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Abstract

Process—structure—property relationships govern predictive modeling and performance-driven
design across a wide range of engineering applications, including metal additive manufacturing,
architected materials, and structural optimization. Their rigorous characterization remains
challenging due to the multiscale nature of the underlying physical processes, variability in
material properties and fabrication conditions, limited availability of experimental and numerical
data, and the presence of both epistemic and aleatory uncertainties.

In metal additive manufacturing, strong thermal gradients and melt-pool dynamics induce
anisotropic mechanical responses, microstructural heterogeneity, and residual strains, leading
to residual stresses, geometric distortions, and defects in manufactured components. Such
effects reduce process repeatability and hinder both experimental characterization and predictive
modeling.

Architected materials such as spinodoids exhibit high-dimensional design spaces governed
by nonlinear and highly sensitive structure—property mappings. Small variations in geometric
parameters or fabrication tolerances may induce significant changes in effective mechanical
properties, thereby limiting systematic exploration and robust design.

Structural optimization introduces additional challenges, as governing partial differential
equations depend on evolving design variables and must remain consistent with nonlinear
material behavior and manufacturing constraints. At the same time, high-fidelity simulations and
experimental investigations remain computationally and experimentally expensive, restricting the
systematic exploration of the parameter space and limiting the data available for model calibration
and validation.

The present doctoral thesis addresses these challenges through three complementary research
directions: uncertainty quantification, inverse analysis and design, and structural optimization.

The first research direction develops an uncertainty quantification framework for thermome-
chanical modeling in metal additive manufacturing. The approach combines variance-based
global sensitivity analysis, Bayesian inversion for parameter calibration, and forward uncertainty
propagation. High-dimensional model responses are approximated through single- and multi-
fidelity sparse-grid surrogate models, enabling efficient characterization of variability in process
parameters and its impact on quantities of interest.

The second research direction focuses on inverse problems and inverse design through Bayesian
inversion combined with surrogate modeling. Gaussian-process surrogate models are constructed
via adaptive sampling driven by predictive uncertainty, enabling efficient approximation of
computationally expensive forward models. The inverse problem is formulated within a Bayesian
framework, where posterior distributions are approximated through local Laplace approximations



around maximum a posteriori estimates, providing both parameter identification and uncertainty
quantification.

The third research direction investigates structural topology and nonlinear optimization
methods, with particular emphasis on the Solid Isotropic Material Penalization (SIMP) approach
combined with Optimality Criteria and on the Method of Moving Asymptotes. The analysis
provides a rigorous formulation and a critical assessment of these established methodologies,
clarifying their theoretical structure and numerical behavior on benchmark problems, and
establishing a consistent methodological basis for future extensions toward uncertainty-aware
optimization frameworks.

The proposed methodologies are applied to thermomechanical calibration in metal additive
manufacturing under uncertainty, to the inverse design of spinodoid architected materials targeting
prescribed effective properties, and to benchmark problems in structural topology optimization.

Although developed independently, the three research directions share common methodologi-
cal components, including surrogate modeling, approximation of high-dimensional responses,
and iterative solution strategies for computationally expensive problems. These common elements
indicate the potential for integrating forward uncertainty quantification, Bayesian inversion, and
structural optimization within a unified computational framework for uncertainty-aware design.

The development of such a framework, enabling the consistent propagation of uncertainty
through forward modeling, parameter inference, and design optimization, represents a natural
direction for future research.

Overall, the results contribute to reducing computational cost, enabling uncertainty-informed
predictions, and supporting the identification of designs that satisfy prescribed performance
requirements under variability and limited data.
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Chapter 1 — Introduction

Chapter 1

Introduction

The present chapter provides an overview of the doctoral thesis by outlining the motivations that
drive the research programme (Section 1.1), defining the objectives that guide the investigation
(Section 1.2), and describing the structure and organization of the thesis (Section 1.3).

1.1 Motivations

Engineering decision-making in computational mechanics requires the systematic treatment
of uncertainty, high computational cost, and complex multiphysics interactions. Substantial
research efforts have focused on the development of uncertainty quantification methodologies for
large-scale engineering systems, including stochastic finite element methods, Bayesian inference,
and surrogate-based approaches [5—8]. These methodologies have been increasingly applied
in application-driven contexts such as metal additive manufacturing, architected materials, and
structural optimization, where process—structure—property relationships govern system behavior
and design performance [9-11]. In these settings, predictive models must remain reliable under
variability in material properties, process parameters, and operating conditions, while maintaining
computational tractability.

In metal additive manufacturing [12, 13], multiscale thermomechanical phenomena evolve
under multiple sources of uncertainty affecting both process behavior and predictive modeling.
Melt-pool dynamics, heat transfer, phase transformations, and residual strain accumulation
exhibit strong sensitivity to process parameters, material properties, and boundary conditions
[9, 14-16]. These mechanisms govern microstructural evolution, anisotropy, residual stresses,
and geometric distortion, and therefore directly affect the structural performance of manufactured
components. However, experimental observations are often limited, indirect, or affected by
measurement uncertainty, which complicates model calibration and validation [17, 18]. Recent
developments in high-fidelity numerical modeling and data-driven approaches highlight the need
for methodologies that enable efficient parameter identification and uncertainty-aware predictions
[19, 20]. Despite these advances, high computational cost and the difficulty of incorporating
uncertainty in a consistent manner remain significant challenges.

Architected materials such as spinodoids introduce additional challenges associated with
high-dimensional design spaces and complex structure—property relationships [21-24]. The
mapping between geometric parameters and effective mechanical properties is typically nonlinear,
nonconvex, and highly sensitive to perturbations, which limits the applicability of exhaustive



numerical exploration strategies. Computational homogenization provides a rigorous framework
for evaluating effective properties [25, 26], but its computational cost motivates the use of
surrogate modeling techniques [27, 28]. Gaussian-process surrogate models enable probabilistic
approximations that provide both predictive mean and uncertainty, supporting adaptive sampling
strategies and inverse-design formulations [29, 30]. However, surrogate-based approaches
introduce approximation errors and require a consistent treatment of predictive uncertainty and
model discrepancy, particularly in inverse design settings.

Structural topology optimization [11, 31, 32] represents a further domain in which modeling
complexity and numerical challenges play a central role. Density-based approaches such as the
Solid Isotropic Material Penalization (SIMP) method and gradient-based optimization strategies
such as the Method of Moving Asymptotes (MMA) enable the solution of large-scale design
problems governed by partial differential equations [4, 33]. The governing equations depend on a
material distribution that evolves during the optimization process and must remain consistent with
nonlinear material behavior, numerical stability requirements, and manufacturability constraints.
The resulting optimization problems are typically nonconvex and may exhibit multiple local
minima, mesh-dependence, and sensitivity to regularization and algorithmic parameters [34, 35].
Despite their effectiveness, these methods require careful parameter tuning and their extension to
uncertainty-aware settings remains limited.

Across these domains, common challenges emerge. High-fidelity numerical models require
substantial computational resources, limiting systematic exploration of parameter and design
spaces. Uncertainty arises from variability in inputs, incomplete physical modeling, and model-
form discrepancies; without explicit treatment, these factors reduce predictive reliability and may
lead to biased or non-robust design decisions [6, 30]. Inverse problems associated with parameter
identification are often ill-posed and sensitive to limited or noisy data, motivating probabilistic
formulations that explicitly characterize uncertainty and support regularized inference [36-38].

1.2 Objectives

The considerations outlined above motivate three complementary but distinct research directions
addressing modeling, computational, and uncertainty-related challenges in metal additive
manufacturing, architected materials, and structural optimization.

The first research direction develops an uncertainty-quantification framework for part-scale
thermomechanical modeling in metal additive manufacturing. The framework combines variance-
based global sensitivity analysis, Bayesian inverse calibration, and data-informed forward
uncertainty propagation. The objective consists in quantifying the impact of variability in process
parameters on quantities of interest, identifying dominant sources of uncertainty, and enabling
model calibration under limited data. High-dimensional responses are approximated using single-
and multi-fidelity sparse-grid surrogate models, enabling efficient uncertainty analysis while
controlling computational cost.

The second research direction investigates inverse problems and inverse design through
Bayesian approaches combined with surrogate modeling. Gaussian-process surrogate models



are constructed and adaptively refined based on predictive uncertainty, enabling efficient
approximation of computationally expensive forward models. The objective consists in enabling
computationally efficient inversion while maintaining a consistent probabilistic treatment of
uncertainty. The inverse problem is formulated within a Bayesian framework and addressed
through approximate posterior representations based on local Laplace approximations around the
maximum a posteriori estimate. Particular attention is devoted to the consistent treatment of
surrogate-induced uncertainty and model discrepancy within the inversion process.

The third research direction examines structural topology and nonlinear optimization methods,
with particular emphasis on the Optimality Criteria method and the Method of Moving Asymp-
totes. The objective consists in providing a rigorous and unified analysis of these established
methodologies, clarifying their theoretical structure, convergence properties, and numerical be-
havior on benchmark problems, and establishing a methodological basis for future developments
in uncertainty-aware optimization.

Across the three research directions, the common objective is to develop methodologies that
reduce computational cost, explicitly represent uncertainty when relevant, and support reliable
interpretation of model predictions in complex engineering systems.

Although the three directions are developed independently, they share common methodological
components, including surrogate modeling, approximation strategies, and iterative solution
procedures. Their integration within a unified uncertainty-aware design framework, enabling
the consistent propagation of uncertainty from forward modeling to inverse analysis and design
optimization, represents a natural and promising direction for future research.

1.3 Structure and Organization of the Thesis

The thesis is organized as follows. Chapter 2 develops the uncertainty-quantification framework for
thermomechanical modeling in metal additive manufacturing. Chapter 3 presents surrogate-based
Bayesian methodologies for inverse problems and inverse design, including adaptive surrogate
modeling and applications to architected materials. Chapter 4 provides a theoretical and numerical
analysis of structural topology optimization and nonlinear optimization methods, focusing on the
SIMP approach with Optimality Criteria and on the Method of Moving Asymptotes. Chapter 5
concludes the thesis by summarizing the main contributions and outlining future research
directions, with particular emphasis on potential synergies between the different methodologies.



Chapter 2 — Uncertainty quantification of a part-scale thermomechanical cantilever beam model
produced by metal additive manufacturing

Chapter 2

Uncertainty quantification of a part-scale
thermomechanical cantilever beam model
produced by metal additive manufacturing

2.1 Introduction

Metal Additive Manufacturing (M-AM) [12, 39] encompasses a family of advanced manufacturing
technologies capable of producing components with complex geometries, tailored internal
architectures, and high mechanical performance through a layer-by-layer fabrication strategy.
Among the existing M-AM technologies for metal materials [13], Laser-Based Powder Bed
Fusion of Metals (PBF-LB/M) represents one of the most widely adopted processes in industrial
applications [14, 40]. In PBF-LB/M, each fabrication cycle begins with the deposition of a
thin layer of metal powder across a build plate inside a sealed process chamber filled with an
inert gas, typically argon or nitrogen, to limit oxidation and ensure stable thermal conditions. A
high-energy-density laser beam selectively melts the powder following a predefined scan strategy
dictated by the part geometry. After solidification of the molten track, a new powder layer is
deposited and the process is repeated until completion of the component.

Despite significant technological progress, the process—structure—property relationships
governing PBF-LB/M remain only partially characterized due to the strongly coupled multi-physics
and multi-scale nature of the process [41]. Rapid melting and solidification, heterogeneous thermal
gradients, melt-pool instabilities, microstructural evolution, and residual stress accumulation
contribute to a complex manufacturing environment in which reliable parameter identification
remains challenging. As a consequence, calibration of process and material parameters often
relies on costly experimental campaigns. In this context, computer-aided numerical simulations
have become an essential tool for analyzing, optimizing, and validating M-AM processes [42, 43].
Numerical models for PBF-LB/M span several characteristic length scales and are typically
categorized into microscale, mesoscale, and macroscale models [44].

Microscale (powder-scale) models explicitly resolve powder particles, laser—material interac-
tion, melt-pool solidification, and grain evolution. Such models provide detailed insight into
microstructural changes and are commonly formulated using Phase-Field methods [43, 45—47]
or Cellular Automata [48]. Mesoscale models focus on melt-pool dynamics, thermal—fluid flow,
recoil pressure, evaporation phenomena, and scanning strategy effects. Representative approaches
include the Lattice-Boltzmann method [49, 50] and the Discrete Element method [51, 52], en-



abling the analysis of melt-pool geometry, defect formation, and track stability. Macroscale or
part-scale models, typically based on the Finite Element method [15, 16, 46, 53—57], describe
the global thermomechanical response of the component, including transient temperature fields,
residual stresses, and distortions.

PBF-LB/M processes inherently involve multiple sources of uncertainty, arising from powder
characteristics (particle size distribution, morphology, packing density), material properties (ther-
mal conductivity, heat capacity, absorptivity), boundary conditions, and operational parameters
such as laser power, scanning speed, hatch spacing, and inter-layer dwell times [14]. Uncertainty
Quantification (UQ) methodologies [58, 59] provide a rigorous framework for quantifying,
propagating, and mitigating the influence of these uncertainties on both process behavior and
resulting product performance. Forward UQ propagates uncertainties from input parameters —
modeled as random variables equipped with probability density functions (PDFs) — to model
outputs, commonly referred to as Quantities of Interest (Qols). Inverse UQ reduces parameter
uncertainty by identifying data-informed posterior PDFs consistent with available measurements,
typically within a Bayesian inference framework [60—62]. In contrast to deterministic calibration,
Bayesian approaches provide a probabilistic characterization of parameter uncertainty.

Although UQ methodologies have been successfully applied in experimental studies and
reduced-order models of M-AM processes [59, 63, 64], their application to high-fidelity
numerical models of PBF-LB/M remains challenging due to the computational cost associated
with repeated model evaluations. Several studies have addressed forward UQ through uncertainty
propagation analyses [65], process monitoring and anomaly detection [66], stochastic modeling
of microstructural variability [67], and multi-level representations of material uncertainty [68].
However, inverse UQ at the part scale remains significantly more demanding and comparatively
less explored.

To alleviate the computational burden associated with UQ, surrogate modeling has emerged
as a key enabling approach. Surrogate models approximate the input—output mapping of
high-fidelity models using a limited set of simulations, thereby enabling efficient probabilistic
analyses. In the context of M-AM, Gaussian process surrogate models have been widely adopted.
Representative contributions include Bayesian quantification of model and data uncertainties
in melt-pool geometry prediction [69, 70], uncertainty propagation from process parameters to
microstructure and mechanical properties [71], sequential Bayesian calibration strategies [72, 73],
surrogate-assisted multiscale modeling of solidification microstructures [68, 74], and probabilistic
characterization of micro-segregation [75]. These contributions highlight the role of surrogate
modeling in enabling tractable uncertainty analysis for complex PBF-LB/M processes.

The present chapter builds upon two methodological contributions previously developed
by the author [76, 77], which together establish a computationally efficient UQ framework
for part-scale thermomechanical modeling of PBF-LB/M. The first contribution introduces a
workflow that integrates variance-based Global Sensitivity Analysis (GSA), Bayesian inverse
UQ, and data-informed forward UQ for the AMBench2018-01 Inconel 625 cantilever benchmark
provided by the National Institute of Standards and Technology (NIST) [1, 2]. The workflow
identifies the most influential thermomechanical parameters, constructs data-informed PDFs
for activation temperature and convection coeflicients based on displacement measurements,



and quantifies the resulting uncertainty in residual strain predictions. Single-fidelity sparse-grid
surrogate models based on stochastic collocation within the Smolyak framework [78—80] enable
accurate approximation of high-dimensional responses with a limited number of simulations.

The second contribution extends the framework by introducing a multi-fidelity sparse-
grid surrogate modeling strategy based on the Multi-Index Stochastic Collocation (MISC)
method [81, 82]. Low-resolution simulations capture the global parameter dependence, while
selected high-resolution simulations correct modeling discrepancies. The resulting multi-fidelity
surrogate models enable accurate posterior inference and forward uncertainty propagation at
reduced computational cost. The probabilistic predictions show reduced uncertainty compared to
prior-based analyses and exhibit agreement with experimental displacement and residual strain
data provided by NIST [1, 2].

The developments presented in this chapter provide a structured methodology for uncertainty
quantification in thermomechanical modeling of PBF-LB/M processes. The chapter is organized
as follows. Section 2.2 presents the governing equations of the thermal and mechanical
problems. Section 2.3 describes the AMBench2018-01 experimental setup. Section 2.4 details
the numerical modeling strategy. Section 2.5 presents the UQ framework and corresponding
results. Finally, Section 2.6 summarizes the main findings and outlines possible directions for
further investigation.

2.2 Governing equations

The section introduces the governing thermal and mechanical equations underlying the part-
scale thermomechanical FE model adopted for the numerical simulation of the PBF-LB/M
process [15, 16, 42, 53-56, 83, 84].

2.2.1 Thermal problem

Assuming that the material follows Fourier’s law of heat conduction, the heat transfer equation
takes the form [85]:

oT
pcp(T)E—V-(k(T) V) =0 inQ, 2.1
where T denotes the temperature field, p is the (assumed constant) material density, ¢, (T) is
the temperature-dependent specific heat capacity at constant pressure, k(7) is the temperature-
dependent thermal conductivity, and Q is the physical domain of the part-scale thermomechanical

model.
The initial condition at time ¢ = O prescribes a uniform temperature distribution as:

T=Ty inQ, 2.2)

while the boundary 0Q = 9Qp U 0Qr U 0Qy is subject to Dirichlet, Neumann, and adiabatic



conditions:

T=T on 0Qr C 09, (2.3)
—k(T)VT -n=gq on Qo C 0Q, 2.4)

where T denotes the prescribed environmental temperature on the lateral surface of the build
plate, whereas g represents the heat loss through the free surfaces with outward unit normal n.
Adiabatic conditions are imposed on the remaining portion of the boundary, 0Qp.

In part-scale numerical simulations of the PBF-LB/M process, the heat loss through 0
originates from two physical mechanisms: conduction through the powder, denoted by ¢, and
convection through the environmental gas, denoted by g,. The total heat loss therefore satisfies:

q=4qp+d9g- (2.5)

Since the powder is not explicitly modeled, both heat-loss mechanisms are represented
through convection-like boundary conditions. Two heat transfer coefficients are introduced: a
powder convection coeflicient /1, and a gas convection coefficient 4g. This modeling choice
follows common practice in part-scale numerical simulations, where it is generally difficult
to distinguish between powder- and gas-driven heat transfer phenomena [15]. According to
Newton’s cooling law, the two contributions take the form:

qp=h,(T-T) onT, CdQy, (2.6)
qe=he (T-T) onT, C dQy, 2.7

where I', and I', denote the interfaces between the component and the powder and environmental
gas, respectively. The interfaces between the component and the powder and the environmental
gas satisfy:

0Qp =T, UT,, I,NnIy=0.

2.2.2 Mechanical problem

The mechanical response of the component is governed by the equilibrium equation:
V.-o=0 inQ, (2.8)

where o denotes the Cauchy stress tensor. A thermo-elasto-plastic constitutive model is adopted,

namely:
’ o =D &%, (2.9)

where D¢ is the isotropic elasticity tensor, expressed in terms of the Young’s modulus and
Poisson’s ratio, and £ is the elastic strain tensor.

The total strain &'’ is decomposed into elastic, thermal, and plastic contributions:

1
g0t — gl 4 glh 4 gpl — 3 [Vu + (Vu)T] , (2.10)



with u the displacement vector.
The thermal strain acts as an external thermomechanical load and is defined as:

e =a AT, (2.11)

where @ = a(T) denotes the temperature-dependent thermal expansion coefficient, AT =T — Ty
is the temperature variation, and [ is the second-order identity tensor.
Plastic deformation follows a rate-dependent Prandtl-Reuss flow rule [15, 83]:
L 0Z

g = Vo (2.12)
(o

where v is the plastic consistency parameter, and X is the yield function:
X =0ym—0y<0.

The equivalent von Mises stress is given by:

/3 1
Oym = Es:s, s:0'—§tr(0')1,

and the yield stress o, = 0, (T') depends on temperature.
The mechanical problem is supplemented with the Dirichlet boundary condition:

u=0 onodQy C oQ, (2.13)

where 0Q corresponds to the bottom surface of the build plate, representing a fixed support.
Homogeneous Neumann boundary conditions are prescribed on the remaining portion of 9€2.

2.3 [Experimental setup

The present section describes the AMBench2018-01 benchmark experiment performed by
NIST [1, 2], which serves as the reference for the present study. The geometry of the experiment
corresponds to a bridge structure, shown in Figure 2.1. All information related to the design and
setup of the experiment is available on the AMBench2018 website [1].

As shown in Figure 2.1, four identical metal parts (cantilever beams) were constructed on
the build plate for each construction process. The study considers only one cantilever beam
since the four structures are spaced sufficiently far apart to reasonably neglect thermal and
mechanical interaction. However, to correctly capture the cooling time between layers, the entire
build layout must be taken into account. For this reason, the model adopted in the present
work (see Section 2.4) reproduces a single cantilever beam built on a build plate measuring
85 mm X 12 mm X 20 mm (length X height X width).

According to [1], the experiment was carried out using both 15-5 stainless steel and Inconel
625 superalloy. The present work focuses exclusively on the latter alloy, whose material properties



A) Parts on the
build plate after
the build process

B) Parts 2 and 3 are
separated for residual
strain and distortion
measurements

A

Part 2 Ill mm*1mm
81mm*1mm

\f 12.7 mm

Figure 2.1: AMBench2018-01 benchmark for the experiment performed by NIST [1, 2].

Table 2.1: Summary of the parameters of the EOS M270 machine setup used for the
AMBench2018-01 benchmark of the NIST experiment [1].

Parameters Value
Total number of layers 625
Average layer time 52s
Layer height 20 um
Contour scan speed 900 mm/s
Infill scan speed 800 mm/s
Hatch space 100 ym

are reported in Section 2.4.2. In addition, two build processes were performed using two different
machines: the Additive Manufacturing Metrology Testbed (the NIST in-house build machine)
and an EOS M270. The numerical simulations carried out in the present work and discussed in
Section 2.4 refer to the process parameters of the EOS M270 machine, reported in Table 2.1.

After fabrication, part of the structure was removed from the build plate by electrical discharge
machining, allowing the part to flex upward due to residual stresses. The eleven ridges created on
the top surface of the structure (see Figure 2.1) were ground to obtain a smooth surface suitable
for accurate displacement measurements.

Several measurements were performed at the NIST laboratories, including the upward
displacement of the cantilever beam after partial removal from the build plate. The present
work considers the residual strains and the upward displacement of the cantilever beam, both
before and after removal from the build plate, providing the reference quantities for subsequent
uncertainty quantification and model calibration.



2.4 Numerical modeling

The numerical model adopted to reproduce the NIST experiment described in Section 2.3 employs a
part-scale, transient thermomechanical FE model of the AMBench2018-01 Inconel 625 cantilever
beam. The geometry of the cantilever beam is shown in Figure 2.2. The modeling approach
follows established part-scale practices for PBF-LB/M [15, 16, 46, 53-57]. The transient thermal
analysis is advanced in time throughout the entire build, generating a layer-by-layer history
of temperature fields that captures cumulative thermal exposure and cooling intervals. The
temperature fields are then used as thermal loads for the quasi-static mechanical analysis, which
is solved in a staggered manner. The weak (staggered) coupling between the thermal and
mechanical analyses avoids a monolithic thermomechanical solution at each time step while
retaining the dominant mechanisms responsible for thermal strains, plastic strains, and residual
stress development.

All numerical simulations are carried out in ANSYS 2021R?2, using built-in functionalities for
element activation to represent layer addition, field transfer to map temperature histories to the
structural analysis, and element deactivation to emulate the electrical-discharge machining cut
performed prior to the evaluation of the residual-stress-induced upward displacement [15, 16, 53,
86].

The computational domain includes the build plate and the component, i.e., the cantilever
beam. Powder is not explicitly represented at the part scale; instead, heat losses toward the
powder and toward the environmental gas are modeled through distinct convection boundary
conditions as discussed in Section 2.2. The energy input is not resolved at the melt-pool scale.
The build sequence is imposed through a layer-by-layer activation strategy governed by measured
or prescribed layer times and inter-layer dwell times. An activation temperature parameter 74
is introduced to trigger element activation and to approximate the onset of thermomechanical
loading within each newly added layer.

Once the thermal analysis is completed, the mechanical analysis applies fixed constraints on
the build plate during the build. The prescribed portion of the cantilever beam is then deactivated
to reproduce the removal cut, enabling the evaluation of the upward displacement induced by the
residual stress field. The quantities of interest include residual strains extracted along the line at
z = 11 mm and displacements at selected measurement points, in accordance with Figure 2.2 and
with the AMBench2018-01 benchmark [1, 2].

The remainder of the section describes in detail the modeling choices required to ensure
predictive accuracy and reproducibility of the NIST AMBench2018-01 benchmark.

2.4.1 Meshing strategy

All numerical simulations employ a structured mesh composed of quadratic hexahedral finite
elements. The use of a uniform mesh topology simplifies the layer-by-layer strategy and ensures
consistent transfer of the transient temperature field to the quasi-static mechanical analysis. The
build plate and the cantilever beam are meshed with different characteristic element sizes to
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~ I 100mm

Figure 2.2: Part-scale model: Inconel 625 cantilever beam with length 75 mm, height 12 mm,
and width 5 mm, printed on a build plate of dimensions 85 mm X 12 mm X 20 mm. Numbered
(purple) and lettered (blue) points denote measurement locations used in the UQ analysis; the
dotted (green) line at z = 11 mm identifies where residual strains are extracted; the solid (red)
contour indicates the cut terminating at x = 56 mm.

reflect their distinct modeling roles. The cantilever beam requires finer spatial resolution to
capture temperature gradients and stress redistribution during the process, whereas the build plate
primarily acts to simulate heat losses during the thermal analysis and as a mechanical constraint
during the mechanical analysis, and can therefore be meshed more coarsely.

In addition, in the present work, two mesh strategies are considered for the cantilever beam,
referred to as the coarse mesh and the fine mesh. Representative meshes are shown in Figure 2.3.
The coarse mesh adopts a characteristic element size of 0.5 mm, whereas the fine mesh refines
the cantilever beam to 0.25 mm. In both cases, the mesh is aligned with the build direction,
and element layers are stacked through the cantilever beam height to ensure a regular activation
pattern during the thermal analysis. The build plate is meshed with a characteristic element size
of 3 mm.

Table 2.2 reports the number of nodes, number of elements, number of finite element layers
through the cantilever beam height (“nb. z-layers”), and indicative times required to complete
the high-fidelity thermomechanical simulations. The z-layer count refers to the number of finite
element layers across the 12 mm height of the cantilever beam and must not be confused with
the physical process layers of the PBF-LB/M process, which are governed by the layer-by-layer
strategy described in Section 2.4.3. As expected, the fine mesh increases the number of degrees
of freedom by approximately one order of magnitude relative to the coarse mesh, resulting in a
substantially increased computational cost. The choice of the two mesh strategies is related to
the surrogate modeling strategy described in Section 2.5.

2.4.2 Material properties

The numerical simulations adopt temperature-dependent material properties of the Inconel 625
superalloy provided in the ANSYS 202 1R2 material library, in accordance with the AMBench2018-
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Figure 2.3: Mesh strategies adopted for the part-scale PBF-LB/M thermomechanical model
of the Inconel 625 cantilever beam. (a) Coarse mesh with characteristic element size 0.5 mm;
(b) Fine mesh with characteristic element size 0.25 mm. The build plate is meshed with 3 mm
elements in both cases.

Table 2.2: Mesh strategies adopted for the part-scale PBF-LB/M thermomechanical model
of the Inconel 625 cantilever beam. For each mesh strategy, the table reports the number of
nodes (nb. nodes), number of elements (nb. elements), number of finite element layers through
the cantilever beam height (nb. z-layers), and the approximate time required to complete the
high-fidelity thermomechanical numerical simulation.

mesh strategy nb. nodes nb. elements nb. z-layers sim. time (approx.)
coarse mesh 141095 30340 25 4 hours
fine mesh 1041027 240560 50 6 days

01 specification introduced in Section 2.3. The material is assumed homogeneous and isotropic,
and all temperature-dependent quantities are supplied to the FE solvers as tabulated functions
evaluated through piecewise-linear interpolation.

The thermo-elasto-plastic behaviour follows the constitutive framework introduced in Sec-
tion 2.2. In this context, ANSYS 202 1R2 provides the temperature-dependent elastic constants
and the bilinear isotropic hardening law used in the mechanical analysis. The reduction of
stiffness and yield strength with increasing temperature, together with the associated tangent
modulus, is illustrated in Figure 2.4. Mass density and melting temperature are treated as
temperature-independent, taking the values p = 8440 kg m~3 and Teie = 1290 °C.

The transient thermal analysis relies on the temperature-dependent specific heat, thermal
conductivity, and coefficient of thermal expansion made available in the same material dataset.
These properties govern heat storage, heat diffusion, and thermal-strain generation throughout
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the build, and exhibit the typical monotonic trends observed in nickel-based superalloys over the
temperature range relevant to PBF-LB/M.

The complete set of tabulated values used in the numerical simulations is reported in
Tables 2.3 and 2.4, while Figure 2.5 summarises the temperature dependence of the main
thermophysical and mechanical quantities. The thermal histories obtained in the part-scale
numerical simulations remain within the tabulated range, thereby avoiding extrapolation. The
adopted property set provides a reproducible and consolidated engineering description suitable
for the uncertainty-quantification study in Section 2.5, where variability arises primarily from
boundary heat-transfer coefficients and the activation temperature rather than from material
behaviour.

6E +8
T = 21°C
T = 538°C
= T = 816°C
£ 4B+ B T = 082°C
Z T = 1093°C
=
9 +8
; |
OE+ & 5 —5  08sE—_2 13E—2 L18E_2

Strain [m/m]

Figure 2.4: Temperature-dependent bilinear isotropic hardening law for Inconel 625 adopted in
the mechanical analysis (ANSYS 2021R2).

Table 2.3: Temperature-dependent elastic properties of Inconel 625 from ANSYS 2021R2:
Young’s modulus and Poisson’s ratio.

Temperature [°C] Young’s modulus [Pa] Poisson’s ratio [-]

24 1.6E+11 0.278
538 1.2E+11 0.305
816 5. 7E+10 0.33
982 3.8E+10 0.33
1093 2.1E+10 0.33
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Table 2.4: Temperature-dependent thermophysical properties of Inconel 625 from ANSYS 2021R2:
coeflicient of thermal expansion, specific heat, and thermal conductivity.

Temperature Thermal expansion Specific heat Thermal conductivity

[°C] °C [Dke~'°C] [Wm™!°C1]
93 1.28E-05 427 10.8

204 1.31E-05 456 12.5

316 1.33E-05 481 14.1

427 1.37E-05 500 15.7

538 1.4E-05 536 17.5

649 1.48E-05 565 19.0

760 1.53E-05 590 20.8

871 1.58E-05 620 22.8

927 1.62E-05 645 25.2

2.4.3 Printing parameters

The part-scale numerical model does not resolve the laser path or the melt-pool scale. Each
newly added layer is introduced by assigning a uniform activation temperature 74, after which the
layer cools according to the boundary conditions defined in Section 2.2. Within the numerical
modeling framework, the printing parameters serve two functions: (i) they determine the temporal
progression of the build by specifying the nominal duration associated with each physical layer;
and (ii) they influence the temporal spacing between consecutive layer activations by defining the
time interval between successive layer activations.

Consistent with the AMBench2018-01 benchmark [1] described in Section 2.3, a nominal
duration of 52 s is assigned to each physical layer. Since the experiment involved four identical
cantilever beams printed on the same build plate and only one cantilever beam is explicitly
represented in the numerical model, a dwell time multiplier is introduced to reproduce the delay
associated with sequential printing. A multiplier equal to 4 is adopted, reflecting the presence of
the four nominally identical cantilever beams as shown in Figure 2.1. Geometric and scanning
parameters follow the EOS M270 machine settings reported in Table 2.1.

Heat transfer through the boundaries is governed by the two convection coefficients introduced
in Section 2.2.1: the powder convection coeflicient 4, applied to faces adjacent to the powder,
and the gas convection coefficient h,, applied to faces exposed to the environmental gas (see
Section 2.2.1). Both coeflicients enter the Neumann-type boundary conditions that define heat
loss and are treated as uncertain input parameters in the UQ analyses (see Section 2.5), reflecting
variability in powder properties, environmental conditions, and near-surface morphology. The
environmental temperature and the build plate temperature complete the set of thermal boundary
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Figure 2.5: Temperature-dependent properties of Inconel 625 adopted in the simulations
(ANSYS 2021R2): (a) coeflicient of thermal expansion; (b) Young’s modulus; (c) Poisson’s ratio;
(d) specific heat; (e) thermal conductivity.
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inputs and are imposed as Dirichlet conditions during the build and cooling phases.
Table 2.5 summarizes the process parameters used to perform the numerical simulations.

Table 2.5: Machine and process parameters used in the part-scale PBF-LB/M numerical
simulations of the Inconel 625 cantilever beam. Values reflect the AMBench2018-01 EOS M270
build, with the dwell time multiplier accounting for sequential printing of the four identical
cantilever beams on the build plate.

Parameters Value
deposition thickness 20 ym
hatch spacing 100 um
dwell time multiplier 4
number of heat sources 1
contour scan speed 900 mms~!
infill scan speed 800 mms~!
laser power 100 W

2.4.4 Printing process

At the beginning of the numerical simulation, all elements belonging to the cantilever beam are
deactivated and retained in a so-called “quiet” state, characterized by strongly reduced stiffness
and conductivity. This guarantees numerical stability without contributing to either heat transfer
or mechanical response. The build plate is active from the beginning of the analysis to represent
the thermal and mechanical constraint imposed during the build.

The thermal analysis proceeds layer by layer in time. At each activation event, all elements
belonging to the next super-layer are activated by switching them from the quiet state to the
active state, and their nodal temperatures are instantaneously set to the activation temperature
T4. This operation idealizes the combined thermal effect of laser scanning within the physical
layers. After activation, the newly added material cools according to the convection boundary
conditions defined in Section 2.2. Throughout the transient thermal analysis, the top surface of
the build plate is maintained at 80 °C and its lateral faces at 40 °C, consistent with the benchmark
specification. All surfaces of the cantilever beam exchange heat with the powder and with the
environmental gas through the effective convection coeflicients £, and h,. Radiation effects are
neglected, in accordance with standard part-scale modeling assumptions. The initial temperature
of the entire domain is set to the environmental temperature of 20 °C, and after the final activation
and dwell the system is cooled down to 20 °C to reproduce chamber equilibration before removal
of the cantilever beam.
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The removal of the cantilever beam from the build plate is reproduced by progressively
deactivating the solid elements intersected by the cut shown in Figure 2.2. Deactivation releases
the constraints along the cut interface, which subsequently becomes traction-free. The resulting
stress redistribution induces an upward displacement of the cantilever beam, which is recorded at
the designated measurement points for comparison with the AMBench2018-01 displacement field.
Residual strains are extracted along the line at z = 11 mm, consistent with the AMBench2018
benchmark [1, 2].

2.5 Uncertainty quantification frsmework

The present section presents the uncertainty quantification (UQ) framework adopted to analyse
the thermomechanical response of the part-scale PBF-LB/M model formulated in Sections 2.2
to 2.4. As outlined in Section 2.1, the methodology builds upon two complementary contributions
previously developed by the author in [76, 77].

2.5.1 Uncertainty quantification based on single-fidelity sparse-grid surro-
gate modeling

This section introduces the uncertainty quantification (UQ) workflow based on a single-fidelity
sparse-grid surrogate model, which enables the systematic execution of global sensitivity analysis
(GSA), Bayesian inverse UQ, and data-informed forward UQ [76].

2.5.1.1 Sources of uncertainty

The parameters considered as uncertain in the present study are the base-10 logarithm of the
powder convection coeflicient, log £, the base-10 logarithm of the gas convection coeflicient,
log hg (see Section 2.2.1), and the activation temperature T4 (see Section 2.4.3). In UQ analyses,
uncertain parameters are modeled as random variables.

In the absence of precise prior statistical information on the uncertain parameters, each
parameter is modeled as an independent random variable with a uniform distribution over a
prescribed interval. This choice corresponds to adopting a non-informative prior in the sense of
the maximum entropy principle under bounded support.

The assumption of mutual independence reflects the lack of prior evidence of statistical
correlation among the parameters and is consistent with standard practice in engineering UQ
when joint statistical information is unavailable.

The intervals reported in Table 2.6 define the support of the prior distributions and are
selected based on physically admissible ranges and values reported in the literature [87-91].
These bounds are intentionally chosen to be sufficiently wide to avoid artificially constraining the
inference procedure, while ensuring physical consistency of the model inputs.

It is important to remark that the intervals defined in Table 2.6 play a dual role. On the
one hand, they define the admissible parameter domain for the construction of the surrogate
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model and the associated UQ analyses. On the other hand, they define the support of the prior
distributions employed in the Bayesian inverse UQ framework. While the adoption of uniform
priors reflects a non-informative modeling assumption, the bounds themselves are grounded in
physical considerations and literature evidence. This distinction ensures consistency between the
surrogate modeling stage and the subsequent Bayesian inference.

In this context, the prior distributions should be interpreted as weakly informative priors
constrained to physically admissible ranges, rather than as fully data-driven probabilistic
descriptions.

It is noted that, although h, and &, could have been treated directly as random variables,
the logarithmic transformation proves more effective, as it enables spanning several orders
of magnitude while assigning uniform resolution in the log-scale interval [107>, 10°]. This
parametrization ensures a balanced representation of both small and large values of the heat
transfer coefficients.

The three uncertain parameters are collected in the vector

V= (v1,v2,v3) = (Ts,log hg,log hp)

and the following notation is introduced:

e I, [a,, b,] denotes the interval associated with each uncertain parameter v, for

o I' =T} xI'; x I'; denotes the domain of v, i.e. the hyper-rectangle [a1, b1] X [a2, b2] X
[a3, b3];

* pn(vy) denotes the PDF of v,,. In accordance with the discussion above, the prior PDFs
satisty pu, prior(Vn) = hnlfan, where the subscript “prior” indicates that the corresponding
distribution incorporates only the a priori information specified in Table 2.6. After the
inverse UQ procedure, these PDFs are updated to data-informed posterior PDFs, denoted

by pn,post;

* p(v) denotes the joint PDF of the parameter vector. In particular, p,,io-(v) and p e (V)
denote the joint prior and posterior PDFs, respectively. Under the assumption of mutual
independence among the three parameters, ppior (V) = szl Pn,prior(Vn). No analogous
factorization can be assumed for p s, since statistical dependence among the parameters
may arise after the inverse UQ procedure;

* u(x,v) denotes the displacement along the z-direction at x € Q corresponding to the
parameter vector v;

* more generally, f(v) : I' — R” denotes any Qol (output) of the numerical simulation, such
as displacements or residual strains, emphasizing the dependence on v. In the case of a
scalar Qol (P = 1), the notation f(v) is used.
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Table 2.6: Uncertainty parameters of the PBF-LB/M printing process considered for the UQ
analysis with associated interval.

uncertainty parameters units interval [a,, b, ]
Activation temperature (74) °C [1130; 1450]
log of gas convection coefficient (log h,) - [-5,0]
log of powder convection coefficient (logh,) - [-5,0]

2.5.1.2 Uncertainty quantification workplan

The fundamental premise of UQ is that, since v is uncertain and described by a random vector
equipped with an associated PDF, any output f(v) is likewise an uncertain quantity. The efficient
characterization of the probability distribution of f(v) constitutes the final objective of the UQ
analysis. In the present work, the Qol of interest is the field of residual strains along the cantilever
beam.

In addition, experimental measurements are available for an auxiliary Qol, namely the
displacement of the cantilever beam, which is incorporated into the analysis. The overall
workflow combines forward and inverse UQ components and proceeds as follows.

1. GSA (see Section 2.5.1.4): the analysis investigates the contribution of each uncertain
parameter v, to the variability of the displacement field under the assumed prior distributions.
The results indicate that the second parameter, i.e., the gas convection coeflicient, exhibits
a negligible influence on the displacements over the considered parameter domain and may
therefore be fixed to a constant value in the subsequent analyses as a model reduction step.

It is noted that global sensitivity measures depend on both the assumed prior distributions
and the structure of the numerical model. As such, the identification of negligible
parameters should be interpreted as a global indication over the prescribed parameter
domain and does not exclude the possibility of local sensitivity effects in restricted regions
of the parameter space.

This reduction is introduced to improve computational tractability while preserving the
dominant sources of variability identified at the global level. Accordingly, the updated
prior PDF becomes p,riorrea(V) = p1(v1) p3(v3), and the reduced parameter space is
[req =11 X173,

2. Inverse UQ (see Section 2.5.1.5): Bayesian inverse techniques are then employed to
update the initial PDF p ;o req Of the remaining uncertain parameters by incorporating the
information provided by the displacement measurements. The outcome is a data-informed
posterior PDF, p,,,:, which reflects the updated probabilistic description of the parameters
conditioned on the available experimental data and is typically characterized by reduced
dispersion relative to pprior red-
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3. Data-informed forward UQ (see Section 2.5.1.6): the reduced parameter space [',.4 is
sampled according to the posterior PDF p g, and the corresponding residual strains are
evaluated. These evaluations are then used to construct the probability distribution of the
residual strains, thereby enabling a data-informed prediction of the Qol.

2.5.1.3 Sparse-grid surrogate modeling for uncertainty quantification

All the steps in the workplan require repeatedly solving the PBF-LB/M model for different values
of v to evaluate the corresponding Qols f(v) (displacements, residual strains). Specifically, in
GSA it is necessary to assess how variations in each parameter v,, affect the displacement field. In
the inverse UQ, it is instead necessary to evaluate the compatibility between the model predictions
and the available displacement data: parameter values v that produce model responses that are
far from the experimental observations are associated with low posterior probability. Finally, in
data-informed forward UQ, evaluations of the residual strains are required to characterize their
probability distribution.

To reduce the computational burden, the values of f(v) obtained from the evaluation of
the PBF-LB/M model are replaced by suitable approximations constructed through surrogate
modeling. Surrogate models are typically obtained through a two-step procedure. In the first step
(“offline” or “training” phase), the PBF-LB/M model is evaluated for a limited set of carefully
selected parameter values v, yielding samples f(vy), ..., f(vys), from which an approximation of
f(v) is constructed. In the second step (“online” or “evaluation” phase), the surrogate model is
evaluated in place of the high-fidelity model, resulting in a significant reduction in computational
cost.

In the present work, sparse-grid surrogate models are employed. These are established
surrogate modeling techniques in uncertainty quantification, particularly suited for problems
characterized by low-to-moderate dimensionality and sufficiently smooth model responses [92—
94]. Alternative surrogate modeling approaches, such as Gaussian process regression, sparse
polynomial chaos expansions, or neural-network-based methods, are often preferred in higher-
dimensional or strongly nonlinear settings. However, for the present problem, characterized by a
limited number of uncertain parameters and a sufficiently smooth dependence of the Qols on the
inputs, sparse-grid methods provide an appropriate and accurate approximation strategy.

In the present section, the basics of sparse grids are outlined, while additional details are
provided in Appendix A.

Before introducing the definition of sparse-grid surrogate models, it is noted that the
approximation of a Qol f(v) depends, among other factors, on the number of uncertain parameters
N and on their associated PDFs. As a consequence, three different sparse-grid surrogate models
are constructed: the first one for the GSA (three parameters, p,,;,), the second one for the
inverse UQ analysis (two parameters with p,,;or req), and the third one for the data-informed
forward UQ analysis (two parameters with p,,). Table 2.7 summarizes the properties of these
surrogate models.

The relatively small number of collocation points reflects the regularity of the considered
Qols with respect to the uncertain parameters. In the present application, the thermomechanical
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Table 2.7: Properties of the three sparse-grid surrogate models used in this work.

sparse grid used in N PDF I w univariate nodes points surrogate for
1 GSA 3 Pprior Tnax 1 symm. Leja 27 11 z-displacements
2 inverse UQ 2 ppriorred Lsum 3 symm. Leja 25 9 z-displacements
3 forward UQ 2 pposr Lym 3 symm. Leja (log k) 25 120 x-residual strains

symm. Gaussian Leja (T4)

response exhibits a sufficiently smooth dependence on the input parameters, which allows
sparse-grid surrogate models to achieve accurate approximations with a limited number of model
evaluations. This behavior is consistent with the underlying physics of the part-scale model,
where the dominant effects are governed by diffusive thermal processes and gradually evolving
mechanical fields.

In general, the sparse-grid surrogate model of a scalar-valued f(v) forv e I' ¢ RY with
associated PDF p(v) is denoted by Sy f(v) and reads:

f(v) =S8rf(v) = Z cily(v), c¢j:= Z (_1)||j||1.
ieZ jefo.V
i+jel

e i=[i1,i2,...,iN] € Nf is a multi-index with i, > 1;

T c N¥ is a downward-closed multi-index set (see Appendix A);

U;(v) is a tensor Lagrangian interpolant constructed on a Cartesian grid with

2ip -1 x---xQ2iy—-1) (2.14)
points;
* ¢j are the combination technique coefficients.

The sparse-grid surrogate model is thus obtained as a linear combination of tensor interpolants
defined over different grids. The choice of the multi-index set 1 is therefore crucial.
A simple choice is
o = {i e NV m;lx(in -1) < w},

which leads to a full tensor grid with (2w + 1) points and is therefore computationally prohibitive

for moderate N.
A more efficient alternative is

N
Toum ={i € Nﬁ] : Z(ln -1) <w},
n=1

which yields a sparse sampling of the parameter space while retaining good approximation
properties.
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The union of all points required by the interpolants U;(v) defines the sparse grid. Figure 2.6
illustrates an example.

The selection of univariate collocation points is also critical. Equispaced nodes are avoided
due to the Runge phenomenon [95]. Instead, non-equispaced nodes consistent with the underlying
PDFs are used.

For uniform distributions (o rior and pprior,req), symmetric Leja points are employed, while
for the posterior-based surrogate (p,s), symmetric Gaussian Leja points are used for T and
symmetric Leja points for log /,,. These choices ensure good interpolation properties and efficient
sampling of the parameter space.

Finally, the extension to vector-valued Qols is straightforward, as the same sparse grid can be
used for each component.

Having introduced the surrogate modeling framework, the detailed description of each step
of the UQ workflow can now be provided.

2.5.1.4 Global sensitivity analysis

Global sensitivity analysis (GSA) is employed to quantify the influence of the uncertain parameters
(see Table 2.6) on the variability of the displacement field. In the present work, the Sobol
decomposition method [96-100] is employed.

The Sobol method is based on a variance decomposition analogous to the classical ANOVA
expansion and enables the partition of the total variance of the Qols into contributions associated
with each input parameter and their interactions. Two sets of sensitivity measures are considered,
namely the principal Sobol indices and the total Sobol indices. The former quantify the individual
contribution of each parameter to the variance of the Qols, whereas the latter account for the
total contribution of each parameter, including all interaction effects with the remaining inputs.

In practice, the computation of Sobol indices requires repeated evaluations of the Qols over
the parameter space. To alleviate the associated computational cost, the analysis is performed by
replacing the high-fidelity PBF-LB/M model with the sparse-grid surrogate model introduced in
Section 2.5.1. This surrogate-based approach enables the estimation of the sensitivity indices
while preserving the accuracy of the variance decomposition.

It is important to note that polynomial chaos expansions (PCE) combined with ANOVA-type
decompositions (often referred to as PCE-ANOVA or PCE-ANCOVA) represent a widely
adopted and highly efficient framework for global sensitivity analysis, particularly in the context
of surrogate modeling [101-104]. In such approaches, Sobol indices can be obtained directly
from the coeflicients of the expansion, leading to significant computational advantages. These
approaches are particularly effective when an explicit polynomial representation of the model
response is available.

However, in the present work, sparse-grid surrogate models are employed in a non-intrusive
interpolation setting, which provides a flexible approximation framework compatible with the
structure of the underlying high-fidelity model and the adopted UQ workflow. This choice is
consistent with the low-dimensional setting of the problem and with the smooth dependence of the
Qols on the uncertain parameters. The use of sparse grids allows for an accurate approximation
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Figure 2.6: Breakdown of the sparse grid (h) into the tensor grids composing it (a)—(g). Figure
(1) illustrates the different families of collocation points used in this work: symmetric Leja points
for a uniform PDF on I';, = [—1, 1], and symmetric Gaussian Leja points for a Gaussian PDF
with zero mean and unit standard deviation.

of the Qols with a limited number of model evaluations, enabling the subsequent computation of
Sobol indices without requiring an explicit polynomial expansion of the model response.

The resulting sensitivity indices provide a global assessment of the relative importance of the
uncertain parameters over the prescribed parameter domain and form the basis for the model
reduction strategy described in Section 2.5.1.
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2.5.1.5 Inverse uncertainty quantification analysis

A Bayesian inverse approach [60—62] is adopted to perform the inverse UQ analysis. More
specifically, Bayesian inversion consists in updating the PDF of the two remaining uncertain
parameters T4 and log i), from the prior distribution p;;or reqd to a posterior PDF p .4, which
incorporates the information provided by a set of displacement measurements at K positions
X1.meass - - - » XK.meas (8€€ Section 2.5.1.7.2.1 for details on the locations of X jeas)-

Ideally, experimental displacement measurements would be employed in the inverse UQ
analysis. However, as a preliminary step, the present work considers a set of imperfect (noisy)
synthetic data i, obtained by evaluating the part-scale thermomechanical model at a prescribed
parameter vector v (referred to as the rarget values), and subsequently perturbing the resulting
displacement field by independent Gaussian noise realizations to mimic measurement errors:
{ak = u(Xmeas, V) + &6, k=1,...,K, 015
er ~ N(O, 0'82k).

This setting enables a controlled assessment of the inversion procedure, isolating methodological
aspects from additional discrepancies that could arise due to model-form errors. For simplicity,
the noise level is assumed constant, i.e., o, = 0 for all k.

To formulate the Bayesian inverse problem, the misfits My (v) between the synthetic data and
the model-predicted displacements are introduced:

My (v) =iy — u(Xg.meass V), k=1,...,K. (2.16)

The posterior PDF p,, is obtained through Bayes’ theorem [60, 61]:
Prow(¥) = LOV ) pprirsed ) 1)
where C is anormalization constant and £ (v | ii; ) denotes the likelihood function, which quantifies

the plausibility of the parameter vector v given the observed data. Under the assumption of
independent Gaussian measurement noise (see Equation (2.15)), the likelihood reads:

Ko ( M,?(V))
L(v]iyg) = —exp| - . (2.18)
B \27o2, 207,

In practice, the repeated evaluations of the model response (X jneqs, V) required for the
construction of the likelihood would be computationally prohibitive if performed using the high-
fidelity PBF-LB/M model. To overcome this limitation, the likelihood function is evaluated by
replacing the high-fidelity model with the sparse-grid surrogate model introduced in Section 2.5.1.
This surrogate-based formulation ensures computational tractability while preserving an accurate
representation of the dependence of the Qols on the uncertain parameters.
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The final objective of the UQ workflow (step 3) is to sample the reduced parameter space
I'ycq according to p,,, in order to propagate the updated uncertainty to the residual strains (data-
informed forward UQ). Sampling the posterior distribution can be performed using Markov Chain
Monte Carlo (MCMC) methods [105, 106], which may nevertheless remain computationally
intensive even in the presence of surrogate models.

A significant reduction in computational cost is achieved by approximating p,,; with a
Gaussian distribution [62], characterized by an appropriate mean vector and covariance matrix.
This approximation corresponds to a Laplace approximation of the posterior distribution around
its maximum a posteriori (MAP) estimate [107, 108]. The validity of this approximation is
discussed in the following subsection, which details the computation of the mean and covariance
matrix of the Gaussian approximation of p.. In this context, the second sparse-grid surrogate
model reported in Table 2.7 plays a central role.

2.5.1.5.1 Gaussian approximation of posterior probability density function

The Gaussian approximation introduced in the previous subsection corresponds to a Laplace
approximation of the posterior PDF around its maximum. Accordingly, the mean of the Gaussian
approximation is taken as the maximum of the posterior PDF, vy;4p (MAP), defined as:

VMAP i= argMax P, (v) = argmax L(v | i), (2.19)
V€l eq V€l eq
where the second equality follows from the fact that p,,;o, e and C are constant with respect to
V.
This maximization is equivalent to a nonlinear least-squares problem, obtained by minimizing
the negative log-likelihood:

Vymap = argmin[—log L(v|i)] = argmin LS(v), (2.20)
Vel ed Vel ed
K
LS(v) = Z M2(v). 2.21)
k=1

The functional [—log L (Vv |ii;)] is commonly referred to as the negative log-likelihood. The
minimization of LS(v) requires multiple evaluations of the model response u(Xx meas, V)-
To reduce the computational cost, the high-fidelity model is replaced by the sparse-grid
surrogate model reported in the second row of Table 2.7, leading to the modified misfit definition:
My (v) =i — Sz, U(Xkmeass V)s k=1,...,K.

sum

The use of the surrogate model makes the evaluation of the likelihood computationally
inexpensive and, in principle, enables the use of sampling-based approaches such as MCMC
for posterior exploration. However, in the present work, a Laplace approximation is adopted in
order to obtain an explicit Gaussian approximation of the posterior distribution, which provides a
compact representation of parameter uncertainty in terms of mean and covariance and enables
efficient propagation in the subsequent forward UQ step.
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Once vyr4p has been computed, the covariance matrix of the Gaussian approximation of
Ppost 18 obtained as:

K -1
Zpost = Toap (iju > MkHﬁk) : (2.22)
k=1
which corresponds to the inverse of the Hessian of the negative log-posterior evaluated at vy 4p,
consistently with the Laplace approximation framework [36, 37].
The quantities appearing in Equation (2.22) are defined as follows:
2

* 0, 4p 18 an estimate of the noise variance, obtained via the standard plug-in estimator:
-2 =2 RN ~ 21 .
O R Opyap = } Z (uk - M(Xk,meas, VMAP)) = ELS(VMAP)a (2.23)
k=1

* J, is the Jacobian matrix of the displacement field with respect to v, evaluated at vy, 4p;

* Hj, denotes the Hessian of u(Xy jneqs, V) With respect to v, evaluated at vas4p.

The evaluation of the Jacobian and Hessian matrices is performed using finite-difference
approximations based on the sparse-grid surrogate model, which enables efficient computation
of first- and second-order derivatives with negligible additional cost.

The resulting Gaussian approximation provides a local characterization of the posterior
distribution around the MAP estimate. The validity of this approximation depends on the degree
of nonlinearity of the forward model and on the concentration of the posterior, and is discussed
in the following section.

2.5.1.6 Data-informed forward uncertainty quantification analysis

Efficient characterization of the uncertainty in f(v) constitutes the main objective of the data-
informed forward UQ analysis. This step relies on the posterior PDF p,; of the parameters in
order to quantify the uncertainty in the prediction of the residual strains of the cantilever beam,
given the uncertainty in 74 and log /4, as described by p .-

More precisely, the aim is to approximate the PDF of the residual strains at L locations X; g,
along the x-direction, i.e. &, (X; s, V) (see Section 2.5.2.3.1 for details on the locations of X; ).

To this end, a sparse-grid surrogate model is first constructed for the residual strains, denoted
by Srz.,..&xx (X str, V), at each of the L locations, using the specifications reported in the third
row of Table 2.7. The accuracy of these surrogate models with respect to the high-fidelity model
evaluations &£, (X; s, v) is verified a posteriori and found to be sufficient for the intended analysis
(see Section 2.5.1.7.3).

The propagation of uncertainty is then performed by sampling the posterior distribution ;.
In the present work, 10* samples of v are generated and used to evaluate the surrogate model,
yielding corresponding realizations of the residual strains at each location.

It is noted that, due to the negligible computational cost of evaluating the sparse-grid surrogate
model, significantly larger sample sizes (e.g. 10°-10°) could be employed without additional
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computational burden. However, numerical experiments indicate that 10* samples are sufficient
to ensure convergence of the estimated statistics and of the resulting probability density functions,
with no appreciable changes observed for larger sample sizes.

Finally, the PDF of the residual strain at each location is approximated by applying a kernel
density estimation method [109, 110] to the surrogate-based samples.

2.5.1.7 Results and discussion

This section reports the numerical results obtained from the UQ workflow described above,
including the outcomes of the global sensitivity analysis (GSA), the inverse UQ analysis, and the
data-informed forward UQ analysis.

All high-fidelity simulations of the PBF-LB/M process are performed on an HPC server
equipped with 128 AMD EPYC 7702 @ 1.67 GHz CPU cores and 376 GB of RAM. The UQ
analyses are implemented in MATLAB, using the Sparse-Grids Matlab-Kit [80].

2.5.1.7.1 Global sensitivity analysis

The global sensitivity analysis described in Section 2.5.1.4 is performed by considering as Qol
the displacements at the centers of the eleven ridges of the cantilever beam (see Figure 2.2), i.e. a
vector-valued Qol with components f;(v) = u(X; gsa, v) for j = 1,...,11. This yields 11 sets
of Sobol indices, reported in Figure 2.7.

The Sobol indices are evaluated using the sparse-grid surrogate model introduced in Sec-
tion 2.5.1, which replaces the high-fidelity PBF-LB/M model and enables an efficient computation
of the variance-based sensitivity measures.

The sets corresponding to the first eight ridges, located further from the end of the removal
area (Figure 2.2), exhibit consistent trends. In contrast, the remaining three sets are considered
unreliable due to their proximity to the removal area and are therefore excluded from the
subsequent analysis. In these regions, the vertical displacements are essentially negligible for all
parameter values, which leads to an ill-conditioned variance decomposition and consequently to
unreliable Sobol indices.

The results indicate that the parameters with the largest principal and total Sobol indices,
and therefore the greatest influence on the displacements, are T4 and log £, while log h, has a
negligible effect.

This observation motivates a reduction of the parameter space, whereby only 74 and log &,
are retained as uncertain parameters in the subsequent analyses, while log A, is fixed to a constant
value.

Specifically, log hg is set to —5, corresponding to the lower bound of the prior interval
reported in Table 2.6. This choice is consistent with the Sobol analysis, which indicates negligible
sensitivity of the Qol with respect to this parameter over the entire prior domain. Selecting
the lower bound provides a conservative and physically admissible value within the prescribed
range, corresponding to a regime in which heat losses through the surrounding gas are minimal
compared to the contribution of powder convection.
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Fixing log h, in this manner reduces the dimensionality of the parameter space while
preserving the dominant sources of variability identified by the global sensitivity analysis.
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Figure 2.7: Magnitude of Sobol indices based on the displacements evaluated at the 11 ridges
of the cantilever beam (Qol) for the three-parameter model: (a) Principal Sobol Indices that
measure the individual contribution of each parameter to the variance of the Qol; (b) Total Sobol
Indices that quantify the contributions of each parameter combined with the others.

2.5.1.7.2 Inverse uncertainty quantification

This section presents the results of the Bayesian inverse uncertainty quantification analysis
described in Section 2.5.1.5. In particular, it reports the computation of the maximum a posteriori
(MAP) estimate [107, 108], the Gaussian approximation of the posterior distribution obtained
via the Laplace approximation [111, 112], and the corresponding reduction of uncertainty with
respect to the prior distributions.

2.5.1.7.2.1 Surrogate modeling

A new sparse-grid surrogate model depending only on T4 and log 4, is constructed for use within
the inverse UQ analysis. This surrogate is defined in the reduced parameter space identified
by the GSA and is therefore consistent with the reduced prior distribution pior req and the
subsequent Bayesian inversion. Constructing a surrogate directly in the reduced space improves
both efficiency and approximation accuracy by avoiding unnecessary sampling along directions
identified as non-influential.

As already mentioned, the new sparse grid employs the index set Zy,,, and is based on 25
evaluations of the PBF-LB/M model (cf. row 2 of Table 2.7), corresponding to the points reported
in Figure 2.8(a).

A vector-valued Qol is considered, with components £ (V) = u(Xg meas, V) for k =1,...,9,
i.e., 9 measurement locations X ;.45 are selected at the first 5 ridges and at the 4 midpoints
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between the respective ridges up to x = 28.5 mm (see Figure 2.2). This choice ensures that the
measurement locations remain sufficiently distant from the end of the removal area (x = 56 mm),
where numerical instabilities may affect the solution.

The corresponding 9 surrogate models exhibit similar behavior; therefore, in the following,
results for the first ridge are reported. Figure 2.8(b) shows the surrogate model Sy, u(X1 meas, V),
which exhibits a monotonic dependence on both parameters.

Before proceeding with the inversion, the accuracy of the sparse-grid surrogate model
is assessed through a convergence study. Specifically, M = 50 random parameter pairs
v = (T4, log h),) are generated and, for each of them, the displacements at the 9 measurement
locations are computed using the high-fidelity model. The corresponding surrogate predictions
are then evaluated for increasing sparse-grid levels w =0, 1,2, 3.

It is emphasized that these M = 50 samples are used exclusively as an independent test set
for error estimation and are not involved in the construction of the surrogate model.

The following error metrics are considered: the pointwise prediction error Eppr and the
quantity denoted as Essg, which, despite the notation, represents a root mean square relative error
obtained by normalizing the squared residuals with respect to the corresponding displacement
magnitude:

|u(Xk,meas» Vi) - Sllmmu(xk,meas, Vt')| .

EPPE = max s (224)
i=1,...M |u(xk,mea5a Vi)|
M 2
1 (u(xk,meus, Vi) - Slmmu(xk,meas, Vi))
Ewse = |77 Z . (2.25)

i=1 (u(xk,meas, Vi))2

The normalization by the magnitude of the reference solution provides a pointwise relative
error measure that is directly interpretable in terms of percentage deviation. It is acknowledged
that alternative normalization strategies, such as scaling with respect to the standard deviation
of the sample, may offer improved robustness, particularly in situations where the reference
quantity approaches zero. In the present case, however, the displacement values at the selected
measurement locations are strictly non-zero and sufficiently bounded away from zero, so that the
adopted normalization does not introduce numerical instabilities and remains representative of
the approximation error.

The results of the convergence test reported in Figures 2.9(a) and 2.9(b) show that the
sparse-grid surrogate model with w = 3 (25 sparse-grid points) provides a sufficiently accurate
approximation for the inverse UQ analysis. In particular, the maximum relative error is
approximately 1%, while the root mean square relative error is even smaller.

The accuracy of the surrogate model is further illustrated in Figure 2.10, where the displace-
ments obtained from the high-fidelity model are compared with those predicted by the surrogate
model. As the sparse-grid level increases, the surrogate predictions progressively align with
the high-fidelity results, confirming the reliability of the surrogate model for the subsequent
inversion step.
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Figure 2.8: Sparse-grid surrogate model construction for the inverse UQ analysis with w = 3 (25
sparse-grid points) for the first ridge of the cantilever beam (i.e., X1 ;eqs = (0.5,2.5,12.5)): (a)
Sparse grid; (b) Surrogate model.
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Figure 2.9: Results of the sparse-grid surrogate model for inverse UQ analysis. Convergence test
for the first ridge of the cantilever beam (i.e., X1 jneqs = (0.5,2.5,12.5)): (a) Pointwise prediction
error Eppr; (b) Root mean square error Eyssg (defined as relative error, see text).

2.5.1.7.2.2 Bayesian inverse analysis

As discussed in Section 2.5.1.5, the Bayesian inversion is performed using synthetic noisy
displacement data iy, k = 1,...,9, generated according to Equation (2.15). The noise level is set
to & = 1072 and the target parameter vector is chosen as v = (Ty4; log h,) = (1339.8°C; -3.75).

The synthetic displacement data are reported in Figure 2.11, together with the corresponding
displacements obtained from the high-fidelity thermomechanical model at the target value v. The
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Figure 2.10: Results of the sparse-grid surrogate model for inverse UQ analysis. Comparison
between sparse-grid surrogate model displacements and part-scale thermomechanical model
displacements for the first ridge of the cantilever beam (i.e., X neqs = (0.5,2.5,12.5)): (a) Sparse
grid with level w = 1; (b) Sparse grid with level w = 3.

figure also displays the associated error bars. Unlike standard representations, the error bars are
centered at the exact (yet unknown) displacement values u (X neqs, V) and represent the interval
u(Xk,meas»> V) £ 30, which contains approximately 99% of the realizations of the Gaussian noise
model.

The measurement locations X yeqs coincide with those introduced in the previous subsection.
The adopted dataset is sufficient for the present analysis; additional tests performed with larger
datasets do not significantly alter the results.

The mean of the Gaussian approximation of p,.s, 1.e. Vyap (see Equation (2.20)), is
computed by minimizing the least-squares functional LS(v). This minimization is carried
out using the derivative-free Nelder—Mead algorithm (implemented in Matlab through the
fminsearch routine). To improve robustness, the optimization is repeated from multiple initial
guesses.

Three local minima are identified (see Figure 2.12(b)), one of which lies outside the admissible
range of T4 (see Table 2.6) and is therefore discarded. The two remaining minima exhibit very
similar values of T4 =~ 1341 °C, but significantly different values of log &, (approximately —5
and —-3).

This behavior indicates a lack of identifiability of the parameter log &, based on the available
displacement data. In such situations, the Laplace approximation may yield a Gaussian posterior
that is artificially spread along directions of weak sensitivity, potentially extending beyond the
support of the prior distribution.

For this reason, a Gaussian approximation is retained only for the parameter T4, while log &),
is modeled through a uniform posterior distribution over the interval where the likelihood remains
approximately constant.
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Figure 2.11: Displacements u(Xk meas, V) Obtained from part-scale thermomechanical analysis
(gray curve) and synthetic displacements data iy (black marker). Error bars associated with
the measurements are also reported. Unlike standard error bar plots however, the error bars
are centered at the exact (yet unknown) values on the displacements u (X neqs, V), and show
the ranges within which the actual noisy measurements are most likely found, according to
Equation (2.15), i.e., u(Xk_meas, V) £ 30

This interpretation is supported by the inspection of the isolines of the least-squares functional
(Figure 2.12(b)), which reveal an elongated flat region along the log &, direction. Further insight
is obtained by analyzing one-dimensional profiles of LS: fixing log i, = -3 yields a parabolic
profile in T4 (Figure 2.12(c)), whereas fixing T4 = 1341 °C leads to an almost flat profile in
log h), (Figure 2.12(d)). These observations confirm that a Gaussian approximation is appropriate
for T4, but not for log &,,.

Such graphical analysis of the negative log-likelihood is commonly referred to as “profile
likelihood inspection”(see, e.g., [113]).

Accordingly, the mixed approximation strategy introduced in Section 2.5.1.5.1 is adopted:
the posterior PDF p,,, (V) is approximated as the product of a Gaussian distribution for 74 and a
uniform distribution for log 71,,.

In detail:

* the Gaussian PDF for T4 (Figure 2.13(a)) is centered at T4 = 1341 °C, with standard
deviation o7, pos given by the square root of the (1, 1) entry of the covariance matrix
X 05t (see Equation (2.22)), yielding o7, poss = 13°C;

* the uniform posterior for log 4, is defined over the interval (-5; —1.5), corresponding to

the region where the likelihood remains approximately flat, as indicated by Figure 2.12(d).
The resulting posterior distributions are summarized in Table 2.8. Finally, the approximation
&1%/1 AP of &2 is verified to be accurate: the true value is 2 = 0.01, while the estimate yields

o3 p = 0.00767.
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Figure 2.12: Results of the inverse UQ analysis: (a) Surface plot of the least-squares functional
LS(v); (b) Isolines of LS(v), target value v, the position of the cutting planes used to generate
the one-dimensional plots in Figure 2.12(c) marked with a solid black line and in Figure 2.12(d)
marked with a dashed black line, and the two MAP values computed by minimization of LS(v);
(c) LS profile at log h,, = —3 with the two MAP values; (d) LS profile at T4 = 1341°C with the
two MAP values.

Table 2.8: PDF of the parameters resulting from the inverse UQ analysis and used as input for
the data-informed forward UQ analysis.

Random Variables posterior PDF
T4 [°C] Gaussian(1341;13)

logh, [-] Uniform(-5, —1.5)
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Figure 2.13: Results of the inverse UQ analysis: (a) Uniform prior-PDF and Gaussian posterior-
PDF for parameter T4 before and after Bayesian inversion; (b) Uniform PDFs for the log 4,
parameter before and after Bayesian inversion.

2.5.1.7.3 Data-informed forward uncertainty quantification

The final step of the uncertainty quantification workflow consists of a data-informed forward
analysis. The focus is on the residual strains £ (X; s, v) evaluated at L = 120 locations X; g in
the central plane of the cantilever beam at z = 11 mm (see the dotted green line in Figure 2.2).

The quantities of interest are obtained by propagating the uncertainty in the parameter vector
v, which is sampled according to the posterior PDF p . resulting from the inverse UQ analysis
(see Table 2.8).

2.5.1.7.3.1 Surrogate modeling

Since the posterior PDF of the parameters has changed (Table 2.8 ), a new set of 120 sparse-grid
surrogate models is constructed, following row 3 of Table 2.7. This choice reflects the need
to accurately approximate the model response in the region of the parameter space that is
effectively explored in the forward uncertainty propagation, which is now governed by the
posterior distribution rather than the prior one.

The sparse grid underlying these surrogate models consists of 25 new collocation points in
I'veq and is shown in Figure 2.14(a). Figure 2.14(b) shows the sparse-grid surrogate model for
the strains at x = (x,y,z) = (1.5,2.5, 11) mm; a similar interpolating surface is observed for all
other locations.

A convergence test similar to the one used for the sparse-grid surrogate model for the
inverse UQ is also performed. Therefore, the strains are evaluated by the high-fidelity model for
M = 50 new random values of v = (T, log h,,) sampled according to p,,:, and these residual
strains are compared with their approximations obtained by the sparse-grid surrogate models
with w = 0, 1, 2, 3, obtaining the corresponding values for the pointwise prediction error Eppg
(Equation (2.24)) and the quantity E;sg (Equation (2.25)), which represents a normalized root
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mean square error.

As expected, the trend of the errors Eppr and Ej s as w increases is similar for all 120
positions; therefore, the result for x; i = (1.5,2.5,11) mm is reported (see Figure 2.15). The
convergence test indicates that the surrogate model with w = 3 (25 sparse-grid points) provides
sufficient accuracy for the intended analysis.

The same conclusion is supported by Figure 2.16, which shows that, as the number of
sparse-grid points increases, the residual strains predicted by the surrogate model converge to
those obtained from the part-scale thermomechanical simulations.

Exx [mm/mm]

=5 1300 1320 71340 “1360 ~ 1380° 1400
Ty [C

(a) b)

Figure 2.14: Sparse-grid surrogate model construction for the data-informed forward UQ
analysis with w = 3 (25 sparse grid points) for the first position of the cantilever beam (i.e.,
X1 s = (1.5,2.5,11)): (a) Sparse grid; (b) Surrogate model.

2.5.1.7.3.2 Data-informed forward analysis

After validating the sparse-grid surrogate model, the final step of the data-informed forward
UQ analysis is carried out, i.e., computing the data-informed PDF of &,,, as explained in
Section 2.5.1.6. To assess the extent to which the inverse UQ process reduces the uncertainty
in the prediction of &,,, the forward UQ procedure based on the prior-information only is also
performed, i.e., a surrogate model for Sy, €, is built according to the prior PDFs, T4 and log 4,
are sampled from such prior PDF and the corresponding prior-based PDF of &y, is derived. In
Figure 2.17 the following are shown: 1) the most probable residual strain profiles along the
x-direction x-profiles of &, obtained by the two forward UQ analyses, i.e., the modes of the
two PDFs of €, at each of the L = 120 locations (dotted black line for the prior-based PDF,
continuous red line for the data-informed PDF), and ii) the associated uncertainty bands, i.e.,
the 5%-95% quantile bands of the two PDFs (gray area for the prior-based PDF, pink area
for the data-informed PDF). The figure also reports (continuous black line) the x-profile of
the residual strains obtained from the part-scale thermomechanical analysis at the target value
vV = (Ty;logh,) = (1339.8 °C; —3.75): this profile is in very close agreement with the mode of
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Figure 2.15: Results of the sparse-grid surrogate model for data-informed forward UQ analysis.
Convergence test for the first position of the cantilever beam (i.e., Xj s = (1.5,2.5,11)): (a)
Pointwise prediction error Eppg; (b) Root mean square error Eysk.
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Figure 2.16: Results of the sparse-grid surrogate model for data-informed forward UQ analysis.
Comparison between sparse-grid surrogate model residual strains and part-scale thermomechani-
cal model residual strains for the first position of the cantilever beam (i.e., X1 5 = (1.5,2.5,11)):
(a) Sparse grid with level w = 1; (b) Sparse grid with level w = 3.

the data-informed PDF, which means that the most likely residual strains profile identified by
such PDF closely resembles the true profile. Moreover, the fact that the prior-based quantile
band is significantly larger than the data-informed one indicates that incorporating the posterior
information greatly reduces the uncertainty in the prediction of the residual strains. To provide
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further insight in this uncertainty reduction, 6 locations of the cantilever beam (marked by vertical
dotted lines in Figure 2.17) are selected, for which the prior-based and data-informed PDFs of
the residual strain are plotted in Figure 2.18. The residual strain profile for the target value v is
also shown in Figure 2.19, where the profile is overlapped with the geometry of the cantilever
beam to provide more geometrical context to the information discussed in Figures 2.17 and 2.18.

a0
prior uncertainty - posterior uncertainty

--- mode prior PDF — mode posterior PDF
— target value v

ot

xx [mm/mm]|
w

€.

45 55

ot
—_
wt
[N
[S2}
w
St

X [mm]

Figure 2.17: Results of data-informed forward UQ analysis: i) the mode of the prior-based
(dashed black line) and data-informed posterior (continuous red line) PDFs of the residual strain
&yxyx; 11) the prior-based (gray area) and data-informed posterior (pink area) uncertainty bands
for the residual strain &,y; 1ii) the residual strain profile (continuous black line) obtained from
part-scale thermomechanical analysis for the target value v; The vertical dotted lines represent
the 6 positions at which the prior and data-informed posterior PDFs are reported in Figure 2.18.

2.5.2 Uncertainty quantification based on multi-fidelity sparse-grid surro-
gate modeling

The present section extends the UQ framework discussed in Section 2.5.1 for the thermomechanical
response of the part-scale PBF-LB/M model. In particular, the single-fidelity surrogate modeling
strategy is replaced by a multi-fidelity surrogate modeling approach based on the MISC method
[81, 82].

2.5.2.1 Multi-fidelity uncertainty quantification framework

The multi-fidelity UQ framework developed in the present section follows the general structure
introduced in Section 2.5.1. To avoid unnecessary repetition, all notation and assumptions
concerning the uncertain parameters — including the parameter vector v, the parameter domains
I',,, the parameter space I', and the PDFs — are inherited directly from the single-fidelity UQ
framework in Section 2.5.1. The discussion therefore focuses exclusively on the modifications
introduced by the transition from a single-fidelity to a multi-fidelity setting.
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Figure 2.18: Results of data-informed forward UQ analysis. Prior-based and data-informed pos-
terior PDFs of the residual strains at selected locations along the beam (see Figure 2.17), together
with the corresponding residual strain values obtained from the part-scale thermomechanical

simulation at the target value V.

In contrast to the single-fidelity formulation, no additional GSA is performed in the multi-
fidelity UQ framework. In fact, the GSA conducted in Section 2.5.1.4 identified the activation
temperature, T4, and the powder convection coeflicient, /,, as the only influential parameters,
while the gas convection coefficient, &g, exhibited a negligible impact on the Qols, i.e., on
cantilever beam displacements. Accordingly, the multi-fidelity UQ framework operates directly
on the T4— log h, parameter space (see Table 2.6), thereby avoiding unnecessary computational
cost.

A further distinction with respect to the single-fidelity UQ framework concerns the nature of
the observational data employed in the Bayesian inversion. While the single-fidelity framework
relied on noisy synthetic displacement data to isolate and assess the methodological aspects of
the inverse problem, the multi-fidelity UQ framework directly incorporates the experimental
displacement measurements provided by the NIST for the AMBench2018-01 benchmark [1, 114].

A key distinction with respect to the single-fidelity UQ framework also concerns the computa-
tional treatment of the PBF-LB/M model. High-fidelity numerical simulations, particularly those
based on refined meshes required for accurate residual-strain prediction, entail a substantial com-
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Figure 2.19: Residual strains obtained from the part-scale thermomechanical analysis for the
target value v.

putational expense. Since both Bayesian inverse and data-informed forward UQ analyses require
repeated model evaluations across the parameter space, reliance on high-fidelity simulations
alone would be computationally prohibitive.

To overcome this limitation, the present work adopts a multi-fidelity sparse-grid surrogate
modeling strategy that combines a limited number of high-fidelity numerical simulations with
a larger set of inexpensive low-fidelity evaluations. This approach enables Bayesian inverse
and data-informed forward uncertainty quantification at a markedly reduced computational cost,
while preserving the level of accuracy required for reliable thermomechanical predictions.

2.5.2.2 Multi-fidelity sparse-grid surrogate modeling

The multi-fidelity sparse-grid surrogate models are constructed by means of the MISC method,
see [81, 82, 115, 116], which is a multi-fidelity surrogate modeling technique that extends to
the multi-fidelity paradigm the sparse grids method, one of the well-established single-fidelity
surrogate modeling methodologies [78, 80, 92, 93].

To describe how MISC works, let f(v) denote any Qol of the PBF-LB/M model, such as
the displacements or the residual strains of the cantilever beam at a certain location. The values
of these Qols can only be known approximately through the numerical scheme introduced in
Section 2.4, used to solve the governing equations of the PBF-LB/M model on either of the two
meshes illustrated in Figure 2.3 and detailed in Table 2.2. The notation f,(v), with @ = 1,2, is
then introduced to refer to the value of any Qol computed on those two meshes, where @ = 1
refers to the coarse mesh and @ = 2 to the fine one. The approximations f,(v) are referred to
as fidelities in the following. Before continuing, it is remarked that the multi-fidelity approach
described below can be extended easily to the case where more than two fidelities are available,
as well as to situations in which there is more than one discretization parameter controlling the
resolution of the numerical scheme (for instance, a mesh size and a time step). Furthermore, the
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different fidelities may also correspond to different descriptions of the physics of the problem:
for instance, distinguishing whether the physics of the printing process is simulated in a weakly
coupled way (as detailed in Section 2.4) or in a fully coupled way (see, e.g., [117]). For a
thorough discussion on multi-fidelity methods, see, e.g., [118, 119].

The basic idea of multi-fidelity surrogate modeling is to build an approximation of the
function v — f(v) given a set of M evaluations of f,(v) obtained for suitable choices of v and
a, where crucially most of the M evaluations are obtained using the low-fidelity approximation
corresponding to @ = 1, thus keeping the computational cost required for the construction of the
surrogate model at an acceptable level. Roughly speaking, the evaluations of fj(v) are needed
to capture the trend of the function v — f(v), whereas the few evaluations of f>(v) are only
needed to correct the bias in the numerical values of the surrogate model introduced by having
sampled the low-fidelity approximation only. Therefore, it is evident that the success of the
method largely depends on a sufficient correlation between the fidelities involved. The presence
of such correlation is not always guaranteed and may be less common than sometimes believed;
one situation in which correlation is present is when the different fidelities consist of different
computational meshes, all of which are sufficiently accurate to capture the essence of the physics
(as in the present work). In detail, the MISC multi-fidelity surrogate model of f(v) is computed
as a linear combination of several single-fidelity surrogate models of v — f,(v), each obtained
by evaluating f, over a different set of values of v, according to the following equation:

FO~SrfM = ) caplUamp(¥). (2.26)
[a.Blel

In the equation above:

1. m(-) is anon-decreasing function; in the present work the following definition is considered,
although other choices are possible (see, e.g., [80]):

m : N, — N, such that m(i) =2i — 1.

2. B=(Bi1,...,Bn) € N¥ is a multi-index whose components control the sampling of the
parameter space I'. More specifically, a Cartesian grid over I', denoted 7,,,(g), is considered,
composed of m(B1) X m(B;) X - -- X m(By) points. The sets of univariate points used to
generate 7,,(g) are denoted by 7, ,,(g,). For efficiency reasons, the sets 7, ,,(g,) should
be chosen according to the PDF p,, and should satisty 7, () C Tom(s) if r < s, 1.€., the
collocation points must be nested. A good choice for p, uniform, as in the present problem,

is represented by the so-called symmetric Leja points as in Appendix B. The Cartesian grid
(Jn)

. . . n,m(ﬁ)’ .
noted that after the Bayesian inverse analysis the PDFs p,, of the uncertain parameters
will no longer be uniform, so these points will need to be changed and the multi-fidelity

sparse-grid surrogate model will need to be re-built.

Tm(p) 1s then the set of points 7,,g) = {V el:v,=v Jn < m(,@n)}. It is already

3. Uy, m(p) (V) is an N-variate Lagrangian interpolant of f;, (v) built over the Cartesian grid
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7;"('3), ie.,
~ . 0)) (6))
fa/(v) ~ (L[a/,m(ﬁ)(v) = Z f(l (V,;]l(ﬁ)) 'En.t](ﬂ) (V),
jsm(p)

where j < m(f) means j, < m(B,) forn =1,...,N, and ngﬂ) are the N-variate

Lagrange polynomials associated with the points in 7,,(g)."
4. T c NV is a multi-index set whose elements are extended multi-indices [a, B8]. It gathers

all the N-variate Lagrangian interpolants that compose the MISC approximation. It is
required that 7 is downward closed, i.e.,

[y,6] < [e,B] and [@,B] € T = [y,6] € I.

The performance of the multi-fidelity sparse-grid surrogate model based on MISC (i.e., its
accuracy as the number of collocation points increases) crucially depends on the choice of
the multi-index set 7. In the present work, an adaptive a-posteriori strategy is considered
to simultaneously enlarge the multi-index set 7 and refine the corresponding surrogate
model Sy f(v), see [115, 116] for details. Roughly speaking, at each iteration of such
adaptive algorithm:

(a) afew candidate extended multi-indices [a, B] are temporarily added to 7;

(b) the corresponding new surrogate model Sy f(v) is computed, which requires solving
the PBF-LB/M model equation on the mesh specified by « for the parameter values
dictated by B;

(c) a heuristic selection criterion selects the extended multi-index [a, B8] that is most
effective in improving the surrogate model [115, 116];

(d) the list of candidates is updated accordingly, and the next iteration begins.
5. cq,p are the so-called combination technique coeflicients defined as follows:

Cap = Z (_1)|Ijll1_

i€{0,1}, je{0,1}N:
[a+i,B+jlel

2.5.2.3 Results of the uncertainty quantification workflow

In the present section, the numerical results obtained while performing the multi-fidelity UQ
workflow are shown and discussed. In detail, a procedure to compute the data-informed PDF of
the uncertain parameters by Bayesian inverse techniques is first presented, and the data-informed
forward UQ analysis for the residual strains is then illustrated.

m(Bn) Vi — v(k>

N
e D ey 2 [0 ) _ n.m(Ba)
i L) (V) = 1_! Cm(a () With €00y (Vvn) = . ll—kL SE G
n= =LE#EIn "n,m(By) n,m(Bn)
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2.5.2.3.1 Inverse uncertainty quantification analysis
2.5.2.3.1.1 Uncertain parameters and available data

As discussed in Section 2.5.2.1 the analysis considers the activation temperature, 74, and the
base-10 logarithm of the powder convection coeflicient, log &,,.

The experimental measurements data considered to perform the Bayesian inverse UQ analysis
are the displacements at the first K = 5 ridges of the cantilever beam provided by NIST [1],
denoted as Xi meas. K = 1, ..., K (see Figure 2.20). Only the first 5 ridges of the cantilever
beam are considered, as further tests with a larger number of data did not change the essence
of the results shown below. It is assumed that such experimental data correspond to the
solution of the PBF-LB/M model for an unknown value of the uncertain parameters Vv,
corrupted by an experimental error distributed as a Gaussian random variable with zero mean and
standard deviation 07,,.4s; furthermore, the experimental errors at the K locations are statistically
independent. In mathematical terms:

Uk,exp = u(xk,meaSa Vtrue) + €k, €k ~ N(O’ O-r%zeas)’ k= 1’ ey K. (227)

The values of u ¢xp, Kk = 1,. .., K are reported in Figure 2.21, together with the displacements
at the 6 additional ridges that are not considered, as already motivated.

...

0,000 15,000 30,000 {mm)
-

7,500 22,500

Figure 2.20: PBF-LB/M numerical model of the cantilever beam 75 mm long, 12 mm high and 5
mm wide with a build platform measuring 85 mm long, 12 mm high and 20 mm wide. Points
marked in purple are the locations Xy jeqs. K = 1,...,5 used during the Bayesian inverse UQ
analysis; the (blue) dotted line marks the locations where residual strains are predicted using
data-informed forward UQ analysis.

2.5.2.3.1.2 Surrogate modeling

The MISC sparse-grid surrogate model considered in the present analysis uses 22 evaluations of
the PBF-LB/M numerical model, corresponding to the points in the parameter space represented
in Figure 2.22(a). In detail, 17 evaluations of the PBF-LB/M numerical model are performed
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Figure 2.21: Displacements at the 11 ridges at the top of the cantilever beam provided by NIST
[1].

at the low fidelity, @ = 1, and 5 at the high fidelity, @ = 2. Note that the 5 points for which a
high-fidelity numerical simulation is requested are a subset of the 17 points for the low-fidelity
simulation, due to the nestedness of the symmetric Leja points.

The surrogate models obtained for the K locations X jeq.s Show similar behaviour; Fig-
ure 2.22(b) reports the one obtained for the first ridge of the cantilever beam, with coordinates
x=05mm, y=2.5mm, z=12.5 mm.

To further clarify this choice, it is important to recall that low fidelity is associated with the
coarse mesh of the cantilever beam model, whereas high fidelity is associated with the fine mesh,
as discussed in Section 2.4.1. When switching from low fidelity to high fidelity, the mesh size
is doubled, i.e., the number of elements in the vertical direction of the cantilever beam model
(Figure 2.3) is increased, as shown in Table 2.2. This choice is motivated by the aim of accurately
capturing the 5 ridges at the top of the cantilever beam in both models, as illustrated in Figure 2.3.
The adoption of two levels of fidelity in the cantilever beam model is related to the fact that,
although the low-fidelity model is able to represent the PBF-LB/M process, it cannot capture all
the details of the real geometry, in particular the openings in the cantilever beam (see Figure 2.1).
These details are captured by the high-fidelity numerical model. Therefore, using the MISC
methodology, the surrogate model is constructed by exploiting the low-fidelity model to replicate
the PBF-LB/M process and then correcting it with the high-fidelity model, which is crucial for
more accurate results.

The adoption of the multi-fidelity sparse-grid surrogate model based on MISC with 17
evaluations on the low-fidelity model and 5 evaluations on the high-fidelity model is driven
by a performance analysis of the surrogate model. The adaptive MISC algorithm detailed in
Section 2.5.2.2 is executed until a surrogate model providing acceptable pointwise prediction error
and mean square error values over a specified set of validation points is obtained. These validation
points are deliberately excluded from the surrogate construction and are used solely for validation
purposes, in order to provide an unbiased estimate of the prediction error. Including them in
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Figure 2.22: MISC surrogate model construction based on 17 evaluations (points marked
in blue) of the low-fidelity PBF-LB/M numerical model (¢ = 1) and 5 evaluations (points
marked in yellow) of the high fidelity (@ = 2) for the first node of the cantilever beam (i.e.,
X1.meas = (0.5,2.5,12.5)): (a) sparse grid; (b) surrogate model.

the surrogate construction would compromise the independence of the validation procedure
and could lead to an overestimation of the surrogate accuracy. To evaluate the effectiveness of
the obtained surrogate model, the displacement results obtained through numerical simulations
with ANSYS2021-R2 software on the high-fidelity model, Uz, are compared with the results
interpolated from the multi-fidelity sparse-grid model, Sy U, for 7 pairs of uncertain parameters
(T4, hp) values (validation points) represented by the burgundy points in Figure 2.9. In particular,
Figure 2.9 compares the displacement results using: the MISC model based on 6 evaluations (5 on
the low-fidelity model and 1 on the high-fidelity model), Figure 2.23(a); the MISC model based on
10 evaluations (7 on the low-fidelity model and 3 on the high-fidelity model), Figure 2.23(b); and
the MISC model based on 22 evaluations (17 on the low-fidelity model and 5 on the high-fidelity
model), Figure 2.23(c). The analysis of the results reveals a remarkable degree of accuracy in the
selected multi-fidelity surrogate model (Figure 2.23(c)). Indeed, contrary to what is shown in
Figures 2.23(a) and 2.23(b), Figure 2.23(c) shows that all points interpolated on the multi-fidelity
surrogate model exhibit significant alignment with the results obtained from ANSYS2021-R2
(represented by the blue line), indicating a good predictive ability of the surrogate model. This
highlights the importance of an adequate number of evaluations to ensure the robustness and
reliability of the multi-fidelity sparse-grid surrogate model based on MISC.

This level of consistency between the results obtained from the direct simulations and those
interpolated from the multi-fidelity surrogate model suggests that the multi-fidelity surrogate
model can effectively capture the complex relationships between the input parameters and
the responses of the thermomechanical cantilever beam model. Interestingly, this accuracy is
achieved despite the multi-fidelity surrogate model being trained using a relatively small number
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of numerical evaluations, thus demonstrating the effectiveness of the MISC method in optimizing
the balance between accuracy and computational cost.
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Figure 2.23: Results of the MISC surrogate model for inverse UQ analysis. Comparison between
high-fidelity displacement results with ANSYS2021-R2, Uz, and the displacement results for
three different MISC surrogate models (SyUz): a) MISC model with 6 (5+1) evaluations; b)
MISC model with 10 (7+3) evaluations; ¢) MISC model with 22 (17+5) evaluations. The
blue line represents the pairs (Uz ansys, Uz ansys) and the burgundy points represent the pairs
(Uz.ansys>» Uz m1sc), evaluated for each of the 7 validation points.

2.5.2.3.1.3 Bayesian inverse analysis

As discussed in Section 2.5.1.5 the goal of the Bayesian inverse UQ analysis is to find the posterior
PDF, ppos:(v), of log h), and T4 [61, 62, 120, 121] which is approximated locally by a Gaussian
distribution via a Laplace approximation. The approach requires setting the center of p . (V) at
the MAP point of the true posterior PDF, vy, 4p, 1.€.:

VmaAp -= argmax ppast(v)’ (2.28)

veRN
where: {
ppost(v) = L(V | Ul,exps U2.exps " ) pprior(v) E

More specifically, under the assumption made in Section 2.5.4.1.1 that the experimental
errors € are statistically independent random variables with PDF p,, , cf. Equation (2.27), the
likelihood function can be written as:

5
-E(V | Ul,exps U2,exps " ) = l—[ Pex (uk,exp - u(xk,meaS9 V)) .
k=1

Given the expression above for the likelihood, and under the further assumptions that the
prior PDF of the uncertain parameters is independently uniform (i.e., pprior (V) is a constant over
I" and zero elsewhere, cf. Section 2.5.2.1), and that the experimental errors are Gaussian random
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variables, cf. Equation (2.27), it can be easily shown [61, 62, 120, 121] that the maximisation
problem in Equation (2.28) is in practice equivalent to:

K
. . 2
Vymap = argmin[—log L(v| Ul,exps U2,exps ™ ° )| = argmin Z (uk,exp - U(Xk,meas’ V)) (2.29)
vell vell =1
K
. 2
~ argmin Z (uk,exp - Sfu(xk,meas’ V)) >
vel =1

where crucially in the last step the high-fidelity PBF-LB/M model evaluations u(Xx jmeas, V)
have been replaced with their multi-fidelity surrogate model approximations to speed up the
computations.

Also, it is noted that the minimisation in Equation (2.29) does not depend on the standard
deviation of the experimental errors, 0,.qs. If needed, a sample estimate of this quantity can be
obtained as:

1 & >
O-fieas X = Z (uk,exp - SI“(Xk,meaSa VMAP)) .

K k=1

Once vy 4p is obtained, the next step is computing the covariance matrix X, of the Gaussian
approximation of p,,s (v). Under the same assumptions that lead to Equation (2.29), it can be
shown that

2 T -1
ZPOSI‘ ~ Opmeas (~7u jl) ’

where 7, is the Jacobian of the PBF-LB/M model prediction u (X jmeqs, V) €valuated at the MAP
point, i.e.,
[jt]k,j = 6_M(Xk,meaSa VMAP)-
Vi

Following the steps just described, the resulting estimate is vyrap = (1386°C; =3) and X,
is essentially diagonal, which means that 74 and log /4, are essentially statistically independent,
i.e., two independent Gaussian variables; the diagonal entries of X,,,; provide their standard
deviations, o7, post = 95 °C and o7og hy.post = 0.92.

It is important to note that for the calibration of the parameter v (Equation (2.29)) the
Nelder—-Mead gradient-free optimization algorithm, accessible in MATLAB through the
fminsearch command, has been used. To increase the robustness of the results, several
optimizations with 20 different initial conditions for the optimization algorithm have been
performed, requiring overall 10000 surrogate model evaluations.

In Figure 2.24 the prior and posterior PDFs of the two parameters are compared.

It is important to remark that the Gaussian approximation of the posterior PDF obtained via
the Laplace method is a local approximation around the MAP point and does not enforce the
bounded support of the prior distribution. As a consequence, the resulting Gaussian posterior
may assign non-zero probability mass outside the admissible parameter domain I'.

This behavior is visible in Figure 2.24, where a portion of the approximate posterior
distributions extends beyond the prior bounds. This does not imply a violation of Bayes’ theorem,
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Figure 2.24: Results of the Bayesian inverse UQ analysis: (a) uniform prior PDF and Gaussian
posterior PDF for parameter log &, before and after Bayesian inverse UQ analysis; (b) uniform
prior PDF and Gaussian posterior PDF for parameter 74 before and after Bayesian inverse UQ
analysis.

Table 2.9: Statistical information for the two uncertain parameters before and after the Bayesian
inverse. The reported intervals correspond to approximate 99.7% credible intervals defined as
u+30.

Prior mean st. dev. CoV interval
Ta 1290°C 92.37°C 0.072 [1130;1450]°C
log h,, -2.5 1.44 0.577 [-5;0]
Posterior mean st. dev. CoV interval
Ta 1386°C  95°C  0.068 [1100;1671]°C
log h, -3 0.92 0.306 [-5.76;-0.24]

but rather reflects the fact that the Gaussian approximation does not preserve the compact support
of the exact posterior distribution.

The Gaussian approximation should therefore be interpreted as a local characterization of
the posterior distribution in the vicinity of the MAP point, suitable for uncertainty propagation,
rather than as a fully consistent global representation of the posterior PDF.
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A more accurate representation of the posterior distribution, preserving the support of the
prior, could be obtained by sampling-based methods such as Markov Chain Monte Carlo (MCMC),
at the price of a significantly higher computational cost.

Note, in particular, that despite this limitation, a reduction of uncertainty is still observed
when comparing prior and posterior statistics. This can be verified by comparing the standard
deviations and the coefficients of variation (CoV) of the parameters reported in Table 2.9, which
show a significant reduction of uncertainty on log &, and a slight reduction for 7.

2.5.2.3.2 Data-informed forward uncertainty quantification analysis

The aim of the data-informed forward UQ analysis is to predict the profile of the residual strains
of the cantilever beam and their associated uncertainties. Specifically, the quantities of interest
are the residual strains of J = 120 nodes located in the middle plane of the cantilever beam along
the x-direction with a sampling step of 0.5 mm and for y = 2.5 mm and z = 11 mm, &, (X; s, V)
with j =1, ..., J (Figure 2.20).

To do this, § = 10000 samples of v are generated by sampling from p,,,s; and for each one
€xx(Xj sr, V) 1s evaluated, which again requires introducing suitable MISC surrogate models.
The PDF of the residual strains at each cantilever beam node is then estimated by applying a
kernel density estimation method [109, 110] to the S samples. Finally, the residual strains of the
cantilever beam are predicted by evaluating the mode of these PDFs. The results obtained in this
way are discussed below, and the reader is referred to Section 2.5.1 [122] for more details on the
methodology.

2.5.2.3.2.1 Surrogate modeling

To now compute the residual strains of the cantilever beam, a new set of surrogate models needs
to be built, again by the MISC method. Note that the PBF-LB/M simulations that were run
at the collocation points in Figure 2.22(a) for building the surrogate models for the Bayesian
inverse are no longer usable, and a new set of simulations is required. This is for two reasons:
first, those collocation points were selected based on the assumption that uncertain parameters
were uniform random variables, whereas Gaussian random variables are now used, which calls
for a different set of collocation points to maintain good approximation properties (cf. Item 2
of the enumerated list in Section 2.5.2.2). Second, even if a suboptimal surrogate model were
acceptable, the surrogate model used for the Bayesian inverse is by construction only valid in I,
whereas the support of p s significantly overflows such domain.

The new set of collocation points is shown in Figure 2.25 and uses the weighted Gaussian
Leja points [123—126], which are suitable for Gaussian random variables. Initially, only 6
evaluations of the PBF-LB/M numerical model are used: 5 evaluations on the low-fidelity model
corresponding to @ = 1, and one evaluation on the high-fidelity model corresponding to @ = 2:
more details on the number of collocation points are provided later on. Examples of the surrogate
models constructed for the J cantilever beam nodes are shown in Figure 2.26.
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Figure 2.25: Collocation points used for the construction of the MISC multi-fidelity surrogate
models based on 5 evaluations (points marked in blue) of the PBF-LB/M numerical model at low
fidelity, @ = 1, and 1 evaluation (marked in yellow) of the PBF-LB/M numerical model at high
fidelity, @ = 2 for the residual strains cantilever beam model.

2.5.2.3.2.2 Data-informed forward analysis

It is now possible to approximate the residual strains at the S random samples of 74 and log &),
and compute the corresponding PDFs. For the sake of comparison, the PDFs of the residual
strains that can be obtained according to p,,;,, are also reported, i.e., upon building a set of
surrogate models for the residual strains based on p,;,, (note that the surrogate models discussed
in Section 6.1.2, see, e.g., Figure 6, were for the displacement and not for the residual strains),
and evaluating them on a p,,--based sample of values for T and log h,,.

In Figure 2.27 the results obtained are presented, which include: (i) the most likely profiles
of &y, according to p,ior and p . respectively, i.e., the modes of the two PDFs of g,, at each
of the J = 120 positions (the dashed grey line represents the mode of the prior PDFs, while the
solid red line represents the mode of the posterior PDFs), and (ii) the associated uncertainty
bands, i.e., the 5%—95% quantile bands of the two PDFs (grey area for the mode PDF based on
the prior PDFs and pink area for the mode posterior-based PDFs). Figure 2.27 also shows (iii) the
residual strains profile provided by NIST (continuous blue line), while the vertical dotted lines
represent the 6 positions at which the prior and data-informed PDFs are reported in Figure 2.28.
The residual strains profile provided by NIST overlaps the mode of the posterior-based PDFs,
indicating that the most likely residual strains profile identified by these PDFs is a faithful
representation of the residual strains experimental profile.

Figure 2.27 also shows that the quantile bands based on the posterior PDFs are less wide than
those based on the prior PDFs, indicating that overall the Bayesian inverse procedure was able to
significantly reduce the uncertainty in the predictions of the residual strains.
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Figure 2.26: Results of the data-informed forward UQ analysis. MISC multi-fidelity surrogate
models for some of the nodes of the cantilever beam, obtained from the collocation points shown
in Figure 2.25.

To give a more quantitative appraisal of this statement, the quantile band width for the
residual strains at each of the J positions is computed using both prior and posterior PDFs. The
differences between the two quantile bands are then averaged, with normalisation relative to the
prior quantile band. More precisely, the uncertainty reduction in residual strain predictions is
computed as follows:

1 < (
100 X —

where Q0,59 and Q prior,959 represent the 5% and 95% quantile bands relative to the prior
PDFs of gy, for j = 1,...,J locations, respectively. Analogously, Qs 59 and Q os,95% are
the 5% and 95% quantile bands relative to the posterior PDFs of €, for j = 1, ..., J locations,
respectively. The results indicate a 33% reduction from prior to posterior which is a rather
significant improvement. Of course, these results are somehow biased by the fact that relatively
large prior intervals for T4 and log 4, were willingly taken (cf. Section 2.5.2.3.1.1), i.e., taking
narrower prior intervals might have led to a smaller reduction in the uncertainty. On the other
hand, the narrower the prior intervals, the higher the risk of missing vy4p, i.e., the risk that
viuap € I' and thus the Gaussian approximation of the posterior PDF would be centered at the
wrong place. These results thus overall show that one can safely start from relatively wide prior
intervals, as the methodology is quite robust in this respect.

Qprior,95%(8xx,j) - Qprior,S% (gxx,j)) - (onsl,%%(gxx,j) - onst,S%(gxx,j))

b

Qprior,95% (8xx,j) - Qprior,S% (gxx,j)
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Figure 2.27: Results of the data-informed forward UQ analysis. The figure includes: (i) the most
likely profiles of &, obtained from forward UQ analyses based on p,- (the dashed grey line
represents the mode of the prior-based PDFs) and p . (the solid red line represents the mode
of the posterior-based PDFs), (ii) the associated uncertainty bands, i.e., the 5%—95% quantile
bands of the two PDFs (grey area for the mode prior-based PDF and pink area for the mode
posterior-based PDF) and (iii) the residual strains profile provided by NIST (continuous blue
line). The vertical dotted lines represent the 6 positions at which the prior and data-informed
posterior PDFs are reported in Figure 2.28.

To further check the validity of the results presented in Figure 2.27, the forward UQ analysis
was repeated upon refining twice the multi-fidelity surrogate model and comparing the results
thus obtained. Specifically, two new surrogate models were constructed by using 7 and 13
evaluations of the low-fidelity model (i.e., incrementally adding first 2 collocation points to
those in Figure 2.25 and then 6 more, given the nestedness of the weighted Leja points — no
high-fidelity evaluations are added), and the results reported in Figure 2.29 were obtained. Such
results show that, despite the increase in the number of evaluations of the PBF-LB/M numerical
model, there is no significant change, neither in the quantile bands nor in the modes of the PDFs
of the residual strains uncertainty.

This confirms the validity of choosing the model based on 5 low-fidelity model evaluations
and 1 high-fidelity model evaluation, as it is not only able to faithfully represent the experimental
residual strains, but is also very cost effective from a computational point of view.
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Figure 2.28: Results of data-informed forward UQ analysis. Prior-based and data-informed PDFs
of the residual strains of the cantilever beam for the x locations marked in Figure 2.20.

2.5.2.3.2.3 Multi-fidelity versus high-fidelity surrogate models results

To conclude the discussion, the results obtained with the multi-fidelity surrogate model (5
low-fidelity + 1 high-fidelity) are compared with those obtained by employing a surrogate
model built using high-fidelity simulations only, running 5 high-fidelity simulations at the same
collocation points where the multi-fidelity surrogate model requests low-fidelity simulations.

The results in Figure 2.30 show that the predicted modes obtained with the two approaches
are qualitatively similar in the region of x > 25 mm, while differences can be observed in the
associated uncertainty bands. In particular, the multi-fidelity uncertainty band appears below
the reference data, whereas the high-fidelity band is shifted upward. For x < 25 mm, the
multi-fidelity model exhibits a wider uncertainty band compared to the high-fidelity model.

It is important to remark that this comparison is based on a high-fidelity surrogate model
constructed from a very limited number of simulations. Therefore, the observed differences
should be interpreted with caution and primarily provide a qualitative indication of the behavior
of the two approaches, rather than a definitive assessment of their relative accuracy.

On the other hand, the computational time required to run 5 high-fidelity simulations is 36
times larger than the time of 5 low-fidelity analyses (see Table 2.2). This highlights the significant
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Figure 2.29: Results of the data-informed forward UQ analysis. Top row: collocation points
for the MISC surrogate model with 7 (left) and 13 (right) low-fidelity evaluations. Bottom row:
corresponding modes and uncertainty bands of the residual strains.

computational advantage of the multi-fidelity approach, which is able to achieve comparable
predictive behavior at a substantially reduced computational cost.

2.6 Conclusions

The chapter presented and examined two complementary workflows for the uncertainty quantifi-
cation in a thermomechanical numerical model of a cantilever beam produced by laser-based
powder bed fusion of metals. Both workflows follow the same structured plan, consisting of
the identification of the most influential sources of uncertainty, the estimation of the input
quantities through comparison with data, and the prediction of residual strains accompanied by
an assessment of the related uncertainty. The difference between the two workflows lies in the
construction of the surrogate models and in the type of data used for the estimation process.
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Figure 2.30: Results of the data-informed forward UQ analysis. Comparison in terms of
prediction of residual strains of the PBF-LB/M numerical model and associated uncertainty bands
using (a) surrogate models based on multi-fidelity PBF-LB/M numerical model evaluations; (b)
surrogate models based on high-fidelity PBF-LB/M numerical model evaluations.

The first workflow employed surrogate models constructed exclusively from numerical
simulations performed on a single computational mesh. The sensitivity analysis showed that
only two of the input quantities significantly influenced the predicted cantilever beam deflection,
thus allowing a reduction in the dimension of the analysis. The estimation step was then carried
out using synthetic measurements free of measurement noise. This analysis revealed different
degrees of identifiability for the two inputs, which motivated the adoption of a mixed probabilistic
representation based on a Gaussian distribution for one quantity and a uniform distribution
on a reduced interval for the other. Using these data-informed distributions, the prediction of
residual strains produced modal profiles in good agreement with the synthetic reference and
substantially narrower uncertainty bands in comparison with those obtained from the initial
uninformed distributions. The entire workflow, which also included a posteriori validation of the
surrogate models, required a limited number of complete numerical simulations, highlighting the
efficiency of surrogate modeling based on sparse grids.

The second workflow sought to further reduce computational cost by combining inexpensive
numerical simulations performed on a coarse mesh with a small number of simulations on a fine
mesh. Surrogate models were constructed through a multi-index approach capable of exploiting
the correlation between the two discretizations. In this case, the estimation step was conducted
using experimental measurements of the cantilever beam deflection. The most probable values
of the uncertain inputs were obtained, together with a Gaussian approximation of their posterior
distribution characterized by a covariance matrix with negligible statistical dependence between
the two quantities.

It is important to remark that such Gaussian description is obtained via a local Laplace
approximation of the posterior distribution around the MAP point and does not preserve the
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bounded support of the prior distribution. As a consequence, the approximate posterior may
extend beyond the admissible parameter domain, which reflects a limitation of the approximation
rather than a violation of Bayes’ theorem.

Despite this limitation, the resulting approximation provides a consistent local characterization
of the uncertainty and enables efficient uncertainty propagation. The forward analysis shows
that the multi-fidelity surrogate models generate residual-strain profiles that closely match the
experimental reference and produce uncertainty bands that are, on average, significantly narrower
than those obtained from the uninformed prior distributions. A direct comparison with a surrogate
model built exclusively from fine-mesh simulations shows comparable predictive behavior, while
requiring a substantially higher computational cost.

Overall, the two workflows demonstrate the effectiveness of the adopted methodology. The
sensitivity analysis enables a principled reduction of the uncertain-input space; the estimation
step provides not only the most probable values of the input quantities but also a probabilistic char-
acterization suitable for propagation; and the prediction of residual strains delivers probabilistic
information that accounts for both intrinsic and model-related uncertainties. The single-fidelity
workflow shows that surrogate models based on sparse grids make complete uncertainty quan-
tification feasible at moderate cost, whereas the multi-fidelity workflow illustrates how the
combination of different numerical discretizations improves the balance between accuracy and
computational efficiency.

Several limitations remain. The estimation procedures rely on Gaussian or mixed Gaussian-
uniform approximations of the posterior distribution, which are adequate when the likelihood
is nearly quadratic but may become inaccurate in the presence of more complex distributions.
The modeling of measurement errors is restricted to independent Gaussian noise, and no explicit
model-discrepancy correction is included. Furthermore, the analysis is limited to two uncertain
inputs. Future developments will include the incorporation of richer experimental datasets, the
adoption of derivative-based strategies to refine the description of the uncertainty in the estimated
inputs, and the use of more advanced multi-fidelity approaches capable of further reducing the
number of fine-mesh simulations required without compromising the accuracy of the uncertainty
predictions.
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Chapter 3

Uncertainty-Aware Bayesian Inversion and
Adaptive Surrogate Modeling for Inverse
Design

The present chapter reports two research contributions developed during the doctoral program,
both currently under review and not yet published in peer-reviewed venues. The focus is on
surrogate-based approaches for inverse problems, combining adaptive surrogate modeling with
Bayesian inversion.

Section 3.1 presents a general formulation for inverse problems based on Gaussian-process
surrogate models constructed through adaptive sampling strategies, and their integration within a
Bayesian inversion framework.

Section 3.2 considers the application of this approach to the inverse design of spinodoid
architected materials, where the surrogate model is employed to approximate the structure—
property mapping and to support the identification of parameter configurations associated with
prescribed effective responses.

The two sections address complementary aspects of surrogate-based Bayesian inversion,
encompassing both methodological developments and their application to a representative
engineering problem.

3.1 An Uncertainty-Aware Framework for Inverse Problems
through Adaptive Surrogate Modeling and Bayesian In-
version

3.1.1 Introduction

Inverse problems [36-38, 127-131] arise in a wide range of scientific and engineering applications
and provide a systematic framework for inferring unknown model parameters from observed data.
In contrast to forward problems, which aim at predicting quantities of interest from prescribed
inputs, inverse problems seek parameter configurations that are consistent with measured or
target responses. Applications include structural health monitoring [132], geophysics [133],
materials design [134, 135], nanophotonics [126], and fluid-related systems [136, 137], where
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direct identification of governing parameters is often impractical or computationally prohibitive.

Inverse problems are typically characterized by ill-posedness, nonlinearity, and non-convexity,
which may result in instability, non-uniqueness of solutions, and strong sensitivity to noise and
modeling assumptions [36, 37, 129]. Such characteristics motivate formulations that incorporate
prior information and explicitly account for uncertainty. Within this context, uncertainty
quantification provides a principled framework to assess the impact of measurement noise,
limited data, and model inadequacy on parameter inference and predictive reliability [138—140].

A major computational challenge in inverse analysis arises from the repeated evaluation of
expensive forward models. High-fidelity numerical simulations provide accurate descriptions
of complex physical processes, yet their use within iterative inference procedures may become
computationally prohibitive. Surrogate models address this limitation by replacing the original
model with computationally efficient approximations [27, 141-143]. Among the available
approaches, Gaussian process surrogate models are particularly attractive due to their flexibility
in representing nonlinear mappings and their ability to provide a probabilistic characterization of
predictive uncertainty [144—147].

The construction of accurate surrogate models under limited evaluation budgets motivates
the use of adaptive sampling strategies, whereby new model evaluations are selected based
on the current surrogate predictions and associated uncertainty estimates [148—151]. Such
approaches enable progressive refinement of the surrogate model over the parameter domain
while controlling computational cost [152—-155]. In this setting, the primary objective is to obtain
a surrogate model that provides a sufficiently accurate approximation of the forward response
over the domain of interest.

Bayesian inversion provides a rigorous probabilistic formulation of inverse problems by
combining prior information and observational data through Bayes’ theorem [37, 38, 156, 157].
The solution is expressed as a posterior distribution over the unknown parameters, which supports
both parameter estimation and uncertainty quantification. In practice, posterior exploration
is commonly performed using sampling-based techniques such as Markov chain Monte Carlo
(MCMC) [105, 158, 159], which provide asymptotically exact inference at the cost of a large
number of model evaluations. To alleviate this computational burden, surrogate-assisted Bayesian
inversion approaches have been proposed, in which surrogate models are used to approximate the
forward response and accelerate likelihood evaluations [30, 160—164].

Within this context, a practical strategy consists in constructing an accurate surrogate model
of the forward problem and subsequently employing it within a Bayesian inversion framework.
Such an approach decouples surrogate construction from the inference stage while enabling a
substantial reduction in computational cost during posterior evaluation. The accuracy of the
resulting parameter inference is therefore inherently linked to both the approximation quality of
the surrogate model and the properties of the adopted inference strategy.

The present work adopts this perspective and introduces an uncertainty-aware framework for
inverse problems, in which uncertainty is explicitly quantified both at the surrogate modeling
level and within the Bayesian inversion formulation. The proposed approach constructs Gaussian
process surrogate models through uncertainty-aware adaptive sampling and subsequently employs
the resulting surrogate for parameter inference.
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A key feature of the framework lies in the explicit treatment of posterior structure in the
inference stage, once the surrogate model has been constructed. Parameter estimation is performed
through a maximum a posteriori formulation [107, 108], while uncertainty characterization is
adapted to the local properties of the posterior distribution. In particular, Laplace approximations
[111, 165] are employed in regions where the posterior can be considered locally unimodal,
whereas diagnostic indicators based on the negative least-squares functional are used to identify
potential multimodality and to localize high-probability regions.

The main contribution of the present work lies in the formulation and systematic assess-
ment of a surrogate-assisted Bayesian framework that combines uncertainty-aware surrogate
construction with posterior-based parameter inference. The analysis is conducted on controlled
low-dimensional benchmark problems, which enable a detailed investigation of the interplay
between surrogate model accuracy, adaptive refinement, and posterior structure.

The numerical study considers one- and two-dimensional analytical benchmark functions,
including the Mixed Gaussian—Periodic, Lévy, Griewank, Forrester, and Rosenbrock functions.
These benchmarks exhibit nonlinearity, multimodality, and non-convexity, and therefore provide
a suitable setting for assessing surrogate model accuracy, parameter estimation behaviour, and
uncertainty characterization. The focus on low-dimensional problems allows a controlled and
interpretable analysis of the proposed methodology without introducing additional complexities
related to high-dimensional settings.

The remainder of the manuscript is organized as follows. Section 3.1.2 reviews the relevant
literature. Section 3.1.3 presents the proposed framework. Section 3.1.4 reports the numerical
validation. Finally, Section 3.1.5 summarizes the main findings and outlines future developments.

3.1.2 Related Work

3.1.2.1 Surrogate Modeling for Inverse Problems

Surrogate modeling is widely employed to alleviate the computational cost associated with inverse
problems, particularly when the underlying forward model is expensive to evaluate [27, 141, 142].
In such settings, surrogate models provide computationally efficient approximations of the
forward response and enable the repeated evaluations required for parameter estimation and
uncertainty analysis.

A broad range of surrogate modeling techniques has been developed [141, 142], including
polynomial-based approximations [166—168], sparse grid methods [76, 77, 80], radial basis
function interpolation, and Gaussian process (GP) regression [145, 169, 170]. Among these
approaches, GP models are particularly attractive due to their nonparametric formulation and
their ability to provide predictive mean and uncertainty estimates in a unified probabilistic setting
[144, 146, 147]. Such features make GP surrogates especially suitable for inverse problems,
where uncertainty in the forward approximation propagates to parameter inference.

Within Bayesian inversion frameworks, surrogate models have been employed to approximate
either the forward model or the likelihood function, thereby reducing the computational burden
associated with posterior evaluation [30, 160—164]. These approaches enable the application of
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Bayesian methods to computationally demanding problems, while preserving the probabilistic
structure of the formulation.

In this context, the construction of surrogate models is typically driven by the objective of
achieving sufficiently accurate approximations of the forward response over the parameter domain
of interest. The resulting surrogate accuracy plays a central role in determining the reliability of
subsequent parameter inference and uncertainty quantification.

3.1.2.2 Adaptive Sampling and Uncertainty-Driven Strategies

Adaptive sampling techniques aim to improve surrogate model accuracy under limited computa-
tional budgets by iteratively enriching the training dataset [152, 153, 155]. These approaches
exploit information obtained during the surrogate construction process to guide the selection of
new evaluation points.

A widely adopted class of methods relies on uncertainty-driven criteria, where sampling
decisions are informed by surrogate model uncertainty or error indicators. In the case of Gaussian
process regression, the predictive variance provides a natural measure of uncertainty that can
be used to identify regions where additional data are expected to improve the surrogate model
[147, 152].

Other approaches draw on principles from experimental design and information theory, such
as variance reduction and entropy-based criteria, with the objective of improving the overall
approximation properties of the surrogate model across the parameter domain. These strategies
are generally formulated to enhance global surrogate accuracy while maintaining computational
efficiency.

In the context of inverse problems, adaptive sampling has also been investigated as a means
to support parameter inference, for instance by focusing evaluations in regions that influence
the likelihood function or the posterior distribution [151, 161]. More recent contributions have
explored sequential design strategies explicitly tailored to Bayesian inversion [114, 149, 150].
Nevertheless, the development of adaptive sampling strategies that balance global surrogate
accuracy with the requirements of parameter inference remains an active area of research.

3.1.2.3 Bayesian Inversion for Parameter Inference

Bayesian inversion provides a probabilistic framework for parameter estimation by combining
prior information and observed data through Bayes’ theorem [37, 38, 156, 157]. The solution of
the inverse problem is expressed as a posterior distribution over the unknown parameters, which
characterizes both the most probable parameter values and the associated uncertainty.

The exploration of posterior distributions is commonly performed using sampling-based
techniques such as Markov chain Monte Carlo (MCMC), which provide asymptotically exact
representations of the posterior distribution [105, 158]. However, these methods may require a
large number of model evaluations and can become computationally demanding in complex or
high-dimensional settings.
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To address this limitation, surrogate-assisted Bayesian inversion has been extensively inves-
tigated, where surrogate models are used to approximate the forward model within likelihood
evaluations [30, 161, 162]. These approaches significantly reduce computational cost while
maintaining a probabilistic formulation, although their accuracy depends on the fidelity of the
surrogate model.

Alternative strategies rely on deterministic approximations of the posterior distribution, such
as maximum a posteriori (MAP) estimation combined with local approximations based on the
Laplace method [111, 112, 165]. These approaches provide computationally efficient estimates
of the posterior mode and local uncertainty, while relying on local approximations that may not
capture complex posterior structures such as multimodality.

Overall, existing contributions highlight the central role of surrogate modeling and adaptive
sampling in enabling efficient Bayesian inversion. Within this context, the present work considers
a framework in which surrogate construction and Bayesian inversion are combined in a sequential
manner, with the objective of achieving accurate and computationally efficient parameter inference
while explicitly accounting for uncertainty.

3.1.3 Proposed Uncertainty-Aware Framework

The present section introduces the proposed uncertainty-aware framework for parameter infer-
ence, which combines adaptive surrogate modeling and Bayesian inversion within a unified
computational setting. The objective is to identify input parameters that are consistent with
a given observed quantity of interest, while providing a probabilistic characterization of the
associated epistemic uncertainty.

To alleviate the computational burden associated with repeated evaluations of high-fidelity
models, the framework relies on a surrogate approximation of the forward mapping. The surrogate
model is constructed through an adaptive sampling strategy driven by predictive uncertainty and
is subsequently employed within a Bayesian inversion procedure to approximate the forward
model in the likelihood evaluation. This sequential strategy, in which surrogate construction
precedes inference, is consistent with widely adopted surrogate-assisted Bayesian approaches
[30, 161, 162] and enables a substantial reduction in computational cost while preserving a
probabilistic formulation.

The overall workflow consists of three stages — initialization, adaptive surrogate modeling,
and Bayesian inversion — as illustrated in Figure 3.1. Starting from an initial dataset of
input—output pairs, a GP surrogate model is constructed and progressively refined by selecting
new evaluation points in regions characterized by high predictive uncertainty, as quantified by
the predictive variance of the surrogate model.

Once a prescribed level of accuracy is achieved, the surrogate model is employed in the
inversion stage, where the discrepancy between the observed quantity of interest and the surrogate
prediction is quantified through a least-squares functional. Under Gaussian noise assumptions,
this functional induces the likelihood, which in turn defines the posterior distribution used for
parameter estimation and uncertainty quantification [37].
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Figure 3.1: Schematic representation of the proposed uncertainty-aware framework for inverse
problems. The workflow consists of three stages: initialization, adaptive surrogate modeling, and
Bayesian inversion. An initial dataset is used to construct a Gaussian process (GP) surrogate
model, which is iteratively refined through uncertainty-aware sampling based on its predictive
variance. Once a prescribed accuracy is achieved, the surrogate model is employed within a
Bayesian inversion procedure, where the least-squares functional induces the likelihood and
enables the estimation of the posterior distribution.
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3.1.3.1 Problem Formulation

Let x € RY denote the vector of input parameters and let y = f(x) € R denote the corresponding
quantity of interest obtained from a high-fidelity model f : R — R. Given an observed quantity
of interest y € R, the inverse problem consists in identifying the parameter values x that are
consistent with the observation, accounting for uncertainty in both data and model representation.
In general, this problem is ill-posed in the sense of Hadamard, as existence, uniqueness, or
stability of the solution may not be guaranteed [36, 129].

3.1.3.2 Adaptive Surrogate Modeling

The first stage of the proposed framework consists in constructing a surrogate model that
approximates the high-fidelity mapping from input parameters to quantities of interest. The
process starts from an initial training dataset:

D ={(x,y)},  yi=f(x), (3.1)

where x; € R are input parameters and y; € R are the corresponding model evaluations.

A Gaussian process (GP) surrogate model is employed to approximate the forward mapping.
GP regression provides a nonparametric Bayesian approach to function approximation, in which
the unknown function is modeled as a random field characterized by a mean function and
a covariance kernel [145]. Conditioned on the dataset D, the surrogate defines a predictive
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distribution at any input location x, characterized by a mean function uge(x) and a variance
O'ép (x), such that

fX) ~ fgp(X),  fap(X) ~ N(ugp(X), 05p (X)), (3.2)

where the predictive moments are induced by the GP prior defined through a mean function p(x)
and a covariance kernel k(x, x’).

The surrogate model is iteratively refined through an adaptive sampling strategy driven by
predictive uncertainty. At each iteration, new sampling points are selected according to

Xpext = Arg max oge (X), (3.3)
xeX

which promotes exploration of regions characterized by high predictive uncertainty. This choice
is consistent with classical uncertainty-based sampling criteria in GP modeling, where the
predictive variance is used as an indicator of model uncertainty [142, 152].

The dataset is then enriched as

D« DU {(Xnext,ja ynext,j)};%:p Ynext,j = f(xnext,j)’ (3.4)

and the surrogate model is retrained on the updated dataset.

The adaptive procedure is repeated until a prescribed convergence criterion is satisfied. In
the present study, convergence is assessed through the mean squared error (MSE) evaluated on
an independent validation set of samples 7y,

Nyal

Z (vi — ngp (Xi))2 , (3.5)

i=1

MSE =

Nyal

where y; = f(x;) are high-fidelity evaluations.

The use of the MSE as a convergence criterion is justified in controlled benchmark settings,
where access to the high-fidelity model enables a direct and quantitative assessment of surrogate
accuracy. In practical applications, where such evaluations are expensive, alternative stopping
criteria may be employed, including the stabilization of acquisition functions, reduction of
predictive variance, or marginal improvement of surrogate predictions [171]. A systematic
comparison of these strategies is beyond the scope of the present work.

3.1.3.3 Bayesian Inversion Framework

Once the surrogate model achieves the desired level of accuracy, parameter inference is performed
through Bayesian inversion. Given an observed quantity of interest y € R, the objective is to
infer the parameter vector x € R? while quantifying the associated uncertainty.

Bayes’ theorem defines the posterior distribution as

p(x[y) < p(y|x) p(x), (3.6)
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where p(y | x) is the likelihood function and p(x) is the prior distribution [37].
The likelihood is evaluated using the surrogate model fgo (X), which replaces the high-fidelity
model. Assuming additive Gaussian noise, the observation model is given by

V=fep(x)+e, &~N(O,0). (3.7)
Under this assumption, the likelihood takes the form
_ | B 2
P 1%) cexp == [[V - for ) (3.8)
which corresponds to a Gaussian likelihood induced by a least-squares misfit functional.

A commonly adopted and analytically convenient choice for the prior distribution is a
multivariate Gaussian [107]:

p(X) o exp (—%(X—ﬂx)TF'l(X—Mx)), (3.9)

which encodes prior information on the parameter values.
The MAP estimate is obtained as

: | 2 1 _
XMAP = argmin | —— |y = fer )| + E(X — ) T (x - ﬂx)] : (3.10)
which corresponds to the minimization of the negative log-posterior.

In the absence of informative prior knowledge, a uniform prior leads to the least-squares
formulation

xmap = argmin [ = fgp (0, (3.11)

which highlights the connection between Bayesian inversion and deterministic inverse formula-
tions.

When the posterior distribution is locally unimodal and sufficiently regular, a Laplace
approximation centered at the MAP estimate can be employed [111, 165]:

p(x|y) = N(xmap, ZmAP), (3.12)

where the covariance Xyap is given by the inverse Hessian of the negative log-posterior evaluated
at xyap- This approximation provides a computationally efficient characterization of local
posterior uncertainty, while its validity depends on the regularity and local Gaussianity of the
posterior distribution.

3.1.4 Numerical Validation on Analytical Benchmarks

The present section validates the proposed uncertainty-aware framework for inverse problems,
introduced in Section 3.1.3, through a series of one- and two-dimensional analytical benchmark
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functions. These analytical benchmarks provide a controlled setting for quantitatively evaluating
the performance of the framework in terms of surrogate modeling accuracy, robustness of
parameter inference, computational efficiency, and uncertainty quantification.

The section is organized as follows. Section 3.1.4.1 presents the validation results for
one-dimensional benchmarks, analysing separately the construction of the surrogate model
(Section 3.1.4.1.1), parameter inference (Section 3.1.4.1.2), and a concluding discussion of
the results (Section 3.1.4.1.3). Section 3.1.4.2 extends the validation to two-dimensional
benchmarks, following the same structure to ensure consistency between surrogate modeling
(Section 3.1.4.2.1), parameter inference (Section 3.1.4.1.2), and a concluding discussion of the
results (Section 3.1.4.2.3). Each case includes an assessment of uncertainty quantification and
computational cost, which are critical aspects in practical inverse problem scenarios.

All numerical experiments are conducted using the open-source Python library UQforPy
[172], which provides a modular and extensible platform for uncertainty quantification and
inverse design. Additional implementation details are provided in C.

3.1.4.1 One-Dimensional Benchmarks

The present section validates the proposed framework (Section 3.1.3) using the one-dimensional
analytical benchmark functions illustrated in Figure 3.2. The selected benchmarks capture diverse
levels of functional complexity, including strong nonlinearity, multimodality, and high-frequency
oscillations, and are widely adopted to assess the performance of surrogate modeling strategies
and parameter inference in inverse problems [37, 157, 162, 173].

The benchmark suite includes four representative functions:

- Mixed Gaussian-Periodic Function:

- 2)? +5)?
y = exp (— (x 7 ) ) +0.9exp (— (x 20 ) ) —0.1cos(2x) with x € [-10,10] (3.13)
combining localized Gaussian peaks with periodic oscillations, resulting in both global
smoothness and local high-frequency variations (Figure 3.2(a)).

- Lévy Function:
y = (sin(aw))* + (w = D? [1 + 10 (sin(zw + 1))*] + (w = 1)* (sin(27w))>  (3.14)

where w = 1 + ’%1 and x € [-6,6]. The Lévy function presents a rugged, multimodal
landscape with many local minima (Figure 3.2(b)), posing challenges to both global
exploration and surrogate model fidelity.

- Griewank Function:

2
X .
y= m - COS(X) +1 with x e [—15, 15] (3.15)

combining a slow quadratic trend with fine-scale periodic modulation (Figure 3.2(c)).
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- Forrester Function:

y = (6x —2)%sin(12x —4) with x € [0,1] (3.16)
characterized by smooth global behaviour with sharply localized nonlinearities (Fig-
ure 3.2(d)).
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Figure 3.2: One-dimensional analytical benchmark functions used to validate the proposed
uncertainty-aware framework for inverse problems. The suite includes representative challenges
such as smooth nonlinearity, multimodal structure, and fine-scale variability, allowing systematic
assessment of surrogate modeling and parameter inference capabilities. (a) Mixed Gaussian-
Periodic. (b) Lévy. (c) Griewank. (d) Forrester.

3.14.1.1 Adaptive Surrogate Model Construction

The present section assesses the surrogate modeling capabilities of the proposed (Section 3.1.3)
on the one-dimensional analytical benchmark functions introduced in Figure 3.2, with particular
focus on the Mixed Gaussian—Periodic case (Figure 3.2(a)). Since the surrogate modeling
procedure remains identical across all benchmark functions (Figure 3.2(b)—(d)), the analysis is
primarily conducted on the Mixed Gaussian—Periodic function, while additional results for the
remaining benchmarks are reported in D. Final surrogate models for all benchmark functions are
summarized at the end of the present section.

Surrogate models are constructed using GP surrogate models combined with an adaptive
uncertainty-aware sampling strategy. At each iteration, new sampling points are selected by
maximizing the predictive standard deviation of the surrogate model, consistently with the
adaptive procedure introduced in Section 3.1.3.2. This strategy promotes exploration of regions
characterized by high epistemic uncertainty, leading to a progressive improvement of the surrogate
model over the entire input domain.

The performance of the surrogate models is evaluated in terms of both predictive accuracy
and sampling efficiency. The proposed GP-based surrogate modeling approach is compared
against classical deterministic alternatives, including Lagrangian Polynomial (LP) interpolation,
Legendre Expansion (LE), and Cubic Spline (CS) interpolation [166-168, 174, 175]. Two
covariance kernels are considered for the GP surrogate models: the Radial Basis Function
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(RBF) kernel [176] with length scale £ = 1.0, and the Matérn kernel [170] with smoothness
parameter v = 5/2 and identical length scale. All surrogate models are trained on datasets
generated from the high-fidelity model, and their predictive accuracy is quantified using the MSE
(Equation (3.5)) computed over an independent validation set of ny, = 1000 samples, ensuring
statistical robustness of the reported metrics.

Figure 3.3 illustrates the comparative performance of the surrogate models. As shown in
Figure 3.3(a), GP surrogate models accurately capture the multimodal and fine-scale structure of
the Mixed Gaussian—Periodic benchmark function, with the Matérn kernel exhibiting enhanced
robustness in highly oscillatory regions due to its increased flexibility in modeling non-smooth
behaviour. Among deterministic alternatives, CS interpolation performs reasonably well in
smooth regions but lacks the ability to resolve localized nonlinearities. LP interpolation
exhibits Runge-type instabilities at the domain boundaries [177], while LE maintains numerical
stability but suffers from limited representational capacity. Quantitative comparison via MSE
(Figure 3.3(b)) confirms the superior accuracy of GP surrogate models, with the Matérn kernel
consistently achieving the lowest prediction error. These observations are further supported
by the convergence analysis reported in Figure 3.3(c), which highlights the improved sample
efficiency of GP-based surrogate modeling.

A key feature of GP surrogate models is the availability of predictive uncertainty estimates
alongside mean predictions. This enables the construction of adaptive sampling strategies
driven by epistemic uncertainty, as formalized in Equations (3.3) and (3.4), leading to a targeted
enrichment of the training dataset.

Figure 3.4 illustrates the progressive refinement of the GP surrogate model for the Mixed
Gaussian—Periodic benchmark function. Starting from a sparse initial dataset of 5 samples, the
surrogate model is iteratively improved by acquiring new samples in regions characterized by
high predictive uncertainty. This results in a rapid reduction of uncertainty and a significant
improvement in predictive accuracy, particularly in regions exhibiting localized variations. The
observed behaviour highlights the effectiveness of uncertainty-aware sampling in constructing
accurate surrogate models under limited data regimes.

Final surrogate models obtained for all benchmark functions are shown in Figure 3.5.
The configuration settings used across all benchmark functions are reported in Table 3.1.
Despite the diversity in functional complexity — ranging from multimodal landscapes (Mixed
Gaussian—Periodic, Lévy), to oscillatory behaviour (Griewank), and localized nonlinearities
(Forrester) — the proposed framework consistently delivers accurate surrogate models using a
limited number of samples within the considered one-dimensional setting.

The results confirm the accuracy, robustness, and sample efficiency of the proposed surrogate
modeling strategy, establishing a reliable foundation for the subsequent parameter inference
tasks in low-dimensional benchmark problems. GP surrogate models consistently outperform
classical deterministic alternatives, particularly in low-data regimes and in the presence of sharp
nonlinearities or oscillatory structures.

It is worth emphasizing that the adopted adaptive sampling strategy is designed to promote a
balanced exploration of the input space by targeting regions of high epistemic uncertainty. This
choice reflects the objective of constructing a globally accurate surrogate model that faithfully
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Figure 3.3: Performance comparison of surrogate models for the Mixed Gaussian—Periodic
benchmark function. (a) Predictive responses obtained with different surrogate models. The solid
black line denotes the high-fidelity model; dotted lines correspond to LP (fuchsia), LE (purple),
and CS (orange) deterministic alternatives; cyan and blue denote GP-based surrogate models
with Matérn and RBF kernels, respectively. Red diamonds indicate number of samples. (b) MSE
values for 14 number of samples. (c) MSE evolution with increasing number of samples.
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Figure 3.4: Progressive refinement of the GP surrogate model for the Mixed Gaussian—Periodic
benchmark function using the uncertainty-aware sampling. Blue solid line: high-fidelity model;
green dotted line: GP mean (Matérn); light blue band: 95% confidence interval. Gray circles:
initial samples; red crosses: acquired new samples. (a) 5 number of samples. (b) 10 number of
samples. (c) 15 number of samples. (d) 19 number of samples.
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Figure 3.5: Final surrogate models for all benchmark functions. Blue solid line: high-fidelity; red
dotted line: GP (Matérn); light blue band: predictive uncertainty. Gray circles: initial samples;
red crosses: acquired new samples. (a) Mixed Gaussian—Periodic. (b) Lévy. (c) Griewank. (d)
Forrester.

Table 3.1: Configuration settings for surrogate modeling across benchmark functions.

Parameter Value

Initial samples (niyit) 5

Acquired new samples (1a¢q) 15-20

Surrogate model Gaussian Process (GP)
Covariance kernel Matérn v = 5/2

Mean function Zero mean prior

Noise model Gaussian noise (02 = 1079)
Hyperparameters optimization Log-marginal likelihood maximization
Sampling strategy Predictive variance maximization
Stopping criterion Validation MSE < 1073
Validation set (71y4]) 1000 samples

reproduces the high-fidelity response across the parameter domain. While alternative strategies
may focus on localized refinement, the present approach prioritizes global model fidelity, which
is essential for robust and reliable uncertainty-aware inverse analysis.

3.1.4.1.2 Bayesian Inversion Results

The present section evaluates the capability of the proposed uncertainty-aware framework to
perform parameter inference and quantify epistemic uncertainty through Bayesian inversion
(Section 3.1.3.3) on the one-dimensional analytical benchmark functions illustrated in Figure 3.2.

The analysis focuses on the Mixed Gaussian—Periodic (Figure 3.2(a)) and Forrester (Fig-
ure 3.2(d)) benchmark functions, which highlight distinct inverse problem characteristics.
Additional results for the remaining benchmarks are reported in E.
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Figure 3.6 presents the results for the Mixed Gaussian—Periodic benchmark function. Fig-
ure 3.6(a) shows the optimization outcomes obtained from multiple initial guesses (red triangles)
distributed across the parameter domain to ensure robust exploration of the parameter landscape.
The optimization is performed using the L-BFGS-B algorithm with box constraints, with a
maximum of 400 iterations per run. The observed quantity of interest y = 0.63 is indicated by
the black horizontal line, while the green stars denote the corresponding MAP estimates.
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Figure 3.6: Parameter inference via Bayesian inversion for the Mixed Gaussian—Periodic
benchmark function. (a) MAP estimates obtained from multiple optimization runs. (b) LS profile
across the parameter space. (c¢) NLS profile representing the posterior distribution approximation
and highlighting the high-probability region.

The results in Figure 3.6a reveal the presence of multiple distinct MAP estimates, each
corresponding to a different parameter configuration that reproduces the observed quantity of
interest. This multiplicity reflects the ill-posed nature of the inverse problem and is directly linked
to the multimodal structure of the LS functional, as shown in Figure 3.6(b). The oscillatory
behaviour of the forward model induces several local minima, each representing a feasible
solution.

The structure of the posterior distribution is further illustrated through the NLS profile in
Figure 3.6c. The presence of multiple peaks confirms that the posterior distribution is inherently
multimodal, with probability mass concentrated around distinct regions of the parameter space. In
such cases, local Gaussian approximations centered at a single MAP estimate may be inadequate
to describe the full posterior structure, as they neglect the contribution of secondary modes.

Despite this complexity, the NLS profile provides a useful approximation for identifying
high-probability regions. By introducing a threshold level NLS(x) = 0.95, the parameter domain
can be restricted to a subset containing the most plausible solutions. As shown in Figure 3.6c,
the admissible region is reduced from the original interval [—10, 10] to approximately [-7.5, 5],
demonstrating the capability of Bayesian inversion to significantly constrain the parameter space.

Figure 3.7 presents the results for the Forrester benchmark function. In contrast to the
previous case, the LS profile (Figure 3.7(b)) exhibits a single well-defined minimum, leading to a
unique MAP estimate, as shown in Figure 3.7(a). The corresponding NLS profile (Figure 3.7(c))
is sharply peaked and approximately Gaussian, indicating a well-posed inverse problem with low
epistemic uncertainty.
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Figure 3.7: Parameter inference via Bayesian inversion for the Forrester benchmark function. (a)
MAP estimate obtained from multiple optimization runs. (b) LS profile across the parameter
space. (c) NLS profile representing the posterior distribution approximation and highlighting the
high-probability region.

The posterior distribution exhibits strong concentration around the inferred parameter value
x = 0.76, with a narrow spread of approximately 0.02. This behaviour indicates a high level of
confidence in the inferred solution and confirms the identifiability of the inverse problem. The
corresponding high-probability region is significantly reduced from the initial domain [0, 1] to
approximately [0.735,0.78], demonstrating the effectiveness of Bayesian inversion in localizing
the solution.

Overall, the results highlight the ability of the proposed framework to capture both multimodal
and unimodal inverse problem structures. In the presence of non-uniqueness, the methodology
provides a comprehensive characterization of the posterior distribution, while in well-posed
settings it yields precise and sharply localized parameter estimates. These findings confirm the
robustness of the surrogate-assisted Bayesian inversion approach for uncertainty-aware parameter
inference in low-dimensional benchmark problems.

3.1.4.1.3 Discussion

The numerical validation results presented in Sections 3.1.4.1.1 and 3.1.4.1.2 demonstrate
the effectiveness of the proposed uncertainty-aware framework for inverse problems in one-
dimensional benchmark settings. The framework combines adaptive surrogate model construction
with Bayesian inversion, enabling both accurate approximation of the forward model and reliable
parameter inference with quantified epistemic uncertainty. A complementary discussion on
alternative inference strategies is provided in F.

The surrogate models constructed through uncertainty-aware adaptive sampling accurately
reproduce the key characteristics of all benchmark functions, including multimodality (Mixed
Gaussian—Periodic, Lévy), high-frequency oscillations (Griewank), and localized nonlinearities
(Forrester), while requiring a limited number of high-fidelity model evaluations. For instance,
in the Mixed Gaussian—Periodic benchmark function, the Gaussian process surrogate model
with Matérn kernel captures the complex response of the high-fidelity model with fewer than
20 samples (Figure 3.5(a)). Similarly, for the Forrester function, high predictive accuracy is

70



achieved with approximately 15 samples (Figure 3.5(d)). These results highlight the sample
efficiency of the adopted adaptive sampling strategy, which systematically targets regions of high
epistemic uncertainty.

Once constructed, the surrogate model enables an efficient application of Bayesian inversion.
The least-squares functional used to identify the MAP estimate is evaluated on the surrogate
model, thereby avoiding repeated evaluations of the high-fidelity model. This surrogate-assisted
formulation significantly reduces the computational cost of the inverse problem, while preserving
the relevant structure of the forward response.

The results also illustrate the capability of the framework to handle both ill-posed and
well-posed inverse problems. In the Mixed Gaussian—Periodic benchmark (Figure 3.6), the
least-squares functional exhibits multiple local minima, leading to several admissible MAP
estimates. This behaviour reflects the intrinsic non-uniqueness of the inverse problem and is
consistent with the multimodal structure of the posterior distribution. Although a single optimal
parameter cannot be uniquely identified, the analysis of the NLS profile allows the identification
of high-probability regions, effectively restricting the admissible parameter space to a subset of
plausible solutions. This provides a meaningful characterization of epistemic uncertainty, which
cannot be captured by point estimates alone.

In contrast, the Forrester benchmark function represents a well-posed inverse problem with a
unique and identifiable solution. The least-squares functional exhibits a single dominant minimum
(Figure 3.7(b)), and the corresponding posterior distribution is sharply concentrated around the
MAP estimate (Figure 3.7(c)). This behaviour indicates low epistemic uncertainty and confirms
the reliability of the inferred parameter. The resulting reduction of the admissible parameter
space further demonstrates the effectiveness of Bayesian inversion in extracting informative
solutions from observed data.

From a computational perspective, the separation between surrogate model construction
and Bayesian inversion yields a substantial efficiency gain. Direct application of Bayesian
inversion on the high-fidelity model would require a large number of model evaluations for each
optimization run, especially in the presence of multimodality. In contrast, the use of a surrogate
model reduces the cost of each evaluation to negligible levels, enabling extensive exploration of
the parameter space and efficient uncertainty quantification.

Overall, the results confirm that the proposed framework provides a robust and computationally
efficient approach for surrogate-assisted Bayesian inversion. The combination of uncertainty-
aware surrogate modeling and probabilistic parameter inference enables accurate reconstruction
of the forward model and reliable characterization of epistemic uncertainty, even in challenging
inverse problem scenarios.

3.1.4.2 Two-Dimensional Benchmarks

The proposed uncertainty-aware framework for inverse problems, introduced in Section 3.1.3, is
further validated through two-dimensional analytical benchmark functions, shown in Figure 3.8.
These benchmarks are employed to investigate the framework’s behaviour in the presence of
coupled parameters, increased problem complexity with respect to the one-dimensional setting,
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and non-trivial functional landscapes, while enabling a controlled and interpretable assessment
of surrogate modeling and parameter inference under uncertainty.
The selected benchmark functions are:

- Mixed Gaussian—Periodic function, defined over the domain x € [—1,2], y € [0, 3], as

(x=2)+(y-2)
2

flx,y)=exp|- + 0.2 cos(3x) sin(3y) + 0.1 sin(5x +5y) (3.17)
combining a smooth Gaussian peak with periodic perturbations. This configuration
introduces both multimodal behavior and localized nonlinearities, posing challenges to
surrogate model construction and parameter inference accuracy. The high-fidelity model is
illustrated in Figure 3.8(a) and Figure 3.8(b).

- Rosenbrock function, defined over the domain x € [-2,2], y € [-1,2], as
f(x,y) = (1 =x)%+100(y — x%)* (3.18)

characterized by a narrow, curved valley and steep gradients. This benchmark is repre-
sentative of ill-conditioned inverse problems with strong anisotropies and nonlinearity,
challenging both the surrogate modeling phase and the parameter inference analysis. The
associated high-fidelity response is shown in Figure 3.8(c) and Figure 3.8(d).

3.1.4.2.1 Adaptive Surrogate Model Construction

The present section reports the surrogate modeling results obtained for the two-dimensional
benchmark functions introduced in Figure 3.8. The two-dimensional setting is considered to
analyse the effect of coupled parameters and increased functional complexity with respect to the
one-dimensional case, rather than to assess scalability to higher-dimensional parameter spaces.

Consistently with the methodology described in Section 3.1.3.2 and applied in the one-
dimensional setting (Section 3.1.4.1.1), surrogate models are constructed using Gaussian process
(GP) surrogate models with a Matérn 5/2 covariance kernel. The observation noise is assumed
Gaussian with variance o> = 107®. The training dataset is iteratively enriched through an
uncertainty-aware adaptive sampling strategy, where new samples are selected by maximizing
the predictive standard deviation of the surrogate model, as defined in Equation (3.4). This
approach promotes exploration of regions characterized by high epistemic uncertainty, enabling
an efficient reconstruction of the response surface.

The analysis is first conducted on the Mixed Gaussian—Periodic benchmark function (Fig-
ure 3.8a-b), followed by the Rosenbrock benchmark function (Figure 3.8c—d).

Figure 3.9 reports the surrogate modeling results for the Mixed Gaussian—Periodic benchmark
function. The GP surrogate model shown in Figure 3.9a accurately reconstructs the response
surface of the high-fidelity model (Figure 3.8(a) and Figure 3.8(b)), capturing both the smooth
global Gaussian peak and the superimposed periodic features. The corresponding contour plot in
Figure 3.9b illustrates the spatial distribution of the training samples (black markers). Starting
from an initial design of 5 samples, additional samples are progressively selected in regions
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Figure 3.8: Two-dimensional analytical benchmark functions used to validate the proposed
uncertainty-aware framework for inverse problems. (a)—(b): Mixed Gaussian-Periodic function
— high-fidelity model surface and contour plots. (c)—(d): Rosenbrock function — high-fidelity
model surface and contour plots.

of high predictive uncertainty. The adaptive sampling strategy concentrates samples in areas
characterized by strong nonlinearities, particularly around the central peak and regions with
oscillatory behaviour, enabling accurate resolution of both global and local features.

The convergence behaviour is quantified in Figure 3.9¢c, where the MSE (Equation (3.5))
is evaluated on an independent validation set of n5 = 1000 samples. A rapid decrease in the
error is observed, with convergence effectively achieved after approximately 21 high-fidelity
evaluations. This result highlights the sample efficiency of the proposed adaptive surrogate
modeling strategy in the presence of coupled parameters and multimodal response surfaces.

Figure 3.10 presents the surrogate modeling results for the Rosenbrock benchmark function.
The GP surrogate model in Figure 3.10a successfully reproduces the characteristic narrow and
curved valley of the high-fidelity model (Figure 3.8(c) and Figure 3.8(d)), as well as the steep
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Figure 3.9: Surrogate modeling results for the Mixed Gaussian—Periodic benchmark function.
(a) Final surrogate model surface after 21 high-fidelity evaluations. (b) Contour plot with sample
locations. (c) Evolution of the mean squared error (MSE) as a function of the number of samples.

gradients in the surrounding regions. The distribution of samples shown in Figure 3.10b reflects
the adaptive nature of the sampling strategy: starting from 5 initial samples, additional evaluations
are concentrated along the valley, where predictive uncertainty is highest. This targeted sampling
enables accurate reconstruction of the strongly anisotropic response surface.

The MSE evolution reported in Figure 3.10c shows a rapid decrease followed by early conver-
gence of the surrogate model accuracy. The stopping criterion is satisfied after approximately 9
high-fidelity evaluations, indicating that the proposed approach efficiently captures the essential
features of the Rosenbrock function despite its strong anisotropy and curvature.

3.1.4.2.2 Bayesian Inversion Results

The present section reports the results of parameter inference for the two-dimensional analytical
benchmark functions illustrated in Figure 3.8, using the Bayesian inversion framework described
in Section 3.1.3.3. The analysis focuses on the two-dimensional setting in order to investigate the
behaviour of the inference procedure in the presence of coupled parameters, non-convex response
landscapes, and anisotropic structures, rather than to assess scalability to higher-dimensional
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Figure 3.10: Surrogate modeling results for the Rosenbrock benchmark function. (a) Final
surrogate model surface after 9 high-fidelity evaluations. (b) Contour plot with sample locations.
(c) Evolution of the mean squared error (MSE) as a function of the number of samples.

parameter spaces.

The inverse problems are solved by leveraging the GP surrogate models constructed in
Section 3.1.4.2.1 (see Figures 3.9 and 3.10). For each benchmark function, the analysis includes
the computation of the MAP estimate, the evaluation of the LS functional, and the corresponding
NLS profile, which serves as an approximation of the unnormalized posterior distribution. This
enables a systematic characterization of the admissible parameter space and of the associated
epistemic uncertainty.

The results are discussed separately for the Mixed Gaussian—Periodic function (Equa-
tion (3.17)) and the Rosenbrock function (Equation (3.18)).

Figure 3.11 presents the results for the Mixed Gaussian—Periodic benchmark function. The
LS surface shown in Figure 3.11(a) exhibits a non-convex landscape with a dominant basin
of attraction, while the corresponding contour plot in Figure 3.11(b) highlights a well-defined
low-LS region surrounded by nearly concentric level sets. To ensure adequate exploration of the
parameter space, the LS minimization is initialized from multiple independent starting points (red

75



triangles). Despite the presence of mild non-convexities, the optimization trajectories consistently
converge toward a compact region near the prescribed observation y = 0.63 (black square),
yielding multiple closely clustered MAP estimates (green stars) within the same basin.

The inferred solutions concentrate around the parameter vector Xyap = [1.248, 1.812], witha
residual value LS =~ 0.03, indicating excellent agreement between the surrogate model prediction
and the target observation. The corresponding NLS surface and contour plots (Figure 3.11(c),
Figure 3.11(d)) reveal a sharply peaked posterior distribution centered at the MAP estimate.
The maximum value of the NLS is approximately 0.90, with a rapid decay away from the
peak. Although the LS landscape is non-convex, the resulting posterior approximation remains
effectively unimodal and strongly localized, indicating low epistemic uncertainty and strong local
identifiability.

Parameter-wise uncertainty is quantified through marginal credible intervals derived from
a local Gaussian approximation of the posterior distribution around the MAP estimate. The
covariance matrix Xpap is obtained as the inverse of the Hessian of the negative log-posterior
evaluated at the MAP point, as defined in Section 3.1.3.3. The resulting axis-aligned confidence
region provides interpretable uncertainty bounds for each parameter. The MAP estimate and
associated credible intervals are summarized in Table 3.2.

Table 3.2: MAP estimate and marginal credible intervals for the Mixed Gaussian—Periodic
benchmark function. The target value is y = 0.63, the LS residual at the MAP point is
approximately 0.03, and the posterior peak reaches NLS,.x = 0.90.

Parameter MAP estimate Credible interval
X 1.248 [1.158, 1.638]
y 1.812 [1.323,2.221]

Figure 3.12 presents the results for the Rosenbrock benchmark function. The LS surface
(Figure 3.12(a)) captures the characteristic narrow curved valley of the Rosenbrock landscape,
while the contour plot (Figure 3.12(b)) confirms the presence of a single dominant minimum.
Independent optimization runs initialized from multiple starting points (red triangles) consistently
converge to this minimum, resulting in a unique MAP estimate (green star) located near
xmap = [—1.5, —0.6], in close proximity to the prescribed observation (black square).

The corresponding NLS surface (Figure 3.12(c), Figure 3.12(d)) is sharply unimodal, with
the posterior distribution strongly concentrated around the MAP estimate. No secondary modes
are observed, indicating strong local identifiability and low epistemic uncertainty. The geometry
of the posterior reflects the anisotropic structure of the underlying forward model, with the
uncertainty primarily aligned along the valley direction.

The surrogate models obtained for the two benchmark functions provide sufficiently accurate
approximations of the forward response to support Bayesian inversion. This aspect is essential
within the proposed framework, since the quality of parameter inference depends directly on the
quality of the surrogate approximation in the regions that govern the least-squares functional and,
consequently, the posterior distribution. The rapid decrease of the validation error observed in
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Figure 3.11: Parameter inference via Bayesian inversion for the Mixed Gaussian—Periodic
benchmark function. Red triangles: initial guesses; black square: observed quantity of interest;
green stars: MAP estimates. (a) LS surface. (b) LS contour. (c) NLS surface. (d) NLS contour.

both benchmark problems indicates that the adaptive procedure identifies such regions efficiently,
without requiring a dense exploration of the entire parameter domain.

From the perspective of parameter inference, the two benchmarks exhibit complementary
behaviours. The Mixed Gaussian—Periodic function gives rise to a non-convex inverse landscape
with a dominant basin of attraction and a localized posterior distribution. Although the least-
squares surface is not globally convex, the posterior remains sufficiently concentrated to support
local identifiability and a meaningful characterization of uncertainty. The Rosenbrock benchmark,
by contrast, represents a strongly anisotropic yet well-posed inverse problem, for which the
surrogate-assisted Bayesian inversion procedure identifies a unique MAP estimate and a sharply
concentrated posterior distribution. The resulting posterior geometry reflects the anisotropic
structure of the forward response, indicating that the framework captures not only the location of
the inferred solution but also the directional structure of the associated uncertainty.
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Figure 3.12: Parameter inference via Bayesian inversion for the Rosenbrock benchmark function.
Red triangles: initial guesses; black square: observed quantity of interest; green star: MAP
estimate. (a) LS surface. (b) LS contour. (c) NLS surface. (d) NLS contour.

The two-dimensional results therefore complement the one-dimensional analysis in a fun-
damental way. Whereas the one-dimensional benchmarks primarily highlight multimodality,
oscillatory behaviour, and localized nonlinearities, the two-dimensional setting shows that the
framework remains reliable in the presence of parameter coupling and geometrically structured
response surfaces. At the same time, the present analysis is intentionally restricted to low-
dimensional benchmark problems and should not be interpreted as evidence of scalability to
high-dimensional settings. Rather, it provides a controlled validation of the main methodological
components of the proposed framework.

Overall, the results support three main conclusions. First, uncertainty-aware adaptive sampling
enables the construction of accurate surrogate models with a limited number of high-fidelity
evaluations. Second, the resulting surrogate models provide a reliable basis for Bayesian
inversion and posterior analysis. Third, the framework enables a consistent characterization of
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different inverse problem structures, including non-convex, multimodal, and anisotropic cases,
through explicit posterior analysis while maintaining computational tractability in the considered
benchmark settings.

3.1.4.2.3 Discussion

The numerical validation results presented in Sections 3.1.4.2.1 and 3.1.4.2.2 confirm the
effectiveness of the proposed uncertainty-aware framework in two-dimensional inverse problem
settings characterized by coupled parameters, non-convex response surfaces, and anisotropic
features. The two-dimensional benchmarks extend the one-dimensional analysis (Section 3.1.4.1)
by introducing non-trivial parameter interactions and geometrically structured response land-
scapes, while still providing a controlled setting in which the behaviour of the framework can be
interpreted in a clear and unambiguous manner.

As in the one-dimensional case, the adaptive surrogate modeling strategy enables the
construction of accurate Gaussian process surrogate models using a limited number of high-
fidelity evaluations. The results obtained for both the Mixed Gaussian—Periodic and Rosenbrock
benchmark functions show that uncertainty-aware sampling based on the predictive variance
effectively concentrates evaluations in informative regions of the parameter space. This property
becomes particularly relevant in two-dimensional settings, where the efficiency of uniform
sampling deteriorates rapidly and the spatial distribution of the training points plays a central
role in determining surrogate accuracy.

The numerical results further show that the quality of the surrogate model remains sufficient
to support reliable Bayesian inversion, even in the presence of parameter coupling and non-trivial
response geometries. In particular, the two benchmark functions highlight complementary
inference behaviours. The Mixed Gaussian—Periodic function gives rise to a non-convex inverse
landscape with a localized posterior structure, whereas the Rosenbrock function leads to a strongly
anisotropic but well-defined posterior concentrated around a unique MAP estimate. These results
indicate that the proposed framework is able to distinguish between different inverse problem
structures and to provide an interpretable characterization of the associated epistemic uncertainty.

From a methodological perspective, the two-dimensional study reinforces the role of adaptive
surrogate construction as a prerequisite for efficient inverse analysis. The quality of the inferred
solution depends directly on the ability of the surrogate model to accurately reproduce the forward
response in the regions that govern the least-squares functional and the posterior distribution.
The observed convergence behaviour suggests that predictive-variance-based sampling provides
an effective mechanism for identifying such regions without requiring dense sampling of the full
parameter domain.

At the same time, the present results should be interpreted within the scope of the adopted
benchmark setting. The analysis demonstrates the consistency and robustness of the proposed
framework in low-dimensional problems, but it does not constitute evidence of scalability
to higher-dimensional inverse problems. Rather, the two-dimensional benchmarks provide a
controlled validation of the main methodological components of the framework and support their
use in more structured application-oriented settings.
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3.1.5 Conclusions

The present work introduces an uncertainty-aware framework for the solution of inverse prob-
lems, combining Gaussian process (GP) surrogate modeling with Bayesian inversion within a
unified probabilistic setting. The proposed approach is designed for scenarios characterized
by computationally expensive high-fidelity models and limited data availability, and provides a
structured methodology for parameter inference together with a quantitative characterization of
epistemic uncertainty.

The surrogate modeling stage relies on GP surrogate models that are iteratively refined
through an adaptive sampling strategy driven by predictive uncertainty. This strategy enables an
efficient exploration of the parameter space and allows the construction of accurate surrogate
representations using a limited number of high-fidelity model evaluations. The resulting surrogate
models preserve the essential features of the forward response and provide a computationally
tractable approximation suitable for subsequent inverse analysis.

Once the surrogate model is constructed, the inverse problem is addressed within a Bayesian
inversion framework. This formulation yields Maximum A Posteriori (MAP) estimates together
with a local approximation of the posterior distribution of the input parameters. The probabilistic
characterization of the solution enables the identification of admissible parameter regions, the
assessment of parameter identifiability, and the quantification of epistemic uncertainty associated
with the inverse problem.

The framework is validated on a set of one- and two-dimensional analytical benchmark
functions exhibiting nonlinear, multimodal, and non-convex behaviour. These benchmarks provide
a controlled environment to analyse the interplay between surrogate modeling accuracy and
parameter inference. The numerical results indicate that, within the considered low-dimensional
settings, the proposed approach provides accurate surrogate approximations, stable parameter
estimates, and informative local characterizations of posterior uncertainty, while requiring a
limited number of high-fidelity evaluations.

The results further highlight the role of surrogate accuracy in determining the quality of the
inverse solution. In particular, the adaptive sampling strategy improves the representation of the
forward model in regions characterized by high predictive uncertainty, which in turn contributes
to a more reliable approximation of the posterior distribution. The framework is shown to capture
both multimodal inverse problems, where multiple admissible solutions exist, and well-posed
problems characterized by a unique and identifiable parameter configuration.

The present study is intentionally restricted to low-dimensional benchmark problems in
order to provide a controlled and interpretable assessment of the methodological components
of the framework. The extension to higher-dimensional parameter spaces introduces additional
challenges related to sampling efficiency, surrogate model scalability, and posterior exploration,
which are not addressed in the present work.

Future research will therefore focus on extending the framework to more complex inverse
problems, including higher-dimensional parameter spaces, multi-fidelity modeling strategies, and
physics-informed surrogate models. In addition, the development of scalable Bayesian inference
techniques will be essential to maintain computational tractability in large-scale applications.
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Overall, the proposed framework provides a computationally efficient and probabilistically
consistent approach for surrogate-assisted Bayesian inversion, enabling parameter inference
and uncertainty quantification in settings where direct evaluation of high-fidelity models is
computationally prohibitive.

3.2 Uncertainty-Aware Bayesian Inversion Using Adaptive
Gaussian-Process Surrogate Modeling for the Inverse
Design of Spinodoid Architected Materials

3.2.1 Introduction

Inverse problems provide a mathematical framework for identifying unknown input parameters
from observed model responses and arise in a wide range of engineering and scientific applications
[36, 37, 128, 130, 178]. In the context of architected materials [10, 179, 180], such formulations
naturally lead to inverse design problems, where the objective is to determine microstructural
parameters that reproduce prescribed macroscopic properties [23, 181, 182]. These problems
rely on a forward mapping that relates design parameters to effective material responses, typically
evaluated through high-fidelity models based on computational homogenization, which capture
the structure—property relationship of complex microstructures [25, 26, 183].

Despite their predictive capability, high-fidelity forward models remain computationally
demanding [25, 184], particularly when repeatedly evaluated within inverse design procedures.
This limitation becomes critical in probabilistic settings, where parameter inference requires
extensive exploration of the admissible design space together with repeated evaluations of
likelihood functions [185, 186]. To alleviate this computational burden, surrogate models
are commonly employed to approximate the forward mapping. Among available approaches,
Gaussian-process regression provides a probabilistic surrogate model representation that yields
both predictive mean and predictive covariance, thereby quantifying epistemic uncertainty
associated with limited training data [141, 145, 147, 170, 187, 188].

Within the uncertainty quantification community, several alternative surrogate modeling
strategies have been developed [8, 141, 149]. Polynomial chaos expansions and sparse spec-
tral representations provide efficient approximations for forward uncertainty propagation and
sensitivity analysis [101], while general-purpose frameworks such as UQLab enable systematic
surrogate-based modeling and probabilistic analysis in engineering applications [104, 189].
These developments establish surrogate modeling as a central component of modern uncertainty
quantification methodologies.

The integration of surrogate models within inverse problems requires a coherent probabilistic
formulation. Within a Bayesian inversion framework [157, 190], the posterior distribution
of the unknown parameters is obtained by combining prior information with a likelihood
function that measures the agreement between observed quantities and model predictions
[36, 37, 157, 162, 191]. When a surrogate model replaces the high-fidelity forward model, the
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likelihood depends on an approximate representation of the forward mapping. In this setting,
two distinct sources of uncertainty influence the inference process: the predictive uncertainty
associated with the surrogate model and the residual discrepancy between surrogate predictions
and high-fidelity evaluations [6]. Neglecting either contribution may lead to biased parameter
estimates and overconfident inference.

Discrepancy-aware Bayesian formulations introduced by Kennedy and O’Hagan [30] and
further developed by Higdon et al. [192] provide a principled framework for incorporating
model inadequacy within the likelihood. Subsequent developments in surrogate-based Bayesian
inversion have investigated both spectral approximations [161] and Gaussian-process surrogate
models for efficient parameter inference [193—195]. These contributions demonstrate that
surrogate modeling, discrepancy modeling, and Bayesian inversion can be combined within a
coherent probabilistic setting.

However, existing approaches often treat surrogate predictive uncertainty, residual model
discrepancy, and systematic approximation bias as separate components, or incorporate them only
partially within practical inversion workflows. As a result, their combined effect is not always
represented explicitly within a single likelihood formulation suitable for complex engineering
applications [27, 141, 196, 197]. In addition, practical implementations require adaptive surrogate
construction strategies that remain computationally tractable while preserving consistency with
the underlying high-fidelity model [154, 155].

In the context of architected materials, and in particular for spinodoid architected materials
[21, 23, 198, 199], the inverse design problem is further complicated by the nonlinear and
anisotropic nature of the structure—property relationship. The effective mechanical response
depends on geometric parameters controlling anisotropy and volume fraction and is evaluated
through computational homogenization [26, 183, 200]. The resulting mapping between design
parameters and effective properties is highly nonlinear and may exhibit strong parameter
interactions, thereby increasing the sensitivity of the inverse problem to approximation errors in
the forward model.

The present work develops an uncertainty-aware Bayesian inversion framework for the inverse
design of spinodoid architected materials, with emphasis on the construction of a likelihood
model that explicitly accounts for surrogate-induced uncertainty. A Gaussian-process surrogate
model is constructed through an adaptive sampling strategy driven by predictive uncertainty, with
the objective of efficiently approximating the structure—property mapping over the admissible
design space. The surrogate model is embedded within the inversion procedure through a
likelihood formulation that incorporates both predictive mean and predictive covariance.

Residual discrepancy between surrogate predictions and high-fidelity evaluations is repre-
sented through an effective covariance matrix estimated from validation residuals, providing a
data-driven approximation of the residual modeling error. In addition, a bias-corrected surrogate
model is introduced to reduce systematic discrepancies in the predictive mean. The resulting
formulation combines surrogate predictive uncertainty and residual discrepancy within a single
likelihood model tailored to surrogate-based inversion.

The methodology is assessed on synthetic inverse design problems defined over reduced
two- and four-dimensional parameter subspaces, where target responses are generated from
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the high-fidelity forward model. Parameter inference is performed via Maximum A Posteriori
estimation. This controlled setting enables the individual contributions of predictive uncertainty,
discrepancy modeling, and bias correction to be analyzed in isolation, and is intended to assess
the internal consistency and numerical behavior of the proposed formulation rather than to
reproduce the full complexity of experimental inverse-design scenarios.

The manuscript is organized as follows. Section 3.2.2 describes the construction and
parametrization of spinodoid architected materials. Section 3.2.3 presents the high-fidelity
forward model and the construction of the structure—property dataset. Section 3.2.4 details the
uncertainty-aware Bayesian inversion framework, including adaptive surrogate construction and
likelihood formulation. Section 3.2.5 reports the results of the inverse design analyses in reduced
parameter spaces. Finally, Section 3.2.5.3 summarizes the main findings and outlines directions
for future work.

3.2.2 Spinodoid Architected Materials

Spinodoid architected materials define a class of bicontinuous three-dimensional microstructures
characterized by smooth solid—void interfaces, high geometric continuity, and strong topological
connectivity [21-23, 198, 199]. Such features induce complex structure—property relationships
and make spinodoid architectures particularly suitable for inverse design formulations.

The term spinodoid refers to morphologies inspired by the spatial configurations arising during
the early stages of spinodal decomposition in binary mixtures [21, 201-204]. Within the Cahn—
Hilliard theory [201, 205, 206], small fluctuations in concentration evolve into interconnected
bicontinuous patterns characterized by smooth interfaces and statistical homogeneity. Direct
numerical simulation of the governing evolution equations is computationally demanding and
therefore unsuitable for design-oriented settings requiring repeated evaluations.

To enable efficient parametrization, spinodoid architected materials are generated through
stochastic representations based on stationary Gaussian random fields [21, 23, 207]. Within this
framework, the morphology is defined through a scalar field constructed as a superposition of
harmonic wave modes with identical wavelength and randomly distributed orientations and phase
shifts.

Let Q c R? denote a cubic reference domain with spatial coordinate x = (X,Y, Z)T. The
scalar field is represented as

2 Hwave
0(X) = 4 / " Z cos(ky - X+ ¢p), (3.19)
wave k:1

where nyave denotes the number of wave modes, k; € R3 are wave vectors of identical magnitude,
and ¢ € [0,2r) are uniformly distributed phase shifts. The phase angles control spatial
translations, while the orientations of the wave vectors govern directional correlations. For
sufficiently large nyave, the resulting field converges (in distribution) to a stationary Gaussian
random field exhibiting smooth and statistically homogeneous fluctuations consistent with
spinodal-like morphologies.
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Directional anisotropy is introduced by restricting the admissible orientations of the wave
vectors. Let e;, i = 1,2,3, denote the canonical basis of R? and let k = k/|k|| denote the
normalized direction. Three anisotropy angles 6; € [0, /2] define conical regions around each
axis such that

)E _e;| > cos()). (3.20)

Small values of 6; enforce alignment along the corresponding axis and produce strongly anisotropic
morphologies, whereas increasing 6; progressively relaxes the constraint and leads to more
isotropic configurations. The limiting case 8; = /2 corresponds to the absence of directional
constraints.

The scalar field ¢(x) is converted into a binary solid—void architecture through level-set
thresholding [21, 23]. Given a threshold 7 € R, the solid and void domains are defined as

Q(1) ={x e Q: ¢(x) > 1}, Q, (1) =Q\ Q(1), (3.21)
with associated volume fraction
12,(7)|
Lo}
For a prescribed v € (0, 1), the threshold 7 is selected such that v¢(7) = v, thereby enabling
independent control of density and anisotropy. The resulting interface corresponds to an
iso-surface of ¢, yielding geometrically smooth and continuous structures.

Global orientation is controlled through rigid rotations. Let R(y/, ¥, ¥3) € SO(3) denote
the rotation matrix associated with three Euler angles. The wave vectors are transformed as

ve(T) = (3.22)

kk — R(wl’ wZ’ l//3)kk’ k = 17 e eey nwave, (3.23)

which induces a rigid rotation of the generated microstructure without altering its topology or
characteristic length scales.

The complete generation process is illustrated in Figure 3.13, which summarizes the
construction of the scalar field, the introduction of anisotropy, the level-set thresholding, and the
global orientation control.

Within the present parametrization, each spinodoid configuration is represented by the
parameter vector

O = (61,602,603, v, Y1, ¥2,03)" € Se C R, (3.24)

where the admissible design space is defined by 6; € [0,7/2], v, € (0,1), and ¥; € [0, 27).

Different regions of the parameter space correspond to distinct canonical morphologies.
Lamellar, columnar, cubic, and isotropic configurations emerge as limiting cases associated with
specific combinations of anisotropy angles and exhibit markedly different connectivity patterns,
which directly influence the effective mechanical response.

The parametrization introduced in this section defines a mapping from the design space Se
to the corresponding microstructural geometry. This mapping provides the geometric input to
the high-fidelity forward model described in the following section, where the associated effective
properties are evaluated.
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Figure 3.13: Generation and parametrization of spinodoid architected materials. From left to right,
the upper part illustrates the construction process: generation of the scalar Gaussian random field;
restriction of wave-vector orientations via anisotropy angles 6;; level-set thresholding defining the
solid domain and controlling the volume fraction v #; and rigid rotation governed by the angles ;.
The lower part presents representative morphologies associated with characteristic anisotropy
configurations, including lamellar, columnar, cubic, and isotropic structures. The complete
microstructural description is defined by the parameter vector @ = (61,602,603, v, 1, ¥2,¥3).

0 = (01,02,05)  Morphological angles
vf Volume fraction
% = (Y1,92,%3) Rotation angles

3.2.3 High-Fidelity Forward Model

The parametrization introduced in Section 3.2.2 defines a mapping from the design space Sg
to the corresponding class of voxelized spinodoid architected materials. The evaluation of the
associated effective mechanical response requires the solution of a multiscale boundary value
problem, which is addressed through computational homogenization [26, 183, 200].

Within the present framework, the high-fidelity forward model defines a deterministic mapping
between the morphological parameters and the corresponding effective elastic response,

F : Se — R, O — yur, (3.25)

where ypgr denotes the vector of effective stiffness components defined in Equation (3.28).
The mapping F constitutes the reference forward model employed in the uncertainty-aware
Bayesian inversion framework introduced in Section 3.2.4. The deterministic character of ¥ is
understood here in the sense of the modeling convention adopted in the present work, where a

single microstructural realization is retained for each admissible parameter vector, as detailed in
Section 3.2.3.1.
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All high-fidelity simulations are performed using the Fourier-Accelerated Nodal Solver
(FANS) [208-211], an FFT-based computational framework specifically designed for voxelized
heterogeneous materials. FFT-based homogenization methods exploit the regular grid structure
of discretized microstructures and provide efficient solution strategies for periodic boundary
value problems [209, 210, 212]. Within the present work, FANS defines the numerical realization
of the high-fidelity forward model 7.

For each admissible parameter vector ® € Sg (Equation (3.24)), the numerical workflow
consists of four steps: (i) generation of the corresponding spinodoid architected material, (ii)
numerical homogenization of the representative volume element, (iii) extraction of selected
effective mechanical properties, and (iv) construction of the structure—property dataset. Each
component is described in the following.

3.2.3.1 Generation of Spinodoid Geometry

For each parameter configuration @, the corresponding spinodoid architected material is generated
according to the Gaussian-random-field construction described in Section 3.2.2 [21, 23]. The
microstructure is defined by the scalar field ¢(x) introduced in Equation (3.19), whose directional
correlations are controlled by the anisotropy angles 6; through the conical constraints in
Equation (3.20).

The binary solid—void architecture is obtained through the level-set thresholding procedure in
Equation (3.21), with the threshold selected such that the prescribed solid volume fraction v ¢ is
satisfied according to Equation (3.22). Global orientation is introduced through the rigid rotation
defined in Equation (3.23).

The scalar field is evaluated on a regular Cartesian grid discretizing the domain . In
the present work, the microstructure is represented on a voxel grid of resolution 1283, which
provides an accurate representation of the smooth interfaces characteristic of spinodoid architected
materials while maintaining computational tractability.

The construction procedure involves stochastic sampling of wave-vector orientations and
phase shifts. Consequently, the mapping between the design parameters and the corresponding
effective response is, in principle, stochastic. In the present work, however, a single realization
is retained for each parameter configuration in order to define an operationally deterministic
mapping between O and the effective response, consistent with the definition of the forward model
% . This choice enables the construction of a well-defined surrogate model and the formulation
of the inverse problem in a tractable setting.

A systematic quantification of the stochastic variability associated with microstructure
generation and its impact on the effective properties is not considered in the present study and is
left for future investigation.

The resulting voxelized geometries are stored in HDF5 format and subsequently used as input
for the homogenization analysis.
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3.2.3.2 Numerical Homogenization

The effective elastic response of each generated microstructure is computed through numerical
homogenization performed on the corresponding representative volume element. The analysis is
conducted under the assumptions of infinitesimal strains and linear elasticity.

The solid phase is modeled as an isotropic linear elastic material characterized by Young’s
modulus E and Poisson’s ratio v. The pore space is represented as a highly compliant phase with
stiffness several orders of magnitude smaller than that of the solid phase, enabling its numerical
treatment within the FFT framework [209, 210, 213].

The elastic properties of the solid phase are expressed in terms of the bulk modulus K and
shear modulus G, given by

E E

fTsmy CTamey

(3.26)

Normalized material properties are adopted by setting £ = 1 and v = 0.3, yielding
dimensionless effective stiffness components while preserving relative comparisons among
different microstructures.

Periodic boundary conditions are imposed on the representative volume element. Macro-
scopic loading is introduced through prescribed uniform macroscopic strain tensors, and the
corresponding equilibrium problems are solved iteratively using a conjugate-gradient scheme
with an absolute residual tolerance of 107! and a maximum of 100 iterations per load case.

The homogenization procedure yields the volume-averaged macroscopic stress response
associated with prescribed strain states, from which the effective elasticity tensor C°f is determined

through the constitutive relation
oM = M (3.27)

3.2.3.3 Extraction of Effective Mechanical Properties

The inverse design formulation focuses on selected components of the effective elasticity tensor
associated with normal deformation along the principal Cartesian directions. The quantities of
interest are defined as

. T
YHF = (Cﬁfn’ Coma- C§§33) : (3.28)

These components provide a compact and physically meaningful representation of the
anisotropic elastic response induced by the morphological parameters ®. Variations in the
anisotropy angles 6;, the volume fraction v, and the global orientation i; modify the directional
connectivity of the solid phase and therefore affect the stiffness response along the principal
directions.

The restriction to the components in Equation (3.28) defines a reduced output space that
remains sensitive to the dominant anisotropic features of the microstructure while preserving a
tractable inverse design formulation.
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3.2.3.4 Construction of the Structure—Property Dataset

Repeated evaluations of the high-fidelity forward model over the design space generate a dataset
relating morphological parameters to effective mechanical properties. For each configuration
0; € Sg, the homogenization analysis produces an output vector y; € R>, such that

D={Ony)}Y,. yi=F(O). (3.29)

The dataset O provides the high-fidelity evaluations required for the construction of Gaussian-
process surrogate models and defines the reference information employed within the likelihood
formulation of the Bayesian inversion framework described in Section 3.2.4.

The numerical framework described in this section establishes the mapping between the
design parameters and the corresponding effective properties and therefore provides the physical
foundation of the inverse design problem addressed in the present work.

3.2.4 Uncertainty-Aware Bayesian Inversion Framework

The high-fidelity forward model introduced in Section 3.2.3 defines the structure—property
mapping in Equation (3.25), while the corresponding dataset of high-fidelity evaluations is given
in Equation (3.29). The inverse design problem considered in the present work consists in
identifying parameter configurations ® € Sg that reproduce a prescribed target response in the
space of effective properties defined in Equation (3.28).

Direct solution of this problem through repeated evaluations of the high-fidelity forward
model is computationally demanding, as each evaluation requires the numerical homogenization
procedure described in Section 3.2.3. This limitation motivates the introduction of a surrogate-
model-based inversion framework, in which the forward mapping is approximated while preserving
a coherent probabilistic formulation of the inverse problem.

The proposed framework combines adaptive Gaussian-process surrogate modeling with
Bayesian inversion. Gaussian-process surrogate models provide a probabilistic approximation of
the forward mapping, while Bayesian inversion enables parameter inference by combining prior
information with a likelihood-based data misfit [36, 37, 214]. Particular attention is devoted to
the consistent and explicit treatment of uncertainty introduced by the surrogate approximation.
The formulation explicitly accounts for surrogate predictive uncertainty and residual discrepancy
with respect to the high-fidelity forward model, following the principles of discrepancy-aware
Bayesian calibration [30, 141, 192, 215, 216].

The overall workflow follows a two-stage structure. A Gaussian-process surrogate model
is first constructed through adaptive sampling driven by predictive uncertainty. The resulting
probabilistic approximation of the forward mapping is then embedded within a Bayesian inversion
procedure, where the likelihood formulation incorporates both surrogate predictive covariance
and a data-driven estimate of residual discrepancy. This construction enables the use of
surrogate models within the inversion process while maintaining consistency with the underlying
high-fidelity forward model.
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3.2.4.1 Adaptive Construction of Gaussian-Process Surrogate Models

The surrogate modeling stage starts from the high-fidelity dataset O defined in Equation (3.29).
The objective is to construct a probabilistic approximation of the forward mapping over the
admissible design space using a limited number of high-fidelity evaluations.

Gaussian-process regression defines a distribution over functions and yields, at each point
in the parameter space, both a predictive mean and a predictive covariance [29, 146, 217].
Since the forward model output is vector-valued (see Equation (3.28)), an independent multi-
output construction is adopted, where one Gaussian-process surrogate model is trained for each
component. This choice provides numerical robustness, simplifies hyperparameter estimation,
and yields direct access to output-wise predictive variances required for the likelihood formulation.
Cross-output dependence is not modeled explicitly at the surrogate level in order to avoid the
additional complexity associated with structured multi-output kernels, which would significantly
increase computational cost and complicate hyperparameter estimation. Instead, residual cross-
output dependencies are incorporated at the inversion stage through the effective covariance
matrix Xeg.

For k =1, 2, 3, the k-th response component is modeled as

Vi(0) ~ GP(mi(0), ki (0,0)), (3.30)

which yields the posterior predictive distribution

51(0) | D ~ N(1x(0),52(®)) (331)
The predictive mean and standard deviation are collected as

1(0) = (u1(0), 12(0), u3(0) ", (3.32)

0(0) = (01(0),02(0),03(0))" . (3.33)

Input variables are mapped to the unit hypercube, and outputs are standardized independently
to improve numerical conditioning. Covariance kernels are selected from standard families,
such as Matérn kernels with automatic relevance determination (ARD), allowing different
characteristic length scales along each input dimension.

The surrogate model is constructed adaptively. Starting from an initial training set, additional
samples are selected iteratively by maximizing an acquisition score over a candidate set

() Ncand
Xeand = {@ / }jzl . (3.34)
The uncertainty measure is defined as
3
Unar(0) = )" 07 (@), (3.35)
k=1

89



and the adaptive selection criterion is given by
S(@) = Uvar(©) d(@)". (3.36)

At each iteration, the selected candidate is evaluated using the high-fidelity forward model,
appended to the dataset, and used to retrain the surrogate model. Predictive performance is
assessed on independent validation and test sets through standard regression metrics.

3.2.4.2 Formulation of the Bayesian Inversion Problem

Let y* € R? denote the target response, corresponding to the vector of effective mechanical
properties defined in Equation (3.28). In the present setting, the target is generated from the
high-fidelity forward model for a reference parameter configuration, thereby defining a controlled
inverse problem in which the ground-truth parameters are known.
Within the Bayesian framework, the posterior density of the unknown parameter vector
0 € Sg is defined as
m(© |y") «cn(y” | ©) 7(0), (3.37)

where 7(y* | @) denotes the likelihood function and 7(®) represents the prior distribution. In
the present work, a uniform prior is adopted over the admissible design space Sg, reflecting the
absence of additional prior information and enforcing only bound constraints on the parameters.
The likelihood explicitly accounts for both surrogate predictive uncertainty and residual
approximation error with respect to the high-fidelity forward model. The conditional model is

defined as
Y 1O~ N(u(0),Zx(0)), (3.38)

where 1(©) € R3 denotes the predictive mean of the Gaussian-process surrogate model evaluated
at @, and X (O) € R3*3 represents the total predictive covariance.
The total covariance is defined as

Ziot(0) = Zer + Zgp(0), (3.39)

where the first term X € R is an empirical covariance matrix, while the second term Zgp(©)
represents the predictive covariance provided by the surrogate model. In particular,

Tap(0) = diag(cr]z(@), (), 0'32((5))) , (3.40)

where 0'1%(@) denotes the predictive variance of the k-th Gaussian-process surrogate model.
This term captures the epistemic uncertainty associated with the surrogate approximation due to
limited training data.

The matrix X g is estimated from out-of-sample residuals between high-fidelity evaluations
and surrogate predictions on an independent validation dataset. In the present formulation,
X.f 1s assumed independent of @, thereby providing a global approximation of residual model
discrepancy over the admissible parameter space, accounting for both systematic bias and
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residual variability not captured by the surrogate model. This assumption provides a tractable
approximation and is consistent with standard discrepancy-aware Bayesian formulations, in which
a global error model is adopted in the absence of sufficient data to resolve parameter-dependent
discrepancies. This term introduces cross-output correlations within the likelihood model, so that
the total covariance X (@) provides a unified representation of both local predictive uncertainty
and global model discrepancy. The additive structure of X, (@) assumes statistical independence
between surrogate predictive uncertainty and residual model discrepancy, while cross-output
correlations are introduced through X.g.
Under these assumptions, the negative log-likelihood is given by

£(8) = 3(y" ~ 4(0) B (0) (¥ - 4(0)) + 3 Iog det B () + 3 log2m),  (B4D)

which corresponds to the standard expression of the negative log-density of a multivariate
Gaussian distribution in dimension three.

To mitigate systematic approximation errors in the predictive mean, an optional bias-corrected
surrogate model can be introduced as

Bc(0) = 1(0) + u5(0), (3.42)

where us(0@) denotes a data-driven correction term constructed from residual data using a
secondary surrogate model trained on out-of-sample residuals. This correction aims at reducing
systematic bias in the surrogate prediction while preserving its probabilistic structure. The
correction term us(@) affects only the predictive mean, while residual uncertainty remains
captured by X.g, thereby avoiding double counting of uncertainty contributions within the
likelihood model.

Parameter inference is performed via Maximum A Posteriori (MAP) estimation,

Owmap = arg éngn [L(O) —logn(O)]. (3.43)
€Se

Under a uniform prior over Sg, the MAP estimate reduces to the minimization of the negative
log-likelihood over the admissible domain.

The resulting optimization problem is generally non-convex due to the nonlinear dependence
of the surrogate model on the parameters. To improve robustness with respect to local minima,
a multi-start strategy is employed. In addition, a posterior-focused refinement stage can be
introduced by selecting new samples according to

(D(G) - cI)min

SAr(0) eXP(— T

) Unvar (©) d(©)Pr, (3.44)

where ®(0Q) = L(0) denotes the negative log-likelihood, @i, denotes the minimum value of
® over the explored parameter set, Urvar(0) is the integrated predictive variance defined in
Equation (3.35), d(®) is a normalized distance from the current training set, Sar controls the
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balance between exploration and exploitation, and 7" is a temperature parameter regulating the
concentration around high-probability regions.

The formulation remains consistent with the high-fidelity forward model, as the surrogate
model is constructed exclusively from high-fidelity evaluations and the likelihood explicitly
accounts for surrogate-induced uncertainty and residual discrepancy within a unified probabilistic
framework.

3.2.5 Results and Discussion

The present section assesses the performance of the uncertainty-aware Bayesian inversion
framework introduced in Section 3.2.4 through controlled numerical experiments. The analysis
focuses on the inverse design of spinodoid architected materials described in Section 3.2.2, with
the objective of evaluating surrogate model accuracy, inversion consistency, and the impact of
the uncertainty-aware likelihood formulation on parameter inference.

The inverse design problems are formulated over reduced parameter subspaces involving
the anisotropy angles 6; and the volume fraction v ;. These parameters govern the morphology
of spinodoid architected materials and directly influence their effective mechanical response
[21-23, 198, 199]. The restriction to reduced parameter spaces enables a controlled assessment
of the proposed framework while preserving the essential nonlinear structure—property mapping.

The rotation angles ¢; are not included in the inversion parameter space. As discussed
in Section 3.2.2, these parameters define rigid-body rotations of the generated microstructure.
Within the present framework, the effective response is interpreted with respect to intrinsic
material directions, so that variations in i; correspond to equivalent representations of the same
structure—property mapping. Under this interpretation, the rotation parameters do not introduce
additional independent variability in the forward operator and therefore do not contribute to the
inverse identification problem.

The dataset is constructed according to the high-fidelity modeling procedure described
in Section 3.2.3. For each parameter configuration, a single realization of the stochastic
microstructure generation process is retained, thereby defining an operationally deterministic
forward operator F within the present study. This modeling choice ensures consistency with
the surrogate-based inversion framework introduced in Section 3.2.4, in which the forward
mapping is approximated by a deterministic surrogate model. The analysis therefore isolates the
effects of surrogate approximation error and likelihood modeling, without introducing additional
variability associated with stochastic microstructure generation. A systematic quantification of
such stochastic variability is not considered in the present study and is left for future work.

Two configurations are investigated. The first corresponds to a two-dimensional parameter
space defined by a subset of anisotropy parameters. The second considers a four-dimensional
parameter space including the three anisotropy angles together with the volume fraction. These
settings enable the proposed framework to be assessed under increasing levels of parametric
complexity while maintaining a controlled inversion setting. This structure enables the respective
roles of surrogate accuracy, predictive uncertainty, and discrepancy-aware likelihood modeling
to be analyzed in a systematic and interpretable manner.
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3.2.5.1 Results in Two-Dimensional Parameter Space

The first set of numerical experiments considers an inverse design problem defined over a
two-dimensional parameter space, where the design vector is given by the anisotropy angles
® = (01,6,). The remaining parameters are fixed to reference values, namely 63 = 45° and
vy = 0.5, consistently with the parametrization introduced in Section 3.2.2. The admissible
domain is defined by 81, 6, € [0°,90°].

The inverse problem is formulated in a synthetic setting by selecting a reference configuration
O" = (27°, 34°) and defining the target response y* through evaluation of the high-fidelity forward
model ¥ (Equation (3.25)). This setting enables the consistency of the inversion procedure to
be assessed in a controlled environment, where the ground-truth parameters are known and the
behavior of the likelihood formulation can be analyzed. No observational noise is introduced and
no additional physical model discrepancy is prescribed beyond that induced by the surrogate
model approximation. Consequently, the discrepancy term included in the likelihood formulation
reflects only residual errors associated with the surrogate approximation. More general scenarios
involving observational uncertainty and model mismatch are beyond the scope of the present
study and are left for future investigation.

The surrogate model is constructed using the adaptive Gaussian-process procedure described
in Section 3.2.4.1. The initial training set consists of 8 samples, and the dataset is enriched over
60 adaptive iterations using a selection criterion that combines predictive variance and distance
in the normalized parameter space. Independent Gaussian-process surrogate models are trained
for each output component using a Matérn kernel with smoothness parameter v = 2.5. Predictive
performance is assessed on independent validation and test sets of 60 samples each, generated
through independent Latin hypercube sampling of the admissible domain.

Parameter inference is performed in a MAP setting as described in Section 3.2.4.2. A
multistart strategy with 15 initial points is employed, combining basin-hopping with local
L-BFGS-B minimization. The likelihood incorporates both surrogate predictive uncertainty and
an effective covariance matrix X.g (Equation (3.39)), estimated from an independent calibration
dataset not used for surrogate model training, thereby reducing potential bias in the estimation of
residual discrepancies. This construction enables the total covariance Xy to capture both local
predictive uncertainty and residual discrepancies with respect to high-fidelity evaluations.

To assess the impact of discrepancy estimation, the effective covariance matrix is computed
using calibration datasets of increasing size (20, 50, 100, and 200 samples). This analysis enables
the sensitivity of the inversion results to the accuracy of discrepancy modeling to be evaluated
and provides insight into the trade-off between calibration cost and the robustness of the inferred
parameters.

A uniform prior distribution is adopted over the admissible domain. Posterior-focused
active refinement is performed over 5 iterations using the criterion defined in Equation (3.44),
with the objective of improving surrogate accuracy in regions of high posterior probability. In
addition, a bias-corrected surrogate model is constructed using a secondary Gaussian process
trained on cross-validated residuals (Equation (3.42)), enabling the effect of systematic error
correction in the predictive mean to be assessed within the inversion procedure. This construction
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enables a direct comparison between standard and bias-corrected formulations within a consistent
probabilistic framework.

3.2.5.1.1 Adaptive Construction of Gaussian-Process Surrogate Models

The performance of the Gaussian-process surrogate model in the two-dimensional parameter
space is evaluated in terms of convergence behavior, predictive accuracy, and consistency with
the underlying high-fidelity mapping.

The surrogate model approximates the forward relation defined in Equation (3.28), with
output vectory = (Cﬁf1 T ngzz’ C§3ﬂ;3). Given the independent multi-output construction adopted
in Section 3.2.4.1, the analysis is carried out both at the level of individual response components
and in terms of aggregated performance metrics.

The convergence of the adaptive construction is assessed component-wise through validation
error metrics. Figure 3.14 reports the evolution of the normalized root mean square error
(NRMSE) for each output component as a function of the number of training samples. All
components exhibit a similar convergence pattern characterized by three distinct regimes. In the
initial phase, corresponding to the first enrichment iterations, relatively large errors are observed
due to the limited coverage of the parameter space. This regime is followed by a rapid error
reduction occurring within approximately 10-20 samples, where the adaptive sampling strategy,
driven by the integrated predictive variance defined in Equation (3.35), effectively identifies
high-uncertainty regions and improves the global approximation. Beyond this transition, the
convergence rate decreases and a stable regime is reached, with NRMSE values approaching
10731074,

Despite the overall consistency of the convergence behavior, moderate differences are observed
across the three components during the early stages of the adaptive process. In particular, the
initial error levels and transient oscillations differ slightly, reflecting variations in the sensitivity
of each effective modulus to the underlying design parameters. These discrepancies progressively
vanish as the sampling density increases, indicating that the adaptive procedure successfully
resolves anisotropic features of the structure—property mapping.

A consistent convergence behavior is observed for the coefficient of determination, as shown
in Figure 3.15. All components exhibit a rapid increase toward unity, with R? values exceeding
0.99 after approximately 10—15 samples and stabilizing close to R? ~ 1. This behavior confirms
that the surrogate model accurately captures the functional dependence of each output component
over the admissible domain.

The global performance of the surrogate model is summarized in Figure 3.16, where
aggregated NRMSE and R? metrics are reported. The combined error exhibits a rapid decrease
of more than one order of magnitude during the early enrichment phase, followed by a gradual
convergence toward a final value of NRMSE ~ 4.6 x 10~*. Similarly, the combined R? stabilizes
at R? ~ 0.999996, indicating an almost exact reconstruction of the high-fidelity mapping within
the resolution of the validation dataset.

The close agreement between component-wise and aggregated metrics indicates that the
surrogate model provides a uniformly accurate approximation across all outputs. In addition, the
absence of divergence between validation and test performance (not shown for brevity) suggests
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that overfitting effects remain negligible and that the surrogate model generalizes reliably across
the parameter space.
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Figure 3.14: Validation NRMSE for each output component during adaptive enrichment. The
error exhibits an initial transient regime followed by rapid decay and eventual stabilization,
indicating progressive improvement of the surrogate approximation across all components.
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Figure 3.15: Validation R? for each output component. All components rapidly approach unity,

confirming the capability of the surrogate model to reproduce the high-fidelity mapping with
high accuracy.

The surrogate model reconstruction over the (61, #>) domain is shown in Figure 3.17. The
model captures the heterogeneous behavior of the effective stiffness components and preserves
the main structural features of the high-fidelity response.

The component C ﬁfn exhibits a strongly anisotropic behavior, with pronounced variations

along #; and a smoother dependence on 6,. The component ngzz displays a more complex
topology characterized by a saddle-like structure in the parameter space. In contrast, C§§f33
a predominantly monotonic trend with reduced nonlinearity.

Across all output components, no spurious oscillations or numerical artifacts are observed,
indicating that the surrogate model provides a stable and numerically consistent approximation

of the forward mapping.

shows
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Figure 3.16: Aggregated validation metrics for the multi-output surrogate model. The combined
indicators confirm the global accuracy and stability of the adaptive Gaussian-process approxima-
tion over the entire parameter space.

@ C5f, ®) Csh, © c3t

0.36

0.30

eff
3333

0.24

0.18

50
0

')

0,
r ff r
d €y, © C5n () Ci333
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Overall, the surrogate model achieves high predictive accuracy and provides a stable
approximation of the high-fidelity mapping. Such a level of accuracy is essential for the
subsequent inversion stage, where both the predictive mean and the predictive variance directly
enter the likelihood formulation through X, and therefore directly influence the inferred posterior
distribution via the likelihood.

3.2.5.1.2 Uncertainty-Aware Bayesian Inversion Results

The performance of the uncertainty-aware Bayesian inversion framework is assessed by analyzing
the geometry of the objective functions, the role of the uncertainty model, and the accuracy and
stability of the inferred solution.

The target response is defined in the space of effective properties introduced in Equation (3.28)
and is obtained by evaluating the high-fidelity forward model at a prescribed reference configura-
tion ®*. The inverse problem consists in identifying the parameter vector ® = (61, 6;) through
minimization of the MAP objective defined in Equation (3.43).

The geometry of the inverse problem is first examined through contour representations of the
least-squares (LS), normalized least-squares (NLS), negative log-likelihood (NLL), and negative
log-posterior (NLP) objectives, reported in Figure 3.18. All objective functions attain their
minimum within the same region of the parameter space, demonstrating consistency between
deterministic and probabilistic formulations. In particular, the NLL and NLP objectives preserve
the location of the LS minimum while modifying the local geometry through the incorporation
of uncertainty information.

The MAP estimate is given by

Omap ~ (27.05, 34.02),

which is in close agreement with the reference configuration used to generate the target response.
The corresponding predicted response is u(@wyap) = (0.406, 0.381, 0.338), with predictive
standard deviations of order 1073, The reconstruction error remains small, lyprea — ¥*Il2 ~
7.2 x 107#, confirming that the surrogate-based inversion accurately recovers both the target
response and the associated parameter configuration.

The contour plots reveal a clear distinction between deterministic and uncertainty-aware
objectives. The LS and NLS formulations exhibit relatively broad and nearly isotropic basins
around the minimum, reflecting an unweighted data misfit. In contrast, the NLL and NLP
objectives display sharper and anisotropic contours, induced by the weighting through the inverse
total covariance matrix X,. This effect concentrates the objective landscape along directions of
lower uncertainty and effectively penalizes regions associated with higher predictive variance or
residual discrepancy.

No secondary minima are observed in the explored region, indicating that the inverse problem
is locally well-posed. The local conditioning of the objective, characterized by a condition number
close to unity (approximately 1.15), further supports stable identifiability in a neighborhood of
the solution.

The effective covariance matrix X is estimated from out-of-sample residuals and its structure
is analyzed across calibration dataset sizes, as well as before and after adaptive refinement, as
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Figure 3.18: Contour plots of the objective functions over the parameter space (6, 6;). Darker
regions correspond to lower objective values. The blue square denotes the reference configuration,
the green star indicates the MAP estimate, and the red triangles represent the initial multistart
points. The comparison highlights the effect of uncertainty-aware weighting in shaping the
objective landscape while preserving the location of the global minimum.

shown in Figure 3.19.

The estimated covariance matrices exhibit a predominantly diagonal structure in both the initial
and refined configurations, indicating that residual discrepancies are largely uncorrelated across
output components. This behavior is consistent with the independent multi-output Gaussian-
process construction introduced in Section 3.2.4.1 and supports the separability assumption
underlying the surrogate model.

The diagonal dominance persists across all calibration dataset sizes, while increasing the
number of calibration samples improves the stability of the variance estimates. In particular, larger
datasets reduce fluctuations in the diagonal entries without introducing significant off-diagonal
contributions, suggesting that cross-correlations are intrinsically negligible rather than induced
by limited sampling.

A comparison between the initial and refined covariance matrices shows a systematic

98



x1075

Cllll

Coo

output
&
output

Corr(Zeg)

Csss3 0 CBBSS
(S N e N O oY P O
output output
(a) Covariance (initial) (b) Correlation (initial)
w0 %1075 1.0
Cllll I
1.5 0.5
- . =
= & = A
= 105 £ Con 0.0 &=
S 3 3
@)
0.5 —-0.5
Css33 I
, -1.0
onY Gt o Snt Gt O
output output
(c) Covariance (refined) (d) Correlation (refined)

Figure 3.19: Structure of the effective covariance matrix estimated from residuals using a
20-sample calibration dataset. Top: covariance and correlation matrices prior to adaptive
refinement. Bottom: corresponding matrices after posterior-focused refinement.

reduction in magnitude after adaptive refinement. This effect reflects a decrease in surrogate-
model discrepancy in regions that contribute most to the posterior probability, where additional
samples are concentrated by the refinement strategy. As a result, the residual uncertainty captured
by X becomes more localized and better aligned with the predictive variance of the surrogate
model.

The corresponding correlation matrices confirm that refinement does not introduce artificial
dependencies between output components. Off-diagonal terms remain close to zero in all cases,
indicating that the structure of the residual uncertainty is preserved throughout the adaptive
process.

The consistency of the MAP estimates across all calibration dataset sizes indicates that
the inversion results are robust with respect to the estimation of X.¢. The inferred parameter
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configurations remain confined to a small neighborhood of the reference solution, and no
sensitivity to moderate variations in the covariance structure is observed. This behavior suggests
that the likelihood formulation is well-conditioned and that the discrepancy term acts primarily
as a regularization component without altering the location of the solution.

Overall, these results demonstrate that the proposed data-driven estimation of X.g provides a
stable and physically interpretable representation of residual uncertainty, and that its integration
within the likelihood formulation leads to robust and consistent parameter inference.

The behavior of the adaptive refinement strategy is illustrated in Figure 3.20, where the
evolution of the main components of the acquisition criterion is reported across refinement
iterations.
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Figure 3.20: Evolution of the components of the posterior-focused refinement criterion during
adaptive learning (20-sample calibration case). The plots report, respectively, the predictive
uncertainty at the selected points, the acquisition score, and the posterior weight driving the
refinement strategy.

The selected predictive uncertainty exhibits a pronounced decrease during the first refinement
iterations, indicating that the adaptive strategy rapidly reduces epistemic uncertainty in regions
that are most relevant to the posterior distribution. After this initial phase, the uncertainty
reduction becomes more gradual, suggesting that the surrogate model has already achieved a
sufficiently accurate representation in the vicinity of the solution.

A consistent trend is observed for the refinement score, which combines uncertainty and
posterior weighting. The score decreases sharply during the initial iterations and subsequently
stabilizes, indicating that the acquisition process approaches a convergence regime where no
regions simultaneously exhibit high uncertainty and high posterior relevance. This behavior
provides evidence that the adaptive refinement effectively balances exploration and exploitation.

The evolution of the posterior weight further clarifies this transition. In the early iterations,
relatively high values indicate that the refinement is driven by a broader exploration of the
parameter space. As the iterations progress, the posterior weight becomes more concentrated,
reflecting a progressive localization of the sampling process in a neighborhood of high posterior
probability. This transition confirms that the refinement strategy successfully shifts from global
exploration to posterior-focused exploitation.
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The impact of bias correction is assessed through an ablation study comparing the standard
Gaussian-process (GP) surrogate, the bias-corrected (BC) model, and direct inversion based
on the high-fidelity model (HFM). Both GP and BC enable accurate parameter recovery with
a limited number of high-fidelity evaluations, whereas direct HFM-based inversion does not
converge within the same computational budget. The BC model consistently yields lower values
of the negative log-likelihood and negative log-posterior, indicating improved agreement between
the surrogate predictions and the underlying high-fidelity model, as well as enhanced internal
consistency of the probabilistic formulation.

The inversion is performed through maximum a posteriori (MAP) estimation, resulting in a
point estimate of the most probable parameter configuration. The observed objective landscape
is unimodal and strongly concentrated, supporting the validity of MAP-based inference in the
present setting. A full characterization of posterior uncertainty would require sampling-based
techniques, which are not considered here.

The adaptive refinement strategy depends on the hyperparameters Sy, Sar, and 7, set to
Ba=2,Bar =2,and T = 1. Numerical evidence indicates that the inversion results remain stable
under moderate variations of these parameters, suggesting limited sensitivity of the framework to
their specific choice.

Overall, the results demonstrate that the proposed uncertainty-aware framework enables
efficient and robust solution of the inverse design problem. The combination of surrogate
modeling, discrepancy-aware likelihood formulation, and posterior-focused adaptive refinement
leads to accurate parameter identification while maintaining computational efficiency.

3.2.5.2 Results in Four-Dimensional Parameter Space

The performance of the uncertainty-aware Bayesian inversion framework is assessed in a four-
dimensional parameter space, where all parameters governing the spinodoid morphology are
treated as unknown. The design vector is defined as @ = (61,65, 03,vy), with admissible
domain 61, 6,03 € [0°,90°] and v € [0, 1], consistently with the parametrization introduced
in Section 3.2.2.

Compared to the two-dimensional setting, the present configuration introduces increased
complexity due to the higher dimensionality of the parameter space and the stronger coupling
between geometric descriptors and effective properties. This setting therefore provides a more
demanding test for surrogate modeling and Bayesian inversion in terms of sample efficiency,
parameter identifiability, and stability of the likelihood formulation.

The inverse problem is defined in a synthetic setting by selecting a reference configuration
0" = (27°,34°,15°,0.45), from which the target response y* is generated through evaluation
of the high-fidelity forward model ¥ (Equation (3.25)). As in the two-dimensional case, no
observational noise is introduced and no additional model discrepancy is prescribed beyond the
surrogate approximation, so that the contribution of surrogate modeling, predictive uncertainty,
and data-driven discrepancy can be isolated within the likelihood formulation.

The surrogate model is constructed using the adaptive Gaussian-process procedure described
in Section 3.2.4.1. An initial training set of 12 samples is progressively enriched over 80 adaptive
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iterations using a selection criterion based on integrated predictive variance and a distance-based
term in the normalized parameter space. Independent Gaussian-process models are employed
for each output component using a Matérn kernel with smoothness parameter v = 2.5, with
hyperparameters estimated by maximum likelihood.

Parameter inference is performed in a maximum a posteriori (MAP) setting following the
framework introduced in Section 3.2.4.2. A multistart strategy with 15 initial points is adopted,
combining basin-hopping with local L-BFGS-B optimization. The likelihood incorporates both
surrogate predictive uncertainty and an effective covariance matrix X.g, estimated from an
independent calibration dataset of 200 samples not used for surrogate construction, leading to
a total covariance Xy = X + Xgp(@®) that accounts for both local predictive uncertainty and
residual discrepancies. A uniform prior distribution is assumed over the admissible domain.

Posterior-focused adaptive refinement is performed over 5 iterations using the criterion
defined in Equation (3.44), with the objective of improving surrogate accuracy in regions of
high posterior probability. In addition, a bias-corrected surrogate model is introduced through a
secondary Gaussian process trained on cross-validated residuals, enabling the effect of systematic
discrepancy reduction to be assessed in the higher-dimensional setting.

3.2.5.2.1 Adaptive Construction of Gaussian-Process Surrogate Models

The performance of the Gaussian-process surrogate model in the four-dimensional parameter
space is evaluated in terms of convergence behavior, predictive accuracy, and consistency with
the underlying high-fidelity mapping.

The surrogate model approximates the forward relation defined in Equation (3.28), with output
vectory = (C ‘f‘;fl 1> ngzz’ ngf%). Consistently with the independent multi-output construction
introduced in Section 3.2.4.1, the assessment focuses on global performance metrics that
characterize the overall quality of the approximation across the admissible domain.

The convergence of the adaptive construction is assessed through validation error metrics.
Figure 3.21 reports the evolution of the normalized root mean square error (NRMSE) and the
coefficient of determination R? as functions of the number of training samples.

At the initial stage, the surrogate model exhibits relatively large errors, reflecting both
the limited coverage of the parameter space provided by the initial design and the increased
dimensionality of the problem. The activation of adaptive sampling, driven by the integrated
predictive variance defined in Equation (3.35), leads to a rapid reduction of the approximation
error during the first enrichment iterations. This initial regime is followed by a slower convergence
phase, in which the NRMSE decreases more gradually and stabilizes at values of order 10~ after
approximately 40-50 samples, with only marginal improvements in subsequent iterations.

A consistent behavior is observed for the coefficient of determination. The R? metric rapidly
increases during the early enrichment phase, exceeding 0.99 after a limited number of iterations
and remaining close to unity throughout the remainder of the adaptive process. This trend
indicates that the surrogate model captures the dominant functional dependence of the effective
properties on the design parameters, despite the increased complexity of the mapping.

In contrast to the two-dimensional case, a component-wise or geometric visualization of the
surrogate response is not reported. Due to the four-dimensional nature of the parameter space,

102



low-dimensional projections would provide only partial and potentially misleading representations
of the underlying mapping, as they neglect higher-order interactions among parameters. For this
reason, the assessment is based on global validation metrics, which provide a consistent and
dimension-independent characterization of predictive performance.
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Figure 3.21: Convergence of the Gaussian-process surrogate model during adaptive enrichment
in the four-dimensional parameter space. The NRMSE exhibits a rapid initial decrease followed
by gradual stabilization, while R? quickly approaches unity and remains stable throughout the
enrichment process, confirming accurate reconstruction of the high-fidelity mapping.

Overall, the surrogate model achieves stable convergence and good predictive accuracy in
the four-dimensional parameter space. Compared to the two-dimensional case, a reduction in
convergence rate and a higher residual error are observed, which are consistent with the increased
dimensionality and complexity of the underlying structure—property mapping. Despite these
challenges, the adaptive Gaussian-process construction effectively captures the dominant features
of the high-fidelity response and provides a sufficiently accurate and robust approximation for the
subsequent inversion stage.

This level of accuracy is essential for the uncertainty-aware Bayesian inversion framework,
as both the predictive mean and the predictive variance directly contribute to the likelihood
formulation through X, and therefore influence the inferred posterior distribution.

3.2.5.2.2 Uncertainty-Aware Bayesian Inversion Results

The performance of the uncertainty-aware Bayesian inversion framework in the four-dimensional
parameter space is assessed by analyzing reconstruction accuracy, probabilistic consistency, and
identifiability of the inverse problem.

The MAP estimate obtained using the bias-corrected (BC) surrogate model is given by

Omap = (27.14, 34.09, 14.65, 0.406),
which lies in close proximity to the reference configuration

0" =(27°,34°,15°,0.45).
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The reconstruction is highly accurate for the anisotropy angles, while a larger deviation is
observed for the volume fraction. This behavior reflects the heterogeneous sensitivity of the
effective response with respect to the individual parameters. In particular, the anisotropy angles
directly influence the directional stiffness components and are therefore strongly informed by
the observed response, whereas the volume fraction contributes in a more distributed manner,
resulting in weaker identifiability.

The predicted response at the MAP configuration is

1(Omap) = (0.321, 0.268, 0.272),
with predictive standard deviations of order 1072—10~!. The resulting data misfit,
¥prea = ¥°ll2 » 1.23 x 107",

remains consistent with the uncertainty levels encoded in the likelihood formulation. This is
further supported by the values of the negative log-posterior and negative log-likelihood,

NLPBC =~ —3.65, NLLBC ~ —3.55,

indicating that the reconstructed solution lies within a region of high posterior probability. A
comparison with the standard Gaussian-process (GP) surrogate model highlights the role of
bias correction. The GP formulation yields a larger reconstruction error and higher objective
values, indicating that residual systematic discrepancies in the surrogate approximation propagate
into the inversion when not explicitly accounted for. The bias-corrected formulation mitigates
this effect, leading to improved agreement with the target response and enhanced probabilistic
consistency.

The structure of the effective covariance matrix X.g, reported in Figure 3.22, provides insight
into the nature of the residual uncertainty.

The covariance matrices exhibit a predominantly diagonal structure, indicating that a large
portion of the residual variance is associated with individual output components. However, non-
negligible off-diagonal terms are present, revealing moderate correlations between the effective
stiffness coefficients. These correlations reflect the coupled dependence of the homogenized
response on the underlying microstructural parameters and support the use of a full covariance
structure in the likelihood formulation. A comparison between the initial and refined covariance
matrices shows a systematic reduction in magnitude after adaptive refinement, indicating that
posterior-focused enrichment effectively reduces surrogate-model discrepancies in regions of
high posterior probability. At the same time, the correlation structure remains qualitatively
unchanged, suggesting that refinement improves local accuracy without altering the intrinsic
dependency structure of the residual errors.

The behavior of the posterior-focused adaptive refinement strategy is illustrated in Figure 3.23.

The selected predictive uncertainty decreases across iterations, indicating a progressive
reduction of epistemic uncertainty in posterior-relevant regions. The refinement score exhibits
a rapid decrease followed by stabilization, suggesting convergence of the adaptive procedure.
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Figure 3.22: Effective covariance matrix X.g estimated from residuals in the four-dimensional
setting. Top: covariance and correlation matrices before posterior-focused refinement. Bottom:
corresponding matrices after refinement.

The posterior weight reflects a transition from exploratory sampling to concentration in regions
of higher posterior probability, confirming that the refinement strategy effectively balances
exploration and exploitation and progressively focuses the sampling process in regions that
contribute most to the posterior distribution.

Despite the accurate reconstruction provided by the MAP estimate, the inverse problem
exhibits pronounced anisotropy. The associated condition numbers are of order 10'°, indicating
severe ill-conditioning and strong directional sensitivity of the objective landscape. The
corresponding eigenvalue spectrum spans several orders of magnitude, revealing directions in
the parameter space that are only weakly informed by the observed response. This behavior
indicates that accurate pointwise reconstruction does not imply uniform identifiability across all
parameters. Rather, the inverse problem combines good local recovery of the target configuration
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Figure 3.23: Evolution of the components of the posterior-focused refinement criterion during
adaptive learning.

with intrinsic non-identifiability along specific parameter combinations.

Direct inversion based on the high-fidelity forward model does not yield a valid solution within
the same computational budget, confirming that brute-force approaches are computationally
infeasible in the four-dimensional setting. In contrast, the surrogate-based framework enables
efficient exploration of the parameter space and accurate recovery of the dominant features
of the target configuration with a limited number of high-fidelity evaluations. Overall, the
results demonstrate that the proposed uncertainty-aware Bayesian inversion framework provides
an uncertainty-consistent reconstruction of the inverse design problem in higher-dimensional
parameter spaces. The combination of surrogate modeling, discrepancy-aware likelihood
formulation, and posterior-focused adaptive refinement enables stable and computationally
efficient inference, while explicitly revealing the intrinsic identifiability limitations of the
problem.

3.2.5.3 Conclusions

The numerical results presented in this section provide a systematic assessment of the uncertainty-
aware Bayesian inversion framework across parameter spaces of increasing dimensionality. The
analysis has focused on the interaction between surrogate modeling accuracy, probabilistic
consistency of the likelihood formulation, and identifiability of the inverse problem.

In the two-dimensional setting, the adaptive Gaussian-process surrogate model achieves high
predictive accuracy, as evidenced by the rapid convergence of validation metrics and the accurate
reconstruction of the underlying structure—property mapping. The corresponding inversion
results demonstrate that the proposed likelihood formulation preserves the geometry of the
deterministic data misfit while incorporating uncertainty information in a consistent manner.
The MAP estimates closely recover the reference configuration, and the objective landscape
exhibits favorable conditioning and local identifiability. The effective covariance matrix remains
predominantly diagonal, indicating that residual discrepancies are largely component-wise, and
its estimation is stable with respect to the calibration dataset size. The posterior-focused adaptive
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refinement strategy effectively concentrates sampling in regions of high posterior probability,
leading to a reduction of epistemic uncertainty and improved local surrogate accuracy.

In the four-dimensional setting, the inverse design problem becomes significantly more
challenging due to the increased dimensionality and stronger parameter interactions. The
surrogate model maintains good predictive accuracy, although with a reduced convergence
rate and higher residual error compared to the two-dimensional case. The inversion results
remain consistent, with the MAP estimate accurately recovering the anisotropy parameters
and providing a reasonable approximation of the volume fraction. The likelihood formulation
remains probabilistically coherent, as the observed data misfit is compatible with the uncertainty
levels encoded in the total covariance model. The effective covariance matrix reveals moderate
cross-output correlations, reflecting the coupled nature of the effective mechanical response,
while posterior-focused refinement continues to improve surrogate accuracy in regions of high
posterior probability.

Despite the accurate reconstruction of the target configuration, the four-dimensional inverse
problem exhibits pronounced anisotropy and severe ill-conditioning. The associated condition
numbers indicate strong directional sensitivity of the objective landscape, with certain parameter
combinations only weakly informed by the observed response. These results highlight an intrinsic
limitation of the inverse design problem, namely that accurate pointwise reconstruction does not
imply uniform identifiability across the parameter space. Rather, the inverse problem admits
directions along which variations in the parameters produce limited changes in the observable
quantities, leading to flat regions in the objective landscape and reduced parameter sensitivity.

A comparison between the two- and four-dimensional settings reveals a clear trade-off between
reconstruction accuracy and identifiability. While the proposed framework remains effective
in recovering the dominant features of the target configuration, increased dimensionality leads
to reduced sensitivity and stronger non-identifiability along specific directions. This behavior
is primarily governed by the structure—property mapping defined by the high-fidelity forward
model and cannot be fully mitigated by surrogate modeling alone.

These observations suggest several directions for methodological extension. First, the
identifiability limitations observed in the four-dimensional setting could be alleviated by enriching
the observation space, for instance by incorporating additional components of the effective
elasticity tensor or alternative mechanical descriptors, thereby increasing the sensitivity of the
forward mapping to the design parameters. Second, the use of parameter-dependent discrepancy
models or hierarchical Bayesian formulations could provide a more refined representation of
residual model errors, improving the consistency of the likelihood in regions of sparse data.
Third, sampling-based inference strategies, such as Markov chain Monte Carlo methods, could be
employed to characterize the full posterior distribution and explicitly quantify uncertainty along
poorly identifiable directions, rather than relying solely on point estimates. Finally, extensions
toward multi-fidelity or multi-output correlated surrogate models may further improve sample
efficiency and capture cross-output dependencies directly at the surrogate level.

Overall, the results demonstrate that the proposed framework provides a coherent and
computationally efficient approach for surrogate-based Bayesian inversion in spinodoid architected
materials. The combination of adaptive Gaussian-process surrogate modeling, discrepancy-aware
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likelihood formulation, and posterior-focused refinement enables accurate and uncertainty-
consistent parameter inference, while explicitly revealing the intrinsic limitations associated
with high-dimensional inverse design problems and providing a basis for future methodological
developments.

3.3 Conclusions

The present chapter examined surrogate-based methodologies for inverse problems within a
Bayesian setting, with emphasis on the construction of computationally efficient surrogate
models and on the explicit treatment of uncertainty in parameter inference. Two complementary
contributions were presented, both based on the integration of adaptive Gaussian-process
surrogate modeling and Bayesian inversion, but developed at different levels of generality and
application complexity.

Section 3.1 introduced an uncertainty-aware framework for inverse problems in controlled
low-dimensional benchmark settings. The analysis showed that adaptive Gaussian-process
surrogate models, constructed through predictive-uncertainty-driven sampling, provide accurate
approximations of the forward model with a limited number of high-fidelity evaluations. The
resulting surrogate models enabled efficient Bayesian inversion, supporting parameter inference
together with a local characterization of the posterior distribution through MAP estimation and
Laplace approximation. The benchmark study clarified the interplay between surrogate accuracy,
adaptive refinement, and posterior structure, and demonstrated the capability of the framework to
capture both well-posed and multimodal inverse problem configurations.

Section 3.2 extended this surrogate-based Bayesian framework to the inverse design of
spinodoid architected materials, where the underlying structure—property mapping is nonlinear
and anisotropic and the parameter space is of higher dimension. In this setting, the likelihood
formulation incorporated both the predictive uncertainty of the Gaussian-process surrogate model
and the residual discrepancy between surrogate predictions and high-fidelity evaluations through
an effective covariance term. This formulation provided a more comprehensive probabilistic
representation of epistemic uncertainty and supported stable parameter inference in reduced two-
and four-dimensional design spaces.

Taken together, the two contributions show that adaptive surrogate modeling and Bayesian
inversion can be combined within a coherent probabilistic framework for inverse problems
involving computationally expensive forward models. The results indicate that the treatment of
surrogate-induced uncertainty and model discrepancy influences the stability, identifiability, and
interpretability of the inferred solutions.

The analyses were conducted in controlled settings, which enabled a systematic assessment
of the effects of surrogate approximation, adaptive sampling, and likelihood modeling on the
posterior distribution. This setting also highlights an important methodological aspect: the
quality of parameter inference depends not only on the global accuracy of the surrogate model,
but more specifically on its accuracy in the regions of the parameter space that govern the
likelihood and posterior structure. For this reason, adaptive sampling strategies play a central
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role not only in improving surrogate predictions, but also in supporting reliable and interpretable
Bayesian inversion.

The scope of the present conclusions is therefore restricted to low-dimensional problems
in which the interaction between surrogate modeling and Bayesian inference can be analyzed
in a controlled manner. Extensions to more general scenarios, including experimental obser-
vations, heterogeneous noise models, stochastic forward operators, and higher-dimensional
parameterizations, remain open research directions.

Overall, the chapter establishes a consistent methodological basis for uncertainty-aware
inverse analysis based on Gaussian-process surrogate modeling and Bayesian inversion. The first
contribution provides a detailed characterization of the framework on analytical benchmarks,
while the second demonstrates its applicability to an inverse design problem of direct relevance
in architected materials. This combination provides both methodological insight and application-
oriented evidence supporting the use of surrogate-based Bayesian approaches in computational
mechanics.
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Chapter 4 — Structural optimization strategies with optimality criteria and method of moving
asymptotes on two- and three-dimensional benchmarks

Chapter 4

Structural optimization strategies with opti-
mality criteria and method of moving asymp-
totes on two- and three-dimensional bench-
marks

4.1 Introduction

Structural topology optimization represents a central component of computational mechanics
and provides a mathematically rigorous framework for the synthesis of optimal structural layouts
under prescribed performance objectives and physical constraints [11, 31, 180, 218, 219]. In
contrast to size and shape optimization, topology optimization allows changes in structural
connectivity and enables the automatic generation of complex layouts through the distribution of
material within a fixed design domain [220, 221]. This capability makes topology optimization
particularly suitable for performance-driven design problems in aerospace, mechanical, and civil
engineering, where stiffness, strength, and material efficiency must be addressed simultaneously
[222].

The theoretical foundations of topology optimization originate from the seminal work of
Bendsge and Kikuchi on numerical homogenization [223, 224], which established a variational
setting for material distribution problems governed by partial differential equations. Building upon
this framework, topology optimization has developed into a broad research field encompassing a
variety of formulations and numerical strategies, including density-based methods [32, 220], level-
set approaches [225], topological derivatives [226], phase-field formulations [227], evolutionary
algorithms [228], and hybrid techniques [229]. Among these methodologies, density-based
approaches have gained widespread acceptance due to their conceptual simplicity, compatibility
with standard finite element discretizations, and scalability to large-scale structural problems.

Within this class, the Solid Isotropic Material with Penalization (SIMP) method represents
one of the most widely adopted formulations [31, 32]. The SIMP approach describes the design
domain through a continuous material density field, where each point is modeled as an equivalent
homogeneous material whose stiffness depends on the local density. Intermediate density values
are penalized through a nonlinear interpolation law in order to promote nearly binary designs,
consisting predominantly of solid and void regions, which is essential for manufacturability.
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The structural response associated with a given density distribution is evaluated by solving the
governing equilibrium equations using the Finite Element (FE) method [15, 16, 46, 53-57, 230],
thereby coupling the optimization problem with a high-dimensional system of discretized partial
differential equations.

Despite its practical success, the SIMP formulation leads to a nonconvex optimization problem
characterized by a large number of design variables and strong coupling between the design
and state equations. As a consequence, the numerical performance of SIMP-based topology
optimization critically depends on the update strategy used to evolve the material density field
during the iterative optimization process. A classical and computationally efficient approach
in this context is provided by the Optimality Criterion (OC) method [31, 32, 231]. The OC
method provides explicit update rules that balance objective reduction and constraint satisfaction,
typically under a volume constraint [232]. Although conceptually simple, the interaction between
penalization, filtering or regularization techniques, and OC-based updates gives rise to complex
numerical behaviour, especially in nonconvex design landscapes and in the presence of active
constraints. A rigorous analysis of both the continuum and discrete formulations is therefore
essential to clarify the strengths and limitations of OC-based SIMP optimization.

Beyond OC strategies, structural topology optimization increasingly relies on general gradient-
based methods capable of handling nonlinear objectives and multiple inequality constraints [233,
234]. Such methods typically construct local approximations of the objective and constraint
functions based on first-order sensitivity information. However, in highly nonlinear or nonconvex
problems, conventional gradient-based approaches may exhibit slow convergence, oscillatory
behaviour, or numerical instability [235, 236]. These limitations motivate the development and
use of optimization algorithms that incorporate mechanisms to control curvature and step size
while preserving computational efficiency.

The Method of Moving Asymptotes (MMA), originally proposed by Svanberg [4], was
developed to address these challenges. MMA is a first-order optimization method tailored for
large-scale constrained problems, in which the original nonlinear and potentially nonconvex
problem is replaced by a sequence of strictly convex and separable subproblems. A defining
feature of the method is the introduction of adaptively updated lower and upper bounds,
known as moving asymptotes, which regulate the curvature of the local approximations and
implicitly control the admissible step size. Through this mechanism, MMA enhances numerical
robustness and improves convergence behaviour in large-scale and strongly nonlinear optimization
problems [33, 237-239].

Owing to these properties, MMA has become a reference method in structural and topology
optimization and has been successfully applied to a wide range of problems, including minimum
compliance optimization [34], large-scale topology optimization [240], stress-constrained formu-
lations [241], and multidisciplinary design applications [242—-244]. Despite its extensive use,
the theoretical understanding of MMA remains only partially consolidated. Most contributions
focus on algorithmic descriptions and implementation aspects, while a systematic analysis of
the mathematical structure of the method — including convexity, separability, and first-order
consistency — is often limited. This aspect hinders a rigorous interpretation of the method
and obscures the connection between its analytical formulation and its observed numerical
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performance.

The present chapter examines structural topology optimization through two complementary
and widely used solution strategies. The chapter discusses two distinct research works developed
during the doctoral programme, both currently in the pre-submission phase. The first contribution
addresses topology optimization via the SIMP method combined with the OC update strategy,
with particular emphasis on the continuum and discrete formulations, regularization techniques,
numerical implementation, and benchmark analyses. The second contribution provides a
comprehensive theoretical and algorithmic investigation of the MMA, revisiting its mathematical
foundations, clarifying the role of local and separable convex approximations, and analysing the
algorithmic mechanisms that govern convergence and numerical stability.

Although the methods considered in this chapter are well established in the literature, their
analysis is conducted with the objective of assessing their suitability within a broader uncertainty-
aware design framework. In particular, the insights gained from this study provide a basis for
future developments aimed at integrating structural optimization with surrogate modeling and
Bayesian inversion techniques.

Accordingly, Section 4.2 presents the SIMP-based topology optimization framework with OC
updates, covering the governing equations, optimization formulation, numerical implementation,
and representative benchmark problems. Section 4.3 is devoted to the Method of Moving
Asymptotes and develops a rigorous theoretical and algorithmic analysis of the method, from
the formulation of constrained structural optimization problems to the construction of convex
approximations, the adaptive update of the moving asymptotes, and numerical validation. The
chapter concludes in Section 4.4 with a synthesis of the main findings and a discussion of
perspectives for advanced structural topology optimization.

4.2 Topology Optimization via the Solid Isotropic Material Pe-
nalization Method and an Optimality Criterion Approach

The present section presents the formulation and numerical treatment of structural topology
optimization based on the SIMP method combined with an OC update strategy. The objective
is to provide a coherent and rigorous description of the SIMP framework, starting from the
continuum formulation of the governing equations Section 4.2.1, and proceeding through the
corresponding discrete formulation Section 4.2.2, numerical implementation Section 4.2.3,
representative benchmark examples Section 4.2.4, and discussing the results Section 4.2.5.

4.2.1 Continuum Formulation

In the present section, we discuss the continuum formulation of the topology optimization problem
using the SIMP method, focusing on minimizing structural compliance [31, 32, 223, 224].

The primary design variable in SIMP method is the material density, denoted as ¢, which
is defined over the entire design domain € C R? (or R?) and varies within the interval [0, 1]
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where ¢ = 0 indicates void regions, while ¢ = 1 represents solid regions. Intermediate values of
¢, where 0 < ¢ < 1, represent transitional regions between solid and void states, modeling a
continuous material distribution across the design domain.

The goal in topology optimization is to determine the optimal material distribution, defined
by ¢, across €2, such that the structure meets specified mechanical performance requirements
while minimizing material usage; in other words, the optimization aims to maximize structural
stiffness while minimizing material use.

A key component in the SIMP method is the relationship between the design variable ¢
and the structural stiffness, which is described at each point in € by a penalized stiffness tensor
dependent on ¢. The penalized stiffness tensor, C(¢), governs the relationship among applied
loads, displacements, and material properties, thereby controlling the mechanical behavior of the
structure. Specifically, C(¢) is formulated as:

C(¢) = ¢"Co, 4.1

where Cy denotes the stiffness tensor of the solid material, and p is the penalization factor, which
penalizes intermediate density values to drive the solution toward a binary distribution (solid or
void).

The penalized stiffness tensor C(¢) plays a central role in determining the structural response,
as it directly affects the relationship between external forces and resulting displacements. By
influencing the stiffness of the structure, C(¢) effectively guides the optimization process in
adjusting the material distribution ¢ to achieve minimum compliance under specified load
conditions while satisfying equilibrium constraints.

The remainder of the present section is organized as follows. Section 4.2.1.1 introduces
the linear elastic problem, describing the mechanical behavior of the structure under load.
Section 4.2.1.2 presents the formulation of the minimum compliance problem, defining the
optimization objective. In Section 4.2.1.3, we derive the Lagrangian formulation, which serves
as the basis for the optimization algorithm. Section 4.2.1.4 discusses the optimality criterion
employed to update the material distribution. Finally, Section 4.2.1.5 outlines regularization
techniques that ensure the stability of the solution.

4.2.1.1 Linear Elastic Problem

A linear elastic solid body occupying the design domain €2 is considered. The mechanical
response is governed by the equilibrium, constitutive, and compatibility equations, supplemented
by Dirichlet and Neumann boundary conditions. The strong form of the linear elastic problem
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reads:

div(o) + ¢b =0 in Q,
og=C(¢):¢ in Q,
Vu + Vu’
le=vou= % in Q, (4.2)
u=u onIp,
on=t on 'y,

where o denotes the Cauchy stress tensor, & the infinitesimal strain tensor, and u the displacement
field. The vector b represents the body force per unit volume, scaled by the material density field
¢. The constitutive relation is governed by the density-dependent stiffness tensor C(¢), defined
according to the SIMP interpolation law introduced in Equation (4.1). Prescribed displacements u
are enforced on the Dirichlet boundary I'p, while surface tractions t are applied on the Neumann
boundary I'y.

For numerical discretization, the equilibrium equation is expressed in weak form. The weak
formulation consists in finding a displacement field u such that:

/ Viu: C(¢) : VioudQ - / ¢b - 6udQ — / t-oudl’ =0 Vou, (4.3)
Q Q I'n
where du denotes an admissible virtual displacement field vanishing on I'p.

4.2.1.2 Minimum Compliance Problem

In the present section, we address the topology optimization process for minimizing structural
compliance within the SIMP framework. The compliance is represented by the functional
C(¢,u), defined as:

C(¢,u):/¢b-ud£)+/ t-udl, 4.4)
Q Iy

The design variable ¢ influences the penalized stiffness tensor C(¢) as defined in Equation (4.1),
which in turn affects the equilibrium displacements u(¢). Therefore, compliance C(¢,u)
implicitly depends on both ¢ and u.

To control material usage, a volume constraint is imposed, limiting the total material volume
within the optimized design to a specified fraction f of the initial design domain volume, V. The
volume constraint is formulated as:

V() = / $dQ— fV <0, 4.5)
Q

where f € (0, 1] denotes the allowable fraction of material.
In summary, the SIMP-based topology optimization problem is formulated as a constrained
optimization problem, where the objective is to minimize compliance (Equation (4.4)) subject
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to the equilibrium condition (Equation (4.3)) and the volume constraint (Equation (4.5)). The
equilibrium condition, expressed in its weak form (Equation (4.3)), is here rewritten compactly
as S(¢,u,0p) = 0. This notation captures the requirement that the structure is in mechanical
equilibrium for a given material distribution ¢ and corresponding displacement field u. Together
with the volume constraint (Equation (4.5)), which restricts the amount of material used, the
optimization problem is expressed as:

minimize: C(¢,u),

su.bject to: S(¢,u,6p) =0, (4.6)
with: V(p) <0,

and: 0<op<1,

This formulation provides a rigorous framework for determining the optimal material distribution
¢ that satisfies both structural performance requirements and material constraints within the
SIMP method.

4.2.1.3 Lagrangian Formulation

To address the minimum compliance problem, we employ a Lagrangian formulation that
simultaneously incorporates the volume constraint and the equilibrium condition. In this
approach, a Lagrange multiplier 4 is introduced to enforce the volume constraint, as described in
Equation (4.5). The Lagrangian formulation defines the optimization problem as the stationarity
of a Lagrangian functional, which combines the compliance, volume constraint, and equilibrium
condition. The Lagrangian functional is defined as:

where the compliance functional C (¢, u) is given by Equation (4.4) and the volume constraint
V(¢) is defined as in Equation (4.5). The term S(¢, u, p) enforces the equilibrium condition
and is expressed as:

S(qﬁ,u,p):/V‘Yu:C(@:V‘Yde—/gbb-de—/ t-pdl, 4.8)
Q Q I'nv

where C(¢) is the penalized stiffness tensor, which depends on the design variable ¢ as prescribed
in Equation (4.1).

The use of p is particularly significant because it enables efficient sensitivity analysis of the
compliance functional C (¢, u) with respect to the design variable ¢. The compliance functional
depends on ¢ and u, with u depending implicitly on ¢ through the equilibrium equation. A direct
computation of the derivative ‘g—g would require evaluating g—;, a process that is computationally
expensive. To avoid this challenge, p is introduced as an auxiliary variable associated with
the equilibrium equation, allowing the sensitivity analysis to be reformulated without explicitly
computing g—;. This approach is called the adjoint method and p is referred to as the adjoint
variable.
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Expanding the Lagrangian functional yields the following expression:

£(¢,u,/l,p):/¢b-ud§2+/ t-udF+/l(/¢dQ—fV)
Q Ty Q
+/Vsu:C(¢):Vsde—/qbb-de—/ t-pdl. 4.9)
Q Q I'n

The stationarity of the Lagrangian functional is achieved when its variation vanishes for any
admissible variations in ¢, u, 4, and p:

dL(¢,u,2,p) [04,0u,01,0p] =0 Vg, ou,dAd,op. (4.10)
This stationarity condition decomposes into four equations:

dL(¢,u,1,p)[6¢,0,0,0] =0, (4.11a)
dL(¢,u,,p)[0,6u,0,0] =0, (4.11b)
dL(¢,u,4,p)[0,0,64,0] =0, (4.11c)
dL(¢,u,4,p)[0,0,0,0p] =0. (4.11d)

The explicit equations corresponding to each condition are as follows:
1. Stationarity with respect to ¢ (Equation (4.11a)):

/6¢b-udQ+A/6¢dQ+/Vsu:Méqﬁ:Vsde—/éqﬁb-de:O. (4.12)
Q Q Q 0¢ Q

2. Stationarity with respect to u (Equation (4.11b)):
/Vsdu:C(gb):Vsde—/qbb-cSudQ—/ t-oudl =0. (4.13)
Q Q I'n
This equation defines the adjoint problem, crucial for resolving the dependence of u on ¢ in the

sensitivity analysis.
3. Stationarity with respect to A (Equation (4.11c¢)):

/ $dQ - fV =0. (4.14)
Q

This enforces the volume constraint.
4. Stationarity with respect to p (Equation (4.11d)):

/VSU:C((p):Vséde—/(ﬁb%Sde—/ t-opdl’=0. (4.15)
Q Q I'n

This equation corresponds to the equilibrium condition, ensuring mechanical balance.
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The adjoint and equilibrium problems (Equation (4.13) and Equation (4.15)) are structurally
identical due to the symmetry of C(¢), a consequence of the linear elastic problem definition.
This symmetry implies p = u, and the problem is called self-adjoint.

Substituting p = u into the Lagrangian functional, it simplifies to depend only on ¢ and A:

-Eeq(¢7 /1) = Ceq(¢) + /1(V(¢), (416)

where Ceq(¢) represents the compliance functional under equilibrium conditions. This reduced
form of the Lagrangian functional is referred to as the equilibrated Lagrangian functional, as it
explicitly incorporates the equilibrium condition.

The term “equilibrated”’emphasizes that the equilibrium condition is satisfied and fully
integrated into the functional. As a result, the optimization process is simplified and focuses
on determining the material distribution ¢ that minimizes compliance and respects volume
constraints.

The reduced optimization problem is then solved by finding the stationary conditions of Leq
respect to ¢ and A:

8.£eq
y =0, (4.17a)
aLCq
5 =0. (4.17b)

These conditions provide the optimality criteria for the design variable ¢, ensuring compliance
minimization under the equilibrium and volume constraints.

4.2.1.4 Optimality Criterion

The Optimality Criterion (OC) [231] describes the conditions under which the material distribution
within the design domain achieves compliance minimization while satisfying the volume constraint.
This criterion originates from the stationarity of the equilibrated Lagrangian functional L, as
defined in Section 4.2.1.3.

The stationarity of Lq with respect to the design variable ¢ provides the necessary condition:

0L(8.1) _0Cu(d) | V(@) _
g  d¢ g

Rewriting this condition, the relationship between the compliance sensitivity and the volume
constraint sensitivity takes the form:

_9Caq(9) ( 9V(@))\ _ |
d¢ d¢ '
This equality constitutes the optimality condition, indicating that the material distribution ¢

balances the sensitivity of compliance with the sensitivity of the volume constraint at every point
in the domain.

0. (4.18)

(4.19)
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However, during the optimization process, this condition is not necessarily satisfied exactly at
all points in the domain. To quantify the deviation from the optimality condition, the control
variable B, is introduced:

-1
_ 0Ceq(9) ( v (¢)) . (4.20)

‘T ¢ a¢

The variable B, serves as a measure of how closely the current material distribution aligns with
the theoretical optimality condition. When B,, = 1 throughout the domain, the compliance is
minimized, and the volume constraint is satisfied, signifying that the material distribution is
optimal.

In practice, the optimization process iteratively updates ¢ to progressively satisfy the
optimality condition. Deviations of B,, from unity during intermediate iterations highlight
areas where the material distribution requires adjustment. By incorporating sensitivity analysis,
the iterative procedure ensures convergence toward a material distribution where B,, — 1,
achieving compliance minimization while respecting the volume constraint. Details of the
iterative algorithm and its numerical implementation are discussed in Section 4.2.2.

4.2.1.5 Regularization Techniques

In topology optimization, regularization techniques [32, 220, 245, 245-248] are essential for
obtaining physically meaningful and stable solutions. Without regularization, solutions can exhibit
undesirable characteristics such as non-physical patterns, highly localized material concentrations,
or abrupt transitions between solid and void regions [249, 250]. These phenomena compromise
design stability and feasibility, highlighting the importance strategies that promote smoothness
and stability in the material distribution.

Several regularization strategies are commonly used in topology optimization [32, 220, 245,
245-248], each addressing specific challenges: (i) filtering techniques [32, 220, 245], which
smooth the material distribution by correlating the densities at neighbouring points in the design
domain; (i7) perimeter control constraints [247], which limit the interface length of material
regions to prevent overly complex designs; (iif) constraints on the slope of the density gradient
[248], limiting rapid changes in material density across the domain; and (iv) direct constraints on
the density gradient [249], promoting gradual transitions between material phases.

Among these, filtering methods [32, 220, 245] are widely employed due to their effectiveness
in smoothing material transitions. The filtering process modifies the design variable ¢ by
introducing a filter function %, which adjusts the material density at each point in the domain
based on the densities of neighbouring points. This regularization helps produce a stable material
distribution and avoids non-physical transitions.

Filtering can be applied to the material density itself. The general form of a density-based
filtering technique can be expressed as:

¢(x) =K (¢(y)) (4.21)
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where x denotes a point in the design domain, and y represents neighbouring points. The filter
function K averages the densities around each point x, resulting in a smooth material distribution
$(x).

Additionally, filtering can be applied to the sensitivity of the objective function, specifically
the sensitivity of the compliance at equilibrium Ceq, with respect to the material density. This
approach, known as sensitivity-based filtering, further stabilizes the optimization process by
smoothing the sensitivity values. Sensitivity-based filtering is formulated as:

0Ceq(#(x)) _ (}((aceq(QS(Y)))
do(x) 0¢(y) '

This formulation helps ensure stable optimization steps and prevents sharp local variations in
material distribution.

A commonly used type of filter relies on Radial Basis Functions (RBF) [246], which smooth
the material distribution based on the distance between points in the design domain. RBF filters
are compactly supported, meaning they influence points only within a defined radius, ensuring
localized smoothing. The RBF-based filter is given by:

(4.22)

K = k(r(x,y)) = [ro(x, y)]* (4r(x,y) + 1), (4.23)

where r(X,y) = “y Xl is the normalized distance between points x and y, and rp,;, specifies the

filter’s radius of 1nﬂuence The function r(x,y) = max(0, 1 — r(x,y)) ensures compact support,
limiting the filter’s effect to points within a certain radius.
Using the RBF filter, the regularized material density can be defined as:

o(x) = /g K(r(x, )6 (y) d. (4.24)

and the filtered sensitivity is given by:

0Ceq(4(x)) / C(r(x. aCeq(¢(Y))
C0p(x) aey)
While these regularization techniques establish a theoretical foundation for stable solutions in

the continuum formulation, their practical importance is particularly evident in the discrete
formulation. A detailed discussion on these techniques is presented in Section 4.2.2.5.

dQ. (4.25)

4.2.2 Discrete Formulation

In the present section, the continuum formulation is discretized in order to obtain a finite-
dimensional optimization problem suitable for numerical solution using the Finite Element
method.

As discussed in Section 4.2.1, the SIMP method assumes that regions with ¢ = 0 correspond
to void, while regions with ¢ = 1 correspond to solid material. In the discrete setting, assigning
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zero stiffness to void regions would lead to singular stiffness matrices. To avoid this issue, void
regions are modeled as a very soft material by introducing a lower bound ¢p,i, > 0. Accordingly,
the penalized stiffness tensor is interpolated as:

C(¢) = [¢min + (1 - ¢min)¢p] Co, (4.26)

where C * 0 denotes the stiffness tensor of the solid material, ¢ * min is a small positive parameter
introduced to ensure numerical stability, and p is the penalization exponent [31, 32].

The choice of the penalization exponent p plays a central role in the SIMP method, as it
controls the tendency of the material distribution to approach a binary (0-1) design. For p =1,
the interpolation is linear and does not penalize intermediate densities, resulting in solutions
characterized by significant regions with 0 < ¢ < 1, often referred to as “gray” regions. These
intermediate densities are generally undesirable from a manufacturing perspective [31, 32].

To promote nearly binary designs, values of p > 1 are typically employed. In particular,
values in the range p ~ 3 are commonly adopted in practical applications, as they provide an
effective compromise between penalization of intermediate densities and numerical stability
of the optimization process [31, 32, 34]. For such values, intermediate densities are strongly
penalized, driving the solution towards a clear separation between solid and void regions.

Although larger values of p can further enhance the penalization effect, excessively high
values may lead to ill-conditioned optimization problems, potentially slowing convergence or
inducing numerical instabilities [32]. For this reason, moderate values of the penalization
exponent are generally preferred in practice.

4.2.2.1 Linear Elastic Problem

In the present section, we introduce the discrete formulation of the linear elastic equilibrium
problem within the SIMP-based topology optimization framework. Following the continuum
formulation in Section 4.2.1, this discrete approach establishes equilibrium across a finite
element discretization of the design domain, €, while retaining the constitutive and compatibility
equations in their strong forms.

The design domain € is discretized into a finite number of elements, indexed by e, using a
finite element mesh [230]. Within each element, the material density ¢ is considered constant,
and the displacement field u is interpolated at the element nodes using shape functions. Let N,
represent the shape functions associated with the displacement field; then, the displacement u
within each element e can be approximated as:

u, ~ N,d,, (4.27)

where d, is the vector of nodal displacements for element e.

The discrete formulation of the equilibrium problem requires defining the relationship between
the Cauchy stress tensor o, the material stiffness tensor C(¢, ), and the strain tensor &, within
each element. The stress-strain relationship for element e is given by the constitutive law:

o. =C(¢.) : &, (4.28)
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where C(¢,.) is the penalized stiffness tensor, which depends on the element material density ¢,
as defined in the SIMP interpolation law (Equation (4.26)). The strain tensor &, is derived from
the nodal displacements d, through the matrix of shape function derivatives B, as:

&g, =B.d,. (4.29)

At the element level, the principle of virtual work is applied, yielding the element stiffness matrix
Kc(¢e) as:

Ke(¢e):/ BZC(‘pe)Be dQl,, (4.30)
Q.

where the integration is carried out over the element domain Q,. Here, the material stiffness
tensor C(¢,.) adjusts the stiffness of each element based on ¢,, transitioning from solid to void
regions and ensuring the physical material distribution.
The global equilibrium equation is formed by assembling the contributions from all elements
and is expressed as:
Kd =f, (4.31)

where K = K(¢) is the global stiffness matrix, constructed by assembling the element stiffness
matrices K. (¢.) for all elements ¢, d = d(¢) is the global displacement vector, containing
the nodal displacements for the entire finite element mesh and f is the global force vector,
incorporating both external and body forces acting on the structure.

For a given material distribution ¢, the global equilibrium equation (Equation (4.31)) is solved
to determine the nodal displacement vector d. Solving the linear system in (Equation (4.31))
provides the necessary displacements to evaluate the structural response corresponding to the
current material configuration.

In summary, the discrete formulation of the linear elastic equilibrium problem provides the
basis for computing the displacement field d for a given material distribution ¢.

4.2.2.2 Minimum Compliance Problem

In the discrete setting of topology optimization, the goal is to minimize the structural compliance
defined as:
c(¢,d) =fd, (4.32)

withd = d(¢).
The volume constraint ensures that the total material used does not exceed a specified fraction
of the initial design domain volume. This constraint can be expressed as:

(@) =) ¢eVe - Vo <0, (4.33)
e=1

where V, denotes the volume of element e and f € (0, 1] represents the allowable fraction of the
initial design volume V.
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Therefore, the discrete minimum compliance problem is formulated as:

minimize: c(¢,d),
su.bject to: Kd=f, (4.34)
with: v(¢) <0,
and: 0<¢<1.
4.2.2.3 Lagrangian Formulation
The equilibrated Lagrangian functional for the discrete problem is defined as
Leq(¢7 ) = Ceq(d’) +Av(9), (4.35)

where ceq(¢) denotes the compliance at equilibrium for a given material distribution ¢, and A is
the Lagrange multiplier associated with the volume constraint v(¢).

To derive the optimality condition, the sensitivity of ceq with respect to ¢ is required. The
discrete equilibrium equation reads K(¢)d(¢) = f (cf. Equation (4.31)). Differentiating with
respect to ¢ yields

dK dd df dd df dK
—d+K— = —, — =K'= -—d]|. 4.36
6" a A T g (d¢ d¢ ) @50
The compliance is ¢(¢, d) = f’d. Therefore,
d T
Coa _ () g4 grdd 4.37)
dp  \d¢ do
Using f = Kd and K = K (self-adjoint case), one obtains
d df dK
T gL _gr g (4.38)

d¢ d¢ d¢

In the standard minimum-compliance setting, the external load vector f is assumed independent
of ¢, so that df/d¢ = 0 and

deeg rdK
=—-d —d. 4.39
o o (4.39)
The stationarity condition with respect to A enforces the volume constraint:
0L . -
6;‘1 =v($)=0, ie, ; ¢V, — fVo=0. (4.40)

The discrete problem is solved iteratively by: (i) solving K(¢)d = f, (ii) updating ¢ according
to the optimality condition, and (ii1) updating A (e.g., via bisection) to satisfy the volume
constraint.
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4.2.2.4 Optimality Criterion

In the discrete formulation of topology optimization, the optimality criterion is used to iteratively
update the material density distribution ¢ across the design domain. The goal is to adjust ¢ in a
manner that progressively minimizes compliance while satisfying the volume constraint.

To accomplish this, an update rule for ¢ is established at each iteration, using a trial value,
denoted as ¢yia, Which incorporates information on the local optimality condition.

The trial value of the design variable ¢y, at iteration k + 1 is computed as:

Dt = 8" [Beg(4*, 2], .41)

where ¢* represents the material density at iteration k and Beq(¢k, A¥+1) is the control variable
that measures the local sensitivity of compliance with respect to ¢:

Oceq(d%) ( ﬂkﬂav(@)‘l
ok Ok ’

Beq(¢*, M) = - (4.42)

where 1¥*! is the Lagrange multiplier associated with the volume constraint at iteration k + 1 and
n is a damping factor, typically chosen as 0.5 to ensure numerical stability [231, 251].

The control variable Beq approaches unity when the compliance sensitivity balances with
the volume constraint sensitivity, satisfying the optimality condition locally. Therefore, when
Beq = 1, the material density does not change. If Beq # 1, dyia 18 either increased or decreased
accordingly, ensuring a smooth and directed adjustment of the material distribution towards
optimality.

To control the update step and prevent excessive changes in material density that could
destabilize the optimization process, an auxiliary variable ¢,,x is introduced. This variable
restricts the update step size between iterations, enhancing stability. The auxiliary variable ¢,
is defined as:

¢k —-m, if ¢yial < ¢k -—m,
Gaux = ¢k +m, if Dtrial = ¢k +m, (4.43)

Dtrials otherwise,

where m is the move limit, a positive constant that restricts the maximum allowable change in ¢
(often m = 0.2 in applications [231, 251]). This constraint on step size prevents abrupt variations
in the material density, facilitating a stable progression towards the solution.

Once the auxiliary variable ¢,,x is computed, the material density is further projected to
ensure that it remains within the physical bounds [0, 1]. The projection is performed as:

¢project = min (maX (¢aux, 0) > 1) 5 (444)

where @project 18 constrained within [0, 1], thus ensuring the material density is either void (¢ = 0)
or fully solid (¢ = 1).

To improve convergence and ensure a manufacturable design, a filtering step is applied to the
updated material density distribution. Filtering, as discussed in Section 4.2.2.5.
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In summary, the optimality criterion iteratively updates the material densities in a multi-step
process:

1. Compute the trial value ¢y, using the equilibrium control variable Beg.
2. Limit the changes in ¢ using the auxiliary variable ¢,,x to ensure stability.
3. Project ¢,y into the physical bounds [0, 1] to maintain feasible values.

4. Apply a filter to ensure smoothness and manufacturability.

This iterative process continues until the material distribution ¢ converges, yielding a
configuration that minimizes compliance while adhering to both equilibrium and volume
constraints.

4.2.2.5 Regularization Techniques

In the discrete formulation of topology optimization, regularization techniques [32, 220, 245—
248] are essential to ensure that the optimization process yields stable, physically meaningful,
and manufacturable solutions. Without proper regularization, the optimization may produce
numerical artefacts such as checkerboarding, mesh dependency, and highly localized material
concentrations, which detract from the quality and practicality of the design [249].

As discussed in Section 4.2.1.5, Radial Basis Function (RBF) filtering [246] is one of the most
effective techniques for smoothing the distribution of both material densities and sensitivities
across neighbouring elements. This approach reduces abrupt transitions between solid and void
regions, ensuring a stable optimization process that converges to a manufacturable design.

The filtered density for each element e at iteration k + 1 is computed as a weighted average of
the densities of neighbouring elements:

k+l ZjeN(e) K(r(xe’xj))¢j,project
¢ ZjeN(e) K(F(Xe,Xj))

, (4.45)

where N (e) denotes the set of neighbouring elements surrounding element e, x(r(X,, X;)) is the
RBF filter function, and r(x,, X J-) represents the normalized distance between the centroids of

elements e and j:
lIxe — x|
r(Xe,X;) = ————, (4.46)
"'min
where rpiy, 1s the filter radius that controls the influence range of the filter function, ensuring that
only elements within a specified distance contribute to the filtered density of a given element.

The compactly supported RBF filter [246] is defined as:

K(r(%e, X)) = [ro(%e, ;)| * (4r(xe, X)) + 1), (4.47)

where ro(X,, X;) = max(0, I —r(x,,X;)) ensures that only elements within the specified radius
rmin affect the filtered density, resulting in localized smoothing.
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The density filtering process is crucial for producing smooth material distributions and
preventing the formation of non-physical patterns, such as checkerboarding, across the finite
element mesh.

In alternative to density filtering, sensitivity filtering is often applied to smooth the sensitivities
of compliance with respect to the material densities. This filtering step stabilizes the optimization
by ensuring that the sensitivity values vary smoothly across the design domain, preventing
localized irregularities in the density distribution.

e filtered sensitivity or each element e 1s computed analogously to density filtering:
The filtered "'Z;fjf h el 1 d anal ly to density filteri
Oce
Oceq _ Zjen(e) K(r(Xe, X)) g5 4.48)
a¢e ZjeN(e) K(F(Xe, Xj))

Sensitivity filtering prevents abrupt changes in the compliance sensitivities, which could
destabilize the optimization process or lead to convergence on non-optimal designs. Additionally,
filtering the sensitivities enhances the robustness of the optimization, particularly when dealing
with high-resolution meshes or complex design domains.

In conclusion, the advantages of regularization techniques in the discrete setting are numerous:

* Prevention of Checkerboarding. Filtering smooths the material distribution, eliminating
non-physical checkerboard patterns that can emerge in element-based optimization.

* Reduction of Mesh Dependency. Regularization reduces the dependency of the optimization
results on mesh size or element shape, yielding designs that are more robust and consistent
across different mesh discretizations.

* Enhanced Manufacturability. The smoothed material distribution resulting from filtering
1s more likely to produce designs feasible for manufacturing, as it avoids sharp, localized
transitions between solid and void regions.

* Stabilization of the Optimization Process. By smoothing the sensitivities, filtering helps
the optimization process to progress in a stable manner, avoiding sudden, destabilizing
changes in material distribution.

In summary, regularization techniques are an indispensable part of the discrete topology
optimization process. It ensures that the final design is physically meaningful, manufacturable,
and free from numerical artefacts, thus enhancing the reliability and applicability of the optimized
structures.

4.2.3 Numerical Implementation

In the present section, we describe the algorithm implemented to solve the topology optimization
problem using the Solid Isotropic Material with Penalization (SIMP) method. The formulation
follows the standard SIMP-based topology optimization framework combined with an Optimality
Criterion (OC) update scheme, as widely established in the literature [32, 220].
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The implementation is carried out using the AceGen and AceFEM packages in Mathematica®.
Specifically, AceFEM is used to manage the optimization process and finite element analysis,
while AceGen is employed to generate the finite elements required for the discretization of the
design domain.

The topology optimization algorithm implemented in AceFEM consists of six main stages:

- General Parameters. This stage defines the problem’s fundamental parameters, includ-
ing geometry, material properties, loading conditions, SIMP method parameters (e.g.,
penalization factor, filter radius), and convergence criteria.

- Finite Element Analysis Initialization. In this step, the design domain geometry, material
properties, meshing strategy (using finite elements generated by AceGen), and boundary
conditions are specified.

- SIMP Analysis Initialization. Here, all essential quantities for the SIMP method are
initialized, including the design variables (material density), neighborhood of elements
(for filtering), and initial compliance values.

- Density Filter Computation. The density filter is computed at this stage using Radial Basis
Functions (RBF), as outlined in Section 4.2.2.5. This filter smooths the density field,
promoting numerical stability.

- Topology Optimization Algorithm. This phase corresponds to the implementation of the
SIMP-based optimization loop combined with the OC update strategy, as detailed in
Algorithm 1.

- Solution and Visualization of Results. Finally, the optimized material distribution is
computed, and the results are visualized.

As discussed in Section 4.2.2.5, both density-based and sensitivity-based filtering techniques
can be used to regularize the solution of the topology optimization problem. Since these
methods differ only in the variable to which the filter is applied, the algorithm below presents the
density-based filtering technique as an illustrative example.

The following algorithmic framework describes the implementation of a standard SIMP-based
topology optimization procedure. Algorithm 1 presents the main iterative loop, where the
equilibrium displacements are solved and material densities are updated. Algorithm 2 enforces
the volume constraint using a bisection method to determine the Lagrange multiplier A, while
Algorithm 3 updates the design variable ¢ using the optimality criterion combined with projection
and filtering steps.

This structured approach provides a consistent implementation of the SIMP-based topology
optimization procedure, enabling the computation of material distributions that satisfy equilibrium
and volume constraints.
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Algorithm 1: Topology Optimization Solution

1 Input: g = A%, poiq = ¢F, maxIter
2 Output: Apey = A, rew = o5
3 for k =0 tomaxIter do

4 Solve Kd = f to compute the equilibrium displacement field d for the current
material distribution.

5 Apply Algorithm 2 to compute the updated values of 1¥*! and ¢**! based on the
optimality criterion and volume constraint.

6 Update the values: ¢* «— ¢**1, A¥ « A**1 for the next iteration.

Algorithm 2: Bisection Method for Volume Constraint Enforcement
1 Input: A%, g%, £, V, A4, Ay, tol
2 Output: AF+1 pk+!

6Ceq (/lk#’k)
d¢
k
4 Compute the volume v(¢*) and its sensitivity _av(;g )
5 Execute Algorithm 3 to update ¢**! and v(¢**!)

¢ while 1, — 1, > tol do
k+1 _ Ag+A
7 Set A = 2457

3 Compute ceq(A*, ¢¥) and its sensitivity

8 | Re-evaluate Algorithm 3 to compute ¢**! and v(¢**1)
9 | ifv(¢**!) — fV =0 then

10 | break

11 else

12 if v(¢**!) — fV > 0 then
13 ‘ Set 1, = Ak+1

14 else

15 L Set A, = Ak+1

4.2.4 Numerical Examples

In present section, we present several numerical examples to demonstrate the application
of the SIMP-based topology optimization method as formulated in Sections 4.2.1 and 4.2.2.
Each example applies density-based and sensitivity-based filtering techniques, as discussed in
Sections 4.2.1.5 and 4.2.2.5, to ensure stability and manufacturability in the resulting designs.
These examples illustrate the versatility and efficacy of the SIMP method across different
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Algorithm 3: Design Variable Update using Optimality Criterion
1 Input: ¢X, ceq, £, V., m, 0, K, AK*1
Output: ¢!, pi+l1

if A*! > 0 then
4 Calculate the equilibrium control variable Beq(</>k , Ak
5 Set Pyial = ¢kBeq(¢k7 /lkH)n

6 Compute the auxiliary variable ¢,,x to limit the step size

[

w

7 Project ¢aux into the range [0, 1] to obtain @y
8 Apply the density filter K to ¢pro; to smooth the design variable, yielding Pk*!

9 | Compute the total volume v(g**!)

structural configurations, loading conditions, and dimensionalities, drawing on benchmark
problems from the literature [3, 251]. The material properties for all examples assume isotropic
A-36 steel, characterized by a Young’s modulus of 2.11 x 10! Pa, a Poisson’s ratio of 0.29, and
a yield stress oy = 2.2 X 10® Pa.

Table 4.1 summarizes the main parameters used in the topology optimization process, which
include the penalization factor p, damping factor 77, move limit m, volume fraction f, filter radius
Fmin, Maximum iterations, and tolerance levels.

Table 4.1: Parameters used in the topology optimization process.

Parameter Symbol Value
Penalization factor p 3
Damping factor n 0.5
Move limit m 0.2
Volume fraction f 0.4
Filter radius Fmin 0.05
Maximum iterations | maxIter 150
Tolerance tol 1x107°
A lower/upper limit | A,/4; 0/10°

Each example is presented with a detailed description of the geometry, boundary conditions,
applied loads, and mesh discretization. The results are analyzed to evaluate the structural
performance and material efficiency of each optimized design.
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4.2.4.1 Cantilever Beam

The first example involves a classic 2D cantilever beam (Figure 4.1) with dimensions of 2 m in
length and 1 m in height. The left end of the beam is fixed, and different loading conditions are
applied at the right end. Three load configurations are considered: (a) a central load, (b) a load
applied at the bottom-right corner, and (c) a load applied at the top-right corner. Table 4.2 lists
the load magnitudes for each configuration.

The design domain is discretized using a mesh of 160 x 80 = 12.800 square elements, each
with an area of 0.0125 x 0.0125 m?, providing adequate resolution to capture the response under
each loading condition.

Table 4.2: Load values for the 2D cantilever beam under different loading conditions [3].

Problem Load Position Load Magnitude (P)
Cantilever Beam | Central load 8.6 10* N
Bottom-right corner | 6.2 x 10 N
Top-right corner 6.2x 10* N

4.2.4.2 2D Short Cantilever Beam

The second example studies a short cantilever beam with dimensions of 1 m in length and 1 m in
height. The left side is fixed, and loads are applied at various locations on the right end. Three
loading scenarios are considered: (a) central load, (b) load at bottom-right corner, and (c) load at
top-right corner (Figure 4.2). The load magnitudes are listed in Table 4.3.

The design domain is discretized into 80 X 80 = 6.400 square elements, each with an area of
0.0125 x 0.0125 m.

Table 4.3: Load magnitudes for the short cantilever beam under various loading configurations

[3].

Problem Load Position Load Magnitude (P)
Short Cantilever Beam | Central load 9.0x 10* N
Bottom-right corner | 5.8 x 10* N
Top-right corner 5.8x 10*N

4.2.4.3 L-Shaped Structure

The third example examines a 2D L-shaped structure (Figure 4.3), with fixed boundaries and
applied loads. Two loading conditions are considered: (a) a central load and (b) a load at the
bottom-right corner. The load magnitudes are given in Table 4.4.
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Figure 4.1: 2D cantilever beam with various load applications [3]. (a) Central load. (b) Load at
bottom-right corner. (c) Load at top-right corner.

The design domain is discretized into 14.400 square elements, each measuring 0.0125 X
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Figure 4.2: Short cantilever beam with different loading configurations [3]. (a) Central load. (b)
Load at bottom-right corner. (c) Load at top-right corner.

0.0125 m?, ensuring a detailed structural response.
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Figure 4.3: L-shaped structure under different loading configurations [3]. (a) Central load. (b)

Load at bottom-right corner.

Table 4.4: Load magnitudes for the L-shaped structure under different loading conditions [3].

Problem Load Position Load Magnitude (P)
L-Shaped Structure | Central load 1.5x 10* N
Bottom-right corner | 1.5 x 10* N

4.2.5 Results and Discussion

In the present section, the results obtained from the topology optimization problems introduced
in Section 4.2.4 are analysed. For each benchmark problem, the performance of density-
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based filtering (DBF) and sensitivity-based filtering (SBF) techniques is evaluated in terms of
convergence behaviour, compliance values, and resulting material distributions. The results
are compared with benchmark data from the literature [3] in order to assess the accuracy and
consistency of the implementation.

4.2.5.1 Cantilever Beam

The optimized material distributions for the 2D cantilever beam under three loading scenar-
ios—central load, bottom-right corner load, and top-right corner load—are shown in Figure 4.4.
The resulting topologies exhibit well-defined load paths, with material distributed along the
principal stress trajectories. These results are consistent with classical solutions reported in the
literature, indicating that the SIMP-based formulation accurately captures the structural response
under different loading configurations.

The quantitative results reported in Table 4.5 show that both DBF and SBF approaches
produce compliance values in close agreement with the benchmark data. The number of iterations
required for convergence is slightly lower for DBF in all cases, indicating a modest computational
advantage while maintaining comparable accuracy.

Table 4.5: Comparison of DBF and SBF filtering strategies for the cantilever beam. The
compliance values closely match benchmark results, while DBF shows a slightly faster convergence
in terms of iteration count.

Test Problem | Data DBF SBF Benchmark
Central load Iterations 40 43 42
Compliance | 2.3087x10% | 2.3087x10% | 2.3086x10?
Bottom load Iterations 38 40 39
Compliance | 1.2912x10% | 1.2912x10% | 1.2910x10?
Top load Iterations 38 39 39
Compliance | 1.2910x10% | 1.2910x10% | 1.2910x10?

4.2.5.2 2D Short Cantilever Beam

The optimized topologies for the short cantilever beam under the three loading configurations
are reported in Figure 4.5. The material distributions follow the expected structural patterns,
with material concentrated along the dominant load paths. Despite the reduced domain size, the
method captures the essential features of the optimal layout.

The numerical results in Table 4.6 confirm a strong agreement with the benchmark data.
Both filtering techniques lead to nearly identical compliance values, while DBF again requires
fewer iterations in most cases. These results indicate that both approaches provide stable and
accurate solutions.
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Figure 4.4: Optimized material distributions for the cantilever beam under different loading
configurations. The layouts obtained using the SIMP method highlight the formation of efficient
load-carrying paths, with material concentrated along principal stress directions for each loading

4.2.5.3 L-Shaped Structure

The results for the L-shaped structure under two loading conditions are shown in Figure 4.6. The
optimized layouts exhibit clear structural patterns, with material distributed along load-bearing
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(a) Central load configuration

(b) Bottom-right corner load configura-
tion

(c) Top-right corner load configuration

Figure 4.5: Optimized material distributions for the short cantilever beam under different loading
configurations. The results demonstrate consistent identification of efficient load paths, even in a
reduced design domain.

paths and around stress concentration regions. The method effectively handles the geometric
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Table 4.6: Comparison of DBF and SBF filtering strategies for the short cantilever beam. The
results show excellent agreement with benchmark values and consistent convergence behaviour.

Test Problem | Data DBF SBF Benchmark
Central load Iterations 25 27 27
Compliance | 5.6124x10' | 5.6124x10! | 5.6125x10!
Bottom load Iterations 21 23 23
Compliance | 2.8287x10' | 2.8287x10' | 2.8285x10!
Top load Iterations 21 23 22
Compliance | 2.8287x10' | 2.8287x10' | 2.8286x10!

complexity of the domain.

The quantitative comparison in Table 4.7 shows that both DBF and SBF approaches produce
compliance values that closely match the benchmark data. As observed in the previous examples,
DBF generally converges in fewer iterations, while both methods achieve comparable solution
accuracy.

Table 4.7: Comparison of DBF and SBF filtering strategies for the L-shaped structure. The
results confirm the consistency of both approaches with benchmark data, with minor differences
in convergence behaviour.

Test Problem | Data DBF SBF Benchmark

Central load Iterations 27 29 30
Compliance | 2.907x10' | 2.907x10' | 2.906x10!

Bottom load Iterations 25 25 29
Compliance | 2.0193x10" | 2.0193x10' | 2.0191x10!

4.3 A Comprehensive Theoretical and Algorithmic Study on
the Method of Moving Asymptotes for Structural Opti-
mization

The present section provides a comprehensive theoretical and algorithmic investigation of the
MMA for structural optimization problems. The focus is placed on the analytical foundations of
the method, its algorithmic structure, and its numerical behaviour when applied to constrained
and large-scale optimization problems arising in structural mechanics.

Section 4.3.1 formulates the general constrained structural optimization problem. Section4.3.2
presents the theoretical foundations of the MMA. Section 4.3.3 details the algorithmic framework
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Figure 4.6: Optimized material distributions for the L-shaped structure under different loading
configurations. The results highlight the ability of the method to capture complex load transfer
mechanisms in non-rectangular domains.

and implementation aspects. Finally, Section 4.3.4 reports the numerical validation through
benchmark tests.

4.3.1 Constrained Structural Optimization Problem: Formulation and
Analytical Motivation

The present section formulates the general constrained structural optimization problem and
analyses the main analytical challenges associated with nonlinear and nonconvex problems.
The discussion highlights how the analytical challenges motivate the introduction of local and
separable approximation strategies that form the analytical foundation of the MMA. Section 4.3.1.1
presents the general mathematical formulation of constrained structural optimization, defining
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the objective function, design variables, and equality and inequality constraints. Section 4.3.1.2
examines the analytical challenges in nonlinear and nonconvex problems. Finally, Section 4.3.1.3
discusses the motivation for adopting local and separable convex approximations, introducing
the conceptual bridge toward the theoretical formulation of the MMA.

4.3.1.1 General Mathematical Formulation

A general constrained structural optimization problem can be formulated as:

min  f(x)
xeRQim
subjectto h(x) =0 (4.49)
g(x) <0
where X = [x1,x2, ... ,xA]T € R4 denotes the vector of design variables, and f : RA — R is the

objective function to be minimized. The functions h : R4 — R5 and g : R4 — RC collect the
equality and inequality constraints, respectively, which enforce equilibrium equations, boundary
conditions, and additional design requirements. The admissible design domain is defined by the
box constraints:

RA

A= {xe R x™M" < x < x™} (4.50)

where x™" x™3 ¢ R4 represent the lower and upper bounds on the design variables.

The objective function f(x) quantifies the structural performance to be optimized — such
as compliance, stiffness, weight, or stress — depending on the specific problem formulation.
The constraint functions h(x) and g(x) define the feasible design space by enforcing mechanical
admissibility and physical consistency. The dimensionality A of the design space can range
from a few to several thousand variables, particularly in topology optimization, where each finite
element or material density fraction represents a design variable [218, 234, 252-256].

The constrained structural optimization problem in Equation (4.49) is, in general, nonlinear
and nonconvex. The analytical difficulties relate to the nonlinearity and nonconvexity of the
optimization problem in Equation (4.49) are discussed in Section 4.3.1.2.

4.3.1.2 Analytical Difficulties in Nonlinear and Nonconvex Problems

Nonlinearity and nonconvexity constitute the main analytical difficulties in the constrained
structural optimization problem defined in Equation (4.49) [257, 258]. Both phenomena modify
the mathematical structure of the problem by affecting the regularity and curvature of the objective
and constraint functions within the admissible domain. Their combined effect complicates the
analytical characterization of the solution and prevents the direct establishment of conditions
guaranteeing existence, uniqueness, and stability.

The problem in Equation (4.49) is said to be nonlinear when the objective function f(x)
depends nonlinearly on the design variables x € Rg‘dm (Equation (4.50)), as a result of geometric
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nonlinearities or nonlinear material constitutive behaviour [259]. Such dependence affects the
local behaviour of the first- and second-order derivatives, defined as

Vi< |22 o 2/ )"
T 0xyT Axy” T Dxy Ox;0x

.
] V2f(x) = [ 4.51)

ij=1

Analogous definitions apply to the constraint functions h(x) and g(x), whose first- and second-
order derivatives (gradients and Hessians) govern the curvature and differentiability properties of
the feasible domain. Strong nonlinearities may induce rapid spatial variations in the derivatives
or abrupt curvature changes in the Hessians, leading to irregular behaviour and possible loss of
smoothness within the admissible domain.

In such cases, the assumptions of differentiability and Lipschitz continuity — fundamental to
regularity analysis in optimization — may no longer hold, thus reducing the analytical tractability
of the problem [260].

Nonconvexity introduces an additional and more fundamental source of difficulty. Let x;,x, €
R4 denote two admissible configurations of the design variables. The objective function f(x)

. adm . . .
is convex if it satisfies

F2) 2 fx) +VFx) (X2 —x1) VXX € RA 4.52)

When Equation (4.52) does not hold, the function is nonconvex and its curvature cannot be
bounded by a positive semidefinite Hessian, i.e.,

V2f(x) <0 for some x € RA (4.53)

adm

A similar reasoning applies to the constraint functions g(x) and h(x), whose loss of convexity
alters the geometry of the feasible domain, possibly resulting in multiple disconnected feasible
regions. As a consequence, the admissible domain may contain several stationary points
Vf(x*) = 0, corresponding to local minima, maxima, or saddle points. Geometrically, the
curvature of f(x), g(x), and h(x) may vary sharply across the domain, producing irregular
configurations where analytical consistency is lost.

From a theoretical standpoint, nonlinearity primarily affects the differentiability and con-
ditioning of the functions involved, whereas nonconvexity alters their global curvature and
compromises the stability of stationary solutions.

4.3.1.3 Analytical Motivation for Local and Separable Approximations

The analytical difficulties discussed in Section 4.3.1.2 motivate the reformulation of the constrained
structural optimization problem in Equation (4.49) into auxiliary problems exhibiting well-
defined convexity properties and enhanced analytical tractability. A common approach consists
in constructing, at a generic reference configuration X € Rf > locally convex and separable
approximations of the objective function f(x) and of the constraint functions h(x) and g(x).
These local approximations retain the first-order information of the original functions while
introducing curvature control through explicit curvature parameters.
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Given the reference configuration X, the local approximations of the objective function f(x; X)
and of the constraint functions g(x; X) and h(x; X) are constructed to satisfy first-order consistency

conditions: L ) L )
JEX) =f(X) Vi f(XX) =Vf(x)
g(x:x) =g(x)  Vxg(x:X) = Vg(x) (4.54)
h(x; %) = h(x) Vi h(x;X) = Vh(X)
ensuring that the approximations reproduce both the function values and gradients of the original
problem in the neighbourhood of X. Equation (4.54) guarantees first-order consistency and
preserves the differential information required to approximate the stationary behaviour of the
constrained problem in Equation (4.49).

To simplify the analytical dependence on the design variables X = [x1,x2,...,x4]", the local
approximations adopt a separable structure:

A

F%) = ps(R) + D ¢ilxisX)
1;1

8(x:%) = pg(R) + ) Pi(xi%) (4.55)
i=1

A
B(x;%) = pn(X) + ) xi(xi %)
i=1

where each term ¢;, ¥;, and y; depends on a single design variable x;. The coefficients p ¢, pg, and
pn are determined so as to satisfy the conditions in Equation (4.54). The separable representation
in Equation (4.55) removes the coupling among design variables and yields diagonal Hessian
matrices for the local approximations, thereby simplifying the analysis of curvature and the
verification of convexity.

Convexity is enforced by prescribing explicit curvature bounds for each univariate component.
For the objective function, strict convexity is ensured if

2

@gpi(xi;i) >mp (%) >0 xpe MM j=1,...,A (4.56)
which guarantees V2 f(x;X) > diag(my1,...,mysa) > 0. Analogous curvature conditions apply
to the constraint functions:

d? d?
@‘ﬁi(xi;i) > mg;(X) >0 @Xi(xﬁi) > my,;(X) >0 4.57)

4 1

The vector parameters mg; and my, ; control the curvature of the local constraint approximations.
Equations (4.56) and (4.57) introduce an explicit analytical mechanism for curvature control,
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directly addressing the irregular behaviour described in Section 4.3.1.2 and ensuring local
convexity in compliance with Equation (4.52).

The local convex and separable approximations defined by Equation (4.55) lead to the
subproblem associated with the reference configuration X:

min  f(x;X)

subjectto  h(x;%) =0 (4.58)

g(x;x) <0

where the admissible domain is defined in Equation (4.50). Under the first-order consistency
conditions (Equation (4.54)) and curvature control constraints (Equations (4.56) and (4.57)),
the constrained problem in Equation (4.58) admits a unique minimizer within the admissible
domain. The separable and convex formulation ensures mathematical stability, analytical clarity,
and well-posed curvature behaviour of the local approximation.

The construction of local convex and separable subproblems forms the analytical foundation
of sequential explicit convex approximation methods [261, 262]. Within this class, the MMA [4,
33, 237] provides a general and effective formulation.

4.3.2 The Method of Moving Asymptotes: Theoretical Foundations

The section presents the theoretical foundations of the MMA and examines its analytical structure
in detail.

Section 4.3.2.1 introduces the MMA formulation for a one-dimensional unconstrained struc-
tural optimization problem, where the main analytical concepts can be derived and interpreted
mathematically. Section 4.3.2.2 extends the formulation to a one-dimensional constrained struc-
tural optimization problem. Finally, Section 4.3.2.3 generalizes the method to multidimensional
and large-scale structural optimization problem.

4.3.2.1 One-Dimensional Unconstrained Structural Optimization Problem

To isolate the basic foundations of the MMA, the following assumptions are introduced into the
constrained structural optimization problem in Equation (4.49):

1. the design space is one-dimensional, with a single scalar variable (A = 1 in Equation (4.50)),
which permits a fully analytical treatment of the optimization problem;

2. no equality constraints are imposed, i.e., relations of the form h(x) = 0 are absent;

3. no inequality constraints are imposed, i.e., conditions of the form g(x) < 0 are not
considered;

4. the objective function is assumed to be nonlinear and nonconvex within the admissible
design domain (see Sections 4.3.1.2 and 4.3.1.3).
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Under the indicated assumptions, the constrained structural optimization problem in Equa-
tion (4.49) reduces to the nonlinear and nonconvex unconstrained optimization problem:

min  f(x) (4.59)

xe(xmin’ xmax)

where x™n xmax

(Equation (4.50)).

4.3.2.1.1 Construction of the Convex Approximation

€ R denote the lower and upper bounds on the admissible design domain

Let x € R denote the scalar design variable introduced in the one-dimensional unconstrained
optimization problem (see Equation (4.59)). The local convex approximation of the nonlinear and
nonconvex objective function f(x) is constructed within an open interval (L, U) c (x™n, x™ax),
bounded by the lower and upper moving asymptotes L and U, which satisfy:

XM < ] < U < xMax (4.60)

The moving asymptotes delimit the analytical domain of the approximation and act as curvature-
control parameters. Their distance U — L regulates the conditioning of the local convex
approximation, while their position confines the admissible variation of the design variable to a
regularized neighbourhood of the reference configuration.

The convex approximation of the nonlinear and nonconvex objective function is expressed in

reciprocal form as:

14 q

f(x):r+U—x+x—L

where p > 0, ¢ > 0, and r € R are the approximation parameters. The reciprocal structure
in Equation (4.61) couples two monotonic terms with opposite trends: the term g/(x — L)
decreases on (L, +o0) and diverges to +oo as x — L*, whereas p/(U — x) increases on (—oo, U)
and diverges to +co as x — U~. Their combination produces a smooth convex curve within
(L, U), whose curvature is governed by p and ¢, while r introduces a vertical translation that
preserves convexity.

The first- and second-order derivatives of Equation (4.61) read:

4.61)

2p 2q

P q
U-x3 " (x-L)

- Gorp 1©®=

fx) =

(4.62)

Since p,q > 0, it follows that f”(x) > 0 for all x € (L, U), ensuring strict convexity of the
approximation. The corresponding convex optimization problem formulated as:

R er?Li,rzlf : fx) (4.63)

admits a unique minimizer x* € (L, U). The reciprocal terms act as analytical barriers that
prevent minimizers from approaching the moving asymptotes interval, thereby stabilizing the
curvature and conditioning of the local convex approximation.
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The parameters p and g act as curvature weights controlling the steepness and symmetry
of the approximation, while r guarantees value consistency with the nonlinear and nonconvex
objective function f(x).

From a theoretical standpoint, Equation (4.61) represents the minimal differentiable structure
capable of ensuring strict convexity, local tunability, and boundedness within the moving
asymptotes interval (L, U).

4.3.2.1.2 Determination of Approximation Parameters

The local convex approximation of the objective function f(x) introduced in Equation (4.61)
is analytically determined so as to reproduce the local behaviour of the original nonlinear and
nonconvex objective function f(x) around a reference configuration xg strictly contained in
the moving asymptotes interval, i.e., L < xo < U. The approximation parameters p, g, and r
uniquely define the local convex approximation and must satisfy three analytical requirements:
(1) first-order local consistency with the original nonlinear and nonconvex objective function, (ii)
preservation of local monotonicity, and (iii) strict convexity over the moving asymptotes interval
(L,0).

Local consistency is enforced by requiring that both the value and the derivative of the
approximation coincide with those of the original nonlinear and nonconvex objective function at
X0-

flxo)=f(xo)  f'(x0) = f'(x0) (4.64)
Substituting Equation (4.61) into the first condition in Equation (4.64) yields:
p q
= 4.65
Tt e T L f (xo) (4.65)

from which the approximation parameter r is obtained as:

r=fG0) - e vy (4.66)

Differentiating Equation (4.61) and applying the second equation of Equation (4.64) provides the
following linear relation between p and g:

p q /
T2 Go-n2 1 @on
Equation (4.67) involves two unknowns and therefore requires an additional analytical condition
to uniquely determine p and g. The additional requirement is introduced to preserve the local
monotonicity of f(x) at xo and to activate only the reciprocal term consistent with the sign of the
local derivative f’(xq).
Specifically, for a locally increasing behaviour f’(xg) > 0, the decreasing term g/ (x — L) is
deactivate by setting g = 0, and Equation (4.67) gives:

p = (U =x0)*f (xo) (4.68)
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whereas for a locally decreasing behaviour f’(xp) < 0, the increasing term p/(U — x) is
deactivated by setting p = 0, which yields:

q =—(x0 = L)*f'(xo) (4.69)

Figure 4.7: Monotonicity-preserving local convex MMA approximations obtained by selectively
activating a single reciprocal term in the one-dimensional setting. Depending on the sign of the
local derivative f’(xg), either the upper or the lower moving asymptote governs the curvature
and numerical conditioning of the approximation, while first-order consistency with the original
nonlinear and nonconvex objective function is preserved at the reference configuration x. (a)
Locally increasing objective function, with active upper asymptote (p > 0, g = 0). (b) Locally
decreasing objective function, with active lower asymptote (¢ > 0, p = 0).

Therefore the approximation parameters p and g can be compactly written as:

_ 2 pr oL
e {(U x0)“f'(x0) if f'(x0) >0 “470)
0 if f(x9) <0
_ {0 if f(x0) >0 @71)
—(xo = L)?f'(x0) if f'(x0) <0

The resulting approximation preserves the sign of the derivative and ensures that p, g > 0
whenever active, thereby maintaining strict convexity according to Equation (4.62). The
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corresponding value of r follows from Equation (4.66), guaranteeing exact matching with f(xo).
The parameter p or g governs the curvature and asymptotic behaviour of the approximation on
the active side, while the inactive term is omitted to prevent distortion of local monotonicity.

4.3.2.1.3 Adaptive Update of the Moving Asymptotes

The moving asymptotes L and U define the analytical domain of the convex approximation f(x)
and govern its curvature behaviour. Their position determines the regularity and conditioning of
the local approximation, and therefore represents a key element in the analytical structure of the
MMA. Let xo € (L, U) denote the reference configuration at which the convex approximation is
constructed. The moving asymptotes, L and U, must satisfy the condition in Equation (4.60) and
remain separated from xq by strictly positive margins to avoid curvature singularities.
A basic configuration can be introduced by a symmetric offset around the reference configu-
ration xg:
L=xy—0 U=xp+0 4.72)

where o > 0 is a scale factor consistent with the admissible design interval [x™", x™3]. To
guarantee a finite curvature and prevent ill-conditioning, the separation from the reference
configuration must satisfy:

xX0— L = Tmin >0 U—-x0 2 Tmin >0 4.73)
which provides a uniform positive curvature bound:

Pz 2P ad e ) (4.74)

Tmin
ensuring strict convexity for p, g > 0.

The spacing of the moving asymptotes is adapted to the local variation of the original
nonlinear and nonconvex objective function f(x) through a non-negative scalar indicator 6 (xg),
which quantifies the local variation scale. The adaptive update of the moving asymptotes rule is
defined as:

L =x9—506(xp0) U =x0+s5d(xp) (4.75)

where s > 0 is an adaptation coefficient that regulates the relationship between the moving
asymptotes spacing and the local indicator §(xp). An increase in §(xg) extends the moving-
asymptotes interval and reduces curvature, whereas a decrease in §(xg) narrows the moving
asymptotes interval and increases curvature. The curvature of the approximation satisfies:

2min{p, g} 2max{p, q}
(s6(x0))? (s(x0))?
which confirms the role of §(xg) as an analytical curvature regulator.

Compatibility with the admissible design domain and non ill-conditioning of the moving
asymptotes interval are maintained through the following conditions:

< f(x0) < (4.76)

L= max{xmin,xo — max(Tmin, § 6(xo))} U = min{xmax,xo + max (Tmin, § 6(x0))} 4.77)
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which guarantees the validity of Equations (4.60) and (4.73) for any admissible value of & (xg).

The coefficient s determines the rate of adaptation: small values generate narrower intervals
and steeper curvature, while larger values produce broader intervals and milder curvature. In all
cases, the positive lower bound in Equation (4.74) and the conditions in Equation (4.77) ensure
analytical regularity, strict convexity, and bounded curvature within the moving asymptotes
interval (L, U).

From an analytical viewpoint, the relations in Equations (4.75) and (4.77) define a self-
regulating mechanism that (i) maintains strict convexity of f(x) within (L, U); (ii) prevents
ill-conditioning by enforcing positive separations xo — L and U — xy; and (iii) aligns curvature
control with the local variation of f(x) through the indicator §(xp). The adaptive update of
the moving asymptotes is consistent with the approximations parameters discussed in Section
4.3.2.1.2, since p and g influence curvature through the relations in Equation (4.76). The resulting
convex approximation remains first-order consistent at xo (Equation (4.64)) and analytically
conditioned across the interval (L, U), providing a robust basis for the overall MMA.

4.3.2.1.4 Analytical Relation to Gradient-Based Methods

The MMA can be interpreted as a curvature-regularized extension of classical gradient-based
formulations [263]. Conventional gradient-based approaches [233, 264, 265] rely on the local
approximation of the nonlinear and nonconvex objective function, where the approximation
is constructed through the first-order Taylor expansion around a reference configuration. In
contrast, the MMA introduces a strictly convex reciprocal approximation that embeds curvature
information explicitly through the analytical structure of the terms ¢/(x — L) and p/(U — x), as
defined in Equations (4.70) and (4.71).

The analytical connection between MMA and classical gradient-based formulations is
obtained by considering the limiting behaviour of the convex approximation in Equation (4.61).
When the moving asymptotes are displaced toward infinity, i.e. L — —oco and U — +oo, the
reciprocal contributions vanish and the curvature of the approximation tends to zero. Therefore,
the convex approximation reduces to the first-order Taylor expansion of the nonlinear and
nonconvex objective function around the reference configuration xg:

f(x) = f(xo) + f(x0) (x — x0) (4.78)

demonstrating that the MMA formulation analytically generalizes a first-order linear approxima-
tion of the classical gradient-based methods by introducing curvature modulation.

Equation (4.78) establishes the theoretical link between curvature control and first-order
consistency. The convex approximation remains consistent with the local differential behaviour
of f(x) while incorporating an analytical mechanism that regularizes curvature through the finite
positioning of the moving asymptotes. The resulting formulation unifies the local accuracy of
method with the stability of convex representations, providing a rigorous analytical foundation
for optimization in nonlinear and nonconvex settings [235, 236, 266, 267].
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4.3.2.2 Extension to One-Dimensional Constrained Structural Optimization Problems

The extension of the theoretical foundations of the MMA to constrained structural optimization
builds upon the one-dimensional unconstrained formulation introduced in Section 4.3.2.1 (see
Equation (4.59)). The same one-dimensional design space and admissible bounds [x™", x™2X]
are retained, while a nonlinear and nonconvex inequality constraint function g(x) is introduced.
Accordingly, the constrained structural optimization problem reads:

min_ f(x)
xe(xmm,xmdx) (4.79)
subjectto  g(x) <0

where f(x) denotes the original nonlinear and generally nonconvex objective function, and g(x)
is a nonlinear and nonconvex constraint function.

As in Section 4.3.2.1.1, the local convex approximation is constructed in a neighbourhood
of a reference configuration xo € (x™", x™) by introducing the moving asymptotes L and U,
which satisfy the admissibility condition in Equation (4.60). Both f(x) and g(x) are represented
by strictly convex approximations, f(x) and g(x), designed to ensure first-order consistency
with the original problem in Equation (4.79), preserve local monotonicity, and maintain strict
convexity within the moving-asymptote interval, as discussed in Section 4.3.1.3. Introducing
the local convex approximations of the objective and constraint functions, the associated convex
subproblem can be expressed as:

min f(x)
x€(xmin, xmax) (480)
subjectto  g(x) < 0.

4.3.2.2.1 Convex Approximation of the Constraint Function

The construction of the convex approximation for the constraint function follows the same
analytical procedure adopted for the objective function in Equation (4.61). Given the nonlinear and
generally nonconvex constraint g(x) introduced in Equation (4.79), a local convex approximation
g(x) is defined within the moving-asymptote interval (L, U) c (x™", x™) as:

pg+CIg
U-x x-L

g(x)=r,+ (4.81)
where p, > 0, g, > 0, and r, € R are the approximation parameters associated with the constraint
function. The reciprocal structure in Equation (4.81) ensures smoothness and strict convexity
over the analytical interval (L, U), provided that the approximation parameters p, and g, satisfy
the same positivity and separability conditions as in the objective function approximation.

The approximations parameters po, ¢g, and r, are determined to guarantee first-order
consistency between the original constraint g(x) and its convex approximation g(x) at a reference
configuration xo € (L, U). The consistency condition requires:

g(x0) =g(xo)  &'(x0) = g’ (x0) (4.82)
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Substituting Equation (4.81) into the first relation of Equation (4.82) yields:

Pg dg
= - = 4.
re = 8(x0) ~ 5 xo xo-L (4.83)

Differentiating Equation (4.81) and applying the second condition in Equation (4.82) leads to a
linear relation between p, and g,:

Pg _ dg
(U -x0)*> (x0—L)?

= g (x0) (4.84)

To uniquely determine p, and g, the same monotonicity-preserving rule introduced in
Section 4.3.2.1.2 is adopted. When the local derivative g’(xp) > 0, the constraint function
increases locally, and the decreasing reciprocal term g, /(x — L) is deactivated by setting g, = 0;
conversely, when g’(xo) < 0, the increasing reciprocal term p, /(U — x) is deactivated by setting
pg = 0. The resulting expressions are:

(U —x0)g’ (x0) if g’ (x0) >0

P = ' (4.85)
0 otherwise
0, if g’(xg) =0

qe = { ., . (4.86)
—(xo—L)"g"(x0) if g'(x0) <O

Substituting Equations (4.85) and (4.86) into Equation (4.83) provides the value of rg, thus
completing the definition of the convex approximation g(x). The resulting function is continuously
differentiable and strictly convex within the moving-asymptote interval (L, U).

4.3.2.2.2 Lagrangian Formulation of the One-Dimensional Constrained Structural Opti-
mization Problem

The extension of the MMA to nonlinear and nonconvex constrained structural optimization
problems (see Equation (4.79)) requires a Lagrangian formulation that consistently incorpo-
rates inequality constraints while preserving the convex and separable structure of the convex
subproblem defined in Equation (4.80). The Lagrangian formulation introduces an auxiliary
functional that embeds both the objective and the constraint functions into a single analytical
expression, establishing a direct relation between the primal and dual formulations of the problem.
The primal formulation corresponds to the original minimization problem expressed in the
variable x, whereas the dual formulation arises from the maximization with respect to the
Lagrange multiplier A, which enforces the constraint analytically. Such coupling provides a
unified analytical representation that ensures convexity, differentiability, and feasibility within
the MMA formulation.
The Lagrangian functional associated with the convex subproblem is defined as:

L(x, ) =Ff(x)+18(x) 120 (4.87)
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where f(x) and g(x) denote the convex and continuously differentiable approximations of the
nonlinear and nonconvex functions f(x) and g(x) introduced in Equations (4.61) and (4.81), and
A represents the Lagrange multiplier associated with the inequality constraint. The variable x
defines the primal space, containing the feasible configurations of the design variable within
the analytical domain (L, U), while A defines the dual space, associated with the analytical
enforcement of the constraint. Minimization of £ (x, 1) with respect to x identifies the optimal
primal configuration, whereas maximization with respect to 4 > 0 enforces constraint satisfaction
through the dual variable.
Substituting the reciprocal representations of f(x) and g(x) into Equation (4.87) yields

p+Apg +q+/lqg .

L(x,A) = (r+arg) + — -

(4.88)
which is continuously differentiable with respect to both x and A in the analytical domain
(L,U) x [0, ). The constrained minimization problem is thereby transformed into a saddle-
point problem, where the primal variable x minimizes £ (x, A) over (L, U), and the dual variable A
maximizes it over [0, co). Such structure ensures a consistent analytical correspondence between
the primal and dual representations and preserves the convexity and separability properties of the
local subproblem.

Under the assumptions of strict convexity and differentiability of £(x) and g(x), the necessary
and sufficient first-order optimality conditions are given by the Karush—Kuhn-Tucker (KKT)
conditions:

%(x*, ) =0 (4.89)
ox

g(x*) <0 (4.90)

¥ >0 4.91)

X g(x*) =0 (4.92)

where Equation (4.89) enforces stationarity of the Lagrangian with respect to the primal
variable, Equation (4.90) defines primal feasibility, Equation (4.91) imposes dual feasibility, and
Equation (4.92) expresses complementary slackness. In the case of inequality constraints, the
set of conditions Equations (4.90) to (4.92) replaces the standard derivative with respect to A
used in equality-constrained formulations, ensuring a proper analytical characterization of the
constrained equilibrium.

Differentiation of Equation (4.88) with respect to x yields:

9L _ p B 9 Pg — dg
ox (U-x)? (x—-L) (U-x)2 (x-L)2

(4.93)

and the condition . L(x*,1*)/dx = 0 represents the equilibrium between the convex approx-
imations of the objective and constraint functions at the optimal configuration (x*,A*). If
the constraint is inactive, the feasibility condition in Equation (4.90) implies g(x*) < 0, and
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complementary slackness in Equation (4.92) enforces 4* = 0, leading to the unconstrained
minimizer of f(x). If the constraint is active, Equations (4.89) and (4.92) require g(x*) = 0 and
A* > 0, yielding the coupled system:
0L _
ox

whose strict convexity guarantees existence and uniqueness of the solution within the analytical
domain.

0 #x)=0 xe(LU 1>0 (4.94)

4.3.2.3 Extension to Multidimensional and Large-Scale Problems

The one-dimensional analytical formulation developed in Sections 4.3.2.1 and 4.3.2.2 establishes
the theoretical foundations of the MMA. However, structural optimization problems typically
involve multidimensional design spaces, where each design variable contributes independently to
the global response, while multiple nonlinear and nonconvex inequality constraints collectively
define the feasible domain. Extending the MMA to multidimensional problems requires
the analytical generalization of the convex approximation, the preservation of convexity and
separability across all design variables, and the implementation of explicit curvature-control
mechanisms to ensure stability and regularity in large-scale settings.

4.3.2.3.1 Analytical Generalization and Separable Structure

The analytical generalization of the MMA to multidimensional constrained structural optimization
problems extends the one-dimensional formulation introduced in Sections 4.3.2.1 and 4.3.2.2.
Let the design vector be denoted by x = [x,x2,...,x A]T € Rg‘dm, where A denotes the number
of design variables and the admissible bounds are defined in Equation (4.50). After enforcing the
discrete equilibrium equations h(x) = 0 at the finite element analysis level, the reduced nonlinear
and nonconvex constrained structural optimization problem reads:

min  f(x)
adm (4.95)
subjectto  g(x) <0

where f(x) : R4 — R denotes the objective function and g(x) : R4 — RC is the vector of
nonlinear and nonconvex inequality constraints.

The local convex approximation is constructed around a reference configuration xq € R:dm
by introducing, for each design variable x,, a couple of moving asymptotes L, and U, satisfying:

XM < Ly <x0g <Us XM g=1,...,A (4.96)

Each couple (L,, U,) defines the analytical interval for the local convex approximation along
direction x, and provides explicit control of the local curvature.

The nonlinear and nonconvex objective function f(x) is approximated by the separable
convex function:

A

xoon Pa da

f(x)=r+ El(Ua_xa+xa_La 4.97)
a=
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where p, > 0 and g, > 0 (when active) regulate the curvature of the local convex approximation
along coordinate x,, and r € R enforces interpolation of the function value at xo. The
approximation in Equation (4.97) ensures smoothness and strict convexity within the analytical
domain (L{,U;j) X --- X (La,Upn).

The approximation parameters p,, q,, and r are determined to guarantee first-order consistency
between the nonlinear and nonconvex function f(x) and its convex approximation f(x) at the
reference configuration xg:

f(x0) = f(x0)  Vxf(x0) = Vx[f(X0) (4.98)
From Equation (4.97) and Equation (4.98) one obtains:
qa
r=f(x) - Z ( ek e (4.99)
and: P
Pa G _OF ()= fi(x) a=1,... A (4.100)

(Ua =207 Goa—LaP  Oxa

To preserve local monotonicity, the same rule adopted in Section 4.3.2.1.2 is applied. When

the partial derivative f;, (Xo) > 0, the decreasing reciprocal term g, /(x, — L,) is deactivated by

setting g, = 0; conversely, when f;_ (xo) < 0, the increasing reciprocal term p,/(U, — x,) is
deactivated by setting p, = 0. The resulting expressions read:

Ua - a 2 X f X 0
pa:{< X0) o, () iEfy, (%0) > won
0, iffy,(X0) <0
0, if £y >0
da = { Hfra(x0) 2 (4.102)
_(XOa - La)zfxa (XO) iff;ca (XO) <0

If £, (X0) = 0, curvature regularization is introduced by prescribing a strictly positive second
derivative f, ., (Xo) = k, > 0, distributed between p, and g, by a weight parameter , € (0, 1):
2pa ok 2q,
.2 anas - 7 2
(Uq _XOa)3 (X0a — La)3
Each component of the nonlinear and nonconvex constraint vector g(x) is represented by a
local convex approximation of the form:

= (1 - ay)kq. (4.103)

Pg.a Qg,a
B(X) =1y + Z ( el K R€ (4.104)

where pg 4, Qg € Rgo collect the approximation parameters of the constraint functions along
direction x4, and rg € RC enforces interpolation at Xo. The first-order consistency conditions are:

8(x0) =g(x0)  Vx8(x0) = Vxg(Xo) (4.105)
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which imply:

A
rg = g(xo) — Z Pea | _Ora (4.106)
8 Ua — X0a X0a — La

a=1

and, for each constraint g.:

pgc,a _ qg(,',u — agc
(Uq - an)Z (X0a — La)2 0x,

The same monotonicity-preserving rule in Equations (4.101) and (4.102) is applied to pg_, and
qg.., to ensure strict convexity of each component of the constraint approximation.

Since the convex approximations in Equations (4.97) and (4.104) are separable with respect
to the design variables, the Hessian of £(x) is diagonal:

(X0) = gex (X0) (4.107)

2py 24 2pa . 244
(Ui =x1)3 (1 =L1)* " 7 (Ua—xa)>  (xa—La)?
and is strictly positive definite in the analytical domain whenever p,, g, > 0. The same argument

applies to each scalar constraint g.(x), which is strictly convex in x.
Accordingly, the multidimensional convex subproblem reads:

min  f(x)
adm (4.109)
subjectto  g(x) <0

Vif(x) = diag

(4.108)

which defines a strictly convex and separable problem that admits a unique minimizer within the
analytical domain. The moving asymptotes control the curvature and the analytical conditioning
along each coordinate direction and are maintained strictly separated from xq:

X0a = La > Tming >0 Uy —X0g = Tming >0 a=1,...,A (4.110)

Under these conditions, the multidimensional MMA yields a strictly convex, separable, and
first-order consistent local convex approximation of the nonlinear and nonconvex structural
optimization problem in Equation (4.95), with explicit curvature control and analytical regularity
provided by the moving asymptotes. The analytical structure presented in this section provides
the foundation for the algorithmic implementation of the MMA, discussed in the subsequent
section.

4.3.3 Algorithmic Structure and Computational Implementation

The analytical development in Section 4.3.2 establishes the theoretical foundations of the MMA.
The present section formalizes the algorithmic structure and its computational implementation
with emphasis on the iterative construction of convex subproblems, the Lagrangian formulation,
and the numerical update of the design variables, the moving asymptotes, and approximation
parameters. The objective is to connect the analytical expressions derived in Section 4.3.2 with
the computational operations required for a robust and reproducible implementation.
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4.3.3.1 Lagrangian Formulation and Optimality Conditions

The solution of the convex subproblem is obtained through its Lagrangian formulation, which
provides the analytical foundation for deriving the optimality conditions governing the primal
and dual problems as discussed in Section 4.3.2.2.2. Let A0 = [/lgk), ce /ly()]T > 0 denote the

vector of Lagrange multipliers associated with the inequality constraints 7k (x) < 0. The primal
variables are represented by the vector of design variables x, bounded within the move limits
a® < x < %) while the dual variables are represented by the Lagrange multipliers A. The
Lagrangian function of the convex subproblem at iteration & is defined as:

J
£0(x,48) =79 (x) + > AW (x) @.111)
j=1

which combines the primal and dual variables into a single scalar function representing the
augmented form of the convex subproblem.
The primal problem seeks the optimal design configuration that minimizes the local convex
approximation of the objective function while satisfying the inequality and move limits constraints:
min f(()k) (x)
@) <x<p (4.112)
subject to f](.k)(x) <0, j=1,...,J

The associated dual function is obtained by minimizing the Lagrangian function with respect to
the primal variables x:
o) = min L£O(x,2) (4.113)
@) <x<Bk)
The corresponding dual problem consists of maximizing the dual function with respect to the
dual variables A:

max ¥ () (4.114)
1=0

The convexity of the subproblem guarantees that the optimal solutions of the primal and dual
problems coincide, and that the primal and dual variables, x**1) and A(%), satisfies the necessary
and sufficient optimality conditions.

The first-order optimality conditions for the convex subproblem correspond to the Karush—Kuhn—Tucker
(KKT) system:

Ve LB (x*+D a0y = ¢ (stationarity) (4.115)
190 (x ) < 0 (primal feasibility) (4.116)

a® < xk+ < gl (box feasibility) (4.117)

A9 20 (dual feasibility) (4.118)

/l;k)fj(.k) (x* Dy =0 (complementarity) (4.119)
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The first condition enforces the vanishing of the gradient of the Lagrangian function with respect
to the primal variables, while the remaining relations ensure feasibility and complementarity
between the primal and dual variables.

Due to the separable structure of the convex approximation, the stationarity condition in
Equation (4.115) can be written in closed form for each design variable. Differentiating the
Lagrangian function with respect to x, yields:

k (k) (k)
8;):;) = (k};)” S = 05 (4.120)
(Us" —xa) (xa =Ly ")
where the combined approximation parameters are defined as:
J J
P =plg+ > Al pl) =gl + > allql) (4.121)
j=1 j=1

Imposing the stationarity condition 8 L*) /dx, = 0 for aék) <Xq < Bék) leads to the analytical

expression of the stationary solution:

k k k k
. VPILY + o U
* o

VP ol

which is well defined for Pg,k) > (0 and ng) > 0, conditions ensured by the convexity of the local
approximation and by the nonnegativity of the Lagrange multipliers. The stationary solution is
then projected into the admissible interval to preserve feasibility with respect to the move limits:

X (4.122)

D~ minfp, maxtall, )] @123

which enforces @) < x(**1) < B(%) and ensures the satisfaction of the KKT conditions.

For a fixed vector of dual variables A, the minimization of the Lagrangian function in
Equation (4.113) is separable with respect to the primal variables and admits the analytical
solution given by Equations (4.122) and (4.123). Substituting the stationary solution into the
Lagrangian function yields the corresponding dual function:

e () = LOx*D(2), 2) (4.124)

whose gradient with respect to the dual variables is:

R
%:;ﬁ,k)(x("“)(ﬂ)) j=1,...,7J (4.125)
J

The dual variables A¥) are obtained by solving the dual problem (4.114), typically through
projected Newton iterations or gradient-based updates constrained to 4 > 0, until both dual
feasibility and complementarity are satisfied.
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At convergence, x**D 20 satisfies the complete set of KKT conditions Equations (4.115)
and (4.119) and defines the unique primal—dual solution of the convex subproblem at iteration k.
The Lagrangian formulation therefore provides a rigorous and computationally consistent structure
for coupling the update of the design variables with the enforcement of constraint feasibility
through the Lagrange multipliers. The separable nature of the local convex approximation
ensures analytical tractability, strict convexity, and numerical robustness, thereby forming the
computational basis for the iterative implementation of the MMA.

4.3.3.2 Adaptive Update of the Moving Asymptotes

The analytical formulation derived in Section 4.3.3.1 requires adaptive mechanisms to update the
analytical domain of each design variable and maintain stability across iterations. The update
strategy regulates the curvature of the local convex approximations and controls the numerical
conditioning of the local subproblem by adjusting the analytical domain of each design variable
according to its recent evolution.

At iteration k, the moving asymptotes are updated as:

L =l 0D D) g 2 D G )

where Lg,k) and U}lk) denote the lower and upper moving asymptotes of the design variable x,,
and sg,k) is a scaling coeflicient governing the contraction or expansion of the moving-asymptote
interval.

The coeflicient sgk) depends on the sign of consecutive design-variable variations and is

defined as:
0.7 if (xfzk) —xék_l))(xék_l) - xék_z)) <0,

s Z 110 i (xW) Z Dy D) =2y (4.127)

1.0 otherwise.

A contraction of the moving-asymptote interval (sgk) < 1) occurs when consecutive design-
variable updates exhibit oscillatory behavior, thereby enhancing stability and damping such
oscillations. Conversely, an expansion (sﬁ,k) > 1) accelerates convergence in regions charac-
terized by monotonic evolution of the design variable. These two characteristic situations are
schematically illustrated in Figure 4.8, which highlights the role of the adaptive scaling coefficient
in regulating the local curvature and stability of the approximation.

To prevent curvature singularities and preserve the analytical regularity of the convex
approximation, a minimum separation is enforced between each design variable and its moving
asymptotes:

Xg(zk) - Lgk) > Tmina > 0, Uc(zk) - xc(lk) > Tmina > 0, (4.128)

where Tyin 4 1S @ positive tolerance ensuring that the moving asymptotes remain at a finite distance
from the current design configuration.
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(a) (b)

Figure 4.8: Adaptive update of the moving asymptotes in MMA. The scaling coefficient sg,k)

dynamically modifies the asymptote interval based on the local behavior of the design variable.
(a) Oscillatory evolution across successive iterations (xk=2 — xk=1 — xhy, inducing a contraction
of the asymptote interval to enhance numerical stability. (b) Monotonic evolution of the design
variable, leading to an expansion of the asymptote interval and promoting faster convergence of
the iterative process.

In parallel, the move limits @) and B define the admissible variation range for the design
variables within the domain of admissibility of the convex approximation. The move limits are
updated at each iteration as:

ag” = max (x3™, L + w(x - L§9),x{ = Ax (x> - xmmy), (4.129)
= min (x7, UM - w(U = x0),x + Ax(xmax - xminy) (4.130)

where w and Ax are dimensionless control parameters regulating the aggressiveness and amplitude
of the move limits. Typical values used in structural-optimization applications are w = 0.1 and
Ax = 0.2 [4, 33, 237-239].

The move limits ensure that the admissible interval remains strictly contained within the
moving-asymptote interval, Lff) < aék) < ﬁgk) < Uék), thereby preserving the analytical
consistency of the convex model and preventing infeasible updates of the design variables.

The adaptive update of the moving asymptotes and move limits therefore governs the balance
between numerical stability and convergence rate, ensuring that the iterative process remains

well-conditioned, stable, and robust across successive iterations of the MMA.
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4.3.3.3 Iterative Procedure and Convergence

The adaptive mechanisms introduced in Section 4.3.3.2 are embedded within the overall iterative
scheme of the MMA. At each iteration k, the procedure alternates between the construction of
the separable convex subproblem, the solution of its Lagrangian formulation, and the adaptive
update of the moving asymptotes and move limits. The algorithm proceeds until the updates
of the design variables and the variations of the objective function satisfy prescribed stopping
criteria while maintaining constraint feasibility within tolerances. The complete procedure is
summarized in Algorithm 4, which consists of an outer loop on the iteration index k and an
inner dual solve devoted to minimizing the Lagrangian with respect to the primal variables and
maximizing it with respect to the dual variables.

From a computational standpoint, the inner dual solve exploits the separability of the
Lagrangian function with respect to the design variables. For any fixed vector of Lagrange
multipliers, the stationarity condition in Equation (4.115) reduces to Equation (4.120) with
the closed-form stationary solutions in Equation (4.122), followed by the projection in Equa-
tion (4.123). The Lagrange multipliers are then updated via a projected ascent step on the
dual function %), using either a safeguarded gradient iteration or a projected Newton step.
This nested scheme yields xX**1) and A(¥) that satisfy the KKT conditions Equations (4.115)
and (4.119) within the prescribed tolerance &..

The outer loop advances the design variables by reconstructing, at each iteration, the
local convex approximations around x¥), solving the corresponding convex subproblem, and
adapting the moving asymptotes and move limits according to Equations (4.126), (4.127), (4.129)
and (4.130). The stopping criteria simultaneously monitor the normalized change in the design
variables, the normalized variation of the objective function, and the maximum constraint
violation. When all measures fall below &,, ¢, and &, the sequence {x(k)} is deemed to have
reached a stationary configuration of the original constrained structural optimization problem
within the accuracy specified by the tolerances. The safeguards on the asymptote scaling and on
the amplitude of the move limits balance robustness and efficiency by damping oscillations and
preventing ill-conditioning, while preserving the strict convexity and separability that ensure the
computational tractability of the method.

4.3.4 Numerical Validation and Analysis of Algorithmic Behaviour

The present section provides a numerical validation of the MMA and an analysis of its algorithmic
behaviour on representative structural optimization problems.

In accordance with the structure of the original manuscript [4], the remainder of the present
section is organized as follows: Section 4.3.4.1 presents the results for the cantilever beam
problem, Section 4.3.4.2 reports the solution of the 8-bar truss, and Section 4.3.4.3 investigates
the 2-bar truss configuration. In each case, the results are used to illustrate the behavior of the
algorithm, analyze its convergence properties, and assess the robustness and effectiveness of the
MMA in solving non-linear and constrained structural optimization problems. All test cases are
implemented in the MaTHEMATICA® (Wolfram Research, Inc.) environment, consistently with
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Algorithm 4: Method of Moving Asymptotes (MMA)

Input: initial design x(?, bounds x™", ™% tolerances &y, & f»Ec, parameters w, Ax
Output: converged design x(¥)
1 Initialization: Choose L(©, U around x(?; set 0/(0),/3(0) (Egs. (4.129)—(4.130)); k « 0.
2 while not converged do
3 Model construction: Evaluate f(x¥)), g g (x(K)) and gradients; build separable convex

approximations fj(.k) (Eq. (4.128)).
Subproblem: Form convex subproblem (4.52) on [a@®), g(F)].
Dual solution: Initialize 1¥) > 0. repeat
dual feasibility & complementarity < &,
until Compute P, 0% (Eq. (4.121)); compute x* (Eq. (4.122)); project x* (Eq. (4.123));
update /l(k);;
8 Update: x*+1) = x*.
9 Update LD U+ (Egs. (4.126)—(4.127)).
10 | Update ak*1), g0+ (Egs. (4.129)—(4.130)), ensuring L < oD < glk+l) o ksl
11 Convergence: Stop if

[~ T N

It - x B paE) — pa))

ef, mj@lx(f](.k)(x(k+l)))+ < &c.

L+ [x® e~ L+ fx®)
12 Safeguard: If needed, reduce sékﬂ) and Ax.
13 k—k+1;

the computational framework described in the introduction, ensuring full analytical control and
numerical reproducibility.

4.3.4.1 Cantilever Beam with Displacement Constraint

The first benchmark problem concerns the structural optimization of a cantilever beam composed
of five beam elements connected at six nodes, as illustrated in Figure 4.9. The beam is clamped
at node 1 and subjected to a vertical point load at node 6. Each element is modeled as a prismatic
beam with a square cross-section of fixed wall thickness and variable height x,, which represents
the design variable associated with the a-th element (a = 1, ...,5). The structural response is
evaluated under linear elastic assumptions according to standard beam theory.

The optimization objective is to minimize the total structural weight, which is proportional to
the sum of the cross-section heights x,. A single nonlinear constraint is imposed to limit the
vertical displacement at the free end (node 6) to a prescribed maximum value. The problem is
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Node1l Node2 Node3d3 Node4 Nodeb Nodeb6
b / / / / / . Given thickness
1 | 2 | 3 | 4 5 ) I

Figure 4.9: Cantilever beam configuration used in Test Problem 1. The structure consists of five
beam elements connected at six nodes. Node 1 is clamped, while a vertical point load is applied
at node 6. Each element has a square cross-section of variable height x,, and fixed wall thickness.

formulated as:

min  Cj (x] +x2 + X3 + X4 + X5)
xq>0

61 37 19 (4.131)

+ =+ ! +
AR
where C; > 0 is a constant depending on the material density and geometric properties of
the cross-section, and C; > 0 denotes the maximum admissible displacement at the free end,
obtained analytically from beam theory.

The problem is solved using different values of the initial moving-asymptote spacing parameter
t, in accordance with the settings reported in [4]. The numerical results are summarized in
Table 4.8, where each entry reports the total weight and the corresponding constraint violation at
successive iterations for a given value of ¢.

The results confirm the correctness of the implementation, as the optimal values computed
match those presented in the original reference. Moreover, the numerical trends highlight the
influence of the moving asymptote spacing on the convergence characteristics of the algorithm.
Small values of ¢ produce narrow approximation intervals, which increase the curvature of the
local convex approximation and yield conservative design updates. In such cases, the convergence
is more stable but typically requires a larger number of iterations. Conversely, moderate values
oft (e.g..t = %) allow wider analytical intervals, resulting in faster progress toward feasibility
and optimality. However, excessively large values of ¢ reduce curvature control and may induce
oscillatory or erratic updates.

The obtained results are in full agreement with the observations of [4], emphasizing the
critical role of the moving asymptote spacing in balancing stability and convergence rate. In
particular, they confirm that the moving asymptotes effectively regulate the domain at each
iteration and demonstrate the capability of the MMA to handle highly nonlinear and constrained
structural optimization problems with accuracy and robustness.

subject to <G

1
3
X x:

4.3.4.2 Eight-Bar Truss under Stress Constraints

The second benchmark problem considers a three-dimensional truss structure composed of eight
bars symmetrically connected to a central node, as illustrated in Figure 4.10. The external load is
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Table 4.8: MMA results for the cantilever beam problem. Each entry reports the pair (weight,
infeasibility) at each iteration for different asymptote-spacing parameters ¢.

Iter. | =0 t=% r=14 t=1 t=1 t=1 t=3 t=3
0 1.560/0.000  1.560/0.000  1.560/0.000 1.560/0.000 1.560/0.000 1.560/0.000  1.560/0.000  1.560/0.000
1 1.265/0.400  1.274/0.350  1.285/0.230 1.309/0.100 1.327/0.050 1.387/0.000  1.448/0.000  1.477/0.000
2 1.251/0.430  1.270/0.270  1.307/0.110 1.335/0.010 1.338/0.004 1.346/0.000  1.386/0.000  1.418/0.000
3 1.259/0.430  1.304/0.140  1.331/0.030  1.340/0.0005  1.340/0.0001 1.341/0.000  1.358/0.000  1.383/0.000
4 1.250/0.440  1.319/0.080  1.337/0.008 — — 1.347/0.000  1.363/0.000 —

5 1.258/0.430  1.329/0.040  1.339/0.002 — — 1.343/0.000  1.352/0.000 —
6 1.249/0.440  1.333/0.020  1.340/0.001 — — 1.341/0.000  1.346/0.000 —
7 1.258/0.430  1.336/0.010 — — — — 1.343/0.000 —
8 — — — — — — 1.342/0.000 —
9 — — — — — — 1.341/0.000 —
11 1.259/0.420  1.340/0.002 — — — — — —
12 1.250/0.440  1.340/0.001 — — — — — —
13 1.259/0.420 — — — — — — —

applied at the central node (node 5), which is supported by the surrounding bars anchored at
nodes located on the base plane. The structural configuration and nodal coordinates are reported
in Table 4.9 and Table 4.10.

7
2 ® 3
6@ F >0 8
5
1 ® 4
9

Figure 4.10: Eight-bar truss configuration used in Test Problem 2. The external load is applied at
node 5.

Table 4.9: Element topology: node connectivity.

Element number Node numbers

0NN R WN =
OOO\IC‘th’vJN'—‘
[V, BV, BV, BV, BV, BV BV, BV |
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Table 4.10: Nodal coordinates (in mm).

Node X y z
1 -250 250 0
2 -250 250 0
3 250 250 0
4 250 250 0
5 0 0 375
6 -375 0 0
7 0 375 0
8 375 0 0
9 0 -375 0

The applied load vector at node 5 is given by:
Fy =40kN Fy, =20kN F, =200kN

The design variables are the cross-sectional areas x, € R.q (expressed in mm?) of the eight
structural bars. Lower bounds x, > 100 mm? are imposed to avoid singular stiffness and ensure
physical feasibility. No upper bounds are enforced, as the solution lies well within the feasible
range. The optimization objective is the minimization of the total weight of the structure, subject
to axial stress constraints on each bar:

min W(xl,...,Xg)
Yaz100 (4.132)
subjectto |0, (x)| <100 fora=1,...,8

where o, denotes the axial stress in element a, and W (x) is the total structural weight, computed
as the sum of the elemental contributions based on geometry and material density.

The initial design is uniformly set to x((lo) = 400 mm?. Move limits are defined according to a
multiplicative rule to preserve relative variation:

e =05 pP=2.0xP

To prevent excessive curvature or instability in the convex approximation, the following bounds
are imposed on the moving asymptotes:

—50x0 < LW <0450 250 <yl < 50,0
During the first two iterations, the asymptotes are initialized as:
LP =0 g =5

From the third iteration onward, the adaptive update mechanism described in Section 4.3.3.2 is
employed.

The optimal solution is reported in Table 4.11 and perfectly matches the results in [4], thus
confirming the correctness of the implementation. The solution exhibits active stress constraints
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Table 4.11: Optimal cross-sectional areas (in mm) obtained with MMA.

X1 X2 X3 X4 X5 X6 X7 X3

880 720 260 520 100 100 100 100

only on the first four elements, while the remaining cross-section areas converge to the lower
bound, indicating structural redundancy in those bars.

The influence of the moving asymptote update parameter s on the convergence behavior
is assessed in Table 4.12, which reports the evolution of the structural mass over successive
iterations. The results are compared with those obtained using a traditional formulation with
fixed lower moving asymptotes Lék) = (. As clearly shown, larger values of s promote faster
convergence in the early iterations by expanding the approximation domain and enabling more
aggressive updates. Conversely, smaller values of s lead to slower but more stable progress due
to tighter control over curvature.

The results further confirm the efficiency and robustness of MMA in constrained structural
optimization. In particular, the adaptive update of the moving asymptotes plays a crucial role in
accelerating convergence while maintaining numerical stability.

Table 4.12: Convergence of total mass (in kg) for Test Problem 2. Results match those reported
in [4].

Iter. | Traditional MMA(s=32) MMA(s=1) MMA(s=1%)

0 13.05 13.05 13.05 13.05
1 11.68 12.10 12.10 12.10
2 11.66 11.67 11.67 11.67
3 11.64 11.65 11.65 11.65
4 11.62 11.64 11.63 11.61
5 11.60 11.62 11.60 11.52
6 11.59 11.60 11.53 11.42
7 11.57 11.56 11.44 11.28
8 11.55 11.52 11.35 11.23
9 11.53 11.47 11.25 -
10 11.52 11.41 11.23 -
11 11.50 11.36 - -
12 11.48 11.31 - -
13 11.46 11.24 - -
14 11.45 11.23 - -
15 11.43 - - -
30 11.27 - - -
39 11.23 - - -

4.3.4.3 Two-Bar Truss with Mixed Design Variables

The third benchmark problem concerns a planar truss composed of two identical bars forming a
symmetric triangular configuration, as illustrated in Figure 4.11. The structure is supported at
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nodes 1 and 2, and a vertical load is applied at the free apex node (node 3). The design variables
are: (i) the cross-sectional area x; € R (in cm?) shared by both members, and (ii) the half-span
distance x, € R.¢ (in meters) between the two supports. The elements topology and nodal
configuration are given in Tables 4.13 and 4.14, respectively.

T2 X2

Figure 4.11: Two-bar truss configuration (Test Problem 3). The structure is symmetric, with both
bars having identical cross-sectional area x1, and base length defined by 2x,. An external load F
is applied at node 3.

Table 4.13: Element topology: node connectivity.

Element number Node numbers

1 1-3
2 2-3

Table 4.14: Nodal coordinates (in meters).

Node X y

1 -x3 00
2 X2 0.0
3 00 1.0

The external load vector F, applied at node 3, has the following components:
Fy =24.8kN, F, = 198.4kN |F| = 200 kN+

The objective is to minimize the structural weight, subject to axial stress constraints on both
elements. The optimization problem is formulated as:
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min  w(x1,x2) = C1 x1 4/1 +x§
X1.X)

8 1
subjectto o (x1,x2) = Ca 4/1 +x§ (— + —) <1 (4.133)

[ 8 1
o (x1,x2) = Cy 1+x§ (x—1 - E) <1

where C1 = 1.0 is a normalization factor for the weight, and C, = 0.124 captures the stress
scaling due to geometry and loading. The feasible domain is defined by box constraints:

02<x; <40 (cm? 0.1<x<1.6 (m)

Note that the stress expressions in Equation (4.133) reflect the coupling between the cross-
section area and the geometric layout. Due to the inverse dependence on both x; and x»,
the constraint functions are nonlinear and nonconvex, posing a suitable challenge for the
approximation capabilities of MMA.

The initial design is selected as xio) = 1.50 cm?, xéo) = 0.50 m, which corresponds to a
feasible but suboptimal configuration. Table 4.15 reports the evolution of the design variables
(x1,x2), the dominant stress o, and the structural weight w over successive iterations of the

MMA.

Table 4.15: Results for Test Problem 3 using MMA. Each row shows x1, x», stress o1, and weight
w.

Iteration X1 X2 o w
0 1.50 050 092 1.68
1 1.39  0.25 1.10 1.43
2 122 050 1.13 137
3 1.39  0.25 1.10 1.44
4 1.37 038 1.03 147
5 141 038 1.00 1.51

The results confirm that MMA converges in a small number of iterations to a feasible and
nearly optimal configuration, despite the absence of explicit move limits. The stress constraints
are satisfied at the final iterate, with the critical stress o1 = 1.00, indicating that the optimal
design lies at the boundary of the admissible set. The evolution of the design variables suggests
a transient oscillatory behavior between configurations with narrow and wide support spacing,
which is progressively attenuated through the adaptive regulation of the asymptotes. This
behavior highlights the sensitivity of the stress constraints to geometric coupling, as well as the
stabilizing role played by the MMA curvature control mechanism.

The numerical results are in excellent agreement with those reported in [4], thereby validating
the correctness of the implementation and confirming the effectiveness of MMA in solving
non-linear constrained optimization problems involving simultaneous sizing and geometric
variables.
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4.4 Conclusions

The present chapter has investigated two established methodologies in structural optimization,
namely the density-based SIMP approach combined with an Optimality Criteria (OC) scheme,
and the Method of Moving Asymptotes (MMA). The analysis has focused on a rigorous and
unified presentation of their theoretical foundations, together with a systematic assessment of
their numerical behavior on representative benchmark problems. The objective has not been the
introduction of new algorithmic developments, but rather the clarification, reinterpretation, and
consistent formulation of methods that are widely used in computational mechanics.

Section 4.2 has addressed topology optimization through the SIMP framework in two-
dimensional settings, with emphasis on compliance minimization under volume constraints. The
formulation has been examined within a Lagrangian setting, highlighting the role of density
interpolation, sensitivity analysis, and filtering techniques. The numerical results confirm that the
combined SIMP-OC approach provides a robust and effective strategy for material distribution
problems. In particular, density-based and sensitivity-based filtering have been analysed in detail,
showing their fundamental role in controlling mesh dependency, improving numerical stability,
and ensuring physically meaningful solutions. The agreement with reference benchmark results
supports the correctness of the implementation and the consistency of the adopted formulation.

Section 4.3 has provided a comprehensive and self-contained analysis of the Method of
Moving Asymptotes, with particular emphasis on its analytical structure and approximation
mechanisms. The derivation of convex and separable local models has been presented starting
from first principles, together with a detailed discussion of curvature control through moving
asymptotes and adaptive update strategies. The formulation has been developed from a one-
dimensional setting to multidimensional and constrained problems, thereby offering a unified
interpretation of the method. The numerical experiments confirm the capability of MMA to
handle nonlinear and constrained optimization problems in a stable and efficient manner, provided
that appropriate parameter selection and update rules are adopted. The comparison with results
available in the literature further validates the implementation.

The methodologies analysed in the present chapter address different classes of structural
optimization problems and rely on distinct algorithmic principles. The SIMP approach, combined
with OC updates, is particularly suited for large-scale topology optimization problems involving
distributed design variables, whereas MMA provides a general framework for constrained
nonlinear optimization, applicable to sizing, shape, and mixed-variable formulations. Although
both approaches rely on local approximations and iterative updates, their mathematical structures,
underlying assumptions, and domains of applicability remain fundamentally different.

From a broader perspective, the present chapter provides a coherent theoretical and compu-
tational foundation for the optimization techniques employed in structural mechanics. Such a
foundation is essential for the integration of optimization methods with the uncertainty-aware
frameworks developed in Chapters 2 and 3. The formulation of both SIMP-based topology
optimization and MMA within a deterministic setting enables a clear identification of the
algorithmic components that must be extended in order to account for uncertainty.
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In particular, the extension of topology optimization to uncertainty-aware settings requires the
incorporation of stochastic representations of material properties, loading conditions, and model
parameters, together with the introduction of robust or reliability-based formulations. Similarly,
the integration of MMA within surrogate-assisted Bayesian frameworks offers a natural pathway
toward inverse design under uncertainty, where optimization and probabilistic inference are
combined in a consistent manner. The analytical structure of MMA, based on convex separable
approximations and explicit curvature control, is particularly suitable for such extensions.

Future research directions therefore include the development of uncertainty-aware topology
optimization strategies, the coupling of MMA with surrogate modeling and Bayesian inversion
techniques, and the extension of the presented formulations to large-scale and multi-physics
problems. Additional efforts are also required to establish systematic procedures for parameter
selection, adaptive approximation strategies, and convergence analysis in the presence of
uncertainty. These perspectives highlight the role of the methodologies analysed in this chapter
as a foundational component for the development of advanced design frameworks integrating
optimization, surrogate modeling, and uncertainty quantification.
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Chapter 5 — Conclusion and Future perspectives

Chapter 5

Conclusion and Future perspectives

The present doctoral thesis has investigated methodologies for modeling, inverse analysis, and
design in engineering systems characterized by high-dimensional parameter spaces, nonlinear
behavior, and multiple sources of uncertainty. The work is structured around three complementary
but distinct research directions addressing key challenges in computational mechanics: uncertainty
quantification for thermomechanical modeling in metal additive manufacturing, surrogate-
based Bayesian inversion for inverse design of architected materials, and structural topology
optimization.

These research directions have been developed in different application contexts and rely
on distinct methodological approaches. They do not constitute a unified framework; rather,
they provide complementary perspectives on how surrogate modelling, probabilistic inference,
and optimization techniques can be employed to address complex engineering problems under
limited data and significant uncertainty. At the same time, they share common methodological
foundations that enable a meaningful comparison and suggest possible directions for integration.

Taken together, the three contributions reflect a progressive methodological development,
moving from forward uncertainty quantification, to inverse inference, and ultimately toward
design-oriented methodologies. This progression highlights the role of surrogate modeling
and probabilistic reasoning as unifying elements that support the transition from analysis to
decision-making in computational engineering.

The first contribution develops an uncertainty-quantification framework for thermomechanical
modeling in metal additive manufacturing. The approach combines variance-based global
sensitivity analysis, Bayesian inverse calibration, and forward uncertainty propagation. High-
dimensional responses are approximated using single- and multi-fidelity sparse-grid surrogate
models, enabling efficient exploration of the parameter space and probabilistic prediction of
quantities of interest. The resulting framework is particularly suited for forward uncertainty
propagation and sensitivity analysis in settings where the response exhibits sufficient regularity
and where structured approximations of the parameter space are effective.

The second contribution addresses inverse problems and inverse design through surrogate-
based Bayesian methodologies. Gaussian-process surrogate models are constructed and adaptively
refined based on predictive uncertainty, providing flexible approximations of computationally
expensive forward models together with a local measure of predictive confidence. Within
this setting, the inverse problem is formulated in a probabilistic framework and solved using
approximate posterior representations based on local Laplace approximations. The formulation
explicitly accounts for surrogate-induced uncertainty and residual discrepancy, and is applied to
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the inverse design of spinodoid architected materials, where the underlying structure—property
relationships are nonlinear and sensitive to parameter variations.

A direct comparison between the surrogate modeling strategies adopted in Chapters 2 and
3 highlights their complementary roles. Sparse-grid interpolation provides an efficient and
structured representation when the input space has moderate dimensionality and the model
response is sufficiently smooth, making it well suited for forward uncertainty propagation, global
sensitivity analysis, and scenarios requiring a global approximation of the parameter space. In
contrast, Gaussian-process regression offers greater flexibility in representing complex, nonlinear,
and irregular responses, together with an intrinsic quantification of predictive uncertainty that
supports adaptive sampling and targeted refinement. These features make Gaussian-process mod-
els particularly effective in inverse problems and design settings, where computational resources
must be concentrated in regions of high posterior probability or near optimal configurations. The
choice between these approaches therefore depends on the interplay between dimensionality,
smoothness of the response, and the specific objectives of the analysis, namely global exploration
versus local refinement.

The third contribution examines structural topology and nonlinear optimization methods,
with particular emphasis on the Optimality Criterion method within the Solid Isotropic Material
with Penalization framework and on the Method of Moving Asymptotes. The analysis provides a
rigorous clarification of the underlying theoretical structure of these established methodologies,
including the role of local convex approximations, curvature control, and constraint handling
in ensuring numerical stability and convergence. The study is conducted in a deterministic
setting and does not introduce new optimization algorithms, but rather aims at consolidating and
interpreting existing methods.

The absence of uncertainty representation in the optimization framework highlights a natural
direction for further developments. The methodologies introduced in Chapters 2 and 3 provide a
basis for extending structural optimization toward uncertainty-aware formulations. In particular,
sparse-grid surrogate models may be employed to approximate the response of parametrized
structures and enable efficient forward uncertainty propagation and sensitivity analysis within
topology optimization problems. Similarly, Gaussian-process surrogate models may be used to
construct local probabilistic approximations of structural responses, supporting adaptive sampling
strategies and refinement in regions characterized by high design sensitivity or uncertainty. Such
extensions would enable the formulation of robust and reliability-based topology optimization
problems accounting for variability in material properties, loading conditions, and modeling
assumptions.

More generally, the three research directions suggest the possibility of defining a coherent
computational workflow integrating forward uncertainty quantification, Bayesian inversion, and
structural optimization. Within such a workflow, surrogate models would approximate computa-
tionally expensive forward models, Bayesian inversion would incorporate observational data and
quantify parameter uncertainty, and optimization techniques would exploit this information to
identify designs that satisfy prescribed performance criteria under uncertainty. This integration
would enable a consistent propagation of uncertainty from model inputs to design variables,
bridging the gap between analysis and design. Such a framework is not developed in the present
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work and represents a natural direction for future research.

Future developments may further include the incorporation of measurement data and
observational uncertainty within inverse design formulations, the adoption of sampling-based
Bayesian inference methods to improve the characterization of posterior distributions beyond local
approximations, and the extension to higher-dimensional parameterizations through advanced
surrogate modeling strategies, including adaptive multi-fidelity approaches.

In conclusion, the thesis provides three complementary methodological contributions ad-
dressing uncertainty quantification, inverse analysis, and structural optimization. Although
developed independently, these contributions share consistent methodological principles related
to surrogate modeling, probabilistic inference, and computational efficiency. These common
elements establish a foundation for future developments aimed at the systematic integration of
uncertainty quantification, Bayesian inference, and optimization in the analysis and design of
complex engineering systems.
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Chapter A — Sparse-grid surrogate modeling

Appendix A

Sparse-grid surrogate modeling

In the present section, the sparse-grid surrogate modeling approach adopted for the study is
presented. Following the notation introduced in Section 2.5, the problem of approximating
an N-variate scalar function f(v) : I' — R is considered, where v € I' ¢ RV (extension to
P-valued functions f : I' — R’ is immediate; it is enough to apply the same procedure to each
component of f). It is also recalled that v,, are independent random variables with probability
density function p,(v,),n =1, ..., N and that therefore the joint probability density of v over I
is the product p(v) = HnNzl on(vy).

The first step in constructing the sparse-grid surrogate model is to define a set of collocation
points for each parameter v,. The number of points along v, is denoted by K,, € N,, and a
discretization level for each parameter is defined, i.e., a positive number i, € N, i, > 1, using a
“level-to-knots” function m that associates to each level a number of points:

m : N, — N, such that m(i,) = K,,. (A.1)

In this work, m(i,) = 2i,, — 1 is considered (i.e., at each level i,, two more points with respect to
the previous level are considered; cf. Equation (2.14)), but other choices are possible. The set of
collocation points at level i,, along parameter v,, is denoted by:

T =y cn=LomGn)| forn=1,..,N. (A2)

The positions of these points over I, are usually chosen on the basis of the PDF p,, of the random
variables v,,. As reported in Table 2.7, in this work symmetric Leja points are used whenever v,,
is a uniform random variable and symmetric Gaussian Leja points whenever v, is a Gaussian
random variable (see B for details), but other choices are possible, see e.g. [80]. Such choices
have the advantage that Leja points are nested, i.e., 7; C 7;, if [,, > i,.

The second step is the definition of tensor grids of N dimensions, derived as the Cartesian
product of the previously introduced univariate sets 7; , and of their associated Lagrangian
interpolants. In particular, by collecting the discretization levels 7, in a multi-index i € N¥,
considering the corresponding tensor grid 7; = ®nN: | 7i,» with number of nodes M; = H;V:l m(iy)
it is possible to write:

~_ |, . @ _|,Un (Jn) . N

Ji = {Vm(i)}jsm(i) , with Vinli) = [vl,m(il), s VN min) and j € N,
where m(i) = [m(iy), m(iz),...,m(iy)] and j < m(i) means that j, < m(i,) for every
n =1,...,N. The tensor-interpolant approximation (also called tensor-interpolant surrogate
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model) of f(v), denoted by U;j(v), is then an N-variate Lagrangian interpolant collocated at the
grid nodes of 7; and can be written as:

fo) = = 3 f (vl ) L3 . (A3)
j<m(i)
where {L(J) )(V)} o are N-variate Lagrange polynomials, defined as tensor products of
j<m(i

univariate Lagrange polynomials, i.e.

)y, =y

0)) _ (Jjn) (ln) _ n,m(in

'Em(l)(v) - n gn ;m(in) (V”) with 5 (vn) l_[ (k) _Un)
n=1 k=1,k#]n vn,m(in) n,m(in)

The accuracy of the approximation f(v) ~ U;(v) increases as the number of collocation
points in each v, grows, i.e., fori, > 1,n =1,..., N. At the same time, the cost of constructing
U;(v) grows exponentially in N, since it requires evaluating f at M; = ]—[,]1\]=1 m(i,) points; this
implies that even moderate choices of i,,, n = 1, ... N could be unfeasible for N > 2 if evaluating
f is an expensive operation. To mitigate this problem, the sparse-grid surrogate model consists
of an approximation of f(v) formed by a linear combination of several coarse U;(v) rather than
by a single U;(v) withi, > 1,n=1,...,N.

For this purpose, as a third step towards sparse-grid surrogate models the so-called univariate
and multivariate detail operators are introduced:

Ap[Ui (V)] = Ui (V) = Ui—e, (V) With 1 < n < N; (A.4)
A[T(v)] = ®A [Th(v)] = Ay [+ [Ay [Th(W)]1], (A5)

where U;(v) = 0 when at least one component of i is zero and e,, the n-th canonical multi-index,
i.e., (e,)r = 1if n = k and 0 otherwise. Multivariate detail operators can be evaluated as suitable
linear combinations of certain approximations of the complete tensor approximations U;:

AT (v) = A [ [Ay [T]]] = ) (=Dl ag (v, (A.6)
je{o,1}v
Moreover, note that a hierarchical decomposition of Uj(v) holds:
Ui(v) = ) A[U;(v)]. (A7)
j<i
The fourth and final step to construct a sparse-grid surrogate model is to tweak such
hierarchical decomposition. In detail, instead of summing over j < i a different collection of

multi-indices 7 (from here on, multi-index set) is considered, chosen according to criteria that
will be made clearer in a moment:

FO) = Srf(v) =) A[Th(v)].

iel
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Furthermore, applying Equation (A.6) a more practical expression is obtained, i.e., the so-called
“combination technique” [268], which is the form actually implemented in the Sparse-Grids
Matlab-Kit:

FV) ~Srf(v) =) ath(v), e:= > (=Dl (A8)
iel je{o, 1}V
i+jel

This re-writing is valid only if 1 is downward-closed, i.e., if 1 is such that if a certain multi-index
iisin 7 all its “previous” multi-indices j < i are also in the set. In formulae, this requires:

Viel,i-e, €1, Vn=1,...,Ns.t i,>0. (A9)

Concerning the choice of the multi-index set 7, the idea is to discard from the hierarchical
decomposition in Equation (A.7) the contributions that have a large cost and contribute little
to the approximation (in a sense, dropping the high-order corrections). Under mild regularity
assumptions of f(v), a simple yet effective choice to this end is

N
LM:HEBW:ZFQ—DSW} (A.10)
n=1

for some integer value w (the larger w, the more accurate is the sparse-grid surrogate model).
Note that conversely, choosing

%M:ﬁeNf:EMJQ—DSW} (A.11)

a tensor grid with m(w + 1) points per direction is obtained, i.e., Sz, .(w)(V) = U;, (v) with
i, = [w+1,w+1,---]; this is an immediate consequence of the decomposition in Equation (A.7).
More advanced options to tailor the set 7 to the function f are available in literature, and in
particular it would be possible to use an adaptive algorithm, that adds multi-indices i to 7 one by
one given the values of f; see again [80] for details. Finally, the term sparse grid denotes the
collection of points needed to build the sparse-grid surrogate model Sy, i.e.

6r=J=% (A.12)
iel
¢i#0
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Chapter B — Leja points

Appendix B
Leja points

Lejaknots have been introduced for unweighted interpolation on intervals [a, b], see [80, 123, 124]
and references therein, and are therefore a suitable choice when v,, are uniform random variables.
They are built recursively as:

i—1
+b j T

vfll) =b, vflz) =a, vff) = a—, vg,” = arg max nlvn - vﬁlk)l. (B.1)
2 vne[ab] k=1

By construction Leja knots are nested but not symmetric with respect to the mid-point 2, which
is also a desirable property. To fix this issue, the construction above can be changed by generating
only the even elements of the sequence with the standard formula in (Equation (B.1)) and then
symmetrizing them to obtain the odd elements, i.e.

+b
2
' 2j-1
V}SZJ) = arg max 1—[ (v, — vi,k)L
vn€lab] 1_1
. +b : +b
P 2D a o - (vf’) _ aT) ) (B.2)

It is furthermore possible to extend the construction of Leja knots to the case when v, € I, are
Gaussian random variables (or more generally, random variables with a probability distribution
other than uniform), see again [80, 123, 124]. The knots thus obtained are the so-called Gaussian
Leja knots (or in general, weighted Leja knots) and can be computed again recursively, by suitably
introducing a weight in Equation (B.1), i.e., solving

j-1
j k
Vz(il) = arg max Vpn(Vn) l_[|vn - V/(1 )l,
vp€ly, k=1

where p,, is the PDF of the random variable. Symmetric versions of Gaussian (weighted) Leja
points can then be generated following the procedure that leads to Equation (B.2).
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Chapter C — Implementation Details: The UQforPy Repository

Appendix C

Implementation Details: The UQforPy Repos-
itory

All numerical experiments presented in this work are implemented within the open-source
Python repository UQforPy [172]. The repository provides a modular computational framework
for uncertainty quantification, surrogate modeling, and inverse problem analysis, and has been
specifically designed to support reproducible research in the context of surrogate-assisted Bayesian
methodologies for computationally expensive models.

The software follows a structured scientific Python architecture and is organized around
the directory src/uqforpy, which contains the core implementation of the framework. The
overall organization of the repository is illustrated in Figure C.1. The implemented components
reflect the main methodological building blocks considered in the present work, including
sampling strategies, surrogate modeling, Bayesian optimization, Bayesian inversion, uncertainty
quantification, and global sensitivity analysis.

« sampling.py

* global_sensitivity_analysis.py

* surrogate_modelling.py
src/uqforpy « hbayesian_inversion.py

* bayesian_optimization.py

« uncertainty_quantification.py

« example_surrogate_model_construction.py
« example_sampling.py,

UQforP, Ui .
examples « example_bayesian_inversion.py
« example_bayesian_optimization.py

(stores output data)

(architecture of the framework)

(automated unit test)

Figure C.1: Architecture of the UQforPy repository. The framework is organized into modular
components supporting sampling, global sensitivity analysis, surrogate modeling, Bayesian
optimization, Bayesian inversion, and uncertainty quantification.

Within src/uqforpy, the computational workflow is organized into two complementary

196



layers: (i) high-level analysis scripts, which provide user-facing interfaces for the execution of
numerical workflows, and (ii) low-level algorithmic modules, which implement the underlying
numerical strategies and reusable computational components.

C.1 High-level analysis scripts

The files sampling.py, global_sensitivity_analysis.py, surrogate_modelling.py,
bayesian_optimization.py,bayesian_inversion.py,anduncertainty_quantificat-
ion.py define the main computational workflows of the framework. These scripts orchestrate the
interaction between surrogate models, sampling procedures, and inference algorithms, and are
typically invoked either within user-defined applications or through the example scripts provided
in the examples directory.

In particular:

e sampling.py implements the procedures used to generate and refine evaluation points
during surrogate model construction and validation. The sampling strategies rely on the
rules defined in the sampling_rules module.

* global_sensitivity_analysis.py performs global sensitivity analyses aimed at
quantifying the influence of input parameters on the model response. The script combines
sampling procedures, model evaluations, and sensitivity indicators to provide interpretable
measures of parameter importance.

* surrogate_modelling.py implements the construction of surrogate models from avail-
able training data, leveraging the approximation techniques defined in the surrogate_models
module.

* bayesian_optimization.py implements adaptive surrogate model construction strate-
gies based on Bayesian optimization. The procedure iteratively enriches the training dataset
through acquisition-driven sampling and updates the Gaussian Process surrogate model
accordingly.

* bayesian_inversion.py performs parameter inference by solving inverse problems
using the surrogate model. The implementation includes routines for Maximum A Posteriori
(MAP) estimation, evaluation of Least Squares (LLS) and Negative Least Squares (NLS)
functionals, and posterior distribution analysis.

* uncertainty_quantification.py implements forward uncertainty propagation and
statistical post-processing, enabling the evaluation of moments, variances, and probabilistic
model responses.
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C.2 Algorithmic modules

The numerical strategies underlying the analysis workflows are implemented in dedicated modules
organized as subdirectories within src/uqforpy. These modules provide reusable algorithmic
components that are invoked by the high-level scripts.

* sampling_rules implements sampling strategies for the generation of training and
validation datasets, including uniform random sampling, Latin Hypercube Sampling (LHS),
and Leja sequences. The modular design allows the integration of additional techniques
such as quasi-Monte Carlo sampling, sparse-grid methods, and adaptive experimental
design strategies.

e sensitivity_indicators provides the metrics used in global sensitivity analysis,
including variance-based indicators and parameter influence measures.

* surrogate_models contains the implementation of surrogate modeling techniques. In
the present work, Gaussian Process regression with Matérn covariance kernels is adopted
as the primary surrogate model. The framework, however, supports the integration of
alternative approximations, including polynomial-based methods, radial basis functions,
spline interpolants, polynomial chaos expansions, and neural-network-based surrogate
models.

* bayesian_optimization_techniques implements acquisition strategies and dataset
update rules used in Bayesian optimization. These include classical acquisition functions
such as Upper Confidence Bound (UCB), Expected Improvement (EI), and Probability of
Improvement (PI), together with routines for adaptive sampling.

* bayesian_inversion_techniques provides the algorithms used in the Bayesian inver-
sion stage, including MAP estimation procedures, evaluation of LS and NLS functionals,
and local posterior approximations.

* uncertainty_quantification_tools implements routines for forward uncertainty
propagation and statistical analysis, including moment estimation, variance decomposition,
and probabilistic evaluation of model responses.

C.3 Benchmark functions and numerical utilities

The module benchmarks contains a collection of analytical functions commonly used for
validation in optimization and inverse problem studies. The implemented benchmark suite
includes the Mixed Gaussian—Periodic, Lévy, Griewank, Forrester, and Rosenbrock functions,
which are employed in the numerical experiments discussed in Section 3.1.4. Additional utilities
are provided in the utils module, including routines for numerical operations, data handling,
and visualization.
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C.4 Repository organization and reproducibility

The repository includes auxiliary directories supporting experimentation and reproducibility:

» examples provides demonstration scripts illustrating typical workflows, including surrogate
modeling, Bayesian optimization, Bayesian inversion, uncertainty quantification, and
sensitivity analysis.

* tests contains automated unit tests used to verify the correctness and robustness of the
implemented algorithms.

* docs provides documentation describing the architecture and usage of the framework.

» results stores the output generated during numerical experiments, including surrogate
predictions, adaptive sampling traces, inversion results, and sensitivity analysis outputs.

The repository further includes configuration files such as requirements. txt and pyproje-
ct.toml, which specify the software dependencies required to reproduce the computational
experiments. The modular architecture of UQforPy facilitates integration with external high-
fidelity solvers and supports future extensions of surrogate-assisted Bayesian workflows to
higher-dimensional inverse problems and application-specific engineering models.
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Chapter D — Adaptive Surrogate Modeling Results for One-Dimensional Benchmarks

Appendix D

Adaptive Surrogate Modeling Results for
One-Dimensional Benchmarks

The present appendix complements the results discussed in Section 3.1.4.1.1 by providing
additional validation studies of the surrogate modeling strategy adopted in this work.

The analysis focuses on the Lévy, Griewank, and Forrester benchmark functions (Fig-
ures 3.2b—d), with the objective of systematically assessing the predictive performance of
different surrogate models under uncertainty-aware adaptive sampling strategies. The study is
designed to justify the selection of Gaussian Process (GP) surrogate models within the proposed
framework by comparing their performance against alternative deterministic approximation
techniques.

Figure D.1 reports the predictive responses obtained using different surrogate modeling
approaches. The results confirm and extend the observations discussed for the Mixed Gaus-
sian—Periodic function in Section 3.1.4.1.1.

For the Lévy function (Figure D.1a), characterized by a highly non-convex landscape with
multiple local minima, GP surrogate models with both Matérn and RBF covariance kernels
accurately reproduce the complex structure of the high-fidelity model. The Matérn-based
surrogate model exhibits increased robustness in resolving localized irregularities and sharp
transitions. In contrast, deterministic approximation methods — including Lagrangian Polynomial
(LP), Legendre Expansion (LE), and Cubic Spline (CS) models — either lack sufficient flexibility
to capture fine-scale variations or exhibit reduced stability in regions of strong nonlinearity.

For the Griewank function (Figure D.1b), which combines a smooth global trend with high-
frequency oscillatory components, GP surrogate models again provide an accurate representation
of the underlying response. Polynomial-based approximations suffer from spurious oscillations
near the domain boundaries, commonly associated with Runge’s phenomenon [177], while
spectral expansions fail to resolve the high-frequency content of the function.

For the Forrester function (Figure D.1c), characterized by a smooth global trend with localized
nonlinear features, the GP surrogate model with Matérn kernel achieves the highest predictive
accuracy. Deterministic models tend to over-smooth the response or fail to capture localized
variations, leading to systematic approximation errors.

The qualitative observations are further supported by the quantitative error analysis reported
in Figure D.2, where the mean squared error (MSE) is evaluated on independent validation
datasets. GP surrogate models consistently achieve lower prediction errors compared to the
considered deterministic alternatives, with the Matérn kernel providing the most accurate and
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Figure D.1: Predictive responses of different surrogate models for the benchmark functions in
Figure 3.2b—d. The solid black line represents the high-fidelity model; fuchsia, purple, and
orange dotted lines correspond to LP, LE, and CS models; cyan and blue lines represent GP
surrogate models with Matérn and RBF kernels. Red diamonds denote training sample locations.
(a) Lévy. (b) Griewank. (c) Forrester.
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Figure D.2: Mean squared error (MSE) comparison of surrogate models for the benchmark
functions in Figure 3.2b—d.

stable approximation across all benchmark functions.

Overall, the results provide clear evidence that GP surrogate models, particularly when
combined with Matérn covariance kernels, offer a robust and flexible approximation framework
capable of capturing complex nonlinear behaviors under limited data availability. These properties
motivate their adoption as the default surrogate modeling strategy within the uncertainty-aware
framework proposed in this work.
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Chapter E — Bayesian Inversion Results for 1D Benchmarks

Appendix E

Bayesian Inversion Results for 1D Bench-
marks

The present appendix complements the results discussed in Section 3.1.4.1.1 by providing
additional validation studies of the surrogate modeling strategy adopted in this work. Specifically,
the parameter inference results obtained via Bayesian Inversion (BI) are reported for the Lévy and
Griewank benchmark functions (Figure 3.2b—c), selected to examine the framework’s capability
in the presence of localized nonlinearities and strongly multimodal landscapes.

For each benchmark, the MAP estimate, the Least Squares (LS) functional, and the corre-
sponding Negative Least Squares (NLS) profile are analysed to characterize the structure of the
inverse problem and the associated epistemic uncertainty.

Figure E.1 reports the results for the Lévy benchmark. Figure E.1(a) shows the inferred MAP
estimates obtained from multiple independent optimization runs, each initialized from a different
guesses point in the parameter space. All runs are based on the GP surrogate model constructed
via BO (Figure 3.5b), and consistently converge to the same region.

The LS profile (Figure E.1(b)) exhibits a sharp and well-separated minimum, indicating
strong local identifiability. The corresponding NLS profile (Figure E.1(c)) is sharply unimodal
and concentrated around the MAP estimate u = 0.76, with standard deviation o = 0.02. This
concentrated posterior distribution reflects the presence of a well-posed inverse problem under
the surrogate model.

Minor secondary peaks are visible in the NLS profile, but their amplitudes are negligible
relative to the main mode. These features are attributed to residual numerical artifacts or minor
secondary minima and do not affect the stability of the MAP solution.

The inferred posterior distribution allows for a significant reduction in the admissible parameter
space, effectively isolating a narrow high-probability region. This confirms the robustness of the
proposed approach in resolving inverse problems with localized nonlinear responses.

Figure E.2 shows the results for the Griewank benchmark. Figure E.2(a) presents the MAP
estimates obtained from optimization runs initialized at different guesses points, using the GP
surrogate constructed via BO (Figure 3.5¢).

The LS profile (Figure E.2(b)) reveals a highly multimodal and periodic landscape, with
multiple minima of comparable depth. As a result, the NLS profile (Figure E.2(c)) shows multiple
peaks of similar amplitude, corresponding to equally plausible parameter configurations.

This inverse problem is intrinsically non-identifiable in a probabilistic sense. Despite the
surrogate model’s accuracy in reconstructing the admissible solution set, the posterior distribution
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Figure E.1: Parameter inference via BI results for the Lévy benchmark. (a) MAP estimates from
multiple optimization runs. (b) LS functional profile. (c) NLS functional profile representing
the posterior distribution approximation with high-probability region marked by the grey dotted
horizontal line representing the 0.95-threshold and highlighted by the coral-coloured portion
delimited by the dotted vertical lines.

(a) (b) (©)

Figure E.2: Parameter inference via BI results for the Griewank benchmark. (a) MAP estimates
from multiple initializations. (b) LS functional profile. (c) NLS functional profile revealing
non-identifiability due to periodic structure.

fails to isolate a dominant mode due to the periodic nature of the objective function.

The analyses of the Lévy and Griewank benchmarks highlight the flexibility and diagnostic
power of the proposed framework. In the case of the Lévy function, the posterior distribution
represented by the NLS profile is sharply concentrated and uniquely peaked, confirming the
well-posedness of the inverse problem. In contrast, the Griewank case demonstrates that the
framework can effectively reveal inherent non-identifiability in periodic inverse settings.

In both cases, the proposed Bayesian framework yields an interpretable characterization of
the admissible parameter space, supporting robust inference and informed decision-making even
in the presence of structural ambiguity.
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Chapter F — Supplementary Surrogate-Based Posterior Analysis

Appendix F

Supplementary Surrogate-Based Posterior
Analysis

The present appendix provides a supplementary posterior analysis based on surrogate-assisted
Markov Chain Monte Carlo (MCMC) sampling [105, 158, 159]. The analysis is intended as
a complementary validation tool rather than as a methodological component of the proposed
framework, and aims to illustrate regimes in which sampling-based inference becomes necessary
to accurately characterize the posterior distribution.

The study is conducted using the Gaussian Process (GP) surrogate model constructed in
the surrogate modeling phase, and focuses on the one-dimensional Mixed Gaussian—Periodic
benchmark function (Figure 3.2a), selected as a representative case of a strongly non-convex
inverse problem with expected multimodal posterior structure.

The objective is to obtain an independent representation of the posterior distribution in a
setting where local Gaussian approximations around a single maximizer are not theoretically
justified. In such regimes, the posterior distribution may exhibit multiple disconnected regions of
high probability, and sampling-based exploration provides a direct means of resolving its global
structure.

The marginal posterior densities estimated from independent MCMC chains are reported
in Figure F.1. Each chain is initialized from a different starting point in the parameter space in
order to assess convergence behavior and sensitivity to initialization.

The results consistently reveal a multimodal posterior structure, characterized by a dominant
region of high probability together with additional secondary modes. The dominant mode
is robustly identified across most chains, while the exploration of secondary modes exhibits
variability depending on the initialization and stochastic trajectory of each chain. This behavior
reflects the intrinsic non-convexity of the inverse problem and the presence of multiple admissible
parameter configurations.

A global visualization of the posterior structure is provided in Figure F.2, where the marginal
posterior densities obtained from all chains are superimposed. The overlay highlights the
consistency of the dominant mode and the variability associated with secondary modes, providing
a compact representation of posterior complexity.

The observed multimodality confirms that the assumptions underlying local Laplace ap-
proximations around a single MAP estimate are not satisfied for the Mixed Gaussian—Periodic
benchmark. In particular, the posterior distribution cannot be adequately represented by a single
Gaussian approximation centered at a dominant mode.
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Figure F.1: Marginal posterior densities obtained from surrogate-assisted MCMC sampling for
the Mixed Gaussian—Periodic benchmark. For each chain, the empirical histogram of the samples
is shown together with a kernel density estimate.
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Figure F.2: Superimposed marginal posterior density estimates obtained from all surrogate-
assisted MCMC chains. The dominant mode is consistently identified, while secondary modes
are sampled with varying frequency.

For this reason, the present work does not enforce a local Gaussian approximation in such
regimes. Instead, the negative least-squares (NLS) functional is employed as a computationally
inexpensive diagnostic tool to assess the structure of the posterior distribution and to identify
regions of high posterior probability. The NLS profile provides a reliable indication of the
location and relative prominence of posterior modes, while avoiding the need for expensive
sampling-based exploration.

For completeness, a reference posterior density is also constructed through a dense grid-based
evaluation of the surrogate-induced likelihood over the admissible parameter domain. The
resulting posterior is shown in Figure F.3, obtained by normalizing the likelihood under a uniform
prior.

The grid-based posterior clearly exhibits multiple well-separated modes and is fully consistent
with the LS and NLS profiles discussed in Section 3.1.3.3. This deterministic representation
provides a global reference against which the MCMC results can be qualitatively assessed.

From a methodological perspective, the results highlight the complementary roles of different
inference strategies. Local Laplace approximations are appropriate when the posterior distribution
is effectively unimodal and the inverse problem is well posed. In contrast, sampling-based
approaches such as MCMC are required to accurately resolve multimodal posterior structures
and to capture the full extent of epistemic uncertainty.

The NLS-based analysis adopted in the present work provides an intermediate diagnostic
tool that enables the identification of high-probability regions at negligible computational cost,
while preserving consistency with the underlying probabilistic formulation. When multimodality
is detected, as in the present benchmark, MCMC-based exploration can be employed as a
complementary validation strategy.
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Figure F.3: Grid-based posterior density for the Mixed Gaussian—Periodic benchmark, obtained
by evaluating the surrogate-induced likelihood over a dense discretization of the parameter space.
The posterior exhibits multiple well-separated modes.

Overall, the results support a principled and adaptive use of inference techniques, in which
Laplace approximations, NLS-based diagnostics, and sampling-based methods are employed
according to the structural properties of the posterior distribution, rather than as interchangeable

tools.
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