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Highlights

• We construct a block FETI-DP preconditioner for isogeometric analysis of Stokes and mixed linear elasticity systems.
• We prove that the resulting algorithm is scalable in the number of subdomains and has a quasi-optimal convergence rate bound.
• Extensive two-dimensional numerical experiments validate the theoretical estimates and show the robustness of the method with

respect to domain deformation, material incompressibility and presence of elastic coefficient discontinuities across subdomain
interfaces.

Abstract

The aim of this work is to construct and analyze a FETI-DP type domain decomposition preconditioner for isogeometric
discretizations of the Stokes and mixed linear elasticity systems. This method extends to the isogeometric analysis context the
preconditioner previously proposed by Tu and Li (2015) for finite element discretizations of the Stokes system. The resulting
isogeometric FETI-DP algorithm is proven to be scalable in the number of subdomains and has a quasi-optimal convergence rate
bound which is polylogarithmic in the ratio of subdomain and element sizes. Extensive two-dimensional numerical experiments
validate the theory, investigate the behavior of the preconditioner with respect to both the spline polynomial degree and regularity,
and show its robustness with respect to domain deformation, material incompressibility and presence of elastic coefficient
discontinuities across subdomain interfaces.
c⃝ 2016 Elsevier B.V. All rights reserved.
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1. Introduction

While Isogeometric Analysis (IGA) has been introduced more than a decade ago by Hughes et al. [1], see also [2],
as an innovative discretization technique for partial differential equations (PDEs), the study of scalable and efficient
iterative solvers for IGA discretizations has started only recently, see [3–11] and has focused on elliptic problems. The
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main challenges that IGA solvers have to face are the extreme ill-conditioning of IGA discretizations with increasing
polynomial degrees and the nature of spline and NURBS basis functions, which are not nodal, have large support and
lead to wide (fat) interface problems between subdomains. The extension of IGA solvers to saddle point problems,
such as the Stokes and mixed linear elasticity systems, has to face the additional challenge arising from the continuous
pressures employed in stable IGA mixed discretizations, see [12].

The goal of this work is to address such challenges by designing a scalable domain decomposition method
for isogeometric Stokes and mixed elasticity discretizations with continuous pressures. Our solver extends to IGA
discretizations the finite element FETI-DP type preconditioner of Li and Tu [13,14], which is based on a dual–primal
decomposition of the velocity/displacement and pressure unknowns in order to obtain a reduced symmetric positive
definite system. Additional novelties of the present work compared with [14] are the extension to: high-order IGA
discretizations (instead of low-order finite elements); more general saddle point problems with nonzero 2–2 pressure
block; more general stiffness and rho-scalings operators instead of standard scaling; test with jumping coefficients
across subdomain interfaces, which occur, e.g., when considering composite elastic materials. The resulting block
FETI-DP preconditioner is scalable in the number of subdomains and quasi-optimal in the ratio of subdomain and
element sizes, while it is sensitive to the spline polynomial degree p in case of maximal spline regularity at the
subdomains interface, but it becomes robust also for increasing p when the interface regularity is reduced.

Earlier studies on non-overlapping domain decomposition algorithms for mixed elasticity and Stokes systems
have focused on wirebasket and balancing Neumann–Neumann methods (see [15–19]) and on FETI-DP and BDDC
methods for the incompressible limit (see [20–23,13,14]); see also [24] for BDDC preconditioners applied to
different saddle point problems. Some of these studies have considered the positive definite reduction of the
mixed almost incompressible elasticity system, namely, [25,18,23], using balancing Neumann–Neumann and BDDC
methods (see also [26,27]) which use standard and hybrid overlapping Schwarz methods. While the positive definite
reduction cannot be applied to the incompressible limit, a preconditioner for the Stokes system can still be built
by using a preconditioner for a slightly compressible problem. In the more challenging case of continuous pressure
approximations, FETI-DP type algorithms have been developed and analyzed in the pioneering works by Li and
Tu [13,14] mentioned above. Dohrmann also has a version of the algorithm of [26] which performs virtually the same
for discontinuous and continuous pressure approximations; a supporting theory is so far lacking.

The other main family of domain decomposition methods, the overlapping Schwarz methods, has also been ex-
tended to saddle point problems such as the mixed elasticity and Stokes systems by Klawonn and Pavarino [28,29].
These algorithms have been used, e.g., in computational fluid dynamics [30,31], fluid–structure interaction [32] and
isogeometric analysis [7]. Earlier work by Fischer [33] studied overlapping Schwarz methods for the pressure operator
of the incompressible Navier–Stokes system discretized with spectral elements. A theoretical analysis of overlapping
Schwarz methods for a positive definite reformulation of almost incompressible elasticity has been recently presented
in [34].

The rest of this paper is organized as follows. The Stokes and almost incompressible elasticity systems are
introduced in Section 2 and discretized by NURBS-based IGA in Section 3. The FETI-DP reduced system and
preconditioner are introduced in Section 4 and studied numerically in two dimensions in Section 5.

2. The Stokes and almost incompressible elasticity systems

Let Ω be a polygonal domain in Rd , d = 2, 3, decomposed into N non-overlapping subdomains Ωi of diameter
Hi , and forming a coarse finite element partition τH of Ω ,

Ω =

N
i=1

Ω i . (1)

Let H = maxi Hi be the characteristic diameter of the subdomains and ∂ΩD a non-empty subset of ∂Ω . The interface
of the domain decomposition (1) is given by

Γ =


N

i=1

∂Ωi


\ ∂ΩD.
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In the next subsection, we will further partition each subdomain into many shape-regular finite elements. We will
assume that the nodes match across the interface between the subdomains.

In the following, we will use the standard notation L2(Ω) to denote the space of square Lebesgue integrable
functions on the open set Ω , and H1(Ω) to denote the classical Sobolev space of order 1 of functions that are in
L2(Ω) with (weak) derivatives in L2(Ω).

We assume that the boundary ∂Ω is split into two non-overlapping parts ∂ΩD and ∂ΩN . We consider two given
loading functions g ∈ [L2(Ω)]d and gN ∈ [L2(∂ΩN )]d , and the spaces

V := {v ∈ H1(Ω)d
: v|∂ΩD = 0}, Q := L2(Ω),

(or Q = L2
0(Ω) = {q ∈ L2(Ω) :


Ω q dx = 0} in the case ∂ΩD = ∂Ω ). We will consider the following two classical

examples of saddle point problems.
The Stokes system. We consider first the Stokes problem for an incompressible fluid with viscosity µ: find the fluid

velocity u ∈ V and pressure p ∈ Q such that

Ω

µ ∇u : ∇v dx −


Ω

div v p dx = ⟨f, v⟩ ∀v ∈ V,

−


Ω

div u q dx = 0 ∀q ∈ Q,

(2)

where

⟨f, v⟩ =


Ω

g v dx +


∂ΩN

gN v dx ∀v ∈ [H1(Ω)]d . (3)

Mixed formulation of almost incompressible linear elasticity. We consider a mixed formulation of linear elasticity
for almost incompressible materials as, e.g., in [35, Ch. 1]: find the material displacement u ∈ V and pressure p ∈ Q
such that

2

Ω

µ ε(u) : ε(v) dx −


Ω

div v p dx = ⟨f, v⟩ ∀v ∈ V,

−


Ω

div u q dx −


Ω

1
λ

pq dx = 0 ∀q ∈ Q.

(4)

Here ε is the symmetric gradient operator and µ(x), λ(x) are the Lamé parameters of the material that, for simplicity,
are assumed to be constant in each subdomain Ωi , i.e. µ = µi and λ = λi in Ωi . These parameters can be expressed
in terms of the local Poisson ratio νi and Young’s modulus Ei as

µi :=
Ei

2(1 + νi )
, λi :=

Eiνi

(1 + νi )(1 − 2νi )
. (5)

The material of a subdomain approaches the incompressible limit when νi → 1/2. Factoring out the constants µi and
1
λi

, we can define local bilinear forms in terms of integrals over the subdomains Ωi and obtain

a(u, v) =

N
i=1

µi ai (u, v) :=


N

i=1

µi


Ωi

∇u : ∇v dx (Stokes)

2
N

i=1

µi


Ωi

ε(u) : ε(v) dx (mixed elasticity),

(6)

b(v, q) =

N
i=1

bi (v, q) := −

N
i=1


Ωi

divv q dx, (7)

c(p, q) =

N
i=1

1
λi

ci (p, q) :=

N
i=1

1
λi


Ωi

p q dx, (c(p, q) = 0 for Stokes). (8)
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Thus, the global Stokes and mixed elasticity problems (2) and (4) can be obtained by assembling contributions to the
bilinear forms from those of the subdomains, obtaining the saddle point problem: find u ∈ V, p ∈ Q such that

a(u, v) + b(v, p) = ⟨f, v⟩ ∀v ∈ V,

b(u, q) − c(p, q) = 0 ∀q ∈ Q.
(9)

3. NURBS-based IGA

Non-Uniform Rational B-splines (NURBS) are a standard tool for describing and modeling curves and surfaces
in computer aided design and computer graphics (see e.g. [36] for an extensive description of these functions and
their properties). In IGA, introduced by Hughes et al. [1] (see also [2]), NURBS are used as discretization space for
the analysis of PDEs. In this section, we present a short description of B-splines, NURBS, the basics of IGA and an
introduction to the proposed discretization method.

3.1. B-splines

B-splines in the plane are piecewise polynomial curves composed of linear combinations of B-spline basis
functions. A knot vector is a set of non-decreasing real numbers representing coordinates in the parametric space
of the curve

{ξ1 = 0, . . . , ξn+p+1 = 1}, (10)

where p is the polynomial degree of the B-spline and n is the number of basis functions (and control points) necessary
to describe it. The interval (ξ1, ξn+p+1) is called a patch. A knot vector is said to be uniform if its knots are
uniformly-spaced and non-uniform otherwise. The maximum allowed knot multiplicity is p + 1; a knot vector is
said to be open if its first and last knots have multiplicity p +1. In what follows, we always employ open knot vectors.
Basis functions formed from open knot vectors are interpolatory at the ends of the parametric interval I := (0, 1), but
they are not, in general, interpolatory at interior knots.

Given a knot vector, univariate B-spline basis functions are defined recursively starting with p = 0 (piecewise
constants)

N 0
i (ξ) =


1 if ξi ≤ ξ < ξi+1
0 otherwise.

(11)

For p > 1:

N p
i (ξ) =


ξ − ξi

ξi+p − ξi
N p−1

i (ξ) +
ξi+p+1 − ξ

ξi+p+1 − ξi+1
N p−1

i+1 (ξ) if ξi ≤ ξ < ξi+p+1

0 otherwise,
(12)

where, in (12), we adopt the convention 0/0 = 0. Thus, the general basis function N p
i has support

Θi := supp(N p
i ) = (ξi , ξi+p+1), i = 1, 2, . . . , n.

The functions N p
i form a partition of unity, as shown in [36]. If internal knots are not repeated, B-spline basis functions

are C p−1-continuous. If a knot has multiplicity α, the basis is Ck-continuous, with k = p−α, at that knot. In particular,
when a knot has multiplicity α = p, the basis is C0 and interpolates the control point at that location. In the following,
we will assume that the maximum knot multiplicity is p so that all considered functions will be (at least) globally
continuous. We define the spline space

S h = span{N p
i (ξ), i = 1, . . . , n}. (13)

By means of tensor products, a multi-dimensional B-spline region can be constructed. We discuss here the case of a
two-dimensional region, the higher-dimensional case being analogous. Let Ω := (0, 1)×(0, 1) be the two-dimensional
parametric space. Consider the knot vectors {ξ1 = 0, . . . , ξn+p+1 = 1} and {η1 = 0, . . . , ηm+q+1 = 1}, and an n × m
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net of control points Ci, j . One dimensional basis functions N p
i and Mq

j (with i = 1, . . . , n and j = 1, . . . , m) of

degree p and q , respectively, are defined from the knot vectors. The bivariate spline basis on Ω is then defined by the
tensor product construction

B p,q
i, j (ξ, η) = N p

i (ξ)Mq
j (η).

Observe that the two knot vectors {ξ1 = 0, . . . , ξn+p+1 = 1} and {η1 = 0, . . . , ηm+q+1 = 1} generate a mesh of
rectangular elements in the parametric space in a natural way. Analogous to (13), we define

S h = span{B p,q
i, j (ξ, η), i = 1, . . . , n, j = 1, . . . , m}. (14)

3.2. NURBS maps and spaces

In general, a rational B-spline in Rd is the projection onto d-dimensional physical space of a polynomial B-spline
defined in (d + 1)-dimensional homogeneous coordinate space. For a complete discussion, see the book [36] and
references therein. In this way, a great variety of geometrical entities can be constructed and, in particular, all conic
sections in physical space can be obtained exactly. To obtain a NURBS curve in R2, we start by introducing the
NURBS basis functions of degree p

R p
i (ξ) =

N p
i (ξ)ωi

n̂
ı=1

N p
ı̂ (ξ)ωı̂

=
N p

i (ξ)ωi

w(ξ)
, (15)

where the denominator w(ξ) =
n

ı̂=1 N p
ı̂ (ξ)ωı̂ ∈ S h is called the weight function.

The NURBS curve is then defined by

C(ξ) =

n
i=1

R p
i (ξ)Ci , (16)

where Ci ∈ R2 are known as control points.
Analogously to B-splines, NURBS basis functions on the two-dimensional parametric space Ω = (0, 1) × (0, 1)

are defined as

R p,q
i, j (ξ, η) =

B p,q
i, j (ξ, η)ωi, j

n̂
ı=1

m
ĵ=1

B p,q
ı̂,ĵ (ξ, η)ωı̂,ĵ

=
B p,q

i, j (ξ, η)ωi, j

w(ξ, η)
, (17)

where ωi, j = (Cω
i, j )3 and the denominator is the weight function denoted also by w(ξ, η). Observe that the continuity

and support of NURBS basis functions are the same as for B-splines. NURBS spaces are the span of the basis functions
(17).

NURBS regions are defined in terms of the basis functions (17). In particular a single-patch domain Ω is a NURBS
region associated with the n × m net of control points Ci, j . We then introduce the geometrical map F : Ω → Ω given
by

F(ξ, η) =

n
i=1

m
j=1

R p,q
i, j (ξ, η)Ci, j , (18)

and following the isoparametric approach, the space of NURBS scalar fields on the domain Ω is defined, component
by component as the span of the push-forward of the basis functions (17)

Nh := span{R p,q
i, j ◦ F−1, with i = 1, . . . , n; j = 1, . . . , m}. (19)
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The image of the elements in the parametric space are elements in the physical space. The physical mesh on Ω is
therefore

Th =

F((ξi , ξi+1) × (η j , η j+1)), with i = 1, . . . , n + p, j = 1, . . . , m + q


, (20)

where the empty elements are not considered.

3.3. Isogeometric discretization of the Stokes and mixed elasticity problems

We are now able to present the isogeometric approximation of the Stokes and mixed elasticity problems (2) and (4).
In the present description we consider, for simplicity of exposition, only the homogeneous Dirichlet case ∂ΩD = ∂Ω .
As observed for instance in [37], in order to obtain spaces with homogeneous Dirichlet boundary conditions it is
sufficient to eliminate the first and last function in each coordinate. We therefore introduce the spline space (for
instance in two dimensions) living in parameter spaceVh = [S h ∩ H1

0 (Ω)]d
= [span{B p,q

i, j (ξ, η), i = 2, . . . , n − 1, j = 2, . . . , m − 1}]
d

and the NURBS space living in physical space

Vh = [Nh ∩ H1
0 (Ω)]d

= [span{R p,q
i, j ◦ F−1, with i = 2, . . . , n − 1; j = 2, . . . , m − 1}]

d . (21)

In order to discretize our saddle point problems, we need a proper coupling between the mapped NURBS velocity/
displacement space Vh and the pressure space Qh , see [35]. Here we consider the following pair of spaces based on
isogeometric Taylor–Hood elements introduced in [12], that have proved to be inf–sup stable. The space Vh is built
as in (21), but with the restrictions that

• the polynomial degrees satisfy p ≥ 2 and q ≥ 2;

• all the knots are repeated at least twice, and therefore the space is at most C p−2
− Cq−2 regular across mesh lines.

The space Qh is built as the span

Qh = span{Rp−1,q−1
i, j ◦ F−1, with i = 1, . . . , n̄; j = 1, . . . , m̄} ∩ L2

0(Ω), (22)

where the basis Rp−1,q−1
i, j is generated from the same knot vectors used for the Vh space, but with one less repetition

per multiple knot. Therefore, the space Qh of pressures turns out to have the same regularity across mesh lines as Vh ,
but one less polynomial degree. In the simple case of equal polynomial degree p = q along each coordinate, we will
then consider isogeometric Taylor–Hood elements with velocity/displacement basis functions of degree p, regularity
p − 2 and pressure basis functions of degree p − 1, regularity p − 2.

The IGA approximation of our model Stokes or mixed elasticity problem (9) now reads: find uh ∈ Vh, ph ∈ Qh
such that

a(uh, vh) + b(vh, ph) = ⟨f, vh⟩ ∀vh ∈ Vh,

b(uh, qh) − c(ph, qh) = 0 ∀qh ∈ Qh .
(23)

Denoting with the same symbols uh, ph both the isogeometric functions and their vector representations in the
isogeometric basis, the matrix form of system (23) is

A BT

B −C

 
uh
ph


=


f
0


, (24)

where A, B, C are the matrices associated with the bilinear forms a(·, ·), b(·, ·), c(·, ·), respectively.
The interested reader may find more details on IGA as well as many interesting applications in a number of recently

published papers mentioned in the Introduction. The three-dimensional case is analogous and not discussed here.
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4. Dual–primal decomposition, FETI-DP reduced system, and block FETI-DP preconditioner

4.1. Dual–primal decomposition

We follow closely [14, Sec. 3 and 4] and the notation therein; we refer to [19] for a general introduction to
dual–primal domain decomposition methods. The velocity/displacement variables are split into interior (I ), dual (∆),
primal (Π ) components uh = (uI , u∆, uΠ ), the pressure variables into interior (I ) and interface (Γ ) components
ph = (pI , pΓ ), and we denote by λ∆ the Lagrange multipliers used to enforce the continuity of the dual
velocities/displacements. Reordering the variables as (uI , pI , u∆, uΠ , pΓ , λ∆) and splitting the matrices A and B in
the appropriate blocks associated with this splitting, the original system (24) is equivalent to

AI I BT
I I AI∆ AIΠ BT

Γ I 0
BI I −C I I BT

∆I BT
Π I −C IΓ 0

A∆I B∆I A∆∆ A∆Π BT
Γ∆ BT

∆

AΠ I BΠ I AΠ∆ AΠΠ BT
ΓΠ 0

BΓ I −CΓ I BΓ∆ BΓΠ −CΓΓ 0
0 0 B∆ 0 0 0




uI
pI
u∆

uΠ

pΓ

λ∆

 =


fI
0

f∆
fΠ
0
0

 . (25)

4.2. FETI-DP reduced system

We can reduce the indefinite system (25) to a symmetric positive definite system by eliminating the (uI , pI ,

u∆, uΠ ) variables, i.e. by taking the Schur complement of A with respect to the leading 4 × 4 block A in (25) to
obtain

G


pΓ

λ∆


= g, (26)

where

G = BA−1BT
+ C, g = BA−1


fI
0

f∆
fΠ

 , (27)

A =


AI I BT

I I AI∆ AIΠ

BI I −C I I BI∆ BIΠ

A∆I BT
I∆ A∆∆ A∆Π

AΠ I BT
IΠ AΠ∆ AΠΠ

 , B =


BΓ I −CΓ I BΓ∆ BΓΠ

0 0 B∆ 0


, C =


CΓΓ 0

0 0


. (28)

Analogously to the Stokes case treated in [14, Sec. 4], it can be proven that −G is symmetric positive semidefinite
by using Sylvester’s law of inertia for the representation of G as the Schur complement of (25) with respect to the C
block

I 0

−BA−1
I

A BTB −C


I −A−1BT

0 I


=

A 0
0 −G


.

The action of G on a given vector and the construction of the right-hand side g of the reduced system (27) require

us to compute the action of A−1
on a given vector. As shown in [14, Sec. 4], this action can be computed by solving

once a coarse problem associated to the primal variables and by twice solving independent subdomain saddle point
problems with Neumann boundary conditions. Indeed, partitioning A into interior-dual and primal blocks

A =


Arr AT

Π r
AΠ r AΠΠ


, where Arr =

 AI I BT
I I AI∆

BI I −C I I BI∆

A∆I BT
I∆ A∆∆

 , AΠ r =

AΠ I BT

IΠ AΠ∆


,
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and defining the primal Schur complement SΠ = AΠΠ − AΠ r A−1
rr AT

Π r , we can see that the action of A−1
can be

computed as
Arr AT

Π r
AΠ r AΠΠ

−1 
vr
vΠ


=


A−1

rr vr − A−1
rr AT

Π r S−1
Π (vΠ − AΠ r A−1

rr vr )

S−1
Π (vΠ − AΠ r A−1

rr vr )


. (29)

The action of S−1
Π requires one solution of a coarse problem associated to the primal variables, while the action of

A−1
rr requires the solution of independent subdomain saddle point problems with Neumann boundary conditions for

the dual variables; this last action has to be computed twice, once on vr and once on the second term of the first
component of (29).

4.3. Block FETI-DP preconditioner

Our isogeometric block FETI-DP preconditioner for the reduced system (26) is defined as

M−1
D =


M−1

pΓ
0

0 M−1
λ∆


, (30)

where MpΓ is the mass matrix associated with the interface pressure variables pΓ and M−1
λ∆

is the λ∆-block
preconditioner

M−1
λ∆

= B∆,D H∆BT
∆,D.

Here H∆ is the direct sum of the local discrete harmonic extension operators H (i)
∆ , i = 1, . . . , N , each defined by

solving a local elliptic problem on subdomain Ωi
A(i)

I I A(i)
I∆

A(i)
∆I A(i)

∆∆


u(i)

I

u(i)
∆


=


0

H (i)
∆ u(i)

∆


(31)

with given boundary velocity u(i)
∆ and zero primal velocities u(i)

Π = 0. The scaling operator

B∆,D =


D∆B(1)

∆ D∆B(2)

∆ . . . D∆B(N )

∆


is defined by scaling the boolean matrix B∆ =


B(1)

∆ B(2)

∆ . . . B(N )

∆


which enforces the continuity constraint

B∆w∆ = 0 for the dual velocity degrees of freedom w∆ shared by neighboring subdomains. D∆ is a diagonal matrix
with scaling coefficients δĎ(x) chosen as in FETI-DP and BDDC methods. In particular, we will consider the two
choices known as ρ-scaling and stiffness scaling, defined as follows.

4.4. Diagonal scaling

For each subdomain Ωi and node x j associated with the j th component of the dual vector u∆, letting N j =

{ℓ : Ωℓ ∩ supp(B p,q
j ) ≠ ∅}, we define:

ρ-scaling: δ
(i)Ď

j = µi/


ℓ∈N j

µℓ


, (32)

where µℓ is the value of the viscosity or Lamé parameter µ on Ωℓ, assumed for simplicity constant on each subdomain

(in the case of a constant viscosity coefficient µ on all of Ω , for the bi-variate case all the δ
(i)Ď

j above are equal to 1/2
while in the tri-variate case they equal 1/2 for subdomain edge nodes and 1/4 for vertex nodes);

stiffness scaling: δ
(i)Ď

j = ai (B p,q
j , B p,q

j )/


ℓ∈N j

aℓ(B p,q
j , B p,q

j )

, (33)
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Fig. 1. Left: ring-sector NURBS domain subdivided into 8 × 8 subdomains; center and right: ring-sector NURBS domains in the central jump and
checkerboard tests.

where ai (·, ·) is the restriction of the bilinear form a(·, ·) to the domain Ωi (analogously for aℓ(·, ·)). The obvious
analogous scalings are defined in the case of NURBS basis functions.

We remark that the proper extension to saddle point problems of the powerful deluxe scaling, that we studied
in [10] for IGA discretizations of scalar elliptic problems, is still an open problem.

4.5. Convergence rate estimate

The finite element proof in [14, Th. 7.6] of a scalable condition number bound for the preconditioned operator
M−1

D G can be extended to our isogeometric context, to obtain:

Theorem 4.1. If the coarse space is spanned by the subdomain fat vertex velocity/displacement basis functions in 2D
and by the subdomain fat vertex and fat edge velocity/displacement basis functions in 3D, then there exist positive
constants c, C1, C2 independent of h, H, N (but not of p, k) such that

cβ2

1 + β2 xT MDx ≤ xT Gx ≤


C1 + C2Φ

H

h


xT MDx,

where β is the inf–sup constant of the isogeometric Taylor–Hood mixed elements considered and

Φ
H

h


=


(1 + log(H/h))2 for ρ-scaling,

(H/h)(1 + log(H/h))2 for stiffness-scaling.

The proofs of the lower and upper bounds follow mostly the same algebraic steps of [14, Th. 7.6]. The only substantial
difference is the extension to our isogeometric context of the edge lemma required in [14, Lemma 6.2], which then
yields [14, Lemma 7.2] and finally the upper bound of [14, Th. 7.6]. Such isogeometric edge lemma has been proven
in [5, Th. 6.1 and 6.2] for the 2D case with coarse space spanned by the subdomain fat vertex velocity/displacement
basis functions; see also [10, Th. 4.3 and 4.4] for the use of such edge lemma in the analysis of isogeometric BDDC
algorithms with deluxe scaling. The 3D case requires analogous isogeometric edge and face lemmas for coarse spaces
spanned by subdomain fat vertex and fat edge velocity/displacement basis functions. To our knowledge, such 3D
isogeometric lemmas have not been explicitly proven yet, but we conjecture that they can be obtained by extending to
the 3D case the fairly technical 2D tools of [5, Th. 6.1 and 6.2].

5. Numerical results

In this section, we study the convergence properties of the isogeometric block FETI-DP preconditioner for the
Stokes and almost incompressible elasticity (AIE) problems on 2D physical NURBS domains illustrated in Figs. 1
and 3. Mixed homogeneous Dirichlet–Neumann boundary conditions are imposed. The problem is discretized by
isogeometric NURBS spaces with an associated mesh size h, polynomial degree p, regularity k, using the Matlab
isogeometric library GeoPDEs [38]. We recall that, in all the following tests, p will denote the polynomial degree
of the pressure space and k will always be the maximal regularity, thus k = p − 1. The polynomial degree
and regularity of velocity or displacement space are p + 1 and k, respectively, according to the definition of
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Table 1
Stokes system. FETI-DP PCG in ring-sector domain: condition number cond and iteration counts it. as a function of the number of subdomains N
and mesh size 1/h for p = 2, k = 1 (pressure) and p = 3, k = 1 (velocity) NURBS, kΓ = 1.

ρ-scaling

N 1/h = 8 1/h = 16 1/h = 32 1/h = 64 1/h = 128
cond it. cond it. cond it. cond it. cond it.

2 × 2 6.99 21 8.36 21 9.76 21 11.28 21 12.99 21
4 × 4 8.84 25 10.63 27 12.38 29 14.38 30
8 × 8 9.69 27 11.46 29 13.38 31
16 × 16 10.18 27 11.83 29
32 × 32 10.45 28

Stiffness-scaling

2 × 2 7.40 19 10.63 20 17.17 20 31.31 23 65.48 30
4 × 4 8.96 25 12.47 27 19.21 31 39.26 38
8 × 8 9.61 26 12.92 28 19.90 32
16 × 16 10.08 27 12.95 29
32 × 32 10.30 27

the generalized Taylor–Hood isogeometric elements introduced in [12]. The domain is decomposed into N non-
overlapping subdomains of characteristic size H . In all the numerical tests reported in the following, the FETI-DP
coarse space is spanned by the subdomain fat vertex velocity/displacement basis functions. We will denote by kΓ the
regularity of the spline functions at the interface between the subdomains. kΓ might coincide with the regularity k
of the space or be lower, yielding a smaller interface problem (26). The reduced linear system (26) arising from the
isogeometric discretization is solved by the Preconditioned Conjugate Gradient (PCG) method preconditioned by the
block FETI-DP preconditioner (30). We employ a zero initial guess and a stopping criterion of 10−8 reduction of the
relative residual.

In the following tests, we study how the convergence rate of the proposed method depends on the discretization
parameters h, p, k, the number of subdomains N , the domain deformation and the jumps of the elastic coefficients E
and ν across subdomain boundaries.

5.1. Stokes system: FETI-DP scalability in N and quasi-optimality in H/h

We consider here the Stokes equations on the ring-sector NURBS domain shown in Fig. 1. The condition number
(cond), defined as the ratio of the extreme eigenvalues of the FETI-DP preconditioned operator and PCG iteration
counts (it.) as a function of the number of subdomains N and mesh size 1/h are reported in Table 1 for p = 2, k = 1
(pressure), p = 3, k = 1 (velocity) NURBS spaces and regularity kΓ = 1; in Table 2 for p = 3, k = 2 (pressure),
p = 4, k = 2 (velocity) NURBS spaces and kΓ = 2; in Table 3 for p = 3, k = 2 (pressure), p = 4, k = 2
(velocity) NURBS spaces and kΓ = 1. In all cases, both ρ-scaling and stiffness scaling are considered. The blank
entries in the lower triangular part of these tables correspond to cases where the ratio H/h is so small that there are no
interior pressure degrees of freedom in the local problems and we cannot build our FETI-DP reduced system (26). The
results show that the proposed preconditioner is scalable, since moving along the diagonals of the tables the condition
number is bounded from above by a constant independent of N , see also Fig. 2 (left). The plots in Fig. 2 (right) also
confirm the main bound of Theorem 4.1: with ρ-scaling, the condition numbers seem to grow as log2(H/h), whereas,
with stiffness-scaling, the growth in H/h is super-linear. For high interface regularity kΓ = 2 (Table 2) and small
H/h ratio, the ρ-scaling behaves much worse than stiffness-scaling, as already observed in our previous paper [5] in
the case of BDDC preconditioners applied to isogeometric discretizations of scalar elliptic problems.

5.2. Stokes system: FETI-DP dependence on spline polynomial degree p

In this test, we study the behavior of the FETI-DP preconditioner with respect to the spline polynomial degree p,
the regularity k and the subdomains interface regularity kΓ . We recall that our theory does not cover the dependence
of the FETI-DP preconditioner on these parameters. The problem considered is the Stokes system on the ring-sector
domain. As in the previous test, p and k = p − 1 denote the parameters of the pressure space, while the velocities
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Table 2
Stokes system. FETI-DP PCG in ring-sector domain: condition number cond and iteration counts it. as a function of the number of subdomains N
and mesh size 1/h for p = 3, k = 2 (pressure) and p = 4, k = 2 (velocity) NURBS, kΓ = 2.

ρ-scaling

N 1/h = 8 1/h = 16 1/h = 32 1/h = 64 1/h = 128
cond it. cond it. cond it. cond it. cond it.

2 × 2 94.11 63 100.11 72 102.57 75 103.52 75 103.85 74
4 × 4 110.85 86 106.55 84 104.89 85 103.16 82
8 × 8 116.09 94 108.03 89 105.22 88
16 × 16 119.90 97 108.80 93
32 × 32 121.14 99

Stiffness-scaling

2 × 2 18.48 28 18.96 31 41.38 36 94.56 40 215.95 50
4 × 4 20.15 36 21.32 39 49.90 50 118.52 63
8 × 8 20.08 38 22.07 40 53.71 55
16 × 16 19.86 39 22.31 41
32 × 32 19.94 39

Table 3
Stokes system. FETI-DP PCG in ring-sector domain: condition number cond and iteration counts it. as a function of the number of subdomains N
and mesh size 1/h for p = 3, k = 2 (pressure) and p = 4, k = 2 (velocity) NURBS, kΓ = 1.

ρ-scaling

N 1/h = 8 1/h = 16 1/h = 32 1/h = 64 1/h = 128
cond it. cond it. cond it. cond it. cond it.

2 × 2 7.77 21 9.13 22 10.61 21 12.26 21 14.10 20
4 × 4 9.94 27 11.64 28 13.44 30 15.86 31
8 × 8 10.65 28 12.53 30 14.54 32
16 × 16 11.05 29 12.88 30
32 × 32 11.32 29

Stiffness-scaling

2 × 2 8.14 20 10.65 20 15.18 20 24.22 22 44.45 25
4 × 4 10.09 26 12.87 28 17.94 32 29.52 36
8 × 8 10.64 27 13.39 29 18.81 33
16 × 16 10.87 28 13.55 30
32 × 32 11.14 29

Fig. 2. Stokes system. Plots from Tables 1 and 3.
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Table 4
Stokes system. FETI-DP PCG with stiffness scaling in ring-sector domain: condition number cond, maximum and minimum eigenvalues λmax,
λmin, iteration counts it. as a function of the spline polynomial degree p, for different choices of interface regularity kΓ = p − 1, 2, 1, 0. Fixed fine
mesh 1/h = 64, subdomains mesh 1/H = 4.

Stiffness-scaling

p kΓ = p − 1 kΓ = 2
cond λmax λmin it. cond λmax λmin it.

2 19.31 7.17 3.73e−1 31 – – – –
3 49.90 17.69 3.54e−1 50 49.90 17.69 3.54e−1 50
4 47.25 17.20 3.64e−1 60 54.76 19.07 3.48e−1 50
5 125.89 44.12 3.50e−1 89 58.22 20.07 3.45e−1 55
6 526.04 188.72 3.59e−1 155 61.06 20.92 3.43e−1 55
7 3162.63 1093.36 3.46e−1 299 64.09 21.87 3.41e−1 60
8 7600.48 2685.69 3.53e−1 467 66.80 22.73 3.40e−1 61

p kΓ = 1 kΓ = 0
cond λmax λmin it. cond λmax λmin it.

2 19.31 7.17 3.73e−1 31 18.26 6.58 3.60e−1 32
3 17.94 6.56 3.66e−1 32 19.99 7.22 3.61e−1 33
4 17.52 6.36 3.63e−1 32 21.37 7.74 3.62e−1 33
5 17.53 6.35 3.62e−1 31 22.53 8.17 3.63e−1 35
6 17.84 6.46 3.62e−1 32 23.54 8.55 3.63e−1 36
7 18.25 6.61 3.62e−1 33 24.43 8.89 3.64e−1 37
8 18.71 6.78 3.62e−1 34 25.23 9.19 3.64e−1 37

belong to the p + 1, p − 1 NURBS space. The ring-sector domain is discretized by a mesh of size h = 1/64,
subdivided into N = 4 × 4 subdomains, while p increases from 2 to 8. Inside the subdomains k is always maximal,
i.e. k = p −1, while on the interface kΓ is equal to k = p −1, 2 (top), 1 and 0 (bottom). Stiffness-scaling is employed
in all the cases. The results reported in Table 4 show that, when kΓ is maximal, the FETI-DP preconditioner behaves
well only for p = 2, 3, 4 and then starts to degenerate. Instead, for kΓ equal to 2 or 0 the growth of the condition
number seems to be logarithmic in p. For kΓ = 1, the behavior is less clear, since the condition numbers initially
decreases and then increases very slowly with p. The reason of the sub-optimal behavior for p ≥ 5 and maximal
interface regularity kΓ = p − 1 could be attributed to the non-optimal choice of scaling functions, as observed in
our previous isogeometric BDDC paper [5] for scalar elliptic problems. A possible remedy could be the use of deluxe
scaling functions, see e.g. [10], but the extension of deluxe scaling to saddle point problems is still an open problem
even for standard finite element discretizations.

5.3. Stokes system: FETI-DP dependence on NURBS domain deformation

The table in the middle of Fig. 3 shows the performance of FETI-DP PCG without preconditioner (left columns) and
with preconditioner with ρ-scaling (middle columns) and with stiffness scaling (right columns) for four increasingly
deformed NURBS domains A, B, C, D (top). The discretization parameters are p = 2, k = 1, 1/h = 32, 1/H = 4.
The lower panels of the figure shows the convergence history of FETI-DP PCG without preconditioner (bottom
left) and with preconditioner (bottom right). The results show that the increasing deformations severely worsen the
unpreconditioned CG convergence rate, which deteriorates from 714 iterations for domain A to 3108 iterations for the
severely deformed domain D, with a highly oscillatory convergence history in all cases. The preconditioned FETI-
DP algorithm is still sensitive to the domain deformation but it performs much better, passing from 29 iterations for
domain A to 75 iterations for domain D (when ρ-scaling is used) or from 30 iterations for domain A to 102 iterations
for domain D (when stiffness-scaling is used). The results of the Table indicate that for both unpreconditioned and
preconditioned FETI-DP algorithm the deformation affects mostly the largest eigenvalue λmax, while the smallest
eigenvalue λmin is almost unchanged. In all tests, ρ-scaling performs better than stiffness-scaling, reducing the
condition number of the unpreconditioned operator in the hardest test with domain D of about 5 order of magnitude
(from 2.8 · 107 to 249.83) and reducing the iterations of about a factor 40 (from 3108 to 75).
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Fig. 3. Stokes system, p = 2, k = 1, 1/h = 32, 1/H = 4. Top: increasingly deformed NURBS domains A, B, C, D. Bottom: convergence history
of FETI-DP PCG without preconditioner (left) and with preconditioner (right).

5.4. AIE system: FETI-DP scalability in N and quasi-optimality in H/h

We then consider in Table 5 the AIE equations on the ring-sector domain. The Young modulus and Poisson ratio
are E = 1e +6 and ν = 0.4999 respectively. The condition number cond and PCG iteration counts it. of the FETI-DP
preconditioner are reported as a function of the number of subdomains N and mesh size 1/h, while keeping fixed
p = 2, k = 1 (pressure), p = 3, k = 1 (displacement) NURBS spaces and kΓ = 1. Both ρ-scaling and stiffness
scaling are considered. As in the previous test for the Stokes system, the results show that the proposed preconditioner
is scalable, since moving along the diagonals of the table the condition number is bounded from above by a constant
independent of N . Moving instead along the rows of the table, we verify the bound of Theorem 4.1: with ρ-scaling,
the condition numbers seem to grow as log2(H/h), while, with stiffness-scaling, the growth in H/h is super-linear.

5.5. AIE system: FETI-DP robustness when ν → 0.5

We test the behavior of the FETI-DP preconditioner when the material becomes almost incompressible, i.e. when
the Poisson ratio ν approaches 0.5. The ring-sector domain is discretized by a mesh of size h = 1/64, subdivided into
N = 8 × 8 subdomains as in Fig. 1. The NURBS discretization spaces are the generalized Taylor–Hood elements
p = 2, k = 1 for pressures, p = 3, k = 1 for displacements (top) and p = 3, k = 2 for pressures, p = 4, k = 2 for
displacements (bottom). The Young modulus is fixed to E = 6e + 6. The results reported in Table 6 show clearly that
the FETI-DP method, with both ρ-scaling and stiffness-scaling, is robust when ν → 0.5, since the condition number
and PCG iteration counts appear to be bounded by a constant value.
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Table 5
AIE system. FETI-DP PCG in ring-sector domain: condition number cond and iteration counts it. as a function of the number of subdomains N
and mesh size 1/h for p = 2, k = 1 (pressure) and p = 3, k = 1 (displacement) NURBS, kΓ = 1. The elastic parameters are E = 1e + 6 and
ν = 0.4999.

ρ-scaling

N 1/h = 8 1/h = 16 1/h = 32 1/h = 64 1/h = 128
cond it. cond it. cond it. cond it. cond it.

2 × 2 14.37 29 10.94 30 19.83 30 23.20 30 27.64 30
4 × 4 19.22 34 22.99 36 28.90 39 35.55 42
8 × 8 20.08 38 25.62 40 32.83 43
16 × 16 21.20 39 26.31 42
32 × 32 21.28 39

Stiffness-scaling

2 × 2 13.98 25 23.17 28 42.73 30 85.97 34 182.36 41
4 × 4 18.75 34 29.22 40 53.12 52 104.13 63
8 × 8 20.08 37 31.76 45 58.24 58
16 × 16 20.39 38 32.89 46
32 × 32 20.58 37

Table 6
AIE system. FETI-DP PCG in ring-sector domain: condition number cond, maximum and minimum eigenvalues λmax, λmin, iteration counts it. as
a function of the Poisson ratio ν. for spline spaces p = 2, k = 1 and p = 3, k = 2. Fixed fine mesh 1/h = 64, subdomains mesh 1/H = 8, Young
modulus E = 6e + 6.

p = 2, k = 1 NURBS, kΓ = 1

ν ρ-scaling Stiffness-scaling
cond λmax λmin it. cond λmax λmin it.

0.35 13.23 7.75 5.86e−1 30 18.16 9.50 5.23e−1 35
0.45 19.97 7.72 3.87e−1 36 25.64 9.19 3.58e−1 41
0.49 24.31 7.71 3.17e−1 39 30.36 9.05 2.98e−1 44
0.499 25.49 7.71 3.02e−1 40 31.63 9.02 2.85e−1 45
0.4999 25.62 7.71 3.01e−1 40 31.76 9.02 2.84e−1 45
0.49999 25.63 7.71 3.01e−1 40 31.77 9.02 2.84e−1 45
0.499999 25.63 7.71 3.01e−1 40 31.77 9.02 2.84e−1 45
0.5 25.63 7.71 3.01e−1 40 31.77 9.02 2.84e−1 45

p = 3, k = 2 NURBS, kΓ = 2

ν ρ-scaling Stiffness-scaling
cond λmax λmin it. cond λmax λmin it.

0.35 96.48 52.82 5.74e−1 86 31.75 16.54 5.21e−1 48
0.45 146.39 52.82 3.61e−1 105 45.62 16.13 3.54e−1 57
0.49 178.32 52.82 2.96e−1 115 54.43 15.95 2.93e−1 63
0.499 186.93 52.82 2.83e−1 118 56.82 15.90 2.80e−1 64
0.4999 187.79 52.82 2.81e−1 118 57.06 15.90 2.79e−1 64
0.49999 187.88 52.82 2.81e−1 118 57.09 15.90 2.78e−1 64
0.499999 187.89 52.82 2.81e−1 118 57.09 15.90 2.78e−1 64
0.5 187.89 52.82 2.81e−1 118 57.09 15.90 2.78e−1 64

5.6. AIE system: FETI-DP robustness with respect to jumping coefficients

We finally test the performance of the FETI-DP preconditioner when the elastic coefficients E and ν have
discontinuities across the subdomain interfaces. The ring-sector domain is discretized with a mesh size h = 1/64
and subdivided into N = 8 × 8 subdomains. The NURBS discretization spaces are the generalized Taylor–Hood
elements p = 2, k = 1 for pressures, p = 3, k = 1 for displacements (left) and p = 3, k = 2 for pressures,
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Table 7
AIE system. FETI-DP PCG robustness with respect to jump discontinuities in E and ν. Outside the central jump region of 4 × 4 subdomains
E = 6.e + 3 and ν = 0.3. In the checkerboard test for E , E = 6e + 3 or E = 6e + 7 and ν = 0.3, while in the checkerboard test for ν, E = 6e + 3
and ν = 0.3 or ν = 0.4999. Condition number cond, extremal eigenvalues λmax , λmin and iteration counts it. Fixed 1/h = 64, N = 8 × 8,
H/h = 8, kΓ = 0.

Jumping coefficient E

E p = 2, k = 1 NURBS p = 3, k = 2NURBS
cond λmax λmin it. cond λmax λmin it.

C
en

tr
al

ju
m

p 6e+3 20.15 14.13 7.01e−1 36 22.39 15.84 7.08e−1 38
6e+4 24.43 14.20 5.81e−1 38 27.31 15.96 5.84e−1 40
6e+5 27.26 14.39 5.28e−1 39 30.46 16.18 5.31e−1 43
6e+6 27.72 14.41 5.20e−1 40 30.89 16.22 5.25e−1 43
6e+7 27.74 14.42 5.20e−1 40 30.94 16.22 5.24e−1 43

Checkerboard E 29.33 14.20 4.84e−1 43 32.42 15.92 4.91e−1 46

Jumping coefficient ν

ν p = 2, k = 1 NURBS p = 3, k = 2NURBS
cond λmax λmin it. cond λmax λmin it.

C
en

tr
al

ju
m

p 0.3 20.15 14.13 7.01e−1 36 22.39 15.84 7.08e−1 38
0.45 32.44 13.87 4.28e−1 44 36.00 15.51 4.31e−1 46
0.49 37.08 13.80 3.72e−1 46 41.36 15.43 3.73e−1 50
0.499 38.28 13.79 3.60e−1 47 42.62 15.41 3.62e−1 50
0.4999 38.46 13.79 3.58e−1 48 42.75 15.41 3.60e−1 50
0.49999 38.46 13.79 3.58e−1 48 42.76 15.41 3.60e−1 50

Checkerboard ν 48.08 13.69 2.85e−1 51 53.47 15.29 2.86e−1 53

p = 4, k = 2 for displacements (right). At the subdomain boundaries we reduce the local regularity to the minimum
value kΓ = 0, which is sufficient for optimal approximation order in the presence of jumps in the material data. We
consider two tests: one with a central jump in a region consisting of the 4 × 4 central subdomains (see Fig. 1, center),
where the material parameters jump from E = 6.e + 3, ν = 0.3 outside the central region to the values indicated
in Table 7 inside the central region; a second test with a checkerboard distribution (see Fig. 1, right), where E jumps
from E = 6e + 3 to E = 6e + 7 while ν = 0.3 everywhere (top table) or ν jumps from ν = 0.3 to ν = 0.4999 while
E = 6e + 3 everywhere (bottom table). The results reported in Table 7 show that the FETI-DP preconditioner is very
robust for both jumps in E and ν, since all the quantities (condition number, extremal eigenvalues and PCG iterations)
do not deteriorate with the jump.

6. Conclusions

We have developed a FETI-DP type domain decomposition preconditioner for isogeometric discretizations of the
Stokes and mixed linear elasticity systems. This work extends to isogeometric discretizations the method proposed
by Li and Tu in their pioneering papers [13,14] for finite element discretizations of the Stokes system. Following the
algebraic theory of [14] and applying some isogeometric technical tools developed in our previous works [5,10], we
can prove that the proposed FETI-DP method is scalable in the number of subdomains and quasi-optimal in the ratio of
subdomain and element sizes. Numerical experiments in the plane have confirmed the scalability and quasi-optimality
of the proposed method.

The numerical tests investigating the behavior of the preconditioner with respect to spline polynomial degree
and regularity have shown that, in case of maximal subdomains interface regularity kΓ = p − 1, the FETI-DP
preconditioner works fine for p = 2, 3, 4 and starts degenerating for p ≥ 5. The reason of such sub-optimal behavior
for p ≥ 5 and maximal interface regularity could be attributed to the non-optimal choice of scaling functions, as
observed in our previous isogeometric BDDC paper [5] for scalar elliptic problems. A possible remedy could be the
use of deluxe scaling functions, see e.g. [10], but the extension of deluxe scaling to saddle point problems is still
an open problem even for standard finite element discretizations. In case of reduced subdomains interface regularity,
instead, the FETI-DP preconditioner presents a quasi-optimal behavior up to p = 8. Finally, further numerical tests
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have shown the robustness of the FETI-DP solver with respect to domain deformations, material incompressibility
and the presence of discontinuities of the elastic coefficients across subdomains.
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