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Introduction

Introduction and Motivation
In recent years car manufacturers and tech companies have been investing huge
resources to develop autonomous driving vehicles, with the aim of enhancing the
efficiency of transports and the safety of passengers on the roads. Nowadays, several
vehicles on the market are equipped with driving assistant devices, ranging from self
parking and automatic braking systems up to an effective and real autonomous driving.
The major issues associated with this technology are related to the unpredictability
of the environment, which is characterized by sudden events, reckless drivers and
unpredictable obstacles. To manage these critical aspects, the vehicles are provided
with many sensors, radars and actuators, which allow the ECU to elaborate active
safety control algorithms in real time.

This aspect has generated a strong trend towards the transformation from tra-
ditional cars, trucks and other mobile machines to complex systems interconnected
with environment, infrastructure and users through numerous information channels.
Therefore, a new technological cluster, Multi-Actuated Ground Vehicles (MAGV),
has emerged [1]. A MAGV can be considered as a complex engineering system having
a set of parallel subsystems requiring both individual and integrated control to se-
cure simultaneously criteria of efficient dynamics, safety, and user (and environment)
friendly operation.

Essential features of the MAGV are (i) modularity and automation of embedded
subsystems, and (ii) complex, non-stochastic uncertainty of operational environ-
ment of motion. Examples in point are conventional, electric, semi-autonomous
and autonomous vehicles with x-by-wire systems, as well as vehicles equipped with
autonomous mechatronic chassis modules. From an industrial perspective, the MAGV
development must consider several crucial factors as:

• Inclusion of data driven / simulation supported decisions in on-board controllers;

• Increased demand on more efficient vehicle development processes;

• Introduction of more vehicle variants in shorter time;

• Rapid growth in functions, software and electronics integrated in MAGVs.

Within this context, the topics of passenger safety, driving quality and energetic
efficiency have become of interest in particular for computer and control engineers,
with this trend increasing its momentum exponentially. One example of this trend
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is the amount of first-event rollovers for single-vehicle crashes, which has decreased
considerably. For instance, as reported in [2], in the USA it went from 4.29% in
2004 to 2.61% in 2010. In this example, the improvement can be ascribed to the
introduction of the Electronic Stability Control (ESC) system. Another meaningful
case is that of vehicles equipped with Anti-lock Braking System and ESC, which run
off the road almost 50% less than vehicles without this equipment, see [3].

To shed light on the scientific aspects of these devices, a survey of some of the
most successful vehicle stability control system is provided in the first part of this
dissertation, with particular focus on those which utilize the well established Sliding
Mode Control technique (SMC). SMC is a widely appreciated control methodology able
to guarantee finite time stability and robustness of the controlled system even in case
of nonlinear systems affected by a wide class of uncertainties and disturbances [4–6].
Recent literature, also reporting experimental results, has demonstrated that this
methodology can be a valid solution to solve many automotive control problems,
typically distinguished in longitudinal, lateral, vertical and roll dynamics control
problems [7, 8].

Advanced Driver Assistance Systems (ADAS), such as the already mentioned ESC
and ABS, as well as Automated Driving (AD) technologies, can be enhanced by the
knowledge of vehicle planar motion states (longitudinal and lateral velocities of the
center-of-gravity and side-slip angles). In particular, the estimation of tire-ground
contact forces has become an important subject of investigation. In fact, the knowledge
of the forces exerted can help to prevent over-steering or under-steering phenomena,
which often generate accidents. This can be caused by a tire undergoing excessive
slip/skid, so that the driver does not reach the intended trajectory. Currently, sensors
exist able to measure tire-ground forces. Nevertheless, their cost amounts to several
tens thousand euros per piece, which makes them incompatible with commercial
automobiles mass production. The introduction of observers to estimate these forces
is an effective solution for this problem. However, to provide estimates of the forces
with sufficient accuracy is still considered an arduous task, since the variation of
vehicle mass, Center of Gravity (COG) position, road slope or bank angle, along
with road irregularities and load transfer effects, increase the problem complexity
considerably. In the second part of this work this problem is faced, with the proposal
of a novel method for model-based tire forces estimation, which relies on a development
of SMC, namely the Second Order Sliding Mode (SOSM).

In fact, in spite of the claimed robustness properties, the real-life implementation
of SMC techniques presents a major drawback: the so-called chattering effect, i.e.,
dangerous high-frequency vibrations of the controlled system. This phenomenon is
due to the fact that, in real-life applications, it is not reasonable to assume that
the control signal can switch at infinite frequency. On the contrary, it is more
realistic, due to the inertia of the actuators and sensors and to the presence of
noise and/or exogenous disturbances, to assume that it switches at a very high (but
finite) frequency. Chattering and the need for discontinuous control constitute two of
the main criticisms to sliding modes control techniques. The wheel forces observer
proposed in this dissertation exploits the SOSM approach, which has encountered
significant attention in the control research community. SOSM techniques produce
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continuous control laws while keeping the same advantages of the original approach,
and provide for even higher accuracy in realization. Apart from the robustness features
against different kind of uncertainties and disturbances, the proposed control schemes
have the advantage of producing low complexity control laws compared to other robust
control approaches.

One of the most challenging tasks for engineers in the implementation of vehicle
stability control systems, which concerns both fields of AD and sport racing, is the
handling of the vehicle on different kinds of road surface. In fact, the vehicle should
autonomously interact with the environment, without endangering the safety of people
on board and their surroundings. However, safety aspects are not the only ones to be
considered, in fact by means of proper control techniques, it is also possible to improve
the car performances. In the last part of this dissertation, the problem of minimizing
the travel time of an AV running on a low friction terrain (such as gravel or dirt road)
is considered. Such setting can be seen as an emulation of the behavior of a rally
driver which, on slippery surfaces, might require to exploit a drifting maneuver while
cornering. Two solutions to this problem are proposed, which exploit the information
regarding the physical limits of the vehicle and the tire-road interaction forces, in
order to obtain high speed solutions which guarantee the stability of the vehicle during
maneuvering.

This project has received funding from the European Union’s Horizon 2020 research and innovation programme under the Marie Skłodowska-Curie grant agreement No 675999

Figure 1: Members of the ITEAM consortium.

This research work, which features experimental validations and several interna-
tional collaborations, has been possible thanks to a joint training program, which
exploits a network of academic and industrial partners with versatile competences,
research portfolio and facilities. This program, namely Interdisciplinary Training
Network in Multi-Actuated Ground Vehicles (ITEAM, see Fig. 1) is funded by the
EU Marie-Skłodowska Curie Actions. The ITEAM network unites the following
organizations:

• Academic sector: TU Ilmenau (Germany), Coventry University (UK), KU
Leuven (Belgium), University of Pavia (Italy), Flanders Make (Belgium), UTC -
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The University of Technology of Compiègne (France), TU Delft (Netherlands),
The University of Liverpool (UK), The Institute of Information Theory and
Automation (Czech Republic), TU Graz (Austria), Chalmers University of
Technology (Sweden), Tallinn University of Technology (Estonia);

• Industrial sector: AVL List (Austria), Infineon (Germany), Škoda Auto (Czech
Republic), Virtual Vehicle (Austria), Volvo Car Group (Sweden), IPG Automo-
tive (Germany), Jaguar Land Rover (UK).

As stated in [1], the ITEAM network concept pursues a set of research, technological
and training objectives, which are aimed at the development of:

• Interdisciplinary methods, simulation tools and experimental techniques for
inter-domain research into dynamics and control of multi-actuated ground
vehicles;

• New state estimation and control approaches for chassis and powertrain control
systems within the MAGV perspective;

• Advanced tools for driver assistance, as well as for cognitive semi-autonomous
and autonomous mobility, contributing to the environment-friendliness and
safety of MAGV;

• Project-based training network to increasingly leverage software and electronics
and enhance mechanical/mechatronic vehicle design quality and performance.

Thesis Structure
This dissertation is organized as follows:

Part I: Vehicle Dynamics Control via Sliding Modes Generation
Chapter 1: Modeling of Vehicle Dynamics
In this chapter the most common dynamical models describing vehicle longitudinal
and lateral dynamics are described. In the following chapters these will be the starting
point for the derivation of the estimation and control algorithm. In the final section,
the Equilibrium States Manifold (ESM) is introduced, which represents the core of
the AD concept presented in Part III.
Chapter 2: Sliding Mode Control of Lateral Vehicle Dynamics
Here an overview on the state-of-the-art of vehicle stability control systems is first
given, then some notable SMC algorithms are recalled. Finally, the performance of
different SM-based controllers is compared via a high-fidelity simulator on a validated
car model.

Part II: Tire-Road Contact Forces: Estimation and Analysis
Chapter 3: Sliding Mode Based Observer for Wheel Forces Estimation
This chapter presents a novel method for wheel forces estimation, which involves the
application of Suboptimal Second Order Sliding Mode (S-SOSM) coupled with an
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EKF used for chattering alleviation. Experimental proof is also presented to support
the validity of the proposed method.
Chapter 4: Benchmarking of the S-SOSM Based Forces Estimator
The aims of this chapter are to provide further experimental data for the proposed S-
SOSM based estimation method, which is here compared with other recently proposed
model based estimators, resulting in a favorable outcome.

Part III: Towards Model Based Autonomous Racing
Chapter 5: A General Introduction to Motion Planning
In this chapter the problems related to Path Planning and Path Tracking are presented,
together with a survey of the current state-of-the-art in this field. Then, an in-depth
analysis of the problem of Path Tracking on slippery surfaces introduces the following
chapters.
Chapter 6: Vehicle State Robust Tracking via Integral Sliding Mode
A low-level controller for vehicle dynamical states is presented to achieve a smooth and
progressive stabilization of the vehicle in limit cornering conditions, where Integral
Sliding Mode (ISM) is coupled with MPC, in a multi-rate structure, in order to
enhance the robustness with respect to changes in the tire/road friction characteristic
curve and modeling errors. The performance is verified in simulation, where the
obtained results evidence the effectiveness of the proposed approach.
Chapter 7: MPC-Based Motion Planning Concept for Autonomous Racing
In this chapter a linear Model Predictive Control (MPC) based controller for the
path tracking of a given trajectory is proposed, which generates suitable references
for the dynamical vehicle states, with the goal of achieving good performance on
slippery conditions. The performance is verified on a wet asphalt track characterized
by segments of different curvature, and compared against the CarMaker driver.
Chapter 8: Search-Based Motion Planning for Autonomous Rallying
Driving on the limits of vehicle dynamics requires predictive planning of future vehicle
states. In this work, a search-based motion planning is used to generate suitable
reference trajectories of dynamic vehicle states with the goal to achieve the minimum
lap time on slippery roads. The search-based approach enables to explicitly consider
a nonlinear vehicle dynamics model as well as constraints on states and inputs so that
even challenging scenarios can be achieved in a safe and optimal way. The algorithm
performance is evaluated in simulated driving on a track with segments of different
curvatures.
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Chapter 1

Modeling of Vehicle Dynamics

In this chapter we present the vehicle models which will be exploited throughout this
entire work, in order to properly design observers and controllers. In particular, the
focus will be placed on longitudinal and lateral dynamics. The content relative to
the longitudinal dynamics is extracted from the book chapter [9], whereas the lateral
dynamics parts are based on [10].

1.1 Modeling of Vehicle Longitudinal Dynamics

1.1.1 Tire Model

The forces which determine the vehicle dynamics depend on the interaction between
road and wheel. Pneumatic tires have the function of supporting the vehicle and
controlling its trajectory. The modeling of such interaction is essential for the design
of a model-based control of the longitudinal dynamics. Although in this section we
only focus on the characterization of the longitudinal forces acting at the contact
point between road and tire, in practice the lateral and vertical dynamics also affect
the longitudinal forces.

During the rolling of the pneumatic tire on the road, there is a deformation
occurring on both surfaces, as none of them is an ideal rigid body. Such deformation,
for what concerns the pneumatic, depends on inflation pressure, rigidity, wear, tem-
perature and other factors. The deformation of the tire and of the road produces an
energy loss which is known as rolling resistance. This deformation varies depending
on the external momentum applied to the wheel (free rolling, acceleration or braking).
In case of an acceleration torque present on a wheel, the part preceding the contact
zone is compressed, therefore the peripheral velocity v of the tread band in the leading
zone of the contact is lower than the product ωRw, ω being the angular velocity and
Rw the wheel radius of the undeformed wheel. This phenomenon increases with the
acceleration torque, leading to an increment in the gap between v and ωRw, while its
counterpart happens when a braking torque is applied.

Having defined the effective rolling radius Re as the one satisfying the following
equation

v = ωRe (1.1)
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and the deviation ∆ of the wheel radius, determined by the acceleration (Twdrv) or
braking (Twbrk) torque, we can distinguish the following situations:

• Re =Rw−∆(Twdrv) in case of external acceleration moment;

• Re =Rw + ∆(Twbrk) in case of external braking moment.

Following these considerations, it is now possible to define a “longitudinal slip
ratio” λ, as a measure depending on the variation of Re, as follows

λ= ωRw−v
max(ωRw,v) . (1.2)

The slip ratio defined by (1.2) is positive for driving conditions and negative for
braking, and it is limited to the [−1, 1] interval. However, when |λ|> 0, it does not
necessarily mean that the entire tire road contact zone is slipping. Typically, for low
slip values only a small portion at the tail end of the contact zone is actually slipping.
The portion of tire actually slipping increases with λ, until the value λp is reached,
which corresponds to pure sliding.

µp

µs

−µp

−µs

-1

1λp

−λp

µ

λ

Driving

Braking

Figure 1.1: Qualitative representation of curve λ(µ), braking and driving case

The longitudinal force Fx, which the wheel exchanges with the road, is a function
of λ. Ideally, when no forces are acting on the wheel (free rolling conditions), there is
no slip (that is λ= 0), although in reality the rolling resistance causes a very small
negative slip. The force Fx changes linearly with the slip until a peak value λ= λp is
reached (λ=−λp for negative slips). Outside this range, the force Fx decreases in
absolute value until the extremes λ=±1 are reached. Given a constant slip λ, Fx can
be considered roughly proportional to the load Fz, therefore the longitudinal friction
coefficient µ is defined as

µ= Fx
Fz

. (1.3)

The qualitative behavior of µ(λ) is represented in Figure 1.1. The values µp and
µs identified are respectively the peak traction/braking coefficient, and the sliding
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traction/braking coefficient. Since the curves usually shows symmetric behavior, µp
and µs are considered equal in absolute value in the traction and in the braking case.
The area included between the two peaks is generally referred to as the “linear zone”:
outside this interval, the wheel is in an unstable condition. This can be intuitively
understood, in the breaking case, by considering the wheel equation of motion during
a braking session. Keeping in mind that the wheel speed ω cannot have negative
values, and having assigned positive sign to the acceleration forces/torques acting on
the wheel, and negative to the braking ones, we have that

Jω̇ = |Fxbrk |R−|Twbrk |= |µ(λ)|R−|Twbrk | (1.4)

where J is the inertia. For the sake of simplicity, we can assume the vehicle speed v
to be constant, as its response to the braking action is slower than that of the wheel
in case of slip. During braking, the decrease in wheel speed causes the absolute value
of the slip |λ| to increase. If, at the same time, the absolute value of the friction
coefficient |µ| decreases, a sudden reduction in the braking torque Twbrk is then also
needed, to compensate the decrease in |Fxbrk |, in order to avoid locking of the wheel.
This action cannot be performed sufficiently fast by the driver, who must be aided
by active safety devices. Traditional ABS absolves this function by decreasing the
hydraulic brake pressure when excessive slip is detected, and increasing it again once
the wheel-slip is again in the linear zone.

The shape of the curve µ(λ) changes considerably, depending on various parameters,
such as type of tire, road conditions, speed, lateral tire force Fy. Different examples
of µ(λ) curves obtained in different conditions are reported in Figure 1.2.
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Figure 1.2: Tire-road friction curves µ(λ) for eight different surfaces.

1.1.2 Vehicle Model

Starting from the µ(λ) curve derived in the previous section, one needs to select a
sufficiently accurate vehicle model to be used for the development of proper observers
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(a) Single-Corner Model (b) Wheel Cornering Forces

Figure 1.3: Graphic representation of the wheel models in the longitudinal case (a)
and cornering condition (b).

and controllers. The usual choice is the single-corner model, which is often employed
for traction and braking control system design [11].

The single-corner model, which describes the dynamics of a single wheel, repre-
sented in Figure 1.3(a), is the following:

{
Jω̇ =−RwFx+Tw
mweq v̇ = Fx

(1.5)

where ω is the angular speed of the wheel, v is the longitudinal speed of the vehicle,
Tw is the torque acting on the wheel, Fx is the longitudinal tire-road contact force, J
is the wheel moment of inertia, mweq the quarter-car mass (or wheel equivalent mass),
and r the wheel radius.

Model (1.5) describes the longitudinal dynamics, under the assumption that the
wheel side-slip angle is equal to zero, and no lateral forces are acting on the wheel,
i.e., the driver is performing a pure longitudinal maneuver. Under these conditions,
we can use Equation (1.3) to approximate the longitudinal force Fx as

Fx = Fzµ(λ). (1.6)

Model (1.5) can be extended to the full vehicle, including aerodynamic e friction
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losses, as follows [12]:

mvehv̇ =
∑
i,j

Fxi,j −Flossi(v)

Ji,jω̇i,j = Twi,j −Ri,jFxi,j
Floss(v) = Fair(v) +Froll = cxv

2 sign(v) +frollmvehg

Fxi,j = µi,j(λi,j)Fzi,j

Fzf,j = lrmvehg− lhmvehv̇

2(lf + lr)

Fzr,j = lfmvehg+ lhmvehv̇

2(lf + lr)

(1.7a)

(1.7b)
(1.7c)
(1.7d)

(1.7e)

(1.7f)

where the subscripts i = f, r and j = l, r distinguish, respectively, front/rear and
left/right wheels. Fair is the air drag, and Froll is the rolling resistance. Moreover,
mveh is the vehicle mass, cx is the longitudinal wind drag coefficient, froll is the rolling
resistance coefficient, lf is the distance from the front axle to the center of gravity
(CoG), lr is the distance from the CoG to the rear axle, and lh is the vertical distance
to the CoG. Equations (1.7e), (1.7f) can be adopted for the estimation of mweq for
each wheel in the single-corner model.

By using a more accurate description of the forces acting on the vehicle/wheel
system, which includes air and rolling resistance losses, we can improve the quality
of the observation/control devices. It should be noted, though, that other external
influences are neglected, such as roll and yaw moments, lateral and vertical motions,
brake, throttle, steering actuators and manifold dynamics. The effects of these
approximations are reflected in a loss of quality of the estimation, when the algorithms
are run in the loop with a full vehicle simulator. As for the cx coefficient, in order to
verify the effectiveness of the proposed control schemes in presence of uncertainties,
this can vary over time. Also the mass of the vehicle and the tire-road friction
coefficient are time-varying and represent the unmatched uncertainties affecting the
system.

By properly substituting Equation (1.5) in (1.2), and assuming the vehicle velocity
to be constant, the wheel slip dynamics can be reduced to a first order differential
equation, which changes in case of driving/braking,

λ̇=−Rw
Jv

[ψbrk(λ) +Tw]

= fbrk + bbrkTw

(1.8)

ψbrk(λ) =
(
−J(1−λ)
mweqRw

+Rw

)
Fzµ(λ) (1.9)

λ̇= (1−λ)2

Jv
[ψdrv(λ) +Tw]

= fdrv + bdrvTw

(1.10)
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ψdrv(λ) =−
(

J

mweqRw(1−λ) +Rw

)
Fzµ(λ) (1.11)

where fbrk, bbrk, fdrv and bdrv are easily obtainable functions.
It can be proven, by substituting typical values for J , Rw, mweq , that ψbrk(λ)> 0,

for λ < 0 and ψdrv(λ)< 0, for λ > 0 . This implies that, with no external influence
(Tw = 0), the systems are naturally stable, and the slip vanishes asymptotically. By
braking/accelerating (Tw 6= 0), we change the dynamics of λ in the direction of reducing
the natural damping effect, and increasing the absolute value of λ.

1.2 Modeling of Vehicle Lateral Dynamics

The driver control on the steering wheel while the vehicle is moving at a certain speed
is a dynamic process: the turning of the wheels causes the side-slip and the generation
of lateral forces. The lateral forces change the overall attitude of the vehicle. As
a consequence, the vehicle course angle is being changed and lateral forces are also
generated on the non-steering wheels. The resulting forces determine the vehicle
trajectory. However, when the vehicle speed is moderate and the cornering stiffness is
high, the linearity of the vehicle response gives the driver the feeling of a kinematic
motion, which is entirely determined by the trajectory of the mid-planes of the wheels.

The vehicle stability belongs to the most complex attributes that should be handled
by active safety systems. A comprehensive analysis of vehicle stability parameters
has been introduced in fundamental works of Karnopp [13], Mitschke [14], and other
authors. The characteristics of directional vehicle stability can be explained making
reference to Figure 1.4.

Figure 1.4: Full vehicle model.

The directional stability is a characteristic of the vehicle (i) to keep the course
demanded by the driver control and (ii) to stabilize the direction of motion against
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external disturbances. In the case of vehicle maneuvers with lateral dynamics (turn-
ing, obstacle avoidance, etc.) the vector of vehicle velocity v is deviated from the
longitudinal X-axis of earth-fixed coordinate system XY on a certain course angle
(Figure 1.4). The course angle is the sum of the yaw angle ψ and the vehicle side-slip
angle β:

γ = ψ+β (1.12)

ψ is the angle between longitudinal axes of earth-fixed XY and vehicle-fixed xy
coordinate systems. Due to deformation processes in tire-road contact and tire
side-slip, the vector v is deviated from the x-axis on the additional angle β.

For the design of a control system for the lateral stability of the vehicle, a proper
dynamic model is required. Such a model should represent the physical phenomenon
introduced above. In the following subsection, it will be further illustrated how the
linear single track model (or “bicycle” model) is derived. For this purpose, the lifting,
rolling and pitching motion are neglected, which means we are working under the
hypothesis that the vehicle consists of a rigid body moving on a flat surface.

1.2.1 Single Track Model

Given the hypothesis of rigid body, the motion of the body is described by a 3 degrees
of freedom model. For the determination of a set of equations expressed in the
reference frame of the center of gravity (COG) of the vehicle (it is assumed that the
vehicle mass is concentrated at the COG), different procedures can be adopted: in [15]
a method based on the Lagrange equations is used, while in [16] the equations are
obtained by calculating explicitly the acceleration of the COG. For a vehicle with mass
m and inertia moment around the normal axis Jz, having defined the longitudinal
and lateral velocities in the vehicle fix coordinate system as vx, vy, and the yaw angle
ψ̇, the equations of the dynamics can be written as

m(v̇x− ψ̇vy) = Fx,tot

m(v̇y + ψ̇vx) = Fy,tot

Jzψ̈ =Mz,tot

(1.13a)
(1.13b)
(1.13c)

where Fx,tot, Fy,tot are the overall longitudinal and lateral forces applied at the COG,
and Mz,tot is the overall yaw moment around the normal axis.

Instead of the representation vx, vy, it is a common a practice to use the velocity
vector v and the side-slip angle β. For this purpose, since angle β is in general small,
the following approximations can be considered:

vx = v cos(β)≈ v (1.14a)
vy = v sin(β)≈ vβ (1.14b)

Equation (1.13) is reduced to
m(v̇− ψ̇vβ) = Fx,tot

mv(β̇+ ψ̇) +mβv̇ = Fy,tot

Jzψ̈ =Mz,tot

(1.15a)
(1.15b)
(1.15c)
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The term mβv̇ is often neglected, as it is typically much smaller than the other terms.
The system complexity can be reduced further, by assuming the vehicle velocity is
pseudo constant during the steering maneuver: the effect of the longitudinal forces is
neglected, so that only the second two equations in (1.15) are considered.

{
mv(β̇+ ψ̇) = Fy,tot

Jzψ̈ =Mz,tot

(1.16a)
(1.16b)

The equations from models (1.13), (1.15) and (1.16) represent the generic dynamic
evolution of a rigid body, with external influences from forces Fx,tot, Fy,tot and moment
Mz,tot. They do not consider the wheels disposition or, in a more general way, the
interaction between the wheels and the surface. Further detailing of the model (1.16)
requires the explicit formulation of the force Fy,tot and the moment Mz,tot.

1.2.2 Cornering Forces

A schematic representation of the cornering forces acting on the wheels is shown in
Figure 1.3(b). The forces determining the Fy,tot term in the right side of Equations
(1.13), (1.15), (1.16) are composed of several components:

• cornering forces generated on all wheels due to the tire-road interactions deter-
mined by the steering maneuver;

• projection of longitudinal forces Fx (on steering wheels) on the y axis, which
is generally really small due to the small angle δ that can be handled during
stable maneuvers at non-vanishing vehicle speed;

• aerodynamic effects due to the vehicle body shape, which are in general much
smaller than the aerodynamic effects on the longitudinal dynamics;

• external influences due to e.g. lateral wind, road inclination along the y axis,
etc., which are often unpredictable.

Due to limited impact or non predictability of other components on the lateral
dynamics, we can consider the cornering forces alone, indicated as Fy in Figure 1.3(b).

An extensive explanation of the tire-road interaction, which determines the lateral
dynamics, can be found in [15]. Here follows a short overview of such phenomena,
which can be useful to get a basic understanding of how the models for the lateral
dynamics are obtained.

Tire-Road Interaction

We recall here, how the longitudinal forces in the pneumatic are exerted thanks to the
tire deformation, which determines the wheel-slip. Similarly, the lateral (or cornering)
forces are originated due to the lateral deformation, which affects the tire and its
side-slip angle α. Also in this case, the fact that the wheel has a side-slip angle does
not necessarily mean that the wheel is slipping on the road in the contact zone. The
portion of contact zone, which is actually slipping, increases with the side-slip angle.
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Figure 1.5: Example of dependencies Fy(α) and Mz,sa(α).

The lateral wheel force Fy is not applied to the center of the contact zone, but at a
point behind it, located at a distance ∆t. For this reason, a moment Mz,sa = Fy∆t
is generated, which tends to align the wheel towards its velocity v. In Figure 1.5 Fy
and Mz,sa are plotted against the side-slip angle α. Similarly to the longitudinal case,
a side force coefficient µy = Fy/Fz can be defined. While in the case of longitudinal
wheel-slip control there is often a direct interest in controlling the slip range towards
the maximum of the µ(λ) curve, typically, when controlling the lateral dynamics it is
assumed that the control action keeps the side-slip angle low.

Both the lateral force Fy and the aligning torque Mz,sa grow for low values of the
side-slip angle α, almost linearly in case of the force. For higher values of α, the force
Fy tends to stabilize, or slightly decrease, while Mz,sa shows a sharp decrease, leading
to a change of sign. Several factors influence the behavior of the curve Fy(α) at higher
slips, such as tire design, road conditions, camber angle and others. The impact of
these factors is in general limited for low values of α: this region is the stable area,
in which the tires should normally be operated, as the lateral forces applied to the
wheel or proportional to the steer request by the driver. The stability control systems
are designed to keep the vehicle operation in this region, and therefore a linearized
local representation of the curve Fy(α) can be adopted. This allows one to define a
“cornering stiffness” coefficient Cy as the slope of Fy(α) in the origin, i.e.

Cy = ∂Fy
∂α

∣∣∣∣
α=0

, (1.17)

so that the following approximation takes place in the stable area:

Fy(α) = Cyα (1.18)

In practice, the coefficient Cy in (1.18) contains the information about the weight
acting on the wheel. In fact, the general (non linearized) formulation for Fy, in analogy
with (1.6), is

Fy = Fz(µy(α)) (1.19)
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Forces Linearization

Based on the representation in Figure 1.4, the i-th wheel side-slip angle is defined as
the difference between βi and the steering angle δi, where βi is the angle between the
velocity of the i-th wheel and the direction of the vehicle (x-axis). It follows

αi = βi− δi = arctan
(
vyi
vxi

)
− δi = arctan

(
vy + ψ̇xi

vx− ψ̇yi

)
− δi (1.20)

where xi, yi are the coordinates of the wheel in the xy frame (the time dependence of
the variables has been omitted for the sake of simplicity). In particular, for the front
wheels xi = lf and for the rear wheels xi =−lr. Equation (1.20) can be linearized, by
noting that ψ̇yi� v. Therefore

αi = βi− δi ≈
vy + ψ̇xi

v
− δi = β+ xi

v
ψ̇− δi (1.21)

The coordinate yi of the centre of the contact area of the wheel does not appear in
the expression for the side-slip angle αi. Furthermore, if the differences between the
steering angles δi of the wheels on the same axle are neglected, the values of their
side-slip angles are then equal. These considerations allow one to work in terms of
axles instead of single wheels, and therefore to use the so-called “single track model”
instead of a four-wheeled one (see Figure 1.6).

Figure 1.6: Bicycle model and cornering dynamics.

The explicit expressions of the side-slip angles of the front and rear axles of a
vehicle with front steering, assuming the steering angle δ is equal for both front wheels,
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are then{
αf = β+ lf

v ψ̇− δ
αr = β− lr

v ψ̇
(1.22)

With all considerations expressed above, we can re-write the lateral forces acting on
the front and rear axle. The dynamic generation mechanism of tire forces is also
modeled by introducing the tire lateral relaxation lengths lf , lr.{

Fy,f + lf
v Ḟy,f =−Cfαf =−Cf (β+ lf

v ψ̇− δ)
Fy,r + lr

v Ḟy,r =−Crαr =−Cr(β− lr
v ψ̇)

(1.23)

In the new expression, the cornering stiffness Ci, i= f,r is now referred to the entire
axle, and not to the single wheel.

1.2.3 Longitudinal and lateral tire slips

In Part III situations will be considered, in which the vehicle works at the limits of
the linear area, or beyond it in case of a drifting maneuver. For this purpose, the
full nonlinear version of the friction characteristics has to be considered. As one can
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Figure 1.7: Lateral friction coefficient variation depending on the type of terrain
(a). Combined elliptical lateral and longitudinal slip curve, from Tire and vehicle
dynamics [17] (b).

see in Fig. 1.7(a), the nonlinear lateral characteristics are similar to the longitudinal
ones. In this example, characteristics for three different types of terrain are depicted,
which were computed by means of the well known Magic Formula (MF), which is a
semi-empirical approach which has been first proposed by H. Pacejka [17].

The curves in 1.7(a) differ considerably from each other, in fact the gravel and dirt
road ones are monotonous functions, while the one corresponding to wet asphalt has
a peak at ≈ 0.2, before decreasing. These considerations will be exploited to compute
the Equilibrium States Manifold (ESM) that will be explained in Section 1.5.2.
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Having defined B,C,D,E as the Pacejka model parameters, the dependency of
the friction coefficient µ on the side-slip angle α is of the form:

µ(α) =D sin[C arctan{αB−E(αB−arctanαB)}] (1.24)

The considerations seen in the preceding sections apply only in the case in which
longitudinal and side forces are generated separately. However, it is unlikely to have
situations in which a tire is characterized by pure longitudinal or pure lateral slip.
If the tire produces simultaneously forces in both directions, the situation can be
different as the traction used in one direction limits that available in the other. The
relation between the forces changes from tire to tire, although in general an elliptic
shape in the Fx−Fy plane is obtained, for different values of α with the slip angle α,
as explained in detail in [15]. Such behavior can be appreciated in 1.7(b), where the
various curves plotted for different values of α are enveloped by the polar diagram of
the maximum force the tire can exert.

This property has led to extend MF (1.24) in order to consider a combined
longitudinal and lateral slip model. Its mathematical description refers to steady-state
situations and the major difference compared to older models used in literature is the
introduction of the longitudinal slip ratio as an input variable. In order to employ
an isotropic friction model (thus reducing the number of parameters required), the
computation of the so-called theoretical slip quantities is required. It follows that:

σx = λ

1 +λ
, σy = tanα

1 +λ
, σ =

√
σ2
x+σ2

y (1.25)

where σx, σy and σ are, respectively, the longitudinal, lateral and combined theoretical
slip quantities, while α and λ represent the longitudinal and lateral slips presented in
the previous section.
Finally, the one-directional friction coefficients for i= x,y are obtained as:

µi = σi
σ
D sin[C arctan{σB−E(σB−arctanσB)}] (1.26)

In Fig. 1.8(a) the variation of the longitudinal force Fx depending on the longi-
tudinal slip value λ, for decreasing values of side-slip angle α is shown. The same
considerations apply in Fig. 1.8(b), where the behavior is analyzed for decreasing
values of longitudinal slip λ. These figures show how the coefficients are different
depending on the considered surface and tire.

1.2.4 Yaw Moment Generation

Similarly to the lateral force, the total yaw moment Mz,tot around the normal axis
is composed of several components, which are affecting the system behavior with
different impact:

• the resulting moment due to the effect of the longitudinal forces Fx on each tire.
For the front axle, due to the small steering angle (cos(δ)≈ 1), the projection can
be neglected and the forces considered in their entirety, therefore the component
can be expressed as

∑
iFxiyi, with yi being the coordinate of the i− th wheel;
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Figure 1.8: Longitudinal tire force Fx, depending on λ and α, for the wet road terrain
(a), and lateral tire force Fy, depending on λ and α, for the wet road terrain (b).

• the resulting moment due to the effect of the lateral forces Fy. Same consid-
erations expressed above for the small steering angle hold in this case, which
means that the resulting moment is

∑
iFyixi. When dealing with a single track

model, the expression of the moment simplifies to aFy,f − bFy,r, where Fy,f and
Fy,r are now the lateral forces applied to the entire axle, and not to the single
wheels;

• in case of the front axle only, there is an additional component, resulting from
the longitudinal and lateral forces projected on the opposite axes, during steering
maneuvers. Also in this case, the yaw moment generated can be neglected due
to the small steering angles considered;

• self aligning torques Mz,sa generated during the steering maneuver, due to the
cornering forces not being applied exactly at the center of the tire contact zone
(see Subsection 1.2.2). The magnitude of such moment (see Figure 1.5(b)) is in
general considerably smaller, approximately two orders of magnitude, compared
to the one exerted due to the action of longitudinal and lateral forces on the
vehicle frame, therefore these can also be neglected;

• aerodynamic and other externally generated moments, which have minor impact
and are not considered for our vehicle model (see [15] for more details).

• an externally generated torque Mψ̇ used for the control of the system.

Due to the considerations above, one can use the first two components for the
generation of the overall yaw moment considered in the model

Mz,tot =
∑
i

Fyixi−
∑
i

Fxiyi (1.27)

In case of the single track model, operating under the hypothesis of zero (or small)
longitudinal forces applied to the wheels, Equation(1.27) reduces to

Mz,tot = lfFy,f − lrFy,r (1.28)
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In addition to the components described above, a Vehicle Stability Control (VSC)
system which ensures a desired vehicle behavior is obtained by generating an additional
yaw moment Mψ̇. In most stability control applications, the yaw moment requested
by the control system is generated by producing a braking torque on selected wheels,
by using active differentials on the axle (typically the rear one), or by producing
desired torque levels, both positive and negative, on each wheel.

Both yaw rate ψ̇ and vehicle side-slip β control can be generally realized through
different approaches to the architecture of active safety systems. Although in recent
years there have been great technological advancements in this field, which have trans-
lated in several mixed configurations, the most important devices for the generation
of Mψ̇ are summarized as follows:

• Selective Braking. The lateral braking control applies different braking forces
to the four wheels independently, so as to produce a difference in braking force
between the left and right wheels, which generates the yaw moment. As this
control uses braking forces, it appears to the driver like deceleration, but the
control is effective because it can generate yaw moment under a wide range of
conditions of vehicle operation.

• Active Differential. The lateral torque vectoring control transfers the torque
from the left wheel to the right wheel, and vice-versa, to generate an amount
of braking torque on one wheel while generating the same amount of driving
torque on the other wheel. The control of this type, therefore, can generate the
yaw moment at any time regardless of the engine torque. Another advantage is
that it does not affect the total driving and braking forces acting on the vehicle:
that is no conflict with acceleration and deceleration operations is observed.
Although this control affects the steering reaction force when applied to the
front wheels, it does not produce any adverse effects when applied to the rear
wheels.

• Torque Vectoring. In case of electric vehicles with multiple motors, the torque of
each wheel can be individually modulated, in order to satisfy the requests of the
electronic control unit. One can already see, the system being an over-actuated
one, how a control algorithm which generates a yaw moment demand

Mψ̇ =−
∑
i

Fxiyi (1.29)

requires a further step, which determines the torque allocation on the wheels.
This optimization problem has already been investigated in several works, such
as [18].

Active Differential and Torque Vectoring can be considered both as torque-based
control systems (redistribution of driving torques between front/rear or left/right
wheels to achieve required yaw motion and maintain the vehicle side-slip in safe limits),
as opposed to Selective Braking, which is a brake-based control. The latter is realized
in such systems like ESC or ESP. Some examples of brake- and torque-based VSC
will be introduced in subsections 2.1.2 and 2.1.3.
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Independently from the technique adopted for its generation, the control signal
Mψ̇ can be included in the model in Figure 1.6 as a unique contribution, so that the
final expression of the linearized single track model is obtained as

mv(β̇+ ψ̇) = Fy,f +Fy,r
Jzψ̈ = aFy,f − bFy,r +Mψ̇

Fy,f (t) + lf
v Ḟy,f (t) =−Cfαf =−Cf (β+ lf

v ψ̇− δ)
Fy,r(t) + lr

v Ḟy,r(t) =−Crαr =−Cr(β− lr
v ψ̇)

(1.30)

which, having assigned δ and Mψ̇ as inputs, in matricial form becomes:[
β̇

ψ̈

]
=
[
−Cf+Cr

mv
lrCr−lfCf
mv2 −1

lrCr−lfCf
Jz

− l2rCr+l2f Cf
Jzv

][
β

ψ̇

]
+
[

Cf
mv 0
lfCf
Jz

1
Jz

][
δ
Mz

]
(1.31)

This linearized model is valid for pseudo-constant values of vehicle velocity v, and at
low side-slip angle β and steering angle δ.

1.2.5 Local Linearization of the Vehicle Model

It is now assumed that the vehicle represented by model (1.15) is fully actuated,
i.e. steering angle δ and an indipendent electric motor on each wheel. Moreover,
the longitudinal dynamics are neglected, so that the approximation Tij = RwFx,ij
is made, where Tij is the torque applied to the ij-th wheel, Fx,ij the longitudinal
contact force and Rw the effective radius. This is a reasonable assumption, as long
as a traction control/anti-lock system (TC/ABS) is in place, which guarantees the
actual longitudinal slip is always limited, and so is the wheel speed variation. Under
this hypothesis, the slip ratio λ can be neglected in the computation of the lateral
forces Fy,i.

The inputs Fx,tot and Mψ̇ in (1.15) can be re-written as functions of the individual
torque applied on each wheel Tij and the steering angle δ, which are the effective
control inputs, as

Fx,tot = (Tfl+Tfr+Trl+Trr)
Rw

Mψ̇ = −(( bf2 cos(δ))− lf sin(δ)) Tfl
J2
zRw

+
(( bf2 cos(δ) + lf sin(δ)) Tfr

J2
zRw

+ (Trr−Trl) br
2J2
zRw

(1.32)

Then, model (1.15) can be simplified, for control purposes, to 3-states locally linearized
one. This approximation holds, as long as the trajectory on which the vehicle will be
controlled develops mainly on an asphalt surface, with the controller having the goal
of keeping the values of lateral slip α of the wheels low (within the linear region). For
this reason, it is acceptable to operate the linearization around the value α= 0, as
opposed to other works (e.g. [19]) in which the purpose is to control the vehicle in
drifting situations.

In order to apply linear control techniques, such as LQR and linear MPC, system
(1.15) (after the proper substitutions with (1.32), (1.22) and (1.18)) has to be linearized
around its equilibrium points, so that the following form is obtained

ẋc =Ac(xc,uc)xc+Bc(xc,uc)uc (1.33)
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where the subscript c denotes the continuous time. Linearized system (1.33) has
time-varying matrices which depend on the states and inputs, as well as on the
cornering stiffness coefficients cf , cr. Assuming the wheels side-slip angle is always
in the linear region of its characteristic, the cornering stiffness coefficients can be
calculated from the estimations of lateral forces Fy,f , Fy,r (see Part II) and wheels
side-slip angle αf , αr. Similarly, it is assumed that the state value is available from
sensors measurement (v, ψ̇) or online estimation (β). Note that, in the discrete case,
the steering input δ, needed for the definition of the matrices value, is assumed to
be the control input calculated at the previous cycle. The values for Ac(xc,uc) and
Bc(xc,uc) obtained are therefore:

Ac =


βψ̇ ψ̇v βv

2a1 ψ̇
mv3 + (cf + cr) β

mv2 −
δcf
mv2

cf+cr
mv − a1

mv2

(a2) ψ̇
v2Jz

− a1
Jz − a2

vJz

 (1.34)

Bc =

 0 b1 b1 b1 b1
cf
mv 0 0 0 0
b3 b4 b5 −br

2J2
zRw

br
2J2
zRw

 (1.35)

where
a1 = cf lf − crlr, a2 = cf l

2
f + crl

2
r

b1 = 1
mRw

, b2 = cf l
2
f + crl

2
r

b3 = cf lf
Jz

+ (lf cos(δ) + bf
2 sin(δ)) Tfl

J2
zRw

+
(lf cos(δ)− bf

2 sin(δ)) Tfr
J2
zRw

b4 = −
bf
2 cos(δ)+lf sin(δ)

J2
zRw

, b5 =
bf
2 cos(δ)+lf sin(δ)

J2
zRw

(1.36)

1.3 Vehicle Steering Properties

It is now clear, from the formulation of the vehicle model through Equation (1.30),
how an active safety system, which generates a controlled yaw moment around the
vehicle normal axis, can be employed to change the steady state and dynamic behavior
of the car, improving its handling properties.

Ideally, during the steering maneuver, the vehicle behavior should follow as
accurately as possible the kinematic motion that theoretically occurs at low velocities,
i.e. when the steering angle of the wheels determines the curvature radius of the
vehicle via a fixed ratio. Such steering angle is generally referred to as Ackermann
angle δA. Starting from the representation of the kinematic cornering in Figure 1.6,
having defined as l= lf + lr the distance between the front and rear axles, the relation
between δA and the curvature radius ρ can be written as

tanδA = l

ρ2− l2r
|δA|�1,lr�ρ−−−−−−−−→ δA ≈

l

ρ
(1.37)

One can see, considering the previously introduced model (1.30), that the vehicle
inputs are the steering angle δ, commanded by the driver, and the external forces and

28



moments applied to the vehicle COG. More in general, the most significant variables
describing the behavior of the vehicle are its speed v(t), lateral acceleration ay(t), yaw
rate ψ̇(t) and side-slip angle β(t). Regarding the vehicle as a rigid body moving at
constant speed v, the following relationship between such quantities takes place

ay(t) = v · (ψ̇(t) + β̇(t)) (1.38)

In case of a purely kinematic maneuver with constant vehicle velocity, the side-slip
angle can be assumed constant (β̇ = 0) and the overall acceleration is equal to its
lateral component, which in case of uniform circular motion is equal to the constant
ay = v2/ρ. Thus, from (1.38), the following relation between yaw rate and curvature
radius/Ackermann steering angle is found:

ψ̇ = v

ρ
= v · δA

l
(1.39)

From (1.39) it appears how, at constant velocity, a good handling property of the
vehicle is characterized by a linear relation between lateral acceleration/yaw rate
and steering angle. In practical situations, road conditions and the dynamics which
determine the generation of the cornering forces, cause that such linear relation is
lost for increasing values of the steering angle. The hypothesis of kinematic steering
implies that steering angle δ, side-slip angle β and yaw rate ψ̇ are all constant (and
therefore their derivatives are equal to zero). By operating the proper substitutions
(β̇ = 0, ψ̈ = 0, Mψ̇ = 0) in the first two equations in (1.30), the following explicit forms
for the cornering forces are obtained

Fy,f = lr
l

mv2

ρ
(1.40a)

Fy,r = lf
l

mv2

ρ
(1.40b)

By substituting (1.40a), (1.40b) in (1.18), the difference between side-slip angles of
front (αf ) and rear (αr) wheels can be computed as

αf −αr =−m
l

bCr−aCf
CfCr︸ ︷︷ ︸

SSG

v2

ρ︸︷︷︸
ay

= SSG ·ay (1.41)

Where the self-steering gradient SSG characterizes the typical driving behavior of a
given vehicle for a given steering angle. When SSG has positive value, the vehicle is
characterized by an understeering behavior, conversely, for negative values of SSG it
shows an oversteering one, while for vanishing values of SSG the vehicle has a neutral
steering characteristic.

The difference αf −αr is a key quantity for the description of the steering behavior,
as it is a direct indication of the deviation of the required steering angle δ from the
ideal Ackermann angle δA. By merging the equations in (1.22) and using the relation
(1.39), the following expression for the steering angle is found:

δ = lf
ψ̇

v
−αf +β = δA−αf +αr

= δA+SSG ·ay
(1.42)
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Figure 1.9: Uncontrolled vehicle (dotted), and target (solid) steering diagrams. Vehicle
speed: 100 km/h

Equation (1.42) shows clearly how the linearity of the relation δ−ay, typical of the
kinematic motion at the Ackermann angle δA, tends to be lost for increasing values of
ay. In Figure 1.9, the so-called steering diagram is shown for an understeering vehicle,
in the controlled and non controlled cases.

A further indication of this behavior can be seen by substituting (1.42) in (1.39),
thus obtaining

ψ̇

δ
= v

l+SSG ·v2 (1.43)

The yaw amplification factor over velocity ψ̇
δ is small for large values of SSG (under-

steering vehicle) and large for small values of SSG (oversteering vehicle).
In steady state motion β̇(t) = 0 the lateral acceleration is proportional to yaw

rate through the vehicle speed. In this situation, let us consider the uncontrolled car
behavior: for each constant speed value, by means of standard steering pad maneuvers
it is possible to obtain the steady state lateral acceleration ay corresponding to
different values of the steering angle δ.

Such curves are mostly influenced by road friction and depend on the tire lateral
force–slip characteristics. At low acceleration the shape of the steering diagram is
linear and its slope is a measure of the readiness of the car: the lower this value, the
higher the lateral acceleration reached by the vehicle with the same steering angle,
the better the maneuverability and handling quality perceived by the driver [20]. At
high lateral acceleration the behavior becomes nonlinear showing a saturation value,
that is the highest lateral acceleration the vehicle can reach. The intervention of an
external yaw moment source can be considered as a yaw moment Mψ̇ acting on the
car center of gravity: such a moment is capable of changing, under the same steering
conditions, the behavior of ay, modifying the steering diagram according to some
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desired requirements. Thus, a target steering diagram (as shown in Figure 1.9, solid
line) can be introduced to take into account the performance improvements to be
obtained by the control system. More details about the generation of such target
steering diagrams are reported in Subsection 2.1.1.

Therefore, the choice of yaw rate ψ̇ as the controlled variable is fully justified, also
considering its reliability and ease of measurement on the car. A reference generator
will provide the desired values ψ̇ref for the yaw rate ψ̇ needed to achieve the desired
performances by means of a suitably designed feedback control law.

1.4 Vehicle Model for Wheel Forces Estimation
The goal of the wheel-forces observer which will be illustrated in Chapter 3 is to
estimate longitudinal and lateral forces exerted on each wheel, based on available
information, such as measurements obtained from sensors and known vehicle param-
eters. A key part of this procedure is the adoption of a valid vehicle model, which
should take into account the main dynamic effects concurring to the generation of
such forces. At the same time it is necessary that the model complexity remains
reasonable, in order to guarantee that all the considered states are sufficiently excited
during the estimation, and all parameters utilized in the model are reliable, thus
ensuring an appropriate level of robustness. For this reason, some phenomena, such
as tire relaxation, need to be neglected.

Based on the aforementioned considerations, the main aspects considered in the
adopted vehicle model are the following:

(i) wheel rotational dynamics, described by the “single corner model”;

(ii) vehicle dynamics, described by an enhanced version of the “single track model”;

(iii) longitudinal and lateral load transfer.

In the case of i and ii, the models illustrated in the previous sections have been
modified (see 1.4.1 and 1.4.2). The vertical dynamics iii, on the other hand, will be
quickly introduced in Subsection 1.4.3. In order to facilitate the reader, the following
notation will be used, consistent with the one in Chapter 3:

Fνη,ij , ν ∈ {x,y}; η ∈ {w,b}; i ∈ {f,r}; j ∈ {l, r} (1.44)

where x, y indicate longitudinal and lateral quantities, respectively, and w, b indicate
the wheel or vehicle body reference frames. The subscripts ij specify the wheel
indexing (forward/rear, left/right). In case of the lateral forces only, with the notation
Fby,f and Fby,r we refer to the lateral forces applied to the front and rear axles,
respectively.

1.4.1 Modified Single Corner Model

The longitudinal forces Fxw,ij exerted on the ij-th wheel are modeled after the first
equation of the so-called single-corner model (1.7b), which considers the dynamics of

31



a single wheel with respect to its own reference frame

Jwω̇ij = (Tw,ij + ∆Tw,ij)−ReFxw,ij, (1.45)

For all i, j, equalities Re,ij =Re and Jw,ij = Jw are assumed. Nevertheless, the validity
of the model is independent of the actual values of the effective radius and wheel
moment of inertia, which are assumed available, so that this does not represent a
limitation.

The additional term ∆Tw,ij, is introduced, in order to take into account the
inaccuracies in the information concerning the actual torque applied to the wheel. For
conventional vehicles in particular, and to a lesser extent for the increasingly popular
electrical ones, the measurement/estimation of the actual torque applied to a specific
wheel, both in the case of a power-on situation and during braking, is not a trivial
task. In fact, the mechanical/hydraulic transfer of power to the wheels is affected
by several external agents, such as temperature, aging, malfunctioning, etc. [21].
The form in which (1.45) is expressed is such that, if a device for the estimation of
∆Tw,ij is introduced, in practice all matched uncertainties affecting the model will
be compensated as if they were a unique uncertain term, including also parametric
uncertainties.

1.4.2 Enhanced Single Track Model

The lateral forces are taken into account, referring to the vehicle reference frame,
starting from the so-called single-track planar model (see Subsection 1.2.1).

The model is valid under the hypothesis that the forces applied are homogeneous
along the axles, so that it can be assumed that all forces are exerted by a unique
wheel, placed at the center of the axle itself. For this reason, the bicycle model is not
particularly indicated to describe the vehicle dynamics occurring during sharp turns,
when the vehicle load transfer is most felt. As a matter of fact, when a significant
lateral load transfer occurs, it makes sense to consider the effect it has on the difference
between longitudinal forces on the wheels of the same axle, which in turn contributes
to the generation of the overall yaw moment. For this reason, a modified version
of the single track model is considered, which takes into account the yaw moment
induced by such force difference

v̇x = 1
m

[
(
∑

i,jFxb,ij)−Faer−Frr +g sin(θ)
]

v̇y = 1
m(
∑

i,jFyb,ij)(= ay)
ψ̈ = 1

Jz
(lfFyb,f − lrFyb,r) + 1

2Jz
(bf∆Fxb,f + br∆Fxb,r)

(1.46)

The first equation in (1.46) will be exploited in an adaptive loop, which is one
of the peculiar aspects of our proposal, oriented to improve the quality of the forces
estimation, and which requires an estimation of the main longitudinal losses due to
aerodynamic drag and rolling resistance. For this purpose, with the wheels longitudinal
forces referred to the vehicle body Fxb,ij, the balance of forces (1.7c) concurring to
the evolution of the vehicle velocity is considered.
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(a) (b)

Figure 1.10: (a) Front and rear axles load distribution (b) load shift of the i-th axle

In the second and third equations in (1.46) the following terms are considered
Fyb,f = Fyb,fl +Fyb,fr

Fyb,r = Fyb,rl +Fyb,rr

∆Fxb,f = Fxb,fr−Fxb,fl

∆Fxb,r = Fxb,rr−Fxb,rl

(1.47)

The term 1
2Jz

(bf∆Fxb,f +br∆Fxb,r) is considered in order to represent the effects of the
longitudinal forces on the overall yaw moment generation, i.e. the moment generated
by the differences in the longitudinal forces acting on the wheels of the same axle
(∆Fxb,k).

1.4.3 Load Transfer

If only the enhanced single track and single corner models were used, there would be
no information on how the forces are allocated on the wheels of the same axle. As
a matter of fact, the load transfer, which determines a varying distribution of the
normal forces on the 4 wheels, is not included in the planar model (1.46). For this
reason, an approach for the approximation of the effects of the load transfer, both
longitudinal and lateral, based on the information provided by the accelerometers
rather than on dynamic equations, is presented here.

The introduction of two equations relative to pitch and roll is needed in order to
take into account the load transfer occurring during the maneuvers and due to the
inclination of the road. For both pitch and roll phenomena, the steady state values
are considered, i.e. the derivatives of the pitch and roll angles are assumed to be null.

Regarding the pitch, the vehicle must be considered as a 2-D object moving in the
X−Z plane, defined by the longitudinal and vertical axes (see Fig. 1.10(a)). Consid-
ering the purpose of the estimator, it is sufficient to only consider the components
affecting more heavily the weight transfer. This means that several minor causes for
longitudinal transfer are neglected, mainly:
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• the displacement of the resulting normal forces from the center of contact of
the tires (the ones responsible for the rise of the rolling resistance);

• the effect of the total aerodynamic moment about the Y axis;

• the effect of the aerodynamic drag on the longitudinal load transfer;

This leaves the following simplified calculation for the distribution of the normal forces
on the axles Fz,i{

Fz,f = 1
lf+lr (lrmg cos(θ)−mg sin(θ)h−axmh)

Fz,r = 1
lf+lr (lfmg cos(θ) +mg sin(θ)h+axmh)

(1.48)

where the longitudinal inclination angle θ of the road can be estimated based on
vision sensors or inertial measurement units, so that the term mg sin(θ) can always
be computed.

Expression (1.48) only provides the total forces acting on each axle, whereas the
final aim is to obtain the normal forces acting on each wheel. The steady state
effects of vehicle roll are then considered, assuming for the sake of simplicity that
the road presents no lateral slope. Since the assumption of rigid body does not allow
to compute the load transfer acting on each axle, the compliance of the suspensions
is introduced. The following conclusions are based on a detailed description of the
vertical dynamics effect, which can be found in [15]. Having defined ki as the stiffness
of the suspensions of the i-th axle, one has the following expression for the lateral
weight transfer:

∆Fz,i =−ki
bi
h

∑
iFyb,i∑

i ki
(1.49)

This leads to the final expression
Fz,il = Fz,i

2 −
ki
bi
h

∑
iFyb,i∑

i ki

Fz,ir = Fz,i
2 + ki

bi
h

∑
iFyb,i∑

i ki

(1.50)

in which the Fz,i terms are defined in (1.48).

1.5 Steady-State Cornering Modeling For Motion Plan-
ning

In this section we illustrate how the Equilibrium States Manifold (ESM) for a vehicle
in steady-state cornering condition is computed. This procedure is required for the
Motion Planning (MP) concepts which will be illustrated in Part III.

1.5.1 Modeling the steady-state vehicle behavior

Active safety control systems, such as active steering [22], chassis control [23, 24] and
differential braking [25], maintain the vehicle stability mainly restricting its operation
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within the linear region of the wheel slip-tire curve presented in Subsection 1.2.3.
Nevertheless, in emergency situations it may be required to maneuver the vehicle
to the maximum of its possibilities, rather than limiting it, while at the same time
always maintaining the control of the car behavior. To accomplish this goal, many
studies were concentrated on expert and rally drivers skills. In particular Velenis
et al. in [26–28] analyzed the dominant effects of the expert driving maneuvers
providing fundamental information about the actions performed, but the presented
open-loop approach is not suitable in presence of uncertainties. Furthermore, in [29]
an in-depth study of the vehicle cornering equilibria with the tires operating in both
linear and nonlinear range has been addressed, considering a single-track model and
assuming pure cornering conditions. Subsequently, a linear robust controller has
been implemented. The general pattern emerging from these works is that the use of
nonlinear characteristics of the tires is desirable, in order to maximize the performance
and the handling of the car.

In chapters 7 and 8, two different concepts for a high-level controller responsible of
generating the references for v̄, ¯̇ψ,β̄ will be presented. These values, as they represent
physical states of a nonlinear dynamical system, must satisfy some constraint among
themselves. For instance, it is not possible to maintain the maximum velocity with
a large side-slip angle in a controlled manner. This means that, even if boundary
constraints on the inputs can be employed to avoid excessive values for the reference
states, it is not assured that the three generated control variables can be tracked at
the same time by the vehicle in a steady-state regime.

The novel idea, which will be illustrated in Part III, is to generate a 2D manifold in
the 3D state space [v,β, ψ̇], which gathers all possible equilibrium points in cornering
maneuvers. Its computation is based on a single track model while exploiting the
nonlinear version of the combined tire slips (see subsection 1.2.3). This device allows
to generate references for the vehicle dynamic states, which are theoretically feasible
to track by a low level controller such as the one in presented in [30] (see Chapter 6).

1.5.2 Vehicle Equilibrium States

We now consider a RWD vehicle traveling on a flat surface, described by its nonlinear
equations of motion (1.15), with combined nonlinear tire slip characteristics and
consideration of the longitudinal and lateral weight transfer effects. A turning
maneuver typically involves a dynamical evolution of the state, which in the 3-D
planar representation is composed of v, β and ψ̇. In case the maneuver is completed
with constant values of the 3 states x = [v̄, ¯̇ψ,β̄]T , we can speak of steady-state
cornering. In this situation, the three derivatives will be equal to zero. Therefore, by
imposing conditions:

v̇ = β̇ = ψ̈ = 0 (1.51)

on the system, one obtains the equilibrium conditions for different sets of inputs.
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By applying condition (1.51) in model (1.15), one obtains
v̇ = f(v,δ,β,Fxf ,Fyf ,Fxr) = 0
β̇ = g(v,δ,β,Fxf ,Fyf ,Fyr) = 0
ψ̈ = h(δ,Fxf ,Fyf ,Fyr) = 0

(1.52)

To solve (1.52), an iterative procedure which searches for the solutions in different
regions of the state-space has been set up. This is required, since the system has
3 equations and 6 unknowns (v,β, ψ̇,δ,λ,Rc): since the forces are calculated based
on the combined slip MF (1.26), this system cannot be solved in closed form, so
numerical solutions are used instead. An additional equation is represented by the
uniform circular motion condition

ψ̇ = v

Rc
. (1.53)

Therefore, in order to find each equilibrium point, it is necessary, for each considered
curvature radius R̄c, to choose a constant value between (β̄, v̄), in order to solve (1.51).
An example of these solutions of (1.52) is provided in Fig. 1.11 for a wet asphalt
surface, while considering only low side-slip solution (no drift).

One can notice how, given any fixed curvature radius Rc, there are infinite steady-
state cornering conditions which can produce the same circular trajectory of radius
Rc. In particular, as shown in Fig. 1.11 and 1.12, these can be represented as a
line in the 3D state-space. Note that, each point corresponding to a particular set
xss = [v̄ss, ¯̇ψss, β̄ss]T of steady-state conditions is associated to a specific set of constant
inputs, which in our case are the steering angle δ and the rear axle wheel-slip ratio λ.

The vehicle-equilibrium-states (VES) are based on the knowledge of the vehicle and
tire models and of the road surface on which the vehicle will run. Assuming the vehicle
parameters are fixed (driving wheels configuration, weight, geometric characteristics,
moments of inertia, etc.), the road surface is the only aspect influencing the equilibrium
points, so that the resulting curves depend on the type of terrain we consider. This
can be noticed comparing Fig. 1.11, shows the equilibrium states for wet asphalt, and
1.12, representing the ones for the gravel terrain.

1.5.3 Equilibrium States Manifold

We now assume, as it will be the case in the methods proposed in Part III, that the
points calculated from the VES are used as reference for a low-level actuator.

Remark 1. Let us also assume that the tire-road contact model (1.25)-(1.26) and the
vehicle model (1.15) describe correctly the cornering maneuver dynamics, and that
a trajectory of any curvature radius Rc is given, for which at least one VES Sss(Rc)
exists. Then, if a locally stable feedback controller for the tracking of the state is
designed, such trajectory can be tracked, given an initial condition close enough to the
target state.

Therefore, for a constant radius of curvature Rc in a given range, the VES provide
the dynamical states describing its corresponding steady-state cornering maneuver.
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case on gravel terrain
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Nevertheless, although Remark 1 represent a sufficient condition for path tracking
in case of steady-state cornering, in a race track or more in general in any desired
path, every section has different radii, and for this reason it is necessary to extend the
aforementioned procedure for every possible case. In this case, one has that, in order
to determine the sequence of vehicle states to be tracked by the vehicle, a continuous
transition between different equilibrium points would be required, neglecting condition
(1.51).

The regularity in the obtained VES curves suggests that a continuous variation
between different values of Rc, as well as different steady-state sets of cornering
conditions, can be accomplished by means of an interpolation of the obtained curves.
The surface which is the result of such interpolation will be referred as Equilibrium
States Manifold (ESM). It can be seen as a function

finterp : U ⊂ R2→ V ⊂ R (1.54)

which, given the β, ψ̇, returns the v, when defined (i.e. if (β,ψ̇) ∈ U ).
In Fig. 1.13 the ESM is depicted in case of wet asphalt, and represents the set

of equilibrium points which are theoretically reachable by the vehicle during turning
maneuvers with a radius of curvature belonging to the interval Rc ∈ [20m,400m].
Since by definition the Cornering VES do not cover the straight-driving condition, it
is convenient to consider just one turning direction (in our case counterclockwise) and
obtain the other by simmetry, since an entire unique surface would not be defined for
small values of ψ̇, nor would it carry any meaning from a physics point of view.

The steady-state values are represented in a 3-dimensional state-space, in which
the upper limit of each set, associated with curvature radius Rc, corresponds to the
maximum values that can be assumed by the states:

SssMAX = (vMAX(Rc),βMAX(Rc), ψ̇MAX(Rc)) (1.55)

While the surface depicted in Figures 1.11 and 1.12 is clearly nonlinear, a funda-
mental requirement of the method proposed in 7 is to employ a linear controller to
generate references. In order to obtain an easy-to-linearize function, a polynomial
interpolation could be employed in (1.54), thus obtaining the function

v = fpoly(β,ψ̇) (1.56)

Such solution will be exploited in Chapter 7, where a method to extract the useful
quantities from it will be presented, in order to be able to use a linear MPC (Model
Predictive Control) controller. Conversely, in case of the search-based method pre-
sented in Chapter 8, since an analytic expression for the surface is not required, the
higher accuracy guaranteed by a linear interpolation is preferred.

A race track is composed of different sections, with varying curvature radii as well
as straight segments. For this reason, the sets Sss(Rci), i = 1, .., r in Fig. 8.1 have
been interpolated into a map v = f(β,ψ̇), which represents the ESM from which the
sequences v,β, ψ̇ which generate the trajectories are taken. The same procedure is
also applied for δ, λ.

In the following subsections a brief overview of the two different feasibility surfaces
obtained will be presented.
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ESM and Driving Style

In the case of wet asphalt terrain, the surface in Fig. 1.13 has been optained
considering only the solutions associated with a low level of lateral slip |β|< 0.1rad.
These solutions are related to the linear part of the lateral slip curve explained in
Subsection 1.2.3. If the full characteristic (1.26) is used, also solutions at high side-slip
may be found, as appears in Fig. 1.14, where higher steady-state velocities can be
reached at high values of the side-slip angle.
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Figure 1.14: Wet-asphalt surface: equilibrium solutions including drifting

Nevertheless, the main observation which can be drawn from the observation of
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Fig. 1.14 is that the VES curves of the different curvature radii Rc are discontinuous,
so that a unique surface could not be implemented. This is due to the non-monotony
of the wet-asphalt friction characteristic (see Fig. 1.7(a)). In this scenario, transitions
from the linear region to the drift one can note occur smoothly, but rather a transition
through an unstable region should happen first. While in practice the state should
always deviate from the surface in order to move around the ESM, due to condition
(1.51), the transition from/to the drift region is a much more complicated one which
would require a feed-forward control of the system, or in alternative a different model-
based control concept than the ones which will be presented in Part III. Moreover,
although the highest steady-state speed is obtained in drift condition, a cost associated
with the transition should be considered, which is not easily quantifiable. Such cost
should consider the transition time from/to the drift region, as well as the increase in
terms of complexity of the system which should be controlled. For this reason, in this
work the wet asphalt scenario will only be considered in non-drift driving conditions,
with values of the side-slip angle β bounded in ±0.1 rad, as it appears in Fig. 1.13.

Figure 1.15: ESM for the gravel surface, including drifting solutions

On the other hand, when dealing with low-friction surfaces described by friction
characteristics which have a monotonous behavior (e.g. Dirt, Gravel in Fig. 1.7(a)),
the curves representing the VES result being continuous in the intervals in which they
are defined. Such property allows to interpolate the curves in Fig. 1.12 (considering
just one direction) and thus obtaining a surface description such as (1.54) or (1.56).
Such surface is represented (in the linear interpolation case) in Fig. 1.15.

The domain in which this ESM is defined include values of side-slip angle β as
high as 0.6rad, which means steady state drift conditions are included, reachable by
means of smooth variations in the vehicle state. Such driving conditions allow to
maximize the vehicle performance when facing road segments with curvature radius
Rc ≤ 200m, as to reach higher velocities on the gravel terrain, a drifting maneuver
might be required.

The justification of this statement can be obtained by comparing Fig. 1.16(a) and
Fig. 1.16(b) in which the lateral accelerations ay depending on the β and ψ̇ values,
for the two types of terrain taken into consideration, are represented. One should
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notice that, in the case of gravel terrain, to achieve higher lateral accelerations, a
large side-slip angle is required. Conversely, in the wet-asphalt case, only low values
of β are considered for the performance maximization.
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Figure 1.16: Lateral acceleration ay values depending on β and ψ̇ for the wet road
terrain (non-drift) (a), and Lateral acceleration ay values depending on β and ψ̇ for
the gravel terrain (drift) (b).
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Chapter 2

Sliding Mode Control of Lateral
Vehicle Dynamics

Automotive systems are characterized by hard nonlinearities and their models are
subject to significant uncertainties and external disturbances [15]. Therefore, Sliding
Mode Control (SMC) perfectly fits to cope with this kind of systems, as reported in
the literature since the 90s, with many proposals successfully being tested even on
prototypes [9, 10,31–37].

In order to close the feedback, several quantities need to be available to the
controller at any sampling time instant (e.g., vehicle velocity, wheel-slip, tire-road
friction coefficient). While some of them can be directly measured through suitable
commercial sensors, there are certain quantities difficult to measure (e.g., the lon-
gitudinal vehicle velocity or the tire-road friction coefficient). As reported in the
literature, the velocity of the vehicle can be estimated through Kalman filters, fuzzy
logic or nonlinear observers of the vehicle acceleration combined with wheel speed
measurements. In recent years, in the automotive field, also sliding mode observers
have been successfully used [38–43]. As for the control algorithms, the conventional
ones are mainly based on PID controllers, often with feed-forward components, while
more advanced and robust controllers, relying on SMC theory, have been proposed
and analyzed in the literature [44–48]

SMC has many positive features, such as finite time convergence, which is beneficial
in terms of tracking performance and robustness. Yet, the discontinuity of the control
variable can be critical for the actuators, as well as induces vibrations which may be not
acceptable in an automotive system. An efficient solution to cope with this problem
is given by Higher Order SM (HOSM) controllers. More specifically, Second Order
Sliding Mode (SOSM) control algorithms have been recently applied with satisfactory
results to solve automotive control problems, as reported and analyzed through a
comparative study in [49]. However, due to the presence of hard nonlinearities and
disturbance terms, high control gains are often needed in order to enhance a sliding
mode generation, thus increasing the control effort expended by actuators.

This chapter introduces the application of Sliding Mode Control techniques by
solving the lateral Vehicle Stability Control (VSC) problem. In Section 2.1 we propose
a survey of the different methods for the control of the vehicle lateral dynamics, which
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are known from the research literature. The control structure and the specific sliding
mode controllers which are presented in this chapter are illustrated in Section 2.2
and assessed in Section 2.3, where the results of the simulations are reported and
discussed.

2.1 Yaw-Rate Control Survey

2.1.1 Vehicle Stability Control: Yaw-rate and Side-slip Angle

Figure 2.1: General VSC circuit.

A basic process of the VSC can be explained with the help of Figure 2.1. In a
general case, the traction / brake demand and the steering demand from the driver are
firstly processed by the Vehicle Control Unit (VCU). The VCU determines required
individual brake pressure Pbr and driveline torques Td to be realized by the brake
system and/or the driveline (it is assumed in the considered case that the vehicle has
individual wheel drive). Then the actual brake Tbr and/or traction Ttr torque from
the actuators of the braking system and driveline is transferred to the corresponding
wheel. As a result, the wheel torques Tw and the wheel velocities are being changed.
The feedback to the VCU, of the actual values of the variables influencing the vehicle
dynamics, is usually realized through the wheel rotational velocity sensors ωw and
the sensors of the lateral vehicle acceleration ay and yaw-rate ψ̇.
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The availability of the yaw-rate sensor is beneficial for the vehicle dynamics
control algorithms, and makes it a natural choice for the control variable, whereas the
adoption of the vehicle side-slip as the control parameter is more difficult due to lack
of corresponding on-board measurement procedures in serial vehicles. For this reason
the vehicle side-slip is in general calculated in the vehicle dynamics control algorithms
by means of estimators / observers. Most of the known side-slip estimators use the
relationship, which can be derived from the equations describing the lateral vehicle
motion (see Figure 1.4) in the following simplified form:

β = arctan
(
v̂y
vx

)
(2.1)

where v̂y is the estimated value of vehicle lateral velocity. Various methods have been
proposed for the observation of v̂y, including nonlinear observers. The study [50]
presents diverse approaches for the side-slip angle estimation based on least squares
estimation (extended and unscented Kalman filter) and Bayesian estimation (particle
filter).

Instead of the nonlinear observation, some alternative methodologies propose to
use an on-board tire model. For example, the work [51] describes the calculation of
the lateral vehicle acceleration for the β-estimation based on the following description
of the vy dynamics, derived from the second equation in (1.13):

v̇y = Fy,f +Fy,f
m

−vx · ψ̇ (2.2)

where lateral front and rear forces Fy,f , Fy,r are obtained from the tire model stored in
the control system. The authors of [51] explain that this approach is more advantageous
for real-time vehicle control systems because usual estimators (like Kalman filters and
others) require the pseudo-integration of yaw-rate and lateral acceleration, which can
lead to considerable integration errors because of nonlinearity of vehicle dynamics.

Reference and actual values of yaw-rate and side-slip angle

There are several approaches for the definition of reference values of yaw-rate and
side-slip angle in the corresponding vehicle controllers. A short overview is given
below for the most widespread approaches in this regard.

The reference yaw-rate ψ̇∗ can be derived from a look-up-table given for the vehicle
as a family of δ− ψ̇ dependencies composed for variable longitudinal accelerations.
Figure 2.2 introduces an example of a tree of corresponding curves that were computed
from the steady state circle test for a generic car model. Having defined the maximum
allowed lateral acceleration ay,max, the maximum value of yaw-rate [7] can be in
addition limited to

ψ̇max = ay,max−ax sinβ∗

vx cosβ∗ (2.3)

The reference side-slip angle β∗ in (2.3) can be calculated as

β∗ =
{
βss,max

v2

v2
ss

,v ≤ vss
βss,max ,otherwise

(2.4)

45



0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Yaw rate ψ̇ (rad/s)

0

5

10

15

20

25

S
te
er
in
g
a
n
g
le

δ
(d
eg
) ax = 6 m/s2

ax = 4 m/s2

ax = 2 m/s2

ax = 0 m/s2

ax = −2 m/s2

ax = −4 m/s2

ax = −6 m/s2

Figure 2.2: Example of a set of reference ψ̇-dependencies by variation of longitudinal
acceleration

where v is the actual absolute vehicle velocity, βss,max and vss are correspondingly
the maximal side-slip angle and absolute vehicle velocity given for the point where
the influence of velocity on yaw-rate becomes negligible. Equation (2.4) refers to
the source [7], where βss,max = 3◦ and vss = 40m/s have been recommended on a
statistical basis, from the experimental results for different types of vehicles.

Unlike the reference yaw-rate, the reference side-slip angle should be considered
as a maximum allowed value during the maneuver performed. Additionally, in several
situations, it is necessary to estimate the dynamic situations on surfaces with the low
friction, where the vehicle stability can be critical already at small driving velocities
with low side-slip angles.

The value of actual vehicle side-slip angle β can be computed as in Equation (2.1)
where the actual longitudinal velocity is estimated or made available by a vehicle
model, e.g.

vx =
∫

(ax+vy · ψ̇)dt (2.5)

and the actual lateral velocity can be found as

vy =
∫

(ay−vx · ψ̇)dt (2.6)

The values of vehicle accelerations ax and ay as well as yaw-rate ψ̇ are usually obtained
from corresponding vehicle sensors.

Parallel utilization of side-slip angle and yaw-rate by the stability control

The parallel utilization of the yaw-rate and side-slip angle in a VSC system can be
realized with different approaches. In [52] a decoupling control approach is presented
(see Figure 2.3), under the hypothesis that the steering configuration allows for an
actuator to correct the driver request (typically a servo-steering device should allow
this). At a given velocity, the linearized transfer functions from inputs δ, Mψ̇ to states
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β, ψ̇ are defined: Gn(s), n= I,II,III,IV . In such a case the control parameters and
ψ̇ can be presented as follows:[

β

ψ̇

]
=
[

GI(s) GII(s)
GIII(s) GIV (s)

][
δ
Mψ̇

]
(2.7)

and the control law which decouples the two outputs can be written as

δ = δdem− GII(s)
GI(s)

·Mψ̇ (2.8)

Mψ̇ =Mdem
ψ̇
− GIV (s)
GIII(s)

· δ (2.9)

where δ∗ is the demanded value of the steering angle, M∗
ψ̇
is the demanded value of

the yaw moment of the vehicle, values obtained from controllers Cβ(s), Cψ̇(s)

Figure 2.3: Decoupling of yaw-rate and side-slip angle control

2.1.2 Brake-based stability control: Example

Up-to-date ESC systems have usually a very complex architecture covering formulation
of control signals for actuators, estimation of vehicle dynamics parameters, fail-safe
functions etc. However a key element of the system is in fact the controller defining
the correcting yaw moment Mψ̇ to keep the yaw-rate or the side-slip angle in required
limits. In general, the braking of a selected wheel takes place when the actual yaw-rate
is above the reference yaw-rate. As a result, the lateral force on the selected wheel,
which concurs to the generation of the overall yaw moment Mz,tot, is being reduced.
The simplified procedure of the relevant brake-based yaw control can be explained
with the control scheme in Figure 2.4.

The reference yaw-rate for actual driving conditions ψ̇ref is being generated using
the estimated value of the tire-road friction coefficient µest, the vehicle velocity vx and
the front wheel steering angle δ. The vehicle models introduced in Section 1.2 can
be used for this purpose. Then, the reference yaw-rate is compared with the actual
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Figure 2.4: Example of brake-based yaw moment control layout

yaw-rate value ψ̇, which can be obtained directly from the yaw-rate sensor installed
on the vehicle. Assuming only the front wheels are used for the generation of the
correcting yaw moment, for the selected wheel the reference slip generator computes
the value of λ∗ corresponding to the demanded correcting yaw moment of the vehicle.
For example, the study [53] proposes a procedure with a PID controller for the wheel
slip. The reference slip value λ∗ can be set up also by the tire-road friction estimator,
in the case of straight-line motion of the vehicle, since there is no need for a corrective
yaw moment Mψ̇. The reference and actual wheel slip values are used by the wheel
slip controller, which is actually part of anti-lock brake system of the vehicle. The
wheel slip controller allocates the demanded brake torque Tdem to be realized by the
brake system on the corresponding wheel, in order to generate the correcting yaw
moment of the vehicle. The actual brake torque Tbr is then applied to the selected
wheel.

In more complex situations, several wheels can be simultaneously controlled with
individually tuned values and rates of corresponding brake torques. It should be noted
that the motor braking can also be used in brake-based stability control systems in
certain control situations.

The variant of another architecture of the brake-based stability control system is
depicted in Figure 2.5. This system uses both the yaw-rate and the side-slip angle
as the controlled variables and can be realized through diverse control methods. In
particular, the paper [54] proposes to generate the reference yaw-rate in accordance
with a PD formulation. The reference yaw-rate can be computed based on Equation
(1.43):

ψ̇∗ = vxδ

l+ ˆSSG ·v2
x

(2.10)

where ˆSSG is the estimate of the self-steering gradient defined in (1.41), obtained
from the observation of the linearized cornering stiffness coefficients Cf , Cr. Examples
of online estimation methods for the cornering stiffness coefficient can be found in [55].

The reference value of side-slip angle from Figure 2.5 can be calculated with
different methods, as discussed in Section 2.2.2, while the reference value of slip ratio
is used in the wheel slip controller to set the brake pressure demand. The works [54]
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Figure 2.5: Example of stability control system architecture involving yaw-rate and
side-slip control (adapted from [54]).

and [56] propose the formulation of the brake pressure for each i-wheel using a sliding
mode approach for this purpose.

There are many other control methods, which are known from published studies
and can be applied for the brake-based stability control systems. Their analysis lies
outside of the targets of the presented work.

2.1.3 Torque-based stability control: Example

As mentioned in Section 1.2.4, stability control systems based on torque vectoring
are mainly relevant to all-wheel drive vehicles with active inter-axle and inter-wheel
differentials or to electric vehicles with individual in-wheel or in-board motors. The
related torque vectoring systems are appropriately discussed in particular in works
of Sawase, Piyanbongkarn, Cheli and other authors [57,58] for vehicles with active
differentials and by De Novellis, Kaiser and other authors [59, 60] for electric vehicles.

The operating principle of a TV system in a general case can be explained as
follows. Considering a left cornering maneuver without TV control, a situation can
arise where one or more tires reach the friction limit. To avoid unstable vehicle
behavior under these conditions, the distribution of the individual wheel torques
should be changed. For the case of left-right TV control, the torque distribution
should be such that the overall lateral force Fy acting on the COG remains unchanged.
The main idea is to distribute torques with the aims both of keeping the vehicle stable
and increasing traction efficiency. Different strategies are being proposed for this
purpose. For instance, the following methods are known from [61], [62]:

1. Constant torque distribution - traction and braking forces of AWD vehicle
are distributed between the right and left rear wheels while their distribution
between the front and rear wheels is kept constant.

2. Slip-based torque distribution - traction and braking forces of the vehicle are
distributed between the wheels in accordance with the appointed left/right or
front/rear wheel slip difference.
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3. Torque distribution in proportion to the vertical load - optimization of the ratio
of the vertical road on a wheel to the total load on all wheels.

A variant of wheel torque distribution during the TV control can be implemented
by rewriting the total yaw moment Mψ̇ as the sum of a component Mψ̇,f originated
by the torque distribution on the front axle, and Mψ̇,r on the rear one:

Mψ̇ · (kf +kr) =Mψ,f +Mψ,r (2.11)

where kf,r ∈ [0,1] are the TV distribution ratios defining the torque distribution
between the vehicle front and rear axles (condition kf + kr = 1 shall be satisfied).
Having defined Iw the inertia moment of the wheel, r its radius, ωw, Tw and Fx its
rotational speed, torque applied and longitudinal tire-road contact force, one can take
into account a simplified torque balance on the wheel from the 1-DOF vehicle model,

Iwω̇w =−rFx+Tw (2.12)

so that the shares of the driving torque to be redistributed between the left and right
wheels are

Tw,ij =
ki ·Mψ̇ · r

ti
+ Iwω̇ij (2.13)

where the indexing i = f,r and j = l, r is adopted for front/rear and left/right re-
spectively, and ti is the axle track width. The TV control law can be formulated,
for instance, as in [63], where a PD controller is proposed for the definition of the
required TV distribution ratios kf and kr.

Besides the PD and model-based controllers, other methods like sliding mode
or H∞ have found applications in TV systems [64]. It should be mentioned that
the torque vectoring control allows not only to correct the vehicle yaw dynamics
but also influence the vehicle agility by changing understeer/oversteer characteristics.
As indicated by Figure 2.6, the vehicle response is linear within a certain lateral
acceleration threshold, which is usually about 0.4−0.5g at constant vehicle velocity
(green line in Figure 2.6 for the vehicle without the TV control). Beyond this
threshold value, the response becomes and remains non-linear until the maximum
lateral acceleration of the vehicle, i.e. its steady-state cornering limit, is reached
(orange curve in Figure 2.6 for the vehicle without the TV control). Implementation
of individual wheel torque control can positively influence the understeer behavior as
follows: (i) Extension of the linear region and reduction of the understeer gradient
(dark red line on Figure 2.6). In doing so, vehicle responsiveness is enhanced and the
stability limit for steady-state cornering is extended. (ii) Increase of the maximum
level of lateral acceleration (blue curve on Figure 2.6). In general, this change improves
the lateral performance of the vehicle.

2.2 Vehicle Stability Control via Sliding Mode Control
The control of handling and stability of wheeled vehicles has been actively investigated
in recent decades. One of the first relevant solutions was introduced by Bosch in [65],
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Figure 2.6: Modifications of the vehicle understeer characteristic achievable through
torque vectoring.

for vehicles with electro-hydraulic braking system, aimed at enhancing vehicle stability
during evasive maneuvers. After this development, the VSC has undergone extensive
development. Nowadays, with the introduction of electric vehicles with individual
electric motors for each wheel, this topic gains renewed attention. Such electric vehicle
configuration makes it possible to obtain a significant performance improvement.
In general, high-performance actuators like individual electric motors and electro-
hydraulic braking systems provide more control agility in this regard. However,
simultaneous use of the electric motors and the braking system for the handling
and stability control requires a proper consideration of the system response. It also
requires to solve a problem of overactuation to generate the control laws. In this
respect, this section introduces a solution to the following problems, related to VSC:

• set up of a control layout fitting to the electric vehicle with four individual
electric motors and decoupled electro-hydraulic braking system;

• selection of a proper reference value ψ̇∗ for the vehicle yaw-rate, which should
provide the required handling characteristics;

• development of a high-level control law for the yaw-rate tracking, which mini-
mizes the error between the reference and the measured yaw-rate.

Although several different techniques can be used (see e.g. [66]), the main attention
here is given to the application of different SMC strategies in the high-level controller
and to the benchmarking of these strategies via simulation. The target control should
satisfy requirements in terms of handling, promptness of response and robustness.

2.2.1 Overall Control Structure

The overall control structure depicted in Figure 2.7 represents a multi-layered controller
for the minimization of the tracking error between the desired and actual yaw-rate of
the vehicle. The desired vehicle motion is based on the nonlinear “bicycle” model,
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Figure 2.7: Vehicle lateral dynamics control scheme.

which corresponds to model (1.30) illustrated in Section 1.2, except for the nonlinearity
caused by the nonlinear tire model, which is used for the calculation of the lateral
forces Fy.

The reference model is adjusted in order to achieve a wider linear area in the
steering diagram compared to the baseline vehicle, which is affected by understeer (see
Figure 1.9 in Subsection 1.3). It uses as inputs the longitudinal vehicle velocity vx and
the steering wheel angle δSW, which is preferred to the steering angle of the wheel δ, as
it is a directly controlled quantity. To minimize deviation between the reference and
actual yaw-rate, the control law includes feedback and feed-forward parts. Therefore,
the control input Mψ̇ generated by the high-level controller is expressed as:

Mψ̇ =Mψ̇,ff +Mψ̇,fb, (2.14)

where Mψ̇,ff is the feed-forward and Mψ̇,fb is the feedback stabilizing torque. The
feed-forward contribution is based on the measurements of the steering wheel angle
δSW and the estimated vehicle velocity vx. The feedback part considers the difference
between the measured yaw-rate ψ̇ and the desired value obtained from the reference
model ψ̇∗.

The control input Mψ̇ is distributed between the individual wheel actuators. This
distribution is computed by the mid-level controller, which solves the control allocation
problem. The derived information about the demanded friction brake torque Tbr,dem
and electric motor torque Tem,dem is delivered to the low-level controllers, where the
physical signals uem,dem and Pbr,dem are generated, which represent electric voltage
and friction brake pressure respectively. They are based on the feedback information
about the electric motor voltage uem and the estimated braking pressure in the brake
calipers Pbr. The actual values of torque applied to the wheels, electric Tem and
friction Tbr, are a result of the operation of the overall control system.
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2.2.2 Reference Model

Several approaches are known for the generation of the reference yaw-rate. They
can use both linear and nonlinear vehicle models. The model selection depends on
the type of relation between the wheel slip angle α and the lateral force Fy applied
to the wheel. This relation determines the forces which affect the vehicle dynamics
described by the single track model. In this section three types of reference model are
introduced:

• linear, based on the model (1.30) illustrated in Section 1.2. The relation between
the lateral tire force and the wheel slip angle, as shown in Equation (1.18), is
considered;

• linear bounded, where the yaw-rate reference ψ̇∗ is saturated above a threshold
steering wheel angle value;

• nonlinear, based on a parametrized Dugoff tire model . The basics of this model
can be found in [67].

In its pure form, the linear model neglects the friction limits, fact that can lead
to an unpredictable vehicle behavior when the vehicle reaches high values of lateral
acceleration. In case the linear bounded model is used, such misbehavior is avoided
by applying the following law:

ψ̇∗ =


ψ̇∗ if |ψ̇|6 |µgvx |

±µg
vx

otherwise
(2.15)

where g is the gravity acceleration, µ is the coefficient of friction between the tire and
road, and vx is the vehicle longitudinal velocity.

Figure 2.8 compares the outputs of the three introduced reference models. As
it can be seen, the linear range of the steering diagram never ends in the case of
a pure linear model. It may lead to an excessive torque demand and a consequent
loss of feeling for the driver, in terms of recognition of the approaching friction
limits. Hence, this variant is not applicable in terms of handling and vehicle safety.
Bounding the linear range by considering the friction limits solves the issue of vehicle
safety. Nevertheless, in terms of handling, such bounded variant is characterized by
a sudden change of the vehicle steering characteristics, which is uncomfortable for
the driver. Therefore using the nonlinear model for the reference signal generation
can be considered as the optimal solution. It limits the steering gradient according to
friction conditions, and provides at the same time a smooth transition between linear
and nonlinear areas. Such approach will be utilized in the examples illustrated in this
chapter as the reference model to derive the desired yaw-rate of the vehicle.

2.2.3 Feed-Forward Control

According to the control theory, a feed-forward control may be applied, in addition to
the feedback control, in order to improve the dynamic response of the system. This
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Figure 2.8: Comparison of reference vehicle models on the steering diagram.

requires a well-modeled plant or the presence of known experimental results. As for
the vehicle yaw-rate control, the application of a feed-forward control allows more
agile vehicle reaction to the driver’s input. One example can be found in [68], where
the vehicle is considered as a linear “bicycle” model with known parametrization and
cornering stiffness of the tires. With such an approach, the feed-forward stabilizing
torque is calculated from the transfer function applying its contribution during the
transient vehicle behavior. Other approaches (see e.g. [69]) are based on the use
of quasi-static vehicle models. A static map can be obtained via simulation, which
provides a feed-forward torque from the steady-state vehicle behavior. This approach
is efficient if, for example, the desired steering diagram is known. In this case, the
demanded stabilizing torque can be derived for a wide range of steering wheel angles.

The feed-forward mapping illustrated in Figure 2.9 is obtained by performing a
slowly increasing steer test at a constant vehicle velocity. During this procedure, the
steering wheel angle δSW is increased from 0 deg up to 360 deg with a rate of 13.5
deg/s. In this testing procedure the steering wheel angle instead of wheel angle is
used (as in Figure 1.9 and more in general Section 1.2), because it can be measured
directly by the standard sensor on the vehicle. The ratio between steering wheel angle
and steer angle of the wheels is specific for each type of vehicle. Several tests with
variation of the initial vehicle velocity were performed in order to obtain the values of
feedforward demand in relation to the vehicle velocity. These tests were performed
using a 14 DoF vehicle model. During the simulation, the corrective torque around
the vertical vehicle axis Mψ̇, which allows to reach the reference vehicle behavior, was
measured. The illustrated feedforward control will be applied in combination with
the sliding mode feedback controllers introduced in the next subsections.
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Figure 2.9: Feed-forward stabilizing torque.

2.2.4 Second Order Sliding Mode Control Design

A control law based on a second order sliding mode (SOSM) approach, as proposed
in [68], is now illustrated for the yaw-rate control.

SOSM control generalizes the basic sliding mode control idea, with the difference
that it acts on the second order time derivative of the system deviation from the
sliding manifold, instead of the first derivative, as it happens in first order sliding
mode control design [5]. The sliding manifold is a subspace of the system state space,
in which the evolution of the controlled dynamic system is confined by the control
action. Having defined the sliding variable σ(x) as a smooth function of the state x
of the considered dynamical system, the second order sliding mode is determined by

σ(x) = σ̇(x) = 0 (2.16)

The surface σ(x) = 0 identifies the sliding manifold, which according to the theory is
reached by the state in finite time.

It has been shown [70,71] that SOSM may provide higher accuracy than first order
sliding mode algorithms (FOSM), while keeping the same robustness with respect to
matched uncertainties. In addition to this, when dealing with a system of relative
degree equal to one, SOSM has the property of producing a continuous control signal,
which allows to obtain reduced chattering effect, when compared to FOSM [70]. In
the considered problem, the actual system relative degree is in practice unknown,
although it is certainly greater than one, due to the high complexity of the vehicle,
and to the simplifications operated for its modeling as a dynamic system.

As the control objective is to make the error between the actual yaw-rate and the
reference yaw vanish, the sliding variable is chosen as

σ(t) = ψ̇(t)− ψ̇∗(t) (2.17)
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To design the proposed controller, it is useful to observe that the first and second
time derivative of the sliding variable are, respectively,

σ̇(t) = (aFy,f (t)− bFy,r(t) +Mψ̇(t))/Jz− ψ̈∗(t) (2.18)
σ̈(t) = (aḞy,f (t)− bḞy,r(t) +Ṁψ̇(t))/Jz−

...
ψ
∗(t) (2.19)

The following auxiliary system is then derived from (2.18) and (2.19), by defining the
auxiliary variables y1(t) = σ(t) and y2(t) = σ̇(t):{

ẏ1(t) = σ̇(t) = y2(t)
ẏ2(t) = σ̈(t) = λ(t) + τ(t) (2.20)

where τ(t) =Mψ̇(t)/Jz is the auxiliary control variable and

λ(t) = (aḞy,f (t)− bḞy,r(t))
Jz

−
...
ψ
∗(t) (2.21)

From considerations on the physical quantities in play, one can assume that λ(t) is
bounded, i.e.

|λ(t)| ≤ Λ (2.22)

with the value Λ> 0 depending on the operating condition of the vehicle. Equation
(1.30) and the tire characteristic can be used for the estimation of Λ. The quantity
y2 is considered an unmeasurable quantity, it being the first derivative of y1 which
depends on λ(t) and τ(t).

After these preliminary considerations, the control problem can be reformulated
as follows: given system (2.20), where λ(t) satisfies (2.22), and y2 is unavailable
for measurement, design the auxiliary control signal τ(t), such that y1, y2 are both
brought to zero in finite time.

The SOSM controller proposed in [68], which we consider here, is of sub–optimal
type (see [72]). It works under the assumption that it is possible to detect the extremal
values of the signal y1. In practical terms this requires the use of a peak detector
or, in alternative, an estimation of the derivative of the tracking error ẏ1(t), and the
identification of the time instances t such that ẏ1(t) = 0. Under the hypothesis that
the extremal values are detectable, having defined y1M (t) as a piece–wise constant
function representing the value of the last singular point of y1(t) (i.e., the most recent
value y1M (t)), it can be proved [68] that the following control law for the auxiliary
system fulfills the requirement of bringing both y1, y2 to zero in finite time:

τ(t) =
Ṁψ̇(t)
Jz

=−KSL sign
{
y1(t)− 1

2y1M (t)
}

(2.23)

where the control gain KSL is chosen such that

KSL > 2Λ (2.24)

The final yaw moment request is then derived from (2.23) via integration.
The saturation of the control action was already considered in the yaw-rate

reference generation (see Subsection 2.2.3) and is not taken into account in the control
design. It is possible, in alternative, to consider the saturation explicitly in the design,
proceeding as in [73].
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2.2.5 Integral Sliding Mode Control Design

The ISM approach presented in this section is based on the method proposed in [64].
The yaw-rate tracking is implemented by means of two separate controllers, a classic
PID and a sliding mode one, which are set up as shown in Figure 2.10.

Figure 2.10: Schematization of the control scheme of the ISM control algorithm.

According to the theory, the adoption of an ISM controller allows one to control a
nonlinear affine system of the form

y = f(x) + b(x)u+d(x,t) (2.25)

and to obtain the rejection of the bounded matched disturbances |d(x,t)| < dMAX

starting from the initial time instant t0. Such a result can be achieved thanks to a
modification operated to the sliding surface σ(t), which ensures the system initial
condition lies on the sliding surface itself. For this reason, a new sliding surface is
defined as

Σ(t) = σ(t) +ϕ(t) (2.26)

where the integral term ϕ(t) has an evolution determined by

ϕ̇=−∂σ
∂x

(f(x) + b(x)u0) (2.27)

and the nominal input u0 is the control input generated by any suitable controller,
which we will refer to as the nominal controller. In our case, we consider a standard
PID as the nominal controller, assuming that a suitable calibration of its parameters
has been previously obtained.

In order to have the new sliding manifold Σ(t) = 0 passing through the initial
conditions x(t0) of the controlled system, it is necessary to impose the following initial
condition for Equation (2.27):

ϕ(t0) =−σ(x(t0)) (2.28)

Then the ISM control law is given by the sum of the nominal control input and the
sliding mode component u1, i.e. uISM = u0 +u1. The latter is given by

u1 =−KISM · sign(Σ), KISM > dMAX (2.29)
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In the yaw-rate control case, system (2.25) can be derived from the second equation
in (1.30), with the sliding variable equal to the controlled state, which is the yaw-rate
tracking error, therefore σ = eψ̇ = ψ̇∗− ψ̇. The control input is the external control
yaw moment, indicated as Mψ̇ in (1.30). The disturbance component d(x,t) includes
all the contributions to the overall yaw moment which have been neglected in the
2DOF model (see Subsection 1.2.4).

Given the discontinuous nature of signal (2.29), chattering phenomena can occur.
A different formulation [74] of the integral component ϕ, alternative to (2.27), has
been adopted in order to alleviate chattering. It is based on the so-called “equivalent
control” concept [75], which can be approximated as the output of a first order
linear filter, provided the time constant of the filter τlp has been properly selected, in
accordance with the actuators bandwidth. In our application, the equivalent control
u1,eq =Mψ̇1,eq can be approximated as follows

τlpṀψ̇1,eq +Mψ̇1,eq =Mψ̇1
(2.30)

where τlp is the time constant of the filter suitably chosen in order not to distort the
slow component of the control action. Since the equivalent control computed as in
(2.30) is an approximation, the rejection of the disturbance terms is guaranteed by
suitably selecting the integral term of the sliding manifold. Having defined the overall
control signal in the filtered case as uISM,lp = u0 +u1,eq, the evolution of ϕ should be
defined as follows

ϕ̇=−∂σ
∂x

(f(x) + b(x)(uISM,lp−u1)) (2.31)

Formulating the control law making reference to the specific yaw-rate tracking problem,
ϕ can be expressed as:

ϕ̇=−(1)(ψ̇∗− 1
Jz

(Mψ̇,ISM,lp−Mψ̇1
)) (2.32)

=−ψ̇∗+ 1
Jz

(Mψ̇,ISM,lp−Mψ̇1
) (2.33)

2.3 Controllers Assessment

The control methods introduced in the previous section (SOSM and ISM in combination
with a static feed-forward component) are now assessed via simulation with the software
IPG Carmaker on a previously validated vehicle model.

2.3.1 Vehicle Specifications and Model Validation

The sport utility vehicle (SUV), which is used for the case study in this chapter,
has an electric powertrain with four individual electric in-wheel motors (IWM).
Torque and efficiency maps of electric motors are shown in Figure 2.11(a) and 2.11(b)
respectively. Such configuration has several advantages, compared to vehicles with
active differentials, thanks to its flexible wheel torque distribution (see Subsection
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Figure 2.11: Characteristics of the in-wheel electric motors.
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Figure 2.12: Vehicle model validation via skid-pad test.

1.2.4). In this case a stabilizing torque can be realized by a proper assignment of
torque demand to each wheel individually.

The vehicle is also equipped with an electro-hydraulic braking system, which is
required to provide fault-tolerant vehicle operation in braking mode. Its presence is
required in case the electric powertrain fails, or to fulfill the torque demand when it
cannot be fully realized by the electric motors. The most important physical attributes
of the investigated SUV for the purpose of lateral stability control are its overall
mass, m= 1963kg, the inertia moment around the normal axis, Jz = 2525kgm2, and
the distances of the axles from the COG, a=1.07m and b=1.59m for front and rear
axle, respectively. Tires are modeled via the so-called MF-Tire approach [17] and
parametrized accordingly. Such tire model is applicable for the simulation of handling
maneuvers on an even road.
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The vehicle model, which has already been utilized by the authors in combination
with on road experimental activities [76], was validated experimentally by performing
the so-called skid-pad test with the real prototype of the electric vehicle. This test,
similarly to the slowly increasing steer test which will be introduced in the next
subsection, allows one to derive the steering diagram of the vehicle. It has the
advantage of not requiring an extremely wide track, which is in general necessary
with large initial steering radius. On the other hand, it does not represent the vehicle
behavior at a specific velocity, since it changes during the test. During the skid-pad
test, the vehicle drives on a circle of a certain radius. The longitudinal velocity is
gradually increased, in order to maintain the lateral acceleration of the vehicle. The
steering diagram obtained with the skid-pad test, compared against the simulation
results, is shown in Figure 2.12. As it can be seen, the vehicle model is parametrized
properly, thus providing a good fitting of the results.

2.3.2 Simulation results

To evaluate the proposed control laws, a set of simulations is performed with the
software IPG CarMaker. They include standard testing procedures, which are usually
used during vehicle design. These procedures can be classified in open-loop and
closed-loop tests. Such classification is based on the involvement of the driver in
testing (driver’s model in case of simulation).

• Open-loop procedures use a predefined profile of the steering wheel angle and
the traction/braking torque. The following open-loop tests are considered for
the controllers evaluation: slowly increasing steer, step steer, sine with dwell
and braking in the turn;

• Closed-loop maneuvers are performed by professional drivers trying to follow a
certain road path or trajectory. In this context the double lane change test is
performed.

For the benchmarking, a definition of the baseline vehicle is also required. The
reference vehicle is represented by the same hardware components but does not have
any kind of handling or stability control. This basic configuration of the vehicle has
been used also for the validation of the simulation model.

In the next subsections we present the results of the sliding mode control algorithms,
together with a standard PID, for the sake of comparison. Several evaluation metrics
obtained from the tests, which are mentioned in this section, are reported in Table
2.1.

Slowly Increasing Steer

The slowly increasing steer test is performed to evaluate the developed controller in
steady-state conditions. According to the standard ISO 4138, the vehicle moves with
a constant velocity of 100km/h, while the steering angle is increased from 0deg up to
360deg, with a rate of 13.5deg/s. Recorded results allow analyzing the vehicle behavior
on the steering diagram, considering both linear and nonlinear areas. Compared to
the baseline vehicle, the parametrization of the reference model has been performed
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Figure 2.13: Steering diagram obtained with the different controllers.

in such a way to achieve a wider linear area of the steering gradient. This allows to
obtain a better vehicle handling by means of yaw-rate control. In terms of control
quality, SOSM, ISM and PID generate similar behaviors, and in general guarantee
precise tracking of the given reference trajectory. In Figure 2.13 the three lines are
overlapping each other representing almost identical results. Using the root-mean
square error of the control variable (RMSEψ̇), it can be seen that PID and ISM
have the same deviation of 0.21deg/s while SOSM produces a slightly higher value of
0.41deg/s. This difference is determined by the chattering around the reference value
of the yaw-rate at steady state, which is still present by using the SOSM algorithm.
In fact, the chattering phenomenon is due to the relative degree of the controlled
system being greater than one, as mentioned in Subsection 2.2.4. From this test, it
appears that the different control strategies proposed do not differ substantially in
steady maneuvers.

Step Steer

The step steer test is a transient maneuver performed according to the standard ISO
7401. The vehicle moves with the constant velocity of 100km/h and a step steering
input is then applied. It has the rate of 200deg/s and the amplitude is defined in
such a way to maintain the lateral acceleration of 4m/s2. Compared to the baseline
vehicle behavior, the vehicle with the proposed high-level controllers has a more agile
behavior and is responding to the driver’s input much quicker, as it appears in Figure
2.14. In particular, in terms of agility, the SOSM variant shows the quickest response
to the step input passing from 0% to 100% of the desired value in 0.27s. In terms
of agility, the baseline vehicle provides the slowest response with rise time of 0.42s,
while the PID and ISM response is faster, reaching the desired value in 0.31s and
0.30s respectively.

61



2 2.5 3 3.5

Time [s]

0

2

4

6

8

10

Y
a
w

ra
te

[d
e
g
/
s]

Reference

SOSM

ISM

PID

Baseline

Figure 2.14: Yaw-rate step response test.

Additionally, the lowest overshoot of just 3.1% is provided by the SOSM, while
the ISM and PID controllers perform similarly in this regard, both showing a clear
improvement over the baseline vehicle performance. Such agile behavior of the SOSM
leads to the lowest RMSEψ̇ of the yaw-rate, with 0.09deg/s. ISM has a higher deviation
of 0.21deg/s, but it is still a preferable solution in transient tests compared to the
PID, which has a RMSEψ̇ value of 0.32deg/s. As a conclusion from this test, one
could find the SOSM control strategy to be a good solution for sport and racing cars,
where agile vehicle response is of high importance. On the other hand, the SOSM
variant shows low amplitude oscillations at steady state, which may be felt by the
driver as an undesired vibration.

Sine With Dwell

The sine with dwell test evaluates the handling of the vehicle in the presence of
counter-steering (by the standard FMVSS 126). In this testing procedure the vehicle
has the initial velocity of 80km/h, and the acceleration pedal is released at the start
of the maneuver. After that, a pseudo-sinusoidal steering input with 0.7Hz frequency
is applied. After the third quarter of the of the sine period is completed, the steering
wheel is held at the same position for 500ms, before the final quarter period is entered,
and the maneuver is completed.

It can be observed in Figure 2.15 that, during the counter steering phase, the
phase-shift caused by the SOSM variant is slightly higher than those introduced by
the other investigated methods. Nevertheless, during the hold phase, the dynamics
are faster, and SOSM also allows holding the actual value of the yaw-rate at the
given reference for almost the entire duration of the hold phase. With less phase
shift in terms of yaw-rate tracking, PID and ISM show the best performances, with
RMSEψ̇ of 2.3deg/s and 2.39deg/s, respectively. The tracking error of the SOSM is
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Figure 2.15: Sine with dwell test results for the different controllers: yaw-rate tracking.

comparable to these two cases, although slightly higher with a RMSEψ̇ of 3.62deg/s.

Braking In the Turn

According to the standard ISO 7975, the braking in the turn test is performed with an
initial velocity of 90km/h. This maneuver is done to check how the vehicle responds
in presence of reduced vertical loads on the inside wheels. At the beginning, a steering
input is applied in order to achieve 0.4g of lateral acceleration. After 4s the vehicle
decelerates with a reference deceleration of 0.45g.

In the yaw-rate plot in Figure 2.16, an insufficient yaw moment occurs in case of
the baseline vehicle. It loses its trajectory and is overturned at the end of maneuver.
Its deviation from the possible desired vehicle behavior makes it practically unstable.
By applying a stabilizing torque from the powertrain, the loss of vehicle stability
is fixed, as it can be seen for all proposed control laws in Figure 2.16. The best
performance is provided by SOSM, which quickly reaches the reference value of the
yaw-rate and holding its actual value at the desired one during the whole test. As a
results it provides the best results in terms of yaw-rate RMSEψ̇ with just 0.13deg/s.
In Figure 2.17 the stable trajectory held by the vehicle with this control type can be
observed. In a similar way, although with some higher deviation (≈0.5deg/s), the
vehicle with ISM and PID controllers copes well with this test. As it can be seen, the
three proposed controllers remain on the desired trajectory, with the SOSM control
reacting faster than the ISM and PID controls. Nevertheless, compared to them, the
SOSM control produces more chattering in the yaw-rate after reaching the reference
value. This can be uncomfortable for the driver if the oscillations of the yaw-rate reach
a sufficiently high amplitude, so that some filtering should be added with possible
slight deterioration of the promptness of the overall control system.
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Figure 2.16: Braking in the turn test for the different controllers: yaw-rate tracking.
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Figure 2.17: Braking in the turn test for the different controllers: vehicle trajectory.
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Double Lane Change

The double lane change test, performed in accordance with the standard ISO 3888, is
schematically shown in Figure 2.18. It is a closed-loop maneuver, which the vehicle
should complete without touching the cones.

This test starts with a 10m long entry lane, then the driver releases the acceleration
pedal while the top gear is selected. From this moment on, the control of the vehicle
by the driver is performed simply by turning the steering wheel. The side lane cones
are installed with a margin of 1m and distance of 13.5m from the entry lane. The
resulting boundary width is equal to the width of the vehicle, plus additional 1m
margin. The last lane, which is 3m wide, begins 12.5m after the end of the side lane.
At the end of the test the vehicle velocity is measured.

The test is performed on a road surface with friction coefficient µ=0.8 and starting
velocity of 80km/h. In such conditions, the baseline vehicle loses its trajectory and
hits the cones of the last lane, as shown in Figure 2.19. The vehicle, when equipped
with ISM and PID controllers, shows quite similar behaviors, completing successfully
the whole maneuver, while SOSM shows some slight deviation from the trajectory.
With the proposed controllers, the vehicle does not hit the cones on the track, which
is the main requirement. In terms of yaw-rate deviation from its reference value,
SOSM has RMSEψ̇ of 4.1deg/s while ISM and PID produce quite similar results of
2.48deg/s and 2.44deg/s, respectively.

To assess the energy efficiency of the vehicle during this maneuver, the velocity at
the end of the test is measured. The baseline vehicle, due to its unstable behavior, loses
velocity significantly, its measured value at the end being 58.9km/h. The adoption of
SOSM produces a final velocity equal to 66.2km/h, while the best results in terms of
energy efficiency are guaranteed by ISM and PID, with a final value of velocity of
67.5km/h.

2.3.3 Conclusions

In this chapter the control of the vehicle lateral dynamics has been studied. Although
the topic was dealt by providing a general overview, the control systems considered
in the major discussion were developed specifically for the class of vehicles featuring
four individual electric motors and a decoupled electro-hydraulic braking system. In
particular, the vehicle control architecture includes a high-level controller, where the
PID, ISM and SOSM control strategies were implemented as a feedback yaw rate
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Figure 2.20: Double-lane change test results: yaw-rate tracking.

Table 2.1: Evaluation of developed control laws
Test Evaluation Metric Baseline SOSM ISM PID

Slowly increas-
ing steer

RMSEψ̇ [deg/s] 2.24 0.41 0.21 0.21

Step steer RMSEψ̇ [deg/s] 3.04 0.16 0.27 0.25
Rise time [s] 0.42 0.27 0.30 0.31
Overshoot [%] 10.0 3.1 5.2 6.1
Steady error
[deg/s]

1.2 0.09 0.21 0.32

Sine with
dwell

RMSEψ̇ [deg/s] 17.69 3.62 2.39 2.3

Braking in the
turn

RMSEψ̇ [deg/s] 31.13 0.13 0.52 0.5

Double lane
change

RMSEψ̇ [deg/s] 22.9 4.1 2.48 2.44

Final speed
[km/h]

58.9 66.2 67.5 67.5
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controller. They are used in combination with a feed-forward control, in order to
obtain agile vehicle response during curvilinear motion. The reference yaw rate is
based on a nonlinear vehicle model, and aimed at the achievement of a wider linear
area of the steering gradient. The performed simulations with an experimentally
validated vehicle model assess the efficacy of the application of the SOSM and ISM
methods, with substantial improvements over the baseline vehicle, in terms of handling
and stability.
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Part II

Tire-Road Contact Forces:
Estimation and Analysis
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Chapter 3

Sliding Mode Based Observer
for Wheel Forces Estimation

Accurate knowledge of vehicle dynamics is essential to accomplish the task of de-
termining the wheel forces with suitable accuracy to be used in Advanced Driver
Assistance System (ADAS) and ESC systems. Motivated by this necessity, numerous
research works have been published concerning the estimation of vehicle parameters
and forces [77–82]. Conversely, on the side of energetic efficiency, recent vehicle
controllers developed for fuel consumption reduction require an accurate estimation
of the vehicle traction force [83–86].

In general, the computation or estimation of the tire-ground forces can follow
two main approaches, both having their own advantages. The first one requires the
development of a tire model, while the second one uses the vehicle dynamic model
to reconstruct the tire forces. The tire model approach is useful during the tire
design, while its application within an embedded system is problematic. The most
widely used tire model capable of describing the tire-ground forces, known as Magic
Formula (MF), was proposed by Pacejka in [87]. This model is semi-empirical because
its development is based both on data and physical laws. The MF tire model is
arduous to implement in embedded systems, due to its complexity and the knowledge
requirement of particular tire-vehicle parameters, which are usually difficult to identify
and, in some cases, only known to tire manufacturers. In [88], Dugoff provides a
simpler formulation with the ability to describe forces in different situations, such
as pure cornering, acceleration/braking, and combined maneuvers. Dugoff’s model
gathers all tire-vehicle parameters required by the MF into two constant parameters
Cσ and Cα, known as longitudinal and cornering stiffness. This can create problems
during experimental validation, since these parameters do not remain constant during
non-controlled events or while performing maneuvers different from those considered.

For these reasons, several authors developed the idea of computing the tire-ground
forces using a tireless model approach, which only considers the vehicle dynamics.
One of the first examples can be found in [89], where a nonlinear state and tire-ground
force observer is developed, and applied to a braking control system. In that paper,
the tire-ground forces are computed relying on a single-track model (bicycle model)
of the car [15]. The use of an Extended Kalman Filter (EKF), is widely popular in
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this field of application. An example can be found in [90], where an EKF is used to
calculate the tire-ground forces for the wheels of the bicycle model. Sliding Mode
(SM) based observers have been also employed. In [91], for instance, the estimation
process is subdivided into two steps. As a first step, a SM observer is applied to a
bicycle model while, as a second step, the response is refined with an EKF. Yet, as for
the aforementioned approaches, the computation of the forces is done for the virtual
tires of the bicycle model, not for the real tires of the vehicle. In [92], a Kalman filter
is used to estimate the forces at each wheel, under the hypothesis of equal distribution
for forces on the same axle. In [93] a similar approach is presented in which, in order
to avoid such assumption, the motor torque and the braking torque are considered as
known input variables. In [94], the longitudinal and lateral force transfer concept is
introduced. This term improves the accuracy of the force decoupling step. In [95],
the longitudinal tire-ground forces are computed and the longitudinal force transfer
is redefined giving the estimator robustness against changes in tire-ground friction.
More recently, in [96], an individual tire force estimation algorithm designed for all
wheel drive vehicles was proposed. Using the interacting multiple model (IMM) filter
method, the suggested algorithm helps avoiding the chattering response caused by
immediately switching between different vehicle dynamic models.

3.1 SM Virtual Sensor with Accuracy Enhancement

When tire model-less estimation schemes are applied, direct tire force estimation can be
executed, using for example Sliding Mode observers [97,98]. SM based solutions to the
problem of tire-ground forces estimation have well documented advantages, in terms
of fast response and stability, and drawbacks, such as the so-called chattering effect
and the strong dependance on model accuracy, when implemented in observers [99].
In particular, when a First Order Sliding Mode (FOSM) is used, from a theoretical
point of view the observer output corresponds to the desired estimation only in the
so called “Filippov’s sense” [100], as will be described in Section 3.2.

From all the above mentioned works, it emerges that approaches which rely on
a single-track vehicle dynamic model and exploit a SM based observation law are
typically affected by a number of problems, which to this day still represent a research
topic in the field of wheel forces estimation. These issues, which we propose to address
in this chapter, include:

• allocation of the wheel forces relative to the same axle;

• calibration of the SM gains for chattering minimization;

• unreliability of the wheel torque information;

• precise estimation of the longitudinal forces for the non-driving wheels.

Based on the above observations, a novel observer has been designed, with the aim
of addressing some of the gaps in the current state of the art. In [97] wheel forces
are estimated by means of an observer, structured as the cascade of two S-SOSM
observers for the longitudinal and lateral forces, with an adaptive feedback loop for
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the correction of the longitudinal forces estimation. While designs have already been
proposed for wheel forces estimation, exploiting both first and second order sliding
mode techniques (see e.g. [38, 101]), the motivation for the adoption of the S-SOSM
in [97] is to alleviate the chattering produced. For this reason, also a switched/time-
based algorithm (STBA) is adopted for the adaptation of the gain, based on the
method proposed in [102].

The simulation results reported in [97] are satisfactory, yet the method requires a
high computational burden for the off-line calibration of the STBA algorithm, which is
based on the optimization of several parameters corresponding to different regions of
the phase plane and to the associated gains. Moreover, by optimizing the calibration
over an increasing number of scenarios, the chattering level corresponding to optimum
increases. This aspect could be dealt with, by further increasing the number of regions
in which the phase plane of the sliding variable is subdivided, although this would
come at the cost of additional parameters, and thus with an exponentially increasing
computational load for the calibration.

The approach which is presented in this article is substantially different: while the
base S-SOSM observer is still employed, the task of chattering alleviation is assigned
to an EKF, which, together with the sensor measurements, which are naturally noisy,
acquires the estimations F̂xw,ij , F̂y,i, i= f,r, j = l, r, and considers them as if they were
also obtained from noisy sensors. In the latter case, the noise is indeed represented
by the chattering generated by the Sliding Mode approach.

The immediate consequence of such implementation is that there is a reduced
benefit from a decrease in the S-SOSM gains. In turn, the calibration focus shifts
towards a proper tuning of the observation covariance matrix R of the EKF. One key
advantage of this evolution is the fixed number of calibration parameters. In fact,
with the STBA method [102], there is no a-priori knowledge of the optimal number of
regions in which the (σ, σ̇) phase-plane should be divided to get an efficient chattering
alleviation. Conversely, with the EKF, the number of parameters to be calibrated
depends on the dimension of the observed state. As it will be shown in Section 3.4,
the adoption of a statistical approach for the determination of R is inappropriate due
to the high inter-correlation of all the observed signals, thus making the optimization
based approach the preferred option also in this case.

A second feature which was not originally present in [97] is the inclusion in the
adopted model of the load transfer when performing the lateral forces allocation
between wheels of the same axle. This solution allows, with limited computational
effort, and without the need for a dynamic model for pitch and roll dynamics, to
vastly improve the performance of the estimation, in conditions where the lateral
dynamics are under intense excitation.

Finally, the EKF smoothing capability allows to feed the S-SOSM virtual sensor
with unfiltered measurement signals, since the noise cancellation results in being
performed at a second stage. In this way, the S-SOSM observers are not working with
already delayed signals, which is a significant advantage for accuracy.

3.1.1 Novelty Elements

Here we describe a novel observers-based scheme for wheel forces estimation which,
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analogously to some of the previously mentioned works, exploits the sinergy of SM
observers and the EKF. The presented proposal, first presented in [98] differs from
the previous ones for several reasons.

• It relies on the concept of Second Order Sliding Mode (SOSM) to design
the observers. In particular, the proposed observers provide estimates which
are determined via a Sub-Optimal SOSM (S-SOSM) [103] observer law. By
choosing it over a classical FOSM law, one theoretically should not need to
filter the observer input signal in order to obtain the estimated values while
in sliding, since this signal is by construction continuous. In practice, this
implies a considerable attenuation in the chattering level. The adopted S-SOSM
algorithm also presents other interesting features, both in terms of robustness
and convergence time, which enable to achieve superior performance compared
to the SM concepts.

• In this work we use an enhanced single-track vehicle model, also including the
yaw moment due to the vehicle load transfer, which makes the estimation design
more complex, but enables to obtain results more consistent with real world
signals evolution.

• The use of the EKF is done in a different perspective in the proposed scheme
with respect to the work mentioned before. In the previously mentioned work
[91] a 2 layers observer is developed, so that the first SM observer produces
estimates for the tire-ground forces, which are then fed to the second EKF layer,
which is in charge of estimating related variables, such as side-slip angles and
stiffness coefficients. As a result, no smoothing of the vibrations in the estimated
forces is actually performed. In this work, instead, the EKF is coupled with the
S-SOSM observers in order to further reduce the possible residual chattering
affecting the estimations.

• With the proposed scheme, an adaptive mechanism based on the estimation of
the losses due to aerodynamic drag and friction is introduced in order to obtain
a further improvement in terms of accuracy.

In view of the significant accuracy and robustness of this method, it also seems
very performing for practical realization of a virtual sensor which can efficiently
complement the physical sensors of an automated 4-wheeled vehicle. In this chapter,
this concept is illustrated in detail, including experimental results. Moreover, in
Chapter 4, the performance will be evaluated experimentally against other concepts
recently developed within the ITEAM project.

This chapter is structured as follows. Section 1.4 describes the vehicle model used
for the development of the observer, while in 3.2 some theoretical background on the
used S-SOSM algorithm is introduced. In Section 3.3 the S-SOSM implementation is
analyzed in depth. The implementation of the EKF and the method employed for
the inclusion of nonlinear phenomena affecting non driving wheels are illustrated in
Section 3.4. Finally, the performance of the observers, evaluated on experimental
data, is presented in Section 3.5.
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3.2 S-SOSM for Control and Observation

As anticipated in 2.2, Sliding Mode control (SM) [4] is a robust nonlinear control
technique based on the idea of exploiting Variable Structure Systems (VSS) properties
in order to constrain the system trajectory to a predefined subset of the state space.

In this section, the S-SOSM technique is recalled in order to clarify its role in
the proposed methodology. In the following, the dependance of variables on time t is
omitted, apart from non obvious cases.

3.2.1 Sub-Optimal Second Order Sliding Mode

Consider a system affine in the control

ẋ= f(x,t) +g(x,t)u (3.1)

where x∈Rn, u∈R, and f(x,t) and g(x,t) are two uncertain bounded vector functions.
A “sliding variable” σ = σ(x,t) has to be designed as a function of states and possibly
time. Although in principle it can assume any form, a common choice is the linear
time-invariant one

σ(x) = Cx(t), (3.2)

with C ∈ R1×n constant. Considering σ as a system output, the relative degree r of
system (3.1)-(3.2) is defined as the order of the total time derivative of σ in which
the control u appears explicitly for the first time [71]. For systems with r = 1 it is
sufficient to rely on the application of First-Order Sliding Mode (FOSM) control laws
such as, for instance,

u=−K sign(σ). (3.3)

For a proper choice of the gain K, in fact, discontinuous laws as (3.3) ensure that the
trajectory of (3.1) reaches in finite time the sliding manifold

σ = 0 ∈ R(n−1) (3.4)

and remains confined on it ∀t≥ tr, tr being the reaching time.
For systems with relative degree two (r = 2), instead, at least a second order

sliding modes must be enforced (i.e. the trajectory of system (3.1) is constrained in
finite time on the sliding set {σ = 0, σ̇ = 0}). The dynamics of the sliding variable in
such cases can be described by the following perturbed chain of integrators,{

ζ̇1 = ζ2

ζ̇2 = λ(ζ1, ζ2) +D(ζ1, ζ2)v
(3.5)

where ζ1 = σ, ζ2 = σ̇, v is the control, and λ and D are two continuous uncertain
functions such that{

|λ(ζ1(t), ζ2(t))|< Λ
0<D1 <D(ζ1(t), ζ2(t))<D2

(3.6)
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with Λ, D1 and D2 being known constants∗. The second inequality in (3.6) can be
substituted by D1 <D <D2 < 0 if the sign of the (3.7) is negative.

In this work the S-SOSM control algorithm [103] is considered. It aims at making
σ and σ̇ vanish in finite time by means of the control law

v =−αK sign
(
σ− σMAX

2

)
, (3.7)

where α is a modulation parameter, K is the gain and σMAX = σ(tMAX) with tMAX
the last time instant at which σ̇ = 0.

To implement an n-th order sliding mode control law, the knowledge of the first
n−1 time derivatives of the sliding variable is usually mandatory. This increases the
complexity of the resulting schemes, in which additional sensors or differentiators
must be introduced. On the contrary, one of the peculiarities of S-SOSM is that no
derivatives of σ are needed, as can be seen in (3.7). In fact, in real implementations,
σMAX can be determined using commercial peak detectors or looking at successive
measurements of σ. If the difference ∆σi =σ(ti)−σ(ti−1) between the last two acquired
values has opposite sign with respect to ∆σi−1, it means that σ̇ = 0 happened. This
is an approximation, which implies that some non-idealities are introduced in practice
with respect to a perfect knowledge of σ̇, but they are typically tolerable.

The selection of K and α must fulfill the following conditions

α=

α∗ if
(
ζ1− 1

2ζMAX
)

(ζMAX− ζ1)> 0
1 otherwise

(3.8)

K >max
( Λ
α∗D1

; 4Λ
3D1−α∗D2

)
(3.9)

with α∗ ∈ (0,1]∩
(
0, 3D1

D2

)
a parameter to be arbitrarily chosen and ζMAX obviously

related to σMAX [103], in order to guarantee the finite-time convergence of σ and σ̇ to
zero. From here on, it is assumed for simplicity that there is no uncertainty affecting
the D term in (3.5), so that D1 =D2 =D and α∗ = 1.

A feature of S-SOSM is that it can be exploited also to control systems of relative
degree one, for chattering alleviation. In such cases, the control can be applied to an
augmented system whose relative degree is artificially increased from r = 1 to r = 2
by means of the introduction of an integrator, so that the discontinuous control law v
affects the actual control variable evolution as

u̇= v. (3.10)

Equation (3.10) guarantees that the real control signal u is continuous, so that
chattering (i.e. the high frequency oscillations of σ due to the control discontinuity)
is attenuated. From now on, in this work we will only consider the application of
S-SOSM in its chattering alleviation form, on systems of relative degree r = 1.
∗We implicitly assume to know the sign of D (say, positive) and that D 6= 0.
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The Sliding Mode approach can be easily applied to external disturbances obser-
vation tasks. Let us assume that the system dynamics are described by

ẋ= fk(x,t) +fu(x,t) (3.11)

where fk(x,t) and fu(x,t) are, respectively, a known and unknown functions of state
and time. The latter, in particular, can comprise unmodeled dynamics, exogenous
disturbances and non-idealities of any kind. If the state vector x is available for
measurement, the observer system

˙̂x= fk(x,t) + û (3.12)

can be constructed, where û is the observer input. Then, the sliding variable can be
chosen as

σ = x− x̂. (3.13)

During a second order sliding, the following equality holds

σ = σ̇ = ẋ− ˙̂x= fu(x,t)− û= 0 (3.14)

and, therefore, û = fu(x,t). This feature is a peculiar property of the S-SOSM
approach. In case a First Order Sliding Mode approach were used to design û, equality
(3.14) would be true only in Filippov’s sense [100] (i.e. û would be discontinuous, and
only its “equivalent” counterpart would be equal to fu(x,t) [4]).

3.2.2 Convergence Time

The enforcement of a second-order sliding mode proves to be equivalent to the
regulation of system (3.5). In [103] the proof that law (3.7) enforces a contractive
behavior of the state of (3.5) towards the origin, under (3.8), (3.9), is provided. The
contraction of the state (3.5) implies that the successive values of the peak σMAX
respect

|σMAXi+1 |< |σMAXi |, i= 1,2, . . . (3.15)

and finite time convergence follows. In particular, an upper bound for the reaching
phase duration can be computed as

t̄r = lim
k→∞

tMAXk <
β′

1−γ + tMAX1 (3.16)

where tMAXk is the time instant at which the k-th peak detection occurs. There-
fore, tMAX1 is such that σ̇ = 0 for the first time. Relationship (3.16) is determined
considering the following inequality (see [103] for more details):

tMAXk+1 < β
k∑

i=1

√
|σMAXi |+ tMAX1

= β
k∑

i=1
γi−1

√
|σMAX1 |+ tMAX1

(3.17)

77



in which 0 < γ < 1 is used as a coefficient in the geometric series originated by
Inequality (3.15) and

β = (D1 +α∗D2)K
(D1K−Λ)

√
α∗D2K+ Λ

(3.18)

In order to simplify (3.17), then, β′ is defined as

β′ = β
√
|σMAX1 | (3.19)

Notice that the parameter γ appearing in (3.16) depends on the magnitude of the
disturbances. In particular, zero being its lower bound, an upper bound can be found
considering that the following relationship holds between each peak and its preceding
one (see [103])

|σMAXi+1 |< µ|σMAXi | (3.20)

so that, eventually,

0< γ <
√
µ < 1 (3.21)

3.3 S-SOSM Based Virtual Sensor for Wheel Forces
In this section, the S-SOSM observer is described. First, the overall structure is
illustrated in 3.3.1, then its stability is discussed in 3.3.2. Finally, in 3.3.3, some
practical considerations on the adoption of the adaptive solution coupled with the
sliding mode elements are gathered.

3.3.1 S-SOSM Observer Structure

The vehicle models introduced in Section 1.4 are now exploited for the derivation
of the forces observer. Moreover, in order to limit the excess of notation, it will be
assumed that the road slope is negligible, so that the approximation θ ≈ 0 is valid.

The longitudinal forces Fxw,ij are estimated relying on the dynamic description of
the rotation of each wheel, which is provided by model (1.45). Assuming that the
nominal values of Jw, Re are known, the measured wheel speed ωij and the requested
wheel torque Tij are suitably used to generate a S-SOSM which implies the vanishing
of the error

σx,ij = ωij− ω̂ij (3.22)

This is done by controlling the estimation law

Jw ˙̂ωij = Tw,ij− ∆̂T ij−Reux,ij (3.23)

where u is the observer input law designed according to (3.7), (3.10). As a result, one
has that the estimated force is F̂xw = uij . Note that, the torque deviation ∆̂T ij is
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Figure 3.1: Front-left wheel forces representation

     1

Figure 3.2: The complete observation scheme, where Q(δ) is the matrix representing
the linear transformation from (3.31)
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derived from the overall torque deviation term ∆̂T . Its distribution over the 4 wheels
is calculated differently in accelerating and braking situations. The assumption which
is made is that if no torque is applied to a specific wheel, the corresponding torque
deviation is negligible. Consequently, since the usecase considered in the experimental
evaluation in Section 3.5 is a conventional vehicle with front wheels traction, ∆̂T is
distributed as follows:

∆̂T ij =


∆̂T F̂z,fj

F̂z,f
if ax > athd acceleration

∆̂T F̂z,ij
mg if |ax|< athd coasting

∆̂T F̂z,ij
mg cbrk,ij if ax <−athd braking

(3.24)

where the normal forces distribution is derived from (1.50), the coefficients cbrk,ij
account for the brake torque split ratio, and the acceleration threshold athd is calibrated
in order to minimize high frequency oscillations in the identification of the driving
modes acceleration, coasting and braking.

We assume that ∆̂T is provided by a PI adaptive law

˙̂∆T =KP ėFx +KIeFx , (3.25)

with the input error eFx given by

eFx =max−

∑
ij

(F̂xb,ij)− F̂aer− F̂rr

 (3.26)

where F̂aer and F̂rr are derived from (1.7). Since the vehicle velocity is required for
the estimation of F̂aer, a one dimensional Kalman Filter is used for its derivation,
exploiting measured acceleration and wheel speeds as inputs and outputs, respectively.

One can notice how the estimation of the longitudinal wheel forces performed
according to (3.22) and (3.23) is referred to the wheels reference frame: this means
that in order to preserve validity when a non-null steering angle δ is applied to the
front wheels (see Fig. 3.1), a linear transformation has to be performed to calculate
the forces summation in (3.26). Typically, the steering angle δ has a limited range of
admitted values, and therefore the following assumption can be considered valid

cos(δ)� 0 (3.27)

Considering the front-left wheel, one has{
Fxb,fl = cos(δ)Fxw,fl−sin(δ)Fyw,fl

Fyb,fl = sin(δ)Fxw,fl + cos(δ)Fyw,fl
(3.28)

which can be expressed in matrix form as[
Fxb
Fyb

]
=Q(δ)

[
Fxw
Fyw

]
(3.29)
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First and second equation in (3.28) can be combined by eliding Fyw,fl, so that the
following expression for Fxb,fl is obtained

Fxb,fl =
(
cos(δ) + sin2(δ)

cos(δ)
)
Fxw,fl−

sin(δ)
cos(δ)Fyb,fl

= 1
cos(δ)Fxw,fl− tan(δ)Fyb,fl

(3.30)

The transformation (3.29) is then modified into the form considered in the observation
scheme in Fig. 3.2, i.e.[

Fxb
Fyw

]
=Q(δ)

[
Fxw
Fyb

]
(3.31)

By extending the same approach to the front-right wheel all terms required for the
summation in (3.26) are obtained.

The lateral forces are estimated based on the modified single track model (1.46)
previously illustrated. Thanks to the fact that with such an approach the lateral forces
on the same axle are considered homogeneous, the model dynamics are reduced to a
single equation, so that a single S-SOSM observer can be used. The forces, referred
to the body reference frame, concur to generate the lateral acceleration of the vehicle
as follows

may = Fyb,f +Fyb,r (3.32)

where it is assumed that ay is available for measurement by means of an accelerometer.
The S-SOSM observer is designed so that the following estimation error is steered to
zero in finite time

σy = ψ̇− ˙̂
ψ (3.33)

In (3.33), ˙̂
ψ and F̂yb,f are defined as follows{ ¨̂

ψ = 1
Jz

[lfmay− (lf + lr)uy + 1
2bf∆F̂xb,f + 1

2br∆F̂xb,r]
F̂yb,f =may−uy

(3.34)

where ∆F̂xb,f , ∆F̂xb,r are derived from (1.47). As a result, and in analogy with the
longitudinal case, one has that the estimated force acting on the rear axle is F̂yb,r = uy,
with uy also designed according to (3.7).

The estimation of the lateral forces on each quarter-car, differently from the
implementation presented in [97], is not obtained by equally splitting the axle force
Fyb,i on the two corresponding wheels. While the approximation of equal distribution
is reasonable when the difference between the normal forces acting on the wheels of
the same axle is small, for more aggressive turns, the performance of the observer
drops dramatically. For this reason, similarly to the approach followed in [94], the
lateral forces are assigned depending on the normal forces distribution

F̂yb,ij = F̂yb,i
F̂z,ij

F̂z,il + F̂z,ir
(3.35)
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Such solution is in analogy with the torque deviation ∆̂T distribution in equation
(3.24). The overall scheme which represents the observer is illustrated in Fig. 3.2,
comprehensive of the three components which have been illustrated.

3.3.2 Convergence Analysis

From a theoretical viewpoint, the observation errors of observer systems (3.23) and
(3.34) can be proved to converge to zero as required, by exploiting the principle
of “control hierarchy” illustrated by DeCarlo in [104]. Considering the cascade
of longitudinal and lateral observers as a unique multi-input system, by following
DeCarlo’s approach, the overall finite time convergence is guaranteed by a suitable
choice of the gains, as will be discussed in the following. First we need to discuss
the effect of the feedback adaptive loop on the performance of the observer for the
longitudinal forces.

In fact, the two observers represent the main element in the scheme in Fig. 3.2,
where the PI logic is a practical device adopted in order to increase the accuracy of the
estimation, by considering all the possible information available to the observer. In
this case the PI component produces an adaptive estimation of the torque distortion
term ∆̂T , which is introduced in order to take into account all uncertainties related
to the vehicle longitudinal dynamics. Due to the nonlinearity of the system upon
which the PI feedback law is applied, a proof of its convergence properties is not
straightforward. Nevertheless, one can notice how the S-SOSM observers converge
in finite time to an estimation, which, although bounded, is affected by possible
distortions on the input signals. Since the terms ∆Tij are in practice a correction to
the input torque value Tw,ij, one can say that they do not affect the stability of the
cascade, as long as the observer gain Kx is defined taking into account the maximum
amplitude that their derivatives can assume.

By considering the derivative ˙̂∆T of the output of the PI controller, given by
(3.25), one can see that its value is bounded, as long as the input error eFx is bounded
and has bounded derivative. This can be proved straightforward, considering that the
rate of change of the estimated forces is indeed determined by the chosen gain Kx.
It is then reasonable to assume that the derivative of the estimation for the torque
deviation

∆̃T ij = ∆Tij− ∆̂T ij (3.36)

entering each observer is bounded, so that the following holds

| ˙̃∆Tij| ≤ ˙̃∆TMAX (3.37)

Based on this assumption, if the condition (3.9) is satisfied considering also the effect
of the PI adaptation, the system is guaranteed to be stable in spite of the adaptation
mechanism.

Assuming the model is correct, the parameters are known and the input signals
correspond to the actual ones, the observers converge to the correct estimation,
as long as conditions (3.6) are verified for the models (3.23) and (3.34). In order
to formalize the convergence properties of the proposed structure, the following
reasonable assumptions are made:
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(i) All signals entering the observers are bounded, with bounded first derivative;

(ii) The model descriptions adopted are correct, apart from an uncertainty term
which represents non captured dynamics and parameter uncertainties. In all
cases the uncertainty term is also bounded with bounded first derivative.

Finally, when proving the convergence of the four observers for the longitudinal
forces, it is sufficient to consider just one of them, for the generic wheel ij, as the
same procedure can be adopted for all the others.

Proposition 1. Given model (1.45) and estimation law (3.7), (3.10) applied to the
observer defined in (3.22), (3.23), a value of the gain Kx of the S-SOSM input law
exists such that the estimation F̂xw,ij converges to the real value Fxw,ij, with convergence
error depending on the inaccuracy of the estimation ∆̂T ij of the wheel torque deviation.

Proof. Let us consider the term ∆̂T ij as an exogenous disturbance with bounded first
derivative. This is a reasonable assumption, as it is the output of a PI controller fed
by the limited and continuous error eFx defined in (3.26). Indeed, the error is limited,
since ax is a measurement output and the S-SOSM observers have sufficiently high
gains so that the sliding variables σk move towards the origin. Therefore, due to
assumption (i) mȧx is limited, and so is also ėFx . Let us also assume that the actual
dynamics of the wheel are described by model (1.45), with the dynamic equation of
the corresponding observer being (3.23). Hence, the second derivative of the chosen
sliding variable (3.22) is

σ̈x,ij = ω̈ij− ¨̂ωij

= 1
Jw

( ˙̃∆Tij−ReḞxw,ij) + Re
Jw
u̇x,ij

= λx,ij +Dx,iju̇x,ij

(3.38)

According to assumption (i) previously made, a bound Λx,ij exists such that |λx,ij| ≤Λx
and Dx,ij =Dx = Re

Jw
. The following inequality can be exploited for the definition of

the bounds for each pair ij:

|λx,ij| ≤
∣∣∣∣ 1
Jw

( ˙̃∆Tij−ReḞxw)
∣∣∣∣

≤ 1
Jw

(| ˙̃∆TMAX|+Re|ḞxwMAX |) = Λx (3.39)

Therefore, for a properly chosen gain Kx, i.e. a gain choice which enables to generate
a SOSM, the convergence is guaranteed ∀i, j (σ̇x,ij = 0), leading in finite time (when
the system is in sliding condition) to the following estimation

F̂xw,ij = ux,ij = Fxw,ij + 1
Re

∆̃T ij. (3.40)
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In order to prove the convergence of the observer for the lateral forces acting on the
wheels, it is sufficient to note that the estimation of the Fxw forces can be determined
from the input of the S-SOSM observers. Then, one has that, as noted in Section 3.2,
the following is always bounded

˙̂
Fxwij =−Kxsign

(
σxij−

σxij,MAX

2

)
(3.41)

Based on this fact, the following proposition can be formulated.

Proposition 2. Given model (1.46) and estimation law (3.7), (3.10) applied to the
observer defined by (3.33), (3.34), a value of the gain Ky of the S-SOSM input law
exists, such that the estimation F̂y,r converges to the real value Fy,r, with convergence
error depending on the inaccuracy of the estimation ∆̂T ij of the wheel torque deviation
plus a component Uy which accounts for the unmodeled components of the lateral
dynamics.

Proof. It is here assumed that the real dynamics of the yaw-rate are described by
(1.46) plus an additional Uy term representing the uncertainties (including parametric
ones). Here Uy is necessary, in contrast with the longitudinal case, since in the latter
the uncertainties are already included in the model as ∆Tij, as discussed in Section
1.4. The first equation of (1.46) then becomes

ψ̈ = 1
Jz

(lfFyb,f − lrFyb,r + 1
2bf∆Fxb,f + 1

2br∆Fxb,r) +Uy (3.42)

Since the observer used is the one described in (3.34), the second derivative of the
chosen sliding variable (3.33) is

σ̈y = r̈− ¨̂r
= 1

Jz

[
bf
2 (∆Ḟxb,f −∆ ˙̂

Fxb,f) + br
2 (∆Ḟxb,r−∆ ˙̂

Fxb,r)
]
+

− (lf+lr)
Jz

Ḟy,r + U̇y + (lf+lr)
Jz

u̇y
= λy +Dyu̇y

(3.43)

where r = ψ̇. Similarly to the longitudinal case, thanks to assumption (i), one can say
that a bound Λy exists such that |λy| ≤ Λy, while Dy = (lf+lr)

Jz
. Therefore, assuming

a sufficiently high Ky is selected, the convergence is guaranteed. The following
inequalities are then defined for the bounds:

|λy| = 1
2Jz

∣∣∣bf(∆Ḟxb,f −∆ ˙̂
Fxb,f) + br(∆Ḟxb,r−∆ ˙̂

Fxb,r)
∣∣∣

− lf+lr
Jz

Ḟy,r + U̇y

≤ 2 bf+br
Jz

(Kx+ |Ḟx,rMAX |) + lf+lr
Jz
|Ḟy,rMAX |+

+|U̇yMAX |= Λy

(3.44)

This leads in finite time to the following value for the estimation

uy = F̂yb,r = Fyb,r + ξ (3.45)
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where

ξ =− 1
2Re(lf + lr)

[
bf(∆̃T x,fl− ∆̃T x,fr)+

−br(∆̃T x,rr− ∆̃T x,rl)
]
− Jz
lf + lr

Uy

(3.46)

In order not to overcomplicate the notation, in (3.46) the effect of the steering angle
δ, which numerically, under condition (3.27), has a much lesser impact compared to
the other terms, can be assumed to be included in the uncertainty term Uy. The
convergence of the front axle force estimation comes as a consequence, based on the
second equation in (3.34).

3.3.3 Considerations on the Adaptive S-SOSM Observer

Besides the guaranteed stability and convergence properties, which were illustrated
in the previous subsection, the convenience of inserting the adaptive loop in the
double observer structure lies in the intrinsic property of disturbance rejection, which
characterizes all SM controllers. As a matter of fact, the introduction of the additional
adaptive feedback loop does not constitute an issue with respect to both stability and
convergence time.

To better illustrate the latter fact, in Fig. 3.3 the dependence of the upper bound
for the convergence time t̄r on the disturbance level is highlighted, based on (3.16).
The values of Λx, Dx adopted are those from Table 3.1, where all the quantities
necessary for the determination of the gains Kx, Ky are estimated based on the
experimental data used for the evaluation in Section 3.5. The first plot in Fig. 3.3
should be understood as follows: the nominal gain Kx,nom is chosen as the minimum
gain Kx satisfying (3.9), based on the nominal estimated bound Λx,nom. Then, one
can see how the convergence time increases for values of |λx| approaching the limit
of stability, i.e. |λx| → Λx,nom. Since the disturbance introduced by the adaptive
mechanism may increase the value of |λx|, one has that the maximum convergence
time increases considerably for values of the gain Kx right at the limit of stability,
but its raise is substantially reduced, even for marginal increases of the gain, e.g.
Kx = 1.5Kx,nom. The effect of the disturbance on the convergence time is practically
cancelled for values of the gain one order of magnitude higher than Kx,nom. This
behavior can be explained by the dependency of γ in (3.16) on the ratio |λx|/Λx,nom,
which was explained in Subection 3.2.2.

Based on this qualitative analysis, then, one can say that in general the introduction
of disturbances into the system does not lead to an increase in the convergence time.
This means that the choice of a value for Kx (and consequently Ky) which is sufficient
to dominate the increased disturbance, does not affect significantly the convergence
time.

In the configuration proposed, a suitably designed EKF is implemented with the
purpose of reducing chattering. Therefore, if the noise variance associated with the
forces obtained via the SM based virtual sensors (which is dependent on Kx, Ky)
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Table 3.1: Vehicle data and estimated boundaries
Re[m] Jw[kg ·m2] lf + lr[m] Jz[kg ·m2] bf + br[m]

0.312 1.5 2.62 3300 3.026

|ḞxwMAX | | ˙̃∆TMAX| Λx Dx |e0,x|MAX

104 3.2478 1500 0.208 70

|Ḟy,rMAX | |U̇yMAX | Λy Dy |e0,y|MAX

104 3.2478 10 7.94 ·10−4 2
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Figure 3.3: Graphical representation of the convergence time t̄r (left) and of the
quantity γ in (3.16) (right) depending on the disturbance level expressed as the ratio
between |λx| and its nominal upper bound Λx,nom
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is disproportioned compared to that of the measured signals, the covariance matrix
R would present a malconditioning problem, possibly resulting in numerical issues
during the EKF computation. In practical implementations, thanks to the behavior
of t̄r illustrated above, values for the gains can be chosen so that the malconditioning
does not constitute a major problem.

3.4 Accuracy Enhancement and Longitudinal Forces Cor-
rection

The direct implementation of the the S-SOSM observer would provide output signals
with limited usefulness, due to the possible presence of chattering. In addition to this,
the most impactful nonlinear phenomena, non captured by the models illustrated in
Section 1.4, would cause significant deviations in the estimated signals. The first issue
is countered with the implementation of an EKF filter, as illustrated in Subsection
3.4.1, while a solution to the second problem, based on the results presented in [95],
is briefly outlined in 3.4.2.

3.4.1 EKF Filter

Figure 3.4: Block diagram of the S-SOSM and EKF structure, in which all signals
and vehicle parameters used are highlighted.

When evaluating the signals which are acquired for the forces estimation, one can
assume that the measurements of ψ̇, ay, ax are affected by noise, while driver/vehicle
input signals Ti,j , δ present offset and delays. This fact, in practice, prevents a proper
chattering reduction, even in spite of the adoption of the S-SOSM technique with
STBA strategy for chattering reduction [97]. A preventive noise cancellation of the
measurements would not bring a substantial improvement either: while a pre-filtering
of these signals would help smoothing them, it would come at the cost of a substantial
phase shift. As a result, the final force estimations would be affected by phase delay
and chattering, which is reduced but still not negligible. A second stage of filtering
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would add further delay, thus making the output signals difficult to use in the target
applications.

For all the aforementioned reasons, an EKF is employed, based on the same
dynamical representations introduced for the modeling of the longitudinal and lateral
vehicle dynamics in Section 1.4. Such device has the goal of smoothing both the
estimated forces Fxw,ij, Fyw,ij and the acquired measurement signals ψ̇, ay, ax. A
schematic representation of the S-SOSM/EKF structure is provided in Fig. 3.4.

Algorithm 1 EKF state estimation
Initialize

x̂(t0) = E [x(t0)] , P̂(t0) = V ar [x(t0)] (3.47)

Predict-Update

˙̂x(t) = f(x̂(t),u(t)) +K(t)(z(t)−h(x̂(t))) (3.48)
Ṗ(t) = F(t)P(t) +P(t)F(t)T −K(t)H(t)P(t) +Q(t) (3.49)
K(t) = P(t)H(t)TR(t)−1 (3.50)

F(t) = ∂f
∂x‖x̂(t),u(t) (3.51)

H(t) = H = I (3.52)

The EKF is implemented in the standard form illustrated in Algorithm 1, with
the vectors of states x and inputs u used in this representation being defined as:

x = [Fxw,fl,Fxw,fr,Fxw,rl,Fxw,rr,Fyb,r, . . .

ax,ay,ωfl,ωfr,ωrl,ωrr, ψ̇
]T

u = [Tfl,Tfr,Trl,Trr, δ]T
(3.53)

Assuming the process and measurement noise w, v are such that

w ∼N (0,Q), v ∼N (0,R) (3.54)

the following nonlinear continuous state-space description is considered

ẋ = f(x,u,w) y = h(x,v) (3.55)

The nonlinear function f(x,u) is the following

f(x,u) = [0,0,0,0,0,0,0,fx,fl,fx,fr,fx,rl,fx,rr,fy] (3.56)

with

fx,ij = 1
Jw

(−ReFxw,ij +Tij) (3.57)

and

fy = 1
Jz

(lfmay− (lf + lr)Fyb,r) + bf
2Jz (Fxw,fr−Fxw,flcos(δ) +

−2tan(δ)ξ1
ay

ξ2−ax ) + br
2Jz (Fxw,rr−Fxw,rl).

(3.58)

88



In order to simplify the notation in (3.58), ξ1, ξ2 have been introduced

ξ1 = kf (lf + lr)
bf (kf +kr)

ξ2 = Fz,f0
mh

(3.59)

A lower triangular matrix F is obtained from the linearization

F =
[

0(7,7) 0(7,5)
F5,7 0(5,5)

]
(3.60)

with

F5,7 =


−Re
Jw

0 0 0 0 0 0
0 −Re

Jw
0 0 0 0 0

0 0 −Re
Jw

0 0 0 0
0 0 0 −Re

Jw
0 0 0

F12,1 F12,2 F12,3 F12,4 F12,5 F12,6 F12,7

 (3.61)

Elements in the last row of F5,7 are reported in Table 3.2.

Table 3.2: Coefficients of the linearized matrix F5,7

F12,1 F12,2 F12,3 F12,4 F12,5

− bf
2Jz cos(δ)

bf
2Jz cos(δ) − br

2Jz
br

2Jz − lf+lr
Jz

F12,6 F12,7

−aybf ξ1 tan(δ)
Jz(ax−ξ2)2

lfm
Jz

+ (bf ξ1 tan(δ)
Jz(ax−ξ2)

From a practical point of view, it should be noticed that the standard hypothesis of
white gaussian noise are not satisfied for w, v in (3.54). For this reason, the tuning of
Q and R, which are effectively the design parameters in the EKF, should be realized
with an optimization process. If this approach is followed, given the size of the 2
matrices, in order to reduce the computational burden, the non diagonal elements of
Q, R should be chosen null, i.e.

qij = rij = 0, ∀i 6= j (3.62)

3.4.2 Longitudinal Tire-Ground Force Transfer Calculation

The dynamics of a rolling tire have several nonlinearities, resulting from its construc-
tion, from the dynamics of rubber or the type of composite materials. For this reason,
it is difficult to represent on a real-time basis the full vehicle dynamics. Yet, the
adopted simplified model is not well suited to perform accurate state estimation or
control. As an example of this fact, values such as the cornering or slip stiffness
are usually considered constant for design purposes, while they are time varying
parameters which are difficult to estimate in real time.

The resulting longitudinal tire-ground force at the rear wheels is composed by
different efforts produced by braking, accelerating or turning. In [94], the concept of
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“longitudinal tire-ground force transfer” is investigated and defined as the difference
between left and right forces, for front or rear axle respectively, i.e.

∆Fxw,i = Fxw,il−Fxw,ir, i ∈ {f,r} (3.63)

In [95] a modification for the longitudinal tire-ground forces computation is
introduced, which yields for each one of the rear wheels

Fxw,rl = ξx,rlax,rl + ξy,rlay,rl−Frr,rl−Faer,rl (3.64)
Fxw,rr = ξx,rrax,rr− ξy,rray,rr−Frr,rr−Faer,rr (3.65)

with ξx,rj, j = l, r being a function which depends on the vehicle maneuver (braking
or accelerating), the mass and its COG, while ξy,rj only depends on vehicle mass and
COG position. The variables ax,rj, ay,rj, j = l, r, represent the longitudinal and lateral
acceleration at the left or right wheel, respectively. Frr,rj and Faer,rj represent the
rolling resistance and the drag force applied at the specific rear left or right wheel.
Thus

∆Fxw,r = Fxw,rl−Fxw,rr

= ξx,rlax,rl + ξy,rlay,rl−Frr,rl−Faer,rl

−ξx,rrax,rr + ξy,rray,rr−Frr,rr−Faer,rr (3.66)

The statistical analysis, discussed in [95], puts into evidence ab experimental correlation
so that one can claim ξx,rlax,rl ≈ ξx,rrax,rr, Frr,rl ≈ Frr,rr and Faer,rl ≈ Faer,rr. Then

∆Fxr = ξy,rlay,rl + ξy,rray,rr

= (ξy,rl + ξy,rr)ay,r + (ξy,rl− ξy,rr) ψ̇2br (3.67)

where br and ψ̇ have already been introduced in Section 1.4. Finally, as variables
ξy,rl ≈ ξy,rr, the last term in (3.67) can be neglected, as it does not contribute to
explain the longitudinal tire-ground force transfer response. The final expression for
(3.63) is then

∆Fxw,r = (ξy,rl + ξy,rr) ·ay,r = ρ−1
1 · (Fy,rl +Fy,rr) (3.68)

being ρ1 a constant parameter greater than the unity, defined as the longitudinal
force transfer coefficient, which can be identified from experimental data. Notice that,
the assumptions formulated in here are true in the case of regular vehicle designs in
which bf ≈ br.

3.5 Experimental Analysis

3.5.1 Setup Description

The testbed used to validate in practice the proposals presented here is a 308sw man-
ufactured by Peugeot. This vehicle is instrumented with four wheel force transducers
which measure the forces and torques for the x, y and z tire axis. The wheel force
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Table 3.3: Control parameters
Kx Ky QFx QFx Qω Qψ̇ Qax

2 ·106 2 ·103 26.03 7.68 93.28 77.86 70.35

Qay RFx RFy Rax Ray Rω Rψ̇

8.93 0.25 0.03 0.1 0.05 0.02 2

transducers also provide, for each wheel ij, the moments Mz, Mx, My applied around
the three axis, with the latter one corresponding to the applied wheel torque used in
the algorithm

Tw,ij =My,ij (3.69)

The test vehicle is also equipped with an Inertial Measurement Unit (IMU) from
which it is possible to obtain the vehicle accelerations (ax, ay, az) and angular rates
(φ̇, θ̇, ψ̇). The main sensors and software modules which compose it are shown in Fig.
3.5.

Figure 3.5: Peugeot 308sw experimental testbed developed at Université de Technologie
de Compiègne

3.5.2 Results Evaluation

The presented observer is evaluated on a slalom maneuver, which can be divided
in three phases: acceleration from standstill (19.5s-27s), cornering (27s-50s) and
deceleration to standstill (50s-65s). During the central phase, in which the combined
effect of longitudinal and lateral forces is most felt, the vehicle cruise velocity is kept
within the 60−68 km/h range.
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The observer gains KX and Ky, as well as the results of the optimization for the
values of the diagonal elements of matrices Q and R, are reported in Table 3.3.
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Figure 3.6: Normal forces estimation

First, the estimation of the normal forces acting on each wheel, based on the static
modeling presented in Section 1.4.3, is evaluated. In Fig. 3.6 it is possible to notice
how the normal forces on the wheels Fz,ij are tracked with sufficient accuracy during
the entire maneuver. This aspect is important for the subsequent distribution of the
lateral forces on the wheels of the same axle.

The result of longitudinal forces estimation is depicted in Fig. 3.7 and Fig. 3.8.
In the latter one in particular, which illustrates the forces acting on the rear wheels,
one can see how the nonlinear effects compensation, illustrated in Section 3.4.2, helps
identifying with considerable accuracy the rear wheels dynamics. Note that, in the
presented results, the “raw” estimation, provided by the S-SOSM observer to the
EKF, is also displayed, in order to give a measure of the level of chattering affecting
the signals before the filtering.

In Fig. 3.9 a detail of the acceleration phase of the maneuver is depicted, where
the effect of the adaptive feedback loop can be appreciated. In the comparison with
the S-SOSM observer implemented without adaptation, one can see how, during sharp
acceleration phases, the information provided by the accelerometer, more accurate
than the one regarding the wheel torque Tw,ij, helps estimating with more detail the
profile of the longitudinal wheel forces.

In Fig. 3.10 and Fig. 3.11, the performance of the observer for the lateral forces
can be evaluated, for front and rear wheels respectively. The focus in this case is on
the central (cornering) phase. One can see, how, despite a small lag introduced by the
computations, the tracking is quite accurate, except for deformations in correspondence
with the peaks. This minor inaccuracy is due to the force splitting process along
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Figure 3.7: Longitudinal forces estimation: front wheels
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Figure 3.8: Longitudinal forces estimation: rear wheels
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Figure 3.9: Effect of the adaptive feedback loop with respect to the case in which it is
not present
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Figure 3.10: Lateral forces estimation: front wheels
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Figure 3.11: Lateral forces estimation: rear wheels

the same axle, which in reality is not entirely determined by the distribution of the
normal forces, which are in turn estimated correctly, as shown in Fig. 3.6.

One additional benefit of adopting the EKF structure for the smoothing of the
noisy measured signals can be appreciated in Fig. 3.12, where the acceleration signals,
output of the EKF, are compared with the original accelerometer signals. In this
case the measurement noise has been cancelled, with almost no introduction of phase
delay.
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Figure 3.12: Effect of the proposed S-SOSM+EKF scheme on the accelerometers
measurement
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Chapter 4

Benchmarking of the S-SOSM
Based Forces Estimator

For a proper assessment of the observer proposed in 3, a comparison with other
estimation techniques has to be performed. Many vehicle state and tire force estimation
techniques have been proposed and partially compared [105]. These include Kalman
Filters [106,107], Neural Networks [108–110], Luenberger observers [111] and Sliding
Mode based ones [112,113].

This chapter presents two other model-based schemes for tire force estimation,
which have been recently proposed within the ITEAM project network, with the final
aim of comparing their performance with the S-SOSM based method [98]. These
results have been submitted for publication in [114].

Two of the methods use the same basic vehicle dynamics sub-models (excluding
tire models), so that similar accuracy levels are expected. Therefore, the focus is rather
on some key guidelines per method, required to achieve the presented performance.
Several distinctions are made, leading to the following choices: (i) an Extended Kalman
Filter (EKF) scheme using a linear tire model with stochastically adapted cornering
stiffness, (ii) an EKF scheme using a Neural Network (NN) data-driven linear tire
model and (iii) the deterministic tire model-less Suboptimal-Second Order Sliding
Mode (S-SOSM) scheme [98]. The same reference data is used for demonstrating their
accuracy performance. Furthermore, guidelines are discussed for each of the methods.
These list the key points for the development of the techniques in order to obtain the
presented accuracy performance.

4.1 Test vehicle and data

The estimation structure for the different methods is represented in Fig. 4.1. The
models used are based on the ones introduced in Chapter 1, where the rotating wheel
dynamics are employed for longitudinal tire force estimation and bicycle model is used
in the estimators to obtain the planar states and the planar tire forces. A load transfer
model is applied for estimating vertical tire forces from measured accelerations.

For the estimation of the tire forces, the IMU acceleration measurements ax IMU,
ay IMU need to be corrected from errors introduced by gravity g (4.1). Therefore, the
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Figure 4.1: Sub-models used in general estimation framework (’body kinematiks
model’ regards vehicle states estimation, and is not considered in this Chapter).

vehicle body angles are required.{
ax = ax IMU +g sin(θv)
ay = ay IMU−g sin(φv)

(4.1)

4.1.1 Vehicle

The vehicle dynamics tests have been conducted with Flanders Make’s electrified
compact SUV, see Fig. 4.2. It features two independent electric motors at the rear
axle; however, torque vectoring control has been disabled for the data acquisition. Two
high-fidelity Wheel Force Transducers (WFTs) were installed in the rear. Table 4.1
contains the vehicle specifications.

In order to record the required estimator inputs, measurements and reference
signals, the following sensors have been used: WFTs measuring the three-dimensional
rear wheel forces, optical sensor for vehicle body velocity and side-slip angle reference,
IMU to capture the translational accelerations and angular velocities of the vehicle
body, suspension stroke sensors for body angles calculation. Additional signals have
been retrieved via the vehicle’s CAN bus: steering wheel angle (with known mapping
to angle of left and right front wheels), wheel speeds, and brake pressure. The electric
motors’ torque signals were acquired from the motor controllers. The data rate of
all sensor signals has been limited to 100 Hz as this is the lowest physical data rate
amongst the installed sensors.

A calibration procedure was performed before each data collection test ensuring
that signals recorded by the WFTs were correctly adjusted to zero or their steady-state
value.
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Figure 4.2: Test vehicle: Electrified SUV.

Figure 4.3: Test track: ‘Track 7’ at Ford LPG.

4.1.2 Experimental test data

All tests have been carried out with the electrified SUV at the Ford Lommel Proving
Ground (LPG) in Belgium. Two laps on the vehicle handling track, aka. inner
durability track or ’Track 7’, of the LPG were performed: first one with mild vehicle
dynamics excitation, resembling everyday driving conditions, followed by a limit
handling lap with very high excitation levels. Fig. 4.3 provides an overview of the
track; the star marks start and finish of the laps, the blue dot indicates a cobblestone
corner, and the red triangles highlight a hilly road section. Fig. 4.4 and 4.5 show the
vehicle behavior during the low and high excitation laps, respectively.

The figures showing the estimation results in Section 3.5 are based on the fast
Track 7 lap. For reference however, error metric tables for both slow and fast lap are
included.
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Value Unit

Body geometry
Wheelbase L 2.675 m
Distance between front axle and COG lf 1.439 m
Distance between rear axle and COG lr 1.236 m
Track width T 1.625 m
Distance between left track and COG tl 0.778 m
Distance between right track and COG tr 0.847 m
Height of COG above ground h 0.65 m
Vehicle mass m 2,442 kg
Yaw inertia Jz 3,231 kgm2

Suspension, wheel, brake system
Front equivalent roll stiffness kφf 95,300 Nmrad−1

Rear equivalent roll stiffness kφr 123,400 Nmrad−1

Front roll center height hφf 0.19 m
Rear roll center height hφr 0.07 m
Loaded tire radius Rw 0.343 m
Rolling resistance coefficient µr 0.01
Wheel rotational inertia Jw 0.9 kgm2

Front proportional constant kbrkf 36.3 Nmbar−1

Rear proportional constant kbrkr 9.2 Nmbar−1

Powertrain
Electric motor power, nominal 2×42 kW
Electric motor torque, nominal 2×135 Nm

Table 4.1: Test vehicle specifications.

4.2 Estimation approaches

Two tire force estimation approaches are considered to generate a comparison with
the S-SOSM method illustrated in Chapter 3:

• Purely Linear and Extended Kalman Filter based (’KF’), which only requires
the well-established EKF;

• Neural Network and Extended Kalman Filter based (’NN’), which employs
Neural Networks for tire modeling.

The two approaches have been selected to compare rather traditional with more
recent techniques: KF only requires the well-established EKF; NN employs Neural
Networks for tire modeling.
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Figure 4.4: Measurements for slow Track 7 lap.

Figure 4.5: Measurements for fast Track 7 lap.

4.2.1 Linear and Extended Kalman Filter approach

The KF approach is comprised of two estimator modules. In the first module, the
individual longitudinal tire forces are estimated. A discrete-time KF is constructed
based on the wheel rotational dynamics (1.7b), augmented with a random walk model
for the longitudinal tire forces. The time-discretization is performed by a forward
Euler scheme. The estimated longitudinal tire forces are taken as input to the second
estimator module, in which the axle lateral tire forces and vehicle planar motion
states are estimated. This module uses a discrete-time EKF built on the bicycle
model (1.15).

The second estimator module has two specific features that require further expla-
nation. Firstly, the dynamic state update equation for the longitudinal velocity (1.15a)
is replaced by a kinematic one:

v̇x = ax+ ψ̇vy (4.2)

with ax the longitudinal acceleration according to (4.1). The predictions from this
model are corrected by the wheel speed measurements, whereby a best wheel selection
algorithm is employed that selects the measurement from the wheel with the least
amount of longitudinal slip. This ’best’ wheel speed measurement is denoted as vx,best.
Secondly, the axle lateral tire forces are modeled by the adaptive linear tire model
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Figure 4.6: Scheme of the axle lateral tire force and vehicle planar motion state
estimator of the KF-based approach.

proposed in [115]:{
Fyi =−2Cyiαi
Ċyi = 0

for i ∈ {f,r} (4.3)

where αi is the axle side-slip angle and Cyi is the unknown axle cornering stiffness,
whose evolution is modeled as a random walk to account for variable tire behavior
(nonlinear tire behavior, road friction changes, etc.). The axle side-slip angles are
given by the following kinematic relations (under a small angle assumption), which
are equivalent to (1.22):

αf = vy + lf ψ̇

vx
− δ, αr = vy− lrψ̇

vx
(4.4)

As was shown in [107,116], the resulting system exhibits ’excitation dependent’
observability. That is, its observability becomes gradually poorer as the axle side-slip
angles tend to zero, eventually leading to an unobservable system for straight driving.
This leads to poor estimation performance in low excitation situations (situations
in which the side-slip angles remain small). To overcome this problem, an enhanced
estimation scheme was proposed in [116]. This scheme exploits the fact that linear
tire behavior is mostly a property of the tire and to a much lesser extent of the road
conditions. As a consequence, in case of linear tire behavior, the side-slip angle may be
accurately predicted by a vehicle model that assumes linear tire behavior, irrespective
of the road conditions. The proposed scheme makes such prediction, denoted βlin,
and adds it as a pseudo measurement in the estimator. In case of nonlinear tire
behavior, the estimator relies on the adaptive tire model and applies cornering stiffness
adaptation to track this nonlinear behavior. In the same way robustness to varying
road conditions is obtained. A covariance adaptation strategy is then applied to assign
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Figure 4.7: Modular NN-based virtual sensor.

appropriate uncertainties to this pseudo measurement and to the unknown cornering
stiffnesses: the more nonlinear the tires behave, the higher the uncertainties assigned
to βlin and Cyi. To this end, a degree of nonlinearity measure in tire behavior is
defined based on a continuous yaw-rate criterion. This is further explained in the
guidelines, Section 4.3.2.

Fig. 4.6 schematically illustrates this approach, which successfully mitigates the
issues related to poor observability in low excitation situations while maintaining
proper performance in high excitation situations and robustness to varying road
conditions.

4.2.2 Neural Network and Extended Kalman Filter approach

Similar to the KF estimation approach and following the methodology introduced
in previous works [117], different state estimation structures are constructed and
integrated in a modular fashion as displayed in Fig. 4.1 and Fig. 4.7. This section is
primarily focused on the tire cornering stiffness estimation method, being the main
difference from the KF approach.

Equivalent to the KF method, a tire model of linear characteristic is employed
here. The axle lateral forces are modeled as:

Fyi ≈ Fyi0 + ∆Fyi = Fyi0 +Cyi∆αi (4.5)

Specifically, the axle lateral force Fyi is defined as the sum of a steady-state term Fyi0
and a force increment ∆Fyi. The latter term is formed by the product of the axle
lateral stiffness Cyi and the axle lateral slip increment ∆αi. The terms Fyi0 and Cyi
are considered time-varying EKF parameters, and are approximated by a feed-forward
NN structure.

This approach is aimed at avoiding the conventional tire characterization procedure
(i.e. sandpaper tire testing, skid-trailer tire testing [118–120]) by means of an in-
vehicle standardized tire testing program. This methodology was first introduced and
validated through a software-in-the-loop (SIL) program in [121] for testing the NN’s
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robustness to tires of different size and operating at different conditions (e.g. tire
pressure, time-varying friction).

The NNs are trained to fit the nonlinear functions Fyf = fNNf (ax,αf ), Fyr =
fNNr(ax,αr), where the longitudinal acceleration was introduced to capture the axle
lateral force reduction experienced during combined-slip situations [121]. In order
to determine these functions, the objective testing maneuvers presented in Table 4.2
were executed with Flanders Make’s electrified SUV at Ford LPG.

Maneuver Repetitions
Braking in a turn 4
Steady-state constant radius 14
Step steer 5

Table 4.2: Objective testing maneuvers to train the axle lateral force NNs.

These maneuvers are standardized steady-state and transient tests often performed
to characterize relevant chassis attributes such as the yaw responsiveness, yaw damping
or understeering gradient [122]. The number of repetitions was dictated by the data
available after performing the experimental activities described in Section 4.1.2. For
simplicity, all the repetitions were considered as an initial step. As accurate results
were obtained with this reduced number of maneuvers it was not necessary to perform
additional iterations over the training data-set.

The NN training data-sets were formed by direct concatenation of each test run.
In particular, an input data-set was formed by the longitudinal acceleration signals
acquired from a high-accuracy IMU and the axle lateral slip computed from (4.4).
The yaw-rate and longitudinal velocity signals were logged directly from the vehicle
CAN bus, while the lateral velocity was obtained from an optical sensor mounted at
the front bumper (this signal was translated to the vehicle COG for consistency). The
output data-sets were formed by the axle lateral forces experienced by the chassis.
In this case, the rear axle lateral force was defined as the sum of the lateral forces
measured by the WFTs, Fyr = Fyrl +Fyrr, while the front axle lateral force was
reconstructed offline adopting a synthesized planar dynamics model.

Once the training data-sets were defined, two NN structures were created adopting
the net.m Matlab function and trained using a Levenberg-Marquardt back-propagation
algorithm. This step was realized by means of the trainlm.m function. The number
of hidden-layer neurons was set to 6 (i.e. 2-6-1 NN structures) following a systematic
design methodology and the NN stability was studied following the approach detailed in
[121]. After approximating the nonlinear functions fNNf , fNNr, the axle lateral stiffness
values Cyi were computed following a finite differences approach. For additional details
regarding the previous steps [121] can be consulted.

From a vehicle implementation point of view, the proposed structure can be
easily embedded in current Yaw Stability Control (YSC) systems. Specifically, an
accurate estimate of the lateral velocity is provided from a standard set of on-board
measurements. The additional tire friction information estimated by the structure
can be employed to infer the road friction potential following a slip-based estimation
approach [121].
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RMSE emax

S-SOSM NN KF S-SOSM NN KF Unit

Fx 110 107 109 441 417 446 N
Fy 257 411 406 1936 2099 2131 N
Fz 348 6906 N

Table 4.3: Error metrics for slow Track 7 lap

4.3 Discussion of results and guidelines

The following Figs. 4.8 to 4.11 show the estimation results of all methods in direct
comparison with the reference signals, where applicable; as the test vehicle was
equipped with WFTs only at the rear axle, no front tire force reference signals were
recorded. For brevity, the figures only show the data of the fast Track 7 lap.

Each observer was tuned individually, the tuning being kept constant for all results
presented in this work. In general, all estimation approaches track the reference signals
closely and with comparable accuracy. For an objective comparison of the estimation
results against the reference, Root-Mean-Square Error (RMSE) and maximum error
(emax) are computed as follows:

RMSE =

√
‖x−xref‖2

Ns
(4.6)

emax =max(|x−xref|) (4.7)

where x is the estimated quantity, xref the reference signal, and Ns the number of
samples in the complete time series.

Tables 4.3 and 4.4 contain the results. Fig. 4.12 displays the normalized RMSE
and normalized emax error metrics for both slow and fast Track 7 laps. Smaller
normalized error values imply higher estimation accuracy and thus better results.

The dynamic model-based KF and NN approaches perform sufficiently accurately
in the slow lap (relying mostly on the linear model), and the fast lap (relying mostly on
the adaptive linear model), demonstrating the proper functioning of the KF approach
for tire force virtual sensing. For the NN approach, a limited number of field tests is
sufficient to capture the tire characteristics and supply accurate and low-noise tire
force estimates.

As for the S-SOSM approach, tire force estimation accuracy is overall higher than
the other approaches, in particular for the lateral forces estimation. This comes at
the price of a slightly higher effort: by using the enhanced vehicle model (3.34) within
the estimation algorithm and assuming correct vehicle parameters, the estimation is
’forced’ to be correct in short (theoretically finite) time, not considering the chattering.
Then the EKF enhancement allows to remove the chattering, at the cost of a minor
delay introduced by the filtering.
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Figure 4.8: Longitudinal tire forces for fast Track 7 lap.

Figure 4.9: Lateral axle tire forces for fast Track 7 lap.

Figure 4.10: Lateral tire forces for fast Track 7 lap.
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Figure 4.11: Vertical tire forces for fast Track 7 lap.
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Figure 4.12: Normalised error metrics for slow and fast Track 7 laps (Vehicle state
estimation and ’KM’ method are not considered in this work).
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RMSE emax

S-SOSM NN KF S-SOSM NN KF Unit

Fx 184 183 190 1146 1095 1114 N
Fy 700 1358 755 2744 14104 6940 N
Fz 625 7258 N

Table 4.4: Error metrics for fast Track 7 lap

4.3.1 Vertical tire force estimation

The load transfer model (1.50) is used for vertical tire force estimation and is a less
integral part of the estimation scheme as opposed to the other vehicle sub-models.
Signal exchange is unidirectional. Estimated vertical tire forces are pre-calculated
and used as inputs for the estimation of the planar tire forces.

As the calculations are purely deterministic, the accuracy of the results heavily
depends on correct model parameters and measurement inputs of the load transfer
model. It is critical to use precise vehicle mass and geometry as well as accurate
suspension characteristics. Here, model inputs are the measured COG accelerations.

4.3.2 Dynamic model-based approaches

Dynamic model-based methods include both the previously introduced KF and NN.
In the case of the longitudinal tire forces Fx they rely on the same principle, as
described in Section 4.2. The weights for the wheel speed measurements are based on
the actual variances of the signals. These variances are mainly determined by noise.
Since the measurement model is the identity matrix, no model error is present in the
measurement model so all uncertainty is related to the signal itself. The assignment
of the uncertainties to the model equations is mainly based on physical insights.
We know that the rotating wheel dynamics model (1.7b) is rather accurate, so the
assigned variance should be small. Similarly, the variance assigned to the random
walk model of the longitudinal tire forces Fx is based on its expected variation. After
assigning initial guesses based on these insights, further tuning is performed by a
’trial-and-error’ procedure.

Additionally, the Dynamic model-based approaches estimate the cornering stiffness
coefficient Cy, which is combined with the estimated side-slip angle (not covered in
here) to determine the lateral forces Fy. The KF approach estimates the tire cornering
stiffness per axle Cyi stochastically as a random walk in an EKF using an adaptive
linear tire model. Additionally, the vehicle side-slip angle βlin is predicted—assuming
linear tire behavior—and added as a pseudo measurement in the estimator. To
obtain stable and accurate performance for low and high driving dynamics, covariance
adaptation functions are devised. For nonlinear tire behavior, high covariances for
Cyi and βlin are applied. For linear tire behavior, low covariances suffice. Finally, for
the case of no lateral excitation, zero value Cyi covariance and low βlin covariance are
employed. See [116] for further details.

In the NN case, Cyi is estimated using neural networks in a linear tire model
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framework. To obtain good accuracy performance, the NN structure requires proper
training. Standardized vehicle dynamics maneuvers as specified in the estimation
approach description, see Section 4.2.2, are sufficient. This procedure may be easily
automated with the development of future automated vehicle testing platforms.
Furthermore, as discussed in Section 4.2.2, the development of the NN approach
requires reliable data on vehicle velocities and tire forces. In this study, these are
retrieved by an optical velocity sensor and WFTs. Successful implementation of this
method therefore depends on the presence of such measuring equipment during the
development process.

The major concern when dealing with any data-based approach is to guarantee
that the training data-set is sufficiently rich so as to avoid potential extrapolation
issues. In this sense, large tire lateral slip angles should be recorded during the
execution of the tests (e.g. ramp steer cornering maneuvers for the front axle or
step steer maneuvers to cause instability on the rear axle). Braking-in-a-turn events
should be added to the training data-set in order to capture the tire force reduction
with the longitudinal force. As an example, braking events may be executed at even
deceleration levels (−2, −4, −6 ms−2) during steady-state cornering for this purpose.

4.3.3 S-SOSM approach – guidelines

For the longitudinal tire force estimation, as opposed to the dynamic model-based
approaches, the observer does not update the system states directly, but through the
system inputs/observer outputs. In this case, the motor torques are the observer inputs.
The observer aims to estimate individual longitudinal tire forces using the rotating
wheel dynamics model and the individual wheel speeds. The S-SOSM reference Fx is
calculated from measured longitudinal acceleration ax and vehicle mass m. For this
method it is therefore more critical to use an accurate vehicle mass. Also, with high
dependency on ax, it is crucial to abide by the flat road assumption, or otherwise
correct measurements for the road angles induced gravity component. Next to vehicle
mass, the accuracy of the wheel radius Rw plays a similarly important role in coming
to a representative longitudinal force observer reference.

The observer gains have to be chosen based on the dynamics which have to be
dominated by control laws (3.7), as explained extensively in [98]. The EKF smoothing
stage of this estimation approach mainly requires tuning effort on the covariance
matrices Q and R. However, in this work an optimization scheme was used for this
task. The non-diagonal elements were chosen zero in order to reduce the computational
cost.

As for lateral tire force estimation, in contrast to the other methods, direct per-
axle tire force estimation is applied. No additional effort is required for cornering
stiffness estimation. Again, an optimization scheme was employed for the tuning of
the covariance matrices Q and R.

4.3.4 Conclusions

Experimental validation has shown that comparable results are obtained in normal
driving conditions with the three different methods. Nevertheless, when the vehicle
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is pushed to its limits, assuming a linear tire-road force characteristic introduces
a considerable modeling error. In fact, the forces estimation method based on the
S-SOSM + EKF structure has clearly outperformed the other methods in the fast lap
use case. This is due to the fact that approximation (4.5) is not required.

The sensitivity to model parameters for the different methods applied, as discussed
in the guidelines section, is not straightforward. For example, the S-SOSM method
with its wheel torque adaptation algorithm generates a tire force reference making
direct use of vehicle mass and wheel radius parameters, which need to be as accurate
as possible. Also the tuning effort varies from method to method. For example, to
achieve stable and accurate performance with the KF approach, covariance adaptation
functions were devised when crossing from linear to nonlinear tire behavior. In the
case of the NN approach, the training procedure is based on reference data which is
typically not available from the standard sensor set installed in production vehicles.
In order to identify and suggest solutions for such challenges, this paper contains a
dedicated section on guidelines per method.

Finally, applications to ADAS, with its real-time requirements, will further differ-
entiate the methods and their growth paths.
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Part III

Towards Model Based
Autonomous Racing
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Chapter 5

A General Introduction to
Motion Planning

Autonomous vehicle (AV) control systems are based on a Sensing-Planning-Acting
cycle (see Fig. 5.1). In this hierarchical structure, the Path Planning agent uses data
from perception systems to generate a desired path (desired positions and orientations)
the vehicle should follow, while the acting part is the so-called Path Tracking, which
calculates and applies steering action to guide the vehicle along the path [123].

Figure 5.1: Sensing-Planning-Acting control scheme

5.1 Path Tracking Algorithms
The path tracking problem is an issue that concerns many different areas of research,
from robotic manipulators to vessels. Therefore, in the literature numerous studies
can be found, so that a comprehensive analysis of all the proposed path tracking
methods is very difficult. In particular, the definition of state-of-the-art might vary
according to the specific application considered. In the autonomous driving context,
according to [124], the goal of a path tracking controller is to “minimize the lateral
distance between vehicle and defined path, minimize the difference in the vehicle
heading and the defined path heading, and limit steering inputs to smooth motions
while maintaining stability”. Algorithms which perform this task have been typically
classified in three main categories:

1. Geometric path tracking methods;
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2. Kinematic model based path tracking methods;

3. Dynamic model based path tracking methods.

In the following, notable approaches belonging to these groups are introduced, with
special focus on the ones suitable for vehicle path tracking control. Part of the content
in this chapter can also be found in the survey [125].

5.1.1 Geometric path tracking methods

Geometric path tracking algorithms owe their name to the fact that they exploit
geometrical relationships between the desired path to be followed and the model of
the vehicle.

Figure 5.2: Schematic representation of the Pure Pursuit

The first presented method is the so-called Pure Pursuit algorithm. It is a popular
method, widely used in the robotic field over the past few years. In [126], it is used
to compute the arc (i.e. the steering angle) necessary to a robot, equipped with an
on-board black and white camera, in order to correct its position with respect to the
desired one. The obtained results can be extended also to control a four-wheeled
vehicle. The Pure Pursuit algorithm exploits a simplified model of the vehicle and its
relationship with the geometrical representation of the desired path. In particular, as
described in Fig. 5.2, a bicycle model of the vehicle is directly used. It is assumed
that the vehicle can only move on a 2-D surface and that only the front wheel can
steer. Then, having defined the wheelbase of the vehicle l, it is straightforward to
geometrically derive the equation that links the steering angle δ and the curvature
radius Rc of the trajectory, followed by the rear wheel, as follows:

tanδ = l

Rc
(5.1)

As described in [127], in its basic implementation, the Pure Pursuit algorithm
relies on the following procedure. Given a constant look-ahead distance lh, at each
iteration the position (Xcar,Ycar) of the vehicle, is calculated, referred to a global
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reference frame. Then, the perpendicular line with respect to the longitudinal axis
of the rear wheel is drawn, so that its intersection with the desired path (Xint,Yint)
can be calculated. As shown in Fig. 5.2, target point (Xgoal,Ygoal) is selected on the
desired path, at a distance equal to lh. Finally, by applying the law of sines, the
following equations are obtained

Rc
sin(π2 )−θ = lh

sin(2θ)
Rc

cos(θ) = lh
2sin(θ)cos(θ)

Rc = lh
2sin(θ)

(5.2)

By substituting this value of Rc in (5.1), it is possible to derive the Pure Pursuit
control law as follows:

δ(t) = tan−1
(2l sin(θ(t))

lh(t)

)
(5.3)

Equation (5.3) describes the steering angle that must be applied in order to meet the
goal point and follow the desired trajectory. In actual implementation, it is a common
practice not to use a fixed value of the look-head distance, but a varying one. Then,
lh(t) = kvx(t) depends on a tuning parameter k and on the longitudinal velocity of
the vehicle, obtaining

δ(t) = tan−1
( 2l sin(θ)
kPP vx(t)

)
(5.4)

In this manner, a too aggressive control action is avoided in case of high value of vx
or small value of the curvature radius. Then, the control parameter kPP tuning is the
key step in order to obtain an effective control action.

In [124], multiple values of kPP are tested for a controller applied to a vehicle that
performs common tests, such as the Lane Change (described in Fig. 5.3) and the
Eight Course, i.e. an eight-shaped circuit.

Figure 5.3: Lane Change test

By analyzing the test results, it can be stated that:

• for "small" values of kPP (i.e. for a short look-ahead distance) the path tracking
is accurate, but the vehicle shows an oscillatory behavior and system instability
can arise;

• for "large" values of kPP the system works in stable condition and there are not
relevant oscillatory phenomena. However, despite smooth path tracking being
guaranteed, it can be inaccurate.
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Such results show that a fine tuning of the parameter kPP is needed in order to
achieve a proper trade off between tracking performance and stability property.

Since Pure-pursuit has been one of the most common path tracking strategy, many
studies have been done aimed to improve its performance in actual implementation, for
both indoor and outdoor applications. In particular, in [128] the main properties and
issues of the Pure-pursuit algorithm are studied. On the other hand, in [129], much
effort has been spent in analyzing the effect of time delays due to the computational
time needed by the hardware components, such as cameras, sensors, etc.

5.1.2 Kinematic model based methods

By employing a kinematic model, all phenomena that occur between the wheels and
the road, which give rise to the so-called slipping conditions, are neglected.

A kinematic bicycle model of the vehicle is depicted in Fig. 5.4, where ψ is the
yaw angle, δ is the steering angle, (xf ,yf ) and (xr,yr) are the coordinates of the
center of the front and the rear wheel, respectively, and v is the velocity vector of the
rear wheel. This model approximation is used in several works, e.g. in [130], where a

Figure 5.4: Kinematic bicycle model

survey of these path tracking methods can be found, applied to a rear-wheel driving
vehicle.

The so-called Smooth Time-Varying Feedback Control, firstly presented in [131], is
based on the exploitation of the properties of the so-called kinematic model in path
coordinates, used to describe the vehicle motion with respect to the desired path. It is
derived as follows:

ṗ
ėort
ψ̇err
δ̇

=


cos(ψerr)

1−ėortC(p)
sin(ψerr)(

tan(δ)
P − C(p)cos(ψerr)

1−ėortC(p)

)
0

v+


0
0
0
1

 δ̇ (5.5)

where four quantities are introduced:

• the orientation error ψerr: the difference ψerr = ψ−ψp(p), where ψ is the yaw
angle of the vehicle and ψp(p) is the angle between the path tangent t passing
through the point (Xint,Yint) and the X-axis of the global reference frame;
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• the orthogonal error eort: the distance between the center of the rear wheel and
the point with coordinates (Xint,Yint);

• the curvature along the path C(p) = ψp
dp ;

• the path arc length p.

System (5.5) is then rewritten in a canonical structure, called chained structure,
which allows to decompose the 2-inputs control problem (v and δ) into two more
accessible ones, thanks to the underlying linear structure that characterizes a nonlinear
chained system. In the first phase one control input (u1 = v) is considered as given,
as a function of time, having assumed that certain hypothesis on its behavior are
satisfied. In this way the second input (u2 = δ) can be calculated in order to stabilize
the system obtained. The second phase consists in the design of u1 in order to
guarantee convergence, while maintaining the closed-loop stability achieved in the
first phase.

This control strategy allows to derive a path tracking time-varying feedback control
law u2(u1,K1,K2,K3), where Ki, i= 1,2,3, are tuning parameters. Then, the derived
controller must be tuned acting on the three aforementioned parameters, in order to
guarantee the stability of the system and ensure good tracking performance. In [130]
also a simple design rule is presented, which guarantees stability while at the same
time reducing the number of calibratable parameters to a unique one, called g.

In [124], several Lane Change tests have been performed at different velocities (in
particular 5, 10, 15 and 20 m/s), for value of g ranging from 0.1 to 0.6. The results
of these experiments show that, at low velocities, by increasing g, the path tracking
accuracy increase. But at high velocities (e.g. 20 m/s), the controller performances
and robustness drastically decrease. This is due to the fact that this control approach
does not take into account some vehicle dynamics that can not be neglected at high
velocities. It is then clear how, in order to obtain a control law able to deal with high
velocities and different curvature radius, a more elaborate model than the kinematic
one must be derived.

Kinematic model methods are the most commonly used path tracking approaches
adopted in the automotive community. In particular, the trend is to use a cascade
structure in which the fist stage consist in the computation of the desired steering
angle δ, and the second stage employs an algorithm able to overtake the limits of
the kinematic model, which does not take into account the vehicle dynamics. This
structure can be found in [132], where two MPC controllers are used for this purpose,
or in [133], where a neural-network based algorithm is implemented.

5.1.3 Dynamic model based methods

Geometric and Kinematic model based path tracking methods use a description of
the vehicle motion that tends to oversimplify dynamical phenomena occurring during
car maneuvering. These approximation lead to path tracking inaccuracies and make
them useless for practical applications, in which stability is always the main property
to be preserved. The success of the dynamic Bicycle Model (see Section 1.2) is due to
the fact that it provides a good trade off between its vehicle dynamics description
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accuracy and its complexity. It can also be seen as an extension of the Kinematic
bicycle model described in Fig. 5.4.

One of the most successful dynamic-model-based path tracking methods is pre-
sented in [124], where a discrete time infinite-horizon Linear Quadratic Regulator
(LQR) is derived. Based on the Bicycle Model of the vehicle (1.31), the following
extended linear state space model for the lateral dynamics is obtained:

ẋs =Axs+B1δ+B2ψ̇ref (5.6)

where the state variables are the lateral distance error eort from the center of gravity of
the vehicle to the path, the heading error of the vehicle ψerr and their fist derivatives,
i.e.

xs = [eort ėort ψerr ψ̇err]T (5.7)

Conversely, the system input is assumed to be the steering angle δ and ψ̇ref is the
reference yaw-rate, that is obtained as a function of the path curvature and the
vehicle speed. The LQR controller designed from (5.6) has been then tested by setting
different values for the tuning parameters of the optimization problem:

J =
∞∑
k=0

x′sQxs+ δ′Rδ (5.8)

The obtained results show good performances for velocity values up to 10 m/s, both
for the Lane Change and the Eight-Shaped Circuit tests. In fact, the maximum cross
track error is equal to ±15 cm. On the other hand, for velocity values greater than 10
m/s, the effectiveness of the controller is completely lost, since the information about
the path future behavior is not included in the control strategy formulation, despite
the vehicle dynamics being considered.

Vehicle dynamics are also included in the controller developed in [134], where
an unconstrained Model Predictive Control (MPC) based regulator is implemented,
starting from the kinematic equations that describe the motion of a body on a plane:

ẋc = v · cos(ψ+β)
ẏc = v · sin(ψ+β)
ψ̇ = rψ

(5.9)

where xc and yc (i.e. the coordinates of the vehicle COG) and the yaw angle ψ are
the controlled variables, while the velocity vector v, the side-slip angle β and the
yaw-rate rψ are the control variables. It is clear that the third equation does not add
information to the model, but it is needed in order to derive a consistent formulation.
Then, the above equations are linearized assuming the small angle approximation is
valid, and grouped together with the linear equations that represent the relationships
among the longitudinal and lateral forces of the rear and front wheels Fxf ,Fxr,Fyf ,Fyr
and the angles β, ψ̇ and δ. As a result a linear state space model is obtained as
follows:

Ẋs =Axs+Bu (5.10)
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where the state variables are xs = [y ψ β ψ̇]′, the control input is δ and the
longitudinal velocity of the COG of the vehicle is assumed to be constant during a
maneuver.

The MCP controller is designed and its stability properties are derived, before
it is tested in multiple simulations with double lane change maneuvers and with
different asphalt pavement conditions. In fact, different values of road frictions µ are
considered: dry (µ= 0.9), wet (µ= 0.6) and ice-covered (µ= 0.2) road conditions are
tested.

The simulations on dry asphalt show that the controller is able to assure a robust
tracking performance for velocities lower than 85 km/h. In fact, provided that the
steering angle and its change rate are kept bounded between their saturation values,
the yaw-rate and the side-slip angle values are always smaller than the critical values
for which the vehicle stability is no longer maintained. The controller is able to
guarantee the stability for vehicle velocities lower than 82 km/h also on wet asphalt,
although for both the wet and dry road conditions, once the aforementioned vehicle’s
velocity limits are exceeded, the values assumed by the yaw-rate and the side-slip
angle give raise to an oscillatory behavior and, therefore, the vehicle stability is
lost. Similarly, for the tests with ice-covered asphalt, an unstable behavior arises for
velocities greater than ≈ 35 km/h.

5.1.4 Observations

The path tracking methods described are characterized by pros and cons. In particular,
while an oversimplified vehicle model leads to control strategies simple to implement,
when the vehicle is driven near its performance limits, these fail to guarantee stability,
leading to a sharp decrease of their effectiveness. This is valid for both the Geometric
and Kinematic model based methods. Moreover, also the Dynamic model based
methods do not always ensure stability, although they are based on a detailed vehicle
model. In fact, their control strategies either generate unsuitable trajectories to be
followed by actual vehicles (in particular they output infeasible values for the side-slip
angle and the yaw-rate) or they do not take into account the dynamic evolution of
the desired path.

By considering all these limitations, one can see how the following features should
be provided by an ideal solution for the dynamic path tracking problem:

• exploiting a dynamic vehicle model for the path tracking method design;

• considering explicitly the stability constraints that characterize the yaw-rate,
the side-slip angle and the velocity for all possible curvature radii;

• including in the problem formulation the possibility to handle any desired path
evolution.

In the next section, starting from these considerations, some of the existing Path
Tracking approaches on slippery/low friction conditions are further analyzed, in order
to introduce the solutions which will be presented in Chapters 7 and 8. Given the
considerable differences, from a low-level vehicle control perspective, the problem is
analyzed separately in the drift case (5.2.1).
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5.2 Path Tracking on Low Friction Surfaces

The problem of designing a suitable Path Tracking algorithm on slippery surfaces is
strictly related with the ability to control the vehicle, keeping in mind the limitations
due to the limited grip. Within this context, automotive chassis control systems have
shown, over the years, their ability to increase safety and driving comfort: with their
continuous evolution, it is natural to consider the possibility of a less aggressive and
invasive action, able to control the stability of the vehicle even in limit conditions
(e.g. limit cornering, [135]). In the case of Path Tracking on low friction surfaces, the
trajectories which represent optimal solutions might be found at (or beyond, as in the
case of drifting) the limits of handling.

Figure 5.5: Time optimal trajectories for a U-turn on gravel, different powertrain
configurations (from [136]).

While in literature several examples of the previously introduced methodologies
(Geometric, Kinematic model based, and Dynamic model based) can be found [137],
when dealing with low friction/slippery surfaces the latter approach is required,
since a kinematic one would be limiting when looking for a performance-oriented
solution. This has been proven in [136] (see Fig. 5.5), where the minimum-time car
maneuvering in different conditions is investigated through nonlinear optimal control
techniques, with the resulting “optimal driver” controlling the car at its physical
limits. As it emerges from this study, different trajectories and vehicle dynamical
states evolutions might represent the time-optimal solution, depending on road surface
type and powertrain configuration.

Starting from these considerations, in Chapter 7 we illustrate a new concept,
recently published in [138], which is alternative to the already existing solutions, and
emphasizes the effect of the vehicle side-slip angle on the trajectory, which makes it
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naturally applicable to slippery surfaces. Moreover, the vehicle control is separated
from path tracking, thus allowing for modular implementations. We propose a method
which merges the information about the path to be followed with the one about the
physical limits of the vehicle, while not increasing excessively the online computational
burden. This method consists of two steps: (i) by considering the road conditions, a
desired evolution of the vehicle state is planned, which allows to track the desired
path without losing control of the vehicle; (ii) the vehicle actuators (front wheels
angle, driving/braking torque) are steered in order to track the identified “optimal
driving state sequence”. A solution to this second step was previously proposed in [30],
which will be described in Chapter 6. Here, the first step, in analogy with the work
proposed in [139] via search-based method, consists of a method for the generation
of the vehicle references states. In this prediction-based algorithm, the dynamical
states are optimally generated to follow the desired path, while at the same time
linear constraints are derived from considerations on the vehicle physical limitations,
in particular those due to road conditions.

5.2.1 Drift solutions

Figure 5.6: Optimization-based autonomous racing (a), trajectories generation (from
[140]); non-cooperative game approach to autonomous racing, (b) test track and (c)
combined trajectories generation (from [141]).

Predictive planning of future vehicle states can enable real-time control of driving
while avoiding static obstacles [140] (see Fig. 5.6(a)) and can be extended to racing
scenarios with multiple agents (although not real-time) [141] (see Fig. 5.6(b)-5.6(c)).
However, this Motion Planning (MP) approach is based on an exhaustive search and
works well only for short horizons (due to exponential complexity) and in high friction
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conditions (where fast transitions between simple, constant velocity primitives can
be achieved). Approaches like this cannot be used for controlling a vehicle in lower
friction conditions, which require larger horizons and a more detailed vehicle model
as the control action often enters the saturated region.

Another line of work considers this kind of situations, i.e. driving with high
side-slip angles like drifting, trail-braking, etc. Most of the current work in this
direction considers sustained drift or transient drift scenarios.

Figure 5.7: (a) parking via transient drift (from [142]); (b) modeling of aggressive
maneuvers (from [26]); (c) optimal aggressive maneuvers (from [28])

One example of a transient drift scenario is drift parking, as shown in [142], where
the vehicle enters temporarily a drift state (see Fig. 5.7(a)). On the other hand,
in sustained drift scenarios, the goal is to maintain steady-state drifting. Velenis
et al. modeled high side-slip angle driving and showed that for certain boundary
conditions it can be a solution for the minimum-time cornering problem [26], [28]
(Figs. 5.7(b),5.7(c)). The same conclusion was stated by the previously mentioned
work by Tavernini [136]. Because of computational complexity, most of these works
cannot achieve online performance.

Based on results generated offline, by using [28], You and Tsiotras proposed a solu-
tion for the learning of primitive trail-braking behavior, enabling online generation of
trail-brake maneuvers [143], as in Fig. 5.8(a). This approach decomposes trail-braking
into three stages: entry corner guiding, steady-state sliding and straight line exiting.
A similar decomposition of the problem was also presented in [144]. This one divides
the horizon into three regions, finds a path for each region (using Rapidly-exploring
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Figure 5.8: Offline trajectories generation obtained decomposing the curve into
three regions: (a) entry corner guiding, steady-state sliding and straight line exiting
(from [143]); (b) Rapidly-exploring Random Trees (RRT), rule-based sampling and
Proportional Integral Control (from [144]).

Random Trees (RRT), rule-based sampling and Proportional Integral Control) and
then concatenates them (see Fig. 5.8(b)). As it appears from the results, though, in
the drifting region the rule-based solution produces non optimal solutions.

An impressive demonstration of model-based reinforcement learning approach on
scaled vehicle is shown in [145], however, as for the aforementioned sustained drift
approaches, considered scenario is relatively simple with only one curve. It is hard to
expect that these approaches generalize well to more complicated scenarios. Driving
the full track generally requires solving more curves, with variable curvature radius
and a mix of right and left curves. In this scenario the “three-segments” assumption
does not hold, and finding out how to split the horizon and assigning the segments
arises as a problem, which can be viewed as a combinatorial optimization problem.
This confirms that the problem of continuous driving is a different one from sustained
drift or transient drift.

In [146] a vehicle control concept for combined braking and steering maneuvers is
proposed, which integrates the trajectory planning, using model predictive control
(MPC) approaches. Several model simplifications allow to reduce the nonlinear
optimization problem to a quadratic program, thus enabling the application in a
vehicle demonstrator. In [147] the data collected with a professional race car driver
inspire a control framework, with a slip angle-based control strategy of maintaining the
front tires at the slip angle for which maximum tire force is attained, and longitudinal
speed control for path-tracking.

These observations have led to the design of a variant of the the previously
mentioned MPC-based Path Tracking concept (Chapter 7, [138]), which allows to
avoid the linearization steps [139]. In fact, the linearization of the Equilibrium
States Manifold (ESM, see Section 1.5) in the drift case would introduce far greater
distortions, compared to the non-drift case. To overcome this problem, a sub-optimal
solution with increased computational complexity is adopted. The proposed method
exploits the search-based algorithm A∗ utilized recently by Ajanovic et al. [148], which
generates motion planning in a dynamic environment (see Fig. 5.9), by searching
a trajectory which satisfies all constraints in a 3D space (distance, lane, time). To
ensure the planned motion is executed properly, a robust tracking controller is needed,
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Figure 5.9: Motion Primitives expansion: the evolution of the trajectories is evaluated
considering lane l, distance s and time t (from [148]).

but due to the rather simple vehicle model considered in [148], it can be used only
for non-aggressive driving maneuvers. In Chapter 8, this concept is extended to the
racing case, including drift maneuvers, exploiting the ESM.

124



Chapter 6

Vehicle State Robust Tracking
via Integral Sliding Mode

The low-level actuation is a key aspect when trying to achieve safe “performance
oriented” autonomous driving on slippery surfaces. In the context of this work, we
label as low level the controller responsible to steer the available actuation mechanism
(typically front wheels steering angle and wheels torque), in order to achieve the
desired vehicle behavior in terms of dynamical states. In this chapter we will present a
Sliding Mode (SM) based low-level controller for a Front Wheel Drive (FWD) vehicle,
which is suitable for the handling of the vehicle from its linear region, up to its
limits of stability (although not in drift conditions). Its robustness properties will be
exploited in the simulations which will be presented Chapter 7, where this controller
is implemented within the virtual Vehicle Control Unit (VCU) to track the generated
references.

The topic of vehicle stabilization at the limits of handling is a trending one in
recent years: several control architectures have been proposed, mainly for rear-driven
electric/hybrid vehicles (HEV, see e.g. [149]), to mitigate the terminal understeer
during cornering at the limit of stability, controlling the yaw-rate and the velocity.
Model Predictive Control (MPC) has been effectively used for the stabilization of
Rear Wheel Drive (RWD) vehicles. Example are [150], in which situations at the limit
of handling are considered and [151], in which the focus is on autonomous vehicles
path-following and obstacle avoidance. In that paper, the nonlinear MPC algorithm
is suitably tailored with the aim to reduce computational time and allow a longer
prediction horizon. Other configurations, such as 4 Wheel Drive (4WD) or Front
Wheel Drive (FWD) are considered for instance in [152], where an integrated chassis
control (ICC) algorithm is proposed for differential braking, front/rear traction torque
and active roll moment control. The purpose in that work is to increase stability
during high-speed cornering.

When designing MPC/LQR controllers for this purpose, especially when dealing
with linearized systems, the deviation between utilized model and actual system might
pose serious problems for the stability of the controlled system, in particular for
growing values of the wheels side-slip angle. In order to reduce the effect of model
uncertainties on the MPC/LQR controllers, the adoption of Sliding Mode Control
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(SMC) can be a valid choice. This methodology is able to guarantee good performance
of the controlled system even in case of nonlinear systems affected by a significant class
of uncertainties and disturbances. Several applications of SMC techniques have been
proposed in literature, with reference to vehicle lateral dynamics control. Examples
of SMC solutions can be found in [37, 153]. In [64] an application, with experimental
validation, of Integral Sliding Mode (ISM) is also presented.

The adoption of a multi-rate strategy for the application of ISM control law
together with MPC has been proposed in [154], with particular focus on nonlinear
predictive controllers (NMPC). In that work, it has been proven that the region of
attraction of the controller benefits from the ISM controller when disturbances are
present.

In all the mentioned works which propose methods for overall vehicle state control,
the problem of designing a controller, which is robust in conditions different from
the nominal ones, is not yet explored. Nevertheless, when working at the limits of
stability of the vehicle, such a property is of paramount importance. Relying on
these considerations, in this chapter the vehicle control system first presented in [30]
is illustrated. This device, based on MIMO controllers of LQR and MPC type, is
investigated and applied to maintain the vehicle stability during limit cornering events,
also in the presence of disturbances. These are majorly related to temporary changes
in the road grip. In order to improve the performance of the MIMO controllers even
with unknown tire/road characteristics, a continuous time ISM component at high
frequency is introduced. The choice of this specific multi-rate control structure is
due to the increased robustness which it guarantees with a minor increase in the
computational burden.

6.1 Problem Formulation

The problem considered is the tracking of a predefined trajectory in conditions at the
limits of stability. In order to achieve this, the tracking of a specific dynamic state of
the vehicle is performed. In particular, an autonomous vehicle is considered, where
the wheels steering angle δ is an output of the controller, and it is possible to apply
wheel torque Tij independently to the 4 wheels, with only negative torque applied to
the rear ones, due to the FWD configuration.

In the simulations presented in this Chapter, the specific nature of the reference
generation is such that no feedback is present with the information about the actual
position of the vehicle. Therefore, for the evaluation of the performance, only the
state tracking is considered rather than the following of an ideal trajectory. The
main reason behind this choice is that, while the final application of the proposed
controllers has to be framed within the larger scope of autonomous driving (and
thus path tracking, see Chapter 7), the purpose of this work is limited to presenting
specific controllers with the capability of robust tracking in the presence of low grip
portions of the road. In particular, the focus is on the behavior in presence of a change
of surface which is not associated with a change in the maximum grip (which is in
general easily detectable), but instead in the tire/road friction characteristic shape.

The vehicle models considered are the ones presented in 1.2.5. More specifically, it
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Figure 6.1: Overall control scheme with feed-forward steering angle component and
ISM component.

is assumed that the model is described by (1.32), which is linearized as (1.33), in order
to obtain the form required for the implementation of the LQR and MPC controllers.

6.2 Control Scheme Design

The multi-rate control loop (see Fig. 6.1) is composed of a reference generation device
(Section 6.2.1), a MIMO controller which works at a lower sampling rate (Sections
6.2.3 and 6.2.4), and the ISM component working at higher frequency (Section 6.2.5).
Preliminary considerations concerning the implementation of a multi-rate controller
are gathered in Section 6.2.2.

6.2.1 State Reference

The reference generator relies on the information, ideally transmitted by an optical
sensor, regarding the road curvature radius Rc of a point located 5m ahead of the
current vehicle COG, along the vehicle’s path. In particular, we are interested to
design a control scheme capable of maintaining the vehicle in a stability condition
during cornering at the maximum possible lateral acceleration. This is why we use
a reference generator (see Fig. 6.1) system which in practice provides the reference
signal for such specific vehicle behavior. Possible ways to realize such a generator will
be illustrated in the next Chapters (7,8).

The reference calculated with such device, includes the vehicle dynamic states
based on model (1.15) (side-slip angle β∗, vehicle velocity v∗ and yaw-rate ψ̇∗) and
the nominal steering angle which is used as a feed-forward component δff = δ∗ in the
control structure, in order to improve the system response. This procedure allows
to determine an offline mapping which provides reference setpoints for different road
geometries.

In general, in order to utilize a reference set consistent with the actual tire/road
friction forces generated, an algorithm for the identification of the surface type, such
as the one proposed in [155], should be utilized, so that the correct set of maps is
adopted.
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6.2.2 Multi-rate Control Considerations

The proposed control structure (Fig. 6.1) presents a hybrid approach with continuous
(ISM) and discrete (LQR/MPC) techniques. It is therefore appropriate to express some
considerations on this aspect. When dealing with a continuous time system description,
such as the one in (1.15), it is a defensible choice to design a continuous time controller,
as long as the adopted sampling frequency is justified by the actual bandwith of the
system. Nonetheless, since solving an optimization problem in continuous time would
be practically unfeasible due to computational complexity, MPC algorithms which use
continuous-time models with sampled data systems, e.g. in [154], result in being an
appropriate choice. In this work, following such approach, the optimization problem
is solved in a discrete time setting, thus generating piecewise-constant control signals,
while the continuous-time control law of the ISM is added to the optimization based
control signal. In order to preserve symmetry in the approach, which is useful for the
comparison of the performance, the LQR controller is also implemented in discrete
time, so that it can be considered a degenerate case of the MPC implementation, with
no constraints considered in the design and infinite prediction horizon.

6.2.3 Discrete time LQR

Given the discretized version of system (1.33)

x(k+ 1) =A(x(k),u(k))x(k) +B(x(k),u(k))u(k) (6.1)

the purpose is to minimize the tracking error x of the target reference v∗, β∗ and ψ̇∗:

x(k) =
[
v∗(k)−v(k), β∗(k)−β(k), ψ̇∗(k)− ψ̇(k)

]T
(6.2)

by controlling the control inputs:

u(k) =
[
δ(k) Tfl(k) Tfr(k) Trl(k) Trr(k)

]T
(6.3)

The gain K(k) of the LQR controller, at each iteration, is calculated by finding the
solution P of the Riccati equation

ATPA−P − (ATPB)(BTPB+R)−1(BTPA) +Q= 0 (6.4)

where A = A(x(k),u(k)), B = B(x(k),u(k)), and Q and R are the weight matrices
(assumed to be constant) in

JLQR =
∞∑
k=1

xT (k)Qx(k) +uT (k)Ru(k) (6.5)

Finally, one obtains the 3×5 gain matrix K(k)

K(k) = (B(k)TP (k)B(k) +R)−1B(k)TP (k)A(k) (6.6)

which defines the feedback law

u(k) =−K(k)x(k). (6.7)
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The output defined by Equation (6.7) is saturated, in order to limit the maximum
amount of wheel torque request. This device allows to reduce the risk of activating
the ABS/TC system, in case of reduced tire/road friction. A rate limitation is not
included, in the attempt of not affecting excessively the LQR control action. Due to
the FWD configuration, the controller can only request positive torque from the front
axle, and this has to be reflected in the saturation.

6.2.4 Linear MPC

The MPC formulation illustrated in Appendix A is now exploited. In order to include
constraints on the control input and on its rate, system (6.1) is extended to the form[

x(k+ 1)
u(k+ 1)

]
︸ ︷︷ ︸

x(k+1)

=
[
A(k) B(k)

0 I

]
︸ ︷︷ ︸

A

[
x(k)
u(k)

]
︸ ︷︷ ︸

B

+
[

0
I

]
︸ ︷︷ ︸
x(k)

∆u(k)︸ ︷︷ ︸
u(k)

(6.8)

An MPC controller with prediction horizon N is implemented which adopts the same
cost function (6.5) as in the LQR case, with an additional cost term R∆ for the rate
of the inputs. JMPC , based on the extended state x(k) defined in (6.8), is

JMPC =
N−1∑
k=1

xT (k)Qx(k) +uT (k)Ru(k) (6.9)

where Q, R are defined as follows:

Q=
[
Q 0
0 R

]
, R=R∆ (6.10)

Hard constraints are imposed on the control input, of the form

umin ≤ u(k)≤ umax ∆umin ≤∆u(k)≤∆umax, (6.11)

while no constraints are considered for the state x(k), in order not to compromise the
feasibility. The k-th step control input is then

u(k) = u(k−1) + ∆u(k) (6.12)

6.2.5 ISM Control

The purpose of adding the ISM controller to the LQR/MPC control scheme is to
reduce the uncertainty ( [154]) introduced by the linearization and discretization
which has led to model (6.1), in particular when wheel slip angles increase, and
approximations (1.18) and (1.22) are not representative of the actual behavior. For
this reason, the ISM technique in its formulation for chattering alleviation (see [74] as
reference, Fig. 6.2) is adopted, with reference to the 2-states linearized bicycle model
(x=

[
β,ψ̇

]T
, x̃=

[
βerr, ψ̇err

]T
)[

β̇

ψ̈

]
=

 − cf+cr
mv

lrcr−lf cf
mv2 −1

lrcr−lf cf
Jz

− l2rcr+l2f cf
Jzv


︸ ︷︷ ︸

A

[
β

ψ̇

]
+
[ cf

mv 0
lf cf
Jz

1
Jz

]
︸ ︷︷ ︸

B

[
δ
Mψ̇

]
(6.13)

129



1

Figure 6.2: Schematic representation of the calculation of the ISM component of the
control input.

The 2-states model is preferred to the 3-states one used for the design of the LQR/MPC
controllers, due to the different sampling frequency. In fact, the MIMO controllers
cannot be implemented at high sampling frequency, since, at each iteration, the
control unit has to solve the Riccati equation (6.4) and, most of all, the QP problem
defined by (6.8), (6.9) and (6.11). Conversely, the higher sampling time of the ISM
component allows to approximate the vehicle velocity as constant, from the viewpoint
of the controller. At a low sampling frequency this approximation would generate a
problematic mismatch between model (6.13) and the actual controlled system, which
might lead to a negative effect of the ISM component on the overall control signal.
Moreover, in consideration of the application to the steady-state cornering problem,
the natural choice of the sliding surface is a linear combination of the states in model
(6.13), which allows to minimize the deviation of side-slip angle and yaw-rate from
the region of stability.

In the structure considered (see Fig. 6.2), the Sliding Mode component is only
added to the wheel steering angle signal (and not to the wheel torques), so that the
resulting control input is:

δTOT = δ+ δISM,filt+ δ∗ff (6.14)

where δISM,filt is the discontinuous control signal δISM,disc after being smoothed with
a lowpass filter and δ is the steering angle output of the MIMO controller. The
feed-forward component δ∗ff is independent from the application of the ISM control
law. δISM,disc is defined by the control law:

δISM,disc =−KISM sign(s0(x̃) +z) (6.15)

where s0(x̃) is the sliding surface, responsible of keeping the state on the desired
manifold, and z is the component responsible for the disturbance rejection. As
prescribed by [74], z is given by

ż =−∂s0
∂x

[A+B(uTOT −uISM,disc)] , z(0) =−s0(x̃(0)) (6.16)

where A, B are those defined in (6.13), uTOT is the overall control signal, uISM,disc is
given by

uISM,disc = [δISM,disc,0,0,0,0]T (6.17)
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with δISM,filt being the discontinuous SMC signal. The initial condition ensures that
the system lies on the sliding surface from the initial time instant, thus ensuring
rejection of the matched disturbances throughout all the control phase. s0(x̃) is
defined as:

s0(x̃) = αISM · x̃1 + x̃2 = αISM ·βerr + ψ̇err (6.18)

6.3 Simulation Results

6.3.1 Simulations set-up

The proposed controllers have been tested, in different configurations, with the
simulation software IPG CarMaker. The usecase considered is a 40s run along a
clothoid with decreasing curvature radius, starting from an initial value of Rc = 80m
and initial speed 19.4m/s. The first scenario (“no disturbances”, see Fig. 6.3(a))
is considered with fully known tire/road characteristic (Terrain 1), the second one
(“with disturbances”) features also segments with reduced traction (Terrain 2,3). In
these segments, the MPC/LQR controller still assumes that the cornering stiffness
coefficients cf , cr are those corresponding to Terrain 1, and the same holds for the
references generator. Tire/road friction characteristics adopted in the simulation are
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Figure 6.3: (a) Route followed in the simulations. (b) Tire/road friction characteristics
of the three considered surfaces.
derived from [136]. All three terrains considered (see Fig. 6.3(b)) have a peak value of
the friction coefficient approximately equal to 0.6. Nevertheless, the different shape of
the curves represents three different situations. Terrain 1 models the forces developed
on a wet asphalt road, with no hydroplaning. Terrain 2 is the model of a tire on a dirt
off-road surface: the maximum friction is the same, but it is reached at very high slip
values, i.e. there is no peak in the range of slips were the vehicle is expected to be kept
by the controller. Terrain 3 is also representative of an off-road condition, this time in
the case where the tire is rolling on a soft surface (e.g. gravel) that contributes to the
reduction of cornering/longitudinal stiffness, reduction in the maximum friction and
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Table 6.1: Nominal Tire/Road friction models
Surface Type B C D E

Terrain 1 Wet
Asphalt 11.415 1.4601 0.6 -0.20939

Terrain 2 Dirt
Road 15.289 1.0901 0.6 0.86215

Terrain 3 Gravel 1.5289 1.0901 0.6 -0.95084

absence of a visible peak (monotonic behavior). With such modeling, the presence
of the terrains 2 and 3 in the trajectory, simulates the crossing of a puddle or the
presence of dirt on an already wet road. The setpoint calculation does not change
during the transition on terrains 2 and 3: it is assumed that the algorithm for the
identification of the surface is not able to recognize the change in such a short time
span. The vehicle considered for the simulation is a generic FWD compact car, with
parameters specified in Table 6.2.

Table 6.2: Vehicle Parameters
m lf lr h Jz

519.3kg 1.283m 1.307m 0.589m 647kg ·m2

6.3.2 Controllers tuning

Having defined the weight matrices in (6.5), (6.10) as:

Q= diag{qv, qβ, qψ̇} (6.19a)
R= diag{rδ, rT , rT , rT , rT } (6.19b)

R∆ = diag{rδ,∆, rT,∆, rT,∆, rT,∆, rT,∆}, (6.19c)

the tuning of the controllers parameters, for all simulations, is reported in Table 6.3.
At each iteration k, the matrices A(k), B(k) and A(k), B(k) are calculated based

Table 6.3: Controllers Parameters

LQR/MPC
qv = .5 qβ = 100 qψ̇ = 20
N = 10 rT = 10−5 rδ = 2 ·10−4

rT,∆ =
5 ·10−5 rδ,∆ = 0.01

ISM αISM = 100 KISM = 2 Tc,LP = 0.2

C
on

st
ra
in
ts Tmax,f =

100Nm
Tmax,r =

0Nm
Tmin =
−500Nm

Tmax,∆ =
2000Nm/s

Tmin,∆ =
−2000Nm/s δmax = 0.5

δmin =−0.5 δmax,∆ =
0.1

δmin,∆ =
−0.1

on the vehicle parameters (Table 6.2), the states v,β,ψ̇ (which are supposed to be
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known), and the cornering stiffness cf , cr, which is derived from (1.18), based on the
lateral forces Fy,f , Fy,r estimated by means of a Suboptimal Second Order Sliding
Mode observer (see [97]). The different limits in maximum (positive) wheel torque,
for the front Tmax,f and rear Tmax,r axle, are due to the chosen FWD configuration
of the vehicle.

6.3.3 Performance Evaluation

The simulation results of the tests presented in the previous section are now illustrated.
A graphic rendering of the performance is provided, in terms of tracking, for the
side-slip angle (Fig. 6.4), yaw-rate (Fig. 6.5), vehicle velocity (Fig. 6.6), as well
as the overall control signal output for wheels steering angle (Fig. 6.7) and wheels
torque (Fig. 6.8, front left wheel). The graphics on the left side (a) correspond to
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Figure 6.4: Side-slip angle β tracking.

the simulation where the entire track surface corresponds to the nominal tire/road
characteristic used for the calculation of the reference. In this usecase, due to the
absence of disturbances, the controllers considered are LQR and MPC, both running
at the sampling time Ts = 200ms. In order to highlight the fact that the reference set
used corresponds to a situation close to the limit of stability, both cases are compared
against the default IPG Driver (referred to as “no ctrl” in the graphs), configured with
maximum lateral acceleration ay,IPG = 5.7m/s2, which is below the maximum lateral
acceleration ay,max = 5.9m/s2 measured in the controlled cases. One can see how,
although the driving condition is below the limit, the driver can’t keep the trajectory
without reducing the velocity (Fig. 6.6(a)) considerably in multiple occasions, to
recover from understeer situations (Fig. 6.5(a)). In general, both MIMO controllers
are able to handle the case without disturbance, with comparable results, and without
generating saturation of the control inputs (see Fig. 6.7(a)-6.8(a)). Limited oscillations
are recorded in side-slip (Fig. 6.4(a)) and yaw-rate (Fig. 6.5(a)) tracking during the
initial transient, while the steady state tracking is smooth.

When disturbances are added, the nominal MIMO controllers at Ts = 200ms are
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Figure 6.5: Yaw-rate ψ̇ tracking.
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Figure 6.6: Vehicle velocity v tracking.
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not able to keep the yaw-rate and side-slip angle limited, so that the trajectory exceeds
the maximum distance dmax = 6m from the ideal trajectory allowed by the simulation.
In case of the LQR controller this happens around 25s, while for the MPC it happens
at 35s. By reducing the sampling time 10 times to Ts = 20ms, the effect obtained is
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Figure 6.7: Wheels steering angle δ. Control requests (before saturation) compared
against the feed-forward (nominal) component alone.

that the tracking improves marginally, at the cost of great oscillations, although at
higher vehicle velocity. This behavior is also associated with the saturation of the
control signals (Fig. 6.7(b) - 6.8(b)), in case of LQR, with the MPC one also causing
the input signals being constantly at the limit value for long portions of time.
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Figure 6.8: Wheel torque request TqFL for the front left wheel.

Conversely, a considerable improvement is obtained by applying the ISM strategy at
a sampling time of Ts,ISM = 1ms, combined with the MIMO controllers at Ts = 200ms,
in the multi-rate structure illustrated in Section 6.2. In the case with disturbance, the
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ISM based controllers show improved tracking for all vehicle states. In particular, the
ISM-MPC one, shows the best performance and reduced/smoother control signals,
which never approach the saturation limits. The presented results are confirmed by
the evaluation of the tracking error root mean square (RMSE) values, reported in
Table 6.4 and Figure 6.9 for the usecase “with disturbances”.

Table 6.4: States tracking RMSE

LQR
0.2s

LQR
0.02s

LQR
(ISM)
0.2s

MPC
0.2s

MPC
0.02s

MPC
(ISM)
0.2s

R
M
SE

verr 0.1007 0.1133 0.1105 0.0863 0.1155 0.0387
βerr 0.1292 0.1267 0.1675 0.1238 0.1608 0.0805
ψ̇err 2.0361 2.2303 1.4008 1.6589 1.3977 1.0826

The above considerations are confirmed when evaluating the results in the phase
plane (Fig. 6.10). The so called β− β̇ phase plane analysis ( [156]) is adopted to
evaluate the effect of the controllers on the dynamics of the side-slip angle. For a
specific set of inputs v, δ, the phase portrait of model (1.15) (with reference to the
tire force representation of equations (1.19), (1.24)), starting from different initial
conditions (β0, ψ̇0), is drawn. Vehicle parameters are those reported in Table 6.2.
Depending on the initial condition, the natural system trajectories can be stable
or unstable. One can obtain a visual rendering of the robustness of the different
control strategies, by considering the evolution of the trajectories when the system
is perturbed. The presented trajectories show the system behavior when the 3rd
disturbance occurs, at ≈ 16s: in this situation the ISM-MPC multi-rate strategy allows
to keep the system behavior closest to the equilibrium point, without transitioning in
working points associated with unstable trajectories.
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Chapter 7

MPC-Based Motion Planning
Concept for Autonomous Racing

7.1 General concept

The algorithm presented here is based on the receding horizon principles (MPC): at
each iteration the optimal trajectory is computed, together with the corresponding
dynamical vehicle states. Such optimal trajectory maximizes its performances on
slippery surfaces such as wet-asphalt or gravel. This effect is obtained by forcing the
state evolution to be in proximity of the ESM (see 1.5) computed for the specific
terrain considered.

Although in the common language the “slippery surface” label can be assigned to
both of these terrains, it is important to notice that, as explained in Section 1.5, the
vehicle behavior differs considerably between the two. For this reason also the control
approach and the simulations presented will be different.

The vehicle is provided with an on-board sensors-set which should detect the ideal
path to be followed in the current traveled direction (see Fig. 7.1). This device should
be able to compute the information required by the algorithm itself by exploiting the
mixed data obtained from GPS and cameras installed on-board.

The conceptual scheme in Fig. 7.2 describes schematically the control structure of
the concept we are presenting. The hypothesis under which this work is developed

Figure 7.1: IPG CarMaker snapshot, where the desired path (road center line) at
selected points (red circles) is shown.
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assume that the combined longitudinal/lateral tire-road contact forces characteristics
are known and constant (for characteristic estimation method see e.g. [155]), and the
full vehicle state (velocity v, side-slip angle β, yaw-rate ψ̇) feedback information is
available. In practical conditions, estimation methods for the side-slip angle β can be
used [157].

Moreover, in case of the wet-asphalt terrain, the low level controller for state
tracking (see Chapter 6) requires estimates of the cornering stiffness coefficient for
both front and rear axles. In this case the tires are operated at the limit of the linear
area of the friction characteristic. Therefore, given the small angle assumption, the
stiffness coefficients can be calculated based on (1.18), from estimations of lateral
forces F̂y,f , F̂y,r and wheels side-slip angle αf , αr.

Figure 7.2: Block scheme representation of the road sensor and the high-level controller
control loop

The scheme in Fig. 7.2 features different parts and input signals:

• the constant parameters are the ones required by the MPC controller to perform
the optimization;

• the values v̂0, β̂0,
ˆ̇ψ0 are the sensors and state estimators output that we use for

velocity, side-slip angle and yaw-rate as initial conditions for the optimization
problem at each iteration.

• the road sensor is the component responsible of providing the reference coordi-
nates vector to the MPC, and will be illustrated in Section 7.2, together with
the algorithm responsible of generating the position reference vector p∗k. Its
operations are based on the knowledge of the maximum states (1.55) associated
to a given set of curvature radii Rc, which were explained in 1.5;

• the MPC Linear Time Varying, which is the core of the optimization process,
will be described in sections 7.3-7.5. This function exploits its own outputs,
previously calculated, to estimate (i) the Linear Time Varying (LTV) system
description, and (ii) the linear constraints to be applied, based on the ESM.
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The simulation environments and their characteristics for the non-drift and drift
cases will be presented in Section 7.6. Since the results have been obtained on two
different simulators, a brief explanation of the two environments is required.

• The non-drift case (Wet asphalt terrain) has been developed on IPG Car-
Maker. As described in 7.2.2, an All-Wheel-Drive (AWD) vehicle is considered,
equipped with sensors which acquire the road center-line position (xrel,yrel,ψrel)
along the path at fixed distances (in our case we consider a 20m interval be-
tween each acquired sample). We use the subscript rel to denote them, since the
algorithm runs on a local reference frame, namely relative [Xrel,Yrel], which is
related to the position of the vehicle itself. Then, these values are exploited by
the algorithm responsible of researching the reference coordinates to be provided
to the MPC controller, which computes the optimal positions to be followed,
together with the optimal control sequence to be applied at the low-level con-
troller. Finally, the low-level actuation is implemented as previously illustrated
in 6.

• The simulations for the drift case (Gravel terrain), which will be shown in
7.6.2, have been performed in Matlab/Simulink, in which we suppose that a
Rear-Wheel-Drive (RWD) vehicle is equipped with an ideal low-level controller
that guarantees a perfect tracking of the signals. This choice has been made
since the development of a low-level controller able to track the signals of a
car in drifting conditions requires additional components which are not within
the scope of this work, namely (i) a feed-forward component which induces the
vehicle to lose the tail, and (ii) a feedback controller responsible of stabilizing it
by means of counter-steering (several solutions have been proposed in literature
for these problems, e.g. recently [158]). For these reasons, the considered
plant model is the one of (5.9)With respect to IPG CarMaker, this simulation
environment requires that the execution runs in a global reference frame, namely
[Xabs,Yabs]. To solve this problem, the car track has been implemented by
means of a vector of absolute coordinates pme, where apex me stands for Matlab
Environment, in the global reference frame.

7.2 Preliminary Aspects
In this section we introduce the reader to the coordinates systems which have been
used in this work. Moreover, in 7.2.3, the aspects concerning the generation of the
“ideal” trajectory to be followed are discussed. The understanding of these concepts is
a key element in order to properly define the path tracking problem.

7.2.1 Reference frames

To describe the position of the vehicle in the 2D space, it is necessary to define
a reference frame for the x, y and ψ coordinates. This allows the algorithm to
consider a local (relative) reference frame [Xrel,Yrel] for its computations. Since the
Matlab/Simulink environment requires that the execution is performed in the absolute
reference frame [Xabs,Yabs], in the next paragraphs a procedure to switch from the
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global reference frame used in the simulation, to the relative one, which is supposed to
be the one existing on the car, will be explained. The relationship in terms of angles,

Figure 7.3: Relative yaw angle ψrel

between the absolute reference frame [Xabs,Yabs] of the Matlab/Simulink environment
and the one relative to the vehicle [Xrel,Yrel], can be described by the following
quantities:

• ψcar, angle between the longitudinal axis of the vehicle and the abscissa of the
global reference frame Xabs, as depicted in Fig. 7.3;

• ψabs, angle between the tangent to the trajectory at the point closest to the
vehicle and Xabs;

• ψrel the difference of the previous two angles.

Note that IPG CarMaker uses the relative reference system natively, and for this
reason the procedure presented here is only meant for the drift case.

Absolute reference frame

The absolute reference frame remains fixed for the whole time. It is required to derive
the relative reference frame and the angles associated with the vehicle position. As
shown in Fig. 7.4, ψabs is the angle formed between the tangent to the trajectory at
the point P and the X-axis of the absolute reference system. In the Matlab/Simulink
environment the track coordinates are generated by means of a vector containing all
the absolute coordinates

pme = [xme,yme] (7.1)

Then, at each iteration, vector (7.1) is indexed starting from the closest point P , i.e.
the closest to the current location of the vehicle. One has

P = (xmek(0),y
me
k(0)), (7.2)
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Figure 7.4: Absolute yaw angle ψabs

with xmek(0), y
me
k(0) the absolute coordinates of the desired path in the considered point.

The points of the trajectory that lie in the travel direction of the vehicle are
defined as

[xme(i),yme(i)], i≥ 1

To calculate the ψabs angle we exploit the tangent line connecting two near samples
on the curve, so that the point of the trajectory immediately following P is considered.
It holds:

mP =
ymek(1)−y

me
k(0)

xmek(1)−x
me
k(0)

, (7.3)

so that the angle is obtained as:

ψabs = arctan(mP ) (7.4)

Relative reference frame

The relative reference frame [Xrel,Yrel] is required within the algorithm to predict the
future vehicle positions. It is obtained in three steps:

1. the coordinates of the closest point become the origin of the local reference
frame and are denoted as P = (0,0);

2. Xrel is defined as the axis laying on the tangent line, pointing in the direction
followed by the car;

3. Yrel is obtained as the axis orthogonal to Xrel.

The relative angle ψrel between car inclination ψcar and the road tangent ψabs in the
closest point P , as depicted in Fig. 7.3, is defined as:.

ψrel = ψabs−ψcar (7.5)
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In other approaches in literature the impact of ψrel is ignored (see e.g. [159]), since
approximately straight segments are considered, namely overtaking maneuvers in
highway scenarios. Although in a non-drift maneuver it can be assumed that the
vehicle proceeds parallel to the tangent to the desired path, in our case such assumption
would severely limit the range of application of the algorithm, as it would not consider
turns with a curvature radius Rc tighter than a certain value.

To be able to perform the change of coordinates from the global reference frame
[Xabs,Yabs] to the a relative one [Xrel,Yrel], the vector of coordinates that describe
the position of the vehicle COG is defined:

COG=
[
xc
yc

]
(7.6)

and the rotation matrix R:

R=
[

cos(ψabs) sin(ψabs)
−sin(ψabs) cos(ψabs)

]
(7.7)

Then, the following relationship holds:[
xc,rel
yc,rel

]
= (R−1− I) ·

[
xc,abs
yc,abs

]
(7.8)

In the remaining of this chapter the subscript rel will be omitted for the sake of
simplicity, since all computations occurring at car level refer to the relative reference
frame.

7.2.2 Sensor operating mode

The vehicle considered for the path tracking problem is assumed to be equipped with
on-board sensors which can detect the ideal path to be followed. Their functioning
is schematically illustrated in Fig. 7.5(a), where the blue line represents the ideal
trajectory, i.e. the road centerline. The grey circles represent ideal radar waves, while
the red dot is the closest point of the ideal path to the vehicle position.

Sensors 1, . . . ,p identify the space-based coordinates ps and the curvature radius
Rc along the path at 0m (closest point to the vehicle COG), 20m, 40m, 60m, 80m
of distance. Furthermore, since the MPC is a time based prediction algorithm, we
are able to compute a-priori the theoretically maximum predicted distance, which is
given by:

dMAX = vMAX ·Ts ·N (7.9)

where vMAX denotes the maximum velocity reachable by the car, Ts the sampling
time and N the prediction horizon of the MPC. If the car reaches high velocities,
the distance covered increases as well, for this reason two additional sensors which
can detect the coordinates at 100m and 120m are provided, in order to prevent
computational errors.
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Then, the coordinates and angles are organized in the following “spacial” vector ps
(as opposed to a regular “time based” vector, in which the apex s is absent):

ps(i) = [xs(i),ys(i),ψs(i)]T , i= 1, . . . ,n (7.10)

The sensor is also able to analyze the radius of curvature Rc associated at each point.
Subsequently, its values are stored in the vector Rc which, as apparent from Fig.
7.2, will be used to compute the maximum values for the control variables (v,β, ψ̇)
reachable in that point.

Figure 7.5: Vehicle road sensor (a) and positioning model (b).

7.2.3 Reference coordinates and reference inputs calculation

The MPC controller, in order to be able to predict a correct path to be followed, requires
at each instant k the future reference coordinates for the instants k+ 1, ...,k+N (i.e.
trajectory vector at time instant k), in order to minimize the distance between desired
positions and future vehicle positions. This information is expressed in relative
coordinates and named p∗k, where ∗, or lack thereof, denotes either reference (∗) or
predicted ( ) sequence. In particular, the i-th element of both vectors is expressed as:

p
(∗)
k (i) = [x(∗)

k (i),y(∗)
k (i),ψ(∗)

k (i)]T , i= 1, . . . ,N (7.11)

The third variable ψ(∗)
k (i), for i≥ 1, represents either the reference or predicted yaw

angle of that precise instant, as depicted in Fig. 7.6.
Here, the action of Path Planning, introduced in 5, corresponds to the identification

of the reference points p∗k. To use these coordinates within a MPC formulation, it is
required to transform the space-defined cartesian reference coordinates ps into a set
of N + 1 time based coordinates.

The generation of the reference coordinates is based on the knowledge of the radii
of curvature Rc along the trajectory. This vector, together with the information
that we can obtain from the feasibility surface (1.56), allows us to generate a lookup
table (LUT) which provides the maximum values of (v,β, ψ̇) reachable in that precise
instant. Then, the values are saved in the reference control sequence vector u∗k which
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contains the maximum reference values for the entire prediction horizon N , where its
single element is expressed as follows:

u∗k =

v∗β∗
ψ̇∗

=

vMAX(Rc)
βMAX(Rc)
ψ̇MAX(Rc)

 (7.12)

The vector u∗k will be finally used in the formulation of the optimization problem, as
will be explained in Chapter 7.
The obtained result is a function which computes the reference coordinates depending

Figure 7.6: Schematic representation of ps, p∗k and pk in the relative coordinates
system.

on the maximum allowed velocity v∗, which in turn depends on the radius of curvature
of the trajectory. It should be noticed that, by using target points calculated based
on the maximum theoretical speed, one is implicitly finding a performance oriented
solution of the optimization. The reference coordinates vector p∗k(i), i= 1, . . . ,N is
then built following this procedure:

1. Linear interpolation of the sensor coordinates ps;

2. definition of the initial target p∗k(0) = [0,0,0]T ;

3. computation of the successive coordinates for i= 1, . . . ,N based on the assump-
tion that the vehicle velocity along the path is the one given by the LUT.

The resulting reference coordinates are shown in Fig. 7.6. One should notice how
there is more separation between two successive reference points in straight sections,
and less in correspondence of narrow turns, since the car can reach higher velocities
as Rc increases.
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7.3 Vehicle position and orientation model

In the path tracking context, the underlying physical system to be controlled
is the kinematic evolution of the vehicle trajectory on a planar surface, previously
introduced as (5.9). However, if the constraints given by the ESM (see Section 1.5)
are applied, such model does not include effects on the trajectory (x,y,ψ) due to
the dynamical transitions of states, due to condition (1.51). Since in practice such
condition is not satisfied, one has that a trajectory computed by means of (5.9) will
necessarily be an approximation, if dynamical states v,β, ψ̇ belong to a given ESM.
This approximation is bigger, the more the states v,β, ψ̇ evolve distant from the ESM:
in the case of drifting maneuvers, sudden changes in β, due to tail loss, can introduce
a considerable deviation in the computation of the trajectory.

Figure 7.7: Tail loss representation

Figure 7.8: Angles and associated rates behavior during a drifting maneuver
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We now consider the variables that characterize the vehicle motion (see Fig.
7.5(b)): the velocity vector v, the side-slip angle β and the yaw angle ψ, with ψ̇ being
the corresponding yaw-rate. In Fig. 7.7 a vehicle entering a curve while “losing its tail”
in a controlled manner is drawn, with the corresponding angles β,ψ. A qualitative
reconstruction of the evolution of β, ψ and ψ̇ is then represented in Fig. 7.8. The initial
tail loss is produced by a sudden increase in ψ̇, which corresponds to an overshoot
with respect to the final steady-state yaw-rate ψ̇ value. This phenomenon in practice
contributes to generate the side-slip angle β. While a more precise explanation of the
dynamics occurring during the controlled turn can be found in [12], within the scope
of this work we include this effect within the trajectory model (5.9), by approximating
that there is exact correspondence between the ψ̇dyn overshoot and the resulting β̇:

ψ̇tot = ψ̇ss+ ψ̇dyn ' ψ̇ss− β̇ (7.13)

which, in a discretized system is equal to:

ψ̇ = rψ− rβ (7.14)

In this way we are able to approximate the effect which the tail loss has on the trajec-
tory, within the trajectory model used for the control design. These considerations,
which are valid also in the non-drift case, although with far less impact, extend the
model (5.9) follows

ẋ= v · cos(β+ψ)
ẏ = v · sin(β+ψ)
ψ̇ = rψ− rβ

(7.15)

7.3.1 Trajectory Linearization

By looking at (7.15) as a dynamical system, one has that x, y and ψ represent
the controlled variables of the system, while v, rψ, rβ are control inputs. Since a
fundamental requirement of this work is to use a linear MPC controller, the system
described in (7.15) must be linearized. In order to perform a linearization, it is
necessary to compute the first order Taylor expansion about the working point (v̄, β̄,
ψ̄) and its Jacobian with respect to the system variables around which the model will
be linearized. Such linearization process can be written as:

ẋc =−v̄ · sin(β̄+ ψ̄) ·∆ψ+ cos(β̄+ ψ̄) ·∆v− v̄ · sin(β̄+ ψ̄) ·∆β
ẏc = v̄ · cos(β̄+ ψ̄) ·∆ψ+ sin(β̄+ ψ̄) ·∆v+ v̄ · cos(β̄+ ψ̄) ·∆β
ψ̇ = rψ− rβ

(7.16)

where:

∆v = v− v̄, ∆β = β− β̄, ∆ψ = ψ− ψ̄ (7.17)

Considering the state definition p, presented in (7.11), the system equations (7.16) can

148



be also rewritten in the state-space representation as pc (where c indicates ’continuous’)

pc(t) =A(t)pc(t) +B(t)u(t) +B∆u̇(t) (7.18)

where:

A(t) =

0 0 −v̄ · sin(β̄+ ψ̄)
0 0 v̄ · cos(β̄+ ψ̄)
0 0 0

 (7.19)

B(t) =

cos(β̄+ ψ̄) −v̄ · sin(β̄+ ψ̄) 0
sin(β̄+ ψ̄) v̄ · cos(β̄+ ψ̄) 0

0 0 1

 , B∆ =

0 0 0
0 0 0
0 −1 0

 (7.20)

The final step is the discretization of the linearized system. The discrete-time matrices
are described by the following equation:

pd(k+ 1) =Ad(k)pd(k) +Bd(k)u(k) +B∆(u(k)−u(k−1)) (7.21)

with: {
Ad(k) = I+A(t)Ts
Bd(k) =B(t)Ts

(7.22)

where A(t) and B(t) are respectively (7.19) and (7.20), I represents the identity matrix
and Ts is the sampling time, and the differential terms are omitted for compactness.
The system matrices are time variant and are recalculated at each iteration exploiting
the values predicted by the controller at the previous time instant.

One can notice how in (7.21) the system input is de-facto the increment (u(k)−
u(k−1)), with u(k) which can be actually considered as part of an extended state
description. In practice, this device allows to: (i) formally include rβ in the system
description; (ii) implement the MPC controller with the possibility to weigh/constrain
the input signal rates. To test the reliability of the linearization, in Fig. 7.9 a
comparison between the outputs pnlk of nonlinear system (7.15) and those pk of (7.21)
is presented, both fed with the same sequence of control inputs (extracted from one
of the simulations which will be illustrated in Chapter 7.6). It turns out that there is
a significant loss of information towards the end of the prediction horizon, when the
car is cornering, but considering that the optimal controls are applied only in the first
step of the next iteration, the linearized system can be considered an appropriate
choice. In the following sections, the MPC implementation, first introduced in Fig.
7.2, will be exhaustively described.
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Figure 7.9: Comparison between the predicted linearized trajectory pk and the
predicted controls applied to the nonlinear system pnl

7.4 Definition of the MPC Problem

An MPC problem consists of the minimization of a given function under certain
constraints. In Section 7.3 it was shown that, at the generic instant k, system (7.15)
can be linearized about the expected working points, so that the discrete Linear Time
Varying (LTV) description in (7.21) can be used. Moreover, assuming that for i=
1, . . . ,N the time-based representation of the reference path p∗k(i) = [x∗k(i),y∗k(i),ψ∗k(i)]T
is known, as well as reference input values u∗k(i) = [v∗k(i),β∗k(i), r∗ψ,k(i)]T , the cost
function

JMPC =
N∑
i=1

(||p(i)−p∗(i)||2Q+ ||u(i)−u∗(i)||2R+ +||∆u(i)−∆u∗(i)||2∆R) (7.23)

and the corresponding solution vector s= [p,u,∆u]T are defined, depending on the
weight matrices Q, R, ∆R. As described in [160], applying the linear MPC to
the control problem defined by (7.21), (7.23) is equivalent to finding the sequence
so = [so(1)...so(N)] solution of

minimize
s

JMPC(s) (7.24a)

subject to Aeqs= beq, (7.24b)
Aineqs≤ bineq, (7.24c)

In this formulation, by minimizing (7.24a) we ensure that the planned sequence of
vehicle states generates a trajectory close to the desired one. The equality constraints
(7.24b) represent the evolution of the state in (7.15) along the prediction horizon,
and the inequality constraints (7.24c) are utilized to ensure that the vehicle states
are confined within acceptable portions of the state space. At each iteration, the
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optimization returns the optimal vehicle states reference input sequence

uok = [uok(1), ...,uok(N)], with uok(i) =

vok(i)βok(i)
ψ̇ok(i)

 . (7.25)

The equation is therefore subject to equality (Aeq, beq) and inequality (Aineq, bineq)
constraints, which are suitable for the formulation of the considered system. By
re-writing the minimization problem (7.23), and having properly defined the matrices
H and f , one can obtain

JMPC = 1
2s
′Hs+fs, (7.26)

where the output solution s of the optimization is:

s=

 pk
uk

∆uk

=



pk(1)
...

pk(N + 1)
uk(0)

...
uk(N)
∆uk(0)

...
∆uk(N −1)



(7.27)

and contains the predicted state evolution pk, the optimal control sequence uk and
corresponding optimal rate sequence ∆uk, which is comprised by one less element.

Matlab provides several ways to do that, however the function chosen to run the
MPC optimization is the quadprog which has the following syntax:

s= quadprog(H,f,Aineq, bineq,Aeq, beq) (7.28)

In the following sections we will explain how matrices H, f in (7.26) are obtained,
which include the constraints (7.24).

7.4.1 Cost function

The cost function is the core of the optimization process, its main purpose being
the minimization the distance between the predicted position of the car pk and the
desired trajectory p∗k, in order to maintain the COG of the vehicle on the desired path.
However, since a key element of this implementation is the stress on performance,
other aspects have to be taken into account within the cost function. In certain road
sections, for terrains with a ESM curve such as the one represented in Fig. 1.15, and
in presence of narrow curves, the fastest trajectory along the road is one in which the
car drifts, i.e. the ideal side-slip angle β >> 0.

In order to incentivize the vehicle to enter such condition, a target set of dynamical
states u∗k is also given. This is achieved in the cost function (7.23) by minimizing
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the deviation u−u∗. The vector (7.12), which was obtained by means of the LUT
explained in Section 7.2.3, is used to compute u∗. It contains the set of dynamical
vehicle states which maximizes the lateral acceleration for a given curvature radius
Rc.

Then, to implement the control sequence maximization, the cost function J is
written as follows:

J(pk,u∗k,k) = (p∗k−pk)′ ·Q · (p∗k−pk) + (u∗k−uk)′ ·R · (u∗k−uk)+
+ ∆uk ′ ·R∆ ·∆uk

(7.29)

where p∗k, pk, u∗k and ∆uk are the vectors containing the reference states, the predicted
states and finally, the reference control variables and their rates. The terms Q, R and
R∆, instead, represent the matrices containing the weights for states, control inputs
and rates for the entire prediction horizon N . The implementation of the first two
will be explained in Subsection 7.4.2. In the cost function (7.29) one has that:

• the term that penalizes the state function (p∗k−pk)′ ·Q · (p∗k−pk) represents the
tracking error of the vehicle COG with respect to the reference coordinates;

• the term (u∗k−uk)′ ·R · (u∗k−uk) represents the error that exists between the
current controls applied by the actuators and the maximum ones that can be
reached by the car.

By minimizing these distances, the MPC controller keeps the vehicle on the desired tra-
jectory while simultaneously trying to maximize the performance. Proper calibration
should ensure path tracking is prioritized to reference inputs tracking.

By rewriting each term as

(pk−p∗k)′ ·Q · (pk−p∗k) = pk
′ ·Q ·pk +p∗k

′ ·Q ·p∗k−2p∗k ·Q ·pk (7.30a)
(uk−u∗k)′ ·R · (uk−u∗k) = uk

′ ·R ·uk +u∗k
′ ·R ·u∗k−2u∗k ·R ·uk (7.30b)

one can see how the terms p∗k
′ ·Q ·p∗k and u∗k

′ ·R ·u∗k are constant, so they can be removed
from the optimization process, since they do not depend on the minimization variables.
Costa function (7.29) then becomes

J(pk,u∗k,k) = (p∗k−pk)′ ·Q · (p∗k−pk) + (u∗k−uk)′ ·R · (u∗k−uk)
= pk

′ ·Q ·pk +uk
′ ·R ·uk−2p∗k ·Q ·pk−2u∗k ·R ·uk

+ ∆uk ′ ·R∆ ·∆uk
(7.31)

7.4.2 Weights matrices

Cost function (7.31) has to be expressed in the form (7.26), in particular the weights
H for the quadratic term and f for the linear one have to be derived.

For a generic time instant i of the prediction horizon N , we can indicate as pk(i),
uk(i) and ∆uk(i) the single elements of pk, uk and ∆uk, with the relative references
identified by apex (∗). The rate terms are denoted by the ∆ symbol. Bearing in mind
the cost function (7.31), we are interested in minimizing the distance between the
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states and the control inputs with respect to their references, while the rates did not
require this procedure. It holds:

p∗k(i)−pk(i) =

x∗k(i)−xk(i)y∗k(i)−yk(i)
ψ∗k(i)−ψk(i)

 , u∗k(i)−uk(i) =


v∗k(i)−vk(i)
β∗k(i)−βk(i)
ψ̇∗k(i)− ψ̇k(i)

ξk(i)

 , ∆uk(i) =


∆vk(i)
∆βk(i)
∆ψ̇k(i)
∆ξk(i)


(7.32)

Note that, although until now we have always referred to the inputs vector as a vector
of dimension m=3, in (7.32) there are 4 elements in correspondence of the inputs. In
fact, a slack variable is added (which will be explained more in detail in Section 7.5.1)
in order to obtain adherence of the controller output to the feasibility surface (1.56).
The related weight matrices are defined as:

Q=

q11 0 0
0 q22 0
0 0 q33

 , R=


r11 0 0 0
0 r22 0 0
0 0 r33 0
0 0 0 r44

 , ∆R=


∆r11 0 0 0

0 ∆r22 0 0
0 0 ∆r33 0
0 0 0 ∆r44


(7.33)

The rate term of the slack variable ∆r44 has a very low value, because it is required
only to correctly define the optimization problem, since the weight matrices must be
positive definite. Then, Q, R, and ∆R are repeated in H for each time instant of the
prediction horizon: N +1 times for Q and R, and N times for ∆R. Finally, using n
and m to indicate the number of states and inputs of the optimization problem, and
having indicated S as the final penalty matrix, the whole matrix H is built as follows:

H =


Q . . . . . .
. . . R . . .
. . . . . . ∆R

 (7.34)

with Q and R square matrices defined as

Q=


Q1 · · · 0 0

· · · . . . · · · · · ·
0 · · · QN 0
0 · · · 0 S


n(N+1), R=


R · · · 0 0

· · · . . . · · · · · ·
0 · · · R 0
0 · · · 0 R


m(N+1) (7.35)

while the term weighing the increments ∆R is the square matrix

∆R =


∆R · · · 0 0

· · · . . . · · · · · ·
0 · · · ∆R 0
0 · · · 0 ∆R


m ·N (7.36)

153



It should be noticed that, in order to improve the performance of the path tracking
algorithm, the matrices Q are not constant along Q, in (7.35). This feature is required
in order to emulate the driving style of an expert human driver. In fact, the typical
behavior of a pilot is to optimize the trajectory to follow by observing a point in
the distance, not the vehicle circumstances. This, from the point of view of the
controller, means that the Q matrices have a growing priority as the horizon increases.
Mathematically the priority PQ, at instant k of the prediction horizon N , is computed
with the following equation:

PQ(i) = 1−e
i

(N5 )2
i= 1, ...,N + 1 (7.37)

This feature allows to stabilize and improve the control signals: without it, the
controller tries to stabilize the car with respect to the closest reference point, while
now it optimizes the trajectory in the distance avoiding continuous micro corrections
that create problems for the low level actuators.

The linear term f is the last required to complete the definition of the minimization
problem as (7.24a). It is composed of the references vectors for states p∗k, and control
inputs u∗k, and the weight matrices Q, R and ∆R defined in (7.35)-(7.36):

f =−2 ·

p∗ku∗k
0


T

·

Q 0 0
0 R 0
0 0 ∆R

 (7.38)

Control variables weights - Drift Case

In the drift case, in order to build weight matrix R, a check is performed on the
vector Rc containing the radii of curvature of the reference trajectory ahead of the
vehicle (see 7.2.3). This information is used to build matrix R: if this value is smaller
than a fixed threshold Rthr it is assumed the vehicle is headed into a tight curve in
which the car is supposed to drift, in order to gain maximum lateral acceleration (see
Subsection 1.5.3). Bearing in mind this concept two versions of R are defined:

• Rsk : is the matrix assigned when Rc ≥Rc,thr, it means that the car is proceeding
on a straight section and the most important control variable to emphasize is
the velocity v, at the same time minimizing β and ψ̇;

• Rck : is the matrix assigned when Rc < Rc,thr, it means that the car is going
through a curve and in order to achieve a drifting maneuver it is necessary to
weight more the values of the side-slip angle β and the yaw-rate ψ̇.

The same procedure applies for the control input reference vector u∗k, with two versions
u∗sk (straight segments), and u∗ck (curves). These are assigned to each time instant
over the prediction horizon and, exploiting the values of (7.12), defined as follows

usk =


v∗

0
0
0

 uck =


v∗

β∗

ψ̇∗

0

 (7.39)
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The last element of both vectors is always zero, as it represents the slack variable,
which should be always minimized, to be sure that the computed control variables lay
in proximity of the feasibility surface. The determination of R can be explained with
the following example: if the car is traveling on a circuit and the upcoming parts of
the circuit are a straight segment followed by a curve, the vector u∗k and the matrix
R will be of the form

u∗k =


usk
usk
...
uck
uck

 , R =


Rsk 0 · · · 0 0
0 Rsk · · · 0 0

· · · · · · . . . · · · · · ·
0 0 · · · Rck 0
0 0 · · · 0 Rck

 (7.40)

7.5 Optimization Constraints

The implementation of the linear constraints starting from the ESM presented in
Section 1.5 is the distinctive feature of this work. In this section it will be explained
how they are included within the optimization problem (7.24), based on the MPC
approach, recalled in the appendix A.

7.5.1 Equality constraints

System constraints

To include linear constraints in an MPC controller it is necessary to exploit the
open-loop solution of the Lagrange equation for LTI systems, which is described as:

pk(i) =Aipk +
i−1∑
j=0

Ai−j−1Buk(j), i > 0 (7.41)

This allows to write the system with the following representation:

pk = Apk(0) +Buk (7.42)

However, since the model we are dealing with is time-variant, a proper method to
use the standard formulation and introduce the time dependency in the optimization
problem, and in particular in matrices A and B, will be presented in the following.

Fig. 7.10 shows the logical scheme used to compute the discretized system
matrices, presented in Section 7.3, depending on v, β and ψ. The MPC controller is
responsible of predicting the evolution of the system Ak(i) and of the inputs Bk(i)
for i = 0, . . . ,N − 1, where N represents the prediction horizon. Then, the output
produced by the MPC is the optimal control sequence uk to be applied to the system.
In particular, to compute Ak and Bk, the optimal control sequence is calculated at
the previous time instant k−1 is considered

uk−1 = [uk−1,uk−1(1), ...,uk−1(N −2)] (7.43)
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Figure 7.10: Ak and Bk computation scheme

The values in (7.43) are the optimal control variables of velocity vo, side-slip angle βo
and yaw-rate ψ̇o for the prediction horizon N at each instant k.

Summarizing, Ak and Bk are calculated starting from the optimal control sequence
of the previous instant uk−1, in particular:

• For i = 0: Ak and Bk are computed substituting the instantaneous feedback
values v, β and ψ̇ measured by the sensors on the vehicle, and the inclination
angle ψrel(0) calculated by the road sensor (see 7.2.3);

• for i= 1, ...,N−2: Ak(i) andBk(i) are computed substituting the values obtained
in uk−1 and ψk−1(i);

• for i=N −1: since the last element of the control sequence is missing because
it goes from i=−1, ...,N −2 the matrices are taken equal to those of the second
to last instant, introducing the approximation Ak(N − 1) = Ak(N − 2) and
Bk(N −1) =Bk(N −2).

Finally, for i= 0, ...,N , we obtain N matrices in the form:

Ak(i) =

0 0 −vok(i) · sin(βok(i) +ψok(i))
0 0 vok(i) · cos(βok(i) +ψok(i))
0 0 0

 (7.44)

Bk(i) =

cos(βok(i) +ψok(i)) −vok(i) · sin(βok(i) +ψok(i)) 0
sin(βok(i) +ψok(i)) vok(i) · cos(βok(i) +ψok(i)) 0

0 0 1

 (7.45)

which are used to build the time variant versions of A and B. For sake of simplicity,
the slack variable has been ignored in the above calculation: in fact, all vectors and
matrices should have inputs dimension m = 4. However, since it has no relation
with the vehicle dynamics description, it has been omitted in models descriptions
throughout this chapter, when possible.

Once the sequences of matrices Ak(0), . . . ,Ak(N − 1), Bk(0), . . . ,Bk(N − 1) are
known, the evolution of states and inputs are described by the following relations,
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which are aligned in order to highlight the dependency on state, input and input rate
respectively.

pk(0) = pk,0
pk(1) = Ak(0)pk(0) + Bk(0)uk(0) + B∆∆uk(0)
pk(2) = Ak(1)pk(1) + Bk(1)uk(1) + B∆∆uk(1)
...

pk(N) = Ak(N −1)pk(N −1) + Bk(N −1)uk(N −1) + B∆∆uk(N −1)
uk(0) = uk,0
uk(1) = uk(0) + ∆uk(0)

...
uk(N) = uk(N −1) + ∆uk(N −1)
∆uk(0) = ∆uk(0)

...
∆uk(N −1) = ∆uk(N −1)

(7.46)

By properly rewriting (7.46) in matrix form, one obtains

sk =Mhsk + bic (7.47)

where Mh is equal to





On On . . . On

Ak(0) On

On Ak(1) . . . ...
... . . . On

On . . . Ak(N −1) On





Om . . . Om

Bk(0) Om

Om Bk(1) . . . ...
... . . . Om

Om . . . Bk(N −1) Om





Om . . . Om

B∆ Om

Om B∆
. . .

... . . . Om

Om . . . B∆



Om×(N+1),n×(N+1)


Om . . . Om

Im
. . . ...

Om . . . Im Om



Om . . . Om

Im
. . .

Om . . . Im


Om×N,n×(N+1) Om×N,m×(N+1) Im×N


(7.48)

and bic:

bic = [pk,0,0, . . . ,0,uk,0,0, . . . ,0]T (7.49)

One can see how Mh describes the system evolution, starting from initial condition
pk(0) = pk,0 until pk(N), if the input sequence uk(0) = uk,0, ...,uk(N) is used as input.
Finally, having defined Ih as the identity matrix of dimension (n+2m)× (N +1)−m,
equality (7.47) can be written as

(Ih−Mh)sk = bic (7.50)

which is in the desired form (7.24b) required for the implementation.
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Figure 7.11: Linearized surfaces corresponding to 3 samples of iteration k−1 (blue).
The (i+1)− th surface is used at the next iteration k (red) to minimize the distance of
the i− th sample of reference states from it. The generated sequences appear close to
the edge of the “feasibility surface” which corresponds to maximum cornering velocity.

Surface constraints

The main element of novelty which characterizes this proposal is the constraint surface,
based on the ESM explained in Section 1.5. Working with a linear MPC controller, it
is not possible to use the entire surface as a constraint, so that a method to linearize
it is required. The polynomial parametrization of the ESM (1.56) is chosen, as it
guarantees the simplest path to differentiability.

Similarly to the trajectory linearization procedure (see 7.3.1), it is assumed that
the MPC prediction represents the best information available about the future states
of the vehicle, and therefore the optimal control sequence (7.25) is again exploited.
In this case, at the time instant k+1, the already available reference states sequences
[βok(i)] and [ψ̇ok(i)] are used. In this way, a tangent plane to the surface, in a point
identified by side-slip β and yaw-rate ψ̇, is obtained (see Fig. 7.11).

Moreover, the slack variable ξ is introduced to reduce the risk of infeasibility of
the optimization problem. In this way, the obtained output minimizes the distance to
the surface without being constrained upon it.
The linearization, which provides at time instant k+1 the vehicle velocity as a function
of the deviations in β and ψ̇ and of the slack variable ξ, is computed as follows:

vk+1(∆β,∆ψ̇, ξ) = v0,k+1(i) + cβk(i+ 1) ·∆β+ cψ̇k (i+ 1) ·∆ψ̇+ ξ (7.51)

where

cβk(i+ 1) = ∂f

∂β

∣∣∣∣
β=βo

k
(i+1)

, cψ̇k (i+ 1) = ∂f

∂ψ̇

∣∣∣∣
ψ̇=ψ̇o

k
(i+1)

(7.52)
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∆β = β−βok(i+ 1), ∆ψ̇ = ψ̇− ψ̇ok(i+ 1) (7.53)

v0, represents the value of the surface f(β,ψ̇) in the linearization point, is computed
as

v0,k+1(i) = f(βok(i+ 1), ψ̇ok(i+ 1)) (7.54)

Matricial form

The implementation of the MPC algorithm exploits the equality constraint (7.24b),
in which:

Aeq =
[
Asys
Asurf

]
beq =

[
bsys
bsurf

]
(7.55)

As one can notice, the surface constraints are chain-linked to those of the system.
The so-called system constraints are represented by Asys and bsys, which contain the
description of the dynamic system and its evolution over the entire prediction horizon
N . In particular, Asys corresponds to (Ih−Mh) in equation (7.50), while bsys is equal
to the vector of initial conditions bic, which contains uk,0 and the optimal controls
applied at the previous instant uk,0 = uok−1.
The initial condition pk,0 in fact represents the tracking error of the vehicle position
and inclination, in the relative reference frame of Subsection 7.2.1, at time instant
k. This is due to the fact that the optimal problem is implemented to minimize the
distance between the reference points and the vehicle position: if the latter matches
the trajectory there is no quantity to minimize, otherwise it is considered an error.

As previously mentioned, the only information about the nonlinear surface (v =
fpoly(β,ψ̇)) which can be exploited in the equality constraints for any predicted point
βk−1(i), ψ̇k−1(i) is the velocity vok−1(i) that can be reached by the car in that precise
instant. For this reason, the equation (7.51) is exploited to build Asurf and bsurf .
Then, to express the surface in a linearized form, the lines elements of the matrix
Asfk , namely asfk , are written as:

asfk =
[
−1 ∂f

∂β

∣∣∣
β=β̄
·β ∂f

∂ψ̇

∣∣∣
ψ̇= ¯̇ψ
· ψ̇ 1

]
(7.56)

while the scalar elements of bsurfk are:

bsfk =−v0 + ∂f

∂β

∣∣∣∣
β=β̄
· β̄+ ∂f

∂ψ̇

∣∣∣∣
ψ̇= ¯̇ψ
· ¯̇ψ (7.57)

Since the surface constraints only affect the inputs, the parts of the matrix corre-
sponding to the states and to the input rates are filled with zeroes, with null matrices
OS and OR of dimension n · (N + 1) and m ·N . Finally, Asurfk is built as follows:

Asurfk =
[
OS Asfk OR

]
(7.58)
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where:

Asfk =


asfk 0 0 · · · 0

0 asfk(1) 0 · · · 0

· · · · · · . . . · · · · · ·
0 0 · · · asfk(N −1) 0
0 0 · · · 0 asfk(N)

 (7.59)

and:

bsurfk =


bsfk
bsfk(1)

...
bsfk(N −1)
bsfk(N)

 (7.60)

7.5.2 Inequality constraints

Maneuvering vehicles have limitations on the maximum speed, yaw-rate and side-slip
angle that can be reached, due to mechanical limits and safety issues. Such limitations
are included in the implementation of the path tracking algorithm in the form of
inequality constraints (7.24c).

The basic limitations which are implemented are hard boundaries on the values v,
β and ψ̇ can reach. these constraints are expressed as

v ≤ vMAX (7.61a)
|β| ≤ |βMAX | (7.61b)
|ψ̇| ≤ |ψ̇MAX | (7.61c)

These restrictions guarantee that the controls applied to the vehicle always respect
the limits, however they remain a necessary but not sufficient condition, for a stable
behavior of the vehicle. Satisfying conditions (7.61) does not mean that the reference
signals generated can be tracked: in general a set of linear inequalities is required,
which identifies the region of the β− ψ̇ space in which the ESM is defined. We refer
to these as feasible areas constraints. This task can be accomplished in the case of an
ESM such as the one in Fig. 1.13, whose domain can be approximated as a convex set
in R2. However, when considering the ESM surface for the drift case (gravel terrain)
such as the one in 1.15, one can see that the set of inputs which can be used can not
be described neither approximated with a convex set. In the next paragraph it will
be shown how the feasible areas constraints in the case of non convex ESM domains
are computed.

Feasible areas constraints - Drift Case

By projecting the feasibility surface from its top view on the β-ψ̇ plane, as shown in
Fig. 7.12(a), one obtains a representation of all the possible combinations of side-slip
angle and yaw-rate admitted by the vehicle. The control variables computed by the
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(a) Constraint surface - Top view (b) Feasible area zones

Figure 7.12: Domain of the feasible surface (a) and “zones” definition (b).

MPC are compelled to reside in the so-called feasible areas, which are the result of
said projection. An analogous procedure can be applied on the side view, to obtain
constraints in the v-ψ̇ plane (see Fig. 7.13).

In Fig. 7.12(a) the constraint surface seen from above is shown, while Fig. 7.12(b)
shows the resulting feasible area, where different portions called respectively Zone 1,
Zone 2, Zone 3 and transition zones are highlighted.

• Zone 2 is the central portion and it is called stable driving condition area because
it is valid only for small values of β and ψ̇. This means that it characterizes the
driving conditions in which the car travels on a straight or in curves with a very
wide radius of curvature;

• Zone 1 and Zone 3 are the so-called drifting zones which are exploited when
the car is cornering, and are characterized by high values of β and ψ̇. The zones
are symmetric both with respect to ψ̇ and β, and represent turns in clockwise
(ψ̇ < 0) and anti-clockwise (ψ̇ < 0) directions;

• the two remaining portions are, transition zones which allow the transition
between between clockwise and anti-clockwise directions.

The effect of this configuration is that a transition between “drift turns” in opposite
direction, can only occur by first stabilizing the vehicle in Zone2. However, when
the state is already in the stable driving condition, it is free to move to Zone 1 or 3
independently, by going through the transition zones. This is implemented by properly
relaxing the constraints on β, ψ̇ when the state is predicted to be in transition zones,
so that it is free to evolve in either direction. Zones 1, 2, 3 are all convex, on purpose,
in order to allow the constraints on β, ψ̇ to be expressed as in (7.24c).

To facilitate the tracking, by ensuring that the generated references are as close
as possible to the curve (1.56), constraints on the velocity are set depending on the
change of side-slip angle and yaw-rate.

The side view of the constraint surface (Fig. 7.13(a)) allows to define a feasible
area also for the velocity in which for every driving condition (both stable and
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(a) β < 0.15 (b) β > 0.15

Figure 7.13: Gravel terrain: constraints on velocity for every driving condition (a),
and constraints on velocity for large values of side-slip angle (b).

drifting) its value must lay beneath the blue area. This means that a limitation on the
maximum velocity the car can reach is set, depending on the yaw-rate, (e.g.: it should
be impossible to maintain the vehicle stable with v = 40 m/s and |ψ̇|= 0.5 rad/s).
Conversely, when the side-slip angle of the car, instead, reaches a significant value
(|β| ≥ 0.1 rad) an additional constraint is activated (Fig. 7.13(b)). In this particular
case an additional constraint is needed, in order to set a minimum velocity value
which allows the car to reach the drifting zone (it is not when the speed is too low).
This is obtained by ensuring that the requested speed belongs to the yellow area of
the graph in Fig. 7.13(a). These curves are dependent on the characteristics of each
car, so that a specific parametrization should be provided for each situation.

7.6 Results

The proposed method has been tested differently in the wet asphalt (non-drift)
and gravel (drift) scenarios. In the latter case, the work completed in the Master
Thesis [161] has shown that the challenges posed by the calibration difficulties and
run-time prevent the proposed methodology to be adopted in drifting conditions. Part
of these simulation results are illustrated briefly in 7.6.2. On the other hand, the
results published in [138] show that good performances can been obtained in the case
of the non-drift terrain.

The reference generation MPC algorithm is run at a sampling time Ts = 0.2s,
with a horizon window N = 15, so that the overall trajectory prediction concerns the
subsequent 3s time interval. When the algorithm is running, hard constraints on
inputs (geometrical relations between v, β, ψ̇, (7.24c)) and states (maximum distance
allowed from target points and orientation angle p∗k, (7.24c)) are relaxed for the first
two steps of the horizon window, in order to prevent infeasibility.

The general guideline followed in order to obtain acceptable performance is, within
the cost function (7.24), to impose higher weights on the tracking and on the rate
limitation (Q, R∆) compared to those of the feed-forward references matching (R).
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Moreover, the adoption of strict hard constraints on the inputs should be limited,
thus privileging the effect of the weight matrices. The low level controller is calibrated
as described in Chapter 6, while parameters of the vehicle and of the controller can
be found in (7.62), (7.63) (control parameters) and Table 7.6.

Q=

103 0 0
0 103 0
0 0 5×106

 , Rc =


1 0 0 0
0 2×108 0 0
0 0 2×102 0
0 0 0 102

 (7.62)

Rs =


1 0 0 0
0 5×106 0 0
0 0 2×106 0
0 0 0 102

 , ∆R=


10 0 0 0
0 107 0 0
0 0 5×107 0
0 0 0 1

 (7.63)

.

Table 7.1: Vehicle Parameters
Parameter Value Measurement unit

mass 1294 Kg
COG-front axle length 1.283 m
COG-left axle length 1.307 m

COG height 0.589 m
moment of inertia 1294 Kg ·m2

wheelbase 2.59 m

7.6.1 Non-drift case - Wet asphalt terrain

Table 7.2: Tire-road friction characteristics
Terrain B C D E

Wet asphalt 11.415 1.4601 0.6 −0.20939
Dirt Road 15.289 1.0901 0.6 0.86215
Gravel 1.5289 1.0901 0.6 −0.95084

The non-drift case scenario is evaluated on the professional platform IPG CarMaker,
on a mixed circuit which contains several road sections of different and varying
curvature radii Rc. In order to test the performance in slippery conditions, the
tire-road contact forces model is parametrized with the following combination of
Paceijka parameters corresponding to wet asphalt in Table 7.6.1 [136]. The maneuver
is compared against the performance of the CarMaker driver parametrized with 2
different values of maximum lateral acceleration, close to the limits of handling: (i) D1,
ay,max = 5.85m/s2; (ii) D2, ay,max = 5.92m/s2. Its control scheme involves the use of
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Figure 7.14: Effect of linearization on the predicted trajectories.
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Figure 7.15: Reference vehicle states plotted against the feasibility surface.

an Integral Sliding Mode (ISM) component which is then tested in the IPG CarMaker
simulator [30]. During the algorithm run, at each iteration the generated linear MPC
based trajectory can be compared with the ideal desired one, calculated as explained
in 7.2.3, and the actual trajectory corresponding to the optimal set of inputs obtained,
calculated based on nonlinear model (7.15). In general, the linearizations (7.19),
(7.20) and the approximations introduced by the estimations of future inputs and
states v̂k(i), β̂k(i), ˆ̇ψk(i), for i= 1, . . . ,N , generate a distortion in the corresponding
trajectory, as it can be seen Fig. 7.14. The distortion increases as the samples get
closer to the horizon, and changes depending on the desired path shape and inclination
angle. Nevertheless, since only the first samples of the inputs are actually used as
references for the low-level controller, the discrepancy in the trajectories does not
affect the overall performance. An important aspect to consider, when evaluating the
results of the proposed algorithm, is the adherence of the output reference states to
the “feasibility surface”, i.e. the effectiveness of the slack variable introduced in (7.51).
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Figure 7.16: Generated reference states vs. actual vehicle states.

As one can appreciate in Fig. 7.15, the overall reference states in the test lap are fairly
close to the “feasibility surface”, which should ensure that the reference targets are in
proximity of trackable states. In case of yaw-rate values below a certain threshold
(ψ̇ ≈ 0.05rad/s) the feasibility constraints are neglected, as for wide curvature radii
the surface loses significance. The tracking of the reference states by means of the
low level controller can be evaluated from Fig. 7.16. Since perfect tracking can not
be obtained, due to the reference generator continuously updating the targets, in
the calibration phase the tracking of ψ̇ is prioritized to those of v, β. Moreover, the
references, which are originally piecewise continuous segments of duration 0.2s, are
smoothed via a low-pass filter, in order to reduce oscillations and sudden step changes.
The delay introduced in this way is neutralized by taking uok(2) instead of uok(1) as the
reference input, out of the sequence (7.25). In Fig. 7.17 the vehicle lateral acceleration
is plotted against the track length: one can notice how, with the proposed control
method, the changes of direction corresponding to trajectory corrections are reduced,
as well as peak values of lateral acceleration which can bring the vehicle beyond its
practical limits of stability. Finally, the resulting trajectory is compared against the
one run by CarMaker driver in Fig. 7.18. Although in certain sections they differ
slightly, overall there is considerable affinity with D1, which is also reflected in the lap
times. The more aggressive driver (D2) displays the slower lap time, due to multiple
corrections of the trajectory caused by over-steering.
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Figure 7.17: Lateral acceleration of the vehicle for the 3 considered laps.
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Figure 7.18: Trajectories comparison between IPG CarMaker driver (D1, lap time
72.59s), IPG CarMaker driver "limit" (D2, lap time 74.57s) and the proposed concept
(lap time 71.65s).
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7.6.2 Drift case - Gravel terrain

For the drift case only the high-level controller, responsible of the path planning
action, has been simulated. The high fidelity vehicle simulator, which requires its
own low-level controller, has not been used, since the design of a drift controller is
a task with considerably different features, which have not been the focus of the
work presented in [161]. Therefore, all the simulations have been carried out in
Matlab/Simulink, in which it is assumed that the low-level tracking and actuation
is ideal. Under these circumstances, the target of these simulations is to obtain a
confirmation of the expected behavior from a qualitative point of view. In general,
it is expected that the vehicle reaches higher velocities on straight segments, while
performing a drifting maneuver in curves, to maximize the performances.

The simulation is carried out on an oval circuit of length ≈ 100m and width ≈ 25m.
The resulting path followed by the car is depicted in Fig. 7.19, in which the red
rectangles represent the car position and the arrows represent the velocity vectors,
while in Fig. 7.20 a zoomed snapshot of the curve is provided. One can observe that
on the straight part of the circuit, the car has an higher velocity with respect to the
curves. Furthermore, before approaching the corner, it tends to widen the trajectory,
in order to perform a correct drifting maneuver without going off the road.

Figure 7.19: Trajectory followed by the car on the oval circuit, with the associated
velocity vectors.

The prediction of the states is shown in Fig. 7.21 and it should be interesting
to notice that the car travels at its maximum speed of 35 m/s on straights, while
reaching high values of side-slip angle β and yaw-rate ψ̇ in proximity of narrow curves.

Although these results appear to be in line with the goals of the algorithm, in
the drift-case the proposed algorithm lacks robustness. The main issue associated
with it is the lack of robustness: in [161] it was found that the calibration of the
reference generation algorithm could not be easily extended to different scenarios
(road width, circuit shape, tire-road characteristics). On the contrary, in the non-drift
case, the transition to different simulation scenarios was considerably smoother. The
main reasons behind this lack of robustness can be identified in the approximations
introduced in order to linearize the model the constraints (7.24b). In fact, the
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Figure 7.20: Zoomed view of the drifting maneuver in the circuit curve.
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Figure 7.21: Control signals predicted by the MPC over the entire simulation.
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linearization of the ESM surface for high or low values of side-slip angle β produces
radically different planes, depending on where it is performed (see Fig. 1.13). This
is not the case for ESMs such as the one in Fig. 1.15, where minor errors in the
estimation/prediction of (β,ψ̇) don’t lead to drastically different results. In light of
this aspect, the implementation of a low-level controller for the drift actuation would
further worsen the performance, whereas in the non-drift case it was successfully
implemented.

Based on these considerations, the search-based reference generator proposed in
the next chapter has been developed, for the gravel terrain. In fact, as it will be
shown, in Chapter 8 the ESM is not linearized: motion primitives belonging to the
surface are generated instead, leading to a more reliable, although computationally
heavy, solution.

7.6.3 Conclusions

Although the development of this method is still at an early stage, the following
considerations can be drawn.

Pros:

• the proposed algorithm already shows promising results, compared against a
proven rule/training based approach: the distortion introduced by the trajectory
linearization is acceptable and a further development of the algorithm in the
direction of a quadratization of the trajectory is unlikely to provide substantial
benefits, and would come at the cost of a considerably increased complexity;

• this concept can be naturally extended to the drift case, by widening the range
of considered equilibrium points. Although several functionalities would be
affected (e.g. generation of inequality constraints), the transition between drift
and non-drift states could be handled by means of a Mixed Integer Optimization
approach, while keeping intact the basic structure of the algorithm. However,
the estimation of the future vehicle dynamical states becomes more critical
when the ESM has a “more nonlinear” shape, so that an alternative way of
implementing an analogous procedure has to be found (see Chapter 8).

• although in the drift case the ISM component of the low-level controller could
not be exploited as presented in Chapter 6, due to the non-satisfied affinity
property, several experimentally validated low-level controllers exist in literature,
which serve the purpose (see e.g. [144,158]).

Cons:

• assuming all LQR and MPC weight matrices are diagonal, the proposed al-
gorithm still includes more than 15 different calibrateable parameters, which
represents a challenge in order to find the optimal combination. Moreover, the
optimal calibration might vary depending on considered road conditions and
track, so that numerous different conditions would have to be evaluated, and a
tradeoff found;

• replicating the human driver’s smarts might prove difficult: in the presented
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simulations the MPC generated trajectories outperforms the CarMaker driver
during turns, but proves ineffective in straight/wide-turns mixed sections, when
straight lines can be the fastest option;

• this strategy is based on the assumption that a good model for the tire-road
characteristic is available, nevertheless there are intrinsic difficulties in identifying
it on-line, in particular for what concerns the nonlinear section (see e.g. [155]);
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Chapter 8

Search-Based Motion Planning
for Autonomous Rallying

As generating references in a continuous driving problem can be considered as a
combinatorial optimization problem, heuristic search methods like A∗ can be effectively
used for automated optimal trajectory generation. Here, a novel A∗ search-based
approach to the problem of generating “trackable” references is presented. This
chapter presents a preliminary study on this concept, which extends to the drift
case the Equilibrium States Manifold (ESM) predictive approach illustrated in the
previous chapter. This idea combines the ESM generation, illustrated in Section 1.5,
with the research on sampling-based Robot Motion Planning, in particular Search-
Based Motion Planning, carried on by Z. Ajanovic at TU Graz. The hybrid A∗

search-inspired approach, presented in [148], will only be briefly recalled in Section
8.2, since it is outside of the scope of this dissertation. The reader is invited to refer
to [162] for further insight on Robot Motion Planning in general, to [163] for hybrid
A∗ and [164,165] for other applications of search-based motion planning.

The presented A∗ search-based planner is a modified version of the one in [148],
where a rather simple vehicle model was used to generate vehicle trajectories in
complex urban driving scenarios. The space of the possible trajectories is explored by
expanding different combinations of motion primitives in a systematic way, guided
by a heuristic function. Motion primitives are generated using two different vehicle
models. A bicycle model is used for small side-slip angle operations (i.e. entry and
exit maneuvers and close-to-straight driving) and a full nonlinear vehicle model for
steady state cornering maneuvers. Such automated motion primitives generation
enables to generate arbitrary trajectories, not limited to just one curve as in previous
approaches.

The expansion approach which is utilized, published in [139], is similar to the closed-
loop prediction approach (CL-RRT) [166], which uses closed-loop motion primitives
for the expansion when open-loop dynamics are unstable, so that the exploration by
variations in the open-loop dynamics becomes inefficient. In our approach, we expand
steady state cornering motion primitives, which are considered to be achievable via
closed-loop control such, as in e.g. [30].
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8.1 Problem Formulation and Vehicle Models

The tackled problem in this work is minimum lap time driving on an empty track in
low friction conditions, i.e. gravel road. It is assumed that the vehicle is equipped
with a map of the road and a localization system. Therefore, the vehicle has the
information about the road ahead, as well as left/right boundaries and exact position
and orientation. Moreover, the full vehicle state feedback information is available. In
particular, besides dynamic states, the low level controller (which is not covered in this
work) for state tracking requires measurements and estimates of several quantities,
including wheel forces and wheel slips, both longitudinal and lateral (see e.g. [98]).
Finally, the combined longitudinal/lateral tire-road contact forces characteristics are
assumed to be known and constant. The road, on the other hand, is assumed to be
flat, with static road-tire characteristic and can have arbitrary shape with constant
width.

8.1.1 Vehicle kinematic model

The vehicle trajectories are generated by concatenating smaller segments of trajectories,
the so-called "motion primitives". These are generated based on a model for the
vehicle planar motion. Such model is comprised of six states [x,y,ψ,v,β, ψ̇]T , where
x, y and ψ represent kinematic states (position and yaw angle), and v, β are vehicle
velocity and side-slip angle respectively. The evolution of x and y is given by (5.9),
whereas v, β, ψ̇ are given by the selected vehicle model.

In regular driving situations, i.e. for small values of β, the trajectory identified
by (5.9)is mostly determined by v and ψ̇, and therefore can be planned by means
of linearized vehicle models, valid for small variations of β and ψ̇. When driving
on slippery surfaces, such solution is not suitable anymore, due to the effect of β in
(5.9)and to the complexity of the model which describes the vehicle motion for growing
values of β. A major limitation which stems from using a full nonlinear vehicle model
is the so-called "curse of dimensionality", and related computational explosion when
introducing new states. In fact, if motion primitives were generated with the full
nonlinear vehicle model, the computational burden would increase excessively, thus
making it a non viable option for an online implementation.

To overcome unnecessary increase in computation, we generate motion primitives
by using: i) the so-called “bicycle model” [15] in straight-driving/mild-turning sce-
narios, and ii) a convenient approximation of the full nonlinear model, based on the
theoretical vehicle-equilibrium-states during cornering.

8.1.2 Equilibrium States Manifold

For cornering, the motion primitives are generated based on previously computed
vehicle-equilibrium-states. When generating target reference states, one of the main
issues is ensuring that the reference values can be actually reached in a sufficiently short
time. This problem is made harder by the slow dynamics of the vehicle longitudinal
and lateral accelerations, due to the slippery surface considered. Two devices are
exploited to counter this problem: i) “slow varying” reference set-points are used,
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Figure 8.1: Equilibrium points sets Sss (and linear interpolation) in the v,β, ψ̇ space
for counter-clockwise cornering maneuvers with different curvature radii Rc.

Figure 8.2: ESM for the inputs δ (left) and λ (right), counter-clockwise maneuvers.
The highlighted portion of the β− ψ̇ plane corresponds to the one in which the
bicycle model representation is considered valid. The intervals of values [δmin, δmax],
[λmin,λmax] are used for the bicycle-model expansion explained in Section 8.2.1.

in order to allow the low level actuator to bring the actual state in proximity of
the desired one; ii) only reference states belonging to a specific “Equilibrium States
Manifold” (ESM) are considered. To obtain such manifold, which requires a reliable
model for vehicle and tire-road contact forces, an off-line computation is performed,
which provides the steady-state solutions of the vehicle cornering at different curvature
radii [167]. These solutions include the vehicle control inputs (steering wheel angle
and rear wheels slip) as well as the vehicle states v, β, ψ̇.

This procedure, which yields a surface in the 3-D space such as the one in 8.1, was
explained in detail in Section 1.5.2. The corresponding surfaces, generated for δ and
λ are displayed in Fig. 8.2.
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Algorithm 1: A∗ Heuristic Search for a horizon
input :nI, Obstacles data (O), h(n)

1 begin
2 n← nI,Closed← ∅,Open← n // initialization

3 while n.k ≤ khor and Open 6= ∅ and Open.size()≤Ntimeout do
4 n← Select(Open)
5 (n′,nC)← Expand(n, Children, ColCheck)
6 Closed← Closed∪n∪nC,Open←Open\n∪n′

7 return Path ()

8.1.3 Drivable road and Criteria

It is considered that the vehicle can drive only on the road R. Therefore, the drivability
of the trajectory generated based on the vehicle model is validated based on vehicle
coordinates x, y and yaw angle ψ only (not by higher dynamic states). To simplify
planning, the drivable road is modeled using a Frenet frame [168]. Instead of using x
and y coordinates, in Frenet frame one dimension represents the distance traveled
along the road s, and other the deviation from the road centerline d. In this way,
to determine whether the vehicle is on the road, it is sufficient to check the lateral
deviation in Frenet frame. The Frenet frame is only used for trajectory evaluation
during planning, to ensure that the planning procedure remains the same for each
segment of the road. It is not used for the underlying motion primitive generation,
which is based on the vehicle dynamic model in Euclidean space.

As for the trajectory evaluation criteria, since the goal is to minimize lap time and
planning horizon time is fixed, an equivalent behavior can be achieved by maximizing
the distance traveled along the road in a defined time horizon. The criteria can be
evaluated simply by considering the first coordinate in Frenet frame.

8.2 Motion planning

The proposed Motion planning framework is based on the A∗ search method [169],
guided by an heuristic function in an MPC-like replanning scheme. After each time
interval Trep, replanning is triggered from the current vehicle state, together with
information about the drivable road ahead.

The trajectory is generated by a grid-like search using A∗ (see Algorithm 1). The
grid is constructed via discretization of the state variables x. Starting from the initial
node (i.e. state), chosen as the first current node, all neighbors are determined by
expanding the current node using motion primitives. The resulting child nodes are
added to the Open list. If the child node is already in the Open list, and the new
child node has a lower cost, the parent of that node is updated, otherwise it is ignored.
From the Open list, the node with the lowest cost is chosen to be the next current
node and the procedure is repeated until the horizon is reached, the whole graph is
explored or the computation time limit for planning is reached. Finally, the node
closest to the horizon is used to reconstruct the trajectory. To avoid rounding errors,
as the expansion of a node creates multiple transitions which in general do not end at
gridpoints, the hybrid A∗ approach [170] is used for planning. Hybrid A∗ also uses the
grid, but keeps continuous values for the next expansion without rounding it to the
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Figure 8.3: (a) β− ψ̇ map representing the expansion modes depending on initial states. (b)
Expanding parent node n to different child nodes n′ on the ESM.

grid, thus preventing the accumulation of rounding errors. Each node n contains 20
values: 6 indexes for each state in x (n.xk, n.yk, n.ψk, etc.), 6 indexes for the parent
node (to reconstruct the trajectory), six remainders from the discretization of states
(n.xr, n.yr, n.ψr, etc.), the exact cost-to-come to the node (n.g), and the estimated
total cost of traveling from the initial node to the goal region (n.f). The value n.f is
computed as n.g+h(n), where h(n) is the heuristic function.

The planning clearly requires processing time. The compensation of the planning
time can be achieved by introducing Tplan, a guaranteed upper bound on planning
time. The planning is then initiated from a position where the vehicle would be after
the Tplan. The old trajectory is executed while the new one is being processed. Thus,
the new trajectory is already planned when Tplan arrives. This approach has been
widely used in MP for automated vehicles [171].

8.2.1 Node expansion

To build trajectories iteratively, nodes are expanded and child nodes (final states on
the motion primitives) are generated, progressing towards the goal. From each node
n, only dynamically feasible and collision-free child nodes n′ should be generated.
As mentioned before, child nodes (motion primitives) are generated based on two
models, bicycle model for a close-to-straight driving and vehicle-equilibrium-states
during cornering.

During cornering, the child nodes (motion primitives) are generated based on the
steady state dynamic states Sss, as explained in Section 8.1.2. Based on the current
steady state Sss, several reachable dynamic states are generated and (5.9)is used to
simulate the evolution of other states (x,y,ψ) during the linear transition to these new
steady states. New steady states are obtained by sampling the β− ψ̇ space around the
current value (β0, ψ̇0), with the density of the samples decreasing as the distance from
the current position increases (see Fig. 8.3(b)). The number of evaluated samples is a
tuning parameter, which impacts considerably the performance of the search, as a
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trade-off between computation time and sufficient space exploration is needed. Since
(1.51) assumes that the rate of change of states is equal to zero, in order to generate
trajectories which keep the vehicle on the road, this constraint must be ’softened’.

In order to avoid generating and propagating an excessive amount of branches,
before the nodes which are in collision are removed, the following rules are considered:
i) only equilibrium points defined within the surface in Fig. 8.1 are considered,
so that the minimum reachable curvature radius is Rc,min = 10m; ii) the (small)
portion of curve such that β · ψ̇ > 0 is neglected, since in general equilibrium points in
which β and ψ̇ share the same sign are associated with low velocity conditions; iii) a
maximum velocity deviation ∆v between two successive nodes is defined, such that
∆v/Ts < amax, where amax is the estimated maximum deceleration allowed on the
given road surface.

Nodes are always expanded by “exploring” the neighboring states of the ESM.
However, as illustrated in Fig. 8.3(a), when the current conditions are close enough
to the origin of the β− ψ̇ plane, i.e. for |β|< βlin and |ψ̇|< ψ̇lin, also dynamic states
and trajectories generated according to a nonlinear bicycle model are considered,
where the forces in (1.15) are replaced with their linearized approximations (1.18)
and (1.22):

Fy,f =−Cf (β+ lf
ψ̇

v
− δ), Fy,r =−Cr(β− lr

ψ̇

v
), Fx,r =−Cxλ (8.1)

In (8.1) the longitudinal and lateral stiffness coefficients Cx, Cf , Cr are consistent
with the full characteristics given by (1.26). In order to generate the node expansions,
the steering wheel angle δ and the rear wheels slip λ are varied within the ranges
defined by |β|< βlin and |ψ̇|< ψ̇lin in the equilibrium surfaces in Fig. 8.2.
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Figure 8.4: Graphical representation of the trajectories exploration in U-turn (left)
and wide turn (right).

The result of the described expansion, in terms of trajectory in the 2D X−Y
plane, is shown in Fig. 8.4 (extracted from the simulation presented in Section 8.3.
The explored branches are represented by the red links, and the closed nodes are
marked as green. The light-blue car frames represent the optimal vehicle states (see
Fig. 8.4).

8.2.2 Heuristic function

The heuristic function h(n) is used to estimate the cost needed to travel from some
node n to the goal state (cost-to-go). As it is shown in [169], if the heuristic function
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is underestimating the exact cost to go, the A∗ search provides the optimal trajectory.
For the shortest path search, the usual heuristic function is the Euclidean distance.
On the other hand, to find the minimum lap time, the heuristic should estimate
the distance which the vehicle can travel from the current node during the defined
time horizon. It is optimistic to assume that the vehicle accelerates (with maximum
acceleration) in the direction of the road central line until it reaches the maximum
velocity, and then maintains it for the rest of time horizon. Based on this velocity
trajectory, the maximum travel distance can be computed and used as heuristic.

Sacrificing optimality, in order to bias expansions towards the preferred motion
and a better robustness, the heuristic function is augmented considering, among
others: i) a “dynamic states evolution” cost, which helps limiting the rate of change
of the references v, β, ψ̇, in order to obtain smooth trajectories and facilitate state
tracking; ii) penalization for trajectories approaching the road side; iii) penalization
of the nodes with less siblings, thus biasing the search to avoid regions where only
few trajectories are feasible.

8.3 Simulations

Figure 8.5: U-turn maneuver: consecutive frames.

The presented concept is evaluated in the Matlab/SIMULINK environment, as-
suming perfect actuation, i.e. the actual vehicle dynamical states/positions match the
ones planned at the previous iteration. The trajectory exploration can be appreciated
in Fig. 8.4 in the case of a U-turn and of a wider curve. In Fig. 8.3 several frames of
the same maneuver are shown (the top left turn in the track illustrated in Fig. 8.3).
From these, it is possible to appreciate how at each iteration the optimal trajectory
is re-calculated based on the current position. Given the nature of the receding
horizon approach, it is not guaranteed (nor preferred) that all or part of the previously
computed trajectory are kept in the next iteration. In fact, while in the first step the
trajectory ’dangerously’ approaches the side of the road, in the next two steps the
trajectory is incrementally regularized, thanks to the fact that the exploration of such
portion of the track is now being evaluated in earlier nodes.
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Figure 8.6: Reference dynamical states.

The dynamical states, which represent the output of the trajectory generation, are
depicted in Fig. 8.3. One can see how the generated references are varied smoothly,
in particular in terms of v and β, which are the quantities characterized by slower
actuation dynamics. Moreover, it is possible to distinguish clearly 4 intervals in which
the optimal generated maneuver is a ’drift’ one with β > 0.4rad. These same intervals
can be recognized in Fig. 8.3, where the overall trajectory on the considered 10m-wide
track can be evaluated.

S1
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S5
S6

50 m

Figure 8.7: Obtained driving trajectory

In several instances, due to the particular road surface considered, the optimal
selected trajectory involves drifting, which in certain conditions ensures the maximum
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lateral acceleration. Such a result demonstrates the capability of the proposed hybrid
A∗ algorithm to generate feasible sub-optimal trajectories on slippery conditions,
while considering a limited prediction horizon. Moreover, when considering U-turns
with curvature radius as tight as 15m, such trajectories are comparable in shape to
the ones obtained when the full segment is optimized in order to find the minimum
time optimal maneuver, as in e.g. [136].

8.3.1 Conclusions

The automated rally driving concept presented in this article is an early-stage theo-
retical study, however it shows that it is capable of generating dynamically feasible
trajectories on a slippery surface, by extending drift-like driving, from a steady state
drifting on single curve, into a continuous driving on roads with varying curvature,
including maneuvers that involve switching from right to left directions in relatively
short time intervals and U-turns with curvature radius as tight as 10m. Moreover, a
qualitative analysis of the generated reference signals v, β, ψ̇ compares favorably to
the drift results presented in 7.6.2.

Nevertheless, several developments need to be completed, before this concept
reaches a level of maturity comparable with the one of the MPC based (non drift)
method presented in Chapter 7. A fundamental step is the integration of a low-level
controller capable of tracking feasible drift trajectories. This would allow to validate
this concept on a high fidelity vehicle dynamics simulator such as IPG CarMaker. Once
this stage is reached, the code should be optimized in order to make the computation
time required at each iteration compatible with a real-time implementation. This
target might be achieved by implementing the node expansions in a parallelized
way, which could exploit the computational prowess of GPUs. Finally, the heuristic
functions, used to improve the search results, could be optimized by means of Machine
Learning techniques: an optimization of this aspect would also work in the way of
improving computational performance of the algorithm.
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Summary and Conclusions

In this dissertation some solutions to problems belonging to the closely related topics
of wheel forces estimation and performance autonomous driving have been presented.
In particular, for both of these categories, methods have been proposed which exploit
Sliding Mode Control (SMC) techniques, namely the Suboptimal Second Order Sliding
Mode and the Integral Sliding Mode. Experimental validations and simulations have
been presented, which suggest that, for certain problems, SMC based solutions allow
to increase the robustness of traditional control system, with limited increase of the
design complexity. To guide the reader through the different aspects covered, this
work has been divided in 8 chapters, which are structured in 3 parts: (i) Vehicle
Dynamics Control via Sliding Modes Generation, (ii) Tire-Road Contact
Forces: Estimation and Analysis, (iii) Towards Model Based Autonomous
Racing.

To provide the required notions of vehicle dynamics, Chapter 1 has given an
overview of the most common vehicle models used, in particular focusing on the
lateral dynamics. In here, the concept of Equilibrium State Manifold (ESM) has been
introduced, which represents the theoretical basis for the Autonomous Driving concept
introduced later. Moreover, in Chapter 2, these models have been used to design SMC
based yaw-rate controllers, which have been evaluated on an experimentally validated
vehicle model. Simulations of different standard maneuvers have been performed for
this task, considering a vehicle equipped with four individual electric motors and a
decoupled electro-hydraulic braking system. The SMC based control system, designed
to achieve a wider linear area of the steering gradient, have displayed substantial
improvements over both the baseline vehicle and the PID controlled one, in terms of
handling and stability.

The SMC approach has then been extended to the observation problem in Chapter
3, where a tire-ground forces estimation strategy has been presented, based on
Suboptimal Second Order Sliding Mode (S-SOSM) virtual sensors. In the presented
implementation, the adoption of the S-SOSM ensures fast convergence and robustness,
while an adaptive loop is employed to improve the performance even in the presence
of wheel torque measurements which in practical situations may be inaccurate. The
convergence properties of the structure have also been proven, with qualitative
considerations on the effect that the adaptive loop has on the S-SOSM reaching phase.
Additionally, an enhanced single track vehicle model allows to allocate the forces on
the different wheels, without increasing the complexity of the observer. Finally, the
S-SOSM virtual sensor is coupled with an Extended Kalman Filter (EKF), in order to
reduce the chattering, while also smoothing the signals obtained from physical sensor
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measurements. An experimental validation of the proposed method carried out on
a Peugeot 308sw test vehicle at Compiègne, France, has been presented, confirming
the validity of the proposal. In the validation phase, a statistical approach is adopted
for the inclusion of the main nonlinear phenomena, which are not captured by the
enhanced single track model. The results show that the proposed solution can be
successfully integrated with the correction based on the statistical approach, thus
making this method a valid solution for forces estimation in practical implementations.

An experimental comparative study (Chapter 4) shows the performance of the
proposed estimation methods against other tire force observers developed within the
ITEAM project, i.e. an Extended Kalman Filter (EKF) scheme using a linear tire
model with stochastically adapted cornering stiffness, and an EKF scheme using a
Neural Network (NN) data-driven linear tire model. Data collected with an electrified
and instrumented SUV on a vehicle proving ground is used to generate the input
and reference data for all estimation methods. Similar levels of estimation accuracy
are obtained by all methods, as this is expected since all methods are based on the
same vehicle models and model parameters, except for the tire models. Nevertheless,
when the vehicle is driven at high speeds, the strong lateral forces exerted in turning
conditions are tracked considerably more accurately with the proposed S-SOSM/EKF
method, compared to the others. This is mainly explainable due to the hypothesis
of linearity in the forces characteristics, which is assumed for the other proposed
methods.

Vehicle stability controls and state estimation are key parts in the vast domain
of Autonomous Driving. The control of vehicle dynamics is, in fact, an emergent
topic due to the increasing demand of semi-autonomous and autonomous commercial
vehicles, as well as of enhanced safety and reliability of on-board advanced driver
assistance systems (ADAS) by the automotive industry and stakeholders. That said,
in the final part of this dissertation, a new concept for Autonomous Driving at the
limits of handling is presented, which is based on the study of the vehicle models
presented in Chapter 1, and relies heavily on vehicle-state and wheel forces estimation.

To give a perspective on this topic, in Chapter 5 a definition of the Motion
Planning problem is given, with an overview of the current state-of-the-art in Path
Tracking, with a particular focus on the problem of path tracking/vehicle handling on
slippery surfaces.

After having highlighted the main open issues in this field, first a robust multi-rate
controller for the stabilization of steady state cornering when transitioning on road
sections with reduced grip was presented in Chapter 6. Simulations performed on
IPG CarMaker show that, when controlling the vehicle close to the limits of stability
with linearized optimal control methods, such as LQR and MPC, the reduced friction
has a great impact on the overall stability of the system. In these situations, an
ISM component at higher sampling frequency provides better robustness than an
increase in the sampling frequency of the main controller. Moreover, the multi-rate
implementation facilitates the adoption of a reduced state model for the ISM control
loop, and therefore a simplified implementation.

In Chapter 7 a novel approach to path tracking on slippery surfaces has been
presented, in which vehicle dynamic states references are generated via a linear MPC
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based algorithm, and then tracked by a low-level LQR-ISM controller. The equations
describing the evolution of the path are linearized in order to obtain a suitable model,
and linear constraints on the produced reference states are applied based on the
prior knowledge of the reachable equilibrium states which characterize steady-state
cornering. Simulation results performed on the IPG CarMaker platform are compared
to the performance of the CarMaker (non racing) driver. However, when applied to
the drift case, results were not as satisfactory. In fact, although the hypothesis of
ideal actuation was made in the simulations (no high fidelity simulator and low-level
actuation were used), the algorithm showed a considerable lack of robustness.

Based on these considerations, a novel A∗ search-based motion planning for
performance driving was presented in Chapter 8, and used to generate dynamically
feasible trajectories on a slippery surface. The proposed method extends drift-like
driving from a steady state drifting on single curve to a continuous driving on the road
effectively entering and exiting drifting maneuvers and switching between right and
left turns. This method also assumes that the vehicle parameters and the road surface
properties are known to a certain degree, which allows to define the set of steady-state
cornering maneuvers (ESM). The evaluation on a mixed circuit characterized by
slippery conditions (gravel), under the same hypothesis of ideal actuation, in this case
produces good results and trajectories quantitatively in line with the theoretical time
optimal ones [136].

Ideas for Future Research

There are a number of possible interesting directions in which this research can be
continued.

The S-SOSM based forces estimation method presented in Chapter 3, which has
already been experimentally tested on two different vehicles/proving grounds, should
be further tested in multiple road conditions and with different driving styles. The
availability of consistent information, should help implement an auto-tuning device
for the observer parameters. Such adaptive solution would bring several benefits,
including (i) increased robustness, (ii) faster response to a sudden change in the
environmental conditions.

This kind of promptness of response is required by algorithms such as the one
proposed in [155], which exploit vehicle state information to infer the parameters
of the tire-road friction characteristic. Such methods could be coupled with other
recently introduced ones (Neural Networks based, typically featuring acoustic sensors
or cameras) which have all the aim of identifying the properties of the road surface
on which the vehicle is maneuvering.

This step is the development required in order to extend the Autonomous Driving
(AD) range of applicability (Chapter 7), with the final goal of testing it on a real
vehicle. In fact, the hypothesis of perfect a priori knowledge of the combined slip
tire-road friction characteristic is a very limiting one, which can only be satisfied in a
simulation environment, or, in the best case scenario, on a dedicated test track. On
the other hand, if the road condition can be estimated on-line with a certain level of
accuracy and a fast response, the ESM underlying the AD concept could be changed
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on-line, leaving the ISM component of the low-level actuation system with the task of
alleviating the effects of the inevitable model approximations during the transient.

If this fundamental problem is solved, the final step required for an implementation
on the vehicle would be the development of an efficient way to calibrate the numerous
parameters of the references generation algorithm for the vehicle dynamical states.
Similarly to the forces estimation case, such calibration could be also be the output
of an adaptive mechanism.

Finally, from a SMC theoretical perspective, investigating on the feasibility of
SMC applied to non control-affine systems could allow to extend the validity of the
low-level ISM controller (Chapter 6) to the drift case, which could also be coupled
with the search-based concept presented in Chapter 8.
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Appendix A

Model Predictive Control

Model Predictive Control (MPC) is a process control algorithm that had a huge impact
in the industries since the early 80s. Nowadays different versions of MPC controllers
are employed for several applications, thanks to improved calculation capabilities,
which allow to solve the underlying optimization problem online. MPC exploits a
model of the process in order to predict the future evolution of the states, optimizing
the related control signals. Moreover, the problem can be solved also considering
input, output and state constraints.

The systems which are being dealt in Part III, both in the vehicle control case and
in the motion planning one, are described by nonlinear models. However, although
a nonlinear MPC formulation does exist (see e.g. [172]), a linear MPC controller
design has been chosen, in a time-varying formulation, in order to minimize the
computational burden within the scope of a possible real time implementation. In the
following, a brief introduction on Optimal Control, together with Linear Quadratic
(LQ) control will be presented. Then, the MPC theory will be carried out and its
implementation analyzed.

A.1 Optimal control
Consider the following nonlinear, discrete-time, time-invariant system:

x(k+ 1) = f(x(k),u(k)), x(k0) = x0 (A.1)

with x ∈ Rn and u ∈ Rm, that are, respectively, the vectors of measurable states and
the control variables.
The goal of this algorithm is to minimize the cost function with respect to the future
control sequence, that is:

J(x(k0),u(·),k0) =
k̄−1∑
i=k0

l(x(i),u(i)) +m(x(k̄)), k̄ > k0 (A.2)

where l and m are continuously differentiable functions, k0 is the initial time instant
and k̄ the prediction horizon. It is also possible to add state and input constraints as:

x(k) ∈X, u(k) ∈ U (A.3)
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So that the performance index (A.2) has to be minimized subject to (A.1) and (A.3).
In particular, the function l is used to penalize the values of the states and the inputs
with respect to the ones of the prediction horizon, while m is the so-called terminal
penalty that is a constant term added to the states at the end of k̄. After setting up
the optimal problem, the designer is able to obtain different results by tweaking the
penalty terms of the functions and the prediction horizon. This procedure is very
useful to dynamically modify the algorithm if the objectives change in real time.

A.1.1 Solution of the problem

The problem solution is sought thanks to the Bellman’s Principle of Optimality,
which has stated a two-step procedure. If one ignores the time dependency, the
Hamilton-Jacobi-Bellman (HJB) equation becomes:

Jo(x,k) = min
u
{l(x,u) +Jo(f(x,u),k+ 1)} (A.4)

with boundary conditions:

Jo(x, k̄) =m(x) (A.5)

So, the solution can be found computing the following steps:

1. the optimal value for the input is calculated assuming that there is a unique
minimum, so that it corresponds to a function depending the states and on the
performance index:

uo = κ(x,J0) (A.6)

2. the cost function is then calculated substituting (A.6) in (A.5), obtaining:

Jo(x,k) = l(x,κ(x,Jo(f(x,u),k+ 1)))+
+Jo(f(x,κ(x,Jo(f(x,u),k+ 1))),k+ 1)

Remark 2. To guarantee the solution of the optimal control problem the regularity of
the functions f, l and the uniqueness of the minimum of l(x,u) + ∂Jo(x,k)

∂x f(x,u) must
be assured, since they are the sufficient conditions.

Remark 3. The optimization problem was defined as open-loop with respect to the
input variable u, however one can observe that law (A.6) is closed-loop.

A.2 Linear Quadratic Control

The optimal problem in Part III has been formulated through the Linear Quadratic
(LQ) control representation. It is one of the widely used representations for this
kind of control problems. In particular, it is very useful to find a trade-off between
robustness, performance and control effort of MIMO systems. In this case the cost
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function is expressed as quadratic, while the system is intended to be linear. For the
discrete time case, the system is described by:

x(k+ 1) =Ax(k) +Bu(k)

while the quadratic performance index is stated as follows:

J(x(k0),u(·),k0) =
k̄−1∑
i=k0

(x′Qx+u′Ru) +x′Sx (A.7)

The variables present in (A.7) are the weight matrices for the states Q=Q′ ≥ 0 and
the inputs R=R′ > 0, while S = S′ ≥ 0 is the terminal penalty matrix. R is chosen
positive definite in order to guarantee that the control law is well defined.
The prediction horizon is represented by k̄ and its choice affects the way the system
is solved.

• By considering k̄ =∞ the problem is indicated as infinite horizon LQ control
and is very useful in many practical applications because a time-invariant control
law can be obtained. In this case the terminal penalty matrix vanishes (S = 0),
because if the control system is asymptotically stable its state must tend to zero
as k̄ tends to infinity.

• By considering k̄ =N the problem, instead, is indicated as finite horizon LQ
control and the relative control law that can be obtained is time-variant. This
is the case of this work, because the system describing the vehicle motion is
time-varying and so its evolution is continuously evolving. This implies that
the control law must be computed at every new iteration of the procedure.
Furthermore, even if the system is time invariant, optimization should however
be recalculated because the initial conditions for states and inputs are an integral
part of the problem.

A.2.1 Finite horizon LQ control solution

The optimization problem in this work is computed as a finite horizon LQ control.
For this reason, in the following will be presented how to obtain its solution, while for
the infinite case the resolution is exhaustively analyzed in [160].
The procedure follows the one presented in Section A.1, and it is only extended for the
quadratic case. By considering the performance index expressed as (A.7), in fact, one
can find the solution through the HJB equations (A.4) (A.5) executing these steps:

1. Considering the optimal cost as J0(x,k) = x′P (k)x with P (k̄) = S, the optimal
control law is obtained minimizing:

l(x,u) +Jo(f(x,u),k+ 1)
= x′Qx+u′Ru+ (Ax+Bu)′P (k+ 1)(Ax+Bu)
= x′Qx+u′Ru+x′A′P (k+ 1)Ax+x′A′P (k+ 1)Bu

+u′B′P (k+ 1)Ax+u′B′P (k+ 1)Bu
= x′(Q+A′P (k+ 1)A)x+u′(R+B′P (k+ 1)B)u

+ 2x′A′P (k+ 1)Bu

(A.8)
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Then, the derivative of (A.8) with respect to u is set equal to zero:

min
u
{l(x,u) +Jo(f(x,u),k+ 1)}= 0

= 2u′(R+B′P (K+ 1)B) + 2x′A′P (k+ 1)B
(A.9)

and, finally, the optimal control law is obtained, recalling the assumption that
R> 0:

uo(k) =−
(
R+ (B′P ′(k+ 1)B)′

)−1
B′P ′(k+ 1)Ax(k)

=−K(k)x(k)
(A.10)

2. By substituting (A.10) in the HJB equation and considering P = P ′ the Riccati
Equation for updating P (k) is obtained as:

P (k) =Q+A′P (k+1)A−A′P (k+1)B(R+B′P (k+1)B)−1B′P (k+1)A (A.11)

with initial conditions:

P (k̄) = S.

One can notice that also in this case the control law depends on the current state, as
previously mentioned.

A.3 MPC of linear systems
The MPC controller has encountered significant success over the years for several
reasons. On the most significant is that the problem can be formulated as an
optimization one, with constraints on input, output and states, thus making it a
viable choice for MIMO (Multi Input Multi Output) systems. Moreover, with the
more recent developments, it is suitable for linear and nonlinear models.

The optimization process is based on the so-called Receding Horizon (RH) principle,
which in [160] is explained as follows:

"At any time instant k, based on the available process information, solve
the optimization problem with respect to the future control sequence
[u(k), ...,u(k+N − 1)] and apply only its first element uo(k). Then, at
next time instant k+1, a new optimization problem is solved, based on the
process information available at time k+1, along the prediction horizon
[k+ 1,k+N ]."

In fact, through this strategy it is possible to obtain a time invariant feedback control
law even if a finite horizon optimization problem is solved at any time instant. Formally
speaking, we consider the linear system in the state space form:

x(k+ 1) = Ax(k) +Bu(k)
y(k) = Cx(k)

with the assumptions that x ∈Rn is measurable, u ∈Rm is the control variables vector
and y ∈ Rp is the output vector.
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Then, the optimal control sequence [u(k), ...,u(k+N −1)], is computed at every time
instant k through the minimization of the finite horizon LQ cost function:

J(x(k),u(·),k) =
N−1∑
i=0

(
||x(k+ i)||2Q+ ||u(k+ i)||2R

)
+ ||x(k+N)||2S (A.12)

with Q=Q′ ≥ 0, R=R′ > 0 and S = S′ ≥ 0, and the prediction horizon N .

A.3.1 Open and closed loop solutions

The solution of equation (A.12) can be found in two different ways:

1. The closed-loop solution, that is valid for unconstrained problems and provides
a time-varying optimal control law. Nevertheless, in view of the RH principle,
since only the first element of the optimal control sequence is applied, the
resulting MPC control law is the state-feedback, time-invariant equation:

uMPC(k) =−K(0)x(k) (A.13)

where K(0) is the first element of the LQ control law (A.10).

2. The open-loop solution, that is suitable for problems that require additional
constraints on input, output or states. Since this is the case of the system we
are dealing with, a more detailed explanation will be provided below.

Open-loop solution

The open-loop solution for constrained problems is obtained through the Lagrange
equation, extended to the discrete-time case:

x(k+ i) =Aix(k) +
i−1∑
j=0

Ai−j−1Bu(k+ j), i > 0. (A.14)

This formulation has been chosen because it allows us to introduce the constraints for
input, states and outputs, as it will be explained in the following. In particular, if
(A.14) is rewritten in the form:

X(k) = Ax(k) +BU(k) (A.15)

one can express the matrices as:

X(k) =


x(k+ 1)
x(k+ 2)

...
x(k+N −1)
x(k+N)

 , U(k) =


u(k)

u(k+ 1)
...

u(k+N −2)
u(k+N −1)

 , A =


A
A2

...
AN−1

AN

 ,
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B =


B 0 0 · · · 0 0
AB B 0 · · · 0 0
· · · · · · · · · · · · · · · · · ·

AN−2B AN−3B AN−4B · · · B 0
AN−1B AN−2B AN−3B · · · AB B


To minimize the cost function, it is necessary to express it as:

J̄(x(k),U(k),k) =X ′(k)QX(k) +U ′(k)RU(k) (A.16)

where Q and R denote the weight matrices for states and inputs.
Having named N the prediction horizon, they are built concatenating N -times the
single weight matrices on the diagonal. Moreover, if n is the number of states variables
and m the number of input variables, the dimensions of the matrices are respectively
(N ·n×N ·n) and (N ·m×N ·m).

Finally, they are defined as:

Q =


Q 0 0 · · · 0
0 Q 0 · · · 0

· · · · · · . . . · · · · · ·
0 0 · · · Q 0
0 0 · · · 0 S

 , R =


R 0 0 · · · 0
0 R 0 · · · 0

· · · · · · . . . · · · · · ·
0 0 · · · R 0
0 0 · · · 0 R


By observing that:

arg(min
u(·)

J(x(k),u(·),k)) = arg(min
U(k)

J̄(X(k),U(·),k)) (A.17)

one can obtain the following quadratic form:

J̄(x(k),U(k),k) = (Ax(k) +BU(k))′Q(Ax(k) +BU(k)) +U ′(k)RU(k)
= x′(k)A′QAx(k) + 2x′(k)A′QBU(k)+

+U ′(k)(B′QB+R)U(k)
(A.18)

from which, by setting to zero its derivative with respect to U(k), one can obtain the
optimal control sequence:

Uo(k) =−(B′QB+R)−1BQAx(k) =−Kx(k) (A.19)

where

K = (B′QB+R)−1BQA =


K(0)
K(1)
...

K(N −1)

 , K(i) ∈ Rm,n

with (A.19) depending on the current state value x(k).
The control law, for i > 0 is clearly open-loop, but by applying the RH principle a
state-feedback control law is obtained and expressed as:

uMPC(k) =−K(0)x(k) (A.20)
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In case there are no disturbances or modeling errors, the closed-loop (A.13) and
open-loop solutions (A.20) are the same, otherwise only the first element K(0) =K(0)
is guaranteed to be equal. Furthermore, the open-loop solution has been calculated
based on the current state of the system, this means that in our case it is particularly
adapt because the behavior of the vehicle changes instant-by-instant.

Constraints

To implement the desired control technique, additional constraints for states and
inputs were required. Furthermore, in this work also rate constraints ∆u on the inputs
are considered, in order to prevent sudden changes that could damage the vehicle.
They are written as follows:

umin ≤ u(k+ i)≤ uMAX , i= 0,1, ...,N −1
∆umin ≤ u(k+ i)≤∆uMAX , i= 0,1, ...,N −1
xmin ≤ x(k+ i)≤ xMAX , i= 1, ...,N
ymin ≤ y(k+ i)≤ yMAX , i= 1, ...,N

For sake of simplicity, in the following, the rates will be ignored. However, an
exhaustive explanation on how they have been implemented is provided in Chapter 7.
Having defined the following vectors as the concatenation of N elements:

Umin =


umin
umin
...

umin

 , UMAX =


uMAX

uMAX
...

uMAX

 , Xmin =


xmin
xmin
...

xmin

 , XMAX =


xMAX

xMAX
...

xMAX

 ,

the optimization problem (A.18) can be written subject to the following constraints:

Xmin ≤X(k) = Ax(k) +BU(k)≤XMAX

Umin ≤ U(k)≤ UMAX
(A.21)

The constrained optimization problem does not admit a closed form, and for this
reason it requires a quadratic programming algorithm to find the optimal control
sequence Uo(k), as will be explained in Chapter 7.

193





Bibliography

[1] V. Ivanov, K. Augsburg, M. Blundell, W. De Nijs, W. Desmet, A. Ferrara,
S. Kanarachos, M. Kiele-Dunsche, M. Klomp, S. Metzner, et al., “Development
of multi-actuated ground vehicles: Educational aspects,” IFAC-PapersOnLine,
vol. 51, no. 9, pp. 236–242, 2018.

[2] J. Pai, “Trends and rollover-reduction effectiveness of static stability factor in
passenger vehicles,” report, Mathematical Analysis Division, National Center
for Statistics and Analysis, National Highway Traffic Safety Administration,
Washington, DC 20509, NHTSA Technical Report: DOT HS 182 444, Jul 2017.

[3] C. Liu and T. J. Ye, “Run-off-road crashes: An on-scene perspective,” report,
Mathematical Analysis Division, National Center for Statistics and Analysis,
National Highway Traffic Safety Administration 1200 New Jersey Avenue SE.,
Washington, DC 20590, Jul 2011.

[4] V. Utkin, Sliding Modes in Control and Optimization. Communication and
control engineering, Springer-Verlag, 1992.

[5] C. Edwards and S. Spurgeon, Sliding Mode Control: Theory and Applications.
Systems and Control, Taylor & Francis, 1998.

[6] V. I. Utkin, J. Guldner, and J. Shi, Sliding Model Control in Electromechanical
Systems. Taylor and Francis, 1999.

[7] U. Kiencke and L. Nielsen, Automotive Control Systems - For Engine, Driveline,
and Vehicle. Springer-Verlag Berlin Heidelberg, 2005.

[8] A. G. Ulsoy, H. Peng, and M. Cakmakci, Automotive Control Systems. Cam-
bridge, 2012.

[9] E. Regolin, G. P. Incremona, and A. Ferrara, “Longitudinal vehicle dynamics
control via sliding modes generation,” in Sliding mode control of vehicle dy-
namics (A. Ferrara, ed.), Transport, pp. 33–76, Institution of Engineering and
Technology, 2017.

[10] E. Regolin, D. Savitski, V. Ivanov, K. Augsburg, and A. Ferrara, “Lateral
vehicle dynamics control via sliding modes generation,” in Sliding mode control
of vehicle dynamics (A. Ferrara, ed.), Transport, pp. 121–158, Institution of
Engineering and Technology, 2017.

195



[11] S. Savaresi and M. Tanelli, Active Braking Control Systems Design for Vehicles.
Springer London, 2010.

[12] R. Rajamani, Vehicle Dynamics and Control. Springer, 2012.

[13] D. Karnopp, Dean Karnopp. CRC Press, 2013.

[14] M. Mitschke and H. Wallentowitz, Dynamik der Kraftfahrzeuge. Springer, 2004.

[15] G. Genta, Motor Vehicle Dynamics - Modeling and Simulation, II edition.
Singapore: World Scientific, 2003.

[16] D. Schramm, M. Hiller, and R. Bardini, Vehicle Dynamics, Modeling and
Simulation. Springer, 2014.

[17] H. Pacejka, Tire and Vehicle Dynamics. Butterworth-Heinemann, 2012.

[18] J. Tjonnaas and T. A. Johansen, “Adaptive optimizing dynamic control alloca-
tion algorithm for yaw stabilization of an automotive vehicle using brakes,” in
2006 14th Mediterranean Conference on Control and Automation, 28-30 Jun.,
Ancona, Italy, 2006.

[19] M. Acosta, S. Kanarachos, and M. Fitzpatrick, “A hybrid hierarchical rally
driver model for autonomous vehicle agile maneuvering on loose surfaces.,” in
International Conference on Informatics in Control, Automation and Robotics.,
2017.

[20] S. Data and F. Frigerio, “Objective evaluation of handling quality,” Journal of
Automobile Engineering, vol. 216, pp. 297–305, Apr. 2002.

[21] V. Ricciardi, K. Augsburg, S. Gramstat, V. Schreiber, and V. Ivanov, “Survey on
modelling and techniques for friction estimation in automotive brakes,” Applied
Sciences, vol. 7, no. 9, p. 873, 2017.

[22] J. Ackermann, “Robust control prevents car skidding,” IEEE Control Systems,
vol. 17, no. 3, pp. 23–31, 1997.

[23] A. Trachtler, “Integrated vehicle dynamics control using active brake, steering
and suspension systems,” International Journal of Vehicle Design, vol. 36, no. 1,
pp. 1–12, 2004.

[24] J. Wei, Y. Zhuoping, and Z. Lijun, “Integrated chassis control system for
improving vehicle stability,” in Vehicular Electronics and Safety, 2006. ICVES
2006. IEEE International Conference on, pp. 295–298, IEEE, 2006.

[25] A. Van Zanten, R. Erhardt, K. Landesfeind, and G. Pfaff, “Vehicle stabilization
by the vehicle dynamics control system esp,” IFAC Proceedings Volumes, vol. 33,
no. 26, pp. 95–102, 2000.

[26] E. Velenis, P. Tsiotras, and J. Lu, “Modeling aggressive maneuvers on loose
surfaces: The cases of trail-braking and pendulum-turn,” in 2007 European
Control Conference (ECC), pp. 1233–1240, IEEE, 2007.

196



[27] E. Velenis, P. Tsiotras, and J. Lu, “Trail-braking driver input parameterization
for general corner geometry,” tech. rep., SAE Technical Paper, 2008.

[28] E. Velenis, P. Tsiotras, and J. Lu, “Optimality properties and driver input
parameterization for trail-braking cornering,” European Journal of Control,
vol. 14, no. 4, pp. 308–320, 2008.

[29] E. Ono, S. Hosoe, H. D. Tuan, and S. Doi, “Bifurcation in vehicle dynamics
and robust front wheel steering control,” IEEE transactions on control systems
technology, vol. 6, no. 3, pp. 412–420, 1998.

[30] E. Regolin, M. Zambelli, and A. Ferrara, “A multi-rate ism approach for robust
vehicle stability control during cornering,” IFAC-PapersOnLine, vol. 51, no. 9,
pp. 249–254, 2018.

[31] L. Fu, Ü. Özgüner, and İ. Haskara, “Automotive applications of sliding mode
control,” IFAC Proceedings Volumes, vol. 44, no. 1, pp. 1898 – 1903, 2011.

[32] I. Haskara, H. C., and Ü. Özgüner, Sliding Mode Compensation, Estimation
and Optimization Methods in Automotive Control, pp. 155–174. Lecture Notes
in Control and Information Sciences, Springer Berlin Heidelberg, 2002.

[33] Y.-W. Kim, G. Rizzoni, and V. I. Utkin, “Developing a fault tolerant power-train
control system by integrating design of control and diagnostics,” International
Journal of Robust and Nonlinear Control, vol. 11, pp. 1095–1114, Sep. 2001.

[34] S. B. Choi, Y. T. Choi, and D. W. Park, “A sliding mode control of a full-
car electrorheological suspension system via hardware in-the-loop simulation,”
Journal of Dynamic Systems, Measurement and Control, vol. 122, pp. 114–121,
Apr. 1998.

[35] S. Drakunov, U. Özgüner, P. Dix, and B. Ashrafi, “ABS control using optimum
search via sliding modes,” IEEE Transactions on Control Systems Technology,
vol. 3, pp. 79–85, Mar. 1995.

[36] J. Ackermann, J. Guldner, W. Sienel, R. Steinhauser, and V. I. Utkin, “Linear
and nonlinear controller design for robust automatic steering,” IEEE Transac-
tions on Control Systems Technology, vol. 3, pp. 132–143, Mar. 1995.

[37] A. Ferrara, G. Incremona, and E. Regolin, “Optimization based adaptive sliding
mode control with application to vehicle dynamics control,” International
Journal of Robust and Nonlinear Control, 2018.

[38] M. Tanelli, A. Ferrara, and P. Giani, “Combined vehicle velocity and tire-road
friction estimation via sliding mode observers,” in Proc. IEEE International
Conference on Control Applications, (Dubrovnik, Croatia), pp. 130–135, Oct.
2012.

[39] C. Edwards, R. G. Hebden, and S. K. Spurgeon, “Sliding mode observers for
vehicle mode detection,” Vehicle System Dynamics, vol. 43, no. 11, pp. 823–843,
2005.

197



[40] H. Imine, L. Fridman, H. Shraim, and M. Djemai, Sliding Mode Based Analysis
and Identification of Vehicle Dynamics, vol. 414 of Lecture Notes in Control
and Information Sciences. Springer-Verlag Berlin Heidelberg, 2011.

[41] R. Tafner, M. Reichhartinger, and M. Horn, “Robust online roll dynamics
identification of a vehicle using sliding mode concepts,” Control Engineering
Practice, vol. 29, pp. 235 – 246, Apr. 2014.

[42] R. Tafner, M. Horn, and A. Ferrara, “Experimental evaluation of nonlinear
unknown input observers applied to an eps system,” in Proc. American Control
Conference, (Boston, MA, USA), pp. 2409–2414, Jul. 2016.

[43] M. Reichhartinger, S. K. Spurgeon, and M. Weyrer, “Design of an unknown
input observer to enhance driver experience of electric power steering systems,”
in Proc. European Control Conference, (Aalborg, Denmark), Jul. 2016.

[44] T. Acarman, U. Ozguner, C. Hatipoglu, and A.-M. Igusky, “Pneumatic brake
system modeling for systems analysis,” Transactions Journal of Commercial
Vehicles - V109-2, pp. –, Dec. 2000.

[45] J. D. Sànchez-Torres, A. G. Loukianov, M. I. Galicia, and R. Dominguez,
“Robust nested sliding mode integral control for anti-lock brake system,” Inter-
national Journal of Vehicle Design, vol. 62, pp. 188–205, Jan. 2013.

[46] I. Haskara, V. V. Kokotovic, and L. A. Mianzo, “Control of an electro-mechanical
valve actuator for a camless engine,” International Journal of Robust and
Nonlinear Control, vol. 14, pp. 561–579, Feb. 2004.

[47] M. Reichhartinger and M. Horn, “Application of higher order sliding-mode
concepts to a throttle actuator for gasoline engines,” IEEE Transactions on
Industrial Electronics, vol. 56, pp. 3322–3329, Sep. 2009.

[48] M. Yokoyama, J. K. Hedrick, and S. Toyama, “A model following sliding
mode controller for semi-active suspension systems with MR dampers,” in Proc.
American Control Conference, vol. 4, (Arlington, VA, USA), pp. 2652–2657
vol.4, Jul. 2001.

[49] G. P. Incremona, E. Regolin, A. Mosca, and A. Ferrara, “Sliding mode control
algorithms for wheel slip control of road vehicles,” in Proc. American Control
Conference, vol. -, (Seattle, WA, USA), pp. –, May. 2017.

[50] Q. Cheng, A. C. Victorino, and A. Charara, “A new nonlinear observer of the
sideslip angle and the road bank angle using the particle filter,” in The 11th
International Symposium on Advanced Vehicle Control, Seoul, Korea, 2012.

[51] M. Abe, A. Kato, K. Suzuki, Y. Kano, Y. Furukawa, and Y. Shibahata, “Es-
timation of vehicle side-slip angle for dyc by using on-board-tire-model,” in
The 4th International Symposium on Advanced Vehicle Control, AVEC, Nagoya,
Japan, 1998.

198



[52] H. Fujimoto and Y. Yamauchi, “Advanced motion control of electric vehicle
based on lateral force observer with active steering,” in IEEE International
Symposium on Industrial Electronics, ISIE, Bari, Italy, Feb. 2010.

[53] M. Bang, S. Lee, C. Han, D. Maciuca, and J. Hedrick, “Performance enhancement
of a sliding mode wheel slip controller by the yaw moment control,” Proceed-
ings of the Institution of Mechanical Engineers Part D Journal of Automobile
Engineering, 2001.

[54] J. Song and W. S. Che, “Comparison and evaluation of brake yaw motion
controllers with an antilock brake system,” Proc. IMechE Part D: Journal of
Automobile Engineering, vol. 222, pp. 1273–1288, Jul. 2008.

[55] R. Tafner, M. Reichhartinger, and M. Horn, “Estimation of tire parameters
via second-order sliding mode observers with unknown inputs,” in 13th IEEE
Workshop on Variable Structure Systems, VSS’14, Nantes, France, 29 Jun. - 2
Jul. 2014.

[56] J. Song, H. S. Kim, and B. Kim, “Vehicle longitudinal and lateral stability
enhancement using tcs and yaw motion controller,” International Journal of
Automotive Technology, vol. 8, no. 1, pp. 49–57, 2007.

[57] K. Sawase and Y. Sano, “Application of active yaw control to vehicle dynamics
by utilizing driving/breaking force,” JSAE Review, vol. 20, pp. 289–295, Apr.
1999.

[58] F. Cheli, L. Kakalis, and A. Zorzutti, “A torque vectoring control logic for
active high performance vehicle handling improvement,” in The ASME 2007
International Design Engineering Technical Conferences & Computers and
Information in Engineering Conference, Las Vegas, Nevada, USA, 2007.

[59] L. D. Novellis, A. Sorniotti, and P. Gruber, “Wheel torque distribution criteria
for electric vehicles with torque-vectoring differentials,” IEEE Transactions on
Vehicular Technology, vol. 63, pp. 1593–1602, May 2013.

[60] G. Kaiser, F. Holzmann, B. Chretien, and M. Korte, “Torque vectoring with a
feedback and feed forward controller - applied to a through the road hybrid elec-
tric vehicles,” in IEEE Intelligent Vehicles Symposium, Baden-Baden, Germany,
Jun. 2011.

[61] K. Shimada and Y. Shibahata, “Comparison of three active chassis control
methods for stabilizing yaw moments,” SAE Technical Paper Series, Mar. 1994.

[62] J. Yamakawa and K. Watanabe, “A method of optimal wheel torque determina-
tion for independent wheel drive vehicles,” Journal of Terramechanics, vol. 43,
pp. 269–285, Jul. 2006.

[63] K. Jalali, T. Uchida, S. Lambert, and J. McPhee, “Development of an advanced
torque vectoring control system for an electric vehicle with in-wheel motors
using soft computing techniques,” SAE International Journal of Alternative
Powertrains, vol. 2, pp. 261–278, Apr. 2013.

199



[64] T. Goggia, A. Sorniotti, L. De Novellis, A. Ferrara, P. Gruber, J. Theunissen,
D. Steenbeke, B. Knauder, and J. Zehetner, “Integral sliding mode for the torque-
vectoring control of fully electric vehicles: theoretical design and experimental
assessment,” IEEE Transactions on Vehicular Technology, vol. PP, pp. 1701–
1715, May 2014.

[65] A. van Zanten, R. Erhardt, and G. Pfaff, “Vdc, the vehicle dynamics control
system of bosch,” SAE Technical Paper 950759, 1995.

[66] M. Doumiati, A. Victorino, R. Talj, and A. Charara, “Robust lpv control for
vehicle steerability and lateral stability,” in 53rd IEEE Conference on Decision
and Control, pp. 4113–4118, IEEE, 2014.

[67] R. He, E. Jimenez, D. Savitski, C. Sandu, and V. Ivanov, “Investigating the
parameterization of dugoff tire model using experimental tire-ice data,” SAE
International Journal of Passenger Cars-Mechanical Systems, vol. 10, no. 2016-
01-8039, 2016.

[68] M. Canale, L. Fagiano, A. Ferrara, and C. Vecchio, “Vehicle yaw control
via second-order sliding-mode technique,” IEEE Transactions on Industrial
Electronics, vol. 55, pp. 3908–3915, Nov. 2008.

[69] L. De Novellis, A. Sorniotti, P. Gruber, J. Orus, J.-M. R. Fortun, J. Theunissen,
and J. De Smet, “Direct yaw moment control actuated through electric driv-
etrains and friction brakes: Theoretical design and experimental assessment,”
Mechatronics, vol. 26, pp. 1–15, 2015.

[70] G. Bartolini, A. Ferrara, A. Levant, and E. Usai, “On second order sliding mode
controllers,” in Variable Structure Systems, Sliding Mode and Nonlinear Control
(K. D. Young and Ü. Özgüner, eds.), Lecture Notes in Control and Information,
pp. 329–350, London, UK: Springer-Verlag, 1999.

[71] A. Levant, “Sliding order and sliding accuracy in sliding mode control,” Inter-
national Journal of Control, vol. 58, pp. 1247–1263, Dec. 1993.

[72] G. Bartolini, A. Ferrara, and E. Usai, “Output tracking control of uncertain
nonlinear second-order systems,” Automatica, vol. 33, pp. 2203–2212, Dec. 1997.

[73] A. Ferrara and M. Rubagotti, “A sub-optimal second order sliding mode con-
troller for systems with saturating actuators,” IEEE Transactions on Automatic
Control, vol. 54, pp. 1082–1087, Jun. 2009.

[74] V. I. Utkin and J. Shi, “Integral sliding mode in systems operating under
uncertainty conditions,” in Proc. 35th IEEE Conference on Decision and Control,
vol. 4, (Kobe, Japan), pp. 4591–4596, Dec. 1996.

[75] V. I. Utkin, Sliding Modes in Optimization and Control Problems. Springer
Verlag, 1992.

200



[76] D. Savitski, K. Hoepping, V. Ivanov, and K. Augsburg, “Influence of the tire
inflation pressure variation on braking efficiency and driving comfort of full
electric vehicle with continuous anti-lock braking system,” SAE International
Journal of Passenger Cars-Mechanical Systems, vol. 8, no. 2015-01-0643, pp. 460–
467, 2015.

[77] H. S. Bae, J. Ryu, and J. C. Gerdes, “Road grade and vehicle parameter
estimation for longitudinal control using gps,” in Proceedings of the IEEE
Conference on Intelligent Transportation Systems, pp. 25–29, 2001.

[78] A. Vahidi, A. Stefanopoulou, and H. Peng, “Recursive least squares with
forgetting for online estimation of vehicle mass and road grade: theory and
experiments,” Vehicle System Dynamics, vol. 43, no. 1, pp. 31–55, 2005.

[79] H. K. Fathy, D. Kang, and J. L. Stein, “Online vehicle mass estimation using
recursive least squares and supervisory data extraction,” in 2008 American
Control Conference, pp. 1842–1848, June 2008.

[80] M. L. McIntyre, T. J. Ghotikar, A. Vahidi, X. Song, and D. M. Dawson, “A
two-stage lyapunov-based estimator for estimation of vehicle mass and road
grade,” IEEE Transactions on Vehicular Technology, vol. 58, pp. 3177–3185,
Sept 2009.

[81] J. Han, Q. Song, and Y. He, “Adaptive unscented kalman filter and its applica-
tions in nonlinear control,” in Kalman Filter Recent Advances and Applications,
InTech, 2009.

[82] S. Hong, C. Lee, F. Borrelli, and J. K. Hedrick, “A novel approach for vehicle
inertial parameter identification using a dual kalman filter,” IEEE Transactions
on Intelligent Transportation Systems, vol. 16, pp. 151–161, Feb 2015.

[83] E. Hellström, M. Ivarsson, J. Åslund, and L. Nielsen, “Look-ahead control for
heavy trucks to minimize trip time and fuel consumption,” Control Engineering
Practice, vol. 17, no. 2, pp. 245–254, 2009.

[84] B. Ganji, A. Z. Kouzani, and H. Khayyam, “Look-ahead intelligent energy
management of a parallel hybrid electric vehicle,” in 2011 IEEE International
Conference on Fuzzy Systems (FUZZ-IEEE 2011), pp. 2335–2341, June 2011.

[85] H. Khayyam, S. Nahavandi, E. Hu, A. Kouzani, A. Chonka, J. Abawajy,
V. Marano, and S. Davis, “Intelligent energy management control of vehicle
air conditioning via look-ahead system,” Applied thermal engineering, vol. 31,
no. 16, pp. 3147–3160, 2011.

[86] P. Shakouri and A. Ordys, “Nonlinear model predictive control approach in
design of adaptive cruise control with automated switching to cruise control,”
Control Engineering Practice, vol. 26, pp. 160–177, 2014.

[87] H. Pacejka and E. Bakker, “The magic formula tyre model,” Vehicle Systems
Dynamics, vol. 21, pp. 1–18, 1993.

201



[88] H. Dugoff, “Affecting vechicle response to steering and braking control inputs,”
report, The University of Michigan, Highway Safety Research Institute, Institute
of Science and Technology, May 1969.

[89] L. R. Ray, “Nonlinear state and tire force estimation for advanced vehicle control,”
IEEE Transactions on Control Systems Technology, vol. 3, pp. 117–124, 03 1995.

[90] M. Wilkin, W. Manning, D. Crolla, and M. Levesley, “Use of an extended
kalman filter as a robust tyre force estimator,” Vehicle System Dynamics,
vol. 44, no. sup1, pp. 50–59, 2006.

[91] G. Baffet, A. Charara, and D. Lechner, “Estimation of vehicle sideslip, tire force
and wheel cornering stiffness,” Control Engineering Practice, vol. 17, no. 11,
pp. 1255–1264, 2009.

[92] M. Doumiati, A. Charara, A. Victorino, and D. Lechner, Vehicle Dynamics
Estimation using Kalman Filtering: Experimental Validation. WILEY, 2012.

[93] A. Rezaeian, R. Zarringhalam, S. Fallah, W. Melek, A. Khajepour, S. K. Chen,
N. Moshchuck, and B. Litkouhi, “Novel tire force estimation strategy for real-
time implementation on vehicle applications,” IEEE Transactions on Vehicular
Technology, vol. 64, pp. 2231–2241, June 2015.

[94] K. Jiang, A. Victorino, and A. Charara, “Robust estimation of vehicle’s dy-
namics states employing a parameter-variable ekf observer,” in 2016 IEEE
19th International Conference on Intelligent Transportation Systems (ITSC),
pp. 2219–2224, Nov 2016.

[95] A. G. Alatorre, A. Victorino, and A. Charara, “Robust multi-model longitudinal
tire-force estimation scheme: Experimental data validation,” in 2017 IEEE 20th
International Conference on Intelligent Transportation Systems (ITSC), Nov
2017.

[96] H. Jung and S. B. Choi, “Real-time individual tire force estimation for an
all-wheel drive vehicle,” IEEE Transactions on Vehicular Technology, vol. 67,
no. 4, 2018.

[97] E. Regolin, M. Zambelli, and A. Ferrara, “Wheel forces estimation via adap-
tive sub-optimal second order sliding mode observers,” in 2017 XXVI Interna-
tional Conference on Information, Communication and Automation Technologies
(ICAT), (Sarajevo, Bosnia and Herzegovina), pp. 1–6, IEEE, October. 2017.

[98] E. Regolin, A. G. A. Vazquez, M. Zambelli, A. Victorino, A. Charara, and
A. Ferrara, “A sliding mode virtual sensor for wheel forces estimation with
accuracy enhancement via ekf,” IEEE Transactions on Vehicular Technology,
vol. 68, pp. 3457 – 3471, Apr. 2019.

[99] A. Ferrara, ed., Sliding Mode Control of Vehicle Dynamics. IET, London, 2017.

[100] A. F. Filippov, Differential Equations with Discontinuous Right-Hand Sides,
vol. 18 of Mathematics and its Applications. Springer Netherlands, 1988.

202



[101] R. Tafner, M. Reichhartinger, and M. Horn, “Estimation of tire parameters
via second-order sliding mode observers with unknown inputs,” in 13th IEEE
Workshop on Variable Structure Systems, 2014.

[102] A. Pisano, M. Tanelli, and A. Ferrara, “Combined switched/time-based adapta-
tion in second order sliding mode control,” in Proc. 52th IEEE Conference on
Decision and Control, (Florence, Italy), pp. 4272–4277, Dec. 2013.

[103] G. Bartolini, A. Ferrara, and E. Usai, “Chattering avoidance by second-order
sliding mode control,” IEEE Transactions on Automatic Control, vol. 43, pp. 241–
246, Feb. 1998.

[104] R. A. DeCarlo, S. H. Zak, and G. P. Matthews, “Variable structure control of
nonlinear multivariable systems: a tutorial,” Proceedings of the IEEE, vol. 76,
no. 3, pp. 212–232, 1988.

[105] J. Stéphant, A. Charara, and D. Meizel, “Virtual Sensor: Application to
Vehicle Sideslip Angle and Transversal Forces,” IEEE Transactions on Industrial
Electronics, vol. 51, pp. 278–289, Apr. 2004.

[106] D. Simon, Optimal State Estimation: Kalman, Hinfty, and Nonlinear Ap-
proaches. Hoboken, N.J: Wiley-Interscience, 2006. OCLC: ocm64084871.

[107] F. Naets, S. van Aalst, B. Boulkroune, N. El Ghouti, and W. Desmet, “Design
and Experimental Validation of a Stable Two-Stage Estimator for Automo-
tive Sideslip Angle and Tire Parameters,” IEEE Transactions on Vehicular
Technology, vol. 66, pp. 9727–9742, Nov. 2017.

[108] W. R. Pasterkamp and H. B. Pacejka, “Application of Neural Networks in the
Estimation of Tire/Road Friction Using the Tire as Sensor,” SAE Technical
Paper 971122, SAE International, Warrendale, PA, Feb. 1997.

[109] J. Matuško, I. Petrović, and N. Perić, “Neural network based tire/road friction
force estimation,” in Eng. Appl. Artif. Intell., vol. 21, pp. 442–456, 2008.

[110] S. Melzi and E. Sabbioni, “On the vehicle sideslip angle estimation through
neural networks: Numerical and experimental results,” in Mech. Syst. Signal
Process., vol. 25, pp. 2005–2019, 2011.

[111] H. E. Tseng, L. Xu, and D. Hrovat, “Estimation of land vehicle roll and pitch
angles,” in Veh. Syst. Dyn., vol. 45, pp. 433–443, 2007.

[112] H. Guo, H. Chen, and T. Song, “Tire-road forces estimation based on sliding
mode observer,” in Proceedings of the 2009 IEEE International Conference on
Mechatronics and Automation, vol. 08, 2009.

[113] G. Baffet, A. Charara, and D. Lechner, “Experimental evaluation of a sliding
mode observer for tire-road forces and an extended kalman filter for vehicle
sideslip angle,” in Proceedings of the 46th IEEE Conference on Decision and
Control, vol. 12, 2007.

203



[114] M. Viehweger, C. Vaseur, S. van Aalst, M. Acosta, , E. Regolin, A. Alatorre,
W. Desmet, F. Naets, V. Ivanov, A. Ferrara, and A. Victorino, “Vehicle state
and tyre force estimation: Demonstrations and guidelines,” Vehicle System
Dynamics, 2020.

[115] M. Best, T. Gordon, and P. Dixon, “An Extended Adaptive Kalman Filter
for Realtime State Estimation of Vehicle Handling Dynamics,” Vehicle System
Dynamics, vol. 34, no. 1, pp. 57–75, 2000.

[116] S. van Aalst, F. Naets, B. Boulkroune, W. De Nijs, and W. Desmet, “An
Adaptive Vehicle Sideslip Estimator for Reliable Estimation in Low and High
Excitation Driving,” in Proceeding of the 2018 IFAC Symposium on Control in
Transportation Systems, (Savona, Italy), 2018.

[117] M. Acosta, S. Kanarachos, and M. E. Fitzpatrick, “Robust Virtual Sensing for
Vehicle Agile Manoeuvring: A Tyre-model-less Approach,” IEEE Transactions
on Vehicular Technology, vol. 67, no. 3, pp. 1894–1908, 2017.

[118] G. Smith, The Development of an Efficient Tyre Testing Procedure to Gather
Data for the Parameterisation of Magic Formula 6.1 Tyre Models, PhD Thesis.
Coventry University, 2018.

[119] Dufournier, Skid Trailer: For Tire Characterization and Labelling. Dufournier
Technologies, 2012.

[120] A. Schmeitz, TNO’s MF-Tyre / MF-Swift and the Delft-Tyre Toolchain. Simpack
News March 2014. Simpack, 2014.

[121] M. Acosta and S. Kanarachos, “Tire Force Estimation and Road Grip Recog-
nition Using Extended Kalman Filter, Neural Networks and Recursive Least
Squares,” Neural Computing and Applications, Springer, vol. 2017, pp. 1–21,
2017.

[122] B. Heißing and M. Ersoy, eds., Chassis Handbook: Fundamentals, Driving
Dynamics, Components, Mechatronics, Perspectives. ATZ, Wiesbaden: Vieweg
+ Teubner, 1st edition ed., 2011. OCLC: ocn832319879.

[123] M. Brown, J. Funke, S. Erlien, and J. C. Gerdes, “Safe driving envelopes for
path tracking in autonomous vehicles,” Control Engineering Practice, vol. 61,
pp. 307–316, 2017.

[124] J. M. Snider et al., “Automatic steering methods for autonomous automobile
path tracking,” Robotics Institute, Pittsburgh, PA, Tech. Rep. CMU-RITR-09-08,
2009.

[125] M. Klomp, M. Jonasson, L. Laine, L. Henderson, E. Regolin, and S. Schumi,
“Trends in vehicle motion control for automated driving on public roads,” Vehicle
System Dynamics, vol. 57, no. 7, pp. 1028–1061, 2019.

[126] R. Wallace, A. Stentz, C. Thorpe, H. Moravec, W. Whittaker, and T. Kanade,
“First results in robot road-following,” in In Proceedings of the IJCAI, 1985.

204



[127] M. Samuel, M. Hussein, and M. Binti, “A review of some pure-pursuit based path
tracking techniques for control of autonomous vehicle,” International Journal
of Computer Applications, vol. 135, pp. 35–38, 02 2016.

[128] R. C. Coulter, “Implementation of the pure pursuit path tracking algorithm,”
Tech. Rep. CMU-RI-TR-92-01, Robotics Institute , Carnegie Mellon University,
Pittsburgh, PA, January 1992.

[129] K. N. Murphy, “Analysis of robotic vehicle steering and controller delay,” in Fifth
International Symposium on Robotics and Manufacturing (ISRAM), pp. 631–636,
1994.

[130] A. D. Luca, G. Oriolo, and C. Samson, “Feedback control of a nonholonomic
car-like robot,” in Robot Motion Planning and Control, 1997.

[131] C. Samson, “Control of chained systems application to path following and time-
varying point-stabilization of mobile robots,” IEEE transactions on Automatic
Control, vol. 40, no. 1, pp. 64–77, 1995.

[132] G. V. Raffo, G. K. Gomes, J. E. Normey-Rico, C. R. Kelber, and L. B. Becker, “A
predictive controller for autonomous vehicle path tracking,” IEEE transactions
on intelligent transportation systems, vol. 10, no. 1, pp. 92–102, 2009.

[133] R. Fierro and F. L. Lewis, “Control of a nonholonomic mobile robot using neural
networks,” IEEE transactions on neural networks, vol. 9, no. 4, pp. 589–600,
1998.

[134] C. Shen, H. Guo, F. Liu, and H. Chen, “Mpc-based path tracking controller
design for autonomous ground vehicles,” in Control Conference (CCC), 2017
36th Chinese, pp. 9584–9589, IEEE, 2017.

[135] C. E. Beal and J. C. Gerdes, “Model predictive control for vehicle stabilization
at the limits of handling,” IEEE Transactions on Control Systems Technology,
vol. 21, pp. 1258–1269, July 2013.

[136] D. Tavernini, M. Massaro, E. Velenis, D. I. Katzourakis, and R. Lot, “Minimum
time cornering: the effect of road surface and car transmission layout,” Vehicle
System Dynamics, vol. 51, no. 10, pp. 1533–1547, 2013.

[137] B. Paden, M. Čáp, S. Z. Yong, D. Yershov, and E. Frazzoli, “A survey of
motion planning and control techniques for self-driving urban vehicles,” IEEE
Transactions on intelligent vehicles, vol. 1, no. 1, pp. 33–55, 2016.

[138] E. Regolin, M. Zambelli, M. Vanzulli, and A. Ferrara, “A path tracking approach
for autonomous driving on slippery surfaces,” in Proceedings of the 8th IEEE
International Conference on Connected Vehicles and Expo (ICCVE), 2019.

[139] Z. Ajanovic and E. Regolin, “Search-based motion planning for performance
autonomous driving,” in Proceedings of the 26th IAVSD Symposium on Dynamics
of Vehicles on Roads and Tracks, 2019.

205



[140] A. Liniger, A. Domahidi, and M. Morari, “Optimization-based autonomous
racing of 1:43 scale rc cars,” Optimal Control Applications and Methods, vol. 36,
no. 5, pp. 628–647, 2015.

[141] A. Liniger and J. Lygeros, “A noncooperative game approach to autonomous
racing,” IEEE Transactions on Control Systems Technology, pp. 1–14, 2019.

[142] J. Z. Kolter, C. Plagemann, D. T. Jackson, A. Y. Ng, and S. Thrun, “A proba-
bilistic approach to mixed open-loop and closed-loop control, with application
to extreme autonomous driving,” in 2010 IEEE International Conference on
Robotics and Automation, pp. 839–845, IEEE, 2010.

[143] C. You and P. Tsiotras, “Real-time trail-braking maneuver generation for off-
road vehicle racing,” in 2018 Annual American Control Conference (ACC),
pp. 4751–4756, IEEE, 2018.

[144] F. Zhang, J. Gonzales, S. E. Li, F. Borrelli, and K. Li, “Drift control for cornering
maneuver of autonomous vehicles,” Mechatronics, vol. 54, pp. 167–174, 2018.

[145] G. Williams, N. Wagener, B. Goldfain, P. Drews, J. M. Rehg, B. Boots, and
E. A. Theodorou, “Information theoretic mpc for model-based reinforcement
learning,” in 2017 IEEE International Conference on Robotics and Automation
(ICRA), pp. 1714–1721, May 2017.

[146] B. Yi, S. Gottschling, J. Ferdinand, N. Simm, F. Bonarens, and C. Stiller, “Real
time integrated vehicle dynamics control and trajectory planning with mpc
for critical maneuvers,” in 2016 IEEE Intelligent Vehicles Symposium (IV),
pp. 584–589, IEEE, 2016.

[147] V. A. Laurense, J. Y. Goh, and J. C. Gerdes, “Path-tracking for autonomous
vehicles at the limit of friction,” in 2017 American Control Conference (ACC),
pp. 5586–5591, IEEE, 2017.

[148] Z. Ajanovic, B. Lacevic, B. Shyrokau, M. Stolz, and M. Horn, “Search-based
optimal motion planning for automated driving,” in 2018 IEEE/RSJ Interna-
tional Conference on Intelligent Robots and Systems (IROS), pp. 4523–4530,
IEEE, 2018.

[149] E. Siampis, M. Massaro, and E. Velenis, “Electric rear axle torque vectoring for
combined yaw stability and velocity control near the limit of handling,” in 52nd
IEEE Conference on Decision and Control, pp. 1552–1557, Dec 2013.

[150] C. M. Filho and D. F. Wolf, “Dynamic inversion-based control for front wheel
drive autonomous ground vehicles near the limits of handling,” in 17th In-
ternational IEEE Conference on Intelligent Transportation Systems (ITSC),
pp. 2138–2143, Oct 2014.

[151] A. Carvalho, Y. Gao, A. Gray, H. E. Tseng, and F. Borrelli, “Predictive control
of an autonomous ground vehicle using an iterative linearization approach,”
in 16th International IEEE Conference on Intelligent Transportation Systems
(ITSC 2013), pp. 2335–2340, Oct 2013.

206



[152] H. Her, Y. Koh, E. Joa, K. Yi, and K. Kim, “An integrated control of differential
braking, front/rear traction, and active roll moment for limit handling perfor-
mance,” IEEE Transactions on Vehicular Technology, vol. 65, pp. 4288–4300,
June 2016.

[153] M. Amodeo, A. Ferrara, R. Terzaghi, and C. Vecchio, “Wheel slip control
via second-order sliding-mode generation,” IEEE Transactions on Intelligent
Transportation Systems, vol. 11, pp. 122–131, Mar. 2010.

[154] M. Rubagotti, A. Estrada, F. Castanos, A. Ferrara, and L. Fridman, “Integral
sliding mode control for nonlinear systems with matched and unmatched per-
turbations,” IEEE Transactions on Automatic Control, vol. 56, pp. 2699–2704,
Nov. 2011.

[155] E. Regolin and A. Ferrara, “Svm classification and kalman filter based estimation
of the tire-road friction curve,” in Proceedings of the 20th World Congress of
the International Federation of Automatic Control (IFAC), 2017.

[156] S. Inagaki, I. Kushiro, and M. Yamamoto, “Analysis on vehicle stability in
critical cornering using phase-plane method,” Jsae Review, vol. 2, no. 16, p. 216,
1995.

[157] D. Chindamo, B. Lenzo, and M. Gadola, “On the vehicle sideslip angle estima-
tion: a literature review of methods, models, and innovations,” Applied Sciences,
vol. 8, no. 3, p. 355, 2018.

[158] I. Zubov, I. Afanasyev, A. Gabdullin, R. Mustafin, and I. Shimchik, “Au-
tonomous drifting control in 3d car racing simulator,” in 2018 International
Conference on Intelligent Systems (IS), pp. 235–241, IEEE, 2018.

[159] B. Németh, P. Gáspár, and T. Hegedűs, “Optimal control of overtaking maneuver
for intelligent vehicles,” Journal of Advanced Transportation, vol. 2018, 2018.

[160] E. F. Camacho and C. Bordons Alba, Model Predictive Control. Advanced
Textbooks in Control and Signal Processing Series, Springer-Verlag London,
2007.

[161] M. Vanzulli, “Mpc-based dynamic state references generation for autonomous
racing on low friction surfaces,” Master’s thesis, University of Pavia, 2019.

[162] S. M. LaValle, Planning algorithms. Cambridge university press, 2006.

[163] D. Dolgov, S. Thrun, M. Montemerlo, and J. Diebel, “Practical search techniques
in path planning for autonomous driving,” Ann Arbor, vol. 1001, no. 48105,
pp. 18–80, 2008.

[164] B. J. Cohen, S. Chitta, and M. Likhachev, “Search-based planning for manip-
ulation with motion primitives,” in 2010 IEEE International Conference on
Robotics and Automation, pp. 2902–2908, IEEE, 2010.

207



[165] Z. Ajanović, M. Stolz, and M. Horn, “A novel model-based heuristic for energy-
optimal motion planning for automated driving,” IFAC-PapersOnLine, vol. 51,
no. 9, pp. 255–260, 2018.

[166] Y. Kuwata, J. Teo, S. Karaman, G. Fiore, E. Frazzoli, and J. How, “Motion
planning in complex environments using closed-loop prediction,” in AIAA
Guidance, Navigation and Control Conference and Exhibit, p. 7166, 2008.

[167] E. Velenis, D. Katzourakis, E. Frazzoli, P. Tsiotras, and R. Happee, “Steady-
state drifting stabilization of rwd vehicles,” Control Engineering Practice, vol. 19,
no. 11, pp. 1363–1376, 2011.

[168] M. Werling, S. Kammel, J. Ziegler, and L. Gröll, “Optimal trajectories for time-
critical street scenarios using discretized terminal manifolds,” The International
Journal of Robotics Research, vol. 31, no. 3, pp. 346–359, 2012.

[169] P. Hart, N. Nilsson, and B. Raphael, “A formal basis for the heuristic determi-
nation of minimum cost paths,” IEEE Transactions on Systems Science and
Cybernetics, vol. 4, no. 2, 1968.

[170] M. Montemerlo et al., “Junior: The stanford entry in the urban challenge,”
Journal of Field Robotics, vol. 25, no. 9, pp. 569–597, 2008.

[171] J. Ziegler, P. Bender, T. Dang, and C. Stiller, “Trajectory planning for bertha
— a local, continuous method,” in 2014 IEEE Intelligent Vehicles Symposium
Proceedings, pp. 450–457, IEEE, 2014.

[172] L. Grüne and J. Pannek, “Nonlinear model predictive control,” in Nonlinear
Model Predictive Control, pp. 45–69, Springer, 2017.

208


	Contents
	Introduction
	I Vehicle Dynamics Control via Sliding Modes Generation
	Modeling of Vehicle Dynamics
	Modeling of Vehicle Longitudinal Dynamics
	Tire Model
	Vehicle Model

	Modeling of Vehicle Lateral Dynamics
	Single Track Model
	Cornering Forces
	Longitudinal and lateral tire slips
	Yaw Moment Generation
	Local Linearization of the Vehicle Model

	Vehicle Steering Properties
	Vehicle Model for Wheel Forces Estimation
	Modified Single Corner Model
	Enhanced Single Track Model
	Load Transfer

	Steady-State Cornering Modeling For Motion Planning
	Modeling the steady-state vehicle behavior
	Vehicle Equilibrium States
	Equilibrium States Manifold


	Sliding Mode Control of Lateral Vehicle Dynamics
	Yaw-Rate Control Survey
	Vehicle Stability Control: Yaw-rate and Side-slip Angle
	Brake-based stability control: Example
	Torque-based stability control: Example

	Vehicle Stability Control via Sliding Mode Control
	Overall Control Structure
	Reference Model
	Feed-Forward Control
	Second Order Sliding Mode Control Design
	Integral Sliding Mode Control Design

	Controllers Assessment
	Vehicle Specifications and Model Validation
	Simulation results
	Conclusions



	II Tire-Road Contact Forces: Estimation and Analysis
	Sliding Mode Based Observer for Wheel Forces Estimation
	SM Virtual Sensor with Accuracy Enhancement
	Novelty Elements

	S-SOSM for Control and Observation
	Sub-Optimal Second Order Sliding Mode
	Convergence Time

	S-SOSM Based Virtual Sensor for Wheel Forces
	S-SOSM Observer Structure
	Convergence Analysis
	Considerations on the Adaptive S-SOSM Observer

	Accuracy Enhancement and Longitudinal Forces Correction
	EKF Filter
	Longitudinal Tire-Ground Force Transfer Calculation

	Experimental Analysis
	Setup Description
	Results Evaluation


	Benchmarking of the S-SOSM Based Forces Estimator
	Test vehicle and data
	Vehicle
	Experimental test data

	Estimation approaches
	Linear and Extended Kalman Filter approach
	Neural Network and Extended Kalman Filter approach

	Discussion of results and guidelines
	Vertical tire force estimation
	Dynamic model-based approaches
	S-SOSM approach – guidelines
	Conclusions



	III Towards Model Based Autonomous Racing
	A General Introduction to Motion Planning
	Path Tracking Algorithms
	Geometric path tracking methods
	Kinematic model based methods
	Dynamic model based methods
	Observations

	Path Tracking on Low Friction Surfaces
	Drift solutions


	Vehicle State Robust Tracking via Integral Sliding Mode
	Problem Formulation
	Control Scheme Design
	State Reference
	Multi-rate Control Considerations
	Discrete time LQR
	Linear MPC
	ISM Control

	Simulation Results
	Simulations set-up
	Controllers tuning
	Performance Evaluation


	MPC-Based Motion Planning Concept for Autonomous Racing 
	General concept
	Preliminary Aspects
	Reference frames
	Sensor operating mode
	Reference coordinates and reference inputs calculation

	Vehicle position and orientation model
	Trajectory Linearization

	Definition of the MPC Problem
	Cost function
	Weights matrices

	Optimization Constraints
	Equality constraints
	Inequality constraints

	Results
	Non-drift case - Wet asphalt terrain
	Drift case - Gravel terrain
	Conclusions


	Search-Based Motion Planning for Autonomous Rallying
	Problem Formulation and Vehicle Models
	Vehicle kinematic model
	Equilibrium States Manifold
	Drivable road and Criteria

	Motion planning
	Node expansion
	Heuristic function

	Simulations
	Conclusions



	Conclusions
	Model Predictive Control
	Optimal control
	Solution of the problem

	Linear Quadratic Control
	Finite horizon LQ control solution

	MPC of linear systems
	Open and closed loop solutions


	Bibliography


