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Our virtues and our failures are
inseparable, like force and
matter. When they separate,
man is no more.

Nikola Tesla
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Introduction

Nothing in life is to be feared, it
is only to be understood. Now is
the time to understand more, so
that we may fear less.

Marie Curie

The Large Hadron Collider (LHC) at the European Organization for Nu-
clear Research (CERN) has, in the recent years, delivered unprecedented high-
energy proton-proton collisions that have been collected and studied by two
multi-purpose experiments, ATLAS and CMS. The two collaborations are ex-
ploiting these data to explore the fundamental nature of matter and the basic
forces that shape the Universe, testing the Standard Model of particle physics,
our current understanding of elementary particles and their fundamental in-
teractions, in regimes never investigated before. In this thesis, we focus on
one physics process in particular, the Vector Boson Scattering (VBS), which
is one of the keys to probe the ElectroWeak sector of the Standard Model in
the TeV regime and to shed light on the mechanism of ElectroWeak symmetry
breaking.

LHC has operated at 7 and 8 TeV center of mass energies during the so
called “Run 1” data taking period (2010-2012). The landmark Higgs boson
discovery, in July 2012, presented us with a wonderful rich and diverse physics
program. In “Run 2”, namely the data taking period at 13 TeV which followed,
we learnt a lot more about the Higgs boson, notably how it couples to bosons
and to the heaviest generation of fermions. Thanks to “Run 2” data, we know
the masses of the Higgs boson, of the top quark and of the W boson with
considerably greater precision. Such measurements are important to constrain
the Standard Model as a (meta) stable theory. In this perspective, LHC will be
upgraded to the High Luminosity LHC project starting from 2027, according
to the current schedule.
The quantity of data collected are keeping the analysis teams busy in the
current long-shutdown period which precedes “Run 3” data taking period. On
the phenomenological side, this moment can offer the great opportunity to

vii



Introduction

develop tools and knowledge for the exploration of rare processes, like VBS.
VBS measurement is extremely challenging, because of its low signal yields,

complex final states and large backgrounds. Its understanding requires a co-
ordinated effort of theorists and experimentalists, to explore all possible in-
formation about inclusive observables, kinematics and background isolation.
The present work wants to contribute to Vector Boson Scattering studies by
exploring the possibility to disentangle among W boson polarizations when
analyzing a pure VBS sample.

This work is organized as follows. In Chapter 1, we overview the main
concepts related to the Standard Model of particle physics. We introduce the
VBS process from a theoretical perspective in Chapter 2, underlying its role
with respect to the known mechanism of ElectroWeak Symmetry Breaking.
We emphasize the importance of regularizing the VBS amplitude by cancel-
ing divergences arising from longitudinally polarized vector bosons at high
energy. In the same Chapter, we discuss strategies to explore how to identify
the contribution of longitudinally polarized W bosons in the VBS process. We
investigate the possibility to reconstruct the event kinematics and to thereby
develop a technique that would efficiently discriminate between the longitu-
dinal contribution and the rest of the participating processes in the VBS. In
Chapter 3, we perform a Montecarlo generator comparison at different orders
in perturbation theory, to explore the state-of-art of VBS Montecarlo programs
and to provide suggestions and limits to the experimental community. In the
last part of the same Chapter we provide an estimation of PDF uncertainty
contribution to VBS observables. Chapter 4 introduces the phenomenological
study of this work. We perform an extensive study on polarization fraction
extraction and on reconstruction of the W boson reference frame. We first
make use of traditional kinematic approaches, moving then to a Deep Learn-
ing strategy. Finally, in Chapter 5, we test a new technological paradigm, the
Quantum Computer, to evaluate its potential in our case study and overall in
the HEP sector.

This work has been carried on in the framework of a PhD Executive project,
in partnership between the University of Pavia and IBM Italia, and has there-
fore received supports from both the institutions.
This work has been funded by the European Community via the COST Ac-
tion VBSCan, created with the purpose of connecting all the main players
involved in Vector Boson Scattering studies at hadron colliders, gathering a
solid and multidisciplinary community and aiming at providing the worldwide
phenomenological reference on this fundamental process.
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Chapter 1
The Standard Model

The Standard Model (SM) of elementary particles is a Lorentz invariant gauge
theory based on the following symmetry group:

SU(3)C ⊗ SU(2)L ⊗ U(1)Y (1.1)

It is a quantum field theory that couples quantum mechanics with special
relativity, providing a coherent description of strong, weak and electromagnetic
forces. It represents our current understanding of elementary particles and
their interactions.

At present, as it will be emphasized through this Chapter, all experimental
results at colliders show a substantial satisfactory agreement with the SM
predictions. Besides the fact that it is proved to be incomplete, the SM is,
at our current knowledge, the best self-consistent picture of the fundamental
building blocks of matter and their interactions. Across this Chapter, we intend
to review its main principles and aspects.

1.1 The Model

1.1.1 Particle Content

The elementary particles which compose the matter sector of the SM are or-
ganized in three families of fermions, represented in violet and green colours in
Fig. (1.1). Fermions are divided into two groups of six: those that are sensitive
to the electromagnetic and weak interactions are called leptons, while those af-
fected also by the strong interactions are called quarks. The latest are known
to be physically bound into triplets and doublets. The triplets are physical
particles called baryons, while the doublets are referred as mesons.

Charged particles can interact through the exchange of photons, the carriers
of the electromagnetic force. Photons are massless, uncharged, and have an
unlimited range. The gauge theory that describes the interactions of charged

1



1. The Standard Model

particles through the exchange of photons is known as Quantum ElectroDy-
namics (QED).
Quarks, furthermore, can interact among other because they possess a char-
acteristic property known as colour (or colour charge). Quarks come in three
colours: red, green, and blue. Coloured particles are bound together by gluons,
the mediators of the strong interaction, and they can also interact with each
other, keeping quarks together through their exchange. The peculiar property
of gluon self-interaction, which originates from the structure of SU(3)C gauge
group, generates the peculiarities of the strong interactions, such as the so-
called confinement that prohibits gluons and quarks to manifest themselves
alone outside the hadrons. The gauge theory developed to describe the in-
teractions of coloured particles through the exchange of gluons is known as
Quantum ChromoDynamics (QCD).
In analogy, the theory of the weak interaction is sometimes called Quantum
FlavourDynamics (QFD), but in practice this definition is rarely used because
the weak force is better understood in terms of unified ElectroWeak theory
(EW). Weak interactions occur via the exchange of W or Z bosons (in red
in Fig. (1.1) like all the other force carriers). This force controls radioactive
decays and thermonuclear reactions.

Figure 1.1: The Standard Model of particle physics [Courtesy to Wikipedia: “Standard
Model of Elementary Particles” by MissMJ].

Nature is symmetric under the group of Lorentz transformations, rotations1

and space-time translations which all together form the Poincaré group. Par-
ticles are classified according to their properties, in particular by their spin:
scalars (spin 0), fermionic spinors (semi-integer spin), and vector bosons (in-
teger spin). They correspond to irreducible representations of the Poincaré
group.
While the gauge symmetry of the SM is considered as fundamental (and will
be discussed in the next section), there are also accidental symmetries that

1Rotations are actually a sub-group of Lorentz transformations.
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1.1. The Model

arise only as a consequence of imposing gauge invariance and renormalizabil-
ity with a given particle content. This is a very powerful argument when
constraining physics beyond the SM, since the new physics can in principle
violate accidental symmetries, but the violation is typically subject to strong
experimental constraints. Practically, this means that new physics either has
to contain these symmetries as accidental symmetries as well, or they have to
be promoted to fundamental symmetries.
The SM is a chiral theory i.e. left and right-handed fermion components trans-
form differently under the SM gauge group. The transformation property is
determined by the quantum numbers that depend on the representation of the
group to which particles belong. The representations of the multiplets with
respect to SU(3)C , SU(2)L, U(1)Y respectively, are for leptons:

Lf = (1,2)−1/2 =

[
νfL
lfL

]
lfR = (1,1)−1 (1.2)

where f stays for leptons: f = e, µ, ν, and we get accidental lepton symmetries
Le, Lµ, Lτ (three lepton numbers) because of SM massless neutrinos. Quarks,
instead, are organized as follows:

Qf
L = (3,2)1/6 =

[
ufL
dfL

]
ufR = (3,1)2/3 dfR = (3,1)−1/3 (1.3)

where f refers to the different quarks:
[
u c t
d s b

]

and we get accidental symmetry B (baryon number), the conservation of which
is strongly bound by proton decay2.

1.1.2 Gauge Structure and Global Symmetry

The gauge structure of the Standard Model is composite and non–abelian. The
gauge fields of the Standard Model transform in the adjoint representation
of the corresponding simple subgroup. For the moment, we consider both
gauge bosons and fermions as massless: any mass term explicitly added to
the Lagrangian would indeed break the gauge invariance of the theory. In the
following, we will give an explicit formulation for the gauge field evaluating
global symmetry properties.

Consider fermion fields described by Dirac spinors (4-component complex
objects) ψ, the kinetic term for such fields is given by:

Lψkin = iψ̄(x)γµ∂µψ(x); ψ̄(x) = ψ†(x)γ0. (1.4)

2The quark quantum numbers, S,C,B, T corresponding to strange, charm, bottom and
top are not conserved in weak interactions.

3



1. The Standard Model

Global transformations of these fields can be defined as:

ψ(x)→ exp
(
iqkT k

)
ψ(x); ψ̄(x)→ exp

(
−iqkT kψ̄(x)

)
; (1.5)

where generators T k belong to the representation where the fermion trans-
forms and are Hermitian, and qk are a set of real parameters (therefore U =
exp(iqkTK) is a unitary matrix, so UU † = 1 ). Under these transformations
that are space-time independent, the Lagrangian is invariant thanks to the
unitarity of the matrix U :

Lψkin → iψ̄(x)U †γµ∂µUψ(x) = Lψkin . (1.6)

However when the transformations are space-dependent, the Eq. (1.5) looks
different and local gauge transformations are introduced:

ψ(x)→ exp
(
iqk(x)T k

)
ψ(x); ψ̄(x)→ exp

(
−iqk(x)T k

)
ψ̄(x). (1.7)

Now U(x) = exp
(
iqk(x)T k

)
is a unitary, space-time dependent matrix.

Under these transformations, the Lagrangian is not invariant anymore. The
problem arises with the transformation law of the derivative of the fields:

Lψkin → iψ̄(x)U †(x)γµ∂µ(U(x)ψ(x)) = Lψkin+

iψ̄(x)γµU †(x)∂µU(x)ψ(x)
(1.8)

∂µψ(x)→ ∂µ(U(x)ψ(x)) = U(x)∂µψ(x) + ∂µU(x)ψ(x) (1.9)

To overcome this problem, the covariant derivative is introduced:

Dµψ(x) = ∂µψ(x) + igAkµ(x)T kψ(x)→ U(x)Dµψ(x). (1.10)

Provided that new vector gauge fields are introduced and transform according
to:

Akµ(x)T k → U(x)Akµ(x)T kU †(x) +
i

g
U(x)∂µU

†(x), (1.11)

the invariance under local gauge transformations is restored. In this way we
can define an invariant kinetic term for fermions, and this procedure makes
the Lagrangian invariant under the local (gauge) transformation. The gauge
fields however, do not transform covariantly under the gauge group.
We can construct a covariant quantity out of the gauge fields by noticing that

[Dµ, Dν ]→ U(x)[Dµ, Dν ]U
†(x) . (1.12)

This quantity is now a differential operator acting on fermions (all derivatives
on the fermion fields cancel) and can be written as:

[Dµ, Dν ] = −igF k
µνT

k

F k
µνT

k =
(
∂µA

k
ν − ∂νAkµ

)
T k − ig[AkµT

k, AlνT
l]

(1.13)

4



1.1. The Model

In the abelian case, everything simplifies since the operator has no index and
the generators are just equal to 1, so that the commutator in the last term
also vanishes.
The gauge-invariant kinetic term for all SM fermions is then given by:

Lψkin =
∑

f

∑

ψ=L,eR,QL,uR,dR

i ¯ψf (x)γµDµψf (x); (1.14)

where the covariant derivative takes the form:

Dµψ =
(
∂µ − igW i

µT
i − ig′Y Bµ − igSGa

µT
a
)
ψ (1.15)

where Ga, Bµ, Wµ are the SU(3), U(1), SU(2) gauge vector fields respectively,
a is the index spanning over the color charges of the QCD gauge field tensor,
i spans over the weak isospin components, and g, g′ and gS are the coupling
constants of the electromagnetic, weak and strong interactions respectively.
The propagation and the interactions of massless fermions via gauge vector
boson interactions are now described by a gauge invariant kinetic term.
To summarize all the steps above, we can write down the kinetic terms for the
gauge fields, according to the group commutation properties:

Field-Strength:

Abelian: Fµν = ∂µA
k
ν − ∂νAkµ

Non-Abelian: Fµν = ∂µA
k
ν − ∂νAkµ + gfklmAlµA

m
ν

where fklm is the totally antisymmetric tensor and Aµ are the gauge fields.
After a proper normalization of the kinetic terms, we obtain:

LkinV =
1

4
BµνB

µν − 1

4
W i
µνW

µνi − 1

4
Ga
µνG

µνa (1.16)

where Bµν , W µν and Gµν refers to the gauge tensor of the tree generator groups
defined in Tab. (1.1).
Notice that the non-covariant transformation law of the gauge fields does not
allow for any gauge invariant bilinear in the fields without derivatives. There-
fore no gauge boson mass is allowed by gauge invariance. On the fermionic
side, instead, since left and right fermion components transform differently
under the gauge group, a mass term of the form:

mψ̄ψ = m(ψ̄LψR + ψ̄RψL)

is not invariant under gauge transformations:

ψL → ULψL

ψR → URψR
=⇒ mψ̄ψ → m(ψ̄LU

†
LURψR + h.c.). (1.17)

The left and right matrices are different unitary transformations so that the
mass term is not compatible with gauge invariance.

5



1. The Standard Model

Lie group Quantum number Gauge Field
SU(3) color Ga

µ a = 1, ..., 8

SU(2) weak isospin W a
µ a = 1, ..., 3

U(1) hypercharge Bµ

Table 1.1: Standard Model gauge structure for the strong, weak and electromagnetic inter-
actions.

A field theory based on an SU(N) gauge invariance predicts the presence
of N2 − 1 different vector fields, one for each gauge degree of freedom. Thus,
the SM involves eight fields for the SU(3) sector, three for the SU(2) sector
and one last for the U(1) sector. The gauge fields of the SM are summarized
in Table (1.1).

Notice that all we did was to write down gauge-invariant kinetic terms for
fermions and gauge bosons. We never attempted at writing down interactions.
As a result, we got that from the requirement of gauge invariance of kinetic
terms, we automatically derived all interactions. Gauge invariance gave us
interactions“for free”. As a matter of fact, anyway, our theory does not describe
the observations at all. Most of the particles that we observe have masses and
weak interactions have short-range, i.e. the mediators are massive. The gauge
invariance that proved to be so powerful seems to be now the main problem.

1.1.3 Spontaneous Symmetry Breaking

What we have defined so far was necessary but leaves us with the problem
of generating masses. In this section we will elaborate on the solution that
is provided by the mechanism of Spontaneous Symmetry Breaking (SSB) of
gauge invariance [1], [2]. The name sounds a little bit misleading since, as we
will see, gauge invariance is not broken at all, it is just “realized” differently.
SSB could explain the generation of gauge boson masses both in the case of
weak dynamics, where we expect new light degrees of freedom, and in the case
of strong dynamics, where we expect to see resonances close to the cut-off scale.
In the case of weak dynamics, SSB is said to be linearly realized, while in the
case of strong dynamics it is said to be non-linearly realized.

To better understand the details about the SSB we would like to introduce
a fundamental theorem which goes under the name of Goldstone Theorem [3].

Goldstone Theorem

A spontaneously broken global symmetry implies the existence of mass-
less scalars called Goldstone bosons. There are as many Goldstone
bosons as broken symmetry generators.

6



1.1. The Model

Examples

QCD with 2 flavors (u, d) quarks:

SU(2)L ⊗ SU(2)R → SU(2)L+R = SU(2)V .

Each SU(2) group has three generators, therefore in total three generators are
broken so we have 3 massless Goldstone bosons: π0, π±, triplet of SU(2)V . The
symmetry is approximate and it is broken by light quark masses and therefore
the pions are not exactly massless. Since the quark masses are much lighter
than the QCD confinement scale (mu ≈ 2 MeV, md ≈ 5 MeV) the symmetry
is a good approximation and in fact pions are lighter (mπ ≈ 135 MeV) than
the other QCD resonances.
The same approach can be used in case of:

SU(3)L ⊗ SU(3)R → SU(3)L+R = SU(3)V ;

SU(3) has eight generators, therefore in total eight massless Goldstone bosons.
Now, while this symmetry is a very good approximation for the two light
quarks, it is less exact for the strange quark (ms ≈ 100 MeV, mk ≈ 500 MeV)
so that strange mesons are heavier.

Continuous Global Symmetry

The simplest example of SSB is a self-interacting real scalar field filling the vac-
uum with discrete Z2 symmetry. Its formulation can be found in App. (A.1).
A slightly more illustrative example is the one related to a global continuous
symmetry.
Consider the following Lagrangian for a complex scalar field (2 real compo-
nents):

Lφ = ∂µφ
†∂µφ− V (φ); V (φ) = µ2φ†φ+

λ

4
(φ†φ)2

We need to impose the condition λ ≥ 0, for the potential to be bounded
from below. This new theory is invariant under continuous U(1) ∼ SO(2)
transformations:

φ→ Uφ; φ† → U †φ†; U = eiα.

Looking at the minimum of the potential we get:

∂V

∂ϕ
= 0 ⇒

{
a) µ2 > 0 〈φ〉 = 0

b) µ2 < 0 〈φ〉 =
√
−2µ2

λ
eiθ

Case a) represents a single (symmetric) vacuum state with two degenerate
states with masses m2 = V ′′ (〈φ〉) = µ2.
Case b) gives us an infinite class of equivalent vacuum states the spectrum of
which consists of a massive and a massless real scalar.

7



1. The Standard Model

Looking closer at the broken phase and expanding the field as quantum fluc-
tuations around a classical vacuum expectation value (where the potential is
minimum), one obtains, using a parametrization of the complex field as an
argument, σ, and a phase π:

φ =

(√
−2µ2

λ
+

1√
2
σ

)
e
iπ
fπ .

The potential becomes:

V (φ) = µ2

(√
−2µ2

λ
+

1√
2
σ

)2

+
λ

4

(√
−2µ2

λ
+

1√
2
σ

)4

' −µ
4
− µ2σ2 +

√
−λµ2

2
σ3 +

λ

16
σ4;

where only σ has a potential and has mass m2
σ = −2µ2 but π cannot have

disappeared. We should also look at the kinetic terms, so the Lagrangian
reads:

Lφ =
1

2
∂µσ∂

µσ +

(√
−2µ2

λ
+

1√
2
σ

)
1

f 2
π

∂µπ∂
µπ − V (φ). (1.18)

The arbitrary dimensionful constant fπ can be fixed requiring π to have a
normalized kinetic term

fπ = 2

√
−µ2

λ
=
√

2|〈φ〉| = v.

π

σ

V (σ, π)

Therefore the field π propagates and interacts with σ only with derivative
couplings, but does not have any potential (it is massless). The field is said to
be a Goldstone Boson (GB). Now, the original symmetry is realized as a shift
symmetry π → π + c, that is the Nambu-Goldstone realization.

8



1.1. The Model

The non-linear Realization

To identify the Goldstone boson and the radial excitation it is useful to consider
the limit:

µ→∞; λ→∞; v = 0.

In this limit the radial mode decouples and the Lagrangian reduces to the free
theory of a scalar with a shift symmetry:

L =
1

2
∂µπ∂

µπ.

This is a “trivial” example of what is known as a non-linear sigma model where
SSB is said to be realized non-linearly and the radial degree of freedom is heavy
and it is not part of the light spectrum of the theory. Non-linear means that
now the field φ is just a non-linear function of the Goldstone bosons:

φ =

√
−2µ2

λ
e
iπ
v .

Linear and non-linear realizations can be distinguished by looking at interac-
tions.

We have seen so far the implications of SSB on global discrete and con-
tinuous symmetries. The Goldstone Theorem is a crucial result in QFT and
predicts the existence of massless, or approximately massless, scalars. In the
context of SSB, gauge invariance is radically different and we can understand
this by just counting degrees of freedom:

Unbroken phase: Massless vector has 2 physical degrees of freedom.
They correspond for instance to the two transverse polarizations of photons.

Broken phase: Massive vector has 3 physical degrees of freedom. There
is a new longitudinal polarization for massive vectors.

In the transition from the unbroken to the broken phase, it seems that SSB
can change the number of degrees of freedom. There should be a reconciliation
that preserve the number of dof. It follows that the Goldstone Theorem is
violated by SSB of “local” (gauge) invariance. The Goldstone Bosons are not
anymore new massless degrees of freedom, but provide the degrees of freedom
corresponding to the longitudinal polarizations of gauge bosons. This is at the
basis of the Higgs mechanism [2].
In the Standard Model, the SSB is linearly realized through weak dynamics
and the light degree of freedom is the Higgs boson3.

3Notice that this does not exclude that the Higgs boson itself cannot be generated by
some other strong dynamics responsible for EWSB.
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1. The Standard Model

1.1.4 SSB of gauge invariance: scalar QED

SSB of gauge invariance is very simply understood in a model of scalar QED,
that is the electrodynamics of a charged scalar (Abelian Higgs model):

L = −1

4
FµνF

µν + (Dµφ)†Dµφ− V (φ); V (φ) = −µ2|φ|2 +
λ

4
|φ|4

Dµφ = (∂µ + ieAµ)φ; (Dµφ)† = (∂µ − ieAµ)φ†.

This theory is invariant under U(1) gauge transformations:

Aµ → Aµ +
1

e
∂µq(x); φ→ eiq(x)φ; φ† → e−iq(x)φ†;

where we have chosen the sign of the mass term in such a way that for µ2 > 0
SSB occurs as in the case of the linear sigma model:

|〈φ〉| =
√

2µ2

λ
=

c√
2
.

Expanding the field around the vacuum configuration as:

φ =

(
v + σ√

2

)
e
iπ
v ;

we get the Lagrangian:

L = −1

4
FµνF

µν +

(
v + σ√

2

)2(
∂µσ

v + σ
− i∂µπ

v
− ieAµ

)

(
∂µσ

v + σ
+ i

∂µπ

v
+ ieAµ

)
−
(
−µ

4
+ µ2σ2 +

√
λµ

2
σ3 +

λ

16

)
.

(1.19)

As expected, interactions of the Goldstone boson are again only derivative
interactions. In order to understand the spectrum, let us focus on the quadratic
part of the Lagrangian:

L = −1

4
FµνF

µν +
1

2
∂µσ∂

µσ +
1

2
∂µπ∂

µπ

+
e2v2

2
AµA

µ + ev∂µπA
µ − µ2σ2.

(1.20)

It follows that we have successfully generated a mass term for the gauge boson,
the kinetic terms are canonical, but we have an unpleasant kinetic mixing
between the Goldstone boson and the gauge field. This, of course, can be
removed by properly choosing a gauge.
Let’s add to the original Lagrangian a gauge-fixing term (a generalisation of
the Lorentz gauge):

L = − 1

2ξ
(∂µAµ − ξevπ)2 . (1.21)

10



1.1. The Model

With the introduction of this gauge-fixing, the quadratic part of the Lagrangian
becomes:

L = −1

4
FµνF

µν +
1

2
∂µσ∂

µσ +
1

2
∂µπ∂

µπ +
e2v2

2
AµA

µ +�����ev∂µπA
µ −m2σ2

+
1

2ξ
(∂µAµ)2 +

ξ2

2
e2v2π2 +�����ev∂µA

µπ

(1.22)

Now, the two kinetic mixing terms are equal, up to an integration by parts,
where the total derivative is irrelevant, so they cancel out.
In order to understand the spectrum, it is useful to write down the propagators
of the three fields appearing in our Lagrangian:

i

k2 − e2v2

(
−gµν(1− ξ)

kµkν
k2 − ξe2v2

)

i

k2 − 2µ2

i

k2 − ξe2v2

As a result we can summarize the main points:

• The gauge boson has acquired a mass mA = ev;

• The sigma field, as before, has a mass mσ =
√

2µ;

• The mass of the Goldstone boson π depends on the gauge parameter ξ,
signaling the fact that this field cannot be a physical independent degree
of freedom anymore;

• One can see that π can be completely removed from the spectrum by
going in the so-called unitary gauge, which corresponds to ξ → ∞. In
this gauge, it becomes infinitely heavy and its propagator vanishes, while
the boson propagator goes back to the propagator of the massive vector
that we introduced previously;

• This shows how the longitudinal polarization of the gauge field and the
Goldstone boson are tied together (the GB is “eaten-up” by the corre-
sponding Gauge boson).

Of course, there exist other known gauge choices, e.g. Landau Gauge ξ = 0,
and Feynman Gauge ξ = 1. All ξ’s gauges are called renormalizable gauges
or ’t Hooft gauges.

11



1. The Standard Model

The important conclusion here is that SSB of gauge invariance is the
solution to the problem of generating gauge boson masses. As discussed
above, gauge invariance is not actually broken, but it is realized via
Nambu-Goldstone mechanism. The Goldstone Boson is eaten up by the
corresponding gauge field providing its longitudinal component and it is
not anymore an independent degree of freedom.

1.1.5 SSB of gauge invariance in the SM

As a natural step, we would like to complete our study and determine the SSB
for the SM. The ElectroWeak Symmetry Breaking (EWSB), represented by this
transformation SU(2)L ⊗ U(1)Y → U(1)q is the non-abelian generalization of
the abelian case we have just seen.
Considering a Lagrangian density of a free, massive, electromagnetic-charged,
spin-1/2 particle [4]:

L = iΨγµ∂µΨ−mΨΨ; (1.23)

where Ψ ≡ Ψ(x) and x is the space-time four-vector; the first and the second
terms are the kinetic and the mass term respectively.
As the SM is a chiral theory, for each spinor it is possible to define a left-
handed (LH) and a right-handed (RH) part, which behave differently under
the SM gauge group. For this reason it is usually more convenient to adopt a
two-component Weyl spinor representation instead of a four-component Dirac
field, since a Dirac spinor Ψ is composed of a left-handed Weyl spinor ΨL and
a right-handed Weyl spinor ΨR,

[Ψ] =

(
ΨL

ΨR

)
.

As anticipated above, leptons and quarks are grouped into generations or fam-
ilies of left-handed SU(2)L-doublets of weak isospin T, three in the lepton sec-
tor, (νl, l)L, with l = e;µ; τ ; and three in the quark sector, (u, d′)L; (c, s′)L; (t, b′)L
(see Eq. (1.2,1.3)) in the same way there are nine right-handed U(1)R−singlets
of hypercharge Y composed by the charged leptons lR, up-like quarks uR and
down-like quarks d′R. Now we require, as we did several times before, that
the Lagrangian remains unchanged under the global and local gauge or phase
transformation.
To reach the unification, the same concepts used previously for the electromag-
netic interactions have to be extended to the weak interactions and a symmetry
breaking sector must be added.
The local gauge transformations of the weak hypercharge Y unitary group in
one dimension U(1)Y and the local gauge transformations of the weak isospin
T special unitary group in two dimensions SU(2)L are:

U(1)Y = exp

(
iϑ(x)

Y

2

)
; SU(2)L = exp

(
i~α(x) · ~T

)
;

12



1.1. The Model

where U(1)Y group is equal to the U(1)q previously considered in QED, while
the SU(2)L is not Abelian since the generators of the group4 do not commute
and the transformations are special5.
The composition gives the group SU(2)L⊗U(1)Y of the local gauge transforma-
tions of the weak isospin and hypercharge, for hypothetically 0-mass particles.
Now we can add to the SM Lagrangian of Eq. (1.19) a doublet H of SU(2)L
fields with hypercharge Y= 1/2 described by the following Lagrangian:

LH = (DµH)†DµH − V (H); V (H) = −µ2H†H + λ(H†H)2

DµH =

(
∂µ − i

g

2
W i
µσ

i − ig
′

2
Bµ

)
H.

(1.24)

We choose to parametrize the field in a way analogous to the previous linear
sigma model example through a radial excitation times a phase:

H =

(
0
v+h√

2

)
e
iπaσa

v . (1.25)

From the kinetic term of LH we immediately find the gauge boson spectrum:

Lmass =
g2v2

2

(
(W 1

µ)2 + (W 2
µ)2 +

(
g′

g
Bµ −W 3

µ

)2
)
. (1.26)

Looking at the previous formula we see that the states W i and B are neither
mass nor charge eigenstates. The fields W i

µ,W
2
µ do not have definite charge,

but can be combined to give the charge eigenstates in this way:

W±
µ =

1√
2

(
W 1
µ ∓ iW 2

µ

)
(1.27)

The fields W 3 and B instead are both neutral, but have a mass mixing, and
they need to be diagonalized to determine the spectrum. The relations between
the weak and the electromagnetic coupling constants suggest the construction
of a unified ElectroWeak theory with a free parameter ϑW (Weinberg angle)
which is related to the weak isospin coupling g and to the weak hypercharge
g′ by the following relations:

cosϑW =
g√

g2 + g′2
and sinϑW =

g′√
g2 + g′2

.

A simple 2 × 2 rotation of ϑW , is sufficient to identify the photon and the Z
boson

Aµ = sinϑWW
3
µ + cosϑWBµ

Zµ = cosϑWW
3
µ − sinϑWBµ

(1.28)

(1.29)

4We are referring to the 2× 2 Pauli matrices Tk = τk/2.
5I.e. with det(U) = 1, or similarly Tr(Tk) = 0.
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1. The Standard Model

In terms of g and g′ couplings or, alternatively in terms of gauge couplings,
the gauge boson masses can be written:

mW =
gv

2
≈ 80 GeV; mZ =

√
g2 + g′2v

2
=

mW

cosϑW
≈ 91 GeV.

For contributions to the above unification of the weak and electromagnetic
interactions between elementary particles, called GSW theory, Abdus Salam,
Sheldon Glashow and Steven Weinberg were awarded the Nobel Prize in Physics
in 1979.
The existence of the ElectroWeak interactions was experimentally established
in two stages, the first being the discovery of neutral currents in neutrino
scattering by the Gargamelle collaboration in 1973, and the second in 1983
the discovery of the W and Z gauge bosons at the CERN proton-antiproton
collider by the UA1 and the UA2 collaborations. For the discovery of the Elec-
troWeak mediators, C. Rubbia and S. Van der Meer were awarded the Nobel
Prize in Physics in 1984. In addition, in 1999, Gerardus’T Hooft and Martinus
Veltman were also awarded the Nobel prize for showing that the ElectroWeak
theory is renormalizable.

Higgs interactions

Looking at the Lagrangian involving the Higgs boson, we find:

LH =
1

2
∂µh∂

µh− m2
h

2
h2 − λvh3 − 1

4
λh4+

(
m2
WW

+
µ W

µ− +
m2
Z

2
ZµZ

µ

)(
h2

v2
+

2h

v

)
.

(1.30)

From Eq. (1.30) we can observe that the Higgs field couples to gauge bosons
proportionally to their masses, and this is a key prediction of EWSB. The
Lagrangian has several independent parameters to be determined from exper-
iments, namely:

mH The Higgs mass (measured now at 0.1% precision [5]);

mW,Z The W and Z boson masses, connected to the ϑW by sin2 ϑW = 1 −
(m2

w/m
2
z) ' 0.229(30). They are known with very good accuracy from

LEP and LHC precision measurements and are defined to be EW preci-
sion observables;

v This parameter represents the vacuum expectation value of the Higgs
field and it is experimentally connected to the Fermi constant GF =
1/
(√

2v2
)
, determined from muon decay;

λ This parameter governs Higgs self-interactions and it is related in the
SM to the mass and the v of the Higgs boson. It is still directly unmea-
sured and it represents a missing (challenging) test of the SM, from the
experimental point of view.
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1.1. The Model

At this point we have successfully found a mechanism to generate gauge
boson masses, yet we know that also SM fermions have a mass. Notice that
after the introduction of the Higgs field, we can write new renormalizable in-
teractions between it and (some of) the SM fermions, via the so-called Yukawa
vertices, for instance:

LY uk = −yL̄HeR + h.c. =⇒

−yh+ v√
2
ēe = −me

(
1 +

h

v

)
ēe.

As a result, after the SSB, also fermions acquire masses, proportional to their
Yukawa coupling m = yv√

2
. As we anticipated, Higgs interacts proportionally

to the mass (squared mass for bosons) of the particle6.

SM non-linear Realization

We have cosidered before that SSB can be realized non-linearly, with the radial
mode decoupled from the light spectrum. Experimental evidences [6] show that
the Higgs boson exists and is light (mH = 125, 18± 0, 16 GeV [7]), however we
could ask ourselves if it is really the radial mode or whether EWSB is realized
non-linearly and the Higgs is just an accidentally light scalar (singlet under
the SM). The rest of the Lagrangian would remain the same, but Higgs boson
interactions would not be predicted anymore by EWSB (they would be free
parameters).

In Fig. (1.2), we can appreciate how measurements of the Higgs normalized
couplings7 to SM particles, measured at the LHC, reproduce very well the
SM expectation. The relation between the masses of the SM particles and
their interactions with the Higgs boson is linear, suggesting that the linear-
realization is, at least to a very good level of accuracy, correct.

With the introduction of the Higgs field and the assumption that SSB
occurs, we have solved several problems at once. We have successfully
generated gauge boson masses in a way compatible with gauge invari-
ance, and we have generated fermion masses proportional to new Yukawa
couplings. The Higgs boson is predicted to couple to all other particles
proportionally to their masses. Most of these predictions have, by now,
been verified experimentally.

We conclude this section reporting the compact version of the SM La-
grangian, including the Higgs mechanism:

L = −1

4
FµνF

µν + iΨ̄��DΨ +DµΦ†DµΦ− V (Φ) + Ψ̄LŶ ΦΨR + h.c. (1.31)

6Notice that some Yukawa couplings would need the Higgs to have opposite hypercharge
to be invariant.

7This statement is different with respect to the particle families considered so that the
proportionality could be linear or quadratical.
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1. The Standard Model

Figure 1.2: Best fit values as a function of particle mass for the combination of ATLAS
and CMS Run 1 data. The dashed (blue) line indicates the predicted dependence on the
normalized particle mass in the case of the SM Higgs boson [8].

In Chapter 3 we will discuss how rare processes, as the VBS, could help physi-
cists to solve some important missing parts of the EWSB mechanism: the
measurement of the Higgs self-coupling and of the Yukawa couplings with
fermions.

1.2 The QCD and EW Sector of the SM

In this section, we will discuss two main approaches to SM that allow physi-
cists to perform calculation and estimation about physics observables. Since
we presented already QED and EW interactions, here we would like to elabo-
rate more some Quantum ChromoDynamics concepts.
When probed at very short wavelengths, QCD is essentially a theory of free
“partons”, quarks and gluons. They scatter off one another through relatively
small quantum corrections, that can be systematically calculated in perturba-
tive expansion of the strong coupling αs.
At longer wavelengths, of the order of the proton size ∼ 1 fm = 10−15 m,
however, we see evidences of hadron resonances, with string-like potentials,
if we try to separate their partonic constituents. In this regime, the running
coupling constant is too big to act as a parameter for the expansion. Due to
our inability to perform analytic calculations in strongly coupled field theories,
QCD is therefore still only partially solved. Nonetheless, all its features, across

16



1.2. The QCD and EW Sector of the SM

all distance scales, are believed to be encoded in a single one-line formula of
alluring simplicity: the Lagrangian of QCD, reported here below, in Eq. (1.32).
The consequence for collider physics is that some parts of QCD can be calcu-
lated in perturbation theory, whereas others (the non perturbative parts) must
be expressed through models or functions whose effective parameters are not
a priori calculable but which can be constrained by fits to data.
For its features, QCD can be inferred from a few general requirements and
basic observations. A simplified list reads as follows:

� Our understanding of chiral symmetry as a spontaneously realized one
which allows treating pions as Goldstone bosons implying various soft
pion theorems, requires vector couplings for the gluons.

� The ratio R = σ(e+e− −→ had.)/σ(e+e− −→ µ+µ−) and the amplitude
decays Γ of π0 → γγ, τ− → e−νeντ and B → lυXc point to the need for
three colour charges. Moreover, the presence of an even function describ-
ing antisymmetric particles like in the JP = 3/2+ lowest mass baryons
decuplet, for example the ∆++ and the Ω−, makes this requirement a
necessity.

� Colour has to be implemented as an unbroken symmetry.

� Combining confinement with asymptotic freedom requires a non-abelian
gauge theory.

All of the above, require QCD to be described by the gauge group SU(3), the
Special Unitary group in 3 (complex) dimensions.
In the context of QCD, we represent this group as a set of unitary 3×3 unitary
matrices (the Gell-Mann matrices). This is called the adjoint representation
and can be used to represent gluons in colour space. Since there are 9 linearly
independent unitary complex matrices, the determinant −1 acts as a constraint
and consequently there are a total of 8 independent directions in the adjoint
colour space, i.e., the gluons are arranged in a colour octet. In QCD, these
matrices can operate both on each other (gluon self-interactions) and on a set
of complex 3-vectors, the fundamental representation of quarks in the colour
space. The fundamental representation has one linearly independent basis
vector per degree of SU(3), and hence the quarks are triplets.
The QCD density of Lagrangian can be written as:

LQCD = −1

4
Gµν
a G

a
µν +

∑

f

qf (iγ
µDµ −mf )qf . (1.32)

where Gµν is the gauge field tensor, a is the colour index, and Dµ is the
covariant derivative introduced before.
Despite the conciseness of this formula, the QCD theory conceals many pitfalls
that deserve to be analyzed in more detail [9]. One important property of QCD
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1. The Standard Model

is that the coupling constant decreases when the momentum transferred in the
interaction increases or, in other words, at short distances, oppositely to what
happens in QED interactions. This particular behaviour allows us to fully
understand the QCD in a perturbatively approach, namely for hard processes.
That is to say that the larger is the distance, the stronger is the interaction.
This propriety is well-known as asymptotic freedom.
While in case of QED interactions, the running of αem with the energy scale
produces a screening effect of the charge (this means that at large distances, the
electric charge is screened while its real bare value can be reached getting closer
to it), in QCD the strong attractive force gets weaker the closer the particles
is. The net effect of polarization of virtual gluons in the vacuum does not
screen the field but it augments it. This is called anti screening effect. There
is therefore a clear difference between QCD and QED, which is ultimately
related to their non-Abelian/Abelian nature: photons do not interact with
other photons, but gluons can interact with and even create/absorb other
gluons.

In addition, in high-energy scattering involving hadrons in the initial state,
we immediately face the complication that hadrons are composite, with a time-
evolving structure; there are partons within clouds of further partons, con-
stantly being emitted and absorbed. Thus, before we can use perturbatively
calculated partonic scattering matrix elements, we must first address the par-
tonic structure of the colliding hadron(s).
What happens at larger distance can be explained by saying that when the
distance increases, the colour field can be seen as a tube connecting the quarks,
thus it becomes energetically favorable to convert the (increasing) energy stored
in the colour tube to a new qq pair. This kind of processes (and in general
the phenomenology of confinement) can be described by lattice calculations or
bag models, inspired by QCD.
However, since the interactions between quarks and gluons become weaker at
small distances, it might be possible, by creating a high density/temperature
extended system composed by a large number of quarks and gluons, to create
a“deconfined”phase of matter and this is what the ALICE experiment at LHC
is pursuing.

In the following two paragraphs, we will detail the perturbative and non
perturbative parts of the calculation of any observable analyzed at an hadron
collider.

1.2.1 Perturbative Ingredients

According to what we presented in the previous Sections, the Standard Model
is based on a symmetry groups that describes 3 interactions. When the cou-
pling constants of EW interactions and of QCD at small distances are small,
they can be used as the power expansion to compute most of the high-energy
observables. Indeed, the principal technique for computations of particle scat-
terings at high energy is perturbation expansion.
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1.2. The QCD and EW Sector of the SM

In the formalism of perturbation theory, any observable, like the cross sec-
tion, for instance, can be calculated by:

σ̂k+n = αk
k∑

n=0

C(n)αn; (1.33)

where α represents the coupling constant. When n = 0 we find the so called
Leading Order (LO) process, the lowest order possible at which the process
can occur.
In a LO diagram we have vertices that bring an α contribution each in the
calculation, as shown, for instance, in Fig. (1.3).
The local gauge invariance imposed to our Lagrangian provides the main in-
gredient of our theory: the existence of a conserved quantity given by the
conserved symmetry. Considering the QED Lagrangian in U(1) group theory,
for instance, we obtain the conservation of electric charge. Each vertex in a
tree-level diagram then contributes with a square charge e that is then multi-
plied by the charged or neutral current (vectorial) part of the process.
Without repeating all the steps, we could arrive at the same conclusion also
for QCD, with the difference that SU(3)C is not abelian, its generators do not
commute so that the gluons are charged and can interact together. A QCD

Figure 1.3: A generic leading order process.

tree-level diagram is proportional to αns where n represents the number of ver-
tices in the lowest order process.
Considering a LO process diagram, the computation of a LO cross section, the
probability distribution of observing a given event can be computed as:

σ =
1

F

∫
dPSP |M|2; (1.34)

where:

F: flux factor F = |va − vb|2Ea2Eb, where vi = pi/Ei;

dPSP: phase-space weight with parton-distribution function (PDF) factors;

M: matrix element.
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NLO corrections

A LO diagram in which an additional vertex is added is called Next-to-Leading
Order (NLO) diagram. In this section we want to look into LO and NLO
corrections, both in QCD and EW power expansion. ElectroWeak interactions
are carried by W±, Z, γ and Higgs gauge bosons. The coupling constant is
related to the U(1) conserved quantity, the electric charge e, by the following
formula:

α = e2/4π where e =
gg′√
g2g′2

where g and g’ are the weak isospin coupling and the weak hypercharge cou-
pling respectively, as discussed above. Higher order corrections include both
real and virtual contributions, as shown in Fig. (1.4) on the left and right re-
spectively. In the left diagram, an emission of a real photon off one of the two
outgoing fermions is represented. This is a NLO correction to the LO Born
diagram. In the right diagram, a Next-to-Next-to-Leading Order (NNLO) cor-
rection is represented, namely the exchange of a virtual photon from the two
fermionic legs. This diagram has an α2 contribution (one α for each additional
vertex) with respect to the LO process. EW corrections account for both QED

Figure 1.4: Higher order process: real emission of a photon at NLO (left), exchange of a
virtual photon from final fermions at NNLO (right).

and weak contributions, i.e. in the diagrams above, the emitted and exchanged
particle can also be a gluon. These contributions to the observable can be
analytically computed in perturbation QCD and EW theory.
The matrix element evaluation to be used in Eq. (1.34 for a general QCD pro-
cess, with an EW correction added is:

|M|2 =M×M∗

= (Mb +Mv) (M∗
b +M∗

v)

= |Mb|2 +MvM∗
b +MbM∗

v + |Mv|2
= |Mb|2︸ ︷︷ ︸
∼α2

s(LO)

+ 2Re {MbM∗
v}︸ ︷︷ ︸

∼αα2
s(NLO)

+ |Mb|2︸ ︷︷ ︸
∼α2α2

s(NNLO)

(1.35)

where the index b refers to Born process and v indicates the virtual contribu-
tion.
QCD corrections can be obtained in a similar way, replacing the coupling con-
stant α → αs, the photon (γ) with the gluon (g) and electric charge with
colour, and keeping in mind that three or four-gluons vertices are allowed.
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Correction Properties

There exist situations in which the matrix element squared of formula (1.35)
becomes infinite. This is the case of the so called infrared (IR) singularities,
which are obviously not physical. An infrared observable is said to be safe if
it is insensitive to soft radiation, so that adding any number of infinitely soft
particles should not change the value of the observable. This means that it can
be calculated reliably using perturbative methods. In case of EW corrections,
it happens when the photon is soft (p→ 0) or collinear (pT → 0).
The way these singularities are cancelled out is by the inclusion of real cor-
rections through the Bloch-Nordsiek/KLN theorem. The first theorem (1937)
states that soft IR divergences cancel in QED when summing over final state
photons with finite energy resolution, whereas the KLN theorem (1962-64)
states that S-matrix elements squared are IR finite when summing over final
states (f) and initial states (i) within some energy window:

∑

f,i∈[E−E0,E+E0]

|〈f |S|i〉2| <∞.

This condition has been put in a stronger version in 2018:

Strong KLN Theorem
S-matrix elements squared are IR finite when summing overfinal states

or initial states:∑
f |〈f |S|i〉2 = 〈i|S†∑f |f〉〈f |S|i〉 = 〈i|i〉 ∝ 1 <∞.

For unitarity reasons we can state that all probabilities sum to one that is IR
finite and all diagrams (to any non-zero order α) sum to zero.

If we aim at constructing IR-safe objects, we define dressed fermions when
we consider only photon radiation from quarks line. Diagrams squared are
then of order: |real|2 ∼ α2

sα = O(LO)× α.
The real correction has n+ 1 particles in the final state:

δσNLO =

∫
dφn+1M2

0,n+1 + 2

∫
dφnRe

[
M∗

1,nM0,n

]
. (1.36)

In addition to what has been introduced above, EW corrections are not nec-
essarily made of EW radiations (real) and the inclusion of EW particle inter-
ferences must be included also in order to obtain an IR finite result.
Up to now we understood (without proofing) that adding real and virtual cor-
rections ensures IR finiteness, however (as in QCD), other type of divergences
can arise when computing virtual corrections: ultraviolet (UV) divergences.
They can arise in the loops (emission and absorption of a particle) when the
momentum which enters goes into infinity.
These (unphysical) divergences are removed by the procedure of renormaliza-
tion. A well detailed explanation of this procedure can be found in [10].
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As a general rule, in order to get a finite contribution for (NLO) EW correc-
tions computation one follows this scheme: compute real corrections, compute
virtual corrections, possibly including interference corrections and finally com-
pute UV counterterms.
Previous conclusions are partial because, if we compute radiations of mas-
sive EW gauge boson, we obtain terms such as: LO × log(M2

v /s) and LO
× log2(M2

v /s) which are divergent for low s, center of mass energy of the pro-
cess. These logarithms are defined Sudakov logarithms.

1.2.2 Non Perturbative Ingredients

At this point it is clear that the way particles interact depends on their energy.
For most of the calculations, we operate in relativistic regime and high trans-
verse momentum limit, where partons behave as quasi free in the collision. But
partons are part of the colliding protons, therefore the perturbative matrix-
element calculation representing the hard scattering, must be convoluted with
the probability to extract the partons from the nucleons.
We can write a generic cross section for an hard process in hadron-hadron
collisions as:

σ =

∫
dx1fq/p(x1, µ

2)

∫
dx2fq/p(x2, µ

2)σ̂
(
x1p, x2p, µ

2
)

(1.37)

where ŝ = x1x2s is the cross-section of the partonic process and µ2 represents
the energy scale, p is the incoming hadronic momentum and x1, x2 are the frac-
tion of these momenta carried by the colliding partons. The total cross-section
is factorized into an hard part σ̂ (x1p, x2p, µ

2) computed in perturbative regime
and a normalization part, the parton distribution functions (PDF) fi which
are non-perturbative and represent the probability to extract a parton with a
fraction x1,2 of the total momentum from the hadron. The range of energy of
the two cross sections, the hadronic one and the partonic one, is completely
different.
PDFs functions are not perturbative, they are universal and evolve as a func-
tion of µ2 according to specific system of coupled integro/differential equation
of the SM which go under the name of DGLAP evolution equation by Dok-
shitzer, Gribov-Lipatov, Altarelli, Parisi [11]. They are extracted from data at
low energy and represent the probability to find a parton in a hadron with a
fraction x of the longtudinal momentum8. PDF extraction from data is out of
the scope of this work.
As a part of this discussion, we include the definition of factorization and
renormalization scales (µF , µR). These two factors are often set as equal to
simplify the calculations, but in principle they acts as a cut off for two com-
plemently different situations.

8Transverse momentum is neglected.
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The renormalization scale µR controls which corrections enter explicitly in the
vertex definition and it therefore explains why the coupling depends on the
energy. The factorization scale µF is supposed to cure soft and collinear di-
vergences, as these divergences can be absorbed into the parton distribution
functions. Essentialy it is the scale where you declare these soft divergences
to fail. Above that scale, the regime is perturbative and can rely on Feynman
diagram calculations. The definition of the factorization scale is then essential
as it represents the scale that divides the processes entering the partonic cross
section in Eq. (1.37) (ŝ2 > µF ) from those that are part of the hadronic wave
function and therefore enter the PDF (ŝ2 < µF ). The scale of the process rep-
resents our understanding to derive predictions for the structure functions, by
separating the long-distance non-perturbative behaviour from short-distance
perturbative behaviour computable in QCD. Both µF and µR are unphysi-
cal scales that enter in the observables because the perturbation expansion is
truncated. Were we able to calculate all the orders in perturbation theory they
would lose any meaning.
In Sec. (3.5) we will focus on studies of PDF for VBS process.

1.3 Precision tests of the SM

Higher Order Accuracy

At the time of writing this thesis, we lack of some ingredients in perturbative
calculation, in particular, for any of the processes under study at LHC there
are no (pure) NNLO EW corrections available, as well as mixed NNLO QCD-
EW corrections. However some pure NNLO EW estimation corrections can be
approximatively estimated as: nNLO EW ∼ (nLO EW)2.
Like in the EW case, we can express the correction for QCD as a global external
correction term:

σNLOQCD = σBorn + δσNLOQCD.

where the correction factor can be applied to rescale both inclusive observ-
ables and differential distribution, according to the process. There are mainly
two different approaches to approximate higher order correction: additive and
multiplicative.

Additive: σNLOQCD+EW = σBorn + δσNLOQCD + δσNLOEW

Multiplicative: σNLOQCD×EW = σNLOQCD

(
1 +

δσNLOEW

σBorn

)
= σNLOEW

(
1 +

δσNLOQCD

σBorn

)

These two approaches give different results according to the magnitude of each
corrections. In particular, looking at Fig. (1.5), for observables with small EW
corrections we can appreciate small differences between prescriptions, whereas
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1. The Standard Model

for observables with large EW corrections visible differences between prescrip-
tions are present. A general rule suggest that when typical scales of QCD and
EW corrections are well separated, then multiplicative recipe is the most reli-
able prediction. This happens in case of soft QCD interactions and Sudakov
logarithms at high energy, as the two effects factorise.

Figure 1.5: Differential distributions for pp→ e+νeµ
−ν̄µbb̄H [12]: transverse momentum of

the Higgs boson (left) and the invariant mass of the top quark (right). The additive and
multiplicative combination of the NLO QCD and NLO EW corrections are shown.

(N)NLO Implementations and Availabilities in Modern Programs

The evaluation of the NLO cross-section defined in Eq. (1.36) is not obvious;
the two terms, the real and virtual components are separately divergent. From
an analytical point of view this is not a problem, as with a regulator they can
be computed separately, then added together so that the regulator dependence
disappears. Differently, it is numerical impossible to integrate it (without
regulator), mainly because the two terms have different integration variables.
To overcome this problem, without entering into details, we just mention that
there exist two approaches: Slicing method and Subtraction method.

If we consider the QCD case, NLO QCD corrections stabilises cross section
as the LO suffers from large uncertainties. The inclusion of NLO QCD correc-
tions leads to more stable predictions, but on the other hand the details of the
parton-shower matching9 programs cause differences which are considerably
larger than those observed at fixed.
NLO QCD corrections remained a big challenge for more than twenty years but
now is solved thanks to theoretical conceptual breakthrough ideas. In partic-
ular there are some different areas of contributions: from connection between

9This will be investigated in the next Chapter.
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NLO amplitudes and LO ones, input from supersymmetry/string theory, so-
phisticated algebraic methods and connections with formal theory and pure
mathematics.

Figure 1.6: Cross-section data for the process WZ → lνll [13]. Red line represents NLO
prediction while purple line represents NNLO predictions. The blue points represent ATLAS
Run1 and Run2 inclusive results.

Not only NLO calculation has been performed for most of the interesting pro-
cesses, but also an explosion of NNLO results appeared in the last two years,
at least form 2 → 2 SM process. Observing Fig. (1.6) we see that LHC data
are clearly better described by NNLO calculations. With more and more data
coming from LHC run, NLO is likely to be insufficient. Obviously, NNLO
calculations are even more complicated because of two-loop master integrals
(when many scales are involved) and the cancellation (overlapping) of diver-
gences before integration.
We would also like to mention that few LHC processes are now known at
N3LO, namely: fully inclusive Higgs production via gluon fusion (large mT

limit) [14] and [15], Higgs rapidity evaluation [16] and Higgs production via
vector boson fusion in the DIS approximation [17] (factorised approximation).

1.4 Future Challenges Beyond the SM

Even though the SM describes almost all existing data very well, and even if it
successfully passes tests at a precision level of 10−3 ÷ 10−4, we know that this
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1. The Standard Model

Model is incomplete, as it supplies no answer to some fundamental questions.

Figure 1.7: Evolution of the coupling constants of the three interactions described in the
SM as a function the energy scale. Image taken from https://commons.wikimedia.org/

wiki/File:Running_coupling_constants.svg.

During the last century, scientists have tried to find a unifying principle to
explain Mother Nature behaviour, they have been wondering whether it could
exist a general force that comprises all those already discovered. It was found
that, for the ElectroWeak interaction to allow particles and mediators to ac-
quire mass (as was described previously), the symmetry that characterises the
interaction needs to be broken by a mechanism. The scientific community, in
an attempt to overcome this scenario and to provide an alternative explana-
tion, has been involved in the research of a general symmetry which includes
all others. We know that all the fundamental interactions are proportional to
their coupling constants that, despite its name, as already discussed, are run-
ning parameters which varies with energy. Considering Fig. (1.7) and taking
into account the three different behaviours of the strong, electromagnetic and
weak couplings, as a function of the energy scale, one may find an energy value
where they meet at a point. Unfortunately, there exists a desert of 13 orders
of magnitude from todays reachable energies and the putative unification one.
In addition, it seems that, according to the current models, they do not meet
at the same point. It is needful to stress here, that the coupling constant evo-
lutions are obtained by considering only the currently observed particles and
assuming absence of “new physics” through all the energy-scale considered.
There are some additional problems related to the SM. As already discussed
in this chapter, the unitary problem related to the divergences in the proba-
bility amplitudes with increasing energies in the scattering matrices and the
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1.4. Future Challenges Beyond the SM

hierarchy problem i.e., the large discrepancy between aspects of the weak force
and gravity. A hierarchy problem occurs when the fundamental parameters,
such as coupling constants or masses are vastly different than the parameters
measured by experiments. This can happen because of the renormalization,
where parameters are closely related to the fundamental ones, and this is a
consequence of a gauge theory using massless gauge bosons.
Hierarchy problems are also related to fine-tuning and to problems of natural-
ness. We are talking about higher order corrections in the amplitude scattering
matrices, which are required to achieve a high degree of precision in the theo-
retical predictions to be compared with experimental results. Performing those
calculation means that we must have perfect knowledge of several parameters
such as the mass of Higgs boson, of the top quark and especially their coupling
constants.

Naturalness Problem

The Naturalness problem of a theory arises if its underlying parameters are
all of the same size in appropriate units. A more precise definition involves
the notion of an effective field theory – the idea that a given quantum field
theory might only describe nature at energies below a certain scale, or cutoff.
Certainly, it can be phrased just as a question about the origin of the Higgs
mechanism (and the Higgs potential). The Standard Model (SM) is an effective
field theory because it cannot be valid up to arbitrarily high energies even in
the absence of gravity. The Higgs mass operator is the only operator with
dimension less than 4 in the SM (relevant operator). In fact it is the only one
that requires the introduction of a dimensionful parameter:

LH = (DµH)†DµH − V (H); V (H) = −µ2H†H + λ
(
H†H

)2
.

If we switch off the Higgs mass term, then there are no scales in the SM. For
QCD scale, which is dynamically generated, the situation is different, i.e. we
did not require it, QCD dynamics just generates it. Then, if any dimensionful
scale is present in the ultra violet (UV), Naive Dimensional Analysis (NDA)
would set the Higgs mass parameter equal to this scale:

LNDA = cΛ2H†H (1.38)

We do have some indication of the existence of fundamental high scales:

? Grand Unification Scale: is the scale where gauge couplings (almost)
converge toward a single value MGUT = 1016 GeV;

? Planck Scale: the scale of quantum gravity MPlanck = 1019 GeV.

If any of these new physics scales exists (and is associated to the propagation
of new states), then NDA tells us that the Higgs mass should be of the order of
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1. The Standard Model

these scales. Of course it is not, and indeed all our statements were classical,
i.e. did not include any radiative (loop) corrections and radiative corrections
should then be responsible for the Higgs mass we observe.

m2
h = cΛ2 + δm2

h (1.39)

However, this would require an extremely finely tuned c constant in order to
cancel very big numbers (notice the square) and give rise to the observed Higgs
mass. This does not seem natural and it is therefore referred to as a problem
of naturalness.
There are several directions to address this problem:

• New physics at TeV scale: the most studied solution. It aims at lower-
ing Λ to the TeV scale. Then the required cancellation becomes much
smaller;

• Anthropic’s: assumes the existence of many different universes (multi-
verse) with different values of mH and aims at proving that our universe
is possible only for the observed value;

• No UV scale: one can try to construct theories that do not have any high
energy scale associated to new scales, so that Λ = mh is just the NDA
prediction.

Trying to address this problem, new models and theories came out in the
last 40 years, among these we cite Supersymmetry (SUSY), Extra-dimensions
and Strong dynamics (the composite Higgs model). At the time of this writ-
ing, there is no evidence yet for any sign of new physics and scientists start
wondering about our understanding of Naturalness. For sure this remains one
of the biggest puzzles in fundamental physics.

1.5 Summary

In this Chapter, we reviewed the Standar Model of particle physics in its main
aspects: particle content, gauge sector, perturbative and non perturbative
ingredients, SSB and capability of prediciting observables. We realized that
symmetries are an incredibly powerful tool in physics and SSB is not an actual
breaking, rather a different realization of the symmetry. In the SM, the SSB
of gauge invariance is responsible for all masses of elementary particles (apart
from neutrinos) and it is realized linearly, with the Higgs boson identified as
the radial mode.

In LHC Run 1 phase, with center-of-mass energies of 7 and 8 TeV, all
particles predicted by the Standard Model have been observed and their main
parameters determined. In 2015, Run 2 has started with an increased center-
of-mass energy of 13 TeV. This data taking period and the subsequent runs,
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1.5. Summary

approved for two further decades (including a high-luminosity upgrade), will
allow to test the predictions of the SM at high precision and to explore the
possibility to find physics beyond the Standard Model. With this increase in
the energy and luminosity we have already entered a precision-era, where we
can access a class of processes which strongly benefit from these unique and
unprecedented conditions.
One among them is the Vector Boson Scattering which will be the main
actor of next Chapter and of this thesis work.
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Chapter 2
Vector Boson Scattering

Vector Boson Scattering (VBS) and Vector Boson Fusion (VBF) are an im-
portant class of processes under investigation at the Large Hadron Collider at
CERN. The ElectroWeak sector of the Standard Model predicts self-interactions
between W and Z gauge bosons through triple and quartic gauge couplings.
The quartic coupling in particular can be probed at colliders only via rare
processes such as tri-boson production or Vector Boson Scattering.
In Fig. (2.1), a general diagram for the VBS process is given, where many dif-
ferent interactions can occur in the grey blob. The common signature for VBS
processes is therefore two jets which originate from the outgoing quarks, plus
additional particles from the decay of the two bosons.
VBF has a similar structure, but here an Higgs boson emerges from the fusion
of 2 vector bosons. VBF is the second production process of the Higgs boson
at LHC in terms of cross section value.
In the following paragraphs, we will focus on VBS process, leaving VBF to
dedicated Higgs boson papers, as [18, 19, 20, 21].

Figure 2.1: Schematic representation of a Vector Boson process.
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2. Vector Boson Scattering

In the following we will summarize the main characteristics of the VBS
process, highlighting the role of the Higgs boson in its regularization and dis-
cussing how this process can act as a portal for possible new physics.

2.1 Process Definition

As already mentioned, Vector Boson Scattering at a hadron collider usually
refers to the interaction of massive vector bosons (W±, Z) radiated by partons
(quarks) originating from the incoming protons. Counting out the 2 tagging
jets, the hard VBS is a 2 → 4 process with two ElectroWeak bosons in the
final state, therefore the typical signature of VBS events is characterised by
two energetic jets coming from quarks, and four fermions, originating from the
decay of the two vector bosons. It is a pure ElectroWeak process and among
all possible diagrams the scattering process can be mediated by a Higgs boson.
Let’s consider the following contributions to the matrix elementM of a generic
VBS process:

M4 ∝ −s2 − u2 − 4su+ 2
(
M2

W +M2
Z

) s2 + 6su+ u2

s+ u
+ . . .

Ms ∝ s2 + 2su− 2M2
W

3su+ u2

s+ u
− 2M2

Z

2u2 + 3su− s2

s+ u

Mv ∝ u2 + 2su− 2M2
W

3su+ s2

s+ u
− 2M2

Z

2s2 + 3su− u2

s+ u
− m4

ZU

M2
W

+ . . .

MH ∝ −
M4

Z

M2
W

+ · · ·+ . . .

M =⇒ ∝ − m
4
Z

M2
W

(s+ u) if mH → +∞. (2.1)

Where we used the Mandelstam variables:

s = (p1 + p2)2 t = (p1 − p3)2 u = (p1 − p4)2.

Assuming |t| >> M2
H ,M

2
Z ,M

2
W , we are able to estimate the maximal effect

of different Higgs couplings. The Higgs exchange diagram form an essential
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2.1. Process Definition

part of the amplitude, because they cancel the remaining contribution. In ad-
dition, if the Higgs boson does not have the exact couplings to vector bosons
as predicted by the SM, then the necessary divergent contributions cancella-
tions will not occur and unitarity cannot be guaranteed in the high energy
scenario. The Higgs boson plays a crucial role in restoring the unitarity of
the scattering amplitude by interfering with all the other particle mediated
diagrams. As will be emphasized later on, such cancellations are not needed
when the scattering involves transverse polarized gauge bosons, whereas for
longitudinally polarized bosons (WLWL → WLWL) it is of crucial interest,
because the corresponding matrix elements feature unitarity cancellations that
strongly depend on the actual structure of the Higgs sector of the Standard
Model. Therefore, with precision studies of VBS process, we access to Higgs
couplings at a very different energy scale with respect to the Higgs boson mass
value.
According to the intermediate propagators (boson) that we consider, we can
define several different VBS processes. The main work carried out in this thesis
is related to VBS mediated by same sign W bosons, even though an interest-
ing part about polarization extraction has been tested on ZZ mediated VBS
process (see Chapter 4). The VBS process involving two same-sign W bosons
has the largest signal-to-background ratio at the LHC.
VBS processes can also be classified according to the vector boson decays: in
the semi-leptonic case, one of the W bosons decays into light leptons, while in
fully-leptonic case, both W bosons decay leptonically. The latter signature is
experimentally preferred due to a lower background contamination and more
efficient data acquisition triggers. The scattered quarks then hadronize to
jets, resulting in two hadronic jets, not colour connected as will be discussed
later. VBS processes are currently under investigation by several experimental
groups at the two main general purpose experiments at CERN (ATLAS [22]
and CMS [23]).

The typical cross-section of VBS processes is of O (1 fb), and this explains
why large

√
s and luminosity L are needed to access experimental evidences.

This can be seen in Fig. (2.2), where VBS signature is depicted at the very
right of the summary plots, together with other rare processes. This plot
summarises the main SM cross sections, as measured by ATLAS on Run 1 +
Run 2 data, together with their experimental and theoretical uncertainties.

Leading Order Contribution

VBS receives contributions at LO from three different sets of diagrams, namely:

O(α6), O(α2
sα

4) and O(αsα
5).

The first one represents the EW contribution, see Fig. (2.3) on the left. This
is what is normally referred as pure VBS contribution. In the same figure
also s-channel contributions with non-resonant vector bosons (centre diagram)
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Figure 2.2: Summary of several Standard Model (total and fiducial) production cross section
measurements, performed by ATLAS experiment. Vector Boson Scattering appears on the
very right of the table, where rare processes are confined [24].
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Figure 2.3: Sample tree-level diagrams that contribute to the process pp→ µ+νµe
+νejj at

order O(α6). In addition to typical pure VBS contributions (left), this order also possesses
s-channel contributions such as decay chain (middle) and tri-boson contributions (right).

Figure 2.4: QCD-induced contribution.

and triple-boson production (right diagram) are represented. Here, s,t,u con-
tributions are defined according to the quark lines, and their names refer to
the corresponding Mandelstam variable. The s-channel groups all Feynman
diagrams where the two initial-state partons are connected by a continuous
fermion line, while in the t− and u-channel the fermion lines connect initial
state quarks to final state quarks. The u-channel refers to contributions with
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2.1. Process Definition

crossed fermion lines with respect to t-channel, which appears for identical
(anti) quarks in the final state.

The second contribution to LO VBS process, O(α2
sα

4), comes from gluon
connecting the two quark lines, with the W bosons radiated off the quark lines.
An important note here is that this contribution has a different colour struc-
ture that features a different kinematic behaviour than pure VBS, nonetheless
it shares the same final state, and therefore constitutes an irreducible back-
ground to the EW process. Some QCD-induced contributions of the order
O(α2

sα
4) are also represented in Fig. (2.4). The production of a single top

quark or a tt pair represents a clear example. The top quarks decay into a b
quark and W boson and produce the same signature of VBS. The cross-section
of this background is high at LHC but it can be reduced thanks to b-tagging
strategies of the detector. In general, the largest background contribution
comes for the production of a W vector boson plus jets at order O(α2

sα
4).

This is a reducible background since the final state is different from VBS
ones (one vector boson is missing) but can be misidentified since vector bosons
are not directly detected. Different multiplicities of jets enter in the definition
of the matrix-elements of this background since the QCD radiation can add
more jets in the final state.

The last component, O(αsα
5), refers to the mixed contribution of the pre-

vious processes, namely the interference, which represents a few percent with
respect to the total of LO calculation [25].
In the attempt of isolating the contribution we are interested in, namely the
pure VBS O(α6) diagram, we can define kinematic cuts (VBS cuts) that are
designed both to enhance the EW contribution over the QCD one and to sup-
press the interference, as will be discussed in Chapter 3.

Scattering Amplitude

As an example, we calculate the scattering amplitude in the specific case of four
longitudinal vector bosons1, specifying the different s-, t-, and u- contributions.

A
(
V a
L (p1)V b

L(p2)→ V c
L(p3)V d

L (p4)
)

=
g2s

4m2
δabδcd +

g2t

4m2
δacδbd +

g2u

4m2
δadδbc

1The reason beneath this choice will be clear in the next Chapter.
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From Eq. (2.1) we know that tree-level amplitude grows with energy so that
we can interpret this with a coupling strength varying with the energy. At the
same time, this coupling constant cannot become arbitrarily large, as it would
cause the amplitude to diverge.

A ≈ g(s)s

In particular, considering the expansion in the coupling constant:

A = Atree(s)
(

1 + c1
g(s)2

(4π)2
+ c2

g(s)4

(4π)4
+ ...

)
;

when the coupling g(s) becomes of order 4π, all terms in the perturbative
expansion become of the same order and perturbation theory breaks down.
This problem is usually referred to as unitarity violation, and it is related to
the fact that unitarity, in this probabilistic interpretation of the scattering
matrix, can be violated at high energy. In this regime, perturbation theory
does not hold anymore. Indeed the scattering matrix, if it exists, it is unitary
by construction even though it cannot always be computed perturbatively.
According to what has been pointed out we can now introduce the no-lose
theorem.
The constraint on perturbativity can tell us something about the ElectroWeak
theory, if we interpret the massive vector as the W boson. Knowing its mass
and coupling strength, we can get information on what to expect for new
physics. The constraints are:

g(s) =
g
√
s

2mW

. =⇒ √
s .

8πmW

g

4π√√
2GF

≈ 3 TeV.

This is a clear indication that the existence of massive vector bosons in the
Standard Model requires new phenomena at a scale almost fully accessible at
collider experiments.
Putting together all of these observations, we come to the conclusion that in
the attempt to introduce masses for the weak gauge bosons we discovered that
no matter what the mechanism generating these masses is, new phenomena
are expected at the TeV scale. If these new phenomena enter at low scales,
where their size is small (perturbative) we define the new dynamics weak, while
if they enter close to our bound we refer to them as a new strong dynamics
(non-perturbative).

2.1.1 Process Selection

Pure VBS process is characterized by the presence of two initial and final
quarks without intermediate strong (colour) interactions. The pure EW con-
tribution defined above is characterized by two jets with large rapidities in the
forward region of the detector, by a reduced jet activity in the central region as
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Figure 2.5: LO kinematics representation for VBS process.

well as a large di-jet invariant mass. The two W bosons are mostly produced
centrally and the event selection adopted usually involves rapidity separation
(∆η) and invariant-mass (mjj) cuts for the jets. We define tagging jets the two
quarks in the final state, which appear as hadronic jets in the detector and are
expected to have large energies that allow cut selection. The kinematics repre-
sentation is shown in Fig. (2.5) where quarks are located into detector regions
with fairly small scattering angle or large pseudorapidity. A useful correlation
between the jet variables is:

m2
jj ' 2pT,j1pT,j2 (cosh(∆(yjj)− cos(∆(φjj))) ;

where ∆(φjj) denotes the azimuthal angle difference between the two jets and
∆(yjj) indicates their rapidity separation. In LO approximation, the above
relation becomes exact as the two jets are massless.
QCD contributions, like the one shown in Fig. (2.4), instead, favours jets in
the central region due to colour connection between the two tagging quarks.
Therefore, despite sharing the same signature with the pure EW VBS, the
kinematics of this process is different with respect to the pure EW VBS case.
Here, there is no preferred region for jet emission and the W is radiated from
quark lines.

Figure 2.6: VBS backgound diagrams of order O(α6).

Additional diagrams contribute as a background process, in particular for
W,Z events, those are of order O(α6), like the one shown in Fig. (2.6). This
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class of processes, that mimic VBS-like events in the final states, are mostly
suppressed by means of kinematic cuts according to the low rapidity of the
two jets.
Despite the kinematic selections that one can apply to events, signal extrac-
tion represents a challenge for experimental collaborations due to low statistics
of the phase-space regions where EW contribution is dominating [26]. This is
explicitly shown in Tab. (2.1) where cross section values for different VBS chan-
nels are compared. QCD and EW contributions are process dependent, so that
pure EW selection in W+Z process could become challenging for experimental
collaborations.

2.2 NLO corrections for VBS

In this section, we focus mainly on higher order corrections for VBS process.
In order to obtain precise predictions in perturbation theory, as explained in
the previous Chapter, the inclusion of higher-order corrections is necessary.
The complete calculations for different channel are presented in: WW [25],
WZ [27] and ZZ [28]. As already state, there are several ways to define NLO

Figure 2.7: Schematic representation of NLO correction to VBS process, both from QCD
and EW contribution.

corrections: they can either be virtual, which contribute via an interference
with the Born matrix element, or real-emission diagrams, where an additional
gluon or photon is radiated off the quark line. An illustrative representation
of VBS NLO corrections is shown in Fig. (2.7). We have four possible NLO
contributions: O(α7), O(αsα

6), O(α2
sα

5) and O(α3
sα

4). We refer to the first
as EW corrections to the EW-induced LO processes and to the last as QCD
corrections to the QCD-induced LO processes (whose diagrammatic represen-
tation is depicted in Fig. (2.8)). Regarding the two remaining orders, a simple
separation of the EW-induced process and the QCD-induced process is not

Process Order O(α6) O(α2
sα

4)

W+W+ [25] σLO [fb] 1.4178(2) 0.17229(5)
W+Z [26] σLO [fb] 0.25416(6) 0.9912(2)

Table 2.1: Theoretical LO cross sections at order O(α6) and O(α2
sα

4) for two different VBS
channels: W+W+, W+Z.

38



2.2. NLO corrections for VBS

Order O(α7) O(αsα
6) O(α2

sα
5) O(α3

sα
4) Sum

δσNLO [fb] −0.2169(3) 0.0568(3) −0.00032(13) −0.0063(4) −0.2804(7)
δσNLO/σLO [%] −13.2 −3.5 0.0 −0.4 −17.1

Table 2.2: NLO fiducial cross sections for pp→ µ+νµe
+νejj [25].

possible any more. From a numerical perspective, αs is ∼ 0.1 while α is
∼ 0.76 × 10−2, so we can deduce that NLO EW ∼ NNLO QCD corrections2,
in size.
At LO we need to consider all possible diagrams to preserve the gauge invari-
ance, similarly, related NLO diagrams are gauge invariant group-wise, yet not
IR finite. Because of that, when considering a full computation calculation,
we should consider an IR finite set collecting all the contribution from virtual
and real ones.

u

u
d

d

νe

e+

νµ
µ+

W+

W+

g

(2)

(1)

γ/Z

One-loop: O
(
g2s g

6
)

Tree: O
(
g2s g

4
)

Tree: O
(
g6
)

One-loop: O
(
g8
)

W+

W+

W+

W+
e+
νe

µ+

νµ

u

u

Figure 2.8: Diagrammatic version of the contribution O(αsα
6), QCD corrections to QCD

induced process. It can be viewed as an amplitude of order O(g2
sg

6) interfered with the LO
EW amplitude [cut (1)]. On the other hand, it can be seen as an EW correction to the EW
amplitude interfered with the LO QCD amplitude [cut (2)]. Owing to the colour structure,
the illustrated contractions necessarily connect t- and u-channel contributions.

The goal of the whole theory community here is to find a match between theo-
retical predictions and what then is measured experimentally, to avoid biased
interpretation due to model dependency. In particular, separated contribution
from EW, QCD and interference, give different results with respect to com-
bined prediction computed against full computation. Looking at Tab. (2.2),
we observe large O(α7) and negative O(αsα

6) EW corrections that distinguish
the process considered from others3.

In Fig. (2.9a), transverse momentum of the anti-muon distribution com-
ing from a pp → µ+νµe

+νejj process is displayed. EW-induced contribution
is dominant over the whole phase space (top panel). Considering the rela-
tive NLO corrections in the lower panel, the largest contribution is the one

2Data are extrapolated at 100 GeV.
3In the same paper [25], the author also calculated the photon-induced NLO contribu-

tions.
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2. Vector Boson Scattering

(a) (b)

Figure 2.9: Differential distributions at a centre-of-mass energy
√
s = 13 TeV at the LHC

for pp → µ+νµe
+νejj. Transverse-momentum for the anti-muon (left) and invariant mass

for the two leading jets (right). The upper panels show the three LO contributions as well
as the sum of all NLO predictions. The two lower panel show the relative NLO corrections
with respect to the full LO [25]

of O(α7), we see the typical large corrections for high transverse momenta of
these kind of process, namely the Sudakov logarithms. The second largest
contribution is the QCD correction to EW process (O(α2

sα
5)).

On another hand, Fig. (2.9b) shows the distribution in the transverse momen-
tum of the leading jet. The clear hierarchy between the LO contributions
observed before does not hold anymore, here the LO interference becomes
comparable to the QCD-induced process around 800 GeV. We have similar be-
haviour instead for the NLO corrections with just a different contribution in
sign of the order αsα

6 with respect to kinematic energy. Talking about com-
bined prediction, again in [25] (see, for instance, Fig. 7, in this reference), we
have a clear evidence of large negative corrections for the full process, where
total corrections dominated by EW contribution to EW process show that
bands do not overlap, confirming the prediction that the NLO EW corrections
to VBS represent a large fraction of the NLO corrections.
The EW corrections are typically added to observables via an overall delta
factor, which can be expressed in the following way:

σEWNLO = σ + α× δEWNLO

σEWNNLO = σ + α× δEWNLO + α2δEWNNLO

In a different paper [29], EW corrections to W±W± are evaluated: they sum
up to −16%, see Fig. (2.10). Same conclusion are provided in [27] for the WZ
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2.2. NLO corrections for VBS

Figure 2.10: Invariant-mass distribution of the four leptons in pp → µ+νµe
+νejj including

NLO EW corrections (upper panel) and relative NLO EW corrections (lower panel) [29].

channel. The authors confirmed how the ElectroWeak corrections feature the
typical Sudakov behaviour towards high energy (log2

(
Q2

M2
W

)
).

Both papers confirm the hyphotesis that large EW corrections are indeed an in-
trinsic feature of VBS at the LHC and are not related to VBS typical kinematic
cuts: mjj < 500 GeV and |∆yjj| > 2.5. This will be discussed extensively in
the next Chapter.

Double Pole Approximation

We introduce an important technique [30], an approximation with respect
to the full computation calculation that allows for the description of a pro-
cess like VBS using leading contribution of an expansion about the resonance
poles. This method, which goes under the name of Double Pole Approximation
(DPA), is used when one is only interested in the resonance regions, which is
typically the case in many-particle processes with low cross sections. It eases
the calculation, avoiding a proliferation of terms induced by the numerous
Feynman diagrams contributing only in off-shell regions.
The pole scheme suggests to isolate the gauge-invariant residues of the reso-
nance poles and to introduce propagators with complex masses M only there,
while keeping the remaining parts untouched. Restricting this general proce-
dure to resonant contributions, defines the pole approximation (PA), which is
adequate if only the off-shell behaviour of cross sections near resonances is rel-
evant, but contributions deep in the off-shell region are negligible. Corrections
are classified into separately gauge-invariant factorizable and non-factorizable,
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2. Vector Boson Scattering

where the former can be attributed to the production and decay of unstable
particles on their mass shell.
A representation of both a general and VBS-like process is shown in Fig. (2.11).
On the left we can see a generic process with multiple resonances, where fi-
nal states result from the decay of a resonant particle or they are directly
produced without intermediate resonant state that we can describe with an
expansion about the resonance poles. On the right we have a VBS DPA rep-
resentation. The process involves the emission of two W bosons which then
decay into fermions: the approximation allows the numerator of the amplitude
to be written with the momenta projected in such a way that the boson is
on–shell, while the W s propagators are kept off–shell. In both diagrams, the
bubbles represent the procedure to isolate the gauge-invariant resonant con-
tributions, residues of the resonance poles, as a solution to the ElectroWeak
radiative corrections of high-multiplicity final states with several intermediate
resonances. The remaining non-factorizable corrections are induced by the ex-
change of soft photons between different production and decay subprocesses.
Double Pole Approximation gives an agreement within 1% with full calculation
where dominant terms are factorizable because of large corrections driven by
the scattering process.

Figure 2.11: Diagram for a typical process with multiple resonances,outgoing particles either
result from the decay of a resonant particle, i ∈ R with electric charges Q̄jand momenta k̄j
or are directly produced without intermediate resonant state,[30](left). Double-pole approx-
imation for VBS non-factorizable correction process (right).

Effective Vector Boson approximation

An additional technique widely used in VBS studies is the Effective Vector
Boson approximation [31, 32]. This approximation focuses on the inner bubble
sketched in Fig. (2.12), whose contribution can be analytically computed by
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2.3. Summary

Figure 2.12: Diagram representation of Vector Boson Approximation (VBA) for the VBS
simplified process: W+W+ →W+W+.

introducing the Leading logarithm approximation [33]:

σLL = σLO

[
1− α

4π
4CEW

W log2

(
Q2

M2
W

)
+

α

4π
2bewW log

(
Q2

M2
W

)]
; (2.2)

where Q is the typical scale of the process, so that σEWLL = −16%4.

Q > 2MW ; Q = s = (p1 + p2)2 =

(∑

l

pl

)2

= 〈m4l〉 ∼ 390 GeV

=⇒ σLL ' σEWNLO

This result shows that σEWNLO for VBS process is almost 4 times the σEWNLO
of di-boson process (qq̄ → W+W+). This observation is related to the fact
that CEW is larger for bosons (W,Z) than for fermions and quarks5, and that
〈m4l〉 is larger for VBS due to massive t-channel. In [34], the reader can find a
full detailed analysis of this effect where the t-channel contributions originates
from the s-channel contributions via crossing the outgoing W− boson with the
incoming W+ boson.

2.3 Summary

In this Section, we focused on the VBS process and on how it is known in
perturbation theory. All diagrams which contribute to the LO description are
well know and all together are gauge invariant.
At NLO, this process receives two main contributions on the EW side, namely
QED radiations near kinematic threshold and weak corrections in high-energy
limit (Sudakov logarithms). These predictions are relevant for SM measure-
ments and BSM searches. The second largest contribution is represented by the

4Eq. (2.2) takes into account several contributions: the double EW logs, the collinear
single EW logs and single logs including the parameter for the renormalisation. Angular-
dependant logarithms are omitted.

5With typical 〈m4l〉 ∼ 250 GeV.
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2. Vector Boson Scattering

QCD corrections to EW process, while mixed contributions depend strongly on
the size of QCD-induced process at LO. Of course, NLO calculation does not
necessarily give NLO-accurate observables, however an accurate combination
of NLO EW with QCD NLO matched with parton shower is important, as it
will be emphasized in the next Chapter.

The state-of-art for VBS calculation for the fully leptonic case can be sum-
marized in Table 2.3, 2.4 and 2.5. No results beyond LO are known for the
fully or semi hadronic cases. Processes matched to PS are known in VBS ap-
proximation, i.e. t− u interferences and tri-boson contributions neglected and
for both QCD/EW-induced process.

In the next Section, theoretical features related to vector boson polarization
will be presented.

2.4 Longitudinal Boson Scattering

In this Section, we would like to re-compute the scattering amplitude of lon-
gitudinal W bosons making use of the equivalence theorem. The theorem is
described in App. (B.3) and it allows to greatly simplify the calculations of
scattering amplitude. In particular, we will perform the calculation before and
after the Higgs boson, to show that the presence of the Higgs field (the SM
Higgs) makes the theory stable at all energies.

In order to work under the approximation defined by the Goldstone theo-

Order O(α7) O(αsα
6) O(α2

sα
5) O(α3

sα
4)

NLO X[29] [25] X[25] X[25] X[25]
NLO + PS X[35] X[36] × X[37]

Table 2.3: State of the art for the W±W± process computation at NLO and NLO matched
to PS for different EW and QCD orders.

Order O(α7) O(αsα
6) O(α2

sα
5) O(α3

sα
4)

NLO X[27] X[27] [38] × X[39]
NLO + PS × X[40] × X[39]

Table 2.4: State of the art for the W±Z process computation at NLO and NLO matched to
PS for different EW and QCD orders.

Order O(α7) O(αsα
6) O(α2

sα
5) O(α3

sα
4)

NLO × X[41] × X[42]
NLO + PS × X × X[42]

Table 2.5: State of the art for the ZZ process computation at NLO and NLO matched to
PS for different EW and QCD orders.
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2.4. Longitudinal Boson Scattering

rem (high energy behaviour, see App. (B.3)), we can set the gauge-less limit6

and consider that Feynman rules applied to Goldstone Bosons are entirely con-
tained in the Higgs kinetic term. Looking at Fig. (2.13) we can write down the

Figure 2.13: Feynman diagram representation of a Higgs-like contribution.

corresponding Lagrangian density expanding the exponential of the Goldstone
bosons up to quartic Goldstone boson interactions7:

L =
1

2
∂µh∂

µ +
m2
h

2
h2 +

v2

4
Tr (∂µU∂

µU)
(
1 + 2a+

h

v
+ b

h2

v2

)
(2.3)

where U = e
iπaσa

v , a, b are free parameters and h is the Higgs field. Now, if
we consider all possible channels related to the longitudinal WW scattering
shown in Fig. (2.14), we can then calculate the scattering amplitude as:

A
(
πa(p1) + πb(p2)→ πc(p3) + πd(p4)

)

=
[ s
v2
− a2

v2

(
s2

s−m2
h

)]
δabδcd + perm.

(2.4)

If s >> m2
h, we can expand Eq. (2.4) and obtain a simplified expression for the

amplitude:

A =
(
1− a2

) s
v2
− a2m2

h

v2
=
(
1− a2

) s
v2
− 8a2λ (2.5)

6The gauge couplings is set to zero.
7Since the diagram involves gauge couplings it does not grow with energy.

Figure 2.14: Tree–level diagrams for the longitudinal WW scattering.
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2. Vector Boson Scattering

where λ is the dimensionless self-Higgs-coupling constant.
According to the SM, this amplitude is just a constant at high energy, so

a is predicted to be equal to 1. This parameter is assigned a different value in
other BSM models and this would reflect into a modification of Higgs couplings
to gauge bosons, couplings which are now constrained by experiments at the
10% level.
These considerations were of fundamental importance before, and even more
now, after the discovery of the Higgs boson. In a precision era like the one
we are living in, they set a strong constraint on the Higgs coupling to gauge
bosons. Deviation from SM prediction would indicate undoubtedly presence
of new physics.

To summarize the two main aspects of the above discussion:

1. the total cross section of a simple tree level process like the one in
Fig. (2.14) is a function of the center of mass energy;

2. its behaviour depends on both the Higgs mass and the Higgs cou-
plings to vector bosons.

These facts can be appreciated and summarised in Fig. (2.15) [43], where
the dependence of the cross-section for W+W+ scattering process, according
to different polarization flavour, is shown as a function of the center of mass en-
ergy for different values of the Higgs mass (top) and Higgs couplings (bottom).

In the next Section we will see how, in particular, longitudinal compo-
nent of the Vector Boson Scattering could be a probe candidate, starting from
theoretical assumptions and then focusing on experimental aspects.
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2.4. Longitudinal Boson Scattering

Figure 2.15: Top figure: The total W+W+ scattering cross sections as a function of the
center of mass energy for different final (and initial) state polarizations and for different
Higgs masses. The Higgsless case is also included.
Bottom figure: total W+

LW
+
L scattering cross sections as a function of the center of mass

energy for different values of the HWW coupling gHWW . Coupling gHWW = 1 (lower black
curve) corresponds to the Standard Model. Blue curves represent gHWW < 1, the curve for
gHWW = 0 is equivalent to the Higgsless case. Green curves represent gHWW > 1.
Both figure obtained from MadGraph5 aMC@NLO calculation, cutting on the scattering
angle i.e. pseudorapidity of ±1.5 [43].
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2. Vector Boson Scattering

2.5 Polarization in VBS

As discussed previously, the scattering of longitudinally polarized vector bosons
is a process highly sensitive to the presence of new physics. Being able to
experimentally isolate the longitudinal component of the W polarization is a
key feature to indirectly access the Higgs sector and the mechanism of EWSB.
This is the main topic addressed by this thesis work.
In the following, we will focus on polarization from the theoretical point of
view, in order to achieve phenomenological prescriptions and to prepare tools
that can be used in experimental analyses, as it will be discussed in the next
Chapters.

2.5.1 Polarization Degree of Freedom

Let’s consider a massive vector field Lagrangian:

L = −1

4
VµνV

µν +
m2

2
VµV

µ. (2.6)

A massive vector has three propagating degrees of freedom (polarizations).
Here, the vector field Vµ has four components, and the 4−dimensional vector
representation of the Lorentz group decomposes into a scalar (1 d.o.f.) and a
spin−1 particle (3 d.o.f.) under 3−dimensional rotations. The scalar degree of
freedom (due to the non-compact nature of the Lorentz group) has a negative
kinetic term (negative norm). If it were physical, it would spoil the probabilistic
interpretation of quantum mechanics. To avoid this problem, it is necessary to
project away the scalar (time-like) component of the vector field. This is done
by requiring all vector polarizations to be orthogonal to the four momentum
as a constraint from the equation of motion:

∂µV
µ = 0 =⇒ pµε

µ
i = 0.

The three physical polarizations of our vector field (in the rest frame) can be
chosen, without losing generalisation, aligned to the three axes (x, y, z):

kµ = (m, 0, 0, 0) ε1µ = (0, 1, 0, 0) ε2µ = (0, 0, 1, 0) ε3µ = (0, 0, 1, 0)

(2.7)
To identify the transverse and longitudinal components with respect to the
three momentum, we need to preform a boost, according to general conven-
tion in the z -direction. The first two polarizations remain unchanged and,
composed, give rise to the transverse ones, while the third becomes the longi-
tudinal polarization mode.

kµ =
(√

k2
z +m2, 0, 0, 0

)
ε3µ =

(
kz, 0, 0,

√
k2
z +m2

)
(2.8)
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2.5. Polarization in VBS

We see that the longitudinal polarization vector grows with the energy and it
is at the origin of the growing with energy of the amplitude, already confirmed
by previous calculation.
The energy growing amplitude is signalling the need, at some energy scale, of
new dynamics and/or new degrees of freedom, to constrain its unitarity. We
have already found the solution to this problem, which is the same of generat-
ing masses through SSB, namely the Higgs mechanism discussed in Chapter 1.
We recall here the only aspects of SSB where polarization components play a
crucial role.
As just recalled, while a massive vector is described by three degrees of free-
dom, a massless (gauge) vector has only two degrees of freedom. If we try to
take the zero mass limit, the massive case presents the problem of the longi-
tudinal polarization blowing up to infinity. Starting from the simpler case of
electromagnetism we have:

L = −1

4
FµνF

µν Fµν = ∂µAν − ∂νAµ

where F µν is the usual differential 2-form that is an antisymmetric rank-2
tensor field-on Minkowski space that describes the electromagnetic field. In
Chapter 1, we proved that this Lagrangian is invariant under U(1) local gauge
transformations:

Aµ → Aµ +
1

e
∂µq(x).

We can use this gauge invariance to impose the constraint of removing the
time-like polarization (Lorentz gauge):

∂µA
µ = 0

However, now the rest frame four-momentum is different and the three po-
larization vectors satisfying equation above become:

kµ = (E, 0, 0, E) ε1µ = (0, 1, 0, 0) ε2µ = (0, 0, 1, 0) ε3µ = (0, 0, 0, 1) .

The third polarization vector is unphysical. In fact, it is proportional to the
four momentum and again describes a scalar degree of freedom:

Aµ = ∂µφ (2.9)

However, Aµ is, by gauge invariance, arbitrarily defined up to the divergence
of a scalar function, so gauge equivalent to Aµ = 0.
This proofs that the third polarization vector is not physical (is said to be a
pure gauge configuration) and that massive vector fields have three propagating
degrees of freedom, with the constraint kµV

µ = 0.
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2. Vector Boson Scattering

(a) Resonant diagrams: signal (b) Resonant diagrams: irreducible background.

(c) Non resonant diagrams.

Figure 2.16: WW scattering diagram classes.

2.6 Polarization Discrimination

The most direct way to get access to polarizations of vector bosons is the anal-
ysis of angular distributions of their decay products: it is a model independent
approach, which has already been proposed for EWSB studies, e.g. in [44] for
the opposite sign WW scattering in the semi–leptonic decay.

2.6.1 Amplitude Estimation

We start our polarization studies for VBS from the definition of cross section
for polarized Ws, dropping all non resonant diagrams, and projecting on shell
the resonant ones, thus preserving gauge invariance [45]. A vector boson pro-
duction at tree level, in general, receives contributions from different classes
of diagrams, both resonant and non resonant, as represented in Fig. (2.16a,
2.16c).

Considering a single intermediate W+ which decays leptonically, each dia-
gram includes one EW propagator of time-like momentum. In this case the
amplitude can be written, in the unitary gauge, as:

M =Mµ
i

k2 −M2 + iΓwM

(
−gµν +

kµkν

M2

)(−ig
2
√

2
ψ̄lγν(1− γ5)ψνl

)
; (2.10)

50



2.6. Polarization Discrimination

where M and Γ are the W and the W width, respectively.8

Let’s consider a frame in which an off shell W boson propagates along the
z -axis, with momentum k, energy E and invariant mass

√
Q2 =

√
E2 − κ2.

It can be shown, writing the tensor explicitly, that the tensor part of a vector
boson propagator can be written as a sum over all available polarization states
of the boson, i.e. in terms of four polarization vectors [47]:

− gµν +
kµkν

M2
=

4∑

λ=1

εµλ(k)εν∗λ (k); (2.11)

where the polarizations read:

εµL =
1√
2

(0,+1,−i, 0) (left);

εµR =
1√
2

(0,−1,−i, 0) (right);

εµ0 =(κ, 0, 0, E)/
√
Q2 (longitudinal);

εµA =

√
Q2 −M2

Q2M2
(E, 0, 0, κ) (auxiliary).

(2.12)

In this framework, standard orthogonality constraints hold: for longitudinal
and transverse polarizations εi · κ = 0, εi · ε∗j = −δij, i, j = 0, L,R.
Regarding the auxiliary component that, as we discussed in Sec. (2.5.1), is not
physical, we have:

εA · ε∗i = 0, L,R, εA · ε∗A = (Q2 −M2)/M2 and εA · κ =
√

(Q2 −M2)Q2/M2.

In case of an on-shell W (Q2 = M2) the fourth polarization vanishes and
other components transform accordingly. The most general case, in which the
W propagates along a generic direction, can easily be obtained by a rotation.
The decay amplitudes of the W, as explicitly calculated using the helicity
amplitude method by Hagiwara-Zeppenfeld in App. (D.3), depends on its po-
larization and is given by:

MD
λ =

−ig
2
√
s
ψ̄lε

µ∗
λ γµ(1− γ5)ψνl . (2.13)

The main result of that calculation is that, in the rest frame of the W, we have:

MD
0 =ig

√
2E sinϑ

MD
R/L =igE(1± cosϑ)e±iφ

(2.14)

Each physical polarization is uniquely associated with a specific angular dis-
tribution of the charged lepton, regardless of the W energy [46], and it is due
to the W spin-1 nature, typical of a massive gauge bosons.

8This formulation can be generalized to account for Z boson [46].
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2.6.2 Polarization Fractions

In the following, we will focus on the charged lepton angular distributions and
their relation to the polarization parameters. This part will connect the pre-
vious theoretical discussion to important aspects of experimental observables.
From a general perspective, the W boson is an arbitrary superposition of the
3 polarization states, so we can define a polarized production amplitude:

MP
λ =Mµε

µ
λ; (2.15)

and the full amplitude can be written as:

M =
3∑

λ=1

MP
λ

i

k2 −M2 + iΓµM
MD

λ =
3∑

λ=1

MF
λ ; (2.16)

whereMF
λ is the full amplitude with a single polarization for the intermediate

W.
To evaluate the differential cross-section of the process we need the squared
amplitude of the matrix element that can be write as:

|M|︸︷︷︸
coherent sum

=
∑

λ

|MF
λ |2

︸ ︷︷ ︸
incoherent sum

+
∑

λ 6=λ′
MF∗

λ MF
λ′

︸ ︷︷ ︸
interference term

(2.17)

The interference terms in Eq. (2.17) are not, in general, zero. They cancel
only when the squared amplitude is integrated over the full range of the angle
φ, however, the acceptance and kinematical cuts on leptons compromise this
aspect [45]. Therefore, there is no exact cancellation and the incoherent sum
of polarized squared amplitudes does not correspond exactly to the squared
amplitude of the unpolarized process.
A step forward can be done by extracting the polarization fractions in the
W leptonic decay. Working in the W boson rest frame, where (ϑ, φ) are the
charged lepton angles with respect to the W boson flight direction (in the
laboratory frame), we can define the integral of fully differential cross section
as:

dσ(X)

dX
=

∫
d cosϑ

dσ(ϑ,X)

d cosϑdX
; (2.18)

where the integral in Eq. (2.18) extends to the entire φ−angle range (0, 2π)
and X stands for all additional phase space variables.
Combining Eq. (2.14) with Eq. (2.18) and considering that the boson polariza-
tion fraction are not known in principle, we can write the differential cross
section with respect to cosϑ introducing polarization fractions, to keep track
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from which vector polarization each term is originated:

1
dσ(X)
dX

dσ(ϑ,X)

d cosϑdX
=

3

8
(1∓ cosϑ)fL(X) +

3

8
(1± cosϑ)2fR(X) +

3

4
sin2 f0(X)

(2.19)

polarization fractions fi depend on the variables X which are not integrated
over, so we can impose a normalization such that f0 + fL + fR = 1.
An interesting output of the work reported in [45] is that, under the hypothesis
that led us to write Eq. (2.19), the polarized components can be extracted from
the differential angular distribution by a projection on the first three Legendre
polynomials:

1

σ

dσ

d cosϑ
=

2∑

l=0

αlPl(cosϑ), αl =
2l + 1

2

∫ 1

−1

d cosϑ
1

σ

dσ

d cosϑ
Pl(cosϑ).

(2.20)
Then, the polarization fractions can be written, according to the W boson
sign, as:

f0 =
2

3
(α0 − 2α2);

fL =
2

3
(α0 ∓ α1 + α2);

fR =
2

3
(α0 ± α1 + α2).

(2.21)

Unfortunately, this elegant mathematical representation, which would be also
an interesting experimental handle, does not hold anymore when acceptance
cuts are imposed on charged leptons. While the cancellation of the interfer-
ence terms in Eq. (2.17) is a necessary condition for the validity of Eq. (33) in
App. (A.1), this is by no means sufficient.
It is a matter of fact that events generation, by means of any of the existing
MC programs, should take into account cuts that include a realistic representa-
tion of the detector acceptance, if not also dead, i.e. not sensitive, phase space
regions. Integrating over different phase space variables, in the presence of
cuts, results in a different theta dependence in the formulas above. As a con-
sequence, the measured lepton decay distribution is not described any more by
Eq. (2.19) and the polarization fractions cannot be computed as in Eq. (2.21).
In order to separate the polarized components in the data, it is necessary to
compute the individual amplitudes Mλ

F in Eq. (2.16).
In Fig. (2.17) (taken from [45]) we can appreciate how the introduction of

simple cuts on lepton momentum and pseudorapidity completely spoils the
Legendre polynomial behaviour described by Eq. (2.20) (upper plot: polariza-
tion distribution when no cuts a part from MWW < 300 GeV are applied;
lower plot: same variables plotted when kinematical cuts on the lepton are
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2. Vector Boson Scattering

Figure 2.17: Distribution of electron cosϑ in the W− reference frame. (top) Polarization
components obtained by expanding the full angular distribution on Legendre polynomials
are shown in lighter colors. The darker histograms are obtained integrating the polarized
amplitudes squared. (bottom) Same distribution in case of the following cuts: pet > 20
GeV, |ηe| < 2.5 [45]. Different polarization component are shown: unpolarized full com-
putation (black), unpolarized On Shell Projection (grey) (see App. (D.3) for its definition),
longitudinal-longitudinal (red), longitudinal-transverse (light green), transverse-longitudinal
(dark green), transverse-transverse (blue). The sum of the doubly-polarized distributions is
shown in orange. In both figures the black and grey curves perfectly overlap.
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2.6. Polarization Discrimination

imposed). The most prominent feature in comparison to the curves on the left
is the depletion at cosϑe = −1 in the angular distribution. The right handed
component is the one mostly affected, with the resulting shape substantially
different from the (1− cosϑ)2 behaviour displayed in the absence of cuts. The
effect is largely related to the preferred direction of emission of the charged
leptons from right handed W−s, which tend to produce leptons with smaller
transverse momentum.

Final Remarks

We conclude this Chapter by remarking that, despite the difficulties connected
to the impositions of cuts to VBS event, is it still possible to extract polar-
ization fractions using singly polarized SM Monte Carlo templates. The same
templates can be used to measure the polarization of the W with reasonable
accuracy, even if new physics is present.
In the next Chapter, we will present a detailed study of the Vector Boson Scat-
tering process starting from a systematic comparison of the various approxi-
mations against the complete calculation, at LO and NLO QCD accuracy.
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Chapter 3
Montecarlo for VBS

The VBS process involving two same-sign W bosons both leptonically de-
caying, is, among all VBS contributions, the one with the largest signal-to-
background ratio at the LHC and it is thus of prime importance to provide
predictions, with systematic uncertainties at least comparable to the current
and envisaged experimental precision. The W+W+ scattering, is also the sim-
plest VBS process to calculate, because the double-charge structure of the lep-
tonic final state limits the number of partonic processes and the total number
of Feynman diagrams for each process. Nonetheless, it possesses all features of
VBS, therefore, it is the ideal candidate for a comparative study of the differ-
ent simulation tools. Recently, the complete NLO corrections to W+W+ have
been evaluated in [25], making it possible for the first time to study in detail
the quality of the VBS approximations at NLO QCD.

This Chapter starts with the description of the physical process and the
various computer codes used, in Sec. (3.1). In Sec. (3.2) we show results coming
from a leading-order study of the different contributions which lead to the
production of two same-sign W bosons and two jets. There, predictions for
VBS from different Montecarlo tools are compared, at the level of the cross
section and differential distributions. In Sec. (3.3) we extend the comparison
to the NLO predictions. Finally, the effect of the inclusion of matching LO
and NLO computations to parton shower is discussed in Sec. (3.4).

Thanks to a Short Term Scientific Mission (STSM) supported by the VBS
Cost Action VBSCan, I had the possibility to spend several days at Nikhef
(Dutch National Institute for Subatomic Physics) to set the basis, discuss and
consolidate, with the colleagues involved in the Action, the analysis of the
data presented in this Chapter. The main outcome of the work done during
that period flew into a paper which has been published in EPJ [37]. In this
paper, we presented a detailed study of the Vector Boson Scattering process
starting from a systematic comparison of the various approximations against
the complete calculation, at LO and NLO QCD accuracy. This Chapter is
inspired by part of these studies.
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3. Montecarlo for VBS

3.1 Problem Statement

As discussed in the previous Chapter, the process under evaluation is VBS,
which in W+W+ declination is characterized by the following signature:

pp→ µ+νµe
+νe jj + X. (3.1)

From the previous Chapter we know that, at LO, this process can proceed via
three different coupling-order combinations: O(α6), O(α2

sα
4), and O(αsα

5).
Among several channels (u, t, s), we will discuss now how the s-channel con-
tributions play a particular role in the study of the various diagrams.
In this work, we focus on LO or NLO(-QCD) predictions at order O(α6) and
O(αsα

6), respectively. From now on, unless otherwise specified, we will refer
to these NLO corrections.
An important aspect to take into account when using approximations, or work-
ing with a specific order (O(α6)) is that a gauge-invariant subsets of diagrams
must be considered to obtain physically meaningful results. In this sense,
considering just those diagrams which contain the 2→ 2 process for the scat-
tering of two W bosons, which includes the quartic gauge-boson vertex, rep-
resents a non gauge invariant approximation of the full process. In order to
ensure gauge invariance, an on-shell projection of the incoming and outgoing
W bosons should be performed.
We make use of an improved version of a technique already introduced in
Chapter 2 called effective vector boson approximation (EVBA), where we con-
sider all t- and u-channel diagrams and we square them separately. We ne-
glect interference contributions between the two classes (both phase-space and
colour suppressed, see our original work [37]) and we discard s-channel squared
diagrams and any interferences between them and the t/u-channels. This pro-
cedure allow us to define a VBS approximation, which can be considered a
gauge-invariant approximation.
The VBS approximation can be extended to NLO in a straightforward manner
for what concerns the virtual contributions. For the real-emission contributions
special care must be adopted for the gluon-initiated processes. The initial-state
gluon and initial-state quark must not couple together, otherwise infrared (IR)
divergences proportional to s-channels appear, which do not cancel with the
ones found in the virtual contributions. Consequently, a further refinement
is to add the squared matrix element of the s-channel contributions to this
approximation.
As already discussed in Chapter 2 and in particular in [25], QCD and EW
corrections cannot be separated any more on the basis of Feynman diagrams,
since some loop diagrams contribute to both types of corrections. This is the
case when considering the full NLO corrections of order O(αsα

6): besides real
and virtual QCD corrections to the EW tree-level contribution of order O(α6),
real and virtual EW corrections to the LO interference of order O(αsα

5) have
to be taken into account.
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3.1. Problem Statement

3.1.1 Montecarlo Tools

In the following, we provide an overview of all the Montecarlo generators used
in this comparison study and how they have been tuned. They are both VBS
specific and general purpose generators. Some of them are capable of just LO
calculation, others also allow NLO (QCD and/or EW) implementation.
Montecarlo event generators are essential tools for the comparison of theory
and experiment in High Energy Physics. This is due to their capability of pro-
ducing hard interaction between partons, usually calculated at fixed order, via
matrix elements. Hard interactions generate resonances, such as W bosons,
that decay into different products according to the branching ratio of the se-
lected process, and are managed by the generator itself with a mother-daughter
elaboration convention.

PHANTOM

The Montecarlo event generator mainly used and investigated during this the-
sis studies is: PHANTOM [48]. PHANTOM is a Montecarlo event generator
capable of performing exact calculations of matrix-element at tree level, with-
out using any production times decay approach for the W bosons interactions.
Tree-level matrix elements are generated in the complex-mass scheme [49, 50]
computed via the modular helicity formalism [51, 52]. The integration uses a
multi-channel approach and an adaptive strategy [53]. It is computationally
efficient1 since it is a dedicated generator of tree level process for six parton
final states at O(α6) and O(α4α2

s) in perturbation theory, including possible
interferences between the two sets of diagrams. It can generate events for any
set of processes and it is interfaced to parton shower and hadronization pack-
ages via the latest Les Houches Accord protocol [54]. Not only it is efficient,
but also enables several physical contribution like exact spin correlations be-
tween the decays of different heavy particles, effect of the non resonant back-
ground, relevance of the offshellness of boson decays, interferences between
different sub-amplitudes which cannot be tackled without a complete calcula-
tion. PHANTOM generates unweighted events at parton level for both the
SM and a subset of beyond the Standard Model (BSM) theories.

WHIZARD

WHIZARD [55, 56] is a multi-purpose event generator with LO matrix-
element generator O’Mega. For QCD amplitudes it uses the colour flow for-
malism [57]. For NLO QCD calculations [58], where WHIZARD is in the
final validation phase, it provides FKS subtraction terms [59], while virtual
matrix elements are provided externally mainly by Recola [60]. Furthermore,
WHIZARD can automatically provide POWHEG matching to parton shower

1The authors declare differences in CPU time of one order of magnitude or more with
respect to other MC generator like Madgraph [48].
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3. Montecarlo for VBS

[61]. WHIZARD allows to simulate a huge number of BSM models as well,
in particular in terms of higher-dimensional operators for VBS processes in-
cluding means to provide unitarity limits [62].

BONSAY

The program Bonsay [63] consists of a general-purpose Montecarlo integrator
and matrix elements taken from different sources: Born matrix elements are
adapted from the program Lusifer [64], which have been generalised to cal-
culate also real matrix elements. Virtual matrix elements have been calculated
using an in-house matrix-element generator. One-loop integrals are evaluated
using the Collier library [65, 66]. For the results presented here, it uses the
VBS approximation at LO and NLO. The virtual corrections are additionally
approximated using a double-pole approximation where the final state leptons
are assumed to originate from the decay of two resonantW -bosons; see Ref. [67]
for the on-shell projection used. At LO the exact matrix elements can also be
used.

VBFNLO

VBFNLO [68] is a flexible parton-level Montecarlo for processes which involve
EW bosons. It allows for the calculation of VBS processes at NLO QCD in the
VBS approximation. The s-channel contributions are available separately as
tri-boson processes with semi-leptonic decays. Besides the SM, also a variety
of new-physics models including anomalous couplings of the Higgs and gauge
bosons can be simulated.

MG5 aMC

MadGraph5 aMC@NLO [69] (MG5 aMC) is an automatic meta-code (a
code that generates codes) which makes it possible to simulate any scattering
process including NLO QCD corrections both at fixed order and including
matching to parton showers, using the MC@NLO method [70]. Finally, scale
and PDF uncertainties can be obtained in an exact manner via reweighting at
negligible additional CPU cost [71].
No approximation is performed for the Born and real-emission matrix elements.

MoCaNLO+Recola

The program MoCaNLO+Recola is made of a flexible Montecarlo program
dubbed MoCaNLO and of the matrix-element generator Recola [60, 72].
It can compute arbitrary processes at the LHC with both NLO QCD and
EW accuracy in the SM. This is made possible by the fact that Recola can
compute arbitrary processes at tree and one-loop level in the SM. In Mo-
CaNLO+Recola no approximation is performed neither at LO nor at NLO.
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3.1. Problem Statement

It implies that also contributions stemming from EW corrections to the inter-
ference are computed. The full NLO corrections to VBS and its irreducible
background that we mention in Sec. (2.2) [25] have been obtained thanks to
this tool.

Parton Showering and Hadronization

Dealing with real data coming from experiments means that we must be able to
generate the whole production chain, from the hard interaction to detector sim-
ulation. Hard interaction creates only a fraction of the particles included in the
final state observed by a detector at hadronic colliders. The non-perturbative
phenomena, such as initial and final state QCD radiation, multi-parton interac-
tion, and hadronization are simulated thanks to other Montecarlo distributions
like PYTHIA [73]. Similar to PYTHIA, in this work we made use also of
Herwig7 [74]. Finally, the stable (or long-living particles such as muon, pions
and K) particles are clustered in jets by the Fastjet package, included in
Delphes [75] fast simulation.
Delphes is a framework for fast simulation of collider experiments. It mimics
the detector effects on the measured quantities, such as final state physics ob-
jects. This fast simulation includes a generic tracking system embedded into
a magnetic field, electromagnetic and hadronic calorimeters and a muon sys-
tem. Each of the subsystems can be customized to reproduce the effect of any
specific experiment sub-detector. This last step of the simulation chain, has
been used for a study that will be presented in Chapter 4.

3.1.2 VBS Selection Parameters

In Tab. (3.1) we summarise the main characteristics of the MC codes used
in this work, shortly described in the previous paragraph. In particular, we
highlight additional specifications for each tool, i.e. phase space integration,
channel approximation and virtual or real corrections assumptions that are
required when the order of calculation move from LO to NLO. In particular,
it is specified whether:

• all s-, t-, u-channel diagrams are included;

• interferences between diagrams of different types are included at LO;

• diagrams which do not feature two resonant W bosons are included;

• the so-called non-factorisable (NF) QCD corrections, i.e. the corrections
where (real or virtual) gluons are exchanged between different quark
lines, are included;

• EW corrections to the interference of order O(α5αs) are included. These
corrections are of the same order as the NLO QCD corrections to the
contribution of order O(α6) term.
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3. Montecarlo for VBS

Table 3.1: Summary of the different precision implemented in the Montecarlo codes involved
in the comparison.

Code O(α6) s, t, u O(α6)
interf.

Non-
res.

NLO NF
QCD

EW
corr.
to
order
O(αsα

5)

PHANTOM s, t, u Yes Yes No - -
WHIZARD s, t, u Yes Yes No - -
Bonsay t, u No Yes,

virt.
No

Yes No No

Powheg t, u No Yes Yes No No
VBFNLO s, t, u No Yes Yes No No
MG5 aMC s, t, u Yes Yes Yes virt.

No
No

MoCaNLO+Recola s, t, u Yes Yes Yes Yes Yes

The hadronic scattering processes are simulated at the LHC with a centre-
of-mass energy

√
s = 13 TeV. The NNPDF 3.0 parton distribution functions

with five massless flavours2, NLO-QCD evolution, and a strong coupling con-
stant αs (MZ) = 0.118 are employed in the present calculation. The EW
coupling is renormalised in the Gµ scheme according to:

α =

√
2

π
GµM

2
W

(
1− M2

W

M2
Z

)
, (3.2)

with
Gµ = 1.16637× 10−5GeV−2, (3.3)

The Cabibbo–Kobayashi–Maskawa matrix is assumed to be diagonal, meaning
that the mixing between different quark generations is considered negligible.
The complex-mass scheme [76] is used throughout to treat unstable interme-
diate particles in a gauge-invariant manner.
The central value of the renormalisation and factorisation scales is set to

µR = µF =
√
pT,j1 pT,j2 , (3.4)

defined via the transverse momenta of the two hardest jets (identified with the
procedure outlined in the following), event by event.

Event selection used in the present study includes the following kinematic
criteria:

• The two same-sign charged leptons are required to fulfil the following
cuts on transverse momentum, rapidity, and separation in the rapidity–
azimuthal-angle separation:

pT,l > 20 GeV, |yl| < 2.5, ∆Rll > 0.3 . (3.5)
2For the process considered, no bottom (anti-)quarks appear in the initial or final state

at LO and NLO, as they would lead to top quarks, and not light jets, in the final state.
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3.2. LO VBS Approximation

• The total missing transverse momentum, computed from the vectorial
sum of the transverse momenta of the two neutrinos, is required to be

pT,miss > 40 GeV. (3.6)

• QCD partons (light quarks and gluons) are clustered together using the
anti-kT algorithm [77], possibly using the FastJet implementation [78],
with distance parameter R = 0.4. We impose cuts on the jet transverse
momenta, rapidities, and their separation from leptons, according to the
following:

pTj > 30 GeV, |yj| < 4.5, ∆Rjl > 0.3 . (3.7)

VBS cuts are applied on the two jets with largest transverse momentum,
unless otherwise stated. In particular, we impose a cut on the invariant
mass of the di-jet system, as well as on the rapidity separation of the two
jets:

mjj > 500 GeV, |∆yjj| > 2.5, (3.8)

if not explicitly stated otherwise.

• When EW corrections are computed, real photons and charged fermions
are clustered together using the anti-kT algorithm [77] with radius pa-
rameter R = 0.1. In this case, leptons and quarks are defined to be
dressed fermions.

3.2 LO VBS Approximation

As an investigation of the state-of-art in terms of Montecarlo predictions, we
performed a comparison among the different MC generators at LO precision
in QCD and EW. Results are summarised here below.
Cross sections calculation done at matrix element with PHANTOM are re-
ported in Tab. (3.2). In the table, the three LO contributions are separately
shown, together with their integration errors. They are obtained without ap-
plying the VBS cuts of Eq. (3.8) on the variables mjj and |∆yjj|. The EW,
QCD and interference contributions amount to 57%, 37%, and 6% of the total
inclusive cross section, respectively. It follows that the interference between
EW and QCD contributions is small, due to colour suppression, but not negli-
gible. The three above-mentioned LO contributions are shown in Fig. (3.1) in
terms of differential distributions of the di-jet invariant mass mjj and the ra-
pidity difference |∆yjj|, separately and summed. For the di-jet invariant-mass
distribution (left), one can observe that the EW contribution peaks around an
invariant mass of about 80 GeV. This is due to diagrams where the two jets
originate from the decay of a W boson. They come from s-channel contribu-
tions that are not present in calculations relying on the VBS approximation.
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3. Montecarlo for VBS

Table 3.2: Cross sections at LO accuracy for the three contributions to the process pp →
µ+νµe+νejj, obtained with exact matrix elements. These results are for the set-up described
in Sec. (3.1.2) but no cuts on mjj and |∆yjj | are applied. The uncertainties shown refer to
the estimated statistical errors of the Montecarlo integrations.

Order O(α6) O(α2
sα

4) O(αsα
5)

σ[fb] 2.292± 0.002 1.477± 0.001 0.223± 0.003
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Figure 3.1: Differential distribution in the di-jet invariant mass mjj (left) and the difference
of the jet rapidities |∆yjj | (right) for the three LO contributions to the process pp →
µ+νµe+νejj. The EW contribution is in red, the QCD one in orange, and the interference
one in grey. The sum of all the contributions is in blue. The cuts applied are the ones of
Sec. (3.1.2) but no cuts on mjj and |∆yjj | are applied.

The EW contribution becomes dominant for di-jet invariant mass larger than
500 GeV, likewise for jet-rapidity difference larger than 2.5 (right). Kinematic
cuts which we want to employ to select the EW contributions with respect to
the QCD one should be based on this distributions. A further confirmation
can be obtained from the plots in Fig. (3.2), where the three contributions
are displayed in double-differential distributions in the di-jet invariant mass
and jet rapidity difference. Again, the region with low di-jet invariant mass is
dominated by tri-boson contributions and should be avoided in VBS studies.
For this reason, to focus on LO inclusive study, we adopted thie following cut:
mjj > 200 GeV.

In Fig. (3.3), ratios of double-differential cross sections are shown in the
(mjj, |∆yjj|) plane. For low mjj and low |∆yjj|, we have significant s-channel
contributions and good approximation in fiducial region of the process. Two
different situations are displayed: the ratios of |t|2+|u|2 (left) and |s|2+|t|2+|u|2
(right) approximations, both expressed as fractions of the full calculation. In
the first case, the approximation is good within ±10% over the whole range,
apart from the low invariant-mass region at both low and large rapidity differ-
ence. The low rapidity-difference region possesses remnants of the tri-bosons
contribution that have a di-jet invariant mass around the W -boson mass. It is
therefore expected that the |t|2 + |u|2 approximation fails in this region. The
right plot, where the |s|2 + |t|2 + |u|2 approximation is considered, displays a
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Figure 3.2: Double-differential distributions in the variables mjj and |∆yii| for the three LO
contributions of orders O(α6) (a), O(αsα

5) (b), and O(α2
sα

4) (c).

better behaviour in the previously mentioned region.

3.2.1 Fiducial Region

In Tab. (3.3), we report the total rates at LO accuracy at order O(α6) ob-
tained in the fiducial region described in Sec. (3.1.2). The different underlying
VBS approximations have an impact below 1% in this inclusive calculation3,
performed over the typical phase-space volume used by experimental collabo-
rations. However, the four complete predictions (WHIZARD, PHANTOM,
MG5 aMC, and MoCaNLO+Recola) exhibit different statistical errors.
After checking the point-wise agreement of the matrix-element, we realised
how different implementation of features, like the estimation of the Monte-
carlo uncertainty or a non-perfect mapping of the six-body phase-space, could
account for a level of ambiguity up to 0.5%. Yet, this is a satisfactory re-
sult, if compared to the larger differences observed at NLO or when including

3The two most-distant predictions (Powheg-box and MG5 aMC) are only 0.7% apart.
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Figure 3.3: Ratios for double-differential distributions in the variables mjj and |∆yjj | at
LO i.e. at order O(α6) of approximated squared amplitudes over the full matrix element.
The approximated squared amplitudes are computed as |A|2 ∼ |t|2 + |u|2 (left) and |A|2 ∼
|s|2 + |t|2 + |u|2 (right). No cuts on mjj and |∆yjj | are applied.

Table 3.3: Cross sections at LO accuracy of order O(α6). The complete 2 → 6 matrix-
element, without any approximation, is implemented in by PHANTOM, WHIZARD,
MG5 aMC, and MoCaNLO+Recola. The predictions are obtained in the fiducial region
described in Sec. (3.1.2). The uncertainties shown refer to the estimated statistical errors of
the Montecarlo integrations.

Code σ[fb]

Bonsay 1.43636 ± 0.00002
Powheg-Box 1.44092 ± 0.00009
VBFNLO 1.43796 ± 0.00005

PHANTOM 1.4374 ± 0.0006
WHIZARD 1.4381 ± 0.0002
MG5 aMC 1.4304 ± 0.0007

MoCaNLO+Recola 1.43476 ± 0.00009

matching to parton shower.

A relatively good agreement among the various tools is confirmed also in
Fig. (3.4), where the distributions in the invariant mass (left) and the rapid-
ity difference (right) of the two tagging jets are shown, as key observables for
VBS measurements. In both cases, the absolute distributions is plotted in the
upper part, while the lower part displays the ratio over the predictions of Mo-
CaNLO+Recola, take, as a benchmark, together with its scale-uncertainty
band. This seven-points variation is defined in Eq. (3.11) of [25] where renor-
malisation and factorisation scales are set dynamically.
The same level of agreement (1% or below in each bin) holds for other stan-
dard differential distributions such as rapidity, invariant mass, or transverse
momentum, confirming that contributions from s-channel diagrams as well as
interferences are suppressed in the fiducial region. At LO, the VBS approx-
imation works well and it completely excludes the phase-space region where
tri-boson contributions could have a noticeable impact.
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Figure 3.4: Differential distributions in the invariant mass (left) and rapidity difference
of the two tagging jets (right) at LO accuracy at order O(α6). The description of the
different programs used can be found in our work [37]. The upper plots provides the ab-
solute value for each prediction while the lower plots presents all predictions normalised to
MoCaNLO+Recola which is one of the programs that provides the full prediction. The
band corresponds to scale-uncertainty band defined in Eq. (3.11) of [25]. The predictions
are obtained in the fiducial region described in Sec. (3.1.2).

3.3 NLO VBS Approximation

VBS approximation at LO fails dramatically in the region mjj < 200 GeV,
|∆yjj| < 2 as can be appreciated in Fig. (3.2) and Fig. (3.3). Therefore, we
performed an inclusive4 study at NLO QCD for the EW component, namely
the order O(αsα

6).
According to the different Montecarlo generator characteristics, we compare
three different predictions at NLO QCD: the VBS approximation implemented
in Bonsay (|t|2 + |u|2), the VBS approximation with the s-channel contribu-
tions from VBFNLO (|s|2 + |t|2 + |u|2), and the full computation. The latter
employs exact matrix elements, meaning that t/u/s interferences, factorisable
and non-factorisable QCD corrections, as well as EW corrections to the order
O(αsα

5) are included. The total cross sections, under the above-mentioned
kinematic cuts are shown in Tab. (3.4). The |t|2 + |u|2 approximation for NLO
QCD predictions is lower by about 6% than the full calculation. The inclu-
sion of s-channel diagrams improves the approximate prediction, leading to an
excess at the 3% level.

To better understand how the VBS approximation is performing and where
the inclusion of s-channel contributions cures partly the NLO QCD predictions,

4Here, inclusive means that we apply only the following two selections: mjj > 200 GeV
and |∆yjj | > 2.
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3. Montecarlo for VBS

Table 3.4: Cross sections at NLO QCD i.e. at order O(αsα
6) for the full computation and

two approximations. In addition to the cuts of Sec. (3.1.2), the VBS cuts include mjj > 200
GeV and |∆yjj | > 2. The uncertainties shown refer to the estimated statistical errors of the
Montecarlo programs.

Prediction σtot [fb] δ[%]

full 1.733 ± 0.002 -
|t|2 + |u|2 1.6292± 0.0001 −6.0

|s|2 + |t|2 + |u|2 1.7780± 0.0001 +2.6

we study the double-differential distribution in the variables mjj and |∆yjj|.
The jet-pair kinematics is further investigated in Fig. (3.5), where we compute
in each bin the ratios of the approximated cross sections over the full one
[σ(|t|2 + |u|2)/σ(full) and σ(|s|2 + |t|2 + |u|2)/σ(full)]. In the low invariant-mass
and low rapidity-separation regions of the jet pair (200 GeV < mjj < 500 GeV,
2 < |∆yjj| < 2.5), the VBS approximation fails significantly (by more than
40%). Including the s-channel contributions leads to a difference of less than
10% in this very region. However, in the region of large di-jet invariant mass
and low rapidity separation of the jets, the (|s|2 + |t|2 + |u|2) approximation
overestimates the full computation by more than 40%.5 Again, this seems
to support the fact that interferences and non-factorisable corrections can be
non-negligible in this region.
In conclusion, both the loose minimum di-jet invariant-mass cut and the in-
clusion of QCD radiative corrections cause the s-channel contributions to be
less suppressed than at LO, making their inclusion mandatory, in order to pro-
vide trustworthy predictions at NLO accuracy. In the inclusive region studied
here, neglecting s-channel contributions, non-factorisable corrections and EW
corrections can lead to discrepancies of up to 30% with respect to the full com-
putation. In the typical VBS region where mjj & 500 Gev and |∆yjj| & 2.5,
the VBS approximation shows a good agreement with the full computation as
documented in the following.

3.3.1 NLO Fiducial Region

In Tab. (3.5), we present the cross sections as computed by the Montecarlo
programs which implement a NLO-QCD accuracy, evaluated in the fiducial
volume defined in Sec. (3.1.2). In contrast with Tab. (3.3), the NLO predic-
tions differ visibly according to the different approximations implemented in
the codes. The first observation is that the predictions featuring two versions
of the VBS approximation (Bonsay and the Powheg-Box) are relatively
close6. Bonsay uses a double-pole approximation for the virtual matrix ele-

5The bin in the top-left corner of the right-hand-side plot of Fig. (3.5) suffers from large
uncertainty (30%) while the other errors are at the percent level.

6The VBFNLO prediction omitting s-channel contributions amounts to 1.3703± 0.0001
fb. This differs from the Powheg-Box prediction mainly due to the different choice of
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Figure 3.5: Ratios for double-differential distributions in the variables mjj and |∆yjj | at
NLO QCD i.e. at order O(αsα

6) of the approximated squared amplitudes over the full
matrix element. The approximated squared amplitudes are computed as |A|2 ∼ |t|2 + |u|2
(left) and |A|2 ∼ |s|2 + |t|2 + |u|2 (right). In addition to the standard LO cuts, the VBS cuts
take the values mjj > 200 GeV and |∆yjj | > 2.

Table 3.5: Cross sections at NLO accuracy and order O(αsα
6). The predictions are obtained

in the fiducial region described in Sec. (3.1.2). The uncertainties shown refer to estimated
statistical errors of the Montecarlo integrations.

Code σ[fb]

Bonsay 1.35039 ± 0.00006
Powheg-Box 1.3605 ± 0.0007
VBFNLO 1.3916 ± 0.0001
MG5 aMC 1.363 ± 0.004

MoCaNLO+Recola 1.378 ± 0.001

ment, and it is worth noticing that this approximation seems to be accurate at
1% level as compared to the Powheg-Box. This means that the double-pole
approximation on the two W bosons used in Bonsay constitutes a good ap-
proximation of the VBS-approximated virtual corrections implemented in the
Powheg-Box. Both predictions differ by about 2% with respect to the full
computation (MoCaNLO+Recola).

Without losing generality, in the following we report just one differential
distributions performed at NLO accuracy at the order O(αsα

6). In the up-
per panel, the absolute predictions are shown while in the lower panel, the
ratio with respect to the full predictions are displayed. The band corresponds
to a seven-points variation of the factorisation and renormalisation scales (as
defined in Eq. (3.11) of [25]). Indeed, in Fig. (3.6) we show the transverse mo-
mentum (left) and rapidity (right) of the hardest jet.
While MG5 aMC is very close to the full prediction for low transverse mo-
mentum, it departs from it at larger transverse momentum by about 10%.

scales used.
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Figure 3.6: Differential distributions in the transverse momentum (left) and rapidity (right)
of the hardest jet at NLO accuracy i.e. at order O(αsα

6). The upper plots provide the
absolute value for each prediction while the lower plots present all predictions normalised to
MoCaNLO+Recola which is the full prediction. The band corresponds to a seven-point
variation of the renormalisation and factorisation scales. The predictions are obtained in
the fiducial region described in Sec. (3.1.2).

This is in contrast with the VBS-approximated predictions such as Bon-
say, Powheg, and VBFNLO which are lower than the full computation at
low transverse momentum and higher for larger transverse momentum. The
difference at high transverse momentum between the latter predictions and
the full computation can be attributed to EW Sudakov logarithms that be-
come large in this phase-space region. However, for the transverse momentum
of the second hardest jet (not shown here), the predictions from MG5 aMC
are in good agreement with the other VBS-approximated predictions. In the
end, the quality of the VBS approximations is good up to 10% in the fiducial
region. These differences are larger than those at LO. The contributions from
the s-channel amplitude can be sizeable especially at low invariant mass for
the two tagging jets, explained by the fact that s-channel contributions are
less suppressed at NLO.
Finally, the effect of EW corrections and non-factorisable contributions in the
virtual corrections are usually small, but they can be relatively large (about
10%) for large transverse momentum of the hardest jet. These high-energy
regions of the phase space are where EW Sudakov logarithms become large.
Nonetheless these regions are rather suppressed and therefore these effects are
hardly visible at the level of the cross section.
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3.4. Parton Shower

3.4 Parton Shower

As an additional step, for a meaningful comparison between theory and ex-
periment, we need to dress the fixed-order parton-level cross-sections and ob-
servables which are all relative to matrix element calculations, with the non
perturbative ingredients described in the Sec. (1.2.2), namely parton shower
and PDFs.
At LO, the final-state partons are directly identified with streams of clustered
hadrons (jet), observed in the detector. At NLO we have the so-called jet algo-
rithm, so that when the radiation becomes soft or collinear, asymptotically we
approach Born configuration ensuring the cancellation of the poles with their
corresponding counterparts from the virtual expression - defining inclusive ob-
servables with hard and well-separated jets. An extra jet can only appear
for hard, wide-angle emissions known as the infrared-safeness of observables,
where the typical scale of the hard process is given by the factorization scale.
From the computational point of view, the approach to match the hard process
with the generation of additional radiation is a unitary procedure which goes
under the name of parton shower (PS). If hard events, computed at fixed order,
as described above, are given as input to a PS code, we expect larger discrep-
ancies among the codes than what we found at fixed order, as a consequence
of the different matching schemes, parton showers employed, and of other de-
tails of the matching (such as the choice of the parton shower initial scale).
Among the codes capable of providing fixed-order results, presented before,
MG5 aMC, the Powheg-Box, and VBFNLO can also provide results at
(N)LO+PS accuracy. For VBFNLO matched to Herwig and the Powheg-
Box, we restrict ourselves to show results only in the VBS approximation,
i.e. the s-channel contributions are neglected here. Besides, also PHANTOM
and WHIZARD are used to provide LO+PS results.
Without entering into details of the matching technique for each generator,
we present the results of predictions matched to parton showers, as total rates
within VBS cuts, in Tab. (3.6) and Tab. (3.7), at LO and NLO accuracy re-
spectively.

Results are presented within the fiducial region defined by the cuts de-
scribed in Sec. (3.1.2), applied after shower and hadronisation (this implies
that jets are obtained by clustering stable hadrons, and not QCD partons). It
follows that at the event-generation level, looser cuts (or even no cuts at all)
must be employed in order not to bias the results. At NLO accuracy, for
MG5 aMC + Pythia8 and VBFNLO+Herwig7-Dipole, we also quote
theoretical uncertainties. For the former, we show both PDF and scale un-
certainties7, obtained via exact reweighting [71] by varying independently the
renormalisation and factorisation scales by a factor of two around the central
value of Eq. (3.4). Theory uncertainties on the total rates are very small, while

7A specific study of PDF uncertainties in VBS is presented in the last section of this
chapter.
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3. Montecarlo for VBS

Table 3.6: Cross sections at LO+PS accuracy. The uncertainties shown refer to estimated
statistical errors of the Montecarlo integrations.

Code σ[fb]

MG5 aMC+Pythia8 1.352 ± 0.003
MG5 aMC+Herwig7 1.342 ± 0.003

MG5 aMC+Pythia8, Γresc 1.275 ± 0.003
MG5 aMC+Herwig7, Γresc 1.266 ± 0.003

PHANTOM+Pythia8 1.235 ± 0.001
PHANTOM+Herwig7 1.258 ± 0.001

VBFNLO+Herwig7-Dipole 1.3001 ± 0.0002
WHIZARD+Pythia8 1.229 ± 0.001

larger discrepancies appear for differential observables, which we discuss in the
following.
Here we show a selection of these observables. The first one is the exclusive jet
multiplicity, shown in Fig. (3.7). Looking at the LO+PS predictions, one can
appreciate that the main effects are driven by the parton shower that is em-
ployed (Herwig7 [74] or Pythia8 [73]), with the clear tendency of producing
more radiation for the latter, leading to higher jet multiplicities. Differences
among tools that employ the same parton shower are typically smaller, and
can be traced back to different values of the initial scale of the parton shower
(the scalup entry of the Les Houches Event file [54]).The main effect of NLO
corrections for this (rather inclusive) observable is to stabilise the predictions
for the two-jet bin, where discrepancies among tools are reduced to about 10%.
For the three-jet bin, which is described only at LO accuracy, differences among
tools remain large, and are possibly related to the underlying approximation
performed8. Despite the fact that the same parton shower is employed, the

8MG5 aMC is the only tool that makes use of the full matrix element for the real

Table 3.7: Cross sections at NLO+PS accuracy. The MG5 aMC results with Γresc are
rescaled to account for the effect related to the W-boson width computed by MadSpin (see
the text for details). For VBFNLO+Herwig7-Dipole, the three-point scale uncertainties
are shown, while for MG5 aMC+Pythia8 the two displayed uncertainties are respectively
the nine-point scale uncertainty and the PDF one. The uncertainties shown refer to esti-
mated statistical errors of the Montecarlo integrations.

Code σ[fb]

MG5 aMC+Pythia8 1.491+1%
−2%

+2%
−2% ± 0.004

MG5 aMC+Herwig7 1.427 ± 0.003
MG5 aMC+Pythia8, Γresc 1.407 ± 0.003
MG5 aMC+Herwig7, Γresc 1.346 ± 0.002
Powheg-Box+Pythia8 1.3642 ± 0.0004

VBFNLO+Herwig7-Dipole 1.3389+0%
−1% ± 0.0006

VBFNLO+Herwig7 1.3067 ± 0.0006
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Figure 3.7: Differential distribution in the exclusive jet multiplicity from predictions matched
to parton showers, at LO (left) or NLO (right) accuracy (upper plot), compared with
the fixed-NLO result computed with VBFNLO (lower plot). At NLO+PS accuracy, for
VBFNLO+Herwig7-Dipole, the three-point scale uncertainties are shown, while for
MG5 aMC+Pythia8 the darker and lighter bands correspond respectively to the nine-
point scale uncertainty and the scale and PDF uncertainties combined linearly9. The pre-
dictions are obtained in the fiducial region described in Sec. (3.1.2).

way emissions are treated is different among the tools.
The next observable is the rapidity difference between the two tagging

jets, shown in Fig. (3.8). At LO+PS all predictions show the tendency to
deplete the large-separation region with respect to the fixed-order prediction.
At NLO+PS, when the extra radiation is described by the matrix element,
such an effect is greatly reduced. A notable exception is the Powheg-Box
prediction, which still shows a suppression at large separations. Since such a
suppression is already there for the Powheg-LHE sample, it is very likely
that it is driven by the way the first emission is generated. Finally, we would
like to focus on the third jet, concluding the list of differential observables by
showing in Fig. (3.9) the Zeppenfeld variable [79] defined as:

ze+ =
ye+ − yj1+yj2

2

|∆yjj|
. (3.9)

This variable is closely related to the third jet rapidity, and small (large) values
of z correspond to central (peripheral) rapidities. In general, for observables
which involve the third jet, one can clearly see a degradation of the agree-
ment among the various tools, because of the poorer perturbative description
of these observables.

radiation.
9The three-point scale uncertainties are obtained by considering correlated variations

of the renormalisation, factorisation, and shower starting scale. The nine-point variations
are obtained via exact reweighting [71] by varying independently the renormalisation and
factorisation scales by a factor of two around the central value, Eq. (3.4).
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Figure 3.8: Differential distribution in the rapidity separation of the two tagging jets from
predictions matched to parton showers, at LO (left) or NLO (right) accuracy (upper plot),
compared with the fixed-NLO result computed with VBFNLO (lower plot). At NLO+PS
accuracy, for VBFNLO+Herwig7-Dipole, the three-point scale uncertainties are shown,
while for MG5 aMC+Pythia8 the darker and lighter bands correspond respectively to the
nine-point scale uncertainty and the scale and PDF uncertainties combined linearly. The
predictions are obtained in the fiducial region described in Sec. (3.1.2).
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Figure 3.9: Differential distribution in the Zeppenfeld variable of the third-hardest jet from
predictions matched to parton showers, at LO (left) or NLO (right) accuracy (upper plot),
compared with the fixed-NLO result computed with VBFNLO (lower plot). At NLO+PS
accuracy, for VBFNLO+Herwig7-Dipole, the three-point scale uncertainties are shown,
while for MG5 aMC+Pythia8 the darker and lighter bands correspond respectively to the
nine-point scale uncertainty and the scale and PDF uncertainties combined linearly. The
predictions are obtained in the fiducial region described in Sec. (3.1.2).
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The Zeppenfeld variable is a striking example: both at LO and NLO, the
tendency of Pythia8 to generate more hard and central radiation, correspond-
ing to low values of z, is clearly visible. Such an effect, which is related to the
way Pythia8 deals with the recoil of the radiation in VBF(VBS)-type pro-
cesses, can be mitigated by setting SpaceShower:dipoleRecoil = on in the
Pythia8 input file10. A similar behaviour of Pythia8 has also been observed
in the study of EW production of a Z boson in association with two jets (see
the recent CMS measurement, [80] Figure 12), where the experimental data
seem to prefer the description by Herwig++.

In conclusion, the comparison of tools (eventually matched to parton
shower) clearly shows the benefits of the inclusion of NLO corrections:
for most observables described effectively at NLO accuracy, differences
between tools are at (or below) the 10% level. Some exceptions exist, e.g.
the rapidity separation of the two tagging jets, which, on the one hand,
clearly suggest not to rely on a single tool/parton shower. On the other
this makes worth investigating more in detail the way QCD radiation
is generated, when fully-differential computations at NNLO will become
available.

Key Results

In this Chapter, we have reviewed the state-of-art in terms of the Mon-
tecarlo programs available to simulate VBS events, and we performed
comparisons among their predictions. We have precisely quantified the
differences that arise on several physical observables, both inclusive and
exclusive. Besides the study at fixed-order, we have also investigated the
impact of parton showering. To this extend, several LO and NLO event
generators which are able to perform matching to parton showers have
been investigated, and various observables have been thoroughly com-
pared. While, in general, on observables which are described at NLO
accuracy, a reasonable agreement among the tools is obtained, larger
differences appear for observables described at a lower accuracy, such as
those that involve the third jet. We understood a peculiar behaviour
in the central-rapidity region that triggered a deep and useful discussion
with authors of PS generators regarding the different treatment of recoil.

10This requires a version of the code ≥ 8.230.
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As discussed in the previous Chapter and in [25], the NLO EW correc-
tions of order O(α7) are the dominant NLO contribution to the process
pp→ µ+νµe

+νe jj+ X. It is thus highly desirable to combine them with
NLO-QCD predictions matched with parton shower. Large EW correc-
tions originate from the Sudakov logarithms which factorise, suggesting
to combine them with QCD corrections in a multiplicative way.
For the typical fiducial region used by experimental collaborations for
their measurements, the agreement between the approximations and the
full calculation is satisfactory. At LO, the interference term can be in-
cluded in the background component, at NLO the separation of EW
and QCD components becomes more blurred. Therefore, a combined
measurement including the EW, QCD, and interference contributions is
desirable. The inclusion of NLO QCD corrections gives a better con-
trol of extra QCD radiation and reduces the ambiguities related to the
matching details and/or the parton shower employed.
Very recently, in [81] the authors present a combined analysis of pp →
µ+νµe

−ν̄e and pp→ µ+νµe
−ν̄e j at next-to-leading order, including both

QCD and electroweak corrections. In addition, they provide all-order
prediction for pp→ µ+νµe

−ν̄e + jets using merged parton-shower simu-
lations that also include approximate EW effect.

In the final section of this Chapter we will introduce a dedicated study
about PDF uncertainties for VBS.

3.5 PDF uncertainties

The uncertainty due to parton distribution functions (PDFs) is an impor-
tant contribution to the theoretical uncertainty, as pointed out in Sec. (1.2.2).
Theory uncertainties due to the terms used to write the cross sections of a
hard process can be written as a calculable parton interaction convoluted with
the parton densities, Eq. (1.37). The model uncertainties are related to the as-
sumptions made in PDF extraction. Therefore, it is very important to evaluate
such an uncertainty carefully as an essential ingredient for the prediction of
observables at LHC. In the following, we discuss about some methods adopted
to estimate their contribution to the process.

As a matter of fact, one of the uncertain parameters included in the PDF is
the coupling constant αS. The experimental value of this parameter is based
on several experiments. The current PDG average is [82]:

αS(m2
Z) = 0.1184± 0.0007. (3.10)

The αS variation is typically not a part of the standard PDF variation. Instead,
it is appended to certain PDF sets in the form of two additional members. The

76



3.5. PDF uncertainties

upper and the lower limits of the confidence interval, taken into account in PDF
sets are slightly more conservative than in Eq. (3.10): αS(m2

Z) = 0.118±0.0015.
The combined uncertainty can be calculated as:

δpdf+αSσ =
√

(δpdfσ)2 + (δαSσ)2, where δαS =
1

2

[
σ(α+

S )− σ(α−S )
]
,

(3.11)
where the σ(α+

S ) and σ(α−S ) are the cross-sections calculated with the values
α+
S (m2

Z) = 0.1195 and α−S (m2
Z) = 0.1165 and the central values of the rest of

parameters.

PDF uncertainties for VBS

In the following we show some results regarding the study of the PDF un-
certainty for the process pp→ µ+νµe

+νejj generated with PHANTOM [48].
All the details about the calculation can be found in App (B.4), in particular
about the reweighting technique (Eq. (39)).
The kinematical cuts used in generation are:

• p`T > 20 GeV, |η`| < 2.5, pmiss
T > 40 GeV;

• pjT > 30 GeV, |ηj| < 4.5, |∆ηjj| > 2.5, mjj > 500 GeV;

• ∆R`` > 0.3, ∆Rj` > 0.3;

There exist two leading representations of the uncertainties of PDF: Monte-
carlo [83] (MC) and Hessian [84]. The MC representation contains an ensemble
of replicas, which are the instances of uncertain PDF parameters, sampled ac-
cording to the Gaussian distribution, around its central values. To roughly
estimate how much does the specific distribution resemble to the Gaussian, we
performed the Shapiro-Wilk Gaussianity test [85]. The Shapiro-Wilk normal-
ity test on the cross-section distribution of our MC PDF set gives W = 0.9891
and p-value p = 0.5928. These values indicate that the distribution is Gaussian
triggering a specific calculation of the PDF uncertainty for the MC PDF set
(see Eq. (36) in App (B.4)).
As opposed to a MC PDF set, an Hessian PDF set is not composed by the
random replicas, but each of its members coincides with one eigenvalue and
eigenvector of the covariance matrix in the parameter space.
The LHAPDF library [86] offers a wide range of PDF sets from different groups.
Because different PDF sets are based on different experimental data and use
different assumptions, it is better to take into account more than just one PDF
set as a part of the PDF uncertainty as well. For this purpose statistical com-
binations can be used.
The LHAPDF library currently contains one statistical combination: PDF4LHC15
[87]. This is a combination of CT14 [88], MMHT2014 [89], and NNPDF3.0 [90]
sets. The only input PDF set into the PDF4LHC15, represented with the MC
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3. Montecarlo for VBS

replicas, is NNPDF3.0, while the CT14 and MMHT2014 are Hessian repre-
sentations. PDF4LHC15 is distributed in three options, which use different
reduction algorithms as indicated in the brackets:

• Montecarlo (CMC-PDFs),

• Hessian with 30 eigenvectors (META-PDFs),

• Hessian with 100 eigenvectors (MCH-PDFs).

The resulting uncertainties of the total cross-sections, calculated with the NLO
representations of the PDF4LHC15 set, are listed in Table (3.8).

PDF type
Total LO

xsection [fb]
PDF unc

MC (a) [%]
PDF unc

MC (b) [%]
PDF unc
Hess [%]

αS unc [%]
Combined

unc [%]
PDF4LHC15_nlo_100 2.15271 - - 1.76815 - -

PDF4LHC15_nlo_30_pdfas 2.15298 - - 1.6248 1.3131× 10−2 1.6249
PDF4LHC15_nlo_mc_pdfas 2.15333 1.8329 1.92104 - 1.1046× 10−2 1.8329

Table 3.8: PDF uncertainties of the total cross-section for the process pp → µ+νµe
+νejj.

The PDF uncertainty is observed to be around 2%, while the αS uncertainty is two orders
of magnitude lower. The difference between the uncertainties calculated from the Eq. (36)
and Eq. (37) is small, which is consistent with the Shapiro-Wilk test.

We note that the αS uncertainty is significantly smaller than the PDF uncer-
tainty. Uncertainty bands, calculated with the same PDF sets, are presented
in the Fig. (3.10).

We can then conclude this part highlighting that different representa-
tions give consistent predictions. The PDF uncertainty is observed to
be more or less uniform along the whole phase space and it amount to
∼ 2%. Uncertainties due to αs variation are two orders of magnitude
smaller.

The content of this section represents a reworking of a conference paper we
published [91] as a summary of a mid-year work of the whole VBS Cost Action
initiative. This part about PDF, in particular, represents our contribution.
In the next Chapter, we will introduce a method originally developed within
these thesis studies, to discriminate polarization. As we will discuss, it relies
more on experimental than theoretical approaches.
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Figure 3.10: PDF uncertainty bands (left) and αS uncertainty bands (right), along the
variable pWW

T (top), ∆yjj (center) and along the variable mjj(bottom), calculated with
the PDF sets PDF4LHC15_nlo_mc, PDF4LHC15_nlo_30 and PDF4LHC15_nlo_100. The cross-
sections without αS variation are normalized to the central PDF of MC PDF set, while the
PDFs from αS variation are normalized to the central PDF of their own set. The spikes,
in the shape of the uncertainty bands are the consequence of the statistical error. The
differences among different PDF sets are consistent with the calculated uncertainties.
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Chapter 4
W Boson Polarization
Reconstruction

In this Chapter, we approach vector boson polarizations in the direction of
disentangling the longitudinal component most meaningful from the physical
point of view, from the others, here considered as background. In Chapter 2,
we have discussed about the importance of measuring longitudinally polarized
vector boson scattering and about how a theoretical method based only on
cosϑ distribution could fail in presence of kinematic cuts. Here, we propose
alternative solutions, and in this direction we investigate several approaches,
from traditional ones up to advanced deep neural network structures. We
compare their ability to reconstruct the W boson reference frame and to con-
sequently measure the longitudinal fraction WL in both semi-leptonic and di-
leptonic (fully-leptonic) WW decay channels. We did not consider the fully-
hadronic channel that is characterized by higher statistics but suffers from a
huge background due to QCD multi–jet events and it presents more difficulties
in trigger. The main results have been published in [92] and they represent
the phenomenological part of this thesis work.
The last part of the Chapter is dedicated to the investigation of the possi-
bility to directly discriminate boson polarized components both for the WW
di-leptonic decay channels and for the ZZ channel.

This is not meant to be an analysis of VBS, this is a proof test that lon-
gitudinally polarized vector boson could be separated in VBS processes. The
analysis of Run 2 data performed by both CMS and ATLAS collaborations
led to a first observation of VBS in proton-proton collisions at the LHC [93],
[94]. However, because of the limited statistics, no polarization study has been
performed.
An attempt to study polarized VBS has been made, in this thesis, through
Monte Carlo simulations. To this extent, we selected the pure VBS sample,
neglecting the complexity of the signal extraction from background. Typical
approaches employs several Monte Carlo event generators that are used to
simulate the signal and background contributions, from generator level to full
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4. W Boson Polarization Reconstruction

detector simulation taking into accounts all different source of errors. The
simulated samples are employed to optimize the event selection, to develop
the multivariate discriminator like BDT [94] and [93], and to estimate the ir-
reducible background yields while the reducible one is estimated via lepton
identification and isolation in different control regions. The BDT distribution
of the events in the selection is used to extract the significance of the EW
signal via a maximum-likelihood fit. The expected distributions for the sig-
nal and the irreducible backgrounds are taken from the simulation while the
reducible background is estimated from the data. From the referenced results
,the semileptonic channel sets better limits and possibly the usage of Deep
networks that in general performs better than boosted decision trees can be
adopted.
From a complete analysis point of view, this study should be considered after a
detailed effort in extracting the VBS signal from the background discussed at
the beginning of Chapter 2. In a complex environment such as the future High
Luminosity LHC (HL-LHC), the high multiplicity of collisions occurring at the
same bunch crossing would affect the sensitivity to polarized VBS events, for
example when identifying the forward jets (VBS tagging jets), since isolation
requirements on leptons and jets need to be applied [95].

Dataset Description

The dataset used across this Chapter has been generated according to the
following prescriptions:

• Montecarlo event generator: PHANTOM v.1.6

• Parton distribution function: NNPDF30_nnlo_as_0118;

• Calculation type: α6
ew at 13 TeV CM energy;

• Scale choice: (invariant mass of the 2 central jets and of 2 leptons)/
√

2;

• Parton shower generator: PYTHIA;

• Fast detector simulation: Delphes.

We will provide additional details about kinematic cuts applied in the gen-
eration of the events according to the physical process. A more complete
description of all the code functionalities can be found in Sec. (3.1.1). In the
adopted version of PHANTOM generator the only option for the reference
frame in which to compute polarization is the laboratory. For VBS events the
polarization fractions calculated in the laboratory frame and those calculated
in the partonic centre–of–mass frame are very similar [45]. Nevertheless, in
VBS processes at the LHC, the most convenient frames are usually the par-
tonic center-of-mass frame or the center-of-mass frame1.

1The possibility of choosing the reference system for the polarization calculation was only
introduced in the latest PHANTOM v.1.7 version.
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4.1. Traditional Kinematic Approach

4.1 Traditional Kinematic Approach

Due to the short lifetime of vector bosons, a direct measurement of their polar-
ization is unfeasible. W±W± is non-resonant as long as there are no bosonic
isospin triplets, and hence doubly charged bosons, in nature. They decay be-
fore reaching the detector, therefore only a study of their decay products can
be feasible.
The W±W± final state, with its ±2 total electric charge carries unique features
that make it of particular interest at the LHC. We have already seen that same-
sign WW scattering is the only process for which the cross-talk amplitudes,
WTWX → WLWL and WLWL → WTWX , are completely negligible, mostly due
to lack of any s-channel graphs that contribute to the process. This has also
other consequences: contrary to other diboson states with two accompanying
jets, production of the jjW±W± state in the lowest order is dominated by only
one physical mechanism at the quark level, namely a quark-quark interaction
associated with a W± emission from each colliding quark.
In Sec. (2.6.2) we described a possible strategy in extracting polarization frac-
tions from the angular distribution of leptons in the W rest frame. In order
to reconstruct the W boson rest frame, one needs to reconstruct the full event
kinematics, including the momenta of the neutrinos resulting from W boson
decays.
In this Section, we will discuss how to possibly reconstruct the W boson rest
frame using kinematic cuts of different observables. This procedure is what we
define traditional approach. The result of this approach will be compared in
the remaining part of the Chapter with the one obtained by applying several
machine learning techniques.

4.1.1 Semi-leptonic VBS channel

The VBS Semi-leptonic channel as been defined in Sec. (2.1). With only one
neutrino present, transverse neutrino components are measurable, i.e. they
can be evaluated from the measured missing transverse momentum (MET) in
an event, but longitudinal one is not. Indeed, with a single W boson decay-
ing leptonically we can impose four-momentum conservation of the W boson
decay products in the ultra-relativistic limit. Solving the constraint for the
longitudinal components of the neutrino (pνL), a second-order equation can be
easily obtained:

(
p2
`L − E2

`

)
︸ ︷︷ ︸

a

p2
νL

+
(
m2

Wp`L + 2p`L(~p`T · ~pνT )
)

︸ ︷︷ ︸
b

pνL

+
m4

W

4
+ (~p`T · ~pνT )2 +m2

W(~p`T · ~pνT )− E2
` ~p

2
νT

︸ ︷︷ ︸
c

= 0

(4.1)
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4. W Boson Polarization Reconstruction

where mW is the W boson invariant mass, p`L, ~p`T are respectively the longi-
tudinal and transverse components of the lepton momentum and E` represents
its energy, while ~pνT represents the transverse component of the momentum of
the neutrino.
Eq. (4.1) defines the unknown pνL as the zeros of a second-order polynomial.
The problem of negative discriminant should be considered. Some ad-hoc solu-
tions have been adopted by the experimental analysis groups, such as setting
the discriminant to zero or recalculating the discriminant by applying a W
transverse mass constraint. Speculations on the meaning of the imaginary so-
lutions are also considered (see Fig. (4.4)).
In the core of present study, without any loss of completeness of the problem,
we decided to ignore the negative discriminant cases, and we focus instead only
on the ambiguity of sign (+/−) in the two solutions for the positive discrimi-
nant (∆ = b2−4ac > 0) case. Relativistic kinematics gives a priori no physical
reason to prefer one solution instead of the other.
In the attempt of selecting the correct solution for Eq. (4.1), sign ambiguity in
longitudinal neutrino momentum can be partially resolved by adopting selec-
tion criteria, that tend to isolate the appropriate sign choice in the equation.
The decision criteria impose requirements for the correct solution to pass a
given kinematic cut. If both solutions pass or fail this kinematic cut, a ran-
dom solution is chosen. Selection criteria considered are the following (a and
b represent the parameters of the quadratic equation given by Eq. (4.1)):

• Random Selection: sign is chosen randomly (this is the worst-case sce-
nario);

• Selection 1: the correct solution is required to have the absolute value of
the scalar product of the reconstructed neutrino three-momentum with
the reconstructed W three-momentum smaller than 5000 GeV2- random
solution is chosen if both solutions pass/fail this criterion;

• Selection 2: the correct solution is required to have the absolute value
|pνL| smaller than 50 GeV- random solution is chosen if both solutions
pass/fail this criterion;

• Selection 3: the correct solution is required to have the absolute value of
the scalar product of the reconstructed neutrino three-momentum with
the reconstructed W three-momentum, multiplied by a/b, smaller than
25 GeV- random solution is chosen if both solutions pass/fail this crite-
rion;

• Selection 4: the correct solution is required to lie above the parabola
minimum, i.e. pνL > −b/(2a) or, alternatively, in a normalized way:
pνL · a/b > −0.5- random solution is chosen if both solutions pass/fail
this criterion.
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4.1. Traditional Kinematic Approach

Figure 4.1: Relative deviation of the longitudinal neutrino momentum pνL from the true
(generator-level) value ptruth

νL is shown as a function of the discriminating variable defined in
Selection 4 above.

The application of each selection criterion results in a reduction of events
statistics. This mainly leads to two possibilities: either discard the events per-
manently and reduce the statistics further or to adopt a common choice. Since
this dataset is balanced with respect to the choice of the two solutions, it was
decided to adopt a random choice with respect to the discarded solutions. This
allowed us to keep the sample unbiased by maintaining the statistics compara-
ble between the various criteria. A different choice, dictated by some kinematic
parameter would have been combined in a non-obvious way with respect to the
selected criterion. We determined thresholds for kinematic selection by visu-
alizing, in a 2D plot, the number of events as a function of relative error and
specific discriminating variable defined previously. For instance, we can se-
lects positive or negative solution by means of a visual analysis, as depicted in
Fig. (4.1), which represents Selection 4 criterion.

The effect of the different selection criteria on the reconstruction of the
longitudinal neutrino boson momentum pνL from truth level quantities can
be appreciated in Fig. (4.2), which shows the relative deviation of this recon-
structed quantity from the true (generator-level) value ptruth

νL . A qualitative
analysis of this plot demonstrates that all selections enhance the peak at one,
whereby Selection 1 coincides with (lies under) Selection 3. As a distinctive
case, the Selection 4 achieves a higher peak at one by substantially reducing
the high-value tails, while the other Selections reduce the contributions which
are less than one. In general, the widths are limited from below by the resolu-
tion on the reconstructed W momentum.
Comparisons of truth and reconstructed lepton angular distributions from
generator-level measurable quantities are shown in Fig. (4.3). Here, both the
longitudinal W polarization (left) and the transverse polarization (right) are
shown.
One may ask where the wrong solutions are located and what is their nature.
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Figure 4.2: Reconstruction of longitudinal neutrino momentum using different Selection
criteria described in the text. The random Selection is shown as the worst-case scenario.
The ratio between the longitudinal neutrino momentum pνL and the true (generator-level)
value ptruth

νL is shown. The left plot shows results obtained assuming the purely longitudinal
(WL) and the right plot the purely transverse (WT) scenario.
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Figure 4.3: Shape of the reconstructed, normalized lepton angular distribution in the recon-
structed W boson rest frame. Parton-level (truth) distributions are shown for comparison,
using the generator-level (true) cosϑ. The left plot shows results obtained assuming the
purely longitudinal (WL) and the right plot the purely transverse (WT) scenario. Selection
criteria 1–4 and random solutions, have been studied as strategies for choosing the correct
solution, as described in the text.
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Figure 4.4: Phase space distribution of neutrino relative error after the transformation
defined in Eq. (4.2).

For this reason, we can try to visualize the whole range of relative error by
introducing a transformation f(r) with the following properties:

• for wrong solutions of Eq. (4.1) f(r) =⇒ 0;

• for correct solutions of Eq. (4.1): f(r) =⇒ 1.

Under this assumption, the function assumes the form:

f(r) =
2

1
r

+ r
; where r =

precoL

ptruthL

;

However, in order to enhance separation between selection criteria, we better
implement a phase space transformation Φ, defined as T 3(f(r)) where:

T (x) = arcsin(2x− 1)/π +
1

2
; with x = f(r). (4.2)

In order to solve the equation mathematically and analyse all possible cases,
we need to define some boundary conditions. The mass of the W is off-
shell and therefore defined, event by event, by the truth MC generation. If
the discriminant is negative, we change the given mass value to the derived
transverse one, recalculating the solutions of the equation. The action of the
previous transformation can be appreciated in Fig. (4.4) where the first peak
contains events with negative discriminant, the second peak contains wrong re-
constructed events with positive discriminant and finally the third peak groups
the correctly reconstructed events.

An alternative metric to quantitatively asses the performance of the selec-
tion criteria is the fraction of correct solution choices, where correct denotes
a solution giving pνL with a smaller absolute error with respect to the true
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Table 4.1: Summary of the fractions of correct choices in the semi-leptonic channel for differ-
ent selection criteria, applied on samples containing a purely longitudinally polarized (WL)
leptonically decaying W boson, a purely transversely polarized (WT) boson, an unpolarized
W boson generated in the OSP PHANTOM framework (Un.OSP) and the full computa-
tion with an unpolarized W boson and with non-resonant production modes included (Full
comp.) is shown.

Type WL WT Un. OSP Full comp.

Selection 1 0.503 0.544 0.527 0.551
Selection 2 0.518 0.580 0.554 0.576
Selection 3 0.528 0.553 0.539 0.564
Selection 4 0.565 0.645 0.607 0.638

value. The results for different polarizations of the leptonically decaying W
boson (WL, WT), unpolarized W boson generated in the OSP framework2,
and full computation (unpolarized W boson, with non-resonant production
modes included) are reported in Table (4.1).

Key Results

In the semi-leptonic channel, the reconstruction of the W reference frame
can be done up to a neutrino sign ambiguity. The use of selection criteria
presented here to select the correct solution is not fully effective and
could be improved by using machine learning techniques, as investigated
in Sec. (4.2).

4.1.2 Fully-leptonic VBS channel

The VBS Fully-leptonic channel, that will be studied in this Section, has been
defined in Sec. (2.1). The strategies described for the semi-leptonic channel
can be generalized to the fully-leptonic polarized VBS.

Information on WW polarizations stays encoded in the kinematics of the
two outgoing quarks, unless they are disturbed by a subsequent quark or gluon
interaction. If only we knew the energies of the colliding quarks, appropriate
cuts on the angles and transverse momenta of the two tagging jets would
increase the probability of choosing a WLWL state - regardless of its final
kinematics and the rest of the process. Of course, these kind of detailed infor-
mation is not accessible experimentally, in fully-leptonic decays, where both
neutrinos contribute to the measured MET. The kinematic reconstruction is
consequently even more challenging that for the semi-leptonic case. There

2OSP refers to a method called On Shell Projection (OSP), an approximation imple-
mented by PHANTOM to compute the amplitude of resonant contributions projecting on
shell (in the numerator) the four momenta of the decay particles (see D.3 for details).
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Figure 4.5: The balanced and unbalanced solution classes of the MAOS minimization prob-

lem. The two transverse masses m
(1,2)
T as a function of the trial momenta are shown in blue

and green and the resulting functional mmax
T is shown in red. In the balanced case (left) the

solution mT2 is in the intersection of the two mT curves and in the unbalanced case (right)

the mT2 is in one of the minima of the mT curves. The m
(1,2)
vis and m

(1,2)
inv , represent the

masses of the visible and invisible final state particles. In the case studied in this paper,
where the masses of the final state particles are negligible in comparison to the mass of the

decaying heavy particle, the m
(1)
T and m

(2)
T have their minima values approximately at zero

and therefore only the balanced solution topology is possible.

are eight unknown parameters3 and only six equations defining kinematic con-
straints, 2 for each neutrino, as specifically shown in Eq. (4.3):

~p
νµ
T + ~p νeT = ~pmissT

(pl + pν)
2 = m2

W

p2
ν = 0

(4.3)

Several algorithms have been developed to fully reconstruct the kinematics of a
process with two invisible particles in the final state. The one considered here
is the MT2-Assisted On-Shell (MAOS) [96], an approach that exploits the fact
that most of the processes involving an exchange of the W boson (or another
heavy decaying particle) prefer the phase space region with low heavy particle
transverse mass. This algorithm has been successfully used in SUSY searches
involving vector bosons, and also in H → WW reconstruction [97, 96, 98].

In order to simplify the notation, let us restrict ourselves to a VBS process
where one W decays to a muon and the other to an electron. The MAOS algo-
rithm introduces a functional expression of trial neutrino transverse momenta
~p1 and ~p2 as:

mmax
T (~p1, ~p2) = max[m

(1)
T (~p1),m

(2)
T (~p2)], (4.4)

with:
m

(1)
T (~p1) = 2(|~pµT||~p1| − ~pµT · ~p1),

m
(2)
T (~p1) = 2(|~p eT||~p2| − ~p eT · ~p2), (4.5)

3The eight unknown parameters are: pX , pY , pZ , E, for each neutrino.
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4. W Boson Polarization Reconstruction

where ~pµT and ~p eT represent muon and electron transverse momentum respec-
tively. The minimum of this functional defines the mT2 variable and represents
a compromise for minimization of both W transverse masses at the same time:

mT2 ≡ min
~p1+~p2=~pmiss

T

mmax
T (~p1, ~p2) = mmax

T |~p νµT ,~p νeT
, (4.6)

with the solutions ~p νeT and ~p
νµ
T giving the estimates for the neutrino transverse

momenta.
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Figure 4.6: Reconstruction of the neutrino momenta in the fully-leptonic channel at the
truth (generator) level using the MAOS approach. The ratio between the reconstructed and
true neutrino momentum is shown for the longitudinal and transverse components. The left
plot shows results obtained assuming the purely longitudinal (WL) and the right plot the
purely transverse (WT) scenario. While the transverse momenta are reconstructed using
the MAOS procedure, the W mass constraint from the semi-leptonic case is adopted for
reconstruction of both longitudinal neutrino momenta. The random choice and Selection 4,
as described in Sec. (4.1.1), are applied as strategies to resolve solution ambiguities.

In general, there are two classes of solutions to the minimization problem of
Eq. (4.6) - balanced and unbalanced. The difference between the two cases
is diagrammatically shown in Fig. (4.5). When the masses of the final state
particles are negligible with respect to the W mass, the unbalanced case is
not feasible and the minimum has to lie on the intersection of the m

(1)
T (~p1)

and m
(2)
T (~pT − ~p1). In case of the leptonic W decay we find ourselves in this

regime. The intersection curve can be expressed analytically, while the mT2

solution has to be estimated numerically along this curve. The derivation of
an analytic solution for the intersection curve can be found in App. (D.1).
The next kinematic reconstruction steps of the longitudinal neutrino momenta
follow the same approach adopted for the semi-leptonic case and described
in Sec. (4.1.1), for each W boson separately. The performance is evaluated
on purely longitudinally (WL) and purely transversely (WT) polarized samples
with both W bosons decaying leptonically. Neutrino distributions are shown
inclusively for both W s in the event. In Fig. (4.6) one can observe the success
in the reconstruction of the neutrino momenta using the MAOS approach at
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Figure 4.7: MAOS reconstructed inclusive lepton (electron and muon) angular distribution
in the W boson rest frame, compared to true parton level distribution, in the fully-leptonic
channel. The left plot shows the purely longitudinal (WL) and the right plot the purely
transverse (WT) scenario. Longitudinal neutrino momenta are calculated from the W mass
constraint, using random solution and selection 4 strategies, described in Sect. (4.1.1). Truth
distributions use the generator-level (true) cosϑ.

the truth (generator) level. Ratios between the reconstructed longitudinal and
transverse neutrino momentum components pνL,T and true (generator-level)
values ptruth

νL,T are shown inclusively for both neutrinos, since a complete sym-
metry is expected. A comparison of the true and reconstructed lepton angular
distributions for the longitudinally and transversely polarized samples is shown
in Fig. (4.7). The complexity of this channel compared to the semileptonic one
lies in the need to reconstruct two components: transverse and longitudinal.
We adopted a strategy for the transverse part (MAOS) and tested different
selection criteria for the longitudinal part. The combination of these methods
shows that in this case the reconstruction of the two components of the polar-
ization is far from the truth.
For sake of completeness, we point out that the whole analysis described above
has been performed also including detector effects. As explained in Sec. (3.1.1),
to include these effects, we processed the parton level events generated with
PHANTOM with a parton shower tool (PYTHIA) and then we closes the
production toolchain by simulating detector contributions by means of a fast
simulation program, called Delphes. This can be helpful to understand how
much the smearing due to the detector can affect particles and therefore po-
larization reconstruction.
We evaluated also the impact of different detector smearings, by applying it to
muon and to MET component in different combinations: gradually smearing
only the muon component then the MET component and eventually both.
According to our result, it is the MAOS approach that intrinsically brings the
largest uncertainty in the reconstruction of observable variables. The effect of
detector smearing, especially in the fully-leptonic channel, is sub-leading and
overall the main source of uncertainty comes from the reconstruction algorithm.
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4. W Boson Polarization Reconstruction

Key Results

While the MAOS framework considered here performs relatively well
compared to other (non-machine-learning) approaches, it turns out that
W polarization separation in the lepton angular distributions (evaluated
in the reconstructed W reference frame) is still quite poor, obscuring
the differences between transverse and longitudinal polarizations. Con-
sequently, as in the semi-leptonic case, exploiting a machine learning
approach seems worthy of investigation.

4.2 Deep-Learning Techniques

In this Section we will investigate a deep-learning multivariate technique to re-
construct the W boson rest frame(s) and consequently to estimate the vector
boson polarization fractions.
Particular attention has been dedicated to the determination of the optimal
network architecture and configuration of the neural network, in terms of per-
formance and reliability. We will start giving a brief and schematic overview of
this topic from a general point of view. The remaining part of the Chapter is
dedicated to the application to our specific use case: Vector Boson Scattering.

4.2.1 Human and Machine Learning

From mid 1980s something radically changed in the applied statistics com-
munity with the introduction of Neural Networks. They marked a shift of
predictive modelling towards computer science and machine learning. They
are still used every day to make critical decisions in medical diagnosis, stock
trading, energy load forecasting, and more.
Neural networks were reincarnated around 2010 with “deep learning” as a
flashier name, largely a result of much faster and larger computing systems,
plus a few new ideas. They have been shown to be particularly successful
in the difficult task of classifying natural images, using what is known as a
convolutional architecture.

Machine learning is a subfield of artificial intelligence. Deep learning is a
subfield of machine learning, and neural networks make up the backbone of
deep learning algorithms. In fact, it is the number of node layers, or depth,
of neural networks that distinguishes a single neural network from a deep
learning algorithm, which must have more than three. Abundant literature
(for instance [99], [100] and [101]) exists about machine learning (ML) and
deep learning (DL). The high energy physics community contributed to this
effort as well with studies, including the specific case of VBS addressed here,
see for instance ([102] and [103]).

Machine learning uses two types of techniques: supervised learning, which
trains a model on known input and output data so that it can predict future
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(a) Three-layer feed forward Neural Network. (b) Node of the Network.

Figure 4.8: Three-layer feed-forward neural network (a), where input layer has p input nodes,
hidden layer hash activation functions, and output layer has q nodes [104].

outputs, and unsupervised learning, which finds hidden patterns or intrinsic
structures in input data.
The first one builds a model that makes predictions based on evidence in the
presence of uncertainty. A supervised learning algorithm takes a known set
of input data and known responses to the data (output) and trains a model
to generate reasonable predictions for the response to new data. The second
one finds hidden patterns or intrinsic structures in data. It is used to draw
inferences from datasets consisting of input data without labeled responses.
Unsupervised learning finds hidden patterns or intrinsic structures in data
and it draws inferences from datasets consisting of input data without labeled
responses.
Clustering is the most common unsupervised learning technique. It is used
for exploratory data analysis to find hidden patterns or groupings in data.
Common algorithms for performing clustering include k-means and k-medoids,
hierarchical clustering, Gaussian mixture models, and hidden Markov models.

Supervised learning uses classification and regression techniques to develop
predictive models. Classification techniques predict discrete responses and
classify input data into categories. Common algorithms for performing classi-
fication include support vector machine (SVM), boosted and bagged decision
trees, k-nearest neighbour, Naive Bayes, discriminant analysis, logistic regres-
sion, and neural networks. Regression techniques predict continuous re-
sponses and they are used when dealing with a data range or if the nature of
your response is a real number. Common regression algorithms include lin-
ear model, nonlinear model, regularization, stepwise regression, boosted and
bagged decision trees, neural networks.

Our problem falls under the specifics of a supervised learning, hence neural
network is our choice: a tool which is suited to analyse large sets of high-
dimensional data in order to reproduce one or more outputs. A neural network
(NN) is a highly parametrized model, inspired by the architecture of the hu-
man brain, that was widely promoted as a universal approximator - a machine

93



4. W Boson Polarization Reconstruction

that with enough data could learn any smooth predictive relationship. Its ba-
sic units are the artificial neurons (or nodes) which receive many inputs and
produce a single output. Neurons are organised in a sequence of layers and
the output of each neuron is passed to every neuron in the successive layer.
Fig. (4.8a) shows a specific topology: a feed-forward neural network (FNN),
the computational models adopted in this work. The FNNs have a specific
structural configuration (architecture) in which the nodes at a layer have for-
ward connections from the nodes at its previous layer in a fully connected
way with many independent weights. In particular we have predictors or in-
puts4 ~x = 〈x1, x2, . . . , xp〉 and n-dimensional real-valued weight vector ~w =
〈w1, w2, . . . , wn〉. We have then intermediate layers called hidden layers and
an output layer.

The computing unit of a neural network is the perceptron, a node capable
of processing information coming through the connection weights, combining
them linearly with a set of weights w and produces a single output following
a chosen activation function, as shown in Fig. (4.8b).
Mathematically, the output is computed as:

yj(~x) = φi




ni∑

i=1

wijz
i
j + bi


 (4.7)

where i is the total incoming connections, zi is the input, wi is the weight, bi

is the bias, and φi(·) is the activation function at the i-th node that limits the
amplitude of the output node into a certain range.
The activation transforms the signal non-linearly and it is this non-linearity
that allows us to learn arbitrarily complex transformations between the input
and the output. Note that without the nonlinearity in the hidden layer, the
neural network would reduce to a generalized linear model.
The structure of a FNN, or in general of a NN, can be thought as a function
f(~x, ~w) as a solution to the problem. Therefore, the items to be addressed
when solving a problem using a FNN are: discover an appropriate function f
(i.e. the architecture optimization) and to discover an appropriate weight vec-
tor w (i.e. the weights optimization) using some learning algorithm performed
using analytic derivatives and stochastic gradient descent as will be clarify in
the following. This part is the so-called training-phase which essentially is the
task to find a desired output y through a subsequent iteration steps from a
y′ initial value. The difference between the predicted output and the desired
output (y′ − y) is converted to a metric known as the loss function. The goal
of the training process is to find the weights and bias that minimise the loss
function over the training set.

At any point in the training process, the partial derivatives of the loss
function with respect to the weights are functions to iteratively find their local

4The number of predictors are equal to the number of training features used for the
problem.
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minima. This is called gradient descent, where the weights are updated using
a method called backpropagation. Basically, each value of the input layer
is passed to each node of the next layer with the corresponding weight. The
output is then passed to the next layer and so on. Finally, the last output
layer returns the results of the computation of the neural network: the number
of output node correspond to the discriminant values used as a test statistic
(which is one for a binary classification). Then, the error is back-propagated in
the network using derivatives. This is done in an iterative manner till a moment
when the derivative of the loss vanishes indicating a minimum finding, which
can be a local or a global minimum with different implications. However, there
are some ways to avoid or eliminate local minima in FNN optimization. For
instance, if the weights and training patterns are assigned randomly to a three-
layer FNN that contains h neurons at the hidden layer, then gradient-descent
algorithm can avoid trapping into local minima [105], [106].
Several different loss functions can be used5, for example the mean squared
error, defined as:

L(w) =
N∑

i=1

(
ytruei − y(~xi)

)2
.

The backpropagation procedure can be then formulated as:

wnij → wnij − α
∂(w)

∂wnij
;

where α is called learning rate: a the parameter that controls how large is
the change to the weight w at each iteration. The weight is then updated
proportionally to its influence on the final results. Formally, a neural network
defines a function of composed operations:

fL(~wL, fL−1(~wL−1, . . . , f1(~w1,~x))). (4.8)

Gradient descent requires starting values for all the weights.
Typically one would use random starting weights, close to zero, random uni-
form or Gaussian weights are common. There are a multitude of “tricks of the
trade” in fitting a neural network, and many of them are connected with gradi-
ent descent. Rather than process all the observations before making a gradient
step, it can be more efficient to process smaller batches at a time. This tech-
nique, called stochastic gradient descent, is characterised by the weights that
are iteratively modified after a bunch of training observations and the previous
formula reads:

wnij → wnij − α∆̃wL(w). (4.9)

This speeds up the training process and introduces some noise in the mini-
mization that can be useful to exit local minima of the loss function. When all

5For a complete list of predefined loss function the reader can visit: https://keras.io

/api/losses/.
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4. W Boson Polarization Reconstruction

the samples have been used, the dataset is shuffled and another epoch of the
training is started with new bunches. The number of samples in each bunch is
also a tunable hyper-parameter of the network and its called batch size.

Apart from the many details associated with gradient descent, there are
several other important structural and operational aspects of neural networks
that have to be specified and has to be optimized in order to obtain the best
performance. The most important ingredient for the success of a machine
learning analysis is the origin and the structure of the sample data. The
general receipt suggest to create at least three separate samples for the model
definition:

• Training Dataset: the sample of data used to fit the model. This a
portion of the whole generated dataset that we use to train the model
(weights and biases in the case of a Neural Network). The model sees
and learns from this data. The training dataset is even shuffled before
each epoch to avoid any possible data-related updates in the network.

• Validation Dataset: the sample of data used to provide an unbiased
evaluation of a model fit on the training dataset while tuning model
hyperparameters. The evaluation becomes more biased as skill on the
validation dataset is incorporated into the model configuration. We use
this data to fine-tune the model hyperparameters. Hence, the model
occasionally sees this data, but never does it “learn” from this.

• Test Dataset: it provides the gold standard used to evaluate the model.
It is only used once a model is completely trained (using the train and
validation sets) and it is the source of our plot used to evaluate the
goodness of our method.

Activation Function

Activation functions, of course, are also a fundamental element in neural net-
work definition. There are several in current use, see a selection of them in
Fig. (4.9b).

Considering hidden layers, sigmoid activation function (like the logistic
function and hyperbolic tangent) have proven to work well indeed, yet, these
suffer from vanishing gradients when the networks become too deep. Namely,
the gradient will be near zero and it causes very slow or no learning during
backpropagation. In that case, ReLUs [108] have become popular and have
been widely used in this work . The choice of activation function is even more
important at the output layer and often depends on the loss function due to the
complex and iterative chain of backpropagation. For quantitative regression is
typically the identity function, and for a binary response it is the sigmoid or
softmax function.

To be more precise and to better understand the choices adopted in this
work we summarize the main properties:
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(a) (b)

Figure 4.9: (a) Path-evolution of gradient descent [107]: finite-length steps iterative opti-
mization for finding a local minimum that exhibit a typical zigzagging nature of the method
according to the gradient vector direction at each iteration. (b) Collection of the most
common activation functions on the y axis as a function of their input (see Eq. (4.7)) [99].

• Softmax outputs produce a vector that is non-negative and sums to 1. It
is used in case of mutually exclusive categories like the possible multiple
polarization states LL, TT, LT .

• Sigmoid outputs produce a vector where each element is a probability.
Usually adopted in situation where we have as many sigmoid neurons
as we have categories, and labels should not be mutually exclusive. Of
course, in case of a single output node, sigmoid can be used as a mutually-
exclusive binary problem since the Kolmogorov axioms imply that when
y is binary, we have 1− p(y = 1) = p(y = 0).

• Identity function as an output can be helpful when outputs are un-
bounded.

• ReLu instead, can be helpful when the output is bounded above (below).
this is typically used in hidden layer.

• tanh function can be set if the outputs are somehow constrained to lie
in [−1, 1].

Overtraining and Hidden Layers

A potential general problem with the training of machine learning algorithms
is the possibility that the algorithm tries to exploit artefacts of the necessar-
ily finite size of training samples that are not representative of the actually
expected distributions, also because NN are typically over-parametrized. The
presence of overtraining can be checked looking at the difference in perfor-
mance between the training dataset and an independent validation dataset as
discussed in App. (D.2). This behaviour will be recalled during the discussion
about VBS NN procedure.
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Usually, the training loss keeps decreasing for each epoch, whereas the loss cal-
culated on the validation dataset reaches a minimum and then start increasing
as an effect of the overtraining. To achieve the best performance, a safe train-
ing procedure is to stop the training when the validation loss reaches a plateau.
This technique is called Early Stopping. Originally, early stopping was set up
as the primary tuning parameter, and the stopping time was determined us-
ing a held-out set of validation data. Nevertheless, in modern networks the
regularization is tuned adaptively to avoid overfitting, and hence it is less of a
problem.

We talked about the properties of some of the hyper-parameters that can
be tuned to get the best result in our analysis such as the activation function
of the hidden layer nodes, the activation function of the output node and the
loss function. It is of great importance trying to get the best balance in terms
of number of layers and nodes per layer that characterize the network. With
a single hidden layer, the number of hidden units determines the number of
parameters. In principle, one could treat this number as a tuning parameter,
which could be adjusted to avoid overfitting. The current collective wisdom
suggests it is better to have an abundant number of hidden units, and con-
trol the model complexity instead by weight regularization. Having deeper
networks (more hidden layers) provides a hierarchy of layers that build up
increasing levels of abstraction from the space of the input variables to the
output variables, however the correct number tends to be task specific.

Dropout

Another method that can be adopted to reduce the risk of overtraining is
dropout. The term refers to dropping out units (hidden and visible) in a neural
network. This is a form of regularization that is performed when learning a
network, typically at different rates at the different layers. It applies to all
networks, in fact, it appears to work better when applied at the deeper, denser
layers [99]. This technique significantly reduces overfitting and gives major
improvements over other regularization methods as clearly discussed in the
original paper [109].
Considering a collection of 2n possible possible weights of a n-node networks
as in Fig. (4.10a), during test phase, if a node is retained with a probability p
during training, the outgoing weights of that unit are multiplied by p. This
ensures that for any hidden unit the expected output during training is the
same as the actual output at test time. With dropout, the idea is to randomly
set, each of the nodes to zero, with probability given by the dropout-rate.
Using the dropout technique applied to the hidden layer we simulates a sparse
activation from a given layer which, interestingly, encourages the network to
actually learn a sparse representation. Hence, for this observation, those nodes
that survive have to stand in for those omitted, Fig. (4.10b). This can be
shown to be a form of ridge regularization, and when done correctly improves
performance.
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(a) Standard Neural Network. (b) Neural Network after applying dropout.

Figure 4.10: Left: A standard neural network with 2 hidden layers. Right: An example of
a thinned network produced by applying dropout. Crossed units have been dropped [109].

Practically, in terms of implementation, we specify the probability at which
outputs of the layer are dropped out, or inversely, the probability at which
outputs of the layer are retained. In addition, perhaps dropout breaks-up
situations where network layers co-adapt to correct mistakes from prior layers,
in turn making the model more robust.

We conclude this section by summarizing its main points: the effective-
ness of FNN training primarily depends on data quality. This is governed
by the following data quality assurance parameters: accuracy, reliability,
timeliness, relevance, completeness, currency, consistency, flexibility, and
precision. One problem related to data-driven modelling (FNN learn-
ing) is the data itself, which can be insufficient, imbalanced, incomplete,
high-dimensional, or abundant.

In this work we adopted a grid search approach, selecting different high-
granular NN configurations and trying to spot the macro parameters that were
performing better, moving then to a micro tuned grid search. From a general
point of view, the design of the correct architecture for a deep-learning network,
along with the various choices at each layer, requires experience and trial and
error.
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4.2.2 Semi-leptonic VBS channel

For the semi-leptonic VBS channel, two different NN approaches have been
adopted: Binary classification (Section 4.2.2) and Regression (Section 4.2.2).
In both cases, the same dataset for training, testing and validation phases is
used, the only difference lies in the neural network problem formulation. The
dataset characteristics are reported at the beginning of this Chapter, other
details about dataset dimension, variables and assumptions can be found in
App. (D.2).

Figure 4.11: Pairplot of a selection of variables from semileptonic channel. Events are colored
according to the correct 0 or 1 solution. The separation power of the two classes is really
low, and this explains the difficulty of the problem.
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A Binary Discriminator

The first DL implementation, namely Deep Neural Networks (DNN), that we
explored to study VBS makes use of a binary classifier to determine first the
correct solution of Eq. (4.1), and then once the neutrino momentum is iden-
tified, to reconstruct the W boson reference frame. Our binary classifier is a
FNN with one node as the output layer. The code deduces which of the two
(+/−) solutions is chosen by nature (addressed in the following as the correct
solution), based on training variables. In this way the kinematics of the boson
decay is fully reconstructed, as discussed in Section (4.1.1), but with a set of
weighted parameters configured by the DL approach.

The DNN input consists of 27 variables, among which we include both
simple variables related to the momentum and geometrical disposition of the
physical objects and more complex objects that combine several features. The
detailed list is given in App. (D.2).
In our binary classifier, the label is assigned on event level basis following the
criterion: events with negative (positive) sign giving the result closer to truth
pνL are assigned label 0 (1), events with negative discriminant are discarded6.
The truth is determined event by event by using the full information avail-
able in PHANTOM Les Houches file [54]. The main results are shown in
Fig. (4.11).

Our DNN is trained on truth solution labels, with a single output node, as

6In this approximation the mass of W boson is fixed at the value of 80.38 GeV, according
to the Particle Data Book [7].
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Figure 4.12: The DNN binary classification score in the semi-leptonic channel, determining
the appropriate sign to use in neutrino momentum reconstruction. Here results are shown
separately for events with true positive and true negative solutions, evaluated on events with
transverse W polarization. The DNN model is composed of 4 hidden layers and 60 neurons
in each of them, the training was performed on an unpolarized PHANTOM sample. The
sharp peak at 0.5 represents events for which the classifier cannot make a decision.
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Figure 4.13: ROC curves in the semi-leptonic channel, representing the fraction of correct
positive solution choices (efficiency) versus the fraction of negative solutions falsely labelled
as positive (contamination), obtained on PHANTOM samples containing a purely longi-
tudinally polarized (Long.) leptonically decaying W boson, a purely transversely polarized
(Trans.) boson, an unpolarized W boson generated in the OSP PHANTOM framework
(Un. OSP) and the full computation with an unpolarized W boson and with non-resonant
production modes included (Full comp.) are shown. The optimal working point is defined
as the threshold giving the shortest distance to point (0,1).

a binary classifier, with the following parameters:

• Hidden Layer Activation Function: ReLu;

• Output Layer Activation Function : Sigmoid g(x) = 1
1+e−x

to provide a score bounded between 0 and 1;

• Loss function: binary crossentropy: L(p, y) = −(y ln(p)+(1−p) ln(1−p))
where y is the target label (0 background or 1 signal) and p is the pre-
dicted score p ∈ [0, 1];

• Optimizer: Adam gradient descent classical stochastic gradient minimiz-
ers use only one learning rate for all the weights in the networks, Adam
instead maintains a learning rate for each weight and separately adapts
it as learning unfolds.

The score distribution, obtained when training only on the transversely po-
larized PHANTOM sample is shown in Fig. (4.12). Optimal working points
for classification have been selected for each model based on the Receiver Op-
erating Characteristic (ROC) curves [110]. An example of ROC curves for
the DNN model using 60 neurons and 4 hidden layers is shown in Fig. (4.13).
Values of area under curve (AUC) and fractions of correct solution choices are
summarized in Table (4.2).

An important aspect already discussed in the previous section is the per-
formance of the NN with respect to the data dimensionality. On this crucial
point a dedicated study has been preformed on our network. Different sizes of
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Table 4.2: Classifier performance in the semi-leptonic channel, using 60 neurons and 4 hid-
den layers. Results obtained on samples containing a purely longitudinally polarized (WL)
leptonically decaying W boson, a purely transversely polarized (WT) boson, an unpolarized
W boson generated in the OSP PHANTOM framework (Un. OSP) and the full computa-
tion with an unpolarized W boson and with non-resonant production modes included (Full
comp.) are shown.

WL WT Un. OSP Full comp.

Working point 0.497 0.498 0.500 0.491
AUC 0.655 0.716 0.698 0.717
Corr. choices 0.596 0.651 0.636 0.650
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Figure 4.14: ROC curve dependency in the semi-leptonic channel, showing on the training
unpolarized OSP dataset size (104, 105, 106, 107 events). Number of neurons is fixed to 60
and number of hidden layers to 4.

the training sets have been considered, spanning from ten thousands events to
ten millions events. The resulting ROC curves are shown in Fig. (4.14). One
can see that the performance improves with the increase of the training set
size, but it seems to converge quite well at size one million. It can be noticed
that difference between one million and ten millions is practically negligible.
Given this feature, we adopted a training set size of one million, to perform
further optimizations of the DNN parameters.

Following Eq. (4.1), pνL and Eν in the laboratory frame are calculated by
the NN. Finally, the lepton momentum is boosted into reconstructed W rest
frame, defined by the vector sum of neutrino and lepton momentum. The
resulting angular distribution in the W boson rest frame, obtained using the
binary classification technique, is shown in Fig. (4.15) as a function of cosϑ,
for a DNN with a fixed number of neurons (60) and different hidden-layer con-
figurations.

In addition to the standard open-source platforms, we used a specific one
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Figure 4.15: Angular distribution in the W boson rest frame as a function of cosϑ, obtained
using the binary classification technique in the semi-leptonic channel. Parton-level (truth)
distributions are shown for comparison, using the generator-level (true) cosϑ. The left plot
shows results obtained assuming the purely longitudinal (WL) and the right plot the purely
transverse (WT) scenario. The results for a DNN with a fixed number of neurons (60) and
different hidden-layer configurations are shown.

available on IBM Cloud, named AutoAI, that exploits artificial intelligence
routines to generate candidate model pipelines customized for predictive mod-
elling problem. These model pipelines are created iteratively, AutoAI analyses
datasets and discovers data transformations, algorithms, and parameter set-
tings that work best for the problem setting. It covers all the steps of a typical
machine learning project from data pre-processing, to model selection, feature
optimization and model deployment. In particular, it automatically detects
and categorizes features based on data type, such as categorical or numeri-
cal. Then it transforms the raw data into the combination of features that
best represents the problem to achieve the most accurate prediction. AutoAI
uses a unique approach that explores various feature construction choices in
a structured, non-exhaustive manner, while progressively maximizing model
accuracy using reinforcement learning.

Finally, a hyper-parameter optimization step refines the best performing
model pipelines. AutoAI uses a novel hyper-parameter optimization algorithm
that enables fast convergence to a good solution despite long evaluation times
of each iteration. The model found by Watson AutoAI, as the best one, is
LGBM Classifier as can be seen in bottom part of Fig. (4.16). This is a Gra-
dient boosting framework that uses leaf-wise (horizontal) tree-based learning
algorithm. It can handle the large size of data and takes lower memory to run.
Light GBM is sensitive to overfitting and can easily overfit small data (less
than 10k events). A complicated thing is parameter tuning: Light GBM cov-
ers more than 100 parameters and the advantage of AutoAI implementation is
the automation in this hyperparameters optimization. Light GBM grows tree
vertically while other algorithm grows trees horizontally meaning that Light
GBM grows tree leaf-wise while other algorithm grows level-wise. It will choose
the leaf with max delta loss to grow. When growing the same leaf, Leaf-wise
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4.2. Deep-Learning Techniques

Figure 4.16: Screenshot taken from the AutoAI tool where we can appreciate the collection
of all possible model parametrization tested by the machine (top) and the ranking of all
model according to the selected metrics (accuracy), in the bottom part.

Figure 4.17: Screenshot taken from the AutoAI tool of the LGBM classifier with the highest
accuracy score. We can see the plot of the ROC curve on the left and the table collecting
all possible metrics obtained by the trained model on the right.
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Figure 4.18: Angular distribution in the W boson rest frame as a function of cosϑ, obtained
using the IBM auto AI tool as a binary classifier. Parton-level (truth) distributions are
shown for comparison, using the generator-level (true) cosϑ.

algorithm can reduce more loss than a level-wise algorithm.
The performance of the model are shown in Fig. (4.17), where not only the ROC
curve is presented but also an exhaustive table with several metrics is given.
These evaluation metrics are provided with two approaches: hold-out method,
where the whole dataset is splitted into training and validation ones according
to the fraction indicated and cross-validation or “k-fold cross-validation“ where
the dataset is randomly split up into k groups. One of the groups is used as
the test set and the rest are used as the training set, so the model is trained on
the training set and scored on the test set. Then the process is repeated until
each unique group as been used as the test set. Cross-validation is usually
the preferred method because it gives your model the opportunity to train on
multiple train-test splits. The hold-out method instead, is good to use when
one has a very large dataset or is on a time crunch, or in case one is starting
to build an initial model for a given data science project.

Comparing Fig. (4.15) and Fig. (4.18) we see that, in employing the IBM
AutoAI tool, there is no further improvement in our binary classification
as we already extracted all possible information belonging to training
data. We made this comparison for binary classification where the AUC
value represents a clear statistical indicator, although we got a simi-
lar conclusion also for the technique that will be discussed in the next
paragraph.

Regression Technique

Instead of using the neural network to address the solution of Eq. (4.1), we
could train the algorithm to determine directly the reconstructed angular dis-
tributions of the lepton in W rest frame, with respect to the W direction in
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4.2. Deep-Learning Techniques

the laboratory frame. The DNN input is composed by the same set of 27 vari-
ables of the previous case. Differently from the binary classification approach,
here the DNN is trained with the true value of the cosϑ variable, which it
aims at reproducing. With this approach, we tested as many different neural
network topologies as in the case of binary classification, albeit changing the
relevant parameters that convert a classification problem into a regression one,
as described in the following:
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Figure 4.19: Scatter plot: generator-level (true) cosϑ value w.r.t. the reconstructed one in
the semi-leptonic channel, using different network topologies. The closeness to the black line
can qualitatively estimate the goodness of the topology adopted.

• Activation Function for hidden layer: ReLu;

• Activation Function for output layer: Linear.
It creates a continuous output signal proportional to the input g(x) = x;

• Loss function: mean squared error: L(cosϑ) = 1
N

∑N
i=1(cosϑtruth1,i

− cosϑpred1,i )2 where N is the number of events per batch, cospred and

costruth are the predicted score and truth label respectively.

• Optimizer: Stochastic gradient descent (SGD). It is a variant of gradient
descent. Instead of performing computations on the whole dataset, only
computes on a small subset or random selection of given data.

One additional way to evaluate the performance of the model for differ-
ent neural network topologies is presented in Fig. (4.19), where the distance
of points from the main diagonal represents the ability of the network to re-
construct cosϑ. The resulting angular distribution in the W boson rest frame
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Figure 4.20: Angular distribution in the W boson rest frame as a function of cosϑ, obtained
using cosϑ regression in the semi-leptonic channel. Parton-level (truth) distributions are
shown for comparison, using the generator-level (true) cosϑ. The left plot shows results
obtained assuming the purely longitudinal (WL) and the right plot the purely transverse
(WT) scenario. Results for a DNN with a fixed number of neurons (60) and different hidden-
layer configurations are shown.

as a function of cosϑ is shown in Fig. (4.20) for a DNN with a fixed num-
ber of neurons (60) and different hidden-layer configurations. To evaluate the
performance of this approach, the distribution of the reconstructed cosϑ for
longitudinally and transversely polarized samples is compared to the truth val-
ues.
Similarly to binary classification, a dedicated study has been made to evaluate
the dependence of the DNN on the dimension of the training set. Different
sizes of the training sets have been considered, spanning from 10k events to
10M events.

The performances of the regression technique as a function of the training
sets are shown in Fig. (4.21). As expected, the larger the training set
size, the better the performance, although one should also consider the
possibility of over-fitting of the DNN. For a qualitatively comparison in
the reconstruction of cosϑ for longitudinally and transversely polarized
samples, between the DNNs used as regressor and the DNNs used as a
binary classifier, one should compare Fig. (4.20) and Fig. (4.15).

4.2.3 Fully-leptonic VBS channel

In the previous Sections, we tested a NN approach to semi-leptonic channel.
Here we focus on the fully-leptonic channel. From a technical perspective, this
channel can be considered as a direct extension of the semi-leptonic case, even
though only the regression strategy hold, since the kinematic reconstruction
is not related to a sigle sign ambiguity anymore. The fully-leptonic channel
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Figure 4.21: Reconstructed lepton angular distribution in the semi-leptonic channel, for the
longitudinal W boson polarization, as a function of cosϑ with a specific network topology
(60 neurons, 4 hidden layers) for model trained with different training dataset sizes (104,
105, 106, 107 events). Parton-level (truth) distributions are shown for comparison, using the
generator-level (true) cosϑ.

kinematics reconstruction can be supplemented with the MAOS algorithm, as
described in Sec. (4.1.2). Since we want to check whether the information ob-
tained from the MAOS could improve the DNN reconstruction, we included
MAOS algorithm outputs among the training features, namely MAOS recon-
structed neutrino transverse momenta (pν`T from Eq. (4.6)) and mT2.

Direct Approach

In the fully-leptonic channel, our methodology extends the possibility for the
network to reconstruct both cosϑ for the muon and electron part directly,
then combines these two contributions to get the total angular distribution
of a certain polarization component. We refer to this approach as a direct
approach.

Indirect Approach

As another step in the process of improving our ability to extract a model
for angular distribution, an indirect approach can be defined by introducing
an intermediate step: in this case the DNN training labels are now the six
components of neutrino momenta and the neural network now has to solve a
regression problem with a six-dimensional output. Once the DNN model out-
puts the reconstructed six neutrino components we calculate and reconstruct
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Figure 4.22: Shape of the reconstructed lepton (electron and muon) angular distribution in
the W boson rest frame in the fully-leptonic channel. Parton-level (truth) distributions are
shown for comparison, using the generator-level (true) cosϑ. The left plot shows the the
(purely) longitudinally polarized WL and the right plot the (purely) transversely polarized
WT sample. Performance of the direct and indirect approach can be appreciated qualita-
tively. 60 neurons and 3 hidden layers have been used for all the approaches. Other DNN
topologies give similar results.

the cosϑ distribution. From NN point of view, direct and indirect approach
are built as a regression problem. For this reason we adopted as in the semi
leptonic case a linear activation function for the output node, likewise for loss
function extending the formula with respect to the number of output node,
two and six for the direct and indirect7 approach respectively.

A summary of the performance of both reconstruction approaches, with
and without the inclusion of the MAOS quantities among the training
features, is shown in Fig. (4.22). To help the comparison, these results
are superimposed to those of Fig. (4.7), and they appear in the summary
plot in Fig. (4.23). It is evident how, in particular for the longitudinal
components, the DNN approach outperforms the classical kinematics ap-
proaches. In Fig. (4.24), we appreciate the performance of the NN in the
indirect approach to reconstruct its continuos distribution of neutrinos
missing momenta.

4.3 Direct Polarization Discriminator

The approach followed in this Section involves Deep Neural Networks for
the development of a classifier to discriminate between the different polar-
ized events both for semi-leptonic and fully-leptonic case.
In the semi-leptonic case a binary classifier to discriminate between longitu-
dinal (L) and transverse (T) is built, while for the fully-leptonic one a multi-
classifier able to discriminate between longitudinal (LL), mixed (LT) and trans-

7In this case, the variables need to be scaled in the range [0, 1].
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Figure 4.23: Summary plot of the reconstructed lepton (electron and muon) angular dis-
tribution in the W boson rest frame in the fully-leptonic channel. Standard approach (se-
lection 4 strategies described in Sect. (4.1.1)), random solution, and the DNN approach (
direct, indirect with/out MAOS variables inclusion) are compared to the Parton-level (truth)
distributions, using the generator-level (true) cosϑ. Top plot shows the the (purely) longi-
tudinally polarized WL and the bottom plot shows the (purely) transversely polarized WT

sample.
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Figure 4.24: Reconstruction of pTνν for different neural network topology with the same
batch-size, applied on the fully-leptonic channel using a transversely polarized WT scenario.

verse (TT) scattering events is defined. Here again, we ask machine learning
techniques to bring out correlations between variables and to extract as much
information as possible from the finite dataset.
In addition, a further consideration is that the composition of the training sam-
ple is a mixture of data generated according to different polarization flavours.
The mixed sample can be created essentially in two ways: balanced and weighted.
In the first case, we create a dataset with same number of events for each
category whereas, in the weighted case, the number of events for each polar-
ization are weighted according to relative SM cross section that are reported
in App. (D.3).
The two compositions are quite different, in particular for the fully-leptonic
case, the ultimate goal of the polarization classification is to extract the lon-
gitudinal fraction, which is the important component from a physical point
of view and should be considered as the signal in our discrimination. How-
ever the LL component represents a small fraction of the total cross section,
accounting for around 9% of the total cross-section, and has observables that
are largely similar to the unpolarized process. This means that working with
balanced dataset requires enhancement of longitudinal component. Details
about dataset composition as well as model loss consideration can be found in
App. (D.2).

From classical machine learning point of view, the composition of a dataset
is crucial. Unbalancing is a well known problem, typically related to rare
events. This is the case for classic machine learning techniques like Logistic
Regression, Discriminant analysis and Ensemble methods that need to keep
track of the original sample composition and are not recommended in case
of unbalanced methods8. Apparently, from neural network point of view, we

8Linear and Quadratic Discriminant Analysis are even more suppressed due to rigid
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realised that working with the abstraction given by the deep inner structure
of the NN, does not affect the final performance using enhancement of longi-
tudinal (L, LL) components.

Semi-leptonic VBS channel

To better understand the complex scenario we are dealing with, we refer to
Fig. (4.25) where a pairplot representation of the generated variables is shown
according to the two classes (colour). From a qualitatively point of view the
power discrimination seems to be a bit better with respect to the classification
problem defined to solve the ambiguity of Eq. (4.1), whose distribution for
each class is reported in Fig. (4.11). Our ability to reconstruct the angular
distribution as a function of cosϑ is shown in Fig. (4.26).

Fully-leptonic VBS WW channel

Here we present the result concerning the polarization discrimination for the
fully-leptonic channel. The goal here is to develop a multilabel classifier which
is able to recognize mutually exclusive components LL, TL, TT. Each polariza-
tion category is tagged with one hot encoding where, to keep the structure of
a classification problem, we define three binary variables which are associated
to the LL, LT and TT classes, respectively. The value is 1 or 0, depending on
whether the event belongs to the class or not so that the DNN target variables
are these three labels, and the output consists in three DNN scores distributed
between 0 and 1.
From NN point of view, the main difference is represented by the softmax
output activation function that allow the mutual exclusivity of the choosen
class. This is compulsory for this particular problem where each event cannot
be assigned to multiple classes whereas other multi-classification problems al-
low overlap between categories so that sigmoid is the chosen output activation
function.
The distribution of the variables according to the different classes is shown in
the pair plot of Fig. (4.27). To quantitatively analyse the performance of our
NN we need to extend the metrics used for the binary case, in particular the
ROC Curve.

In a multi-classification problem, one can study the ROC curve for each
class or define an “average” ROC curve, in order to quantify the overall perfor-
mance of the classifier. In the present analysis, our macro average ROC curve
is defined as follows:

εi =
TPi

TPi + FPi
=⇒ εmacro =

1

N

N∑

i=1

εi;

dataset assumption like dataset normality and variance equality.
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4. W Boson Polarization Reconstruction

Figure 4.25: Pairplot of a selection of variable from semileptonic balanced polarized channel.
Events are colored according to the polarization (L,T). The separation power of the two
classes is really low which explain the difficulty of the problem.
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Figure 4.26: Angular distribution in the W boson rest frame as a function of cosϑ, ob-
tained using the binary classification technique trained on the polarization species, in the
semi-leptonic channel. Parton-level (truth) distributions are shown for comparison, using
the generator-level (true) cosϑ. The left plot shows results obtained assuming the purely
longitudinal (WL) and the right plot the purely transverse (WT) scenario. The results for
different number of neurons and hidden-layer configurations are shown.

where TP, FP denote the number of true and false positive of the class i,
respectively, and N is the number of classes. The resulting εmacro is nothing
else than the average of the efficiency εi over all classes.

The pattern shown in Fig. (4.28) highlights that the categorization performs
better for the combination with 100, 60 neurons and 4 hidden layers. The
difference is not too sharp among the different models, apart from the one
with 40 neurons and 2 hidden layers which is excluded by a wide margin.
Again, in these results, we can appreciate the contribution of deep network
topology with respect to large ones. It seems that a deeper solution increases
our performance to disentangle a complex classification like the one we are
willing to solve.
The ROC curves for the single classes with the optimized parameters are also
shown in Fig. (4.29). We observe that the LL class has the best performance,
followed by the TT class and finally the LT class which results to be more
difficult to classify. This can be explained by the fact that the LT class has a
mixed topology which shares properties with both the other two classes.

The output of the network consists in a score distributed between 0 and 1,
one for each class. Events belonging to a given class are more likely peaked
around 1 in the corresponding score distribution as can be seen in Fig. (4.30)
where the distributions of the three classes of the multilabel classifier, namely,
LL, LT and TT scores are reported, with the events separated according to
their true polarization. The LL and TT score distributions show a nice separa-
tion of the LL and TT components, while the LT component is more distributed
between 0 and 1. The LT score has less separation power than the other two,
as the distributions of the different polarized components overlap, in analogy
to what we pointed out looking at the ROC curve.
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Figure 4.27: Pairplot of a selection of variable from fully-leptonic balanced polarized sample.
Events are colored according to their polarization (LL, LT, TT). Plot of single variable is
shown along the diagonal.
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Figure 4.28: Macro average ROC curves representing the fraction of correct positive solution
choices versus the fraction of negative solutions falsely labelled as positive according to the
macro average definition for the fully-leptonic WW channel obtained with PHANTOM
mixed samples containing LL, TL and TT contributions. Scan for different combination of
neurons and hidden layer are shown (left). Figure represents a zoomed version of the top
left part of the left figure to better appreciate the classification power of the NN (right).

In addition, to provide a complete description, we tested the NN on a sample
generated with full computation, all the polarization states plus the interfer-
ence and non-resonant contributions (Fig. (4.30d)). The DNN scores allow us
to reproduce again the angular distribution as a function of cosϑ for both lep-
tons (e, µ).

By comparing Fig. (4.31) with Fig. (4.22) we could infer that direct po-
larization discrimination performs better than the reconstruction of the
cosϑ distribution, for both leptonic components.

0.0 0.2 0.4 0.6 0.8 1.0
1 - purity

0.0

0.2

0.4

0.6

0.8

1.0

ef
fic

ie
nc

y

ROC curves

class LL
class LT

class TT

0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60
1 - purity

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

0.80

0.85

ef
fic

ie
nc

y

ROC curves
class LL
class LT

class TT

Figure 4.29: ROC curves representing the fraction of correct positive solution choices versus
the fraction of negative solutions falsely labelled as positive for the single LL, TL and
TT contributions of the fully-leptonic WW channel obtained with PHANTOM. Figure
represents a zoomed version of the top left part of the left figure to better appreciate the
classification power of the NN (right).
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(a) NN score for WLWL sample.
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(b) NN score for WTWL sample.
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(c) NN score for WTWT sample.
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(d) NN score for full computation sample.

Figure 4.30: NN scores obtained for each classes evaluating different fully-leptonic polarized
channel obtained with PHANTOM. Output distributions of the LL, LT, TT and full com-
putation scores, for a DNN with 4 hidden layers composed of 100 neurons each and batch
size = 128.

4.3.1 Fully-leptonic VBS ZZ channel

The performance of the framework developed and described in the previous
Section has been tested also on a different VBS channel. We built a multil-
abel classifier for the ZZ channel, that, among VBS processes, is of particular
interest as well, in particular the ZZ → 4l.
This channel has not been investigated depth wise across this work as the WW
one, nevertheless here we report its main properties.

ZZ VBS Process

The ZZ cross-section is lower than the WW, however, it provides a fully recon-
structable final state with no missing energy, due to the absence of neutrinos in
the Z decay products. Here, QCD-induced production is an irreducible back-
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Figure 4.31: Angular distribution in the W boson rest frame as a function of cosϑ, obtained
using the multilabel classifier technique trained on different polarization species, in the
fully-leptonic channel. Parton-level (truth) distributions are shown for comparison, using
the generator-level (true) cosϑ. The left plot shows results obtained assuming the purely
longitudinal (WLL) and the right plot the purely transverse (WTT) scenario. The results for
40 neurons and different number of hidden-layer configurations are shown.

ground for the EW production of lll′l′jj. Fully leptonic final state, with both Z
bosons decaying into charged lepton pairs, is a clean signature to tag the event
in the detector, with four prompt leptons and two forward jets in the event.
The invariant mass MZZ of the diboson system can be directly computed from
the leptons momenta, allowing the determination of the center-of-mass energy
of the scattering. Furthermore, the measurement of the spin correlations of the
reconstructed fermions allows the extraction of the longitudinal contribution
that, as well as in the WW channel, is a crucial measurements.

In this study, we want to test the NN performance going beyond parton
level. Therefore, we generated detector level events following the chain de-
scribed at the beginning of the Chapter. For sake of completeness, we report
here the main steps and kinematical cuts.
The ZZ channel is generated with PHANTOM by means of the following
process: pp → jje+e−µ+µ− at

√
s = 13 TeV. For this channel we generated

only tree level electroweak contributions as well (O(α6) ), neglecting processes
involving b and t quarks.
We applied the following kinematic cuts:

• lepton transverse momentum plT > 10 GeV;

• leading lepton transverse momentum plT,1 > 20 GeV;

• lepton pseudorapidity |ηl| < 2.5;

• jet transverse momentum pjT > 20 GeV;

• invariant mass of the system of the two tagging jets Mjj > 500 GeV;
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4. W Boson Polarization Reconstruction

Figure 4.32: ROC curves representing the fraction of correct positive solution choices versus
the fraction of negative solutions falsely labelled as positive for the single LL, TL and
TT contributions of the fully-leptonic ZZ channel obtained with Delphes. Zoomed scan
for different combination of neurons (left) and hidden layer (right) are shown to better
appreciate the classification power of the NN.

• pseudorapidity separation between the two tagging jets |∆ηjj| > 2.5;

• invariant mass of the four lepton system M4l > 200 GeV.

Similarly to what we discussed for the WW channel, the cut on dijet invariant
mass suppresses the triboson contribution and the cut on dijet pseudorapidity
separation enhances the VBS topology. In addition, here the cut on four-lepton
invariant mass M4l excludes the Higgs boson peak at 125 GeV and the off-shell
Z tail.

The interesting test for our NN framework in this case comes from the
origin of the data. Since we want to evaluate polarization fraction at detector
level, we need to define few conditions. Detector-level polarized distributions
could be affected by two main contributions: pileup and detector efficiency.
Event pile-up spoils the event reconstruction because of the multiple collisions
decay products overlapping in the detector.
Detector efficiency, instead, limits the acceptance and the particles reconstruc-
tion performance. From PHANTOM events we move to showered phase
where jets are fragmented and hadronized with PYTHIA8 before passing
through the jet reconstruction and detector simulation using Delphes. The
EW production of ZZ bosons is searched in a subset of events that pass the
ZZ selection, namely those that feature at least two jets separated from the
leptons by ∆R > 0.4. As we found in the WW channel, the resulting detector-
level angular polarized distribution is strongly affected by the detector effects.
The analysis-level cuts is described in this conference paper [91], to which we
contributed for the kinematic reconstruction overview.

In the following, we shortly discuss on the main results in terms of NN abil-
ity to separate polarization components for the ZZ channel. The composition
of the dataset here is different, because of some technicalities, the amount of
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4.3. Direct Polarization Discriminator

(a) NN score for ZLZL sample. (b) NN score for ZLZT sample.

(c) NN score for ZTZT sample. (d) ROC curves for the LL, LT and TT classes.

Figure 4.33: NN score obtained for each classes evaluating different fully-leptonic polarized
channel obtained with Delphes. Output distributions of the LL, LT, TT scores, for a DNN
with 8 hidden layers composed of 200 neurons each and batch size of 64 and corresponding
ROC Curve.

data used for training and test are lower with respect to the WW case and
the dataset composition is not balanced. According to SM fractions, the LL
component accounts for around 9% of the total cross-section and LT, TT for
the remaining 91%.
Here we use a training dataset with enhanced longitudinal component, with
30% of the LL contribution. The training dataset is composed of roughly 100k
detector-level events, and a corresponding dataset of the same size is used for
the validation of the models. In order to test the performance of the DNN
on a SM-like dataset, the evaluation instead has been performed on same size
detector-level events with SM expected LL fraction. The input variables in-
clude all the available observables related to the final state objects, namely the
four-momentum of leptons and tagging jets, together with constructed observ-
ables such as the Z bosons four-momenta and their invariant mass, mZ1 and
mZ2, the four-momentum of the ZZ system and its invariant mass mZZ , and
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the dijet invariant mass m, for a total of 34 input variables.
Each polarization category is tagged in the same way as we did for the WW
case with one-hot encoding technique. Regarding the ROC curve for the single
classes with the optimized parameters shown in Fig. (4.32), we can draw same
conclusion as we found for the charged boson case, we observe that the LL
class has the best performance, followed by the TT class and finally the LT
class which results to be more difficult to classify. This can be appreciated also
in Fig. (4.33) where the LL and TT score distributions show a nice separation
of the LL and TT components, while the LT component has less separation
power than the other two.
If we look at the performance of the NN built for the ZZ detector level prob-
lem we see two main differences with respect to the WW generator level case.
Here, we trained the network with a smaller, unbalanced dataset consisting of
more variables. From a qualitative perspective we got same classification per-
formance among the 3 classes but we made use of a deeper and wider network
topology. This fact can be understood from the fact that the detector level
dataset was smaller and it is intrinsically more complex.
With all the experience developed in managing DNN in so many different
physics scenarios, we show in App. (D.2) how the number of epochs affects our
performance comparing the loss function for training and validation datasets.
We realized that the loss functions in some cases were flat, in some cases
followed a negative exponential decay, in other cases they were made by a
composition of step losses or we had even to increase the number of training
epochs to reach a convergence. In particular, we did not use too wide NN but
deep ones, suggesting the needs for a complex convergence structure related to
the problem.
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In this Section, a multiclassifier has been developed and optimized to
obtain the best separation among polarized categories. We tested the
DNN framework developed to discriminate among polarization states for
the WW VBS channel from the previous Section, on a different one: the
ZZ VBS channel. We went beyond parton level, by classifying detector
level events.
Despite the different dimension and composition of the dataset with re-
spect to the WW case, this categorization approach shows promising
results, showing that the best performance is in the LL component clas-
sification. Of course, considering a practical usage of this framework, we
should work on real data obtained after a clear background discrimina-
tion. Background to signal discrimination can be tackled using a DNN
approach as well, so that the final procedure could be a sequence of DNN
discriminator. We have different backgrounds that have to be discrim-
inated from the VBS signal, so that a neural network can be trained
separately for each background with respect of the signal and then com-
bined together to provide a global discriminator. This study was out
of scope of this work, even if a preliminary test on different machine
learning and DNN techniques has been done before moving to the land
of polarization discrimination.

4.4 Polarization Fraction Extraction

This last part of the present Chapter is dedicated to how the performance of
our different NN experiments reflects into the extraction of polarization frac-
tions. This is done by means of a maximum likelihood fit of the polarized
templates to the full computation data.
As a matter of fact, event-by-event polarization is not well defined, the boson
lives in a quantum superposition of different polarization states (longitudinal,
transverse). The choice of the variable for the polarization shape analysis
is more or less arbitrary. Basically, any variable for which transversely and
longitudinally polarized samples populate different phase space regions is a
candidate. The larger the statistical difference between the transverse and
longitudinal components, the smaller will be final errors on the polarization
fractions. In some cases, polarization sensitive variables are probably process
dependent, like lepton angle in the W rest frame with respect to the W direc-
tion in the laboratory frame or pTWW

, RpT , see Fig. (4.34).
The full computation not only contains admixtures of the longitudinal and
transverse polarization, but also interference among them and non-resonant
contributions. Since the interference can be constructive as well as destruc-
tive, we adopted an approach in which all the non-purely longitudinal compo-
nents (transverse polarization, interference and non-resonant contribution) are
summed up and treated as a single distribution. They are obtained by sub-
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4. W Boson Polarization Reconstruction

Figure 4.34: VBS Full-leptonic distribution of the kinematic variable pT of WW (left)
according to different WW polarizations. In black pTWW

of WLWL boson, in red WTWT ,
in green WLWT which is superimposed to the blue one with WTWL. VBS Full-leptonic
distribution of the kinematic variable RpT = pl1T p

l2
T /p

j1
T p

j2
T (right). In blue (red) the events

with leptons coming from the decay of longitudinal (transverse) polarized W bosons (plot
taken from [111]).

Table 4.3: Summary of the longitudinal polarization fraction extraction from the fit of the
longitudinal (WL) and background distributions to the full computation. The background
is defined as the difference between the full computation with an unpolarized W boson
and with non-resonant production modes included (Full comp.) and the longitudinal (WL)
contribution. The best fit value, for all the reconstruction methods, matches the truth
polarization fraction, σL/σfull = 0.257, within the sub-percent level. CI widths at the 95
% CL for background and longitudinal polarization fraction are reported. The numbers are
obtained at 139.0 fb−1 luminosity, which is the value of the integrated ATLAS luminosity
for the 2015–2018 data taking period.

Type Background WL

Random 0.122 0.119
Selection 1 0.137 0.135
Selection 2 0.125 0.122
Selection 3 0.130 0.128
Selection 4 0.098 0.095
Binary 0.105 0.102
Binary-LT 0.044 0.036
Regression 0.076 0.071
Truth 0.104 0.101

traction of the longitudinal distribution from the full computation. With this
approach we avoid fitting histograms with the negative entries, which cannot
be handled in the maximum likelihood fit. From here on, the mixture of these
three components will be referred to as the background distribution.

In the fit, the full computation is hypothesized to be well described by the
sum of the longitudinal and background distribution and its normalizations are
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4.4. Polarization Fraction Extraction

Figure 4.35: Top plot: background (green) and longitudinal (blue) cosϑ distribution semilep-
tonic polarization as obtained by NN. Bottom plot: background (green) and longitudinal
(blue) score distribution of NN semileptonic polarization score classifier according to the two
templates used in the fitting procedure to full computation sample (black dots). In both
cases the lower panel shows the ratio of the data to model.
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chosen to be the fit parameters. There is of course a very high anti-correlation
between the fitted parameters because the benchmark is a direct sum of both.
The latter has as a consequence also the exact convergence of the best fit val-
ues to the truth polarization fractions, as predicted by the generator.
This analysis takes into account only the statistics given by the MC sample
produced but the histograms are normalized to 139.0 fb−1, which is the value of
the integrated luminosity collected by ATLAS during the 2015–2018 data tak-
ing period. Interesting values are the confidence intervals (CI) for longitudinal
and background normalization. The resulting normalization CI widths at 95%
CL using different sources of angular distributions and methodologies for the
semileptonic channel (random solution choice, binary classification, binary po-
larization classifier (LT), regression and truth) are summarized in Table (4.3).
The CI provided in this analysis are calculated as the product of the cross sec-
tion ratio between the process considered (e.g. semileptonic or full leptonic)
and the full computation contribution times the error given by the fit proce-
dure. In the upper Fig. (4.35) we show fit results obtained in the semileptonic
regression case.
Both approaches, analytical with binary classification and regression, show
an improvement with respect to the random solution choice, as expected. An
interesting observation emerges from the comparison of the fit performance em-
ploying different reconstruction techniques with the truth information. While
the binary classifier very closely approaches the truth performance, the regres-
sion model even outperforms the fit using the truth distributions. What we
might have considered as a failure of the DNN in reconstructing the truth an-
gular distribution seems to encode some further important information for the
distinction of the longitudinal polarization from the background, which might
not be simply extracted from the truth angular distribution with respect to
only one variable.

We summarize the performance of the different methods in Tables (4.4, 4.5)
where RMS errors between the true and reconstructed cosϑ is used as a general
metrics. DNN technique gives smaller values with respect to classic selection
criteria, confirming the potential of the method according to different vector
boson scattering processes.
In Fig. (4.35), in the bottom, we show fit results obtained in the semileptonic
case where a binary classifier is built to directly discriminate longitudinal ver-
sus transverse polarization components (score variable). Different training has
been performed on the admixture of the longitudinal and transverse polar-
ization and the output score (sL) can be interpreted as the event longitudinal
polarization fraction. The error bars shown in the plot are related to the uncer-
tainty provided by the fit procedure where no measurement effects are included
and they represents the statistics uncertainty of the chosen integrated luminos-
ity. The capability here is to discriminate the blu distribution from the green
one. The fit extraction is almost two times narrower (CI at 95% see Table 4.3)
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Table 4.4: RMSE between the the true and reconstructed cosϑ, calculated as a quantitative
parameter to evaluate the performance of applied selection-criteria and DNN techniques in
the semi-leptonic channel. We evaluate RMSE on samples containing a purely longitudinally
polarized (WL) leptonically decaying W boson, a purely transversely polarized (WT) boson
and an unpolarized W boson generated in the OSP PHANTOM framework (Un. OSP).
RMSE is equal to 0 in the case of truth.

WL WT Un. OSP

Truth 0.0 0.0 0.0
Random 0.440 0.347 0.359
Selection 1 0.420 0.303 0.328
Selection 2 0.401 0.269 0.305
Selection 3 0.390 0.274 0.305
Selection 4 0.370 0.228 0.275
Binary 0.357 0.241 0.270
Regression 0.277 0.200 0.217

Table 4.5: RMSE between the the true and reconstructed cosϑ calculated as a quantitative
parameter to evaluate the performance of applied DNN techniques. We are comparing
neural networks trained in the fully-leptonic channel. Models are trained and evaluated on
samples of purely longitudinally polarized (WL) and a purely transversely polarized (WT)
leptonically decaying W bosons and then direct and indirect approaches are used, with an
optional inclusion of the MAOS and MT2 variables in the training, as described in the text.
RMSE is equal to 0 in the case of truth.

DNN type WL WT

direct 0.291 0.262
direct+MAOS 0.291 0.261
indirect 0.528 0.605
indirect+MAOS 0.436 0.493

with respect to the confidence level obtained in case of regression technique
(cosϑ).
Similarly, we show in Fig. (4.36) a comparison of fit result obtained in the
fully-leptonic channel. It is evident that the error bars are much larger than
in the previous semileptonic case. Here we trained our NN with an admixture
of pure longitudinal (LL), pure transverse (TT) and mix polarization (TL)
sample. On top we show the fit result coming from a regression performed
on this dataset (direct approach defined before) whereas at the bottom we
can appreciate the fit distribution coming from a multilabel classifier. In this
case the output score (sL) can be interpreted as the event pure longitudinal
polarization fraction.
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Table 4.6: Summary of the longitudinal polarization fraction extraction from the fit of pure
longitudinal (WLWL) and background distributions to the full computation in two different
scenario: regression and multilabel classifier. The background is defined as the difference
between the full computation with two unpolarized W boson and with non-resonant pro-
duction modes included (Full comp.) and pure longitudinal (WLWL) contribution. The
best fit value, for all the reconstruction methods, matches the truth polarization fraction,
σL/σfull = 0.072, within the sub-percent level. CI widths at the 95 % CL for background
and longitudinal polarization fraction are reported. The numbers are obtained at 139.0 fb−1

luminosity, which is the value of the integrated ATLAS luminosity for the 2015–2018 data
taking period.

Type Background WLWL

Run 2 Multilabel 0.243 0.206
Run 2 Regression 0.324 0.294

As we can appreciate in Table (4.6), the CI widths are rather large, despite
the fact that for example LL fraction9 is 0.072, which implies that the LL po-
larization fraction in the fully-leptonic channel, unless we find a better variable
than the classifier score, would not be measurable at the current ATLAS lu-
minosity. The widths are higher with respect to semi-leptonic channel mainly
due to smaller cross-section.

For these reasons, we wanted to push this analysis using the predicted data
for LHC Run 410 and determine the discovery potential related to these two po-
larization determination approaches. The result is shown in Fig. (4.37) where,
comparing it with Fig. (4.36), one can see a clear decrease of the error bars
related to narrower CIs, that for the longitudinal components are quantified
in 0.089 (regression) and 0.063 (multilabel). For sake of comparison, current
VBS WW same sign published results [93] give us an estimation of system-
atics and statistical uncertainties. The measured fiducial signal cross section
is σfid = 2.89+0.51

−0.48(stat)+0.24
−0.22(exp syst)+0.24

−0.22(mod syst)+0.08
−0.06(lumi) fb where the

uncertainties correspond to the statistical, experimental systematic, theory
modelling systematic, and luminosity uncertainties, respectively. Having a
pure VBS signal is already very challenging: the uncertainties in the QCD
background normalization and the jet energy scale are the dominant system-
atic uncertainties in the measurement, therefore misidentification of leptons
and in the integrated luminosity determination should be considered. The
current analyses are, at the time being, mainly limited by the large statistical
uncertainty.

9Single polarize fraction is given by σLL/σfullcomp.
10Definition of different LHC Run and their evolution for the HL-LHC scenario can be

found in https://www.desy.de/~ameyer/trento_hllhc_190909.pdf.
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4.4. Polarization Fraction Extraction

Figure 4.36: Top figure: background (green) and longitudinal (blue) cosϑ distribution of
NN fully-leptonic polarization. Bottom figure: Background (green) and longitudinal (blue)
score distribution of NN full leptonic polarization multilabel classifier according to the two
templates used in the fitting procedure to full computation sample (black dots). In both
cases the lower panel shows the ratio of the data to model.
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Figure 4.37: Top plot: background (green) and longitudinal (blue) cosϑ (score) distribution
of NN fully-leptonic polarization. Bottom plot: Background (green) and longitudinal (blue)
score distribution of NN full leptonic polarization multilabel classifier according to the two
templates used in the fitting procedure to full computation sample (black dots). The numbers
are obtained for a projection at 1500.0 fb−1 luminosity, which is the foreseen value of the
integrated ATLAS luminosity for the 2026–2030 data taking period. In both cases the lower
panel shows the ratio of the data to model. Red line represents the ratio between the blue
and green contribution.
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Key Results

We transformed the performance of our different NN experiments into
the extraction of polarization fractions by fitting polarized templates to
the data.
NN categorization approach shows promising results, showing that the
best performance is in the LL component classification.
According to fit extraction, the score sL seems to be a candidate for a
more optimal variable for the fit of the polarization fractions both in the
semileptonic channel and in fully-leptonic channel.
This FIT analysis represents a first step into the discrimination of the
polarization components, mainly the longitudinal one. A further step
would be to include systematics effects which affect any signal to back-
ground discrimination, both in simulated and real data. At the current
ATLAS luminosity, LL polarization fraction would not be measurable
yet, because of the limited statistics. However, an improvement of the
fit result can be appreciated using the expected Run 4 integrated lumi-
nosity estimated at 1500.0 fb−1.

In the next Chapter we introduce a new paradigm in the computation: the
Quantum Computing. We will try to use quantum algorithms as an additional
technique to solve VBS classification problem addressed here.
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Chapter 5
Quantum Computing and VBS

This final Chapter is dedicated to a pioneering attempt of approaching the W
polarization discrimination, using a new technology paradigm that is becoming
of great importance in several scientific fields: Quantum Computing (QC). The
study of this emerging technology and of its application in the High Energy
Physics sector covered a significative fraction of my PhD.
We begin by introducing Quantum Computing and its main characteristics in
Sec. (5.1), while in Sec. (5.2) we focus on its intersection with Machine Learn-
ing field, by investigating some Quantum Machine Learning strategies. In
Sec. (5.3), we discuss the application of QC to VBS, comparing classical and
quantum algorithm performances as a natural alternative to DNN methods.
We close the Chapter with a review of the main present and future applications
of QC in HEP, focusing not only on quantum machine learning, but also on
the way this new paradigm could revolutionize the field, from group theory to
detector simulation.

5.1 Quantum Computing in a Nutshell

Quantum mechanics is the gateway towards novel and potentially disruptive
approaches to scientific and technical computing. The origin of quantum com-
puting is always referred to a famous statement from Richard Feynman: Nature
isn’t classical, . . . , and if you want to make a simulation of nature, you’d better
make it quantum mechanical, and by golly it’s a wonderful problem, because it
doesn’t look so easy [112].
Several years of theoretical and experimental efforts by the scientific commu-
nity has been devoted to the formulation of this new paradigm.

Quantum mechanical models and their simulation are often conceptually
troublesome and technically demanding. We will highlight the main aspect
of this discipline, but we point to dedicate books or reviews (as [113]) for a
complete and exhausting introduction.
Classical computation is becoming more and more extreme and the approxi-
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Figure 5.1: Image credits: https://qiskit.org/documentation/qc_intro.html.

mations given by classical computing machines, once acceptable, now become
sources of insurmountable errors. The cost and space effects of minimisation
of microprocessor components to reach such extreme performance, described
by the well-known Moore’s law, is approaching its physical saturation [114].
Digital information is stored on devices magnetically, as known, using a series
of ones and zeros. The trade-off between density and speed reached a level in
which classical determinism of these devices is no longer guarantee. Indeed,
the failure of classical simulation methods is especially manifest when strong
quantum correlations between subsystems become dominant in determining
the properties of the object under investigation, which is indeed the case in
many interesting and generally open problems. Hence, the need of quantum
computation is manifested, despite the many alternative methods and tools
which have been developed over the last century such as quantum Montecarlo
[115] or tensor networks [116].
Quantum Computers offer an essential speed advantage over classical comput-
ers. In particular, the idea of efficient and inefficient algorithms was made
mathematically precise by the field of computational complexity. Roughly
speaking, an efficient algorithm is one which runs in time polynomial in the
size of the problem solved. In contrast, an inefficient algorithm requires super-
polynomial (typically exponential) time. QC are expected to solve unsolvable
classical problem. When and if this will occur, we could claim the so called
quantum advantage. But quantum advantage can manifest itself also in solu-
tion of problems which are classically unsolvable.

Quantum computing were formally defined for the first time by David
Deutsch in his 1985 seminal paper [117], where he introduced the notion of
quantum Turing machine, a universal quantum computer based on qubits and
quantum circuits. Here, we focus on digital quantum simulators that are pro-
grammable and general purpose quantum devices, which promise a larger flex-
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Figure 5.2: Representation of a classic circuit, with standard bit notation.

ibility on the models to be solved. Strictly speaking, Quantum Computer is a
quantum machines satisfying the known DiVincenzo criteria [118] for univer-
sal quantum computation. Those are five criteria that any candidate quantum
computer implementation must satisfy. Namely, the device must have well-
defined qubits (a two-level quantum system), they should be initialized to
pure states, and the complete set of available operations (gates) must be com-
plete. The machine must allow single qubits measurements and allows long
coherence time1.

5.1.1 Quantum Bit

Bits are designed to be the world simplest alphabet. With only two characters,
0 and 1, we can classically code any piece of information. This is how all
information is represented in (classic) computers. Whether numbers, letters,
images, or sound, all exists in the form of binary strings.
Computation can be thought as a diagram, or the simplest programs with
very few bits, it is useful to represent this process in a diagram known as
a circuit diagram. This has inputs on the left, outputs on the right, and
operations represented by arcane symbols in between, as shown, for instance,
in Fig. (5.2)2. In QC, these operations are called gates and they represent the
effective algebra of quantum registers made of qubits. Qubits (quantum-bit)
are our basic variable in quantum computers: a quantum variant of the bit.
These have exactly the same restrictions as normal bits: they can store only a
single binary piece of information, and can only ever give us an output between
0 or 1. However, they can be manipulated in ways that can only be described
by quantum mechanics.

Just as a classical bit has a state – either 0 or 1 – a qubit also has a state.
Two possible states for a qubit are the states |0 > and |1 > where we are using

1The coherence time summarizes many aspects of qubit state degradation.
2Image credits [https://jonathan-hui.medium.com/qc-control-quantum-computing-with-unitar

y-operators-interference-entanglement]
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Figure 5.3: Bloch sphere representation of a qubit.

the typical (quantum) notation called Dirac notation. A qubit is a vector
in a two-dimensional complex vector space and, differently from an ordinary
classical bit, can be |0 > and |1 >, and in any linear combinations of these two
states, often called superpositions:

|ψ〉 = α|0〉+ β|1〉;

where α, β are complex numbers. The representation above of a general state
|ψ〉 is referred as computational basis and |0〉 and |1〉 form an orthonormal ba-
sis for this vector space. Superposition is the first quantum mechanics feature
that is exploited by QC. The other two are entanglement and interference, as
it will be described in the following.
According to quantum mechanics, when we measure a qubit, we cannot deter-
mine its quantum state but we have access to either the result 0 or 1 with the
probabilities normalization constraint that |α2|+ |β2| = 1.
An useful way of describing a qubit state is the following geometric represen-
tation.

|ψ〉 = eiγ
(

cos
θ

2
|0〉+ eiφ sin

θ

2
|1〉
)

(5.1)

where θ, φ and γ are real numbers. The factor eiγ is an overall phase and it has
no observable effects, therefore it is normally omitted in usual formulation.

A very common representation of a qubit is the one represented in Fig. (5.3)
which goes under the name of Bloch Sphere. The state |0〉 is placed at the North
Pole, while the state |1〉 occupies the South pole. Any other state |ψ〉 lives as a
linear combination of |0〉 and |1〉 on the Sphere surface and can be represented
by the polar spherical coordinates θ and φ of Eq. (5.1), with 0 ≤ θ ≤ π and
0 ≤ φ ≤ 2π.
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Hilbert space is a big place, and we can explore it by considering multi-
qubit states. A two qubit system, has four computational basis states denoted
|00〉, |01〉, |10〉, |11〉. This system can exist in superpositions of them, with
complex coefficients α – sometimes called amplitudes – so that the state vector
describing the two qubits is typically denoted by:

|ψ〉 = α00|00〉+ α01|01〉+ α10|10〉+ α1|11〉. (5.2)

More generally, we may consider a system of n qubits. The computational
basis states of this system are of the form |x1x2...xn〉 and so a quantum state of
such a system is specified by 2n amplitudes. Trying to store all these complex
numbers (e.g. n > 60) would not be possible on any conceivable classical
computer [113]. This enormous potential computational power is something
we would very much like to fully exploit it.

5.1.2 Quantum Circuits

Single Qubit Operations

Analogously to classical computer, which is built by electrical circuits contain-
ing wires and logic gates, a Quantum Computer is built from quantum circuits
containing wires and elementary quantum gates (which are the analogous of
classical operations), to carry around and manipulate the quantum informa-
tion. Quantum gates on a single qubit can be described by 2× 2 matrices U .
As an example, we list two common quantum gates acting on each single qubit:

Z-Gate: Z ≡
[
1 0
0 −1

]
(5.3)

which leaves |0〉 unchanged, and flips the sign of |1〉 → −|1〉;

Hadamard gate: H ≡ 1√
2

[
1 1
1 −1

]
(5.4)

This last gate creates a superposition states:

H|0〉 = 1/
√

2(|0〉+ |1〉) and H|1〉 = 1/
√

2(|0〉 − |1〉),

which are referred as |+〉 and |−〉 respectively, and form themselves an orthog-
onal bases.
The most general single qubit SU(2) operation has the form:

U(θ, φ, λ) =

[
cos(θ/2) −eiλ sin(θ/2)
eiφ sin(θ/2) eiλ+φ cos(θ/2)

]
(5.5)

which represents a single-qubit arbitrary U(θ, φ, λ) rotations via the identity:

U(θ, φ, λ) = Rz(φ)Rx(θ)Rz(λ)
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where, using the Pauli matrices notation, we define rotations as:

Rα(θ) = exp(−iθ
2
σα) α = x, y, z, (5.6)

performed araound each of the three axes of the Bloch Sphere. One can easily
verify that RZ(π) = Z, the Z-gate of Eq. (5.3).

Two or more qubits

Single qubits are interesting, but individually they offer no computational ad-
vantage. In Eq. (5.2) we represented a multiple qubits state. We can generalize
the way we operate on multi-qubit states using the tensor product to calcu-
late matrices that act on these statevectors. We can represent, for instance, a
simultaneous operation like:

X ⊗H =

[
0 H
H 0

]
(5.7)

where H represents the Hadamard gate introduced in Eq. (5.4). From a ma-
trix perspective, a 2-qubits gate is given by a 4 × 4 matrix acting con the C4

computational basis.
Computational advantage is reached when qubits interact with each other. To
make this happen we introduce the CNOT gate which creates entangled states.
Given a two input qubits, this gate is a conditional gate (in analogy to XOR
gate in the classic case) that performs an X-gate on the second qubit (target),
if the state of the first qubit (control) is |1〉. Any multiple qubit logic gate,
for example, in superconducting qubits connected via cross-resonance interac-
tions, may be composed from CNOT and single qubit gates. The CNOT matrix
representation is:

CNOT =




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 (5.8)

depending on which qubit is the control and which is the target. Different
books, simulators and papers order their qubits differently. This matrix swaps
the amplitudes of |01〉 to |11〉, as can be easily checked.
Here, we see at work the second fundamental property of quantum comput-
ing always derived from coming from quantum mechanics: the entanglement.
Via application of CNOT, we create entangled states where two subspaces are
coupled in a non-classical way. Entanglement induces a change in the state of
the controlling qubit; correlations of measurements performed independently
on the two qubits show outcomes that cannot be explained classically. In par-
ticular, an entangled state provides a detailed description of the system and
no further information can be obtained about the system.
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Figure 5.4: Representation (QSphere) of 5-qubits superposition states (left), quantum cir-
cuit representation with single (X, H), 2-qubits gate (CNOT) and measurement opera-
tions (center), QSphere visualization of the final state obtained from the circuit (right)
[https://qiskit.org/documentation/qc_intro.html].

A peculiar property of quantum computing is that unitary quantum gates are
always time reversible, since the inverse of a unitary matrix is also a unitary
matrix, and thus a quantum gate can always be inverted by another quantum
gate. Understanding how to do classical logic in this reversible or invertible
sense will be a crucial step in understanding how to harness the power of
quantum mechanics for computation. More generally, an arbitrary quantum
computation on any number of qubits can be generated by a finite set of gates
that is said to be universal for quantum computation.

In the final step of any simulation run, measurements are applied to retrieve
information. To find the probability of measuring a state |ψ〉 in the state |z〉,
according to quantum mechanics, we calculate the following probability:

p(|z〉) = |〈z|ψ〉|2. (5.9)

Here we have the so called collapse of the state of the qubit. The amplitudes
contain information about the probability of us finding the qubit in a specific
state, but once we have measured the qubit, we know with certainty what the
state of the qubit is. This readout procedure is done, for the IBM system, for
instance, in the computational basis, i.e. we are given the occupation prob-
ability of the eigenstates of σz for each qubit. All the components described
so far are shown in Fig. (5.4): starting with 5 qubits, we apply successive sin-
gle gates to create superposition of all possibilities, then we create entangled
states between q1 − q4 and q2 − q4. In the third part then, we apply again
Hadamard gates and finally the measurement operations are put on the first
4 qubits and we visualize the result on the QSphere on the right as a solution
to the problem.

We define quantum algorithm the application of a finite number of quan-
tum gates (unitary operations) to an initial quantum state and the following
measurement of the expectation value for the final state in a given basis. There
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are a growing number of quantum algorithms3, among these we recall the most
famous ones: Shor’s algorithm [119] to factor integers exponentially faster
than our best classical algorithm, Grover’s algorithm [120] invented in 1996 to
search an element in an unstructured database with a quadratic speed-up, the
Harrow-Hassidim-Lloyd (HHL) algorithm [121], invented in 2008 to solve lin-
ear systems of equations to quantum phase estimation (QPE) algorithm [113]
to estimate the phase (or eigenvalue) of an eigenvector of a unitary operator.

5.1.3 IBM Quantum Computing

An important aspect is that all of these algorithms require large-scale fault-
tolerant quantum computers to be useful, while current and near-term quan-
tum devices are characterized by at least three major drawbacks [122]:

• Noise: the coherence time (lifetime) of a qubit and the fidelity of each
gate (accuracy of the computation) are currently very low in all devices
due to the interaction of each qubit with its surrounding environment,
limiting the depth of practical quantum circuits that can be run on cur-
rent machines.

• Small number of qubits: most near-term quantum computers have be-
tween 50 and 100 qubits, which is not enough for traditional algorithms
such as Shor’s or Grover’s to achieve a quantum advantage over classical
algorithms.

• Low connectivity: qubits disposal on the chip cannot be all-to-all, and
usually only nearest-neighbors can interact. While it is theoretically
possible to run any algorithm on a device with limited connectivity —by
“swapping” quantum states from qubit to qubit with a good transpiling
software routine—the quantum advantage of some algorithms can be lost
due to the dimension of the resulting circuit.

For these reasons, a new class of algorithms, the so-called Near-term Inter-
mediate-Scale Quantum (NISQ) algorithms [123], have started to emerge.
They are based on the concept of variational circuits which are fixed-size cir-
cuits with variable parameters that can be optimized to solve a given task.
Performance of a QC is measured with a metrics called Quantum Volume (QV)
[124]. This metric takes into account a combination of different elements, from
hardware related errors (cross-talks, decoherence) and software ability to com-
pile the circuit, transpiling logical gates into physical native gates. Just as
Moore’s law was used to track the performance of classical systems, Quantum
Volume is how the performance of quantum computers is tracked and IBM is
on the path of doubling its Quantum Volume every year.

3See for example https://quantumalgorithmzoo.org/.
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Figure 5.5: (left) Schematic of a quibit, LC-like circuit [125], (right) hexagonal qubit ar-
rangement for IBM Quantum Falcon processor [ibmq paris v1.3.6, IBM Quantum team.
Retrieved from https://quantum-computing.ibm.com (2020)].

Hardware

How qubits are physically made and connected is out of scope of this work,
however here below we review the main hardware realizations of a quantum
computer. Some of the more common qubit platforms are neutral atoms,
Quantum dots, Nitrogen-vacancy (NV) centers in diamond, trapped ions, and
superconducting qubits. Out of these platforms, it is the superconducting
qubits that are used by IBM and other big player in this Sector [125]. A
fair comparison of performances between competing platforms can be found in
[126, 127].
In the following we focus on the IBM Quantum Computing approach, based
on superconducting technology that belongs to the class of Noisy Intermediate
Scale Quantum prototypes. Superconductors that are made up of a combi-
nation of niobium and aluminium are at the base of the qubit. There, they
are used as the basic charge carriers that comprise a pair of electrons, more
commonly referred to as Cooper pairs. This is different from other conductors
that generally use single electrons [128]. At the core of the qubit, we have a
capacitor and Josephson Junction (very similar to an Inductance Capacitance
(LC) circuit) which is an anharmonic oscillator. This allows us to easily dif-
ferentiate between the different energy levels (DiVincenzo’s criterion), which
we map as the states of the qubit. On the ends of the qubit, there are two
external coupling points, the top of which is the read out (or read-in) res-
onator. This resonator is used to perform operations on the qubit from your
quantum circuit and read out the measured result of the qubit when you wish
to obtain the collapsed result (0 or 1). At the other end of the qubit is the
coupling to a neighbouring qubit, which is used to connect qubits together
to create connectivity between them. The layout of the qubits can be set up
in a configuration that can vary from one device to another, see for instance

141

https://quantum-computing.ibm.com


5. Quantum Computing and VBS

Fig. (5.5). Here we can appreciate the topology and the quality of a 27-qubits
IBM Q Device, each qubit and connection among them is characterized by
a colour which corresponds to specific calibration parameters as can be seen
in Fig. (5.5). Error rates ranges are illustrated by single-qubit U3 error rate
(colored bar on the left), and CNOT error rate (colored bar on the right) for
each device that is calibrated at least once a day or so, and each time they are
calibrated, they calculate the average error rates. Each qubit has its own read
out coupling so that we can perform operations on individual qubits (DiVin-
cenzo’s criterion). They also have their own read out couplings because they
include bus couplings to complete the full connection space of the qubits.
IBM was the Tech company that firstly made available a quantum comput-
ing platform for free cloud access in 2016. At the time of writing this thesis,
29 different quantum chips are available, with different size and performance
ranging from 5 to 65 qubits. The platform has the potential for implementing
universal quantum computation because of universal sets of single- and two-
qubit gates. The platform is called IBM Quantum Experience and it can be
accessed at https://quantum-computing.ibm.com, while Qiskit documen-
tation and updates are hosted at https://qiskit.org/. Users can submit
quantum circuits to be run by using graphical interfaces and the Qiskit python
development kit [129].

Over the last 5 years, the number of publications exploiting quantum com-
puting in several application fields has grown exponentially. The following
are some examples that go from quantum chemistry and material sciences
[130, 131], to quantum field theories [132, 133], high energy physics [134] and
dark matter [135], from the dynamics of many-body quantum systems [136] to
imaginary-time evolution [137, 138]. Other contributions can be found for
lattice simulation [139, 140], genetic algorithms [141] and variational time
evolution approaches directly inspired by the action minimization principle
[142]. Lots of different publications are defined within real use cases belong-
ing to different industries, including finance, material science and optimization
[143, 144, 145]. I gave my personal contribution to this publication [146], repro-
ducing from quantum computed data, the cross section for four-dimensional in-
elastic neutron scattering, a common tool employed in the analysis of molecular
magnetic clusters. Through an innovative combination of quantum algorithms
with classical post-processing and error mitigation protocols, we demonstrate
in practice full digital quantum simulation of spin-spin dynamical correlation
functions, reporting experimental results obtained on IBM Q devices.
At the time of writing, there is no evidence of quantum advantage in real ap-
plication, except ad-hoc situation [147, 148]. With this naming convention we
refer to problems where classical computation is really overwhelmed.
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(a) A view inside the IBM Quantum System One.

(b) Screenshot of the IBM Quantum Experience platform.

Figure 5.6: Different elements of IBM Quantum Computer, hardware and software compo-
nents taken from https://www.flickr.com/photos/ibm_research_zurich/albums/721

57663611181258.

5.2 Quantum Machine Learning

Quantum Machine Learning (QML) is a discipline which aims at establishing
a productive interplay between the parallel revolutions brought by quantum
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computing and artificial intelligence.
The most natural point of contact between quantum information processing
and machine learning is probably linear algebra. Indeed, many of the most
demanding protocols in artificial intelligence and data analysis feature matrix
manipulations in high-dimensional vector spaces, and they are often identified
with the acronym q-BLAS [149], for quantum Basic Linear Algebra Subrou-
tines. In many cases, there exist theoretical proofs showing an exponential
advantage of q-BLAS procedures over classical counterparts.
As described in the previous Chapter, classification of data is one of the typi-
cal tasks that supervised and unsupervised machine learning systems are pro-
grammed for. Several quantum classifiers have been recently proposed and
tested [150, 151, 152, 153, 154, 155], relying on different forms of encoding and
data processing and sometimes mimicking different classical machine learning
algorithms. Oracle-based quantum classification has also been put forward as
a possible route to the demonstration of quantum advantage on noisy quantum
processors [156]. Estimating distances between feature vectors, thus translat-
ing in mathematical terms the common wisdom that similar properties are a
proxy for group identity, is at the basis of some simple yet effective classifi-
cation algorithms. For example, the k-nearest neighbours method [157] where
efficient evaluations of vector distances is evaluated as an algebraic problem,
calculating the fidelity between two quantum states. In [158], a quadratic
speedup with respect to classical algorithms in computing the inner product
of two vectors is reported. Quantum-enhanced support vector machines, that
will be widely analyzed in the following paragraph, has been proposed in [153]:
an extension of its classic version (SVM) method that searches for the best
separating hyperplane discriminating between two class regions and acting as
a boundary for classification of unknown inputs.

Research on quantum computing in the NN field is also very active, lot
of solutions have been proposed with the hope of recognizing and generating
atypical data patterns. In Chapter 4, we presented and applied FNN to the
physical use case under investigation across this work. Interestingly, there are
efforts to achieve fully trainable quantum feed-forward neural networks [159]
which starts from their classical implementation. The effective practical poten-
tial of quantum neural networks, however, is still subject of ongoing research.
In the following, we shortly discuss some really interesting proposal presented
in [160] and further developed in [161, 162]. The authors start from the sim-
plest model of an artificial neuron, the so called “perceptron” and design a
quantum procedure to closely mimic the functionality of a binary valued arti-
ficial neuron. They implement an original procedure to generate multipartite
entangled states based on quantum information principles that allows to cru-
cially scale down the quantum computational resources.
In the second work [161], they move from single layer artificial neuron design
to complete feed-forward networks, with several copies of the quantum reg-
ister, implementing the quantum artificial neuron. By measuring the output
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layer only, the activation state of the network can be assessed, and several
computational tasks, that are in principle inaccessible to a single neuron, can
be performed.
A further development, in the third work [162], generalizes that model to the
case of a quantum circuit accepting also continuously valued input vectors.
Continuous inputs are not possible in conventional, digital computers, where
they are usually rendered by using bit strings. This is a model for a continuous
quantum neuron which can be used for pattern recognition in grey scale images
without the need to increase the number of qubits to be employed.

QML still suffers from a series of bottlenecks and caveats that need to be
overcome. One of the dominating factor is the exponential costs for loading
classical data onto quantum registers and the equally hard task of extracting
the processed information stored in quantum states. As a matter of fact, the
true power of QML may ultimately reside in the analysis of quantum data,
which is by definition a difficult or inaccessible task for classical systems.

Understanding expressibility and trainability of quantum models-and quan-
tum neural networks has been clearly addressed in [163], where the authors
show that quantum neural networks are able to achieve a significantly better
effective dimension than comparable classical neural networks. Defining a no-
tion of expressibility for both classical and quantum NN, the latter offers an
advantage over classical neural networks through a higher effective dimension
and faster training ability.

5.2.1 From Classic to Quantum Classification

An interesting question is whether there are ways to apply quantum machine
learning to High Energy Physics problems. Quantum algorithms have recently
been proposed to tackle the computational challenges faced in particle physics
data processing and analysis. In this paragraph we provide a detailed de-
scription about the possibility to use quantum algorithm to solve classification
tasks.

As mentioned before, in the context of classification, a very common tech-
nique called support vector machine is used. Given a dataset with two or more
classes, this supervised classification method is used to find an optimal sepa-
rating hyperplane among those classes. In a p-dimensional space, a hyperplane
is a flat affine subspace of dimension p − 1. In two dimension a hyperplane
is a one-dimensional subspace (a line). The mathematical definition of a hy-
perplane is quite simple. In two dimensions, a hyperplane is defined by the
equation:

β0 + β1X1 + β2X2 = 0; (5.10)

where X = (X1, X2)T is a point on the hyperplane and βi are free parameters.
Given a new test point to be classified, placing XT into Eq. (5.10), we can
verify to which side of the hyperplane it belongs (e.g. if Eq. (5.10)> 0 or < 0).
This approach can be easily generalized for a n×p data matrix X that consists
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of n training observations in p−dimensional space [99, 164]. Mathematically,
if our data can be perfectly separated using a hyperplane, then there will in
fact exist an infinite number of such hyperplanes as shown for a simplified
version on the top for Fig. (5.7). A natural choice is the maximal margin hy-
perplane, which is the separating hyperplane that is farthest from the training
observations. We can compute the (perpendicular) distance from each training
observation to a given separating hyperplane; the smallest of these distances
from the observations to the hyperplane is known as margin. The separating
hyperplane for which the margin is largest becomes our separating hyperplane.
Nevertheless, in many cases no separating hyperplane exists, and the concept
of a separating hyperplane is extended in order to develop a hyperplane that
almost separates the classes, by means of a so-called soft margin. Looking at
the bottom of Fig. (5.7), we see three training observations that are equidistant
from the maximal margin hyperplane and lie along the dashed lines indicating
the width of the margin. We define those points as support vectors, whose term
indicates precisely the role of supporting the hyperplane position.
In the following analysis we give some mathematical details of the Support
Vector Classifier (SVC). The role of SVC is to separate most of the training
observations into the two classes, but it may misclassify a few observations. It
represents the solution to the following optimization problem:

maxM(β1, . . . , βp, ε1, . . . , εn),

subject to

p∑

j=1

β2
j = 1,

yi (β0 + β1xi1 + β2xi2 + · · ·+ βpxip) ≥M(1− εi),

εi ≥ 0;
n∑

1=1

εi ≤ C.

(5.11)

where C is a non negative tuning parameter and M is the width of the mar-
gin, quantity which should be made as large as possible. Penalization terms,
ε1, . . . , εn are slack variables that take into account the possibility of having
individual observations on the wrong side of the margin (hyperplane).
The classification of a test observation x∗ is done by determining the sign of
f(x∗) = β0 +β1x

∗
1 +β2x

∗
2 + · · ·+βpx

∗
p. The tuning parameter C can be thought

as a “budget” for the amount which the margin can be violated - observation
on the wrong side- by the n observations. The optimization problem defined in
Eq. (5.11) has a very interesting property: only observations that either lie on
the margin or that violate the margin will affect the hyperplane [164]. Obser-
vations that lie directly on the margin, or lie on the wrong side of the margin
for their class, are known as support vectors and do affect the support vector
classifier.
This method is quite robust because decision rule is based only on a potentially
small subset of the training observations (the support vectors) and not on the
amount of data that are far away from the hyperplane. Everything described
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Figure 5.7: (top) Three separating hyperplanes, out of many possible, are shown in black for
two classes of observations (blue and purple). (bottom) Maximal margin hyperplane shown
as a solid line for two classes of observations (blue and purple). The two blue points and
the purple point that lie on the dashed lines are the support vectors.
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Figure 5.8: Dataset used for the binary classification problem described in [153]. The data
labels are red (1) and blue (-1). Label training set (20 points) is shown as white and black
circles. Support vectors (green circles) are obtained with the quantum kernel estimation
method. Classified test set are represented in white and black squares.

so far works well, if the boundary between the two classes is linear. It means
that, considering the easiest case with a dataset described by two variables,
we can easily separate the classes with a line. However, there exist non-linear
boundaries between classes, like the situation shown in Fig. (5.8). To perform a
classification here we need to enlarge the feature space, exploiting higher-order
polynomial terms of the training variables such as X1, X

2
1 , Xj ·X ′j. This proce-

dure could end up with a huge number of features, causing the computations
to become unmanageable.
The algorithm that allows enlarging the feature space of the support vector
classifier using a kernel function is called support vector machine. This
would generally lead to more efficient computations.
We skip here all calculation details, referring to [99] for a rigorous discussion.
It can be show, anyway, that the solution to the support vector classifier prob-
lem defined in Eq. (5.11) involves only the inner products of the observations,
and that the linear support vector classifier can be represented as:

f(x) = β0 +
n∑

i=1

αi〈xi, x′i〉, (5.12)

where 〈x, x′i〉, also defined as gram matrix, is the inner product between the
new point x and each of the training points xi, where i is the number of training
observations. It can be shown that αi, which is the Lagrange dual, is nonzero
only for the support vectors in the solution, feature that is expected, being
Eq. (5.12) a different formulation of Eq. (5.11). For this reason, the sum in
Eq. (5.12) can be replaced with

∑
i∈S where S is the collection of indices of

these support points.
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The kernel function, is generalization of the inner product defined above:

K(xi, x
′
i) = (1 +

p∑

j=1

xijxi′j)
d; (5.13)

K(xi, x
′
i) = exp(−γ

p∑

j=1

(xij − xi′j)2). (5.14)

There exist several versions of this function, i.e. the formulation Eq. (5.13) is
called polynomial kernel while the formulation in Eq. (5.2.1) is radial kernel.
When d = 1, the first one become a linear kernel because the support vector
classifier is linear in the features. This kernel is a function that quantifies the
similarity of two observations using Pearson (standard) correlation. When the
support vector classifier is combined with a non-linear kernel as in Eq. (5.13)
and Eq. (5.2.1), the resulting classifier is a support vector machine.

In the following we introduce the role of quantum computing when the
feature space becomes large, and the kernel functions become computationally
expensive to estimate.
A core element to computational speed-ups provided by quantum algorithms
is the exploitation of an exponentially large quantum state space through con-
trollable entanglement and interference. In this work we made use of two novel
methods developed on superconducting processor [153]. The first one is varia-
tional classifier that operates using a variational quantum circuit to classify a
training set in direct analogy to conventional SVMs. On the other hand, the
second method features a quantum kernel estimator, where the kernel function
is calculated and optimized directly by the classifier.

5.2.2 Variation Quantum Classifier

In the context of digital quantum computing, QML can be seen as a set of
trainable circuits that represent our models. This is often written as a func-
tion f(x, θ) that depends on an input data point x – for example describing
the pixels of an image or a vectorized text document – as well as trainable
parameters θ. The result of this quantum circuit is a measurement with a
probabilistic output. For this reason, the final expectation value is given by
multiple run (shoots) of the experiment. At this point, the machine learning
model depends on the parameter θ which is translated into a rotation of the
qubit in the circuit.
As discussed at the beginning of this Chapter, the evolution of the system is
governed by an overall unitary transformation U(x, θ) so that the expectation
value of the circuit is given by:

fq(x, θ) = 〈0|U(x, θ)†MU(x, θ)|0〉. (5.15)

The circuit is trained by adjusting the parameters θ with a classical optimiza-
tion routine. It learns from data, minimizing a standard cost function with the
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same logic of traditional NN, such as mean square loss. Trainable circuits are
also known as variational or parametrized circuits. This interplay of quantum
and classical computation goes under the name of hybrid architecture.

The Variation Quantum Classifier (VQC) exploits a variational circuit to
generate a hyperplane in a quantum feature space, separating data that have
been mapped non-linearly to a quantum state through a feature map UΦ(x).
This protocol follows four steps: mapping of the data to quantum space, defi-
nition of the variational circuit, measurement phase and decision updates.
The feature map represents a unitary transformation of the type: |Φ(x)〉 =
UΦ(x)|0〉 that, in this formulation, maps each data feature to a qubit state.
The basic components of the feature map are: the Hadamard gates defined in
Eq. (5.4) applied to all qubits (H⊗n), single qubit rotations and different com-
bination of entangling operations. This procedure is executed by the Qiskit

Aqua library, with different options for data encoding to circuits4. These cir-
cuits are called Pauli Expansion, and they perform transformation of the
input data x ∈ <n as:

UΦ(x) = exp


i
∑

S⊆[n]

φS(x)
∏

i∈S

Pi


 ; (5.16)

where the variable Pi ∈ I,X, Y, Z denotes the identity and the Pauli matrices
σx, σy and σz. The index S describes connectivities between different qubits
or datapoints. Per default, the data-mapping φS is:

φS(x) =

{
x0 if k = 0∏

j∈S(π − xi) otherwise.
(5.17)

The algorithm flow proceeds for the second step with the quantum states,
representing the encoded input data, to be processed via the application of
further quantum gates. This sequence of operation is defined by an ansatz
state, an euristhic parametric function chosen for the variational part. This
final state is then measured, given a specific parameter value, to produce the
output:

py(x) = 〈Φ(x)|W †(θ)MyW (θ)|Φ(x)〉. (5.18)

The variational circuit is a parameterized quantum circuit W (θ), which de-
pends on a set of circuit parameters θ, as well as an objective function defining
a score for the set of parameters. After each query, the measurement output
bit string in the z-base is mapped to a label f(z) = y. It can be understood as
a separating hyperplane in the quantum state space. In the training phase, the
objective function estimates the distance between the expected classification

4PauliFeatureMap: https://qiskit.org/documentation/apidoc/circuit_library

.html.
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Figure 5.9: The VQC circuit comprised of a feature map UΦ(x) followed by a variational
circuit W (θ) and the mapping function f(z) = y on the measured bit string z.

Figure 5.10: (top) ZZFeatureMap for a data sample x with three features. The circuit
has only one UΦ(x) bloch, but there could be many consecutive UΦ(x). (bottom) RY RZ
variational circuit for a data sample x with three features. The circuit above has only one
W (θ) block, but there could be many consecutive W (θ).
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results for a training set and the labels obtained from the variational circuit.
This estimated distance is used by the optimizer leveraging classical optimiza-
tion tools such as COBYLA and SPSA to update circuit parameters5. The whole
structure of the VQC is shown in Fig. (5.9) while an example of the feature map
and of the variational circuit (ansatz) are shown in Fig. (5.10), top figure and
bottom figure respectively. The feature map starts by creating a superposition
among all the three qubits, then a series of RZ rotations are applied followed
by CNOT gates interleaved by RZ rotation creating specific entanglement blocks
between all possible qubit couples. This construction allows the exploration
of a large non-classical computational space. On the other hand, the variation
circuit consists of successive RY and RZ rotations parametrized by θ, then a
typical entangling block made with a CNOT gate put between two Hadamard
rotations. This block is applied to all possible qubit couples and the ansatz
is closed with a symmetric sequence of RY and RZ rotations parametrized by
different angles.
Looking at Eq. (5.12), we can say that this variational approach exploits quan-
tum algorithm to improve the prediction on αi. In the following, we introduce
a complementary approach, that performs the optimal parameter finding by
employing the afore mentioned kernel methods.

5.2.3 Quantum Kernel Method

The second classifier introduced in [153] is called Quantum Support Vector
Machine (QSVM). As anticipated before, a SVM models the learning problem
as an optimization problem with an objective function, the core information of
which relies in the inner products of the data points to be classified. The ker-
nel trick is then introduced to solve the classification for non-linearly separable
classes. Classically, having to handle high dimensional dataset, we should com-
pute the feature map transformation and perform the inner product induced
by the kernel function. Here, instead, we will use the natural induced inner
product of the Hilbert space. Technically, after having mapped the dataset
to quantum states, like in the first step of the VQC6, we perform the inner
product as:

K(x,x’) = 〈φ(x)|φ(x’)〉. (5.19)

The problem of Eq. (5.12) can be written, performing the minimization, as a
loss function7:

LD(α) =
t∑

i=1

αi −
1

2

t∑

i,j=1

yiyjαiαjK(x,x’) (5.20)

5All details can be found here: https://qiskit.org/documentation/apidoc/qiskit

.aqua.components.optimizers.html.
6The notation x is a shot form for |φ(x)〉
7All the steps of differentiating the minimization problem can be found in [99].
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where
∑t

i=1 αiyi = 0 and αi ≥ 0 for each i.
This problem is concave8, whenever K(x,x’) is a positive definite matrix, and
the final solution is given by the vector α = (α1, . . . , αt).
Quantum information processing techniques can then be used to build kernels
which may be hard to compute classically. Conversely, it can be used to speed
up the evaluation of inner products between feature vectors, getting the same
result directly from the original data points.
Considering the feature map as the unitary: UΦ(x) and the conventional initial
state for all qubits |0⊗n〉, Eq. (5.19) becomes:

K(x,x’) = |〈0⊗n|U †Φ(x)UΦ(x′)|0⊗n〉|2 (5.21)

which is the probability of observing the state |0⊗n〉 in the Z basis. The
resulting probability distribution is obtained with N shoots up to a sampling
error ε̃ = O(1/

√
N). Recalling the geometric interpretation of a classification

as the assignment of a new data point to a specific side of the hyperplane, we
can summarize the procedure in the following way. The optimal solution α∗

for a new datum s∗ ∈ S with all the support vectors, is given by the kernel,
calculated on the quantum computer as:

m̃(s) = sign

(
t∑

i=1

yiα
∗
iK(xi, s) + b

)
(5.22)

where m̃ is the label, or the class assigned to the new datum. The possibility
given by this quantum enhanced classification allows for the classification of
complex scenario as the one depicted in Fig. (5.8).

5.3 QML for VBS

In this section we provide details about the possibility to use quantum algo-
rithm to solve classification problems related to VBS, largely discussed in the
previous Sections. We briefly define the initial settings and eventually we show
results and comparisons with classical methods.

The classification problems we aim at solving are: a) the binary ones re-
lated to the W rest frame reconstruction to determine the correct solution of
Eq. (4.1), b) the determination of the polarization class (L,T) for the semi-
leptonic VBS channel. Training variables used for the second case are shown,
as a reference, in Fig. (5.11).
Compared to the possibilities provided by NNs, here we have to optimise the
number of variables because of the limited number of qubits that can be used

8With this term we refer to the usual definition of a concave (non-convex) functional
form.
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Figure 5.11: Representation of VBS semi-leptonic channel and relative variables used for
the training.

in the feature mapping. Having more than twenty variables results in a quan-
tum circuit depth9 that is not affordable for NISQ devices at the moment. The
bigger the number of qubits and circuit gates, the higher the quantum volume
(performance) required to get meaningful results. In this scenario, QSVM and
VQC become part of an hybrid computation architecture, where the quantum
algorithm can be applied after a dimensionality reduction of the input vari-
ables.
There are many techniques that can be used for dimensionality reduction,
among these we have: matrix factorization method, where techniques from
linear algebra can be used for dimensionality reduction, and autoencoder meth-
ods, where deep learning neural networks can be constructed to perform the
task.

In this work, we focus on the first kind of techniques, using the Principle
Component Analysis (PCA). For this reason, before proceeding, we recall its
main properties.

PCA

Qualitatively, with a large set of correlated variables, principal components
allow us to summarize this set with a smaller number of representative vari-
ables that collectively explain most of the variability in the original set. To
obtain this goal, variables that describe the system are transformed into a new
set of variables (the principal components), obtained as linear combination of
the original ones. These new variables are constructed so that they have the
interesting property of being uncorrelated among each other.

9The depth of a circuit is a metric that calculates the longest path between the data
input and the output in terms of single, two-qubits gate. Each gate counts as a unit.
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PCA is carried on through the following steps. The first principal compo-
nent is built in such a way that it maximizes the variance among the data.
Anyway, before applying this method, one has to manipulate the variables,
centering and scaling them to obtain a standard Gaussian distribution with 0
mean and unit variance. A standardization process is needed to avoid huge (in
absolute value) fluctuations due to different variable scales representation.
The first principal component of our training variables X1, . . . , Xp is the nor-
malized linear combination of the features:

Z1 = φ11X1 + φ21X2 + · · ·+ φp1Xp; (5.23)

that has the largest variance, where Z is defined as the scores of the first prin-
cipal component. Normalized means that

∑p
j=1 φ

2
j1 = 1 where φj1 are defined

as the loadings of the first principal component.
Geometrically, this linear combination represents a selection of a new coordi-
nate system obtained by rotating the original one. This geometric interpre-
tation, starting from the first principal component, suggests that the loading
vector φ1 defines a direction in feature space along which the data vary the
most. Then, the second principal component can also be computed, as the
vector Z2 that has maximal variance out of all linear combinations that are
uncorrelated with Z1. Again, geometrically, this condition is equivalent to con-
straining the direction of φ2 to be orthogonal to φ1. The third component is
orthogonal to both the first and the second and maximize the variance among
the allowed directions. Similarly, for all the other components. Principal com-
ponents depends solely on the covariance matrix Σ (or the correlation matrix
ρ) of the original training dataset. Indeed, the principal component directions
φ1, . . .φp are the ordered sequence of eigenvectors λi of the matrix XTX where
the variances of the components are the eigenvalues. See [165] for additional
details.

We applied the above described PCA analysis to our simulated VBS semi-
leptonic dataset, already introduced in Chapter 4. We show in Fig. (5.12) the
heatmap corresponding to the correlation matrix of the two problems investi-
gated. In the top plot the classification task related to determine the correct
solution of Eq. (4.1), while in the bottom plot the correlation for the dataset
used in the polarization class (L,T) determination. What has been done so
far regarding PCA is trying to find a low-dimensional linear subspace where
the data are confined to. Yet, it might be that the data are confined to a
low-dimensional non linear subspace. Likewise the SVM discussion, dealing
to a non linearity suggests to move the problem to higher dimensionality. For
this reason, a kernel PCA has been introduced in [166] and we tested it for our
problem.
We can see in Fig. (5.13) a theoretical comparison between the two situations.
The data points on the right are located mostly along a curve in 2D. PCA
cannot reduce the dimensionality, because the points are not located along a
straight line. But still, the data are located around a one-dimensional non-
linear curve. So while PCA fails, kernel PCA can find this non-linear manifold
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Figure 5.12: Correlation matrix representation for the two classification problems analyzed.
Training variables related to the W rest frame reconstruction to determine the correct so-
lution of Eq. (4.1) (top). Training variables related to a binary classifier to determine the
polarization class (L,T) for the semi-leptonic VBS channel (bottom).

and discovering that the data are in fact nearly one-dimensional. As a matter
of fact we need to increase the dimensionality in order to be able to decrease
it.

Reducing the number of variables leads to a reduction in the total explain-
ability of our original dataset. We need to find a balance between the number
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Figure 5.13: Basic idea of kernel PCA: by using a non linear kernel function k instead of the
standard dot product, we implicitly perform PCA in a possibly high dimensional space F
which is non linearly related to input space. The dotted lines are contour lines of constant
feature value [166].

Figure 5.14: Representation of the cumulative variance distribution for the principal com-
ponents. The dataset refers to VBS semi-leptonic channel.

of principal components that we keep, to fully capture the major pattern in
the data, the number of qubit we may use, and how much of the information is
lost. In this sense we can calculate the proportion of variance explained (PVE)
by each principal component, and in particular the cumulative proportion of
variance explained. In a very lucky scenario, two or three out of tens of fea-
tures provide a cumulative variance explained of roughly 90%. This happens
when the entire dataset variance is contained in the first and in the second
components. In our case, the situation is completely different, as we can see
in Fig. (5.14): unluckily, we do not have predominant principal components
and to get a fair description of the original problem - looking at a cumulative
variance greater than 75% - we must keep more than ten components.
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Figure 5.15: Evolution of the quantum classifier performance according to different param-
eters. Accuracy evolution as a function of features (qubits) as a solution of the Eq. (4.1)
(top left). Accuracy evolution as a function of training size as a solution of the Eq. (4.1)
(top right). Accuracy evolution as a function of features (qubits) for the polarization clas-
sification (T,L) (bottom left). Accuracy evolution as a function of circuit depth (common
behaviour among the two classifier) (bottom right).

5.3.1 Algorithm Performance

In this paragraph, we discuss the main results obtained using quantum algo-
rithms and we provide a comparison, tuning several parameters, to the classical
elaboration.

In Fig. (5.15) we can appreciate the performance of QSVM classifier as a
function of different parameters. Results are obtained using a linear entan-
glement between the qubits (features), running the algorithm on a simulated
backend (statevector simulator). This is the standard approach to quantum
computing, because one has to find the combination of parameters that math-
ematically guarantee the best performance. Only at that point it make sense
to run the algorithm on a real processor, keeping in mind that this involves
further study of errors and noise due to the technology adopted. The per-
formances are measured in terms of accuracy, namely the number of correct
predictions on the total number of attempt. We evaluated the performance of
this technique, as well as for the VQC, when increasing the number of features
(qubits), the dimensionality of the training sample, and when changing some
quantum specific parameters like the feature map. Concerning the VQC, we
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Figure 5.16: Comparison of binary classification performance using different models as a
solution of the W rest frame reconstruction. (Left) Evolution of the accuracy of the model
as a function of the features size. (right) Evolution of the accuracy of the model as a
function of the training size. Red and yellow lines define a poor classification performance
area, namely between 0.4 and 0.6 in accuracy.

performed several tests also studying different classical optimizers and their
specifications. The structure of the quantum circuits adopted in the present
test is described in [153], the mathematical steps of which have been trans-
lated into the specific QSVM library of Qiskit. At the time of writing this
thesis, there is no proven link between the choice of algorithm parameters and
the properties of the dataset. This led us to perform a multidimensional scan
against several variables, and through a process of reverse engineering, we were
able to reconstruct the best performing circuit.
A common behaviour that can be inferred from the plots is the deterioration of
the performance with respect to the depth of the circuit. The depth is defined
as the number of repetitive applications of the chosen feature map UΦ(x), as
shown in Fig. (5.10) on the top. This feature map can be composed of only
single qubit rotations (Z Pauli Expansion) or even CNOT gates to create not
only a superposition state for each qubit but also non-classical entangled states
(ZZ Pauli Expansion10).
In Fig. (5.16), instead, we compare the performance of different classification

techniques, both classic and quantum. This plot represents a collection of dif-
ferent and separated optimizations obtained for each technique. We have two
classic methods, a standard SVM and XGBoost, as well as the two quantum
algorithms, the QSVM and VQC. In Fig. (5.17) we show a comparison of the
performance for the two different classification problems. Results are aligned
to previous findings where, according to the parameter tested, there is not
a clear evidence of classification improvement over 10 features while a better
classification is achieved from 50 to 100 and to 500 training samples.
It is worth stressing here that all the results presented here are run on quantum
simulator and not on real hardware. Quantum enhanced kernel calculation re-
quires a number of quantum circuits to execute that are a function of the

10The Z rotation represent the default one but the feature map can be created with
different combiantion of the Pauli representation ( X,Y,XX,XY... etc).
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Figure 5.17: Comparison of binary classification performance using the ROC Curve for SVM
and QSVM techniques. Different combination of training size and number of feature. (Top)
ROC curve evolution for different models as a solution of the W rest frame reconstruction,
(Bottom) ROC curve evolution for different models as a solution to the classification of W
polarized states (T,L). Dashed curves represent QSVM result whereas continuos lines are
classic SVM. Naming convention for each model is: number of features, training sample
dimension and area under the ROC curve.
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Figure 5.18: Represention of the probability distribution obtained for a specific circuit run
on the IBM Quantum Experience platform.

square of the number of input vectors, which may not be a good selection for
classifying huge number of events. This is why we are looking for good accu-
racy for a small dataset training set. Regarding the available simulators we
remind here that we used a statevector simulator only to get an idea about the
accuracy of the current configuration of the algorithm, since it is much faster
than the full quantum simulator named qasm simulator [125]. In fact, roughly
comparing the computation times, the first one required, on average, a factor
of 30 less than a full quantum simulation. This evidences the exponential time
required by a classical computer to simulate a quantum one.
In Fig. (5.18) an example of QSVM circuit results is shown. We can see how
the algorithm produce a distribution with higher probability for the states that
represent the solution of the kernel evaluation.

A natural evolution of this study would be to run the same circuit on a real
quantum hardware. In this case, the whole computation made of several cir-
cuit execution, would be affected by error. A discussion about possible error
mitigation techniques is out of the scope of this work, however in Qiskit there
is a specific package that allows the user to mitigate errors with respect to the
specific hardware used [167].
A quantitative comparison between classical SVM and QSVM, is summarized
in Table (5.1). All the model features and results are presented in terms of ac-
curacy and AUC. These results should be compared to AUC values obtained
with DNN, see Table (4.2). A final investigation that we propose, is to check
how a DNN architecture, as proposed in the previous Chapter, performs under
the same conditions exposed in this Chapter, namely, using reduced variables
and a much smaller number of events than those traditionally used in Deep
Learning. For this reason, in Fig. (5.19), we show the usual ROC curve where
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Table 5.1: This table shows the comparison, in terms of accuracy and AUC, among classical
SVM, and SVM with data preprocessing executed with kernel PCA (k SVM), and QSVM
as a solution of the W rest frame reconstruction. We have different dataset compositions in
terms of number of features and training dataset size. The two metrics used as a comparison
are the accuracy of the model and AUC.

Feat. Train QSVM QSVM SVM SVM k SVM k SVM
ACC AUC ACC AUC ACC AUC

10 50 0.5 0.52 0.57 0.52 0.55 0.39
10 100 0.56 0.56 0.67 0.61 0.72 0.56
10 500 0.63 0.66 0.64 0.67 0.65 0.31
12 50 0.55 0.55 0.57 0.52 0.57 0.51
12 100 0.54 0.56 0.68 0.6 0.69 0.58
12 500 0.61 0.65 0.64 0.65 0.64 0.7
14 50 0.53 0.53 0.61 0.53 0.55 0.5
14 100 0.56 0.53 0.67 0.6 0.66 0.57
14 500 0.61 0.65 0.64 0.65 0.64 0.7

it is evident how the various architectural combinations do not deviate from
the diagonal of the plot, in agreement to the values of AUC reported in the
label of the captions. The presented approach provides results which are not
comparable with the proposed quantum model. Considering the results shown
so far, there are two possible directions for further improvements of the ap-
plied methods. The first is linked to the classic aspect of this architecture,
that is, the feature reduction. The second is related to the possible customiza-
tions of the quantum feature map. Actually, the greatest customization can be
done when choosing a second order feature map, with the possibility to exploit
entangled states. Several tests performed, however, show that under current
conditions, the performance of the first-order feature map is higher.
During this study, several second order tests were performed, in which differ-
ent Pauli matrix combinations were used. These attempts did not show any
particular improvements. Concerning instead the first aspect of variable re-
duction, some research has been done moving from linear PCA to kernel PCA.
As can be seen in Fig. (5.20), under the same condition of standard PCA ap-
plication, we have a clear improvement of the performance for classic SVM,
in particular in case of higher number of features (14). Every time we look
for a kernel method, as in classic SVM, the best way to define the kernel is
to adopt a parametrized grid search11 that performs an exhaustive evaluation
over a specified list of parameters. We implemented this technique both for
SVM and kernel PCA.

A different approach, that has not been implemented, which consists in
tackling the feature dimension reduction, is known as autoencoder. An au-
toencoder is a special neural network for computing a type of non-linear
principal-component decomposition. Classical autoencoders can be trained

11https://scikit-learn.org/stable/modules/generated/sklearn.model_selecti

on.GridSearchCV.html.
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Figure 5.19: ROC curve evolution for different DNN models as a solution of the W rest frame
reconstruction using 12 PCs variables trained using 100 events. Each model is described with
the following naming convention: number of neurons - number of hidden layers - AUC value.

Figure 5.20: ROC curve evolution for different models as a solution of the W rest frame
reconstruction using the Kernel PCA variable reduction method. Each model is described
with the following naming convention: algorithm - number of features (PCs) - training set
dimension - AUC value.
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to extract a low-dimensional representation (in the so called latent space) of
higher-dimensional data and, in reverse, constitute the basis for generating
new plausible samples not originally included in the training set.
There exist also a quantum version, namely variational quantum autoencoders
that fits nicely into the current stream of heuristic and semi-heuristic ap-
proaches, and which seems particularly well suited for noisy intermediate-scale
applications. Quantum autoencoders have been described primarily as tools
to compress quantum states into a smaller Hilbert space [168], thus enabling a
more effective use of quantum resources. For HEP classification this requires
a lot of encoding and measuring. Further technological improvements, such as
quantum memory, might be necessary to cope with big dataset.

5.4 QC for HEP: future applications

As a conclusion, in this section we discuss additional examples about QC ap-
plication in HEP, looking at the main tasks that are already touched by this
technology.
The ambitious high luminosity LHC (HL-LHC) program, in the next two
decades and beyond, will require enormous computing resources. New tech-
nologies such as quantum computing could possibly help to overcome this
computational challenge, not only for QML, but on more generally exploiting
the possibility to map quantum effects on quantum circuits.

An interesting line of research concerns generative models, such as Boltz-
mann Machines, Variational Auto-Encoders and Generative Adversarial Net-
works, and their quantum counterparts.
Regarding classical generative models that are being investigated by the HEP
community as solutions to speedup Montecarlo simulation, their training is
a difficult task, computing intensive. Quantum Graph Neural Networks for
particle track reconstruction promise to greatly speed-up search in large pa-
rameter spaces due to quantum optimization procedure (QUBO).
Tracking is the root of event reconstruction in particle physics. Because of
their ability to evaluate a very large number of states simultaneously, these
techniques may play an important role in the future of track reconstruction
in particle physics experiments. State-of-the-art algorithms rely, today, on a
Kalman filter based approach [169]. They are considered a robust approach
and they provide good physics performance, however they are expected to
scale worse than quadratically with the increasing number of simultaneous
collisions.
During the last period of this work we started to evaluate another interest-
ing approach of QC to HEP. Recently, some literature has been proposed to
speedup Montecarlo integration process in the finance sector [145]. This is a
very active research field, Quantum Amplitude Estimation (QAE) can com-
pute an integral with a smaller number of iterative calls of the quantum circuit
which calculates the integrand, than classical methods call the integrand sub-
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routine. This could be crucial in particular for the computation of high order
in perturbation theory which are not feasible today. As already mentioned, in
[134], a first real application of quantum algorithm applied to parton shower is
studied and evaluated. The state-of-art parton shower modelling is based on
classical Markov Chain MC (MCMC) algorithms to efficiently generate high
multiplicity radiation patterns. Classical MCMC is not able to capture the
important quantum interference effects, and a full classical calculation scales
exponentially with the number of steps. In future work the analysis of final
state radiation would need to include those quantum effects and QC seems
to be the right candidate. The authors, in fact, developed a polynomial time
quantum final state shower that accurately models the effects of intermediate
spin states similar to those present in high energy electroweak showers. Quan-
tum algorithm accounts for the amplitude estimation of final states when there
is more than one emission during the evolution. In this case the classic matrix
formalism is insufficient and one must compute the full amplitude for which
there are O(2N) possible histories.
Similar approach for classification in HEP has been used in [170, 171]. Usually
the performance of the quantum algorithm is compared with classic methods
like BDT and DNN. This is basically the file-rouge of this work: a compre-
hensive study of different classification methods from classical to quantum
algorithms.
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Key Results

In this Chapter we have introduced the new paradigm of Quantum
Computing. We started with the definition of simplest quantum sys-
tem featuring the peculiarities of quantum mechanics, the qubit. We
have defined the basis of the computation, the unitary gates and we
have assembled them together creating quantum circuits focusing on the
main principle of quantum computation: superposition, entanglement,
interference and measurement. We have realised how this circuits are
representation of innovative quantum algorithms that are currently used
in different fields, from quantum chemistry, to finance, optimization and
to HEP. We have defined what the primary objective is, that is to prove
a quantum advantage in terms of algorithm precision, time to execution
and resolution of problems that are classically impossible to deal with.
The HEP represents an excellent test bed for QC: a sector capable of
providing complex problems, linked to quantum mechanics and which
put classical computation in crisis. In this direction, we have taken up
our VBS problem, benchmarking our DNN framework, described in the
Chapter 4, to a quantum classifier.
Considering just the semi-leptonic channel, the classification problems
tackled with quantum algorithm are the one used to solve the ambiguity
of Eq. (4.1) for the reconstruction of the W reference frame, and the one
that discriminates between longitudinal (L) and transverse (T) W po-
larized state. Since the QSVM and VQC are the quantum version of the
classic SVM algorithm, we provided a direct comparison among the two
approaches, building a common framework for the initial feature reduc-
tion data preparation (PCA, KPCA). We adopted two metrics for the
comparison, the accuracy of the model and AUC and we changed mainly
parameters: the number of events in the training sample, the number of
feature. For each classifier, we also implemented an hyperparametriza-
tion of internal parameters like the feature map, the variational form
and kernel type.
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From a general perspective, comparable performances between classic
SVM, QSVM and DNN are obtained for the W reference frame classifier
(AUC ∼ 0.7), whereas DNN works better in classifying the polariza-
tion state. In this case, the AUC is ∼ 0.8 and ∼ 0.7 for the DNN and
QSVM/SVM respectively.
This main difference between SVM/QSVM and DNN approach is the di-
mension of the training sample, at least three orders of magnitude, that
allows DNN to learn and classify better the problem with the related
time-cost of computation. Indeed, we checked how a DNN architecture
performs under the same conditions we adopted in the usage of quantum
algorithm, using reduced variables and a much smaller number of events.
The results obtained are poor and the classification does not deviate from
a random result, confirming the potential of the results obtained with
a quantum approach. On the other hand, having a comparable perfor-
mance for the reconstruction of the W reference frame highlights the
complexity of the problem, an ambiguity that cannot be solved up to
that level of accuracy.
Important differences arise between SVM and QSVM: apart from inter-
nal QSVM tuning (depth, expansion), the quantum method does not
show deterioration of the performance while increasing the number of
features, indeed showing a slight improvement. On the contrary, SVM
suffers from an increasing computational demand which would imply a
flattening of performance when typical HEP problems with tens of vari-
ables are involved. The same effect is expected considering the training
size but this cannot be compared clearly with QSVM due to the cur-
rent technical difficulties in ingesting a big dataset into the quantum
algorithm structure. QSVM and VQC, in addition to a clever variable
manipulation, would represent a good and quick response in building
robust classifiers.
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Conclusions and Future
Perspectives

If we do not take advantage of
our opportunities, it is our own
fault.

Thomas J. Watson

The Standard Model of particle physics describes the known fundamental
particles and their interactions. Despite the SM success, culminated in the last
Nobel Prize in 2013 for the discovery of the Higgs boson, the last missing piece
of the Standard Model formulation, important questions about the underlying
nature of our Universe still remain unresolved. This pushes the current exper-
iments at hadron colliders to search for evidence of new physics directly and to
investigate known processes at higher precision, to search for possible devia-
tions from the SM predictions. One of the fundamental aspects to be clarified
is the inner nature of the breaking of the ElectroWeak symmetry which, in the
SM, occur via the Higgs mechanism. ElectroWeak Symmetry Breaking also
rules the scattering of vector bosons in the SM, avoiding its divergence at high
energy. The rate of occurrence of VBS processes predicted by the SM is very
low and new physics can disturb this delicate balance, leading to potentially
large enhancements of the VBS rate.

In this thesis work, we have approached the study of VBS by exploiting both
classical approaches and innovative solutions. At first, we studied the state-of-
art of this process description in Montecarlos, by means of an extensive study
of the same-sign WW process. We provided a systematic comparison between
different generators on inclusive observables and differential distributions, and
we investigated the impact of parton shower matching. The main outcome of
this work flew into a paper which has been published in EPJ [37].
Then, we focused on the discrimination of W longitudinally polarised W
bosons. boson polarization. Indeed, the scattering of longitudinally-polarized
vector bosons is maximally sensitive to any new phenomena in the Higgs sec-
tor. The effects searched are expected to be very small, therefore sophisticated

169



Conclusions and Future Perspectives

analysis strategies and tools are required. Starting from a purely theoreti-
cal approach developed in [172], we highlighted its limits, confirming the ex-
pectations reported by the authors themselves in [45]. With this in mind,
we subsequently developed several strategies, in order to extract information
about W s polarization, and we developed a technique to experimentally deter-
mine its reference system. We analysed the VBS process in semi-leptonic and
fully leptonic channels, starting with a kinematic study and then exploiting
Deep Neural Network techniques. We finally tried to approach VBS studies
by means of Quantum Computing and Quantum Machine Learning. This last
part represents the most innovative part of this work and it covered the largest
fraction of my PhD work.

Outcomes from these studies could be particularly relevant for experimen-
tal measurements which exploit the full Run 2 dataset and for the upcoming
high-luminosity phase of the LHC. Already now, part of our phenomenological
studies and tools has been adapted in searches for Higgs boson pairs from the
ATLAS collaboration [173]. The Montecarlo routines developed in our work
[37] have been used in [174] to apply different kinematic selections.
Concerning the polarisation extraction, we got promising results for the lon-
gitudinal components in terms of classification power and fit. Deep Neural
Network approach shows a better performance with respect to a classic kine-
matic analysis. This is evident, in particular, for the classifier used to directly
discriminate between the different polarized events, both for the semi-leptonic
and the fully-leptonic cases, whereas the DNN model that perform the recon-
struction of the W angular distribution is less precise. The main results have
been published in [92] and they represent the phenomenological part of this
thesis work, that is taken as a benchmark, for example in [175]. At the cur-
rent ATLAS luminosity, unfortunately, LL polarisation fraction would not be
measurable because of the limited statistics, but in the future we expect VBS
process to reach enough sensitivity for this study.
Considering the Quantum Computing approach to VBS semi-leptonic channel,
in the present work we found comparable performances between classic SVM,
QSVM and DNN methodologies for the binary problem of the W rest frame
reconstruction. We evidenced, instead, lower performance for the direct po-
larization classifier despite the similar parametrization tested. At the present
time and on this particular use case, we could observe pros and cons about
adopting quantum computation: the quantum approach does not show dete-
rioration of the performance with increasing the number of features, and it
converges quickly with few samples, whereas a bottleneck is present with a big
dataset because of the quantum algorithm architecture. Unfortunately, could
not evidence here any aspect of a possible quantum advantage.

Looking ahead at future prospects, the effort of the scientific community
could be split in different directions. On the theoretical side, a full glory
Montecarlo generator which implements full NLO QCD and EW corrections
would be of extreme utility. On the phenomenological side, studies to further
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enhance our capability to extract information about gauge boson polarizations
would be desirable. To this extent, there is room for improving and increasing
the interconnection between standard ML techniques and QC. The extensive
usage of these innovative methods would eventually lead to a possible quantum
advantage and they could therefore open frontiers to unexplored discoveries.

This PhD work is the result of an industrial doctoral path collaboration
between the University of Pavia and IBM Italia (Executive PhD). This project
aims at exploiting the connection between fundamental research actors, like the
Universities, and an environment where scientific discoveries are strengthened
and applied to the industrial scenario. This PhD work has been developed
within the framework of a COST Action supported by the EU Framework
Programme Horizon 2020 and named Vector Boson Scattering Coordination
and Action Network (VBSCan). The European Community has appointed the
study of the VBS, the process under study in this thesis works, as one of the
top priorities for the LHC phase 2 era.
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Appendix 1

A.1 Discrete Symmetry

The simplest example of SSB is a self-interacting real scalar field filling the
vacuum with discrete Z2 symmetry, whose Lagrangian is:

L =
1

2
(∂µϕ)2 − V (ϕ) with V (ϕ) ≡ µ2ϕ2 + λϕ4 and λ > 0

L is invariant under the transformation ϕ↔ −ϕ. Since the vacuum ϕ0 is de-
fined as the value where V (ϕ0) has a minimum, for ϕ0, corresponding µ2 > 0
and µ2 < 0, respectively:

∂V

∂ϕ
= (2µ2 + 4λϕ2)ϕ = 0 ⇒

{
a) µ2 > 0 ϕ0 = 0

b) µ2 < 0 ϕ2
0 = −µ2

2λ

Case a) is the unbroken phase that corresponds to the usual definition ϕ0 = 0;
the Lagrangian describes a single (symmetric) vacuum state with a scalar field
with mass µ

√
2 (for a scalar field the mass term is −1

2
m2ϕ2) and self-interacting

in a four−particle vertex.
Case b) is the broken phase that presents two equivalent vacuum states for

ϕ0 = ±
√
−µ2
2λ

.

Since it is ϕ0 6= 0, one has to redefine the scalar field ϕ as a small oscilla-
tion η around the vacuum, as in Eq. (24), which can be arbitrarily chosen as

ϕ0 = +
√
−µ2
2λ

, giving rise to a symmetry breaking since the potential V (ϕ) and

consequently the Lagrangian L are no more symmetric in ϕ or (η). However
it is only realized in a different way (it is not a symmetry of the vacuum):

Wigner-Weyl realization: ϕ = η + ϕ0

Nambu-Goldstone realization: 〈η〉 = 0
(24)

V (η) =
(
µ2 + 6λϕ2

0

)
η2 +

(
2µ2 + 4λϕ2

0

)
ϕ0η +O(η3, η4, cost)

= −2µ2η2 +O(η3, η4, cost)
(25)

where the terms in η3 e η4 are negligible and the constant term is not relevant.
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We left the mass term −2µ2η2 corresponding to the mass value mη =
√
−4µ2.

By choosing V (ϕ) to have a non-zero vacuum value, the scalar field η appears
to acquire a mass. This is the simplest way in which the SSB could be de-
scribed, the redefinition of the vacuum and the choice of the Lagrangian are
the main steps of the mechanism together with the field transformation con-
necting to the group of symmetry considered.
One important theorem connected with the SSB we will introduce later on is
the Goldstone theorem. It assert that in the attempting to generate massive
gauge bosons, the SSB gives rise to a mass-less scalar particles.

Despite this choice and the redefinition of the Lagrangian under the pre-
vious local gauge transformation, mass-less Goldstone boson is still present.
One way out, therefore, is to change the local gauge transformation, includ-
ing the generator of the transformation, such as the charge q in the case of
U(1)q symmetry group, and the Lagrangian accordingly by choosing the phase
β(x) in such a way that a new field h(x) (which replaces η(x)) is real and de-
scribed a massive particle (≡ Higgs boson). This is the Higgs mechanism: the
Goldstone boson gets canceled from the theory and the corresponding degree
of freedom contributes to the mass of the gauge bosons, in other words, the
Goldstone boson is replaced by one more polarization state. For what con-
cerned the SU(2)L ⊗ U(1)Y group of local gauge transformation one has to
apply the same procedure with some additional complication of the involved
mathematics.
An attractive feature of the SSB is that the same Higgs doublet, which gener-
ates the W and Z masses, is sufficient to give mass to the leptons and quarks.
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Appendix 2

B.1 W Amplitude Estimation

In this section we want to calculate the amplitude of a single tree level W
decay. Let’s consider W+ boson decay represented in Fig. (21).

Figure 21

The calculation is performed in the W rest frame, using the helicity amplitude
method by Hagiwara–Zeppenfeld [176] which is based on the explicit represen-
tation of Dirac matrices and Weyl spinors. In this method the polarization
vectors of a spin–1 boson with momentum q and mass M can be written as:

εµ(q̂, λ = ±1) =
1√
2

(0,∓ cosα cos β + i sin β,∓ cosα sin β − i cos β,± sinα)

εµ(q̂, λ = 0) =
1

M
(|~q|, Eq sinα cos β,Eq sinα sin β,Eq cosα)

where q̂ = sinα cos β, sinα sin β, cosα and λ is the boson helicity.

Under Standard Model hypothesis the amplitude is given by:

M =

(−igew√
2

)
ūhν (k)γν

(
1− γ5

2

)
εµλ(q)vhl(l) (26)

where hν ,hl are the fermions helicities. We can then simplify the previous
equation to the following:

M =

(−igew√
2

)
u† �ε v (27)
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with this notation:

u (k, h = −) =
(Ek|k|)1/2

(2|k|(|k|+ kz))
1/2

(
−kx + iky
|k|+ kz

)

v (l, h = +) =
(El|l|)1/2

(2|l|(|l|+ lz))
1/2

(
−lx + ily
|l|+ lz

)

�ε =

(
ε0 + εz ∓εx − iεy
±εx + iεy ε0 − εz

)
(28)

In the W ’s rest frame and considering massless final state fermions the neu-
trino momentum is k = E(1, sin θ cosφ, sin θ sinφ, cosφ) and k = −l. In this
condition, considering a W boson with momentum along the positive z–axis,
the polarization vectors are:

εµ± =
1√
2

(0,∓1,−i, 0) transverse;

εµ0 = (0, 0, 0, 1) longitudinal.

Now we are ready to evaluate the final amplitude for different choices of the
initial boson polarization vector with the following convention: (θ, φ) are the
lepton angles relative to the boson direction defined above. In case of longitu-
dinal polarization12:

M(λ = 0) = igew
√

2E sin θ (29)

while, in case of transverse polarization,

M(λ = ±1) = igewE(1± cos θ)e±iφ (30)

B.2 Off–diagonal terms in differential cross–section

The matrix element can be generalized as:

|M|2 =
∑

λλ′

cλλ′M∗
λMλ′ (31)

where cλλ′ are real weights for the polarization combinations. Combining
Eq. (31) and the specific representation results obtained in Eq. (2.14) we have:

|M|2 =
(
gewE)2(c002 sin θ2 + cLL(1− cos θ)2 + cRR(1− cos θ)2

+
√

2 sin θ(1− cos θ)(c0Le
−iφ + cL0e

iφ)

+
√

2 sin θ(1 + cos θ)(c0Re
−iφ + cR0e

iφ)

+(1− cos θ2)(cLRe
−2iφ + cRLe

2iφ)
)

(32)

At this step we are ready to give a parameterization of the normalized differ-
ential cross–section including the phase–space and flux factors as in Eq. (1.34).
The convention adopted here is:

12In case of W− the only difference is in the sign of the transverse component.
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B.3. Equivalence Theorem

• θ is the angle between the charged lepton and the ẑ axis;

• φ is the azimuth angle between the charged lepton and the x̂ axis;

• x̂ axis lies in the plane defined by the incoming protons in the W rest
frame pointing in the flight direction of the proton which forms the
smaller angle with the ẑ axis.

1

σ

dσ

dφd cos θ
=

1

16π

(
(1 + cos θ)2 + a0

1

2
(1− 3 cos θ2) + a1 sin 2θ cosφ

+ a2
1

2
sin θ2 cos 2φ+ a3 sin θ cosφ+ a4 cos θ

+ a5 sin θ sinφ+ a6 sin 2θ sinφ+ a7 sin θ2 sin 2φ
)

(33)

Integrating Eq. (33) over the entire cos θ range, we finally get the differential
distribution:

1

σ

dσ

dφ
=

3

16π

(
8

3
+

2

3
a2 cos 2φ+

π

2
a3 cosφ+

π

2
a5 sinφ+

4

3
a7 sin 2φ

)
. (34)

B.3 Equivalence Theorem

Here we want to give more details about the equivalence theorem used in
Sec. (2.4). Given the fact that Goldstone bosons are related to one of the
degrees of freedom of massive vector fields, at high energies, the EW sym-
metry is “restored”, so that the gauge bosons become effectively a massless
degree of freedom (2 transverse polarizations) while the Goldstone boson car-
ries all the information on the longitudinal polarization. In Fig. (22) we have
a diagrammatic representation of the theorem. In the high energy limit, the
scattering problem formulation moves from a complete description with the
massive vector field to a more simplified treatment with the massless or low-
energy effective field theory representation. We see the change in the boson
mediators, from massive V (W,Z) ones to πs. This allows for greatly simplify
the calculations of scattering amplitude, and it is formalized in the following.
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Figure 22: Schematic representation of Goldstone approximation where under the specified
condition, the gauge bosons become effectively massless.

Equivalence Theorem
In the limit of large center of mass energy

√
s >> mV , the scattering

amplitude for a process involving n initial and m final longitudinally
polarized vector bosons is related to the corresponding amplitude for

the scalar Goldstone bosons by:

A ((VL(p1)) + · · ·+ (VL(pn)) +X → (VL(k1)) + · · ·+ (VL(km)) + Y )

= (−i)n+mA (π(p1) + . . . π(pn) +X → π(k1) + . . . π(km) + Y )

(
1 +O

(
mV√
s

))

(35)

B.4 Polarization and Lorentz Transformation

In Chapter 3 we discussed about the origin of polarization components from
QFT principles, in App(B.1) we evaluated the cross section for a simple W
boson decay focusing on polarization fraction. Putting together all of this in-
sights we want to highlight an important concept. Though the polarization
vectors are built as Lorentz four–vectors, longitudinal and transverse polariza-
tion vectors depend on the reference frames in which they are defined, as well
as the polarization fractions. This means that if we calculate them in a certain
frame A (W momentum in the A frame) and then we boost them in another
frame B, we obtain a different result than we would obtain by boosting the W
momentum from A to the B frame and then building the polarization vectors
in it.

Considering a W boson moving along the positive z–axis in the laboratory
frame we can switch its momentum into another reference frame by means of
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B.4. Polarization and Lorentz Transformation

a Lorentz boost:

pµ = (E, 0, 0, p)→ p
′µ = Λµ

νp
µ = (γE, γβE, 0, p)

where:

Λµ
ν =




γ γβ 0 0
γβ γ 0 0
0 0 1 0
0 0 0 1




The longitudinal polarization vector is given by εµ = (p/M, 0, 0, E/M), while
the one built in the boosted frame is:

→ ε
′µ =

1

M

(
√
p2 + (γβE)2, γE

γβE√
p2 + (γβE)2

, 0, γE
p√

p2 + (γβE)2

)

In case we boost εµ we obtain a completely different expression with respect
to the longitudinal polarization built starting from boosted momentum:

ε
′′µ =

1

M
(γp, γβp, 0, E).
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Appendix 3

C.1 PDF uncertainties calculation for VBS

In this part we will integrate what has been discussed in Sec. (3.5).
From a general point of view, recent progress achieved by the different PDF
groups includes:

• better assessment of uncertainties (e.g. different groups now agree at the
1σ level where data is available);

• exploit new information coming from LHC Run I and Run II measure-
ments;

• progress in tools and methods to include these data in the fits;

• inclusion of PDFs for photons and top quarks.

However, still some issues are present, on which the collaboration are working
hard:

• homogeneity of the data to include in the fits (and how to deal with
incompatible data);

• enhance relevance of some data (reduce effect of inconsistent data sets);

• heavy-quark treatment and masses;

• parametrization for PDFs (theoretical bias, reduced in Neural Network
PDFs);

• inclusion of theoretical improvement (e.g. resummation) for some ob-
servables;

• unphysical behaviour close to x = 0 and x = 1;

• meaning of uncertainties;

• αs as external input or fitted with PDFs.
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We said that there exists two leading representations of the uncertainties
of PDF: Monte Carlo [83] (MC) and Hessian [84].
The MC representation contains an ensemble of replicas, which are the in-
stances of uncertain PDF parameters, sampled according to the Gaussian dis-
tribution, around its central values. Central PDF is the average of the PDF
set, while the PDF uncertainty is its standard deviation. Under the assump-
tion of Gaussian distribution of the cross-sections, obtained from the PDF set,
the same treatment can be applied to the cross-section:

δpdfσ =

√√√√ 1

Nmem − 1

Nmem∑

k=1

(σ(k) − 〈σ〉)2, 〈σ〉 =
1

Nmem

Nmem∑

k=1

σ(k), (36)

where σ(k) represents the cross-section calculated from the k-th member of the
set and Nmem represents the number of members. On the other hand, when
the distribution of cross-sections differs significantly from Gaussian, it is better
to employ the robust measures. This means that 16% of the largest and 16%
of the smallest cross-sections fall out of the 68% C.L. interval, the rest of them
lies within. Symmetric PDF uncertainty is calculated as

δpdfσ =
σ(Nmem84/100) − σ(Nmem16/100)

2
; σ(1) ≤ σ(2) ≤ . . . ≤ σ(Nmem). (37)

This kind of treatment better account for the outliers. To roughly estimate
how much does the specific distribution resemble to the Gaussian, we can
compare the values calculated from Eq. (36) and Eq. (37). If they give similar
results, the distribution can be approximated by the Gaussian and uncertainty
from Eq. (36) can be taken as a result. In the opposite case, it is better to use
Eq. (37). In this study we performed the Shapiro-Wilk Gaussianity test.
As opposed to a MC PDF set we have an Hessian PDF set. Central PDF
cannot be calculated from its members and have to be appended separately to
a set. In LHAPDF sets, this is always the first member. The equation for the
calculation of the cross-section uncertainty is:

δpdfσ =

√√√√
Nmem∑

k=1

(σ(k) − σ(0))2, (38)

where σ(0) represents the cross-section of the central PDF and Nmem represents
the number of members of the set (without central).
Because it is necessary to generate Nmem + 1 MC samples to evaluate the
cross-section uncertainty due to PDF uncertainty (Nmem + 3 for the combined
uncertainty), the reweighting of the events is very useful, which can signif-
icantly reduce the computational time. For LO reweighting of the sample,
produced with the PDF set A, to the PDF set B, the corresponding weights
are

wA→B =
fB1 (x1, Q)fB2 (x2, Q)

fA1 (x1, Q)fA2 (x2, Q)
, (39)
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C.1. PDF uncertainties calculation for VBS

where the fAi (xi, Q) are the PDFs of the two incoming partons from the sample
A and fBi (xi, Q) are the PDFs of the two incoming partons from the sample
B. For the NLO reweighting the use of built-in generator routines is necessary
to calculate the weights. NLO reweighting is, for example, implemented in the
generators MadGraph5_aMC@NLO [177], POWHEG [178], Sherpa [179].

The LHAPDF library [86] offers a wide range of PDF sets from different
groups. Because different PDF sets are based on different experimental data
and use different assumptions, it is better to take into account more than just
one PDF set. For this purpose statistical combinations can be used. This
approach is competitive with the older PDF envelope method, by which the
PDF uncertainty has to be calculated for each input PDF set in order to obtain
uncertainty bands for the PDF. The combined PDF uncertainty is defined as
the envelope of these bands. On the other hand, the statistical combination of
the PDF sets already contains characteristics of several input sets. Uncertainty
has to be calculated only on the statistical combination, while the obtained
uncertainty takes into account the uncertainties of all the input sets. The PDF
uncertainty from the envelope method is often overestimated, but this is not
the case for the statistical combination method. The LHAPDF library currently
contains one statistical combination: PDF4LHC15 [87]. This is a combination
of CT14 [88], MMHT2014 [89], and NNPDF3.0 [90] sets. If the input PDF
sets are represented by MC replicas, construction of the statistical combina-
tion is pretty straightforward. Namely, the input PDF sets, with the equal
number of replicas, can simply be merged into one larger PDF set [180], which
is called the prior set. The only input PDF set into the PDF4LHC15, repre-
sented with the MC replicas, is NNPDF3.0, while the CT14 and MMHT2014
are Hessian representations. Therefore, the first step of construction of the
statistical combination is transformation of the Hessian representations into
MC. This is done by sampling along directions of each eigenvector, according
to the corresponding eigenvalue, assuming Gaussian distribution.

The authors of the statistical combination PDF4LHC15 tested different
sizes of the prior set: Nrep = 300, Nrep = 900, and Nrep = 1800. After the
comparison of the central values and the uncertainty for different partons, they
concluded that there is (small) difference, between the sets with 300 and 900
replicas, while the differences between 900 and 1800 are completely negligible
[181]. Therefore prior set with 900 replicas has been adopted.

Since the prior set is too large to be handled in the analysis, reduction
methods are applied to it. PDF4LHC15 is distributed in three options, which
use different reduction algorithms as indicated in the brackets:

• Monte-Carlo (CMC-PDFs),

• Hessian with 30 eigenvectors (META-PDFs),

• Hessian with 100 eigenvectors (MCH-PDFs).

In the case of Monte-Carlo compression method (CMC-PDFs) the number of
MC replicas is reduced in a way, that agreement between the certain statistical
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PDF set Reduct. algo. Pert. order Uncertainty type Nmem αS var.
PDF4LHC15_nlo_100 MCH-PDFs NLO symhessian 100 No
PDF4LHC15_nlo_30 META-PDFs NLO symhessian 30 No
PDF4LHC15_nlo_mc CMC-PDFs NLO replicas 100 No

PDF4LHC15_nlo_30_pdfas META-PDFs NLO symhessian+as 32 Yes
PDF4LHC15_nlo_mc_pdfas CMC-PDFs NLO replicas+as 102 Yes

PDF4LHC15_nnlo_100 MCH-PDFs NNLO symhessian 100 No
PDF4LHC15_nnlo_30 META-PDFs NNLO symhessian 30 No
PDF4LHC15_nnlo_mc CMC-PDFs NNLO replicas 100 No

PDF4LHC15_nnlo_30_pdfas META-PDFs NNLO symhessian+as 32 Yes
PDF4LHC15_nnlo_mc_pdfas CMC-PDFs NNLO replicas+as 102 Yes

Table 2: The list of the main PDF4LHC15 sets, in 5 quark flavour scheme, available in
the LHAPDF library. Currently αS variation is available only in the META-PDFs and the
CMC-PDFs sets.

characteristics of the prior and reduced set is the best [182]. For transformation
of the MC representation into the Hessian, the authors of PDF4LHC15 used
two different methods. META-PDFs is based on fitting a functional form to
the set of MC replicas, while MCH-PDFs uses singular value decomposition,
followed by principal component analysis [183, 184]. META-PDFs offers more
accurate description of the prior set at smaller numbers of eigenvectors in the
reduced set, while the opposite holds for the larger reduced sets. For this reason
the representation with 30 eigenvectors is reduced with the META-PDFs and
the representation with 100 eigenvectors is reduced with the MCH-PDFs. The
latter is more appropriate, when the highest accuracy is desired, on the other
hand the META-PDFs is useful, when simple statistical analysis is the priority.
The main PDF4LHC15 sets, available in the LHAPDF library are gathered in
Table 2.
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Appendix 4

D.1 MAOS solution

Equality m
(1)
T (~p1) = m

(2)
T (~pT−~p1) defines a curve in the phase space of the first

neutrino trial momentum ~p1. This curve equation can be expressed analytically
in the polar coordinates (p1, ϕ). Let us introduce the parameters:

ϕ0 = arccos

(
~p ``T · ~pmiss

T

|~p ``T ||~pmiss
T |

)
,

c = (~p eT · ~pmiss
T )2 − |~pmiss

T |2|~p eT|2,

where ~p ``T = ~pµT + ~p eT. The intersection curve can be written as:

f(ϕ) =
(
|~pµT|2 + |~p ``T |2 cos2 ϕ− 2|~pµT||~p ``T | cosϕ− |~p eT|2

)
,

g(ϕ) =
(
2(|~pµT| − |~p ``T | cosϕ)~p eT · ~pmiss

T

+2|~p eT|2|~pmiss
T | cos(ϕ+ ϕ0)

)
,

p1 =
−g(ϕ)±

√
g(ϕ)2 − 4cf(ϕ)

2f(ϕ)
.

mT2 can be searched numerically by defining an arbitrary number of equidis-
tant points in ϕ and searching for a minimal value of m

(1)
T (~p1(ϕ)). This

point defines ~p
νµ
T , ~p νeT can be obtained from the minimization bond as ~p νeT =

~pmiss
T − ~p νµT .

D.2 Neural Network Details

In this section we provide additional details about NN used in this work. The
first ingredient is the number of events used in the different phase, namely
training, validation and test or evaluation phase. This information is given
in Table (5) and (4). The training variables used for the semi-leptonic case in
training are:

• µ: E, px, py, pz, pt, η, φ,

• νµ:px, py
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• q1: E, px, py, pz

• q2:,E, px, py, pz,

• q3:,E, px, py, pz,

• q4:,E, px, py, pz,

• event0 mass, event1 mass;

where qi refers to outgoing quarks and event0 mass, event1 mass refer to the
fact that we have two possibilities for the neutrino z-component of momenta
and energy, eventually leading to a double measurable invariant masses of the
event.
The training variables used for the full-leptonic case, instead are:

• µ: E, px, py, pz, pt, η, φ,

• νµ:px, py, η, φ

• e: E, px, py, pz, pt, η, φ,

• νe:px, py, η, φ

• q3:,E, px, py, pz,

• q4:,E, px, py, pz,

• pt vv,pv xx,pv yy,mt2;

where pt vv,pv xx,pv yy refer to the sum of both neutrinos missing momenta
and components x and y. While, when MAOS variables are included, mt2
come from reconstructed neutrino transverse momenta (pν`T from Eq. (4.6)).

In this study deep neural networks have been used. In general, we pointed
out that increasing the number of parameters can help the neural network to
accomplish more difficult classification tasks because its approximation power
increases [185]. The number of parameter and a simple NN structure is shown
in Fig. (23), where we can see the detailed structure of the NN in terms of
number of hidden layers (8), neurons for each layer (200) and the output layer
with dimesion 3, which is the case of the multiclassifier (LL,LT,TT). The
number of parameters managed by the network is 286.403.

Before starting the training procedure, a Gaussian standardization tech-
nique is applied to the whole training dataset: each variable is centered in 0
and scaled to unit variance independently. This procedures helps the neural
network training so that each variables can contribute equally to the classifi-
cation regardless its measurement unit.
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Figure 23: Print of a model summary provided by Keras Python package.

Table 3: Number of events used for each semi-leptonic sample in the training, validation
and test datasets.

sample training validation test

unpolarized 530219 530219 706959
longitudinal 264052 264052 352070
transverse 269769 269769 359692
full-computation 535236 535236 713648

Table 4: Number of events used for each full-leptonic sample in the training, validation and
test datasets.

sample training validation test

longitudinal 299999 300000 300000
transverse 299999 300000 300000
full-computation NA NA 400000
WW mix polarization 1199997 1200000 1200000
ZZ mix polarization 113933 116152 116152
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Figure 24: Shape of the loss function related to a specific neural network topology used
for regression in the semi-leptonic and fully-leptonic channel. The decreasing of loss values
a minimum value can be appreciated so that represents a good convergence of the neural
network parameters according to the number of hidden layers, neurons and batch-size.

For sake of completeness we include representative plots of loss functions in
Fig. (24) and Fig. (25) to highlight the pros and cons according to different
DNN configurations. In Fig. (26) we can appreciate an example of performance
worsening as neurons increase in the topology. The NN starts learning in the
very beginning (as a function of epochs) but all of a sudden the loss function
explodes due to the fact that the weights are not under control any more and
we lost completely any chance of convergence. In the last plot instead, we have
a standard example of overtraining behaviour in contrast with the right plot
of Fig. (24).

All activities have been performed in two main steps. First all the events
were generated on a PC computing cluster using the HTCondorCE that allows
the user to parallelize all the computation splitting it into several nodes.
Secondly, once all the events were created, we converted them into Root files to
perform common data preparation and finally we converted them into pandas
arrays to get train, test and validation dataset. These data was migrated to an
IBM Power9 machine to perform all the training and evaluation steps. IBM
Power System AC922 is widely used in general context for its performance for
analytics, artificial intelligence (AI), and modern HPC. The Power AC922 is
engineered to be the most powerful training platform available, providing the
data and compute-intensive infrastructure needed to deliver faster time to in-
sights. Data scientists get to use their favourite tools without sacrificing speed
and performance, while IT leaders get the proven infrastructure to accelerate
time to value.13.

13https://www.ibm.com/us-en/marketplace/power-systems-ac922
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Figure 25: Shape of the loss function related to a specific neural network topology used for
regression in the semi-leptonic and full-leptonic channel. In this case the loss function is
not converging, in particular in the first case the network is not improving its parameters
at all giving a flat loss function and relatively unstable results for the validation dataset.
In the second case the neural networking is not improving and only after a relatively high
number of epochs the loss is starting to evolve. For the optimal treatment of each particular
convergence scenario an early stop automation can be employed so that the number of
training epochs in each case can be tuned according to the learning rate and loss function
behavior.
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Figure 26: Example of performance worsening in case of neurons increase in the topology,
top figures and figure in the bottom left. Last plot is a classic example of NN overtraining
behaviour.
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D.3 PHANTOM generator (in a nutshell)

PHANTOM is an event generator which is capable of simulating any set of
reactions with six partons in the final state at pp colliders at order O(α6

EW) and
O(α4

EWα
2
s) including possible interferences between the two sets of diagrams.

This includes all purely electroweak contributions as well as all contributions
with one virtual or two external gluons.
In the semi-leptonic channel we define the channel mu vm whereas for full lep-
tonic case the channel is defined in the configuration card with this parsing
syntax mu e vm ve14.
PHANTOM performs an exact calculation of the matrix-element at tree level,
without using any production times decay approach for the W bosons interac-
tion. PHANTOM implements a method called On Shell Projection (OSP) to
compute the amplitude of resonant contributions projecting (in the numerator)
the four momenta of the decay particles on shell, as shown in Eq. (41).

Af =
∑

λ

Aµp,RES(p, k)ελµε
λ∗
ν A

ν
d(k, q)

k2 −M2
W + iΓWMW

+ ANONRES (40)

→
∑

λ

Aµp,RES(p, kOSP )ελµ,OSP ε
λ∗
ν,OSPA

ν
d(kOSP , qOSP )

k2 −M2
W + iΓWMW

(41)

With this method, PHANTOM conserves the total four-momentum of the
WW system, the direction of the two W bosons in the WW center-of-mass
frame and the direction of each charged lepton in his W center-of-mass frame.
In the case of semi leptonic single polarization/resonant study we select the
polarization for only one boson whereas the other boson is kept unpolarized.

The formula can be seen as an on shell production times decay modulated
by the Breit-Wigner width shape with all exact spin correlations. between
decay products of any unstable resonance. This gives an excellent framework
to make comprehensive analyses of VBS signal together with its irreducible
backgrounds. The amplitude are computed in a semi–automatic way, through
the program PHACT, which is based on the helicity formalism. Due to final
states with a large number of particles there may be a huge number of Feynman
diagrams which contribute to a process; despite being a challenging computa-
tional issue, the calculation can be simplified: the flavour mixing matrix in the
quark sector (CKM matrix) is taken diagonal and light quarks and leptons
can be considered massless. These approximations induce weak–interactions
universality (symmetry under family conjugation), CP conservation and cross-
ing symmetry, which strongly reduce the number of amplitudes to evaluate.
Employing exact matrix elements at the tree level, we cannot separate different
physical processes just selecting the final state, but we can impose kinematic
cuts to extract the physics of interest from a given final state.
Events generation takes place in two steps: the program produces one or more

14Where the stands for antiparticle.
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Table 5: Cross sections at LO accuracy obtained with exact matrix elements at O(α6 contri-
bution for the process: pp→ jjjjµ+νµ (semi-leptonic) and pp→ jjµ+νµe

+νe (full-leptonic)
at
√
s = 13 TeV. The uncertainties shown refer to the estimated statistical errors of the

Monte Carlo integrations.

process computation σ[pb] systematics

semi-leptonic unpolarized 1.912E − 002 1.010E − 005
semi-leptonic longitudinal 5.695E − 003 7.265E − 006
semi-leptonic transverse 1.352E − 002 6.527E − 006
semi-leptonic full-computation 2.215E − 002 9.742E − 006
full-leptonic WLWL polarization 1.092E − 004 1.717E − 007
full-leptonic WTWT polarization 8.373E − 004 6.575E − 007
full-leptonic WTWL polarization 2.945E − 004 3.815E − 007
full-leptonic full-computation 1.516E − 003 1.156E − 006

integration grids depending on the number of channels required for a good
mapping of phase space for the selected process. This is called thermaliza-
tion. It determines the relative weight of each channel in the multichannel
integration and it produces a first instance of PHANTOM space grids, one
per channel. Then the program generates unweighted events for a set of pro-
cesses, which is specified by the user, using the previously produced grids. All
the integration grids for each selected process must be included for a mean-
ingful generation. In this thesis we used mainly 2 version of the package and
we contributed to discover and discuss physics related bugs, in particular the
problem, which gave some rare events in which the color flow was inconsistent
with the mothers assignment.
In fact, version 1.6 differs from the previous one 1.3.2, in particular for the in-
troduction of the possibility of computing only resonant W and/or Z diagrams,
computing polarized cross sections for W and/or Z diagrams, projecting on
shell the above contributions.

Generation Summary

In the main text we underline the fact that only tree level electroweak contri-
butions O(α6 are considered, and partonic processes involving b and t quarks
are neglected. If we include in the analysis events which involve at least one
b(b)–quark as a tagging jet, the kinematics of the final state is altered. The
inclusion of b–quark as a tagging jet add many more channels in the genera-
tions, when only electroweak contributions are considered. This probability is
even enhanced if also QCD contributions are included. Allowing b–quarks in
the final state induces the propagation of top quarks.
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X. Yao, “Quantum simulation of open quantum systems in heavy-ion
collisions,” 2020.

[137] K. Yeter-Aydeniz, R. C. Pooser, and G. Siopsis, “Practical quantum com-
putation of chemical and nuclear energy levels using quantum imaginary
time evolution and lanczos algorithms,” 2019.

206

https://link.aps.org/doi/10.1103/PhysRevA.82.040305
https://link.aps.org/doi/10.1103/PhysRevA.98.022322
http://dx.doi.org/10.1155/2020/3510676
http://dx.doi.org/10.1103/PhysRevA.95.042343
http://dx.doi.org/10.1103/PhysRevD.101.074512


REFERENCES

[138] S.-N. Sun, M. Motta, R. N. Tazhigulov, A. T. K. Tan, G. K.-L. Chan,
and A. J. Minnich, “Quantum computation of finite-temperature static
and dynamical properties of spin systems using quantum imaginary time
evolution,” 2020.

[139] T. V. Zache, F. Hebenstreit, F. Jendrzejewski, M. K. Oberthaler,
J. Berges, and P. Hauke, “Quantum simulation of lattice gauge
theories using wilson fermions,” Quantum Science and Technology,
vol. 3, no. 3, p. 034010, jun 2018. [Online]. Available: https:
//doi.org/10.1088%2F2058-9565%2Faac33b

[140] S. V. Mathis, G. Mazzola, and I. Tavernelli, “Toward scalable
simulations of lattice gauge theories on quantum computers,”
Physical Review D, vol. 102, no. 9, Nov 2020. [Online]. Available:
http://dx.doi.org/10.1103/PhysRevD.102.094501

[141] U. Las Heras, U. Alvarez-Rodriguez, E. Solano, and M. Sanz,
“Genetic algorithms for digital quantum simulations,” Physical
Review Letters, vol. 116, no. 23, Jun 2016. [Online]. Available:
http://dx.doi.org/10.1103/PhysRevLett.116.230504

[142] Y. Li and S. C. Benjamin, “Efficient variational quantum simulator
incorporating active error minimization,” Phys. Rev. X, vol. 7, p.
021050, Jun 2017. [Online]. Available: https://link.aps.org/doi/10.1103
/PhysRevX.7.021050

[143] N. Stamatopoulos, D. J. Egger, Y. Sun, C. Zoufal, R. Iten,
N. Shen, and S. Woerner, “Option pricing using quantum computers,”
Quantum, vol. 4, p. 291, Jul 2020. [Online]. Available: http:
//dx.doi.org/10.22331/q-2020-07-06-291

[144] S. Mugel, C. Kuchkovsky, E. Sanchez, S. Fernandez-Lorenzo, J. Luis-
Hita, E. Lizaso, and R. Orus, “Dynamic portfolio optimization with
real datasets using quantum processors and quantum-inspired tensor net-
works,” 2020.

[145] K. Kaneko, K. Miyamoto, N. Takeda, and K. Yoshino, “Quantum
speedup of monte carlo integration in the direction of dimension and
its application to finance,” 2020.

[146] A. Chiesa, F. Tacchino, M. Grossi, P. Santini, I. Tavernelli, D. Gerace,
and S. Carretta, “Quantum hardware simulating four-dimensional
inelastic neutron scattering,” Nature Physics, vol. 15, no. 5, p. 455–459,
Mar 2019. [Online]. Available: http://dx.doi.org/10.1038/s41567-019-
0437-4

[147] F. Arute, K. Arya, R. Babbush, D. Bacon, J. Bardin, R. Barends,
R. Biswas, S. Boixo, F. Brandao, D. Buell, B. Burkett, Y. Chen, Z. Chen,

207

https://doi.org/10.1088%2F2058-9565%2Faac33b
https://doi.org/10.1088%2F2058-9565%2Faac33b
http://dx.doi.org/10.1103/PhysRevD.102.094501
http://dx.doi.org/10.1103/PhysRevLett.116.230504
https://link.aps.org/doi/10.1103/PhysRevX.7.021050
https://link.aps.org/doi/10.1103/PhysRevX.7.021050
http://dx.doi.org/10.22331/q-2020-07-06-291
http://dx.doi.org/10.22331/q-2020-07-06-291
http://dx.doi.org/10.1038/s41567-019-0437-4
http://dx.doi.org/10.1038/s41567-019-0437-4


B. Chiaro, R. Collins, W. Courtney, A. Dunsworth, E. Farhi, B. Foxen,
and J. Martinis, “Quantum supremacy using a programmable supercon-
ducting processor,” Nature, vol. 574, pp. 505–510, 10 2019.

[148] S. Bravyi, D. Gosset, and R. König, “Quantum advantage with shallow
circuits,” Science, vol. 362, no. 6412, p. 308–311, Oct 2018. [Online].
Available: http://dx.doi.org/10.1126/science.aar3106

[149] J. Biamonte, P. Wittek, N. Pancotti, P. Rebentrost, N. Wiebe,
and S. Lloyd, “Quantum machine learning,” Nature, vol. 549,
no. 7671, p. 195–202, Sep 2017. [Online]. Available: http:
//dx.doi.org/10.1038/nature23474

[150] S. Lloyd, M. Mohseni, and P. Rebentrost, “Quantum algorithms for su-
pervised and unsupervised machine learning,” 2013.

[151] M. Schuld, M. Fingerhuth, and F. Petruccione, “Implementing a
distance-based classifier with a quantum interference circuit,” EPL
(Europhysics Letters), vol. 119, no. 6, p. 60002, sep 2017. [Online].
Available: https://doi.org/10.1209%2F0295-5075%2F119%2F60002

[152] E. Farhi and H. Neven, “Classification with quantum neural networks on
near term processors,” 2018.
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