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Chapter

Introduction

The topic of this thesis lies at the interface between microlocal analysis, quantum field theory and stochas-
tic processes. Since the 1970s, it has emerged that a number of physical systems are modelled by what is
known in the literature as a stochastic partial differential equation (SPDE). An SPDE arises as a combi-
nation of partial differential equations (PDEs) and of randomness which are both ubiquitous tools used
to model several physical phenomena. On the one hand, PDEs have always been exploited to describe
macroscopic phenomena such as heat diffusion, electro-magnetic dynamics, interface and fluid dynam-
ics. On the other hand, randomness plays a prominent role in dealing with systems with uncertainty
or with chaotic microscopic interactions and it is modelled by a stochastic process, which is tipically a
Gaussian white noise. Therefore, SPDEs combine the best of both worlds and they arise in applications
ranging from statistical mechanics to models for interface growth and many other areas of physics, such
as quantum field theory - see [CS20, [PW81,[MW17]. As a basic example of an SPDE, we can mention
the stochastic heat equation which is a linear parabolic PDE with an additive white noise arising, for
instance, from a microscopic model of a polymer in a liquid - see [CS20]. At the same time, notable
examples of nonlinear SPDEs include the stochastic Schrodinger equation, see [BDR21], arising from
models of Bose-Einstein condensates or of superconductivity, the Kardar-Parisi-Zhang (KPZ) equation,
see [KPZ86], which is used to model interface dynamics, and the nonlinear parabolic Anderson model,
see [CM94] [GIP15, [HL18]|, which describes the motion of a massive particle through a random porous
media.

In general, the solution theory for linear SPDEs with additive noise is well-understood and it shares the
same mathematical challenges as that of their classical counterparts, such as proving existence, unique-
ness as well as regularity of the solutions. However, this is not the case for nonlinear SPDEs because
of the highly singular nature of the Gaussian white noise and of the underlying nonlinear terms, which
are a priori meaningless from a mathematical viewpoint. In this regard, a breakthrough in the analysis
of a large class of nonlinear SPDEs has been recently made thanks to the theory of regularity structures
[Hail4l Hail5| and to paracontrolled calculus formulated in [GIP15]. The aim of these novel frameworks
is to establish existence and uniqueness of the solutions to an underlying SPDE by means of a fixed point
argument. Furthermore, in order to address the problem of singularities arising from nonlinear terms,
these approaches adopt a regularization argument similar to that of quantum field theory. Despite the
absolute relevance of these frameworks, they fall short in giving any information on the explicit form of
the solutions and of their correlation functions, which would be important to make contact with physical
experiments.
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In order to strengthen the interplay between renormalization and SPDEs, it has been recently devel-
oped a novel framework to solve a large class of nonlinear SPDEs, which is based on algebraic quantum
field theory, a mathematically rigorous approach to quantum field theory - see [DDRZ21, [BDR21]. In
contrast to the theory of regularity structures and paracontrolled calculus, this approach allows to con-
struct both solutions and correlation functions by means of a perturbative series. Moreover, it has the
advantage of providing a rigorous method to discuss renormalization by means of microlocal analysis, see
[Hor03], a collection of techniques which gives a systematic and detailed description of the singularities
of a given distribution. However, this framework suffers of a weak point shared by several approaches to
quantum field theory, that is, the lack of any control on the convergence of the perturbative series. This
hurdle can be mainly ascribed to the coarseness of microlocal techniques exploited to discuss quantum
field singularities. As a matter of fact, in the context of quantum field theory, one is interested in es-
tablishing if a given physical quantity is either smooth or singular, while in the realm of SPDEs this is
by far insufficient since one often considers a more refined class of distributions, elements of a suitable
Besov space. These function spaces, which shall be discussed in Section are endowed with a Banach
structure whose norm estimates the scaling degree of a given distribution at any point of an Euclidean
space. In addition, in the context of SPDEs, Besov spaces play a prominent role in formulating a fixed
point argument to prove existence and uniqueness of the solutions to a given SPDE - see [Hail4 [GIP15].

Therefore, as a consequence of these remarks, the main contribution of this thesis is to develop the
mathematical tools which allow us to better study the behavior of the perturbative solutions to a large
class of SPDEs.

To this end, in Chapter [3] we shall introduce a novel microlocal structure, called Besov wavefront set,
which aims at describing the Besov singularities of an underlying distribution - see [DRS22].
Furthermore, in Chapter 4] we shall formulate the reconstruction theorem, one of the cornerstones of
the theory of regularity structures, on smooth manifolds - see [RS21]. This formulation shall rely on
the framework of germs of distributions, introduced in [CZ20], which allows to formulate and to prove
the reconstruction theorem in the language of distribution theory without any reference to regularity
structures. In addition, this generalization can be read as a first step to extend the Hairer’s framework
to smooth manifolds. As a matter of fact, on account of quantum field theory on curved spacetimes, it
would be desiderable to formulate the theory of regularity structures on arbitrary smooth manifolds in
order to strengthen the interplay between SPDEs and quantum field theory.

Synopsis: Chapter[2]is devoted to recalling the main notions and tools which shall be used in Chapters
and

In Section [2.1] we shall give an overview of the theory of Besov spaces. In particular, we shall focus
on recalling two equivalent characterizations. In Subsection we shall discuss the Fourier-analytical
formulation of Besov spaces, which is defined starting from a Littlewood-Paley partition of unity. At the
same time, in Subsection [2.1.5] we shall discuss the characterization of Besov distributions by means of a
scaling property. This characterization shall be the one mostly used in this thesis and it shall play a key
role in Chapter [3] Furthermore, in Subsection [2.1.6] we shall recall the definition of Hélder and Sobolev
spaces and their relations with Besov spaces. In particular, we shall emphasize the interplay bewteen
Hélder spaces and the class of Besov spaces Bg‘o,oo(Rd), where o € R.

The Section shall be devoted to recollecting the basic notions of the theory of pseudodifferential
operators (PDOs), which are a generalization of differential operators. More into the detail, in Subsection
we shall give an overview of the theory of symbols. In Subsection we shall introduce the
space of ¥YDOs and we shall recall its properties, such as its invariance with respect to the action of
diffeomorphisms. In addition, we shall recall how pseudodifferential operators act on Besov spaces. At
last, Subsection shall be devoted to discussing the microlocal behavior of YDOs. More precisely,



we shall recall the notion of operator wavefront set and that of characteristic set.

In Section[2.3] we shall recollect the basic notions and properties concerning the theory of the smooth
wavefront set. More in detail, we shall see that the smooth wavefront set establishes sufficient conditions
for the well-posedness of a priori ill-defined operations between distributions, such as the pullback and the
product. At last, we shall recall the propagation of singularities theorem for a suitable class of hyperbolic
partial differential equations. This result aims at characterizing the smooth wavefront set of a solution
to a partial differential equation in terms of the principal symbol of the corresponding operator.

In Section we shall present a succinct overview of the theory of germs of distributions [CZ20],
which aims at formulating the reconstruction theorem without any reference to regularity structures.
More precisely, in Subsection we shall recall the notion of germ of distributions and that of co-
herence. In addition, we shall present some examples of coherent germs, such as the one given by the
Taylor polynomial of an Hélder function. In Subsection we shall recall the formulation of the
reconstruction theorem in the context of germs of distributions. Lastly, in Subsection we outline
an application of the reconstruction theorem to prove Young’s product theorem, which provides sufficient
conditions to multiply two Besov distributions.

In Chapters [3] [4] we shall discuss the main contributions of this Ph.D. thesis, namely the Besov wave-
front set introduced in [DRS22] and the reconstruction theorem on smooth manifolds as outlined in [RS21].

In Chapter 3] we shall introduce the notion of Besov wavefront set, which aims at characterizing the
directions in Fourier space along which a given distribution lies or does not lie in a suitable Besov space
B&9¢(R?), where o € R. Throughout this chapter, we shall emphasize that this form of wavefront set is
a refinement of its smooth counterpart.

In Section we shall define the Besov wavefront set of an underlying distribution by means of
its Fourier transform. Although this definition sets out correctly the notion of Besov wavefront set, it
is rather involved to use concretely. For this reason, in Section we shall establish two equivalent
characterizations of the notion of Besov wavefront set, which shall be very useful from an operational
viewpoint. The first one relies on pseudodifferential operators, while the second one characterizes the
Besov wavefront set in terms of its smooth counterpart. These characterizations shall play a prominent
role in the proofs of several structural properties of the Besov wavefront set.

In Section we shall outline the structural properties of the Besov wavefront set. Analogously to
the its smooth counterpart, this form of wavefront set shall allow us to formulate sufficient criteria for
the well-posedness of a few operations between distributions. We shall emphasize that these sufficient
conditions are weaker than those formulated by Hormander in the smooth setting. Without entering
into details, we summarize the main results of Section In Subsection given an embedding
f: Q1 — Qs between two open sets Q; C R4, Qy C R%, we shall establish a criterion for the existence of
the pullback of a given distribution along f, which generalizes the one formulated by Hérmander in the
context of the smooth wavefront set. As a byproduct, we shall prove that the Besov wavefront set of a
distribution is invariant under the action of diffeormophisms. This result shall allow us to define the Besov
wavefront set of distributions on a smooth manifold. In Subsection we shall establish a sufficient
criterion for the existence of the product between two distributions with prescribed Besov wavefront sets.
This result can be read as a microlocal formulation of Young’s product theorem. In Subsection we
shall discuss the interplay between the Besov wavefront set and Schwartz kernels. As a first step, we shall
prove an estimate for the Besov wavefront set of Ku, where K: D(22) — D’(Q;) is a linear map with
Schwartz kernel K € D'(Q; x Q) while Q; € R4, Qy, C R% are two open sets. Subsequently, we shall
establish a sufficient criterion for the extension of X to &'(€2) by means of the Besov wavefront set of
the Schwartz kernel K. This result shall entail a microlocal formulation of Schauder estimates, which are
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often used to estimate the regularity of a solution to a suitable (stochastic) partial differential equation.

At last, in Subsection[3.3.5] we shall discuss the propagation of singularities within the context of the
Besov wavefront set. More precisely, we shall prove a propagation of singularities theorem for a certain
class of hyperbolic partial differential equations.

In Section we shall present an application of the results obtained in the previous sections in the
context of coherent germs of distributions. More precisely, given a coherent germ defined as the tensor
product between two distributions v € B  (R?) and v € B2 (R?) with a; + ag > 0, we shall prove
that its reconstruction coincides with the pullback of the germ along the diagonal, that is the product
between u and v. This shall lead us to conjecture that, given an arbitrary coherent germ, its reconstruc-
tion coincides with the pullback of the germ along the diagonal.

In Chapter 4] we shall formulate Hairer’s reconstruction theorem, one of the main results of the theory
of regularity structures, on smooth manifolds. To this end, we shall rely on the framework of germs of
distributions introduced in [CZ20]. This framework allows us to formulate and to prove the reconstruction
theorem in the language of the theory of distributions, without any reference to regularity structures.
For this reason, it shall turn out to be well-suited to our aims.

More precisely, in Section we shall extend the notion of coherent germ of distributions to an
arbitrary smooth manifold. In addition, we shall prove that the notion of coherence is independent of
the choice of the atlas.

In Section[4.2] we shall prove the reconstruction theorem for coherent germs of distributions supported
on a smooth manifold.

In Appendix[A] we shall summarize the basic notions and results of the theory of distributions, which
are used in this thesis.

In Appendix we shall discuss the coherence of germs of distributions on an open subset of R%. It
plays a prominent réle in the formulation of the theory of germs of distributions on smooth manifolds -
see Chapter



Chapter

Preliminaries

2.1 Besov Spaces

The aim of this section is to recall the main definitions and results concerning the theory of Besov spaces.
These spaces have recently found several applications in many fields of mathematics, such as partial
differential equations and Fourier analysis, e.g. [BCD11] [Hail4] [GIP15] [BL22A].

In Subsections and we shall discuss two different albeit equivalent characterizations of
Besov spaces, that is the Fourier-analytical approach and the local means formulation. At the same time,
Sections and outline the most important embedding theorems and duality properties of Besov
spaces. In Subsection [2.1.4] we shall give a succint overview of paradifferential calculus, which addresses
the problem of multiplying two Besov distributions. To conclude, Subsection [2.1.6] shall be devoted to
recalling Holder and Sobolev spaces and to emphasizing their relations with Besov spaces. For further
details concerning these topics, refer to [BCD11] Sect. 2.7], [Tri06, Chap. 1] and to [Saw18, Chap. 2].

In this section, we shall make use of the notions introduced in Appendix|A| where we summarize the
basic concepts of the theory of distributions as well as relevant results concerning the Fourier transform.
In the following, we denote by D(R?) and D’(R?) the space of compactly supported smooth functions and
its topological dual respectively. In addition, 8(R?) and 8'(R%) stand for the space of rapidly decreasing
functions and the space of tempered distributions respectively. At the same time, &'(R%) c D'(R?)
denotes the space of compactly supported distributions.

Given u € 8'(R?), we denote by @ its Fourier transform. At the same time, % and F~'u stand for the
inverse Fourier transform of w.

2.1.1 The Fourier-analytical approach

In this subsection, we shall define Besov spaces according to the Fourier-analytical approach. For this
purpose, the first step consists of introducing a Littlewood-Paley partition of unity, which is a suitable
decomposition of unity in Fourier space. Nevertheless, it will first be convenient to give a definition of a
Fourier multiplier operator. In what follows, we shall make use of the notions introduced in Appendix

[A] particularly Section[A.11] Let
O(RY) := {f € C®(RY) : V£ € N¢,3C, N > 0s.t. |0°f(2)] < C{x)N}, (2.1.1)

11



12 CHAPTER 2. PRELIMINARIES

where Ny := N U {0} and (-) denotes the Japanese bracket, defined by
() := (1+[z>)2, (zeR?). (2.1.2)

Definition 2.1.1: Let ¢ € O(R?). The Fourier multiplier operator associated to v is the continuous
map ¥(D): 8'(R?) — 8'(RY) defined as

(D) =FH{p(&)u(€)}, Vue S (RY).

Definition 2.1.2: If N is a positive integer, a Littlewood-Paley partition of unity is a sequence
(¥j)jen, of functions such that

e ¢; € D(RY) and ¢; > 0 for all j > 0;
e 1; is supported in {27=N < [¢] < 27TN} for all j > 1 while v is supported in {|¢] < 2V};
o S5s(6) = 1 for any € € B,
e for any multi-index a = (a1, ..., aq) € N¢, 3C, > 0, such that
05 (O] < Cale)1, i 21,
where |a] := Z?zl ai;
o ;(§) = ¢;(=¢) for all j > 0.
The existence of a Littlewood-Paley partition of unity as in Definition [2.1.2]is proven in [BCD11} Prop.

2.10]. Moreover, given a sequence (1;) jen, as in Definition |2.1.2] the Fourier multiplier operator 1;(D) is
said to be a Littlewood-Paley block. 1t formally holds true the following Littlewood-Paley decomposition:

Id = i@(p). (2.1.3)

The previous identity makes sense in 8'(R?).

Remark 2.1.3: Here, we recall the usual construction of a Littlewood-Paley decomposition of unity. Let
1 € D(RY) be an even positive function supported in {27~ < |¢| < 2V} and let v € D(R?) be such that
() = O

Zkez P27k

Then, a Littlewood-Paley partition of unity (x;)jen, can be generated by setting
Xi()=9277), xo()i=1=) P27
Jj=0
For further details, the interested reader may refer to [BCDI11, Sect. 2.2].

Definition 2.1.4: Let o € R and let 1 < p,q < co. If () en, is a Littlewood-Paley partition of unity,
we call Besov space Bg (R?) the set of all u € 8'(R?) such that

1

. <ijoqualle(D)UIqup(Rd>> <oo ifg<oo, (2.1.4)

sup;o 2/ 11 (D)ull Lpray < 00 if ¢ = 0.

||UHBP'{Q(R4)

In addition, we say that u € B 1°(R?) if pu € BS (R?) for any ¢ € D(R?).
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Remark 2.1.5: Observe that u € BY ,(R?) if and only if

(¥ (D)u)jen, € L5 (LP(RY)).

Here, given a Banach space (I, || - ||g), £5(E) denotes the space of all E-valued sequences a = (a;);en,
such that it is finite

_ <2j>0 2jq“||ajll%) if g < o0, (2.1.5)

Sup;>o Y% ajlle  ifg=oo.

Ha”zg(E) :

Moreover, for the sake of simplicity, we set (9(E) := £)(E) and {7 := (3(R).
Definition|2.1.4]does not depend on the choice of the Littlewood-Paley partition of unity. This property
is stated in the following theorem - see [Saw18| Th. 2.1].

Theorem 2.1.6: Let (v;)jen,, (l/;j)jeNo be two Littlewood-Paley partitions of unity as per Definition
Then [|(v;(D)u)jenoleo (Lo ray) and [[(¢; (D)) jen, l|es (£r (ra)) are equivalent, i.e. there exist ¢,C' >
0 such that

el (5(D)u)jen,

e (Lr®a) < [1(W5(D)u)jen, les o ey < Cll(W5(D)w) jenolles (Lr ey

for every u € 8'(R%).
A further property of Besov spaces is the completeness under the norm in Equation (2.1.4) - see
[BCD11} Th. 2.72].

Theorem 2.1.7: Let 1 <p,q <ooanda € R. By, (R?) equipped with the norm as per Equation (2.1.4)
is a Banach space.

Convolutions inequalities for Besov spaces We outline the properties of the convolution between
two Besov distributions. The following theorem asserts that the convolution is a continuous bilinear map
between suitable Besov spaces as per Definition [2.1.4]- see [KS21, Th. 2.2].

Theorem 2.1.8: Let ag, a0 € R. Let 1 < p,p1,p2 < oo and let 1 < q,q1,92 < oo be such that

1 1 1 1
- 14+ —-=—4+—.
q2 p P11 P2

< —+

Q| =
2=

Iiu € By (R and v € BS2 . (R?), then u v € By 2 (R?) and there exists a constant C' > 0 such
that

l[u vl Boitez (ray S OHUHB;}l{q1 (Rd)”vHBﬁiw(Rd)v

where x stands for the convolution operator as per Definition

2.1.2 Embedding theorems

The purpose of this subsection is to sum up a few notable embedding theorems for Besov spaces.
Theorem 2.1.9: Let 1 < p,q < oo and o € R. The following statements hold true:

1. 8(RY) — B2 (RY) — §'(RY).

2. Ifp,q < oo, then D(R?) is densely embedded in By ,(R?). In particular, $(R?) is dense in By ,(R?).
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Remark 2.1.10: Being 8(R?) continuously embedded in Bg ,(R?), the first statement of Theoremm
entails that BS,(R?) is nontrivial.

Remark 2.1.11: If ¢ = oo, it is possible to prove that the closure of D(R?) with respect to || - B, is
the space of all u € 8'(R?) such that

lim 27| (D)ul| v (gey = 0.
j—o0

The interested reader may refer to [BCD11, Remark 2.75].

As mentioned in Remark , B¢ (R%) can be identified with the sequence space £3(LP(R?)). As
a matter of fact, the next propositions follow from the definition of ¢ and of Kf;(E) - see [Saw18| Prop.
2.2, Prop. 2.3].

Proposition 2.1.12: Let « € R and let 1 < p,q1,q2 < 00. If g1 < g2, then

B, (RY) — B (R%). (2.1.6)

b,q1 D,q2

Proposition 2.1.13: Let aj,as € R and let 1 < p,q < co. If oy < aia, then
« d « d
Bpf;(]R ) — BP,Z(R ). (2.1.7)

We conclude by stating a Sobolev-type embedding theorem for Besov spaces - see [BCD11, Th. 2.71].
Theorem 2.1.14: Let 1 <p; <ps <00,1<q1 < gy <o and a € R. Then

1 1

By, 4, (RY) = Bsz_;z(ﬂ_g) (RY). (2.1.8)

P1,91

2.1.3 Duality

In this subsection, we shall deal with the duality properties of Besov spaces. To this end, we first introduce
some useful notations and definitions. Given p € [1, 00|, the conjugate exponent to p is the real number

p’ € [1,00] such that
1

1
pov
Furthermore, given a Banach space (E, || - ||g), its dual space E’ is defined as the set of all continuous
linear functionals L: F — R. E’ is, in turn, a Banach space when endowed with the operator norm

=1. (2.1.9)

|L||g == sup |L(v)|, (L€ E).
lvlle<1

Roughly speaking, the duality of Bg’q(Rd) can be deduced by the well-known dualities (LP(R%)) =
LP (RY) and (£7) = 9" - see [Saw18, Th. 2.17], [BCD11} Prop. 2.76].
Theorem 2.1.15: Let 1 < p,q < oo and o € R. Then, for any L € (ng(Rd))’, there exists a unique
u € B,,% (R?) such that

L(p) = (u,0) Vi € 8(RY),

where the pairing (u,v) is defined as

e = Y [ W(DI) @) (D)e) e

7,3’
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Moreover, there exists a positive constant C such that
||u||Bp—,ffq,(Rd) < C|ILll(Bg ,(ra)y -
Conversely, if u € BZ;?;, (R%), there is a constant ¢ > 0 such that
[(u, )| < CHUHB;,‘)"Q,(Rd)H‘pHBg,q(Rd)a Vi € $(RY).

Therefore, the functional §(R?) 3 ¢ ~ (u, ) € C continuously extends to Bg"q(Rd).
Remark 2.1.16: B, (R?) can generally be identified with the dual space of the closure of D(R?)

with respect to || - ||Bg_q(Rd) for 1 < p,q < oo. Therefore, when p and q are finite, it turns out that
B (RY) = (B;fq(Rd))' by using the second statement of Theoremw

2.1.4 Paradifferential calculus

In this subsection, we shall focus on the analysis of the product between two Besov distributions. A
renown approach to address this issue is paradifferential calculus. For this topic, we mainly refer to
[BCD11, Sect. 2.8] and [GIP15].

Let () en, be a Littlewood-Paley partition of unity as per Deﬁnition and let u,v € 8'(R?). Taking
into account the Littlewood-Paley decompositions, see Equation (2.1.3),

u = Z%‘(D)uv v= lej(D)v’

320 7>0

the product u - v can be writteny formall as

w-v=> > t;(D)u- (D). (2.1.10)
7204720

The idea at the core of paradifferential calculus is to decompose the sum on the right-hand side of Equation
(2.1.10) in three parts. The first one coincides with the product between the low frequencies of u with
the high ones of v, while the second is the symmetric counterpart of the first. These two contributions
are called paraproducts. The third term, dubbed resonant term or remainder, consists of those products
where the indices j and j' are such that |j — j/| < 1. It encodes the potential ultraviolet divergences
preventing the well-posedness of Equation . Therefore, we introduce the following definitions.

Definition 2.1.17: Let u,v € 8'(RY) and Iet (¢;);en, be a Littlewood-Paley partition of unity as per
Definition The paraproduct between v and u is defined as

T,v=T(u,v) =Y Sj_1u-1;(D)v, (2.1.11)
—

where S;_qu := ZLO 1;(D)u. The resonant term between v and v is defined by

R(u,v) = Y h;(D)u- (D). (2.1.12)

li—3'1<1

On account of Equations (2.1.11)) and (2.1.11), paraproducts and the resonant term are bilinear maps.
In addition, at least formally, the operators T" and R realize the so-called Bony decomposition, cf. [Bo81],

u-v="Tyw+ Tyu+ R(u,v). (2.1.13)
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As anticipated, the only hurdle to give meaning to Equation lies in the resonant term. At the
same time, T,,v and T, u are always well-defined distributions, see [BCD11| Th. 2.82]. In the following, we
recall the continuity properties of the paraproduct and of the remainder. In particular, Theorem
shall clarify under which conditions the Bony decomposition is not formal, see [BCD11] Th. 2.85].

Theorem 2.1.18: For any (aj,a3) € R x (—00,0) and any (p, q1,q2) € [1,00]® there exists C' > 0 such
that

I (0,0 g ey < €l e 10, e
Cloatoz|+1 o1 . 1 1
I 00 sy < Nl o g oy with - =in {1, 4 -,

Theorem 2.1.19: Let (a1, az) € R? and let (p1,p2,q1,q2) € [1,00]* be such that

11 1 1 1 1
=4 =<1, —i=—4— <1

p D1 b2 q q1 q2
If oy + ag > 0, then there exists a constant C' > 0 such that
C(l1+012+1

Bo1 (Rd)||UHBa2 (R4)» V(U,U)EBal (Rd)xBO‘Q (Rd)

||R(uvv)||3p‘{lq+“2 (R4) < a1 pg,as P1,q1 2,92

———— |l
@1 + Q2
In addition, if oy + ag = 0 and g = 1, there exists C' > 0 such that
IR(u, v)llsy _(=ey < Cllull gz, ey [Vl gz, eys  V(w,v) € Byl g, (RY) x Bp2 , (RY).

P1,491 P2,492 P1,q1 Pp2,92

To conclude this subsection, we recall Young product theorem, which is a direct consequence of Theorems
2.1.18 and [2.1.19| applied to the class of Besov spaces with p = ¢ = oo, see [Hail4l Prop. 4.14].

Theorem 2.1.20: Let aj,as € R be such that oy + ay > 0. Then (u,v) — u - v extends to a bilinear
continuous map from B 30¢(R?) x B2 10¢(RY) to BA&21°¢(R?), where we set aq A o := min{o, aa}.

In Subsection we shall discuss a reformulation of Theorem [2.1.20] from the viewpoint of microlocal
analysis.

2.1.5 Local means

In the following, we recall an equivalent characterization of the Besov norm in Equation (2.1.4), called
local means formulation. The content of this subsection is mainly inspired by [Tri06] Sect. 1.4]. Firstly,
we introduce some helpful notations. If o € R, we set

o) :==max{N € Z: N < a}. (2.1.14)

Given f € C*(R%), z € R% and X € (0, 1], we denote by f}: R? — R the scaled version of f, defined as
follows

L) =2y —w), yeR’ (2.1.15)
Let B(0,1) := {y € R? : |y| < 1}. We shall denote by D(B(0, 1)) the space of smooth functions with
compact support in B(0,1).
Remark 2.1.21: We say that a measurable function w: (0,1] — R lies in L((0,1), A\"1d\) if it is finite

1

(i) it <o,

supje(o,1)/w (M) if ¢ = oo.

HWHL‘I((O,I),)\—ldA) =

In the following, we shall denote L4((0,1), \"*d\) by L% to simplify the notation.
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The next discussion explains the reason why the approach via local means has been introduced. Let

Yo € D(R?) be as in Definition and let ¢ € D(RY) be as in Remark We set ¢;(+) = ¢(277)
for any j > 1. Note that, on the basis of Definition[2.1.1] it descends

(3 (D)u) () = F~H; (WO Hw) = (T} + u)(w) = u(@ (2 (- —2)) =u(@? "), (2.1.16)

where we used that F~'{uv} = @ x ¥ and F~{¢);}(z) = 27%)(27z). For instance, if u € B,  (R?),
(@3 )] < llullpg 2, Ve e RV > 1.

Since 1 € §(R%), one needs to know u on the whole Euclidean space in order to estimate u(zﬁfc—]) at each
point x € R?. Therefore, it would be suitable to switch the compactness of the support from 1) to ).
This is achievable by local means. Given x € D(B(0, 1)), local means are defined by

) = |ty

with 2 € R? and A > 0. In order to define Besov spaces via local means, we need to introduce a suitable
subclass of test functions.

Definition 2.1.22: Let a € R. We call %), the subset of D(B(0,1)) whose elements r are such that
there exists € > 0

R(E) £ 0 if g <l <2, and (9%R)(0) =0 if|f| < |a. (2.1.17)

Remark 2.1.23: If o < 0, then the second condition in Equation (2.1.17)) is empty.

Definition 2.1.24: Let a € R, let k € #|, and let & € D(B(0,1)) be such that &(0) # 0. We call
Bg (R?), p,q € [1,00], the space of distributions u € 8'(R%) such that

ok HU(HA)”Lg R4
lellg oy = () ey + Hxxa()

<0 (2.1.18)
L3
where L?(R?) denotes LP(R?, dz). In addition, we say that u € 8'(R?) lies in By°°(R%) if, for any
compact set & C R?,

A
- ‘”“(”)m) < oo, (2.1.19)

ol 0 = D iz + |5

LY

where LP(R) := LP(R, dx).

Remark 2.1.25: On account of Equation (A.11.3), the second condition in Equation (2.1.17) and the
condition £(0) # 0 in Definition |2.1.24 amount to [p, z‘x(x)dx = 0 if [(| < |o] and [p, s(z)dz # 0
respectively.

Remark 2.1.26: As a result of Definition|2.1.22) and Definition|2.1.24), observe that the kernels k and k

play the role of a Littlewood-Paley partition of unity. Moreover, different choices for k and k in Equation
(2.1.18) yield equivalent norms. Therefore, we can avoid to write the superscripts k and k.

The following theorem states the equivalence between Equations (2.1.4) and (2.1.18) - see [Tri06, th.
1.10].
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Theorem 2.1.27: Let « € R and 1 < p,q < co. Let k,k be as in Definition|2.1.24| and let (1;) en, be a
Littlwood-Paley partition of unity as per Definition Then, for any u € §'(R%), there exist C,c >0
such that

clulzs @ay < 15 (D)u)jenolleg(remey < Cllullpy gay:

In Chapter 3] we shall often refer to Definition [2.1.24] rather than to Definition
In the following, we recall a few equivalent characterizations of the Besov norm defined in Equation [2.1.24
when a < 0 - see [BL22B| Prop A.5], [Tri06 Cor. 1.12].

Proposition 2.1.28: Let a < 0, 1 < p,q < co and let u € §'(R?). Then the following statements are
equivalent:

(i) u lies in BY ,(R%).
(ii) For any k € D(B(0,1)) with £(0) # 0

A
‘ lele)lz@s | (2.1.20)
Aa LZ\
(iii) There exists k € D(B(0,1)) with £(0) # 0
A
‘ lele)lz@s | (2.1.21)
)\a Li

(iv) Let r > —a. We set
Br = {0 € D(B(0,1)) : [4llcr@ey <1},
where || - ||cr ey has been introduced in Equation (A.1.3). Then it holds true that

’ ||U(¢§)||L£(Rd)
sup |—————=
$€B, A

< o0, (2.1.22)
L3

Remark 2.1.29: Proposition|2.1.28|still holds true for Besov spaces B;";;OC(Rd) with a < 0. In this case,
in Equations (2.1.20)), (2.1.21), (2.1.22) the norm || - || 1z gay is replaced by || - ||z (a) for any compact set
RCRL

In the following, we give the definition of the Besov space Bg7;}0°(9), where () is an arbitrary domain of
RY - see [Tri06, Sect. 4.1.2].

Definition 2.1.30: Let Q C R%, let 1 < p,q < oo and let o € R. The Besov space Bg‘,’;oc(Q) is the set
of all u € D'(Q) such that ¢u lies in BY,(R?) as per Definition|2.1.24 for any ¢ € D(Q).

The last part of this subsection shall be devoted to Besov spaces with p = ¢ = co. The following
proposition shows that the space of compactly supported distributions €'(R?) can be characterized in
terms of Besov spaces B,  (R?).

Proposition 2.1.31: Let u € &'(R?) and let ord(u) € Ny be the order of u as per Definition|A.2.5, Then
u € B;ofl;oord(u) (RY). Furthermore

&R = | B o(R),

00,00,C
aeR
where we set

B oo «(R%) := BY (RY) N &' (RY) (2.1.23)

00,00,C
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Proof. Fix & € D(B(0,1)) such that £(0) # 0. Given that [|0°£ || Lo (ra) = )\*|Z"d||8zﬁi‘||Loo(Rd), it turns
out
163 llcm @y < [l&llcm @A™, (2.1.24)

for some m € Ny. Therefore, from the definition of &'(R?) and from Equation (2.1.24), there exists a
constant C' > 0 such that

()] < Cll&y | coracr may < Cllfil| gorac ay A~ ~4

uniformly for A € (0,1] and & € supp(u). We infer that u € Ba's""" (R?) per Proposition [2.1.28 In
addition, it follows immediately

&' R = | B% oo (RY).
a€cR

O

In the following, we prove an embedding result concerning Besov spaces BS, (R%) introduced in Equa-

tion (2.1.23). The following proposition shall play a key role as a technical tool in Subsection when
proving a regularity result for solutions to a specific class of first order hyperbolic partial differential
equations.

Proposition 2.1.32: Let o € R. Then BS,  (RY) N &' (RY) — Bg  (R?).

Proof. Let u € Bgcm(Rd) N & (R%) and let k € A, as per Definition [2.1.22l Being u compactly
supported and bearing in mind that L°°(&) < L?(R) for any compact set £ C RY, it descends that there
exists a constant C' > 0 such that

lu())l L2 @y < Clluls)llLee ey < Cllullpy @A
uniformly for A € (0,1]. Analogously, it turns out that there exists a constant ¢ > 0 such that
lu(s) )2 may < cllullga, _@aA,
uniformly for A € (0,1]. On account of Deﬁnition we infer that u € By, (R?). O

Eventually, we prove an equivalent characterization of the elements lying in Bg“o,oo(Rd) in terms of their
Fourier transform. The following result shall inspire a definition of Besov wavefront set in Section

Proposition 2.1.33: Let u € 8'(R?) and let « € R. Thenu € B,  (R?) if and only if, for any k € B4
and k € D(B(0,1)) such that £(0) # 0, it holds true that

[(@(©), e k(€N ST, [a(€), e R(AE))| S A, (2.1.25)
uniformly for A € (0,1] and = € R?.
Proof. Bearing in mind that u(p) = @(3) and @ (€) = e €B(AE), it descends
ulky) = (@(€), e °R(€)),  ulky) = (@(€), e R(AE)). (2.1.26)

The statement is an immediate consequence of the previous identities and of Definition |2.1.24 O
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2.1.6 Relations with other function spaces
Holder Spaces

In this subsection, we shall define Holder spaces and we shall see under which conditions such class of
functions fits into the framework of Besov spaces. For further details concerning this topic, the reader
may refer to [Sawl8| Sect. 2.2.2]

Definition 2.1.34: Let m € Ny and 7 € (0,1]. The Hélder space C™7(R?) is the set of all functions
f € C™(R?) such that

o' f(z) — 0"
[ fllem.r@ay = [ fllom@ay + Z sup 07/ (@) f®)

e (2.1.27)
—_ . z,ycR? rT—y
el=m

In addition, we say that f € C™(R?) lies in |7 (R?) if, for any compact set & C RY,

0" — ot
[fllem ) = Ifllem ) + Z sup [0°f(z) f®)]

—ylT
||<m :v:,bgéeyﬁ |JI y|

< o0. (2.1.28)

The norm || f[|cm,-(ray can be equivalently characterized in terms of the m-th order Taylor polynomial of

Proposition 2.1.35: Let f € C|"" (R?) with m € Ny and 7 € (0, 1]. Then, for any compact set & C R?,
there exist ¢,C' > 0 such that

|f(y) — Pr(y)]

oy < max I llomgny. sup L2 < ) pon o,

z,yE Iﬂf -
zH#Y

where P, is the the m-th order Taylor polynomial of f centered at x, that is,

(y —2)*
Po(y)= Y 0'f(@)"—p VyeR" (2.1.29)
le|l<m
Remark 2.1.36: The space C™" (R?) equipped with the norm in Equation (2.1.27) is a Banach space.

The following theorem states that Holder spaces are closely related to the class of Besov spaces with
p=q =00 - see [Sawl8| Th. 2.7, Th. 2.8].

Theorem 2.1.37: Let a € (0,00) \ N. Then BY . (R%) = Clela=lel(R4) that is, the norms in

Equations (2.1.4) and (2.1.27)) are equivalent, where |« has been defined in Equation (2.1.14).
If o € N, the space B% (RY) is strictly larger than the space C*~>'(R?). As a matter of fact, the
following theorem holds true.

Theorem 2.1.38: Let o € N. Then f € B  (R?) if and only if f € C*~*(R?) is such that
|0°f(x +h) — 20" f(x) + °f(x — h)|

Ifllco-r@ay+ >  sup < . (2.1.30)
[t =a—1 x,hE]Rd |h‘|
o h#0

Remark 2.1.39: In general, if « > 0, it shows that the Besov space Bg“o’oo(]Rd) coincides with the
Hélder-Zygmund space C®(R?). Here, C%(RY) is defined as the Hélder space Clel-e—lel(Rd) if
a € (0,00) \N. Otherwise if a € N, the space C¢(R?) is the set of all f € C*~1(R?) that satisfy Equation

(2.1.30).
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Theorems [2.1.37] and [2.1.38| still hold true for the local analogues of function spaces at hand.

In view of Chapter 3| we recall a result regarding the behaviour of the Fourier transform of a Holder
function - see [SS07, Chap. 3, Chap. 5]. First we introduce the Landau notation. Given two real-valued
functions f, g on R?, we write

f(z) = 0(g(x)) as |z] = +oo,

if there exist C, L > 0 such that
|f (@) < Clg(z)|,  V|z[ = L.

Proposition 2.1.40: Let 7 € (0,1] and let f: R — C be such that there exists ¢ > 0

sup (1 + |z)4¢|f(x)] < oo. (2.1.31)
rER4
If R
F(&) = 0(|¢]7"7) as €] = +oo, (2.1.32)

then there exists ¢ > 0 such that
|f(x +h) = f(x)] < ch|]”, VaeRYVAe B(0,1),

where B(0,1) = {y € R?: |y| < 1}.

Proof. By using the Fourier inversion formula, it turns out that
|[f(@+h) = flz)| = ‘(%)d fQeteredg — @m)~t | J?(S)e”fdg‘
R R

= \<2w>—d Fe) (e — 1)em-5ds\ < (2m)~¢ / F©)lle™ s — 1jdg

Rd

—en [ (gl - ajder@n [ (Fllet - 1jdg
|€1<|h| 2 l&|>|h| !
We start by analyzing |B|. It is useful to recall
le’ — 1] < 2min{|z|,1}. (2.1.33)

On account of Equation (2.1.32)), it descends that there exists C' > 0 such that

1 2—d+1 -1
de — T C
1—71

Bl<ztnt [ fgla <2l BT, (213

d+
le|>|h]~1 le|>|h|-1 1€19TY

where we applied that |e?*¢ — 1| < 2 on {¢: [¢] > |h|7!} in the first inequality. Focusing on |A|, we split
it as follows

4] = (2m) /|§|<1f(§)||eih~£ 1lde 4 (2m) ¢ / FOllem — 11de

1<|g|<[h|~T

=:|A,] =:|Az|

Being f bounded on B(0,1), we get

41| < 7)1 F )l o= Bo,1)) /E<1|£ - hldg < (2m) LY BO, DIIFI o oy 121 (2.1.35)
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where £4(B(0,1)) denotes the d-dimensional volume of B(0,1). At the same time, on account of Equa-
tions (2.1.32) and (2.1.33), it descends

A <7l / I€[~4=7|¢ - hldg < 71Ch| €T+ g
1<gl<]h| 1t 1<[g|<|h] T
h| 7 1C T 0
< -1 | T—1 _ T _ 1—-7 < T. 1.
<l Opt (T = 1) = Tl - ) < T (2.1.36)

As a result, combining Equations (2.1.34)), (2.1.35) and (2.1.36)), we conclude
|f(x+h)— f(2)] <c(|h] + ) < ch|”, Yz eRY VA€ B(0,1),

+1 —IC

280 (om) 144 (B, D)1 o rmy - O

—d
where we set ¢ := max{Z2

Sobolev Spaces

To conclude this chapter, we shall give a succint overview of the theory of Sobolev spaces. In particular,
we shall emphasize their relations with Besov spaces. For further information on this topic, refer to
[BCD11, Sect. 1.4].

Definition 2.1.41: Let s € R. We call fractional Sobolev space H*(R?) the set of all u € §'(R%)
such that
(D) = FHE) ()} € LARY). (2.1.37)
The norm of H*(R?) is given by
e ety o= (D)l 2y (2.1.38)
(RY) if ou € H*(R?) for any ¢ € D(R?).
The Fourier multiplier operator (D)® defines a Bessel potential - see [BCCS22]. For this reason,
H*(R%) is also called Bessel potential space.
Remark 2.1.42: Observe that u lies in H*(R?) if and only if it holds true

In addition, we say that u € 8'(R%) lies in H}

loc

/ ()2 (€ [2d€ < 0.
Rd

This fact is a direct consequence of Plancherel’s theorem, see Theorem|A.11.10
Theorem 2.1.43: Let s € R. Then H*(R?) equipped with the scalar product

(o) i= [ (@ aees

is a Hilbert space.

The following result shows that the family of Sobolev spaces is a decreasing filtration with respect to
s - see [FJ99, Cor. 9.3.1].

Theorem 2.1.44: Let s,s’ € R be such that s’ < s. Then
H*(RY) < H* (RY).

To conclude this compendium, we recall some notable duality properties of H*(R9) starting from the
following density result - see [BCD11} Prop. 1.58].
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Theorem 2.1.45: Let s € R. Then $(R?) is dense in H*(R?).
Theorem 2.1.46: Let s € R. Then, if L € (H*(R?))’, there exists a unique u € H~*(R%) such that

L(Y) = (u,¥), Vi€ S(RY).

Conversely, if u € H—*(R%), then
[, ) < ull - ey 19| e ray,  Vip € S(R?),

and the functional 8(R?) 3 1 + (u,v) € C continuously extends to H*(R?). Moreover, it holds true
that ||L|| zrsrayy = l|ull -+ ma)-

We recall that the Sobolev norm in Equation can be equivalently characterized in terms of a
Littlewood-Paley partition of unity.

Theorem 2.1.47: Let s € R and let () en, be a Littlewood-Paley partition of unity as per Definition
[2.1.2, Then there exist two positive constants ¢, C' such that

cllull s may < (W5 (D)) jen leg (L2 ®ay) < Cllull gs mays

for every u € 8'(R%). Hence H*(R%) = Bj ,(R?).
Resorting to Besov spaces, it is possible to show an improved version of Sobolev lemma, as stated by
the proposition below - see [Hor97, Prop. 8.6.10].

_d
Proposition 2.1.48: Let s € R. Then H*(R%) — B, 2, (R?).

At last, we prove a few notable embeddings of Besov spaces into suitable Sobolev spaces - see [DRS21].
First we recall Holder inequality, c.f. [BrelO| Th. 4.6].

Theorem 2.1.49: Let (2, X, 1) be a measure space and let 1 < p,p’ < oo be such that 1/p+1/p’ = 1.
Then, if f € LP(Q, %, 1) and g € LP (2,5, ),

1f9llr) < Iflle@llgll Lo o)- (2.1.39)
Theorem 2.1.50: Let a € R. Then the following statements hold true:
(i) If p>2 and ¢ > 2, By °°(RY) — H; (R?) for any s < a.
(ii) If p > 2 and q = 2, ngoc(Rd) — H (RY) for any s < a.

Proof. We exploit the characterization of Besov spaces via local means as per Definition|2.1.24] We prove
the two assertions separately.

(a) Fix an arbitrary compact set & C R%. Since H*(R) = B3 ,(R) per Theorem [2.1.47, we show that,
ifue B;’;OC(]Rd), then there exists Cg > 0 such that

ul

lullBs ,(5) < Cxllulls; 8

for any s < a. To this end, let x € %) and & € D(B(0,1)) such that £(0) # 0, where &, has
been defined as per Definition [2.1.22] Bearing in mind that LP(&) < L?(R) for p > 2, it follows
immediately that there exists ¢j; > 0 such that

u(ka) Lz (v < cgllu(t)l e a)-
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Again by applying LP(R) < L?(8) for p > 2, it descends

e [l I Dl 1
B3 ,(R) — = "R 0 - 0

Y A2 P A2 A2(s=a) )\
N——
L? L;%y

< RINCTI g A2 () Tp Nl g = cRIAZO gy llulfy ) < 00
A A A

where we exploited Hélder inequality in the second bound, (2)" denotes the conjugate exponent

of 1 as per Equation (2.1.9) and L% is the Lebesgue space as per Remark [2.1.21L Moreover we
conclude ||)\2(Q_S)HL<%>' is finite since s < .
A

(b) If p > 2 and ¢ = 2, the proof of the second statement is analogous. The only difference is the
presence of the L-norm of A2(®~%) which is finite for s < a.

2.2 Pseudodifferential operators

In this section, we present a succinct overview of the theory of pseudodifferential operators, which are
a generalization of differential operators. By means of a Fourier transform, any differential operator
P(z, D) with smooth coefficients acting on a tempered distribution can be written as

P(z, Dyu = F~{P(z,)u(§)},

where P(z,£) is a polynomial function of the Fourier variable &, see Example below. In order
to define pseudodifferential operators, we shall generalize this representation of differential operators by
considering more general smooth functions, called symbols. In Chapter 3| pseudodifferential operators
shall play a prominent réle in providing an equivalent characterization of the Besov wavefront set - see
Theorem (3.2.1

This section is divided in three parts. In Subsection we shall focus on the theory of symbols.
Asymptotic sums of symbols and the notion of ellipticity are sketched. At the same time, in Subsection
[2.2.2]we outline the leading concepts and properties concerning pseudodifferential operators. In particular,
we shall see that the set of pseudodifferential operators is closed under composition and invariant under
diffeomorphisms. At last, we concisely recall how pseudodifferential operators act on Besov spaces. In
Subsection [2.2.3] we introduce the basic notions to analyze the microlocal behaviour of pseudodifferential
operators. For further information on all these topics, see [Hin21], [GS94] Chap. 1, Chap. 3]. Moreover,
the interested reader may refer to Appendix |A| where we summarize the basic elements of the theory of
distributions, which shall be used in this section.

In the following, for x = (x1,...,24) € R? and a multi-index £ = ({1,...,£4) € N4, we set

05 = Ot - 0L 0= 0y,

Tq?

D! :=D! ...Dl

xrq?

where D, = —i0,;.
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2.2.1 Symbols

In order to define pseudodifferential operators, we need to introduce a class of symbols. To this end, this
subsection shall be devoted to recalling the main definitions and properties concerning symbols. For this
topic, we mainly refer to [Hin21, Chap. 3].

Definition 2.2.1: Let m € R. The space of symbols of order m, S™(R%; R"), is the collection of all
functions a € C*°(R% x R™) such that, for every compact set & C R¢ and for every v € N¢, ¢ € N2,

|03 0¢a(x, €)|
lallgqe:= — sup = rmge—

< 00, 2.2.1
(z.e)erxrn ()Ml ( )

where (£) has been defined in Equation (2.1.2)). In addition, we define the space of residual symbols as

STORERY) = (1) S™(RLR™). (2.2.2)
meR
S™(R%;R™) is a Fréchet space with the topology induced by the semi-norms in Equation (2.2.1).

Remark 2.2.2: Let m,m’ € R be such that m < m’. By Definition , S™ (R R™) < §™ (R%R™).
Therefore, S™(R%; R™) identifies an increasing filtration with respect to m.

Remark 2.2.3: On account of Definition|2.2.1] the maps
D}: S™R%R™) —» S™(RLR™),  DE: S™(RER™) — SmTH(RY R,

are continuous.
Example 2.2.4: Let m > 0 and let a € C*°(R% x R") be such that

a(z,€) = Y ar(x)s’, V(z,6) eR xR,
le|l<m
where ay € C™(R?) for every ¢ € N¢ such that |¢| < m. It descends that a lies in S™(R%;R™).
Example 2.2.5: Let m € R. Then (£)™ lies in S™(R%; R™).
We introduce the subclass of homogeneous symbols, which include those introduced in Example

Definition 2.2.6: Let m € R. A function a € C*°(R? x R") is said to be an homogeneous symbol

of order m if
a(z, ) = A"a(x,€), YA>0, V[ >1, (2.2.3)

and, if for every compact set & C R? and for every v € N¢, ¢ € N, there exists Cg,y,e > 0 such that
00fa(x,&)| < Crqelél™ M, Vze g, V=1 (2.2.4)

We denote the space of all homogeneous symbols of order m by SI? (R4 R™).

By Deﬁnition it holds true that S/ (R4 R") is a subspace of S™(R%;R").

Proposition 2.2.7: Let m,m’ € R. If a € S™(R%R") and b € S™ (R% R™), then ab € S™™ (R%; R™).
In particular, the pointwise multiplication of symbols

S™(R%ER™) x S™ (RGR™) 5 (a,b) — ab e S™™ (RYR™)

is a continuous bilinear map.
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Asymptotic sums of symbols In this paragraph, we see under which conditions an asymptotic sum
of symbols converges to an element lying in S™(R?; R") as per Definition - see [H6r94, Prop. 18.1.3
]

Proposition 2.2.8: For j € Ny, let a; € S™i (R4, R"), where (m;);en, is a sequence of real numbers
with lim; ,o,m; — —oo. Define mj := sup,>;,m;. Then there exists a € Smo (R4 R™) such that
supp(a) C UjeNo supp(a;) and

a— Zaj € §™(RLR™),  Vk € No. (2.2.5)
In addition, a is unique up to an element lying in S~°°(R%; R™). We say that a is asymptotic to Z;io a;
and we write
oo
a ~ Z ;.
j=0

Remark 2.2.9: On account of Deﬁnmon 1, Equation (2 can be read as follows: For every k € Ny,
every compact set & C R? and every v € NO, € € N{, there eX15t5 Ck, 8y, such that

maf< Z a;(z, & )' < Chorem ()™ V(2,€) € R X R™. (2.2.6)

If a is to be asymptotic to > - j—0 @j as per Pr0p0s1t10n then Equation (2 can be simplified,
as stated by the following proposition - see [H6r94, Prop. 18.1.4].

Proposition 2.2.10: For j € Ny, let a; € S™i(R%,R"), where (m;)jen, is a sequence of real numbers
such that lim;_,o, m; — —o00. Moreover, let a € C*(R? x R™) be such that

(a) For every compact set & C R? and for every v € Nd, ¢ € N?, there exists C, u > 0 such that

07 0¢a(x, )| < CE)*, V(z,€) € & x R™; (2.2.7)

(b) There exists a sequence (jix)ren, With limy oyt = —00 such that for every compact set & C RY
and every k € N, there exists C > 0 such that

x,€) — Zaj(x,é)\ <O V(z,&) € RxX R (2.2.8)

Then a € S™(R%R™), m = supjy, my, and a ~ Z?‘;o a;.

Ellipticity This paragraph is devoted to discussing elliptic symbols.

Definition 2.2.11: Let m € R. A symbol a € S™(R%R") is called elliptic if there exists a symbol
b e S~ (R4 R"™) such that ab—1 € S~H(R4;R").

The following proposition collects a few notable conditions which are equivalent to ellipticity.
Proposition 2.2.12: Let m € R and let a € S™(R% R"™). The following statements are equivalent:

(1) a is elliptic.
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(2) There exist L,C > 0 such that, if |{| > L,

la(z,£)| > Cl¢[™. (2.2.9)

3) There exist C,C" > 0 such that
(3)

la(z, &) > Clg[™ — C'lgl™ ™!, Vgl > 1. (2.2.10)

Remark 2.2.13: By statement (2) of Proposition|2.2.12, if a € S™(R%; R™) is elliptic, it turns out that
a+a is also elliptic for any @ € S™~1(R?;R"). Therefore, ellipticity is a property of the equivalence class

[a] € S™(RY;R™)/S™ LR R™).

Example 2.2.14: Let m € R and let a € S™(R% R") be such that a(x,£) = (£)™. On account of
Deﬁnitjon then a is elliptic. As a matter of fact, there exists b(x, &) = (£)~™, Iying in S~™(R%; R"),
such that

ab—1=0¢ S™®R%:R") — S~HRYR™).

2.2.2 Quantizations and Pseudodifferential Operators

After introducing a class of symbols in the previous subsection, we are in position to define the space
of pseudodifferential operators. To this purpose, we start by giving the definition of quantization of a
symbol. For this section, we mainly refer to [Hin21].

Definition 2.2.15: Let m € R and let a € S™(R?x R%; R?). Its quantization, Op(a): §(RY) — 8'(RY),
is defined as

Op(ay)(@) = (2m [ [ el uidyde, e SRY. (2:2.11)

Op(a) is referred to as a pseudodifferential operator (¥ DO) of order m while a is dubbed full
symbol of Op(a). We denote the space of all these operators by ™ (R?). In addition, we set

UO(RY) = () TT(RY). (2.2.12)

Example 2.2.16: Let m € R and let a € S™(R%R?) be as in Example Then Op(a) lies in
U™ (R?). Moreover, on account of Equation (2.2.11), it descends that, for any u € §(R%),

©Op(@)a) = 2m [ [ e o umands = em Y [ e oty dus

[e[<m

= S wle) [ g = Y @),

d
e|<m R le|<m

Therefore,

Op(a) = Y as(x)D".

lt)<m

Example 2.2.17: Let m € R. Let a € S™(R? x R%RY) be such that a(x,y,&) = (€)™, where (£) has
been defined in Equation (2.1.2). Then (D)™ := Op(a) lies in ¥™(R?).
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On account of Equation (2.2.11), we note that the Schwartz kernel K € 8'(R¢ x R?) of Op(a) is given by

Klay) = @m [ @Dy, o (2.2.13)

which can be understood as the inverse Fourier transform of a(z,y,{) with respect to . In particular,
K is smooth away from the diagonal.

Proposition 2.2.18: Let K € §'(R?xR?) be the Schwartz kernel of a pseudodifferential operator. Then
singsupp(K) C {(z, ) : x € R¢}.

Proposition is a direct consequence of the theory of oscillatory integrals. For this topic, the
interested reader can refer to [H6r03| Sect. 7.8].

By means of a duality argument, the action of a DO of order m can be continuously extended to
§'(RY). As a matter of fact, given a € S™(R% x R?%; R%), it turns out that, for any u,v € §(R%),

(Op(a)u,v) = (21) / L [t utmt)ee <aydsas

Es—€ _
= / [ [ atv~euwuta)e= <dydsda
Re JRd JRd
= (u, Op(a')v)
where we set
aT(x,y,g) = a(y,w, 75)

It descends that
(Op(a)u,v) = (u,Op(a’)v), Vu,ve S(RY). (2.2.14)

Being $(R?) dense in 8'(R%), Op(a) continuously extends to 8'(R?) via Equation (2.2.14).

In the following, we recall that Equation can be equivalently replaced either by the left
quantization of a left symbol ay € S™(RY;R?), independent from y, or by the right quantization of a
right symbol ar € S™(R?; R?), independent from z:

(Opy(az)u) ) / d / D Sy (o, uy)dyde, w e S(RY, (2.2.15)

Opn(anyu)(e) = @) [ [ e Cany, uidyde. w e SRS, (2.2.16)

This fact is the content of the following theorem - see [Hin21| Th. 4.8].

Theorem 2.2.19: Let a € S™(R? x R%RY). Then there exists a unique left symbol a;, € S™(R%;R%)
such that

Op(a) = Op(ar) = Opy(ar),
and a unique right symbol ar € S™(R%; R?) such that

Op(a) = Op(ar) = Opg(ar).
In addition, ay,,agr are given by the asymptotic sums

a1 (5,6 ~ 32 (0Da(z,y, )=

LeNg
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(-1
GR(y,g) ~ Z 0 (6§D§a('rvy>€))|w:y
feNg
Definition 2.2.20: We call ay, and ap the left and right reductions of the full symbol a respectively.
Setting A = Op(a), we write
orp(A):==ap, ogr(A):=ag.

The following theorem states that W~°°(R?) coincides with the space of quantizations of residual
symbols. In particular, it entails that the elements lying in ¥ ~°°(R?) are smoothing operators.
Proposition 2.2.21: An operator A: §(R?) — 8'(R?) lies in ¥ ~°°(R?) if and only if its Schwartz kernel
K € 8' (R4 x R?) is smooth and satisfies

sup (z — y)N\afagK(x,yﬂ < 00,
z,y€R

for every N € Ny, £,k € N¢. In addition, there exist unique symbols ar,ar € S~°°(R%RY) such that
A =Opg(ar) = Opg(ar).

Adjoints In this paragraph, we discuss adjoints of pseudodifferential operators - see [Hin21l Cor. 4.13].
Definition 2.2.22: Let A € U (R%). We define its adjoint A*: §(RY) — §'(R%) by

/(A*u)(a:)mdx:/ u(z)(Av)(z)dz, Yu,v € §(R?).

Proposition 2.2.23: If A € ™(R%), then A* € U™(RY). In particular, if A = Op(a), then A* =
Op(a*), where a*(z,y,&) = a(z,y,§).

Composition In the following, we recall that the composition of ¥YDOs yields another YDO - see
[Hin21| Th. 4.16]. To this end, we recall the definition of proper map and we introduce an important
subclass of pseudodifferential operators, called properly supported.

Definition 2.2.24: A continuous map f: R% — R% is called proper if f~1(8) is a compact subset in
R? for any compact set & C R%.

Definition 2.2.25: Let 7;: R x R — R? and let mo: R? x R* — R¢ be the canonical projections
defined by 7 (x,y) = = and mo(x,y) = y respectively. We say that A € W™ (R?) with Schwartz kernel
K € 8'(R? x RY) is properly supported if 7y, T3 are proper maps when restricted to supp(K).

Proposition 2.2.26: Let A € V(R?), B € \Ilm,(Rd). Suppose that at least one among A, B is properly
supported. Then AB € U™+ (R?) and its left symbol is given by

1
oL(AB) ~ > EagaL(A)DﬁoL(B).
eeNd

On account of Proposition [2.2.26] it is possible to prove the pseudolocality of ¥YDOs - see [Hin21|
Prop. 4.17].

Proposition 2.2.27: Let A € ¥™(R?). Then
singsupp(Au) C singsupp(u), Yu € 8'(R%). (2.2.17)

A is said to be a pseudolocal operator.
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Principal symbol In the following, we define the principal symbol of an operator A € ¥™(R%), which
coincides with the leading contibution to a.

Definition 2.2.28: Let m € R and let A € U™ (RY). Then the principal symbol of A is defined by
om(A) = [o1,(A)] € S™(R%RY) /ST HRE RY),

where [0, (A)] denote the equivalence class of o, (A). In order to lighten the notation, we shall omit the
square brackets.

The following proposition collects a few notable properties of a principal symbol - [Hin21, Prop. 4.21].
Proposition 2.2.29: The following statements hold true:

o If Ac U™(RY), then o,,(A) = [or(A)].
o Let A€ U™(R?). Then 0,,(A*) = 0,,(A), where A* is the adjoint of A as per Definition |2.2.22

e Let Ac U™ (RY), B ¢ g’ (R?) with at least one among A, B properly supported. Then o, 1/ (AB) =
om(A)om (B).

Elliptic YDOs By recalling Definition [2.2.11} we introduce the notion of elliptic operator.
Definition 2.2.30: Let m € R. An operator A € ¥™(R?) is called elliptic if its principal symbol o,,(A)
is elliptic.
Example 2.2.31: Let m € R. If a(z,£) = (§)™ with () defined as per Equation (2.1.2), then (D)™ :=
Opy (a) is an elliptic WDO of order m.
We also recall that an elliptic DO admits an inverse operator, called parametriz - see [Hin21, Th. 4.26],
[GS94] Th. 4.1].
Theorem 2.2.32: Let m € R and let A € ¥™(R?) be elliptic. Then there exists Q € W~ (R?), properly
supported, such that

AQ—Tc U~(RY), QA—Tc U >(RY).

Q is said to be a parametrix of A.

Invariance of YDOs under diffeomorpshims In this paragraph, we shall discuss the behaviour
of YDOs under the action of a local diffeomorphism. We give a result in which the pullback of a
diffeomorphism plays a key role. For details concerning the pullback of a distribution, the interested
reader can refer to Appendix

We start by introducing the notion of local symbol.
Definition 2.2.33: Let Q2 C R? be an open set and let m € R. A function a € C>(2 x R?) is a local
symbol of order m if ¢pa € S™(R% RY) for all ¢ € D(2). We denote the space of local symbols of order
m by S™(;RY).
Given a € S™(;RY), its left quantization identifies an operator

Opy(a): 8'(R?) — D'(Q), (2.2.18)

where Opy,(a) is defined as per Equation (2.2.15)). By analogy with Definition|2.2.15| we denote the space
of ¥DOs as in Equation |2.2.18 by ¥ ().

Remark 2.2.34: Since D(Q) — &'(Q) — §'(R?), the domain of Op; (a) in Equation (2.2.18) can be
restricted to D(Q) or to &' ().
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Remark 2.2.35: Let Q C R? be an open set. If A € \I/m(Q) is properly supported as per Definition
then A: D(Q) — D(N), A: C>*(Q) —» C=(Q), A: &'(Q) — &(N) and A: D'(Q) — D'(Q) are
continuous linear operators, see [GS94, Chap. 3].

The following theorem states that the class of m-th order pseudodifferential operators is invariant
under change of coordinates on R? - see [Hin21, Th. 5.2].

Proposition 2.2.36: Let ©;,Qy C R? be two open sets, let f: Q1 — Qo be a diffeomorphism and let
f*: D'(Q2) — D'(Q4) be the pullback map along f. If A € U™(Qy), then

Ap: D(Q1) = D'(), D) > umr FFA(f ) )
lies in ¥™ (). In addition,

om(Af)(@,6) = om(A)(f(2), ("df () 7"€),
where 0,,(A) and o,,,(Ay) are the principal symbols of A and Ay respectively as per Definition |2.2.28
while df denotes the differential map of f.

Remark 2.2.37: Let Q1,9 C R? be two open sets and let f: Q; — Qo be a diffeomorphism. Suppose
that A, Ay are defined as in Proposition|2.2.36 On account of Remark|2.2.35| if A is properly supported
as per Definition|2.2.35| it descends that Ay is also properly supported.

UDOs on Besov spaces To conclude this review, we state a result regarding the action of pseudodif-
ferential operators on Besov spaces as per Deﬁnition— see [Abel2] Sect. 6.6].

Theorem 2.2.38: Let m € R, « € R, 1 < p,q < oo and let A € W™ (R?). Then A: BY (R?) —
Bl‘f,gm(Rd) is a bounded linear operator. In particular, if A is properly supported, then the restriction of
A to Byle¢(RY) is a continuous linear operator from B °¢(R%) to B ™1°¢(R%).

2.2.3 Microlocalization

This subsection is devoted to recalling the basic notions and results concerning the microlocal behaviour
of a symbol or, equivalently, of its quantization. Here, we shall only consider properly supported ¥DOs,
as per Definition [2.2.25] We start by giving the definition of operator wavefront set, which establishes the
microlocal non-triviality of a WDO. The notion of triviality is closely related to the behaviour of symbols
as || — oo. Roughly speaking, a pseudodifferential operator is microlocally trivial at (z, &) if its full
symbol lies in S™°(R%; R") in a conic neighborhood of (x¢,&y). For the sake of completeness, we first
recall the definition of a conic set.

Definition 2.2.39: A subset I' C R™ \ {0} is called conic if
Eel'=Xel', vA>O0.

A (proper) conic neighborhood I' of {§; € R™ \ {0} is a conic set such that {A\§y : A > 0} C I
Example 2.2.40: Given { € R\ {0} and € > 0, an open conic neighborhood of § can be defined by

% <6}.

{§€Rn\{0} G
Definition 2.2.41: Let Q C R? be an open set and let mq: Q x (R™ \ {0}) — Q be the canonical
projection such that mq(z,§) = x for any (z,£) € Q x (R™\ {0}). A subset V- C  x (R™\ {0}) is called
(fibrewise) conic if

(,8) eV = (x,M) €V, VA>0.
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A conic neighborhood of (zg,&p) € Q x (R™\ {0}) is a (fibrewise) conic set V C Q x (R™ x {0}) such
that mq (V) is a neighborhood of xy and V N ({zo} x (R™\ {0})) is a conic neighborhood of &, as per
Definition

Definition 2.2.42: Let a € S™(R%R"). Then (x9,&) € R? x (R™\ {0}) does not lie in the essential
support of a,
ess supp(a) C R? x (R™\ {0}),

if there exist an open conic neighborhood V of (xg,&y) as per Definition|2.2.41 such that for all v € N4,
¢ e Nj, k €R, there exists C > 0 such that

070a(e, )| < CE)F, V@OV, |8 =1, (2.2.19)

where (§) has been defined as per Equation (2.1.2).

Remark 2.2.43: By Definition |2.2.42, observe that ess supp(a) Is a fiberwise closed conic set as per
Definition |2.2.41

Definition 2.2.44: Let A = Op,(a) € V™ (RY). The operator wavefront set of A is
WF'(A) := ess supp(a). (2.2.20)

The following proposition collects a few notable properties of the operator wavefront set - see [Hin21|
Prop. 6.4].

Proposition 2.2.45: Let A, B € U™(R?). Then the following statements hold true:
e If the Schwartz kernel of A lies in &' (R% x R?), then WF'(A) = () if and only if A € U~>°(R%).
e WF'(A+ B) Cc WF'(A)UWF'(B).
o If at least one among A, B is properly supported, WF'(AB) C WF'(A) N WF'(B).
o WF'(A*) = WF'(A), where A* is the adjoint of A as per Definition [2.2.22]
Example 2.2.46: If A = Op,(a) € Y™ (RY) is elliptic as per Deﬁnition then
WE'(A) = supp(a) x (R%\ {0})
Example 2.2.47: Let A=3",_,, a¢(z) Dt where a; € C*°(R?) for all £ € N¢ with |¢| < m. Then
W) = (U sulon) ) x (&) {0
lej<m

A further important concept is that of elliptic set, which refines at a microlocal level the notion of
ellipticity of ¥DOs, as per Definition [2.2.30}
Definition 2.2.48: Let A € U™(R%). A point (79,&) € R? x (R?\ {0}) lies in the elliptic set of A,
denoted by Ell(A), if there exist an open conic neighborhood V' of (4,&y) as per Definition and
C > 0 such that
lom (A)(z, ) = ClEI™, V(x,§) €V, [¢] =1, (2.2.21)

where 0,,(A) is the principal symbol as per Definition |2.2.28] If (z¢,&y) € El(A), we say that A is
elliptic at (z¢,&). In addition, we define the characteristic set of A, denoted by Char(A), as the
complement of Ell(A), that is,

Char(A) := {(z,¢) € R? x (R?\ {0}) : oyn(A)(z,€) = 0}. (2.2.22)
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Remark 2.2.49: On account of Definition|2.2.11| the notion of EIl(A) can be equivalently reformulated as
follows: (z¢,&) € Ell(A) if and only if there exists b € S~™(R?; R?) such that o,,(A)b—1 € S71(R% R?)
in a conic neighborhood of (x,&p).

Remark 2.2.50: Given A € W™(RY), its elliptic set is a fiberwise closed conic set as per Definition
2.2.41

At last, we point out that the construction of a parametrix, as per Theorem [2.2.32] can be microlo-
calized. As a matter of fact, the following proposition holds true - see [Hin21, Prop. 6.15].

Proposition 2.2.51: Let A € ¥™(R?Y) and let ¥ C R? be a closed subset. Then there exists Q €
U—™(R%), properly supported, such that

EAWF(AQ-T)=0, E€NWF(QA—TI)=0. (2.2.23)

Q@ is a microlocal parametrix of A on €.

2.3 Smooth Wavefront Set

In this section, we shall concisely outline the definition and the main properties of the smooth wavefront
set of a distribution. Its purpose is to establish the directions in Fourier space which cause the appearance
of singularities of an underlying distribution.

As shown in Appendix some operations between distributions can be only defined in limited cases.
For instance, the product of distributions is well-defined when the singular supports of the distributions
are disjoint, see Theorem [A.5.3] However, in Subsections and we shall see that the notion of
smooth wavefront set establishes sufficient criteria to extend the definition of operations such as pullback
and multiplication to the whole space of distributions. In Subsection we shall see how the smooth
wavefront set transforms under a push-forward along a projection map. In Subsection[2.3.5] given a linear
map K: D(Q2) — D’'(1) with Schwartz kernel K € D’(Q; x Q2), we shall discuss the smooth wavefront
set of Ku for any u € D(£2). Moreover, we shall see under which conditions X can be extended to
&'(Q2). Lastly, in Subsectionwe discuss the problem of the propagation of singularities, which aims
at characterizing the smooth wavefront set of a solution to a partial differential equations. For further
details concerning this topic, the reader may refer to [Ho6r03, Chap. VIII], [Hin21], [FJ99, Chap. 11]. In
this section, we shall make use of the notions introduced in Appendix

2.3.1 Basic definitions

In this subsection, we shall define the notion of smooth wavefront set of a distribution. By means of
the Paley-Wiener-Schwartz theorem, the singular behaviour of a distribution can be analyzed in terms
of those directions along which its Fourier transform is not rapidly decreasing. Therefore, we recall a
suitable version of the Paley-Wiener-Schwartz theorem - see [FJ99] Th. 10.2.2].

Proposition 2.3.1: Let v € &'(R%). Then v lies in D(R?) if and only if for all N € Ny there exists
Cn > 0 such that
[P(6)] < On(€)N, VEeRY, (2.3.1)

where (£) has been defined in Equation (2.1.2).

Remark 2.3.2: Proposition vields an equivalent characterization of the singular support of a
distribution. Let Q C RY be an open set. If u € D'(Q), then a point x € Q does not lie in singsupp(u) if

and only if there exists ¢ € D(Q), ¢(x) = 1, such that ou satisfies Equation (2.3.1).
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In the following, we give a precise notion of singular direction. In particular, we shall require that the

complement of the set of all singularities, called frequency set, is an open conic neighbourhood as per
Definition (2.2.39

Definition 2.3.3: Let v € &'(RY). A direction &, € R?\ {0} does not lie in the frequency set of v,
denoted by & ¢ X(v), if there exists an open conic neighborhood T' of &y such that Equation (2.3.1) is
valid for any £ € T

On account of Definition [2.3.3] Proposition can be equivalently stated as follows:

Lemma 2.3.4: Let v € &(R?). Then v lies in D(R?) if and only if %(v) = 0.

The frequency set of v shrinks when v is localized by a compactly supported smooth function - see [Hor03,
Lemma 8.1.1].

Lemma 2.3.5: Let v € &'(R?) and let ¢ € D(R?). Then

X(¢v) C E(v).

Let © C R? be an open set and let u € D'(Q2). Given = € 2, we set

Se(u) = () Z(¢u)

€D (),

¢ ()70
In particular, notice that X;(u) = @ if and only if there exists ¢ € D(Q) with ¢(z) # 0 such that
ou € D(N), that is, z & singsupp(u).
Having introduced these basic notions, we observe that the singular behaviour of a distribution is charac-
terized both by its singular support, which identifies the singular points, and by its frequency set, which
expresses the singular directions. We give the definition of smooth wavefront set of a distribution as a
combination of these two types of information.

Definition 2.3.6: Let Q C R? and let u € D'(§2). The smooth wavefront set of u is

WEF(u) = {(z,8) € A x R4\ {0}): € € Z,(u)}. (2.3.2)

Remark 2.3.7: Denoting the cotangent bundle of §) without the zero section by T*$) and taking into
account the identification

T*Q\ {0} =~ Q@ x (R'\ {0}),
W F(u) can be read as a subset of T*Q \ {0}. This viewpoint is crucial if we wish to develop the theory
in a more general geometrical setting, where () is replaced by a smooth manifold.

W F(u) is a (fiberwise) closed conic set of 2 x (R%\ {0}) as per Definition 2.2.41, Moreover, as mentioned
above, the notion of smooth wavefront set refines that of singular support. As matter of fact, the
projection of WF(u) on Q coincides with singsupp(u) - see [FJ99 Prop 11.1.1].

Proposition 2.3.8: Let Q C R? and let u € D'(2). Then
singsupp(u) = {z € Q: 3¢ € R\ {0}, (z,¢) € WF(u)}.

Concerning the projection of W F(u) on R?\ {0}, the following result holds true.

Proposition 2.3.9: Let Q C R? and let m¢: Q x (R?\ {0}) — R?\ {0} be the canonical projection such
that me(x,&) = €. If u € €'(Q), then m¢(WF(u)) = 3(u).

In the following example, we show how to compute the smooth wavefront set of the Dirac delta.
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Example 2.3.10: Let 6 € D'(R?) be the Dirac delta centered at the origin. Since singsupp(d) = {0}, it
suffices to evaluate ¥ (u). Given ¢ € D(Q) with ¢(0) # 0, it turns out that

96(¢) = #(0), VEER™
It descends that 553 is nowhere rapidly decreasing. Therefore, we infer that Yo(8) = R?\ {0} and
WF(6) ={(0,¢) : ¢ e R\ {0}}.

Pseudodifferential characterization In this paragraph, we recall the characterization of the smooth
wavefront set in terms of properly supported pseudodifferential operators as per Definition [2.2.25] This
characterization is mainly outlined in [GS94, Chap. 7] and [Hin21| Sect. 6.3].

Proposition 2.3.11: Let Q C R? be an open set and let u € D'(Q). Then (g, &) € Q x (R?\ {0}) does
not lie in W F (u) if and only if there exists A € W°(Q), elliptic at (xo,&) as per Definition 2.2.48] such
that Au € C*°(Q)). Therefore,

WF(u)= () Char(A),

Acw(Q)
AueC™(2)

where Char(A) is the characteristic set of A introduced in Equation (2.2.22).

Microlocality of Pseudodifferential Operators An important property of the smooth wavefront set
of a distribution is that it is shrinked by the action of pseudodifferential operators as per Definition[2.2.15|
- see [Hin21| Prop. 6.27], [GS94] Lemma 7.2]. On account of this property, we say that pseudodifferential
operators are microlocal. In this paragraph, we only consider properly supported pseudodifferential

operators as per Definition [2.2.25
Proposition 2.3.12: Let Q C R? be an open set and let m € R. If A € Y™ (Q), then

WE(Au) C WF/(A)NWF(u), ueD(Q),

where W F’(A) has been introduced in Definition |2.2.44
We conclude by stating a microlocal elliptic reqularity result - see [Hin21, Prop. 6.28].
Proposition 2.3.13: Let Q C RY be an open set and let m € R. If A € U™ (Q), then

WF(u) C Char(A) UWF(Au), ue€ D'(Q).
In particular, if A is elliptic, then

WPF(u) =WF(Au), ueD'(Q).

2.3.2 Pullbacks and Smooth Wavefront Sets

In Appendix[A.9] we proved that the pullback of a distribution along a submersion is always well-defined.
However, the pullback of a distribution along an embedding is, in general, an ill-defined operation because
of singularities. The aim of this subsection is to discuss under which conditions this operation can be
extended to distributions. In particular, we shall see that the smooth wavefront set plays a key role in
providing a sufficient criterion to pull back an underlying distribution along an embedding. To this end,
we first introduce a topology on the space of distributions with a given bound for the wavefront set. The
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content of this subsection is mainly inspired by [Hor03| Sect. 8.2].
Let © C R? be an open set and let V be a closed cone in Q x (R%\ {0}) as per Definition [2.2.41, We
define

Dy(Q):={ueD(Q): WF(u) C V}.

Lemma 2.3.14: Let v € D'(Q). Then u € D}, (Q) if and only if for any ¢ € D(Q) and for any closed
cone I' C R? as per Definition |2.2.39 such that

VN (supp(¢) x I') = 0, (2.3.3)

it follows that e
zuglélNWu(f)l <00, VN €N, (2.3.4)
IS

In view of Lemma|2.3.14] we can endow D}, (2) with a notion of convergence.

Definition 2.3.15: Let (u;);en, be a sequence in DY, (Q) and let v € DY, (). We say that (u;);en,
converges to u in D;(Q) if

(i) u; D u as per Definition ,

(i) for any ¢ € D(Q) and for any closed cone I' C R? such that Equation (2.3.3)) is satisfied, it holds
true that

lim sup|¢|V|du; (€) — du(€)| =0 VN € Np.
)70 el

D/
We write u; =¥ w.
We recall that D() is dense in DI, () - see [Hor03| Th. 8.2.3].
Theorem 2.3.16: Let Q C R For any u € D}, (Q) there exists a sequence (u;);jen, C D(Q) such that
D/
Uj J u.
We are now in position to state the main result of the subsection, which gives a sufficient condition
to pullback a distribution along an embedding. Moreover, this statement establishes how the smooth
wavefront sets transform under pullbacks - see [H6r03| Th. 8.2.4].

Definition 2.3.17: Let Q1 C R%, Qs C R% be open sets with di < ds and let f: Q1 — Qo be a smooth
map. We say that f is an immersion if its differential, df (x), is injective for every x € ;.

Definition 2.3.18: Let Q; C R%, Qy C R% be open sets with di < dy and let f: Q, — €5 be an
immersion. We say that f: Q — Q9 is an embedding if f is a diffeomorphism between Q0 and f[].

Theorem 2.3.19: Let Q; C R4, Qy C R% be open sets with di < dy and let f : Q1 — Qo be an
embedding. Moreover let
Ny ={(f(z),n) € Qa x R : tdf (z)n = 0} (2.3.5)

be the set of normals of f. For any u € D'()3) such that
Ny NWF(u) =0, (2.3.6)

there exists a unique f*u € D'(Q;) so that f*u=wo f if u € C*(Qs). In addition, for any closed conic
subset V of Qz x (R%\ {0}) with VN Ny =0, f*: D}, (Qs) — D'/ (§) is a continuous map, where

FVoi=A{(z, df (z)n) : (f(z),n) € V}.
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In particular,
WE(f*u) C f*WEF(u),

for every u € D'(Q) abiding to Equation (2.3.6).

Remark 2.3.20: Theorem [2.3.19 can be improved by assuming that f: Q1 — € is an immersion as
per Definition In the present subsection, we have focused on the particular case of pullbacks
along embeddings. This is in light of the fact that the product between two distributions, when no
issue arise in its definition, is expressed explicity as a suitable pullback along the diagonal embedding
5: Q= QxQ,8x)=(r,2), where Q C R? is an open set - see Subsectionm

At last, we recall that the smooth wavefront set of a distribution is invariant under the action of diffeo-
morphisms - [FJ99, Prop. 11.1.2].

Proposition 2.3.21: Let ©Q;,Qy C R? be open sets. If f: Q; — Qs is a diffeomorphism, then
WEF(f*u) = f*WF(u).

Remark 2.3.22: Proposition is especially important since it is the building block to extend the
notion of smooth wavefront set to distributions supported on any arbitrary smooth manifold. Let M
be a d-dimensional smooth manifold and let A = {(U;, h;)}; be a smooth atlas thereon. On account of
Remark [2.3.7 if u € D'(M) as per Deﬁm’tion we define WF(u) as the subset of T*M \ {0} such
that its restriction to U; is given by (h;)*W F((h; *)*u). On account of Proposition this definition
is well-posed and invariant under a change of local coordinates. For further details, the interested reader
may refer to [Hor03, Chap. VIII].

2.3.3 Product of distributions

In the framework of the theory of distrubutions, one of the questions is to establish under which conditions
the product of two distributions is well-defined. We recall that this operation is always well-defined when
the distributions have disjoint singular supports, see Theorem However, even if a point lies in
both singular supports, we are able to define the product of two distributions after assuming a suitable
condition on the smooth wavefront sets, called Hormander criterion. To this purpose, we observe that,
if u, v are two scalar functions on €2, then the product u(x)v(x) can be seen as the pullback of the tensor
product u(x)v(y) along the diagonal. Therefore, we first recall an estimate for the smooth wavefront set
of the tensor product between two distributions - see [H6r03| Th. 8.2.9].

Theorem 2.3.23: Let ; C R% Qy C RY be two open sets. If u € D'(2;) and v € D'(Qy), then
WF(u®v) C (WF(u) x WF(v)) U ((supp(u) x {0}) x WF(v)) U (WF(u) x (supp(v) x {0})). (2.3.7)
Theorem 2.3.24: Let u,v € D'(Q) be such that
(x,8) e WF(u) = (z,—¢§) ¢ WF(v) (Hérmander criterion). (2.3.8)
Then the product uwv € D’'(Q) can be defined as
uv = 6" (u®v),
where §: QO — Q x Q, §(z) := (x, z), is the diagonal map. In addition,

WF(uwv) C {(x,& 4+ &) : (x,&) € WF(u) or & =0, (x,&) € WF(v) or & = 0}.
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Proof. Since

LS (x) (&1, &) =& + & V&L, & € RY,

then N5 = {(&,—¢) : € € R?}, where Ns denotes the set of normals of the diagonal map, see Equation

(2.3.5). On account of Equation and Theorem it descends that
Ns NWF(u®v)=0.
Therefore, by applying Theorem we conclude that there exists ¢*(u ® v) and
WE(@* (u®v)) COWF(uv)={(z,& +&): (2,§&) € WF(u) or & =0, (z,&) € WF(v) or & = 0}.

O

2.3.4 Push-forwards and Smooth Wavefront Sets

In this subsection, we shall see how the smooth wavefront set transforms under push-forwards along
projection maps - see [FJ99, Def. 11.2.1, Prop. 11.2.1]. To start with, we recall the definition of push-
forward of a distribution along a projection map, which can be understood as a partial evaluation against
the constant function 1.

Definition 2.3.25: Let Q; C R%, Qy C R be two open sets, let K € D'(2; x Q) and let w: Qy x Qo —
Q4 be the canonical projection defined by mw(x1,x2) = x1. Suppose that 7 is a proper map when restricted
to supp(K). The push-forward of K along w, m.(K), is the element in D’(Qy) such that, for any
¢ € D({h),

(m(K), ¢) == (K, ¢ @), (2.3.9)
where 1 € D(§s) is identically one on a neighbourhood of
{2 € Qo : Jz1 € supp(9), (z1,22) € supp(K)}.

Remark 2.3.26: Equation (2.3.9) is independent from the choice of 1. Let ¢ € D(Qy). If1h,1p € D(a)
are chosen as in Definition|2.3.25| then

Y —1p=0on {xy € Qy: Iz; € supp(¢), (x1,22) € supp(K)}.
Therefore, it descends that
(K, ¢ @) — (K,09¢) = (K,¢® (v - 1)) =0.

Remark 2.3.27: If K € L' () x Q3) N &' (Q x Q3), then

T (K) (1) = - K(z1,z2)dze (21 € Q).

Proposition 2.3.28: Let K € D'(Q; x Q) and let w: Q1 x Qg — Qy be as in Definition|2.3.25, Then

WF(r.(K)) = {(x1,&) € Q1 x (RD\ {0}) : 3o € Qo, (21, 20,£1,0) € WF(K)}.
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2.3.5 Schwartz Kernels and Smooth Wavefront Sets

This subsection is devoted to discussing the smooth wavefront set of Ku, where KX: D(Q2) — D'(Q4) is
a linear map with Schwartz kernel K € D'(£2; x Q2) - see [Hor03, Th. 8.2.12]. For details concerning
Schwartz kernels, the interested reader may refer to Appendix[A.8]

Theorem 2.3.29: Let Q; C R4 Q, C R% be two open sets and let K: D(Q3) — D'(2;) be a linear
map with Schwartz kernel K € D'(Qq x Q). Then, for any u € D(Q2),

WF(Xu) C {(z1,&) € Q1 x (RE\ {0}) : 3y € supp(u), (z1,22,&1,0) € WF(K)}.

Proof. Let m: Q1 X 2 — 3 be the projection on the first factor. If u € D(s), then Ku can be defined
as the distribution lying in D’(€) such that

(Ku)(¢) = (K1 ©@u),¢p@1) V¢ e D).

On account of Definition [2.3.25] we infer that Ku = 7, (K (1 ® u)), where 7, is the push-forward along =
as per Definition [2.3.25] Since WF(1 ® u) = ), then the product K(1 ® u) is well-defined per Theorem
2.3.24] Here, K (1 ® u) denotes the standard product between smooth functions and distributions as per

Definition Furthermore, Theorem implies that
WF(K(l®u)) C {(z1,22,&,&) € WF(K) : 22 € supp(u)}.
To conclude, Proposition entails that
WE(m (K1 ®uw))) C {(z1,&) € Q1 x (R \ {0}) : x5 € supp(u), (z1,72,&,0) € WE(K)}.
O

The following theorem generalizes the previous one to the case in which u lies in €'(£22) - see [H6r03| Th.
8.2.13], [FJ99, Th. 11.4.1].

Theorem 2.3.30: Let ; C R%,Q, C R% be two open sets, let K € D'(Q; x ) be the Schwartz
kernel of X: D(23) — D'(21) and let u € E'(). Define

— WF,(K) = {(x2,&) € Qg x (RZ\ {0}) : Iz1 € Oy, (21, 22,0, —&) € WF(K)}. (2.3.10)

If
WF(u) N (~WFy, (K)) =0, (2.3.11)

then there exists a unique Xu € D'(4). In addition,
WF(Xu) C WFEq,(K)UWF'(K)oWEF(u),

where WE'(K)oW F(u) := {(21,&1) : I(x2,&2) € WF(u), (21, 22,81, —&2) € WF(K)} while W Fo, (K) :=
{(ibl,fl) € Oy X (Rdl \{0}) :dxs € 927 ($1,$2,§170) € WF(K)}

Proof. Let m: Q1 x Q9 — 1 be the projection on the first factor. In analogy to the proof of Theorem
2.3.29, Ku, if it exists, is defined as the distribution in §2; such that

Ku = m (K(1 @ u)),

where 7, is the push-forward by 7 as per Definition [2.3.25] We start to prove that the product between
K and 1 ® u is well-defined. On account of Theorem |2.3.23| it descends that

WF(l ®u) C (Ql X {0}) X WF(U) = {(1‘1,{)32,0,62) : (l‘g,fg) S WF(’LL)}
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Combining Equation (2.3.11) and Theorem [2.3.24} it follows that there exists K(1 ® u) € D'(; x Q)
and

WF(K(]. ® 'LL)) C{(xl,m2,£1,§2 +££) : (.’EQ,fQ) € WF(’LL), (1’1,%2,52,5&) S WF(K)}
UWF(K) UWF(1® u).

At last, on account of Proposition [2.3.28] we deduce that

WF(TF*(K(l ®u))) C {(l‘1,€1) : 3($2,§2) € WF(U), (371,332,51, —fg) € WF(K)} ] WFQI(K)

2.3.6 The propagation of singularities

As explained in Subsection the notion of smooth wavefront set characterizes all those directions
in Fourier space along which an underlying distribution is singular - see Definition [2.3.6] The aim of
this subsection is to recall the propagation of singularities theorem. According to this result, the smooth
wavefront set of a solution to a suitable partial differential equation is characterized by means of the
principal symbol of the corresponding differential operator. In what follows, we shall focus on the problem
of the propagation of singularities related to a large class of hyperbolic partial differential equations. More
precisely, it asserts that the singularities of the solution propagate along the flow induced by the principal
symbol, which is reinterpreted as a Hamiltonian function. We shall mainly refer to [Hin21, Sect. 7.2,
Chap. 8.

Let A € U'(R?) be properly supported as per Defintion In addition, we assume that the
principal symbol of A, denoted by o1 (A), lies in St (R4 R?) as per Deﬁnitionand it is real-valued.
Given ug € D'(R?), we want to analyze the microlocal behavior of the solution u € D’(R x R%) of an
initial value problem of the form

Diu=A t R x R¢
= Au, (te) € y (2.3.12)
U(O,JJ)ZUO(J?), zeR ’
where Dy := —id;. Here, we denote by ug(x) and u(t, z) the integral kernels of ug and u respectively as

per Remark We denote the solution map associated to Equation (2.3.12)) by
L(t,0): up — u(t), teR.

It shows that .#(¢,0) is a continuous operator from the Sobolev space H*(R%) as per Definition
into itself - see [Hin21, Th. 7.1]. In addition, .#(¢,0) is invertible and .#(¢,0)~1 = #(0,t). As already
anticipated, the main intuition behind the propagation of singularities theorem is to read o1(A) as a
Hamiltonian function. Therefore, 01 (A) determines a unique Hamiltonian vector field X, (), defined by

d d
Xoyl@e) =D 06,01(A)(@,8)00, lwe) = Y 0, 01(A)(,€)0e, we),  V(@,§) € R xR (2.3.13)

j=1 j=1

Let (z0,&) € R? and let p € C°°(J (4, ¢,), R? x R?) be the local solution of the Cauchy problem

dp(t) _
“ar = Xowlp): (2.3.14)
p(O) = (x()?EO)a
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where Ji;, ¢,y C R is an open interval containing 0. As a result, the Hamiltonian flow associated with
X, (a) is defined as the map

P Jig ) X RTXRT 5 REX R sit. (¢,20,&0) = Pi(20,&0) = p(t). (2.3.15)

In this setting, the proof of the propagation of singularities theorem is based on Egorov’s theorem - see
[Hin21| Th. 8.3].

Theorem 2.3.31: Let m € R and let b € S™(R%;R?). Given By := Op(b) € ¥™(RY), we set
B(t) := #(t,0) 0 By o .#(0,t), teR.

Then for any t € R, B(t) € Y (R?) up to an element lying in ¥~>°(R%) as per Equation (2.2.12)), i.e.
there exists R € C>(R, U~>°(R%)) such that B(t) — R(t) € Y"(R%). In addition, the principal symbol
of B(t) is given by

oo (B())(2,€) = b(y (2, ), (2:3.16)

where ®; is the flow from t to 0 induced by the Hamiltonian vector field X, (4) as per Equation (2.3.13).
In other words ®(x,£) = p(t) where p satisfies Equation |2.3.14

We now are in position to prove the following propagation singularities theorem - see [Hin21 Th. 7.4].

Theorem 2.3.32: Let A € ¥ (R?) be such that its principal symbol o1(A) lies in St (R RY) as per
Definition and it is real-valued. In addition, let ug € D'(RY) and let u € D'(R x RY) be the solution
of the initial value problem as per Equation (2.3.12)). Then

WE(u(t)) = &,W F(up), (2.3.17)

where ®; is the flow from t to 0 induced by the Hamiltonian vector field X, 4y as per Equation (2.3.15)
while we set
OWF(ug) := {®y(z,€) € R x (RY\ {0}) : (x,€) € WF(up)}.

Proof. We only prove the inclusion C, since the other inclusion follows immediately by inverting the time
direction. Let (z0,&) & WF(ug). On account of Proposition there exists a properly supported
pseudodifferential operator B € WO(R?), elliptic at (x0,&) as per Definition such that Bugy €
C>(R%). Therefore, we set B(t) := .7(t,0) o B o.#(0,t) so that B(t)u(t) = (t,0)Buy € C>*(R%). On
account of Theorem we infer that B(t) lies in WO(R?) and it is elliptic at ®; *(zo,&). Therefore,
this entail that ®; *(20,&) & WF(u(t)). O

Theorem [2.3.32| asserts that the singularities of the initial data propagate along the Hamiltonian flow
induced by o1(A). In Subsection [3.3.5] we shall prove Theorem [2.3.32] for a more specific class of first
order hyperbolic partial differential equations within the framework of the Besov wavefront set.

2.4 Germs of Distributions

In this section, we give a succinct overview of the theory of germs of distributions as outlined in [CZ20].
The aim of this theory is to formulate and to prove Hairer’s reconstruction theorem, c.f [Haildl Th.
3.10], in a purely distributional language without any reference to regularity structures. More precisely,
in [CZ20], the authors deal with the following problem: if for any = € R¢ we are given a distribution F, €
D'(R?), we wonder whether there exists a global distribution REF € D’(R?) which is well-approximated
by F, locally around each z € R? We shall see that, under a suitable assumption on the family
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of distributions (F})zcgra, called coherence, the existence of the desired distribution RF € D'(R?) is
guaranteed. This is the content of the reconstruction theorem formulated in [CZ20]. We underline that
the framework developed in [CZ20] is established in the BS, ., setting. In a recent paper [BL22B], the
reconstruction theorem has been extended to Besov spaces By q(Rd) with p,q € [1,00]. A few years
earlier, this generalization was discussed in [HL17| within the framework of regularity structures. In
this section, we shall point out that the framework of germs of distributions is well-suited to extend
the reconstruction theorem to the case of distributions supported on any arbitrary smooth manifold as
discussed in Chapter

In Subsection we recall the basic notions at the heart of the theory of germs of distributions.
More precisely, we recall the definition of germ of distributions and the notion of coherence. In Subsection
we recall the formulation of the reconstruction theorem within the current framework. In Subsection
we discuss an application of the reconstruction theorem, which provides an alternative proof of
Young’s product theorem (Theorem [2.1.20).

Throughout this section, we denote by < an inequality holding true up to a multiplicative finite
constant. Given a compact set £ C R? and R > 0, we define the R-enlargement of & as

Ap={yeR’:|y—z| <R, zc K} (2.4.1)

In addition, we denote by B(0,1) the unit open ball in R? centered at the origin. Given a function
f:RY = R z€R?and A > 0, we recall that f;: R? — R denotes the scaled version of f, defined as

f2y) =2\ (y —2)), yeR™L

2.4.1 Germs of Distributions and Coherence

In this subsection, we introduce the basic notions at the heart of the theory of germs of distributions,
which aims at formulating Hairer’s reconstruction theorem [Hail4, Th. 3.10] in a purely distributional
language. We shall mainly refer to [CZ20].

We start by giving the definition of germ of distributions.
Definition 2.4.1: A family F = (F,),cga of distributions, F,, € D'(R?) for any x € RY, is said to be a
germ if, for any 1) € D(R?), the map x +— F,(v) is measurable.
Remark 2.4.2: A germ F can be read as an element of D'(R? x R?), whose integral kernel F(z,y) =
F,(y) is such that the map x + (F,(y),v¥(y)) is measurable for any ¢ € D(RY).
On account of the previous definition, a germ F' = (F}),cra can be read as a family of local approximations
for a global distribution RF. As a matter of fact, we are interested in finding a distribution RF € D’(R¢)

which is well-approximated by F, around each point z € R?. More precisely, we investigate the existence
of RF € D'(R?) such that for any k € D(R?) with £(0) # 0 and for any compact set & C R?

lim [(RF — F,)(6))| =0, Vze€ & (2.4.2)
A—0F
In particular, Equation (2.4.2)) entails the uniqueness of RF - see [CZ20, Lemma 4.2].

Lemma 2.4.3: Let F = (F,),cpa be a germ as per Definition|2.4.1, let k € D(R?) with (0) # 0 and let
& C R? be a compact set. If there exist two distributions RFy, RFy € D'(R?) satisfying Equation (2.4.2)
uniformly for x € &, then RF(p) = RF»(p) for any ¢ € D(R).

In Subsection , we shall see that the existence of a distribution RF € D’(R?) satisfying Equation
(2.4.2) is guaranteed as soon as one considers a coherent germ F = (F,),cgae, which we define in the
following.
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Definition 2.4.4: Let v € R and let F = (F,),cre be a germ as per Definition m F is called
y-coherent if there exists k € D(R?) with £(0) # 0 such that for any compact set & C R? there exists
Ca < min{0,~} such that

[(Fy = Fu) ()| S A (|2 =yl + )¢, (2.4.3)
uniformly for x,y € & and for A € (0,1]. We say that F is ({,7)-coherent where { = (Cg)g is the
family of exponents in Equation . In particular, if (g = ¢ for any compact set R, F' is said to be
(¢,7y)-coherent.

Remark 2.4.5: In Definition 2.4.4, we can replace the constraint X\ € (0,1] by A € (0, €], for any fixed
€ > 0. As a matter of fact, if X € (0,€], the bound in Equation (2.4.3) still holds true with a different
multiplicative constant.

Remark 2.4.6: We point out that the coherence condition as per Equation (2.4.3) depends on the test
function k € D(R?) with &(0) # 0. However, we shall recall in Proposition |2.4.11| that r in Equa-

tion (2.4.3) can be replaced by any test function ¢ € D(B(0,1)), provided that we adjust suitably the
exponents (g. This entails that the set of «y-coherent germs is a vector space.

Remark 2.4.7: The bound in Equation (2.4.3) can be read as a generalized Holder condition. Moreover,
using the language of the theory of regularity structures, the notion of coherent germ is inspired by that
of modelled distribution - see [Haild, Def. 3.1].

In light of Definition we can introduce a family of semi-norms which establishes the coherence of a
germ. Let v € R and let F = (F}),cre be a germ. Then F is ({,~)-coherent as per Definition if
and only if there exists £ € D(RY) with £(0) # 0 such that for every compact set & C R?
coh |(Fy — Fu)(53)]

woy. (o = Sup - - < 00. 2.4.4
R,6,7,¢a - )\CR(|m _ y| + )\)'y—Cn ( )

A€(0,1]

Example 2.4.8: Let F = (F,),cga be a (¢,)-coherent germ as per Definition|2.4.4 and let u € D’ (R?).
Then the germ G := (u — Fy)¢cpa is still (¢, y)-coherent.

£

Homogeneity In this paragraph, we recall that a coherent germ satisfies a homogeneity condition - see
[CZ20, Lemma 4.12].

Lemma 2.4.9: Let F' = (F,),crae be a 7y-coherent germ with v € R as per Definition m Then, for
any compact set & C R, there exists Sz < v such that

Fo(53)] S AP (2.45)

uniformly for x € & and X € (0,1], where k is chosen as in Definition We say that F is locally
homogeneous with exponents 3 = (8g)a. If Bg = B for any compact set R, F is said to be globally
homogeneous of degree .

Remark 2.4.10: It is worth pointing out that the case 8z > 0 is rather trivial. As a matter of fact, if
Ba > 0 for a compact set & C R, then RF = 0 satisfies Equation (2.4.2) on & In addition, on account

of Lemma|2.4.3, RF = 0 is the only solution to Equation (2.4.2).

Analogously to the notion of coherence, we introduce a family of semi-norms which estimate the homo-
geneity of a coherent germ F = (F,),cra. Let B € R. For any compact set & C R?, we define

|Fa (53]

Y (2.4.6)

IF|es = sup
TER,

A€(0,1]

where x € D(R?) is chosen as in Definition
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Enhanced coherence In this paragraph, we recall that the coherence condition as per Equation
can be enhanced. This allows us to introduce the notion of enhanced coherence. The idea at the heart of
enhanced coherence is to replace s in Equation by an arbitrary test function, provided that the
exponents (g are suitably adjusted - see [CZ20, Prop. 3.1].

Proposition 2.4.11 (Enhanced coherence): Let v € R and let F' = (Fy),ere be a (¢, y)-coherent germ
as per Definition Then for any compact set & C R? and for any integer r > —(R,

(Fy = Fo)(¢2)] S Illor @A (A + o — y]) =% (2.4.7)

uniformly for xz,y € K, A € (0,1] and ¢ € D(B(0,1)). In addition, the set of all y-coherent germs is a
vector space

Proposition [2.4.11] asserts that coherence implies its enhanced formulation. The converse implication
holds true trivially. As a result, we give the following equivalent definition of coherence.

Definition 2.4.12: Let v € R. A germ F = (F,),cga is said to be y-coherent if for any compact set
£ C R? there exists (g < min{~, 0} such that, for any integer r > —(g,

[(Fy — F2)(02)] < ||¢||CT(Rd))\<’i()\ + |z —y|)Y %%,

uniformly for x,y € &, X € (0,1] and ¢ € D(B(0,1)).

Remark 2.4.13: In Appendix [B] we formulate coherence and enhanced coherence on open sets. This
local formulation allows us to extend the same notions to distributions on smooth manifolds.

At last, we give a few notable examples of coherent germs.

Example 2.4.14: Let u € D'(R?). We define F, := u for any € R%. Since F, — F, = 0 for any
z,y € RY, then F = (F,) cpa if (¢,7)-coherent for any v € R and for any family of exponents ¢ = (Cg)g-

A prototypical example of germ is given by the Taylor polynomial of a Holder function - see Subsection
General germs can be read as generalized local Taylor expansions.

Example 2.4.15: Let f € BE'9¢(R?) with o € (0,00) \N. On account ofPropositions|2,1.35| and‘2.1,38L
it descends that, for any compact set & C R,

f(y) = Be(w)| Sz —yl* Yo,y e R,

where P, is the |a]-th order Taylor polynomial of f centered at x as per Equation (2.1.29) while |«
has been defined in Equation (2.1.14). As shown in [CZ20, Example 4.11], the germ (Py),cpa is (0, a)-
coherent.

2.4.2 Reconstruction Theorem

As mentioned in the previous subsection, given a germ (F),cgra, we wish to find a global distribution
RF which is approximated by F, locally at any point € R The solution to this problem is known
as reconstruction theorem, which is one of the cornerstones of the theory of regularity structures - see
[Haild] Th. 3.10]. In this Subsection, we recall the formulation of this theorem in the framework of
the theory of germs of distributions, without any reference to regularity structures. As a matter of fact,
under the assumption of coherence of the germ (F,),cre as per Definition this result entails the
existence of the desired distribution RF € D’(RY) - see [CZ20, Th. 5.1]. In addition, we point out that
the reconstruction theorem formulated in [CZ20] is established in the B _ setting. In a recent paper

00,00

[BL22B, it has been extended to Besov spaces Bg,(R?) with p,q € [1,00] as per Definition [2.1.24] In
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Section we shall see that the framework introduced in [CZ20] is well-suited for the extension of the
reconstruction theorem to the smooth manifold setting. In what follows, Rz denotes the R-enlargement

of a compact set 8 as per Equation (2.4.1).

Theorem 2.4.16: Let v € R and let F = (F,),cre be a (¢, 7y)-coherent germ as per Definition In
addition, suppose that F' is locally homogeneous with exponents 3 = (Sg)s as per Lemma|2.4.9, Then

there exists RE € D'(R?), called reconstruction of F, such that, for any compact set & C R? and for
any integer r > max{—ag, , —fz,},

N ify £ 0,

’ (2.4.8)
1+ |logA| ify=0,

(RE = Fo) ()] S leller @ I FIS" {

Rosk, 0, Y

uniformly for ¢ € D(B(0,1)), x € &, X € (0,1], where || F||<h 5 has been defined as per Equation

?27570527
(2.4.4). If X > 0, then RF is unique. If A < 0, the distribution RF' is non-unique.
Remark 2.4.17: As shown in [CZ20, Sect. 11], the reconstruction of a y-coherent germ with v < 0 is
non-unique. As a matter of fact, its construction depends on the choice of the cover of R¢ and of the
partition of unity subordinated to such cover. This fact remains true also in the smooth manifold setting
- see Theorem |4.2.4

Remark 2.4.18: Let v < 0. If F = (F,),cga Is a y-coherent germ as per Definition |2.4.4, then RF is
defined up to an element lying in BY;'%¢(R%) as per Definition If u € BL'%¢(RY), we prove that
RF + u satisfies the bound in Equation for v < 0. To this end, we recall that for any compact set
£ C R? and for any integer r > —v, it holds true that

(@) < gllor a7 (2.4.9)

uniformly for x € &, A € (0,1] and ¢ € D(B(0,1)) - see Proposition |2.1.28, Therefore, given a compact
set & C R?, it descends that

(RF +u = F) (¢)] < [(RF = Fo)(¢)] + [u(@2)] < 9]

uniformly for x € K, A € (0,1] and ¢ € D(B(0,1)), where the second inequality descends from Equations
and . As a result, we conclude that RF + u is a reconstruction of F'. Conversely, let RF}
and RF, be two distributions which satisfy the bound in Equation Given a compact set & C R?,
it descends that

cor A7,

(RE) — RE) (60)] < [(RFy — F)(60)] + [(REs — Fy)(62)] S A

uniformly for x € &, A € (0,1] and ¢ € D(B(0,1)). Therefore, Proposition|2.1.28 entails that RF} —RF, €
B¢ (RY). This proves that the reconstruction of a y-coherent germ with v < 0 is non-unique and it is
defined up to an element lying in BY'9%(R?)

In the following, we recall a regularity result concerning the reconstruction of a coherent germ - see [CZ20]
Th. 12.7].

Theorem 2.4.19: Let F = (F,)ycre be a (,7)-coherent germ as per Definition In addition,
suppose that F' is homogeneous of degree f < v as per Lemma If 3 >0, then RF =0. If 5 <0,
then RF € B9 (R?) and, for any compact set & C R?, it holds true that

IRFllgs S (IFISE  + [FIm ),

where € D(R?) has been chosen as in Definition while |[F||°h || F||Rom

Ro,8,(,y R2,K,8
Equations (2.4.4) and (2.4.6) respectively.

have been defined in
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Example 2.4.20: Let u € D'(R?). We consider the constant germ F, = u introduced in Example
Being F,, = u for any x € R?, it holds true that RF = w.

Example 2.4.21: Let f € BS (R?) with o € (0,00) \ N and let P = (P,),era be the germ given by
the |a]-th order Taylor polynomial of f as per Example where |a] is as per Equation . As
already mentioned in Example the germ P = (Py)cpa is (0, «)-coherent. Therefore, on account
of Theorem there exists a unique reconstruction RP. In particular, we show that RP = f. To
this end, we recall that for any compact set & C R¢

[f(y) = Pe(y)| S o —y|* Va,y € &, (2.4.10)
see Proposition Given a compact set & C R?, it descends that

d A d
‘/d )X (y y‘ / f(y W)llo2(y)ldy
< —y|*|o2 (y)|dy < A XW)|dy < |9l oo ey A

uniformly for x € &, X € (0,1] and ¢ € D(B(0,1)), where the second bound descends from Equation
(2.4.10). As a result, we infer that f is the reconstruction of P.

To conclude, we recall a special case of Theorem |2.4.16] The following result shall play a leading role in
the proof of the reconstruction theorem for germs of distributions on smooth manifolds in Section -
see |CZ20, Th. 4.4].

Theorem 2.4.22: Let v € R and let F' = (F),cre be a ({,7y)-coherent germ as per Definition m
Then there exists RF € D'(R?) such that, for any compact set & C R% and for any ¢ € D(R),

(RF - F)(4)] < { A

’ (2.4.11)
1+ |logA| ify=0,

uniformly for x € & and for A € (0,1]. If A > 0, RF is unique and it is called the reconstruction of F'. If
A <0, the distribution RF' is non-unique.

Remark 2.4.23: Since Theorems|2.4.22] and [2.4.16] are local statements, they still hold true for germs
of distributions on open sets - see Appendix B

2.4.3 Young’s Product Theorem

In Subsection we recalled the formulation of the reconstruction theorem in the context of germs
of distributions, without any reference to the theory of regularity structures. Given a coherence germ
(Fy)zera as per Definition [2.4.4] this result asserts the existence of a global distribution which is approx-
imated by F), locally at any point = € R,

As shown in [CZ20, Sect. 14], the reconstruction theorem allows to prove the existence of the product
between two Besov distributions u € B321°¢(R?) and v € B3212°(R?) when a; + ap > 0. This result is
known as Young’s product theorem see Theorem which was proven by means either of Bony’s
paraproducts, see Subsection or of wavelet analysm - see [Bo81], [BCD11 Th. 2.52] and [Hail4]
Prop. 4.14]. Furthermore, if a; + ag < 0, the reconstruction theorem entails that there exists still a
non-unique and non-canonical product.

Since B (R?) < B2 £(R?) for any ¢ > 0, see Theorem we can assume without loss of
generality that a; ¢ N. Since B (R?) concides with the Holder space C lea],ea=lel(R4) (see Theo-
rem , this assumption is convenient for what follows. Otherwise, if a; € N, it holds true that

c~LI(R?Y) € BY . (R) on account of Theorem [2.1.38
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Let a; € (0,00)\N and let ap < 0. In addition, let u € B&212¢(R%) and v € B212¢(R%). From the theory
of distributions, the product between v and v, denoted by wwv, is in general ill-defined. Nonetheless, on
account of Theorem we can approximate the product uv locally at a point 2 € R, replacing u by
its |y |-order Taylor polynomial centered at x, that is,

Y
Py= Y ouwmPT vyerd,
[€|<|ev1]

where |a] has been introduced in Equation (2.1.14). Therefore, we define the germ F' = (F,),cpa, where,
for any x € R,

Fo(p) == (vPy)(9) = v(Prp), Ve € D(RY).

The germ F' can be interpreted as a family of local approximations of the product uv. The following
proposition asserts that F' is a coherent germ - see [CZ20, Prop. 14.4].

Proposition 2.4.24: Let u € B3 1°¢(R%) and let v € B2212°(R?) with oy € (0,00)\N and ay < 0. Then
the germ F = (F,),cpa is (a2, a1 + ag)-coherent as per Definition In addition, F' is homogeneous
of degree oo as per Lemma |2.4.9

On account of the previous proposition, the germ F' fulfills the hypotheses of the reconstruction theorem.
Therefore, the following result is a consequence of Theorem [2.4.16| by setting M(u,v) := RF - see [CZ20,
Th. 14.1].

Theorem 2.4.25: Let a; € (0,00) \ N and let oy < 0. If a1 + ay > 0, then there exists a bilinear
continuous map M: B2 10¢(R) x Bg2lo¢(RY) — B2 lo¢(RY) such that it extends the usual product

) X
M(u,v) = uv when u € C*(R?). In addition, for any compact set & C R? and for any integer r > —awo,
it holds true that

|(M(u,v) = vPu)(@2)] S 9]l om@a A He2,
uniformly for x € 8, A € (0,1] and ¢ € D(B(0,1)).
If oy + ay < 0, there exists a bilinear continuous map M: B 12¢(R?) x B2210°(R?) — B2 lo¢(RY)
such that, for any compact set & C R% and for any integer r > —as,

Avter if o +ag < 0,

_ (2.4.12)
1+ log)| ifa;+as=0

|(M(u,v) = vP)(#3)] S lI6llor(ma) {

uniformly for x € & X € (0,1] and ¢ € D(B(0,1)). In this case, the map M is neither unique nor
canonical.
In addition, for any compact set & C R%, it holds true that

M (u, U)”B‘;%oo(ﬁ) S ||UHB§O{OO(§4) HUHBg‘O%w(ﬁy

where R, denotes the 4-enlargement of 8 as per Equation .

Remark 2.4.26: Let a; € (0,00) \ N and let ap < 0 such that a3 + as > 0. Since C*(R%) is not
densely embedded into B3 12¢(R?), it descends that the map M: C*(RY) x Bg210¢(R?) — B2:10¢(R?),
M(u,v) = uv, cannot be uniquely extended to M: B2 10¢(RY) x Bg210¢(R?) — BS2:le¢(RY). For this
reason, Theorem does not entail the uniqueness of M: B3 12¢(R?) x B2212¢(R?) — B2 1o¢(RY).
For further details, the interested reader may refer to [CZ20, Remark 4.12].
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Chapter

Besov Wavetiront Set

Handling the singularities of a distribution represents one of the main issues of several physical theories,
such as quantum field theory. Because of this, it became necessary to develop a theory which characterizes
in detail the singularities of an underlying distribution. As a matter of fact, in the 1950s, Lars Hérmander
moved the first steps in this direction by introducing a framework, known as microlocal analysis - see
[Ho6r03],[Hor94]. It is a collection of mathematical techniques, which involves the study of singularities
of a distribution resorting to Fourier theory. In particular, a key tool to analyze singularities is provided
by the notion of smooth wavefront set, which is a refinement of that of singular support - see Section [2.3|
The smooth wavefront set aims at characterizing the singularities of an underlying distribution, linking
the singular points to their respective singular directions in Fourier space. Such information is provided
by a suitable analysis of the behavior of the Fourier transform of the distribution under investigation. For
these reasons, microlocal analysis and, in particular, the notion of wavefront set have increasingly become
important in mathematical analysis and have found broad applications in theoretical and mathematical
physics. As an example, microlocal techniques play a leading role in the construction of a quantum field
theory on curved backgrounds, as well as in a rigorous mathematical formulation of renormalization using
the language of distributions - see [FR16, BFDY15, [BF09, (BF00].

The smooth wavefront set, however, turns out to be a rough attempt at describing singularities, since
it detects only the directions of rapid decrease in Fourier space of a given distribution. As a matter of
fact, in many concrete situations, one might be interested in establishing other notions of regularity. As
a consequence, this led to developing more refined forms of wavefront set such as the so-called Sobolev
wavefront set (see [Hor97]), which aims at estimating the singular behavior of a distribution comparing it
with that of an element lying in a suitable Sobolev space H*(R?) as per Definition In [JS02], it has
emerged that the Sobolev wavefront has relevant applications in quantum field theory. At the same time,
in recent works (see [Vas08| [Vas12]), the Sobolev wavefront set has been used to estimate the singular
behavior of the solutions to wave equations on a large class of Lorentzian manifolds with boundary.

One field of mathematical analysis in which the singular behavior of distributions plays a key role is
that of nonlinear stochastic partial differential equations (SPDEs). As a matter of fact, their analysis
presents several mathematical challenges because of the singular behavior of the random source and
of non-linearities. In the last few years, significant steps forward in the analysis of SPDEs have been
made by the theory of regularity structures [Haild] as well as by that of paracontrolled distributions
[GIP15]. Although these frameworks apply suitable renormalization techniques to give meaning to ill-
defined products between distributions, microlocal analysis never comes into play. As a matter of fact,

49
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since the solution to a SPDE is tipically an element lying in a suitable Besov space Bg‘om(Rd) with
a € R [BL22A| [GIP15] Hail5], one relies on Bony’s paradifferential calculus [Bo81] (see Subsection
, which appears to better capture the singular behavior of Besov distributions. For this reason, at
first sight, the notion of smooth wavefront set seems to be far from the ideal tool to characterize the
singular directions of a distribution lying in a Besov space Bgo,oo(Rd). Nevertheless, in a few recent
works, see [DDRZ21, BDR21], it has been developed a novel framework for the study of solutions to a
large class of non-linear SPDEs resorting to microlocal techniques. In particular, microlocal analysis has
been used to construct solutions by means of a recursive scheme as well as to discuss the renormalization
and its associated freedom. However, this novel approach is not able to establish a convergence of the
perturbative series with respect to the norm of a Banach space, such as a Besov one. This can be partly
ascribed to the fact that the smooth wavefront set fails to characterize the Besov-type behavior of the
underlying distributions. In the context of the theory of stochastic partial differential equations, Besov
spaces, which are endowed with a Banach structure, play an important role in formulating a fixed point
argument to prove the existence of solutions - see [Hailb, [GIP15].

Therefore, having in mind these facts and inspired by the notion of Sobolev wavefront set, it seems
natural to aim at formulating a notion of Besov spaces from a microlocal viewpoint. In a recent joint
work with Claudio Dappiaggi and Paolo Rinaldi (see [DRS22]), we introduced a refinement of the smooth
wavefront set, named Besov wavefront set, which characterizes the microlocal behavior of an underlying
distribution comparing it with that of an element lying in a suitable Besov space Bgoyoo(Rd). As a result,
for instance, it is able to provide a refined estimate of singular directions of distributions such as |z|* and
the Dirac delta §. We focused on the class of Besov spaces with p = ¢ = co since it is currently the most
commonly used in the concrete applications. Following the same rationale of the smooth wavefront set,
we shall first give the definition of Besov wavefront set of a distribution in terms of the behavior of its
Fourier transform. Although this definition correctly characterizes the concept of Besov wavefront set, it
is rather cumbersome to use in applications. For this reason, we shall prove an equivalent characterization
in terms of a suitable class of pseudodifferential operators (¥DOs) of order zero as per Definition
By employing this alternative formulation, we shall be able to prove several structural properties of the
Besov wavefront set.

Contents. In Section we give the definition of Besov wavefront set of a distribution resorting to
Fourier space techniques - see Definition This definition is based on Proposition as well as
on Definition In addition, we shall prove a few basic properties of the Besov wavefront set which
are an immediate consequence of its definition.

Since Definition appears to be somewhat difficult to use from an operational viewpoint, we
shall prove in Section two alternative, albeit equivalent, characterizations of the Besov wavefront set,
which shall be rather helpful in proving several structural properties. The first one is based on properly
supported pseudodifferential operators as per Deﬁnition (see Theorem, while the second one
establishes that the Besov wavefront set can be characterized by means its smooth counterpart.

In Section we prove a large set of structural properties of the Besov wavefront set, resorting to
the characterizations discussed in Section In Subsection we prove the microlocal properties
of UDOs and an elliptic regularity result in the framework of the Besov wavefront set, which are an
adaptation of Proposition In Subsection we establish a sufficient criterion in terms of Besov
wavefront set for the well-posedness of the pullback of an underlying distribution along an embedding -
see Theorem[3.3.5] This result generalizes the one formulated by Hérmander within the framework of the
smooth wavefront set, see Subsection [2.3.2l More precisely, being the Besov wavefront set a refinement
of its smooth counterpart, it entails a weaker criterion than the one established by the smooth wavefront
set. As a byproduct, we shall also prove that the Besov wavefront set is invariant under the action of
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diffeomorphisms. This result is noteworthy since it allows to extend the notion of Besov wavefront set to
distributions supported on an arbitrary smooth manifold. In Subsection similarly to the smooth
setting, we address the issue of the multiplication between distributions in the context of the Besov
wavefront set. In particular, we formulate a counterpart of the Héormander criterion for the existence of
the product of two distributions - see Theorem [3.3.10} If the product exists, we also establish an estimate
of the associated Besov wavefront set. This result can be read as a microlocal version of the renowned
Young’s product theorem (Theorem . In Subsection we prove an estimate for the Besov
wavefront of Ku, where K: D(Qy) — D’(Q) is a linear map while Q; € R%, Qy C R are two open
sets. In addition, we establish a sufficient condition to extend the map X to &'(23), which adapts the
one formulated by Hérmander in the smooth setting as outlined in Subsection[3.3.4] This result entails a
microlocal formulation of Schauder estimates [Sim97] - see Theorem and Corollary Lastly,
in Subsection we prove a propagation of singularities theorem for a certain class of hyperbolic
partial differential equations - see Theorem This result characterizes the singularities of a solution
to a suitable hyperbolic partial differential equation in terms of the principal symbol of the corresponding
differential operator.

In Section we present an application of the results of the previous sections in the context of
coherent germs of distributions as per Definition More precisely, given a coherent germ defined
as the tensor product of two Besov distributions, we prove that its reconstruction coincides with the
pointwise product of the two distributions at hand.

Notations. Throughout of this chapter, we shall denote with < an inequality holding true up to a
multiplicative finite constant. In general, given a function f: R? — R and a point € R?, we recall that
f2: R4 — R? denotes the rescaled version of f, defined as

f2y) =2 fA Ny —x), yeRY

for A € (0,1]. We denote by B(0,1) the unit open ball in R? centered at the origin. In addition, given
u € 8'(R?), we denote by 4 its Fourier transform. At the same time, @ denotes the inverse Fourier
transform of w.

3.1 Basic Definitions and Properties

The smooth wavefront set, defined in Subsection[2.3.1] turns out to be a coarse first attempt at describing
singularities, since its complement only captures those directions along which an underlying distribution,
upon localization, is smooth. In many concrete situations, we might be interested in employing a more
refined notion of regularity. For instance, since the random source of a stochastic partial differential
equation is tipically a Besov distribution, it might be informative to estimate the singular behavior of
a solution of such an equation by comparing it with that of an element lying in a suitable Besov space
B2 _(RY) as per Deﬁnition— see [Hail4) [Hail5|[GIP15| BL22A]. With these scenarios in mind, we
develop a more refined form of wavefront set, named Besov wavefront set, whose complement consists of
all those directions in Fourier space along which an underlying distribution lies in a suitable Bgo,oo(Rd).
We focus on the Besov spaces Bgom(Rd), since they are the most commonly used in concrete applications.
The following discussion is mainly based on [DRS22].

In order to introduce the Besov wavefront set, we proceed in two different, albeit equivalent ways. The
first one we discuss in this Section is based on Fourier methods. The second one, outlined in Section
characterizes the Besov wavefront set by means of properly supported pseudodifferential operators as per
Definition - see Theorem This alternative formulation is rather useful from an operational
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viewpoint since it proves instrumental in establishing several structural properties of the Besov wavefront

set - see Section [3.3] In what follows, we rely on Proposition[2.1.33] as well as Definition [2.1.24
Definition 3.1.1: Let o € R and let u € D'(R?). A point (z9,&) € R? x (R?\ {0}) does not lie in the
B2 . (RY)-wavefront set of u, (xo,&) & WF(u), if there exist ¢ € D(R?) with ¢(x0) # 0 and an open
conic neighborhood T" of &y as per Definition |2.2.39 such that for any r € 9|, as per Definition |2.1.22,
for any k € D(B(0,1)) with £(0) # 0 and for any compact set & C R%,

‘ /F @(5)@(&)&”%‘ <1, (3.1.1)

\ / @@)w&)e"fdf] < (3.12)
T

uniformly for A € (0,1] and for z € R.

Remark 3.1.2: Analogously to the smooth wavefront set, see Remark|[2.3.7, from a geometrical viewpoint
the Besov counterpart should be read as a subset of T*R?\ {0}, which denotes the cotangent bundle
of R? without the zero section. In addition, on account of Definition |3.1.1, it descends that the Besov
wavefront set is a closed conic set in R% x (R%\ {0}) as per Definition

Remark 3.1.3: On account of the localization via ¢ in Equations (3.1.1) and (3.1.2), without loss of
generality, we can consider u € & (R?) in Definition

Remark 3.1.4: On account of Propositions|2.1.28 and [2.1.33] if & < 0 in Definition [3.1.1] it suffices to
check that for any k € D(B(0,1)) with £(0) #0

‘ / @(@&(Aoe”fdf] <,

uniformly for A € (0,1] and for x lying in compact sets.

In the following, we prove a few basic properties of the Besov wavefront set which follow directly from
Definition - see [DRS22| Prop. 25, Prop. 26, Cor. 27].

Proposition 3.1.5: Let u € D'(R?) and let v € R. Then u € B&'%S(R?) if and only if WF(u) = 0.

Proof. Let u € BX(R?) and let (20,&) € RY x (R?\ {0}). On account of Proposition [2.1.33] given
K € B4 as per Definition 2.1.22/and k£ € D(B(0, 1)) with £(0) # 0, it holds true that for any ¢ € D(R?)

@(5)6”'%@5)%‘ <A,
Rd

du(€)eCi(€)de| S 1, Vo e R VA€ (0,1).
Rd

As a result, Equations (3.1.1) and (3.1.2)) are satisfied by choosing I' = R? and ¢ € D(R?) with ¢(z¢) # 0.
On account of Definition (3.1.1} it descends that WF®(u) = ().
Conversely, let WF*(u) = (. On account of Definition Equations (3.1.1) and (3.1.2)) hold true for
any ¢ € D(R?) and for I' = R?. Therefore, on account of Proposition [2.1.33] ¢u lies in B&’m(Rd) for
any ¢ € D(R?), that is u € BE'9S(RY). O

Remark 3.1.6: In view of the continuous embedding C*(R%) — B%!9¢(R?) for all « € R and on
account of Proposition , it descends that, for any f € C>(R%),

WF(f) =0, VaeR. (3.1.3)
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In particular, this result implies that, given u € D'(R?), if xy ¢ singsupp(u), then (zg,&) &€ WEF(u) for
all a € R and for any & € R?\ {0}. Per hypotesis, Definition entails that there exists an open
neighborhood U,, of xo such that u\U lies in C*°(Uy,). Therefore, on account of Equation , it
descends that W F*(¢u) = () for every qb € D(U,,) with ¢(xg) # 0 and for all « € R. As a result, for any
& € R\ {0}, we infer that (xq,&) € WF*(u) for every o € R.

Proposition 3.1.7: If u,v € D'(R?), then
WF*(u+v) C WF*(u) UWF®(v).

Proof. Let (z9,&) € WF*(u+wv). On account of Definition [3.1.1} it holds true that, for any test function
¢ € D(RY) with ¢(z0) # 0 and for any open conic neighborhood I of &, there exists a compact set & C R?
such that for all N € Ny

‘/¢ u—+ ) (E)E(NE)e™ Edg‘ > NN, ‘/qﬁ u+v)(§)k(§)e”"5d§‘ >N
for some z' € & and X' € (0,1]. Therefore, it descends that
‘/qﬁv R(NE)e® fdg‘ ‘/gf)u R(NE)e® 5d§‘>NX“
\ [ F@nee 'fde' " \ [ e fde\ SN,

where we applied the triangle inequality. As a result, we infer that (xg,&) € WF*(u) U WF*(v). O

Corollary 3.1.8: Let u € D'(R?) and let a1, a3 € R be such that oy < ap. Then

WEF* (u) C WF*?(u). (3.1.4)
Proof. Let (xq,&) € WF*(u). On account of Definition [3.1.1] particularly Equation (3.1.2), it descends
immediately that (xzg,&y) € WF* (u). O

Remark 3.1.9: Coro]]ary should be read as a microlocal reformulation of the inclusion Bg2 (RY) —
ngm(Rd)When a1 < am, see Proposition|2.1.13

In the following, we provide some examples on how to compute the Besov wavefront set of specific
distributions.

Example 3.1.10: Let u = § € D'(R?) be the Dirac delta centered at the origin and let &, € R\ {0}.
Given ¢ € D(R?) with ¢(0) # 0, an open conic neighborhood I of &y and k € %_,, it descends that

’/m R(XE) wfdg‘ |p(0) ‘/ (AE) mfdg’ /|m)\£|d§<)\ /|n Ve, YA€ (0,1],Va € RY,

where in the first equality we used that ¢ = ¢(0)d while in the last inequality we applied the change of
variable ¢ = \¢. Since i € 8(RY), it holds true that

‘/gbu 7(NE) ”’Edg‘ <A vz eRY VA€ (0,1].
We focus on Equation (3.1.1). Let k € D(B(0,1)) with £(0) # 0. Since & € $(R?), it descends that

‘ / wok(s)eiw'ﬁdg‘ S100)| [Is@le S 1, Vo e R
T N
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Definition entails that WF*(6) = () if « < —d. In order to obtain a sharp estimate, we put x = 0
in Equation (3.1.2). Therefore, since & € 8(R%) and ¢(0) # 0, it descends that

| [Fuer00i] = x| [ €] = e
r r

where the first equality descends from the change of variable ¢’ = A\¢. On account of Definition|3.1.1, we

conclude that " p
a< —
WEF%(0) = -7
0= {06 e o as i
Example 3.1.11: Let u = 9;6 € D'(R%) be a derivative of the Dirac delta centered at the origin, where
0; = 8%' In analogy with Example|3.1.10, given & € R\ {0}, we show that (0,&y) € W F(u) for any
a < —d—1. Let ¢ € D(R?) with ¢(0) # 0, let T' be an open conic neighborhood of &y and k € #B_q_1

as per Definition|2.1.22| For the sake of conciseness, we only focus on Equation (3.1.2). Bearing in mind
that $0;6 = ¢(0)0;6 — (0;¢)(0)8 and i € S(R?), it descends that

/ @(@ms)e”fdg‘ _ ‘¢>(0> / & RN Ede — (9,6)(0) / R(Af)e”fdgl

I T I
< J1R(AE)|d RAE)[dE S AT e |R(E)|dE + A7 [ |R(E)|dE S A4
N/F|fj||n< )| “/p'"‘( &)lde < /F\@Hﬁ@)l ¢t /p'“(“' ¢ <

uniformly for x € R? and for \ € (0,1], where in the second inequality we applied the change of variable
& = M. Similarly, we can prove Equation . On account of Definition it descends that
WFYu) =0 if « < —d — 1. In order to obtain a sharp estimate, we put = 0 in Equation .
Moreover, we can focus our attention only on the contribution due to $(0)9;6. Since & € S(RY), it
descends that

‘¢(0> /F €jff(A€)d£‘ =A—d—1|¢<0>|\ /F m(&')ds‘ = erpA T VA€ (0,1],

where £ := M. As a result, we can conclude that
o [0 a<—d—1,
WE(9;0) = { ((0,6): €€ RIN(0}} a>—d—1.

Example 3.1.12: Let u € &(R?). On account of Theorem |A.11.11} there exists C > 0 such that
[a(€)] < Ce)™ ™ ve e R,

where (£) has been defined in Equation and ord(u) stands for the order of w as per Definition
Let ¢ € D(R?) be such that ¢ = 1 on supp(u) and let ' be an open conic neighborhood of
& € R4\ {0}. For the sake of coinciseness, we focus only on Equation . Given Kk € B_q_ord(u) as
per Definition it descends that

[Fueroeeca < [a@rnele < c [ ool
r r r

~ [l ool =X [iea)ide’ (3.15)
uniformly for x € R% and for A\ € (0, 1], where the last equality descends from the change of variable

& = X¢. As a result, we infer that WF*(u) = 0 if « < —d — ord(u), that is to say u € B;?;oord(“) (R9).
This is nothing but Proposition|2.1.31
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Remark 3.1.13: Let u € D'(R?) and let (z0,&) € R% x (R?\{0}). ¢ € D(RY) with ¢(zo) # 0, Example
3.1.12 entails that Equation (3.1.2)) is satisfied for any o < —d — ord(¢u). As a result, there exists & € R
such that (xg,&) € WF(u).

Example 3.1.14: Let u: R2 — R be such that u(z1,25) = (22 + 22)i. On account of Proposition
it descends that (&1, &) = (£24£2)~%, which is to be understood as an element lying in 8’ (R?).
Since singsupp(u) = {(0,0)}, it suffices to analyze the directions (0,0,&1,&2) with (£1,&2) # (0,0).
Therefore, fix ¢ € D(R?) with ¢(0,0) = 1 and an open conic neighborhood T' of (£1,&). We start by
checking Equation (3.1.2). Given r € %, as per Definition|2.1.22, X € (0,1] and (z1,22) € R?, it descends
that

‘/¢u 1, m2)K(An1, Anz)e LI iy gy | <

/|¢U 01, M) |[F(A71, An2) | dnidns

An1=n1
1

_5,. A 7 1 _5,. 1
:/(ﬂ%Jr??%) RO, Mpa) | dipidns =T A /(77%+77§) & (1, o) |dmdne S A
I N

Although @ ¢ L*(B(0,1)), we neglected the localization via ¢ since & is supported outside the origin.
Focusing on Equation (3.1.1)), given k € D(B(0,1)) such that &(0) # 0, it descends that

‘ / G, 1) (1, 12) €M €212 gy o
T

< /|¢>u(m,nz)\lﬁ(m»nz)ldmdnz e

r
uniformly for (x1,72) € R2. In order to obtain a sharp estimate, we set (x1,z2) = (0,0) in Equation
(3.1.2). Hence it descends that

Ani—=n

A _5
N ’/nﬁng 4 & (1, m2)dndna|. (3.1.6)

5

’/771 +n3) " 3 R(An, An2)dnidne

On account Definition|3.1.1, we conclude that

apy—f 0 .
WE (u)—{ {(0,0,61,82) : (61,82) #(0,0)} o

Example 3.1.15: Let u € 8'(R) be such that

1
U = p.v. () + md,
ix

where p.v. ( ) denotes the Cauchy principal value of = and § € D'(R) stands for the Dirac delta

VIA
N[ |

centered at the origin. We shall denote by © the Heaviside function. Since singsupp(u) = {0} and
u(-) = O(-), it suffices to analyze the directions (0,&) such that & > 0. Therefore, fix ¢ € D(R) with
¢(0) = 1 and the open conic neighborhood I' = (0,400). We start by checking Equation (3.1.2). Given
Kk € %y as per Deﬁnjtionm 2.1.22, X € (0,1] and = € R, it descends that

K() ”"dn‘ \ e ”"dn’ J e ey (O Ep

where we used that © = 1 on I'" and we negleted the localization via ¢ since & is supported outside the
origin. We now focus on Equation (3.1.1). Let k € D(B(0,1)) with £(0) = 0. Since & € 8(R), it descends
that

‘ /p‘@@*’"(@e”'%&’ < 16(0)] / B(E)dE $1, VreR.
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In order to obtain a sharp estimate, we set x = 0 in Equation (3.1.2). Therefore, it descends that

F(w)dn| =T AT
r

®(n)k(kn)dn‘ =

Fi(/\n)dn‘
r

On account of Definition[3.1.1], we infer that

r

[0 a<l,

WE(u) = { (0,6):£>0} a>1.

3.2 Characterizations of the Besov Wavefront Set

In the previous section, we have introduced the concept of Besov wavefront, see Definition which
estimates the singular behavior of a given distribution in Fourier space comparing it with that of an
element lying in a suitable Besov space BZ, , (R?) as per Definition Although Definition
characterizes appropriately the concept of Besov wavefont set of an underlying distribution, it is rather
difficult to use it concretely. For this reason, we shall give two equivalent characterizations of the Besov
wavefront set, which shall be rather helpful in the proof of several results in Section More precisely,
the first one relies on properly supported pseudodifferential operators (TDOs) as per Definition
while the second one characterizes the Besov wavefront set in terms of the smooth counterpart as per
Definition As we shall see in Section both characterizations turn out to be well-suited when
trying to extend a few notable operations to distributions with a fixed Besov wavefront set. In particular,
the formulation of the Besov wavefront set in terms of the smooth counterpart shall allow us to apply a
few results stated in Section[2.3] In addition, in Subsection[3.3.5] we shall prove a theorem of propagation
of singularities for a large class of hyperbolic partial differential equations by using the characterization
in terms of pseudodifferential operators. We shall mainly refer to [DRS22| Sect. 3.1].

We start by proving the charaterization of the Besov wavefront set by means of properly supported
WUDOs, which adapts to the current scenario the content of Proposition - see [DRS22, Prop. 33].
In the following, we shall mainly make use of the notions introduced in Sections and

Theorem 3.2.1: Let a € R. If u € D'(RY), then

WF®(u) = N Char(A), (3.2.1)
AcUO(RY),
AueBZIS(RY)

where the intersection is taken only over properly supported pseudodifferential operators as per Definition
2.2.25| and Char(A) stands for the characteristic set of A introduced in Equation (2.2.22)).

Proof. Let (z0,&) ¢ WF*(u). On account of Definition|3.1.1] there exist ¢ € D(R?) with ¢(x¢) # 0 and
an open conic neighborhood I" of §y such that for any x € %|,), for any x € D(B(0,1)) with £(0) # 0
and for any compact set & C R?

‘ / @(@k(@e”fds‘ <1, ‘ [ Guerngencag < a0, wae @1l vae s, (3.2.2)
I I

On account of Theorem [A.11.9] the estimates in Equation (3.2.2) can be equivalently written as

(F IR (€)Pu(©)], 1)) S A, [(FIn()pu(€)], k,)| S 1 Vo € & VA € (0,1],
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where I denotes the characteristic function on I', defined by

1 if&erl,
0 otherwise.

Ir(e) = {
On account of Definition it descends that
F I (§)du(€)] € BLIE(RY). (3.2.3)

Denoting the (d — 1)-dimensional sphere by S?~! and given € > 0, we choose ¥ € C*°(S%~1) such that

’|§| el <€} <

and 1 (&/|€0]) # 0. In addition, let xy € C*°(R?) be such that x(¢) = 0 if |¢] < c and x(&) = 1 if [¢] > 2c,
where ¢ is a positive real constant chosen so that x(&p) # 0. We set

§
iy

By Deﬁnition A := Op(a) is a properly supported pseudodifferential operator lying in W(R%). In

addition, on account of Definition [2.2.30| we infer that A is elliptic at (zo,&). To conclude, combining

Equation and Theorem , it descends that Au € B&'9¢(RY).

Conversely, let (z0,%) € (| scgors) Char(A). Therefore, there exists A € UO(RY), elliptic at (xg, &)
AueBXo(RY)

as per Definition 2.2.48% such that Au € BL!9¢(R?). We can choose once more ¢, 1 and y as in the

previous part of the proof so that

supp(1) C {5 e B\ {0} :

ala,y,€) = dla) ( ) (©)6(y) € S°R? x RE R,

WF'(B) C Ell(A),

where B := Opg(v¥(&/1€))x(€)é(y)) and where W F’(B) denotes the operator wavefront set of B as per
Definition [2.2.44, We show that Bu € B%'%¢(R%). On account of Proposition [2.2.51, there exists a

properly supported microlocal parametrix @ € WO(R?) of A on W F'(B) such that
WE'(I — QA)NWEF'(B) = 0.
Therefore, we can split Bu as follows:
Bu = (BQ)(Au) + B(I — QA)u.

Since WF'(I — QA) N WF'(B) = (), it descends that B(I — QA)u € C*®(R%). Chosen p € D(R?) such
that p =1 on supp(¢), it holds true that

(BQ)(Au) = (BQ)(pAu) + BQ((1 — p)Au).

On the one hand, being p = 1 on supp(¢), then (BQ)((1 — p)Au) = 0. On the other hand, on account
of Theorem it descends that (BQ)(pAu) € BY9¢(R?). As a result, we conclude that Bu €
ng{gg(Rd). Therefore, on account of Proposition it descends that for any x € %, as per
Definition and for any compact set & C R¢,

’/ w( : ) (£)¢>u(£)k(A§)eMd§‘ SAY, VA€ (0,1],Vz € & (3.2.4)
Enw(o/1ohxo)  \ [l
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On account of Remark [2.2.49] there exists a symbol s € S9(R%; R%) such that

£
€]

for any & € Ell(¢/(D/|D|)x (D)), where Ell(¢(D/|D|)x(D)) stands for the elliptic set of ¢(D/|D])x(D)
as per Definition |2.2.48] Given z € & and X € (0, 1], it descends that

-/lall(w(D/D)X(D))d) HERAe) Mdg‘ ‘/lill(w(D/lDl) ( <|§> (5)8(5)+R(£))@(§)R(A£)ew£d£‘

R(E) =1— w( )x(&)S(ﬁ) € 5L (R%: RY),

: /Enww/m)w(gl)X“)S(ﬁwu(s)k(A&)e”'fdé +‘ /E o R(&)@(&)k(xaewwg’
= (s Jxorem ) |« [ m@meoee o -
[11] X

On the one hand, Theorem [2.2.38| entails that

|11|:‘<( )(Au), K >‘<)\°‘ YA € (0,1],Vz € &.

On the other hand, since R(D) € ¥~}(R?) and s(D)z/;(IgI)X(D)((bu) € BL9E(R?), it descends that

1l = |( ROy (15 )x(D) w2 )| +

< ety ‘ / R2(&)u(&)R(AE)e’
Ell(¢(D/|D])x(D))

\ / R2(6)du(€)R(\E) e de
Ell(y(D/|D]))

VA€ (0,1],Vz € 8,

where we applied once more Theorem [2.2.38, Therefore, we conclude that (zg, &) € WF*(u). O
Next we prove the characterization of the Besov wavefront set of a distribution in terms of the smooth
counterpart - see [DRS22| Prop. 35].

Proposition 3.2.2: Let a € R and let u € D'(R?). Then

WFu) = () WFu-v), (3.2.6)

vEB% (RY)
where W F' denotes the smooth wavefront set introduced in Definition|2.3.6
Proof. Let (0,&) € WF*(u) and let v € B¢ (R?). On account of Proposition [2.3.11} it holds true
that
WF(u—v) = N Char(A),

AcwO(RY)
A(u—v)eC>®(R?)

where Char(A) is the characteristic set of A defined in Equation (2.2.22). Fix A € U°(R?) such that
A(u—v) € C®(R%). Therefore, since Av € BL!9¢(R?) per Theorem [2.2.38) it descends that

Au=A(u—v)+ Av € Bgo‘gg(Rd)
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Since (x0, &) € WF*(u), Theorem entails that (z9,&p) € Char(A). Therefore,

WF*(u) C ﬂ WF(u—wv).

vE B! (RY)

Conversely, let (zg, &) € WF*(u). On account of Definition 3.1.1[, there exist ¢ € D(R?) with ¢(z0) = 1
and an open conic neighborhood I' of &y such that Equations (3.1.1) and (3.1.2)) are fulfilled. Choose

v € B&9¢(R) such that
a@:{m“)ﬁfen (3.2.7)

0 if €T,

Setting 6 := ¢u — v, on account of Equation (3.2.7), § vanishes on I' and therefore (x0,&0) &€ WF(0).
Let x € D(R?) be such that x¢ = 1 in a neighborhood of xo. Then, it holds true that xv € B , (R?)
and (zo,&) € WF(x0). Therefore, observing that v — xv = (1 — x¢)u + x0, it descends that (xg,&) &
W F(u — xv) since (1 — x¢)u vanishes in a neighborhood of zy. Since x(zp) = 1, we can conclude that
(x0,&0) € WF(u—v). O

Remark 3.2.3: Let a € R and let u € D'(R?). Equation (3.2.6) can be equivalently formulated as
follows: (x0,&) & WF*(u) if and only if there exists v € BXS(R?) such that (x0,&) € WF(u —v).

At last, we prove that the smooth wavefront set of a distribution can be characterized in turn by means
of the union of all Besov counterparts - see [DRS22, Cor. 36]. The following result is an adaptation to
the case at hand of the one valid in the framework of the Sobolev wavefront set - see [Hin21| Prop. 6.32].

Corollary 3.2.4: Ifu € D'(RY), then

WF(u) = | WF(u). (3.2.8)
a€ceR

Proof. Let (v0,&0) € Uyer WF(u). Hence there exists a € R such that (z0,&) € WF (u) for every
a’ > a. On account of Proposition and of Remark we choose v € C°°(R?) such that
(z0,&0) € WF(u—v). Since WF(u—v) = WF(u), we infer that | J_ . WF*(u) C WF(u). Since WF(u)
is a closed conic set, it descends that | J,.p WF*(u) C WF(u).

Conversely, let (zg,&) ¢ WF*(u) for all & € R. Therefore, there exists an open conic neighborhood
V C R? x (R?\ {0}) of (z0,&0) as per Deﬁnition such that V N WF%(u) = ) for every a € R. On
account of Theorem there exists A € WO(RY), elliptic at (z9,&) as per Deﬁnition such that
WE'(A) CV and Au € BL19(RY) for every o € R. Therefore, Remark entails that Au € C>(R9).
On account of Proposition it descends that (zg,&y) &€ WF(u). O

a€cR

Remark 3.2.5: Definition as well as the results proved so far can be straightforwardly adapted to
distributions u € D’ (L)), where Q is an arbitrary domain of R<.

3.3 Structural Properties of the Besov Wavefront Set

As explained in Appendix[A] a few notable operations such as pullback and multiplication are well-defined
under restrictive assumptions on the distributions at hand. However, in Section[2.3]we have seen that the
smooth wavefront set provides sufficient criteria to extend the definition of these operations to the whole
space of distributions. In this section, we shall see that the notion of Besov wavefront set, introduced in
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Definition plays a similar role to its smooth counterpart by providing weaker conditions to extend
the same operations. We shall also discuss the microlocal properties of pseudodifferential operators as
per Definition within the current scenario. From an operational viewpoint, the characterization of
the Besov wavefront set in terms of pseudodifferential operators (Theorem shall be rather useful
in proving the results of this Section.

In Subsection we discuss the microlocal properties of pseudodifferential operators within the
framework of Besov wavefront set - see Proposition Moreover, we prove a microlocal elliptic
regularity result in terms of the Besov wavefront set - see Corollary These results turn out to
be relevant to analyze the Besov regularity of solutions to partial differential equations - see Example
In Subsection we establish a sufficient condition in terms of the Besov wavefront set to pull
back an underlying distribution along an embedding - see Theorem In addition, as we shall see
in Example we emphasize that this condition is weaker than that of Theorem We also
prove that the Besov wavefront set is invariant under the action of a diffeomorphism. This result is the
cornerstone to extend the notion of Besov wavefront set to distributions supported on an arbitrary smooth
manifold. In Subsection[3.3.3] we deal with the question of the product between two distributions, again
resorting to the concept of Besov wavefront set. Analogously to Theorem we formulate a version
of Hérmander’s criterion adapted to the current framework and we provide an estimate for the Besov
wavefront set of the product, see Theorem This result can be read as a microlocal formulation
of the Young’s product theorem (Theorem , which is often used in the applications to nonlinear
stochastic partial differential equations - see [Haildl [Hail5, [GIP15| [BL22A]. In Subsection we
discuss the Besov wavefront set of Ku, where K: D(R92) — D'(R%) is a linear map with Schwartz kernel
K € D'(R% x R%). Analogously to Theorem if u € &(R%), we establish a sufficient condition
in terms of the Besov wavefront sets of K and w for the well-posedness of Ku - see Theorem In
addition, we prove a bound on the Besov wavefront set of Xu. This result entails in turn a microlocal
version of the renowned Schauder estimates ([Sim97]) which are often used to analyze the regularity of
solutions to (stochastic) partial differential equations, c.f. [Hail4], [GIP15]. Lastly, in Subsection [3.3.5|
we shall prove a theorem of propagation of singularities for a large class of hyperbolic partial differential
equations resorting to the formulation of the Besov wavefront set in terms of pseudodifferential operators
as per Theorem|[3.2.1] More precisely, this result provides a characterization of singularities of a solution
to a suitable hyperbolic partial differential equation in terms of the Besov wavefront set. In the following,
we shall make use of the notions introduced in Sections and The content of this section is
mainly based on [DRS22] Sect. 4].

3.3.1 Microlocal Properties of Pseudodifferential Operators and Besov Wave-
front Set

This subsection is devoted to discussing the interplay between pseudodifferential operators (YDOs) as per
Definition[2.2.15|and distributions from a microlocal viewpoint. More precisely, we prove the microlocality
of UDOs and an elliptic regularity result in the framework of the Besov wavefront set as per Definition
[3.1.1]as well as Theorem[3.2.1] The following results are of considerable interest to analyze the Besov-type
regularity of a solution to a partial differential equation. Throughout this subsection, we only consider
properly supported ¥DOs as per Definition

We start by proving the microlocality of pseudodifferential operators within the current scenario, which
is an adaptation of Proposition — see [DRS22| Prop. 41].

Proposition 3.3.1: Let a,m € R. If A € U"(R?) and u € D'(R?), then

WEF™(Au) C WF'(A) N WF(u), (3.3.1)
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where W F' stands for the operator wavefront set as per Definition |2.2.44

Proof. Let (zq,&0) € WF'(A). On account of Proposition [2.2.51] there exists B € W°(R?) such that

WE'(B) N WF'(A) = 0 and (z0,&) € El(B), where Ell(B) stands for the elliptic set of B as per
Definition [2.2.48] As a result, Proposition [2.2.45| yields W F'(BA) = {), that is to say BA € W~°(R?).

Therefore, B(Au) lies in C*°(R?) — B 71°¢(R%). On account of Theorem it descends that
(z0,80) € WE™(Au). B

Let (2o,&0) ¢ WF*(u). On account of Theorem there exists A € WO(R?), elliptic at (g, &), such
that Au € BY9¢(RY). Fix B € UO(RY), elliptic at (z9, &), such that W F'(B) C Ell(A). On account of

Proposition [2.2.51] there exists a microlocal parametrix Q € WO(R?) of A on WF'(B) such that
WF' (B)NWEF'(I - QA) = 0. (3.3.2)

Hence,

B(Au) = BAQ(Au) + BA(I — QA)u.

Combining Equation (3.3.2) and Proposition |2.2.45| we infer that BA(I — QA) € ¥~>°(R?). This entails
that BA(I — QA)u € C=(R?). At the same time, on account of Proposition m BAQ(Au) lies in

B mloc(RY) since BAQ € U™ (RY) and Au € B wloc(R?). To conclude, since B(Au) € By mloc(RY)
and (x0,&p) € Ell(B), the point (zg, &) does not lie in WF*~™(Au) per Theorem O

Subsequently, we prove a kind of converse of Proposition and a microlocal elliptic regularity result
within the current framework - [DRS22, Prop. 42, Cor. 43]. The following results are an adaptation to
the case at hand of Proposition [2.3.13

Proposition 3.3.2: Let m,a € R and let A € ¥ (R?). If u € D'(R?), then
WEF(u) C Char(A) UWF*"™(Au). (3.3.3)

Proof. Let (29,&) € Char(A)UW F®~"(Au). On account of Theorem [3.2.1] there exists B € WO(R?), el-
liptic at (x0,&o) as per Definition|2.2.48] such that B(Au) € B 7'°°(R?). Without loss of generality, we

choose a properly supported ¥DO P € U™ (R?) such that (zg,&) € Ell(P). On account of Proposition
2.2.26, it descends that PBA € W°(R?). Therefore, Theorem 2.2.38| entails that (PBA)u € B&'%¢(RY).
Since (zg,&o) € EI(PBA), it descends that (xg,&y) & WF*(u). O

Corollary 3.3.3: Let m,a € R and let A € W™(R?) be elliptic as per Definition |2.2.30, If u € D'(R?),
then
WF*(u) = WF* ™ (Au). (3.3.4)

Proof. Since A € U™ (R?) is elliptic, it descends that Char(A) = (). Therefore, combining Propositions

and [3.3.2] we conclude that WF®(u) = WF*~"™(Au). O

Proposition and Corollary play a key role to analyze the Besov-type regularity of solutions to
partial differential equations.
Example 3.3.4: Let A := Y7
let u € D'(RY) be such that

=105 ? be the Laplace operator on R? and let h € B&'9¢(RY). In addition,

—Au = h.
Since A is an elliptic WDO of order 2, Coro]lary yields that u € Bgoffjoc (R9).
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3.3.2 Trasformations Properties under Pullback

As explained in Subsection the pullback of a distribution along an embedding is in general an
ill-defined operation. However, imposing a suitable condition which involves the smooth wavefront set
of the distribution at hand, the feasibility of this operation is guaranteed - see Theorem In this
Subsection, we shall see that the notion of Besov wavefront set as per Definition plays a similar
role to that of its smooth counterpart but then again, as one should expect, it allows to establish a more
accurate existence result for the pullback in comparison to the one formulated in the smooth setting -
see Theorem Since the product of two distributions can be defined via pullback as explained in
Subsection we shall see in Subsection that this result entails a weaker sufficient condition
than Hormander’s criterion for the existence of the product. Lastly, as a byproduct we prove that the
Besov wavefront set is invariant under a change of coordinates. This result is noteworthy because it
is instrumental in showing that the definition of Besov wavefront set can be extended to distributions
supported on an arbitrary smooth manifold as per Definition In order to prove the following
results, we shall exploit the characterizations of the Besov wavefront set outlined in Section [3.2]

We start by proving the main result of this subsection, which establishes a sufficient criterion for the
well-posedness of the pullback of a distribution via an embedding within the framework of the Besov
wavefront set - see [DRS22| Th. 38]. On account of Remark we shall consider distributions lying
in D’(Q), where (2 is an arbitrary domain of R%.

Theorem 3.3.5: Let Q; C R4, Qy C R% be two open sets with di < dy and let f: Q1 — Qs be an
embedding as per Definition Then there exists a unique f*u € D'(Qy) for any u € D'(Qs) such
that there exists o’ > 0 so that

Ny NWF (u) = 0, (3.3.5)

where Ny stands for the set of normals of f, defined in Equation (2.3.5)). In addition, for any u € D’ ()
satisfying Equation (3.3.5)) and for all o € R, it holds true that

WF*(f*u) C f*WF*(u), (3.3.6)

where
FWE(u) = {(z,"df (x)€) : (f(x),§) € WF*(u)} (33.7)
and df denotes the differential of f.

Proof. Combining Proposition and Equation (3.3.5)), it descends that there exists v € B;;’;L‘;C(Qg)
as per Definition [2.1.30|such that

NfﬂWF(ufv) = 0.
Therefore, on account of Theorem 2.3.19L there exists f*(u—wv) lying D’(€2;1). Being BgO/:(L%C(Qg) — C%(Q9)
per Theorems|2.1.37]and [2.1.38] f*v is defined as the composition v o f. Therefore, since

fru=f"(u—wv)+ [,

we conclude that there exists f*u € D’(Q;). Next we show Equation (3.3.6). Let o € R and let
(w0, tdf (2)&0) & f*W F(u). Hence, Equation implies that (f(zo),&) & WEF*(u). On account of
Theorem it descends that there exists A € W(€y), properly supported as per Definition
such that Au € B%'%¢(Q2) and (f(x0),&) € El(A), where Ell(A) stands for the elliptic set of A as per

Definition [2.2.48] Due to Proposition |2.2.36| and Remark [2.2.37| being f a diffeomorphism on its image,
it descends that

Ap: D) = D'(), D'() 3 v fFA((F) )
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is a properly supported pseudodifferential operator lying in W°(;). Still on account of Proposition 2.2.36
it holds true that

ao(Ay)(@o, "df (z0)é0) = a0(A)(f(20), &) # 0.
To conclude that (zo, df (z0)&0) ¢ WF(f*u), we show that As(f*u) € BX(Q1) as per Definition

2.1.30, Given ¢ € D() and k € %, as per Definition [2.1.22} it holds true that

(@A (f*u), m2)| = [ (Au), ¢r2)| = [(Au, (F 1) 6((F ) K)oy ldet (df 1))
S Au, (F) ((F) R0)Fa) SA%, YA€ (0,1], Vo e,

where in the last inequality we used that Au € Bg“olgg (©2). Analogous estimates yield

(@Af(fTu), 5| S 1,

for any z € Q and k € D(B(0,1)) with £(0) # 0. Since (zo, df(z)&) & Char(As) and Af(f*u) =
[*(Au) € BE'9¢(R), Theorem (3.2.1) entails that (zo, ‘df (z)&) does not lie in WF(f*u). O

Remark 3.3.6: In the framework of the smooth wavefront set, a sufficient condition to pullback an
u € D'(RY) is

NyNWF(u) =0, (3.3.8)
see Theorem|2.3.19, We show that Equation (3.3.5)) codifies a weaker condition than that in Equation
(3.3.8). On account of Corollary|3.2.4, it descends that Equation (3.3.8)) implies Equation (3.3.5). How-

ever, the converse does not hold true in general. For instance, let u € D'(R?) be such that its integral
kernel is @i(zq,x5) = (22 + 22)% and let 6: R — R x R be the diagonal map, 8(x) = (z,z). On account
of Example|3.1.14 and being N5 = {(x,x,£, —€)}, it descends that

Ns NWFz(u) =0, NsnWF*(u)#0,

for any « > 1/2. This entails that Ns "W F(u) # 0. Moreover on account of Theorem 3.3.5, there exists
8*u € D'(R), whose integral kernel is (§*@)(x) = 23 |z|2.

We conclude this subsection by proving that the Besov wavefront set of a distribution is invariant under
the action of diffeomorphisms - see [DRS22] Th. 39].

Theorem 3.3.7: Let Q1,Qy C RY, let f: Q; — Qs be a diffeormophism and let o € R. If u € D'(Qy),
then
WF(f*u) = f*WF“(u),

where f*W F®(u) has been defined in Equation (3.3.7).
Proof. To start with, we prove that WF*(f*u) C f*WF*(u). Let (zo,'df (z0)&) & f*W F*(u). Hence,

Equation (3.3.7) entails that (f(zo),&) & WF"‘iui On account of Theorem [3.2.1] there exists A €

WO(9y), elliptic at (f(x0),&) as per Definition [2.2.48, such that Au € B%!9¢(Q). Bearing in mind that
f: Q1 — Qg is a diffeomorphism,

A D) » D(Q0), D) 5 v s FLAF) )

is a properly supported pseudodifferential operator lying in ¥°(£2;) on account of Proposition 2.2.36/and
of Remark |2.2.37| In addition, Proposition [2.2.36|entails that

o0(Af)(xo, "df (z0)&0) = 00(A)(f(20), &) # 0
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that is to say Ay is elliptic at (zo, df(x0)&), see Definition In addition, reasoning as in the
proof of Theorem it turns out that As(f*u) € BXSS(Q1) as per Deﬁnition On account of
Theorem [3.2.1] we deduce that (zo, ‘df (z0)&0) & WE*(f*u).

Conversely, let (zg, &) € WF*(f*u). On account of Theorem there exists Ay € ¥°(Qy), properly
supported, such that A;(f*u) € BX9S(Q) and (z0,&) € Ell(Ay), where Ell(A;) stands for the elliptic
set of Ay introduced in Deﬁnition For any v € D' (), we set

Av = (f7H (A ().
On account of Proposition [2.2.36} it holds true that A € ¥9(Q)y) and
o0(A)(f (o), ("df (x0)) ™ €0) = 00(Af) (w0, &0) # 0.
In view of Remark 2.2.37] A is also properly supported since f is a diffeomorphism. Reasoning as in the
3
VFY(u

proof of Theorem |3.3.5] it turns out that Au € Bgolgg(ﬂg) On account of Theorem , it descends
that (.T(),&)) ¢ f*V ) O

Remark 3.3.8: Analogously to Proposition Theorem [3.3.7 is particularly noteworthy since it
is the cornerstone to define the Besov wavefront set of a distribution supported on a smooth mani-
fold, following the same rationale of Remark[3.1.2l Let M be a d-dimensional smooth manifold and let
A = {(Ui, h;)}; be a smooth atlas thereon. On account of Remark [2.3.7, if u € D'(M) as per Defini-
tion we define WEF“(u) as the subset of T*M \ {0} such that its restriction to U; is given by
(he) WES((h )" ).

3.3.3 Product of distributions and Besov Wavefront Set

A well-known result of the theory of distributions asserts that the product of two distributions is well-
defined if their singular supports are disjoint - see Theorem However, even though the singular
supports are not disjoint, in Subsection[2.3.3|we have shown that the product among two distributions can
be defined imposing a suitable condition on the smooth wavefront sets, called Hérmander’s criterion - see
Theorem In this Subsection, we address the same issue in the context of the Besov wavefront set
as per Definition as well as Theorem More precisely, we formulate a version of Hérmander’s
criterion for the existence of the product of two distributions, adapted to the current framework. If the
product exists, we also establish an estimate of the associated Besov wavefront set - see Theorem
This result should be read as a microlocal version of the Young’s product theorem (Theorem ,
which is often applied to analyze the well-posedness of nonlinear stochastic partial differential equations
- see [Haildl [Hail5| [GIP15] [BL22A]. Moreover, Theoremshall play a prominent role in Subsection
which discusses the analysis of the Besov wavefront set of Ku, where X is a linear map from D(£22)
to D'(2;) while Q; ¢ R% and Q, C R?% are two open sets. Lastly, we shall present in Section an
application of Theorem [3.3.10in the context of coherent germs of distributions as per Definition [2.4.4]

As explained in Subsection[2.3.3] the product between two distributions can be thought as the pullback
of their product tensor along the diagonal. For this reason, since the interplay between the Besov
wavefront set and the pullback of a distribution has already been discussed in Subsection [3.3.2] we wish
to establish an estimate on the singular behaviour of the tensor product of two distributions within the
current framework - see [DRS22|, Prop. 44]. We shall omit the proof of this result since it is an adaptation
to the case in hand of the one valid in the context of the Sobolev wavefront set, see [JS02, Prop. B.5],
which is based in turn on [H6r97, Lemma 11.6.3]. First of all we introduce some useful notations. Given
u € D'(RY) and o € R, we set

WEF§ (u) := WF*(u) U (supp(u) x {0}), WFy(u) := WEF(u) U (supp(u) x {0}). (3.3.9)
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In the following, on account of Remark[3.2.5 we shall consider distributions supported on an open set of
R

Proposition 3.3.9: Let Q; C R% Qy, C R% be two open sets and let oy, a5 € R. If u € D'(Q4) and
v € D'(22), then the following inclusions hold true:

WF2 (u @ v) C (WE (u) x WF(v)) U(WF(u) x WE§2(v)), (3.3.10)
and, setting o := min{ay, a9, @1 + s},
WF*(u®v) C (WF(u) x WEy(v)) U (WFy(u) x WE*?(v)). (3.3.11)

At last, we prove a counterpart of Héormander’s criterion within the context of the Besov wavefront set
- see [DRS22| Th. 45]. In particular, the following result should be read as a microlocal formulation of
the Young’s product theorem, see Theorem |2.1.20

Theorem 3.3.10: Let Q C RY be an open set and let u,v € D'(Q). Suppose that for any (z,£) €
Qx (R\{0}) there exist o}, oy € R with o, +al, > 0 such that (z,&) & WF* (u) and (z, —€) ¢ WF2(v).
Then the product uv € D’'() can be defined as

uv = 0" (u ®v),

where 8* denotes the pullback along the diagonal map 8: Q — Q x Q, 6(z) := (z,x). In addition, for
any a1, a9 € R, it holds true that

WEF*(uv) C {(z,& + &) : (x,&) € WF (u), (z,&) € WEy(v) or (z,£1) € WEy(u), (z,&) € WE*?(v)},
(3.3.12)
where we set « := min{ay, g, a1 + as}.

Proof. Per hypotesis, there exist o, o} € R with o} + a4 > 0 such that
N5 N WF“+e2 (4 @ v) = 0,

where N5 = {(z,z,&,—&)} is the set of normals of § defined in Equation (2.3.5). On account of Theorem
it descends that there exists 6*(u®@v) € D’(€). Furthermore, on account of Theorem|3.3.5/combined
with Equation (3.3.11), it descends that for any a;,as € R

WF*(0* (u®@v)) C *WF*(u®v) =
={(z, &+ &) 1 (2,&1) € WE (u), (z,82) € WEy(v) or (z,81) € WEy(u), (7,62) € WE™ (v)},

where a := min{ay, ag, a1 + as}. O

Remark 3.3.11: Let u € BX10¢(RY) and let v € B2°(R?) with oy + az > 0. On account of
Proposition[3.1.5, it descends that W F(u) = WF2(v) = (). Therefore, on account of Theorem|3.3.10,
there exists uv € D'(R?). In addition, if we set a; A ag := min{ay, s}, Equation |3.3.12| entails that
W Fhe2 (yp) = 0, that is to say uv € BAS>1°(R?). As mentioned above, on account of Theorem

3.3.10, we recover Young’s product theorem as per Theorem|2.1.20
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3.3.4 Schwartz Kernels and Besov Wavefront Set

In Subsection we introduced the notion of Besov wavefront set, which estimates the directions in
Fourier space of an underlying distribution comparing them with those of an element lying in a suitable
Besov space Bg‘o’oo(Rd) as per Definition The aim of this subsection is to discuss the Besov
wavefront set of Ku, where K: D(Q2) — D’(Q;) is a linear map with Schwartz kernel K € D’'(£21 x Q).
Similarly to a result shown in Subsection given u € &'(€s), we shall establish a criterion for the
existence of Ku that involves a condition on the Besov wavefront sets of K and u as well as an estimate on
the singular behavior of Ku. This result also leads to a generalization of Schauder estimates, see [Sim97],
which is often used to analyze the BS, . -type regularity of a solution to a partial differential equation,
such as the heat equation. We shall mainly refer to [DRS22, Sect. 4]. For basic notions concerning
Schwartz kernels, the reader may refer to Appendix On account of Remark throughout this
subsection we shall consider distributions lying in D’(Q2), where Q C R? is an open set.

Let X: D(Q2) — D'(21) be a linear map with Schwartz kernel K € D'(2; x Q2), where y C
R%, Qo C R% are two open sets. As observed in the proof of Theorem for any u € D(Q2) we can
define Ku as

Ku = m (K(1 @ u)),

where 7: 1 X Qo — Q7 is the canonical projection on the first factor while 7, denotes the push-forward
map along 7 as per Definition For this reason, we start by proving two ancillary results. The
first one is a regularity result concerning the push-forward of a distribution lying in BS, (21 x Q2) - see
[DRS22, Cor. 47]. The second one asserts how the Besov wavefront set trasforms under push-forwards
- see [DRS22| Prop. 48]. In what follows, on account of Remark we can only consider compactly
supported distributions.

Corollary 3.3.12: Let Q; € R4, Qy C R% be two open sets, let K € B 10‘3(91 x Q) with a« € R and
let m: Q4 x Qo — Q1 be the canonical projection on the first factor defined by mw(x1,x2) = x1. In addition,
suppose that m is a proper map when restricted to supp(K). Then 7,(K) lies in Bg‘ofgg(ﬂl), where m, is
the push-forward map along © as per Definition

Proof. Without loss generality, we consider K € BE'9¢(Q21 x Q2) N &' x Q). By Definition 2.3.25] it
holds true that

(m(K),0) = K(¢®1) Vo€ C®().
Let k € %4 as per Definition |2.1.220 Since K ® 1 € Z|,), it descends that

(e (K), 63 ) = [K (k@ 1)y, o) SAY VA€ (0,1],Vay € Q.
At the same time, given x € D(B(0,1)) with £(0) # 0, it descends that

(e (K, )| = [K((E@ D@y 2)) S 1, VA € (0,1], Yy € Oy
As a result, we conclude that 7.(K) € B, .,(€1) as per Definition 2.1.24 O

Proposition 3.3.13: Let K € D'(Q; x Q) where Q; C R%,Qy C R% are two open sets. In addition,
suppose that the canonical projection on the first factor m: 1 x Qo — §y is proper when restricted to
supp(K). Then, for any a € R, it holds true that

WF(1,(K)) C {(z1,&) € Q1 x (RO {0}) : 3y € supp(K), (21, 22,&1,0) € WF(K)},  (3.3.13)

where T, is the push-forward map by 7 as per Definition (2.3.25
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Proof. Without loss of generality, we consider K € &'(; x Q). Since K € &'(Q; x Q3), then m,(K) €
&(9Q41). As a matter of fact, by Definition |2.3.25| it holds true that

(m(K),¢) = K(p®1), Ve ().

Therefore, in what follows we consider compactly supported distributions. Let (z1,&1) € WF*(m.(K)).
On account of Proposition it descends that (21,&1) € WF*(m.(K) — v) for any v € BX9(Q1) N
&(©1). In addition, Corollary entails that for any v € BX!95(Q) N €'() there exists o €
B9 (1 x Q) NE' (4 x Q) such that v = m, (7). As aresult, it holds true that (z1,&) € WF (. (K —1))
for any o € B!98(Q1 x Q2) N E'(Q x Q2). Applying Proposition it descends that

WF(m (K —)) C {(z1,&) : Jxo € supp(K — D), (x1,22,£1,0) € WF(K —0)},

for any 0 € BL!9( x Q2) N €/(Q x Q). The arbitrariness of ¥ and Proposition entail that
x2 € supp(K) and (z1,x2,£1,0) € WF(K). This proves the statement. O

We now are in a position to prove the main results of this subsection. The following theorem establishes
a bound on the Besov wavefront set of Ku for any u € D(Qs) - see [DRS22|, Th. 49].

Theorem 3.3.14: Let Q; C R4, Qy C R% be two open sets and let K: D(Qa) — D'() be a linear
map with Schwartz kernel K € D'(; x Qg). Then, for all o € R and for any u € D(Qs2),

WEF*(Ku) C {(z1,&) € Q1 x (RD\ {0}) : Jzy € supp(u), (21, z2,£1,0) € WF(K)}. (3.3.14)

Proof. Let m: Q1 x Qs — 7 be the projection map on the first factor. Moreover, assume that 7 is proper
when restricted to supp(K’). As observed in Theorem |2.3.29] if u € D(€Q3), then Ku can be defined as
the element lying in D’(€;) such that

(Ku)(¢) := (m(K(1®u)),¢) = (K(1®u),¢®1) Ve D(),

where , is the push-forward map along 7 as per Definition [2.3.25{ Since 1®@u € C*°(Q; X €22), then the
product K(1®u) is well-defined. Here, K(1®u) denotes the standard product between smooth functions
and distributions as per Definition Therefore, Theorem [3.3.10] entails that for any o € R

WFYK(1®u)) C {(x1,22,&1,82) € WF¥(K) : z9 € supp(K)}.
To conclude, on account of Proposition |3.3.13 it descends that
WF(m,(K(1®uw))) C {(z1,&) € Y x (R \ {0}) : Fzy € supp(u), (z1, 22, £1,0) € WF(K)}.
O

In the following, we generalize the previous theorem to the case when u € &'(2y) and we establish a
sufficient criterion for the well-posedness of Ku - see [DRS22| Th. 50].

Theorem 3.3.15: Let Q) C R4, Qy C R% be two open sets, let X: D(Qz) — D’(1) be a linear map
with Schwartz kernel K € D'(Qq x Q) and let u € €' (). In addition, for any o € R, we set

—WEFG,(K) = {(22,&) € Qo x (R \ {0}) : 31 € Dy, (w1, 22,0, &) € WF*(K)}. (3.3.15)
If for any (z2,&2) € Qg x (R4 {0}) there exist o}, o, € R with o/, + o > 0 such that

(02,62) & ~WFG (K) UWF (u), (3.3.16)
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then there exists Ku € D'(Q). In addition, for any ai,as € R, it holds true that
WFQ(:]CU) C {(l’l,gl) € x (Rdl \{0}) : 3(:172,52) € Qg % (Rd2 \{O}), (.171,:62,61,62) S XUY}, (3317)

where we set o := min{ay, g, a1 + ag}, X := {(z1,22,&1,&) € WF(K) : (22, —&) € WFy(u)},Y :=
{(z1,22,&1,82) € WFY(K) : (x2,—&) € WF*2(u)} while W Fy has been defined in Equation (3.3.9).

Proof. As in the proof of Theorem (3.3.14] we wish to define Ku as
Ku := 7 (K(1 ® u)),

where m, is the push-forward along the canonical projection on the first factor 7 : 7 x Qs — 4
as per Definition [2.3.25, In order to prove the first part of the statement, we show that the product

K(1®u) € D'(Q x Qo) is well-defined. Given ay € R, on account of Equation (3.3.11)), it descends that
WF*(1®u) C (21 x {0}) x WF*(u). As a result, combining Theorem [3.3.10| and Equation (3.3.16),

we infer that there exists K(1 ®u) € D'(Q x Q2). Yet, being u compactly supported, it descends that
(K (1 ®u)) is a well-defined element lying in D’(£).

At this stage, we focus on Equation (3.3.17). On account of Proposition |3.3.13} it descends that, for
any o € R,

WF (1. (K(1®u))) C {(z1,&) € Q1 x (RT\ {0}) : 3zy € supp(u), (21, x2,&1,0) € WF*(K(1®u))}.

Given a1, as € R, we set a := min{ay, s, @1 + as}. Theorem (3.3.10} in particular Equation (3.3.12),
entails that a point (21, z2,£1,0) € WF*(K (1 ® u)) if one of the following conditions is satisfied:

e 3¢ € R% such that (z1,72,&1,&) € WF (K) and (12, &) € W Fy(u),
° 352 € Rd2 such that (1‘1,.1‘2,51,52) S WF()(K) and (332, —fg) € WEFe2 (u)
This concludes the proof. O

At last, we prove a result which should be read as a generalization of Schauder estimates - see [DRS22|
Cor. 51]. In particular, the following result is an adaptation to the case in hand of an important result
valid in the context of the Sobolev wavefront set , c.f. [JS02| Prop. B.9]. We first set

WFQz(K) = {(x2,£2) c QQ X Rdz :dzy € Ql, (xl,:vg,O,{Q) c WF(K)}, (3318)

Corollary 3.3.16: Let Q1 C R% Qy C R9 be two open sets, let X: D(Q2) — D'() be a linear
map with Schwartz kernel K € D'(Q; x Q) and let uw € & (Q3). In addition, suppose that for any
(12,&) € Qa x (R%\ {0}) there exists ay,az € R with aj + ag > 0 such that

(22,82) & —WEG) (K) UWF*(u), (3.3.19)

where —WFg! (K) has been defined in Equation (3.3.15). If W Fq,(K) = () and if there exists ¢ € R such
that K(BZ, o (Q2) N &' (Q2)) C BLTE(Qy) for any a € R, then it holds true that

WE=(Ku) € WE'(K) o WF(u) UW Fg, (K), (3.3.20)

where WF'(K) o WF(u) := {(v1,§1) : I(w2,82) € WEF(u), (z1,22,81, &) € WF(K)}, WFq, (K) =
{(21,&1) € Q1 x R¥ : 3y € O, (21, 29,&1,0) € WF(K)}.
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Proof. On account of Theorem (3.3.15) combined with Equation (3.3.20), it descends that there exists
Ku € D'(Q). Let V C Qy x (R \ {0}) be an open conic neighborhood as per Definition [2.2.41, Due to
i

Proposition we infer that WF(u —v) C V for any v € B%'%(€). Being Kv € BS 2'°°(€) per
assumption and on account of Theorem it descends that
WF*=(Ku) C WF(K(u—v)) C WF'(K) oV UWFq,(K)C WF/(K)oV UW Fy, (K).
In view of the arbitrariness of V', we conclude that
WFEF(Ku) C WF'(K)o WF*(u) UW Fo, (K).
O

Example 3.3.17: Let K € D'(R'*? x R'*%) be the fundamental solution of the heat equation, whose
integral kernel is

Oty —t ey —ag)?
(47r(t(11—t2§)>d/26 Wt (ty, @1, by, @2) € RIFE x R,

K(ti,z1,t2,22) =

where © is the Heaviside function. On account of Schauder estimates, K is the kernel of a linear map
K: BEC(RTY) — ByfZlec(RIT), defined by Ku := K  u, where  denotes the convolution as per
Definition In addition, since the heat operator is hypoelliptic, it holds true that

WFE(K) = {(t,z,t,x, 7,6 —1, =€) : (t,x) € R7T (1,€) e R4\ {0}}, (3.3.21)

see [Hor90, Sect. 11.1]. On account of Equation (3.3.21), it descends that WFg! ,(K) = ( for any
a1 € R, where the subscript R**! should be read as in Equation . Moreover, given u € &'(R'*4),
Examp]e entails that there exists ag < 0 such that WF*2(u) = (). Then, we are in position to
apply Corollary(3.3.16] Therefore, on account of Equation [3.3.20} it descends that

WFT2(Ku) C WF'(K) o WF*(u).
Observing that WF'(K) o WF(u) = WF(u), we conclude that

WF*t2(Ku) € WF*(u).

3.3.5 Hyperbolic Partial Differential Equations

In Subsection[2.3.6] we discussed the propagation of singularities for a large class of first order hyperbolic
partial differential equations in the context of the smooth wavefront set. The main theorem characterizes
the smooth wavefront set of a solution to a partial differential equation in terms of the principal symbol
of the corresponding differential operator. More precisely, it asserts that the singularities propagate along
the flow induced by the principal symbol, which is read as a Hamiltonian function - see Theorem
The aim of this subsection is to discuss the same problem in the framework of the Besov wavefront set as
per Definition as well as Theorem In particular, we shall prove a propagation of singularities
theorem which adapts to the case in hand Theorem[2.3.32] Since the Besov wavefront set is a refinement
of its smooth counterpart, our result entails a more refined characterization of the singularities of a
solution to an hyperbolic partial differential equation. The formulation of the Besov wavefront set in
terms of pseudodifferential operators as per Theorem [3.2.1]shall play a prominent role in the proof of our
propagation of singularities result - see Theorem[3.3.19] In the following, we shall make use of the notions
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introduced in the previous parts, especially in Subsection and in Section [2.2] We shall mainly refer
to [DRS22, Subsect. 4.1].

In what follows, all pseudodifferential operators shall be assumed to be properly supported as per

Definition [2.2.25, Let A € ¥!(R?) as per Definition [2.2.15/be such that its full symbol a € S*(R?; R?) as

per Definition [2.2.1|is independent of the spatial component, i.e. a = a(£). In addition, we assume that
the principal symbol of A, denoted by o1(A), is real-valued and it lies in St (R%R?) as per Definition
Resorting to the notion of Besov wavefront set, we wish to analyze the microlocal behavior of the
distributional solution u € D’(R x R?) to an initial value problem of the form

(3.3.22)

0w = iAu, (t,z) € R x R4,
u(0,2) = up(x), z¢€ R,

where ug € D’'(R?). Here, we denote by ug(z) and u(t,z) the integral kernels of 1y and u respectively as
per Remark Let K € D'(R x R?) be the fundamental solution for the operator d; —iA such that
its integral kernel K (¢, x) satisfies

{(& —iA)K(t,x) = 6(t)d(x), (t,z) € Rx RY, (3.3.23)

K(0,z) = §(z), xecR4
Exploiting standard Fourier methods, it turns out that the integral kernel of K € D’'(R x R9) is
K(t,xz) = Ot)[e"d](x) (t,z) € R x RY, (3.3.24)

where O is the Heaviside function. We prove a regularity result concerning the fundamental solution K
- [DRS22| Prop. 54].

Proposition 3.3.18: Let K € D'(R x RY) be the fundamental solution of the operator 9; —iA as per

Equation (3.3.24). Then, K(t,-) € B;)O%O(Rd) for any t € R. In addition, for any v € B%'9¢(RY) with
a€eR,

K(t,) v € BS 2" (RY),

where * stands for the convolution introduced in Definition

Proof. Let {¢;};>0 be a Littlewood-Paley partition of unity as per Definition On account of
Plancherel’s theorem (Theorem |A.11.10), it descends that

i id .
195 (D2)e™ 6| p2(ray = W5l p2ray = 272 Y]] p2may V5 > 1.

Therefore, we infer that

Sup 2772 [0 (D)€" 5| 2 gy < 00,
720

_d
On account of Definition 2.1.4, it descends that K(t,-) € B, 2 (R?) for any ¢ € R.
We focus on the second part of the statement. Let v € ng}gg(Rd) with o € R. On account of
Definition , it holds true that ¢v € BS  (R?) for every ¢ € D(R?). Therefore, on account of
_d
, we conclude that K (t,-) * (pv) € Boo 2 (R?) for any t € R. O

Theorem



3.3. STRUCTURAL PROPERTIES OF THE BESOV WAVEFRONT SET 71

Proposition |3.3.18| asserts that the solution map associated to Equation (3.3.22)),
L(t,0): ug — u(t) teR,

_d
is continuous from B%'%¢(RY) to B 2"°°(RY). In addition, (¢, 0) is invertible and #~1(0,¢) = .7(0, ¢).
As mentioned in Subsection we recall that, when analyzing the problem of the propagation of
singularities, o1(A) is interpreted as a Hamiltonian function. Therefore, 01(A) determines a unique

Hamiltonian vector field given by

d
Xor()l(ze) = Zagjal(A)(g)an lwe), V(x, &) e RYx R (3.3.25)
j=1

Let p: R — R x R, ¢ p(t) := (x(t),£(t)), be the integral curve of X, (4) such that p(0) = (0, &).
Then, the map

P:RxRI xR 5 REXRY st (t,x0,80) — Py(z0,&0) = p(t),

is the Hamiltonian flow associated with X, (4). After this premise, we are in position to prove a propa-
gation of singularities theorem for an initial value problem as per Equation (3.3.22) in the framework of
the Besov wavefront set - see [DRS22, Th. 55].

Theorem 3.3.19: Let A € U!(R?) be such that its principal symbol o1(A) lies in St (R4 R?) as per
Definition and it is real-valued. In addition, let ug € D'(RY) and let u € D'(R x RY) be the solution

of the initial value problem

Opu = iA t R x R4
v =idu, (fo) €RXRY, (3.3.26)
u(0,z) = up(z), xe€R™
Then, for any o € R,
WF™2 (u(t)) = &, W F*(ug), (3.3.27)

where ®; is the flow from t to 0 associated with X, 4y while we set
OWF(ug) := {®y(z,€) € R x (R {0}) : (x,€) € WF*(ug)}, VteR.

Proof. 1t suffices to prove the inclusion C. The other one follows inverting the time direction. Let
(20,&0) € WF*(ug). On account of Theorem , there exists A € UO(R?) such that Aug € B!9¢(RY).

If we set A(t) := .7(t,0) o A o.#(0,t), then Proposition [3.3.18| entails that A(t)u(t) = .#(t,0)Aug €
_d
B;,;’IOC(Rd). On account of Egorov’s theorem (Theorem [2.3.31), we infer that A(t) lies in ¥°(R?) and

it is elliptic at ®; (o, &). Therefore, Theorem [3.2.1|entails that ®; *(zq, &) & WF*" % (u(t)). O

Remark 3.3.20: It is worth pointing out that the estimate on the Besov wavefront set in Equation
(3.3.27) is not optimal. As a matter of fact, it might be improved if we established a more refined
regularity of K in Proposition|3.3.18, which seems to be difficult to achieve at this stage.

Example 3.3.21: We consider the initial value problem in Equation|3.3.26|with A = D, € W(R), where
D, := —i0,. Therefore, the principal symbol of A is 01(A)(§) = £. In this case, given (zo,&) € R X R,
the Hamilton equations read

dz(t
d(t):l teR,

LW —o teR, (3.3.28)

(2(0),£(0)) = (20, &0)-
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As a result, we infer that (x(t),&(t)) = (zo +t,&0), that is to say ®¢(xo,&) = (o +t,&0). On account of
Theorem|3.3.19, it descends that, for any o € R,

WF= 3 (u(t) = {(e +1,6) € R x (R\{0}) : (2,€) € WF°(u0)} 'Vt € R.

Example 3.3.22: In Equation |3.3.26, we consider A € W!(R?) such that A := (D,) as per Example
Observe that 8, — i(D,,) arises from the factorization

97 — (A +1) = (8 — i(Dy))(8s +i(Dy)),

where A denotes the Laplace operator on R%. In this case, the principal symbol of A is a1(A)(&) = |¢].
Taking into account that

d
Xoyl@e) = 171D &0 lwe) Y(@,&) € R x RY,
1=1

we deduce that ®;(xo, &) = (|€o| ot + w0, &), where (19, &) € R xR, On account of Theorem|3.3.19,
it descends that, for any a € R,

WF5 (u(t)) = {(|¢] 7 ¢t + 2,8) € R x (RH\ {0}) : (x,€) € WF(ug)} Vt € R.

3.4 Application to Coherent Germs of Distributions

In Section we introduced the notion of Besov wavefront set, which aims at characterizing all the
directions in Fourier space along which an underlying distribution lies in a suitable Besov space Bgolgg (R%)
as per Definition[3.1.1] In Subsection [3.3.2] resorting to the notion of Besov wavefront set, we established
a sufficient condition to extend the pullback map along an embedding to the whole space of distributions -
see Theorem[3.3.5] As a result, since the product between two distributions can be defined as the pullback
of their tensor product along the diagonal, this condition entails a criterion, analogous to the Héormander
one in the smooth setting, for the existence of the product - see Subsection This is the content of
Theorem which can be read as a microlocal formulation of Young’s product theorem (Theorem
2.1.20). In this section, we present an application of these results in the context of coherent germs of
distributions as per Definitions and In particular, we shall consider coherent germs defined
as the tensor product of two Besov distributions. By applying Theorems and we shall prove
that the reconstruction of such a germ amounts to the product between the two distributions at hand,
which coincides in turn with the pullback of the germ along the diagonal. In addition, Theorem
particularly Equation , entails an estimate of the Besov regularity of the reconstruction. As a
result, since a coherent germ is an element lying in D’(R? x R?) (see Remark , we can conjecture
that its reconstruction coincides with the pullback of the germ along the diagonal.

In the following, by applying Theorems and we provide an alternative proof of Theorem
when ay + a3 > 0. The proof of the following result is inspired by those of [DRS21, Prop. 45,
Prop. 30].

Proposition 3.4.1: Let Q C RY be an open set, let a; € (0,00) \ N and let oo < 0 be such that

a1+ > 0. Let u € BE22(Q) and let v € BY2:12°(Q) as per Definition|2.1.30, Then F = (F,)scq,
where

EO=E00= Y P ) veeq, (3.41)

l€]<lou]




3.4. APPLICATION TO COHERENT GERMS OF DISTRIBUTIONS 73

is a (a2, a1 + ag)-coherent germ, whose reconstruction as per Theorem|2.4.16is RF = uv. In addition,
uv lies in B&2:10°(Q) and, for any compact set & C Q, it holds true that

ol pez sy S ull g lollpoe (3.4.2)

where R is the 1-enlargement of f as per Equation m

Proof. On account of Proposition the germ F' is (g, aq + ag)-coherent as per Definition m
Being oy + a2 > 0, on account of the reconstruction theorem, c.f Theorem [2.4.16] it descends that there
exists a unique RF € D'(Q)) satisfying the bound in Equation with v = a7 + as.

Per hypotheses, Proposition entails that WFt (u) = WF*2(v) = (). Therefore, on account of
Theorem [2.3.24] it descends that there exists a unique product uv € D’(12), defined as uv := §*(u ® v)
where 0* is the pullback along the diagonal map §: @ — Q x Q, §(x) = (z,z). In addition, it holds true
that (uwv)(y) = v(up) for any ¢ € D(R?). On account of Equation (3.3.12), we infer that W F*2(uv) = 0,
that is uv € ng;gC(Q) We show that wv is the reconstruction of F. Let 8 C Q be a compact set. On
account of Theorem and of Definition we recall that

u(y) = Puly) + R(z,y) Yo,y €K,
where the reminder R(z,y) is such that
[B(z,y)| < llull pga syl = y[™
uniformly for x,y € K. In addition, R can be written as
Ry)= > fely)y—a), (3.4.3)
[e]=lo]

where f; is such that
1)

y—T |y — J;|0‘1_L0‘1J

As a result, using Equation (3.4.3), it holds true that

[(av — Poo)(@3)] = [o((u— P)od)| = [o(R(z, )6 < 3 [ol(ful)(- —2)6d)]. (3.4.4)

[e]=La1]

=Cu < lullaa_(s)-

Setting ¢(y) = y'é(y), it holds true that
(y — 2)'02(y) = N3 ().

Therefore, we infer that

(wo = Poo)(¢2)l < D0 olfe() =)' ed)l = Y Ao(fe(-)62(v))

= =
= Al YT o fe()da )| = Al Y Yo (Cul- =) )]
=rH je1=Ten ) IKl=as— Lo

n(y)=y" ¢(v)
R S IR P i FUY e (3.4.5)
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uniformly for z € & X\ € (0,1] and ¢ € D(B(0,1)), where in the last inequality we exploited that
v € ngyggC(Q) as per Definition as well as Proposition This proves that RF = wuv.

It remains to be proven Equation . By the triangle inequality, for any = € R, ¢ € D(B(0,1))
and A € (0, 1], it holds true that

|(w0)(92)] < [o(ug)| < [0(Pe()g2)| + [o(R(z,)¢7)]
|| |B]

Since | B| has been already estimated as per Equation (3.4.5), we focus on |A]. On account of the triangle
inequality and of Proposition |2.1.28] it descends that

ofu(x (y):=y'¢(y) 0fu(x
S O S KA DB R AR
[€]<la1] ' [€]<[a] .

10%l| Lo () | o o
Slolpez @y D A 2+u|5||u||B:olm®||UHB;%M@A 2, (3.4.6)
el< o] ' ’

uniformly for « € &, A € (0,1] and ¢ € D(B(0,1)), where the last inequality descends from [|0°u|| z(q) <
[ull g1 _(&,)- As a result, combining the estimates for [A| and |B|, it descends that

|(w0) (@)1 S Null 1o

uniformly for z € &, ¢ € D(B(0,1)) and A € (0,1]. This concludes the proof of the statement. O

ol paz oy A+ XF) S lull oy 0l B2z @A™

oo (R1)

Remark 3.4.2: Let Q C R? be an open set. Let u,v be such that they satisfy the hypotheses of
Proposition We denote by u(x) and v(x) the integral kernels of u and v respectively. Let F €
D’ (2 x Q) be the germ as per Proposition|3.4.1, whose integral kernel as per Remark|A.8.2 is given by
Olu(x
Fay=re= Y 28 na), veyen
[£]< | ] '

Then, we observe that
RE(z) = (0"F)(x) = (F o d)(x) = F(z,x) = u(z)v(z),

where RF(x) denotes the integral kernel of the reconstruction of F' as per Remark while 6* is the
pullback map along 6: Q — Q2 x Q, §(z) = (z,). In addition, Theorem|3.3.5 provides an estimate of the
Besov wavefront set of RF'.

On account of Proposition and of Remark we formulate the following conjecture.

Conjecture 3.4.3: Let Q C R? be an open set and let F € D'(2 x Q) be a y-coherent germ with v > 0.
Then, the unique reconstruction of F' is RF = 6*F, where 6" is the pullback along 6: Q@ — Q x €,
d(x) = (x,x). In addition, for any « € R, it holds true that

WF(RF) C §*WF*(F),
where §*W F“(F) is defined as per Equation (3.3.7).

Remark 3.4.4: Let v <0 and let F € D’'(Q x Q) be a y-coherent germ such that satisfies the hypothesis
of Theorem [3.3.5l On account of Theorem the reconstruction of F' is non-unique. Similarly to
the case of positive coherence, we can conjecture that 6*F is a choice of reconstruction of F. Therefore,
Theorem|3.3.5| provides a rationale to choose a distinguished reconstruction of F in cases where Theorem

2.4.16| fails to do so. For further details, the reader may refer to [DRS21].
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Reconstruction theorem on smooth manifolds

Martin Hairer’s reconstruction theorem is one of the main results of the theory of regularity structures
(see [Haildl [Hailb]), a novel framework to investigate the well-posedness of a specific class of nonlinear
stochastic partial differential equations (SPDEs) on the Euclidean setting.

Stochastic partial differential equations are closely related to quantum field theory (QFT), in particular
to stochastic quantization [PW81]. As a matter of fact, the idea at the heart of stochastic quantization
is to give meaning to the path integral formulation of an FEuclidean quantum field theory by means of
an invariant measure of a nonlinear SPDE. The interaction between SPDEs and quantum field theory
has been also strenghtened by a few recent works [DDRZ21| [ BDR21], where techniques coming from the
latter, such as renormalization, have been applied within the SPDEs solution theory. On account of the
formulation of QFT on curved backgrounds, see e.g. [BFDY15, [BF09| [FR16| [JS02| [BF00], the extension
of the theory of regularity structures on smooth manifolds would be crucial to further strengthen this
interplay. To this end, an initial step should be the formulation of the reconstruction theorem on an
arbitrary smooth manifold. In a recent joint work with Paolo Rinaldi [RS21], we extended this result to
smooth manifolds relying on the theory of germs of distributions [CZ20]. As explained in Section
this framework allows to formulate and to prove the reconstruction theorem in the language of theory of
distributions on the Euclidean space RY, without any reference to regularity structures. More precisely,
the authors deal with the following problem: if for any x € R? we are given a distribution F, € D’'(R%),
we wonder whether there exists RF € D’(R?) which is locally approximated by F, around each z € R?.
For instance, given a smooth function f: R? — R, if F,(-) is its Taylor polynomial of order m € N
centered at z € R?, then the sought global distribution is REF(x) = f(x). As a matter of fact, since
If(y) — Fo(y)| < ly — 2|™F! for y € R? close to z, f is well-approximated by F, in a neighborhood of .
However, if the local approximations F, are singular objects, the solution to the problem is somewhat
involved. In this situation, under a further assumption on the family (F}),cgre, dubbed coherence, the
reconstruction theorem entails the existence of the desired global distribution.

Since the notion of distribution is local, it can be easily generalized to any smooth manifold - see
Definition For this reason, since the framework introduced in [CZ20] is completely based on
distribution theory, it shall turn out to be well-suited for the generalization of the reconstruction theorem
to the case of distributions on smooth manifolds as shown in [RS21]. We stress that our results hold true
at the level of smooth manifold without calling for further structures, such as a Riemannian one. Observe
that, in [DDK19], the reconstruction theorem has been formulated within the Riemannian setting.

75
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Contents. This chapter is divided in two sections.

In Section[4.1] we extend the notion of germ of distribution and the notion of coherence to the smooth
manifold setting. In addition, we also formulate enhanced coherence on a smooth manifold. Lastly, we
prove that the notion of coherence is independent of the choice of the atlas - see Proposition[4.1.14] This
entails that coherence is a geometric notion.

In Section we prove that the reconstruction theorem for coherent germs of distributions on a
smooth manifold. If the coherence exponent is strictly positive, we show that the reconstruction is
independent of the choice of the atlas - see Theorems[4.2.1]and[4.2.2 Otherwise if the coherence exponent
is non-positive, similarly to the Euclidean case, see Remark we prove that the reconstruction is
non-unique and, in particular, it depends on the choice of the atlas and of the partition of unity used to
construct it - see Theorem

Notations. We shall denote by < an inequality holding true up to a multiplicative constant. We denote
by M a d-dimensional connected smooth manifold without boundary. In addition, we denote by (U, h) a
local chart on U, where U C M is an open set and h: U — h(U) C R? is a diffeomorphism. The pullback
along h~! is denoted by (h™1)*. Given an open set Q C R?, a function f: Q — R and a point z € Q, we
recall that f}: Q — R? denotes the rescaled version of f, defined as

2y =2\ Ny —2), yeq,

for A € (0,1]. Moreover, we denote by B(0,1) the unit open ball in R? centered at the origin.

4.1 Germs of distributions on smooth manifolds

Stochastic partial differential equations (SPDEs) have become increasingly important in applications
ranging from physics to finance. For instance, they play a prominent role in quantum field theory, in
particular within stochastic quantization [PW81]. However, their analysis presents several mathematical
challenges. In the last few years, a breakthrough in their study has been made thanks to Hairer’s paper
on the theory of regularity structures - see [Hail4! [Hail5]. This novel framework allows to solve a certain
class of nonlinear SPDEs on the Euclidean space R? by means of a fixed point argument. Always having
in mind applications of SPDEs in physics, on account of quantum field theory on curved backgrounds,
see e.g. [BFDY15| [BF09, [FR16], it would be desiderable to formulate the theory of regularity structures
on a more general geometrical ground. As a first step in this direction, we wish to extend Hairer’s
reconstruction theorem, one of the cornerstones of this theory, to an arbitrary smooth manifold - see
Subsection To this end, we shall rely on the theory of germs of distributions as outlined in Section
2.4]- see [CZ20]. As a matter of fact, this framework allows to formulate and to prove the reconstruction
theorem in the language of the theory of distributions on the Euclidean space R¢, without any reference
to regularity structures. On account of the local nature of distributions, their definition can be easily
extended to any smooth manifold - see Appendix As a result, the approach adopted in [CZ20]
turns out to be well suited to our purposes. The following discussion is mainly inspired by [RS21].

In this subsection, we generalize the notion of germ of distributions and the notion of coherence to
arbitrary smooth manifolds. Subsequently, in Subsection we shall prove the reconstruction theorem
on a smooth manifold. We point out that the following discussion holds true at the level of smooth
manifolds, without resorting to any further structure, such as a Riemannian one. In what follows, we
shall make use of the notions introduced in Section and Appendix

We start by introducing the notion of germ of distributions on a smooth manifold.
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Definition 4.1.1: Let M be a d-dimensional smooth manifold. We say that a family F' = (Fp)penm of
distributions, F, € D'(M) as per Definition|A.10.1| for any p € M, is a germ on M if, for any ¢ € D(M)
as per Deﬁnjtion the map p — Fy(p) is measurable with respect to the Borel o-algebra of M.

Remark 4.1.2: Let M be a d-dimensional smooth manifold. A germ F on M can be read as an element
lying in D'(M x M), whose integral kernel F'(p,q) = F,(q) is such that the map p — (Fy(q),¢(q)) Is
measurable with respect to the Borel o-algebra of M for any ¢ € D(M).

Analogously to the Euclidean case, the idea at the heart of the notion of germ is that F' = (F,)pen can
be thought of as a collection of local approximations for a global distribution on M. As we shall see
in Section under the assumption of coherence of the germ, the existence of such global distribution
is guaranteed. This is the content of the reconstruction theorem - see Theorem For this reason,
we extend the notion of coherent germ to the manifold setting. Since, as explained in Appendix [B] the
notion of coherence on an Euclidean space is local, relying on Definition we define its counterpart
on a smooth manifold.

Definition 4.1.3: Let M be a d-dimensional smooth manifold, let A = {(U;, h;)}ier be a smooth atlas
thereon and let v € R. In addition, let F' = (Fy)pen be a germ of distributions on M as per Definition
4.1.1, The germ F is said to be y-coherent on (M, A) if for any (U, h) € A there exists k € D(h(U))
with #(0) # 0 such that for any compact set & C U there exists ({ < min{0,~} such that

(R (Fp) — (R (Fa)) ()| S A ([h(p) — h(@)] + A)1 74, (4.1.1)

uniformly for p,q € & and X € (0, 1], where (h=1)* is the pullback along h=! as per Remark|A.9.3

Remark 4.1.4: The previous definition seems to imply that the concept of coherent germ depends on the
choice of the atlas. However, in Proposition|4.1.14| we shall prove that coherence is actually independent
of such choice.

Remark 4.1.5: On account of Deﬁnition the supremum among all possible values of X\ is Dg /4,
where Dy := dist(0h(U), &) while Oh(U) denotes the boundary of the open set h(U). In Appendix|B, we
adopted this choice in order to prove enhanced coherence on an open set. However, since all bounds are
established up to a multiplicative constant and the scaling operation is implicitly studied in the limit as
A — 0T, we can impose the constraint A € (0,1] in Deﬁnitjon

Remark 4.1.6: Using the language of regularity structures, a coherent germ as per Definition can
be read as a modelled distribution on a smooth manifold.

In order to weaken the dependence of the notion of coherence on the atlas, we first prove that it is
independent of the coordinates - see [RS21], Prop 7].

Proposition 4.1.7: Let F' = (F,)p,em be a y-coherent germ on (M,A) as per Definition and let
U C M be an open set. Then the y-coherence condition in Equation is independent of the choice
of the local chart on U. In addition, the family of exponents ¢V = (¢Y) is also independent of the choice
of the coordinates.

Proof. Let (U, h), (U, iL) be two local charts on U. We suppose that the coherence bound in Equation
holds true with respect to (U,h). To prove the statement, we show that it holds true also with
respect to (U, h). Per assumption, there exists k € D(h(U)) with £(0) # 0 such that for any compact set
£ C R? there exists ({ < min{0,~} for which

()" (F) = () (Fa)) )] S A (1(p) = h@)] + )7,

uniformly for p,q € & and for A € (0, 1], where (h—1)* denotes the pullback along h~! as per Remark
To conclude the proof, we seek a test function x € D(h(U)) with x(0) # 0 such that the coherence
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condition with respect to (U, h) is satisfied. For any ¥ € D(h(U)), it holds true that

()" (Fp) = (W) (F)) (R )] = H(ho k™) (A7) (Fp) — (ho ™) (1) (Fo), X )]
S KPR (F) = () (E), (o A i)y (4.1.2)

where the last equality descends from Remark and from |detd(h o ifl)||Loo(;L(U)) < 1. Here,

d(ho fzil) denotes the differential of the coordinate change induced by ho h1. Therefore, we can choose
x € D(h(U)) with ¥(0) # 0 such that (hoh™!)*y = k. As a result, it descends that

(R (Fp) = (W) (Fa)) (x| S MK (1(p) — @) + A) =65 < A (|h(p) — h(a)| + A)7 7%,

uniformly for p,q € & and for A € (0, 1], where the last inequality descends from the uniform bound

O

In the following, we prove that a coherent germ as per Definition satisfies a homogeneity bound -
[RS21} Lemma 16]. The following result is an adaptation of Lemma to this setting.

Lemma 4.1.8: Let (M, A) be a d-dimensional smooth manifold and let F' = (F,)pem be a y-coherent

germ of distributions as per Definition In addition, let (U,h) € A be a local chart. Then, for any
compact set & C U, there exists Bg < =y such that

o8
(™) (Fp), sh)| S AP, Vpe &, VAe(0,1], (4.1.3)

where k € D(h(U)) is chosen as in Definition while (h=1)* denotes the pullback along h™! as per
Rcmark We say that F is locally homogeneous in U with exponents BV = (/Bg)_ﬁ. In addition,
if Y = BY for any compact set & C U, F is said to be homogeneous of degree Y in U.

Proof. The proof is similar to that of Lemma [2.4.9] - see [CZ20, Lemma 4.12]. We fix a compact set
£ C R? and a point q € & Since (h=1)*(F,) € D'(h(U)), Remark entails that there exists r € N
such that

(W) (Fa)sne) | SA™7, Wpe R VA€ (0,1]. (4.14)

In addition, being Diam(¢(R)) := sup, ccalh(p) — h(q)| < oo and on account of Equation (4.1.1), it
descends that

()" (Fp) = (071 (Fa)) ()] S A ([A(p) = h(@)| + A)7~%% < A (Diam(h(8)) + A)7~%% S ASK,
(4.1.5)
uniformly for p,q € & and for A € (0,1]. As a result, combining Equations (4.1.4) and (4.1.5), it descends
that

(™) (Fp), 53| < (R (Fa), o) | + [(B)* (Fp) = (1) (Fg)) (B )|
<A A < amin{=dnGRY  yp e ] VA € (0, 1),

where we applied the triangle inequality. As a result, we can choose Bg < min{—d — r, Cg,'y}. This
concludes the proof. O
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In the following, we prove that the homogeneity exponents are independent of the coordinates - see [RS21]
Prop. 17].

Proposition 4.1.9: Let (M, A) be a d-dimensional smooth manifold and let F' = (Fp)penr be a -
coherent germ as per Deﬁnitjon In addition, let (U, h), (U, i~z) € A be two local charts on the open
set U C M. Suppose that F' satisfies the homogeneity condition in Equation with respect to
(U, h). Then F is also locally homogeneous with respect to (U, h).

Proof. Let k € D(h(U)) be as per Definition Given a compact set & C U, on account of Equation

(4.1.3)), it descends that

(A (Fp), ((ho b 02 ) S IS KT (), )| S A%, Vb e VA € (0,1],

(p)>|N ~

where in the first inequality we exploited that ||det d(h o R Y| (nyy < 1 while in the last one we
used the homogeneity bound with respect to (U, h) as per Equation (4.1.3). Therefore, we conclude that
(h=1)*(F,) is locally homogeneous in h(U) with exponent 35. O

Enhanched Coherence In this paragraph, similarly to the Euclidean case, we enhance the notion of
coherence on a smooth manifold as per Definition This leads us to defining the notion of enhanced
coherence adapted to the smooth manifold setting. We recall that the idea behind it is to replace the
test function k € D(h(U)) in Equation by an arbitrary test function, provided that we modify
suitably the family of exponents ¢ = (¢{)g. This can be achieved by resorting to the same arguments
for the case of coherence on an open set of R? - see Appendix As a matter of fact, given a y-coherent
germ F' = (Fp)pem of a smooth manifold (M, A) and a local chart (U, h) € A, Definition entails
that the germ () := (h™1)*(F}) is y-coherent on the open set h(U) C R? as per Definition B.0.2| As a
result, we apply Proposition in order to formulate the following equivalent definition of coherence
on a smooth manifold.

Definition 4.1.10: Let M be a d-dimensional smooth manifold and let A = {(U;, h;)}ic1 be a smooth
atlas thereon. In addition, let v € R and let F' = (F,)pem be a germ of distributions on M as per
Definition We say that F' is y-coherent on (M, A) if for any (U,h) € A and for any compact set
R C U there exists ({ < min{0,~} such that, for any integer r > —C¥,

(W) (Fp) — (™) (Fa)) (0hq))| S Illem ey X5 (JA(P) — h(@)] + A)T~5% (4.1.6)

uniformly for p,q € &, A € (0,1] and ¢ € D(B(0,1)) C R?, where B(0,1) denotes the unit open ball
centered at the origin.

Remark 4.1.11: Definition[4.1.10 proves to be more advantageous than Definition|2.4.4since the bound
in Equation is independent of the test function k. As a by product, it entails that the set of ~y-
coherent germs of distributions on a smooth manifold is a vector space. However, Definition is
rather useful from an operational viewpoint, since it allows to establish coherence by checking the bound
in Equation only for a test function.

Remark 4.1.12: In Proposition[4.1.7, we proved that the notion of coherence as per Definition[4.1.3] is
independent of the underlying coordinates. As a result, on account of the equivalence between Definitions
and it descends that also the notion of enhanced coherence is independent of the choice of
the local chart. Equivalently, this independence descends directly from the same arguments used in the

proof of Proposition
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Remark 4.1.13: On account of Proposition|B.0.8| it descends that the notion of coherence on a smooth
manifold is stable under restrictions. More precisely, if F' is vy-coherent with respect to (U, h), then F is
still y-coherent with respect to (V, h) for any open subset V C U.

In the following, we prove that coherence as per Definition [4.1.10] is independent of the atlas - see
Proposition [RS21, Prop. 13].

Proposition 4.1.14: Let M be a d-dimensional smooth manifold, let A, A’ be two smooth atlases
thereon and let F = (F,),em be a germ of distributions on M as per Definition If F = (Fy)pem is
~-coherent with respect to (M,.A), then it is also v-coherent with respect to (M, A’).

Proof. On account of Definition[4.1.10} we shall prove that, for any (U’,h’) € A’, F satisfies the bound in
Equation on (U',1'). In addition, since the notion of coherence is independent of the underlying
coordinates (Proposition, we can consider U’ neglecting the local chart h’. In addition, there exists
a family {U;}ies C A of open sets such that U’ = | J;c; (Ui NU’') = U, U/, where we set U} := U NUj.
On account of Proposition[4.1.7]and of Remark[4.1.13] it descends that F' satisfies the bound of Equation
on U] for any ¢ € i. Moreover, being U/ C U for any i € I, we can equip each of them with a
local chart h on U. In order to prove the statement, we shall show that the coherence bound of Equation
holds true on the union of two open sets U} and Uy with U; N Uy # 0.

To this end, we fix a compact set & C U ]’ UU/. We observe that, if the compact set R is contained in one
of the two open sets U’ or U, then Equation holds true on account of Remark For this
reason, we shall consider & C U; U Uy such that RN Uj # 0 and RN Uy # 0.

In this situation, we can split the compact set & as & = &; U &, where &; C UJ‘ and 8 C U; are two
compact sets such that 8 N Ry # 0. In the following, we shall prove that F' satisfies the coherence bound
in Equation uniformly for p,q € & Being &; C U] and & C U; and on account of Remark
if two points p,q € R lie both in K; or in £, then F' satisfies the coherence bound in Equation (4.1.6).
Therefore, we only discuss the case with p € &;\Uy and q € £ \Uj. It holds true that, for any e € 8;N R,
and for any ¢ € D(B(0,1)),

(™) (Fp) = (B (Fq)) (87q))]
< () (Fp) = (W) (F)) (g )|+ (A7 (Fe) = (A7) (Fa)) (S7q));

14| |B]

(4.1.7)

U! /
where we applied the triangle inequality. In addition, we fix r € Ny such that r > max{—¢ ﬁ;, — ﬁUZ} We
start by estimating |B|. On account of Equation (4.1.6) and of the choice of r, it descends that

o —cyt
1B] S l|¢llcr@ayA>2e ([h(e) — h(a)| +A)" >,
uniformly for e,q € & and A € (0, 1]. In addition, noticing that

_ %Cfﬁ
wp  sup (6 = hl@) + N

Ul
A€(0,1], J 0> - .ﬁg
SOk PR (1h(p) — hla)] 4+ A"

(4.1.8)

it descends that
Uy Ul
|B] < [I6llor ey X*=e (|h(p) — h(q)] + A) 7, (4.1.9)
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uniformly for p,q € &. The estimate for | A| is more involved. Although the test function in |A| is centered
at h(q), it can be centered at h(e) by exploiting the same argument used in the proof of [CZ20, Prop.
6.2]. As a matter of fact, one can observe that

qﬁz(q) = &228), where ¢ := o,

with A1, A2 € (0,1] and w € B(0, 1) such that

A
)\1:|h(q)_h(e)|+>‘v A2:T7 w =

As a result, the coherence bound on U J’ entails that

Al = () (Fp) = () ED @] S I8l A ([h(p) = h@)] + X,

uniformly for p € R; \ Uy, e € ;N Ky and A € (0,1]. By definition of ¢ and on account of Remark
we infer that

I1Dller@ay S A7 Bller@ay S AUl or -
Therefore, it descends that

U’ i

U’ U/, U’
—Ca Cel —Cq
(1h(p) = h(&)[ + 1) % S [[@llcr@aA ™ ([h(p) — h(e)| + )",

U’

S
|A] < [|9llerray A

’

. . . ~U U; .
where in the last inequality we set ¢ ﬁj = R]J_ — r — d and where we exploited

sup  (Jh(p) — h(e)] + N) T4 < 1.
AE(0,1],pER;\U;,
eeﬁjﬁﬁz

Resorting to a bound similar to Equation (4.1.8), we infer that

U ’

U’
Cal —C
1Al S I9llcr@a A" (Ih(p) = h(a) + 1) %, (4.1.10)
.. . . viuuy . U, UL, .
At last, combining Equations (4.1.7),(4.1.9) and (4.1.10) and setting (i’ * := min{(g/, Ca) }, it descends

: UiuU,
that, for any integer r > —(3’ *,

/
Uy Ue

(h™)"(Fp) = (B )" (F)) ()| S \|¢IICT<Rd)>\<U;U (Ih(p) = h(a) + A)”_CZ;U

uniformly for p,q € &, A € (0,1] and ¢ € D(B(0,1)). This entails that F is y-coherent on U; U Uj. In
order to conclude the proof, we analyze the following two scenarios. In the first one, we assume that the
open set U’ is bounded. In this case, since there exists a finite number of open sets U; € A such that
U’ C U;erU;, we can iterate the above procedure a finite number of times in order to conclude the proof.
In the second scenario, we assume that the open set U’ is unbounded. In this case, for any compact
set & C U’, there exists a finite family of open sets {Ui}f\iﬁl C A such that & C UfV:“lUl As a result,
the coherence bound in Equation is satisfied by iterating the above procedure a finite number of
times. O
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Proposition [4.1.14|entails a geometric notion of coherence. To conclude this section, we give two examples
of coherent germs on a smooth manifold.

Example 4.1.15: Let M be a d-dimensional smooth manifold and let w € D'(M) as per Definition
A.10.1, We set F, :=u for any p € M. Since F, — Fy =0 for any p,q € M, then we infer that (F,)pem
is y-coherent for any v € R.

Example 4.1.16: We point out that our framework is a generalization of the one discussed in Section
As a matter of fact, we recover the Euclidean case if we choose M = R% equipped with the trivial
atlas A = {(R?,1d)}, where Id: R? — R? is the identity map. Therefore, for instance, the germ given by
the Taylor polynomial of a Holder function, see Example([2.4.15] is coherent with respect to this atlas.

4.2 Reconstruction theorem

In the previous section, we introduced the notion of coherent germ of distributions on an arbitrary smooth
manifold - see Definitions [4.1.3] and Moreover, we proved that this notion is independent of the
atlas, see Proposition [4.1.14] Since a germ can be interpreted as a family of local approximations for an
unknown global distribution, the aim of this section is to investigate the existence of such a distribution.
As explained in Section the answer to this problem is given by the reconstruction theorem, which
was originally formulated within the framework of regularity structures - see [Hail4]. With the objective
of the extension to curved backgrounds, we shall rely on its formulation within the theory of germs of
distributions [CZ20]. As a matter of fact, resorting to the notions introduced in Section we shall
prove the reconstruction theorem for coherent germs of distributions on a smooth manifold. This result
can be read as a first step for the extension of the theory of regularity structures to smooth manifolds.
In this section, we shall prove the reconstruction theorem for «y-coherent germs of distributions on a
smooth manifold with v > 0 - see [RS21} Th. 18]. In this scenario, we shall prove that the reconstruction
is independence of the choice of the atlas - see Theorem[4.2.2] In addition, in accordance to the Euclidean
setting, if the coherence exponent is non-positive, we prove existence while showing the non-uniqueness
of the reconstruction - see Theorem [4.2.4] In this case, we shall emphasize that a reconstruction depends
on the atlas and on the partition of unity used to construct it. It is noteworthy to underline that the
following results hold true in the smooth manifold setting, without, for instance, calling for a Riemannian
structure. In addition, the following results are proven as a consequence of the local version of Theorem
- see Remark
Theorem 4.2.1: Let M be a d-dimensional smooth manifold and let A = {(U;, h;)}icr be a smooth
atlas thereon. Let F = (F,)pen be a y-coherent germ on (M,.A) with v > 0 as per Definition [4.1.3,
Then there exists a unique distribution RF € D'(M) such that, for any (U, h) € A, for any compact set
R C U and for any i € D(h(U)),

(A1) (RE) = (W) () (W) S A7, (4.2.1)

uniformly for p € & and X € (0, 1], where (h~1)* is the pullback along h as per Remark|A.9.3, We say
that RE is the reconstruction of F'.

Proof. The proof of this statement relies on Theorems [2.4.22] and [A.10.2] Definition entails that,
for any (U, h) € A, the germ () := (h™)*(F}) is v-coherent on the open set h(U) C R? with v > 0 as
per Definition As a result, on account of Theorem it descends that there exists a unique
distribution (REF)"Y) € D'(h(U)) such that, for any compact set & C U and for any 1 € D(h(U))

[(REY™) — (B (F)) (hp)| S A7, VP € &,YA € (0,1]. (4.2.2)
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Therefore, we infer that there exists a family of local distributions {(RF)™Y) € D'(h(U)) : (U, h) € A}.
At this stage, if we prove that

(REYMV) = (ho Y (RF)D)  on (U NT) (4.2.3)

for any pair of local charts (U, k), (U, h) € A, Theorem|A.10.2| entails that the family { R} 1 hyea
identifies a unique distribution RF € D’(M) such that (h~1)*(RF) = (RF)"Y) for any (U,h) € A. To
this end, we fix a compact set & C U NV. By the triangle inequality, it holds true that
(REYM ~(ho ™) (REY D) (W)
< HREMD — (B (Fp) W) + (o b= (RE)D) — (A1) (Fp)) (W), (4.2:4)

14| |B|

for any ¢ € D(h(U N U)). On the one hand, since (RF)"U) is the reconstruction of (h~1)*(F,) as per
Theorem 2.4.22 we infer that |A| < A7 uniformly for p € £ and A € (0,1]. On the other hand, it descends
that

B = |((ho k™1 (RE)MD) — (k=1 (Fp)) (7))
SREMD — () (F))(ho Ay ) | S AT, (4.2.5)

uniformly for p € R and A € (0, 1], where in the first inequality we used that ||det d(hOB_l)HLOO(;L(g)) S

while in the last inequality we exploited that (RF)ﬁ(ﬁ) satisfies Equation (2.4.11). Therefore, for any
€ D(h(UNT)), it descends that

[(REY™) — (ho k™) (RE)" ) (g ,))| S A7,
uniformly for p € & and A\ € (0,1]. As a result, being v > 0,

((REYMD) — (o b= 1) (REYMO) (@ ) S AT =0 as A —0F
Applying Lemma|A.7.11|to the distribution u := (REF)"V) — (/Nwhfl)*(fRF);‘(U) on the open set h(UNU),
it descends that o
(REY"@) = (ho k™" )*(RF)") on h(U N D).

As a result, Theorem |A.10.2] implies that there exists a unique distribution RF € D'(M) such that
(h=Y)*(RF) = (RF)"D) for any (U,h) € A. In addition, (h=1)*(RF) satisfies the bound in Equation

(22, 0

In the following, given v > 0, we prove that the reconstruction of a ~-coherent germ of distributions is
independent of the choice of the atlas - see [RS21, Th. 20].

Theorem 4.2.2: Let M be a d-dimensional smooth manifold and let A,fL be two atlases thereon. Let
v > 0 and let F = (F,)pem be a y-coherent germ of distributions on M as per Definition m If

RaF € D'(M) and R ;F € D'(M) are the reconstructions of F' with respect to A and A as per Theorem
4.2.1, then RqF = R ; F, that is the reconstruction is independent of the atlas.
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Proof. Theorem implies that there exists a unique reconstruction R4 F € D'(M) of F with respect
to the atlas (M, A). On account of Theorem [A.10.2| the global distribution R4 F € D'(M) is identified
by the family {(RaF)" )}y nyea, where (RaF)MU) € D'(h(U)). In addition, we fix a local chart

(U,h) € A. On the one hand, we can consider the distribution (h=1)*(R4F) € D'(h(U)). At the same

time, on the other hand, Theorem applied with reference to the atlas A entails that there exists a
unique reconstruction of F, R 7 F, such that (h=1)*(R41F) = (R1F)"Y). In order to conclude the proof
of this theorem, on account of Definition it suffices to show that

(B (RaF) = (R PO in D' ((D)). (4.2.6)

To this end, U can be covered by a family of local charts {(Ui, hi)}icr C A, for some index I, i.e,
U = UierU; where we set U; := U NU,;. Therefore, we shall prove Equation (4.2.6)) restricted to a subset

U;. On account of Remark|4.1.13|and by uniqueness of the reconstruction, we infer that (R AF)H(’}) @ =
(TRAF)E(UI'). Then, we shall prove that, for any i € I,

(R (RaFlg,) = (R )", (1.2.7)
Given a compact set & C U; and a test function ¢ € D(h(U;)), it holds true that

(B (RaFlg,) — ()" (F) @)l
SR (RaFlg,) = (b ) (F))((ho hy ) )i o) S X7, (4.2.8)

uniformly for p € 8 and A € (0, 1], where in the first inequality we performed a change of coordinates
while in the last one we exploited that R 4 F is the reconstruction of F' with respect to the atlas A. Being
~ > 0 and on account of Theorem we recall that (R ; F' )Ui) is the unique distribution satisfying
Equation . As a result, we infer that Equation holds true. Eventually, Equation
descends from a partition of unity argument. This concludes the proof. O

Remark 4.2.3: Let (M, A) be a d-dimensional smooth manifold. On account of Remark |4.1.2, a ~-
coherent germ F' is an element of D'(M x M) as per Definition [A.10.1, Then, we can formulate a
conjecture similar to that of the Euclidean setting - see Conjecture|3.4.3, If v > 0, then it holds true that

RF = §%,F,

where dpr: M — M x M, 8p;(p) = (p,p). In addition, Theorem entails an estimate of the Besov
wavefront set of RE' starting from that of F'.

In the following, we discuss the reconstruction theorem in the case of a non-positive coherence exponent
- see [RS21, Th. 21]. In this scenario, similarly to the Euclidean space setting, we prove that the
reconstruction is non-unique. As a matter of fact, we show that a reconstruction depends on the atlas
and on the partition of unity used to define it.
Theorem 4.2.4: Let M be a d-dimensional smooth manifold and let A = {(U;, h;) }ier be a smooth atlas
thereon, where I is an index set. Let v < 0 and let F = (Fp,)pem be a «y-coherent germ of distributions
on (M, A) as per Definition Then there exists RE € D'(M) such that, for any (U,h) € A,
(h=H*(RF) € D'(h(U)) satisfies, for any compact set & C U and for any ¢ € D(h(U)),

AV ify <0,

: (4.2.9)
1+ |logA| ify=0,

(R (RE) = (W) () (o)) S {
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uniformly for p € & and X € (0,1], where (h=1)* is the pullback along h~' as per Remark In
addition, the distribution RF' is non-unique.

Proof. The proof of this result is similar to that of Theorem[4.2.1]and it is based on the local formulation
of Theorem For this reason, we only sketch the proof. In addition, we only focus on the case
v < 0. The proof of the case v = 0 follows suit. On account of Theorem for any (U;, h;) € A there
exists (RF)"(Vi) € D'(h;(U;)) such that, for any compact set & C U and for any 1 € D(h;(U;)),

[(REY™ED — (A7) (F)) (Wi, )| S A ¥ € R, VA € (0,1]. (4.2.10)

Being v < 0, (RF)"(V4) is non-unique for any (U;, h;) € A. However, for any (U;, h;) € A, we can choose
a reconstruction (RF)"(W:) € D'(h;(U;)). We now introduce a partition of unity (p;)ic; subordinated to
the open cover (U;);ecr. As a result, analogously to [CZ20, Sect. 11], we can define a global reconstruction
RF € D'(M) by
RF = Z pi(fRF)hi(Ui).
iel

We stress that RF is non-unique. As a matter of fact, it depends on the choice of local reconstructions
(RF)"(U) | on the atlas A and on the partition of unity (p;);c;. The dependence on the partition of
unity descends from the lack of the overlapping condition (Equation ) O

At last, we prove that a reconstruction RF locally lies in a suitable Besov space B, . The following
result adapts Theorem to the smooth manifold setting.
Theorem 4.2.5: Let (M, A) be a d-dimensional smooth manifold and let F' = (Fy)penm be a y-coherent
germ of distributions on M as per Definition [4.1.3, where v € R. In addition, let RF € D'(M) be a
reconstruction of F' as per Theorems’m andM and let (U, h) € A be a local chart. Suppose that F
is homogeneous of degree BV < « in U as per Lemmal|4.1.8] If Y > 0, then (h=)*(RF) = 0 in h(U). If
BY <0, then (h=1)*(RF) lies in Bgolfélg’c(h(U)) as per Definition 21.30*

Proof. 1f Y > 0, on account of Remark we infer that (h~1)*(RF) = 0 in h(U). Therefore, we
focus on the case fY < 0. In addition, for the sake of simplicity, we consider the case v # 0. The case
v = 0 follows suit. Let k € D(h(U)) be the test function as in Definition and let R C U be a
compact set. Since (h~1)*(RF) reconstructs locally the germ F, it holds true that

(W) (RE) = (™) (B) (B )| S A, (4.2.11)
uniformly for p € 8 and A € (0, 1]. By the triangle inequality, it descends that
—1\* —1\x* —1y\* —1y=* v v
(A1) (RE), )| < 1((A7H)*(RE) = (W) (Fp)) (B )| + () () B o) S AT+ X7 S A7

uniformly for p € M and for A € (0,1], where the last inequality descends from Equation (4.2.11) and
from the homogeneity bound in Equation (4.1.3). As a consequence, Proposition [2.1.28| entails that

(h=1)*(RF) lies in B 2°(h(U)). O
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Chapter

Conclusions and Perspectives

In this thesis we developed two novel frameworks which we expect to play a notable role in the analysis
of stochastic partial differential equations (SPDEs). In what follows, we present an overview of the main
results obtained in Chapters [3] and [4] and we outline a few future perspectives.

Besov wavefront set. In Chapter|3] we introduced the novel notion of Besov wavefront set [DRS22],
which is a refinement of its smooth counterpart. More precisely, it characterizes the directions in Fourier
space along which an underlying distribution lies or not in a suitable Besov space Bg‘olgg (R?). A key result
of Chapter [3|is the characterization of the Besov wavefront set in terms of pseudodifferential operators
- see Theorem As a matter of fact, this characterization has been heavily exploited in Section [3.3|
to prove several structural properties of the Besov wavefront set. In the following, we give a succinct
overview of the main results of Section

In Subsection given an embedding f: ; — 5 between two open sets 0 C R4, Qy € R%, we
established a sufficient condition for the well-posedness of the pullback along f of an underlying distribu-
tion with prescribed Besov wavefront set - see Theorem[3.3.5] As a byproduct, we proved that the Besov
wavefront set is invariant under the action of diffeomorphisms - see Theorem [3.3.7] This result is crucial
for the extension of the notion of Besov wavefront set to distributions supported on a smooth manifold.

In Subsection [3.3.3] we established a sufficient criterion for the well-posedness of the product between
two distributions with prescribed Besov wavefront sets - see Theorem This criterion is a general-
ization of the one formulated by Hérmander in the framework of the smooth wavefront set. In addition,
if the product exists, we proved an estimate of the associated Besov wavefront set. This result can be
read as a microlocal formulation of Young’s product theorem, which is often applied to establishing the
well-posedness of nonlinear SPDEs.

In Subsection we established an estimate for the Besov wavefront set of Ku, where X: D(Qs) —
D’(£2;) is a linear map while ; C R%, Qy C R% are two open sets - see Theorem In addition,
the notion of Besov wavefront set has allowed us to formulate a sufficient condition for the well-posedness
of the extension of K to the whole space of compactly supported distributions - see Theorem
This result entails a microlocal version of the renown Schauder estimates, which are of relevance in the
estimate of the regularity of a solution to a suitable class of SPDEs - see Corollary [3.3.16]

In Subsection we proved a propagation of singularities theorem for a specific class of hyper-
bolic partial differential equations within the context of the Besov wavefront set - see Theorem
This result aims at characterizing the Besov wavefront set of a solution to a suitable hyperbolic partial
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differential equation in terms of the principal symbol of the corresponding differential operator.

Lastly, in Section we have presented an application of the previous results in the context of co-
herent germs of distributions. More precisely, given a coherent germ defined as the tensor product of two
distributions u € B (R?) and v € B2 (R?) with a1 4+ a3 > 0, we have proved that its reconstruction
amounts to the product between w and v, which in turn coincides with the pullback of the germ along
the diagonal. This led us to conjecture that, in general, the reconstruction of a -coherent germ with
v > 0 is the pullback of the germ along the diagonal - see Conjecture [3.4.3] We postpone to future works
the investigation of this proposal.

Since the random forcing term of an SPDE is tipically a distribution lying in a suitable Bg‘om(Rd)7
we expect that the Besov wavefront set shall play a prominent role in estimating the singular behavior of
a solution to such an equation. For instance, in [DDRZ21], a novel approach has been developed for the
study of a large class of nonlinear SPDEs at a perturbative level resorting to microlocal techniques. More
precisely, microlocal analysis, in particular the notion of smooth wavefront set, has been used to construct
solutions of a suitable class of SPDEs by means of a recursive scheme. However, this approach is not able
to establish a convergence of the perturbative series with respect to a suitable Bg‘om(Rd) norm. This
lack of any control of convergence can be mainly ascribed to the fact that the smooth wavefront set is not
well-suited to characterize the singular behavior of elements lying in a suitable Besov space BgO,OO(Rd).
We expect that the notion of Besov wavefront set is the right tool to overcome this drawback. This shall
be subject of investigation for future works.

Furthermore, a future goal shall be the formulation of a notion of wavefront set for any class of Besov
spaces B q(Rd) with 1 < p, g < oo. This shall entail even more refined estimates of the singular behavior
of an underlying distribution.

Reconstruction theorem on smooth manifolds. In Chapter [4] we extended the reconstruction
theorem, one of the cornerstones of the theory of regularity structures, to the smooth manifold setting -
see [RS21]. This generalization has been obtained by relying on the framework of germs of distributions
[CZ20], which turned out to be well-suited for our purposes. In the following, we summarize the main
results of this chapter.

In Section we generalized the notion of coherent germ of distributions to the smooth manifold
setting. In addition, we proved that this notion is independent of the choice of an atlas - see Proposition
4.1.14

In Section[4.2] we proved the reconstruction theorem for y-coherent germs of distributions on a smooth
manifold. In particular, if v > 0, we proved that the reconstruction is independent of the choice of atlas
- see Theorem Otherwise if v < 0, the reconstruction is non-unique since it depends on the choice
of an underlying atlas and of the partition of unity subordinated to it - see Theorem [4.2.4]

Our formulation of the reconstruction theorem can be read as a first step for the extension of the

theory of regularity structures to smooth manifolds, which shall be a topic of investigation in future
works.
Furthermore, we shall study the interplay between Besov wavefront sets and the reconstruction of a
coherent germ of distributions on a smooth manifold. As a matter of fact, similarly to the Euclidean
case, if the coherence exponent is strictly positive, we conjectured that the reconstruction coincides with
the pullback of the germ along the diagonal - see Remark [4.2.3]



Appendix

Theory of distributions

In this appendix, we outline the main concepts concerning the theory of distributions. We shall mainly
refer to [FJ99] and to [H6r03].

A.1 Test functions

In this section, we introduce the space of test functions, which plays a leading réle in the theory of
distributions. First we recall the definition of support of a function. Let Q € R be an open set. Given
a function p: Q@ — C, the support of ¢, denoted by supp(¢), is defined as

supp(¢) = {z € Q: ¢(z) # 0}

Note that supp(¢) is a closed subset of . Moreover, given m € Ny, we denote by C™(Q2) the space
of m-times continuously differentiable complex-valued functions in {2, that is to say, ¢: 2 — C lies in
C™(Q) if and only if all partial derivatives

0 . 9
8£Ui1 81’17

of order j < m exist and are continuous. In order to lighten the notation, we shall write them as
8%1_._82d¢:af¢

where 9; = 0/0x; and ¢ = ({4, ...,4q) is a multi-indez, that is, a d-tuple of non-negative integers. The
order of differentiation is given by |¢| := Z?Zl ¢;. Furthermore, we set

Ce(Q) =[] C™(Q.
k=0

The set C'*°(12) identifies the space of smooth functions.

Definition A.1.1: Let Q C R? be an open set. The space D(R) is the set of all ¢ € C=(Q) with
compact support in ). The elements of D(Q) are called test functions. Furthermore, given m € Ny,
we denote by CI"(Y) the set of all $ € C™(Q) such that supp(¢) is a compact subset of Q.
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We shall sometimes denote the space of test functions by C2°(£2). In the following, we endow D(Q2) with
a notion of convergence.

Definition A.1.2: Let 2 C R? be an open set. We say that a sequence (¢;)jen C D(S2) converges in
D(Q) to ¢ € D(Q) if there exists a compact set & C Q such that supp(¢;) C R for all j € N and

lim sup|9‘p;(x) — 8°p(x)| = 0. (A.1.1)
)70 zeR
for any multi-index ¢ € Nd. We denote it by oy B o.

Remark A.1.3: We can also give a notion of convergence in CI™(Q2). In this case, it suffices to require
uniform convergence of all partial derivatives up to the m-th order.

Fixed a compact set R C €2, we recall that D(8) is a Fréchet space with the topology endowed by the
family of semi-norms

{d) — ||olln = Z sup|9°p(z)| : N € No}. (A.1.2)

e <N *€
For further comments on the topology of D(), refer to [FJ99, Appendix].
We conclude by giving a notion of convergence in C*°(€2).

Definition A.1.4: A sequence (¢;);en C C*°(Q) is said to converge in C*(Q?) to ¢ € C>(Q) if, for
each multi-index ¢ € Ng,

lim sup|d‘¢;(z) — 0'¢(z)| =0

J—00 TER
for every compact set & C ). We write ¢; N o.

We recall that C°°(Q) is a Fréchet space with respect to the semi-norms

¢ l|glna = ) supld‘e(a)|

le|<N TER

where N € Ny and R ranges over the compact subsets of - see [FJ99, Appendix].
For the sake of completeness, given m € Ny, we define the C"™-norm as follows

¢ = [|¢llcm@y == Y sup|d’e(z)|. (A.1.3)

t[<m zeQ

Smooth functions on a manifold We recall the notion of smooth function on a smooth manifold.
Definition A.1.5: Let (M, A) be a d-dimensional smooth manifold, where A is a smooth atlas thereon.
We say that a function ¢: M — C is smooth at p € M if there exists a local chart (U /h) € A such
that p € U and ¢ o h=t: h(U) — C is smooth at h(p). In addition, ¢: M — C is said to be a smooth
function on M if it is smooth at any point p € M. We denote the space of smooth functions on M by
C>®(M).

Remark A.1.6: The smoothness of a function supported on a smooth manifold is independent of the
choice of local charts.

In the following, we define the space of test functions on a smooth manifold. As usual, given a smooth
manifold M, we denote the support of a function ¢: M — C by

supp(¢) := {p € M : $(p) # 0}.
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Definition A.1.7: Let (M, A) be a d-dimensional smooth manifold. The space D(M) is the set of all
¢ € C°(M) such that supp(¢) is compact in M. The elements of D(M) are called test functions on
M.

A.2 Distributions

This section shall be devoted to defining and to characterizing distributions - see [Hor03| Sect. 2.1],
[FJ99] Sect. 1.3].

Definition A.2.1: Let Q C R? be an open set. A linear map u : D(Q?) — C is a distribution in ) if,
for every compact set 8 C (), there exists a constant C'g > 0 and a nonnegative integer Ng such that

[(u, 9)| = [u(@)| < Cxlldllove (o), Vo € D(R), (A.2.1)
where || - ||ovg has been defined in Equation (A.1.3). The set of all distributions in § is denoted by
D'(Q).

Remark A.2.2: Let ¢ € C™ (), where Q C R? is an open set. If ¢} : Q — R is the scaled version of ¢
as per Equation |2.1.15, then we can estimate its C"™-norm as follows:

62 llem@) <A™ gllomo)- (A.2.2)

Let u € D'(Q). On account of Equation (A.2.2)), given a compact set & C R?, it descends that there exist
a constant C'g > 0 and a nonnegative integer Ng such that

lu(@3)] < Callpllons @A V7% Vz e & VA€ (0,1],V¢ € D(R).
The set D’'(£2) is a vector space, whose structure is completely fixed by
(u+v)(¢) =u(o) +v(e), (au)(e)=au(p), Yu,ve D' (Q),Voec D(N),Va e R.

Note that the bound in Equation (A.2.1) encodes a continuity property for the functional u with respect
to the semi-norms on D(R). Moreover, we recall that there is an equivalent characterization of Equation
(A.2.1) in terms of sequential continuity. The following theorem codifies this fact.

Theorem A.2.3: A linear map u on D(Q) is a distribution according to Definition if and only if
lim;_,o u(¢;) = 0 for every sequence (¢;) en, C D(Q) such that ¢, 2o.
Next we introduce a notion of a convergent sequence of distributions.

Definition A.2.4: Let Q C R? be an open set. A sequence of distributions (u;)jen, C D'(Q) is said to
converge in D'(Q) tou € D'(Q) if

Tim 1;(6) = u(6), Vo € D),
We write u; g u.
To conclude this section, we recall the definition of distributions of finite order.
Definition A.2.5: Letu € D'(Q). If there exists N € Ny such that the bound in Equation (A.2.1)) is valid
for every compact set K C (), then u is said to be of order < N. The vector space of such distributions is

denoted by D'N(Q). In addition, their union D(Q) = Uy D'N(Q) is the space of distributions of finite
order.
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A.3 Localization

Let © € © ¢ R? and let u € D'(Q). Since D(Q) € D(Q), one can restrict u to a distribution ulg € D'(Q)
by setting 3

ulg(6) == u(g) Vo € D(S). (A3.1)
The distribution u|g is the restriction or localization of u to Q. Such a notion allows to define the support
of a distribution.
Definition A.3.1: Let  C R be an open set and let u € D'(Q2). The support of u is the complement
of the set

{z € Q:3U, C Q a neighborhood of z s.t. u|y, = 0}.

The support is denoted by supp(u).

Observe that supp(u) is a closed subset of € as the support of a function. In addition, we give the
definition of singular support of a distribution.

Definition A.3.2: Let @ C R? be an open subset and let u € D'(Q). The singular support of u,
denoted by singsupp(u), is the complement of the set

{z € Q:3U, C Q a neighborhood of  s.t. u|y, € C*(Uy,)}.

Note that the singular support is a closed set in €. Generally speaking, a distribution in 2 can be
defined starting from its localizations. As a matter of fact, the following theorem holds true - see [FJ99,
Th. 1.4.3].

Theorem A.3.3: Let (£;);c;, where I is an index set, be a family of open subsets of R? such that
Q = U,e; Q. Moreover, for any i € I, let u; € D'(Q;) be such that the overlapping condition,

u; = u; on §; NQy,

holds true for all i,j € I. Then there exists a unique u € D'(2) such that u

q, = u; for every i € 1.

A.4 Distributions with compact support

The aim of this section is to discuss the space of compactly supported distributions.

Definition A.4.1: Let Q C R? be an open set. A linear map u: C*(Q) — C is called continuous if
there exist a compact set R C €2, a constant C' > 0 and N € Ny such that

(@) < C Y supld'd(z)l, Vo€ C(Q). (A.4.1)

le|<n TR

The space of all continuous linear maps on C*°(Q) is denoted by &'(2).

Similarly to D’(£2), the continuity property in Equation (A.4.1) can be equivalently characterized in terms
of sequential continuity.

Theorem A.4.2: Let Q2 C R? be an open set. Then u lies in &'(Y) if and only if u(¢;) — u(¢) for any
sequence (¢;);en C C*°(Q) such that ¢; o 0.

The following theorem states that &(€2) can be identified with the space of distributions with compact
support.
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Theorem A.4.3: Let u € D'(Q) be with compact support. Then there exists a unique element v € &'(£2)
such that its restriction to D(2) coincides with u.

We conclude by stating a corollary which is a direct consequence of Definition
Corollary A.4.4: Let u € & (R%). Then u is of finite order, as per Definition

A.5 Differentiation and multiplication

We shall outline two basic operations on distributions: differentiation and multiplication by smooth
functions. We start by introducing the concept of distributional derivative.

Definition A.5.1: Let  C R? be an open set and let m € No. For u € D'(Q), its distributional
derivative 0‘u of order m is defined by

(0u) (@) == (—1)u(8°¢) Vo € D(Q), (A.5.1)

where ¢ is a multi-index such that |¢| = m.
As the space D((2) is stable under differentiation and u lies in D’(2), Equation (A.5.1) implies that 6‘u

is, in turn, a distribution.
Next we extend to distributions the multiplication by smooth functions.

Definition A.5.2: Let Q C RY be an open set. If f € C*(2) and u € D'(Q), then the product fu is
the distribution defined by

(fu)(@) :=u(f¢), V¢ e D). (A.5.2)

Furthermore, we stress that the Leibniz rule holds true:
9;(fu) = (9;f)u+ f(95u),

for any f € C*(Q) and u € D’'(Q2). At the same time, it is noteworthy to point out that the product
among two distributions is, in general, ill-defined. The following theorem gives a sufficient condition on
singular supports whereby the multiplication of distributions is well-defined - see [H6r03| Sect. 3.1].

Theorem A.5.3: Let Q C R? be an open set and u,v € D'(Q). If
singsupp(u) N singsupp(v) = 0,

then the product uv is well-defined.

A.6 Tensor product

This section shall be devoted to defining the tensor product of distributions. For this part, we mainly
refer to [H6r03| Sect. 5.1].

Definition A.6.1: For i = 1,2, let Q; C R% be an open set and let f; € C°(€;). We call tensor
product of f; and f, the function fi ® fy in O x Qy C R“T% defined by

(f1 ® f2)(w1,22) = fi(z1) fa(22), V(T1,72) € U X Qa.

The previous definition can be extended to distributions. As a matter of fact, since f; € C9(£2;) for
i = 1,2, the tensor product f; ® f5 lies in C°(Q; x Q) and hence it extends to a distribution in ; x Qs
such that
(f1® f2)(0) = / J1(z1) fo(xo)p(21, w2)dw1dTs, VY € D(Q) X Qo).

Rd1 JR42
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In particular, if ¢ = ¢1 ® @2 with ¢; € D(Q;), then

(fr ® fo) (61 ® 62) = /R oo [ fa(e)oa(edns = 5100 fo(6).

R92

Theorem A.6.2: For i = 1,2, let Q; C R% be an open set and let u; € D'(€;). Then there exists a
unique distribution u; ® ug € D’'(2y x Qo) such that

(u1 @u2)(P1 ® ¢2) = ur(d1)ua(p2), Vo1 € D(1), Voo € D(Qa).

The distribution u; ® us is called the tensor product of u; and us.
To conclude this section, we list a few notable properties of the tensor product.
Theorem A.6.3: The following statements hold true:

(i) The tensor product u; ® us can be continuously extended on D(Q; x Q5). Furthermore we have
(u1 ® uz)(p) = u1(uz(p(x1,22))) = ua(u1(p(x1,72))), Vo € D(Q x Q2),

where u; acts on ¢ as a function of x; only, that is
ul((b('a IQ))’ u2(¢)(1:1, ))

(ii) The support of u; ® ug is supp(u1) X supp(us).

(iii) Let ¢1,¢s be two multi-indexes. Then

051 02 (ur @ ug) = (95t ur) @ (952 us).

A.7 Convolution

In this section, we shall see how to define the convolution between two distributions, see [FJ99) Chap.
5]. To this end, we start by recalling the definition when considering two integrable functions. If f, g €
L'(R?), the convolution of f and g, f * g on R?, is defined by

e /f (x—y dy—/f:z:— Ddy, xR

Then f * g is well defined and, in particular, it lies in L'(R?). Therefore, f * g can be extended to a
distribution in R¢ such that

dzd D(R.
(290 = | [ f@at)o(e +y)dudy, Vo e DR

Bearing in mind this example, we define the convolution of two distributions.

Definition A.7.1: Let u € &(R?) and v € D'(R?). Then their convolution u v is the distribution lying
in D'(R?) defined by

(uxv)(¢) = (u(z) @v(y), p(z +y)), Vo€ DR?). (A.7.1)
Remark A.7.2: In general, if u,v € D'(R?), the right hand side of Equation (A.7.1) may not exist

because (x,y) — ¢(x + y) does not have compact support. Therefore, it is crucial to assume that one of
the two distributions in Equation (A.7.1) Iies in & (R?).
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Remark A.7.3: We remark that u and v can be switched in Definition This implies that the
convolution is commutative.

In the following, we recall some properties of the convolution. We begin with two upper bounds for
the support and for the singular support respectively.

Theorem A.7.4: Let u € &'(R?) and v € D’'(RY). Then
supp(u * v) C supp(u) + supp(v), singsupp(u * v) C singsupp(u) + singsupp(v).
Let h € R%. Given a function ¢, we define the translation map 75, by
(1)) = 6w — h), @R
By duality, the action of the map 75, can be extended to distributions.
Definition A.7.5: Let u € D'(R?) and h € R%. Then 1j,u is the distribution defined by
(hu)(9) = u(r-19), V¢ € D(R?).
Theorem A.7.6: Let u € &'(RY) and v € D'(R?). Then the following statements hold true:
e O'(uxv) =ux(0%) = (0') * v, for any multi-index ¢ € Ng.
o 7,(uxv) = (Thu) * v =ux (r,v), for any h € R%.
e ) *xv =, where § is the Dirac delta centered at the origin.

Next we recall that the convolution with a compactly supported smooth function yields an element
of C>=(RY).
Theorem A.7.7: Let u € D'(R?) and p € D(R?). Then p * u lies in C*°(R?) and
(pxu)(@) = ulp(z — ), =R
Definition A.7.8: Let u € D'(RY) and p € D(R?). We say that p x u is a regularization of u.
On account of Theorem one can prove the following density result.
Theorem A.7.9: Let Q C R?, then D(Q) is dense in D'(2).
At last, we prove a result of distribution theory which shall play a leading réle in the proof of Theorem
- see |[RS21, Lemma 24]. The proof of this result is based on the following lemma.
Lemma A.7.10: Let p € D(RY) be such that [y, p(x)dz = 1. For any ¢ € D(R?), then ¢ * p* 2 ¢ as

per Definition |A.1.2, where we set p*(-) :== A=9p(A71.).

Lemma A.7.11: Let Q C RY be an open set and let u € D'(Q) be such that, for any compact set & C
and any p € D(R) such that [ p(x)dx = 1, sup,cglu(p))| — 0 as A — 0*. Then, u(¢) = 0 for any
» € D(Q).

Proof. Let & C Q be a compact set and let p € D(R) such that [, p(x)dz = 1. Given ¢ € D(K), on

account of Lemma |A.7.10, it descends that ¢ * p Ea ¢ as A — 07. By sequential continuity of u as per
Definition |A.2.4} we infer that u(¢ * p*) — u(¢) as A — 0F. Moreover, it descends that

(¢ * p*)| = ‘/ d(x)u(py)da| < L4 supp(e)) 6]l L= (o) suplu(py)];
R zER

where £ (supp(¢)) denotes the d-dimensional volume of supp(¢). Since sup,¢glu(p))] — 0 as A — 0F
per hypotesis, it descends that u(¢) = 0. Since this argument holds true for any compact set & C €2, we
infer that u(¢) = 0 for any ¢ € D(Q). O
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A.8 The Schwartz kernel theorem

In this section, we recall the Schwartz kernel theorem. For this topic, we refer to [Hor03| Sect. 5.2].
Given two open sets Q; C R% and Q, C R%, we begin by observing that any function K € C°(2; x Q)
defines an integral operator K: D(Qy) — C°(;) given by

(Xp)(z1) = A K(xy,m2)¢(x2)dxe, V¢ € D(Q2), Yoy € Q.

The kernel theorem states that the definition of X can be extended to K € D'(Q; x Q2). As a matter of
fact, we remark that, if K € C°(Q; x Qy), then

(Ko) () = K(¥ ®¢), V¢ € D(h), V¢ € D(a). (A.8.1)

Theorem A.8.1: Let Q1 C R4, Qy C R% be two open sets. A linear map X: D(Qz) — D'(y) is
sequentially continuous if and only if there exists a unique distribution K € D’(Qy x 3) such that
Equation (A.8.1) is valid. The distribution K is called the kernel of XK.

Remark A.8.2: Let Q C R? be an open set and let u € D'(2). In this manuscript, with a slight abuse
of notation, we sometimes shall denote u by means of a formal integral kernel u(z), namely

(@) = /Qu(a:)d)(x)dx, Yo € D(Q). (A.8.2)

A.9 Pullback of a distribution along a smooth function

This section shall be devoted to defining the composition of distributions with smooth functions. Let
Q1 € R% and Qy C RY be two open sets and let f: ; — Q5 be a smooth function. If u € C°(€2y), then
u can always be pulled back along f. As a matter of fact, the pullback of w along f is the composition
wo f € C%Q4). At the same time, this operation can be extended to all distributions if the differential
of f, written as df, is surjective. In this respect we state the following theorem of which we sketch the
proof - see [Hor03, Th. 6.1.2].

Definition A.9.1: Let Q; C R% and Q5 C R% be two open sets where di > dy. A smooth map
f: Q1 — Qs is said to be a submersion if df (x) is surjective for every x € Q.

Theorem A.9.2: Let ; C R% and Qs C R% be two open sets where dy > dy and let f: Q —
be a submersion. Then there exists a unique continuous linear map f*: D'(Q) — D'(Q1) such that
ffu=wuo f for any u € C°(Qy). We call f*u the pullback of u along f.

Proof. Uniqueness follows immediately from Theorem[A.7.9] At the same time, existence is more involved.
Given x¢ € Qy, choose a function g: ; — R%~% guch that the pair (f,g), defined by

Ql ST (f($)7g(x)) S Rdl = Rd2 @Rdlfdg,

has a bijective differential at xg. On account of the inverse function theorem, there exist an open
neighborhood €} C €3 of xy and an open neighborhood € of (f(xo), g(zo)) such that

f@glo: Q) — Q.

is a diffeomorphism. Let then h be the local inverse of f @ gla:. If u € C°(Qy) and ¢ € D(Q)), then

J

(ro@s@ds = [ arns@de= [ [ el lden dnty' gy dy’,

/
1
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where we applied the change of variable f(z) +— v with (y/,y”) € R% x R%~% in the second equality.
Therefore we have

(Fu)(@) = (u@ 1)(®),  B(y) = d(h(y))ldet dh(y’,y")], (A.9.1)

where 1 is the constant function 1 in R“ 9. To conclude, by Theorem Equation (A.9.1) can
be extended to u € D’(). Moreover, Equation (A.9.1) is a localization of f*u and it entails its
continuity. O

Remark A.9.3: Note that if dy = do and the map f: Q1 — €y is a diffeomorphism, then the pullback
f*u is given by

(fru)(¢) = (uly), (F ) é(y)ldet df ' (W)]), & € D(Q).

Since f*u has been defined by a continuous extension of the composition for functions, then the
following rules still hold true:

da
0 f*u= Zajfif*ﬁiu, u € D'(Qs) (chain rule),

i=1

Fr@u) = (f*9)(fru), ¥eC™(Q), ue D (),

where we set f = (f1,..., fa,)-

A.10 Distributions on Smooth Manifolds

This section is devoted to recalling the basic notions and results concerning distribution theory on smooth
manifolds. The following notions play a key role in Chapter [4] For further details concerning this topic,
the reader may refer to [Hor03, Sect. 6.3]. We start by giving the definition of distribution supported on
an arbitrary smooth manifold M.

Definition A.10.1: Let M be a d-dimensional smooth manifold. For any local chart (U, h) on M, let
upwy € D'(h(U)) be such that the overlapping condition,

uprry = (ho W "Y*upqy on K (UNU'), (A.10.1)

holds true for any pair of local charts (U, h), (U’,h’) on M, where (hoh/~1)* is the pullback along hoh'~*
as per Remark We call the family {w)}w,n) a distribution u on M. We denote the set of all
distributions on M by D'(M).

The following theorem provides a rather useful characterization of the concept of distribution on a smooth
manifold. As a matter of fact, it asserts that Equation (A.10.1) can be checked only on one atlas in order
to construct an element lying in D’(M) instead of considering all possible local charts on M - see [Hor03,
Th. 6.3.4].

Theorem A.10.2: Let M be a d-dimensional smooth manifold and let A = {(U;, h;)}icr be a smooth
atlas thereon. Assume that for any local chart (U,h) € A there exists a distribution uyyy € D'(h(U))
such that Equation holds true for any pair of local charts (U, h), (U’,h') € A . Then there exists
a unique u € D'(M) such that (h™')*u = upy) for any (U,h) € A, where (h~1)* is the pullback along

h~! as per Remark
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A.11 Tempered distributions and Fourier transforms

In this section, we shall mainly introduce the space of tempered distributions and the theory of the Fourier
transform. For further information on the following concepts, refer to [FJ99] Chap. 8] and to [Hor03]
Chap. VII]. We start by introducing the space of rapidly decreasing functions. Henceforth, we shall use
the differential operators

l)jZZZAJéE, j :217...,d,

where i2 = —1. Moreover, if £ = (¢y,...,¢;) € Nd is a multi-index and z = (z1,...,74) € R%, we set
zt = xfl ~-~x§d.

Definition A.11.1: A smooth function ¢: R? — C is called rapidly decreasing if
9]

ok i= sup |zt DR (x)] < oo, (A.11.1)
z€ERC

for every multi-indexes ¢, k € Nd. We denote the space of rapidly decreasing functions by 8(R%). Moreover,
we say that a sequence (¢;)jen, C S(R?) converges in S§(R?) to ¢ if ||¢; — d|lex — 0 as j — oo for all

(,k € N&. In this case, we write ¢; LA o.

The space 8§(R?) is a Fréchet space with the topology induced by the semi-norms in the left-hand side
of Equation (A.11.1). Subsequently, we list a few remarkable consequences of Definition |[A.11.1|in the
following theorem.

Theorem A.11.2: The following statements hold true:

a) The space 8(R?) is stable under differentiation and multiplication, that is D;8(R%) C 8(R%) and
2;8(RY) C §(RY) for all j =1,...,d.

b) D(R?) is dense in §(R?).
c) §(RY) — LP(R?) for any 1 < p < oc.
Given f € L'(R?), we define the Fourier transform of f by

~

Fu(€) = f(€) == Rdf(a:)e*”‘fdx, V¢ € RY, (A.11.2)

where z - £ = Zle x;&; is the Euclidean inner product on R%.

Lemma A.11.3: The Fourier transform F: §(R?%) — §(R%) is a continuous map, such that

for every ¢ € §(RY).

Theorem A.11.4: The Fourier transform F: §(R?) — §(R?) is a continuous isomorphism with inverse
given by Fourier’s inversion formula:

T o0 = 3(o) = (2m)70 [ o), Vo € S(RY. (A11.3)
Rd
Remark A.11.5: Observe that we can write Equation as
() = (2m) (-
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Next we list some basic properties of the Fourier transform on 8§(R?).
Theorem A.11.6: Let ¢, € S(R?). Then

€)de = / o) (@) d, (A11.4)
Rd
/ d(x)p(x)de = (2m)~ / G f d¢  (Parseval’s formula), (A.11.5)
o0 =60, (A.11.6)
o = (2m) " x 9. (A.11.7)

The topological dual of §(R?) is the space of tempered distributions.

Definition A.11.7: A linear map u: §(R?) — C is a tempered distribution if there exist a constant
C > 0 and a nonnegative integer N such that

ju(@)| <C Y supla'DFe(x)], Vo € S(RY). (A.11.8)

el 1 < v 7R
The space of tempered distribution is denoted by §'(R%).

The continuity property in Equation (A.11.8) can be equivalently characterized in terms of sequential
continuity, that is, if ¢; 5, ¢ then u(¢;) — u(¢) as j — oo.
On account of statement b) of Theorem |A.11.2} the restriction of a tempered distribution to D(R?)
individuates an element in D’(R%). Therefore, the following set of inclusions holds true:

&'(RY) — 8'(R?) — D'(R?).

By duality, we define the Fourier transform on 8'(R%).
Definition A.11.8: Let u € 8'(R%). The Fourier transform 4 is the tempered distribution defined by

U(¢) = u(d), Vo< S(RY). (A.11.9)

Theorem A.11.9: The Fourier transform F: §'(R%) — 8'(R%), u + , is an isomorphism. Moreover,
the Fourier’s inversion formula,

u(@(—)) = (2m)~a(9) ¢ € 8'(RY),

is valid for every u € 8'(R%).

For the sake of completeness, we recall the Plancherel’s theorem. Taking into account that L?(R9) <
8'(R%), such a result states that the Fourier transform also extends to an isomorphism on L?(R%).

Theorem A.11.10: Ifu € L2(R?), then its Fourier transform  also lies in L?(R%). In addition, it holds
true the Parseval’s identity:

@122 gay = 2m) ¢ [ull72(ga)-

Again by duality, we can obtain the following identities:
Dty = £'a, (A.11.10)

2ty = (1)1 DG, (A.11.11)
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Tu(§) = a(€)e”"", heRY, (A.11.12)
ue™h = i, he R (A.11.13)

The following theorem states that the Fourier transform of a compactly supported distribution is a
smooth function.

Theorem A.11.11: Let u € & (R?). Then 4 lies in C*(R%) and
a(¢) = (u(z),e ™) VEe R
In particular, there exists a constant C' > 0 such that
[a(€)] < Cg) ™, vgeR?,

where (€) := (1+|¢[2)2 and ord(u) is the order of u, as per Definition
In the following, we state an extension of Equation (A.11.6).
Theorem A.11.12: Let u € 8'(RY) and v € &'(RY). Then u*v € 8 (R?) and u* v = uv.

At last, we recall a result concerning the behaviour of the Fourier transform of a homogeneous distri-
bution.

Definition A.11.13: Let o € R. We say that u € D'(R?) is homogeneous of degree « if
u(¢t) = Au(¢), Vo€ D(RT), YA€ (0,1],

where ¢*(-) == A" dp(A71).
Proposition A.11.14: Let o € R and let u € 8'(R?). If u is homogeneous of degree «, then its Fourier
transform u is a homogeneous distribution of degree —a — d.



Appendix

Coherence on an open set

In this Appendix, we shall give a local formulation of concepts and results discussed in Subsection [2.4.1]
More precisely, we introduce the notions of coherence and of enhanced coherence on an open set Q C R%.
Lastly, we shall prove that the notion of coherence is stable with respect to restrictions - see Proposition
The following concepts and results shall be play a leading role in Chapter |4] where we generalize
the theory of germs of distributions on smooth manifolds. We shall mainly refer to [RS21, Appendix
BJ]. Throughout this Subsection, we denote by < an inequality holding true up to a multiplicative finite
constant. Given a compact set £ C R? and R > 0, its R-enlargement of &, denoted by fg, is defined
as per Equation . We denote by B(0, R) the open ball centered at the origin of radius R. Given
an open set 0 C R?, its boundary is denoted by 9. Moreover, given a function f: Q — R and a point
x € U, we recall that f): Q — R denotes the rescaled version of f, defined as

2 =2y —2), yeq,

for A € (0,1].

We start by introducing the notion of coherence on an open set  C R?.
Definition B.0.1: Let Q C R? be an open set. A family F = (F,).cq of distributions, F, € D'(Q2) for
any x € (), is said to be a germ on ) if, for any 1 € D(Q)), the map x — F, () is measurable.
Definition B.0.2: Let Q C R? be an open set. Let v € R and let F = (F,),cq be a germ as per
Definition F is called y-coherent on () if there exists k € D(Q) with &£(0) # 0 such that for any
compact set & C ) there exists (g < min{0,~} such that

|(Fy = Fo) ()] S A (Jo =yl +X)77%, (B.0.1)

uniformly for x,y € K and for A € (0, Dg/4], where we set Dg := dist(99, 8). We say that F is ({,7)-
coherent where ¢ = (Cg)g is the family of exponents in Equation (2.4.3). In particular, if (g = ¢ for any
compact set R, F is said to be ({,~y)-coherent.

Remark B.0.3: Let Q ¢ R? and let & C Q be a compact set. Since 02 is a closed set and Q2N K = 0,
then Dg > 0.

Remark B.0.4: As mentioned in Remark [2.4.5, we could replace the constraint A € (0,Dg/4] by
A € (0,€], for any fixed € > 0. As a matter of fact, the bound in Equation (B.0.1) is established up to a
multiplicative constant. The choice of % as a supremum among all possibile values of \ shall be clear

by what follows.

101



102 APPENDIX B. COHERENCE ON AN OPEN SET

Analogously to Subsection we introduce the notion of enhanced coherence. In the same spirit of
Subsection the main idea is to remove the dependence on the test function s from the notion of
coherence as per Definition[B.0.2] This can be achieved by promoting the coherence condition in Equation
to a uniform condition on arbitrary test functions, provided that the exponents (g are suitably
adjusted. First of all, we state the following proposition, which is an adaptation to our setting of [CZ20|
Prop. 12.6].

Proposition B.0.5: Let 2 C R? be an open set and let u € D'(2). Suppose that there exist a compact
set & C Q and a test function k € D(Q) with £(0) # 0 such that, for any x € E% and for any e € {27 "},en

u(ss)| < e%g(e, ), (B.0.2)

where ¢ <0, g: (0, %] X E% — (0, 00] is an arbitrary function while we set D := dist(&, Q). Then, for
any integer r > —(, it holds true that

~ D
Vo€ £, 90 € DEOD) 6] S Ioloan g, vae (0.7, (B.0.3)
where G: (0, 2] x & — [0, 00) is defined as
g\ z):= sup g(N,a) (B.0.4)
N e(0,M],
' €B(x,2))

while | - ||cr(ra) has been defined in Equation (A.1.3).

Proof. We omit the proof since it is similar to that of [CZ20, Prop. 12.6]. For this reason, we stress
only the main difference. Since this result is the localization on an open set © of [CZ20 Prop. 12.6], we
consider the £-enlargement of & to make sure that supp(¢y) is contained in Q for any ¢ € D(B(0,1))

and for any X € (0, 2]. O

Enhanced coherence is a consequence of the previous proposition.

Proposition B.0.6: Let QO C R? be an open set and let F' = (F},),cq be a y-coherent germ on () as
per Definition|B.0.2, i.e. there exist £ € D(Q) with £(0) # 0 and a family ¢ = ((g)a such that Equation
(B.0.1) holds true. We set (g := (5, where Dg = dist(R, ). Then, for any compact set & C  and
Dg
2

any integer r > 76ﬁ, it holds true that
(Fe = Fy)(9))] S l[9ller@a A (Ja =yl +A)717%, (B.0.5)
uniformly for ¢ € D(B(0,1)), X € (0,22] and z,y € &

Proof. The proof of this result is similar to that of [CZ20, Prop. 13.1]. For this reason, we omit it. In the
following, we stress only the main difference. Being this result the local formulation of [CZ20] Prop. 13.1]
and on account of the definition of Dg, we need to make sure that the DQR -enlargement of K is contained
in Q. In addition, Definition and Proposition entail the coherence bound in Equation
with exponents Cﬁpﬁ . O

2

On account of Proposition we give the following equivalent definition of coherence on an open set
Q C R
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Definition B.0.7: Let 2 C R? be an open set and let v € R. A germ of distributions F = (F})cq is
said to be y-coherent on Q if for any compact set & C Q) there exists (g < min{0,~} such that, for any
integer r > —(g,

[(Fz = ) (0] S [9ller@ay A (lz =yl + )7, (B.0.6)
uniformly for ¢ € D(B(0,1)), z,y € & and X € (0, B=], where we set Dg := dist(0%, &).
At last, we prove that the notion of coherence on an open set is stable with respect to restrictions - see
[RS21] Prop 32].
Proposition B.0.8: Let Q C R? be an open set and let Q' C Q be an open subset. In addition, let

F = (F;)zeq be a (¢, 7)-coherent germ on Q with v € R and { = (Cg)s as per Definition|B.0.7. Then it
is also (¢,~)-coherent on €.

Proof. Let & C Q' be a compact set. In addition, we set DY := dist(9Q', &) and D¢ := dist(dQ, R).
Being £ C Q and on account of coherence on € as per Definition there exists (g < min{0,~} such
that, for any integer r > —(g,

(Fe = Fy)(9))] S l[@ller@a A (Ja —yl + )75, (B.0.7)

uniformly for z,y € &, X € (0, DT%] /and ¢ € D(B(0,1)). Since DY < D2, the bound in Equation (B.0.7)

holds true uniformly for A € (0, %]. Therefore, F is y-coherent on Q' with exponents ¢ = (Cg)s- O
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