer radius. 
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Figure 47. Comparison between the − curves along the 004 symmetrical reflection, acquired for the samples 

grown on Ge substrate (left) and GaAs substrate (right) as a function of the position on the wafer (left). 

 

As already pointed out for the SiGe growth, also in the case of SiGeSn deposition there is a slight 

shift of the epilayer XRD peak towards higher diffraction degrees by going from the center to the 

edge of the wafer. The composition non-uniformity along the wafer radius determined for SiGe and 

SiGeSn has been compared (see Figure 48). 

 
 
Figure 48. Separation between the layer and substrate XRD peak as a function of the distance from wafer center 

for SiGe and SiGeSn samples. 

 

The Figure 48 shows that, the composition non-uniformity along the wafer radius is more 

pronounced for SiGeSn with respect to SiGe. This could mean either a higher radial non uniform 

incorporation of Si in SiGeSn layer with respect to SiGe or that both Si and Sn distributions are not 

uniform along the wafer radius. In the first case, this would mean that Sn influences Si 
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incorporation and that SnCl4 is anyway not uniformly distributed along the wafer radius. If both Si 

and Sn distributions are not uniform along the wafer radius, by considering that Sn (Si)  

incorporation brings the XRD SiGeSn peak on the left (right) of the XRD substrate peak we could 

conclude that, at the same time, Si increases and Sn decreases going from the center towards the 

wafer edge. 

These data suggest that in order to improve the composition uniformity along the wafer radius, the 

Si, Ge ad Sn sources should be injected in the growth chamber independently, each one with 

dedicated gas line and mass flow controller.   

The result of the SIMS characterization carried out on the SiGeSn/GaAs sample 520 is reported in 

Figure 49. The same result has been obtained for the SiGeSn sample grown on Ge substrate. 

 
Figure 49. SiGeSn/GaAs 520 SIMS in-depth profile of Si composition. The red line indicates the Si concentration 

in SiGeSn excluding the surface and the interface with the substrate. SiGeSn was grown with IBuGe, Si2H6 and 

SnCl4 partial pressure respectively equal to 71 Pa, 7 Pa and 1.2 Pa. Si2H6 gas phase composition = 8.8 %. 

 

The SIMS characterization shows that silicon incorporation in SiGeSn grown at 460°C with a Si2H6 

gas phase composition of 8.8 % is around 0.5%. This low value is reasonable, if compared with the 

silicon content of 2.85% determined in the samples 460 and 506, grown at 620°C with a gas phase 

composition of 9.74%. In fact, a much lower Si2H6 decomposition is expected lowering the growth 

temperature form 620°C to 460°C.  

The SiGeSn growth rate has been determined by fitting the in-situ reflectance measurements (see 

Figure 50) carried out on SiGeSn layers grown on a GaAs substrates. The determined value of 3 

nm/min is a bit lower than the growth rate of SiGe (4 nm/min), that was grown at the same growth 

temperature of 460°C, with the same IBuGe partial pressure of (70 Pa) and with a lower Si2H6 

partial pressure (0.2 Pa in SiGe instead of 7 Pa used for SiGeSn) (see Figure 42.) According to [94], 

the lower growth rate of SiGeSn could be due to the higher partial pressure value of Si2H6 used for 

SiGeSn with respect to the value used for SiGe.  
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Figure 50. Reflectance at 905 nm measured during the deposition of the sample SiGeSn/GaAs 520 and related 

fitting. 

 

Despite Ge and GaAs substrates have similar lattice constant and therefore SiGeSn is expected to 

find similar strain condition when grown on GaAs and on Ge, very different surface morphologies 

have been detected in the two cases. The morphology and structural analysis has been assessed by 

scanning electron microscope (SEM), angle annular dark field transmission electron microscopy 

(TEM HAADF), selected area diffraction (SAED), Pattern and energy dispersive X-ray analysis 

(EDX). 

 
 
Figure 51. Top view SEM images of the sample SiGeSn /Ge 520 on the left, and of the sample SiGeSn/GaAs 522, 

on the right. 

The SEM images reported in Figure 51 allow classifying the different morphological defects. In 

particular, two kinds of defects have been identified on SiGeSn samples grown on Ge: i) “A-type” 

round-shaped defects, of about 1.5 µm diameter, including an agglomerate of nanocrystals,  ii) “B-
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type”, round-shaped defects, about 350 nm in size, with a homogenous structure. TEM HAADF and 

EDX analysis of the “A-type” defect are shown in Figure 52.  

 

 
 
Figure 52. Structural analysis of the SiGeSn/Ge “A-type” defect: a) and c) TEM HAADF cross section (100), (Z 

contrast image: brighter areas= higher atomic number), b) Selected Area Diffraction (SAED) Pattern , d) EDX 

map.  

 

The SAED Pattern carried out on the A-type” defect shows that random oriented nanocrystals are 

present. At the base of the defect, Sn rich regions are identified by EDX analysis. It is possible to 

conclude that tin precipitates during the deposition and probably causes the loss of the epitaxy.  

Owing to the relatively high deposition temperature (460 °C), tin precipitation could be expected, 

however, as shown later, tin precipitation has not been observed on GaAs substrate. The origin of 

tin precipitation will be clarified in the next paragraphs. For the “B-type” defect, TEM HAADF 

shows homogenous bright areas, while the SAED pattern allows assessing that the defect consists of 

SiGeSn protrusions, whose edges have structural defects, but the orientation of the matrix is 

preserved (see Figure 53).  
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“Craters like” defects have been detected on SiGeSn samples grown on GaAs, with their horizontal 

side parallel to the substrate flat, that is, perpendicular to the direction <110>.   

 

 
 

Figure 53. TEM HAADF, TEM cross section (100) and SAED Pattern of the SiGeSn/Ge “B-type” defect. 

 

A TEM HAADF image and the EDX map of the “crater like” defect is reported in Figure 54.  

 

 

 
Figure 54. Structural analysis of the SiGeSn/GaAs “crater like”: TEM HAADF image and EDX map. 

Tin precipitation is absent and SiGeSn film fills in the craters. The growth of SiGeSn on GaAs 

seems disturbed by the formation of etch pits that could be attributed to HCl etching action [111], 

since this acid is likely to be produced in the gas phase through the chemical reactions involving 

IBuGe, Si2H6 and SnCl4.  

However, HCl vapour should etch Ge substrate as well [112], while SiGeSn morphology on the Ge 

substrate does not show the “etch pit” found in the deposition on GaAs substarte.  
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As both substrates have been baked before deposition in nitrogen at around 660°C, the thermal 

treatment without arsine atmosphere could have been responsible for the GaAs surface 

decomposition and then of the V grooves formation where the deposition of SiGeSn  later took 

place.   

The TEM analysis reported in Figure 55 show that the SnSiGe film is completely twinned along the 

edge-‘craters’, probably due to the different step high found in the <100> and < 101̅ > directions 

as similarly found in [113].  

 
Figure 55. TEM high resolution analysis of the SiGeSn/GaAs “crater like” defect. 

 

It is worthwhile to point out that Sn precipitation has been observed only when SiGeSn is deposited 

on Ge substrate, while no Sn precipitation has been detected when SiGeSn is deposited on GaAs 

substrate. This result could be related to the role of the As that has been investigated in [89] and it 

has been in depth studied in the experimental work hereafter presented. 

 

5.4. MOVPE Growth of Ge, SiGe and SiGeSn with GeH4, Si2H6 and SnCl4 

SiGeSn has then been performed by replacing IBuGe with GeH4. Most of the experiments have 

been carried out by using GeH4 10% diluted in H2.  

A few runs have also been performed by GeH4 10% diluted in N2. 
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Figure 56. Gas distribution scheme of Si2H6, SnCl4 and GeH4 within the MOVPE growth chamber. The three 

sources are injected into three different gas lines and the flow in each line can be adjusted independently from 

the others. 

Preliminary runs of Ge and SiGe have been carried out before starting the study of SiGeSn 

deposition. In order to improve the composition uniformity, Ge, Si and Sn precursors have been 

injected in the growth chamber by separate gas lines. In particular, Si2H6 was injected in the top hyd 

line, GeH4 on the bot hyd line, while SnCl4 in the MO line, as schematically indicated in Figure 56. 

With the aim of eliminating the growth rate penalization owing to “As carry over”, the growth 

procedure of depositing on the graphite elements of the MOVPE growth chamber several “coating 

runs” constituted of IV elements materials has been applied. An average of 1 µm deposition for 

each coating run has been carried out. After the coating run depositions, the layer under 

investigation has been grown and the related growth rate measured. 

 

5.4.1. MOVPE Growth of Ge with GeH4 

An in-depth Ge deposition analysis has been carried out, on 4- and 6-inch Germanium wafers (100) 

6° off towards <111>. In the attempt to minimize the evaporation of the III-V contaminants from 

the graphite parts of the growth chamber, the growth temperature has been set up in the range 475-

500°C. In Table 6, Ge growth rate has been evaluated as a function of several growth parameters, 

including the number of coating runs. 

Table 6. Ge Growth rate obtained on 4- and 6-inch wafers as a function of growth parameters and of the number 

of IV-based materials coating runs. 

N Run T growth (K) Total flow 

(l/min) 

GeH4 

partial 

pressure 

(Pa) 

Wafer 

diameter 

(inch) 

N. of coating runs 

of IV-based 

materials after the 

last III-V growth 

Growth rate 

in the wafer 

center 

(nm/min) 

S0 773 20.5 5.5 4 1 16 

S1 773 21 15 4 2 99 

S2 773 20.7 61 6 3 111 

S3 773 20.5 22 6 4 100 

S4 745 22 20 6 5 91 

S5 750 18 25 6 6 119 

S6 773 21.6 21 6 9 100 
 

Si2H6 

SnCl4 

GeH4 

susceptor 

wafer 
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By referring to samples S0 and S1 reported in Table 6, it is worthwhile to point out a 6 times 

increase in the growth rate for a 3 times increase in GeH4 partial pressure. This anomalous increase 

of the growth rate can be correlated to the “As carry over” reduction obtained by applying a couple 

of coating runs. This hypothesis has been confirmed by the results exposed in the following.  

Ge growth rate values related to several depositions extracted from Table 6, performed with similar 

GeH4 partial pressure (from 15 Pa to 25 Pa), as a function of the deposition temperature and of the 

coating runs number are shown in Figure 2. 

It can be assessed that after already one IV elements coating run, Ge growth rate becomes mainly 

influenced by the MOVPE reactor geometry (which allows obtaining high germane utilization 

efficiency in comparison with reference data) and by other growth conditions, like the use of N2 as 

carrier gas instead of H2, which further improves the growth rate. 

 

 

 

 

 

 

 

 

 

 

 

Figure 57. Comparison between Ge growth rate data obtained in this work, by using GeH4 and N2 as carrier gas, 

in a III-V contaminated MOVPE reactor (see Table 6 ) and those reported in ref [76] and [114] where Ge has 

been grown respectively by GeH4 and by Ge2H6, with H2 as carrier gas. 

From sample S1 on, the “As growth blocking role” seems irrelevant, as the growth rate can be 

easily controlled and optimized, for example, by changing the total flow, the precursors partial 

pressure, or the growth temperature, as shown by comparing the runs S4, S5 and S6. 

By comparing the runs S4 and S5 carried out at similar growth temperature, it is evident a 30 % 

growth rate increase obtained with a 22% total carrier flow decrease and a 25% Ge partial pressure 

increase. In kinetically controlled regime, the chemical reactions are strongly temperature 

dependent, therefore, by decreasing the total carrier flow, an increase of the precursor contact time 

with the hot wafers is achieved, this, in turn, increases the precursor cracking efficiency and then 
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the growth rate, by assuming the peak of the deposition rate over the wafer zone (see Figure 59). By 

comparing run S4 with run S6, it is eventually possible to check the influence of the growth 

temperature on the growth rate. The total carrier flow and GeH4 partial pressure are almost kept at 

the same value in both runs, therefore the higher growth temperature of run S6 is clearly responsible 

of the higher growth rate, as expected to find in a kinetically limited regime. 

 

5.4.2. MOVPE Growth of SiGe with GeH4 and Si2H6 

After Ge depositions, several SiGe runs have been performed. This SiGe depositions series, 

therefore, benefit of several previous Ge coating runs. In Figure 58, the relationship between 

SixGe1-x solid phase composition, 𝑥, and gas phase composition, 
𝑃𝑆𝑖2𝐻6

𝑃𝑆𝑖2𝐻6+𝑃𝐺𝑒𝐻4
, determined on 4 inch 

and 6 inch Ge wafers, is depicted.  

  

Figure 58. Relationship between the solid phase composition of SixGe1-x (measured at the center of the sample) 

and the Si2H6 gas phase composition, in relation to the type of wafer used. The growth temperature on 4 inch and 

6-inch G wafers is respectively of 475°C and 485°C. Total carrier flow = 25 l/min.  The partial pressure of GeH4 

has been maintained at the value of 17.75 Pa, while Si2H6 partial pressure has been changed assuming the 

following values: 1.17 Pa, 2.34 Pa, 2.73 Pa and 3.32 Pa. 

 

The higher Si solid phase composition measured on 6 inch wafer with respect to the one measured 

on 4 inch wafer is due to the higher growth temperature (10°C) set on the former, obtained by 

properly regulating the DGFR mixture underneath the graphite satellites. The Si/Ge ratio in SiGe is 

higher at higher temperature for two reasons: i)  Si2H6 has a higher activation energy than GeH4, 

1.56 eV vs 0.61 eV, respectively (Si-H bond energy is stronger than Ge-H bond energy) [103], 
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therefore, a higher fraction of Si atoms is made available in gas phase (and then in solid phase)  

with respect to Ge atoms, for the same temperature increment, ii) the binding energy of silicon is 

higher than germanium [115], thus at higher temperature, Ge atoms desorption is higher than Si 

atoms desorption. 

It is possible to write the following relationship which allows calculating the incorporation 

efficiency (J) of Si in SixGe1-x: 

 
𝑥

1 − 𝑥
= 𝐽

𝑃𝑆𝑖2𝐻6

𝑃𝐺𝑒𝐻4
 5.1 

By setting the gas phase composition: 

 𝑥𝑔 =
𝑃𝑆𝑖2𝐻6

𝑃𝐺𝑒𝐻4 + 𝑃𝑆𝑖2𝐻6
 5.2 

It holds: 

 𝑥 =
𝐽𝑥𝑔

(1 − 𝑥𝑔) + 𝑗𝑥𝑔

 5.3 

The Eq.5.3  fits the experimental data reported in Figure 58, obtained on the 6 inch Ge wafer, with 

J=0.8. 

In Figure 59, SiGe growth rate as a function of the total carrier flow is depicted. The higher the total 

carrier flow, the lower the growth rate owing to the reduced contact time of the precursors with the 

hot wafer. Figure 59 also includes a further growth rate point extracted from Figure 42, in particular 

taken from the sample grown at 460°C, with around 1% of Si2H6 gas phase composition, 21 Pa of 

IBuGe partial pressure and 12 l/min of total carrier gas flow.  

The results of the experiments have been compared with the data reported by S.Wirths at al., for the 

growth of germanium [76]. Within the indicted temperature window, SiGe deposition proceeds in 

the kinetically limited regime. The activation energy for the “diluted” SiGe is 2.0 eV, against the 

1.3 eV value reported for the Ge growth. 

The arrow reported in Figure 59 shows the increment in the growth rate obtained on SiGe deposited 

with GeH4, after several coating runs. The growth rate value is two order of magnitude higher than 

the growth rate of SiGe grown by IBuGe, whose deposition was penalized by the “As carry-over”. 

This result confirms that the procedure of using coating runs or proper buffer layers before Ge or 

SiGe deposition is effective in eliminating the “As carry-over” produced by the previous III-V runs. 

We have to point out that, for a fair growth rate comparison, it is important to compare samples 

grown with comparable Si2H6 gas phase composition and growth temperature. As reported in Figure 

60, the higher the Si2H6 partial pressure, by keeping constant the germane partial pressure, the lower 

is the growth rate 
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Figure 59. Growth rate of SiGe with Si2H6 gas phase composition equal to 6.2%, after several coating runs, as a 

function of the total carrier flow. Growth temperature on 4 inch and 6 inch wafer, respectively of 475°C and 

485°C A further growth rate data (1 nm/min) extracted from Figure 42 is included. See text for explanation. 

The results obtained in Figure 60 can be explained by assuming a growth rate limited by the surface 

passivation of hydrogen atoms coming from Si2H6 cracking [116].  

 

Figure 60. Growth rate versus SiGe gas phase composition measured on 6 inch Ge wafers. T growth = 485°C. 
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 A growth rate decrease as function of Si2H6 partial pressure has also been reported by S. Wirths in 

SiGeSn growth [87]. Since in the previous growth rate comparison the higher growth rate has been 

obtained with an higher Si2H6 gas phase composition, the reported conclusion is still valid. As far as 

the growth temperatures are concerned, it is true that the lower growth rate has been obtained on the 

sample grown at lower temperature (460°C instead of 475°C), however, according to Figure 42, an 

increment of 15 °C can justify a growth rate increase from 1 nm/min to 2 nm/min (which is still 

much lower than 100 nm/min) therefore, the previous conclusion is again confirmed. 

 

5.4.3. MOVPE Growth of SiGeSn with GeH4, Si2H6 and SnCl4 

In Table 7 the growth parameters and composition results on SiGeSn depositions on Ge substrates 

are reported. For sake of completeness, in Table 7, SiGeSn samples 520 and 521, grown by IBuGe, 

reported in chapter 5.3.3 are also reported and renamed as S1 and S2. 

The new deposition series starts from sample S3, which took place after forty MOVPE coating runs 

of (Ge)Si from the last III-V run. Therefore, the MOVPE reactor was less contaminated by As with 

respect to the previous, S1 and S2 SiGeSn samples (that took place only after six IV elements 

coating runs). From run S3 to run S7 only SiGeSn depositions have been performed. The run S8 has 

been carried out in a clean reactor without As carry-over. The run S10 has been performed after 

eight Ge coating runs from the last III-V deposition. Then for this last run, the reactor chamber 

presented an As carry-over comparable with the carry-over that was present in the growth of sample 

S1 and S2.  

 

5.4.3.1. SiGeSn XRD analysis  

In Table 7, all the SiGeSn samples have been grown lattice matched on Ge or very near to the 

lattice matching condition. as shown, for example, in  Figure 61. 

  

 

 

 

 

 

Figure 61. HRXRD − curves measured: A) in the center of the 4 inch wafer S4-B  and of the 6 inch wafer S3-

A, B)  in the centre and in the edge of the 4 inch wafer S5-B, C) in the centre and in the edge of the 6 inch wafer 

5-A. 

 

 

B A C 
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Table 7. Growth rate and composition results on MOVPE SiGeSn deposition in a III-V contaminated reactor 

MOCVD 

runs 

Tgrowth 

(°C) 

Ppar 

IBuGe 

/GeH4  

(Pa) 

Zn 

dopant 

SnCl4 

gas  

phase 

comp. 
(%) 

Si2H6 

gas 

phase 

comp. 

(%) 

GR 

(nm/m

in) 

Si              

from 

SIMS 

(%) 

Sn 

XRD 

sim.     

(%) 

Notes 

S1 and S2 460 71(*) No 1.5 8.8 3 0.5 <0.5 AsH3 during  

deposition 

S3-B       475 37.8 No 3 13.7 - - - Rough 

morphlogy  

S3-A 486 37.8 No 3 13.7 5 <2 - 6 inches 

S4-A 486 37.8 No 2.9 13.7 - 1.6 0.5-0.6 6 inches 

S4-B 490 37.8 No 2.9 13.7 5.2 - - - 

S5-B 489 37.8 Yes 3 13.7 7.4 2 0.6 Thickness 665 

nm 

S5-A 491 37.8 Yes 3 13.7 7.4 3 0.7 6 inches 

S6 487 37.8 Yes 3 13.7 - - - - 

S7-B 490 39 Yes 7.7 36.7 13.4 3 0.9 Thickness 1610 

nm 

S7-A 500 39 Yes 7.7 36.7 - - - Sn precipitation, 

6 inches 

S8 487 37.8 Yes 3 13.7 - - - Sn precipitation, 

deposition in 

clean growth 

chamber 

S9 487 37.8 Yes 3 13.7 - - - After GaAs/Ge 

coating 

S10 480 37.5 Yes 7.7 36.7 5.5 2 0.55 N2 Diluting gas 

in GeH4 

(*) The value refers to the IBuGe partial pressure. All runs are on 4 inch wafers, if not otherwise stated in the 

notes. All runs have been performed with a total carrier gas flow of 12 l/min. 

 

In general, in the center of the samples, HRXRD analysis shows intense interference fringes around 

the main peak. On the edge of the samples, interference fringes are not observed, showing the 

presence of stronger compositional gradient at the interface between SiGeSn and Ge substrate. By 

analysing the HRXRD peaks separation, on 4-inch wafers, a composition non-uniformity better than 

1% has been estimated, this value increases to around 3% on 6-inch wafers. The composition non 

uniformity can be mainly attributed to the non-uniform distribution of Si, as shown by SIMS results 

depicted in Figure 62, related to the sample S5-A.  



ADVANCEMENT ON THE MOVPE TECHNOLOGY TO EXPAND BAND GAP ENGINEERING POSSIBILITIES WITH 

THE COMBINED GROWTH OF III-V AND GROUP-IV MATERIALS 

 

 

103 

 

 

 

 

 

 

 

 

 

 

Figure 62. Silicon concentration measured by SIMS at the center and at the edge of the 6-inch wafer (S5-A). The 

sample has been grown with Si2H6 and SnCl4 partial pressure of 6.25 Pa and 1.3 Pa, respectively. The spikes at 

the SiGeSn/Ge interface are due to a measurement artifact. 

Since the deposition on 4 and 6 inch wafers took place in the same MOVPE run, the different 

uniformity obtained on the two wafers is a limitation imposed by the kinetic growth regime: the gas 

sources change their residence time as long as they proceed horizontally over the wafer surface, 

therefore the efficiency of the chemical reaction cannot be uniform along the wafer radius, 

producing a variation of the thickness and of the layer composition. In principle, a better uniformity 

can also be obtained on 6-inch wafers by modifying the growth parameters that were optimized for 

the growth over 4-inch wafers. In particular, in the kinetic regime, a proper temperature gradient 

imposed over the wafer should help in improving the deposition uniformity.  

 

Figure 63. Mechanism through which H2 from the gas foil rotation is adsorbed on wafer surface and reduces the 

growth rate on the wafer border. Experiments carried out on Ge showed a thickness non uniformity even of 

100% on 6-inch wafer when H2 was used in the gas foil rotation.  

For this purpose, the MOVPE reactor was set up with a special design of the gas foil rotation, which 

allowed changing underneath the wafer, in the centre and in the edge, the mixture of hydrogen and 

nitrogen. Unfortunately at the low temperature necessary for SiGe(Sn) growth, the use of hydrogen 
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in the gas foil rotation has a drawback: as in the case of Si, it passivates the Ge surface and blocks 

the growth [117], therefore the growth rate at the wafer edge is strongly reduced (see Figure 63). 

The same growth rate decrease at the edge has been measured on Ge and SiGe growth. 

In this case, the use of the special design of the gas foil rotation brings an advantage in the 

modulation of the temperature over the wafer radius. However, at the same time, a certain reduction 

of the wafer yield, owing to the reduction of the growth rate at the wafer edge, has to be expected. 

Alternatively, in order to improve the composition uniformity on 6-inch wafers, the total gas flow 

can be increased, by accepting a reduction in the precursor’s utilization efficiency.  

Also the sample S10, grown with GeH4 diluted in N2 showed an excellent crystal quality clearly 

evidenced by the high contrast interference fringes in the − curve (see Figure 64). 

.  

 

 

 

 

 

 

 

 

 

Figure 64. − curve of S10, showing high contrast interference fringes, demonstrating excellent crystal quality. 

 

5.4.3.2. Si incorporation in SiGeSn  

If we compare the HRXRD measurements reported in Figure 47, related to sample S2 and in Figure 

61B, related to sample S5-B, we may infer that the increment of the deposition temperature from 

run S2 to run S5-B could have favoured a better composition uniformity along the wafer radius. The 

shift of the HRXRD peak to higher 2 angle, could be due in principle to a higher Si concentration 

or/and to a lower Sn concentration in SiGeSn, as Si (Sn) incorporation have been reported to 

increase (decrease) by increasing the growth temperature. However, since Si incorporation 

exponentially increases with the growth temperature, with an activation energy higher than Sn 

[118], we are brought to conclude that the distribution of silicon is the main responsible of the 

worse composition uniformity found on sample S1-S2, in analogy on what has been found for the 
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sample S5-A and confirmed by SIMS measurements reported in Figure 62. It is worthwhile to point 

out that the temperature difference between the center and the edge of the sample S5-A was just 

2°C, with the edge being at higher temperature. In the kinetic regime, the role of temperature is thus 

of primary importance concerning the Si2H6 decomposition and the related Si incorporation in 

SiGeSn. The variation of the Si distribution coefficient (i.e the ratio between the Si in the solid 

phase and Si2H6 gas phase composition) with the growth temperature has been analysed by 

considering the samples S1-S2, S4-A and S5-B grown, respectively at 460 °C, 486 °C and 489 °C. 

The incorporation of Si in kinetic regime is thermally activated following an exponential law, thus 

we can also write: 

 
𝑥𝑠

𝑥𝑔
= 𝐴 ∗ 𝑒−

𝐸𝑎
𝐾𝑇 5.4 

Where 
𝑥𝑠

𝑥𝑔
  is the ratio between the fraction of Si in the solid phase and Si2H6 gas phase composition, 

𝐸𝑎=activation energy [eV], 

𝐾= Boltzmann constant =8.333*10-5 [eV], 

T = absolute temperature [K]. 

By plotting Eq.5.4 we can get the activation energy as reported in Figure 65. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 65. Silicon distribution coefficient versus temperature. The slope multiplied by K*1000 allows getting Ea. 

The activation energy value for the incorporation of Si in SiGeSn is higher than the value reported 

in [103] for Si incorporation in SiGe  (2 eV vs 1.56 eV). Therefore, it seems that the incorporation 

of Si is reduced in presence of SnCl4. This hypothesis is confirmed by observing that Si distribution 

coefficient drops from 0.14 in run S5-B to 0.08 in the run S7-B, despite both MOVPE runs have 

Ea= 2.035 eV 
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been carried out at almost the same temperature (489 °C and 490 °C, respectively), but in which a 

different amount of Si2H6 and SnCl4 precursors has been used. In run S7-B the quantities of both 

precursors have been increased with respect to run S5-B. It results that, the higher the SnCl4 gas 

phase composition, the more difficult it is to incorporate Si in the SiGeSn layer. The competition 

between Si2H6 and SnCl4 along with the kinetic growth regime introduce a loss of linearity between 

the gas phase and the solid composition, which can be inferred by comparing again runs S5-B and 

S7-B. Between the two runs, the Si2H6 and SnCl4 gas phase compositions have been both increased 

by a factor approximatively equal to 2.6, however, Si and Sn solid composition have increased only 

of 50% (Si increased from 2% to 3% and tin from 0.6% to 0.9%). 

 

5.4.3.3. SiGeSn morphology  

The surface morphology of SiGeSn grown in a III-V contaminated growth chamber has been 

observed to be strongly temperature dependent, as well as influenced by the level of arsenic As 

carry-over in the growth chamber and by the growth rate (see Figure 66).  

 

 

 

 

 

 

 

 

 

 

 

Figure 66. Morphology diagram for SiGeSn growth with GeH4 or IBuGe in a III-V contaminated reactor, if not 

otherwise stated. Images taken at optical microscope with 500x magnification. 

At temperatures around 475 °C, the SiGeSn surface becomes rough, while at temperature around 

500 °C, strong Sn segregation appears. Morphology can improve at temperature lower than 475 °C, 

as in the case of S1, grown at 460 °C, if arsine AsH3 is injected in the growth chamber during the 

run, showing the role of As in preventing the morphology deterioration, as better described later. 
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Perhaps, the more remarkable result is that in the temperature range 480°C-490°C, Sn segregation 

free samples have been obtained. 

A more in-depth morphology analysis carried out by AFM shows, however, that SiGeSn layers 

grown in the temperature window 480 °C – 490 °C present defects, at different concentration and 

size, which look like etch pits, correlated with the Sn content in the samples 

.  

 

Figure 67. AFM images of sample S5-B (left) containing 0.6% of Sn and S7-B (right) containing 0.9% of Sn. In 

the insets the corresponding SIMS profiles of the Ge, Si and Sn elements 

The presence of holes on the SiGeSn surface was also observed by Lupien at al [80] and it was 

attributed to bulk diffusion of Sn and its evaporation from the surface. Etch pit defects have also 

been observed on SiGe owing to Ge evaporation from the surface [119]. Since SIMS 

characterization showed almost constant Sn concentration along the thickness (see Figure 67), Sn 

could evaporate from SiGeSn surface during the cooling phase of the MOVPE growth run. A 

sample with a higher Sn content should therefore present a more pronounced evaporation 

phenomenon and an increase in the “porosity” of the surface. This behaviour is observed and shown 

by AFM images of samples S5-B and S7-B (see Figure 67). TEM cross section analysis carried out 

on sample S7-B evidences a defect free and sharp interface between Ge and SiGeSn and that the 

pores are indeed confined on the surface, presenting different size, especially along the growth axes 

(see Figure 68).  
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Figure 68. Cross section HAADF-STEM images of sample S7-B taken at different regions. The image on the right 

shows differently sized  holes at the surface, as evidenced by AFM in Figure 67. 

It seems therefore that such a defect could be avoided by protecting the SiGeSn layer before the 

MOVPE run cooling stage. 

 

5.4.3.4. A theory on the role of the bond length of adatoms in inhibiting tin segregation  

 

Most of the published results on SiGeSn deposition stress the importance of decreasing the growth 

temperature to values lower than 350 °C in order to avoid Sn precipitation or segregation (see, for 

example [120], [24] and [121]). More recently a detailed analysis of the influence of SiGeSn 

morphology as a function of temperature has been reported by R. Khazaka et al [118]. However, 

one important finding of the experiments shown in Figure 66 is the possibility to get SiGeSn tin-

precipitation free even at temperatures around 490 °C. Interestingly, it will be shown that this 

possibility is linked to the presence of As in the growth chamber, owing to the previous III-V runs. 

The presence of As in the growth chamber has been indirectly ascertained by measuring the 

incorporated As in the SiGeSn samples by SIMS as shown in Figure 69.  

The inhibiting role of arsenic As for Sn precipitation/segregation was already reported by Nupur 

Bhargava et al., who introduced arsine AsH3 during SiGeSn runs [89]. The authors considered the 

role of As as a surfactant which can suppress the islanding and/or Sn segregation. Hereafter a 

specific surface-driven mechanism is proposed to explain the experimental results. If we consider 

that the driving force for segregation is the energy gain obtained when Sn incorporated in the crystal 

exchanges its position with a Ge adatom on the surface, we can also argue that the presence of As 

adatoms on the surface could disfavour this process. 

By considering that the bond length increases from Ge-Ge (242 pm) to Ge-As (247 pm), the 

exchange process would then be inhibited, because the compressive strain value reached with Sn 

segregated on the surface with As adatoms could be higher than that generated with Sn incorporated 

in the SiGeSn crystal 
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Figure 69. SIMS profile of As in SiGeSn samples S1 and S5-B, deposited in a MOVPE growth chamber with a 

different As carry-over. 

Kasper showed that, for low Sn adatom coverage, the Sn surface adatom concentration, 𝐶𝑆𝑛
𝑠 , is 

linearly linked to the Sn bulk concentration, 𝐶𝑆𝑛
𝑏 , through the segregation length, Δs [122]: 

 𝐶𝑆𝑛
𝑠 = ∆𝑠𝐶𝑆𝑛

𝑏  5.5 

Therefore, if we assume that the presence of As adatoms is equivalent to a decrease of the 

segregation length, since this length is strongly temperature-dependent, and in particular, it 

decreases by decreasing the temperature (see again [122]), we can conclude that the presence of As 

adatoms on the Ge surface has the same effect of decreasing the growth temperature.  

This stress surface-driven mechanism seems to explain well why it is possible to grow SiGeSn layer 

Sn segregation free even at temperatures up to 490 °C. Some assessment on the theory has then 

been carried out. If the bong length of adatoms determines the inhibiting role for Sn precipitation, 

the use of phosphine (PH3) instead of arsine AsH3 would not be effective, since the bond length of 

Ge-P is 230 pm. As a matter of fact, when PH3 is used during SiGeSn growth, Sn segregation is still 

observed. According to this theory, the use of Sb-based precursors could be more effective than 

AsH3, since the Ge-Sb bond length is higher (266 pm) than the Ge-As bond length. However, since 

both As and Sb give n-type polarity to SiGeSn, other precursors would have to be searched to get p-

type SiGeSn tin precipitation free. Zn could be a p-type dopant for Ge, however, Zn-Ge bond length 

is 238.38 pm , and again by using DEZn during SiGeSn growth, Sn segregation is still observed. A 

possible solution could be the use of cyclopentadienylmagnesium (Cp2Mg), (C5H5)2Mg, since Mg is 

a group II element and the bond length of Ge-Mg is 271.9 pm. 

It could be speculated that the absence of Sn segregation could be due to the low Sn incorporation 

measured in the samples, as Sn concentration lower than Sn solid solubility has been measured by 
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SIMS.  However, this hypothesis is contradicted by the fact that when SiGeSn samples are grown at 

temperatures around 490°C, without As adatoms, i.e. in an arsenic free growth chamber, Sn 

segregation takes place. The proof of the concept is reported in Figure 70. SiGeSn has been first 

grown in a clean growth chamber (run S8), that is, with susceptor, satellites and ceiling that did not 

see any deposition. Then SiGeSn deposition has been repeated (run S9), by keeping unchanged the 

precursor partial pressures and temperature (controlled in-situ), by preliminary depositing a 

Ge/GaAs coating run. GaAs was deposited to make available in the growth chamber a source of As 

atoms, Ge deposition over GaAs was carried out in order to reduce/control the arsenic As in the 

growth environment. The drastic variation of morphologies of runs S8 and S9 and the segregation 

of tin Sn only in the sample S8, indicate that an accurate control of the arsenic in the MOVPE 

growth camber is indeed of paramount importance to avoid tin precipitation or segregation at the 

considered deposition temperature. 

 

Figure 70. Optical microscope images of the morphology of SiGeSn deposited in A) a growth chamber with a 

clean susceptor and satellites (run S8); C) after GaAs and Ge coating on the susceptor and satellites (run S9). For 

both MOVPE runs the same growth temperature and gas phase composition have been utilized; B) EDX line 

scan to assess Sn segregation, carried out on the region of the sample S8 depicted by the SEM image. Sn 

segregation is absent on sample S9. 

It has been assessed that the morphology deterioration takes place from the beginning of SiGeSn 

deposition. Several samples have been analysed (see Figure 71), also to rule out any possible 

influence of temperature, growth rate or strain on Sn segregation. 

By referring to Figure 71, we can observe that in spite samples S9 and S13 have been deposited at 

different growth temperature, there is no reflectance deterioration during the deposition. This 

confirms that the morphology deterioration is not due to any temperature fluctuation, at least in the 

considered temperature range. On the other hand, in all samples grown in an As-free environment, 

as soon as the run starts, there is an abrupt change in the reflectivity and a gradual increase of the 

surface temperature (not a temperature fluctuation but a precise temperature trend, see sample S8, 

S11 and S12). Since during the deposition, the process temperature has been kept constant, the 

surface temperature change has to be ascribed to a change in the surface status, as shown by the 

reflectance signal change. This change of the reflectivity (and of the refractive index) is likely to be 

due to the start of Sn segregation process. 
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                                               a)                 b) 

Figure 71. Surface temperature a) and reflectance b) measured in-situ during different SiGeSn depositions, 

carried out in As free or in As contaminated MOVPE growth chamber, as indicated in the legend. 

Sn can be incorporated in the crystal or can remain on the surface, depending on what is more 

energetically favourable. When there is not As adsorbed, it seems that Sn “prefers” to stay at the 

surface. Then, the layer morphology starts soon deteriorating, as shown by the sharp decrease of the 

reflectance value. On the other hand, for the samples S9 and S13, grown in As contaminated 

environment, it is not energetically favourable for Sn segregate at the surface, so Sn has two 

choices: i) either it stays in the bulk, or ii) it evaporates, (see Figure 72). 

 

 

 

 

 

 

 

Figure 72. Schematic of the surface stress driven phenomenon which avoids Sn segregation. When As atoms are 

adsorbed on the Ge surface, Sn adsorbed atoms can either replace Ge atoms in the bulk or evaporate. 

Therefore, in As contaminated chamber, there is no morphology deterioration, SiGeSn reflectance 

remains constant for all the run duration, as SiGeSn has a composition very similar to Ge and 

therefore the refractive index of the two materials are very similar.  
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It is not therefore surprising that the quality of the grown layers suffered of some structural defects, 

despite the Sn compositions shown in Table 7 were near to the equilibrium content and therefore 

these layers were thermodynamically stable. There is no apparent contradiction, because according 

to the presented theory, the morphology deterioration is not due to an excess of Sn with respect to 

the equilibrium value but it is rather related to the surface growth mechanism which develops at the 

beginning of deposition.   

Since the samples considered in the comparison have been grown within the same temperature 

range, with very similar precursor partial pressure, we can rule out any growth rate dependence on 

Sn segregation. Eventually, as lattice matched samples have been considered, we can also rule out 

any role of dislocation in Sn incorporation and segregation. Therefore, the observed morphology 

changes are indeed due to the presence/absence of As in the growth environment. 

While other possible pathways to suppress Sn segregation could be considered to explain the 

experimental results, like, for example, the interaction between the adsorbed As with Sn precursor, 

if the surface stress-driven mechanism proposed in this thesis were confirmed by the test with 

(C5H5)2Mg, this would allow reaching the considerable achievement of producing both p-type and 

n-type SiGeSn Sn-segregation free at relatively high temperature.   

 

5.4.3.5. Role of the growth rate in inhibiting tin segregation in SiGeSn 

As anticipated in chapter 5.4.3.3 also the growth rate plays an important role in the determination of 

the SiGeSn surface morphology.  N. Taoka et al. found significant Sn migration and desorption in 

200 nm thick SiGeSn samples grown at 350 °C, with a Sn concentration which doubled during the 

growth process; they concluded that the amount of Sn segregated atoms increases by increasing the 

thickness [86]. However as shown by SIMS analysis reported in Figure 67, in this study we can 

point out only a small increase in the Sn concentration in the first 200 nm of SiGeSn deposition, 

followed by a stable Sn concentration all over the run duration.  Moreover, there is no increase of 

Sn migration by growing thicker samples, in particular passing from run S5-B, 665 nm thick, to run 

S7-B, 1.61 µm thick. Therefore, what did hinder Sn migration during the SiGeSn growth, in spite 

SiGeSn samples of this work were much thicker than the samples considered in [86] and were 

grown with a temperature 140 °C higher? 

A possible explanation for the encountered differences could be found by considering the higher 

growth rate and the lower Sn concentration utilized to deposit the samples S5-B and S7-B: 7.4 

nm/min for the run S5-B and 13.4 nm/min for the run S7-B vs 1.6 nm/min utilized by N. Taoka, 

while Sn was around 1% in samples S5-B and S7-B vs 4.5% in Taoka samples. Of course, the Sn 

segregation process becomes more and more important as much as we overcome the Sn equilibrium 

concentration allowed in SiGeSn. However, also J. Margetis et al. reported a quite homogenous Sn 

distribution throughout the epilayer of GeSn samples even with 7% of Sn in the alloy, deposited at 

temperature < 450 °C with a growth rate higher than 20 nm/min [110]. Therefore, we are induced to 

conclude that the growth rate is a key parameter to contrast Sn migration and this could explain why 
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in spite of the utilization of arsine during the growth, tin precipitation has been observed in run S1, 

which was carried out at 460 °C but with a growth rate much lower than the sample S5-B (3 

nm/min, vs 7.4 nm/min, respectively). 

 

5.4.3.6. Role of DeZn in increasing SiGeSn growth rate  

Despite Zn is not effective in inhibiting Sn segregation, on the other hand, the use of DEZn helps 

increasing the growth rate, as shown by comparing the growth rate measured on samples S4-B and 

S5-A, where for the latter sample, DEZn, with a molar fraction of 7.8 x 10-6, was introduced in the 

growth chamber during SiGeSn deposition (see Table 7). The duration of the SiGeSn MOVPE runs 

have been respectively 120 min and 90 min as shown in Figure 73. SEM cross section has been 

carried out in order to measure the sample thickness, resulting in a thickness of 621 nm for the 

sample S4-B and of 649 nm for the sample S5-A.Since runs S4-B and S5-A have been carried out at 

the same temperature, we can argue that DEZn was responsible for the 38% increase in SiGeSn 

growth rate The growth rate increase can be explained by considering the molecule structure of 

DEZn and its pyrolysis products (see Figure 74). The ethyl groups of the DEZn molecule 

decompose and methyl radicals CH3 are formed. They can react with H2 which comes from the 

pyrolysis reactions of Si2H6 and GeH4 and form methane (CH4). The methane is then transported to 

the exit of the growth chamber by the carrier gas. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 73. Temperature profile and run duration of the MOVPE SiGeSn run S4-B and S5-A. SEM cross sections 

of the samples are depicted. 

This process reduces the concentration of hydrogen atoms which are adsorbed on the surface of the 

film and are known to hinder the growth process, consequently, there is an increase of the 

deposition rate. Another possible and complementary explanation could be linked to the reduction 

of gaseous HCl formed at the growing surface owing to the reaction among SnCl4, Si2H6 and GeH4. 

HCl, in fact, is known to be an etchant for group IV elements [112],[123]. 

SiGeSn S4-B   SiGeSn S5-A 
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Cl atoms, instead of reacting with hydrogen, could react with the methyl radicals and form methyl 

chloride, Cl-CH3, which could also be evacuated by the carrier gas. This chemical process by 

reducing the HCl etch of the growing surface allows increasing the growth rate.  

 
 
 
 
 
 
 

Figure 74. On the left, the molecular structure of DEZn: Zn atom is bonded to two ethyl groups, formed by two 

carbon atoms bonded to five hydrogen atoms. In the center and in the right, the possible mechanisms expalining 

the growth rate increase when DeZn is used durign SuGeSn deoposition.  

 

If the presence of ethyl radicals is the key factor which allows incressing the growth rate, we could 

also think to replace DEZn owth other metalorganic, like, for example, DEGa. 

 

5.4.3.7. Optical properties of SiGeSn  

The complex dielectric function of sample SiGeSn S5-B (Si = 1% and Sn = 0.6%) has been 

determined by Ellipsometry and compared to the Germanium one; the best-fit procedure to the 

experimental spectra with the semiconductor parametric model by WVASE® software gives 

refractive index and absorption coefficient spectra shown in Figure 75.  

The overall SiGeSn spectra have a similar critical point (CP) structure with respect to Ge, with 

increased CP broadening and a slight blue shift of the E0 direct bandgap (0.86 eV vs 0.79 eV). An 

indirect absorption edge should be extrapolated at about 0.62 eV (Eg); likely owing to the high As 

incorporation, the absorption coefficient of the SiGeSn sample presents a broad Urbach band tail, 

and the absorption becomes higher than for Ge below the direct bandgap. It is known that a 

shrinkage of the bandgap occurs when the impurity concentration is particularly high [124]. Thus a  

bandgap narrowing effect is expected for the highly As doped SiGeSn, due to the emerging of the 

impurity band formed by the overlapped impurity states. 

For comparison D. Phoebe-Pearce et al.[93] reported E0 at 0.87 eV for SiGeSn film with similar 

composition (3% Si, 0.8% Sn); calculations from linear interpolation formulas [125] for the present 

composition (2% Si, 0.6% Sn) give 0.83 eV to 0.68 eV bandgaps at Γ and L valleys, respectively. 

The low bandgap of SiGeSn is also due to the diluted nature of SiGeSn layers. In order to get higher 

bandgap and make the material suitable to be used as a third junction in a four-junction solar cell, 

an increase of Sn and Si incorporation will have to be accomplished. 
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Figure 75. Absorption coefficient and refractive index spectra of SiGeSn sample S5-B and bulk Ge. 

 

5.5. Study of the cross-influence between III-V and IV elements deposited in 

the same MOVPE growth chamber 

As aleady introduced, the deposition III-V and group IV-based semiconductors inside the same 

MOVPE growth chamber has been so far hindered by the cross influence between groups IV and 

III-V elements. There are two main issues to be tackled in other to advance the realization of III-V 

and group IV-based monolithic architectures in the same MOVPE growth apparatus: i) to control 

the As “carry-over”, so that the growth of IV-based materials can be carried out without a growth 

rate penalization, and ii) to adopt proper growth conditions in order to reduce cross doping, so that 

the conductivities of both III-V and IV-based semiconductors can be modulated. A further issue still 

to be investigated is whether the cross influence between groups IV and III-V elements can also 

affect the morphology of III-V and IV-based semiconductors.  

After performing the MOVPE hardware change already introduced in chapter 5.1.1, proper growth 

condition have been searched to face the elencated issues.  

In order to reduce the unwanted doping in IV (III-V)-based semiconductors, the growth procedure 

of depositing on the graphite elements of the MOVPE growth chamber several “coating runs” 

constituted of IV (III-V) elements materials has been first applied. An average of 1 µm deposition 

for each coating run has to be considered. After the coating run depositions, the layer under 

investigation has been grown, the morphology analyzed, the related growth rate and dopant 

incorporation measured. The possibility to replace some parts of the MOVPE growth chamber over 

which the deposition takes place has also been evaluated. In particular, the susceptor, the graphite 
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satellites, the ceiling and the quartz plate have been replaced. The graphite ring, usually operating at 

lower temperature than the other growth chamber parts, has not been replaced. 

 

5.5.1. Control of As carry over and back ground carrier concentration in Ge 

In Table 8, the growth rate of Ge deposited on Ge 4 and 6 inch substrates, in a III-V contaminated 

MOVPE reactor, as a function of several growth parameters, along with the number of IV elements 

coating runs, is reported. The Ge growth rate related to MOVPE depositions extracted from Table 8 

performed with similar germane partial pressure (from 15 Pa to 25 Pa), as a function of the 

deposition temperature and of the coating runs number is shown in Figure 76. 

 

Table 8. Ge Growth rate obtained on 4- and 6-inch wafers as a function of growth parameters and of the 

number of IV-based materials coating runs. 

N Run T growth (K) Total flow 

(l/min) 

GeH4 

partial 

pressure 

(Pa) 

Wafer 

diameter 

(inch) 

N. of coating runs 

of IV-based 

materials after the 

last III-V growth 

Growth rate in 

the wafer center 

(nm/min) 

S0 773 20.5 5.5 4 1 16 

S1 773 21 15 4 2 99 

S2 773 20.7 61 6 3 111 

S3 773 20.5 22 6 4 100 

S4 745 22 20 6 5 91 

S5 750 18 25 6 6 119 

S6 773 21.6 21 6 9 100 

Replacement of growth chamber reactor parts 

S7 748 18 25 4 1 - 

S8 748 18 25 4 12 - 

S9 748 18 25/2.2 4 13 117 

S10 753 18 25 4 21 126 (*) 

S11 723 18 25 4 22 (*) 

S12 723 18 25 4 24 (*) 

S13 748 18 24 4 25 (*) 
Note: All the runs have been performed with nitrogen as carrier gas and germane diluted in hydrogen, if not otherwise 

stated. The growth rate has been measured in the center of the samples. (*) GeH4 diluted in N2. 
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Figure 76. Comparison between Ge growth rate data obtained in this work, by using GeH4 and N2 as carrier gas, 

in a III-V contaminated MOVPE reactor (see Table 8) and those reported in ref [76] and [114], where Ge has 

been grown respectively by GeH4 and by Ge2H6, with H2 as carrier gas. 

It can be pointed out that few IV-based material coating runs are enough to obtain high growth rate, 

as compared with the values reported in literature (see  [76] and [113]) related to samples grown at 

similar temperatures and precursor partial pressure. After already one IV elements coating run, Ge 

growth rate becomes mainly influenced by the MOVPE reactor geometry (which allows obtaining 

high germane utilization efficiency) and by other growth conditions, like the use of N2 as carrier gas 

instead of H2, which improves the growth rate [88].  

At this stage, the “As growth blocking role” seems irrelevant, as the growth rate can be easily 

controlled and optimized, for example, by comparing the runs S4 and S5 where the total flow and 

the precursors partial pressure have been changed The evolution of the background carrier 

concentration related to the samples S1, S2, S4, S7, S8 and S10, nominally undoped, has been 

measured by electrochemical capacitance-voltage measurements (see Figure 77). In sample S1, a 

carrier concentration around 1020cm-3, (likely due to the incorporation of arsenic, see SIMS analysis 

reported in Figure 82) has been measured at the beginning of the run. This value is reduced to 1-

2*1018cm-3 after 2 µm thick Ge deposition. During Ge growth, the level of contamination is 

reduced, as germanium is deposited, with different efficiency, on all the growth chamber surfaces 

(susceptor and ceiling, etc) from which the previous deposited arsenic can evaporate. From sample 

S1 to sample S4, the carrier concentration drops at the end of the run from 2*1018 cm-3 to 

3*1017cm-3. 

After replacing the susceptor, ceiling, quarts plate and graphite satellites, a significant arsenic 

contamination is still present at the beginning of run S7, probably due to the residual evaporation of 

arsenic from the graphite ring, however, this contamination is reduced to 4*1016 cm-3 after 3.5 µm 

thick Ge deposition 
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Figure 77. ECV n-type carrier concentration in Ge samples grown in a III-V contaminated MOVPE reactor 

after different Ge and SiGeSn coating deposition. Refer to Table 8 

The contamination further decreases to 1*1016cm-3 in run S8, after a Ge deposition 7.5-8 µm thick. 

This carrier background value has remained constant even after several further coating runs, as 

shown by looking at the carrier profile measured in the sample S10 (performed after further 21 

coating runs of Ge and SiGeSn layers). It is worthwhile to point out that the background 

“contamination” is also related to the growth rate, as shown in Figure 78. The first part of S9 has 

been carried out at high growth rate (117 nm/min), while the second part, with a growth rate one 

order of magnitude lower (10 nm/min). The back ground carrier concentration increases from 

6*1015 cm-3 to 4.5*1016 cm-3 by switching from high to low growth rate. 

 

 

 

 

 

 

 

 

Figure 78. Variation of the N-type carrier concentration in sample S9, measured by ECV, as a function of the 

growth rate. The drop in carrier concentration registered near the surface could be a measurement artefact or it 

could be explained by the evaporation of the contaminant during the cool down phase of the MOVPE run. 
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This result can be explained by considering that by increasing the growth rate, the contaminants 

which are present in the MOVPE growth chamber become much more diluted during the deposition 

of the material.  

Since the growth rate plays an important role in decreasing the back ground carrier concentration,  a 

growth rate optimization has been obtained by a proper selection of diluting gas of the hydrides 

precursors.  By comparing the growth rate values reported in Table 8 for samples S5 and S10, it is 

possible to point pout un increase the growth rate by 6%, without varying the growth temperature 

(and keeping constant the total carrier flow and the germane partial pressure), just by replacing 

germane diluted in hydrogen with germane diluted in nitrogen. 

Remarkably, by controlling the As carry over, i.e. by reducing the As incorporation in the layers, it 

is possible to switch Ge conductivity polarity from n-type to p-type as shown in Figure 79.  

 

 

 

 

 

 

 

 

 

 

 

Figure 79. N-type and p-type carrier concentration in Ge samples S11, S12 and S13 measured by ECV. The first 

part of sample S11 (S12) is grown nominally undoped, the last part of the layer is grown by injecting in the 

MOVPE growth chamber a DMZn (TMGa) molar fraction equal to 3.5 10-4 (1.8 10-3). Sample S13 has been 

grown by injecting a constant TMGa molar fraction equal to 1.27 10-2. 

The first part of sample S11 has been grown nominally un-doped, then, by injecting in the growth 

chamber DEZn, with a molar fraction of 3.5*10-4, the last part of the sample shows a p–type 

conductivity, with a carrier concentration around 2-3*1015cm-3. On sample S12, DEZn has been 

replaced with TMGa and the dopant molar fraction has been increased to 1.8*10-3. Eventually, 

sample S13 has been deposited with a constant TMGa molar fraction of 1.27*10-2. The related ECV 

characterization shows a constant p-type carrier profile, with a concentration around 1*1018 cm-3. It 

is worth noting that the doping level of sample S13 is lower than the peak doping level of sample 

S12, despite a higher input TMGa molar fraction has been utilized for the former sample. This 
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apparent contradiction is due to the higher growth temperature utilized in the deposition of sample 

S13 (25°C higher than the one set for the growth of sample S12, see Table 8). The TMGa molar 

fraction decreases as the temperature increases, because GeH4 activation energy is higher than 

TMGa activation energy (41-42 kcal/mole versus 35.4 kcal/mole, respectively). This means that the 

effective TMGa molar fraction was actually lower in the sample S13 than in the sample S12.  

The carrier concentration results related to runs S11, S12 and S13 show that to a large extent it is 

possible to modulate the p-type doping in Ge even when the IV element semiconductor is deposited 

in a reactor which is also utilized for III-V growth. 

 

5.5.2. Back ground carrier concentration in SiGeSn  

For the study of the back ground carrier concentration in SiGeSn, refer toTable 9. SiGe(Sn) 

depositions, from sample S14 to sample S17, have also been carried out in a III-V contaminated 

reactor and after several IV-based coating runs. 

Table 9. SiGe(Sn) growth rate obtained on Ge wafers as a function of the growth parameters and of the IV 

elements coating runs number. 

N Run T 

growth 

(K) 

Total 

flow 

(l/min) 

GeH4 

partial 

pressure  

(Pa) 

Si2H6 

partial 

pressure 

(Pa) 

SnCl4      

partial 

pressure 

(Pa) 

N. of  coating 

runs of IV-

based 

materials after 

the last III-V 

growth 

Growth 

rate 

(nm/min) 

S14  

(SiGe) 

748 12 37.9 2.5 NA 33 100 

S15 

(SiGeSn) 

756 12 37.9 6.25 1.34 39 7 

S16 

(SiGeSn/Ge) 

756 12/18 37.9/ 37.9 6.25/0 1.34/0          43 - 

Replacement of growth chamber reactor parts 

S17 

(SiGeSn) 

756 12 37.9 8.12 1.7 1 - 

Note: All the runs have been performed with nitrogen as carrier gas and germane diluted in hydrogen, if not otherwise 

stated. The growth rate has been measured in the center of the samples. 

 

The growth rate of run S14 (SiGe), coherently with the results presented in the previous chapter, is 

comparable with that obtained on Ge epitaxial samples, even if a higher GeH4 partial pressure has 

been utilized. It is worthwhile to point out that an increment in GeH4 partial pressure is required to 

compensate the growth rate decrease caused by the injection of Si2H6 in the growth chamber (see 

Figure 80). 
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A carrier concentration peak value as high as 4*1019 cm-3 has been measured by EVC on sample 

S14, deposited after 33 coatings runs (see Figure 81). This value is four times higher than the value 

measured on sample S4, which was deposited only after five coating runs (see Figure 77). In order 

to understand the reason behind this result, the IV elements coating runs performed till the sample 

S14 has been analysed. I came to the conclusion that the background carrier concentration peak 

value measured in sample S14 could be correlated to the three SiGeSn coating runs sequentially 

deposited just before the run S14. During SiGeSn growth, in fact, HCl can be formed in the growth 

chamber by the decomposition products of SnCl4 and hydrides (Si2H6 and GeH4). 

 

 

 

 

 

 

 

 

 

Figure 80. SiGe growth rate as a function of Si2H6 composition in the gas phase. 

 

 

 

 

 

 

 

 

 

Figure 81.ECV carrier profile measured on the sample S14. 

Since HCl is recognized as an etchant for Ge and SiGe [112], during SiGeSn deposition, Ge and 

SiGe coatings already deposited on the reactor graphite parts could be subjected to chemical etching 

and, as a consequence, possible evaporation paths for the previous deposited As could be generated. 
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The presence of a high arsenic concentration in the sample S14 and in the subsequent samples (S15 

and S16) has been assessed by SIMS, as shown in Figure 82 A.  

Indeed, in all samples a high As incorporation is measured at the beginning of the MOVPE 

deposition. Since SiGe growth rate is one order of magnitude higher than the SiGeSn growth rate 

(see Table 9), the As contaminant can be highly diluted in SiGe and its concentration strongly 

decreases during the SiGe growth, while it remains almost constant in the case of SiGeSn growth 

  

 

 

 

 

 

 

 

Figure 82. SIMS profile of As (A) and P (B) in samples S14, S15 and S16. The As profile of sample S15 has been 

stopped around 1.1 µm depth. Subsequently, the carrier concentration profile has been measured by ECV. 

. The effect of the growth rate on As incorporation is also evidenced on sample S16, composed of a 

first Ge buffer layer and of a subsequent SiGeSn layer. For this sample, owing to the high thickness, 

the results of SIMS and ECV measurements are joined in order to show both As and the carrier 

profile along the sample depth (see Figure 82 A). Like SiGe, Ge deposition takes place at high 

growth rate, therefore the ECV measurement shows a rapid decrease in the carrier concentration 

during the deposition. On the contrary, on SiGeSn, SIMS measurement shows that As concentration 

first sharply decreases and then rises to values as high as 1019 cm-3.  

All these data lead to the following conclusions: i) in a III-V contaminated MOVPE growth 

chamber, during SiGeSn deposition a considerable amount of arsenic can be re-leased from the 

MOVPE reactor walls and can be incorporated in SiGeSn and subsequent layers, ii) the As 

contamination can be reduced during the deposition by growing the group IV compounds at high 

growth rate, around 100 nm/min, while it remains at level around 1019 cm-3 when the growth rate is 

one order of magnitude lower (10 nm/min).  

At this point, it becomes interesting to analyse the reason of the growth rate reduction from run S14 

(SiGe) to run S15 (SiGeSn), despite both MOVPE runs have been carried out with the same GeH4 

partial pressure. Neither the higher Si2H6 partial pressure utilized in run S15 with respect to run 

S14, nor the “As growth blocking role” can explain the reduction in growth rate. In fact, referring to 

the data shown in Figure 80, an increase of Si2H6 partial pressure from 2.5 Pa to 6.25 Pa can only 

explain a 20% decrease in the growth rate. Furthermore, the same starting As contamination has 
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been measured in SiGe and SiGeSn (see Figure 82 A). This means that As “carry-over” have 

saturated SiGe and SiGeSn surface sites in the same way. The low growth rate of SiGeSn can still 

be understood by considering the etching action on Ge and SiGe produced by HCl, as formed by the 

decomposition products of SnCl4, Si2H6 and GeH4. The contrasting actions between the deposition 

rate and the etching rate has also been observed in GeSn growth by GeH4 and SnCl4 [126].  

In order to reduce the weight of the etching action, a higher germane partial pressure could be used. 

For example, S.Wirths at al., have shown that it is possible to reach SiGeSn growth rates as high as 

125 nm/min with a Ge2H6 partial pressure of 120 Pa (a value four time higher than the GeH4 partial 

pressure used to grow the samples of this study) [87]. Therefore, in principle, by increasing SiGeSn 

growth rate it should be possible to reduce the As background concentration near the value obtained 

in Ge and SiGe.   

However, there is a further difficulty in controlling SiGeSn conductivity, due to the presence of 

impurities in SnCl4 precursor. This is evidenced by SIMS analysis related to P incorporation in the 

samples S14, S15 and S16 as shown in Figure 82 B. It can be pointed out that in run S14 (SiGe) and 

in the first part of run S16 (Ge growth), where SnCl4 is not used, a P concentration, respectively, 

around 4*1016 cm-3 and 3*1017 cm-3 has been measured, instead, during the growth of SiGeSn 

(S15), P concentration increases to 3*1019cm-3.  

Thus, we can conclude that by using SnCl4, a considerable amount of P is introduced in the growth 

chamber. Like As, P introduces electrons in IV-based compounds and therefore it influences the 

material’s conductivity. The P contamination of the growth chamber produced by SnCl4 allows 

explaining the higher P concentration measured in Ge, in run S16, than in SiGe, in run S14. Ge 

deposition, in fact, has been carried out after SiGeSn growth (S15).  

During SiGeSn deposition, P is introduced in the growth chamber, can be deposited on the MOVPE 

reactor walls and then subsequently be released and be incorporated in Ge during the growth. 

Therefore, for controlling SiGeSn conductivity, regardless the contamination introduced from the 

previous III-V deposition, it is important to reduce the amount of P contained in SnCl4, or to 

consider alternative precursors, like, for example, TESn (Triethyltin) as, reported for the growth of 

GeSn [127]. 

 

5.5.3. Back ground carrier concentration in III-V compounds 

I did not observe any III-Vs growth rate change owing to the previous IV elements growth. 

Therefore, I have focused the investigation on how to control the III-Vs conductivity, trying to 

reduce to acceptable levels the IV elements contamination in III-Vs. The III-Vs structures analyzed 

are reported in Table 10. 

 

 

 



ADVANCEMENT ON THE MOVPE TECHNOLOGY TO EXPAND BAND GAP ENGINEERING POSSIBILITIES WITH 

THE COMBINED GROWTH OF III-V AND GROUP-IV MATERIALS 

 

 

124 

Table 10. Growth condition related to III-Vs deposition in a MOVPE growth chamber contaminated by IV elements. 

N Run T growth    

(K) 

Total flow 

(l/min) 

Growth 

rate 

(nm/min) 

N. of coating runs 

of III-Vs after the 

last IV-based 

growth 

Substrate 

S18 

(AlAs/GaAs DBR) 

888 12 40/40 1 GaAs 

S19 

(AlAs/GaAs DBR) 

888 12 40/40 8 GaAs 

S20 

(InGaP/InGaAs/ InGaP) 

773/903/903 12 11/200/9.1 20 Ge and GaAs 

S21 

(InGaAs/InGaAs/ 

InGaP) 

773/903/903 12 66/200/9.1 31 Ge 

S22 

(GaAs/AGaAs/ GaAs) 

764 12 -/28.3/- 1 (*) Ge and GaAs 

Note: (*) after SiGeSn deposition 

 

MOVPE runs S18 and S19 are related to AlAs/GaAs distributed Bragg reflector (DBR) structures, 

whose period has been repeated 15 times. These samples have been deposited in mass transport 

regime (Tgrowth = 888 K) after one and eight III-V coating runs, respectively  

In Figure 83, SIMS concentrations of Ge, Si and Sn, measured along the thickness of the samples 

S18 and S19 are depicted.  

The incorporation of Ge, Si and Sn is different in AlAs and GaAs, therefore, along the DBR 

structure thickness, the concentration of these atoms oscillates. After one coating run, the maximum 

group IV elements concentration in the III-V Bragg test structure is around 5*1017 cm-3. After eight 

coating runs (with an equivalent deposition of 8 µm thick III-Vs), the maximum background 

contamination is reduced to values lower than 2*1017 cm-3. This value is more than half of the 

previously reported value measured in GaAs (4.6*1017 cm-3), in a Si-Ge MOVPE contaminated 

growth chamber, after a 10 µm thick coating run [128]. 

In order to further reduce IV elements incorporation in III-Vs, the influence of the growth 

temperature on the background carrier concentration has been assessed. The evaporation of the 

contaminants from the MOVPE reactor walls is tightly related to the growth temperature and, in 

particular, by decreasing the growth temperature, the background IV elements concentration in III-

V semiconductors is expected to be reduced. 
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Figure 83.SIMS profile of: Ge, Si and Sn in samples S18 (deposited after one III-V coating run) and S19 

(deposited after eight III-V coating runs). In the inset, the DBR structure is shown. 
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Two test structures have been investigated: i) InGaP/InGaAs/InGaP/Ge(GaAs) structure (S20), in 

which the bottom InGaP and InGaAs layers have been deposited at 903 K, while InGaP top layer 

has been deposited at lower temperature (773 K), ii) structure S21, where the growth process of run 

S20 concerning the InGaP and InGaAs bottom layers has been replicated, while the InGaP top layer 

has been replaced by the InGaAs one. For both samples, the IV elements concentration has been 

indirectly measured by ECV, as shown in Figure 84. It is worthwhile to point out that the MOVPE 

deposition of sample S20 and S21 have been carried out after 20 and 32 III-V coating runs, 

respectively.  

 

 

 

 

 

 

 

 

 

 

 

                                            (a) (b) 
Figure 84. ECV Profile on: (a) sample S20 and (b) on sample S21 In the insets, the structures investigated are depicted. The 

arrows indicate the etching depth. 

On sample S20, a starting background carrier concentration near 1*1018 cm-3 has been measured 

when the material is grown at 903 K on Ge substrate. After depositing 1 µm of InGaP at 773 K, the 

background carrier concentration is reduced to 6*1015cm-3, a value around three order of magnitude 

lower than the value measured by E. Welser, in InGaP layers grown in a Ge-contaminated MOVPE 

growth chamber [27]. This comparison confirms the key role of the growth temperature for 

decreasing the incorporation of IV elements contaminants in III-Vs. By growing InGaP on a GaAs 

substrate, the carrier concentration can be further reduced by an order of magnitude, down to 3*1014 

cm-3. By using a GaAs substrate, in fact, the Ge auto-doping and Ge solid state diffusion that take 

place during the InGaP growth on a Ge substrate can be both suppressed [129]. 

A strong decrease in the background carrier concentration owing to the reduction of the growth 

temperature has also been measured on sample S21 (see Figure 84 B). During InGaP nucleation, 

which takes place at 903 K, the starting carrier concentration level is as high as 2*1018 cm-3. During 

the InGaAs deposition carried out with a growth rate twenty-four times higher than the InGaP one, 

the level of contamination is reduced to 2*1017 cm-3. As soon as the growth is stopped, before the 

temperature ramping, there is an accumulation of contaminants on the sample surface. Eventually, 

after the growth of 0.4 µm InGaAs at 773 K, the carrier concentration sharply decreases to 6*1016 

cm-3. This value is still higher than the value measured in the top InGaP layer of sample S20, 
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because the top InGaAs layer of sample S21 has been deposited with a thickness which is more than 

half of the InGaP one.  

It is interesting to compare the background carrier concentration measured at the end of InGaAs 

layer grown at higher temperature on the sample S21 with the IV elements atoms concentration 

measured by SIMS on sample S19 (see Figure 84 B and Figure 83). These values are almost equal, 

showing that after 8 µm thick III-V coating deposition, the subsequent III-V coatings are not 

effective in further reducing the background carrier concentration.  

Therefore, it can be concluded that in a IV elements contaminated reactor, it is possible to reduce 

under 1*1016 cm-3 the residual IV elements contamination in III-Vs compounds, by depositing a 8 

µm thick buffer and then by reducing the growth temperature to value around 500 °C. 

 

5.5.4. Morphological aspects  

The effect of the cross influence between group IV and III-V elements on the morphology and 

crystal structure of III-V and IV-based semiconductors has been assessed. As shown in Figure 85,  

 

Figure 85. Optical microscope characterization of sample S12. Magnification 500 X. The surface is featureless. 

Ge surface morphology does not degrade when Ge is grown in a III-V contaminated MOVPE 

reactor. The surface morphologies of Ge layers are excellent and the best ones have been obtained 

when Ge is doped with Gallium (sample S12). Similar morphological results have been obtained for 

SiGe.On the other hands, as already shown S5.4.3.4, SiGeSn morphology has been found strongly 

dependent on the level of As contamination in the MOVPE growth chamber.  

Concerning III-Vs semiconductors, it has been found that when they are deposited in a IV elements 

contaminated MOVPE growth chamber their morphology changes as a function of the substrate 

type and orientation. On sample S20, for example, the top InGaP layer, deposited at low 

temperature, presents a featureless morphology on GaAs substrate and different oriented defects on 

Ge substrate (see Figure 86). 



ADVANCEMENT ON THE MOVPE TECHNOLOGY TO EXPAND BAND GAP ENGINEERING POSSIBILITIES WITH 

THE COMBINED GROWTH OF III-V AND GROUP-IV MATERIALS 

 

 

128 

 

 

 

 

 

 

 

 

 

(a) (b) 
Figure 86. Run S20 InGaP morphology on (a) on Ge substrate and (b) on GaAs substrate. Magnification 500 X. 

Regardless of the growth temperature, III-V’s morphology on Ge substrate strongly degrades in Sn-

contaminated MOVPE growth chamber, eventually leading to a polycrystalline material. For 

example, the structural characterization of a AlGaAs/GaAs/AlGaAs hetero-structure, deposited on 

Ge and GaAs substrates in a Sn-contaminated MOVPE growth chamber is depicted in Figure 87. 

  

 

 

 

 

 

 

a)                                           b) 

Figure 87. GaAs/AlGaAs/GaAs XRD and GIXRD characterization, (a) XRD characterization on GaAs substrate, 

the intense interference fringes are an index of the sharpness of the interfaces i.e. of their low roughness 

morphology, (b) GIXRD characterization on Ge substrate, showing the polycrystalline nature of the deposited 

layer. 

The results reported in Figure 87 could be explained by assuming that during the heating phase of 

the MOVPE run, Sn evaporates from the reactor walls and can be adsorbed on the substrate surface 

at different concentrations according to the substrate orientation. In particular the Ge (100) 6° off 

towards <111> orientation has more steps and kinks, where Sn can be adsorbed, than GaAs (100), 

2° off towards <110> orientation. If Sn adsorbed somehow disturbs the atoms incorporation in the 

crystal, the epitaxial growth could be prejudiced on substrates whose orientation favours Sn 

adsorption. In order to confirm this hypothesis and exclude the influence of the chemical nature of 

the substrate, further experiments will have to be performed by considering the deposition of III-Vs 

on Ge substrates with the same orientation of the GaAs ones. 
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6. Towards the realization of all MOVPE grown 4J 

InGaP/InGaAs/SiGeSn/Ge solar cells 
  

 

 

 

 

 

 

 

 

 

 

 

6.1. Realization and characterization of GaAs(n-type)/                            

InGaP(n-type)/SiGeSn(n-type)/Ge(p-type) heterojunction. 

During the collaborative European project CPV Match, a preliminary integration of SiGeSn with 

III-Vs has been accomplished by manufacturing a GaAs(n-type)/InGaP(n-type)/SiGeSn(n-

tpe)/Ge(p-type) heterojunction. In this preliminary test, SiGeSn has been grown in a III-V 

contaminated reactor, while the deposition of subsequent InGaP and GaAs layers have been 

accomplished with the collaboration of another partner who carried out the deposition by using 

another MOVPE growth apparatus. The main purpose of this experiment was to investigate the 

photovoltaic behaviour of SiGeSn deposited at the same growth condition of sample S5-B (i.e in a 

As contaminated reactor),  whose optical properties were already investigated in chapter 5.4.3.7.  

Over SiGeSn, a InGaP layer, 65 nm thick, has been further deposited in the attempt to passivate the 

SiGeSn emitter. Eventually a GaAs layer, 0.4 µm thick, has been grown on top of the structure in 

order to improve the ohmic contact. In order to simplify the manufacturing process, this cap layer 

has not been removed from the front side of the device, so it also behaves like a light filter. The cell 

structure has been finally coated with a SiO2/Ta2O5 stack. For the front and back contacts, 

Ti/Au/Ag/Au and Zn/Au/Ag/Au have been deposited with a total thickness of 4 µm and 2 µm, 

respectively. A sketch of the SiGeSn/Ge based device and a SEM cross section of the MOVPE 

structure are depicted in Figure 88. 

To investigate the photovoltaic behaviour of SiGeSn, deposited in a    

III-V contaminated growth chamber, a single-junction 

GaAs/InGaP/SiGeSn/Ge functional device has been manufactured and 

characterized by external quantum efficiency (EQE) and current-

voltage measurements. The experimental data have been fitted 

confirming the higher absorption coefficient of SiGeSn with respect to 

Ge, as measured by Ellipsometry in chapter 5. By applying the new 

mathematical approach developed in chapter 3, I perform several 

simulations in order to evaluate the potential of the 

InGaP/InGaAs/SiGeSn/Ge MJ solar cells.  For the first time the 

performance of thin quadruple junction (QJ) InGaP/InGaAs/SiGeSn/Ge 

solar cells, in two (2T) and three terminal (3T) configurations are 

compared. Efficiency values up to 45.1% and 44.9%, respectively, have 

been simulated at 1000 X concentration, by considering the MJ limited 

by the InGaAs sub-cell. Finally, it is estimated that the QJ 

InGaP/InGaAs/SiGeSn/Ge solar cell has the potential to reach 

efficiencies over 50% by assuming proper antireflective coatings. 
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The SiGeSn/Ge based device has been characterized by external quantum efficiency (EQE) and 

current-voltage (IV) measurement, the later characterization was carried out from 1 sun to 173 suns, 

under AM1.5D spectrum. 

 

 

 

 

 

 

 

 

 

Figure 88. On the left, a schematic representation of the SiGeSn/Ge based device; on the right, the SEM cross 

view of the MOVPE structure (metals deposition are not included as realized by e-beam evaporation) . 

EQE and IV data have also been fitted to extract some solar cells parameters. For the simulation of 

EQE, the scattering matrix method and the simplified solution of the continuity equation, as 

developed in chapter 1, have been applied.  

Only SiGeSn and Ge have been considered as active PV layers. In fact, at the interface between 

SiGeSn and InGaP an energy band discontinuity is formed so that  the minority carriers generated in 

GaAs cannot be collected at the junction (see Figure 90). On the other hand, the carrier generation 

in InGaP can be considered negligible, owing to GaAs absorption. The simulated EQE data are in 

good agreement with the experimental ones, if we consider the following approximations: i) for the 

optical properties of InGaP and GaAs layers, literature data have been used, ii) in the reflectance 

modelling, the surface and interfaces have been considered optically flat, while the cell surface was 

somewhat rough (as shown in Figure 88) and light scattering was produced. 

The IV curve data at different concentration value are reported in Table 11. 

A Round-Robin campaign has been carried out on the electrical parameters measured at different 

concentration factor [130] in order to confirm the experimental data, as reported in Figure 89 
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Table 11. SiGeSn/Ge based device IV data measured under AM1.5 D spectrum at different concentration level. 

 
IV Characterization AM1.5D 

Suns 1 47,1 90,7 173,4 

Voc (V) 0,197 0,294 0,312 0,327 

Jsc (mA) 1,040 49,002 94,323 180,390 

Jsc/X (mA) 1,040 1,040 1,040 1,040 

FF 0,620 0,673 0,659 0,618 

 

 

 

 

 

 

 

 

 

Figure 89. Voc and Isc data from the IV measurements performed, on the SiGeSn/Ge based device, in this study 

and at CEA for sake of comparison. The device shows good linearity. 

The IV curve at 50 suns has then been successfully simulated by using the EQE data and a triple 

diode model (see 6.1 and Figure 91), whose pre-exponential terms, for the diffusion (J0), 

recombination (Jrec) and tunnelling (Jtun) current density, along with the series (Rs) and shunt (Rsh) 

resistance assumed, respectively, the following values: J0=6.7*10-6 A/cm2, Jrec=1.53*10-7A/cm2, 

Jtun=2.5*10-5A/cm2, Rs=0.15 Ω and Rsh=1100 Ω.  

 

𝐼 = 𝐽𝑝ℎ ∙ 𝐴𝑎𝑡𝑡 − 𝐽01 ∙ 𝐴𝑡𝑜𝑡 (𝑒
𝑞(𝑉+𝐼∙𝑅𝑠)

𝐾𝑇 − 1) − 𝐽02 ∙ 𝐴𝑡𝑜𝑡 (𝑒
𝑞(𝑉+𝐼∙𝑅𝑠)

2𝐾𝑇 − 1) − 𝐽03

∙ 𝐴𝑡𝑜𝑡(𝑒
𝐵(𝑉+𝐼∙𝑅𝑠) −

𝑉 + 𝐼 ∙ 𝑅𝑠

𝑅𝑠ℎ
 

6.1 

Apart the usual terms and those already introduced: 

𝐴𝑎𝑡𝑡 = PV active area = 0.0521 cm2 

𝐴𝑡𝑜𝑡= total device area = 0.0712 cm2 
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                                  a)                                          b) 

Figure 90. a) EQE data and simulated curve.  The contribution the overall current produced by each layer has 

been calculated by integrating the simulated EQE with AM1.5D spectrum (the surface recombination velocity 

between InGaP and SiGeSn is 105 cm/sec); b) energy band diagram of the GaAs/InGaP/SiGeSn/Ge 

heterojunction. The holes generated in GaAs have to overcome a barrier of about 0.48 eV to be transferred in the 

SiGeSn emitter, this means that these carriers cannot reach the junction. 

 

B = exponential coefficient term of the tunnelling current = 
8∙𝜋

3∙ℎ
√

𝑚∗𝜀

𝑁𝑑
= 26.2  (value introduced for 

the best fit of the experimental data)  

Where: 

h = Plank constant, 

m*= effective mass 

ε = dielectric constant 

Nd = donor atoms concentration = 1019 cm-3 ( measured by ECV) 

 

 

 

Figure 91. On the left, the equivalent electrical scheme of the triple diode model; on the right, the band diagram 

of the junction in which the three recombination mechanisms that contribute to the dark current are depicted      

( from[35]). 

 

Considering the short circuit current measured at 50 X and the PV active area, a one sun short 

circuit current density (Jsc) of 19.5 mA/cm2 has been calculated. This value is mainly limited by the 

high value of the surface recombination velocity between SiGeSn and InGaP, whose value, 

extracted from the EQE simulation, resulted to be >105 cm2.  
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The open circuit voltage (Voc) is limited both by the low bandgap of SiGeSn and by the high surface 

recombination velocity.  

In order to bring the SiGeSn cell closer to a realistic condition in which SiGeSn behaves like a 

bottom cell in InGaP/GaAs/SiGeSn MJ structure, the measured EQE, as reported in Figure 89 a),  

has been cut for all the wavelength <970nm.  

The short circuit current density has been re-calculated (13.4 mA/cm2) and then difference 

Woc=Eg/q-Voc (by considering an Eg of 0.62 eV as extracted from the ellipsometry data reported in 

chapter 5.4.3.7) has been obtained. The one sun Voc has been re-calculated by assuming a single 

diode model with a pure diffusion process.  Therefore, the quantity (KT/q) log (19.5/13.4) = 9.37 

mV, has been subtracted to the originally one sun value (197 mV, as reported in Table 11), where 

K=Boltzmann constant, T=absolute temperature, q= electron charge. 

 

 

 

 

 

 

 

 

 

Figure 92. IV curve obtained under AM1.5D spectrum at 50x concentration and simulated data of the 

GaAs/InGaP/SiGeSn/Ge heterojunction. The Area reported in the inset correspond to the designated area of the 

solar cells. 

The calculated Woc is 0.432 V. This value is quite similar to the value presented by Ge [131], as we 

could expect for dilute SiGeSn, and remarkable lower than the value that can be calculated from 

[30] (0.72V), related to 1eV SiGeSn single junction.  

We could wonder: what could be the one sun short circuit density value of SiGeSn/Ge 

heterojunction integrated in a MJ structure, if instead of considering a SiGeSn with Eg of 0.62 eV 

we could consider the material with Eg =1 eV? A new simulation has then been performed by 

assuming: i) to introduce the same cell parameters utilised to simulate the EQE, as reported in 

Figure 89 a), apart the surface recombination velocity between InGaP and SiGeSn which has been 

reduced to 103 cm/sec, ii) to cut the EQE for all wavelength >1240 nm, and iii) to deposit over the 

SiGeSn/Ge heterojunction and InGaP layer, a 3.5 um thick GaAs layer in order to simulate the 

absorption of a realistic GaAs middle cell.  
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By integrating the simulated EQE (see Figure 93) with the AM1.5D spectrum, a one sun short 

circuit current density of 15.95 mA/cm3 has been obtained. Since very efficient  4J solar cells (EFF 

>47%) require short circuit current density of 15 mA/cm2 [132],  the performed simulation shows 

that the quality of the SiGeSn MOVPE grown is already sufficient  to be integrated in MJ structure, 

considering that further main efforts will have to be addressed to increase the Eg and reduce the 

surface recombination velocity between InGaP and SiGeSn. The importance of decreasing the 

surface recombination velocity between InGaP and SiGeSn has been further ascertained with the 

following simulations. 

 

 

 

 

 

 

 

 

Figure 93. SiGeSn/He HJ structure and related EQE simulation by assuming a surface recombination velocity at 

the interface between SiGeSn and InGaP = 103 cm/sec. 

Considering again the SiGeSn/Ge heterojuction with a 0.4 µm thick GaAs layer, SiGeSn has been 

replaced by a Ge emitter, by keeping the emitter thickness unchanged (0.6 µm thick) and the EQE 

simulated (see Figure 94 a). By comparing Figure 90 a) with Figure 94 a), it is evident that a lower 

absorption takes place in the emitter when Ge is used instead of SiGeSn: the emitter contribution to 

the short circuit current reaches 72% when SiGeSn is used, while it drops to 47%, when Ge replaces 

SiGeSn.  

It is interesting to point out that simulating the Ge emitter case, an EQE with a max around 0.8, 

instead of 0.7, has been obtained. This is due to the combined effects of a reduced absorption in the 

emitter and of a high recombination velocity at the interface between the emitter and the InGaP. By 

replacing SiGeSn with Ge, while keeping the same value for the surface recombination velocity, we 

can generate more carriers in the base, where we have less non-radiative recombination and 

consequently, we can get higher EQE values.  

The higher absorption coefficient of SiGeSn with respect to Ge could be fully exploited once the 

recombination velocity at the interface SiGeSn/InGaP could be reduced, for example, to 102 cm/sec. 

In this case, the contribution of the emitter to the short circuit current is calculated to rise to 82% ( 

see Figure 94 b) and the cell efficiency would be boosted from 4% to 7%. It is worthwhile to point 

out that, by keeping unchanged the surface recombination velocity at 102 cm/sec and by using a Ge 

homojunction instead of a SiGeSn/Ge heterojunction, the EQE simulation shows that a Ge emitter 
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thickness three times higher than a SiGeSn one would be required in order to get the same emitter 

contribution in the short circuit current (see Figure 95). 

 

 

 

 

 

 

 

 

 

 

 

                                   a)                                      b) 

Figure 94. EQE simulations: a) EQE simulation of a GaAs(n-type)/InGaP(n-type)/Ge(n-type)/Ge(p-type) PV 

structure, with a Ge(n-type) layer with the same thickness of the SiGeSn emitter (the surface recombination 

velocity between InGaP and Ge has been fixed to 105 cm/sec); b) EQE simulation of a GaAs(n-type)/InGaP(n-

type)/SiGeGe(n-type)/Ge(p-type) PV structure, in which the surface recombination velocity between InGaP and 

SiGeSn has been reduce di 102 cm/sec. 

Owing to the remarkably higher absorption coefficient of SiGeSn with respect to Ge, the dilute 

SiGeSn considered in this study could be exploited both in TPV and space applications. In 

particular, since in a triple junction InGaP/InGaAs/Ge structure, Ge has shown poor resistance to 

proton radiation, especially in the case of low-energy protons (0.7 MeV) [133], SiGeSn could allow 

realizing devices more radiation resistance than Ge, owing the possibility to generate the some 

current with thinner layers. 

 

 

 

 

 

 

 

 

Figure 95. EQE simulation of a GaAs(n-type)/InGaP(n-type)/Ge(n-type)/Ge(p-type) PV structure, with a Ge 

emitter layer 1.85 µm thick (the surface recombination velocity between InGaP and Ge has been fixed to 102 

cm/sec). 
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6.2. Efficiency prediction of InGaP/InGaAs/SiGeSn/Ge solar cells in two and 

three terminal configurations 

A first reference investigation on the performances of four junction solar cell by using InGaP, 

GaAs, Ge  and a 1 eV semiconductor (as a third junction) was performed by Sarah R. Kurtz, D. 

Myers and J. M. Olson [20]. Ideal efficiencies were determined by assuming: i) no recombination at 

the front and back surfaces, ii) no losses from grid shadowing, series resistance and shunt 

resistance, iii) a single diode model, iv) Ge substrate 150 µm thick. For such four-junction solar 

cell, under terrestrial concentrator condition, the cited Authors calculated a conversion efficiency 

over 50%. While electron/holes mobility and lifetime values were indicated for InGaP, GaAs and 

Ge, no cell parameters were reported for the 1 eV semiconductor.  

Assuming terrestrial concentrator condition and by considering GaInNAs for the third junction with 

1 eV Eg, J.F. Geisz and D.J. Friedman predicted for the 4J structure a 51% conversion efficiency 

value [134]. More recently [28], Tom Wilson at al, calculated an efficiency value of 48%, for a 

InGaP/InGaAs/SiGeSn/Ge four junction solar cell. In this case, even if no cell parameters were 

reported, 4% contact shading losses were indicated in the calculation (the reported I-V curve 

showed series resistance effects even if no mention was done concerning this loss mechanism).  

In this chapter a more detailed investigation on the performances of InGaP/InGaAs/SiGeSn/Ge four 

junction solar cell is carried out by using the optical data of SiGeSn investigated in chapter 

2.3.4.3.7. 

The single diode model, no losses from shunt resistance and good electrical performing tunnel 

diodes (TDs) are the only assumptions still maintained, while the 4J cell performances have been 

calculated by considering realistic cell parameters (see Table 12). Even if in this study high surface 

recombination velocity have been extracted from EQA data concerning the SiGeSn/InGaP interface, 

it is believed that a realist value of 103 cm/sec can be achieved, by further optimising the growth 

condition. In order to simulate a SiGeSn layer with 1 eV Eg threshold, the absorption coefficient 

data on SiGeSn reported in chapter 2.3.4.3.7 has been used imposing a threshold absorption at 1240 

nm.  Since the absorption coefficient has been observed to decrease as a function of the energy gap 

[93], this assumption/simplification could bring to over evaluate the photovoltaic current generated 

in SiGeSn.  

Furthermore, in the simulation, the tunnel diodes (TD) layers optical absorption, series resistance 

effect and a grid shadowing of 4% have been included, also considering the removal of the Ge 

substrate to boost the cell’s voltage.  

Eventually, since for a MJ solar cell that includes IV and III-V elements grown in the same 

MOVPE chamber, the realization of an “efficient” tunnel diode between the third and four junction 

can be problematic, as it will be discussed later, the simulated quantum efficiencies and the I-V 

curves have been calculated for a InGaP/InGaAs/SiGeSn/Ge four junction solar cell both in two and 

three terminal configuration. 

Concerning the solar cell parameters the following further assumptions have been adopted: i), 

owing to the 97% amount of Ge in the ternary alloy, the mobility and lifetime values of SiGeSn 

have been assumed equal to those of Ge, ii)  owing to the 1% amount of In in InGaAs, the mobility, 
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lifetime and absorption coefficient values of the III-V ternary material have been assumed equal to 

those of the binary GaAs. For the calculation of the voltage, however, the true InGaAs Eg has been 

considered.  

The solar cell’s parameter considered for InGaP, InGaAs, SiGeSn and Ge are summarized in     

Table 12. 

 

Table 12. Parameters assumed in the performance evaluation of 4J- InGaP/InGaAs/SiGeSn/Ge solar cells. The 

considered lifetimes are compared with the purely radiative lifetimes. 

Cell/parameters 𝝉𝒑/𝝉𝒓𝒂𝒅 

[s] 

𝝁𝒑 

[cm2/(V*s)] 

𝑺𝒑 

[cm/s] 

𝝉𝒏/𝝉𝒓𝒂𝒅 

[s] 

𝝁𝒏 

[cm2/(V*s)] 

𝑺𝒏 

[cm/s] 

Top-InGaP 1*10-9    /5 

*10-9 

80 1.3 *103 1 *10-8         

/1* 10-7 

1745 

 

103 

Middle-(Al)InGaAs 8*10-10 

/1.1*10-9 

116 103 1* 10-9    

/3.4 10-9 

2950 103 

Intermediate SiGeSn 1*10-7     

/1.5*10-6      

200 103 3*10-6      

/1.5 10-5 

1000 103 

Bottom-Ge (2T) 

 

Bottom-Ge (3T) 

1*10-7     

/1.5*10-6 

1*10-5    

/1.5*10-4         

209 

 

800 

103 3*10-6     

/1.5 10-5 

1009 103 

 

 For the Ge bottom cell, the cell’s parameters are different for the two terminal (2T) and for the 

three terminal (3T) QJ, as the polarity of the junction is inverted, and different doping levels are 

used. The selected parameters values have been extrapolated from the data reported in [135], [136],  

[137] and [138]. The radiative lifetime, τrad, has been calculated according to the following 

simplified relationship: 

 𝜏 =
1

𝛽𝑁
 6.2 

Where: 𝛽 is the B-B recombination coefficient [cm3/s], N= doping level [cm-3] and by considering   

𝛽𝐺𝑒 = 6.4 10−14 cm3/s; 𝛽𝐺𝑎𝐴𝑠 = 7.2 10−10 cm3/s; 𝛽𝐼𝑛𝐺𝑎𝑃 = 1 10−10 cm3/s  [136]. 

The structures of the two and three terminal 4J devices are reported in Figure 96. The two terminal 

QJ includes an AlGaAs buffer and (In)GaAs bottom tunnel diode (TD). The two terminal QJ is 

challenging because of the cross-contamination problem. In fact, if the (In)GaAs layers are kept 

very thin to avoid limiting the current of the bottom cell, it is possible to foresee that the residual 

contamination present in the growth chamber after the IV elements deposition, could cause a 



TOWARDS THE REALIZATION OF ALL MOVPE GROWN 4J InGaP/InGaP/SiGeSn/Ge SOLAR CELLS 

 

 

138 

polarity inversion in the (In)GaAs-P side of the TD.  A strategy to avoid the polarity inversion could 

be the utilization of thick and high energy gap buffer, however the bottom TD must also survive to 

the thermal MOVPE load due to the deposition of the upper layers. These growth problematics 

make it really challenging to realize a bottom tunnel diode with a peak current value higher than the 

cell’s short circuit current value when the cell operates at high concentration.  

These questions justify the proposal of a three terminal QJ, which allows eliminating the bottom 

TD, and therefore, from the growth’s point of view, it presents un easier and more robust QJ 

structure. Furthermore, the current matching in only required for the first, second and third junction, 

as the fourth junction can be independently contacted. For the three terminal device, however, we 

have to consider the following drawbacks: i) it presents a bit more complicated post-growth 

manufacturing process, ii) as the grid contacts are interdigitated, the grid pitch has to be larger than 

the case of the two terminal device, this, in turn, can introduce series resistance problem, iii). the 

“double” grid introduces a higher shadowing.  

It is then interesting to evaluate and compare the possible performances of the QJ in two terminal 

(2T) and three terminal (3T) configurations. The utilized grid mask for the two and three terminal 

devices are reported in Figure 97. In Table 13, the series resistance calculations are reported, 

according to following formula [139]: 

 

 𝑅 =
𝑅𝑠ℎ 𝑎

2

12
+

𝑅𝑚𝑎 𝑏2

3𝑡
+

𝑅𝑐

𝑆
 6.3 

where: 

Rsh = InGaP or Ge emitter sheet resistance (window’s contribution not considered); 

Rc = contact resistance; 

Rm = sheet resistance of the metal = m/w, m and w respectively resistivity and thickness of the 

metal; 

a = grid pitch; 

t = grid width; 

b = average grid length; 

S = t/a = grid shadowing factor. 
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Figure 96. Structures of the 2T (left) and 3T (right) InGaP/InGaAs/SiGeSn/Ge four junction solar cells. The 

substrate has been removed in both structures. 

 

 

 

 

 

 

 

 

 

 

Figure 97. On the left, the metallic grid utilized for the 2T device with a grid pitch of 100 µm; on the right, the 

metallic grid utilized for the 3T device, with a grid pitch of 160 µm and 120 µm. 
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Table 13. Grid main parameters and series resistance calculation according to Eq.6.3. 

 2T QJ 

Cell dimension:                   

2.4 mm x 2.4 mm 

3T QJ 

Cell dimension:                       

1 mm x 1mm 

a [µm] 100 160/120 

b [µm] 680 900 

S (t/a) 0.05 0.05 

Rs [Ω] 0.46 (3J) 1.48 /0.92  

(bottom J) 0.52/ 0.38 

          Note: Rsh(InGaP)= 1950 Ω/sq ; Rsh(Ge)= 78  Ω/sq ; Rm =  0.08 Ω ; Rc = 5*10-6 Ω cm2. 

 

For the 3T device the series resistance contribution has been calculated separately for the three-

junction connected in series (top, middle, intermediate) and for the bottom junction, considering 

two different grid design with 160 µm and 120 µm pitch. Figure 98 shows the EQE of the 

InGaP/InGaAs/SiGeSn/Ge 2T QJ cell, while, in Figure 99 the related I-V curves are depicted with 

and without the grid mask. The effect of the series resistance is shown in Figure 100. It is 

worthwhile to point out that the efficiency values have been calculated by assuming a conventional 

SiO2/Ta2O5 antireflective coating, which shows a non-ideal reflectivity curve in the wavelength 

range 900-nm-1600 nm.  

With respect to an ideal QJ operating at 500 sun, a “realistic” 2T four junction 

InGaP/InGaAs/SiGeSn/Ge solar cell presents an efficiency value 2.4 points lower (47.6% instead of 

50%). The calculated performances are also lower than those reported by Tom Wilson at al. [28] 

under AM1.5D illumination at 1000 sun concentration and considering a 4% grid shadowing. The 

one-sun current density and efficiency values calculated in [28] and here are respectively: 13.9 

mA/cm2 against 12.5 mA/cm2 and 48% against 45 %. (see Figure 99 and Figure 100). 

It has to point out that in [28] a MgF2/ZnS dual planar-layer anti-reflection coating was considered. 

Therefore, the lower current value calculated in this work can be mainly attributed to the utilization 

of a SiO2/Ta2O5 coating instead of the MgF2/ZnS one. Indeed, the SiO2/Ta2O5 planar coating used 

in these simulations does not show optimized reflectance values in the wavelength range where the 

SiGeSn and Ge sub cells are active (see Figure 98). This condition forces to limit the thickness of 

the InGaP and InGaAs junctions and then to collect a lower overall current. 
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Figure 98. Simulated EQE and reflection coefficient of a InGaP/InGaAs/SiGeSn/Ge four junction solar cell in a 

two-terminal configuration. Ge thickness = 70 µm. 

The calculated voltage by Tom Wilson at al., was around 4.2 V against 4.05 V reported in this 

study. Such a difference can be due to several factors: different doping levels, difference in the 

surface recombination velocities, different layers thickness and bus bar area. Nevertheless, these 

simulations show that efficiency values higher than 45% can likely be obtained from a “realistic” 

2T  InGaP/InGaAs/SiGeSn/Ge QJ solar cell, keeping in mind that proper growth condition and 

cell’s structure have to be selected for avoiding the IV elements contamination in the bottom III-V 

based TD and for controlling atoms interdiffusion. 

  

Figure 99. IV curves of the InGaP/InGaAs/SiGeSn/Ge solar cells without (left) and with (right) the grid mask. 

The one sun current density is reduced from 13.05 mA/cm2 to 12.5 mA/cm2 owing to the grid mask. The QJ is top 

limited.  
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Figure 100. IV curves of the InGaP/InGaAs/SiGeSn/Ge 2T solar cell with the grid mask, also considering the 

series resistance as shown in Table 13, at 500 X (left) and 1000 X (right). The QJ is middle limited. 

The results of the simulations concerning the 3T QJ are reported in Figure 101 and Figure 102. 

 

Figure 101. Simulated EQE and reflection coefficient of a InGaP/InGaAs/SiGeSn/Ge four junction solar cell in a 

3T configuration. Ge thickness = 70 µm. 

 

At 1000 X, the efficiency is 44.9% with a grid shadowing of 4.17% and 44.5% with a grid 

shadowing of 5.3%  These values are slightly lower than the value obtained for the QJ in the two 

terminal configuration, because of the series resistance losses which penalise the FF value. It is 

worthwhile to mention that the efficiency value could increase to 45.5%  and 45.1% with a grid 
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shadowing of 4.17% and 5.3% respectively, only by assuming for the Ge and the SiGeSn cells a 

surface recombination value at the base/ BSF interface equal to 102 cm/sec instead of the assumed 

value of 103 cm/sec. 

  

Figure 102. IV curves of the InGaP/InGaAs/SiGeSn/Ge solar cell in a 3T configuration, with the grid mask and 

also considering the series resistance, considering the two-grid design, left): 160 µm pitch, right) 120 µm pitch. 

 

It is straightforward to check that by assuming the same MgF2/ZnS coating, in order to reach the 

same current density measured by [28] and preserving the high fill factor value obtained in our 

simulation (by considering an InGaAs limited QJ cell), our calculation would show an efficiency 

value potentially over 50%, in agreement with the simulation reported by Sarah R. Kurtz and by J.F. 

Geisz at a on QJ cells with a 1eV Eg third junction. Overcoming the 50% efficiency threshold is of 

course a major goal for present-day research on MJ solar cells. 



CONCLUSIONS AND PERSPECTIVES 

 

 

144 

 

  



CONCLUSIONS AND PERSPECTIVES 

 

 

145 

7. Conclusions and perspectives 

Global warming and climate change are universally accepted as being the major challenges facing 

humankind. Presently, a pervasive utilization of renewable energy sources (RES) must be deployed 

as a solution to mitigate the human impact on climate and for building up a sustainable power 

generation system. Among the RES so far developed over recent decades, namely bioenergy, 

geothermal, hydropower, solar and wind, the solar solution is by far the most abundant, and it is 

available everywhere.  

The photovoltaic technology, in particular, is one of the most valuable solutions to exploit solar 

energy and since its starting match in the 50s, it has been rapidly grown. The future development of 

PV is nowadays a core component of the integrated national energy and climate plan that EU 

Member States need to establish to meet the Union's binding target of at least 32% renewable 

energy generation by 2030.  

Such a target will be easier and faster reached by developing more efficient PV technologies. 

Among the most promising ones, the concentrating photovoltaic (CPV) technology is expected to 

play a key role in this race, as already it represents the most efficient solution in the variegated PV 

panorama. 

The core of the CPV technology is the multi-junction (MJ) solar cell, that with its ability of 

absorbing most of the solar spectrum without compromising the device voltage, has reached 

conversion efficiency over 45% and it still offers the possibility of fixing new targets towards 50%.  

For producing high efficiency next generation MJ solar cells, new accurate and fast computation 

methods should be developed, as well as, new growth approaches that can allow expanding the 

band gap engineering possibilities by reducing the manufacturing costs. 

For fulling the above requirements, this thesis addressed the research in two directions: 

1) a theoretical study on a more efficient computation method for the MJ solar cell modelling,  

2) a feasibility experimental study to combine III-V and IV elements in a new MOVPE growth 

monolithic approach, in view of realizing high-efficiency and low cost 

InGaP/InGaAs/SiGeSn/Ge quadruple junction solar cells. 

With the aim to preserve the simplicity of the Hovel model and, at the same time, to offer the 

accuracy of the TMM without suffering of its numerical instability, a new mathematical approach 

has been implemented, based on SMM and a simplified generation function.  

The key assumption utilized to simplify the generation function has been related to the possibility to 

neglect the interference of counter propagating waves that are indeed negligible with respect to the 

positive and negative radiation flux components. 

In this way it has been possible to get sufficiently accurate analytical solutions of the continuity 

equation in the quasi-neutral regions of the sub-cells of the MJ device, getting a very good trade-off 

between computing time and accuracy. 
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In order to expand the band gap engineering possibilities while reducing the manufacturing cost, an 

in depth growth analysis has been addressed to advance in the deposition of III-V and IV elements 

in the same Metalorganic Vapour Phase Epitaxy (MOVPE) growth chamber, trying to overcome the 

problems that hindered so far this approach.  

The experimental work has been articulated on two main research lines: i) the study of diluted 

SiGeSn deposition in a III-V contaminated MOVPE reactor ii) the study of the cross influence 

between groups IV and III-V elements. 

Several aspects of the MOVPE SiGeSn growth have been investigated bringing to the deposition, 

high crystalline quality SiGeSn layers lattice matched to Ge, with FWHM of the XRD diffraction 

peaks as low as 48 arcsec and with an excellent composition uniformity of 1% on 4 inch wafers. 

New insights have been evidenced on the SiGeSn MOVPE growth as summarised in Table 14. 

The more relevant result of the experimental work is the possibility to get SiGeSn layers - Sn 

segregation free - even at temperatures up to 490°C, exploiting the As contamination of the growth 

chamber produced by the previous III-V runs, allowing to keep active the in-situ temperature wafer 

control during the MOVPE growth. 

Arsenic adatoms on SiGeSn surface seem to play a role similar to Si atoms incorporated in SiGeSn: 

they both facilitate Sn incorporation in the SiGeSn matrix, the former by controlling the exchange 

process between Ge and Sn atoms on the surface and bulk, the latter by decreasing the compressive 

strain in the SiGeSn matrix [140]. The new theory proposed on the bond length of adatoms for 

inhibiting Sn precipitation allows predicting that Mg adatoms could also be effective to deposit 

SiGeSn - tin segregation free - at relatively high temperature, wiht a p-type polarity. In this way the 

switching between As and Mg doping could allow depositing SiGeSn P/N junction tin segregation 

free.  

An interesting consequence of the proposed theory is that it also allows explaining the formation of 

structural defects even in samples in which Sn is near to the equilibrium content.  The morphology 

deterioration, in fact, are not caused by samples not thermodynamically stable but rather by a 

surface growth mechanism that develops at the beginning of SiGeSn deposition. 

Concerning the cross influence between III-V and IV elements, it has been studied its effect on the 

growth rate, background doping and layers morphology.  

It is shown that the IV elements growth rate penalization due to As “carry over” can be eliminated 

by depositing proper coating runs, while the background doping level can be drastically reduced to 

values as low as 3*1014 in III-Vs and around 1015 cm-3 in Ge and SiGe semiconductors, by reducing 

the growth temperature (around 500°C), setting adequate growth rate (around 100 nm/min, for IV 

elements based materials) and including thick buffer layers. 

On the other hand, SiGeSn growth has been found limited by the etching action produced by HCl, 

as formed by the decomposition products of SnCl4, Si2H6 and GeH4 
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Table 14. Advances in SiGeSn MOVPE growth 

Issues New insights   

Sn segregation/precipitation in SiGeSn  SiGeSn layers, tin segregation free have been obtained in 

the temperature range, 480-490°C, by depositing SiGeSn 

at growth rate values > 7 nm/min and by exploiting the 

arsenic carry-over (i.e. the presence of As adatoms). A 

new theory on the bond length of adatoms in determining 

the inhibiting role for Sn precipitation is proposed. 

Control of SiGeSn composition in kinetic growth regime Si2H6 is the gas source more influenced by the growth 

temperature compared to GeH4 and SnCl4, therefore, the 

control of wafer temperature profile is of primary 

importance concerning Si2H6 decomposition and Si 

incorporation uniformity 

Precursor competition  There is a competition between Si2H6 and SnCl4 which 

makes it necessary to inject more Si2H6 to incorporate Si 

in SiGeSn, as SnCl4 partial pressure is increased;  

 

SiGeSn growth rate The use of DEZn is helpful in increasing the SiGeSn 

growth rate, up to 40%, as DEZn decomposition produces 

CH3 radicals which can either reduce the hydrogen or 

HCl at the wafer surface. 

 

The etching action produced by HCl produces two negative effects, that hinder the reduction of the 

group V elements contamination in this ternary material:  

1) it decreases the SiGeSn growth rate (one order of magnitude with respect to SiGe grown at 

the same GeH4 partial pressure),  

2)  it removes the Ge and SiGe coatings already deposited on the reactor graphite parts, thus 

opening possible evaporation paths for the previous deposited As.  

Moreover, we have assessed that the SnCl4 precursor utilized in the SiGeSn growth transfers a 

considerable amount of P in the reactor chamber; therefore, regardless the contamination due to the 

previous III-V deposition, a reduction of the amount of P impurities in the SnCl4 has to be 

addressed in order to reduce to acceptable level the background carrier concentration in SiGeSn. 

Concerning the morphology aspects, this study shows that at low temperature, around 500°C, Ge 

and SiGe morphologies do not degrade when the IV elements semiconductors are grown in a III-V-

contaminated MOVPE growth chamber. On the other hands, critical morphology aspects have been 

identified for SiGeSn, as already indicated, depending of the As contamination level of the MOVPE 

growth chamber and in III-Vs, when the deposition takes place in Sn-contaminated MOVPE growth 

chamber. III-Vs morphologies, in particular, are influenced by the substrate type and orientation: no 

morphology issues have been observed when the III-V deposition takes place on GaAs (100), 2° off 

towards <110> substrate, while morphology degradation takes place when the III-V deposition is 

carried out over  Ge (100) 6° off towards <111>  substrates.  
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It is worthwhile to point out that the MOVPE developing work, in particular addressed to improve 

SiGeSn growth uniformity and to control the parasitic deposition and cross doping when III-V and 

IV elements are grown in the same growth environment, has also required an important re-design of 

the MOVPE growth chamber. Several hardware changes have been introduced, as summarized in 

Figure 103. 

 

 

Figure 103. Summary of the hardware modification introduced in the MOVPE reactor in order to improve the 

SiGeSn growth and the control of the III-V and IV element cross influence  

 

Some preliminary results have been produced at the device level.  In order to study the SiGeSn PV 

behaviour, a first InGaP/SiGeSn/Ge heterojunction filtered by a 0.4 µm thick GaAs cap layer has 

been manufactured and characterized by EQE and IV. The latter characterization was carried out 

from 1 sun to 173 suns, under AM1.5D spectrum. 

An EQE value of about 70% has been measured, while the device reaches 4% efficiency under 

G173-D spectrum, at 50x concentration. The EQE simulations, carried out by considering the 

measured refractive index and absorption coefficient of the SiGeSn layer, show that the bulk quality 

of the SiGeSn-n-type layers, MOVPE grown, are already sufficient to be integrated in triple 

junction structures, replacing Ge bottom cells. 
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An interesting output of this study is the remarkably high absorption coefficient determined for 

SiGeSn with respect to Ge. This result suggests that by using diluted SiGeSn we could realize 

thinner TPV devices or more radiation resistance solar cells than Ge ones. 

For an assessment of the potential of the InGaP/InGaAs/SiGeSn/Ge solar cell technology, several 

simulations have been finally carried out, by using the SMM implemented in chapter 3 and the 

optical properties of SiGeSn measured and reported in chapter 5.  

The PV performances have been evaluated for a InGaP/InGaAs/SiGeSn/Ge four junction solar cell 

both in two (2T) and three terminal (3T) configurations, at 1000 X concentration. 

The computed efficiencies, by assuming that both 2T and 3T QJs are limited by the middle cells, are 

respectively 45.1% and 44.9%. The very near efficiency values indicate that the 3T QJ is an 

alternative solution to the 2T QJ, in case it will be difficult to realize “efficient” tunnel diodes 

between the third and four junctions. 

The reported efficiencies values are a bit lower than those reported in the literature for analogous 

devices, however, it has been estimated that the QJ InGaP/InGaAs/SiGeSn/Ge solar cell has the 

potential to reach efficiencies over 50% by assuming proper antireflective coatings and 

recombination velocities of 103 cm/s for the SiGeSn sub-cell. Reaching the 50% efficiency 

threshold is of course a major goal for present-day research on MJ solar cells. 

In summary, this thesis work has allowed advancing in the deposition of III-V and IV elements in 

the same Metalorganic Vapour Phase Epitaxy (MOVPE) growth chamber, in view of their the 

monolithic integration, facing several problems that hindered so far this approach.  

In particular, the achievements reported in this study show that, while for the final integration of 

SiGeSn in III-V based MJ solar cells, further SiGeSn MOVPE growth optimizations are necessary, 

the realization of III-V and Ge (or SiGe) based monolithic MJ architectures in the same MOVPE 

growth apparatus, by using commercial precursors, can already be feasible.  

This conclusion allows opening new prospective and addresses the next development steps on the 

MJ solar cell technology based on the combination of III-V and IV elements. 

The possibility to integrate III-V with Ge or SiGe  opens the path for realizing four junction solar 

cells partially segmented  [141],  i.e. in which the two lower junctions can be made of the same 

material,  both of Ge or of SiGe, and are vertically monolithically grown under a dual junction III-V 

stack. The design of such a device was theoretically presented in the early 2000, by Daniel J.Aiken 

[142] so far never realized, owing to the cross influence between III-V and IV elements. 

An InGaP/InGaAs/Ge/Ge MJ structure has the advantage to exploit the current in excess that would 

be produced by a Ge bottom cell under a InGaP/GaAs stack. Preliminary simulations show that the 

proposed four junction solar cell should allow improving the InGaP/InGaAs/Ge solar cell efficiency 

of 1.5 absolute point, as a results of an increment in the solar cell voltage and of a small 

penalization in the current that would be produced with respect to the triple junction solar cell. 

The realization of a InGaP/InGaAs/Ge/Ge MJ structure - all MOVPE grown- would be an important 

test bench to control the atom inter-diffusion that could compromise the MJ device functioning. 
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While the cross contamination from the vapour phase has been reduced to acceptable levels, the 

next challenge to be faced in order to realize a high efficient MJ device will be the control of the IV 

elements diffusion in III-V adjacent layers and vice versa. The solution to this problem is expected 

to be the utilization of proper designed cell structures.  

For this purpose, two promising MJ structures are, for example, proposed in Figure 104. They 

concern 3T QJ devices in which the bottom junction has a p/n polarity and the subsequent junctions 

have n/p polarities. Such structures are expected to be suitable for controlling the atom inter-

diffusion, since in Figure 104 a) all the adjacent III-V and IV layers have n-type polarity, while in 

Figure 104 b) there is only one InGaP(p) layer sandwiched between two SiGe(p)layers. The 

InGaP(p) layer has been included with a double function: 1) it can be used as a stop etch layer, 2) it 

can work as a minority carrier “mirror”  for both the SiGe layers. 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                           a)                                                     b) 

Figure 104. Four junctions partial segmented InGaP/GaAs/SiGe/SiGe solar cells. Both structures can grow on a 

GaAs substrate that can be subsequently removed.  The MJ structure depicted in b) has an added InGaP 

interlayer, sandwiched between the two SiGe sub cells, with respect to the MJ structure depicted in a). This layer 

has been included to improve the cell manufacturing and enhance the cell performances.  

 

Of course, these solutions will be less efficient than a III-V based 4-junction solar cell in which  

1eV SiGeSn is included as a third junction, however, the realization of 

InGaP/InGaAs/(Si)Ge/(Si)Ge 4-junction solar cells, with efficiency around 40%,  can be thought as 
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the first proof-of-the-concept of the monolithic integration IV and III-V elements in a fully-MOVPE-

grown MJ solar cell, and for this reason, it will constitute a very important intermediate step. 

As the final aim is the integration of SiGeSn in III-V based MJ solar cells, the next important 

achievements to be reached on the MOVPE SiGeSn growth for this purpose, have been summarized 

in Table 15.  

The main challenges still to be faced are: i) the increase of Sn and Si incorporation in the ternary 

material to around respectively 2% and 8% to achieve an energy gap around 0.9 eV , ii) the 

realization of SiGeSn p-type layers at relatively high temperature, iii) the reduction of the carrier 

background concentration in SiGeSn. 

 

Table 15. Next achievements for SiGeSn MOVPE growth 

Achievement Objective 

Obtain SiGeSn layers - Sn segregation free - still 

keeping the growth temperature >400 °C, with Si and Sn 

concentration respectively of 8% and 2% 

Increase Eg from 0.62 eV top 0.9 eV 

Obtain SiGeSn layers - Sn segregation free - still 

keeping the growth temperature >400 °C, with p-type 

polarity, by testing (C5H5)2Mg 

Realize SiGeSn P/N junction at relative high 

temperature 

Reduce SiGeSn surface porosity due to the presence of 

etch pit like defects, correlated with the Sn content in the 

samples.   

Decrease the surface recombination velocity to 102-

103 cm/sec 

Increase the GeH4 partial pressure in order to increase 

SiGeSn growth rate from 7 nm/min to 100 nm/min 

Reduce the SiGeSn background contamination to 

the levels reached in Ge and SiGe 

Procurement of new SnCl4 sources with higher purity 

grade 

Reduce P contamination in SiGeSn < 1016 cm -3 

Growth of III-V in a Sn contaminate MOVPE growth 

chamber on Ge substrate with orientation (100), 2° off 

towards <110> substrate 

Assess whether the morphology degradation 

observed on III-Vs deposited in a Sn contaminated 

MOVPE growth chamber is related to the chemical 

nature of the substrate or to its orientation 

  

In prospective, in view of a further reduction of the MJ solar cell cost, the results presented in this 

thesis open the possibility for a monolithic integration of IIIVs and Si by using the same MOVPE 

deposition system, possibly simplifying the manufacturing steps nowadays necessary with the wafer 

bonding or by the mechanical stacking approaches.  

As a final conclusion, it is worthwhile to come back to the computation carried out in the 

introduction of this thesis, in which  I demonstrated that by covering an average regional area of 15 

km2 even with 10% efficient PV systems we could produce, an energy equal to the Italy annual 
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imported energy. The results of this work and related simulations show that MJ cell technology 

based on III-V and IV elements has the potential to achieve efficiency above 45%. By assuming to 

use CPV modules with optics having an optical efficiency of 80%, we could get 36% efficient CPV 

modules and 30% efficient PV systems. This means that the average regional area needed to 

generate an energy equal to the Italy annual imported energy would be three time less than 

previously calculated, i.e. just 5 km2. This area would correspond to only 0.02% of the Emilia 

Romagna area.  

This conclusion motivates the future MJ cell development efforts necessary to transfer the results of 

this work in a highly efficient CPV technology for realising a decarbonised power sector and a more 

sustainable energy supply in our Country.  
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Appendix 1. Determination of the electric field at the beginning of 

each layer by applying TMM and SMM 

 

As demonstrated in chapter 3.1, the Poynting vector changes along the layer thickness following a 

generalized Lambert-Beer law. The Lambert-Beer law can then be applied for the determination of 

the electric field at the beginning of a layer, starting from the electric field at the end of the layer. 

However, we can get the electric field at the beginning of a layer also by applying the TMM, by 

considering a different coordinate system. In order to determine the complex amplitudes of the 

forward and backward waves at the beginning of each layer, it is possible to apply the procedure 

followed in the chapter 2.4, by considering the geometrical representation of Figure 105. 

 

 

 

 

 

 

Figure 105. Geometrical representation of the interface between layer j and j+1.  The coordinate xj  identifies the 

beginning of the layer j. 

 

In particular, by considering the boundary conditions for TM mode  (Eq.2.56 and Eq.2.59) and for 

TE mode (Eq.2.112 and Eq.2.116) at the interface xj+1 and the coordinate system depicted in Figure 

105, the generic (for TM and TE modes) characteristic layer matrix Tj becomes: 

            𝑇𝑗 =
1

2𝛽𝑗+1
 [
Ψ𝑗

+(𝛽𝑗+1 + 𝛽𝑗) Ψ𝑗
−(𝛽𝑗+1 − 𝛽𝑗)

Ψ𝑗
+(𝛽𝑗+1 − 𝛽𝑗) Ψ𝑗

−(𝛽𝑗+1 + 𝛽𝑗)
] 0.1 

Where, the complex coefficient 𝛽𝑗 are given by Eq.2.61 or Eq.2.117 for TM and TE mode, 

respectively. 

Therefore, it holds: 

            [
Ƒ𝑗+1

+

Ƒ𝑗+1
−] = 𝑇𝑗 [

Ƒ𝑗
+

Ƒ𝑗
−] 0.2 

As already claimed, also the matrix 𝑇𝑗 can be expressed as a product of an “interface” and 

“propagation” matrix, which describe the reflection of the electric field at the interface j+1, j and the 

propagation of the electric field inside the layer j: 

𝒓𝒋+𝟏 = 𝒓𝒋 + �̂�𝑑𝑗 

𝒙𝒋+𝟏 = 𝒙𝒋 + 𝑑𝑗 
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𝑇𝑗 =
𝛽𝑗+1+𝛽𝑗

2𝛽𝑗+1
 [

1
𝛽𝑗+1−𝛽𝑗

𝛽𝑗+1+𝛽𝑗

𝛽𝑗+1−𝛽𝑗

𝛽𝑗+1+𝛽𝑗
1

] [
Ψ𝑗

+ 0

0 Ψ𝑗
−] 0.3 

 

 

Where: 

                            
𝛽𝑗+1 + 𝛽𝑗

2𝛽𝑗+1
 

[
 
 
 
 1

𝛽𝑗+1 − 𝛽𝑗

𝛽𝑗+1 + 𝛽𝑗

𝛽𝑗+1 − 𝛽𝑗

𝛽𝑗+1 + 𝛽𝑗
1

]
 
 
 
 

=
1

𝑡𝑗+1,𝑗
[

1 𝑟𝑗+1,𝑗

𝑟𝑗+1,𝑗 1
] 0.4 

𝑡𝑗+1,𝑗 and 𝑟𝑗+1,𝑗, are, respectively, the Fresnel transmission and reflection coefficients. 

Comparing, for example, Eq.2.74 with Eq.0.4, it can be verified that: 

                            𝑟𝑗,𝑗+1 = −𝑟𝑗+1,𝑗   and   𝑡𝑗+1,𝑗 = 𝑡𝑗,𝑗+1

𝑤𝑗

𝑤𝑗+1
  

From Eq.0.2 : 

            [
Ƒ𝑁

+

Ƒ𝑁
−] = 𝑇𝑁−1 …… . 𝑇0 [

Ƒ0
+

Ƒ0
−] 0.5 

Since Ƒ𝑁
− = 0,  we get: 

            [Ƒ𝑁
+

0
] = [

𝑇11 𝑇12

𝑇21 𝑇22
] [

Ƒ0
+

Ƒ0
−] 0.6 

Therefore: 

    Ƒ𝑁
+ =  𝑇11Ƒ0

+ + 𝑇12Ƒ0
− ;                      Ƒ0

−
= −

𝑇21

𝑇22
Ƒ0

+ 0.7 

Eq.0.7 allows determining the reflection coefficient: 

R𝑇𝑀 =
〈�̃�0(x0)〉

−
𝑇𝑀,𝑇𝐸

〈�̃�0(x0)〉+𝑇𝐸,𝑇𝐸

=
|Ƒ0

−|2

|Ƒ0
+|

2 =
|𝑇21|

2

|𝑇22|2
 0.8 

By knowing Ƒ0
+ and Ƒ0

−, it is possible from Eq.0.2, to determine all the Ƒ𝑗
+and  Ƒ𝑗

−
, for j=1…N-1 

The matrix elements of the generic scattering matrix become: 

  𝑆𝑗(1,1) =
(𝛽𝑗 − 𝛽𝑗−1)(𝜓𝑗−1

+)
2
+ (𝛽𝑗 + 𝛽𝑗−1)𝑆𝑗−1(1,1)

(𝛽𝑗 + 𝛽𝑗−1)(𝜓𝑗−1
+)

2
+ (𝛽𝑗 − 𝛽𝑗−1)𝑆𝑗−1(1,1)

 0.9 

interface Propagation 
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Getting 𝑆𝑗−1(1,1) from  𝑆𝑗(1,1): 

 𝑆𝑗−1(1,1) =
(𝜓𝑗−1

+)
2
[(𝛽𝑗 + 𝛽𝑗−1) 𝑆𝑗(1,1) − (𝛽𝑗 − 𝛽𝑗−1)]

[(𝛽𝑗 + 𝛽𝑗−1) −  𝑆𝑗(1,1)(𝛽𝑗 − 𝛽𝑗−1)]
 0.10 

For J=N, recalling that  𝑆𝑁(1,1) = 0, it follows: 

   𝑆𝑁−1(1,1) =
(𝛽𝑁−1 − 𝛽𝑁)

(𝛽𝑁−1 + 𝛽𝑁)
(𝜓𝑁−1

+)
2
 0.11 

 𝑆𝑗(2,1)  =  
2𝛽𝑗𝜓𝑗−1

+𝑆𝑗−1(2,1)

(𝛽𝑗 − 𝛽𝑗−1)𝑆𝑗−1(1,1) + (𝛽𝑗 + 𝛽𝑗−1)(𝜓𝑗−1
+)

2 0.12 

Getting 𝑆𝑗−1(2,1) from  𝑆𝑗(2,1): 

 𝑆𝑗−1(2,1)  =  
𝑆𝑗(2,1) [(𝛽𝑗 − 𝛽𝑗−1)𝑆𝑗−1(1,1) + (𝛽𝑗 + 𝛽𝑗−1)(𝜓𝑗−1

+)
2
]

2𝛽𝑗𝜓𝑗−1
+  0.13 

 

For J=N, recalling that  𝑆𝑁(2,1) = 1 and by considering Eq.0.11, it follows: 

 𝑆𝑁−1(2,1)  =  
2𝛽𝑁−1

𝛽𝑁 + 𝛽𝑁−1
𝜓𝑁−1

+ 0.14 

The remaining calculation scheme reported in  Figure 15 can be applied. 

A precaution has to be considered regarding the scattering matrix elements  𝑆𝑁−1(1,1) and 

𝑆𝑁−1(2,1), from which all the others   𝑆𝑗(1,1) and 𝑆𝑗(2,1) elements can be determined. It can be 

pointed out from Eq.0.11 and Eq.0.14 that the matrix elements contain the term 𝜓𝑁−1
+

. In all cases 

where the N-1 layer is thick (one important case is that where the N-1 layer is the thinned substrate), 

the propagation function 𝜓𝑁−1
+

 can assume a value near to zero for low wavelength values (where 

the extinction coefficient is larger) and it comes that the range of wavelength where 𝜓𝑁−1
+

 is near 

zero becomes larger as the thickness of this layer increases. As a consequence, the near zero value 

in  𝜓𝑁−1
+

 propagates in the calculation of the 𝑆𝑗(1,1) or 𝑆𝑗(2,1) elements. At the end of the 

computation process, we could find a drastic cut off the reflectance and therefore, of the top cell 

EQE, in the low wavelength region. This means that a proper set up of the software code utilized for 

the calculation of the scattering matrix elements is necessary to avoid that any underflow condition 

could bring to a wrong evaluation of the top cells current.  
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There are different kind of scientists and researchers: those who have an insatiable curiosity for how 

the world works and applications are not of interest, others whose activity is driven by military 

applications, others who push ahead the technological innovation independently on the impact it can 

have on the society and eventually others who consider that at the base of theirs scientific 

breakthroughs there must be a vision of the society, and, in particular, the aim to meets the mankind 

needs in a sustainable way. 

I have always been attracted by this last category of researchers and I will be very pleased if this 

thesis will contribute to their work in the construction of a more sustainable society.   


